I

Vi el S S ©

National Library Bubhotheque natlonale -

of Canada ' du Canada

-
Canadian Theses Division  Division des théses canadiennes

Ottawa, Canada

K1A ON4 4‘8397'

< . . %

)

PERMISSION TO Mi\_CROFVI_L-M — AUTORISATION DE MICROFILMER-

. v

o Please print or type — Ecrire en lettres moulées ou‘dac_tylographier , i

Full Name of Author —Nom complet de I'auteur

Av

ve Brivore

I

Date of Birth — Date de naissance

,JUN& 9\‘\ lqsa\

i

Country of Birth — Lieu de rﬁaissanee

iusA e

ot N L e ol hal 2 .
g + kY ¢

<%

P ranent Address “— Resudence fixe

Eown, MIMNESOTA SsH10
USR

O .
LI am L AR ‘O‘ T 4 o fiied - -
7 . / * ’
N s N 4

5485 Areqrr Pmcé

Titleof T

hesns — Tltre de la these

GEMETIQ ALGOR\T‘HMS FoR FU'U(‘,Tlolu QP‘;/;M;QANOU

/

3 S

S/

Umversrty — Umversute

U

mvgkmw oFf ALBERT#

v

Degree for<wh|ch thescs was presented — Grade po

PwD. .

ur lequel cette these fut presentee

Yeﬂr thls

‘Name of Supervisor — Nom du direpteurde thése’

n

CANADA
' the film.

The author geserves other publication rights, and neither the
tensive-extracts fram it may be prlnted or other-’

thesis nor
— Wisgrep

degree conferred -— Annee d’'obte tifn de ce grade

Permission is hereby granted to the NATrONAL%RARY‘ OF
to. macrofllm/thls thesus and to-fend or sell coples of

/
v

uced without the author Sﬁwntten permtssron

L4
B

‘#

L a'utens'atior)\ est, par la presente accordée a la BIBLIOTHE-
QUE NATIONALE DU CANADA de microfilmer cette thése et de
préter ou de vendre des exenﬁalres du film.

ni de longs extraits de celle-ci pe doivent étre imprimés ou

" autrement reproduits sans I'autorisation écrité de I'auteur.
- S e ’

3 A . P

¢
>

_Date . -

Slgnature ‘

vaemua

Qwaumt ;10 W%’O |

‘Dr. Jerrrey R. Sampson -

L'auteur se réserve les autres droits de publication; ni Ia these -



N

I * National Library of Canada

Collections Development Branch
o ° R

Canadian Theses on

Microfiche Service sur microfiche

<

 NOTICE

‘The quality of this microfiche is heavily dependent
upon the quality of the original thesis submitted for
‘ microfilming. Every effort has been made to ensure’
*-:*~ 4 tie highest quality of reproductuon poss:ble

L)

\ tf pages are mlssmg, contact the unuversnty whnch
granted the degree : .

" Some pages .may have mdustmct prmt especually:‘.

if the original pages were typed with a poor. typewriter

g rlbbon or if the umver5|ty sent us a poor’photocopy

Y ‘ . ] , \./

Previously copyrlghted matgrlals (Journal arttcles
published tests, etc. )Jare not filmed. :

-

Reproduction in full er<in part of this film is gov-
~erned by the Canadian Copyright Act, R.S.C. 1970,

c. C30 Please read the authorization forms whlch
accompany this thesns

© Y THIS DISSERTATION |
© HAS BEEN MICROFILMED .
EXACTLY AS RECEIVED

Ottawa, Canada
KIAON4

Bibliothéque nationale du Canada ' \;-)
. Direction du développement des collections

Service des théses canadiennes

14

La qualité de cette mucroflche dépend grandement de -
la qualité de la thése soumise au microfilmage.. Nous
avons tout fait pour assurer une quahte supérieure.

~ de reproductnon

S'il manque des pages, veuullez co’mmunlquer

v avec l'université qui a confere le grade.

La qualité d’impression de certaines. pagsg peut
laisser‘a désirer, surtout si les pages orlgmalesg?‘t été

dactylographlees a l'aide d’'un ruban usé ou si I"uRiver-.
sité nous a fait parvemr une photocople de mauvaise

quahte

Les documents qui font déja I'objet - ‘d'un droit

| d auteur (articles de revue examens publles etc) ne

sont pas mlcrofulmes

“La, reproductlon méme partlelle de ce- mlcrofllm
est soumise & la Loi canaduenne sur le dront d’ auteur

- “SRC.1970, ¢c. C-30. Veuillez prendre connaissance des

formules d autonsatmn qm accompagnent cette thése .

Y

. LA THESE A ETE :
MICROFILMEE TELLE: OUE
NOUS L’ AVONS RECUE

o

»

N



THE UNIVERSITY OF ALBERTA

-
.~

GENETIC ALGORITHMS FOR FUNCTION OPTIMIZATION
)..

@ ANNE BRINDLE .

S A THESIS -
’

SUBMITTED TO THE FACULTY OF GRADUATE STUDIES AND RESEARCH

N PAnTIAL FULFILLMENT OF THE REQUIREMENTS FOR 'THE DEGREE
. OF DOCTOR OF PHILOSOPHY I' /
”

.t
-t

a-DEpARTMENTfoFégpﬁPUTrNG,scrENCE_LVV,«f

'EDMONTON, ALBERTA
" FALL 1980

RN

. . . . B I L o o .. ¥ .
a . . . .
3



e

“ ‘Date

THE UNIVERSITY OF ALBERTA

oy ,

FACULTY OF GRADUATE STUDIES AND RESEARCH S

The under51gned certlfy that they have read, and

‘v

/

recommend to the Faculty of Graduate Studles and Research,

J

for acceptance, a the81s entltled "Genetlc Algorlthms foT w>”-

v Functlon Opt1m1zat10n ' submltted by Anne Brlndle 1n parﬁgal

fubflllment of the requ1rements for the degree of Doctor of

Franc1s Y. Chln ,ﬁmﬁ_

z("

'.f;"',_ f T. Anthony Marsland

Kenneth Morgan

P N

il

"_ﬁLenharth:,SChnbert',i'f'?hh




. dedicated -

© e

~ny parents’

B T S A

0y

o

3



‘o nBSTRACT .

. . '. - ‘. \\ . PR . L. .
4 - €

. Genetlc algorlthms are- adaptlve search procedures wthh )

' employ analogles to the mechanlsms of adaptat1on 1n natural -

Y ~ ES

’ evolut1on to prOV1de solqtlons to a w1de varlety of search

-—problems. Thls work analyzes these algorlthms w1th1n thei

y

J//iﬂ context bf functlon opt1m1zat1on. Flrs‘} a formal framework1fjf?f7

for search problems and methods ‘is- pr;:ented. It is seen;

"ﬁthat global functlon opt1m1zat10n 1s often concerned w1th
'*problems ar151ng from statlc complexlty (e g. mult1modal1ty)d}
‘and a prlor 1gnorance.f Overall best performance 1s chosen

toﬁas the measure whlch should be used to evaluate opt1m1zat10n ,

.J_methods for statlc, determrnlstlc functlons.vfnffl"'
Then the varlous features of genetlc algorlthms are}575ft

',ffdescrlbed 1n detall.- Elght experlments are conducted on a

5 .

‘"ffset of seven multlmodal test functlons to determ1ne whlch :M;v
ﬂxspec1f1c genetlc algor1thm 1s best su1ted to (sta%1c) i
";funct1on opt1m1zation.‘ The experlments reveal that the use.

_ﬁfof larger memory than rev1ously and the careful control of

y )

k?fstochastlc error gntlng an 1nterna1 sampllng process 1mprove

7j algorlthm per':rmance.; Representatlons of problem solutlons

e

) \whlch de 4ve from the genetrc phenomenon of diplo1dy are

shgwn to have 11tt1e effect on performance.,’
Rt S

"t;;z“lf__ F1nally, one exper1ment is des1gned to compare a:* |

!

yﬁ§1? genetic algorithm to the best methods avallable foh global e

o Ctimlzatlon of functions of unknown d1ff1cu1ty., Both the e

PR



j'genet1c algorlthm and a: "direct search"

‘_deflned ;n terms of Hamm1ng dlstance, and is 1mpa1red by

;fproblems wnlch do not requlre thls transformat1on and have

fﬁEuclldean space.rk'

o o t e

LR \.

superlor to random search : The/gu’erlcal method 1s 1mpa1red

A B ‘x,'

’f:by multlmodallty 1n Euclrdean space., The genetlc algorlthm

.transforms p01nts 1n Euclldean space 1nto p01nts in a space

Y . .

:W; nonllnearltles 1n thlS space.“ There Are many types of

”_natural Hammlng representatlons.. Geneﬂac algorlthms u51ng

.'\x ’

D Y

ﬁ;blnary representatlons are probably better su1ted to such

:gHammlng space problems than to functlons deflned over

numer1ca1 method are‘f;'
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'adaptatlon has also led to the development of genet1c

“'technlques of genetlc systems., Research in genetlc

‘CHAP'I"AER“I o o -
| INTRODUCTION |
h@
“Adaptaglon”has long'been of interest to those involved.
ih“problgm solving; In flelds from numer1cal analysis to
autOmati learnlng to process control, it 1s recognized that
1f the problem is very d1ff1cult, an adaptlve search method
may offer the best hope of ach1ev1ng a good solutlon.; An

adaptlve search procedure is deflned as any method whlch

contlnually mod1f1es the dlrectlon of future search on the

bas1s of 1nformat10n recelved durlng the search process. A -
- gradient technlque in funct1on optlmlzatlon, then, is an
vadapt1ve process, as is a computer program whlch "learns" to

1mprove 1ts'chess playlng.

Many blologlcal systems ar?.also adapt1ve in nature,
1nclud1ng systems of evolutlon, neural systems, the 1mmune
system, ~and cell processes at the molecular level An

understandlng of the technlques of natural adaptatlon can’

' a1d in the development of art1f1c1al systems.‘ For example,
" knowledge of human learn1ng bghav1or has 1nf1uenced many

‘computer learning technlques.q The analy51s of natural -

[}

. A
algorlthms.

A genetlc algorlthm is a generallzed adaptlvs search

D . o

procedure whlch employs many of the structures and



N
B

-

algorlthms was 1n1t1ated by’ John Holland at the Un1vers1ty
- of Mlch1gan in the late 1960's. Holland (1975) flrst
formallzed the notlon of adaptat1on by descrlbxn% bhe

°

- features common to all adapt;ve systems. He then showed how
the partlcular dev1ces of genet1c adaptatlon could be’
,5 modelled w1th1n the formal framework to. form -a procedure

applbcable to: many problem paradlgms. The orlg1nal

. »spec1f1catlon, called a "Reproductlve Plan - was actually an

outllne whlgh could be 1mp1emented 1n several ways. Thus"

the Reproductlve Plan actually deflned a. class of search

f

procedures.

As* w1th any new group of problem solv1ng technlques,»"

N

two questlons have to be answered about the class of genetlc;

' algor1thms. Flrst what is the domaln of- problems over

| 'whlch genetlc algorlthms are successful and superlor to»

S

other known methods? Second what spec1f1c members of thlsjjf
e class are most de51rableg“ In general, these questlonsfil.f:fJ
- cannot be answered 1ndepéhdently, as each algorlthm may have '
'1ts own area of h1gh performance. Also, the scope of these n

1ssues 1s large and a s1ngle theS1s, Or even a 11fet1me of :;jc

' research, will not resolve them.; In order to prov1de even
»

- : o

l relatlng search problems, adaptatlon,‘and genetrc

algor1thms._ o 7;f>,i"fﬂ_}”:d L i’;h

o part1a1 answers, 1t 1s necessary to have a clear framework fﬁiv

G



.-.’I.I-A'F"’O::R.‘;d-ALISM’ FOR SEARCH o o @ |

| The formal framework for adaptatlon developed by

’ Holland can be extended 1nto a formallzat1on for search E
| problems in general, regardless of the nature of the§'
: algorlthms which might be employed _? searcheproblem‘p

conta1ns the followlng components.

s ;h{s} - the set of all pos51ble solutlons to the problem.j o

~Z_Thls set ‘may be 1nf1n1te, even non—denumerable.

'“FfoT~f>R a functlon whlch maps an element s in S at t1me t B

1n T 1nto the set of real numbers. Th1S‘1s the'

;r“f.‘fpevaluatlon functlon for potent1a1 solutlons to the

'g"problem-i It may be a threshold functlon, where a ;l-ft.

7.gltsolut10n e1ther 1$ accepted or reJected, or a
;probab1llst1c functlon, where a solutlon may have e
\g) _ a certaln 11ke11hood of belng good These and

'~~jdother p0351b111t1es w1ll be 1nvestlgated later.d

\

'-1i:As a 51de note, 1t may be argued that F need not map 1nto?

fthe reals. For 1nstance, 1f the problem 1s surv1val 1n a:?.ff}f; .

"o,

";glven natural env1ronment, S could be the set of poss1b1evt e

',"1nd1v1dual organlsms, and F would be organlsm f1tness, whlcher

1ejhas no 1ntu1t1ve representatlon in real numbers.b However,j

LI

"'fpany researcher attemptlng to compare the fltnesses of

.&-

'W',varlous organlsms flrst develops a mapp1ng from organlsms top

7a partlally ordered set, ‘e. g. organlsms to thelr llf% spans.:’

_E At thlS p01nt, the surv1val problem has been rewrltten 1nto .

,ffa well formulated search problem./ Thrsgthes1s is concerned

~



4

o : - . . .

only w1th well formulated problems and not w1th the 1ssues ‘Lja

';;1nvolved 1n the development of evaluatlon funct1ons."”

e ‘vAn'aﬁalysisloffsearch*méthods'includes these elements:

Pfeflp}li the set of search problems of 1nterest _
= {a} ”ﬁthe set of algor1thm§ Whlch are" under. ;,’:".‘_{. o
l»con51deratlon for use 1n solv1ng the problems. ..'

(‘ Pl

'»X:Axé;#>R'a functlon mapplng the behav1or of an algor1thm on .

: R .~fa problem 1nto the real numbers.4 An algorlthm ”a”
T applled to a problem p ‘can be characterlzed by
fp;l) the set {s ;;s.",}}., } of solutlon p01nts <A
e Bo b1 tf_ LT T
itsearched »and ~g; :~]&;;Gg ,j‘gsa;'~

2)the costs of ope‘atlon of the algq;ithm (the d“

'/"Vlﬂﬂxresources Ci nsumed)

» 'The doma1n th 1s represented by these values.'d ’
'~;d¥3l-5gfu'the global measure of,the utlllty Of an algorlthm

TVJ\i“fﬁﬁf"on the problem set P., FOI example, U may be thelh :

,.x(a,p) OVer all problems P in P'~7f}f:'
L _. v :,t,] __n j_?',,’,; ,f“z «~j\',r ) | S
Each of these four 1tems is. exam1ned 1n detall beIQW/’r}_

"-Examples are drawn pr1mar11y from the flelds of functlon S
loptlmlzatlon and art1f1C1al 1ntelllgence, although research

7h1nto search techniques 1s by no means restrlcted to these

“:Hareas.- COOper and Stelnberg (1970) and Sampson (1976) are

\'

'Jsuggested referenees, respecthvely, for those two subJects. ff.

n'Welghted average of an algorlthm s performance pvf\s>7



"5}:and unsat1sfactorysrestrlctlon on the search but could see ijffd7

el T
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.1 2 SEARCH PROBLEMS |

"v*obv1ous bound

“not the de51red solutlon 1s 1n the chosen reglon. ”For

' The features which render a search problem non- tr1v1al

ot /' .

,’can be grouped under four heaﬁlngs. ,j' ﬂf 'ﬁ"“-fdffy
. . T : o

’ 2

”l A prlorr‘lgnorance is the absence 0f useful

1

*1nformat10n about thé/problem. The set S may have no

-0

farbltr/rif//lmpose 11m1ts and work w1th1n them, whether or

»

-.

_examp;e, Samuel s (1959) program for learnlng the game of

‘bfcheckers uses 40 parameters 1n 1ts evaluatlon of board

. \‘« E

posrtlons.s The'learnlng process lS a search for the opt1mal
X ‘-.‘.'."Aﬁ' ’

'3dlwelghts for the parameters 1n a- 11near equatlon There 1s
f‘ ;no guarantee, however, that the best pébgram uses only those

:~f40 parameters. Samuel admltted that thlS was an arbltrary

ekt
Pt 4

"':f?no way to extend themllmlts to 1nclude all p0351b1e checkers

"-Str@tegleS- - s N

e A

iA prlor 1gnorance also 1ncludes 1ack of 1nformat10n

1b}about the évaluatlon functlon F In functlon optlmlzatlon
7;todayv,most methods are effectlve on un1modal surfaces only
’]and many assume cont1nu1ty and even dlfferentlablilty._ But

”Vka process control problem, for 1nstance, may not y1e1d a.

xfx,

' ~closed form funct1on>wh1chpcan be examlned for these

‘4efeatures.b The only evaluatlon procedure may be to 1mplement

o,

S results from a unlmodal search method would\betunrel1able,

‘In thls case most seanch algorlthms must L

-,the proposed solutlon 1n Ehe process env1ronment and observe B

', ’b“’»'n
A_

RS
AN :

‘IESUItS-a In thlS CaSe' F may or may not -be unimodal. ny!i‘bf”‘



. s_whlch is’ effectlve over the entlre range of functlons whrch

-'ylcan be charac erlzed by any known 1nformatlon.f, ?':

f;fhthe fleld of functlon opt1m1zat1on, for example hlgh

el 6
151nce the algorlthm mlght very well be oper t1ng on a
x,problem it 1s 1ncapab1e of opt1m1z1ng.. _ | G
. In géneral a prlorl 1gnorance of the nature of the ;;”;‘ QL__

e

evaluat1on funct1on can only be overcome by an algorlthm

L

:fr;ls known ﬁo\ ave §p‘c1flc features whlch make 1t hard to

) g . SN 9\ . PO .
:,search The - ize of the solutlon set S caK determlne 'fif?-‘VQf*iw
”~7problem complQ&1ty, as can many characterlstlcs of the iTijgj, G
”’evaluatlon functlon Ikems whlch fall under the head1ng of Lo

sttatlc complexlty have been a prlme target fOr research 1n

"?;[d1men51ona11ty, mu1t1modal1ty, and dlscontlnulty 1n the

L

'ff?evaluat1on funct1on Statlc complexlty calls for algorlthms'?ﬁ;jgff

pl'whlch are tallored to partlcular problem features.v~ .

"5353;7 When a problem s evaluatlon funct1on 1s not 51mp1y

: "“;a functlon of the solutlons S,_but also of t1me, the problem %;ﬁfWﬁ*

fo_fls sald to {\\olve dynam1c ;gnorance.h In many 31tuat10ns,,f&§f;f7L*

'the value of a solutlon changes from one t1me to another.

'Hfbehé\pptlmal amount of steam productlon to keep a bulldlng at f}h

‘”“w'optrmal amount four months later,=or even twelve hours

'*’;room temperature on- a September afternoon,may not be the

':[tlater._ Functlons wh1ch vary w1th respect to t1me requ1re

./

g algorlthms capable,bf tracklng good solutlons or'; handllng

Lf;ylarge quantum changes in- the evaluatlon functlon.vgnf°

A



'5 4ynam1c uncertainuywoccurs when the funct1on F 1s a

probabllxty functlon over R._ The value obtalned for a glvenvfi

solutlon 5 at a tlme t may be the result of a

nondetermlnlstlc process,»or may be perturbed by random f
no1se.v An excellent exampie of nondeterm1n1sm, wh1ch has R
'““d been carefully analyZed by Holland (1975), 1s the problem of
the two armed bandlt. A gambler is 1nformed by t§ casxno];%fijg:,
| manager (who 1s honest) that oné of two slot machlnes, Y and

pays off more frequently than the other.l How should the
l‘ - L
gambler allocate hlS f1Xed stake to the two machlnes to
optlmlze hlS total payoff? ﬂIn the séarch formallsm, S is: ';l\f_ﬁuy

'ﬁﬂpet of two plays, one on Y and one on Z't F(s). the

: “:“payofff:'_ each play s, 1s a probablllty functxon based on. o

theitwovma;hlne payoff frequencxes. A good algorlthm for

;5 this‘pr ‘lem must respond to both the a pr1or 1gnorance 37}*f;;[j”
...,:: S Tl ' .
regardlng wh1ch machlne 1s better and the nondeterm1n1st1c
manner 1n whlch the elements of S are glven valueﬁa .f Z“";
_ ,_J; T 5 e
”?flﬁ”,,l 3 SEARCH ALGORITHMS ”fﬁ;;f?F[f7§f“f*;}[;ffﬁff”

Search problems can bebcategor1zed accordlng to ”ff_ffx;flfy

| \features of dlfflculty.:\h tax:'omy can also be %onstruct

for algorlthms

'E‘Cla531f1cat1on 1” thls case 1S fepeHQSnt

a

'fﬂf‘f._;upon the. technlqu ;afmployed 1“ SearChlng"

fndlrect or nalytlcal methods are usually not

e
REAE T

“f”con51dered search algor1thms, 91nce they do not evaluate 57l“

vyf”ideLnts 1n S dur1ng thelr operat1on.. Instead, a prlor

'*uknowledge of F and s 1s used 1n a serles of computatlonS t°

J’ffarrlve at the de51red solut1on.3 The cla531cal methods of{{f

. s . ' : v



_ accordlng to the sources o

components’of F(s), 1n addltlon to F(s)

the prev1ous two solutlons evaluated, whlle conJugate

functlon optlmlzatlon, e g flndlng the mlnlmum po1nt of a’
2; parabola by settlng the derlvatlve( o) zero, are 1nd1rect
;E{~f':uf:”_ Random search 1s the evaluatlon of\a sequence oﬁ
| | ii; o unrelated solutlons.
RS

If the set S is suff1c1ently small, .
random search often ‘can’ be reflned 1nto enumeratlon, where

\ all elements of S are evaluated. Random search 1s the

S éheapest form of search and so serves as a benchmark 1n
% Y
Vo >
SR algorx:?m compar1sons.
Cd J st
A 7
e knoﬁn-

. = Dr‘

It 1s also the best method
g

or some very d1ff1cult prOblemSn

urrentlytw'

s

\“ | Adagtlve search has already been deflned as the uSe of
_,.}feedback 1n€$rmatlon to d1rectmthe search process.l R
iif:Algorlthms whlch.are 7yap‘i‘e‘1n nature can be grouped

L Athe ;nformatlon employed.

1s the vector of 1nfogm%t10nxava11able from the solutlon
prev1ously evaluated

In a f1rst order methoa ' y;;
con51sts only of the measured value of the SOlUthﬂ,
F(S)

.,\'

In hlgher-order methods, I may 1ncorporate

1nﬁormat1on such as derlvatlve values or 1nd1v1dual

,7«

1s the memory of prev1ous steps 1n the search process.

< rv

Many algorlthms use ‘a* f1xed amount of space to save the

hlStQLy of the search 1n some condensed form.

T

B Thls T“"‘"
memory Ls constantly updated w1th 1nformat10n from I and
.used torselect new solutlons for test1ng.

: D1chotomous
Search in funct10n~opt1mizatlon requires memory only of

_'-"0 a

W

@
f
N R TEEL ;



“'ufperformed. number of solutlon p01nts searched 1n s,

i dlrectlon" methods ma1nta1n 1nformat10n on the d1rect10ns -

? : b ;‘.r'.'L

- -t ..‘

g f OE the preVlous n searches. 2 . SR ', N -
'*;vdjdcon31sts of "glft" 1nformat10n; or h1nts.r ThlS is not
| afeedback materlal but 1s 1nput Trom out81de the search
'ili;;ﬂfprocess wh1ch 1s employed’along w1th 1nfg?mat10n from 1

- i;and M.- It is. 1mp0rtanb to. equallze glft 1nformatlon Whe“
r. s " ,; )‘_ J:,.-“.:_W\ . .

) maklng comparlsons between methods.““:

r“-. . *

1. 4 ALGORITHM EVALUATION ‘}Ziygi\f77f[f'ﬂ7"€v;“'

,3‘..; ‘,: ,

To relterate, the observed performance and resources

Lo Ay

K

vyhTfof a: functlon x X comb1nes certaln cost meagpres with

7 -fV?performance measures derlved from the set of solutlons

...

'~}tested durlng search Measures of resources used 1nclude.

3{iand I 1n an adaptlve algorlthm, plus,;posslbly, the space

Ve ». .

o

“°f*requ1red for storage of the algorlthm 1tse1f. and

R KR

f}tlme (1f appllcable), number of pr1m1t1ve operatlons

"9"

ut,.-,,.. SR

ﬁe,numbe; of 1nvocat10ns of the functlon F. Comppter tlme is ﬁ?fV*#’°

5j§mach1ne dependent CPUltlmeTand counts of primltlve»rg-jfﬁpx'

o= SR . "I.\ _Y-,

d;Operatlons are sen51t1ve to varlatlons 1n the coding of the

5jfalgor1thm.,/The number of solutlons searched may hlde large

h'}ftime expendltures,ysuch as multlple functlom eValuatlons

"”;f§“used to approxlmate der1vat1ves at each solution POlnt

<«I;cﬂcOunting calls of F 1gnores such thlngs asgthe t1me spent 1no

§ H

Lo
4'4’ _'

&

.
{

hfﬁrequlred by an algorlthm on a problem are evaluated by means-7

N2) trme cost, whlchlls measured 1n any of- computer CPU

3

) space costs,{ln termeof the room needed to store M 7“”)

._‘.

:5f%iuPdat1ng the algorrthm s memory. which may be considerabie.aiﬂffih"p



 :if\\_?F>

\ . Lo N

¢1me cost.,

°ff11ne, and onllnef

Just that

o solutlons evaluated.ﬁ Thls measure'*‘

o.v'

computer, solutlons canibe teste j’




7f; e ‘1_ ) e
T“Jf steps of the best value up to that tlme.

”kfg There'are many ways to 1ncorporate cost and performance
".-~\ ..-v_

measures.lnto'the funct1on X Most funct1ons reflect the fo‘b‘;a

g

: e . ! S R . -
PN . . P - !

! : . /. ,
: . o . 1 : ‘- PR ~ . ‘ I T
le d Resourqes j The al Orlthm ﬁon umes flxed amounts : '/..‘

s:evaluated solely 4n 1ts\performance.',xr"

‘LS. a. Performance meaéure val 1e - obtalnéd after the tlme ”pf;*v ‘

N

W by

cert 1n~1eve1 of performance 1s achlev"d x becomes the'f77

o TR

In some problems

Var able'Resources and Performance

g s

‘-For these, the best mode of

\
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1. 5 RESEARCH GOALS - . L s | ,. - o
'u’irf.:; : The purpose of research on a spec1f1c algor1thmlls to  .,- |
B hdetermlne its usefulness on - a. set Cof. problems. It-ls )

. /ff t.1mprobable that there~1s one: method wh1ch 1s more eff1c1ent )

,_‘\( x\ N

‘:fand more effectlve than all other methods on all searchﬁtf‘
. jproblems.- Therefor 1t 1s up to the researcher to narrow,- il‘ .

'“v'i"the def1n1t10n of "u eful" to encompass only a 11m1ted

F I
ﬁy_'problem set P and a reasonable functlon u for algor??hm ;;,.v-""
B ’ut111ty._.d-7;t"f ,' “f?ﬂ‘- ’{;'iia;:‘f' ."'j.l-f.j,.f_h..": .

"This work w1ll focus on genetlc algorlthms as applled

Ajto two problem sets. The flrst set”wfll be hard problems in’

L3

i(statlc) functlon optlmlzatlon, for whlch random search has :

. " vQ B }.
7been the’ best algorlthm found s0 far., The second w1ll be a
’fgset of functlon optlmlzatlon problems whlch span a large '-f; fl_f;{ ;)

“rjrange of d1ff1culty for standard search technlques such as

;'»fdescent methods.‘ The goals in u51ng these two groups aree

9

:?ffl) to f1nd good genetlc algorlthms_fgr functlon °Pt1mlzat10n'jx'ﬁ-f”“*
e

'lffby testlng varlous algorlthm featur on hard funct1ons, andg

l, \

ﬁﬂyJZ) to measure the robustness of genetlc algorlthms over a

o ;w1de range of functlon optlmlzatlon problems.;j esults from i{df?qA

‘rf{ithese 1nvest1gatlons should lend further 1ns1ghts 1nto the _;5r??§glﬁj

'"f?domaln of appllcabllltY Of genetlc algorltth, as well as a

*fbetter understandlng of the algorlthms themselves.fi,

“
1
i
o
!

i
e
G




L CHAPTER 2
Low e Grutrrc ALGORITHMS

;

Genetlc algorlthms are adaptlve search proceégtes Whlch R

vy

hs1mu1ate~some of the processes of natural‘evolutlon. Groups
“ul'of organlsms often ehhlblt the ab111ty to adapt to an o TS
.;-env1ronmentA(or env1ronments) over several generat1ons.
-h_Such adaptatlon at the populgt1on level can often be shownd
V:to be the result of, among other thlngs,'events 1n the |

d1fferent1al transm1331on of genetlcally varlable |
“hlnformatlon at the molecular &evel MolecularAQenetlcs
-jllnvolves the determlnatlon and analy31s of- the molecul@r
structures of heredlty,-whlle populatioh genetlcs rs the
:f mathematlcal study of the consequences of . 1nher1tance w1th
. respect to groups of organ1sms.”"lh7fﬁvf p;»ﬁ B |

| Genetlc algorlthms 51mulate a populatlon of organ1sms

v over several generat1ons. The representatlon and

mod1f1cat10n of the organlsms 1s based on 1nformat10n from "}p"

pJ} molecular genetlcs,_whlle the expected behav1or °f the

4;; Oph1m1zat10n.n As such, they do not necessarily contrlbute ;f‘f~?':*:'

to the varlous f1elds of genet1cs. ;g;~3*““w

'"*j? formal framework of Chapter l.” Slnce the terminology of S
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genetlcs most accurately describes the features of the

/helgorlthms, this termlnology prevalls in the discu551on.

| 2.1 THE REPRODUCTIVE PrAN . : ’

A genetic algorithm is adaptive., At each step in the

R

search process,” it has the follow1ng 1nformat1on

I This has been 51mply F(s) in all genetic algorlthms ‘thus

~

" far. They are f1rst order methods.

e 9

M 'M lS a pgpulatlon (group) con31st1ng ‘of organisms

P

f;evaluated at earller t1me steps. This populatlon does
not 1nclude all organlsms from prev1ous steps, only a.

chosen SUbS§t

» ) Ly

The' Reproductlve Plan, or outllhe of the cycle of

operatlon, has five baggc steps:

P
l.?n orgaﬁlSms are generated to form the :;?
. population. ‘ —
2. n' organisms ate selected accord1ng to f1tness" AN
and copled to form a set of parents.
3- Qgﬁggglgg are created from the set of

: parents by the appllcat1ong?f operaggg

- 4. g members ‘of the p0pulat10 ere selected for

.-?:’

replecement. TBese organISms explre and are

replaced by the offsprlng from step 3,
. \ ‘o .9«7
5. a new ggneratlon (populatlon) has been formed :

The cycle begins agaln at step 2.

a

o e e v o s



2& represented in the fOllOWlng manner :

y

A genet1c algorlthm can be applled to any problem

\
S 1is a sét.of organisms (Structures). Each organism
o . " . . ) ’4 ' : ‘
l) a genotxp (géhetlc structure) cons\stlng of

has

chromosomés (strlngs) of alleles (values} Each ‘
4————17- ‘\

| ’G§ (posrglon) 6n a chromosome has_a set Of
" possible alleles associated with it. - ° =

- F 1s the env1ronment w1th1n which organlsms are Qo

2) a function D which maps-the Qenotype of the
b organlsm onto a set of features evaluated by F.
Th1s set is called the phenotzp Thus

-

D: genotype—->phenotype

\

evaluated. An‘evaluatlon ‘results 1n‘a fitnessrvaluetl

'__F(s)'for,an organism s. -

~ For eXample}.assumevthe problem is to find the -

o

. maximum of a functlon of two Varlables, H: XxY-—)R,

S

- and 'y must'be integers. A.SOIu ion s, say 351905,82),-°

N ’\A

where each\var1ab1e ranges from 0 to 999, w1th the<p

‘additional restr;Ct;on:thatSthe solut1on s values, for x.

n"&
can be represented as one chrombsome*bf six loci

"ajajajazacac”, qr in th1s case’"9058§2 Each of the .

loci- has the same set of ten p0551ble a\leles, the E

dlgxts 0 through 9 The functlon D maps thfé

chromosome onto the set of 1nteger pa1rs (&,y) (the

phghotype) u51ng the equat1ons :

[ ©

v

Sty
P

15
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>
n

a; + 10a, + 100a1 L R

~
|

= ag + 1.a5 + 100a4.

