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Abstract

Let H be a hypergroup with left Haar measure. The amenability of H can
be characterized by the existence of nets of positive, norm one functions in
L'(H) which tend to left invariance in any of several ways. In this thesis we
present a characterization of the amenability of H using configuration equa-
tions. Extending work of Rosenblatt and Willis we construct, for a certain
class of hypergroups, nets in L'(H) which tend to left invariance weakly, but

not in norm.

We define the semidirect product of H with a locally compact group. We
show that the semidirect product of an amenable hypergroup and an amenable
locally compact group is an amenable hypergroup and show how to construct

Reiter nets for this semidirect product.

These results are generalized to Lau algebras providing a new characterization
of left amenability of a Lau algebra and a notion of a semidirect product of
a Lau algebra with a locally compact group. The semidirect product of a left
amenable Lau algebra with an amenable locally compact group is shown to be

a left amenable Lau algebra.

Some results towards the existence of a left Haar measure for amenable hy-

pergroups are proven.
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Chapter 1

Introduction and Background

1.1 Introduction

A hypergroup is a locally compact space with a convolution product mapping
each pair of points to a probability measure with compact support. Hyper-
groups are a generalization of locally compact groups wherein the convolution
of two points corresponds to the point evaluation measure at their product. The
abstract study of hypergroups began in the 1970s with Dunkl [8], Jewett [23],
and Spector [52]. A detailed treatment can be found in the text of Bloom
and Heyer [4]. Numerous authors continue to study various aspects of hy-
pergroups including amenability properties [28-31,51], Fourier transforms and
spaces [39,55], other function spaces [12,13,27,56], and others [9,15,48-50,54].
Within the literature there is some variation in the precise definition of a hy-

pergroup. In this thesis we will use the definition of Jewett.

All locally compact groups are hypergroups. A hypergroup is a locally compact

group precisely when the convolution product of every two point measures is
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again a point measure. Many hypergroups arise from semidirect products of
locally compact groups. Consider a locally compact group G. If N is a compact,
normal subgroup of G then the collection of (equivalently: left, right, or two-
sided) cosets G/N is a group. If G/N is isomorphic to a subgroup of G with
trivial intersection with N then G is isomorphic to the semidirect product
N x G/N. If K is a compact, non-normal subgroup of G then the two-sided
cosets no longer form a group, but instead inherit a hypergroup structure
from G. That is, the double coset space G//K = {KgK : g € G} with the
convolution inherited from the multiplication of G forms a hypergroup. Indeed,
for any compact group {7} : ¥ € K} of automorphisms (inner or otherwise)
of G we may be use the multiplication of G' to induce a hypergroup structure
on the orbit space GX = {{ri(¢g) : k € K} : g € G}. We see that these two
ways of constructing hypergroups from groups are, in a sense, the same by
observing that GX = (G x K)//({eq} x K) where G x K is the semidirect
product of K acting on G [23, 8.3B].

Let H be a hypergroup. Then the convolution extends to M(H), the finite
Borel measures on H, forming a Banach algebra. By considering the dual of
this convolution, we define left translation on Co(H), the space of continuous
and compactly supported functions, and on C'(H), the space of continuous
bounded functions on H. A non-zero, positive, left invariant linear functional
(possibly unbounded) on the former space corresponds to a left Haar measure,
and a positive, norm one, left invariant linear functional on the latter space is a
left invariant mean. The existence of a left Haar measure for every hypergroup
remains an open question; however, it is known that such a measure exists

if the hypergroup is commutative [52], compact [23], or discrete [23]. The



existence of a left invariant mean on C'(H) characterizes the class of amenable
hypergroups, studied in [51], which contains precisely those locally compact
groups which are amenable as groups. If H admits a left Haar measure, then
Skantharajah showed that the function spaces of UCB,(H), UCB(H), C(H),
and L*>°(H) all either admit a left invariant mean (if H is amenable), or all
do not. Using the same approach as Namioka [40] it is apparent that Day’s
famous result characterizing amenability of locally compact groups holds for
hypergroups as well. Amenability can be characterized by the existence of a
net of positive norm one elements of L'(H) which tend to left invariance with
respect to either the weak or norm topologies. Also, Skantharajah and Lasser
have shown that amenability of H can be characterized by any of several Reiter
conditions [31,51]. Particularly, that amenability is equivalent to the existence
of a net of positive norm one functions in L'(H) tending to left invariance
uniformly on compact sets. Nets satisfying these, or similar, properties are
also interesting for semigroup algebras. They play an important role in the
approximation of fixed points for semigroups of non-expansive mappings (see
[33,34]); in particular, Lau and Zhang have constructed such nets for the
bicyclic semigroups in [36]. Characterizing those means which are limits of
these nets in certain semigroup algebras is the focus of recent work of Hindman

and Strauss [17].

In addition to these characterizations of amenability, there are many related
topics of interest. In [51], Skantharajah points out that Johnson’s theorem
equating amenability of a locally compact group and algebra amenability of
the group algebra does not hold for general hypergroups. In [28], Lasser investi-

gates the amenability and weak amenability of a certain class of hypergroups.



A related notion, termed left amenability of F algebras by Lau [32] (often
called Lau algebras), applied to the group algebra or the measure algebra does
extend to hypergroups. A more general notion than left amenability, termed
¢-amenability or a-amenability, has been studied for general algebras by Ka-
niuth, Lau and Pym [24] and for hypergroups in particular by Lasser [29] and
Azimifard [2, 3]. Monfared [38] introduced the related concept of character

amenability of a Banach algebra (see also [18]).

A net of positive norm one functions in L*(H) which tends to left invariance in
norm must also tend to left invariance weakly, but the converse is not generally
true. This raises the question of when nets exist which tend to left invariance
weakly, but not in norm and how such nets might be constructed? Chapter
2 of the this thesis investigates these questions by building upon results of
Rosenblatt and Willis. In [47] they constructed such nets for infinite locally
compact groups. In so doing, they introduced the notion of configurations by
considering colourings of the Cayley graph which encapsulates a finite amount
of information from the multiplication table of G. For a hypergroup H we
consider a finite partition and a finite subset of H. We define a system of
linear equations associated to this partition and subset. A solution to these
configuration equations corresponds to the existence of a mean which is left
invariant in a restricted sense associated to the given partition and subset. We
show that H is amenable if and only if for every choice of partition and subset,
the configuration equations have a positive, normalized, inequality preserving
solution. This generalizes proposition 3.2 of [47] from locally compact groups
to all hypergroups. Due to the properties of translation being fundamentally

different between groups and general hypergroups, the method of proof for



the generalization is significantly different from that given by Rosenblatt and
Willis and so the generalized result does not lend itself to constructing the nets
of interest. It is interesting in other respects, however, since it provides a new
characterization of amenability of hypergroups, and indeed can be extended
to characterize the existence of left invariant means on other function spaces
(Theorem 5.1.3). We conclude this section by using the result of Rosenblatt and
Willis to construct, for a large class of double coset spaces of locally compact
amenable groups, nets of positive, norm one L' functions which tend to left

invariance in a weak sense, but not in norm.

In Chapter 3 of the thesis, we construct Reiter nets for semidirect products
of locally compact groups. We then introduce the semidirect product of a
hypergroup with a locally compact group of automorphisms of the hypergroup
and show that the results also hold in this case. In particular, we show that
the semidirect product of an amenable hypergroup with an amenable locally
compact group is itself an amenable hypergroup. Additionally we give some

examples of hypergroups which arise as semidirect products in this way.

In Chapter 4, we consider the more general class of Lau algebras (called F
algebras in [32]) which contain the measure algebras of groups, hypergroups
and semigroups. Left amenability of a Lau algebra has some known character-
izations involving the existence of nets which tend to left invariance [32,35].
We show that the constructions we have presented thus far — those of configu-
rations and of semidirect products — have analogous concepts for Lau algebras.
This construction of a semidirect product is somewhat similar to the 6-Lau
algebra product of [32] and [37] and also to the crossed product of C*-algebras

with locally compact groups [43]. Using slight modifications of the proofs of



earlier chapters, we provide a new characterization of left amenability of a Lau
algebra. We show that the semidirect product of a Lau algebra and a locally
compact group is again a Lau algebra. This is motivated by a result of Pier [43]
that the crossed product of a C* algebra and a locally compact group forms a
C* algebra. We further show that if the Lau algebra is left amenable and the

group is amenable then the semidirect product is left amenable.

In Chapter 5, we first show that the approach of configurations can be applied
to subalgebras of L> which gives a characterization of amenability of a hyper-
group without assuming the existence of a left Haar measure. We conclude by
showing that the theory of locally compact quantum groups does not apply to

hypergroups except in the case of locally compact groups.

In Chapter 6 we present two fixed point properties of hypergroups. The first is
analogous to Rickert’s fixed point theorem for semigroups. It equates the exis-
tence of a left invariant mean on the space of weakly right uniformly continuous
functions to the existence of a fixed point for any action of the hypergroup.
The second is a version of Ryll-Nardzewski’s fixed point theorem applied to
hypergroup actions. Using the former result, a certain class of amenable hy-

pergroups are shown to have a left Haar measure.

1.2 Notation

Throughout this thesis, the following notation is used:
X Topological space
M(X) The vector space of complex bounded Radon measures on X

Mc(X) The bounded Radon measures with compact support



Et
Ey

The point evaluation measure at x € X

The Banach space of continuous bounded functions on X
The functions in C'(X) with compact support

The support of the measure p

The characteristic function of the set S

Vector space (possibly ordered and/or normed)

The positive elements of F

The elements of £ with norm 1

1.3 Definitions

Definition 1.3.1: A hypergroup, H, is a non-empty locally compact Hausdorff

topological space which satisfies the following conditions:

1. There is a binary operation *, called convolution, on the vector space of

bounded Radon measures turning it into an algebra.

2. For x,y € H, the convolution of the two point measures is a probability

measure, and supp(d, * d,) is compact.

3. The map H x H 3 (z,y) — 0, * 0, € My c(H) is continuous.

4. The map H x H > (x,y) — supp(d, * d,) is continuous with respect to

the Michael topology on the space of compact subsets of H.

5. There is a unique element e € H such that for every z € H, 0, % 0, =

Je * 0y = Oy

6. There exists a homeomorphism™: H — H such that for allz € H, & = x,

which can be extended to M(H) via ji(A) = u({z € H : & € A}), and
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such that (pu*v) = 0 * fi.
7. For x,y € H, e € supp(d, * §,) if and only if y = .

Remark 1.3.2: The Michael topology on €(X) the space of compact subsets of
X can be characterized in the following way; a net C, C €(X) converges to
a compact C' if for every open set U C X if C' C U then eventually C, C U

and if U N C # ) then eventually C, N U # 0.

Theorem 1.3.3 (Jewett, [23]): Let G be a hypergroup. G is a locally compact
group if and only if the convolution product of every two elements x,y € G s

a point measure.

Definition 1.3.4: Let f be a Borel function on H and p € M(H). We define

the left translation p* f by p* f(x) = i % d.(f).

We say that H is amenable if there exists a positive linear functional of norm

1 on C(H) which is invariant under left translation.

Definition 1.3.5: A left Haar measure for H is a non-zero regular Borel
measure (with values in [0, 00]), A which is left-invariant in the sense that for

any f € Co(H), we have that A(d, * f) = A(f) for all z € H.

Remark 1.3.6: It remains an open question whether every hypergroup admits
a left Haar measure. If H does admit a left Haar measure A\, however, it
is unique up to a scalar multiple [23]. For hypergroups with a left Haar

measures we define the standard LP(H) function spaces.

Example 1.3.7: Let H = {e,a} with the discrete topology. Then for any

0 < v <1, we can make H into a hypergroup by defining the convolution via:

dg % 0g = Y0 + (1 — )4,

8



(The convolution products involving e are forced).

As with every compact hypergroup, the normalized left Haar measure is a left

invariant mean. In this case, it is

¥ 1
A = 5 + 8o
Ty 1™ Ty

Example 1.3.8: Let H be a commutative hypergroup, then (L'(H),L>(H))
form a commutative Lau algebra. By the Markov-Kakutani fixed point the-

orem, this Lau algebra is left amenable so there is a left invariant mean on

L=(H).

