
Fundamental Study of Bubble Coalescence
in Solutions and on Surfaces

by

Bo Liu

A thesis submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

in

Chemical Engineering

Department of Chemical and Materials Engineering

University of Alberta

c© Bo Liu, 2019



Abstract

The coalescence of air bubbles is an elementary process influencing the perfor-

mance of various industrial processes such as oil extraction, water purification,

and mineral flotation. The possible coalescence between two colliding bubbles

is significantly influenced by the liquid drainage rate from the thin film trapped

between the bubbles.

The focus of this thesis is to investigate the film dynamics between fast

colliding air bubbles in aqueous solutions. A unique method is developed

based on a custom-designed Dynamic Force Apparatus (DFA). Two bubbles,

one generated at the orifice of a capillary tube, the other immobilized on a

transparent hydrophobic glass (surface microbubble), are brought together for

the collision at controlled speeds. During the bubble collision, the interaction

force and the interference fringes are obtained simultaneously. Experimental

parameters can be flexibly adjusted, including the surface microbubble size,

solution concentration, and collision speed.

Under aged/contaminated conditions, the air-water interface is immobile.

The interaction force and the initial formation of the dimple profile during

the collision, agree well with the prediction from the Stokes-Reynolds-Young-

Laplace model with the tangentially immobile boundary condition at the air-

liquid interface. However, an ‘express exit’ was observed during bubble col-

lision, leading to the unexpected rapid drainage of the trapped liquid. This

phenomenon partially explains the shorter coalescence times from experiments

as compared with model predictions. The film rupture thickness was consis-
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tently observed at 25±15 nm.

In contrast, when clean water was used, the film thinning rate was almost

equal to the collision speed, resulting in bubble coalescence within milliseconds.

The experimental data are explained by a theoretical model assuming mobile

boundary condition at the air-water interface. Changing the interfacial tension

by 10−4 N/m, by adding a small amount of surfactant, would be sufficient to

immobilize the air-water interface. The surface mobility is determined by the

competition of fluid shear stress on the film surface and the Marangoni stress

that arises from the uneven distribution of surface active components at the

air-water interface. The above finding proved the existence of fully mobile air-

water interfaces in bubble coalescence, and also explained why this boundary

condition is difficult to be achieved experimentally in previous research.

The following exploration was conducted in surfactant solutions at the

concentration of up to 2 mM. A simple experimental technique was developed,

in which the freshly generated bubbles can collide after staying in bulk for

a very short period (∼10 ms or ∼50 ms). From the bounce or coalescence

results, we found that the mobile air-water interface is achievable even in

surfactant solutions similar to those used in industrial processes. The freshly

generated bubbles can be mobile and may switch to immobile after staying in

bulk for tens of milliseconds. The surface mobility is jointly determined by the

aging time and bulk surfactant concentration, corresponding to the dynamic

adsorption of the surfactant onto the air-water interface. This work bridges

the fundamental understanding of surface mobility to real applications.
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Chapter 1

Introduction

1.1 Background and motivations

The coalescence of air bubbles in aqueous solutions is an elemental process in

various industrial and environmental applications, such as mineral flotation,

oil extraction, and water purification. Bubble coalescence should be avoided

or enhanced based on the process requirement. Examples can be found with

mineral flotation, where the attachment between air bubbles and hydropho-

bic particles is required. According to previous studies, the bubble-particle

attachment is enhanced with the reduced bubble size, i.e., less bubble coales-

cence. However, the microbubble alone cannot efficiently lift the particles up

to be recovered. Recently, a dual bubble flotation technology was developed in

our research group, in which the bubble-particle attachment is expected to in-

clude two stages. In the first stage, microbubbles are generated on the surface

of the mineral particle through hydrodynamic or acoustic cavitation. In the

second stage, large bubbles are introduced into the flotation system to attach

onto the micro-bubble frosted particles. With the microbubbles frosted at the

surface, the large bubble-particle attachment should be accelerated because of

the coalescence between the large bubble and the surface microbubble. There-

fore, the fundamental knowledge on bubble coalescence is essential for further

technology improvement.

