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Abstract. We use the recently developed algorithm for the G
(1)
n transformation to approximate

tail probabilities of the normal distribution, the gamma distribution, the student’s t-distribution,
the inverse Gaussian distribution, and Fisher’s F distribution. Using this algorithm, which can be
computed recursively when using symbolic programming languages, we are able to compute these
integrals to high predetermined accuracies. Previous to this contribution, the evaluation of these tail

probabilities using the G
(1)
n transformation required symbolic computation of large determinants.

With the use of our algorithm, the G
(1)
n transformation can be performed relatively easily to produce

explicit approximations. After a brief theoretical study, a connection between theG
(1)
n transformation

and rational and Padé approximants is established.
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1. Introduction. In numerical analysis, in applied mathematics and in physics,
infinite series and infinite range integrals represent solutions of many problems. In
practice, these series and integrals often have a very poor convergence, presenting
severe numerical and computational difficulties. As a result, convergence accelerators
and nonlinear transformation methods for accelerating the convergence of infinite se-
ries and integrals have been studied for many years and have been applied in various
situations. They are based on the idea of extrapolation. Via sequence transforma-
tions, slowly convergent and divergent sequences and series can be transformed into
sequences and series with better numerical properties. Thus, they are useful for ac-
celerating convergence. In the case of nonlinear transformations the improvement of
convergence can be remarkable. This approach forms the basis of many new meth-
ods for solving various problems which were unsolvable otherwise and have many
applications as well [1, 2, 3, 4, 5, 6].

Previous work [7, 8] has shown that the G
(m)
n transformation [9] can be exception-

ally accurate in the computation of highly oscillatory integrals. The G transformation

was introduced in [10] and is extended to Gn in [11] and to G
(m)
n in [9]. The positive

integer m denotes the order of the linear homogeneous differential equation satisfied
by the integrand and the positive integer n stands for the truncation order of the

asymptotic expansion used in the transformation. The G
(m)
n transformation produces

approximations to infinite range integrals by expressing the integral tails in asymp-

totic expansions. One of the main challenges facing the G
(m)
n transformation is the
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lack of efficient algorithms for its implementation. Brute force methods rely on the
solution of large systems of linear equations involving successive (higher) derivatives
of the integrands and are therefore algorithmically undesirable. Recent progress [12]
has seen the introduction of a highly efficient algorithm for the implementation of

the G
(1)
n transformation for integrals whose integrands satisfy first order linear ho-

mogeneous differential equations. Its implementation has been greatly aided by the
Slevinsky–Safouhi formula 1 (SSF 1) for higher order derivatives [13], which is given
explicitly in section 2.2. The algorithm can also be computed recursively when using
symbolic programming languages such as Maple or Mathematica.

The evaluation of tail integrals of probability distributions is a problem that
arises in several fields, such as statistics, chemistry, and physics. For example, in
certain types of clustering and reliability problems, it is necessary to compute ex-
treme tail probabilities to a high accuracy [14]. Standard quadrature rules fail to
provide sufficiently accurate computation of tail probabilities, leading to the need for
approximation functions that yield adequate accuracy for probabilities in the range
of interest. Unfortunately, as explained by Gray and Wang [15], there are few general
methodologies for producing such functions.

Prior to this work, such integrals were hard to calculate with the G
(1)
n transfor-

mation due to the increasingly cumbersome calculations of higher dimensional de-
terminants for large n. McWilliams, Balusek, and Gray [16] were able to determine
approximations to these tail probabilities for orders of n = 10 using the computer
algebra program Mathematica. One deficiency of this method was the lack of control
of the degree of accuracy because their algorithm cannot be computed recursively.
In the present contribution, we use the algorithm introduced in [12] to compute
the tail probabilities of five probability distributions: the normal distribution, the
gamma distribution, the student’s t-distribution, the inverse Gaussian distribution,
and Fisher’s F distribution. The algorithm requires computation of derivatives of
the form (x2 d

dx )
n(x−νf(x)), where ν is some complex number and where f(x) is ei-

ther the probability density function (PDF) or its multiplicative inverse. To proceed
efficiently, we use the SSF 1.

Tail probabilities of the aforementioned five probability distributions are com-
puted and the numerical tables illustrate the high efficiency of the algorithm, which
does not resort to any classical numerical integration scheme, such as a quadrature
routine. In order to control the degree of accuracy, we develop a test which stops the
computation once the relative error reaches a predetermined accuracy. In general, this
test works very well. In certain cases, however, when the behavior of the sequence of
approximations is erratic, or after a certain order of the transformation, the relative
error grows. In such situations, we implement the same stopping criteria developed
in [17] for another extrapolation method. This test stops the calculations and returns
the most accurate approximation for the integral tails.

The numerical tables we produce replicate the values treated in [16] with an accu-
racy reaching as high as 15 correct digits in double precision arithmetic. In addition,
some tables show computations resulting from different values of the parameters in
question.

In section 5, we identify the similarities between the forms of the approximations

G
(1)
n to each of the tail probabilities, and we study the G

(1)
n transformation on a

theoretical level. We establish an analytical form for the approximations G
(1)
n and

demonstrate their connection with rational and Padé approximants [18].D
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TAIL PROBABILITY DISTRIBUTIONS AND EXTRAPOLATION B67

2. Definitions and basic properties.

2.1. Probability distributions. In this section, we define the normal distri-
bution, the gamma distribution, the student’s t-distribution, the inverse Gaussian
distribution, and Fisher’s F distribution. For more details on these distributions and
their properties, see [19, 20].

The normal distribution (Gaussian distribution) has the PDF given by

(2.1) fN (x) =
1√

2 π σ2
exp

(
− (x− μ)2

2 σ2

)
for −∞ < x < +∞,

where μ denotes the mean of the distribution and σ2 represents the variance.
By making the change of variable z = x−μ

σ the normal distribution reduces to the
standard normal distribution where μ = 0 and σ2 = 1. In this case, the PDF is given
by

(2.2) gN (z) =
1√
2 π

exp

(
−z2

2

)
for −∞ < z < +∞.

The gamma distribution has the PDF

(2.3) fg(x) =
xa−1 e−

x
b

Γ(a) ba
for 0 < x < +∞,

for which a > 0 and b > 0 are two parameters and Γ refers to the gamma function. The
parameter a is responsible for the shape of the distribution, whereas the parameter b
affects the scale. The mean of the gamma distribution is μ = a b and the variance is
σ2 = a b2. The gamma distribution is transformed to the exponential distribution by
setting a = 1. It is also related to the χ2 distribution by setting a = v/2 and b = 2,
where v is the number of degrees of freedom. Indeed, the gamma distribution also
forms the heart of the noncentral gamma distribution studied in [21].

The student’s t-distribution has the PDF

(2.4) ft(x) =
Γ(v+1

2 )
√
v π Γ

(
v
2

) (1 + x2

v

)−( v+1
2 )

for −∞ < x < +∞,

where the parameter v > 0 stands for the number of degrees of freedom. For a
sample size of n independent variables, the number of degrees of freedom is defined
to be v = n − 1. The mean of the student’s t-distribution is 0 and the variance is
σ2 = v

v−2 when v > 2, σ2 = ∞ when 1 < v ≤ 2, and undefined otherwise. As v
tends to infinity, the student’s t-distribution converges toward the standard normal
distribution.

