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Abstract

In an online learning problem a player makes decisions in a sequential manner.
In each round, the player receives some reward that depends on his action and
an outcome generated by the environment while some feedback information
about the outcome is revealed. The goal of the player can be various.

In this thesis we investigate several variants of online learning problems
with different feedback models and objectives. First we consider the pure ex-
ploration problem with multi-action probes. We design algorithms that can
find the best one or several actions with high probability while using as few
probes as possible. Then we study the side observation model in the regret
minimization scenario. We derive a novel finite time distribution dependent
lower bound and design asymptotically optimal and minimax optimal algo-
rithms. Last we investigate the conservative bandit problem where the objec-
tive is to minimize the regret while maintaining the cumulative reward above a
baseline. We design algorithms for several variants of the problem and derive
a lower bound.

In each of the three variants of the online learning problem we consider,
our problem setting generalizes some previous work. The theoretical results
successfully recover existing results in special cases as well as propose novel

perspectives in the more general settings.
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Preface

Chapter 2 and Chapter 3 are joint works with Andras Gyorgy and Csaba
Szepesvari, and were published in Wu et al. (2015a) and Wu et al. (2015b).
Chapter 4 is a joint work with Roshan Shariff, Tor Lattimore and Csaba
Szepesvari, and will be published in Wu et al. (2016).
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Chapter 1

Introduction

In this chapter we first introduce the online learning framework. Next we
present different learning objectives along with more general feedback models
that generalize the full-information and the bandit setting. Then we summa-
rize the contributions that will be presented in the following chapters of this

thesis.

1.1 Online learning

In an online learning problem, a player (or learner) needs to interact with
the environment in a round-by-round case. In each round the player makes
a decision and the environment generates an outcome. After the player takes
the action some feedback information about the outcome is revealed then the
player can make a decision for the next round. There are two types of environ-
ments: stochastic and non-stochastic. In stochastic environments the outcome
is generated from some probability distribution while in non-stochastic envi-
ronments there is no probabilistic assumption about the outcome, which may
be generated in an adversarial way.

The formulation of an online learning problem typically includes an envi-
ronment, an action space, a feedback model and a learning objective. In this
thesis we mainly focus on environments that have a finite set of K options,
which are referred to learning with expert advice in the literature. In this

framework, there are two basic feedback models: the full-information setting



and the multi-armed bandit ! setting. In both settings the action space is
the same as the set of options?: in each round, the player picks an option
and observes some feedback about the outcome of the environment. In the
full-information setting, the player can observe the outcome associated with
each of the options while in the bandit setting the player can only observe the
outcome associated with the option that is picked in that round. In the next
section we will talk about different types of learning objectives and introduce

some more general feedback models.

1.2 Different objectives

In this section we will first introduce two different learning objectives — pure
exploration and regret minimization as well as feedback models that generalize
the full-information and the bandit setting. Furthermore we will introduce
conservative bandits which aim at minimizing the regret under some additional

constraint.

1.2.1 Pure exploration

In pure exploration problems the player aims at extracting information about
the environment regardless of the reward/loss incurred during the process. A
most basic pure exploration problem is the best arm identification problem in
the stochastic multi-armed bandit setting, where the goal is to find the option
with highest reward mean with high probability. The history of the best arm
identification problem goes back more than half a century (Bechhofer, 1958;
Paulson, 1964), and with much activity in the last decade (e.g. Even-Dar
et al., 2002; Mannor and Tsitsiklis, 2004; Audibert et al., 2010; Kalyanakr-
ishnan and Stone, 2010; Bubeck et al., 2011; Kalyanakrishnan et al., 2012;
Gabillon et al., 2012; Karnin et al., 2013; Kaufmann and Kalyanakrishnan,
2013; Bubeck et al., 2013; Jamieson et al., 2014; Kaufmann et al., 2015a; Zhou

'In the rest of this thesis we will mostly use bandit instead of multi-armed bandit for
simplicity.

2When the action space is the same as the set of options we will simply use the term
“action” for an option.



et al., 2014).

Multi-option probes

In addition to finding the best option in the standard bandit setting, some of
the recent work also studies other variants of objectives such as finding the
best multiple options and different settings such as the combinatorial setting
(Chen et al., 2014; Gabillon et al., 2016). In this thesis we will present our
work on the multi-option probe setting where the goal is to find the best one
or multiple option(s) by using as few multi-option probes as possible.

The motivation of the multi-option probe setting is as follows: Consider
the problem of identifying the most rewarding option(s) out of finitely many.
At your disposal are a number of probing devices, or just probes, that give you
noisy measurements of the quality of a select set of options. More precisely,
each probe is associated with a known subset of options whose quality the probe
will measure. In a sequential process, the goal is to select the probes so that
one can stop early to return, with high probability, a sufficiently rewarding
option (or a set of options). As a specific example, consider the problem of
identifying the segment on a road network that is in the worst shape after a
long winter. Measurements can be obtained by sending trucks checking the
road for potholes along the paths they travel on. The trucks must return to
their garage every day. Here, the options correspond to road segments, the
probes correspond to a closed walk in the road network that starts from the
garage. Somewhat ironically, a road segment is “rewarding” (from the point
of view of how beneficial it is to sending there the repair team) if it has many
potholes. 3 Measurements are noisy, as potholes are easy to miss.

Problems like the above one abound. Numerous quality assurance and
surveying tasks are such that measurements give simultaneous information
about multiple entities due to physical constraints on the measurement pro-
cess. Application areas include technical computing (e.g., networking), biology

(ecology, microbiology, etc.), physics, etc. Of course, even though individual

3In practice, one may want a whole “plan” at the end for the repair team. As often,
we took the liberty of simplifying the problem to be able to focus on how the structure of
probes should be used.
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Figure 1.1: A specialized algorithm (SEWP) proposed in this thesis can take
nontrivial advantage of the probe structure as compared with simple adapta-
tions of earlier algorithms, while being only marginally more expensive. All
algorithms maintain the same error-rate. The plot on the left-hand-side uses a
log-log-scale. Due to the special structure of the problem, the expected stop-
ping time of the specialized algorithm scale linearly with /K&, while the others
scale linearly with K, the number of options.

measurements might be impossible, it is always possible to treat each probe
as one that gives individual measurements for the options associated with it,
though this could be wasteful (cf. Fig. 1.1). The main topic of this part of
work is how to exploit, with efficient algorithms, when probes give information
about multiple options.

Compared to our multi-option probe setting, Chen et al. (2014) and Gabil-
lon et al. (2016) study a “reversed” setting where the goal is to find the best
“probe” by pulling “options”. After our work is published, Jun et al. (2016)
studies a similar scenario where options can be experimented in “batches”.
The difference between their work and ours is that they allow repeated op-
tions in a “batch” while their “batch space” is more restricted than ours (e.g.
of the same size, contains any combination).

(In Figure 1.1, the lilUCB algorithm comes from Jamieson et al. (2014).
The parameters we used in experiments is the lilUCB Heuristic setting, which
performs the best in the experiments of Jamieson et al. (2014). The SE al-
gorithm is short for the successive elimination algorithm of Even-Dar et al.

(2002). As these algorithms select options for measurements, we adapt them



to the probe setting by choosing the first probe in some arbitrary ordering of
probes that gives a measurement for the selected option . In experiments, all
distributions we used are Gaussian with variance 1/4. Fach point reported
in the figure is based on 100 repeated experiments under the same reward

distributions, where we set one of the means to be 0.5 and the others to be 0.

)

1.2.2 Regret minimization

In regret minimization problems the player receives some reward, or, inter-
changeably, payoff, in each round after taking an action. The goal is to maxi-
mize the cumulative reward during the learning process. The performance of
algorithms is defined in terms of cumulative regret: the difference between the
total reward received by the player and that when the player constantly takes
some “best” action. Lower regret means better performance.

In both full-information and bandit setting the reward of taking an action
is just the outcome associated with that action: In the full information setting
the player observes the reward of all possible actions at the end of every round.
In the bandit setting the player only observes its own reward and receives
no information about the reward of other actions (Bubeck and Cesa-Bianchi,

2012).

Graph-structured feedback

Recently, several papers considered a more refined setup, called graph-structured
feedback, that interpolates between the full-information and the bandit case:
here the feedback structure is described by a (possibly directed) graph, and
choosing an action reveals the payoff of all actions that are connected to the
selected one, including the chosen action itself. This problem, motivated for
example by social networks, has been studied extensively in both the adversar-
ial (Mannor and Shamir, 2011; Alon et al., 2013; Kocék et al., 2014; Alon et al.,
2015) and the stochastic cases (Caron et al., 2012; Buccapatnam et al., 2014).
However, most algorithms presented heavily depend on the self-observability

assumption, that is, that the payoff of the selected action can be observed.



Removing this self-loop assumption leads to the so-called partial monitoring
case (Alon et al., 2015). In the absolutely general partial monitoring setup the
learner receives some general feedback that depends on its choice (and the en-
vironment), with some arbitrary (but known) dependence (Cesa-Bianchi and
Lugosi, 2006; Bartok et al., 2014). While the partial monitoring setup covers
all other problems, its analysis has concentrated on the finite case where both
the set of actions and the set of feedback signals are finite (Cesa-Bianchi and
Lugosi, 2006; Barték et al., 2014), which is in contrast to the standard full
information and bandit settings where the feedback is typically assumed to be
real-valued. To our knowledge there are only a few exceptions to this case: in
Alon et al. (2015), graph-structured feedback is considered without the self-
loop assumption, while continuous action spaces are considered in Lin et al.
(2014) and Lattimore et al. (2014) with special feedback structure (linear and

censored observations, resp.).

Gaussian side observations

In this thesis we consider a generalization of the graph-structured feedback
model, called the Gaussian side observation model, which can also be viewed
as a general partial monitoring model with real-valued feedback. In the Gaus-
sian side observation model, after selecting an action ¢, the learner receives
information about the payoff of every action j in the form of Gaussian obser-
vations whose mean is the same as the mean payoff, but the variance depends
on the pair (7, j) (and may be infinite). The setup allows a more refined infor-
mation transfer from one action to another than previous partial monitoring
setups, including the recently introduced graph-structured feedback case.
After our work is published, Kocék et al. (2016) generalized the graph-
structured feedback setting in a similar fashion by allowing different level of
noise in observations. Compared with our work, they are studying a non-

stochastic payoff setting and presenting different type of regret bounds.



1.2.3 Conservative bandits

In this thesis we also study a variant of the regret minimization problem in
the multi-armed bandit setting called conservative bandits, where the goal is
to minimize the cumulative regret under some additional constraint (lower
bound) on the cumulative reward over time. This problem is motivated by
the challenge faced by a company wishing to explore new strategies to max-
imize revenue whilst simultaneously maintaining their revenue above a fixed
baseline, uniformly over time. For example, the manager of Zonlex, a fic-
tional company, has just learned about bandit algorithms and is very excited
about the opportunity to use this advanced technology to maximize Zonlex’s
revenue by optimizing the content on the landing page of the company’s web-
site. Every click on the content of their website pays a small reward; thanks
to the high traffic that Zonlex’s website enjoys, this translates into a decent
revenue stream. Currently, Zonlex chooses the website’s contents using a strat-
egy designed over the years by its best engineers, but the manager suspects
that some alternative strategies could potentially extract significantly more
revenue. The manager is willing to explore bandit algorithms to identify the
winning strategy. The manager’s problem is that Zonlex cannot afford to lose
more than 10% of its current revenue during its day-to-day operations and at
any given point in time, as Zonlex needs a lot of cash to support its operations.
The manager is aware that standard bandit algorithms experiment “wildly”,
at least initially, and as such may initially lose too much revenue and jeop-
ardize the company’s stable operations. As a result, the manager is afraid of
deploying cutting-edge bandit methods, but notes that this just seems to be
a chicken-and-egg problem: a learning algorithm cannot explore due to the
potential high loss, whereas it must explore to be good in the long run.

The problem described in the previous paragraph is ubiquitous. It is
present, for example, when attempting to learn better human-computer in-
teraction strategies, say in dialogue systems or educational games. In these
cases a designer may feel that experimenting with sub-par interaction strate-

gies could cause more harm than good (Rieser and Lemon, 2008; Liu et al.,



2014). Similarly, optimizing a production process in a factory via learning
(and experimentation) has much potential (Gabel and Riedmiller, 2011), but
deviating too much from established “best practices” will often be considered
too dangerous. For examples from other domains see the survey paper of
Garcfa and Ferndandez (2015).

Our constraint here is equivalent to a constraint on the regret to a de-
fault strategy, or in the language of prediction-with-expert-advice, or bandit
literature, regret to a default action. In the full information setting, mostly
studied in the adversarial setting, much work has been devoted to understand-
ing the price of such constraints (Hutter and Poland, 2005; Even-Dar et al.,
2008; Koolen, 2013; Sani et al., 2014). In particular, Koolen (2013) studies
the Pareto frontier of regret vectors (which contains the non-dominated worst-
case regret vectors of all algorithms). The main lesson of these works is that
in the full information setting even a constant regret to a fixed default ac-
tion can be maintained with essentially no increase in the regret to the best
action. The situation quickly deteriorates in the bandit setting as shown by
Lattimore (2015a). This is perhaps unsurprising given that, as opposed to the
full information setting, in the bandit setting one needs to actively explore to
get improved estimates of the actions’ payoffs. Lattimore (2015a) describes
two learning algorithms relevant to our setting: In the stochastic setting we
consider, Unbalanced MOSS (and its relative, Unbalanced UCB) are able to
achieve a constant regret penalty while maintaining the return constraint while
Exp3- achieves a much better regret as compared to our strategy for the ad-
versarial setting. However, neither of these algorithms maintain the return
constraint uniformly in time. Neither will the constraint hold with high prob-
ability. While Unbalanced UCB achieves problem-dependent bounds, it has
the same issues as Unbalanced MOSS with maintaining the return constraint.
Also, all these strategies rely heavily on knowing the payoff of the default
action.

More broadly, the issue of staying safe while exploring has long been rec-
ognized in reinforcement learning (RL). Garcia and Fernandez (2015) provides

a comprehensive survey of the relevant literature. Lack of space prevents us



from including much of this review. However, the short summary is that while
the issue has been considered to be important, no previous approach addresses
the problem from a theoretical angle. Also, while it has been recognized that
adding constraints on the return is one way to ensure safety, as far as we know,
maintaining the constraints during learning (as opposed to imposing them as
a way of restricting the set of feasible policies) has not been considered in this
literature. Our work, while it considers a much simpler setting, suggest a novel
approach to address the safe exploration problem in RL. Another line of work
considers safe exploration in the related context of optimization (Sui et al.,
2015). However, the techniques and the problem setting (e.g., objective) in

this work is substantially different from ours.

1.3 Summary of contributions

Chapter 2 is based on the work of Wu et al. (2015a). We investigate the
pure exploration problem in the multi-option probe setting: In each round,
a subset of the options, from an available set of subsets, can be selected to
receive noisy information about the quality of the options in the chosen subset.
The goal is to identify the highest quality option, or a group of options of the
highest quality, with a small error probability, while using the smallest number
of measurements. The problem generalizes best-arm identification problems.
By extending previous work, we design new algorithms that are shown to
be able to exploit the combinatorial structure of the problem in a nontrivial
fashion, while being unimprovable in special cases. The algorithms call a set
multi-covering oracle, hence their performance and efficiency is strongly tied
to whether the associated set multi-covering problem can be efficiently solved.

Chapter 3 is based on the work of Wu et al. (2015b): We investigate the
regret minimization problem with Gaussian side observations in stochastic
environments: For the first time in the literature, we provide non-asymptotic
problem-dependent lower bounds on the regret of any algorithm, which recover
existing asymptotic problem-dependent lower bounds and finite-time minimax

lower bounds available in the literature. We also provide algorithms that



achieve the problem-dependent lower bound (up to some universal constant
factor) or the minimax lower bounds (up to logarithmic factors).

Chapter 4 is based on the work of Wu et al. (2016): We study the conser-
vative bandit problem. We consider both the stochastic and the adversarial
settings, where we propose natural yet novel strategies and analyze the price
for maintaining the constraints. Amongst other things, we prove both high
probability and expectation bounds on the regret, while we also consider both
the problem of maintaining the constraints with high probability or expec-
tation. For the adversarial setting the price of maintaining the constraint
appears to be higher, at least for the algorithm considered. A lower bound
is given showing that the algorithm for the stochastic setting is almost op-
timal. Empirical results obtained in synthetic environments complement our

theoretical findings.
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Chapter 2

Pure Exploration with
Multi-option Probes

In this chapter we present our work on the pure exploration problem in the
multi-option probe setting (Wu et al., 2015a). We consider two basic settings:
identifying the best option with a prespecified error probability while using
the smallest possible number of probes, and identifying a group of options of a
fixed size, again with a prespecified error probability with the smallest possible
number of probes. For the first setting, we propose two algorithms, SEWP
and EGEWP described in Section 2.2, extending the works of Even-Dar et al.
(2002) and Karnin et al. (2013). They work by constructing coverings with the
probes of the sets of options not eliminated. The second algorithm removes a
logarithmic term from the upper bound and it required a non-trivial extension
of the median elimination method of Even-Dar et al. (2002). For the second
setting, in Section 2.3, the quality of a group returned is assessed either by the
quality of the worst option in the group (following Kalyanakrishnan and Stone
(2010)), or by the average quality of options in the group (Zhou et al., 2014).
We propose a single algorithm (SARWP) that essentially covers both cases.
For the average quality, our distribution dependent upper bound is novel even
in the bandit case and also near optimal in the worst case compared with
the lower bound proposed by Zhou et al. (2014). For simple probe structures
(singletons, or when a probe that covers all options is available), our algorithms
are shown to be essentially unimprovable. We also give lower bounds for

general probe structures. While both our lower and upper bounds express

11



how the structure of the probes interferes with the structure of payoffs, they
differ in subtle ways and it remains for future work to see whether there is a

gap between them.

2.1 Preliminaries

In this section, we formulate the problem studied, as well as introducing the
set covering problem, which will play an important role in our algorithms and

analysis. We start by defining some notation.

2.1.1 Notation

The set of natural numbers will be denoted by N, which includes zero. For
a positive natural number n, [n] denotes the set of integers between 1 and n:
[n] = {1,...,n}. The power set, i.e., the set of all subsets of a set S, will be
denoted by 2%. As usual, functions, mapping set X to set Y will be viewed
as elements of Y. For v € Y¥, we will often write v, instead of v(z) to
minimize clutter. This also helps with the next convention: When U C X, we
will use vy to denote the restriction of v € Y to U: vy(u) = v(u), u € U. We
identify Y™ with Y™ (the set of n-tuples) in the natural way, which allows us
to use notation vy for v € Y = Y. The cardinality of a set S is denoted by
|S]. Certain symbols will be reserved to denote elements of certain sets (i.e.,
p will always be an element of set P). When using such reserved symbols, we
will abbreviate (e.g.) > p f(p) to -, f(p). We will use log(-) to denote the

natural logarithm function.

2.1.2 Problem Formulation

A decision maker is given a pair ([K],P), where elements of [K] are called
options, and P C 2[%] such that the sets in P cover [K]: UP = [K]. Elements
of P are called probes. A problem instance D, or environment, is specified by
K distributions over the reals, D = (D, ..., Dg). The decision maker does
not have direct access to these distributions. For 1 < ¢ < K, we think of

distribution D; as the distribution of “rewards” associated with option 7. We

12



assume that the mean reward p; = [ 2D;(dx) of each option is well defined.
Further assumptions on D; will be given later.

The goal of the decision maker is to find options with the largest mean
reward. For this, the decision maker can query the rewards of the options
by using the probes in a sequential manner. In particular, for each round
t =1,2,..., first a random reward X;; ~ D, is generated for each option
¢ from its associated distribution. It is assumed that X; is independent of
the other rewards (X ;)sztor jzi- We set Xy = (Xy1,...,X; k) € RE. In
round ¢ = 1,2,..., the decision maker chooses a probe p, € P based on
her past observations, to observe the values X;; for each option 7 in p;; with
our earlier introduced notation we can write that the decision maker observes
Xip, = (Xt)p, € RPt. At the end of each round, the decision maker can decide
between continuing or stopping to return a list of guesses (or a single guess)
on the indices of the good options. The goal is to stop as soon as possible,
while avoiding poor guesses.

The following specific problem settings will be considered:

(i) Fized confidence, best-option identification. The optimal option is unique:
If p* = max;e[x) phi, Max;.,, 2.+ pi < p*. The goal of the decision maker
is to identify the index ¢* = argmax;cx) p; of the optimal option. The
decision maker is given a confidence parameter 0 < § < 1 and it is re-
quired that the guess returned after 7 probes must be correct on an event
& with probability at least 1 — §. Decision makers are compared based
on their probe complexity, i.e., the number of probes they use when the

“good event” £ happens.

(ii) PAC subset selection. There are two subproblems that we consider. In
both cases the decision maker is given a confidence, 0 < § < 1, a sub-
optimality threshold € > 0 and a subset cardinality 1 < m < K. The
problems differ in how a quality ¢(.S, ;1) measure is assigned to a subset
S C [K] of options. In both problems, the goal is to find a subset of op-
tions of cardinality m such that ¢(S, p) > maxpcik.p|=m ¢(P, 1) — € and

with probability 1—9, the decision maker must return a subset satisfying

13



the above quality constraint. As before, decision makers are compared
based on how many probes they use before stopping. The two quality
measures considered are the reward of the worst option in the set and
the average reward: @umin(S, ft) = min;eg pt; and Gaye (S, pt) = ﬁ Y ics Mis
S C [K], |S| = m. We call the corresponding problems the strong and

the average PAC subset selection problems.

An algorithm used by a decision maker to select probes, stop and return a
guess will be said to be admissible with respect to a class of environments, if,
for any environment within the class and any 0 < § < 1, the guess computed
is correct (according to the previous requirements) with probability 1 — 4.

The above problems have been considered in the past in the special case
when P contains singletons only, by a number of authors (see Section 1.2.1 for
some references). We shall call these the “bandit” problems. While one can
readily apply the algorithms developed for the bandit case to our problem,
the expectation is that the probe complexity of reasonable algorithms should
improve considerably as P becomes “richer” (this was illustrated in Fig. 1.1).
The question is how the structure of P together with the problem instance
influences the problem complexity. For example, in the extreme case when P
contains [K], we expect the probe complexity of reasonable algorithms to scale
sublinearly with K, whereas in the bandit case a linear scaling is unavoidable.
The case when P = {[K]|} will be called the full information case.

Note that since all probes “cost” the same amount (one unit of time), a
reasonable algorithm will avoid any probe p that is entirely included in some
other probe p’ € P. Hence, we may as well assume that the set of probes does
not have nontrivial chains in it.

We will present results for the class of environments Dy, with the following
restrictions: For each 1 < i < K, D; is sub-Gaussian with common parameter
0% =1/4:

log / e AeH) D(dx) < N20?/2 = N?/8
R

for all A € R. To simplify the presentation of our results, without loss of

generality, we assume that p; > ps > -+ > ug. (note that, obviously, the
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algorithms do not use this assumption). For further simplicity, we assume that
A; € [0,1] for all 7 € [K] where A; = g — p, 2 < i < K. Our assumptions
on the reward distributions D; are satisfied if, for example, D; has bounded
support.

We will present algorithms, which will be shown to be admissible for Dg,
and we will bound their probe complexities. The bounds on the probe com-
plexities will be given in terms of the (suboptimality) gaps A;, 2 < i < K,
i.e., they will be dependent on the distributions D = (Dy, ..., D). Hence, we
call them distribution dependent bounds. We will accompany our constructive
results with lower bounds, putting a lower limit on the probe complexity of

all admissible algorithms. Again, these will be given in terms of the gaps A;.