The colliding bubbles trap a thin liquid film in between. The coalescence

dynamic involves the thinning and rupturing of the thin film, which is a com-

plex interplay of hydrodynamic drainage, surface deformation, and surface
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forces. There are numerous techniques developed to investigate the bubble

coalescence process. However, the direct observation on the film drainage is

mostly conducted with slow speed collisions. For fast colliding bubbles, the

film dynamic is obtained from indirect experimental results such as the coa-

lescence time. Because of the lack of direct film information, there are many

questions that remain unanswered.

1.2 Objectives and scope of the thesis

The main objective of this work is to investigate the coalescence of fast col-

liding bubbles by direct film observation and theoretical modeling. A new

experimental method was developed based on a homemade Dynamic Force

Apparatus, in which the interaction force and the thin film drainage can be

simultaneously measured during bubble collision.

In the first part, the interaction between a large bubble and surface micro-

bubbles was investigated. The interaction force agrees very well with the

prediction of the Stokes-Reynolds-Young-Laplace model assuming immobile

boundary condition at the air-water interface. However, the asymmetric film

drainage was observed to accelerate the liquid flow through an ‘express exit’.

In the second part with pure water and fast colliding speed, bubble coales-

cence in sub-milliseconds was observed, during which the film thinning rates

were roughly equal to the applied collision speeds. The result agrees with the

model prediction using the fully mobile boundary condition at the air-water

interface. The addition of surfactant that changed the interfacial tension by

10−4 N/m is sufficient to immobilize the air-water interface.

In the last part of the thesis, the impact of surfactant adsorption in mil-

liseconds on bubble coalescence was investigated using a simple bubble rising

technique. The freshly generated air bubbles are allowed to collide after stay-

ing in bulk for a very short time (∼10 ms and ∼50 ms). Surfactant adsorption

within this time scale is sufficient to change the air-water surface mobility, and

determines whether two colliding bubbles should coalescence or bounce.
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1.3 Structure of the thesis

This thesis includes 6 Chapters; chapters 3-5 contain the papers that have

been either published or submitted. The detailed content in each chapter is

introduced below:

Chapter 1 provides a brief introduction about the background and moti-

vations, the objectives and scope, and the structure of the thesis.

Chapter 2 is a literature review of the theoretical models, the available ex-

perimental methods about bubble coalescence, and several questions remaining

unexplained.

Chapter 3 presents the study of the interaction between a millimeter-sized

bubble and surface microbubbles in water. The direct film drainage observa-

tion reveals the non-symmetric drainage behavior which cannot be deduced

from force measurements or side view observations. This chapter has been

published:

Bo Liu, Rogerio Manica, Xurui Zhang, Adrien Bussonnière, Zhenghe Xu,

Guangyuan Xie, Qingxia Liu. Dynamic Interaction between a Millimeter-

Sized Bubble and Surface Microbubbles in Water, Langmuir, 2018, 34(39):

11667-11675.

Chapter 4 describes the coalescence of air bubbles with mobile air-water

interfaces. Rapid film evolution within milliseconds was clearly captured. The

effect of mobile air-water interface on bubble coalescence is clearly illustrated

and the interfacial mobility transition from mobile to immobile was discussed.

This chapter has been published:

Bo Liu, Rogerio Manica, Qingxia Liu, Evert Klaseboer, Zhenghe Xu, Guang-

yuan Xie. Coalescence of Bubbles with Mobile Interfaces in Water. Physical

Review Letters, 2019, 122(19): 194501.

Chapter 5 illustrates the impact of surfactant dynamic adsorption on bub-

ble coalescence. The bubble collision outcome depends on the bulk surfactant

concentration and the bubble residence time in bulk. This chapter has been

submitted:

Bo Liu, Rogerio Manica, Qingxia Liu, Evert Klaseboer, Zhenghe Xu. Coa-
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lescence or Bounce? How Surfactant Adsorption in Milliseconds Affects Bubble

Collision. Submitted to The Journal of Physical Chemistry Letters.

Chapter 6 contains the conclusions of this research and plans for future

research. The appendix contains the supporting files for chapters 3-5.
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Chapter 2

Literature Review

2.1 Introduction

Air bubbles are used in various industries as selective carriers for target min-

erals [1, 2], oil drops [3], or surface active chemicals [4]. The collision between

air bubbles is a fundamental process that significantly impacts industrial per-

formance. Therefore, bubble dynamics have been extensively investigated for

decades. It was shown that colliding bubbles could bounce or merge into a

bigger bubble [5, 6]. The collision outcome is influenced by various factors

such as bubble size [7, 8], velocity [6, 9], salts [6, 10–13], and surfactants [8,

14]. All those factors impact the thinning and rupturing of the thin liquid film

trapped between the bubbles [6–8, 12, 15].

