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s . ABSTRACT

Muttilevel transmission 1s advantageous when compared with binary transmission,

sunc;é. for a channel ‘of futed bandwidth, more mformation can be transmitted In this
thesis,";a theoretical investigation of the noise present in multievel PAM ang P\
fiber-optic systems is carrieq out and the error probability predictions are
experimentally for a four-level PAM system |t is shown that. using multiley

can achieve very low error retes. provided that a fiber with sufficiently lar

1s.used Multilevel PAM is fhore useful where such wideband fibers are not . -
The mathematical model! n::akes use of the Gram-Charlier series * s
probability density function of the receiver output. Introduced into th: Chs

series mode! 1s the effect of infersymbol interference which s, s
important factor in limiting tree performance of a fibar—cptn'; system Ner— o ¢ g—r o
are provided to asséss tf;e performance of iéilevel PAM and PWM sys-

The experiment involved the transmission of a four level pseu- v aM
seqeence, operating at 4.023 Mb’s. over a 05 km multynode fiber E- atec - the
system were measured as a function of the avalanche gain and the opltica ;e incident

Y the photodiode. The experimental values were seen to match closely with fher

theoretical predictions. . } r e e
. ,
¢
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%
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v . ‘ CHAPTER |
- ‘ o " INTRODUCTION .

11 FIBER-OPTIC SYSTEMS . .

The potenuai of oﬁtvc'ai' fiber as a versstie transmission medium . for
communication applications 1s well recognized [1]]2] Attractive features of optical fiber
compp:ed to conventional systems are

1 larger bandwidth and lower ioss.

2 reduced size and weight. R . .

é . higher system channel‘capacny, . ) . o :
4 lower basic material iglass) dost. o L -
5 freedom from etect.rbm'ag'netic mt'grferenCe and pickup. , ‘ -

6 higher t'empérature capability and . ' v ‘.
7. greater sec-unty sinte 1t s dif ficuit to tap .

[ ' ® .
The attractive features of fiber-optics as a means of communication have been

.tecognizec for a long time but could only be realized after the Yevelopment of low-loss

fibers in 1970 (3] Improvements made n the design of low-locs fibers spurred the
growth of reiated com.ponents for opticai-data links such as. hght séurces, modulators.
multiplexers. couplers. connectors detectors | demodulators. demultiplexers and
receivers A number of field trials eg. those cited in refrences [4](5). were conducted

using fiber optical data Iinks and these performed sufficiently well that many of thesa

El
. .

links are still in regular service . o .
Tﬁe purpose of a fiber optical communication hnk is the transmission of
information from one pomt 10 another without mtroducmg uriacceptable degradation of
/the signal This degradatvon normally is measured in terms of the bu error rate (BER) or
signai-to-noise ratio (SNR) and signal distortion Either analog or dngctal modulatnon can be
used in fiber transmission In a d-gml communication lmk the signal consists of a series
of discrete pulses which must be ‘distinguished from each other upoN reception in an
anslog communication fink. the mformation is contsined in the detriled shape of the

-

transmitted waveform



The choice between analog and digital transmission depends on which type will
provide the required %ulﬁty at the overall lowest cost Analog intensity modulation ls
suitable for low bandwidth signals and has the appeal of system simplicity On the other
hand, digital modulation is highly immune to noise provided that the system has a large
bandwidth Digitai modulstion is therefore ideally suited for fiber transmission, a medium
of large bandwidth For digital transmission, a SNR of only about 20 db yields a BER of
10-*, a figure accepted by industry for high quality systems Also the frequency division
multiplexing equipment used for analog transmission is more expensive than the time
division multiplexing used for digital transmission The disadvantages of digital
: ‘transmés§idn are that a wide-band transmission medium and complex ancoding/decoding
circuits are requnred. Fiber-bptncs. with its inherent wide-band caﬁ;c:ivty, is ideally suited
for digital transmisﬁlon

Digital transmission tends to concentrate on the bit-rates used for telephony and

derivatives of‘ those bit-rates This has been done to provide standardised
modulator/demodulator equipment Thus preferred rates are 1.5 €63 447 274 Mb/sec
and 11 Gb/sec There is a trend towards using higher modulation rates however the
present characteristics of hght smitting diodes (LEDs) limit the achievabls bit—rate to
sbout 140 Mb/sec for a Iime length of about 500 m when ubsing binary moduiation The
modulation capability using lasers reaches 560 Mb/sec and operation ai 1.1 Gb/sec is
also reported (6] | :

'A method used to improve the traasmissian capacity of the LED or the in;éctieﬁ
lasér diode (ILD} embloys multileve! signaliing The relation between the information rate

and the number of levels is given by [7)

R = log,()l/'!‘) ' ' ) ”“

where
R = information rate in bauds/sec.
¥ = number of ievels. assumed to be squally likely
" T = digit interval in seconds | A
' Thus. increasing M from 2 1 4 ir;creases the information rate by a factor of two. One

could also decrease T in ‘order to increase-the information rate, this would, howavear,

L4
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necessitate a higher bandwidth system This has been duscusud in graater detail n
Chapter il A compiérison between the binary and 4-level modulation schemes, with
respect to the required optical power, for s system using a commercially available LED
and a PIN-JFET trans-impedance receiver is given in Fig 1.1 [8] Intersymbol interference,
ie. the effect of pulses from adjacent time slots on the pulse under consideration, has
been neglected A real-life link would be subject to htgrs;lmbal interference and this
would impose a penalty of a few extra decibels of pesk power The penalty for using a
larger number of levels is increased intersymbol interference, and thereby greater power
penalty Thus, though B-level modulation would seem to increase the mfarmstn:n rate by
three times, in actual practice the increase is much less due to increased intersymbol
interferem:e Anothef disadvantage of using a larger number of lavels is that the
electromcs becomes more complex Four-leve! mcdum:cn seems to be a good
compromise betwaen binary and 8-level (or higher) modulation for obtaining increased
information capability without creating too much intersymbol mtel:fergnc;e ;nc;l circuit
complexity ! ;

The transmission capacnty for an ILD might be doubled. as for the LED. by using
four-level rm::dulat.an This would, however, require a very high or a very waell defined
extinction ratio (on-to-off ratio of light levels). Both these requirements are beyond the
capability of currently available ILDs. Also, bit rates of 560 Mb/sec and 1.1 Gb/sec will
not be readily usable until gigabit logic bacmgsiiv;il:ble.

Another possible modulation scheme. suitable for multilevel transmission, is tha
Pulse-Width-Modulation (PWM) scheme. PWM is suitable for high bandwidth systems
requiring extremely low bit error rates. The SNR of PWM can be improved by decreasing
the rise and fall times of the optical puises: ie. by using a higher bandwidth system This
is not possible with PAM systems The requirement of short rise and fall times makes the
electronics necessary for PWM schemes rather complex. The finite rise times of
commercially available LEDs, lasers, fibars, dstegt;}rs and the associated circuitry limit the
achievable error probability for 8 PWM system. Muitilevel PWM :ysterns provide
iNCressed tranemission capability compared to bvnry PWM gystems, in the same manner

as for PAM gystems. . ’ :
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Figure 11 Comparison of binary and four-level modulation schemes at (8)140 Mb/sec
| and ()70 Mb'sec, using a LED-PIN configuration. The curves show minimum
peak power required to achieve BER of 10-°, versus fiber length
The sclid line, —————. is for a.fiber with modal dispersion of 4 ns/km.
The broken line, - - - —, is for an ideal fiber without modal dispersion.



1.2 OPTICAL -COMMUNICATIONS LINK

A generalized diagram of a digital tiber-optic communication link is shown n Fig
1.2 This diagram applies both to the bmary and muttilevel modulation sehms Th-

following sections describe each of the stages shown in Fig 1.2

1.2.1 Signal:Shaper/Encoder

The electrical signal is first fed into an encoderfsngﬁa shxéser In a digital system .
‘thc encoder stage detects the mcommg data and regenerates and retimes the syranls -
appropriately for the optical driver. Normally. fiber- ~oplic systems employ intensity
- modulation using various schemes such as pulse code modulation (PCM) pulse-position
modulation (PPM| and pulse amplitude modulation (PAM, PPM has the disadvartage of
requiring a large spectrum bandwidth and a jtter free clock. PAM s attractive for
band;limited systems, whereas PWM is attractive for systems with wide bandwidth
There are also a large numbgr'of codes possible such as b:*ph;;e (Manchester),
_delay modulation (Miller}, binary return to zero (RZ) binary non return to zero (NRZ) and
2-leve! aiternate mark inversion (AM) (9] Choosing a code involves consideration of the
following -
1 Power constraint on ILD The code should rive a small duty cycle so as to avoid
overdriving the iILD
2. Error Monitoring The zodé should have provision to detect and correct errors ,
occurring during trafsmission
3. _Dispersion in the fiber (puise broadening! The code should be such that pulse
broadening will not result in too much intersymbol interference.
4. The circuitry required to generate the code should be easy to design
Other important considerations are clock regenefnnon and baseline wander
The signal source normally provides an inherent clock along with the message
sequence The clock can be synthesized from the message signal at the rac:g-vnr end To
achieve proper clock regeneration and to facmute the power output control for laser
transmitters, it is gecessary fhat the data stream be sufficiently random S;r—imbliﬁg
circuits to achieve randomization of the data scheme and descrambling circuits to

recover the original data are readily available
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Figure 1.2 Block diagram of a typical optical fiber emiﬂﬁ@n system



Baseiine wander (ie. the shift in the dc leve! of 8 long pulse sequence), arises in
digital systems for ac-coupled transmission links using RZ and NRZ codes When a single
positive pulse passes through an ac-coupled system the output puise has a long tail of
opposite polarity For a sequence of pulses passing through an ac-coupled system. the
~effect of the tails of individual pulses can accumulate 10 cause the baseline. wander
effect Baseline wander can be reduced by using bipolar coding The price one has to pay

for#this is the transmission of a ternary svgﬁ:l containing the same information as a
vnguhr bmary signah A better method to reducs baseiine wander is to use a scrambler
Flg 1.3 shows a number of coding schemes commonly used

1.2.2 Source Driver ahd Optical Source

The encoded signal. is spplied to thegsam*c::e driver. The -driver modulates the
current flowing through the optical source to praduc:g thg desired optical signal The
principal requiraments of the source are

a good linearity of the output optical power vs input current characteristics for
fathful reproduction of the electrical signal,

b narrow spectral bandwidth,

'c. high optical output at low current densrty,

d small emitting area to couple the radiated power efficiently into the fiber. -

e  high frequency response and

'f. fong lifetime even with high current density

Along with these req;.nréfﬁants is the additional constraint that these’ sources
should emit radiation in the spectral region where the fiber :ﬂmtnan islow-08tc 09
um. and 1 0 to 16 um Diodes that emit stimulated radistion are called laser diodes and
those that emit mncoherent radistion are denoted as hght emitting diodes (LEDs) These
diodes are made of single-crystal semiconductor materials (GaAlAs and GaAs for the 0.8
to 0.9 um speciral region and InGaAs or InGaAsP for the 10 to 1.6 um region) and
usually employ a heterojunction structure., where the p= and n- type Iayers of duffarint
energy bandgaps aré combinad to prc;ﬂuc; modé confinament

ILDs are characterised by a threshold turrent, It . for stimulated emission as

shown in Fig 14 [10] Above l'yp the carrier hifetime is very short (thus sliowing mgh
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Figure 1.3 Various coding schemas empioyed in fiber—optic communication systems.
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Figure 14 Power emitted from an LED and from an LD as a function of direct current
‘The knee in the ILD curve is a1 the threshold current which depends on the
device and 1ts construction The nonlinearity in the curves at hnm Currantg is .

due to junction heating
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modulation rates). the spectral wmission narrows down to a few angstrom units of

LED. on the other hand. has a broad emissior spectrum ftypically about 100 A* uruts),
broad-angle beam and a moduistion capability - imited by the carrier lifetime of
approximately 1 ns under optimum conditions

Although both CW laser diodes and LEDs can emit several milliwatts of optical
power, ther apphcations differ The LED is useful for systems requiring limited
bandwidth My and short—to—-moderate transmission distances The CW laser diode
s useful for high data rate and long-distance applications. Being a device with a
temperature-dependent threshold the laser diode is somewhsat mora difficult 10 use than
the LED nts reh&tﬁl?w and lifetime are also nét as high as that of the LED Keaping all the
above c:t;ns-dar;hans n mnd. one can then selﬁct the optical source best suited for a

particular ipphcanan

1.2.3 Source-Fiber Coupler

The purpose of the source-fiber coupler is to efficiently lsunch the optical
power into the waveguide Source-to-fiber coupling techmques include direct butt
coupling. the use of microlenses and of tapered or bulb-ended fiber pigtails Despite the
many different coupling techriques available [11] the butt-joint connector is the one
most Eammcﬁly used A butt-joint tolerates lateral and axial displacements in the fiber of
about 10% of the core diameter and snéu&af misalignments of a few degrees without a

drastic increase in couphng loss

The optical cable transmits the optical signal from the transmitter to the receiver
either over a single fiber or over a fiber bundle The principal requiremaents are low loss
and low dispersion but other criteria. such as the dimensionsl ei:mr:ctgnstiés, rnaa:l
interaction, bending radius and economic considerations. may be ia(ly important The
fiber types thet can be ermployed in wide-band networks are the graded-index (G and
SiﬁglG!l‘.ﬁGéB fibers The advantage of the single-mode fiber is its extremely large

bandwidth of many Ghz km This is obtained by using a very small core diameter which
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mposes extremaly ﬁé’ﬂ tolerances on splicmg and connector techniques Gl fibers have a
much larger core diameter than single-mode fibers but still have fairly large bandwidths
(in excess of 1 Ghz km) Gl fibers becsuse ic;f their ease n sphcing and making
c:aﬁngetiaﬁéi"ré much more commonly used than are single-mode fibers

Depending on the fba? séur'c;a and detactor characteristics and the total systim

length, it may be necessary to regenerate the optical signal by the use of repenters

The repeater acts as a regenerative system element and is designed to enhance
the amplitude and the shape of the signal degraded during transmission over the apﬁ;ﬂ
f'ibcier It consists of a photodetector. amplifying and reshaping cwcuitry. optical source y
and coupler Can:aptuaﬁy the repeater can be described as a back-to-back
receiver-transmitter combination

4

1.2.6 Fiber-Detector Coupler

‘The purpose of the fiber-detector coupler is to efficiently couple the optical
signals radiating from the fiber into the photodetector It is designed to minimize the
reflective losses at the fiber-detector interface snd to match the respective

i

cross—sectional sreas. /{

1.2.7 Detactor

The detector converts the received optical power into an electrical current. It
must be able to follow the signat emerging from the fiber both in amplitude and phase
These aevu:gs'shc;uld be able to operate in the range of optical frequencies between O B
to 0.9 um and between 1.0 and 1.6 um in most optical fiber systems the photodetector
-used 1S 3 p=i-n Or an avalanche photodiode. though lr:\ principle -; phototransistor or
-ﬁhﬁtmmplﬂr could be used In the 0.8 = 09 um band these photodiodes are made
from sihc'aﬁ which provides an excellent spectral match to the ermission from sourcqs
made from the AiGsAs system: in the 1.0 - 1.6.um band. detectors using germanium have
been made but they have higher leskage current and higher excess noise than their silicon

counterparts Devices using quaternary compounds such as GaAlSb, GaAlAsSb and



inGaAsP sre aiso being developed at these longer wavelengths and they prormse

charscteristics similar to those of silicon detectors at shorter wavelengths.