Definition 1.3.9: We say that a continuous function f € C(H) is right uni-

formly continuous [weakly right uniformly continuous| if the map

Ho>xw— 0, % f

is continuous in norm [weakly]. We denote the collection of right uniformly
continuous functions [weakly right uniformly continuous] on H by UCB,(H)
(WUCB,(H)]. We similarly define the left versions of these spaces. Finally,
we call UCB(H) = UCB,(H)NUCB,(H) WUCB(H) = WUCB,(H) N
WUC B(H)] be the space of uniformly continuous functions [weakly uniformly

continuous functions] on H.

Remark 1.3.10: Skantharajah [51] showed that for hypergroups with left Haar
measure, UCB,(H) = L*(H) x L™(H).

For a hypergroup H, with left Haar measure, we have the following character-

izations of amenability.



This result is originally due to Reiter [44] for groups, and Skantharajah for

hypergroups [51]

Theorem 1.3.11: Let X be one of UCB(H),UCB,(H),WUCB,(H),C(H),or
L>*(H). Then H is amenable if and only if there exists a left invariant mean

on X.

1.4 Invariant nets

Let H be a hypergroup with left Haar measure, A. Then H is amenable if there
is a positive, norm one linear functional on L>°(H) which is left invariant. The
positive unit sphere of L'(H) is weak-* dense in the positive unit sphere of
L*>®(H)* so the existence of a mean is equivalent to the existence of a net of
positive, norm one functions (f,), C L'(H) which, for every ¢ € L*°(H) and

reH
<¢7fa_6x*foz> — 0. (141)

Such nets are said to tend to left invariance weakly.

The result below is originally due to Day when H is a group [7]. Namioka [40]
showed it using a novel method for semigroups, and his method holds for

hypergroups as well.

Theorem 1.4.1 (Day’s Theorem): H is amenable if and only if there is a net
(fa)a C LY(H) such that for every x € H

Hfa — Oy * faH — 0.

We say these nets tend to left invariance in norm.
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The following result is originally due to Reiter in the group case and Skan-
tharajah extended it to the hypergroup case. There are related results which

hold for groups but not general hypergroups (see [31])

Theorem 1.4.2 (Reiter): H is amenable if and only if it has Reiter’s property
(P1), that is, for any € > 0 and compact C C H, there exists f € L'(H){
such that

|f — 0. % fll1 <& forallx € C.

By considering an ordered set consisting of values of € and choices of compact
C' we see that the above result can be rephrased as the existence of a certain
type of net of functions in L'(H){. The ordering on € x R* is (C,¢e) < (C',¢’)

if C CC ande>¢.

Definition 1.4.3: A net (f,)o C L'(H){ is a Reiter net if for any compact

K C H and ¢ > 0 there exists aq such that for a > «y

||fa_5:c*fa|| <e Vzxe K.

Remark 1.4.4: Hence H is amenable if and only if there is a Reiter net for H.
If H is o-compact then by choosing a sequence of compact sets tending to
all of H and € = 1/n we see that H is amenable if and only if there is Reiter

sequence for H.

Convergence to left invariance weakly can be described in another way. By
rearranging the term in 1.4.1, f, tends to left invariance weakly if for every
¢p € L*(H)and x € H

(¢ — 0z % ¢, fa) — 0.

11



We consider the subspace E of L>°(H) which is generated by functions of the
form ¢ — §z x ¢ for ¢ € L>*°(H) and x € H. Then if H is not compact,
separates the elements of L'(H). (If H is compact, then E does not separate

the constant functions)

Lemma 1.4.5: Let H be a non-compact hypergroup with left Haar measure.
Suppose that (fu)e C L*(H)T is a net of positive norm one functions which

satisfy
<fa7¢_5z*¢> — 0

for allz € H and ¢ € UCB,.(H). Then

<fa7¢_ﬂ*¢> —0
for all p € Mc(H){ and ¢ € UCB,(H).

Proof. Let E be the vector subspace of UC B,.(H) generated by functions of the
form ¢ — 0, % ¢ for x € H and ¢ € UCB,(H). Then E separates the functions
of L'Y(H) so L*(H) and F form a dual pair. The net (f,), tends to zero in the
o(L'(H), E) topology and for each a, || fo|| = 1. By [46][VI.1.2.3] the topologies
o(L'(H), E) and a(Ll(H),E”'H) coincide on closed balls in L'(H). Since ¢ €
UCB,.(H), and p is the limit of affine combinations of point measures, it follows

that ¢ — p % ¢ is in the norm closure of E. [

The above lemma demonstrates that when applied to uniformly continuous
functions, weak convergence to left invariance is equivalent to the slightly
stronger convergence. However, this does not hold for functions which are

not uniformly continuous. We shall see later that this lemma will allow us to
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construct, for a large class of hypergroups, nets which do not converge to left

invariance in norm but do converge to 0 in the o(L'(H), E) topology.

Remark 1.4.6: This result is intriguing when compared to the well-known re-
sult for locally compact groups that any left invariant mean on the uniformly
continuous functions is automatically a topological left invariant mean (in-
variant under convolution by functions in L'(G){). The proof given above

could be modified to give a potentially new proof of that result.
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Chapter 2

Configurations!

2.1 Invariant Nets from Configuration Equa-

tions

In [47], Rosenblatt and Willis introduced the notion of a configuration and
the configuration equations corresponding to a locally compact group for the
purpose of investigating certain properties of groups. In particular, they used
configuration equations to provide a characterization of amenability. Using
this characterization, they constructed a net which tends to left invariance
weakly, but not in norm for any infinite, amenable, locally compact group.

Configurations have also been used to study other group properties in [1].

In the group setting, we begin with a finite partition, or colouring of G, a
locally compact group into m measurable subsets, { F1, ..., E,,} and a selection

of n group elements {g1,...,g,}. A configuration C' = (Cy, C1,...,C,) is an

LA version of this chapter has been submitted for publication.
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ordered choice of n + 1 (not necessarily distinct) colours (E;s). C' is realized
by (xo,21,...,2,) € G"if z; € C; for j = 0,...,n and x; = gjz, for

7=1...,n.

In [47] the notation x;(C) is used to denote the points which occur in the jth

element of a realization of C.

This approach cannot be immediately extended to hypergroups primarily be-
cause in a hypergroup, the product of two points need not be another point,
so the g; * o may not be contained in a single part of the partition. We de-
fine & (C), a measurable function on H which in the group case is just the
characteristic function on zo(C'). With this approach we are able to give a
characterization of amenability for hypergroups which is inspired by the result

of Rosenblatt and Willis for locally compact groups.
Definition 2.1.1: Let H be a hypergroup with left Haar measure \.

Let &€ = {E4,..., E,} be a finite measurable partition of H and choose an
n-tuple of elements of H, h = {hy,...,h,}. A configuration is an (n+ 1)-tuple
C = (Cy,Ch,...,C,) where each C; € {1,...,m}.

For a fixed configuration, C, we define £,(C') to be the real-valued function on
H given by:
&(C) (@) =[] 6n, * 0a(Ec,)
=0

where hg = e. In particular, if x € E¢, and if for each j € {1,...,n}, supp(dp, *

dz) C Eg; then §(C)(z) = 1.

An alternate expression for &y(C') is:

fo(C) = H(SHJ * XEC]-'
7=0

15



From this we see that £ (C') is the pointwise product of finitely many non-
negative measurable functions bounded by 1 and so is itself in L>°(H)* and is

norm bounded by 1.

For f € L'(H), and a configuration, C, let fo denote the integral

fo = /H 6(C) (1) F(B)AA(2).

We denote by Con(&, ) the family of configurations associated to that partic-

ular choice of £ and §.

Lemma 2.1.2: Let H be a hypergroup with left Haar measure \. Let £ and b

be as above. For f € LY(H), i€ {1,...,m} and j € {1,...,n} we have that

/fdA— St

CeCon(&,h)
Co=1

and

/Eahj*fdA: > fe

CeCon(£,)

Cjij=i

Proof. First, notice that for x € H

S aOm= Y (H(sm*wm)

CECon(E h) CECOn(E h) \Ii=0

Co=i Co=1
H(Z(shl*a Ek>

=1
H(Shl * 5

16



So, by integrating f multiplied by the above function, we get:

/Eif A = / X, () f(z)dA(z)

By swapping the integration and summation, we get:

/Eif‘”: > [ )@@

CeCon(&,h)
Co=1

= > fo

CECon(E h)
Co=1

For the second equality, we again need to rearrange the sum of products to be

the product of a sum. Indeed for x € H

Z €0< )( ): Z H6h1*5 ECl

CeCon(€,h) CeCon(€,h) 1=0
=1 C]—z
= 0, % 0o (E) [ [ D on + 6.(E
=0 k=1
=%
= xg,(hj * ). (2.1.1)

It follows that:

/E. 5hj*fd>\—/XEi(hj*t)f(t)d)\(t)
/H Y &(O)@)F()AAE).

CeCon(&,bh)
Cj—z

17



Again, by swapping the order of the integration and the summation, we get:

/6h*fd/\_ > /go

CeCon(&,h)
Cji=i

= > fo

CECon(£,h)

Cji=i

dA(?)

Remark 2.1.3: We see from the above that summing over ALL configurations

gives

> &(O)(x)=1 VzeH.

CeCon(E,b)

Corollary 2.1.4: Given f € L'(H), we have for alli =1, ...

<f—5hj*f>XEi> =0

if and only if foralli=1,...,m, j=1,...,n,

Yoofe= D> fe

CeCon(&,h) CeCon(&,h)
Co=1 CJ—z

7m7j:17"'7n7

Rather than start with some f € L'(H) that generates the values fc which

satisfy the equations in the above corollary, we can consider those equations

and solutions to them.

Definition 2.1.5: Fix £ and b as before. Let {z¢ : C' € Con(&, )} be variables

corresponding to the m™™! configurations. Consider the m x n configuration

18



equations

D S

CeCon(&,h) CeCon(&,h)
Cozi Cj:i
foreachi=1,...mand j=1,... n.

We say that a solution to these configuration equations is

e positive if, for each C' € Con(E,h), z¢ > 0;
e normalized if Y.  zc=1; and
CeCon(&,h)

e inequality preserving if for every choice of m"*! real numbers

{ac : C € Con(&,h)}

0< Z acéo(C) ae. = 0< Z aczc.

CeCon(&,h) CeCon(E,h)

i.e. any inequality which is satisfied by a linear combination of the func-
tions {£o(C) : C' € Con(&, h)} is also satisfied by the same linear combi-

nation of the values of the variables {z¢ : C' € Con(&,h)}.

Clearly, if there exists some f € L'(H){ for which (f — s, * f,xg,) = 0 for
all 7,7 then zc = f¢ is a positive, normalized, inequality preserving solution
to these configuration equations. We will show in theorem 2.1.7 that H is
amenable precisely when such solutions to the configuration equations exist

for all choices of m,n, & and b.

Lemma 2.1.6: Let (X, ) be a measure space. Let (fo)aca be a finite family
of non-negative functions in L>(X, p) such that Y fo = Xx-

Suppose that there are associated (¢y)acp non-negative real numbers such that
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for any choice of real numbers (aq)acn if
0< Z aq fo almost everywhere

the associated inequality

0< ) aaca (2.1.2)
also holds.
Then, there exists T € (L°(X, u)*)* such that T'(fa) = cq for all a.

Furthermore, |T|| = 3 ca.

Proof. Let Y = span{f, : @« € A}. Then Y is a finite dimensional (hence
closed) subspace of L*(X, uu). Indeed, there is some subset Ag of A such that

{fo:a € Ay} is a basis for Y.

Define I' : Y — R by letting I'(f,) = ¢, for a € Ay and extending it linearly
to all of V.

Then for every o € A\Aq there exist some real numbers (a4)aen, such that

fa’ = Z aozfoz

ac€lNg

So, by (2.1.2), the corresponding equality holds:

Cot = E Ao Co

aclg

and we see that I'(f,) = ¢, for all @ € A.
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Define p : L*(X, u) — Ry via

p(f) ==1f{) " daca : o € Ro, Y aafa > |fI}-

a€EA acA

Claim: p is a well-defined semi-norm on L>(X, p).