The bubble coalescence is inhibited by the formation of a thin liquid film

in between [6, 7]. The schematic illustrations in Figure 2.1 describe the film

thinning and rupturing processes. The interaction between two bubbles is

negligible when they are far apart. As the bubbles get closer (separation ∼10

µm and smaller [7, 15]), the liquid flow between the bubbles exerts a repulsive

hydrodynamic pressure on both surfaces that deform the air-water interfaces

to form the thin liquid film. The coalescence of the bubbles is hindered until

the film thickness reaches ∼50 nm [8]. This simple film thinning process in-

volves the complex interplay of hydrodynamic drainage, surface deformation

and surface forces [7, 15, 16]. Some information on the film level is still lack-

ing, which leaves several puzzles to be resolved, including the wide variation

of coalescence times under the same experimental conditions [17, 18], the exis-
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Approach Drainage and
dimple formation

Film rupture

Figure 2.1: Schematics for thin film drainage and rupture during the bubble
collision

tence of mobile air-water interface [6, 12, 17, 18], and the absence of colloidal

stability during bubble collision at fast approaching velocity [6, 19].

After intensive research for decades, liquid drainage from the foam film

or slow speed colliding bubbles (<0.2 mm/s) has been well explained, and

detailed information is referred to several recent reviews [6, 19–22]. Here, we

will focus on the understanding of the fast colliding bubbles. The theoretical

models describing the film drainage, the experimental methods investigating

the bubble collision, and several unsolved questions will be discussed.

2.2 Theoretical models

A theoretical model is required to describe the film flow between the two col-

liding bubbles. An early theoretical model was developed by Stefan [23], in

which the film is assumed to be flat. The film drainage is driven by the pres-

sure difference between the film region and the bulk. This model was applied

for several foam film experiments with low drainage speeds. In those scenar-

ios, the hydrodynamic pressure and/or the disjoining pressure counterbalance
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the Laplace pressure to flatten the liquid film. With fast speed collisions,

the hydrodynamic pressure can be higher than the Laplace pressure and may

reverse the surface curvature to form a dimpled film [24], leaving a discrep-

ancy between the theoretical assumption and experimental observation [25–

27]. In subsequent work, a lubrication model that considers the local pres-

sure distribution and surface deformation was introduced to capture the film

dynamic with nanometer resolution [7, 28]. In the following section, the lubri-

cation models using different boundary conditions at the air-water interface,

the Young-Laplace equation describing the surface deformation, the initial

condition, and the boundary conditions will be introduced. For simplification,

axisymmetric film drainage is assumed in the following discussion. Figure

2.2a shows a schematic illustration of the colliding bubbles and the cylindrical

coordinate system.

2.2.1 Young-Laplace equation

The deformation of the air-water interfaces is described by the augmented

Young-Laplace equation, which assumes an equilibrium surface profile in re-

sponse to the pressure [24]. Despite the rapid thinning and deformation in

milliseconds, this assumption is still satisfied because the capillary wave veloc-

ity is in the order of 1 m/s [24], much faster than the characteristic collision

velocities of the bubbles (0.1 m/s). For two colliding bubbles with radii R1

and R2 respectively, the augmented Young-Laplace equation is written as

σ

2r

∂

∂r

(
r
∂h

∂r

)
=

2σ

R
− p− Π (2.1)

In this equation, the left-hand side term describes the change of curvature of

the air-water interface, with σ as the water surface tension. On the right-hand

side, the first term describes the Laplace pressure, where R = R1R2/(R1 +

R2) is the harmonic mean radius of the bubbles. The second term p is the

hydrodynamic pressure due to the film flow. The third term Π is the disjoining

pressure that arises from surface forces and mostly includes the van der Waals

interaction and the electrical double layer interaction (also known as “DLVO

theory”). Three terms on the right-hand side contribute to the local profile
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in a competing manner. The spherical shape of the air bubble is a result

of the Laplace pressure. Upon collision, the hydrodynamic pressure begins

to grow and flatten the air-water interface; the dimple can be formed if the

hydrodynamic pressure is larger than the Laplace pressure. The disjoining

pressure can either flatten the film or rupture it, depending on the direction of

the dominating surface force, which can be repulsive or attractive. Therefore,

the surface deformation is coupled with the liquid drainage from the thin film.

