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ABSTRACT

In this thesis, we consider some mathematical models for the simulation of
thermistor behavior. We recall that the classical model consists of two partial
differential equations, which govern the behavior of the temperature and the
electrical potential respectively. Recently, the advent of micromachined mi-
crosensor devices has led to the introduction of a nonlocal term to one of the
equations which represents heat losses to the surrounding gas. However, the
presence of such a nonlocal term in the model could lead to negative temper-
atures at some points, a situation which has no physical meaning.

Several authors considered the stationary version of the nonlocal system
and proved that for all sufficiently small gas pressures, the temperature is
always positive. We are interested in extending this result to the time depen-
dent case and prove that a similar result holds for all time periodic solutions.
Moreover, we consider the long time behavior of the solutions of this nonlocal
system. The existence of a uniform attractor is obtained and its Hausdorff
dimension is estimated.

The previous results for the positivity of the temperature are valid only
for small gas pressures. It is our next intention to develop new models which
always ensure a nonnegative temperature under all gas pressures and an obsta-
cle thermistor model is introduced. We show that all solutions with positive
temperatures of this new obstacle model will also solve the previous nonlocal

system and vice versa. Thus, the obstacle model is an extension to the previ-
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ous nonlocal one. The existence of solutions of both its stationary and time
dependent case is obtained and the long time behavior for the time dependent
obstacle model is studied.

We also consider the effect of a current source on part of the boundary
for the time dependent obstacle problem and obtain the existence of a unique
Holder continuous solution. Finally, a box discretization method is constructed

for the obstacle problem and an optimal H'-error estimate is derived.
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Chapter 1

Introduction

1.1 Preamble: thermistor problems

Thermistors are electrical devices whose resistance depends significantly on
the operating temperature. The mathematical modeling of their behavior has
a long history [11]. The classical mathematical model consists of two strongly
coupled nonlinear partial differential equations. Specifically, let u(z,t) be the
distribution of temperature in the device and ¢(z,t) the distribution of its

electrical potential. Then u and ¢ satisfy a mathematical system as follows:

u; — V[k(u)Vu] = o(u)|Ve|?, (1.1)
—V[o(u)V4] = 0. (1.2)

Here k(u) is the thermal conductivity of the device, and o(u) is the tempera-
ture dependent electrical conductivity. The first equation in the above system
describes the diffusion of heat in the presence of Joule heating, and the sec-
ond equation describes current conservation. The system (1.1)-(1.2) and its
stationary version, i.e., u and ¢ are independent of time, have received vast in-
terests in the past decade. A great deal of research papers by mathematicians
and engineers have been devoted to the analysis of these systems. We refer
interested readers to [3, 4, 6, 8, 10, 12, 14, 15, 19, 20, 22] and the references

therein. Moreover, the practical applications of thermistors can be found in
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[16].

Recent interest in the problem of the modelling of certain micromachined
microsensors has led to the addition of a nonlocal term to one of the equations,
in order to account for the physically important effect of heat losses to the
surrounding gas, [2, 17]. Specifically, the classical system (1.1)-(1.2) is replaced

by the following nonlocal equations

ur — VIk(u) V] + 7 /Q Gz, y)uy)dy + ' = o) VP,  (13)
~Vl]o(u)V¢| = 0. (1.4)

Here the domain occupied by the device has been denoted by 2. The nonlocal
term (i.e., the integral term 7 [, G(z, y)u(y)dy) represents the heat losses to
the surrounding gas and is obtained by an ad hoc averaging technique first
introduced in [17]. Here we have also considered the effect of energy loss
by radiation which is incorporated in the equations by means of expressions
derived from the Stefan-Boltzmann Law and is represented by the 4th power
term ~yul.

However, the presence of a nonlocal term in a partial differential equation
could render invalid maximum principle and lead to spurious results. In our
case, the nonlocal term in (1.3) could lead to negative temperatures in some
points of the device, [1], which makes no physical sense in our situation. It is
necessary to investigate new mathematical models for these microsensors. We

will introduce a novel obstacle problem as follows: find u > 0 and ¢, such that

u(uy — Vik(u)Vu] + 77/QG(Q:, Yu(y)dy +yut) > o(w)|Vo|2u, (1.5)
~Vio(u)V¢] = 0. (1.6)

As we shall show, to some extent, this new obstacle problem can be viewed as
an extension of the previous system of nonlocal equations.

In this thesis, we will concentrate on the study of the system (1.3)-(1.4)
and the new obstacle problem (1.5)-(1.6). In Chapter 2, we will consider the
system of nonlocal equations. The new obstacle problem will be introduced

and carefully studied in Chapter 3. In Chapter 4, we will consider the case

2
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that there is a current driven source on part of the boundary and a box method
will be constructed in Chapter 5 for numerically solving the obstacle problem.
The main results of these chapters will be summarized in the following cor-
responding sections. Moreover, we note that all mathematical notations and
assumptions on the initial and boundary data and coefficients will be given in

each chapter in detail. We also note that

o(uw)|Ve|* = V(o (u)¢V ]

in the weak sense due to equation (1.2). Thus these two forms are exchangeable

and the latter will be used most often in the rest chapters.

1.2 The time periodic system of nonlocal equa-

tions

In Chapter 2, we will consider the system of nonlocal equations (1.3)-(1.4).
To simplify the discussion we assume that k(u) = 1 and neglect the effect of
energy loss by radiation, i.e., ¥ = 0. It is possible to extend the results in
this chapter to the general case of k(u). The effect of energy loss by radiation
will be fully studied in Chapter 3. In other words, we consider the following

system:

ws — Aut 7 /Q Gz, y)uly)dy = o(w)| VoP, (17)
—V[o(u)Ve] = 0. (1.8)

As we mentioned before, the presence of a nonlocal term in the above
system could render invalid the maximum principle and lead to negative tem-
peratures at some points of the device. Indeed, the authors in [1] considered
the stationary case of equations (1.7)-(1.8). They gave an example where the
temperature will be negative for some points if the value of the parameter 7 is

very big. But for small gas pressures, i.e., small values of 7, and for a special
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class of functions of G(z,y), the maximum principle still holds which ensures
the positivity of the temperature of the solutions. This result was extended to
the case of a more general class of functions of G(x,y) later in [13]. All these
results are for the stationary case only. To our best knowledge, there are no
known results available for the time dependent case.

It is the purpose of Chapter 2 to extend the positivity result to the physi-
cally important case of time periodic input. Specifically, let 9Q be the bound-
ary of (), the domain occupied by the thermistor. The boundary is decomposed
into two parts I'p and I'y. We assume that €2 is smooth enough and I'p is
nonempty. Specific descriptions about the domain can be found in [19]. The

unknowns u and ¢ are associated with the following boundary conditions

ulag = 0, dlr, = do(z,1), %:é\p,v = 0. (1.9)

The electrical potential input ¢o(z,t) is time periodic with period T.

Suppose the temperature satisfies a periodic condition
u(z, ) =ulz,-+T). (1.10)

We first establish the existence of a time periodic solution through the Faedo-
Galerkin method and the Leray-Schauder degree theory. Next we are inter-
ested in the positivity of the time periodic solutions. We will show that, for
all those potential sources ¢y which satisfy a certain growth property, there
exists an 7y independent of the specific choice of ¢y such that the temperature
of all time periodic solutions is positive for all 0 < 5 < 7.

We next consider the case of an initial condition
u(z,0) = ug(z). (1.11)

We are interested in the long time behavior of system (1.7)-(1.8) under the
boundary and initial conditions (1.9) and (1.11). We show that there exists
a uniform attractor in L*(Q2) and that its Hausdorff dimension is finite. The

main difficulty related to this problem is the lack of uniqueness of the weak
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solution for a given ug(z) € L?(f2). Specifically, to obtain uniqueness, a certain

regularity of the gradient of ¢, say,
(V| € LP(Q) for some p > 2, (1.12)

is needed. Since in our case ¢ satisfies a mixed boundary condition, such a
regularity (1.12) is not generally available. From a result in [19] we know
that if u(x,t) is Holder continuous for each ¢, (1.12) will be true, but this will
require up(z) to be Holder continuous as well. To overcome this difficulty, our
idea is to show that for all positive time ¢, any weak solution u(z,t) will be
Holder continuous. Moreover, for a given Holder continuous initial value, the
corresponding solution will also be Hélder continuous for all time ¢. Thus, the
long time behavior of (1.7)-(1.8) in L%(Q) (i.e., for all ug(z) € L*(Q)) is the
same as that in C*(Q) (i.e., for all up(z) € C*(Q)).

To achieve the above results, we have assumed that oy < o(u) < o7 for
some positive constants oy and ¢,. The problem is still open for the degenerate
case, lim,_,o 0(8) — 0. The results obtained here are new. No previous long
time results are known even for the classical system, and there are no positivity

results for nonlocal parabolic equations.

1.3 A novel obstacle thermistor problem

We obtained positivity results in Chapter 2 for time periodic solutions of the
nonlocal system (1.7)-(1.8). There are a lot of mathematical difficulties to
overcome to extend the results to general initial conditions. Moreover, even if
such results are extended, they only hold for the case of small gas pressures. It
is always possible that a negative temperature will occur under the situation
of large gas pressures. Therefore, instead of focusing on the positivity of the
temperature of system (1.7)-(1.8), we will concentrate on the development of
new mathematical models which guarantee the positivity of the temperature
of all solutions under any gas pressure.

It is our purpose in Chapter 3 to introduce the obstacle thermistor system
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(1.5)-(1.6). We first consider its stationary version: find v > 0 and ¢ such
that

u(~V (k) V] + 7 / Gz, y)uly)dy + vu) > o(w)|VoPu,  (1.13)
—V[o(u)V¢] = 0. (1.14)

It is convenient for what follows to introduce a family of related penalized

problems given by:

=@+ |1 [ Glouulody + 0| 1w = oIV, (1.15)
—Vlo(uw)Ve] =0, (1.16)

with I,(s) a C* function such that: 0 < I,(s) < 1; I,(s) = 0 if s < 0;
I.(s) — H(s) in LP(Q2) for 1 < p < oo, where H denotes the Heaviside
function. The existence of a solution (un, ¢y,) of the above penalized problems
for each n is derived from a truncation method [4, 19] and the Leray- Schauder
Degree theory. Now by making use of the properties of I,,, we can show that
the limit (u, ¢) of a subsequence of (uyn, ¢,) will be a solution of the obstacle
problem (1.13)-(1.14).

Next, we consider the time dependent obstacle problem (1.5)-(1.6). We
recall that in our previous discussion of the stationary case, we have left the
possibility open that both k(u) and o(u) are degenerate, i.e., both k(u) and
o(u) will approach to zero if u approaches to infinity. However, it is quite chal-
lengeable for the time dependent problem even for the simpler case that only
o(u) is degenerate, which we assume here, and there are positive constants kg
and k; such that kg < k(u) < k;. This degeneracy for the time dependent
case was first considered in [20, 21] for the classical system (1.1)-(1.2) where
the authors introduced the notion of “capacity solution” to overcome the dif-
ficulty caused by the term on the right hand side of (1.1). The authors also
showed that, given that the temperature of the capacity solution is essentially
bounded, the capacity solution will be also a weak solution. In Chapter 3, we

will follow the capacity solution method as well as a similar penalized method
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as above to show that there exists a capacity solution of the time dependent
obstacle problem.

We observe that for both the stationary and time dependent obstacle prob-
lems, their solutions with positive temperature will also solve the correspond-
ing system of nonlocal equations, and vice versa. Thus, to this extent, the
obstacle problem is an extension to the system of nonlocal equations.

Finally, we are interested in the long time behavior of the time dependent
obstacle problem. The term simulating energy loss by radiation plays a sig-
nificant role in the discussion. Precisely, this term enables us to obtain the
existence of a uniform absorbing set B, which means that there exists a pos-
itive constant ¢, such that for any initial value u(z,0) = up(z) in L3(Q), its
solution will enter into the set B after time t5. This is a very strong result
since typically the time ¢, will depend on the initial value uo(z). Besides the
previous assumptions, if we further assume that o(u) is not degenerate and
oo < o(u) < oy as in Chapter 2, then there exists a global attractor of the

system in C*((2) which is nonempty, compact and invariant.

1.4 A current driven source on part of the

boundary

In Chapters 2 and 3, the thermistor devices are totally driven by an electrical
potential source. We are concerned in Chapter 4, however, with a somewhat,
different situation which arises physically when the devices are also driven by
a current source at the same time. In this case, the total current through part
of the boundary of the device is known, but the applied potential on that part
is not. Specifically, the boundary 02 of the device consists of three parts I'y,
I'1 and I'y. There is an electrical potential ¢o(z,t) applied on I'y and T'y is
electrically insulated. While on I'y, ¢(z,t) = £(t). Here, £(t) is an unknown
constant for each ¢, but the total current I(¢) through I'y is known for each

time ¢. Thus, another nonlocal boundary condition for the problem is given
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I(t) = /F o(u)%ﬁds. (1.17)

n

We are particularly interested in the time dependent obstacle problem
(1.5)-(1.6) associated with above boundary conditions. Before we proceed,
we recall that a similar boundary condition to (1.17) has been studied by sev-
eral authors for the stationary version of the classical system (1.1)-(1.2), see
[5, 9, 14]. Various results related to the existence of solutions and their reg-
ularity have been achieved there. But all the results are obtained under the
assumption that the potential ¢ satisfies a homogenous boundary condition on
Ty, i.e., @|r, = ¢o(x) = 0. In this thesis we will not impose such an assumption
on ¢, and therefore can’t directly apply the methods in [5, 9, 14] even to this
special version of our case. Moreover, their results are valid for the stationary
problems only and there are no previous related results for the time dependent
case. Finally, we refer the interested readers to [8, 12| for the detailed descrip-
tion of physical devices related to this kind of nonlocal boundary conditions
and for their practical applications.

For simplicity, we assume in Chapter 4 that the thermal conductivity
k(u) = 1 and we shall not consider the situation where o is degenerate. We
will apply the penalized method to transfer the obstacle problem to a family
of systems of equations. To overcome the difficulty caused by the nonlocal
boundary condition, a decomposition of ¢ will be introduced. Roughly speak-
ing, we decompose the elliptic equation (1.6) satisfied by ¢ into two other
elliptic equations such that each of them is coupled with a usual boundary
condition instead of a nonlocal one. Therefore, we are able to study these two
equations by general methods for elliptic equations. This decomposition will
play a significant role throughout Chapter 4 and details will be shown in Sec-
tion 4.3. Finally, by arguments of Campanato spaces, we obtain the existence

of a unique Hélder continuous solution.
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1.5 A box method for the obstacle problem

In Chapter 5, we cite two thermistor devices. Each of them has a resistor in its
center whose resistance varies with temperature. Possible loss of energy from
the resistor occurs through the supporting arms, through the surrounding gas,
and through radiation effects.

A possible application of such a structure as a gas pressure sensor is as
follows: The electrical resistance of the structure is monitored and if the sur-
rounding gas pressure were to drop - thereby decreasing the amount of heat lost
by the device to the surrounding gas - the resistance would rise. It is therefore
possible to determine the gas pressure by measuring the device resistance.

The simulation and modeling of such devices are now generally accepted
as a very useful design tool. Accurate simulations offer the means to rapidly
investigate the performance of proposed new devices, and to determine the
effects on sensitivity of modifications of structures already constructed. These
techniques avoid the lengthy cycle of iterating construction, device measure-
ment, and reconstruction until - if ever - a suitable device is found.

The simulation begin with the formulation of a mathematical model which
usually is a partial differential system. Then it is necessary to construct an
appropriate numerical method to solve the corresponding system. Since we
have to take into account heat losses to the surrounding gas and heat losses
by radiation for above devices, the obstacle model (1.5)-(1.6) will be a good
candidate for this simulation. It is our intention of Chapter 5 to introduce
a box method, which is a technique commonly employed in practice, for this
obstacle problem.

The box method, also so-called the finite volume element method, is a
numerical method occupying an intermediate position between the finite dif-
ference and finite element methods. Usually it is characterized by a trial space
consisting of continuous piecewise linear polynomials on the primary triangu-
lation and by a test space consisting of piecewise constants on the dual box

mesh. Nowadays, the box method has been extensively and successfully used
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not only for various differential equations but also for variational inequali-
ties. For example, the author in [7] developed error estimates for a general
self-adjoint elliptic boundary value problem and the author in [18] gave com-
parison results between the finite volume element and finite element methods
for elliptic variational inequalities. However, there are few papers dealing with
the box method for time dependent obstacle problems due to the increasing
difficulties in analyzing its convergence.

The main result in this chapter is an optimal H' convergence theorem for
the box method. To obtain such a result, we have assumed that  C R?
both u and ¢ satisfy Dirichlet boundary conditions, and both o(u) and k(u)
are not degenerate. Since the devices under consideration are very thin, the
assumption Q C R? seems fairly reasonable. However, in realistic situations,
¢ usually satisfies a mixed Dirichlet/Neumann boundary condition and o(s),
k(s) may degenerate as we mentioned in the previous chapters. The study of

these more general situations is presently under consideration.

10
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Chapter 2

On the Time Periodic

Thermistor Problem

2.1 Introduction

The classical system of parabolic/elliptic equations modelling thermistor be-

havior is given as follows:

us — Au = V(o (u)pV ), (2.1)
—Vl]o(u)Ve¢] = 0. (2.2)

Here u and ¢ are the temperature and the electric potential in the thermistor
respectively, and o(u) is the electric conductivity. The above system has a
long history, [16], and has been the subject of a variety of mathematical in-
vestigations in the past decade. We refer in particular to the work of Cimatti,
[10, 11, 12, 13], the results by various authors in [5, 6, 7, 17, 24, 32, 31, 35] and
the references therein. The system under consideration often has two features
which make analysis challenging: a degeneracy in the equations and mixed
boundary conditions. An important step with regard to the first difficulty was
taken by X. Xu who introduced the concept of a ”capacity solution” in the
time dependent case, see e.g. {34, 33].

Recent interest in the problem of the modelling of micromachined microsen-
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sors has led to the addition of a nonlocal term to one of the equations, in order
to account for the physically important effect of heat losses to the surrounding
gas, [4, 26]. Specifically, the classical system (2.1)-(2.2) is replaced by the

following nonlocal equations

o — At 1 /Q Gz, y)uly)dy = Vio W)V, (2.3)
~Vio(u)Ve| = 0. (2.4)

In order to avoid spurious negative temperature points, this system has also
been formulated as an ”obstacle” problem, [3]. Indeed, we recall that the pres-
ence of the nonlocal term renders invalid maximum principle/ ofder arguments.
For the steady state (i.e. purely elliptic) case, results in [2] and [18] showed
that some form of the maximum principle was indeed valid if the surrounding
gas pressure was sufficiently small.

It is the purpose of this chapter to consider the long time behavior of
the solutions to the nonlocal thermistor system (2.3)-(2.4) in the physically
important case of periodic input. We show the existence of a uniform attractor
and estimate its Hausdorff dimension. We also prove that the temperature of
periodic solutions is positive if the gas pressure (i.e. 1) is small. To the best of
our knowledge, no previous long time results are known even for the classical
system, and there are no positivity results for nonlocal parabolic equations.

Let ) denote the three dimensional domain occupied by the microsensor.
Its boundary is denoted by 02 which is decomposed into two parts I'p and I'y.
We assume that §2 is smooth enough and I'p is nonempty. Specific descriptions
about the domain can be found in [32, 31]. The unknowns are associated with
the following boundary conditions

0¢

ulen =0, dlrp = do(2,1), Z=Iry = 0. (2.5)

Here the potential source ¢g is time periodic with period 7. Moreover, u

satisfies either a periodic condition
u(z, ) =u(z,-+T), (2.6)

15
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or an initial condition
u(z,0) = up(z). (2.7)

We first consider the periodic case (2.6). The existence of a time periodic
solution is established through the Faedo-Galerkin method and the Leray-
Schauder degree theory. Next we are interested in the positivity of the time
periodic solutions. As we mentioned before, the temperature u could be some-
where negative if 7 is big. We will show that, for all those potential sources ¢q
which satisfy a certain growth property, there exists an 7y independent of the
specific choice of ¢ such that the temperature of all time periodic solutions is
positive for all 0 < n < .

Finally we study the initial value case (2.7) and consider the long time
behavior of the non-autonomous system (2.3)-(2.5) and (2.7). We show that
there exists a uniform attractor in L?(Q2) and that its Hausdorff dimension is
finite. The main difficulty related to this problem is the lack of uniqueness of
the weak solution for a given uo(z) € L?(2). Specifically, to obtain uniqueness,

a certain regularity of the gradient of ¢, say,
[Vo| € LP(Q) for some p > 2, (2.8)

is needed. Since in our case ¢ satisfies a mixed boundary condition, such
a regularity (2.8) is not generally available. From a result in [31] we know
that if u(z,t) is Holder continuous for each ¢, (2.8) will be true, but this will
require up(xz) to be Holder continuous as well. To overcome this difficulty, our
idea is to show that for all positive time ¢, any weak solution u(z,t) will be
Holder continuous. Moreover for a given Holder continuous initial value, the
corresponding solution will also be Holder continuous for all time ¢. Thus the
long time behavior of (2.3)-(2.5) in L*(Q) (i.e., for all up(z) € L?(Q)) is the
same as in C%(Q) (i.e., for all up(x) € C*(Q)).

We denote by LP(2) the standard Lebesgue spaces with norm ||w|| @) =
(fo, lwl?) YP The standard inner product and norm in L*(Q) are denoted

by (-,-) and || - || respectively. Let H'(Q2) be the standard Sobolev space
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with norm [|w||g@) = ([o(lw>+ |Vw|2))1/2. Its dual space is denoted by
H~(Q). The closure of CP(Q) in H'(R) is denoted by H} (). For simplicity
we write Hf (Q) = Hj(QUTy). Let X be a general normed space, the
space LP(0,T; X) consists of functions from (0,T’) into X with ||w||zr(o,1:x) =
(fOT ||w!|§(dt) v < 00. For 0 < a < 1, we denote by C®*/%(Qr) the collection
of all Holder continuous functions on Qr = [0, 7] x €. Details of these spaces
and norms can be found in [1] and [25]. Other notation will be given in the
following.