Since Y- ,ep fa = Xx, for any f € L=(X, n), p(f) < X qen Call flloo-

Let f,g € L>®(X,pn),a € R.

p(f) + plg) = inf {Zaaca Lo € R0, ) aafa > |f|}

aEA acl
—|—1Hf {Zbaca : ba S R207Zbafa 2 ’g’}
a€EA a€eA

> inf {Z(aa +ba)Ca : Gy bo € Rxg, Z(aa +ba) fo = [f] + 9]

a€N acA
> inf {Z(%)Ca NS Rzmzaafa >|f ‘|‘9|}

aeA aceA
=p(f+9)

If a is zero then we clearly have p(0) = 0, otherwise, if a is non-zero then:

plaf) = inf {Z AaCq : G € R>g, Za'afoz > |af|}

acA acA
. o y,
= |a| inf cha:aaeRzg,meaz\f]
acl acl
= lalp(f)-

Hence p is a semi-norm.
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Claim: For all f € Y, T'(f) < p(f). Suppose f € Y and there are real numbers

Sq for which f = Zaer Safa- Hence I'(f) = ZaeAO S0Co-

Suppose that for some (a,)o € R>o we have |[f| <>\ aqfo, then:

F<Y aaf

aEA
D safa <Y tafa
a€lg a€A
Z SaCa < Z AaCa
a€lg a€A
L(f) < Z Qe Co,
aEA

so by taking the infimum, I'(f) < p(f).

By the Hahn-Banach Theorem, there exists an extension, I to all of L>®(X, p)

which is bounded by p.
Claim: T is positive.

Suppose for contradiction that there exists some f € L*(X,u)" such that
I'(f) <o0.

Let a, € Rxg such that Y anfa > f. Then > anfo > >, aafoa — f > 0. So
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But,

f <Zaafa—f> <p (Zaafa_f>
< aata

which is a contradiction, so I' is positive.

Since > fa = Xx, it follows that " has norm > u Ca- O

We are now ready to prove our first main result.

Theorem 2.1.7: Let H be a hypergroup with left Haar measure \. H is
amenable if and only if for all choices of m,n,b and € the m X n configu-

ration equations have a positive, normalized, inequality preserving solution.

Proof. Assume that H is amenable. Then there is a left invariant mean m on
L>*(H). For a configuration C, let z¢ := m(&(C)). By equation (2.1.1) and

linearity of m, it follows that for any i, j

CeCon(€,h)
Co=E;

and

5 zc = m(0y, * XE,)-
C€Con(€,b)
CjZEi

Since m is left invariant, these are equal and so the configuration equations are
satisfied by this choice of z¢. It is also apparent that because m is a mean, each
z¢ is non-negative and ZC zc = 1. Since m is positive, it preserves inequalities

so the solution to the configuration equations is inequality preserving.
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For the converse, we apply lemma 2.1.6 to (H,\), {£(C) : C € Con(E, )},
and {z¢ : C € Con(&, )} for each choice of £ and b.

We consider an order on the family of choices of (£, ) by saying that (€, 5) <
(F,€) if F is a refinement of £ and h C €. Under this order, the family becomes
a directed set. By indexing with respect to this directed set and taking the
means generated by Lemma 2.1.6 we get a net of means on L*°(H) which
converge in the weak* topology to left invariance. Since the set of means is
weak® compact, there is an accumulation point of this net which must be a

left invariant mean on L>°(H) hence H is amenable. O

Remark 2.1.8: It is actually sufficient to use a collection of £ and § which is a
directed set under the given ordering which contains each set of a basis of

the topology of H in one of the partitions and each h € H.

The preceding result gives a new characterization of amenability for hyper-
groups. In chapters 4 and 5 we show that similar characterizations of amenabil-
ity can be found for other algebras. In chapter 4 we give a characterization
of the existence of a topological left invariant mean on a Lau algebra using
a generalized notion of configurations. In chapter 5 we show that by using a
different notion of partitioning the identity, we can use configurations to char-

acterize the existence of a left invariant mean on function algebras on H other

than L>(H).

In [47], Rosenblatt and Willis proved a version of theorem 2.1.7 for locally
compact groups using a more constructive approach and because of this are
able to construct a net (f,), € L*(G)] which tends to left invariance weakly,
but which, for any = € G\{e}, eventually the supports of f, and d, * f, are

disjoint. Such a result is impossible in general for hypergroups (see example
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2.1.14). However, the approach of [47] is helpful for constructing nets for hy-
pergroups which tend to left invariance in a weak sense but not in norm as

demonstrated below in theorem 2.1.12.

Corollary 2.1.9 (Rosenblatt and Willis [47]): Let G be a locally compact
group. There is a positive, normalized solution of every possible instance of the

essential configuration equations if and only if G is amenable.

Proof. Since G is a group, 0, * X, = Xai, 50 {(C) = Xao(c) for some set
xo(C). For two configurations C' # C” the sets xo(C) and xo(C") are disjoint.
Rosenblatt and Willis call a configuration C' essential if Ag(zo(C)) > 0. Sub-
sequently the condition that a solution be inequality preserving is equivalent

to zo = 0 for each non-essential configuration. O

For an infinite locally compact amenable group GG, Rosenblatt and Willis [47]
used their constructive proof of 2.1.9 to construct nets of positive, norm one
functions {f,}s in L'(G) for which §, x f, — fo tends weakly to 0 but ||d, *
fo — fall = 2 eventually for every z € G\{e}. The key to their proof lies
in being able to choose a function which, when integrated against a &,(C),
yields the corresponding z¢ yet is supported on a small enough set so that the
supports of f and ¢, * f are disjoint. Being able to accomplish this for general
hypergroups is impossible because of the ‘spreading’ behaviour of translation
as we see in example 2.1.14. However, we are able to modify their result for a

certain class of hypergroups.

Theorem 2.1.10 (Rosenblatt and Willis [47]): If G is an infinite amenable
locally compact group, then there exists a net (f,) in P(G) converging weakly

to invariance, such that for every x € G\{e} eventually || fo — 9z * ful| = 2.
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Lemma 2.1.11: Let G be a locally compact group and K be a compact subgroup
of G. If (fa)a is a net converging weakly to left invariance in L*(G)] then
(fa)a is a net in LY(G//K){ satisfying (fa — Oxar * fas @) — 0 for all ¢ €
UCB.(G//K) where f(KyK) = S [ F(syt)dAg (s)dAk ().

Proof. Let ¢ € UCB,(G//K). By [51, 2.2] there exist v € L'(G//K) and
¢ € L®(GJ/K) such that ¢ = v 1. Let 7, € L(G) and ¢, € L®(G) be given
by 7(y) = 7(KyK) and o(y) = ¥ (KyK). Define ¢ = v, x ¢ in UCB,(G)
50 9o(y) = [, V(KyzK)(K2"'K)d\g(2). For y € G we have

oK) = [ AKYK « K=R)u( " K)dde()
// K(yt)zK)(Kz ' K)dAg(2)dA g (t)

_ /K byt A (1)

= ¢o * XK(@/)'

Similarly, for 2,y € G we have ¢(KaK * KyK) = [, ¢o * Ag(x5y)dAi(s).

Then for z € G and f € L'(G), we have the following:

(F = Sorc # fr ) = /G (f = brcarc % 1) YISy ) dAg y)
_ /G FEYE) (6 — Scarc * 8) (KyK)dAa(y)
- / / f(syt)dAg (s)dAk (1) (¢ — Oxarc * &) (KyK)dAc(y)

G K K

- / / / F(0) (6 — Brca % 6) (s gt ) () dge ()dAie ().

K K G

Since K is compact, the modular function of G for any element of K is 1.
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Therefore the integral with respect to y can be translated on both the left and

right by elements of K and remain unchanged. This yields:

(F = b 0) = [ 1) (0UE) = 6(K K = KyK)) dhay)
- /G f(y) <¢O * Ak (y) — /K o * XK(xsy)dAK(S)) dAc(y)
- <f, o % A — /K Og-14-1 % o ¥ XKdAK(S)> :

Since ¢, is in UCB,(G), so is ¢ * Ag. Hence the map from K to C(G),
S 04 1,-1 % Do % A IS continuous so Jic Os—15-1 % o % AxdAg(s) is in the norm
closure of the convex hull of the functions {587%71 %ok N\ 15 €K } Since
(fu, o * A — O5-15-1 % o * Ag) tends to zero for any s € K and (f,) is norm
bounded , it follows that (fa, o * A — [5 Ss-15-1 % o x AgdAg (s)) also tends
to zero as in lemma 1.4.5. S0 (fa — Ok * fa, &) — 0 for all ¢ € UCB,(G//K)
and all z € G. O

Theorem 2.1.12: Let G be an amenable, non-compact, locally compact group.
Let K be a compact subgroup of G. Suppose that for any e > 0, finite F C G\ K
and subset X of G which does not have zero measure outside of a compact set,

we can find a relatively compact X' C X such that

MN(KFKX'KNKX'K) < %AG(KX’K). (2.1.3)

Then there exists a net (fo)a C LYNG//K)T such that (fo—Oxak * fu, @) tends
to 0 for all p € UCB,(G//K) and x € G but for which || fo — xar * fall — 2

whenever x € K.
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Proof. Fix € > 0 and a finite subset /' C G\ K and take £ and g as before for

the group G.

Since G is amenable there is a positive, normalized solution to the configura-

tions corresponding to Con(&, g).

Since G is a group, for each C' € Con(E&, g) the function & (C') is the character-
istic function of the set Xy(C'). If the value of z¢ is non-zero, then because G

is non-compact Xo(C') does not have measure zero outside any compact set.

Choose an order, {C,}_, for the C' € Con(&, g) with non-zero zc and then
iteratively select relatively compact X§ C X,(C) satisfying inequality (2.1.3)
such that

FEX{*NKX{"K =0 whenever a # b. (2.1.4)

This is possible since each Xy(C,) has non-zero measure outside the compact
set

a—1

J(EKFEX{"K UKFKX{"K).

b=1

As in [47, 3.2], let

N

Zc
f — —SX Cs .

;AC;(XOCS) o
Then f € LY(G){ and (f — 8, * f,xg) = 0 for each g € g and E € £. Let
fe LY (G//K) be as in lemma 2.1.11.

Observe that for y € G,

o o ZC
= > s Z Ko (s (5)c ()

and if f(KyK) > 0 then y € KX K for some C.

28



Similarly, for x € F,

f(Ka™'K « KyK) =

Z (X, //ch ratsyt)dN g (r)d g (s)dA g ()

CeCon(€,g) K

and if f(K2 'K %« KyK) > 0 then y € KFKXSK for some C.

By condition (2.1.4), if both f(KyK) > 0 and f(Kz 'K« KyK) > 0 for some
x € F then there is a unique C' € Con(€,g) with y € KXY KNKFKX{K.

For each C' € Con(&, g), let
Ac={ye KX{KNKFKXSK : f(KyK) >0, f(KzK * KyK) > 0}.
This yields

/]f KyK) — f(Kz 'K * KyK)|d\a(y)

/)\G XC /f syt) — f(rxilsyt)dAK(T)d)\K(S)CD\K(t) d g (y)

<5 Xc / / ‘XXC syt) — xxe (resyt)| dha (y)dhi (r)d (s)dA s (1)

K3 Ac

76,
< oo / / (2)dAa(y)dA (1) dAic(s) dAc (1)

K3 Ac
QZC

< NJKXSKNKFKXSK

< ZCE.
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By inequality (2.1.3),
/ 1 = Sxcarc % flddg = 1 F + 6o % FIl — 2 / 1 = b1 * fldre,
G

and so

¢ c

=2 — 2¢.

Since our choices of ¢, F, €, and g were arbitrary, we can find an f as above

for each such choice. Now consider the order on {(e, F, €, g)} where
(e, F,€,9) 2 (e, 1, €. )

ife>e, FCF' & isarefinement of £, and g C g'.