'Tne‘fitnessbof;a solutighn 1s 51mply H(x,y)

é.é»IMPLEMENTATlONS L f

| Each of the steps 1n the Reproductlve Plan can. bep

.'1mplemented in. several ways. Most features of the genetlc

nalgorlthms studled up to now are modelled on somelgatural

system._ Arbltrary de31gn dec151ons must occa31onally be

A% .

systems, or whep 51mp11f1catlon of the model is necessary._
The theses of Bagley (1967), Qav1cch1o (1970), v

b-,Hollstlen (1971), Frantz (1972) and De Joﬁg (1975) 1nclude k

' research on spec1f1c algorlthm featJres.’ Bagley compared |

{
'certalnxgenetlc algorlthms w1th non- adaptlve corgelatlon

methods. Hollstlen applled genetlc algorlthms to problems o

_ of control pollcy format1on.' Frantz observed the effects on.
t”genetlc algorlthms of non llnearltles 1n the fUnCtlon F.
'Cav1cch10 and De Jong examlned varlous parameter settlngs

s v'\\. :

for genet1c algorlthms applled to problems in: pattern 5

4'cla581f1cat10n andqfunctlon optlmlzatlon, respéctlvely.A:”
- 2;2;1 lnitializatiOn -
}_} Thealnltlal populatlon has in all cases so far been pf'

:generated accordlng to a unlform random dlstrlbutlon over

the set S of pos51b1e solutlons. " This could be altered 1% .

~ there was a prlor 1nformat1on 1nd4cat1ng that the seafch :
_~8hould be b1ased toward certaln subsets of S.A

made, however, in the absence of 1nformat1on on natural \rp_.



19

©2.2.2 Parent"éelectiOn‘f‘
The success of the genetlc algorlthm as. an adaptlve

n search technlque depends on the balance between hlstory o

| ”retent1on and explorat1on.1 The populatlon M must serve both

* 'b algorlt'ms.: It 1s dlscussed 1n Sectlon 2 4

N

 as the memory of ood solutlons tested and as the rep051tory
o1nts. Hlstory retentlon is accompllshed

for new solutlon'
»ma:hly by parent select1on accord1ng to fltness..hAn
“organlsm is selected to be a parent w1th a frequency
_dproportlonal to 1ts fltness relatlve to the rest of the ?
”bgpopulatlon. Offsprlng w1ll resemble tgglr parents, so good
'organlsms are malntalned through succeedlng generatlons.
,Relatlve fltness can be deflned 1n terms of rank in the
'populatlon (CaV1CCh10, 1970- Hollstlen, 1971) .However,>
‘thls seems to lead to overempha51s of a. few top organlsms of
'rpos51bly marglnal super1or1ty, resultlng 1n loss of 'h

..

'”populatlon varlance. Loss of populatlon varlance has been a

Zrecurrlng dlfflculty 1n the 1mplementat10n of genetlc
L : SRS .-

Re atlve fltness 1s more commonly measured as e

i TR RN AT s L » f(s ) _ R
qffipr0p0rt1°“ of total populat1on fltness,rll.f( ) (Cav1cchlo,
o , i seM < e T

“ff1970- Frantz, 1972 De Jong; 1975) Thus 1f an organlsm

sfraccounts for 0 10 of”the total populat1on fltness,»lt should

or'be selected 0 10 nf’t’fes to be a parent Organlsms of 1ess

-u—,
“\0.

. than average utility w1ll be represented fewer t1mes Ain the

"fset of parents than those o above average f1tness.,



2 2 3 Offsprlng Generat10n g e

7dnew organlsms would be evaluated Search would be l1m1ted

N . .
\\‘ N .
) . . . U

SeI/Ctlon accordlng to proportlon of populatlo//fitness

-can be accompllshed by ad3ust1ng the fltnesses to/compensate

e

S1s

for p0551ble negatlve values and then using the f1tnesses tog f

I
1mpose a probablllty dlstrlbutlon on the populatlon.‘ Parent_

"select1on 1s then a matter of sampllng from thlS

A X

”'d1str1but10n. Sampllng must be accurate, 1f§ﬂhe poorer

2%

. organlsms are: overselected hlstory retentlon suffers, but

"3var1ance results. The 1ssues 1nvolved in adJustlng

"p‘fltnesses and sampllng are examlned 1n detall 1n Chapter 4

AN

If offsprlng were merely COpleS of thelr parents, no 4

)

Jogs

;pto those organlsms represented 1n the 1n1t1a1 populatlon. f

1f the better organlsms are overselected loss of populatlon o

‘,TExploratlon 1s 1ntroduced 1nto the algorlthm through genetlc f_f

o fOperators.u Thgse operators alter the offsprlng so that they L}f"l'

"7f.The mutatlon and crossover operators, when used together,~f {f}"’

i"‘Amutated L Thls is a, 51mp11f1c1

”5f:fprOV1de for adaptlve exploratlon.:f?;f”

Mutat1on.3 P01nt mutatlon con51sts of replac1ng an

e ;allele in a chromosome by a random allele from the set of

f@f;dlmehSlonal functlon, a polnt mutatlon mlght change thee
-‘_fichromosome'"905082" 1nto "905012" Loc1kto be mutated are

. chosen tandomly, with a probab1li‘y P that any one’ locus is ‘*

1on of the 31tuatlon 1n

‘,rnatunal syst ms, where/each locus may have 1ts own’ frequency

ufvstlll resemble, but are not 1dentlcal to, the1r parents.]97f*f“ﬁ'"”;

':p0551ble 3118188~f0r that locus. In the example of ‘the twol-*-~



;j_;=P: '1 (Holland 1975)._ De Jong/kf/lsf found that for f;}ff;,V

. _‘.

' of mutatlon, and mutatlon rates may be dependent on

- an allele from the populatlon.;j'f,f f?VW",7f ?i-zif‘yf |

perfdrmambe._ In the end he settl

env1ronmental factors such as radlatlon.

1

Frequent appl1cat10n of the mutatlon operator can.

result in- randomly generated offsprlng whlch bear llttle

resemblance to prev1ous generatlons. Mutat1on 1n general
hlnders the hlstory retentlon of adaptatlon and lends a,\if

degree of. randomness to the search It can be used as an:

1nstrument for exploratlon, but 1t serves a more‘lmportant

functlon.’ Mutat1on prevents the permanent dlsappearance of

Assume that the genotype con31sts of a srngle S

J

chromosome of unlque loc1, each w1th two p0351b1e alleles,

’ ”b and that the ent;re populatlon of 51ze n 1s replaced each

generatlon.e The m1n1mum mutatlon rate needed to 1nsure the ;];J';"'

g -
presence of an unde31rable allele somewhere 1n thei‘

populatlon for each locus at each generatlon 1s roughly

m

values of P between f%.and L of 1ne performance was much

the same, but that the hlgher mut:j}on rates degraded onl1ne
d

tumal for onllne performance and acceptable for

SR A e
. ,// KR - . . Lo . . <

‘Crosso er. Srossover 1ntroduces adaptlve explorat1on

. ;
1nto genetlﬂ algorlthm'. Crossover occurs when two

on a. mutatlon raté of /Vﬁ;i‘:

’ /4~.4' |
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Flgure 2 l., Examples of Crossover S
Y ~(a) Homologous Crossover T T
'-fc;;;;;f,v .'(b) Unequal.Crosgover. 14-;g‘gjﬂ‘fri=‘ R A
T (c) Multlple Crossover e R

T

lf.In natural organlsms, crossover usually occurs betweenAij}

”“a;}matchlng 51tes on“the two chromosomes.- Let locus 1 have

')

'Vfi_alléle set {a A}, locus 2 have»allele set {b B}, etc., Then

Vfu .Flgure 2 1 a 1llustrates a crossover at a p01nt of homologz ,}l.

"\ v

'Cfr;:both chromosomes break between loc1 two and three. Two

;'wchromosomes are homologous 1f all (or almost all) of the1r

e

'loc1 correspond even though they do not have the same 75"‘f1
RS FEET TR
“,alleles at each of the loc1.‘ Crossoverwoccas1onally occurs ”_“\g“‘

'.ffat non-homologous p01nts.@ Flgure 2 l b shows unegual

~;crossover, where_two homoi;gous chromosomes cross at p01nts ;_;'
| that-do‘not?corréépond;, his is a 90531b1e natural

'"mechanlsm for deletlons and dﬁpllcatlons of loci

Natural ohromosomes are/not restrlcted to one cross per

.:Jichromosome (see F1gure 2 l c: for an example of NUItiple '1~""'

¥



hmﬁ_experlments and analysis of genetlc algorlthms have been

Ny L o V.._ : h 6) o M (“‘.’ o
N ‘e . . . . . A BN

crossover) Each p01nt on a chrgmbsome may haVe 1ts own

frequency for Ereaklng and recomblnlng. Thls frequency may

!

L be affected by env1ronmental factors.~ Except for a br1ef

exam1nat1on of double crossover by Cav1cchlo (1970),‘4

l1m1ted to the case ofwat most one crossover per chromosome

pa1r, where palrs cross w1th a f1xed freguency P {}-i£°

21

crossover occurs, all p01nts on the chromosome have equal e

-

probab111ty of be1ng the crossover p01nt i De Jong
5

determlned experlmentally that P } 0 6 opt1m1zed algorlthm

on11ne and offllne performance on a varlety of functlons.
In add1t10n to selectlon accordlng to fltness, natural

xr:’adaptatlon rel1es on recomb1nat1on between 1nd1v1duals for

,the development of 1mproved populat1ons., Crossover 1s an

1mportant tool for recomblnatlon.h When each organ}sm is jf;fh_yh

,'[ represented by a 51ngle chromosome,,crossover can occur
between the chromosomes of two parents to form offsprlng

, wh1ch comblne the features of both Thls 1s analogous to

A c/‘c

the exchange of genetlc 1nformat10n as 1t occurs 1n 51ngle‘2jfa

chromosome bacterla.» The offsprlng are not 1dentlcal to
: S .

e1ther parent so new organlsms are- evaluated but the ;h“{f:i" L

A

new organlsms 1s d1rected by knowledge of prev1ous

e evaluatlons.

Mgtlng.l The 1nc1u51on of recomb1nat10n between parents

in step 3 ralses quest1ons about matlng.. Parental groups e

1 are 11m1ted to e1ther one or two parents.} If two parents

g .l‘«

T 1}{.

l_."

"‘w-.ooffsprlng st111 resemble the parents, S0 the exploratlon of _ﬂ:cﬂ,v



L are palred to”c‘eate offSprlng, there must be a mechanlsm }f:;wTEt’
1for select;hg the two‘from the set of parents.- Hollstlen

’(1971) descrlbed many natural matlng schemes. He concluded

N L

“that 1nbreed1ng (matlng w1th1n ”famllxes“' or groups of :vtt'ifii

"Q‘

"{‘organlsms w1th common ancestry) comblned w1th crossbreedlng SRR

e

(matlng between the best organlsms 1n dlfferent famllles)

= ;genet;p algorlthms the comblnation of small populations (50

‘jor so), parent selectlon accord1ng to f1tness"éﬁaf73;




o

:ireolacement selectlon ?n‘lnverse proportlon to f1tness leads
S';to loss of populatlon varlance, and thus poot performance.f?
;iCav1cch1o (1970% trled replac1ng parentslclth.the1r | |
l.offsprlng, modelllng the way salmon, for 1nstance, d1e'
-glmmedlatelxiafte; matlng.‘ In general, rando% ;eplacement

:dhas been uaed (De Jong, 1975) for 51mp11c1ty._ Note that 1f

- Y G-

“vhidg (generatlon repracement 51ze) equals n (populatlon slze),

‘}fgelmplementatlon,

BT S P LS T

I

.Zf;entlre populatlon 1s replaced

R ~.' R v' S . c e . 2, . P B A . R o Lo
: . . L e

2 2 5 Populatlon Slze and Generat1on Gap g,m"'

Holland (1975) analyzed the exgicted behav1or of

b'he s1ze n of the populatlon 1s restrlcted

'"fby the:space_resources avallable for the 51mulat10n.1;tﬂt;ﬁa

”Vfthat pOpulatlons of Under 50 suffered from loss of

ﬁ}{90pu1at1“n vaxlance--f;'u“

7}ﬁthat there=was.no advantage to overlapplng generatlons,

;fwhere g<n.»'

’fjggthen replacement selectlon 1s no~1onger an 1ssue, as the’;kgfa

fgenetlc algor1thms W1th 1nf1n1te pOp 1ations.>_3ut 1n an l?wii"

23

De Jong also 1nvestlgated d1fferent p0851b111t1es for ;;f;j?fﬁf"

'r}wegeneratlon gaps, that 1s, for g relatlve to. n.. He dec1ded :5fil‘~

“ﬂ_aipopulatlons of 51zes 12 to 20 but De Jong (1975) concluded ftivy.*”'“
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elsewhere.'

'.O ."_ .

: -
2 3 ISSUES OF REPRESENTATION L

o Tyt AL :
‘“JThe performanceaof a genetlc algor;thm on a problem

depends heav11y on the representat1on the problem is g1ven..g o

Thls dlscuss1on concerns the representatlon of functﬁon j?{}7];f’“"

optlmlzatlon problems, although many of the concepts apply

Ly

BN -° ’ ’ G :
e R L N . . [

2 3 l Allele Sets and Chromosome Slze ”'o”lrsfig fl;)?“iiv

’F@” A solutron to a functlon opt1m1zat10n problem 1s an

".e

chromOSome would have to be longer than 1n the dec1ma1 case

to represent solutlons 1n the same solutlon set S

ordered set of numbers\(xl,xz,...,x ),,where d 1s the number
of d1men51ons in the functlon.r In the example of

\

Sectlon 2 l such a set was encoded as’ a chromosome composed

b1nary, octal, or hexadec1mal dnglts.5 In the blnary case,

each locus would have an allele set of {0 l} The

It is: not 1mmed1ately obv1ous wh1ch 1s preferable,‘long
chromosomes and small allele sets, or shqrt chromosomes and
large allele sets.v Two extreme p01nts of v1ew areifit"ﬂk”v
represented by models used 1n populatlon genet1cs for the

pred1ct10n of allele frequenc1es. The flrst, the 1nf1n1te

s1te model, assumes that for one organ1sm feature there are

2

an unllmited number of 10c1. Each locus may be mutated to

an alternate allele, but the mutatlon rate ls small, so the

. P

same 1ocus w1ll never mutate tw1ce._ In the 1nf1n1te allele

.\ St
m

model, a functlon 1s encoded u51ng one locus wrth an

1nf1n1te number of p0551b1e alleles. It 1s assumed that

of dec1mal dlgltsz The chromosome could also have contalned

o A



4

©

lmutation w111 always 1ntroduce a non- exlstent allele 1nto;

f:‘the populat1on.f _ i,i . t‘ ‘a‘f o ;; -,u-}f’ v S .
: One POlnt in. the ana1y51s of these'two models’is-of' g
| | : ‘.’
W“rlnterest here.s Under the 1nf1n1te allele model assgmlng a _];6.35 ;

.}d19101d populatlon, no. recomb1na€30n, and random parent

*fiselectlpn, the expected number of alleles present at one .'

L . a

"f“ffnlocus n a populat1on at equ111br1um 1s 4nP + 1 where n is
o the populat1on s1ze and P is. the probablllty of mutat1on at__"'

o 3.1each t1me step (Klmura, 1968). "ff'f..' f} L h Ll -

:-; In addltlon to hls mathematlcal analys1s, Klmura R

N

':f;. performed s1mu1at10n experlments on a populatlon of lOO
.“onerlocus 1nd1v1duals whlch 1n1t1ally conta1ned 200 d%%tlnct \
'lf}alleles.ﬁ In accordance w1th the theory, a mutatlon rate of.

"lTO Ol produced equ111br1um populatlons (after about 20

:*ﬁp.;egeneratlons) whlch contalned only 5 10 allelas.f Thus, even'77l>wf“

l;;wher' 'x value of a functlon solutlon 1s encoded us;ng

,:Qi-rone 1 us; on a chromosome.~ The only mechanlsm for »W;K"f,_ o S

‘7b_1ntrodué1ng a new value 1nto the populatlon 1s mutat10n~¢,;fffﬁt
‘crossover does th alter the alleles at/1nd1v1dual loc1.
’”ﬁ_S1nce the number of alleles 1s large, only a large mutatlon

j?ate wxll permlt productlve search But as has been shown,ﬂ“rfl<91?""

ea



the'result'of'aﬂhigh mu@ation rate is.randomisearch;

‘e

The alternat1ve 1s to use ' many ‘loci to represent one - ‘;]f{;]T

e.. The advantage is now obv1ous. 1f Xy 1s represented
’ G

\ // y a gene comprls1ng several loc1,'crossover becomes a tool

for the creatlon of new x-values.' The more loc1 there are

v51nce the probablllty of crossover w1th1n the'gene

'increases. Also, 1f there are fewer - alleles 1n the allele fiflv?

. ) N ’l

gset for one locus, a smaller mutatlon rate W1ll be

”'hrsuff1c1ent to malntaln all of those alleles 1n the

“'populatlon- L

P

The beneflt 1n hav1ng multlple locus genes 1nstead of a

‘rfv51ngle locus for each parameter can be summarlzed as an

H .

flncrease in adapt1ve~power. Instead ‘of creatlng new fgﬁ7ﬁfﬁfﬂ”§:_7![

T4

: -values only v1a mutatlon, new values are, formed adaptlvely

"l/ ¢ o

by recomblnlng the smalleri"bu11d1ng blocks“Qof 1nd1v1dual

(. v.

loc1, ;b

“f_/For a flxed number ofzgenlg values, the max1mum number ;}ff”

of loc1 1n a: gene occurs when each locus has only two

alleles.: The advantage to\haV1ng many loc1 1s now apparent.'r

Therefore[ the opt1na1 representatlon for functlon values 1n-;fj_

'“ja genet1c algoalthm 1s b1nary._ Th1s 1s con51stent w1th-the

) \51tuat1on 1n natural systems, where many 1nd1v1dual s1tes $75575'

»wlth four pos51ble values each are concatenated to form one‘

gene.,f”u;r.




[ - .
v B

~12§xi'are known.

the chromosome,,

'vaz 3. 2 Bounds and Constralnts ; Qw“i

oG gt &’-.' i : g N ; U . ¢

'ﬂNo matter what allele sets are chosen, 1t i} p0551b1e

;; unconstralned functions whlch have*solutlon se/s w1th'

megnltudes of even powers of two



2.3.3 Genotypic VariatiOns

- A binary representation has one locus for each power of -

two. In standard notation, ‘a binary number 1is wrltten left

-
\V]

to right in order of decreas1ng powers of two. HoWever,

there is no reason to assume that th1s orderlng is superlor

to any other w1th respect to genetlc algorithms, especially
N :

when several numbers are coﬁcatenated on a chromosome.

l
Grouplng the hlgh order loci from all dimen51ons together,

\

‘for example, mlght change the eﬁfect of crossover in the

i

search process.

o

Besides varlatlons in locus order, there are maPY\B

igalternatlve formats whlch can be\used to represent binary

\\numbers in-a genotype. In nature, " genotypes range from

lsrngle chromosomes with f1xed orderlngs of the loc1 to

multlple chromosomes, polyplord genotypes, and chromosomes

, df varlable length W1th the exception of the two studles

F Bagley (1967) .and Hollstien (1971), work on genetic
augorlthms has been 11m1ted to genotypes of a s1ngle

chromosome. More complex organlzatlons should be
L .

'con81dered, however._
oo

Multlple Chromosomes. Often in hlgherxorgaalsms the

loc1 of the genotype are dlstrlbuted on several chromosomes."

These chromosomes may recombine with homologous chromosomes

from another parent but durlng the creation of offsprlng

they assort 1ndependent1y. . The resultlng s1tuat1on can be

)

.descrlbed as the loss of l1nkage between the loci. on

3
different chromosomes. -

28



'i_ L1nkage refers to the dlstance between two loc1 on a
chromosome. A high linkage value 1nd1¢ates that the loci -
are close together; a value of zero means they are not on
the same chromosome. In a;s1ngle chromosome parent, the

alleles of two adjacent loci will stay together 1n the

7

offsprlng unless crossoveér occurs at the p01nt between them.,

In a mult1ple chromosome parent, the loc1 on separate

chromosomes are not llnked and w1ll end up- in the same

L offsprlng .only by chance.

Thus mu1t1p1e chromosomes may be used for grouplng loc1“
whose functlons -are known to, be 1ndependent. At the moment
it is unclear ‘whether any further benefit is- derlved from
Amultlple chromosomes in natural organ1sms. 4‘ - |

©

' Polyp101dy. Polyploldy occurs when a genotype contains

) homoIOgous chromosomes:; A common form-is.diploidy, in which
AeachgchrOmosome is represented twice in the genotype. Since

two alleles are present for each.locus,ithe'function

- Z.D: genotype-—>phenotype must 1nclude some mapplng wh1ch

h}y reduces two allelic véers into one locus value.v This 1s

Q‘ ¢ : T N
called the domlnance map, - o T o e

By u51ng a dom1nance map it is poss1b1e to carry

alleles in the populatlon w1thout testlng them 1n the

29 -

<

-env1ronment at every generatlon. Thls "masking" of allelesl,}'

: may combat the loss of populatlon variance. lDlploidy and e

‘\}

domlnance are examlned In Chapter 5. | N\

C1rcular Chromosomes. Thus far chromosomes have been

vpresented as*one-d1men31onal linear strlngs. There are,no .

<

'-\\ S ' ' N ﬂ"._ " L a
N

“w

B A R




o

precedents in natural systems for multldlmen31onal packages

of genetic materlal plates of alleles, for example. But
there are bacterla and viruses wh1ch ma1nta1n genetLCr ‘
materlal in c1rcular form., '.\ |
| On a llnear chromosome,~the loc1 at the endpQ1nts are
L -1 loc1*apart vhere L is the chromosome length }\locus '
in the middle of the chromosome, however, is no more than

2 N
locl d1stant from any other locus on the chromosome. 'The

N Tl

' loc1 near the mlddle will exh1b1t dlfferent patterns of \y

'recomblnatlon than those~on the ends. Thelr average

30

d1stance from all other 1001 w1ll be much smaller than that %

: . e . N —
of an endpornt locus. 'v’ ;__‘vl o o

The d1fferences 1n average l1nkage dlstances between o

 loci are e11m1nated by the use of c1rcular chromosomes.,”The"

probab111ty\of the alleles at any two loc1 be1ng sepafated

by crossover changes as well Two alleles on one c1rculan .

chromosome are separated if a- double crossover occurs w1th
co ‘ ¢ R
one crossover p01nt on e1ther side_ of one allele.fﬂln‘»

fact, 11near chromosomes w1th s1ngle crossover'canfbe i

as a spec1a1 case of c1rcular-chromosomes w1th double

L crossover in whlch -one . crossover po1nt is flxed at: the end

‘of the chromosome.«

It is unknown whether the use of circular chromosomeS"‘

and double crossover would affect algorlthm performance.,

rfThls work w111 cons1der only the s1mple case of 31ngle

_crossover on 11near chromosomes.



",, 2.3, 4 Dynamlc Genotype Organ1zat10n

_nature organlsm genotypes are rarely stat1c~ 1nstead they

\’éb

=
It has been assumed up to now that the represe/tatlon

of the space S 1s determlnedfznitlally and remalns flxed

'durrng the search process. ThlS need not be ?he case. 'In_ '

[

*deVEIOP dY“aM1Cally durlng adaptatlon.._"‘;”

There are two ma1n features of the genotype whlch may

be. subject to dynamlc alteratlon. the set of loc1 whlch are

represented and the llnkage relat1onsh1ps among those lOCl,

f'M_The set of loc1 can be changed bﬁ deletlng loc1, mak1ng

‘ffaddltlonal coples of loc1, and by constructlng new loc1.,

'{Llnkage 1s altered by means of the 1nver51on and ,Gvf

translocatlon operators.(;'l “'

. l

i?\t
v R

Dupllcatlon, Delet1on,_and Random Generatlon of Loc1."
;;There 1s a- convenlent representatlon of solutlons to

: functlon optlmlzatlon problems as blnary strlngs._ Each

5d,b1nary locus appears once 1n a genotype and the allellc

3

'7_gvalue of that locus has a stra1ghtforward 1nterpretat10n 1ntf?”'ﬁ“-V

s \ .
: absence of a locus in a genotype. The transformatlon us1ng}

‘fdomlnance scheme, multlple 1nstances of the same locus can f‘

/
exlst 1n one organ1sm, as’ 1s the case 1n d1p101d

-"hlnd1v1duals. /‘Ah;{

‘vthe phenotype map D. If the map D is expanded to 1nclude a”f_ffuffﬁ

| However, there 1s no reasonable interpretatlon for the‘f_‘””

\

- D could 1nclude a random allele generator to expand

N\ \

;def1c1ent genotypes rnto legal phenotyplc solutrons, but o

i\

o thrs seems unnatural and of doubtful ut111ty.i

\

R



“;;?ﬂr-‘

’Alternatlvely,

”“mUSt.accompany

-

the alleles so- generated could be flxed ‘as

nO s-or l s, but th‘s would be equ1valent to the’ empha51s of

a certaln subset of ] durlng the search : ThlS could be

'Justlfled only

on the ba51s of a priori 1nformatlon._

-

In other problem parad1gms, espec1ally those requlrlng

set" representatlons (see Sectlon 2. 3 5), there 1s a-

'fpof 1oc1 1n one

"'natural 1nterpretat10n of multlple and m1s51ng 1oc1.upf
| Cav1cch1o (1970) studled dupllcatlon and random generatlon
such context, but not deletlon.p He concluded

‘bjthat 1ntrachromosomal dupllcatlon was benef1c1a1 to the

genetlc algorlthm, but that random generat1on of new loc1

-hwas deleterlous.;f‘

o ‘

The de51rab111ty of allow1n9'mult1ple and m1ss1ng loc1

1”vest1gated

z\_,

'5{¥dup11catlon on-

'"h*dwould resemble;

, upllcatlon;

faltl

f1t., In thlS respect, the result of

\ S
\1n genetlc algor1thms for functlon optlmlzatlon has not been s

1s allowed some sort of domlnance mechanlsm ;

that of polyp101dy except for llnkages. :A“~-

' loc1 ‘in the genotype°-further research could then reveal the

;;hut111ty of developlng such mu1t1p1e loci genotypes.p._%;fytﬁ.

SR

"ﬁhﬁdynamlcally via dupiicatlon._hff';f"a Ilv “}{hlbff.i4?1

Llnkage Alteratlon «Invet510n and Translocat1on. .ASQH

?.lwmentloned before (Sect1on 2 3. 3), the notlon of 1inkage 1s

"rcruc1a1 to- a genetlc algorithm. 0bv1ously the best 5}

.,,.A:

Deletlon of loc1 1ntu1t1vely seems harmful. lthiﬁ_;

algorlthms for functlon optlmlzatlon problemsf KR

'ifstudy of d1p101dy should 1nd1cate the beneflts of mult1ple Hilv,f

‘,genotyplc representatlon for a problem is that wh1ch groupsluv
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1nteract1ve loc1 together and . separates 1ndependent loc1 on o

< N

separate chromosomes.. Of course, 1f the 1nteract10ns are
. . |

unknown, as is usually the case, 1t 1s 1mp0551ble to create

‘such an opt1ma1 organlzatlon 1n1t1ally

Inver51on and translocat1on are two operators wh1ch

alter llnkages durlng offsprlng creation. Invers1on removes-
= la sectlon of a chromosome, fllps 1t end for end,'and places T

it back 1n the chromosome (see Flgure 2 2a) a Translocatlon

e .f

appends a termlnal sectlon of on% chromosome to another~'5
PRI ,.k\;‘

. ;(Flgure 2 2b) Natural systems h ve mechanlsms for both

:7,.operators- these mechanlsms need n?t be descrlbed here. .h

B e i ‘
(a)--a b é*d~e1:{> a ‘dve;¥—> a "de=->acbde
L bc - . c b
Sl ~ .
(b) abcd abecdgh
".;‘>, . N
e fgh - ef \
g-5”ti:__Figure"2.2v Eihkage Alteratlon Operators

(a) Inversion :
».(b)_Translocatron.>'
Prelxmlnary 1nvestlgatlons (Holland 1975) 1nd1cated

7fthat use of 1nver51on would allow a genet1c algorlthm to'

a

;fsearch for an optlmal genotype organ1zat1on concurrently ‘

After

l1w1th the search for optlmal solution po1

exper1mentation w1th var1ous implementat1ons, however,

_Frantz (1972) concluded that 1nver31on dld not contr1bute to}

palgorlthm performance. He hypothe81zed that inver51on mlght

<

1fbe useful 1n environments requlring longer chromosomes (h1s

N

,33.
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J,{lnver51on does not play a useful role 1n genet1c algorlthms

;,»1nverted and nonlnverted chromosomes, has not been examlned

uwere roughly 25 loc1 each), or on problems employ1ng a very

hlong perlod of adaptatlon.l De. Jong (1975) agreed that

é

@rfor functlon opt1mlzat10n problems. One of the blolog1cal

_;jeffects of 1nvers1on, whlch 1s to prevent crossover between

L

1n research on genetlc algorlthms.