2.1.3 Set Multi-Cover Problems

Probes allow one to “explore” multiple options simultaneously. Clever al-
gorithms should use the probes in a smart way to guarantee the necessary
number of samples for each of the options while using the smallest number
of probes. If, for example, n € N observations are enough from each of the
options to distinguish their mean payoff from that of the optimal option, then
an intelligent algorithm would try to create the smallest covering of [K] using
the subsets in P to meet this requirement. More generally, for J C [K], we

define

min{zpsp:SGNP,ZP:iGPSPZn,iG J}

to be the cost of the smallest n-fold multi-covering of elements of J. Any
s € N7 achieving the minimum is called an optimal (integral) n-cover of J,
while a feasible vector s is called an n-cover. Given an n-cover s € N” we will
say that probe p belongs to s (writing p € s) if s, > 0. The optimization prob-
lem defining Cip is a linear integer program (hence the IP in Cp). Relaxing
the integrality constraint s € N” to the nonnegativity constraint s € [0, 00)%,
we get a so-called fractional optimal n-cover of J by solving the otherwise
identical optimization problem. The resulting optimal value will be denoted

by Crp(J,n). Note that the relaxed problem is a linear program, explaining
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“LP” in Cpp. While this linear program has potentially exponentially many
variables in K, it can still be efficiently solved provided an efficiently com-
putable membership oracle is available for its dual (Grotschel et al., 1993).
Both Cip(J,n) and Cpp(J,n) can be extended to non-integer values of n.

It follows immediately from the definitions that Cip(J,n) < Cp(J,n).
Further, for any a > 0, CLp(J,an) = aCrp(J,n) = anCrp(J,1). The inte-
grality gap for a set multi-covering problem instance is given by (P, J,n) is
Cip(J,n)/CLp(J,n) (Vazirani, 2001).

Our algorithms will need “small” n-covers for various subsets J C [K].
Depending on the structure of P, calculating an optimal multi-cover of J may
be easy or hard ! (Slavik, 1998; Schrijver, 2003; Korte and Vygen, 2006).
Thus, to keep the presentation general, our algorithms will rely on a set multi-
covering oracle COrcl, which given J, n, P, returns an n-fold multi-cover of J
using the sets in P. Denote by Co(J,n) the cost of the multi-cover returned
by the oracle on J, n (as with Cip and Cpp the dependence on P is suppressed).
The oracle’s integral (fractional) approximation gap, Grp(O,P) (Grp(O,P)),
is the worst-case multiplicative loss due to using COrcl in place of an optimal
integral (fractional) cover. In particular, with x € {IP, LP},

G.(O,P)=  sup Co(J,n)

neNt, JC[K] C*(Ja n) ‘

Let d = max,ep |p| be the maximum number of actions that can be covered by
a single probe. If the set-system P has no special structure, one possibility is to
use the greedy algorithm G as the oracle. This algorithm works by sequentially
setting s, = n for the probe p € P that covers the maximum number of active
options in J and then deactivates the options that are covered by p, until
all options are deactivated. Further, G.p(O,P) < 1 + log(d) < 1 + log(K).
Lovész (1975) showed that Cg(J,1) < (1 + logd)Crp(J,1). Then, Cg(J,n) =
nCq(J,1) < (1 +logd)nCip(J,1) = (1 + logd)CLp(J,n), showing that the
required inequality indeed holds. Raz and Safra (1997) proved that the exists

some constant ¢ > 0 such that, unless P = NP, no approximation ratio of

!Computing the exact solution for the decision version of set covering (i.e., when n = 1),
when P can be any covering system, is known to be NP-hard (Vazirani, 2001).
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clog(K) can be achieved, so in a worst-case the greedy algorithm is a near-

optimal approximation algorithm.

2.2 Finding the Best Option

In this section we present two algorithms and their analysis for the fixed con-
fidence, best-option identification problem. Recall that in this problem, given
a set of probes P and a confidence § € (0, 1], we need to design a sequential
procedure that identifies the best option ¢* with probability at least 1 — 0 using

as few probes as possible.

2.2.1 Swuccessive Elimination with Probes

The first algorithm modifies the successive elimination algorithm of Even-Dar
et al. (2002) to take into account the richer observation structure of our prob-
lem. Recall that the algorithm of Even-Dar et al. (2002) works in phases, in
each phase observing a certain number of rewards for each remaining candi-
date actions. At the end of the phase the provably suboptimal actions are
eliminated. The number of observations in each phase depends only on the
phase index. The process stops when the candidate set contains a single el-
ement. The main difference to the algorithm of Even-Dar et al. (2002) is
that in each phase our algorithm, which we call Successive Elimination with
Probes (SEWP), computes a set multi-covering for the remaining candidate
actions given the probes, with a requirement adjusted to the phase index. The
returned multi-cover is then used to get the observations for the remaining
actions.

Our first result shows that Algorithm 1 is admissible and gives an upper
bound on its probe complexity. To state it, define the scheduling and confi-

dence functions

FB =2 g(t0) = bg(‘;#/‘” 2.1)

For simplicity, assume that the options are ordered in decreasing order of their

mean rewards and As > 0, i.e., the optimal option is unique. For 2 <i < K
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Algorithm 1 SuccessiveEliminationWithProbes (SEWP)
1: Inputs: K, 9, P, observation scheduling function f : N — N and confidence
function g : N x (0, 1] — [0, 00).
2: Initialize candidate set: A; = [K].
3: fort=1,2,...do
4: C(t) < COrcl(Ay, f(t),P).
Use each p in C(t) for C,(t)-times to get new observations.
For each i € Ay, let j1;(t) be the mean of all observations so far for option

5:
6:
1

7o A —{i € At fui(t) + 29(t,0) > maxjea, 1;(1)}
8: if |At+1| =1 then

9: Return the option in A; ;.

10:  end if

11: end for

define
- A,
T;(6) =1 +max{s :g(s,0) > Z} : (2.2)
- 128 54K 4
N;(0) = A? log (Tlog E)

and let fKH((S) =0 and NK+1(6) — 0. Note that 2T+ < Ni(é), and both

are decreasing with ¢ > 2 increasing.

Theorem 1. Pick any 0 <6 < 1 and let SEWP run with inputs (K, 9, P, f,g)
with f,g given by (2.1). Then, with probability at least 1 — 6, SEWP returns
the optimal option i* = 1 within N probes, where N satisfies

K

7,(5)
N S gIP(07 7)) Z Z CIP([Z] 72t> . (23)

1=2 tZTiJrl (6)+1

A

Furthermore, with M;(8) = N;(6) — Ni1(6),
K ~
N < Gp(0,P) > M;(5)Cup ([i] 1) . (2.4)
=2

The proof borrows ideas from Even-Dar et al. (2002). To prove that SEWP
is admissible, one only needs to show that when none of the confidence intervals
based on ¢ used in the elimination step fail, the optimal option will not be

eliminated. This essentially relied on Hoeffding’s inequality, union bounds
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and calculations. To calculate the bound on the probe complexity bound, one
shows that option ¢ will be eliminated after phase TZ((S) This happens because
in each phase the confidence sets of all options decrease at a uniform rate.

We start with a technical lemma:

Lemma 2. Let 0 < a < 1/e, b > 2. Then, for any n > n*(a,b) =

2Jog(2blog 1), an > log(blogn).

Proof. Let q1(z) = ax, go(z) = log(blogz) = log(logx) + logb, x > e. The
claim to be proven is that for any n > n* = n*(a,b), ¢1(n) > g¢2(n). By
differentiation, it is easy to verify that the function f(z) = ¢(x) — ¢2(z) is
non-decreasing if and only if zlogx > 1/a. Hence, it suffices to show that
n*logn* > 1/a, n* > e so that go(n*) is well-defined and ¢;(n*) > go(n*).

From the assumptions and the definition of n*, we get that n* > 2log(4)/a >
é > e. Hence ¢o(n*) is well-defined. Now, from n* > e, we also get n*logn* >
n*, which together with n* > 1/a proves that n*logn* > 1/a.

To verify ¢;(n*) > g2(n*) note first that from our assumptions on a and b,

2blog - > 4 > \/e. Hence,
¢:1(n*) = 2log(2blog 1) = log(4b°log® 1) > log(2b* log 1) = log b + log(2blog 1)
which holds, as by our condition on a, log(1/a) > 5. On the other hand,
g2(n*) = log b+ log(log n*) = log b + loglog (2 log(2blog %))

< logb + loglog(Zlog 1) (log2x < )

< log b+ loglog(%). (log < %)
Now, using again that log(2z) < z,

log(25) = log(2b) +log & < b+log & < blog %,

where in the last inequality we also used b > 2 and log a—12 > 2 and that for
v,y > 2, v +y < xf +ys5 = xy. Putting together all the inequalities, we
obtain ga(n*) < g1(n*).



With this, we are ready to prove Theorem 1:

Proof of Theorem 1. Let T' denote the number of phases before the algorithm
exits, i.e., |Ar| > 1 and |Ar41| = 1. Let U denote the event that for any phase
1 <t < T, and for any option 7 € A; that is not yet eliminated, the mean

reward p; of option ¢ is within the g(¢,d) vicinity of its estimate fi;(¢):
U= {|(t) — ] <g(t,0) for all (i,t) st. 1 <t <T and i€ A;}.

First, we will argue about the correctness and cost of the algorithm assuming
that U happens and then we will show that U indeed happens with large
probability.

Assume therefore that U happens. We claim that on this event, the optimal
option ¢* = 1 cannot be eliminated, i.e., 1 € Ay,..., Ary1. That 1 € A; holds
since A; = [K]. Now, given that 1 € A; for some 1 <t < T, we have that
f1(t) +2g(t,6) > pr + g(t,0) > maxjea, ptj + g(t,9) > max;ea, f15(t), showing
that 1 € A;,1 and hence option 1 indeed will not be eliminated.

Now, still assuming that U happens, consider bounding N. We start by
asking how big ¢ can be for a suboptimal option ¢ # 1 to be still included in
Ayy1. Intuitively, if an option is still considered as a candidate, its subopti-
mality “gap” A; cannot be large. Indeed, defining i*(t) = max;eq, f;(t), from

1 € Appq we derive

Ap =y — i < fu(t) +9(t,0) = (fa(t) — g(t,0)) < @ (1) — fu(t) + 29(t, 0)
< 4g(t,9),

where the second inequality used that 1 € A; and hence *(¢) > ji1(t), while
the last inequality used that ¢ € A;1. Hence, by the definition of j\’z = ﬁ(é),
from ¢ € A,y it follows that ¢ < ﬁ In particular, for any ¢t > ﬁ +1,i ¢ A
As a matter of fact, for any ¢ > 2, t > ﬁ + 1, and 57 > ¢, j cannot be in A;.
Hence, A, C {1,...,i—1}. By reindexing, for 1 <i < K and using fKH =0,

we conclude that

t > T,y + 1 implies that 4, C [i], 1<i<K. (2.5)
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Since (2.5) implies that for ¢ > fg +1, A; is a singleton, T > 7/—\12 + 1 cannot
hold. Hence, T' < T. 5. Now, we can bound N, the total number of probes used

before termination:

T P
N:ZZCP ZCO At, ZCO At7
t=1 p=1 t=1

< Grp(O,P) ZCIP(At7 f(t)), (2.6)

t=1

where we set A, = {1} for t > T. Now, we divide the set {1,..., 75} into the
disjoint intervals S; = {Ti+1 +1,... ,Ti}, i =2,...,K. Using that, by (2.5),
for any ¢t € S; it holds that A; C [i] and thus Cip(Ay, f(t)) < Cwe([7], f(%))
(where we used that for any A C B, n € N, Cip(A,n) < Cip(B,n)), we get

proving (2.3).

It remains to lower bound the probability that U happens by 1 —J. As
usual, we do this by upper bounding the probability of the complementer event
Ue={3s e [T],Fie As s.t. |1i(s) — ui| > g(s,0)}. For the sake of simplicity,
let us now assume that in each phase ¢, for each option in A;, we use only
the first f(t) observed rewards and drop the potential “overflow”. In fact, by
dropping additional observations, the probability of failure can only increase,
hence we may make this assumption without loss of generality.

We have
Pr(U®) =Pr(3s € [T],TFi € A, |i(s) — il > g(s,9))

:ZPr (T'=t,3s € [t],Ti € A, |1i(s) — i > g(s,0)) .
Note that fi;(s) is defined only when i € A,. Without loss of generality we
can assume that [;(s) when ¢ € A; is calculated based on taking the average

of the first n(s) = Y . _, f(q) elements of an infinite i.i.d. sequence of random

variables drawn from the distribution of option i. Hence, defining fi;(s) as the
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average of the first n(s) random variables in this infinite sequence, we get a
consistent extension of the definition of /i;(s) for arbitrary s > 1.

We have

= Pr(T=t3s€[t],3i € A, |fu(s) — | > g(s,0))
<N Pr(T=t3s €[t],Fi € [K], |juls) — jul > g(s,0))

<33T =35 € [ ) - ] > o(5.0)

K o o

<SS PR = tjuals) — l > 9(5,9)

i=1 s=1 t=1
K o

=3 > Pr(liu(s) — il > g(s,9)) -
i=1 s=1

According to Hoeffding’s inequality,

Pr(|f(s) — wl > g(s,9)) <2exp< 2Zf )
log(4Ks?/6)
s+1
S 2€Xp (—2 . T
B )
- 2K s2
and hence

o0

K 5
S,ZIZQKS2 <

Thus, it remains to upper bound T =1+ max {t g(t,d6) > %}.

j\}zl—l—max{t : g(t,é)z%}

 flog(AK#2/5) _ A,
=1+ max {t : T > I

2 ,
<1+ max {loggn : \/10g(4K(10g2 n)/o) > —Z}

2n

4
A? 4K
<1+ log, max<n : Englog 6‘10g210gn :
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To bound the maximum above, we use Lemma 2. In our problem both b =

610g2 > 2 and = % > e satisfy the conditions in this lemma. Plugging in

these values of a and b in n* = n*(a,b), we get an upper bound of T, in the
form of 1 + log, <% log <6-11?)Ig<2 log A%)) < log, (g—‘% log (% log A%_)), which
concludes the proof of the upper bound on T;.

Let us now turn to proving (2.4). According to (2.6) we also have

T P
D9 SIS XTI S
t=1 p=1 t=1

<Grp(O,P) ZCLP(Atu f(t), (2.7)

t=1

Since for A; € [i], CLP(At, f(t)) < Crp([i], f(t)) also holds,

N < G1p(O,P) Z Z Cre([i

= Gr(0,P 22 XTj Qt) Cup([i], 1)

< GLp(O,P i (2ﬁ+1 — 2ﬁ+1“) Cp([i], 1)

— G.p(0,P) f?“lc 22%“6 >>

< G1r (0, mﬁ (271 — 2Tt e (i), 1)

< GLp(O,P) <i 2T H1CLp (i szl“cw >>

=G.p(O,P) (i oTiH1e b ([i], 1) — i?ﬁ—HCLP([i —1], 1))

= G1r(0.P) <2f2+1cma([2] 1) + éﬁ“ (Cup([i] 1) = Cop([i — 1], 1)))
< Grr(O,P) ( Az(é)CLP(P],lHZ:NZ(é) (Crp(li], 1) = Crp([i — 1] 1)))
= Gur(0.P) S (K0)  Neo®) Cunll] 1)

s
[|
)



K

=Grp(0,P) > Mi(5)Crp([i] 1)

1=2

The bound (2.3) may be tighter than that shown in (2.4), but perhaps the
second is a bit easier to understand. ? For simplicity, let us explain (2.4).
Once (2.4) is explained, the meaning of (2.3) follows. The term G.p(O, P) is
the price of using an oracle combined with some upper bounding that allowed
us to arrive at this simpler result by resorting to the linearity properties of
Crp. The rest is what we call a sequential fractional multi-cover with the
requirements that option ¢ be covered ]\Afz(é) times: In a sequential multi-
cover, the covering is not done in a single-shot, but is done in phases. In the
first phase, all the options must be covered M, k() times. In the next phase,
all the options but the last must be covered M Kk—1(0) times, etc., up to the
last phase when options one and two must be covered Mg(é) times. Note that
the total requirements for an option i are Mg (8) + My_1(0) + - -+ + M;(6) =
NK((S) —NK+1(5) +NK—1(5) _NK((S) +-- '+Ni(5) —Ni+1(5) = Nz(é) Roughly
N;(8) ~ O(1/A2) is the number of observations needed from option i (and
one) in order to be able to tell which of the two options has a bigger mean
reward. Now, compared to (2.4), (2.3) uses a more precise expression for the
number of probes, by relying on the the phase structure of the algorithm.

An alternative choice of f(t) and ¢(t,d) is that f(t) = 1 and g¢(¢,d) =

w, which leads to N;(6) = O (é log %) instead.

Now, we argue that this bound is tigiﬂt up to a log K factor, at least in
some cases. In particular, in the bandit case, the covering problem is triv-
ial and we can use an optimal covering oracle. Then, Co([7],2") = 2!, and
hence the bound becomes O <Zfi1 A%i log (%log Ai)) Up to a log factor,
this matches the lower bound of Kaufmann et al. (2015a) which takes the
form €2 (Zfil A? log(l/d)). Furthermore, as noted by Jamieson et al. (2014)

2In fact, if Co(-,n) is monotone increasing, (2.3) will hold with Co replacing Grp - Crp,
further tightening the bound.
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(based on a result of Farrell (1964)) the loglog A™! term is necessary.

To examine the tightness of the upper bound, we derive a distribution
dependent lower bound on the probe complexity of algorithms admissible for
Dge. Call an environment D a Gaussian environment with common variance

o? if for any 1 <i < K, D; is a Gaussian with variance o2.

Theorem 3 (Distribution-dependent lower bound). For any algorithm ad-
missible for Dy, any confidence 0 < § < 1/2, any probe set P, any sequence
0=A4A1 <Ay <...Ax, if D is a Gaussian environment with common vari-
ance 02 = 1/4 and means py = po + Dy = -+ = ug + Ag, if N is the number
of probes used by the algorithm on D then

. 1 1
E[N] > 86%1721)? sp st Z Sp > Y] log — 65
peP p:l€p
1 ‘
and Zsp log66 2< i< K.

pUEpP

The proofs of our lower bounds are based on the following lemma, a spe-
cialized version of Lemma 1 of Kaufmann et al. (2015a). In the lemma we need
the Kullback-Leibler divergence (or relative entropy) K L(P;, P) of two distri-
butions: KL(Py, P,) = [ Pi(dx)log 95t (x) if the Radon-Nikodym derivative
2—2 exists and is +o0o otherwise. Specializing this to two Bernoulli distribu-
tions, we get the binary relative entropy function, d(z,y) = xlog(z/y) + (1 —
x)log((1 —2)/(1 —y)) defined for z,y € [0,1]. (Define d(0,0) = d(1,1) = 0,
d(0,1) =d(1,0) = +00.)

Lemma 4. Let i* € [K] be the option returned by some algorithm after ob-
serving reward from option i € [K] M; times and let i* = 0 if the algorithm
never stops. For any a € [K], let U, denote the event that i* = a. Then, for

any two environments D' and D?*, and for any a € [K],
ZE@ JKL(D}, D?) > d(Prpi(U,), Prpe(U,))

where Bp; and Prp; denote expectation and probability, respectively, under the

assumptions that the environment is D7.
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Proof of Theorem 3. The relative entropy of two one-dimensional Gaussian
distributions with common variance 02 = 1/4 and mean difference m is m?/(20?).
Let G, denote the Gaussian distribution with mean p. Hence, KL(G, G, 14) =
2a? for any u,a € R. Further, for any ¢ € (0,1/2),

1 1
d(1—146,0) =(1—-9)log >§10g——|—510g5

)
—|—(510g1_(S %

> L) (2.8)
=985 T e T2 %G ’

Pick p1 = 1/2, iy = pn — A; and let D° = (D', ..., D®) = (G, ..., Guy).
Define D! to be the modification of D® when D, is replaced by G, ;. and let
D' with 2 < i < K be the modification of D° when D; is replaced by Gpite
with some € > 0. As in the proof of Theorem 2 in Kaufmann et al. (2015a), we
apply Lemma 4 to the K pairs of environments (D° D?'),... (D% D¥) and
option a = 1.

We have KL(DY,D;) = 0 unless j = 2 in which case KL(D3,Dj) =
KL(Gy, Guie) = (A2 + €)% Also, for any 2 < i < K, 1 < j < K,
KL(DY, D) = 0 unless ¢ = j in which case KL(D;, D) = KL(G,,, Gy, 4c) =
2(A; + ¢)?. Further, the optimal option in D is option one, while the op-
timal option in D is option i because € > 0. Hence, if U is the event
that the algorithm picks option one, then, since the algorithm is admissible,
Prpo(U) > 1 =6, and Prpi(U) < §. Combined with (2.8), letting M; denote

the number of observations from option i, we get

1 1 1 1
Eno| M| > ———— log — Epo|M;| > —————log—, 2<i:1<K.
Do[ 1]_4(A2+5)2 og65, DO[ ]_4(Ai+5)2 og65 <1<

Define N, the number of times probe p is used. Then, N = Zpep N, and

M; = Zp:iep N,. Combining this with the previous inequalities leads to the

linear program as shown in Theorem 3.

Note that the lower bound clearly reflects the structure of P. However, even
disregarding the constants and logarithmic factors, there is still a gap between

our upper and lower bounds: In the upper bound, as explained before, the
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size of a sequential cover appears, while in the lower bound, the size of a “one-
shot” cover is seen. Note that in either the bandit or the full information case,
there is no gap between these quantities. We were able to establish a gap of
log(K') when considering sequential and one-shot integral covers. However, it
remains a very interesting open question whether the gap can be closed in the

fractional case.

2.2.2 An Alternative Algorithm to Find the Best Op-
tion

The second algorithm is a generalization of the exponential gap elimination
algorithm of Karnin et al. (2013), which improves the logarithmic term in the
sample complexity from log(% log %) to log(% log %) for the bandit problem.
So we expect that generalizing that algorithm to our setting will have a similar
improvement regarding the log K term.

The exponential gap elimination algorithm of Karnin et al. (2013) calls the
median elimination algorithm of Even-Dar et al. (2002) as a subroutine, which
finds an e-optimal option using O(Ke ?log(1/d)) samples with probability at
least 1 — § (an option is e-optimal iff its expected reward is at least py — €).
So before generalizing the exponential gap elimination algorithm, we need to

first design a counterpart for the median elimination algorithm.

Median Elimination With Probes

The median elimination algorithm (ME) of Even-Dar et al. (2002) works as
follows: The algorithm runs in phases. In every phase t each potentially good
arm is sampled 4¢,?1og(3/d;) times, where &, = 27! and ¢, = £(3/4)!/3;
then the lower half of the arms with inferior performance is eliminated, and
the next phase is run with the remaining arms only. The algorithm terminates
when a single arm remains.

A tempting approach to address our problem would be, instead of sampling
each remaining arm n times in one phase, we sample a set of probes that is
a minimum n-cover of those arms. We will call this naive modification of

the median elimination algorithm the naive-ME algorithm. While “naive-
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ME” preserves the same O(Ke ?log(1/§)) performance in the bandit case,
the following proposition shows that in the full information case this algorithm

requires K'/2-times more probes than expected.