1.2.8 Amplifier and Signal Shaper-Decoder

The amplifier enhances the electrical signal genersted by the detector and
inCreases it to a level at which it can be reshaped for proper further use The amplifier
_must heve low distortion and its bandwidth shouid be larger than that of the signal The
signal shaper and decoder finally converts the electrical signal into a form suitable for

use lts design is a function of the intended application

1'3 THESIS OBJECTIVES

The major objective of this thesis s Eta correlate the expermental results
obtained for a 4-ievel PAM systam with the values theoretically predicted using the
Gram-Charhier series mode! In keeping with this major objective, the following points are
considered
1. To describe and compjre} various models used for evaluating error probability in

fiber—optic systems. ;

2 To show the suitability o'f the Gram-Charlier series model fér error probability
mlygis of fiber-optic syctems Aiso to develop this mode! so that it can be spplied
to multilevel PAM and PWM systems

3 To incorporate intersymbol interfarence nto the Gram—-Charler series
To design and test a8 4-level PAM systemn using an optical fiber as the trmsmissnén

: medm..‘l"he error probability 15 evaluated as a function of the average optical
powcr‘ruchmg the receiver and as a fuﬁétié}ﬁ of the average avalanche gan of the ,

APD
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1.4 ORGANISATION OF THE THESIS

* The remamning chapters of this thesis have been organised as follows

Chapter ! discusses the different tgt;hmq;;gs available for estimating thef ohror
Wobab(l:ty for fiber-optic systems Considered in this chapter sre the various noise
sources existing in a .fiber‘—optic hnk and tﬁeir effect on the receiver sensitivity Special
emphasis is given to the Gram-Charlier series method because of the computationsl ease
with which error probabihity ahalysns can be carried out using this method Incorporated
into the Gram-Charlier series 1s the intersymbol inter ference noise term /7

Chapter Ill describes muitiievel PAM systems The Gram-—Chariier series approach
is used to compute the optimum power levels and thresholds needed for minimum arror
probabiiity The effect of ntersymbol interference on the error rate of a 4-jevel PAM
system is analyéed Graphs of BER vs the average optical power and BER vs the mean
avalanche gain of the detector are also piotted and the results are analysed A 4-igvel
PAM system employing a fiber—optic nk nas been designed. fabricated and tested for a
‘transmission rate of 4.0 -Mb'sec A detsiled analysis of this experiment is describad m
Chapter il The error probability for different power levels snd 2valanche g:vr{s are
obtained experimentsily and these are comparead to the theoretica' values

Chapter IV deals with the analysis of multlevei PWM systems The comparison of
PWM and PAM systems 's also given in this chapter Multiievel PWM is shown to be an
attractive aiternative to multievel PAM especislly for fiber—optic systemns

.Chapter V presents the overall conciusions of this thesis and gives some

recommendations for further research



CHAPTER I s
ERROR PROBABILITY CALCULATIONS FOR FIBER-OPTIC RECEIVERS

A key element in any optical fiber communication system is the receiver. The
basic purpose of the receiver is to convert the modulated light incident upon it nto an
eiéctrical signal. from which the information impressed on the light at the transmitter is
recovered A digital receiver essentially consists of a photodetector and preamplifier, sn
amplifier, a filter snd a threshold detector.

- The :int,:idéﬁt light is t,:gnverte:d into an electrical current by the photodetector. The
ﬁr!mliﬁér’ enhances the low=level electrical signal without introducing excessive noise
The filter is used to limit the bandwidth (and thereby sliminate the out-of-band noise)
The threshold daetector checks if the output signal is below or above a certain threshoid
and thereby decides whether a 'ONE or a ‘ZERO' was transmitted : “Depending upon the
overail noise of the system, the threshold detector will make a certain number of arrors
in decision. The characterisation of tha noise sources and their effect on the bit error
rate forms the basis of this chapter.

Several methods exist for the lﬁ!iysis of error probability n optical-fiber

" receivers. The arulytical approach of Personick [121[13] provides the most -
comprehensive explanation of the various noise sources involved A slightly simplified

¢ 2PProach, suggested by Smith and Garret [14], is described here in detail. Some of the
other methods, more suitable for computational purposes, are the Chernoff Bound
method [15], the Characteristic Function method [16)[17). the Monte Carlo simulition
method [ 18] and the Gram-Charlier Series method |19] The relative merits and demerits
of these methods are discussed here. A detailed analysis of the Gram-Charlier Series
PWM systems. introduced into the Gram-Charlier Series sre the iﬁti?iyfﬁb@l inter ference
and the thermal noise terms.

1A binary PCM transmission is assumed here. The two signal leveis asre denoted by ‘ONE’

O’ which correspond to the higher and lower levels, respectively.

14



2.1 NOISE SOURCES IN A FIBER-OPTIC SYSTEM

Traditional communication Systems involve transmission of electrical signals
thraggh wires and cables or via microwave links The systerm n all these cases is subject
10" noise whose mathematical distribution is Gaussian Such a noise arises from a farge
number of independent small fluctuations in the transmission medium The Centrsi Limit
Theorem asserts that a system consisting of a large number of ndepandant noise
sources has a Gaussian distribuugé Because of its simplicity. most of the mathematical
:ﬁdys:s in traditional communication systems has centered around Gaussian noise The
Gaussian model is often used to describe an optical fiber system but such an approach 1s
naccurate Lo;ghtf detection is based upon photon counting. which 1s subject to statistical
fluctuations of a Poisson nature This Poisson noise Causes the probability density
- function (PDF) to depart from the symmetry of a Gaussian density function and
introduces s certain skewness in the PDF.

' The basic phmr;&etscmr can be modelied as a current source in parallel with a
Capacitor and a resistor This i shown in Fig 21, where Cy4 represents the overall
Capacitance iincluding the photodiode. packaging and lead capm::taﬁt;:ss) and R 'l;
Féprgsents the biasing resistor connecting the detector to the biuasing voltage Consider a
hght puise of pjriéd T- seconds incident on the photodetector The action of the
photodetector is to absgv:b the incident hght power pit) and to generate hole-elactron
parrs at times { th} . These hcle-election pairs separate under the influence of the
internal JEEIFIS fuéld, thus resulting in a displacement current i ¢ (t) Tne average value of

this current 1s given by ; , ’

4L(t)> = Rp(t) . . @

R = responsitivity of the detsctor

g

= gmirtgﬂ‘zﬁrraﬂt / incident power |

- The average number of hole-siectron pairs, A . that sre produced during an

nterval T is given by [ 12}

A= (n/tw) fo' p(t)dt = (n/a)E L @2

where /
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ig(t) T Cd
R, == biasing resistor
C4 — photodiode capacitance
+packaging and lead capacitance
+stray capacitance ®
[ 4

I{th—= photodiode current

Fig&o 2.1 A simple model of a photodstector along with its associated biasing resistor.
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n = quantum efficiency of the detector (ie. the fraction of incident photons which
release helgéaiﬁctren pairs.)

E = energy of pulse, ptt). over interval T.
Equstions (2.1) and (2.2) provide a simplified expression for the current output and the
number of hole—electron pairs produced by the photodetector. A complete description
of these is only possible by considering the noise arising due to the randomness of the
actual number of hole-electron pars, N. generated by the detector. in addition, tha time
of occurrence of these events, { } . Is also random Such a system can be mgaallad as
a Poisson process.

The probability of i;géleﬁ arriving in a given time interval IS proportional to the
mtens:ty of the incident light Thus, a strong signal corresponds to a large number of
similarly sized, but randomly timed evek:s

Fig 2.2 graphically aqa;::ts phman counting process The waveform of pit) is
assumed, for nllustratwe purposes, to be tn:ngulgr. Assume that the electron-hole pairs
are-generated at random times {t } For a perfect optical detector, the vr:m‘.:ﬁ response
across the load resistor, for a smgle electron—hole pair, shouid be an umpulsa Fig 2.2(c)
g«vcs the output of such an aptic;! detector when a single photon has been datm:t:d Fig.
2.2(d) shows the same output considering the finite response of the detector, hit. The
overall puise output, vit), resulting from the responses to all the electron—hole pairs [as
shown in fig 2.2(e)] has a smooth mean envelope pulse, which follows the mean arrival
rate for photons, but has superimpased upon it 2 large, signal-dependent noise. Tha

pulse output, vit), can be described as:
v(t) = § oah(t—ty 2.3

whaere a_ are the received levels and hit) is the response of the detector. The value of
a, depends on the number of counts, N, made during a pulse interval. The probability of

n electron-hole pairs being produced is given by the Poisson distribution

P(N=p) = (A%*)/nt ¥ 2.4)

-

‘From Poisson statistics, a mean number, ) . of photons is expefs

random fluctuation of N about that mean from pulse to pulse This W
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Figure 22 Th- Ph@tan‘t:@uﬁtiﬁg process in a photodetector diode
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noise, called guamum noise, is shown in Fig 2.2a
In addition to the quantum noise, thera ::dmhmn&ntartﬂampﬁ

mechanisms of the av photodiode Such a noise is often tormed excess noise.

Despite the excess n Blanche muttiphcation of the slectron-hole pairs can increase
the sensitivity of receivers Other noise sources existing in Fbcr optic detectors are the
dark current and the thermal noise There are actually two types of dark current noise.

The first, calied simply dark current, consists of hole-electron pairs which are thermally
liberated in the p-n junction and which are multipliad by the avalanche gan The other
derk current noise, referred to as /eakage current, bypasses the drift region and
experiences no avalanche gain Fig 2.3 shows all these noise sources and in addition,

other noise sources in a fiber-optic system such as peat noise for an LED, device noise
of the active element. surface /eakage current and the therma/ noise of the amplifier

~ Beat noise occurs for an incohaerent source (such as an LED) due to beats betwean
spectral components Beat noise is typically very small and is normally neglescted in arror
probability and sensitivity analysis The dark cn.rrsnf and the surface leakage current can
be reduced by a proper choice of the detector material and careful dasign of the
detector as well as the presmplifier. The quantum noise, the dark—current noise. the
surface~laakage=-current noise and the excess noise are. grouped together as shot noise,
which is characterised by Poisson statistics The signal-dependent shot noise resulfts in a

departure of the PDF from symmetry (ie. causes skewness)

2.2 THE ANALYTICAL APPROACH TO DETERMINE ERROR PROBABILITY
The analytical approach of Personick [121113], as modified by Smith and Garrret

[14]) is considered here. Fig 2.4 is an equivalent circuit for the receiver The recsiver
consists of a photo-detector with biasing circuit, an. amplifer, an -qu:hsar and a
threshold detector. The phato-detector is modelled as a current source, i (t), in paraliel
‘with-the capacitance. Cy . The biasing resistor is represented by Ry . The amplifier 1s
modalied as an ideal high gmn, infinite mPut impedance amplitier with a8 shunt capacitance
and r-sist.:te (Cp and R A ) across the input The Johnson current noise (thermal noise)
source due to Fib is modelied as ib ft! The amplifier mﬁm and voltage noise sources
are i3{t) and eylt) respectively. All these noise sources e asmumed to be white. Gaussian
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LED or LASER DIODE

e

AVALANCHE PHOTODETECTOR
, - AMPLIFIER
Photoslectric Avalanche nggéﬂl;

B 1T etfect 7 Gain
—f

Bsckground| - —

radistion
- noise

Beat from 1) Quantum or 1) Excess noise 1) Thermal
incoherent Pbisson fiuctuastion  -due to random -input resistance
source o oo eom
noise gsin mechanism (2) Device
(2) Leakage current (2) Dark current -active slement
| E— 4 (3) Surface Leskege

Dark current noise

B R o d«-e‘»#*-ﬂ—!

Figure 2.3 Noise meachanisms in a fiber—optic communication system
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and ungorrelisted )
stream ?, reprasentad by.

p(t) = £ bh(t-nT)
where:

T = bit time siot

hp ) = puise shape;

b, = energy in the n th pulse, which can take two values, depending on whether a
'ZERO or a 'ONE' was transmitted
by (24)

The probability of producing exactly N counts during time interval (t, t,+T) is given
P[N, (to totT)] = (AR ) /N 2.6
whera:
Am fig0T A(L)dt
and where 1(t) is the average rate of electron=hole pair production
A(t) = (n/hw) p(t) + Ao
A, denotes the dark current counts per second

L3

@7
The average detector current output, <i ¢ (1>, is given by

A(t)> = (nq/(hv)) <g>p(t) + <@>qhe | - e8
. where
<g> = aversge avalanche gain of the APD )
q = slectron charge ‘ _ : |
Néglecting the dark current noise term in EBLV‘B‘E sverage voltage _;f': th- mm
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Veu(t)> = (W(W))Q>Ap(t)‘hb(t)'h.q(t) 29

where h p (¥ is the amplifier input circuit current impuise response given by

hef = F [(1/Ry) + JuC,] 210

and where | | - :
h.q t = impuise response of the equeliser
Ry =R, //Rp
Cy =Cp+ Cq
The average output voltage can aiso be described in series form as
Veu(t)> = £ bh(t-aT) ' 211)

where h out (i represents the output puise shape.

Superimposed on this erage voltage sre the Various noise sources described

= Vom(t)> + n(t) ( B
= £ bho(t-oT)

earher

212
where nit) is the noise voltage at the equaliser output
The variance of n(t), N, is defined as:
’ N = caa'(t)> = <viy (1)> - <reu(t)>* 213
Assuming all the noise sources are mutuslly independent
N = <nf(t)> + <n¥(t)> , _ o |
+<B(t)> + <a}(t)> AN

where
- Rglt) = The euaput no7se vortage due 1o Te shot noise current. v,
produced by the detector, |
n. & = The output Johnson noise voluge due to the resistor RT-,



hifﬂiﬁﬁmﬁélﬂéﬂtéﬁﬁﬁfimwﬁm
'm,::,i_m.aﬁd
nglt = Output noise voltage due to the amplifier input voltage

noise source. @t

2.2.1 Shot Noise

P_arsamr;k {12] has evalusted the shot noise term, n‘m at the equaliser output as a
function of time within the bit time siot, T. This resufts in a comprehansive but rather
comphicated analysis Smith and Garret [14] make the assumption that the shot noise is
constant within the bit time siot The resuiting analysis 1s much simpler and i1s still quite

accurste The shot noise expression is given by [ 14}

<n,’(t)> = 2q<lod>y<g">BRA* @15

where

<i 9>y is the mean unity~gain photocurrent over the bit time T. Contributions from

neighbouring puises may affect <ig >y . if they spread out into the bit time under

decision. A
By 5 the noise equivaient bandwidth. defined as

2By = (1/R) [ /2 K (1) B(1)[%ae)
=(1/R}) |by/(Anq<g>) [* /2 [Hew(1) /Hy(1)|%as 216

~where Hif) is the Fourier transform of hit) '

The shot noise expression of (215) will now be evalusted for the worst
mtersymbol inter ference case. ie.. when all neighbouring pulses are ON. Tha two possibile
cases. e an ON puise or an OFF puise at the decision time, will be considered separately.

A When there is an ON puise st the decision tima.’ the average power, Pavg .
during time slot {~(1/2), (T/2)} due to » puise oeritece st t = nT ix '

Pog(t) = (B/2) SR By(taT)dt = 21

Therefore the maan unity gain photocurrent,



dv.e = £ (10/00) (b/T) S4)* By(t-nT)at
=(na/bv) (by/T)E [ )™, (t-aT)dt
=(na/h) (by/T) 2 By(t)dt =(nq/hv)(b,/T) @18
When there is an OFF puise at the decision point )
do>rwt = Ly (19/bv) (by/T) f2 hy(t-nT)dt
= (n@/hw) (by/T) (1) | 2.19)

y = J3A by(t)at

Equations (2 18) or (2.19). when substituted into the shot noise expression (2 15), give the

worst case shot-noise. <n g M>gy Of <ng >opf respectively

The thermal noise contribution 1o the output noise voltage arises from the bu; A
resistor, {Vﬁ!}_ the amplifier noise current, e:v. > and g’-_"ﬁ-’pnfar noise voltage, <\.E;-
These are expressed as ,

V> = (4k8/Ry) ByRIA* o
VP> = 23BRM"
VP> = 28ByA* E
where | S .
2By = [2 [Hy(f)|%t L
=~ () /(Anq<@>) I*/ = |Heu(f) /(Hy(1) R(1)) |t 221)

“and By, is as defined in (2 16)

(2.20)

These resuits are derived from the well known formuls



26

b

Seuw(f) = Su(f) [H(1)[* - 222
where:
Sout (f) = Output power spectral density.
Sin () = Input power mﬂ density.
Hf) = filter response
" The overall thermal noise term is, therefore:
| W =< + >+ <
= ((2K60/Ry) +S) 2BREA® + 28,ByA® | 2.23)

The overall noise term, including the shot novse and tharﬁnl noise is
- <V = [((2k0/Ry) +8) A* + qdig>r<g®>A%]
2B, R} + 2S5,ByA" <
= [ (2K0/Ry) +8r+qdp>rg®*™] - |
A"(by) /(Anq<g>) [*/2 |Hou(f) /Hy(1) [%at
+ SA%(hw) /(Anq<g>) B/ [Hou (1) /(H(1) H(1)) |%as

Here. the approximation <g!> = < g>** has been used (20} A more accurate expression

2.24)

1$ given ister, but to simplify the caiculations, it is not used here
in order 10 make the bandwidth integrals of (2.24) independent of bit time,. T, and
s function of ofly the puise shape. the following dimensioniess time and frequency.
variables are introduced | | |
_ {=tTand o= fT.
N Thirifafi: _
B () = H(f) and Hy'(p) = Hu(f)/T 2.28)

oA

Mp(® ) and Hoyy’ () depend only on the shape of H p(w ) and H gut. CW)Gﬂnatd
upon the time siot width, T. ‘ '
Let us define the following giﬁ‘tig‘,‘!l,li



I = /2 [Heu(p) /Hy()[* dp . o

I = [2 0 [Hou(9) /H(p)[® de | 227

S "Hbi(!)/}]p(f)’!dj = Tl @2.28
_ |

S Hou(1) /(H(1)H(1)) |t | _
= J2 [Hew(1) /Hy(1) |} RyHwCql*as |
= RL 4 (2nC) Uyt (2.29)
Substituting (2.28) and (2.29) into (2.24) gves
o= [(2K6/R) 450 tg>r<a>*] b /(mp<g>) [l
+5dhv/(nq<g>) PRIl 2nC) My T] o
=(bn) *f <g>*<io>eTly/q + 2/<g>% < 2.30)
where Z is the thermal noise term given by '
Z = [SrH{(2Kk6/Ry) H Sp/Ry) | Tly/<g>* |
+ (2nC) *Sly/(T<g>") L"‘ 231

"~ - From the sbove equation one can clearly see that INCreasing HT and decreasing c,

lowers the thermal noise t:rrn Z This is made use of in the high nput impadance
amplifier approach Other amplifier designs sre discussed n} Chapter 3

Using the above equations one can proceed to caiculate the receiver aengitivity - .