The inverse Gaussian distribution has the PDF

(2.5) fi(x) =

(
λ

2 π x3

) 1
2

exp

(
−λ (x− μ)2

2μ2 x

)
for 0 < x < +∞,

where μ > 0 is the mean and λ > 0 is the shape parameter. The variance is σ2 = μ3

λ .
Fisher’s F distribution has the PDF

(2.6) fF (x) =
Γ
(
a+b
2

)
Γ
(
a
2

)
Γ
(
b
2

) (a
b

)a/2 x
a−2
2(

1 +
(
a
b

)
x
) a+b

2

for 0 < x < +∞,D
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which is characterized by two positive integral parameters a and b. The mean of

Fisher’s F distribution is μ = b
b−2 for b > 2 and the variance is σ2 = 2 b2 (a+b−2)

a (b−2)2 (b−4) for

b > 4.

2.2. The SSF. In [13], new formulae for higher order derivatives are shown to be
widely applicable in numerical and computational settings. The recursive algorithm
we detail in subsection 2.3 and implement in section 3 requires the computation of high
order derivatives of the integrand or its multiplicative inverse. In order to facilitate
the developments, we present the following theorem.

Theorem 2.1 (see [13]). Let G(x) be a function kth differentiable with the term
( d
xmdx)

k(x−n G(x)) well-defined. The SSF 1 is given by

(2.7)

(
d

xμdx

)k

(x−ν G(x)) =
k∑

i=0

Ai
kx

n−ν+i(m+1)−k(μ+1)

(
d

xmdx

)i

(x−n G(x))

for any arbitrary μ, ν, m, n ∈ C and where the coefficients are given recursively by

(2.8) Ai
k =

⎧⎨
⎩
1 for i = k,
(n− ν − (k − 1)(μ+ 1))A0

k−1 for i = 0, k > 0,

(n− ν + i(m+ 1)− (k − 1)(μ+ 1))Ai
k−1 +Ai−1

k−1 for 0 < i < k.

In essence, while μ, ν, m, n ∈ C, these constants are otherwise arbitrary and are
typically chosen by the user to make derivations as easy as possible. As will be shown
later in this manuscript, μ = −2 in all cases. Applying the operator (x2 d

dx )
k to the

function G(x) = ex
2/2 would certainly be cumbersome for large integer k. However,

with the SSF 1, this problem is trivially solved as

(2.9)

(
x2 d

dx

)k

ex
2/2 =

k∑
i=0

Ai
k x

2i+k

(
d

xdx

)i

ex
2/2 = xkex

2/2
k∑

i=0

Ai
k x

2i,

where the coefficients Ai
k are those above with (μ, ν,m, n) = (−2, 0, 1, 0).

In the SSF 1, one requires that the term ( d
xmdx )

k(x−n G(x)) be well-defined. To

be used most efficiently, m and n should be chosen such that ( d
xmdx)

k(x−n G(x)) is
easy to compute, even though the formula holds regardless.

The SSF 2 is developed as the specific case of above where (μ, ν,m, n) = (0, 0, 1, 0)
and for all intents and purposes is not relevant to the balance of this work. Note that
the coefficients Ai

k for both SSF 1 and SSF 2 also have explicit analytical expressions
available in [13].

2.3. The G(1)
n transformation. For more details on the G

(m)
n transformation,

see [9, 5].
Let f(x) be a function that satisfies a first order differential equation of the form

(2.10) f(x) = p1(x) f
′(x),

where the coefficient p1(x) has an asymptotic expansion as x → +∞ of the form

(2.11) p1(x) ∼ xγ
∞∑
i=0

αi

xi
for some γ ∈ C.
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TAIL PROBABILITY DISTRIBUTIONS AND EXTRAPOLATION B69

The approximation G
(1)
n to

∫∞
0 f(t) dt is given as the solution of the system of

n+ 1 linear equations [9],

(2.12)
dl

dxl

(
G(1)

n − F (x) − xξ0f(x)
n−1∑
i=0

β̄0,i

xi

)
= 0 with l = 0, 1, . . . , n,

where it is assumed that dl

dxlG
(1)
n ≡ 0 ∀ l > 0. F (x) =

∫ x

0
f(t) dt and ξ0 = min(s0, 1),

where s0 is the largest of the integers s such that limx→∞ xsf(x) = 0 holds. Also,

G
(1)
n and the β̄0,i with 0 ≤ i ≤ n− 1 are the respective set of n+ 1 unknowns.

Instead of solving the system of linear equations each time for each order n,

however, it would be desirable to evaluate each approximation G
(1)
n in a recursive

manner. Here, we use the fact that (x2 d
dx)

n annihilates polynomials of degree n− 1
in inverse powers 1

x .
By considering (2.12) for l = 0, by isolating for the summation, and by applying

the (x2 d
dx) annihilation operator n times to the equation, we obtain [12]

(2.13) G(1)
n =

(
x2 d

dx

)n(
F (x)

xξ0f(x)

)
(
x2 d

dx

)n(
1

xξ0f(x)

) =
Nn(x)

Dn(x)
,

which leads to the algorithm for computing the G
(1)
n approximation [12].

For n = 1, 2, . . . , compute Nn(x) and Dn(x) recursively from

(2.14) Nn(x) =

(
x2 d

dx

)
Nn−1(x) and Dn(x) =

(
x2 d

dx

)
Dn−1(x)

with

(2.15) N0(x) =
F (x)

xξ0f(x)
and D0(x) =

1

xξ0f(x)
.

Since we are investigating integral tails
∫∞
x f(t) dt rather than complete semi-

infinite integrals, the remaining integrals
∫ x

0
f(t) dt appear on both sides of the above

equation and we can then extract the approximation G̃
(1)
n (x) to integral tails as follows:

G̃(1)
n (x) = G(1)

n (x)− F (x)

=
Nn(x)− F (x)Dn(x)

Dn(x)

=

∑n
r=1

(
n
r

)
Dn−r(x)

(
x2 d

dx

)r−1 (
x2 f(x)

)
Dn(x)

=
Ñn(x)

Dn(x)
.(2.16)

The construction principle used above to derive the algorithmic form of the G
(1)
n

transformation is the same as that used in deriving algorithmic forms of several other
Levin-type transformations. This construction principle occurs more widely in the
discrete analogue, as discussed in [4, 22, 23]. In the discrete case, it is assumed that
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the elements of a model sequence {sn}∞n=0 with (generalized) limit s can be expressed
as follows:

(2.17) sn = s+ ωnzn, n ∈ N0.

Here, ωn is a remainder estimate which is usually assumed to be known, and the
correction terms zn should be chosen in such a way that the products ωnzn provide
sufficiently accurate and rapidly convergent approximations to actual remainders.
The model sequence (2.17) has one indisputable advantage: there exists a systematic
approach for the construction of a sequence transformation which is exact for the
model sequence (2.17). Let us assume that a linear operator T̂ can be found which
annihilates for all n ∈ N0 the correction term zn according to T̂ (zn) = 0. Then, a
sequence transformation, which is exact for the model sequence (2.17), can be obtained
by applying T̂ to [sn−s]/ωn = zn. Since T̂ annihilates zn and is by assumption linear,
the following sequence transformation T is exact for the model sequence (2.17):

(2.18) T (sn, ωn) =
T̂ (sn/ωn)

T̂ (1/ωn)
= s.