Using this order the net (f. peq)) converges weakly to left invariance on
L>*(G). Therefore by lemma 2.1.11 (f(gypm) — 0ok * f(E’F’g’g),Qb) — 0 for

all € G and ¢ € UCB,(G//K).

On the other hand, ||]5(5,F,g7g) — 0Kk * f(g,F,s,g)H > 2 — 2¢ for all x € F. Hence,

for any € G\K, || fie.req — Oxar * flereql — 2. u

If K is finite, then the net we construct does tend to left invariance weakly.

Example 2.1.13: Let H be the hypergroup (Z[i] x (i))//(i) where the action
of (i) on Zl[i] is multiplication. The coset of a + ib € Z[i] is the four points

{a+ib, —b+ia, —a—ib, b—ia}. For any finite set F, if ||a+ib|| is sufficiently large,
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X' = {a + ib} will satisfy inequality (2.1.3) of theorem 2.1.12. Hence, using
the method of 2.1.12, we can construct a net which tends to left invariance

weakly, but not in norm for (Z[i] x (i))//(i).

Example 2.1.14: Let H be the hypergroup (R?)T (equivalently (R? x T)//T)
where the action of the torus on R? is rotation about the origin. More details
on this example can be found in [23] or [4, 1.1.18]. The underlying space of H
is R>g and for any f € L'(H) and x € H, the support of the translation of f

by x is given by:

supp(dy  f) = {z} xsupp f = | [lz—yl.z+y).
yesupp f

From this we see that as long as supp f is not contained in the interval [0, z/2)
the two supports are not disjoint. Since the support of f, must eventually not
be contained in such an interval, if f, tends weakly to left invariance, then the

supports of f, and d, * f, are not eventually disjoint.

However, this hypergroup does satisfy the condition of theorem 2.1.12 so we
can construct a net which tends weakly to left invariance against right uni-

formly continuous functions but does not tend to left invariance in norm.
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Chapter 3

Reiter nets for semidirect

products?

In this chapter, we present two methods for combining Reiter nets of two locally
compact groups to form a Reiter net for their semidirect product. We apply this
result to Reiter nets where each function is a normalized characteristic function
of some compact subset of G to achieve similar results for Fglner nets of subsets
of amenable groups. We then define the semidirect product hypergroup of a
hypergroup and a locally compact group. We extend the results for combining
Reiter nets to this case and show that the semidirect product of an amenable
locally compact group and amenable hypergroup is an amenable hypergroup.

We also prove analogous results for discrete semigroups.

LA version of this chapter has been published. Willson 2009. Proceedings of the American
Mathematical Society. 137:3823-3832
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3.1 Semidirect products of groups

There are two methods for defining the semidirect product of groups. Definition

3.1.1 uses the external method for defining semidirect products.

Definition 3.1.1: Let N and H be locally compact groups with H acting on
N, i.e. there exists 7, a group homomorphism from H to Aut(N) such that
(n,h) — 1,(n) is continuous with respect to the product topology on N x H
where Aut(N) is the group of continuous group automorphisms of N. We say
that G := N x, H is the semidirect product of N and H with respect to 7 if G
is the group consisting of elements of the form (n,h) where n € N and h € H

equipped with multiplication given by:
(n1, hy) * (n2, ha) = (n17h, (n2), hiho).

If G is equipped with the product topology then G is a locally compact group.

We will refer to N and H as the factor groups of N x, H.

The second method used to define a semidirect product is called the internal
method. The internal method considers a group with two subgroups satisfying
certain conditions and uses conjugation by one of the subgroups on the other
as the 7 given in 3.1.1. For this method, we begin with a group action which

determines 7 rather than constructing the group action from an arbitrary 7.
If f: N—Candg: H — C, then we define f x g : N x, H — C via
fxg(n,h) = f(n)g(h).

It is well known (cf. [16, 15.29]) that the left Haar measure of a semidirect

product depends on the left Haar measures of the factor groups. It can be
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defined in the following way:

d)\NxTH(na h) = 5(h)d)\N(n)d>\H(h)

where 6(h) = 22 for each measurable A € N. Then 6 is a continuous
AN (Th(A))

group homomorphism from H to R*.

From the action, 7, of H on N we define

T :H — B(L'(N))

hl—>Th

via (Thf)(n) = f(14-1(n))d(h) for f € L'(N), n € N, h € H. It can be easily

verified that each T}, is a linear isometry and preserves convolution.

3.2 Reiter nets in L'(N x, H)|

When investigating Reiter nets for semidirect products, it is natural to wonder
how Reiter nets for N and H may be combined to produce a Reiter net for

N x. H. We present two methods for doing so.

Throughout this section, N and H will be amenable locally compact groups,
and 7 a continuous group homomorphism from H to Aut(N). Also, (fa)a and

gs)s will be Reiter nets in L*(N)] and L*(H)7, respectively.
BB 1 1

Theorem 3.2.1 (Method 1): Let E, 5 := fo X ggd~'. The net (Eap)ap 1S a

Reiter net for N x. H if and only if the following condition holds:

1Ty fo — faHLl(N) — 0 (3.2.1)
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uniformly in y on compact subsets of H.

Proof. We begin by assuming that (3.2.1) holds. Then:

||l>(kw,y)EOé»ﬁ - angHLI(NXTH)
- / / 5T, £ ()2 ga(h) — fa(n)gs(h)| dXar(R)dAn (n)

< WGy fa) = fall gy 1398l ey

+ [ fallzr v 1,95 — gsll 21 ()
< “l::(Tyfa - fa)“Ll(N) + Hl;fa - faHLl(N)

+ 10395 — 95l L1 (i)

Each of these terms tends to zero uniformly on compact subsets of N x, H.

Therefore (Eq45)a,p is a Reiter net.

For the converse we will apply similar triangle inequalities to get, for y € H:

1Ty fo = fall vy = /N/H Ty fa(n)gs(h) = fa(n)gs(h)|dAm (h)dAx (n)

<7y fallcryllgs — g5l Ly

+ ||lz<eN,y)E0¢ﬁ - EOéﬁHLl(NNTH)‘
Since each of the terms on the right tend to zero uniformly in y on compact
subsets of H, so does the left side of the inequality. O

Proposition 3.2.2: There exists a Reiter net (fo)a C L*(N){ that satisfies

(3.2.1).

Proof. Since N and H are amenable, so is the semidirect product N x, H.
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Therefore there is a Reiter net (F,), C L'(N x, H){.

For each «, define f, € L'(N) via
fa(n) ::/ Fo(n,h)o(h)dMy(h).
heH

Then it is easily verified that (f,), is a net in L'(N);. Furthermore, for y € H

|%h—Mbm=/

neN

[;szcawn»hwxywawdAHaw
— / F,(n,h)6(h)dAg(h)| dAx(n)

< / . / Ry )5
~ Fa(m, 0)3(h)| s (h)dAn (n)

=t/‘ Fury (), yh) — Fu(n, 1) |ds(n, B)
NxrH

= le(el\hy)Fa - Fa||L1(N><17—H)-

Since (Fy)q is a Reiter net, |“E;N,y)Fa — Folloy(wx, gy — 0 uniformly in y on

compact subsets of H. It remains to show that (f,), is a Reiter net for V. For

ze N

mn—mmm—/

neN

/ Fu(a=tn, B)S(h) — Fa(n, h)5(R)dAg (h)| dh ()
< /neN /}ZEH]Fa(xln, h) = Fo(n, h)| 6(h)dAg (h)dAx(n)

- ||lz<x,eH)Fa - chHLl(NxTH)-

Again, since (Fy,), is a Reiter net, so is (f4)a- O
Remark 3.2.3: Janzen [22] provides a similar result for the existence of a Fglner
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net which satisfies a condition analogous to (3.2.1) in the case where ¢ is

constantly one.

Remark 3.2.4: If (E4 p)aps is a Reiter net, then so is any subnet. In particular,
if (fr)p2, and (gx)52, are Reiter sequences for N and H respectively, which
satisfy the conditions of the theorem, then the diagonal sequence (fy x

grd )32, is a Reiter sequence for N x, H.

Theorem 3.2.5 (Method 2): Forn € N h € H, let Do € L*(N x, H) be
given by Dy g(n, h) := Ty, fo(n)gs(h)o(h™1). If each gs is compactly supported,

then there exists a subnet of (Da.g)a,p which is a Reiter net for N x, H.

Proof. Observe that

1623y Davs = Dl o0
:/‘Z;Thfa(n)l;;gﬁ( ) = Th fa(n)gs(h)| 6(h~)dAa(n, h)
=[] 1 fal50) = Tafum)ga WA )ik (1)
<[] 110 oo = £ g20) A () ()
+//HMMMW@MM—@WMMNWMMMO

= [0 fe = Fellslgadna () + 55 = gl

For K C N x. H compact and € > 0 there exists Sk such that for 3 > B,
11,95 — 9sllLry <e/2 Vy € Ky ={y: (z,y) € K for some v € N}.

For each such 3 there is an ag i . such that for & > ag k. for all h € supp(gp)
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and all (z,y) € K,

Hl:(yh),l(x)fa - fa||L1(N) < 5/2'

Consider the directed set A, where each element of A is a quadruple consisting
of a compact subset K C G, ane > 0, a 8 > k., and an o > ag k.. The
order we put on A is <X, where (Ky,¢e1, 051, a1) = (K3, 9,02, a2) if K1 C Ko,
€1 > &9, 1 < (o, and a1 < as. From the above observations, it is apparent

that for any € and K, there exists a and 3 such that [|If —Dagll <e

ﬂcy)

for all (z,y) € K.

Then (E,3)k.ep,q 1S asubnet of (E, 3)a,s which is a Reiter net for N x, H. O

Remark 3.2.6: If N x, H is o-compact, then we can find a sequence of compact
sets (F},), such that F,, C F,,;; and N x, H = |J F},. In this case, we can

find a sequence of elements of A such that (E,, 5,)5%, is a Reiter sequence.

Example 3.2.7 (‘ax+b’ Group): Let G = R %, RT where 7,(b) = ab for
a € R and b € R. Let f, = 5-X[-nn and g, = ﬁ(n)x[;m. Using the method
of 325, Dn’m = 4n1n(n) X{(ab a)|be[—n,n), (LE[ 1 m} It follows that (D )n is a Reiter
sequence for G. Further details of this example can be found in [42, Example

0.5] or [14].

By applying the method of Proposition 3.2.2, we get the Reiter sequence for
N, (hy), given by:

n?— :
4n21n(1n) if [b] < 1,
— nZ—|b .
hn(b) = —4n2|b|1|nln) if 1 < o] < n?,
0 if n2 < [b].

\
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Combining this with the sequence (g, ), using Method 1 gives a Reiter sequence
for the ‘ax+b’ group which is different from the standard example found in

the literature:

E,(b,a) = h,(b)g,(a)a.

3.3 Foglner Nets

As in Example 3.2.7 it is often possible to have Reiter nets (f,), of the form
fo = %. The sets (Aq)a form a Fglner net, thus termed because of the
condition introduced in [10]. Namioka investigated numerous Fglner type con-
ditions in [40]. For further reference, the reader is directed to [14, Section 3.6]

and [42, Chapter 4].

Definition 3.3.1: Let G be a locally compact group. A net [resp. sequence]
(Aa)a of measurable subsets of G such that 0 < Ag(A,) < oo is called a Folner
net [resp. Folner sequence] if for any € > 0, and any compact F' C G, there

exists (8 such that for a > (3

Ae(zAaAAL)
(A

Remark 3.3.2: A net (A, ), of measurable subsets of G with 0 < A\g(A4,) < 00

<e VxekF.

is a Fglner net if and only if for any € > 0, and any compact F' C G, there

exists 3 such that, for a >

Aa(rA\Ad)

<e VxeF
Aa(Ayn)

This is because A\g(A\zA) = A\g(z7 1A\ A) since \g is a left Haar measure.
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Remark 3.3.3: Suppose that (A,). is a Folner net for G. For each «, let

falx) = m)@(x). Then (f.)q is a Reiter net in LY(G).

