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Abstract: This paper presents a numerical scheme for a solid–fluid coupled discrete-element method (DEM) that takes into consideration
solid deformation and pore pressure generation and dissipation. Analytical solutions of conventional soil mechanics examples obtained by
oedometer testing are used to quantitatively validate the proposed algorithm. The numerical results show good agreement with the analytical
solutions. The proposed method advances the current capability of solid–fluid coupled DEM analysis to simulate the mechanical behavior of
saturated granular materials.DOI: 10.1061/(ASCE)GM.1943-5622.0000903.© 2017 American Society of Civil Engineers.
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Introduction

Solid–fluid interactions with pore pressure generation and dissipa-
tion are of great interest for applications in geotechnical and petro-
leum engineering, such as foundation settlement, debris flow, lique-
faction, and wellbore drilling. Such problems involve complex
interactions between the ground and pore fluid. Solid particles in a
porous medium experience changes in the forces exerted by the sur-
rounding fluid as a result of pore pressure changes, and particles
also interact with each other and boundary walls on contact. In addi-
tion, ground deformation changes the pore volume and thereby
changes the pore pressure. However, it is challenging to model solid
particle–fluid interactions, including the generation and diffusion of
pore-water pressure (PWP).

The discrete-element method (DEM) was first proposed by
Cundall and Strack (1979). In the past 30 years, this approach has
been developed and applied extensively for solving many geotech-
nical and petroleum engineering problems. Most DEM applications
have been used for dry material (Gong et al. 2012; Chen and Qiu
2012) with no consideration given to water or solid–water interac-
tions. However, the DEM coupled with different computation meth-
ods has been developed for fluid dynamics to simulate fluid–particle
interactions (Jing et al. 2016).

Tsuji et al. (1993) developed a solid–fluid coupling scheme to
simulate fluidized beds. In their study, the fluid phase was discre-
tized into elements larger than the solid particles, and the average
pore pressures and fluid velocities were calculated for each element.
The fluid force was calculated in each cell and applied to each solid
particle. Cook et al. (2002) coupled the DEM with the lattice

Boltzmann (LB)method to simulate the fluid-induced erosive failure
of sand particles in a weakly consolidated sandstone and obtained
reasonable results. Chan and Tipthavonnukul (2008) developed a
coupling method for investigating the hydrotransport of solid par-
ticles in pipelines and open channels. They solved the continuity and
Navier–Stokes (NS) equations by using a finite-volume schemewith
a pressure-correction algorithm. Climent et al. (2014) developed a
three-dimensional (3D) DEM–fluid-flow model by coupling the
DEM with computational fluid dynamics (CFD). The results agreed
with those of the analytical solution provided by Risnes et al. (1982).
Takada and Hayakawa (2016) analyzed the drag force that acts on a
moving circular disk in a two-dimensional (2D) granular medium by
using the DEM. Their simulation focused on the fluid-flow effects
on solid particles.

Aside from conventional geotechnical engineering applications,
the coupling of DEM and fluid flow has also been applied in other
science and engineering fields, such as ocean, material, and chemi-
cal engineering. Kafui et al. (2002) developed a fluidized bed model
for chemical engineering based on coupling DEM with gas flow.
The gas flow was treated as a continuum by solving NS equations.
The model was then used to simulate the fluidization of a pseudo-
2D particle bed. The results were consistent with the researchers’
observations and empirical correlations. Kafui et al. (2011) subse-
quently proceeded to develop a coupled Lagrangian–Eulerian
DEM/CFD parallel code to speed up the calculation process by
using multiple computer processors. They simulated the fluidization
in a powder bed that comprised 1 million particles and found some
of the expected qualitative and quantitative features. A similar cou-
pling analysis was also performed by Guo et al. (2011).

Feng et al. (2007) developed a new method that coupled the LB
method with a discrete-element solution for the simulation of particle
transport in turbulent fluid flows with a high Reynolds number. The
LB method is a microparticle-based explicit time-stepping procedure
for obtaining the solution of incompressible fluid flows through
use of a fixed regular grid. However, although the core LB operation
is effective, the total computational cost can be substantial, because a
sufficiently fine lattice is needed, and millions of time steps are
required. Latham et al. (2008) used the DEM combined with the
finite–DEM (FEM–DEM) to model the granular solid skeleton of
randomly packed units and coupled the solid skeleton with a CFD
code, which solved wave dynamics through an interface-tracking
technique. The coupling work was based on a dual mesh approach.
One mesh was used across the whole solution domain in which fluids
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equations were solved. A second finite-element mesh was used for
solid structures. This approach is computationally less costly than the
method used by Feng et al. (2007). Vir�e et al. (2012) performedmod-
eling of fluid–solid interactions through an adaptivemesh fluidmodel
coupled with a combined finite–discrete-element model. They solved
nonhydrostatic NS equations on an unstructured mesh by using the
samemethod that Pain et al. (2001, 2005) used. Themethodwas veri-
fied with flow past a falling sphere at small and moderate Reynolds
numbers.

When soil or rock is fully saturated with a fluid and the compres-
sibility of water is assumed to be much higher than that of the soil
skeleton, isotropic compression or a sudden increase of axial pres-
sure typically causes the reduction of void spaces, which results in
an increase in excess PWP. Examples include consolidation in soils
with pore-water diffusion and large displacements caused by lique-
faction in sands during earthquakes. In either case, the increase in
excess PWP causes displacement and deformation of solid particles
and void spaces, and the movement of solid particles changes the
void spaces occupied by the fluid. This process leads to solid–fluid
deformation and causes the fluid to flow. However, none of the
DEMmethods with fluid flow takes into account the excess genera-
tion and dissipation of PWP.

