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Abstract

The core innovation of this thesis lies in studying reflected backward stochastic
differential equations (RBSDE hereafter) for informational systems. An infor-
mational system is a system where there is discrepancy in the information
received by agents over time. In this thesis, we restrict to the case where our
system is governed by two flows of informations: The public information FF that
is available to all agents and a larger flow of information G that has additional
information about a random time 7. We mathematically formulate our results
in a general setting where 7 might not be observable by the flow of information
F. This allows our results to be applicable to credit risk theory, to life insur-
ance where mortality and longevity risks are the main challenges, to financial
models with arbitrary random horizon, ..., etcetera. Thus, we study RBSDEs
that are stopped at 7, and consider G to be the progressive enlargement of F
with 7, where 7 becomes an observable time when it occurs (a stopping time
with respect to G mathematically speaking). In this setting, we quantify —as
explicit as possible— the impact of 7 on the existence, the uniqueness, and the
estimate in norm the solution of the RBSDE stopped at 7. We construct an
RBSDE under F that is intimately related to the stopped one, and we single
out the exact relationship between their solutions. Importantly, we prove that
for any random time, having a positive Azéma supermartingale, there exists
a positive discount factor £ , which is a positive and non-increasing F-adapted
and RCLL process, that is vital in proving our results without assuming any
further assumption on 7. We treat both the linear and general cases of RB-
SDEs for bounded and unbounded horizon. An application to exponential
hedging under random horizon is illustrated in different manners. This gives a

clear motivation for our class of stopped RBSDEs that we treat in this thesis.
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Chapter 1

Introduction

Since the birth of differential equations in 1671, when Newton worked on the
theory of ”Flexions”, differential equations has known many successful topics.
In fact differential equations have been used to calculate the movement or flow
of electricity, to formulate many fundamental laws of physics and chemistry,

to model behaviours and evolutions of complex systems in biology:..., etcetera.

Stochastic differential equations, in short SDEs, first appeared in 1956, in
Einstein’s and Smoluchowski’s works. SDEs contain a variable which repre-
sents random white noise calculated as derivative in some sense of Brownian
motion. However, up to our knowledge, Brownian motion was born simultane-
ously with the modern finance and mathematical finance in 1900 in Bachelier’s

PhD thesis at the Sorbonne University.

The backward stochastic differential equations, BSDEs hereafter, were intro-

duced in by Bismut (1973) for the linear case, and then extended by Pardoux
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and Peng (1990) for the general case. Reflected backward stochastic differen-
tial equations, in short RBSDESs, were introduced by El Karoui et al. (1997).
Today they have become a very powerful tool applied to Mathematics, Physics,

Chemistry, Electronics, Biology, Medical science, and almost all sciences.

1.1 Reflected backward stochastic differential
equations

The BSDEs are roughly speaking inverse problems of the usual Stochastic
Differential Equations (SDEs in short). Precisely for BSDEs, the terminal

value &, called the final condition, is given as input and

T T
Yt:§+/ f(s,Ys,ZS)ds—/ Z.dW., >0, (1.1.1)
tAT t

NT

Here W is the Brownian motion, and 7" is the terminal time that could be even
a random variable, and f is a functional called the generator. The RBSDEs are
BSDEs as in (|1.1.1)) with additional condition that the process Y should not
get below a barrier process S (also called obstacle). Thus, it is obvious that
BSDEs are particular cases of RBDEs by assuming that the barrier process is
constant S = —oo. Linear BSDEs are those BSDEs with a linear generator
in the variable (Y, 7). These Linear BSDEs with 7" being a fixed time (not
random) were the first BSDEs that appeared in the literature a long time ago,
mainly due to stochastic control and in the Black-Scholes formula for pricing
options. For this case, we refer the reader to [I3], that we consider -in our

view— as the first paper about linear BSDEs. Then always in the case of
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constant 7', the general case have been introduced by Pardoux and Peng, see
[68]. Their aim was to give a probabilistic interpretation of a solution of second
order quasi-linear partial differential equation, see [[2] and [f0]. Since then
there has been an upsurging interested in BSDEs due to their tremendous role
in mathematical finance, insurance, stochastic control, and partial differential

equation,..., etcetera. For more details about these facts and other related

topics, we refer the reader to [I5l 211, 25 B2 [74] [73] [79 R0, Bl B4].

The RBDEs were first introduced by El Karoui, Kapoudjian, Pardoux, Peng
and Quenez in [A0]. Besides their role in mathematical finance, RBSDEs play
important role providing a probabilistic formula for the viscosity solution of an
obstacle problem for a parabolic PDE. In [0, the authors assumed that the
underlying filtration is generated by a Brownian motion W and the obstacle
S is a continuous process. In [I9 , the authors extended these RBDEs to
the case where the filtration is not generated by a Brownian motion and the

obstacle S may not be continuous.

1.2 Informational System

The word information comes from Latin word informatio, which means il-
lumination, exposition, unfolding. In Finance and Economics, information
means the acquirement of knowledges about costs, prices, inventory, supply
and demand of products, which can be exploited by economic agents to re-

duce uncertainties in their environment, see Rose [7G] further discussions.

From the economic standpoint view, the value of information is huge. It



helps to take the better decision and mainly to reduce the risk coming from
uncertainty. However, the acquisition of information is subject to a variety of

circumstances. In [0, the author stated:

“Information can be treated and exchanged as an economic com-
modity, which states that information has some private good fea-
tures as well. Traders of information can benefit from sale and
dissemination of information and therefore undertake the costly

process of information acquisition and production”.

One major problem is the amount of information available to an information
seeker. When one of the parties in a transaction has better information than
the other, we call this a market with asymmetric information (see [83] B]).
It was developed as a plausible explanation of market failures (an inefficient
distribution of goods and services in a free market). In Akerlof (1970), the
author first argued about information asymmetry by asserting that car buyers
possess different information that car sellers, giving the seller an incentive to
sell goods of poor quality without lowering the price to compensate for the
inferiority. For more details about information and uncertainty, we refer the

reader to [0 B @ 00, I8 78] and the references therein to cite a few.

It is unrealistic to assume that all agents know all the prevailing information
(e.g. prices). More realistically, agents know some information, hold prob-
abilistic expectation about some other information and totally unconcerned
about most. Thus, we consider a market where there are two groups of agents.
One group receives through time the public flow of information denoted by

F, while the second group (financial managers or insiders only) receives an
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additional information. Mathematically, this extra information is modelled by
the knowledge of some random time 7, when this time occurs. Thus the flow
of information received by this agent over time is a bigger flow G (F C G).
This random time can model different situations in various contexts. In fact,
in credit risk theory this random time represents a default time, while in in-
surance market it represents the death time of insured. In (mathematical)
finance this random time might represent a random horizon, or the occurrence

time of an event that can impact the market somehow.

1.3 Our setting in RBSDEs

The BSDEs (or RBSDEs) with a random horizon are among the important
and fundamental topics in Finance, Economics, and Mathematical Finance.
The most fundamental essential works on BSDE (or RBSDE) with a random
horizon started on the paper of Peng [[3], where 7 is an F-stopping time. The
author describes how the solution to the class of BSDEs with an unbounded
random terminal time 7, that is an F-stopping time, is related to semilinear
elliptic PDE. It is important to mention that in the case of constant horizon
T, the solution to the BSDEs are connected to viscosity solutions to a system
of semilinear parabolic PDEs, see [69] and the references therein for details.
Afterwards, this family of RBSDEs have been extended in various directions
in [T 211 B2] [74], [[9], and the references therein to cite a few. For the case
second order BSDE under random terminal time, that is an F-stopping time,

we refer the reader to the very recent work [29].



The previous results in handling RBSDEs are formulated where the time is
deterministic or a random variable that is observable by the public informa-
tion F. Our framework considers the case where the time is random might
not be observable by the public flow of information, that is 7 might not be an
F-stopping time with values in [0, +00). This allows our results to be applica-
ble to other economic and financial frameworks such as credit risk theory, life
insurance where mortality and longevity risks are the main challenges, random
horizon problem and so on.

Up to our knowledge, all the existing literature treating this class of RB-
DEs assumes very strong assumption(s) on 7. The most frequent assumption
among these, see [[2] B4 RT] and the references therein, we cite the case where
W7 should remain a martingale under the enlarged filtration (this case is also
known in the literature as the immersion assumption). In fact, the Burkholder-
Davis-Gundy inequalities for martingales, that are really vital in BSDEs and
RBSDE:s, fail for martingales stopped at 7 without the immersion assumpion.
Without further assumption on 7, we will address three main problems and the

challenges induced by these. Our first main problem can be stated as follows.

What are the conditions (the weakest possible) on the data-triplet (f, S, Yra-)

that guarantee the existence and uniqueness of the solution to our RBSDE?

(1.3.1)

Our second main problem lies in mimicking the spirit of [Bl 27]. In fact, we are
interested in finding an RBSDE under F, which will be the counterpart of our

RBSDE in G, and determining explicit relationship between their solutions and



their data-triplets as well. This task is also highly motivated by its importance
in credit risk theory, and we refer the reader to [I2] BI] and the references
therein to cite a few.

Our third main problem deals with controlling the norm of the solution of the
RBSDE with the norm of its data-triplet. For classical RBSDEs (i.e. the case
when 7 is a stopping time or a fixed bounded horizon), this control in norm
plays important role in studying the stability of RBSDEs. In contrast to the
classical case, this problem has numerous challenges in our setting. Among
these, we cite the description of the adequate spaces and the norms, for the

solutions and/or for the data-triplet, that one should consider.

Inspired by the methods of [B9] and [I9], we deal with our RBSDE in two
steps. In the first step, we consider the case of bounded horizon and we
stop at T' A 7 for some T' € (0, +00) instead fo 7. For this bounded random
horizon case, thanks to an interesting probability measure @ discovered in [29]
and intensively used in [B0] for portfolio analysis, we fully answer in details
the main problems aforementioned and beyond. The second step consists of
letting T" to go infinity, and derive estimates and results under P instead. This

yields to additional serious challenges.

As an application to our RBSDE, we give a preliminary version of the study
undertaken intensively in [0, where we show that the RBSDEs consider in this
thesis are fully motivated besides they generalize the literature on RBSDEs to

a much complex setting.



1.4 Summary of the Thesis

This thesis has seven chapters including the current one. The organization of
the seven chapters is further detailed, below.

Chapter 2 recalls some stochastic elements and theorems that will be used
throughout the thesis. In Section [2.3| we address some vital results on enlarge-
ment of filtration F with 7 and on martingales for the enlarged filtration. In
Section 2.4] we define the mathematical model and its preliminaries such as

the norms used for the RBSDEs.

Chapter |3 addresses the optimal stopping problem and the Snell envelop un-
der stopping with 7. This is vital as we know the Snell envelope, which is

intimately related to linear RBSDEs.

Chapter [4] is devoted to linear RBSDEs depending whether we stop the RB-

SDE at 7 A T for some fixed planning horizon T' € (0, 4+00), or we stop at .

Chapter [5| deals with the general RBSDE, where the generator functional is
general but Lipschitz. Here, again, we distinguish the cases depending whether

we stop at 7 AT or 7.

Chapter [6] extends Chapters [ and [f] to the case where the filtration F is
generated by a Brownian motion W and a Poisson process N with intensity
A > 0, and where the terminal value of the RBSDE ¢ is Gr,,-measurable in-

stead of being Fra,-measurable. We consider the case of a fixed and finite
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deterministic horizon 7" € (0, +00).

Chapter[7] focuses on giving some applications of RBSDEs in exponential hedg-
ing. In the first section we discuss how minimal entropy martingale measures
are affected by 7. The second and third sections treat the exponential hedging

problem using (R) BSDE for both the primal and dual problems.



Chapter 2

Notations and Preliminaries

In this chapter, we introduce some mathematical tools, concepts, and prop-
erties on stochastic processes. This chapter contains four sections. The first
section recalls stochastic elements and properties that we used in this thesis.
In the second and third sections we recall an important theorem about local
martingale representation and some other related results in the enlarged fil-
tration. In the last section we define the spaces and norms that we used in

our studies. Throughout this thesis, let (2, H,H := (H;)i>0, P) be a complete

filtered probability space. Where H = {H;,0 < ¢t < T} is a completed and

right-continuous filtration that forms the flow of information.
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2.1 Notations, Definitions and Properties

In this section, we review some notations, definitions and properties, most of

them can be founded in Jacod and Shiryaev [B0].

2.1.1 Stochastic Basis

A stochastic process is a family of random variables (X(t))icjo,r] index by
time. The time parameter can be either discrete or continuous, but we will

only consider the continuous case.

Definition 2.1.1 ([50]). A process X is called RC' ( resp. LC, resp. RCLL)
if all its paths are right-continuous ( resp. are left-continuous, resp. are right-

continuous and admit left-hand limits).

Definition 2.1.2 ([B0]). A stopping time is a mapping T : Q@ — [0, 00] such
that {T <t} € H; for all t € [0, 00).

Let us introduce stochastic intervals as the following: let S and T be two stop-
ping times, then the four kinds of stochastic intervals are the following four

random sets:

p

[S,T] ={(w,t) : t e Ry, S(w) <t <T(w)}
[S,T[={(w,t) : t e Ry, S(w) <t <T(w)}
15, 7] = {(w,t) : t e R, S(w) <t <T(w)}

1S, T[= {(w.t) : t € Ry, S(w) < t < T(w)}

\
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Definition 2.1.3 ([B3]). Let Q2 be a nonempty set, and let B be a collection of
subsets of Q. We say that B is a o-algebra (or o-field) provided that:

(i) the empty set ¢ belongs to B,

(ii) whenever a set A belongs to B , its complement A° also belongs to B, and
(iii) whenever a sequence (A,),>1 belongs to B, their union J,—, A, also be-

longs to B.

Definition 2.1.4 ([50]). (a) A process X is adapted to the filtration H if X, is
H.- measurable for everyt € Ry ; A process X is always adapted to its history

or natural filtration which is given by
FX=0(X(s),C|s €0,t],C € N)

where N is the set of all null sets of the state space of the process.
(b) The optional o-field is the o-field O(H) on (Q,R,) that is genarated
by all RCLL H-adapted processes. Furthermore, a process X that is O(H)-
measurable is called optional and it will be denoted by X € O(H).
(c) The predictable o-field is the o-field P(H) on (Q,R,) that is generated by
all LC (left continuous) H-adapted processes. Furthermore, a process X that

is P(H)-measurable is called predictable and it will be denoted by X € P(H).
Proposition 2.1.5 ([50]). Every process X that is RC and adapted is optional.
Any predictable process is optional process (i.e. P(H) C O(H) ).

Proposition 2.1.6 ([E0)). (a) If X is RCLL and adapted process, then the
two processes X_ and AX are optional.

(b) If X is RCLL and adapted process, then X_ is a predictable process; if

12



moreover X is predictable, then AX 1is predictable.

Lemma 2.1.7 ([B0]). Let T be a random time (i.e. a nonnegative random
variable). T is an H-stopping time if and only if [0, T'[, or equivalently [T, oo,

1s an H-optional set.

Proposition 2.1.8 ([E0]). (a) If S and T are two stopping times and if Y is
Hs-measurable random variable, the four processes Y lisoy, Y sy, Y 1js1y,
Y157 are optional.

(b) If S and T are two stopping times and if Y is Hg-measurable random

variable, the process Y 1yg 7y ts predictable.

Definition 2.1.9 ([50]). An H-predictable stopping time is an H-stopping time

such that the stochastic interval [0, T[ is H-predictable.

2.1.2 DMartingales and Semimartingales

Definition 2.1.10 ([50]). A martingale (resp. submartinagle, resp. super-
martingale) is an adapted process X on the basis (2, H,H, Q) whose Q-almost
all paths are RCLL, such that every X, is integrable (i.e. E|X:| < 4+00) and

for all s, t such that s <t we have:

X, = E(X| 1) (resp. Xs < B(Xy|Hy), resp. Xs > BE(X;|H,y)).

Definition 2.1.11 ([50]). If X is a stochastic process and T is a random time,

then X7 is called stopped process and satisfies



Definition 2.1.12 ([B0]). An adapted process X on the basis (2, H,H, Q)
whose QQ-almost all paths are RCLL s called local martingale process if there
exists an increasing sequence of H-stopping times (T,,),>1 T +00, such that

each stopping process X is an H martingale.

Definition 2.1.13 ([E0]). (a) two local martingales M and N are called or-
thogonal if their product M N is a local martingale.

(b) A local martingale X is called a purely discontinuous H-local martingale
(or a pure jump H-local martingale) if Xo = 0 and if it is orthogonal to all

continuous local martingales.

Theorem 2.1.14 ([E0]). Any local martingale M admits a unique ( up to

indistinguishability) decomposition

M = My + M¢+ M?

where M§ = M = 0, M¢ is a continuous local martingale, and M? is a purely

discontinuous local martingale.

Definition 2.1.15 ([E0]). (a) We denote by M(H, Q) ( resp. Mo.(H, Q)) the
set of all H-martingale ( resp. H-local martingale).

(b) If C(H) is the set of processes that are adapted to H, then Cyo.(H) is the set
of processes, X, for which there exists a sequence of H-stopping times, (Ty,)n>1,
that increases to infinity and X belongs to C(H), for each n > 1.

(c) We denote by ¥* (resp. V') the set of all real-valued processes A that
are RCLL, adapted, with Ay = 0, and whose each path t — A;(w) is non-

decreasing ( resp. has a finite variation over each finite interval [0,t]).
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(d) We denote by AT™(H, Q) ( resp. A(H,Q)) by the set of all A € ¥+ (
resp. A € V) that are integrable: E[Ay] < oo ( resp. that have integrable

variation: E[Var(A)w] < oo ).

Lemma 2.1.16 ([50]). Any local martingale that belong to ¥ also belongs to
Aloc(Hv Q) .

Definition 2.1.17 ([E0)). An H-semimartinagle is a process X of the form
X = Xo+ M + A where Xy is finite-valued and Ho-measurable, where M is
an H-local martingale and A € V. If A is predictable, we call X a special
semimartingale and the decomposition X = Xoq+ M + A s called the canonical

decomposition of X.

Definition 2.1.18 ([50]). We denote by L(X,H) the set of H-predictable pro-

cess that is integrable with respect to X in the sense of semimartingale.

Definition 2.1.19 ([B7)). Let Y be a uniformly integrable martingale and let
p € [1,00[. We adopt the convention Yo_ = 0. we say that Y belongs to BMO,

if there exists a constant C' such that
E[|Ys — YT,]”’HT] < C? a.s. for every stopping time T.

The smallest constant with this property (or oo if this does not exist) is denoted

by ||Y || sro, -

2.1.3 Predictable and optional (dual) projections

Theorem 2.1.20 ([E0)). Let X be a positive or bounded B & H-measurable

process. there exists an H-optional process % (X) (called H-optional projection
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of X ) and an H-predictable process P2(X) (called H-predictable projection of
X ) such that

E[XTI{T<OO}|HT] —oH (X)rlir<sy a.s. for any H-stopping time T,

E[XTI{T<OO}|7-[T_] =rH (X)rIiresy a.s. for any H-predictable time T.

The two processes “*(X) and P2(X) are unique up to evanescent set. A ran-
dom set A is called evanescent if the set {w : It € Ry with (w,t) € A} is

Q-null .
Remark 2.1.21. we denote by X «Y by the stochastic integral fo XdYs.

Theorem 2.1.22 ([B0)). Let A € A} (H,Q). There is a process, called the
compensator of A and denoted by AP™, which is unique up to an evanescent
set, and which is characterized by being a predictable process in Ajf (H, Q)
meeting any one of the following three equivalent statements:

(i) A — APH js q local martingale;

(ii) E(A%H) = E(Ar) for all stopping time T';
(iii) E[(H+AP®) ] = E[(H + A)w] for all nonnegative predictable processes H.

Sometimes, AP is called ”predictable compensator” of A, or also "dual pre-

dictable projection” of A.

We recall an important theorem form martingale inequalities that goes back

to Dellacherie and Meyer, see [B7, Theorem 99, Chapter VI].

Theorem 2.1.23. Consider a complete filtered probability space given by

(Q, F,H = (Ht)o<t<r, P). Let A be predictable (optional) increasing process

16



whose potential (left potential) Z is bounded above by a martingale M, =
E[My|H:). Then

[Asclle < pa | Meolla, (2.1.1)

where pg s the constant associated with ® and ® is increasing convex function

defined as the following;

O(t):= [ o(s)ds, pe :=sup (2.1.2)

for some right continuous increasing function ¢ which is positive on R*.

Also, we recall the following remark, see [37, Remark 100, Chapter VI].

Remark 2.1.24. Let B be an increasing right continuous locally intergrable

process. We denote by A the dual optional or predictable projection of B.

(i) If F' is convex and of moderate growth with exponent p, w have

E(F(Ar)) < p"E(F(Br)). (2.1.3)

(i) If F is concave, we have

E(F(Br)) < 2E(F(Ar)). (2.1.4)
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2.1.4 Ito’s formula and Doleans-Dade Exponential

Definition 2.1.25 ([B0]). The quadratic co-variation of the two semimartin-
gales X and Y (the quadratic variation of X, when Y = X ) is the following

process:
[X,Y]=XY - XoYp— X_-Y —Y_+X

(it is defined uniquely, up to an evanscent set).
Definition 2.1.26 ([50]). (X,Y) denotes to the compensator of [X,Y].

Definition 2.1.27 ([B7). Let X and Y be two local martingales. If the product
XY is a special semimartingale, we denote by (X,Y) the unique predictable
process of finite variation such that XY — (X,Y) is a local martingale which

15 zero at 0.

Theorem 2.1.28 (E0)). If X,Y are semimartingale, and if X, Y denote

their continuous martingale parts, then

(X, V] = (XY + > AXAY,,

s<t

Theorem 2.1.29 (Ito’s formula [50]). Let X = (X, ..., X?) be a d-dimensional
semimartingale, and f a class C? function on R:. Then f(X) is a semimartin-

gale and we have:

fX) = f(Xo)+ ) Dif(X_)- X'+ %ZDUf(X) (X, X9

i<d 3,7<d

18



+Z f(Xs) - f(Xs—) - Zsz(Xs—)AX; .

s<t i<d

Theorem 2.1.30. [50/ For any H-semimartinagle, L, we denote by the semi-
martingale E(L) the Doléans-Dade (stochastic) exponential, it is the unique

solution to the stochastic differential equation
dX =X _dL, X,=1,

and is explicitly given by

E(L) =exp(L; — Lo — %(L%) [T @+ AL)e 2. (2.1.5)

0<s<t

Furthermore,
a) If L has a finite variation, then E(L) has a finite variation.

b) If L is a local martingale, then E(L) is a local martingale.
Here we recall Yor’s lemma about the product of two stochastic exponentials.

Lemma 2.1.31. [J9 If X and Y are two semimartingales, then

EX)EY)=EX +Y +[X,Y]).

2.2 Some useful results from stochastic

Definition 2.2.1. [59/ A Brownian motion (or a standard one- dimensional

Wiener process) is a continuous, adapted process (Wi)i>o, defined on some
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probability space (2, F, P), with the properties Wy = 0 a.s. and for 0 < s <,
the increment Wy — Wy is independent of Fs and is normally distributed with

mean zero and variance t — s.

The Poisson process is a discontinuous process that counts the number of ran-
dom occurrences of some events which happen in a certain time interval. The

inter-arrival time between two events occurring is exponentially distributed.

Definition 2.2.2. Let (17;);>1 be a sequence of independent exponential random
variables with parameter A > 0, and T,, = > 7. The process (N(t))t=o

denoted by N(t) = >, 51 Ly>t,) is called a Poisson process with intensity A.

A Poisson process has piecewise constant sample paths, and it increases by
jumps of size 1. Its increments N(¢) — N(s) are independent and stationary

and have a Poisson distribution with mean (¢t — s)\ for all ¢t > s > 0.

Definition 2.2.3. A utility function U : (0,00) — R is a strictly increasing

and strictly concave Ct function that satisfies the Inada conditions

U'(04) = limU'(z) = 0o, and U'(c0) = lim U'(z) = 0.

z]0 T—00

Some examples of utility functions are the so called exponential, power and

log utility functions
P

Uz)=1-e", U@):‘% and U(z) = log(z) for pe (—oo,1)\{0}.

Definition 2.2.4. Let U be a utility function. The convexr conjugate function
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of U 1is denoted as the function

U*(y) = sup>o{U(x) —zy}, y>0.

The convex conjugate function of a utility function U is the Legendre-Fenchel
transformation of the function —U(—z). Let the inverse of U’ be denoted by
I so that

r=IU (x))=U (I(x)), for z>0.

Since U is strictly increasing and strictly concave, U must be strictly decreas-
ing, and therefore [ is also strictly decreasing.

In the following we recall Fatou’s Lemma

Lemma 2.2.5. [8F] Let n, &,, n > 1 be random variables.

(a) If &, > n for alln > 1 and En > —oo, then

E lim &, <lim E &,.

(b) If & < m for allm > 1 and En < oo, then

lim E &, < E lim &,.

(c) If || < for alln > 1 and En < oo, then

E lim & <lim E & <lim E & < E lim &,

In the next theorem we recall a very useful inequality, which is known as
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Burkholder-Davis-Gundy inequality (BDG inequality)

Theorem 2.2.6. [37] Let ¢ be a convex function such that $(0) = 0. For any

local martingale X,
1 1
1, Isup [ Xellls < [I1X, X]&lle < 6psl sup [Xilllo.
Py >0 t>0

Here, the constant pe is defined by

Po := Sup 25((;)) € [l,4+00) where O(t) ::/0 o(s)ds. (2.2.1)

t

Also, we give another important inequality, Doob’s inequality, in the following

theorem

Theorem 2.2.7. [77] Let X be a positive submartingale. Then for allp > 1,

with q denoting the exponent conjugate to p (i.e. ¢ :=p/(p—1))
[['sup X |, < gsup || X[,
>0 >0
(The result applies in particular to | X| for every martingale X.)
The following is the Girsanov’s Theorem

, loc
Theorem 2.2.8. [50] Assume that P < P and let Z be the density process.
Let M be a P-local martingale such that My = 0 and that the P-quadratic

covariation [M, Z] has P-locally integrable variation, and denote by (M, Z) its
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P-compensator. Then the process

/ 1
M :=M-—--(M,Z
Z < ) >

is P'-local martingale.

2.3 The random horizon and the progressive

enlargement of [

In addition to this initial model (Q, F,F, P), we consider an arbitrary ran-
dom time, 7, that might not be an F-stopping time. This random time is
parametrized though F by the pair (G, é), called survival probabilities or

Azéma supermartingales, and is given by
Gy =% (Ijo-p) = P(r > t|F) and G, :=°F (Ijon): = P(T > t|F,).(2.3.1)
Furthermore, the following process
m =G + DT, (2.3.2)

is a BMO F-martingale and play important role in the analysis of enlargement
of filtration. The flow of information that incorporates both 7 and F is defined

using the pair (D, G) given by

D =110}y G = (Gt)i0, Gt := Gy, with G := F, Vo (Ds, s <t). (2.3.3)
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Thanks to [l Theorem 3] and 26, Theorem 2.3 and Theorem 2.11], we recall

Theorem 2.3.1. The following assertions hold.
(a) For any M € My.(F), the process

F

~ D,
T(M) i= M7= G g+ [Mym] + Tor - (Y AMIgq ) (234)

is a G-local martingale.
(b) The process
N®:= D — G- DOF (2.3.5)

is a G-martingale with integrable variation. Moreover, H « N® is a G-local

martingale with locally integrable variation for any H belonging to

0
Iloc

(N®,G) := {K €O®F) | |KIGG gD e AZDC(G)}. (2.3.6)

For any g € [1,+00) and a g-algebra H on Q x [0, +00), we define
L (H,P ®dD) := {X H-measurable : E[|X,|'I;<i0}] < +00}. (2.3.7)

The following is very useful throughout the thesis, and its proof can be found

in 29 Lemma 2.4-(b)].
Lemma 2.3.2. If G > 0, then

. . 1
G =GoEE(G~ e m), where & :=& (_E . DO’]F) = 1-V* (2.3.8)
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Lemma 2.3.3. For any nonnegative or integrable process X, we always have

E[XiG] It <ry = E [ Xl <yl F] G gy <oy (2.3.9)

This lemma, for the case when X is integrable can be found in [34] Chapter
XX, Section 37]. For the case of X bering nonnegative can be also deduce
from the integrable case using the class monotone theorem. Now, we recall

29 Proposition 4.3] that will be useful throughout the paper.

Proposition 2.3.4. Suppose that G > 0 and consider the process
Z:=1/E(G~" +m). (2.3.10)

Then the following assertions hold.
(a) The process Z7 is a G-martingale, and for any T € (0, +00), @T given by

dO ~
% = Zrns. (2.3.11)

1s well defined probability measure on G ar.
(b) For any M € M,,.(F), we have MT"™ € Mu,e(G, CNQ) In particular WTNT

is a Brownian motion for (@, G), for any T € (0,400).

Remark 2.3.5. In general, the G-martingale A might not be uniformly in-
tegrable, and hence in general @ might not be extended to (0,+o0]. For these
fact, we refer the reader to [29, Proposition 4.3] for details, where conditions

for A being uniformly integrable are fully singled out when G > 0.

Now, we recall an important representation theorem of Choulli et al. (2017)
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to the case of G-local martingales when the process G never vanishes.

Theorem 2.3.6. Suppose that G > 0. Then for any G-local martingale

M€, there exists a unique triplet (MF, 0 P that belongs to Mo jee(F) X

7. (NG, G) X L, (ﬁ, Prog(F), P ® D) and satisfies
E [o%) | Fo] Ifr<ioy =0, P —a.s., (2.3.12)
and
(M®)" = Mg + G~ Io. - T(M") + ¢!« N + o). D. (2.3.13)

2.4 RBSDEs: Definition, spaces and norms

Throughout this section we suppose given a complete filtered probability space
(Q, F,H = (H¢)i>0, @), where H O F and @ is any probability measure abso-
lutely continuous with respect to P. The following definition of RBSDEs is

borrowed from [20, Definition 2.1].

Definition 2.4.1. Let o be an H-stopping time, and (f%,S™ %) be a triplet
such that f% is Prog(H) ® B(R) @ B(R)-measurable functional, S is a RCLL
and H-adapted process, and €% is an H,-measurable random variable.

(a) Then an (H, Q,o)-solution to the following RBSDE

dy; = — fH(t, Y}, Z)y<oydt + Zy)dWipg — dM; — dKy, Y, = ¢H,

- (2.4.1)

Y > S% on [0, 0], / (Yoo —S"))dK, =0 Q-a.s..
0
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is any quadruplet (Y2, Z5 ME K®) satisfying such that both M™ and
(W, M%) belong to Mo 10¢(Q,H), K% is a RCLL nondecreasing and H-predictable,
MR = (M%), K = (K™, and

/(, (Z? + (Y Z20)]) dt < 400 Q-aus. (2.4.2)
0

(b) We call a class-(D)-(H, Q, o)-solution any quadruplet (YH, Z% M2 K™M)
which is an (H, Q, 0)-solution such that {Y(ﬁ@ : 0 1s an H-stopping time} 18

Q-uniformly integrable and
g | [ 1 e 2] < o
0

When QQ = P we will simply call the quadruplet an H-solution, while the

filtration is also omitted when there no risk of confusion.

In this thesis, we are interested in solutions that are integrable somehow. To
this end, we recall the following spaces and norms that will be used throughout
the paper. We denote by L?(Q) is the space of F-measurable random variables

&', such that

1€ IE )= B [IE'I"] < o0.

D, (@, p) is the space of RCLL and F ® B(R™)-measurable processes, Y, such
that Y =Y and

Y]

%U(Qyp) = E¢ [SUP |Yt|p] < 00.

0<t<o

Here B(RT) is the Borel o-field of R*. S,(Q,p) is the space of Prog(H)-
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measurable processes Z such that Z = Z7 and

o p/2
(/ |Zt|2dt> < .
0

For any M € M,,.(Q,H), we define its p-norm by

1215, @m = B

HMHMp(Q = E© [[Mu M]I;éQ] < 00,
and the p-norm of any K € A;,.(Q,H) at any random time o is given by
1K1, (. = B9 [(Var, (K))].