The above equation was introduced in [4] and applied for a rederivation of Levin’s
transformation [24] and for the derivation of related sequence transformations [4].

It is not very difficult to see the connection between the general transformation

T in the discrete case and the approach used for the G
(1)
n transformation in the

continuous case. In (2.13), the linear operator T̂ which annihilates an asymptotic
expansion in inverse powers of x of order n − 1 is the operator (x2 d

dx)
n, while the

partial sum sn is the integral F (x) and the remainder estimate ωn is the function
xξ0f(x). In [23], Drummond’s (discrete) process is extended to the continuous case.

Indeed, it is similar to the G
(1)
n transformation. Instead of an asymptotic expansion

in inverse powers of x, however, the extended Drummond’s process annihilates a
polynomial in x. The differential operator d

dx achieves this annihilation. So for the
function F (x) whose asymptotic expansion is given as

(2.19) F (x) ∼ F + ω(x)Pn(x) as x → 0,

where Pn(x) ∈ R[x] (i.e., Pn(x) is in the ring of polynomials with coefficients in R)
and deg(Pn(x)) = n, the extended Drummond’s process is given by

(2.20) Dn(x) =

(
d

dx

)n(
F (x)

ω(x)

)
(

d

dx

)n(
1

ω(x)

) .

Evidently, there is a similarity in the developments.

3. Computing the probability distributions. The objective of this manu-
script is to compute integral tails

∫∞
x f(t) dt, where f(t) is a PDF, using the algorithm

presented above.

3.1. The normal distribution. For simplicity, we first apply G
(1)
n to the stan-

dard distribution. We derive the analytic expression of G̃
(1)
n for the integral tail of the

standard distribution, and then we make the change of variable z = x−μ
σ to obtain

the analytic expression of G̃
(1)
n for the integral tail of the normal distribution.
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It is easy to show that the standard normal distribution PDF given by (2.2)
satisfies a first order differential equation given by

(3.1) gN (z) = p1(z) g
′
N (z),

where the coefficient p1(z) is given by

(3.2) p1(z) = −1

z
= −z−1 ⇒ ξ0 = −1 (see (2.12) for the definition of ξ0) .

All the conditions required to apply the G
(1)
n transformation to the standard

distribution are satisfied. By using SSF 1 with (μ, ν,m, n) = (−2,−1, 1, 0) we obtain

Dn(z) =

(
z2

d

dz

)n

z
√
2πez

2/2

=
z1+n

gN (z)

n∑
i=0

Ai
n z2i,(3.3)

where the coefficients Ai
k are calculated using the recurrence relations in (2.8) with

(μ, ν,m, n) = (−2,−1, 1, 0).
Since the elements Dn(z) are now available, to evaluate the numerator Ñn(z), we

only need to evaluate the following:

(3.4)

(
z2

d

dz

)r−1(
z2

1√
2 π

e−
z2

2

)
.

We use the SSF 1 with (μ, ν,m, n) = (−2,−2, 1, 0) to obtain

(3.5)

(
z2

d

dz

)r−1(
z2

1√
2 π

e−
z2

2

)
= z1+r gN(z)

r−1∑
i=0

Bi
r−1 (−1)i z2i,

where the coefficients Bi
k are calculated using the recurrence relations in (2.8) with

(μ, ν,m, n) = (−2,−2, 1, 0).
Inserting these results into (2.16), we obtain

(3.6) G̃(1)
n (z) = z gN (z)

⎡
⎢⎢⎢⎢⎢⎣

n∑
r=1

(
n

r

) n−r∑
i=0

Ai
n−r z

2i
r−1∑
j=0

Bj
r−1 (−1)j z2j

n∑
k=0

Ak
n z

2k

⎤
⎥⎥⎥⎥⎥⎦ .

Upon the change of variables z = x−μ
σ to return to the general normal distribu-

tion, we obtain

(3.7) G̃(1)
n (x) = (x− μ) fN (x)

⎡
⎢⎢⎢⎢⎢⎣

n∑
r=1

(
n

r

) n−r∑
i=0

Ai
n−r ω

i
r−1∑
j=0

Bj
r−1 (−ω)j

n∑
k=0

Ak
n ω

k

⎤
⎥⎥⎥⎥⎥⎦ ,

where ω = (x−μ
σ )2.
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Table 3.1

Numerical evaluation of the tail integral of the normal distribution by (3.7).

x μ σ n G̃
(1)
n (x) εn Maple values

1.2 0 1 48 .115069670221707( 0) .22(−15) .115069670221708( 0)
1.6 0 1 34 .547992916995587(−1) .36(−15) .547992916995579(−1)
2.0 0 1 28 .227501319481791(−1) .79(−15) .2275013194817920(−1)
3.0 0 1 19 .134989803163009(−2) .41(−15) .134989803163009(−2)
6.0 0 1 11 .986587645037697(−9) .00( 00) .986587645037698(−9)
10.0 0 1 7 .761985302416049(−23) .70(−15) .7619853024160526(−23)
12.0 0 1 7 .177648211207767(−32) .13(−15) .1776482112077678(−32)
45.0 18 6 12 .339767312473006(−5) .88(−15) .339767312473006(−5)
54.2 2 25 28 .183989173418575(−1) .28(−15) .183989173418576(−1)
0.3 0 1 162 .382088577811118( 0) .30(−13) .382088577811047( 0)

In Table 3.1, we list values of the normal distribution. This table reproduces
the numerical results presented in [16] for the normal distribution. In Table 3.1 and
subsequent tables, we use the following test based on an approximation to the relative
error as a stopping criterion in the calculations:

(3.8) εn =

∣∣∣∣∣ G̃
(1)
n (x) − G̃

(1)
n−1(x)

G̃
(1)
n (x)

∣∣∣∣∣ ≤ ε,

where ε is chosen according to the desired degree of precision. In all our calculations,
ε is set at 10−15.

We also used Maple to compute the tail probabilities with an accuracy of 15
correct digits and the values obtained are listed in the tables in the column Maple
values. The evalf[15] command of Maple was used for a straightforward calculation of
the integral tails, where the number 15 between brackets denotes the number of correct
digits Maple will return in the computed expression. A straightforward calculation in
Maple consists of entering the infinite-range integrals symbolically and recuperating
a numerical value, whether the integral has a closed-form antiderivative or not.

Section 4 contains a more detailed numerical discussion.

3.2. The gamma distribution. The PDF fg(x) given by (2.3) satisfies the
first order differential equation given by

(3.9) fg(x) = p1(x)f
′
g(x),

where the coefficient p1(x) is given by

(3.10) p1(x) =
bx

ab− b− x
=

∞∑
n=0

−bn+1(a− 1)n

xn
⇒ ξ0 = 0.