2.2.2 Disjoining pressure

In the Young-Laplace equation, the disjoining pressure (Π) plays an important

role on liquid drainage and surface deformation, as proved by several exper-

imental studies [16, 29, 30]. The disjoining pressure arises from the surface

forces between two air-water interfaces. According to the classical Derjaguin-

Landau-Verwey-Overbeek (DLVO) theory[31], there are two surface force com-

ponents contributing to the disjoining pressure (see eqn.2.2): the electrical

double layer (EDL,ΠEDL) interaction and the van der Waals(VDW, Πvdw) in-

teraction.

Π = Πvdw + ΠEDL (2.2)

The electrical double layer interaction between two air bubbles should be repul-

sive, because the air-water interfaces are negatively charged [32]. In contrast,

the VDW interaction(Πvdw = −A/6πh3) between two bubbles is attractive,

with the Hamaker constant A ∼ 3× 10−20J . Furthermore, there are also dis-

cussions about the hydrophobic interaction between two air bubbles, which are

reasonable because air is ’hydrophobic’ [33, 34]. By including the hydrophobic

interaction (ΠH), the DLVO theory is changed to the extended-DLVO theory

( eqn.2.3).

Π = Πvdw + ΠEDL + ΠH (2.3)

In clean water or diluted salt solutions, the repulsive EDL interaction works at

a distance below ∼200 nm, much longer than the VDW interaction. According
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to the prediction of the DLVO theory, the repulsive EDL interaction should

be able to stabilize the thin liquid film, as observed between an air bubble/oil

drop and negatively charged solid substrates[35, 36]. For the bubble-bubble

interaction, however, this colloidal stability was rarely reported, leaving a dis-

crepancy between the theory and the experimental observation. Detailed dis-

cussion about the discrepancy will be provided in the next section. The VDW

interaction becomes important at the film thickness below ∼50 nm, and it is

suggested to be the driving force for thin film rupture[16]. The hydrophobic

interaction was reported to work at a similar distance with the VDW inter-

action, and may also possibly account for the rupture of thin liquid film [33,

34]. However, the impact of VDW interaction and hydrophobic interaction on

thin liquid film drainage, and particularly on thin film rupture, is still unclear,

providing opportunities for further investigations.

2.2.3 Lubrication approximation for thin film drainage

To describe the liquid drainage from the thin liquid film, the lubrication ap-

proximation is used to simplify the full Navier-Stokes equation. Validation

of the lubrication approximation can be easily justified from the Reynolds

number of the film flow [37, 38]: Ref = ρhFVF/µ, where ρ ∼ 103 kg/m3

is the water density, hF ∼ 1 µm is the film thickness, VF ∼ 0.1 m/s is the

characteristic velocity of the air-water interface, µ ∼ 10−3 Pa.s is the water

viscosity. Despite the fact that the global Reynolds number for the air bub-

ble can easily exceed 100 [37], the local film Reynolds number remains low

(Ref ≤1). With the lubrication approximation, the momentum equation is

given in equation 2.4, where u(r, z, t) is the velocity component in the radial

direction, p is the pressure that varies in the r-direction.

∂p

∂r
= µ

∂2u

∂z2
(2.4)

In this scenario, the continuity equation is given as:

1

r

∂ (ru)

∂r
+
∂uz
∂z

= 0 (2.5)

where uz is the vertical component of the liquid velocity. By integrating

the continuity equation from the bottom surface (z=0) to the top surface
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Figure 2.2: (a) Schematic illustration for bubble collision, and the definition
of coordinate; and schematic illustrations for three boundary conditions: (b)
Immobile-immobile; (c) Immobile-mobile; (c) Mobile-mobile.
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(z = h(r, t)) together with boundary conditions at the air-water interface,

the equation can be solved to provide the film thinning rate in response to

the pressure. Therefore, the boundary condition at the air-water interface is

essential to get the lubrication equation.

