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e . . ABSTRACT

’

\

Acstudy is made of.methods of solution,of. a ‘pair of

~uonlinear, coupled third- ord sr dlffegentlal equatlons in
- two. deoendent and tvo 1ndependen+ variables. The equatlonsv
have an _1ncomplete ~lnlt1al value set.. Nonllnearlty is a
result of the lntefdependence of. solutions and coeff1c1ents.

v

‘These equatlons are found to be of interest in the study of

¢

'conpre531b1e boundary layer theory.

‘ - The dev'el'opme'n.t ’ofA methods based on a- fecﬁhlque of

'represertlng the p;rtral dlfferentlal equatlons as.a sepries
. » Cof ordlnary d1fferent1a1 equatiors in -one of the 1ndependent
| =var;ab1es is descrloed. Appllcatlod of a quasilirear*zatlon 
?technique ;'coupled-' vith 1ntegratlon usiug* Chebyshev
_polynouials to. the inconpr sible nomentum eguatlon is

v
-outlined as 1*fe11minates the need for shootlng to overcome

)

i

' 'the 1nc0np1ete 1n1t1a1 value set. ‘ _ o f{5

An . exten51ou of the qua511rne rizatlon with Chebyshev;

v

intogration technlque to -the compre331ble equ?tlons is.

n4zwmproposed. . Error control inA v;ew of the'.difference-
h@‘dlfferential scheme is 1nvest1ga a, and the“difficultfes to
;be encountered in applylng the nethod' are 'discussed: A

compar‘son' of the conventzonal and proposed approaches is
made and the proposed method : 539 n. to be potentially

vsuper-or. , o &4
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'SYMBCL . ' DET 'TT1I

p - ' ) SE1ry
)o deus y )
,u viscos ’ / #
i S
., Pr , ‘ ’randv  nun |
H ' :énth'alpy
C ] . . . . .
L ’ t f#@/”"’ ' e .
sukscrirt e s just external 'to the boundaFy layer
b \5‘ ) v. .
subscript oo . remcte fronm thevbbundary layer’
T . see [5]
B ua@uesaxy
R . (x/1) (dr/dx) - |
S v s 3
N . (P+1) /2+R
ﬁ, / multistep integration constants _,
‘ ) | i

Other/ symbols are defined in context.
o : o o

}w.

T

i
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. CHAPTFR ONE

(2]

. . INTRODUCTION gg THE PROBYEM

, J o
The equatlons uhlch dascrlbe the flow of - a fluld nust

express ‘the characterlstlcs of this partlcular klnd of

"physical broblem;LBO, 17, 19, 26]. THe'cohesive"nature of
RN

cfresulting frem volume and pressure changes nust be taken

\the 'fluid‘ is exdressed in the equation of cont1nu1ty. a.
volume element in. fhe f1u1d must have a balanced transfer of

.mass ‘hrough its ualls if the molecular forces between its

partlcles are to Fbte obeyed. Forces acting on the fluid,

0 : ~
vhether external pressures or internal stresses, must’ find

2

expressicn in an equation of motion developed‘fron Nevton's
Secdnd Iau. 'Such an equation 1§'usua11y given in terns' of
%he. flu;d is the quan+1ty cf prime 1nterest. " If the fluid

is *ncompreselble, k;netlc forces suffice to describe the

-

@sysfem;. if it .%s icompressible, thernodynanlc forces

irnto account. An - equation based -upon some convenient

imeasure of enerqgy must Le ldéveloped ,frOm? the fundalental

N

thermodynamic relationships. This laiter-relatibnship is

known as the energy

A

phenomena such as mass traig

fluid are present, fur%per equat"oﬁs must be" fornulated 'to.

©

’bring ‘them 1nto ‘acccunt. The’equat;ons to be studied in

this paper'arise 'nl;he stnay of the boundary ;layer aroﬁnd

ar  axisymmetric b

nomentum as the veloc1ty of the flov in dlfferent regacns of

addition, if other*

immersed in a compressible fluid at

<



1

t-solut:Lon. Also, because of tbelr' nonl;nequty, numerical. .

A

[

hypersonic speeds. Thorboundary layer is that. region. in

Hhich"flci~ perpendlcular to' the body “walls is present.
@,

Although such equatlcns are represen*dtlve of a large class

of prcblemc tbey are apparentéy _1nca ablevﬁof formal

-

techniques with well-definedfksystematic error control are -

éifficult to define for the problem. However, . their
practiéal‘ importénce'_makes‘ the development of methods of
approxlmatn solut*on vital; both the pnglneerlmg design of
high speed vehlcles and alco the exten51on of knowledge in a’
alfflcult sc1ent1f1c field are at stake. .challenges.such as.

these~ have provlded the motlve for the developnent of

numerical analys;s thrcuqhout the histofy of’ ,that subject,

© and \)have la1d -t&e grounduork ﬁfor ‘most‘ theoretical

S
con51derat10n of the validity of. solutlons of mathematlcally

* t

complex groblens.' It is in view of the 1mpo&tance _of the

y
N

irteraction betveen an e&perlmental, practlcal 31tuat~on and

9
. )
the s*lmulated theoretlcqg 1nvest1gat10ns that thlS paper’
A

‘has been vrltten. , " ' ' | & | ’

v

An effectlve techn%@ue for thls partlcular problem was
outlineﬁ first by Clutter and Sllth in 1963 '[5] and other

authors have pade contribut*ors;51rce then [11, 12, 13, 14,

>,23 - 297, The problem wills be descrlbed -aqd the’ varlous

approacres to 1ts solutlcn dlscussed and cont asted.

. S . v
" The standard descrifption  of thev"Léu‘dround a body
immersed in a fluid-'consiéis"of the -eguatione"of fluid

-

Lo

AN

N




/phySical cﬁaraéteristics of the fiu#d‘ hgze, these 1

i

‘describeTthe problea<ak

.'usually left out whenﬁfrandtl's bog?dary

‘
, i
!

continuity, .. mcmentum ccnservation andi enerqgy conservation, -

Included in the .equations are té:ms-'ihich’_describe-

the conpre551blllty of the f1q1d. TransVerse ucurvature -of

‘s

the *body is also 1ncludcd° such hlghe order terms-'are

ayer equations are
o,

S

. . \ e
used. A brief ou;}&nV’“f‘theuderljat%cn of these ‘equatjonsyy

‘is‘giﬁen inBAEpendix*A. > The synbols'used are defiﬁed,in the

_ . ae o } S
Table of Symtols, L v ‘ NS
. LYy ~ : : T
o LA . . . ,

- ‘ ’ -

< e G

‘A tu?-ainehs%ogii coordlnafk systeam 1s sufflclent to

it ig” axlsymmetn;c. [28] I(Stéady 'M

equillb‘l flcv apput a body of-revolution is assumed lThe

coordlnage systenxto_be iged is shown in Figure One. o

. " ~ ﬁ‘
4
. ' ) - / ;
goumq?\- |
/7 ’ LAYVER - .
w - FieugE T : =4 coordunak syshra '

s
o
N

.

. “*

»



Q and nuewerical solutlons ulll.G;Aseen to depend on values of

>

- . \
— ’v n

R Ny e
3

v

. the . lpadlng ¢dqe, or staqnatlon -point at the nose, direcﬁéd

¥ .

along: fhe hody surface a¢hc cther, Yo 10 used _to represent

’

dlstancés trom the body surface dlrected 1nto the bouﬁdary

‘The equations, are awkuard to 1ntegrate in thls form.'“

because thd boundary layer thlckness varies greaily with X,

-

the unkrowns and fluid propertles at prev1ous »pos;t;ons in

- the\,x ,d;rec%“bnn Moreover as_spated the equations exhibit

[

VRN . . X " - . ;

S ' ; 4 ) « t .

W Ore caord*nate,’x, 1s used to represent dlstahces)fron'
. A

/

;1=yer perpendlcular to VX o '\, ‘ N Jf,; S ;'  J
'«, ‘ "u, i'»‘ < . : o ’ t
. Tn terme of this ccordlnate systcm, and with 'rsSpeCtﬂﬁ-
_gog the vaflous fluzd proper es and thermodynamlc varlables
. descrlbed in A;pemdlx "R and the Table bf 5ymbbls, M%he
'equations .are as follous. ”he dependent varlables u and v
4 ~ v L '. P ' .
',‘represent the @lov* 1yeed= ‘;gwﬂthe X and y ,direcrlonsf‘
x"'respect:.vely. ."ff ; '\-’ﬂi I
' ’ r\“ N s J" _
o, 15 7 .
'CONTINUITY: = [3 (rpu) + (rpv)] '
" ) » » . ’L |
MOMENTT ‘ du _ - au--_ K ‘W dr du 3 Y 3u
O el vy s R it 05
- \ " 3H oH 1 3r u aH du;
ENERGY : U=+ v —] = = S ke 2, 1___
P8 70[ " vl =T y lpr 3y * ¥ ( ) 3y]
S . o S -
) u JH 1 @Su
,, oy leray v - 5p wiy
: / . - v
/ g <

,,"

<
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P , n -
CoATig mn, .

1"x 51nqular1ty alcng the curve x= 0 [5] ~ B technique  which is

. . PRI

of ten used in 'Hydrodynamlcs is employed;\ a, furthen
t%%nsformation using potentlal' functi¢gns Cﬁmbﬂnes “the’
CORtlDUlty and momentum eouatlons while 1 crea51n§ thd order

of the probleu [1°].r A descrlptlon of these .trans or atlons

 can be found in Appendlx B. i‘ e

The flnal forn of the equatlons 1¢° o 5
p S e
= -T— " 12 + '+ 1 - —
MOMENTUM 5— (c¢ ) Tp c¢ + C_ P[¢ 24 i ]

L

) : ) - .- o '»,.Q_Q \ 
= O N (em)¢m + CQX[(¢,t1)3§— oned

) /g/ .C .e . 2. . .
ENERGY: 3= [Z= ¥' + 55— C(1-2—) (¢'+1) ¢"]
pr . H ‘P :
. o e. r . .
'e_f' . AR S
‘ _ L . . ' Y _ .39
: = - CmNo(¢fn)W'A+OC®x[(¢ l)ay - ¥
v . A p
; o, C%~ ~‘u 2 o : ‘
- P — ] ' '
e *ne Cflp)(¢f1)¢1
where ' L a're 1ndepe® varlables and¢ Sb are
<dependert.:}ﬁ % abbreviations  for - the  partial

'derlvatlves of the guantltles with respect thl. Other

quantltles are . phy31ca1 paraneters 'vhich' are supplled in
< . o . .
_tabular forn or calculated u1th respect to p051t10n. C, Pr

J

'and f depend bn the veloc1ty dlst'ibution (the solutlon ) as;

, i o
p vell as on p051tlon and nust be 1nc1uded 1n the step-by-step

el

colutxon cf ‘the- problen.o

-

- s : «2 _ - o IR
-m;'a;;////f Bcundary conditions are: B ”,_} T s

W



- %

n=0: ¢(0,x) = f£(x)
MOMENTUM : $'(0,x) = -1 ‘ TN
EQUATION: o ' : o

, (¢" unknown) -~ _ .. B

n -+ o ¢' -+
. n=0: ¥(O,x =gx -1 - &
ENERGY e

EQUATION: or ¥'(0,x) = g'(x)

Coe

‘n + oy Yy >0 or vy' N 0

Thus the broblem has a free boundary with asymptotlc

aporoach to the - I bouﬁdary values of the unknovns as

’flov merges v1th tne unlfcrm external flow.

THC propertles “of ~the problem in this rmulathén

pg i
shogzdgie ng4ed. First, the/monentumdgguatlon 1ﬁvolves only
cne depeﬂﬁéﬁk variable, bdg the set of initial values is
°’1nconple3e and the equation 1is nonlirear. Second, the

‘_energy equation involi\\\both unknovns and 1sv11near in ¢ .

i,

It is on these two features that7the method of Clutter and

. A
Smlth 1= structured. cL . : : : i

. ) : o o ’ . o
In setting' up the discrete’ approxlnatlcn of the
. - \
eouat*ore tae Hartree Honersley technlque [9] 1s used. “That

'is, derivatives in x are expressed as f1n1te dlfferences but

at  each value of\ x the equatlons are treated as ordlnary

dlfferertla. problelc in - The advantage of thls treatment

“is tha. the exten51ve vcrk dcnhe on the _solu“ion of-,ordlnary

'Adifferentfal equatlonc can be enploynd, and as the equations

are nonlinear, such an apprcach is. doubly valuable.

eyt

4
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The foliowiﬁg is an outline cf Clutter and Smith's

L 3
techrique:

At a given x statior

v

7 ~

(1) Assume flui¢ ; .perties C, Pr,f}ﬁfrom prev1ous x

Station (1n1t1ally glvgm at x=0), or fron latest solutlcns

<
avallable for this value of x. o ~

»
(11) Ose a shootlng technlque to obtain ¢C§@an§\ solve

the momentum equatlon as an O. D. E.
t a2 ‘ ‘?.v /
k. CL (a) Solve the energy equation as a llnear problen
C " e NPV
in (;(/ u51ng the values of ¢ ¢,/and ¢ obtained from the

solutlon of the momentum eq%atlon.

(b) Update f1u1d propertles u51ng latest values

of 2all unknouns. ' '_ : .
~

Ry

(c) peat (a)—(b) until convergence is obtalned

\

on fluld propertles and ¢‘8r Lterate as de81red.

~d

~—

(111) Fepeat (1)- ’*i)'until con#ergence is obtained

on a11 quantltles .cr 1terate as’ deslred. ' -

3

They are 1dent1f1ed below together uith a state-ent\‘of the

chosen method cf attack cf Clutter and Snlth } A e

(a) Finlte dlfference representatlon in x (third-order

1mp11c1+ d‘fferences).