For simplicity, we write either

W(T, Q) = {ulu(z,-) = u(z,- +T), ue L*0,T; Hi(S)),
u € L*(0, T; H(Q))},

W(T,Q) = {u|u € L*(0,T; H3(R)), u, € L2(0,T; H1(Q))},

corresponding to cases (2.6) or (2.7) respectively.
A tuple (u, ¢) is called a weak solution of (2.3)-(2.4) if u € W(T,Q) and
¢ — ¢o € L=(0,T; H () and satisfies that, for almost every ¢,

/Q {utv + VuVu + 17 /Q G(z, y)u(y)dyv] (2.9)
o /Q (W) VeV, Yo € HA(Q),
/Q o(W) VeV = 0, Vp € HE_ (). (2.10)

Before we proceed we give some general assumptions on the given data and

the coeflicients.

Al. There are two positive finite numbers oy and o7 such that o9 < o(s) < 0;.

Moreover o(s) is Lipschitz continuous with Lipschitz constant .

A2. sup,, |G(z,y)| < Go and [, [, G(z,y)w(z)w(y)dzdy > 0 for all w(z) €
L2(9).
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A3. sup,; |po| < co. Moreover ¢y can be extended to be a Lipschitz function
over Qr which satisfies the same boundary condition as ¢. This extension

will also be denoted by ¢.

Observe that we have assumed that o is nondegenerate in order to obtain
the existence of a uniform attractor and its finite dimensionality. Thus the
long time behavior for the ”capacity solution” case remains open.

The chapter is structured as follows. The existence of time periodic solu-
tions is presented in Section 2.2. The positivity of time periodic solutions is
obtained in Section 2.3. In the last section, we first show the Holder continu-
ity of the weak solutions for positive time t. As a consequence, we obtain the
existence of a uniform attractor and its finite dimensionality in L?((2).

In the following, ¢, ¢; will always denote some generic positive constants
which may depend on the boundary conditions and the various bounds of the
coefficients but are independent of the initial value and the time t except an
explicit specification. Moreover their values may vary from one step to the

next.

2.2 The existence of time periodic solutions

We will apply the Leray-Schauder degree theory and the Galerkin method
to show the existence of time periodic solutions. Let w,, n = 1, 2, ---
be a countable basis of H}(2). Without loss of generality, we may assume
(Wn,wy) = 1, if n = m, and 0, otherwise. The n dimensional subspace
spanned by wi, ---, wy, is denoted by H,. We also write X = {d(¢)|d(t) €
C([0,T]),d(-) = d(-+T)} and X™ the n-power cartesian product of X. A func-

tion u”(z,t) = >°7_, d?(t)w;(z) is called a Galerkin approximation solution of
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u(z,t) if it satisfies that
/Q {u?wj + Vu"Vuw; + n/(zG(m, y)u"(y)dyw;
=—Aamﬂwvwvw,j=L-u,m (2.11)
Kk@ﬂvwvwzmvweﬂgmy (2.12)
Here dj(t) € X. For simplicity, we write
Fe) = [ [ Gleyatidm

Ej(z) =~ /Q o(2)eVeVw;,
ai; = (Vwg, V),

where ¢ denotes the unique solution of (2.10) with u replaced by z. By the

assumption on w,, we obtain that

& + APd® = EMu®) — FP(u”), (2.13)
with

d* =(dy, -, dy)",

E™(z) = (Er(2), -+, En(2))%,

Fn(z) = (Fl(z)’ ) Fn(z))*>

At = (aij)nxn-

Here * denotes the transpose of a vector. Let b(t) = (by(t), -+ ,be(t))* € X"
and write v = Z;’zl bjw;. For 0 < A <1, we define a family of mappings T} :
b(t) — d(t) from X™ into itself with d(t) = (d1(t),--- ,dn(t))* € X™ satisfying

the following linear system
dy + A™d = A[E™(v) — F™(v)]. (2.14)

Since v € C(0,T; Hi(Q2)), there exists a unique solution ¢ of (2.10) with u

replaced by v. By the weak maximum principle and the general estimates of
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linear elliptic equations we have
sup el < supléol, sup |Vl < cswp Vool (219
x, z,

Thus sup, |F;(v)| < oco. In view of the assumption of G(z,y), we also have
sup, |Fj(v)| < oo. Moreover E;(v) and Fj(v) are time periodic. Therefore,
according to the general theory of linear ordinary differential equations, there

exists a unique periodic solution of (2.14). Actually the solution is given by

d(t) = he 4™ [/t eA"[E™(v) — F™(v)]ds

0

b (T )t /0 IEN) — Fr(w)lds| . (2.16)

Here I+, is the n X n identity matrix. Thus for each X, T) is well defined.
We observe from (2.16) that {Th\b(¢)| ||b(¢)|lx» < 1} is equi-continuous and

equi-bounded. Consequently T} is compact for each .
Lemma 2.1. T), is continuous for each A.

Proof. Let b™)(t) be a convergent sequence of X" with limit b(¢). Then it
follows from (2.16) that

| T30 — Tob||xn < sup e (A + [|e™ = Luxal|™Y) x  (2.17)
T
/ [|E™(v(™)) — E™(v)| + |[F™(v™) — F"(v)|] ds.
0

Here v(™ = 2?21 b§m)wj, similarly for v. By the definitions and the estimates

(2.15) we have that

| (v"™) — Ej(v)] < C/Q [lo(w™) —o(v)| |Vl (2.18)

He™ — o] [Vl + [V (™ = 9)] ] [V,
|Ej(v'™) = Fy(v)] < illdf-m) — di |/Q/QG(3?,y)wi(y)wj($)dwdy (2.19)
Thus
sup |F5(0™) = F(w)| — 0. (2.20)
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Since v(™ — v in Q x [0,T] and o(s) is continuous, the Lebesgue convergence

theorem gives that

/Q o(6™) — o(0) V| [Vary] — 0. (2.21)

It follows from the equation (2.10) that

/ V(™ — @) < / o@™) — c@PIVeP,  (2.22)
Q Q
which implies that
/ V(™ — )2 0. (2.23)
Qr
Therefore
/Q V(™ — )| V| 0. (2.24)
T

The Poincare Inequality and (2.23) give that (if necessary, after passing to a
subsequence) (™ — ¢ a.e. in 2 x (0, T'). We apply the Lebesgue convergence

theorem again and obtain that
[ 16 1 (9] [Vuy| . (2.29
Qr
Finally by combining (2.20), (2.21), (2.24) and (2.25) we obtain that
T
[ 150 - Bl + 1) - @) ~ 0, (226)
0

which implies that ||T,\b§m) — Thbj||x» — 0. Thus T) is continuous for each

A O

Lemma 2.2. There exists a constant 3 independent of A such that, for all
d(t) € X" satisfying Thd = d, ||d]|x~ < B.

Proof. We multiply both sides of equation (2.14) by d* to obtain that

1d

S gl +d7Amd = M [E"(w) — F" ()], (2.27)
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Here w = Z?=1 djw;. By the definition of A™ and the Poincare Inequality,

there exists a positive constant v such that
d*A™d = |Vwl|?* > v|d|*.
Furthermore

& F™w) =7 / / G, yyw(y)w(z)dyds > 0,

1
|d*E™(w)| = ’/ o(w)gngoVwi <c+ §||Vw||2
Q

where the assumptions on G(x,y), the Schwarz Inequality and the estimates
(2.15) have been used. Thus we obtain that

%uﬁ+um2ga (2.28)

Integrating (2.28) from 0 to T gives fOT |d(s)|?ds < £T. Thus there exists
to € [0,T] such that [d(tp)]> < £. Now for any ¢ € [to,to + T, we integrate
(2.28) from ty to t and obtain that

d(£)|2 < T + -Z- (2.29)
Thus Lemma 2.2 follows immediately from (2.29). d

Lemma 2.3. There exists at least one time periodic solution to the approxi-
mation system (2.11)-(2.12) for each n.

Proof. From previous discussion we conclude that the family of mappings T’
satisfies all the conditions of the Leray-Schauder degree theory. Therefore the
topological degrees of Ty and 77 are the same. Since 0 is the unique time
periodic fixed point of Ty, the degree of T is +1. Thus T} is of degree +1 and
has at least one fixed point. By the definition of T}, this fixed point is a time
periodic solution of the system (2.11)-(2.12). O

Theorem 2.1. There exists at least one time periodic solution to the system

(2.3)-(2.4).
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Proof. Similarly to (2.27)-(2.29), we obtain that
T
/ [Vu™||2ds, sup |[u"||* < ¢(T). (2.30)
0 t

Thus there exists a convergent subsequence of u™ (denoted by u™ itself for the

sake of simplicity) and a function u € W (T, ) such that

u" — uweakly star in L*(0,T; L*(Q)),
and weakly in L*(0,T; H}(Q)).

By a similar discussion as in Cimatti [12], up to an another extracted subse-

quence, we conclude that
u" — u strongly in L*(Qr).

Furthermore ¢" satisfy a similar bound as in (2.15), thus there exists a function
¢ such that

¢" — ¢ weakly star in L°(0,T; Hf. ) and in L®(Qr).

Now we fix an m and for any w; in H,, we pass to the limit in (2.11)-(2.12)
with respect to n to obtain (2.9)-(2.10) for all v € H,,. Since US>_, H,, is dense
in Hj(€), we conclude (2.9) is satisfied for all v € H}(Q). Thus (u,¢) is a

time periodic solution. O

2.3 The positivity of the time periodic solu-

tions

The purpose of this section is to show that if n is small, the temperature u of
periodic solutions of (2.9)-(2.10) is positive. We assume here that G(z,y) =1
(this may be weakened), and require a specific nature of the input ¢o(z,t)
as given below. In particular, we ask that ¢ satisfy the M-property stated

below. We begin with some preliminary considerations.
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Let 0 < 0¢ < a(z) < 01, and assume z solves

—Vl]a(z)Vz] =0, (2.31)
leo = 0, lel = 1, (232)
0z

o7ty =0, (2.33)

where I'p = To U Ty, Ty N T is empty, and meas(T';) > 0.

Lemma 2.4. Let w(z) > 0 in §2 be a smooth function. Then there exists a pos-
itive constant m independent of the specific a, z such that [, a(z)|Vz|*wdz >

m.

Proof. If not, there exist sequences {a;(z)}, {zi(z)} with o < a;(z) <  and
z(z) the corresponding solutions of (2.31)-(2.33) such that [, a(z)|Vz[*wdz —

0 as i — oo. Now {z(z)} are bounded in C*(Q2). Thus without loss of
generality, z; — 2z in C* for some a; < a. Clearly z =1on Ty, 2 =0
on I'y. Now [, |Vz]|? is bounded. Without loss of generality z; — z also in
L?(). Let K be any compact subdomain of €, then [ [Vz]* — 0. But
S ©Vz = — [ Vz; = — [ Voz for all ¢ € CP(K). Thus Vz =0in K
which implies z = constant. Since K is arbitrary, z = constant in ) which

contradicts with z=1on I'1, 2 =0 on T'. O
Next we define the following:

Definition 2.1. For a given M > 0, a function f € L?(0,7) has the M-
property if and only if

[ lr20,my < M| fllzaomy.
Examples of collections of functions which satisfy this property are:
(a). There exist ¢;, ¢y > 0 such that ¢; < f < c,.
(b). There exist ¢1, ¢ > 0 such that sup|f| < ¢; and sup|f’| < ¢s.

(c). If to is a point such that sup |f| = f(ty) = ¢; > 0 then there exists an
interval I with ¢y € I and for any ¢t € I, |f'(¢)| < ¢c2 > 0.
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In each of these cases, M = M(cy,cs) and does not depend on the specific f.
We observe that physical limitations will force most possible practical inputs
to satisfy the M-property for some M.

Now let u and ¢ solve the system (2.3)-(2.4) with G(z,y) =1, ¢o = ¢o(t),
I'p=TeUTl;.

Theorem 2.2. Suppose u, ¢ are smooth, periodic and ¢3(t) satisfies the M-
property. There exists ng > 0, dependent on the data but independent of specific
¢o except through M-property, such that if 0 < n < ng all periodic solutions
(u, @) satisfy u > 0.

Proof. Through the transformation of z = &‘%, we obtain that u and z satisfy
up — Au + 77/ u = ¢ (t)V[o(u)2Vz], (2.34)

Q
~Vio(u)Vz] = 0. (2.35)

Here u satisfies the same initial and boundary conditions as before, but z

satisfies
2lre =1, 2z|r, =0, —Z—;hN =0. (2.36)
Let 1 be small enough, so that
—Aw; + 77/9w1 = \wi, (2.37)

has a positive eigenvalue/eigenvector A\; = A1(n), wy = w;(n) corresponding to
the homogeneous Dirichlet condition. Note that A;(n) is bounded away from

zero as 7 — 0. Then

( /Q “’1“>t M ( /Q ww) = 65(t) /Q o (w)| V2 ws.

Observe that [, o(u)|Vz[*w; is bounded above and below by Lemma 2.4.
Write the value of this integral as 7(¢) and obtain that

e’\lt/wlu = /wlu
Q t Q

25
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Since w is periodic, we have

/wlu =
Q t

t
+e')‘1t/ eMep2(s)7(s)ds.
0

e-—)qt

T
A1 42
m/o e o(s)T(s)ds

Thus replace u by u/ fOT ®3(s)ds in (2.34) (then fOT P2(s)ds = 1 in (2.34) and
fOT da(s)ds < M?). We conclude that

/ wiu
Q

for some positive constant C independent of w.

> C, (2.38)

t

From equation (2.34) we obtain

1d 2
sl + 194 ([ o) =60 [ owevav

1
< SIVulP + eait) [ o*we?vaP

for some constant ¢, while (2.35)-(2.36) and the Poincare Inequality then yield

for some ¢y, cs:
d. 2 2 4
el +ellull® < eadi(2).
We obtain by periodicity:
1 T
lul®(t) < e {1 + ——801T—1:| /0 e po(s)ds.
Thus ||u||?(¢) is bounded by the M-property, and we conclude that

Ju

for some constant D independent of the specific ¢o(t) but dependent on the

< D,

M-property of ¢, the domain and the bounds of the coefficients.

I

Finally we have

/uwlzc’ and < D.
Q
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Now u; — Au + anu > 0. Put Lw = w, — Aw with w(z,0) = w(z,T). We
obtain that for any ¢ € [0, T]:

s o] }o
E/Q{u—nsgp /Qu L_l(l)}wl
s ¢

> 7,

if 1 is small enough as ’ fa u‘ and L~}(1) are bounded. On the other hand, by

/{u-l—nL"l /U }UHZQ,
K Ja | 4

where K is a compact subset of 2. Since wy > 0in K and u+nL™* [[,,u] >0,

the same calculation,

/ {u-l—nL_l /u
K L/ Q

L[u+nL“1 (/Qu” >0,

we can apply Harnack’s Inequality, [15, 25] and obtain for ¢; > o

wp e ([ )] = cnlons ([)]

Since the problem is periodic, u + nL™* ([, u) at to and ¢, + T is the same.

Le.
inf [u—l—nL'l (/ u)} >c> 0,
K Q

for any t € [0, 7.

Let v be the solution of the following problem

}Zc>0.

But since

t=t

—Av =01in Q\K,
v=1on oK, v=0onof.

Then u +nL™! (fQ u) > cv in Q\ K. We also have u + nL™! (fQ u) >cin K.
Thus if we choose 7 small enough, (independent of ¢y, except through the
M-property), we obtain v > 0 in Q x [0, T. O
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2.4 The existence of a uniform attractor and

its dimension

2.4.1 The Holder continuity of the weak solutions

In this part of the chapter we consider the Holder continuity of the weak
solutions for positive time £. For the case of a Holder continuous initial value,
we show that the solution belongs to C**2(Qr) and thus is unique. The
results are obtained through Campanato space type arguments together with
a cut-off function method.

Before we proceed, it will be convenient to recall some notations and results
related to Campanato Spaces. For 0 < to < t1, we denote Q X (to, t1] by Qi ¢, -
For simplicity, if ¢y = 0, we write it as Q,. A point (z,t) € Q4,4+, is denoted
by z. Let B,(xq) be the ball centered at zy with radius r and Q,(z) be the
cylinder B,(zg) X (to — r2,ty]. Then we define

Q[an 7’] = B’r‘(xO) N Qa Q[anT] = Q'I‘(ZO) N Qto,tr

Moreover for p > 0, £L2#(Q) and L**(Qy,+) denote the Campanato spaces
on  and Qs associated with the standard norms ||.||20 and |-z, .,
respectively. We refer interested readers to [23] , [28] and [35] for details on
these spaces and norms.

Let §p denote the Holder exponent as stated in the De Giorgi - Nash the-
orem, see [28], [35]. In what follows, all o, ; are in (0,8) and po, p1 are
nonnegative numbers such that puo < N — 2 + 20 and p1; < N + 28y where
N = 3 is the dimension of £2 . They may differ from one step to the next.
Furthermore (4 — 2)* = max{0, u — 2}.

Theorem 2.3. Let ty > 0 and h > 0. There are generic constants p; > 0 and
p2 > 0 which only depend on h, the bounds of the coefficients, the boundary
conditions and |Qyy to+2n| and are independent of to and the initial value ug
such that the weak solution u of (2.8)-(2.4) satisfies

“uHCQO:ao/z(Qt0+h’to+2h) < p1 + paee " uoll, (2.39)
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for all 0 < oy < 8y. Here v is a positive constant dependent on the domain

only.

Proof. Let 0 < £(t) < 1 be a smooth function such that £(t) = 0 for ¢ < ¢
and £(t) = 1 for t > to + h. Furthermore assume || < 3 for some constant

B> 0. Let (u, ¢) be a weak solution of equations (2.3)-(2.4) and consider

(6u). — A(Ew) + &1 /Q Gz, y)uly, t)dy (2.40)
= EV[o(wW)Ve] + u,
Eulx,tg) =0, Eulsq =0.

It follows from Theorem 3.5.1 of [31] that for all 0 < g < N — 2+ 24
[V énllouma < c. (2.41)

By Theorem 1.17 of [28], we have

to
r““’/ / |Von|2dr < cr?. (2.42)
to—r? J Br(20)
Thus
sup 7'_("°+2)/ |V |?dz < c. (2.43)
Z€QT,r>0 Qr(20)

By using a result of [8] we obtain that for all 0 < puy < N + 2§y

IVénllomer < c. (2.44)

Since o(un)pn € L®(Qr), we have o(un)dn Vo, € L2*1(Qr). It follows from
Theorem 1 in [35] and (2.40) that

||§vu | | 2),“1 1Qt0,t0+2h S C[Hé‘o’ (u) ¢v¢ | | 21/‘1/1 7Qt0,t0+2h

Fl&ewll2,u1-2)+ @i g rzn T 1% 2010 ,00+20:11 (2)))- (2.45)

First we apply the Energy Inequality and Gronwall lemma to (2.9) and
obtain that

lull < e+ e™luoll, (2.46)
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and

to+2h
/ IVall? < e(1+ e luol) (2.47)
h#

0

Thus
1€ull2(t0,0+2m52(0)) < (1 + € [|uo]])- (2.48)
Applying (2.44) and (2.48) to (2.45) yields that

||£vu”2““1*Qt0ato+2h < e(1+ e luoll* + Hgtu“2,(I~‘1—2)+:Qt0,to+2h)‘ (2.49)

Now for 0 < ps < 2, (ug — 2)* = 0. Since £2°(Q4,4042n) is isomorphic to
L%(Q4 10+2n), We obtain that

1€V ttll2,2, Qg gz < €1+ €7 [Juoll), (2.50)
where (2.46) has been used. (2.50) implies that

1€0ll2.242.0u0 eg42n < 1+ €7 Jluoll), (2.51)

Now for any 0 < p < N + 2dg, (1 — 2)* < 3 since in our case N = 3. Thus we
conclude from (2.49) and (2.51) that

1€V Ull2Q tgran < (1 + 7 luoll), (2.52)
for all 0 < u < N + 26y. Consequently,

1€ull2,p 2,0 coran < (14 € |uoll), (2.53)
In particular, for p = N + 2 + 209 with ag < o,

||u“27N+2+2a07Qt0+h,t0+2h S C(l + e_yt”uoll)’ (2'54)

where the definition of £ and (2.53) have been used. Thus (2.39) follows from
(2.54) immediately. O

Theorem 2.4. If ug € C*(Q)) and uglaq = 0 then the weak solution is Holder

continuous.
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Proof. We rewrite u = w + 2. Here z is the unique solution of the simple

equation
z— Az =0, 2(z,0) =1up, z|sa =0, (2.55)
and w satisfies
wi—Sw=-y [ Gayul)dy+ Viewovs, (250
w(z,0) =0, w|a§; = 0. (2.57)

By a classic result in [25], z € C®*%(Q7). By a similar discussion as in
Theorem 2.3 we also have w € C**/?(Qr). This completes the proof of the

theorem. O

From Theorem 2.4, for a given initial value ug € C*(Q2) with ug|sq = 0, the
function u is Holder continuous. Thus the potential ¢ satisfies the regularity
(2.8) with some p > 3 due to Lemma 5.3.2 in [31] which implies that the weak

solution is unique. Moreover the following proposition holds, see [3].

Theorem 2.5. Let (u;,¢), i =1, 2, be two C**/2(Qr) solutions to (2.8)-
(2.5) corresponding to the initial data ul, i =1, 2 and the same ¢o. Write
W=u — Uy, p =P — o, wo = uy — ul. Under the previous assumptions

there exists a constant c(t) > 0 such that
¢ ¢
lwl® +/0 ||V’w(8)|l2d8+/ IVio(8)l*ds < e(t)llwoll*. (2.58)
0

2.4.2 The uniform attractor and its dimension

Since the number A in Theorem 2.3 is arbitrary, we conclude that if the weak
solution starts from an initial value in L*(Q) it will enter into the space C*({2)
immediately. Since C*(Q) is a subspace of L?(£2), we conclude that the uniform
attractor in C%(Q), if any, will be the same as in L?(Q2). Thus the long time
behavior of the system in L?(2) is identical to that in C*(Q). From Theorem

2.4, the weak solution corresponding to an initial value up(z) € C*(9) is
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unique. Thus the solution operator of (2.3)-(2.4) is well defined. Therefore in
the rest of the chapter we will focus on the case ug(z) € C*(Q) only.
Following the notation of [21] and [29], we first briefly recall some defini-
tions for the reader’s convenience. Let E be a Banach space subject to the
action of a two-parameter family of mappings {U(t,7)} = {U(t,7),t > 7},

Ult,T):E—E, t>T.

Definition 2.2. A family of operators {U(t, 7)} is said to be a process in F if
YU, 1) =Ut,s)U(s,7)Vt > s>,
2) U(r, ) = I is the identity operator V7.
Moreover a process {U(t, 7)} is said to be periodic with period T if
HNUA+T,7+T)=U(t,T)Vt>T.

