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Abstract

This thesis establishes new Schur-Weyl functors involving the super Yan-

gian Y (gl,,,), its deformed double current algebra, the affine super Yangian

~

Y (sl,),,), and their respective Cherednik algebras.
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Chapter 1
Introduction

In the 1980’s, theoretical physicists and mathematicians introduced quantum
groups. While they are valuable in gauge theory and in quantum field the-
ory, their study has evolved into a major branch of representation theory.
Quantum groups are deformations of universal enveloping algebras of finite,
affine, or Kac-Moody Lie algebras, as well as of finite dimensional, classical
Lie superalgebras and affine Lie superalgebras.

Representations of the general linear Lie algebra and representations of the
symmetric group have an interplay referred to as Schur duality. This is one of
the most classical results in Lie theory. Generalizing this, to find Schur duali-
ties means finding pairs of Lie (super)algebra-type structures and of symmetric
group-type structures whose representations are related as in the classical case.
In the affine setting, rather than considering commuting actions, we approach
Schur-Weyl duality as the existence of a functor sending modules over one
structure to modules over another and producing a certain equivalence of cat-
egories. Guay has found [I3] duality between the trigonometric Cherednik
algebra and the affine Yangian. This extends the duality of finite type due to
V. Drinfeld [@]. Chari and Pressley [B] have investigated the quantum affine
algebra setting. More recently, Flicker [I] extended their work to quantum
affine superalgebras. In contrast, not much is known about the double affine
case. What is known is that we have three families of double affine quantum
algebras (quantum toroidal algebras, affine Yangians, and deformed double

current algebras) with corresponding families of Cherednik algebras (elliptic,
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trigonometric, and rational) and functors between categories of modules, as in
the affine case. Recent work on deformed double current algebras include Kali-
nov’s [I7] alternative construction to Guay’s, as algebras of endomorphisms in

the Deligne category. Kalinov has expanded on this construction with Etingof
and Rains [I0].

Chapter 2 is a compilation of key definitions and preliminary results on su-
peralgebras, Yangians, and Cherednik algebras that are fundamental to what
follows. In Chapter 3, we recall universal central extensions and uncover pre-
sentations of the Steinberg Lie superalgebras of types A(m,n) and Q). As their
respective deformed double current algebras (DDCA) will be deformations of
the enveloping algebras of the Steinberg Lie superalgebras, this is worth es-
tablishing. Chapter 4 establishes a functor between the categories of modules
over the degenerate affine Hecke algebra and modules over the super Yangian
Y (gl,,,)- This is then shown to be an equivalence of categories in Theorem
[4.2.7] In Chapter 5, we introduce a new quantum superalgebra of double affine
type, the deformed double current algebra for sl,,,,. Computations on elements
of left-modules over the DDCA lead to Definition|5.1.1, Previously, in the non-
super case, the J presentation had produced a straightforward defining action
for the P generators. However, without a J presentation in the superalgebra
setting, more computing is required. Using the outcome of Chapter 4 we are
able to establish an equivalence of categories between left modules over the ra-
tional Cherednik algebra and certain right modules over the double deformed
current algebra Dy . (sl,,). Theorem formalizes this key result. This is
similar to what Guay had shown for the sl,, case [IT].

Chapter 6 concludes this thesis with Schur-Weyl functor for affine super

Yangians. Much of this is possible thanks to Ueda’s minimalistic presentation
of the affine super Yangian [23], making it more manageable to define the
action of the current operators.

One further application would be to use these new Schur-Weyl functors to
construct Fermionic Fock spaces for the super settings. For Y (sl,,), Kodera [I§]
built the higher level Fock space following ideas of Uglov [24], showing that the
actions of the affine Lie algebra and the Yangian on the level L Fock space can

be glued and extended to an action of the Yangian of sl,,. It would be natural



to use his work as a roadmap to produce an analogous result for superalgebras.
Motivations for this include applications to quantum mechanics. Fock space
representations can be built in more settings beyond the affine Yangian. One
could do this for DDCAs in particular, since we already have a Schur-Weyl
functor between them and rational Cherednik algebras, similar to the Schur-
Weyl functor between affine Yangians and trigonometric Cherednik algebras.
As well, for DDCASs, there are options for further connections that do not exist

for affine Yangians, such as considering the cyclotomic version of the rational
Cherednik algebra.



Chapter 2

Definitions and Preliminaries

2.1 Lie superalgebras

The generalization of a Lie algebra to include a Zs-graded is called a Lie
superalgebra. Elements x are assigned a degree |z| of either 0 or 1 and it is
equipped with a Lie superbracket satisfying super-analogues of the defining

axioms of the Lie algebra, being super skew-symmetry:

[,y = —(=1)FW[y, ] (2.1)

and the super Jacobi identity:
(=1, [y, 2] + (=)W y, [2,2]) + (=) [z, [, y]] = 0. (2.2)

This thesis will mainly concern specific Lie superalgebras gl $lpjn, and

min»
qn. The base field will always be the complex numbers C. Cheng and Wang’s
book on Lie superalgebras [7] was used as a reference for some of these standard

definitions and basic preliminary results.

2.1.1 Finite s,

If V' is a vector superspace over C, then End(V') is an associative superalge-

bra; when equipped with the superbracket, we call it the general linear Lie
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superalgebra. Denote it by gl(V). If V = C™" we write gl(V) = [\ S

is of the form

()

with A e gl,,,, B € M,,, ,(C), C € M,,,,(C), and D € gl,,. Define the supertrace

as

An element of g,

str(X) := tr(A) — tr(D)

where tr denotes the usual trace of a square matrix. If str(X) = 0, then X

belongs to the subalgebra of gl . called the special linear Lie superalgebra

mln

5[m|n.

A B

For a block matrix X = (C’ D)’ we define its supertranspose to be

At Ot
e (%),

Note that when m # n, sl,, is simple.

The Cartan matrix of sl,,,, C' = (aij);’fjiq_l, has entries a;; = 2 for all
T <M, Gpm = 0, a; = =2 for i > m, a;41, = a;;411 = —1 for all i« < m,

a1, = @i ;41 = 1 for all « > m, and all other entries are 0.

2 -1 01 o
-1 2
Lo—1] 0 0
0 ~1 2 |-1
C=1 o0 0 —-1/0|1 o0 0
—2 0
0] 1
0 —2 1
00 1 -2




Let the parity for integers i« = 1,...,m + n be defined as

‘ 0,0=1,...,m
il =9
l,Li=m,....m+n

Recall the lower central series of a Lie algebra, the sequence of subalgebras:

929,021 0,0l 29 g g, 0]l] 2.

where we can denote gg = g and recursively define g,, = [g, g,_1] for all n > 0.
Then, we say that the Lie algebra g is nilpotent if the lower central series

terminates, i.e. there exists an n for which g, = 0.

Definition 2.1.1. A Cartan subalgebra of a Lie algebra g is a subalgebra b

satisfying the following two conditions:

1. b is a nilpotent Lie algebra

2. The normalizer of b in g is b itself, i.e. if [X,Y] € b for all X € b, then
Yeb

This definition of the Cartan subalgebra works in the superalgebra setting

as well. For instance, the Cartan subalgebra bh of gl .. is made up of all

mln
diagonal matrices, just as the Cartan subalgebra of gl is the subalgebra of all
diagonal matrices.

We can use the supertrace to define a non-degenerate supersymmetric bi-

linear form given by
('7 ) : g[m|n X g[m|n —C
(A, B) = str(AB)

If we restrict the bilinear form given above to b, it produces a non-degenerate

symmetric bilinear form given by

1, 1<i=j<m
(B, Ejj)) =4 -1, m+1<i=j<m+n
0, i#j
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Denote by {€;}i=1, m+n the basis of b* dual to {Ey}ic1 min. We can
identify ¢; with (Ey;, ) for 1 <i < m and with —(E;;,-) form+1 <i < m+n.
Then, the form (-,-) on bh induces a non-degenerate bilinear form on h*,

which we can also denote (-, ), given by

1 1<i=j<m,
(eire)) =4 —1 m+1<i=j<m+n,
0 i#j.

The root system of gl ,,, can be expressed as & = &y, U ¢; with

mln

Dy = {Ei _5j|i 7&]} |Z| = |J|}

$l,n has positive simple roots

A1y Om—1, Qm; At 15 - -+, Ompn—1

where «,, is odd but the rest are even, where a;; = ¢; — ;1.

2.1.2 Finite q,

For some positive integer n, we define the queer Lie superalgebra g, to be the

subalgebra of gl consisting of matrices of the form

(28)

When working in ¢, it is convenient to label the rows and columns of gl,,,

nln

as —n,...,—land 1,...,n.

A linear basis for q,, consists of L, =E;j+FE_ jand E;, ;,:=FE; ;+E ;;

J
fori,j=1,...,n.

The derived superalgebra [q,,q,], denoted sq,,, consists of matrices of the
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form

(3

where A € gl, and B € sl,. Thus, it contains the identity matrix I,,, and we
can consider the quotient superalgebra [qy, q,]/Cl,,. Its even part is isomor-
phic to sl, and its odd part is isomorphic to the adjoint module. For n > 2,
sq,,/CL,),, is simple.

Consider the subalgebra of q,, where A, B are diagonal. This is the stan-
dard Cartan subalgebra, denoted b; note that while it is nilpotent and self-
normalizing in ¢, it is not abelian: h = bz ® by, [bg, b] = 0 but [, ] = bg.

The vectors

Hi=E;,+FE__;,i1=1,...,n

form a basis for h while the vectors
Fi = E*i,i + E@,Z’, 1= 1, ... n

form a basis for h. Denote the corresponding dual basis in hZ by {eili =
1,...,n}.

With respect to b, we have the root space decomposition q, = h®&P,, .4 da
with root system ® = &;U ®1, with both components coinciding with the root
system for gl :

Oy =y ={e; — ;|1 <i#j<n}

dimcg, = 1 for each a € ®, and g, C g; for a € ®; and i € Z,. The Weyl
group of g, is identified with the symmetric group S,.

2.1.3 The affine Lie superalgebra smn

As a vector super-space, the affine Lie superalgebra is

—

Sl = 8hnjn ®@c Clo, v @ Ce

for a central element ¢ that is then equipped with the superbracket:
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[Xl X UT, X2 (%9 ?JS] = [Xl, XQ] (%9 UT+S + 6T‘+S,O(X17 XQ)C (23)
The root system for @ is EI\DO U <T>1, where the even roots consist of:
Oy = {e; —¢;+ kdlk € Z,i # j, |i| = |j] or i = j and k # 0}

The corresponding root vectors are E;jv* for i # j and kd corresponds to Hv*

for any H belonging to the Cartan subalgebra h. Then, the odd roots are:
@1:{6i—ej+k5\kez,i§mand j>m, ori>mandj<m}

These correspond to the root vectors Ej;vF.

The root ag = €4 — €1 + 0 is actually odd and (ap, ag) = 0, so we do not

obtain an sly-triple.

The generators of the Cartan subalgebra of sl,,,, are

{h1, o b1, By Bty -+ o A1 }

where hy, = Ep + Epg1me1 and for all @ # m, h; = E;qq ;11 — Ej;. Further,

we have that

[hmu Em,m+1] - 07 (24)
[hma Em+1,m+2] - Em+1,m+2- (25)

This is compatible with the Cartan matrix. Further, the element e,, =
E,m+1 generates the upper right block while f,, = E,,t1,, generates the
lower left block.

For the affine setting, we take ey = Ej,4n1 ® t so that [hy, eg] = —ep and
[Pmin—1,€0] = eo. This explains the upperrightmost 1 in what will be C.
Similarly, we take fo = Ej 4, ® t71. Then, it follows that hy = [eq, fo] =
Erinmin + E11 — c and [ho, eg] = 0 = [ho, fo]-

9



Following Zhang’s guidelines on how to enlarge the Cartan matrix from

the Chevalley presentation of U,(Lsl,,,) 23], we obtain

0|-1 0 0 0 1
-1/ 2 -1 0
0|-1 2 0
~1] 0
b 0 -1 2 |-1
0 0 -1/ 0|1 0 0
1 [-2 1 0
0 0|1
0 —2 1
00 1 -2

Ueda [23] offers a convenient presentation of sl,,,, with generators and

relations. First, consider the Lie superalgebra

—~—

Slon = 8l ®c Clo, 0] ® Ce @ Cd = sl,,, & Cd

where [d, X @ v°] = sX ® v° for X € sl,,,,.

Proposition 2.1.2. (Proposition 2.4 [23]) Suppose that m,n > 2, m # n,

and A = (a;;)o<ij<m+n—1 15 a (m~+n) X (m+n)-matriz whose components are

(- + ()il ifi=
—(=p ifi=j-1,
aij =4 —(=1)" ifi=j+1,
1 if (i,7) = (0,m+n—1),(m+n—1,0),
\O otherwise.

—_—~—

Then, sl is isomorphic to the Lie superalgebra over C defined by the gener-
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ators {xzi, hi,d} for 0 <i<m+n—1 subject to the relations:

zt (i=0),
[d,h] =0, [dazf]=<¢" ( ) (2.6)
0 else,
_ —T,; (Z = 0)7
d,z;] = (2.7)
0 else,

[hi, h]] = O, [hl, l';t] = j:aiijji, (28)
[Ij,w;] = 5ijhi7 ad(azii)yr'ai’j'x;t = 07 (29)
[‘T6t7 IEH =0, [xrﬂ;:w xrﬂ;:@] =0, (210)

[[xi—l’xi]a[xi—i-hxi“ - 07 [[x?:n—i-n—hxa:]v [xitvxat“ - O (211)

where the generators vt and T are odd and all other generators are even.

—_—~—

The wsomorphism = to sly,, is given by

:(h) - _Ell - Em-l—n,m—l—n +c 1=0
' (—1)|Z|E“ — (—1>|i+1‘Ei+17i+1 1 S ) S m-4+n— 1
:($+) o Em—i—n,l ® v 7/ = 0
' Ei,i+1 else
,_,( _) _El,m-‘rn ® U_l =0
=\T; ) =

(—1)|Z|EZ+17Z else.

Moreover, sl is isomorphic to the Lie superalgebra over C defined by the

generators {x, h;} for 0 <i<m+n—1 and by the relations (2.8)- .

2.2 Super Yangians of o] S and sl,,,

Yangians, as introduced by Drinfeld [§], were initially intended to generate
R-matrices that solve the quantum Yang-Baxter equation. However, these
infinite-dimensional Hopf algebras and quantum groups have interesting the-

ory that has been studied on its own right. They can be formulated as degener-
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ations of the quantum loop algebra. Though the application of super Yangians
may not me immediately useful, from the standpoint of studying Yangians, to
produce the analogues in a super setting is a natural choice. Depending on

context, we pick one of several presentations of the Yangian.

Definition 2.2.1. The super Yangian Y (gl

algebra generated by the elements tg-) for r € Z>(, with generating power

mln) 18 the Zs-graded associative

series t;;(u), where

tig(u) =y 5w (2.12)

and satisfying: 7
(_1)y(z‘,j;k,l)
[t (), ta(v)] = BUEDR (trg ()t (v) = i (0)ta(w)) (2.13)
v, j;k,) =1+14+ G+ DG+ D)+ (i+7)(k+1) mod 2 (2.14)

Expanding (2.13)) yields useful explicit relations on the generators.

min(r,s)—1

(_1)u(i,j;k,l) Z (tz(c?)tgﬂ_l_a)—t;i;+s_l_a)t§f)>
a=0

[t )]

ij

r+1 S T s+1 ] v(1,7; 7),(8 s) ,(r
[t(“ )7t§cl)] [t( ) tl(cl )] ( ) (3ih) (tl(cj)tz(’l) tl(fj)tz(l)) (

i ij

—_

5)
)

[\]

.16

This presentation of the Yangian is called the RTT presentation, due to
(r)
tj
form of the defining relations:

the generators t;.” satisfying the following relation, which is itself a compact

Rys(u — )Ty (u) Ty(v) = To(0) Ty (w) Rya(u — v) (2.17)

in Y (gl,,,) ® End(C™") ® End(C™") where
R(u) =1+ g (2.18)
P= mZM(—l)'b'Eab ® Epq (2.19)

12



m-+n

T(w) = 3 (~D)Vt(0) ® B (2.20)

,j=1

©) _

The matrix R satisfies the graded Yang-Baxter equation. In particular, ¢;;” =

(—=1)ll+1,

We then have two other sets of generators: the generators as constructed
by Gow [I3] and the current generators, which we will present further below
in Definition m Based on work by Gelfand and Retakh [12], Gow shows
that the matrix 7'(u) has the Gauss decomposition

T(u) = F(u)D(u) E(u) (2.21)
for the unique matrices
di(u) 0 0
D(u) = O da(u) 5 (2.22)
0 e )
U en(u) - epmpnl(u)
E(u) = o | 62””*:"(“) (2.23)
0 o
1 0
Flu) = f”:(“) (2.24)
Frina (W) frnin2(u) .

The matrix entries are generating series for the Yangian gl They them-

13



selves are the following quasideterminants:

ti(u) - tiica(w)  ty(w)
tin(u) - tiia(u) | tu(w)
ti(u) - trioa(u) t1;(u)
eij(u) = d;(u) ™" tllzl(u) ) ti 1 ':1(16) t.lz.(u) (2.26)
ti(u) tii1(u) tij(u)
t11(u) t1i1(u) tii(u)
eii(u) = : : d;(u -1 2.27
( ) ti71,1<u> T tifl,ifl(u) tifl,i(u) ( ) ( )
tir(u) o tjia(u) tji(u)

following Gelfand and Retakh’s definition [12].

Proposition 2.2.2. (Theorem 3 of [L3]) The Yangian Y (gl,,,,) is isomorphic

as an associative superalgebra to the algebra with even generators d\”, d\", fjm, ey)
forie{l,...om+n},je{l,....om+n—1}j# m,r > 1 and odd gener-
ators e%), ) for r > 1. These are subject to the following relations, where

r,s,t > 1 and 1,7, k range over the appropriate admissible values.

d” =1 (2.28)

dOJ0 — 5. (2.29)
t=0

] = (2.30)

(655 + 0igr) g A el = m

_(5i,j — 6i,j+1) Z:;(:)l dz(t)eér—l—s—l—t)? m + ]. S ] S m-+n— ]_
(2.31)

0
{(&J — i j+1) Z;:é dgt)e§r+s—1—t)’ 1<j<m-1
1

14



— (05, — dij+1) f(TJrS - t)dgt)a I1<j<m-1
[dET)7fJ-(S)} = (b4 Giy) f(r+s 1- t)dgt)’ i—m
(05,j — dij+1) Zéf(wltd(t) m+1<j<m+n-—1
0
0

(2.32)
r+s—1 /() 7‘+S 1— t) .
[T)fs):|_ sz d d]+1 ) 1§]§m—1 (233)
Jorlk 5 rhs—1 y(®) gr+s—1-1) . :
F0ikdimg Ay diy T, m<j<man—1
lef)s ein)] = (2.34)
50 1) = (2.35)
s—1 r—1
[egr)’ el)] = |J| (Zet er—i—s 1-t) Zegr)e(rﬂ-s 1— t)) 7 ]7é m
t=1 t=1
(2.36)
r—1 s—1
R e Ve DD/ A f}”f}’"“‘l‘t)), j#m
t=1 t=1
(2.37)
[ef )= (el ef] = —(=1)elel), (2.38)
A F -1, fi = —(— >'ﬂ'f§ﬂf (2.39)
if 17— Kkl > 1, then [, e} ] 0 and [f{”, f] =0 (2.40)
if j # k, then [[e{”, e, ,i”m[eg), e, e)] =0 (2.41)
if j # k. then [[f, ” f,f)] D1 1, 1L 11 =0 (2.42)
[[el) 1, e e, £f}+ =0 (2.43)
9, FOLFD, £ =0 (2.44)

These generators dgr), d", e and f are coefficients of the following

2 Z 7

power series, respectively.

u) = Z dgr)u_r

r>0

= Z d;(r)u_

r>0

15



ei(u) = el(-r)u_r
r>1

fz(u) _ Z fi(T)ufr

r>1

We can recover the generating series ¢;;(u) by multiplying together and taking
commutators of these series.

One way to see the subalgebra Y (sl,,,) of Y (gl is as the subalgebra

fixed by all automorphisms ;. Here, for a formal power series f = 1+ fiu™+
fou™? + - € C[[u"]], the map p; is given by T'(u) — f(u)T(u).

Further, we can use this definition to justify that

where Z,,),, is the centre of the Yangian Y (gl,,,,), as one can show the centre is

generated by the coeffecients of the quantum Berezinian formal power series.

Definition 2.2.3. The subalgebra Y (sl,,,,) is generated by the coefficients of
the series di(u)"'d;y1(u), e;(u), and f;(u) for i € {m +n — 1}. If we define

hi(u) == dy (1)~ diy1 (u), then our generators are h\",e'™ and £

A A

Both sets of generators of the Yangian can be used to produce a PBW-type
basis as shown by Gow [I3].

(r)
1j

of Y(glon) Y(0ly) is equipped with a PBW basis formed by ordered products

Theorem 2.2.4. PBW Theorem Fiz some ordering on the generators t

of these generators, where the odd generators (where |i| 4+ |j| = 1 mod 2) do

not appear with powers of order greater than 1.

Theorem 2.2.5. PBW Theorem Fix some ordering on the generators f;f),
dzm, eg) of Y(gl,,) for 1 <i<j<m+n andr > 1. This ordering must
be such that the f generators come first, then the d generators, and then the e

generators. We define the f](f) and eg) inductively using:

f z‘(-:)u =f i(r)

oy =l

16



r 1 r -
f](z) :[f](,j)fla fJQLi] (_1)|J !

(r) _r,(r) M qr_1\li-1]
ij =le e J(=1)Y

€ ij—1 G-,

for g >i+1. Then, Y(g[m‘n) 1s equipped with a PBW basis formed by ordered

products of these generators.

What follows are the current generators for Y (sl,,,). These can be derived

from the previous generators by setting:

) = da(u 3 (1) m ) Mot L (-DFm 1) (246)
rf () = filut 5(~1)(m — i) (247
o7 () = (=) + 5(=1)f 1 — i) (2.45)

for 1 <i<m+n—1 and coefficients

hi(u) =1+ Z higu st (2.49)
s>0
rf(u) = Z afu! (2.50)
s>0
vy (u) = (2.51)
s>0

Definition 2.2.6. The super Yangian Y (sl,,,,) is isomorphic to the associative
superalgebra over C defined by the generators l’fs and h; s for 1 <7 <m+n-—1
and s € Z,, and by the relations

[Py hjs] = 0, (2.52)

[, 25 = 0ijhi s (2.53)

[hio, ﬁcs] = iaiﬂfs (2.54)

(i1, 7] = [Pigs 7o) % (hizx7, + 37 hiy) for i, j not both m
(2.55)

15 2] = 0 (2.56)
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[a:‘fmq?xjfs] - [:cffr,:cfﬁl] = i;ij (7@ ]is + 23 i) for i,j not both m
(2.57)

(vt ] = 0 (2.55)

[z, 2] = 0if i — j| > 1 (2.59)

ok [k, )+ [k [, )] = 0 Ji — ] = 1 (2.60)
Hﬁi—l,mxi,o] [ Lm0 m+1 JI=0 (2.61)

where 7, s, and t are arbitrary nonnegative integers and a;; are the elements
of the Cartan matrix C = (aij);:?:fl of the Lie superalgebra sl,,,. The
+

generators z, . are odd while the rest are even.

2.3 Affine Yangians

For a Lie superalgebra g, its affine Yangian ?ﬁg\) is a deformation of the
enveloping algebra of the universal central extension of g[u®,v]. Universal
central extensions will be defined in the next chapter. 17(;) is built from one
copy of Y(g) and one copy of Ug, where g is the universal central extension of
g ® C[u*!]. However, for our purposes, we have explicit presentations for the

affine Yangians we need.

Definition 2.3.1. The affine super Yangian ?(5[m|n) is isomorphic to the
associative superalgebra over C defined by the generators x s and h, s for
0<i<m+mn—1and s € Z,, and by the relations (2.52)) to 1} The a;;

are the elements of the enlarged Cartan matrix C' = (aij)%ﬂé’l.
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0|-1 0 .|lo 0 1
—1] 2 -1 0
0 -1 2 0
1|0
b 0 -1 2 |-1
0 0 -1/ 0|1 o0 0
1|-2 1 0
0 0|1
0 : —2 1
1 00 1 -2

What follows is the affine super Yangian as defined by Mamoru Ueda [23]

with parameters 1,9 € C.

Definition 2.3.2. Suppose that m,n > 2 and m # n, with €;,e5 € C. The

affine super Yangian Y., ., (s?[(m[n)) is the associative super algebra over C

generated by ZL“;:T, Ty hip (1 €{0,1,--- m+n— 1}, r € Zxg) subject to the
relations:
[hi s hys] =0, (2.62)
[xz’;, 33;3] = 5ijhi,r+sa (263)
[hio, x;tr] = iaiﬂ?fr, (2.64)
€1+ &2 €1 — &2
[hi,wl;%i,s] - [hi,r7$ji,s+1] = iaijT {hi,m ji,s - bijT[hira xﬁ},
(2.65)
E1+ &9 €1 — &2
[‘rfr—l—l? Ij,:s] - {x'?,:ﬂ ‘r;‘l?s—&-l] - ZlZCLZ] 2 '?,:’r" x;%s - bl] 2 [I;‘:ﬂ .f;i],
(2.66)
+ + + + _
Z [xi,rau)’ [xim,(z)? cee [:z:wa(lﬂaij‘),xjs] . H =0,
0ES14(ay|
(2.67)
25, 23] = 0 (i = 0,m), (2.68)



[y, 2l [, 2 )] = 0 (i = 0,m) (2.69)

where
((—1)”' + (=)l i =,
— (=1l if j=i+1,
a; = § —(=1)l if j=i—1, (2.70)
1 if (i,j) = (m+n—1,0),(0,m+n—1),
0 otherwise

(—(—1)\i+1\ ifi=j+1,
(—1) if i =7 —1,
bij =4 —1 if (i,7) = (0,m +n — 1), (2.71)
1 if (i,7) = (m+n—1,0),
0 otherwise

\

The minimalistic presentation of Y (sl(m|n)) given in Theorem 3.13 in 23]

will be useful. Assume that m > 2.