Using SSF 1 with (μ, ν,m, n) = (−2, a− 1, 0, 0), we obtain

Dn(x) =

(
x2 d

dx

)n

Γ(a) ba x1−a exp
(x
b

)

=
xn

fg(x)

n∑
i=0

Ai
n

(x
b

)i
.(3.11)

For the numerator, we use (μ, ν,m, n) = (−2,−a− 1, 0, 0) to develop

(3.12)

(
x2 d

dx

)r−1

(x2fg(x)) = xr+1fg(x)

r−1∑
i=0

Bi
r−1

(
−x

b

)i
.
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Table 3.2

Numerical evaluation of the tail integral of the gamma distribution by (3.13).

x a b n G̃
(1)
n (x) εn Maple values

13.0 7.000 2.0000 8 .526523622518000( 0) .00( 00) .526523622517999( 0)
15.0 7.000 2.0000 8 .378154694323469( 0) .00( 00) .378154694323469( 0)
20.0 7.000 2.0000 8 .130141420882482( 0) .00( 00) .130141420882482( 0)
35.0 7.000 2.0000 8 .147001977487619(−2) .00( 00) .147001977487619(−2)
40.0 7.000 2.0000 8 .255122495856300(−3) .00( 00) .255122495856300(−3)
45.0 7.000 2.0000 8 .407935571774570(−4) .00( 00) .407935571774571(−4)
50.0 7.000 2.0000 8 .610629446192788(−5) .00( 00) .610629446192790(−5)
60.0 7.000 2.0000 8 .117319420023469(−6) .00( 00) .117319420023469(−6)
120.0 7.000 2.0000 7 .629224133230851(−18) .38(−15) .629224133230850(−18)
12.0 2.000 3.0000 3 .915781944436709(−1) .00( 00) .915781944436709(−1)
25.5 4.430 2.0230 11 .251747197371780(−2) .15(−13) .251747197371771(−2)
45.0 5.432 4.5432 13 .453930946920760(−1) .24(−13) .453930946920784(−1)
14.0 1.111 9.0000 45 .245873088348530( 0) .33(−15) .245873088348520( 0)

Inserting these results into (2.16), we obtain

(3.13) G̃(1)
n (x) = x fg(x)

⎡
⎢⎢⎢⎢⎢⎣

n∑
r=1

(
n

r

) n−r∑
i=0

Ai
n−r

(x
b

)i r−1∑
j=0

Bj
r−1

(
−x

b

)j
n∑

k=0

Ak
n

(x
b

)k

⎤
⎥⎥⎥⎥⎥⎦ .

In Table 3.2, we list values of the gamma distribution. This table reproduces the
numerical results presented in [16] for the gamma distribution.

3.3. The student’s t-distribution. The PDF ft(x) given by (2.4) satisfies the
first order differential equation given by

(3.14) ft(x) = p1(x)f
′
t(x),

where the coefficient p1(x) is given by

(3.15) p1(x) = − x2 + v

x(v + 1)
= x

(
− 1

v + 1
− v

(v + 1)x2

)
⇒ ξ0 = 1.

To calculate Dn(x), we use the SSF 1 with (μ, ν,m, n) = (−2, 1, 1, 0) to obtain

Dn(x) =

(
x2 d

dx

)n

x−1

√
vπ Γ(v2 )

Γ(v+1
2 )

(
1 +

x2

v

)( v+1
2 )

=
xn−1

ft(x)

n∑
i=0

Ai
n

i−1∏
k=0

(v + 1− 2k)

(
x2

v + x2

)i

.(3.16)

For the numerator, we use (μ, ν,m, n) = (−2,−2, 1, 0) to develop

(3.17)

(
x2 d

dx

)r−1

(x2ft(x)) = xr+1ft(x)
r−1∑
i=0

Bi
r−1

i−1∏
k=0

(v + 1 + 2k)

(
− x2

v + x2

)i

.
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Table 3.3

Numerical evaluation of the tail integral of the student’s t-distribution by (3.18).

x v n G̃
(1)
n (x) εn Maple values

1.812 10 28 .500376310329719(−1) .17(−11) .500376310329236(−1)
2.228 10 26 .250058859084132(−1) .16(−11) .250058859085556(−1)
3.169 10 19 .500231668217826(−2) .57(−12) .500231668219242(−2)
4.587 10 21 .499918645935931(−3) .62(−13) .499918645938171(−3)
6.927 20 12 .500032563506471(−6) .46(−13) .500032563506499(−6)
5.449 60 11 .499901999489751(−6) .85(−14) .499901999489723(−6)
3.373 120 21 .500752580750085(−3) .45(−13) .500752580749990(−3)
20.0 120 11 .255269495907817(−39) .16(−15) .255269495907814(−39)

Inserting these results into (2.16), we obtain

(3.18) G̃(1)
n (x) = xft(x)

⎡
⎢⎢⎢⎢⎢⎣

n∑
r=1

(
n

r

) n−r∑
i=0

Ai
n−r (ω)i z

i
r−1∑
j=0

Bj
r−1 (−ω)j z

j

n∑
k=0

Ak
n (ω)k z

k

⎤
⎥⎥⎥⎥⎥⎦ ,

where ω = − v+1
2 , z = − 2 x2

v+x2 and (x)n = x(x + 1) · · · (x + n − 1) is a Pochhammer
symbol.

In Table 3.3, we list values of the student’s t-distribution. This table reproduces
the numerical results presented in [16] for the student’s t-distribution.

3.4. The inverse Gaussian distribution. The PDF fi(x) given by (2.5) sat-
isfies the first order differential equation given by

(3.19) fi(x) = p1(x)f
′
i(x),

where the coefficient p1(x) is given by

(3.20) p1(x) =
−2μ2x2

λx2 + 3μ2x− λμ2
=

(
−2μ2

λ
+

6μ2

λ2x
− · · ·

)
⇒ ξ0 = 0.

Using SSF 1 with (μ, ν,m, n) = (−2,− 3
2 , 0, 0), we obtain

Dn(x) =

(
x2 d

dx

)n(
λ

2πx3

)− 1
2

exp

(
λ(x − μ)2

2μ2x

)

=
1

fi(x)

n∑
k=0

(
n

k

)
xk

k∑
i=0

Ai
k

(
λx

2μ2

)i (
−λ

2

)n−k

.(3.21)

For the numerator, we use (μ, ν,m, n) = (−2,− 1
2 , 0, 0) to develop

(3.22)(
x2 d

dx

)r−1

(x2fi(x)) = x2fi(x)

r−1∑
q=0

(
r − 1

q

)
xq

q∑
i=0

Bi
q

(
− λx

2μ2

)i (
λ

2

)r−1−q

.
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Table 3.4

Numerical evaluation of the tail integral of the inverse Gaussian distribution by (3.23).

x μ λ n G̃
(1)
n (x) εn Maple values

1.50 1.00 1.00 107 .189232007000019( 0) .92(−15) .189232007000020( 0)
2.00 1.00 1.00 82 .114524574013992( 0) .43(−15) .114524574013993( 0)
3.00 1.00 1.00 61 .468120792572114(−1) .63(−15) .468120792572116(−1)
4.50 1.00 1.00 42 .143011829460930(−1) .00( 00) .143011829460931(−1)
6.00 1.00 1.00 35 .484988213370218(−2) .00( 00) .484988213370217(−2)
10.00 1.00 1.00 36 .350414537208826(−3) .65(−15) .350414537208819(−3)
16.00 1.00 1.00 24 .943916863494728(−5) .39(−15) .943916863494723(−5)
32.00 1.00 1.00 16 .122006566375975(−8) .72(−15) .122006566375975(−8)
24.00 2.00 4.00 27 .510429100438049(−6) .14(−15) .510429100438016(−6)
33.46 4.54 2.78 40 .621975008388134(−2) .72(−15) .621975008388144(−2)
23.00 6.54 6.00 55 .333636164607366(−1) .71(−15) .333636164607370(−1)
0.50 1.00 1.00 165 .635024451788276( 0) .49(−11) .635024451827040( 0)