Definition 2.3. A set B € F is said to be uniformly attracting with respect
to 7 € R for a process {U(t,7)} if for all 7 and for any set A that is bounded
in B
supd(U(t +71,7)A,B) = 0ast — oo.
T
Here d(A;, As) denotes the usual semi-distance of A; and A,. Furthermore, a

process is said to be uniformly asymptotically compact if B is also compact.

Definition 2.4. A closed subset of E is said to be a uniform attractor for a
process {U(t,7)} if it is the minimal closed uniformly attracting set for this

process.

Definition 2.5. A curve u(s) € E, s € R, is called a complete trajectory of
a process {U(t,7)} if U(t, 7)u(r) =u(t) V¢ >7; t, 7 € R. The kernel K of a
process {U(t,7)} consists of all of its bounded complete trajectories. The set
K(s) = {u(s) : u(:) € K} of values of complete trajectories u(s) with t = s is

called the kernel section of this process at the time t = s.

We refer the readers to [21] and [29] and the references therein for more
specific descriptions of complete trajectories, kernels, kernel sections and so

on.
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We first show the existence of a uniform attractor for the initial boundary
value problem (2.3)-(2.5) and (2.7). As in the previous sections, the driving
source ¢o(z,t) is time-periodic with period T. We define the family of two-
parameter operators {U(t,7)}: C%(Q) — C*(Q), U(t,7)u, = u(t). Here
u(t) is the unique solution of the problem but with the initial value condition

replaced by
u(z, 7) = u, (z), u(z) € C*Q), ursn =0. (2.59)

We observe that all conditions in Definition 2.2 are satisfied. Thus {U(¢,7)}
defines a periodic process. Moreover, it follows from Theorem 2.5 that U(t, )
is jointly continuous with respect to the potential ¢g(z,t) and the initial value
up(z). Let

B = {wlw € C*(),w|sq = 0, and ||w||ca@) < p1 + 1}, (2.60)

where p; is the positive constant in Theorem 2.3. According to Theorem 2.3,

B is a uniform attracting set of U(t, 7). Now write
Bl = UtZO UTE[O,T) U(t +7+ 2h, T)B (261)

Here h is a positive constant as specified in Theorem 2.3. We observe that B;

is also a uniform attracting set. Since inequality (2.39) is satisfied for all 0 <

ap < 8o, we obtain that B; is a bounded subset of C*(Q) for all o < oy < Jp.

Thus by the compact imbedding theorem B; is precompact in C*(Q2). This
implies that the periodic process U(t, 7) is uniformly asymptotically compact.
By a result in [29] (See Theorem 2.1) we conclude that

Theorem 2.6. Under the previous assumptions, the system (2.3)-(2.5) has a

uniform attractor A in C*(Q) which is nonempty and compact. Furthermore,

A = UsepnK(t). (2.62)
Here K(t) are the kernel sections of {U(t,7)} which have the following prop-
erties:
Kit+T)=K(t) VteR, (2.63)
Ut,")K(t) =K(t), t>r1,t 7€R. (2.64)
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In the rest of the chapter we deal with the finite dimensionality of the
attractor A by considerations based on arguments related to these in [9, 20, 29].
We first find an upper bound of the dimensions of the kernel sections KC(t).
Then by an extension of a result in [29] we conclude that the dimension of the
uniform attractor A is also bounded.

In this section, besides the assumptions (A1)-(A3), we further assume

A4. o(s) is continuously differentiable and there exist two positive constants
o2 and 6 such that |0’(s)| < 03 < 00 and |0/(s1) — 0’(s2)| < 02|81 — 82|%

for all s, s1, s9 > 0.

We linearize equations (2.3)-(2.4) about (u, ¢) and obtain

Ejg _ L(u,3), (2.65)
Vie(u)Vé] = —Vid'(u)aVve), (2.66)

Here u(t) = U(t, 7)u, with u, € K(7). The unknowns satisfy the following

initial and boundary conditions:

Ulon =0, u(z,7) =1, (2.67)
_ ¢
$lrp =0, %hN =0. (2.68)

Moreover the operator L(u,w) is given by
L{u,w) = Aw + Ly(w) + Ly(u, w), (2.69)
with

Li(w) = —n /Q G(z, y)w(y)dy, (2.70)
Ly(u,w) = V[o(u)$, Ve + 0(u)dVy, + o' (u)dwVe|.  (2.71)

Here ¢,, is the solution of (2.66) and (2.68) with @ replaced by w. For the case
of w = 4, it is simply denoted by ¢ as before.
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Theorem 2.7. For any w, v € H}(Q), the operator L satisfies

(L(u, w), v)| < [ Vol Vo], (2.72)
1
(=L, w),w) > Z{|Vol* = cfjw]]* (2.73)
Consequently the system (2.65)-(2.68) possesses a unique weak solution.

Proof. We recall that there exists a generic constant ¢ > 0 such that

@llzeo@)(t), IVOllLaey(t) < for all ¢, (2.74)

where p > 3 is some positive constant, see Lemma 5.3.2 of [31]. Now we

estimate the terms of L(u,w). We first have
|[(Ly(w), v)| < cf|wl] [o]}- (2.75)

Next we replace @ by w in (2.66), then multiply its both sides by ¢, and

integrate it over {2 to obtain

/ o (w)| Vol = / o WV Ve (2.76)
Q

Q
< 02[|Vel o) lwl z2ne—z) [Voull,

which gives that
IVéull < cllwllpzero-2(0- (2.77)

Now we are ready to estimate |(Lg(u,w),v)|. In fact, it follows from (2.71)
that

|(La(u, w),v)| = |(0(u) o,V + o (u)pVd, + 0 (w)pwV ¢, Vv))(2.78)
<[00IVl o) |@wllL2m-2() + o1l Le(e) [Vull
+02/|9ll@) VO llLr@) [0l p2erm-2i] IV0l-

By the Sobolev imbedding theorem, ||¢y|| L2y < c||Véwl|, we conclude
from (2.78) that

|(L2(u, w), v)| < cllwl]p2o/m-2(0) [ VO]]- (2.79)
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Finally, thanks to (2.75) and (2.79), we have

|(L(w, w), v)| < [Vl Vo]l + |(Ly(w), 0)] + | (La(u, w),v)|  (2.80)
< [Vl [IVoll + c(llwll o]l + 1wl s20rm-2(y [IV0]])-

Then (2.72) follows directly from (2.80), the Sobolev imbedding theorem and
the Poincare Inequality.
On the other hand,

(=L(u, w), w) = ||Vw||® + (=Li(w), w) + (=La(u,w),w) (2.81)

> [Vwll* = cllwll g2y [ Vall,

where the property (—Li(w),w) > 0 and (2.79) are used. From the Sobolev

interpolation inequality we have
[0[135/p—2) < cllwl> 2P| T || 272 (2.82)

which together with Young inequality and (2.81) give (2.73).

From the properties (2.72) and (2.73), we conclude that the operator —L
is continuous and coercive. Thus the existence of a unique solution to the
problem (2.65)-(2.68) is just a direct application of the results for abstract
Cauchy problems presented in [30]. This completes the proof. O

Denote the process generated by the problem (2.65)-(2.68) by {U'(¢,7)},
i.e., u(t) = U'(t, 7)4,. The following theorem holds.

Theorem 2.8. The process {U(t,7)} is uniformly quasi-differentiable on the
kernel sections {KC(7)}reppy in L*(Q) and {U'(t,7)} is one of its differentials,
i.€.,

1_ 2 _ 11 1,2
Iim sup “U(t’ T)u’f U(t7 T)UT U (t, T)(uT u;

=0 o< |lul—u2||<s lul — w2||

W _y, (2.83)

for allul, w2 € K(r), 7€ [0,T) and t > 7.

The proof of this theorem is lengthy and similar to that of Theorem 2.5,

thus we will leave it to interested readers.

36

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Next we estimate the dimension of the kernel sections K(r), 7 € [0,T"). Let
us introduce the following quantities as in [9], [14] and [27],
1 [T+
gm = liminf sup sup (—-/ Trdes) . (2.84)
=0 refo,7) u-ek(r) \ ¢ Jr
Here L is the operator defined in (2.69), and T'r,,, L is the m-dimensional trace
of L defined by T'r,,L = supg TrLQ with the supremum taken over all the
orthogonal projectors Q in L?(f2) on the space QL? of dimension m belonging
to the domain of L (see [9]).
Before we estimate the bounds of the uniform attractors A, we give an
extension to the Proposition 3.2 of [9]. First let us recall some basic definitions.
Let E be a metric space and Y C E be a subset of F. Given two positive

numbers d and €, we write

pr(Y,d,e) =inf y rf, (2.85)

MH(Y7 d) = 111'1(1) HH (Y7 d, 6) = sup ,uH(Y7 d, 6)' (286)

e>0
Here the infimum in (2.85) is for all coverings of Y by balls B,, of E with
radius r; < €. Then the Hausdorff dimension of Y in E is defined by

dimg(Y) = inf{d: px(Y,d) = 0}. (2.87)

Similarly, let J(e,Y) be the minimum number of balls of E of radius & which

is necessary to cover Y, then the fractal dimension of Y in F is defined by

dimp(Y) = inf{d : up(Y,d) =0}, (2.88)
with
pr(Y,d) = limsupe?J(e,Y). (2.89)
e—0

Let Ky be a compact subset in E and S be a mapping from K x [0, T
to E such that S(y,0) = y for all y € K,. We assume that the mapping S is
Holder continuous with respect to both y and ¢ with Hélder exponents €; and

€2 Tespectively, i.e., for all y1, yo € Ky and ¢, t5 € [0, 77,
1S(y1,t1) = S(ya, t2)lle < v(llyn — v2llg + [t — t2]2).  (2.90)
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The following theorem is an extension of Proposition 3.2 of [9] where the

case €; = €5 = 1 has been discussed.

Theorem 2.9. Let Ky and S be the compact set and the mapping described
above, and also let Ky = S(Ko,t), t € [0,T] and Y = Usejo1K;. Then

1

dimp(Y) < EldimF(Ko) + = (2.91)
1 2

dimy (V) < 6ldimH(Ko) + 61 (2.92)
1 2

Proof. We first consider the fractal dimension of Y. Given ¢ > 0, we cover Kj
by a family of balls {B./(y;)}/_, with & = (i)% Next we give a partition
{t:}223" of [0,T) with ty = 0 and tpr4; = T such that

0<tin—t;i < (%)% M<T<2€V) . (2.93)
Now for any point (y,t) in Y x [0,T], we can choose some y; and t; such that

1
ly—ville <€ and [t —t;] < (%) 2. Consequently,

3 €
— < = €. .
1S, 8) ~ St 1l < (o + ) = & (2.99)
This implies that B:(S(y;,t:)), s =1, --+, J,i=1, ---, M is a covering of
Y. Thus by definition
1 1 Llgrd
pp(Y,—d+ =) = limsupes* e JM (2.95)

€1 €2 e—0
<T (21/)?15d+$ limsup (¢')? J

e—0

=T (20) 5% pp(Ko, d),

where the last inequality in (2.93) is used. Thus (2.91) follows immediately.
Slmllarly, to prove (2.92), we cover Ko with balls { B, (y;)}/_;, where ¢; <

g

(&)= . For cach 4, we give a partition {#/ }Z it such that
0< tZﬂ —t < (gj)% , M<LT (€j)_% . (2.96)

Then for each point (y,t), we can choose y; and t! such that [S(y,t) —

(3

S(y;,t)|le < 2v (;)* < e. Therefore, the family of balls
{B2V(aj)€1(s(yjatg)): ]= 1: T Ja 1= 1) ) M]}
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is a covering of Y with radii less than . Hence

J M;
1 1
un (Y, - L =) < >3 ()%= (2.97)
1 2 j=1 i=1
J
" b o e
j=1
1 1 J
<T ()" = Z (ej)da
j=1
which implies (2.92). O

Theorem 2.10. Under the assumptions (A1)-(A4), the Hausdorff dimensions
in L2(2) of the kernel sections of U(t,T) are bounded and

dimy (K(1)) < my, VT €[0,T), (2.98)

where my depends on the boundary conditions, the various bounds of the coef-

ficients and the domain.

Proof. Let @, be an m-dimensional orthogonal projector in L(2), and {w |34

be an orthonormal basis in @Q,,,L*(2). We recall that

TrLQm = Y _(L(u,w;), w;). (2.99)
j=1
Thus it follows from (2.73) that
1 m m
TriQm < —3 S OIVwslE+ e lwsll®. (2.100)
j=1 j=1

But by Lemma 2.1 (Page 390 of [27]), we have

m
> Vw12 > em! N, (2.101)
j=1

Substituting (2.101) into (2.100) yields that
1
TriQm < —zem™ N +eym < —em'™ N 4oy, (2102)
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where Young inequality is used. Then by the definition (2.84) of g,, we obtain

1+2/N

gm < —C3Mm + ¢4 (2.103)

N
N+2

Thus if m > (%) ™. @m < 0. By Theorem 4.1 of [9], we conclude that the

Hausdorff dimensions of the kernel sections () are bounded and (2.98) is

satisfied with mg the minimal integer such that m > (%;-) A O

Finally the estimate of the Hausdorff dimension of the uniform attractor

A is summarized in the following theorem

Theorem 2.11. Under the assumptions (A1)-(A4), the Hausdorff dimension
in L*(Q) of the uniform attractor A is bounded and satisfies

dimp (A) < mo + % (2.104)

Proof. We only have to show that U(t, 0) satisfies a similar property to (2.90).
In fact, let uy, us € K(0) and ¢y, t; > 0, then

|U (1, 0)uy — Ulta, 0)us| (2.105)
S ||U(t1, 0)u1 - U(tl, O)UQH + “U(t1, O)uz — U(tz, O)UQ”

In view of Theorem 2.5

WU (t1,0)uy — Ulty, 0)us|| < cllug — uall. (2.106)
Since U(t,0)uy € C*3(Qr), we obtain

|U (1, 0)ug — Ulta, 0)us|| < clt; — to|%. (2.107)
Thus U(t,0) satisfies the property (2.90) with €, = 1 and e = . According
to Theorems 2.9 and 2.10, (2.104) holds. O

2.5 Conclusions

In this chapter we have determined the positivity of periodic solutions to a

nonlocal thermistor system if the surrounding gas pressure is small. We have
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also considered the long time behavior of initial value problem solutions and
showed the existence of a uniform attractor. Finally, the Hausdorff dimension
of the attractor was estimated. We believe these results to be new even for the
classical thermistor system (i.e. equations (2.1)-(2.2)). The degenerate case

involving ” capacity solutions” remains open.
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Chapter 3

Existence and Long Time
Behaviour of Solutions to

Obstacle Thermistor Equations

3.1 Introduction

Equations that determine thermistor behaviour have been investigated for
more than 100 years, [10] and the advent of micromachined microsensor de-
vices has led to somewhat more general models, [3, 4, 5|. Specifically, if we
include radiation effects as well as heat losses to the surrounding gas we obtain

the system:

~Vlo()Ve] = 0 (3.1)
du

i V([k(u)Vu] + 77/ G(z,y)u(y, t)dy + yu' = V[o(u)pVe], (3.2)

Q

in a smooth bounded domain @ € RY, N = 2 or N = 3. The cases with N > 3
appear to be of primarily theoretical interest. Here 0 < o(u), k(u) are smooth
functions and 7, v denote positive constants. We also assume G(z,y) > 0, and
that G obeys the further properties given below. With (3.1)-(3.2) we associate
suitable boundary/initial conditions: u = up(z) > 0 at ¢t = 0; u = 0 on Qp,

¢ = ¢o(x) on OQp, %% = gf = 0 on 00y with: 0Qp U 9Qx = 0 and 90p
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closed in 99, 02y open in 9, both nontrivial, smooth. Detailed regularity
conditions needed for 02 may be found in [24]. In practice we often have
up = 0, and the boundary conditions on u, ¢ are piecewise constants. We
assume that ¢ is smooth, but it will be convenient to take uy € L*(Q), and
sometimes uy € C*(2).

The presence of the nonlocal term in equation (3.2) leads for 7 big to a
solution behavior that is at odds with what is physically expected, due to the

failure of the maximum principle. More precisely and specifically, the equation

—V[k(z) Ve +7 / Gz, y)uly)dy + v = f(z), (3.3)

with k(z) > 0 and u = 0 on 99, will have positive solutions u for any f > 0
iff 0 < 1 < ng for some 7y which depends on the data but not on the specific
f. These results are explicitly shown for v = 0 under various assumptions in
e.g. [1, 11], where the parameter 7 is also estimated in some special cases. If
v # 0, the lack of positivity will still follow by perturbation arguments.
Numerical simulations indicate that the same situation arises for system
(3.1)-(3.2): we may have u(xg,tp) < 0 at some zy € Q, ¢y > 0 for realistic
values of n > 0, even though we expect u > 0 on physical arguments. The
same situation arises in analogous problems from, for example, steady-state

version of the non-cooperative system:

us — Au = f(z) — av, (3.4)
vy — Av = u, (3.5)

with u = v = 0 on 09, [17]. Indeed, putting v = (—A)~!(u) reduces system
(3.4)-(3.5) to a single equation of the general type (3.3).

It is our purpose to introduce an obstacle problem to replace equation
(3.2), in such a way that (3.1)-(3.2) has solutions (¢, u) with « > 0 for any
n > 0. Furthermore, solutions of (3.1)-(3.2) with u > 0, will also solve the
new system so that the new model will extend (3.1)-(3.2), in the sense that
physically meaningful solutions will be common to the two models. Some

numerical methods for such extension was already studied in [2].
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The chapter is structured as follows: we first consider the properties of
equation (3.3) and consequently obtain results for the steady-state version of
system (3.1)-(3.2). Next, under more restrictive conditions on ¢ and k, we
consider the existence of solutions to (3.1)-(3.2) and also show the existence of
an absorbing set. Finally, by still further assumptions, we show the existence
of a compact, connected, maximal attractor. The presence of the fourth order
nonlinear term will always be convenient in our analyses and, in some cases,

essential to the proofs.

3.2 The new equation and results in steady-

state

We consider, as a preliminary step, the obstacle problem
/ kYUY (0 — u) + 1 / / (o, y)uly)(v — u)(z)dydz  (3.6)

—i—’y/ (v —u) /fv—u

for v,u € Vp := HY{Q U ONy). For the formal definition of HZ(Q U Q)
we refer to [21, 24|, and note that here we do allow the case: 0Qy is empty.
We assume that 0 < ko < k(z) < ky for some constants kg, k, and that
fQ y)dy maps continuously L*°() to itself for some py > N
such that po < 7= 1f N =3, and with A(w) > 0 if w > 0. The coefficient k(x)
is assumed Smooth and, finally, we stipulate that the form associated with the
left side of (3.6) is coercive over V, which, in turn, is compactly embedded
into LP for 1 < p < 5=5. The function f will always be assumed nonnegative,
and of class L2 unless 0therw1se specified.
We first note that if A is symmetric, (3.6) has a solution u obtained as the

minimum of the functional J over the convex subset K = {wjw > 0, w € Vp},
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where:

sw) =5 | [ @Tul +u [ [ Glepputepotdody

5
+’7/%dw—/wf.
Q Q

We recall that N = 2 or N = 3 so that by the Sobolev embedding theorem,
the term fﬂ widz is well defined if w € K. We also observe that if A is positive
definite, i.e. (A(u—v),(u—v)) > 0 for u, v € K, then the solution u is unique.
This will happen if, for example, G(z,y) is a Green’s function or if G(z,y) is
a positive constant.

It is convenient for what follows and to deal with cases where A is not

symmetric, to introduce a family of related penalized problems given by:

Y [k(@)Vu] + [n [ e vuway+ | o= @1

subject to u € Vp, with I,(s) a C* function such that: 0 < I,(s) < 1;
I,(s) =0if s < 0; I,(s) — H(s) in LP(Q) for 1 < p < oo where H denotes
the Heaviside function.

We then observe:

Theorem 3.1. (a) Equation (3.7) has a nonnegative solution u,.

(b) There exists a subsequence of uy (also denoted by u,) which converges
to a solution of (3.6) strongly in L? and weakly in Vp.

(¢) Equation (3.3) admits a positive solution for any f > 0 iff (3.6) admits
a positive solution for any f > 0. Positive solutions of (3.3) also solve (3.6)
and vice versa. By a positive solution u we mean that if ' CC QU Ny then

there ezists € > 0 such that essinf cqu(z) > €.

Proof. Choose a po > N, as in the definition of A(w).

(a) Put Z(u) = [-VEV)] L {f — [n Jo Gz, v)uly)dy + yu?] I.(u)}. This
is a continuous compact map C*° — LP° — C* for some g > 0, by e.g. [24].

If u solves u = Z(u), then:
V@)Vl + 1 [ Glop)ulu)dy + | hw) = £
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Choosing u~ as a test function and recalling the definition of I,(u) and that
f >0, yield immediately u~ = 0, i.e. u > 0. We also note that —V[k(z)Vu] <
f, and thus u is bounded in L* for any 7, v, whence u is uniformly bounded

in C*(£2), and a homotopy argument gives:

deng(I - Z, BR,O) =1

for some Br C C*(Q)), where degrg denotes the Leray- Schauder Degree and
Bpg the ball of radius R. The existence of a nonnegative solution follows.

(b) Let n — oo in I, and let u, denote the associated solution. Note
that the arguments in (a) show that u, is also bounded in Vp independently
of n, n, 7. There is a subsequence of {u,} (also called u,) and a function
u such that u, — u strongly in L*(Q2) and weakly in Vp. Note that the u,
are also in C'**® and bounded there and thus we assume w, — u in C** for
some a1 < ap. Suppose at zo € Q we have u(xo) > 0. Then u,(zo) — u(xo)
implies I,(u,)(2o) = 1 for all large n. Note that 0 < I,,(u,) < 1, therefore,
without loss of generality, I,,(u,) — 2z weakly in L?, and by the Theorem of
Banach-Saks,

1

- Zln(un) — z strongly in L?
and so z = 1 where u > 0, while 0 < 2 3" I,,(u,) < 1 and thus 0 < 2(z) < 1
for all z € Q2.

9

Passing to the limit, we have

Y (k@) V] + [n [ Gttty + | = 5,

u € Vp, and (3.6) follows. We note that inside §, u is of class H? and so on
the set {ulu = 0} N, we have Vu = 0 a.e. and thus —~V[k(z)Vu] = 0. We
conclude z = mﬂ—!)—m on this set.
(c) Follows immediately by the definitions.
(I

Remark 3.1. Suppose f = go — Za%i(g,-) in Theorem 3.1, with {gj};.‘=1 in
C'(Q)NLP°(2) or in suitable Campanato spaces — see Section 3.4, go € L*(Q).
Then the result still holds.
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Remark 3.2. We note that 0 < z < 1, while z = on the set

N Jo Glz,y)uly)dy
u = 0. Thus if G(z,y) = 1, v = 0 and, consequently, [, G(z,y)u(y)dy =

Jo uly)dy = a9 Ghere —VI[kVg] =1 and g satisfies the given boundary

(1+n [, 92)
conditions, then on the set {x|f(x) > n(l—+f7"7‘fg—fg—z)} we have v > 0. In this case,
Q

it follows that: for any n > 0,

{olute) =0}  {alf@) <1 [ gf}.

