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Abstract

Regardless of the power level, many recent power systems are designed with modular

and distributed units forming complex systems. Such large-scale systems normally

consist of several units with similar hardware and control configurations, which can

be connected to the rest of the system at a Point of Common Coupling (PCC). The

higher number of units improves reliability, system efficiency, and energy harvesting,

however, it makes the system response analysis and control system design challenging.

Interactions between a large number of units and the rest of the system connected

to the PCC can lead to unpredictable system behaviors such as oscillations, instabil-

ity, and undesirable transient responses, which can limit the flexibility and scaling of

the system. Therefore, power system studies such as power planning, steady-state,

and stability analyses should be continuously conducted to ensure a desirable sys-

tem performance, which requires an accurate and computationally efficient model for

modular large-scale systems.

This thesis proposes Weighted Dynamic aggregation (WD agg) approach to model

large-scale modular systems with an equivalent unit that has a similar order and

structure to an individual unit of the large-scale system. For example, the WD agg

model of a PV farm becomes an equivalent single PV array, single inverter, and a

controller with weighted average parameters, which hugely reduces the computational

burden of the system studies. The parameter weights of each unit are obtained

based on the contribution of that unit in the overall dynamic behavior of the system.

The proposed approach is applied to find the WD agg model of n parallel DC-DC

buck converter to facilitate the sensitivity analyses and control design of the system.

Moreover, an equivalent inverter and a controller is found for n grid-forming inverters

in an islanded microgrid with droop control power sharing by the proposed WD agg
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method. Furthermore, the proposed approach is applied to find the WD agg model

of n grid-following inverters in large-scale PV farms considering non-linearity of the

PV sources. Additionally, the proposed WD agg approach is used to aggregate n

induction machine-based Wind Turbine Generators (WTGs) in a large-scale wind

farm considering the mechanical and electric machine dynamics. The performance of

the proposed method is evaluated by simulations and experiments of small and large-

scale DC microgrids, grid-forming inverter-based islanded microgrids, PV farms, and

induction machine-based wind farms with equal or unequal parameters with various

inputs and stability conditions under harsh power system events such as line-to-line

faults and voltage sags for a comprehensive study.

The simulation and experiment results show that compared with the existing full-

order models, simplified models, equivalent circuits, and conventional full, semi, and

cluster/zone agg models, the proposed WD agg model can provide an accurate and

computationally efficient single equivalent unit for a large number of units with differ-

ent operating points and parameters, which can be readily used in the steady-state,

transient, and stability analyses with superior accuracy. It also can be used to design

the large-scale system controller and unit parameters to ensure a desirable system

performance.
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Chapter 1

Introduction

Due to the high demand for clean energy, modern power systems are continuously

expanding with modular large-scale systems such as wind farms, photovoltaic (PV)

solar farms, battery banks, etc. [1]-[5]. These modular large-scale systems typically

consist of n units with similar configurations, which are connected to the rest of

the system at a Point of Common Coupling (PCC) [6, 7]. For example, a PV farm

consists of numerous PV arrays connected to the grid via a multitude of paralleled

inverters with similar output filters and controller structures [8]. However, the input

irradiation, control parameters, output filters, and collector lines can have varying

values. Islanded microgrids can also be considered as large-scale systems. Many

paralleled converters are deployed to meet the increasing energy demand and improve

the efficiency and reliability of the islanded microgrids [9]. Another example of large-

scale systems is wind farms, which consist of a large number of wind turbines providing

mechanical inputs to electrical machines known as Wind Turbine Generators (WTGs).

A large-scale wind farm may comprise different types of WTGs, including fixed-

speed Induction Generators (IG), Doubly-Fed Induction Generators (DFIG), and

Permanent Magnet Synchronous Generators (PMSG) [10, 11]. WTGs of the same

type can also have varying wind speed inputs, inverter and control parameters, and

collector line values.

Increasing the number of units in a modular large-scale system can enhance the

system’s reliability and energy harvesting capabilities. However, integrating a large

number of paralleled units into the power system can lead to unpredictable behaviors,

such as oscillations, instability, and undesirable transient responses in the output, etc.

[12]-[17]. For instance, connecting a substantial number of paralleled inverters to a

weak grid can introduce stability issues to the system [18, 19]. Even more challenging

is the task of designing the parameters of the large-scale system to ensure stabil-
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ity [20]-[22] and desirable system performance across various input profiles [23], [24],

especially during harsh and unpredictable power system events such as line-to-line

faults, voltage sags, etc. [25]. Furthermore, a failure to establish proper load sharing

and voltage regulation can result in circulating currents, potentially overloading the

converters and undermining system performance [26]-[28]. Therefore, various power

system studies, such as power planing, steady-state, and stability analyses should

continuously be investigated to ensure the desirable system performance, which re-

quires an accurate and computationally efficient model for the analysis and design of

modular large-scale systems.

1.1 Existing Large-scale Systems Modeling Meth-

ods

Numerous methods have been proposed for modeling modular large-scale systems.

Typically, existing modeling approaches exhibit a trade-off between accuracy and

complexity. Those that can precisely predict stability and dynamic responses tend

to be of higher order and greater complexity. The models for modular large-scale

systems can be categorized into the following five groups:

1.1.1 Full-order models

A comprehensive state-space model that takes into account all states of a large-

scale system can effectively capture its behavior, making it useful for power studies

[29, 30]. For instance, in [31], a full-order state-space model of an inverter-based

microgrid is developed, considering 13 states for each inverter. Another example in-

volves [32], where a full-order state-space model is derived for inverter-based islanded

microgrids, tailored for power system studies. Additionally, [33] presents a detailed

state-space model for a DFIG-based wind farm, facilitating the analysis of electri-

cal oscillations within wind farms. In [34], comprehensive state-space models for

fixed-speed IG-based, DFIG-based, and synchronous generator-based wind farms are

proposed, intended for power system transient and small-signal analyses. Notwith-

standing the accuracy these models offer, fully representing large-scale systems with

numerous units can pose challenges, leading to high-order and intricate models. As

a consequence, power system studies become demanding and time-consuming.
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(iv) Modeling and analysis of grid-connected wind farms considering the mechanical

and electric machine dynamics.

The rest of the report is outlined as follows:

In Chapter 2, the WD agg approach is introduced and utilized to model and design n

parallel droop-controlled DC-DC buck converters and collector lines using an equiv-

alent single droop-controlled DC-DC buck converter and collector line. Moreover,

a comprehensive investigation of the proposed WD aggregation model is provided

to support its accuracy and applicability in designing and analyzing the stability of

vendors’ models in large-scale DC microgrids. The study encompasses various sta-

bility analyses and experiments to validate the effectiveness of the WD aggregation

approach in this context.

In Chapter 3, the concept of WD agg is applied to model n parallel three-phase grid-

forming inverters, control systems, and collector lines, employing an equivalent single

grid-forming inverter, control system, and collector line. Furthermore, the proposed

WD agg model is used to design four grid-forming paralleled inverters connected to a

resistive load to achieve desirable system performance. The controller parameters for

the large-scale system units are then calculated using the designed WD agg model.

Various stability analyses and experiments are provided to support the accuracy and

applicability of the proposed WD agg model in designing and conducting stability

analyses of large-scale microgrids.

In Chapter 4, the concept of WD agg is applied to model n parallel grid-following

inverters, their PV arrays, control systems, and collector lines, resulting in an equiv-

alent single grid-following inverter, single PV array, control system, and collector

line. The application of the proposed model in power system planning, steady-state

analysis, and evaluation of system performance under different stability conditions is

demonstrated, considering the control system dynamics and PV source non-linearity.

Additionally, it is illustrated that the proposed model retains important features and

characteristics of a PV farm, including PV curves, shading, and input irradiance, for

use in solar farm studies.

In Chapter 5, the concept of WD agg is applied to model induction machine-based

wind farms. Moreover, an equivalent mechanical turbine is proposed for the wind

turbines of a wind farm, providing a simpler model and better insight into the me-

chanical system behavior, an aspect that has not been clearly addressed in existing

literature.

Finally, Chapter 6 summarizes the contributions of the report and outlines potential

areas for future work.
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Chapter 2

Weighted Dynamic Aggregation
Concept and Application in DC
Microgrids

This chapter introduces the concept of WD aggregation and demonstrates its appli-

cation to a microgrid comprising a parallel arrangement of n DC-DC buck converters.

The objective is to establish a step-by-step modeling process. WD aggregation mod-

els n parallel dynamic units with similar configurations with an equivalent single

unit with the same configuration. The model parameters for the proposed approach

are determined through the weighted aggregation of corresponding unit parameters.

The weighting factor for each unit’s state is determined based on its contribution

to the average of the corresponding states. To validate the WD aggregation ap-

proach, a comparison is made between the detailed model’s dynamic behavior and

the proposed model’s behavior in various case studies. Moreover, it is shown that the

proposed model can be employed to effectively design the control parameters of the

detailed system.

• A. A. Nia, N. Shabanikia, and S. A. Khajehoddin, “Droop-Based DC Microgrids Analysis
and Control Design Using a Weighted Dynamic Aggregation Modeling Approach,” in IEEE
Transactions on Industrial Electronics, vol. 70, no. 12, pp. 12299-12310, Dec. 2023 [83].

• A. A. Nia, N. Shabanikia, and S. A. Khajehoddin, “Weighted Dynamic Aggregation Modeling
of DC Microgrid Converters with Droop Control,” in 2021 IEEE Energy Conversion Congress
and Exposition (ECCE), Vancouver, BC, Canada, 2021, pp. 700-706 [84].
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the summation of corresponding currents. Now by substituting (2.2) into (2.1), each

converter dynamic equations can be derived in terms of the equivalent states and

input as:
d

dt
MkPxxeq = AkMkPxxeq + BkWkPuueq,

yk = CkMkPxxceq .
(2.4)

Now by summing n equations of (2.4), the equivalent aggregated dynamic system is

obtained as:

n
∑

k=1

MkPx

d

dt
xeq =

n
∑

k=1

AkMkPxxeq +
n
∑

k=1

BkWkPuueq,

yeq =
n
∑

k=1

CkMkPxxceq .

(2.5)

By rewriting (2.5) in the state-space form the equivalent system model can be derived

as:
d

dt
xeq = Aeqxeq + Bequeq,

yeq = Cceqxceq ,
(2.6)

where:

Aeq =

(

n
∑

k=1

MkPx

)

−1 n
∑

k=1

AkMkPx, Beq =

(

n
∑

k=1

MkPx

)

−1 n
∑

k=1

BeqWkPu,

Cceq =

(

n
∑

k=1

MkPx

)

−1 n
∑

k=1

CkMkPx,

(2.7)

and yeq =
∑n

i=1 yj.

In the Appendix, an expansion of the mathematical proof for the WD aggregation

approach presented in this section yields a demonstration of the stability-preserving

characteristic of WD aggregation. Furthermore, the controlability requirement for

the WD aggregation model is successfully met, ensuring that the aggregated system

remains controllable and capable of achieving the desired control objectives.

2.1.1 The proposed WD agg walkthrough with a simple ex-
ample

To gain a better and more detailed insight into the proposed approach explained in the

previous section, the WD aggregation method is applied to an illustrative example
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should be vc and the output current should be the summation of the output currents

as:

ieq =
n
∑

j=1

ij. (2.12)

Substituting (2.12) to (2.10) yields:















































ν1

∑n

j=1 vj

n
− vc = Z1µ1

ieq
n
,

ν2

∑n

j=1 vj

n
− vc = Z2µ2

ieq
n
,

...

νn

∑n

j=1 vj

n
− vc = Znµn

ieq
n
.

(2.13)

Now summing n equations of (2.13) results in:

n
∑

k=1

νk

∑n

j=1 vj

n
− nvc =

n
∑

k=1

Zkµk

ieq
n
. (2.14)

Dividing (2.14) by n and rewriting it by considering νk = nvk∑n
j=1

vj
yields:

n
∑

k=1

vk
n

− vc =
n
∑

k=1

Zkµk

n2
ieq. (2.15)

By comparing (2.11) and (2.15), the equivalent circuit parameters can be found as:

veq =
n
∑

k=1

vk
n
, Zeq =

n
∑

k=1

Zkµk

n2
. (2.16)

Considering µk = n(Ik + ĩk)/
(

∑n

j=1(Ij + ĩj)
)

and νk = n(Vk + ṽk)/
(

∑n

j=1(Vj + ṽj)
)

,

where I, V and ĩ, ṽ represents the steady-state and the small-signal values, respec-

tively, the weights can be estimated as:

µk =
nIk

∑n

j=1 Ij
, νk =

nVk
∑n

j=1 Vj
. (2.17)

Therefore, the equivalent circuit is found as (2.11) with the parameters obtained as

(2.16) and estimated weights as (2.17). It is worth noting that the weights obtained

using (2.17) are constant values and specific to the system’s operating point. If the

system has multiple steady-states or variable operating points, the aggregated system

can be divided into different time intervals, and the equivalent model can be updated

based on the final operating point of each time interval.
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It is important to emphasize that the proposed WD agg modeling approach is based

on the following assumptions:

• The proposed modeling approach is applicable to systems with similar struc-

tures, regardless of differences in their parameters and sizes.

• The proposed approach aggregates units connected at a common bus with the

aim of efficiently and accurately predicting the dynamic behavior of the detailed

system from the common bus’s point of view.

• The proposed modeling approach is developed for white-box systems, where the

specifics of the detailed system are known.

This approach is particularly beneficial for vendors seeking to effectively model, an-

alyze, and optimize their products within large-scale systems. For black-box sys-

tems, commonly encountered in utility applications, the proposed modeling approach

can still be applied. In such cases, system parameter estimation can be carried out

by leveraging various measurements at the Point of Common Coupling (PCC) bus.

Subsequently, the proposed model can be employed using the estimated parameters

derived from the detailed system. Next section applies the WD agg approach to find

an equivalent DC-DC buck converter for n paralleled DC-DC buck converters as an

example.

2.2 WD agg Model of n Paralleled DC-DC Buck

Converters without Controller

In this section, the WD aggregation approach is employed to identify an equivalent

DC-DC buck converter for a configuration consisting of n paralleled DC-DC buck

converters, as depicted in Figure 2.3a. Each individual converter provides an output

voltage vo = dVin based directly on a reference signal d as the input. To determine the

equivalent buck converter, the dynamics equations of the detailed system are initially

derived. Subsequently, weights for the states and inputs are determined. The dynamic

equations of each converter are then expressed in terms of the equivalent converter

states. Ultimately, the dynamic equations of the n converters are aggregated to

obtain the dynamic equation of the equivalent converter. By comparing the achieved

dynamic equations of the equivalent converter with those of a single converter, the

parameters of the equivalent converters can be determined. This process allows for

the effective characterization of the parallel system as a single equivalent converter.
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Substituting (2.19) to (2.18) yields:



































∑n

j=1 dj

n
νdkVink

−
∑n

j=1 voj
n

µvok
=

(

d

dt
Lfk +Rfk

)

∑n

j=1 ifj
n

µifk
,

∑n

j=1 ifj
n

µifk
−
∑n

j=1 ioj
n

µiok
= Cfk

d

dt

∑n

j=1 voj
n

µvok
,

∑n

j=1 voj
n

µvok
− vpcc =

(

d

dt
Lok +Rok

)

∑n

j=1 ioj
n

µiok
.

(2.20)

Now let’s find the equivalent converter as shown in Figure 2.3b with the following

dynamic equations:



























deqVineq
− voeq = (

d

dt
Lfeq +Rfeq)ifeq ,

ifeq − ioeq = Cfeq

d

dt
voeq ,

voeq − vpcc = (
d

dt
Loeq +Roeq)ioeq ,

(2.21)

where the equivalent PCC bus voltage is vg and the output current mimics the overall

system dynamic behavior, hence ioeq =
∑n

k=1 iok . Therefore, (2.20) can be derived in

terms of ieq as:



































∑n

j=1 dj

n
νdkVink

−
∑n

j=1 voj
n

µvok
=

(

d

dt
Lfk +Rfk

)

∑n

j=1 ifj
n

µifk
,

∑n

j=1 ifj
n

µifk
−
∑n

j=1 ioj
n

µiok
= Cfk

d

dt

∑n

j=1 voj
n

µvok
,

∑n

j=1 voj
n

µvok
− vpcc =

(

d

dt
Lok +Rok

)

ioeq
n
µiok

.

(2.22)

Now summing n set of dynamic equations of (2.22) results in:



































n
∑

k=1

(

∑n

j=1
dj

n
νdk

Vink
−
∑n

j=1
voj

n
µvok

)

=

n
∑

k=1

((

d

dt
Lfk +Rfk

)

µifk

)

∑n

j=1
ifj

n
,

n
∑

k=1

(

∑n

j=1
ifj

n
µifk

−
∑n

j=1
ioj

n
µiok

)

=

n
∑

k=1

Cfk

d

dt
µvok

∑n

j=1
voj

n
,

∑n

j=1
voj

n

n
∑

k=1

µvok
− nvpcc =

n
∑

k=1

((

d

dt
Lok +Rok

)

µiok

)

ioeq
n

.

(2.23)
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Considering that
∑n

k=1 µvok

∑n

j=1 voj/n =
∑n

k=1 vok ,
∑n

k=1 µifk

∑n

j=1 ifj/n =
∑n

k=1 ifk ,

and
∑n

k=1 µiok

∑n

j=1 ioj/n =
∑n

k=1 iok , thus (2.23) can be rewritten as:















































n
∑

j=1

dj
n

n
∑

k=1

νdkVink
−

n
∑

k=1

vok =
n
∑

k=1

((

d

dt
Lfk +Rfk

)

µifk

)

∑n

j=1 ifj
n

,

n
∑

j=1

ifj −
n
∑

j=1

ioj =
n
∑

k=1

(

Cfkµvok

) d

dt

∑n

j=1 voj
n

,

n
∑

j=1

voj − nvpcc =
n
∑

k=1

((

d

dt
Lok +Rok

)

µiok

)

ioeq
n
.

(2.24)

Considering that:

µifk
=

n
(

Ifk + ĩfk
)

∑n

j=1

(

Ifj + ĩfj
) , µvok

=
n (Vok + ṽok)

∑n

j=1

(

Voj + ṽoj
) ,

µiok
=

n
(

Iok + ĩok
)

∑n

j=1

(

Ioj + ĩoj
) , νdk =

n
(

Dk + d̃k

)

∑n

j=1

(

Dj + d̃j

) ,

(2.25)

thus, the weights can be estimated by their steady-state values as:

µifk
=

nIfk
∑n

j=1 Ifj
, µvok

=
nVok

∑n

j=1 Voj
, µiok

=
nIok

∑n

j=1 Ioj
, νdk =

nDk
∑n

j=1Dj

. (2.26)

Substituting (2.26) into (2.24) and dividing the first and third equation of (2.24) by

n yields:














































n
∑

j=1

dj
n

n
∑

k=1

νdkVink

n
−

n
∑

k=1

vok
n

=
n
∑

k=1

((

d

dt
Lfk +Rfk

)

µifk
/n2

) n
∑

j=1

ifj ,

n
∑

j=1

ifj −
n
∑

j=1

ioj =
n
∑

k=1

(

Cfkµvok

) d

dt

∑n

j=1 voj
n

,

n
∑

j=1

voj
n

− vpcc =
n
∑

k=1

((

d

dt
Lok +Rok

)

µiok
/n2

)

ioeq .

(2.27)

Now by comparing the (2.21) and (2.27), the equivalent buck converter parameters

can be found as:

Vineq
=

n
∑

k=1

νdkVink
/n, Lfeq =

n
∑

k=1

Lfkµifk
/n2, Rfeq =

n
∑

k=1

Rfkµifk
/n2,

Cfeq =
n
∑

k=1

Cfkµvok
, Loeq =

n
∑

k=1

Lokµiok
/n2, Roeq =

n
∑

k=1

Rokµiok
/n2,

where: deq =
n
∑

j=1

dj
n
, ifeq =

n
∑

j=1

ifj , ioeq =
n
∑

j=1

ioj , voeq =
n
∑

j=1

voj
n
.