Hakuno and Tarumi (1988) developed a method for modeling
liquefaction on the basis of detecting all the pores among particles
and connecting them with pipes. The PWP is calculated by assum-
ing a constant volume elasticity for water and water pressure pro-
portional to the pore volume. The fluid flow between each pore
space and adjacent pores is calculated on the basis of Darcy’s law.
This method results in a complicated calculation procedure and
requires subsequent manipulation. Nakasa et al. (1999) improved
on the method of Hakuno and Tarumi (1988) by implementing
square elements that each contain 15 particles. The generation of
pore pressure in each cell corresponds to particle movement in
neighboring cells and is proportional to the decrease of pore vol-
ume. The fluid force applied on the particles depend on the PWP
gradient between neighboring cells. Mori et al. (2002) studied the
liquefaction of a river dike by applying a 2D discrete-element
model. They determined that excess PWP leads to large permanent
displacements caused by liquefaction at a microscopic level. In their
study, the accumulated excess PWP caused by the combination of
shear and effective normal forces was equal to the initial effective
normal force. The excess PWP caused by the shear force was
related to dissipative energy and stored elastic energy of the model.
Bonilla (2004) performed a DEM undrained simulation with fluid
coupling by using 2D assemblies of elliptical particles. The pore
volume was identified by constructing a polygon that connected the
particles around the specified pore space. The volumetric pore
changes experienced as a result of particle rearrangements under
external forces were then calculated from the volume changes of
the polygon. The pore pressure change was then calculated from the
pore volume change. The fluid-flow path was constructed using a
flow network that joined the centers of the polygons. Pore pressure
force was applied to the particles through an integrated method of
pore pressure differences on adjacent centers of the polygons.
Bonilla (2004) observed temporary liquefaction in their DEM simu-
lations and suggested that the computational efficiency of the
method needed improvement. Goodarzi et al. (2015) proposed a nu-
merical scheme for a fluid–particle coupled DEM based on poroe-
lasticity by considering the generation of pore pressure. The fluid
was assumed to be a continuum approximated by a Eulerian mesh
in a Darcian regime. The pore pressure change was calculated from
the volumetric strain. The continuity equation of fluid mesh for a
compressible fluid was then solved through the finite- difference

method. On the basis of the pore pressure at the node, hydrodynamic
force was applied on each particle in the fluid cell. The method by
Goodarzi et al. (2015) was verified on a partially drained case.
Catalano and Chareyre (2014) developed a microhydromechanical
model for granular material that combined the DEM and a pore-scale
finite-volume formulation for the flow of an incompressible pore
fluid. The model was validated with an oedometer test. However, for
the sample in the completely undrained case, the direction of pore
pressure–induced force on each particle remained uncertain.

Pore space connectivity and deformation in a porous medium
result in uncertainty of the fluid force applied onto individual par-
ticles. This paper proposes a new way to incorporate the excess-
PWP calculation into a DEM simulation by introducing a newwater
particle element that has a specific stiffness that enables the calcula-
tion of excess pore pressure caused by pore space deformation. This
new approach can be used to simulate wet granular deformation
with the DEM.

In this paper, PWP is first calculated under the undrained condi-
tion. Subsequent dissipation of pore pressure is governed by pore
fluid diffusion on the basis of Darcy’s law.

Formulation of a Discrete Model

DEM

Discrete-element modeling is a numerical method that explicitly
models the interaction between particles instead of treating the ma-
terial as a continuum. The advantages of the DEM are that it pro-
vides micromechanical quantities and captures particle-scale inter-
actions that underlie the observed macroscale behavior of soil and
rock. However, the micromechanical parameters for DEM analysis
cannot be obtained easily from conventional laboratory tests.

DEM analysis involves modeling a granular material with par-
ticles that usually have simple geometries, such as spheres in three
dimensions or disks in two dimensions. These ideal particles are
usually assumed to be rigid, but small overlaps are allowed at the
contact points, which are referred to as soft contacts (Potyondy and
Cundall 2004). At any interparticle contact, a contact stiffness
model is used to relate the contact force to the overlapping of the
elements. Finite displacements and rotations of discrete bodies,
including complete detachment, are allowed among particles.

The formulation of the DEM can be found in the literature. The
brief review herein is relevant to the subsequent development of the
new water particle element. The calculations performed in the DEM
alternate between the application of Newton’s second law to the par-
ticles and a force-displacement constitutive law applied at the ele-
ment contacts. Newton’s second law is used to determine the transla-
tional and rotational motions of each particle that arise from the
contact and applied and body forces that act on the particle. The force-
displacement law is used to calculate the contact forces that arise from
the relative motion at each contact. The force-displacement law
explains the relative displacement between two entities at a contact
and the contact force that acts on the entities. The DEM calculation
flowchart is shown in Fig. 1(a). For both ball–ball and ball–wall con-
tacts, this contact force arises from contact that occurs at a point. The
contact force vectorFi is calculated as shown in Eq. (1)

Fi ¼ Fn
i þ Fs

i (1)

where Fn
i and F

s
i = normal and shear force vectors, respectively. The

normal and shear forces are calculated by the following formulas:

Fn
i ¼ KnDn

i (2)

© ASCE 04017033-2 Int. J. Geomech.
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Fs
i ¼ KsDs

i (3)

where Kn and Ks = normal and shear stiffnesses at the contact,
respectively; and Dn

i and Ds
i = contact displacements in the normal

and shear directions, respectively. The normal and shear contact
model is shown in Fig. 1(b).