Remark 3.3. Let w € Vp solve —V[kVw| > f. Then we must have 0 < u < w.
Suppose zy € 2, § > 0 and G smooth. Note that

f(=) _ f(=) S f(@)
1JoG@yu®) 1 Jonpusoy G@YUY) T 1 fonguse Gz, 9)w(y)’

P _ o f(z)
If u=0in {y||zo — y| < 6} NQ = B, then z € B implies T G”ix’y)w(y) <1

Consequently, if f(z) > 7 f(Q\B) G(z,y)w(y)dy for some z in B, then B ¢
{z|u(z) = 0}.

Remark 3.4. We observe that intuitively we expect the solutions of (3.6) to
decrease as 7 increases. We can show that in one case this is true, namely
if G(z,y) = const > 0. Indeed, suppose without loss of generality, that
G(z,y) = 1. Let uy (resp. ug) solve (3.6) for m; (resp. o) with 0 < 71 < 72.
From (3.6) we obtain:

/Qk(x)VmV(uQ —u1)+m (/Q u1> </Q(u2 - Ul))

+7/Qu‘f(uQ—u1) Z/Qf(w—ul)

/Q k(2) VsV (0 — ug) + ma ( /Q u2> < /Q (g — ua))
+7/QU§(U1 —ug) > /Qf(ul — uz)

Adding and putting w = u; — ug, gives

- | [ra@rvup oy [t - upw)

—12 (/Qw)2+[771—772]/ﬂul/9(u2~ul)20-
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Since u; > 0 by construction, we conclude that fQ Uy < fQ u;. It follows that

[m fqur — m [ ue] [fo(ue —wi)] >0,1e m fur < mo [, us. We can rewrite

(3.6) in this case as
/Qk(a:)VmV(v —uy) + ’y/ﬂu‘f(v —uy) > [)ﬁ(v - u),
/Qk(a:)VUQV(v —ug) + v/ﬂug(v —ug) > ‘[)fg(v — uy),

where f — fQ up = fi > fo = f —1m J,us. We observe that consequently
uy > ug(see [21]).
As an application of these results, we assume G smooth, o(s), k(s) — 0 as

s — 00 and replace (3.1)-(3.2) with the following extension in the steady-state:
~V[o(uw)Ve] =0, (3.8)
/k u)VuV(v —u +77/ / G(z,y)u(y)(v — u)(z)dydx  (3.9)

-|-'y/Qu (v—u)> —~/Qa(u)¢V¢V(v —u),

with u > 0, v > 0 and u, ¢ to be found subject to the earlier given mixed
boundary conditions. An existence result for ¢y of small variation (depending

on fooo k/o), is now obtained by replacing (3.9) by the approximate equation:

—VI[k(u)Vu] + {UAG(x,y)u(y)dy +’yu4} I.(u) = V[o(u)$V¢], (3.10)

and following the earlier arguments and those in [6, 24] which we sketch for
convenience. Choose M by fOM;’f_- = (—"&%;M, and truncate u in the
coefficients k(u), o(u) at M. We solve the problem with k(u), o(@) in place of
k, o where 4 = min(u, M). We observe that the solution u, of (3.10) satisfies
0 < u, < M even in the truncated case, and set up a map C*(Q) — C* (),
for some oy > 0, along the lines given earlier and in [6, 24]. We conclude
the existence of a solution pair (¢,,u,) to (3.8) and (3.10). We observe that
(én, un) are bounded in C* () x C*(Q), and passing to a limit — as in the
earlier part of this section — we obtain the existence of a solution (¢, u) of
class C*(£2) x C*(Q2), for some a > 0, to (3.8)-(3.9) with associated (mixed)

boundary conditions, and u > 0 for any value of > 0.
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3.3 The time dependent case: existence and

absorbing set

In this part of the chapter we begin considerations of the time dependent
problem, show the existence of a capacity solution and of an absorbing set.
For any T' > 0, we denote by Qr = Q x (0,T), the parabolic domain and by

V}, the dual space of V. Moreover we define the convex set
K ={veL*0,T; Vp)NL*Qr), v>0a.e.in Qr}.
Our time dependent obstacle problem extending (3.1)-(3.2) then becomes:

u € K, u, € L*(0,T; Vp) + L¥*(Qr) and ¢ — ¢ € L*(0,T; V), (
u € K, u € L*(0,T; V) + L¥4(Qr) and ¢ — ¢y € L*(0,T;Vp), (3.11

/Q Z—?(v —u)+ /Q kE(uw)VuV (v — u) (3.12
T / / Gz, y)uly, ) (v — u)(z, t)dydz

ty [wtw—u)> - / )PV (0 —u), Vo € K,

3.11)
);.12)
)

)., Tt VeVY =, Vi € L*(U, 13 V), (3.13)
w(z,0) = uo(z) in 9, (3.14)
ulaa, =0, %lam =0, (3.15)
dlaap, = do(2), %lamv =0, (3.16)

where ug € L?(2) and ug > 0. The coefficients 7, v, k(s), o(s) and G(z,y) are
the same as in the previous section but, for simplicity, we henceforth assume

G is smooth. Furthermore we assume

0<ky<k(s)<ky, 0<o(s) <oy and o(s) =0 as s — co(3.17)

Since o(s) — 0, as 8 — 00, the system is degenerate and this leads to new
mathematical difficulties. To deal with this problem, we adopt the notion of
capacity solutions which were introduced by X. Xu in [26, 25, 27] to study the

local thermistor problems.
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We say a triplet (u, @, g) is a capacity solution to (3.11)-(3.16) if it satisfies

ue K, u, € L*0,T; V) + L¥(Q7), (3.18)
¢ € L*(Qr) and g € [L*(Qr)]",
/Q %(v —u) + /Q E(u)VuV (v — u) (3.19)

+n [ [ Gl gt - iz
+’y/Qu4(v—u) > —/qugV(v—u), Yo € K,

| ave=0voez0,mivs), (3.20)

Qr

for each p € Cy(R), p(u)d — p(0)do € L*(0,T;Vp) and  (3.21)
pw)g = o(w)[V(p(u)d) — ¢V (p(u))],

u(z,0) = up(x). (3.22)

According to [26], we observe the following two remarks.

Remark 3.5. If u is bounded, then the capacity solution is equivalent to the
solution of (3.11)-(3.16).

Remark 3.6. If there exists a capacity solution to the system, then V¢ is
defined almost everywhere in @7, but may not belong to any space [LP(Q)]V

for 1 < p < co. Moreover
g=0(u)Vo, a.e.in Qr. (3.23)

Instead of the systems (3.11)-(3.16) and (3.18)-(3.22), we first consider
their penalized version. The existence of a solution to this penalized system
is obtained by the standard time discretization technique. Then by a series of
boundedness estimates, a capacity solution of (3.18)-(3.22) is achieved as the
limit of these solutions.

We thus define o,,(s) = £ + o(s). Then by (3.17) we have

1
0<—<o0,(s)<o1+1, forall s€R. (3.24)

3
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Our new penalized system is given by the following

du,

Up € K) E € LZ(O,T; Vl,)) + L5/4(QT)) (325)
‘% Y k() V) (3.26)

+ [n/QG(x,y)un(y,t)dwawi I (uy)
= V[on(un)$uVn], in L2(0,T;Vh) + L¥*(Qr),
V(on(un)Vn] =0, in L*(0,T;V}), (3.27)

coupled with the same initial and boundary conditions.

Before we proceed with our main theorems we state a lemma which is a
slight modification of the one given for the stationary problem. See in par-
ticular Theorem 3.1, Remark 3.1 and the arguments at the end of Section
2.

Lemma 3.1. For each 0 < H(z) € L*(Q), there exists a weak solution (u, @)
with0 <u € Vp, ¢ —¢o € Vp N LX(Q) and h > 0 a constant to the system:

=V (k(u)Vu) + %u+ [n/gG(:c,y)u(y)dy+fyu4 I.(u) (3.28)
= Vion(u)¢Ve] + H(z),

V(on(w)Ve) =0, (3.29)
ulaﬂp = 07 %laﬂj\] - 0) (330)
= 0 =0 3.31
Plon, = Po(x), %bm\, =0, (3.31)
Moreover,
esssgglqﬁ(w)l < sup |$o(2)], (3.32)
Vel < n(o1 + 1)[|Voll. (3.33)

Next we obtain the following existence result by Rothe’s Method. Hereafter
for the sake of simplicity, we understand that a sequence is convergent if it has
a convergent subsequence and we identify the subsequence with the sequence

itself. Moreover C' always stands for a positive constant which depends only
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on N and {2, the coefficients 7, v and G(z,y), the bounds on k(s) and o(s)
and the initial/boundary data except otherwise specified. It also may differ

from one line to another.

Theorem 3.2. For each n there ezists a solution (un,¢n) to the problem
(3.25)-(3.27) which satisfies uniformly with respect to n that

ess supg, |6a(@,1)] < C, (3.34)
€88 SUPp<i<T /ufﬂr/ |V [? +/ uy, < C, (3.35)
T Q Qr Qr
/ on ()| V| < C. (3.36)
QT

Moreover %a s also uniformly bounded in L2(0,T;Vh) + L¥*(Qr) and thus

in L340, T; V}).

Proof. Let m be a positive integer. We decompose the interval [0, 7] evenly
into m sub-intervals. The corresponding uniform partition is denoted by
{t;}7eo with t; = jh, h = T/m. Discretizing equation (3.26) with respect

to t and combining with (3.27) give the following system of 2m equations:

~V[k(ul)Vul] + %(uﬁl —ul™h (3.37)
" [n | 6ot +()] 1)
= V["ﬂ(“%)‘%v%], .7 = 17 e, M,
Vien(ul)Vel]=0, j=1, -+, m. (3.38)

Since ug is in L?*(Q), thanks to Lemma 3.1, we can solve the above system
successively. First we derive some a priori estimates of the solutions. To do

so, we choose 4, as a test function in (3.37) and obtain

[ Rl + ¢ [ (3.39)
Q Q

- [n / G(a:,wuz;(y)dyﬂ(uz;)‘*} Ly
— - [ )V, =1, -, m
Q
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Simple calculations show that for each j = 1, - - -, m, the following property
then holds:

1. . - o
= [l ll” = o7 o+ fled, = w7 7] (3.40)

o[ Vsl 2 4+ 2 / L) (uly’ < C.
Q

We next sum inequality (3.40) from 1 to j and drop the other positive

terms to obtain

1, . ,
>l = fluol®) < 5C. (3.41)
Thus ||W||? < C for j=1, .-+, m. Summing inequality (3.40) from 1 to
m, we find
1 N
x [HU?HQ — lluoll* + D lluf, — uﬁfll|2} (3.42)
j=1

o YoV +2Y [ 1)) < me,
=1 j=179
which gives:

e (3.43)
j=1

m
Ry / (w)® < C, (3.44)
=171
>l —ui P < C, (3.45)
j=1

by the definition of I,,.
Now we define the Rothe’s functions u’(z,t), ¢(zx,t) and w”(z,t) by the
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following:

ul(z,t) =ul for te ((j—1)h,jhl, (3.46)
j=1, -, m and u’(z,0) = uy,
$n(z,t) = ¢, for t € ((j— 1)h, jh], (3.47)
j=1 -, m,

(t — tj_l)

p (i —w™) for t€[(j—1)h, jh],(348)

wn(2,8) = u,™ +

j=1, -, m.

Thus we may write the system (3.37)-(3.38) as

dd_uf = Vlk(un) Vuy] + [n /Q Gz, y)ul(y, t)dy + y(ul)| L(ul)3.49)
= Vl[on(up)$, V5],
Von(ul)Vel] = 0. (3.50)

The boundedness of u? and w! in L2(0,T; Vp) N L*®(0,T; L*(Q)) N L3 (Qr)
is then a direct application of the earlier estimates, while to show the bound-
edness of d—;"tg in L2(0,T;V},) + L%4(Qr), we observe that

120 () ()l o4y < Ml 2oy < C (3.51)

and all other terms in (3.49) (except d%’tﬁ) are uniformly bounded in L2(0, T'; V).
Thus %3‘ is in a bounded set of L2(0,T;V}) + L%*(Qr). By the definitions of
ul and wh,

t— jh

(ul, —ul™") for (j —1)h <t < jh(3.52)

Thus,
It = 2o =S [t — ab Pt
Wy, — Uy L2(Qr) — Z ) “wn un” ()
j=1 G-k
h’ = ] i—1112
=3 > Il — w72, (3.53)
j=1

Therefore by (3.45) and (3.53), w! —u® — 0 strongly in L*(Qr) as h — 0.
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We conclude that there exists a common function uy,(z,t) such that as

h — 0,
wh — Uy, u® — u, weakly in L*(0,T;Vp), (3.54)
weak — star in L=(0,T; L*(1)),
d;‘f — % weakly in L*(0,T;Vp) + LY*(Qr). (3.55)

Because ‘%"tﬁ is uniformly bounded in L2(0, T; V) +L5%*(Qr), it is also bounded
in L3/4(0,T; V}). So by a compactness result (see [19], page 271), we also have

wh — u,, ul — u, strongly in L*(Qr). (3.56)

Due to (3.32) and (3.33), ¢ is uniformly bounded in L*(0, T; Vp) and L*(Qr).

Therefore
ot — ¢, weak — star in L=(0,T;Vp) and in L®(Qr), (3.57)

and as a consequence, ¢ — ¢, strongly in L*(Qr) (see Lemma 4.10 in [18]).

Since I,(s), 0,(s) and k(s) are bounded continuous functions, we have

Ln(ug) — In(un), 0n(up) = 0n(un), k(up) — K(un) (3.58)

n

strongly in LP(Qr) for any p > 1.

Now we pass to the limit in (3.50) and obtain (3.27). To obtain (3.26), we note
that I, (u?)(ul)* converges to I,(u,)(un)* weakly in L4(Qr). Indeed, without

: h
loss of generality we may assume u i

b — w, pointwise in Qr. Since (u?)%v is
uniformly bounded in L'(Qr), and (u”)*v converges to (u,)*v pointwise and
thus almost uniformly. In view of (3.58) we obtain the desired result.

We now pass to the limit in (3.49). We note that the dual space of
L2(0,T; V) + L34(Qr) is L*(0,T;Vp) N L¥(Qr). Thus if we take the du-
ality product in (3.49) with v € L2(0,T; Vp) N L5(Q7), then by passing to the
limit we obtain

duy,
< %,v > — < V(k(un) V), v > (3.59)

< [n /Q G, yYun(y, )y + 7(n)*| Ln(un),0 >
=< V]on(tn)pnVn],v > .
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Thus equation (3.26) is satisfied. It remains to show that u,(z,0) = u. In
fact, from (3.54) and (3.55),

(W — up,1p) — 0, for ¢ € V), and for every t € [0,T]. (3.60)

Since w?(z,0) = ug, we have u,(z,0) = up.

Equation (3.34) follows from (3.32). Estimate (3.35) and the boundedness
of %= follow from the given estimates and (3.54)-(3.55). We have (3.36) by
using ¢, — ¢o as a test function in (3.27). This completes the proof of Theorem
3.2. O

It follows from Theorem 3.2 that there are u € L2(0,T; Vp)NL>®(0,T; L2(Q2))N
L3(Qr), ¢ € L®(Qr), g € [L*(Qr)]Y, z € L*(Qr) such that

u, — u weakly in L*(0,T;Vp) and strongly in L*(Qr), (3.61)
ddit" — C(Zi—? weakly in L*0,T;V}) + L¥4(Qr), (3.62)
¢n — ¢ weak — star in L=(Qr), (3.63)
on(Un)Vey — g weakly in [L*(Qr)]", (3.64)
I.(uy) — z weak — star in L*®(Qr). (3.65)

We recall that in [26] (see Claim 1 and Claim 3) it is shown that for each
p € C3(R), p(un)pn — p(u)p weakly in L%(0,T;Vp), and that

lim |, — @] = 0. (3.66)
n—oo QT
From (3.63) and (3.66) we then conclude that
on(un)pn — o(u)¢ strongly in LP(Qr) for each p > 1. (3.67)

Theorem 3.3. (3.18)-(3.22) are satisfied for (u, d,g) with (3.19) replaced by

ug — V[k(u)Vu] + z (n/QG(:L", yu(y, t)dy + 7u4) (3.68)
= V(¢g) in L*0,T;Vp) + L¥*(Qr).
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Proof. Obviously (3.18), (3.20) and (3.22) hold. For each p € C}(R),

P(Un)an(un)v¢n = Un(un)(v(¢np(un)) - ‘bnvf’(un))- (3-69)
Equation (3.21) follows by letting n — oo in (3.69). For each v € L5(Qr), we

have

/ ut I (uy)v — utzv. (3.70)
T Qr

To obtain (3.68), we take the duality product with v € L2(0,T;Vp) N L*(Qr)
in equation (3.26) and get

< Bn oy / k(un) Vi, Vo (3.71)
dt o

+ / (n / G(x,y)un(y,t)derWi) Ln(un)v
Qr Q2
= —/ O (Un)Pn V9, V.
Qr
We can pass to the limit in (3.71) to obtain

d
<Z o>+ [ kwVuve (3.72)
dt or

= _/ gV’U,
QT

and (3.68) follows. O

Theorem 3.4. There exists a capacity solution to (8.11)-(83.16) which satisfies
(3.18)-(8.22).

Proof. Actually we only need to show the solution (u, ¢, g) in Theorem 3.3 also
satisfies (3.19). Similarly to the steady state problem, z also has the following
property

0<z<1, and z=1 if u>0. (3.73)

Thus for all v > 0, v € L2(0, T; Vp) N L¥(Q7),
2(v—u) <v—u. (3.74)
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Hence, from (3.68) we have

/Qut(v —u) +/k( WuV(v —u) +77/ /QG(x,y)u(y)(v —u)(z, t)dydx

—l—fy/ (v —u) /¢ng—u
Q

This means that (3.19) holds. So (u,¢,g) is a capacity solution to (3.11)-
(3.16). O

The remaining part of this section is devoted to the existence of an ab-
sorbing set for the obstacle problem. We first give a generalized Gronwall
type inequality. Related results are given in [20], but for completeness and the

reader’s convenience, we give it here.

Lemma 3.2. Assume a, v, 6, p are positive constants with p > 1. If y(t), a
positive function, satisfies

%+ay+"yy”<5 t € (0,00), (3.75)

then y(t) satisfies the uniform estimate

1
e—at

yt) < p+ (%) i [ , for all t>0, (3.76)

1 — e—alp— 1)t] p—

where p is the unique solution of ay + yy? = 6.

Proof. First we observe that if y(0) < u, then y(t) < p for all t € [0, 00) and
if y(0) > u, there exists a 0 < ty < oo such that y(t) < u for t > ¢y and
y(t) > p for t € [0,%p). Thus we only need consider the case that y(0) > u
and t € [0,%).

Let z(t) = y(t)—p for t € [0,t). Clearly the inequality 2P+ uP < (z+u)P =

y? implies

dz d
o taztrf < d—y +ay + vy’ —ap— P (3.77)

dy
-0 <
dt+ay+7y 0 <0.
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Since z(t) is positive by the assumption, we may define

217P

o(t) = 2—. (3.78)

Then a simple computation yields that

dv dz
— = P« —1 — ~. .79
i z 7 S alp—1)v—7v (3.79)

It follows that by integrating above formula from 0 to ¢,

5
a(p —1)

By the definition of v(t) we have

v(t) < [1 —exp{a(p — 1)t}] + v(0) exp{a(p — 1)t}. (3.80)

1

)t}]}ﬁ for all te€[0,t). (3.81)

0 < { exp{—o(p — 1)t}

2 P+ 21 —exp{—alp—1

In view of z5 > 0,

1

-1 —at
2(t) < (9) c _. (3.82)
v [1 — ealp-1t]z=1
This completes the proof by the definition of z(t). O
Denote

[60(2)lloo := €88 SUD,can, |Po(z)].

By the weak maximal principle, we actually have

es8SUPgeq|dn(2,t)] < ||dollo  a.e. 0 <t < 0. (3.83)

Furthermore, in view of Remark 3.6 and (3.20) we have

/Q V(6 — o) = / o (W)VHV (6 — do) = 0 (3.84)

Q

by using ¢ — ¢ as a test function. Thus,

/Q o ()| Vo[ = / o (u) VYo

Q

<(/ a<u>1v¢|2) 1/2 (f U(U)|V¢o|2>l/2,
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or

([ otwiver) e ([ o) "

Write ([, |V¢o|2)'/2 = ||Vé|. Thanks to (3.17) and (3.23),
/ 9] < 0}||[Vgol* forall 0<t< oco. (3.85)
Q

Theorem 3.5. There exists an absorbing set to the obstacle problem which is
a ball B in Ky = {u € L*(Q)] u > 0} centered at 0 with radius py. This ball
absorbs the elements of K uniformly, i.e., there exists a fixed to(py) such that
for any ug € Ky, S(t)uy will enter into B after time to(pp). Here pfy and to(pf)

are determined in the proof.

Proof. One can easily verify that the solution (u, ¢, g) satisfies

2dt/“ +/ |V“|2+’Y/U <- /¢9Vu (3.86)

Thanks to (3.83), (3.85) and the Schwarz Inequality,

22 [ [rarwaren [o <ot ( [168) ([190r)”

(3.87)
By the inequality ab < 3-a® + £b* and the Holder Inequality, (3.87) can be

written as

d 2y o?
ZEHUHQ + kol | Vul|* + |_§|—%—”u||5 < _$||¢0”§o Vol (3.88)

Finally, by the Poincaré Inequality ||Vul|? > Pyljul|? we obtain
d
S llull” + bllull® + bafjull® < bs, (3.89)

where by = ko, by = I—él'% and by = %%H(;SOHEO IVo||2. Then by the above
Gronwall type inequality with o = by, v = by, 6 = b3 and p = 2.5 we have

b —bit
_{)ge—g, for all t >0, (3.90)

i < 2+
2|1 = edtt)?
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with pp the unique solution of b1p + byp*? = bs. Now we can choose any

pb > po to obtain our absorbing ball B. Then, from (3.90) we easily obtain

2 by
(i) = 2o <1+ )
301 bs (2 — 23) ™

O

Since the time to(pf) is independent of the initial value ug, the set B absorbs
the elements of Ky uniformly. This property is due to the 4-th order nonlinear
term which leads to bounds on  in (3.90) which don’t depend on the initial

value ug.