(2.28)
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Table 2.1: Converters parameters depicted in Figure 2.3b.

Parameters Conv. 1 Conv. 2 Conv. 3 Conv. eq Units
Vin 120 110 100 110 [V ]
d 0.4250 0.4681 0.5300 0.4743 [−]
Lf 150 200 250 63.97 [µH]
Rf 0.6 0.4 0.2 0.0915 [Ω]
Cf 1.5 2.0 1.0 3.4516 [µF ]
Lo 2.0 3.0 1.0 0.5433 [mH]
Ro 0.1 0.4 0.2 0.0916 [Ω]

vpcc = 50 [V ]

Figure 2.4: The output current comparison.

To validate the proposed WD agg approach a microgrid with three DC-DC buck

converter as shown in Figure 2.3 and Table 2.1 parameters is modeled in details

and aggregated with WD agg approach. The obtained parameters of the equivalent

converter are listed in Table 2.1 and the output current comparison is presented in

Figure 2.4. As Figure 2.4 demonstrates, the proposed WD agg model accurately

mimics the dynamic behavior of the system form the PCC bus point of view.

2.3 WD agg Model of n Paralleled DC-DC Buck

Converters with Controller

In this section, we utilize the WD aggregation approach to find an equivalent DC-DC

buck converter for a setup comprising of n parallel DC-DC buck converters, as illus-

trated in Figure 2.7. Each individual converter generates an output voltage vo, which
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Apcc =





0
0

− 1
Lo



 , Ao =
[

0 0 1
Cg

]

,

Bp =

[

BLCL

0

]

,BLCL =





Vin

Lf

0
0



 , Ep =

[

O3×1

− 1
Cg

]

, Cp = [0 1 0 0].

(2.30)

To add a controller with an integral compensator as shown in Figure 2.6 to the derived

plant model (Ap,Bp,Cp), the open-loop system can be derived as:

d

dt

[

xpk

λk

]

= Ack

[

xpk

λk

]

+ Bck

[

uk

0

]

+ Eck

[

w
0

]

+

[

O4×1

1

]

V ∗

k ,

yk = Cck

[

xpk

λk

]

,

(2.31)

where:

Ac =

[

Ap O4×1

0 −1 −Rd 0 0

]

, Bc =

[

Bp

0

]

, Ec =

[

Ep

0

]

, Cc = [Cp 0]. (2.32)

By solving the optimum equations for (name of the equation) equations with lqr(ss

(A_c,B_c,C_c,0),Q,1,0) in MATLAB, the state-feedback gains can be found as Kb

[85]. Hence, the closed-loop model can be derived as:

d

dt

[

xpk

λk

]

= (Ack −BckKbk)

[

xpk

λk

]

+ Eck

[

w
0

]

+

[

O4×1

1

]

V ∗

k ,

yk = Cck

[

xpk

λk

]

,

(2.33)

where:

Kb =
[

Kif Kvo Kio Kvpcc Kλ

]

. (2.34)

2.3.2 Closed-loop detailed model of n paralleled converters

A system compromising n paralleled DC-DC buck converters with state-feedback

controllers is demonstrated in Figure 2.7. As shown in Figure 2.7, each converter can

be modeled as:

d

dt
xdet = (Adet −BdetKdet)xdet + Edetw + Tdetr,

y = Cdetxdet,
(2.35)

21





To find the steady-state parameters of the system which are being used as the weights

in WD agg model derivation, d
dt
xdet = 0 yields:

Xdet = −(Adet −BdetKdet)
−1 (Edetw + Tdetr) . (2.37)

2.3.3 WD agg model of n paralleled converters

Consider n number of buck converters with dynamic state-space representation of

(2.33). The contribution of each converter to the average of corresponding states and

input can be defined as two Mk and Wk matrices, which:

xck = Mk

n
∑

j=1

xcj/n, V
∗

k = Wk

n
∑

j=1

V ∗

j /n, where: xck =

[

xp

λ

]

. (2.38)

It is worth noting that Mk can be estimated as Mk≃ nXck
/
(

∑n

j=1 Xcj

)

, where Xc

can be found by (2.37). Now let’s define the scaling matrix Px to find the scale of the

equivalent corresponding states compare with the average of corresponding states as:

Pxxceq =
n
∑

j=1

xcj/n. (2.39)

Based on the insight found in 2.1 derivations, the equivalent voltages can be define as

the average of the corresponding voltages and the equivalent currents should be the

summation of corresponding currents, i.e.:

Px =













1/n 0 0 0 0
0 1 0 0 0
0 0 1/n 0 0
0 0 0 1 0
0 0 0 0 1













, V ∗

eq =
n
∑

i=1

V ∗

j /n. (2.40)

Now by substituting (2.40) into (2.33), each converter dynamic equations can be

derived in terms of the equivalent states and input as:

d

dt
MkPxxceq = (Ack −BckKbk)MkPxxceq + Eck

[

w
0

]

+

[

O4×1

1

]

WkV
∗

eq,

yk = CckMkPxxceq .

(2.41)
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Now by summing n equations of (2.41), the equivalent aggregated dynamic system is

obtained as:

n
∑

k=1

MkPx

d

dt
xceq =

n
∑

k=1

(Ack −BckKbk)MkPxxceq + · · ·

· · · +
n
∑

k=1

Eck

[

w
0

]

+

[

O4×1

1

] n
∑

k=1

WkV
∗

eq,

yeq =
n
∑

k=1

CckMkPxxceq .

(2.42)

By rewriting (2.42) in the state-space form the equivalent system model can be derived

as:
d

dt
xceq =

(

Aceq −BceqKbeq

)

xceq + Eceq

[

w
0

]

+

[

O4×1

1

]

V ∗

eq,

yeq = Cceqxceq ,

(2.43)

where:

Aceq −BceqKbeq =

(

n
∑

k=1

MkPx

)

−1 n
∑

k=1

(Ack −BckKbk)MkPx,

Eceq =

(

n
∑

k=1

MkPx

)

−1 n
∑

k=1

Eck , Cceq =

(

n
∑

k=1

MkPx

)

−1 n
∑

k=1

CckMkPx.

(2.44)

2.4 Application of WD agg model in designing con-

trol parameters of n paralleled DC-DC buck

converters

In this section, the WD aggregation model is utilized, consisting of n parallel DC-DC

buck converters linked to a resistive load through a PI transmission line. The aim

is to achieve the optimal control parameters for each converter within the intricate

system. To accomplish this objective, the approach involves initial design of the

WD aggregation model using LQR parameter designing technique, followed by the

determination of control parameters for the detailed system. This determination takes

into account the specific contribution of each unit to the overall system performance.

2.4.1 Detailed model of the microgrid

A system compromising n paralleled DC-DC buck converters with state-feedback

controllers connected to resistive load via a PI transmission line is demonstrated in
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Adet =



















Acl1 · · · O4×4

[

Apcc1

O1×3

]

...
. . .

...

O4×4 · · · Acln

[

Apccn

O1×3

]

[

Ao O3×1

]

· · ·
[

Ao O3×1

]

API



















, Acl =









0
ALCL 0

0
0 −1 0 0









,

Bdet =



















[

BLCL1

0

]

· · · O4×1

...
. . .

...

O4×1 · · ·
[

BLCLn

0

]

O3×n



















, Tdet =











Tcl · · · O4×1
...

. . .
...

O4×1 · · · Tcl

O3×n











, Tcl =









0
0
0
1









,

Cdet =







Ccl · · · O1×4
...

. . .
... On×3

O1×4 · · · Ccl






, Ccl =

[

0 1 0 0
]

,

Kdet =







Kcl1 · · · O4×1 KPI1
...

. . .
...

...
O4×1 · · · Kcln KPIn






,
Kcl = [Kif Kvo Kio Kλ],

KPI = [Kvpcc Kig Kvg ].

(2.46)

It is worth noting that the droop coefficients are considered to be zero, i.e. Rd = 0,

API is introduced, and Apcc, Ao are modified as follows:

Apcc =





0 0 0
0 0 0

− 1
Lo

0 0



 , Ao =





0 0 1
Cg

0 0 0
0 0 0



 , API =







0 − 1
Cg

0
1
Lg

−Rg

Lg
− 1

Lg

0 1
Cg

− 1
CgRL






. (2.47)

To find the steady-state parameters of the system which are being used as the weights

in WD agg model derivation, d
dt
xdet = 0 yields:

Xdet = −(Adet −BdetKdet)
−1Tdetr. (2.48)

2.4.2 Design control parameters using WD agg model

To find the control parameters of the detailed system, first the equivalent controller

of WD agg model should be designed. Then based on the obtained equivalent control

parameters, the detailed system control parameters can be found based on units’

contribution. To add a controller with an integral compensator as shown in Figure 2.6

to the equivalent WD agg model (Apeq ,Bpeq ,Cpeq) derived in (2.27), the open-loop

system can be derived as:

d

dt

[

xpeq

λeq

]

= Aceq

[

xpeq

λeq

]

+ Bceq

[

ueq

0

]

+

[

O6×1

1

]

V ∗

eq,

yeq = Cceq

[

xpeq

λeq

]

,

(2.49)
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where:

Aceq =

[

Apeq O6×1

0 −1 0 0 0 0 0

]

, Bceq =

[

Bpeq

0

]

, Cceq = [Cpeq 0]. (2.50)

By finding the optimum gains for the associated algebraic Riccati equation with

lqr(ss (A_ceq,B_ceq,C_ceq,0),Q,1,0) in MATLAB, the state-feedback gains can

be found as Keq, thus, the closed-loop model can be derived as:

d

dt

[

xpeq

λeq

]

=
(

Aceq −BceqKeq

)

[

xeq

λeq

]

+

[

O6×1

1

]

V ∗

eq,

yeq = Cceq

[

xpeq

λeq

]

,

(2.51)

where:

Keq =
[

Kifeq
Kvoeq

Kioeq
Kvpcceq

Kigeq
Kvgeq

Kλeq

]

. (2.52)

To find the detailed system control parameters, based on 2.44 it can be concluded

that:

BceqKeq =

(

n
∑

k=1

MkPx

)

−1 n
∑

k=1

BckKfkMkPx. (2.53)

Given the equation (2.53), the task involves determining 7n unknown variables, while

having only n equations at hand. As a result, there exists a possibility of infinite

solutions for the control parameters. To identify the optimal solution, we resort to

numerical methods and solve the subsequent equation set. The process commences

with initial values of Kbk for k = 1 : n, and iterates until the value of ϵ becomes lower

than a predetermined target error.

Equations Sol:







BceqKeq −
(

n
∑

k=1

MkPx

)

−1 n
∑

k=1

BckKfkMkPx < ϵJ







, (2.54)

where J is matrix of ones. The aforementioned goal can be achieved by using

fsolve(Equations Sol,[Kb(1:n)], ’Algorithm’,’levenberg-marquardt’) in MAT-

LAB.

To demonstrate the practical applications of the WD aggregation approach in the

design of control parameters for complex systems, this study focuses on a setup con-

sisting of three parallel DC-DC buck converters connected to a resistive load through a

PI transmission line. This configuration is illustrated in Figure 2.8, while the specific

system parameters are provided in Table 2.2. Individually, each converter is meticu-

lously designed to achieve the desired performance, as evidenced by the results shown
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Table 2.2: Converters parameters used in the designing study utilizing WD agg model.

Parameters Conv. 1 Conv. 2 Conv. 3 Units
Vin 100 100 100 [V ]
Lf 1.5 2.0 2.5 [mH]
Rf 0.6 0.4 0.2 [Ω]
Cf 1.5 2.0 1.0 [µF ]
Lo 2.0 3.0 1.0 [mH]
Ro 0.1 0.4 0.2 [Ω]

vpcc = 50 [V ], Rg = 0.3 [Ω], Lg = 1.5 [mH], Cg = 2.5 [mF ], RL = 20 [Ω]

Table 2.3: Under-designed control parameters.

Parameters Kif Kvo Kio Kλ

Conv 1 9.9903 0.0592 -0.0028 -89.4427
Conv 2 9.9904 -0.0378 -0.0062 -89.4427
Conv 3 9.9988 0.02812 -0.0035 -89.4427

in Figure 2.9a and 2.10, along with the corresponding control parameters detailed in

Table 2.3. However, a notable overshoot of 20% is observed in the output voltage

behavior of all converters. This phenomenon is attributed to interactions between

the converters that were not considered in the isolated design approach. To address

this issue, a proposed WD aggregation model is compared to the responses of the

systems that were individually designed. This comparison is depicted in Figure 2.9a

and 2.10. Remarkably, the proposed WD aggregation model precisely and effectively

replicates the undesired output voltage behavior, underscoring its efficacy in simulat-

ing the dynamic performance of the system. The proposed WD aggregation model,

as defined in equation (2.49), is now employed to configure the system for achiev-

ing the intended performance, as illustrated in Figure 2.9b and 2.10. The control

parameters of the detailed system are obtained through an optimization procedure

detailed in section 2.4.2, and the resultant parameters are presented in Table 2.4.

Figure 2.9b and 2.10 showcase the output voltage behavior of all converters, display-

ing the sought-after performance for each individual unit. This accomplishment can

be attributed to the WD aggregation model, which considers the individual contribu-

tions of all converters with their respective weights during the design process. This

approach effectively addresses the interactions among the converters and ensures the

realization of the desired performance.
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(a) Under-designed system.

(b) Well-desigend system with the help of WD agg model.

Figure 2.9: a) Under-designed system, b) Well-desigend system with the help of WD
agg model.

Figure 2.10: Under-designed and well-designed systems.
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Table 2.4: Well-designed control parameters.

Parameters Kif Kvo Kio Kλ

Conv Eq 10.0000 0.4505 -0.0008 -89.4427
Conv 1 34.6605 1.6844 -0.0010 -89.4427
Conv 2 27.2006 1.1862 -0.0050 -89.4427
Conv 3 27.4259 1.0052 -0.0022 -89.4427

2.5 Validation of WD agg Model in Dynamic Be-

havior and Sensitivity Analyses of DC micro-

grids with CPL

To validate and demonstrate the application of WD agg model found as (2.44) in

the previous section a system with three paralleled DC-DC buck converters as shown

in Figure 2.11a with Table 2.5 parameters is studied under various scenarios. A

Constant Power Load (CPL) is chosen as the system load to make system conditions

more challenging. The system detailed and WD agg models are found as explained the

previous sections and compared to show the accuracy and application of the proposed

approach. Furthermore, the proposed model also is compared with two other existing

modeling approach as Tahim [39] and MTS [86, 87] to show the superiority of the

proposed method compared to existing modeling approaches.

Figure 2.12 shows a CPL configuration, where it can be modeled by its linearized

current equation for a given power Pcpl and voltage Vpcc operating point [88] as:

ig =
−Pcpl

Vpcc
2 vpcc +

2Pcpl

Vpcc
, (2.55)

where vpcc and ig are the CPL input voltage and current, respectively . Eq. (2.55)

indicates that a CPL can be modeled by a negative resistance Rcpl = −Vpcc2/Pcpl

parallel with a constant current source Icpl = 2Pcpl/Vpcc as shown in Figure 2.11.

Therefore, the dynamic equation of the CPL input capacitor Cg can be found as:

Cg

d

dt
vpcc =

n
∑

j=1

ioj − Icpl −
vpcc
Rcpl

. (2.56)

Therefore, (2.35) can be modified accordingly to represents the system with a CPL

load.

To assess the proposed method throughout different frequencies, the bode diagrams

of the detailed model, WD agg model, MTS, and Tahim model are plotted in Fig-
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Table 2.5: The studied system specifications.

Parameter Value Parameter Value

Vpcc(V ) 80 Rload (Ω) 16

Pload (W) 200 Cload (µF ) 390

Vin1
, Vin2

, Vin3
(V) 100 Ro1 , Ro2 , Ro3 (Ω) 0.163, 0.113, 0.118

Lo1 , Lo2 , Lo3 (mH) 1.2, 1, 0.9 Lf1 , Lf2 , Lf3 (mH) 2.2, 1.8, 1.9

Cf1 , Cf2 , Cf3 (µF ) 2.3, 2.7, 2.5 Rd1 , Rd2 , Rd3 0.6, 1.35, 0.7

kλ1
, kλ2

, kλ3
0.08 kif1 , kif2 , kif3 0.1478

kvo1 , kvo2 , kvo3 0.0012 kio1 , kio2 , kio3 -0.1213

Lcpl (mH ) 2.2 Ccpl (µF ) 2.5

kPI1 P=0.0005, I=0.05 kPI2 P=0.1, I=1

Figure 2.13: Experimental setup of the three parallel buck converters connected to a
CPL.

ure 2.14 for both open-loop and closed-loop systems. Figure 2.14 only presents the

closed-loop response of MTS and Tahim model because an ideal voltage source and an

impedance are considered as the converter and its corresponding controller in MTS

and Tahim model. Figure 2.14 demonstrates the superiority of WD agg model in

mimicking the frequency response of the detailed model compared to the other exist-

ing models. The rest of the results are discussed in the following two parts separately,

where they validate the proposed WD agg model in stability analyses and mimicking

the dynamic behavior of the detailed system. The system parameters can be found

in Table 2.5.
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Figure 2.14: Bode diagram comparison of the Detailed model, WD agg model, MTS
model, and Tahim model.

2.5.1 System stability and eigenvalue analysis

Controller parameters can significantly impact the system stability; therefore, the

trajectory of the closed-loop eigenvalues of the system with variation of kifj and kioj
values are plotted in Figure 2.15b and Figure 2.15d, respectively. Figure 2.15b shows

the trajectory of the eigenvalues of the closed-loop system with kifj 0.05 to 0.3, and

it reveals that the system becomes stable for kifj values greater than 0.123 for both

the detailed model and WD agg model. Likewise, the trajectory of the closed-loop

eigenvalues of the system with kioj to -0.4 is plotted in Figure 2.15d. Considering

both the detailed and WD agg models, Figure 2.15d shows that the system becomes

unstable at kioj values smaller than -0.145. Hence, the proposed aggregated model

can be used to tune the gain of the converters and to achieve stable and optimal

performance. Similarly, the impact of other system parameters on stability can also

be explored. For instance, Figure 2.16 shows the trajectory of closed-loop eigenvalues

of the system with Cg = 1µF to 1mF . As shown, the system moves toward instability

if Cg is smaller than 37.5µF . Thus, the result of Figure 2.16 can be used to develop

a suitable filter for the load. The eigenvalue trajectory of WD agg model, presented

in Figure 2.15, correlates with the corresponding eigenvalue trajectory of the detailed

model, which validates the accuracy of WD agg model in the eigenvalue analysis.
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(a) kiλj= 0.001 to kiλj= 15.

(b) kifj= 0.11 to kifj= 0.3.

(c) kvoj= 0.001 to kvoj= 0.2.

(d) kioj= −0.001 to kioj= −0.4.

Figure 2.15: Closed-loop eigenvalues comparison of the detailed and the proposed
WD agg models for various control parameters.
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Table 2.6: Experimental part numbers and fsw.

Device Part Number
Controller dSpace MicroLabBox
Switches STF23N80K5

Current Sensors TMCS1101A1UQDRQ1
Voltage Sensors LV 25-P

DC source 1 Chroma 62050H-600S
DC source 2 Keysight N8937APV
DC source 3 Chroma 62020H-150S

fsw = 20 [kHz]

voltage source and an impedance. Figure 2.17 indicates that WD agg model is more

accurate than the MTS and Tahim models at reproducing the behavior of the detailed

model in steady-state and during transients at the start-up duration and load power

changes. To evaluate the behavior of WD agg model in an unstable condition, the

detailed and WD agg model are simulated with Cg = 1µF at the start-up shown in

Figure 2.18. As shown in Figure 2.16, system becomes unstable for Cg values smaller

than 37.5µF. Figure 2.18 shows that WD agg model resembles the steady-state and

transient behavior of the detailed model in unstable conditions. To assess WD agg

model with different response times through load power changes from 200W to 250W

and from 250W to 300W, where Table 2.8 provides the units steady-state current

sharing values and CPL voltage regulation, and the steady-state and transient results

of the experimental and simulation detailed model are compared to the respective

WD agg model results in Figure 2.19 for kλj
= 0.04, 0.32 with j = 1, 2, 3. The

results obtained with various kλj
values indicate that higher gains lead the system

toward a faster response but lower stability margin. As shown in Figure 2.17 to 2.19,

the simulated WD agg model results match the detailed model experimental and

simulation results at the start-up and with various kλj
and Cg parameters when the

controller parameters of paralleled converters are the same.