Janzen [22] studied Fglner nets in semidirect products where ¢ is constantly
1. As a consequence of the previous section, we now present one of Janzen'’s

results as a corollary to Theorem 3.2.1.

Corollary 3.3.4 (Janzen): Let N x. H be a semidirect product of locally
compact groups such that § = 1. Suppose (Aa)a, (Bg)g are Folner nets for N

and H respectively. Then (Ay X Bg)a s is a Folner net for N x; H if and only
if

Mlr(A)AA)

An(Aq)
uniformly in y on compact subsets of H.

X :
Proof. Let f, = /\;((Aja) and let gg = ﬁgﬁ). By Theorem 3.2.1 (fo X gg)ap is
a Reiter net if and only if |7, f, — fal| = 0. But f, x gg = #ﬁlji%) and
AN (7 (Aa) DAq

Ty fo — full = Axlpla)dt), a

We cannot use Theorem 3.2.1 to generalize this result to the case where 9§ is
not constantly 1 since in this case, x4 X xpd~! is not equal to xaxp. In fact,
we will now show that if the product of two Fglner nets is a Fglner net for the

semidirect product, then § must be constantly 1.

Lemma 3.3.5: Let G = N %, H, for N and H locally compact amenable
groups. Let (Ay)a be a Folner net for N and (Bg)s be a Folner net for H. If

(Ao X Bg)ag is a Folner net for G, then

)‘N(Ty<Aa)\Aa) _
)\N(Aa>
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uniformly in y on compact sets of H.

Proof. Observe that for x € N,y € H we have that

(27 (Aa)\Aa) X yBg C ((x,y) * (Aa X Bg)) \(Aa X Bp).

Since (Aa X Bg)as is a Folner net for G

Ac (2, y) * (Aa X Bp)) \(Aa X Bg))
Ag(Aa X Bﬁ)

uniformly in (z,y) on compact subsets of G. Therefore

Aa((27y(Aa)\Aa) X yBgs)

Ag(Aa X Bﬂ) =0

uniformly in (z,y) on compact subsets of G. Observe that

A (27, (Aa)\Aa) X yBpg) B An (27 (Aa)\Aa) fyBﬁ d(h)d g (h)

Aa(Aa X Bg) N An(Ay) fBﬁ d(h)d g (h)
Av (27, (Aa)\Aq) S, 0(1)3(R)dAr (h)
B An(Aq) f 6(h)dAu(h)
_ /\N(xTy(Aa)\Aa>
- )\N(Aa) 6(3/)

Choose a compact F' C H. The set {ey} x F' is compact in G, so

/\N (Ty(Aa)\Aa)
(A 6(y) — 0

uniformly on F. Then since § is continuous, it is bounded below on F' by some
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positive value. Therefore

)‘N(Ty(Aa)\Aa>
An(Aq)

uniformly on F'. m

Theorem 3.3.6: If (A, X Bg)ap is a Folner net for G then 6 = 1.

Proof. Observe that for y € H:

AN(7y(Aa)\Aa) 2 An(7y(Aa)) = An(Aq)

= An(4a)(0(y™") - 1).

By the lemma, we know that Av(mal\Aa) () for each y € H. If there exists
AN (Aa)

a yo € H such that d(y; ') > 1 then for all a, %fw >6(yy')—1>0

which is a contradiction, so d = 1. O

As indicated by Example 3.2.7, the method of Theorem 3.2.5 does apply even

if ¢ is not constantly 1.

3.4 Semidirect products with hypergroup fac-

tors

The examples (2.1.13, 2.1.14) concluding the previous chapter are double coset
hypergroups. These hypergroups arise from taking semidirect products of lo-

cally compact groups and quotienting by the non-normal factor. Subsequently
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we are motivated to investigate further notions of semidirect products as re-

lated to hypergroups.

Jewett [23] showed that the direct product of two hypergroups is again a
hypergroup and much of the theory that applies for the direct product of
groups applies verbatim for hypergroups. However, when it comes to invesi-
gating semidirect products, we cannot simply replace groups by hypergroups
in the definition since one of the groups needs to act as automorphisms on the

other.

In this section we will present the definition of a semidirect product with a
hypergroup factor and several related results. We will conclude the section

with several results on amenability of semidirect products.

The semidirect product of two hypergroups only makes sense if there is a
homomorphism from one hypergroup to a subgroup of the automorphisms of
the other (in the case of a direct product, this is the trivial group).Because of
this, we will consider semidirect products where one factor is a hypergroup and
the other factor is a locally compact group acting as automorphisms on the
hypergroup. Hypergroup automorphisms and, more generally, homomorphisms

are interesting and have been mentioned in [5] and [25].

This definition does not appear as part of the published literature, but does
appear in a technical report of Rosler [48] where she applies this construction

to Bessel-Kingman hypergroups.

Definition 3.4.1: Let H be a hypergroup. A homeomorphism ¢ : H — H
is a (hypergroup) automorphism if ¢p(egy) = ey and for x,y € H and A C H
a Borel subset we have that 6, * 6,(A) = dg(2) * gy ({#(a) : a € A}). The

collection of automorphisms of H (equipped with the topology of pointwise
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convergence) form a topological group denoted Aut(H).

Let GG be a locally compact group. Suppose that there exists a continuous group
homomorphism 7 : G — Aut(H). We then define the semidirect product of G
and H (with respect to 7) as the topological space H x G with a convolution

defined by:

5(h1791) * 5(h2,g2) = Op, * 5Tg1 (h2) @ 59192

where we embed the tensor product M (H) ® M(G) into M(H x G).

With this convolution, H X, G becomes a hypergroup. The identity of H x, G
is (exr, e¢) and the involution is given by: (h, g) = (1,-1(h), g7").

If we further suppose that H has a left Haar measure Ay then for each g € G,

Am
)\HOT

the measure on H, Ay o 7, is a positive multiple of Ay. Letting 6(g) =

we get the following left Haar measure on H x G :

s (h, g) = 6(g)dAg (h)dAc ().

Proposition 3.4.2: Let G, G’ be locally compact groups and K a compact
subgroup of G. Suppose that G' acts on G and that for each ¢’ € G', ¢'(K) = K.
Then (G x G")J/(K X eq) is isomorphic to (G//K) x G'.

Proof. The elements of (G x G')//(K X eq) are of the form

[(9,9)] = {(k1,ec)(9,9') (ka, ecr) = ki, hp € K}
= {(k1gy(k2),g') : k1, k2 € K}

= {(kighka,g') - k1, ky € K}
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because the action of G’ restricts to K.

Similarly, the elements of G//K x G’ are of the form

(lgl,9') = ({k1gka - k1, k2 € K}, g')

hence there is a natural identification between the two hypergroups.

The multiplication in the former is given by:

[(g1,91)] * [(92, 95)] = / Ol(g1,0}) (5.0 )(92,9)) AAK ()

Kxeqr

- / 6[(91%3 (s92),9193)) AN K (5)
KXEG/

- / Of(gy STyl (92)19195)]50\1((3)
KXGG/

We note that \x is invariant under the action of g] because the action on K

is ‘unimodular’ since K is compact.

On the latter, the convolution is:

(lo1], 91) * ([g2], 95) = ([9a] * Tgxl([gz])) ® g.d,
= (/K 5[glsrg,1(g2)]d)\K(s)) © 4.4,

and so we see that they coincide. O
Remark 3.4.3: The first semidirect product in the above proposition is a
semidirect product of groups while the latter has a hypergroup factor.

Example 3.4.4: Here we provide a non-trivial example of a semidirect product
with a hypergroup factor. The hypergroup is not a group and the action of G

on H is not the trivial action.

45



Let Zs be the additive group of integers modulo 5.

Let {e,, 7} be the two element group acting on Zs via 7(z) = —z.

Then Zs//(7) is a hypergroup of three elements with the following multiplica-

tion table:

+ | [0] [1] 2]
[0] | S0y op) g
(1] | Oy | 5(j0) + Opz1) | 501y + Op29)
[2] | Oy | 5Oy + Opz1) | 5001 + Opy)

Let {e,,0} be the two element group acting on Zs//(r) which swaps [1] and

[2]. Tt is straightforward to verify that o is a hypergroup automorphism using

the convolution table above.

Forming the semidirect product (Zs/ /(1)) x (o) we get the following six element

hypergroup:
x| (0eo) | (10,0) | ([1],e0) ([1],0) ([2], er) ([2],0)
([0, e5) | (djgps€0) | (Sjgp,0) | (1), €0) (0pp, 0) (0791, €0) (09, 0)
([0],0) | (Oj0,0) | (bgps€0) | (Op250) (Of2)5 €0) (6pp50) (015 €0)
(s e0) | Gppreo) | (Oppo) | (022 ey | (el gy | (Autel oy | (e o)
) ) O +0 ) ) ) )
([W,0) | Oppyo) | Gppeo) | (B o) | (L ey | (AL 5y | (AT ¢
81746 51 +0 801 +011 810)+0p1
(12 e0) | Brprea) | (Bps o) | (BT eg) | (R 5y | (T ) | (A0 o)
(12,0) | (O o) | Bppreo) | (AR oy | (020 oy | (20 o) | (2utoz ey
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We will now address amenability of semidirect products. As mentioned in
the introduction, the amenability of a hypergroup can be characterized by the
existence of a Reiter net of approximate means in L*(H); . Using the approach
of the previous section, we show that the semidirect product of an amenable

hypergroup and an amenable locally compact group is amenable.

Theorem 3.4.5: Let H be an amenable hypergroup with left Haar measure
and G be an amenable locally compact group. Then H x. G is an amenable

hypergroup.

Proof. Let (fa) be a Reiter net for H and (dg) be a Reiter net for G with each

dg supported on a compact subset of G.

For h € H,g € G let F, 3 € L'(H %, G) be given by
Fop(h, g) = fa(rg-1(h))ds(g)-
Observe that

Hé(%y) * Fa,ﬁ - Fa,ﬁ”Ll(HxTG)

= [ 15 G ) dsy™0) — Ll ()t o)A (R clo)

< / 107,y -1@ * Ja = fallLian|ds(9)|dAc(g) + [0y * ds — dgl| L1 (c)-
G

For K C H x. G compact and € > 0 there exists Sk such that

16y * dg — dgl| 1) < €/2 Yy such that Iz with (z,y) € K
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and there exists ax . such that

3

10-wg) 1) * farce = far Ml < 5

for all (z,y) € K and g € supp(dg, ).

So the semidirect product satisfies the Reiter condition and hence is amenable.

]

3.5 Semigroups

Analogous results to those presented in previous sections can be formulated
for semigroups. This section will deal with discrete semigroups. Rather than
using a left Haar measure we consider the counting measure. The concept of a
semidirect product is suitably modified. It is well known that a semigroup S is
left amenable if and only if there is a net (f,)o of elements in ¢*(S)] for which
| fo — fall = 0 for all x € S ( [7], [40]). Since S has the discrete topology,

the collection of such nets is precisely the Reiter nets for S.

Definition 3.5.1: Let U and V be semigroups. Assume that V acts on U
on the left, i.e., assume that there is a semigroup homomorphism 7 from V
to End(U) such that for each v € V there exists 7, : U — U such that

Toy (Top (1)) = Tyyu, (w) for all uw € U, vy, v3 € V.

We say that S = U x, V is the semidirect product of U and V with respect to

7 if S is the semigroup consisting of elements of the form (u,v) where u € U
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and v € V equipped with multiplication given by:

(ug,v1)(ug, v9) = (urTy, (u2), v102).

Using 7, we can define a right action of V' on ¢>°(U) by:

T, 4°(U) — (2(U)

¢ — Tyo

where (T,¢)(u) = ¢(1,(u)). So we get a left action on ¢*°(U)* by considering
T'r for each v € V. Unlike in the group case each T is not necessarily isometric

but ||| < 1. If U =V and 7,(u) = vu then we denote T, by [,.

We say that a net, (f,)a, in £2(U)] is a Reiter net if

le.foa - fa”ﬁl(U) — 0

uniformly in v on compact subsets of U.