The resultant force and moment vectors act on the motion of a
single rigid particle, which can be described in terms of translational
motion of a point on the particle and the rotational motion of the
particle. The equations of motion can be expressed by relating the
resultant force to the translational motion and the resultant moment
to the rotational motion, which are calculated in Eqs. (4) and (5)

Fi ¼ m€xi ðtranslationalmotionÞ (4)

Mi ¼ _Hi ðrotationalmotionÞ (5)

where Fi = resultant force;m = total mass of the particle; €xi = accel-
eration of the specified particle; Mi = resultant moment acting on
the particle; and _Hi = angular momentum of the particle.

The incremental velocity is integrated with the displacement of
each particle for the current time increment. The locations of all the
particles are then updated for the next calculation cycle.

Coupling of Solid Deformation andWater Diffusion

General Formulation
To calculate the PWP generated as a result of discrete-element de-
formation, a water element that overlaps the solid element is intro-
duced. Because the forces at the contact between the solid elements

represent the effective stress in dry granular material, the introduc-
tion of water into the pores reduces the contact forces under the
principle of effective stress. To reduce the effective stress caused by
the generation of PWP in discrete modeling, the forces at the solid
element contact should be reduced. Therefore, the introduced water
element increases or decreases the solid contact force as a result of
the generation or dissipation of PWP. In this case, the contact forces
between the two elements consist of a solid component and a fluid/
water component.

In contrast to a solid element, the water element is assumed to
have a size and location. The water element also undergoes the
same deformation at each contact point, which is similar to solid
elements. However, the water element has a stiffness different than
that of a solid element. In a DEM analysis of the undrained condi-
tion, the total stress is divided into two parts, effective stress and
PWP. The effective stress is carried by the solid element, and the
PWP is carried by the water element (Fig. 2). The presence of the
water element reduces the intersections of particles in the undrained
condition in a way similar to that of solid particles (the drained
condition).

In the discrete PFC3D 4.0 model, the contact force and particle
displacement are computed in x, y, and z directions (defined by
index i and with the range set as i 2 1;2;3f g) directions. The aver-
age stress s ij in a volume V of material was defined by Nicot et al.
(2013) as shown in Eq. (6)

�s ij ¼ 1
V

ð
s ijdV ¼ 1

V

X
Np

�s
pð Þ
ij V pð Þ (6)

where V = total volume of the material; �s
pð Þ
ij = average stress in a

particle (p); VðpÞ = volume of the particle (p); and Np = number of

Fig. 1. (a) DEM calculation flowchart; (b) normal and shear contact model
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particles in the control volume. Using the same terms, the average
stress in each particle can be written by using Eq. (6) as follows:

�s
fð Þ
ij ¼ 1

V fð Þ

ð
s

fð Þ
ij dV fð Þ; f ¼ pf g (7)

The identity Sij ¼ d ikSkj ¼ xi;kSkj ¼ xiSkjð Þ;k � xiSkj;k holds for
any tensor. Applying this identity to the stress tensor in each particle
results in

�s
fð Þ
ij ¼ 1

V fð Þ

ð
xis

fð Þ
kj

h i
;k � xis

fð Þ
kj;k

n o
dV fð Þ

¼ 1
V fð Þ Iijð Þ1 � Iijð Þ2

� �
(8)

where the integrals are denoted by Iijð Þ1 and Iijð Þ2. The first integral
in Eq. (8) can be rewritten as a surface integral by applying the
Gauss divergence theorem such that

ðIijÞ1 ¼
ð

xis
ðf Þ
kj

h i
;kdV

ðf Þ ¼
ð
xis

ðf Þ
kj

h i
nkdS

ðf Þ ¼
ð
xit

ðf Þ
j dSðf Þ

(9)

where Sðf Þ = boundary surface of the particle; nk = unit outward
normal force to the boundary surface; and tðf Þ

j = a traction vector,
of which the term ½xis ðf Þ

kj � is assumed to be continuously differen-
tiable. If the moment carried by each parallel bond is neglected and
only point forces are applied at the particle contact, the integral in
Eq. (9) can be replaced by using the sum of the number of contacts on
the surface of the particleNðf Þ

c as follows:

ðIijÞ1 ¼
X
Nðf Þ
c

xðcÞi Fðc;f Þ
j

xðcÞi ¼ xðf Þ
i þ xðcÞi � xðf Þ

i

h i
(10)

where xðcÞi = location of the contact point; and xðf Þ
i = location of the

particle centroid, and Fðc;f Þ
j = force acting on the particle ðf Þ at

contact (c). Substituting Eq. (10) into Eq. (9) results in

ðIijÞ1 ¼
X
Nðf Þ
c

xðf Þ
i Fðc;f Þ

j þ
X
Nðf Þ
c

xðcÞi � xðf Þ
i

h i
Fðc;f Þ
j (11)

The second integral in Eq. (8) can be modified by using the equa-
tions of motion for the particle ðf Þ, which neglect body forces,
under externally applied forces as follows:

s kj;k ¼ raj ¼ r
Fj

m

� �
¼ Fj

V
(12)

where r = density; aj = acceleration at the centroid; and Fj = result-
ant force acting at the centroid. The second integral can be written
as the following relation:

Iijð Þ2 ¼
ð
xis

fð Þ
kj;k dV

fð Þ ¼ F fð Þ
j

V fð Þ

ð
xidV

fð Þ ¼ F fð Þ
j x fð Þ

i (13)

Substituting Eqs. (13) and (11) into Eq. (8) gives

�s
fð Þ
ij ¼ 1

V fð Þ
X
N fð Þ
c

x cð Þ
i � x fð Þ

i

h i
F c;fð Þ
j (14)