Inserting these results into (2.16), we obtain

G̃(1)
n (x) =

2 x2 fi(x)

λ

×

⎡
⎢⎢⎢⎢⎢⎣

n∑
r=1

(
n

r

)
(−1)r

n−r∑
k=0

(
n− r

k

)
(−ω)k

k∑
i=0

Ai
k z

i
r−1∑
q=0

(
r − 1

q

)
ωq

q∑
l=0

Bl
q (−z)l

n∑
m=0

(
n

m

)
(−ω)m

m∑
p=0

Ap
m zp

⎤
⎥⎥⎥⎥⎥⎦ ,

(3.23)

where ω = 2 x
λ and z = λ x

2μ2 .
In Table 3.4, we list values of the inverse Gaussian distribution. This table repro-

duces the numerical results presented in [16] for the inverse Gaussian distribution.

3.5. Fisher’s F distribution. The PDF fF (x) given by (2.6) satisfies the first
order differential equation given by

(3.24) fF (x) = p1(x)f
′
F (x),

where the coefficient p1(x) is given by:
(3.25)

p1(x) = − 2ax2 + 2bx

(2a+ ab)x+ 2b− ab
= x

(
− 2

2 + b
− 2b(b+ a)

(2 + b)2ax
− · · ·

)
⇒ ξ0 = 1.

Using SSF 1 with (μ, ν,m, n) = (−2, a2 , 0, 0) and β =
Γ( a+b

2 )

Γ( a
2 )Γ(

b
2 )
(ab )

a
2 , we obtain

Dn(x) =

(
x2 d

dx

)n

x−1β−1x− a−2
2

(
1 +

(a
b

)
x
) a+b

2

=
xn−1

fF (x)

n∑
i=0

Ai
n

i−1∏
k=0

(
a+ b

2
− k

)(
ax

ax+ b

)i

.(3.26)

For the numerator, we use (μ, ν,m, n) = (−2,−a+2
2 , 0, 0) to develop

(3.27)(
x2 d

dx

)r−1

(x2fF (x)) = xr+1fF (x)

r−1∑
j=0

Bj
r−1

j−1∏
q=0

(
a+ b

2
+ q

)(
− ax

ax+ b

)j

.
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Table 3.5

Numerical evaluation of the tail integral of Fisher’s F distribution by (3.28).

x a b n G̃
(1)
n (x) εn Maple values

4.190 3 4 14 .100029643896889( 0) .68(−13) .100029643896895( 0)
6.590 3 4 12 .500168891790474(−1) .11(−12) .500168891790405(−1)
9.980 3 4 11 .249965339234578(−1) .31(−13) .249965339234568(−1)
16.70 3 4 9 .999383733001448(−2) .17(−13) .999383733001462(−2)
5.750 5 1 10 .306042577763992( 0) .15(−12) .306042577763857( 0)
3.340 1 1 18 .318737836141563( 0) .43(−12) .318737836141636( 0)
23.23 10 5 7 .142310351602081(−2) .17(−13) .142310351602084(−2)
12.05 8 3 6 .325796489130341(−1) .53(−14) .325796489130337(−1)

Inserting these results into (2.16), we obtain

(3.28) G̃(1)
n (x) = xfF (x)

⎡
⎢⎢⎢⎢⎢⎣

n∑
r=1

(
n

r

) n−r∑
i=0

Ai
n−r (ω)i z

i
r−1∑
j=0

Bj
r−1 (−ω)j z

j

n∑
k=0

Ak
n (ω)k z

k

⎤
⎥⎥⎥⎥⎥⎦ ,

where ω = −a+b
2 and z = − ax

ax+b .
In Table 3.5, we list values of Fisher’s F distribution. This table reproduces the

numerical results presented in [16] for Fisher’s F distribution.

4. Numerical discussion. The SSF 1 greatly simplifies the computation of the
explicit expressions when using a Fortran compiler due to the recurrence relations (2.8)
satisfied by the coefficients Ai

k. This internal recursion leads to a considerable gain in
the calculation times compared to the use of a method to solve the linear system (2.12).
In addition, the recurrence relations (2.8) allow us to stop the calculation as soon as

the desired precision is attained. That is, we calculate the approximation G̃
(1)
n+1 only

if the precision attained by G̃
(1)
n is insufficient. We use the test given by (3.8) as a

stopping criterion in the calculations.
In general, the test of accuracy (3.8) works well. However, in certain instances,

when the behavior of the sequence of approximations {G̃(1)
n (x)} is unstable and after

an optimal order of approximation, the error will only grow larger (see Figures 4.1(a)
and 4.1(b) and their corresponding Tables 4.1 and 4.2). In such a situation, we must
therefore stop the calculation, knowing that the error will only grow larger. The
stopping criterion in such an instance is determined by the following test:

(4.1) 
i =

∣∣∣∣∣ G̃
(1)
n−i(x) − G̃

(1)
n−1−i(x)

G̃
(1)
n−1−i(x)− G̃

(1)
n−2−i(x)

∣∣∣∣∣ > 1 for i = 0, 1, 2, . . . .

We found that 
0 > 1 was a sufficient stopping criterion for Fisher’s F and
the gamma distributions. For the student’s t-distribution, 
i > 1 for i = 0, 1, 2 are
required in order to achieve the best numerical result. For Fisher’s F distribution,
when 
0 > 1 is used, we found that the G̃

(1)
n−1(x) term gives the best result. In

Table 4.1, we have 
0 > 1 at n = 15 and the best approximation is given by G̃
(1)
14 (x).

For the gamma distribution, we found that the G̃
(1)
n (x) term gives the best result.

Using 
i > 1 for i = 0, 1, 2 for the student’s t-distribution, we found that the G̃
(1)
n−3(x)

term gives the best result. In Table 4.2, we have 
i > 1 for i = 0, 1, 2 at n = 24 and

the best approximation is given by G̃
(1)
21 (x).
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Fig. 4.1. Plot of log10(εn) given by (3.8) as a function of the order n of the approximations

G̃
(1)
n (x) for (a) Fisher’s F distribution with x = 4.19, a = 3, and b = 4 (corresponds to Table 4.1)

and for (b) the student’s t-distribution with x = 4.587 and v = 10 (corresponds to Table 4.2).

Table 4.1

Error table for Fisher’s F distribution for x = 4.19 and a = 3 and b = 4 by (3.28). G̃
(1)
14 is the

approximation obtained from our algorithm.

n G̃
(1)
n εn �0

...
...

...
...

7 .100 029 643 323 462( 0) .46(−07) .09(0)
8 .100 029 643 826 732( 0) .50(−08) .10(0)
9 .100 029 643 887 614( 0) .60(−09) .12(0)
10 .100 029 643 895 591( 0) .79(−10) .13(0)
11 .100 029 643 896 704( 0) .11(−10) .13(0)
12 .100 029 643 896 869( 0) .16(−11) .14(0)
13 .100 029 643 896 896( 0) .27(−12) .16(0)
14 .100 029 643 896 889( 0) .68(−13) .24(0)

15 .100 029 643 896 918( 0) .28(−12) .42(1)

16 .100 029 643 896 873( 0) .44(−12) .15(1)
17 .100 029 643 896 887( 0) .13(−12) .30(0)
..
.