Remark 3.5.2: Since U has the discrete topology, the uniform convergence on
compact (i.e. finite) subsets of U is equivalent to convergence for all u € U.
This makes our definition of Reiter nets equivalent to that of strongly regular

nets found in [33], [34], and [36].

Left amenability of a semigroup U is defined in terms of a left invariant mean
(see [7]). For simplicity, we remark that U is left amenable if and only if there
is a Reiter net in ¢*(U)]. The counting measure on the semidirect product is
precisely the product of the counting measures on N and H. For the remainder

of this section U and V' will be semigroups and 7 a semigroup homomorphism
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from V' to End(U). As well, (f,)o and (gs)s will be Reiter nets for U and V

respectively.

Theorem 3.5.3: Assume that ||T, fo, — foll — 0 uniformly in y on compact

subsets of V.. Then (Enp)aps is a Reiter net for U x. V where E, g(u,v) :=
fa(u)gﬁ(v)'

Proof. The proof proceeds in a similar fashion to that of Theorem 3.2.1. We

safely suppress the details. O

Remark 3.5.4: Unlike in the group case, there is not always a Reiter net which
satisfies the condition of the theorem. Indeed, there are examples semidirect

products of left-amenable semigroups which are not left amenable (see [26,

3.6]).

Theorem 3.5.5: Define D, € (U %, V) via Dy g(u,v) := T fo(u)gs(v).
Assume that each gg is finitely supported. Further suppose that for each v € V
the net (T fo)a is a Reiter net. Then there is a subnet of (Dy 5)a.p which is a

Reiter net for U x, V.

Proof. Tt is straightforward to verify that If, ) Das(u,v) = LT} fa(u)ljgs(v).

It is then apparent that

sy Dap = Dagll < D NETs for = T fallgs(0) + 1595 — g5l

veV

The remainder of this proof mimics that of Theorem 3.4.5. We again suppress

the details. O

Remark 3.5.6: For z € U and v € V 17 JT7 fo =T)13 fa soif 7: V — Sur(U)

To (T T
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then U x, V is left amenable. This provides a new proof of a result of

Klawe [26, 3.4].

Remark 3.5.7: Explicit constructions of Reiter nets for bicyclic semigroups can

be found in [36].
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Chapter 4

Lau Algebras

4.1 Definition of Lau algebras

In [32], Lau introduced a type of Banach algebra (called F algebras in [32])
and defined left amenability of these algebras to correspond to left amenability
of the measure algebra of a semigroup. The L'(H) algebra of a hypergroup
(with left Haar measure) is a Lau algebra [51] and is left amenable precisely
when the hypergroup is amenable. Other examples of Lau algebras include the
Fourier and Fourier-Stieljes algebras of locally compact groups. In this chapter,
the constructions of chapters 2 and 3 are adapted to the more general setting
of Lau algebras. We present a characterization of left amenability using Lau
algebra configuration equations. We define the semidirect product of a Lau
algebra with a locally compact group and show that this semidirect product is
again a Lau algebra. Furthermore, if the Lau algebra factor is left amenable and

the group factor is amenable then the semidirect product is also left amenable.

Definition 4.1.1: [32] A Lau Algebra is a pair (A, M) such that A is a
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complex Banach algebra and M is a WW*-algebra such that A = M, and e, the

identity of M, is a multiplicative linear functional on A.

Lau, [32] gives several equivalent characterizations of left amenability of (A, M).

In particular, the following are equivalent:

1. The Lau algebra (A, M) is left amenable.

2. A* has a topological left invariant mean. That is, there exists an m €

(A*){ such that

m(z-¢) =m(xr) Vo e A, x e A"

3. There exists a net ¢, € A7 such that ||¢- o — dal — 0 for each ¢ € Af.

4.2 Lau algebra configurations

Definition 4.2.1: Let (A, M) be a Lau algebra. Let (¢y,...,¢,) € (A"
and {f1,..., fm} C M such that each f; > 0 and > ", fi = ep. We define
an (A, M)-configuration as an ordered choice C' = (Cy, CY,...,C,) with each
C; € {1,...,m} and define £ (C) as before via:

&) =T]¢ ¢
j=0

Here the - represents the dual module action of A on M. In case the mul-
tiplication in M is non-commutative, we need only fix a convention for the
ordering and keep to it throughout. For convenience, we’ll assume that the

multiplication is done left to right as j goes from 0 to n.
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For ¢ € A we define
oc = (&(C), 8).

We define the configuration equations as before as the mn equations in the

m" ! variables (z¢ corresponding to the configuration C) as

S =Y e

C,Co=i C,.Ci=i

A solution to the configuration equations is again said to be positive if each
zc > 0, normalized if ), zc = 1 and inequality preserving if for any choice of

real numbers {ac}

0< Zacgo(C) =0< ZCLCZC.
c C

Theorem 4.2.2: A Lau algebra (A, M) is left amenable if and only if for
all choices of (¢1,...,¢n) € (A7)" and {f1,..., fm} C M such that each
fi >0 and 3", f; = en the associated (A, M)-configuration equations have

a positive, normalized, inequality preserving solution.

Proof. We apply the method of lemma 2.1.2 to get:

S @) => T fo- o

C.C;=i C 1=0
J—1 m n m
= ([I>" fe-etfi- oI fi- o)
1=0 k=1 I=j k=1
=([Je-o0fi- (][] e- o
l l
= fi-9;
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SO

(findj-0)= > ¢c

C,Cj=i
for any ¢ and j and ¢ € A, noting that any rearrangment is only of a sum, and

that the order of the multiplication in any term is unchanged.

If (A, M) is left amenable, there exists a topological left invariant mean, m, on
M [32]. By letting ze = m(&(C)), we gain a positive, inequality preserving,

normalized solution to the configuration equations since

Z Zc = Z m(&(C))

C\Co—i C.Co—i
=m(fi) =m(fi- ¢;)
= > m(&(0))

C,Ci=f;

- Y

C,.Ci=fi
For the converse, Lemma 2.1.6 holds with L*(X,u) replaced by M (with
the partial order of M replacing the a.e. ordering of L*°(X)) and we apply
the same net construction as we do in theorem 2.1.7 to gain a net of means
in (A*)] which tends weakly to topological left invariance which must have
some accumulation point which is then a topological left invariant mean on

M. [l
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4.3 Semidirect products of Lau algebras

We now define the notion of a semidirect product of a locally compact group
with a Lau algebra. We remark that if the Lau algebra in question is the
group algebra of a locally compact group, then the resulting semidirect product

corresponds to the group algebra of the semidirect product.

Definition 4.3.1: Let G be a locally compact group and (A, M) be a Lau

algebra. We say that T is an action of G on (A, M) if:

1. For each g € G there is an isometric isomorphism 7, : A — A.
2. The map g € G — T, € Aut(A) is a continuous group homomorphism.

3. For each g € G, the dual map T} is an isometric *_isomorphism of M

onto itself.

If G acts on (A, M) the we define the semidirect product of G with (A, M) as
the Lau algebra (LL(G, A), L°(G)®@M). Here, L%(G, A) is the Banach space
LY(G, A) of integrable A-valued functions on G with a twisted multiplication.
That is, for Fy, Fy € LL(G, A) we define the function F; * I, from G to A by:

Fl * Fg(g) = /hEG Fl(h)Th(FQ(h_lg))dh

It is well-known (eg [53]) that L>°(G)®M is indeed a von Neumann algebra
and the dual of (the Banach space) LL(G, A).

Remark 4.3.2: The multiplication defined above is well defined and with it,

the norm of LL(G, A) is submultiplicative. To see this, first consider simple
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tensors f1 ® ay, fo ® as € K(G) ® A. Then for g € G

f1 ® a1 % fr® ax(g) = /G 10 fo(h ™ g)ar T (a) dh.

So supp(fi®ai* fa®as) C supp( fi) supp(f2) which is compact. Furthermore,
the range of fi ® a1 * fo ® as is contained in a3 Tsupp(f1) supp(f>) (@2). Since the
map h +— T}, is continuous the range of f; ® a; * fo ® ay is relatively compact

in A, so fi ®@ay * fa @ ay € LL(G, A).
By linearity, we can extend this argument to all functions in K(G) ® A.

For Fi,F; € K(G) ® A,

IFy s B / / | Fy ()T (Fa(h ")) | dhdg
gec Jhea

< / |Ey(h) | dh / 1F2(q)ldg
heG geG
- ||F1|| ||F2||

and so by density of K(G) ® A in LL(G, A), we conclude that F; x Fy €
LA(G, A) for any Fy,Fy, € LL(G,A) and that with this multiplication,

L1(G, A) is a Banach algebra.

Proposition 4.3.3: (LL(G, A), L*®A*) is a Lau algebra.

Proof. Tt is apparent that L}.(G, A) is a Banach algebra and L>®°(G)®A* is its
dual. Since L>(G) and A* are both W* algebras the tensor product L*(G)@A*

is also a W* algebra with identity 1 ® E4-.

All that remains to show is that 1 ® E4« is a multiplicative linear functional

on L%«(G, A) Let Fy, F5 € L%«(G, A)
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Then

(F1 % Fy, 1 ®eqn) = /<F1 x F5(g), ea)dg
= / / (FL(h) T Fy(h™tg), ea)dhdg
= [ [tR0.ca )T ) car)dndg
= [ [ (B0 ca)(Palo). Tiear)dgdn.

The image of es« is always eq« and therefore these integrals are separable.

Thus

(Fy % Fo, 1 ®epx) = /(Fl(h),eA*>dh/(F2(g),eA*)dg

= <F1,1®6A*><F2,1 ®€A*>

Lemma 4.3.4: The positive elements of L%(G, A) can be characterized by:

LY G, A) ={F € L1:(G, A) : F(g) € A} for almost every g € G}.

Proof. 1t is clear that “D” holds.

To see the converse, suppose that F' € LL(G, A) such that {g € G : F(g) &
A} has positive measure. Then we can find € > 0 such that {g € G : Im €
A, |m| = 1,infacr., [(F(g), m*m) — a| > €} has positive measure. Let K be
a compact subset of this set with L := A(K) > 0. Then we can find a compact
Ky C K such that F' is continuous on Ky and \(K\Ky) < L/2. Pick =y € Ky

such that C := {g € Ky : ||F(g9) — F(x0)|| < €/2} has positive measure. Let
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mo € A* with ||mol| = 1 and infoer,, [(F(20), mgmo) — a| > €. Then consider

(F, (xc ® mo)"(xc ® myg)) = /(j(F(g), mgmo)dg

/C (o), mmo)dg = A(C){(F(z0), mymo)

[ ) - Flo), mz;mo>dg\ < XC)e/2

So for a € R>( we have

[(F, (xc ® mo)*(xe @ myg)) — af
oy / £ (), mimo)dg + / (f (o), mimo)dg — o

> [AC)(f (o), mgmo) — o = A(C)e/2
Hence (F, (xc ® mo)*(xc ® mp)) is not in Rxg. O

Theorem 4.3.5: Let G be an amenable locally compact group which acts con-
tinuously on a left-amenable Lau algebra (A, M). Suppose that (fs)s C L*(G)7
is a Reiter net for G and that (¢4)e C Af is a net satisfying condition 3 of

definition 4.1.1. Suppose also that

||Tg¢oz - gba”A — 0

uniformly in g on compact subsets of G. For each o and 3, let F, 5 € L:(G, A)7

be given by F, 5(9) = f5(9)pa. Then the net (Fup)ap salisfies condition 3 of
definition 4.1.1 for L1(G, A).

Proof. Fix e > 0. Consider F € L'(G, A){.
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Then for any «a and :

!W*ﬂﬁ—ﬂﬂhzzﬂF*&Aw—Ewwww

).
).