Herein and throughout the paper, Var(K) denotes the total variation process
of K, and A?(Q,H) is the set of K € A;,.(Q, H) such that |K|| 4, @ < +o0.

Definition 2.4.2. Let p € (1,400). An LP(Q,H)-solution for is a
(Q,H)-solution (Y, Z, M, K) that belongs to the set

Do (Q,p) ® S;(Q, p) © MP(Q, H) © AL(Q, H).
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Chapter 3

Snell envelope under random

horizon

In this chapter we study the Snell envelope theory, the reason behind this
theory is the problem of the optimal stopping. To promote the concept of the
Snell envelope, we give the following simple example from real life that can be
found in [62]: ” Let (Z,, n € N) be a sequence of integrable r.v.’s representing
the random sequence of winnings of a gambler at successive time n (n € N).
For every finite stopping time v, the expectation E(Z,) represents the expected
winnings of a gambler who decides to leave the game at the random time v;
let us remark that by supposing v a stopping time we are obliging the gambler
to be honest, i.e. not to leave the game at time n (event {n = v}) taking
into account information other than that available at the moment. The Snell
envelope here represents finding the upper bound sup, F(Z,) and finding the

stopping time v* at which we attain this bound ”.
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To the best of our knowledge, the theory of Snell envelope and optimal stopping
origin can be traced back at least to Wald’s [R7] work in probability and
statistics. After that, it becomes very popular in applications in many different
areas. The theory of Snell envelope and optimal stopping for a discrete time
firstly appearance was in Neveu [62]. For more general treatments and to the
case of continuous time, we refer the reader to El Karoui [B9], Bismut and

Skalli [I4], Karatzas and Shreve [53], as well as Dellacherie and Meyer [37].

This chapter contains two sections. The first section presents some prelimi-
naries that will be used in the following section. The second section presents
our main results of this chapter. More precisely, in this section, we give an
explicit connection between the Snell envelop in both filtrations F and G. This

is interesting by itself, and is useful in proving our results in the next chapters.

3.1 Preliminaries on Snell envelope

In this section, we give the definitions and some theories of the Snell envelope.
The definition of the Snell envelope in continuous time, which we borrow from

3], is given in the following

Definition 3.1.1. Given a filtered probability space (2, F,H = (Hi)o<t<r, P)
and an absolutely continuous probability measure () < P. Then an adapted
process U = (Uy)iejor) i the Snell envelope with respect to Q of the process
X = (X)) if

1. U s a Q-supermartingale,

2. U dominates X, i.e. Uy > X; Q-almost surely for all times t € [0,T],
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8. 1fV = (Vi)iepor) s a Q-supermartingale which dominates X, then 'V dom-

inates U.

Construction for discrete time (see [43]):
Given a filtered probability space (Q,F,H = (H,))_,, P) and an absolutely

continuous probability measure @ < P, then the Snell envelope (U, )Y_, with

respect to @ of the process (X,,)"_, is given by the recursive scheme

UN = XN,

U, := max(X,, E9[U,+1|H,)) forn=N-1,---,0.

Here, we give the following set up that can be found in [B7]. A process X is said
to be of class D if the set of all r.v.s Xy, where 6 is an arbitrary finite stopping
time, is uniformly integrable. Let (Y})i>0y € D denote an optional process;
Yo = 0. Then Y} is defined for every stopping time 6, and the set Yy ( where
0 runs through the set I for all stopping times) is uniformly integrable. In the

following, we give the fundamental existence theorem for the snell envelope

Theorem 3.1.2 ([B7). Let (Y;)u>0y € D denote an optional process; Yo, = 0.
Then, the following assersions hold

(a) There exists a positive optional strong supermartingale Z with the following
property:

Z >Y and for every positive optional strong supermartingale Z which bounds
Y above, 7' > 7.

Z 1is unique. It is called the snell envelope of Y. Moreover, Z belongs to class

D.
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(b) For every stopping time v we have a.s.

Z, = esssup E[Yp|H,)].

0cl,o>v
And if the paths of Y are continuous. Then, the stopping time 6* defined by
O =inf{t >0, Z, =Y}

is the optimal one.

3.2 The main results

Throughout the thesis, for any two H-stopping times ¢; and oy such that

o1 < 0y P-as., we define J72(H) by
J72(H) := {0 H-stopping time : o1 < 0 < 09 P-a.s.}. (3.2.1)
Also, throughout the rest of the thesis, we assume the following assumption
G >0 (i.e., G is a positive process) and 0 <7 < +oo P-as.. (3.2.2)

The condition 7 > 0 P-a.s. is not restrictive at all due to the fact that through-
out the thesis the o-algebra JF is the trivial, which yields to Gj is number
belonging to (0,1). Thus, the assumption under consideration translates into
the condition Gy = 1 only instead of being a real number in (0, 1). The condi-

tion G > 0 is restrictive in the sense we can not include the F-stopping times
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in this class of random times, while on the other hand this assumption says

that our 7 is truly an unbounded random time.

Throughout the thesis, for any nonnegative or y := P ® D-integrable and
F x B(R*)-measurable process X, its F-optional projection with respect to
the measure  is denoted by M} (X |O(F)) and is the unique F-optional process

Y satisfying
E [/ XSHSdDS} =F [/ Y;Hsstl , for any bounded and F-optional H.
0 0

We give the following useful proposition

Proposition 3.2.1. Suppose holds, and let X© be a G-optional process
such that (X®)™ = X©. Then there exists a unique pair (XF, k®") of processes

such that XF is F-optional, k) is F-progressive,
X=X+ k"D, and XF="F(XCI.)/G. (3.2.3)

Furthermore, the following assertions hold.
(a) X© is RCLL if and only if X¥ is RCLL.
(b) X€ is a RCLL G-semimartingale iff X¥ is a RCLL F-semimartingale, and

(X®)™ = (XH) + (k") — XT). D. (3.2.4)

(¢c) For any function f : R — Ry such that f(0) = 0. E [sup,g f(XF)] < +o0

33



if and only if

f(kP)) e Lt (Q,Prog(F), P® D) and E [/ sup f(XF)dD"| < +o0.
0

0<s<t

(d) Let o be a finite F-stopping time. If E [ sup (Xf’)*] < +00, then

0<t<oAT

B|Gn sup (687 | + B | [Tamran| < vk = a0 o),
0

0<t<o

Proof. Consider a G-optional process X®. Then thanks to Bl Lemma B.1 |
(see also [5Il Lemma 4.4]), there exists a pair (X, k®")) such that XF is an

F-optional, k") is Prog(F)-measurable, and
XGI[O,T[[ — XFI[[O,T[, and XE _ k,7(_pr)‘

Furthermore, this pair is unique due to G > 0. Thus, the condition X©¢ =

(X®) yields
XE = XCIpo oy + XE I soo] = X Tjorp + K#7 - D,

and the equality (3.2.3)) is proved.
a) Thanks to (3.2.3) and the fact that k") - D is a RCLL process, we deduce

that X© is a RCLL process if and only if XFI[[O,T[[ is a RCLL process. Thus,
we consider a RCLL process X©, and let (T¥) be the sequence of G-stopping

times that increases to infinity, given by

Ty :=inf{t>0: [X7|>n}, and satisfies | X®"| <n, X" := X[ ror.
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By virtue of [B] Proposition B.2-(b)] and G > 0, there exists a sequence of F-
stopping times (7},),, which increases to infinity and satisfies TC A1 =T, A T.
Furthermore, by applying (3.2.3) to each X" on the one hand, we deduce

that
G,n o
X" I = X  Ipo I 1o -

On the other hand, as T}, increases to infinity, it is clear that X¥ is a RCLL
if and only if X" I 5[ =F (X" [)G~' is RCLL. This latter fact follows
directly from combining [33, Théoréme 47, pp: 119], the boundedness of X®",
and the right-continuity of G. This proves assertion (a).

b) It is clear that k®") . D is a RCLL G-semimartingale, and hence X€ is a
RCLL G-semimartingale if and only if X" Ijo 1 is a RCLL G-semimartingale.
Thus, if X is a RCLL F-semimartingale, then X© is a RCLL G-semimartingale.
To prove the converse, we remark that by stopping with T defined above and
by using [33] Théoreme 26, Chapter VII, pp: 235], there is no loss of general-
ity in assuming X© is bounded, which leads to the boundedness of XF, see [B,
Lemma B.1] or [5Il Lemma 4.4 (b), pp: 63]. Thus, thanks to [33] Théoreme 47,
pp: 119 and Théoreme 59, pp: 268] which implies that the optional projection
of a bounded RCLL G-semimartingale is a RCLL F-semimartingale, we deduce
that X¥G =°F (XGI[[07T[[) is a RCLL F-semimartingale. A combination of this
with the condition G > 0 and the fact that G is a RCLL F-semimartingale

implies that X¥ is a RCLL F-semimartingale. Furthermore, direct calculation
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yields
X]FI[O,T[[ = (XF)T —X¥.D isa G-semimartingale,

and ((3.2.4) follows from this equality and (3.2.3]).
c) Here, we prove assertion (c). To this end, we use (3.2.3)) and notice that

g < sup f(XF) = max ( sup f(XiF),f(kgp’”))) <I,

t>0 0<t<t

I:= /OO ( sup f(X5) + f(k?”“))) dD;.
0

0<u<t

Hence, we deduce that E [sup,, f(XF)] < +oo iff E [fooo f(kt(m))th} < 400

and

E [/Ooo sup f(XE)th] =F [/OOO sup f(X}f)dD,?’ﬂ < +00.

0<u<t o<u<t

due to sup f(X)) being F-optional.

o<u<t

d) Let o be an F-stopping time. By applying assertion (c) to ((XS\U)+)t>o>

we deduce that E [ sup (X;G)Jr] < 400 if and only if

0<t<oAT

o “+oo
E { / (kgp”)st} +E { / sup (XE )T D" | < +o0.
0 0

0<s<t

On the one hand, a combination of k(°?) = MF (k@) |O(F)),

E { /0 (kgp”)*st} = M,f((k@’“))ﬂﬂopﬂ),
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and Jensen’s inequality allows us to derive

g |:/Og(k§op))+dDg,lF:| _E [/Og<k§op))+st]

= M (M0 OF) o) T ET ML (M () 110 |O)))

jz Iz

Tower Mj((k@”)ﬂﬂo,gﬂ) - E { /0 (/fgm)wm] < 00.

On the other hand, we have

0<t<oAT 0<t<oAT 0<t<o

E [ sup (Xf})*} > F [ sup (XF)*l{TM}] =F [ sup (XF)+1{7>J}]

=F |: sup (XF)+1{T>U}:| =L |:GO' sup (Xl],‘F)+:| :

0<t<o 0<t<o

This proves assertion d) and the proof of the proposition is complete. O

Lemma 3.2.2. Let o1 and oo be two F-stopping times such that o1 < o9

P-a.s.. Then, for any G- stopping time, 0, satisfying
o AT <0®<oyAT P-a.s., (3.2.5)
there exists an F- stopping time oF such that
o <o <oy and "ANT=0% P-as (3.2.6)

Proof. Thanks to [B4] XX.75 b)] (see also [B Proposition B.2-(b)]), for the
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G-stopping time ¢, there exists an F-stopping time o such that

O'GZO'G/\T:O'/\T.

Put

0" = min (max(c, 0), 09) (3.2.7)

and on the one hand remark that o" is an F- stopping time satisfying the first

condition in (3.2.6). On the other hand, it is clear that

min(7, max(o,01)) = (T A 01){o,50} + (T AN 0){5,<oy = max(c AT,01 AT).

Thus, by using this equality, we derive

O_]F AT =TA 09 /\max(o" 0’1) = (T A 0’2) A\ (’7— N maX(U, Ul))

= (TAoy) Amax(c AT,00 AT) =0 AT = 0.

This ends the proof of the lemma. m

The following is our main result of this Chapter, where we write in different
manners the Snell envelope of a process under G as a sum of a transformation

of an F-Snell envelope and G-martingales.

Theorem 3.2.3. Suppose G > 0, and let X® be a RCLL and G-adapted

process such that (X©)” = X©. Then consider the unique pair (X¥,k®"))
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associated to X©, and denote by
kP = MP (K% |O(F)) where p:= P ® D and k™ := k) — k7). (3.2.8)

Then the following assertions hold.
(a) If either X© is nonnegative or E [sup,o(XF)T] < +oo, then the (G, P)-
Snell envelope of X, denoted S(X©; G, P), is given by

S(XFG + k) . D*F;F, P)

X¢.G. P = I
S( )Gv ) aq [o,7[

klop) . Doy k(op) . poF
+k® . D + % T (m) + (k("P) + —) - N©.

Here S(XFG+E©P). DF;F, P) denotes the (F, P)-Snell envelope of the process
XFG 4 kor) . DoF

(b) Let Te (0,+00) and Q be given in (2.5.11)). If either Jo] [ sup (XtG)Jr] <

0<t<T
+00 or X® > 0, then the (G,@)—Snell envelope of (X®)T, denoted by the

process S((XG)T;G,@), is given by

S((XFE — k) . &)T.F, P)

S(X97T,6,Q) = 5 Ijorg + k® - DT
(op) . £
* (’f(O”) - 5 5) (NG, (3.2.10)

Here the process £ is given by .

Proof. Let 6 € 7,1.(G), then thanks to Lemma there exists o € T,%°(F)
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such that § = o A 7. Then notice that

XéG = X(;G"/\TI{O'<T} + kipT)I{UZT} = XEI{J<T} + /0 k‘gpr)st

L (op)
= X Ljpeny + = -D‘”F)W C O NS, kD (3.2.11)

The rest of the proof is divided into three parts. The first and second parts
prove the assertions (a) and (b) of the theorem under the assumption that X©
is bounded, while the third part relaxes this condition and proves the theorem.
Part 1. In this part, we suppose that X© is bounded, and hence the associated
three processes X, k) and k(°P) are also bounded. As a result, both processes

k©P) . N© and £ . D are G-martingales. Thus, by putting

LE =kl . NC 4. D, (3.2.12)

and combining the remarks above with Lemma and taking conditional

expectation with respect to G; on both sides of (3.2.11)), we derive

oNAT k§0p)
Yi(0) .= E[X§|G] = E X}EI{KT}+/ = dDY" |G, | + Ly
0 s
. oAT kgol’) P k(OP) F G
=L\ X;1iocry +/ ~—dDJ" |Gy | + (—= - D7 )inr + Ly
tAT s G
oAt 1.(0p) (op)
1) F ks o,F I{T>t} k oF G
=B | X Iiger —dD%" | F — - D? ++ L
a{<}+/t/\T G o t G, ‘l—(G Jinr + Ly
o I, J(op)
—E {ngﬁ / kP d DT J-}] Uy (Do) + LE
t Gt G
XElo), (K7D, ki

= g lu<n =g Tu<n + (5 DFunr #1177 (3:2.13)
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The equality (1) in the string of the equalities above is due to (o < 7) C (t < 7)
and lemma|2.3.3| Thus, by taking the essential supremum over all 8 € 7, _(G),

we deduce that

S(XFG + kl») . DoF:F P k(op) . Do
S(X%G,P) = ( )JWH - QJM[
G G
k(op)
+( - DOFY 4 gor) NC L BB D, (3.2.14)

Furthermore, put V := kP . D*F and remark that
d(1/G7) = (GG) ™ Iy 4dD*F — G=2dT (m).

Thus, by combining these with Ito, we derive

yr 1\ ken )
d (E) =V_.d (E) + T[ﬂoﬂ—]]dD ¥

174 V. J:(op)
= ——1IjodD°" — —d ~—Ijo1dD"".

Thus, (3.2.9) follows immediately from combining this equality with (3.2.14))

and the easy fact that
Xlp,f=X"—X-D, forany F-semimartingale X. (3.2.15)

This ends the proof of assertion (a).
Part 2. Here, we suppose that X© is bounded, we fix T € (0, +00) and prove
assertion (b). Let 8 € T2 (G) and o € T,7(F) such that § = o A 7. Then,

similarly as in Part 1, by taking @—conditional expectation in both sides of
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(3.2.11)), and using (3.2.12)) and the fact that the two processes k°?) - N¢ and

k® . D remain G-martingale under Q (due the boundedness of k7" and k®),

we write

_ . - ONT k (op)
Ti0)i= B2UXS1G) = B | Xiljger + [ “emaDi|G| + 17
0 s
i onr k(op gor)
:E - X ]{O'<T}+/ DOF’gt 'Dt;\I[:——f_Lf
i F [{T>t} k(Op) oF G
:E Z X ]{O—<T}+/ G() dV ’]:t =~ +7Dt/7\T+Lt
t It

N . J:(op)
_EB|Exr 4 / ’fé"p’d‘éwlft} {§> L = D" + L7
L t t

(Klop VIF) k(op)

X¥o
() sty + ( =

= —Ian —
g Y t

D)+ LE (3.2.16)

The fifth equality is a consequence of Lemma , where both £ and VT are

defined. By taking essential supremum over € in both sides of (3.2.16|), we get

~ S(XFE + k) . VE.F P k(op) . VF
s(x%6,q) =2 i D - g
£ £
L:(op)
+( = - DOF)T 4 kP NC L ) D, (3.2.17)

Similar arguments, as in part 1) after equation (3.2.14)), applied to V = k() .
VE .= —kor) -g, leads to

—(klP) . V]F)g—ljﬂoﬁ[[ + (kPG DOFY = (kP yFYETT . NE,

Thus, (3.2.10)) follows from combining this fact with (3.2.17)), and the proof of

assertion (b) is completed. This ends the second part.
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Part 3: Herein, we prove the theorem without the boundedness assumption
on X©®. To this end, by virtue of parts 1 and 2, we remark that the theorem

follows immediately as soon as we prove that (3.2.13)) and (3.2.16)) hold. To

this end, we consider the sequence of G-stopping times
Ty :=inf{t>0: |X® >n},

that increases to infinity and X®" = X GI[[[)’TH is a bounded process. To
the sequence (T¥), we associate a sequence of F-stopping times (73,), which
increases to infinity and T® AT = T, A7, for all n > 1. Therefore, thanks to the
parts 1 and 2, the bounded X©" with its associated triplet (X™7, k@), k("p’”))
= (XF, k@) B Iy, p fulfills and ([3.2.16)).

1) The case when XC > 0: In this case we get X&" > ( and it increases to
X€, and all components of (X", k) k(oPn)) are nonnegative and increase to
the corresponding components of (XF, k") k(P)) respectively. Thus, thanks
to the convergence monotone theorem, it is clear that in this case E[X f’ "Gyl
(respectively B9 [X57"|G4]) increases to E[X$|Gi] (respectively EQ[X(§3’|Q,5]) and
E [GUXE" + [ kﬁ"”’")dngF\]i} (respectively E [E:;X}Ev" +[° kﬁ"”’”)dvﬂft])
increases to F [GUX;F + [ kgOp)dDZ’F}E} (resp. E [ggX(;F + 7 kgoP)dVSF‘.E} ).

This proves that (3.2.13) and (3.2.16|) hold for the case when X® > 0, and the

theorem is proved in this case.
2) The case of E [sup,5o(XF)"] < +oo: Then, on the one hand, Fatou’s

lemma yields

E[X§|G] >lim sup E[X;"|G]. (3.2.18)

n—>-+00
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On the other hand, the dominated convergence theorem and E[Xg} "G >

EIXF|G] — E[ sup (X7)"I{g>7gy/Gi] imply that

0<t<TAT

lim inf E[X;"|G]> E[XF|G]. (3.2.19)

n—>-+o0o

Thus, a combination of (3.2.18) and implies that E[X3"|G,] converges
to E[X£|G;] almost surely. These two arguments combined with Proposi-
tion (3.2.1)-(d) allow us in the same manner to prove the convergence of
E |Gy XEn 4 [T KD F| to B |GoXE + [ KPAD#|F|. Thus, as-
sertion (a) follows immediately. The proof of assertion (b), under the assump-
tion E9Q L<§1<11T)A (XE )+} < 400, mimics exactly the proof of assertion (a), by

substituting ) to P, and hence the details will be omitted. This ends the

proof of theorem. O]
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Chapter 4

Linear RBSDEs under random

horizon

In this Chapter, we consider the linear RBSDE under G given by

d}/t = —f<t)d<t N 7') - d(Kt/\T + Mt/\‘r) + thWtT, K— = 5 = YT)

(40.1)

Y; Z St, O S t < T N T, and E |:/ (Yt— — St—)th = 0
0

Here, the barrier process S is an F-adapted and RCLL process, T € (0, 400,
and the generator f is an F-progressively measurable process. The terminal
value of Y, denoted by &, is an Fpa.-measurable random variable. This fact,
due to the definition of the o-algebra Fru., is equivalent to the existence of

an F-optional process h such that

£ = hra-. (4.0.2)
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Here, we study in different aspects the RBSDE under G having the form of
and those RBSDE under F that are related to them. In paticular,
we derive the explicit relationship between the two solutions, and hence we
show how one can pass from an RBSDE under G to an RBSDE under F and
vice-versa. The key tool and idea behind these results is the optimal stopping
problem and the Snell envelope associated to it for models with two flows
of information. This Snell concept, which is important in itself besides its

application in linear RBSDEs, is treated in Chapter 3.

This chapter has three sections. Section [4.1] handles the case when the horizon
time is bounded, or in other word we suppose 1" < 400 in this first section. In
this setting, we obtain prior estimate results, which are interesting in them-
selves beyond their role in proving the existence and uniqueness results. In
addition to these, we establish an explicit connection between the RBSDE
and its F-RBSDE counterpart. The second section, which is Section
4.2 considers the case of unbounded horizon, or equivalently assumes that
T = +oo. Similarly as in the first section, we state our priors estimes, exis-
tence and uniqueness of a solution, and the connection between the G-RBSDE
and the F-RBSDE counterpart results. In the third section (Section [4.3)), we
gathered the proofs of the lemmas that are used and vital in the first two

sections.

4.1 The case of bounded horizon

In this section, we suppose that 7" < +oo and the triplet-data (f, S, £) satisfies
all the conditions described in the paragraph that follows (4.0.1)), and & > S A7
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P-a.s.. Hence, working with the G-triplet data (f,S,¢) is equivalent to work
with the F-triplet data (f, S, h). This section is divided into two subsections.
The first subsection elaborates estimates for the solution of the RBSDE (when
it exists), while the second subsection addresses the existence and uniqueness

of the solution and describes the F-RBSDE counterpart of (4.0.1)).

4.1.1 Various norm-estimates for the solution

This subsection elaborates estimates for the solution of the RBSDE (4.0.1)
when T" < 4o00. To this end, we start elaborating some useful intermediate

results that we summarize in two lemmas.

Lemma 4.1.1. The following assertions hold.
(a) For any T € (0,+00), m™" is a BMO (@,G)—martingale. Furthermore,

we have
E° [[m, m]rpr — [m,m)inr—|Ge] < |ImllByvowr), P-a.s.. (4.1.1)
(b) For any t € (0,T], we have

Eé |:DO,]F _ DO,]F

TNT (tAT

),}Qt} <G, <1, P-us. (4.1.2)
(¢) If a € (0,400), then max(a, )G - D°F — V@ s nondecreasing, and

AT
E U G;ldDgf}gt] <1, P-as, (4.1.3)
t

AT
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where V(@ s the process defined by

S O ow _aADOF (0 ADOFN®
1% ._ED +Z( =—+1-(1-—% L (4.1.4)

The proof of this lemma is given in Section 4.3 The following lemma, that
plays crucial role in our estimations, is interesting in itself and generalizes 28]

Lemma 4.8] to more broader cases encountered in our analysis.

Lemma 4.1.2. Ifr~' =a ' + b7, where a > 1 and b > 1, then there exists a
positive constant k = k(a,b) depending only on a and b such that the following
assertion holds.

For any triplet (H, X, M) such that H is predictable, X is RCLL and adapted

process, M is a martingale, and |H| < |X_|, the following inequality holds.

1
| sup [(H - M)l < & sup | Xl [[all[M]7]o-
0<t<T 0<t<T
Proof. When H = X_, the assertion can be found in 28] Lemma 4.8]. To
prove the general case, we remark that, there is no loss of generality in assum-
ing | X_| > 0, and hence the process H/X_ is a well defined process that is

predictable and is bounded. Thus, put

and remark that [M, M| = (H/X_)?-[M, M] < [M, M]. As a result, we derive

_ 1
| sup [(H - M)|[lr = | sup [(X_- M)[|l; < &l sup [ Xufllall[M]7]]s
0<t<T 0<t<T 0<t<T
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1
< &l sup | Xqll[ol[[M, M]Z][p-
0<t<T

This ends the proof of the lemma. m

The next lemma connects the solution of (4.0.1)) for the case T < +o00 —~when
it exists— to Snell envelope. Recall that JX(G) is defined in (3.2.1)).

Lemma 4.1.3. Suppose that the triplet (f,S,&) satisfies

_ TNT
E9 [|§| —|—/0 |f(s)|ds + sup S:[] < 400. (4.1.5)

0<u<tAT

If (Y€, 28 MC KS) is a class-(D)-(G,Q, T A 7)-solution to , then

T 0
Y;G —ess sup E® [/ f(s)ds + Selgcrary + Eljo=rrr} ‘ gt] . (4.1.6)
t

0€TENT(G) AT

The proof of the lemma can be found in Section while herein we state our

first estimate.

Theorem 4.1.4. Suppose that T < +oo, and let p € (1,400). Then there

ezists C' € (0,400), which depends on p only, such that if (Y¢,Z¢ K¢ M€®)
is a class-(D)-(G,Q, T A 7)-solution to , then

G G G G
Yl @p T 127 s @) + 1M @) + 1 4@y < CAGE F557),

(4.1.7)
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where

TAT
A@(£>f75+>::HgHLP(Q)_'—H/O [fSdsll @y + 15Ty 30y (41:8)

Proof. This proof is divided into two parts, where we control and estimate, in
a way or another, the four terms in the left-hand-side of . To this end,
we remark that when the right-hand-side term of is infinite, then the
inequality is trivial. Hence, without loss of generality, for the rest of the proof
we assume that Az(E, f,5) < +o0.

Part 1. Remark that, due to [| - || 1) <[ || @) for 7 € [1,+00] which is a

direct consequence of Holder inequality, we get

_ TNAT
B2 g+ [l s st < Agle 57 < 4o

0<u<tAT

Then, thanks to Lemma [4.1.3] we conclude that Y'© satisfies (4.1.6)), which we

recall below for the reader’s convenience

o0
V= esssup E© {/ f(s)ds + Splig <rnry + Eljg=rnr} ‘ gt:| :
beTTN (6) tAr

Thus, by taking § = TAT € JIA(G) and using £ > —&~ and f(s) > —(f(s))™,

we get

o [— / ey —e | Qt] <Y
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and

_ TNAT
vE < O {/ (f(s))*ds+ sup SJ+£+\gt]
0

0<u<tAT

This clearly leads to

_ TAT
YE| < Fy = B9 [ [ s+ s st el gt] (4.19)
0

0<u<tAT

Hence, on the one hand, by applying Doob’s inequality to N under (@, G) we

derive

||YG||]D)T/\T(§,p) < INllpy. 65 < CosAs(E 1 51, (4.1.10)

where Cpp is the universal Doob’s constant. On the other hand, by combining

K§, =YE —c+ [["f(t)ydt — ME. + [,/ Z8dW;, (4.1.9) for ¢ = 0, and

the Burkholder-Davis-Gunndy (BDG for short) inequalities for the (Q,G)-

martingales M® and Z® - W7, we get

||K$/\T||Lp(é) < QA@(fa e S+> + Cspe {HMG”Mp(Q) + ||ZGHST/\T(Q,p)} .

(4.1.11)

Here Cgpe is the universal BDG constant.

Part 2. A combination of Ito applied to (Y®)? and (4.0.1)) implies that

d(Y®)? =2v%ay® + d[Y® Y©]

= 2YCf()d(s A7) — 2YCdK® 4+ 2V ZCaw™ — 2vCaM©
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+d[M® M) +d[K® K + (Z%)%d(s A7) + 2d[K®, M©].
As [M®, K¢ = AK® . M®, the above equality yields

AT
[MC, MC) pr + / (Z5)%ds
0

<+ s |Y§’|2+<5>2+< | |f<s>|ds) F(KS,? (4112)

€ 0<s<TAT

+2 sup |[(AK®-M®),|+2 sup |[(YO. (Z° W™ — M%),

0<s<TAT 0<s<TAT

Furthermore, thanks to (4.0.1) that implies —AY® = AK®+AM®, we remark

that

|AKG| <2M_, where M, := Eé[ sup |Y;G| |gs]-

0<t<TAT

Therefore, by combining this inequality, Lemma 4.1.2| applied to the last two
terms in the right-hand-side of (4.1.12)) with @ = b = p, and Doob’s inequality

applied to M, we get

VRIWIYE - (28 W+ M)y, 5, + VEIVIAKS MO 50

——1/2 G1/2
< 26 Mlly,. G 1M o)
1/2
2RV My + 170, )

< H2(1 + vV ODB)2
- €

G G G
Yl @ T UM @) + 127 sy, @)

The last inequality is due to Young’s inequality for any € € (0,1). Thus, by

inserting this latter inequality and (4.1.11)) in the resulting inequality from
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(4.1.12)) after taking square root and the norm in L”(@) in both sides, and

using the inequality [[vVX + Y|, = (||\/Y||Lp(® + ||ﬁ||Lp(é))/2 for any

nonnegative random variables X and Y, we obtain

1

(5 = € = V) IMC vy + 1251, 3)

S {/{2(1+\6/_C'DB)2 iy fiel }HYGHDW@M+(1+2¢2)A@<§,f,s+>-

Hence, by inserting (4.1.10)) in the above inequality and taking e satisfying

1 —€— eCppe > 0, the inequality (4.1.7) follows immediately from the

2

resulting inequality combined with (4.1.10) and (4.1.11)) again. This ends the

proof of the theorem. O

The next simple lemma is useful for the proof of our last theorem of this

subsection.

Lemma 4.1.5. Let (X;)ie; and (Y;)ier be two families of random variables.

Then

less sup X; — esssup Y;| < esssup|X; — Yi|, P-a.s.
i€l el i€l

Proof. Remark that, due to the essential supremum definition (see [62] for

details), we obtain

esssup X; = esssup(X; — Y; +Y;) < esssup(X; — Y;) + esssup Y;.
iel el iel iel
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Hence, we get

esssup X; — esssup Y; < esssup(X; — Y;) < esssup |X; — Y.

iel iel iel iel

Then by interchanging the roles of X; and Y; we also get

esssup Y; — esssup X; < esssup(Y; — Xj) < esssup |X; — Y.

iel iel iel iel

Therefore, by combining (4.1.13) and (4.1.14])) we get our result.

(4.1.13)

(4.1.14)

Now, we elaborate our second main result of this subsection, which gives esti-

mates for the difference of solutions.

Theorem 4.1.6. Suppose T < +o0 and that (Y®, 2% K& M%) is a class-

(D)-(G,Q, T A 7)-solution to the RBSDE associated to (f), S

for each i = 1,2. Then for p > 1, there exist positive C; and Cy that depend

on p only such that

G G G
10Y iy @p) T 1027 Mlssn, @) + 10M 7l o)

2

< C1A5(68,0,65) + Cor /1165l 6. ZAQ (), f),

) )7

(4.1.15)

where Aé(f(i),f(i),(S(i))+) for i = 1,2 and Az(6§,0f,05) are defined via
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,and 0Y© 6 2% 6 K€ 0MC,5f,6¢, and 6S are given by

JYC .= Y&l _yC2 576 .= zC1 _ 762

SMC = M®' — M©2  §KC .= K& — K&2, (4.1.16)

Proof. This proof is achieved in two parts, where we control in norm the first
term and the remaining terms of the left-hand-side of (4.1.15]) respectively.
Part 1. By combining Lemma 4.1.3] Lemma[4.1.5/and Jensen’s inequality, we

get the following

_ TNAT __
vl =vEt -y < 52| [ os(olas v swp 5.1+ 1el| 6] = .
0

0<s<TAT

By applying Doob’s inequality to M under (@, G), we get

16Vl g, < Copda(66,61,55), (4.1.17)

Q.p)

where C'pp is the universal Doob’s constant that depends on p only.
Part 2. This part focuses on estimating the term / (6Z5)2ds 4 [6M®, s M®].
0

Thus, we put

QF = [SME, 6ME] + [;(628)2d(s A7)
I¢:=2sup |(0Y® - (62% - W™ — 5M®)),| 42 sup [(A(SK®) - 5M),|.
0<t<- 0<t<-

(4.1.18)
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Then we apply 1t6 to (6Y®)?, and we get

d(6Y€)? = 26YCdsYC + d[oY®, 6Y ]
= —20YC5f()d(s A7) — 20YCdOK® + 20YC6Z28dW ™ — 20V Cds MC

+d[6M® SM®) + d[§K®, 6 K€ + (62%)%d(s A7) + 2d[6 K®, s M®].
Thanks to this equality and using the notation in (4.1.18]), we obtain

QF < (5Y®)? + / SYESf(s)ds +20Y° - K® +T'C,

0

2
< 2 sup (0Y,F)? (/ 16f(s |ds) +20S_ - 0K® +T°. (4.1.19)

0<t<

The last inequality is due to Skorokhod’s condition (i.e. it is clear that (Y€ —

dS_) - K is nonincreasing) and Young’s inequality. Furthermore, thanks to

(4.0.1)), we deduce that

IAGKS)| <M., where M, :=2E°] sup [5YE|]|G].