Intrinsically, the air-water interface should be fully mobile in response to

the fluid shear. However, the surface mobility is significantly influenced by

the surfactants or contaminations in the bulk and on the surface [39]. The

surfactant behaviors in the liquid film include the surfactant adsorption from

the bulk onto the air-water interface, and the surfactant convection & diffusion

along the air-water interface [40]. Thus, the air-water interface was reported

to be partially mobile, which was further characterized into surface rheology

features [40–42], including the surface viscosity and surface elasticity. The

features are widely reported in foam film experiment in concentrated surfactant

solutions with the film life lasted for several minutes [34, 40, 41].

For fast colliding bubbles, the partially mobile boundary condition has

seldom been discussed. In most cases, the boundary condition at the air-water

interface is simplified into two extreme conditions: whether it is fully mobile

or immobile. This simplification has been proven to be reasonable in several

research articles [15, 37], and supported by the simulation of Chesters and

Bazhlekov [14]. Therefore, three boundary conditions at the air-water interface

are considered when deriving the lubrication equations for our systems:

Immobile-immobile boundary condition

Schematic for this boundary condition is shown in Figure 2.2b. On both

surfaces, the surface velocity U = 0. Experimentally, this boundary condition

can be achieved when a sufficient amount of contamination has adsorbed on the

air-water interface to inhibit interfacial mobility. This boundary condition has

been reported in various publications [15–17, 24] and the equation describing

the film flow is given by

∂h

∂t
=

1

12µr

∂

∂r

(
rh3∂p

∂r

)
(2.6)
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With this boundary condition, the film drainage is slow and it may take seconds

for the liquid film to thin and reach the critical rupture thickness.

Immobile-mobile boundary condition

Schematic for this boundary condition is shown in Figure 2.2c. The air-water

interface is immobile on one side of the film, but mobile on the other. This

boundary condition has been reported in a rising bubble experiment with

one contanimated flat fluid surface (immobile) and one fresh bubble surface

(mobile) [15]. With the mobile interface in which ∂U/∂z = 0, the following

equation can be obtained [43]:

∂h

∂t
=

1

3µr

∂

∂r

(
rh3∂p

∂r

)
(2.7)

The film drainage with this boundary condition is 4 times faster than the

immobile-immobile case and may lead to a slightly faster bubble coalescence

in the same order of magnitude. A detailed description of this model and its

validation have been reported [15].

Mobile-mobile boundary condition

Schematic for this boundary condition is shown in Figure 2.2d. In this case,

both surfaces are clean and mobile. The equation describing the film drainage

has been derived by Davis [44], featured by the velocity U at the interface,

which is determined by the continuity of stress at the interface τf = µ∂U
∂z

=

µair
∂U
∂z

, µair is the air viscosity. The drainage rate for this case is given by

∂h

∂t
= −1

r

∂

∂r
(rUh) +

1

12µr

∂

∂r

(
rh3∂p

∂r

)
(2.8)

where U is given by [44–46]

U (r) = − 1

µair

∫ ∞
0

Φ (r, ω) τf (ω) dω (2.9)

Φ (r, ω) =
k

2π

√
ω

2r

∫ π

0

cosα√
1− k2cosα

dα

k2 =
2rω

r2 + ω2
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This boundary condition has been proposed decades ago [44] and was be-

lieved to be responsible for some experimental results [6, 12, 18], but never

validated on the film level, leaving a question on its existence.

2.2.4 Initial condition and boundary conditions

The above equations are solved numerically, therefore, suitable initial condition

and boundary conditions should be applied. The initial film thickness is given

by:

h(r, 0) = h(0, 0) +
r2

R
(2.10)

where h(0, 0) represents the initial separation between the center (apex) of the

bubbles.

The film is assumed to be axisymmetric, therefore, the numerical calcula-

tion is conducted within a limited region 0 < r < rm; where r=0 represents

the film center, while rm is carefully selected outside the interaction region to

reduce the numerical cost while keeping the model accuracy at the nanometer

scale. A detailed description of the selection of rm can be found in the re-

view paper by Chan et al. [7]. Therefore, the boundary conditions should be

considered at r=0 and r=rm. With the symmetric liquid film, at r=0:

∂h

∂r
= 0 =

∂p

∂r
(2.11)

At r = rm, the pressure decay is given as: r ∂p
∂r

+ 4p = 0. Because of the

interaction force, the surface outside rm also deforms. The deformation is ac-

counted through proper boundary conditions at rm [24]. There can be various

forms for the boundary condition depending on the experimental system. One

example for the collision of two bubbles immobilized on solid surfaces with a

pinned contact line is given below.