Proposition 5. In the full information case where P = {[K]}, the probe
complexity of the nawe-ME algorithm is at least

K'/? K
Q( = log?) :

Proof. The median elimination algorithm deterministically runs [log, K| phases
since it eliminates half of the arms in each phase. In phase ¢, the algorithm
collects % log 5% samples for each arm in the set of arms A; considered, where
& = % (%)t and §; = 2;%, and then selects A;,; to contain half of the arms
with better estimated mean rewards. Under the full information setting, there
is only one probe that covers all arms, so the algorithm uses that probe the

probe ;% log 5% times in each phase. Then the total probe complexity N is
t

N_“‘)gimzllo 3_“"%“36 16), 62
n g2 gét_ — 2\ 9 875

t=1

36 (16\ 5" 6K
) (§> log 5 (only take the last term)
1 K K
g2 g2 )
K2 K
= ( 5 log F)

Intuitively, the presence of the K'/? term is not expected since the full
information case gives K times more information than the bandit case.

We have shown that simply replacing the uniform sampling in each phase in
the median elimination algorithm of Even-Dar et al. (2002) with a set multi-
cover does not work, so a more careful design is needed. Our proposed al-
gorithm, called Median Elimination With Probes (MEWP) is shown in Al-
gorithm 2. It essentially runs the original median elimination algorithm for

bandits over a one-cover of all options (that is, each probe in the cover is
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treated as an option in the bandit setting), and in each phase we eliminate
half of the probes that do not seem to cover a good option. We stop running
median elimination when a single probe covers all the remaining options. Then
the algorithm enters its second stage where we use this probe until we iden-
tify an almost optimal option from the remaining ones. In the next theorem
we prove that the algorithm is admissible, and give an upper bound on the

number of probes required to find an e-optimal option.

Algorithm 2 MedianEliminationWithProbes
1: Inputs: K, § € (0,1], e >0, P.
2: Set &y = £(2)", 6, = 5.
3: C' < COrcl([K],1,P), and define a partition of the options as A; =
{mp, Cp:peC Upcm,=[K]}
4: fort=1,2,...do
5.  for all m € A; do

6: Use ;% log %r'-times p € C that covers 7 to get observations for each
t
option in p.
7 Let fi.(t) = max;e, f1;(t), where [i;(t) is the empirical mean reward of

option ¢ based on the observations in the actual phase t.
8: end for
9:  Find the median m(t) of {fi.(t) : 7 € A}
10 Let Ay ={m € Ay : [1:(t) > m(t)}.
11 if |A;q]| =1 then

12: terminate the loop and let 7* be the single element of A; 4
13:  end if
14: end for

15: If [7*| > 1, use the probe that covers 7* for % log @—times.
16: Return the option 7* € 7* with the highest empirical mean based on these
observations.

Theorem 6. With probability at least 1 — 6, MEWP returns an e-optimal
option ©*, and N, the total number of probes used by the algorithm is

N=0 (CO([K] Do |7T‘“a"|) . (2.9)

g2 )

where |Tmax| = Maxqea, |7|.

Proof of Theorem 6. The algorithm contains two stages: First, in the for loop,
we aim to find a probe that contains an e/2-optimal option with probability

at least 1 — 6/2, in O(|A;|le 2 1log(|mmax|/d)); then we find an option that is
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e/2-optimal option within this probe with probability at least 1 — §/2 after
O(e7%10g(|mmax|/9)) probes.

First we will analyze the algorithm on the first stage. We need to show
that

5
Pr <[Lﬁ* > e — g) >1-3 (2.10)

where i, = max;e, p; for all m € A; and 7* = argmax_ p,. Clearly, - = p,
the expectation of the best option.

Let m; = argmax, . 4, fir. Let Pr; and E; denote the conditional probability
and conditional expectation given all randomness before phase t. To prove

(2.10), we will first show that
Prt ([Ilﬂ—url > Hry — 5t) Z 1-— (5,5 .

Define A = {m € Ay : pir < ir, — ¢} and AF = {m € Ay : ,(t) > fir, ()}
Then, for any m € A, the event {m € A; N A} A {jir, (t) > pr, — €¢/2} implies
{fix(t) > pir +&:/2}. Thus, for any m € Ay, 7 # 7,

Pr, <7T € A; N A;

) €
:U“7Tt(t) > Momy — _t>

2
~ Et ~ Et
<P, (7e(0) > i+ 5 e (02 e~ 5
N &t (St
=P ( x(t) > lr _> < P
vy | fin(t) > pr + 5) =3

where (i) the equality holds since the samples from the options in 7 and 7, are
independent, and (ii) the last inequality holds, since by Hoeffding’s inequality
(Cesa-Bianchi and Lugosi, 2006),

Oy

~ &t N Et
v \a(t) > g+ 5 ) < Pro (f1a(t) > ps + <30

2

for all i € m, since ji;(t) is estimated from (2/&;)*log(3|n|/d;) samples, and
the union bound implies that this inequality simultaneously holds for all ¢ € 7

with probability d;/3. Furthermore, by definition m; ¢ Af, hence

Pr, <7rt € A7 0V A: i, (1) > iy — %) ~0.
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Therefore,

A7 N A7)
E, | >
{ Al

N €t
7rt<t) > My — _:| <
Applying Markov’s inequality, we have

AN A 1 20
Pr; (M >~ fr, (8) > pr, — %) < ?t

Al T2
Note that again by Hoeffding’s inequality and the union bound, Pr;(fr, (t) >

L, — %) Z 1 — (37 and {‘A|£,|45 2} 1mplleS {:uﬂ't+1 > U, — 6t}' Then, by

union bound, we get

Pr, (/’[’ﬂ't+1 > Umy — 5t) >1—0

Since the bound is constant, the unconditional probability also satisfies this

inequality, and so, by the union bound,

c log, |A1] log, |A1] S
Pr(ps S gt =5) € 30 Pr(fmey Spim—) £ D 0 <3,
t=1 t=1
proving (2.10).

Next we will calculate the probe complexity until 7* is found:

S og 31 AL Bl (A
575 Lioglrl < 3 A g (1
t=1 meA, - t <

Now we will analyze the second stage, by showing that it finds an &/2-
optimal option from 7* with probability at least 1 — 6/2. Assume that the
first stage ran for T" phases, so we will consider conditional probabilities Prp
conditioned on the first T" phases of the first stage.

Let %, denote the optimal option in 7, fi; be the empirical mean reward

for option i € 7* in the second stage, computed from 58 log 2'” |

~

i = argmaXes i, A ={i € 7" p; < pi, — 5} and A* = {,uz- > fliz, }-
Clearly, {fi;z, > piz, — 5} and {Vi € A%, i; < p; + 7} imply {|A° N A*| = o},
which in turn implies {7* ¢ A°}. Therefore,

samples,

£ “ 9
Prp (LLI* > iz, — 5) > Prp (,ul > iz, — Z AV € A% iy < p; + Z)
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. € ) €
>1—Prp (Mi;* < iz, _Z> —ZPTT <Ni >M+z_l>'
i€ A®

Applying Hoeffding’s inequality, we have

o2

6 "LE2
PYT<ﬂz'—,uz‘> Z) <e § =

|

)

2|

2|7*|

where n = 6% log =5—. Note that the same probability bound holds for p;—ji; >

7. Therefore,

€ A +1)0 )

Since the bound is independent of the condition, we also have

J
Pr (u;* > s, — g) >1- 2,

Combining with (2.10), we obtain
Pr(p, > py —e) >1-46.

Finally, the total number of probes can be bounded as

N—oO (|A1| log \wmax|> N glog 27 _ (Co([K],l) log |7rmax|>

=2 5 5 £2 5

Note that we have |my.x| inside the log term instead of the expected 1. It
can be shown that this worst case upper bound is unimprovable in both the

bandit and full information setting by the following theorem.

Theorem 7. In the full information case, for every K > 2, ¢ > 0 and d €
(0,1/2), and for any algorithm that returns an e-optimal option with probability

at least 1 — 9, there exist reward distributions (D, ..., Dg) such that

1 K

E[N] > log — 2.11

NI =2 152108 135 (2.11)
where N is the total number of probes used by the algorithm.

Moreover, for any general observation structure P, a lower bound is

L Ge(E]L L) 1

E[N] > 25— log . (2.12)
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Proof of Theorem 7. We prove (2.11) and (2.12) separately.

First we prove a modification of Lemma 4 for the full information case.

Lemma 8. Consider the full information case. Let i* € [K] be the option
returned by some algorithm after N trials if the algorithm stops and let i* = 0
if the algorithm never stops. Furthermore, for any a € [K], let U, denote the
event that i* = a. Then, for any two environments D' and D2, and for any
a € [K],

B [N] S KL(DY, D2) 2 d(Pepn (U), Pron(U1),

i=1
where Ep; and Prp; denote expectation and probability under the assump-
tions that the environment is D, KL(D}, D?) denotes the relative entropy
(or Kullback-Leibler divergence) between D} and D? for all i € [K]|, and
d(z,y) = xlog(x/y)+ (1 —x)log((1—x)/(1—y)) is the binary relative entropy.

Proof. Assume that the full information algorithm is applied in the bandit case
in a naive way: trying each option once in the bandit case when it would choose
to try the only probe in the full information case. Then Ny =...= Ng = N,

and the statement of the lemma follows immediately from Lemma 4. m

Proof of (2.11). We prove the theorem by applying Lemma 8. In order to do
so, we need to construct the environments D' and D?. We assume that for any
i € [K],k € {1,2}, DF is Gaussian with mean p¥ and variance 02 = 1/4. In
Dy we set pu? = ¢, 2 = ... = p3% = 0. Now consider any algorithm that returns
an e-optimal option with probability 1 — . Then we have Prpz(U;) > 1 — 6.
Furthermore, 3", Prp2(U;) < 4§, and so there exists some j € {2,..., K}
such that Prpz(U;) < §/(K — 1). We use this j to select the expected values
of the distributions D}: in particular, we let p; = e, u; = 2¢, and w; = 0 for
all other 4. Then we have Prp:(U;) > 1 — 6.

Since the relative entropy of two 1-dimensional Gaussian distributions with

common variance o and mean difference m is m?/(20?), we have
K
Y KL(D},D}) = KL(D},D3) = (2¢)*/(20%) = 8.
i=1
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Furthermore, by the monotonicity properties of the binary entropy function d,

and since Prp2(U;) < §/(K —1) <1 —0 < Prpi(Uj), we have

Thus, applying Lemma 8, we get
d(1-0, %)

EDl [N] Z 852

(2.13)

The last step is to bound d (1 — 9, %) from below:

1
d(1—5,L) — (1—6)log — 5+510g1L5

K—1 yrom ) yrm
1 K-1 1 K—1 1
4 logd > =1 _-
>2 og 55 + 6 Og5_2 og 55 .
Ll Ko1K
— 10 — 10 —— .
2% 765~ 2 %125

Combined with (2.13) we have Epi[N] > i log & which concludes the

16¢2

proof. O]

Proof of (2.12). Let D be an environment such that D;,: € [K] is Gaussian
with mean y; and variance 02 = 1/4, where y; = € and p; = 0 for all 7 # 1.

We create K environments, D' ... DX such that DF is Gaussian with
mean pf and variance 02 = 1/4, and use Lemma 4 to lower bound the number
of trials needed in environment D. For D! let ui = —¢ and p} = p; for all
1 # 1. Foer,k:;él,letug:?gand,uf:,uj for all j # k.

Consider an algorithm A that, with probability at least 1 — J, returns
an e-optimal solution (in any environment satisfying the assumptions of our
setting). Then, using the notation of Lemma 4, we have Prpr(U;) < ¢ for all
k € [K| and Prp(U;) > 1 —9.

Let N; be the number of samples observed by algorithm A for option i.
Similarly to the proof of Lemma 8, we construct a bandit algorithm from A
using probes in such a way that whenever A decides to try a probe p in the
original problem, the bandit version tries each option ¢ € p once in the bandit

problem. Then the number of samples for each option ¢ will be the same in the
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original and in the bandit problem, and so, similarly to the proof of Theorem 7,
Lemma 4 implies that

d(1 - 5,0)

Ep|N;| >
plNi| 2 8?2
for all i € [K]. Using the derivation in Theorem 3, we get d(1—4,6) > 1 log .

Therefore, we have

.
1622 266

Ep[Ni] =) Ep[N,] >

p3i

where N, is the number of times that probe p is played. Since Ep[N] =
> pep Ep[Ny], lower bounding Ep[N] leads to

1 1\ Cp([K], 1), 1
B[N > (K], gz ton g ) = it los g (2a)
O
.......................................................................... D

Compared to the upper bound of Theorem 6 in general cases, lower bound
(2.12) has a |Tmax| gap inside the log term. However, (2.12) is not tight since
in the full information case we have a tighter lower bound Q(s2log(K/d)) in
(2.11). Therefore, although whether the |my.y| term is tight or not is still an
open question there has to be some quantity between 1 and K in the log term.
Note that MEWP may not be the best choice for only finding an e-optimal
option in practice since it does not provide distribution dependent perfor-
mance. However, the worst case upper bound is theoretically good enough

(has a better log term) for being a subroutine of our later algorithm EGEWP.

Exponential Gap Elimination Algorithm

Given the MEWP algorithm, we continue with generalizing the exponen-
tial gap elimination algorithm. The new algorithm, called Exponential Gap
Elimination with Probes (EGEWP), is shown in Algorithm 3. The new idea
here is to use the partition-based exploration technique (as in the MEWP

algorithm) and replace the bandit-case median elimination subroutine with
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Algorithm 3 ExpGapEliminationWithProbes
1: Inputs: K, 6, P.
2: Initialize candidate set: A; = [K]. Set &y = 15, 0y = =05 -
3 fort=1,2,...do
4:  C(t) + COrcl(A; 1, P).
5.  Create a  partition Ht of A; such that I, =
{WpCp p € C(1), Upec( At}
for m, € II; do
Use probe p for 52 log =5
in p.
8: end for
9:  For each i € Ay, let [i;(t) be the mean of all observations in phase t for
option 1.
10: 4y MedianEliminationWithProbes(At, 5, 0:).
11: Let Ay ={i € A @ fu(t) > fu, () — et}
12:  if |Ayyq] =1 then

2'””' -times to get observations for each option

13: Return the option in A;;.
14:  end if
15: end for

MEWP. The analysis follows a combination of the techniques of Karnin et al.
(2013) and the proof of Theorem 6. However, due to the more complicated
observation structure, we are only able to prove a A, dependent upper bound

on the number of probes:

Theorem 9. If the oracle COrcl always returns the optimal solution for integer

programming, EGEWP finds the optimal option with probability at least 1 — &

0 (%}?U log ('%“' log A%)) (2.15)

probes where |Pmax| = max,ep |p|.

after using

Proof of Theorem 9. As in earlier proofs, we are going to use Pr; and E,; to
denote the conditional probability and conditional expectation, respectively,
given all randomness before phase ¢, and we denote the g-algebra correspond-
ing to the latter by F;_;.

First we are going to bound the number of phases in running EGEWP. We

start with the following simple observation: For any ¢ # 1 and ¢ such that
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T >t > log, A%_, i € Ay and 1 € Ay, the event Cy; = {p5, > pr1 — S} A {ps, <
fui,(t) + 53 A {ps > f15(t) — 5} implies @ ¢ A; 4. This holds since given Ct,

) € . 5 .
,Uit(t) > i, — é > M1 — & > i+ 36 > ,Ui(t) + 551& > /Li(t) + &

where in the third step we used that pu; — pu; = A; > 271 = 4eg; for t > log, f.
Now assume that F;_; is such that 1 € A; and w € II;. Then, for any t >

1
10g2 Ay

Prt (El'l € 7T,7: # 1,2 € At+1)

€ . € 0 <
<P (<= ) 0 (2 0+ 5) 0 5 Pl - ).
€M, i#£]
(2.16)

Now, for any ¢t > 1 and F;_; as above,
€
Pr, (Mz’t < p1 — §t> < 0,

by the high probability guarantee for the success of MEWP and the fact that

new samples are used in each phase. Furthermore, for any ¢ € m and ¢t > 1,

Et 575 57&

N A &t
Pr, (uz < 1;(t) 2> o7 and Pry (uz > 1 (t) + 2) o7 (2.17)

by Hoeffding’s inequality since fi; is computed from 2¢; ? log(2|7|/d;) new sam-
ples. Finally, since i, is selected based on different samples than the ones used
in estimating fi;,, denoting by m;(j) the partition cell of A; containing j, we

have

A €t N Ety. . . .
Pr; (,uit > [, (t) + 5) = Z Pr; <uj > [1(t) + 5‘2,5 = j) Pr, (i; = j)

jeAt
N € . .
= Z Pr; <Mj > [1(t) + §t> Pr, (i, = j)
JEA:
<Z 0 Pr(z’—j)<6t (2.18)
< . =7 5 :
22 2fm(j) 2

Continuing (2.16) with the above inequalities, we obtain that for any ¢ >
log, A% and F;_1 such that 1 € A; and 7 € I1;,

Prt (32671',@# 1,Z€At+1) §6t+%+%:25t (219)
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Since the same 20; bound holds for ny F;_; with 1 € A; and 7 € II;, we also

have
Pr (Ell € '/T,i ;é 1,Z € At+1‘7r € Ht7 1e At) S 25,5 (220)

Furthermore, for any ¢ > 1, the events {1 € A;}, {fi(t) > 1 — %}, and
{ii,(t) < pi, + %} imply that 1 € A4y, since
A € € N
fa(t) > =5 = i — 5 > () — e
Therefore, from (2.17) (for i = 1) and (2.18) we get

The above inequality shows that the optimal option 1 is not eliminated with
high probability, while (2.20) shows that for large enough ¢, the suboptimal
options are eliminated with high probability. Thus, it remains to quantify
how fast the suboptimal options are eliminated. To this end, we show that the
number of probes used in every phase decays exponentially fast for ¢ > log, ALz'
Let I = {rell; : Jiemi€ Ay} Then, for any t > logzﬁ and F;_q
with 1 € A;, we have E; [|II] — 7,(1)|] < 26¢|II; — m(1)] by (2.19), and so

I — (1
= I =] <
Again, since the right hand side is independent of the conditioning in E;, we
can replace the conditioning on F;_; with conditioning on 1 € A;; then, by

Markov’s inequality, for any z > 0 and ¢ > log, A%v

1L — w(1)] 1‘ )
Pr{ —/——%X >-]1€eA4,) <
(|Ht—7Tt(1)| z )=

E ]
Ht—ﬂ't 1
e <92, (2.22)

z
Now define the event

e . . .
B(t) = {H < é} ANViem(l),i#£1,i¢ A}y

note that 7(1), and hence B(t), is defined when 1 € A;. Then, by (2.20),(2.22),

and the union bound,
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Next we consider when the algorithm stops if 1 € A; and B(t) happen in
each phase t > log, A%. Note that, denoting the last phase of the algorithm
by T', the probability of this event can be bounded from below as

Pr ({Vt € [T),1 € A} A {Vlog, L <t<T, B(t)}>

Ay
s (224 3)8 30(22 + 3)
>1-) (2 =1-) = > Y 2.24
= ;( Z+ 3)515 ; 50t3 sl 100 ) ( )

by (2.21), (2.23), the union bound, and since Y=, 1/¢3 < 1+ [ 1/t3dt = 3/2.
If z > 1 and |II;| < %, then

|TT; — m(1)] < z—1

17 = ()] < <1,

z z

which means that IT;” C {w(1)}. Also, B(t) implies that all suboptimal options
in 7(1) are eliminated, which leads to the fact that only the optimal option 1
can survive after phase t. According to the algorithm, there must be at least
one option left after the elimination of each phase, so we can conclude that if
for some z > 1 and phase t > log, A%, {1 € A}, [T < z, and B(t) holds, the
algorithm must stop after this phase and return the optimal option i* = 1.

If |II;| > z, and {1 € A;} and B(t) holds, then

] _ 0 — () +1 _ [ —a(1)] = _ [T +z-1

1L — ITL| N 2| L] I
<(z—1)—|—(z—|—1)_ 2
z2(z+1) e

Since repartitioning in the next phase will not increase the number of probes
needed to cover A, compared to IT,), we have |II;;| < |II]|. Therefore, for
any z > 1 and t > log, ALQ such that {1 € A;} A B(t) holds, |II;| > z, implies

puresy < 2

: 2.25
| = z+1 ( )

For simplicity, we choose z = 15. Then, by (2.24), the probability of the
event {Vt € [T],1 € A} AN{Vlog, ALQ <t <T,B(t)} is at least 1 —¢; thus, it is
enough to bound the probe complexity of the algorithm under the latter event.

Assuming the event holds, by the choice of z we have that after ¢t > log, A%

phases, |II;| > 16 implies ‘Tﬁﬁ' < %, and the algorithm stops after phase ¢
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if |TI;| < 15. Let s = log, ALQ. Then the algorithm must run into one of the
following three cases: (a) T' < s, (b) T' > s and |II;| > 16 for s <t < T, (c)
T > sand |II;| > 16 for s <t <T — 1, || < 15.

Here we only consider the last two cases where T" > s; the upper bound
obtained this way trivially hold for case (a), as well. For T > s, we divide
the T" phases into two parts: 1 <t < s and s <t < T. In the second part,
by definition, |II;] > 16 for s <t < T — 1, and so |II;] < Co([K],1) (%)tis

for s <t < T by (2.25). Therefore, the probe complexity of the algorithm,
without the samples used by the MEWP subroutine, is

SPDEIVELED I) DR IME S

t=1 welly t=s welly
s—1
< 3200 (K 41 M
t=1
— /1\" 100 prya| (7 + 5)3
+ 32Co([K], 1) <§> 47 log pmax5 : (2.26)
r=0

Here the first term on the right hand side is clearly bounded from above by

Co([K], 1) <\pmax\ 1 )
02 g ((Pmaxd g -
AT 8T %A,

for some universal positive constant C', while the second term can be bounded

as

S L o lmad | 5oy
C& CC) <i§£: 2T ﬁ_ 2r )

r=0 r=0

gcg( (‘pma"‘ )> (r+s<rs)

for universal contants C5, C3 > 0. In conclusion, the total probe complexity

without the samples used by median elimination is

0 (SO (Pl 1))

The last thing is to show that the probe complexity of the MEWP subroutine
is dominated by the above quantity. To show this, consider each phase t, the
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number of probes used outside median elimination is > log | which is

m€lly &7
relaxed to QCO(A“ ) log 2lp g:a"‘ in our analysis. According to Theorem 6, MEWP
in phase t uses O <CO Ar1) log ‘”m‘”‘l) probes, where |Tynax| = maxqcp, |7| <

|Pmax|- So taking the probe complexity of median elimination processes into

account we still have the total probe complexity as

Co([K],1) [Pmax| ;1
N= 1 log— ) ) .
© ( Az 8T %A,

If COrcl is not guaranteed to return the optimal integer cover, the above
theorem still holds by making the following modification to the algorithm to en-
sure that IT,, ; is not worse than IT; for every ¢: if [{m € II; : TN A1 # D} <
Co(A¢y1,1), then use the same partition pattern from I, for II;.

Compared to the bound for SEWP, the log K term is replaced with log |pmax|-
More specifically, in the full information case, the upper bound becomes
O <Ai§10g <% log A%)), which is the same as the upper bound for SEWP.
In the bandit case, the algorithm is exactly the same as the exponential
gap elimination algorithm of Karnin et al. (2013), which enjoys an optimal
O (Zl 1 AQ log (% log f)) upper bound on the number of probes, and is bet-
ter than the upper bound for SEWP in bandit case. Therefore, although not
formally proved, we expect that EGEWP enjoys an improved probe complexity
compared with SEWP.