0<s<TAT

Thus, by combining this inequality and Lemma applied to I'® with a =

b = p, and using Doob’s inequality for M afterwards, we derive

|| \/ F(S/\THLp(Q

.y \/ sup |(8YE - (2% - W7 — 6M))| +2 sup [(AGKS) - 6M)ill|
0<t<-

0<t<-

<||\/ sup |6V - ( 5ZG-WT)|||LP@+I|\/2OS<1;§ 0YE - SME || o5

0<t<-

0<t<

+ H\/Q Sup [(A(OKE) - (5M)tH|Lp(Q)
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(1) 1 11 1 11
< k|l sup [0YE|ZII[0Z° - WTI2IIZ + &l sup [6Y, 5|12 II[6ME)2]3
0<t<T 0<t<T

—~ 1 11
+ | sup [M][[7[|[6M]7 |5
0<t<T

(2) 1 1
SK|I5YG||2 ~ ||5ZG||2 +HII5YG||2 II[5MG] ||p
+HVCDB|I5YG||2 ||[5M] IIp

1 1 1 1
- ’iH(SYG"ﬁm(é,p)”(SZGHSQTM(@@) Ry CDB)H(SYGHSW(@@)”(SMGHLP(Q)
(3) /{2(1 + (1 + CDB)2)
€

<

10Y C Iy, @) + €N0Z% sy, @) + 16M° ] o )-

(4.1.20)

Remark that the inequality (1) is due to Lemma by taking a = b = p
which gives r = £, the inequality (2) is due to Doob’s inequality applied to

M , and the inequality (3) is a consequence of Young’s inequality. By using

4.1.19) and the fact that || X, + Xafl g = %(HXlHL,,@) + y\X2||Lp@) for

any random variables Xjand X5, we get

1 G G
5578, @) + 1M k) < 1y Qi
< 10Y g, @ + Dg(06,81,08) +V2)85I% o NKC|L?

Arar(@:p)
+ ” \/ PSATHLp(Q)-

Thus, by combining this latter inequality with (4.1.20), (4.1.17), the fact

that Var,ap(0K€) < K% + K= and Theorem applied to each K®1

= 1,2, the proof of the theorem follows with ¢ € (0,0.5), C; = Cpp +
Cpp (e+r*(1+ (1++/Cpp)?)) /(e(0.5—€)) and Cy := v/2C(0.5 — €)' where
C is the constant in Theorem [{.1.4] O
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4.1.2 Existence for the G-RBSDE and its relationship

to F-RBSDE

In this subsection, we prove the existence and the uniqueness of the solution
to the RBSDE when T < +o0o0, we establish an explicit connection
between this RBSDE and its F-RBSDE counterpart, and we highlight the
explicit relationship between their solutions as well. To this end, we sate the

following lemma

Lemma 4.1.7. Let £ :== & (—é‘l . D"’]F> and let L be an F-semimartingale.

Then we always have

LE M+ LEL-NC=&21. 17,

The proof is given in Section while below we state our main result.

Theorem 4.1.8. Suppose that T < 400 and there is p € (1,00) such that

< 400, (4.1.21)

TNAT
s)|ds+|§|+ sup Sy
| [ rnas+ie+ s st

0<u<tAT

and consider (f¥,S¥,&F) and V¥ given by

fPo=Ef, ST .=E8, & =&y, VEi=1-&, E:=¢ (_@4 : DOJF> .

Then the following assertions hold.
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(a) The following RBSDE under F, associated to the triplet (f¥,S¥, &),

T T T
Y, =& + / fE(s)ds + / hedVE + Kp — K, — / ZdW,,
t ¢ t (4.1.23)

T
Vi > Sily <ry + € 1y =1y, / (Y- — S/ )dK, =0, P-a.s.,
0

has a unique LP(P,F)-solution (Y¥, Z¥ K¥) satisfying

YV =ess sup E[ / £ (s)ds + / hod VY + Splipery + € pmry ) ]—“tl.
UG\fDT(lF) t t

(4.1.24)

(b) The RBSDE defined in has a unique LP(Q, G)-solution denoted by
(YC, ZC K& M®), and
Y¥ ZF
Ve = ?I[[o,f[[ + & o], Z° = g_l]]O,T]]y

. (4.1.25)
c_ 1 F\r G Y G

K:=— (K') and M* =(h——|-N".

E_ &

Proof. Assertion (a) is the linear case of a general RBSDE under F given in
Subsection [5.1.2] see ((5.1.27)). Thus, the proof of the existence and uniqueness
of the LP(F, P)-solution under (4.1.21)) of this RBSDE will be omitted here,
and we refer the reader to Subsection [5.1.2] Furthermore, the proof of (4.1.24))
mimics exactly the proof of (4.1.6)). Therefore, the remaining part of this proof
deals with assertion (b).
Thanks to the theory of Snell envelop, see ] for details, there exists a triplet

(Z©, K&, M®) such that the quadruplet (Y®, Z¢ K© M®) is a solution to the
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RBSDE (4.0.1]), where

VS i=ess sup EC [/9 f(s)ds + Selio<rary + {lio=rAr} ‘ Qt} . (4.1.26)
0eTINT(G) tAT

Furthermore, it is casy to prove that this solution is a class-(D)-(G,Q,T A
7)-solution. Thus, by combining this with Theorem 7 we conclude the
existence of an Lp(é,G)—solution to (4.0.1). The uniqueness of Lp(é, G)-
solution to follows immediately from Theorem m Hence, the rest
of this proof focuses on proving the relationship . To this end, on
the one hand, thanks to the Doob-Meyer decomposition under (@,G), we
remark that for any solution (Y, Z, K, M) to (4.0.1)) we have (Y, Z, K, M) =
(Y©,Z® K€ M®) if and only if Y = Y. On the other hand, due to (4.1.26)),
we have

’
YE 4 [T f(s)ds = S(XE; G, Q)

§ with

XG - OT/\T/\' f(S)dS + SI[[O,T/\T[[ + hTATI[[TAT,+OOII'

\

Therefore, in order to apply Theorem [3.2.3}(b), we need to find the unique

pair (XF, k") associated to X©. To this end, we remark that

Slorary = Sl and  hoarIpeat, oo Lo,7] = Prdjo+[[7,400[
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and derive

TA-

TA-
XF= f(s)ds + SIprp + hrlpr oo, kP = / f(s)ds + hpp. = k)
0 0

Furthermore, it is clear that we have

EXF _ flon) . g = f s)ds + S Tprp+ (- V)T + & Irvoo,
kP g _ L(op) . f s)ds + (h - VE)T + gh][[O,T[ + &[T ool
and

YO+ L' =S (L7 + & [i7 joop + ST I F. P)
where

TA- TA-
LF = fF(s)ds —i—/ hedVE.
0 0

Thus, by directly applying Theorem m—(b) to YC, on [0,T], we obtain

TATNA- -
Yo 4 / f(s)ds = S(X%,G, Q)
0

F& _ 1.(op) . £. c
B S (X E -k . E T, P) LF + Endjorp + € N7 4o

~ o[+ - - N€
g ol £
YE+ ¥ LF G
=% ot 5 N+ (Wl + hrlirs) - N
YE 1 h
= ?Jﬂw T (L") + hya - D — Elﬂwﬂ] - D°F
YIF

TATN-
= ?I[[O,T[[ + / f(8)ds + &l g oof-
0
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The fourth equality follows from Lemma|4.1.7, This proves assertion (b), and

the proof of the theorem is complete. O

We end this section by the following important remark that will be useful.

Remark 4.1.9. It worths mentioning (and easy to check) that the main results

of this section (especially Theorems |].1./4.1.6( and |4.1.8) remain valid if we

replace T with any bounded F-stopping time o. In this case, one should use

the probability @a = ~JAT - P instead of @

4.2 The case of unbounded horizon

In this section, we let T" to be infinite in the RBSDE (|4.0.1]), and get

dY = —f(O)d(t A7) — d(K + M) + ZdW™, Y, =& =h,,
(4.2.1)

Y, >S; 0<t<m, / (Y. — S;_)dK; =0, P-as..
0

It is important to mention that Q (defined in ) depends heavily on the
finite horizon planning 7', and in general the process 7™ defined in (12.3.10))
might not be a G-uniformly integrable martingale, see 9] for details. Thus,
the fact of letting T" goes to infinity triggers serious challenges in both technical
and conceptual sides. In fact, both the condition and the RBSDE
(4.1.23]) might not make sense when we take 1" to infinity, as the limit of hp
when 7' goes to infinity might not exist even. The rest of this section is divided
into two subsections. The first subsection focuses on existence and uniqueness

of the solution to (4.2.1)), while the second subsection deals with the F-RBSDE
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counterpart to it.

4.2.1 Estimates under P for the solution of (4.0.1]

Our approach to the aforementioned challenges has two steps. The first step

relies on the following lemma and the two theorems that follow it, and aims to

get rid-off of @ in the left-hand-sides of the estimates of Theorems and
4.1.6] The second step addresses the limit of the right-hand-side terms in the

estimates of these theorems.

Lemma 4.2.1. Let T € (0,+0), Q be the probability given in (2.5.11]), and
E be the process defined in . Then the following assertions hold.

(a) For any p € (1,4+00) and any RCLL G-semimartingale Y, we have
E { sup 5'3|Y;|p} < GalEé { sup |Y5|p] . (4.2.2)
0<s<TAT 0<s<TAT

(b) For any a € (0, +00), we put x(a) := 3/%(5 + (max(a,a™!))/*). Then for

any RCLL, nondecreasing and G-optional process K with Ko =0, we have

(/OTAT(@—)asz> Ua] < k(a)Gy' EC

(c) For any p > 1 and any nonnegative and G-optional process H, we have

E

Ko+ > G 1/“] (4.2.3)

0<5<T/\7‘

TAT

[ 2/pH NG NGDp/2]
< 1(a)Gg'E? [(H- [NC, NC)par )2 4 (HP2G - Var(N®)) .| (4.2.4)
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(d) For any p > 1 and any nonnegative and F-optional process H, we have

E (&0 - [N% N |

< k(a)Gy " EQ [(H - [N®, N®]ppr)?/? + 2(HY* I oy - D*%)r] -(4.2.5)

For the sake of simple exposition, we give the proof of this lemma in Section

[4.3] In the following, using this lemma, we elaborate estimates for the solution

to (4.0.1)) under the probability P instead.

Theorem 4.2.2. Suppose T € (0,+00). For any p > 1, there exists a positive

constant C that depends on p only such that the unique Lp(@, G)-solution to
, denoted by (Y©, Z® K® M©), satisfies

p/~ [ ~ ~
|| \/EYG“DT/\T(P:p) _|_ || \ S_ZGHgT/\T(Pvp) _I_ || \ S_ ' KGHATAT(P’p)

+ I/ - M| pwiry

. TNAT "
< {ngnm@ +|| / 1£(5)1dsll iy + ||s+qu@,p)} . GAG(E .57

where & is the process given by .

Proof. By applying Lemma M(b) to K; = JAT(Z;G)%S and a = 2/p, we

get

E

(/ TM@)?/%Z;G)%s)p/Q] < ()G B2
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By applying Lemma m-(a) to the process Y = Y€, we obtain

E[ sup §S|Y;G|p} < GalE@ { sup |Y;,G|p} : (4.2.7)

0<s<TAT 0<s<TAT

By applying Lemma M-(b) to the process K = K® and a = 1/p, and using

the fact that we always have > . GJ(AKZ)P < (K7,,)?, we derive

([ )] s

2k(a) -5 G \p
c. E° [(Kfp,)"] - (4.2.8)

(K0 )+ > GJAKF)

0<s<TnAr

<

Thanks to Theorem [4.1.8, we have [M® M®] = H - [N® N®] with H :=
(h — YFE ~1)2 being a nonnegative and F-optional process. Thus, a direct ap-

plication of Lemma (d) yields

E [(é?/pH_ [NG’NG])PQ }

TNAT
< C)
=G

E9 [(H - [N®, N )P/? 4+ 2(HP* Iy - D°F)r] . (4.2.9)

To control the second term in the right-hand-side of the above inequality, we

remark that (H?/2Ijo - DOF) < 207 Y(|hfP + |YEP) I -1 - DOF, and we derive

2B [(HP* I b1 - D°F)p] < 2PEC [|ho P Irery] +2PE@[ sup |YF|”].

0<t<tAT

Therefore, by combining this inequality with h l<r = (<, (¢.2.9),

(4.2.8), (4.2.7), (4.2.6) and Theorem [4.1.4] the proof of the theorem follows
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immediately. [l

Similarly, the following theorem gives a version of Theorem where the

left-hand-side of its estimate does not involve the probability @

Theorem 4.2.3. Suppose that T < +o0, and let (Y&, ZCi K®i M®) be the
LP(Q, G)-solution to associated to (f%, SO D) fori =1,2. Then,

there exist positive constants 6’1 and 52 which depend on p only such that

1/ E5Y oy + 14 E-5 28 launrirmy + I/ E- - 5MCllpgp. )

TNAT

DT/\T (évp

2
< C1AG(8€,6£,885) + Cao|6S1/ ) 3T AGED, FO,(SO)F). (4.2.10)
=1

Here A@(g(i),f(i), (ST fori=1,2 and A5(6€,0f,8S) are given via ,
while (Y€, 52% 6 M® 6 K®) and (6¢,6f,65) are defined in .

Proof. By applying Lemma M(a) to Y = 6Y® and a = 1/p, we deduce

that

E [ sup é|5YtG|P] < kE? l sup \5Yt@|p} . (4.2.11)

0<t<T 0<t<T

To control the remaining terms in the left-hand-side of (4.2.10]), we apply
Lemma M(b) to K = [,(6ZF)%ds + [6M©,6M®] and a = 2/p, and get

E

([ @pmozerass [ @ prapar, 5MG]S>W2]
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TNAT p/2 ~
( / (5Z§)2ds+[6MG,5MG]TM) + Y GIAGME) P .
0

0<t<TAT

< kE®

(4.2.12)

Then by using A(GME) = (6h —0YFEY)ANE = HANE and £-16YF = 6y ©
on 0, 7] —see Theorem —, and by mimicking parts 3 and 4 in the proof
of Lemma [4.2.7], we derive

EQ

Xjamwﬁw]

0<t<TAT

< E@ [5|H]p : Var(NG)T} = 250 |:’H|p[]]0ﬂ'[[ ' D;’F}

fmwﬂWW+mﬂmW«%ﬂswﬁWw+swrww.

0<t<TAT

(4.2.13)

Therefore, by combining (4.2.11)), (4.2.12), (4.2.13) and Theorem the

proof of the theorem follows immediately. ]

Our second step in solving (4.2.1]) relies on the following lemma, and focuses
on simultaneously letting 7" to go to infinity and getting rid-off @ in the norms

of the data-triplet.

Lemma 4.2.4. Let X be a non-negative and F-optional process with Xq = 0.
Then the following assertions hold.

(a) For any T € (0,00), we always have

~ ~ ~ T ~
E9X1p,] = E9[X I;<ry] + GoE[X7Er] = GoE { / X,dV] + Xr&r| .
0

(4.2.14)
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(b) If X/E(GZ" - m) is bounded, then we get

lim E9[X7a.] = Gol| X1 pave) i= GoF { / XstSF] . (4.2.15)
0

T—o00

The proof of this lemma can be found in Section

4.2.2 Existence and uniqueness for (4.2.1)): New spaces

and norms for the solution and data

It is clear that Lemma allows us to take the limit of @—expectations, under
some conditions. More importantly, on the one hand, this leads naturally to
the space LP(Q x [0,+00), F ® B(RT), P @ VF) for the data-triplet (f,h,S),

endowed with its norm defined —for any F @ B(R™)-measurable X— by

IX W5 povey == E VO !Xt!pdvtﬂ . (4.2.16)

On the other hand, the pair (Y¢, Z®) in the solution of when T' < +00
belongs to ]IN))U(P, p) X ga(P, p), with 0 = T'A 7. The two spaces, which appear
naturally in our analysis, are given as follows: (Y, Z) € D,(P,p) x S,(P,p) if
and only if % (Y, Z) € D, (P, p) x Sy(P,p). Furthermore the norms of these

spaces are defined by

||Y||fDU(P,p) = ||Y<)/E||]D)0(P,p) and ||Z||§U(P,p) = ||Z p\/ g—”Sg(P,p)- (4217)

Similarly, for the remaining pair (K€, M®) in the solution of (4.0.1)) when

T < 400, we take the norm of the “discounted” pair (gi/p . KG,gi/p - M®)
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under P instead of that of (K€, M®) under Q.

Below, we elaborate our principal result of this subsection.

Theorem 4.2.5. Let p € (1,400), and suppose G > 0 and (f, S, h) satisfies
¢

| £+ |h| 4 sup [Sul||Lr(pove) < +00, where Fy ::/ |f(s)|ds. (4.2.18)
0<u<- 0

Then the following assertions hold.
(a) The RBSDE admits a unique solution (YG, 7% KC, MG).

(b) There exists a positive constant C, that depends on p only, such that

HYG“ﬁ)T(P,p) + HZGHgT(P,p) + H \p/ & MGHMP(P) + H VE- - KGHAT(PJJ)

< C||F + |h| + sup Sy || zo(pave)-
0<s<-

(c) Consider two triplet (f@, SO K@) i = 1,2 satisfying . If the
quadruplet (YG’i,ZG’i,KG’i,MG’i) denotes the solution to associated
with (f®, S hO)) for each i = 1,2, then there exist positive C, and Cy that

depend on p only such that

1Y 1l5, (ppy + 1025 lg, () + 1/ €= - EM® ||t

< C4|||oh] + |6F| + Os<u12 16Sulll e (Peve

2
%\/” sup 65|l zo(peveyy| O IF@ + (@[ + sup (S)* | 1o(pevs)-
0<u<- 0<u<-

i=1

Here Y 625, 6M®, 6 K® and 6S are given by . FO s defined via
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, and
oh = hY —p@ §F ::/ |fY — fP)ds. (4.2.19)
0

(d) Let VD) e the process defined in . Then, there exists a unique
LP(P,G)-solution to

1/ ~ -

dY = Y (g) " Lo dV 0P — EVP Y d(t A T) — dE — dM + ZdW",

Y, =&, Y >EVPS on [0,7] (Y. — EPS, VdK, =0,
0

(4.2.20)
denoted by (?G, ZG,I?G,MG>, and which satisfies
(?G,ZG,?(G,JTJG) - (El/pYG,Ei/”ZG,éi/p CKC EVr. MG). (4.2.21)

Proof. Here, we start by proving that part (d) follows from assertions (a), (b)
and (c). Let (YG, 7% K, MG) be the unique solution to the RBSDE 1'

Then, thanks to It6’s calculations, we derive
EVry® = g7 yC L yC.glp, (4.2.22)

and

- _gl/p 1~ "
yG. 81/;0 _YG. . DOF + § {gl/p Sl/P _ _51/P*1Ag}
G -
p 0<s<:

_ye (5/ SN CUIBECA RS 5%’—%@?%5})

0<s<-
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:y«s.( e S (e Ag"%”p_l_;g;mg})

0<s<-

(@) (e £ {- (1-227) -2

0<s<-
~\ 1/p
_ _yGgip (g) L)

By combining this latter inequality with (4.2.22)) and then using (4.2.1]) after-

wards, we get

1/p
d(EVry ) = — glry© (g) [ondVW? — 7 pyd(t A ) — EVPARE

—EVPaME L EVP ZCaT.

This proves that (YG, Z¢ K& M G) is the unique solution to 1} if and
only if (?G,ZG,[?G,MG) — (51/pYG,§i/PZG,§i/p-KG,éi/p~MG) is the
unique solution to . Furthermore, under , this solution is an
LP(P, G)-solution as soon as assertion (b) holds, due to

1Yo, 2) = 1Y 5, (90 12%115, 0 = 1215 -

Thus, on the one hand, the existence of an LP( P, G)-solution to follows
immediately as soon as assertions (a) and (b) hold. On the other hand, the
uniqueness of the solution to is a direct consequence of assertion (c).
Therefore, the rest of the proof focuses on proving existence of a solution to
(4.2.1) (i.e. the first half of assertion (a)), and assertions (b) and (c) in four

parts.
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Part 1. Here, in this part, we consider an F-stopping time o, and we assume

that there exists a positive constant C' € (0, +00) such that

max (]h!”, (/0 |fs|ds)p,os<171}2.(5j)p) <CEG="-m), on [0,0].(4.2.23)

Our goal, in this part, lies in proving under this assumption that there exists
a solution to (4.2.1) and assertion (b) holds for [0,0 A 7]. To this end, we

consider the sequence of data (f™, (™, S™)) given by
f(n) = fI[[O,n/\cr]]a hﬁ") = hiponns St(n) ‘= PnAtAos é(n) = hpponr, (4224)

For any n > 1, thanks to Theorem [£.1.8}(b) and Remark [£.1.9, the RB-

SDE associated to (f™,S™ £M) has a unique LP(G, én/\a)—solution
denoted by (Y®&n ZGn MEn K®m) for the horizon n Ao AT (i.e., that corre-

sponds to the case where T' = n A o). For any n,m > 1, we apply Theorem

4.2.2/to each (™ ™ SM) and apply Theorem to the triplet
(6F,6h,85,8€) = (f0 — flntm) po0 _ plnm) gl _ glotm) en) _ gutm))
using the bounded horizon 7' = (n + m) A ¢ for both theorems, and get

_ T _ p/2
sup stm“?"”\p+( / <ss>2/p\zf””\2ds) ]
0<t<T 0

[((5 )l/p KG n) + ((5_)2/12 . [MG’n,MG’"]T)p/Q]

E

{( nAaAT )|d8)]7%_ sup (Eif)p_%‘f(n”p} , (4;2.25)

0<s<nAoAT

72



and

G,n G,n+m|| _ G,n Gn+m || _
Yo = Y=gy 125" = Z5" T g
+ H p/gi . (MG,n . M(G,ner)THMp(P)

< CrAG(EM — glrtm) ) _ plortm) gn) _ glnem)) (4.2.26)

+Cy \/“oft‘ipA |Sian = Seagimlle@ Y AgE®, fO,(S@)H),

ie{n,n+m}

where A@(f(i), f@(S@)*F) is given via " and which we recall below:
(€D, FO, (50)7)
) TAT ) )
= Hg(Z)HLp(@) + ||/0 |f(z)(3>|d5”Lp(@) + ”(S(Z))JFHSTM(@,I;)-

Next, we calculate the limits, when n and/or m go to infinity, of the right-

hand-sides of the inequalities (4.2.25) and (4.2.26]). To this end, we start by
applying Lemma to (fy1£(s)]ds)?, supg,<.(SF)P, and |h|P, and get

( ~ NATNAT p )

lim E© K / | f(s)|ds> } = GoE { / (Fw)PdVE] :
lim E? [ sup (Sj)p} =GyFE [/ sup (Sj)pd‘/f] ,
n—o0 0<s<nAcAT 0 0<s<tAo

lim EQ [[€™P] = lim E? [[hyrens]”] = GoE { / |hm\pdvﬂ .
\ N0 n—oo 0

(4.2.27)

This determines the limits for the right-hand-side terms of (4.2.25)). To ad-
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dresses the limits of the right-hand-side terms of (4.2.26]), we remark that

TAT
1] 17 = e lasl,

TA(n+m) »
</0 [[[0#7]](3>I]]n,oo[[(8)‘f(3)‘ds> _

increases with m. Therefore, by applying Lemma to (F7 — F™\7)P

— EQ

, we
derive

SﬁPH/OTU(")(S) = fO(s)lds |

= GoE [/OOO(F(S/\U)—F(S/\n/\J))pdVSF :

L (Q)

By combining this equality with (4.2.18]) and the dominated convergence the-

orem, we get

n—=00 m>1

lim sup || |f(" (s) — f(”+m)(s)|ds||’£p@) = 0. (4.2.28)
Similar arguments allow us to deduce that

(n) _ g(ntm) Q
15 5@ = E

sup |Sn - St|pI{7'/\J>n}] )

n<t<(n+m)AcAT

increases with m to GoF [/ sup |S — Sﬂpf{ﬂbn}d%ﬂ. Then this
0

n<uloAt

yields

lim sup ||S™ — §Fm)|P = 0. (4.2.29)

n—00 1 >1 DT/\T(Q D)
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Thanks to (4.2.23), we derive

EQ [lé—(n) - E(n+m)|p:| =F |:Z(n+m)/\7'|hn - hT/\O’/\(TL-‘rm)|pI{T/\O'>’VZ}

<2PCP(t Ao > n),
and hence we obtain

lim sup E9 [ — gtmP] < lim 20P(1 Ao > n) = 0. (4.2.30)

n—oo m>1 n—oo

Thus, by combining (4.2.28)), (4.2.29) and (4.2.30]), we conclude that the right-

hand-side term of goes to zero when n goes to infinity uniformly in m.
This proves that the sequence (Y7, Z&n K®n M©n) is a Cauchy sequence in
norm, and hence it converges to (Y®, Z¢ K® M®) in norm and almost surely
for a subsequence. On the one hand, we conclude that (Y®, Z¢ K® M®) is in
fact a solution to (4.2.1). On the other hand, by taking the limit in
and using Fatou and (4.2.27)), the proof of assertion (b) follows immediately.
This ends the first part.

Part 2. In this part we prove that assertion (c) holds under the assump-
tion (4.2.23) over the interval [0, A 7], where o is an F-stopping time. To
this end, we consider two triplets (f®,S® h@)) 4 = 1,2, which satisfy the
boundedness assumption (4.2.23), and to which we associate two sequences
(f&m SGEm pmY = 1,2 as in (#.2.24). On the one hand, by virtue of
part 1, we deduce that for each i = 1,2, (Y& ZGGn) [GGn) prG(in))
converges in norm and almost surely for a subsequence to the quadruplet

(V&0 760 K@ @) which is solution to (4.2.1)) for the horizon o A 7.
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On the other hand, for each n > 1, we apply Theorem for

5f(n) — f(lm) _ f(27n)’ 58 .— g(tn) _ 5(2,11)7 55(%) — g(l,n) _ 5(2,71)

Y

and

5yG,(n) — YG,(l,n) o YG,(Z,n) 52G,(n) — ZG,(l,n) . Z(G,(Q,n)7

)

5KG,(n) — KG,(Ln) o K’([E,(2,n)7 5MG,(n) — MG,(I,n)) o M(G,(2,n)’

and get

16 S5, oy + 18255,y + IE)YP - M| o)

2
< ClA@((Sg("), 5™ 55M) 4 C, 165 ls.0) Z Ag (£, flim) (Sm)+),

i=1

(4.2.31)

Similarly, as in the proof of (4.2.27)), we use Lemma and the boundedness
assumption (4.2.23)) that each triplet (f®,S@ A®) (i = 1,2) satisfies, and get

( T nAoCAT P oo
lim £ ( / \6f§">>|ds) ] — GoE { / iaFW\PdVﬂ,
n—oo L 0 O

1mE%me:%EU|MWWWL
n—oo 0

lim E9 sup = \6S§")\p] = GyFE [/ sup ](5S3|pd‘/f} , i=1,2.
0

Vo0 | 0<s<oAT 0<s<tAo

(4.2.32)

Thus, by taking the limit in (4.2.31)), using Fatou’s lemma for its left-hand-
side term, and using (4.2.32)) for its right-hand-side term, assertion (c) follows

immediately. This ends the second part.
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Part 3. In this part, we drop the assumption (4.2.23)) and prove existence of
solution to (4.2.1)) and assertion (b). Hence, we consider the following sequence

of stopping times

hP + |S,|P K ds)P
T —infdt>0 - | PP + [ S| +_1(f0|f(s)| s) -
€t<G_ m)

and the sequences
" = hlor,p, f™ = flory, S™ = SIpr,, €™ = h I or,.(4.2.33)

Thus, for any n > 1, it is clear that the triplet (™, A" S) satisfies
on [0,7,]. Thus, thanks to the first and the second parts, we deduce the exis-
tence of unique solution to , denoted by (Y& ZCm) G0 6.
associated to (™, A S™) with the horizon T}, AT, which remains a solution

for any horizon Ty A 7 with £ > n. Furthermore, we have

IYE 5 pyy + 1E)TP - (ME)T ] paory

HIZEOs gy + 1(E 7 KEO) )

< O F™ + ™| + Sup (SEN) e (pove), (4.2.34)
due to assertion (b). Furthermore, for any n > 1 and m > 1

HyG,(n) _ YG,(n+m ) + HZ(G,(n) . ZG,(n+m

)l‘ﬁT (Pp )ylﬁT(P,p)

+ || P g_ . (MG7(n) _ MG,(n+m))T||Mp(P)

7



< Cofl|R — A [P — O] 4 sup S — ST e

0<u<-
+ G, [l sup [SE = ST ooy Din,m), (4.2:35)
where 3(n,m) is given by
Snm) = 30 MY+ RO+ sup (SP) pspov.

ie{n,n+m}
It is important to remark that, thanks to part 2, the latter inequality above
follows from assertion (c) applied to

p

5yG — YG,(n) _ Y'G,(ner)7 5zG — ZG,(n) _ ZG,(ner)’

SIC = KO _ [(Brtm) SA[E — JE) _ NfOtm) gy o= ) _ ot

SF i= [ | — f7+™ds,  FO = [|fP)ds, 65 = St — glwtm),
\

Then by virtue of (4.2.18) and the dominated convergence theorem, we derive

lim sup |||h(n) _ h(n+m)| + |F(n) _ F(n+m)| + sup |S£n) _ S£n+m)|||LP(P®V]F)

n—+00 ;m>1 0<u<-

< tim i eocg(A]+ F + sp SuDllzscrave) = 0.
n—-+oo 0<u<-

A combination of this with proves that the sequence of the quadruplet
(Y& ZCm &M NCM)is a Cauchy sequence in norm, and hence it con-
verges to (Y, Z® K© M®) in norm and almost surely for a subsequence. As
a result, (Y®, Z€, K® M®) clearly satisfies , and due to Fatou’s lemma
and we conclude that assertion (b) holds. This ends part 3.