Theorem 2.3.3. (Theorem 3.13 [23]) Suppose that m,n > 2 and m # n. The
affine super Yangian Y (sl(m|n)) is isomorphic to the super algebra generated
by x;fr,xi}, hir (1 €{0,1,--- ,m+n—1},r=0,1) subject to the defining re-

lations:

[higrs s = 0, (2.72)
[0, 250 = dijhio, (2.73)
[ @50) = Gighan = [, 254, (2.74)
(i, 75,] = Faiag,, (2.75)
[ a5y = ay; (a:jfl bi; L ; =2 fo) , (2.76)



€ +5 €
[xflvxji,o] - [xfmxfl] = : 2{ L5.05 jo} 72[55?,[0@;0]7
(2.77)
adzS)) il (2£) = 0(i , 2.78
Z7 J’
(275, 5] = 0(i = 0 m), (2.79)
Hl'zi—mvxi:o]a [xfm ;5—1 ol] = 0(i = 0,m), (2.80)

where the generators vt and x%, are odd and all other generators are even.

We set hi,l = h@l - %h?ﬁ'

Note that there is a way to simplify this by reducing the second parameter.
This will be useful for Chapter 6. The goal is to remove all the relations with
€1 — €9 that do not include a generator with ¢ = 7 = 0. We do this using
the isomorphism 7, for a chosen a € C where 7,(X) = X for X € ;[m\n and
Ta(Xpy) = X — (=) a(m — k)X, 7a(Hyy) = Hpy — (—1)Fa(m —

k)Hgo. Then, in order to remove the desired terms from relations in the

€1te2
5 -

If0<i<m-—1, then a;;4+1 = —1, b; ;41 = 1. Start with the relation ([2.77)
and apply 7,:

minimalistic presentation, we set a = —=5=2 and apply 7,. Set also % =

+ + ] [.Z‘i + ]

+
[%,1: Lit1,0l~[T50 Tit1,1 ]

= ¢§{xfm xz‘jil,o} - a[xii,w Tit1,0
[xitl —a(m — i)xfm xii—i-l,(]] - [xz‘lt()v xii-&-l,l —a(m —i— 1)5’3'z'i+1,0]
= :F%{%:‘,tm xi—l,o} - a[xfo, xil,o]
[xii,l’ xiﬁl,o]_[xf,to? l’il,l] - a[xfo, xim]

A
= :F§{5”z:',t07 fzz'tﬂ,o} - a[x?,EOa xil,a]
A
[37?,[17-75?11,0]_[5”%0’37;31,1] = :FE{'I'?,:(PJZ;E’LO}

On the other hand, for m+1<i<m+n—1,

[xf,cla Iim]_[xfm Iim] = ig{xf()a xil,o} + a[xfo, Iz‘i+1,0
[xz:‘l,:l +a(m — i)xz:‘l,:OJ xil,o] - [xfm xi—l,l +a(m —i— 1)xz‘j5r1,o]
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A
= ia{xfo, m;tﬂ,o} + a[xfo, xil,o]
[%%17 Iil,o]_[%;,tm %:'Eu,l] + a[xfo, mz'jirl,o]
A
= ia{xfm 5Uz'i+1,o} + @[95?,[0, mil,o]

A
[95?,[1: 37?11,0] - [xii,m xirm] = i§ {xii,(b xi—l,o}

Finally, we consider ¢ = m.

A

["L‘;tn,h xi+1,0]_[x;tn,0’ xfm—i—l,l] = i§ {xrin,w xiﬂ,o} + a[x;—:p, xiﬂ,o]

A

[xi,p xiﬂ,o] - [xi,O’ xqjvzz+1,1 - amir:z—‘,-l,()] = i§ {1‘;_:,07 $i+1,0} + a[mfw, $i+1,o]
A
[xrjr:z,lﬁ xiﬂ,o] - [%jy:z,m xiﬂ,l] + a[xﬁo, xiﬂ,o] = lL§ {mi,m x7:|1:1+1,0} + a[-’ﬁz,m xiﬂ,o]
A
[x;tml’ xiﬂ,o] - [%jr:z,Oa xi:z-l—l,l] = i§ {xi,mfiﬂ,o}

: : + £ o+ 1_ A -
i.e. we again produce [v75, 777, o] — [770, Ti311] = £5{%50, 77010} for i = m.

Next, consider the relation (2.76]). With our choice of a, it is equivalent to

7 + _ + +
[hi1, xz’+1,0] = iaiﬁl(%ﬂ,l + mi,z’+1a5’f’z‘+1,0)

By definition, 7,(hy.1) = he1 — (—=1)*a(m — k)hy. g, so applying 7, to (2.76)

produces

[}Nli,l - (—1)‘“1‘@(7’1 — 1) hiy, xzﬁl,o]

== az’,i+1(37z‘j5r1,1 + bz’,z’Hze‘jil,o - (‘DIHZ‘@(m —1— 1)xij5r1,o)-

For the cases where 1 <i<m—lorm+1<i<m+n-—2,|i+1|=[i+2],
biir1 = — (=1 and this simplifies thusly:

[hia, :B?EH,O] = :l:aiﬂ—&-l(ajz;il,l + bi,z‘+1a$zﬁ1,o + (—1)'”2'@931411’0)

+ _ +
[hia, 5U¢+1,0] = £0ii11%;1 ;-
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When i = m, by ms1 = 1 and (2.76)) becomes

7 + _ + + +
[hi1, xi+1,0] = jiaz‘,z‘+1<ﬁvi+1,1 + bm,m+1axi+1,0 - a‘riJrl,O)

+ _ +
[hi 1, 93¢+1,0] = £0i1%;11 ;-

The upshot of this in the context of the minimalistic presentation of the affine
super Yangian is that we can assume that €; — e, appears only in the relations
involving x(jfr, o +n—1,s Or one of those with an h. As a result, we can replace
€1 — €9 with another parameter, say 3. For instance, one relation is

:l: A

[xrj;twnq,l: m(j)t,o] - [xrjztwn—l,m xO,l] = ig{xiwrn—l,o? 750i,0} + B[xjfwrn—l,m xoi,o]‘

2.3.1 Parity sequences

Let s = (81,...,Smin) Where s; = 0 or 1 and 1 occurs exactly n times. Then,

s is a parity sequence. The standard parity sequence is denoted

sterd — (0, ,0,1---,1) =50,

Shifts of this parity sequence to the right are denoted

s =(1,...,1,0,...,0,1,...,1)

p m n—p

and for p < n this is the cyclical shift of s(”) by p. Along with these shifts, for
a general parity sequence of length m + n s, we assign periodicity via setting
S; = Sizman and extending all ¢ to Z. Call the set of all parity sequences of
length m +n Sy,,. Then, we introduce a map 7 : Sy, — Spjn given by the
shift sending s = (81, .., Smin) t0 78 = (Spmtn, S1,- -+ Smin_1). We can see
that s = 77s.

Next, we apply this principle of shifted parity sequences to Yangians abid-
ing by these parities. Let }Z(IQ)EQ(m\n) = ﬁlygg(mln) be affine super Yan-
gian as defined above. Define }/}E(f )52(m|n) to be the associative superalgebra

generated by z h;, with parities and relations being such that the map

7,77
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z¥(u) = xf,(u+ o), hi(u) — hipi(u + o) for a shift o is an even isomor-

phism.

2.4 Schur-Weyl Duality

In the classical case, Schur-Weyl duality describes the relationship between
representations of the general linear Lie group (or algebra) and representations
of the symmetric group.

Both GL, and S, act on the tensor space C* @ C" ® - - - ® C" = (C™)™!
follows, for X € GL,, o € S;:

X(?}1®"'®Ul):X1)1®"'®XUl (281)
(U1 & .- ®Uz)0 = Us(1) ® -+ ® Vy(p) (2.82)

Schur-Weyl duality asserts that these commuting actions are centralizers
of each other. By the Double Centralizer Theorem, we can decompose (C”)®l
as a sum of tensor products of simple modules of .S; and simple modules of
GL,. The latter are determined by the former; for a module U of ), its pair is
Homyg, (U, C") which is either an irreducible representation of GL,, or is zero.

This interplay has been generalized to the superalgebra setting, as by
mln and the

symmetric group .S; commute on (Cm|”)®l. These actions are described as fol-

Sergeev in 1985 [2I]. By Schur-Sergeev duality, the actions of gl

lows. For homogeneous X € gl

v, ...,u € CMI,

min and 0,41 € S}, and homogeneous elements

X0n®@ Q) =Xv)Qu®- - (2.83)
+ (- 1)\X||U1|U QX)) @U3® - U+ - - -

+ (- 1)\X|(\v1|+ oy, @ - QU ® X (v)
(=

Oiip1-(n1 @ @) = (—D)lnly @@ e @Yy (2.84)

Let @; : gl,,),, — End((C™™)®") and ¥; : S, — End((C™")®") be the maps

defining the actions of gl _,, and S; respectively.

m|n
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Lemma 2.4.1. [J] The actions of gl,,,, and S; on (C™™)®! commute with each

other.

mln

Berele and Regev [ presented a generalization of Weyl’s works into the
superalgebra realm, introducing what they call "hook analogues” of classic
objects. They define a right action of S; on (C™"™)®! through a map 1 :
Sy — End((C™m)®!). Weyl’s theorem provides a parametrization of irreducible
representations of GL,(C) by partitions whose Young diagrams lie inside the
strip of a certain height k. The main result of Berele and Regev’s paper is
to provide a hook analogue of this theorem, where they connect semistandard
tableaux in two sets of variables to representations of gl,,,,(C). The upshot of

this is a super-analogue of Schur’s double centralizing theorem.

Theorem 2.4.2. (Schur-Sergeev duality, part I) [ The images of ®; and ¥,
being (U (gl,,,)) and ¥,(CS)), satisfy the double centralizer property, i.e.

(U (gl,,),)) = Ends, ((C7)) (2.85)
W,(CS)) = Endy g, ((C"")®) (2.86)

m|n

Throughout this thesis, more analogues of Schur-Weyl duality for Yangians

and deformed double current algebras of superalgebras are presented.

2.5 Degenerate Affine Hecke Algebra and Chered-
nik Algebras

Definition 2.5.1. Let x € C. The degenerate affine Hecke algebra Hd°8(S))

is the associative algebra with generators afﬂ, ort, ... ,aljill, X1,X2,...,%;, and

the following defining relations:

o0, =0, o =1, (2.87)
of =1, (2.88)

o0 = 0,0, if i — j| > 1, (2.89)
004103 = 0410041, (2.90)
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Xi0; = 0iXj+1 — K, (291)

XiX; = X;X; (2.92)
Often we see kK = —1, making the relation the familiar
X;0; = oiXip1 + 1. (2.93)
Define elements y, € H8(S)) (I=1,...,1) by

Vi = 01k " X1 " O1k :Xk—i-zajk- (2'94)
i<k

We can prove by induction that indeed oy - x; - 01 = Xi + Zj<k Ojk-

Proof. k =1 holds trivially. Let k = 2. Then, by defining relations

X1012 = 019X + 1

012X1012 = X2 + 012
Assume o1 - X1 - 015 = X + ZK,C ;. Then,

01,k+1X101,k+1 = Ok k+101kOk,k+1X10k k4+101kO0k k+1

= Ok k+101kX101k0k k+1

= Okk+1 (Xk; + g Ujk) Ok k+1

j<k
= Ok k+1Xk0k k+1 T Ok k+1 ( E Ujk:) Ok k41
j<k
= Xp+1 T g 0j k+1
j<k
O
The elements y; satisfy
0Yi = Yo(i)O

i, ;] = —(yi — yj)o4
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forallo € S, 4,5 =1,...,L

Proof. We check only the second equality. First, we verify this fori = 1,5 = 2.

Y1, Y2 = y1y2 — yay1
= X1012X1012 — 012X1012X]1
= X1012 (0'12X2 =+ K?) — 012 (012X2 —+ /ﬁ)) X1
= X1Xg + X1012K — X9X| — O012KkX]

= (X1U12 - J12X1) R
If we set Kk = —1,

(X1012 - 012X1) R = — (Xl - 012X1012) 012

= - (Y1 - y2)012

Conjugating this equality by oy; and oy; gives

01025 [y1, Y2|02j01; = — 01,095 (yi — ¥;) 0150201
01;02; [Y1,YQ]023‘01¢ =01;02;Y1Y202j01; — 01;02;Y2Y102;01;
=01iY102jY20201; — 01;025Y202;Y101;
=01iY1Y;01i — 01iY;¥Y101;
=01;Y101iY; — Yi01i¥101i
=Yi¥j —YiYi
=lyi, Yj]
—01;02; (Y1 - YQ)01202]‘U1¢ = — 01i025¥101202;501;
+ 01i02jY201202;071;
= — 02j01;¥101202;01;
+ 01iYj02j01202;01;
= — 02;Y;01;01202;01;

+Y;01i02j01202;01;
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= —Yi02j01;01202;01; + Y;0y;
= —VYi0ij T Yj0ij

=—(vi —yj)oy;

]

We use the notation ;; for ¢ < j to denote ;0,41 ---0;_1 Where o; is the
transposition (i ¢ + 1), so ;; is the cycle (i ¢ +1 --- j —1j). 7, with j >4
will denote the cycle 0j_10;_9---0;,=(jj—1j—2--- i+ 14).

Lemma 2.5.2. Suppose 1 < a < b < [. The following identities hold in
}Jgeg(EQ):

1. GpaXa — Xp0pa = K ZZ:a—I—I OpkOk—1,a

2. If a <b<e<I, then GpaXe = XeOpq-

3. If a < b <[, then TpXp = Xp—10pq — KOp—1.4-

4. If a < e <b <, then OpeXe = Xe—10pq — KObeOe—1,q-

Proof. 1. This is shown by induction on b. Suppose b = a + 1. Then

Oglq — Tay4104 = K (2.95)

holds by defining relations. Note that if 55, = (b b — 1 ---a), then

Opt1a = (b+ 1 b---a) = 0py150pe. Multiplying (2.95) on the left by
opp+1 produces

b
Ob,b+10baXa — Obpt1Xp0pq = K E Obb+100kOk—1,a
k=a+1
b
= Opt1.a%Xa — (Tp410bp41 + K)Opg = K E Obp+1,kOk—1,a
k=a+1
b
< Opt1,a%a — To410by1,a = KOpg T K E Op4+1,k0k—1,a
k=a-+1
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b+1

=K E Obp+1,kOk—1,a

k=a+1

2. This is trivial for a < b < e < [.

3. We prove by induction. If b = a + 1, by defining relations

O'a,a+1xa — Xa+10'a7a+1 = K. (296)

Multiplying by 04,441 on both sides produces

XaO0a,a+1 — Oga+1Xa+1 = K
—0g,a4+1Xa+1 = ~Xq0q,a+1 + K

Oa,a+1Xa+1 = XaOqa,a+1 — R
4. We start with (3) and prove by induction on b. We start with b = e:
Geale = Te-10ea — K014 (2.97)
as desired. Multiplying (4) by oy .1 produces

Obb+10baXe = Opt1,6Xe—10ba — KOp41,60be0e—1,a

Eb+1,axe = XeflabJrl,a - Hab+1,eaefl,a

O

Definition 2.5.3. [22] Let F be the algebra generated freely by the algebras
Clzi, ..., 22! x CS,, which is CS,, and Cluy, ..., u,) such that the natural
inclusion maps (C@ — F and Clug, ..., up] — F are algebra homomorphisms.

Then, the degenerate double affine Hecke algebra H,, .(Sy) (or trigonometric
Cherednik algebra) of type A is the unital associative algebra defined as the

quotient algebra of F by the following relations:

SiU; = Ujr1S; — 1 (298)

SiUi+1 = UiS; +1 (299)

29



Sij = UjS; for 1 < i<n,g 7£ 1,1+ 1 (2100)
KT + Z1§k<i TkSki + Zi<k§n TiSik 1=17]
[wi, 23] = | —a;s5 i>j (2.101)
—LiSi 1 <J
for1 <i<n-—1.

Definition 2.5.4. Let ¢,¢ € C. The rational Cherednik algebra H;.(S¢) of

type gly is the algebra generated by commuting elements x4, . .., x,, commuting
elements y1, ..., ys, and C[9)], subject to the following relations:
-1 _ -1 _
oxr;0 = xa(i) O'ij' = yg(j)

If i # j, then [y;, x;| = —coyj, [yi,xi] =t + cZaki.
ki
We previously defined the trigonometric Cherednik algebra H, .(S;) using
s; and u; generators in Definition [2.5.3] but we can frame it in terms of the

rational Cherednik algebra as well.

Proposition 2.5.5. The degenerate double affine Hecke algebra H,, .(S;) (which
is also called the trigonometric Cherednik algebra) is the localization of Hy . at
xy -~ xg; in other words, H, .(Se) is obtained from H;.(S;) by adding the in-

| -1
VETSES Ty Ty ..., T, .

Let y; = z;y;. It can be checked that the subalgebra of H, .(S¢) generated
by yi,...,yr and by Sy is isomorphic to the degenerate affine Hecke algebra of
S¢. These elements satisty [y;,y;] = —(y; — y;)0i;-

The following algebra will be used in describing the deformed double cur-

rent algebra of type Q.

Definition 2.5.6. Let x € C. The rational double affine Hecke-Clifford alge-
bra (rational DaHCa) $¢ is the C-algebra generated by z;,v;,¢; (1 < i < 1)
and S;, subject to the following relations:

TiTj = X;jTq, YiYj = Y;iYi, (Wi, 7) (2.102)
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OT; = T (3)0, OYi = Yo(i) O (0 €9) (2.103)
CiTi = —X;C, Cili = YiCi, (2.104)
CjT; = T;Cj, CjYi = YiCj, (i # 7) (2.105)
0C; = Co(i)0, (0 €5) (2.106)
=1 (2.107)
cicj = —¢i¢ (1 #7) (2.108)
[, wi] = k(1 + ¢jci)sy (i #7) (2.109)
[y, x;]) = —kK Z(l + CkC;)Ski (2.110)

ki

Denote by C; or by C(cy,...,¢) the Clifford algebra generated by ¢y, ..., q.
The rational DaHCa §° is a super (i.e. Zy-graded) algebra with |¢;| = 1 and

|$z| = |yz| = |5ij| =0.

2.6 Universal Central Extensions

Definition 2.6.1. An extension of a Lie superalgebra L is a short exact se-

quence of Lie superalgebras:
0I5 KL L0
We can simply refer to K as the extension.

As such, an extension of L is the same as an epimorphism f: K — L. A
homomorphism from an extension f : K — L to another extension f': K/ — L
is a Lie superalgebra homomorphism ¢g : K — K’ satisfying f = f' ' og.

Equivalently, the following diagram commutes:
K 2 K'
x lfl
L
Thus, in particular, ker g C g~!(ker f’) = ker f and K’ = g(K) + ker f’.
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We call an extension f : K — L split if there exists a Lie superalgebra
homomorphism s : L — K such that fos =1d;. Call s a splitting homomor-
phism. If we have such an s, K = I & s(L) where I = kerf and s : L — s(L)
is an isomorphism with inverse s~ = f , (

A central extension of L is an extension f : K — L such that kerf C
Z(K), where Z(K) denotes the centre of K. For a split central extension
with splitting homomorphism s, the Lie superalgebra K is a direct product
K =kerf x s(L).

A central extension u : 8 — L is called a universal central extension if there
exists a unique homomorphism from K to any other central extension K of L.
It follows from the universal property that any two universal central extensions
of L are isomorphic as extensions and their underlying Lie superalgebras are

isomorphic.

Lemma 2.6.2. (Lemma 1.4 "Central Trick” of [20]) Assume that f : K — L

1s a central extension.

1. If f(x) = f(2') and f(y) = f(y) then [z,y] = [2',y].

2. If g and g’ are homomorphisms from some Lie superalgebra P to K such

_ / _ /
that fog = fog, then g|[P7P] =g |[P7P].
most one homomorphism from a covering p — L to the central extension
f: K — L.

In particular, there exists at

Proof. 1. Since this is a central extension, i.e. kerf C Z(K), f(x) = f(2')
gives x — 2’ € kerf, so 2’ = x+ z for some z € kerf. Similarly, v = y+ 2’
for some 2’ € kerf. Then, [2',y] = [v+2,y+2| = [z, y+2|+[2,y+2] =
[z, Y]

2. fog = fog gives that f(g(x)) = f(g'(x)), f(9(y)) = f(g'(y)) for all
x,y € P, so [g(z),9(y)] = [¢'(x),¢'(y)] by the first statement of this

lemma. Then, g([z,y]) = [9(x), 9(y)] = [¢'(x),9'(¥)] = ¢'([z,]) -
[l

Lemma 2.6.3. (Lemma 1.5 of [20]) Let f : K — L be a central extension of
a perfect Lie superalgebra L.

32



1. K=[K,K]+ kerf and f: [K,K] — L is a covering.

2. Z(K) = [N(Z(L)) and f(Z(K)) = Z(L).
3. If g: L — M 1s a central extension, then so is go f : K ENY NS VS

4. If f' K' — L is a covering and g : K — K' a homomorphism from the
extension [ : K — L to the extension f': K' — L, then g : K — K' is

a central extension and is surjective.

Proof. 1. Lis perfect, so f([K, K]) = L and thus f| 1s a central exten-
sion of L. Recall that ker f C Z(K), so along Wlth f(K,K]) = L we
get that K = [K, K| + kerf. From this, it follows that [K, K] is perfect
and thus f : [K, K] — L is a covering.

2. Take some z € K. z € fY(Z(L)) & Vo € L,[f(2),2] =0 & Vy €
K,[f(2), f(y)] =0 & [2,K] C kerf. In particular, Z(K) C f~*(Z(L)).
To prove the other inclusion, let z € f~'(Z(L)). Then, [z, K] C Z(K),
and so from the first part of the lemma [z, K] = [z, [K, K] + kerf] =
2, [K,K]] = [[2, K], K] + [K,[2,K]] =0, ie, z € Z(K). f(Z(K)) =

Z(L) follows from the surjectivity of f.
3. This follows from ker(go f) = f~'(kerg) C f~%(Z(L)) = Z(K).

4. If x € ker g, then x € g '(kerf') = kerf C Z(K). As well, K’ =

g(K)+kerf’. We get this by taking some 2’ € K’. The element f'(z") =

[ € L has some preimage in K, say f(z) = [. Then g(x) € K’ with

f'(g(x)) = f'(2") = 1. Thus, g(x) — 2’ € ker f’ and we can conclude that

any element of K’ can be written as the sum of some element in the image

of g and some element in the kernel of f/, i.e. K’ = g(K)+kerf’. Finally,

using that K’ is perfect, it follows that K’ = [K', K'| = [¢(K), g(K)] =
g([K, K]) and kerg C kerf is central.

O

Corollary 2.6.4. (Corollary 1.6 of [20]) Let L be an arbitrary Lie superalge-
bra. If L/Z(L) is perfect, then Z(L/Z(L)) = 0.
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Proof. Apply Lemma [2.6.3] (2) to the canonical extension L — L/Z(L). O

Lemma 2.6.5. (Lemma 1.7 of [20/) (Pullback Lemma,) Let f: L — M be
a homomorphism of Lie superalgebras, and suppose g : N — M is a central
extension. Then P = {(I,n) € L x N : f(I) = g(n)} is a Lie superalgebra (a
subalgebra of the direct product L x N), and pry : P — L : (I,n) — [ is a
central extension. The extension pry : P — L splits (uniquely) if and only if

there exists a (unique) Lie superalgebra homomorphism h : L — N such that

goh=f.

Proof. 1t is easy to see that P is a Lie superalgebra. [(l1,n1), (l2,n2)] =
(11, l2], [n1, ma]) and f([l1, 1o]) = [f(l), f(l2)] = [g(m1), g(n2)] = g([n1,n2)).

As well, pr; : P — L is clearly a central extension. ker pr; = {(0,n)} and
[(0,n), (I',n)] = ([0,I'], [n,n']) = 0. Thus, ker pr; C Z(P).

For the “if and only if” statement in the lemma, we first recall that a map
s : L — P splits the extension pr, if and only if there exists a Lie superalgebra
homomorphism h : L — N such that s(I) = (I,h(l)) € P for all [ € L.
Equivalently, g o h = f. Uniqueness of s is clearly equivalent to uniqueness of
h. m

Theorem 2.6.6. (Theorem 1.8 of [20]) (Characterization and properties
of universal central extensions) For a Lie superalgebra L, the following

are equivalent:
1. L is simply connected, i.e. every central extension L' — L splits uniquely.
2. L 1s centrally closed, i.e., Id: L — L is a universal central extension.
3. Suppose u: L — M is a universal central extension of M. In this case,

(a) both L and M are perfect, and
(b) Z(L) =uw (Z(M)), w(Z(L)) = Z(M).
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Proof. e (1) & (2): (1) holds if and only if for every central extension
f : L' — L there exists a unique homomorphism ¢ : L — L’ such that
fog = 1d;. By the definition of a universal central extension, this is

equivalent to (2).

e (1) = (3): Let g: N — M be a central extension and let pr; : P — L
be the central extension constructed in Lemma [2.6.5. By assumption,
pr; splits uniquely. Thus, again by Lemma [2.6.5] there exists a unique
homomorphism h : L — N such that go h = u.

e (3) = (a): By Lemma[2.6.3, we know that u : [L, L] — M is a covering.
Thus, by the universal property of u, there exists a unique homomor-
phism f : L — [L, L] such that uo f = u. Now, let ¢ : [L,L] — L be
the canonical injection. Then, 1o f : L — L is a homomorphism with
uo(co f)=u. Apply the universal property of u to see that to f = Idy.
This gives L = «(f(L)) C [L,L], so L = [L,L] and L is perfect. By

surjectivity of u, M is also perfect.
e (3) = (b): This is a special case of Lemma [2.6.3(2).

e (3) = (1): If f': L' — L is a central extension, Lemma[2.6.3(3) implies
that uo f’ is a central extension of M. Since u is a universal central
extension, there exists a unique homomorphism ¢ : L — L’ such that
u=uo f'og. By Lemma (2), this implies f' o g = Idy.

O

Corollary 2.6.7. (Corollary 1.9 of [20]) Let f : K — L and g : L — M be
central extensions. Then, go f : K — M 1is a universal central extension if

and only if f: K — L is a universal central extension.