3.4 The time dependent case: global attractor

In this final part of the chapter we show the existence of a global attractor. In
addition to the previous assumptions, we further assume k(z) = 1, Q C R3,
u satisfies a pure Dirichlet boundary condition, i.e. ulsg = 0, but keep the

mixed conditions on ¢, and

0<o01<0(s) <oy <oo, for all s>0, (3.91)
there exists a positive constant L such that (3.92)

lo(s) —o(s")| < Lis—&'| for all s, & >0.

Under these assumptions the capacity solutions are also weak solutions since
the gradient of the potential ¢ is L?—integrable.

Let us denote the solution operators of (3.11)-(3.16) and (3.25)-(3.27) by
S(t) and S,(t) respectively. The main difficulty here is that S(t) (S,(t)) may
not define a semigroup in L?(£2) since the weak solutions could not be unique.
To circumvent this difficulty, we first show that if the initial data belong to
C*(Q), the solution is unique. Thus we can follow the procedure in [20] to
prove the existence of global attractors. Systematically, we replace L?(2) by
C*(Q) for some a > 0 and show that S(t) (S,(t)) does define a semigroup

in this Banach space. By making use of the term describing radiation heat
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losses, we derive a local a priori estimate for the solutions of (3.11)-(3.16) and
(3.25)-(3.27) which says that any solution will be of class C*(f2) for some
oo > « after a certain time independent of the initial data. Thus there exists
a uniform absorbing set and the semigroups are uniformly compact for ¢ large.
The existence of global attractors follows immediately.

It will be convenient to recall some notation. For 0 < t5 < t;, we denote
Q X (to,t1] by Q1. For simplicity, if ¢o = 0, we write it as Q. A point
(x,t) € Q41, is denoted by z. Let B.(x) be the ball centered at zy with
radius 7 and Q,(z) be the cylinder B.(zg) x (t; — 72, %y]. Then we define

Qzo, 7] = Br(zo) N2, Ql20,7] = Qr(20) N Qioyts -

Moreover for p > 0, £L*#() and L**(Qy,:,) denote the Campanato spaces
on Q and @y, associated with the standard norms |[|. ||z .0 and ||.l24.Q4.
respectively. We refer to interested readers to [28], [21] and [14] for details

on these spaces and norms. The following proposition can be found in [21],
Theorem 1.17.

Lemma 3.3. (i) If 0 < u < N, the mapping

1/2
U — sup 1 # / u?dz
20€Q,r>0 Qfzo,7]

defines a norm on L>*(Q) which is equivalent to || - ||z .0
(i5) L2N2(Q) is isomorphic to CH(Q) for i € (0,1).

Similar results for £>#(Q,;,), established in [8], are summarized in the

following lemma.

Lemma 3.4. (i) If 0 < u < N + 2, the mapping

1/2
U — sup r# / u?dz
20€Q4g,t,,7>0 Qlz0,7]

defines a norm on L*(Qy,,) which is equivalent to || - |12, ., -

(“’) [’2’N+2+2“(Qto,t1) is isomorphic to CMH/z(Qto,tl) fOT IS (07 1)
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We choose and fix a p, 3 < p < 4 and recall the following lemma from [6)].

Lemma 3.5. Let a;; € C*(Q) and satisfy uniform elliptic conditions. Con-
sider the operator L given by the formal expression — > D;(a;;Djv) and bound-

ary conditions:

0
(Z CL@'J'-a%) -1+ ﬁv = ,6’1)0 on 8QN, (393)
v=1p on 0Qp. (3.94)

Then £ maps vg + HYP(Q U 0Qy) onto H~1P(Q), the dual space of H'P(QU
OOy). Furthermore, if {f;}2_, in LP denotes a representation of a member of
H=Y? and Lv = fo+ S"Di(f;), then

3
lollase < CIY I fillzoe) + llvolion]; (3.95)

1=0

where C' is independent of v.
The Gagliardo-Nirenberg interpolation inequality, where Gg > 0, constant,
1)1 21620y < Gollwlf>~ 27| Va7 (3.96)
yields:
Lemma 3.6. For all w € Vp, the estimate:
[l Z2n/-2(y < €l Vaol|* + Celfw|? (3.97)

holds, where
Glé/ (p—n)

C.= (3.98)

P (Q)n/(p—n) )

p—n\n
We say a solution (u, ) (respectively (un,¢n)) is a C**/2(Qr) solution
of (3.11)-(3.16) (respectively (3.25)-(3.27)) iff it is a weak solution and is in
Coe/? (QT)
Let 6o denote the Holder exponent as stated in the De Giorgi - Nash the-
orem, see [21], Theorem 2.14, page 115 (also see [28]). In what follows, all «,
a;’s are in (0,dp) and may differ from one step to the next. Now we are ready

to claim the following theorem (which could also be used to show existence of
C*/2(Qr) solutions).
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Theorem 3.6. Assume that ug(z) € C*(), ug = 0 on 0. Then any weak
solution (U, ¢y) of the system (3.25)-(8.27) is in C**?(Qr). Consequently
there is a C**/*(Qr) solution to the system (3.11)-(3.16).

Proof. Let (uy, ¢,,) be a weak solution of (3.25) - (3.27). Consider the following

equation:
wy — Aw = V[o(un)dnVy). (3.99)

Here w satisfies the same initial and boundary conditions as u,. By the com-
parison principles we have 0 < u, < w. On the other hand, it follows from
the results of [23] that for all 0 < p < N — 2 + 2q,

IVénllaue < C. (3.100)
By Lemma 3.3, we have
to
e / / Vo lPdz < Cr2. (3.101)
to—-T‘z r(d:o)
Thus,
sup 1~ / [Vén|’dz < C. (3.102)
20€Q7,r>0 Qr(z0)

By using Lemma 3.4 we obtain that for all 0 < p < N + 2¢,
IVénllzumer < C. (3.103)

Since o(un)pn € L®(Q71), we have o(uy)dn Ve, € L2*(Q7). Thus by the
results of [28], it follows from equation (3.99) that for all 0 < u < N + 2a,

IVwllauor < C. (3.104)
Consequently,
|wllzeo(@ry < C. (3.105)
In view of 0 < u,, < w, we have
l[unllLoo@r) < C. (3.106)
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We now decompose u, into two parts as u, = v + (u, — v). Here v is the

solution of the following simple equation:

v — Av =0, (3.107)
v(z,0) = up(z). (3.108)

Since up € C*(Q2) and uy = 0 on 0f2, the above equation has a unique
C*°/2(Qr) solution by a classic result in [15]. Now we apply the results of
[28] to u, — v and obtain for all 0 < p < N + 2¢ that

IV (tn = 0)llgp0r < Cllo(un)dnVénllouer (3.109)
In(un) {n /Q G(z,y)un(y, t)dy + kUi]

H|tn — v| 20,712 (@) }-

+

2,(p=2)%,Qr

By the imbedding theorems and inequality (3.106), we have

1atun) |1 [ Gl O +

2,(p—-2)*,Qr

< C ||[In(un) [n /Q G(z,y)un(y, t)dy + kui}

<C. (3.110)
Le°(Qr)

Thus, for 0 < u < N + 2a,
IV (un — v)ll2ner < C. (3.111)

Therefore for each 0 < p < N + 2 + 2a, u,, — v is bounded in L**(Qr).
But v € C**?(Qr) and hence in £>*(Qr) by Lemma 3.4, we conclude that
up € L2*(Qr). Moreover, from the previous section, the solution u is attained
as the limit of a subsequence of u,, we also have u € L2*(Qr). Thus if we set
p = N + 2+ 2a, due to Lemma 3.4, we finally have u, u, € C**/?(Qr). This
completes the proof. O

Theorem 3.7. Let (u;,¢;) (respectively (uni, ¢dn;)), & = 1, 2, be two
C**/2(Qr) solutions to (3.11)-(3.16) (respectively (8.25)-(3.27)) correspond-

ing to the initial data ub, i =1, 2, and the same ¢y. Write w = u; — uy,
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Y= ¢1 - ¢27 Wy = u(l) - 'U'(Q) (TCSPGCtively Wn = Upl — Un2, Pn = ¢n1 - ¢n2; Wpo ==

up—uZ ). Under the previous assumptions there exist constants C1(t), Co(t) > 0

such that

llw||2+/0 I!Vw(8)||2d3+/0 IV(s)*ds < Ca(#)lwoll?, (3.112)

t t
lwall? + / [Vwa(s)[Pds + / IVou(s)l%ds < Co(®)llwnol®.  (3.113)
0 0
Proof. We first prove (3.112). It follows from (3.12) that
1d
LD ol + [Vl 49 / / G, y)w(y, (e, t)dyde  (3.114)
+7/(u% + ud) (uy + up)w?
Q

< —/ [a(u1)¢1v¢1 - U(U2)¢2V¢2] Vwdz
Q

and from (3.13) that

Vo (uw)Véi] — Vio(us) V] = 0. (3.115)

We observe that
1 [ [ Glamul. o vz <nl6] ful,  (3116)
y /Q (2 + u2) (s + up)wdz > 0. (3.117)

Thus we have

1d

s wl® + [Vl < - [ /Q (0(w) = 0(u2)) Vr Vwdz ~ (3.118)

T / o (42) oV 1 Vunda + / o (u) 2V Vadz | + |Gl o]
Q Q

In view of Lemma 3.5, we can easily see that ||V¢||z» is uniformly bounded
in ¢. Indeed, ¢ — ¢ satisfies

Vio(u1)V(¢1 — ¢o)] = =V (o (u1) V),

(¢1 - ¢O)|BQD = 0’ %laQN = 0,
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which is just a special case of Lemma 3.5. Now we apply the Holder’s Inequality

and the inequality (3.83) to estimate the right hand side of (3.118).

/ﬂ (0(ur) — 0(u2)) 6V Vawds (3.119)

1
< C||V¢1||%p(9) ||w||i2p/<p—2>(g) + §||VU)“2-

1
| ot voruds| < Ve Baiey IVel? + 51T (3120)
Q
[ o6V Vuds| < OVl + ZIVult. @1z
Q
Moreover from (3.115) we have
/ o (us) Vo2 = — / (o(wr) — 0/(us)) V' Vigda (3.122)
Q Q

< / V| [Vl wlde
Q
< LIVl [[Vorllze) |wllp2ere-2(g)-

Hence
L
IVell < 1V illzey llwl]savrio-20. (3.123)
Finally by combining (3.118)-(3.123) it follows that
ld
5 g wl” + [Vewl? (3.124)

< CI|V¢1II%p<m (1+ ||V¢1“%p(9)) Hw||i2p/(p—2)(n)

3
+ Vel +nliGl flw])*

Thus it follows that
1d
2dt

3
< CllwllZspro-n(g) + gIIVWII2 + |G| flwlf.

lw]|* + [[Vaw]? (3.125)

Applying Lemma 3.6 with € = 3 yields that
d
ol + [[Vwl* < Cllw|” (3.126)
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In (3.126) we first drop the gradient term and integrate from O to ¢. Then
lwl|* < exp (Ct)[|woll*. (3.127)

Integrating (3.126) with respect to time again yields

/0 1V (s)|Pds < exp(CH)l|wol|2. (3.128)

Recalling (3.123), applying Lemma 3.6 again and using (3.127), (3.128) we
obtain ,
/ IVe(s)2ds < C exp(CE) ol (3.129)
0

These complete the proof of (3.112). The essential part of the proof of (3.113)

is similar and left to interested readers. O

By Theorem 3.6 and Theorem 3.7, there exists a unique C*%/2(Qr) solution
to (3.11)-(3.16) and (3.25)-(3.27) respectively. Since u and u, € C**/?(Qr)

for any T' > 0, for each ¢ > 0, we conclude that » and u, € C*(2). Thus the
solution operators S(t) and S, (t) define two semigroups from C(Q) into itself,
and we can show the existence of global attractors in C%(Q). To establish this

result we need first the following local a priori estimate.

Theorem 3.8. There is a generic constant p; > 0 which only depends on
the bounds of the coefficients, the boundary conditions and |Qy,1o+3| and is
independent of to, n and the initial value ug such that the C**/2(Qr) solutions

satisfy

“unHCa01a0/2(Qt0+2,t0+3) < p1, (3.130)
[l goocor2(@uy pangrs) < P1 (3.131)

for allto > 1 and all 0 < ap < dg.

Proof. In the proof of this theorem, the positive constant C is also a generic
constant which has the same dependence on the data as p;. It may be different

from line to line. Let £(¢) be a smooth function such that &(t) = 0 for ¢ < £,
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and £(t) = 1 for ¢t > to + 1. Furthermore, assume |&| < § for some constant

B > 0. Let (un, ¢,) be a weak solution of equations (3.25)-(3.27) and consider

(Eun)e — A(Euy) + E1n(un) ln /Q Gz, y)un(y, t)dy + kul | (3.132)
= fV[U(Un)¢nV¢n] + &y,
fun(x, tO) = 0, gun‘BQ = 0.

Similarly to the previous results, we first consider

wy — Aw = gv[a(un)(anCbn] + &tn, (3133)

w(z, ) =0, wlsa =0,
and obtain 0 < £u,, < w. Moreover,
va||2yl‘yQt0,to+3 (3'134)

S C[Hfa(un)¢nv¢n||2,M,Qt0,t0+3 + ”gtun”2,(#_2)+,Qt0,t0+3

+Hw||L2(to,to+3,H1(9))]-

By simple calculations we conclude just as before that

160 (Un)BnV dnll2,0.Quy 005 < C- (3.135)

Since u,, satisfies equation (3.26), by using u, as a test function in (3.26) we

obtain
1d
2dt

—I—n/ﬂ/QG(m,y)In(un)(x)un(:v,t)un(y,t)dydm
[ L
< —/Qa(un)%ngnVun.

[[un|? + [V |f? (3.136)

Since the third term of the left hand side in the above equation is nonnegative,

we have
d
Gl + 1Vl +2y [ Lhi<c, @)
Q
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where the Schwarz Inequality is used. Applying the Poincaré’s Inequality, we

find that
ol + s+ 25 [ () < C. (3138)
Q
Then we can rewrite (3.138) as
d
=l + d +27/ < C (3.139)
Q
and obtain
d
Zlunll® + diflun]l* + daf|un]f® < C, (3.140)

which is similar to (3.89). Now we apply Lemma 3.2 to (3.140) with p = 2
and p the unique solution of dip + d2p*? = C and obtain

dl 2 e—dlt
lul]> < p*+ (5-)3 5, for all t>0. (3.141)
da [1 B e_%dlt] 3
Write ;
di. 2 e~
p=0"+(7)3

o

a2 [1 — e"%dl]

Then for all ¢t > 1, we have
lunll(®) < 4. (3.142)
Now integrating (3.139) from ¢, to to + 3 yields that
to+3
/ / uddrdt < C, for all ty > 1, (3.143)
to Q
where the inequality (3.142) is used. Thus by the Holder Inequality, we have
”un,l2,3,Qto,to+3 <C.
Finally it follows from (u — 2)* < 3 that
Hun”zv(/"’_z)_'_’Qto,to-{-:i S C”unH2)3,Qt0,t0+3 S C' (3'144)
Combining the inequalities (3.134), (3.135), (3.142) and (3.144), yields that
va||27ant0,to+3 S C’ (3'145)
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for all 0 < o < N +26,. Hence for 0 < ag < 8, w is of class C020/2(Qy 4 13).

Consequently
W]l Loo (g g 15) < C- (3.146)
Since 0 < &u,, < w, we have

||€un”L°°(Qto,to+3) < C. (3147)

In view of the definition of £, we have

”unl|L°°(Qto+1,to+3) <, (3148)

for all to > 1. Now if we shift the graph of £(t) to the right hand side by one
unit, then it follows from (3.132) and [28] that

IV (§un) |2, @ug41,e043 (3.149)
< C{llffn(un)[??/Q G(z,y)un(y, )y + kug]ll2,(s-2* Q1045
+||§U(un)¢nv¢n||2,N,Qt0+1,t0+3 + ||€tun||2,(u—2)+,Qt0+1,t0+3

+[€un || L2 (t0+1,0+3;11 () } -

We estimate the right hand side of the above inequality term by term.

Hanw [n [ 6@ty iy + k] (3.150)
Q 2)(/"‘_2)+)Qt0+1,t0+3
<c Han(un) {n [ 6o, vyt iy + ku:i} <c,
Q L>(Qtg+1,t+3)
”éun||27(M—2)+,Qt0+1,t0+3 <C, (3.151)

where (3.148) is used. Integrating (3.137) from to + 1 to to + 3 and using
(3.142) yield that

/ o | Vu,||?dt < C. (3.152)

It follows from (3.142) and (3.152) that

1€tnlL2t0+1, 00431 () < C. (3.153)
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The boundedness for the second term is obvious. Thus we finally obtain for

/'L<N+250a

||v(€un)||27”’,Qt0+l,t0+3 S C' (3-154)

Therefore, for 1 < N + 2 + 24y,

l'gun||27“7Qt0+l,t0+3 S C' (3'155)

Since u,, converges to u strongly in L?(Qsy+140+3), We also have

|I§uH2:#yQt0+1,t0+3 S C (3156)

Finally, by the definition of £(¢) and Lemma 3.4, the desired results (3.130)
and (3.131) are obtained. O

From the above theorem we observe that

[tnllca@(®) < p1 and ||ullca@)(t) < p1

for all ¢ > 3. Since the constant p; is independent of ¢, n and ug, we easily

obtain the following theorem.

Theorem 3.9. Let K1 = {u > 0—u = 0 on 0Q, u € C*(Q)}. Then the
set By = B(0,p1) N K1 s a common absorbing set for S(t) and S,(t), where
B(0, p1) is the ball in C*(Q) centered at 0 with radius p,. The set By absorbs
the elements of K1 uniformly and all solutions u and u, will enter into this

absorbing set after time t > 3.

Also in Theorem 3.8, the inequalities (3.130) and (3.131) are satisfied for
all 0 < ap < 9. In particular, picking g > « yields that S(t) and S,(t)
are uniformly compact for all ¢ > 3, since the imbedding C* () — C*(Q) is
compact.

Now the existence of global attractors for S(t) and S,(¢) is just a direct
consequence of Theorem 1.1 in [20]. We summarize the results in the following

theorem.
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Theorem 3.10. The dynamical system (3.11)-(8.16) (respectively, (3.25)-
(3.27)), under the previous assumptions, possesses an attractor A (respec-
tively, A, ) which is compact, connected, and mazimal in K;. A (respectively,
A,) attracts every element of Ky. Furthermore, A (respectively, A,) is con-

tained in C*(Q) for all o < ag < dg.
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Chapter 4

Holder Continuous Solutions of

an Obstacle Thermistor
Problem

4.1 Introduction

Recently the authors in [2] introduced the following obstacle problem which

models the behavior of certain micromachined microsensor devices:

(G — Vi)Vl +1 [ Glas)ulus )y + 7' > Vo (w)oVelu, (41

—V]o(u)Ve] = 0. (4.2)

Here the unknown functions u and ¢ denote the distributions of the tempera-
ture and the electrical potential in the device. The coefficient o(u) represents
the temperature dependent electrical conductivity and k(u) the thermal con-
ductivity. The parameters 1 and -y are positive constants. The integral term
in the first equation describes heat losses to the surrounding gas and the 4th-
order nonlinear term models the radiation effects. We refer to [2] and the
references therein for more background information on this obstacle problem.
In [2], the usual boundary conditions are considered. Specifically, let Q be a

domain in RY with boundary 9Q divided into two parts: 'y and I'y. On the
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boundary, the temperature u satisfies either a homogenous Dirichlet or a ho-
mogenous mixed boundary condition and the potential ¢ satisfies ¢|r, = @o(x)
and g%le = 0. Here ¢o(z) is a known function. The authors in [2] discussed
the existence of solutions to (4.1)-(4.2), and the long time behavior of the
solutions was described by consideration of global attractors.

In this chapter, we are interested in an analysis of the situation where
the microsensor is driven by a current source. We are first interested in the
nonautonomous case, i.e., the source ¢o(z,t) on the boundary is time depen-
dent. Secondly we will need to consider a nonlocal boundary condition case.
This time the boundary 052 is decomposed into three parts, besides I'y and I'y,
there is another piece I'y, i.e., 00 = T'¢UT'; UT'y. The boundary condition for
u is the same as before while ¢ satisfies ¢|r, = £(¢) and the previous boundary
conditions on the other two parts of the boundary. Here £(¢) is an unknown
constant for each t, but the total current I(¢) through I'; is known for each

time t. Thus another nonlocal boundary condition for the problem is given by
o
I(t) = —ds. 4.
()= [ otw3eds (43)

We recall that for microsensor devices operating under conditions which
imply that radiation effects and heat losses are irrelevant, the following well

known elliptic system is widely used to model their steady state behavior:

= V[k(u)Vu] = Vo (u)pV4], (4.4)
Vo (w)Ve] = 0. (4.5)

Several authors have studied this elliptic system with a nonlocal boundary
condition similar to (4.3), see [3, 7, 9], and various results related to the ex-
istence of solutions are given in these papers. But all results are obtained
under the assumption that the potential ¢ satisfies a homogenous boundary
condition on Iy, i.e., @|r, = do(x) = 0. In this chapter we will not impose this
assumption on ¢, and therefore can’t directly apply the methods in [3, 7, 9]
even to this special version of our case. To overcome this difficulty a decom-

position of ¢ will be introduced. It will play a significant role throughout the
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chapter and details will be shown in Section 4.3. We also refer to [6, 8] for
the description of physical devices related to this kind of nonlocal boundary
conditions. Finally we mention here that the time dependent version of (4.4)-
(4.5) associated with the usual (i.e., ¢ known on 9Q) boundary conditions is
also well studied. Related results can be found in [4, 17, 16] and the references
therein.

In this chapter we will show the unique solvability of the initial-boundary
value problem (4.1)-(4.2). Since all results will still hold if T'; is empty, our
theorems are also extensions of those in [2] where only the autonomous case
was studied.