For Eqs. (6)–(14), the particle might not be in static equilibrium,
but the body forces should be small compared to the contact forces,
and no externally applied force acts on the particle. Substituting Eq.
(14) into Eq. (6) results in

�s ij ¼ 1
V

X
Np

�s
pð Þ
ij V pð Þ ¼ 1

V

X
Np

X
N

pð Þ
c

x cð Þ
i � x

pð Þ
i

h i
F

c;pð Þ
j (15)

where xðpÞi and xðcÞi = coordinates of the centroid and contact points
of a particle, respectively; and Fðc;pÞ

j = force acting on a particle (p)
at contact (c). Fðc;pÞ

j includes both contact and parallel-bond nor-
mal and shear forces but neglects the moment attributable to the
parallel bond. Contact force has both normal and shear compo-
nents, and the normal component can be calculated from Eq. (16)

F
c;pð Þn
j ¼ KnDn

j

Dn
j ¼ Dn

total

x
pð Þ
j � x cð Þ

jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXj¼3

j¼1

x cð Þ
j � x

pð Þ
j

h i2vuut

Dn
total ¼ 2 RA �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXj¼3

j¼1

x cð Þ
j � x

pð Þ
j

h i2vuut
2
64

3
75 (16)

where Kn = combined stiffness between the two entities (solid and
water) at contact;Dn

j = particle intersection in the x, y, and z compo-
nents, which can be calculated after first finding the total inter-
section;RA = radius of the particle A; and Dn

total = direction normal
to the contact plane (Fig. 3).

The PWP (in a water element ) can be related to the average
stress caused by water particle contact forces, which can be written
mathematically as Eq. (17)

Fig. 2. DEM simulation of effective stress and pore pressure during undrained compression
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DU ¼ s iiðwÞ ¼ 1
3

1
Vtotal

� � Xi¼3

i¼1

X
Np

X
N

pð Þ
c

x cð Þ
i � x

pð Þ
i

h i
F

c;pð Þ
i wð Þ

2
4

3
5

F
c;pð Þ
i wð Þ ¼ Kw cð ÞDn

i (17)

where s iiðwÞ = stress caused by the fluid element averaged from
three principle directions in the sample; Fðc;pÞ

iðwÞ = contact force exerted
by the fluid element; KwðcÞ = combined normal stiffness of fluid par-
ticles in the linear contact model and calculated from Eq. (18)

Kw cð Þ ¼ KwKw

Kw þ Kwð Þ ¼
1
2
Kw for particle� particle contactð Þ

Kw cð Þ ¼ KwKwall

Kw þ Kwallð Þ ¼
λ

1þ λ
Kw for particle� wall contactð Þ

(18)

where Kw = normal stiffness of a single water particle; and a = ratio
between the normal stiffness of the current water particle and con-
tact wall, expressed as λ ¼ Kwall=Kw.

Substituting Eq. (18) into Eq. (17) results in

DU ¼ 1
3Vtotal

Xi¼3

i¼1

X
Np

X
N

pð Þ
c

x cð Þ
i � x

pð Þ
i

h i
Kw cð Þ hDn

i

� �2
4

3
5 (19)

h ¼
1
2

for particle� particle contactð Þ
λ

1þ λ
for particle� wall contactð Þ

8>><
>>: (20)

Because water particles have 0 shear stiffness, the only unknown
is the normal stiffness of the water particle. The pore pressure in an
undrained sample is thus averaged in three principle directions; the

water particle stiffness is then calculated by using the averaging
method as shown in the following:

Kw ¼ ð3VtotalDUÞ=
Xi¼3

i¼1

X
Np

X
N

pð Þ
c

x cð Þ
i � x

pð Þ
i

h i
hDn

i

� �2
4

3
5 (21)

The compressibility of the soil skeleton Cs is calculated on the
basis of the case of only a solid particle with the DEM. Isotropic
stress is applied to the cube sample by using a servocontrol algo-
rithm until the steady state is reached, as shown in the following:

Cs ¼
DV
	
V0

Ds

Ds ¼ 1
3

Ds1 þ Ds2 þ Ds3ð Þ (22)

where V0 = initial total volume of the sample; DV = change in the
total volume during stress application; Ds = average total stress in-
crement; and Ds1, Ds 2, Ds 3 = total stress increase on the sample
in the three principle stress directions.

The pore pressure B parameter is calculated on the basis of fun-
damental soil mechanics as shown in Eq. (23)

B ¼ 1

1þ n0
Cw
Cs

(23)

where Cw = compressibility of water and is taken as 4:6� 10�10

m2/N in this case; and n0 = initial porosity of the whole sample.
During the undrained compression stage, stress on the outer

boundary is first applied on the sample with solid particles only.
The water particle stiffness is then calculated from the pore pressure
buildup by porosity changes in Eq. (21). The calculated water parti-
cle stiffness is then applied back to the original sample with an
outer-boundary total stress of 0MPa. Then, both the solid and water
particles are activated, and they both experience an increase in total

Fig. 3. Notations used to describe particle–particle and particle–wall contacts
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stress that acts on the outer boundary. The same magnitude is also
used for the case of only solid particles.

The consolidation process of a soil or porous medium, which
is the gradual reduction in the volume of a fully saturated low-
permeability soil as the result of drained pore water, continues until
the excess PWP is completely dissipated. During this water diffusion
process, the excess pore pressure decreases from a maximum value
to 0, whereas the effective stress carried by the soil skeleton
increases to a value that is equal to the total stress when PWP is 0.