To study the behavior of the proposed WD agg model for the system with unequal

control parameters, the updated system parameters outlined in Table 2.7 are used in

experiments 4 to 6. In the fourth experiment, unequal kifj , kvoj , and kioj parameters

is used for the paralleled converters, and the results are shown in Figure 2.20a for the

load power change from 200W to 250W at t=8.5s. As shown in Figure 2.19, kλj
affects

the response behavior of the j th converter output voltage more significantly because

kλj
controls the tracking error of the system. Thus, the steady-state and transient
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(a)

(b)

Figure 2.17: Exp. 1: Steady-state and transient behavior comparison of a) exper-
imental and simulation detailed model and WD agg model b) simulation detailed
model, WD agg model, MTS model, and Tahim model at the start-up and load
power changes from 200W to 250W.
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Table 2.7: Experimental parameters for Exp. 4-6.

Exp. 4 Exp. 5 Exp. 6

Vin1
, Vin2

, Vin3
100 100 120, 110, 100

kλ1
, kλ2

, kλ3
0.08 0.08, 0.12, 0.096 0.08, 0.11, 0.096

kif1 , kif2 , kif3 0.1692, 0.1854, 0.1525

kvo1 , kvo2 , kvo3 0.0008, 0.0012, 0.0010

kio1 , kio2 , kio3 -0.1233, -0.1437, -0.1381

Table 2.8: Voltage regulation at CPL and current sharing of each unit.

Pcpl[W ] 200 250 300
Io1 [A] 1.155 1.437 1.742
Io2 [A] 0.976 1.211 1.448
Io3 [A] 0.562 0.690 0.833
Vcpl[V ] 78.83 78.62 78.43
VR[%] 1.48 1.75 2.00

Figure 2.18: Steady-state and transient behavior of the simulation detailed and WD
agg models at the start-up with Cg = 1µF .

behavior of the load voltage with unequal kλj
is plotted in Figure 2.20b. In Exp. 5,

all the parallel converters’ control parameters are unequal, and the results are shown

for the following load power changes from 200W to 250W at t=8.5s and from 250W

to 300W at t=14.5s. Figure 2.20 suggests that the steady-state and transient results
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(a) kλ1
= kλ2

= kλ3
= 0.04.

(b) kλ1
= kλ2

= kλ3
= 0.32.

Figure 2.19: Exp. 2 and 3: Steady-state and transient results of the experimental
and simulation detailed model and WD agg model with various kλj

.
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(a) kλ1
= kλ2

= kλ3
= 0.08.

(b) kλ1
= 0.08, kλ2

= 0.012, kλ3
= 0.096.

Figure 2.20: Exp. 4 and 5: Steady-state and transient results of the experimental
and simulation detailed model and WD agg model with unequal control parameters:
a) except kλj

, b) including kλj
.
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Table 2.9: Experimental parameters for extreme parameters differences.

Parameters Value Unit
Vin1

, Vin2
, Vin3

120, 110, 100 (V)
kλ1

, kλ2
, kλ3

0.08, 0.12, 0.16 -
Ro1 , Ro2 , Ro3 0.163, 0.113, 0.118 (Ω)
fsw1

, fsw2
, fsw3

20, 25, 15 (kHz)
Lo1 , Lo2 , Lo3 1.2, 1, 0.9 (mH)
Lf1 , Lf2 , Lf3 2.2, 1.8, 1.9 (mH)
Cf1 , Cf2 , Cf3 2.3, 2.7, 2.5 (µF )
Rd1 , Rd2 , Rd3 0.6, 1.35, 0.7 (Ω)

of WD agg model mimic the behavior of the detailed model in both experimental

and simulation results for the system with unequal converters and control parame-

ters. To make the system more realistic and challenging, different input voltages are

assumed for Exp. 6. Figure 2.21 shows the steady-state and transient behavior of the

experimental and simulation detailed model and WD agg model with unequal input

voltages Vin1
= 120V, Vin2

= 110V, Vin3
= 100V and unequal control parameters for

the load power change from 200W to 250W at t=4.5s. To validate the accuracy of

proposed method in systems with extreme parameters difference, Table 2.9 detailed

model is simulated and experimentally implemented and is compared with its WD

model in Figure 2.22. The results shown in Figure 2.17 to 2.21 verify WD agg model

performance accuracy in the steady-state and transient behavior for the system with

unequal converter, controller, and input voltage parameters. Moreover, representing

the detailed system with a single equivalent converter instead of three has reduced

computation time by approximately threefold, all while preserving model accuracy.

2.6 Conclusion

This chapter introduced the WD aggregation approach as a powerful method for

modeling a large number of paralleled units with significant parameter disparities.

The application of the WD aggregation technique to a DC-DC buck converter inte-

grated microgrid resulted in an equivalent single converter and control system, serving

as a reduced-order model for a system comprising multiple droop-controlled DC-DC

converters with different parameter values. The proposed model’s parameters were

determined through weighted averaging of corresponding detailed model parameters,

with each converter’s weight reflecting its contribution to the overall dynamic behav-

ior of the system. Through a thorough evaluation, the proposed model demonstrated

its effectiveness in diverse scenarios involving three paralleled buck converters con-

41



Figure 2.21: Exp. 6: Steady-state and transient results of the experimental and
simulation detailed model and WD agg model with unequal control parameters
including kλ1

= 0.08, kλ2
= 0.012, kλ3

= 0.096, and unequal input voltages
Vin1

= 120V, Vin2
= 110V, Vin3

= 100V .

Figure 2.22: Exp. 7: Steady-state and transient results of the experimental and
simulation detailed model and WD agg model with extreme parameters difference:
kλ1

= 0.08, kλ2
= 0.012, kλ3

= 0.096.
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nected to a CPL. The analysis covered different control parameters, output filter

capacitance, unequal converter and controller parameters, and unequal input volt-

ages. Comparisons were made in two sections: eigenvalue analysis and steady-state

and transient behavior comparison. The results obtained from bode diagrams, root

locus, and eigenvalue trajectories validated the accuracy of the WD aggregation model

in stability analysis, sensitivity analysis, and proper filter design for the load. Addi-

tionally, when compared with the detailed model, the WD aggregation model showed

excellent agreement in steady-state and transient behavior, including start-up and

CPL power steps, even with unequal converter and controller parameters and un-

equal input voltages. Both simulation and experimental results provided compelling

evidence supporting the use of the WD aggregation model for stability analysis, sensi-

tivity analysis, and design studies in parallel DC-DC power systems. Overall, the WD

aggregation approach proves to be a valuable tool for effectively handling complex

and diverse configurations in large-scale microgrids.
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Chapter 3

Modeling of n Paralleled
Three-phase Grid-forming
Inverters based on WD agg
Approach

This chapter applies the concept of WD agg to grid-forming inverters in DG integrated

islanded microgrids as an example to illustrate the challenges and applications of WD

agg model in modeling three-phase systems. WD agg models n parallel grid-forming

inverters, control systems, and collector lines with an equivalent single grid-forming

inverter, a control system, and a collector line. The contribution of each inverter

in the aggregated model is quantified and factored into the equivalent model, which

significantly increases the model accuracy compared to the existing single scaled and

aggregated models.

The performance of the proposed method is evaluated based on time-domain sim-

ulation of a microgrid, which consists of four grid-forming parallel inverters in four

scenarios that studies equal and unequal inverters parameters and operating points.

Simulations results conducted under stable and unstable microgrid operating condi-

tions demonstrate an accurate performance of the proposed model and the equivalent

unit to be readily used to reduce the computational burden of the system studies.

Moreover, the proposed WD agg model is used to design and calculate the large-

scale system control parameters for various desirable system performances. Finally,

a microgrid, which consists of four grid-forming parallel inverters is experimentally

• N. Shabanikia and S. A. Khajehoddin, “Analysis and Design of Droop-Controlled Grid-
Forming Inverters Using Novel WD Agg Approach,” in IEEE Transactions on Industrial
Electronics, accepted on 2023.
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(3.9) with j and summing it with the d-axis equation the combined dynamic equation

of Lo and Ro can be found as:

(

v′odeq + jv′odeq

)

−
(

v′gd + jv′gq
)

=
1

n2

n
∑

k=1

Lokµ
′

dk
(
d

dt
+ jω)i′odeq + · · ·

· · · +
1

n2

n
∑

k=1

Rokµdki
′

odeq
.

(3.10)

To return (3.10) to the stationary frame, (3.10) can be multiplied by ej(ωt+θio ), which

results in:
(

v′odeq + jv′odeq

)

ej(ωt+θio ) −
(

v′gd + jv′gq
)

ej(ωt+θio ) =

1

n2

n
∑

k=1

Lokµdk

d

dt

(

i′odeqe
j(ωt+θio )

)

+
1

n2

n
∑

k=1

Rokµdki
′

odeq
ej(ωt+θio ).

(3.11)

Considering that v(t) = (v′d + jv′q)e
j(ωt+θio ) and i(t) = (i′d + ji′q)e

j(ωt+θio ), therefore

(3.11) can be rewritten as:

voeq(t) − vg(t) =
1

n2

n
∑

k=1

Lokµdk

d

dt
ioeq(t) +

1

n2

n
∑

k=1

Rokµdkioeq(t). (3.12)

Thus, the equivalent Loeq and Roeq are found as:

Loeq =
1

n2

n
∑

k=1

Lokµ
′

dk
, Roeq =

1

n2

n
∑

k=1

Rokµ
′

dk
. (3.13)

3.2 Detailed Modeling of Microgrids with Paral-

leled Grid-forming Inverters

A microgrid consists of n grid-forming parallel inverters with loads shown in Fig. 3.4a

is studied in this section. A resistive load is chosen as the load type for simplicity.

It is worth noting that the proposed model can be used for other load types without

the loss of generality. Fig. 3.5a shows the grid-forming inverter control system with

droop control power-sharing. As Fig. 3.5a shows, each inverter has an active power-

sharing droop control loop that generates the angle reference signal of the inverter

local reference frame. Furthermore, each inverter has a reactive power-sharing droop

control loop that generates the output voltage reference signal. The output active

and reactive powers are calculated in the power calculation block based on locally

measured output voltage and current signals. Due to local measurements each inverter

control system operates at its local d’q’ reference frame, while the state-space model
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vθ0oqk − vθ0gq = (Lok

d

dt
+Rok)iθ0oqk + ωLoki

θ0
odk
, vθ0gq = RL

n
∑

m=1

iθ0oqm . (3.15)

Inverter #k droop controller modeling:

The droop control low-pass filter dynamic equations of mth inverter can be given as:

d

dt
Pfk = ωc(Pok − Pfk),

d

dt
Qfk = ωc(Qok −Qfk), (3.16)

where Pfk and Qfk are filtered signals shown in Figure 3.5, and:

Pok =
3

2
(icodkv

c
odk

+ icoqkv
c
oqk

), Qok =
3

2
(icodkv

c
oqk

− icodkv
c
oqk

). (3.17)

Also, the droop equations can be derived as:

vc
∗

odk
= V ∗ − nqkQfk −Rvki

c
odk
,

vc
∗

oqk
= Q∗

k −Rvki
c
oqk
, ω = ωg −mpkPfk .

(3.18)

Inverter #k local reference frame controller modeling:

Each inverter is locally controlled, and the angle model required for the controller

DQ transformer can be given as:

d

dt
θk = ωg −mpkPfk = ω. (3.19)

Inverter #k voltage controllers modeling:

Each inverter control loop works on its local d’q’ reference frame, while the state-space

model of the whole system should be derived in PCC dq reference frame as shown in

Fig. 3.5b. For that purpose, first, each controller state-space equation is derived in

its local reference frame and then each term is replaced by its PCC reference frame

terms. The voltage controllers dynamic equations of kth inverter in the microgrid

can be given as:

ic
∗

tdk
= (Kpvk

d

dt
+Kivk)γdk − Ckωgv

c
oqk
, γdk = vc

∗

od − vcod,

ic
∗

tqk
= (Kpvk

d

dt
+Kivk)γqk + Ckωgv

c
odk
, γqk = vc

∗

oq − vcoq,

(3.20)

and vc
∗

odq can be found by (3.18).
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Inverter #k current controller modeling:

The current controllers dynamic equations of kth inverter in the microgrid can be

given as:

vc
∗

tdk
= (Kpk

d

dt
+Kik)λdk − Lkωgi

c
tqk

−Rictdk + vfd,

vc
∗

tqk
= (Kpk

d

dt
+Kik)λqk + Lkωgi

c
tdk

−Rictqk + vfq,

λdk = ic
∗

tdk
− ictdk , λqk = ic

∗

tqk
− ictqk , vfd = V ∗

o , vfq = 0.
(3.21)

Inverter #k overall state-space model:

Augmenting n controller equations derived in (3.16)-(3.21) results in the detailed con-
trollers state-space models, where xc = [λdq γdq θ Pf Qf ], uc = [iodq vodq itdq V

∗ ωg],
and each array of xc includes all corresponding states of all controllers, e.g. λdq =
[λd λq], where λd = [λd1 , . . . , λdn ], and λq = [λq1 , . . . , λqn ]. Moreover, as shown
in Figure 3.5a, the kth controller output is the inverter output voltage signal as

voutk =
√

(v∗tdk)2 + (v∗tqk)2 sin
(

θk + arctan(v∗tqk/v
∗

tdk
)
)

. Furthermore, solving the ob-

tained dynamic equations for d/dt = 0 yields the stead-states of the system. Deriving
the Jacobian matrix of the achieved equations and applying the initial states found in
the previous part will lead to the linerized kth controller model of ẋc = Acxc +Bcuc,
voutk = Cckxc + Dckuc, and Ac, Bc, Cck, Dck matrices can be found as:

Ac =
∂fc
∂xc

, Bc =
∂fc
∂uc

, Cck =
∂voutk
∂xc

, Dck =
∂voutk
∂uc

, (3.22)

where, fc is ẋc in terms of xc and uc, xc is the system states, and uc is the sys-
tem inputs. The controller state-space model can be used in the controller design
using open-loop and closed-loop frequency response analyses. Furthermore, the ob-
tained controller model can be used to design a desirable feedback gain with root-loci
analyses.

3.2.2 Linearization and detailed system state-space model

Augmenting n inverter equations derived in (3.15)-(3.21) results in the detailed system
state-space model where x = [iodq vodq itdq λdq γdq θ Pf Qf ], u = [V ∗ ωg], and each
array of x includes all corresponding states of inverters, e.g. iodq = [iod ioq], where
iod = [iod1 , . . . , iodn ], and ioq = [ioq1 , . . . , ioqn ]. Solving the obtained dynamic
equations for d/dt = 0 yields the stead-states of the system. Moreover, deriving the
Jacobian matrix of the achieved dynamic equations and applying the initial states
found in the previous part will lead to the linerized system ẋ = Ax+Bu, and A and
B matrices can be found as:

A =
∂f

∂x
, B =

∂f

∂u
, (3.23)
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where, f is d
dt
x in terms of x and u, x is the system states, and u is the system inputs.

The system A matrix will be a 13n × 13n because each inverter has 13 states. The
13n eigenvalues of A matrix can predict the stability of the system.

3.3 WD agg Model of Microgrids with Paralleled

Grid-forming Inverters

The main goal of WD agg method is to find an equivalent set of dynamic equations
with a similar structure of a single droop-controlled inverter for n grid-forming in-
verters shown in Figure. 3.4a. To achieve this goal, first, the dynamic equations of
n inverters in the detailed system is derived and then a weight of contribution for
each unit is defined. Finally, the weighted average of n inverter dynamic equations is
derived and compared with the individual inverter equations to find the equivalent set
of equations. The achieved equivalent set of equations represent the detailed system
with a single equivalent inverter and an equivalent controller as shown in Figure 3.4b.
It is shown that the equivalent inverter and controller parameters are found by the
weighted average of the corresponding parameters. The mathematical proof of the
equivalent model shown in Figure 3.4b is provided in the three following steps:

3.3.1 Equivalent LCL

This section finds the equivalent LCL in three separate parts as follows:

Equivalent Leq and Req:

Consider Lk dynamic equation of (3.14) derived in the desired reference frame with
(ωt+ θ0 + δit) angle, where:

v
δit
tdk

− v
δit
odk

= (Lk

d

dt
+Rk)i

δit
tdk

− ωLki
δit
tqk
,

v
δit
tqk

− v
δit
oqk = (Lk

d

dt
+Rk)i

δit
tqk

+ ωLki
δit
tdk
,

and: tan δit =

(

n
∑

j=1

iθ0tqj

)

/

(

n
∑

j=1

iθ0tdk

)

,

(3.24)

which results in
∑n

j=1 i
δit
tqj

= 0. The weight of each inverter in the equivalent corre-
sponding it state can be determined as:

µitdk
=
ni

δit
tdk

i
δit
tdeq

, µitqk
=
ni

δit
tqk

i
δit
tqeq

, (3.25)
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where i
δit
tdeq

=
∑n

j=1 i
δit
tdj

and i
δit
tqeq =

∑n

j=1 i
δit
tqj

. Rewriting (3.24) in terms of the equiva-
lent voltages and currents yields:

v
δit
tdk

− v
δit
odk

= (Lk

d

dt
+Rk)

µitdk

n
i
δit
tdeq

− ωLk

µitqk

n
i
δit
tqeq ,

v
δit
tqk

− v
δit
oqk = (Lk

d

dt
+Rk)

µitqk

n
i
δit
tqeq + ωLk

µitdk

n
i
δit
tdeq

.

(3.26)

Now by considering i
δit
tqeq =

∑n

j=1 i
δit
tqj

= 0 and averaging n equation of (3.26) results
in:

1

n

n
∑

k=1

(

v
δit
tdk

− v
δit
odk

)

=
n
∑

k=1

(

(Lk

d

dt
+Rk)

µitdk

n2

)

i
δit
tdeq

,

1

n

n
∑

k=1

(

v
δit
tqk

− v
δit
oqk

)

= ω

n
∑

k=1

(

Lk

µitdk

n2

)

i
δit
tdeq

.

(3.27)

Considering µitdk
= ni

δit
tdk
/i

δit
tdeq

and i
δit
td = I

δit
td + ĩ

δit
td , where I and ĩ are the steady-state

and small-signal values, respectively, and I >> ĩ, thus, the weights can be estimated

as µitdk
≃ nI

δit
tdk
/I

δit
tdeq

. Multiplying the (3.27) q-axis equation with j and adding it to
the d-axis equation yields:

(

v
δit
tdeq

+ jv
δit
tqeq

)

−
(

v
δit
odeq

+ jv
δit
oqeq

)

=

n
∑

k=1

(

Lk

µitdk

n2

d

dt
+Rk

µitdk

n2

)

i
δit
tdeq

+ jω
n
∑

k=1

(

Lk

µitdk

n2

)

i
δit
tdeq

,

where: v
δit
tdeq

=
1

n

n
∑

k=1

v
δit
tdk
, v

δit
tqeq =

1

n

n
∑

k=1

v
δit
tqk
,

v
δit
odeq

=
1

n

n
∑

k=1

v
δit
odk
, v

δit
oqeq =

1

n

n
∑

k=1

v
δit
oqk .