..

.
..
.

..

.
59 .978 730 933 819 339(-1) .50(−02) .68(0)
60 .987 747 825 057 981(-1) .91(−02) .18(1)
61 .977 349 542 823 236(-1) .10(−01) .11(1)
62 .940 746 788 876 968(-1) .38(−01) .35(1)
...

...
...

...

Figure 4.1 shows representative plots of log10 (εn) for Fisher’s F distribution and
for the student’s t-distribution. Figure 4.1(a) shows a typical error curve which allows
the test for 
0 > 1 to achieve the optimal approximation. In contrast, Figure 4.1(b)
shows a typical error curve which prevents the test for 
0 > 1 from achieving the
optimal approximation. Heuristically speaking, the irregularities in the sequence of
relative errors present in Figure 4.1(b) but absent in Figure 4.1(a) cause the test for

0 > 1 to stop the algorithm prematurely before reaching the optimal approximation.
After analysis of numerous similar plots, we find that only the student’s t-distribution
requires additional test.

Generally speaking, the accuracy improves as the order n in the G̃
(1)
n transforma-

tion increases. However, after a certain value of iteration depending on the arguments

D
ow

nl
oa

de
d 

01
/1

2/
16

 to
 1

42
.2

44
.3

4.
23

2.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

B78 P. GAUDREAU, R. M. SLEVINSKY, AND H. SAFOUHI

Table 4.2

Error table for the student’s t-distribution for x = 4.587 and v = 10 by (3.18). G̃
(1)
21 is the

approximation obtained from our algorithm.

n G̃
(1)
n εn �0 �1 �2

.

..
.
..

.

..
.
..

.

..
.
..

16 .499 918 645 938 139(−3) .32(−12) .48(0) .16(1) .03(0)
17 .499 918 645 938 192(−3) .11(−12) .33(0) .48(0) .16(1)
18 .499 918 645 937 877(−3) .63(−12) .59(1) .33(0) .48(0)
19 .499 918 645 936 838(−3) .21(−11) .33(1) .59(1) .33(0)
20 .499 918 645 935 900(−3) .19(−11) .90(0) .33(1) .59(1)
21 .499 918 645 935 931(−3) .62(−13) .03(0) .90(0) .33(1)
22 .499 918 645 928 744(−3) .14(−10) .23(3) .03(0) .90(0)
23 .499 918 645 876 004(−3) .11(−09) .73(1) .23(3) .03(0)

24 .499 918 645 725 138(−3) .30(−09) .29(1) .73(1) .23(3)

25 .499 918 645 449 595(−3) .55(−09) .18(1) .29(1) .73(1)
26 .499 918 644 750 484(−3) .14(−08) .25(1) .18(1) .29(1)
..
.

..

.
..
.

..

.
..
.

..

.
49 .906 689 643 668 337(−3) .91(−01) .65(0) .14(1) .16(1)
50 .925 745 751 045 273(−3) .21(−01) .23(0) .65(0) .14(1)
51 .143 490 605 510 311(−2) .35( 00) .27(2) .23(0) .65(0)
...

...
...

...
...

...

provided, overflow occurs. The program returns the message NaN (not a number) due
to the divergent nature of the coefficients in the SSF 1. In such a situation, we used
the following stopping criteria in our algorithm:

(4.2) Ñn(x) > Huge or Dn(x) > Huge.

The value of Huge is chosen close but not equal to the largest real number that
can be stored by the machine. We chose the value 10300 in our program. In this case,

we pick the value G̃
(1)
n−1(x) as the best result.

Tables 4.1 and 4.2 show sequences of values obtained at each iteration of the G̃
(1)
n

transformation for the F distribution and the t-distribution, respectively. From these
tables, we can clearly see how the use of the 
i > 1 test helped us reach the most
accurate numerical results.

Tables 3.1 to 3.5 reproduce all the numerical results presented in [16].
In the calculation presented in Table 3.2, it is important to note that for integer

values of a, the integrand has a closed-form antiderivative; thus G̃
(1)
a (x) is equal to

the true value. For the numerical calculation of the gamma function we use the sub-
routine Mgamma.for [25]. In this table, we also add additional values with noninteger
parameters to show how our method performs when no closed-form anti-derivatives
are known.

When we compare our numerical results with those obtained in [16], all val-
ues agree except for the seventh entry in Table 1 in [16]. For this entry, we find
.1776482112077677(−32), which is in agreement with the value that we obtained us-
ing the symbolic programming language Maple .177648211207767(−32). The value
given in [16] is 0.367097(−50) and we suspect this is a typographical error.

All the computations were performed in Fortran 77 using double precision arith-
metic. We used the Lahey ED compiler (15 significant decimals in double precision).
Calculations were performed on a PC with an AMD Athlon 64 processor 4000+2.40
GHz.
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We also used Maple to compute the tail probabilities with an accuracy of 15
correct digits, and the values obtained are listed in Tables 3.1–3.5 in the column Maple
values. The evalf[15] command of Maple was used for a straightforward calculation
of the integral tails, where the [15] denotes the number of digits Maple will return in
the computed expression. A straightforward calculation in Maple consists of entering
the infinite-range integrals symbolically and recuperating a numerical value, whether
the integral has a closed-form antiderivative or not.

5. Connection with rational and Padé approximants. As can be seen from

(3.7), (3.13), (3.18), (3.23), and (3.28), the approximations G̃
(1)
n (x) to the tail prob-

abilities all have similar forms. To study the forms more closely, including their
connection with other approximation methods, we require the following lemma.

Lemma 5.1. Let f(x) have the form

(5.1) f(x) = Axμer(x),

where A ∈ R \ 0, μ ∈ R, and r(x) ∈ R[x] with deg(r(x)) = r0 ≥ 0. Then, for
i = 0, 1, . . . , and for α ∈ R and β ∈ R, it follows that(

xα+1 d

dx

)i

(xβf(x)) = xα i+βf(x)si(x),(5.2a)

(
xα+1 d

dx

)i(
xβ

f(x)

)
=

xα i+β

f(x)
ti(x),(5.2b)

where si(x) ∈ R[x] with deg(si(x)) = i r0 and ti(x) ∈ R[x] with deg(ti(x)) = i r0.
Proof. The demonstration of either (5.2a) or (5.2b) is sufficient, as 1

f(x) =

A−1x−μe−r(x) is still in the form of (5.1) if, for example, we take B = A−1, ν = −μ,
and s(x) = −r(x).