Proof. The conditions (1) and (2) of Theorem are independent of the
maps f or g o f and involve only the Lie superalgebra K. Hence, if g o f
is a central extension, g o f is universal if and only if f is. However, if f is
universal, K is perfect by (Sa) and so g o f is indeed a central extension

by Lemma [2.6.3((3). O
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2.6.1 Universal Central Extensions of Lie superalgebras

Iohara and Koga [I6] construct the universal central extension of the Lie su-
peralgebra g ® A, for g a basic classical Lie superalgebra over a commutative
ring k and A a commutative algebra over k.While the representation theories
and Serre relations of affine Lie superalgebras have been studied, Iohara and
Koga realize affine Lie superalgebras instead as the UCE of the Lie superalge-
bra g ® C[t*!]. The following is their main result of that paper, when g is of
type A(m,n) and we let k = C.

Theorem 2.6.8. Let HC1(A) denote the first cyclic homology group of A.
The UCE g(A) of g® A is given by

g A® HC(A) if g is not of type A(n,n),

g(A4) ~
Slpyipns1 ® A® HC(A) if g is of type A(n,n), n > 1.

I will apply this theorem for g of type A(m,n) and when A is one of the
algebras Clu, v].

For example, g ® C[u] is its own UCE. Instead, we can consider the gen-
eralizations g ® Clu*!,v*!], g @ Clu*!,v], and g ® Clu,v] and their universal
central extensions. We call these double affine Lie algebras. The quantiza-
tions of these UCEs are called quantum toroidal algebras, affine Yangians,

and deformed double current algebras (DDCA) respectively.

2.7 Deformed Double Current Algebras

For a finite dimensional simple complex Lie algebra g, its deformed double
current algebra (DDCA) D(g) is a deformation of the universal enveloping
algebra of the universal central extension of the double current algebra g ®¢
Clu,v]. We can see DDCAs as quantum analogues of the rational Cherednik
algebra for two reasons. First, when g = sl,, there exists Schur-Weyl duality
between the rational Cherednik algebra of type A and D(sl,). Second, we can
obtain D(g) by degenerating twice the quantum toroidal algebra of g. This

parallels how rational Cherednik algebras can be viewed as twice-degenerated
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elliptic Cherednik algebras.

In Guay’s article on deformed double current algebras in type A [IH], he
provides three equivalent definitions of the DDCA. The one I am most inter-
ested in is the one involving the Schur-Weyl functor and that is closely related
to the J-presentation of the Yangian.

The deformed double current algebra D(sl,) is generated by two copies of
the current Lie algebra g ®c Clu] and g ®¢ C[v] with commutation relation

between them given by

[K<Eab)> Q(Ecd>] :P<[Eaba Ecd]) + (% - %) (5bcEad + (SadEcb) (2111)
+ g((sad + 0be) S (Eap, Eeq) + g Z S ([Ea, Eijl, [Eji, Ecdl)

1<i#j<n

where K(X) = X ®u, Q(X) = X ®v, and P(X) € Y(sl,). t,x € C are the

two deformation parameters.
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Chapter 3

Steinberg Lie Superalgebras

3.1 The Steinberg Lie superalgebra for the type
A(m,n) setting

One goal is to find a reasonable definition of the DDCA of sl,,,, given that

it should be a deformation of the UCE of sl,, ® C[u,v]. By Theorem

of Iohara and Koga [I6], this UCE is sl,, ® Clu,v] ® HC,(Clu,v]), where
HC,(Clu,v]) = QY(Clu, v])/d(C[u, v]) and m # n, where Q' (Clu, v]) = Clu, v]du®
Clu, v]dv. The bracket of sl,,,, ® Clu,v] & HC:(Clu,v]) is given by

(X @p1(u,v),Y @pa(u,v)] = [X,Y]@p1(u,v)pe(u, v) + (X, Y)pa(u, v)dp; (u, v)

for pi(u,v), pa(u,v) € Clu,v], X,Y € sly, and where (-, -) is the Killing form
on s, , d is the differential, and  is the projection from Q' to Q'/d(C[u, v]).
However, we know also that another description of this universal central ex-

tension is given by the Steinberg Lie superalgebra, defined below.

Definition 3.1.1. [d] Let A be an associative C-superalgebra. For m+n > 3,
the Steinberg Lie superalgebra st,,,(A) is defined to be the Lie superalgebra
over C, generated by the homogeneous elements Fj;(a), a € A homogeneous,
1 <i#j<m-+n and deg(Fj;(a)) = |i| + |j| + |a| € Za, subject to the
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following relations for a,b € A:

a — Fj(a) is a C-linear map, (3.1)
[Fij(a), Fir(b)] = Fi(ab), for distinct i, j, k, (3.2)
[Fij(a), Fiy(b)] =0 for i # j # k # 1 # 1, i.e. when [E;;, E] =0 (3.3)

Proposition 3.1.2. Let

Y 5’(m|n(A) — 5[m|n(A)

be the map given by Fj(a) — Eyj(a). Form+n > 5, (sty,(A), @) is a central

extension of sl (A).
Proof. See Proposition 4.1 [d]. ]

This is the motivation for finding another definition for the Steinberg Lie
superalgebra in the first place. Further, Chen and Sun [G] prove the following
result on st,,,(A):

Theorem 3.1.3. Ifm+n > 3, the kernel of the central extension (st (A), )
of the Lie superalgebra sl,,,(A) is isomorphic to HC1(A) as C-modules. Fur-

ther, if m +mn > 5, this is a universal central extension.

I show that st,,,(A) is isomorphic to the Lie superalgebra gtm‘n((C[u, v])
defined below when A = C[u,v]. The motivation for using this second set of
generators and relations is to have to consider only finitely many generators

rather than infinitely many. This is necessary for finding the DDCA.

Proposition 3.1.4. Let st,,,,(Clu,v]) be the Lie superalgebra generated by
elements ﬁab(l), ﬁab(u), and fab(v) for1<a#b<m-+n and deg(ﬁab(l)) =
deg(Fap(u)) = deg(Fap(v)) = |a| 4 [b| € Zs. These generators are subject to
the following relations for a # b # ¢ # d # a:

[Fap(w), Fea(u)] = 0, [Fap(w), Fea(v)] = 0,
[Fan(0), Fea(v)] = 0, [Fan(w), Fea(1)] = 0,
[ﬁab(v>7ﬁcd(1)] = 07 [ﬁab(1>7ﬁcd(1)] =0
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For a,b,d and a,c,d all distinct,

wherei+j = 0,1 and m+n > 5. Then, we have an isomorphism sty (Clu, v]) =~
St n(Clu, v]) .

Specifically, we will consider st,,,,,(C[u, v]). In Clu, v], all elements are even,
so deg(Fi;(a)) = li| + 7]
Rewriting the super Jacobi identity for Zs;-homogeneous elements X, Y, Z
yields
(X, [, 2] = [[X. Y], 2] + (=)N My, [X, Z]]

which will be a useful relation in the proofs to follow. Recall also that [X,Y] =
~(~)RMY, x].

There is a clear surjective homomorphism of Lie superalgebras
5~tm|n((C[u, v]) = 5ty (Clu, v])

given by

Fab(X) —> Fab<X)

for X = 1,u,v. To show that this is an isomorphism, we can find an inverse
map. This is equivalent to constructing elements F,(u"v*) in Sty (Clu, v]),

where these elements are to be the image of F,(u"v®) under the map
St n (Clu, v]) — gtmm(C[U, v]).

The goal is to construct inductively these elements ﬁ’ab(u’"vs) (where a # b,

r,s > 0) satisfying
[ﬁab<url '1;51)7 ﬁcd<urzvs2)] — 5bcﬁad(uh+r2vsl+32>
for a # b, c #d # a, 11,72, 51,52 > 0.
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Lemma 3.1.5. We can define inductively elements ﬁab(uk) such that for a # b,
c#d+#a, k,1>0, the equality
[Fop(u), Fea(u)] = GpeFa(ulH) (3.4)

18 satisfied.
Proof. From the defining relations, we already have that

FaC(um) = [Fab(u>a ﬁbc{um_lﬂ

for m = 1 and this is true for any b # a, c. Indeed, if d # a, b, c,

Pick b # a,c and set Fyoo(u?) = [Fop(u), Fyo(u)]. This is well-defined and does

not depend on the choice of b since, if d # a, b, c,

When b # ¢, from defining relations we have (3.4) when £ =0,1. If k =21 =
0, pick some e # a, b, ¢, d:
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Similarly, it can be shown that [Fyy(1), Fug(u2)] = 0peFaa(u?).
Thus, we have [Fiy(u*), Fog(u!)] = 8y Fug(ub) for 0 < k+1 < 2.

Then, assume we have constructed elements ﬁac(uk) forO0<k< M, M2>2
satisfying relation (3.4]) when 0 < k+1 < M. Suppose that a #d #b# c# a
and pick e # a, b, ¢, d. Then,

[Faa(w), Fre(u™)] = [Faa(u), [Foe(u), Feo(u™ )]

=[[Faa(u), ﬁbe(u)], Foo(u™™1)] + (—1)(\a|+ldl)(\bl+\e|)[ﬁbe(u)7 [Foa(w), Foo(u™=1)]]
=0

by induction.

For a # ¢, pick b # a,c and set F,o(uM*1) = [Fy(u), Fye(u™)]. This does

not depend on the choice of b; for instance, take some d # a, b, c:

(
(1), Fyo(u™)]] — (—1)UalDUd+B0[ ) (1) [Fog(u), Fpo(u™)]

We thus have well-defined elements F,.(u™*1). If a # b, ¢ # d # a, pick
e # a,b,c,d. Then, we have

Assume that for 0 < j <k —1, with1 <k < M +1,

[[Fab(uj)v ﬁcd(uMH_j)] = 5bcﬁad(uM+l>‘

42



Now, let [ = M 4+ 1 — k. Then, by induction,

[[ﬁab(uk)a ﬁcd(ul)] = Hﬁae(u)a ﬁeb(uk_l)]a ﬁcd(ul)]
=[Fue(w), [Fop(ub ™), Fua(uh)]] = (= 1)1 DI [F (uh 1), [Fe (u), Fea(u)]]
:5b0[fae(u)a ﬁed(ukﬂil)]

:5bcﬁad<uM+1)

Thus, (3.4) holds when k& + 1 = M + 1. By induction, (3.4) holds for all
k.l > 0. O

An analogue of Lemma holds for elements Fyp(v®).
Finally, we introduce elements ﬁab(u’"vs) while proving Proposition m

below.

Proposition 3.1.6. We can define inductively elements ﬁab(ukvl) such that
fora#0b, c#d+# a, and ky, ks, l1,lo > 0, the equality

[ﬁab(uklvll)’ ﬁcd(ukzvlz)] _ 5bcﬁad<uk1+k2vll+12) (3.5)
15 satisfied.

Proof. We have already shown for the cases when k; = ky = 0 or |} =
I =0.

Take m > 0. Assume we have defined elements ﬁad(ukvl) satisfying
for 0 <1 <2and 0 <k <m. Suppose a # d # b # ¢ # a. Take e # a,b,c,d
and assume k > 1. Note that the £k = 0,1l = 2 case can be dealt with similarly
by writing Foq(v2) as [Frq(v), Feg(v)]. Then,

by induction. For a # ¢, pick b # a, ¢ and let Fuo(u™ol) = [Fup(u), Fye(u™0)].
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This is well-defined (let d # a, b, ¢):

[Fup (1), Fye(u™0")] = [[Fua(w), Fap(1)], Fpe(u™0")]
=[Fua(u), [Fa(1), Fye(u™")]] — (=1)UelHDUHD[Fy (1), [Fg(w), Fye(u™0")]]
:[ﬁad(u)v ﬁd0<umvl)]

Thus, we have well defined elements ﬁad(ukvl) for k>0,1=0,1,2.

Assume we have defined elements ﬁad(ukvl) for0<k<m+1,1=0,1,2
satisfying (3.5)) for ky + ko < m and ; + I3 < 2. We show that (3.5 holds
when k1 +ky=m+1

Let a # b, ¢ # d # a. Pick e # a,b, c,d. Then,

[Fap(1) Fea(u™ ! l)] = [Fup(1), [Foe(w), Fea(u™ )]

= [[Fap(1), Fee(w)], Fea(w™0")] + (=)W DIAHDE, (), [Fop(1), Fea(u™'
= Opel Fuc (1), Fua(u™0")]
)

— 6bc ad( m—l—lvl
If &y > 1 and ky + ko = m + 1 then, by induction,

[Fup(uh), Foa(u"0))] = [[Foe(w), Fup(uP )], Fu(uf0!)]
:[ﬁae(u)a [Feb(ukrl) ﬁcdwk%l)“
(1) UalHeDUelHBD[F (F1=1Y (B (), Fra(uf20')]]
=B Fue (), Fug(uf 727100

By induction on k, we have constructed well-defined elements ﬁab(uk),
Fab(u v), and Fab( v?) for k > 0 and shown that they satisfy . Next, we
define elements Fab( v!) for all k, 1 > 0. Take m > 0. Assume we have defined
elements Fab(u o) for all 0 <1 < m, k >0, satlsfylng ) for 1 + 1o < m
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and any ki + ko = k. Suppose a # d # b # ¢ # a and take e # a,b, ¢, d. Then,

[Fao (u0), Fea(u'o™)] = [Fp(u*0), [Fee(u'20), Fea(uo™ )]
=[[Fap(uF10), Fro(u?20)], Fug(u20™ )
+ (_1)(|a|+|b|)(|c|+\€\)[Fce<ukzv) [Fab(uklv), ﬁed(ukzvmfl)“
=0

by induction.
For a # ¢, pick b # a, ¢ and let Fyo(uFv™Y) = [Fu(v), Fye(uFv™)]. This is
well-defined, i.e. is not affected by the choice of b (where d # a, b, ¢):

[Fup(v), Foe(Wfv™)] = [[Faa(v), Fap(1)], Fpe(wfv™)]
=[Fua(v), [Fa(1), Fye(uFo™)]

— (= 1)Ul ALHD [ F (1), [Fag(v), Fye(ubo™)]]
=[Faa(v), Fae(u"v™)]

Thus, we have well-defined elements ﬁac(ukvl) fork>0and 0<I<m+1.

It remains to prove (3.5) when [y 4+ [y = m + 1, assuming it holds when
I+ 1y < m, for all ky, ky.

Assume a # b, ¢ # d # a. Pick e # a, b, c,d. Then,

[Fun(1), ch(uk2vm+l)] = [ﬁab(l)a [ﬁce(v) Fed(uk% )]
:Hﬁab(l)a ﬁw(v)] Fed(uk2vm>]
+ (_1)(\a|+lbl)(\c\+|el)[p8(0)7 [ﬁab(l) Fed(u’”v )]
:(5b0[ﬁae( ) Fed(quU )]

ko m+1).

:(5bcﬁad(u v

Further,

[Fa(u) Fea(uP0™ )] = [ Fup(u), [Foe(u*0™), Fea(v))]

=[[Fap ("), Fue(u¥*0™)], Fuq(v)]
+ (_1)(|a|+|bl)(|6|+\e\ [Fce(ukzvm) [ﬁabwkl)’ﬁed(v)]
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=[Ope Fue (1 H720™), Fog(v))]
=0be|[Fun(v), Fre(uFH*20™ 1)) Frg(v)]
=0be[Fap(v), [Foe (W 207 1) Frg(v)]
=0 Fup(v), Fpg(uF17#20™)]

:5bcﬁad<uk1+k2vm+1)
If [y > 1 and l; +l; = m + 1 then, by induction,

[Fap("10), Foa(u20")] = [[Foe(0), Fap(uf10" )], Fog(u0'2))
:[ﬁae(v>, [ﬁb(uklvh 1)’ﬁd<uk21}12)]
—(=1) (lal+lel)( eIHb\)[Fb(ukflvlrl)’[ﬁae(v)’ﬁcd(ukzvlz)]
—5bc[Fae(v) o ( k1+ko 11+12—1)]

:5chad(uk1+k2Uh+l2)

3.2 Type Q Steinberg Lie Algebra

Definition 3.2.1. Let C be the Clifford algebra of rank one: C = span{1,c}
with ¢ = 1.

Definition 3.2.2. Let A = Clu,v] xC ~C < u,v,c> /(c* — 1,cu+ uc,cv —

Ve, uv — vu).

The goal in this subsection will be to give a presentation of st,(A) in terms
of finitely many generators and relations. We assume n > 5; similar results
should hold for n = 2,3,4, but the arguments will be more complicated or
more relations may required.

We proceed by defining another algebra that should be isomorphic to
st,(A):

Definition 3.2.3. Let st,(A) be Lie superalgebra generated by elements Fiy(1)
(even), Fip(u) (even), Fuy(c) (0dd), Fup(v) (even), 1 < a # b < n. They satisfy
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the following relations when a #b# c#d # a, 1,7 =0, 1:

o~ o~ o~ o~ o~ o~ o~ o~ o~ o~ o~~~ o~

[ N N N s N N N g

— = = = = = 3

E 22 eEeE 3

£ X % 3% % TR

O RS SO O s -

= ~ = = = - Y
Hcm/vvllc_fm
_((((((a
(\dddddd~F

SRS RS RS RS RS RS T

o o o o o o vy HSE SRS

o T T s e T T s T T T N T sue S e

ddd/nM/nn\w((ccccccc
TSRS S I TS R Ien iR Ic g I Ieo o SRS
T E S ASASETETEEEEE
ST 3322 T3 ToToTOS

)]

and similar identities that st,, (A) is gen-

) = [Fue(u), Fy(u"tvsc

u"véc

One can see through induction using Fy(

([Fac(u), [Fea(u), Fap(u"0°c)]] = ...

erated by these four types of elements.

There is a surjective homomorphism of Lie superalgebras

sty(A) = st,(A)

sending

Fab(X) —> Fab<X)

jectivity can be established by induction using

for X =wu,v,c,1 € A. Sur

(3.20)
(3.21)

l;

Ql

Z) = [Flc(u), Fcb(urilvs

u"vic

Fab(

z) = [Fac(v), Fcb(urvs_lgi)]a

u'vic

Fab(
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Fup(u"vc) = [Fae(u™v®), Fy(c)]. (3.22)

in that we know F,.(u), F,.(v), and Fy(c) are in the image of the homomor-
phism and one can show by induction that Fy(u"'vsc"), Fu(u"v1c"), and
F,.(u"v*) are.

We use that

[ﬁab(u)7 fbc:(v)] = [Fap(w), Fie(v)] = Foe(uv) = Foc(vu)
[ﬁad(v)v ﬁdc(u)] = [F ( ) ch( )] Fac( )

to show that this surjective homomorphism is in fact an isomorphism of Lie
superalgebras. To show this is an isomorphism, which it should be, we can find
an inverse homomorphism st,(A) — st,(A). Finding this homomorphism is
equivalent to determining the image of F(u"v*c’) and checking the relations
inside st,,(A).

Thus, we construct by induction elements Fy(u"v°c’) in st,(A). This is

similar to what is done in Section [3.11

As in the previous case, we assume

[ﬁab(gi)7 ﬁbc(d)] = Fac( ) (323>
[ﬁab(ui)a ﬁbcwj)] FaC( ) (3.24)
[Fap(v7), Fre(v7)] = Fae(v'™) (3.25)

fori,j > 0and a # b # c.

The goal is to construct elements ﬁab(urvsc’) forr >0,s>0,71=0,1,
a # b satisfying

[Fab(urlvslcil), ]f_,:'cd(umUSzCiQ)] _ (_1)i17‘25bcﬁad(ur1+7‘2U51+826i1+i2)

for a # b, c # d # a.

Lemma 3.2.4. We can define inductively elements ﬁad(ukd) such that, for
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a#b, c#d#a, k1>0,andi,j7=0,1 the equality

[Fop(uF ), Frg(ule)] = Spe(— 1) Fog(u ) (3.26)

15 satisfied.

Proof. Suppose ¢ = 0, j = 1. Then, defining relations yield that the elements

Foo(u™c) = [Fup(u), ﬁba(um_lc)]

for b # a,c, 1 < m < 2 are well-defined. Pick some d # a, b, c.

Foe(u™c) = [Fup(u), Fye(u™ )]
= [[Faa(u), Fap(1)], Foe(u™ )]
= —[[Fn(1), Foe(w™ )], Fag(w)] = [[Foe(u™ " ¢), Fua(w)], Fan(1)]
= —[Fae(w" '), Fo(u)]
= [Faa(u), Fae(u™ )]

Now, assume we have constructed elements ﬁac(ukgj) for 0 < k < m,
m > 2, j = 0,1 satisfying relation (3.26) when 0 < k+1<m,i=0,7=0,1.
Suppose a # d # b # ¢ # a and pick e # a, b, c,d. Then,

[Faa (), Foe(u™ )] = [Foa(u), [Foe(u), Feo(u™ )]

= ~[Fhe(w), [Fee(u™ '), Fug()] = [Feo(w™ '), [Fua(w), Fe(w)]
=0

by induction. For a # ¢, pick b # a, ¢ and set Fyo(u™ ) = [Fap (1), Fpe(u™c)].
This does not depend on the choice of b; let d # b:

[Fab(w), Foe(u™)] = [[Faa(w), Fap(1)], Foe(u™c")]
= —[[Fa(1), Foe(w" )], Faa(w)] = [[Foo(u™ ), Faa(w)], Fan(1)]
= —[Fae(w"¢"), Faa(u)] = 0
= [Faa(u), Fae(u™c)]
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using (3.26) and that we just showed [Flq(u), Fyo(u™c?)] = 0.
Thus, we have well-defined elements Fi.(u™'¢d), j = 0,1. Now, assume
a#b,c#d+#a. Pick e+# a,b,c,d. Then,

By induction on m, this shows (3.2.4) when i = 0,5 =1, Vk,l > 0.

Finally, we need to show (3.26) holds for i =1, 7 = 0,1, k,l > 0. Recall
that [Flp(w), Fye(c)] = —[Faa(c), Fae(u)]. The case i = 1,5 = 0 is similar to the

previous case, so assume that j = 1.
First, let K = 0. Take a # b, ¢ # d # a. Pick some e # a, b, ¢, d.

We use induction on [ > 0 to show that

[Fab<g)> ch(ulg] = (_1)l(sbcﬁad(ul)-

Ifl =0,



Take arbitrary &£ > 0. Then, we want to show that

[Fup(uFc), Foa(ulh)] = —pe(—1) Fag(uF L),

Again, this is proven using induction. We have shown this to be true for k£ = 0
above. Assume that [Foy(u™c), Fog(u'c?)] = (—=1)10,cFpa(u™ e ™) holds for
0<m<k 1>17=0,1,a+#b, c#d+#a. Picke+#a,b,c,d. Then,

Similarly, for a # b, ¢ # d # a, and k,l,i,5 > 0,

[Fus(VFd), Foa(v'S)] = GpeFug(0" ). (3.27)
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Proposition 3.2.5. We can define inductively elements ﬁad(ukvld) such that,
fora#0b, c#d+# a, and ri,79,51,82 > 0, 11,10 = 0,1, the equality

[ﬁab<ur1 Uslcil), ﬁcd(umvszgh)] — 5bc<_1)i1T2ﬁad(uT1+T2U81+S2gil+i2) (328)

1s satisfied

F..(u"v*) can be defined as in the previous section.

Lemma 3.2.6. Fora #b, ¢ # a,b and d # a,b,c,

[Fae(w™v*), Fop(€)] = (= 1) [Fualc), Fap(u"v°)].

Proof. This is a generalization of defining relations and . First,
note that when r = 0 or s = 0, this reduces to Lemma or its analogue
with v instead of w.

It follows that

Proof. We now prove Proposition We use the result (3.26) from Lemma
3.2.4) (3.27)), and induction.

Finally, we consider elements using c.
By Lemma and its analogue for v, we already have that

[ﬁab(vslch)? ﬁcd<vszgi2)] — 6bcﬁad(vsl+52gi1+i2) (33())
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First, let i; = 0, i, = 1. The elements ﬁab(u%%j) given by

Fap(uvic) = [ﬁaC(urvs)v ﬁcb@)]

for some ¢ # a, b are well-defined, using e # a, b, c and d # a, b, ¢, e:

Further, as ﬁac(urvs) = [ﬁab(u”vsl),ﬁbc(u”v”)] for any i +1r9 =1, 51+

s9 = s, we can show by induction that
Foo(wv°c) = [Fop(uv1), Fye(u?v°2¢)] (3.31)

for any 1 + 1, =1, s + s = s. Assume we have shown that

[Fap(u" " v* "), Fype(u¥v"'¢)] = Foe(u"v'c)
for k' <k, ' <l for some 0 <k <r,0<1<s. Then, fore#a,b,c

[ﬁab(urf(k+1)vsf(l+1))’ ﬁbc<uk+lvl+lg)]

:[ﬁab(ur—(k+1)vs—(l+1))7 [ﬁbe(uk+1vl+l)7 ﬁec(g)]]
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:[[ﬁab(ur—(k—kl)vs—(l—&-l))’ ﬁbe(uk—i_lvl—’—l)]’ ﬁec(g)]
+ [ﬁbe<uk+1vl+l), [ﬁab(ur—(k-&—l)vs—(l—kl))’ ﬁec(g)]]
:[ﬁae(urvs)a ﬁec(g)]

:ﬁac<urvsg)

This proves (3.31) by induction. Finally, let i; = 1 and 75 =0, 1.
By Lemma and its analogue for v, we already have that

[Fop(urc), Fog(u¢?)] = Gpe(—1)"2 Fpq(u 721 472) (3.32)
[ﬁab(USIQ)J ﬁCd<US2Qi2)] = 6bcﬁad(7}81+82§1+i2) (333)

Our goal is to show that
[Fop(u" 02 ¢), Frg(u™v°2¢2)] = Gyo(—1)"2 Fpg(uHr2psF52¢l¥izy - (3.34)

By Lemma [3.2.6) [Foe(uv*), Fup(c)] = (—1)"[Fac(c), Fup(urv*)].
Then, with e # a,b, ¢, d, we can write

[Fap(0 0% 0), Foa(u"v*¢?)] = [[Foe (" 0™), Foi(0)], Fea(u™v*¢?)]
=(=1)2[Fae(wv™), [Fe(0), Fea(u™v*¢?)]]