(3.28)

Transforming (3.28) to the abc stationary frame by multiplying (3.28) with ej(ωt+θ0+δit )

yields:

vteq(t) − voeq(t) =
n
∑

k=1

(

Lk

µitdk

n2

d

dt
+Rk

µitdk

n2

)

iteq(t). (3.29)

By comparing (3.29) with a single unit dynamic equation shown in (3.14), the equiv-
alent Leq and Req can be achieved as:

Leq =
n
∑

k=1

Lk

µitdk

n2
, Req =

n
∑

k=1

Rk

µitdk

n2
. (3.30)
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Equivalent Ceq:

Consider Ck dynamic equation of (3.14) derived in the desired reference frame with
(ωt+ θ0 + δit) angle, where:

i
δvo
tdk

− i
δvo
odk

= Ck

d

dt
v
δvo
tdk

− ωCki
δvo
tqk
,

i
δvo
tqk

− iδvooqk
= Ck

d

dt
v
δvo
tqk

+ ωCkv
δvo
tdk
,

and: tan δvo =

(

n
∑

j=1

vθ0tqj

)

/

(

n
∑

j=1

vθ0tdk

)

,

(3.31)

which results in
∑n

j=1 v
δvo
tqj

= 0. The weight of each inverter in the equivalent corre-
sponding vt state can be determined as:

µvodk
=
nv

δvo
tdk

v
δvo
tdeq

, µvoqk
=
nv

δvo
tqk

v
δvo
tqeq

, (3.32)

where v
δvo
tdeq

=
∑n

j=1 v
δvo
tdj
/n and v

δvo
tqeq =

∑n

j=1 v
δvo
tqj
/n. Following a similar steps to the

previous parts the final dynamic equation of filter capacitor in the abc stationary can
be obtained as:

iteq(t) − ioeq(t) =
n
∑

k=1

Ckµvodk

d

dt
voeq(t). (3.33)

By comparing (3.33) with a single unit dynamic equation shown in (3.14), the equiv-
alent Ceq can be achieved as:

Ceq =
n
∑

k=1

Ckµvodk
. (3.34)

Equivalent Loeq and Roeq :

Consider Lok dynamic equation of (3.14) derived in the desired reference frame with
(ωt+ θ0 + δio) angle, where:

v
δio
odk

− v
δio
gdk

= (Lok

d

dt
+Rok)i

δio
odk

− ωLoki
δio
oqk
,

vδiooqk
− vδiogqk

= (Lok

d

dt
+Rok)iδiooqk

+ ωLoki
δio
odk
,

and: tan δio =

(

n
∑

j=1

iθ0oqj

)

/

(

n
∑

j=1

iθ0odk

)

,

(3.35)

which results in
∑n

j=1 i
δio
oqj = 0. The weight of each inverter in the equivalent corre-

sponding io state can be determined as:

µiodk
=
ni

δio
odk

i
δio
odeq

, µioqk
=
ni

δio
oqk

i
δio
oqeq

, (3.36)
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where i
δio
odeq

=
∑n

j=1 i
δio
odj

and i
δio
oqeq =

∑n

j=1 i
δio
oqj . Following a similar steps to the two

previous parts the final dynamic equation of filter capacitor in the abc stationary can
be obtained as:

voeq(t) − vg(t) =
n
∑

k=1

(

Lok

µiodk

n2

d

dt
+Rok

µiodk

n2

)

ioeq(t). (3.37)

By comparing (3.37) with a single unit dynamic equation shown in (3.14), the equiv-
alent Loeq and Roeq can be achieved as:

Loeq =
n
∑

k=1

Lok

µiodk

n2
, Roeq =

n
∑

k=1

Rok

µiodk

n2
. (3.38)

To summarize, the equivalent LCL parameters can be found as:

Loeq =
n
∑

m=1

µiodm

n2
Lom , Roeq =

n
∑

m=1

µiodm

n2
Rom , Leq =

n
∑

m=1

µitdm

n2
Lm,

Req =
n
∑

m=1

µitdm

n2
Rm, Ceq =

n
∑

m=1

µvodm
Cm.

(3.39)

3.3.2 Equivalent voltage and current controllers

Similar to the previous section, the equivalent current controller for the proposed WD
agg model can be found by, first, deriving n current controller dynamic equations, and
then determining the controller state contributions. Finally, the weighted average of
n controller dynamic equations is derived and compared with the individual controller
equations to find the equivalent set of equations. The equivalent controller parameters
are found in two following parts separately.

Equivalent current controller:

The kth inverter current controller model in the Laplace form and the desired refer-
ence frame with (ωt+ θc) angle can be given as:

vctdk =(Kpk +Kik/s)λ
c
dk

+Rki
c
tdk

− ωgLki
c
tqk

+ V ∗,

vctqk =(Kpk +Kik/s)λ
c
qk

+Rki
c
tqk

+ ωgLki
c
tdk
.

(3.40)

A single dynamic equation can be written for the kth controller by multiplying q-axis
of (3.40) with j and summing it to the d-axis equation as follows:

vctdk + jvctqk =(Kpk +Kik/s)
(

λcdk + jλcqk
)

+ · · ·
· · · +Rk

(

ictdk + jictqk
)

+ jωgLk

(

ictdk + jictqk
)

+ V ∗.
(3.41)

It is worth noting each converter has (3.41) dynamic equation in its own θc local
reference frame. To derive all controllers dynamic equations in a common rotating
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frame, let’s define zctdk + jzctqk =
(

zθ0tdk + jzθ0tqk
)

ej∆c , where z = i, v, λ. Therefore,
(3.41) can be rewritten in the common rotating frame as:

vθ0tdk + jvθ0tqk =(Kpk +Kik/s)
(

λθ0dk + jλθ0qk
)

+ · · ·
· · · +Rk

(

iθ0tdk + jiθ0tqk
)

+ jωgLk

(

iθ0tdk + jiθ0tqk
)

+ V θ0∗.
(3.42)

Deriving (3.42) in the desired reference frame with (ωt+ θ0 + δλ) angle, where:

vδλtdk = (Kpk +Kik/s)λ
δλ
dk

+Rki
δλ
tdk

− ωgLki
δλ
tqk

+ V δλ∗
d ,

vδλtqk = (Kpk +Kik/s)λ
δλ
qk

+Rki
δλ
tqk

+ ωgLki
δλ
tdk
,

and: tan δλ =

(

n
∑

j=1

λθ0qj

)

/

(

n
∑

j=1

λθ0dk

)

,

(3.43)

which results in
∑n

j=1 λ
δλ
qj

= 0. Moreover, consider the phase difference between i⃗δλtdqk
and i⃗

δit
tdqk

as δ∆λ, where:

(iδλtdk + jiδλtqk) =
(

i
δit
tdk

+ ji
δit
tqk

)

ejδ∆λ . (3.44)

Substituting (3.44) in(3.43) results in:

vδλtdk = (Kpk +Kik/s)λ
δλ
dk

+Rki
δit
tdk
ejδ∆λ − ωgLki

δit
tqk
ejδ∆λ + V δλ∗

d ,

vδλtqk = (Kpk +Kik/s)λ
δλ
qk

+Rki
δit
tqk
ejδ∆λ + ωgLki

δit
tdk
ejδ∆λ .

(3.45)

Now the weight of each inverter in the equivalent corresponding λ state can be de-
termined as:

µλdk
=
nλδλdk
λδλdeq

, µλqk
=
nλδλqk
λδλqeq

, (3.46)

where λδλdeq =
∑n

j=1 λ
δλ
dj

and λδλqeq =
∑n

j=1 λ
δλ
qj

. Rewriting (3.45) in terms of the equiv-
alent states yields:

vδλtdk = (Kpk +Kik/s)
µλdk

n
λδλdeq +Rk

µitdk

n
i
δit
tdeq

ejδ∆λ − ωgLk

µitqk

n
i
δit
tqeqe

jδ∆λ + V δλ∗
d ,

vδλtqk = (Kpk +Kik/s)
µλqk

n
λδλqeq +Rk

µitqk

n
i
δit
tqeqe

jδ∆λ + ωgLk

µitdk

n
i
δit
tdeq

ejδ∆λ .

(3.47)

Now by considering λδλtqeq =
∑n

j=1 λ
δλ
tqj

= 0 and i
δit
tqeq =

∑n

j=1 i
δit
tqj

= 0 averaging n
equation of (3.47) results in:

1

n

n
∑

k=1

vδλtdk =
n
∑

k=1

(

(Kpk +Kik/s)
µλdk

n2

)

λδλdeq +
n
∑

k=1

(

Rk

µitdk

n2

)

i
δit
tdeq

ejδ∆λ + V δλ∗
d ,

1

n

n
∑

k=1

vδλtqk = ωg

n
∑

k=1

(

Lk

µitdk

n2

)

i
δit
tdeq

ejδ∆λ .

(3.48)
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Considering µλdk
= nλδλdk/λ

δλ
deq

, where Λ and λ̃ are the steady-state and small-signal

values, respectively, and Λ >> λ̃, thus, the weights can be estimated as µλdk
≃

nΛδλ
dk
/Λδλ

deq
. Multiplying the (3.48) q-axis equation with j and adding it to the d-axis

equation while considering (3.44) yields:

vδλtdeq + jvδλtqeq =
n
∑

k=1

(

(Kpk +Kik/s)
µλdk

n2

)

(

λδλdeq + jλδλqeq

)

+ · · ·

· · · +Reqi
δλ
tdeq

+ jωgLeqi
δλ
tdeq

+ V δλ∗
d ,

where: vδλtdeq =
1

n

n
∑

k=1

vδλtdk , v
δλ
tqeq =

1

n

n
∑

k=1

vδλtqk .

(3.49)

Returning (3.49) to the reference frame with (ωt+θc) angle by a δλ phase shift yields:

vctdeq + jvctqeq =
n
∑

k=1

(

(Kpk +Kik/s)
µλdk

n2

)

(

λcdeq + jλcqeq

)

+ · · ·

· · · +Reqi
c
tdeq

+ jωgLeqi
c
tdeq

+ V ∗.

(3.50)

By comparing (3.50) with (3.41), the equivalent current controller parameters can be
found as:

Kpeq =
n
∑

k=1

µλdk

n2
Kpk , Kieq =

n
∑

k=1

µλdk

n2
Kik . (3.51)

Equivalent voltage controller:

The kth inverter voltage controller model in the Laplace form and the desired reference
frame with (ωt+ θc) angle can be given as:

ic
∗

tdk
=(Kpvk +Kivk/s)γ

c
dk

− Ckωgv
c
oqk
,

ic
∗

tqk
=(Kpvk +Kivk/s)γ

c
qk

+ Ckωgv
c
odk
.

(3.52)

A single dynamic equation can be written for the kth controller by multiplying q-axis
of (3.52) with j and summing it to the d-axis equation as follows:

ic
∗

tdk
+ jic

∗

tqk
=(Kpvk +Kivk/s)

(

γcdk + jγcqk
)

+ jωgCk

(

vcodk + jvcoqk
)

. (3.53)

Similar to the previous part, (3.53) can be rewritten in the common rotating frame
as:

i
θ∗
0

tdk
+ ji

θ∗
0

tqk
=(Kpvk +Kivk/s)

(

γθ0dk + jγθ0qk
)

+ jωgCk

(

vθ0odk + jvθ0oqk
)

. (3.54)

Deriving (3.54) in the desired reference frame with (ωt+ θc + δγ) angle, where:

i
δ∗γ
tdk

= (Kpvk +Kivk/s)γ
δγ
dk

− Ckωgv
δγ
oqk
,

i
δ∗γ
tqk

= (Kpvk +Kivk/s)γ
δγ
qk

+ Ckωgv
δγ
odk
,

and: tan δγ =

(

n
∑

j=1

γθ0qj

)

/

(

n
∑

j=1

γθ0dk

)

,

(3.55)
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which results in
∑n

j=1 γ
δγ
qj = 0. Moreover, consider the phase difference between v⃗

δγ
odqk

and v⃗
δvo
odqk

as δ∆γ, where:

(v
δγ
odk

+ jvδγoqk) =
(

v
δvo
odk

+ jvδvooqk

)

ejδ∆γ . (3.56)

Substituting (3.56) in(3.55) results in:

i
δ∗γ
tdk

= (Kpvk +Kivk/s)γ
δγ
dk

− Ckωgv
δvo
oqk
ejδ∆γ ,

i
δ∗γ
tqk

= (Kpvk +Kivk/s)γ
δγ
qk

+ Ckωgv
δvo
odk
ejδ∆γ .

(3.57)

Now the weight of each inverter in the equivalent corresponding γ state can be de-
termined as:

µγdk
=
nγ

δγ
dk

γ
δγ
deq

, µγqk
=
nγ

δγ
qk

γ
δγ
qeq

, (3.58)

where γ
δγ
deq

=
∑n

j=1 γ
δγ
dj
/n and γ

δγ
qeq =

∑n

j=1 γ
δγ
qj /n. Following a similar steps of (3.47)

to (3.49) yields:

ic
∗

tdeq
+ jic

∗

tqeq
=

n
∑

k=1

(

(Kpvk +Kivk/s)µγdk

)(

γcdeq + jγcqeq

)

+ jωgCeqv
c
odeq

. (3.59)

By comparing (3.59) with (3.53), the equivalent current controller parameters can be
found as:

Kpveq =
n
∑

k=1

µγdk
Kpvk , Kiveq =

n
∑

k=1

µγdk
Kivk . (3.60)

3.3.3 Equivalent droop controller

The equivalent system ω0eq = ω0 = ωg − mpmPom , therefore, mpeqPoeq = mpmPom ,
thus:

n
∑

k=1

mpeq

mpk

Poeq =
n
∑

k=1

Pok ⇒ mpeq = 1/
n
∑

k=1

1

mpk

. (3.61)

As Qoeq =
∑n

k=1Qok , and to have a proper reactive power sharing:

nq1Qo1 ≃ · · · ≃ nqnQon ≃ nqeqQoeq ⇒ nqeq = 1/
n
∑

k=1

1

nqk

. (3.62)

Finally, the equivalent Rveq can be found similar to Roeq as Rveq =
∑n

k=1 µiodk
Rvk/n

2,
because the physical realization of Rv is in series with Ro.
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Table 3.1: The studied microgrids common parameters.

Parameter Inv 1 to 4 Unit Parameter Inv 1 to 4 Unit
VDC 200 [V ] R 10 [mΩ]

V ∗ 60.1
√

2 [V ] C 2.5 [µF ]
ωg 60×2π [rad/s] Lo 1.0 [mH]
fsw 20 [kHz] Ro 1 [Ω]
L 2.5 [mH]

3.4 Simulation Results

To demonstrate the effectiveness of the suggested WD agg model, a microgrid with
three grid-form inverters and a resistive load is modeled using the proposed WD agg
approach in Fig. 3.4b for different conditions with similar and dissimilar parameters
as shown in Fig. 3.4a. Then a fourth inverter with a similar structure to the microgrid
inverters is added to the system at the PCC bus. Overall desirable performance of
the system is obtained with various case studies by using a combination of stability,
designing, and analysis tools, such as eigenvalue trajectory, frequency response, root-
loci, and time-domain performance, that are provided in the following three subsec-
tions. Moreover, the results of the detailed and reduced-order systems are compared
to validate the applicability and accuracy of the proposed model. Furthermore, the
proposed model applications are compared with the existing Full aggregation and
impedance models. Two recent models, the aggregation approach from [81] and the
impedance model from [89], are chosen as conventional aggregated and impedance
models for comparisons. To quantify the models accuracy, an error function is de-
fined as Error = |(Pd − Pm)|/Pd × 100, where Pd and Pm are the output active power
of the detailed and the reduced-order models, respectively.

3.4.1 Eigenvalue trajectory and stability analyses

Case 1: The detailed and aggregated models of Figure 3.4aa system are evaluated
under two stability conditions while providing power to a RL = 12.12 [Ω] resistive
load, with parameters identified in Table 3.1 and 3.2. Figure 3.6a shows the system
output active, reactive power, and eigenvalue analysis of the detailed and the aggre-
gated models while Figure 3.7 shows the aggregated models active power error with
Rv4 = 4. As Figure 3.6a and 3.7 show, the detailed, the proposed WD agg and the
conventional models are all stable while the proposed model has at least three times
superior accuracy at all times. Figure 3.6a verifies that all models are stable while the
proposed WD agg model predict the the dominant eigenvalues of the detailed system
more accurately.
Now by decreasing the virtual resistance value to Rv4 = 2 both of the detailed and
the proposed WD agg models move towards instability while the conventional model
is still stable as shown in Figure 3.6b.
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Figure 3.10: Case 3: The overall output admittance of the inverters with low and
high droop coefficients nq4 for the both detailed and proposed WD agg models.

Table 3.4: Case 4 specifications.

Parameter Inv 1 Inv 2 Inv 3 Inv 4 Unit
Kp 0.1 0.1 0.1 0.1 -
Kpv 0.001 0.001 0.001 0.001 -
Kiv 8 6 8 6 -
Rv 16 12 16 12 [Ω]
mp 8π 4π 8π 4π [rad/(s.kW )]
nq 0.4 0.2 0.4 0.2 [V/V Ar]

Table 3.5: Case 5 specifications.

Parameter Inv 1 Inv 2 Inv 3 Inv 4 Unit
Ki 400 400 400 400 -
Kpv 0.004 0.006 0.004 0.006 -
Kiv 12 8 12 8 -
Rv 16 12 8 4 [Ω]
mp 6π 4π 2π 2π [rad/(s.kW )]
nq 0.6 0.4 0.2 0.1 [V/V Ar]

Case 5: Figure 3.11b shows the performance of the detailed and WD agg model
with RL = 12 [Ω] load and various Kp values. A load increase to RL = 6 [Ω] is applied
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(a) Case 4: Various Ki values.

(b) Case 5: Various Kp values.

(c) Active power error for Figure 3.11b.

Figure 3.11: Case 4 & 5: The output power performance of the detailed, the proposed
WD agg, and the Conv agg models for various Ki and Kp.

at t=0.2s. The rest of the system parameters can be found in Table 3.1 and 3.5. As
Figure 3.11b shows the transient overshoot decreases by increasing the controllers
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Kp values. Also, Figure 3.11b shows that the proposed model follows the dynamic
behavior of the detailed system accurately with a similar features such as transient
duration, dominant low-frequency oscillation, and high-frequency sub-oscillation. For
the same circuit parameters of Figure 3.11b, Figure 3.11c shows the active power error
of proposed WD agg and conventional models, verifying the accuracy of the proposed
approach. Moreover, representing the first three inverters of the detailed system with
a single equivalent inverter has reduced computation time by approximately twofold,
all while preserving model accuracy.

3.4.3 Frequency response and root-loci analyses

Case 6 & 7: The microgrid consisting of four inverters, with the parameters given
in Table 3.3, is chosen for Case 6 to study the frequency response and root-loci. Case
7 assumes Case 6 parameters, where Kp values are increased 10 times to investigate
various control parameters scenarios. Figure 3.12 shows the open-loop frequency
response of Inv 4 controller for output voltage signal to the input ωg and V ∗ signals.
As Figure 3.12 demonstrates that the proposed WD agg model provides similar gain
and phase margins compared with the detailed system which makes it suitable for the
controller stability analyses. Figure 3.13 verifies the accuracy of the WD agg model
by studying the root-loci for Inv 4 controller output voltage signal to the input ωg

and V ∗ signals.