Comparing SEWP and EGEWP empirically

To empirically compare the performance between SEWP and EGEWP algo-
rithms, we investigate the performance under three different probe settings:
(a) the bandit case; (b) the full information case; and (c¢) an intermediate case
where every subset of size |p| = V'K is a probe. For each scenario we consider
two environments: (a) an easy problem where p; = 0.3 and pg = ... = ug =0
and (b) a hard problem where p; = 1 and p; = 1 — (i/n)%> for i # 1. Each
reward distribution is Gaussian with variance o? = 1/4. Under each combi-

nation of probe and distribution settings, we test the sample complexity for
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different values of K with § = 0.1. In the experiments we report average probe
usage over 100 runs. The results are shown in Figure 2.4.

The results show that EGEWP performs worse than the SEWP in all
settings considered, despite its favorable asymptotic performance guarantees.
This phenomenon is supported by the experimental studies by Jamieson et al.
(2014) in the bandit case, in which the exponential gap elimination algorithm
of Karnin et al. (2013) is shown to be worse than the successive elimination

algorithm of Even-Dar et al. (2002).
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2.3 PAC Subset Selection

In this section, we consider the two PAC subset selection problems introduced
in Section 2.1. The first, named strong PAC subset selection, is the same as the
EXPLORE-m problem introduced by Kalyanakrishnan and Stone (2010) where
the goal is to find m (e, m)-optimal options. The second problem, named
average PAC subset selection, is to select a subset of m options with e-optimal

average reward, introduced by Zhou et al. (2014).
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The basic idea of our approach is to generalize our SEWP algorithm with
two modifications: (i) First, besides rejecting the options that cannot be in
the best m options after each phase, we also accept options that have enough
confidence to be one of the best m options, which shares a similar idea with
the Racing algorithm in Kaufmann and Kalyanakrishnan (2013). (ii) Spe-
cific stopping conditions are designed to meet the e-relaxation in the problem
definition.

To make it easier to express the probe complexity, we introduce a new
symbol Af’m) defined by AEE””) = max{p; — fms1,€} if i < m and Af?””) =
max{ fty, — i, e} if ¢ > m. We then sort AEE’"‘) for all i € [K] in ascending
order and let S(;) be the first ¢ options in the list, while Agf)’m) denotes the i-th
smallest entry.

Analogously to Theorem 1, let f(t) = 2¢, g(t,0) = bg(;ﬁ#, and define

- 128 4K 4
Ny(e,0) = 5 log ( log — > (2.27)

and let N(KH)(a, J) =0.
Note that Nijy(g,8) = N (e, d) since Agi’)m) = Ag’)m) = max{ fly—ms1,E }-
Also let M@(E, (5) = N(i)(E, 5) — N(/L'Jrl)(g, (5)

2.3.1 Strong PAC Subset Selection

First we propose an algorithm that returns a subset S* containing m (e, m)-
m)-

optimal iff u; > p,, —e. This requirement is the same as qmin(g*,u) >

optimal options with high probability. An option i is defined to be (g,

Gmin([m] , 1) — € where @umin (S, 1) = min;eg p;.
The algorithm, called Successive Accept Reject with Probes (SARWP) is
shown in Algorithm 4. The following theorem shows that Algorithm 4 is

admissible and the probe complexity is bounded.

Theorem 10. With probability at least 1 — 6, SARWP returns a subset S of
size m within N probes, where qumin(S*, 1) > qmin([m], 1) — € and N satisfies
N <GLp(O,P) Zf; M(i) (€,0)Crp (S(i)7 1) :
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Algorithm 4 SuccessiveAcceptReject WithProbes
1: Inputs: K, m, €, §, P, observation scheduling function f : N — N and
confidence function g : N x (0, 1] — [0, 00).
2: Initialize candidate set A; = [K], accepted options A = @, rejected
options A} = @
fort=1,2,... do
C(t) < COrcl(Ay, f(t),P).
Use each p € C(t) for C,(t)-times to get new observations.
For each i € Ay, let j1;(t) be the mean of all observations so far for option
i. Sort the options in A; in descending order of fi;(¢). Let H; be the first
— |A¢| options and L; = A; \ H;.
7. if minsep, 1i(t) > maxier, () + 29(¢,9) — € then

8: Return S* = A? U H, as selected subset.
9:  end if
10:  Let

Ag =AU {ie Hy - ,uz( ) > maxjer, f1;(t) + 2g(t, 5},
Al =ATu{i e Ly ¢ fi;(t) < minjep, f1;(t) — 2g(t,0)},
and Ay = [K] — A?+1 Alp

11: end for

Proof of Theorem 10. Let T denote the number of phases that the algorithm
runs until the stopping condition is satisfied and U denote the event that all

confidence bounds hold throughout the process:
U= {|(t) — ] <g(t,0) for all (i,t) s.t. 1 <t <T and i€ A;}.

In the proof of Theorem 1, we have already shown that Pr(U) > 1—4¢. So the
remaining of the proof contains two parts given the fact that U holds: (i) if
T is finite thus S* is returned, each option in S* must be (e, m)-optimal, and
(ii) the probe complexity is upper bounded.

First we will show that if T < oo then each option i € S5* must be (e, m)-
optimal. Since S = ASUHyp, it € 5', © belongs to either A% or Hyp. If i € Af,

we use the following proposition to show that 1 <i < m.
Proposition 11. IfU holds, then for any2 <t < T, ifi € A} then1 <i <m,

ifi€ A thenm+1<i<K.

Proof. For t = 2, if i € A3, then f1,(1) > maxjey, f1;(1) + 2¢(1,0). Since
|L1] = K —m, we can find at least K —m options such that for each j of them

fi(1) > f1;(1) + 2¢(1,0). From U we know that p; > p;, which means there
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are at least K —m options worse than 4, hence 1 < ¢ < m holds. On the other
hand, if 7 € A%, for similar reason, we can find at least m options better than
7 and thus m+1 < ¢ < K. Next we will show that if it holds for ¢ then it also
holds for ¢ + 1.

If it holds for ¢, then we have #{i : 1 <i<m,i € A} = m — |A}| and
#{i - m+1<i<KieA}=K-m—|A]| Foriec A,andi € A}, we can
find at least |L;| = K —m — | A}| options in A; worse than i so 1 <14 < m must
hold. Similarly, for i € A, and i € A}, we can find at least |H;| = m — |A?|
options in A; better than i so m + 1 < ¢ < K must hold. Then by induction,
Proposition 11 holds. ]

We now continue the proof of Theorem 10. Proposition 11 shows that
if i € A% then 1 < i < m. For the other case, if i € Hp, then j;(T) >
maxer, ft;(1)+29(T,0) —e. Next we will show that p; > p,,, —e by discussing
the following two cases:

If 1 <i<m then p; > pt,, — € must hold. If m+1<i < K, since i € Hy
and all options in A%, must be K —m worst, then there exists 1 < j < m such
that j € Ly and thus 4;(T) > ;(T) + 29(T,0) — €. Therefore p; > pj —e >
M, — €.

Now we have shown that if T" < oo, every option in S = A% U Hp must be
(e, m)-optimal. Next we will prove that if U holds then the probe complexity
is upper bounded by the following propositions.

Proposition 12. For 1 <t < T, ¢(t,9) > ¢/2.

Proof. 1f g(t,0) < /2, then min;ep, 1;(t) > max;er, i1;(t) > max;er, f1:(t) +
2¢(t,0) — e. The stopping condition is satisfied, thus 7" = ¢. ]

Proposition 13. For 1 <t < T, ifi € Ayyq, then g(t,0) > (i — pms1)/4 if
1<i<m, and g(t,6) > (pm — ps)/4 if m+1<i < K.

Proof. Fori € Ay, 1 <i<m,if g(t,9) < (i — pm+1)/4, since #{i : m+1 <
i < K,i € A} = K —m — |A}|, there exist at least K —m — |A}| options in
A; such that for each j of them p; — p; > 4g(t,9). Then

fii(t) = 1 (t) = (i — 9(t,6)) = (pj + g(t,0)) = pi — pj — 29(¢,6) > 2g(¢,6) .
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Given the fact that L; contains K —m — |A}| options with the lowest ji;(t)s
for j € A;, we have f1,(t) > maxjep, 1;(t) + 2¢(¢, ), which means i must be
accepted to Af,, thus ¢ ¢ A;4,.

Similarly, we can prove that for i € A, m+1 < ¢ < K, if g(¢,§) <
(fm — pi)/4, then ¢ must be rejected to A}, ;. Now Proposition 13 has been
proved. O

Combining Propositions 12 and 13 and the definition of A®™ we get that
for 1 <t < T, ifi € Ayq, g(t,d) > Age’m)/él. Then following the proof of

Theorem 1 gives the result of Theorem 10.

The upper bound on the probe complexity is in a similar form to the one
for SEWP in Theorem 1, while here the number of samples required for option
i is determined by Age’m) instead of A;. This complexity measure matches ex-
isting work for the bandit case (Kalyanakrishnan et al., 2012; Kaufmann and
Kalyanakrishnan, 2013). In the bandit case, the upper bound matches the
worst case lower bound in Kalyanakrishnan et al. (2012): Q(Ke?log(m/J)),
up to logarithmic factors. We do not have a distribution dependent lower
bound like Theorem 3 and even in the bandit case a distribution dependent
lower bound for € > 0 is still an open question (Kaufmann and Kalyanakrish-

nan, 2013).

2.3.2 Average PAC Subset Selection

Next we consider the problem that aims to find a subset whose aggregate regret

is e-optimal. Given a subset S C [K]| and |S| = m, the aggregate regret of S

is defined as Rg = = <Zi€[m} Wi =D ics ,ui> = Gave([M], 1) — Qavg(S, i) where
Qave (S, 1) = |—é| > ics Mi- The aggregate regret of S is said to be e-optimal iff
Rg <e.

To address the problem of finding an average e-optimal subset, Algorithm
4 can still be employed by only modifying the stopping condition according to

the different objective. The new stopping condition is described as follows:
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Stopping condition for average PAC subset selection: First for each i € Ay,
we construct an adversarial estimation fi(t) by setting [ (t) = f;(t) — g(t,9)
if i € Hy and fi(t) = f;(t) + g(t,0) if i € L,. Then we sort the options in
descending order according to ji;(t) and let H, be the first m — |AY| options
while L} be the remaining. The algorithm stops and returns S = Af U H, if

S () —g(t,0) = Y (ult) + g(t,6)) — me.
i€H{\H] 1€H[\H¢
This way of constructing “adversarial estimation” is similar to the one in the
CLUCB algorithm of Chen et al. (2014), where the goal is to identify a subset
with the highest reward sum without ¢ relaxation.

The next theorem shows that with the modified stopping condition, Algo-

rithm 4 is admissible and bounds its probe complexity. Define

b(ma 8) = max {a’ S NJF P Hm—at+1 — Hmia S %5} ) (228>

or b(m,e) = 1if p — ptme1 > me. Then we have the following result:

Theorem 14. With probability at least 1 — 0, SARWP with modified stopping
condition returns a subset S* of size m within N probes, where q(wg(g*, ) >
Qavg([m], 1) —€ and N satisfies N < Grp(O,P) ZZI; M(i)(ms/b, 0)CLp (S(i), 1),

where b = b(m, €).

Proof of Theorem 1. Let T denote the number of phases that the algorithm
runs until the stopping condition is satisfied and U denote the event that all

confidence bounds hold throughout the process:
U = {|u(t) — | <g(t,0) for all (i,t) s.t. 1 <t <T and i€ A;}.

We have Pr(U) > 1 — 4. Similar with the proof of Theorem 10, the remaining
of the proof contains two parts given the fact that U holds: (i) if T is finite
thus S* is returned, the aggregate regret of S* must be e-optimal, and (ii) the
probe complexity is upper bounded.

First we will show that if T' < oo then % (Zie[m] i = D iein ,ui) < ¢e. Re-

call that S* = A% UHrp. The options in Af. incur no regret since Proposition 11
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still holds and says that A% C [m]. So we only need to show that

Z i — Zuiﬁmé-

i€[m)\ A%, i€Hr

Furthermore, it is equivalent to show

Z ; — Z Hi < Me .

i€[m]\ A%, \HT i€Hy\[m]

Recall the stopping condition

Yo (M) —g(T,6) > Y (u(T)+9(T,6)) -

i€ Hp\H, i€H/\Hr
To show that the stopping condition is sufficient, we introduce some new no-
tations:
Consider the sequence of options in A; sorted by their f;(t), let a;(i) be
the option at the ¢-th position. Let

b = max {a eN: ﬂat(mt—a+1) - ﬂat(mt-f—a) < 2g<t> 6)} )

where my = m — |AY|.

According to the construction of H, we know that H; = {a,(1), ..., a;(m;)},
H, = {a;(1),...;a;(my—by), ar(my+1), ..., ae(me+by) } and |H\ H,| = |H}\ Hy| =
bt

Next we construct a set of pairs Pairy = {(i,j)} for i € [m]\ A%\ Hy and
J € Hr\[m] as follows: sort Hy\ [m] and [m]\ A%\ Hr both in descending order
according to their f1;,(T")s (this is valid since [m]\ A% C Ar by Proposition 11)
, then take last of i € [m]\ A% \ Hr and the first j € Hr \ [m] as a pair
into Pairy, then repeat this procedure until no option remains (Note that
| [m] \ A%\ Hr| = |Hr \ [m]|). Since for each pair (i,7), i ¢ Hy and j € Hyp,
we have [1;(T) > (7).

Then

> - >

i€[m]\ A%, \HT i€Hp\[m]

< Y () = iy(T) +29(T,0))

(3,4)€Pairy
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< Y (29(T.6) = (7y(T) — fu(T)))

(i,§) € Pairy.
where Pair} = {(i,j) € Pairy : 4;(T) — p,(T) < 29(T,8)}. Then we will
show |Pair)| < bp. This is because, if |Pair}| > by, then there must be
a pair (i,j) € Pair) such that j € Hr N Hy and i ¢ Hr U Hy. Thus
faptmr—s0) (T) = fiarma st (T) < iy (T)— () < 29(T,6) which contradicts
the definition of b;.
Next we construct another set of |Pairy:| pairs (i,5) between i € Hy \ Hr

and j € Hr \ Hf in the similar fashion: Let
Pairl, = {(ar(mr + |Pair}|), ar(mgy — |Pairf| + 1)), ..., (ap(mr + 1), ap(mr)) } .

If we consider the pairs in Pairj: and Pair’y in the order that they are con-
structed, then for each corresponding (i,j) € Pairs and (¢, j') € Pairly, we
have 1;(T) — fu(T) > jj/(T) — fuir(T'). Therefore,

Yo Y ws Y 2uT.8) — (y(T) — (1))

i€lm]\Ag, \HT i€ Hr \[m] (i.f)€ Pair

< Y 20(T.0) — (3 (T) — u(T)))

(i,§)€ Pairl,
Consider the remaining pairs (i,j) between i € H. \ Hy and j € Hp \ HY
which are not in Pairl,, 29(T,9) — (fi;(T) — fi;(T)) > 0 still holds. Then we

have

DT S

i€[m]\ A% \HT i€Hr\[m]

< Y (T +g9(T.0)— D (u(T) - g(T,5))
i€H\Hp i€Hp\H},

< me.

Now we have proved that the aggregate regret of S* is e-optimal. The remain-

ing task is to upper bound the probe complexity.

Proposition 15. For 1 <t < T, ¢(t,d) > me/4b, where

me

b—max{aGN L M — a+1—um+a_—}7
a

orb="11if by, — 1 > me.
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Proof. The proposition is proved by showing that if g(¢, ) < me/4b, the stop-
ping condition must be satisfied after this phase. Recall the definition of
by = |H, \ H|| = |H, \ Hy|, we will first show that b, < b.

If b = min{m, K — m}, by < b must hold. Next we discuss the case
when b < min{m, K —m}: Since fy—p — fimip+1 > me/b > 4g(t,0), for any
l1<i<m-bandm+b+1<j <K, ifije A, then f;(t) — () >
i — b —29(t,8) > 2g(t, ). So there are at least m — |A¢| —b = m; — b options
in A; such that for each ¢ of them 1 < i < m—b, as well as at least |A;| —m; —b
options such that for each j of them m +b+ 1 < 57 < K. Since for each pair
of such 4,7, f1;(t) > fi;(t), if by > b then there must exist 1 < i < m — b and
m+b+1<j <K such that i,j € (H; \ H]) U (H]\ H;). This is impossible

because

ﬂat(mt*bt+1)<t) Z ﬂz(t) > ﬂj(t) + 29(t7 5) Z ﬂat(mt+bt) (t) + 29<t7 5) )

which contradicts the definition of b;. Hence b, < b holds.
Then

Y () +9(t.8) = Y ((t) - g(t.4))

i€ H]\ Hy i€ H;\Hj
=2byg(t,0) + > fu(t)— > fult)
i€H|\ Hy i€H\H]

< thg(ta 5) < 2b <2b- %

< me,

which shows that the stopping condition is satisfied and thus the proposition
holds. O

Note that Proposition 13 still holds here, together with Proposition 15 we
get that for 1 < ¢ < T, if i € Ayyy, g(t,6) > A™/"™ /4 Then following the

proof of Theorem 1 gives the result of Theorem 14.

me/b,m)

Compared with Theorem 10, the complexity here is measured by AE

instead. This distribution dependent complexity measure is novel even in the
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bandit case since the algorithm in Zhou et al. (2014) comes with distribution
independent guarantee only. Regarding the worst case performance, since
b(m,e) < min{m, K — m}, in bandit case our upper bound can be further

relaxed to O (652 log (% log %)) if m < K/2 and O (K(K—_m)z log (% log %))

m2e2

if m > K/2. Compared with the worst case lower bound in Zhou et al.
(2014): Q (K (1 + %)) for m < K/2 and Q (% K (K;m N loga/a)))

g2 m m
for m > K/2, although our upper bound does not exactly match this worse
case lower bound, our distribution dependent quantity b(m,e) shows how the

different g and K(%;T)Z terms appear for small m and large m compared with

K/2.

2.4 Summary

We introduced a generalized version of the best arm identification problem,
where a decision maker can query multiple arms at a time. This generalization
describes several real world problems that are not adequately modeled by the
standard best-arm identification problem. We generalized several existing al-
gorithms and provided distribution dependent upper and lower bounds on the
probe complexity, and showed that our algorithms achieve essentially the best
possible performance in special cases. In the PAC subset selection problems
our complexity measure either matches existing works for the bandit case or
provides some new insights. One very interesting question that remains for fu-
ture work is whether there is a real gap between our lower and upper bounds.
However, much work remains to be done: We view our paper as opening a
whole new practical and exciting research area of investigating richer feedback
structures in “winner selection” problems. Interesting questions include how
to change the algorithms when the subsets to be returned are restricted, or

when probes are associated with costs.
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Chapter 3

Regret Minimization with
Gaussian Side Observations

In this chapter we present our work on the regret minimization problem in
the Gaussian side observation setting (Wu et al., 2015b). We assume that
selecting an action ¢ the learner can observe a random variable X;; for each
action 7 whose mean is the same as the payoff of j, but its variance a?j depends
on the pair (7, 7). For simplicity, throughout the chapter we assume that all
the payoffs and the X;; are Gaussian. While in the graph-structured feedback
case one either has observation on an action or not, but the observation always
gives the same amount of information, our model is more refined: Depending

on the value of %, the information can be of different quality. For example,

ij
if 02-2]. = 00, trying action ¢ gives no information about action j. In general, for
any ij < 00, the value of the information depends on the time horizon T of
the problem: when 02-2]- is large relative to T (and the payoff differences of the
actions) essentially no information is received, while a small variance results
in useful observations.

After defining the problem formally in Section 3.1, we provide non-asymptotic
problem-dependent lower bounds in Section 3.2, which depend on the distri-
bution of the observations through their mean payoffs and variances. To our
knowledge, these are the first such bounds presented for any stochastic partial
monitoring problem beyond the full-information setting: previous work either

presented asymptotic problem-dependent lower bounds (e.g., Graves and Lai,

1997; Buccapatnam et al., 2014), or finite-time minimax bounds (e.g., Barték
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et al., 2014; Alon et al., 2013, 2015). Our bounds can recover all previous
bounds up to some universal constant factors not depending on the problem.
In Section 3.3, we present two algorithms with finite-time performance guar-
antees for the case of graph-structured feedback without the self-observability
assumption. While due to their complicated forms it is hard to compare our
finite-time upper and lower bounds, we show that our first algorithm achieves
the asymptotic problem-dependent lower bound up to problem-independent
multiplicative factors. Regarding the minimax regret, the hardness (é(Tl/ 2)
or O(T2/3) regret!) of partial monitoring problems is characterized by their
global/local observability property (Barték et al., 2014) or, in case of the
graph-structured feedback model, by their strong/weak observability property
(Alon et al., 2015). In the same section we present another algorithm that
achieves the minimax regret (up to logarithmic factors) under both strong
and weak observability, and achieves an O(log3/ 2T) problem-dependent regret.
Earlier results for the stochastic graph-structured feedback problems (Caron
et al., 2012; Buccapatnam et al., 2014) provided only asymptotic problem-
dependent lower bounds and performance bounds that did not match the
asymptotic lower bounds or the minimax rate up to constant factors. A related
combinatorial partial monitoring problem with linear feedback was considered
in Lin et al. (2014), where the presented algorithm was shown to satisfy both an
5(T2/ %) minimax bound and a logarithmic problem dependent bound. How-
ever, the dependence on the problem structure in that paper is not optimal,
and, in particular, the paper does not achieve the O(y/T) minimax bound for

easy problems.

3.1 Problem Formulation

Formally, we consider an online learning problem with Gaussian payoffs and
side observations: Suppose a learner has to choose from K actions in every
round. When choosing an action, the learner receives a random payoff and also

some side observations corresponding to other actions. More precisely, each

ITilde denotes order up to logarithmic factors.
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action ¢ € [K] = {1,..., K} is associated with some parameter 6;, and the

payoff Y} ; to action ¢ in round ¢ is normally distributed random variable with
2

mean ¢; and variance o;;, while the learner observes a K-dimensional Gaussian
random vector X;; whose jth coordinate is a normal random variable with
mean 6; and variance agj (we assume 0 < oy < o0) and the coordinates of
X:; are independent of each other. We assume the following: (i) the random
variables (X;,Y;); are independent for all ¢; (ii) the parameter vector 6 is
unknown to the learner but the variance matrix ¥ = (07,); je(x is known in
advance; (iil) 6 € [0, D]¥ for some D > 0; (iv) minex) oy < 0 < oo for all
J € [K], that is, the expected payoff of each action can be observed.

The goal of the learner is to maximize its payoff or, in other words, minimize

the expected regret
T
RT = T'max 92 — Z]E th,it]
t=1

i€[K]
where i; is the action selected by the learner in round ¢. Note that the problem
encompasses several common feedback models considered in online learning
(modulo the Gaussian assumption), and makes it possible to examine more

delicate observation structures:
Full information: 0;; = 0; < oo for all 4, j € [K].
Bandit: 0;; < 0o and 0;; = oo for all i # j € [K].

Partial monitoring with feedback graphs (Alon et al., 2015): Each ac-
tion ¢ € [K] is associated with an observation set S; C [K| such that

oi; =0; < oo if j €5; and 0;; = oo otherwise.

We will call the uniform variance version of these problems when all the finite
0;; are equal to some o > 0. Some interesting features of the problem can be
seen when considering the generalized full information case , when all entries
of X are finite. In this case, the greedy algorithm, which estimates the pay-
off of each action by the average of the corresponding observed samples and

selects the one with the highest average, achieves at most a constant regret
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for any time horizon 7.2 On the other hand, the constant can be quite large:
in particular, when the variance of some observations are large relative to the
gaps d; = max; ; — 0;, the situation is rather similar to a partial monitoring
setup for a smaller, finite time horizon. In this chapter we are going to analyze
this problem and present algorithms and lower bounds that are able to “in-
terpolate” between these cases and capture the characteristics of the different

regimes.