The translocatlon operator has not been studxed yet

‘w,. s

th1n the genetlc algorlthm. In v1ew of the performance of .ﬂfﬁff

the 1nver51on operator, there seems to be no good reason to

study 1t extens1ve1y.; In general, operators on genotyplc

f

\\\prganlzatlon may be too subtle to show any effects when used |

’1th1n genetlc algorlthms appl1ed to functlon Optlmlzatlon

re11es on‘the representatlon of solutlons as chromosomes.

Each 1ocus has 1ts own allele set.” The allele at one locus'J_vulfg

plays a spec1f1c and well—defrned role 1n the phenotype map
:vD,r In a blnary representatlon, one locus 1s deflned to be

the ones" blt one the "twos" b1t,.and so on, reflectlng

the powers of two by wh1ch the alleles are to be multlplled

l Even 1f the loc1 are shuffled on the chromosome, the“““

meanlng of each locus must be retalned. There 1s semantlc Q5f~gﬁ



| \“ﬂAssume, for example, that 1n a pattern detectlon problem a

’T}fuany problemsehave representations Withfno intrinsic
'~semant1c 1nterpretatlon for the loc1, for 1nstance, tasks in

h'thevareas of pattern detectlon and automatlc programmlng.

o plcture is\represented by: a 625x625 gr1d of 0! s (llght) and L
. ya oo
1 8 (dark). All 6252 gr1d sectors on- a p1cture cannot be S

"7gcompared to the sectors 1n a set of, say, 10 ”pattern

'plctures 1n order to locate the closest matchlng pattern..

";It 1s necessary to deflne a “detector set"zﬁ Each detector

*;;1s a functlon whlch g1ves a descrlptlon of a small set of

.\.

"v,figrld sectors,.perhaps 5 sectors. The 1nformat10n from g,set

'fof 26 or so detectors 1s used 1n comparlsons of\g}ctures and
'ffpatterns, and w1ll permlt optlmal matchlng of pattern toifffT”:

'rAplcture.»a.,l:*-_jfhﬁ}f-f":}:lﬁlfﬁf.*'_555~%~ ﬂff%':rga;;“wﬁf;?»*f "

“*»;fa1gor1thm (see Cav1cch10, 1970). Two representatlons

"flmmedlately Present themselves.e The flrSt 1s

',fﬁ_the presence or absence of grld sector 1 1n detector J” u“;{;j“-”

"ﬁjset {1 2,...,625 }

The selectlon of ‘a detector set for a given pattern set

" :i1s a d1fflcult problem, p0551bly SU1table for a genetlc ' 'félb_i}

.7-b1t string,u-u

<

"J1a chromosome where each locus 1*3 has an allele to 1ndlcate

.v, - Sae

K x-,r'“. .‘ IR
g e

"rEach locus has a natural mean1ng,_but there are;7 812 500"”

”7;r loc1! Th1s may be d1ff1cult toplmplement.

(

:thls 1s manageable.fh#

e
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,’.-

'slgnlflcance other than that of set membershlp., An allele

A",of 3 1n the flrst locus has the same meanlng as the allele 3

'ap earlng 1n the flfth locus-'sector 3 .is. 1n the f1rst N ;fifjd

'\<J

-

.'f'detector. ﬂ"f, ”,‘}% f“ffi Lf1“ ‘-’_';];’s;:xf'°
‘A representatlon such as thlS w1thout semantlcs of

-'_jpos1t1on may have profound effects on the genetlc algorlthm. o

‘-,

"'.In the set representatlon above, the crossover Operator not L

'u;;only generates dupllcate alleles (e.g. a 3 1n both locus one

. igf;and locus f1ve 1s poss1ble), but 1t 1s severely restrlcted

L ;1n the manner that 1t can recomblne subsets.- A 3 1n locus

Sy one and a 5 1n locus two w1ll stay together in. OffSPflng

e

H:".':“:_w1th hlgher probablllty than the 3in 1°°us one and 2. 7 in:

i ﬂlenkage here becomes a llad

“f[-;;and unde81rable structure on'the sets represented

"fg;malnly from Holland's (1975) analy31s of hyperplane (schema)u

fllocus flve, although the 3,‘5, and 7 are all members of the ff;ff”*

,same detector and should share the same relatlonshlps. g{ﬁff?iv::”

‘llty,_lt 1mposes an art1f1c1al

AR

The theoretlcal support for genetlc algorlthms stems

”’fbehav1or w1th1n the Reproduct1ve Plan (see Chapter 3).Eg"h

vhiﬁVjThesePhyperplanes are p051t10n dependent.; Thus the iV;;.{_f» }ﬁhl




Slnce functlon optlmlzatlon problems employ a blnary .thff-
;rsa?" SRR
strlng representatlon, the dlscuss1on of p031t10n semantlcs

' and set representatlons need not be pursued further here._ j.fyff

‘2 4 THE PROBLEM OF LOSS OF POPULATION VARIANCE

Recomblnatloh is effectlve as a search\mechanlsm only lﬂ
'Pi.as long as there are many dlfferent genotypes represented in- t_f
J'Vthe populatlon. A populatlon may become homogeneous,-that

'ﬁffis; all 1ts organlsms have s1m1lar genotypes.; On such a

3?populatlon, crossover ceases to be a tool for exploratlon.;\m

“'f5Cr0551ng two 1dent1cal chromosomes ylelds the same i;ffff° &
wdi,chromosome agaln.pf,ipi_._r _YH; ”‘ | ._
Therefore 1t 1s de51rable to.malnta1n a varled

'kfi;gpopulatlon w1th1n the genetlc algorlthm for the duratlon of

”’ff?the search process;ffW1th respect to funct1on optrmlzatlon,

"7@ffthe loss of popuyat1on var1ance 1s equ1valent to convergencev@jfj7f
a~fffof the algorlthm (see Martln, 197§i for an analys1s of the
'”5fjconVergence propertles of a 51mp11f1ed Reproductlve Plan).,;;fbdfff

"7fr'If the po1nt of convergence 1s not eptlmal the algorlthm }-3O7'5P'

llh,has underQOne Ekemature convergence.m,fnﬂhfrftdx:"
S Premature convergence has been a problem 1n all
:.fjurmplementatlons of genetlc algorlthms exam1ned thus far.;ggﬁ;:uVPJ
”ﬁfhrstems from the necessary flnlteness of the populatlon and 5“ :7ﬂfm?
'Piﬁdlmproper balance 1n the compet1t1on for populatlon space i

T Rz SR
?'fjbetween history retentlon and explorat1on._ An adaptlveﬁrf-

'Tv,fsearch algorlthm must malntaln a h&story of the search 1n osfvﬁf7,

‘hik\order to dlrect further search, and must also prOVIde
,,jtemporary §pace for the informatlon resultlng from Cuzrent Coal

2 ra s . v“_ FOETE S




RN selectlon methods, and feplacement select1on methods on

'f] funct1on optrmlzatlon problems, a b1nary strlng :g;;, "ﬁtgﬁff‘ﬂffp;f

f evaluatlons, e. g. the solutlon ]uSt tested and 1ts value._~;

In a genetlc algorlthm, the populatlon serves both memory

‘>

funct1ons. A severe 1mba1ance 1n populatlon usage 1n favor"

I

of h1story retentlon results 1n 1mmed1ate convergence,

probably to a very poor solutlon. At the other-extreme iSLf_,

t

';random search caused by~the 1gnorance of search hlstory ':"ff;
durlng explorat1on. Somewhere in between l1es the des1red
balance whlch y1elds adaptlve search B |

\>» . s ) y o . - o St )
. oy

i
The effects of populatlon s1ze, operator rates, parent RS

populatlon varlance have?been studled by Cav1cch10 (1970)

and De Jong (1975)._ ThlS work contlnues w1th a further :

examlnatlon of accurate sampllng 1n parent selectlon o
(Chapter 4) and d1p101dy (Chapter 5) as poss1ble mechanlsms
for malnﬁglnlng populatloh varlance and 1mprov1ng algorlthm

.__4_

performance.»jfg”“'

2 5 CONCLUSIpNS L | |

‘ There are many p0531b1e 1mp1ementat10ns~of the ba51c Hiiff7i7
.Reproductlve Plan, and many var1at1ons on problem b o
representation.¢ For unconstralned theoretlcally unbounded

L g AN

repreSentatlon has been selected, so that the semantlcs of jx}[jfa

5 9051t10n are Sttalghtforward.: @enotypes of s1ng1e7 =

*;,chromosome and two chromosome, d1p101d organlzatlon will be




.’.)

The goal of the experlments presented 1n the next three o

;chapters w1ll be to 1mprove algorlthm performance on hard

funct Wugh reductlons in the loss of populatlon
varl ‘;er 6 w1ll attempt to verlfy that a good '

‘;m is useful in the f1eld of functlon
a: robust problem solv1ng method.vl~:'

_ow1ng partlcular Reproduct1ve Plan w1ll bef-

\

eafter-;

o

'organlsms, n > 30, §bre generated accordlng tof

ﬂa un1form random dlstrlbutlon over the set S;d

r,-,; #,..,. e S

;Zn parents are selected by sampllng from a

Hdlstrlbﬂtloﬁ over the populatlon.l ThlS

Q,

Idlstrlbut1on reflects the relatlve fltness,

.,'S1ngle crossovers occur between chromosomes

“'.;leth a- frequency P 0;6 Mutatlon occurs
r:LIfat each locus w1th a frequency P 2 One

'“;u;offsprlng is chosen at random from each

'“*.iffia;'fThe Qld populat1on is completely replaced by
’ s the n offspring. fh.'
o k|

”;.fs}hbThe cycle repeats from stép 2 1w.ff'_}ff""'




CHAPTER 3

FUNCTION OPTIMIZATION BY GENETIC ALGORITHMS

"Jl. : AR . Toowm e L e ‘
L o = o B T LIS R
g The tharacterlstlcs of functlons whlch are hard to.;,?b"

\t"%

optlmlze fall 1nto four categorles. a Erlor 1gnorance, ;ffajf

. C . o

Nstatlc complex1ty, dynam1c 1gnorance,'and dynamlc

',uncertalnty (see Sectlon 1 2),, In thls chapter, many

‘features of statlc complex1ty are examlned and a set of«géggf'

;Ae}functlons generated wh1ch w1ll contrast the performance[bfj
H:fﬂlfferent genetlc algOflthm'1mp1ementat1°ns'- The

."'_restrlctxon of attentlon to features of- statlc complexlty. \!«;igtf
if5h°“1d fa°111tate the development ofoa'séﬁitic algorlthmlf'f@ﬂ,itf{
‘ffwsu1table to mathematlcal functlon optlmlzatlon., Th1s ‘f;if"
.ﬁ;algorlthm can then be compared to other opt1m1zat10n methods'gvﬁgﬁ
-iffor statlc, determlnlstlc fhnctlons.ffhf s BEERE

T I D
i .

‘I71?3 I8 DIFFICULT FUNCTIONS ‘ff:E*f

An optlmlzatlon algorlthm can be descrlbed 1n terms of

a“ifunctlon features 1t can, handle, features whlch 1mpaLr or

‘t

-.j;prevent 1ts operatlon, and featur%s wh1ch do not affect 1ts '5“:

'“:f?performance., A bglef rev1ew of ava1lable¥opt1m1zationvfm%’f;_
e § o ST
’Fljmethods w111 1nd1cate what some of these features may be._,

';g"hThe dlSCUSSlon of functlon features 1nvolves several
| ﬂf;mathematlcal terms which are defrned rn Appendlx A.» ForfijNf'ifi"

ff:slmplic1ty, optlmlze w1f%’hereafter be 1nterpreted as’ﬂIiJﬂ“v-” 2

‘3ff‘mmax1mlze . The results ame of course appllcable to

T

“ﬂ;mlnxmizatlon problems as well.,t'}:f}aﬁi fg;‘,l_f7.~"ijjviIt‘i?iif
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.

_ , Indlrect methods usually requ1re dlfferentlablllty _ Eﬁ
a. | a :
~_/and/or cont1nu1ty plus a functlon 1n closed form. Thus they
L o #_'__,/_.

N are not appllcable to functlons spec1f1ed 1n theefo;nrt)
.. E . . ‘ "\‘ /
e tables or processes.» However, Indlrect methods can opt1mlze

,' some constralned functlons, some multld;mens1onal, un1modal

‘l. functlons, and many multipodal, one dlmen51onal functlons. “fj‘;';f/f

?

“.,\ Random searchwpsibllnd to most functlon '?3_’ v;,;.['e‘
' . : ’ .'., ﬂ

characterlstlcs. Its expected behav1or 1s determlned by the ,}hf5

' 51ze of the search space, the proportlon of good 901nts in .

'», the space, and the number of evaluatlons allowed durlng

Sl
oo s s

S search.;_:f ", | |
T, Adaptlve search methods vary considerably in. thelr‘ff:;?i;fx
| ab111ty to cope w1th varlatlons 1n constralnts,*'" ‘-
- drmens1ona11ty,_d1fferent1ab111ty, and contlnulty.fshnf;}?f7'7

.d: general, trad1t10na1 feedback methods are approprlate to
.ifd un1moda1 functtpns only., Methods in- 1anear,,non11near, _Ffiﬁfiigif;g

v“elfx 1nteger and dynam1c programmlng are de31gned to handle E;Qﬁ?u:;sﬂ

LT : //
'lconstralnts.g D1chotomous and F1bonacc1 search methods are

3‘restr1cted to bounded functlons of one dlmen51on, whlle

R 51m11ar multid1mens1ona1 tabulation technlques (e g.ittﬁ"%

. H ‘_,,"

multlvarlate grld search) become unw1eldy for large numbers |

L Some feedback algorlthms are_des1gned“f0n unbounded’i#‘ﬁ;:y;,

'fgvmultldmmen31ona1 functlons. They reiy on str"&;unlmodallty

b

‘g{h:t{n the funct1on when depicted in Euclrdean spaceyhand thu/} 'ﬂ;ffilf

' —susceptlble tOJSubOptlmal rldges.: Gradlent methods flnd

,g the directlon of greatest SIOpe and fOllow 1t,f[,"”“""'“‘-



¢

| methods requlre dlfferentlablllty, although the der1vat1ves
| !
|

>

'/: " can often be approx1mated uS1ng multﬂple functlon

{",evaluatlons. “Direct search methods do not use der1vat1ves, |
but usually exh1b1t slgwer convergence propertles near the

optimunm than gradlent methods. . Q

Genetic algor1thmg represent a radical departure frhm

alt previous search~techniques.' It 1s necessary to
determlne the extent to wh1ch the “features of d1ff1culty

- mentloﬁ%d above influence or restrict their performanceg

, o
3.1.1 D1fferent1ab111ty and Contlnulty

.\\ Genetlc algorlthms operate on dlscrete representatlons
of funct1ons and do not use derlvatlves. As w11l be seen 1n

.the dlSCUSSlOn of modallty, gross: dlscontlnultles in the

-Euclldean representat1on of a functfon need not 1mpa1r ’

L2

algorlthm,performance,

'3.1.2 Constraints

s

The ab111ty of genet1c algor1thms ‘to opt1m1ze w1th1n |

hconstralnts hashnot been studled The s1mp1est way to

a wy

1ncorporate constra1nts 1nto the env1ronment would be to
v - e

“a851gn ‘very low values to organlsms which fall out51de the
‘constralnts. It is not clear whether thh presence of such

111ega1" organlsms 1n the populatlon would hinder or even

'\) o -
. destroy thexsearch capab111t1es of the algorlthm., Thisc .
2 ' N

would make an 1nteresting research subject, but will not be -
- /

g 'f'investlgated here. cen - o
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3.1.3 Dimensionality

The search performance of genetlc algorithms 1s not

‘affected by the Euclldean dlmen81ona11ty ‘of the function.‘

a

Due to the chromosomal structure glven to solutlon p01nts,

*\multldlmenslonal functlons have representatlons similar to-

'one-dlmen51ona1 functlons.t As an example, a p01nt in"three'
dlmen51ons is represented by concatenating’ the loc1 ‘for. each
—value. A functlon f(xl,xz,x ) defined over the 1ntegers

0<x, <63 i=1,2 3, will be optimized 1ﬁ exactly the same |

manner as a one dlmen51onal functlon g(x), where "ﬂ?; ,f‘//‘

e -~

| '“‘2 T - ‘ T //

X = 64 xl + 64x2 + x3,
X, = remalnder of x/641 -1 d1v1ded by 64 (1nteger
| d1v151on),_and _ ' '

(x) = f(xl.xz,x ).s

For any bounded ﬁunctlon, such a one-dlmens1onal counterpart

is ea511y constructed

Thelperformance of a genetlc algorlthm w111 be"
1nfluenced not by how many dlmen51ons there are ‘in the

Ddomaln of a function f(xl,...,xd), but by how complex an’

equlvalent one—dlmen51onal functlon g(x) 1s.

- 3. l 4 Modallty

Genetlc algorlthms have the ablllty to opt1mlze

-muitlmodal functlons ‘in ‘one. or more dlmen31ons (De Jong,

1975), yet some rather 51mp1e un1modal functlons cause them

great dlfflculty. . To understand why, ‘the questlon of

._dlmen51onality must be further exam1ned.

43



Let f(x) = 64x - x2 be deflned over the 1ntegers 0 to

63, £ is a parabola with one global maxlmum at 32; A
genetlc algorlthm, when trylng to locate thlS maxlmum, w1ll
o Very often converge on theavalue 31, never reachlng the |
v.'"nelghborlng\ p01nt 32. The reason is that the p01nts 31l.
' .(011111) and*32 (100000) are not nelghborlng in the blnary |
‘representatlon manipulated by the algorlthm. The | .

probablllty of generatlng 100000 by crossover or mutatlon

from a populatlon of good" solutlons in the range 20- 3b 1s

s

.-m1nlscu1e, and crossover between p01nt§'such as 31 and 35
_(011111 X 100101) w111 produce poorer offsprlng such as 5

7(000101) and 63 (llllll).

The act1ons of the crossover and mutatlon operators are:~‘

._dlfflcult to analyze 1n terms of one dlmen51onal Euclldean ;Hbgfw,

\\' :

. space.“ The exam1nat10n of a one-dlmen31ona1 counterpart for

;any functlon does not 1ncrease understandlng of how ea51ly

.'1t w111 be opt1m1zed by a genetlc algorlthm.f»The

D

Ly exam1nat10n of a mult1d1men31onal counterpart does.
. Let l be the number of loci used to represent xl,

1 1,...,d,,1n a p01nt in d-dlmen51ona1 Euclidean Space, and

, d . L v .
‘hf 2: Con81der an ‘L- dlmen51onal dlscrete space with
Soi=1 I T N R S ',‘ S ..*E o

.only two pos31b1e Values per dimen31on, 0 and 1.‘ Clearly,;

¢,a11 da- d1mens1ona1 d1screte, bounded functlons have many

2 P

such L-dlmen31onal counterparts.
oy L : A

The d1stance between two po1nts (xl,...( d) and

R _ R _ - , - e
o (yl,...,Yd) 1n Euclldean space is [2:(xi-y ) ] J_.In ther
5 _ Y i“l : E. L

o ) o ' A \\\



d.away.» When used w1th low frequency, mutatlon forms a A}M*iﬁ

flfmechanlsm for local search about a p01nt

'e::1n Hammlng space as the set of all p01nts wh1ch habe the k

: pofht to one of the adjacent p01nts one un1t

\
4\

v

' L-dimensional space'above, the.distancelmetric,is:Euclidean'

distance squared.‘hsince xi and yi are limitedito'O and 1,
\ N '« L

'»Z_(x —y;)? le -y X(l d .V)V,

v‘ i=) ~f*7 1—l »
where d ab’ (the Kronecker Delta) = 1 if a= b, 0 otherw1se.

Th1s partlcular k1nd of space is. called a Hammlng

space, and 1ts 51mp11f1ed dlstance measure 1s Hammlng

' dlstance.J A genetlc algor1thm searches the L- d1mensxona1

Hamm1ng space counterparts of functlons. Mutjtlon changes a'

uf‘ﬂc‘

' \ . o
Crosso@er 1s more compllcated Deflne a k hyperplanef*“

e
1/

!

‘1-same f1xed values for the s%me k loc1.v A k—hyperplane ca

dlgelements match For GXample. ‘one 2-hYPerplane in four A

1'be descrlbed by the pattern of f1xed loc1 whlch all of . 1ts‘5l

B the padtern '—1 0" 7"‘5 i;l_ ':?‘”o‘j' li} j‘ ..frp’g_;.,i,

. ]5501“ti°“l-. Although the apportionment of credlt to

\ N N

-

'determl_e which featugps, or comb1nat1ons of feature
'(hyperp anes), are respons1ble for good solutaons, ar d to - fi

recomb1 e sets of good features to y1eld st111 better_ -

ﬂ“hyperpla es. would be a valuable technlque for search

l

e 7f‘ . /'

45

£ dlstance d;h ;fci"ﬁ

“,dlmensxonal space is {0110 0100 1110 1100}, thlS set matches ';5,,

OnL approach to searchlng Hammlng or other spaces is to.‘f.””




) [_,the/populatlon M can be expecte

"Tgfut111t1es._ A genetlc algorlthm,

'7;fcapab111ty to search by means o’

" In L-dimensional'Hamming-space there-are 3l

46

'hyp%rplanes of 1nterest (the 0- hyperplane does not flgure 1n-__

| apportlonment of cred1t) L 1D order to 1dent1fy good
_hyperplanes, 1t 1s necessary to sample p01nts from many
?:hyperplanes. Each p01nt in the space 1s a member of 2

v»hyperplanes, however, so evaluatlng one p01nt y1e1ds

R ..

~1nformat10n about many hyperplanes. Thus 1t 1s poss1ble to

N

N

"jsample suff1c1ent p01nts to 1nd1cate the Utbllty of most

hhhyperplanes, but storage of the summary 1nformatlon about

‘,jeach hyperplane 1s d1ff1cult

Holland (1975) has shown that in a genetlc algorlthm

'ffW1th frequency proportlonal to :ts observed ut111ty he"‘

j'populat1on prov1des 1m211c1 st rage of hyperplane

therefore, has the,’” -

‘ fprov1ded that some mechanlsm for the recomblnatlon of

"*Lhyperplanes is employed ThlS is the purpose of crossover.l

to contaln each hyperplane?,?'ﬁf'h

apportlonment of credlt,;g :;°"

Crossover recomblnes hyperplanes 1n the populatlon. :in }.'

: f]partlcular, the crossover operator, described 1n

@ .

_Section 2.2.3, w111 keep closely llnked loc1 together whllej

};separatlng dlstant loc1 to effect recomblnatlon. As an

’;111ustratlon, con31der a four dimens1onal space.; An

71nstance of the 2 hyperplane 10-- may occaS1onally be broken?&_ﬁi“

by crossover between loc1 one and two, but more often -

'fcrossover w111 occur between 1oc1 two and four, to recomblneg

rvlt thh hyperplanes SUCh as | -—11 and»———O. An ;nstanceuof p“bﬁ

‘vﬂy» I./xfi_:gl

-



;,~the hyperplane 1-—0, on: the other hand,4w1ll usually be B
- destroyed by crossover, although it may be regenerated 1n s

the offsprlng from ‘a s1m11ar hyperplaneyo? the second "”

.e'chromosome. _

r‘ﬁw1th few deflnlng 1
“‘}f;apportlonlng credrt
":3.ffew, closely l1nked

ﬂf;idlstantly 11nked lo"

\”for of small sets o_

The operatlon of the genetlc algor1thm does not _f
preclude the evaluatlon of hyperplanes contalnlng dlstantly

.llnked loc1.. However, more recomb1nat1on and evaluat10n"~

: 6" o
ﬂw111 occur for hY?ﬁrplanes w1th closely 11nked loc1. In#sg~

”

‘general too, more evaluatlons w1ll occur for hyperplanes -

c1 than for those w1th many.,-
A genetlc algodlthm w1ll be more successful 1n

for performance to hyperplanes w1th a
loc1 than to hyperplanes w1th many or }’?3

»

i; If good values for a funct1on can be

fattrlbuted to the r

ﬁloc1, then the genetlc algorlthm should

”"be able to comblne,the 1ndependent effects to produce an L

v'{j'must be d

'ff.Hammlng space. In terms of the Euclld_i

u

‘popt1mal solutloh. If credlt cannot be allocated | -
hlndependé tly to small, close groups of loc1, then there
Qpendencies,_or nonl1near1t1es,‘between large
.'numbers -of fpci or’ dlstantly l1nked loc1.» These g
ffnon11near1t1e¥ could 1mpa1r algorlthm performance.:l‘
‘ A genetic algorlthm should be effective optlmlzing

"functlons whlch are linearly 1ndependent ov_rfthe loc1 1n

n space over whlch
* the functxon may or1ginally be def1ned,_'ounds are

”1gnecessary, dlfferentiab111ty and d1men'iona11ty are.dw

dependent contrlbutlons of each locus, };;‘jv:”



'ufﬁfof presentatlon. {;d*?w*=~7“Wﬁ"

3 2 DESIGN os' EXPERIMENTS

"5igenet1c algorlthms to other methods cons1stedxo'f

.‘/

zunimportant and dlscontlnultles and multlmodallty do not d .

- restrlct the algorlthm, but must be v1ewed 1n llght of thelr
"feffects on the nonllnearlty of the ﬁunctlon 1n Hammlng
*space.»i- ,i | |

Slnce mult1modal1ty has been the bane of most

)

’Etradltxonal opt1m1zat10n methods, the ab111ty of genetlc ;]'7‘

;f?_algorlthms to optlmlze multlmodal functlons may prove to: be

V‘the deve10pment of genetlcfalgorlthms for multlmodal

f“eﬁfunctlons«wlll be unconstralned but bOunded.- Most w111 be

"H;Jone d1mensxona1 in thelr orlgxnal representatlon, for ease

L :i K

The experlments to test features of and to compare

’z'or more

Ay .‘

'Qfdalgorlthms run on a set of test functlons., In order to

\

Pfjldentxfy 1nteract1bns between algotlthm types and fu“°t1°“s'

' ;qa factorlal deslgn was used, for all expetlments, w1th

oh

v 7f1analy51sﬁof varlance for main effects and thelr ?a'ﬁj?fﬁfh:iﬁ’

‘7f:;1nteractlons.»,m;lu;ffhg riﬁd*?'sfdidff~;,}' f'f$:f'if’h.f;h¥?

F-ratios were def1ned as the mean square of effects

- ~Tover the mean square of an error term, or

MS{A X B)
PR Ms(error)

,hfSome of the experiments involved repeated measures (all

F(A x B) =

:‘;factors listed after the repl1catian factor 1n the'i;fwff

1

SO _ R _
frj-thelr most 1mportant feature. Thls work w1ll concentrate on

' Tﬁfunctlons, u51ng test functlons whlch exh@blt varlous locus ;1:'

' ﬁﬂgdependenc1es 1n the1r Hammlng space representatlons. All f:



'*!;Downham and Roberts (1967), toingVId ;







o Onllne performance was also monltored as an a1d

SR

'performance, or the max1mum functlon value ach1eved on any

o

_yevaluatlon up to the termlnatlon p01nt, because téls §@ems

'fto be the most 1mportant measure for functlon opt1m1zat1on.v;‘-ffijfa

;funderstand1ng algorlthm strengths and weaknesses. Of’llne y

*'Q.values.\,}“‘ffg_fhfg}iefﬁ;VQ_if;iift[“f‘”

For those exper1ments concerned w1th changes 1n-fgﬁrfig
((‘ ‘

¥‘gjpopulat1on var1ance, 1t was necessary to formulate possible

fﬂf"measures of varlance.a Let a populatlon contaln chromoSomes

'5fjfposslble at each locus. For each allele a 'at locus 1,;.

;fil:fﬂ.-'*j}_. 3=l

.=

”fﬁjof length L w1th B alleles (for base,.e g.;blnary; dec1mal)

J .

*p_ —l,...,L,1g—1,...,B, let h be the proportlon of &he

i‘ugchromosomes 1n the current populatlon wh1ch contaln alJ

F1xat10n of loc1 1s measured as the proport1on of loc1
””1wh1ch are homogeneous for one'. allele, that 1s,,for'wh1ch the_f}-fﬂff

“f&populatlon has converged completely.-~ldﬂ'

.- . L »»'; .v.‘\”; . 1.-—
leatlon f 32_ 2:

- ‘=‘,
L : S

0bv1ously(§:h 1 for 1-1,...,L.; Therefore the hlﬂ;”'*i T

average frequency of alieles h LBE: E:h.j~1s,u




\.@“».

V,The"sample;varﬁance of the. allele frequencies.is computed as

' © - Variance of Frequency =

| :fleatlon 1nd1cates how many loc1 havelreached extremesf
ﬁf,vof allele frequency, whlle varlance of frequency 1nd1cates e

the amount of varlatlon of all alleles from the frequency
‘value assoc1ated W1th hlgh populatlon var1ancep” It may alsoq’;

'be useful to detect the degree to wh1ch one allele is

& -

dominat1ng a locus,yln other wordsp,to measure the amount of]w_ SR

convergence at each locus.a For thlS purpose, the average

‘?Evmaxlmum frequency 1s def1ned asJE

‘max {hb }Lk

Average Maxlmum Frequency 13

-,n,,jts, {'_1 J =1, B

ff;{To determ1ne whether all loc1 are converg1ng slmllarly, the 8

5

Sample Varlance of max1mum frequenc1es may be used j'f} ,ng;yfq;~,

D L B N s
f-}xVa?ianté_QfﬁMaXimumnEféqQéhéy.#ft§f”l(xméx*fhiJ
B s SO IREE v B b L SR

"*héféfAﬁF%is?fhéﬁAVefa9é?Ma#imuﬁwftédqéﬁéY;“f5 .

’“ft3 4 TEST FUNCTION SET I

The set of test funct1ons des1gned for Chapters

Q :

and Sltf;%f},,

wlaare deflned over 230 p01nts with one global maximum of vaIUEFfiﬁ;'

100 (or nearly 100) The set includes functions whlch in ;Qlfd**ff*

Hammlng space are llnearly 1ndependent, and functlons whlch @;13351 o

have closely’linked and distantly lluked dependent locx. geﬁi;flf5l‘5

-L




"fh:hp01nt in. 30 dlmen81ona1 Hammlng space. e

'Hffspace., It should'be very easy for a genetlc algorlthm toeTfl
; ”{foptlmlze.; The eq01valent one d1men81onal funct1on §3e 1sfti=’5"t

_;geshown 1n Fzguge 3 1,42,

'f“3 4 .1 Functlon 1 | | - . =
' Deflne H*—-(hl,...,h 0) as’ the p01nt (1,0; o,...,0),

,hlil and h “0 fOl.' 1"2'00.,30 Let X = (xl,ooo,X30) be a

rd

’ugwhé;e{d 1 1f a b 0 otherwlse.