To prove (5.2a), we begin with i = 0. In this case s0(x) = 1.
For i = 1,

xα+1 d

dx
(xβf(x)) = xα+1

[
A(β + μ)xβ+μ−1 +Axβ+μr′(x)

]
er(x)

= xα+βAxμer(x) [(β + μ) + x r′(x)]
= xα+βf(x)s1(x),(5.3)

where s1(x) ∈ R[x] with deg(s1(x)) = r0.
For i > 1, the proof follows by induction:(

xα+1 d

dx

)
(xβ+α(i−1)f(x)si−1(x)) = xα(i−1)si−1(x)

(
xα+1 d

dx

)
(xβf(x))

+ xβf(x)

(
xα+1 d

dx

)
(xα(i−1)si−1(x))

= xα(i−1)si−1(x)x
α+βf(x)s1(x)

+ xβf(x)(α(i − 1)xα isi−1(x) + xα i+1s′i−1(x))

= xα i+βf(x)si−1(x)s1(x)

+ xα i+βf(x)(α(i − 1)si−1(x) + x s′i−1(x))

= xα i+βf(x)si(x),(5.4)

where si(x) ∈ R[x] with deg(si(x)) = i r0.
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Lemma 5.2. Let ω(x) be such that

(5.5) ω(x) ∼ Axμer(x) as x → ∞,

where A ∈ R/0, μ ∈ R, and r(x) ∈ R[x] with deg(r(x)) = r0 ≥ 0. Then, for
n = 0, 1, . . . , and for α ∈ R, it follows that

(5.6)

(
xα+1 d

dx

)n−1(
1

ω(x)

)
(
xα+1 d

dx

)n(
1

ω(x)

) ∼ ωn

xα+r0
as x → ∞,

where ωn ∈ R is a constant.
Proof. By Lemma 5.1, since ω(x) ∼ f(x), where f(x) is given in (5.1), the left-

hand side of (5.6) is then (as x → ∞)

(
xα+1 d

dx

)n−1(
1

ω(x)

)
(
xα+1 d

dx

)n(
1

ω(x)

) ∼

(
xα+1 d

dx

)n−1(
1

f(x)

)
(
xα+1 d

dx

)n(
1

f(x)

)(5.7)

=

xα(n−1)

f(x)
tn−1(x)

xαn

f(x)
tn(x)

(5.8)

=
tn−1(x)

xα tn(x)
(5.9)

∼ ωn

xα+r0
,(5.10)

where ωn ∈ R is a constant whose dependence on n is highlighted.

We now have the tools to derive asymptotic error estimates for the G
(1)
n transfor-

mation. However, we do this with a generalized notation.
Let F (x) =

∫ x

0 f(t) dt and let I[f ] = limx→∞ F (x). Let also

(5.11) I[f ]− F (x) ∼ ω(x)

∞∑
i=0

βi

xα i
as x → ∞,

where α ∈ R+ and ω : R → R.
Then, using the analogous annihilation operator to the one used in (2.16), we

obtain the approximations

(5.12) G(1,α)
n (x) =

(
xα+1 d

dx

)n(
F (x)

ω(x)

)
(
xα+1 d

dx

)n(
1

ω(x)

) .

When ω(x) = xξ0f(x), we have G
(1,1)
n (x) = G

(1)
n (x).

We now develop the asymptotic error estimate for this generalized G
(1,α)
n trans-

formation.
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Theorem 5.3. Let limx→∞ F (x) = I[f ]. Let I[f ]−F (x) have the asymptotic ex-
pansion given by (5.11), where ω(x) is such that (5.5) holds. Then the approximations

G
(1,α)
n (x) given in (5.12) satisfy

(5.13)
I[f ]−G

(1,α)
n (x)

I[f ]−G
(1,α)
n−1 (x)

= O
(

1

xα+r0

)
as x → ∞.

Proof. Using (5.12), the ratio (5.13) is given by

I[f ]−G
(1,α)
n (x)

I[f ]−G
(1,α)
n−1 (x)

=

(
xα+1 d

dx

)n(
I[f ]− F (x)

ω(x)

)
(
xα+1 d

dx

)n−1(
I[f ]− F (x)

ω(x)

)(5.14)

×

(
xα+1 d

dx

)n−1(
1

ω(x)

)
(
xα+1 d

dx

)n(
1

ω(x)

) ,(5.15)

since I[f ] is a constant and since (xα+1 d
dx ) is a linear operator.

Note that the discrete analogue of (5.15) is typical of Levin’s transformation [24].
We investigate both ratios separately. First, from the asymptotic condition (5.11),

the first ratio is asymptotic to a constant (as x → ∞):

(
xα+1 d

dx

)n(
I[f ]− F (x)

ω(x)

)
(
xα+1 d

dx

)n−1(
I[f ]− F (x)

ω(x)

) ∼

(
xα+1 d

dx

)n ∞∑
i=0

βi

xα i(
xα+1 d

dx

)n−1 ∞∑
i=0

βi

xα i

(5.16)

=

∞∑
i=n

(−α)ni!βi

(i − n)!xα(i−n)

∞∑
i=n−1

(−α)n−1i!βi

(i− n+ 1)!xα(i−n+1)

(5.17)

∼ (−α)nn!βn

(−α)n−1(n− 1)!βn−1
(5.18)

= −αnβn

βn−1
.(5.19)

And from Lemma 5.2, the second ratio is asymptotic to(
xα+1 d

dx

)n−1(
1

ω(x)

)
(
xα+1 d

dx

)n(
1

ω(x)

) ∼ ωn

xα+r0
as x → ∞.(5.20)

Combining these ratios, it is trivial to obtain the asymptotic condition (5.13).
By induction on the order n of the transformation, it is equivalent to state

(5.21)
I[f ]

ω(x)
− G

(1,α)
n (x)

ω(x)
= O

(
1

x(α+r0)n

)
as x → ∞
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or for the G̃
(1,α)
n (x) transformation defined by G̃

(1,α)
n (x) = G

(1,α)
n (x) − F (x)

(5.22)
G̃

(1,α)
n (x)

ω(x)
−
∫∞
x f(t) dt

ω(x)
= O

(
1

x(α+r0)n

)
as x → ∞.

With these tools, we are able to describe the general form of the approximations

G̃
(1)
n (x) to

∫∞
x f(t) dt for integrals whose integrands are of the form (5.1).

Theorem 5.4. Let f(x) be integrable at infinity, i.e., |
∫∞
x

f(t) dt| < ∞ for some

x ∈ R, and have the general form prescribed by (5.1). The approximations G̃
(1,α)
n (x)

to
∫∞
x f(t) dt take the form

(5.23) G̃(1,α)
n (x) = x f(x)

an(x)

bn(x)
,

where an(x) ∈ R[x] with deg(an(x)) ≤ (n− 1) r0 and bn(x) ∈ R[x] with deg(bn(x)) =
n r0.

Proof. The function (5.1) satisfies

(5.24) f(x) = p1(x)f
′(x),

where

(5.25) p1(x) =
x

μ+ x r′(x)
∼ x1−r0

∞∑
i=0

αi

xi
as x → ∞.

Therefore, the approximations G̃
(1,α)
n (x) can be constructed as in subsection 2.3.

Applying Lemma 5.1 to (2.16) or its generalization (5.12), we obtain

G̃(1,α)
n (x) =

n∑
r=1

(
n

r

)
Dn−r(x)

(
xα+1 d

dx

)r−1 (
xα+1 f(x)

)
Dn(x)

=

n∑
r=1

(
n

r

)
x−ξ0+α(n−r)

f(x)
tn−r(x)x

α+1+α(r−1)f(x)sr−1(x)

x−ξ0+αn

f(x) tn(x)

= x f(x)

n∑
r=1

(
n

r

)
tn−r(x) sr−1(x)

tn(x)

= x f(x)
an(x)

bn(x)
,(5.26)

where the polynomials an(x) and bn(x) and the bounds on their degrees are as pre-
scribed above.