' mdﬁaphrrunlvthnchggam



2.2.3 Receiver Sensitivity
Although the shot noise, <n g Xti>, has a Poisson distribution. the inscc scCuracy
resulting from using the Gaussisn approximation is not large [12] The other noise term,

ie the thermal noise, is aiready Gsussian Therefore the overall noise term, <v, > is
also Gaussian The signal amplitude dependence of the shot noise is taken into account by
thé-variance of the Gaussian distributioh Op, and o, ore defihed as the worst case
valves of <v > for ON and OFF puises respectively. These are obtsined by
substituting <n ¢ ">, and <n ¢ M>opp N0 (2.14), ie. -

O = ":v!:}lfﬁﬁ_(ﬂ:-s:!(ﬁ:—ﬁ
Topy = ‘svi-}!ﬂlﬁltﬂ;—ﬁ;(ﬂ}ﬁ (2.32)

Let m, and m, be the mesn signal vaives for an OFF puise and an ON puise respectively, as

ihustrated in Fig 2.5 Assuming -that the threshold. Vi), . is set to give equal area

probability. P . for ON and OFF puises (ie. the equal srea criteria), then
< .

[(m-V)/oad = [(Via-mo) /oar] = Q (2.33)

- -

"o
~
h

= (2m) *%/" exp(x*/2) dx = 0-6 erfc(Q/\8) (2.34)

If m, is zerc, then from (2.33)

[(m~Vy)) /0ad = (Vin/Carr) = Q
Qr my = Q(ﬂ'-f'i‘m)

(2.35)

~«(/<0>) (b /m) { [ <4>**(n/bv) biyiz] 2
+ [ <@>*(n/hw) be( 1) l+2] V™

(2.38)

Equation (2.36) is the required sensitivity of the receiver for a given FE land tharefore
for a giveri Q value) For a PIN diode detector (with <g> = 1) this equation reduces to the



Figure 2.5 Probability density curves for an OFF and sn ON pulse sssuming Gaussian
: distribution The mean value of the OFF and ON puise are m, nd m,
respectively. The corresponding variances of the OFF and ON puises sre %OFF

and %N - The threshold, Vin . is chosen using the squal srea cripes
dethmEEQs-thmﬂ, ¢

ion (i.e.




e~ 2Q(hv/n) £ (2.37)

N

2.2.4 Optimum Avaslanche Gain

The optimum avalanche gain is found by differentiating (2 36); (e, 3bgn / 3<g> =9
This results in the following equation from which the optimum gain, g opt - 'S Caiculated
| . '

€ *™m, = (hw/n) (2/21) ((29) /(1)K 238)
where
k=14 14+18((14x) /x) ((19) /(2—) ) ] 1
é:f:rrgspanding to this the minimum vaiue of m, Is. ‘ 'Y
(2+X) ) 1 7
" min ﬁ?)(h /n )z E‘Fx‘ L | , (2.39)
whare

L. = [2(1-9) /x(2—)]-
£[0-8((2-7) /(1)) kH1] V2 4 [0- 5(2—) k1] VB) 8%

2.2.5 Remarks on Analytical Methods

The analytical approach basically makes use of the theory developed by Personick
[12] The probability density function, pix). can be derived from equations (2.30) and
(2.31). However, !ﬁ exact analytical solution to these equations is not possible’ wutheut
rﬂ-kmg a few :umphfymg assumptions. One of the most commonly used approximations
15 the Gaussian spproximation The major advantage of the Gaussian approximation is that
one requires only the mean and viﬁanc;e of the Qm,\iélﬂgﬂ; These are normally easy
to obtain. The Gaussian approximation, however, does not take into account the extreme
skewness of the avalanche gain distribution As a result it tends to oversstmate the

optimal avalanche gain and underestimate the optimal threshold leve! An alternative to the ~
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Gaussian approximation is the Chernoff bound method [15] The Chernoff Bound
replaces the exact solution by a simpler solvable formuiation that gives the upper bound
solution. The Chernoff Bound method is very effective because it gives us the upper
bound of the error probability. Nevertheiess, to sstimate how close these bounds are to

the real soiution requires the use of numerical aAd statistical methods.

-

2.3 OTHER APPROACHES TO ERROR PROBABILITY CALCULATIONS |
Consider the fiber-optic communication system depicted in Fig 2.6. The current

output of the photodetector is denoted as x(t) and the fiter output as y(t. To compute
: : b
the error rate. one needs to know the statistics of the voltage at the decision making

point, ie at the output of the filter in Fig 2.6. The output of the filter is gven by
y(t) = fox(T)h(t-T)dT (240) -
The error probability can then be computed as:
Pp = aogPo(y) + a,Py(y) | R 241)

where:
3, and a, are the probabilities of sendingv ZERO and ONE signals, respectively and
Y is the threshold. '
"P {y) = P(ylZERO) dy is the cumulative distribution for a ZERO signal

transmitted.

= /" p(y.,JZERO) dy B o 2ag

P (Y) = P(ylONE) dy is the cumulative distribution when

a ONE signal is transmitted.

e

=-J2 p(ngONE) dy . 243)

There are three terem approaches to solving (2.40) and (24 1) These are
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1. Anaslytical methods
2. Numerical methods
3 Sutistcal methods
The Ansiytical spprosch has airsady been discussed in grest detail The Numerical
and Statistical methods sre discussed in the subsequent sections.

2.3.1 Numerical Methods

Many numerical methods exist for solving (240) and (241) Normally, xtt) is
broken up INto two components, x gt and X:h (. Le the signal output of the avalanche
diode and the Gaussian thermal noise generated by the ampliifier if t, s the samphng time,

chosen so as to maximise y(t,) then

y{to) = SZ x(T)h(ty—r)dr (244
Since B |
2(t) = x(t) + xp(t) o s
Therefore .
y(to) = JZ x,(T)B(to-7)drT

+ f2 xu(T)h(t-1)dT

= yu(te) + yu(ty) 246

The output voltage vyt is consequently composed of twe parts. the signal dapendent
voltage. y_ (t,) and the Gaussian term. Yin ! * The ‘standard devistion of y,, 15

ou = (4kTB/R,,) '/ (247)

where B, is the effective noise bandwidth of hit) and Ryp 15 the thermal resistance

The :ff'ir’;tm noise bmdwném is definad as
B, = (1/|Hel® fo1H(1) [*at * 2e8

where Hif) 1s the Fourier transform of hit) and IH,) 1s the maximum absolute value of H(f)

hoOI158



waxménafn:wy.m&:
Yo = (T/N)%_, Xahe e 249

where T is the durstion of the signal and N is the number of samples used in the
spproximation The samples X, &e independent and have a distribution dictated by
equations (2.30) snd (2.31) for a tme interval J T/N An spproximation for the
probability density function (PDF), p(x), suitable for computing purposas, was obtained by
Webb, Mcintyre and Conradi [21] This approxirate PDF for the current at the output of
the APD is:
p(x) = §1/1(2m) % %[ 14((x-¥) /or)1**]}- ,
 expl~(x30*/[ 20 1+ (x4 /oN) ] ]} 50
where
M= (ﬁi . 9/TG = mean output current
= charge of an electron

= time interval between pulses

m-#n

= gversge svalsnche gain

-
n

e= (1T/ by P@,pt» = number of primary electrons .

n = optical conversion efficiency

Fopt = average optical power in time T
hv = energy of a photon

Aiv-i-(F—I

"= G ﬁe Fg - (g/t) = variance of the diode current
F=kert G+12-11/GH1 - k o¢y | = excess noise factor
kgt1= effective ionisation ratio
Siﬁ(‘.‘_lrtﬁl rmdam variables x, #re independent, the density of their sum equals the
convolution af their rcspsctwa dengitias

P(2) = [1/(AT" [h) J{PLx,/(AT B} ]v
PLxa/(AT- bpo) ] -+ -+ s P xw/(AT- Bo) ]} 251

The thermal noise is aiso additive and independent. therefore the oversll probability
density function, ply), of the output voltage, ytt), is:



P(y) = p(3.)*p(yid) @52
‘ﬁﬁu fastast -nd simplest way to compute ply) is 1o transform all partisl densities
‘using the Fast Fourier Transform (FFT /), multiply thtrn and take an inverse FFT. |
P(y) =1 1/1(aT) M by [] -
FH I F[P(x0/AT- Byas) 111 p(ye0) ]) 253

The Fourier Transform method suffers from mrngl @rrors since it is computed as 2
sum of positive and negative numbers ¢

Direct convo/ution produces less t‘nﬁ;ﬂtnaﬁ error in ply). because the probability
densities ;ara positive functions This method, however, requires an excessive number of
arithrmetic operations For example, if we have n distributions sach having M points, the
number of operations (multiphcation and addition) will be

N = n! M*/2" ' : 2.54)

For M = 100 and n = 2. N = 10* which 1s a manageable number But for M = 100 and

n=10.N= 35 x 107", which is excessive Thus the convolution method 1s of use for only
limited cases. ‘

The Gauss Quadrature rule method is 8 numerical technique used to evaluate the -
mtegrals for the conditional probability densities in (241) Most rumerical integration
techniques consist of approximating the integrand by a polynomial in a region and then
integrating the polynomial exactly If the integrand s a complicated function
approximating it by a polynomial may be difficult Often a complicated sﬁtcgf:ﬁd can be
factored into a8 waeight function and another function better spproximsted by a
polynomial. As an example. if git) is a complicated function which has to be integrated for
t bcfwnn tha limits ¢ and b, it can be factored as wmﬂt) where wit) is the weight

function and f(t) is a sm\':le function (ie one which can easily be approximated by a

‘Slnei the regions of interest are the tails of the distribution (error rate of 10-Y vmera
the various terms consist of smali positive and negative numbers. the numerical errors as
a result of addition will be lsrge .



S& () at=r> w(t)t(t)at=f we(t) @55

The quadrsture rule {wli tj}. corresponding to the weight function wit), is available
sometimes in tabulsted form ! Often. however, these rules are not svailable in tabulsted
form. Golub shd Weisch (23] have presented algorithms for generating the Gaussian
Quﬂm-&nﬁrmﬂiﬂhﬁmsafﬁmm function are known or can be
calcuisted Thcs 1s precisely the situstion existing for the fiber-optic system The Gauss
Quadrature rules can ba used to iﬁlunl the conditional prgb.i:ﬂrtms in equation (241)

Po(y) = [, P(n.lzsamy = [ f‘“’(?)p(nJZERD)dI

=2 10 (H % 256,
B =f v . @
where
(1 for 2 4 .
t® (y) = { v | 258)
0 otherwise . . o
and '

ti)(y) =1 - 19(y) (259)

The abscissas v, and the weights w may be calculated by methods of functional
analysis from the caﬁé&tiéml moments El(y(t,)lib,) Hauk et. a/. [24) have evaluated these
ntegrals and thereby derived the error probability. _

Other numerical techniques include the Gram-Charlier Series method [19] and the
Characteristic Function method (161117} The Gram-Charlier Series meathod involves the

!T he boak Funcbaak sf Mgfh!ﬁ\ltlﬁli Functions” by Abramowitz and Stegun prc:wdes an
excelient tabulation of some useful weight functions [22)
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compute the overail cumulant. and thereby the probability density function The major
advantage of the Gram-Charlier Series mothod‘is that it requires very littie computing
bme as compared to other methods A detailed analysis of the Gram-Charlier Series is
provided in tha next section

The Cheractétistic Function method is essentslly similar to the Gram-Charlier
Series method instead of. adding the cumulants of the individus! noise sources, the
characteristic functions of the individual noise sources sre muitiplied to obtain the overall
PDF. The PDF of sl the noise SOources s described by a trigonometric series The total
characteristic function is related to the Fourier coefficients of the periodic probability
density function This results in an expression which can then be used to determine the

error prob&ol«y for a given bit rate as a function of the transmitted power.

2.3.2 Statistical Methods

The only statistical method that will be considered here 1s thevMonte Carl/o
simuistion method The Monte Carlo simulation method is normally employed for
systems whose parameters hive known statistical distributions. The Monte-Cario method

starts with the use of the statistical distribution of the system together with random
number generstors to produc§ 2 lsrge number of sampie systems. These systems are
then analysed on the computer and empiriCal results sbout system performance are
obtained There are. however, limitations on the straight-forward application of the
Monte-Cario method for fiber —optic systems Since error rates sre typically of the
order 10+ to 10~ st ieast 10 to 100 samples are needed in this region of low.
probability This entaiis the need for as many as 10 samples, which is impracticable A
modification known as the importance ssmpiing. solves this difficuity by modifying the
distribution so that more sampies can be taken from the important region This reduces
the number of simulation runs by 5 or 6 orders of magnitude '

A detailed lnalysns of Monte Carlo simulation usmg lmportmco Samplng is glv-nr

hHGt



2.4 DETAILED ANALYSIS OF THE GRAM-CHARLIER SERIES METHOD

A Gram-Charlier Series expansion for the probability distribution of noise in a
fiber-optic recerver is considered here. This representation is more genacal than the
previously pubhshed work of Rice [25] and Personick [12] v
1. It takes o account the randomness of the avalanche gan as well as the amplifier's

thermal noise and permits the considerstion of any genersiised processing filters.
Previously reported caiculation methods [151116L118) permit thermal

noise to be
mncluded ahly‘it the sxpenss of sdditional spproximations and f-qwc complicated
Wic;!'tm:m:qugs to solve for error probabilitidh.

2. Each of the noise sources can be considered separstely and, provided they are
independent, the cumulants of the noise sources can be added 1o obtain the oversii
cumulant Thus the effect of intersymbol interference, dark current noise and modal

3 The probability distribution of physical noise sources can often be obtained by
finding the characteristic function and then taking the Fourier transform There are,
however, situstions where the characteristic function cannot be obtained in closed
form. In such cases, it is often easier to describe the PDF as a Gram=-Charlier series
expansion.

4 This method is suitdble for application to multilevel PAM & PWM systems

The Gram-Charlier Series invoives the expansion of an 'unknown probability
function in terms of the derivatives of a 'known' density function For a system with a
large number of md-pcndant noise sources. the output is nearly Gaussian by virtue of the
Central ert Theorem The Gfﬁ*mh!%!?i’ms derives sn expression for the PDF
which exhibits the limiting Gaussien characteristics. For the Gaussisn function. only the
first few terms would exist As the function becomes more non-Gsussisn in shape. the
number of terms increases.

If we.expand the logarithm of the characteristic function W (s), in a Taylor series,
the coefficients Of thus series are, by definition, the Cumulants of the stochastic
process [26] ' '

In ¥W(s) =~ £ A5"n! (2.60)

=l



Contral to the Gram-Charker Series approach 1 the use of the cumuants, A, . to
Caiculste the PDF due to a r:ﬁmmn of noise sources Thermal noise processes, which
have 3 Gaussian distribution. have cumulants only up to an order of two There are,
however. processes such as shot noise and impuise noise which have cumuiants of
higher order These higher order cumulants can be used to describe the non-Gaussian
character of the process

The description of prﬁbabmtyréjnsnty by means of cumulants arises in a naturst
manner f we approximate the functions by means of a series of Hermite Polynormals.
The Hermite polynomial is genersted as the Gaussian function is successively
differentiated These functions are orthogonal over the extended real hne with respect to
the Gaussan weighting function Such a series. known as Gram=Charlier Series. is grven
by [18]

¥

p(x) = £, sy (1) 26

Pu(x) = d%/dx* [(1/(2m) %9 exp(-x*2)] . (2621

a, = (-1)* 14 / n! | : 263

where u (x) is the n'th central moment of x.