3.4.4 Large-scale microgrid application

Case 8: In order to demonstrate the practical application of the proposed WD agg
approach in large-scale systems, we have utilized it to model the CIGRE MV/LV
benchmark shown in Figure 3.14 for renewable energies (proposed in [90]) in islanded
mode. To provide the rated 20 [kV ] voltage for the system, a battery bank comprising
four paralleled droop-controlled three-phase inverters with the parameters specified in
Table 3.6 has been added to Bus 3. To analyze the transient behavior of the system,
three-phase line-to-line short circuits with an impedance of Rg = 1 [mΩ] was applied
and cleared after 20 [ms] at Bus 3 (at t = 1 [s]) and at Bus 10 (at t = 1.5 [s]).
In Figure 3.15 and 3.16, a comparison is presented between the detailed system and
the WD agg model in terms of active power, reactive power, instantaneous voltage,
and current, along with their respective RMS values. The results obtained from
the proposed WD agg model validate its accuracy in replicating the dynamic and
steady-state behavior of large-scale practical systems.
One of the main requirements of aggregation methods is that the aggregated units
should have a proper coherency. However, we can utilize the coherency identification
technique introduced in [91] to evaluate the coherency status among the microgrid
buses across all temporal intervals. To provide additional evidence of the accuracy
exhibited by the proposed WD agg model in emulating the dynamic behavior of the
intricate system, a comparison is made between the coherency indices, CCi,j, of the
generating buses within the detailed system and those within the WD agg model.
The results are presented in Table 3.7. Moreover, the successful incorporation of the
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Figure 3.12: Case 6 & 7: The open-loop frequency response of the Inv 4 controller
for Case 5 and 6 output voltage to the input ωg and V ∗ signals.

Table 3.6: Case CIGRE benchmark Bus 3 battery bank inverters specifications.

Parameter Inv 1 Inv 2 Inv 3 Inv 4 Unit
VDC 15 15 15 15 [kV ]
Vo 6.9 6.9 6.9 6.9 [kV ]
ωg 2π× 60 2π× 60 2π×60 2π×60 [rad/s]
R 1.67 2.5 1.67 2.5 [mΩ]
L 416.7 333.4 416.7 333.4 [µH]
C 15 18 15 18 [µF ]
Lo 200 166.7 200 166.7 [µH]
Ro 150 166.7 150 166.7 [mΩ]
Kp 6 4 6 4 -
Ki 180 120 180 120 -
Kpv 0.024 0.0192 0.024 0.0192 -
Kiv 12 8 12 8 -
Rv 2 1 2 1 [Ω]
mp 2π π 2π π [rad/(s.GW )]
nq 0.15 0.1 0.15 0.1 [V/kV Ar]

WD agg model is expanded to encompass coherency zone identification for extensive
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Figure 3.15: Case 8 line-to-line fault at Bus 3: P active power, Q reactive power,
i(t) instantaneous output current, Irms output rms current, v(t) instantaneous output
voltage, and Vrms bus rms phase voltage for PV units at Bus 3, Bus 10, and Bus Batt.

the detailed model by being more than five times faster. This comparison confirms
the practical applicability of the proposed method in such systems.

3.5 Experimental Results

To verify the proposed modeling approach a system with four paralleled inverters
similar to Figure 3.4a is implemented experimentally as shown in Figure 3.17 and
parameters of Table 3.1. The experimental part numbers can also be found in Ta-
ble 3.10.

Case Exp 1: To evaluate the system performance and dynamic behavior of the
experimental setup with Table 3.9 parameters, three voltage reference steps are ap-
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Figure 3.16: Case 8 line-to-line fault at Bus 10: P active power, Q reactive power,
i(t) instantaneous output current, Irms output rms current, v(t) instantaneous output
voltage, and Vrms bus rms phase voltage for PV units at Bus 3, Bus 10, and Bus Batt.

plied at t = 1s, t = 2s, and t = 3s, respectively. Figure 3.18 shows the experimental
three-phase current, voltage, active, and reactive powers. Figure 3.19a verifies the
accuracy of the proposed WD agg approach by comparing the output power of the
experimental system and the proposed WD agg model. Figure 3.19b validates that
the proposed WD agg model accurately mimics the experimental system behavior
and instantaneous wave forms such as phase voltage and output current.

Case Exp 2: The experimental setup consists of four inverters, a resistive load with
a value of 34 [Ω], and the parameters specified in Table 3.11 and 3.12 are incorporated
to validate the performance of the proposed WD agg model considering unequal input
DC voltages and various control parameters. The implemented experimental setup
allows for direct comparison between the measured results and the results obtained
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Table 3.7: Distinct Coherency Zones of γ = 0.99 for Bus 3 to 11.

Zone CCi,j

Start-up During Bus 3 fault
(t = 0[s] to 1[s]) (t = 1.0[s] to 1.06[s])

Detailed WD agg Detailed WD agg

Zone 1

CC3,4 0.9999 0.9999 0.9999 0.9999
CC3,5 0.9998 0.9998 0.9999 0.9999
CC3,6 0.9997 0.9996 0.9999 0.9999
CC3,7 0.9994 0.9992 0.9998 0.9982
CC3,8 0.9998 0.9998 0.9998 0.9997
CC3,9 0.9996 0.9996 0.9996 0.9996
CC3,10 0.9997 0.9997 0.9996 0.9996
CC3,11 0.9997 0.9997 0.9996 0.9996

Zone CCi,j

During Bus 10 fault
(t = 1.52[s] to 1.58[s])
Detailed WD agg

Zone 1
CC3,4 0.9999 0.9999
CC3,5 0.9999 0.9999
CC3,6 0.9999 0.9999

Zone 2 CC7,8 0.9930 0.9936
Zone 4 CC10,11 0.9999 0.9999

Table 3.8: Models computational time comparison.

Model Detailed WD agg Unit
Computational time 17290 3385 [s]

Table 3.9: Case Exp 1 setup specifications.

Parameter Inv 1 Inv 2 Inv 3 Inv 4 Unit
Kp 6 6 6 6 -
Ki 400 400 400 400 -
Kpv 0.006 0.0048 0.006 0.0048 -
Kiv 120 80 120 80 -
Rv 16 12 16 12 [Ω]
mp 8π 4π 8π 4π [rad/(s.kW )]
nq 0.06 0.04 0.06 0.04 [V/V Ar]

from the proposed WD agg model. This comparison serves to validate the accuracy
of the proposed method in predicting the steady-state and dynamic behavior of the
actual system under different control parameters. Figure 3.20 depicts the active and
reactive power outputs of both the experimental system and the proposed WD agg
model. The figure demonstrates that by increasing the values of Kp while keeping
Ki constant, or by decreasing the values of Ki while keeping Kp constant, a more
desirable performance with reduced overshoot can be achieved.
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Table 3.10: Experimental part numbers.

Device Part Number
Controller dSpace MicroLabBox
Switches STF23N80K5

Current Sensors TMCS1101A1UQDRQ1
Voltage Sensors LV 25-P

DC Source 1 & 2 California Instruments AST 3003
DC Source 3 Chroma 62050H-600S
DC Source 4 Keysight N8937APV

Figure 3.17: Experimental setup.

Table 3.11: Case Exp 2 & 3 common specifications.

Parameter Inv 1 Inv 2 Inv 3 Inv 4 Unit
L 2.5 2.5 2.5 2.5 [mH]
R 280 280 280 280 [mΩ]
C 2.5 2.5 2.5 2.5 [µF ]
Lo 1.0 1.0 1.0 1.0 [mH]
Ro 1.0 1.0 1.0 1.0 [Ω]
Rv 24 18 24 18 [Ω]
mp 8π 4π 8π 4π [rad/(s.kW )]
nq 0.6 0.4 0.6 0.4 [V/V Ar]
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(a) Output power comparison.

(b) Output phase current and voltage comparison.

Figure 3.19: Case Exp 1: The output power, phase current, and phase voltage com-
parison of experimental system and the proposed WD agg model.

3.6 Conclusion

This chapter presents a novel modeling approach for representing large networks of
inverters with droop control power sharing using one equivalent inverter and a con-
troller. The parameters of the proposed WD agg model are obtained by quantifying
the contribution of each state to the corresponding equivalent state. The effectiveness
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Figure 3.20: Case Exp 2: The active and reactive power performance comparison
between the proposed WD agg model and experimental results for various control
parameters.

Table 3.13: Case Exp 3 increasing Ki specifications.

Parameter Inv 1 Inv 2 Inv 3 Inv 4 Unit
VDC 220 200 210 200 [V ]
Vo 60 60 60 60 [V ]
Kp 6 4 6 4 -
Kpv 0.012 0.0096 0.012 0.0096 -
Kiv 1.2 0.8 1.2 0.8 -

of the WD agg model was determined through simulations and experiments with a
microgrid composed of four grid-forming parallel inverters connected to a resistive
load. The results showed that when there is a 300% difference in control parameters,
the WD agg model has a maximum error of 5%, while other conventional methods
may have errors up to 40%. The proposed WD agg method accurately replicates the
detailed system behavior in large-scale systems, such as the CIGRE MV/LV bench-
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Figure 3.21: Case Exp 3: The active and reactive power performance comparison
between the proposed WD agg model and experimental results for various start-up
transient duration.

mark for renewable energies, with various control parameters and input changes,
while reducing the computational burden by at least five times compared to detailed
modeling approach. The single equivalent unit is derived through a one-time cal-
culation, resulting in significantly less computational burden and model complexity
compared to other methods such as the equivalent admittance and clustering ap-
proaches. Moreover, it is shown that the WD agg model can be effectively used for
stability analysis due to superior accuracy of bode diagrams, eigenvalue trajectory
and root-loci analyses.
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Chapter 4

WD Aggregation Applications in
DG Integrated Hybrid Microgrids
with Non-linear DC Source

This chapter focuses on the application of the WD (Weighted-Dynamic) aggregation
method to PV (Photovoltaic) farms equipped with grid-following inverters. The aim
is to examine the accuracy and challenges of the proposed WD aggregation model
for grid-following inverters with non-linear DC sources. In this study, the WD aggre-
gation model is employed to combine multiple parallel grid-following inverters, their
associated PV arrays, control systems, and collector lines into an equivalent single
grid-following inverter system, single PV array, control system, and collector line.
The parameters of the proposed model are determined through a weighted average of
the corresponding PV unit parameters. The weighting of each inverter is based on its
contribution to the desired dynamic behavior of the overall system. The application
of this proposed model is demonstrated in power system planning and evaluation of
system performance under various stability conditions.
Furthermore, the chapter investigates the challenges of applying the WD aggrega-
tion approach to PV units with double-stage power conversion. It is shown that
the WD aggregation method effectively models photovoltaic units equipped with a
maximum power point tracking (MPPT) algorithm and a boost converter for power
conversion, even in the presence of significant parameter disparities. The proposed
model accurately preserves crucial features of a PV farm, such as PV curves, shad-
ing effects, and input irradiance, making it highly suitable for solar farm studies. To
evaluate the performance of the proposed method, extensive time-domain simulations

• N. Shabanikia and S. A. Khajehoddin, “Weighted Dynamic Aggregation Modeling of Grid-
Following Inverters to Analyze Renewable DG Integrated Microgrids,” in IEEE Transactions
on Industrial Electronics, vol. 71, no. 1, pp. 583-594, Jan. 2024 [92].

• N. Shabanikia and S. A. Khajehoddin, “Single Equivalent PV Inverter Model for PV Farms
with Substantial Parameter Disparities Using WD agg Approach,” 25th European Conference
on Power Electronics and Applications (EPE ECCE), Aalborg, Denmark, 2023.
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are conducted on PV farms consisting of three paralleled PV units with substantial
parameter disparities. These simulations cover various case studies involving differ-
ent stability conditions and irradiation inputs. The results showcase the effectiveness
and reliability of the WD aggregation model in mimicking the steady-state, transient,
and dynamic behavior of PV systems when uncertainties in the system parameters are
negligible. The proposed model is also applied to CIGRE HV/MV 14-bus benchmark
for renewable energies to show the functionality of the proposed model in large-scale
and practical systems.

4.1 PV Farm Model with Grid-Following Inverters

without DC-DC Power Stage

A grid-following PV farm with n paralleled PV units shown in Figure 4.1(a). Each
inverter is controlled locally using an outer DC-link voltage loop and inner current
control loop, illustrated in Figure 4.2. The detailed model of the studied system can
be discussed in the following five sections:

4.1.1 PV array model

Each PV array can be modeled by a variable current source, where the output current
is:

ipv = Isc(1 − C1(e
vdc

C2Voc − 1)),

C1 = (1 − Imp

Isc
)e

−Vmp
C2Voc , C2 = (

Vmp

Voc
− 1)/ ln(1 − Imp

Isc
), (4.1)

where vdc is the DC-link voltage, Isc is the PV array short circuit current, Voc is the
PV array open circuit voltage, and Imp and Vmp are the PV array maximum power
operating current and voltage, respectively.

4.1.2 DC-link bus model

DC-link consists of a capacitor connecting a PV array to a 3-leg bridge inverter. The
DC-link model can be shown as:

Cdc

d

dt
vdc = ipv − idc, (4.2)

where Cdc is DC-link capacitor and idc = pdc/vdc, thus idc = 3(vtditd + vtqitq)/2vdc,
where vtdq and itdq are the inverter output dq frame voltages and currents, respectively.

4.1.3 Inverter controller model

Each inverter controller has a local Phase-Lock-Loop (PLL) with the following model
[93]:

d

dt
θ = Kppllv

c
oq +Kipllϕ ,

d

dt
ϕ = vcoq,
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where: vcodk = vodk cos δk + voqk sin δk, v
c
oqk

= voqk cos δk − vodk sin δk, (4.3)

δk = θk−θ1 for kth inverter, and vodq are the output filter capacitor d-q frame voltages.
As Figure 4.2 shows the DC-link voltage controller can be derived as:

d

dt
γ = vdc − v∗dc, (4.4)

where v∗dc is the DC-link voltage reference signal. Finally, the inner current control
loop of each inverter can be modeled as:

d

dt
λd = i∗d − ictd,

d

dt
λq = i∗q − ictq, i

∗

d = Kpv(vdc − v∗dc) +Kivγ, i
∗

q = Q∗,

ictd = itd cos θ + itq sin θ , ictq = itq cos θ − itd sin θ.
(4.5)

4.1.4 LCL filter model

The inverter output filter model can be given as:

(Lo

d

dt
+Ro)iod − ω0Loioq = vod − vgd, C

d

dt
vod − ω0Cvoq = itd − iod,

(Lo

d

dt
+Ro)ioq + ω0Loiod = voq − vgq, C

d

dt
voq + ω0Cvod = itq − ioq,

(L
d

dt
+R)itd − ω0Litq = vtd − vod, (L

d

dt
+R)itq + ω0Litd = vtq − voq.

(4.6)

where, iodq are the LCL filter output current and:

vtdk = v∗tdk cos δk − v∗tqk sin δk, vtqk = v∗tqk cos δk + v∗tdk sin δk,

v∗td = Kp(i
∗

d − itd) +Kiλd + vod +Ritd − ω0Litq,

v∗tq = Kp(i
∗

q − itq) +Kiλq + voq +Ritq + ω0Litd.
(4.7)

4.1.5 Line model

The system transmission line model can be derived as:

vgd − vgridd = (Lgrid

d

dt
+Rgrid)

n
∑

k=1

iod − ω0Lgrid

n
∑

k=1

ioq,

vgq − vgridq = (Lgrid

d

dt
+Rgrid)

n
∑

k=1

ioq + ω0Lgrid

n
∑

k=1

iod.

(4.8)

Thus, considering (4.1)-(4.8) the detailed model of a PV farm with n paralleled in-
verters at PCC bus are obtained that is connected to the grid with a transmission
line.
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4.2 Weighted Dynamic Aggregation Model of Grid-

Following Inverters

The WD agg method is applied to a PV farm with n grid-following inverters shown
in Figure 4.1(a). The objective is to find an equivalent set of dynamic equations
with a similar structure of a single PV unit to represent the PV farm as shown in
Figure 4.1(b). This is first done by deriving the dynamic equations of n inverters in the
detailed system and defining a weight of contribution for each unit. Then the weighted
average of n inverter dynamic equations is derived to achieve the equivalent set of
dynamic equations which is then compared with the individual inverter equations to
find the equivalent unit parameters. The WD aggregation of output LCL filter and
current controllers is similar to previous chapter and the derivations can be found
in 3.3.1 and 3.3.2, respectively. The rest of this procedure is done separately for the
voltage controllers, DC-link capacitors, and PV arrays as shown in the followings.
The mathematical proof of the equivalent model shown in Figure 4.1(b) is provided
in the three following steps:

4.2.1 Equivalent DC-link capacitor

The mth inverter delivers a power as pdcm = vdcmidcm . By defining µdcm = vdcm/vdceq ,
where vdceq = 1

n

∑n

k=1 vdck , DC-link power equation can be found as:

pdceq = vdceq idceq =
n
∑

k=1

µdckidckvdceq ⇒ idceq =
n
∑

k=1

µdckidck . (4.9)

It is worth noting that µdcm = (Vdcm + ṽdcm)/(Vdceq + ṽdceq) ≃ Vdcm/Vdceq . The differ-
ential equation for mth DC-link capacitor can be given as:

Cdcm

d

dt
vdcm = ipvm − idcm . (4.10)

Multiplying (4.10) by µdcm and summing all n differential equations leads to:

n
∑

m=1

µ2
dcm

Cdcm

d

dt
vdceq =

n
∑

m=1

µdcmipvm −
n
∑

m=1

µdcmidcm . (4.11)

By comparing (4.2) and (4.11) the equivalent DC-link model can be found as:

Cdceq

d

dt
vdceq = ipveq − idceq , where:

Cdceq =
n
∑

m=1

µ2
dcm

Cdcm , ipveq =
n
∑

m=1

µdcmipvm . (4.12)

81





PV array should provide the total short circuit current of the PV farm. Figure 4.3
demonstrates that the equivalent PV array for n paralleled PV units. The equivalent
PV array output current can be found by Ipveq = meq

∑n

k=1 Ipvk/mk, where m is the
modulation index of inverter. The equivalent PV array also is modeled as (4.1) and
the output power of the equivalent PV array should be the summation of all PV units
as VpveqIpveq =

∑n

k=1 VpvkIpvk , thus the equivalent PV array Voceq , Vmpeq , and Impeq can
be found by the following equations at the MPP operating point:

Impeq = mmpeq

n
∑

k=1

Impk/mmpk , VmpeqImpeq =
n
∑

k=1

VmpkImpk ,

Impeq = Isceq(1 − C1eq(e
Vmpeq

C2eq
Voceq − 1)), C1eq = (1 − Impeq

Isceq
)e

−Vmpeq
C2Voceq ,

C2eq = (
Vmpeq

Voceq
− 1)/ ln(1 − Impeq

Isceq
), mmp =

2Vg
Vmp

. (4.17)

The equivalent DC voltage reference signal can be found as V ∗

pveq
Ipveq =

∑n

k=1 V
∗

pvk
Ipvk ,

where Ipvh , h = {1, 2, . . . , n, eq} can be found with (4.1).

4.3 PV Farm Configuration with DC-DC Power

Stage

This section studies a grid-following PV farm with n-paralleled PV units shown in
Figure 4.4a. Each PV unit is compromising a PV array connected to a DC link via a
boost converter controlled with Incremental Conductance Method (ICM) Maximum
Power Point Tracking (MPPT) algorithm discussed in [94]. As shown in Figure 4.4a,
the DC link is connected to a PCC bus via a grid-following inverter and a collector
line. As shown in Figure 4.2, each inverter is controlled locally using an outer DC-link
voltage loop and inner current control loop. The modeling derivations of the DC-link
bus and controller can be found in the previous section 4.1.2 and 4.1.3, respectively.
Moreover, the inverter output filter model can be found in the previous chapter 3.2.1.
However, models of the PV array, the boost converter and its controller is presented
in the following two subsections for further discussions:

4.3.1 Boost converter model

A boost converter is utilized to facilitate the PV array to work at the MPP all the
time. The boost converter shown in Figure 4.4a can be modeled as:

Cpv

d

dt
vpv = ipv − ib, Cdc

d

dt
vdc = d′ib − idc,

(Lb

d

dt
+Rb)ib = vpv − d′vdc,

(4.18)

where the input and output capacitors of the boost converter are represented by Cpv

and Cdc, respectively, while their respective voltages are denoted by vpv and vdc. The
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operating current and voltage, respectively.