By taking the norm inside the integral and changing the order of integration

/ mFWﬂ%hwlmM—%h@ww

/ . F(h)Ty(¢a)fa(h ™ g) — HF(h)H(pafﬁ(g)th 1

we get:

7+ Fus = Faali < [ el ([

supp(F)

+WMW@%—%m@M@M

F(h) . B
TE @) s (h™'9) = Jo(h 9

Z‘/HNMWﬁ%%HWJ—%dh

supp(F)

a/wmmm*m—mwh

So if we chose a compact K C G such that fG\K |F(h)||dh < € then we can

find fy so that if 3 > fo, ||0n * f5 — fs]| < e for all h € K. Hence

memmamawﬁs[jmewm—mwh
+/ VE)I6n # 5 — Flldh
G\K

< e+ 2

Since the map h — Tj,—1 (%) is measurable, we can find a compact Ko C K

with A\(K\Kj) < € and T, (%) continuous on K. Hence we can find an
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o such that for all h € Ky and all o > ayg

‘T (Hgggn) P = o

Also, by the assumption, we can find a; > ag such that for a > a4 it follows

that || Thoa — ¢ul| < € for all h € Ky. So for a > oy

/suppm ”HIIF DI K
)
< [ 00l (| ) = D] + ITis = ol ) an

= [ ipmn (1 |5 () o o
LT (| reiTi(60) = T + 13— ol )

<e+4e+4e.

T [ Tatre — %u) an

Then, for a > oy and 5 > [y we have ||[F x F, 3 — F, 3|1 < 9e. O

Theorem 4.3.6: Let G be an amenable locally compact group which acts con-
tinuously on a left-amenable Lau algebra (A, M). Suppose that (fg)s is a Re-
iter net for G such that supp(fs) is compact for each B and that (¢a)a is a
net in A satisfying condition 3 of definition 4.1.1. For each o and 3, let
F,5 € LL(G,A)f be given by Fop(g) = f3(9)Ty(¢a). Then there exists a
subnet of (Fu3)ap which satisfies condition 3 of definition 4.1.1 for L1(G, A).

Proof. Fix e > 0 and F € LL(G, A){. Then for any o and 3

P+ Fag = Fusli = [ H [ T a0 g))dh—Tgasafﬁ(g)Hdg
<7 / / Ty (F(h))a f(hg) — | F(h)l|6afs(g)| dhdg.
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By applying the triangle inequality we get

IF « Fag = Fagl < || 1T (P 0)0udoth ™) = [F (1) 00 folti™'0))

+ IER) [ 6afs(h™ g) = [ E(R)|dafs(g)| dhdg

/ e “/ HT“” (i) oo = o] otavasn
supp(F supp(gg)

+ / LW W fs — fol dh.

supp(F)

Since the compactly supported functions are dense in LL.(G, A), we may as-
sume that F' is compactly supported. Since (fz)s is a Reiter net, there is a

B such that for h € supp(F), ||l fs,. — fop |l <e.

We can also find an ap, g, such that for all g € supp(gs,..) and h € supp(F),
HT(hg)‘1 <||F h)H) Pa — Pa

Consider the directed set A, where each element of A is a quadruple consisting

of a compactly supported F € LL(G,A)f, an e > 0, a 3 > Bp., and an
a > ape 3. The order we put on A is < where (Fi,e1, 51, 1) =X (Fh, €3, Ba, a2)
if supp(K;) C supp(Kz), €1 > €2, /1 < o, and o3 < . From the above
observations, it is apparent that for any € and F', there exists a and [ such

that ||F * Fa”g — Fa,ﬁ”l < e.

Then (F, g)Fep.a is a subnet of (F, g)q which is an appropriate net. O

Corollary 4.3.7: The semidirect product of an amenable locally compact group

with a left-amenable Lau algebra is again a left-amenable Lau algebra.
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Chapter 5

Other Generalizations

5.1 Configurations on subspaces of L>*(H)

Remark 5.1.1: The approach of configuration equations can be extended from
considering partitions of H into subsets to considering partitions of the
identity into continuous functions and dealing with the existence of a left
invariant mean on a space of continuous functions rather than L>(H). One
motivation for this approach is to characterize amenability without assuming

the existence of a left Haar measure.

Let H be a hypergroup and A be a norm closed subalgebra of C'(H) which is
closed under left translation, pointwise multiplication, lattice operations (min
and max) and contains the identity. Examples of such algebras include the
continuous and bounded functions on H, the uniformly continuous functions

on H and if H is a locally compact group, the almost periodic functions.
Lemma 2.1.6 applies verbatim to such algebras with A in place of L>®(X, u).
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Definition 5.1.2: Let (hy,...,h,) € H" and {f1,..., fm} C A such that each
fi>0and Y, fi = xu. We define a A-configuration as an ordered choice of
the fis, C' = (co,c1,...,¢,) and define & (C) as before via:

&(C) =[] o, * -
j=0

Because A is translation invariant and closed under multiplication, it follows

that £ (C) is an element of A.

For p € M(H) we define pic = 5, &(C)(t)dp(t).

Lemma 2.1.2 can be applied verbatim and we see that

/fid,u: Z pe

C,co=f;

and

/5;;j*fidu= > ne

C,Cj :fl

We define the A-configuration equations similar to before as the mn equations

in the m™™! variables (2¢ corresponding to the A-configuration C') as

S =Y e

C,Co=i C,.Ci=i

A solution to the A-configuration equations is again said to be positive if each
zc > 0, normalized if ) zc = 1 and inequality preserving if for any choice of

real numbers {ac}

0< Zacfo(C) =0< Zaczc.
C C
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Indeed, even further, we can show by using the method of proof of Theorem

2.1.7 that the following result holds for generalized configurations.

Theorem 5.1.3: There exists a left invariant mean on A iff for all choices
of (h1,...,h,) € H" and partitions of xu, {f1,--, fm} C A the associated
A-configuration equations have a positive, normalized, inequality preserving

solution.

5.2 When is L>*°(H) a Hopf von Neumann al-

gebra

Most of the results of this thesis were motivated by considering hypergroups as
a generalization of locally compact groups. Chapter 4 is devoted to considering
Lau algebras as a generalization of hypergroup algebras. Subsequently it is
natural to ask whether there are other interesting classes of algebras which

generalize hypergroup algebras and might retain more structure.

Locally compact quantum groups and Hopf-von Neumann algebras have re-
cently been investigated as interesting generalizations of locally compact groups
(eg. [19,20]). Indeed, recently Daws and Runde [6] have generalized the Re-
iter’s property characterization of amenability to the locally compact quantum
group case. Unfortunately, as we show below, the overlap between locally com-

pact quantum groups and hypergroups is limited to just the group case.

Definition 5.2.1: A Hopf-von Neumann algebra is a pair (A, ") where A is
a von Neumann algebra and I" is a co-multiplication, ie. I' : A — ARA is a

normal, unital, injective *-homomorphism satisfying (I @ I')oI' = (I'® I) o T
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Let G be a locally compact group. Then L>(G) is a Hopf-von Neumann algebra

with co-multiplication induced from convolution on its predual, L'(G).

Theorem 5.2.2: Let H be a hypergroup with left Haar measure . Then
L>*(H) is a Hopf-von Neumann algebra with the co-multiplication induced by

convolution on L'(H) if and only if H is a locally compact group.

Proof. 1t is well known that L*°(G) is a Hopf-von Neumann algebra for any

locally compact group G (see, for example, [6] for details).

For the converse suppose that L>°(H) is indeed a Hopf-von Neumann algebra

and that (['(F), f ® g) = (F, f x g) for F € L*(H) and f,g € L'(H).

Claim: For any F' € L>*(H)

['(F)(z,y) = F(x *y) for almost every (z,y) € H x H.

For any f,g € L*(H):

(D(F), fog)=(F f*g)

// Fy + 2)g(F) da dy
// 2G5 * ) dz dy
/V‘ g(@ * y) da dy
~ [[ P wrwaty) deay

hence the claim holds.

Now we will show that because I' is a homomorphism, for each x,y € H the

product of the point measures ¢, * d, is again a point measure.
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Suppose for contradiction that there exist z,y € H such that t; # t, €
supp(d, * d,). Then we can find open sets Oy, O, such that t; € O, for i = 1,2
and Ol N 02 == Q)

Choose ki, ko € CZ(H) such that supp(k;) C O; and k;(x x y) = 1. Since the
map (u,v) — J, * 0, is continuous (from the product topology to the cone

topology), there exist compact neighbourhoods A of x and B of y such that

for any (u,v) € A x B, we have

Ski(u*v)gg

N | —

Let Fy € CL(H) C L*(H) such that Fy is zero on supp(k;) and one on

supp(ke) and Fy := aky + ko(€ L®(H)) where a = inf{Fz(u*v):S(u,v)eAxB}'

Since I' is a homomorphism, (I'(F1F), f ® g) = (I'(F1)T(Fy), f ® g) for any
f,g € L'(H). Consider f = x4 and g = xp. Then:

(D(F1Fy), xa @ xB) = //(F1F2)(U x v)xa(u)xp(v) dudv
= // ko(u * v)xa(u)xp(v) dudv
So

AAA(B)
2

3A(A)A(B)

< (T(F1Fy), xa ® xB) < 5

But,

(C(F)T(Fy), xa ® X5) = / / P (5 0) Fau + 0)x () x5 (0) du do

= //(akl(u x V) + ko(uxv))Fo(uxv)xa(u)xs(v) dudv
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So

(o + 1) inf{Fo(u*v) : (u,v) € Ax B}NA)A(B)

5 < (T(F1F3), xa ® XB)-

Then

(D(F1Fy), xa @ xB) < (T(F1F2), xa @ XB)

which contradicts I' being a homomorphism. Therefore the support of any
measure 0, * 0, must be a singleton. By a result of Jewett [23, 4.1] this implies

that H is a locally compact group. O]
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Chapter 6

Fixed point properties and left

Haar measures

In this chapter, we present two generalizations of fixed point properties which
apply to hypergroups. Using a fixed point property motivated by a similar
property for groups proved by Rickert [45], we prove the existence of a left Haar
measure for a class of amenable hypergroups satisfying a certain uniformity of

convolution property.

6.1 Fixed point properties

Definition 6.1.1: Let E be a Hausdorff locally convex vector space and let
K C E be a compact, convex subset. Suppose that there is a separately con-
tinuous mapping - : H x K — K. Then for z,y € H and £ € K the weak

integral

/H (t-€)d(5, *5,)(t)
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exists uniquely in K.

An action of H on K is a separately continuous mapping - : H x K — K such

that
e c-(=¢forall € € K
z-(y- &) = [(t-E)d(de d,)(t).
Furthermore, the action is called affine if, for each x € H £ — x - £ is affine.

The following theorem is a modification of a result of Rickert as presented

in [42].

Theorem 6.1.2: Suppose that UCB,.(H) has a left invariant mean m. Then
for each jointly continuous affine action of H on some K, a compact convex
subset of a Hausdorff locally convex vector space, there is a point § € K such
that © - & = & for all x € H. Furthermore, the result holds if UCB,(H)
is replaced by WUCB,(H) and jointly continuous is replaced by separately

continuous.

Proof. Suppose that there is a hypergroup action of H on K. We denote
the set of affine functions on K by Aff(K). It is clear that for each point
¢ € K, evaluation at £ is a mean on Aff(K). Indeed, K can be identified
with the collection of all means on Af f(K) and this identification is an affine

homeomorphism. (See for instance [42] 2.20)

Given this identification, we see that the existence of a fixed point in K is
equivalent to the existence of a mean on Af f(K) which is invariant under the

action of H.
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Suppose that ¢ € Aff(K) and & € K. Let &(¢) € C(H) be defined by
£(d)(x) = d(x - &). Tt is clear that &,(¢) is a continuous function provided
that that action of H is (separately) continuous. We further claim that if the
action is separately continuous then & (¢) is in WUCB,(H) and if it is jointly
continuous then & (¢) is in UCB,(H).

To show the first claim, consider some mean F' on C'(H) and some net z, — «
in H. Then Fo&; : Aff(K) — Cis amean on Af f(K). It follows then, that
there is some & € K such that F o £,(¢) = ¢(&). Therefore,

(F, 020 % &1(0)) = (F 0 &, 000  ¢)
= 000 * 6(&2)
= ¢ - &)
— ¢z &)
= (F, 6% % &(9))

From this we conclude that for any F' € C(H)* the same holds. That is,
that &(¢) is in WUCB,(H). Now since there is a left invariant mean M on
WUCB,(H) it follows that M o & is a mean on Aff(K) which corresponds

to evaluation at some point £ € K. It is apparent that &, is a fixed point of

the action of H.