Another common practice. convement for computational purposes. is the
normalisation of the random variabie :;eh that it has a zero mean and unit vamance If m is
the mean of ﬁ‘\i random varable x and & s its varisnce and if we denote x as the
normahised variable. the relation between x and X is given by,

X = (x-m)/o (2.64;
The corresponding normalised cumulants are denoted by

AM=0, A =AM n2e 268)

The normalised characteristic function Vsl s similar to {2.60) with A, replaced by



. ig.r
¥(») = expif, X.s%/n} 268

The normalised characteristic function, ¥is) is aiso directly givep by

#(S) = /= exp(Sx)p(x)dx o @67
Subsituting the expressicn for pix) from (2.6 1) iMo (2.6 7)gives:
Hs)=f, au/Z exp(Sx) d%/axT(1/(2m)%" exp(-x*/2)]dx
=£, (-1)%,S"exp(s*/e) (2.68)
Substituting retation (2 63) nto (2.68)

#3) = [£, ms"/n!] exp(st/2) 269

1]

Usmg (2.66) and (268) and noting that A = 0 and 1,= 1 it follows that

[£, mS"/nt]exp(5%/2) = exp{f, X,5%/n!} |
= exp{f, X.5%/n!}exp(s%/2) T R0

Equation (2 70) can be simplified by dividing both sides by expi(S}/2) and expanding the
right hand side in a Taylor series This results in.

£, mSnl = dxpif, K/t
=1+ (£, Xs*/n) +0:-5]F, X.S%nl})? +-. 271

L

From (2.7 1) the recursive relation between the central moments and cumulantg ’ Si.. can
be derived and is seen to be
Mo = 1

tast = Ko + 2 ¢ Cn Amittn e 03 (272)

Using equation (272) and (263), one can calculate the Gram-Charlier coefficients 3,

Thare still, however. remains the task of Calcuisting the various cumulants



41

The method used in the derivation of the cumulants is based on the work of Rice
[26]1 Rice obtained the characteristic function of the noise generated n an electronic
vacuum diode. In order to obtam the probability distribution he requred the inverse
Fourier transform. which was mpossible to obtain in closed form He effected a power
series expansion n which he could obtain the inverse Fourier transform of the individual
terms. The resultant series 15 recogrussble as a Gram-Charlier seres The Porsson nose
or the shot noise is wen!suﬂéa for a cumulant description of the sort used by Rice.
The distinguishing characteristics of this type of F;grse are
1 R is the result of the superposition of esvents ocZcurring at random thmas For
example, let us consider a vacuum tube Assume that the srrival of an electron at
tme t = 0. produces an sffect F(t) at some point in the output circuit If the output
circuit is such that the effects of the various electrons add inearly, the total effect

at tme t. due to ali the electrons. is

~

(t) =& aF(t—,) (2.73)

where the k'th electron arrives at the tme ty & causes effect Fit-t K 8t tme t

(Refer to Fig 2.7) ot \
Cms:éer the case of electron multiplication Instead of only one electron

arriving at t , a K electrons arrive at each instant The same idea could be used n a

fiber -optic receiver model. Fér 8 PIN diode ay = 1 and for an APD. a K-

1]
w

k-
a

whare gy 's the number of electron-hole parrs produced by a photon arriving at

time t=t, .

2 The occurrence times t, are assumed to form a Poisson sequence with an average
rate A per second This condition holds true fgf the fiber—optic receiver

Rice has shown that. for a system having a noise process which satisfies the above

condition. the n'th cumulant can be given by

A, = va®f S [F(t)]" dt ’ 274

A formula similar 1o (2 74) will be derived for the fiber-optic receiver shown n Fig 26



Fo  Fi-t) Fieet)  Fit-t)

0  ty t, tg

(a) Response to an electron arriving at times t,. t,, t, end t,,

asch considered separately. The arrival of sn electron at time t = 1,
) .

produces effect Flt-ty).

Gain multiplicstion

"

Tl N

%o

(b) Rendom gain muitiplications.

The total effect, at time t, due 1o all the slectrons is:

Yoo -ty
k=e

-

Figure 2 7:Gfgphu’::l description of the shot noise analysed by Rice
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’ﬁﬂrmtnﬁ;ié mmgfmﬁlmm#wﬁ!m
time-invariant fiter. The APD and the amplifier are assumed to have an infinite bandwidth
and hit) represents the total lﬁ’ﬁulil response. Each electron generated optically st the
input of the APD gives an impulsive current of height (QG) st its output where q is the
electron charge and G is the instantaneous random gain of the diode After amplification,
an impuisive voltage of height IQGRA) is produced at the input of the signal precessor
which in turn gives an output of [qGRAhI- )] at time t, where 7 is the instant of the
release of the initisl slectron. Assuming both P(t) and hit) sre zero for t < bs\w--c:t writs

-4

v(T) = g‘ (qQRAG) h(T-r) 275%)

where k is the random number of electrons released in the interval [0, T] and T, isthe
time instant &t which the i'th slectron was released Since the electrons are released
independently, the characteristic function of each of these electrons can be multiplied to
i'th term of Vi) is _ »
¥(5) = EfelWMANTH
: (MAONT-r)8p (). P (. , o
£ Soe e "Pal(G) - Po(7) dr, 276)

where-Pe () and P () are the probability distributions of G gnd T respectively ¢, Also the

probability distribution of P ( 1, ) is given by

PAT) = P(1)/fs P(7)dr .

L
kY |
3\

where P() is the input pgéwﬁi
H:’) = fgf %-‘ ati‘ﬂfdﬁ)ﬁ!.
P G)[P(7y) /fe' P(7)dr]dr,
S /sT P(1)d7] ™ [ M qRAR(T-7yS]- 278)

: , - Py(rpdr,
“where M(] is the moment generating function of G as defined n [27]



The overall characteristic function of k electrons is the characteristic function of

sach slectron multiplied k timas, Le.
¥(8) = (¥(8))*

The probability of obtaning k electrons In a time period, T, is

k=&

. where k is the mean number of electrons transmitted in the time interval [0, T)

&

k = (n/tw) fo' P(7) dr

279

2.80)

(2.81)

and where % is the quantum efficienly, h is Planck's constant and V is the frequency of

light The characteristic function of the output voltage V(T) is therefore given by

W (S) = £, [o(k)¥k 1(¥s))*
= o f, (k¥(8))*/x
= - Eii' gﬁ!)
) - o (VW) /6T (7 [MaMAN(T-) 8] -1]ar
Since:
M(s) =£  M=(0)s%nl
| =1 + gﬂ <G®>8%/nt

Therefore:

¥rn(S) = exp{(n/b)f, <G®/,T P(7)-
[ qRAR(T—7) ]*(S*/n! ) dT}

. 1ogybvn(8) = L, {(n/hw)(qRA) <an>
o' P()b¥T-r) dr}s*/n!
The cumuilants of the random variable V(T) are :

2.82)

2.83)

2.84)

Q.88



As = (n/hv) (qQRA) *<G™>
Jo' P(7)hY(T-7)dr

45

(2.86)

Knowing the cumulants, it is a straight forward task to caiculate the error probability
using equations (2.61), (2.63). (2.72). and (2.86). Though thermal noise, dark noise, modal

noise and intersymbol interference are not directly considered, they sre taken imto

account by the term P(t) in (2.86) P(t) can be broken up into signal power, dark current

power. intersymbol interference and modal noise power, ie.
P(t) = Xo(t) + X(t) + X(t) + X(t)

where
X 4t = dark current
X g (t} = shot noise term = d,gtt)
X U= imgriymbc;l interference term
= ‘?;P dig(t-iT) je(0,1)
Xy (t) = modal noise term
. 9@ (= signal waveshape st the filter output .
Equ;tiaﬁs (2.74) and (2.75).can be put i@gétﬁer to get the overall cumulant
An = (n/hv) (qRA)*<G*>
So7 (X #Xg+X+X,) b T-1) d7
= Apa + Aws + Am + Aux
where .
Apng”™ dark noise cumulant
Ama = (n/by) (GRA) *<G*>
Jo' XN T-1)dr
Ape= Shot noise cumulsnt ~
Aus = (n/bw) (QRA) <G">- |
Jo© Xgh™(T—7)dr

Ani; inter symbol interference cumulant

(2.88)

{2.89)

(2.90)



Aw = (1/hv) (gRA) *<G™>- - S
Jo* XpY(T-7)dr . @8
AN = modal noise cumulant -
Agn = (n/hv) (qRA) *<G*>- B
' 292

Jo' o Xy (T-1)dr
ngvrﬂammmtalmmafmmnmcnmﬁmaf
individual cumulants. Correspondingly. the charactsristic functions of individusl noise
. ;,'a\;taﬂstﬂ: function due to the shot noise. dark current,

\ ¥ 1o be the overall

intersymbol interferance, and modal noise terms, then

sources can be muttiplied tE obtain the overall characteristic function [26] If we denote

We make use of this in incorporating the thermal noise and intersymbol interference
terms into the cumulants.
L(n Wyp (8) be the characteristic function for the thermal noise term. Since

thermal noise is a Gausian process, one can expand L LT (s) s
*.u(S) = exp(o,85%/2) (2.94)

Where églhz s the variance of the thermsl noise. Since the thermal noise is
independent of the other noise processes. its characteristic function can be multipiied by
¥, (s) to obtain the complete characteristic function 4
¥x-an( 5) = ¥x(8) #,u(6) , .
- -Ip[f A.8%/n!] exp(o.i8%/2)
= oxp[ A,SH AsSY/2) HApS"/31) + - - K 18%/2) ]
= oxP[ A1SH Agt9, D) SY/2H(ASY/81 ) + -] 2.85)

The thermal noise term is seen to affect only the second cumulant Thus, by

xth)

changing A, to A,+ o3, , the thermal noise effect can be included, without neoﬂmg to
aiter the error probability calculstions.
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The cumuiant for the intersymbol interference can be derived from the
characteristic function of the output voltage If we denote x(t) as the current output of
vnd&odon,dymﬁvamggnhdaeiﬁﬁnpaﬁﬁfrtaﬁg 2.5) thenx

xm=xsm*xthm

Xe(t) =, as(t1y) 2.96)
=signal term which n; a doubly :tachi;:tic Poisson process.
here t, is the time of release of the k'th electron and N is the random number of
_electrons emitted during the time siot '
The output of the filter. yit), has a signal component
Ye(t) = S2 Xg(T)h(t-T)dr : L (2.97)
This has a chzri:tiristi; function given by

On(Jv) = oxp{ /2 ¢(7)[&x(Ivh(t—r))-1]dr} © e

where
€(1) = [ne(t) /dua] e t) HE_ pu(t) /dy)

(2.99)
and where ..t is the number of electrons at time t and © _fjv) is the characteristic
function of the random avalanche gain mechanism

Or(fv) = (1-gv<t>)™ for <G> > 10 | " (2100)
The proofs of equations (2.98) and (2.100) are given in appendix 2 One can directly
derive the cumulants from the characteristic function by noting that
Aa = §™ d%/dv¥log.( 8y, (iv)) iveo
= d%/dv S22 ¢(7) {05 jvh(t —) ~1] }dr ‘ 2.101)

Using eqs. (2.100) and (2.101) one can readily derive the cumdiant to be.

]



\
Ay = 0l G2 £(T)DNt—1)dT - - @102
This result appears 10 be quite similar to the cumularts derived using the Gram~-Chartier
Series in (286) If one takes note of the fact that £ = Pttin/hv) and <G™> is closely
approximated by <G> for G > 10. then the two results become idantical.
The intersymbol nterference term is st 2 part of this terrn

Au = <GS2 ELT) DY (t—r)dr 2 103)
whare
) = (£ mn/dwe) C o

The equations given above may not only be used to evaluate the intersymbol
interference separately, bu. also to show the similarity between the Characteristic

‘Function approach and the cumulant approach *

2.4.2 Comments on the Gram -Charlier S

For computational efticiency it is hecessary that the series in (260) be truncated
to a few terms The number of terms in the series approximation necessary-for a
' particular desirad scturacy depends on X. which is definea as the number of standard
devidtions from the average, ie X = I(\V=VV a, | Error rate campuutnaﬁs requira
calculations at large values of X (ie at the tail of the PDF curves). To mantain accuracy at
large values of X the truncated series must contan more terms As an example, the
truricated series i, E;P(')( V) has less than 1% error up to X = B. for an average
laser power of 10 uw and assuming an iﬁtegfneﬂnéidm filter which passes a
puise of width 10-' sec

The convergence of the Gram=-Charlier Series is not immediately obvious but has
- been proved (27] The convergence of the serigy i not monotonic. but is in groups of

three terms. Furthermore, the terms !‘P(‘)(V) do not decrease in lﬁ'@grtmce until
%



n}mwimi:ﬁﬁﬁﬁrmmmmrdfm:"ﬁulﬂh@nafm
NOISe Causes the standard deviation to change from Ts to (ogt0,2) '/* where o is
hﬂwtmnummmr lsﬂﬁeﬂ‘mrﬁnlﬁmnparbm A:lr“urt_ﬁvﬂmaf‘x
changes from (V’—V)/;r. o (V-V) /(of+o, D) \* Thus the nth term in the
Gram~Charlier S-r-s decresses by a factor of 1/(140,2/0%) ®) gue to the thermal
noise. This means that the contribution of the higher- “order terms (of the G‘r-ﬁ=Clrhr

'Wﬁﬁm@b&ﬂﬁﬂﬁ.rmw;;sewﬁmnmws
transmitted and vice versa) Fig 28 shows the probability density function for the
normalised variable X as well as the non-normalised varisble X'. These two variables ”re

%=

reisted by
X = (X“m) /o | | (2.105)

where m is the mean #nd o~ is the variance The conditional probabilities sre given by
P[E|0] = fy,; Po(x') dx' o, ]‘ Po( x) dx

| '!v;-af-g £, 8a?™(x)]ax
= 0-6[1-erf( (Vn‘?nu) /\éaﬁ)]

. , (2.106)
Ly gPai( (Ver-me) /loy)
Similarty | |
P[E|1] - o 5[1&;—:((’\';;@!)/%59] =107
+ §__ s, Pa1( (Viy-m,) /'\é'?;) ‘
whare i
Erf(Va) = (1/(2m) %) [ o~"ax 2 108)

These two aress must be equated to obtain the near minimum error probability and then
solved for Vth Appendix 3 gives a program which caiculstes the error pmblbclrtms
fid tha nur—eptmm thresholds.

"'Ff:r 2 flb:r*aph: system, n, depends upon the optical power lnput the bit-rate, the
mean avalanche gain and the thermal noise.



Figure 2 8 Probability density curves for binary transmission (a) using the non-normalised

variable X' and (b) using the normalised varisble X.
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The main advantage of uﬂr\g multilevel signals nstead of bnlfy signals is that, for

8 transmission channel of » given bmdw.dm more information can be vmmm The
reistion between the information rate and the number of signal levels is given by (28]

fb = fs: ]992 (M) , Q]

where .
fp = eqQuivaient bit rate in Mbits/sec
M = Number of levels (assumed to be equally liksly)

= moduistion rate of the fiber in Mbaud.

Equation (3 1) can be interpreted in two wWays

1. If f, is kept constant, f, decresses as M increases. This means that & multilevel
system does not require as high a bandwidth system as is required by a bmnery
system, #

2. i f. is kept constant, then fp INCreases by a factor log,M). Thus one can increase
the nformation rate of the System without increasing the frequency response of
the system.

At high bit rates. puise broadening, which arises due to the finite bandwidth of the

System. results in intersymbol interference One can concervably reduce the intersymbol

interference by the use of equalisers st the receiver [29] There exists, however a

certain bound on the transmussion rate which cannot be exceeded despite the use of

- equalisers [30) To exceed such bounds on the information rate. one is forced to use

multilevel signals.
Equation (3 1) seems to suggest that one can increase the nformation rate 1o any
desired value by increasing M One must reslise, however. that (3.1) does not take into
account the effect of intersymbol interference Thus, increasing M from 2 to 4 increases
the informstion rate by a factor of less than two. for a given error rate due to the
effect of intersymbol interference. As the number of levels increases beyond four,
intersymbol interference becomes even more pronounced Another mmportant factor is

that the circuit complexity increases as the number of levels ncreases Keeping these

51



considerstions in mind, 4-level PAM is a reasonable compromise between incressed
information rate and increased intersymbol interference and circuit complexity.

In thus chapter, the Gram Charlier series will bs used to approximate the
probability density function of the output voltage and to caicuiste the optimel puise
amplitude levels and thresholds for a 4-level PAM system The analysis used can be
sxtended to any general multiievel schema. Also presentad in this chapter are the results
obtaned from an experimental 4-igvel PAM system that was designed to operats st
fp, = 8 Mb/sec. using 600m of graded ndex fiber. an LED as the light'source and an APD
as the light detector The experimental results are compared to the values obtained by
theoretcal calculations.

The 4-level PAM scheme is shown schematically in Fig 3 1. The message source
generates a sequence of statistically independent rsndom vtubhs 8 with valves », a,
s, and a,

x(t) =£_a 8(t-T) (3.2)

‘where T i1s the time siot available for each pulse.
The sncoder converts the source signal into a sequance of pulses suitable for

transmMission
x(t) = £ _ o r(tdT) a3

whara r(t}] is an ideal rectangular pulse

The encoded puises, x (1. suitably amplified, drive the optical source LED or
LD). The optical pulses generated by the source will depend on the bias current. the
modulating signal current and on the source response The output of the optical source is
denoted as:

x(t) = §_ e ry(t-dT) 'Y (3.)

where r,{t represents the puise shape st the ouliput of the optical source.