2 otves ‘ ‘
The procedure involves certaln nuner1ca1 conponents.-

o~



(L) Integraulon 1n q (a serles oF Taylor's foFgulaefof

llncrea51ng step size  tc get’ started, then fourth-order
5

v i \

Falkner-Adanms \redictor-corrector steps of .constant step

: s e
S1ze with one use of ccrrectiop).

(c)“’SHooting tc get a. complete initial value ‘set for

the momentunm equation ( Tri al and error untll three “closeﬂ

trajectc&iﬁs are ohtalned).
-

(d) Solution of/ the eiérgy equation . as a linear

problom ( Superp051tlon o}

. (b))

(€) ‘Choicé oz startlng values of. the f101d propertles

:for thl° ﬁalue of X ( -the prevlous statlon s dpalues are

used) - o -;w '

A detailed descriptiqg; of the techrique is given in

.Chaptér Ten, )' o ’ .‘\ o , \j %?

A general comment as‘to the na‘ura of the Cluttarv'anﬁ »

Smith netbod'qan be~nade. It is a dlract approach which is

bullt on the nature of , the problen a‘ hand and vhlch makes

use of +he avallable 1nfornat10n.v Its valpe has been proved

experllentally <in a' varlety of;£51tuatlons [2,_,11,12,
13, 28 ZCJ Theoretlcal con51derati . of the method was done

| aftet it was found to be effective. - o ' Y

Since thiS’,basic; siruqture was »propoéea | various

solutlons ¥vith 1ntegratlon as  in




alternatlve treatments of components of, the method have been

' suggested. In the followlnb chapters Clutter and Smith's

‘methods will be outl1ned in some detail and contrasted Wwith

el

.thesT/al?Ernatlves in terms of numerlcal characteristics;

. o : 3
The purpose of this,exposition ulll be to iliustrage
the numerical'coupleXlty of a'problem. of - this difficulty.
Thé. effectlveness of a technlque developed under condltlons,

of enqlreerlng neces51ty must rot be den1ed* - rather the

+

! (h551reah111ty _Off a pr10r1 krouledge of the behavlor of the

b,

. numerlcal components of ‘ap nethod »wlll be. enpha51sed’
o Finding ‘an -experlnental/ method whlch daves experluentally
verlflable results is an art develop*ng +echn1ques wi thln a
l,context of knowledge -of the homomorphxsme betueen lthe
J o ' matheuatical spaces of exact and approxlnate solutlons is a
-sc1ence and can therefore be -used . wlth confldence in a

N /

varlety of situations and under known crlterla for validity.

The more ccmplex a problem, the more necessary it is, to have

RV S

PRIy guarantee of " the behavior of numer1ca1 methods, and yet
the harder ttals to cbtaln one. A method “which offers . a
degree )of confldence whlch appears to be as hlgh as may be

9' K obtalned v111 be dlscuesed ihe appblcatlon of remarks on

the numerlcal solutlon of the problen under dlscuss1on to a

_wlder class cf prohlems cf "some ‘slmllarity : u1ll be

emphasised.
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PINITE DIFFERENCE APPBOXInAq;oNs IN X

The - Hartree:ﬂomersléy technighér (9] consists of the

replacement. of stream-wise (x) detivatiVes by finite

-

difference,vapproxinaticiﬁ tc produce ordinary differential

equations inp. Derivatives are approximated at x= X (n)

using quantities previoucly calculated upstream at x(n N,

10

x(n-2), etc., so the errcr cof approx1mat1on is. cumulatlve.n.

There is“‘no difficulfy in startlng the solution as termsiu

‘involvzng x derlvatlves dlsappear at x=9, At xTx(2)'a two~
L

- &
point fcrmula nust be used.
N . L currenk solukion of
A - o . ODE. in 1
! ’
[} 'R
e h —
Cx (-l X)) x(V+1) x -

Flouce IT: Finike DLF\‘erence Scheme'
| wmn x

Xy



Two-point formula for function f:

“(2f) I S - '
o~ Cax'N T (x(N)-x(N-1))

Error:

x(N) - x(N-1) 22 (£)

2

E-E_IX(N-I).x(N)],

TAt x= =x(3) a three pcint schene may be 1n1t1ated"
lagranglan three-point fcrmula' T : .o R

4 N Lz l ; . - ) V ' l - IA .-.‘».
'e%?Nf[km%Mw{wam)xmfﬂf

_ X(N) - x(N-2) =~ ] f o '.<\//)/T""/%“
' (N)-X(N‘l)(x(N-l)-x(N ZYY _ : . v

!

(X(N)-X(N-Z))(X(N-l)-x(N-2)) ~2

_ErrOr:F(x¥N)_x(N;l)(x(N)-x(N-Z) : ?f(E)

| — ——= 22 v £ e [x(N-2) ,x(N)]
- | 6A. w _f\\\kv axj R .f . :
.or{rfor constant differences x( )-i(n;1)=h, n=1, 2, --e.!" .

A

2E) . 3y = My e

¥IX'N " 2n

‘ Cluéter and Smith dec1ded to. use the three -point form
]throughcut. The three- pc1nt form is contrasted vith a four-
p01nt fcrmulae of the same type and vith what is called the
‘mean form' us;ng average values of detlvatlves over a range
'of po nts to estlmate the derlvatlve at the next point [28]
*t vas found that the poxnt forn is lore de81reab1e than the
mean fcrn as the 1atter prccess tends to dlverge vildly as
‘ the step size h decreaees. The four-point - forn, secondly,’
was found not. *o give 51qnif1cant1y more accuracy for the‘

_addlt*onal ccnputatlon and storage 1nvolved
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Consider the constant differences formula (1)+ . Under

. : . . , \ ) .
this approxim:z "on the mcmentun equaticr becones-

. ; , S
' (325 -485_1+2y_- 38, -4 w/f )
C. X(N)u[(9'+1) N 2PN-1*y- o) g (30y~ 481 *%05) .

I T o ) - ]

e

_..'a.- n : pe .n .' '2- Y 4—..'Pe
7 (CN¢N)_+,T > CyPn - C.P 8, + 2¢N+1"5_]'

FOouN@IgL L L L L L ()

Terms " in qj (b,,. « and Q)ﬂ-g can be seen to lnvolve
‘ A}

the nultlpllcatwve factor x(n)/h.

Clutter and Smith find experlmentally (28] that 1f the

ratlo X (n) /h 1s bounded above by 25 the accuracy of the

"nethod 7can be sustained. Hovever, a dlfferent approach to

o

the protlel of +runcat1on error growth-.is taken by Jaffe and

) Okanura [123. They use one two-point and omne three p01n+

g

foreula to.‘start (their three-point formula is a llnear'

&

least squares’approxinatiCn). Thereafter they proceed Hlth
)

L.a ' four-po'nt guadratic' leact—sguarec_ “finite dlfference

scheie. Under their fornulatlon the left- hand 51de of tﬁe

1

nonentul equatlon becones

C X(N)[(¢ +1)pN(xrleN(x)l. where
. . ’_. ".' g ¢1 ‘.r,' . . §--

p].- o r.pz_ "__(x 1')‘ e

4

1] 1 vl
Pqa = -
3 2(x(3)2+x(2)i;x(2)x(3))

-(x(2)+x(3))¢1] _ : jb o

[Qx(3)—x(2))¢3+(2x(2) x(3))¢2

e

Y]



A

£

‘K%ﬁ' ' l(zde‘+ 2B x(N)) .»wherg'
L x(1) oz x)? | |
b= \“ 5 iy oy 2 .\ 3 Bl -
N = x (d) £ x(i) RIS e
Dx? rx@? g et ’
4 CoIgix() E x(i)? i
Ay = [T x) mgxm? pox)d
x@? orglx? 1 ox)?
By = T ox(i) ¥ ox(d) i x(i)?, o
| Exii)? 1 x)? oy

where summaticn is over I and i=n-3, n-2, r-1, n. Similar

’formulaé;hdld‘fot 1%-(diffe:snces for]¢k). : St

It should be noted that each of tﬁé terns,Ik,,AN,. and

-,

Bﬂ'is of order x¢, and so R, is of order QS'.- Then the left-

"hand side oﬁ the  mcmentum equatlon involves the

s

"f\\\\multlpllcat’ve factor x(nl‘lnstead of x(n)/h.

/B _ Error analysis of-a theoretlcal nature is impractical -
. : 2 . 4 :

due tc the nonlinear ‘form of thé; momentunm eguatlon.

'Experimental results ( 11, 12 13 28’29] shov that the lethod

dnpends o local Llpechltz condltlons on ‘the unknovns, as is .



to be expacted for this type of difference scheme.-

14
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e * CHAPTER THREE o g/“

—— — s - . S s o o

) : INTEGPATION INg

In the Harrreeswomersley'xtechnigue (9]‘ integration
~with respeet‘ to is dcne along lines of constart x value,;
The x derlvatlves are approx1mated by flnlte vdlfferences.
The eguatlons 'are-!dealt‘ wlth in- a form  in’ vhiéh‘the

g
thicknegs %f the.boundary layer remains hearly constant wijh
respect. to the variégg;uiof'x,' that is, along the- 50&;.
Under ., the transformatlou given 1n Chapter One the range of
the 1ntegratlon varlable q is [C<w)- and tue . method. of

"C1u+ter and Sm1+h depends cn ch0051ng a flnlte final value_

for q sc that the range is approxlmated by [O,q.) .« Such.

choice ‘is done 'by experlmeﬁ{atlon .wrth the nethod and ¢

comparlson of solutlons generated with results obtalned- in

wind- tunnel Astudles. Then the need for“t1m1ng dec1sions to
change,step slze ‘and the asscciated use of 1nterpolatlon on

starting values of fluid 'properties %re ellnlnated as the

range of n is constaht. - Clutter and Smith. [5] decide
o ' ) 1 :
;therefore - to apply a. multlstep ex+rapolat10n 1nterpolat10n

(predlctor correctcr) lscheme sultable “for «thls /type . of
problen,. | Allled to the use of. thls kind of integratlon is

+he establlshnent of starting values for the process.

> .

The integration preblem can be restated as'follovs:
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. ' :{” . w " 2 .. . b
' MOMENTUM 3 N | o \ .
_ EQUATION: 3n (©8) =it T p/ P +C P[¢ + 2+ 1 - 8

\ !
. -CN(¢+n)¢ +Cx[(¢ +1)—9—-¢ 39 '
n=0: (w- wall value)
1 ﬂ + o ’
Steps in Integration: EER -
(CB. ) dn + C @ . \ ‘
Thus : _V/ 4
« ’ . ’ Co v
. ’ . - : __ﬁ;_;—~——”f“‘~—_;
ENERGY Let e S
w——_ﬁamzew—-g—t——yﬂr pr) @ + 1) g .
’ : : R | \ _g
~ Then m. = -7 3— T - C, N(¢+n) 6 + C x[(¢ +l) - ¥ ]
n = 0 ? 0w=gwtlv2£ ¢w=gw
n + o 6 4 0;‘¢ + 0 ) .' . l ,
o ) ‘ [ T] vl /m ' é | ,"’{“Jb
Steps in Integration: = = fo:ﬂ‘dn +‘ﬂw S /
T _ v P ‘@~ u,” S
' b, = — [ﬂ - ﬁ—— A1 - —~)(¢+1)¢ ]
e e :
' I'n v
b=o bty
< » .4 ¥ . o
‘The' procedure selected by Clutter and' Smith to

,

>'inte%rate tgese equatlons is outllned by Collatz {413 Ig:\#

| cons:Lstc of the Falkner extrapolatlon formula followed by a. -

k Qinqle 'use of the Adams interpolat‘onofornula. " For regsons

¢

. . . \
T— . ’ L™
R ' : : ~



© 17

- of desired accuracy ard speed dlscussed in {%], four point

1
f

foras uere“u<ed. They are:

SN

. EXTRAPOLATION:
t ' ‘:l “:’; - v . 3
(cg") = (cg ). +h ! "'
P r+1 —_(C¢ )e +e§z [55(C¢§% - 5% (cg dp1
. . Tifew oy ‘ n
o3P o, - sicp )
] ' ] 'h ‘ L]
¢r+i =98+ 7} [55¢ -59¢ 1t 37¢ ‘ 9¢r_3]
4 | R
By =B+ h¢ +3

533 [323¢ - 264¢ 1 + 159¢

INTERPOLATION

- h . ', L | = ’ ‘, “-"n
(cg” Yryy = (C,Q_)_r_t,___—z, [9(c -+-19 (Cp ) - s<c¢ )»

) -

3 7

." 3?¢;—3]

“

)r 21

)

serles of

W kx¢

] ,'.. o h i ‘
Bre1 f‘¢r+1 * 37 [9¢r+1 + 19¢ - 5¢ -1 ¥ ¢

. : | he N . "
¢r*1'f ¢ + h¢ + 335 [38¢ + 19¢r - S¢rjl + ¢r—2]
Bryy = P, + h¢ + 33— [38¢ + 1?1¢r - 364 __,
-

~The  s+arting prbcedurcr consists of a

\

Taylor?c formulae of 1ncreas1ng step size startlng with step

) size h/16 and bu*ldlng UF to the establlshnent

vazues ,=paced at h vh&%e h is the approprlate step size in

' q,* The 1ntr1cacy of thlS procedure 1s necessary i

.~

X

of four"

f accuracy

ALY
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& e S . . T\_ : : ‘ 1® .

. - @
_— e @ | | | .
' of . the Fanner Adams&oschem% is to _be preserved at the
B oo : T : : '
peginninq. _ A“ detailod descriprticn of these startlng
..forgglae and the accuracy Eegulrement° can be found in [5].
v %

. . - . -
\ . . ) .