+ (—1)2[[Foe(uv™), Fug(uv2c?)], Fup(c)]
=(=1)"2[Fue(u™0™), [Fop(0), Fua(uvc)]]

If i = 0, this becomes

ﬁae st 5bc -1 mﬁed urzvszg — 5bc -1 rzﬁac ur1+r2v51+526 .
[Fae( ),

If i = 1, this becomes

_[ﬁae(ur1051)7[ﬁeb(9)> ﬁcd(umvwg)]]

= — [Fae(u"v™), [Fep(), [Fea(uv"), Faa(c)]]]

=[Fe(u'v™), Hﬁeb@)? Fea(uv%)], Faa(c)]
+ [ﬁca(UmU”)? [ﬁeb o), ﬁad(g)m
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:[ﬁ%(u”v&)» 5b0(_1)r2 [ﬁea(UTQUSQQ)v Fad(g)]]
=[Foe (U0, 8pe(—1)"2 Fog(u"2v"?)]

:5bc(_ 1)?”2 ﬁad(um-i-rzva-kw )

]

Thus, we have constructed the desired elements ﬁab(urvscj), equivalent to
finding an inverse map of the surjection st,(A) — st,(A), thus showing that
st,(A) is isomorphic to st,(A). This leaves us with a presentation with finitely

many generators.

3.2.1 Type Q first cyclic homology group

Recall that st,(A) is the universal central extension of sl,(A) for n > 5 when
Ais a Z/27- graded superalgebra over a commutative ring K, from [H. In [,
A=C<u,utc>/(—1cu—ulc).

Thus, we know that st,(A) for A = Clu,v] x C is the universal central
extension of sl,,(A). Further, as in the case of the algebra C(u,u"!, c)/(c* —
1,cu —u~'¢), the first cyclic homology group of A is isomorphic to the kernel
of the epimorphism st,,(A) — sl,,(A).

To compute HCj(A), we must first find a minimal spanning set, then
check for linear independence. Denote by (A, A) = A ® A/I for the ideal I
generated by (—1)lo2latlgyas @ a; + (—1)1lle2laza; @ ag + (—1)l9193lg, 0y ® ag
and a; ® ag + (—1)l41lle2lgy @ a;. Then, HC (A) = ker({A, A) — [A, A]), where
this map sends a; ® ay to [a, as).

Recall that when looking at HC'(Clu,v]) = %I(SCC[L”;%), we get that

uvidv = d ( du

urvs—H) T’UT_1US+1

s+1 s+1

SO we can expect

utvs ® U = ur—lvs+1 ® U

s+ 1
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in < Clu,v], Clu,v] >. This should also work in < Clu,v] x C,Clu,v] x C >
when no ¢ elements are involved.

Recall also that as udv+vdu = d(uv) = 0, we have uQv+v®@u = 1@uv = 0.

For readability, overline notation will be suppressed, but these computa-
tions do occur in A ® A/I. Overall, we must consider elements of the forms
a®u, a®uv, a®c for a =u"v® or a = u"vc and check for a linear dependence
relation in order to find a basis of HC}(A).

Note also that X ® 1 =0 for any X € A:

X®l=X-1®1
=—-X®1-10X
=1X-1X
=0.

Elementary tensors of the form u"v° ® v

The following two lemmas are used to prove a general statement about these

elements.

Lemma 3.2.7.

Eow' @0 = u o @k — s @
fork=1,...,s+ 1.
Proof. Proof by induction. When k£ = 1, we have

P @u=u-u" Qv

— _ur—lvs—i-l ® U — UV ® ur—lvs

= W RQu —u T Q.

Next, suppose the claim holds for k = 1,..., k' for some & > 1. Then, it holds
for k' + 1 as well:

/ _ ot / _
/{ZUTU5®’U:UT lvs—i-l k ®uvk —UT lvs+1®u
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r—1, s—k' k'

=u v w@u® —u T Qu

/ _ ! _
:_urvs®v_uvk+1®ur 1,Us k —u" 1U8+1®U

/ _ ! —
(kl + 1)urvs Qv = —U’Uk +1 ® u” 11}5 K u” 1,Us+l ®u
_ (! / .
R L eV SLE S RS WS I
]
Lemma 3.2.8.
(5 + 1)UT’US RV = _ulvs—i—l ® ur—l o lu’r—lvs—i—l R u

forl=1,...;r—1.

Proof. Proof by induction. The base case for [ = 1 follows from Lemma [3.2.
when k = s+ 1. Next, suppose the claim holds for I = 1,...,l' for some I’ > 1.
Then, it holds for I’ + 1 as well:

(S + 1)'LLT’US Qv = _ul/,USJrl ® urfl’ o l/urfl,USJrl ® u
_ urfl’ ® ul’vs—l—l B e ®u
_ ur—l’—l u® U,ZIUS+1 . l/ur—lvs—H ® u
_ _ur—lvs—‘rl ®u— ul’—l—lvs—i—l ® ur—l’—l . l/ur—lvs—l—l ®Ru

_ _ul’+1vs+1 ® ur—(l’—f—l) . (l/ + 1)ur—1vs+1 ® u

Proposition 3.2.9. Forr >1,s >0,

_/," _
WP uv=——u"" M Qu
s+1

Proof. Using Lemma [3.2.8 with [ = r — 1, we get

s+ ®@v=—u""v"Qu—(r—Du v u

=—ru" M @u
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= u v’ Ru= iu’”lv‘“rl R u.
S

Elementary tensors of the form u"v° ® u

Initially, these elements were kept as they were; in the previous case, the goal
was to produce a u in the second tensor factor. However, the lemma below

shows we only take r to be even.

Lemma 3.2.10.

forn > 1.

Proof.

u2n+2052® c= u(u2”+lvsc) ® c
— u2n+1 s®u+cu®u2n+1 SC

— u?n—i—l s QU — uc ® U2n+1USQ

— "t @ u+ cu*" Mt @ u — vicu ® ¢
— 2n+1 s®u 2n+1 s®u+u2n+2 SC®C

=0=—2u"""*®Qu
Thus, ©*"™v® @ u = 0. O

Elementary tensors of the form u"v° ® ¢

If s =0 and r is even, these elements disappear:

Lemma 3.2.11.
u2n ®Q — 0

forn > 1.

Proof. On the one hand,

—lg®u:_Qu2n—1®u:u2n®g+ug®u2n—l
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On the other hand,

uQn—lg®u: _gu®u2n—1 _u2n®gzug®u2n—l _u2n®g
which means that u?" ® c = —u*" ® ¢, thus v*" @ ¢ = 0. O
Note that [¢, u] = cu —uc = —2uc, i.e. ¢c®u is not in the kernel of the map

so thus not in HC(A), so does not need to be addressed. This extends to all

odd powers of u tensored with ¢:

] = u¥ e — eyttt

[U,Zn—i-l’

= 2u*"¢

which is not in the kernel of the map < A, A >— [A, A] for A = Clu,v] x C.

Lemma 3.2.12.

u2nvs ® c= 0
Proof. This very closely mimics the proof for Lemma|3.2.11] On the one hand,

u2nflvs§® U = _Qu2n71,vs ® u = U2n'US ®Q 4 ug® u2nflvs

On the other hand,

u2nflvsg® U= —cu® u2n71,vs - u2nvs ®c=uc® u2nflvs o uans ®c

which means that ©*"v® ® ¢ = —u?"v* ® ¢, thus v*"v°* ® ¢ = 0. O

Elementary tensors of the form v v°c ® v

Lemma 3.2.13.

u2"+lvsg® v = 0

Proof.

’U,2n+11)s§ QU= _Cu2n+1vs ® v

2n+1vs 4 u2n+lvs+1 ®c
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=cv ® u2n+102 + u2n+lvs+1 ®Q
_ _u2n+1,UsQ Qv — U2n+1’08+1 ®c+ u2n+1,05+1 ®c

U ve®@v =0

]

Thus, we can conclude that we only have elements u?"v°c ® v of the form

u"v®c ® v to consider.

Elementary tensors of the form u"v°c ® u

Lemma 3.2.14.

u2ng®u — _u2n+1 ®c

forn > 0.

Proof. First, note that

U2n®UQZU'U2n_1®UQ

2n—1 u?n—l Suc @ u

= —ucu Qu
:u2g®u2n71 _u2ng®u
:u.ug®u2n71_u2n2®u

— _u2n®ug_u2u2n71®u_u2ng®u
:_u2n®ug_’_u2n2®u_u2ng®u

...u2n®ugz _u2n®ug

S utm @ ue = 0.

Thus,

u2ng®u — _u2n+1 ®Q—u2n®ug: _u2n+1 ® c.

Next, suppose » = 0. In general,

ve@u=—uv®*®c—cu® v’ =—uv®® c+ uc® v.
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When s =1,

VCRU=—UV X C+UCRKRV
=—wc+ (—vu®c—cv®u)
=—-uwwRc—uwc—vcRu

20cQu=—-2uv ¢

vVeR U= —uv K C.

Similarly, when s = 2, we get v?’c ® u = —uv? ® c. This pattern suggests the

following lemma.

Lemma 3.2.15. Fors > 1,
ve®@u=—uv’Rec.
Proof.

ve®@u=—uv’®c—cu® v’
= —uv® ® ¢+ uc ® v°
=—w’Rc+ (—v*u®c—cv’® Q@ u)
=—wRc—u’ R®c—vcRu
20°c @ u = —2uv® ® ¢

vie®@u=—uv’ ®c

O
Finally, consider the case when rs # 0.
Lemma 3.2.16.
ic®@u = —u"Tt ® ¢
Proof. This is very similar to the proof of Lemma [3.2.14] First, note that
i@ u = —uP @ ¢ — cu @ uPd. (3.35)
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where —cu ® u?"v® = —u?"v® ® uc. However,

u2nvs ®ug — - u2n—1,Us ®U§

= —ucu @ uP ' — T uc @ u

— U2Q ® u2n71vs _ u2nvsg QU

= - ug®u2nflvs - 'Lb2n'USQ®u

— _u2n,Us ® uc — uQUanl,Us ® u— U,2nUSQ ® U
2n, s 2n,.s 2n,.s

=—u"vRQuUc+uTvcRQU—uTvcRu

u2nvs ® uc = _u2nvs ® uc

Sout* @ ue = 0. (3.36)

Together, (3.35) and (3.36]) imply the lemma. ]

Elementary tensors of the form u"v°c ® ¢

Thus, if  is odd, then u"v*c ® ¢ = 0. None of the tensors u?>"v°c ® ¢ appear in

the kernel and can be disregarded, as [u*"vc, ¢] = 2u*™v®.

Conclusion

Recall A = Clu,v] x C. From the cases considered above, it appears that a
spanning set for the kernel of the map (A, A) — [A, A] is

u?"v* @u,n > 0,5 >0

u"vic®@v, n,s >0

Next, one needs to verify that they are linearly independent. One tool for

this would be to introduce another grading on A. It is a Zs-graded algebra,
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but it is also graded by Zsg X Zsg X Zy. Let deg(u"v*c’) = (r, s,i). Then,

A= @ Alr, s, 1]

(T,s,i)EZZO XZZO X 7o

)

where A[r, s,i| = Cu"v*¢". Then, the total grading on A ® A is given by

(A® A)r,s,i| = EB Cu"v*' " @ uv®2c?
P14ra=r,51459=5,i1+in=i
and I is also a graded ideal. Thus, (4,4) = A ® A/I is also graded by
Li>o X L>o X Lo:
(A, A) = (A, A)r, s,1).
(r,5,4)

By definition, two elements of different degrees must be linearly indepen-
dent. Thus, the elements of the form u"v°c ® v are linearly independent from
the others as none of u?"v* @ u can have degree (r,s + 1,1). Each element of
the form u"v*c ® v is also linearly independent from any other element of that

form with different values for r or s.
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Chapter 4

Schur-Weyl Duality for Super

Yangians

4.1 Schur-Weyl Functor

The simplest way to find the Schur-Weyl functor in the Y'(gl,,,,) case will be
to use the RTT presentation as defined by Gow [I3].

Recall the R-matrix .
R(U) =1- —P12
U
where P is the permutation matrix

m—+n

Py =Y (-DVE; ® B,

ij=1

Let HY#(S)) be the degenerate affine Hecke algebra of S; as defined in
Definition Then, the goal of this chapter is to produce the functor SW:

SW : H3(S;) — modg — Y (gl,,,,) — mody,

M— M ®(C[Sl] C(m[n)@

One can obtain a formula for the action of generators of the Yangian using the

R-matrix; this is explained below.
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The eponymous equation of the RTT presentation gives
ng(u - U)Tl (U)TQ(U) = TQ('U)Tl (u)ng(u - U)

where T'(u) = (t;;(u)), a matrix with entries power series in u~!. We need a
map Y(gl,,,,) = Ende(SW(M)) sending T'(u) € Y (gl,,,) © My (C)[[u"]] to
some element of Endc(SW(M)) ® M, (C)[[u™']]. To do this, one compares
the coefficients of power series in the two matrices. SW must preserve RTT
relations. This follows from the fact that R is a solution to the quantum
Yang-Baxter equation.

Recall that H98(S)) ~ C[xy,...,x] ®@c C[S] as vector spaces.

Rlu—x)=1-L-=1- 15:5: (and use that = =1+t 4>+ )

belongs to End(M) @¢ End(C(m|n))®?[[u~!]]

So, if M is a right module over H9%2(S)), x; can be seen as an operator on

M. Consider the mapping
T(u) = Ry (i — )Ry (ke — w) - Ry (3 — ) (4.1)

P
where each R; . q(u —x;) =1 — =2,

U—X;

L u - € Ende(M) ® id®[[u™"]].

U — X; ].—XZ'U_

Recall that SW(M) = M ®c(g, C(m|n)®.

m—+n

P=> (-)VE;® E;
i,j=1
So,
m-+n 4
Pijs1 = Z (-DVlhidy ®id* ' @ B; ®1d® % @ Ej;
i,j=1

Here, the first tensor factor is in End(M), the last is in M,y,,(C), and
everything in between is in End(C(m|n))®!. In other words, [+1 is the position
of the matrix space.
on M ®¢C(m|n)®!.

We need a representation of the super Yangian Y (gl,,,,,)
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We use the mapping (4.1)) above. What is to be verified is that the mapping
chosen satisfies the RTT relation.

We know
Riz(v — u)Riz(w — u) Roz(w — v) = Rog(w — v) Riz(w — u)Riz(v — )
so, applying t; to both sides of this equation gives
Riy(w — )Ry (v — u) Ras(w — v) = Ras(w — v) Riy(w — w) Ris(v — ). (4.2)
This follows from

((Eab ® By, @ 1) (Ecd ®1® Edc))tl _ (_1)\a|+\b\)(\c\+|d|)(EabECd)t1 ® Ey, @ Fy.
= Ey B @ Epy @ B
= (Ecd 1 Z;dc)t1 (Eab & Eba ® 1)t1

Note that

Rz (w — v) Roz(v — w) = (1 -

-1
Since Roz(w —v)™! = Ryz(v —w) (1 — m> , multiplying 1' by Ras(v —

w) on both sides produces
Ras(v — w)Ris(w — w) Riy(v — u) = Rihy(v — u) Ris(w — u)Roz(v — w)  (4.3)
In the tensor product
EndM ®¢ Ende(C™")* @ My, @ Moy

we refer to the first factor as the Oth position, the next as the 1st to lth
positions, and the last two in [ + 1, [ + 2 are necessary due to the RTT

relations. As the M,,),, are now in positions [ + 1 and [ + 2, Ry3 has to be
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replaced by Ris112. Using (£.2),

Rl+1,l+2(u - U)R?,Prl(xl —u)- - Rfllﬂ(xl - U)Rtll,l+2 (X1 —v)--- Rzll+2 (x —v)

=Ry 42(u — U)R?Prl(xl - U)Rl l+2(X1 v) Ry l+1(X2 —v) - Rf,llJrz(Xl —v)

R1 l+2(x1 v) Ry z+1<x1 )Ry g42(u —v) Ry l+1(X2 —u)- - Rffz+2(xl —v)
:R?,l+2( —v) Ry l+1<X1 U>R327l+2<x2 — )

Rt22,l+1(x2 u) - ll+1( —u) Ry 042(u — )
:R?,Hz(xl v) - Rz z+2< )R?,H-l(xl —u)- - R;,ll-i-l(X? —u)Riy142(u —0)

Thus, we do have an action of the super Yangian on M ®@cC(m|n)®' coming
from (4.1)) as the RTT relation is satisfied. We will eventually want an action
over M ®cs) C(m|n)®

P!
t; 141
Ry (¢ —u) =Id - xjjﬁ (4.4)
m+n m+n
P=) (-1)Ey® Epw=> (-1)E, @ Ey (4.5)
a,b=1 a,b=1
m+n m+n
P =S ()R By @ By = S (DM, © By,
a,b=1 a,b=1
(4.6)

Specifically, we use supertranspose here. This means E}, = (—1)lel(e+P)p - —
(—1)'“‘(1+|b|)Eab.

Thus, we need to simplify (4.1) as in Proposition 5 in Arakawa [I] or
Proposition 5.2 in Nazarov [I9]. We verify those identities: I;-Iy = Pj-I), where
I, = P,ﬁfﬂlﬂ for Py = Z(—l)'ﬂEi(f) ® EJ(.EH) and Py, is same as previously
defined. The aim is to show that

Rt’z+1P1§f“z+1 = Pikplzfﬂlﬂ' (4~7)
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It is enough to check this for three different indices, e.g. i1 =1,k =2,[+1 = 3.

PiPE =3 <(—1)'“”b'E§i) 218 E,Sj)) <<_1)|c\|d|1 ©E? @ Eﬁ;))

a,b,c,d
= 3 (< )lelbbelid b+ 5, 5D @ B g B
a,b,c,d
= (~yPHED © BY © B

a,b,c

On the other hand,

PP = (Z(—l)'“E&iR ® EY) ® 1) (Z(—l)“’"dl ® ED ® Eé?)

a,d b,c

= > (~yls, B © BY © By
a,b,c,d

__ pt1 pt2
- P13P23’

Proposition 4.1.1. The difference between and I + Zk s P,f, Y1 a8
operators on M ®¢ C(m|n)®', when applied to m ® v produces an element in
V', where V is the subspace of M ®@¢ C(m|n)®" spanned by mo @ v — km ® ov
for allo € S;, me€ M, v € C(m|n)®.

([ + Z P,;f’;H) (4.8)

is an operator on M ®¢ C(m|n)®! that, when composed with the quotient map
M ®&¢cC(m|n) — SW (M), becomes 0, where SW (M) := (M @¢c C(m|n)®)/V.
It thus descends to the zero operator SW (M) — SW (M) . Moreover, Y4 _, u_—1w€P£f§+1
is a well-defined operator on SW (M) since o;yroix = Vi, SO we can say that
I
T'(u) descends to an operator on SW (M) equal to I + >, _, ﬁPéle.
The goal is to show for all £k =1,2,...,[ that

Pl Py Pk
Id 1,0+1 Id 2,1+1 Id k141 =1d
( +u—x1 +u—x2 +u—xk +Z ”H

(4.9)
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on M ®¢ C(m|n)®, where = represents congruence modulo V.

Proof of Proposition[{.1.1. We show (4.9) by induction. For k& = 1, the two
expressions are equal. Let £ > 1. By induction hypothesis,

Pt1 Pt2 Ptk
(Id 4 Lt ) (Id 2 ) (Id R ) (4.10)
U — X1 U — Xo U — X,

k—
=1 ! P Id Pilen 4.11
= +Zﬂ i+ L (4.11)

- 1 Plikl 1 I 1 1
=Id _—  pti I+ P, P
+ZZ:1:u—yl ’L,l+1+u_Xk+iZ:1:u_yiu_Xk 1
(4.12)
-l 1
= t
:Id—i-; u—y, zl+1+ <Id+ZU—yl ) —ka’“jle
(4.13)
1 k—1 1
¢
_Id+z ”Ll+1 _yk (u—yk—i—;glk) U_kakfcl_;'_l
(4.14)
This applied the identity (4.7)).
Note that because y;0;r = oYk, u_;y_aik = out.
=Id 1 L o Lis
- +Z l+1+ VS (U—Xk ” ~ i1 ( )
=l Z P+ =Pl (4.16)
O

So, as an operator on SW (M), we can write that

l

1
T(u)=> u_—Piiklﬂ
—1 Yk
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(as an alternative to a product of R-matrices) which gives

l
= 1)y o B

(coefficient for Eg)

To obtain a functor SW from right modules over H%9(S)) to left modules
over the super Yangian, we need to define SW(p) for any homomorphism
¢ : My — M, between two right H%9(S;)-modules: we can set SW (p) = p®id
and this is a homomorphism SW(M;) — SW(Ms).

4.2 Comparisons to the work of Chari-Pressley

in showing an equivalence of categories

The goal is to extend Drinfeld’s result [@ to the super setting, i.e. if we let Me
mod}, — Y (sl,,1,), the goal is to show that there exists M € modp — HIE(S)
such that M = SW(M).

Consider the quantum loop setting as considered by Chari and Press-
ley Bl. In this article, they describe a functor from the category of finite-
dimensional representations of the affine Hecke algebra of S; to the category
of finite-dimensional representations of the quantum loop algebra U,(Lsl,).
In particular, if [ < n, this functor is an equivalence of categories between
all finite-dimensional representations of the affine Hecke algebra of S; and a
certain subcategory of representations of U,(Lsl,,). A goal will be to produce
equivalents of Theorem 4.2 and Lemma 4.5 of Chari and Pressley [B] for the
superalgebra case.

We will use the degenerate affine Hecke algebra case of Lemma 4.3 as well,
which follows from Schur-Weyl duality for the Lie superalgebra gl,,,,,.

The purpose of Lemma 4.5 is to extend a right module M over C[S)] to
a right module over H;‘;;g(sl). Take m € M, xq,...,x polynomial generators
of Hgég(Sl). The first goal is to determine what myx; is, as in Section 4.6 of
Chari-Pressley [B].

Thus, suppose N is a left module over Y (sl,,,), integrable of level I, in
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the sense that N is the direct sum of N;, where each N; is an irreducible
representation of sl,, contained in C(m|n)®. Note that we will use this
condition for the DDCA case, due to the possibility of infinite dimensional

modules there as well.

Theorem 4.2.1. Let N be a Y (sl,,,)-module that is integrable of level 1.
Suppose that m+n > [+1. Then, there exists a module M over the degenerate
affine Hecke algebra HI(S,) such that N = M ®¢s,) C(m|n)®

By Schur-Weyl duality for sl,,, and the symmetric group 5,
N = SW(M) = M ®cs; C(m|n)®

where M is a right S;-module.

The goal is to show that M is a right module over HS5(S)).

Let {e1,...,€mtn} be the natural basis of C(m|n). Let 1 < k < [ and
1 <a,b<m-+n. Then, as in [B], we introduce the elements:

v =@ - Q60 - Q¢

E(k):€1®...®ea®...®el

where no e, appears in v® and the e, is in the k-th tensor, and vice versa
for w*). Let b be the usual Cartan subalgebra made up of diagonal matrices
in sl,,. The h-weight of v(¥) is g1 + -+ + &, + - - + & while the h-weight of
(T)(m®v )) (form € M, thus m@v® € N)ise,—ep+e1+--+ep+--+e =
€1+ 464+ -+ e, which is the h-weight of w®) . We can associate g; in
the summand of the weight with the appearance of e; in the tensor product.

Thus,
t((lb) m ® v Z mQew

for some m € M and where w has weight ¢; +---+ ¢, + -+ 4+ ;. So, since
permuting tensor factors does not affect weight, w = 7(w®) for some 7 € S;.

The action of 7 is given by

T(E(k)> — 6771(1) ® e ® eTfl(a) ® [N ® eTfl(l)'
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Thus,

It follows from Lemma 4.3(a) [3] that we obtain a linear map m — m’; denote
this map by Xﬁf’r. The next goal is to show that X%?Q does not depend on a, b,
thus can be instead denoted xy 2.

If r =2, then tﬁ)(m ®v®) = x®(m) @ w® | setting y* = X

Lemma 4.2.2. (Equivalent of Lemma 4.3(b) [3]) w = €;, ® - - - ® e;, fori; all
distinct generate all of C(m|n)®', i.e. C(m|n)® = U(slyn)w

Lemma 4.2.3. (Equivalent of Lemma 4.5 [3]) For all v € C(m|n)®!

% (m @ v) Zx )@ EY) (v). (4.17)

Proof. We have that t((j))(m @ v®) = x®(m) @ w® = y#(m) ® Eé],j) (v,
If v—=oe,®: - ®e¢, and none of the indices are b (no e, appears), then
tﬁ) (m®wv)=0.

One way to see this would be to recognize that the weight of tﬁ) (m®v)
is the sum of the weights of tfi) and v, so €, — &, + €, + -+ + &, (recall
that the weight of t((j)) is e, — €p). However, the weight of e;, ® --- ® ¢, is
€j, + -+ 4 ¢j,; note that all coefficients are > 0. The coefficient of ¢; in the
weight of tfb)(m ® v) is —1, since we have assumed that none of iy,...,7

are equal to b. So g, — &, + &, + -+ + &, is not a weight of C(m|n)®, so
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t3(m®v) =0.

Next, let v =¢;, ® --- ® ¢;, where at least one of {is,... 4} is b. Say

J1 J2 J3
X:el® X €q R evevnennnn. ®‘€a‘® ®’€a\® ........
X = el ® ............ ® eb ® ..................... ® eb ® ® eb ®
J1 ]é J3
Entries other than the ji,..., . and j1,...,j. are any basis vectors other

than e,and ep.

By Lemmal4.2.2] it is enough to consider the case when all the other vectors
in v (not in positions ji,...,j. and ji,...,j.) are all distinct. We can prove
the formula by double induction on r and s.

If r=0,s =1, no e, appear and there is one e, in position ji. (4.17)
follows from the definition of y.

Assume the formula holds for v with s =1 and up to » — 1 of ¢,. Choose
c# a,b. Let

V=e®  ® e @ € @@ Q€6 Q@ €6 - € Q-

Ji ]i J2 Jr—1 Jr

and suppose all other vectors in the tensor factors are from the set {e1, ..., €mnin}t—
{€a,€p,ec}. Denote by |v/ < j,.| the parity of the part of v/ up to (and not
including) the j,-th position. Then, v = (—1){el*leDV'<irI B, v/,

Since E,. = ¢ and [t‘(fb), E..] = 0 by the relations of the Yangian,

D m e v) = (~1)HD<i @ B (e v)
= (—1)llelHeDly'<irl (1 yal+D(al+le) 7 4@ (1 @ v')
= (—1)lleFeD(al+bH1'<irD 4@ (m @ v').