The optical signal, while passing through the fiber channel, suffers attenuation and
distortion The optical signal incident on the photodetector is assumed to be a 4-level

sequence, given by:



ENCODER & ]
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LANCHE AMPLIFIER 'N;EE‘ATE DECISION | DECODER
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— N . 1 ___|signal

Figure 3 1 Block diagram of a muitilevel PAM fiber optic ¢ ion system. |




p(t) = £ _ Puy a(t-T) 5 a8

where
pft) is the received optical power
gt is the normalised puise shape and
Pmj i the maximum ampiitude of the ith pulse which can take on 4 vaiues: P, P,
P,andP,
The receiver section consists of an APD, an amplifier, a filter and a decision crcut as

shown in Fig 3.1. The average output voltage at the filter output, at time T, is (18}

vo(t) = (n/hv)-(qRA) - <G> Sfo' P(T)h(t-7) dr | 36
‘The n'th cumuiant, A . of the output voltage. is given by (2.86)

Ay = (n/bv) - (qQRA)®. <G*>-f¢T P(T)b%(t-1) d7 @7

Equations (36) and (37) give a complets description of the statistics of the output
vohage The output voltage. can then be represented by the Gram-Charlier sexies as

p(x)v =1£ _ a(x) (38)

| where 8, and ¢ are as defined in (2.62) and (2.63) Fig 3.2 shows the probability density
function o? the output voltage for a 4-level PAM gystem Here m, m, m, and m, are the
mean vaiues of the PDFs. corresponding to the four levels transmitted X", X" and X,
are the threshoids chosen to diltinguish between the various levels. The areas A, A, A, -
A,. A, snd A, sre the tails of these curves The error probability is therefore given by:

P{e] = p(1) {pl2l1]} + p(2) {pl112] + p(3}2]}
+ p(3) {p[2[8] + p[4i31} + p(4){p[3l4]} ~ 39
where:
plil = probability of the i'th level being transmitted i=1,2,3.4
plilj] = conditional probability that the received signal is interpreted as the

i'th level. when actually the jth level was sent i.j [1,2,3.4)



P[x]

i.; B, m, and m, are the mean signal levels.
X,", X," and X," are the decision thresholds.

Figure 3.2 The probability density function of the output voltage for a 4-ilevel PAM
' I

system



Equstion (3.9) can be simplified by assuming that all the signais are equally probable; ie.
p(1) = p2) = p(3) = pid) = p = 1/4. The equal area Criterion is siso used fia A, = A, = A, =
A.iA,sA‘Sijiﬁeaﬁshﬁifﬂsﬁﬁaﬂﬁmgﬁwﬂﬁhm¢yaﬁﬂfﬁnﬂ
« 10 the minimum [3 1] With these assumptions.the error probability reduces to:

Ple] = p(A + pP(AjHA)) + p(AgtAg) + p(Ay) = (8/2)A (3.10)
Area A, is given by the integral,
The other areas can be represented by similar equstions Equation !(3.1 1} can be
convertad to the normalised case ie. zero mesn and unit variance) by using the normalised
varable 1 "

x = (x"-m,)/0; for P,(x) . ;

x = (x"-my) /oy for Pyx) : (312
Using (3.8) and (3.12), equstion (3.11) reduces to the following form:

Ay = 0-6[1-Ert ((x{-m,)/R0,)] - £, awpoi((xi{-m,)/0,) (313

The other sreas ara derived in a similar manner.

The derivation of error probability for a 4-level system is a direct extension of
the derivation used for a 2-level system. Using (3.9) sach of the #Peas can be equated to
two-thirds of the overall error probability. The optimum signal levels and threshoids
required to achieve a particular error probability can then be determined by solving (3 13)
iteratively However, one can simplify calculations by assuming the PDF's to have a
Gaussian distribution For such a case. the Gram~Charlier coefficients, a8, . for n > 2 sre

zero. The resulting equations sre-given below

Erf((x7-m,) /N8o,) =1 — (4/3)P[e] 314

Erf ((mg-x}) /NEog) = 1 — (4/3)P[e] ) @185)



-V

= . ‘ [:
' Erf((ii'—mg)/\éﬁ) =1 - (4/3)P[e] 318

Ert((me—xj) /bog) = 1 - (4/3)P{e)] 319
. (3.17}

Erf((x5-my) /Noy) =1 — (4/3)P(¢] -

Ert((mex5) /o) =1 - (4/3) Ple] .
< (319
The o 's in squations (3 14) to (319) r-présam the variance of the Gaussian
PDF's From Chapter 2, this is seen to be.
o, =08 + g , (3.20)
o3 = thermal noise voitage of the system -
2, = second cumulant for the i'th signal level, having units of volts,

The intersymbol interference csn be hcrﬁ:rparn;ﬂ nto the Gram-Charkier

coefficient for the 4-level case. in the same manner as it was for the 2-lavel case in the

pPrevious chapter. To do this. one needs to change the expression for the power nput,

P, In (36) and (37). to include the intersymbol interference terms. Making the

assumption that only the puises € the adjacent time siots create intersymbol interference’
ptt) |§ sean to be: ; '

'The intersymbol interference due to pulsas in time siots not immediately adjacent are



p(t) = P_g(t-T) + Pog(t) + Pyg(t+T) (3.21)

where P,g(t) is the signal term and P_,git-T) and P_,gtt+T) are the intersymbol interference
terms from the adjacent time periods The function, gitl, represents the pulse shaps. P_,
represents the maximum power level of the pulse just before the time period in
consideration and P, represents the maximum power level of the pulse just after the
time period in consideration P, represents the maximum power of the puise during the
tnrﬁe perio& under consideration ie. (-T/2,7/2) It is assumed here that the maxirmum
power for each puise occurs at the same position in the tme siot

Expression (3.21) can be substituted in (3.6) and (37) to get the overall noise,
including the intersymbol interference term. There are actuslly 64 (4 possible
combinations of levels for intersymbol interference for the 4-level case One normally
cohsidors the worst case intersymbol interference ie. lowest signal level fisnked on bnth
sides by the highest ﬁgnal level and vice versa The f'éur power levels will be denoted be
P.P,P,and P, )

Thus, when the Iowe\st signal level occurs between the two highaest levels, the
expression for the n'th cumulant, A, . is

*n = (n/hv)(qRA)"<6"s.

SR (Pa(7-T) +P1g(7) P@(T4T) | DY T-1)dr
Assuming that git) is » Gaussisn pulse of unit height and standard deviation, o~ , equation

(3.22) can be rewrit.en as: . -
As = (n/hy) (qRA)® <G™ ,
LI R et g omtad

(3.23) .

Ny )
: P10~ /). hY(T—7) dr
If the use of an integraté and’ dump filter is assumed, ie hiti=1 for t e (=T/2,7/2). then
(3.22) reduces to )
Aa=(n/bv) (qRA) *<G™>/ JA [P,f om0 /ae!
te (T | porintiy, (3.24)



Also noting that o
Erf(u) = (2vh)/o* exp(—=") dx (3.25)
Equstion (3-24) reduces to: |
ln=(n/bv) (qRA)™ <G™( Z?r) g |
[Piert (T/(2~£0)) + Pfert(3T/(2n80)) - erf (T/(2~80))i] (326
In a similar manner one can derive the nth cumulant for the case of intersymbol

inter ference, when the highest level signal occurs between time siots occupied by the

lowest level:
ba=(n/b) (qRA)® <G*>(2n) VAo
[Peorf(T/(2\80)) + P,fert(8T/(2v60)) - ort(T/(2vb0))] ] 327)
Equations (3.14)-(3.20). (3.26) and (3.27)‘ can be solved to find the optimal

thresholds and signal levels for a fixed error probability. Conversely, given the signal
levels and thresholds, one can calculate the error probability.

3.0.2 Numerica! Example

We proceed here. with the calculations of signal levels and thresholds needed to
achievo an error probability lying in the range of 10-¢ to 10" The system paramesters
used in this example are given in Tabie 3.1. The output opticsl power wavcshapg gt is
assumed to be Gaussian with variance, t,

Equations (3.14)-(3.20) and (2.86) can be used to calculate the optimum signal
leveis and thresholds for different error probabilities. The results obtained from solving
these equations sre given in Table 3.2. These were calcuisted assuming no intersymbol
interference (i.e the effect of giti outside the time siot undor considerstion is ignored).
From Table 3.2 one can see that the optimum signal levels and threshoids are not squally
spaced This results from the fact that the shot noise term increases with increased signal
level, thereby making it necessary to keep the thresholds closer to the lower laveis (3o as
to maintain areas A, A,.. A, shown in Fig 3.2, equal)



JABLE 3.1

PARAMETERS USED IN NUMERTCAL CALCULATIONS

PARAMETER DEFINITION VALUE
n Quantum efficiency of tha APD 0.85
R. Ampltfier inpu\ resistance 700 ohms .
Y
A Amplifier gain 1500
I
<G> Average avalanche gain 10
v Optical carrier ﬁ'oquoncy " 3.614x10™ Hz .
K APD lonisation ratio 0.02
ty variance of Gaussian optical pulse edge 250 ns.
L
Y Time slot available per puise 500 ns.
o Thermal! noise 35S mv.

th
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The resutts obtained above change drastically when one takes into sccount the
effect of intersymbol interference. Fig 33 shows graphically the worst case inter symbol
interference for a 4-level system, assuming Gaussian shaped optical pulses at the input
of the detector. The worst case intersymbol interference occurs when the lowest level
signal is flanked on adjacent time slots by the highest level signals Fig33 :Igtly shows
that the effect of the worst case intersymbol interference is to increase the amplitude of
the lowest level signal There are therefore greater chances of the level-1 signal being
detected as the level-2 signal As a consequence of this. the overall error probability
increases The increase in error probability due to intersymbo! interference can also be
shown analytically Equations (3.26) and (327) give the cumulants of the output voltage
assuming intersymboi interference Intersymbol interference is seen to increase the
Cumulants of the output voltage As a result of the increase in the mean value and
variance of the output voltage. the areas A, and A, representing the conditional error
probabilities P[1/2] and P{2/1], increase The cverall error probability mcreases due to the
increase in the conditional error probabilities.

Using (3.27) along with (3 14) to (3.20) and assuming the same system parameters
as before. one can recalculate the error probability taking into account the intersymbol
interference [t is seen that. for an optical pulse with a variance, ty . @qual to one-fifth of
the time siot, the error probability increases from 10 to €75 x 10-* The error rate
increases rapidly for larger values of t o For an optical puise with t equal to two-fifths
of the uime=-siot the error probability deteriorates to a value of 0.25. Such a condition is.
however, an extreme case of intersymbol interference Abpendix 3 gives programs to
calculate error probability for various valuas of t .

A plot of error probability as a function of the mean avaianche gain, <G>, of the
APD is given in Fig 34 The value of {é}is varied from 10 to 200 It 1s seen that the
error probability decreases as <G> increases up to a valie near 100 Above <G> = 100,
the error probability starts to increase again. Thn; behaviour is due to the fact that for
lower values éf <G>, the system is themal noise hmited However. for <G> greater than
100 the system starts to become shot noise limited. The optimum gain for the above
system is therefore near 100. This sort of behaviour has also been observed for

two—level systerns (4]



(a) The effect of the worst-case intersymbol interference (ISi) on the puise
shape. The dotted line represents the puise shape without I1S! and the

thick line represents the puise shape after ISI. Note the incresse in

the mean amplitude of the lowesst level.
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®) The sffect of the worst-case IS| on the POF of the output voitage. The
mean level and varisnce of ‘signal-{’ is larger than that without ISI.

/

o Figure 3.3 The effect of the worst-case interiymbol interference on the puise shape and
' the probability density function due to the highest level signal fianking the

lowest level signal on both sides
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Figure 3.4 Plot of error probability as a function of the mean avalanche gain for a 4-level

PAM system.



Fig 3.5 shows the varistion of the error probability as a function of the average
optical signal, P“g st the input to the detector. The error probability is seen to decrease
with increased optical power reaching the detector. These results were observed for the
2-leve! case by Mansuripur er. a/. [19) Fig 35 aiso shows the varistion of error
probability as a function of the sverage optical power reaching the detector, taking into
sccount intersymbol interference. The 'Viiftt:! of the pulse, t o .S assumed to be
one-fifth of the time siot The programs used to generste these plots are given in
Appendix 3.

.
-

3.1 EXPERIMENTAL , 7
A complete four—level PAM system was designed. buit and tested in the

laboratory. A major objective for the experimental part of the project was to evaluste
the actusl performance of the 4-level system and 1o deterrmine what practical advantages
this approach has over other systems A further objective of this experimant was to was
to verity the validity of the Gram-Charlier series for the characterisation of the PDF of
multilevel systems ‘

With the above objectives in mind, the foliowing musurmnts were made using
the exponmenw 4-level PAM system
1. Error probability as a function of the average optical power at the receiver mput
2. Error probability as s function of the average avalanche gain of the APD
The remainder of this chapter describes in detail the circuits used for the experiment. as

-
well as the experimental results.

3.1.1 Overail Experiments! Sétup
in Fig 3.6 the 4-level PAM system and test equipment that were used for the :

experiments are shown The .1645A Data Error Analynr (manufactured by Hewlett
Packard) was uud to generate a pseudo-random binsry sequence PRBS) at a rate
determined by an external clock. For this experiment, the external clock was sot at 4
Mb/sec, which is clou to the maximum usabie bit rate of the 1645A Data Error Analyser,
The fiber-optic systom is, however, capable of operating at much higher rates.
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Figure 3.6 The experimental four—ievel PAM fiber optic system



The PRBS is applied to a 4-level modulstor which in turn intensity modulates the
LED output by means of a driver circuit The optical signal is coupled to a fiber of 600m
length. The output of the fiber is coupled to an APD which converts the optical signel
back into an electrical signal The received signal is then routed through a pre—amplifier
snd main amplifier. The smplified signals are fed to an integrate—snd—dump filter to
eliminate some of the noise. Finally the signal is demoduisted and fed back to the Data
Error Analyser as the data input The Dsta Error Anslyser compares the system mnput

Each of these stages are described in detail in the following pages.

3.1.2 The Data Error Analyser

The HP 1645A Dsta Error Anslyser is well suited for data communication systams

and has the ;:pﬁilli:bf simuitaneocusly rnnsunng the following parameters bit error
rate (BER), block error rate (BKER), clock siip rate, carrier loss rate, skew. jitter and totsl
peak distortion These parameters are measured during a test sequence, digitally stored,
and read out Iater.

For thi purposes of this project the BER and BKER measurements were of
greatest interest. alithough the other measurements cid provide added insight into the
oparation of the system

The 1645A computes the error rate by correlating the received bit pattern with a
local replica of the transmitted dsta sequence. A pssudo-random binary test ssquence
(PRBS) can be generated of length 2®-1, 2i1-1, 2*-1 or 2¢-1 bits. Also mﬁcn of
type 741 (7 zeroes followed by a one). 3.1 and 1:1 can ba generated The 1645A divides

\mt data nqu-ma into 1000-bit blocks for test analysis. The BER is the number of
_times a bit error occurs during the full test sequence. The BKER is an indication of the
number of received blaeki émmning one or more errors. The EEE test is used to
measure the overall link quality. BKER when compared to BER on the same data base.
provides an indication of the burst charscteristics of the errors.

If errors occur in a distributed fashion thigh BKER) then other tests such as skew,
jitter or total Mﬁstmim should be reviewed. Aiso high BER with low BKER indicates
that phase hits (ie. clock slips) and dropduts should be checlled The SKEW measurement



of

indicste the percentage of ones changed to zeros idesl skew cheracteristi
mmmn5oxnﬁw:ﬂ‘ﬂﬂhmwm&nﬁm“bﬂw
mistaken for zeros and vice-versa If errors are skewed. there are two possible causes;
errors are being repested (patterned) or a decision threshold is set st an incorrect level,
so that errors are weighted in one direction or the other.

The 1645A aiso hes a digitaily matched filter which can be switched in or out
shead of the error detection circuit The filter removes the high—trequency noise and
prevents dsta sampling on spurious puises.