For simplicity we will assume that the thermal conductivity k(s) = 1 and
we shall not consider the situation where o, k degenerate. Mathematically
the domain Q could be a connected domain in RN for any N, but in prac-
tice € is a bounded three dimensional domain. Thus we will restrict the
explicit presentation to the case N = 3. Furthermore, in view of the physi-
cally meaningful situation and of the presence of the fourth power term on the
left hand side of (4.1), we shall consider C**/2 solutions only. As stated before
01 =ToUT; UTI'y, and we will assume that both I'y and I'; are closed and
nonempty. Moreover QUI'y is Lipschitz. More specific descriptions about the
domain can be found in [15]. In particular, we need Poincare’s Inequality for
functions certain vanishing on I'y. Then the associated initial and boundary

conditions to (4.1)-(4.2) are given as

u(z,0) = up(z) in Q, and ulsq =0, (4.6)
¢|1"0 = ¢O(Iat)> ¢|1"1 = f(t), %'F}v = 07 (47)
I(t) = / a(u)g%ds, (4.8)

with (u, ¢, &) denoting the unknowns. Before we proceed, we summarize more

formal assumptions in the following:

Al 0 < yo(z) € C*(Q) and uglsn = 0. The current source I(t) belongs to
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ce/2([0, 7).

A2. There exist two Lipschitz functions ®o(z,t) and ®1(x) such that ®o|r, =

2% 2%
$o, Polr, =0, ®1|r, =0, ®1]r, =1, F2|r, = S2[py = 0. Moreover for

some constant k > 0, |V(®o(z,t1) — Polz,t2))]] < K|t — tao|*/2.

A3. There exist three positive constants oo, o7 and [ such that oy < o(s) < 0y
for all s > 0 and |o(s1) — 0(s2)| < I|s1 — s/ for all 51,89 > 0.

A4. G(z,y) > 0 and sup, ,cq |G(z,y)| < co. The parameters n and <y are

positive constants.

For any T > 0, we denote the parabolic domain by Qr = Q x (0,7T).
For simplicity, we write V = H}(Q), Vp = H}(Q UTy) and V', V}, the
corresponding dual spaces of V, Vp respectively. Moreover, we define the

convex set
K={veL*0,T; V)] v>0 ae. in Qr}.

We take advantage of the system structure and say a triplet (u, ¢, £) is a weak

solution of (4.1)-(4.2) if it satisfies the following conditions:
u€ K, u € L*(0,T; V"),

/Q 2—?(1} —u)+ o VuV(v —u) (4.9)

—I-77/QT/QG(x,y)u(y,t)(v—u)(x,t)dydzdt

+ o—u)>— VoV (v —u), Vv € K;

v w0z [ oevevie -, v

¢— (I)E € LZ(O, T; VD),

/ o(u)VéVu =0, Yo € L*(0,T; Vp), (4.10)
Qr

I(t) = /Qa(u)V¢Vg, Vg € 8. (4.11)

Here ®; = &y + £P4 and S = {v|v € H(Q), v|r, = 0, v|r, = 1}. Moreover
we say that (u, ¢,£) is a C*%/2(Qr) solution if u and ¢ are in C**/2(Q7) and
£(t) € C/%([0,TY).
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We observe that, if ¢ € H2(Q), for all g € S,

Aa(u)g—idS=Ao(u)V¢V9, (4.12)

where the divergence theorem and equation (4.2) are used. Thus, equation
(4.11) is a weak form of the expression (4.3) which is actually not formally
defined for ¢ € H'(Q).

We will follow the penalized method introduced in [2] to solve this problem.
Let 0 < I,(s) < 1 be a sequence of smooth functions which converges to the

Heaviside function. Then the related penalized system is given by:

du,,

LUy 413
pralal (4.13)

+PLGWw%@ﬁ@+wnhmﬂ
= V[0 (tn)Pn V),
V(o (un) V| =0, (4.14)

coupled with the same initial and boundary conditions. Similar definitions of
weak solutions and C®%/2(Qy) solutions hold for these penalized systems. We
first establish the existence of solutions to the above penalized systems for each
n. The method used here involves Leray-Schauder degree theory together with
Campanato type arguments. We thus obtain a sequence of solutions, {u,},
and through a series of a priori estimates we show that a subsequence converges
to a solution of the original obstacle problem. The unique solvability of the
problems is then obtained through the property of the continuous dependency
of the solutions on the given data.

The rest of the chapter is structured as the following. In Section 4.2,
we recall some preliminary results related to Campanato spaces. In Section
4.3, a related linear elliptic equation with a nonlocal boundary condition is
considered. The existence and uniqueness of solutions are given in Section 4.4.

In the entire chapter, C' and C; always stand for positive generic con-

stants which only depend on the various norms of the boundary conditions,
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the various bounds of the coefficients and the domain 2. Dependence on other
quantities will be explicitly specified. These constants may differ from one

step to another.

4.2 Notations and known results

It will be convenient to recall some notations and results related to Campanato
spaces. For 0 < ty < t1, we denote 2 x (g, t1] by Q4+, For simplicity, if t; = 0,
we write it as Q. A point (x,t) € Q4+, is denoted by z. Let B,.(zo) be the
ball centered at zo with radius r and @, (20) be the cylinder B, (zo) X (to—12, to].

Then we define

Q[CE(),?"] = Br($0) N Q; Q[ZO, 7’] = Qr(zO) N Qto,tl-

Moreover, for > 0, L2#(Q) and L£#(Qy,y,) denote the Campanato spaces
on ) and Qy,, associated with the standard norms, ||.||z0 and ||.[l24q,.,
respectively. We refer interested readers to [10], [12] and [18] for details on
these spaces and norms.

Let dg denote the Holder exponent as stated in the De Giorgi - Nash the-
orem, see [12], [18]. In what follows, all o, «; are in (0,dy), and o, 1 are
nonnegative numbers such that ug < N — 2 + 2§y and uy < N + 20y. They
may differ from one step to the next. Furthermore (u — 2)™ = max{0, u — 2}.

We also denote the standard L? inner product and norm by (-,-) and || - ||,
respectively. For a general normed space E, we denote its norm by || - || z. For
instance, || - || g1() denotes the standard norm of the Sobolev space H*(f2) (see
[1]).

The following proposition can be found in [12}, Theorem 1.17.

Lemma 4.1. (i) If 0 < pu < N the mapping

1/2
U — sup 1 * / u?dx
20€Q,r>0 Qfzo,r]

defines a morm on L**(Q) which is equivalent to || - ||2,.q-
(i) L2NF2(Q) is isomorphic to CH(Q) for € (0,1).
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Similar results for £2#(Qy, 1), established in [5], are summarized in the

following lemma.

Lemma 4.2. (i) If 0 < u < N + 2, the mapping

1/2
u — sup r# / u?dz
20 EQto,tl ,r>0 Q[ZO/'"]

defines a norm on L**(Qy,1,), which is equivalent to || - ||2,,,0: ., -
(i1) L2NYH(Q, ) is isomorphic to CPH/2(Qy, 1) for p € (0,1).

The next two lemmas are special cases of some results in [15, 14].

Lemma 4.3. (Lemma 5.3.2, [14]) Let a(z) € C*()) and satisfy 0 < ap <

a(z) < a; < 0o. Assume w solves the boundary value problem:

3
Via(z)Vw] = fo + ZD,fl in Q (4.15)
i=1
g—: =0 on Oy, w=wp on Ofp. (4.16)

Then there exists a positive number p, 3 < p < 4,
3
lwllp < CDfillzo@ + lwplloe),
i=0
whenever the norms on the right hand side are bounded. Here C is a positive

constant independent of w. We denote by wp also the extension of wp to .

Lemma 4.4. (Theorem 8.5.1, [14]) Let a(z) € L®(Q) and 0 < ap < a(z) <
a; < 00. If w solves (4.15)-(4.16), then for 0 < pug < N — 2 + 24y,

IVwlizpo0 < Cll follo,uo-2y+.0 + VWD l2,0u0-2)+ 0

3

i=1
whenever the norms of the right hand side are bounded. In particular, w €

C* () with on = (o — N + 2)/2 for pp > N — 2.
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The following lemma is an analogy of Lemma 4.4 for the time dependent

case which is a special case of the results in [18].

Lemma 4.5. (Theorem 1, [18]) Let a(z) € L*(Q) and 0 < ap < a(z) < a1 <

0o. If w is a weak solution of the initial and boundary value problem

dw 3 .
E - V[a(a:)V'w] = f() + ; szz mn Q, (417)
w=0 on 092, w(z,0)=0, (4.18)

then for 0 < p; < N + 24y,

3
IVwllomor < Clllfollzgun-2+ar + Y I fillzumer + lwllzzozm@y),

i=1
whenever the norms of the right hand side are bounded. In particular, for

>N, we C’O‘z’%z(QT) with ag = (u1 — N)/2.

4.3 A linear elliptic equation with a nonlocal

boundary condition

Let u be a known measurable function. We first consider the following linear
nonlocal elliptic problem and establish results that will be useful in what
follows: Find (¢, §) such that ¢ — &, € Vp and

/ o(u)VoVv =0, Yv € Vp, (4.19)

Q

I— / o(w)VéVg, Vg € S. (4.20)
Q

Here o, ¢o, I, £ and ¥, are the same as before. As in the rest of the chapter,
the functions u(z,t), ¢(z,t), £(t), I(t) and so on may be also time dependent,
but for convenience, we will suppress the variable ¢ in this section, and the

results presented will hold for every t.
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Lemma 4.6. There exists a unique solution (¢,€) to the equations (4.19)-
(4.20) and it is given by ¢ = o + &p. Here, ¢ is the unique solution of the

following elliptic boundary value problem

P — Oy € Vp, / o(u)VyyVu =0, Yv € Vp, (4.21)
Q
and @ satisfies
o — P € Vp, / o(u)VeVuv =0, Yv € Vp. (4.22)
Q

The constant £ is given by

£ (- /Q (W) ViVg)/ /Q oW VeVg, Vg€ 5. (4.23)

Moreover, there exists a positive constant £ which depends only on the data,

1, ¢y and the bounds og, o1 of o such that

€] < €.
The ezplicit form of £* is given in the proof. Furthermore, ¢ € L*(Q).

Proof. By standard arguments about linear elliptic equations, we see that the
two systems (4.21) and (4.22) are both uniquely solvable. If we let ¢ = 9 +&,
then clearly ¢ satisfies (4.19). Substituting this ¢ into the nonlocal boundary
condition (4.20) yields that

f/ uw)VeVg=1 —/Qa(u)V¢Vg. (4.24)

In view of (4.22), the value of fQ u)VeVyg will not depend on the specific
choice of g. Thus [, o(u)VeVg = [,0(u)|Vep|* > 0 and we may divide both
sides of equation (4.24) by [,o(u)VpVyg to obtain (4.23). By observation,
if there exist two different solutions ¢' and ¢? to the equations (4.19)-(4.20),
then ¢ — €% = @1, — #%|r, # 0. Since both ¢! and ¢? satisfy the nonlocal
boundary condition (4.20), it follows that

1
0= g / o(W)| V(g — )P,

&9
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by choosing g = (¢! — ¢?)/(¢! — €?) as a test function. Thus [,|V(¢' —
#?)|%dz = 0. Consequently, ¢! = ¢? due to Poincare’s Inequality. This con-
tradicts with ¢! # ¢?, and the uniqueness follows.

The rest of the proof deals with the existence of an upper bound &* of |£|.

By standard estimates of linear elliptic equations we have

IVell < 29l [Vl < 292 (4.25)

o0
Due to equations (4.21) and (4.22), the value of £ doesn’t depend on any
specific g. Thus we set ¢ = ¢ and obtain

£ (- /Q (W) VHV)/ /Q o(u) VeV, (4.26)

Moreover, by standard variational arguments inf,cg || Vv||? exists and is a pos-

itive number. Define
3 2
My = 11}r€1£ INE [ (4.27)

Therefore, we obtain that |£| < £* with

0.3
o 1]+ Vol [V, ||
o [ 1™
where (4.25), (4.26), (4.27) and Schwarz Inequality are used. Finally, that ¢ €

L>(Q) follows from the boundedness of ®y and the weak maximum principle.

, (4.28)

This completes the proof. O
Now we give some estimates of 9, ¢ and ¢ in the Campanato spaces.
Lemma 4.7. The following holds for all 0 < pg < N — 2+ 24y

IV@llzun < C, (4.29)
IV ll2u0.0 < C([[Poll2,m0,0 + IV Roll2,(uo-2+ 2), (4.30)
IVollauoe < CUII+ [Doll2 o0 + IV Rolla -2+ 2)-  (4:31)

Proof. Due to Lemma 4.4, ¢ and ¢ satisfy the following estimates:

VY20 < Cl1Poll2uon + IVPoll2,uo-2)+.0 + [¥llm1e)), (4-32)
IVellaue < CUPlzuma + IVOll2,@o-2+.0 + lella @) (4.33)
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On the other hand, ¢ and ¢ also satisfy
VY[ < ClIV®olla,wo-2+,20 IVl < ClIVi20-21+2,  (4.34)

where (4.25) and £2#0-2%(Q) «— L?(Q) are used. Thus (4.29) and (4.30)
follow immediately. Moreover, by definition (4.28),

o3
. I+ ZV&|| [V

O™

<C(I|+ “V@OHQ’(NO_Q)-F’Q). (4.35)
Since ¢ = 1) + £p, we have

IVollz o0 < CUI|+ [|Poll2,uo0 + Vo

2,(1o—2)*,2) (4.36)

where (4.32)-(4.35) and Poincare’s Inequality are used as well as the fact that
L>®(Q) is a multiplier for £2#°(Q) if pg < N. O

In the remaining part of this section, we show the continuous dependence of
the solutions of (4.19)-(4.20) on the given data. Let (¢',£!) and (¢%,£2) be the
solutions of (4.19)-(4.20) corresponding to the data (u', ¢}, I') and (u?, #2, I?)

respectively. Due to Lemma 4.6, we may write ¢ and ¢? as
¢ =yl + &, ¢*=vP+ 7 (4.37)

Here, ¢ and ¢* with ¢ = 1, 2 are the solutions of (4.21) and (4.22), respectively,

associated with the given data. Then the following lemma holds.

Lemma 4.8. Assume u* € L®/®=2(Q) and Vi, V¢! € LP(Q) for some
3<p<4withi=1, 2, then

18" = *llm@y < C(I' = PP+ [|V(®5 — D) || + [|u" — 6P || powso-2 () ¥4.38)
Proof. Due to (4.37),

V(e = ¢*)ll = [V(y" + &' — 9" — €27 (4.39)
<IVE =) +IET V(" = ") + |6 = €] V.
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We will estimate the right hand side of (4.39) term by term. According to
(4.21), ¥ — 4)? satisfies

[ o@)vw -k = [ o)V - V@i - ) (w40
+ [ o) - ot VvV (@} - 8}
Q
- [lotu) = o) Ve ! - 7).
By Séhwarz Inequality we have
/Q o(u!) V(@ — )V (0) — 82) < ou|| V(' — 9P| | V(@S — B2 (4.41)
< 2NV - ) + OV (@} - 83)
Moreover by Holder Inequality and the assumptions on o(s) we have
/Q lo(u) — o ()] VPV (6L — ) (4.42)
<UV(®) - B IV oy 0" — w2l omsmorqey

[
< §|IV(‘I’5 — OR)II* + Cliu’ — v Fapso-2 g

Here [ is the Lipschitz constant in A3. Similarly to (4.42), we have
J o) o) vevi! - ¢ (4.43)
< ZIVE =) + Clla' ~ ¥ a0
Hence it follows from (4.40)-(4.43) that
V@' =) < CUIV(D5 = DI + [lu! = 6?[[Z2p/0-2(q))- (4-44)
Similarly to the estimate of (4.40), o' — ¢? satisfies
V(" = )P < Cllw! = w17 20/6-2) (- (4.45)

We next estimate |£' — £2|. From the proof of Lemma 4.6, we have by setting

g = ¢? that
Si/ o(u")|Vp'Vip? = I' — / c(u)VY'Ve?, i=1,2.  (4.46)
0 Q
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Consequently

/a V2 = I' - P (4.47)
Q

/ ST~ 1)+ () = o () VT

46! [0V = ) + (0(62) — o) V'V

Thus, it follows from the Holder Inequality, (4.27), (4.44) and (4.45) that
€ = &1 < O = PP + |5 — &gl + [lu* — v || pavro-aqy)- (4:48)

Then it follows immediately from the combination of (4.44), (4.45) and (4.48)
that

IV(¢" = )l < CUI" = I + V(25 — o)l + llu! — u?|| ponsio-21y)- (4-49)

Note that exactly the same estimate holds for |V (¢! —¢? — D} +P3)||, and since
¢t — ¢* — @} + P2 = 0 on Iy, we obtain (4.38) by Poincare’s Inequality. O

As we shall see, the assumptions in Lemma 4.8 are reasonable. Indeed
based on physical considerations, we are only interested in the C*%/2(Qr)
solutions. Thus, in our case, u € C*(Q) for each t. Then by Lemma 4.3, 1
and ¢ both belong to H?(Q2) for some 3 < p < 4.

4.4 The existence and uniqueness of Coe/ 2(QT)

solutions

In this part we first will show the existence of solutions to the penalized equa-
tions for each n by applying Leray-Schauder degree theory. Then the solution
of the original obstacle system will be obtained by passing to the limit of some

subsequence of the previous penalized solutions. For notational convenience

we write
E(w) [/ny v)dy + yw* (4.50)
F(w, ¢) = o(w)pVe. (4.51)
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We now decompose the solution u, of (4.13) into two parts as u, = v + 2p.

Here v is the solution of the following simple initial-boundary value problem:

v — Av =0, (4.52)
v(z,0) = uo(z), v(z,t) =0 if =€ N. (4.53)

Since ug € C*(Q) and up = 0 on 0F, the above equation has a unique
C**/2(Qr) solution by a classic result in [11]. In view of the equation sat-

isfied by u,, we note that z, and ¢, satisfy the following equations

Znt — A2y + E(2, + ) = VF(2, + v, On), (4.54)
Vio(zn +v)Vé,] =0, (4.55)

with 2,(z,0) = 0 and the same boundary conditions. Since v € C**/2(Qr),
it is sufficient for us to show z, € C**%(Qr) as well. Define the family of

operators
LX) : Z, — wy, w, = L(\)Z,, (4.56)

with 0 < A < 1. Here Z, € C**/?(Qr) and w, is the solution of the following
system:
Wt — Aty = ~NE(Zy +0) — VF(Zn + 0, 62)), (4.57)
Vo (Z, +v)Vé,] =0, (4.58)

with the same initial and boundary conditions as for system (4.54)-(4.55).

Our results are summarized in the following several lemmas and theorems.

Lemma 4.9. For each 0 < X < 1, L()) is a well-defined compact operator
from C**/2(Qr) into itself

Proof. In view of Lemma 4.6, the equation (4.58) is uniquely solvable and its
solution ¢, € H*(2) N L=(Q) for each ¢, uniformly bounded and continuous
in ¢ by Lemma 4.3 and Lemma 4.8. Thus, by classic results of linear parabolic

equations [11], there exists a unique weak solution w,, to the equation (4.57).
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It remains to show that w, € C**/2 (Qr). According to Lemma 4.7, for almost

every t,
IVénll2u0(t) < C. (4.59)
By Lemma 4.1, we have
sup 170 [ (V0 < [V6ulBualt) SO (460)
20€Q,r>0 Qzo,r
which implies that
(ko +2) / IVn|?dz < C, (4.61)
Qlz0,7]

for all z5 € Q7 and r > 0. Therefore, applying Lemma 4.2 together with (4.61)
yields that, for all 0 < iy < N + 24y,
IVéulBar <C swp v [ wspaz<c 462
20€QT,r>0 Qlzo,7]
Moreover, by the weak maximum principle ¢, € L*(Qr). Thus, 0(Z,+v)¢y, €
L®(Qr). Since L*(Qr) is a multiplier of £#1(Qr), we have o0(Z,+v)$, Vb, €
L2#1(Qr). Now applying Lemma 4.5 to equation (4.57) yields that

”anHZ:ﬂlyQT < C[”vqbn“?yul,QT (4'63)
HIE(Zn + 0)|l2,(u1-2+ .07 + llwnllL2(08 @))-

According to (4.62), the first term of the right hand side of (4.63) is bounded.
We notice that E(Z, +v) € L*(Qr) and F(Z, + v, ¢,) € L*(Qr). Thus, by
standard a priori estimates for linear parabolic equations [11], the third term of
the right hand side of (4.63) is bounded too. Since in our case 0 < p; < N+26,
we have (u1 — 2)* < N. By the imbedding theorem L®(Qr) — L**(Qr) for
0 < < N, we have that the second term is also bounded. Therefore, there
C. This implies that w, € C**/2(Qr) for all 0 < g < 8. Therefore, the
operator L(A) is well defined for each parameter 0 < X < 1. Now if we choose
ap > a, L(X) maps C**/2(Qr) into C**/2(Q;) and thus it is a compact

operator for each . O

exists a positive constant C such that |Vw,|l2 .0, < C and ||wnllap 12,0, <
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Lemma 4.10. For each 0 < A <1, L()\) is continuous.

Proof. Let Z™ — Z, in C%*?(Qr) as m — oo. We have to show w™ — w,
in C%*/2(Qr).