By induction on 7,

B2 (mev)

B (m) © ) (V)
= (—1) (PO, (3 (m) @ v)
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— (=)l <ot (1) @ B, (v")
= (—1)(ePPDI <l 1) (el HeDI¥" <y b () v

= (=)l <5y b () @ £ (v)

where
Vi @ Q0,0 ® €, @ RQe, Qe
."
g

(ep in 7 position replaced with e,, so v = (—1)(e+PIN"<ilE ,v") and
Vi=ei i @ Qe Qe Qe Q- R ey,

(ie. v = (=1)lelHD"<irI B, (v") and v/ = (—1)UelHPD<iIE,, (v)). The

signs cancel out to yield
fw(m © ) = x5f(m) @ By (v).

Now, we proceed to the proof by induction on s. The case for s = 1 is

addressed above.

Assume that the result holds for all v with fewer than s e, tensor factors.
Pick ¢ # a,b. Fix the other entries of v as distinct from {ey,...,€mnin} —
{ea, ep,€c}, m+n>1+1.

®ea® ®ea® ®ec® ®ea® ®ec Q- €p &
—~— —~— ~~ —~— ~~ —~—

Ji J2 71 J3 Ja 33

Then, v = (—1)PiHlellin=v'<ill B2 (v/); that coefficient of 1 is necessary as
Ey. can be applied in two tensor factors. Recall that Fy. = tbc . When a, b, c
all distinct, [Eye, [Boe, En)] = 0 = [t 181 ¢])]. Further, [t [#)t2))] = 0.
This expands to

0 = (#0262 _ (1) (BtHeDal+b) 4 (_1)Uol+lel(al+b+bl+eD 1) ()4 (1)

(= 1) P ()2

= (10)24® _ (1) plHeD(al o) | (_p)(bl+iebal+lehy (1))
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(1) PHHDED (1))

If we pick b, ¢ to have the same parity, requiring m,n > (41, then the coefficient
of the middle term will be —((—1)° + (—1)°) = —2. Moreover, |b] + |c| is now

even, so the signs above involving (—1)I°+1<D all become 1.

Then
1
lo (M ®v) = ot (1)) (m @ v)
1),(2) (1 1 1 2
= (A - D) me )

v’ has fewer e, as does téi) (v'), so we can apply induction.

Thus,

l
()t mey) = ()2 xi(m) @ B} (v)
k=1

=2 Z X%b(m) ® Eﬁt)(y).

t>3

Let v be v’ but with the e, in the jj position replaced with e;. Let v’ be

the same as v’ but with the e. in the 7} position replaced with e.

tz(;i) (v') = v” 4+ ¥v"".By induction on s,

tﬁ) (XU + X”/)

— (_1)\b\+\cl ( Z X?;b(m) ® E(%t)(zu) + ZX?Z)<m) ® E(S:Z)t)(zll/)> .

t>1,t£2 t>2

1)

Apply tl()c = I, again:

t§?< S x;ff<m>®E§iP<z">) = Y @(m)® BY (v)

t>1,t£2 t>1,t£2
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) (Z Xo(m) @ ESY (v") ) S X% (m) @ ES (v)

t>5 t>2
Thus,
2 ¢ : ;
Gmon = 3 im s Ee + 3w o BP0 - X om) o
1>1,642 t22 123
= xm) @ B (v)
t>1

We show next that x{* = x{@ for all a,b,¢,d. To do this, first suppose
¢ # a,b. Then, Ey = [E., Eq) and t( ) = = 2?,7551,}}

l
tPmeyv) =Y ym)® £}y (v)
k=1

0t (m @ v)

o~

X2 (m) @ [Eu, B (v)

Il
wMN

=
-

al k‘
X2 (m) ® B (v)

o
—

This applies over all m and v. Thus, % = x?. Similarly, x¢ = x§*. So,
X% = x¢. Call the map simply Yz now.

Next, we show that M is a right H3°(S;)-module.

To define the action of the generators y; on M, set my; = x;(m). We use
that tﬁ)(m @v) =S (-DPmy, E( )( ) to produce the relations on
the y; generators.

Let’s compute [tg)), gd)] (m®yv) by using first the RT'T relation in Y (gl
Assume that b # ¢ and a # d.

We use that tﬁ)(m Rv) = 22:1 m.yy ® Egzj) (v).
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12 2] (m e v)

l
j=1

l
=Y myy ® B} EY (v)

i,j=1
— (1) (lal+eDdel+IdD Z m.y;y; ® EDEY (v) (4.18)
2,j=1
[t 16 )-(m © v)
= (1)l (t 1D 1§12 1 2H0) m e v)

()l bl (104 @) (m @ v)

=(-1)llee (t zmy] © E3(w) —tﬁ?imm@@)

=(— 1)|aHbI+\allcl+|bllcl Z my; ® E(Eb)E(J)( )
- Z my; ® Eé?Eégs(z)) (4.19)

Recall that EC(L];) (v) = (—1)(|a‘+‘b‘)(|il|+‘“+|ik—1|)(eil ® Qe @ Egle,)®
.. ® eil).

We choose v to be
X:eil®...®ed®...®eb®...®eil

with eg in kith position, e, in koth position, and with the other iy, ... 4, # b, d,
which is possible since m +n > [ + 2.

The goal of the Chari-Pressley proof was to show that the relations of the
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affine Hecke algebra hold when applied to the module M, extending its Hecke
algebra module structure.

In my case, I need to check the relations of the degenerate affine Hecke
algebra.

We see that is nonzero if i = ky and j = k;. We get:

19 12 (m e v)

!
= Z m.y;y; @ B2 EY) (v)
ij=1
l . .
= (1) e $ oy E9ED (v)

ij=1
=M.y, Yk, @ ELE?)EE?)(!)
_ (_1)(la‘+|b|)(|c|+|d|)m-yk2yk1 ® Eésl)Eé]ZQ)(X)
=M.y, Yk, @ EC(L]ZQ)EC(?)(!)
— MY, Yk, & EC(L]ZQ)EC(SI)(X)
=10 (Y, Yoy = YoY1) @ Eﬁ’Z”Eﬁ?)(z)
—m.[yy,, yi,] ® EGY ESY (v) (4.20)

For (4.19), first swap ¢ and j indices in the second sum then set i = ky and
j - k’l.

12 12)].(m @ v)

l l
:(_1)\a||b\+|a\|6|+\b\|6| (Z my; ® EéZ)EL(le)(X) _ Z m.y; ® EEZ)E(%) (X))

i,j=1 6,j=1

—(—1)lallbl+allel+1bllc (m-ykl © B E®) (v) — my,, © E® Eu;l)(z))

(DRI (e, — ) @ BSYES (v)

C

Note that

Tk EGP ESD (v) = (1)l k) B0 EU2) B0 ()

C a

:(_1)‘aHlebHcHlch‘E((:?)Eésl) (v)
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(one can simply look at the indices of the resulting tensor product). Thus,

a alle c k k
(1) ((my,, —moy,) @ BB (v))

=1m. (ykl ykz) Ok ko ® Ezg )Eéd )(X> (4'21)

Together with Lemma 4.2.2) (4.20) and (4.21)) imply the relation [y, yr,] =
(Yky — Yko )Oky &y as desired.

Another relation to check is that oy; = y,()0 for all o € 5.

To do this, we need some v satisfying Lemma to show that m.oy; =
m.y,;o for all m € M and all 0 € S;.

Let v have ¢, in the ith position with no other tensor factors containing
ep. V is the same with e, in ith position. v’ is v with e, in the o(i)th position
and all other tensor factors manipulated as given by o. V' is Vv with e, in
the o(i)th position and all other tensor factors manipulated as given by o.
Thus, v = (—1)Ua DL where |v[1,i — 1]| = |v1| + - - + |vi_1| for clarity
fv=v1Quv®---

allo ()

m.oy; @V = (—1) m.o® v)

!
= Z(_l)Ial\b+(\a|+\bl)Iz[uflllm_ayk ® Ei’g) (v) (4.22)
k=1

This is tensored over C[S)], so

tP(m.o ®v) =t2(m® ov)

= @) ((—1)UalHDIMiLo6) LIy g v
l
= S (1)l iDL Oy y, o B (ve)
k=1
= ((—1)lallbl+al+hlvli+1.06

¢

)_l]lm'ya(i) ® v
=m.y,; ® oV

=M.Y;;)0 & v (4.23)
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Together, and imply oy; = y,u)0. Then, the proof that
N ~ SW(M) as Y (gl
degenerate affine Hecke algebra of .S; is now complete.

Let f : M; — M, be a homomorphism of right modules over HI(S)).
Then, SW(f) = f®1: M; Qc(s; C(m|n)® — My ®cjs,) C(m|n)®! is a homo-
morphism of left Y (gl

mjn)-modules and where M is a right module over the

min)-modules.

SW : Hom (Ml, Mz) — HOmy(g[m‘n)(SW(Ml), SW(MQ))

HI%(S))

We show this is a bijection. First, injectivity follows from that if SW(f) =
0, then f ® 1 =0so f =0. Second, for surjectivity, we take ¢ €
Homy (qg1,,,,) (SW (M), SW(Mz)). Then, ¢ is a homomorphism of gl
as well. So, ¢ = f ® 1 where f is a homomorphism of right S;-modules by
classical SW-duality for .5;.

Further, it is a homomorphism over the degenerate affine Hecke algebra.

mln-modules

This is equivalent to taking y; € H8(S;) and showing that f(my;) = f(m)y;
for any 1.
l<m+n,sotake 1 ® - Re; 1 ®€min Xeir1 Q-+ Qe where e, only

appears in the e; tensor factor.

my; ®e; Q- Q-1 & emin@eCiy1 @ Qe
:tfvzl-n,i(m(gel@"'®€i—1®€i®ei+l®€l

So, we can write

fmy;) ®e1 @ ®ei1 @ emin Q€1 @ Qe
=(fR1l)my;®e®@ - Q€1 ®enin@e1 ® - Qe
=p(my; ®e1 @ Q€1 ® epmpn ® €11 QR e)
:w(tﬁln,i(m(gel@"'@eifl®€i®€i+1®"'®€l))
:tfrzzln,i(@(m@)el@'“@eiq®€i®€i+1®"‘®el))
— 2 (O )mBe® B 106 ® - Be)
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— 2 (fm)@ea®---0e¢)
=fmy;®e; @ Qe 1 emin e Q- X e

So, f(my;)®v = f(m)y;®v. Due to the choice of v, we have f(my;) = f(m)y;

as desired.
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Chapter 5

Schur-Weyl Duality for the
Deformed Double Current
Superalgebra

The goal of this chapter is to introduce new quantum superalgebras Dy . (5l )
of double affine type. This is done by deforming the defining relations of the
UCE of sk, (Clu, v]) given in Proposition in order to produce a Schur-
Weyl functor from Hy ,.(S;) —mod to Dy (slyn) —mod. The generators Fyp(u)
and ﬁab(v) of st,, in Proposition should be equal to the generators
K(Eqa) and Q(Eup) of Dy (slhpn)-

Guay constructed a Schur-Weyl functor between deformed double current
algebras and rational Cherednik algebras [[3]. The DDCA D, s(sl,) is gener-
ated by elements z,K(z), Q(z), P(z) for z € sl,. Suppose A\ =¢,f =L -2+ £
as described in Section 2.7, Then, Guay introduces a functor F : M —
M ®¢(s;) V® sending a right H; .-module to an integrable left D, (s, )-module
of level | (as an sl,-module). Further, if [ + 2 < n, this functor is an equiv-

alence. In this chapter, we produce an analogue of that result for sl,, as

Theorem B.1.21
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5.1 sl,, case

One expected distinction to the approach of these computations in the super
case is the inclusion of signs in the action of S;. If o; is the transposition
(1 i+1)eS,1<i<Il-1,.5 is defined to act on (Cm‘”)@)l by the formula

g1V - V1 QU QU1 X Q)
= (—Dlilvly, @U@ - @11 ® Vi1 OV ® -+ Q.

. L . i
In practise, it is convenient to use that oy, = >, ._

1(—1)|j|E§f)E](?). As such,

signs also appear in the actions of X € sl
B (v ®---®v,,) = (-1l ey, . ge,_ 1 @ Byj(vg,)®---@v,

The goal here is calculate [K(E,), Q(Feq)](m®v) and P([Ey, Eq4])(m®v)
form e H,. and v € ((Cm|”)®l, Ea, Ecq € slypn. The difference between the
two will yield what is needed to produce the relation for [K(Eqy), Q(E.q)] and
P([Eap, Eca]). We assume that the way that K(Eu), Q(Ew), P(Ew) act is

similar to the non-super case, i.e.:

l
K(Ea)m®v) = mz, @ By (v)
k=1

l
QE)(mev) =Y my, ® B (v)
k=1

l

P(Eu)mey) = 3 m I o 50y,
k=1

Then, for any z € s, K(2),Q(2), and P(2) are defined by linearity.
For convenience, we introduce the notation |ej, e;| := |e1]| + - + |gj], L.e.
the sum of the parities of factors 1 through j of the tensor of basis vectors

V=" ® Qv @ - Q. These computations will also use the simplified

version of two of the relations for the rational Cherednik algebra, being:

[yq7$k] = — ROkyq, k#q
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[ykvxk _t_’_l{zgzk'f_ﬁ Z Ojk-

j=k+1

[K(Eab), Q(Eea)|(m @ v) (Z my, © B} ))

_ (_1)(|a|+\b\)(\0|+|d|)Q(ECd) (Z mz, @ EC(L];)(X>>
k=1

k a C k
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| =

=
Il
—

m+n m—+n
me Z Z 1)lel (1) lel+lrDel+1eD) (1) UrileDlere—i) () el+Ir)(Irl+eD
i=k+1 r=1
EQ (ve, @+ ® Epy(ve,) ® -+ @ vg,)
!
+ 8 q(—1)(lal+ED(el+aD EZ Y(blHeD(enen—1)

2
k=1
k—1 m+n
me S S (-1 YrHeeressh BO (y, @ - @ Eyp(ve,) @ - ® ve,)
i=1 r=1
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Above, we used that

P([Buy Bed)(m @ v) = S mP2 20 o 1, 1, 1) (v)

2
k=1
l !

= > g ® (B Bud)® () + 5 D maie © (B, B (v)

k=1 k=1
l

1 a c (k)
=3 > mya @ (SpeBaq — (—1)1HNUHDS B (v)
k=1
I
1 a c (k)
P2 mng @ (BB — ()5, 8, ()
k=1
1. < BN
:551)0 Z myzr @ B (v) — (—1)(IaHIbD(ICIHdD%% Z my;z, ® By (v)
k=1 k=1

! l
1 (k) 1 a ¢ (k)
+ 5556 kgl mazy, ® E7 (v) — 5(_1)(| |+18])(] |+\d\)5ad§ :mxkyk ® B (v)

= k=1
l

1 (k)
:§6bc ; m(yrr + TiY) @ Eyy (V)
l

1
_ 5(—1)(‘“'+"")<‘C‘+'d‘)5adZ m(yezs + rev) ® E® (v)
k=1

l

:_5176 Z<_1)(|a‘+‘d‘)(|61,ek—l|)m<ykxk _|_ xkyk) ® Uel ® e ® Ead(vek) ® PPN ® erl
k=1

!
_ (_1)<|a+|b|><|c|+d|)%5adz<_1)(|c|+|b|xe1|+---+|ek1|)
=1
m YTk + TpYp) D Vey @ -+ @ Eey(ve,) @ -+ - @ v,
Note that

<_1)(|a\+|b\)(|6|+|d|) (_1)Ialld|+|a||6|+|0|ld| :(_1)\alICI+|b||0|+|a|\dHIbHdHIaI|d|+|a|\CI+ICIIdI

(1) bllel+plldi el

We want this to be equal to (—1)lellbiHalleHbllel - Ag well, either b = ¢ or a = d.
IF b — ¢, then (—1)MIbIdEd — (1)l and (—1)alblHelld+bld — (_1)b
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If a = d, (—1)Plltblld+leld — (_q)bllcl+lalblHalld — (_1)lalblHalle+bllel - So in
either case, the signs inside the first pair of round brackets below are the same.

So,

t
P([Eab, Ecd])(m ® X) + 5(5bcEad + (_1)(|a|+\b\)(\cl+|d|)5adEcb)(m ® !)

— K (Z(_1)|a|b+a||0|+|bl|0|m ® Eil]:)Ec(zgl) (v)

k<q

a allc|+|c a c k
+(_1)| [ld|+]allcl+] IIdI(_l)(\ [+[B1)(] +|d)zm®E§b)E§£(K>>
k>q
K m+n m-+n
b (lal+ld])(ler,ex—1]) Ia\ |a|+|r\)(|e €ei—1l)
R YEIECERETED o) 3 =
k=1 i=k+1 r=1
(_1)(Ia|+|r|)(|a\+|d|)(_1)(|TI+|a\)(|elyek—1l)(_1)(Ia\+|r\)(|61,ei71|)(_1)(Ia|+|r|)(|r|+|d|)

E(l) (Vey @ -+ @ Frge,) @ -+ - @ g, )

K k—1 m+n
=z (lal+ld)(le1sex—11) \rl+\a|)(|e ek—1l)
‘f‘(stQZ( 1) 1k1m® Z 1,€k—1

k=1 i=1 r=1
(= 1)llaltrDUeneiD(_)lattirDlened 5O (p @ ... @ Erglve) ® - - © ve,)

l

1) al+ D iel+ah & ) (Bl+lel)(ex k1)
+ Saa(—1) 5 ; 11

m+n m-+n
m® Z Z |c|+|r|)(|ehei71|)(_1)(Icl+|r|)(|cl+|bl)
i=k+1 r=1
(_1)(IT|+ICI)(\61,ek71\)(_1)(Icl+|r|)(|el,ei71|)(_1>(\c\+|r\)(lr\+lb\)

EY (ve, ® @ Epp(ve,) @ -+ ® g,

l

+ 5ad(_1)(Ia\+\b\)(|6|+la\) ~ (_1)(\bl+\0\)(|el,ek_1l)

2

k=1
k—1 m+4n
m e Z Z \TI |T‘+|C|)(|elaek71|)(_1)(|r|+|c‘)(‘el’eifl‘)
=1 r=1

(=) DD ED (5, @ - @ Ery(ve,) ® - - - v,

t
=P([Euwp, Eea)) (Mm@ V) + 5(5bcEad + (_1)(|a|+|b|)(|c|+\d\)5adEcb)(m ®v)
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_ ,i(_1)\a||b|+|a\|6\+\b\|6\ (Z m® EES)ESZ) (X))
k#q

m—+n m-+n

a5 me 3 S O EE o)

i=k+1 r=1
k—1 m+4n
+ Bpem Zm@ZZ WEDE® (v, @ - @ v,)
i=1 r=1
l m+n m4+n
+ Gua(— 1)(|a\+\b\ (le|+lal) ¥ Zm® Z Z HE E(k) (Ve, ® -+ & vg,)
i=k+1 r=1
l k—1 m+n
- (1) al+1o |c|+|a\"ﬁzm®zz DMEOE® (v, @ - @0,,)
9 rb Ve, e
i=1 r=1

=P((Euy Bud)(m © %) + & (g + () D5, (m  v)

H<_1)\allb|+|a\|0\+\b\|0\ (Z m® EC(I’JC)E(S(qj) (X))

k#q
K m+n ) )
+oey Y, Y (CD)'me EYE,) (v)
i#k r=1
m+n
+ Ga(—1)eFHoDel+la) & ZZ Hrme EOEP (v)  (5.1)
z;ék r=1

Here let S(Ez‘j, Ek:l) = EijEkl + (—1)(IZHIJI)('k'Hl')Ekle Note that 6ad5bc =
0 since either a = d or b = ¢ but not both. Also, 3"/ "(=1)I" =m — n.

m+n m+n
K
Gy D (0 S (Ears ) )+ (1) D S 1) S (B, B )
r=1
m+n
=0pe— Z Z |7“ m® E(J)E( )(X)
r=1 jk
m+n
+ Spe— Z Z |7“|+|d|)(|a|+|?“|)r[l ® E( )E((u]f) (v)
r=1 jk
m—4n
K
0 S S 1) £Y B
r=1 jk
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m-+n

(\a|+|b| (lel+1dl) Z Z

r=1 4k

+5d (

m+n

TP

r=1 j#k
m+n
+ Ope— ZZ
r=1 j#k
+5ad§( )(la+oDel+d) minz
r=1 j#k
+5ad§( )(la+oDel+ld) minz
r=1 j#k
m+n
+&C§:Z: 1)"m @ EYEY)
e
+ Oper ZZ
r=1 j=1
+5ad§( )(la+ oD el+ld) minz
r=1 j=1
+5ad§( )(la+ oD el+ld) minz
r=1 j=1

m+n

—5bc Z Z
r=1 j#k

m+n

+ Oper ZZ
rlg;ék

m+n

(\a|+|bl el +ld]) ZZ
r=1 j#k

m—+n

(\a|+|b| (lel+1dl) Z Z

r=1 j#k

+5d (

+5d (

m+n l

+ b ZZ

7“1]1

|7“|+|0l|)(|a|+|7“|)m ® E( )E(k)

|rm®E(J)( )

1) @ B9 B (v)

|7" m® E(J)E( )(!)

ar (V)
r k
Wim @ EYED (v)

e+ @ EG O (v)

(v)

) (r+anlal i) g @ EO) EG)(v)

1)'"m e EDE (v)

Yl ) EG EO)(v)

|7’ m® E(J)E( )(X>

|7“|+|d|)(|a|+|7"|)(_1)(|7"|+|d|)(\a|+|7"|)m ® Egﬁ)E(j)(V)

d \ ¥
1)'"m e BDE (v)

D @ BB (v)
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m+n !

+ 5ad5bc Z Z ‘T

1)l & EO) (v)

r=1 j=1
m+n
+ Opa— ( (\a|+|bl (lel+1dl) Z Z Ir\m ® Ecb)(—)
r=1 j=1
m+n
+ 80aOpe— ( (\a|+|bl (lel+ld]) Z Z (\cH—\ rDAr+ED EY(v)
r=1 j=1
m-+n
K .
By D (~D)"m @ EYER(v)
r=1 j#k
m+n
Foe 30> (Dme BB (v)
r=1 j#k
m—+n
R
b \a|+|bl lel+ld[) Ir‘ 3) (k)
+5ad4( ;; m®E Erb (—)
m—+n
(laf+16)(lc|+]dI) Ir (k) ()
+5d4( 1) 21; m @ EPEY (v)
K m—+n
+ 0y ) (D) Bua(m © v)
r=1
P m+n
+ 5ad1(_1>(\a|+|bl)(\6\+|d\) Z (_1>‘T‘Ecb(m V)
r=1
m-+n
K .
By 9 > (~)"m @ EPER (v)
r=1 j#k
m—+n
4o, ( 1)kl §™ S irm @ B9 EY (v)
r=1 j#k

+ b (m — ) Eag(m © Y)

+ Opa— ( )(\a|+|bl)(\6\+|d\)(m —n)E4(mev)

So,

m—+n

R _ 1\l (i) (k)
(Sbcz Z Z( 1) m®EarErd (X)

i#k r=1
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m+n

14, ( 1) (lal+[8))(le|+]al) & Z Z |r|m® E )E( )( )
z;ﬁk r=1

m+n
K

=g 2 (OS(Ber, Bra)(m @)
m-+n

K
+ 8oy S (1) Dl 14D Z WY S(E,, Buy)(m ® v)

_ Z(m — 1) (8peEag + (_1)<|a|+|b| (el+dD 5, ) (m @ v)

We return now to the main computations from ([5.1)).

[K(Eab)vQ(Ecd)](m ® X) (52)
:P([Eab’ Ecd])(m ® !) + %(5bcEad + (_1)(|a|+\b\)(\cl+|d|)5adEcb)(m ® !)

— H(_l)Ia\|b|+\a||CI+IbIICI (Z me® Eéf)E((zZz) (X))
k#q

m-+n

+ Opem ZZ 1)"m @ EQE® (v)
z;ék r=1

m—4n

- (= 1) elHoD(el+aD & S )rme B D E® (v)

z;ékrl

t
=P([Ew, Eq))(m @ V) + 5(6bcEad + (_1)(|a|+\b\)(\c|+|d|)5adEcb)(m V)

_ H(_1)|a\|bl+\aIICI+IbIICI (Zm ® Eéf)E,EZz) (X))
k#q

m-+n

+ 67 D (~1)S(Eur, Bra)(m @ v)

r=1
m+n
K
+ Gaatp (— 1) DD S (—1)S(Eer,y Ewp)(m @ v)
r=1

_ Z(m 1) Gy Eag + (—1)lelHDeld) 5 2y (m @ v)

For the last step, look at what expanding S([Eu, Eijl, [Eji, Eca]) yields as
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in the non-super case, but using £(7, j) as a placeholder for a potential sign.

g((sbc+5ad) > &6, ))S([Ea, Eij], [Eji, Eed])

1<i#j<m+n

K .o a i+

:Z(ébc + Oad) Z £(1,7)S (6 Eqj — (—1)Uel+DU+IN 5. By
1<i#j<m+n

0icEjq — (_1)(|j|+li|)(\c\+|d\)5jdEci)

K .. a i|+|g
zngc Z e(i,5)S(0ipFaj — (—1)lal+hd |+\J\)5jaEib7

I<izj<m+n

0 Ejq — (_1)(Ij|+|i|)(|b|+|dl)5jdEbi)

K .o a i|+|g
+ Z(gad Z £(i,7)S(0ipEa; — (—1)lal+P |+|J|)5jaEZ.67

1<i#j<m+n

0icEju — (_1)(Ij\+|il)(lcl+la|)5jaECZ.)