3.1.1 Notation

Define CF = {c e NX : ¢; >0, Yici G =T} and let N(T) € CY denote the
number of plays over all actions taken by some algorithm in 7" rounds. Also
let OF = {c € RN 1 ¢; > 0,3, xy¢i = T}. We will consider environments
with different expected payoff vectors 8 € ©, but the variance matrix > will
be fixed. Therefore, an environment can be specified by 6; oftentimes, we will
explicitly denote the dependence of different quantities on 6: The probability
and expectation functionals under environment ¢ will be denoted by Pr (+;0)
and E[; 6], respectively. Furthermore, let i;(6) be the jth best action (ties
are broken arbitrarily, i.e., 6;, > 6;, > --- > 6;,) and define d;(0) = 6;,9) — 6,
for any ¢ € [K]. Then the expected regret under environment 6 is Rp(0) =
> ici) EINi(T); 6] di(0). For any action i € [K], let S; = {j € [K] : 0i; < oo}
denote the set of actions whose parameter 8; is observable by choosing action
1. Throughout the chapter, log denotes the natural logarithm and A™ denotes

the n-dimensional simplex for any positive integer n.

3.2 Lower Bounds

The aim of this section is to derive generic, problem-dependent lower bounds to
the regret, which are also able to provide minimax lower bounds. The hardness
in deriving such bounds is that for any fixed 6 and ¥, the dumb algorithm that

always selects i1 (0) achieves zero regret (obviously, the regret of this algorithm

2To see this, notice that the error of identifying the optimal action decays exponentially
with the number of rounds.
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is linear for any ¢’ with 71(0) # i1(0")), so in general it is not possible to give
a lower bound for a single instance. When deriving asymptotic lower bounds,
this is circumvented by only considering consistent algorithms whose regret
is sub-polynomial for any problem (Graves and Lai, 1997). However, this
asymptotic notion of consistency is not applicable to finite-horizon problems.
Therefore, following ideas of Li et al. (2015), for any problem we create a family
of related problems (by perturbing the mean payoffs) such that if the regret of
an algorithm is “too small” in one of the problems than it will be “large” in
another one, while it still depends on the original problem parameters (note
that deriving minimax bounds usually only involves perturbing certain special
“worst-case” problems).

As a warm-up, and to show the reader what form of a lower bound can be
expected, first we present an asymptotic lower bound for the uniform-variance
version of the problem of partial monitoring with feedback graphs. The result
presented below is an easy consequence of Graves and Lai (1997), hence its
proof is omitted. An algorithm is said to be consistent if supyeg Rr(0) = o(T7)
for every v > 0. Now assume for simplicity that there is a unique optimal
action in environment 6, that is, 6; ) > ¢; for all ¢ # 7; and let

202

202
_ K . .,
Cyp=<cel0,00)" : E ciszorallj%zlw), g Ci > =5

i:J€S; i1 (0)€S; di2(9) (9)

Then, for any consistent algorithm and for any 6 with 0;,9) > 0;,(),

liminfRT—@ > inf (¢, d(0)) . (3.1)

T—oo log T — ceCy

Note that the right hand side of (3.1) is 0 for any generalized full infor-
mation problem (recall that the expected regret is bounded by a constant for
such problems), but it is a finite positive number for other problems. Similar
bounds have been provided in Caron et al. (2012); Buccapatnam et al. (2014)
for graph-structured feedback with self-observability (under non-Gaussian as-
sumptions on the payoffs). In the following we derive finite time lower bounds

that are also able to replicate this result.
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3.2.1 A General Finite Time Lower Bound

First we derive a general lower bound. For any 6,6’ € © and ¢ € A'CiN“‘, define
f(0,q,¢) as

f(0,4.0) = inf " q'(a)(a,d(®))

N N
q acCrp,

such that Z q(a)log q/(a) < Z 1;(6,6" Z q(a)a; | ,

aEC’jN

L)

—~
Q

~—

where [;(0,6') is the KL-divergence between X,;(0) and X;;(#’), given by
1;(0,0") = KL(X::(0); X;4(0")) = zfl(e 0)?/207;. Clearly, f(6,q,0') is
a lower bound on Rr(6’) for any algorithm for which the distribution of N(T')
is ¢. The intuition behind the allowed values of ¢’ is that we want ¢’ to be as
similar to ¢ as the environments 6 and 6’ look like for the algorithm (through

the feedback (X, );). Now define

g(0,c) = inf sup f(0,q,0), such that Z q(a)a = c € C7F.
genlch 0'ce on
actr
g(0, ¢) is alower bound of the worst-case regret of any algorithm with E [N (T'); 0] =
c. Finally, for any > 0, define

b0, z) = inf (e, d(0)) where Cy, = {ce€ CF; g(0,c) < z}.

CECQYI

Here Cjy, contains all the possible values of E [N (T); 6] that can be achieved
by some algorithm whose lower bound g on the worst-case regret is smaller

than x. These definitions give rise to the following theorem:

Theorem 16. Given any B > 0, for any algorithm such that supgcq Rr(0') <
B, we have, for any environment 0 € ©, Rr(6) > b(0, B).

Proof of Theorem 16 . Let ¢y, denote the density function of a K-dimensional
Gaussian random variable with mean vector # and independent components

wehere the variance of the ith coordinate is o2, and define

T
Cbeazt ,z)
LT_ZIO ¢90 z)
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where 4; is the choice of the algorithm in round ¢. Let ¢, ¢ € ATl denote the
joint distribution over the number of plays for each action under environment
6 and ¢ € O, respectively, that is, ¢(a) = Pr(N(T) =a;0) and ¢'(a) =
Pr(N(T) = a; ') for each a € C}.

For any a € C}, applying a standard change of measure equality (see, e.g.,

Kaufmann et al., 2015a, Lemma 15), we obtain

q'(a) =Pr(N(T) = a;0") = E [I{N(T") = a} exp(—Lr); 0]
=E[I{N(T) = a} E [exp(—L7)|N(T) = a; 6] ; 0]
> E[I{N(T") = a} exp (E [~L7|N(T) = a;0]) ; 0]
= Pr(N(T) = a;0) exp (E [~ Lr|N(T) = a; 0])
= q(a)exp (E[~Lz|N(T) = a;]) .

(
(

Thus E [Ly|N(T) = a;6] > log & and so

" EIN(T); 6] 1(6,6) = E[Lrs0)

1€[K]

aeCﬁ
q(a)
> Y g(a)log i@
a€C¥

where E [N;(T); 0] = ZaeC?i g(a)a;. Therefore, according to the definition
of f(0,q,0"), we have f(0,q,0") < Za60¥ ¢ (a){a,d(0")) = Rr(#) for any
¢ € ©. Then supyceo f(6,9,0") < supgee Rr(f#') < B must hold. Since
EN(T);0] = > uecn a(a)a we have g(0, E[N(T); 6]) < supgce f(6,q.6") < B.
Thus E [N(T);0] € Cy g and so Rr(0) > b(6, B), which concludes the proof of
Theorem 16.

Remark 17. If B is picked as the minimax value of the problem given the
observation structure X, the theorem states that for any minimax optimal

algorithm the expected regret for a certain 6 is lower bounded by b(6, B).
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3.2.2 A Relaxed Lower Bound

Now we introduce a relaxed but more interpretable version of the finite-time
lower bound of Theorem 16, which can be shown to match the asymptotic
lower bound (3.1). The idea of deriving the lower bound is the following:
instead of ensuring that the algorithm performs well in the most adversarial
environment ¢, we consider a set of “bad” environments and make sure that
the algorithm performs well on them, where each “bad” environment 6’ is the
most adversarial one by only perturbing one coordinate 6; of 6.

However, in order to get meaningful finite-time lower bounds, we need to
perturb # more carefully than in the case of asymptotic lower bounds. The
reason for this is that for any sub-optimal action 4, if 6; is very close to 0;, (),
then E [N;(T); 6] is not necessarily small for a good algorithm for 6. If it is
small, one can increase 6; to obtain an environment 6’ where i is the best
action and the algorithm performs bad; otherwise, when E [N;(T); 0] is large,
we need to decrease #; to make the algorithm perform badly in 6’. Moreover,
when perturbing 6; to be better than §;, (4), we cannot make ¢; —0;, 9y arbitrarily
small as in asymptotic lower-bound arguments, because when 0;—0;, () is small,
large E [Nil(g); 0’ ] , and not necessarily large E [IV;(T'); #'], may also lead to low
finite-time regret in #’. In the following we make this argument precise to

obtain an interpretable lower bound.

Formulation

We start with defining a subset of C% that contains the set of “reasonable”
values for E [N(T);6]. For any § € © and B > 0, let
K
Cop= {c cCF ZUC—; >m;(0,B) for all i € [K]}
j=1 i
where m;, the minimum sample size required to distinguish between 6#; and its
worst-case perturbation, is defined as follows: For i # iy, if 6;, = D, then

m;(0, B) = 0. Otherwise let

— 1 T(e—di(0))
m; (0, B) = se(d%i}l{)—oi] % log =7~

3Recall that 6; € [0, D].
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_ 1 +4di(6))
m; (0, B) = max 2 log HerdO),

and let ¢; 4 and g; _ denote the value of € achieving the maximum in m; ; and

m; _, respectively. Then, define

i(0,B) = {m?’*w’ 5 if d;(0) > 4B/T:;
min {m; (0, B),m; (6, B)} if d;(0) <4B/T .

For i =iy, then m; (0, B) = 0if 6,,(9) = 0, else the definitions for i # i; change
by replacing d;(6) with d;,)(#) (and switching the + and — indices):

; 0 B a LIO T(E_di2(9)(9))

miy(o)-(6, B) = ee(diggw}){,eil(m] =T
1 T(e+d;, 0y (0))

M 0.8 = _ e o "

where €;,(9),— and &;,(p),+ are the maximizers for € in the above expressions.

Then, define

7”I”LZl (9 B) if diQ(g)(Q) 2 4B/T;

11 07B =
mi, 9)(0, B) {mm {mi )40, B),mi - (0, B)} i diy9)(0) < 4B/T .

Note that ¢; ; and ¢; — can be expressed in closed form using the Lambert
W : R — R function satisfying W (x)eV®) = x: for any i # i,(6),

d:(0)T

i+ = min {D —0;, 8\/EBeW(16\/EB>/T + di(e)} ,

(3.2)

W<f di(G)T>
Ej,— = min Qz s 8\/536 16vel /T — dZ(Q) s

and similar results hold for i = i, as well.
Now we can give the main result of this section, a simplified version of

Theorem 16:

Corollary 18. Given B > 0, for any algorithm such that supyco Rr(\) < B,
we have, for any environment 0 € ©, Ry () > (0, B) = min.cc; , (c,d(0)).

Proof of Corollary 18. We start the proof with two technical lemmas on the
Lambert W function.
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Lemma 19. Let a,b > 0 with ab < 1 and f(z) = % log ((z + a)b) for z > 0.
Then f(x) < f(x.) for all x > 0 where

Proof.

fla) =~ (@ =2 +a)log (= + )b) .

Let g(y) = y — a — 2y log by defined on y > a.

g'(y) = —2logyb—1.

If ab < \/LE then g(y) is increasing when a < y < ﬁé and decreasing when
y > ﬁg If \/ié < ab < 1 then g(y) is decreasing on y > a.
Since lim,_,, g(y) = —2alog ab > 0 and lim,_,  , g(y) = —oo we know that

there exists a unique y, > a such that g(y.) = 0, g(y) > 0 for a < y < .

___ab
and g(y) < 0 for y > y.. It can be verified that y. = z. +a = \/TEeW< WE)

satisfies ¢g(y.) = 0 and y, > a (which comes from W(—%) > W(_ﬁg) =-1
and thus y, > ;7 > a). Therefore f'(z) > 0 when 0 < z < z, and f'(z) <0
when x > z,. Since f(z) is continuous when x > 0 we have proved that
f(z) < f(x,) for all x > 0.

O

Lemma 20. Let a,b > 0 and f(z) = log((x —a)b) for x > a. Then
f(z) < f(x,) for all x > a where

Ty = %ew(;&b@) +a
Proof.
f(@) = = (&= 2a — ) log ((z — o))

Let g(y) = y + a — 2ylog by defined on y > 0.

g (y) = —2logyb—1.
So g(y) is increasing when 0 < y < ﬁé and decreasing when y > ﬁé
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Since lim, o ¢g(y) = @ > 0 and lim, , . g(y) = —oo we know that there
exists a unique y, > 0 such that g(y.) = 0, g(y) > 0 for 0 < y < y, and
g(y) <0 for y > y,. It can be verified that y, = z. — a = \/T%W(%) satisfies
9(y«) = 0. Therefore f'(x) > 0 when a < x < z, and f'(z) < 0 when = > z,.
Since f(x) is continuous when = > a we have proved that f(x) < f(x,) for all
x> a.

O

To prove Corollary 18, it suffices to show v/(0, B) < b(0, B).
Define Gy p = {c eCy - Zjil = >m;(0,B) forallie [K]} We will

prove Cy g C Cy p by showing that if ¢ € C7 satisfies g(6, ¢) < B then ¢ € Cj .
For ¢ € CF, if g(0,c) < B, then there exists ¢ € AlC7l such that

sup f(0,q,6') < B and Z q(a)a=c.

0'cO
€ aEC¥

We will next derive K constraints on ¢ to show that ¢ € Cjp by picking
different #’s. Before proceeding with the proof, we introduce the following

technical lemma:

Lemma 21. For any A C C} and q,q € AICTI | gf q(A) > 1/2 then

S g(a)log 4 >

q¢'(a)

! 1
2 % 1g(A)
where q'(A) = > ,cad(a).

Proof. Let A¢ = C} — A. By the log-sum inequality we have

> atayion 2 > KL((4).¢/4). 33)

aeCﬁ

where for z,y € [0,1], KL(z,y) = xzlog(z/y) + (1 — z)log((1 — z)/(1 — y))
denotes the binary KL-divergence. Now for such z,y, since zlogz + (1 —

x)log(1 — x) is minimized for x = 1/2, we have

1 1 1 1 1 1 1 1
KL(z,y) > log = + zlog — + (1 — 2)log(——) > log = + = log = = ~ log — .
(x,y)_0g2+xogy+( ) Og(l_y)_0g2+20gy 20g4y

Combining with (3.3) proves the lemma. O
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Now we continue the proof of Corollary 18. First consider i # i1(6).

£ a<r/2d(@) > 1/2, construct () by replacing 6; with 6;+¢; .. Then

£(6,q,0%) < B holds, so there exists ¢ € ATl such that

Z q(a) <a,d(«9(i’+))> <B

aeCIN

and

Zq( log Z<ZCJ 1;(6,001)

acCll JelK]

Applying Lemma 21 with A = {a : a; < T/2} gives

) 1 1
T (i,+) - -
E c;1;(6,0") > 2log A

JEIK]

where

a€Cy J# a€Cl J#i
2
= q(a a;(g;+ — d;(0
T(Ei7+ _dz(0>> a% ( ); J( + ( ))
2 ,
< ¢ (a) (a,d(0""
Ty — ) 2, 70 (0 d0)
2B

= Ty —di0)

Since 1;(6,001) = €2, /202

i» we get

Gy L T =)
: o5 T Eiy 8B
JEIK] 7* v

1>, 0<r2a(a) <1/2 and d;(0) > 4B/T, then

F(0,4,0) = > qla) (a,d(0)) > > q(a)a;d;(6)

acCll acCll
> di(0) Y T{a; > T/2} q(a)a;
aEC’TN
4B T

> 75 2 Ha=T/2)qa) > B,

aEC?ﬂ
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which contradicts the fact that supgcg f(0,¢,60") < B.

I3 a<rpala) <1/2 and d;(#) < 4B/T, construct 0= by replacing 0;
with #;—e; _. Then there exists ¢ € Al°r! such that Zaecl\! ¢ (a) (a,d(60)) <
B and Zaecg\i q(a)log q(a’ < D ek G50, 0=)). Applying Lemma 21 with
A={a:a;>T/2} gives

1
c;i1; (0, 6l) —lo ,
2 ®1q(A)

JE[K]

where

()= Y e > T/2b () < 7 3 wd (@)

T ) / a€Cp
ST@,+@@»2%QWW@@+@””
o 2B
ST(g_+d anch @) (0. 0" 7)) < o aa)

Using I;(6,67)) = 2 _ /202 gives

¢ o 1 . Tle-+di(h))
Z o 8B ‘
jelr) Cat T

(3.5)

Now consider i = i1(6).

If > 0>r/2a(a) = 1/2, construct 0@1=) by replacing 6; with 6; — &, _
Then there exists ¢ € ATl such that Zaec¥ ¢ (a) (a,d(6"7))) < B and
Zaec§£ q(a)log ((a)) < D el ¢;1;(0,0%7)). Applying Lemma 21 with A =
{a:a; >T/2} and

q,(A) = Z ]I{Clz‘ Z T/2} q/(a) S T(E~ _Qd‘ (9)) Z q'(a)ai(5i7_ — diQ(g)(e))
agCl b i2(0) a€CY
2B

<
= T(gi— — diy)(9))

gives

(3.6)
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If Za:aiZT/Q q(a) < 1/2 and d;,p)(0) > 4B/T, then

£00,0,0) =" qla)(a,d0)) > > qla)die »_ a;

aeCy aeCl i

> diy(6) Z I {Z aj > T/Q} Q(G)Zaj

acCll J#i i
ABT
acCl J#i
> B,

which contradicts the fact that supycg f(0,¢,60") < B.

I£ >, 0512 a(a) <1/2 and diyg)(0) < 4B/T, construct 0+ by replacing
0; with 6;+¢; .. Then there exists ¢’ € Al°r! such that 2accp (@) {(a,d(0%1))) <
B and Za60¥ q(a)log ;,((‘;)) < D ek G50, 0(+)). Applying Lemma 21 with

A={a:a; <T/2} and

J(A) =3 {Zaj > T/2} (@) <23 @Y q

aGC?ﬂ J#i aEC?i JFi
2 , 2B
= a a;(e; L +d; <
T(€¢,+ + dzg(e)(e)) ZN 1 ( ) Z ]( o 2(9)) T(Ei,+ + dz‘z(@))
aeCr, JFi
gives
Cj 1 T(EZ‘,_;_ + diQ(g))

Z oy > 2 log 3B : (3.7)
jelk] 7 !

Next we compare this bound to existing lower bounds.

Comparison to the Asymptotic Lower Bound (3.1)

Now we will show that our finite time lower bound in Corollary 18 matches
the asymptotic lower bound in (3.1) up to some constants. Pick B = oT”
for some o > 0 and 0 < 8 < 1. For simplicity, we only consider # which is

“away from” the boundary of © (so that the minima in (3.2) are achieved by
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the second terms) and has a unique optimal action. Then, for i # i,(0), it is
easy to show that ¢; ; = 2W(di(9)’_lfi1i£9f3)/(16a\/é)) + d;(0) by (3.2) and m;(0, B) =
5121# logw for large enough 7. Then, using the fact that logx —
loglogx < W(xz) < logx for z > e, it follows that limg_,o, m;(0, B)/logT =
(1 — B)/d?(0), and similarly we can show that limy_, m;,9)(0, B)/logT =

(1-— 6)/d§2(9)(9). Thus, Cy 5 — %Cg, under the assumptions of (3.1),

as T — oo. This implies that Corollary 18 matches the asymptotic lower
bound of (3.1) up to a factor of (1 — f3)/2.

Comparison to Minimax Bounds

Now we will show that our f-dependent finite-time lower bound reproduces the
minimax regret bounds of Mannor and Shamir (2011) and Alon et al. (2015),
except for the generalized full information case.

The minimax bounds depend on the following notion of observability: An
action i is strongly observable if either i € S; or [K]\ {i} C{j : i € S;}. iis
weakly observable if it is not strongly observable but there exists j such that
i € S; (note that we already assumed the latter condition for all 7). Let W(X)
be the set of all weakly observable actions. ¥ is said to be strongly observable
if W(X) = @. ¥ is weakly observable if W(X) # @.

Next we will define two key qualities introduced by Mannor and Shamir
(2011) and Alon et al. (2015) that characterize the hardness of a problem
instance with feedback structure ¥: A set A C [K] is called an independent
set if for any ¢« € A, S; N A C {i}. The independence number k(X) is defined
as the cardinality of the largest independent set. For any pair of subsets
A/ A" C [K], A is said to be dominating A’ if for any j € A’ there exists
i € A such that j € S;. The weak domination number p(X) is defined as the
cardinality of the smallest set that dominates W(X).

Corollary 22. Assume that o;; = oo for some i,j € [K]|, that is, we are not

in the generalized full information case. Then,

(1) if ¥ is strongly observable, with B = ac\/k(X)T for some a > 0, we

have supgee V' (0, B) > 2 GZS)T for T > 64e*a’o?k(X)3 ) D?.
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i) If ¥ is weakly observable, with B = o(p(X)D)/3(aT)?3 1o 2B K for
(ii) y p g

(E)D)l/S(UT)2/3 log72/3 K
51200e2a?2 :

some a > 0, we have supyeg b' (6, B) > £

Proof of Corollary 22. Define ¢ = %. First consider the case that X is
strongly observable.

If the maximum independence number £(X) > 2, there exists an indepen-
dent set A, C [K] such that |A.;| = k(X). We construct 6 as follows: Let
0;, = D/2 for some iy € A, and 0; = D/2 — ¢ for 1 € A, \ {i1}. For the
remaining ¢ ¢ A,, let §; = 0. Note that each ¢ in A, must be self observable
since otherwise it is a weakly observable action. Also in A, i can be observed

only by itself according to the definition of independent sets.

Then we will lower bound ¥'(0, B). According to our choice of ¢, we have

8\/__636”/(16%3) +e= 2.
T
Therefore, for ¢ = i; we have ¢;_ = 2¢ and ¢; . = 2¢ for ¢ € A, \ {i1}. Thus
for any 7 € A,,
1 Te 1
i(0,B) = —log— = —.
mil6,B) = 1zl gp = 12

Recall that we defined

Cop=1ceCy: Z c; > a*m;(0, B) for alli € [K]
j:iESj

and U'(0, B) = infeccy , (c,d(0)). For any c € Cy p, let a =3, c;. Then we

2

have for any 7 € A, Zj:iesj ¢j < a+¢; and thus ¢; > o?m;(0, B) —a = o —a.

Since d;(0) =€ for all i € A, \ {i1} and d;(0) = D/2 for all i ¢ A, we get

aD o? aD
(c,d(0)) ieAE\{i }cls + 5 > (5(2) - 1) (452 a) e+

S k(%) [ o? - aD  K(X)o? N D — k(X)e

=72 \12 ¢ 2~ & 2
k(X)o?

> 3.8

- & (3:8)

if K(X)e < D. Applying our particular choice of ¢ and B, we get the conclusion

that for T > 64320‘25#7 b’(@, B) > Ux/H(Z)T‘

64ex
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If k(X) = 1, since we exclude the full information case, there always exists
a pair of actions 4, and iy such that iy ¢ S;, (here i; # iy is not necessary).
We construct 6 by setting 6;, = D/2 and §; = D/2 — ¢ for all i # ;. Then
m;(0, B) = £ holds for all i € [K]. For any ¢ € Cy 5, let a = > iz, Cis then
Zj:iQESj ¢; < a. Hence a > o*m, (0, B) =

2
f? and

o’ Kk(X)o?
d0)) =ac > —
(e.d()) = az > T > 5O

(3.9)

Combining (3.8) and (3.9) gives the first part of Corollary 22.
Now we turn to the case that X is weakly observable. The idea of con-
structing the worst 6 comes from the proof of Theorem 7 in Alon et al. (2015)

which based on the following graph-theoretic lemma:

Lemma 23 (Restated from Lemma 8 in Alon et al. (2015)). Let G = (V, E)
be a directed graph with K wvertices and let W C V' be a subset of vertices
with domaination number p. Then there exists an independent set U C W with
the property that |U| > m and any vertex of G dominates at most log K
vertices of U.