We first give an estimate for ¢' — ¢,. By following a procedure similar to
the proof of Lemma 4.8, we write ¢* — ¢p = YI* — ¥, + 700 — Enn and

obtain

V(&7 = d)ll2uoe S IV@R = Pn)ll2,u0,0 (4.64)
HETTIVR = en)ll2un + 1&n = &l I VEnl2,00,0-

Here ¢ (1) and ¢ (p,) satisfy (4.21) and (4.22) respectively with u re-
placed by Z™ + v (Z, + v). Therefore, ¥ — 1, and @ — ,, satisfy

| otz +0)vir — v (4.65)

_ /Q (0(Z7 +v) = 0(Zn + v)] VPV,

[ otz +0vier - evo (4:66)
Q
=— / [0(Z7 + v) — 0(Z,, + v)|VeI'Vo,
Q
for all v € Vp. Applying Lemma 4.4 to (4.65) gives

IV = ¥n)llzme < C 145" — Ynllm @) (4.67)
Hi(e (23 +v) = 0(Zn +0) VR ll2m0.0l-

Similarly to the estimates of (4.32), (4.34) and (4.44),

IVYrll2,uee < C1Poll2,uo,0 + IV ®oll2,(uo-2)+,0), (4.68)
V(@b — )l < C |27} — Znll powro-20y < CNZy — Znl| oo (@r)- (4-69)

Therefore, it follows from (4.67), (4.68) and (4.69) that for all 0 < pp <
N — 2425,

HV(%’T‘ - wn)HZuo,ﬂ < C”Z:zn - Zn||L°°(QT)' (4-70)
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Similarly,
IV(er' = en)llzuon < Cl25" = Znlle(@r)- (4.71)
According to (4.48) we also have
16" = &nl < CliZn" = Znll=(@r)- (4.72)

Now we substitute (4.70)-(4.72) into (4.64) and keep in mind that £ is uni-
formly bounded by sup, £*(t) to obtain

IV (¢n' = dn)ll2mo0 < ClZ" = Znllzeo(@n)- (4.73)

Thus, due to Lemma 4.1 and Lemma 4.2, by a procedure similar to (4.60)-
(4.62), we obtain

IV(¢n' = dn)ll2mer < CllZ7" — Zn||z>(@r)- (4.74)
It also follows from (4.73) that, for yo > N — 2,
Ign" = dnllz=(@) < ClIV(n' = dn)llzuon < ClZ = Znllzoor)- (4.75)

Next we derive an estimate for w)' — wy. Actually w* — w, satisfies the

following equation

(wy' — wy)s — Alw) — wy) (4.76)
= —ME(Z +v) — E(Zn +v) = VIF(Z] +v,9]) = F(Zn +v,¢0)]}-

Applying Lemma 4.5 to equation (4.76) yields

IV(Wy' = wo)llzm@r < ClIE(ZT +0) = B(Za +0)l2u-nr@r  (477)

HIE(ZR + v, 807) = F(Zn + v, ¢z .0 + 107" — wall 2o @p)-

From (4.74), (4.75) we obtain

“F(Z:zn + v, (b?) - F(Zn + v, ¢n)||2,N1,QT < C”erzn - Zn“L°°(QT)' (478)
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It follows from the assumptions on G, I, and the fact Z, + v € C**2(Qy)
that |

”E(Z;n —+ ’U) — E(Zn + U)||27(H1_2)+7QT < C’”Zg1 — Zn”L°°(QT)- (479)

To estimate the last term in the right hand side of (4.77), we multiply equation
(4.76) by w* — w, and integrate over @); to obtain

IV (W) = wn)lli20p) < CUE(Z] +0) = E(Zn +)||120r)] (4.80)
HIF(Zy +v,65) — F(Zn + v, 6n) || 22(01)
< C|Z7 — Znll = (@r)-

Substituting inequalities (4.78)-(4.80) into equation (4.77) gives
IV (wy" = wa)llau,er < CIZ0" — Znllpe@o)-

Thus, ||V(w — wp)ll2,u1,0r — 0. In particular, let g3 = N 4+ 2 and obtain
w" — wy, — 0 when Z™ — Z, — 0 in C**%(Qr). We conclude that L(}) is

continuous in C**/2(Qr) for each . O

Lemma 4.11. There ezists a positive constant M which is independent of A
such that for all 0 < A <1 if Z, = L(X)Zy, then || Zn| canr2p) < M.

Proof. We write Z, = X + (Z, — X), where X is the solution of the following

equation:
Xy — AX = A\VF(Z, + v, éy), (4.81)

with zero initial and boundary conditions. Due to the weak maximum princi-

ple, Lemma 4.1, Lemma 4.2 and Lemma 4.7,

lénllze@rys IVPnll2u.or < C,

which implies that

1E(Zn + 0, @n)ll2gm,@r < 01llnllzo@r) Vénllzmaer < C. (4.82)
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Then by the earlier procedures we find that
||VX||2NU'1:QT S C' (4'83)

Thus, X is in C%*2(Qr). Consequently, X is bounded in L*(Q7). Moreover,
Z, — X satisfies

(X — Zo)e — A(X = Z,) = AE(Zn + ), (4.84)

again with zero initial and boundary conditions. Since Z, + v is a solution
of a parameterized version of (4.13)-(4.14), we conclude Z, + v > 0 by using
(Zn+v)~ as atest function in (4.13)-(4.14). Thus, the right hand side of (4.84)
is nonnegative. By the maximum principle, we have X — Z,, > 0. Equivalently,
0<Z,+v < X+wv, and both X and v are bounded in L*®(Q7) with a bound
independent of A and Z,,. By summarizing the previous results and applying

the energy inequality to Z,, we obtain

IV Zalla,uror < CUIE(Zn + 0)|l2(-2%.x (4.85)

+IF(Zn + v, dn)ll2,u1.00 + 1 Znll 200,101 () < C.

Finally we conclude that there is a positive constant M which is independent
of A and Z,, such that

|1 Znllcevarzi@ry < M. (4.86)
(I

Lemma 4.12. There exists a positive constant C' such that, for all n

[¥nllcaerz@rys lenllcaara@m;
[énllcarzqoryys 1Onllcearzgry < C. (4.87)
Proof. Given tq, to € [0,T], we consider U(z) = ,(z,t1) — ¥n(z,t;) which
satisfies
Vio(w(z,11))V¥] = =V[(o(w(z,11)) — o(w(z,12))) Vin(z,t2)], (4.88)
ov

\IJ|1"0 = <I>0(a:, tl) — q)o(fl',tg) = @(.’L‘), \I/irl = 0, _8_7’;|Fn = 0, (489)
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where w = Z,, + v. Again from Lemma 4.4,

[VPl2,u0,0 < Cllw(z, t1) — w(z, t2)|| oo () [|VUn(, t2)||2,00,02 (4.90)
+[Oll2,p0.2 + [IVOl2,(uo-2)+,2 + |V a1 (0))-

We choose ¥ — © as a test function for (4.88) and integrate it over (). By

direct calculations we find that
V¥ < C(llw(z, t1) — w(z, t2) || 2o (e) + IVO)). (4.91)

Now we choose a g such that N — 2 < po < 2. Then it follows from (4.90),
(4.91) and the Poincaré Inequality that

[VUlau0,0 < C(lJw(z, t1) — wlz, t2)|| Lo () (4.92)
+18ll2,0.2 + IVO]).

Due to w € C**?(Qr) and assumption A2
lw(z,t1) — w(z, t2)ll (@), [1Ollauons IVOl < Clty — t2|*/%. (4.93)
Consequently
IVE]5,0.0 < Cltr — to]*2. (4.94)

Since pp > N — 2, we conclude that ¥ € CN—;HQ(Q)

and H“I’HC&QE(Q) <
C|t1 — t2/*/? which implies that
1| ooy < Clt — ta|*2. (4.95)

Now ¥, (z,t) € C*(Q) for each t and (4.95) implies ¥, (z,t) € C**?(Qr) and
is uniformly bounded with respect to n.
Similar results hold for ¢,,. Through the relations between &,, ¢, and 1,

¢n, the remaining two bounds can be obtained. O

Theorem 4.1. There exists a C**/*(Qr) solution to the penalized equations

(4.13)-(4.14) for eachn as well as to the original obstacle problem (4.9)-(4.11).
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Proof. When A = 0, the system (4.57)-(4.58) is uniquely solvable and the
degree of I — L()) in a large C**/?(Qr) ball at A = 0 is 1. Thus by Lemmas
4.9-4.11 and Leray-Schauder degree theory, the degree of I — L(1) is also 1.
Therefore, there is a fixed point z, of L(1) such that u, = z,+v € C**?(Qr)
is a solution of the penalized equations (4.13)-(4.14).

From Lemma 4.12 and the proof of Lemma 4.11, we can choose a constant

M; > 0 which only depends on g, 01, @9, ®; and I such that

[$nllcaerr@rys unllcaergr, N&nllcerqomys (4.96)
”v¢n”2,uo,QT’ HVU'ILHZMO,QT < M.

Consequently, both E(u,) and F(uy,,®,) are uniformly bounded in L?(Q7).
Thus, it follows from equation (4.13) that uy, is uniformly bounded in L2(0, T; V'),
and passing to subsequences there exist functions u(z, t), ¢(z,t) and £(¢) such

that for some o smaller than the one in (4.96),

u, —u  weakly in L*(0,T; V) and strongly in C***(Qr), (4.97)
Unt — uy  weakly in L*(0,T; V"), (4.98)
¢ — ¢ weakly in L*(0,T;Vp) and strongly in C%*?(Qr), (4.99)
£.(t) = £(t)  strongly in C**([0,T)). (4.100)

Since 0 < I,(uy,) < 1, there is a function 0 < ¢ < 1 such that
I(up) — 0 weak — star in L®(Qr). (4.101)

We now multiply both sides of (4.14) by a test function w € L?(0,T;Vp)
and integrate it over QJr, then pass to the limit with respect to n to obtain
(4.10). Next we multiply both sides of (4.13) by w € L?(0,T;V) and integrate
it over Qr, then passing to the limit gives the following

d—uw + YuVw (4.102)

QT dt Qr
o / / Gz, y)uly, o(, tyw(z, t)dydzdt
Qr JQ

oy / Tu4gw I /Q o(u) VPV w.
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Since wu, is nonnegative by the weak maximum principle, so is u. Moreover, we
observe that o(zo,to) = 1 if u(zo,to) > 0. Thus o(z,t)(w —u) < w — u for all
w > 0. Then if we replace w by w — u in equation (4.102) with w € K, (4.9)
is obtained. Since u,, satisfies conditions (4.6), so does u. It remains to show
that ¢ satisfies conditions (4.7) and (4.8). We recall that ¢,, = ¥, + &, and
that ¥, — ¢ and ¢, — ¢ where ¢ = 9y + £p. Thus ¢ satisfies the boundary
condition (4.7). Furthermore,

6 = I- [0 unvang_)I—f o(u)VypVg
" [ao(un)VerVy Joo(w)VeVg

Therefore, the nonlocal condition (4.8) holds. O

=¢.

In view of Lemma 4.8, we also have the following uniqueness result whose

proof is by energy inequality arguments (see also [2]).

Theorem 4.2. Let (v, ¢%,&), i =1, 2, be two C%*/*(Qr) solutions to
(4.9)-(4.11) corresponding to the data (ub, %, I') i =1, 2. Then there exists

a positive constant C(t) such that
— 4 /||Vu —u? ||2ds+/ V(8 - ¢?)|Pds  (4.103)
o) [|1u5—u3|!2+ [ = rigs+ / (@} — 03)ds|
0 0

Similar result holds for the penalized system (4.13)-(4.14). Consequently,

both the obstacle problem and the penalized system for each n have a unique
C2(Qr) solution.
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Chapter 5

On the Box Method for a
Non-local Parabolic Variational

Inequality

5.1 Introduction

Micromachined structures fabricated in standard technologies have been pro-
posed and investigated in recent years for microsensor applications, see, e.g.
[5, 6] and the references therein. These devices consist of very thin structures
(~ 5-10um) suspended over a deep trench (~ 80um). Typical examples are
Devices 1 and 2 shown in Figure 5-1. The length of Device 1 is approximately
1000um, while the serpentine resistor in the center of Device 2 has a width
of 6um. The other dimensions may be estimated from the two figures, and
further practical device details may be found in [5, 6, 7].

An applied current flows through the central resistor in Device 1, and
through the zigzag resistor in the center of Device 2, which consist of a poly-
crystalline silicon layer whose resistance varies with temperature. Loss of
energy from the resistor occurs through the supporting arms, through the
surrounding gas and through radiation effects.

A possible application of such a structure as a gas pressure sensor is as
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follows: The electrical resistance of the structure is monitored and if the sur-
rounding gas pressure were to drop - thereby decreasing the amount of heat loss
by the device to the surrounding gas - the resistance would rise. It is therefore

possible to determine the gas pressure by measuring the device resistance.

Device 1

Device 2

Figure 5-1. Device 1 and Device 2 ([7])

The simulation and modeling of such devices is now generally accepted as a
very useful design tool. Accurate simulations offer the means to rapidly inves-
tigate the performance of proposed new devices, and to determine the effects
on sensitivity of modifications of structures already constructed. These tech-

niques avoid the lengthy cycle of iterating construction, device measurement,
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and reconstruction until - if ever - a suitable device is found. The simulation
begins with the formulation and analysis of a system of partial differential
equations, which in its most classic form has been studied for more than 100

years, [12]. It consists of the two equations:

uy — Vk(w)Vu] = o(u)| Ve[, (5.1)
—V[o(u)V¢] =0, (5.2)

and does not include terms to account for radiation losses nor for heat losses
to the surrounding gas.

However, these terms are of paramount importance in the realistic sim-
ulation of the structures presently considered as we show below by actual
example: their omission leads to very large errors between simulation and ex-
periment. Radiation terms can be incorporated in the equations by means of
expressions derived from the Stefan-Boltzmann Law, while gas losses are sim-
ulated in practice by means of an ad hoc averaging technique first introduced
by Mastrangelo in 1991, [15]. In this approach, the heat loss is described by
a nonlocal (i.e. integral) term, and we obtain the system consisting of (5.2)

together with:
s — V() V] 4+ 7 / Glz,ul)dy + ou' = o@)|VEP  (5.3)
Q

There have been many papers dealing with (5.1)-(5.2) in recent years. We
refer the interested readers to [2] for theoretical results dealing with (5.2)-(5.3)
in steady state (with o = 0) and for further theoretical references, and to [4]
for numerical results for (5.1)-(5.2) and further numerical references. These
modifications of the classical thermistor equations lead to good agreement
between simulation and experiment if global quantities such as total resistance
changes versus applied current at various pressures are calculated. A practical
illustration of the above comments can be seen in Figure 5-2 and Figure 5-3.
These figures involve a comparison - at steady-state - of the percent changes of
resistance (—A—RE%) for Device 1 in a vacuum and at one atmosphere, respectively,

as a function of the applied current (in milliamps).
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Model prediction
o . Experimental data

o4 o4 0e [ r g 0.8 09 1.0
Current {mA}

Figure 5-2. % change in resistance as a function of current

for Device 1 in a vacuum ([7]).

Madel prediction

KL o
f 0  Experimental data

25 F

AR/R, (%)

0 3 . 1 . 1 " L i
1.5 20 25 3.0 35
Current (mA)

Figure 5-3. % change in resistance as a function of current

for Device 1 at one atmosphere ([7]).

We observe the agreement between simulation and experiment, and the
fact that the current needed to obtain a given %E% is approximately four
times the current required in a vacuum. However, if a more detailed analysis

is required, such as an estimate of the heat loss at the base of one of the
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supporting arms, then this model can lead to unrealistic results for large gas
pressures , i.e. large 7. Indeed, it is possible, as a consequence of (5.2)-(5.3),
to have negative temperatures in some parts of the device in cases where the
surrounding temperature is assumed to be zero. To avoid this discrepancy, a
new model has been suggested, [3], which involves a differential inequality in
place of (5.3) with zero as the obstacle, thus ensuring that the temperature
is always nonnegative. Furthermore and most importantly, the new model
extends the old, i.e. solutions with positive temperature of the old model also
are solutions for the new.

It is our intention to present results for the numerical discretization of the
new model using the box method, which is the technique commonly employed
in practice. This method (also so-called the finite volume element method)
is a numerical method occupying an intermediate position between the finite
difference and finite element methods. Usually, it is characterized by a trial
space consisting of continuous piecewise linear polynomials on the primary
triangulation and by a test space consisting of piecewise constants on the dual
box mesh. Nowadays, the box method has been extensively and successfully
used not only for various differential equations but also for variational in-
equalities. For example, Z. Cai developed the error estimates for a general
self-adjoint elliptic boundary value problem in [10] and J. Steinbach gave com-
parison results between the finite volume element and finite element methods
in [17] for elliptic variational inequalities. One of the important reasons for
the box method being popular is that most of the time it is derived from local
balance equations directly and so it conserves important physical properties.
Another important reason is that it is easy to implement and provides effective
discretization processes for multilevel adaptive methods (see [16]).

In summary, in this chapter we apply the box method to the following

nonlocal obstacle thermistor problem:

Find uwe K ={v e Hy(Q)|v > 0} such that
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(ut, v — u) + (k(u)Vu, V(v — u)) (5.4)
/G:cy y)dy, v — u) + a(ut,v — u)
o(w)|Ve|*v—u), VwveK,

(o(u)Vo,Vv) =0, YV v e Hy(Q), (5.5)

where (-,-) denotes the standard L?(f2) inner product. Here, u denotes the
temperature in the thermistor and ¢ the potential. We shall construct and
analyze a box scheme for (5.4)-(5.5), subject to the initial/boundary conditions
given below. Our main result is an optimal H' error estimate (Theorem 5.2)
for the scheme.

We refer the reader to [1] and [11] for the standard definition of L?(f2),
H*(Q?), W*P(Q) and their associated norms || - ||, || - [ls, || - ||s,,- We refer to
[18] for the definition of the space LP(0,T; X) with X a Banach space and its
associated norm.

For simplicity, we assume that 2 C R? is a polygonal domain. Furthermore,
we associate with the system (5.4)-(5.5) the initial and boundary conditions:

u(z,0) = uo(z), ulaa = 0, ¢laa = g().
Throughout this chapter we assume that

(A1) uo(z) € HE(Q), g(x) € C*(Q) and n,a > 0.

(A2) G(z,y) is positive definite and
Jo G( y)dy > 0ifu >0, [, [, G*(z,y) < oo.

(A3) 0 <m < o(s),k(s) <M < oo and there exists mg > 0 such that
|o(s) — () + [k(s) — k(s')] < mols — &, s, 8" € R.

Given these conditions on the data, we assume the solution of (5.4)-(5.5) exists

and is unique, and also satisfies the following regularity:

(Ad) (u,¢) € L=(0,T; Hy(Q) N H*(Q)) xL>(0,T; H*(Q) N WH=(1)),
s € L2(0, T, HY(Q)).
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For theoretical results for (5.4)-(5.5) we refer the interested reader to [3].

Finally, we comment on our assumptions: Equations (5.4)-(5.5) and as-
sumptions (Al)-(A4) represent a simplification of the equations actually em-
ployed to simulate structures such as Devices 1 and 2 described earlier, and
we are not aware of theoretical or numerical results for the full model used in
practice. We observe, in particular, that since the devices under consideration
are very thin, the assumption 2 C R? seems fairly reasonable. However, in
realistic situations, ¢ usually satisfies a mixed Dirichlet/Neumann boundary
condition and o(s), k(s) may degenerate as s — oo, as is described in some of
the cited references. The study of these more general situations is presently

under consideration.

5.2 Basics of finite volume methods and known

results

Let T" be a regular and quasi-uniform triangulation (see [4]) of Q and T the
set of vertices of T". For each p € T)*, we associate the box b, € B" which
consists of the union of the subregions which have p as a corner. Here B"
denotes the dual mesh based upon T". In this chapter we only discuss the
case that B" is a so-called circumcenter dual mesh (See Figure 5-4). We refer

to [4] for detailed information on constructing such a dual mesh.

Figure 5-4. A box b, centered at P with @ as the circumcenter
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of the element e € T™.

Our piece-wise linear finite element subspace S* C H'(Q) corresponding

to the triangulation T" is given by

S§" = {v e HY(Q) : v|. is a linear function for all e € T"}

and

Sh = Shn HY(Q).

Then the convex trial subset K* C K is defined by

K" ={v e Stv(p) >0 for all pe T}

It follows from [11, Chapter 3], [9] that the following inequalities hold:

Lemma 5.1. There ezists a positive constant C independent of S* such that

[vllg,g < ChE-P2maOE= ey, ,, (5.6)

0<u<PB<L, 1<p, g< o0, Ve S,

1v]l0,00 < C|ln hl1/2||v||1, Vv e St (5.7)
|w — Pawl|l + hllw — Pawls < CR|wlle, Vw € H(Q),  (5.8)
lw — Prwllo,co < Chllwlla, (5.9)

1Pawllie0 < Cllwllie, Yw € HY(Q),
where Py, : L*(Q) — S" is the standard L2-projection.

Let N*(p) denote the set of the neighboring vertices of p € T* and 9b,
denote the boundary of b,, whence 9b = U,erndby, 9by = Upeennp){lpp+}
where I'pp« = 0bp N Obpx, and let ls, : Ob — R be defined as follows: For
pE Tf and b, € By,
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lablr,,. = |p—p|  for p" € N(p). (5.10)

Then it is easy to see that there exists a constant C' > 0 such that C7th <
lavlr,,. < Ch, Vbe B".

For b € B" and z € 0b, we denote the jump in w across b at z by
[w]as(z) = w(z + 0) — w(z — 0), where w(z £ 0) are the two (outside and
inside) limit values of w(x) along the normal directions to 8b.

Moreover, we define the piece-wise constant interpolation operator I, :

C(Q) — L*(Q) by
Iyu=u(p), on b,€B" VpeTh (5.11)
and the corresponding discrete norms by

[0lln = O 1Exel?)? and |ollon = [ Tno]]- (5.12)
ledb

The subscript ”h” will be employed for a norm notation only in these cases.

Let us recall the following two lemmas from [4, 8, 10].

Lemma 5.2. There exists a constant C > 0 such that

C7Voll < lollia < CIIV, Vo€ 8", (5.13)
C7w|l < |Jollop < Clvll, Vv e S, (5.14)
llv — Inv|| < Chlv]i Vo € S (5.15)

Lemma 5.3. For any a € C(Q), there exists a constant C > 0 such that

ou
-y /abaafm < Cllulalpll, Vu,ve St (5.16)

beBh

Moreover, if there exists a constant ag > 0 such that a > ag in Q, then

— Z / G@Ih’v Z C_lll’l)“?, Yv € Sg’, (517)
8b ov

beBh

where v 1s the outward normal.
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As in [8] and [10], let Qp : H2(Q) — S be defined by Qpw — ipw € S¥ and

Z/ (w— Qhw Lw=0, Yvest (5.18)
ab

beBh

where i, : C(Q) — S* is the Lagrangian interpolation operator with w €
H?(Q).
It also follows from [4, 8, 10] that the following two lemmas hold.

Lemma 5.4. Assume that a € C(Q) with a > ag > 0. Then there exists
C > 0 such that for w € H*(Q),

lw — @rwlly < Chljwlls. (5.19)
Furthermore, if w € H?(Q) N W1(Q), then
1@nwll,00 < Clllwli1e0 + [[wll2)- (5.20)
Lemma 5.5. (also see [11]) There holds for each b € B*

h1/2||w||L2(3b) < C(l|lwll2@y + hllw|| ), Yw € H'(b). (5.21)

5.3 The box approximation of the obstacle prob-

lem

5.3.1 The box scheme

We construct the box scheme for (5.4)-(5.5) as follows:
Find (u" th) € K"xS" such that

(Iyul, I (v — uP Z —Ih(v —uP) (5.22)

beBh
/ Gz, y)ut W)dy, T(" — u")) + o), Tn(@" — ut)
> (o(u")| V2, Ih< —u), Wt e K,

-y / —Ihv =0, Vo"e Sk (5.23)
ob

beBh
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and
u(0) = Pouo,  ¢"|oq = ing, (5.24)

where P, is the L? projection and i, is the Lagrangian interpolation operator
as stated in the previous section.

h

We comment that by u® € K" we mean that this is true for all ¢, i.e.

uh(t,-) € K". To avoid complicating the notation, we shall not explicitly
make reference to ”t” in what follows. Similar remarks apply to ¢", etc
Under the assumptions (A.1)-(A.4) in Section 5.1 we derive an a priori

estimate for the solutions of (5.22)-(5.24) which will be used later.