For the second claim, observe that |0, * ¢ — dz * || — 0 as z, — x since
the action is jointly continuous. Furthermore, since é is contractive for each
€€ K, |0y *&(0) — 0z % E1(d)|| — 0 as 2, — x. But this shows that &(¢)

is in UCB,(H) as required. By a similar argument as above, the mean on
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UCB,(H) generates a fixed point in K.

The Ryll-Nardzewski fixed point theorem states that if a group G acts affinely
on a compact convex subset K of a locally convex space in such a way that
for some continuous seminorm p, for any two distinct points x,y € K there
exists an € such that p(g.x — g.y) > ¢ for all ¢ € G, then there is a common
fixed point. A key idea of the proof of given by [41] is that given two points
in K we can ‘dent’ K by a sufficiently small amount so that the orbit of the
midpoint of the two points remains in the ‘dented’ compact convex subset of
K. Then, using Zorn’s Lemma, it follows that the minimal such subset must

be a singleton - a common fixed point.

We now present a variation of the Ryll-Nardzewski theorem by considering
the action of a hypergroup on a locally convex lattice. We borrow many ideas
from the proof by [41] but we use a strong order unit rather than a seminorm

to describe the ‘small dent’.

Definition 6.1.3: A wvector lattice or Riesz space is a vector space V over the

field R along with a partial order < such that for any z,y,z € V and a € R:

o if x <ythenz+ 2 <y+z;

e if x > 0 and o > 0 then ax > 0;

e sup{z,y} and inf{z, y} exist.

The collection of vectors {x € V : x > 0} is called the positive cone of V.

72



Definition 6.1.4: A linear functional f from V to R is increasing if f(z) >0
whenever x > 0. The span of increasing linear functionals forms the order dual

space V*. V* is an order complete vector lattice [11][31A].

Let X be a locally compact Hausdorff topological space. With the pointwise
ordering, Co(X) is a vector lattice ( [11][A2D]). By the Riesz representation
theorem the regular Borel measures on X can be identified with the increasing

linear functionals on C(X).(See [16] §11 or [11][73D])

Definition 6.1.5: A seminorm p on a vector lattice X is a lattice seminorm

if for any z,y € X with |z| < |y| it follows that p(x) < p(y).

A locally convex vector lattice is a locally convex vector space (X, %) with a

lattice order < such that ¥ is generated by lattice seminorms.

Suppose that H acts on K. Let K’ be a non-empty compact convex subset of
K. We say that K’ is fixed under the action of H if for each x € H we have
that T,,(K’) C K’'. Order the non-empty compact convex subsets of K which
are fixed under the action of H by inclusion. For any chain € of such subsets, it
is apparent that the intersection N{C' € €} is again convex and fixed under the
action of H and is compact and non-empty by the finite intersection property of
¢ and the compactness of K. Hence € has a upper bound. By Zorn’s Lemma we
can then conclude that there is a minimal non-empty compact convex Ky C K

which is fixed under the action of H.

Theorem 6.1.6: Let H be a hypergroup, V a locally convexr vector lattice,
K C V be a non-empty compact conver subset of the positive cone of V.
Suppose that H acts affinely on K such that for any v,w € K, v # w, there

exists an element u € V' such that |z - (v) — x - (w)| > 2u for each x € H and
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such that cu < K and (¢c+1)u & K for some ¢ € RY. Then there is a common

fixed point in K for the action of H.

Proof. Let Ky be a minimal non-empty compact convex subset of K which is

invariant under the action of H.

Assume for contradiction that K is not a singleton. Let v # w € K. Let
u € span(Ky) and ¢ € RT be such that |z - (v) — z - (w)| > 2u for each z € H

and such that cu < Ky and (¢ + 1)u £ Kj.

Let K1 = {2z € Ky : (¢c+ 1)u < z}. It is clear that K; is proper non-empty
convex subset of Kj. Since the positive cone V' is closed, and K; = KoN((c+

Du+ V™) it follows that K; is compact.

If 2 (3(v+w)) € K; for some z € H then (¢4 1)u £ ¢ (5(v+ w)). Since
z-v—2-(3(v+w))| =3z () -z (w)| £uand z- (5(v+w)) € Ko\K;
it follows from the consideration that K\ K; is contained in a band of width
u that = - v € Ko\K; so xz-v € Kj. Similarly, x - w € Kj. This cannot be

since K is convex and z - (3(v + w)) would then necessarily be in K;. Hence

{-(3(v+w)):2 € H} C K; is a proper non-empty compact convex subset
of Ky which is invariant under the action of H. This contradicts the minimality
of Ky so Ky = {xo} is a singleton and z is a common fixed point of the action

of H. O]

6.2 Towards a left Haar measure

The existence of a Haar measure on an arbitrary hypergroup is still an open

question. In this section we present an approach motivated by Izzo [21]. Tzzo
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used the Markov-Kakutani fixed point theorem to prove the existence of a Haar
measure on abelian groups. We use a more general fixed point theorem (proven
by Rickert for topological groups [45]) to show that amenable hypergroups

which satisfy an additional property have a left Haar measure.

Remark 6.2.1: Let GG be a locally compact group. G satisfies the property that

for any neighbourhood U of the identity and any = € G

S # 0,(U) > 6, % 6,(U) Y teQG.

However, this property is not satisfied by general hypergroups. In particular,

it is not satisfied by the double coset hypergroup (R?)T.

Definition 6.2.2: We say that a hypergroup H satisfies condition (C1) if

there exist neighbourhoods U and V' of the identity such that for every x € H

5y % 0,(U) > 6, % 0,(V)V t € H.

We say H satisfies (C2) if for every neighbourhood U, there exists a neigh-

bourhood V' of the identity such that for every x € H

0z % 0,(U) > 0y % 6,(V) Vit e H.

Lemma 6.2.3: Suppose that H has (C1) and U and V are given as above.

Then the collection K of all positive linear functionals on Co(H) satisfying:

o A(f) <1 forany f € Co(H) such that f < vxxy for somev € M(H)T.

o A(f)>1 forany f € Cc(H) such that f > vxxy for somev € M(H){.

5



18 non-empty.

Proof. By Zorn’s Lemma there exists a maximal S C M ™ (H) subset of positive

measures satisfying

ZXV*M(x)gl Vr e G.

pes

We claim that > ¢ xv * p(x) > 1forall x € G.

Suppose for contradiction that there exists y € G such that 1 — Zues XU *

w(y) =: e > 0. Then for x € Ny we have:

D xv o plx) +exy #8y(x) < xv ok plr) ¢

pes nes

< G x vk ple) +e
pes

<3 b wxw s ale) +
pes

= xv*ply) +e

nes

=1

This contradicts the maximality of S, so it follows that

ZXU*M(x)Zl Vo € H.

HES

Let A(f) == > ,cs u(f) where f(x) = f(x='). Suppose f € Co(H) such that
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f < v xy for some compactly supported v € M(H){. Then

Similarly, if f € Co(H) such that f > v * xy for some compactly supported
v € M(H){ then A(f) > 1.

]

Theorem 6.2.4: Suppose H has property (C1). Suppose also that WUCB,(H)

has a left invariant mean. Then H has a left Haar measure.

Proof. Let K be the collection of all positive linear functionals on Cx(H)

satisfying:
o A(f) <1forany f € Co(H) such that f < vx*yy for some v € M(H)T.

e A(f) >1forany f € Co(H) such that f > v* xy for some v € M(H)T.

We equip K with the weak* topology induced by Co(H). If A, — A and each
A, € K then since non-strict inequalities are preserved when taking limits
A € K so K is closed. For f € Co(H)" there is a p € M(H)" such that
f < p* xy. Subsequently for any A € K, A(f) < A(p*xv) < ||u||. Hence K

is compact.
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To see that K is convex, suppose that Aj, Ay € K and 0 <c¢ < 1. If Ay(f) <1
and Ay(f) <1 then (cAy+ (1 —c)A)(f) <c+1—c=1s0 (cA+ (1 —c)Ay)
satisfies the first condition for being an element of K and a similar argument

shows that it satisfies the second condition.

It now suffices to show that left translation is an action of H on K and that this
action is separately continuous. From this we can apply the previous theorem
to find a point in K which is fixed under left translation. It is clear that the

zero functional is not in K so this fixed point must be a left Haar measure.

For x € H and A € K we define x - A(f) = A(dz * f). Then e- A = A and

z-(y-A)(f) =y A0z * f)
= A(6; % 65 * f)

_ / A8y % £)d(6, # 6,)(1))
_ / t- A(F)d(8, % 6,)(1).

To see that this action is separately continuous, consider a net r, — x € H.
Eventually z, will stay within a compact neighbourhood N of x. Then for

AEKandeCc(H)

o - A(f) = MOa * f)
- A|N*supp(f) (5:1011 * f)
= 0, (f x A

|N*supp(f))

— 0,(f * A

— 2 A(f).

‘N*supp(f)>
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Now suppose there is a net Ay — A € K. So for x € H and f € Co(H)

z - As(f) = Ap(dz * f)

— A0z * f)

= A()).

Therefore the action is separately continuous.
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Chapter 7

Conclusion and open problems

7.1 Introduction

This chapter is a collection of questions which arose during the preparation
of this thesis. Some are questions posed by other authors that are related to,
but beyond the scope of this work. Others are natural continuations of some

of the results presented herein.

7.2 Open Questions

Question 1: Can we find a constructive proof for the results of chapter 2¢

The motivating problem for those results was to try to find a net of positive,
norm one, integrable functions on a hypergroup which tend to left invariance
weakly, but not in norm. Is it possible to construct such a net for general

hypergroups using configurations as Rosenblatt and Willis [47] did for groups.
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Question 2: Are there other interesting types of convergence to left invariance

for nets of functions in L'(H){?

We have discussed weak convergence, convergence in norm, and Reiter nets.
For locally compact groups, we have discussed Fglner nets (although these are
more accurately nets of subsets of GG). In proving a result in chapter 2, we
touch upon weak convergence against uniformly continuous functions as well
as weak convergence to left invariance of translation by compactly supported

probability functions.

Question 3: [t is clear that left invariant means are accumulation points of
nets tending to left invariance weakly. Are topological left invariant means pre-
cisely the weak accumulation points of Reiter nets? If so, what can we conclude
from characterizations or enumerations of the set of topological left invariant

means about the collection of Reiter nets?

Question 4: Can we extend the results of chapter 3 to other types of nets

which tend to left invariance?

In Chapter 3, we talk only about Reiter nets for semidirect products. Certainly
it is true that nets tending to left invariance weakly or in norm exist for
semidirect products. Can they be constructed from nets for the factors of the

semidirect product in the same way as Reiter nets?

Question 5: For other specific examples of Lau algebras, can we devise a

notion of configurations that allow us to characterize left amenability usefully?

We defined configurations for Lau algebras. These configurations are perhaps

too general of a notion as they rely upon considering translations by elements
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of the predual. In the case of hypergroup or group algebras, we need only
consider translation by the group elements to get a type of convergence to left
invariance (weak). Perhaps other Lau algebras have similar sufficient sets. We
saw that L*°(H) is almost never a Hopf-von Neumann algebra (unless H is a
group), but perhaps Hopf-von Neumann algebras, or locally compact quantum

groups have such sets.

Question 6: Does every hypergroup admit a left Haar measure?

This is a long-standing open problem in the theory of hypergroups. In chapter
5, we presented some new results in this direction. There are other questions

that can be asked in this direction.
Question 7: Does property (C1) hold for every hypergroup?

Question 8: For an arbitrary hypergroup, can we find a non-negative, Borel
measure which, when convoluted with a compactly supported, continuous func-

tion yields an almost periodic function?

The property (C1) allows us to find a measure which yields a uniformly con-
tinuous function. If H admits a left Haar measure, then that yields a constant
function. The space of almost periodic, or weakly almost periodic functions lie
between the constants and the uniformly continuous functions. Additionally,
for a locally compact group, the almost periodic functions have a unique left

invariant mean.
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