T Max1mum' fl(l o 0,...,0) --100
Euclldean space modallty an equlvalent one
dlmen51ona1 functlon, fle, over the 1ntegersj”"

30

[0 2 .—1] would have 2 (5 x 10 ) peaks.

fl 1s 11nearly 1ndependent over the loc1 1n Hammlng f};fa7p[:_'

?;;"“5‘ i

35;;&3 4 2 Fune21on 2 ! | v
‘ Let X —~(xl,...,x30) be elp01ht 1n 30 d1mehs1onal
-“thHamhlng sPace.h Group the terms x1 as follows.;1fif§¥f;fupiifi$’?ﬁigf
: G i {xl'xz'x3'x29l!3o} 'j5“e;;}ii;shifé“§%syitf |
| hhih;s {x4'x5'XZ6'X27rX28} EORT
;,vfpeléia {xs'xll’x 8,x22,x25}
"hé {x7'“14'“17'x20'x24} _
'ffe{ﬂfi»Gg {x9’x10'x15'x21'x23} _ ffheji;ffgf;fg;f2§}7sfe:f*
T j"4= {"e"‘lz""m'x 6'x19} ,fl£h3;§f;;°f5f?fi,{hiifp’”
) 'Defibeﬁthe alue v of each group for a §1ven x on the basis

»{;gfof the number of l's occurrlng in theggroup.; For 1-1,,.,,5, s_;_”fif
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- number of 1's'in Gy 5 4.3 2.1 0

“‘value-Vi:h30515'folchiO'ZO

. Then~ ',’17-v7"_ vf'- ¥ f“; S

f2(X) —80 + E:v
'«*_h;;;;_, Maxlmum-'f(l 1,...,1) = 100

Euclbdean space modallty. An equlvalent one

dlmen51onal functlon, f2e, over the 1nteoers

10, 23021 would be’ hlghly multlmodal.»»vn |
f2 should be uery dlfflcult for a genetlc algorlthm to
Aﬂ optlmlze. The loc1 1n each group are: dependent and located

'”fall over the chromosome. Tﬁe equlvalent functlon f2e 1s S

3 4 3 Funct;on 3
| The next f°“r fu“Ct1°n$ are. F0ur1er ‘sums. deflned on. one‘f

igp for the integers. l0 23°-11 R

B ey e smwm +m St D
SREIR A IR ﬂfv d=23 T .,~=«7,f¢;]fff?5[}2rfirf
for c; = 31 41177, 31, 41177 31 41177 15 7058853, . o

a

15 7058853,

‘f5h7058853 15 7058853,,1=23,...,29.,;,};i;f£’""*

“x”fximum~-f3(1001230000) - 100 0

L Euclidean space modality.~ (64) peaks.irfihfdrﬁ’hlﬁh‘w
‘%iidQ;LIEach sine wave in the sum for f3 1s constructed w1thr
perxod 2“'1 and flrst peak at 3 21 1, s0. that if locus 30 -i

'? 1s 1 the evaluat1on for that sine uave w111 be superlor to
when llf“s 30—i is 0._ Thus in Hamming space f3 will have

even important, but independent,<loci grouped‘at one end of
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, 'Figure 3.2, Function f2e, ‘ o
/ for 0 < x < 1073741823 . = =
o (5000 points plotted)



‘the chromosome. £3 is shown in Figure 3.3. - \-

©.3.4:4 Function 4 . - o
S f4(X)_=  cy sin(w(X/27+1)) -
for “i=1, 5 10,15, 20, 25, 29’ and cs = 20.05259, 20.05299,
20. 05259, 10. 026295, 10. 026295, 10.026295, 10. 026295

Maxlmum‘ f4(788053000) -\lO0.0

29

Euclldean space modallty- 2%7 (5 x 208) peaks. °

'f4 is 51m11ar to f3, except that the 1mgLrtant loc1 are
w1de1y dlstrlbuted ‘on the chromosome. 4 is shoyn in’

Flgure 3 4,

13-4;5lFunc€ion 5
e 4 A' ,n/f 5 &@.?%f‘a ’-i o | V:A  k.
N £5(x) = z;?i'SInKZWX/bi)

for ¢, = 26343867, 26343867, 26343867, 13.17193, s,
13.17193, 13.17193 and b, = 53%, 117, 195, 137, 415, 512,

7, 1"1,00-,7. .

T

17 |
", Max1mum° f5?1051130000) -~ 100. 0
Euclldean space‘modallty' approxlmately 68 peaks.

The perxods of the 31ne waves 1n £5 are odd, relatlvely
24 30 .

/

. prime, and in the range 2 to 2 Thls means that there -
wlll be a set of 1mportant loci wh1ch are dependent and
closely linked at ~one end of the chromosome. f5 is shown in

‘Figure 3 5., k' o I ‘.g.’° N
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‘-o}f.chromosome.;fG is shown in F1gure 3. 6. e;hi i

: - - "6l
S .

. 3.4u'Function 60— .
ST e
6 =) c; $-in(_2wx/bi,) o
o i=l R, ,

"for c1 = 20 4052, 20 4052 zo 4052, 10. 20291 10. 20291

10, 20291 10. 20291 and b 31, 133 75 434, 534, 177

T

)

e, |
”»5'ff Max1mum-~f6(240780000) ~ 1000
s Euclidean space modallty approx1mately 2 /5
3 (l l X 10 ) peaks..if}fpff~ f : ‘
As 1n f5, th 51ne perlods‘are odd and relat1ve1y

§f:pr1me.: The w1de nange of perlod magnltudes should cause R

: fdependen01es between loc1 dlstrlbuted over the length of the ylfi:ff

"..a
.'\

BRI 4.7 Functlon 7 LR (S e ~»/a Do

lc'LEt Y = X/230 for any 1nteger X iin the range [0, 230-11.,,f,7*_7” i

f7(X) 1oo (1-y) s1n(16ﬁ(Y+ 05874169672) °25)

A
S

Q*}h Maxlmum- f(O) = 99, 999985 -f7“"
' Euclidean space modality-ie peaks.

'd‘f Function 7, a’ dampened Slnuled 1s 1nc1uded because of

S ’gﬂ.’ )

-f~1ts difEICulty for all opt1m1zatlon methods._ Its lack of a

S - . S
l_regular period should 1mpa1r the performance of a genetlc ,'5 s

“hpalgorithm. f] is shown is Figure 3 7.

,,,,,,,,,
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<

.'q‘functlone, and - Functlons 2, 5, 6, and‘7 as functlons on;
- whlch algor1thm performance can/be 1mproved | 4
B The varlance measures for the genetlc algor1thm‘;
1J$:populatlon on each of the functlons are g1ven 1n Table 3 2.
»°'?Var1ance’of Frequency parallels Average Maxlmum Frequency 1n
.Elndlcat1ng overall populatlon varlance, but dlsplays smaller_q]
‘ff;ldlfferentlals. Varlance of Maxlmum’/xequency exh1b1ts a’
iaiynegatlve correlatlon'to Average Maxlmum Frequency.; ThlS :fa;cinff‘;;
_Lfi:should be true whenever the Average Maxlmum Frequency A
Qﬂ;;approaches one._ Average Maxlmum Frequency and leatlon seem gfqu
fﬁito prov1de the clearest?neasures of populatlon varlance;-fclwfi'
: The overall best performance of both algorlthms 1s ,fﬁﬁ:“

aplotted agalnst t1me 1n the graphs of F1gures 3 8a through

3 8c.j In all:c ses excypt'Funct1on 7,Athe genetic algordthm

'_ had locate ‘1tsbbe8t value after 5000 t’ SOO'functlon ,?fj~?jyé¢;¥

'On‘Funct1on 7 the algorlthm reached a/plateau 'W,§;§;

about 8500 ‘eval@tions.

— The Average Maxlmum Frequency””fvthe gen”t’c algorlthm'iy"

h
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}TI
i

'Table 3 1. Experlment 1 Random Search vsL Default Algorlthm.w .
Overall Best ‘Performance after 10000 Function Evaluatlons :
: ' (results averaged over 10 runs) s :

" Algorithm: - Random Search Genetlc Algorlthm
Function: . ° " . : :
ST Vesaa00 - 99.400
S 037.5000 - 057,000
99,987 - 0 099,466
00926561 o 984763 &
.99.988 -+ . 90,194
092,962 0 89,016 . -
£ 99.860 . .91.655 .

SN NGRSt X

Al

.J‘

-ffSource of Varlatlon >aJJ M S.:;;D F. F ratlo S1gn1f1cant

* Function #ﬁ-«jﬁ,}f[i' 1 6606.00 6 2450 . AT

© Algorithm - ‘”'“”'“”'. 789.00 . 1 .,24 9 7"*5;5-3"”s7'”-‘"e
- ‘Function ‘x Algorlthm 1117 <00 6 sﬁf.35:2gf ‘eaj*:ﬁa*u*-flm'ﬁ~ v
'Within'Cell S 27.00 631 T no T T e
;76Algor1thm X Wlthln Cell ”31_71jg463.geya :

j}*Table 3 2. Exper1ment 1 Random Search vs. Default Algorlthm..g-;- o
“ pPopulation Variance for’ Default Algor1thm : T
Measured after 10000 Function EvaluatlonSf‘VV
: (results averaged over 10 runs)

L s T *. Proportlon Average § Varlance of }ffjfjfjfﬁ;
~r¢—Measure.u Varlance of”“,; ~of = ‘Maximum ‘Maximum Le
2 ‘ Frequency leatlon Frequency Frequency

5”;Funct1on.' U T Y ;,v;~;*j¢
A 'il;ﬁ fag77?’l;ﬁjrif;ngff*ff ge 0050
3 g0 g S
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3. 6 EXPERIMENT 2: POPULATION SIZE AND MUTATION RATE R g

l)

De Jong (1975) constructed several experiments to .
evaluate the parameters of populatlon s1ze, mutation rate, |
and crossover rate.A Hls performance measures, however, were"'
on11ne and offline performance, w1th an empha81s on online._
For superlor online performance, ‘the random element of
h mutation was minimized Experlment 2 was performed to test
~ his results for mutatlon rates under the measure of overall
best/performance. Slnce levels of mutation needed to

3

ma1nta1n populatlon variance are closely tied to population
\\31ze, popula;ion s1ze was 1ncluded as a factor in-the -
'n-experlment | g R S .

Genetic algor1thms w1th populatlons of 50 100, and 200
were run ?n/?est Funct1on Set I. ‘Three mutation rates were.‘
used 0. 001 (De Jong' s optimal value), which 1s gL for

-200 0.01, which is & for n=100, and 0.02, which is 1
‘ for n=50.. The experiment factors were:

1. Function (1, 2, 4, 5, 6, 7)

2;:'Population'éize (50; 100, éOO)v-@

l. Replications=(4)

4.~ Mutation Rate (0 001 0.01, 0. 02)

The results are given in Table 3. 3

The two,factor 1nteractions listed are easy to
understand. The 1nteract10n between population s1ze and
mutation rate supports the theory that the mutatlon rate

needed to maintain allelic variance is inversely

proportional to the. populatlon size (Holland 1975)

@



Table 3 3. Experiment 2 Populatlon Slze and Mutatlon Rate.
Overall Best Perfdrmance after 8000 Function Evaluatlons

(results averaged over 4 runs)

‘.Popuiation K

Function - Size |

-.100-
. 200 -

100

200 .

e 200
55 "50'
LS., 100
. 200

1000
200

100
200

SOutce~of Vatiétidn1
/ . o

LFunction' . .
Population. Slze RN
- Mutation Rate. o
Function x Pop. Size
Function x Mut. Rate
Pop. Size x Mut. Rate,
Function x Pop.: Size
X Mut. Rate
Withln Cell .-

Mut. Rate x Within Cell

‘Mutation ‘.
~ Rate
L0011 .02
100.000 - 100.000 92.500
. 1002000  98.500 - 97.000-
~ 1000000 100.000  91.000
60,000 61.250 . 66.250 °
60.000 - 62,500 65.000 -
©67.500 $6.250  65.000
98.538 98.368 . 98.678
98.844 '~ 98,333  98.306
98.841 . 983653  ~97.186
89.079  96.432 91885
.799.999 99,990 99,998
99,998 99.445 99,993
89.281- 92,736 ' 95,043
92,433 94.481 . 93.873
 '96.420  95.122  95.534  °
190,504, 99.993  99.960
©92.180  98.391  99.910
1 98.093  96.404 - 99.966
. MeS. D.F. Poratio significant
6695.00 5 305.00 s -
115,500 2 5.26  _#
35,75 ¢ 2 2,21 ©
4216 10 . 1.92 -
 61.83 10 - 3,82 =
47.81 4 2.96 .
1252 20 . Timm
. 21.96 54 T
16.17 108
: Lo ."\
'.'/"l
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‘ .

o Functlon and mutation rate also show a 51gn1f1cant )

interaction. ‘A high mutation rate 1mproved performance on o

L'the difficult functiqns,_ h11e degrading performance on the -

'easy functlons. Introdu01ng more mutations pushed the _ c

}ubehav1or of the genetic algor;thm towards that of random \\\ :
search. "\\
espeC1ally was 1mproved b t 1t is clear that mutation at a \\

,populatlon of 200 was su erior to- those of 100 apd 50 1n. $a;

\\;

¢ oo

/

,?Apparently this de eterious effect’ canCels the improvement

in performance of the corresponding 1ncrease 1n vatiance.

The significince of population 31ze may also be the

M

result of varlatlon between runs in the experiment. ﬁAs

:JPOPUIation size 1ncreases. the 90pulation variance L ';f

]

increases, but the expected variance between replications at

one population size decreases. ThlS effect may pre]udice ~A

\

the. ana1y51s of variance/somewhat..

i

Table 3. 5 charts the fixation behavior 1n Experiment 2.:7‘

*For 100 or more chromosomes in the population, fixation 1s

b rare to nonexistent. Although great differences in variance.
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‘ _Table 3 4. Experlment 2 Population Slze and Mutatlon Rate.

Average Maximum Frequency after 8000 Function Evaluatlons
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“g;200sx”“
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S0 100
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"Functlon c o

_ Population Size
‘Mutation Rate ~
Function x Pop. Size .

- Function x Mut.
. Pop. Size x Mut. Rate:
. Function X. Pop. Size
~ Within Cell S

Rate X Withln Cell

Rate

_Rate

U100
- 200

Cs0
100

S99

Populatlon R
Slze

.01 -

- .960
- .872

945

,;g-

ot R

R} O
7 .850

v”.741

| '9‘2%‘
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I 760‘-
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‘:”f;969f5_;
L e 944
.888

L9719

. f.es5
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825
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738
e

(results averaged over 4 runs)
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|  _Table 3 5..Exper1ment 2 Populatlon Size and Mutatlon Rate.;
o ' leatlon after 8000 Function Evaluatlons .
(results averaged over. 4 runs)

=k

, Populatlon _ Mutatlon ,f»}giafif-
Functlon o Slze e ;yﬁy~ff~- Rate RIS e
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‘rnm reflected by th1s measure.;

{;icpopulatlon of 50 and mutatlon rate of 0 001 are olearly

‘“-E“used 1n the next experimbnts as well.

'7j;3 7 coucrusrons

1e¥fHamm1ng space, two of the funct1ons are linearly 1ndependent

t;3}(1 and 4), one 1s has seven clOsely linked dependent loci
'”{ifundoubtedly nonlinear.

{fﬁj search,_but was. worse on Funcgions 5 6 and 7.. Overall

-}and mutatlon rate of 0 001 are preferable, whlle a. .‘_'

<{,1nferlor,, ThlS 1n no way contradicts De Jong 2 findingsf as

"‘fiithe online values for Experiment 2 show (Table 3 6)._1,}]'3

"flalgorithm w1th pOpulation 200 and mutatlon rate 0 001 arefi*;' _ﬁffl\}

S

o

,‘«plotted._ It appears that w1th the p0351b1e except10n of ;i; fff;{”“y
'Functlon 6, the algorithm has reached a plakeau by 8000 BRI

iiffunction evaluatlons.ﬁ Therefore, this stop p01nt will be.;: :

'imultimodal functions and two 30 d1men51onal functions.‘.ln»; :,fﬁ

l{'(S), two have distantly\linked dependent loc1 (2 and 6), and e
'Trjjone, the damped sinu801d (7), is difficult to analyze, but '5” J:Qﬁ%f
:{best performance on Functions l '2, ané 4‘than random

‘Vlﬂffbest performance was improved at the expense of on11ne ff';fb,*”i‘”

.?cG*Performance by increasing Populatlon 31ze to. 200.~i;f;55

st1ll ex1st 1n theseqpopulations, such differences are not

Sy R

| f For overall best performance, a: pOpulat1on s1ze of 200 'X-,”:» U

In Flgure 3 10 the overall best values for the

R
S
ORI 2

Test Function Set I con51sts of four one-dlmens1onal _ o

The default genetic algorithm exhibited better overall

\f_\t

i.

LSy




Table 3 8 Experlment 2 Populatlon Slze and Mutatlon Rate. A
0n11ne Performance after 8000 Functlon Evaluatlons ;-’,-j?ﬁfu,;g
(results averaged over 4 runs) S P

SR : s Mutatlon
- Function Q> Size ‘h';ﬁe-f[,ﬁjvej£ Rate

©79.60. . 66.51 52, 9o;f;;g,
o 69,627 . 58.83 149,30 .0 ot
0 57.05 -0 5013 43,67 f .. 0

71{;7?}'fﬁ“f52*"j;jffﬁfi501";ff}'40 397 . 23.80 10418 . T
S 1000 28,79 0 18,100 0 8076 - i
‘;Z;ZDOLQ;QIf.10-24'°fﬁf;2 4313j.:f3 62*1«'*»“

B R ([ G £ 38~_f;160 28;,-1'52 05 AT
Son e 200 6l z3,.;-¢52 42 46,10 Lo

S 100 ‘}T_fxsz 82;»1;158>41;n,_162 33;,,,.;.;;;_.>

'f~f'58~34ff73e30§96~f7f113.45,Qﬁfg.}*9'
o, 43,07 018,617 -11,78-
2335 (15096 1105 o

~ 8007 70, BSJfHM,51§95?477*'?"“
a0 70200 g0 sL73
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Functlon ‘T'i'\'"y; 15900 0033 eS.f 70 00”;Vr“?1_r,,m-“T;g{_u;;r
“.Population: Slze o 5359, 00;*'52[3{'1&2 00 s
-Mutation Rate © 9218.00. - 2 -'507.00 -
" Function x Pop.. Sizé&" 117,50, 10 . 4,21 -
' i PFunction x- Mut. - Rate*:, 579, 30+ 10 - 13,19
.7 Pop. Size x Mut. Rate 336 60 " 4 18,50 -
B Functlon x Pop. Size . ,' SR T
L X Hut. Rate 37 73ff"
PR Within Cell S 27 88~ \ L el e
‘V;.Mut. Rate x°W1thin'Cell 18 17 108;.;éfﬂjaf L

* o oW u;f-
>3
4




, Function Evaluations’




”ige CHAPTER 4
PARENT SELECTION

a. genetlc algorlthm 1s usually

:"1 Parent selectlon}f%

accompllshed by 1mpcs1ng a probabllity d1str1but10n on the

zpopulatlon whlch reflects the fitness of each 1ndiv1dual

:-fThe set of parents 1s then obtalned by sampllng from the

fj]d1str1but10n.‘ Sectlon 4 l dlscusses the formatlon of the

o fodlstrlbﬁslon.( Sectlon 4 2 studies the problem of accurate ﬁ:f.;xﬁ

‘hzsampling._;wnl‘7"i'%5, - el L T o

”“flbcoNSTRUCTING THE PROBABIQITY DISTRIBUTION

R

;;inclurcual_s;relat;ve fitngés' or pi .\Eziéi;ff?%;h;;cg;,,
ey G
-f(lljabove, but will satisfy (2)

NG 4

_cn-negative.: A fitness value may
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In ordeT to create a distribution whlch reflects "Efdgﬂf‘"#

h_ relative fitness, 1t 1s necessary to define a base, andffffj}fﬁ'

f(s ) base f7fi

2_ [f(s) base] |
's€M . e .:-"

'"'If”f(s ) > base for i= 1,...,n, these p w111 form aivalld .

probability distribution. 0bv1ously, 1f base.

31mply relative fltnesses_ “;?4?;,

?”Since the range of fitnesses encountered;1s;dependent_ffbm
ifﬁ on the function being optlmized a fixed base 1s 1mpossxb1e

w1thout a grior knowledge._ Instead the genetic algorithm

should define a base at each generation such that

f(s ) > base for the current population.'h

o

base lS the worst fitness value 1n the current population.

One ch01ce fow: -

This wouId be the larges? base possible.. Another natural

f};f;:f eh01ce 1s the worst value over therlast k evaluations, for B
any desxred k > n. Finally,vthe worst value over all
evaluations could be used. ,_,f'b L £

Let T be the total number of ind1v1duals evaluated up

‘;fojﬂ‘ to the time of creatibn of a distribution.: Let T be the:’f*ﬁijfn

maximum number of function evaluations in the execution of

the algorithm (T is not necessafily known).» Then the s

. S el

'7ngja» choices above reduce to ﬂ{i~;-fj_fjf1j@f‘xg?l

where J = max(l T+1 k};and n <_k < Th * The ch01ce of k |

)




'?ygﬁgadistr1bution.
, :*Uathe distribution as closely as p0531b1e.

v'flow utility are sampled too often,ASelection according toi

}':fVJ values_of'k}

' '“ojﬂClearly, a" sampling method must be employed wh1ch is;fjfgidffThﬁ

'ﬁ?3accurate
'fliterature’(xleijnen, 1974 Burt, Gaver. and Perlas, 1970,;gf§{{}{f~1

[

Lsaved.{ If k , ‘max

mal"talned',fggf_fr*"ﬂ

' aIgorithm history 1s conSidered 1n adjusting the fitnesses.f~

>

¥

k < T 1s proportional to ; Evaluation of the base

occurs after each generation of g new 1nd1v1duals, so the }

_".'.n“va‘l»:

The space needed for storage of the worst values for -t;ig;_;,w

worst values for 5 succe551ve sets of g evaluations must be ﬁﬁﬁ

L ,»?3*17' o R
In Section 4 3, genetic algorithms u51ng the extreme

n (the base 1s the current population worst)

: (the baseiis,the all time worst) will be

fffthe set of parentsmis formed by sampling from the

It is important that the sample taken reflect

If 1nd1v1duals of

*"nyoversampled, premature conVergence results.a_-'°“

CRU

ampling methods are availabf% in the_t

; only the worst value overall need be S

4 2 SAMPLING FROM THE DISTRIBUTION _f;};{jj;ﬁ}ﬁQT,;ﬁﬁgwy]s}f;«;w;x,
:wance the probabllity distribution has been constructed, ‘rfg;;;~;

‘frkfffitness is impaired If individuals of high utility are ;;‘}_MT*'

"Hammersley and Handscomb,_l964 Kahn and Marshall, 1953),f?fff.f£i9*-’

Most of these define accuracy of sampling as reduction of i[;]‘rfj-hgf
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e T

R T »'., SE BRI
: varlance. Before comparing the effects of several sampling
7vmethods on. genetic algorlthm behav1or, it 1s necessary to.
T

o define accuracy of sampling for the parent selection s

'process. i '} . .'v. . n~‘ B q¢< “ :';_, .

2;;er54 2, 1 Measures of Accuracy 'f'rlftfl;h;':f;.ﬂ: ﬁf{ ;‘.>\\: .
R As in Sectlon 4. 1, 1et p be thevPIObabllltY °f S
;“Zf se}ectlon of 1nd1v1dual sl 1n the populatlon,_ -l,..~,n-;;y
ﬁffFor ease of notation,‘let m #V . be the Slze Of the sample
z'f:to be taken.. Let e be the expected number of times 54 will
i'atq7‘occur 1n theISample.i Idealiy, s shou;d be Sampled mP

?§<ﬁ$gfLet f be the actual frequency, or number of times,._ifisgfwi L

a

ﬁtﬁ;fSampled by a given method SM.; Then ﬁ 18 an estimator for;*.f.”"”i

o

The frequency of sampling of each s 19‘ of maJior
“7f3f1mportance in a genetic algorithm., For this reason,

VT:ffigsampling methods should be analyzed for the accuracy of

\

1"kthe1r sampling frequency estimators, rather than for the "

S e TR AU b P
'A,u_nal acburacy of the mean estimator. U T L R e

The accuracy of an eetimator fh measured by bias and ".;;g[;;~~

V%I[f%l F E[f - E[f ]]

g An accurate estimator minimizes both bias and variance._;h,.,._m




. . ' oL, L o > - . Voo »
N 5 . A s . B - ) o ER - - B . B E ST
: IS : . .. o ) S T T B : o : y
. R P . - A - R N . e : s

‘ It will be hard to evaluate sampling methods 1f n

estimators are measured separately for b1as and variance. N
1 e
The biases of the/f can be summed to give the bias of the'-i“* - L

“e .w'“ R

methOd' ;«J“ : B R T
,fﬁ-“;'dff)fgni bias E:bias[f ],
"f‘and likewise for the variénce'Ql*ﬁ'wﬁihaiTV" S e g
o ,lit'f"ﬂ i i"“vt“ﬂi'i*:fﬁi"ff"f?i":d ety
SE e dm T

- - : . . I .- : e e ".,.b
' Fpr a general measure of estimator accuracy,\b“yever, b1asq§<,;¥_“95j'

and variance can be comblned 1nto mean square error'

: ,’g

HSE[f ] = var[f ] + bias [f ]

'ﬁ"ﬁirhis mean square error will be used to compare sampling

'?5kifmethods for genetic algorithms, but bias and variance w111 i

*”ibehconsideted separately as well._f,ifj,g?il:?-i;5wb

~“44;2 2 Stochastic Sampling w1th Replacement FERR

The simplest way to produce a rando”

R

;ifprobability dishrlbution is by stochast‘ or“honte Carlo,bﬁ,

:*ffsampling with replacement.w First, the cumulative_;iri

fi'distribution is compute:pleaCh sample element 1&fthen

- fffobtained by generatlng a

lniform random_number between 0 and




L o \
cumulative distributidn. (. . : \

Let random() be a functign generat1ng unlform(o 1)

numbers. Assume that the sample is to be placed in random -

'order in sampleJl i=1,...,m. Stochastic sampllng w1th

replacement {method S) is displayed in pldgin Algol 1n

~F1gure 4.1. - SRR ' \\‘\\

. ,A..‘ bevg;bn mgthOd s .~<«r"~-_£;'. j)'j_/ ,_ L "b_'*}. R TN 1 , "{ Y “‘.’_ B e e

cumdist {1) = p(l)
for i from 2 to n'do
cumdist (i) = cumdlst(l 1) + p(1)
. enddo o , o
for j from 1 to m do.‘ B
r = random() S . »
for i from 1 to n do o ' '
- Lf r<cumdist (i) then breakloop endlf
enddo - .
sample(j) =i
= -enddo I
“end method S. - .

RN

-Figure 4.l., Stochastic Samplihé Method -

LR

Under stochast1c sampling with replacement fi hae'af
binom1a1 distr1but10n, or . -"“ ’,“ ' - L
DRy = )piy(l-nl)W_Y " for'y = O,u..,m.

Then_-7 1 C _ @ - S

e, N ) v . 5d

Pj <§§ L

bias[fi] = 0

E[f ]

,_Varlfil’? mpi(l‘pilf T
& & e
MSES = mei(l-pi) = Z i(l__m%) . R
i= i=1 - .

Stochastic sampling is unblased Its.mean squaré’érrbr‘is

| composed,entire1¥>9f variance. [



C ok

_”“4:2‘3*Deterministic Sampling g | .
The Eollowrng determlnlstlc technique has been referred .
to as the "flxed sequencing method“ by Ehrenfeld and |
-Ben-TUV1a (1962) and ilso as “selectlve sampllng by Brenner
Ceed., - T o
For'each‘point_i, the‘ekpected sampling'frequencyf.
= mpi'is cOmputed,';Eachlpoint isfallotted;samples

& |
MR according to.the‘integer portion of‘this frequency'fOr a
u.total of W.<m sample ‘elements. The n p01nts are then
,ordered so that the fractlonal parts of thelr expected
_frequenc1es‘are.monotonlcally decrea51ng, and the first
"R'F’m—w p01nts are allotted one more sample element each to
_“yleld a total sample 51ze of m.‘~A selectlon sort 1s used to
,flnd the f1rst R po1nts 1n order, on the assumptlon that R
.fw111 be reasonably small and only a part1a1 sort w111 be
needed f | [", 3 : '_'“' -
, w R . '
Once the number of allotments for each p01nt 1n the o
d1str1butlon 1s known,'a randomly ordered sample must be i
.fobta1ned Thls can be done in two ways. l) Sample |
stochastlcally, from the d1str1bution of allotments, B
‘readjustlng tﬁe/cumulatlve dlstrlbutlon after each,selectlon
(Brenner, 1963) 2) Create a llst of sample elements. :
.fInclude p01nt ix tlmes if it has been allotted X samples.‘a

i

'TChoose ‘the Jth element in the final sample by . generatlng a ?

N

unlform random number between l and m+1 3, using that list
entry ‘and mOVIng the m+l jth entry to replace the one used.v

The second technique requires_m.units ofuspace'for the-
. ,M.\\ L ’ . - : ’ CLT L

>
AL
1



e

. - N

n

spaca for. the number of samples allotted to each p01nt 1n

the. dlstrlbutlon, plus a cons1derable amount of time to

o compute the cumulat1ve dlstrlbutlon repeatedly., For. thlS3

reason, the second orderlng technlque w111 be used ;The

determin1stlc method (method D) 1s shown in Flgure 4, 2
- i . . .

“begin'method D: B
W=0 - BTN RS M
for i from l to n do . .
s expected = m - * p(i) :
S - intexpected truncate(expected)
fraction(i) ~expected - intexpected
for dummy from 1 to 1ntexpected do
W W+l .
llSt(W)_'
~.enddo o
enddo._'f o PR ¥4
- 'for j from w+l to m do g
L .ﬁmax,= ) R : o o - ‘
- for i from 2 ton do " R L
= if fractlon(l) > fractlon(max) then max
- enddo - oo o
V“list(]) = max l'ff . \y_' _“Z?" T
.fraction(max) ';l e UL
| do" S » o .-'.‘::’,
'”comme t order the sample N
'.remalnlng =gm o

Il o

86

' temporary array of elements.' The f1rst pequlres n unlts of Ny

endif’

- for J from'l'to m do T \“"7‘-".qef:_?

r trUncate(remalnlng * random()) + l
sample(J) = 1list(r) ;
~list(r) llst(rema1n1ng)

- remainlng ema1n1ng - l

£ enddo -

R end method D'

- F1gufe 4 2. gétz;;;n1st§c Sampllng Methodf" .