-

Thelstabdlity and ccnvergence of the application * of
the  predi ctor-corrector ' air mustf be 7eStablished A
dlscu551cn of the derlvatldégof the formuiae can- be fouad 1n.
[4]. An lnterpretatlon of the error growt} is glven by

- Collatz and the appllcable theory restated here. : ‘ ) :

Error bcunds can be establlshed for a repeated serles
“M;_,_nf__ﬁe;aalaewﬂlf the prcbieu»sbelng solved satrsfles 55 ' s

Llpschltz condltlon on the convex donaln of solutlon D, _‘rhe*

B

_ nonllnearlty of the problen and the nature of solutions for -
4sone boundary values will actually prevent the problem fron
' satlsfy ng a L*pschltz condltlon 1n nost cases »howeyer thej\g_ff—-
A\~! gimethod £ error predlctlcr used 1n ‘this type ”of nunerical‘ . |
2 o N L, .

solutlon will be outllned in order to illustratefhou=and;yhy7

‘ dlfflcultleS»occur. _—

If the n;thvorder equation

B A B R o T
":satisfies'a reiation':“f L o ‘ ”; R ‘-‘ fﬁi
Iﬂx.y.y .---,y(" 1)) - f(x,y*.y* ‘.---IY*(n—l)l
: snfl k Iy g
' - v=0 -

T,
hd

.
X,

: for'ailvpairs "%
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D
- : : ! (n-1), -
B (x.y y .---.y‘“ By, vty )
’ S
ir B~* he k;/ane often regarded as o £
' Af. |
s K = I‘—(_T- v v Av
v 9y ,max in D ’
\ ! l ) - . . "“ i
y=z, 1, 2”.., n-1) ".then if D is a space contalnlng

solutiors:and qpproxlnatlcns t6 those solutions, an 1dea can

be’ obtalned as_to the rate cf- error growth.

Repeated uses of the correc*or can be ,shown to

Converge under ~the 'Ilpcchltz condition and by sultably

o N

restricting»the Stepv51ze. Clutter and Smlth po*nt out that

on experlmental 1nvestlgatlon one use of tﬁgycorrector leads

. to convergence u1‘h1n th51r folerance7 at‘ a reasonable'

steps;ze.,‘ Ihey .choose therefore to 1gnore the problen of -
. ————
;convergence. It relalns tc 1nvestlgate the stablllty of the

o ) (S

procecs and the growth cf truncatlon e!:or.

-

Ccn51aer the errcr ewoln the hth der1 iéexvof 'y at
B " (m) (m)w_ . ) o L
‘ r+l yr+1 y (xr+1) ‘ : . ; z

th15 is: qlven by -~ ' ’ T w
' (m) =n m-l‘ hY e(m+v) + , T,
€r+1 L vI “r © “n-m,p+l ‘
| R T TR ,
- : n*m,vg oo v - L
'_.+ h‘ 6=0 Bn-m o,p cfr+1—'o ’ F(xr+1-o»

 by‘thefIipschitz condition

> . ) . - - . ,'
) ‘ 2
. - . Ad . ] - Y
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»
(m) P . (v) . 1
| r+1| ZO 5& Bn-m,o,pl r+l! Sep - i (_). 7
. 65, as COllatz writes it, ~ .
| 1 -2 -1 - |
(my, 0=l ooy (m+\)) n-m E * ().
e r+1| ZO VY [e ' +h oko i OIBn—m 0,p| vler+1-0|
i o SR o S
' ‘n-m-1 o ' n;1 : ﬂ* S ()'
_ v h (m+v) n~m § ar . AV
en =L o Brle, ™V MY ) Klel ol 1o
v=0 _ : '
< ~ 9 . . .

2 B o ;
- 3

Uppef~:b6unds are kndun for e, provided théy are kﬁdén

for the preV1ous absolute errors m“ﬁ, euw" etc. ' Considéf'

the n eguatlérs for eﬁn (that is, the fornulae for all the

Cai fferent order derlvatﬂves). EKIS system will prov1det'a-
: systematlc error estlnatlon_ process if the coefficient

matrix cn the left-hand side is monotonic (a - matrix A is.

~

mqhdtoqic Af < is'suéh that_ihen , O\z) >(3

then;, 2z: 20 for all elements I for all real vectors 2 )L
becaéig\}n\;he case that it is, nonotonlc, tHe solutlon T

M

can be hounded above. .
- /\

Tbat is, - 1f A represents the coéff1c1ent nsfrlx and 1fr

V'an apprcxlnatlcn tC) é can be found such that e



RS

then
'(v)‘i 2 (er+l.) i ’
Ccllatz shows that A is monotonlc if the step size'AH
is chosen so thdt the d1agonal elements of \0‘_ S -
] A
i L N - v t &
" . - - . — R
[ ‘ . o] .
o\oo dm . v 3‘ o,n=i Coir ] € - ‘
: ' o
Ay du . €rai €, ™~
L > . v )
N , :
. ;(M)
3 r+] ‘ _é Cm .
L . , ‘
{ : . . ’
Z » » %ﬂ
o - o T e |
d*n—l,o' dn—.l‘/l : - dn-l,n—l LT e'(r-o-; ) Len—j
r"‘"\‘k o 5 -
- D < & A ~
- n-— \ .
n-y &
du = I’l /K ﬁn—t P j -
Apiy= 1°= KA~ ~
, rm‘n h K B>x-m,p A
- are such that
o AT 1/( 8y |
T N -P o n"mlp ‘ s . \\;
! k ’ 5



*Then we ¢an write

-1 ' :
(m) _ n e
Yyl h? IEO Ky n-m,p Y+l - En

where ]Y(m)] 2 Ié&m)l.f,
. r o\ r .
‘\

and ¢ oo ) a o
th-}' v n— .‘ 3 ’ Lo
~ h (m+v) ph-m f (v)
E = ] = Y_ |y |
m v=0 V- . r o=1 v— n m,0,p r+1 o]

+.. - l-Rn--m,p-ﬁ-lll .

Such an express*cn 1s\tedlous to apply recur51voly..

22

A .

more conven1en+ gulde tc the grcvth of e€70; can be obtained

by applying a §tandard technlgue te solve the dlfference a

"~ solution is added to a. hcucgeneous solutlon of the form

(m) '_ : ‘r
Y, o=CL T
'A'pa;tigulpr soluticn is

Cgm
. yr =Yy = cqngtant- | N
vhere the Cm;are deterlinedvhy
N | . el
Cm?p - (v£0 KHC,"OEO'?nfmr°rP‘ )

.y equatiors for thev error ter-s. That is. -a. par: 1cnlar '

; :
e

RN



P _ n-mn"lf-1 h ) : |
- 2zP _h ( = C =0 ) 7
veg VI Tmv ¢

' The region where errcr growth is bounded is the region
Hhefe_ these equations' fave a nontrivial solut-on. lThis
reglo; *s defined ' uhere the coefficient matrix for the
vanlshes. Ifl"the equatlcns_ under present stqdy are

. concerned the system-will'takevthei forn, where n;3,..p=3;

“m=C, 1, 2 . , o N o
- 14 ' p 3—m . = ; ' yA ql N -
s , C._2z¥ - (h 3 k[\CHZIB_ _ .

| ' m Cv=0 WY g=g ™03 o B
. Z=-m V. . ‘ . ?
-2 h - : Lo v
T Z‘ B Z - T Cm+v - -0 o : 5
v=0 , : .
New as stated ’ vterns of backvard dlfferences 1n

;

‘thelr early pagper [28] Clutter and Smlth are using the Adans
.1nterpolator and +he above theory is appllcable.,*-lncftheir
later paper :[S] a netho& -closely' linked Qto the Adams
interpolator but not 1den§}cal to. it 1s stated in terms of:v

'ithe Lagranqlan forl. After the calculatlon of ¢ﬁﬂln terms
cf ,¢¥r‘, the lover order derléetlves are calculated jin
terms cf Qﬁ”zlnstead of . ¢) A study of the error grovthb
in line w1th +hat above for a second-or&er problen g;uld be

done ir ead of for a thrd order problen consistently, but

’

the Llpschltz condltion vould then have to  ‘be applied- to

(ﬁu, vhich Quantlty is to be calculated at each step.

The: conditlons for the,detertinant to vanish in the
. v e v ;

o second-;rdet problen are



%
0 = zP*l . P 4 4p-1 2
‘ z(hxoz 303|z
g=
+ h K flle lz )+hKZ lz3°
1 203 3o3
o o=(0
(4\
)7 3 -.g' LO 3=a
o +hx1°£ IB2c3|z - n? Z 2cr3]z
o/ '
VAN
* 38 U . R T o,
B = : = ‘='——_36 - = -—;7
3.0,3 7360 B3,1,3 CP3,2,3 7360 83,33 7 3%

* ). 9 x - 19 ok -t * R
B = a . = = 5 -1
‘2.&.3 24 '3.2“{:\'3- 24 Fa2,3= 33 B2,3,3 - 24
. R N \ - . . R . :

\.

and. the roots z can be' founé as functlons of ‘the LlpSChltZ

constants Ko r ,‘_ for ¢ Cb The general splutlon cf the

~

. \

.dlfférence equatlon for Y uill becone domlnated by ‘the'

root largnst in absolute value as r becones large, and thus

s
this roct prov1des a guide tc the growth of error. Such an

analysic u51ng the formulae of Clutter and Smlth takes no

‘: // . . C X
account f the boundedness of_ qS + hovwever, nor can . it

_ govern ‘.h'e _ e_rror - growth: 'in ¢ at th‘é_first stephinth’e

interpolation. All that carn be saiad is fthat' assumind the

e#istenc’e of K throuahout the process the error . in ¢ and

L K r : N
(b will grou approxlnately as IZ-’ where Z 1s_ the'v,largest

root of the above process. L ‘vig | R S \Q‘

o

]

dal ot
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It should be. noted-‘that in regqions uhere'therenare

singularities.in the flow, that is where v¢)iand” (ﬁl become

unbounded, the'error will have unbounded grouth as expected.

‘"It has been found that the solutions cgn be extrenelyv

,sen51tive to initial conditions for some values of phy51cal

paraneters in the equations. » This is the problen of

.-

S

<

inherent 1nstab111_1 of the differential equations._ In such

‘.cases the- approach of" Clutter and Smith .to the problenm

brgaks down as the shocting method needs firal values of ¢"

vithin sqme finite range to allov' interpolation. ‘-Thef

i

SituatiCn4is.aggrayated.if small increments in”x are desired
@(see Chapter Two). -'The'-nost effective approach to the

problem of instability of the equatione 1n such cases seels_‘

to be linearization cf the- eguation_; this approach is

~

‘discussed 1n_chapter Six. R - . a

The question as to the presence of pg;_;g_ 1nstabil;_1'

in the finite difference equations *s not so easy to answer.  °

Clutter and Slith find that uith too large a stepsize .vith

some flcus they are ‘not able to obtain leaningful results.

‘Thej a*tribute this to grovth of truncation ,Aerror.

Certainly according to their results there does not seea to

is sudden‘grouthvof round-off-error. IR S {p’;

-

‘lrhere'vappear to be tuo *nvestigations of alternative

\ ) ‘ b

be a sudden threshbold in increasipg step. Sizes vhere there-,

nethods cf integration of the equations. Jaffe\and‘ oka-ura"'
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(12) #uggest;the use of Runge- Kutta integration for third-

prder differential-equaticne Jaffe and Thomas [ 14] use the

_radlcallj different approach of Chebyshev integration on ‘ag

llnearlzed version of the proble-.‘ The 1atter technlgue is

dlscussed as a. separate toplc in Chapter Slx.‘
. ". _ -
'Funge Kutta 1ntegrat10n is uell~knoun. The 'procedure

used by Jaffe and Okalura is taken fronm Collatz's book [u]

and is- outllned telovw.

. = _ y - hq’;- v, h/:-.‘j”-v:. %ﬁ'q‘&'ZV)
Xo Yo Vio Vio , .‘k' k
, L Yot VIOl Vo # V4o _ 3 ’
s W G e i e |
{ Yo + Viofa Vio+ Vo lva + 3 k| ' PR
lx. +th 4 20 20 ' y4 k l{
© 27 fyter kg Tyl T2 3
® . ’ + v :
Sath [|PT Yo 1-14’2‘/20 v +3k, | k

=x°+h Yr= Yo - (7”‘\55 .V;'“':%-.Lk”.

"Vla'”‘fo k B,}QV
=-'—(9k.+é‘<z‘f o kg —k“) S k= k, + k, +k3 L
. ao | "_ 'y, (‘(+ ;zk -+ 2k -+ k) . e
. A () [ 2 v

. , S y]

The main advantage of Funge Kutta 1ntegrat10n is that

stepsize qan be changed easily wlthout 1nterpolatlon on
prev1ou<‘steps as it is a. one~step method. . Accordlng to
Jaffe and Okanurav this property is. valuable as even under
1the tfansforled ver31on 6f the equatlon the thlckness of the

bonndary 1g?er beglns to change s1gn1f1cantly in flows uhere

'f'integration proceeds far dounstrean. They  can: also

'econon;se ,on‘calculatlons‘by.-aklng use of the fact that as



o S

increases away from the tLody- éhanges in the dependent N
variables become less rapid and therefore the step size can
be increased. In their application of ‘the 1ntegratlon
formulae they include a means of testlng these rates of
change as integration prooeeds ‘at each x 'station and

automatically adjusting the step size. _ B L -ff;

There are tvo nain: dlsavantages of the Runge—Kutta,
~type of proceSS.- In the first .place,‘ there ‘are: freguent
function evaluatlons (in a fourth order lethod. four: to each
step). Secondly, ,tuere-ls a lack.of systelatlc truncation

€rror estlmatlcn.