Let W(X) C [K] be the set of all weakly observable actions. By Lemma 23
we know that there exists an independent set A, C W(X) such that |A,| >
50"1(0?[{ and for any i € [K], |S;NU| < log K.

If p(¥) > 100log K such that |A,| > 2, we can construct 6 as follows: Let

6;, = D/2 for some iy € A, and 6; = D/2 — ¢ for i € A, \ {i1}. For the

remaining i ¢ A,, let §; = 0. Note that actions in A, cannot be observed by
any action inside A,. For any ¢ € Cpp, let a = Zingp ¢;. Since for any 17,

1S; NU| <log K, we have >, > ¢; < alog K and

J:ES;

_ . p(X)o?
alog K > \Ap|?6111413 Z cj = |Ap‘?611141p10-2mi<673) > 200 log K2~

jHi€S;

Therefore,

ede) > L 5 PEIPD _ (p(Z)D)P(oT)* log™ K

— 3.10
~ 2 T 200e%log® K 12800e2a2 (3.10)

If p(3) < 1001log K, then we pick a weakly observable action as i5. There

must be another action i; such that iy ¢ S;, due to the definition of weakly
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observable actions. Then we set 6 as 6;,, = D/2, 0, = D/2 — ¢ and 6, = 0 for

the remaining actions. So for any ¢ € Cj g, let a =} c; > o*my, (0, B).

i£i1,io
Then
.y > 2 5 Cmial6.BD _ Do’ _ DY3(oT)** log"” K
GETI =g = 2 T 82 T 5120 p(n)fB
(p(Z) D)3 (o) log " K
= 51200e2a2 ' (3.11)

In the last step we used the fact that K > 3 for any weakly observable 3.
Combining (3.10) and (3.11) gives the second part of Corollary 22.

Remark 24. In Corollary 22, picking o = # for strongly observable ¥ and

a = % for weakly observable ¥ gives formal minimax lower bounds: (i) If X

g

is strongly observable, for any algorithm we have supy.q Rr(6) > 8fj/(EE)T for

T > eo?k(X)3/D?. (ii) If ¥ is weakly observable, for any algorithm we have

S)D)1/3(oT)2/3
SUppeo Rr(6) > %.

3.3 Algorithms

In this section we present two algorithms and their finite-time analysis for the
uniform variance version of our problem (where o;; is either o or co). The up-
per bound for the first algorithm matches the asymptotic lower bound in (3.1)
up to constants. The second algorithm achieves the minimax lower bounds
of Corollary 22 up to logarithmic factors, as well as O(log3/ >T) problem-
dependent regret. In the problem-dependent upper bounds of both algorithms,

we assume that the optimal action is unique, that is, d;,)(¢) > 0.

3.3.1 An Asymptotically Optimal Algorithm

Let ¢(f) = argmin ., (c, d(f)); note that increasing c;,)(¢)) does not change
the value of (c,d(0)) (since d; 4)(¢) = 0), so we take the minimum value
of ¢i,(g)(0) in this definition. Let n;(t) = >.'_|1{i € S;,} be the number of
observations for action ¢ before round ¢ and ém be the empirical estimate of

0; based on the first n;(t) observations. Let N;(t) = S'_1T{i, =i} be the
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number of plays for action i before round ¢. Note that this definition of V;(t)

is different from that in the previous sections since it excludes round t.

Algorithm 5
1: Inputs: X, o, f: N = [0, 00).
2: Fort =1,..., K, observe each action i at least once by playing i; such that
tes,,.

3: Set exploration count n.(K + 1) = 0.

4: fort=K+1,K+2,...do

5 if g2, € Cp, then

6: Play i, = i1(6;).

7 Set ne(t + 1) = ne(t).

8: else

9: if min,epr) ni(t) < B(ne(t))/K then

10: Play i; such that argmin;c(x n:(t) € Si,.
11: else

12: Play i, such that N;(t) < ¢;(6,)4alogt.
13: end if

14: Set ne(t +1) = ne(t) + 1.

15:  end if

16: end for

Our first algorithm is presented in Algorithm 5. The main idea, coming
from Magureanu et al. (2014), is that by forcing exploration over all actions,
the solution ¢(f) of the linear program can be well approximated while paying
a constant price. This solves the main difficulty that, without getting enough
observations on each action, we may not have good enough estimates for d(0)
and c(f). One advantage of our algorithm compared to that of Magureanu
et al. (2014) is that we use a nondecreasing, sublinear exploration schedule
B(n) (B : N —[0,00)) instead of a constant rate 3(n) = fn. This resolves the
problem that, to achieve asymptotically optimal performance, some parameter
of the algorithm needs to be chosen according to dp,;, (f) as in Magureanu et al.

(2014). The expected regret of Algorithm 5 is upper bounded as follows:

Theorem 25. For any 6 € ©, ¢ > 0, a > 2 and any non-decreasing $(n) that
satisfies 0 < B(n) < n/2 and B(m +n) < B(m) + B(n) for m,n € N,

Rp(0) < (2K 42 + 4K/ (a — 2)) o (6) + 4K dinax (0) Y _ exp ( _ E(s)gz>
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+ 2dmax(9)6<404 logT Z ci(0,¢) + K) + 4alog T Z ci(0,¢e)d;(0) .

i€[K] i€[K]

where ¢;(0,¢) = sup{c;(0') : |0 — 0] < e for all j € [K]}.
Proof of Theorem 25. Define the events

2c0? logt

vt:{|ém_9i| <e forallic [K]},
N(t A
W= { 20 e o)

4aclogt

U, = {\ém—eiy < for all i [K]},

Y, = { inn,;(t) < ﬁ(ne(t))/K} :
1€[K]
and let Uy, V¢, W, Y denote their complements, respectively. Using these

events, the regret of the algorithm can be decomposed as

Re(0) = " E[d;,(0)] < Kduax(0) + Y E[d;,(0)]

t=K+1
T
= Kdmax(e) + Z E [d'bt (9) (H {Utc} +1 {Ut7 Wt} +1 {Ut> WtC> Y;f}
t=K+1
+H{Ut7Wtcv}/tC?‘/tc} +]I{Ut7WtC?}/tc7‘/t})] : (312)

We will upper bound each quantity in (3.12) separately.
By Hoeffding’s inequality and the union bound, we have for t > K + 1,

A 202 logt
P . 227 el
r (wm "= n;i(t) )

t
. 20002 1
< Zpr <|9t,i AN 2a0”logt
s=1
Then, using a > 2, 377" . E[d;, (0)I{U;}] can be bounded as

< otte,

T T

Z E[du(Q)H{Uf}] < dmax(e) Z Pr(UtC)

t=K+1 t=K+1

T
2K
< dmax(0) Y 2Kt < 2K e ) (3.13)

o—2
t=K+1
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Next consider Z:LKH E [d;, ()1 {U;, W;}]. If Uy and W, hold, first we have

Sao?logt
nil ét = 5 A\
(01) ?2(0})( )
and
R 2cc02logt d; @ )(ét) d‘(ét>
i _g < Cul T G 3.14
R G B o
for any i # i1(6,). Similarly, for i # i,(,) we have
A 2a02logt _ di(f
6 — 0, < |20 togt _ i) (3.15)

Combining (3.14) and (3.15) gives 6; < 6, ;,) for any i # i1(;), which
means i;(6;) = i1(6), hence

T

> Eld, (0)I{T:, Wi} = 0. (3.16)

t=K+1

Consider the next term in (3.12),

T T
> Eld(OI{U, W7 V)] < duax(OE | D T{U, W, Y} (3.17)
t=K+1 t=K+1

To bound (3.17), first we prove two auxiliary results:

Proposition 26. Let K <t < ty. If S22 T{We Y} > K,

s=t1

then minie[K] nl(tg) Z mil’lie[[(] nl<t1) + 1.

Proof. We prove the proposition by contradiction. Assume min;ex)ni(t2) =
min;e (g ni(t1). Then there exists a j such that n;(t1) = n;(t2) and n;(s) =
min;e g ni(s) for all 1 < s < ¢5. Since ZZZ}]I{W;Y;} > K, there exist K

time instants t; < 51 < 89 < ... < s < t9—1 such that {WSC

Kk’

Y;k} happens for
1 <k < K. According to the algorithm, for each s, there exists jp # j such
that ji € S, and nj, (Sk) = nj(sk) = minexni(sk). Note that each action
appears at most once as such j, for 1 <k < K since nj, (sy +1) = nj, (s) + 1,
but there are only K — 1 actions other than j, which means that such j cannot

exist. This proves the proposition. ]
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Proposition 27.

XTJ I{W,Y,}<1+8 ( ET: H{W;}) . (3.18)

t=K+1 t=K+1

Proof. According to the algorithm we have n,(t) = >} a1 AW} for t > K.
Now define

t'=max{K+1<t<T:W.Y,}.

If such ¢’ does not exist, then the left hand side of (3.18) becomes 0, and the
proposition holds. If such ¢’ exists, by Proposition 26,

€K €K
ZE[ ] ZG[ } t=K+1 t=K+1

1 t'—1 1 t'—1
min n,; (') > min n; (K + 1) + {E > ]I{Wf,Yt}J > = > I{wr Y

Therefore,

t'—1
Z I{We, Y} =1+ ) I{W Y} < 1+Km1n]nl(t) <1+ B(n(t))

t=K+1 t=K+1
T
<1+ B8(n(T) <1+5 ( > H{Wf}) :
t=K+1

O

Now we return to bounding the right hand side of (3.17). Using the above
proposition and the properties of £, we get

T

> I{U, WY}

t=K+1

< ET: ]I{Wf,K}SHﬁ( ET: H{Wf})

t=K-+1 t=K+1

T
< I+ ﬁ ( Z ]I{Utc} + H{Ut7 Wtcvy;i} + H{Ut7 Wtc7Y;tcﬂ Vtc} + H{Ut7 Wtcﬂxt07 V;f}

t=K+1
T

> (MU + T{U, WE, Y} + T{U, WP Y, VY

t=K+1

( H{Ut,WtC,Y;C,V;}> .
t=K+1

<1+

N —
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Reordering gives

T
> {U, WY}
t=K+1
T T n
<24 Y U+ ) ]I{Ut,Wf,SQC,Vf}Jr%( > H{Ut,Wf,sgC,m}> :
t=K+1 t=K+1 t=K+1
and, by (3.13), we get
T T
> Ed, (0)T{U, W, Y3} < duax(O)E | > T{U, Wy, Y;}
t=K+1 t=K+1
2Kdmax<9) : c c c
S 2dmax(e) + W + dmax(e) Z E []I{Ut> Wt >Y;f 7‘/;5 }]
t=K+1
+ 2l pax (O)E 5( > I[{Ut,Wf,YtC,Vt}> (3.19)
t=K+1

To bound ZtT:KHIE [I{U;, WEY,E, VY, we first introduce two lemmas
based on Combes and Proutiere (2014):

Lemma 28 (Lemma 4.3 of Combes and Proutiere (2014)). Let {Z;}ien+ be
a sequence of independent zero-mean normal random variables with variance
o%. Let F, denote the o-algebra generated by {Zs}s<i and define the filtration
F = (F)ien+. Consider r,ng € N* and T > ng. Define Y; = ZZ;LO B.Z,
where By € {0,1} is an F;_1-measurable random variable. Furthermore, let
n(t) = Zt_l B, and let ¢ be a stopping time with respect to the filtration F,

s=ng

which satisfies either n(¢p) >r or ¢ =T + 1. Then, for any € > 0 we have
Pr(IYy| > n(d)e, 6 < T) < 2exp (—g) |

Lemma 29. Define F; the o-algebra generated by {X;}sepicix)- Let A C

[1,T] NN be a set of (random) time instants. Assume there ezists a sequence

of (random,) sets {AsYo<s<r such that (i) A C Up<s<rAs, (1) for all0 < s < T,

|As| <1, (uii) for all 0 < s < T, ift € Ay then n;(t) > B(s)/K, and (iv) the

event {t € Ay} is F; measurable. Then for any e > 0 and i € [K]:

T A 4 B(s)e
;H{t € A |0 — 0] > 5}] < ;26@ (_ 21(02) |

E
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Proof of Lemma 29. We adapt the proof of Lemma 2.2 from Combes and
Proutiere (2014). For 0 < s < T, define ¢, =t if Ay = {t} or ¢, =T + 1 if
A, = @. Then

T T
E ;H{t e A0 — 0;] > g} <E ;H{@ < T |0y.s — 01 > g}]
- iPr (¢s < T |0y, — 05 > g> . (3.20)

s=0
Since ¢, can be viewed as an F-stopping time and satisfies either n;(¢s) >
[B(s)/K] or ¢ps =T + 1, if [5(s)/K| > 1 then applying Lemma 28 gives
2 2
LRI ¢y (B,

Pr (¢s <T,|0p,:— 0] > 5) < 2exp ( o3 e

2K o2

If [B(s)/K]| = 0 then Pr (gbs < T, |04, — 0;] > z—:) < 2=2exp (—M> still
holds. Now proceeding from (3.20) we can get the result of Lemma 29.
O

Now we define A ={t : K+1 <t <T,U,, W, Y} and Ay, ={t : K+1<
t <T,Up, WE me(t) = s,miniexyni(t) > B(s)/K}. It can be verified that A,
satisfies the conditions in Lemma 29: (i) If £ € A then there must be some
0 < s < T such that n.(t) = s and thus ¢ € As. (ii) If ¢ € Ag then for ¢ > t,
ne(t’) >ne(t+1) =ne(t)+1=s+1,s0t ¢ As. Condition (iii) and (iv) are

also satisfied from the definition of Aj.

Then
T T
Z E[I{U:, Wi, Y5 Vi = Z E[I{t € AV}
t=K+1 t=K+1
K T R T 5(8)82
< E|lI<te A, |6, —0; < 2K — . 21
DIPSRIEINIEIES) pr< o) - B2

Finally we will upper bound » ;" - d;, (O)I{U;, W, Y, Vi }.
Recall that in the algorithm, if Wy and Y,° happens, some 7, satisfying

Ni(t) < ¢;(6,)4alogt is played. Such i, must exist because otherwise MNZ'I—% >
¢;(0;)4clogt holds for any i € [K] and thus W, = {451(5; € C(ét)} happens,

which causes contradiction.
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Define
O0,e) ={ €O : |\ —6;] <e forallie K]},
and

c(,e) = sup ci(N).
AEO(0,¢)

Let T; be the maximum ¢ < 7" such that ¢, = ¢ and I{U;, W§,Y;", V;} = 1.
Then

T;—1
N(Ty) = > i, =i} < ci(0r,)4alog T; < (0, €)4alog T .
s=1
Thus
T
Z I {Zt = 7:7 Ut7 Wtcv Y;Sca ‘/t} < 01(07 8)4@ IOgT +1.
t=K+1
So we have
T
> di (OL{U, WEYE Vi) < dalogT > ci(0,2)di(0) + Y di(0), (3.22)
t=K+1 i€[K] 1€[K]
and
T
N7 UL WEYE VY < dalog T Y cilfle) + K. (3.23)
t=K+1 1€[K]

Now plugging (3.23) (3.21) into (3.19) and plugging (3.13) (3.16) (3.19)
(3.21) (3.22) into (3.12) we get

41K 2
<
Rr(0) < <2K+2+ &_2> Ainax (0) + 4K dypax (0 Zexp( 2K02>

+ 2dax(0)B | dalog T Y~ ci(0,2) + K | +4alogT > ¢;(6,)di(0) .

i€[K] i€[K]

Further specifying f(n) and using the continuity of ¢(#) around 6, it imme-

diately follows that Algorithm 5 achieves asymptotically optimal performance:
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Corollary 30. Suppose the conditions of Theorem 25 hold. Assume, further-
more, that 5(n) satisfies B(n) = o(n) and Y .-, exp (—%) < oo for any
e > 0, then for any 0 such that c¢(0) is unique,

limsup Rr(0)/logT < 4a inf (c,d(6)) .

T—o0 ceCly

Note that any §(n) = an’ with a € (0,3], b € (0,1) satisfies the re-
quirements in Theorem 25 and Corollary 30. Also note that the algorithms
presented in Caron et al. (2012); Buccapatnam et al. (2014) do not achieve

this asymptotic bound.

3.3.2 A Minimax Optimal Algorithm

Next we present an algorithm achieving the minimax bounds. For any A, A’ C
(K], let ¢(A, A") = argmax . /4 min;e 4/ Zj:iesj
and m(A, A") = minjea Y- eq, ¢j(A A'). For any A C [K] and [4] = 2,
let AS = {i € A: 3Jje Ajie S;} and AV = A — AS. Furthermore,
let ¢,,(0) = o %f(ﬁr?’/@ where n;(r) = ZZ: is,; and ém be the empirical

estimate of 6; based on first n;(r) observations (i.e., the average of the samples).

¢; (ties are broken arbitrarily)

The algorithm is presented in Algorithm 6. It follows a successive elimi-
nation process: it explores all possibly optimal actions (called “good actions”
later) based on some confidence intervals until only one action remains. While
doing exploration, the algorithm first tries to explore the good actions by only
using good ones. However, due to weak observability, some good actions might
have to be explored by actions that have already been eliminated. To control
this exploration-exploitation trade off, we use a sublinear function v to control
the exploration of weakly observable actions.

In the following we present high-probability bounds on the performance of
the algorithm, so, with a slight abuse of notation, Ry (#) will denote the regret

without expectation in the rest of this section.

7



Algorithm 6
1: Inputs: X, 6.
2: Set tl = 0, Al = [K]
3: forr=1,2,...do
4 Let oy = minjcyc, awzo m([K], AY) and (r) = (ooyt,/D)*3. (Define
a,=1if AV =g foralll1 <s<r.)
50 if AV # @ and minge g n;(r) < mine 45 1;(r) and minge g n(r) < (r)

then
6: Set ¢, = ¢([K], AW).
7. else
8: Set ¢, = c(A,, AS).
9: end if

10:  Play ir = [¢r - [le[lo] and set 41 = & 4 [ir ;-

11 Ay —{i €A Ogri + Gr414(0) > maxjea, b1 — Gry1,5(0) -
12:  if |A, 1] =1 then

13: Play the only action in the remaining rounds.
14:  end if
15: end for

Theorem 31. For any 6 € (0,1) and any 0 € ©,

Rr(0) < (p(2)D)Y3(aT)*? - 74/610g(2KT/5) + 1250 K3 /D + 13K3D

with probability at least 1 — 0 if X is weakly observable, while

2KT

Rr(0) <2KD + 800\/&(E)T - 6log K log
with probability at least 1 — § if X is strongly observable.
Proof of Theorem 31. For every r > 0, define the events

Up = {100 — 6] < g,4(6) for alli € [K]} .
Then, by Hoeffding’s inequality and union bound, we have
Pr(n,>U,) >1—6.

Next we will upper bound the regret based on the fact that U, holds for
all r > 2. Define ry = max{r : t, < T,|A.| > 2}, the event

V., = {Arv + @, renlirv}} n;(r) < min{min ni(r),v(r)}}

i i€AS
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and its complement V¢. Then consider the regret:
rT rT
0) <Y I{V:} (i, d(0)) + D T{V,} (ir, d(0))
r=1 r=1

rT T
<LV il D+ YTV il maxd0). (3:24)
r=1 r=1

We upper bound the two terms in (3.24) separately. Before proceeding, we

introduce the following proposition which lower bounds n;(r) for i € AV.

Proposition 32. For any i,r such thati € AV,

r—1

sl — (B = DK, (3.25)

where (3, = ‘Ulgsgr A}ﬂ

Proof of Proposition 32. The proof is done by induction. Let W, denote the
event that for any 1 < s <r and any i € A?, (3.25) holds. W, holds because
A}/V = . Now we assume W, holds and consider W, .

It A, = @, then W, holds. If A%, # &, fori € AYY,, consider n;(r+1)
in different cases:

If i € A%, then ny(r) > =2 S T{Vi} [lisll, — (B, — 1)K. Recall that

o = ming <y, aw 25 m([K], AY). So we have

ni(r+1) 2 ni(r) + T{V}Hlenllgar > ZH{V}IIZslll (Bryr — DK,

where we use the fact that «, is non-increasing, (3, is non-decreasing as well

as

lirlly = Ter - llenllollly < Hleello + llerllo - lerlly = 2 llerlly - (3.26)

Ifi ¢ AV, then i € AS for all 1 < s < r and thus B..; > 3. + 1. Let

r" = max{s <r : V;}. If such r" does not exist, then

ni(r+1)>0> —Z]I{V} lisll, = (Brpr — DK .
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If such r’ exists

r'—1

ZH{V} lislly = (B = DK

ar’—l

ni(r+1) > n;(r') > min n;(r")
JEAYY

aT - N &1" .
> 2SIVl — S il — (80 = DE
s=1
o »
> T LV il - Bk
s=1
O — .
> TS TV islh = (B = DK
s=1

where the facts a, <1, ||iv]], < 2K and f,» < 5,41 — 1 are used.
Now we have proved that W,.,; holds based on the assumption of W,., hence
W, holds for any r, which gives the result of Proposition 32.
H

Based on Proposition 32, ' I{V,}||is]|; can be upper bounded by the

following fact:

Proposition 33. For any r > 1, Zs . I{V,} st||1 < < () +2KB,

Qr

Proof of Proposition 33. Let ' = max{s <r : Vi}. Then

r'—1
047“71
v(r )>£ﬁgm( ZH{V}IIZslll (B =K.
Hence
r’'—1

2y(r') + 2K (B — 1)

(6%

+ 2K

ZH{V} sy < ZH{V} lslly + Ml lly <

< 27( "+ 2K, .
(67

Since « is non-increasing, g, is non-decreasing and v(r)/a,. = ay Y *(ot, /D)3

2y(r)+2KBr

Qo

is non-decreasing, we have Y . T{Vi} ||is]l; <

Now we are ready to upper bound the first term in (3.24):

- 2 2K 3, :
ZH{W} le”l D < V(TT)Oj_ B T — 2a;Tl/3D1/3<O,T)2/3 + 2KD6_T

rT aTT

(3.27)
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Next consider the second term in (3.24): Y77 T{V,°} |||, max;ea, d;(6).
Given U, holds for all » we know that i;(0) is never eliminated. Then for

any i € A,, we have [0,; — 0;| < g,.:(8) and 0,; + g.;(6) > éil(g) — Grir0)(9).

Therefore,
dZ(Q) S min {D, QQTJ((S) + 2gr,i1(9) (5)}
[ 2KT ~1/2
< mi
< min {D,40 6log 5 (g{annﬂr)) } .
So

rT T
S LV bl e (9) £ 3T il min 0. Clminne)

(3.28)

where C' = 404/6log %.