K . a . .
:Z(;bc Z (b, 7)S(Fqj — (_1)(\ |+|b|)(|b|+‘]‘)5jaEbbyEjd _ (_1)(|J|+|b|)(\bl+\d\)5jdEbb)

1<j<mtn
J#b

k - a il+j j|+)i
+ 2 ST (i, 5)S(—(~1) Dy, By, (—1) DD 5 By

1<i#j<m+n
i#b

+ g(gad Z £(i,a)S (0 Boq — (—1)laloDiltlaD B 5. B, — (—1)Uel+liDel+lah B )

1<i<m—+n
i#a
K .o
+ Z(Sad ' Z €(Z> ])S((SibEaja 5icija)
1<i#j<m-+n
i#a

K . K
:Z(Sbc Z €<b>]>S(Ea]7 E; d) + E(b, Q)Z(Sch<Eaa - (_1)‘a|+‘b|Ebba Ead)

K
+ (b, d)zdde(Ead, Euq — (=1)1HPE)

K . a i|+|a al+|2])(|c|+]|a
+ 2 S i a)S(—(=1) (DD (el libel D

1<i<m—+n
i;éa b,c

+¢e(b,a)— 5ad8( — (=), —(—1)(lFlaD(el+lah By

+elc,a)~ 5ad5( (— )|a|+|bl)(lcl+\a|)E Eoo — (— 1)\cl+|a\Ecc)
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K . K K
:Zabc Z 5(b7 ])S(Eaj7 E ) 6(b7 a)Z(;ch(Eaau Ead) - 5<b) b)zéch(Eabu Ebd)

1<j<m+n

K K K
—&(b, d)Z(SbCS(Ead, Eqq) + (0, G)Z5bc5(Eaa, Eaq) — (—1)a*Ple(p, G)Z5bc5(Ebb, Eua)

K K
+ €(b, d)z(sde(Ead, Edd) — (—1)|d|+|b|€(b, d)Zéch(Eada Ebb)

+g(5ad 3 (i a)(~ ) DD 5 (B B
1<i<m+n

_ ’Z’“(;adg(a, a)(—1)lelHaD@IHD S (B B.) — gdads(a, b)(—1)Bl+aDWl+eD 5 (B, By)
_ Z(;adg(a ¢)(—1)e+lab b+l g (B, E..)

— (= 1)BHaDel+ah g gy 2 5dS(Eaa7Ecb)
+ (- 1)Ia\+|b|( )\bl+\al)(c\+|al (b, a)~ 5adS(Ebba )

— (- 1)(\al+\bl)(\c\+la\) (c,a)~ 5adS(Ecb;Eaa>
+ (- 1)(|al+\b\)(|cl+|a\)( 1)Icl+\a| (c, a)45adS(Ecb,Ecc)

:g(sbc N (b, §)S(Eag, Eja) — £(b, b)z(sbcswab,ad)

— (=) Plg(b, @) + (—1)+bl (b, d))gébCS(Ebb, Foa)
+ g(sad 3 e(i,a)(—1) DD S( By, E,) géad&t(a, 0)S(Eup, Bug)
1<i<m+n
_ (_1)(\’J\+|a|)(\6\+|a\)(g(b7 a) + 8(0, a))g(sads(Ecb; Ead)
:g(;bc S (b )S(Euy. Ea) + géad S e(i, a)(—1) DD S (B B

1<j<m+n 1<i<m+n

— Z(abcg(b, b) + 80ac (@, a))S(Eup, Eeq)
— (= 1)l (b, q) + (— 1)1+, d))gébCS(Ed,, Foa)
_ (_1)(\b\+|al)(\0\+la\)(5(()7 a) + 8(07 a))géads(Ecb; Ead)

K .
:Zébc Z €(b7J>S(Eaj7Ejd)

1<j<m+n

+%5ad S (i a)(—1) DD (DD 5B B

1<i<m+n

K
— Z(ébcg(b’ b) + 5ad5(a, CL))S(Eab, Ecd)
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— (= D)l (b, q) + (= 1)1+, d))g(stS(Ed,, Foa)

_ (< 1)(bHael+aD (o(p, ) + e(c, a))g(sadS(Ecba Eaq)

We need £(i, @)(—1)(i+a(bL+1eD (1) GT+B e+l — (—1ylil(—1)(al+BD0el+a) | which
gives e(i,a) = (—1)l9. So, e(a,a) = £(b,a) = e(c,a) = (—1)19l. Letting
(i,7) = (=1)Vl gives e(b, j) = (—=1)V!, g(b,b) = (—=1)"!, £(b,d) = (—1)I. So,

ot b)Y i) S(Fu Byl By B

1<i#j<m+n

K ; K a ¢ i
=20 > (CDVIS(Buy, Bya) + J8ua(=) DN (n)S(Ey, By)

1<j<m+n 1<i<m+n

— S G (=)" + 8a(—1)*) S(Eup, Eva)
—(2(— )Ibl) 5bCS(Ecb, Eaq) — (_1)(|bl+la|)(lcl+la|)(2( 1)|a\) 5ad5(Ecb, E.q)
:Z(;bc Z (—D)Vls(E,,, Jd)+ 5 4(—1)UalF1oDlel+d]) Z (=D)IS(E., Ey)

1<j<m+n 1<i<m~+n

- g((—nlblabc (= 1)95,0) S (Bopy Eea)
_;(( 1)b1gy, + (—1)Pletlallbitlallds, ) S(E,y, Eag)

Note that if b= ¢, (—1)b = (—1)PF(EFedalHb) — (_1)blel+alel+Halls

Thus, continuing from (|5.2)),

[K(Eab),Q(Eea)|(m @ v)

t
:P([Eaby Ecd])<m & X) + 5(5bcEad + (_]-)(|a|+|b|)(|c|+‘d‘)5adEcb) (m & X)

_ ,i(_1)\allb|+|aHC\+|bHC\ (Z m® Eél’f)Eli?i) (X))

k#q
(Ohe +0aa) Y (=D)VHEHENIHD (B, By, [Eji, Bea))(m @ v)

1<i£j<m+n

(m _ n)(5bcEad + (_1)(Ia\+|b|)(|cl+ldl)5adEcb)(m ® X)

+
[N I TN e S »J;IR

—~
—~

— DS + (=1)916,4) S (Eqp, Eeg)(m @ v)
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K
+ 2 : (( )lbl(gb ( )lbl\c\+|a\|bl+la|\cl(5 )S(Ecb,Ead)(m®z)
:P([Eaby Ecd])(m ® K) + 5(5bcEad + (_1)(|a|+|b|)(|c|+\d\)5adEcb)(m ® z)

— p(—1)lalllallcl+ bl (Z m e E® g9 (X)>

k#q
(e +0aa) > (=)D S([Byy, By, [Bji, Bea))(m @ v)

1<i#j<m+n

(m — 1) (6peBaq + (_1)(Ia\+|b|)(lcl+ldl)5adEcb)(m V)
((_1>|b‘6bc + (_1)‘a|5ad)S(Eaba Eq)m®v)

((—1)bllctHalbllallel g, 4 (1) bileb+lallbi+lellds, ) §( . Bo)(m @ v)

K
4
K
4
Lk
4
Lk
2

t
:P([Eaby Ecd])<m ® X) + 5(5bcEad + (_1)(|a|+|b|)(|c|+‘d‘)5adEcb) (m ® X)

_ H(_1)\allb|+|aHC\+|bHC\ (Z m® Egl’)f)Eagl) (X))

k#q
(Ohe +0aa) Y (=D)IHERENIHD S By, By, [Eji, Bea))(m @ v)

1<i£j<m+n

(m — 1) (6peEag + (_1)(Ia\+|b|)(lcl+ldl)5adEcb)(m V)
((_1>|b‘5bc + (_1>‘a|5ad)S(Eaba Eq)(m®v)
(— 1)Ib\\c\+|allbl+|a|\c\S(Ecb’ E.)(m®v)

+ o+
M|3H>|§RH>|R n-lkl?t

Since a = d or b = c, S(EcbaEad) = B E.q + (_1)(ICIHbD(laIHdDEadEcb =
Echad + EadEcb- Then7

K
()P Bl By, Ey) (@ v)
K
_§< 1)Mllek+allblHallel (B, g 4 (—1) eI B By (m @ v)
m+n
K i
_5( 1) ellel+lallbl=+allc Z Eg(m® Ec(ld)(!))
i=1
K m-+n
+5(_1)|b||0|+|a|\b\+|a||0|( |a\+\d\ (lel+16]) ZE m®E( (v))
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m-+n

K cl+|a alle j i

:5(_1)|bll [+lallb]+|allc] Z me® E(EZ)EC(I/CI)(!)
7,7=1

m-+n

(_1)|b||0|+|a|\b\+|a||0|(_1)(|a\+\d\)(|0|+|bl) Z m® EL(LJ)ES))<X)

,j=1

5 ()l tlall el (Zm® Eﬁi’EﬁQ(z})

2 —
i#]

+/€
2

K cl+|a alle % j
+ E(_l)lbll [+lallbl+|allc] (Zm® Eéb)EC(LJd)(X))
i#
(= 1)lletlalb i § 6 BD B (v)
i#]

Thus, we get

[K(Eab)vQ(Ecd)](m ® !)
—P([Eop, Buod])(m @ v) + %(%Ead + (= 1)+ B (m @ v)

_ ,i(_1)\a||b|+|aHC\+|bHC\ (Z m e E{gl’)f)EL(li{l) (X))

k#q
((5bc + 5ad) Z (_1)|j|+(|b|+|i|)(|6|+\i|)S([EGZ” Eij]7 [Eji, Ecd])(m ®V)

1<i#j<m+n

(m _ n)<5bcEad + (_1)(Ia\+|b|)(lcl+ldl)5adECb)(m ® !)

_|_

+ (=DM + (=1)916,9) S (Eqp, Eeg)(m @ v)

K
4
K
4
K
4
K

+ B (Zq)elletialbitalel g (B, BLy) (m @ v)

5(
t
=P([Ew, E4))(m ®v) + 5(5bcEad + (_1)(|a|+|b|)(|c|+\d\)5adEcb)(m V)

_ ,i(_1)\allb|+|aHC\+|bHC\ (Z m® Eél’f)Eli?i) (X))

k#q
(Goe +0aa) Y (“)IHOHEINCETD S (B, By, (B, Eed]) (m @ v)

1<i#j<m+n

(m _ n)(5bcEad + (_1)(Ia\+|b|)(|cl+ldl)5adEcb)(m ® X)

+

[IEN TN B N IS

((—1)'1)‘51)0 + (—1)‘a|5ad)S(Eab, Ecd) (rn (9 X)

+
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+ ,{(_1)IbHC\+Iallbl+|aHCI Z m e Eél]))Ec(le) (v)
i#]
t
=P([Euwp, Eea)) (M @ v) + 5((Sl)cEad + (_1)(|a|+|b|)(|c|+\d\)5adEcb)(m ® V)

et baa) Y (LIS, By, (B, Bual)(m ® v)

1<i#j<m+n

(m — 1) (OpeEaq + <_1)(Ia\+|b|)(lcl+|d|)5adEcb)(m V)

e R S I T

+ (= )6 + (=1)16,4) S (Eap, Bug)(m @ v)

From the above computations, we derive that the following relation should hold
in Dy . (sly)n), although the element P([Eq, Eeq]) has not yet been defined.

[K<Eab)7Q(Ecd)] (53)
_P([Ea, Bud) + %(61)0 Byt (—1)ab+o0(eb4ldDg o )

(8ve + Oaa) Z (_1)|j|+(|b|+|i|)(|0|+\i|)5([Eab’ Eij]y [Eji7 Ecd])

1<i#j<m+n

(m — n)(0peEaq + (_1)(Ia\+|b|)(|cl+ldl)5adEcb)

Y
+ —

N SN I e

+ ((_]‘)|b‘5bc+ (_1>|a|5ad>S(EabaEcd)

The relation [F,u(u), Fye(v)] = [Faq(v), Fye(u)] from Proposition sug-

gests that we should compute the following difference:

[K(Eab)7Q(EbC)] - [Q(Ead)7 K(EdC)] (5~4)

=K (Eap), QUEpe)] + (=)D K (Ey), Qo) (5.5)
—P((Eup, Bul) + 5 Fus
+§ SO ()OO 5[, By, [Eyi, Bu)
1<i#j<m+n

(m —n)(Eac)

t

i 5((_1)<|d|+\c\>(|a|+\d\>Ecb)

>3 =R

(—1)|b‘S(Eab, Ey) + (_1)(\a|+\dl)(\cl+|d|) (P([Edc, E.J)) +
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N N () iD S ([ By, By, [Ej, Ead))

1<i#j<m+n

K C a
— Z(m — n)((_l)(ldlﬂ Dl |+|d|)Eca)

+ 7 (DIS(Eue, Eug))
:P([Ealn Ebc]) + (_1)(|a‘+‘d‘)(|6|+|d|)P([Edca Ead]) (56)

> =

After cancelling out coordinating terms, what is left belongs in U(sl,,,,).

Next, we consider a, b, ¢, d such that [Ey, Eeq = 0.

l
K(Ea),Q(Eea)] (m @ v) = <Z my, ® E{j ( ))
q
(= 1)(al+eDGelHAD Q( ( ma, ® EO(v >)
=1
l
=3 myze © EYED (v) — (1)) S gy, @ EDED (v)
k,q=1 k,q

l
k
= Y mym— zy,) @ By EY (v)
k,q=1,k#q
l
=—kK Z moy, ® E(SIZ)EC(Z) (v)
k,q=1,k#q
l
=—r Y moEy Bl ()
k q—l k#q
— (k) (@) (k) n(9)
k k
Z > me (-)EPEPEDED(v)
k,g=1,k#qe,f=1
l

=—r Y (~Dlme (~1)dt e 50 EY EO B (v)
k,q=1,k#q
l
=k S (D)leitlertalal ity g BB
k,q=1,k#q

— _ (1)l bl 5 B m @ v)
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Thus,
K(Ew), Q(Ee)|(m @ v) = —r(=1) el g By m o v).  (5.7)

From this, we can derive a relation in Dy (sl ).

Once Dy g(sly,n) is defined in terms of Eqp, K(Eqp), Q(Eqp), elements P(Eq)
of Dy g(sly,),) could be introduced using the relation (5.3). These z, P(z) for
2 € sl should generate a subalgebra of Dy g(sl,,,) isomorphic to Yy (sl,,,).
We would use the J-presentation of the Yangian as defined by Drinfeld [§],
with J(z) replaced by P(z).

Definition 5.1.1. The DDCA Dm(s[mm) is the algebra generated by sl,,, and
elements K(Eq), Q(Eqp) for a # b such that K(Eq), Eeq for all Eqp, Eeq € 8lyn
generate a subalgebra isomorphic to U(sky,[u]). Similarly, Q(Eq), Eeq for all
Eaw, Ecq € sly), generate a subalgebra isomorphic to U(sly,,[v]). Together,
these elements satisfy the relations

[K(Eab),Q(Ere)] = [Q(Eaa), K(Eiqe)] (5.8)

= £ (Baa Fa) = (m = 0)(Eo)

a (& K C a
+ (—1)lalHan \+|d\>(_z(m_n)((_1><\d|+\ Dllal+1d) £ )

(_

K j i i

PO ()M S (B, By, By B
1<i#j<m-+n

a c K j c|+i|)(|al+]|e
+ (—1)al+1dh( \Jrld\)Z Z (—1)lH(el+liD(al+ l)S([EdcaEij]a [Eji, Ead])

J
1<i#j<m+n

K K
‘I’Z(_l)IbIS(Eaba Eye) + (_1)(Ia|+\d\)(lcl+|dl)z(_1)IdIS(Ed67 Ead))
and for a, b, ¢,d such that [Ey, Feq) = 0,
K(Eq), Q(Ew)] = _,{(_1)\a||b|+|a\\c\+|b|\c\EadEcb. (5.9)

Theorem 5.1.2. Let M be a right module over the rational Cherednik algebra
He(S1)). Then M ®cis)] (Cm|”)®l is a left module over Dy (slyn), so we
have a functor SW : M — M ®cs, (Cm‘”)@)l. Moreover, SW provides an
equivalence between the category of right Hy .(S;)-modules and integrable left
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Dy (8l ) -modules of level I if m,n > 1.

Proof. Take m > [,n > 1. Let N be an integrable left-module over the DDCA
Dy 1 (8ly)n) of level I. By Schur-Weyl duality for S; and sl,,,p,, as seen in Chapter
4, N = M ®cs,) (C™™)®! where M is a right S;-module.

There exists a homomorphism U (sl,, @ Clu]) = Dy (8lypn) sending Eqp ®
u — K(Eg). Thus, N is also an integrable module over U (s, ® Clu]) of
level [. So, by the results of Chapter 4, N = M ®¢s,) (C™")®! where M is a
right module over Clzy, ...,z % S;. The analogous result holds replacing u
with v and instead sending Ey, @ v = Q(Eqp): N = M ®c¢g,) (C™™)2! where
M is a right module over Clyy, ..., 4] % S;.

Leti <jandset v=e® - -®e€_1Q0€,®€41Q-®e;_10e;RXe;11Q---Xey.
We denote by [v, r, s] the sum of signs |e,|+ |e 11|+ - -+ |es—1| + |es|. Set also:

U=6Q® - Qe 1Q0e1®en® - Qej1®ep®ei @ --®e (5.10)

W=e® ®0€6_10€120€41Q - Qej_1Q€e41®ei Qe (5.11)

Then, by the relation (5.7)) derived above, we know that

[K(Eps14), Q(Ersay)] = —r(=1)lHHistbe2ilielpy o B (5.12)

Take m € M. Apply both sides of (5.12)) to m ® v. This produces:

1
k i i k
Z m <yqu ® El(-i-)l,iEl(-(iI-)Q,j(X) - (_1>WH|H D(‘HQ'mekyq ® El(—?—)Z,jEl(—f—)l,i(K))
k,q=1

— I+1||2| 4|1+ ||l14+2]+]|||I+2
= p(— )RR 2y o B B (V)

=

m (g4 (— 1) (2D LG+ I Li 1)
— gy (= 1) DL (2D L1 ) (5.13)
_ _/i(_1)|l+1||i|+|l+1|\H-ZH-\Z‘\|l+2|+(|l+l|+|j|)[y,l,j—1]+(|i|+|l+2|)[z,1,i—l}m QW
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Note that

S— (_1)|l+1|\l+2\+|l+1\[X,i+1,j—1]+|l+2|[X,i-&-l,j—l]o_ij(1_1) (5'14)

Thus, (5.13) is equivalent to

m(y;z; — 2;y;) U = —km @ oy;(u) (5.15)
e m(yjr;, —zy;) @u = —rmo;; @ u (5.16)
& m(y;jx; — vy, + ko) @u =0 (5.17)

As the entries of u are distinct, by Lemma u generates (C™")®! as
a module over U(sly,,).

Here, we see why we keep the conservative assumptions that m > [,n >
[,1 > 2. This implies that any partition of [ is an (m,n)-hook partition. Thus
(5.17) implies that m(y;z; — z;y; + ko;;) = 0. We conclude that M is a right

module over

C<ay,oo,x,yn, .oy > XS/ (T — 200, iy — Y, YiTi — TiY; + KOij).
(5.18)
The other relations of the rational Cherednik algebra can be produced simi-
larly. O

For instance, we can reproduce the relation [yx,xx] = t + /4:22211 oir +

! .
K ;g1 Ojk- To do this, we compute

[K(Eern,l)a Q(El,ernfl)] - [K(El,ernfl)a Q<Em+n,1)]

on m ® v where

V=eQe® Qe Qenin-1Qe€12& & e€41.

[K(Em+n,1)=Q(E1,m+n—l)] (519)
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t
:P([Em-‘rn,ly El,m+n—1]) + EEm+n7m+n_1

K . .
+1 > (—D)IS(Egnn, Eijl, [Ejiy Bt nan—1])

1<i#j<m-+n
K
- Z(m - n)Em+n,m+n—1
K
+ ZS(Em—i-n,lu El,m—l—n—l)
t K
:P(Em—l-n,m—l—n—l) + 5 - Z(m - n) Em+n,m+n—1
K Tp
+ 1 Z (=) S((Ein, Bl [Bjiy Etmgn—1))
1<i#j<m-+n

K
+ ZS(Em—i-n,lu El,m—i—n—l)

[K(El,m+n—1)aQ(Em+n,1)] (520)

t
:P<[E17m+"*1’ Em+n,1]) + 5((_1)Em+n,m+nfl)

K . i
+5 D COYEESE, by By, (B, Earena))

1<i#j<m+n

_ g(m — n)((—l)Em+n,m+nfl>

K
+ ZS(El,m—i-n—l; Em—i—n,l)
t kK

=P(Epinmin-t) — (5 =4 (m— n)) (Erm-4nmtn-1)

> (—DYIS((Bymin-1, Eijl, [Ejiy Bmina))

1<i#j<m+n

S(Eern,la El,ernfl)

N SN S

Taking the difference ((5.19))-(5.20]) produces

[K(Em+n,1)> Q(El,mﬂzfl)} - [K<El,m+nfl)> Q<Em+n,1)] (5'21)
= (t - g(m - n)) Ermtnmin—1

K R
+ 5 Z (_1>|j|+|2|s([Em+n,l7 E’LJ]J [ 71 El,m+n71])

1<i£j<m+n
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K
+ ES(Em-l—n,l» El,m+n—1)

After applying the left-hand side of (5.21]) to m ® v, we have

l
Z <yq$k ® Er(n—)l—n 1E§qr)n+n 1( ) + LkYq ® E£ T)TZ+7’L lEgzc—)l-n 1( ))
k,g=1
l
- Z <yl]$k ® Ef Tz’b-‘rn lEr(gl-n 1( ) + xkyq ® E( ln 1E£k77)1+n 1(V)>
k,q:l
l

k) k
- Z myqx ® E7(n+n 1E§qr)n+n 1 Z mmkyq ® E’r(nzrn 1E£ T)rH—n 1( )
k,q=1 k,g=1

=my;r; ¥ U — r;y; QU

=m(y;x; — x;y;) @ u (5.22)

Here, u is v with e,,,_1 in ith position replaced by e,,1.

We next apply the right-hand side of ((5.21]) to m ® v.

(t= 5(m =) Ensngnin-a ()

_|_g Z (=) S (B, Bl (i Erman—1])(¥)

1<k#j<m+n

K
+ §S(Em+n71, El,ernfl) (X)

(i)

+= Y (CDIS(Eing, Bjmen)(v)

KR

2
1#£5<m+n

K

+ §S(Em+n71, El,ernfl) (X)

_ (t _ g(m _ n)) u (5.23)

m+n

+ = Z ‘J|S m+n]; Ej,m+n71)(z)
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j=1
m+n 1
= Z \J\ m+n JE](qn)lJrn 1( ) + E(m+n 1E7(7§zrnvj (X))
Jj=1 k,q=1
m+n m+n (k) ( )
(k
j:1 Jj=2 k?fq
m+n
=(m w+2) Y (OVEL B ()
J=2 k#q

Thus, from (5.22)) and ((5.23) we deduce

m(y;x; — TY;) ® U (5.24)
— (t— g(m—n) + g(m—n)) (m ® u) +H;m®aki(g)
=m (t + mz 0;%) ®u (5.25)
ki

From this, we can apply Lemma to conclude that

m(y;x; — x;y;) = <t + K Z 0m> . (5.26)

Together, with the previous calculations in the proof of this main theorem, we

conclude that M is a right module over the rational Cherednik algebra.

5.2 On type Q

We expect to be able to produce an analogous deformed double current algebra

for the type Q setting. We know the types of elements that should generate
D,(q,) as well as that it should contain both U(q%[u]) and U(qn[v]). An

alternative approach would be to use the Steinberg Lie superalgebra defined

in Section 3.2. This strategy would be to modify the Steinberg’s relations to
define the DDCA in such a way that when the parameters for the DDCA are
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set to 0, we obtain the relations for st,(A). The most complicated of these

relations is

[ﬁab(u)a ﬁbC(Uﬂ = [ﬁad(v)v ﬁd6<u)]
When determining how to modify this, one must look at the difference [Fyp(u), Fye(v)]—
[Froq(v), Fyo(u)] with the knowledge that it should lie in U(g,,). This uses that
[Fop(1), Fre(v)] should equal the sum of P(E,.) and an element of U(q,). Sim-
ilarly, we expect that [Fua(v), Fae(u)] is the sum of P(E,.) and something in
U(qy), so the difference of the two brackets should yield some element of U(q,).
We also expect to have Y(q,) C D(q,), but this remains to be shown.
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Chapter 6

Schur-Weyl Duality for Affine

Yangians

In this chapter, we establish an equivalence of categories between right modules
over the degenerate double affine Hecke algebra H,, .(S;) and left modules over
the affine super Yangian. This is a result Drinfeld has produced for the J
presentation [§], Arakawa for the RTT presentation [IJ, and is now introduced

here for the current presentation in the affine case.

6.1 Schur-Weyl Duality in the context of the

current presentation

Let M be a right module over H, .(S;). We would like to define the action
of the current operators X,jfr, Hy,,1<kE<m+n-—1,r=0,1 on the space
M ®c(s; C(m|n)®.

Recall the notation ;; = (i i+1---j—17)fori < j, 5, = (i i—1---j+1 j)
fori>j . lfv=e, ® - ®e;, with i; <1y <--- <7, denote by jj the index
at which e, first appears. Denote by ji, the index at which the last e;, appears.
We denote

Vi =€ @ ® e @ e Qepp1 @ X e (6.1)
.;k jk+1
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meaning that the first e, has its index reduced to e;. Conversely,

+

Vi=6€,® @ e Qepi1®eps1 ey Q- Qe 6.2

Tk (21 - + + + 1 ( )
Je—1 Ik Jk+1

sees the last e; incremented to ey .

The current generators of the Yangian Y (sl,,,) act on M ®cs, C(m|n)®

as follows:
ki ‘
XI::O(m ®vV)=m Z (_1)|k+1‘(d—]k+1)6d7jk+l X Vi, (6.3)
d=jk+1
Jk .
Xpom@y) = (=1)fm | } (-)"097,; Jov,.  (64)
d=j
jk+1 ) )\
Xiamey) =m (3 (), ( — (=D (m k))
d=jk11

Nia(mey) = (=)¥m | 300, ) (= s - )

d=j

. 2
d=jk
(6.7)
k41 2
A AH,
— (=1)F+tm ; <xe — 5(—1)"““'(771 —k— 1)) ®V + 2k’0m Qv
€=Jk+1

where Hj, ¢ acts on m®yv using the natural action on v. We observe similarities

with the established actions of the loop Yangian, in the sl, case, in its Schur-
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Weyl duality with the trigonometric Cherednik algebra [[4]. Below, we find
that A = —k.