-

Some indication of the size of Tthe truncat1on' error42T
can  be cbtalned bp perforllng two 1ntegratlons of dlfferent,t;ffk~~g

=tep size in parallel and uslng the fact that the lethod iSELL &f“;f

M .’ ‘ .‘-'A_\,.

v'of' fourth order. Over a large nusber of steps 1t -ay be;‘j'ynlib
assumed the rate of change of the errecr grovth is: ‘d°‘4ﬂate§r :fli‘?
!vbY thatr_ cf  thé . hlghest order denlvatlvoo‘ “tﬁéﬁ".if

o - _ N
irtegratiou,ls perforned with step :srzes h e2nd . "2_2_h~‘1:,h'e.,r

o

follcwlng estimation may be made. 1 R - e

: : : . . SN
At each step, an error of drder h‘ is made (agreelent A
Hlth a "aylor's serles .up to. the fourth order term is.

"assured where the expanslon is around the previous point), -

At the pc1ntr\ q +2nhreached in 2n steps of size h the error*emffq
- of truncation is R ﬁln)h vhere A is some coustant. Then‘

:ativthe_ same p01nt qd+2nh reached in n steps Ulth step size
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| aE /
Zh the error of truncation is F‘ﬁQ(Q}Q{ . Then, if the
process is being"réasonably'accurate,
n - % - A - 5 - ~n .5 5
. ¢ ") = oy on - A.2007 = 4, A.n.2°h
’ o . ’ . .
where ﬁ;gn e Wiht are the approximations obtained by the
: N . . , \ C
tvo integrations. Now
(A) (2n) (h”) = A(2nh)h" = At{n-n )h
o 5. 4 4.4 .
T @@’ 1) = a@am2h? = am-n)2%h .-
‘so 3
R ~
-p o~ i - "‘ .
A=ng)h® = @h,2n - @5,
a ' 2t
T . ' -
.’*: ~and o N
s
.3 _%a;n " non .
3 h,2n | i‘.24-_ 1 5 ’
JShould be

e ]
g (n)
?V';J {‘-“hus ‘the " errer ‘ﬁt"sach value of n.
f%g?roxlma*ﬂly one-fifteenth "~ of the diffefence~ betveen
fm;gétations perfcrmed v1th step size h and step size 2h. A
: ‘can bev‘malntalned

check on thP rellablllty of the process
throughcut by ualntainlng tvo concurrent 1?tegratlons.
BN

a

\erlant of the Runge-xutta process

%m
WL f

be considered. ”he troublqyls that when nonllnearltles

may
are preeent, the process of perfornlng one -extra calculatlon
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in each step and using ' a comparison between it and the
estimate” of the p01nt of 1nterest to estlmate the error has_

; been shcun to cons1$tently over-estlmate tnen error. | This .
'; drauback makes the method unsultable for the problem at hand
where changes “in  step size should Jnot be necessary

frequently ard reactlop to changlng cond_tlons should not be

over- sereltlvc ' : -es

"The'remarke tnat have ' been made about- integration
dprocedures ‘in this chapter have centred on the treatnent of
the momentum eguatlon: Ihe =ame methods of. 1ntegratlon have‘
been used in most caeec for “the energy equation. ~In any
. case; since the energy equatlon is 1linear, the success- of

the process will be governed by the success\ Wwith the

nonllnear momentum equation [28 SJ.
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THI MCHMENTUM EQUATION

"The solution of the nonllnear momentum equation is
compllcated by the fact _ at the 1n1t1al value set ic not

i
conplete. é(%é)ls not =p.v1f1ed i The *echnlque Clutter and'

VSmlth [ ] 1ntroduce to deal ulth thls 51tuat10n con51st5‘- f

AY

2. process of =hoot1ng to obtaln brackeﬁilng values of one of;

T

the f*nal conditions Hlthln a certaln'range and then using-

interpolation to cénverge on the correct tj;jector§.

3

1 ' ("

Floure TIT - Trial Values of (]5'{(?6(“’))_0‘)"
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- Problems arlse in the aprlication of thlS nethod. In-
. . ; gt . a §
some cases,‘,snall changes in the startlng values for trlal
L E \»*_.l;" -‘ & \’ .
trajectcrieS'lead to large: hanges 1n the resulta ” curves

_ [12 29), as: can bef;iﬁ"', " Figqure mw . Sometimes these

:changes gre unmanageably la;g:”d;e to 1nstability' of "the
dlfferen+1al equations vlt certaln values of the’ phy51cal
paraneters.’ Even when the equatlons are not so unstable the
' ‘dlfference betueer brackettlng solutlons may be too large'
for the’ Lagrange 1qterpolatlon nsed to ;be_ neanin?fulr
Cluttar and Smith (29]» trf-:xo dé?i _uith this _latter
‘situaticnmlby stoppingv'intebration betoretthe°trajectories
diverge too much, and repeatlng the process 1» the hope that'.
tthe tra]ectory v111 gradually extend outuards »to tﬁe_ fullu
'range cf n ~as the correct solutlon is approached ) In.e
later nodlflcatlon ‘the usé of '-1d-course correctlons' is
>proposeﬂ fas_ trajectorles start to dlverge. The problem 1s:

then treated,as a neu1;ﬁgtial value,.dﬁe anof 1nterpolatlon* 

done orn 'the flnal ‘trajectory . segnents /of the resultant‘

L6

;bracketting solut ons. . e -

AJatfe_ and'fokalura [12] attelpt “to’ 1nbrove" the
r'situa#icn oy introducrng a forl of quadratlc convergence to

'rthe firal %?ﬁj‘ptory._ They 1ntroduce the function
L B, ) W(¢)/r'k/W(¢)“*W(¢ |
-at 1ntegrat1on/§¥ep n, nhere W, U and h/ are veights. Now .

o

the edge of the boundary layer (b is exp11c1tly zero and*

the c*het‘qpantit*es ilp11c1tly tend to zero, so VJ is made

+

ot
laroe 1n ccnparlson tc bJ and Vé " Then the l1n1nu. of the
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functlor'ji is equal t¢ zere, and rhe,'location ‘of this

) : - it "
ninimum  wil} Yield the desrred values of ¢) ¢> and‘?

/
Then ¢&@ can be 1mproved to yield these values byﬁ; process

Y

. of quadratic. 1nterpolat10n. The authors' find that thls_

process is rapidly ccnvergenp for prqblems uhere Qj is such

-

that it is monotonlcally 1ncr=a51ng to zero.‘

‘ Any 1nterpolat10n %ethod is dependent® op | finddng

’brackettlng values of the desired soluticn v:Hlthln a

reasonatle. ran/e the- variations proposed can acceleratef

th-s search but they’ cannct ellmlnate the ases where

pinherentb'instability is- pr°Sent. It 1s ‘to t is iend that
‘Jaffe_and Thomas [10] developed ‘the 1dea of llnearizing the
eguatlon., The sclu+1on of the problem 1n terns of the

dlffererce, betveen succeedlng trajgctorles in a 'quasi-

’_llnearlzatlon 1rerat10n neans that smaller varlatlons in ‘the

numbers ccncerned may te encountered in 51tuat10ns vhere

lﬂstablllty 1s not ex*reme. However, once +he problem ~can -

I3

‘be‘ tre&ted as La' llrear one the need for shootlng .can be":4

vellnlnated ertlrely by trcatlng both endpolnts as flxed ‘and

solv1ng the Vrajectory as a system .of llnear algebralc

o ot a,'

: . : -
-equatibns.~ The ne. condltlcn that has to be met is that the
*nltlal traject ry be 'suff1c1ently close' to the final one

"to. ensute convergence :ofr the - qua51l‘near12at10n process.

Jaffe ard lhc-as appear to flnd thlS condltlon easier . to

. meet than it is to overcone the problems 1nvolved vlth the

more . conventlonal approach . of "shootlng. : The :

o

A\



quasilinearization apgproach' is déalt with in Ch

]

-

o

apter Six,

33
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CHAPTER FIVE ‘ v

——— e i s e e e

- The energy equatlon can be treated as liptdr problem
"
in W .alcne once Q§ ¢ and (,b considered supplied by

the current colution of the nomentum equatlon [28] The

1ntegrat10n formulae are dlscussoa in Chapter Threev The

boundary cornditions are

n=0: 'eifher w(O;X)»='g(x) -
< /{ Q‘or_w'lo,k) %-é'(x)
h; “: .y 0 or y' s

o

Linear problems of +this npature cap be .solved by

_ constructing a linear comtination of the solutions of two

other vproblens. Clutter and Smithl[28] and later authors

[11;12,13] use this technique.

Suppoee W ‘is gﬁven.‘ Integrate with arb1trary’¢é Wm

“to ob*a:n (M, u. 1f q/ is greater than zero at the edgeb of

the boundary ‘layer, cuhtract a quantlty from the arbltrary

startlng condltlon to obtain ¢QQ and vlntegrate to obtain .

‘ q&. Then calculzate k'B such that

: ’ E ’ ] . B ) ) . .
AR Ab+ By, = Ay, + By, =
’11{5 o S . st - ) - . S R

at ‘the €edge of the'bou%Qary léyer, and

A+B=1, B=1-2a o R
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il

k) B

Then since . : ‘féﬁ/ _ .
l’w,,l - ¢w""2 = ¢w = \llq(x’,’O)
then ' “ § = 'A'ttbl + B b, .
and* =Y_Aub' + Bﬂ’é

1
will satisfy all boundary conditons.

-

A parallel pr0cedure is,folldved if Qthie given.
} iOnce “bofh.\y»and' ¢ are knovn; fluid properfies aiong
the constant x\linefcan be updated. _ Iteration on the energy
e;uatlor can be performed 1mprov1ng these fiuid' properties -
until de<1er corvergence céiterla are. fulfilled. Then the o
newvest f1u1d property values can.‘be fed to  the 'nonewtud

.-eauation and the entlre double 1oop perfcrned agaln until a

flnal set of ccnvergence crlterla is net for the x staticn.,

AVarious euthors {11, :3) _heve ‘inserred jother lihear )

: equations' describing’ phepomena ,in speéiall flows ]forv
-example, gas_injecrien ihto‘rhe boundary layer), Te;iher in
place’bf-or‘coupled with the energz eqdatioh.t'The.trearhent

cf such equations is'.identical to that of the energy

g/ijfguation;. S 1‘ -

Any vt:chniqde . for solving - ”llnear“ - ordinary‘
differehtial“ equatlons .could. have been used in the solutlon
cf the enerqgy equation. . Theee technigues do not affect the’

fundamental - nathre of the Clutter and Snitb [ 28, 5] method

4 . &



) A, .
oo . ’ 7
4 . ) 4

for solving the coupled“ eguations nor gan a- differentg_l

choice «cf _1nfegrat10n method for the energy equatlon avoigd

the protlems that arise due to the nature -of -the -a-antul

eguatlon and its bourdury values. YA nethod of solution for-

both 2quations u<1ng a--series expansion vill be discussed in

Chaptnr Seven, and this technlgue H’l- he found to take-f%>l

advartage. of a llnearlzed fcrm of bo*h equatlc Ta
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CHAPTER SIX

-~

' QUASILINEARIZATION AND THE HAPTREE-WOMERSLEY TECHNIQUE

R The “use 'of qoaéilinedrizétion. in the -apﬁroxilate
‘solution of differential systéms originateo in thé theory of
dynamic programning 4[*, 1€, - 25] The formulatlons most
familiar to the rumerical anaiyst are thosg of 'the Nevton?
"Raphcon _and Kantorov1ch approx1nat10n technlques. The aim
.of the qna5111nearlzatlon method is to set up ;an 'iterafive‘
process on a llnear problem *which - approxinatos to thea

: orlglnal nonllnear problem in the sense ‘that the solution of
5’the 11ncar problem 1s a satlcfactory approximat;on to’ the
,solutlon of the orlglnal problen. ‘Then at each‘step'ih the
<iteration prcoedures suitable‘for linear ‘problenms nayv Be_
néed.'-\fﬁé; guesiioh of  the ‘valldlty Uof 'the resultant)

\ convergent. solutlon nuct be 1nvastlgated

-

. Any hlgh order dszerentlal equatioq can be con51dered

as a sycten of flrst-order dlfferent*al equatlons. Consider'

i
therefore the‘systel
N U= ?(ﬁ E)'

-~

uhero U :is the 'state vector' or set of dependenf varthlasfﬁ’

R

and _in ‘thls case t is the only 1ndependent varlable._'Lgif
the boundary ccndltlons be \

,_GI{U)t=O'=v0" GO g =0
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Let U(1) ‘be an initial guess to the

sclution “of the
) oA
systen. Then F( U» . T) can be expanded ardund U(1) in a
Taylor seriss. truncated after the llnear term:
F(u,t) = F(u),t) + 3, (M (T - ) o.o. . (1
‘ . | . ‘ ,
where B .\
. : ’ e
i’ _ oF . o '
3 (F) = (mmd)
1 : BUi U=Ul

where the indices I and j mean the 1th and jth elements of

}ﬁn?

‘a second approx1mate
vhlch is closer to the. real solutlon U ~than

_the vectors F and U respectlvely.

oy

Ncv ‘it is desired to obtain
| s
solution, uc2),

-t
was U(1)..