The next step is to lower bound min;e 4, n;(r) when V¢ happens. Define
Nmin = MiN () a2 M(A, A%). For i € AS,

r—1

(r) 2 DIV llesllg (A, A7) > ”mmzﬂ{w}nzsny (3.29)

s=1

For i € AY, since V¢ happens and AYY # &, we have

n;(r) > min{min n;(r), v(r)} >m1n{nmmZH{Vc} lis]ly s y(r )} .

i€AS

By Proposition 33,

r—1 r
Thmin c . 1
SV lisl 2 5 (tr Zﬂ{Vﬂusul)
s=1
> % <tr y(r —|—2Kﬁr)
1 ot, 2/3
a1 tr _1/3 _2K r r
T oK ( D > fr/a )

- o 2
2Kt <D) K,

where we used o, Pmin > 1/K and 3, < K.
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For t, > 12D5—;’2K3 + 10K3, we have 3t, > 4K (%)2/3 and it, > 2K, so

Moo r—1 1 ot 2/3 ,
min [{ve 3 > ¢ — r _K
S 1l 2 gt~ ()

So we have proved that for any » < rp such that ¢, > Ty = mg—g’zK?’ +10K3
and V¢ happens, min;ca, ns(r) > v(r) > (o, t,./D)*/3. Therefore, following
(3.28) gives

T
> Vil i

< STl min { 0. Clanjuni ()

r=1
. . oo\ Y3
< Y D+ X il ( e
r>1:t,.<Tp r<rp:t.>Tp
.\ —1/3
< (Ty+2K)D + C (UDT) (trar — )ty — 2K)71/3

r<'rT tr>To

oaQ,

—-1/3 tro1
< (Ty+2K)D +C ( DT) / U 2K) WV

1/3 [tr
< (T +2K)D + C UO‘—T) / Ty
D To—2K

3 L\ -1/3
< (Ty+2K)D + 5C (MTT) /3

12502 K OKT
_ % + (10K* + 2K)D + ;DY (0T)** - 64 /6log —— . (3.30)

Now plugging (3.27) and (3.30) into (3.24) gives

OKT  1250%K3
Re(0) < DV (oT)** - 7y [610g == + j) +13K°D.

If 3 is strongly observable, then AY is always empty and V¢ always hap-
pens. According to (3.24) (3.28) and (3.29) we have

rTr
0) < 3" lirll, mads(6)
r=1 "
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IN

. TJmin —1/2
Z(tr—i-l - tr) min{D70 (T) t;l/z}
r=1

.\ —1/2 [tr
< 2KD+C(77§IH> / Tx_1/2dx
0

2KT
-12log 5

T
<2KD + 80\/
Tmin

To finish the proof, it suffices to show that QL < p(¥) and nlA <
TT min
k(2)50log K, which is based on the following fact:

Proposition 34. For any A, A" C [K] Let ppp(A, A’) denote the minimum

fractional cover number from A to A’, that is
prp(A, A') = min b;

s.t. Z b; >1 forallje A.

iZjESi

Then m(A, A") = m.

Proof of Proposition 34. Recall that
m(A, A") = max min Z ¢j

cEAA €A £
jHi€S;

= max a s.t. Z c; >a forall jeA.
cehta i:j€S;

Let b = ¢/a, then

1
m(A,A') = max a s.t. Z b; >1 forall j € A" and Zbi =

bE[0,00) %, :jES; €A
1
= max s.t. b; > 1 for allj € A
be[0,00)4 ZieA bz Z;z
B 1
prr(A4, A7)

]

To lower bound «,.., let p(A, A") be the integer version of prp(A, A’) by
restricting b € N4, Then we have p(2) = p([K], W(Z)) and

1 1
or 2 UL WD = TR W) = o)
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where we used the fact that AYY C W(Z) for any r < rr.

To lower bound 7y, we use

1
min — min m A, AS = min m A, A) =
! AR |42 ( ) A€[K] |42 4,4) maXae(x],af>2 pre (4, A)

(AS = A for strongly observable ¥), thus

1
max p(A,A) >
A€[K],|A[>2 Tmin

For any A € [K],|A| > 2, let ¥4 be the subgraph of ¥ on A. We apply

Lemma 23 on X4 with the subset W = A. Then the lemma states that A

p(A,A)
50log |A|"

contains an independent set U of size at least Since an independent

set of ¥4 is also an independent set of X, for each subset A there exists an

p(A,4)
501og [A]*

independent set of ¥ with size at least So the independence number

A4 o 1 pAA) > —

) > - -
K(2) ~ Dminb0log K’

- Ae[rlr(l]f,i\)j|22 50log |A| ~ 50log K Ae[%?ﬁ\zz

which indicates % < k(X)501log K.

Theorem 35 (Problem-dependent upper bound). For any § € (0,1) and any
0 € © such that the optimal action is unique, with probability at least 1 — 0,
1603K Do?
) < —————
0= =g ®
+15 (K Do?)'"* (1250 /D + 10) K2 (log (2K T/))"/* .

(log(2KT/8))** + 14K°D + 1256°K* /D

Proof of Theorem 35. Similarly to the proof of Theorem 35, we define high
probability events

Ur = {‘érz —0; <g,4(9) forallie [K]} .

and upper bound the regret based on the fact that for all » > 2, U, holds. The
rest of the proof will be based on upper bounding the number of round before

all sub-optimal actions are eliminated.
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Define rp = max{r : t; < T, |A,| > 2}, event

V., = {Arv #+ O, Ienjrv}} n;(r) < min{min ni(r),'y(r)}}

i i€AS

and V¢ be its complement.
For any r < rp and any ¢ € A,, i # i1(#), we have 2¢,;(6) + 29,4, (0)(0) >
d;i(0) > dmin(0), where diin(0) denotes dy,p) (). From g,;(d) = o %@Z;W

we get

min n;

1 1 ~1/2
n < (wpnn)
Vni(r) v/ %(9)(?)) i€Ar
where C,. = 404/6log 2?’", and thus

dinin(0) < 201/210g(8K213/6) (

CQ
{gllé‘rjm(r) < 70 (3.31)

Then consider the regret:
Re(0) <> T{V;} (i, d(0)) + > T{V;} (i, d(0))
r=1 r=1

(8% ™w
< TV |l dinax (0) + D> T{V} [lie ] max d;(6) . (3.32)
r=1 r=1

where ry = max{r < rp : V;} and ryy = max{r < rp : V°}.

Since min;e oy, n;(ry) < minge 48, n;(ry) we have

) . 1 ry—1 . ,
lrerig‘l/ ni(ry) = 22}41;% ni(ryv) > 207 (%) ; I{Vs} |lisll, — K

by applying Proposition 32, where p*(3) = max{p(X), 1}. Then we can upper
bound the first term in (3.32) by

o . 20" (X)CF
ZH{Vr} irl, < dQ—(@)V +20% (B)K° + 2K . (3.33)
r=1 min

Regarding the second term in (3.32), recall that for any r < r7 such that ¢, >
Ty = 12lg’—g’zK3+10K3 and V¢ happens, minge, n;(r) > v(r) > (oay.t,/D)*3 >

at 2/3
<_p+<£)D> :
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Using the fact that max;c4, d;(#) < min {dmax(ﬁ), C, (minge 4, ni(r))_l/z}

gives
[a7%
ZlH{Vr 3 Il maxds(6)

SEjﬂﬂﬁ}wmlmm{mmxmxzumnmv»””}

€A,

~1/3
. . g _
< § ‘|1r||1dmax(0) + § ||Zr||1orw l, 1/3
pH(X)D

r>1:t.<Tp r<rw:t.>T0o

g

—-1/3
< (Ty + 2K)dpmax (0) + C, ( ) (try1 — to)(tppq — 2K) 743

Ty 28 0) + oy (=2 ) ™ (0= 2y
< (Ty + 2K)dpax + C, (—> / x—2K) " dx
‘ v P+(Z)D Ty

—1/3  pteys
< (Tp + 2K )dax(0) + Cry (Lﬂ)) / v Y3dy

pr (2 To—2K
3 o —1/3 2/3
< (T + 2K)dpax (0 -C, _ toe 3.34
< (T + 20s(0) + 30 () (3:34
2
Now we upper bound t,,,. If t,, > Ty then % > minjey,, ni(rw) >
ot 2/3
<p+(zV)VD) . Hence
—2/3 02
VA i E—— 3.35
2<(rmm) wtm T (3:39)

Combining (3.32) (3.33) (3.34) and (3.35) with C,,, < C,.. gives

1250%K3
D

1603+ (Z)Do” (. 2Kry
< 1
0= 0 ;

12502 2K\
+15(p+(Z)D02)1/3( 7 +10) K? (log ;T) . (3.36)

3/2
) + 14K°%D +

D2
Applying rr < T and p*(X) < K gives the result of Theorem 35.

Note that using r < T here is only for simplicity, actually r7 can be upper
bounded by some constant by more careful analysis. This is because, according
to Proposition 33, Y 17, I{V,} ||is]|, = O <t343>, and t,,, = O ((logt,,.)*?), we

have
rT
t'rT S t'f'W + ZH {V;} ||ZS||1 = O (t37/“3) + O ((1Og tTT)3/2) ’
s=1
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which mean ¢,, must be upper bounded by some constant independent with

Remark 36. Picking § = 1/T gives an O(log®?T) upper bound on the ex-
pected regret.

3.4 Summary

We considered a novel partial-monitoring setup with Gaussian side observa-
tions, which generalizes the recently introduced setting of graph-structured
feedback, allowing finer quantification of the observed information from one
action to another. We provided non-asymptotic problem-dependent lower
bounds that imply existing asymptotic problem-dependent and non-asymptotic
minimax lower bounds (up to some constant factors) beyond the full infor-
mation case. We also provided an algorithm that achieves the asymptotic
problem-dependent lower bound (up to some universal constants) and another
algorithm that achieves the minimax bounds under both weak and strong ob-
servability.

However, we think this is just the beginning. For example, we currently
have no algorithm that achieves both the problem dependent and the minimax
lower bounds at the same time. Also, our upper bounds only correspond to
the graph-structured feedback case. It is of great interest to go beyond the
weak /strong observability in characterizing the hardness of the problem, and
provide algorithms that can adapt to any correspondence between the mean
payoffs and the variances (the hardness is that one needs to identify suboptimal

actions with good information/cost trade-off).
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Chapter 4

Conservative Bandits

In this chapter we present our work on the conservative bandit problem (Wu
et al., 2016). Our contributions are as follows: (i) Starting from multi-armed
bandits, we first formulate what we call the family of “conservative bandit
problems”. As expected in these problems, the goal is to design learning algo-
rithms that minimize regret under the additional constraint that at any given
point in time, the total reward (return) must stay above a fixed percentage of
the return of a fixed default arm, i.e., the return constraint must hold uniformly
in time. The variants differ in terms of how stringent the constraint is (i.e.,
should the constraint hold in expectation, or with high probability?), whether
the bandit problem is stochastic or adversarial, and whether the default arm’s
payoff is known before learning starts. (ii) We analyze the naive build-bud-
get-then-learn strategy described above (which we call BudgetFirst) and design
a significantly better alternative for stochastic bandits that switches between
using the default arm and learning using a version of UCB in a “smoother”
fashion. (iii) We prove that the new algorithm, which we call Conservative
UCB, meets the uniform return constraint (in various senses), while it can
achieve significantly less regret than BudgetFirst. In particular, while Bud-
getFirst is shown to pay a multiplicative penalty in the regret for maintaining
the return constraint, Conservative UCB only pays an additive penalty. We
provide both high probability and expectation bounds, consider both high
probability and expectation constraints on the return, and also consider the

case when the payoff of the default arm is initially unknown. (iv) We also
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prove a lower bound on the best regret given the constraint and as a result show
that the additive penalty is unavoidable; thus Conservative UCB achieves the
optimal regret in a worst-case sense. While Unbalanced MOSS of Lattimore
(2015a), when specialized to our setting, also achieves the optimal regret (as
follows from the analysis of Lattimore (2015a)), as mentioned earlier it does
not maintain the constraint uniformly in time (it will explore too much at the
beginning of time); it also relies heavily on the knowledge of the mean payoff
of the default strategy. (v) We also consider the adversarial setting where
we design an algorithm similar to Conservative UCB: the algorithm uses an
underlying “base” adversarial bandit strategy when it finds that the return so
far is sufficiently higher than the minimum required return. We prove that
the resulting method indeed maintains the return constraint uniformly in time
and we also prove a high-probability bound on its regret. We find, however,
that the additive penalty in this case is higher than in the stochastic case.
Here, the Exp3-7 algorithm of Lattimore (2015a) is an alternative, but again,
this algorithm is not able to maintain the return constraint uniformly in time.
(vi) The theoretical analysis is complemented by synthetic experiments on
simple bandit problems whose purpose is to validate that the newly designed
algorithm is reasonable and to show that the algorithms’ behave as dictated
by the theory developed. We also compare our method to Unbalanced MOSS
to provide a perspective to see how much is lost due to maintaining the return

constraint uniformly over time.

4.1 Conservative Multi-Armed Bandits

The multi-armed bandit problem is a sequential decision-making task in which
a learning agent repeatedly chooses an action (called an arm) and receives a
reward corresponding to that action. We assume there are K + 1 arms and
denote the arm chosen by the agent in round ¢ € {1,2,...} by I, € {0, ..., K}.
There is a reward X ; associated with each arm 7 at each round ¢ and the agent
receives the reward corresponding to its chosen arm, X; r,. The agent does not

observe the other rewards X;; (j # ).
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The learning performance of an agent over a time horizon n is usually
measured by its regret, which is the difference between its reward and what it

could have achieved by consistently choosing the single best arm in hindsight:

Rn = max ZXt’i - Xt I;- (41)

An agent is failing to learn unless its regret grows sub-linearly: R, € o(n);
good agents achieve R, € O(y/n) or even R,, € O(logn).
We also use the notation Tj(n) = > 7, I{I; = i} for the number of times

the agent chooses arm ¢ in the first n time steps.

4.1.1 Conservative Exploration

Let arm 0 correspond to the conservative default action with the other arms
1,..., K being the alternatives to be explored. We want to be able to choose
some « > 0 and constrain the learner to earn at least a 1 — « fraction of the

reward from simply playing arm 0:

t t
Y X, >(1-a)> X, forallte{l,... n}. (4.2)
s=1 s=1

It should be clear that small values of « force the learner to be highly conser-
vative, whereas larger av correspond to a weaker constraint.

We introduce a quantity Z,, called the budget, which quantifies how close
the constraint (4.2) is to being violated:

t
Zy =Y Xop, —(1—a)X.p; (4.3)
s=1

the constraint is satisfied if and only if Z; > 0 for all t € {1,...,n}. Note that
the constraints must hold uniformly in time.

Our objective is to design algorithms that minimize the regret (4.1) while
simultaneously satisfying the constraint (4.2). In the following sections, we
will consider two variants of multi-armed bandits: the stochastic setting in
Section 4.2 and the adversarial setting in Section 4.3. In each case we will
design algorithms that satisfy different versions of the constraint and give

regret guarantees.
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Figure 4.1: Choosing the default arm increases the budget. Then it is safe
to explore a non-default arm if it cannot violate the constraint (i.e. make the
budget negative).

One may wonder: what if we only care about Z,, > 0 instead of Z; > 0
for all t. Although our algorithms are designed for satisfying the anytime
constraint on Z; our lower bound, which is based on Z,, > 0 only, shows that
in the stochastic setting we cannot improve the regret guarantee even if we

only want to satisfy the overall constraint Z,, > 0.

4.2 The Stochastic Setting

In the stochastic multi-armed bandit setting each arm 7 and round t has a
stochastic reward X;; = p; + m4;, where p; € [0, 1] is the expected reward of
arm ¢ and the 7, ; are independent random noise variables that we assume have
1-subgaussian distributions. We denote the expected reward of the optimal
arm by p* = max; p; and the gap between it and the expected reward of the
ith arm by A; = p* — ;.

The regret R, is now a random variable. We can bound it in expectation,
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of course, but we are often more interested in high-probability bounds on the

weaker notion of pseudo-regret:

n K
Ry=np* =Y =Y Ti(n)A, (4.4)
t=1 1=0

in which the noise in the arms’ rewards is ignored and the randomness arises
from the agent’s choice of arm. The regret R, and the pseudo-regret }N%n are
equal in expectation. High-probability bounds for the latter, however, can
capture the risk of exploration without being dominated by the variance in
the arms’ rewards.

We use the notation ji;(n) = S I =i} Xy, for the empirical

1
Ti(n)
mean of the rewards from arm ¢ observed by the agent in the first n rounds. If
T;(n) = 0 then we define ji;(n) = 0. The algorithms for the stochastic setting
will estimate the p; by fi; and will construct and act based on high-probability

confidence intervals for the estimates.

4.2.1 The Budget Constraint

Just as we substituted regret with pseudo-regret, in the stochastic setting we
will use the following form of the constraint (4.2):

t

Z,u[s > (1 — a) ot forall t € {1,...,n}; (4.5)

s=1

the budget then becomes

t
Zy =Y, — (1= a)tp. (4.6)
s=1

The default arm is always safe to play because it increases the budget by
to— (1 —a)pg = app. The budget will decrease for arms 7 with p; < (1—a)po;
the constraint Z, > 0 is then in danger of being violated (Fig. 4.1).

In the following sections we will construct algorithms that satisfy pseudo-
regret bounds and the budget constraint (4.5) with high probability 1 — §
(where 0 > 0 is a tunable parameter). In Section 4.2.4 we will see how these
algorithms can be adapted to satisfy the constraint in expectation and with

bounds on their expected regret.
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For simplicity, we will initially assume that the algorithms know g, the
expected reward of the default arm. This is reasonable in situations where the
default action has been used for a long time and is well-characterized. Even
so, in Section 4.2.5 we will see that having to learn an unknown pg is not a

great hindrance.

4.2.2 BudgetFirst — A Naive Algorithm

Before presenting the new algorithm it is worth remarking on the most obvious
naive attempt, which we call the BudgetFirst algorithm. A straightforward
modification of UCB leads to an algorithm that accepts a confidence parameter

d € (0,1) and suffers regret at most

R,=0 <\/ Knlog <10g5(”))> = Ruorst - (4.7)

Of course this algorithm alone will not satisfy the constraint (4.5), but that

can be enforced by naively modifying the algorithm to deterministically choose

I; = 0 for the first ¢y rounds where
(VtO S t S n) t,UO - Rworst Z (1 - OZ)t[L() .

Subsequently the algorithm plays the high probability version of UCB and
the regret guarantee (4.7) ensures the constraint (4.5) is satisfied with high
probability. Solving the equation above leads to tg = O(Rworst /ag), and since
the regret while choosing the default arm may be O(1) the worst-case regret

guarantee of this approach is

R, = (uoia\/f(nlog (%)) .

This is significantly worse than the more sophisticated algorithm that is our

main contribution and for which the price of satisfying (4.5) is only an additive

term rather than a large multiplicative factor.

4.2.3 Conservative UCB

A better strategy is to play the default arm only until the budget (4.6) is

large enough to start exploring other arms with a low risk of violating the
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constraint. It is safe to keep exploring as long as the budget remains large,
whereas if it decreases too much then it must be replenished by playing the
default arm. In other words, we intersperse the exploration of a standard
bandit algorithm with occasional budget-building phases when required. We
show that accumulating a budget does not severely curtail exploration and
thus gives small regret.

Conservative UCB (Algorithm 7) is based on UCB with the novel twist of
maintaining a positive budget. In each round, UCB calculates upper confi-
dence bounds for each arm; let J; be the arm that maximizes this calculated
confidence bound. Before playing this arm (as UCB would) our algorithm
decides whether doing so risks the budget becoming negative. Of course, it
does not know the actual budget Z, because the w; (i # 0) are unknown; in-
stead, it calculates a lower confidence bound &; based on confidence intervals
for the u;. More precisely, it calculates a lower confidence bound for what the
budget would be if it played arm J;. If this lower bound is positive then the
constraint will not be violated as long as the confidence bounds hold. If so, the
algorithm chooses I, = J; just as UCB would; otherwise it acts conservatively

by choosing I; = 0.

Algorithm 7 Conservative UCB
1: Input: K, po, 9, ¢5()
2: forte1,2,... do

3: 90<t), )\0(75) < o

4: foriel,...,K do

5: Ai(t) + JWO(T(t — 1)) /Ti(t — 1)

6: 0:(t) « f;(t — 1) + Ay(%)

7 Ai(t) < max {0, 4;(t — 1) — A;(¢)}

8: end for

9:  J; < argmax; 0;(¢) {...and find UCB arm.}

10: &+ DAL () + A1) — (1 — a)tuo
11:  if & > 0 then

12: I; < J; {...choose UCB arm if safe,}
13:  else

14: I; < 0 {...default arm otherwise.}
15:  end if

16: end for
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Remark 37 (Choosing °). The confidence intervals in Algorithm 7 are
constructed using the function ¢°. Let F be the event that for all rounds

t € {1,2,...} and every action ¢ € [K], the confidence intervals are valid:

. P (T5(1))
() — ] < o] 227
Our goal is to choose 1°(-) such that
Pr(F)>1-6. (4.8)

A simple choice is 1°(s) = 2log(Ks®/§), for which (4.8) holds by Hoeffding’s
inequality and union bounds. The following choice achieve better performance

in practice:

¢(1 +1og(¢))
¥°(s) = logmax {3,1og ¢} + log(2¢2¢) + loglog(1 + s), (4.9
(5 (3108 C) + 1oB(26°0) + Ly Dloglog(1 +5), (49)
where ¢ = K/J; it can be seen to achieve (4.8) by more careful analysis

motivated by Garivier (2013).
Some remarks on Algorithm 7

® /i is known, so the upper and lower confidence bounds can both be set to

o (line 3). See Section 4.2.5 for a modification that learns an unknown

Ho-

e The max in the definition of the lower confidence bound A;(t) (line 7)
is because we have assumed p; > 0 and so the lower confidence bound

should never be less than 0.

e & (line 10) is a lower confidence bound on the budget (4.6) if action

Ji is chosen. More precisely, it is a lower confidence bound on Z; =

St s, + g, — (1= )ty

e If the default arm is also the UCB arm (J; = 0) and the confidence
intervals all contain the true values, then u* = py and the algorithm will

choose action 0 for all subsequent rounds, incurring no regret.
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The following theorem guarantees that Conservative UCB satisfies the con-

straint while giving a high-probability upper bound on its regret.

Theorem 38. In any stochastic environment where the arms have expected
rewards p; € [0, 1] with 1-subgaussian noise, Algorithm 7 satisfies the following
with probability at least 1 — & and for every time horizon n, when ¢’ is chosen

in accordance with Remark 37 and with L = 1°(n):

Z,uI > (1 — a)uet forallt € {1,...,n}, (4.5)
~ 4L 20K+ 1)A
Fo< Y (K N A) L AE A1)
i>0:0,50 N0 Ho
6L — A
0
4.10
+ QLo ; maX{AZ-, AO — Az}’ ( )

R, € O(\/nKL + %) (4.11)
0

Proof of Theorem 38. By Remark 37, with probability Pr(F) > 1 — 4 the

confidence intervals are valid for all £ and all arms ¢ € {1,..., K}:

1t = 1) — il < VTt — D)Lt — 1) < I/t — 1);

we will henceforth assume that this is the case (i.e. that F' holds). By the
definition of the confidence intervals and by the construction of Algorithm 7

we immediately satisfy the constraint

Z,uft > (1 — a)nug for all n.

We now bound the regret. Let ¢ > 0 be the index of a sub-optimal arm and

suppose I; = i. Since the confidence intervals are valid,

W< 0,(t) < fult - 1)+ VLT~ 1)

which implies that arm 7 has not been chosen too often; in particular we obtain

T()<T(n—1)+1<4A—[;+1 (4.12)
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and the regret satisfies

R, = ZTi(n)Ai < > (% + Ai) + Ty(n)Ao.

i>0:A;>0 ’
If Ag = 0 then the theorem holds trivially; we therefore assume that Ay > 0
and find an upper bound for Ty(n).
Let 7 = max {t < n|I; = 0} be the last round in which the default arm is
played. Since F holds and 0y(t) = po < p* < max; 6;(t), it follows that J; =0

is never the UCB choice; the default arm was only played because &, < 0:
K
ZTZ'(T —DX(T)+ A (7)) — (1 — )T < 0 (4.13)
i=0

By dropping A;_(7), replacing 7 with Zfio T;(t — 1) + 1, and rearranging the
terms in (4.13), we get

K

aTy(r = Do < (1= a)uo+ Y Ti(r — 1) (1 — a)pto — Mi(7))

=1

<1 —a)u0+ZTi(T— 1)((1 — ) — pi + ﬁ)
<14 ZS"” (4.14)

where a; = (1 — a)po — p; and

Si=Tir = 1) ((1 =)o — i+ VI/Ti(T — 1))
— a;Ty(t — 1) + /LTi(r — 1)

is a bound on the decrease in &; in the first 7 — 1 rounds due to choosing arm
1. We will now bound S; for each 7 > 0.