Let Wy be the 1ntegra1 part of ei, and ri the

»
[ ]

fractional part, i. e.;h,' S a‘*

Cwled
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-r'. = e. = w-,

»befihé.‘

"_1=,l i . . .;. e

. X Note_that w + R =u Assume that the n p01nts are labelled )

.-,.\ SO that l’.' _>_ 1+l' 1 l'.u.'n l ‘ v ‘

]

,.fl » wl I IR

'For 1 R+1,...,n, ]. . T LT R
."1f"‘ =::w»i‘ \ ST
| blas[f 1 vf e; (=
' var[f } o_f_ﬂ{f

”f;The determ1nlst1c method 1s unbiased only 1n the spec1a1

\

=

»_,,'tfcage;when al% ei,are 1ntegers.. The mean squaft error w111

2_(f | g;fttt;:;t;é,t;;ltif:'ﬁ;;;i;:

1=l




k o g "

- N ' .
'jMSED reflects the bias of this method, as there us no TR
' ’varlance in a. nonhstochastic technlque.. S ST e T

'-‘4 2 4 Remainder Stochastic Sampling w1th Replacement _f'f»i e
‘ The third sampling technique is a combination of the

57f1rst two. Stochastic*sampling has no bias but high

gfvarlance,;whereas the deterministic approach 1s biased but=

‘_phas no“wariance.. Remainder stocqfstic sampling combines the _jf“‘ N

¢

de31rable characteristlcs of both methods. Lo ’af" “ iﬁg I
*\'v In the remainder stochastic method the expected ‘;3Jii§y o

K3

: A\ C ,
ffrequenc1es of sampllng are computed as 1n\the deterministicfj vl

-]fmethod, and each point 1s allotted sample elemePts accordingjtﬂf-f

iafjto the 1nteger part of thlS frequency But the ;'1nstead offifff

17'0ver thewn points u51ng the

.i_ordering the fractions, a. new probablltty function is formedffpgau-_~

o
_a

R. -as, the new p i The R o
";ipemaining elements are sampled by the stochastic methoé ,3i}‘j_u
| ffaccordlng to thls new fu“Ctlon-; Remainder stochastic Lo

,;psampllng with replacement (method RS) 1s 1llﬁstrated 1n';;v ;iiflilc
%'TfFigure 4. 3 : ' S ' e L

When all ey are 1ntegers, this method 1s equivalent to o '1dp)

,;?the deterministic method.;'since this 1s not usually the ., \j
4;case, consider the methdd when R > o, c?;_fi' . v' e o
_ Examine the stochaStic stage of sampling which is donei;:‘.ff
}:f;[over the function based on the ri Let Co P

| __n-tffif= e \ B e
';.fwhere gi\is the number of times iis selected during the.d N

apstochastic sampling gi is binomially distributed Thusf}ié;p i

L P(gfsy‘) b )(R)Y(l i,R Y for y=0....,R.j'*';f o

: ¢ 1 o
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A.;‘/"”

. begln method RS L e -
o W=0 |

for, i from l unt11 n do S SRV
- expected m*p(iy
' 1ntexgected'

truncate(expected) [.‘
fractlon(l) = expected - ¢ntexpected

for dummy from 1 to. 1ntexpected 4
LW

{
&

W +- l
| .gv: 1lst(W)
©3. < - enddo
R enddo'~'
‘erﬁ Ro=m = W

if R = 0 then stop endlf ,;ja_ﬁ*

for i from 2 to n do.’ TERRNE /f“i“‘

e T fraction(l) ,

~ff-ﬁ“vfkl“3uih enddo . . S EIF N AR s‘u.,.y, . fff,
BBV for J from W+l to m do »ﬁfl”'uftgg}lfffff“}Q,'*Gvf_

e ‘R % random()& j; g,”'gfyg,,y;\ iwa\j»),,j'_

>*('sy’*7fa,_ for i ‘from 1 to n ‘do. ST VI G

R S "i'g;yye@- if . rcfracblon(l) then breakloop ndlf AR

'“fJWy”ff list(]) = 1 i”;fkf:[V"ﬂfﬁ;eﬂ“f'ﬂ”\:}lﬁ*d;7t;id.

R f cenddo - - c}fz7xi.yﬁ-gf-yj Sl e
el remain1ng mo -fﬁ~'

R T ~for 3 from 1 untll m do

fract10n(1-l) + fractlon(l) :

e

truncate(remalnlng * random()) \\1 et
e :ﬂ}sample(J) .list(r) o \\\\\
L list(r) = list(remalning)
T ‘remaining. remaining = 1
enddo - :

"‘end method RS.' o

. . A .

: Figurei4;3;*‘ s inder Stoch

-6

_Rema;nde;_Stochagtichamplihg'ﬁethbd

i It f?llows that vf**f,““fr* ;7f~jb1*~ s

» T e L e

Elgil = R(-—) é ‘1,‘>'”} “;;v~*? e
F Lo By

varlgil = Rig) (1 -

1——) - ri(l .-1%)dji

Using these values for g, : ,:J,E.,:f.?- R _i-f,m_- 1z7
| ; E[f l £ ] E[wi + gi] - wi + ti i:f“ ;a¥ie ’m'emt,%n"
.8

1 v fI‘s;‘ var[f 1 - ntfi - E[fill

o .

-

: : ;~'tyf
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does have var1ance.; It may be_p0331ble to reduce “;

replacement from the expected fvequenc1es el.ax.
In sampling without replacement, a random elementgg,7jf7“

N \,_ *

| sampled from a set and that elemen‘

o~ .'"?i"

-f[{sampling from these el, and reducing ei e every :
'fj_kielement i is sampled. Unfortunately,_e ban/be reduced to
t ff;at most‘zero after a sample, so if ei,< l,\the amount of
'df]:reduction can be at most e . Sampling once from an element'ﬂ'ii

- fi wh1ch has ei < l can introduce bias 1nto the method.-

Consider the»Simple case where n = m = 2 and

‘. - } d‘ N ’ .
p1 > p2 > 0 Initially e1 = 2p1 > 1 and e = 2p2 < 1.- The

”f;lphfexpected value of fi is the sum over all samples of the

'tf}probability that i is taken as that sample.oi'f_fp;ppif o
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SR R
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-
T

P(l 1s second Sample) R _

a HLf%;P1P(1,1s_second, given 1 1s flrst) ‘

mfrfpz (1.13 second glven 2 1s*£yrst? »f“frfﬁfﬂ;?
y R G \ L
py” =Py 41 o

'sLnCe 0 5 <’pl < l

l“?\i;apl<2p) +, p2<0> _<°""

. AT P
R R 1 v *
_ o ;

;almost always be biased Th1s can be proved for remaxnder"

LEe

',;stochastlc sampl1ng w1thout replacement.: Stochastlc

: P fn
o t e ei are 1ntegers f6r all i=l,

COMPAJ;SONS

LY

=11remavnder stqchastic&sith rep aceméat (RS)) and stochastlc

L jf_ TYe mean square errors f}
I

.i‘with »eplacement.is) mgthods_ re"brdered

(See App 'ndix C for proofs) Furthermore, t SN

/’;,;1%%"’_., o MéE k nsr:/ '< MSE
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5 ?;\;_j}i ;

c#.. inequalitied .« v v

R IR

L HwMSED < MSERSE{}MSES;hv:,
hold unless TN

< l for all i

0, or

: l aﬁh r

aﬁ s and RS.¢ Although the two;methods of stoc“m'*'”"l

‘F&y‘ B

; tochastlc,‘rema‘nder ‘

E :{(ﬂ-$ 

h:}' Varlahte of the Dlstrlbutlon (0 01 1 100{f¥hf;17h'.i‘

3.. Sample Slze (50 100, 200)

L e

R

4. Sampbdng Method (S, RS, D).-,, ,,-;;;a.{~d;,j;[;f
g e T T e
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N~ P

o Results are shown 1n Tahlé 4. l' The mean squ@re error

.....
.....

.’of the determlnlstlc method 1s far lower than that of Qh

'i ‘ ,«

“3other methods. ' As expected the mean square error of ethod

‘tfRS 1s l1m1ted by n, whlle that of method S grows as mwgrows. R

y

”“Resource requlrements and relat1ve accurac1és for the three

el

:-fpmethods are summarlzed 1n Table 4. 2 If m = 2n, as is the

3 ~.[f”:fspace and t1me requ1rements for the algorlthms are all of o/

e T ! ~,,¢ﬁ. B T

s 5fwv‘?the same order of complex1ty IR 3 '_‘;[;ﬂq;,f,ﬁjjfjw,_';//j
SR S ’-jﬁfa]?lu f-f:q -i{°:f.§'uv' R

chase for parent selectlon sampllng 1n a genetlc algor1thm, ;d‘//

hef;4 3 2 Experlment 4- Parent Selectlon Methods
N - Gty e
It rema1ns to be seen whether the large dlfferences 1n S

;3:}gtaccuracy among these sampllng methods w1ll affect the '!_;1,J’“

B : :-»‘;-~,’;w;

ftﬁ{?ﬁffperformance of a genetlc algorlthm., In Experlment 4,{51x

¥ ﬂt;sampllng methods were rup on Test Functlon Set I usrng tWO

_ T”values of the base for the probab111ty distrlbutlon, The
*sffalgorlthms employed a populatlon 51ze of 200,_1-n 0 001
¢‘ifhand P ‘— 0 6 The factors were BRI

'lf* Functlon (l 2 4 5, 6r;7) e
Lo T SRR ;4;_.;;~

”[}dfﬂjjﬁ”z Sampling Method (determlnlstlc, remalnder

\ StOChaSth wlthout replacement,,stochastlc W1thout

R

'-w replacement, remalnder stochastic w1th

Ry replacement, stochastic with replacement, ranklng

Cmethed) ot
”gfiiReplicatlons (4) | | R
. Base” of ‘the ’pzobabluty Distflbuti°" (vorst

. a11 timL, current populatlon worst). :Li}?:bjrige

method of selection is a ranklng method proposed by "df




I T ?: S T L
‘ Table.4 l Experlment 3- Sampllng Methpds. ' -
" Mean" Square Errot = -

(results averaged over 10 runs on populatlons f s1ze 50)

| L R e T T Gl
' 2\ oE S e T
SR Pqpulatlon Sample e Method oo Tt e
e B Varlance Slze (m); BT ' P e LT

neter-'g:J'Reﬁainderi R N PR
mlnlstlc Stochastlc Stochastic

0L 50 .8~»"5-f:45 9e'ﬁ4“‘ff50;2]f
_%‘fa.Jggf46 aﬁ,,uj"199 6;.'= |
307 7/~—ff’“‘32.4ﬁ{nj;ffifff{'¢
47 i 489 ‘91,8 " U
2 45.2 ° 211.0

< ; et

"efQ}f;LSource/bf Var1at1onf¢ i M.S. D ;VfF ratlo Signlflcant
R / - f~.,- T P A

';fV|Populat10n Verlance f}‘,’»’f“5'6f~;f2,:\ ' 03; s _f~,e',
-3rSampie Size” ,f":ﬁ[,” 61830.0 f;;2"’;307 00 . oF
- ¢-~}mgSamp11ng/Memhod R 280500“0 2 1410.00 - L
.}w_k],,QVar.7x ample Sizé. C i 104.6 - 4 W52
4
8

.,¢rvdr. X Sampllng Method ;f 120 4 .06 . o T
"T?Slze X ‘Method® ‘gf 59283, 0. - 281, 00 - R
/Var.-x Size x Method - 7190.8 L8 3?.90)*;3f;3 ‘
/WithinCell .. o0 S l94u2 270 T
Size: x4W1th1n Cell .ﬁ,:;201{1 ,g54“ﬁﬂft ;3=,31;zgj;,_ RS
// Method -x W1th1n Cell D199, 54 e e '
.8ize x Method xX. 'TV""'O S e e A p
ﬁn:;_,.,v}fi X Withln Cell 211;0g~108j,55.3'$

LY




., o Method’ : . fSqua;elE:ﬁbr*isiasedm,spscen,'- : T1me S

v
.

Stochastlc ;i;ﬂiﬂihi§h ;f}55

°<m>0<mn> 7; o

: Remalnder«~m’f'_. ot
Stochast1c*‘ ';.moderate .w-“

O(mn)o(“z)

0o

=~ De termlnlstlc low : n+m o (mn‘) o(n ) _

iéffmﬂé number of 901nts 4n’ the'dlstrlbutlon,e]mu*'
e sample 51ze. : : A : L

S

.o by worstfcase”time assumes R
' average case tume assumes




96

Art Wetzel (1979) whlch dlffers radlcally from the other '“'/.;l

’fselectlon methods.; Each parent is. selected by sampllng
"jb- “tw1ce from the dlstrlbutlon,(stochastlc sampllng w1th “p"_~_%%v
. replacement) and us1ng the better of the two ;ndlvrduals.; B

Table 4 3. qhows the results of Experlment 4. The

"asampllng method 1s 91gn1f1cant but not to a great degree.“‘

- Remalnder stochast1c sampllng (w1€h or wlthout replacement)d;f

lfls usually 1nfer10r.‘ Dete;mlnlstlc sampllng and stochast1C';u
"ilsampllng-w1thout replacement are often better than the’p
Anr:pothers.ﬁ It 1§ 1nterest1ng to note that both of these

?mthods are bxased Apparently 1ow mean square error is

.

i. preferable to lack of b1as 1n the sampl1ng process.:p 1s'f'}f>7

Prelrmlnaty exper1ments 1nd1cated th t the chorte of

base would also be 51gn1flcant Those exper1ments were/run

I & ”‘S*'
; -on populatlons of 50 1ndlv1dua1s for 200 generatlons., 051ng

the current populat1on worst—as the base h@stened iiff;ff?fidgfl"?

,) .

convergence con81derably, often to a sub optlmal value.ffﬁ *;’”“”‘w
agjﬁ? Ap arently over a larger populatlon, w1th a run length of :;}£ﬁ7ia_

En only 40 generat10n€ the ch01ce of base 1s 1ess 1mportantr*.:b

'f because the d1fference between all tlme worst and current
’”Vf_;Q pabulation worst values 1s Small :._A o n‘ ..
| The effects of sampllng method and Q} tribution base on

"

The all t1me

populatlon varnance are shown 1n Table 4’4ff

&

B
worst value base malntalned populat1on varlan_e
significantly more than the base of the curregt population ’jf,“~

worst., Sampllng by the“determinlstlc method and stochastlc

o it el

0

‘il'sampllng without replacegﬁst also malntained populatlon

«

s . 'q.’. ‘:. o e
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Table -4, 3 Experlment 4 ‘Parent Selectlon Methods.
Overall Best-Performance after 8000 Function Evaluations

W (teSUIts.averaged over 4 runs)
LR ] * - . . .
Func— a . o .-‘. - . b v v
~tion ' Base , ~ % Sampling Method™ .
: . . ‘ . . 1
. D RSW SW ‘RS :+ 'S8 RA -
1 A 97.00 100.00 100.00 94500 100.00 100.00
C  100.00..100.00 100.00 100.00 100.00 <00.00"
“2 A 67.507 61.25 67450 58.75 70.00 63.75
7 C 67.50 ' 58:75. 65.00° 66.25 " 63.75  65.00
A 98.79 98,77 . 99.32. 95.74 98.76 99.76
C  99.74 99,05 99.75 98.91 99.47 99.84
5 A 100.00 98,61 -100.00 ' 99.67 97.62 - 97.36
C. 100.00 97.03 99.94 97,35 gp.ss 1100.00
6. A 92,12 94,51  94.59 - 89.45 94.09 90f95-f
C . 96.35° 92,02 95:29 88.84 97.03  90.61-
7 A 100.00 - 96:26 98.34 94,49 96.13  98.35
Co

98,19 - 93 48 - 199, 04;' 93.38  93.63 96.18.

"Q as base of the probabil1ty dlstrlbutlon
: A = all- ~timesworst value .
C = current populatlon wOrst P

b:. sampllng methods
. D = deterministic g co
- RSW, regalnder stochasglc without - replacement ‘
-, .SW = stochastic without replacement
: RS = remainder- stochastlc with replacement
S = remainder stochastic with” replacement

RA = ranklng method “
| X e | \ |
- ‘ LT » ’[’\,\,“ Y * ) - ‘f . » . ) -
- Source of Variation = . M.S. D.F. F-ratio Significant
Function . - .  §851.00 . 5 ~ 450,00°  *
Sampling Method , - 90.76 5 4.61 , - *
Distribution Base 3.21 1l 0 .26 0
. Function x Method =~  18.04 25 ..92
Function x Base ; = 14.86 5 S 1l.21 ¢
Sampling Method § Base . 19,01 = 5, 1.55
-Function x Method x Base. 12.50 25 . 1,02
Within Cell S 19.68 108 -
" Base x Within Cell . " 12,30 108 L8

pm—— -



Table 4.4. Experlment 4: Parent Selection Methods.

2 Average Maximum Frequency after 8000 Function Evaluations
r (Eesults averaged over 4 runs)
' 3
;Fun‘c- L Ma::,f . - y L Av.bb
tion Base . Sampling Method"
D  RSW si RS S . Ea
1 A .838 +.964  .904 - .982 - .882  .999
C 999 .999  .999  .999  .999 -.999 .
> ' a " .879  .946 (913 - .976  ©.892 '. .980 .
.C - 3970 .979 - .967 -.986 ' 982  .988
4 A -7 .728 957 .757 - .980 784  .999
s A .718°  .834  .725  .934 . .763 = .952
grc  ".760 - .848 - .727  .953  .802  .977
6 A~ .786  .950  .681 © .946  .788  .927
Nt aT196 .978.  .865 995  .850 ' ".999
7-;?7£f .736  .867 . .763  .958 . .752  .978
T c

777 .866 . JT44 0 .934 777 955

a: base of the probablllty d1str1bdt10n
A = all-time worst value
C = current populatldﬁ WOrst

n-n

b:‘sampllng methods-"; S -
determlnlstlc S -
RSW = remainder stochast1c without replacement

"SW = stochastlc without replacemet
lRS = remainder stochastic with replacement _
S = remainder stochastic with replacement O
RA ranklng method , o S .
AN CoeE T R
o . L ;\\‘» . - . C
. Source of Variation M.S. DTF. F-ratio Significant.
Function ' - e ,.14580 5 88.80 B
. Sampllng Method .. .25820 . 5 - 157.00 *

- Base (12500 -1 97.10 *
Function x Method . .01264 25, 7.69 *
'Function x Base 4 .08721 .5  6.78" *
‘Sampling Method x Base 01200 5 9.33 *
Function x Method 'x Base .00290 = 25 = 2.26 *
"Within Cell . .00164 . 108

© Base x Within Cell  .00129 - lo8 . .,

98
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,varlance, whlch no doubt contrlbuted to the1r superlor
overall best performance.’ The deterministic method,\us1ng
"the'all-time_worst'aS*baSe, prov1dedfcon31stentlvf1owerjg
average'maximUm frequencv than, all other,selection;methodsm

i

tested. _ - o .‘
To complete the analy51s, the overall best performance .
'of the two best sampllng methods was plotted over t1me (see )
'Flgures 4, 4a and 4 4b) Each p01nt was" averaged over four .
runs us1ngvthe all-tlme worst value as base.j Wlth the B
exceptions ofdfunctions 5 and 7, the early performances of .
.,;the two;algorithms'were identical. On Functlons 5 and 7, B

.the dlfferences were small and short llved. This means that v

the greater average maxlmum frequency of stochastlc sampl1ng ;;

dw1thout replacement was not a symptom of faster convergence
,jto a good~va1ue.: Slnce overall best performance of the twoifl'
_ methods 1s s1m11ar and determlhustlc sampl1ng provldes more j
}ﬁfpopulatlon varlance, the determ%nlst1c method of sampllng

tfw111 be employed 1n the rema1n1ng experlments.li .;z;
5»4 4 CQKQLUSIONS ;Vppfﬁ _?,:1v vfi»};314f}“”'j;.r.:}‘f‘»'
The parent selectlon probab111ty dlstr1butlon can be»’;

o

‘1constructed accord1ng to

f(s ) - base o

, :ﬁ Z [f(s) base]
B SEM

The ‘use of all-tlme worst value as base 1s best at

N

' .maxntaining populatlon varlance.‘.'



. -

4

° The sampllng of parents accordlng to th1s dlstrlbutlon

o,

must be accurate. Remalnder stochastxc sampllng wlth

replacement has the lowest varlance for an unblased method.

-

“Determ1nlst1c sampllng, although blased, prov1des the

,\

B greatest accuracy in- terms of mean square error of sampllng

-

4frequen01es. Determlnlstlc sampl1ng ylelds gré/ter ﬁ

':populatlon/varlance than the other methods when employed 1n
o -a genet1c algorlthm.: The determlnlstac and stochast1c

-

- w1thout replacement methods are good w1th respect to overall

'l'best performance, although ch01ce of samp11ng method alone

d1d not affect performance greatly.

._.loov _ \
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CHAPTER 5 'fc° -f‘l :

DIPLOIDY AND DOMINANCE

'7, Th1s chapter 1nvest1gates d1p101dy and several

it:domxnance schemes as‘mechanlsms for reduc1ng loss of h
'a,populatlon varlance. F rst, the natural systems 1nvolv1ng
v~fd1p101dy w111 belgyamlne ; and then a set of domlnance ‘;;@,"f”t’:

'"*'schemes for genetfc algo'lthms w1ll be proposed
'.;s 1. NATURAL DIPLOIDY o
Dlploid organlsms have chrOmosomes 1n hdmologous parrs.;*ulsﬂ

"-TﬂThere may be many such palrs 1n a Q1gher organlsm.» The

'aiaffollow1ng dlscus51on assumes organlsms w1th only ‘one \\};[fff’“

f”ﬁ]fnphomologous pair, however, the concepts are ea51ly "i.?*d*wi

*qftwo chromosomes

’7‘frece551ve.---

4-a5yfair1y 31mp1e,y

'ldgenerallzed to multlple palrs.;ffsjifgiQ*3'V

A d1plord organlsm is’ homozygous for an allele a0 at a

Vlocus if bOth Chromosomes contaln ao at that locus. If theéfsxh'

d”taln dxfferent alleles at, the locus, thel,ﬁ;:

~*'rorganlsm 1s heteroiygous.i Often 1n a heterozygous

'r1nd1v1dual, the phenotype w1ll be determlned us1ng only onehiff'*
sﬁ;fof the alleles at a locus._ Thls allele 1s sa1d to be B |

"fidomlnant over the allele not used That allele 1s calléd

. R

. .q‘ S

“;5 l l The Reproducy1ve Cycle

For hap101d organisms, the cycle of reproductlon 1sLV7fl"h

An organism produces an exact copy of 1tse1f

0 ot



rl”Vf;fthe mlddle two chromosomes 1s P : then the probab111ty that f;

:'"°fl*ﬁcrossover is 0 5 P' The me1btlc cycle can be 51mulated by;qT

’ 1,pfprobab111ty that an offsprlng is 1denfbcal>to one of its ilﬁa,

, l.formatlon. In melot?c d1v131on, both of the homologous
:fmchromosomes are dupl
,ichromosomes 1n the parent. A zygote (genetlcallﬁ C°mplete LI

.hﬁ?dlplold organlsm) ‘is then formed by pa1r1ng one of the ‘bf1yf

;fﬁoffspr1ng always contalns genet1ciinforma€10h from both

ﬂftglfuﬂv S \\\H - S
T 2 Recomb1natf\n\\\"

"‘f;iAfter duPllcatlon there are four chromosomes 1n a f}?,”,ﬁ \*ﬁ
'tffgparent.» Of these, two rarely undergo crossover,.whlle the :Aﬁ;;‘ ‘
f*ﬁfffother two recombrne W1th a frequency proport1onal to

”7f;chromosome length Ifothe probablllty of crossover between
mffmthe one chromosome fn the offSPflng 15 the reSU1t Of

5iju51ng a crossover pSQbabllltY °f P v' 0.5 é'{ for iff;j-"”:
*3‘Q50 <»P ( 0 5' and omlttlﬁg the duplicatlon step

:“~;11(Flgure S lc)

“ﬁ?)for recombinlng alleles in the geno”lpea\ In dlplold

. «

.‘:m/%f/f » lo4f

-'v1a m1tot1c d1v181on. Thls copy may then recomb1ne w1th the
';chpy of another parent (see Flgure 5. la) DlplOld organlsms

‘l;undergo melotlc d1v131on (Flgure 3. lb) followed by ygot

cated. Crossover occurs among the four n(nf

:c;chromosomés w1th a chromosome from another parent.~ The ; y.?;fl

p

B

In haploid g

L E_Vfrﬂ'f_p_/>‘

f;populatlons, however, zygote formation recomb;HEs\\\j;% [jfiz-:/’:l

gl

“7f1chromosome§'to create new genotypes._ Cons1der a haploid 3o;//f”;ﬂ

._.;populatlon qgth crossover rate P and no mutation., The i"j;,vfi




N\ Jw‘  _ ilx .:ge . : '//fﬂ' - R 7‘ef.e‘ 105'[

parents 1s equal to the probab111ty of no crossover plus the

probabllity that/crossover 0ccurs but the parents are
1dent1ca1 on dne 51de of the crossover po1nt..
cd ‘a b c d'--> a b c! d' o

alal

~olol lala olo
R b

o

@]

w)

e

sﬁ;@bwqgﬁj_
T
S SA'B'C'D'Y A'B'C

1
I
V.

 CD' Ascmh@>A3cwf7 :

'T'UWYu;éFS,i; a) Mitotlc D1v151on (Haplo1d Organ1sms)
R b).- Me10t1c Div1sion (Diploid Organxsms)
c) Slmulat1on of Me1otlc DIVISIOH'”: '

s ’ - N ',,_/ . ‘
;".Z/ G o . /

_In other woids, the probability of no visible recombination’ -

hap101

1

e Lo nAee St
d(N V R ) (l - P ) + P P(1dent1cal segments).y,iunf[f.F




L e

e

1-';fh Chcon51der a d1p101d populatlon contain1ng coples of

' \g;funlque romosomes C ’ 1 l,...,k. Assume that there is no '

ffcrossover or mutatlon.i Deflne the probab111ty of no v1s1ble

recomblnatlon as the probab111ty that an oufSprlng 1s an

. fﬁyexact copy of one of - 1ts parents. 5 "_;,"'

.'J ¢

Suppdse a- parent hav1ng chromosomes c1 and c2 mates -
va‘with a parent hav1ng chromosomes c3 and c4.r If the

-[offspr1ng recelves chromosomes cl and c3 for ewample,llt

C ¥

5hw1ll be a copy of one parent 1f cl- 4 or 1f c \-' 3g;jlhfifﬁhft

gggeneral,.;fg'*°

-‘.: - _": _' .

"“f?’ﬁlﬁ;:,f?nhjffif; dlp101d(N VR, )’-vzp(c oyl

. V-;for any two chromosomes c i cJ sampled from the populatlon.![”'

7.ﬂf_flf the chromosomes are dlstrlbuted randomly throughout the

e”?ffpopulatlon and the 1nd1v1duals mate randomly, thlS bicomes

:fk for 1 1:---,k that 1s, that the k "fQi*
ij;7mjfichromosome types occur 1n equal numbers. Thenv‘;;i,;flps:ﬁ:i;i;;p

gffﬂii”?“‘ N R T
R ugtAssume that p(c )

| 5ﬂuigreater than flve, or k > 5,,;_ghfff?¢ 53°'1

L2
k L 0 4 < P

d1p101d(N V R ) haplo1

’f;,; when P for a haploid populatlon 1s 0 6.;§ogyﬂ7,' L
B o R o “ T
]"d;jﬁf, If p(C ) fl— for 1=1,...,k then the probaBility of nozﬁa

d(N.v*Rnldjd;é;d;d,ffjgiw

v151b1e recomblnﬁtlon w111 increase._ But unless the fﬁﬁ‘]"&*ﬁ

. I

population has very little varlety in itsgchromosomes,

B fertllizatlon alone will prov1de as mUCh recombining as



S ST
. Fr e
- S

.natural d1p101d orq nif‘ﬁ

k,*and 1. 0, y1eldlng o 3 < p 1< 0. 5.,,,t:f

?tjlfs 1 3 Mutat1on j,}fgri*i;ngﬁfhﬁfy;y~.af

‘"3-jthe populatlon 1s also smaller under d1p101dy w1th

’?fglfPresentatlon in Holland (1975)

'”ffﬁﬁemPIOYed in. the PhenOtYPe'»vf;.

7Acrossover prov1des in a haplold populatlon.

.J: . (> ’ \\ P

It remalns de51rable to recomblne v1a crossover 1n gg“

» d1p101d pOpulatlons.' HoWever, h1gh crossover rates

-

(P 0 5) -for the 51mulated reproductlve cycle are not

1needed for effectlve recomblnatlon, and are not found 1n

A g >_- S

4'le) and Neurospora Crassa (a fungus) exhrblt crossover in
-TpS% to 50% of therr:oﬁfsprlng chromosomes (Strlckberger, }g]t_
-’f1976) Only very short chromos®mes show less than 30% |

j7crossover.: It would seem reasonable to place P'\between 0 6blf[f'h

l"
l

. 107

DtOSOphlla Melanogaster (a frult mf~l«

| The crossover rate needed for recomb1nat1on in; d1p101d G

'HffFThe mutatlon rate needed to prevent the loss of alleles fromf;fﬁ

"ﬂidomlnance. The follow1ng 1s a modlf1cat1on offththpr -

A5~l5forganlsms 1s lower than that needed,ln haploxd organlsms.cffﬂ,ffft;

Let the alleles poss1ble at o_e locus be ao,al'..',aB .‘51;&_5

Assume that a0 is the least f1t of ttilﬁ"w":“

'Q;Let phjao,t) be the proport1on of the populatlon at t1me t e

'slqthat at t1me t+l 1n a populatlon of 51ze n,21t 1s expected

\/

fthat 2n(l-e)ph(a0,t) parents w1ll be selected which have a0

which dlsPlaYs ao in the phenotype.i Let the- rate of o

‘5Tﬂ;¥reproduct10n of a0 be 1 -e for some 0 < e < 14 Thls means-'"*f'“



Qoo needed such that 1% p(ao,t) é, then p(ao,t+l) 2 ;, where B
/

’.,expected number of a0 5 1n the populatlon at t1me_t:l\is

S equal to the number wh1ch surv1ve evaluat1on 1n the

108

Let p(ao,t) be the proportlon of the chromosomes 1n the'f,

populatlon a& t1me t Whlch contaln a0 ] To guarantee that a0
never dlsappears from the populatlon, a mutatlon rate is.

Y

N 1s the ﬁotal number of chromosomes~1n the populat1on.- The

T
Y

e

.z o Pe

phenotype, plus the number whlch are masked 1n other
phenotypes, plus the number whlch mutate to ao, m1nus the

number ﬁhlch mutate away from a0 The expected number of

E L {_'»,.

"ﬁup;'ao s 1n the pbpulatlon 1s compﬁfed as’

~ o_

.“"
VT

N P(ao,tﬁl) = n°(1 e) ph(a t) (number of ao's 1n each

i_+ n (average reproduct1ve rate for

'f_alleles not ag )-(proportron of

N
"0'

: A
ao's) (number of ao s masked)

R N P [1 - p(ao,t)]
'“f f- N P 'P(aoft)' {

In a haplo1d populat1on,‘N = n, p(ao,t) = ph(a*?