Part 4. Here we prove assertion (c¢) under no assumption. Thus, we con-
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sider a pair of data (f®,S® h® ¢@)) i = 12 to which we associate two
sequences of F-stopping times (7, TSZ))n for 1 = 1,2 as in part 3, and two data-
sequences (f(™) p9) Si)) which are constructed from (f®,h® S@)) and
T, = min(Tle), T7$2)) via . On the one hand, thanks to part 2, we ob-
tain the existence of (Y& ZC i) Cni) pr&mi)y o) (i = 1,2) solution to
for the data (f9, h(™) §()) with the horizon T, A 7. Furthermore,
the sequence (Y &) 7600 6. N6y o converges (in norm and al-
most surely for a subsequence) to (Y& Z&¢ K M©4) which is a solution
to (4.2.1) for (f®,S® h® £@) and the horizon 7. On the other hand, thanks

to part 3, we apply assertion (c) to

(Y &M §25m) 5 k&M §prE M)

(YG,(n,l)’ Z(G,(ml)’ KG7(n71), MG,(n,l)) . (YG,(n,Q)’ Z(G,(m?)7 K(Gh(n,?)’ MG,(mQ))’

associated to

<(5f(n)7 (5h("), (58(")) — (f(nvl) _ f(n,2)7 1) h(”’Q), gn1) S(ﬂﬁ))

= (6f7 5}7’7 5S)[[[O,Tn[[:
and get

HéyG,(n)Hﬁ)T(P’p) + ‘|6ZG7(n)H§T(P,p) + H P E . 5MG’(n)HMP(P)

< Cloh™| + [6F |+ sup |35 lscpove

2
+02¢ | sup (85 |llo(pavey | S IFCD + [h@D] + sup (S5) || Logpave).
0<u<- 0<u<-

=1
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Then by taking the limits on both sides of this inequality, and using Fatou
for the left-hand-side term and the convergence monotone theorem for the
right-hand-side term, we conclude that assertion (c) follows immediately for
this general case. This ends the fourth part, and the proof of the theorem is

complete. O

It is important to mention that our method, in the proof above, requires the
assumption || supg<,<. [Sulllr(poyve) < +oo in (4.2.18) which is stronger than
the condition ||supye,<. Sy ||r(povey < +oo. Importantly, the assumption
(4.2.18]) reduces the generality of the theorem and similar results for BSDEs
can not be derived from this theorem in contrast to previous theorems. How-
ever, our method remains valid and can be easily adapted to the BSDEs setting
directly by just ignoring the process S and putting K¢ = 0 throughout the

proof, as they are irrelevant. This proves the following

Theorem 4.2.6. Let p € (1,+00) and F be given by . Suppose G > 0
and (f,h) satisfies ||[F' 4 |h|||po(povey < +00. Then the following assertions
hold.

(a) The following BSDE

dY = —f(t)d(t A7) —dM + ZdW™, Y, =¢. (4.2.36)

admits a unique solution (Y€, Z% M®).

(b) There exists a positive constant C, that depends on p only, such that

||YG||]5)T(P,p) + ||ZG||§T(p,p) + 1/ - MO prpy < C|F + |2||| Le(pove)-
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(c) Consider two triplet (f,h"), i = 1,2, satisfying | FD + |hO||| Lo payey <
+oo. If (Y&, Z% M%) denotes the solution to associated with the
pair (fO,hD) for eachi = 1,2, then there exist positive C, and Cy that depend

on p only such that
18Y Cll5, (ppy + 19255, oy + 14/ €= - OME | paw(ry < CulllSR] + [6F || Lo(peve).-

Here 6Y®,62% and 0MC are given by , FO s defined via ,

and
5ho= B _h® 5 = / D — @),
0

(d) Let VA/) be defined in . Then, there ezists a unique LP(P,G)-

solution to

~\ 1/p
dY = -Y <g> LodV P — EPFyd(t A7) — dM + ZdWT, Y, = EMPe,

denoted by (?G, ZG,MG>, and satisfies

(V5,25 M°) = (v e z8 V7. M),

4.2.3 Relationship to RBSDE under F

In this subsection, we establish the RBSDE under F that is intimately related

to (4.2.1]), and we connect their solutions as well.

81



Theorem 4.2.7. Suppose that G > 0 and (f, S, h) satisfies and

E [<Foogoo)p} < +00, where € := E(=G™'- DY) and Fy := /OOO |fslds.

(4.2.37)

Consider the pair (%, S%) given by . Then the following hold.
(a) The following RBSDE, under IF, generated by the triplet (f]F, S¥, h)

Y; :/ f]F(s)ds+/ hydVE + Ko — K; —/ Z AW,
t t t (4.2.38)

0

has a unique LP(P,F)-solution (Y*, Z" KF).
(b) The unique LP(Q,G)-solutéon to , denoted by (YG,ZG,KG,MG),
satisfies

YE = YFE o 1 + Elprsoc)y 2 = ZFE o,
(4.2.39)

KS = &' Iy - K¥, and M = (h - YF§—1> . NS,

Proof. On the one hand, remark that, due to the assumptions (4.2.18) and
(4.2.37), both random variables [°|f;|ds and [;° |hs|dV]" belong to LF(P).
Indeed, in virtue of (VE)P~! < 1, this fact follows from the following two

inequalities

> ~ &0 oo p 00
/ |ff|d5 = Excloe + / FSdVSF, and (/ |h8|dVS]F) < / |h5|pd‘/;F.
0 0 0 0

On the other hand, similar arguments as in the proof of Lemma one can
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prove that any LP(P,F)-solution to (4.2.38)) (Y, Z, K) satisfies

Y,=ess sup FE [/ ffds +/ hstS]F + S;FI{K%O} |}“t =Y,
t t

€T (F)

Furthermore, due to the Snell envelope theory, see [0 for details or see also the
proof of Theorem [4.1.8], the Doob-Meyer decomposition of the supermartingale
Y + [y hedVE + [ ffds = M — K. Thanks to the predictable representation
theorem, we deduce the existence of Z € L} (W, F) such that M=2Z-W.
Therefore, the triplet (Y, Z, K) is the solution to (4.2.38)). This proves that
has a unique solution, and the proof of assertion (a) is complete.
The rest of the proof deals with assertion (b). Remark that, in virtue of
Theorem m, the RBSDE has a unique L (QV, G)-solution. Therefore,
we will prove that (?, 2, IA(, ]\7) given by
F ZF 1

~ Y ~ ~
Vi= =l + iy 2= =Hos, K== (K,
7 et T & prroe] 7 ol g_( )

L F
and M = (h—%) - NC,

is a solution to 1' To this end, we put = YF/g, and on the one hand

we remark that

~

Y = Tljorq+ helppioop = L7+ (h = T) - D, (4.2.40)

On the other hand, by combining It6 applied to f, (4.2.38) that the triplet
(YF, ZF, KF) satisfies, £ = £(G1-D°F), EG = £_G, and dVF = £_G~1dDF
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we derive

~

N - 1 r 1
dl = YFdE + —aYF = —dD*F + —dY*

~

r F h 1 ZF

= —dDF — Z-ds — —dVF — —dK" + Z=—dW
G & & & &
T—h ZF

1
= ———dD°F — fds — —dK" + =dW.
G £ £

Thus, by stopping T at 7 and inserting the above equality in (4.2.40) and

arranging terms we get
dY = —f(t)d(t A7) — dK +dM + ZdW7™, and Y, =¢  (4.2.41)

This proves that (37, Z,K, M ) satisfies the first equation in (4.2.1). Further-
more, it is clear that Y > SF implies the second condition in (4.2.1). To
prove the Skorokhod condition (the last condition in (4.2.1))), we combine the
Skorokhod condition for the triplet (Y, Z¥ K¥), the fact that Y. >S_ on

10, 7], and

0 < / (Yie — Sy )dE; = / (VE — 87 )E2AKT
0 0

< [0 - s ant —o,
0
P-a.s.. This ends the second part, and the proof of theorem is complete. [

Remark 4.2.8. (a) It is clear that, in general, the existence of an LP(P,F)-

solution to exiges stronger assumptions than the existence of LP(P, G)-
solution to .
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(b) It is clear that one can easily derive similar theorem for the

For more details see Theorem [{.2.6 and the discussions before

4.3 Proof of Lemmas of Sections (4.1

BSDE setting.

it.

and 4.2

In this subsection, we give the proof of the intermediate Lemmas [4.1.1] 4.1.3]

A1.7 {20 and 2.4

Proof of Lemma[{.1.1. Recall that Am = G — G_ < 1, and m is a BMO

(F, P)-martingale, see Definition [2.1.19] Furthermore, we have

E1é [[m, m]T/\T - [m7 m]t/\T‘gt}

r rI'AT
— | [ ede 6] €6 )
LJ AT
r rTAT -1
=k / gs(G:I ’ m>71d[m7 m]s|ft MI{T>t}
LJ AT Gt
- T 1
=F / é’sd[m,m]s\ft} gT]{T>t} < [|m|lpmo(p)-
LSt t

Hence, assertion (a) follows from this latter inequality. Thanks to Lemma

2.3.3, on (7 > s) we derive

B9 Dy, — p2(G.]

o,F T 1 o,F -1
=AD" + E —————dD" |G| Enr (G- m)

AT gu(G:l ) m)
TAT 1 & (Gil ) m)
e _ gpeF|p | &S ) Ao
|:/S/\T Su(Gil . m) U | :| GS + s
T _ (-1 PoF =~
[ S ] e,
. gs<_G:1 . DO,F)
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This proves assertion (b). The remaining part of this proof addresses assertion
(c¢). Remark that 1 — (1 — z)* < max(a, 1)z, for any 0 < z < 1. Thus, in

virtue of (4.1.4), we get

. ADO,F a ADO,IF
AV =1 — (1 - — ) < max(1,a)—.
G G
Hence, by putting
W= maXél, a) ) DO’]F B f/ﬁ(a)’

we deduce that both

ADF ADOFN\*
Iiaporsoy - W = Z {max(l,a) z -1+ <1 — = ) }

(1—a)*
G

and Itapor—gy - W = Iiaper—gy - D°F are nondecreasing processes. By

combining this with
W - I{ADO,JF:O} . W + I{ADO,F;,go} . W

we deduce that assertion (c) holds. This ends the proof of the lemma. O

Proof of Lemma[f.1.3 Let v € JL27(G). By using (4.0.1)) when T' < oo and

by taking the conditional expectation under @ afterwards, we get

:

EQ |:/ f(S)dS + SVl{V <TNAT} + 61{1/ =TAT} ‘ gt:| .
tAT

Y, =E? [ f(s)ds + Y, + K, — Kinr

tAT

v
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TN (G), we obtain

Thus, by letting v spans the set

Yinr > ess  sup EQ [/ f(s)ds + Solig<rnry + Elfo—rnTy ‘ gtl . (4.3.0)
6 TLAT (G)

To prove the reverse inequality, we consider the following sequence of stopping

times

1
0, ::inf{t/\TguﬁT/\T; Yu<Su+—}/\(T/\’7'), n > 1.
n

Then it is clear that 6,, € J127(G), and

1
on [tAT6,], and Y,—S,zﬁ on JtAT,60,].

S|

Yy -S>

As a result, we get Ijinrg,] - K = 0. Hence, by using (4.0.1)) again we get

On

On, On
Yine =Yg, + [ f(s)ds + / d(K + M)pr — / Z AW,
tNT tAT tAT
On, On, On,
= )/Gn =+ f(S)dS + / th/\T — / stWtT.
tAT tAT tAT

By taking conditional expectation under @, we get

- On
}/t/\T = EQ[}/&” + f(s)d8|gt]’

tAT

which implies

o0
ess  sup E¢ [/ f(s)ds + Solgg <rary + ELfo=raTy ‘ Qt}

0eTLA(G)
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_ On
> E9 [/ f(s)ds + Sp, 110, <nry + ELl{o,=raT) ‘ Qt}
AT

— Yine + B9 [ (S0, = Yo ) (pu<rnry| G4]

1~
> Yine — ﬁ@(gn <17 NT|Gy).
Thus, due to @(Hn <TA T‘gt) < 1, we take n to infinity and get

€ss sup EQ |:/ f(S)dS + SV1{V <TAT} + fl{VZT/\T} ’ gt:| > Y;f/\’r-
veETIAT(G) tAT

By combining this inequality with (4.3.1)), we get (4.1.6]), and the proof of the

lemma is completed. O

Proof of Lemma[{.1.7. Let L be an F-semimartingale. Then we derive

L L™ L 1 1 L
:[HO,TH:T_:D:LT‘I_TLT_:D
& &£ & &L &
L 1 L
= — []]O,Tﬂ 'l)o’]F — LT —=-D
GE_ E_ &
L 1 L
:TV_[]]OJH'DO’F—{—,V—'LT—T,'D
GE E &
L 1

:—:NG+~—LT
& E-

The fourth equality follows from the fact that E=EG / G. This ends the

proof of the lemma. O

Proof of Lemma |4.2.1. This proof has four parts where we prove the four as-
sertions respectively.

Part 1. Let a € (0,400) and Y be a RCLL G-semimartingale, and put
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Y;" := supg<,<; |Ys|. Then, on the one hand, we remark that

sup E|Y|°< sup &Y (4.3.2)

0<t<TAT 0<t<TAT

On the other hand, thanks to Ito, we derive

EYH = (YP) 4+ E- (YY) + (Y E<S (V) 4+E- (Y (4.3.3)

Thus, by combining and with £ = G/ (Go&(GZ" - m)), we get

0<t<TAT

— B[]+ GiOEQ [ Gamy] <6 et .

This proves assertion (a).
Part 2. Let a € (0,+00) and K be a RCLL nondecreasing and G-optional

process with Ky = 0. Then, we remark that

£ K=KE —K-£%=KE + KE - V@

— KE + K £ VW 4 AKE® . V@), (4.3.4)

where V(@ is defined in 1’ As a result, by combining the above equality,

the fact that (3, 1@)1/ @ < pllaye * for any sequence of nonnegative

zlz

numbers and Lemma [4.1.1] we derive

E [(EE : KTM)I/“]
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< 8B | (Kne)V*Erne + (K-E2 - VL)Y + (E2AK - Vi) )|

< 3l/apQ {\/KTMGG ] +4fE{ sup Ktl/aéi}

0<t<TANAT
L3E {c/mK . m] |

Then, due to K'/°€ < & KY* and £ = G/ (Go€(G=" - m)), the above in-

equality leads to

B [(82 - Krr)'e]
\/3

TAT — —
=G [av KTAT] +4x V3B [/ &d\“/Kt] + V3E [ 5GAK'VT(°X)T}
0 0
1/a
<55 B9 ({16 ) 4 30 [(E2AK Vi) 35)
0

Thus, it remains to deal with the last term in the right-hand-side term of
the above inequality. To this end, we distinguish the cases whether a > 1 or
a < 1.

The case when a > 1, or equivalently 1/a < 1. Then we use the fact that

Sz <y le /% for any sequence of nonnegative numbers, and get

B [(AKE" - V)|

1/a
—E ( 3 Athi“_AXZ(a)> <FE

2 <AKt>1/aé_<AVJ”>”“]

OStST/\T OStST/\T
l Gy~

< 1/aE AK 1/a ] = 1/aE AK 1/a Tt &
=« > (MK, a > (AKY) G’g

OStST/\T OStST/\T

al/a _ 1
-G > GuAK)| .
0 0<t<rr
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The last equality follows from £/G = Gy'/E(G=" - m). Thus, by combining

this latter

inequality with (4.3.5)), assertion (b) follows immediately for this

case of a > 1.

For the case of a € (0,1), or equivalently 1/a > 1, we use Lemma and

derive

dl

=F

Therefore,

Hence, by

(AKE® - VO)ppr — (AKE® - V@),

g

TAT
/ AKE® AV + (AKpEL . AV@)0,
t

LJ EAT

g

TAT
/ sup AK,E dVW + sup AK,EL Qt]
LJtnr  0<u<s 0<u<tAT
r pTAT . _
/ E[VT(‘/I\)T— !QS |d sup AKE* + sup AKEL Qt]
LJ tAT 0<u<s 0<u<tAT
sup AKuﬁg_ Qt} .
L0<u<TAT

a direct application of Theorem [2.1.23] we obtain

[ AKE® . VT/\T:| < L E{ sup EU_GAKU}

v a 0<u<TAT

1
<
_%

E

> EV/AK,

0<u<TAT

= a_l/“GalE@

Y Gu/AK,|.

0<u<TAT

combining this inequality with (4.3.5)), assertion (b) follows imme-

diately in this case of a € (0,1), and the proof of assertion (b) is complete.

Part 3. Here we prove assertion (c¢). To this end, we consider p > 1, a G-

optional process H, and we apply assertion (b) to the process K = H-[N¢, N©]
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and a = 2/p, and get

E (&7 H - [N%, N

S?Eé (H-[N®, N®ppo P2+ > G.HIPIANEPP) .
0

0<t<TAT

Therefore, assertion (c) follows from combining this inequality with

> GHIPIANE| < GHPP? - Var(N®) and JAN®[P~ < 1.

0<t<-

Part 4. Consider consider p > 1 and a nonnegative and F-optional process
H. Thus, by applying assertion (c), we obtain the inequality (4.2.4). Hence,
to get 1) we remark that Var(N®) = (G/G) 'D+é_1]}]o,7[[ - D and due

to the F-optinality of H we have

E° [é“/Hf : Var(NG)T} —2F

T /Hp .
/ —tf]]oﬁ[[(t)th ¥
o &l

G~'-m)
=289 |(VHP Iy, D)z |

Therefore, by combining this with (4.2.4]), assertion (d) follows immediately.

This ends the proof of the lemma. O

Proof of Lemma[{.2.4, Remark that, for any process H, we have

Hrpe = Hrljo<r<ry + Hrlrsry + Hol =y
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Thus, by applying this to the process X/E(G-' - m), we derive

0 [ XT/\’T
E9Xpp] = F
[ T/\] gT/\T(G_l'm):|

X, Xr

=’ —[ , — I Xoly—
G ) 0<r<t} F o G {r>1) T Aol 0}]

=F / DOF+X—GT+XO(1—GO)]
&, G £ ) Er(GT1m)

= F GO/ Xsdl/;F+G0XT§T+XO(1—GO)}.

L 0

Thus, due to Xy = 0, (4.2.14) follows immediately from the latter equality.
To prove assertion (b), we take the limit on both sides of (4.2.14)) and we use

the fact that G = lim;_,,, Gy = 0 P-a.s. and this ends the proof of the

lemma. O
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Chapter 5

General RBSDEs under random

horizon

This chapter extends Chapter 4 to the case where the generator f is a general
functional f(t,w,y, z) satisfying some Lipschitz’ condition on the variables y

and z. Precisely, we address the following general RBSDE

(

dY, = —f(t,Ys, Zy)d(t A7) — d(Kinr + Mipr) + ZedW],

TAT
1/;5 2 St, 0 S t<TAN T, and E {/ (th — St,>th = 0.
0

\

Here, the barrier process S is an F-adapted and RCLL process, and the ter-
minal value £ is an Fp,,-measurable random variable, or equivalently it takes
the form of & = hpa, for an F-optional process h. The deterministic horizon

T € (0,400], while the generator f is a Prog(F) ® B(R) ® B(R)-measurable

94



functional satisfying the following inequality for all 4,y € R, 2,z € R¢,

f(ty,2) = Fty ) < Crplly — v + 112 = Z[]). (5.0.2)

Here Cp,;, is a positive constant. Throughout our study for this RBSDE,
in this chapter, we will distinguish two principal cases depending whether
T € (0,+00) or T = +oo. Thus, the rest of this chapter is divided into two

sections.

5.1 The case of bounded horizon

In this section, we study the RBSDE when T < +o00. This section has
two subsections. The first subsection presents some useful estimate results that
are interesting in themselves beyond their role in proving the existence and
uniqueness results. These latter results are elaborated in the second subsection
besides the explicit connection between the RBSDE and its F-RBSDE

counterpart and their solutions as well.

5.1.1 Estimate inequalities for the solution

In this subsection, we derive norm-estimates for the solution of the RBSDE
(5.0.1)) when it exists. These inequalities play important role in the proof of
the existence and uniqueness of the solution of the RBSDE on the one hand.
On the other hand, the role of these estimates in studying the stability of
RBSDEs is known, for more details we refer the reader to [2I] and [I9] and

the references therein to cite a few.
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Lemma 5.1.1. Suppose T € (0,400), and put fo(t) :== f(¢,0,0). Then the
following assertions hold.

(a) If (Y€, Z€ K& M%) is a class-(D)-(G,Q, ™ A T)-solution to the RBSDE
that corresponds to (f,S, &), then

V.l =ess sup EQ

0
/ £(s, Y&, Z8)ds + Selioetnr + Elfomtnn)
OETINT(G) t

AT

gt]@.l.l)

(b) If (Y&, ZCi KGi M) s o class-(D)-(G,Q, T A 7)-solution to the RB-
SDE associated to (f¥, S0 D) i = 1,2, then for any a > 0 the

following holds

exp (a<t2AT)> |6V,

ClLip EQ \//TAT (628)2d \//TAT 16V E|2d
S il eos e s+ eos ! S
va 0 0

. 1 TAT
+E? | sup e*/%58,| + e T2 5¢| + —\// e®s|d fs|?ds
va Jo

0<s<TAT

G, (5.1.2)

Gi

Here, 6f, := fWD(t, YO Z61) — (1, Y& ZG1),

(c) If (Y&, Z% K€ M%) is a class-(D)-(G,Q,T A 7)-solution to the RBSDE
that corresponds to (f,S,§), then for any a > 0, any F-stopping time
o € T,H(F) and any t € [0,T), the following holds

@]
exp <§(t A T)) Y Lo<ry o<y

OL'pEQ \//TAT YE|2d \/ o (Z5)2d
< L es|Y s+ / es( ¢ s
\/a ONT ONT
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+ EQ sup %2 S;_]{UST} + et 1€ {o<ry

o AT<UuTAT

1 - TNt
+ ﬁEQ / e®s| fo(s)|?ds
ONT

Proof. The proof of assertion (a) mimics the footsteps of the proof of (4.1.6)

4

Gt

in Theorem [4.1.8, Thus, the rest of this proof focuses on proving assertions
(b) and (c) in two parts.
Part 1. This part proves assertion (b). To this end, we start by proving the

following

tA

5YS| < EQ TﬁT\Afs\stupMmrasur+|65|\gt], -

Afy = LY 200 = R, Y5, 207

Let t € [0,T] be arbitrary but fixed. Hence, on the one hand, (5.1.4) follows
immediately by applying assertion (a) to each Y% i = 1,2, and then using
Lemma [4.1.5l On the other hand, due to Holder’s inequality, for any nonneg-

ative and progressively measurable process h, and any o' > 0, p; > 1, and

¢1 :=p1/(p1 — 1), we have

TAT L / TAT -
2 / , o
/ heds < (g) 1 exp (—M) (/ e shg’lds) . (5.1.5)
tAT aqy b1 AT

By using the fact that |Afy| < |6fs| + CLip|0Y.E| + CLip|6ZC|, and applying

the above inequality repeatedly, we derive

TAT
/ |Afs|ds
t

AT
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1 TAT TAT
- _ as 2 as G|2
\/_ ( 2zf/\T / e®s|0 fs|2ds + ClLip / e®s|0Y E|2ds
Crip /TAT G\2
——(t 0Z7)°d
e (-gann) ([ eozre

Thus, by combining this inequality with (5.1.4]), we derive

exp (a(t;w)) 0Y°|

_ Cri
< E9 sup  €**/2(6S,| 4 T2 5¢| + Lp\/

IANT<s<TAT \/a

TAT % TAT %
Crin < / eas|6Y;G|2ds) +( / ea5|6fs]2ds> G| .
tAT tAT

Here C';, is the Lipschitz’s constant associated to the driver f defined in

(5.0.2)). Thus, (5.1.2) follows immediately from the inequality above, and the

1 ~
+ —E¢

Ja

first part is completed.
Part 2. Here we prove assertion (c). Thus, we consider @ > 0 and an F-

stopping time o. Similarly as in part 1, for any ¢ € [0, 7], thanks to (5.1.1)) we

have
TNAT _
yE > B9 / (f(s,YE,28)) ds+¢7| G,
tAT
- TNAT n
Ve < B¢ / (f(s, Y5, 27)) ds+  sup  Sylery +67 | Gef.
AT tIAT<O<TAT
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Thus, by combining these inequalities with |x| = 2T + 27, we obtain

v,E| < E9

TNt
/ |f(87 }/sG7 Z;G)lds + sup S;I{t<7'} + |§| ‘ gt] .
t

AT tINT<O<TAT

(5.1.6)

Then the Lipschitz assumption of f in ([5.0.2) implies that

TNAT TNAT TNAT
/ (s, YE, 2%)ds < / fo(s)lds + Cap / YS|ds

AT ONT ONT

TAT
+0Lip/ 128 |ds.

AT

Hence, by applying ([5.1.5)) to each term on the right-hand-side above for p; =
¢1 = 2, and inserting the resulting inequality in (5.1.6)) afterwards, we obtain

for any ¢ € [0, 7]

6a(t/\7’)/2|y;([}|

< 1 o

Va

TAT % TAT %
([ ) s [ vte) o
tAT tAT

- Cz T/\T
e —\// es(Z8Vds +  sup  eASFIjery + €T g] ‘gt
t

Va Ar tAT<O<TAT

Therefore, the inequality ((5.1.3]) follows immediately from combining the above
inequality with (¢ <t)N (o < 7) € G;. This proves assertion (c) and ends the

proof of the lemma. O

Throughout the rest of the thesis, Cpp is the Doob’s constant, C'gpg is the

BDG universal constant, s is the positive constant given by Lemma [4.1.2
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(the three constants depend on p € (1,+00) only), and Cf;, is the Lipschitz

constant in ((5.0.2).

Theorem 5.1.2. Suppose that T < +oo, and let p > 1, a > ap(p), and

0 <o < /2, where

CQ

Lip

2
9v/2k(1 + Cpp) } -
DB

— 2
ag(p) := max | 4CLy +4C7,, + 1,81 {1—|— Y-

(5.1.7)

Then there exists C > 0 which depends on (o, o/, p) only such that for any F-
stopping time o € Ty (F) and any class-(D)-(G, Q. T N T)-solution to (m,
denoted by the quadruplet (Y€, Z¢ M® K©), we have

||€o¢ /QYGI{T>U}][[J+OO[[H]D) + Hea /2ZGI]U+OOH||S

TAT Q P TAT Q p)

a/2vG o' (TA G
+ 12 Boroetlls, o @y + 16X T Rorool - Kl ag. @
+ Hea (TA) /211](7 oo ° MC HM” <C {He T/\T)/Qfl{rza}HLp(Q)}

+C{|I€"‘ B T o e (1007 a+oo[[HSTAT(@,p)}~

Proof. Let o € T¢ (F) be an F-stopping time. Remark that, in virtue of (5.1.3)

and Doob’s inequality under (@, G), on the one hand, we have

”ea'/2YGI{TZU}[[[a—’_;,_oo[[”DTAT(é’p)
< Cps {Hea./QSJrI[[UHrOO[[HDTM@,p) + Hea(T/\T)/2£I{TZO'}HLp(Q)} (5.1.8)

CpeCl; o o
—”{He PZ% R toolllsy,. @0 + Il /QYGIHU,+®["STAT(@,p)}

T
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+_(1DB

/2
= le " folio vooll sy (@)

On the other hand, by combining It6 applied to e®*(Y,%)2, e (VS )2 > 0,
(5.0.1), and Young’s inequality (i.e. 2zy < ex? + y%/¢, € > 0), we put C :=

o —2CL;, — 2CF,, — € and derive

TAT 1 TNAT TNAT
C/ e (YE)ds + —/ eas(Z;G)zds—i-/ e d[M®, M,

AT 2 AT oNT
TAT TAT
< ea(TAT)£2I{JST} + 6/ | fo(s)[*ds + 2/ e ST dK?, (5.1.9)
oAT ONT

+ sup |(I]]g,+oo[[-LG’1)t|.
0<t<TAT

In this inequality, we also used the Skorokhod’s condition (i.e., (Y®—S_)- K¢ =
0), while L&' € M,,.(G) is given by
LB = 2e2M(YE — AKE)) - MC 422N YCZC w7 (5.1.10)

Throughout this section, for the sake of simplifying notation, we put

(2%, ME)

L S (AT G < G
)= €5 o e - MO g ) + €% 28 N ecills, (G

(5.1.11)

G7a?Q

Thus, by applying Lemma m t0 Ijg 4o L®! with @ = b = p, and using
Doob’s inequality afterwards to the martingale EQ [Supo<scrnr 1Y L{o<snry ‘Qt],

we derive

14/ [ Dotool - LE M lpyr @)
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< 2\//@(1 + Cpg)|[[(Z€, MG)’”(J,Q,@)|’€%YGIﬂa,+oo[|’DTAT(Q“,p)

H(l + CDB) a
<l MMgae + =g 2N liotentllon, @ (5-112)

Therefore, by combining ((5.1.8)), (5.1.9), and (5.1.12)), and the fact that

a G o /2v/G
1Y Hlgcsocllng, @ + CLlle™ Y Hovioctlls, @)

+ 02||€a'/QZGI]]a,+oo[[HSTM(Q,p) + Colle*”* R ooy MG”M’%(@)
S 04||e%.f0(.)ll]o'v+oo[[||STAT(Q7P) —+ C5H6%(T/\T)€I{O'ST}||]LP(Q) (5].].3)
+ Celle? ST I vool Iy, ()

—al). 1/2 '(TA- 1/2
+ Celle S g ol 5 16 T g or - K, for ol < a2,

where C;, © = 1, ..., 7 are given by

s

p
s(1+Cpp CpeClrLi
Ch = C—<1+ (16? )> \/ap7

K C Cz
Cyi= b — e — (1+ <1+§DB>> boCs

(5.1.14)

C3=1—a, Ci:=yc+n (1 + ﬁ(lan)) |

kC5 =1 + 067 06 = CYDB <1 + I{(1+€—?DB)) y 07 = \/§

102



Thus, the next step consists of controlling the norm of K€. To this end, we

use the RBSDE and Ito’s formula, and derive for any o/ > 0 and ¢t > o

TAT
/
[t
tAT
TAT TAT TAT
a's G a's G G a's G
:—/ e”*dY, —/ e f(s,Y;,Zs)ds—/ e” *dM,
tAT tAT tAT
TAT
a’'s ;G T
+/ e 7 dW,
tAT
It TAT
[to o' TATYyG o' tATy G a's; IvG G G
= —¢” YT/\T+6 Y;/\T—i—/ € (CYY; _f(S’Y; ’Zs ))dS
tAT
TNAT TAT
! /
—/ e”de’+/ e ZEAWT .
tAT tAT

Therefore, by using this latter equality together with ([5.0.2)), we derive

T/\’T' ,
{ e dKE \gw}

tAT

AT

< B9 [2 sup  e**|YE +/
t

tANT<u<TAT AT

- TAT , - TNt ,
+ E¢ {/ e**|fo(s)|ds }QMT} + Cpip B9 {/ e”*| Z8|ds |QMT} .
tAT t

AT

TAT
<582 s v [ g E Zds (G|
tINT<u<TAT t
TAT

(ol + Cpy) |1gG|ds|gW}

Then by applying (5.1.5)) for each term above, and choosing o’ < /2, we get

fort >o
gt/\r‘|

" TAT ,
E“ { / e dK®
tAT

_ TAT
S EQ 2 sup aS|YG o +OLZP \// eos YG 2ds

o AT<u<TAT

gt/\T
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1 _ TNAT TNAT
+ —EQ C ; / as Z;G 2d + / as 2d -
Voo Lp\/ e O \/ e fols))ds [Gen

Therefore, thanks to Theorem [2.1.23, we deduce that for any p > 1 and

o' < a2, we have

(e T oo - K€)raell o)
S C, {He 2 Y I[[O','FOOHH]D)T/\T(@J)) + ||€ 2 Y I}]U’—i_oo[[”ST/\-r(é,P)} (5]_]_5)

+ C/He?ZGI]]O’,+OO|I||§T/\T(Q7p) + C/Hea'mfo(')lﬂa,-&-m[[HSTAT(Q,p)a
where the constant C” is given by

O’ := pmax (2 m) .

vVa — 2a/

Remark that for o > a(p), and by choosing € = 9/5 and €; = (3 — v/8)/9Vv/2,

we get 1/9 < Cy < min(Cy, C3). By inserting (5.1.15) in (5.1.13) and using

Young’s inequality, we get

||€%YGI|IO',+OO|I||DT/\T(Q,I)) + ||6%YGIHU,+OO|I||STAT(Q7P) + |||(ZGa MG)|||(J,Q,Q)
<C { 12 foljo,+ootllse () + HG%(TM)SI{UST}HM@}

+ e S o oot (@)

where C := (20(C")? + Cg)/(Cy — (1/9)). Therefore, the proof of the theorem
follows immediately from combining the above inequality with (5.1.15)) and
choosing C' = C(1 + C') + C”. This ends the proof of the theorem. O
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Theorem 5.1.3. Suppose that T < +oo and let p > 1, a > ap(p) given in
, and o € (0,a/2). Then there exist positive @, j=1,2,3,4, which de-
pend on (o, o/, p) only such that lim,_, o C,=0 and for (Y&, ZCi KCi MCi),

a class-(D)-(G,Q, T A 7)-solution to corresponding to (f®, S0 @),

1 =1,2, we have

I€%8Y @ + 1% 0 s, (@)
H1eB02%s,, g + 163 -6 Ny

< Cil|e™ 6 flls,,. (G + Colle™ 20l ) + Calle* 268 Iy, 6)

i=1

2
£ |16 288 ], 60 {Z A0, F0,(S)) } (5.1.16)
Here A(ED f@ (S is given by

A(g(i), f(i)7 (S“’)*)
= [|e* ™D ) + 1€ TSNV, 5 + 172 FD0,0) s, 6,

(5.1.17)

and (6Y€,62% 6MC,6K®) and (0f,0S,5¢) are given by

oYC .= yO®l —y©2 526 .= 261 _ 762 s M€ = MO — MJ2,
SK® .= K& - K62 §9.:= 80 5@  §¢.= ¢ _ @)

Sfy = A, Y Z0Y) — fo(t, Y2, 28N,
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Proof. On the one hand, due to the Lipschitz assumption on f, we have

[Afil =AY 250 = fot, YO, Z92)] < {6 fi] + CripldYF| + Cripld Z¢).
(5.1.18)

On the other hand, in virtue of Lemma [5.1.1}(b) and Doob’s inequality, we

get

a- G

||€ /25Y ||]D)T/\T(é’p)
o o T 1 o

< Con {15850l 0+ 137 5E ey + =¥l 30

(5.1.19)
CoBCLip [ a/25,G /251G
+ =2 e 2625, + 16 sy, 3 )

By combining It applied to e**(6Y,)2, (6YF)? > 0 and (6.2.10)), and putting
LE = 2 (6YC — 2A(GKE)) - 6MC + M (5Y )6 2% - W™, (5.1.20)
which belongs to /\/lggc(@, G), we derive

TAT TAT TAT
a/ eas((SY;,G)QdS%—/ eas((SZf’)st—l—/ e d[oM®, s M,
" T/\:] ’ TAT
< 60[(T/\T)(5€)2+2/ €a8(5}/tgG)Af5dS+2/ 6048(5}/;([3)d5K§;_’_Lg7
OT/\T ’
< e TN(5)? + 2/ e [6YE(10fs] + Crip(|6Y | +162%())ds
0
+2(e™(6YE) - 6K®)par + LT

TAT

TNAT
= TN (5€)2 42 / e |6YE||6 | ds + 2 / e Crip|0YE|ds
0 0
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TNAT Tt
2 [ O ave|aztlas 2 [ (oY E)dSKS + L
0 0
1 TAT TAT
<5 + (L 4208, + 200) / e |SYEPds + ¢ / e |6, ds
0 0

1 TNAT TAT
+3 / ™10 Z%|%ds + 2/ e (0YE)dSK® + L.
0 0

Therefore, by arranging terms and putting C' := o — 2C;, — 2C% el we

ip
obtain
TAT 1 TNAT TAT
C / e (0Y.F)?ds + 3 / e (0Z5)2ds + / et d[oME, 5 M®),
0 0 0
TNAT TAT
S ea(TAT)(5£)2 +€/ 6a5|5f3|2d5+2/ eas(é}/s((i)déK;G_i_L?
0 0
TNAT TAT
< eI (5¢)2 4 e/ |6 fs)*ds + 2/ e*%16S,_|dVar, (6 K®) + LS.
0 0

(5.1.21)

The last inequality is a consequence of
MY E) K < e (6SC) - G KC < e*™)|5SC| - Var(6K©),

which is due to Skorokhod’s condition. Furthermore, by applying Lemma [4.1.2
to LE given in (5.1.20) with @ = b = p and Doob’s inequality afterwards, there
exists a constant k = k(p) > 0 which depends on p only such that

HZEP I, @2

o, . G _ a, G _ <. G 1/2
< \//f(1+CDB){H€2 OME| v gy + llez0Z Hsm(Q,p)}”e2 Y, @
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/ﬁl(l + CDB)

<eller - OM%|| vy gy +eller 02ls,, 5, + le2 Y Slly,., G-

(5.1.22)

Therefore, by combining (5.1.21)), (5.1.22) and (5.1.19) and choosing ade-

quately a, e, e; and using n " 27 < (S @)P2 < 23" 2P for

any positive integer and any sequence of nonnegative number x;, we derive

1 a- - a- a(r
S AV RSl gy + 2 122,y + 1€ MO 5}

< e||e%'5f||STM@’p) + ||6%(T/\T)5£||]Lp(é) + |||LG|1/2||DTAT(@J>)

1/2 [ 1/2
+ V2| 051l / (Qp)”62 ' GH-A/T/\T(@vp)’
< 6||6“(7”)/25fIISTM@) + €26 )

V2l 2SS o e SEOE S ealle ™ 6O

(1 + CDB)
€1

+ € |le*/?62¢ ||e°"/25YG

||ST/\T(é’p) ||DT/\T(QVap).