Before applying these tools to the five examples above, we would like to discuss
a special class of rational approximants, the Padé approximants [18]. Consider the
(formal) power series F(x) =

∑∞
i=0 fix

i as x → 0. Then the Padé approximants
[l/m]f(x) to F(x) are the rational approximants:

(5.27)
P [l/m](x)

Q[l/m](x)
=

p0 + p1x+ · · ·+ plx
l

q0 + q1x+ · · ·+ qmxm
with l,m ∈ N0,
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which satisfy the maximal accuracy-through-order condition:

(5.28) F(x)− P [l/m](x)

Q[l/m](x)
= O(xl+m+1) as x → 0.

This formalism for the construction of Padé approximants also works if we start
from an inverse power series. The only difference is that we then obtain Padé approx-
imants in 1/x instead of x. This modified asymptotic condition is then

(5.29) F(1/x)− P [l/m](1/x)

Q[l/m](1/x)
= O

(
1

xl+m+1

)
as x → ∞.

5.1. The distributions. In applying Theorems 5.3 and 5.4, we first consider
the standard normal distribution, where

(5.30) gN(x) = Axμer(x),

where A−1 =
√
2 π, μ = 0, and r(x) = −x2/2. The approximations take the form

(5.31) G̃(1)
n (x) = x gN (x)

an(x)

bn(x)
,

where deg(an(x)) ≤ 2n − 2 and deg(bn(x)) = 2n, which is in agreement with (3.6).

The approximations G̃
(1)
n (x) = G̃

(1,1)
n (x) satisfy the asymptotic error estimate:

(5.32)
G̃

(1)
n (x)

gN(x)/x
−
∫∞
x gN (t) dt

gN (x)/x
= O

(
1

x3n

)
as x → ∞.

The case for the general normal distribution fN (x) may be developed similarly.
We next consider the gamma distribution, where

(5.33) fg(x) = Axμer(x),

where A−1 = Γ(a) ba, μ = a − 1, and r(x) = −x/b. The approximations, then, take
the form

(5.34) G̃(1)
n (x) = x fg(x)

an(x)

bn(x)
,

where deg(an(x)) ≤ n − 1 and deg(bn(x)) = n, which is in agreement with (3.13).

The approximations G̃
(1)
n (x) = G̃

(1,1)
n (x) satisfy the asymptotic error estimate:

(5.35)
G̃

(1)
n (x)

fg(x)
−
∫∞
x fg(t) dt

fg(x)
= O

(
1

x2n

)
as x → ∞.

In fact, given the accuracy-through-order condition derived above, the bound on the
degree of an(x) can be made more precise. Indeed, deg(an(x)) = n− 1. Furthermore,
the rational approximants of (3.13) are Padé approximants in inverse powers of x as
x → ∞.

We consider the student’s t-distribution. In this case, only the asymptotic error

estimate for the approximations G̃
(1)
n (x) = G̃

(1,1)
n (x) can be deduced, as Theorem 5.4

does not apply. Since ω(x) = x ft(x), the approximations satisfy

(5.36)
G̃

(1)
n (x)

x ft(x)
−
∫∞
x ft(t) dt

x ft(x)
= O

(
1

xn

)
as x → ∞.
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We consider the inverse Gaussian distribution. In this case, only the asymp-

totic error estimate for the approximations G̃
(1)
n (x) = G̃

(1,1)
n (x) can be deduced, as

Theorem 5.4 does not apply. Since ω(x) = fi(x), the approximations satisfy

(5.37)
G̃

(1)
n (x)

fi(x)
−
∫∞
x

fi(t) dt

fi(x)
= O

(
1

x2n

)
as x → ∞.

Finally, we consider Fisher’s F distribution. In this case, only the asymptotic error

estimate for the approximations G̃
(1)
n (x) = G̃

(1,1)
n (x) can be deduced, as Theorem 5.4

does not apply. Since ω(x) = x fF (x), the approximations satisfy

(5.38)
G̃

(1)
n (x)

x fF (x)
−
∫∞
x

fF (t) dt

x fF (x)
= O

(
1

xn

)
as x → ∞.

Remark 5.5.

1. The asymptotic expansion suggested by (2.11) and (2.12) is the asymptotic
expansion in (5.11) with ω(x) = xξ0f(x) and α = 1. It is known that for
f(x) satisfying a first order linear homogeneous differential equation of the
form (2.10), this asymptotic expansion is certainly true and valid. However,
it may be that different values of α exist which may lead to different approx-

imations G
(1,α)
n . For example, it is known that the asymptotic expansion of

the tail integral of the standard normal distribution is more concisely given
in inverse powers of x2 as in

(5.39)

∫ ∞

x

e−t2/2

√
2 π

dt ∼ e−x2/2

x
√
2 π

∞∑
i=0

(−2)i(1/2)i
x2 i

as x → ∞

than just in inverse powers of x. In cases like these, where such an α �= 1 can

be legitimately found, the G
(1,α)
n transformation may be applied to obtain

a higher accuracy-through-order condition than that obtained through G
(1)
n .

However, in approximating the value of a tail integral as x → 0, or even for a
medium-valued x, a higher accuracy-through-order condition may not help,
as there are other factors which govern convergence.

2. Theorem 5.4 does not apply to the approximations of the student’s t, Fisher’s
F , and inverse Gaussian distributions. Other general forms for integrands

such as f(x) = xμ p(x)
q(x) or even f(x) = xμ p(x)

q(x) exp(x
νr(x)), where μ ∈ R,

ν ∈ Z, p(x) ∈ R[x], q(x) ∈ R[x], and r(x) ∈ R[x], may be able to provide
further insight in the forms of rational approximants derived from the G
transformation; however, the introduction of a rational function dramatically
increases the upper bounds to the degrees in the polynomials in the analogous
Lemma 5.1 (by the quotient rule for derivatives) such that they are neither
accurate nor helpful in characterizing the overall solution.

6. Conclusion. In this paper, we develop explicit approximations to tail prob-

abilities of five probability distributions from the recursive algorithm for the G̃
(1)
n (x)

transformation. The implementation of the recursive algorithm for G̃
(1)
n (x) is justified

since all the probability distributions discussed in this work satisfy first order linear
homogeneous differential equations of the form required to apply the G transforma-
tion. This algorithm has numerous advantages over previous methods for calculating
tail probabilities. First, it can be used to compute the integrands to any degree of

D
ow

nl
oa

de
d 

01
/1

2/
16

 to
 1

42
.2

44
.3

4.
23

2.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

TAIL PROBABILITY DISTRIBUTIONS AND EXTRAPOLATION B85

accuracy that is required. Furthermore, due to the recursive nature of the coefficients
involved in the SSF 1, the algorithm is relatively easy to compute using standard
computer software. Finally, this method does not require any numerical integration.
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sity Press, New York, 1996.

[19] D. Wackerly, W. Mendenhall, and R. Scheaffer, Mathematical Statistics with Applica-
tions, 7th ed., Thompson Brooks/Cole, Belmont, CA, 2008.

[20] T. P. Ryan, Modern Engineering Statistics, Wiley Interscience, Hoboken, NJ, 2007.
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