Note that it is enough to define these formulas only for nondecreasing v;
otherwise, one could apply permutations to allow for decreasing indices and
these permutations can be moved as needed around the tensor product. Sup-
pose we have such a nondecreasing u where there exists ¢ and nondecreasing

Vv giving

X (m@u) =X/ (m®ov)
=X (mo®v)

It is possible that o is not unique and we see u = 01(v) = 05(v), 01 # 09.
For instance, say u = ¢ ® e3 ® €1, Vv = €1 ® €1 ® e3. Then, we could have
or = (23) and 0y = (1 2)0;.

Take u = e;, ® --- ® e;, with ji,...,j; not necessarily nondecreasing and
u = ov with v nondecreasing as previously defined. Then, we set Hy;(m ®
u) = Hyy(mo ®v) and X5 (m ®u) = X5 (mo ® v). We have to show this
does not depend on the choice of o.

If 01(v) = 02(v), then o1 = 0903 where o3(v) = v. As well,

Hpi(moy ® v) = Hy (mogos @ v)
=Hj(moy ® o3v)

=Hj1(moy @ v)

This uses that o3 must commute with all x, if it is in the stabilizer of

v. Specifically, 03< zk:jk xd> = ( zl’;jk xd> o3. Say o3 = (a a + 1) with

je < a < j,— 1. Then 03(Tq + Tar1) = (¥4 + Tq11)03. The same works with

X;5. Next, it remains to verify that the formulas (6.5)), , and (6.7)) define

an action of the super Yangian.

Proof. The main relation to check for 1 <k <m+n—2is

[X/fp X1§;t+1,0](m ® X)_[lefo’ Xl§:t+1,1] (m®v)
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A
— :F(—l)\k+1\§{X,ij,X,;t+170}(m®X). (6.8)

Let v, 4o be obtained from v by replacing the first €11 by ex and the first

ext2 by ery1. (Here, as before, v =¢;, ®e;, ®---®e;, with i1 <igy < -+ <iiy.)

[Xij,u X,j+170](m ®Vv) — [le,m Xl;:lﬂ(m ® V)

Jk+2

:Xl::1 m Z <—1)|k+2|(d_jk+2)5d,jk+2 ® Xjk_+2
d:jk+2
+ — |[k+1|(d—jg+1)= |k+1| A
~ X, |m Z (—1) WG e | (2, — (1) §(m —k)|® Vi
d:jk+1
3k+2
TR A
- XZO m Z (_1)|k+2|(d ]Hg)ad,jkw (‘TijrQ - (_1)‘k+2‘§(m — k- 1)) ® Xjk_m
d:jk+2
3k+1
4 Xl:r—&-l,l m Z (_1)|k+1\(dfjk+1)5d7jk+l ® lec_+1
d=jr+1
Jr42
=m Z (_1)|k+2|(d*jk+2)5d,jk+2
d=jr 2
Jet1+1
Z (_1>|k+1|(€*3k+1)gejjk+1
€=Jk+1
|[k+1| A —
Ljpsr — (=1) 5(7” — k)| ® Vi1 k42
jk-‘—l A
—m Z (_1)|k+1|(dﬂk+l)6d,jk+1 (xijrl - <_1)|k+1‘§(m - k))
d=jr+1
Jr42
Z (_1)\k+2\(6*]k+2)567jk+2 ® Vi1 hio
€=Ji+2
Jht2 A
—m Z (_1)|k+2|(dﬁk+2)ad,jk+2 (mjkw - <_1)|k+2‘§(m — k- 1))
d=jr+2
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Je+1+1
E _\ket1(e=dk+1)= -
( 1) Oe,jhtr ® Xk+1,k+2

e=jk+1
3k+1 jk+2
§ _ 1\ E+HL(d=dkr1) =, _1\kF2l(e—drt2) = .
+m ( 1) Od,jit1 ( 1) Oe,jita
d=jk+1 e=jri2

A _
e ) L

Jk+2

— § _ 1\ E+2l(d—jrr2)=
=m ( 1) Od,jita
d:jk+2
5k+1
_ 1\ e Grr2—drt1) = . ) NIk (e—Jkt1)= .
( 1) O-Jk+27]k+1 + ( 1) 06,]k+1
e=Jr+1
x; —(—1)‘k+1‘é(m—k) ® Vv,
Jk+1 D) —k+1,k+2
Jr+1 Jr+2
_ § _ 1\ E+L(@=Jkr1) =, _1\k+2l(e—drt2) = .
m ( 1) N ( 1) Oe,jita
d=jr4+1 e=jk+2

A _
(xjk+1 - (_1)‘“1‘5(7” - k’)) Q Vi1 kto

Jk+2

- m Z (_1)|k+2|(d_jk+2)6d,jk+2 (xjk+2 _ (_1)|k+2%(m — k= 1))
d=Jr+2
Tht1
(_]‘)|k+1|(jk+2_jk+1)ajk+27jk+1 + Z <_1)|k+1‘(6_jk+)66,jk+1 ® Vi1 pso
€=Jk+1
Tkt Tkt
+m Z <_1)|k+2‘(6_jk+2)66,jk+2 Z (_1)|k+1|(d_jk+1)6d,jk+1
€e=Jk+2 d=Jk+41
(xjk+2 — (_1)k+2%(m — k- 1)> @ Vi1 2
3k+2
—-m Z (_1)|k+2|(d_jk+2)5d,jk+2 (_1)|k+1|(jk+2_jk+l)6jk+27jk+l
d=jrt2

A _
('rjk-&-l - (_1)‘“1‘5(7” - k)) Q Vi1 kt2
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jk+2 jk+1

+m Z (_1)|k+2|(d_jk+2)5d,jk+2 Z (_1)\k+1\(6—jk+1)56’jk+1

d=ji42 e=Jrt1

A _
(xjk+1 - (_1)‘“1‘5(7” - k’)) Q Vyi1kto

Jk+1 Jkt2

—m Z (_1)|k+1|(d_jk+l)6d,jk+1 Z <_1)|k+2‘(6_jk+2)66,jk+2

d=jk+1 e=Jk+2

A _
(xjk+1 - (_1)‘“1‘5(7” - k)) Q Vi1 kto

Jk+2

A A
—m Z (_1)|k+2|(d_]k+2)6d,jk+2 (xjk+2 _ (_1)|k+2\§(m —k— 1))
d=jk+t2
(_1)|k+1|(jk+2_jk+l)5jk+27jk+1 & !I;+1,k+2
Jr+2 ' A
- Z (_1)|k+2|(d_3k+2)5d,jk+2 (mjmz - (_1)|k+2‘§(m — k- 1))
d=jk 42
k1
Z (_1)‘k+1‘(6_]k+1)56,jk+1 ®Xl;+1,k+2
€=Jk+1
Jrt2 k41
+m Z (—1)|k+2‘(e_jk+2)5e,jk+2 Z (_1)|k+1|(d—]k+1)6d7jk+1
e=jrt2 d=jk+1
A _
(mjk-m - (_1)‘“2‘5(7” —k— 1)) @ Vi1 kg2
Jr+2
=m Z (_1)|k+2|(d_jk+2)6d,jk+2 <_1)|k+1|(jk+2_jk+l)5jk+27jk+1
d=jk 42
o] A -
Ljpyr — (=1) §(m — k)| ® Vi1 k+2
Jr42
- m Z (_1>|k+2|(d—jk+2)5djk+2
d=jk42

A o irt)— -
(%HQ — (—1)"“*2‘5(771 k- 1)) (_1)\k+1|(3k+2 Jk+1)o—jk+27jk+l ® Vi1 kto
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Jkt2
—m Z ( 1)|k+2|(d ]k+2)o-d’ ieen (_1)|k+1|(jk+2—jk+l)

d=j42

(O-jk+27jk+lxjk+1 - xjk+20-jk+27jk+1) ® Vk+1 k+2

A\ Jht2
— (_1)|k+1|§<m — k)m Z (—1)k+2Id= ]k+2)0-d7 iben
d=jr+2

[k+1|(Jrtr2—dk+1) =
( 1) U]k+27]k+1 & Vk+1 k+2

Jk+2
+ (—1)|k+2|%(m—k— 1)m Z 1)) "
d=Jjk+12
k
(— 1)' ks jk+l)g]k+27]k+1 O Vi1 k42
3k+2
=m Z ( 1)|k+2|(d Jk+2)ad (_1)|k+1|
d=jr+2
Jk+2
R Z <_1)|k+1l(jk+27f)6jk+zyf( 1)‘k+1‘(f . ]Hl)af Liks1 | © Yey1 e
S=Jk+1+1
A 5k+2
_ (_1)Ik+1|§m Z (— 1)Ik+2\(d Jk+2)0-d7 e | (= 1)\k+1l(1k+2 Jk+1)0—]k+zjk+l ® Vii1his
d=jk12
jk+2
_(_1)|k+1|/§m Z ( 1)|k’+2|(d Jk+2) G
- Od,jky2
d=Jk+2
Jk+2
Z ( 1)|k+1|(]k+2 N& ,f( 1)|k+1|(f 1- ]k+1)0—f ik ®Vk+1k+2
f=Jk+1+1
Jkt2
(c1)E R S (1)
2 hik+2
d=jr42

[k4+1](jr+2—Tk+1) 7=
( 1) O—]k+273k+1 ® Vk+1 k+2

This applies Lemma [2.5.2]
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51@-&-2

(=) gm Z (-1) |k+2|(d*jk+2)5d7jk+2

d=jk+2
k42
k j —f)= k+1 1— -
Z (_1)| +1|(Jr42 f)ajk+2,f< 1)| +1(f- Jk+1)af Liers | ® Yiiiso
f=Jk1+1
)\ 3k+2
k+1 k+2|(d—
_(_1)| +|§m Z( 1)\ I( Jk+2)o-d7jk+2
d=Jjk12

|E+1(Grt2—dkr1)=
( 1) O-Jk+27]k+l ® Vk+1 k+2

. A
=(—1 |k+1l’f Z m ® Ek+1 k+2El(c,k+1<X) - (—1)|k+1|§m ® By gr2(V)
d#e

=— (-FHIZ (2 Z ® El(c(—jl—)l k+2El(ceI)c+l( )+ m® Eppia(v )>
d#e

A
— (—1)|k+1l§ {XZWX:H,o} (m®v)

If we set k = — ),
jk+2 Jr+1
+ o . Yol N . —
Xk,o m E , Od,ji2 ®!j;+2 + Xpt10 | m E : Td,jit1 ®X]k+1
d=jr+2 d=jr+1
Jh42 Jr41+1
=m E , Od,js2 § : Oe,jrsr ®Xk:+1,k+2
d=Jjk12 e=jr+1
jk-l—l §k+2
+m E , Od,jit1 E : Oe,jiya ®Xk+1,k+2
d=jk11 e=jk+2
5k+2
=m E , Odjro | Ojrranir & Vit1k+2
d=jry2
Jrt1 Jrt2
+ 2m : : O-dvijrl : : O-e7jk+2 ® Xk+1,k+2
d=jr41 e=Jki2
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B i1 By, k+2<m R V) + Epp1pr2Erpr1(m @ v)

= Eprs1 Zm ® Ek+)1 2 (V) + Epgpgo Zm ® Ek 1)g+1( )

d=1 e=1
(d) d) (e
= Z m @ Ek k+1Ek+1 pi2(V Z m @ El(chl k+2Ek,I)c+1(X)
e,d=1 e,d=1
d) d)
= Z m ® Ek 12+2 )+ Z m & Ek l)s+1Elg+1 ppa(¥) + Z m Engrl k+2El(f l)c+1(v)
d=1 e#£d e#d

e d
_Zm®EkZ+2 +22m®Ekli+lEl(c+)lk+2( )
d=1 e#£d

Similarly, using the analogous elements and for the other values of k, we can
show that [Xk_,p Xk_+1,0] (mev)—[X; 0 Xk+1 J(mev) = /\{Xk 0 Xk_+1 o} (m®

v).

[Xl;17XI;+1,0Km ®Vv)— [Xk: 0° XI;+1 J(mev)
:X1;1X1;+1,0(m ®V) — Xk+1,oXk,1(m ® V)
— X o X (mev) + X X (mev)

Tht1
:Xk,l m Z Ud]k-H lej+1
—Jk+1
X, A k
— Xit10 E 045, x]k—§( —m) QY+
d=j
3k+1 )\
— ka m E T (x;kH — 5(/@ +1-— m)) X V]k++1
d=jk+1

d=j
]k+1 /\
. - o +
—m Z ZadJIH—I Te.jr (xjk 2(/@’ m)) ®Xk,k+1
d=jr11 €=Jk
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i Jk+1

A _
—m Z Z Te.ji (xjk B §(k B m>) O djs1 ® Xl—:,k—&-l

e=jk d=jj

Ikt Jk A\
—m Z Z Edvjk—o—l ('rikﬂ B §(k +1 - m>> ® Vk k41

d=jk+1 €=Jk
Je Jr+ A\
Jr
+m Z Z Oe e.dk d7jk+1 (x]k+1 2 <k +1 m) ® Xk,k-H
€= ]k: d_]k
Jk+1 )\
+
o = — A\
=m Z Z d7]k+1 e.Jk (x]k 2(1{3 m)) ®—k,k+1
d=ji+1 €=Jk
Jr41
E — k ) + E ® v
—m 06 g \ T — 5( -m T3, Jkt1 7]k+1 —k,k+1
e=Jk d=Jk+1
Jk+1 )\
= _ +
—m Z Z T d,jrr1 (x5k+1 o §(k +1- m)) Tejr ®Xk,k+1
d= =Jk+1 €= Jk
Jr+1 \
E T g G,z - —(k+1-m))®@v;
+m O, egr | Pisni + 945111 <xjk+l 2( + ) —k,k+1
e=jk d=jr4+1
]k+1 /\
+
n 3 Y (xjk - 50 m>)
d=jr11 €=Jk
O +
—m Z Tejr \ Ti Okdrt —k,k+1
€=Jjk
Jk+1
Jr
—m 2 : e (mjk o ) d,jk+1 ® Vi k+1
e=Jk d=jk11
Jk+1 )\
= _ +
—m Z Z 94,5511 ($3k+1 - §(k +1- m>> O jr ®Xk,k+1
d=jk 11 €=Jk
T3 —é(k+1—m) ® v
+m Z Te.5x Tk Tkt Jk+1 9 Yk k41
e=Jk
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Jk+1

_ A
30 3 ) (- e 1-m) ovi

e=Jk d=jk+1

A _
=—-m Z Tej Jk (ZE~ - _<k - m)> 0-51@ Jk41 ® XZ_JC-H

e=jk

A
- +
+m Z R A A T (xjk+1 - E(k: +1 - m)) ® Ykt

e=jk

_ = . N +
=—m z :Ue Jk ( 5,95 Tkt O-jkyjk+lxjk+1) ®Kk,k+1

e=jk

)\
- . - +
2 k m m Z 95k Jk+1 —k,k+1

e=jk
A
- _ +
2 (k +1 Z 9519 jrini ® Vi k+1
e=Ji
Jrt1
_ = = +
= E :U eje | ¥ E . Tplaf-1 ® Vi k1
e=Jjk f_3k+l
_ - +
m Z 9e,5x Tk Tkt 1 —k,k+1

e=jk

For 1 < k < m+n, define the operators Dy, and Dy on M ®cs,) (C(m|n))®*
by

Dpim®v) = Z m (iL‘e - (—1)|k+1%(m —k+ (—1)6"’””)) ®v  (6.9)
and i
Dratmey) =3 m (5~ (-D¥5m-0)ov. (610

e=Jjk

We compute [Dy, X, o](m ® v) and [X,/, Dy41](m @ v) to use when defining
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a new operator Hy; and producing its relations.

(D1, le,o](m ® V)

ki1
:Dk,l Z (_1)‘k+1‘(d_jk+l)m5d7jk+1 ®Xj1:+1
d=Jjk+1
Jk
A(m —k
~ X5 [ Ym (a; - <—1>"f'%) QY
e=Jk
3k+1 Jkt1
. A
Z Z |k+1|(d_]k+1)m6d,jk+1 (xe _ (_1)|k‘+1|§(m — k + <—1)5ﬁm)) ® Xj];+1
d=jr+1 €=Jk
jk ]k+1
A
-3 3 oo (o, = R R ), 0
e=Jk d=jg+1
]k+l
' A
Z Z |k+1|(d—gk+1)m5d7jk+l (l'e _ (_1)|k+1|§(m —k+ (—1)5nm)) ®Xjk_+1
d=Jk+1 e=Jk
Jk+1
A _
_ Z Z \k+1| (d— ]k+1)m (l'e — (—1)|k+1‘§(m —k+ (_1)6Nm)) 9d,jr11 ®Xj1:+1
d=jr4+1 €=Jk
Jkt1
B A
n Z \k+1\ (d— ]k+1)m0-d7jk+1 (Iij _ (_1)|k+1|§(m —k+ (—1)5~m)) ®Kjk*+l
—]k+1
Jk+1
Z Z |k+1|(d*j’°“)m(5d,jk+1xe — xead,ij) ® A
d=jrt1 €=Jk
Jht1
B A
n Z \k+1\ (d— ]k“)mUd,jHl (xijrl — (—1)|k+1|§(m —k+ (—1)5nm)) ®Xjkjrl
d=Jjk11
k41

s _ A
= Z (_1)‘k+1|(d jk+1)m0-d7jk+1 (Ijk-&-l - (_1)|k+1|§(m —k+ <_1)6mn))) ®Kj;;+1

d=Jk+1

[le,o’ﬁkﬂ](m ®V)
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Jk+1 o
=X, Z m(xe—(—l)lkﬂlw) ®v
€=Jk+1
Jht1
_ ﬁk—f—l Z (_1)‘k+1‘(d_jk+1)m5d,jk+1 ® lec_+1
d=jk41
]ki Mi |k+1|(d Jr+1) ( To — (_1)|k+l|w) Tdjpin ®Xjk+1
d=jr+1 €=Jk+1
Jkt1 kg1

2: E: k+1djk1)—4

d=jk+1 e=Jr1+1

(xe - (—U'kHM) Vv,

jk+1 jk+1
Z Z |I<:+1|(d ]k+1)m$66d’jk+1 ® V-
d=jr41 e=Jr+1+1
. pr A= E = DN ki, gy
+ Z m (‘Tjk-u - <_1) 9 ( ) djrtr @ Vg
d=Jr+1

Jr41 Jk+1

E+1[(d=Jr41) s .
E § \ I( maogj, ., Te & Xjk+1

d=jri1 €= Jk+1+1

Jk+1

_ (_1)|k+1lw Z (_1)|k+1‘(d*jk+1)m6d,jk+l ®V,-
d=Jk+1
k41
+ Z (_1)|k+1|(d—jk+1)mxd5d7jk+l ®XJ';Z+1
d=jk+1
]k+1
+ Z Z |k+1|(d_jk+l)ml‘66d7jk+1 ®Xj;+1
d=Ji+1 €=Jr+1
3k+1 5k+1
+ Z Z |k+1| (d— Jk+1)m‘r65d,jk+1 ®Xjk_+1
d=jr41 e=d+1
ijrl ;k+1
Z Z \k+l|(d ]Hl)mad,jkﬂme ® Vi

d=jk+1 e=Jr1+1
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1) )\(m N k) Jk+1

—(=1) Z (_1)|k+1|(d_jk+1)m6d,jk+1 RV._

2 _jk+1
d:jk+1
jk-‘—l
+ E |k+1| (d=Jk+1)
d=jk1+1
d
Od,jrp1 e — R E . T T L OV,
f=Jrks1+1
ch+1
E E |k+1|d Je+1) = = = .
+ m (Jddkﬂxe-i—l + Hgd7e+1gedk+1) ® Xjkjrl
d=jk+1 €=Jk+1
Je41 Tt
§ E |k+1|d T+ D) e,
+ MO g jy Te & Xj];H
d=ji41 e=d+1
3k+1 ‘}k-‘rl
\k+1|d Jk+1) 7,
-2 > MO, Te @V

d=jr41 €=Jr+1+1

This applied Lemma [2.5.2] After simplifying further, we get

k41
A(m —k—1) ,
(e AN ) _ 1\ EFLUE@=Tk 1)y,
( 1) 9 ( 1) mog,;j, ®Kj;+l
d=Jjk+1
3k+1
§ |k+1\d et D)=, .
+ MO G,y 11 L ®Xjk_+1
d=jr+1
Jk+1

|k+1| Z Z |k+1|(d f) Gas

d=jry1 f=jrs1+1

k+1 1
( 1)' [(f— ]k+1)0'f 1,Jk+1 & Xj;+1

Jk+1

+ ( |k+1| Z Z |k+1|(d e— UUd -

d=jk+1 €=Jk+1

_1\E+1(e—dkt1)m
( 1) O-evjk+1 ®!j1;+1

1

Jk+1 d

)+
D DD PN M4y, Te ® Y

d=jr+1 e=Jrt+1+1
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Jht1 Tkt

\k+1| (d—JKk+1)
DD IIC T, e © V5
d=jk4+1 e=d+1

5k+1 3k+1

_ E ( E : |k+1|d I ma -
mad,]k+1xe ® Xj};rl

d=jr4+1 €=Jr+1+1

3k+l
B Alm—k—1
_ Z 1)k ]k+l)m0d,jk+1 (xjk+1 - (_1)|k+1|¥) R

d=Jk+1

Set Hyy(m®v) = (—1)*Dy(m @ v) — (—1)**D; 1y (m @ v). Then, as

operators on M ®@cs,) (C(m|n))®*, the following relations are satisfied:

[Hy1, Xibol = (D)™ + (=D)F X, (6.11)
[Hk lek 10] _(_1)“16‘)(1:r 1,1» (6~12)
[Hkak—f—lO] _( 1)‘k+1‘X1j+11 (6'13)

Similar relations hold when X ,j o is replaced by X .
Note that X,;E, is an odd generator only when k =m for 1 <k <m-+n—1.

Thus, the sign (—1)%m becomes necessary to compensate in computations such

as the following defining relation.

(—D)HXH, Xplm e v) = X mZ DHO=DG - @ v

d=ji

Jrt1
_ (_1)5kak—0 m Z (_1)|k+1|(€*3k+1)567jk+1

€=Jk+1

A(m — k)
k+1
(xijrl - (_1)| * |T) ®Xj;:+1>
Fe Jr )
— Z Z |k| Jr— d 1)\k+1|(efjk)m§djk

d=ji e=j

N CREEECECY) P
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3k+1 Jk+1

— 5km Z Z \k+1|6 Jk+1)( 1)|k|(jk+1—d)

e=Jr+1 d=Ji
A(m — k)

= (e AT M ) =
M0e j, 11 (‘r.]kJrl ( 1) 9 Od,j41 v

jk ]k+1 _

_ |k\ Jk— d [E+1l(e=Jk) s - . .