The flowchart of Fig 37 summarises the measursment troubleshooting
procedure l321\

3.1.3 Four-level Modu#tor and LED Driver
The 2-level PRBS signal coming out of the 1645A Data Error Analyser m
converted to 8 4—level signal using the circuit shown in Fig 38 The basic function of this

circuit is to combine two binary puises and generate one out of 4 possible signal lavels
based on this sequence. The possible sequences are: 00. 01, 10 and 11 A sequence of
00 produces the lowest of thq four signal levels and a sequence of 11 produces the
lorgest
Ui and U,y form a 2-bit shift register After 2 clock puises the inputs to U,,

and U,4 contain the first and second bits respectively The outputs of U, and UQ; wre
coupied to transistors Q, and Q, on the applicstion of a clock pulse from U, via U, Since
Q, and Q, are emitter coupied, the current flowing through the LED is the sum of the
individual emitter currents which depend on the individual base voltages which in turn
depends on the signal sequence. The choice of the optical source was based on
considerations of reliability, linearity, dynamic range and cost The Northern Telecom
NT-40-3-30-3 LED was found to best fit these requirements angl was conssquently

selected as the optical source.
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3.1.4 The GChoice of the Fiber
A typical fiber-optic system design requires the eelecuon of the link length, the

"repeeter spacing, the rise time budget and the loss budget The aim of the present

experiment was to observe the effect of the various noise sources on the BER A major
consideration in choosing the fiber type was that it should have a sufficiently narrow
bandwidth that intersymbol interference will be observed To ;bserve imenyrrbol
interference for a binary sequence transmitted at 4 Mb/sec.. the bandwidth of the fiber
should be lower than 8 Mhz (33] A Gl Fiber (Siecor Super Fat Fiber Cable 155) with
bandwidth of 5 Mhzkm was chosen This fiber has a very lsrge sttenuation of 35 db/km
Keeping in mind the sensitivity of the receiver, the length of the fiber was chosen to be
800m. (these fibers are drewn to lengths of 100m, 400m and 600m) Other
characteristics of this Siecor fiber are its comparatively high numerical aperture (i.e. its
light gathering ability) of 0.4, its high strength and its flexibility.
° .

3.1.8 Recsiver Section

The front—end of sn optical receiver consists of a photodetector (generally a PIN

W@ildiode or an APD) siong with some form of amplifying stage or stages. The overall

4 combination of the detector, amplifier and subsequent filtering is designed to respond to

’

the input light signal in such a way as to provide an output pulse shape (usually with raised
cosme spectrum) appropriate for presentstion to the digital decision circuit The
combmetzon referred to. ass linear channel, must therefore have sufficient bandwidth to
respond properly to the input puise. it should also contribute as little noise as possible in
order to give good optical sensitivity. _

" There sre two approsches normally used for receiver design. ie. the high input
impedance method and the feedback rrretf\od in the high input impedance design, note is
made of the fact that bit error probability is reduced by increasing the input resistance
snd decreasing the input capacitance. This, however, resuits in the integration of the
detected signal. To compensate for this an equaliser stage is necessary at the end of the
smplifier stage. Quite often the equsliser is just a differentistor. The equaliser does not
introduce much noise because it follows .the _enrplificetion stages. Most of the noise
contribution occurs at the input Thus a high-impedance equalised amplifier is capable of

2



extremely low noise while retaining the puise shape. There are, however, a few problems
with the high-impedance approach The transfer function of the equaliser depends on the
value of Ry and Cy (see Fig 24, Ry =R, /Ry andCy =Cq + Cq ), which depend
N turn on parasitic capacitances and on the 8 of the transistor. As a result, individual
amplifiers may have to be individually equalised. In addition, temperature compensation

schemes may be neccessary. This complicates the equaliser design Another problem is
the reduction of the dynamic range due to the build—up of charge on the amplifier input
capacitance This problem can be eliminated by actively discharging the input capacitance,

high-impedance amplifier [34] The increased bandwidth is due to the feedback scheme
being used The wide dynamic range arises because the low-frequency signal has a
closed loop amplification (which is controlied by ‘external eiements) It is the low
frequency signal which is increased by front-end integrétion thereby causing the
amphfier to saturaste prior to the equaliser. improvement in the dynamic range is
proportional to the ratio of the open-loop gain to the closed loop gain The major
drawback of the transimpedance approach is the fact that it tends to oscillate for high
gains.

The featuwe of the transimpedance amplifier that makes it desirable for the
present use is that, compared to an unequalised amplifier not employing feedback, it is
less noisy for a given BW (the resistor noise is reduced) or afternatively has more BW
for a given noise level It doas this at the expense of extra a;itic:l power Rypically 1
db) to achieve a given error rate. Circuit simplicity, gi’irninitinﬁ the need to employ
equalisstion and obtaining increased dynsmic range were judged worth the 1 db loss in
sensitivity. !

Fig. 3.9 shows the circuit giagram of the FET preamplifier that was used for this
experiment. The circuit used here is a modification of a GaAs FET ampiifier designed by
Ogawa and Chinook [35] The design of the first stage requires particular attention since
R normally contributes most of the amplifier noise Since this particular feedback
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configuration is considered for application below 100 Mhz, a junction FET was chosen
as the active device. At this frequency, commercially svailable FETs are generally less
noisy than commercially available bipoiar transistors.

The first stage FET is operated -o?:timally in the common source mode. In this
mode. the input impedance is high, as dictated by (2.31) A common-base stage follows
the FET Such s configuration used with the a bipolar transistor minimises the Miller
Capacitances and produces a high open ioop gain

The emitter follower stage. using an n-p-n transistor. is used after the
common-base stage. The feedback resisuncq is connected from the smitter of this
transistor to the base of the FET. The value of the feedback resistor was chosen to be
equal to 20 k in order to avoid oscillation of the preamplifier Further amplification is
provided by the next stage. The final stage is an emitter follower which is used because
of its low output impedance. A low- output impedsnce is necessary for impedance
matching with the main amplifier (Keithiey 105 Pulse Amplifier) that was connected after
the‘ preamplifier. The voltage gain of the preamplifier was measured to be 30 and the
gain of the main amplifier was set to 100.

3.1.6 integrate -and-Dump Fiiter

The integrate and dump filter. st the output of the receiver main amplifier, helps
to smooth out the noisy amplified voltage and thereby increase the signal to noise ratio. It
is also needed in order to prevent oscillation of the comparator circuits used in the

- demodulator.

Fig. 3.10 is a circuit diagram of the integrate and dump filter that was used for the
4-level PAM communicstion system The basic requrements of this filter are a slow
integration time (between 100 to 200 ns) and a very quick dump time (less than a few
nanoseconds). To do this, an RC integrstor has been used with a diode connected in
series with R to avoid discharge of the capacitor. A VMOSFET switch (VN10KM) is
connected across the capacitor. Whenever the gate signal is above the pinch-off voltage
of the F.ET (in this case 2.0 V), the FET is turned on such that the drain-source resistance

r ds ) is very small (approx. 5 ohms.
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3.1.7 Demodulator

The autput of the integrate and dump fitter is a sequence of 4-igvel signals which
has to be converted back into a 2-level sequence before any error rate measurements
can be made. This conversion is achieved by the demodulator circuit The circuit disgram
of the demodulator that was daslmdmmnfarh;prapct, is given in Fig 3.11. The
clock ;oﬂteﬁmarnshmghh/mcla&ﬁmzwn fod to the
modulstor, except that it is delsyed by a certain time period The delay of the clock
:hcul,db-anue:stathhﬂnmviﬁﬂgﬁmnimafﬁimiﬁrmghhfﬁir.
Since this delay is not known exactly it was adjusted so as to give the iowest value of

The first stage consists essentially of three comparator circuits LM3E1) which
decide which of the 4 levels was transmitted The rest of the circuit consists of NAND
and OR gates which reconstruct the 2 level signal based on the output of the
comparators. Fig 3. 12 presents the timing disgram for this circuit

3.1.8 Error Rate Meas ,
mm«;raumishdmhmmttmcfﬁbméﬁw
Ansiyser The D!ti Error Analyser correlates the received bit pattern with the transmitted

data sequence lnd determines the number of errors Ooccuring in a certain amount of data
it automatically computes the BER for that length of data
Measurements were made of the BER a5 a function of the average avalanche gain
of the APD and as a fmctu:n of the average optical power reaching the detector. The
results obtained have been plotted in Fig 3.13 and in Fig 3.14. The measured signal levels
and error probabilities have been given in Table 3.3

In order to compare the experimental resuits with theoreticsl csicuistions it iy
hecessary to determine the following system parsmeters.
1. Thermal noise of the amplifier.
2. The value of the ionisation coefficient, K.
3 The value of the mean avalanche gain as a function of the reverss bias voltage.

Y
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TABLE 3.3

MEASURED VALUES OF SIGNAL LEVELS AND THRESHOLDS FOR THE
“ EXPERIMENTAL FOUR-LEVEL PAM SYSTEM

<G> v.s Error Probabilm
Pavg = 107nW

| 1. ~ Error

¢ g xay L uayxa gl voy Loxoy Hu.;irmb.

a 0 120 | 240 | 320 400 450‘% 520 |2.1x10""
5.13] 0 200 | 400 | 530 660 | 730 | 800 [a.2x107°
5.65| 0 255 | s10 | 665 820 | 910 1000 [1.8x10°%
6.38] 0 270 | 540 | 730 | 900 [1000 [1100 |1.6x1075
7.5 | o 280 | 560 | 750 965 |1107 _|1250 [4.3x1077
8.5 | 0 290 | 580 | 830 | 1080 [1190 [1300 |5.3x1078
11.3] 0 325 | 650 [1025 | 1400 |1550 [1700 1.2x10°°

Pag vs. Error Prob‘biiity
<G> = g

Pavg . — Error
(nW) | M(1 X(l)n' H(Zzn X(2znv H(3)MJ x(3)0l|V ;H(A%'N PT?I;; B
7¢.1] 0 | 120 | 240 | 305 370 | 15 | as0 [2.1x107°

4| o | 140 | 280 40 | 40 | 520 |1.x1077
gg-1l o | 120 440 540 | 580 | 620 |8.3x10°%°
100 | o 195 390 | 500 | 610 |675 | 740 [2x107'0
#'UL__Q___MQ 400 | 520 640 | 710 | 780 ‘| O
lizo | o | 225 | ss0] se0. | 7o | 785 65 | 0




4 Th- quantum efficiency of the APD.

The thermal noise was determined by measuring the output signsl when thers was ho

nput signal to the amplifier. The value of thermal noise was estimated to be 15 mV, from

Measurements made with the Spectrum Anslyser. The value of the ionisation coefficient

is hughly dependent on the individual device For Silicon, its.value is typically in the Fm
001 to 0.04. The caiculated error probability did not vary much over this range of K. and

@ value of 0.02 was chosen in alf the theoretical caiculations’

Thé value of the ivarag: avalanche gain as a function of the reverse bias voitage
for an APD 15 determined iﬁéustﬂjﬂy by fabricatmg a PIN diode and an APD on the same
- chip and taking tf? ratio of the output currents This ratio directly gves the average
avalanche gain of ﬁ'- APD. A simpler method, but not 2s accurate, is to determine the
reverse bias voltage beyond which one actually observes increased output signal. This
reverse bias voitage. or any smaller voltage, then can be' assumed to correspond to a
unity avalanche gain For any other setting of reverse bias, the average avalanche gain can
be assumed to be the ratio of the output signal for that setting to the output signal for an
D%, Fig 3.15 is a plot of

average gain equal to one. This method is accurate to within
the average avaianche gain of the APD as a function of the reverse-piss voltage

The vaive of the quantum efficiency of the APD was not supphed by the
manufacturer. The value of the quantum efficiency can vary typically from 0.6 to 0.9. The
orror rate was observed to be fairly insensitive to the value of the quantum efficiency
over ttws range and was arbitarily chosen as 0.85 for all the theoretical caiculations.

Fige. 313 and 314 show the variation of the erro? probability as a fmetian.a;
the average avalanche gain of the APD and as a function of the average optical power
reaching the detector. The experimental results are compared to the resuits obtained
theoretically for a range of values of the thermal noise, “th

- It is seen in this graph that
the error probability is highly sensitive to the value chosen for T

The -ff,i:t of intersymbol interference on error probability s slso shown in Figs.
313 and 3.14 by considering different values of rise (or fall) times. t, . of the optical
puise reaching the detector. In actual practice, it is difficult to determine t, accurately.

Wrivate Emu:ltmn RJ Mcintyre, RCA labs. Montreal
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Other factors which could affect the resutts e the inconstant delay of the clock
pulse to the demoduistor. The theoretical resufts, were obtained assuming that the
mnlmd-mhmpasmaninﬁgu;h f:latﬁwunbm‘d.hawl\f-’
H’iﬂthldlhyafﬁcbetMﬂbﬁﬂﬁﬁéﬂitﬂftﬁﬂdmvtymmm in addition,

the readings of the optical power were accurste to 11 d It has already been shown that
the error probability is highly nnsmv: to changes in the received optical power. From
Fig 35 evena 3 db. change in pow-r can cause the error probability to change by a few
orders of magnitude Thus the #rrors.in reading the optical power could result in ]
mismatch between experimental and theoretical results.
| Despite the various inaccuracies that could result from all the above factors, the
results shown in Figs 313 and 3 14 match fairly well with the values obtained using the
Gram-Charlier series As soon in Fig. 3.13, there is a slight dnsefip!ru:? between the
theoretical and experimentsl values of error prab;h«kty st higher vaiues of avalanche oain
ie. above 10) The discrepancy arises because the effect of saturation of the main
smplifer, which occurs st high avalanche gains, was neglected in the t!‘\iaritlell




CHAPTER IV
MULTILEVEL PULSE WIDTH MODULATION
The advantages of muftilevel signs! transmission over reguisr binary signal
transmission has\ been discussed in. Chapter . The snalysis thus far hns however, been

restricted to PAM systems Multil@wel PWM transmission 1s shown, in this chapter, to be
an attractive aiternative to muttilevel F‘i

PWM and PPM transmission have been recognised to be more immune to noise
than PAM transmission (37], provided the v:nisn*(issiaﬁ channe! has a sufficiently large
‘bandwidth. PAM is-like.ly' to have fiuctustions in the output amplitude due to the various
notse sources in the System Such fluctuations in the mgnnl amplitude do not, hC)WSVCF
‘affect the signal content of PWM or PPM systems This is due to the fact that PWM and
PPM techmques involve only the transmission of tu-mng information and not amplitude '
mformatlon PWM and PPM can, ‘marafare fully utilise the widehand characteristics of
optical fibers in ‘rder to giecr‘aaﬂ the bit error rate

| . Iﬁ this chapter, the pulse widths and threshold levels required fer a near-optimum

4-level PWM system are detérmined. This extends the work of Personick [12] for binary
sy‘stoms and Hulley Muoi [31] for muitiievel PAM systems. |t is‘shgm that given a
PDF for the noise amplltude tha PDF far pulse-width can be computed Thus, the
_analysis of error probabmty for PWM can prccaed in the same manner as that for PAM

Two different PWM schemes, one employing 8 low pass filter (LPF) and the other
sn integrate and dump filter (DF), sre mnalysed it it shown that the LPF scheme can
achieve very low error probabilities, provided that a wideband fiber is used The IDF
scheme is shown to be advantageous in systems where such wideband fibers are not
avsilable. Examples comparing the two different schemes are given in this chapter. This
analysis has been restricted to Giussizﬂ Ehﬁﬂé pulse edges at the fiber output Also, for
the sake of simplicity, a8 Gaussian PDF for tha overall noise has been assumed This.

snalysis could be extended t@ a non—-Gaussian case using the Gram—Charlier serigs [19]

—



4.1 HA‘T‘FEMATlC:A.LMDBEL OF THE MUA
The fiber optical lyﬁammdillsﬂﬁwn;aﬁﬂtaﬂyn% 4.1. Tre message
source generstes a3 sequence of statistically independent random varisbles a i _wi‘th

values {1,234} : : -
x (t) = ) . §(e-1T) j ¢ (1, 2, 3, &) : “"
i ==

whaere T is the time siot available for esch puise. v
The encoder converts tha source signal into a symbol sequence suitable for transmission

as PWM

;e(:‘) = :h_(;j, t-1iT) $e Q, 2, 3, 4) "z
i = - 1

where r(s.t) is an ideal rectangular pulse of duration s,

and we assume that 5, <5, <s, < §, < T ps
’T‘he encoded puises, x g (tl, suitably amplified, drive the optical sourte. The optical

pulses generated by the source will depend on the bias current, the maduutmg signal

current and on the source rasponse. We denote the aut;n:l af the optical source ls

x, (t) = z Cory (ij, t-iT) 3§ € (1, 2, 3, 4) . ®m.3)
{ = —m N - * L
where r,(tl représents the puise shape at the output of the optical source.