Thls can be achleved by settlng U equal to U(2)
in h)and forc1ng : R "bf/;

Sw , g
then
‘o, = F(Ul,t) f:qi(F)°U2+Ul?
R & e

A C : . .

an iterative pro eSSNCan'tben'be set up of the. fornm

Te—

Pl =l 7 )U
T, F(UN l,t) + J (r) (T,

: N- 1) o ’j'
since‘at l

each stage in ‘the i+eration the 'éolutionA
tuo-pc1nt boundary probleg, 1t must'be A
that this segunnce ex*sts-

depends 6nj‘a

Af 1t does exlst, 1t 1s necess ry ‘

/-“v_‘ RS
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to examine its converg nce and determine whether its limit
is indeed the soluticn of the‘origingl problem. ,
The linear iterative'schene may be written
v, -J, ,U_= F(UN_lrt) - JN"l UN—_l

‘) This is a lineagf\fijstforder ordinary differential
g 33 ) Ahic the general formal

ation in the.unknown'ﬂ(n) which has

N il el

‘solution »
T S S .
UN = exp‘( o quéldt).[ O(F‘UN—I't).‘ JN‘l.UN-l)'
B T - |
exp (g = Jdy g 'dty) dt + ¢yl
. . _./(._.\—.‘.‘
'vhere ~cf{n) 1is éhosen so that the boundary_conditions are
fme R o
isfled."' : o
Set ' max - max ([ IF|1, 11311) = m
RUIRES! ‘
and  min 1IN = my
| AGIRE

~ then
1,11 < exp (mT)'['o(m + ml 1T 1) gxp (-mlT),Qt + cN]

A =nff1c1ent condltlon for a convergent seguence to be

‘obtalned frol th1< relaticn is
||uN 11 s
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for all n. Then ‘ - - o B
. 7 1 “max |
| l!PNII s exp(m (2m.fo O<t,sT (gxp (—mltl)) dt + C)

= exp(mT) (2mT + Cy)

then if : . :
I 110,11 | —~
2~ OstsT N L
< emT(ZmT + )
) mz. . . CN -
',f\ . . )
or | 4
: {
e -mT . ) . . . .
m, s 1l, e < 2mT + C i

N
thus, sufficient conditions for a convergent sequence ' to

9

exist are

'Lﬁahto'exiét and be bcunded
2) T(1) to be chosen so that
3) T to obey

| | . ‘<(3
e™T < omr oy B

The sequence can Be shown to be monotonic as wvell as “
convergent. | '

Théfprcblen can usefully be rephrased in teras of the
differencev }betueén ~ succeeding Apéfdxilations  ‘in - the
' quasilinearization algcritha:

-, - a
-

= % " Uy
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with boundary ccréitions T
- Y : - ’
ey =0 (t =0, t=r1)

and the above diseussicn may be ’fcllowed fcr  th2 unknown
-aw The latter treatment is valuable in 1nvestlgat1ng'
.the rate of - convergence cf the sequence and ~in deterliningf

“the limit point. Thus

Uge1 = Oy = Fy = By + 3,0, ,-T
o g -0,
or a a0 - L - .
L5 B TR S N TS R O R
" then o
2 3 g . F. -F -3, e)
el T P U Jydt) Uy (Fy - By “N-1 ®n
| T : . R

) S
.(exp o~ 9J dtl)dt]

where c(n) =0 as the bcundary condltlonc are of the forl

€41 =0 at  t=0, t=T

The mean-value theores applled in vector forn ylelds

=4 ) _)
| Fn = Fyo1 - N-leN HN(-@r) °N |
'ihere H(n) - ‘represents ° the Hessian tensor of second

- derivatives aptlied at a ‘pdint in the~ interval ‘[a(n-J);

ﬁ(n)] (eleientfby-element)¢ ‘ﬁov

U LE Ty 2 e L
11T < 1 2@ By @R < 1 maxt 13511 k. max1 1311)
1 2 2
=R EIZ,,

| | Ly
vhere K=  max I (e) 11 B
o : B ELARE s,l[igN-: - , S
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13gyq11 T 1K (o121 2
eN+1 T oexp(aT) T3 (max]legi1)< at
_ kr? S,

LT T2 exp(mT) (max]le. )

<

Thus the) rate of «ccnvergence ‘of the sequegce of

appreximations is guadratic.

© + By a process of “inductive reasbning it ‘can be seen

2 N_ I |
”eN+1” s - Spmn1® T max) 18,1102 . L

‘where | | ﬁ
- %2 00
Ccnvergence therefcore depends on the quantlty
2 i

5%— exp (mT)

OstsT ]'e -

This quantity qan'he made less‘than'1 if either T is
S  max 2

_emall encugh or - vOStST_"leZ‘I | N

is small enough. Thusy7§ proper choice of “the. 1n1t1a1

.approximation can  be suff1c1ent to ensure a quadratlc rate

. of cenvergence. .

’
(

If the ccnvergence condltlon above 1s met, theh the

/

sequence of approx:.natlcnc B(n) has 1limit. point ¢. Tt

followus that U(r) approaches U(n 1) and

KN -t
| Ty = FlOy_,.t) + Iy (U = Uyoy)
‘tecomes o ',.4~; N |
, . = ,
or - }4 ' ' )
o Uy =0
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o
The quasilinearization process ie . particularly
o : . . ) .
appropriate yhen ugiz_ in ~conjunction with the Hartree-
Homefsley technique [9],'because at each i4veluexexcept .the
first an - initial approximatiohkiis .avallable feen fhe
preceeding s{atiéz. Not only that, but ‘the 1n1tlal solutlon'

cv% to be Hlthln a certaln tolerance of the actual

‘solut;oh dependent on the x derivatives. For example, e

- : .
‘(¢)X=X(m) - (¢)xmx4m-l) * (3g

, ' ' ; 2
h U g) +o? @)

. }\"
2% similarly for the other unknowns?® Ay

Q : What this means in practice is that a tound can be put

«

on the gquantity

| 116'—_"[‘1’111 > 110, - )11 = 118,11 by monotonicity

' ‘ T o o

! Tt would be p0551b1e, 1ndeed, to ensure con;ergence by:
'keeplng running estimates .of the relévant quantlties in
equa*lon (2f end calculat1n§ as nany terns as- regu1red inbp
 equat1on, (3) . Coéoincident vlth a decision to keep such a
runnlng check on convcrgence uould be a dec1sion as to thef
'approprlate klnd-'cf norm to use. A 51tqatipn'wh1ch~veﬁid‘
make such a prccess valuable uould‘ be, ;fer' exhiple,w the,
approach to a p01nt of eepara*ion 1ﬁ the boundary layerA
rv;eQuations.' The x-array could be nanzpulated as vell as all
Qihe other quantltles 1nvolved in the-ccnvergence criteria in

order to guaran*ee convergence and the validity of results.

'~ Problems wzth the use of :syaller increments of x as
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discussed‘ in Chapter 2. are avoided when Chebyshev

integration is used, showing again the power of the combined

techniques.

The running‘calculations‘involved are as follbws;

L]

(2) suppose H and‘J,are known . on liﬁe m. i«Estimate
then ~on . line m+1 by elenent Hlse Taylor expan51on. (51nce

the elements of these latrices will consist of multlples and

: _conbinations of the coeffic1entsﬂ’and unknowns U this is

O

0551ble). : ‘ﬁ..-:: - - o v o
p v A 3§ : : o , o :
fEns&re ; ‘
ostsr lepll = LU = Uyl 3. '}p e

. . KT .
bty  choice of '3(1) thrcugh equation (3) and/or choicevof
x(my-x(»=1). | o

. ] v\b . . X ] V_ ‘ '
Once a quasilinearized forl-of the equations has been

obtained the 'choice 'qfv a lethod of 1ntegrat10n has to be‘

.recensidered.> The 1nccnp1et= 1n1t1a1 leue set remqlns, and

unless both boundarles are treated 51mu1taneously a form of

-

K shootlng lust stlll be _used. " The use of the dlfference

betveen trajectorles as the ¢ependen+ varlable S will reduce~

this problen ‘as varlatlon between different solutions for

dl‘ferert inltlal values will be less, buf ,theiveffect off

'this‘reduction is hard to.predict. g B

A method of 'solution of a linearized form of ﬁﬁe_

 incompressible poiehtul_vequation ~has  been Qescribede“by

/



L : .  | »_:‘ ‘ P ;‘ us
Cebeci’ and Snith[éj; it uses ‘a finite differenoeischeue
desioued to take advantage ,of the nature" of \the
iuéOlpresSible problen and therefore has no appllcatlon to
the general problen. Other exPerllenters such as Radblll
K and HcCue [28] descrlbe the copstructlon of,soiutions to
:tbis type of probieu using any 'inteéretion: nethOd ’for-

ordinary  diffetential equatiens and 'suPerilﬁbsiug
Lo ) : i . ) . _ ro "'!;"
,ho-ogeneous and particularxsolutions.' The 1atter .approach

loses accuracy vhen the superlnposed solutlons are greatly
dlfferent for small channg in the 1n1t1a1 condltlons;" it4'
has been denonstrated hat this is prec*sely the dlfflculty'

ulth the present problen. It is 1nperat1ve, therefore hat‘
‘av fora of  solution vhlch y treats - both boundaries
‘,silultareouslyw be ‘selected. Such a reaulre-ent suggests a

'1 leans of transfornlng the dlfferentlal problen into a systen‘

. of llnear algebralc °quatlons by neans of a. serles solutlon.

3

Thc appllcatlon.of guaszllnearlzatlon to the-'boundary.
laycr equatlons co-blned with Chebysbev 1ntegratlon wlll ‘be
, dlscussed in the follou1ng‘cbapters.b»:It- should be added
that ir. general nonllnear bcundary condltons can be treated
in exac+1y the same buayo_as the ‘nonllnear different1a1
problem, - Convergenee' to” tbe actual boundary condltlons

follows in .a similar m@hnef.

©



.

d‘squssed in Chaptor Flve mlghi ‘be . used but once agaln the -

. _— s : CHAPTER SEVEN.

ZHE USE OP CHEBYSHEV POLYNOHIALS IN ¢LTEGRATION e

—v—— -

[ . 4

2 ' ' N
At each step in the 1*erat10n of" a qua5111nearlzat10n
_ : i ~
process 1nt°grat10n- cf a llnea ordlnary dlfferentlal
~ ';:’ \ . i . v

€quation must be'doner Although an. analytic solutlon. was

preSented “in the prev1cus chapter in crder that convergence.

analysis llght be done,' this  solution is "not  useful

t

'ca:putationally. P

. —Ir the ptobleh under discussion * one of thegmajor

dlfflcultles has been the - incoiplete’ initial valué “set.

Shootlng is lese rlskj U''ng-"a gquasilinearized form as

dlfferences between nelghbourlng trajectories  are not’ so

. . ;
large. whéen & is used 1nstcad of U.‘ ‘It 1snmore sen51ble,A

‘.

hovever, to take advantage of the llnear form of the problem

to the =xtent of u51ng .an’ 1ntegrat10n technlque whlch tneats

3

14

~accuracy of the multlpllerc would be called into questlon 1;

~

c ‘a degrer of 1nherent 1nstab111ty were present.. Jaffe and

”honas [1u] have suggested a nethod for the 1ncompre=51ble

.momentunm equat1on vhlch converts the problem.lnto ‘a 'system

of linear algebralc equatlons,vt us treatlng ali boundaryst

-

Jndltlcns s1nultaneous1y. Other 1nterest1ng features of

the -lethod will be discussed : Thelr ch01ce 0" integration
technlque 1nvolves expresslng the dependent. varlables in

terms ‘of Chebyshev. polyncnlals.w In order to discuss thls‘.v”

;

toth boundarles at 'cnce. : Superp051tlon 'Of' solutlons -as.

C
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P

‘choice cf procedure a brlef outllne of‘approx1natlon’ theory

vill be glven.

‘Numerical analysis. is a discipline which attempts to

describe-lathenatical functicns, which are defined either

explicitly or 1np11c1t1y, as a 51np1e conputatlonal problel

for various values of thelr 1ndependent Varlables.‘i Such a

description nay »con51=t of tables of values or, wmore.

p . R

P

econonlcally. of an approxlnatlon function uh1ch is ’easily"f_

evaluated for glven argu-ents and uhlch has known dev1at10

o - - . . : > (
. over. the range of interest. : Co ek

' . ; .

A Adifferential ~equation is an implicit means of 

o defining a function or,functions."conventional,step-by—step

<

inteération builds up a‘tahle of values which describes the L

4fngstion at discreteivalues'cf the'independent variable(s).
-\ . R N

Etror in the"table is cu-ulative, ‘and  the .value of a’

' functlon at an arb1trary p01nt not in 'the-'table must ‘be

~/

obta ned by. 1nterpolat1cn, uherein further‘kérror is -

o

‘introduced. These condltlons ‘are acceptable ‘if }ehough is

knovn ahout the SIIor. A dlfferent approach is to'assuie an -

approprlate approxilate' orl for the solutlon 1n teras of an

'easily conputed functxoulof knoun deV1at10nal behav1or and .

~
transfoxl the diffexentlal Eroblem into one of deterllning

. the paraleters thC& v111 eneure a reasonable approxxlatlon.

The easiest approxllatlonal form in teras of

conputatlon 1s the polynonxal.l The lost compact in a given




[IgeY

space is the orthogonal set of polynomials spanning that

YSpace; Then, if a theory of measure for the differehce
,Eetueen ’functioqﬁ;fin.the space and members of the basis o£
. linear ec!binatio;e_of4NEnbers of the basis is defined;- any
‘fﬁnctien :in the space may be represented non-redundantly. in-
terms 0: the baeis vith»‘khcvn de%iation.; DGiven meaeure
’definitien, _ the lirear combination of . basis members

Fepresenting a furnction 4hay be wmanipulated in order to

minimize the differepce in 'some-Sense. That is, if f is

i
1

represenfed by

) = a8 (0 + ad, (x) + . f:' * 241 Zha

R L | ; >
‘the coeff{cients a (i) will depend on the definition of f and
On SOme €EIrOor critetion. The chbice,offnormvwiiiﬂresult' in

'a certain set cf orthogonal functions being used.