Then by combining this equality with (5.1.19)) and (5.1.21)) we obtain

||e%.5YG||DT/\T(QaG) + ClHGE.éYGHSTm—(éap) + CzHei.(SZGHST/\T(Q:p)

+ Calle2 ) M| po(g) < Culle™*6fls,., (G + Cslle® ™ 720¢ |1 g

+ C6Hea./265”®T/\T(Qv7p) + 07\/”601./25SHDT/\T(67P) Hea-/Q ) 5KGHAT/\T(~

Q.p)’

(5.1.23)

where C;, i = 1,...,7 are given by (5.1.14). Then here we take ¢ = 2/a,
€1 = (3 —+/8)/9v2 and a > a;(p), and remark that 0 < Cy < min(Cy, Cs).

108



Furthermore, in virtue of Theorem [5.1.2| with o = 0, we get

2
le*”? - 6K | 4, &) <Z||ea/2 K% g @) 502 9, f9(S)F).

=1

Therefore, by inserting this in (5.1.23|), the inequality (5.1.16]) follows imme-
diately with
~ C 5 G 5 G =~ (O

CH:: ng CEZZ 627 C&:: Zga Ch - C&

1S

It is also clear that 61 goes to zero when a goes to infinity. This ends the

proof of the theorem. O

5.1.2 Existence, uniqueness & connection to F-RBSDEs

In this subsection, we elaborate our results on the existence and uniqueness
of the solution to (5.0.1), and describe the form of its F-RBSDE counterpart.

To this end, we assume that there exists a > a(p) such that

. T
E[sTlc(T”(f,s,hH | s mavE| < oo, (5120
0

where

t p/2
K (f, 5, h) = [e®/2h,|P + ( / | fo(s)PdS) + sup (™S, (5.1.25)
0

0<u<t

and fo(t) :== f(¢,0,0). One of the main obstacles, herein, lies in guessing the
form of the F-RBSDE that corresponds to (5.0.1]). To overcome this challenge,

we appeal to the linear case and the known method of approximating the
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solution to the general RBSDE (5.0.1)) by the sequence of solutions to linear
RBSDEs —as it is adopted in [I[9] and the references therein—. This is the aim

of the following remark.

Remark 5.1.4. Following the footsteps of [L9] and the main stream of BSDE
literature, we define the sequence of linear RBSDEs under G, whose solutions
approximate the solution to the general RBSDE . Thus, we consider

the sequence (YG’”, ALY KG’”) defined recursively as follows.

(YEO Z&0 M0 K©0) .= (0,0,0,0),

for anyn >1, (YG’”, ZEn MEn KG’”) s the unique solution to :

( TAT TAT TAT
Y, =¢ +/ f(s, Yo ZEn=1) s 4 / dM, + / dK,
t t

AT tAT AT

TAT
— [ Z,aW,,

TAT
Y > S on ]]O,T[[, / (K, — St,)th = 0.
0

\

Thus, from this recursive sequence of solutions, and thanks to the linear part

fully analyzed in Sections and[{.2, we obtain a sequence of RBSDEs under
F and their solutions. This can be achieved by determining (YR”, zEn KR”)

associated to (YG’", Z6n MGn, KG’”) for each n > 0 as follows.

1. As (YOO, ZCO0 MCO KC0).=0,0,0,0), then we get

(Y50, 250 K70 == (0,0,0).
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2. Forn=1, (Y&, Z& M®! K% is the solution to

TNAT TNAT TNAT TAT
Y, =¢ +/ f(s,0,0)ds +/ dM, +/ dK, — / ZdW,.
t t tAT

AT tAT AT

Here, the generator/driver is constant in (Y,Z, M, K ), and hence in
virtue of Theorem [{.1.8 there exists a unique (Y51, ZF1 KF1) solution
to the RBSDE with generator/driver fF(s) := £,f(s,0,0) and

YG,l — Y]F,l(?—l[[[()ﬁ[[ + 51[[7_’_"_00[[7 ZG’l — ZIE‘,lg:l’
(5.1.26)

K&l — §-1. gF1 61 _ (h _ YF,1511> . NG

3. Forn =2, (YG’Q, 782 MC2 KG’Q) 18 the solution to

TNAT TNAT TNT
Y, =¢ +/ f(s, Y& 78N ds +/ dM, + / dK,
t t

AT tAT AT

TAT
— / ZdWs.
t

AT

Thus, by plugging in this equation, we obtain

TAT Y]F,l ZIF,I TAT TAT
Yt:§+/ f(s, % ,%)ds+/ dM8+/ dK,
t t t

AT s Ss— AT AT

TAT
- / ZdWs.
t

AT

The generator here does not depend on (Y, Z, M, K). Hence, again, The-
orem yields the existence of a unique (Y52, Z52 K¥2) solution to

111



the RBSDE under F with generator/driver

F72s) = Euf (5,76, 2TV ).

and

Y, Z"2 1
Y, = Fle < F ey, 290 = o, K92 = o K0
F,2
and M®? = (h — Y?) - N©.

4. By iterating this procedure, we get the sequence (Y]F’”, AR K]F’”) defined

recursively as follows.

(YEO ZF0 K9 .= (0,0,0,0),

T T
Y;IF,n _ S]F +/ f]F(S, YS]F,n—l’ Zf‘,n—l)ds +/ hsdv;]F + K;E:,n . KtF,n
¢ t

T
- / ZEnqw,,

t

T
YtRn Z Sfll{t <T} + gF]-{t =T} / (KIEL’” - S}F—)dKIIme = 07
0

where fF(s,y,2) =&, f (s,y(i)—l,z(@)*). Thus, thanks to the convergence
-in norm and almost surely for a subsequence- of (YG’”, Z8n MG, KG’") and

, we deduce that (Y]F’", AR K]F’") should also converge to (YF, AN K]F) ,
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and this obtained triplet satisfies

T T T
Y, =¢F+ / fF(s,Ys, Z,)ds + / hydVE + Ky — K, — / ZdWs,
t t t

T
Y, > S}sﬁ‘l{t <T} + fFl{t =T} / (Yt— - S,Igg_)th = 0.
0

This gives us the RBSDE under F that we are looking for, and this also shows
the importance of analyzing the linear case separately besides its own impor-

tance.

Below, we elaborate our main result which connects RBSDE in G with those

in F.

Theorem 5.1.5. Suppose T < +oo, G > 0 and both and (5.1.24
hold. Then the following assertions hold.

(a) The following RBSDE under F, associated to the triplet (S¥, &%, fF),

(

T T T
Yt=§F+/ fF(S732,Zs)dS+/ hsdv;MKT—Kt—/ Z.dw,,
t t t

(5.1.27)

T
Y, >SF telo,T), / (Y, — S ))dK, =0,
0

\

has a unique LP(P,F)-solution that we denote by (Y¥, Z¥ K¥), where

f(s,y,2) = E.f <s,yggl,z§;1) . ST=E85, & i=Erhp. (51.28)

(b) There exists a unique LP(Q, G)-solution to , denoted by the quadru-
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plet (Y®, Z¢ MC, K®), and is given by

YO = YFE g+ Elprioopy 2% = ZFE Lo 17,
(5.1.29)

K6 =&\ (KF)y and M= (h - YFE—l) . N€,

Proof. This proof is divided into two steps, where we prove assertions (a) and
(b) respectively.

Step 1. On the one hand, put

ity 2) = ffity — (h- V), 2), S :=8"+h -V

&= (V)

and
and remark that (Y, Z, K) is a solution to (5.1.27) iff
Y72 K'Y= +h-VF Z K)
is a solution to the following RBSDE

T T
Y;=£F+/ fF(s,YS,ZS)dwKT—Kt—/ Z,dW,,
t t (5.1.30)

T
Y, >SF telo,7), / (Yo — S/ )dK, = 0.
0

On the other hand, thanks to ([5.1.24]), we derive

o
1€ | oipy < N6 Nocey + I(RL- VOl o)

< € o) + E [(JAP - VF)7]'P < oo,
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o
175 0,0) sy < 175 0,0)llsp(Poy + Cripll(1A] - V)|l zo(py < o0,
and

1S e (pa) < 1ST) Ipr(pp) + N(AL - VE)rllop) < +o0.

Therefore, by combining these inequalities and [[9, Theorem 3.1], we conclude
that has a unique LP(P,F)-solution. This ends the first part.

Step 2. Here we prove assertion (b). To this end, on the one hand, we remark
that due to Theorem the RBSDE has at most one LP(Q,G)-
solution. On the other hand, when it exists, Theorem claims that a
class-(D)-(G, Q, T A 7)-solution to is in fact an LP(Q, G)-solution when
the triplet (e®(TA7)/2¢, ela=a') G+ ea/2 f)) € LP(Q) @ Drpr(Q, p) @ Sear(Q, p).
Furthermore, thanks to Lemma and its proof, it is not difficult to prove
that the latter fact is equivalent to the condition . Thus, the proof of
assertion (b) will follows immediately as soon as we prove that the quadruplet

(Y, Z,K, M), give by

— YF - ZF — 1
Y = ?f[[o,f[[ + &l ooy £ = ?I}]O,T]]y K== (K"

F
and M := (h—%) . N©,

is in fact a class-(D)-(G, Q,T A 7)-solution to (5.0.1)). The proof for the fact
that (Y, Z, K, M) is a solution to 1) mimics exactly Step 2 in the proof
of Theorem {4.2.7, and we will omit here. The rest of this proof proves that

this solution is a class-(D)-(G, Q, T A 7)-solution as the following. On the one

115



hand, note that due to Lipschitz condition we have

. TNAT _
B2 | [ eV Zla
0
_ TNAT _ TNAT . _ TAT o
< E© [/ |f0(3)’d8} + CLipE® {/ |Ys|d3} + CripE® [/ |Zs|ds]
0 0 0

_ TAT T T
_ g0 U |f0(s)|ds} 4+ CuE U |yf|ds} + CuE U |Zf|ds} < .
0 0 0

On the other hand, thanks to Lemma [2.3.3, we derive

Ly <y

U (s, Y, Z0ds + S; 1y <1y + €1y 1y

f} !
E,(~G~1+ DoF)

1 ~ Ly <7
LB = / ZshodDOF ]-"t} At <7}
: &(~G1 Do)
1{t <7}
= s,~,~Gds+ZSG10 ]—"]ﬁv
[/ ! ) I Ze,
7~ Iy <t}
ZrhrGrly,_ +/ ZhydDOF ]-'} “t<r)
l ThTGT He=T} t 7,G,
Y]F Z]F 1 T
= {/ f(s,—= T 7 )1{S<T}d8+ 7S, Lo <rary -7'—] {th;t}
~ ~ 1{t <t}
+ E ZThT1{7'>T:a}+Z”fh7'1{027>t} Fi| =
ZGy
oAT ZS yF ZF Zo -

0’/\7’

+E 51{0'/\7' TAT}

gt] 1{t <t}

. ONT _
= B9 { f(s,Y,Z)ds + Solyg <rary + Eljo=rrry ‘ Qt] Lit <ry-
t

AT

Thus, by combining the latter equality with the Snell envelope representation
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of Y¥, we get

_ YF
Y[ = ?il[[oﬁ[[ = ess GS;TI)(]F) Li(0)

_ ONT o
= €ss sup EX {/ f(s,Ys, Zs)ds + Sol{p <rary + Elfo=TAr}
t

oeJ X (F) AT

Qt} Lig <oy

(5.1.31)

Then, by using the analysis as in part 2 of the proof of Theorem [4.1.4] see the

inequality (4.1.9)), we deduce that (5.1.31)) yields

Vil < B9 [¢] | ] + 1Pl

_ TNAT o
< p@ U f(Vs, Zo)|ds + sup S +2[¢] ’ gtl.
0 0

<TAT

This proves the solution is of class (D) as defined in Definition (2). This

ends the proof of theorem. O

5.2 The case of unbounded horizon

This section considers the case of unbounded horizon, or equivalently T' = +o0.
Similarly as in the first section, we state our prior estimates, we prove existence
and uniqueness of the solution, and we establish the connection between the
G-RBSDE and the F-RBSDE counterpart. For the reader convenience, we

precisely re-define our RBSDE below as

dY, = —f(t, Yy, Z)d(t A7) — d(Kypr + Mypr) + ZdWY

; (5.2.1)

Yi=¢ Y25, 0<t<r, E{/ (Y;t—st)thl = 0.
0
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Here (&, S, f) is such that S is an F-adapted and RCLL process, f(t,y, z) is
a Prog(F) ® B(R) ® B(R)-measurable functional satisfying and ¢ is
an JF,-measurable random variable, or equivalently there exists an F-optional
process h such that & = h,. This section has three subsections. The first sub-
section derives estimates and stability inequalities that controls the solutions
under P instead of @ The second subsection introduces the RBSDE under
F and discusses the existence and uniqueness of its solution, while the third
subsection solves and discusses its properties. Recall that the spaces

ﬁU(P, p) and gg(P, p) and their norms respective are defined in (4.2.17)).

5.2.1 Estimate under P for the solution of ((5.0.1))

This subsection extends Theorem {4.2.2| and [4.2.3| to the case of general gener-

ator f. These theorems, that give estimates for the solutions under P instead,

are based essentially on Theorems and respectively, and represent

an important step towards solving ([5.2.1)).

Theorem 5.2.1. Suppose T' < +o0 and let p > 1, a > ap(p) given in
and o € (0,a/2). There exists C > 0 depending on (a, o/, p) only such that,
for the class-(D)-(G,Q, T A 7)-solution to the RBSDE associated to
(f,S,€) denoted by (Y€, Z¢ M® K®), we have

Hea-/Zy(G

) + Hea(‘r/\-)/QyG \ + Hea(T/\-)/QZ(G

HET/\T(Pvp HfS{T/\T(Pvp HgT/\T(Pvp)

TAT
+|e* 2 [o a4/ €= - M| par(pe) + ||/ e EdK || 1o(p)
0
<C {|’ea(TAT)/2§||Lp(@) + ||6a./2f0||ST/\T((§,p) + | 0528 e(a_a/)tSt—FHSTAT(@,p)} ’
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where € is defined in , and we recall it herein with fy.

& =E(-G 1D, and  fo(t) == f(t,0,0). (5.2.2)

Proof. The proof relies essentially on Lemma and Theorem [5.1.2]

In fact, a direct application of Lemma [.2.1}(a) to YV := e*("TAT)/2Y€ yields

E| sup epas/%infs@yp} < GglE@ [ sup epo‘s/QlY;G]p} : (5.2.3)

0<s<TAT 0<s<TAT

By applying Lemma (b) to both cases when K = [/ e**|ZF|*ds and when

K = [, e*|Y,E|?ds afterwards with a = 2/p, we get

(

IN
|=

&
O

0

I ~ /27 ~ [ /2
E <fT/\T eas(gs)2/p|Z§}|2d8>p (fOT/\-r eas|Z§’|2dS>p :| :

(5.2.4)

IN

0 0

I ~ /2] ~ [ /2
E (fT/\'r eas(gs)z/p|y;((;|2d8)p iEQ (fT/\T 6065|Y;G|2ds)p } )

\

Similarly, we apply Lemma M-(b) to K = e*/? . K® with a = 1/p, we get

Al ) |

_ TNT p " ,
< M po ( / ea’SdKf’) + > G AKTY
0

e
0<s<TAT
) _ TAT , p
< g e dKT) |. (5.2.5)
Gy 0 s

The last inequality follows from the easy facts that G < 1 and > ocs<r(AVE)P <

VZ for any nondecreasing process V with V5 = 0 and any p > 1.
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The rest of the proof will address the term that involves the G-martingale

M®. Thus, thanks to Theorem [5.1.5, we know that [M©, M®] = H'-[N¢, N€]

where H' := (h—Y¥/£)?, which is F-optional. Thus, an application of Lemma

4.2.1H(d) to H = e*(h — Y¥/E)? that is F-optional, we get

B| (€9 v N1, ) ]

- Gio B9 [(H - [N®, NJ7)" 1 2(HP Ry 1y - D)
_ GioEé [(e"" (M, MEI)" - 2(HP hyg DO’F)T} : (5.2.6)

Thus, we need to control the second term in the right-hand-side of this in-
equality. To this end, we remark that (H?/?Ijo.[- D>F) < 2071 (|he/?|P +

[YCe/2|PI) 1) - DF. Thus, by using this, we derive

2B [(HY? Iy - - DF)p] < 27EC [#*7 2|1 P 1<y

+ 2P EQ sup P 2|y Ep| . (5.2.7)

0<t<TAT

Therefore, by combining this inequality with A lj;<ry = {lg<ry, (5.2.6),
(5.2.5)), (5.2.4), (5.2.3) and Theorem with ¢ = 0, the proof of the theorem

follows immediately. O

Theorem 5.2.2. Suppose that T < +o0o and let p > 1, a > ap(p) defined in
and o' € (0,/2). Then there exist positive C;, i = 1,2, 3, that depend
on (a,a',p) only such that lim,_,oo C1 = 0 and for (Y& 2G4 KGi MCi)
being a class-(D)-(G,Q, T At)-solution to the RBSDE that correspond
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to (f@, 80 €@) i = 1,2 respectively, we have

e Y Cllg,.. (pp) + €20 Clls, _(py + 1€202°)5,, (py)

+le2 {/E - MO pripo) < Cille® 61 s, gp + Colle? T 6| Lua)
2

+Ca [ €508l @ > AED, fO, (SO)).

=1

Here A(§Y, fO, (SD)*) is

A(g(i)7 f(i)7 (S(i))+>

= e 2Ny + 1€ 215 sy, i + I S0 € (S s,

(5.2.8)
and (6Y©,62%, 6 MC,6K®) and (0f,0S,5¢) are given by
(5)/@ — YCl_ Y62 §76.— zG1 _ 762 §)[C .— \G1 _ G2
SK® = K& — K&2 69 :=80 — 5@ §¢:= W ¢
(0f = UYL 200 = ALY 20,
(5.2.9)

Proof. By applying Lemma M(a) to Y, = e**/25Y® and a = p, we obtain
E [ sup epas/2é|5Yf|p} < GglE@ { sup  eP*25YEP| . (5.2.10)

0<s<TAT 0<s<TAT

By applying Lemma M(b) to both cases when K = [ e*|6ZF|*ds and
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when K = [) e®*|6YF|?ds afterwards with a = 2/p, we get

(

IN

E ( Jine eas(é)ﬂpy&zﬂ?ds)p/f £ [0 (

/2
0 g eszspa)]

0

(5.2.11)

E_(fT“e“s(i)z/”lmﬁms)pﬂ_ & pQ (

IN

0

. /2
fOTA eas|5}/;G|2d8>p :|

\

Thanks to Theorem [5.1.5] we know that [M©,§M®] = H' - [N®, N®] where
H' := (0h — 6YF/€)?, which is F-optional. Thus, an application of Lemma
4.2.1+(d) to Hy := e** H that is F-optional, and similar argument as in ((5.2.7)),

we get

EQ _(H X []\/'(G7 NG]T)I’/Z + 2<Hp/2l]]0,7-[[ . DO,F)T}

— B9 | (e [OME,6MC]p)" 4 2(HP 2 Iy - D)y |

< L BQ [ (e [0MC, 6ME]p)” 2} (5.2.12)

{E2 o pertan) + 82| s omomovep] |

0<t<7AT

Hence, by combining (5.2.10)), (5.2.11)), (5.2.12)) and Theorem the proof

of the theorem follows. O

5.2.2 Existence and uniqueness of the solution to ([5.2.1]

This subsection elaborates our first main result of this section, which proves

the existence and uniqueness of the solution to (5.2.1)), and gives estimates for
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it.

Theorem 5.2.3. Let p € (1,+00), a > ag(p) defined in and o €
(0,/2). Suppose G > 0 and

||F(a) + eo"/2|h| + sup eau|Su|||Lp(P®V]F) < 400, (5.2.13)
0<u<-

where F*) = \/fot e*s|fo(s)|2ds. Then the following assertions hold.
(a) There exists a unique solution (Y©, Z€ M® K®) to the RBSDE .

(b) There exists positive C, which depends on (c, o/, p) only, such that

e Y Cllg () + €225, oy + 1Y Elg ¢

+ e (E)P - KE || ogpy + le™ 2 (E-)P - (MO) || pan)

P,p)

< Cle*?|h| + F + sup e** (S o(pove)-
0

<u<-

(c) Let (f,h9,SW), i = 1,2, be two triplets satisfying , and the
quadruplet (Y©1 71 K& MEH) be the solutions to their corresponding RB-

SDE . There exist Cy and Cy that depend on o and p only such that

1e°726Y Bllg, () + 17202 Ig ) + 1(e™/2(E) 7 - SME)T || pan()

< Cl||€a'/2|5h| + Oiuli 6au/2|55u|||LP(P®V]F)
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Here (6Y©,62¢,6K¢, 6M®) and (5f,5S,6h) are given by . And,

A; = |le? |hy| + F® + Sup e (Si(w) || Lo(pove)-

<u<-

Proof. On the one hand, in virtue of assertion (c), it is clear that has at
most one solution. Thus, the rest of this proof focuses on proving the existence
of the solution and assertion (b) and (¢). To this end, we divide the rest of
the proof into four parts.

Part 1. In this part, we consider an F-stoppoing time o, and we suppose that

there exists a positive constant C' such that

max (e”a'/2|h|p, (F@Y | sup em'(S;r)p> < CE(G~-m) on [0,0].(5.2.14)

0<t<-

Our goal, in this part, lies in proving under this assumption that there exists a

solution to ([5.2.1]) and assertion (b). To the triplet (f, S, h) satisfying (5.2.14)),
we associate (T(H),g(n),ﬁ(n)) given by

T(H) = f[[[O,nAaﬂa gi”) YN IND Ein) = hn/\a/\t7 E(n) = h’n/\a/\'r- (5215)

Then thanks to Theorem [5.1.5, we deduce that for each triplet (T(n),g(n), Z(n)),
(n)

the RBSDE (5.2.1)) has a unique solution (Y’ ,7(n),M(n),f(n)). Then by

applying Theorem |5.2.1|to (?(n), 7(n),M(n),7(n)) and applying Theorem [5.2.2

to the difference of solutions

(8Y,82,0M,6K)

— (7(n+m)’7(n+m)’M(n+m)7f(n+m)) _ (Y(n),Z(n),M(n),F(n)),
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and the horizon T'= (n +m) A o, we get

a-/277(n) a(rAs) /277 () a(rA) /277
1Y V5, oy + 1Y Vllg,, oy + 1272 s,

TNAT
+ e horna {/ € M aswipie) + | / e5*{/& K" | op) (5.2.16)
0

< {1 o 16T s, )

(n+

at ("Q ~
+CHOS;2~6 (56 ) sy, @)

and

[e™2EV8Y 5y + ™ 2EN P16 Z g 5y + 1™/ 2(E) P - 6M g

< Ci[[e™ 25 fllgn ) + Colle® 26| g (5.2.17)

+ Gl VRS2 o supJAEE, £, (S1)7),
Here we put fék) (t) := 7(k) (t,0,0) and A(EW®) ) (SK))+) is given by

A(f(k), f(k)’ (S(k))+)

T a(TN- _(k) a\T/\ _(k)
= e ZE Ly + 1R s, Gy + 1€ E ) G
(@) (Qp) (@p)

(5.2.18)

Next, we calculate the limits, when n and/or m go to infinity, of the right-

hand-sides of the inequalities ((5.2.16)) and ([5.2.17)). It is clear that, in virtue
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of Lemma [4.2.4], we have

;

lim [Je@(A7)/2g || { / easp/2|hsv”dvf]

n—oo 0

im [|e> N o (ST E 5.2.19
Tim_ e (" )HDTQP) VO Sup € (Ss)d‘/;} (5.2.19)

lim ||€a(’r/\~)/2f( ( 0 O)HP G — B {/ (Ft(a))pd‘/?} '
0

n—oo

\

This determines the limits for the right-hand-side terms of (5.2.16f). To ad-
dresses the limits of the right-hand-side terms of ([5.2.17)), we remark that due

to the assumption [5.2.14] and in virtue of Lemma [4.2.4] we have

(
lim SUP le? TA)(SS”DT Gy =2 lim He%(ﬂ-/\')S+[[n7°O[[HDT(©p) =0
n—00 ’

n—oo

i, sup 155706 = Jiam sup e # asmine = o) o) = O

=0 m>0

lim sup [|e*)/25£(-,0,0)

TL—>OOm>O HD Qp)

=0,

[ SUPk>0 \/A(f(k)a fE(SW)F) < +oo,

(5.2.20)

now we deal with the first term in the right-hand-side of ((5.2.17)). To this end,

on the one hand, we remark that

(n+m)  —(n) —(n+m) —=(n+m) (n+m) —=(n+m)
ofel =107 = )Y 2 O =Y 2T ) Hncignm)
—(n+m) —(n+m)
< f0,0)incisnamy + Ciap([Yy 1+ 20 D n<tsnimy (5.2.21)
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On the other hand, thanks to Theorem |[5.1.2 applied to the quadruplet

(7(n+m)7 7(n+m) M(TH-W) ’ F(n-i-m))

Y

and o = n, we deduce that

a(rA) /27 (ntm) o /2 m)
™22 B mills @ + 1€V Bntmi sy @)
~ a(TAr)/o=(n+m) a(TA-
<C {”6 (@A )/25 I{T>n}||LP(Q) + He ( A)‘S(—i_]]]n,n-i-m]]H]D)T(@J’)}

02 £(-,0,0) Rt s, )

Therefore, by combining this inequality with (5.2.20]) and (5.2.21]), we deduce
that

lim sup [|e*™)/Pg flls,.... = 0. (5.2.22)

Nn—00 1,50 )/\T(va) o

Thus, by combining ((5.2.17)), (5.2.20) and (5.2.22)), we conclude that the se-

quence (Y(n),Z(n),M(n),F(n)) is a Cauchy sequence in norm, and hence it
converges in norm and almost surely for a subsequence, and its limite is a
solution to (5.2.1). This proves assertion (a) of the theorem provided that
assertion (c) is true. Furthermore, by taking the limit in and using
Fatou and (5.2.19)), the proof of assertion (b) follows immediately. This ends
the first part.

Part 2. Here we prove assertion (c¢) under the assumption ((5.2.14)). Consider

two triplets (f, S, h®), i = 1,2 satisfying (5.2.14). Then for each triplet we

associate to it a sequence (?(n),g(n’i),ﬁ(n’i)) defined via (5.2.15). Thus, there
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n,i)

exists (V(n’i),E( ,M(n’i),F(n’i)), for each i = 1,2, that converges in norm

and almost surely for a subsequence to (?G’i,iG’i,MG’i,FG’i) which is solu-

tion to ([5.2.1)) associated to (f, S, h®)). Then by applying Theorem to

the difference of solutions

(8Y,62,6M,5K)

(n,2) =(n,2)

: 7 n,2) ==(n,2)

_ (?(7%1),7(”71)’W(n’l),F(n’l)) B <? M( ,K ),

Y

and the horizon T' = n, we get

e 2EVPSY |lp, 5, + 1 2 (E) P10 Z I 5.,y + €2 (E) P - SM || mo(rc)

2
« T _(n) (TN _(TL) 1/2
< Cylle” T D2GE ™|, 5 + Cale* 268 [ ’; A(E®) | fR) SR)),
(5.2.23)
Here A(6®) | £ /S g given by (5.2.18)). Similarly, as in the proof of ([5.2.19)),

we use Lemma and the boundedness assumption ({5.2.14]) that each triplet
(f, SO hO) (i = 1,2) satisfies, we get

lim Hea(n/\f)/Z(Sg(n) Hp _ —F 6a8p/2|5h5‘pdVF
n—00 Lr(Q) 0 s
(5.2.24)

T(va 0<s<t

lim [|e®CA/2(55 )P ZE[/ sup easpﬂ(ass)pczvf}
n—00 D ) 0

Thus, by taking the limit in ([5.2.23)), using Fatou’s lemma for its left-hand-side

term, and using ((5.2.24)) and ([5.2.19)) for its right-hand-side term, assertion (c)

follows immediately. This ends the second part.
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Part 3. In this part, we drop the assumption (5.2.14)) and prove existence of
solution to (5.2.1)) and assertion (b). Hence, we consider the following sequence
of stopping times

T, = inf {t >0 : max(e®/?|h,P, (Ft(a))p, sup e[S, ") > nE(G~*- m)} .