4.4 WD agg Model of PV Farm with DC-DC Power

Stage

The WD agg method is applied to a PV farm consisting of n grid-following inverters,
as shown in Figure 4.4a. The objective is to identify an equivalent set of dynamic
equations that resemble a single PV unit structure to represent the PV farm, as
illustrated in Figure 4.4b. This is achieved by first obtaining the dynamic equations
of n PV units in the detailed system and determining a contribution weight for each
unit. Next, the weighted average of the n PV units’ dynamic equations is calculated
to obtain the equivalent set of dynamic equations, which is then compared with
the individual PV unit equations to identify the equivalent PV unit parameters.
This process is conducted separately for the inverter with LCL output filters and its
controllers, and the results are presented in the table of Figure 4.4b. This section
provides a mathematical proof of the equivalent model for the boost converter, MPPT
controller, and PV array, as shown in Figure 4.4b, through the following three steps:

4.4.1 Equivalent boost converter

mth boost converter set of dynamic equations can be given as:

Cpvm

d

dt
vpvm = ipvm − ibm ,

Cdcm

d

dt
vdcm = (d′ib)m − idcm ,

(Lbm

d

dt
+Rbm)ibm = vpvm − (d′vdc)m.

(4.20)

Considering pdc = vdcidc and the equivalent pdceq =
∑n

k=1 pdck . By defining µdc =
vdcm/vdceq , where vdc = 1

n

∑n

k=1 vdck , the equivalent idceq can be found as:

pdceq =
n
∑

k=1

µdckidckvdceq ⇒ idceq =
n
∑

k=1

µdckidck . (4.21)

It is worth noting that µdck = (Vdck + ṽdck)/(Vdceq + ṽdceq) ≃ Vdck/Vdceq . Multiplying
the dynamic equation of mth output capacitor yields:

µdcmCdcm

d

dt
vdcm = µdcm(d′ib)m − µdcmidcm . (4.22)

Now summing n equations of (4.22) gives:

n
∑

k=1

(µdck)2Cdck

d

dt
vdceq =

n
∑

k=1

µdck(d′ib)k −
n
∑

k=1

µdckidck . (4.23)
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Comparing (4.23) with (4.21) and the single output capacitor dynamic equation given
in (4.18) results in:

Cdceq

d

dt
vdceq = (d′ib)eq − idceq , where:

Cdceq =
n
∑

k=1

(µdck)2Cdck , (d′ib)eq =
n
∑

k=1

µdck(d′ib)k. (4.24)

By considering n dynamic equations of converters inductors and defining µbm =
ibm/ibeq , µpvm = vpvm/vpveq , and µ′

pvm
= (d′vdc)m / (d′vdc)eq, the kth dynamic equa-

tion can be given as:

(Lbm

d

dt
+Rbm)µbmibeq = µpvmvpveq − µ′

pvm
(d′vdc)eq. (4.25)

It is worth noting that:

µbm =
Ipvm + ĩpvm
Ipveq + ĩpveq

≃ Ipvm
Ipveq

, µpvm =
Vpvm + ṽpvm
Vpveq + ṽpveq

≃ Vpvm
Vpveq

,

µ′

pvm
=

(D′Vdc)m + ˜d′vdcm

(D′Vdc)eq + ˜d′vdceq
≃ (D′Vdc)m

(D′Vdc)eq
=
Vpvm
Vpveq

= µpvm .

(4.26)

Therefore, (4.25) can be rewritten as:

µbm

µpvm

(Lbm

d

dt
+Rbm)ibeq = vpveq − (d′vdc)eq. (4.27)

Now, averaging n dynamic equations of (4.27) yields:
(

n
∑

k=1

µbk

nµpvk

Lbk

d

dt
+

n
∑

k=1

µbk

nµpvk

Rbk

)

ibeq = vpveq − (d′vdc)eq . (4.28)

Comparing (4.28) with the single dynamic equation of the inductor gives:

(Lbeq

d

dt
+Rbeq)ibeq = vpveq − (d′vdc)eq, where:

Lbeq =
n
∑

k=1

µbk

nµpvk

Lbk , Rbeq =
n
∑

k=1

µbk

nµpvk

Rbk . (4.29)

By considering n dynamic equations of input capacitor and defining µ′

bm
= ipvm/ipveq ,

the kth dynamic equation can be given as:

Cpvm

d

dt
µpvmvpveq = µ′

bm
ipveq − µbmibeq . (4.30)

It is worth noting that µ′

bm
= (Ipvm+ĩpvm)/(Ipveq +ĩpveq) ≃ Ipvm/Ipveq = Ibm/Ibeq = µbm .

Therefore, (4.30) can be rewritten as:

d

dt
vpveq =

(

ipveq − ibeq
)

/

(

µpvm

µbm

Cpvm

)

. (4.31)
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Averaging n dynamic equations of (4.31) yields:

d

dt
vpveq =





n
∑

k=1

1

n
(

µpvk

µbk

Cpvk

)





(

ipveq − ibeq
)

. (4.32)

Comparing (4.32) with the single input capacitor dynamic equation given in (4.18)
results in:

Cpveq

d

dt
vpveq = ipveq − ibeq , where:

Cpveq = 1
/

(

n
∑

k=1

1
/

(

n
µpvk

µbk

Cpvk

)

)

. (4.33)

4.4.2 Equivalent MPPT controller

As illustrated in Figure 4.5, mth MPPT model can be given as:

emKmppm/s = dm, (4.34)

where e is the MPPT error and Kmpp is the compensator gain. Recalling d′mvdcm =
vpvm , therefore, for each PV unit we have:

µdcm

µpvm

d′mvdceq = vpveq . (4.35)

Averaging n equations of (4.35) results in:

n
∑

k=1

µdck

nµpvk

d′kvdceq = vpveq . (4.36)

Hence, based on (4.36) it can be concluded that:

d′eq =
n
∑

k=1

µdck

nµpvk

d′k ⇒ Deq = 1 −D′

eq. (4.37)

Defining λmppm = d
dt
em, thus, λmppmKmppm = dm. Considering that the equivalent

compensator should compensate the cumulative error of the PV farm, thus, λmppeq =
∑n

k=1 λmppk , therefore:

Λmppeq =
n
∑

k=1

Dk

Kmppk

, (4.38)

where Λmpp and D are the steady-state values. Hence, using (4.38), Kmppeq can be
found as:

Kmppeq = Deq

/

(

n
∑

k=1

Dk

Kmppk

)

. (4.39)

87





Figure 4.7: Detailed and WD agg models PCC bus output active power P , reactive
power Q, phase current I

[rms]
a , and phase voltage V

[rms]
a comparison for different grid

SCR.

PV units of CIGRE MV/LV 14-bus benchmark [90] to evaluate the functionality of
the proposed method in large-scale systems.

4.5.1 Three-Paralleled inverters PV farm without DC-DC
power stage

To investigate the performance of the proposed WD agg model in the systems with
various grid strength, the WD agg and detailed models of the system with controller
parameters given in Table 4.2 and the inverters parameters given in Sc. A of Table 4.1
are obtained in various SCRs and the results are presented in Figure 4.7. Figure 4.7
illustrates, the system with low SCR (SCR=2 very weak grid, SCR=3 weak grid)
has larger swings in both reactive power as well as the PCC bus voltage, as opposed
to the system with higher SCR (SCR=12 strong grid) at the system start-up. It is
worth noting that each inverter is locally controlled by it current that results in zero
reactive power injection at Bout 1, 2, and 3 buses (Q

(1)
out = Q

(2)
out = Q

(3)
out = 0). However,

the reactive power injected to the grid at PCC bus is not zero (QPCC ̸= 0) due to the
existence of collector line inductors Lo1 , Lo2 , Lo3 and the filter capacitors C1, C2, C3.
Figure 4.7 verifies that WD agg model mimics the oscillatory behavior of the detailed
system accurately. A PV farm with three PV units and Sc. A parameters of Table 4.1
in Appendix is studied in nine case studies. These case studies are the combination
of various unequal inverters parameters and stability conditions. The detailed and
proposed aggregated model are presented for comparison.
To further investigate the functionality of the proposed system, a PV farm with three
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Table 4.1: Simulation and experimental systems specifications.

Parameter
Scenario A Scenario B Scenario C

Inv 1 Inv 2 Inv 3 Inv A Inv B Inv exp
L[mH] 2.5 2.0 2.5 2.5 2.0 2.5
R[Ω] 0.44 0.64 0.44 0.44 0.44 0.44
C[µF ] 2.5 2.5 2 2.5 3.0 2.5
Rc[mΩ] 3.1 3.1 3.1 3.1 3.1 3.1
Lo[mH] 1 1 0.5 1 1.5 1
Ro[Ω] 0.38 0.38 0.38 0.38 0.38 0.38
Kp 12 12 12 12 16 12
Ki 160 120 80 100 200 100
Kpv 0.0060 0.0072 0.0036 0.012 0.016 0.01
Kiv 24 20 16 72 84 160

CDC [µF ] 390 390 390 390 390 390

vgLL
= 104 [V ], f = 60 [Hz], Lgrid = 150 [µH], Rgrid = 13 [mΩ]

Table 4.2: Inverters control parameters for weak-grid studies.

Parameter Inv 1 Inv 2 Inv 3
Kp 24 24 24
Ki 6400 4800 3200
Kpv 0.240 0.288 0.144
Kiv 9.6 8.0 6.4

PV units and unequal parameters as Table 4.1 Inv 1, 2, and 3 is presented. Figure 4.8
illustrates the PV farm output active power P with various control parameters for
both detailed and WD agg models. As Figure 4.8 shows, the system approach insta-
bility by increasing Kiv values to Kiv1 = 1440, Kiv2 = 1200, Kiv3 = 960, and the
proposed method mimics the system oscillatory behavior with a close oscillation fre-
quency. By increasing Kpv values to Kpv1 = 0.120, Kpv2 = 0.144, Kpv3 = 0.072, and
Kpv1 = 0.360, Kpv2 = 0.432, Kpv3 = 0.216, the system can reach a stable state with
low, medium, and fast response times, respectively, while the proposed WD agg model
has a close behavior compared to the detailed system. Figure 4.8 illustrates that the
proposed model has significantly reduced the order of the system model while still
predicting the instability of the system and its dominant oscillation frequency with
a very small error, which are necessary for dynamic behavior studies and controller
design of the system. The small error between the detailed and the proposed models’
oscillation frequency generates a cumulative phase error, which is not as important
as the dominant oscillation frequency in the system studies. To quantify the error of
the proposed model, the error function is defined as (

∫ tend
t0

|Sd −Seq|dt)/(
∫ tend
t0

|Sd|dt),
where Sd and Seq can be any corresponding signals of the detailed and the proposed
models, respectively. The calculated error for the active power during the first oscil-
lation cycles of Figure 4.8 shows that the proposed has less than 4% error. Also, the
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Figure 4.14: System 1 & 2 start-up: P active power, Q reactive power, i(t) instan-
taneous output current, Irms output rms current, v(t) instantaneous output voltage,
and Vrms bus rms phase voltage for PV units at Bus 3 and Bus 10.

model when the system operates in a critical condition. Figure 4.17 shows the system
trend of active power P , reactive power Q, output rms current Irms, and the bus
rms phase voltage Vrms for PV farms at Bus 3 and Bus 10 in system 1 and 2. As
Figure 4.17 shows the proposed model mimics the effect of wind farm inertia in the
active and reactive powers while it predicts the high-frequency mode oscillations in
reactive power output current during the transient window.
It is worth noting that the calculated cumulative error for active and reactive power
during all events are 0.1% and 2.2%, respectively. Moreover, in this case study, the
proposed model only took 19% of the detailed model simulation time to be simulated
on a similar simulator system. Therefore, it significantly reduced the computational
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Figure 4.15: System 1 & 2, line-to-line fault at Bus 10: P active power, Q reactive
power, i(t) instantaneous output current, Irms output rms current, v(t) instantaneous
output voltage, and Vrms bus rms phase voltage for PV units at Bus 3 and Bus 10.

burden of the system.

4.5.3 Three-Paralleled inverters PV farm with DC-DC power
stage

The study analyzed a PV farm consisting of three PV units with the parameters
provided in Table 4.3. To demonstrate the proposed model’s accuracy in mimicking
the dynamic behavior of the system, a voltage sag of 0.2 pu is applied at t = 0.2 [s],
and it is cleared at t = 0.4 [s], and the results are presented for strong and weak grid
conditions as Case 1 and 2. To assess the functionality of the proposed model during
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Figure 4.16: System 1 & 2, line-to-line fault at Bus 3: P active power, Q reactive
power, i(t) instantaneous output current, Irms output rms current, v(t) instantaneous
output voltage, and Vrms bus rms phase voltage for PV units at Bus 3 and Bus 10.

partial shaded of PV farm, the same PV farm with the Table 4.3 given PV array
characteristics is studied while PV 1 is partially shaded to Voc = 220 [V ], Vmp =
215 [V ], Isc = 1.2 [A], and Imp = 1.1 [A]. The partially shading is cleared at at
t = 0.4 [s] and results are represented for strong and weak grid conditions as Case
3 and 4, respectively. Finally to validate the application of the proposed WD agg
model in small-signal and large-signal analyses, the behavior of the detailed system
and the proposed model is studied during small grid voltage steps and symmetrical
line-to-line short-circuit faults, specifically under extreme weak grid condition as Case
5 and 6.
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Figure 4.17: System 1 & 2, 0.2pu voltage sag at infinite bus: P active power, Q
reactive power, i(t) instantaneous output current, Irms output rms current, v(t) in-
stantaneous output voltage, and Vrms bus rms phase voltage for PV units at Bus 3
and Bus 10.

Grid voltage sag dynamic performance:

Figure 4.18a shows the PV farm output active power (P ), reactive power (Q), phase

instantaneous (ia(t)) and RMS (I
[rms]
a ) current, and PCC bus instantaneous (va(t))

and RMS V
[rms]
a voltage for both detailed and the proposed aggregated models in a

strong grid with SCR = 11.5 and X/R = 4 as Case 1. As Figure 4.18a illustrates
the system will reach the MPP with the minimal oscillations. It is worth noting that
during the grid voltage sag the PV farm output current is increased to deliver the
MPP active power to the grid. Furthermore, Figure 4.18a verifies the accuracy of the
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(a) Strong grid: X/R = 4, SCR = 11.5.

(b) Weak grid: X/R = 4, SCR = 2.75.

Figure 4.18: Case 1 & 2 (Grid Voltage Sag): The PV farm output active power (P ),

reactive power (Q), phase RMS (I
[rms]
a ) current, and PCC bus RMS V

[rms]
a voltage

for both detailed and the proposed aggregated models in: a) Strong grid, b) Weak
grid.

proposed model in predicting the overshoot and undershoots of the measured signals
and the overall dynamic behavior of the system.
Case 2 compares the PV farm output active power (P ), reactive power (Q), phase

instantaneous current (ia(t)) and RMS current (I
[rms]
a ), and PCC bus instantaneous

voltage (va(t)) and RMS voltage (V
[rms]
a ) between the detailed and proposed aggre-

gated models in a weak grid with SCR = 2.75 and X/R = 4, and the results are
shown in Figure 4.18b. Figure 4.18b indicates that the system can reach the MPP
with higher oscillations compared to the strong grid. It should be noted that similar
to the strong grid, during grid voltage sags, the PV farm output current increases to
deliver the MPP active power to the grid. Additionally, Figure 4.18b demonstrates
the accuracy of the proposed model in predicting overshoots, undershoots, and the
dominant osculations of the system.

Partially shaded PV farm:

To validates the performance of the proposed model in systems with shaded PV units,
the PV farm is considered to have the initial characteristics shown in Figure 4.19a.
Then, PV array 1 is partially shaded at t = 0.2 [s] as shown in the Figure 4.19b.
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(a) PV characteristics with no shading.
(b) PV characteristics with PV 1 partially
shaded.

Figure 4.19: The phase voltage and output current of the experimental and the WD
agg model at each voltage reference signal step of.

(a) Strong grid: X/R = 4, SCR = 11.5.

(b) Weak grid: X/R = 4, SCR = 2.75.

Figure 4.20: Case 3 & 4 (Partially shaded PV farm): The PV farm output active

power (P ), reactive power (Q), phase RMS (I
[rms]
a ) current, and PCC bus RMS V

[rms]
a

voltage for both detailed and the proposed aggregated models in: a) Strong grid, b)
Weak grid.

Furthermore, the system returns to its full generating power at t = 0.4 [s]. The PV
farm output active power (P ), reactive power (Q), phase instantaneous (ia(t)) and

RMS (I
[rms]
a ) current, and PCC bus instantaneous (va(t)) and RMS V

[rms]
a voltage

for both detailed and the proposed aggregated models are shown in Figure 4.20a and
4.20b for a strong grid with SCR = 11.5 and X/R = 4 as Case 3 and a weak grid with
SCR = 2.75 and X/R = 4 as Case 4. Both cases show a reduction in the PV farm
output power during the shaded window, however the transient duration windows
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(a) Critically stable.

(b) Unstable.

Figure 4.21: Case 5 (Small-signal analysis): The PV farm output active power (P ),

reactive power (Q), phase RMS (I
[rms]
a ) current, and PCC bus RMS V

[rms]
a voltage

for both detailed and the proposed aggregated models in: a) Critically stable, b)
Unstable.

are longer and the dynamic performance of the system is less desirable in the weak
grid. Figure 4.20a and 4.20b also validate the application of the proposed model in
mimicking the overall dynamic and steady-state behavior of the system.

Stability and transient analyses:

To validate the stability and transient performance of the proposed model in systems
during small-signal and large-signal events, the PV farm with control parameters of
Table 4.4 is utilized in a very weak grid with SCR = 1.8. Small-signal analysis was
conducted by studying a small grid voltage drop, while large-signal analysis was con-
ducted by studying a symmetrical three-phase line-to-line short-circuit fault with a
fault resistance of 1[mΩ] and a grounding resistance of 0.01[Ω]. As Figure 4.21a shows
the detailed system can be found critically stable with ∆VgDetailed

= 11.4% grid volt-
age drop and the WD agg model exhibits a similar condition with ∆VgWD agg

= 9.8%.
Moreover, Figure 4.21b illustrates that the detailed system and WD agg models can be
found unstable with ∆VgDetailed

= 11.6% and ∆VgWD agg
= 10%, respectively. Further-

more, Figure 4.22a shows the detailed system is critically stable with ∆tDetailed = 20[ms]
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(a) Critically stable.

(b) Unstable.

Figure 4.22: Case 6 (Large-signal analysis): The PV farm output active power (P ),

reactive power (Q), phase RMS (I
[rms]
a ) current, and PCC bus RMS V

[rms]
a voltage

for both detailed and the proposed aggregated models in: a) Critically stable, b)
Unstable.

grid voltage drop and the WD agg model exhibits a similar condition with ∆tWD agg =
17.34[ms]. Moreover, Figure 4.22b illustrates that the detailed system and WD agg
models are unstable with ∆tDetailed = 20.16[ms] and ∆tWD agg = 17.5[ms], respec-
tively. The results obtained from both small-signal and large-signal analyses indicate
that the proposed WD agg model can conservatively predict the critical stable opera-
tion points. Furthermore, as illustrated in Figure 4.21 and 4.22, the proposed model
can accurately mimic the overall small-signal and large-signal transient behavior of
the detailed system, thereby demonstrating its effectiveness in modeling the system’s
transient response.

4.6 Experimental Results

To verify the proposed modeling approach in practice a system with three paralleled
PV units, shown in Figure 4.1(a) with the setup shown in Figure 4.23, Scenario C
parameters of Table 4.1, and the parts number shown in Table 4.5 is implemented.
The achieved experimental results are also compared with the detailed and WD agg
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Table 4.3: System specifications with Vgrid = 120 [V ], fgrid = 60 [Hz].