The Chebyshev Eeiynonials are; usefuI Ln.numerieal
_analeis becanse-of thEir .conput%tiohal form, the: errof'
. criteria they may be‘made to_ebey, and ﬁheir‘appiicébilgty'

to a,uide’ciase'of;functions. .Lehczos [18] is the father of
ibdern interest in them. . Since his re-discovery of their
ieportence many 'researChers  have _investfgated vfheif
'epplicetion-te.appreeiiation theory. 2 icomprehensiVe book
on . tﬁeir use is by Fex aegﬁéefker (83. 1In this book the
means of extendiné kneu; reenl£s to differential probiems is
lediseuSSed;‘ She.relevantfthecrj'and properties of Mchebysheé

polynomials is"odtlinedjbriefly be1ov; '

e - - :
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<.Suppose that the Chebyehev polynoulals are defined. by
T (x) = CoOS ((n-l)B),. cos €= x, -1lsx<1
or equlvalently . ’ '

T=1 ’ T=X-

1 2
and the recursicr relation ,
Tr+l(:§) = 2x T _(x) - T__,(x)

AThese.‘phlynonials obey the minimax criterion, that an

aprroximation ?,,(:r).‘of £60 -, vhér__e e;,(X)¥£6<)—pn(’§,_ should ‘be

Sl that 'ﬂﬁiglenbm. is- a’ ‘minimum for all possible

h : s : L. . - o
ritpresentagicns in terms of coub1nat10ns* of polynorials.

" The Chebyshev polynomlals nay also be made to obey a least-

cquares crlterlon . s . _ “k\-
n+l _ e
Z W(x ) e (x ) = min, (discrete f) .-
-i=1 ’{ - . 1 .
or L .
' 1 5
' il w(x) e (x)dx = min, (contlnuous f)

Q . ) v
where the uelghtlrg functlons are 1

,w(x)=(1—X)

B0

Ancther prcperty ‘¢f  the Chebyshev polynomial

approxlmatlon "{s;; tha@, # of ‘qll polynonlal expansions ‘

expressed in terms of;ui&raehperlcQJ polynOllals,'it has the
X" o

fastest and nost unlversal canergonce rate.T

. Evaluation of the‘~coefficients for a function f

ssions like

invqlﬁes gxpre ,
. 7. n , B P P
o, Dot neg),  (sereten -

;ﬁaf = %1,11 f(x) (1 - X ) T (x)dx,t:“(cohtinuoﬁs f)

-



which, as béieen here, satisfy the least-sgnares errof
eritericn. Rhere f is 1epllc1t1y def1ned these expr3551ons
cannot be  used. The coeff1c1ents lust be calculated u51ng
other ipforlation. The dlﬁferen*lal systen and knovledge of

_the dlfferentlated form of a Chebyshev expan51on -ay be used

-

to set up a system of linear algebralc equatlons .vh;chv may

be solved for the coefficients.

N

In  order that the differential  equatic: may be

represenféd'AaS"a system of algebr:iic equations” all .

\

- quantities that wppear in it rust be represented as

Chebyshev series, and means cf coibini:g_the expansions in ¢

products or quotients or in various other ways developed.

_'This-iay'not be a trivial task. The folloﬁing chaptefv'u1113uf

-billhstrate ‘the proceee-,és developed by Jaffe and Tho-as

[1ﬂ], and the exten51on of the -ethod to the .nore conplex"

"colpressible eguatlcns vlll be dlccuseed follou1ng that. A

”useful formula is that for the product‘of_chebyshey'serles:

cay - n ‘ . ' . ) R P :
1 : . = —— + - b¥ T,
£ =57 + ,£ ag T, 9= T * ! i

4*Ty = cos(i-1)e cos(j‘-l-)y.e = % [cos (i+3-2) ercos (i-3) €]
2 "Ti+j-1 Ii jl+1
-a.b n ' n a.b n ak
171 S | 1
f.g = ( R ab) T, + ] T‘r* 2- ® -
g ffx-, WLy 3 (0! N =2 x=2; 2 Ik 1+1|

o

G
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Various techniques for solving linear systems may be
used tc -obtain' the 'Chebychev coefficieﬁts. It should be
‘,horne ir nlnd that at 1east paﬁt of the system, that deallng

vith the dlffarentlatlon cf a Chebyshev expansion, is upper
. } i N
triangular:- SR 5 . )
s L . f Z . <n) |
al, = Ay = 2:(7-1) Qr (2ersm
. . ‘11 ‘ ’ . /L '

The"solutibn of a finite set @of equations for'a
truncated Chehyshev expamelcn 1anlves a perturbed sysStem

‘and does nct - yleld' ther leadlng .terns, of  the infinite
:Cheﬁyehev:expapsion.s A iethcd:of'estilating and partlally 2
~e11l1nut1ng the perturbat;on developed by Lanczos [18] and
:d*scussed by Pox and Pfrker [8] may be used but - it‘ means
.. more’ -calculatlon and in an iterative ‘scheme such as.

qua51£&rear12atlon laf not’ be valuable. The alternative  is

to Eaiculate‘ succeedlngly larger sets ef egdations'and
g;exanlne the ﬁeequence‘ of »coefflclents for devidenee © of

%Eqnvetgedce' of the expan51cn. The'iatter apptoach»uas used
‘e”bvfgaffe>and Thcnas . ,& . V:/ | a

A br1ef sulnary of the advantages of a’ coupllng of. the

gua5111near12ation procees Hlth Chebyehev 1ntegration _for

y,the bcundary layer equatlons will bo given.

B
N
” ) @

A) Qua5111nearlzat10n allows the problen to be treated

’.
A

a: a’ llnear chne.
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B) . Quasilinearizqtién used in conjunction'uith~thé’

Hartree-ﬂbuersley technique [$] can ensure convergence to. a

solutiorn where conditicns bh_ the various derivatives are
satisfied. '
. C) The ChebYShev ’approaCh allows ’treatment d@ all

boundary condltlcnc at cnce, thus ellmlnatlna shootlng.

"

D) | The representation o%{ solutions"qs Chebyshev

expénsichs is compact compared to tabular values énd‘fapidly

‘convergent ccmpared to other polynomial expansions.

F) Derivatives or integrals”qf given .expansions ‘are

Y

easily caiculable.j | ' N ‘ o ' -

P) . Any evaluaticn of a solution for a glven value of

the 1ndependent varlable is po=51ble u1thout 1nterpolat10n.

A3

G) Error bounds cn solutions are calculable..
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,  CHAPTER EIGHT
THE JAFFE-THOMAS TECHNIQUE FCR TBE INCOMPRESSIBLE EQUATION
RTINS 2E 1008 LE EQUATI

In 1970 Jaffe and Thcwas [ 14] published a paper which
solved the incompressible loneniun eguation' - using
quasilinearizatiou and Chebyshev 1ntegrat10n. Thelr iork
serves as a practlcal 111ﬁstratlon of the various procedures

.1nvolved.- If the eguatlon is vrltten as

£V 4 PU-£'2) & npen - R

T lua dx .

N o , k=0, 2-dimensional.
i I'pyl . x ar®’ - .
N ==+ 3 ai—,v't¢$~¢w§§l..bQXisym%ﬁﬁric
. ;! I O o 7}} B
. W

. : . \ . "Dgi °"?t.}'7’ o _— :3;’?;',_ gt
with boundary conditions '

£(%,0) = £'(x,0) = 0

£'(x,n,) =1

K

vhere the x derlvatlves are ftreated in the

;Honﬁﬁsley -anner as

qv

- . t - Py Al ‘_ o -
Gedn = afy'? Phe-1 * “fn-2 (G = afy + bEY_L + off

9x

-1

3

b -'(xn;z-xu)/((xu{xn-l?(xu;xn-zi)
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~
c = (xn n-1)/ (=g 5) (g3 =%y 5))
then the quaelllwcarlzed form is /// , - =
. | &
Fi=0=%f;,+3, U7, p .
uhere
S o _ z u i o,
F(E''',£7,£1,6) =0 , U= (£'"',£" £ ,£) |
oF 9F PE_ BF)
J = (ﬁrrrv 3EW EY - If
= (1  af+th 2wf'-h' - af") : ~
iy c - p) :
= (1. B - c | P
g%l + R + Al . ht=ay o ey ER L
o w = :— (P+A1) Al = ax . AZ;/}: b)s A3 = CcX
ho=8; fyy * 8y fn-2 .
or, written in terms of ‘
. . ‘ ‘ ¢
o(n) _ e(n)’_ £(n) '
e =% £
e’ 4+ Be" + Ce! 4 De, 4 F., . = 0
ei‘ f Bei + Cei ‘ e .

i i-1

Ccnvergence on the jterative scheme may be expected
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L ) _ -
subject to conditions outlined: 'Chapter .Six.
Ncw suppose that theusqlutiéns are of the form
a, ‘m ! -7
e = == + a,. T )
.2 jZZ B B o / ‘ ,
. ai mgl § . vl ' '
e' ==+ 3% a'T,
. 2 j=2 .] j
ai',m~2
e" = z=+ ] airT
j=2 J ] !
e -
- a"l m_a .. i
' e''' = ;- +z a''* ¢
. . . L . j
introducing (4m-6) unknowns. 1 f\
. e _ S . .:';-:"' v \ o -
Now a']!"-\%l ~aj+1 + zjaj 0, j 2'31 _ m (am = am+1 0)
" - " s ) -l_~ ’ S A o " = " =
aJ_1 -§j+l f 2Ja = 0,.3 = 2(3{.f.,mf1 (am-l, ’%p = 0)
teyw _' Ty 1 - . s s vu‘_é% » . 3
-1 7 3541 ¢ 2333 = 073 ="2,3.0.,m2  (ar'y = i = 0)
yielding 3m-6 equations. _ o _ _ag%u - )
: . 4;;; L - Ago ) W

; 59

Matching +the coefficients for the polynonlal "’(% the

v

resultan* system of llnear algebralc equatlonéﬁconrespogdlng

to the differentlal systel is

")
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-~ _ i .
RR) " - Tomop ot T e ' .
) ay +'a1 bl.+ m23 aj bj . a; ¢y . mz3 al c
-2 ' 4 . 2 4 . 2
3=2 : j=2
al'd1 m-3 a_.d ) ’ g
i =+ .X 3~ + cheb, (F, ;)= 0
. 3=2
. bk m-3 a% . . :
N | " v : )
g tay 3+ jzz. 2 TPy ka1 + Pyagemy!
. Cp m-3 a’ _ : :
. al — .
a3 +j£2 7 [ 3-k141-* S5ak-1]
S a, m—3 a, ~
tay - # jzz 2 [5ok41 * 944k-1)
+ cheb, (F 1) =0
k = 2,3,...",111"3
‘yielding m-3 eqﬁations.,
wheére cpé§k (F, ) = chebkw(F(Ui_l)f_ .
= cheb, (F(Ui—2,+ ei;l))‘ -
The nnibe;'of equations is, 3m-6+m-3=Un-9, The ,boundary

conditicns

conpletely deterllned solutlor and they take the form

: a v
e = _1 _ - ™ =0
Y e( l) = 3 a2 + a3 eeo(-1) an = .
' . ] 4 : . -
- - aj SV - oAt w - )
e(l)-—5+ra2.+a3+... a’ ‘ _
y : &,
e'(-1) = }i - aé + aé + ...+ ("l)m 1 ‘al;l.-l =

Sclutlcn of the sycten can proceed for each cycle of

the qua5111near zation prccedure glven an 1n1t1a1 solution.

. The follcwlng initial =olut10n was founa to vork:

S

clve the renalﬁ\ng three equatlons needed for a



s . o 5 _
fip=n - ()[1-6— 5] | |
The results of Jaffe énlehomas ﬂave vbeen Guplicated
both. in crder to correct their mistakes and as a ba51s for
‘ : N
€xtensicn of the mé?ﬁbd to the conpre551bie equatlon as_ the
'_structure of solution is 'the same. It should be noted that

i

_Jaffé and Thomas obtain results whlch are conparable in
accu;acy: and efficienéy vto b;th finite dlfference results
and results cbtaihed using Cluttnr and Snlth's [5] methods.

 T§e 'advantages‘oflstdring solutions in polynonlal fbrn have
already been dlsc“%ﬁﬁd- ) Tﬁe fqllowing chapter: will be

_ dnvoted to a discussion of the problems involved in

-

extendinq the technique to the compressible equations.

w



"CHAPTER NINE ' o

TO THE COMPFESSIELE FQUATIONS

equatiohs,
may = be quasilinearized in the same
) }%anné} asftﬂefiqcbpé:essible momentum equation. Indeed this
;has.beengdoné; aé.caq'be seen in references. [1;25]. The

. 1 . L i .
‘equations may be written as

N 580,00 ) =
’ = '°p'v "‘:‘. S  " °‘ C; P, T :
(©aM) " + T2 cgn =~ c P (g 22004122 + c_N(grmIpT
- C, x[(g'+1) %;ﬂ_:- g" -§§1 =0 . | G.
“5 & -
_(L (¢.”'¢EI¢""¢I*.{"":‘)- = '

» - ‘D ' o I . o ?
TTETSS SN 0+ Cxlpendd - 2y =0
. - C‘f,* . pe 1 ., "

TR co- e
1£§ R ST | 'h'g

and then with the state ve.tor

| | o
G (f'fv',¢".¢'.¢»,“,'r""”
U

~the quasilinearized form is



F@n) = Py + 3y & @)

-¢III _\(¢Il)l )
‘ .}¢-. _ (¢l)l i ’
-1 , . S
\ Flgm = (g @ | =3
. : e v_ _
LN €5 B
¢! - (9"
wvhere J takes *he form
o S -ari o . 1.2 -
: (J3..) = X r 1=1,2,...7 , 3 =1,2,...,
1) N-1 v,auj . - ,

Ncw since the terms Cvfk.f%?,77 are not constants or
functicns of position but depend on. the, solutiors or state
" vector, the Jacobian matrix rust take thié dependenc%Binto

‘account. -For instance,

A | : C Py
S (=)
b g el
tot - explicit . .3(2—) -

Whns elther the exact forl of the dependence of these.
: gquantities luet be knoun or =ome other -eans "of updating the

‘Jacohlan-‘af €ach ‘step sust be found. An alternatlve
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fm
- approach 1s to treat t hese qudntltles ‘as belng constant at-
each step and updaflnq them after a nev solution. is found

vithout including the chaln differentiation ‘in the Jdcob

latle. The effect of cuch a measure would be to slow dw
¢ t
copvergence of the quasilinaa:ization algorithd an

unpredictable amcunt.