During the water diffusion process, the total stress on the outer-
boundary wall is maintained, and the solid stiffness remains
unchanged. However, the volume of the total sample decreases as a
result of pore water drainage; therefore, the DEM simulations in
this study reduce the water particle stiffness by an amount that
maintains the expected volume reduction. The total water diffusion
process in the DEM simulation is shown in Fig. 4. The pore pressure
before the pore pressure dissipation process is calculated from the
water particle stiffness in Eq. (17).

Loose Packing
To calculate the water particle stiffness for various degrees of consoli-
dation or stages of pore water diffusion, several particle-packing con-
figurations are taken into consideration. The calculation of water parti-
cle stiffness is important, because it controls the components of the
contact force that will be supported primarily by the water element
and the remaining part supported by the solid element. By changing
the stiffness of the water element, different degrees of consolidation
can be simulated by changing the forces supported by the water.

First, the loosest particle-packing configuration with a uniform
particle size is considered for a one-dimensional (1D) consolidation
analysis (Fig. 5). The force between the particles is transmitted only
in the vertical direction along the z-axis. No Poisson effect occurs in
this case, because no lateral deformation is caused by vertical
forces. This is characteristic of rigid particles with deformable con-
tacts. Therefore, during the dissipation process (drained condition),
no force acts on the side walls in the x or y direction.

During consolidation, the PWP can be converted into particle
contact force between two particles calculated from the water parti-
cle stiffness and is calculated by using Eq. (24)

u1 ¼ au0 (24)

Fw1 ¼ aFw0 (25)

where u0 and u1 = pore pressure in the sample before and after dissi-
pation occurs, respectively; Fw0 and Fw1 = force at the contact
between two particles calculated fromwater particle stiffness before
and after pore pressure reduction, respectively; and a = reduction
factor that ranges from 0 to 1. The force induced by the water ele-
ment stiffness is calculated with Eq. (26)

Fw0 ¼ D0Kw0 cð Þ
Fw1 ¼ D1Kw1 cð Þ

Kw0 cð Þ ¼ 1
2
Kw0

Kw1 cð Þ ¼ 1
2
Kw1 (26)

Fig. 4. DEM simulation of effective stress and pore pressure during water diffusion

Fig. 5. DEM formulation of loose particle packing: (a) 3D view; (b) x–z plane view
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where Kw0 and Kw1 = water particle stiffness before and after the
pore pressure reduction, respectively; D0 and D1 = particle–particle
intersection before and after pore pressure reduction, respectively;
and Kw0 and Kw1 = water particle stiffness before and after pore
pressure dissipation, respectively. Subscript (c) = combined stiff-
ness at a contact point.

During the pore pressure dissipation process, the total force at a
contact point is assumed to be unchanged and calculated with the
following equation:

FT ¼ Fs0 þ Fw0 ¼ Fs1 þ Fw1 (27)

where Fs0 and Fs1 = force at the contact calculated from solid parti-
cle stiffness before and after pore pressure reduction, respectively,
as calculated with Eq. (28)

Fs0 ¼ D0KsðcÞ

Fs1 ¼ D1KsðcÞ (28)

Ks cð Þ ¼ 1
2
Ks (29)

where Ks = solid particle stiffness, which is a constant during the
pore pressure dissipation process; and subscript (c) = combined
stiffness at a contact point. When Eqs. (26)–(29) are combined with
Eq. (25), water particle stiffness after pore pressure reduction is cal-
culated as shown in Eq. (30)

Kw1 ¼ aKw0D0Ks

2� aKw0D0
(30)

Irregular Packing
The random particle packing shown in Fig. 6 shows that the force
between the particles is transmitted not only in the vertical direction
along the z-axis for 1D consolidation but also in the horizontal
direction along the x- and y-axes because of irregular contacts
between the particles. Although no deformation is allowed in the x
and y directions because of the boundary walls, stresses are still

generated on the boundary walls, which means that the linear rela-
tionship between a single force induced by a water particle on a con-
tact point and the pore pressure of the whole sample no longer
exists. In this case, water particle stiffness can be determined by
using an iterative scheme.

During the water pressure dissipation process, a pore pressure
dissipation factor, b , is used to calculate the degree of changes in
pore pressures, as shown in Eq. (31)

u1 ¼ b u0 (31)

where u1 = pore pressure at the current stage of pore pressure dissipa-
tion; and u0 = initial pore pressure of the whole sample. It is assumed
that the changes in pore pressure are uniform through the sample and
that contact forces of the water particle change by the same percent-
age as that of the pore pressure. In other words, the same b value can
be used to calculate the current contact force in the water particle, as
shown in Eq. (32)

Fw1 ¼ bFw0

Fw0 ¼ D0Kw0

Fw1 ¼ D1Kw1 (32)

where Fw0 and Fw1 = force on a contact point between two particles
calculated from water particle stiffness before and after pore pres-
sure reduction, respectively; Kw0 and Kw1 = water particle stiffness
before and after pore pressure reduction, respectively; and D0 and
D1 = contact intersection between two particles before and after
pore pressure reduction, respectively.