Lemma 5.6. Assume that (5.22)-(5.24) has a solution (u*,¢") € K" x Sh.
Then there exists a constant C > 0, independent of t and S*, such that

"l < Cll¢@®)lhy p>2, 0<t<T. (5.25)
Also there exists a constant Cy = Co(h) > 0 such that

||| oo 0,522y + ™| 220,78 (5.26)
< Clluoll + Co(B)T 2| ¢l 0 0. 1wy, P > 2.

Proof. By choosing v" = ¢ — ix¢ as the test function in (5.23) we obtain

- / _Zh¢) I(¢" — ind) (5.27)

beBh

) )
Z/ab 1(8" — ing).

beBh

In view of Lemma 5.3 we have

CHl¢" = ingll} < Cllingll1ll¢" — inglls. (5.28)
On the other hand,
19”11 = lingll < 16" — inblls, (5.29)
linglls < Cllglhp p>2. (5.30)
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Thus, (5.25) follows from (5.28)-(5.30) immediately.
By assumption (A.2) together with u® > 0 on Q, we have

n( / G, y)u (y)dy, ) + o((uh), T > 0. (5.31)

Therefore, if we take v® = 0 as the test function in (5.22), then it follows from
(5.17), (5.31) that

1d

5 + CTHW T < (o) VP, L), (5.32)

But from (5.25) and (5.7) we also have

(o) Ve" P, Inu") < Cllg" [T lloco < CllE" 10 oo (5.33)
1
< Clm A 281 pllu s < CRIGIIL, + ol

Hence,
d
ZIne | + [l < C(R) 111, (5.34)
Integrating both sides of (5.34) from 0 to ¢ gives
h2 h !
P+ [ 1R < [ Pasol? + 08 [ 1ol (539
Therefore,
t
lu™[[* + /O [u™I} < Clluoll® + CWT 18]l 700 501.9)- (5.36)
Finally, (5.26) follows immediately from (5.36). O

5.3.2 Existence and uniqueness of the semi-discrete sys-

tem

In this section we will show that the semi-discrete system (5.22)-(5.24) has a

unique solution.
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First of all, we define an operator u® = Fw": S* — S" in the following

way: Given w",

find u € K", ¢" € S*  such that u"(0) = Pyug, ¢"|sq = ing and
(Tpul, Iy (0" — u)) + agn (u®, " — uP) (5.37)
> (o(w h)|V¢h|2 Ih( "—uh), ot e K™

-3 / Ihv =0, Vo'eSh (5.38)
ab

beBHh
Here, the bilinear form a,x (-, -) is defined by

apn(uf,0) == ) / ——Ihv (5.39)

beBh

+77/G:vy y)dy, Inv"(z))
+a((wh)uh o), vuh e Kb ot e S
with
wh =wh, if wh>0; 0, otherwise. (5.40)

Obviously, a,»(-,-) satisfies
apn (U uh) > C|lut|?, Vot e K, ' (5.41)

agn (U, 0") < C||ul||1]|v"||1, vuh € Kb, oM e S (5.42)

These two properties (i.e., (5.41), (5.42)) ensure that the linear system
(5.37), (5.38) has a unique solution in K x S (see [14]).

If there exists a fixed point for the map F, i.e., for some u?, Fu® = u?,
then u” is a solution of the system (5.22)-(5.24), since u® > 0 and u® = u” by
the definition. We now show that F is a contraction map and hence it has a
fixed point.

Similar to Lemma 5.6, the solution (u”, $") of (5.37) and (5.38) also satisfies
(5.26). If we define the subset E C St by

E={w" € 8y : [[w*||r=(or;z2) < Clluoll + Co(B)T 2|l 7 0z,m10 ), (5:43)
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then clearly F: E — Efor 0 <t <T.
Let w? wh € E. The corresponding solutions of (5.37) and (5.38) are
defined by (u?, ¢*) and (ul, #%). Then we have the following lemma.

Lemma 5.7. The solutions (u?, %) and (ub, ¢8) satisfy

6 = o] < Cluf - utl (540
o b < Comyexp(Cu)) [ Tk — s, (5.45)

Proof. Tt follows from (5.38) by taking v" = ¢ — ¢ that

h
—EZA o) T2 2 — ) (5.46)

beBh

=% [ ot - o) G 1ot - o).

beBh
In view of (5.17) and (A.3) we have
167 — 51l < Cligtlhoo D llwd — whlz2(on. (5.47)
be Bk

The inverse inequality (5.6) and Lemma 5.5 show that

#4100 < CRTH|4 |11, (5.48)

! — w20 (5-49)
< O3 (|lwh — wll 2y + hllw? — wh| )

< Ch"1/2||w1 - w2||L2

Substituting (5.48) and (5.49) into (5.47) yields (5.44).

h h

To show (5.45), we choose the test function v"* = uf with respect to w?

and v = u? with respect to w} in (5.37) and add the resulting inequalities

together to obtain:

1d
STl — )P + g,k — ) — g (oo ) (5.50)

<(o (w1)|V¢1|2 - U(w2)lv¢21 th(U’f - Ug))
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We first estimate the left hand side of (5.50) term by term.

-3 [ otw %h —u2+z/ 2 1w — )

beBh beBh
:._Z/ wl )Ih( —ub) (5.51)
beph ¥ O
oul
+3 [ (ot h))a—;fhw’;w@
bcBh

> C7M|uf — w3 I} — Cllugllieo i — will [luf — w3l
> C7H|uy — w3llf — C(h)lwy — wyl fluy — w3y,

where (5.6), (5.17), (5.21) and (A.3) have been used. Furthermore, thanks to
(5.6) and (5.43), we have

n( / G, )t — ) (y)dy, Tn(ul — b)) (5.52)
—y / / Olo, ) (u — b)) Tn(ud — u)dyda

< nllut — uzlloo IIG(w lizzxey lur = 3l

< C(h)|juf — usl® + = C’_lHul ug 3,

o(wiy ) uy — (why)*uf, In(uf — up)) (5.53)
= a((wiy)*(uf — up)[(wiy)? — (wgy)’lug, In(ug —up))
< C(R)lluy — ugll* + C(R)l|wyy — wy || flug — uzl

< Ci()luy — w|* + Ca(h) wp — wl|?.

Thus, the combination of (5.51) - (5.53) gives that

a’w{L (U?, u? - Ug) - a’wg (Ug', ’u”ll - Ug) (554)
1
> ZC7 M} — uf|If — Ca(h)|lul — u§|? — Ca(h)|lwf — w|>.

-3
Now we estimate the right hand side of (5.50). In view of (5.6) and (5.44), we
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find

W)V — o(w})| VLI, Tn(ul —up)) (5.55)
(W) V (¢} + 3V (0} — ¢3), In(uf — u3))

(o
(

+((o(wi) — o (W) VO3, In(uy — u3))

(
< C(h)llwf — w3 [luf —u3]).
Substituting (5.54) and (5.55) into (5.50) together with (5.6) and (5.14), yields
d
ZMnt —w)” = CuB) | n(uf — wp)* < Co(R)[lwf —wpl®.  (5.56)

Applying the integrating factor exp(—C1(h)t) to both sides of (5.56) and in-

tegrating from 0 to ¢ gives

12 (uf — ub)II* < Ca(h) eXp(Ol(h)t)/0 exp(—Ch(h)s)wy — wy||*ds. (5.57)

By the equivalence ||I1,- || and || - ||, estimate (5.45) is obtained. This completes
the proof. O

Now we are ready to state our main result of this section.

Theorem 5.1. There ezists a unique solution to (5.22)-(5.24) for all0 <t <
T.

Proof. By estimate (5.45) in Lemma 5.7, the map F earlier defined is a con-
traction under the norm || - || oo (0,7;22(q)) for ¢ sufficiently small, say 0 < t < t,.
Thus it has a fixed point in E for ¢ € (0,tp). Therefore, (5.22)-(5.24) has this
fixed point as a solution in (0,%]. Moreover, it is easy to show that the solu-
tion is unique. Otherwise, let (uf, #?) and (uf, #%) be two different solutions.

A procedure similar to that used in the proof of Lemma 5.7 shows that
t
161 = #511* < C(B)llut — u5|1* < Co(h) eXP{C1(h)to}/0 lut ~ug*ds. (5.58)

Then Gronwall’s Lemma implies that u? = u?, so ¢! = ¢&. Due to the
boundedness of the solutions, as a consequence of Lemma 5.6, a standard
bootstrapping argument shows that one can extend this solution to a unique

global solution. O
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5.3.3 An H! error estimate

In what follows, we will analyze the proposed box scheme (5.22)-(5.24) for the
obstacle problem (5.4)-(5.5). An optimal H! error estimate will be derived.

Our main results are summarized in the following theorem.

Theorem 5.2. Assume that (A.1)-(A.4) hold. For sufficiently small h, there

ezists a positive constant C > 0, independent of h, such that
16 — ¢"l| oo o2y + lu — || Lo sy + [lu — || 20,71y < Che (5.59)

Proof. We simplify the long calculations by decomposing the proof into several

lemmas.

Lemma 5.8. V[k(u)Vu] € L%(Q) for a.e. ¢t € [0,T).

Proof. (A3) implies that k(s) is differentiable a.e. in R. Moreover, if the

derivatives k'(s) exists, it is uniformly bounded by mg. Thus,
V[k(u)Vu] = k' (u)|Vu|® + k(v)Au. (5.60)

Obviously, the Sobolev imbedding theorem guarantees that the right hand
sides of (5.60) is in L*(9). So the lemma holds by (A.4). O

Hereafter, we denote I as the identity.

Lemma 5.9. Let (u, ¢) be the exact solution of (5.4)-(5.5) and (u®, ") be the
solution of the box scheme (5.22)-(5.24), then

l¢ = &"l: < C(h+[lu" — Prauf)). (5.61)

Proof. Let Qp, be defined as in (5.18) with a and w replaced by o(u) and ¢,
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respectively. Letting v* = ¢ — Qmﬁ in (5.23) , we obtain

h
b; /a b 1h<¢ ~ Qn9) (5.62)
:"Z/ab ¢—W (6" -~ Qu)

-3 [ o) - o) 22 n 6 - uo)

beBh

Q=)

-3 [ o R - 0
-y /a a(u)%(fh—f)(w—cm)

beBh v 90
_ Z /Bb 8¢ — Qno)

bcBh

=L+ L+ I3+ 1+ I5.
We estimate (5.62) term by term. First, by (5.17) we obtain
I > C7Y|¢" — Qngll3. (5.63)

Since o is Lipschitz continuous and Ij(¢" — Qr¢) is a constant on any box

b € B", it follows from (5.14), (5.20) and the Schwarz inequality that

3Qh¢
L < C||¢" — Qnolla( u — | AL 212 (5.64)
beBh / /
< Cl¢" — Quell( ds | (u* —uw)?)/?
(S foe L
< CRY2||¢" — Qudll (D llu — ullaan)"?
beBh

Using the trace inequality (5.21), inverse inequality (5.6) and the property
(5.8) of P,, we obtain
D hllu—uMiay < O Y (lu" — ullfag) + B lu" - ulling)  (5.65)

be Bh beBh

<C Z (flu PhU“sz(b) + h?||u — Phu”%ll(b)
beBh
+lu® - Ph““i?(b) + h*Ju - Phu”ill(b))

< C(h4 + “Uh — Phu||2)
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Substituting (5.65) into (5.64) yields
I, < C|l¢" ~ Qnll1(h* + [lu" — Pyul)). (5.66)

By the definition (5.18) of @y, I3 = 0. Applying Green’s theorem in I together
with (5.5), (5.15) and (5.8) give that

L= /Q Vo)V - In)(¢" — Qud)] (5.67)
+£d@WWWuQm>
=Avwmwww+nmw—an

= 0.
We observe
9¢
5= [ oy - =0 (5.68
89 v
Finally, (5.9) follows by substituting the estimates of I; to I5 into (5.62) and
(5.19). This completes the proof. - O

Lemma 5.10. The following inequality holds:

(0 ()| V", In(u® — Pou)) + (o(u)|Vo[*, u — u®) (5.69)
S Clh2 -+ Cz(h + ”Uh — Phu||)||uh — Phu||1
+C;|In h|1/2||uh — Pl ||[u® — Pyul?.

Proof. A simple computation gives that

(o) V" %, In(u" — Pyw)) + (0(w)| VoI, u — u®) (5.70)
(o) (V" = V), In(u" — Pyu))

+((o(u") — o(w))| Ve[, In(u" — Pyu))

+(o(W)|V[*, (I — I)(u" — Pyu))

+(o(u)|VeI*, u — Pru)

=L+ o+ I3+ Jy

= (o
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By (5.14), Lemma 5.9 and the inverse inequality (5.7), we have

S = (o(u")| V" — VoI, In(up — Pyu)) (5.71)
+2(c(uM)V (V" — V), I (u® — Pyu))
< Ofl¢" = 9} [[u" = Pyullono + Cll¢" — ¢l [lu" — Paul|
< O(A* + [[u* — Poul®)| I h[?|[u* — Pyully
+C(h+ [[u" = Pyul|)|lu® — Paul.

If h is small enough, say h < —= and h|In k|2 < 1, then

Ji < C(h+ ||u" — Poul|)||u" — Pyl (5.72)
+C|In A3 |[u" — Pyul| |Ju® — Pyull?.

By the triangle inequality, (5.8) and (5.15) the following inequalities hold:

T2 < Ol lla® = ul] " = Pru] 573
< C(|lu — Paul| + |Ju* — Poul))|lu® — Poul]
S C(h2 -+ ||’LLh - PhU”)”Uh - Phu||1,

Js < Cllgllq I — In)(u" — Puu)l| < Chllu® — Poulhy,  (5.74)
Jo < ClIgll3 4 llu — Poull < O, (5.75)
The proof is completed by substituting (5.71)-(5.75) into (5.70). O

Lemma 5.11. The following inequality holds:

-2 /ab ""‘Ih (u* = Pyu) + (k(u)Vu, V(u — ™)) (5.76)

beBh

Z Cl 1||u — PhU”1 — Cz(h —+ ||Uh - Phu||)||uh - Ph’LL”1 — 03h2.
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Proof. Actually we have

—%3; /% —Ih uh — Pou) + (k(u)Vau, V(u — ut)) (5.77)
=- g;h /8 b ———P M) 1 — Py
—bg /a b ﬁ“——)fh(uh — Pyu)
—bZB:h / g—:j[h(u — Pyu)
be% /8 b Ih — I)(u" — Pyu) + (k(w)Va, V(u — u?))]
—sz; ZZ(uh - Pou).

=K1+ Ko+ Ks+ Ky + Ks.
By the coerciveness condition (5.17),
K > C7Ylu" — Phul. (5.78)

Let u € C(Q) and denote by u; its piecewise linear interpolation in Sk, Then

by Lemma 4.2 in [10] together with (5.17) and (5.8), we obtain

Ky < C||Py(u— u1)|| ||uh — Pyul|; (5.79)
( — u) h
+ Z | . Y, Ih(u ~—Phu)|
bpeBh P

< Chllu" — Pyully + Chllullz " — Pyull,
< Ch|lu™ — Pyul);.

We also have:
K; < Ch+|u" - Poul|)|Juf — Pyul|;. (5.80)

To estimate K4, we observe that

- /ab o (1~ D" ~ Py) (5.81)

/V w)Vu)(Ip — I)(u® — Pyu) + /k (u)VuV (u" — Pyu).
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Thus, by Lemmas 5.1, 5.2 and 5.8, we have
/ V(k(u)Vu)(I, — I)(u" — Pyu) (5.82)
+ / k(u)VuV (u — Pyu)
Q

< Ch||lu® = Pyul|; + | / V(k(u)Vu)(u — Pyu)|
< CH? + Chlju* — Pyul|r.

Obviously, 5
K5=—/ k() 2wt — Pyu) = 0. (5.83)
Oov
Finally, (5.76) is obtained by substituting (5.78)-(5.83) into (5.77). O

Lemma 5.12. The following inequalities hold:
/G z, y)u"(y)dy, In(u" — Pyu)) (5.84)

—I—?](/Q Gz, y)u(y)dy,u — u)
< Ch? + C(h + ||lu" — Paul))[u* — Pyulls,
a((uM, I, (u" — Pyu)) + a(u®, u — ul) (5.85)
< Ci(h Ml = Paull® + [l — Pyull? + flu® = Paul)l|u” — Prul}
+Cohllu™ — Pyully + Csllu® — Poul|® + Cyh2.

Proof. First to prove (5.84), we write it in the following form and apply (5.8),
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(A.2) and (5.15) to obtain
/G z, y)u"(y)dy, I (u® — Pyu)) (5.86)

/ny W)y, u — uP)
= (| Gl - Pud )y, T(u ~ Pra)
([ Ga) (P = w)(w)dy Ta = Py)
#1( | Glapuwiy, (1~ D = Pra)

/ny (y)dy,u — Pyu)
< Cllu® — Pyul|* + Ch||lu" — Pyu|| + Ch||u” — Pyul|; + Ch?
< Ch? + C(h + ||u — Pyul)|ju" — Poul:.
Before we prove (5.85), we recall the Gagliardo-Nirenberg interpolation

inequality. For w € H}(Q) and p > max(2,n), there exists a constant C > 0

such that
[wllo2p/(p2) < Cllwl|*||w]| 7. (5.87)

Similarly to (5.84), we decompose (5.85) into four terms,
a((uM? I (uP — Pou)) + a(u*, u — u) (5.88)
uM) = (Pyu)*), In(u” — Pru))
(Pou)* — u*), In(u" — Pyu))
+a(u?, (I, — I (u® — Pyu)) + afu, u — Pyu)
= Ly+ Lo+ Ly + Ly.
We estimate (5.88) term by term. Simple computations give
Ly = a((u" - Pyu)* + 4Pu(u® — Pou)® + 6(Pyu)?(u® — Pou)?
+4(Pu)?(u* — Pyu), In(u® — Pyu)) (5.89)
< allu" = Pyullogo flu* — Prullys [[u” — Pyul
+Clu" — Paull§e [lu” ~ Pyul
+C|juh — Phu||(2),4 lu — Prul| + Cllu® — Pyul?.
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By the above interpolation inequality (5.87) and the inverse inequalities (5.6),
it follows that

|u — Pruloco < Ch7Hu" — Pyl (5.90)
lu" = Poullge < Cllu" — Prull |lu” — Pyull3, (5.91)
lu” — Prullgy < Cllu® — Prul| lu® — Prulh (5.92)

< C||u" — Pyul?.
Therefore, L; can be estimated as
Ly < C(hH|lu" = Puull®* + [[u" — Pyull + 1)fJu* — Paul] [|lu* — Pyullf
+C||u" — Pyul®. (5.93)
It follows from (5.6)-(5.7) together with (5.8), (5.9), and (5.15) that

Lz = a(((Phu)2 + U2)(Ph’u + u)(Phu - u), Ih(uh - Phu)) (594)
S C’h2||uh — Phu||

L < ol|ullg oo (1 = D)(u" — Pyu)]| (5.95)
< Chlju" — Pyul|;.
Ly < aflullg oo llu — Poul (5.96)
< Ch?.
Now substituting the above inequalities into (5.88) gives (5.85). O

The last lemma deals with the error resulted from the time derivative part.

Lemma 5.13. The following inequality holds:

(Inul, In(u® — Pou)) + (ug, u — u?) (5.97)
1d
> 28 1 P = Chlualy o8~ P

—Chllue| llu" = Paully + Ch?[lue].

Proof. Write the left hand side of (5.97) in the form

(Il In(u" — Pow)) + (ug, u — u) = (In(ul — Pyuy), I,(u" — Pyu))
+((Ih — I)Phut, Ih(uh — Phu)) + (Phut — Uy, Ih(uh - Phu))
+(ug, (I, — D) (u" — Pyu)) + (ug, u — Pru).
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Then, by using Lemma 5.1 and Lemma, 5.2, we easily obtain the desired result.
O

To complete the proof of the main Theorem 5.2, we choose v = u” in (5.4)
and v® = Pyu in (5.22) and add them together. By applying Lemma 5.9-

Lemma 5.13 and simplifying the resulting inequality, we obtain

d
EHIh(Uh — Pyu)|)* + |lu” — Pyulf} (5.98)
< G (1 + [[wl}) + Callu — Poul® + Cs(h7|u — Pyul)?

+llu" — Poull + [In A2 + 1)|ju® — Poul u” — Pyull3.

To estimate the right hand side of (5.98), we apply the induction method

discussed in [13]. First we assume that

1
Co(h™ u" = Pyul® + lu” — Poul| + | nA["* + 1)|ju" — Prufl < 5 (5.99)
for ¢t € (0,T). Then (5.98) can be written as
d
(" = Pr)|” + [|u* — Prul} (5.100)

< CR?(1 + |Jug?) + Cllu” — Pyul)®.

Integrating (5.100) from O to ¢ and keeping in mind the equivalence of ||Ij, - ||

and || - || we obtain
|u® — Phul|® + /Ot |u® — Poul|? < Ch? + /Ot |lu® — Pyul®. (5.101)
Thus Gronwall’s inequality leads to
||uh - PhuH%N(O,T;Lz) + ““h - Phu”%,z(O,T;Hl) < C’h2, (5.102)

which implies (5.59).

Now we show that for h small enough, (5.99) holds. By definition u"(0) =
Phrug, thus (5.99) holds for ¢ = 0. Assume that (5.99) is not true for some
t € (0,T]. Then there exists a 7 € (0,T] such that

7:i=inf{0 <t < T : C3(h Hju" — Pou||® + ||[u® — Pul|  (5.103)
1
+|In k|2 4+ 1)||u? — Pou|| > 5}>0.
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So

Ca(A7HI(w" = Pru) (7)1 + [I(w" — Pru)(7)l] (5.104)
A 4 1)~ Ba)(r)] > 5.

Thus (5.99) holds for ¢ € (0,7) and similar to (5.102) we have
0" = Pl oty + 1 = Prlaggamy < O, (5.105)

Therefore,
|(w" — Pyu)(7)|| < Ch. (5.106)

This contradicts (5.104) for sufficiently small h and completes the proof. O
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