∂h (rm, t)

∂t
= V − α

2πσ

dF (t)

dt
(2.12)

where V is the approach velocity and

α = 2 log

(
rm

2
√
R1R2

)
+ 2 +

1

2

(
1 + cos θ1

1− cos θ1

)
+

1

2

(
1 + cos θ2

1− cos θ2

)
(2.13)
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where θ1 and θ2 are the angles that the bubbles make with the surfaces on

both sides. The force F (t) is the sum of hydrodynamic and disjoining forces:

F (t) = Fh + FΠ = 2π

∫ ∞
0

[p (r′, t) + Π (h (r′, t))] r′dr′ (2.14)

In practice, the pressure is integrated from the center until rm, as the

pressure becomes negligibly small outside the interaction region.

2.3 Experimental methods

Various experimental methods have been developed to investigate the bubble

collision. According to the classification proposed in the review from Horn

et al. [6], these methods can be divided into three general categories: the

bubble swarm method, the thin film interferometry method and the bubble

pair method. The advantages and limitations of these methods are revised in

this section.

2.3.1 Bubble swarm method

The bubble swarm method studies the behavior of a swarm of bubbles in

bulk. The bubble collision and coalescence in the swarm are extracted from

statistical results about the bubble population or size; both are obtained by

direct observation or indirect estimation.

The direct observation of bubbles is achieved with techniques such as the

bubble viewer developed by the McGill group [47–50]. A schematic for this

instrument is presented in Figure 2.3a [50]. The air bubbles need to be trans-

ferred outside the bulk for the observation by a camera. From the images,

the bubble size distribution can be extracted. The measured size distribution

may slightly differ from the bulk value because of the disturbance during the

bubble transfer from the bulk to the observation region.

Indirect techniques are adopted to explore in-situ bubble behavior. For

instance, the scatter of a laser signal that passes through a bubble column

was used for bubble coalescence analysis (see Figure 2.3b) [51]. By analyzing

the intensity of the pass-through laser signal, the in-situ change of bubble size
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(a) (b)

Figure 2.3: (a) Schematic for the McGill bubble viewer(adapted from Girgin
et al.(2006),with permission. Elsevier); [50] (b) Schematic for the laser scatter-
ing method [51](adapted from Craig et al.(1993), with permission. American
Chemical Society).

can be identified. Another example can be found with the analysis of the

volumetric percentage of gas (gas hold-up) in bulk [52, 53]. The measured

gas hold-up under different experimental conditions can be used to evaluate

the variation of in-situ bubble size, although the analysis is more qualitative

rather than quantitative. The variation of bubble size reflects the coalescence

or breakup of the bubbles in the industrial experimental condition.

Statistical results were shown to be highly reproducible and the bubble coa-

lescence was influenced by various parameters including the aeration rate [54],

surfactant type and concentration [47], salt type and concentration [51], agita-

tion [50, 54, 55], etc., However, the relationship between the statistical results

and the film thinning and rupture can hardly be quantified. The average bub-

ble collision time, as estimated by Kirkpatrick and Lockett [56], is within 0.12

second. Within this time scale, theoretically, the formation, drainage, and

rupture of the thin liquid film are essential to achieve the bubble coalescence.

However, the lack of direct observation and the complex coupling of operation

parameters, rendered the experimental results difficult to be quantitatively

analyzed.

2.3.2 Thin film interferometry method

Direct observation of the thin liquid film can be achieved by the micro interfer-

ometry method, in which light with known wavelength or spectra is shone on
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(a) (b)

Figure 2.4: (a) Schematic for the ‘Scheludko’ cell [21](adapted from Karaka-
shev et al.(2015), with permission. Elsevier); (b) A snapshot for the observed
fringes. [60](adapted from Karakashev et al.(2010), with permission. Elsevier).

the thin liquid film. The light reflected from both film surfaces interferes with

each other to change the recorded light intensity, from which we can extract

the film profile with nanometer accuracy [21, 23, 57, 58]. Sequential recording

of the interferometry images enables the extraction of the spatiotemporal evo-

lution of the thin liquid film from the thickness around a few microns until its

rupture. The pioneer observation was conducted by Derjaguin and Kussakov

on the thin film trapped between an expanding air bubble and a solid sur-

face [59]. Later on, the micro-interferometry method was extended to the thin

film between two fluid interfaces and quickly gained popularity to investigate

several fundamental features for foam film drainage. [21, 57, 58]

Figure 2.4a shows a schematic illustration of the Scheludko cell [21, 61].