Parameter Inv 1 Inv 2 Inv 3 Parameter Inv 1 Inv 2 Inv 3
L[mH] 2.5 2.0 2.5 R[Ω] 0.44 0.64 0.44
C[µF ] 2.5 2.5 2.0 Lo[mH] 1.0 1.0 0.5
Ro[Ω] 0.38 0.38 0.28 Kp 36 36 36
Ki 8533 6400 4266 Kpv 0.120 0.144 0.072
Kiv 4.8 4 3.2 Cdc[µF ] 390 290 540

Cpv[µF ] 20 40 30 V ∗

dc[V ] 400 400 400
Lb[mH] 5 2 1 Rb[mΩ] 1 10 5
Voc[V ] 225 195 190 Vmp[V ] 220 190 185
Isc[A] 3.2 2.2 1.1 Imp[A] 3.1 2.1 1.0
Kmpp 480 500 520 fsw[kHz] 20 20 20

Table 4.4: System control specifications for Case 5 and 6.

Parameter Inv 1 Inv 2 Inv 3
Kp 48 48 48
Ki 64 × 103 49 × 103 32 × 103

Kpv 0.024 0.0288 0.0192
Kiv 1.92 1.6 1.28

models. Figure 4.24 shows grid phase voltage Va, the output phase current Ia, active
power P , and reactive power Q during the system start-up transient. As Figure 4.24
shows both detailed and WD agg models match with the experimental results.
To further assess the simulation models accuracy, two events are considered in the
experimental system. First, a 0.2pu voltage sag is applied to the grid voltage at
t = 1.82s and is cleared at t = 3.705s. Figure 4.25 compares the experimental results
with both detailed and WD models. As the results show, by decreasing the grid
voltage, the output currents increase due to having a constant power generation in
PV units. Also, Figure 4.25 illustrates that both models have a close behavior to
the experimental system. It is worth noting that the difference between experimental
results and the proposed model is due to uncertainties of system parameters identifica-
tions and experimental signal measurement errors. To validate this justification, the
detailed model of the system is also simulated and the results are compared with the
proposed model and the experimental results. As demonstrated in Figure 4.24-4.26
the detailed and proposed models are completely matching while both have a similar
difference compared with the experimental results thus it can be concluded that the
error is due to uncertainties of system parameters identifications and experimental
signal measurement errors.
Furthermore, to validate the proposed model accuracy for the systems with unequal
parameters, an experimental setup with the parameters shown as Scenario D in Ta-
ble 4.6 is implemented. To investigate the system response to reference signal vari-
ations, the dc voltage reference signal is increased at t = 1s to decrease the output
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Figure 4.23: Experimental setup.

Table 4.5: Experimental part numbers.

Device Part Number
Controller dSpace MicroLabBox
Switches STF23N80K5

Current Sensors TMCS1101A1UQDRQ1
Voltage Sensors LV 25-P
Grid Simulator California Instruments AST 3003
PV Simulator 1 Chroma 62050H-600S
PV Simulator 2 Keysight N8937APV
PV Simulator 3 Chroma 62020H-150S

Figure 4.24: System start-up: experimental system, detailed, and WD agg models
comparison.
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Figure 4.25: Grid voltage sag: Experimental system, detailed, and WD agg models
comparison.

Table 4.6: Systems specifications used for Scenario D.

Parameter Inv 1 Inv 2 Inv 3 Parameter Inv 1 Inv 2 Inv 3
L[mH] 2.5 2.3 2.7 R[Ω] 4.4 2.4 1.4
C[µF ] 2.5 2.5 2.5 Rc[µΩ] 31 31 31
Lo[mH] 1 1.2 0.85 Ro[Ω] 3.8 1.8 0.8
Kp 12 10 8 Ki 100 80 60
Kpv 0.06 0.05 0.04 Kiv 36 30 24

CDC [µF ] 390 390 390 VDC [V ] 199 201 200

Lgrid = 150 [µH] , Rgrid = 2 [mΩ]

power generation of PV units and is increased at t = 2s to the initial value to reach
the initial power generation. Figure 4.26, 4.28, and 4.29 compare the experimental
results with both detailed and WD agg models for both Scenario C and D, where
Figure 4.27 shows the experimental results of Figure 4.26. As the results show, by
increasing the reference signal for DC-link voltage the output power decreases, and
consequently the output current decreases as well. Also, Figure 4.26, 4.28, and 4.29
illustrate both models have a close behavior to the experimental system.
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Figure 4.28: DC-link voltage reference signal increase: Experimental system, detailed,
and WD agg models comparison.

Figure 4.29: DC-link voltage reference signal decrease: Experimental system, de-
tailed, and WD agg models comparison.

parameters were carefully determined based on the contribution of each inverter to
the desired output dynamics of the system. To validate its accuracy, the model was
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tested on a small-scale PV farm comprising three inverters with unequal parame-
ters, and it successfully replicated the transient behavior during a 0.8 pu grid voltage
sag. Particularly, the model accurately mimicked the dominant system oscillations
in weak grid conditions. Additionally, the equivalent PV array demonstrated its ca-
pability to preserve the detailed steady-state and dynamic behavior of the system,
even under partially shaded conditions. Moreover, the adoption of a single equivalent
unit substantially reduced the computational burden associated with the system case
studies. Furthermore, the proposed model’s application was extended to larger-scale
PV farms, such as the CIGRE MV/LV 14-bus benchmark for renewable energies,
involving equal and unequal parameters. The achieved results exhibited a maximum
error of 2.2%, demonstrating the model’s ability to accurately represent the impact
of up-stream buses and machine inertia on the PV farms’ output dynamic behaviors,
especially during harsh power system events, such as three full cycles of line-to-line
faults at the PV farms’ buses and 0.2 pu voltage sags at the infinite bus. Lastly,
experimental results were provided, corroborating the accuracy and consistency of
the proposed model with simulation and analytical findings. Overall, the WD agg
approach showcased its effectiveness in creating a concise yet precise representation
of large-scale PV farms, offering valuable insights into their dynamic behavior under
diverse conditions while significantly reducing computational complexity.
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Chapter 5

Consideration of Turbines
Mechanical Dynamics in WD
Aggregation for Induction
Machine-Based Wind Farms

In this chapter the concept of Weighted Dynamic (WD) agg is applied to wind farms
considering the mechanical and electric machine dynamics. The WD agg model a
large-scale wind farm with an equivalent turbine, a generator, a back-back-to-back
converter, and a collector line. The contribution of each WTG in the aggregated
model is quantified and factored into the equivalent model. The equivalent turbine
provides a simpler model and better insight regarding the mechanical system behavior
that has not been clearly addressed in the existing literature.

The performance of the proposed method is evaluated based on the comparisons
of a 4-WTGs DFIG wind farm and the obtained equivalent model. Moreover, a
time-domain simulation of 20-WTGs DFIG wind farm with a variable wind speed
curve is studied to verify the applicability of the proposed model in a more realistic
scenario. Finally, a 4-WTGs fixed-speed wind farm is studied to demonstrate the
generality of the proposed method. Simulations results conducted under identical
and unequal WTGs operating conditions demonstrate a superior performance of the
proposed method compared to the existing approaches.

• N. Shabanikia, A. A. Nia, A. Tabesh and S. A. Khajehoddin, ”Weighted Dynamic Aggregation
Modeling of Induction Machine-Based Wind Farms,” in IEEE Transactions on Sustainable
Energy, vol. 12, no. 3, pp. 1604-1614, July 2021 [95].

• S. A. Khajehoddin, A. Tabesh, and N. Shabanikia, ”Aggregated model of large-scale wind
farms for power system simulation software tools,” Dec. 24 2020. US Patent App. 16/904,959
[96].
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to the following equation:

Pm = τmωm =
1

2
Cp(λ, β)ρAV 3

W , (5.1)

where:

Cp(λ, β) =
Cpmax

λ2opt
(2λopt − λ)λ, (5.2)

and ωm is the mechanical speed of generator, VW is wind speed, ρ is air density and
A is area covered by the blades. The mechanical power is related to wind power by
turbine coefficient Cp(λ, β). This factor depends on the structure of the wind turbine,
where β is the blade angle, λ = rωl/VW is the turbine Tip Speed Ratio (TSR), r is
blades radius, ωl is blades rotational speed, Cpmax is the maximum value of Cp, and
λopt is the optimum TSR where Cp = Cpmax.

Although any control system can be applied, this chapter uses reference [97] DFIG
control approach, as shown in Figure 5.1. In this control system, the Grid-Side
Converter (GSC) controls the DC bus voltage to ensure the DC link voltage stability.
A PI compensator uses the DC voltage error to generate the GSC d-axis reference
current i∗dg. Also, GSC can provide a desired amount of reactive power Q∗

g using the
q-axis reference current i∗qg. As the major reactive power consumed by an induction
machine is determined by its magnetizing inductance, the Q∗

g can be estimated by
Q∗

g = v2s/Xm, where vs is the measured stator rms line-to-line voltage and Xm is the
machine magnetizing reactance. An inner current control loop generates the gating
signals for the GSC by means of i∗dg and i∗qg. The Rotor-Side Converter (RSC) controls
the induction machine operating under a large range of wind speeds. RSC measures
the rotor speed ωm and generates the torque reference T ∗

e through T ∗

e = Koptω
2
m/G

3,
where Kopt is defined as:

Kopt =
1

2
ρπr5Cpmax/λ

3
opt, (5.3)

and G is the gear-box ratio. The T ∗

e signal is also used to form the rotor q-axis
reference current i∗qr for the RSC current controllers by:

i∗qr = − T ∗

e

3
2
pLm

Ls
|ψs|

, (5.4)

where p is the number of machine poles, Lm is the magnetizing inductance, Ls is
the stator self-inductance and |ψs| is stator linkage flux and estimated with |ψs| =
√

2
3
Vs

ωs
, where Vs is the rated rms value of the stator line-to-line voltage and ωs is

the synchronous speed. Also, the rotor d-axis reference current i∗dr is set to zero to
use all of the RSC capacity for active power delivery from the rotor windings as the
required reactive power for the induction machine is provided by the GSC. It is worth
mentioning that, the generality of the proposed method is not limited by the i∗dr set
value.
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5.2 Steady-State Derivation

To find the dynamic model of the wind farm, a small-signal model of the WTG and
wind farm should be derived. Small-signal model of a WTG requires the steady-
state calculations at the operating condition. The steady-state electro-mechanical
relationship between the mechanical side and electrical side of a WTG are expressed
as:

τm + τe = Dωm. (5.5)

τe is the electrical torque and D is the mechanical damping of the induction machine.
The steady state speed, ωm0

, can be found with the assumption that the control
system is stable so that T ∗

e = Te, where Te and Tm are the steady-state of τe and τm,
respectively. Substituting (5.1) and T ∗

e = Koptω
2
m into (5.5) and solve it for ωm other

DFIG steady-state parameters can be expressed as follows[97]:

Te = Koptω
2
m0
, Iqr = − Te

3
2
pLm

Ls
|ψs|

, Idr = 0,

Tm + Te = Dωm0
, Iqs = −Lm

Ls

Iqr, Ids =
|ψs|
Ls

.

(5.6)

A similar approach can be used for fixed-speed WTG. Referring to the [98] for a
squirrel cage induction machine Te ∼= X2

mRrs0|vs|/∆Te
in the steady-state, where:

∆Te
= [RsRr + s0(X

2
m −XssXrr)]

2 + [RrXss + s0RsXrr]
2,

and, Xm, Xss andXr are the magnetizing inductance, stator and rotor self-inductances
respectively. Rs and Rr are the stator and rotor resistances and s0 is the slip. By
substituting (5.1) into (5.5) and solving that for ωm, the ωm0

can also be found for a
fixed-speed WTG. By applying Vqr = Vdr = 0 for squirrel cage rotors and ωm0

in the
induction machine steady-state equations, the other steady-state parameters such as
Ids, Iqs, Idr and Iqs can be found.

5.3 The Proposed Weighted Dynamic Aggregation

Method

The WD agg of GSC and inner current controller of RSC is discussed in Chapter
2. This section calculates the wind farm equivalent electrical generator, outer speed
controller and mechanical part (the equivalent turbine) separately:

5.3.1 Equivalent generator

The objective is to find an equivalent WTG with the same structure of the individual
WTGs whose dynamic behavior is close to the overall wind farm from the grid point of
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view. Therefore, the wind farm equivalent WTG should also have a set of large-signal
equations and the d-q axis circuits similar to the individual WTG where:

vdseq = vds, vqseq = vqs, idseq =
n
∑

k=1

idsk , iqseq =
n
∑

k=1

iqsk . (5.7)

Therefore, to find the interaction of the wind farm with the grid and its equivalent
model, the differential equation relating idqs and vdqs should be derived. The stator
equations of kth machine can be derived as:

vds = (Rsk + Lsk

d

dt
)idsk − ωsLskiqsk + Lmk

d

dt
i′drk − ωsLmk

i′qrk ,

vqs = ωsLskidsk + (Rsk + Lsk

d

dt
)iqsk + ωsLmk

i′drk + Lmk

d

dt
i′qrk ,

(5.8)

Now, similar to the previous chapters investigating three-phase systems in rotat-
ing reference frames, by rotating the common rotating frame to a new rotating
frame, where

∑n

k=1 i
θis
qsk = 0, and defining the stator current weights as µsdq =

i
θis
dqsk

/
∑n

k=1 i
θis
dqsk

, unified dynamic equations for n stators can be derived as:

v
θis
ds =

n
∑

k=1

(Rskµsdk + Lskµsdk

d

dt
)i

θis
dseq

+
n
∑

k=1

(

Lmk

d

dt
i′

θis

drk
− ωsLmk

i′
θis

qrk

)

,

vθisqs =
n
∑

k=1

ωsµsdkLski
θis
dseq

+
n
∑

k=1

(

ωsLmk
i′

θis

drk
+ Lmk

d

dt
i′

θis

qrk

)

,

(5.9)

Transforming (5.9) into the stationary reference frame dynamic equation yields:

vseq =
n
∑

k=1

(Rskµsdk + Lskµsdk

d

dt
)iseq +

n
∑

k=1

Lmk

d

dt
i′rk . (5.10)

By comparing (5.10) with a single stator dynamic equation, the equivalent stator
dynamic equation and parameters can be found as:

vs = (Rseq + Lseq

d

dt
)iseq + Lmeq

d

dt
i′req , (5.11)

where:

vseq =
n
∑

k=1

vsk
n

= vs, iseq =
n
∑

k=1

isk , Rseq =
n
∑

k=1

µsdk

n
Rsk , Lseq =

n
∑

k=1

µsdk

n
Lsk ,

Lmeq

d

dt
i′req =

n
∑

k=1

Lmk

d

dt
i′rk .

(5.12)

It is worth noting that the stator weights µsd can be estimated with the steady-
state values of stator currents as µsd ≃ I

θis
dsk
/
∑n

k=1 I
θis
dsk

. By a similar approach the
equivalent rotor equation and parameters can be derived as:

v′req = (R′

req
+ L′

req

d

dt
)i′req + Lmeq

d

dt
iseq , (5.13)
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where:

v′req =
n
∑

k=1

v′rk
n
, i′req =

n
∑

k=1

i′rk , R
′

req
=

n
∑

k=1

µrdk

n
R′

rk
, L′

req
=

n
∑

k=1

µrdk

n
L′

rk
,

Lmeq

d

dt
iseq =

n
∑

k=1

Lmk

d

dt
isk .

(5.14)

It is worth noting that the rotor weights µrd are found in a specific rotating frame,

where
∑n

k=1 i
′
θir

qrk
= 0, and can be estimated with the steady-state values of rotor

currents as µrd ≃ I ′
θir

drk
/
∑n

k=1 I
′
θir

drk
.

To find the equivalent magnetizing inductance, the magnetizing inductance dynamic
equations of (5.12) and (5.14) can be summed, which results in:

Lmeq

d

dt
(iseq + i′req) =

n
∑

k=1

Lmk

d

dt
(isk + i′rk). (5.15)

Deriving (5.15) in a specific reference frame, where (i
θLm
sqeq +i′

θLm

rqeq
) = 0, and defining the

magnetizing weights as µmdk = (i
θLm

sdk
+i′

θLm

rdk
)/(i

θLm
sqeq +i′

θLm

rqeq
), the equivalent magnetizing

inductance can be found as:

Lmeq
=

n
∑

k=1

µmdk

n
Lmk

. (5.16)

It is worth noting that the magnetizing weights µmd can be estimated with the steady-
state values of stator and rotor currents as:

µmdk ≃
I
θLm

dsk
+ I ′

θLm

drk
∑n

k=1(I
θLm

dsk
+ I ′

θLm

drk
)
. (5.17)

To find the same set of equations for a fixed-speed WTG the same steps can be
followed by considering vdqr = 0 as it has a squirrel cage rotor structure.

5.3.2 Equivalent turbine

To find an equivalent turbine and the equivalent wind speed, a few facts should be
considered. First, the area which is covered by the equivalent turbine should be
equal to the summation of the area that is covered by all the WTGs in the wind
farm combined Aeq =

∑n

k=1Ak. Second, the amount of wind power in the area is
independent of wind farm structure. Therefore:

PWeq
=

n
∑

k=1

PWk
⇒ VWeq

= 3

√

√

√

√(
n
∑

k=1

AkV 3
Wk

)/Aeq. (5.18)
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Third, the equivalent mechanical power Pm generated by the equivalent turbine should
also be equal to the summation of wind farm generated mechanical power:

Pmeq
=

n
∑

k=1

Pmk
. (5.19)

Fourth, Teeq =
∑n

k=1 Tek in steady-state, thus ωm0eq
can be found by:

Pmeq

ωm0eq

+ Teeq ≃ 0. (5.20)

Therefore, K ′

opteq
= Kopteq/G

3
eq can be found by Teeq = ω2

m0eq
K ′

opteq
. Considering

(5.19), the equivalent turbine curve Cpmaxeq
and λ′opteq = λopteqGeq can be found by:

CpeqPWeq
=

n
∑

k=1

CpkPWk
, K ′

opteq
=

1

2
ρπr5eqCpmaxeq

/λ′
3
opteq . (5.21)

It should be noted that any speed ratio Geqpeq between the mechanical and electrical
side can be used as long as (5.19) is satisfied and it will not limit the generality of the
method. Without the loss of generality Geq =

∑n

k=1Gk/n and peq =
∑n

k=1 pk/n. It is
worth noting that by following the same steps that led to (5.21) a λopteq and Cpmaxeq

can also be found for a fixed-speed wind farm with the help of given equations:

CpeqPWeq
=

n
∑

k=1

CpkPWk
, λopteq =

n
∑

k=1

µskλoptk . (5.22)

Finally, there are three possibilities to model the equivalent inertia Jeq:
1) By the summation of all turbines inertia similar to the existing Full and Zone agg
methods:

Jeq =
n
∑

k=1

Jk, (5.23)

2) Based on the total angular momentum of all WTGs:

Jeqωmeq
=

n
∑

k=1

Jkωmk
, (5.24)

3) Based on the total rotational energy of all WTGs:

1

2
Jeqω

2
meq

=
1

2

n
∑

k=1

Jkω
2
mk
. (5.25)

To compare these approaches, a 4-WTG DFIG wind farm shown in Figure 5.3 is
simulated in five different case scenarios of equal and unequal rated power, inertia,
and operating points to highlight models accuracies. Scenario 1 to 5 specifications
are listed in Table 5.1 and 5.2, respectively. The grid line-to-line voltage vs = 690 [v],
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Table 5.2: Scenario 3, 4, and 5 specifications: A 4-WTGs DFIG wind farm with
unequal WTGs parameters and various wind speeds.

Parameter WTG1 WTG2 WTG3 WTG4 Unit
VW (Sc. 3) 9.5 9.5 9.5 9.5 [m/s]
VW (Sc. 4) 11.5 11.5 6.5 6.5 [m/s]
VW (Sc. 5) 6.5 6.5 11.5 11.5 [m/s]

S 2 2 0.5 0.5 [MVA]
J 127 127 31.75 31.75 [kgm2]
τn 100 100 25 25 [ms]
r 48 48 24 24 [m]
λopt 7.91681 7.91681 3.9584 3.9584 [−]

Figure 5.4: Comparison of equivalent inertia derivation with the summation, total
angular momentum, and total rotational energy approaches for a detailed 4-WTGs
DFIG wind farm: a1,2) Scenario 2, b1,2) Scenario 4, c1,2) Scenario 5; (V PCC voltage,
P active power, and Perr active power agg models error with respect to the detailed
model).