) - ’

A far greater dlfflculty in extendlng the Jaffe and
Thomas [14) method to the ccnpre<51b1e equations is that :of
.expreQSJng thn f101d propertles as Chetyshev cerles,; Asvfarx,
as is known to the author this has not been attnmpted,

although the d951reab11~ty of 601ng 'so _1is great in order to

eliminate =hooting. B&cblels arlse, £5E example, in
| S ( y0- .3329

B s - 0.020856 - \
C = _ : :
(%f——ﬂo 3329— 0.020856

: : ) ref )
Now L
- h e (raq 2 e o

H———n=‘(b+1) - (@'+1) ) —

ref ‘ href ) u,, Zhref

can be -xprgssed‘ln terls of the Chebyshev expans1ons for W_d//
:ard ¢) an expre551on for the fractlonal pouers of é
,Chebyshev sérieslzs noE knovn.'_Ihe above'form of erendence ;-
of the'fluidvpropertiés;on the solqtions' wasﬁdeduééd frbi

iablés'sf étpefilental figufés_by Clutter and Smith [5].

ore approach to the treatment of C, f%p) e, ;dt}v0u1§ _
help in the calculatlcn of approxlnatlons of the "chainb

'Zderlvatives (for exa-ple. 5{%,). It prov*des a Chebyshev»
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expansicn for -all desired "quantities in the  most

Straightforuard -manner at the cost of spoiling:the elegance
fand suitability of the lethcd and add*ng extra computatio...

- Houever the ablllty to ellllnate shootlng is the paralount

consIderatipn.
. ] . - . SN

Supposé-a néi'value‘of"x is to ‘be dealt, ﬁith.: Inltlal
j-approxlmatlons to the state vector and fluld propert1 \afe”
avallable frcn the preceeding x station and t%@’ are\assunea
ta_ be in Chebyshev form.™ Then one iteration of ‘the
quaslllpearlzatlon scheme Hlth the . Jacoblan natrlx' asauling

constant- _f101d propert:;.e<= Hlll yleld ‘a new sta-e vector in
,,4_\" )

Chebyshev form. Nowv new f101d ptopertles in Chebyshev fora
must be obtaineﬂ. The only p0551 le uay to do thlS’Sbens to

be to calculate the actual values of the televan* solutlons

\at various values of r] ¢ USE€ Cohen's forlulae ’ get the

fluld /f;p:frtles at those p01nts, and then fit a Chebyshev
."nterpolat on polyponlal *to then.‘ '4 — 'N_ ST l?,

\

The most accura*e Chebyshev -interpqlatindc polyhoqial

of degrce n joining the pcints x(d), (1, -<.s x(n) is that

calculated. for x _at’ the zeroes of the',(n41y&hrdegree

i - . N ,@ . . . »
Chebyshev polynomial T (n+#2): The collocatlon p01nts are

. . »g'L . ° e .

o kA 2i4+1 7 ;
. ,-xi = cos (_n+1 2) is= 0,1,.3.,n

fhén | T~ |
: nEIA ‘

Cf(x) = a, T + e
. k=1 kK 'k nf2'



where 1
s
a = 5T f(x)
1 +1 i=o 5
anrd . ,
2 N . _ . : '1
= e—— 3 . = ...’+
ay mrT izo,f(xi{~Tk(x1)' . k ”2,3,“> n

The errcr is theh_cf order‘T(n+2) .

&

Cne fact serves to Comgensate parti@ for the labour of

‘additional cdlpu*ation at each quacilincarizatlon step.

Cnce the fluld propertlee have benn updated accordlng to the”

{\%ﬁeﬁ state veCtOI, tvo cucceedlng expansions of the f1u1d
’_proertiec are kncvn. - Then an aporoximation of the form

(Wl N

Cen  serve to correct ths Jacobian ma‘rix and the proper

= (W)N' 8C = Cy - Cyor 0By =8y - Py

’

accelefated ferm of the gua°111nearlzat10n scheme can be

] used.'j The abcve approxlnatyon /tan be formed, as can

. : . f
%xpansicns'for quantltles‘11X9 T, S ’
v ) o :

‘ ne
= Tw/(l + T 'fo pe dn.

-

by use cf a uotient fcramula fCr.tvo'ChEbyshev Se€ries,
Y 9 cr. fwc ¢

?
' The quotien* problea is €quivalent to ‘the inversion

probleni-fq: o | o %ﬁ

therefore if

o



.af ot - 4) )
, DR

‘a Chebyshev . expansibn"fcr.uié“

deéirsd;

: Ncw - SRR L

A

so if - e
[ " L

NS R |
e my =S e+
w0 JIQ o, 2 L i=20 i 1

. Pl

)

. v s r K i =
the produdt fothula for Chetyshev ssr

-,"”'J“ i “-u,‘“ v Ca b

RV cRCIFRTIeE

2 3-8 li-ki+l ¥ fik-1

) =

e,

the main- system cf 11near

/

Y

-~

+ a,

These, are cquiticrs ot the ferm

\

o
~
no

/

2s yleldc

i+k- 1” T

c
u.nl

 which can be solved by uhatever routln% is set up

equatlons

K

to -

for

2,3,...,n

wl

T

w0
e
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quasilinearization steps.

~ <

Under the(suggested treatlent of +the fluld ptopertles

Jaffe and Thomas's [1“] means of solv1ng the 1nconpre551b1e

'equation can be extended,to the conpress;ble equations. 'Ihe~

integratlon problem,  with its  associated = error
con31derat10ns becones 'a problenm, of solvlng a syete- of

1inear algebralc equatlons uzth assoélated_ guestlons about

_the well-condltlonednecs cf the coeff1c1bnt latrlces.‘ The
forn of the natrlx is glven .below, and as the elenents - vary.

‘at each value of' x and each quasllln arﬂzat1on step the

e

condltlcn of the latrlx has not been investigated a prlorl.

If 1t beco-es 111-cond1t10ned the nethod will. fall.

The - next chapter will conpate the proposed extension
‘of the Jaffe Thonas technlque [1“], qua5111nearlzat-on u1th

Chebyshev 1ntegratlon, fov the Clutter-Snlth lethod [{5] of *

solntion. The design of 1nplelentatlons»of*the nethods v111

be outllned v sj - R o » %ﬁﬁ% .
. %y

¢



65

CHAPTER TEN

COMPARISCN OF gﬁcuyggggg

.’\\.
fPlou dlagrans for the two technlgues are given below.

A 1lst of the routines 1nvolved and their. functions follovs.
the ~basic Clutter and Smith method (5] and Jaffe and Thomas
‘froutlne [tu] ,uere 1mplenented jin order to compare
.progralliog complexity. These implenentations were done
using Fcrtran IV. Extens?on of the proposed method to ‘the>
conpressibler eqnatlonc vis_.represented'ln.the form ofvfloﬁp
diagralS'ond descriptions of - additional routines :requrred}
. The threeb‘lethods. vill be referred to by cs, JT'and'EJT
‘respectively in.the foilowingtconparisonﬁ : Conclusionc> are
to 'be draun with reference to a class of equatlons bearlng'
the characteris*ics of non-l1near1ty 'anﬁ. an '1nconplete

initialfvalue set.

a

CS Routipe Structure

MAIN: ' Sets up arrays

Sets N=C, M=0, E=0
Sets ihit‘al condition=tas‘necessar9

-;(a) B anch ‘to treat x(1)

1ncrelent I

Treatlert.Of X (i)

"l

o » Y '
MON: : : Set initial ¢' for given trial

integration



EN:

IMom:

INT:

IEN:

R 4‘5"

‘) . ) (PR

Il

Generate trlal trajectory (IHOH)

'Use shoctlng loglc Hlth several trajectorles

(INT) incrementing ¥
Inplement superpositioh ldéié
N

HGenﬂrate necessary trajectorles (IEN)

-Generate newv fluid propcrtles using

glven sblutlons ‘and 1ncrement1ng E.

Integratlon loglc for ¢

Interpola*lon for shootlng logic

Integrathn logic for %/

enenmy

Freuge

X = () - >
' \
| Solve
- momenhum Ve-wv+ 1
@g}akon
o™
Solve

oy

Tk,e Qtutlcr — "Sn’fiith ‘?‘/echhiﬂaé;
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JT Routine Structure

MAIN:

COVAL:

" QLIN:

" CHEB:

COEFF:

Sets up airays

Sets up initial approximations

Sets parameters fof\the particular

"problenm (e.g. Faikhen-Skan)

Calls COVAL to set up Jacoblan

-

?natrlx for 1n1t1a1 approxllatlon

- Calls QLIN to 1lp1enent "method’ for each.

x value - : SN

I

Evaluates Jacobian elements for.

‘latest'approxinate solution

Sets up convergence test for 11ne x(n)

;Replaces old solntion by new: solutlon

Calls CHEP

' Calls ESOL

Calls FN

Uses Gau551an Ellnlnatlon (for example)

to sclve systen outllned in COEFF

i

‘Obtains expanszons for solutions fro-:thOSe

for the error teras _
Setsvup thke systéj of linear aigé%réic-v
equations for théiqnaéilinearized" |
vetsion-of‘the problea.

N ' R : oY

Obtain chehyshéy»eipansions

~for fluid properti;s nsing evaluation
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and intérpolation

+INT: Interpolate with Chebyshev series
Changes:
MAIN: ".Différent.initial solutions
COVAL: leferent Jacoblan elenents
R t Tt
CLIN: ‘ Extended ccnvergence tests
COEFF: Different equations to represent
'qua5111near forn of the conpre551ble_
equatlons
L x =x (V) - _ H
Sek vkl
o Solutten
= (V)
| Set valuss '
L L"*““L(?'d; | of coefficant| -
. - Emiwhonj ) - L N 1
oo b mens ey orﬂkth, . - — 00+
Ui L setukén | J&FObﬁkx-J S

- FIGURE. -

V Tlu (Exknolz,d) Ja(#e ~
U Thomas chkmgwa ':.‘;f‘_"-;_flg}.;'

E
’: <
4 .
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Ccnparlcon of the ,ethods is to be made on the grounds
of thecretical con°1derat10ns, programming comnsidérations,

computing time involved, and storageninvolved.

1) Theoretical Cornsiderations.

(2) Both methods use the Hartree-Womersley technique
to © ‘transfornm the problem into a series of ordinary
. - -
differential equations. 1In the CS method, 'integration using

- predictor-corrector fcrmulae is thex used.. Pirst

€

‘approximatiqns vtd"fluiq‘ properties ars taken from /the

preceedlng x ‘value. If"- the ®JT, a qua5111nearlz {tion
process ulth Chebyshev 1ntegrat10n is then nsed, ‘with élrst

approxlmatlons tco all guantltles given by the prev1ous value

- . -

- 3

. of xo

(k) Tntegratlon. ~ CS uses | multiple individual
-ﬂlntegratlons Hlth dlfferent initial=‘values and fluld
_pro ertles. Each 1ntegrat10n uses conplex start1ng for-ulae

and involves truncatlon error Uthh- canrot read11j' be

estimated . Different lultistep fornulae are needed for

i

'éachb_dépeqdent yariahﬁ&s ¢" ¢ ¢ ;ﬁo(p N double =

iterative Ioop' is needed to prodnce‘solntiops.for‘a given

value of x. EJT uses. a single iterative loop “in’ its.

quaSilinearization schene ’ each loop 1nvolv‘ng solutlon of

:  a system of linear: algebralc equatlons, <evaluatlon' of'vthe f

-Jacobian | elements, Ana perlpheral tréatleﬁ;f ofbgfluiq

_properties. = _ .

&

o



Suggested varlants may 1mpro

one iterative loop.. _ .

RS

‘accurately in the quasilinearization method,

“accslerating sclutien.

70

(c) Shooting . .CS uSes a shoofing metgod to complete‘
the finitial value setg" This process introduces ‘many’
additional ccnplete 1ntegra*1ons alongxﬁﬁand in some cases
does ~nct wcrk due‘ to the 1nherent nature of the problen.

the solution in borderline

cases Fut  de Qgt climinate) the problem.. EJT eliminates

. shooting entirelg by tfansformingfthe Froblem into a linear

" one and us1ng a nethod of 1ntegrat10n which can treat both

Y

ends of the 1n+egrat10n range at the same time.

l

~,

(d) Soluticn bf the energy equation. ' CS uses a second.

- and separate'iterative lcop to solve the energy equatlon.

In the EJT ,; the two equatlons are solved 51nultaneously in

.