The first case is a; > 0, i.e. A; > Ag + app. Then (4.12) gives Ti(1 — 1) <
4L/A? +1 and we get

4La; 2L 6L
S; < — == +2< —+2. 4.15
SN +Ai+ < Ai+ (4.15)

The other case is a; < 0, i.e. A; < Ag + ap. Then

S, < LT(r—1) < 2A—L +1, (4.16)

)
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and by using az? + bx < —b?/4a for a < 0 we have

L L
S < — = . 4.17
- 4ai 4(A0 + Qg — Az) ( )

Summarizing (4.15) to (4.17) gives

< 6L )
- maX{Ai, AO — Al} '

Continuing from (4.14), we get

K

2K—1—2+ 12 6L

T =Ty(t—1)4+1< :
0(”) 0<T ) +1ls Quflg Qg maX{Ai, A0 - Az}

i=1
We can now upper bound the regret by
- AL 20K + 1)y 6L « Ay
i>0:ZAi>O (Ai aflp afip ZZI max{A;, Ag — A;}
(4.10)

We will now show (4.11). To bound the regret due to the non-default arms,

Jensen’s inequality gives

(ZMM) <oy Ea

i>0 i>0
where m < n is the number of times non-default arms were chosen. Combining

this with A? < 4L/T;j(n) for sub-optimal arms from (4.12) gives

Y Ti(n)A; <2VmKL € O(VnKL).

>0
To bound the regret due to the default arm, observe that max{A;, Ay —
A;} > Ag/2 and thus To(n)Ay € O(KL/apg). Combining these two bounds
gives (4.11).

Standard unconstrained UCB algorithms achieve a regret of order O(vnK L);
Theorem 38 tells us that the penalty our algorithm pays to satisfy the con-
straint is an extra additive regret of order O(KL/apy).
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Remark 39. We take a moment to understand how the regret of the algorithm
behaves if « is polynomial in 1/n. Clearly if & € O(1/n) then we have a
constant exploration budget and the problem is trivially hard. In the slightly
less extreme case when « is as small as n~™® for some 0 < a < 1, the extra
regret penalty is still not negligible: satisfying the constraint costs us O(n®)
more regret in the worst case.

We would argue that the problem-dependent regret penalty (4.10) is more

informative than the worst case of O(n®); our regret increases by

6L§: A
maX{Ai, AO — Az}

CHo =

Intuitively, even if « is very small, we can still explore as long as the default
arm is close-to-optimal (i.e. Ay is small) and most other arms are clearly
sub-optimal (i.e. the A; are large). Then the sub-optimal arms are quickly
discarded and even the budget-building phases accrue little regret: the regret
penalty remains quite small. More precisely, if Ag ~ n% and min;so.a,~0 A; ~

n~% then the regret penalty is

O (na—i—min{o,b—bo}) :
small Ag and large A; means b — by < 0, giving a smaller penalty than the

worst case of O(n®).

Remark 40. Curious readers may be wondering if I, = 0 is the only conser-
vative choice when the arm proposed by UCB risks violating the constraint.
A natural alternative would be to use the lower confidence bound \;(¢) by

choosing

J if & >0;
L=4"" & 2 0; (4.18)
argmax; A\;(t), otherwise.

It is easy to see that if F' does not occur, then choosing argmax; \;(¢) increases
the budget at least as much as choosing action 0 while incurring less regret
and so this algorithm is preferable to Algorithm 7 in practice. Theoretically

speaking, however, it is possible to show that the improvement is by at most a
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constant factor so our analysis of the simpler algorithm suffices. The proof of
this claim is somewhat tedious so instead we provide two intuitions: Firstly, the
upper bound approximately matches the lower bound in the minimax regime,
so any improvement must be relatively small in the minimax sense. Secondly,
imagine we run the unmodified Algorithm 7 and let ¢ be the first round when
I, # J; and where there exists an ¢ > 0 with X\;(¢) > po. If F' does not hold,
then the actions chosen by UCB satisfy

Ti(t) € <min {A%,mjax]}(t)}) ;

which means that arms are being played in approximately the same frequency
until they are proving suboptimal (for a similar proof, see Lattimore (2015b)).
From this it follows that once Ay, (t) > g for some ¢ it will not be long before
either \;(t + s) > o or Tj(t + s) > 4L/A? and in both cases the algorithm
will cease playing conservatively. Thus it takes at most a constant proportion

more time before the naive algorithm is exclusively choosing the arm chosen

by UCB.

Next we discuss how small modifications to Algorithm 7 allow it to handle

some variants of the problem while guaranteeing the same order of regret.

4.2.4 Considering the Expected Regret and Budget

One may care about the performance of the algorithm in expectation rather
than with high probability, i.e. we want an upper bound on E [ﬁn] and the

constraint (4.5) becomes

E

¢
st] > (1 —a)upt, forallte{l,...,n}. (4.19)
s=1

We argued in Remark 39 that if & € O(1/n) then the problem is trivially
hard; let us assume therefore that a > ¢/n for some ¢ > 1. By running
Algorithm 7 with § = 1/n and o/ = (v —§)/(1 — &) we can achieve (4.19) and
a regret bound with the same order as in Theorem 38.

To show (4.19) we have

t
E Z“Is] >Pr(F)E
s=1

>(1-=0)1—a )t = (1 — a)ugt.

t
Z pr, ’ F
s=1
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As an upper bound, we have E[R,] < E[R,|F] + én = E[R,|F] + 1. Here
E [R,|F] can be upper bounded by Theorem 38 with two changes: (i) L be-
comes O(lognK) after replacing § with 1/n, and (ii) o becomes . Since
o/ /Jae > 1—1/c we get essentially the same order of regret bound as in Theo-

rem 38.

4.2.5 Learning an Unknown

Two modifications to Algorithm 7 allow it to handle the case when gy is
unknown. First, just as we do for the non-default arms, we need to set y(t)
and \o(t) based on confidence intervals. Second, the lower bound on the budget

needs to be set as
& =Y Ti(t — DA(t) + s, (8) + (To(t — 1) — (1 = a)t)6o(t) . (4.20)

Theorem 41. Algorithm 7, modified as above to work without knowing o but
otherwise the same conditions as Theorem 38, satisfies with probability 1 — 0

and for all time horizons n the constraint (4.5) and the regret bound

- AL 2K +1)Ay  TL & Ao
R, < — + A )
- Z (Ai + ) + Qo + Qi ; max{A;, Ag — A;}
(4.21)

Proof of Theorem 41. We proceed very similarly to the proof of Theorem 38.
As we did there, we assume that F' holds: the confidence intervals are valid for
all rounds and all arms (including the default), which happens with probability
Pr(F)>1-6.

To show that the modified algorithm satisfies the constraint (4.5), we write

the budget (4.6) as

Z = Zﬂ(t = D + pg, + (To(t = 1) = (1 = a)t)po

when the UCB arm J; is chosen and show that it is indeed lower-bounded by

& =Y Tt = DN() + Ag () + (To(t = 1) = (1= a)t)o(t) - (4.20)

=1
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This is apparent if Ty(t — 1) < (1 — «)t, since the last term in (4.20) is then
negative and 6y(t) > po. On the other hand, if Ty(t — 1) > (1 — )t then the

constraint is still satisfied:

¢
ZM}S > To(t — Dpo > (1 — a)uet.

s=1

We now upper-bound the regret. As in the earlier proof, we can show that
for any arm i > 0 with A; > 0 we have T;(n) < 4L/A? + 1. If this also
holds for i = 0 or if Ag = 0 then R, < Y inso(4L/A; + A;) and the theorem
holds trivially. From now on we only consider the case when Ay > 0 and
To(n) > 4L/AZ + 1. As before, we will proceed to upper-bound Ty(n).

Let 7 be the last round in which I, = 0. We can ignore the possibility
that J, = 0, since then the above bound on T;(n) would apply even to the
default arm, contradicting our assumption above. Thus we can assume that

the default arm was played because & < 0:
K
ZT,-(T — D7) + Ap (7)) + (To(r — 1) = (1 — a)7) B(7) < O,
i=1

in which we drop \;_(7), replace T with Zfio T;(t — 1)+ 1, and rearrange the
terms to get

K

aTo(T —1)0(7) < (1 — a)b(7) + ZTZ'(T —1)((1 = a)bo(r) — Ni(7)) .

(4.22)

We lower-bound the left-hand side of (4.22) using 6y(7) > o, whereas we
upper-bound the right-hand side using

AV
Sﬂo—i_—a

< -
Oo(T) < pio + Tolr = 1) 5

which comes from To(7 — 1) > 4L/A%. Combining these in (4.22) with the
lower confidence bound \;(7) > p; — \/L/T;(T7 — 1) gives

aoTo(r — 1) < (1 - @) (uo + %)

+Zﬂ<7—1>(<1—oz>(uo+%)—m+ ﬁ)

i=1
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<14+) 8, (4.23)
where a; = (1 — a)(po + Ao/2) — p; and

is a bound on the decrease in & in the first 7 — 1 rounds due to choosing arm
7. We will now bound S; for each 7 > 0.

Analogously to the previous proof, we get the bounds

6L

S; < x +2, whena; >0; (4.24)
2L
S; < x +1, otherwise; (4.25)

and in the latter case, using azx? + bxr < —b*/4a gives

6 < L L

= a4 4((1+ ) Ao/2 + apg — A;) (4.:26)

Summarizing (4.24) to (4.26) gives

L
S; < 0 +2
max {*} A, 24((1 4 a)Ao/2 + apo — A;)

< L +2
T max {Az; AO — Az} .

Continuing with (4.23), if To(n) > 35 + 1, we get

0
2K +2 1 7L
To(n) = To(r — 1) +1 < +—)

Celho Qflo =} max{A;, Ay — A} '

We can now upper bound the regret by
- AL 2K +1)Ay  TL & Ao
R, < — + A :
- Z (Ai * ) * aflo * aflo Z max{A;, Ay — A;}
(4.21)

i=1

Theorem 41 shows that we get the same order of regret for unknown .
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4.3 The Adversarial Setting

Unlike the stochastic case, in the adversarial multi-armed bandit setting we
do not make any assumptions about how the rewards are generated. Instead,
we analyze a learner’s worst-case performance over all possible sequences of
rewards (X;;). In effect, we are treating the environment as an adversary that
has intimate knowledge of the learner’s strategy and will devise a sequence of
rewards that maximizes regret. To preserve some hope of succeeding, however,
the learner is allowed to behave randomly: in each round it can randomize
its choice of arm [; using a distribution it constructs; the adversary cannot
influence nor predict the result of this random choice.

Our goal is, as before, to satisfy the constraint (4.2) while bounding the
regret (4.1) with high probability (the randomness comes from the learner’s
actions). We assume that the default arm has a fixed reward: X, o = uo € [0, 1]
for all ¢; the other arms’ rewards are generated adversarially in [0,1]. The
constraint to be satisfied then becomes ™t X, ;. > (1 — a)uot for all ¢.

Safe-playing strategy: We take any standard any-time high probability
algorithm for adversarial bandits and adapt it to play as usual when it is safe
to do so, i.e. when Z; > 22;11 Xs1, — (1 — a)pet > 0. Otherwise it should
play I; = 0. To demonstrate a regret bound, we only require that the bandit

algorithm satisfy the following requirement.

Definition 42. An algorithm A is R/-admissible (R} sub-linear) if for any 4,

in the adversarial setting it satisfies
Pr (we 1,2,...},R, < Rf) >1-4.

Note that this performance requirement is stronger than the typical high
probability bound but is nevertheless achievable. For example, Neu (2015)
states the following for the any-time version of their algorithm: given any

time horizon n and confidence level §, Pr <Rn < ﬁ;(é)) > 1 — 6 for some
sub-linear R}(8). If we let RS = R.(6/2t%) then Pr (Rt < ]%f) > 1 — 3% holds
for any fixed ¢. Since the algorithm does not require n and ¢ as input, a union

bound shows it to be R?-admissible.
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Having satisfied ourselves that there are indeed algorithms that meet our

requirements, we can prove a regret guarantee for our safe-playing strategy.

Theorem 43. Any Rf -admissible algorithm A, when adapted with our safe-
playing strategy, satisfies the constraint (4.2) and has a regret bound of R, <
to + Rfl with probability at least 1 — § where ty = max {t | ot < ]:225 + ,uo}.

Proof of Theorem /3. 1t is clear from the description of the safe-playing strat-
egy that it is indeed safe: the constraint (4.2) is always satisfied.
The algorithm plays safe when the following quantity, which is a lower

bound on the budget Z;, is negative:

Zl=Zy— X4, = ZX“S (1 — a)pot

To upper bound the regret, consider only the rounds in which our safe-playing
strategy does not interfere with playing A’s choice of arm. Then with proba-

bility 1 — 4,

nax KZ, >0} (Xs; — Xs1,) < RB(t)
s=1

where B(t) = Y.t_, 1{Z/ > 0}. Let 7 be the last round in which the algorithm

plays safe.
T7—1
poB(T —1) < maxz HZ. > 0} X,
s=1
7—1
< Ry + Y U2 >0} X,
s=1
7—1
= R(SB(T_U + ZXS,IS — po(r —1—=B(r —1))
s=1

< Ry + (1= @)por — pio(r =1 = B(r = 1)),

which indicates apot < Rf + 1o and thus 7 < ty. It follows that R, < tg+ f?fb

Corollary 44. The any-time high probability algorithm of Neu (2015) adapted
with our safe-playing strategy gives f%f = 7/Ktlog K log(4t*/5) and

2

49K log K 4
R, < 7v/Knlog K log(4n*/8) + 9—Oglog2%
Mo
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with probability at least 1 — 9.

Corollary 44 shows that a strategy similar to that of Algorithm 7 also works
for the adversarial setting. However, we pay a higher regret penalty to satisfy
the constraint: O( (ffojg) rather than the O(f—/fﬂ) we had in the stochastic
setting. Whether this is because (i) our algorithm is sub-optimal, (ii) the anal-

ysis is not tight, or (iii) there is some intrinsic hardness in the non-stochastic

setting is still not clear and remains an interesting open problem.

4.4 Lower Bound on the Regret

We now present a worst-case lower bound where «, po and n are fixed, but
the mean rewards are free to change. For any vector p € [0,1]%, we will
write I, to denote expectations under the environment where all arms have
normally-distributed unit-variance rewards and means p; (i.e., the fixed value
o is the mean reward of arm 0 and the components of ;1 are the mean rewards
of the other arms). We assume normally distributed noise for simplicity: other
subgaussian distributions whose parameter is kept fixed independently of the

mean rewards work identically.

Theorem 45. Suppose for any p; € [0,1] (i > 0) and po satisfying

min {p, 1 — o} > max{l/%/&, Ve+ 1/2} VEK/n,

an algorithm satisfies B, [ 1 Xi1,] > (1 — a)pon. Then there is some p €
[0, 1] such that its expected regret satisfies E,[R,] > B where

K vV En
B = max , .
(16e + 8)apy’ /16e + 8

Proof of Theorem 45. Pick any algorithm. We want to show that the algo-

(4.27)

rithm’s regret on some environment is at least as large as B. If E,[R,] > B
for some p € [0,1]%, there is nothing to be proven. Hence, without loss of
generality, we can assume that the algorithm is consistent in the sense that

E,[R,] < B for all p € [0, 1]¥.
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For some A > 0, define environment p € RX such that u; = pg — A for all
i € [K]. For now, assume that p and A are such that p; > 0; we will get back
to this condition later. Also define environment p( for each i = 1,..., K by
0 {M0+A, for j =1i;
/ po — A, otherwise.
In this proof, we use T; = T;(n) to denote the number of times arm i was
chosen in the first n rounds. We distinguish two cases, based on how large the
exploration budget is.

VK

Case 1: o > .
toy/ (16e + 8)n

In this case, B = \/\1/% and we use A = (4e + 2)B/n. For each i € [K]

define event A; = {1; < 2B/A}. First we prove that Pr,(A4;) > 1/2:

Pr, (T; < 2B/A) =1 — Pr, (T, > 2B/A)
_ART] B[R]
2B~ 2B

v

(V3
N | = =

Next we prove that Pr ) (4;) < 1/4e:

Prﬂ(i) (T; <2B/A) = Pl"u(i) (n—T;, >n—2B/A)
Eu(i)[n_Ti]< B
n—2B/A — An—2B

1
-

Note that g and p® differ only in the ith component: j; = o — A whereas
M,Ei) = po+A. Then the KL divergence between the reward distributions of the
ith arms is KL(u;, ,u(i)) = (2A)%/2 = 2A?. Define the binary relative entropy

i
to be

x 11—z
d(x,y) =xlog—+ (1 —x)log ;
(@) = wlog % + (1= ) log —

it satisfies d(z,y) > (1/2)log(1/4y) for = € [1/2,1] and y € (0,1). By a

standard change of measure argument (see, e.g., Lemma 1 of Kaufmann et al.,

2015b) we get that

log ——=— =1

E, (T3] - KL(ps: 11”) > d(Pr,.(A;), Pr i1/ — 2

o) (Ai)) > %
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Case 2: a <

1101/ (16e + 8)n

In this case, B = m and we use A = K/4apgn. For each i define

the event A; = {T; < 2apon/A}. First we prove that Pr,(A4;) > 1/2:

Pr, {T; < 2apon/A} =1 —Pr, {T; > 2apon/A}
|_AET) | ER

2aipon B 2aion

v

1
2 )
where we use the fact that

Eu[Ry] = npo — E, [Z Xt,lz] < npo — (1 = a)pon = apon .

t=1

Next, we show that Pr,u (A;) < 1/4e:

Pr,o (Ti < 2apon/A) = Pr,w (n —T; > n — 2apuon/A)
Eu(i) [n - TZ] < B
~n—2apen/A T An — 2auen
K
(4de + 2)K — (32e + 16)a?uén
1
< 4_6 .

As in the other case, we have E,[T;] > 1/4A? for each i € [K]. Therefore
E R, =AY E [T-]>£:au0n
wldin ' wldi AN )
1€[K]
which contradicts the fact that E,[R,] < auon. So there does not exist an

algorithm whose worst-case regret is smaller than B.

To summarize, we proved that

VEn VK

————, whena >
E,[R.] > V16e + 8 toy/ (16e + 8)n
"= K
= otherwi
(16c 1 S)apn’ otherwise,
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finishing the proof.

Theorem 45 shows that our algorithm for the stochastic setting is near-
optimal (up to a logarithmic factor L) in the worst case. A problem-dependent
lower bound for the stochastic setting would be interesting but is left for future
work. Also note that in the lower bound we only use E, [>°) | Xi] > (1—a)npuo
for the last round n, which means that the regret guarantee cannot be improved
if we only care about the last-round budget instead of the anytime budget. In
practice, however, enforcing the constraint in all rounds will generally lead to
significantly worse results because the algorithm cannot explore early on. This
is demonstrated empirically in Section 4.5, where we find that the Unbalanced
MOSS algorithm performs very well in terms of the expected regret, but does

not satisfy the constraint in early rounds.

Remark 46. The theorem above almost follows from the lower bound given
by Lattimore (2015a), but in that paper g is unknown, while here it may be
known. This makes our result strictly stronger, as the lower bound is the same

up to constant factors.

4.5 Experiments

We evaluate the performance of Conservative UCB compared to UCB and
Unbalanced MOSS (Lattimore, 2015a) using simulated data in two regimes.
In the first (Fig. 4.2) we fix the horizon and sweep over o € [0,1] to show
the degradation of the average regret of Conservative UCB relative to UCB
as the constraint becomes harsher (a close to zero). In the second regime
(Fig. 4.3) we fix a = 0.1 and plot the long-term average regret, showing that
Conservative UCB is eventually nearly as good as UCB, despite the constraint.
Each data point is an average of N ~ 4000 i.i.d. samples, which makes error
bars too small to see. Results are shown for both versions of Conservative
UCB: The first knows the mean g of the default arm while the second does

not and must act more conservatively while learning this value. As predicted
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by the theory, the difference in performance between these two versions of the
algorithm is relatively small, but note that even when o = 1 the algorithm
that knows pg is performing better because this knowledge is useful in the
unconstrained setting. This is also true of the BudgetFirst algorithm, which
is unconstrained when o = 1 and exploits its knowledge of py to eliminate
the default arm. This algorithm is so conservative that even when « is nearly
zero it must first build a significant budget. We tuned the Unbalanced MOSS

algorithm with the following parameters:

nk K
By= 1 B; = B = VnK + —.
" VnK + K . Qg

The quantity B; determines the regret of the algorithm with respect to arm ¢ up
to constant factors, and must be chosen to lie inside the Pareto frontier given
by Lattimore (2015a). It should be emphasised that Unbalanced MOSS does
not constrain the return except for the last round, and has no high-probability
guarantees. This freedom allows it to explore early, which gives it a significant
advantage over the highly constrained Conservative UCB. Furthermore, it also
requires By, . .., Bi as inputs, which means that po must be known in advance.
The mean rewards in both experiments are py = 0.5, 3 = 0.6, pe = ps =

tg4 = 0.4, which means that the default arm is slightly sub-optimal.

sunn UCB = Conservative UCB
= = = Conservative UCB (unknown pg) == BudgetFirst
== UUnbalanced MOSS

e
—

0.05

Expected Regret / n

Figure 4.2: Average regret for varying o and n = 10* and § = 1/n
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e
=

0.05

Expected Regret / n

2,000 50,000 100,000

Figure 4.3: Average regret as n varies with &« = 0.1 and 6 = 1/n

4.6 Summary

We introduced a new family of multi-armed bandit frameworks motivated by
the requirement of exploring conservatively to maintain revenue and demon-
strated various strategies that act effectively under such constraints. We ex-
pect that similar strategies generalize to other settings, like contextual bandits
and reinforcement learning. We want to emphasize that this is just the begin-
ning of a line of research that has many potential applications. We hope that
others will join us in improving the current results, closing open problems, and

generalizing the model so it is more widely applicable.
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Chapter 5

Conclusions and Future Work

In this thesis we studied three variants of online learning problems with differ-
ent objectives and presented our recent results. There are several interesting
future directions: (i) There are still some theoretical open questions in our
work, e.g. the gap between the lower and upper bound in Chapter 2, a single
algorithm that achieves both asymptotic problem-dependent and worst-case
optimality in Chapter 3 and the minimax regret in the adversarial setting in
Chapter 4. (ii) Another interesting direction is the pure exploration and regret
minimization problems in the more general partial monitoring setting (Bartdk
et al., 2014). To the best of our knowledge there has not been any study on
the pure exploration problems in this setting. Regarding regret minimization,
Komiyama et al. (2015) introduces an asymptotically problem-dependent op-
timal algorithm but a minimax optimal algorithm (in terms of both the time
horizon and the scaling parameter) is still an open problem. Moreover, the
current partial monitoring setting is limited to finite outcome spaces. Extend-
ing it to continuous outcome spaces is also an interesting future work. (iii) To
further push online learning techniques into practical use, we can study other
variants of problems based on real applications such as problems with new
type of environments, objectives or other type of constraints in the learning

process.
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