0<u<t

(5.2.25)

It is clear that T, is an F-stopping time that converges to infinity almost
surely. Then we associate a sequence, to the triplet (f,S,h), denoted by
(f™ S R given by

f(n) = fI[[O,Tn[[7 S(n) = S[[[O,Tn[[7 h(n) = h][[O,Tn[[' (5226)

Thus, for any n > 1, it is clear that the triplet (™, A" S) satisfies
on [0,7},]. Thus, thanks to the first and the second parts, we deduce the exis-
tence of unique solution to , denoted by (Y&, 70 G0 G
associated to (™, A S™) with the horizon T}, AT, which remains a solution

for any horizon T, A 7 with k£ > n. Furthermore, we have

e 2Y S5 by + e PYED 5 g + 1e/2(E)P - (ME)T| uaopy

+ e 22l + 12 (E) VP K| oy
< CIF™ 4 e*2h™ | + sup e (SU)Y| Lopeve, (5.2.27)
o<u<-

due to assertion (b). Furthermore, for any n > 1 and m > 1

||€a~/2(Y(G,(n) . YG,(n+m)) a~/2(Z(G,(n) . ZG,(n+m))

I, pp) + lle I5. P
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(e 2 &+ (MO — MO
< Cl“@‘)"/zlh(n) _ h(n+m)| + |F(a,n) _ F(a,n+m)|

+ sup eau/2|51(ln) — S (ntm) |||Lp (PQVF)
0<u<-

+Cy [|l sup eow2|S) — STV payr > A (5.2.28)

<u<-
Osus ie{n,n+m}

where

A= 10 4 eEROL sup (S aairove)

Then by virtue of (5.2.13) and the dominated convergence theorem, we put

A(n,m) :=

¥ A — ROE) 4 |FO — FOr | sup IS — S oy

and we derive

Ii A
o Sp A )

n—-+00 0<u<-

< Hm [z soof (/2R + F + sup /2|8, r(peve) = 0.

A combination of this with proves that the sequence of the quadruplet
(Y& 7&m) KGm) p&(M) is a Cauchy sequence in norm, and hence it con-
verges to (Y, Z® K€ M®) in norm and almost surely for a subsequence. As
a result, (Y®, Z€ K® M®) clearly satisfies , and due to Fatou’s lemma
and we conclude that assertion (b) holds. This ends part 3.
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Part 4. Here we prove assertion (c¢) under no assumption( i.e. we drop
the assumption (5.2.14)). Let (f,S,h) be a triplet and consider In fact,
we consider two triplets (f,S;, h;), ¢ = 1,2, to which we associate two se-
quences of F-stopping times (Téi))n fori =1,2 as in , and two data-
sequences (f(™, S0 h) which are constructed from (f@, A% S®) and
T, = min(TT(Ll), Tr@) via . Therefore, for each ¢ = 1,2 and any n > 1,
the triplet (£, S p()) with the horizon T, A fulfills , and hence
due to Part 1, there exists a unique solution (Y(n’i),E(H’i),ﬁ(n’i),F(n’i)) that
converges in norm and almost surely for a subsequence to the quadruplet
(Y& 7G4 MG KC). Furthermore, we apply assertion (c) to the difference

of solutions

(oY 625", 6ME™)

n,1) n,2) —

_ (7( ,E(H’l),ﬁ(n’l),f(n’l)) _ (?(
and get

e 28Y 1l + €% /2525" 5, p + 1€/ (E)P - (GME™Y [agecr

< Cl||€a'/2|5h| + oS<uIi eau/2|6su|||LP(P®V]F)

+02\/||fﬂo,m sup €565, || opov)
o<u<-
with

Tn &, a au
i = oz, {e? hil + F )+os<u2 ™ (Si(w) "} Le(pave)-

>
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Therefore, by taking the limit on both sides of this inequality, and using Fatou
for the left-hand-side term and the convergence monotone theorem for the

right-hand-side term, we deduce that assertion (c¢) holds. O

Herein we state its BSDE version as we did is Subsection [4.2.2]

Theorem 5.2.4. Let p € (1,+00), a > ao(p) defined in (5.1.7). Suppose
G >0 and

t
[P+ Al povs) < oo, where B = \/ | e lods. (5.2:29
0

Then the following assertions hold.

(a) There exists a unique solution (Y, Z€ M®) to the following BSDE
dY, = —f(t,Yy, Zy)d(t NT) — dMipr + ZedW], Y =& =h,. (5.2.30)
(b) There exists positive C, which depends on (o, o, p) only, such that

1e2Y 5, pyy + €5 ZClg, () + 12 Y Cllg, () + e 28] £ - (MO) [l agoir)

< Olle®?|h] + F | po(pgye).

(c) Let (f,h"), i = 1,2, be two pairs satisfying , and (Y& ZG8 MG
be the solutions to their corresponding BSDE (5.2.53(}). There exists Cy which

depends on o and p only such that

%Y g, 1y + €2 0255, (py) + lle® /& - (BME) o)

< Cl||ea'/2|6h|||LP(P®V]F)‘
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Here (0Y©,62%,6M®) and (5f,5h) are given by (5.2.9).

Proof. The proof of this theorem follows the same footsteps as the proof of
Theorem by just ignoring the process S and putting K€ = 0 throughout

the proof, as they are irrelevant. O

5.2.3 An RBSDE under F with infinite horizon and its

relationship to ((5.2.1))

In this subsection, we derive our second main result of this section that ad-

dresses the RBSDE under F given below, and connects it to (5.2.1)).

t

Yi= / 5(s,Ys, Zo)ds +/ hodV 4 Koo = Ki = / 2ol
t t (5.2.31)

Y, >SF, t>0, EU (Yt—Sf_)th}:O.
0

Here (fF, ST, €) denote the functionals defined via (5.1.28). First of all, remark
that a solution to this RBSDE is any triplet (Y, Z, K) such that tlirn Y, exists
—00

almost surely and is null, and

dY; = fF(t,Ys, Zo)dt — hedVE — dIG, + ZidW,

Y, > S, t>0, E[/ (Y. — S )dK,| =0.
0

This latter RBSDE generalizes Hamadene et al . 6] in many aspects. First
of all, our obstacle process ST is arbitrary RCLL and might not be continuous
at all. Furthermore, we do not exige that the part (Y, K) of the solution to be

continuous. Besides these, our RBSDE has an additional term, [ h dV," that
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might not be absolutely continuous with respect to the Lebesgue measure.

Theorem 5.2.5. Let p € (1,400), (h,S) be a pair of F-optional processes, f

s a functional satisfying , and (f¥,S¥, g) is given by . Suppose

that G > 0 and there ezists o > a(p) such that C1Cr;, < 1 ~where Cy is given

by Theorem -

holds and E [(EOOF@)]D] < +o0. (5.2.32)

Then the RBSDE (5.2.31) has a unique LP(P,F)-solution (Y*, Z¥ KF).

The proof of this theorem is based on the following lemma

Lemma 5.2.6. For a > ayp(p) and o € [0,a/2), there exist C;, 1 = 1,2,3,4
that depend on (a,a’,p) only such that lim, .+ C1 = 0 and the following
assertions hold.

(a) If (Y, Z',K") is an LP(F, P)-solution to the RBSDE associated
to (1,5 &), 1=1,2, then

le2 8Y [ln(py) + [le2 62| ls(pp)

< Cille® 6 fllspp) + Colle €] o) + Cs\/||€%'55||S(P,p)||€%‘5K||AT(P,p)-
(b) If (Y, Z, K) is a class-(D)-(F, P, 00)-solution to the RBSDE , then

1e2Y llnpp) + €% Zllspp + €2 Y llsep + e Krlloop)
< Ci{lle® o )llsry + €3 Elluocp) + 1S  spp) | -
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The proof of this lemma mimics those of Theorems |5.1.2] and |5.1.3] and will

be omitted here.

Proof of Theorem [5.2.5. Remark that due to the assumption (5.2.13]), the non-

decreasing process U := fo hedVE has a limit at infinity. Put
]?F(Sai%Z) :fF(S7y_US7Z)a ‘§]F = SF+U7 and g:: Uso = / hsdvf
0

Then (Y, Z, K) solves (5.2.31)) if and only if (Y', 2", K') := (Y + U, Z, K) is a

solution to

Y;f :€+/ F(S7K7ZS)dS+Km _Kt_/ stWsa
t t

(5.2.33)

Y;f Z SE‘F7 t Z 07 E |:/ (}/;f— - gf—)th] = 07
0

Now, we define the sequence (Y™, Z(™ K ™) as follows: (Y@, Z© K©0) .=

(0,0,0), and (Y™ Z(® K™Y is the unique solution to
YW — ¢4 / FF (s, YD z=Dygs + / ZMaw, + K& — K™ (5.2.34)
t t

The existence and uniqueness of this LP(IF, P)-solution follow from Theorem

and that

[Py 2 s < oy [ 1 G5
t t

—I—C’Lip/ egsegs|§§(”1)|d8+CLip/ e*%se%s]ZLg”*l”ds,
¢ t

135



< CLip/ |fF(s)|d8—|— CLip\// e—asds\// easlys(n—l)lzds
+CLip\// e—asds\// ea5|Zs(n_1)|2ds < 0.
3 t

The last inequality above is due to Lemma [5.2.6t(b). Thus, by applying

Lemma [5.2.6/to (Y®, 20 K@) and
(0Y,02,6K) = (Ytm — y( zlwem) _ zn) | pelntm) _ g
we define the norm
1Y, Z K = (Y [[opp) + [1Z2llsep + 1]l o ey,

for any triplet (Y, Z, K) € D(P,p) x S(P,p) x A}

loc?

and deduce that

sup {10, 2, KO+ I Ollep} < oo, (5.2.35)
and
110Y,82,0)[|| < C]|6fI] < Crlp[[|(Y =Dy n=t) Zlmtm=b 721 g)]|.
Thus, by iterating this latter inequality, we get

Iy =y ), Ztwem) — 7, 0)[]| < (CLCy)" 1Y ™, 2, )]

< (C1Cap)" sup 1Y@, Zz9, )]
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By combining this with , we conclude that the sequence (Y™, Z() is a
Cauchy, and hence it converges in norm and almost surely for a subsequence to
(Y, Z). Then the convergence of K to some K follows immediately from the
RBSDE , and therefore the triplet (Y, Z, K) is a solution to (5.2.33)).
The uniqueness of the solution to (5.2.33)) is a direct consequence of Lemma

5.2.61(a). This ends the proof of the theorem. O

Below, we establish the relationship between the solution of (5.2.1)) and that
of (5.2.31).

Theorem 5.2.7. Suppose that the assumptions of Theorem [5.2.9 hold. Then

both RBSDEs (5.2.31]) and have unique LP(F, P)-solutions, denoted by
the triplet (YF, Z¥, K¥) and the quadruplet (Y®, Z¢, K© M®) respectively, and

they satisfy

YG = YFg_l[[[O,T[[ + §[[[T,+oo[[7 ZG = Z]Fg_lj]]ouT]]’
(5.2.36)

K€ =&' . (KF) and M= (h - Y]F§*1> . N©,

Proof. Thanks to Theorems and [5.2.3] it is clear that both RBSDEs

(5.2.31)) and (5.2.1)) have unique solutions. This proves the first claim of the
theorem, while the proof of (5.2.36] follows immediately as soon as we prove

that (Y, Z, M, K) given by

_ YF —  7F — 1
V= =lort + ety 2= oy Ki= = (K°)

and M := (h—T) . NEC,
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is a solution to (5.2.1). This latter fact can be proved by following exactly
the footsteps of Step 2 in the proof of Theorem [£.2.7 This ends the proof of

theorem. O
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Chapter 6

Extension to models with jumps

and general terminal value

Throughout this chapter we consider a fixed and finite deterministic horizon
T € (0,400). The main contribution of this chapter lies in extending Chapters
and 9| to the case where the filtration F is generated by a Brownian motion W
and a Poisson process N with intensity A > 0, and where the terminal value of
the RBSDE ¢ is Gra.-measurable instead of being Fr,,-measurable. However,
we restrict this chapter to the square integrability instead of p-integrability of
Chapters [4] and [f

In [II] Barles et al. considered the BSDE when the noise is driven by both
Brownian motion and a Poisson random measure. They proved under appro-
priate assumptions that their BSDE has a unique solution. Also under an
appropriate framework, they found that their BSDE’s solution is the unique

viscosity solution of a system of parabolic integro-partial differential equa-
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tions. The extension to the case of RBSDE with jumps, which is driven by a
Brownian motion and an independent Poisson point process, have been estab-
lished by Hamadene and Ouknine [Ag], the authors have shown the existence
and uniqueness of a solution when the terminal value is square integrable, the
driver is uniformly Lipschitz and the barrier is rcll whose jumping times are
inaccessible stopping time and hence the reflecting process K is continuous.
While, Essaky [4] extends the case of Hamadene et al. when the barrier S
is allowed to have predictable jumps then the process Y is so and then the

reflecting process K are no longer continuous but just rcll.

We start with a stochastic basis (Q, F, P), with a filtration FVW) := (F,)>0
that satisfies the usual conditions of right continuity and completeness. For
simplicity we assume that Fy is trivial and Fr = F, We give an auxiliary
measurable space (E, B(E), \), where A is a non-nagative o-finite measure on
(E,B(E)) satisfying [, 1A]e[?A(de) < oo. Let E := R\ {0}, then we suppose
that the filtration F := FN'W) is generated by the two following mutually
independent processes:

- a standard Brownian motion W = (W})>o.

- a poisson process N with intensity A > 0. Then, N¥; NF := N, — A\t is a
(FV-W) | P)- martingale process.

Define the following:
(Q,F) == (2% [0,T] x E,F 2 B([0,T)) @ B(E))

Also define
P =P @ B(E),
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where P is the predictable o-field on Q x [0,7]. A function on € that is
P-measurable is called predictable. For more details about random measures
we recommend you to read chapter IT in [B0]. In addition to the spaces that
are defined in section [2.4] we define the desired space in this chapter as the

following

e L2(N,Q) is the space of FVW)_predictable processes V such that

T T
HVHI%}T(N,Q) = E° {/0 |Vt|2dNt] = E9 {/0 |‘/}|2)\dt] < 00.

Remark 6.0.1. Note that due to Proposition [2.3.4-b we have that W™ and

N® are G,@ -local martingales.
( g

Suppose that there exists an F-progressively measurable process h?") such that
¢=n" and S,y <& P—as. (6.0.1)

Throughout this chapter define J72(H) as the set of all stopping times in H
with values in [o7, 03], also Q be the probability defined by . For ease,
until the end of this section we write F := FOV:W),

This chapter consists of two sections. The first section presents the case of G-
RBSDE for linear driver, in this section we give some useful estimates and the
existence and uniqueness results for the solution of this RBSDE also it presents
an explicit connection to its F-RBSDE counterpart. In the second section, we

handle the case of non linear driver G-RBSDE. We give some useful estimates

and the existence and uniqueness results for the solution of this RBSDE, also
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we present an explicit connection to its F-RBSDE counterpart.

6.1 The linear case

In this section we consider the following linear RBSDEs,

¢

dY = —f(t)d(t A7) —d(K + M) + ZdW™ + Z'd(NF)",

Y,=Yr=¢ Yi=S on[0,TA7), (6.1.1)

\

TNAT
(M,W + N5 =0, and E [/ (Y. — S, )dK;| = 0.
0

Here K is an increasing process such that Ky = 0, the barrier process S is an
F-adapted and RCLL process, & = hg?;)T with A" being F-progressively mea-
surable and its F-optional projection is A(?) := MF(h@)|O(F)), p:=P®D.

T € (0,400), and the generator f is F-progressively measurable function.

6.1.1 Estimates for the solution of the BSDE (6.1.1))

This subsection elaborates estimates for the solution of the BSDE (6.1.1)).

Lemma 6.1.1. Suppose that the triplet (f,&,S) satisfies

E? @g|+ /0 TAT| f(s)|ds + sup (5;)] < 400, (6.1.2)

0<u<rtAT

@ be the probability defined by (2.3.11). Suppose that (Y¢, Z%, Z'¢ M® K®)
is a class-(D)-(G,Q, T A T)-solution to the RBSDE then for t € [0,T]
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we have

_ VAT
YV, = esssup E© {/ f(s)ds + Suly <rary + Elfu=rar) ‘ gt] (6.1.3)
tAT

VeI (G)

Proof. The proof can be obtained by mimicking exactly the footsteps of the
proof of Lemma and using (Z' + NF)7 is a (G, Q)-martingale. O

Remark 6.1.2. For any F-optional process X that belongs to I°(N©¢,G) we
have that X « [N®, N¥] = XAN « N is a G-martingale. This is due to the
fact that | XAN| < |X|. This implies that XAN € Z°(N®,G), and hence
X «[N® NF¥] = XAN « N® is a G-martingale.

Theorem 6.1.3. There exists a positive constant C' such that if the quintuplet
(YC ZC 7'® KC ME€) is a class-(D)-(G,Q,T A 7)-solution to , then

_ TNAT TAT
E@{ o 07+ [ 178pas+ [ |Z;G|2dN+[MG,MGJm}
0 0

0<t<TAT

_ TNAT
+E°[(K7,,)°] < C{”'f”i%é) + “/O [F()dsllz2 g + HSW?DTM@@)}’
(6.1.4)
Proof. The proof mimicks the same footsteps of the proof of Theorem [4.1.4]

and uses (Z'+ NF)7 is a (G, Q)-martingale together with using Remark [6.1.2]
O

Theorem 6.1.4. Let (Y, 2G4 7'Ci KGi M) be g class-(D)-(G, Q, TAT)-
solution to the RBSDE that correspond to (fi, S;, &), i = 1,2 respec-
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tively. Then there exist a positive constants C7 and Cy such that

TAT

_ TAT
E?| sup (6Y,%)*+ / 1625 |2ds + / 16Z.C12dN + [0M®, 6 M),
0 0

0<t<TAT

2
< C1A5(06,61,65) + Call65 I, @y | D Aa(€D, FO,(S)*H). (6.1.5)
i=1

where A@(g(i),f(i),(S(i))J“) for i = 1,2 and Agz(€,6f,0S) are defined via

4.1.8).

The proof of this theorem mimicks the same footsteps of the proof of Theorem
by using the fact that (Z'+NF)7 is (G, @)—martingale together with using
Remark [6.1.2

6.1.2 Existence and uniqueness for the G-RBSDE solu-

tion and its relationship to F-RBSDE

In this subsection, we prove the existence and uniqueness of the solution to
the RBSDE ([6.1.1]), and we establish explicit connection between this RBSDE

and its F-RBSDE counterpart.

Theorem 6.1.5. Suppose that T' < oo and there is p € (1,00) such that

TNAT
||/ |f(s)|ds + |&] + sup SIHLQ(@) < +o00. (6.1.6)
0

0<u<tAT
and consider (f¥,S¥, &%) and V¥ given by

fP=Ef ST =68, F =0 VE=1-E £:=¢ (—é : DO’F>(6.1.7)
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Then the following assertions hold.

(a) The following RBSDE under F, associated to the triplet (f]F, S]F,E]F),

(

dY, = —f¥(s)ds — WP dVE — dK, + Z,dW, + Z.dNF,

(6.1.8)

T
Yr=¢& Yo > Sy oy + 51y —py, / (Y, — SF))dK, =0, P-a.s.,
0

\

has a unique L?>(P,F)-solution (Y, Z¥, Z'F, K¥) that satisfies

Y/ =ess sup E [/ fF(s)ds —|—/ WP avE + SE1yemy + E Trpemy ’ ]-"t] :
o‘GjtT(IF‘) t t

(6.1.9)

(b) The RBSDE defined in has a unique L*(Q, G)-solution, denoted by
(Y, 2C,Z'¢ K& M®) given by

YF ZF , Z'F
YC = ?[[[0,7[[ + oo, 28 = g—f]]o,ﬂ], 7€ = g—f]]o,ﬂ]
. - - (6.1.10)
K& = — « (K", and M® = (—= — b)) . N — (p?") — p(Py. D,

E_ &

Proof. Assertion (a) is the linear case of a general RBSDE under F given in
Subsection , see . Thus, the proof of the existence and uniqueness
of the L*(FF, P)-solution under (6.1.6)) (respectively the solution under )
of this RBSDE will be omitted here, and we refer the reader to Subsection
6.2.2 Furthermore, on the one hand, the proof of mimics exactly
the proof of . On the other hand, under the assumption , the

existence and uniqueness of the LZ(@, G)-solution to 1) satisfying (6.1.10))
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follows immediately from Theorems [6.1.3| and [6.1.4] and assertion (b). Hence,

the remaining proof focuses on proving assertion (b).

Under the assumption , the existence and uniqueness of the solution to
follows from combining Lemma and the theory of Snell envelop,
see ] for details. Thus, assertion (b) follows as soon as we prove that the
solution (Y€, 2%, Z'¢ K® M®) described by Lemma satisfies .
To this end, on the one hand, thanks to the Doob-Meyer decomposition under
(@,G), we remark that for any solution (Y, Z,Z', K, M) to we have
Y, 2,7 ,K,M) = (Y¢, 25, Z'¢ K% M®) if and only if Y = Y®. On the
other hand, due to (6.1.3]), we have

Step 1.

/

YE 4+ [T f(s)ds = S(XC; G, Q)

with

XC .= OT/\T/\' f(s)ds + ST nrp + h?{%f[[TAT,Jroo[[‘

\

Therefore, in order to apply Theorem [3.2.3}(b), we need to find the unique

pair (X¥, k#) associated to X©. To this end, we remark that
STornrt = STortlorr and W3 Iz voolort = A Tiort Iz oot

and derive

TA-

XF = (s)ds + STiprp + B T 4 sof
0
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and

TN
k) = / f(s)ds + hEY
0

where its F-optional projection is

ker = MY (kP)|O(F)), p=P®D,
TA-
= (s)ds + R\,
0
where
per = MY (h"D|O(F)), p:=P®D.

Furthermore, we have the following

TA-
EXF —gm.g = fE(s)ds + S Iio g + E I oo — AP - €,
0
TA-

- fE(s)ds + ST Ijo g + E I oo + (RP) - VYT
0

~ ~ T/\. ~
plr) g _ flor) . e — / f]F(s)ds + (h(op) . V]F)T + gh(op)[[[oyT[[ + gF][[T’JFOO[[’
0
and

YO+ L' =S (L"+ & ipqooy + S I F. P)

TA- TA-
LF .= f¥(s)ds + / hPAVE,
0 0
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Thus, by directly applying Theorem M(b) to Y€, on [0,T], we obtain

TNANTN- -
veu [ peds = S(XE.Q)
0
S (XFE — k) . E.F, P)
B £
op) .

+ (k;(op) _HM = 5) (N®)T

S (XFE _kln . &.F. P
- 5 Ijop + (R®r) — plopy. DT
op) .

+ <k<op> K > 5) - (N®)T

S (X*€ — kr - E;F, P)
- £ Tjo.op + (B77) = nP)) . DT
L ERP gy + € i o

E
YIE‘ +LF LIF o
— TIHO’T[ + ? . NC ¢ (h(op)][[O’T[[ + h;P)IHT’+MH) . (NG)T
+ (h(pr) — h(op)) . DT

YF 1 o h(op)
= s oer+ 5 ()4 BN D = = lpopry - D 4 (W) — 1) DT

o1+ (k(pr) — k(op)) . DT

(NE)

YIF TATA-
= TIII()ﬂ—H + / f(s)ds + 51[774_00[[.
& 0
The sixth equality follows from Lemma [4.1.7] This proves assertion (b).

Step 2. Consider (Y, 2, 2’6, K¢ M®) given by (6.1.10), and define the

process I' as follows.

I:= = =Y e(G™t. DoF), (6.1.11)
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and remark that, in virtue of the first equality in (6.1.10]), we have
Ve =17+ (") -T).D. (6.1.12)
Thanks to direct Ito’s calculations, and (6.1.8]), we derive

r
dl' = EdD"’]F + & (Gt DF)ay*

I — hlop)
— TthO7F _ f(t)dt _ g_(G—l . DO,]F)dKIF + ZFg_(G—l R DO’F)dW
+ 7% (G7' - D*F)aNF. (6.1.13)

Then by inserting this latter equation in (6.1.12)) and arranging terms we get

dy©
= —f(t)d(tAT) = E_(G™H - D*F)d(KF)™ — TdN® + h®dD
— %dDO’F +E (G DYZEaWw T + €.(G7L - DY ZF (N
= — f()d(t AT) = E_(G7'+ D*FYd(KF)” — (T — h(P)dN®
+ (W) — hPNaD + £ (G« DY ZFaw ™ + £ (G« D*F)ZFd(NF)"

= — f(t)d(t A7) —dK® —dMC + ZCdWT + Z'Cd(NF)". (6.1.14)

This proves that the processes defined in (6.1.10]) satisfy the first equation in
(6.1.1). To prove the second condition in (6.1.1)), it is enough to remark that

we have

Y > S Ty <y + & Ly —1y,
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which implies that for any ¢ € [0,7T)

Y;]F
Et(—é_l . DO’]F)

I{t <7} > StI{t <T}-

This is obviously equivalent to the second condition of (6.1.1))). To prove the
Skorokhod condition (the last condition in (6.1.1])), we use the Skorokhod con-

dition for the quadruple (YF, ZF, Z'F, KF) (as it is the solution to the RBSDE

(6.1.8) with the data triplet (fF, S, £F) defined in (6.1.7))) given by
T
/ (V' - Sf)dK] =0, P-as.. (6.1.15)
0
AsY® —S_ >0on]0,7] and K© is an increasing process, we get

T TAT
/ (VE - S, )dKF = / (VE - SF)&_ (G- DOT)2dKT
0 0

T
< / (YVE —SE)&_(GTH+ DFY2dK] =0, P-as..
0

It is clear that the last equality is equivalent to (6.1.15) due the fact that K¥

is nondecreasing and Y¥ — S¥ > 0 . This ends the second step. O

6.2 The case of general generator f

We finally prove the existence and uniqueness to the solution of RBSDE with

(N,W)

general generator and a filtration F = F is generated by the brownian

motion W and the poisson process N. In addition to the settings that is given

150



by Section , we assume that there exists a positive constant C7;, such that

|f oy, 21, 20) — F(E 92,22, 20)| < Crip(|yr — yol + [|21 — 20| + VIIZ = z)),

(6.2.1)
for all y1, 72 € R ,21, 2 € R and z;, 2z, € R%.
In this section, we are interested in the following RBDES,
(
dY;ﬁ = _f(ta Ka Zta Zt)d(t A 7-) - d(Kt/\T + Mt/\T)
+Z W] + Z,d(NF)T,
(6.2.2)

Y,=E6=Yr, Y25, ;0<t<TAT

TAT
E{ / (Yie — Si_)dE, | =0,
\ 0

where (¢, S, f) is such that S is F¥"W)-adapted and RCLL process, f(t,y,z, 2 )
is a Prog(F) x B(R) x B(R?) x B(R'\ {0})-measurable that satisfies the as-

sumption (6.2.1)), and & € L*(Gra, ).

6.2.1 Important estimates for the solution

This subsection derives a number of norm-estimates for the solution of the
RBSDESs when this exists. These inequalities play important role in the proof
of the existence of uniqueness of the solution of this RBSDE on the one hand.
On the other hand, the role of these estimates in studying the stability of
RBSDESs is without reproach.

Recall that as A+ (£ A 7) is the compensator for N in (G,(Q), then for any
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predictable process H that is bounded or nonnegative, we have

TAT TAT

g | [ wan| = g2 | [ aaas].