Z Z 1> mo_d,jk (06 Jk (:C]k)> ¥V
d=j e—jk—l—l

\k\ jk—d)
+ E rnad]kx KXV
d=j

Je Jktr
_ E E |k| Je— d [k+1|(e—jk)

d=jk e= Jk

- oz

Jkt1 Jk+1

— 5km Z Z |’€+1|e Jk+1)( 1)\k\(jk+1—d)

e=jk+1+1 d=ji

MOe .y (xjk+1) O0d,j41 XV

Jk+1

- (_1)6km Z(_1)Ikl(]k+1_d)mxjk+16d,jk+1 XV
d=ji
Jht1 Jrt1

1)5km Z Z(_1)|k+1|(€—jk+1)(_1)|k|(Jk+1—d)mO-€]k_H

e=Jk+1 d=Jk
A(m — k)

(( 1)k+lT> Udu]k+1 v

ik Jk i

- Z Z 1)lklGre=d) (—D)EeImg, - 7 - 2 @ v

d=jk e=jj+1

k: d
d=ji

]k+1 ]k+1

— 5km Z Z |k+1|€ Jk+1)( 1)|k|(jk+1*d)

e=jr+1+1 d=ji

MOe j 14 (xij) Od,j41 Qv
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Jk+1

_ (_1)5km Z(_1)|k|(jk+1_d)mxjk+16d7jk+1 Qv

d=j
g Jear i
_ Z Z |k\ Jr— d 1>|k+1|(€—jk)
d=jr e=jr+1
Am —k
mo, s, (Uejk ((‘U'kﬂl%)) KV
Jk+1
5km Z Z |k+1|(€*jk+1)(_1)|k|(jk+1*d)
e=jr+1 d=Ji

_ A(m — k)
mo, ,, (( 1)|k+1|T> iy @V

— Z 1)l Jr—d) mad’jk(_l)lkﬂ\w RV

2
d=j
ki1
: A(m —k
+(_1)5km Z (_1)‘k+1|(e_]k+l)m56,jk+1(_1)|k+1| ( 5 )®!
€=Jk+1

(D)D) s — ) — )

Tk Jk+1

\k‘\ Jr— d) lk+1(e=Jk) = ~ & - e
+ Z Z 1) maog 5 0e5, TG, ®¥v
d=jk e= ]k—i—l
k d)
+ E | |(Gk— mao 05,75, Qv
d=j

Jk+1 Jk+1

— 5km Z Z |k+1\6 Jk+1)( 1)\k\(jk+rd)

e=jr+1+1 d=ji

mM0e j 1y (xjk+1) Od,j41 v
Jk+1

_ (_1)6km Z(_1)|k|(jk+1fd)m$jk+15d7jk+l RV
d=jk

—(D)E( D) lr — 1) 5 (m — b)

131



gk Jktr

£33 (G ke,

d=Jk e=jp+1

e
LD TR Y Tl | ©V
J=jK+1
|k|(Jk d) .
+ Z ‘mg,;, 75, © v
d=j
Tkl Jeg1
_ 5km § E |k+1\ e Jk+1)( 1)‘k‘(jk+1*d)
e=jr+1+1 d=ji

e

m ( z.0cj,, +K E 0ej0j~1je1 | Odgris @ X

=ikt
Jk+1
_ (_1)6km Z(_1)|k|(]k+l_d)mxjk+16d7jk+l RV
d=jk
A
(D)Ll — )2~ B)
gk Jee
+ Z Z \k\ Jr— d 1)|k+1|(e_]k)m0-d75k
d=jk e=j,+1

:L’eO'ejk + R § : Oej0 -1k Qv
J=jK+1
|k|(2k d) e
+ Z ma a5k iy Qv
d=j
3k+1 Jk+1
_ 5km E § |k+1\ e Jk+1)( 1)\k\(jk+1*d)
e=jr+1+1 d=ji

e

m | TeOejyyq + K E , OejOi—1jks1 | Odrs Qv

J=Jk+1+1
Jk+1
O E k| (jk+1—d) L F
- (_1) " <_1) My 10d,5511 ®v
d=j
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(DD s = )5 (m — b)
Gk e
+Z Z 1)kl Gi—d)( (- Wmes, 57,5 @V

d=j e= ]k—‘,—l

]k Jk+1

S S P ) 7,
Jr el J Jk

d=jk e=jr+1 j=jr+1

Jk
+Z 1) HlGi—d) - 5 =
d=jk j=d+1

]k+1 Jk+1

. 6k:m |]€+1‘ e— j
E E Jk+1) |k (Jrt+1—d) = =
( 1) MTe0e,j,110d,5511 Qv
e=jr+1+1 d=ji

Jk+1 Jk+1

_ 5km,€ Z Z Z |k+1|e Jk+1)( 1)\k\(jk+1—d)

e=Jr+1+1 d=jx j=Jk+1+1

MO 01,5y Odji OV

Jk+1
— (__1\%m k|(Gra1— —
( 1) k Z(_1)| [(Jr+1 d)mxjkﬂad,jkﬂ RV
d=j
_ k A
= (=)= by = 1) 5 (m — K)
Jk 5k+1
n 1) WlGe=d) (_ 1)kt my 7 -
e= ]k—i—l
]k Jk+1

+ KZ Z Z |k\ Jk— d 1)\k+1|(€*3k)

d=jk e=jp+1 j=jr+1
mUdije] Jj— 1]k®v

Jk

4 E |k|(Jk Dm = . _ = =
Ld0qj, — R 0d,j-19 5, OV
d=j j=d+1
Jed1 Jr1
_ ékm |]€+1| e j
Jk+1)( 1)|k\(3k+1*d) = =
E E MO i, Odi,, QV
sJk+1 d»]kJrl —_
€=Jk+1 d=ji
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Jk+1
+ (_1)5km Z(_]')‘k‘(jk+l_d)mxjk+16dajk+1 RV
d=jy,

Jk+1 Jk+1

_ 5km,€ E § § |k+1| e—Jjrt1)

e=jr+1+1 d=jk J ]k+1+1

[k (Gk+1—d)
(—1) MO e;0 154, 0djpyy @V

Jk+1
_ (_1)5km Z<_1)|k|(]k+lid)mxjk+15d7jk+1 Qv
d=jk
A
= (=) ((=1)% by — k)5 (m — k)
gk Jrer i
33 ()G (T e 5, 5, @y
d=Jjk e= ]k—l—l
ch Jk+1

S ID D SN SI U E REE AP

d=ji e=j+1I=Jk+1+1
5k 3k+1 -
Ttk Z Z |k|(]k d) 1)|k+1‘(8_Jk)mEd,3kEe,jk+1 Qv
d=jk e=j,+1
it ]
4 Z(_l)lk‘l(m—d) (xdo-d,jk) RV

d=j

_HZ Z (_1)%‘(% d)mgdﬂ 10,5 ®V

d=ji j=d+1

]k+1

5 k+1|( j — — _
_ km § § | +1(e ]k+1)( 1)|k\(3k+1 d)mxeo'e,jkﬂad,jkﬂ Qv

e=Jr+1 d=Ji
3k+1

— (—1)%m Z (_1)|k+1|(67jk+1)ma:eaeyjk+1 RV
e=Jk+1

Jk+1

e=jr+1+1 d=ji j= ]k+1+1
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(—1) MO ;051,51 Odjiys @V
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Jk+1

_ 5km,€ Z Z |k+1|(€ Jk+1)mo- T RV
e=jg+1+1 j=jk+1+1 o
- A
=(=1)FH((=1) by — lk>§<m —k)

Ik Jks1

£33 (MG gy leiome 7 - 5,

d=Jjk e= Jk+1

Jk+1

~®V

sJk

_ 6kzm |k+1 e—j k|Gpa1—
E E I( k+1)(_1)| 167 d)mx6567jk+lad,jk+1 Qv

e=Jk+1 d=ji
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+ Z (de'dJk) ¥V
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Jk
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_ 5km,{ Z Z Z |k+1|e Jk+1)( 1)\k\(jk+1—d)
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MO 015y, Odjys OV
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e=jg+1+1 j=jr4+1+1

(D1 — 1) S (m — B)

Jk o Jre1

E|(Gx—d e—j R —
+Z Z HJk ) 1)|k+1|( J’“)mxead,jk%,jk®2

d=Jjk e= ]k—l—l
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]k+1

5 k+1|( k|(4 — — —
_ km E E | +1](e ]k+1)( 1)| |(Jror1 d)mxeo'e,jkﬂad,jkﬂ RV

e=jg+1 d=Ji

Jk 3k+1
+> mpev-—(-1)% > mrov
d=j e=jk+1
gk Jk
— K Z Z (D" mev
d=jj, j=d+1

Jk Jk+1

+KZ Z Z |k|(]k d)( 1)|k+1|(e—3k)m5d3k0-e] T 1]k®v

d=jk e=j,+1I=Jr+1+1

gk ket

+K) Z ()" meyv

Jk+1

_ 6kmﬁ~/ Z Z Z |k+1|6 Jk+1)( 1)‘k‘(jk+1*d)

e=jr+1+1 d=jr J=Jr+1+1
MO ;01 5y Odjpy @V

Jk+1

5 m E E

e=Jjr+1+1j= Jk+1+1

(1) (1)l — zk>§<m k)
gk k1
+ Z Z \k\ Jk— d 1)|k+1|(6_5k)mx86d,3k o RV
d=jk e=j,+1
Tkt

1) k+1]( k| Grs1— — —
_ k § E | +1](e ]k+1)( 1)| |(Jror1 d)mxeo-e,jkﬂad,jkﬂ RV

e=jr+1 d=Ji

Jk k41

+ Z mz, ®v — (—1)%n Z mz, @ v
d=j, €=Jk+1
gk Jk
— K Z Z (-D*mev
d=ji, j=d+1
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Jk Jk+1

+ K Z Z Z |k| Jr—d) ( 1)|k+1|(j_3k)m5d73k5j—173k RV

d=jk e=jj,+1 J=Jk+1+1

Ik Jk+1

+K) Z ()" meyv

]k+1

_ 5ka/ Z Z Z |k’+1|] Jk+1)(_1)|k’|(jk+1—d)

e=jk+1+1 d=jr j=Jk+1+1
mo;_1,0djp, OV

Jk+1

(5 § §

e=jg+1+1j= Jk+1+1

A\ k41
=) (1) ) Sm — k) = (1) " mr @y
e=jr+1

E Y )+ Y mage v

d=j
jk 3k+1 ~
+3 Y me, ((_1>|k|<ak—d><_1)|k+1|(e WG, T
d=jk e:ijrl

_(_1)5km(_1)|k+1|(e*jk+1)(_1)|k‘(]k+1 d)U€jk+1Ud]k+1) RV
— ()M O0+1+ -+~ 1) (mV)

+ (=)M gLy me v

— (=) (=) e (04 14+l — 1) (m©@ V)

+:Y Y Y m<(_1)|k|<jk—d><_1)|k+1\<a G- T —

d=jk e=j,+1 J=Jr+1+1

S —j -
(_1) & (_1)\k+1\(] Jk+1)(_1)\k\(Jk+1 d)UJ ljk+1adjk+1) Qv

e D SR R G RN

€=Jk+1

+ fj m (Id - (—U'“”%(m — kr)) v

d=j
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k Jk+1

£35S ma (—1)HGD (gl

d=Jk e=jp+1
(1= (=) (=) N=1)") ® 0w

i, el — 1)
_(_1)| |,€%

- <—1>5km<—1>'k+llm—l’f““k; Vimewv)

mev)+ (1)l mev

k Jk+1

+ RZ Z Z Ikl k= d)( 1)|k+1|(j*jk)

d=ji e=j;,+1I=Jk+1+1
(1 . (_1)5km(_1)\k+1\(_1)\k\) ® TogV

Jk+1

= Y m (- CORIGn — k ())) o

€=jk+1

+Z ( 'Hl';(m—k—l))@z

d=jk
- (= )|k| (lk + iy = 2(=1)"" llyg) (m @ )

e 3 m (s, — (-1 S~ kot (1) ) 0w

€=jk+1

- (—D"“'S (b = (=)*li1)” (m @ )
Sem a8 k+1 A Sk
=—(-1) e%lm (a:e —(-1) |§(m —k+(-1) )) Qv
. _Z (xd e |k+1|g(m g 1)) v
+ Mo o v)
=Hp(m @ v)
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6.2 The map v and extension of the operators
to X(:ﬁ, H071

We can consider shifted superspaces C(1|m|n — 1) = C @ C™ ¢ C*! and
C(2|m|n — 2). In each, the even part is equal to C™ and the odd parts are
C @ C™ ! and C? @ C"! respectively. Denote by |k|; the parity of the vector
er, in C(1lm|n — 1) and by |k|2 its parity in C(2|m|n — 2). In practice, this
notation applies to any such shifted superspace C(t|m|n —t) and |k|; = |k —{],
but the motivation to use the subscripted notation is to more clearly indicate

the superspace in question.

The change of parity for the vectors corresponds to an analogous change
of the Cartan matrix. Indeed, the new matrix is the Cartan matrix of the
Lie superalgebra sl(1|m|n — 1) and can be used to define the super Yangian
Y (sl(1|m|n —1)).

We now introduce the linear map ),
¢ 2 (C(m[n)™ = (C(Lmln = 1)), P(e;) = e, (6.14)

which extends to a linear isomorphism between M ®c(s, (C(m|n))®* and
M ®(c[sé] (C(l]m\n — 1))@@ by

5. 5. 5,
Mm@ v) =mz) "y Tz 7T ® e ® ey @ @ e (6.15)

where v = m +n — 1 and indices are modulo m + n. Note that v maps to
(C(2|m|n —2)* = (C? @ C™ @ C2)*".

For a € C, the map 7, between generators of }A/(ﬂm‘n) is defined here as

where 1 < k<m+n-—1.
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We can define an action of Y (sl(1|m|n — 1)) on M ®cs,) (C(1|m|n —1))®*

using

Jt1
: A
X/j:1<m®z) =m Z (_1>‘k+1|1(d_]k+1)6d7jk+1 (’Ijk-s-l_(_l)lk—i_lh§(m_k))®v
d=jk+1
(6.16)
for2<k<m+mn-—1and
3k+1 )\
X(m®yv)=m Z Gagerr | (Tje + §(m —2)) BV, - (6.17)
d=Jjk+1
The following lemma is a key result for this chapter.
Lemma 6.2.1. For 2 < k< m+n—1,r = 0,1 a = —2,c = \, and

27
B=—t+ %(m+n+4), we have:

X ((m@v)) = (1 (X, ) (m@v)), He ($(mev)) = ¢(1(He,)(mev))
(6.18)

Xi (P (mev)) = * (71X, (mev)), Hi,(*(mev)) = (77 (H,)(mey).
(6.19

Proof. It is enough to prove this for r = 1 and Dy ;.

Let u = ¢(v) and let p be the number of indices in v that are equal to
m 4+ n; ie. jmﬂ — Jman + 1 = p. This u may not be in standard order, i.e.
the indices may no longer be non-decreasing, so we call the reordered tensor
w. This w can be produced by applying the needed product of transpositions
to u:

_ —=—1=—1 ——1
W= Ulp 0-[,17;0,1 e Ulprrl,l (E)

essentially moving the last p vectors, all equal to eq, to the first p positions
instead. Set p = G_pi1,1 - T1—1p-101p; then u = p(w). Define hy and hy for
w as ji, and jj, were defined for v.

Suppose 2 < k <m +n — 1. Then,

Dia(p(m @ v)) = Dk,l(mxf—lp+1xf—1p+2 ea @u)
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= Dk,l(mxl:lpﬂxl_—lpw T 951_1 ® p(w))

_ 1 —1
= Dypa(mz; 71 pOW)

_ ~1 -1 -1
=M, Ly oL P

h

A
D= ()M (m =k (Z1) 4 (D)) | @ w
d=hy,
Jr—1 A\
Y(Dporam@v)) =2 [m | > (xq— (—1)"“'5(771 —k+14(=1)*1m)) | @y
d=jr_1
Jr—1 \
=m Z (xqg — (—1)|k|§(m —k+1+ (—1)5k*1’m))xf_1p+1xf_1p+2 . ~:c[1 ® pw
d=jr—1
Jr—1 \
—m Z (xg — (—1)|k|§(m — k1 (1) et e e | @w
d=jr_1

Thus, to verify that Dy 1(¢(m® v)) = ¢(7,(Dy-11(m ®v))), it is enough
to show that

hi
_ _ _ A
‘(Elflp+1mlflp+2 Y lp Z (xa — (—1)|k+1|1§(m —k+ (_1>6k’m+1)) (6.20)
d=hy,
k-1 \
= Z (xa — (—1)|k|§(m —k+ 1+ (D)%) + (=D Ma)a, ! al,a
d=jr—1

Since we have set a = —3, |k + 1|; = |k, and by definition hy = jx_1 + p,

it is enough to prove that
—1 —1 —1 —1 1 1
xl*p+1xlfp+2 e xl PXd = Xd_pxl7p+1xl7p+2 T xl 1% (621)
when hy, < d < Iy
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In the trigonometric Cherednik algebra, when k < f,

_ t _
ZL‘ka:L‘fl = 5 +xk:vfykxf1 +c E Ojk
j<k
-1 _ -1
LfYeXy — Yk = COkfLy

t
:cka:cjil = — 4+ Ty + cxkakf:cjil + CZ Ojk

2 ,
i<k
= X; + COLf
l’;lxka’f = X — CO'kfl’lzl.Tf (622)

Applying (6.22)) to part of pz4, we produce

d—1
t
TppXd = Opp (5 + xqyq + C Z O’fd>

f=1

d—1
t _ T

p—1 d—1
_ t — —1 , = ——1 — —1 | =
- 5 + Td—1Yd—1 +c O’g7p0fd0&p + ngapdagm +c Ug,pdfdaﬂp Otp
f=1 f=p+1

-1 d—1
t \ -
= <§ + Tag—1Yd—1 + C; Ofd—1+ Ord—1+ CfZH Uf—l,d—1> Oe-1p
= =p

= (Xg—1 + €O0.4—1)Trp.

Similarly,

Cp—1p-100pXd = Opr—1p—1(Xa—1 + COr4-1)T1p

= (Xd—2 + CO¢—1,d—2 + CUz,d_Q)Ez—l,p—lae,p-
After applying iterations of these transformations making up p, we see that

PXg = (Xd_p +cop_pi1,d—p +CO0prog—p+ -+ CUg,d_p>p. (623)
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As well, using (6.22)) and (6.23)),

-1 -1 -1 -1 ~1
Ty Xa—pTyy  + CO—pi1,a-pXy  + COtpiod—pTy +--- + Cgé,d—pl"dfp)P

~1 -1 —1 ~1 —1
= (Xdg—p — Cadfp,éxd—p*’ﬂ@)me P+ (COt-pt1,d—pTy T COt-praa—pTy + -+ Caf,dfpfﬂd—p)p
_ ~1 ~1 —1 ~1
= (Xa—p)Ty P+ (COt—pi1,d-pTy + COt—pr2a-—pT, +  +CO1,4-pT; )P

—1
= (Xd—p + (CO—pr1.d—p T COtpyadap+  + CO14-p))T, P

Similarly,

1.1, _ -1 ,-1
Ty pXa = (Xa—p + C(Or—pt1d—p + Ot—pr2a—p + + Or—24-p))T, 1T, p

Eventually, we get

-1 -1 -1 _ -1 -1 -
Lo pp1%p_pyo " Ly PRd = Xd—pLy_ 1 1Ty _pio "Ly P

which is (6.21)) as desired.

Finally, we consider the relations ; again checking for D, is suffi-
cient. Set u = ¥?(v). Again, denote by w the tensor obtained from u by
rearranging the factors into non-descending order. Let p; be the numbers of
indices in v equal to m~+n and let p, be the number of those equal to m+n—1.

Set p = p1 + p2. Then, u = p(w) where p =Gy_pi11- - Tr—1p-104,.

D1y (m@v)) = Diy(met 2t -2 @u)

= Dl,l(m%_—lpﬂxé_—lpm eyt @ p(w)

_ -1 -1 -1
- Dlal(ma”é*erleprrQ Xy P ® E)

p2
_ _ _ A
= mx€}p+1$£jp+2 aglp (E (xa + §(m - 1))) ®w

B (6.24)
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V(Dpinramey))=¢* |lm | > (u—sh-1)|ov

‘ 2
d:]m+n71
3m+n—1
—m Z (xa = §<n B 1))x£7—1p+1x€7—1p+2 x| @ pw
d:jm+n71
3m+n—1 )\
I S ST P P
d:jm+n71

(6.25)

Unlike the first case, we do not need ([6.24]) and ([6.25)) to be equal. Rather,

their difference should come from 7.

We need to find 0,1 q,4%4, assuming 1 < d < po. Using basic relations, we

rewrite
Od41,dXd = Xd+10d+1,d + K
= (Xg41 + /i(Td—i—l,d)Ud—i-l,d
0d+2,d+10d+1,dXd = Xd+10d+1,d T+ K
= (Xd+2 + KOd42,d+1 + ﬁ0d+2,d)0d+2,d+10d+1,d
In general,
L—p+d—1
Co—prddXd = (Xe—pya + K E O¢—ptd,j)0t—p+dd
Jj=d
l—p+d—1 l—p+d—2
O t—ptd—1,d—1(Xe—ptd + K E Op—prdj) = Xe—pya + K E O0—ptdj) 0 l—ptd—1,d—1
j=d j=d—1
By downwards induction,
{—p+d—1
Ttprid Tropratdi(Xepra + 5 D Tr_pia;)
j=d
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L—p
=(X¢—pta T K E Optdj)O0—pt11 " Olmprd—1,d—1

j=1
As a result,
£—p
pxa = (Xe—pra + K Y Opra;)p- (6.26)
j=1
Next, we determine x;_lp +1a:[_1p o Ty Xe—pra- When f <p—d,

-1 _ -1 -1
Ly pRe—pt+d = Rl—p+dTy_j = COl—fl—p+dTy_pyq

-1 -1
= (Xe—ptd = CTt—ptdOo—fi—p+dTy_pyq)To_y- (6.27)
We also need
-1 -1 f i ,
Ly_prdXt—p+d = Tp_piq 9 + Zp—prdYe—ptd T C 0j,t—p+d
j<tl—p+d
] + : .
= zxe_p+d Ye—p+d T C 0j,t—p+dT;
j<tl—p+d
— (L + gt j x;
~—\9 Yo—p+dLe—p+d | Tp_piqg T € Ojt—p+dd;
j<l—p+d
t -1
=13 +t+ T pydYe—prd T C E Ofo—ptd | Tp_piq
f#l—p+d
} : -1
+c O-j,ﬂprrdxj
j<l—p—+d

-1 -1
= | Xe—p+d +i4+c E O f—p+d 're—p-i-d +c E O'j,g,p+d£lij
f>l—p+d Jj<t—p+d

(6.28)

As well, when f < k,

t _
x;lxkxf =3 + xkxjilxkxf +c Z ok + ca:flokaf
J<k,j#f
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t _ _
= — + zg(z) — cajkxkl) +c Z ok + cakakle

2 =
J<k,j#f
t
= §+xkxk+c' E Ok
J<k,j#f
= X — CUjk

This implies that, when p —d < f < ¢,
-1 _ -1 ~1
Ly fXe—p+d = Xe—p+dly_§ — COl—fl—pt+dLy_f

Using (6.27]), we obtain

—1 —1 —1
Lo—ptrd+1¥e—pr2 " Ly Xi—p+d
p—d—1
—1

_ —1 -1
=(Xp—p+d — C E I‘é—p+dae—f7€—p+dx€fp+d)xffp+d+1X€fp+2.”

F=0
As a result, using (6.28)), we have

-1 -1 -1 -1
Loptdo—prd+1To—pt2 " Ly Xt—p+d
o1 -1 -1 1
=Lp_praXt—p+dli—pydr1Te—ptr2 " Ty
p—d—1
—_— _1 _1 _1 . o _1
¢ Ot—fl—p+dlo—pidlo—prd+1Le—pt2 " "Ly
=0
_ -1 -1 -1 -1
=(X¢—pta + t)x67p+dx£fp+d+lx€fp+2 )
p—d—1
-1 -1 -1 -1
tc E , O-Z*fvé*erde—p-l-de—p-‘rd—i-lX€—p+2‘Hxé
f=0
L—p+d—1
+c 0 rvita,! P PRERE
Jil—pt+drj Lp_pyrd+1Ve—p+2 0
j=1
p—d—1
—cC x b oat z, coext
Ot—fb—p+dTy_piqlo—prd+1Te—pto ¢
f=0
_ -1 -1 |
=(Xe—prd T )Ty gTy a1 T pio Ty
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L—p+d—1

11 1 —1
+c E Ojb—p+dTj Lp_pid+1%o—pt2 " Ly
j=1

We can apply (6.29) to conclude that:

-1 —1 -1
Ty pr1Tepio " Ly X—p+d

o1 -1 -1 -1 -1 -1 -1
=Ty pi1Tr_pr2  To_prd—1X—p+dLo_prdlo—prd+1Te—pra " "Ly
{—p+d—1

~1 -1 -1 -1 -1 -1 -1
+c E: Lo_p+r1To—pr2” " Li—prd—1Ti—p+d9jl—p+dLo—prd+1Te—pt2 """ Ty
7j=1

p—d+1
_ ~1 ~1 -1 -1 —1 —1
= | X¢—pt1 Tt —c E Ot—f—p+d | Tp—pr1Tppro " Xppra-1Lo—pt1lo—pt2 " To—prd—1
f=p-1
(—ptd—1

—1 —1 —1 —1 —1 —1 —1
tc E, Ty pi1Topio Lo pid1To—ptdOib—p+dTo_pidr1Te—pra "Ly
j=1

— -1 -1 “ e -1 -1 -1 .« 0. -1
=(X¢—pt1 + t)xz—p+1$£—p+2 Loprd—1Te—p+1Te—p+2 " Lo—ptd—1

£—p
1 1 1 1 1 1
tc E :xéprrleprrQ Ty a1 dOi—p+dT a1 To—pr2 Ty
Jj=1

Returning to 1) and multiply both sides by the product x;_lp +1x;_1p IPREE x[l.
We can then apply the previous calculation to produce:

-1

-1 -1 _ -1 -1 -1
Lppt1To—pt2" Ty PXd = Ty_pi1ppyo " Ly Xe—p+dP
l—p
+ K R PP
t—p+1te—pi2 ¢ Ot—p+dP

Jj=1

f— -1 -1 “ e -1 -1 -1 “ e -1

=(Xp—py1 + t)xe—p+1%—p+2 Lo prd—1Te—pr1lo—pr2" " To_prd—1P
{—p

-1 -1 -1 —1 1 1 1
+c E xf—p+1x6—p+2 ce xe—p-i-d—lxé—p-ﬁ-daj’gfp*dxﬁ—p—&—d—f—lxz—p+2 Ty, P
j=1
l—p
+ PRI TRy
K Topr1To—pra Ty Ot—p+dp
j=1
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Since Kk = —c, the last two lines cancel out. This gives
{—p—1
ot st x pxg =k Y PRIPRERY e
t—p+1Ti—pto ¢ PXd = t—p+1Ti—pt2 ¢ Ot—p+adp

Jj=1

Note that
Tz(Dl,l) - Dm+n—1,1 - (2@ + 5)Dm+n—l,0

and, as a result, the last equation in Lemma follows
Di1(¢*(m @ v)) = P*((Dimgn-11 — (20 + ) Dpnin-10(m@v))  (6.30)

As we’ve shown from (6.24)), the left-hand side of (6.30]) equals

p2 P2
-1 1 —1 -1 1 —1
m § (Topratt) T T_pyn - Ty pOWHM § E(m_]‘>$f—p+lx€—p+2 Ty POW
d=1 d=1

and from (6.25)), the right-hand side equals

3m+n71
A _ _ _
m Z (xa — 5(” —1)—2a— B)xf—lp—i-lxé—lp—ﬂ aglp | @w

d:jm+n71

If jimin1 < d < Jmin1, then d =€ —p+e with 1 < e < p,. As a result,

(6.30) holds when

t—i—%(m—l):—%(n—l)—%—ﬁ

Since a = —’5\, this is equivalent to
A A
t+-m=——n+2\—-7 (6.31)
2 2
and thus we need 8 = —t + 3(m + n + 4). O

For this lemma to hold for 0 < & < m+n—1, it will have to hold for k =1
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in particular:

Xfl(w(m ®v))
Hi(v(m®v))

U (ra(Xi)(m @ v)),
P(1a(H11)(m @ )

Then, since 7,(X1;) = X§; — aXy, and 7,(H11) = Ho — aHo, we set

N X ((m @ v))) + aX5(m e v) = X5 (m @ v)
Y (Hi(v(m®v))) + aHop(m @ v) = Ho i (m® v).

With this definition of X(fl(m ® v) and Hp;(m ® v), the first part of
Lemma holds for k = 1. We verify that it is also true for k = 0.

YTHX T (VA (m ® v)) + aXGp(¥(m @ v))

(Ch 1<w< HXH)m e v))) + aXgy(¢(m e v))
Y(T, (X(:)tl aX&O)(m®g))+aX(fo(¢(m®z))
= P(1.(X5,) (M @ v))

Xoa((m @ v))

Thanks to Lemma [6.2.1) we now have a guide for extending the action
of the super Yangian of sl.,, on M ®cs (C(m|n))®* to the affine super
Yangian. Next, we need to verify that these choices of actions of X(fr and
H,, on that space satisfy the defining relations of the affine super Yangian
when » = 0,1. For a relation involving Xa[T and X,,1n_1,, it holds for
the corresponding operators on M ®c(s, (C(m|n))®* if and only if it holds
for Ta(ngl) and 7,(XE +n_1,)- This is because ¢ is an isomorphism and
Xim @ v) = (X))@ (m®v)) when k =0 or m+n—1. 7,(Xg),)
and 7,(X* +n_1,) do not depend on ngo or X(fl, so those relations are known
to hold from the case of the Yangian of sl,,,,. The same argument applies to
the relations involving ngr and Xf—; and to the relations involving also Hj
and Hy.
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