3 5 SCO
masked alleles are carried 1n a: genotype. Therefore f*g;ﬁpi -

nop(ao,t+l)'-vn(l—e)p(ao,t) + nP (l - p(ao,t))

p(ao,t+1) = (l-e)p(a ,t) + P

E

e

If p(ao,t) ;,,then p(ao,t+1) lff;ti;grfif;ﬁplf

f’ zh-a

% G

Vgiffrfeao has a very low average fitness,‘1t w1ll have a

‘_' < . . . N

ol o

organlsm wrth\a\\henotype us1ng ao)ﬁfyi

‘?'genOtypeS Contalnlng maSked giﬂvis; 

(1 - 2p(a0,t))._p?f3%?{£ip,ne-.,



-

S If p(ao,t) ﬁ, then p(ao,t+l) > N f.,..,»

8 reproductlve rate of 0, or e w111 equal l. ‘The mntation'

rhaglo;dy»ls

“alleles are unlformlyr
SRR

" l'aZ""’aB
© in the phenotype whenever the 1nd1v1dual is homozygodﬁﬁfor'.;‘

1ﬂf’The expected number of ao's at t1me t+1 1sf{ff{jﬂffh¥T::h

i) - n-sipiag ) <2>

;l}fS1mp11fy1ng, ’

dip101dy to maintaln poor alleles 1n the populatlon 18

) rate needed to 1nsure the p;esence of very ‘bad alleles under S

TR
o d -
m- Z n_2

[l"
~'In a‘dipIOi? populatlon,b : 2n.JiASSUme'thatvthe

T

zlstrlbuted over the populat1on.r_Let'

each be d‘minant over a0 : Then aoiw1ll be used

. > IRE T
Yy )

ph(a ,t) p(ao,t)

D

» The proportlon of phenotypes heterozyge&s for a0 w1ll be L

ZP(aO,t)[l - p(ao,t)].;_;jg'.,

;~fThe average reproductlve rate for alleles other than a0 is -

SO i TR : E _

ph(ao,t)
) :
_ph(aolt) o

l + e(l

/

S e (ao't) % S
S n(]3 + e == 2)2p a ,t)[l - p(aort)]
S 2nP [1 - 2p(a0,t)15;ffaf?figff¢;,

T p(a Gy e
P(ao.t+l)/= p(ao,t) e(I:ETE—TE—) S+ P [1 - 2p(a0't)]':i}ﬁffff

_ é,_f. n,‘ R

s I e

" P ’ - ST T e el e R :

m. —>(N+l)(N 2)

lghIn the worst case e l, so the mutdtlon rate needed underfﬁ5fgf;??

a”’




. o 'H+KTP f='—17 0 000025 One chromosome 1s chosen

14:5 1. 4 A 1;1p101d Repro@actlve Plan ' . t :
fif" D1p101d organlsms employ a dlfferent reproductlve cycle
’Tthan the cycle of hap101d organlsms. M1t031s is replaced by
me1051s and fert111zat10n.” The observed crosso@er rate for

'd1p101d organlsms 1s 0 3 to 0 5, compared to fﬁ = 0 6 1h\

-prevmous haploxd genetlc algorlthms. The mutatlon rate

';fneeded to ma1nta1n alleles 1n the populatlon 1s on the order

e . .

v]oﬁ ]é, whereas 1t rs l for hap101d populations,v

The follow1ng d1p101d Reproductlve Plan w1ll be used
';~f0r experlments 1n Chapter 5 | o :

1. 100 dlplo1d organl%ms are generated accordrnd .
'»“5%ffﬁﬂji to ‘a unlform random dlStElbutlon over the set‘

2 200 parents are selected by determlnlstlc
sampllng over a d15tr1but1onxreflect1ng the
t111ty of the phenotypes.;v*'*" e ‘

3 100 parental groups are formed by random

e

,-:&pralrlng Slngle crossovers occur hetween the

'“7fﬂftwo chrqmosomes 1n each parent w1th a

dtfrequency 0 3 < P < 0 5 ; Mutatlon occurs at :

J””-Aeach locus w1th a frequency

Lo Mg
“Vi;iat random from each parent, form1ng one

| ?ﬂ?ldi9101d offspring per parental group.‘;a _ffffﬁg
j."_-4 The old populatlon 1s completely replacecf bY
'“3é¥ff?ﬁ the 100 offsprxng.,,,[ f?Tff?i%ﬂ'jgf-f-

R
T

of p0551ble genotypes._;,{fi Ef@'v;f,,}c, : ”;;jw”“f'

110.*

.'Tﬁ‘fp.S The cycle repeats from SteP 2 _lfﬁll".@%lf?ftf:;ii;wefédf

= BT S "

R
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5.2 DOMINANCE SCHEMES

A domlnance scheme maps two alleles at a locus onto one

yaer to be used .in determlnlng-the phenotype...The beneflts
. .of diploidy in avoidgng loss of population variance would be

‘ greatest if the poorer alleles'werevcompletely receSsive.

)
Such deleterxous alleles would be masked 1n heterozygotes,

) and thus preserved 1n the pogulatlon.' If an 1nfer1or alleleu‘

-

was domlnant, 1t would probably dlsappear qulckly from the
populatlon..x '

There 1s no ev1dence that in . natural d1p101d organlsms
Q

‘better alleles are 1ntr1n31cally domlnant. In fact, 1t is
3 /
not known whether or not there is any relatlonshlp between

average allele fithess and dbmlnance. Al hough domlnance

-4

has been by populatlon genetlc' ts (e.qg. Watterson,

1977 Ford and Sheppard 1965 Clark, 1964 Crosby, 1963),
no f1rm con:luslons have been drawn/about its deyelopment or”
ut111ty. ,However,_1t 1s_poss1ble o examlne natural '
dominance mechaniSms'and construc hypotheses‘aboutposslble
relatlonghlps to fltness. _ - : » /
Con51der a locus in a. dlp'01d‘af§?n1zatlon w1€%\allelesﬂ'
{ao,al} . Assume that this 10 us spec1f1es a s1mple tra1t or{
phenotype., The values of + nd - for the tra1t are produced‘
by the presence and absence,'respectlvely, of a gene product~’
“in the organlsm.' Assume that allele ay codes'for a -
suff1c1ent amount of this product while a, codes. for
nothing; Then the phenotYplc values for - the three possi?il

genotypes w111 be.



,between domlnance and allele value caused by deletlons must -

.two alleles becomes dom1nant.

112~

_— . o3
a3y, >+
: eyt
ajag —=>
) ' o’ . » » N
- a; is dominant over age - o o ‘

In a genetic algorithm, dominance by‘preSencé‘of a

product can be 51mulated by a random, flxed global

.dom1nance p? In1t1ally, a chromosomal map is. generated

randomly .to 1nd1cate which of the alleles at each locus is f

the producer,‘or domrnant allele. ThlS map applles globally

';to all 1nd1v1duals in the populatlon and remalns flxed

4 .

throughout tlme. v

o
Y

In natural organ1sms, there are mechanlsms for the .

'dynamlc development of the genotype (Sectlon 2 3. 4),_"

1nclud1ng delet1on mechan1sms.; An organlsm in. wh1ch-+ was'

' d1sadvantageous would be 1mproved by the deletlon of the

3

-.locus. There may be a greater proportlon of 1001 1n natural

-t

"pOpulatlons in wh1ch + is advantageous, due to the deletlon T

of loci produc1ng deleterloUS products. ‘Thus, desplte the

lack of an! exp11c1t mechanlsm whlch relates dom1nance and

f1tness, there may be a correlatlon between dom1nance and .
f1tness in' populatlons whlch hqﬁa developed adapt1vely.
Since gehetdc algor1thms/w1th b1nary representatlons
have no delet}on operator, the natural mechanlsm of deletion
cannot be modelled expllcltly. Rather, the relatlonshlp

L

be 31mnlated. The correspondence is simple- the better of

&

-~



proportlonal to 1ts frequency

The value of an allele ‘

‘of occurrence in the popula ion.: Therefore, a varlable,

[ . .
global domlnance map may be used ' At each generatlon, the

probab111ty of‘an allele be1ng dom1nant 1s equal to 1ts

1

frequency of occurrence 1n the prev1ous generatlon.' Every
t1me a heterozygote is created 1ts phenotype 1s_geterm1ned
stochastlcally accord;ng to these probab111t1es. vThe l

probabllltles apply globally to the 1nd1v1duals in: the

-
populat1on, but vary from generatlon to generatlon. e

N >

A less expen51ve varlant on the. stochastlc, varlable,"'.

, global map is a determlnlstlc, varlable, globaJ map. . At

; each locus, the allele w1th the greatest frequency in. the
' prev1ous generatlon is declared to be domxnant. A ney
.domlnance map is constructed at each generatlon, but the j
‘.determ1nat10n of domlnance for each heteroZygote 1s no‘f""
longer probab111st1c._]b.' o |
The model of two alleles def1n1ng the presence or

| absence of a product can be generallzed to two alleles, each

" produc1ng a'product.--Letval code for product A and a0 code fh
w -

-for B. . One of A or B may be null If there is no control

of expre351on of . the products, the phenotypes w1ll be

s @

aja; = : C
ala0 f->»Af3 ’ N

There 1s ‘no domlnance in th1s case. If deferences in the
quantlty of a product do not produce d1fferences 1n the

phenotyplc tralt, the result is codomlnance- .
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Cay oA

',alao s> AB

. .“0’0'_‘_:13.' | S
'-lLack of dom1nance and codomlnance produce three unlque L

‘*phenotyplc values for the three possrble genotypes.'" |

One of the advantages to d1p101dy may derlve from the

}productlon of heterozygotes superlor ‘to elther homozygote.,

Th1s also would requ1re three possrble values for the tra1t

f.ln the phenotype.' _ff_ﬂ:ff,jfh7 i:f N -ipg_ﬁ

“\

: In a genetlc algorlthm used for functlon opt1mlzatlon,
' the domlnance map has a range of [0 l} The two alleles B
present at homologous loc1 must always map to elther 0 or l

X Therefore codomlnance and heterozygote superlorlty cannot be"'“”
. N _ .
,1nvest1gated u51ng a genetlc algorlthm, w1thout ma]or

—
-

“ochanges 1n t/e representatlon. The two product model can beﬂ'

‘fjs1mulated however, 1f there 1s some control of geneffu;~:”'”

.’;“fexpre551/n.if'

'°rIn thlS state, the segments seem to form no. gene products.--
'yﬂ“In mammallan females, -one of the two X (sex) chromosomes,. -

'”fapparently selected at random, undergoes

It has been observed that chromosome segments sometlmes"’
"dbecome heterochromatlc, meanlng they condense and appear'

ivery dark when stalned and vrewed under a 11ght mlcroscope.f”:

'heterochromatlzatlon (Hood Wllson, and Wood 1975) The

entire. chromosdme becomes 1nact1ve, leavlng the second

'léchromosome to prov1de any products from the x chromosome o HY*



"*fbehaves 11ke a'h

3 ~

The phenomenon of heterochromat1zatlon is modelled by M

L

dOmlnance of a-random chromosomet_ One chromosome 1s

‘selected at random and used to determ1ne the phenotype, asu_‘“

' v1f the second chromosome dld not ex1st

115

There is no reasdn to suppose tha} heterochromat1zat10nf e

-
o~

Q1s at all related to chromosome f1tness;‘ However, 1t 1s

<tempt1ng to con51der what the performance\of a genetlc

ddalgorlthm would be 1f in all cases the chr mosome w1th xf’vff

. N
\rhigher fltness value domlnated. Domlnance of the better

":fchromosome w1ll be 1ncluded 1nxdom1nance comparlsons, even ‘

=f:‘th0ugh 1t has not been observed 1n natural systems.,¢1h55'”‘:

The goal of a domlnance scheme 1n a genetlc algorlthm
e ()

V~1?gls to: protect 1nferlor alleles by maklng them reces51ve.‘_214”

tffmanner may best be achleved by allow1ng the genet1c

\.

"‘iw algorlthm to develop dom1nance maps dynamlcally.. Each
77}f1nd1v1dua1 1n the p0pu1at1bn carrles a thlrd chromosome

"'wh1ch acts dur1ng evaluatlon as the domlnance map for that

i

"*;1nd1v1dual.} Durzng the repfoductlve cycle, thlS chromosome
p

T ;domlnance chromosome of the second parent durlng matlng. bltf_w

jmutates with the same frequency,@s the homologous

o T m

',chromosomes.- Offsprlng creatlon for organ1sms w1th
. IR N

11nd1v1dual dom1nance maps is 111ustrated 1n F1gure 5 2\'j_ip.

Good dominance maps should develop 1n parallel w1th gooda‘

Organlsms._}¢ ‘jfk[j'»'fg:\.'

101d organlsm, recomblnlng w1th the:f“;ﬁf~

C "f#Th construct1on of a map wh1ch beneflts an organlsm 1n thlsprfff7
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Flgure 5 2.: Offsprlng Creatlon for DlplOldS w1th
S Ind1v1dual Domlnance Maps ' ,

. . '0,-

The study of p0581ble models for domlnance has revealed&f}“;fe

‘“fva 51x domlnance schemes whlch may be useful for genetlc-n~¢;f'”"

algorlthms..,;,'ﬁ__ s
.:' Lf1xed, global map, |
‘w-.stochastlc, varlable, global map, |
*idetermlnlstlc, varlable, gldbal map,
'm;;;,random chromosome,_s.m.f3f;, ﬂli:77:;ﬁﬁff'5;1:;
“.m:bettev chromosome,mfﬁ;n BN :
:}ﬁeemgfind1v1dua1 maps._;e;;"ﬂ 

These W1ll be compared in the nemfﬂéEC£iem,fiﬁ'

B



’”l:b,s The factors were ;ﬂ h<V’

:'.tlme. A smaller rate 1s preferable for a stochastlc,s;

e o T e T e T

"'5.3'CQM?Ah130nsff

e

ﬂwf5 3 1 ExPerlment 5 Domlnance Schemes

In Experlment 5,§the 51x dom1nance schemes were run on BERY

A

hTest Functlon Set” I w1th ossover probab111t1es of 0 3 and

L\. .
o Y
'

' f:xi;, Functlon (1 2, 4, 5, 6, 7) ]ffrg.& :ﬁf:

1f.ﬁ2; Domlnance Scheme (random chromosome,\better R S
chromosome, flxed map, stochastlc map, :-QQ*T

7 determlnlstlc map, 1nd1v1dua1 maps)
}a§?fzﬁ3 Repllcat1ons (4) . : _. )
’7Q4 CGrDSSOVer Rate (0 3 0 5)

'*fj#The overail best performancenls shown in Table 5 l.

EVgcrossover rate of 0 5 1s supe 1or to 0 3 two thrrds of the |

K E
7

.thvarlable, global domlnance map,,whlch leads ‘to the crossover'/iufﬂﬁl

#jrate/domlnance scheme 1nteract10n. -.\}; Xf~1. ”i‘ﬂffyxjf-”}r*f'}":

The 1nteract10n between domlnance schemes and functlons :ﬂédhf
':ﬁ7ls d1ff1cu1t ‘to analyze. JRandom chromosome domlnance iﬁﬁ E
:\performed wél% on the harder functlons, espec1ally |
.i{;Functlon 7 whlle stochastlc domlnance maps d1d well on the-
"feas1er functlons, 1 and 4." Better chromosome domlnance |
»dlsplayed ooor performance on the easy functions. The other hjh;“-:-
”-:fschemes had 51m11ar performancqg’on all functions. 'fi;d.ul>f
‘ Average Max1mum Frequenc1es are shown 1n Table 5.2.  s
}Here a crossover rate of 0% 5 was clearly superlor to 0 3.

;The dlfferences were eSpec1a11y noticeable on Functlon 5. 3



T;',FUnctlon
. 'Dominance Scheme
- "Crossover ‘Rate "
- Function x Dom. Scheme-“”
~ Function x Cross. ‘Rate'
~.oDom Scheme X Cross. Ratenv
=>fFunct10n ‘X. Dom." Scheme et

o

. Table 5.1, Experlment 5 Domlnance Schemes.
Overall Best % rformance -after 8000 Function Evaluatlons
results everaged over 4 runs) - . .

. Func- -
tion P__.

"s'f;uljfi.;ﬁ,;%f95"50“r 91.00  95.50

‘J”'fEV

'E'“E?:}i

BRI //"

.5 98,50 92,50 100.00

:':{hiéifiﬁejfhgnﬁs 25 53§j5{5352 SOS?{JS;.
R - ;_67 504‘j66»25$m'§7_50j-cgﬂy

6 .3 888 9,00 8963

i>hgziﬁ47eg‘§§;ﬁf;98 4r:hﬂ97 9553f98:75i£fh_je
e il5e9Bi25 97.72. 98.18 99

s 3 9307 97$35°f:97 36 94,72

.5 . 97.36°.797.36  99.99 . '99.47

.oo.500 95, 53 94”01;“;97;59;,

f;f7['f[;3?',f96 09 99.96 99.93

.5 99.95 96, 13_;fgg;gqg:,

domlnance schemes

_~++trm»anw
'1rn n;.n n

”:ffSédfcevdf*VériaEidﬁ;”eg;hﬁ

SRS X Cross. Rate
gwlthin.ﬂell

;?,f,Crossﬁ/Rate x Within Cellisﬁ

AN

23,08

‘random ‘chromésome

= better ‘chromosome

= fixed;, global map : L

: stochast1c, varlable, global map -

= deterministic, varlable, global map
1nd1¢1dual maps IR ‘ :

e

a ./

> pominance Scheme® |

98,50 [98.50

97,ppe 6000

6.:7«..'_ 5-0;"?" :
0.7/ 67.50 -
-3_99;02:,;
5&9918&

.99.85. " !
Y]93géiif795'érfg
93}60h; 92 95,L
_»92;433_:91 oah;
90.03  99.15

T

100,00 L.
100 00
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6250
67.50 o
98.99 .
97.87 .

~96., 77l?fT*;m;e;

F—ratlo Slgnlflcant

“”8514'065[
24.80

'169.70
63.80
9 9]_.:;.
126426

S %6 90"
11.31

__1

25(;'
_w_53'f
'ﬂxSSZSQ
'25,5';

‘ 5,
'*5f._

1500

“2032

T

247670 ok T
.88 - .,

L 369 003»/'"
l 07 oL v‘ - Vvv, B "_‘ [
S * )
:_v ,*..

Cq.a9

ﬂ93 65L¢i7*};*71
193.54
93.20 .
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: Table 5 2. Experlment 5 Domlnance Schemes. S
‘ AVerage Max1mum Frequency after 8000 Functlon Evaluatlons -
5N ‘ (results averaged over 4 runs) S :

o T;Euhc~f”f.N I T T SR E'ﬁﬂaf ST
- tion - P_ ... . . Dominance Scheme™" © -
SIS R 1837353i,7§8°: f“827 L7480 C,791 7850 L
7 “'ﬂ"‘E:ysz--;;842tﬁﬁu~788;;gﬁ:844~;.,~749$*aj.7799#[;477295*"
7ﬁtf"12’f;;;3[f¥f;8§$ffﬂ'.846}{m"ﬁ836;f”f;78951f?;éésaf*;ea48f§a AER
R 4:,»;882”4:ﬁ,834,¢{f 820.. ;774,F=338$1'ji“;836_ FURN

(37765 0 .758 168 L7137 752 734

f"”iﬂvsﬁ}fr1s727;t:{.151_, e s om
-_a_a,:;‘isa;3;¥gsself*ﬁf771“*- V7390 L7390 G790
759 685 .74l 721 736 .75
. .878 - 784 .826° 52;841§7f1;e31l:if;i§éf);ﬁz,f:“
w176 ;ﬁ736,~~j,73g¢3 815 L7040 L7100

3 L7940 L1220 LTA6 .TA9 73T L1320
sl Lie e s s e

domlnance schemes. T_J;,\&“"g_l:;b%'*' SR e
‘ random chromosome - . e T
better chromosome '-;,;._«.f-m, B

‘fixed, global map R S

‘stochastic,:. varlable, global mapf' ST L
 determ1n1st1c, varlable, global map B T ey
51nd1v1dual maps T A A

@eemqew

'}a_\50urce of Varlatlon 5;;~;}M;S;',;:r‘:j.p;tafioESignificané C

;‘ﬁFunction ";>’*f ;“f”'ﬁpQ707871
° Dominance Scheme o .01889 -

' . Crossover Rate" L 0. 2025407 1|

~afVFunction ‘X Dom. “Scheme- E;Q‘OOSLAQ'l:; \
.~ ‘Function’ x. Cross.,Rate - .00845 "~ 5.0
~ . -Dom. ‘Scheme x Cross. Rate .00015-[5;§,;T:'

- Function x-Dom. Scheme = = . . .0 o
e EAR & Cross. Rate -,00089 - 25 ¢ -
‘{_gst1thin Cell ' .00164}k{_
*T;1Cross. Rate x Withln Cell .00102‘5“9

o
B 2 o




T

Better chromosome dominance and stochastlc maps

Tw

:“i,prov1ded the greatest population varlance._ Random
2 .

]chromosome was worst 1n,this respect. The selection of

. w». j .
feinferior alleies as recess1vesadid preserve populatlon .

‘}ijariance sighlficantly better than randOmly chosen recessive

N

The dyﬁamic»development of dominance maps, 111ustrated ;@T

:'ffﬂby the 1nd1v1dual maps dominance scheme, was not

‘ ““hllnverSIOn was not useful 1n genetic algorithms because the

. \‘ E

t;particularly effective.m Cav1cch10 (1970) believed that

U .

t"fypopulation 51zes and run lengths were too small for such a

"'3_isubtle operatort

:o"show any effect.; Tﬁr dynamic development

'ﬂ;fof d0m1nance maps may be 31m11ar to 1nver51on 1n that ?}ffgiﬁfzq

'ilprespect.v The performance of the 1nd1v1dual dom1nance maps

”*Qfscheme was on a. par w1th the determinlstlc,'Varlable:-global

"fidominance chromosomes.. ,*?J'

J“rdominance maps scheme, but requ1red 50% more space for the

. 7‘),

To Summarize, the additional snace requ1red forflf

*1nd1v1dual dominance maps 1s not Justified 1n v1ew of the

'wff%unexceptional performance of the ind1v1dua1 maps scheme.: e

ff,{Random chromosome dominance performs unevenly and has poor
. Ny o

"~;jvariance properties. Better chromosome dominance 1s

ﬁﬂﬁ;fidoes poorly on hard functions.: Fixed, global dominance maps

"fiineffectxve on easy functions.f The stochastic map scheme 5f;¥_"

5f?iffand deterministic,‘variable, global dominance maps yield me
;:A.even performance and medium levelséof population variance
.ﬁffrelative to the other dominance schemes.r Only these two




"7.ffmap w1th all 0 s changed to l s and v1ce versa.v For a ff?f

v”V*pwperlodlc domlnance changes.; For the flxed map scheme, a new

i f’;}lnversron was employed. Dominance sw1tched to the leSS’f“ :

“ o

';schemes will Be considered further.
RS I R oL

/,. . ’”

hrS 3. 2 Experlment 6>/Dom1nance Change Operators . ,p‘ r_ *ﬁ::. f_-)

Holland (19756 belleved that d1p101d organlsms would o
_rbrove most useful to genetlc algorlthms 1f there was anah i‘»‘éh”
';{?operator for dom1nance 1nver31on. Those rare alleles wh1ch o

s

'ﬂ-fhad been masked as rece551ves would occa51onally become

,:i‘domlnant and undergo evaluatlon 1n the env1ronment joneﬂ .

o

-jp0551ble domlnance change operator for a flxed, global

‘1dom1nance map would requ1re the generatlon of a new,_random

Y

”"'}mapr Domlnance change couldsa so be deflned as fEber51on of

““'5u{the current map.; A f1xed global map would be replaced by au,wmis

'-fffprev1ous generatlén.;-é:

ExPerlme“t 6 téSted the flxed map and determ17 Sthr.bﬁiy;QQfTi

e

h{tvarlable map domlnance schemes agalnst thzhsame schemes w1th
'”érandom map was generated every 2000 functlon evaluatlons.li"ﬁvu S
:fﬁ_For the determlnlstlc, variable map scheme, domlnance
: \

”’f?frequent allele for the perlod between 2000 and 3000 hp,ﬁﬁfﬁ;;l=-
":jfunctlon evaluations and that between 5000 and 6000 functlon
' fahfevaluatlons. The crossover rate for all algorlthms was 0 S.anle’V

<D. . :
. '.!_.
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NFunct1on (I, 2, 4, 5, 5, 7)‘Qh

.”:Repllcatlons (6) f L . p:* f o B - }fffu- .

,'l‘v_:'=l;"3ﬁytDom1nance Scheme (flxed map, determ1n1st1c map)69 ;f_
”.fjr Qil'dr'jDom1nance Change Operator (S}f, on) | -
f'r”The overall best performanee measures, shown ‘in
Table 5 3 requ1re 11ttle explanatlon. The domlnance change.

opérators made a: 51gn1f1cant dlfference, often 1mprov1ng

algorlthm performance.' The varlances of the populat1ons 1n “f_fﬁ
the experlment came as a surprlse (Table 3. 4) The use of :l;‘}_:
domlnance change operators sometlmes produced a loss of '

A varlance. An exam1nat1on of the behav10r of the algorlthmsf

v"} over t1me helps to explaln why.,;;fifff”

Average Max1mum Frequen01es for the determlnlstlc'map“j“

scheme with and w1thout domlnance change operato?s are

Flgures 5 3a and 5 3b._ Overall best performanceflffl»fl

‘ \

e algorlthms are shown 1n Flgures 5 4a and 5 4b.3;f};”;f

slmllar to the plots for the f1xed map domlnance

ves at each locus were mostly the less f1t alleles.
'ing the domlnance at that p01nt would have subJected

poorer alleles to frequent testlng in. the env1ronment,fff3}’f

resultlng 1n a rap1d reductlon 1n therr numbers.; At the
same tlme, the dominance reversal WOuld have created many
new phenotypes.; This would’have ylelded some improvement 1n,q;ibfﬁ

algdrithm performance., Th1s 15 what can be observed on the ?h;;¥il
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_ Table 5. 3. Experlment 53 Domlnance ChangesOperators.,lr;’
o Overall Best Performance after 8000 Functlon Evaluatlons .
B ERURN R (results averaged over 6 runs) '

v.ﬂ / A»;} g ‘.":-;J e ,f:,wr- - e "‘
.4 v .o pominance . . . Co T
' : Functiqn._Change,OperatorjxDominanCe.Scheme L e

,i.ée.'.f:; :D .

B ,lfgn EERRNT N .00 100, 00
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. Table 5, 4 Experlment 6~ Domlnance Change Operators.
Average Max1mum Frequency ‘after 8000 .Fuhction: Evaluatlons
¢ - .. “{results averaged over 6 runs) . g

N R AR AR L

L . . ‘ : » . ‘ \ _.. e . N ‘ . . . . N
e Domlnance : L T &
< Function' Change Operator Dominance Scheme™ . N ’

| T f~b'  e
I ,on:_. S .849 . .857rgﬁ3’ R

o g Vlflv.'offff,*%f' .821 . .782 |

Ef!“f  T £§ff{}j?ﬂf  .+ 769 V;'ﬁf;Ja727”ij\§§'-*'

| et o off. 788 822 L e

T B ﬁ_i,;;731“‘5¢‘f5:830;1 T
'f; a. dom1nance échemes

0 F = fixed, global"ﬁép el T S e e
| iDE determlnIStlc' Vaflable:_Q%Qba;;mgp_}{~'ayﬂ,;. B R

F rat10551gn1f1cant

Source of Var1at1on A xM”S;i'*
FUDCFIOD ‘f*'7"“*ff*ﬁ .".033169* . 'f 13 72f;7"?4*‘ﬁlf?ﬂf7ﬁfx5;
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.;{g*Dom._Change Operator 7.032300 1 .4'22 60 ke
- Function x-Scheme .. :+00940 - 5 - B B S
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; eas1er functlons, éspec1ally Functlon 1. %'”
Now assume that there was no 1n1t1a1 advantage to

-elther allele at many of the 1ocr, so that domlnance drlfted

'-frandomly to one allele or the other._ Rever51ng the

-.\

,domlnance after 2000 functlon evaluatlons would have

~»i7perm1tted many marglnally better (but prevxously rece551ve) -

Jfrhfand very 11tt1e loss of varlance.; ThlS is: what can be

"Funct1on 7

»fij 3 3 Experlment 7 Hap101dy vs. D1p101dy 1ff.?h

Experlment 7 was des1gned to’ compare the performance offff""”"

v;“hap101d and d1p101d algorlthms on functlon opt1m1zat10niyhb

7prob1ems.{ Ha9101dy was represented by an algorlthm w1th

't’populatlon 200 mutatlon rate 0 001, and crossover rate 0 6;

",An algorlthm u51ng the determ1nlst1c map domlnance scheme

'tfhobserved on’ the harder functlons, most notably on dﬂ?ﬁﬂ,fri'“'

129 -

“7.7alle1es to 1ncrease thelr numbers in the populatlon. fThef_fV"';‘p

-pr‘result would have been 1mmed1ate 1mprovements 1n performance»;j;f[’-

with domlnance change operator was selected as a reasonable SR

’-representatlve of the d1p101d algorlthms.. Populat1on slze_ehxrfcl

i;lmeasured as number og chromosomes 1n the populatlon, were

r

";equal. The mutatlon rate for the dip101d algorlthm was
“7:0 000025, the crossover rate was 0 5. Both algorlthms used
"fdeterm1n1st1c parent select1on and the a11 t1me worst value

9

"as the base of the selectlon distrrbutlon. :’

”hgswas 100, so that space requlrements for the two algorlthms,',"f
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C N : o

As before, runs “were. termlnated after 8000 functlon

"ievaluatlons. Thus the haplold algorlthm ran for 40

"'generatlons, the d1plord algbrlthm'for 80. Factors 1n the' o

5;;D1p101dy d1d not 1mprove overall best

”%f;to determlne whether the d19101d algorlthm had had tlme to‘hz*f"*,

AN
_1.\

,"fl; Functlon (1 2 4, 5, 5, 7}\ ni“fr;bzgi§g_p,dg_t’}}tijfj;

jé;_ Algor1thm (hap101d dlplo1d)\ Q‘-_7ﬂ*f.gij7gr ngngi{f.a;

‘ ;47exper1ment were }ufffffa;.'f R N

’.;;:3 RepllcathDS (10) .:‘bflda::_gxiy:e;;jffjgwwr?;taesibipfxg.,

-tifTable 5 5 g1ves performance resﬁlts for Experlment 7.fff'“fxﬁ+“

7;?performance was plotted over t1me (Flgures 5 Sa and 5. 5b)/fhfﬁ7f70;’

x\\

'.x:fulflll 1ts potential for search It appears\that on. all

J*Jf}functlons, both algorlthms had reached plateaus Of

l

'Affhperformance by 7000 functlon evaluatlons.f

Average Maxlmum Frequenc1es for the two algorlthms are

L

ffhﬂishown in Table 5 6. There was a. small functlon/algorlthm

1)

[1nteract10n, but 1n general d1p101dy w1th the dom1nance

j*change operator d1d not 1ncrease populatlon varlance.,ﬁlﬂ‘

"s_hS 3 4 Experlment 8 D1p101dy for L1m1ted Resources f" ;

The good early performance of the d19101d algorlthm 1n G

,fExperlment 7 suggests another possible appllcat1on of

}7;d1p101dy-‘to problems w1th severe 11m1tat1ons on t1me and
xi;space., Experiment 8 compared a d1p101d and a. haplo1d
"sgalgor1thm over Test Functlon Set I for runs of only 2000
.hrffunctlon evaluatlons. Populatxon 31zes for both algorlthms
t:diwere llmltEd to 20 1ndlv1duals.'\w\e early pErformance of

'47ﬂhthe diplold algorlthm in Experiment 7 d1d not depend\zg the np;fqﬁ;'

. . i R - R Lo RE : o . ' R >
: N . . N P . . R o . v e
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e Table 5 6. Experlment 7 Haploxdy vs. D19101dy..
. “Average Max1mum Frequency - after 8000 Function: Evaluat1ons
TSI (results averaged over 10 runs) o :
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":ﬁffffﬁ:‘Af?ffiﬁf7i?765ﬂiftff;effjédff#fffuijf'"f

‘:“fff;j:i;gﬂ;fijizlggjp3@’:fﬁf:}t;;ﬁjj;flf .ﬁfiﬁ%%?”*°"
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- -’Q;J;*;Epopulat1on 31ze =100 - o

i crossover rate 0 5:

~.';5;mutat10m rate = 0 000025
. ploidy. = 2. ] o : E B
_]vpdomlnance scheme = determznlstlc;map'-;eﬁ
‘afdomlnance change operator on
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dominance change operator,vso for Experlment 8 the d1p101d

algorithm used the determlnistic map dominance scheme w1th

'no domlnance change operator.‘ Other algorithm parameters f'

| remained unaltered from Experiment 7.:.The;faqtors_were,<:'
: l.ééFunctlon L, 2,4, 5,6, )'i L
_Yufihdzf_iAlgorlthm (h39101d d1p101d)
;'ll;dif.Replicatlons (10) o

Overall best performance afterl2000 function'”

R

' evaluatlons 1s glven 1n Table 5 7.“ Plots of overall best
| “are shown 1n Figures 5 6a and 5 6b. The d1p101d algorithm

had a small advantage on Func__on 5.‘hIn geperal, however,
there was no 51gn1f1cant difference between hap101dy and

d1p101dy, despite the fact that the dlplOld algorithm was

o135

allowed twice as many chromosomes 1n 1ts populat10n~as the yj;pfp;n

hap101d al@orithm._jiffifif]f‘f&fd"gif}r?*3“v'

s, 4 DIPLOIDY IN RETROSPECT 1fﬁ;5f¥*°”‘37“"1“
% o

The fallure 6§0d1p101dy to produce s1gn1f1cant

‘ lmprovements 1n genetic algorithms for function optimization;fiijv:°f

can be better understood 1n light of current theories in. iiigig,_a.h

p0pu1ation genetics cohim;ning d1p101dy. DlplOldY and

recombination have been pgpular subJects 1n the literature,_f

beginning w1th Fisher in 1958 and contlnuing to the present,g}f?“f;f

(See Maynard Smith 1978 Crowvand Kimura, 1970 Ewens,

- S sl
}968,_and FlSher. 1958 for general treatments.f Li, 1978q‘;x'~ L

and Felsenstein, 1974, are representative of research papersﬂf*f7f57

on recombination ) In his book The Evolutlon of Sex

(1978), Maynard Smith makes severa}4relevant P91nt8-f§;;épndf3ﬂﬁi
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f First, it'is possible'that diploidy is beneficial
. during somatlc development (growth of the organism after
ffertilization), prov1d1gg protection against deleterious
mutat1ons. In this role, dipl01dy would a1d in preserV1ng
fthe viability. of 1nd1v1dual grganlsms, but would not-affeét
' *the adaptive evolution of ‘the populatlon.
l. ~ ﬂ' Second, the purpose of recombinatlon may be tg}prov1de‘

I

hore rapid evolution of populatzons. -The cond1t1 f

fby Maynard Smith under whlch recombinatnpn is benef1c1al are
listed below.