The optical sagml suffers attenuation and distortion along the fiber channel.
Assu'mng that the fiber has an impulse response h' m then the gptn;-l power, P(t, at ih-
output of the fiber is:

P () = h (&) * r) (s, ©) 3 €1, 2,3, &) aa)

1
The fiber response, h (t), is assumed 10 be such that Pt) has Gaussian leading and falling
edges (as shown in Fig. 4.2). This assumption has been shown to be fairly accurate. under
;:rt,;in conditions [38) For purposes of analysis, the puise is assumed to start and end at
the point where the amplitude of the Gsussian rising and falling edges is 1é'i- of the
maximum pulse height ‘Neglecting the tails of the Gaussian puises (ie., the areas below the
10% level) does not affect the caiculated error rates for the LPF method of detection and
causes only a slight error in the results f!ar the IDF scheme. Thus the ‘optical puise shape
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where q is the electronic r;;—h;rgg,, hg (115 the response of the APD and where the
number of primary electrons.kit p, ), the random time points t, and the random avalanche
gan g, are statistically indEE:-EﬁﬁQﬂt random variables The amplifier section introduces

Gaussian thermal noise

5 =

The avgriéa vc:rlt:ge at the 'hltar output (Fig 4 1) at tme t 15 given by (2.78)
t
vo(t) = L) (qra) -:;;:.J P(1) b (t - 1) dr | @.7)

where hit) is the ideal impulse response of the filter Fig 4.3s & 4 3b)
The decision circuit for the LPF scheme can consist of a threshold detector
(slicer). an integrator and 1 sampler. The output of the slic:r is 8 "Claan” pulse with :hirp

-leading and traiing pdgax The shcer presurvgus the width of the received pulscs (as

modified by noise) In other words, the siicar eiminates all the amplitude noise except



Figure 4.3 Impulse response of (a) an ideal IDF and b) an idesl L
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that in the neighbourhood of the threshold, thus greatly reducing the final output noise of
the system One mathod of measuring the puise width is to integrate and sample the
siiced output every T seconds. yieldng a8 PAM wave. The IDF aiso produces PAM signais.
The original pulse samples can then be regenerated for both the LPF and .the IDF
schemas.

4.2 NOISE IN A 4-LEVEL PWM SYSTEM
The analysis of -the noise properties of a 4-le:| F'WM Sy:ﬁm e considersd
hare Thig mlysnihas been performed for both ﬂn LF‘F :nd the IDF schemes Thase

results are sasily ®xtendable to any mu “ﬁ:leval PWM system

4.21 LPF system: -

Fig 4 4 shows the relstionship betwhen the noise smplitude !ﬁd the timing error
51 the output of thg LPF The reiationship between AT (ie the timing error duc-t:: noise

amplitude T n sttimetiandn, is ' . : .
n dv (t) )
£ — _
At l , ‘ (’E)

The fhreshoid leve! Ath is chosen 50 as to minimise the effact of n;t] on AT e,

n . dv (v , '
T: " 3 laax = :nj; 4.9
where T
t . is the time variance of the Gaussian—shaped pu;se edges st the output of the
LPF. | |
Vmax is the maximum vbitage at the output of the LPF given by
t, + 0.144t’ 4+ 1T - ‘
V,!;I = (a%) (qRA) <G>/ P(1) h(t + 0. 154: + 1T - 1)dt 4101
iT o _ NN

_ n .
% % . a0
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Figure 4.4 ship between the noise smplitude end the timing error st the output of -

the LPF.
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X' is the non—normshsed random voltage and
X is the normalised rendom voltage.
, is given by (3.20y “

The variance, o,

1
- 2, /2
°t (12 + °th )

where A

G, 1S the thermal nome of the amplifier.

412

413

. ¢ e .
. IS the second cumulant of the random voltage at the output of the filter and

- oty + 1164’ + 4T .
S N 2 2 2 -

Ay = G5 ) (QRA)T <G> P(t) b (t, + 1.14bt' +94T - 1) d1 414
. ' 1T ’
<G> is the second moment of the gain of the APD given by legt

) .
Y6 = o(1k) <G> + 2(1k) <G>2 4 Kk <g>3

M ’ -
. v Avhere k is the ionisation coefficient of the APD.

< Substituting (4 B) into (4 11) we get

tov’-e'otx
A = —

v
max

or
X(AT) = K AT

\ where K is 8 constant for a particulsr puise-width, given by

: v .
K = A X
Ot to Ve

@.1%)

4:16)

417

\ (415);

', :From (4.16) the finsl relationship between the PDF of the normakised noise

. v
.. .amplitude X and the PDF of the pulse width At , is derived as.

P(a7) = P(X (A1) 9—?——:?— |

K19
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. 1 .

1 9
—_— . ., o , ’
P(X) . = 5y exp (0 4.20)

-

if 1 represents the random puise width, then

Tty + Ax ) ] ) a2
F 7 B C 7 y | —r
From (4.17) and (4.19) the PDF of 1 is : :
: X t

) . 2
P " o | - KG-e)d

4.22)

where t; is the average puise width Fig 45 shows the PDF for a 4-lavel PWM system
* using the LPF scheme. Here L \ ’
t, (=1,234) csrrésgcnd tc the maan puise widths \iﬁ"'\
1, (j=1,2,3) correspond to the optimal threshoids. ' ~
The sbove theory can be used to compute the error ﬁ?bi:ility!is shown in Section 4.3.

4.2.2 IDF system:

An alternajive to the LPF system of detecting pulse width is the,IDF scheme. The
puises st the output of the preamplifier are integrated and a decision is made about the
puise width, depgndcng on the amplitude of the intagrated output

' The PDF of the random output voltage is assumed to be Gaussian. e

) ) (x' - !1)2 ‘] _
P(X') = % exp | - 575 _
N y .

where g is the noise variance term for the i'th level

The procedure for calculating oy is the same as for the LPF scheme. except that
in (4.12) and (4.13) one must use the impuise response of the integrating fiter, shown in
Fig 4.3b | |

Fig 46 shows the PDFs for e four-ievel PWM system using the IOF scheme.,
Here: k : 7 - ' 7 2
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Figure 4.6 Probability density function of the random timing error st the output
four—level PWM system using an IDF. '
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X is the random voltage st the Gutput of the IDF.

'“;b mmrﬁ-avmmnﬂummafﬁDFearr-mtanm:lafmdh
. being transmitted (i=1.2,3.4) . ’ '

ﬁ";i is the amplitude ﬂ‘rgﬁcﬂd {chosen using ihn Qqunl srea criteria) T"his-

cofrespond to the time thresholds T (1-=1 2.3

The error probability can then be computed as shown in the next. saction

» a
4.3 ERROR PROBABILITY FORMULATION FOR A 4-LE\
The prabéuity quﬁffﬁr P(E ) for the- 4=l§vil system ig I . s .
Pe) = p, P(21) + P, (P(1]2) + P312) 5, (pc2]3) +
+ ’P("»IS)) +p, (P(j]l.) (4.24)
where

Plilj) = probability of rm:uvvnng level i when Icvsl i was transmitted (i,) = 1,2, 3.4)
andp. (i= 1.2,3, 4) is the probability of sending a pulse of width t; Assuming that the
sigrais have been !ffu:lsntly randomised so that each’ af the four levels is equally
probable, then P; will be equal to 1/4, Secondary error terms such as P(311) and Pi4l 1)
have been nggla:tad in{4.23) ' A .

From Figs. 45 and 46 it is noted that the above conditional probabilities
correspond to the areas AB.C.D.E and F. Using the equal area criteria and (4.23), sach of
these areas must be equal to twa—murds of the overall error probability The error.
probabilities can be found from (4.21) and (4.22) for the LPF and IDF schemes.

respectively o -
Thus: for a LPF: '
A!Tii 774 (’f——:)}zri o C .
i e exp | _ Kl 1 17 |dx ‘ "
T . 3 2 , . ) '
‘ K. (1, -
- 5 Erfe|—2-t - ‘ (4.25)
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A= = (x' = m) ]
. ti 2 o 2
1 t,
_l T f - ! (th !7,—)
5 Erfe .724;;; 25b)
v 2 o -
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The other sreas B.C.D.E and F can be derived in a similar fashion The following relation is
used to compute the optimal pulse width levels t, once the m, ‘s have been caiculated
t, + 2.288 ,;;

" =G @R 6/ P(on(e, + 2.288 t! - 1) dr 4.26)
o
where hit) is the impulse response of the IDF as shown in Fig. 4.3b,
Thus, given the pulse levels and thrasholds, the error probability can be computed
using. the above ‘equ,itiaﬁs Conversely, VQiVQﬁ the required error probability, the

near-optimal pulse width levels and threshoids can also be computed

g with the calculations of pulse-width levels and thrasholds
needed to achieve an error | r’ggabiiity lying in the range 10-* to 10-*. The system
parameters chosen for this exampie are given in Table 4.1,
_Unlike PAM, where pulses of uniimited amplitude can theoretically be used, in
PWM the maximum pulse width is equal to the time siot The pulse amplitude can,
however, be set to achieve any particular error rate. For this example. the maximum pulse
smplitude is assumed to be constant at 15 nW, with 3 minimum pulse width, t,, set to be
10 ns. Using equations (4.24a) to (4.24b) (and other equations derived similarly) one may
obtain the thresholds and levels for the LPF and the IDF schemes for error probabilities
v'a;ying from-10-* to 10 These sre given in Table 4.2.
A graph of error probability vs. Py, is shown in Fig. 4.7 for both the LPF and IDF
schemes A mean avalanche gain of 100 has been used The resuits for 3 different rise
_times have been shown Fig 4.8 is a plot of error probability vs. <G> for the LPF and IDF

schemes These plots have been made for ?fareﬁt values of P, (5nW, 15nW and
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\ /
. PARAMETERS USED IN NUMERICAL CALCULATIONS
PARAMETER DEFINITION - VaLVE
n Qusntum efficiency of the ADo‘ 0.88
] Amplifier inPut resistance 700 orwms
A Ampltfier getn 4000
L]
<> Average avalanche pgsin 100 A
v Optica) cerrier freguency ’ 3 Cuno" L ]
x APD Jonisstion ratio 0 02
‘ -
tg variance of Gausstan optical puise edge 1 ns
O‘h Therma! noise I mv ‘
v Bancwigth of the LBF wx10? rea/s
R
JABLE 4.2

»

REQUIRED PULSE WIOTH LEVELS, USING AN IDEAL LPF _AND 1OF

FERRN
FOR A RANGE OF ERROR _PROBABILITVIE TIME IN nanoseconds .. o
. '
.~/
o] et 10 10-4 10?7 10-° 10-* 1g-%
San
1, 19.00 | 10.00 | 10.00 | 30.00 { 10.00 | 10.00 | 10.00
% 1299 | 12,00 | 12,70 | v3.03 ] 13,26 | 13,40 | 13,69
t 14.39 | 15,00 | 15.88 | 16.06 | 16.5) | 16.97 | 17.30
7, 16.90 | 17,50 { 18.33 | 19.09 | 19.79 | 20.48 | 1.0
. . >
t, 19.99 | 20.00 | 2v.1t | 23.12 | 23.08 | 23.93 | 24.% / ;
\ T, |09 |22 2,00 | 208 | 26032 | 2700 | 20.0s8
t, 23.17 | 28,01 | 26.66 | 20.10 | 29.50 | 30.89 | 32.1¢
- v
t, 10.00 | 10,00 | 10.00 | 10.00 [ 10.00 | 10.00 | 10.00
T, e | rer0 | 0522 [ 1569 | 16re | 1685 | 160
t, 19.96 | 20,07 | 22,08 [ 23.78 [ 24.98 | 26.06 | 27,29
T, | 2er | 220 200 | rss | 306 35.48 | 37.3¢
|9 | sem .38 | o160 | 0012 | o270 0 o ) S
- . - Cmme e R eebitearhed
v, | 37.62 | ersr | a7 [ 81,83 | 887 39.06 | 63.08 .
o ty [ e8] ses | 8700 | e2.66 | 69.30 7.87 | 00.28
- A ‘
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25nW). Finslly, far the LPF scheme. error probability is plotted as a function of the rise
time (t _ ) of the optical puise edges at the input of the receiver in Fig 4.9, for different
power levels Figs. 7.8 and 9 have been plotted using the same vaiues of puise widths as
have been calculsted for the LPF scheme above.

4.5 DISCUSSION OF RESU

From Table 4.2 it is seen that the error rate det:ra;sas rapidly with increased siot
time. A relatively small change in t, , from 28 ns. to 31 ns, reduces the P(£ ) from 10" to
10-*. From this tabie it appears that the LPF scheme gives lower P(£ ), for a given siot
time, than the IDF scheme. Howaever, this is only true for the particular rise time chosen
(t_= 1 ns). For higher vaiues of rise time, the IDF schame becomes better than the LPF

This effect is seen clearly in Fig 4.7, where, although the vaiue of t, has very
littie @ffect on error rates in the IDF sgheme, it is a crucial factor in the LPF method
Using an input power P, = 15 nw the P(£ ) for t_= 1 ns is 10-, whereas fort_= 9
ns the P(g ) is 10, '

From Fig 4.8 it is observed that, for P, = 15 nW. ;g error probability for the

scheme For differant vaiues of P, . one finds a similar behaviour except that the optimal
Qain decreases with increasing P..,

A similar effect is observed tl‘ll;:tr‘!til:tll;? for the LPF scheme, except that here
the optimal gain 1s nasr 10. If the thermal noise term is increased, the optimal gain of the
LPF shifts to higher values of <G>

From Fig ,A,Qi-whieh is a plot of error probability vs. t . for a LPF scheme, it is
clearly seen that P( & ) decreases greatly as t _ decreases, ie as the system bandwidth
improves. Theoretically, one can reduce P(£ ) to any desired level provided that the
bandwidth of the system is large enough The LPF scheme has two degrees of fr?gc;m
in reducing P(£ ) viz either by increasing power levels or by increasing the Eystem
bandwidth This is not possible for the integrate and dump scheme where the only way to
reduce P(£ ) is by increasing the power level.

-

/
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The results for the IDF detection scheme show very similar characteristics to the
results that sre wall known for PAM systems This is to be expected, since a PA’H
detector usually employs an IDF, and it is the energy in each pulse that is messured The
LPF 3t§;tiaﬂ scheme does not measure the energy in sach pulse, and therefore this
method differs greatly from the IDF method ft is seen from the results that a LPF
detector should b‘: used to fully realise the advantages of PWM



CHAPTER V
SUMMARY AND CONCLUSIONS
in this thesis, a mathematical mode! of the noise present in r’mttilévgl PAM snd
PWM systems has been used to predict the @R error rate in a 4-level PAM gystem
order to verify the 'accuraCy of the theory, 2 4023 Mb/s, pseudo-random, 4-leve! PA]

sequence was transmitted over a -5 km muttimode fiber and measurements were made
of the error probability of the system as a function of the avalanche gain and optical
power intident on the photodiode

The mathematical mode! makes use of the Gram-Charlier series to describe the
_PDF of the output voltage The Gram-Charlier series takes into account the randomness
of the avalanche gain, the amphfner $ thermal noise and can inciude as well any genaralised
processmg filter in the system In addition to considering shot noise and thermal noise,
the effect of intersymbol interference was aiso introduced into the Gram-Charlier series
~ model |

h/;uitilavel transmission is known to be advantageous compared to binary systems,
since more information can be transmitted for 8 given channel bandwiﬁtt?’?he use of
more than 4 levels. however. introduces a large amount of intersymbo! interfarence As a
consequence, the snalysis was restricted to 4-leve! PAM and PWM.

Numerical examples have been provided to assess the performm:’w:e of 4-lavel
PAM and PWM systems The system parameters that were used in these examples
(Tables 3.1 and 4.1) represent reahstic values.

The op‘mal pulse ampiitudes and threshoids were Calculated for a range of error

[) lities for a multilevel PAM system. The results obtsined were given in Table 32 -

The puise amplitudés and thresholds sre seen, in this table. to be unequally spaced To
obtain the miftimum error probability, the thresholds have to be chosen to lie closer to
the lower leve! signals, rather than half-way between the signal levels This resuits from
_the fact that the higher leve! optical signais have more shot nbdise than lower leve! signals.

Graphs of error probability as a function of the aversge svalanche gain, <G>, of
the APD and of the average optical Power, Payg . reaching the receivar, are given in

Figs. 3.4 and 35, respectively. It is seen in Fig 34, that, for <G> less than 100, the error

probability decresses as <G> increases: while for <G> lorger than 100 the error
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probability increases. 'T’Fus behaviour can be explained as follows At low values of <G>,
the thermal noise term dc:m:ﬁltis the overall ngi;sa.iAs <G> is increased. the output signal
amplitude increases, but the thermal noise still dominstes the shot noise. As a result of
the thermal noise refmaining constant while the signal increases, there is an overall
increase Viﬂ the SNR -ﬁd correspondingly. a8 decrease in the error probability For <G>
L;fger than 100, the shot noise starts dominating the overali notse As <G> incresses
beyond 100, the shot-noise increases (the overall noise also increases) at a faster rate
than tﬁe signal thus resulting in an increase m the error probability. |

Fig 35 shows that the error probability for a 4-level PAM system is hiﬁwly
dependent on the optical signal power reaching the detector It is seen that a reduction of
the: optical power by only 3 db. qauses the error probability to increase by four to five
orders of magnitude. |

To verify the above theoretical results, an experimental optical-fiber 4-level PAM
system was d:ESigﬁQi constructed and tested st a transmission rate of 4023 Mb/s
Measurements were made of the error probability as a function of <G> and Pgyg . and
the results were plotted in Figs 3 13 and 3.14. The theoretical calculations, based on the
measured system parameters were aiso plotted in Figs. 3.13 and 3 14 The theoretical
and experimental results were seen to match fairly well

The experimental 4—level PAM system was seen to be therma! noise limited. as a
consequence of which the probability density function of the output voltage was nearly
Gaussian in shape. Only the first few terms of the Gram—Charlier series are neccessary
to determine the bit error rates of this system Thus the Gram—Charlier series model and
the snalytical model using the Gaussian approximation give almost identical results. To
really utilise the sdvantages of the Gram-Charlier series one shouid consider 2 system
with much less th:rm-l noise.