The total force Ft applied to the contact is the same before and
after pore pressure dissipation, as shown in the following:

Ft ¼ Fs þ Fw ¼ KsD0 þ Kw0D0 ¼ KsD1 þ Kw1D1 (33)

where Fs and Fw = contact forces induced by solid and water stiff-
nesses, respectively; and Ks = solid particle stiffness, which is
maintained as a constant during the pore pressure dissipation pro-
cess. Assuming that pore pressure reduction is linearly related to
changes in the effective stress gives

Fig. 6. DEM formulation of irregular particle packing: (a) 3D view; (b) plane view
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Fig. 7. (a) Bisection method, based on DEM calculations; (b) algorithm for finding corresponding pore pressure dissipation factor
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Fig. 9. Measurement sphere distribution: (a) x–z plane view; (b) x–y plane view

Fig. 8. DEMgeneration of loose particle packing: (a) 3D view; (b) side view (Note: Outer-boundary stress applied only in z direction)
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KsD1 ¼ KsD0
1� bð ÞD0Kw0 þ KsD0

KsD0


 �
(34)

By substituting Eq. (34) into Eq. (32), a new water stiffness can
be calculated from Eq. (35)

Kw1 ¼ bKw0

1� bð Þ Kw0
Ks

þ 1
(35)

In DEM calculations, each particle has a unique pore pressure
reduction factor, b m; therefore, the pore pressure, um, calculations
are based on each individual particle,m, andmodified fromEq. (19)

um ¼ 1� navg

V
pð Þ

m

X
N

pð Þ
c

x cð Þ
i � x

pð Þ
i

h i
Kw cð ÞgDn

i

( )
(36)

where VðpÞ
m = volume of the individual particle; KwðcÞ = combined

water stiffness at a contact point between two particles; and navg is
the average porosity of the whole sample. Because of the nonlinear
relationship between the single force induced by the water particle
on a contact point and the pore pressure of the whole sample, the
pore pressure dissipation factor, b , cannot be calculated directly
from Eq. (32). The final pore pressure dissipation factor, b , is
calculated with the bisection method (Chapra 2012), shown as
follows:

Qn ¼ un DEMð Þ � uf ; uf ¼ au0

ifQn > 0; b right ¼ b n and b nþ1 ¼
b left þ b right

2

ifQn < 0; b left ¼ b n and b nþ1 ¼
b left þ b right

2
(37)

where a = target pore pressure reduction factor; unðDEMÞ = pore
pressure calculated at the end of the current DEM iteration; sub-
script n = number of iteration steps; and b left and b right are themini-
mum and maximum boundary values of b , respectively. The first
trial values of b left and b right are 0 and 1, respectively. The first trial
value of b is equal to a. Then, b nþ1 is calculated on the basis of
boundary values and used in the next iteration. The iterative process
continues until the changes in pore pressure are within a specified
tolerance from Eq. (38)

un avgð Þ
u0 avgð Þ

� a

a
� 0:005 (38)

where unðavgÞ = pore pressure calculated by the DEM and averaged
from the total number of particles. A graphic depiction of the bisec-
tion method used to determine the final pore pressure dissipation
factor, b , is shown in Fig. 7(a). The algorithm for the DEM calcula-
tions is shown in Fig. 7(b).

Numerical Modeling of 1D Consolidation of Soil

Regular Loose Particle Packing Configuration

The DEMmodel used in the simulation of the 1D consolidation test
has a minimum diameter, height, and diameter-to-height ratio of
50mm, 12mm, and 2.5, respectively (ASTM 2011). To generate a
DEM model that fits this sample size, the length, width, and depth
of 75, 75, and 15mm, bounded by six frictionless rigid walls, are
specified. An initial seating load of 10 kPa is applied to all the boun-
daries, which produces an isotropic stress condition (Fig. 8).
Although themodel is 3D, the displacement occurs only in the verti-
cal z direction as a result of the 1D simulation. No deformation is
allowed to occur in x or y direction, but forces can develop in these

Fig. 10. Variation of volume-compressibility coefficient based on different solid particle stiffnesses
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two directions as a result of restraints imposed by the boundary
walls.

Measurement spheres are used to calculate the porosity of the
sample. The measurement sphere is a built-in tool of PFC3D that
helps the user calculate quantities such as porosity and stress and
strain rates through a specific measurement volume. Significant
errors in calculating the porosity can occur when the measure-
ment sphere includes only four particles or less. The measure-
ment spheres, therefore, are distributed evenly in the sample and
contain at least five particles each. The average porosity of the
entire sample is calculated using all the measurement spheres
(Fig. 9).

In conventional oedometer consolidation testing, the specimen
ring is stiff enough to prevent significant lateral deformation of the
specimen throughout testing. Therefore, the stiffness of the bound-
ary wall is set to 5 times the normal particle stiffness. The coeffi-
cient of volume compressibility for the soil skeleton can be calcu-
lated using the DEM to model 1D compression on solid particles in
the dry case as shown in Eq. (39) (Craig 2004)

mv ¼ 1
1þ e0

e0 � e1
s 0

1 � s 0
0

� �
(39)

where e0 and e1 = void ratio before and after stress application,
respectively; and ðs 0

1 � s 0
0Þ = stress increment in the z direction,

which is 0.1MPa in this case. The variation of the coefficient of vol-
ume compressibility based on increasing solid particle stiffness is
shown in Fig. 10. The coefficient of volume compressibility
increases with increases in solid particle stiffness. The final coeffi-
cient of volume compressibility is adjusted to be 0.0447 with parti-
cle microproperties as listed in Table 1.

The 1D consolidation process has an initial fully undrained com-
pression stage and a final fully drained stage. The former stage is
initiated with an application of vertical stress of 0.1MPa in the z
direction on the sample with only a solid particle. Water particle
stiffness is then calculated from the pore pressure buildup because
of the porosity change [Eq. (21)].

The calculated water particle stiffness is then introduced into the
DEM calculations, and a boundary stress of 0.01MPa is reapplied.
After the water elements are introduced with finite stiffness, the
sample that combined both the solid and water particles supports
the stress increment applied on the boundary.

An analytical solution for the consolidation test can be calcu-
lated by considering one-half the drained layer (Fig. 11).