5.4 Simulations Results

To validate the proposed WD agg model, several case studies are presented. A 4-
WTGs DFIG wind farm shown in Figure 5.3 and a large-scale 20-WTGs DFIG wind
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Table 5.3: Aggregated Jeq[kgm
2] modeled by summation, total angular momentum,

and total rotational energy approaches in Scenario 1 to 5.

Approach Sc. 1 Sc. 2 Sc. 3 Sc. 4 Sc. 5
Summation 508 508 317.5 317.5 317.5

Total Angular Momentum 508 444.34 317.49 299.51 273.85
Total Rotational Energy 508 418.64 317.49 292.80 253.01

WTG WTG

Rgrid

Vpcc Vgrid

1 to 10 11 to 20
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Figure 5.5: 20-WTGs wind farm, where WTGs parameters and wind speeds are not
necessary similar.

farm shown in Figure 5.5 are studied under various operating scenarios. The grid
parameters are similar to Scenario 1 to 5 for Scenario A, B, C and D. The rest of
Scenario A, B, C, and D parameters can be found in Table 5.5, 5.7, 5.8, and 5.4,
respectively. The rest of DFIG wind farm parameters are designed using [97], [99],
and [100] as:

σ = 1− L2
m/LsL, α1 = −Lm/Ls, α2 = Lr − L2

m/Ls, τi = σLr/Rr, ωni = 100/τi,

ωnn = 1/τn, Kpidq = 2ωniσLr −Rr, Kiidq = ω2
niLrσ, Kpg = −Kqg = 1/(

√

3

2
Vs),

τig = Lg/Rg, ωnig = 2πf, Kpidqg = 2ωnigLg −Rg, Kiidqg = ω2
nigLg.

(5.26)

To study the transients responses, Scenario A is considered where the WTGs have
unequal parameters, and a 0.2 pu voltage sag is applied at t=4s and is cleared at
t=6s. Similarly, for fixed-speed wind farm simulations, the voltage sag is considered
to start at t=1s and end at t=2s. Also, to study the generality of the proposed method
a 4-WTGs DFIG wind farm with a different power coefficient model for WTGs is
presented as scenario C. To compare and verify the proposed method, all wind farms
are aggregated with the Full, Zone and the proposed WD agg methods. A simple small
wind farm is chosen for the first two scenarios to simplify the comparison between the
proposed equivalent WTG and other existing methods. Moreover, 20-WTGs large-
scale wind farm is chosen as the third scenario to verify the generality and applicability
of the proposed method in real life examples.
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Table 5.4: Common parameters for all DFIG WTGs in Scenario 1 to 5, A, B, C, and
D.

Parameter Value Unit Parameter Value Unit
Lsi 87 [µH] G 100 -
Lm 2.5 [mH] CDC 80 [mF ]
Rs 2.6 [mΩ] Lg 0.4 [mH]
Rr 2.9 [mΩ] Rg 20 [µΩ]
p 2 - Kpv 103 -
D 0.001 - Kiv 3 × 105 -

Table 5.5: Scenario A specifications: 4-WTGs DFIG Wind farm with unequal pa-
rameters.

Parameter WTG 1 WTG 2 WTG 3 WTG 4 Unit
S 2 2 1 1 [MVA]
J 127 127 63.5 63.5 [kgm2]
τn 12.5 12.5 12.5 12.5 [ms]
r 42 42 42 42 [m]

Cpmax 0.48 0.48 0.48 0.48 -
λopt 8.1 8.1 8.1 8.1 -
VW 11 10 9 8 [m/s]

Scenario A: 4-WTGs DFIG wind farm with unequal parame-
ters

Turbine shadow effect and different rated powers for WTGs are considered in this
scenario. It should be noted that by different apparent power for WTGs, other
parameters are also different in per unit as shown in Table 5.5. Figure 5.6 shows
the PCC voltage, active and reactive power, and phase A current for all aggregation
methods and their errors with respect to the detailed model. WD agg model shows
better performance compared to the Full and Zone agg models. To measure the model
accuracy, an error index EI can be defined as the integral of the absolute value of
the difference between the model and the detailed system responses:

EI =

∫ t=t1

t=t0

(|Fdetailed − Fmodel|)dt, (5.27)

where F can be any response curves. This error index is calculated for, active, reac-
tive power, and phase A current curves in all methods between t0 = 1 to t1 = 10 and
normalized by the minimum error which was WD in all cases. The results are illus-
trated in the Table 5.6. It can be observed that WD model has at least 3 times more
accurate output power in all scenarios while it has half of the complexity compared
to the Zone agg model.
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Figure 5.6: Scenario A: unequal parameters of WTGs; performance comparisons from
PCC point for detailed 4-WTGs DFIG wind farm, proposed WD, Full, and Zone agg
models; (V voltage rms, P & Q active and reactive powers, I phase A current rms, and
subscript err indicates the model variable error with respect to the detailed system).

Table 5.6: Calculated error indexes for active power P , reactive power Q, and phase
A current I in Scenario A.

Error Index Active Power Reactive power Current
EIFull/EIWD 5.49 230 7.15
EIZone/EIWD 3.22 2.71 1.50

Scenario B: Large-scale 20-WTGs DFIG wind farm

A large-scale wind farm including 20 DFIG WTGs with dissimilar wind speed profiles
for two groups of WTGs is also studied for all aggregation methods. The system
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Table 5.7: Scenario B specifications: 20-WTGs DFIG Wind farm.

Parameter WTG 1-5 & 11-15 WTG 6-10 & 16-20 Unit
S 2 1 [MVA]
J 127 63.5 [kgm2]
τn 50 50 [ms]
r 42 29.7 [m]

Cpmax 0.48 0.48 -
λopt 7.69 5.44 -

Figure 5.7: Scenario B: dissimilar wind speed profile and unequal WTGs parameters;
performance comparisons from PCC point for detailed 20-WTGs DFIG wind farm,
proposed WD, Full, and Zone agg models; (VW wind speed, P active power, I phase
A current rms, and subscript err indicates the model variable error with respect to
the detailed system).

specification is shown in the Table 5.7. Figure 5.7 shows the wind speed, active
power and its error with respect to the detailed system, and phase A current for all
aggregation models. This figure shows a superior performance for WD agg model
compared to the Full and Zone agg models especially in the transient behavior. Also,
calculating the error index defined in (5.27) for all active power curves shows that the
Full and Zone agg models have higher error about 7.18 and 4.51 times the WD agg
model, respectively.
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Table 5.8: Scenario C specifications: 4-WTGs DFIG Wind farm with (5.28) power
coefficient model.

Parameter WTG 1 WTG 2 WTG 3 WTG 4 Unit
S 2 2 1 1 [MVA]
J 127 127 63.5 63.5 [kgm2]
τn 25 25 25 25 [ms]
r 42 42 29.69 29.69 [m]

Cpmax 0.42 0.42 0.42 0.42 -
λopt 6.92 6.92 4.89 4.89 -
VW 10 8 10 8 [m/s]

Scenario C: 4-WTGs DFIG wind farm with other existing tur-
bine power coefficient model

To show the applicability of the proposed method for WTGs with other existing
power coefficient models, a 4-DFIG wind farm similar to Figure 5.3 with Table 5.8
parameters is studied with a different turbine model as[101], [102]:

Cp = (1.12λ− 2.8)e−0.38λ, (5.28)

where (5.28) turbine, λ = 5.2rωm/(λoptVWG). Also, to study the transient behavior
of proposed method a 0.2pu voltage drop is applied at t = 10s and is cleared at
t = 12s. Figure 5.8 verifies the accuracy and the applicability of the proposed method
in wind farms with WTGs that have other existing power coefficient models.

Scenario D: 4-WTGs DFIG wind farm at oscillatory mode

Considering a 4-WTGs DFIG consisting of wind farm with Scenario A WTG1 and
Lm = 3.5[mH], CDC = 8[mF ], Kiv = 3 × 106, and Kopt = 5.2242 × 106, we have
conducted a special simulation as shown in Figure 5.9 to demonstrate that the method
is still accurate for the eigenvalues closed to the imaginary axis. As it shows, the
proposed model with good approximation matches the detailed model and predicts
the dominant oscillation mode while Full and Zone Agg models show a stable behavior
including only some sub-oscillation modes. The results, achieved from all scenarios,
demonstrate a superior performance of the proposed WD model compared to the
existing methods. As discussed before, it is worth mentioning that for pure imaginary
eigenvalues, the linearization is not valid and other methods should be used to study
the system behavior.

5.5 Conclusion

A systematic and simple method is proposed to model large-scale induction machine-
based wind farms by a single WTG that contains an equivalent mechanical wind
turbine and an equivalent electrical generator. This equivalent generator d-q model
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Figure 5.8: Scenario C: WTGs with power coefficient model of (5.28); performance
comparisons from PCC point for detailed 4-WTGs DFIG wind farm, proposed WD,
Full, and Zone agg models; (V voltage, P & Q active and reactive powers, I phase
A current, and subscript err indicates the model variable error with respect to the
detailed system).

Figure 5.9: Scenario D: Oscillatory operating point for WTGs; performance compar-
isons from PCC point for detailed 4-WTGs DFIG wind farm, proposed WD, Full,
and Zone agg models; (V voltage rms, P & Q active and reactive powers, I phase A
current rms).
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is obtained by quantifying the contribution of each WTG to the wind farm using
Weighted Dynamics (WD). The performance of the proposed model is evaluated
through simulations and investigations of a 4-WTGs and large-scale 20-WTGs wind
farms in different scenarios of various wind speeds and WTGs parameters. It is shown
that the error of the proposed WD agg method is at least 2 times less than Full and
Zone agg models. The single equivalent WTG is derived through a one-time simple
calculation, resulting in significantly less computational burden and model complexity
compared to equivalent admittance, optimization methods and Semi agg models. It
is shown that the proposed WD agg method is adequately accurate in both transients
and steady-state responses.
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Chapter 6

Summary and Future Work

6.1 Summary and Contributions

A method of aggregating modular large-scale systems with a single equivalent unit
model has been presented, where the equivalent unit has a similar configuration with
an individual unit in the large-scale system. The parameters of the proposed model
are calculated based on the contribution of each unit to the total desired output
dynamics of the large-scale system. The objective is to obtain an equivalent model of
a modular large-scale system so that the model accurately mimics the behavior of the
system from the PCC while preserving the important features and characteristics of
the large-scale system independent of the number of units and the system parameters.
The main contributions and conclusions of this report are summarized below.

(i) The application of the WD aggregation approach to model a DC-DC buck con-
verter integrated microgrid is demonstrated, where it resulted in an equivalent
single converter and control system, serving as a reduced-order model for a
system comprising multiple droop-controlled DC-DC converters with different
parameter values.

(ii) The WD aggregation model of the DC-DC buck converter integrated microgrid
is employed to conduct sensitivity and stability analyses, showcasing its effec-
tiveness and high accuracy. Through various case scenarios involving different
converter parameters and stability conditions, the proposed model proves to be
a reliable and efficient tool for analyzing the system’s behavior.

(iii) By utilizing the WD aggregation model for the DC-DC buck converter inte-
grated microgrid, an effective control strategy is devised, resulting in a desir-
able dynamic behavior for both the overall system and individual converters.
The proposed approach optimizes the system’s performance, ensuring stable
and efficient transient dynamics for all converters within the microgrid

(iv) The proposed WD agg method is applied to model large-scale islanded micro-
grids consisting of n grid-forming parallel inverters with droop control power-
sharing by a single equivalent inverter and a controller.
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(v) An islanded microgrid consists of four grid-forming parallel inverters and a
resistive load was modeled with the proposed WD Agg method and evaluated
by simulations and experimental implementation. It was shown that for a 300%
control parameters difference the proposed WD model has a 5% max error,
while other conventional methods has 40% max error. It was illustrated that
the proposed WD Agg method can accurately mimic the large-scale system
behavior with unequal control parameters and various input changes.

(vi) The proposed model of the islanded microgrid consisting of four grid-forming
parallel inverters is used in various stability analyses and it was shown that the
proposed model can accurately predict the instability of the large-scale system
where other existing method fail.

(vii) The proposed WD aggregation method is employed to model a system of three
paralleled inverters with parameter variations exceeding 20%. This method
effectively preserves the detailed system characteristics such as frequency re-
sponse, root loci, and output admittance.

(viii) An equivalent single inverter, PV array, and control system is presented as
the reduced-order model of n grid-following PV units with equal and unequal
parameters considering the non-linearity of the PV sources.

(ix) A small-scale PV farm, consisting of three inverters with equal and unequal
parameters, was modeled and it was shown that for a 50% parameter differ-
ence, a 4% max error was observed for the oscillatory condition of the detailed
system connected to a weak grid. Furthermore, the small-scale system verified
the ability and the accuracy of the proposed model in predicting the dynamic
behavior of the detailed system with various control parameters under different
stability conditions with less than 2% error in oscillation frequency predictions.
Moreover, the experimental results are also provided that match simulations
and analytics results.

(x) The proposed model is applied to PV farms of CIGRE HV/MV 14-bus bench-
mark for renewable energies with equal and unequal parameters to evaluate the
application of the proposed model in large-scale systems. The results illustrated
that the proposed model with the max error of 2.2% can accurately show the
effect of up-stream buses and their machine inertia on the PV farms output
dynamic behaviors under harsh power system events such as 3 full cycles line-
to-line faults at the PV farms buses and 0.2 pu voltage sags at the infinite bus.
Moreover, the proposed single equivalent unit presentation hugely reduced the
computational burden of the system case studies.

(xi) A single equivalent WTG consisting of an equivalent mechanical wind turbine
and an equivalent electrical generator is obtained by WD agg approach for
large-scale induction machine-based wind farms.
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(xii) A wind farm consists of 4 DFIG-based WTGs with different wind speeds and
WTGs parameters is aggregated with the proposed WD agg method and it is
shown that the error of the proposed WD agg method is at least 2 times less
than Full and Zone agg models. Moreover, it has been verified that the proposed
WD method is independent of the turbine power coefficient model.

(xiii) A large-scale wind farm consists of 20 DFIG-based WTGs with different wind
speeds and WTGs parameters is aggregated with the proposed WD agg method
and it is shown that the single equivalent WTG is derived through a one-
time simple calculation, resulting in significantly less computational burden
and model complexity compared to equivalent admittance, optimization meth-
ods and Semi agg models.

6.2 Suggested Future Work

There are a number of directions that this research could proceed in; three of the
most promising are outlined below.

(i) WD aggregation of modular large-scale systems featuring a cascaded units con-
figuration, such as multi-level converters, presents an intriguing research av-
enue. A comprehensive exploration of the series configuration system can be
conducted by leveraging the duality theorem, which offers valuable insights and
analytical tools to thoroughly examine the system’s behavior and characteris-
tics.

(ii) Investigation of the feasibility and effectiveness of the proposed WD approach
for asymmetrical three-phase systems. Asymmetrical systems can be divided
into two distinct parts, namely symmetrical and asymmetrical components. The
WD aggregation approach can be employed to separately aggregate these com-
ponents, offering a potential avenue to address the complexities of asymmetrical
systems with enhanced efficiency and accuracy.

(iii) Identification of the dominant units within a large-scale system using the dy-
namic weights derived from the WD aggregation approach. These weights repre-
sent the contribution of each unit to the overall system behavior. By pinpoint-
ing the impact of dominant units, it becomes possible to strategically design
the system for optimal performance, ensuring its behavior aligns with desired
objectives and outcomes.
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Appendix A

The WD agg Stability Preservation
& Controllability Requirement

Building upon the mathematical foundation of the proposed WD aggregation model
introduced in Section 2.1, the subsequent two sections delve into an examination of
both the proof of stability preservation and the assessment of controllability prereq-
uisites inherent to the proposed method.

A.1 Stability Preservation

Theorem: If Ak, k = 1 : N are stable and Mk and Px are positive-definite ⇒ Aeq

is stable.
Proof: Ak, k = 1 : N are stable, thus, Ak, k = 1 : N are negative definite.
Therefore, (

∑n

k=1 MkPx)
−1

AkMkPx, k = 1 : K are also negative-definite. Then,

(
∑n

k=1 MkPx)
−1∑N

k=1 AkMkPx is also negative-definite. Therefore, Aeq is a negative
definite matrix with only negative eigenvalues. Hence, Aeq is stable and the theorem
is proved.

A.2 Controllability Requirement

Theorem: If k = 1 : N systems are stable and all Mk, Wk, Px, Pu, and BiB
T
j +

BjB
T
i matrices are positive-definite for i, j, k = 1 : N ⇒ the pair of (Aeq,Beq) is

controllable.
Proof: If BiB

T
j + BjB

T
i are positive-definite for i, j = 1 : N and Ai is sable, there-

fore, pairs of (Ak,Bk), k = 1 : N are controllable, i.e.:

if i = j ⇒ BiB
T
j + BjB

T
i = 2BiB

T
i is positive-definite, (A.1)

therefore it can be shown the Controllability Gramian of (Ai,Bi) is positive-definite.
Considering Ak is stable, then exists the Controllability Gramian as:

Grck =

∫

∞

0

eAkτBkB
T
k e

AT
k
τdτ, (A.2)
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where Grck is a symmetric positive-definite matrix. Deriving Grceq yields:

Grceq =

∫

∞

0

eAeqτBeqB
T
eqe

AT
eqτdτ. (A.3)

Substituting Beq from (2.7) in (A.3) results in:

Grceq =

∫

∞

0
eAeqτN

N
∑

i=1

N
∑

j=1

BiWiPuPu
T
W

T
j B

T
j N

T eA
T
eqτdτ =

N
∑

i=1

N
∑

j=1

Grcij , (A.4)

where:

Grcij =

∫

∞

0

eAeqτ

(

NBiWiPuPu
TWT

j B
T
j N

T + · · ·

· · · + NBjWjPuPu
TWT

i B
T
i N

T

)

eA
T
eqτdτ,

N =

(

n
∑

k=1

MkPx

)

−1

.

(A.5)

Considering the stability preservation theorem discussed in A.1, if Ak are negative-
definite, yields Aeq, and consequently eA

T
eq and eAeq to be negative-definite. Moreover,

considering BiB
T
j + BjB

T
i is positive-definite, there exists a non-zero vector as q,

where:
qT
(

BiB
T
j + BjB

T
i

)

q > 0. (A.6)

By defining zi = BT
i q and zj = BT

j q, (A.6) can be rewritten as:

zTi zj + zTj zi > 0. (A.7)

Now by defining zj = Hzi and substituting in (A.7) yields:

zTi Hzi + zTj H
−1zj > 0. (A.8)

Therefore, if A.8 is true all time, which is one of the proof assumptions, then H
should be a positive-definite matrix. Considering WiPuPu

TWT
j is a positive-definite

matrix, (A.9) can be derived as:

zTi WiPuPu
TWT

j Hzi + zTj WjPuPu
TWT

i H
−1zj > 0. (A.9)

Considering zj = Hzi , (A.9) can be rewritten as:

zTi WiPuPu
TWT

j zj + zTj WjPuPu
TWT

i zi > 0. (A.10)

Considering zi = BT
i q and zj = BT

j q, (A.10) can be rewritten as:

qTBiWiPuPu
TWT

j B
T
j q + qTBjWjPuPu

TWT
i B

T
i q > 0. (A.11)
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Rewriting (A.11) in the quadratic form yields:

qT
(

BiWiPuPu
TWT

j B
T
j + BjWjPuPu

TWT
i B

T
i

)

q = qTLijq > 0. (A.12)

Therefore, Lij is positive-definite. Considering N is a positive-definite matrix, there-
fore:

{

eA
T
eq , eAeq are negative-definite,

NLijN
T is positive-definite,

}

⇒ Grcij is positive-definite ⇒ Grceq is positive-definite, (A.13)

hence, the pair of (Aeq,Beq) is controllable.
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