Heterozygote Superiorltz. Recombination of~diploid

organisms is de51rab1e when the heterozygote at a locugﬁis
o -
superior to either homozygote. This 51tuat10nodoes not
‘develop in genetlc algorlthms for function optimization

which use binary representations.' R

Dependent Loc1._ The f1tness of the comb1nation of

i alleles A and B at two loc1 may be superior . to that oT A or-
N R
' i alone, that is, f(AB) > f(A) f(B). Then 1f
™
“_p(AB t) < p(A t) p(B, t), recombinatlon will 1ncrease the

' _number of AB 1nd1v1duals 1n the population, even if p(AB t)
1s initially zero. Thu%;recombinat1on-benefi&s the search

" for good schemata when the alleles def1n1ng the schemata are.
° .

already 1n the population., Recombinat;dn and variance in
N .

the pOPulation togethersprovide better adaptpve search.
i

2:1 Missing thimal Alleles. When the ‘optimal alleles at

sevenal loci are missing from a population, they must be

vintroduced‘hy mutation. This condition-could be caused by .

kY El



G

'contalnlng all the mutatlons.

;1nd1v1dual w1th1n only a few: t1me steps.- Sp 1f nP ‘>'1;,
J.that 1s, more than one mutation occurs in one generatlon,‘

recomblnatlon w111 reduce the t1me needed to produce

1) the vari

T
B

"shlfts in the environment whlch render a- prev1ously 1nfer10r‘

\ H

allide optimal. If the populatlon does not recomblne,
mut tlons must all occur over: several generatlons 1n the
same family 11ne in order to produce at least one 1nd1v1dual

14

Recomblnatlon allows mutat1ons 1n two or more'

°

1nd1v1duals of the same generat1on to come together in one

“in thlS 51tuat10n 1ncreases the: speed w1th whlch mutat1on

compensate for the absence of de51rable alleles._

[ RS

. these cases;alt becomes clear that ‘the rate of

‘O

-}response of a populatlon to env1ronmental factors depends

not on hapl idy and d1p101dy p;r se, ‘but on
nce of the populat1on, espec1ally whether or not

alleles are totally absent from the populatlon, and
]

-2) whether or not ‘there is recombinat1on between 1nd1v1duals

1n the populatlon.

[

D1ploidy in natural systems may be useful 1n somatic

' development as a protect1on agalnst harmful mutatlons.~ Thls‘

use does not apply genetic algorithms. The ‘use of a d1ploxd

reproduct1ve cycle may improve population f1tness and -

o
%

}response to the environment under cond1tions of heterozygote

n'jsuper1or1ty, dependent locir and missing optlmal alleles.

‘ k/\s :

The keys to this improved response are the ma1ntenance of

140 -

| 1nd1v1duals w1th all of the optlmal alleles. Recombinationy

e

RS
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Vpopulatlon varxance and ‘the use of recomblnatlon.

It has been shown that 1n a genetlc algorlthm,,_ﬁ_‘ P

~popu1at10n s1ze of 200 and a mutatlon rate of 0. 001 are : '.-én'

suff1c1ent to prevent f1xat10n. Crossover prov1des a

"powerful tool for recomblnatlon. It is apparent after the

e

"experlments of thlS chapter that d1p101dy cannot prov1de -

" more pOpulatlon var1ance or recomblnatlon in. a genetlc

'_algorlthm than has already been obtalned by hap101d

‘algorlthms employ1ng the crossover and mutatlon operators. ORI

\

.However, 1t must be kept 1d'm1nd that thls result app11es f}

nfonly to genetlc algorlthms w1th b1nary repr entatlons used f'f‘

"questlon why d1p101dy?".has not yet been answered for }"J»

"on functlon opt1m12at1on problems. o

T~

D1p101dy and" domxnance are not well understood., The

| 1dnatural systems. But 1f ‘the’ ut111ty of d1p101dy does der1ve

1_pr1mar1ly from somatlc d1fferent1ation, heterozygote o

superlorlty, recombinatlon,vand malntenance of populatlon

varlance, then the benef1ts of d1ploldy do not transfer to

fgenetlc algor1thms for function opt1m1zat10n.l

5. 5 CONCLUSIONS ;’d' B f._n,"" R g‘*s~‘;

Under d19101dy, it is poss1ble to reduce crossover»and

mutatlon rates w1thout reduc1ng 1evels\of recomblnatlon or

pOpulatlon varlance., However“ with respect to overall best

-1‘performance on dlfflcult function opt1mlzation problems,

dlploldy does not improve genetlc algor1thms. }.'

N




-

/“ D1p101dy may be useful for dynamlc envnronments, in

ich case a domlnance scheme whlch develops dynamlcally to

:r‘flect allele fltness 1s good ' Determ1n15t1c, varlable,

so o

4lobal domlnance maps are an example of such a scheme. j'éQ
omlnance change operators can 1mprove overall best ' 

‘eperformance on d1p101d populatlons, espec1a11y on dlfflcult
'Teifunctlons.  ;{;;c”_;}f- o s



3 ‘CHAPTER‘G_iyv:‘I

~ COMPARISON OF GLOBAL FUNCTION OPTIMIZATION METHODS ~ .
Many practlcal problems 1n global function optimization'ii"“'
}-?ﬁare characterized by a. Erior 1gnorance. T’e number of |
%-fﬂﬁdimen510ns and bounds on each dimen51on are usually knOWn,.y_:;sf'

‘ff_but there 1s no 1nformatlon abOut the«behav1on.of the A;f:d',b“”’

‘\——.;

'flffunction. Such "black box funcéions require an
"f'optimization algorithm which makes few assumptions about the?‘f!
..-', / 4L
,/nature of/6537¥unction and works well over a wlde range of

A functlons,.‘ B TR s '. . R T

Genetic algorithms optimize bounded functions over any ;*f"':}

'ffinumber of dimen51ons.; They do not requlre derivatlves and

'~fiare not limited to}functions which are un1moda1 1n Euclideanf
space._ Logically, the best area in whlch to apply genetic b
: 'f{algorlthms in optlmization of Euclidean functions 1s the |
:ji;area %§ global "black box optifization. ThlS chapter lif “'i’j‘f
: h;;yinvestigates that application.vrﬂ'?‘~3':' IR

"'°ff6 1 NUMERICAL METHODS ‘ ,
i Numerical methods fer global :Pt1m1?3t1°“ Ca“ be _
.'“'lcategorized according to what assum.tions they make aboutﬁi‘:iﬁe*
de?the function. Methods which are tailored to a class of ‘fbysh"
bﬁ?functlons will be superior to general methods on those 5
aﬁfunctions, but their performance elsewhere may not be f%sfd5fif

VL predictable. ?herefore, for “black box' functions it 1sis'f

N\



:ﬂ:;fdes1rable to m1n1m1ze the number of assumptlons made.- The:Q :

;éfollowlng is a catalog of the best numerlcal methods

g o T
*vgcurrently avallable wh1ch do not requlre contlnulty orv:;,‘--*“

:”‘dlfferentlablllty of the functlon.,.:;}.:f‘” SR
\ No Assumptlons. The only methods wh1ch make no 1f;jj\f_~qj“ﬂ,

G
igfi assumptrons whatsoever about the functlon are random search
\\ gmethods.f Pure random search con81sts of the evaluatlon of a
. -given’ number of poxnts chosen at random from the solutlon ;ﬂf?f?”"
]\~space.; Modlfrcations to pure random search such as o
Anderssen s (1972) are also unrestrlcted 1n appllcatlon; but -?lf-ib

f]j have not yet been well analyzed

?’

Grouped Optlmal P01nts. Several methods assume only

'that opt1mal p01nts are grouped 1n nelghborhoods 1n g;;fﬂ~pd"
Euclldean space.g If this 1s the case,,searchlng should be'
ﬂ 1ntens1f1ed near prev1ously located good p01nts.- Creeplng
vrandom search as prbposed by Brooks (1958) centers a set of .
;ﬂlnormally dlstrlbuted tr1als around an 1n1t1a1 p01nt then éj‘dﬂ
'lii moves the search to center around the bestn901nt found
i;' before repeat1ng the process. Cluster1ng algorlthms have
also been employed to locate opt1mal neighborhoods after an

in1t1a1 set_of random trlals has been completed (Price,‘

1977).

Smoothness._ If the functron 1S’assumed}to be

reasonably smooth 1n Euclidean space,;;'grid can be imposed

on the solution space such that each gr1d sector will

probably contain at most one relatlve o;timum., These

-

:'{’//ctors can then be searched by evaluafing sector centr01ds




ivi45;i'
(Brooks, 1958) or by u51ng some method for flndlng local
tloptlma (e g. H1ll, 1969). The d1fflculty w1th such gr1d
;imethods 11es 1n the determlnatlon of an ;nltlal sector 51ze.. pe
hxéxwhlch corresponds to the smoothness of the functlon.t;ih;g7i:5ﬁ AR

Fft##?allure to adOpt the approprlate 1n1t1a1 gr1d 1s usually

dlsastrous.

g__drat;c Smoothness.‘wa a’ functron behaves much llke:rf:?fdii
*ﬁff;a quadratlc polynomlal 1n the nelghborhoods of local optlma,\:“
r-ifflt can be searched by local d1rect search or- descent

‘i?ﬁnmethods.~ JarV1s (1975), Jacoby, Kowallk, and Plzzo (1972)".ft’uji£
E."i..,"._.Kowahk and Osborne (1968), and Fletcher (1965 1969) &
:asf;prov1de rev1ews of these methods. A global optlmum can be‘.
‘hijlocated by runnlng these lOCal methods in global mode,

VV“fsl.e. applylng them repeatedly from dlfferent startlng 5'

“h:tp01nts. ff;f*
On one-d1men31onal funct1ons, seafch bY quadratlc rdtﬂﬁffdﬂf-'Vt
’”ng:approxlmatlon 1s often used. For h1ghet numbers of =

"!dlmen81oqs, the best d1rect search methods are Rosenbrock s :

44: vl

.'7ﬁﬁmethod as mod1f1ed by Dav1es, Swann,,and Campey (Box,;bﬁﬂd'xt

i?;;DayleS, and Swann, 1969- Swann, ﬂ964),,the Slmplex method of

" Nelder and’ Mead (1965), and Powe,ll's method (Powell 1954- -

"Qf'fBrent, 1972){1iGradlent methods, whlch use derlvatlves to f;7fdsgﬂ7

‘ ) example . | ‘_j




" "“1455
The Stewart and Powell methods are probably the most
. e powerful local methods 1n terms of speed of cdnvergence 1n
i:the 1ater stages of search : However, the method of Dav1es,:;jf“5m

'lj?Swann, and Campey exhiblts good early performance ;?It also.fﬂff“f

ff;f}may be preferable for functlons w1th large numbers of

'”ﬁf?dlmen51ons and may perform better than other quadratlc

methods on functlons which do not satisfy assumptions ofl'

4 :

- Hquadratlc smoothness (Fletcher, 1965).,,;1;f,aff:"*-~ -”"h

Hamming Space L1near Independence.- Genetic algorithms

'dfﬂ{do not requlreesmoothness of the function 1n Euclidean ,iﬁdf]yf}7i
‘”:[fspace.c Instead, their performance 1s related to the 'gfff;5ﬁﬁyﬂ

}f:t;llnearity of the function when transformed 1nto Hammlng ‘gﬁﬂf:f -

‘,,space-jjiﬁ" L
- In summary, the only methods whlch make no assumptions <:g:

- 7about the funct1on are random search met:hods..j Other metths e

‘ff_rmay be va11d on "black box":functions, however, f thelr

“foiperformance 1s suff1c1ently robust.v The most 11ke_y i ngi;i&fi

°7f?ﬁcandidates for global optlmization 1n envxronments of M

‘,'f:_..'_;:s 2 'rss'r FUNCTION SET n ALGORITHM conpA#Isou i’ \

In Order to compare the four globalﬁoptimizati nw_}';;f5‘

J~lffmethods selected in Section 6 1 it is necessary to ave a’

boundedh;‘ffh}

‘*f;iiset of testﬂfunctions which will challenge the robusrness of@;ff'”
7'fﬁ;eachﬁmethod.v In addition, allvthe"functions must bel
1
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"Tﬂand have*two or more d1mens1ons, so that all four mefhods
fﬁﬂ;;are\@ppllcable., The function characterlsﬁlcs which should f”'"“rwx
ff?be varred w1th1n the test set are smoothness 1n Euclidean\\J:ﬂ;jffg

”‘;ﬁfspace, Euclldean modalqu, and Hammrng space linear Tf”'“'

t"fdependenc1es. Also, DSC may prove sen81t1ve to the number

P

“°'fﬁof dimensions 1n the function, SO thls Sh°U1d be varied as i:hﬁifif”

*T?gf_ The follow1ng ten functions comprlse Téﬁt Functlon

Set II. Three functions were taken from the lltefature,vpf;;fffffﬁ
,eft?However, few experiments have been publlShed which use :.,:.”
,»inhlghly multimodal functlons, so functhens 3 through 8 and 10
g:?were constructed to provrde the desrred variations 1n .?fff?dﬂ;?hf
1£3moda11ty,” The bounds for most functions were set so that A

.

"'fjfthe genetlc algorithm could search spaces w1th a resolution f;;‘fﬁg,

”,xiffor each x—value of 10 ;O and a space s1ze of some power of 'ff;ftfz
ﬁ*i”ftwo. The ma1n features of each function are glven 1n .h'if%;,fﬁﬁﬁj

“i}ttTable 6 1._fiﬂg£d{félcff°§*-

}ih”;€6 2 1 Function l P L

ot ‘ 200 a2 g e

'2fﬁ;?ff_,~ fl(xl.xz) 100 - 100ix1»7 xz) T (l x1 e
L <3 4359738367,'45-;f

Bounds #-3 4359738368:i fi

_for i = 1 and 2 3 4359738368

'5“ﬂjuax1mum- 51(1 1) - 1oo o

ftpf{Function 1 1s Rosenbrock s Valley (Rosenbrock 1960){1%E,‘_c45
negated to form a maximization problem.p It is a quartic jhﬁd%;lﬁdf
function which is unimodal in,Euclidean space, but not

"iarastrongly unimodal. It is representative of the unimodal i:ﬁ@;;ffrj

functions which aee used to compare direct Search and
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L o Functlon .‘,

Valley

2 Shekel s    {"}2;jf;7f¢lf'
Foxholes::fw-rr%aw';;-' )

Sum

7f “»4.‘Damped S1ne ; ¢§2ﬂjfffF3*'”

5 lO—D Four1et -
Sum A

6 10-D Fourler'j
Sum B L

Product of

er Fourler Paltsgfﬁﬁﬁifﬂffwjff

e F“ﬂction~

L e

v o
B s*“‘ SR

'”fﬁumbéf'of'
:{Dlmen31ons

l- Rosenbrock 's fff{2f fffxif
R 2

Table 6 l. Test Functlon Set II.@  o

RN

Hammmg SOy

Euclldean o
‘Llnearlty Contlnuous?

Modality

‘1. 'Nonlinear’  ‘Yes ' - -

. Nonlinear, . - Yes: . ..

;"'f,Nonllnear 7 Yes

'”7 Nonllnear ji»;Yég?.'*

‘Llnearly fﬂ fYé§§“f£T f;f?;$7
e Independent»u;;-.;:* :

“”77f?; ;§.Nonlinear ;ﬁ;yfééﬁf;i 0

o ¥, L in 6 ar 1y~ L No ). e -
}Independent.?ngif;”

‘*"<1.Independ¢nta*,:**




ff’deScéntrmethb§Sjin'ghe.literature;uﬂ_;"‘

‘f6?2—2-Functlon 2 *]&;-.,f :*/.“'3;1<_x;;:»v;;; A

ek A (al”"'azs) 32,0600, 06, 32,0
| VUT’.,ay.;.faz, -16,.0'“16 32'77" Ty

B N

“tt-32;_-16,kQ;{16 .32,5173—:

eﬁfF32;?-1§,,d;f16 32,;5' N

. ( 32’1. _32’_32 ._32’ _32'

' ‘”‘f; 16, 16 16 16, 16,00 ol
a2 32 32, 32, 32).a;f;fﬁc R

.t.r .

f2(x1,x2 = 100 998 { ooz + E:[L+(x ~a ) +(x —b 5" ] lyfl **ffjﬂa,
Bounds-.—54 975581388 <x ‘< 54 975581387

239 10 10

e 1=
e tjg;;‘; for i 1 and 2 54 975581388e-
Max1mum. f2( 32 -32) - 100 0

i

o Funétlon 2 1s Shekel's foxhole functlon as’used by~~'
De Jong (De Jong, 1975‘ Shekel 1971).» It also has beem
negated to form a maxlmizatlon problem.. The surface is

”}f fairly flat with a miniiumjvalue of about 400., There are ‘,u:t

f~25 Steep Peaks at thE’pOIhtSffaai?l). i= 1,...,25, each w1th R
"a gelatlve maximum value of about 101 - 1‘“~gﬂ}gf3*557" R

Goee i S O “_\‘A’

623 Function3 L e e
f3"‘1"‘2’ '.f" 2:1°5i“‘"a1j(x1.?&;”7
: i=1 J=1




‘-'i-§>.“:';' ey 1800

“f. : | | . ,v » ._ " s v RO .o
Where fOI J-l,-..,S,-_

= 18818, 235298 1940596,,21112002, 200040002, PR

o
A
l-l-‘ :

e

zjff 21218, 207646, 2060602 19531250, 199720098,. B

o
'}

{'?'”.25858495 *10” 1_.69532345 10 5.;- 64058648 10 =6,
8

o, 17853‘47 10 6‘3 .67849272 10

.?"I- 28863:&2 10 4_, .18619699 10 5 22571332 10 -6, T
7‘, .2924699 10 -8, b

'}

T?ifféff: 256 10’

L T et
~u»3;.0001048576 22 10 H_,;.{y;q;;jg;__aejw;gyj,g,;;;;

0 10 219

| Bounds. o < X, .0001048575 for 1-1 2
o 10

o Max1mum.-f3(2 ) ‘. 1oo o

Functlon 3 1s the sum over two dlmen51ons of Fourlerpf*.;v

; y:fsums wh1ch are 51m11ar to Functlon 6 1n Test Functlon Set I

8

’5if;(Section 3 4 6) ,'It contalns roughly 10 relat1ve max1ma;ﬁl

'7T;j}The perlods of all the 51ne Waves are relatlvely prlme to =

o '.(;.‘.'-;.

/ﬂ;; feach Othes and to*ﬁ _a?:f}f  5{}%fA;?f:3ifjff1

,,. . ',v_n./. L L e @t
cet Do T o . . B
) “ i e -* o . e

f ﬁ1f6 2 4 Functlon 4 o 'ﬁ*T

[

~.,TfLet A *= x, /(2 -10 1°), for 1=1 z.fvﬁ}f;k;;;fjj;ﬁ




f5(X) Z Xsm(ra é + bk))" B \ : ,
T _,: i= k=1" ,. ._ﬁ .-,: R R AU R

7

Let X = (xl'ooo,xlo).'.

where al 19531250, a2 = 78125000 b1'~— —.256 10




6 2 7 Functlon 7 "'er ‘1‘:<J5f

o

Letx (x ,ouo'xlo)o'

4 2 2. 'e'“‘ ~:* S ‘
; 2_ -TT‘ 2_51n(ra (x21+J + P )),._
~,*i= j=1 -1 o - ‘

) f7<x)

where ak, b are as in- Funct1on 5, for k 1 2._'

. T?LQ*~~1a Bounds- 0 < x' < ,0000001023, for i= 1,...,10 |
BN ‘-vMax1mum--f7(X) ~ 100 o for xlu‘:s 12 10 8;1.”"'f
. '-3:;‘A ] T "l“’c.o'lo.“:,"“ R

a . .

Functlon 7 1s the sum of f1ve products 1nvolv1ngvthe
””ﬁ* ten Fourler sums used in: Fugctlon 5.§ Thus, 1n contr:st o

: Functlpns 3, 4, 5,'and 6 Functlon 7 w1ll have some

_?uu,nonllnearity,. xug;g;g

ﬁ}gi: 6 2 8 Functlon 8

Let x . (xl,...\,xio). L ,n

~

R __-\

J w{ are as 1n‘Funct10n 5 for ]-1 2. u_"

\

Bounds. o < xl;g,.0000001023 for 1—1,...,10. v
= o

';_uaximum. £8(X) = 100.0 for x, = 5 12 10

B B p V i-.
""'1-1;,..,1o.j#fti*liﬁgndfli' .




A

.MeBounds: 0 <x; & 10.23, for.i=1,...,10. -

100 when X4 3‘10,'i=1,..w,5, and%‘\

9

© Maximum: £9 (X)

S N L Xy < .23, i=6,...,10.

Function 9 is a dlscontlnuous, hlgh dlmen51onal step

functlon. It has one relatlve max1mum value, whlch occurs

0

over a hypercube 1n one corner of" the solutlon space. The\j

- corner chosen has flye hlgh_vaalues and five lowioneSf to
discourage a method which searches all dimensions in the

_same direction.initially._

¥ “
: - S B
6.2.10 Function 10 / - ‘
Let x = (Xl,...,x ) . _;._." - ~ ) c‘ ) | .n
| 05 o ’
flO(X) = 2 Hammlng Dlstance of l! ] to 512.
i=1 ,

Bounds:. 0 ¢ x; <1023, for 1-1,...,5.. ' .

Maximum: £10(X) = 100 when 512 < x ¢ 513,

A

131,000150
Functlon 10 is a f1ve d1mens1onal ver51on of)the
,fHammlng functxon (Functlon 1) of Test Function Set I

‘(Section 3.4 1) It 1s linearly 1ndependent in Bammlng

49 14 :

~space and has 27 - 5 6 10 peaks in Euclldean space.

4

6.3 EXPERIMENT 9: GLOBAL OPTIMIZATION SPUNEA I

% o

’In order ‘to compare—the four methods of Section 6 1, ‘it

*

'fis necessary to set up similar modes of operation for each

©

.method. The commonly used 5loba1 mode for DSC involves

153

running the nethod t° tOﬂVefgence on. each of several random }’ﬂ}

E starting pointa. However, the genetic algorithm is alwaéﬁ\

L 2

«
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\

\
\

allowed an-initial population of 200 random starting points. |

" The genetic algorithm should logically be compared to ,a DSC

method whlch searches 1n parallel startlng from 200 random
‘ L

p01nts.> Thus for CRs,stc; and GA, t

o

be used

qyrunning modes w111
T

-
{

Convergence mode ("

‘tRun\until convergence
starting from ohe random polnt (or.random population), then
restart.. Continue¢up to a max1mum of lOOOQ‘function
evaluations;i ; | | | !)
:_Fixed starts mode\i"f" mode);'sUse avfiked-numbef'ofy
ra | random starting-points. Spend the same\amount of time‘*'
| searching from each p01ntf so- that the total number of
function eValuations is 10000. ’ '
o The parameters used for each of the methods are’
described 1n Appendix D. Seven methods, PRS, CRS ! CRSf, K
DSC o’ DSCf, GA , and GAf, were . run 10 times each on each
function in Test Function Set II. Gl | o

’ The overall best performances of the methods are given |
in Table 6.2, Creeping random search surpasséd pure random

a = /

search on only ‘one function, and was worse on ‘several .
Since CRS is more. expensive than PRS to use, requiring'the;de
generation of normally distributed p01nts, it need not7be:>= » _f
B considered further as a global optimization technique. ,7¢j'. '
'fo_‘ DSC’ exhibited marked differences in performance t_ﬁ}?'
' depending on the mode of operation used (Table 6. 3).;’DSC’ it;-.V
_; emp!oyed only 50 to 100 random starting points when in N ;?" B

B convergence mode. JOn.the dampened 81nusoid11Function'4).
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j Tab&e 6. 2. Exper1ment 9 Global Optlmlzatlon. -
.‘Overall Best Performance after 10000 Functlon Evaluat1ons \
: (results averaged over 10 runs) R

o

"Function e Methoda

   ?$3 »iCRS(c) CRS(f) DSC(c) DSC(f) GA(&)"-GA(f);?7a'°

'99/99 98.44 99.99 100.00 100.00 99.98 99.98
99,95 33.04 /99,85 99,31.100.00. 99.45 99.80
., 78.76.50.19 78,76 90.70° 90.82 92.34 91.13
7 82.06 44.84 82,40 77.22 88,79 93.62 92.41
'57.89 12.54 . 51.90. 86.10 .81.23 79.63 '8l.13
59.04° 23.46° 51.74  93.22 85.38 88.27 92.40
.- .11, 20,00 20.00 19.82 19.97  20.00 20.00
3,54  ..01 .99 31.79 10.27  2.52  4.50 .
1 80.30° 52.10 72,10 98.90 96.40 93.00 92.50 X
76.80 63.00 75.20 88.40 85.00 93.40 93.40 ' \\;;

CVENAUVT B WN K .

a: method « L
pure random search

PRS. = ,
CRS = creeping random search RS e
- DSC = numerical me thod of Dav1es, Swann, and Campey}.f
GA. = genetic algorithm L | o
~(c) = convergence mode °
. (f) = fixed starts mode ' _
'"i30urce of Varid%ioh' R M.S;-. D.F: :F-ratlo Sign1ficant
Method  ©  19200.00 6 103.30 BT
Function . - . 66400.,00 9 357.30 - *x% o .
Method x Function 1344.00 ° 54 . 7,237 o * o
: Within Cell . 185.80 .630 S e
N . / \‘
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Table 6 3 Experlment 9 Global Optlmlzation.hf”
’ “Overall Best Performance of DSC .
after 10000 Function Evaluatlons
(results averaged over. 10 runs)

”“:Funétion'el* w;f"_f ”ff Mode

Convergence B F1xed Starts o

90,70 s0.82
770220 8e.19 o
S T 100270

: 88;40'_";',”;“'85;00 Qj

e _

CovemNO U WN

-

A

';Source Of Varlatlon 'l.é'  M s'_ 7D;F. F-ratio Slgn1f1cant1 ,>i7.f

Method . 380.80 ..r1'»» 27,70 . 4.

CFunction "18620.00 9 1350.00 4 T

* “'Method x- Functlon SR 345;80'“' .9 25‘20~-»,‘5 L
}'Wlthin Cell .. . vi'*13,76 180 et



‘?1ncreased the probab111ty of 1n1t1at1ng hill-climbing on one:'

: '"grconverge on a peak after each start.Mngfffﬁ'”

: \ L
:'uffvariance at a: level which prevented convergence w1th1n 10000d

:‘_,\

~Jsame.’ Because\fixed starts mode 1s he natural way of

- ‘

"ft‘on a new, random populat1on. - Thus

‘“fzin further discu'slonsfg -

.

: all ten functlons

' 7;sca1e varies from function to functlon. h

'“15exh1bited a steadily improv1ng performanc cir 'ﬁﬁf

hrunning the gen%tic algorlthm, only é

N /"

.‘.

.;u51ng 200 random starting p01ntS 1n fixed starts mode

A‘-;of the narrower, hlgher rhdges.{ On the more regular Fourierf;

\

fsums (Functions 5 and 6), DSC performed we1¥¢wh9n.allowed»tqff’“

The genetic algorithm was not affected by operating

“*h;imode (Table 6 4) The algorlthm malntalned population ;#-:

funct1on evaluations, and the algorSthm was rarely restarted;

s

}ﬁ\

,f will be cons1dered

N

The genetic algorithm always equ'lled or surpass

’ﬁrandom search.: D; C, however, offered 1t1ff @ompetitioi.