The liquid film is formed in a well-controlled manner by sucking the liquid out

from a special designed porous plate. The interferometry images in Figure 2.4b

were recorded by a camera connected to an inverted microscope. By controlling

the liquid suction rate, the approach speed of the surfaces can be adjusted. [23,

62] Studies with this instrument help to mimic the thinning dynamic of the

foam film at quasi-static drainage process. The surfaces with the concave

feature are also used to mimic the colliding air bubbles, whose collision speed

is limited within 0.2 mm/s [12, 63], much slower than the bubble collision
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(a) (b)

Figure 2.5: (a) Schematic illustration of the bubble pairs generated by ad-
junct capillaries(adapted from Oolman and Blanch(1986), with permission.
Taylor&Francis); [64] (b) Schematic illustration for the rising bubble colliding
with the fluid interface(adapted from Castillo et al.(2011), with permission.
Elsevier). [18]

speeds in bulk (∼10 cm/s).

2.3.3 Bubble pair method

The investigation on the collision between two individual bubbles, i.e., the

bubble pair method, provides another option to understand the bubble co-

alescence. An example of this method is shown in Figure 2.5a [64]. With

this method, the bubble collision environment and parameters are in good

control, while bubble collision with much faster speeds can be achieved when

compared to the thin film method. The bubble collision can be achieved in

different ways, for instance, by generating bubbles simultaneously from two

adjunct capillaries [64, 65], by bringing two bubbles together at controlled ve-

locities [66], or by releasing one bubble to freely hit the other bubble [67, 68]

or the flat surface (see Figure 2.5b) [15, 18, 69, 70]. The experimental param-

eters being investigated include the collision velocity, bubble size, the bubble

residence time in bulk, surfactant type and concentration, etc. Typically, the

experimental results are analyzed by comparing the coalescence time and the

probability of coalescence [6, 18, 65].

Limited information can be obtained from the outcome of bubble collision

alone. Therefore, researchers have aimed to extract more information from the
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(a) (b) 

Figure 2.6: (a) Schematic illustration of the integrated thin film drainage ap-
paratus(adapted from Wang et al.(2013), with permission. American Chemi-
cal Society); [72] (b) Schematic illustration of the AFM bubble collision tech-
nique(adapted from Browne et al.(2011), with permission. American Chemical
Society). [73]

dynamic collision process. In the past decade, several successful experiments

have been reported using improved experimental techniques together with the-

oretical modeling. For example, the detailed collision process within millisec-

onds between a rising bubble and the flat surface can be easily recorded by a

high-speed camera [15, 43, 69, 71]. The bubble features captured during the

collision, including the bubble rise, deformation, and subsequent bounces were

compared to the predictions using a theoretical model [15]. The agreement

between the experimental observations and theory predictions helps to under-

stand the film dynamics between the bubble and the flat fluid surface. Another

method to obtain dynamic collision information is to measure the interaction

force between two colliding bubbles. Figures 2.6 a and b show the force

measurement based on an integrated thin film drainage apparatus [72] and

an atomic force apparatus (AFM) [16, 73], respectively. The measured force

data evolved during the dynamic collision process and agreed well with the

theoretical prediction [16, 73], which can be used to deduce the film drainage

behavior until rupture.

Results obtained by the bubble pair method significantly advance our un-

derstanding of bubble coalescence. The impact of bubble size, collision veloc-

ity, surfactant type and concentration, and bubble residence time in the bulk

can be clearly distinguished. However, the quantitative understanding of the
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(a) (b)

Figure 2.7: (a) Schematic illustration for the rising bubble experimental
system by Doubliez(adapted from Doubliez (1991), with permission. El-
sevier); [74] (b) Snapshots of the colliding bubbles and the interference
fringes(adapted from Morokuma (2018), with permission. Elsevier). [75]

film drainage during the dynamic collision process is still far from satisfac-

tory, with several features that cannot be explained. For instance, the bubble

coalescence time at the same experimental condition differs by two orders of

magnitude from a few seconds to hundreds of seconds. Secondly, there were

several reports about the coalescence of bubble within milliseconds. Moreover,

the colloidal stability between the colliding bubbles can only be experimentally

achieved in limited cases [6]. There are several hypotheses regarding the ab-

normal experimental results, but none of them can be fully validated because

of the lack of direct information on the film drainage and rupture.