0 0

Lemma 6.2.1. The following assertions hold.
(a) Let (Y€, Z€, Z2'¢ K€ M®) be a class-(D)-(G, Q, T A7)-solution to the RB-
SDEs that corresponds to (f,S,€). Then for any t € [0,T], we have

o

(6.2.3)

- ONT
YtG = ess sup EX [/ f(s, Y;G7 Zfa Z/s )ds + Solio<rary + Elfo=TAr}
t

T
OETATT AT

(b) Let (Y%, Z8, 7%, K&, M) be a class-(D)-(G, Q, T AT)-solution to the RB-
SDEs that corresponds to (f;, S;, &%), i = 1,2 respectively. Then for any
a > 0, the following holds

exp (@) |0Y;]

_ O : TNAT
<E9| sup eS| 4+ e T2 5¢] + Lp\// e (0 Z8)2ds | G,
0<s<TANT
C : TAT C : TAT

+ E9 Lp\// (8 Z/6)2dN + L”\// es|6YE|2ds | G,
_ TAT

+ E9 / eos|8f,|2ds | G| . (6.2.4)

0

Proof. The proof of this lemma follows the same footsteps of proving Lemma
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b.1.1} by choosing p = ¢ = 2 and observing that
Afoi= AYSLZEN 250 = (Y 202 257,

and that [Afy] < [5fs| + Crip|0YE| + Crip|0Z8| + CLipV'A|§Z'®|,, and noting

that
TNAT , 2 TAT ,
( / ea5/2éZsGdN]F> = ( / e“s((SZSG)2dN).
tAT tAT

Theorem 6.2.2. Let (Y€, Z% Z'€ M€ K%) be a class-(D)-(G,Q,T A 7)-
solution to the RBSDFE for the triplet (f,S,€). Then for a big enough,

there exists a positive constant C' := C(«,T) that depends on (a, T') only such
that

2

_ TAT TAT
E9 | sup ealeSGP + (/ e"‘t/szf’) +/ eO‘S|Zf’]2ds
0<s<TAT 0 0

. TAT , TNAT
+ EQ |:/ eas(ZsG)2dN+/ easd[MG,MG]S:|
0 0

_ TNAT
< CE¢ {€2+/ e**[f(5,0,0,0)]ds + sup eo‘s(Sﬁz}
0

0<s<TAT

Proof. Thanks to the BSDE ((6.2.2)) and Ito’s formula, we get

TNT .
/ e dKP
’ TAT . TAT . , TNAT .
= _/ eang;G - / e“gf(t Y;EG7 ZF? ZtG)dt - / eaidMéG
0 0 0
TAT . TAT .,
+ / e ZEAW] + / e*2 Z,%dN;
0 0
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TAT TAT
L e YF Y+ / 3 (Y — f(4 Y, 27, 2,%))dt - / e*2dM
0 0

|2

TAT . TNAT .
+ / 2 Z7 dW, + / "2 Z,°dN}
0 0

then

_ TAT .
E° {/ ea2dK1§G|gt/\7‘:|
0
< E°

TAT
{(2+T) sup  e®2(YE) + / e%|f(t,1gG,Z;G,Z;G)\dt|gMT]
0

0<s<TANAT

< Eé {(2 +T) sup 60[8/2(}2@)‘915/\7}

0<s<TNAT

TAT
+ CpLip B9 [/ e®2(|f(¢,0,0,0)| + |V;E| + |Z8| + \FA|Z;G|)dt|gW]
0

< E° l(Z +2T) sup eas/2(Y;G)|gt/\r}

0<s<TAT

TAT
+ Crip B¢ U e®2(|f(t,0,0,0)| + | ZF| + \/X|Z£G|)dt\gtm} .
0

Therefore, by using this latter equality together with Theorem [2.1.23 and

Oor ) <ndor a2, we derive

=11

TAT .
(/ eO‘ZdKf’)
0

2

~ at at
50 < Cr (Ie5YEI, gy + 1€ F(E0.0,002, 5,)

al at
+ CT (He 2ZGH§T/\T(672) + He 2Z(}||§‘%‘/\‘r(1\f’6j)) ’

(6.2.5)

On the one hand, applying (6.2.4) by putting

(flusbgl) = (07070) and (f2782’§2) = (f7 57 5)7
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and then using Doob’s inequality under (@, G), we have that

Hea./2YGHDT/\T(@’2)
< Cpp {||€a./2S+||DTAT(Q,2) + Hea(T/\T)/2£||L2(@)}
CDB o
T al 21(50,0,0)ls,, G2
CpeCrLi a- a: ! a
iy ot L PR A PR e o P

(6.2.6)

On the other hand, by combining It6 applied to e**(Y,%)?, (6.2.2)), and Young’s

inequality (i.e. 2zy < ex? + y*/e for any € > 0), we derive

- /C\ ~ TNAT 1 TNAT
(@ —2CLy, —2C, — ¢ ') / e (YE)ds + = / e (Z5)2ds
tAT 2 tAT
1 TAT , TAT
+ = / | Z5|2dN + / etd[M®, MC],
2 tNT tAT
TAT TAT
< eTAT)e2 4 e/ e**|£(s,0,0,0)*ds + 2/ e YEdKE
TAT " TAT "
+2 / — AK®))dMC® +2 / e (YE)Z2dW
tAT tAT
TAT
+2 / e (YE)ZCdNT
TAT TAT
< eINe? 4 ¢ / | f(s,0,0,0)[*ds + 2 / ST dK®
tAT tAT
TAT TAT
+2 / e (YE — AKS)dME + 2 / e (YE)Z2dW
tNT tAT
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TAT

+2 / e (YE)Z.CdNF, (6.2.7)
tAT

where the last equality is due to the Skorokhod’s condition. Thus, by taking

the conditional expectation for both sides of the above inequality, and then

by combining the result with (6.2.6)) and (6.2.5)), and noting that « is big we

derive the following inequality

a/2vx G a /2y G
1e® Y I, 52y + Cuille* Y s, G

+ C2||€a'/QZG||sTM(iQZ2) + C2||€a'/2Z GHMTM(N,Q') + C?)H@Oé'/2 : MG||M2T(@)
< C4||€a'/2f(‘a 0,0, O)HSTAT(QQ) + O5||f||1L2(c’j) + C6||€a'/25+||DTM(Q',2)

a/2- a+(1/2 a/2, 7oG /2
T+ Crll e BSH  le KE

< Oylle™/2f(-,0,0,0) lspnn@2) T CslléllLz@) + 06||€a'/28+||mm(é212)

a/2 07 @
+ exCr|e?/? S+||DTM(Q,2) * e_2||e " Kg”“(@)’

< Cylle® f(-,0,0, Olsy 32 + Cslléllz gy + (Cs + E207)||6%'5+||1D>TM(TQ”,2)

C7CT al< G2 at 2 at 7G 2
+ T (1Y, g + 1€ 00,01, oy + 18201, )
CiOr () ot e )2
e (15200, ) (6.28)
The proof is done by choosing appropriate €;. O]

Theorem 6.2.3. Let (Y& Z&i 7'Gi G M%) be a class-(D)-(G, Q, TAT)-
solution to the RBSDE that corresponds to (f;, S, &), i = 1,2 respec-

twely. Then for any o such that a« > 144C1,;,+8C%, | there exist positive con-

ip?
~

stants C; := Cy(a), i = 1, .., 4 that depend on () only such that lima_,e Cy = 0
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and

/2 G a-/2 G o G
1e%726Y ®lly,, Gay + 1e™20Y Clls,, Gy + 1€7%02%]ls,., (52
G al(tA\)/2 G
+ ||6Z H]L%AT(N:Q) + H€ (tA)/2 oM ||M2(C§)

< Cl||ea'/25f‘|sm7(c§,2) + CQH€Q(TAT)/25§H]L2(@)

2
+ 3127208 Iy, Gy + Can | 1265 |15, 5 {Z Ai}. (6.2.9)

=1

Here (6Y©,62%,62'¢ 6 M® 6 K®) and (0f,5S,5¢) are given by

5yG — YG,I . YG72’ (SZG — ZG,I o ZG’2,6Z/G — Z'G,l . Z’G,27
SMC = MO — M2 §KC .= K& — K62 55 .= 51 — 52,

5 =€ =€ of, = At 20N 2 — £,V 28 2,5,
and

A;

= [l 2ED gy + 1€ (SD) g, @) + 1€ 2FO(0,0,0) 5,0

Proof. We start by the following simple remark that is due to the Lipschitz

assumption on f

Afil = [ YELZEL 200 = fo(t, YO2, 252, 7702

<8 il + CripldY,E| + CripldZE| + Cri, VA0 Z,). (6.2.10)
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On the other hand, by using Lemma M-(b) and Doob’s inequality, we get

Hea-/2éyGHDT/\T(672)
o o T 1 a-
< Cpp {H@ 208, G2 + 11€2 T V0|2 + ﬁ“e 2 5ngTM(ézi2>}
(6.2.11)
CpsClip

o, G [ 'G /2 G
D e A P P ) h) 3
By combining Ito applied to e*!(§Y,)?, (6YF)? > 0, and putting

L =edM(YC - 2A(6K®)) - MC + 2N (§YC)6 2% - W

+e2N)(§Y©)5Z'C - NF, (6.2.12)
which belongs to /\/lloc(é, G), we derive

“(0Yins)?

= (OYP)2 + ae®(8Y,E)? e (L A T) 4+ 2e™5Y,E < 6YS + e« [5YC, 6V,

tAT tAT
— VP [ e YERds 2 [ e (avS)aeve)
0 AT 0 ,
+ / *$(52%)2ds + / e (62 5)%dN
0 0

+/ octd MG+KG) 5(MG+KG)]S
0
tAT
= (Y)Y +a / 25 (§Y.E) ds — 2 / e (SYE)Afods
0 0

tAT tAT
—2 / e (6YE)dSKE — 2 / e**(0YE )ds ME
0 0

tAT tAT tAT
+2 / e**(6YE)6Z CaNF + / e**(628)%ds + / e**(62.%)%dN
0 0 0
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tAT tAT
+2 / e (Y E)6 28 dW, + / et d[§(M® 4+ K©), 6(M® + K%,
0 0
Now, by taking t =T we have

TAT TNAT
VS = OV o [ e as -2 [ e ove)asds
0 0
TNt TNT

-2 / e (OYE)ASKE — 2 / e (0YE)ds ME

OT/\T ’ TAT , TAT
+2 / e (6YE)6 ZCdW, + 2 / e (6YE)6Z CdNT + / e (62%)%ds

0 0 0

TAT TAT
- / e**(62.%)%dN + / et d[§(M® 4+ K©),§(M® + K%)],
0 0
therefore,

TAT TAT TAT ,
(OYE) + a / €93 (5 S 2ds + / ¢03(528)2ds + / ¢93(57.6)2dN
TAT ’ ’ TAT ’
+ / etd[6M® 6 M), = T (Y, )2 + 2 / e (SYE)Afds
0 0
TAT
+2 / e (OYEVdOK® — [§K©, 6 KC)pp, + LE
0

TAT

TNAT
< e T(YE )2 42 / €515V C|A flds + 2 / 2 (5Y VS KC + I
0 0

hence,

TAT TNAT TNAT ,
(OYE) + a / €93 (5Y )2 + / (5 28)2ds + / ¢93(57.%)2dN
TAT ° ° ’
+ / et d[oM®, s M,
0
TAT ,
<2 [ BV (5, VE ZE Z0)] + CuyldVE| + CugldZE s + 16
0
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TAT TAT
+eT(6YE )2 +2 / e |0Y | CLi, VN6 Z.8|ds + 2 / e (SYE)dOK®
0 0
TAT ,
— (VS )P+ 2 / NSV E(5f (s, YE, 28, Z)\ds
0

TNT ThT
+ 2/ e**Crp|0Y S [*ds + 2/ e Cripl0Y 1025 | ds+
0 0

TNAT

TNAT
; / €90y |5Y (1625 |V Nds + 2 / (Y VS KO + IC
0 0
Y oung 1 TAT TAT ,
et [ ey [ eians S, 28,20 s
€Jo 0
TNAT TNAT 1 TNAT
+2 / e Crip|6YEPds + 2C7,, / eas|6YsG|2ds+§ / |6 28 *ds
0 0 0
TNAT

TAT 1 TAT ,
+2C3,, / e |6YEPds + 3 / |6 Z.F|* Nds + 2 / e (Y E)doKE
0 0 0

+ L®

therefore

C

-

1‘ TNAT 1 TAT
(6Yy)? + (a — 201, — 40,%,@ -3) / e (5YE)2ds + 5/ e (62%)%ds
€ Jo 0
TNAT , 1 TNAT , TNAT
+ / e (0ZF)2dN + 3 / ™10 Z.5|? Ads + / et d[sM®, s M®],
0 0 0

TNAT TAT
<eTEYE P4 [ eddf(s VS 28 2O s w2 [ e oy S doKS
0 0

+L®
Skorohod T G 9 Thr G G G 12
S EYE e [ s (s, Y 25, 20) s
0

TAT
+2 / e**|6S,_|d Var(6 K&) + L®
0 S

TAT TNAT
=eT(66)* + / e*eldf(s, YT, Z8, Z,%)|2ds + 2/ e**|8S,_|d Var(§ KE)
0 0 s
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+IE (6.2.13)
Therefore, by taking the expected value for both sides of |6.2.13)), we derive

Cllex/25Y € y 27 e 26 2¢ 27 e 207

G -
HST/\T Qp HST/\T Qp ||]ET/\T(Q7P)

+ (€22 6MO ) < €le™/*6 s, a0 + €T 208 Loy

+ 22582 o [ Vara(e™/2 - SKE) |15

Then by combining this equality with (6.2.11]) we obtain

o CppCl o
e /2(5YGHDTM@7P) + <C’ — —p) |ex/26Y ¢

Va
1 CDBCLi a-/2 G a(TA)/2 G
i (5_ e )l 2075y, @ + €772 MO )

1 CpeCrLip a-/257'G
—+ (5 — T ||6 6Z ||]ET/\T(é7p)

_CDB a a T
B (6 i \/a) Ie /25f||STA7—(©7p) + (14 Cpp)fle”™ Vz(%”u(@)

||ST/\T (évp)

o - 1/2 a 1 2
+ Coplle¥ 85|y, gy + 2eISN] g, IVare(e - K15

(6.2.14)

Then here we take ¢ = 2/a, then C' = § — 20, — 4C7

Lip» and take a large

such that 3 < & —2C;, — 4C%,,, and remark that for this o we have

1 C’DB CLip . CDB CLip
— K 1 Sk S
0< \/_ min { s C \/_
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Furthermore, by Theorem [6.2.2] we get

[Vare(e®/? « 6K®)ll 2 < 1272+ K& )rllp 2y + 1272+ K&?)rllp2 g

[\

< OY eV gy + 1™ (SN g, g2 + 12T FO,0,0)l5, 5.2

Therefore, by plugging this inequality in (6.2.14]), the inequality (6.2.9)) follows

immediately with

Cpp ~

6 _ + Vo 6 _ 1+ Cpp 6 B Cpa ~ 2\/5
L= CosCLip’ "2 1 _ CosCLip’ "3 1 _ CosCLip’ ~“* 7 1 __ CosCLp

2 Ja 2 Ja 2 Vo 2 Ja

It is also clear that 51 goes to zero when « goes to infinity. This ends the

proof of the theorem. O

6.2.2 Existence, uniqueness & connection to F-RBSDEs

In this section we find the RBSDE under F that is connected to the RBSDE
(6.2.2) under G. Also, we elaborate our results on existence and uniqueness
of the solution to (6.2.17)). We will assume that

T
E[gT/CT(f,S,h<°P>)+ / Ko(f, S, hP)aVE| < 400, (6.2.15)
0
where

Ko(f, S, hP) == |h\P)? 4 |f 5,0,0,0)%ds + sup (S;)?, t>0.(6.2.16)

0<u<t

Remark 6.2.4. Following the same footsteps of remark[5.1.4] we find the RB-
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SDE under the flow F as the following

/
/

AYF = — (s, YF, ZF, ZF)ds — h\P dVF — dKF + ZFdW, + ZFdNF,

(6.2.17)

T
V- VSt relt) [ 07 - STRE <0, Peas.

where S¥, &5 and ¥ are given by
fF(s,y, z,z/) = gsf (s,yé’l,zg;l, z’gs_l> . S = &S, ¢F = é}h&’p).

(6.2.18)

In the following theorem we give our main result of this section as the following

Theorem 6.2.5. Let G > 0 and & be the process defined in . Then the

following assertions hold.

(a) The RBSDE (6.2.17)-(6.2.18) has a unique L*(P,TF)-solution that we de-

note by (Y*,Z%, Z'F, K¥).
(b) There exists a unique LQ(@, G)-solution to , denoted by the quintu-

plet (Y©,2%,Z'¢ K¢ M®), and is given by

V¥ ZF e ZF
Y;G = Tt]-{t <yt gl{tZT}a Z¢ = TI}]O,T]]? 7% = T]]]Oﬂ']]’
& . & & (6.2.19)
1 Y
K€ = T (K™ and M® = (? — By NE — (pler) — pler)y. D,

Proof. The proof of this theorem can be achieved in two steps. Step 1 focuses
in proving (a). While step 2 focuses in proving (b).

Step 1. The proof of existence and uniqueness of an L?*(P,F)- soluoion to
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the RBSDE ((6.2.17))-(6.2.18])) mimics exactly Step 1 in the proof of Theorem

5.1.27| with using [H§] instead of [[9], and will be omitted.
Step 2. Due to Theorem the RBSDE (6.2.2)) has at most one solution.

Thus, the proof of assertion (b) will follows immediately as soon as we prove

v 3 72 ZF 1 F\7T
Y = T]HO’TII + €IIIT’+OO|I’ Z = T_[]]Oﬂ-]], K = = (K ) s
E E_
Z’]F Y]F
Z":= —=1Ij,, and M := (? — h(op)) « NG _ (h(pr) _ h(Op)) . D,
t

is in fact a solution to (6.2.2). The proof of (6.2.19) mimics exactly Step 2
in the proof of Theorem [5.1.27| with using [d4] instead of [[9], and will be

omitted. This ends the proof the theorem. O
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Chapter 7

Exponential hedging under

random horizon

This chapter focuses on giving some applications to RBSDEs in exponential
hedging. This shows a clear motivation to our studies of RBSDEs of Chapters
4, 5, and 6. This chapter has three sections. In the first section we give
some developments on minimal entropy martingale measures under random
horizon 7. The second and third sections address the exponential hedging
problem using its BSDEs and RBSDEs for the primal and the dual problems

resoectively. It is worth mentioning that this chapter is a preliminary version
of paper [A.
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7.1 Minimal entropy martingale measure for

(57, G)

This section addresses the minimal entropy martingale measure/density for
the model (S™G). To this end, we recall a useful lemma from Choulli and

Stricker (2005,2006).

Lemma 7.1.1. Let N be an H-semimartingale such that Z := E(N) > 0 Then

the following holds.
ZIn(Z)=Z_(1+WnZ_)-N+ Z_-HP(N,P). (7.1.1)
Here,

H®(N,P) = %(Nc> + Z (1+AN)In(1 +AN)— AN).

0<s<t

For the proof, we refer the reader to Choulli and Stricker (2005, 2006).

Lemma 7.1.2. Suppose G > 0 and let p € I .(N®,G) satsifying —G < Gy

and pADF < G. Then the following assertions hold.

(a) The following process

% o 0s ADOF
V(e) = 2lig g D" = Y (1n(1 - f)) (7.1.2)
G 0<s<- GS

1s @ RCLL and F-adapted process with locally integrable variation.

(b) If furthermore 0 < , then V(p) is nondecreasing.

166



(¢) We always have we have
G pG
E(p+N”) = (1 + R D> exp (—Ijo-1+ V() - (7.1.3)

Proof. The assertions (a) and (b) are obvious and will be omitted here. The

rest of the proof proves assertion (c). First remark that

G ~—1 o,F ADF ~—1 o,F
AN” =AD -G I]]O’T]]AD T=11- = AD -G I]]O’T[[AD ’
G
G ~—1 o,F
==AD -G ]jQTHZXI)’ .
G
Therefore, this equality implies that
> (In(1+ ¢, ANE) — 0, ANY)
0<s<t
oG . oG 0 ADF o ADOF
= lnl—f-T—T)-D—f— <1H1— ~S + NS>ITS
(45 =5 ) - Dot 3 (Il = B2 + 222 (o)

Thus, a combination of this equality and the explicit form of the stochastic

exponential (see [2.1.5])) yields

St(¢-NG) = eXp{(gp-NG)t + Z (ln(l + QDSAN;G) — gDsAN;G) }

0<s<t
—£1jo,1+ DY +In(1+ %) - D,

o,F o,F
+ 20<8§t (ln(l _ wsAéDs ) 4 ‘Ps%fs )I]]o,r[[<5)

S

= exp

o,F
_%1{6=G}Iﬂ0rﬂ - Dy

G
= (1 + SOT . D) exp Do
G + D 0cs<t (hl(l - S05@—55))[]]0,7[[(5)
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This proves (7.1.3)), and the proof of the lemma is complete. O

Below, we elaborate our main results of this section that requires the following

notation
/ )
(Z7 90) € ZIOC(Sa F) X Z.ZOOC(NG7G)7
¥ e LL (Q, Prog(F), P ® D),
Z7E(p+ N°)
Z10e(ST,G) = ————LE( D) : —
l ( ) E(G_l-m)T (,lvb ) E[w‘r‘f‘f] 0
max (—%so, o — s%) <1,
Yv>-1P®D—a.e.
\ J

(7.1.4)

Here Z,.(X,H) denotes the set of all H-local martingale deflators for the

model (X, H). Its definition can be found in [29], and which we recall below.

Definition 7.1.3. Let X be an H-semimartingale and Z be a process.

We call Z is a H-local martingale deflator for X (or called local martingale
density) if Z > 0, Zy = 1, and there exists an H-predictable process ¢ such
that 0 < ¢ < 1 and both processes Z and Z(p + X) are H-local martingales.
Throughout the thesis, the set of all local martingale deflator for (X,H) will
be denoted by Z,.(X, H).

Thus, our main theorem in this section is the following

Theorem 7.1.4. Suppose that G > 0 and AD°* = 0. Then the following

assertions hold.
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(a) The following equality holds.

inf  EZrln(Zy)]= inf  E[Zrln(Z7)], (7.1.5)
Z€210c(57,G) ZeZb (57,G)

loc

where

Z7E(p - N©)
E(GZtem)T

ZlJorc(ST7G> = { € Zloc(STyG) P > 0} . (716)

(b) Let 7 be defined in and put Z9 = E(p+ NC) for any ¢ €

o (NC,G). Then
inf E [ZTAT'Z} ln(ZT/\TZT)] < 00 (7.1.7)
ZEZ15c(S,F)
iff
inf E | Zone Zyp ZEW(Zppy Z0 Z8) | < 00, (7.1.8)
7 € Zloc(S, F)
p €Dy
where

o = {gp €I (N G) : ¢>0, andyp+V(p) is a bounded process}.

(7.1.9)
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(c¢) We always have

inf  E[ZpIn(Z7)] < inf E ((Zppe Zp ZEI( Zppr Zr ZE) |
T T
ZEE(576) Z € Z1u(S, F)
loc )

¢ € By

Proof. Remark that

(S™,G).

loc

{ZTZZ‘P

Z € Z100(S,F) and ¢ € <I>;f}c z+

Thus, assertion (c) follows immediately. The rest of this proof deals with
assertions (a) and (b) in two parts.
Part 1. Here we prove assertion (a). Remark that Z;° (S7,G) C Z,,.(S7, G),

and hence

inf  E(ZrIn(Zy)) < inf  E(ZpIn(Z7)).
rezitlse o PET ) < (576) (Zrn(Zr))

loc

To prove the reverse inequality, we denote by
o+ = max(p,0) and ¢ :=max(—y,0),

and consider Z¢ € Z,.(S™,G) This implies the existence of (KT, ¢, o®")
which belongs to M o (F) x I}

loc

(NC,G) x L}

loc

(Q, Prog(F), P ® D) such that

e > -1 PeD, E[¢") | F|Ircioy =0, P—as.,

—_é<<G
G~ ¢
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7% = E(T(KT) — GZt+T(m))E(p - N®)E(pP) « D).

Throughout the rest of the proof, we put

7V = E(T(K¥) =Gt T(m)), Z*:=&(p-N®), Zz3:=&(p") .D).

Then we derive

ZmZ% =27°m(2' 223 = Z2°m 72" + Z°m 2> + Z°In 73

R A VAR VA EVAVAI VA WA BSVAVA VAR WA

Also we put

L' =Z'Inz', L[*=2°mZ7% L1?:=2Z°Wz

leQLS — (2122)_°L3+ (LS)_ .<2122) + [leZ’LB]

note that L3 = & (o)« D)In(E_(¢®) + D)) = 1In1 = 0, also note that

(Z'2%)_ - L

= (Z2'2%)_+[(1+ W(E_(¢" - D)) Z*¢" - D + E(¢" - D) - H*(¢” - D)
= (2'2°)_+[(¢" - D) + H*(¢" - D)]

= (2'2%) (¢ - D) + (2'2%)- - HP(" - D)

= G — local martingale + (Z'Z*)_« H®(¢P" « D).

As HE(pP"+ D) is non-decreasing and non-negative and (Z'Z?%)_ > 0, then we
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deduce that (Z'Z?)_« H¥(¢P"+ D) > 0. Hence, (Z'Z?)_« H¥(¢P"+ D) = 0 iff
HE(pPr« D) = 0 iff pP"« D = 0 iff o’ = 0 . Therefore (Z1Z?)_« HE(pP" - D)

takes its infimum value when ¢ = 0. Hence,

(Z'Z*)_ « L’ > G-local martingale.

Finally, note that

(2122, 1) = [E(T(K") — G2+ T(m))E(p - N®), £(0") « D) In(E(") - D))]

is in Mjo.(G). From above we see that Z'Z?L? > G-local martingale. Now,

note that

P73 = 22 (22 LN (2P LY 2P+ 22 LY, Z°) = Z2 L' +G—local martingale.

And

N3 = 722 (ZV L)+ (2N L) 23421 L2, Z°) = Z' L? +G-local martingale.

So, we get that

E(Z®InZ%) > E(Z'Z*In(Z'Z%)) + E(G — local martingale).

But, Z'22In(2'2%) = ZX(Z' In(2Y)) + Z'(Z* In(Z2))

On the other hand, thanks to a combination of Integration by parts and
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Lemma([7.1.1)), we deduce that

Z*In(Z?) = E(p+ N®) In(p+ N)

= E(p" - NO)E(—p™ - N®)In(E(p" - N®)E(—¢™ - N©))

=E(—¢  +N®)E(p™ - N®)In(E(p™ - NF))

+E(pT  N®)E(—p™ « N®)In(E(—¢~ + N))

= E(—¢ - N%)((1+ (& (9" - N¥)E(F - N%) - " - NE)
+E(—¢p~ = N®) (5—(90+ NE) H (o7 NG))

+ (@ - N ((1+ In(E-(—p™ - N)E (=™ N%)+ (=) - N
(e NO)(E(—pm - NE) - HE (=™ - N9))

L e - NG ((1+ (e (9" - NE)E (" - N9) - o - N

+E (—p~ +NO)E(p" - N®) - HE(p* - N®)

+E (p" - NO)HE(pt - N®) - E(—p™ - N®)
+[E(—p™ - N®),E_(p" - N®) - HE(¢" - N®)]

(" - N (14 In(E-(—p™ - NE)E (=g~ - N¥)+ (=) - N
+E (T NE)E (= = N®) - H (—p™ - NF)

(£ N®) HF (=g N)) -E(p" - NE)

+ [E(pT+N®), (=~ « N®)« HP (=~ « N©)]
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= G-local martingale + E_(—¢~ - ]\IG)S,(@+ . NG) . HE(¢+ . NG)

+E (T NE)E (=™ = N®) - H¥ (—p~ - NF)
> (G-local martingale
+E_ (et N®)« HP ("« N®) + €_(p" « N®)E_ (=~ N®)« H¥ (=™ - NF).

However, due to HE(—¢~ + N¢ G) is non-decreasing and non-negative and

that £ (o7« N®)E_(—p~ « N€) > 0, we deduce that
E-(p" + NE)E(—¢p~ « N®)- HE(—p™ - N®) > 0.
Hence € (¢* + N®)E_ (=~ « N®)« HE(—p~ - N€, P) =0 iff
HE(—p=-NC€ P)=0iff ¢7-N® = 0iff o~ = 0. Therefore £ (oTN®)E_(—p-

NC)« HE(—p~ « N©) takes its infimum value when ¢~ = 0.

Therefore,

7Z?In(Z%) > G-local martingale + & (o« N®)« H¥(p"+« N® P).

This implies that

7172 1n(Z%) > G-local martingale + Z'{€_ (¢« N®)« HE(o* « N® P)}.
(7.1.10)

Now, note that

7' 7t = E(p- N Z'In Z' = E(pT - N®)E(—p~ - N®)Z' In 2!

174



=E (T NOE_(—p~ + N®) e Z' I Z' + (Z'In ZY)_ - E(p - N©)
+[E(p+-N®), Z In Z"]
= G-local martingale + & (o' + N¥)E_(—p~ « N®)« Z'In 7!
+ [E(p+N®), Z ' In 7"
=E (T NOE (—p «+ N®) {1+ ZH)ZL < (T(KF) — G=* - T (m))
+ Z HE(T(K) - GZ' T (m), P)}
+[E(@-N®) {1+ 2z 2t « (T(K") = GZ* - T(m))
+ 7L« HE(T(K") — GZ* - T(m), P)}] + G-local martingale
=& (pt - N®E (=~ « N ZL . HE(T(KF) — GZ' - T(m), P)
+[E(p+N®),(1+InZ)Z" « (T(K") = G=' - T(m))] + G-local martingale
— G-local martingale
+E (pT« NO)E (—p~ « N®) - ZL « HE(T(K") — G='+ T (m), P)
> G-local martingale + £_ (¢« N®)« Z1 « HE(T(K¥) — G='« T(m), P).
(7.1.11)

By combining ((7.1.10)) and ([7.1.11]) we get

Z°mZ% > 2'Z°In 72 + Z°Z' In Z* + G-local martingale
> G-local martingale + Z'{£_(¢ « N®)« HE (¢« N®, P)}

+E (¢t N®)- 2L HE(T(K") — GZ'+ T(m), P)
and hence,

E(Z°mmZ®) > E[(Z'Z?In Z%) + (Z*°Z'In ZY)]
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> E[ZYE (pT« N®)« HE(o" « N® P)}] (7.1.12)
+ E[E (gt - N®)« 2 - H¥(T(K*, P) — G=' - T(m), P)

=EZPmz" > inf E[Z%WZ¢,
ZT (S7,6)

loc

where Z(1) .= Z1&(p*+« N€) € Z}}

loc

(S7,G). This proves assertion (a).

Part 2. Here we prove assertion (b). Remark that, it is clear that

inf FE [ZT/\TZT 1n<ZT/\TZT>:|
ZeZloc(SvF)

> inf E [ZT/\TZTZf In(Zppr Zr Z8) | .
/€ ZlOC(S, IF)

v € DS

This prove that (7.1.7) implies (7.1.8). To prove the reverse implication,

we consider Z® € Z (S7,G). Then there exists Z € Z,.(S,F) and ¢ €

loc

7?2 .(N®,G) such that
~ ~ Z7E(p+ N©)
0 < o, G—-G) <G, dz6 ="~
Put Z as
~ 77
Z = T.
E(GZ «m)T
Therefore,

78 2% = E(p+ N®)ZIn (5(90 . NG)2>
= E(p-NZInZ + ZE(p+ N®) InE(p+ NP)
— E(p- NG){E_ (1 + 1n(2_)) N+ Z_ -HEN, P)}
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+ 2{& (p- N (1+ (& (p- N%))p+ N®) + 22 - H (- N, P)}

E[Z°1n 2°] = E[€_(¢+ N®)Z_ - HE, (N, P)

+ B[ZE_(p+ N« HE (o N€, P)].

Note that for any ¢ € ®;, there exists C' > 0 such that
C<E(p- NG) = e (V-7 < 1,
where V(p) := £+ D" in this case of AD’" = 0. Hence,

CE[Z_+Hf, (N, P)| < E[E_(¢-N®)Z_+ Hf, (N, P)] < E[Z_+ Hf, (N, P)].

(7.1.13)
By combining this latter inequalities with the fact that EZr In(Z7)] = E[Z_ -
HYEAT(]V, P)] whose proof can be found in Choulli and Stricker (2005, 2006),
the proof of assertion (b) follows immediately. This ends the proof of the

theorem. O
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Theorem 7.1.5. If there exists Z € Z,.(S,F) such that
I |:ZT/\TZT In (ZT/\TZT)] < 00,

then the following equivalent assertions hold.
(a) The minimal entropy martingale measure for (S™,G) exists.

(b) Zuep(ST,G) = {Z € 210e(S™,G) : E[ZrIn(Zr)] < oo} £ 6.

Proof. The proof is trivial by a combination of Theorem and Theorem
2.1 in Frittelli (2000). 0

Corollary 7.1.6. Suppose that (S,F, P) is complete market model that is ar-
bitrage free, and denote by 7 its unique martingale density. Then the minimal

entropy martingale measure for (S™,G) exists if

FE |:/Z\TATZVT In <Z\T/\TZT>] < OQ.

7.2 BSDE formulation for the primal problem

Let (2, F,P) be a complete probability space that is generated by the brownian
motion W. Throughout this chapter, we consider a financial market which
consists of one risk-free asset, whose price process is assumed to be equal to 1
at any date, and one risky asset with price process S. throughout this chapter

we consider the price process S evolves according to the equation

dSt = St(/,btdt + O-tth)a (721)
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with the classical assumptions:
(i) p, o are predictable processes.
(iii) oy > 0 for any 0 < ¢ < T, and there exists a non-negative constant C' such

that

1
|u|—|—a+;§C’.

Let A be the risk premium process. That is u; := o;\s. A process 7 is called
a trading process if it is a predictable process and if fOT é:—t_dSt is well defined.
Under the assumption that the trading strategy is self-financing, the wealth
process X" associated with the trading strategy 7 and the initial capital z

satisfies

deJr = W(Mtdt + Utth)

Xo™ =

Here, until the rest of this chapter we consider the contingent claim
B :=gl,>r, (7.2.2)

where ¢ is a bounded Fr measurable random variable. Our aim is to study the

classical optimization problem
V(. B) = sup, \EIU(XEE, + B) (7.23)

where A is the set of all admissible strategies.
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Let

AT d
L ( / ?S) be the set of all processes m which is G — predictable,
0

AT
/ <~ integrable and R — valued process.
0

For the problem set
al[9)
and U is the exponential utility function
U(x)=—e 7 ; z €R and v is a given constant.
The optimization problem ([7.2.3) can be written as
V(z,B) =e 7V (0,B) = —e_”’xinfﬂeAE[e_V(X%ITJ“B)]
Hence, it is enough to study
V(0,B) = —inf,e 4 E[e " XT3 +5)], (7.2.4)
Let us Define V (0, B) as the following

V(0, B) := —infre g B[ " Xr2-+B)), (7.2.5)

where —vB := —vB — In(Z7). Note that V (0, B) = V (0, B), for ease we will
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work on V (0, B).
From now on, let us use the notation X;.7"; 0 < s <t < T to refer to the

wealth process restricted to [s A 7,t A 7] and started from x = 0.

We give the dynamic extension of the initial problem ((7.2.5)). For any initial

time 0 < ¢ < 7T define

Xt/\‘r,ﬂ'

L= essinf,reAE@[e_V( TAT +]§)|th]- (7.2.6)

Note that V(0, B) = —£(0). For any 7 € A we define £ as follows

Xt/\T,7r

L7 = BQe X B g ] Wt € [0,T]. (7.2.7)

Proposition 7.2.1. For any m € A, we consider the following function

7271_20.2

2

[ (t,y, 2) == y{— +ymu} +ymoz, Y (y, 2), (7.2.8)

and the associated BSDE given by

dY, = f*(tY,, Z)d(t A7) + ZdWT — U,dN®
(7.2.9)

Yr = e B,

Then this BSDE has a unique solution denoted by (Y™, Z™ U™) satisfying Y™ =
LT,
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Proof. From the definition of the process L™, we deduce that
ME = Z,p,e X0 LT = B[ Zppre X0 1B)|g,)

is a G-martingale such that its terminal value MY = h, for an F-optional
process h. Hence, thanks to Theorem [2.3.6] we conclude the existence of

(MF, ()0) € MO,loc( ) x 17

loc

(NG, (G) such that

- o 1
Zypre P LT = e LT a2 ooy » T(M®) + 0+ N®. (7.2.10)

Here, M¥ is an F-martingale, and due to the martingale representation theorem

for the Brownian filtration, we obtain an F-predictable processes 1 such that
T(M¥) =+« T(W). Thus by inserting this in (7.2.10)), we get

0,7
eV XiAr

1
£r="5= (e—'ﬂ‘,cg + gt TW) + NG) .