The excess pore pressure at any distance z from the drained layer
is calculated by using Eq. (40) (Craig 2004).

ue ¼
Xm¼1

m¼0

2ui
M

sin
Mz
d

� �
e �M2Tvð Þ; M ¼ p

2
2mþ 1ð Þ (40)

where ui = initial excess pore pressure; d = drainage path; m can be
any integer; and Tv = time factor, calculated as follows:

Tv ¼ Cvt
d2

; Cv ¼ k
mvgw

(41)

where Cv = consolidation coefficient; k = permeability of clay;mv =
coefficient of volume compressibility of the soil skeleton; and gw =
unit weight of water. The basic parameters used in the analytical so-
lution of 1D consolidation are listed in Table 2.

In the analytical solution, the final 1D consolidation settlement
of the entire soil layer is calculated on the basis of the change in
effective stress, as shown in Eq. (42) (Craig 2004)

DHf ¼ mvDs
0H (42)

where Ds 0 = effective stress change on the soil skeleton (0.1MPa
in this case); andH = length of drainage layer, which is equal to the
depth of the oedometer-tested sample in the z direction before the
dissipation process is initiated.

Fig. 11. Side view of soil drainage layers for analytical solution

Table 1. Particle Microproperties Used in Oedometer Testing of Loose
Particles Packing (DEM)

Parameter Value Unit

Sample height (H) 15 mm
Sample length (L) 75 mm
Sample width (W) 75 mm
Wall normal stiffness (Knwall) 7� 105 N/m
Wall stiffness ratio (Knwall/Kswall) 1 —

Particle normal stiffness (Knball) 1:4� 105 N/m
Particle stiffness ratio (Knball/Ksball) 1 —

Particle radius (r) 1.5 mm
Particle density (r ) 2,650 kg/m3

Number of particles 3,125 —

Particle friction coefficient (m ) 0.5 —

Initial porosity 0.468 —

Gravity (g) 9.8 m/s2

Compressibility of water (Cw) 4:6� 10�10 m2/N

© ASCE 04017033-11 Int. J. Geomech.
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The consolidation settlement of the entire soil layer at any time,
Tv, during the consolidation process is calculated by using the aver-
age degree of consolidation,U

DH ¼ DHf ð1� UÞ (43)

U ¼ 1�
Xm¼1

m¼0

2
M2

exp �M2Tv
� �

(44)

TheDEMcalculation is divided into five layers for the pore pres-
sure calculation (Fig. 12).

During the drained consolidation test, water particle stiffness is
reduced from the maximum value to 0 to correspond to pore pres-
sure decrements at each step [Eq. (30)]. In the analytical solution,
the differences in pore pressure at specific times along each layer in
the analytical solution [Eq. (40)] result in different stiffness reduc-
tions in water particles along each layer. Excess pore pressure of
each layer, as determined from the DEM solution, is calculated
through Eq. (19). The consolidation settlement of the entire soil
layer at any time during the consolidation process is calculated by
the difference in displacement between the upper and lower walls in
the z direction.

Fig. 13 compares the particle intersection before (time =
0 s) and after the end (time = 200 s) of pore pressure dissipa-
tion. The intersection of particle contact in the z direction
between Layers 2 and 3 increases because of the reduction in
water particle stiffness, which leads to the reduction in the total
volume of the sample; this finding is consistent with laboratory
observations as expected from application of conventional soil
mechanics.

Figs. 14(a–e) show comparisons between the DEM and ana-
lytical solutions of excess pore-pressure decreases in each
layer. Fig. 15 shows comparisons between the analytical and
DEM solutions of consolidation settlement of the entire soil
sample against time increments. The proposed method can cal-
culate with good accuracy PWP dissipation by using water
particles.

Fig. 12. Side view of soil drainage layers for DEM calculation of loose particle packing

Fig. 13. Intersection of particle contacts: (a) before pore pressure dissipation, time = 0 s; (b) at the end of pore pressure dissipation, time = 2,000 s

Table 2. Basic Soil and Fluid Characteristics in the Analytical 1D
Consolidation Test

Parameter Value Unit

Permeability (k) 1� 10�10 m/s
Coefficient of volume compressibility (mv) 0.044742398 m2/MN
Unit weight of water (!w) 9.81 kN/m3

Coefficient of consolidation (cv) 2:2783� 10�7 m2/s
Drainage path (d) 0.015 m
Distance to open drainage (z) Case dependent m
B value 0.99623 —

Initial excess pore pressure (ui) 0.09962 MPa

© ASCE 04017033-12 Int. J. Geomech.
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Irregular Particle Packing Configuration

A DEM model is generated by using uniformly sized dense
irregular particle packing in a rectangular box with a length,
width, and depth of 75, 75, and 15mm, respectively. The ele-
ments are bounded by six frictionless rigid walls (Fig. 16). The
application of load is 1D, and the boundary walls in the x and y
directions are fixed by setting the wall velocities to 0. The wall

in the z direction can move freely on the basis of the servocon-
trol method.

To calculate sample porosity, a method more precise than inser-
tion of the measurement sphere, as in the loose packing case, is
used. Therefore, the total sample volume, VT , as illustrated in Fig.
16, is calculated as follows:

VT ¼ Dx � Dy � Dz (45)

Fig. 14. Comparison of excess pore pressure decreases of each layer against time: (a) Layer 1; (b) Layer 2; (c) Layer 3; (d) Layer 4; (e) Layer 5
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where Dx, Dy, and Dz are the perpendicular distances between two
walls in the x, y, and z directions, respectively.