The analysis of the multilevel PWM system ﬁra{:ﬂds in the same manner as for
multileve; FAM. In PWM sytems, ana is interested in preserving the timing content of the
transmittad puls;s. Tha pulse width is normally determined by threshold detecting_the
autput pulse and measuring the width of the resulting regenerated pulse. Errors in
determining the pulse width occur due to the noise present st the threshold levels. The

timing error for the PWM system was expressed as a function of the noise amplitude.



Gram~-Charlier series.

Two different PWM schemes, one employing a LPF and the other sn IDF, were
mlféad The optimum pulse-widths and threshold levels required to achieve a range of
error—probabilities, for both the LPF and IDF schemes. have besen tabulated (Table 4.2)
Graphs of error probability as a function of <G> and P, were aiso plotted in Figs 47
#nd 4.8° From these figures one can observe the similarity in the characteristics of the
PWM (IDF) system and the PAM system This is to be expected, since the two schemes
are basically the same Fﬁﬂ*. both the PWM (IDF) scheme and the PAM scheme the noise
present during the whole pulse width is integrated and. depending on the vaive of the
integrated naise, errors may or may not occur. The only difference between the PAM and
PWM (IDF) scheme is that, whereas in the former. pulses of fixed width but different

amplitudes are transmitied, in the latter, puises of fixed amplitude but different widths

The PWM (LPF) system.” on the other hand, represents a true pulse width
modulation system The receiver xsg;tign for the LPF scheme is entirely different from
that used for the PAM system, since the pulse width is measured directly and is not
determined indirectly from the amplitude of the signal outputlas was done for the PWM
(IDF) schame). E

 (4.18). The value of K can be interpreted as the SNR of the LPF (PWM) system It is seen
that K is directly proportional to the signal amplitude, V 4y . but is inversely proportional
to the standard deviation of the noise, oy and the rise time of the received puise, ty
Thus, for a LPF, as t is decreased. the SNR increases and correspondingly the error
probability decreases (see Fig 4.9) One can, therefore, use very high bandwidth fibers to
achieve low error rates even for very noisy systems. This is not possible for the IDF
scheme because there is no such dependence of error probability on the rise time, ty.
thet s wideband fiber is used 139] The IDF scheme is, however, advantageous in systems
where such widesband fibers are not available
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it is felt that the above resuits and the corresponding plots prove the usefuiness
of empioying multiievel PAM and PWM transmission for fiber-optic communications.

Though these systems have been snalysed fairly conprohens»voly there i$ scope for -

further research The foliowing improvements in the experiment are suggestoct

1. The pre-amplifier used in the experiment shouid be redesigned to provide much
lower thermal noise. The Gram-Charlier series method could then be tested and
compared to the other methods of calculating error rates ,

2 Thedsta e‘rrorimlyser available for this experiment (HP 1645A) could operate only
up to a frequency of 5 Mb/s It is suggested that the BER measurements be
repested at hogher bit rates, using a faster data error analyser The advantages of
multnlevel transmission over regular binary transmission should become more
noticeable at higher bit rates. _

ther research work could be undertakeh in the following areas:

1 The analysis of the multilevel schemes was restricted to Gaussian shaped pulses. it

would be interesting to note how the ro.sults would change if other puise shapes,
such as the raised-cosine were used’ Impulse response measurmnts could be
taken to determine the actus! pulse-shape at the fiber output ' »

2. The analysis of the PAM and PWM systems has not taken into account the effect of
jitter, ie. the randomness of the timing signal Jitter in the timing mformatvon, could
strongly affect the error probabihty for commerciai fiber-optic links. An analysis
of jitter for PAM and PWM systems has been provided in [40] The resu'ts obtained
could be modified for multilevel systems.

3 A comparison between multilevel PAM and PWM could be sn interesting sres for
further research An experimental PWM system could be designed and the resuits
compared with those of the experimental PAM system, using the same system

parameters. /

The author hopes that this thesis will provide a basis for further research work in the

sres of muctuovel tnnsrmssoon for optical fuber communications.



DERIVATION OF THE N ( LANCHE GAIN <G 3
Personick [41] Mx:lntyﬂ 142] and Daghatb ot 8/ |26] have tackied the problem of
deriving the moment generating function for the avalanche gain of sn APD. An overall

view of the various approaches is presented here Special emphasis is given to finding
moments of the gain in a farrn suitable for the Gram—Charlier series.

The avalanche detection process gsseﬁﬁjny obeys Poisson statistics Optically
generated electron—hole pairs generite new electron—hoie pairs through collision
ionisation These ngw- electron=hole pairs can, in turn, generate additional pairs by the
same mecharsm The avalanche process is depicted in Fig A1.1 Charge carriers are
created in the high—field region principally due to light pulses or thermal effects Carriers
generated outside the high field region can also drift into this region in the high-field
region, let the probability of holes suffering ionisstion colision be 8(x) and that for
electrons be «(x), per unit length We define psh,.x) as the probasbility that n pairs
ultimately result from the initially injected pair. The momaent—generating function of the
number of parrs, M'(s),. 1 therefore

M(s, x) E;g-n P,(n, x) o , o ALY

The semi~invariant moment generating function (SIMGF), also calied the cumulant, s

defined as the natural logarithm of the moment—generating function snd is given by

%(s.1) = a[M(sx)] = W[ P,(n, x)ers] @12

To derive the moment generating function, M (s.x), it is necessary 10 divide the high-field

region into K intervais of width dX = W/K These sre llball;é in the diagram (Fig A1.1) as
1.2,3...1...K Assume that the initial electron—hole pair n: njected nto mterval | Tha
probability density of s total number of pairs. n, resulting from the avalanche process
(including the initial pair) is p’(n X) with x taken as the centre of the interval |

The hole created in interval j moves to the left towards x=D the slectron moves
to the right, towards x=W. Both these holes ind slectrons can :rute new pairs in the
other intervals in the high field region The interval width, dX. is taken sufficientty small,

such that either one or no new pairs are generated by the initial par within this intarval |If
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mmlm@immwnn:mpﬁnmaﬁmjkE-nh:niw
pair will uitimately genersts Ny pairs. including itself dus to the avalanche process. The
total number of pairs generated is the sum of all the {Nk) produced in the differen
intervais. In order to get the SIMGF of the total number of pairs, we make use of the fact
that the collision ionisation events are aH independent (and therefore the Ny oo
independent) and that the SIMGF of a sum of independent random variables is the sum of
the individual SIMGF's. We denote the SIMGF of the total number of pairs by -%B (s.x),

ie

Yo(s.x) =8 + £ v (s) ' ALY

where:
S = SIMGF of the initial pair snd - . -
‘:PNE (s) = SIMGF of N,
ThnSIMGF of N is obtained by noting that

¥m(s) =m[f PIN=]e™ = ALe
. The probability that N k = Z is given by ' : .
P (Ny=2) = 7dXP,(zx) for z>0 : (A15)

The probability that N k = 0isgivenby 1 - dx

where.

‘ o o a(x) # k>j
1

7= -/
p(x) U kg :
and X = centre of interval k
FB (Z.x) .= the probability that the total number of slectron—hole plﬂl.ltm'u:dy
resulting in the avalanche process is Z | /

=

. Bquation (£1.4) is simplified to
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¥n(s) =[f  P[M=]e™
= In[ (1—ydX)e*%+£  P,(z, x) e"*ydx]
= In[ 1—ydX+ydXM(s, x) ]
= In(1)[ydX(e%{**)-1)]
Taking the limit as dX bacomaes infinitely small and using (A 1.3) and (A 1.6),
V(8. x) = S+/o*8(x' )[e%("*¥)_1)]dx’
+ [ a(x)[e%(*¥)-1]ax’
© Using Leibnitas rule for the differentistion of integrais, one obtans
0¥ (s, x) /,E'z g(:) —a(x) ][ e%(*®_-1]

Equsation (A 1.8) can be solved to get

¥g(s.x) = Inf[1/f1-Cexp{ fo* [A(x")-a(x")]dx"}}]-1}dx’
whare
C = [Ei:(-.ﬂ)gll/ail(!aﬂ)
Substituting (A 1.9) into (A 1.7) the value of é’s (s.0) is obtained:
i"(i.D) =85 + fo¥ a(x')- .
 f[1/11=Cexpl So* [B(x") -a(x")]dx"}}] -1} dx’
We make the assumption that at each point in the high-fieid region

F(x) = ka(x) .

<o
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A8

A17)

(A1.8)

(A1.9)

(A1.10)

(A1.11) -

where k ‘li‘kﬁb?wn as the ionisation coefficient. ie. the ratio of the hole ionisation

probability to the electron ionisation probability.

One can then solve (A1.10) f%abt,iin
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¥,(s.0) = (s-6) +[1/(k-1)]-
In[ e >4 /{ ) (1, 0) (>N N(s, 0)-1]}]
= 8+ 1/(1-k) ]1n] My(s, 0) >} (s, 0) -1]] w112

8 = fF a(x)dx (the integrated jonisation
coef ficient for electrons)

and N (s,0) = e%(*?

Differentiating (A 1.12) results in

0M,(s,0) /85 = My(s, 0)[(k-1) /k]- A1.13)
[1<1/%) { Ng(s, 0) e e’} 1]

. where M*0,0) =1
Equsation (A1.13) tan be solved numerically. We can rewrite (A1.13) into a more

suitable form by making use of new varisbles

M (8) = (k-1)M(s) /K[ 11/ el D]
= pM(s) /{1-B[M(s) e™]*} ~

‘where p = (k;l)/k
g =1 - (p/<G>)
e =k -}
M(0)- = 1

Differentiating (A 1.14) We obtain

' (n? (1)? A1.15)
2 _ (:,:") . +(MM )_“2 . An.‘ - A

a;, =¢
ag = 1e(z/p) -
.ag =¢/p
Using (A1.15) one can derive the following relation

A4
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Differertiating (A1 15) iteratively and applying (A1.17) gives the I'th derivative of Mi(s) as

m)e () (1), 141 (1)1
[(M!—)i] ) "3(:12 +(1ap-141) Mni i A

o

21-1

(2) . (1)\k . - —
" 2-1_ P Bl (a118)

M

where A, | are functions of a,.s, and a, -

One can derive a reistion between the coefficient A, | KK Akt DAL |-q8s

Ak+1,n= —1(1-k)l\k'2 + [1+(zel)(1-2k)Ak.l_] + (z-Z)kAk.EZ
Ak.z=° if 2<0 or >2k
- - {A1.19)
A] R 0
Finally the moments of G can be written as'
Tt 22-1
[} d™M : :
<g”> = [—i_S_l] = Z Ak l<g>2 A1.20)
L ds s=0 =] '

where the.relations, MO} = 1 and M*(0) = <g>, have been used
Note that, for s=0. (a15 gives an expression for <g’> which agrees with

Mcintyre's excess noise factor [42]

F = [<g®/<g>®] = k<g> + (2«1/k)) (1K) - (A1.21)

The moments of the gain <g™>, given in (A1.20). can be applied to (2.86) in order

tc obtain the cumuiants of the received output volitage of a fiber-optic system

+

-

Pt



APPENDIX 1l
DERIVATION OF THE CHARACTERISTIC FUNCTION OF THE VOLTAGE AT
JTPUT OF AN OPTICAL -FIBER RECEIVER

The aim of this appendix is to d )
receiver output voltage This is accom
pair at the output of the detector The effect of the avaisnche gain on the CF g

y first finding the CF of an electron—hole

considered next Finally the CF at the output of the filter is derived

CF _OF THE ELECTRON-HOLE PAIR AT THE QUTPUT OF THE DETECTOR
) Let gt) be the shape of the optical pulse arriving at the iNput to the detector and
let its width be 7 The probability of n x ®lectron—hole pairs being craated in the
sub~interval it t, ., ), of length a< is given by the Poisson distribution
P(D) = 4% exp(-m) /oy | (A2 1)
where: iy = ng(ty)Ar/(hv)
is the average number of charge carrier pairs in imerval LV N |
The electron-hole pairs created by the optical pulse. git). in different -
sub-intervais are independent of sach other. The resulting output of the ‘detgctar can be
represented as a count vector, n = {n.n,....nJ. whose joint PDF, pl(ﬁii is obtained as a
product of the individual PDFs. ie,
Po(B,) = ﬂl Px(ny) ’ (A2.2)
The corresponding joint characteristic function. Byljv). is giv:n by:
o) =fi, ouli) = fi, £, exp(rvnd) palsi)
= Qg gﬁ exp(jvny) 2> oxp(-1y) / my!
=B, (1ot e™d/2) +--+) exp(-14)
) ' (A2.3)
But explx) = 1 + (x/ 10 + (x2/20) + (x/3N)+..
Therefore, (A2.3) reduces to:

116
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0,(1v) = fI, exple™m] exp(-1m)
= ﬁ,, expl ™y ~ 1]
=expf(e” -1) f, mt w24 -

CF AT THE FILTER OUTPUT

The electron—hole pairs generated in the high fieid region of the p-n detector
undergo avalanche gain muttiplication The CF of the final output electron-hole pairs
after avaianche gein. in response to & single electron—hole pair, is given by (A1."i 2). This
equation can be rewritten in the following form |

In 8,(§v) =3v + (1-k)~* In[6,(}v)(1-a) + &) A25)

wherea=exp| k- 1)}
8 = [o" a(x)dx (w is the high field region width)
where:
o (x) is the coliision ionisation probability for an electron

\ | )
Assuming only electron ionisation events [ ie the factor k given in (A1.11) is negiected],

the above equation can be rewritten as

0.(Jv) = {1-G[1-exp() )i~ (A26)
where G = exp (§ ) is the mean multiplication
For G > 10 . (A2.6) can be approximated as:

0.(fv) = (1 -p0)7 | - 27
Letp :."‘) be the PDF of the number of charge carrier pairs after thc random multiplication,

in response to a single electron—hole pair. The PDF of the output in response to all the

primaries in nterval AT, is given by

P(x) = £, Pn)P(0)"™ R w28



118

p;b'u‘ﬁi = p (P (xIp (x)_p (x)
Let the characteristic function corresponding to p, (x) be © ) (V1. Then
0u(tv) =£_Pu(xa) exp(jvxn)
= Lo Lo PuUo)P(0)™ exp(vay)
- 259 Pu(ny £ _P.(x)"™ exp(jvx,)
= £, Pun) o () - £, Pdn) expla¥,(iv)] |
=0y [¥,(}v)] A2.9)

*

where:
P, v = n e v

For the time interval [0,7]. the count vettor, T, representing the random mmphc:-ti‘m
. Output. will have the jont characteristic function € ljvr
0(1v) = fi, od i) . w4210
Since »
B e = exp [fexp(yv) -1} §, ]
(A2.10) can be reduced to.

0,(Jv) = exp [{exp(%(1v))-1] § il

Yo(Jv) = Ind (}v)
“or 0,(1v) = exp ¥,(Jv)
0,(3v) = exp [{0,(1v))-1} § &

= oxp [{0,(4v)) -1} 14
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ﬁ same as (A2 11). Therefore, the Aé output characteristic function [if we consider
p+q interference components plus dark currentlis. just a multiplication of terms like
(A2.11), ie,

o(tv) = oxp [{(imldo) it (mdd}-
B f 6,(fv) ~ 1] i A212)

where u!'l d ;_iiﬂérage number of primary ngEtf@ﬁéhéle pars due

to the bit under detection

wc‘
"

average number of primary electron—hole pars due
to the dark currant

i!m d,) = the conditional intersymbol interference . .

Equation (A2 13) is used in Chapter I to derive the cumulant of the voltage at the output
of the receiver The character:stic furction of the Gaussan distributed thermai noise is
derived separately in Chapter |l Since all the noise sources are independent. the overall
character:stic function is the muhtiplication of the chﬁ:c{iristie fmctmns of the shot

*noise. intersymb2! mterferesce and the thermal noise.
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