Zt/\T

Now, by applying It6 and the integration by-part formula repeatedly for the

terms in the right-hand-side of the equation above, we get

r V(X0 - (e @/} TOW) + o N)
T - —vyT T + . @
b (Zine)-
G e’yX?/\:r-
+ (e” ”ﬁ“r—w TW)+9-N7)_-
Zt/\T
e'YX?/\T G
+[= *ch—w TW)+¢-N7]
tAT
e (XS/\Z—) ( - E ¢ T( ) NG)
- - —Epn + R + @
(Zt/\T>
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0,
67Xt/\7:-

~ 0,m
+ (Zt/\T)_e—V(Xtm—)*c?_ .

tAT
0,
e'th/\:r'

+ | —=

tAT

—Ww—w T(W)+¢-N®

V(X -

(ZM, (*WEW—w T(W) +¢-N%)

N o V(X0
+ (Zipg) e L7 C o) (8™ 4 Amo) « T(W)
tNT ) —

%y (tAT))

+ T - ((B™ + ymo) « T(W)

2 9 2
+ {ymp +

+2yma B 4 ()2}« (EAT))),
ELE+ o TOV) + ¢+ N
V(X0 -

= G (G T e N

+ L7+ (8 + ymo) - T(W))
271'20'2
+ L7 - ({'ymz + 7
V(X

A AT AR

+ 2yma B 4 (B2}« (E A 7'))

V(X0 -

tAT

S CNEY £ L7
= (¥ TW) + - N7)+ L

(8" +A4ma) - T(W)
2.2 2
+ (Lrfymp+ T2+ 29mo g+ (5)}) - (£ A7)

’Y(Xt/\q—)
(G(Z ) GZ (ymo + 6<m))> F(EAT)
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Y XET)- 4
= T + LT (8™ + Amo) |« T(W) + —=————¢+N

27T2O'2

+ (E?_{ww +1 5
(ev(X?m_ mn
(Zt/\T)— GZ*

+ 2ymo B + (6(m))2}> “(tAT)

(ymo + B(m))> «(tAT)

VXD V(X -
- <— Y L7 (B 4 ymo) | oW+ e NS

(Zt/\T) G2 (Zt/\’r)f
,7/27.(.20.2
+ (Crfomn+ 257 + 2ymo g + (8)7)
(XtOAZ) w @7(Xt0/’\7;)* Q/}
+ T o ) - g
(Zt/\T)f GQ— (Zt/\ﬂ')f G2—

— BULT (B 4 yma) )« (EAT)

eYXT)- ) VX~

= | ———= + L (8™ + v70) -WT+~—¢-NG
( (Zt/\T) G2 (Zt/\7>—

82,252 V(XT)-

o e

+ (Ef,{wr,u +2 + ymo ™} 4

—(Zt/\ T G—2_’)/7T(7) <(tAT)

This implies that

acp — [C20 v cy (™ ) | aw T e (7.2.11)
F=—=——= +L (8" +yno T ——0 2.
' (Zt/\T) G2 (Zt/\T)—
A2 9 9 (X2
- ,Y m e tAT w
+ (ﬁt,{ww t——+ oMY + mG—zwm) d(t A7)
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Put

77 = —67( - —w +L (/3( ) o1+~ ) UrF i=— o (7.2.12)
T= T (B - o 1, = — . (7.2.
‘ (Zinr)— G? t 10777 1071 ! e !

Then, by using these notations that gives us
~ 0,7 ~ _ 0,7 - m
P = G{(ZMT)_Q—W(XW)—ZZTAT — G%(Zypr) e v(XtAT)f/jti(WW + 8¢ ))7

we obtain

_ 727202 - V(X0 -
LT {ymp+ 5 + ymo B} 4+ mG—%vwa
2,2 2
= LU= +ymu} +ymoZg,..

By combining this equation with ([7.2.12) and ([7.2.11]), we get the following

dynamics
dLT = f(t, LT, ZF, UNd(t A7)+ ZFd W™ — UFdN®.

This proves the proposition. O

In the following we present our main result in this subsection.

Theorem 7.2.2. Let A\ := p/o, and consider the following BSDE

—dY, = =Y (ZY, 4+ A d(t AT) — ZdWT + U,dN©
(7.2.13)

YT = 6_73.
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Then if the solution of this BSDE exists and is denoted by (Y F), Z(P) U,
then we have that YP) = L, where L is defined in .

Proof. First recall that, by proposition for any m € A we have

B TAT 7271_20.2 TNAT
LT =8 — / <£’;{— 5 +ymu} + ’ywaZ;T) ds — / ZTdWT
tAT t

AT
TAT
+ / UTdN®.
t

AT

and hence,

AT

L] =E% |e" — Li{— 5+ yrpy +ymaZT | ds|G;
t

By using the fact that £ := essinf,c4L] for any 0 < ¢ < T', we have

AT

_ ~ TAT ~2rlo?
L, = essinfre,,, B [6_73 - / (E’sr{— 5 +ymu} + wng) ds|gt}
t
_ i TAT V2r2o?
= F¢9 {evB + / essinfreq — (E’ST{— 5 +ymu} + ’ywaZ;r) ds]gt}
tAT

therefore the process L corresponds to the solution of a BSDE, whose driver

is the essential infimum over 7 of the drivers of (£™).c4. And as
2 2

2 2 2
essinf — (y{—7 7;0 + oy +77T02) = —% (f + ﬁ) = —g (5 +A> ,

where A := £. The optimal 7 is given by on* = % (’ﬁ + 5)
get our BSDE in ([7.2.13)).
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7.3 BSDE formulation for the dual problem

In this section, we derive the BSDE associated to the dual problem to the
primal problem (7.2.5)) . To this end, we start deriving the duality and hence
defining this dual problem. For the reader’s convenience, we recall the defini-

tion of relative entropy H(Q1|Q@2) for two probabilities @;, i = 1,2 as follows.

Blimis| ifQ <

H(Q1|Q2) =

400 otherwise.

Recall that A be the risk premium process. That is yu; := o;A\;. For each
bounded process ¢ € Z°(N®, G), define the probability measure Q%% as the

following

Yor

759 = E(=XN-WT)E(p-N®) £ ¢ (—A.WT+¢.NG)

define the (G, Q%¥)-Brownian motion W by the formula:
W, = W]+ Xe(tAT).

The following two probabilities defined on F7 and Gr,, respectively will play

important roles in the rest of this chapter.
QF =& (~AWT)- P, QF:=Eppnr (—A-WT) Zy - P. (7.3.1)

Then we consider the dual set to the dual problem that we will define after-
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wards.

Oy = {gp € T°(N®,G) : —1 < pand E?° [Z£1n(Z2)] < oo}, 7% .= E(pN®).
(7.3.2)
This for any ¢ € @, the process Z% is a true martinagle under CA)G, and hence

the following probability that will use later on is well defined
QY% = Z8% . Q = Z%Erp (=X W) - Q, (7.3.3)

Until the rest of this chapter we assume that AD*F = 0.

Lemma 7.3.1. For any ¢ € ®;, if ADF = 0, then the following two processes

NE_NE _ % D and NE#=NE - %JM - DoF (7.3.4)

belong to Mu,(Q%¥).

Proof. Step 1. This step focuses in proving the first part of ((7.3.4). Due to a
combination of N¢ := D — 671][07TH,D0,1F7 AD%F = 0, and Girsanov’s theorem

we get that

belongs to Me.(Q%%).
Step 2. This step focuses in proving the second part of (7.3.4)). Due to step
(1), we have that

(14 ¢) + N € My,e(Q%%).
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However,

¢
14+¢)e N =(1+¢)+«(N® ——.D
(1+¢) (1+¢)( oD
= (1+¢)- (N = = f(p C(N© 4+ G g - D))
1 Y~
= (1+¢)+ (= NO = 2= Mo D)
(1+¢) o 1150 ot

— NF - %JM . DOF = N®,

By Theorem 2.1 of Frittelli (2000) there exists a unique equivalent local mar-
tingale measure ( ELMM) QF that minimize H(Q|Q). This QF is called the
minimal entropy martingale measure or minimal @—entropy martingale mea-
sure. The density of @E with respect to @ has the form

Q" 5

~ 0,7
ZE = - = cpet¥rar

dQ

for some constant c¢p > 0 and some 7 € L(f;"" %) such that X" is Q-

0

martingale, and
QF ZIE 0,7F E
E° {ln (ﬁ) ‘Qt} =lncg+9X,; —InZ7, 0<t<T. (7.3.5)
¢

Following exactly the same footsteps as above, define the probability measure

@ 5 equivalent to @ by

dO = e -
iNB =cge P with ¢! i= E9[e7 "] € (0,00).
dQ b
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dQB
dQ

ELMM in Qf(ég):: { the set of all ELLM @ with H(Q|Q§) < o0}, that

let ZP denotes its density process with 7B = we get QE B is the unique

minimize H(Q!@E) over all ) € Qf(@g), we obtain

Z;;’E = déf’B = -
dQ 5

for some constant ¢, 5 > 0 and some 7%% € L([;"" %) such that X" is

0
(Q¥B,G)-martingale .

Let

ST RS € LL(Q5,6),
A= WGL(/ %)’ b - (7.3.6)
0 and (g . St) (<TAT) c M(Q ’ ,G)

be the set of all admissible strategies. The rest of this chapter we consider the

following assumption
B e LGy, P), and E[ZpIn(Zy)] < . (7.3.7)

We give the relation between the primal problem (|7 and the dual problem

due to the following theorem.

Theorem 7.3.2. Assume holds. Then

75 ~
In Z;G’“D —|—’YB|gt

Xt/\T ™

— ess inf EQ[ 777" +B) ‘Qt
TeA

= — exp{ — ess inf B9
(PE(I)f

}. (7.3.8)
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Proof. Let us start with the LHS of (7.3.8)):

tAT, T tAT, 7'r

— ess inf EQ[ V(X \gt — esssup B9 [e7 " Erar+ )|Qt]

TeA reA

é _ 'B’ e—"/é _ Xt/\7,7r

= esssup —E“ |Ele | ———=¢ 717 |G,

TeA E[e*WB]

A ZE tAT, T
= c;gless sup—E¢ | = ZB XA G,
TeEA Zt

3

tAT, T
=c> ZBess sup — _ 93 [e Y XTAs
B
TEA

= chtBess sup —EYs

TEA zPP zbb
B AE,B ZE’B tAT, T
= célZfess s1€1£>‘ —E9" tEé e 1 Xrar t]
T ZT’
= _IZBZE Boss sup — _ga”? ;Ege_ﬁxtﬁ?r \
TeA CE EBVX%IT

_ _ EB _ t/\7'7r Oﬂ'EB
=c= 1c ! ZBZt’ esssup —F¢ [ VX" + X ‘Q’t}

B TeEA
Jensen ~E,B
EB _ Q tAT, T 07r
< = c ~ZBZ ess sup — [e R C DS T2
B
TeA
5 EB <0, ~E.B
= —cle L ZBzEBeXa (7.3.9)
B EB

Now, need to calculate the RHS of (7.3.8):

Z5% ~
In Z%I‘;”‘P +~B ‘ G
t

ess inf B9

50€<I>f
: dQG’“"/dQ dQ%%/dQ o~
:ess;g%f( ZG‘p P }gt + F@ [VB‘gt]
t
[ A (5P 5 | g
= ess inf <E [ZQG“D dQ/dQ 3 ln{epe z;% |G, )
@Eq)f +EQ P |:’}/B|gti|
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O~ [ 2B aqéw 45 dQ%% /dQ
= ess inf < o L Z,¢ dQp In (cBe z; }gt )

<\ 489 [Blg)

. (EQB ZZGBV, e (in(ez) — 4B + (dQ%+/dQ5) ) |G.] )
= €SS 1n

7B G, , ~
<0\ g3 [F@%ln(@g"p)‘@] + B9 |4B|G,|
(7.3.10)
But
_ QG@ QG<P dQ
E95 Ggo ~— In(cp }gt = )EQ G¢ / ‘
787 40, 757 dQy/dQ
~ _ZE Zﬁ dOG¢ d~ _ ZB ZB ZGAP
=In(cp) B | =% & @ /9]@] =In(cg) B | =%~ =G,
| Z} Zy7 dQg/dQ zZpz;>" 7%
75 v
:hl(CE)EQ ZG(plgt] = )EQ [1|Qt} = (Cé).
And,
7205 ZB dQ%¥ E‘Q ZB ZB dQGS"/dQ ‘
t| — t
789 40 7P Z5% dQ5/aQ |
7B 7B 75 .
_ Q #
= £° ZB ZG‘P ZB VB‘gt [WB}QJ ’
Therefore

— exp {—ess inf B9
pED s

Zet\ =
In 757 +4B|G,
1 ZE d G,p d G,p
:——exp{—ess inf EQB[ é Q~ In( ol )—In ZGSD |Q}}
cp pEDy Z, e ng dQB

(7.3.11)
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And finally, in the same way as above we have

_ | 7B dQG ~
: Q5 t G,p _ Gso
ess aplélng B 75 40, (hl(dQ /dQz) — In(Z, >|gt]
[ ZE d G, d G,p d~~ZG,<p
= ess inf E9B (Gf QT In QG / QB L) —In ZGS& |gt
PEDf | Zy 7 dQg Z7¥)ZzB  ZP

5 [ ZzB aQs+ dQ%# /dQ 5 .
= ess inf E9B é QN In % —In(Z/) |gt
peLy | Z:7 dQp Z;% |z

EQs [ ZF dQSe 1, (4957/d05 \Qt}

= ess ing Z(tgf déﬁ 4B Z;G[Z/Zté
€ _ dOG»
| - In(2f)E% | 2596
o ZE,E
— 59" |In G, In(Z5)
70"

— po°° {ln( ~€7XTAT ) ’gt:| - Zfﬁ) - ln(Ztg)
=In(cy p) + o [ X;(;;\FT }gt} —In(z/?) - ln(ZtE)
In(Z

=1In (CE B) + ’YXt/\r - hl(ZtEB) - n( t?)

by substituting this into (|7.3.11f) we get

7 ~
In ZE’@ +~B | g
t

peD,

— exp {—ess inf £9°°

}

1 B - _
= ———exp {—ln(cEJ;) — X0 (2P P) + ln(ZtB)}
B
1 -1 »EB,B —~X% BB
=—CyCpplt Zie VT . (7.3.12)
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Corollary 7.3.3.

TEA pEDy

Proof. The proof is done by taking t = 0 in theorem [7.3.2]

— inf Eé[e’V(X%:ﬁé)] =— exp{ — inf (’H(QG’“"@) + B9 (fyé)) }

The goal of the rest of this section is to solve the dual problem defined by

sup (~H(Q9#|Q) — BV B)).

@E‘I)f

The dynamic version of this problem can be written as

G

pEDs

~ ZG7¢ —
Ji := ess sup EQ™* [— In (Zé"p> —vB
t

To this end, we consider

A(z) :=In(l+z) —

1+2’

Proposition 7.3.4. For any ¢ € @, we associate J¥ given by

Z5% ~
—In (ZG*'D) — B
t

Jf = B9 G|, VO<t<T.

(a) It holds that

o TAT 1 TAT .
Jf = —E9°* / A(y)dD, + —/ A2ds + B
t t

AT 2 AT

Gi
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(7.3.14)

(7.3.15)

(7.3.16)

(7.3.17)



(b) If the following BSDE

(

AY = (2N 4+ AZ)d(t A7) + ZudW; = U (AN = G g 1 d D2 )

+((1+ @) In(1 + ¢) — ¢) G~ o dDF.

YT = _7§7

\

(7.3.18)

has an integrable (G, T N T)-solution (Y¥,Z%,U¥), then Y¥ = J%.

7% ~
In wa —i—’YB‘gt

— EQGW _1 T T o G o)
. né (- AdWT + @sdNY | +7vB|G:|
L t

AT tAT

Proof.

QG,(p r TAT . TNAT o 1 TNAT )
_ gt | AdWT + P dNE — = Nods|Ge
t t

AT tAT 2 AT

1 pet Z (In(1 + 9 ANE) — o, ANE) + ”yé’gt

tIANT<s<TANAT

Y

Q5 TNAT TAT G 1 TAT )
= B |- AdW, + PsdN; = 5 A2ds|G,
t t t

AT AT AT

TAT ~
+ EiQG"(’J [4—/ (ln(l + Sps> - @s) dDs + 'YBlgt:| )
t

AT

TAT

TNAT
_ EQG,«F {_/ A, (dWs _ )\st> _|_/ gosd(NG,so + - gp_st)’gt}
tAT AT Lt+e
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- 1 TAT TAT ~
+EQ ’ |:_§/ )\zd3+/ (1D(1+808) _908> st+’YB‘gt:| ’
t t

AT AT

_ Qe F/TAT)\2dS+/TAT (ln(1+<ﬂ)_ Ps )dD +7§‘g}
2 Ji ’ t ’ I+ ’ h

AT AT

This proves ([7.3.17). The remaining proof proves assertion (b). Thus, we

remark that

t ") 1 tAT )
J“O—/ (ln 14 ,) — —2 )st——/ Aids
t 0 ( ) 1 4 © 9 0

:EQG,¢ |:_/T/\7- <ln(1+90)_ Ps >dD _E/T/\T)\st_,yélg]
0 Tol4y T2y ’ '

is a (G, Q%¥)-martingale process. Hence, by Girsanov’s theorem, there exists

a (G, @)—martingale process ME@% such that

tAT QO o 1 tAT )
J“"—/ (lnl—l— s) — a )dNS——/ Asds
t 0 ( @) 1+90 2 0
tAT 90 .
— In(1 + @) — —— | G Ijg1d D"
/0 ( (1+ps) 1+(p> 0,714 D3

— ME@% _ (MORP _\ W 4 o NC)Q (7.3.19)

Again by applying Girsanov’s Theorem again to M G.Q s (G, @)—martingale,
we deduce the existence of a (G, P)-martingale process M®"¥ such that the

following equality holds
MEQe = MEPe _ (MEP? G T (m)), (7.3.20)

Now, by applying Theorem to M®P# which is a (G, P)-martingale, we
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get the existence of a unique (M™% o®?)) € Mg 0.(F) x ¢

loc

(N€,G) such

that

MOP = My ™ 4 G2 o,y » T(M™?) 4 (9« N©

= My"P¥ + G222 « T(W) 4 @9« N©. (7.3.21)

The F-predictable process ¥ is a consequence of applying the predictable

representation theorem to M™¥. Therefore, by substituting the above latter

equality in ([7.3.20)) we obtain

MO@ = MFPe 4+ G=20% - T(W) + @) . N©
+ (M™% G222 - T(W) + 9 N, G2 T (m))
= M™% + G T(W) 4 7 NE 4 (GT27 - T(W), G+ T(m))y

= My"¢ + o« NE + G227 - W]

and then find (7.3.19)) we get that

tAT © . 1 tAT )
y— In(1 - dN; — — Aod
‘]t /0 ( Il( + QDS) 1 + S0) s 2 A s S

_ / w (ln(l + ¢s) — &> G dDF
0 1+¢ ’

= My 4+ 09 NE 1+ Gy

- <M§J‘77P7<P + QO(O’SD) .NG + G:Zl/)go 'WT7 _/\'WT + SO.NG>?

= MEPe 4 0P N 4 G222 W — (G222 W, =N W) 2
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(o) N, N

ad L

= Mg™"% 4 0P e NO o g s W 4 2 A (A7) = (§* AN - NE)”
® ®
= MyPP 4 o0« N® 4 T W+ Z—QA- (tAT) = (¢“PoAD - N®)"

_ Mgiv,P,so + P e NC 4 G722 W] + G2 N (A T) — (go("’“")go . D)p

= My""% + @9 e NC 4 GZ2% W] + GZ2PA- (t A T)

_ W(wa)(péil—[[[oﬂ']] . DO’]F'

Therefore,

dJf = {ln(l +0s) = 1 isw + so("’“”)} AN® + GZHedW;

1 _ (2 IOT]]
Z)\2 209\ S d(t In(1 _ P ey, ) 0T gpoF
+{2$+G_¢ } (/\T)+<n(+sos) T P ) g abs
Define Z¢ := G=2¢® and U = — (1n(1 +9) — 1%+ go(‘W)), then

09) — _UU? — In(1 + —i—i
¥ ()17
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and hence.

In(1+ ¢) — % — 90(0’“’)@ =1+ ln(l+v)—p+U?p.

Therefore,

1
dJf = (GA*+AZ2)d(t A7) + ZFdW] — U?dN®

+ (14 @) In(1 + @) — ¢ + Up) G dDOF.

O
Consider the following BSDE
( 1
dyY, = (§>\2 + )\tZt> d(t A7)+ ZdW]
~U,dNE — (U, + 7Vt — 1) Gy jo o (£)dDYF. (7.3.22)
KYT/\T = —VE-

By changing slightly the notations, we can prove that this BSDE belongs to a

generalized family of BSDEs.

Lemma 7.3.5. The RBSDE can be written as

dY, = f(t,U,)dAT + Z,dW] — U, dN®,  Yya, = —yB, P-a.s.. (7.3.23)
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where

/V[Z =W, + fot Nods, Ay =t + DI : )
7.3.24

~

o,F
fltu) = 3N (1 =Ty) = E(e™ +u—1), Tp:=.

The proof is trivial and will be omitted. The BSDE ([7.3.23)-(7.3.24)) is a

generalized BSDE compared to the existing ones of the literature. In fact our
process A might not be absolutely continuous with respect to the Lebesgue
measure. This gives a new family of BSDEs that we could not find in the
literature. In fact all the literature assumes the driver is governed with the
real time ¢t. This open a new class of BSDEs that deserves attention and
investigation in virtue of its financial importance. Furthermore, the driver

f(t,u) is not Lipschitz in the variable u for many reasons.

Theorem 7.3.6. Suppose that the BSDE (7.3.25)-(7.3.24) has a solution

(?, Z, [7) of class (D) under QF. Then the following assertions hold.

(a) The following equality holds

~

Y = esssup J¥. (7.3.25)

pEPy

(b) The quadruplet

(Y P), 70 (D) (D) (f/, 7.0+ NE ((7 e U 1) G oo - DO»F)



is a solution of class (D) under QS for the following RBSDE

dY, = 1N2d(t A7)+ Z,dW] — dM, — dK,, Yrp, = —B

Thr (7.3.26)
Y>S5 on [0,TAT] / (Yie — S;_)dK; =0, P-a.s..
0
Here W is defined in (7.3.24), and S is given by
§.— g |1 /T € yags iT(vg +In (&G ) )|
2 t gt ° gt T ;
OF | -1 -
+FE 57111 (E(GZhm))aVy || . (7.3.27)
t t

This theorem conveys two main ideas. On the one hand, the solution to
the dual problem is equivalently given by the solution of the BSDE ([7.3.23)-
. On the other hand, this BSDE can be considered as a particular case
of the class of linear RBSDEs investigated in Chapter 4 of this thesis. This
is our main and real motivations for those RBSDEs. This latter fact is very
intriguing, as itself conveys that probably the barrier process plays central role
somehow in shaping the form of the solution to the RBSDE. This fact deserves

more attention.

Proof of Theorem[7.3.6, This proof is divided into two parts. The first part
proves (a), while the second part proves (b).

Part 1. Here, we prove assertion (a). On the one hand, as J¥ is the solution
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to the BSDEs ([7.3.18)), we have

1 ~
dJf = (GA*+ AZ9)d(t A7) + ZEAW] — UAN® — [(0,U?)G™ o 1 d DY

1 ~ -
= (5)\2(1 —T) = f(o,UP)G'T)dA™ + ZFdW] — U?dN® (7.3.28)

where f(p,U?) := — (14 @) In(1 + @) — ¢ 4+ U%p). On the other hand, as Y

is the solution to the BSDE (|7.3.23))-(7.3.24)), we have

dY, = f(t,U)dAT + Z,dW;] — U,dN©. (7.3.29)

Here,

it u) = %)\f(l ST - et fu—1).

Therefore, by substacting the equalities ((7.3.28]) and ([7.3.29) we get

d(Jf - Y,)
= ((eU+T — 1) — f(p,U?))G'TdA™ + (ZF — Z,)dWT — (U? — U)dN®
= (€T +TU=1) ~ f(p.0))G'TdA" + (f(2.U) - f(,U?))G'TdA"

+ (28 — Z)dW] — (U? — U)dNE

—~ ~

= (e V4T —-1)= flo,U)G'TdAT + (Z¢ — Z)dW] — (U? — U)dN®*.

(7.3.30)

Therefore,

TNAT - R s
JE-Yim I =Fo— [ (€040 -1~ (. 0)G Tax"

tAT
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TANAT R P TAT R R
- / (28 — Z,)dWT + / (U# — U)dNC. (7.3.31)
t

AT tAT

Take the conditional expectation for both sides of (7.3.31)) with respect to

Q%% we get

TAT N N _ "
Jf =Y = B9 U (e, U) = (Y + U —1))G G TdA|G, | < 0.
t

AT

(7.3.32)

this implies that,

Jf <Y, for all p € Oy

and hence,

ess sup JP <Y,
QOGCI)f

On the other hand, note that

ess sup {—(1+¢)In(1+¢)+ ¢ — U(D)gp} eV _14U®,
pEDy

. ~ ")
where the essential supremum occurs on @ := eV

UP) =1n(1 + p) =: U?. By substituting this @ in ((7.3.18)) to get

— 1, or equivalently

4
dJF = (LN2 + \ZP)d(t A7) + ZPAW — UPAN®
—((1+3)In(1 + ) — § + U?P) G Ijo 1d D™ (7.3.33)

Jr = —B.

\
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AJf = (3N + AZ®)d(t A7) + ZFdW] = UP (AN© — GG D3 )
(14 @) (1 + ) — §) G~ jo A D"

Ji = —B.

\

therefore, by the uniqueness of the solution of the RBSDE ([7.3.33|) and as
this RBSDE coincide with the RBSDE (7.3.18) we have that Y(?) = J?. By

combining this with the fact that ess sup J? < Y;(D), which is proven in part(a)
pePy

of this theorem, we have ess sup J¢ = Y,\7.

pEDy

Part 2. Here we prove (b). This part is divided into two steps as the following.

Step 1. On the one hand, as (lA/, 2, U- NG> is a solution to ([7.3.23|) then

we have

dY, = f(t,U)dAT + Z,dW] — U,dN®, Yrp, = —yB, P-as.. (7.3.34)

where

/V[Z =W, + fot Nyds, A, =t + DO,

(7.3.35)
o~ o,F
fltu) = 3N (1 =Ty) = Z(e™ +u—1), Tp:=Fe.
s > P . dpo*t
Thus, by substituting f(¢,u) := $AF(1 —T) — g—t(e +u—1), Iy="k

in the ([7.3.34) we get that the quadruplet

~ ~

(YD), D) ppP) D)y .= (f/, 7,0+ NE, (U pe U 1) G oo - DO»F)
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is a solution to the following BSDE

1 o~ ~
d}/; = 5)\td(t VAN T) + thWtT - th - th, YT/\T = —’}/B

On the other hand, due to Y = ess SUp,eq, J¥ we have that

=)
\Y;
<
Il
t
QO

N 1 TAT .
{—— / /\gds—yB‘gt} = SE. (7.3.36)
t

2 AT

To prove the Skorokhod condition, we derive the following

TAT
E { / v — )th(D)}
0

TAT D) (D) . F
=F /0 ( SG) (U +e U — 1) Gilf[[o’ﬂ]dD?’ 1

T
—E /0 (YF — 505y (Ut(D) e U 1) Glfﬂo,TﬂdD;”ﬂ

g F F (D) (D)
_ g / (VF - 50) (U 4+ e _1)th}
0

=K -(YE — 521 <UT(D) e U 1) I{TST}]

_U7<_D)

—B|(y® - 5¢) (U£D> e 1) I{TST}] —0. (7.3.37)

Where YT and S°F are the optional processes in F that are equals to YP) and
S€ on [0, 7], and hence YF = VP and S°F = S€ on 10, 7]. The last equality
in ([7.3.37)) is because of the following: First, we put
(2) i=In(l+2)— ——, f > -1
k() :=1In x T or any ,
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and we remark that

Yt(D)

o TAT 1 TAT .
= ess sup {E9 7] — / k(ps)dDs — 5/ Aeds —yB|G] }
t

PEDy AT tAT

1 TNt -
= €8S sup {EQGW [_5(907)1{t<r§T} - _/ Nods — 'VB‘gt} }
t

pe®y 2 AT

Therefore,

v

v 1 TNAT _
= ess sup {EQG’ [— K(or) Lo cr<ry — 5/ MNds — ’yB|QT,}}

QOGCPf AT

4P€<I>f

= —fyé -+ ess sup {EQGW {— (ln(l +,) — 1 —f:o ) 1{T—<T§T}‘g } }

- B
The last inequality is due to

ess sup { B [~A (@)1 pen]0r-] } <0 = B9 [-AO)1eny]d,-]

peED,
which yields

2

ess sup £9°7 [— (ln(l o) —pr ) 1&9}\@} = 0.
Lp€<1>f 1 + Or

Also, note that
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SG o EQG,O 1 Tnr )\2d = . QG,O = o =
= —3 sds — ’yB|QT, =F [—VB‘QT,} = —vB.

AT

Step 2. In this step, we prove that on [0, 7[, the processes S and S© defined
in (7.3.36)) coincide. It is clear that for any ¢ € [0,T")

S8 =514 <ry = 7Bl 51y = S 1p <y —In (E71(GZH e m) Ly 5y,
Now, we find §t1{t <7} as the following

. ~c 1 TNAT .
SEly <y = E© [—5/ Aids — ’YB|Qt} Iy <m)
tAT

- F {_l/tTAT Mﬁdﬂgt} &(G_—lm)

2 AT 53(Gi1-m)
_Erne (W) 5 P(G__Ww)
+E[ Ern(GTom) BIG, g (- .W)l{t o

=E {—l/tTM“:S(_—WWQ gt} ?(G——lm)

2 Jyr E(Gom) (AT <
fr (AW o E(G= - m
+FE [—% (”Vg +1In (5T1<G71 m))) Lir <T}| gtl 5z((_)\. W; 1t <ny
57- —AW - E G:1°
E |:8T<(T1.Tn; In (gT(Gil .m))l{T 27’}|gt:| Hl{t <7}
_ 1 (TE(=NW) , E(GT'em)
B [_5 ¢ ES(G:I )/\sGsd8|ft:| Gtgt (—)\’W) {t <7}



QF L [T s 2 i 11 Lt <ny
_E —5/ 55)\Sds—5T('yg+ln C(en .m)))pft U
t

R T
+ BV U In (£,(G! -m))d‘{ﬂft} %

t t

- §t1{t <t}

where S is defined by (7.3.27). O

Proposition 7.3.7. The RBSDE has a unique quadruplet solution
(YP) zD) MP) . K(P)Y that is connected to the unique solution (YT, Z¥, K¥)
of the following RBSDE under F

( T T T
Y, =€+ / FE(s, Z.)ds — / In <Z> dVE + Ky — K, — / Z.dW,,
t t t

T
Y, > SF, te[0,T), / (Y — SF)dK, =0,
0

\

(7.3.38)
where
5o (. Si(9) z =
F o 1 F._ t F._ _
[ils.2) = —Ef (5.281) 57 sy & =B
and € := E(=G~'+ D°F) (7.3.39)



as the following

YF o ZF

Y(D) = ?I[[O,T[[ - 7§IHT,+OOII7 Z = —=, K(D) = =

and MP) = (—ln (2) — Y?j) - N©.

Proof. The proof is a direct application of theorem [5.1.5]
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