Plots of OVerall ,

Each p01nt iw an aVerage of 10 runs.
38

\

on

i
|

.;functions linearly independent 1n Hamming space ‘[;4-7,' )

of 10000 function evaluations.l On Functions 7 and 8, ,

157

he two modes behaved the Lo

a pureﬁﬁ';

N’te that the vertfcal ,f



«;fﬁ{fMethod’
‘57‘”QWFunction : |
. ,Within Cell S

FovENa s LR

T T

'-VfSOurce of Var1at10na“jfggj

liTFﬁnéfidp"

P

TR T
99,45
b 93,620
T 79.63 -
088027 ¢
93,00 "
S 93,40 o

M.S.

;;fﬁconvergence leed Starts

iia99 98if'
Lo99,800 0
81.13 . e
L 450
92,50

i 92;41f;5_'5_:7~=-‘
92.40. -

f 12, ss;;‘
;5‘f24150 00

' X3, 32'~f
9 13

'1 1 39{;:r‘
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Table 6l4 Experlment 9 Global 0pt1m12at1on.,;*ﬂﬁqﬂf
Overall Best Performance .of GA . . :
after 10000 -Function Evaluatlonsli~

(results averaged over 10 runs)

D.F.v F-ratio Signiflcantaf;iaaf'i

N '_ 9 1 46 \- D -} T
180 A R



(100 ro0090099agesesessece

= Dommazem

02000 4000 6000 aooo 10000 ‘”_Qg_];;jjh'-g;; ;:
: %anctlon Evaluatlons c e

, _ uﬁ;*;*¢*#t¢*+******§
o ogg JaFTATI OOOOOOOOOO R S AT
I ;;0000;”Tix,..uwkd.,zwj#,r:»-' ST

'f{:yod{}zboo 4000 sooo 8000 Ioooo
‘fiwf'thhctlon Evaluatlons

“7;3%57j.»-f,kv"mﬁf“

N ZORraDIEm .
O
(=}
L
L]

fi@fffﬂjj{f?f;ﬁ*

| et e eoao*fﬂ

 ;§" *H?2;  °¢O99QQQQ..". _&'
*I++++++++++++++ 'ﬂmﬁfg:“

* T S E

Ll

F.

R 28

n

C.

r,f]A o
' R S 80--0

3

__;fé‘ﬁfjifﬂﬂff*dvfﬁzh}J e :J;,w;$aza*i*€ﬂ”nﬁ
,;‘ ;.20 0 4000 - 6000 aooo 10000 i";‘;jit;__;gf. :aa
"13<= ction Evaluations e e e

,x Figure 6 la. Experim nt 9: Global Optimization. o

Ove:all ‘Best Performande. on Functions 1, 2, aqd 3

*" . (+) Pure ‘Random Search’ | :
- (0) “DSCyNumerical ethod (Convergence Hode)
(*) Genetic Alqori hm AFixed: starts Hode)




160

17i904?fi;****************“Lff;f : ,Q§§_V:51

TR IS T T N
P o e e T
80 T +++++++$3366663$30 : e .

& Bommasmem

v, ;1:3{g, 200074000 6000 8000 1oooo e
Lo Funct1on Evaluations T

.

‘;_...100 .P/'i: e
2 L *********

_Vﬂgo'xJ“ooooooooooooooouéffff
'a~80- 00 e
“P¥ To : ***
ix**“,..r*: B S
S - ++++++++ -ajuyp,.lj-_:mb.'wf
L ¥+ e i e
,50-*++ ++++ R SR
2000\ 4000 6000 8000 10000 =y R
Fuﬁbtion Evaluatlons _gj-:f;gga;_*jj’“' :

90 B OQOOOOOOOO:OOQQQQQ. SRCIE R

T . B

:functhxxEWaluagnmu{

s Figure 641bs Experiment 9: Globae'Optimization..:
o L 0verg11 Best - ‘Performance .on Functions 4, 5, ahd 6
. .(+)-Pure Random Search | . ,

(o) -DSC. Numerical Metho

(* -Genetic Algorithm

¢j(convetgence Hode)
ixed Starts Mode)




RN (3 e

JTZO**5aaoooooooooooooooo ‘2:if:}}ffﬁfﬂ"

ff}On{y{¥£++f¥{+f4}£f+;¥¥f;Yfffﬁﬁ“m

0 2000 4000 6000 8000 10000
FunctiOn Evaluations S '

‘(' ¢

aff?f;;f5Ff o .ODOOOO SRR
A¢39,4=*- ooooooc»oo R

b

~_;._

' “ﬁ’.:fFUnction Evaluations '1j2;§

S gipiQUte 5 dt Experimentfﬁz Global Optimization.
- Overall Best" Pefformance on Eunctions 7 and 8
Z:(+) Pure Random. Seatch '
00+ (o) DSCINumerical’ Method (Convergence node)
-,g‘,i-(*) Genetic Algorithm (Fixed StartS'Mode)“‘




'ooooooooooooooootﬁftj
‘“'""" ********ﬁﬁjvisrw_«
: ***** R N

. A* o ,.J(h“

«10: —

S 1>t]f}Q5 2000 4000 sooo 8000 10000 R

ii'?Odﬁﬁfﬁeﬁlfffv}"i“
tkﬂﬁf‘ oooogo.bboooooooocgge:ﬂ_wﬁ,_
’fs¢;9.we SR

{iffi* ++++++

ST S G R
Sy

ff2000 looo sooo 8000 10000'?[};'[??]ff :
' ctiOn Evaluations L

++f+*ffttf+f;§?;;fk;*~u.rm---

Lor mowmasem’

S

vwagure 6 ld..Expetiment 9 Global Optimization. ﬁw-ﬁ[ffjfxgﬂ
OverallJE§§ “Performance. on Punctions 9 and 10 R TR
(+) ‘Bure:Random Search --~'"”
“'(o)y DSC Numerical Hethd (Convergence Mode)
(*) Genetic Algorithm (?ixea Statts Mode), -




"ltfjevaluatlons., On the other,Euclldean unlmodalifUnction

7:ffFunct10n 9

'f;[posslbly Functloh 8), DSC spent a great deal of tlme
'f“?ﬂfgonverg1ng on low flat hllls, but made sudden, rapld
z:ﬁfgimprovements whenever a random start“point‘landed on one‘off
, *oaoithe rarer sharp peaks.‘ Elsewhere, the method quxckly | e
er;if011mbed those hllls that 1ts”sggrt1ng po1nts located,;;f:fu;;}f

| 'fbﬁfyleldlng performance cupves'fhlch paralleled those of PRS.lk

S

75];7ijmake comparlsons of f1na1 values difficult;;

'J;?for GA 1s superior.v

Ff[the functlon.; As expected the maxlmum for Rosenbrock'

:,gniThls' and not the d1scont

fﬂlf;account‘for 1ts fallure to locate the globalimax1mum 6&

‘a?nOn functlons w1th narrow peaks (Functlons 2 and 4ff

fgt
0]

N b

'3ﬁbut were hlgher by values of 10 to 30.{;;‘3}%'”””d'

5 %he dlfferent rates of improvement of the*two methods .

m@bles 6 Shand'“

Except for Functions 2 and 4 (Shekel'

5ifon Functions ﬁfand 8;
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Table 6. S. Experlmentﬂ"' Global 0pt1mlzat10n.-éﬁﬁ.p;ﬁ;,{H~pfg

“Overall Best Performance of DSC versus: GA
a after 2000 Functlon Evaluatlons :

(results averaged over 10 runs)

Fti
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.4;\..‘\(\ . T

: ooy

-fj:"fiﬂf*fﬂ{fimv after 10000 Funct1on Evaant1on'ﬂix
T IS S S (results averaged ‘over: 10 runs)

lffFﬁnifibh;'ffjlfgjif;; Method

fifiSouree of Variatibn_ o X
ﬁ* 574.50
_15 82 180

;f-f*iuethod
-,yugFunction B SO R

7. Method. x- Function

‘*h@-7tW1thin‘iell S




\ - , e A | :

6.4 cout‘r.usxons S | R

Both . the DSC numerical method and the genetic\algorithm

-are pre erable to random search for "black box global
optimiz tion. On functions with very low Euclidean

| . N
modality, DSC is preferable, since- 1t converges rapidly to

optimal vaers, whether or not the function is smooth.ﬁ-On '
ymultimodal functions, both DsC ‘and the genetﬁc algorithm do

" fairly well, :'[i . ‘/' C

. d,\‘ 'Ti If the peaks of a multimodal function aﬂe ‘narrow -
(Functions 4 and 10), they are unlikeiy to bé found. by DSC.

k |

In thls case, the genetic algorithm is- superior, since the
translation it makes to Hamming space for searching may
feveal relationships between peaks which Lre[inv151ble to
esc. ot _‘ S
- To summarize, :the performance of a numerical method is

dependent upon the shape of the. function Ap Euclidean\space,
while a genetic<algorithm is affeqted by t e shape of the L
function in Hamming space. - DSC is at its best wheni

Ei optimizing unimodal surfaces in Buclidean space, while a .

. genetic algorithm does best on functions which are linearly

& independent in Hamming space. ~If, howevers a function has a

? high degree of nonlinearity 1n Euclidean Spaoe, which is. |

accompanied by nonlinearity in Bamming space, then both

S methods are 1nadeguate.’"

Y - B . :
. Ve T
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| };questions were posed about these algorithms- what is the

CHAPTER 7

CONCLUSIONS

Genetic algorithms are adaptive search methods which
?employ some o£ the mechanisms for adaptation in natural '.f
:’evolution. G1ven the apparent succesa of natural evolution.
igand the 1ntu1t1ve appeal of adaptive strategies in problem
.solv1ng, 1t is natural to antic1pate many successful

applications for such an algorithm._ 1In Chapter 1, two maJor

:'domain of problems which genetic algorithms are useful 1n o

'solving, and which genetic algorlthms are des1rab1e for such///i'

use, This dissertation has attempted to answe;/f2§§e v,vit ff -
,q“35t1°"5 f°‘ 9e“etic algorlthms ap'lied withk the field of.:.

function Optimization.

7

In mathematical function o 1mization, she performance

measure whioh is of- primary i

-

solution achieved by a metho,. For overall best

' erest f% the: overall best

performance, it is desirab e to maximize the search

capability of the geneti' algorithm by maintaining high

. levels of popuiatfon va 1ance, usually at - the expense of

online, or average, p rformance._ Experiment 2 in Chapter 3
) :
indicated that this can be accomplished by using 1arge L

"'populations (200 individuals) and choosang a mutation rate 4

. Z y

. inversely proportional to population size. ‘7;




~ley

Populatlon var1ance also beneflts from controlllng then
error accumulated durlng parent selectlon. When parents are
| sampled for each generatlon, the sampllng method may 1nvolve ;:>/51
fr ‘\\hlas or. varlance.z If so, there may be a steady dr1ft over /t:-j
s,_'generatlons away from those populatlons whlch would refleét/
'*:most 1deally the concept of select1on accordlng to f1 essrvymt;
a‘In Chapter 4 several sampllng methods were compared/for f-”
k 3 blas, varlance, and effect ‘on genetlc algorlthm/performance.'
. e,Experlment 4 revealed that populat‘bn-varlan;é/ls affected
' by sample varlance, wh1ch can. be m1n1mlze9/by the use of a

O

determ1n1st1c, roundrng technlque for’sampllng. Good

,“overall best performance can be achieved by the use of
>~ /

»elther stochastic sampl1ng wk;hout/replacement or the

'determlnistlc method s

It had long been hypothes/;ed that d1ploxdy and
‘domlnance could assist in’the malntenance of populat1on
'varlance in a genetic al orithm. After experlments»S

o/ / .
through 8 1n Chapter , however,_1t must be

' athe use - of/91ploidy nd any of six do nance s

T 1mproving algorith performance._;

is better unders 00 infllg t of developlng
qulation genetics ondtn‘ cau es and purposes - j;\l,

' o_‘domina ces Diploidy may 'e bener;cial in natural




R
"may 1mprove organlsmgiln 51tuations of heterozygote

superlorlty or miss1ng optﬁmal alleles._ None of these
benefits would apply to genetic algorithms for function h

Y

Optimizatlon which use binary chromosomes.

The question of where genet1c algorithms are appllcabler

1n statlc functlon optdmizatlon can now be answered In

Chapter 6 a set of ten test functions were deslgned wh1ch
&

"1ncorporated a number of levels of dimensionallty, modality,,

and cont1nu1ty. On these, a genetic algorithm was compared
. RS

to random Search and a “dlrect search" numer1cal method. i

. Although genetlc algorithms are superior to random Search

170,

for global function opt1m1zation, they cannot be con81dered ff”

any more robust than a good local numerical method run in B

global mode.i Such numerical methods are des1gned for

functlons whlch are un1modalr1n Euclidean space. They can

be de51gned to handle d15cont1nu1ty, high d1men31ona11ty, S

_ and the absence ‘of exp11c1t gradient 1nformat10n.:;”'
Multlmodallty, however, 1nvariab1y impairs their K

performance.'

Likewise, the_performance of genetic algorithmssls not‘

.J. y L

affected by continuity, dimen81ona11ty, Orii,f“

differentiabi!ity,w Iﬂ additiOn, genetic~algorithms are: r_ ;v

| capable °f °Ptimizing some highly multimodal functions.‘f;"”'\‘”'

What does affect these aléorithms are the nonlinearities of,t

-~

Hamming space.‘ Genetic algorithms perform well oh functionsrvv:;7

LB

U which are linearly independent in Hamming space,._

functlon when transformed into an equivalent function in Af




k-,lfuseful on any function where 1t 1s suspected that

w171

'f_:nonlinearities among many loc1 impalr their performance.

Thus genetlc algorithms w1th binary chromosomes are

.performance 1s determined by the 1nd1v1dual loc1 of a b1nary

;”ﬁljbe effect1ve, there must be not only a convenient binary

'd,jrepresentation for solutxons, but the elements of this

>

prepresentation must have a straightforward effect on the
‘dfunctaon value. This 1s not usually the case wken binary
ichromosomes»are translated 1nto real x-values for evaluation ;~ -
‘:1n a difficult\function 1n Euclidean space. Functions which ‘
ft;are multimodal but smooth 1n.Euc11dean space, that 1s, two 2
~nelghborlgg points 1n Euclidean space have close values, are
vl:_probably best optimiZed by descent methods. R

| | This/research has concentrated oﬁ geneéic algorithms s
'aaw1th binary chromosomes applied to unconstrained function
loptimization.’ Many other applications for geneticv"gg

R

i algorithms remain to be studied, some of which will probably

'-,require alternative representations of solutions.

"-:pvery poor value and include 1t 1n the populationx Also, it

Tu:may be. possible to design a measure of how far outside the

First, there are constrained problems 1n function

3

'ﬁoptimization. One method for handling donstraints 1s to"5r

'»,*give a. solution which does not satisfy the constraints a .

et

PR

'gjconstraints a solution falls.: Then a separate populatiQn Of
'*tinvalid solutions could be maintained ih order to use the

fi=f"better 1nvalid solutions for breeding,wl{j}flfn\xlg

i

'"-rfnumber or set. That 1s, 1n order for a genetic algorithm to o



oAb
,.1

Even more 1nterest1ng are set problems.r As mentloned

in Sectlon 2 3 5, if- the solutlon space of a problem ﬂf-

[

v con31sts of subsets ofvone'superset, the obv1ous“
| representatlon 1s blnary loc;rwhlch 1nd1cate 1nclusxon of
};/’set elements 1n the solutlon subset.: It has been shown that

2/}' genetlc algOtltth are best used when the evaluatxon of a m'iiﬁh

:y solut1on depends upon 1nd1vidual values 1n a natural blnary
representat1on.: set problems present a promlslng area of

;:g appllcatlon for gengtlc algor1thms.¢ However, the sxmplest

t{_ representadlon 1s not feaslble if the superset 43 very | ry%;rﬁifg:

| 1arge.; Even 1f the superset is'. small thls representatlon'; : E

may not lead to good gene@ac algorlthms.v;,f;,?:f]y::ﬂp;f“?{i;;efig

Conslder the knapsack problem, one of a*class of

computatmonally complex set problems (Aho, Hopcroft, and .
Ullmam 1974) The problem is the followmg given s w
pos1t1ve~1nteger M and a set Q of pa1rs of posltxve .TQQQgﬁ s

1ntegers, Q = {(pl,cl),...,(p ,c )}, ;';ifo;5f7‘;f3f{ip”'“

P Za 0

d e {o 1}, fir i=-1,n e

- 9

repréaentation would form a valuable heur%stlc, 8y




btﬁ;spec1f1c heurlstlcs‘have been de'eloped for this problem andﬂi**
;iiothers like 1t (Korte,.1979)._ C mparisons reral that the .fff:{sj{ﬁ
_ 'heurlstic method of Il;arra and K :m (1974'; 1975) Can aChleve S
7fi?far bettet solutions than the'ie etic algorlthm 1n less thg@féfif}fif
J:htone tenth the tlme.:_.]’7“' : cs : A :

It seems 11ke1y that for mo t diff1du1t set problems:;,'vﬁf""

.v;{the successful application of geietlc algoritnms will dependf;{fii.;ﬂ
Jiﬁiupon 1nnovat1ve representations 5ud corresPOnding changes\tofffp'f‘"

izfythe operators within the algorithig;i In addltion, research |
,ai‘on such problems would probably b neflt frem the comparison

;r,mof genetlc algorithm pexformance .o the performance of a

ft;ﬁnumerlcal method such as that of yavies, 8wann, and Campey )

‘IB

:mlﬁ(Swann, 1964) adapted for use in ;amming space._ ;,aw{

Genetic AIgorithms for funct;on opt1mlzation empha81ze

&

?}fioverall best performance 1n the o'timization of énv1ronments
f'efcharacterized by 2 priori 1gnoranca and statlc complexity.ifriﬁg_t;;r
~since the mechanisms of qenetic al ,onthms are taken from ?‘, A
w'fjnatural systems, which operate wit'in environments of '
~fivdynamic 1gnorance and uncertainty,;genetic algorithms may E;E;fﬁi?;f*

rying or probabilisticfi}g

ﬁfgfprove to be most valuable on time—:
;*igethronments., If so, measures such as online petformanceiﬁjpffff{ﬁ.g

krﬁawillfbe of primary importance.= In patticulat, genetic

f;;;algorfthms for tracking time-varyinfkenvironments have not:f

f yet been thoroughly analyzed.prf;’ﬂhﬂffand dﬁploid genetic;”

\ngorithmgmhave been compaiéd °" time~varyin9 environments.wpfiz"'
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LinearvIndependence- A functlon 1s 11near1y 1ndependent

over a domain of var1ab1es if it can\be wr1tten as the sum
. \
of subfunctions, each of wh1ch has a domaln of at most one

Varlable. f(x,y) 3x + y2 1s llnearly\lndependent over x (

- \

and y. ‘A funct1on wh1ch ‘cannot be reduced to such a sum has

nonllnearltles, or dependenc1es, between two or more. -
variables. f(x,y,z) % x'+v2x2y + 23 has two dependent‘

&

,varlables, X and y.

Ulnearlty see Llneaﬁjﬂndependence. | e o

N o aa gy ewe S g R A A [

1_;0‘__:E? t. C e EIG ‘,‘aﬂ R T IR SRl oL N
v Modallty Modal1ty refers to the. number ofipeaks (1n =

L

max1m1zat10n problems) or valleys (1n m1n1mlzatlon problems)
of a’ functlon. Let xop be the locatlon of the global
, max1mum of a functlon £. Assume f is to be maximized. Let

- X and y be other points for wthh f is- def1ned ;E'~ L ) B
o~ Unlmodal functlons have one relatlve maxlmum value- T

there exists a path X to xoé ‘for whlch £ is nondecrea51ng.7
Str1ctly unlmodal functions have no plateaus, but may :
have r1dges* there ex1sts a path X to xopt for. whlch fis

)’ f.“lncreas1ng. ' y'.. g j” - 'f.h AT B ;v L
9‘ " < )
S K Strongly unlmodal functlons have only stralght rldges-

£ 1s 1ncreas1ng on the line segment between x and xopt'

I
1] N

Llnearly un1moda1 functlons have o r1dges, but may | Dy

have plateaus. f4!! unlmodal on the line segment be//eeh any

x‘and y.

|
}
.ﬁh_ . Nohlinearity: see Linear Inqepe

J . “

|

|

|

l
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Numerical Functaon Optlmizatlon MethodS° A c'/
Gradlent methods (also called Descent methods) use
hlnfOrmatlon on derlvatlves to 1ocate the d1rect10n of
‘greatest change of “the functlon. New po1nts are located by
» mov1ng in the . dlrectlon of greatest 1mprovement from
prev1ous p01nts. }-‘ .’ | |
Dlrect Search methods do not employ gradlent

1nformat10n.. There are three maln types' Tabulatlon -
.methods, wh1ch "box 1n the optlmal p01nt and then reduce

_the size of the box, Sequentlal methods, wh1ch repeatedly ,"

_ ‘evaluate p01nts at the vertlces of geometr1ca1 flgures, and

:“Llnear methods, wh1ch use a set of d1rect10n vectors and\' L
repeatedly perf&rm 11near searches along those dlrectlons.
Tabulat1on Methods. see Numer1cal Functlon Optimlzatlon

S . ‘\\-.-.

Methods. '1‘ ‘
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| APPENDIX B/ T .
BIAS OF REMAINDER STOCHASTIC SAMPLING WITHOUT REPLACEMENT .
fPr0p051tion- Sampllng w1thout replacement from the rl, : N
ot = l,...,n, is almost always biased. o T
-P;oof* G vﬂ;f ‘:';;‘-‘”f; . e

The stochastlc port1on of remalnder stochastic sampllng 1s

altered as ﬁpllows toe y1eld sampllng w1thout replacement

(see Flgure 4 3). If i 1s sampled, r1 ( fractlon(i) ) is
_ 'replaced by 0 in the dlstrlbutlon and the range R for the

- random numbers 13 rednced by r .ewfr"

E[f] E[w +g]

wl f E[g ]{

>5?Ef9il

e .

il.Let zJ_represent the r value of the element sampleé\ﬁt t1mee
J', Thém the probablllty of select1ng element 1 1s equal tofn
the sumyof the probabllltlgg of selectlng 1 at each tlme J,fiA.

] 1,...,R, or

: ri';pi { ’i”, 7;..l . l4';.:5fﬁm':ﬁ”
B = 1 R
.m“ _i1H; r | r. (l 3 c ;m“ri ) _'v)th" :i. . S
o . R—z1 coe zR 2 R- Zl --i‘ZR,I :
R U (R-r ) (R-r )(er -z) B T T

s =g+ =
T RU TR ]ij)/lﬁ 1’“*?1‘22’ S
P T (R-r )(R r -zl) (R r zl PIPre ZR_Z)
(R zl)(R—zl—zz) '(R zl-z2 ...-zR_l)]f_f

- ”+'I,;'+

Each of the terms 1ns1de the bra@kets is less than or equalfv“l
P ) T

V. tO one.v If the non-zero‘ i s are not all equal, then for

O(P(g -0) 4 l(P(g"l)) :;ff;}f*;ﬁjﬂhfaftiteff§Q°



\ S h "v _. ‘ S . . . ‘ "

‘\

the fi.-

<

. . Hence for'i = 1, _.:l“ | o 7; o‘j_ '
R .-P<gl--1><—-—m"\

. : i .v‘. < X . ‘ R . . ) -.
. "; - N . t‘;‘?‘s/l- o R v L C e . -

P ¥ R S . . o
o; \ '., . : '

. \ .

In gener l, a!llong as the non-zero r iare not all equal (a
.F

// ‘ \
f1n1te subset of the 90381ble cases),'the elements w1th

o

larger r values w1ll be b1ased towards underselectlon and

those w1th smaller values towards overselectlon.fjg-,,a=,‘

G

',element (the one whlch has the max1mum r value),«@vuf'
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MEAN SQUARE ERROR OF THREE SAMPLING METHQDS
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R T N

m(oney = Rey? - mmcy st

fS1nce m > wi.+ R:f_ T

‘ + (w +.R)=pir
'i;}  #?J;(R2w-‘: 2Rwi i + Wy r 2)

r-va, ;,1  s > 1 and r1 < 1__30 

o

o :::-A"; >ﬁ-—-[(w + R) Rw "‘- R(w + 2" r + r';r"

¢



'fIn partlcular, MSE MSE

'jﬂ;ﬂThls 1s p0951ble only 1f m < h,

ar

Case III' R=m;1 e %Qf_;”1:ﬁAfrf

ThlS occurs: only when e1;= for q= l,...,n, iﬁ-which R o
‘ case the two methods are, 1dent1cal Therefore S 'A‘c'_.' ’

| MSES MSERS. ol ;;-,j;; ~

“-f;summary MSES > MSE 'ij‘ffmg;‘.,ff"'"" _.v,:*j?”-;*-wi_?-f

RS®

N

S RS only 1f e ¢ 1 for 1-1,..f,n.;'" 5

gOtherw1se

e MSES_> MSERS__L};fT~9F}*,jgiﬁkﬁ*hv;;f;jgji,~wa .



: _Proposition:jMSEﬁ > MSE

.’ffProof

R ' : o. o T
. _.-i? MSE . = MSE o S R T T",T‘(V“'7

L S

s

In thls case, the determlnlstlc and remalnder

:methods are 1dent1cal

RS S T

o Case II’ ‘i. :

..\/'

o Jase

,   Case I. R“=”0f1'7;‘f7 :A  . "’%.j T ;;§;;~‘;é "‘.kj.

s t:'ovctia’s?t': ic..

'*r;_ﬁf Suppose r1 ffl for some Li<ix < n and i= l,...,x, and

7[;yB Suppose 3 # r‘ for some r # o, I # o..,_-.f

”5T5{ MSE 1-- 2: +

k4

0 for 1 x+l,...,n.u:”

' Then i
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B Now rl > r for i= 2,...,n. By the condltlon that thére,

R ex1st T, # r where nelther 1s.zero,jti 5, rJ for some j_f{
':i\vtj;ft # 0 . H i t | o , .
ﬁff?“;.MSE jwMSE‘u> 0 or fft%f;{i};fi{;ft;i}f

"*J’-MSERS > MSE ST e

Case III-“2 < R S“m;;;il””

MSE‘I‘?S -
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Csummary: ggg > mSEy

In particular, MSE., = MSEj only if .
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N GLOBAL OPTIMIZATION METHODS S

57 B ; : . P o

(Thls appendlx 1s not Lntended to supply full descr1pt10ns

', of the algorlthms employed Only those parameters whlch are fhﬁ,“f

spéc1f1c to the 1mplementat1on are mentloned ) ‘.'ff“hjl;;gaw;:d"

”ié ]t”r gs (pure random search) leOOO unlformfrandom p01nts

~in the space afe evaluated.¢,~-'}<7]'{cl f:efgv.;d=gr_ffpd'j“°

v

/ N
CRS (creeplng random search, convergence mode). Cko

evalhates 30 p01nts whlch are normally dlstrlbuted around a

l

i randomly chosen 1n1t1al p01nt, w1th standard dev1at10n

’ &ﬂ0_2 (U«-;L),_where U and L are the upper and lower bounds of

center of the d1str4but10n 1s then moved to the best

p01nb/found and the square root of the dlstance moved 1s jgf,f‘

‘(}ﬁfégf‘adopted as the new standard d%ylatlon. The\dlstrlbutlon fzﬂffffl7f

ontlnues to move every 30 evaluatlons unt1l two moves of

drstance less than 2.e 10 (0 02 for Functlon 9 2 for tf;,yi”

i
3 A

Functlon 10) occur. Then the process repeats from a new ‘

,o,

*\ﬁ",random 901nt.,f;g

the distr1but10n from eaqh{;olnt. So CRS employs 100

starting p01nts, allowind-,”_
po1nt. The other features of the method are descr1bed under :

CRS were run on 200 start1ng p01ntslftr a total of 10000 ,;ehf;ff

qunctlon evaluatlons from each ]'ﬂ'



.
192

’D (Dav1es, Swann,»and Campey method,_convergence .

dlrectlons 1n the space, u51ng ‘a random startlng p01nt and*

PR S

" an 1n1t1al step 31ze of 0. l (U -L ) in each dlrectlon.;Ui

}’and L are the upper an‘ lower bounds of each dlmenslon i. ;'€7:,5r‘

Then a new setmof d orthogonal d1rect1ons 1s chosen to r“_vv?
reflect the dlrectlon of greatest 1mprovement 1n the .

prev1ous 1terat10n, and a new 1terat1on of l1near hd;ng{v.Q
optlmlzatlons 1s performed When one 1teratlon y1elds a best :f‘*i

p01nt less than 2 e—lO (0 02 for Functlon 9, 2 for

'Functlon 10) from 1ts 1n1t1a1 p01nt, another random startrng, .
\ p01nt 1s selected and the process repeats. yjiflf" |
“tl:“D”/f (Dav1es' Swann, and Campey method f1xed starts

IR I T : 4"

mode).»DSC searches for 50 functlon evaluat1qns on each of

200 random startlng p01nts, The 1terat10ns of the method are

:\ Fxplalned under DSC

(genetlc algorlthm, convergence moae)'_A‘haplold--f’f-

‘genet1c algorlthm w1th populat1on 51ze 200,’crossover rate

u;;i 0 6, mutatlo“ rate o 001, and determlnlstlc parent selectlon

.. .

"hbls run repeatedly to convergence on random 1n1t1al

populatlons.,Convergence for CRS and DSC is deflned as the[d37

lﬁmltlng of search to a reg1on of radlus 2 e 10%(0 02 for ;rff;;pf{

Functlon 9 2 for Funct1on 10) around a p01nt.‘S1nce the

'HFir genéth algorlthm 1s searchlng w1th a resolutlon of,l e-lO
(0 01 for Functlon 9 1 %or Functlon 10) between p01 ts, a Wwfﬁ
def1nrt1on of convergence snmllar to that of the other




."'r ‘ R D

’1.53' : *

'of radlus 2 about a polnt ‘in Hammlng space. Therefore,_thefy

L2

£ -

genetlc algorlthm w111 be. ass&med to have: converged in its

_,u,. .

J“
a3

searcb 1f all but two 1oc1 have reached 90% convergence 1nif'7

- . o . - G
-', ‘ . e L - 0L TR

the populatlon /\ ; . . s , ! ., ‘. ‘ ' ), .

(IR

GAf (genetlc algo&lthm, flxed starts mode). The hap101d

v“_i genetlc algorlthm descxtbed under GA 1s run on one randomly

N v,, . =y -g | ... . ‘- N
v selected.startlng populatlon of 51ze 200 for 10000 functlon i,-

it evaluatlons.a,._cyl___ Wf  ﬁu.;;_i 'Aeeyun.;;,__r*j;ty“ie«,'ruf,zlg