The solid volume, Vs, is calculated with the following:

Vs ¼ VT
b � VT

b�b � VT
b�w (46)

where VT
b = total volume of all particles; VT

b�b = total volume of all
particle intersections; and VT

b�w = total volume of all intersections

between the particles and the wall. The total solid volume of all the
particles is calculated from Eq. (47)

VT
b ¼

Xm¼Np

m¼0

4
3
pr3m (47)

where Np = total number of particles in the sample; and rm = current
particle radius. The volumes for the particle–particle and particle–

Fig. 14. (Continued.)
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wall intersections are calculated separately and follow the index nota-
tion shown in Fig. 3; index i has a range of i 2 f1;2;3g for the x, y,
and z directions. For particle–particle contact, each volume contains

only one-half of the total intersection volume because two particles
share one contact. The total intersection volume for particles and par-
ticle walls is then calculated by the following equations:

Fig. 14. (Continued.)

Fig. 15. Comparison of consolidation settlements of entire soil sample against time increments between analytical and DEM solutions of loose pack-
ing particles
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VT
b�b ¼

X
Np

X
Nc

1
2

p

12d
RA þ RB � dð Þ2

h
d2 þ 2d RA þ RBð Þ

�

� 3 RA � RBð Þ2
i

(48)

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXi¼3

i¼1

ðxAi � xBi Þ2
vuut (49)

VT
b�w ¼

X
Np

X
Nc

p Un
totalð Þ2
3

3rb � Un
total

� �
(50)

Un
total ¼ Rb �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXi¼3

i¼1

x cð Þ
i � x

pð Þ
i

h i2vuut (51)

The true porosity, n, of the sample is then calculated with Eq. (52)

n ¼ Vv

VT
¼ VT � Vs

VT
(52)

The coefficient of volume compressibility is adjusted follow-
ing the same procedure as described for the loose packing case.
The particle microproperties are listed in Table 3, and the basic
parameters used in the analytical 1D consolidation test are listed
in Table 4.

The DEM calculation procedure follows the same process
and boundary stress (0.1MPa in the z direction) as those in the
loose packing case. During the dissipation process, the DEM
calculation is divided into three layers for pore pressure calcu-
lation (Fig. 17). The pore pressure of each layer is first calcu-
lated on the basis of the time determined in Eq. (40). The water
particle stiffness is then calculated from Eq. (35) and applied
on each particle until convergence is reached by using the itera-
tion algorithm (Fig. 7). The iteration for b with the bisection
method continues until convergence is satisfied as defined in
Eq. (38).

The excess pore pressure of each layer from the DEM solution is
calculated from Eq. (17). The consolidation settlement of the entire
soil layer at any time during the consolidation process is calculated
by calculating the difference in displacement between the upper and
lower walls in the z direction.

Fig. 18 compares the analytical and DEM solutions of excess
pore pressure in each layer. The comparison of consolidation settle-
ment of the entire soil sample over time is shown in Fig. 19. The

analytical and numerical solutions agree well for both pore pressure
and displacement changes over time. The accuracy of these simula-
tions reveals the capability of this algorithm to capture solid–fluid
interactions.

Conclusion

In this paper, a new method was presented to model solid–fluid
interaction in DEM analysis. The pore pressure buildup caused by
solid deformation was captured through use of a water element.
During the dissipation process, pore pressure changes were simu-
lated by reducing water particle stiffness as calculated from pore
volume reduction. The bisection method was used to calculate the
correct water particle stiffness for a specified pore pressure in each

Table 3. Particle Microproperties Applied to Oedometer Testing of
Irregular Particle Packing (DEM)

Parameter Value Unit

Sample height (H) 15 mm
Sample length (L) 75 mm
Sample width (W) 75 mm
Wall normal stiffness (Knwall) 1:5� 106 N/m
Wall stiffness ratio (Knwall/Kswall) 1 —

Particle normal stiffness (Knball) 3� 105 N/m
Particle stiffness ratio (Knball/Ksball) 1 —

Particle radius (r) 1.5 mm
Particle density (r ) 2,650 kg/m3

Number of particles 3,879 —

Particle friction coefficient (m ) 0.5 —

Initial porosity 0.389 —

Gravity (g) 9.8 m/s2

Compressibility of water (Cw) 4:6� 10�10 m2/N

Table 4. Basic Soil and Fluid Characteristics in Analytical Test of a 1D
Consolidation Test

Parameter Value Unit

Permeability (k) 1� 10�10 m/s
Coefficient of volume compressibility (mv) 0.036636473 m2/MN
Unit weight of water (!w) 9.81 kN/m3

Coefficient of consolidation (cv) 2:7824� 10�7 m2/s
Drainage path (d) 0.015 m
Distance to open drainage (z) Case dependent m
B value 0.9952 —

Initial excess pore pressure (ui) 0.0995 MPa

Fig. 16. DEMgeneration of dense particle packing: (a) 3D view; (b) side view (Note: Outer-boundary stress applied only in z direction)
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Fig. 17. Side views of soil drainage layers for DEM calculation of irregular particle packing

Fig. 18. Comparisons of excess pore pressure/initial pore pressure of each layer against time increments between analytical and DEM solutions of
irregular particle packing: (a) Layer 1; (b) Layer 2; (c) Layer 3
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particle. Analytical solutions based on conventional soil mechanics
theory and obtained by oedometer testing were used to validate the
proposed algorithm. A comparison between the numerical and

analytical results shows that the DEMmodel not only replicates the
deformation of loosely packed saturated particles but also accu-
rately captures the deformation of densely packed particles.

Fig. 19. Comparison of consolidation settlement of entire soil sample against time increments between analytical and DEM solutions of irregular par-
ticle packing

Fig. 18. (Continued.)
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