(e) Pluld propertles-" the fluid proﬁertles can be

treatnd _more eas‘ly in thelr actual. forl 1 " but give
vi se tc,/more 1terat1cns. The 1nterdepene

solutions and the fluid properties is - regn

<3

Perhaps - the nmost signlflcant ground of comparison of

the two letl’xode other than the shoo*ing problen lies in the

manner in vhich - each takes. advantage_ of +the Hartree-

wOnersiey techni@ue; CS merely uses ‘information from the

ilﬁédiafely preceeding x value* to  obtain initial

.app:oxinations to the- flyid properties: The EJT can use as -
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many c-e€ ‘ious i values as nece*sary to ensure convergence of
the = eme uander certain conditions on the Hessian matrix of
the system. ihe EIT vaker - se offali available information
4?0 > a certain credil: .ﬁy to the auneriEal xsfults
obtaineé¢, and a priori infornation as. to'the degree of
rruncaticn 2rror in .2d. . 'For CS the validity of solutions =

'obtained has had to be established by experimental testing.f\

2) ‘Programming Con51deraticn 7 o IR

The cs is very hard’to program and debug due to;_rhe
.'number ,of “coaplex forrulae and the subroutine structures.
Tbe EJT is sinple to program, the only conplek"fornulae
being‘ ‘involved in the routine setting_ up the linear'
equations. All bther prcgram segnents= are standard ones,
"for exarple, one to colve =y=tens of equations. The COIplex.
routine 1s made simpler by the uce of supporting subroutines
setting  up product and quotien%- foraulae and evaluating
members cf the Jacobiaa"matrix. The penalty of +the easier
programming is prior manipulation of the problem to put it
~in gua5111nearized form but this Process is standard and a

small price to pay.

3) Computing Time Involved.
N ] . T - -

" An aecurate compariéoa of :he computirg time invdlved

. in either method cannot  be | nade 'uithout actual
~///n{plementation of the EJT . 2 predictioﬁ that the EJT would
be coneiderably nore efficient can be nade, hovever, based

on the fact that it is a 51ngly iterative method.
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4) storage.considerations. ‘ i , : i_t‘
.‘;J ! ‘ . !‘ ‘.' .
The CS results are presented in tabular form at

iteraticn arguments. Large storage arrays are’ requlred for'

»F /
this, and the shootlng tq?ﬁnlquc involves storage of nmore

than one tra]ectory aﬁ&each X value untll the final version

is"obtainead. Supplementary arrays are also needed tc test
for convergence in "the iteration loops. ’The EJT'stores a

set of Chekyshev coefficients at each. x value and must

vlaintain. a ‘Jacobian matrlx at ‘all ‘tines. Thev set of

coeff1c1ents is smaller than +he »COrreSponding table ~of

3

values. Ihterpolat;gn' tetween values in a table fcr’
arbitrary values of ri is avoided. Furthernore, integrals -
or ‘derivatives of stored quantltles are readlly calculable. o
: ‘ ‘ f(““*

g o e
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/t"ﬁcmsm NS AND ggconufuvanons

]
ot

The prllary features of the Clutter Sllth (CS) and

extended Jaffe-Thonas technlques (EJT)'-technlques' u111-

1

' summarized and cduglus;onstdraun. - e “H
'Tﬁé’ €s lethod uses the Hartrae-EOIersley technlque‘xo
transfor- the equatlons into ordlnary dltferentlal equatlons’
in the 1ndependent varlable h . In that form bhe_'equatlons
have ncnllnearl coefficients "(the fluid properties) and an
N . ) B N '..ﬂ’.

”1nc0lp1ete 1n1t1a1 walue set. If the momentum -equation. 'is

to be colved. shootlng on' the baraieteﬁ ¢”bgd»nu$t be’

,

vperfor-ed; 1f thls process ‘is suceessful, thej €nergy
eguatlon can then be solved as.a- llnear prObIEl 1n‘ UV. The.
solution at each value of x 1s reflned by re-calculatlng the
coefflclents and solv1rg the equatlons agaln"untll a
.convergence criterion 1s satlsfled. ﬁ-Av predlctor-corrector
integration techulque uslng four. points is: used vonce
sultable starting formulae have ensured accuracy at the vall
N = C) 4. Ihe_lntegratlou forlnlae‘can be chosen so ‘that
error ccntrol depeuds.on-LipsChiti eonstautsiof the solutidn.
< variables, but a piiori.errer control is difficult tOIEnsure
as, these constants are hard to ca;guitte giVeu. the
'nonllnearlty of the coeff1c1ents and éié 1terativ vay theyV‘
ate treated. Practlcal " values of *he fldld pafh-eters in
the equations _uake- shooting a 1less than Jsﬁtlsfactory

techniquee\ds',large ,variations 1n//trajectory result from



-

T4

4

o . . . ‘ "
small changes in  initial values{ of "va . Various
ilprovements chn the‘-shootlng technlque have been proposed

but the problem cannot be ellmlnated u=1ng the CS approach.

The EJT method transforns the nonl;near equations 1nto

a qna5111near zed forn‘ which can be integrated ;psing

techniques ' for 1linear egnatidns. The Hartree~ﬂonérs1ey
technique fits ﬁuell' with the. method; as a first -
approximation ‘which  ensures convergence of the

qusilinearization algorithm  is brov*ded, as long - as

measures on the solutlcn tendenc1es, which can_ be esttmated

i

using the qua5111near12atlon paraneters,‘?are.*wlthin a
7/

&'\ . . .
reasonahle range.‘ Thus pc1nts of 1rregu1ar1ty in the flov-

s

~can be approached nore nearly u51ng “the EJT than the CS-

léthod Advantage can be taken of the iinearized form of

v

" the equation to eliminate “the necessity for shootlng - by.

Ve

transfornlng the dlfferentlal equatlons 1nto a set of llnear

algebralc eguatlons .ky means of a ser}es form of solutlon.

Chebyshev‘ polyncmlals ’are sultable,v ?ﬁd. the 1 solutlon-;'

d;epresentat1on is attractlve 1n terms of easy manlptulatlon‘

and ccmpact storage. leflcultles encOunteied'v 'in

‘qua3111nearizatlcn process. The method is easy to 1m'

~representing the dependence of the fluid- propertles on the

solutlon can be overcone u51ng 1nterpolation. The method
. & N . .

solves- both, the wmomentum and the energy equations- in a
51n§1e 1terat1ve loop for each value of X and the .refinement

of the fluid propertlee is anrautcnatlc consequence of the

-
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at’ the cost of prlor manipulation to put the groblem in

””qua5111near form.

'.-"“" Az,

o It must be concluded that the EJT is potentially a
nuch BCre - pouerful technigue. for solving thie kind of
complex problenithan the Cs, ihieh«is’ representative of a

' large; clasc of elpirically developed methods. V'It is

-

) '; reconnended therefore that the EJT be_ inplenented fully

using a- problen of practical significance. The a pr10r1
error ¢cn;rdl, av01dance of shoog;ng, and relatlve ~ease. of
. o .
ilplelentationA are  incentive enough, vhlle “the - other
'advantages of the lethod vhlch have heen outllned during the

,the51s are added beneflts of the nethod.
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v LAYER EQUATIONS |, _
The | deri#ation3ﬂof'_the _equations. can be followed\}n

o
1, 26] A brief discussion of the origin

detail in [1C,17,3

‘/"r

- of these equatlons‘ic glven below.

The continuity equation.

<
\

[ Consider a volume element 'in a fluid. .The mass of fluid
enclosed in that fluid at time t is

[ eav
[N e

- The total mass chengef outward due to fluid flow

operates’ through: the~:surface_of the’.volume element aed is
- ‘given by [ eU.nas
'_wheteeﬁ‘is the outward normal. 'The lav of 'consef%ation j¢f
mass in a fluid states that the outflou of mass must balance
the net cﬁange.qf mass i s de the element or
3 ,] pdV = — f ‘pﬁ.ﬁds- *
3 ty ‘ ,

-

Using Greent s theorem thls becomes

s

- ( + 7. (pU))dV o o
V . .

, and 51nce the volune elementllﬁgarbltrary the 1ntegrand must -

£

S

.If  the Carteflan ccor&inates in tuo dwmen51onal&§lov

- e
are LY and v, transfor aticn to th& coordlnate sx@tem in r.;

-
c e

described in Chap.er One ylelds _";ﬂ_' C C

oF
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00 = 2 & (rpu) + - (xov))
and laklng the assumgticn that the ﬂlou is steady

3 _
ot

=0
the continuity equation beccmes-.

= (5z (rpu).+ %5‘(IDV))V= 0

. The -navierjs okes equation of motion for:fipidecis deriﬁed

Du 90, &
— = p F, +J'§—-J—'l
. Dt 1 . xj‘
where : )
-“”'v -
DU _ a0 = =)
+ | bt~ U .
Here the second law of Newton is used as follows. " The
‘integral s
. - DU :
g ﬁg*d;:.. e ~
T8 o y .
'is the sum of he products of nass and acceleratlon over. the
volume element T . (The later1a1 derlvatlve %%;’ is

descriptive ”o/ .the hlctory of a. partlcular collectlon ofﬂ

‘partlclee 1n th flnld and not of a’ p01ut in the3 statlonary
fCarte51an cpa e.) The: 'body force per unlt"nass'v or
"external' force is called F and the 1ntegra1
- B _ [ p Fdr E ’
. Z"'/"): - ll » T ) " B I . . Y ’ .
sums these.force ’over the vglume eleueut.. It contains all .
'externel 1nf1uences aactlng -on the elenent. 'Adaed to;the

3 S :
effect cf these‘Eorces is the force of Surface tension.c A

. stress tensor o 3f ;.-ay’ be' 1ntroduced and the Sum . of the'

b
'_'effects ofrgfese force< nay be wrltten
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[ <’is‘ Ly .3°i~j R
K n -— y , (. “..". ¢ : . o .
wh gisthe double subscript sumharion‘_conienfion‘"is.'used{
Newton's 1av mav then be urltten ' ':ﬁ-*;- ',-‘ ='»;{j .
f" ,pdT—'f der+f§-—ldr L
"o'r’,‘ elnce ’t’ls arbltrary,r _ & S
' ' Du.. - ‘. 30,
L R Y A > |
. P pE ‘ e F‘,i + X
A ' 3 , T
‘ Substltutlons -for the material 'derivative  and the
de31red foram of 'the stress 'tensor‘iYieldt the ‘momentum’

',eguatlov as found in Chapter One. 
cThe energx eguatlon.,, o
The. energy veguatlon'iiSf‘aneVeinression .of the balance of
*hetlodynallc energy change ‘in a compre551b1e fluld. I; may
te develcped fro- the relat1on , U SR
_'3 S R
‘where ¢%%§ expresses the energy stored in’ a volume' élenenr.'
. ‘Nbuth is enthalpy, def1ned by  1nﬁ;ffg"r_ “
Uk E+fffzwkiﬁiﬁﬂuﬁ*x |
‘.vhereAE'is the total 1nternal energy of the particles 1n the
,elé.eni; !7Aﬁd Pt is’a tern express1ng p0551b1e varlatlon in
'energy through relative changes 1n pressure';Or‘ volume. CD
is the d‘551pation functlon or nate of uork done by v1scous

D

forces. It 1s the laterlal de 1vat1ve of, pressure. Hlth

',respect tof t1nl Also k 15 tf, thernal cbnduct1v1ty and T

the absclute tenperature,f'
SRR
: | . S : Do e T :
"The.ab7be equation. may /be regarded as a. statement of
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the'secénd lav of theriodynanics
A8 = Tds - pav |

in terms of conveniently méasuré¢£1e . 'thermodynanmic
;cuartitiés. | ‘"‘ R ' } | |
‘ : 9
fﬁé\derivafioh‘of the sgecifﬁc éxpression“ found' in
fchapté: Cpé frbm the’ébove form may be,folloiéd-inSReferenCG

4 a

281.



TRANSFORMATION OF THE EQUATIONS

-~

’

A standard transfornatlon used in boundary layer
theory is that of Dorodnitsvn [19]

f pdy o £ =X

‘vhich has the effect of . stretching the - boundary 'layerf

.coordinate nermal to the body coordlnate proportlonally to
i

the denclty, thus’ naklng the 1ayer thlckness 'approximately

unlforn along the body. Clutter and Snlth [28,5] use a

transforlatlon closely related to this one:
ug

| P H_X / pay X i x

’.

n =
"This transfornatlon is rqunlscent also of the Falkner Skan

‘;“transforlatlcn rel: :
" * . u 1/2~

S | oz Y | _

and allows convenient fparallels to ‘be drawn with the

n =

incomrressible equation of momentun.

~ -

Purther ttreatment of the equations consists of
representihg the dependent varlables as potentlal functlons
‘andithuc 1ncrea51ng the order of the equatlons by one.‘ Such'

treatnent 1s Standard 1n flOH\EtUGIGQ as it allows automatlc,

= catlsfactﬂon of the continuity equation by the;[stream

'functlon S e
" 3 (Sr)
ay A

Clutter and Snlth uSe a. d1mens1on1ess ver51oﬁ of the strean

-3 (¢or)
Ix o

pru = 'DrV =

'jfunctiqn- T _1/2

f= (p u X ug ) ®



Final transformation of the momentum equation 1is btof'

the gquantity
_ ¢>: f—ﬂ

which helps té redhce fhé acchmulatién‘of round-off éfror in
the numerica17calculat10ns tc be ée;fq;med. Details of the
conversion of the momentuﬁ equation to-ifs final fore may be
fodﬁd in [Sj. |

The energy équqtién undergoes transformation first to
“the ( q,x)ipiane as.désérihed above and thén to the anhéun“
(enthél@y) H. H is transformed by - _

- g % 3/He . L ' o (

7/ to a aimensionleésAquantify_ahd then by
| o V=91
to»éﬁt dcwn rodndfOff erréf; It is.thén in‘its'final.form.

\