An experimental method with direct film observation is essential to fully

unveil the liquid drainage between two fast colliding bubbles. This can be

achieved by applying the interferometry method in bubble pair experiments.

The pioneering work by Cain [76] conducted thirty years ago successfully ob-

tained thin film interferometry images between two closely growing bubbles.

A similar instrument was designed by Morokuma [75] recently, where the in-

terferometry images were recorded between two adjunct growing bubbles at

the estimated collision velocity of up to ∼10 cm/s. Another work reported

by Doubliez [74] captured the interference images when a rising bubble hit a

flat air-water interface at the collision speed of up to 19 cm/s, from which

the film drainage between the bouncing bubble and the flat fluid surface was
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（a） （b）

Figure 2.8: (a) Bubble pair interferometry method based on the dynamic
force apparatus [79], the insets show the interaction force and the interference
fringes(adapted from Liu et al, (2018), with permission. America Chemistry
Society); (b) The interferometry method to investigate bubble-bubble collision
reported by Gao and Pan (adapted from Gao & Pan(2018), with permission.
American Chemical Society). [80]

obtained. A similar technique was adopted by Bhamla [77] to observe the film

drainage between rising bubbles and the flat fluid interface in surfactant so-

lutions. There are also some insightful techniques being developed to observe

the interference fringes between colliding drops [46, 78].

Although these bubble pair methods with interferometry help to gain in-

sight into the film drainage, a fundamental understanding is still lacking. The

thinning of the liquid film is significantly impacted by the dimpled film profile,

which was not reported by the early work by Cain [76] and Doubliez [74]. They

focused on one point of the film, rather than the overall film profile, leaving

several questions unsolved. For instance, the film rupture thickness in their

work was reported to range from 200 nm to 500 nm, much larger than the

recently accepted value of around 50 nm. The recent work using laser inter-

ferometry successfully captured the interference fringes between two growing

bubbles [75]. However, there were issues with data interpretation. Overall,

there are still several knowledge gaps on bubble coalescence.

In this work, we developed a new method based on the home designed

dynamic force apparatus [35, 38] that combines the bubble pair method in-

troduced by Wang [72] and the interferometry technique. As shown in the

schematic of Figure 2.8a, an air bubble is immobilized on a transparent glass
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surface, while the other bubble is generated at the orifice of a capillary tube.

The collision between the bubbles is achieved by driving the capillary tube

downward by a motor or a diaphragm speaker at the velocity range from

0.01 mm/s to 50 mm/s. A light is shone on the thin liquid film through the

transparent glass and the interferometry images are recorded by a high-speed

camera connected to an inverted microscope. Using this design, the various pa-

rameters influencing the bubble coalescence can be tested in a well-controlled

manner. The parameters include the bubble size, collision velocity, surfactant

type and concentration. A similar design using the same concept was pre-

sented recently by Pan’s group independently (see Figure 2.8b) [80]. From

the direct observation of the film drainage between fast colliding bubbles, we

expect to understand the remaining puzzles with bubble coalescence.

2.4 Controversies

Although the bubble coalescence process has been extensively studied for

decades, there are still many questions that remain unsolved. Figure 2.9a

shows a coalescence map from Horn et al. [6] describing the change of coales-

cence behaviors with the collision speed. The major features include: (1) the

colloidal stability is observed at the slow collision speed, but diminished with

the increase of the collision speed; (2) A slow viscous drainage zone is defined

for the collision velocity below ∼ 0.15 mm/s; (3) The rapid inertial drainage

zone with rapid bubble coalescence is reported with higher collision velocities.

An illustration of regions described by the map is presented in Figure 2.9b [18],

where the three regions can be clearly identified. The experiment was con-

ducted in a specially designed rising bubble technique in which the collision

speed can be adjusted [18]. At the slow speed collisions, the bubble lifetime can

reach 100 seconds or longer, indicating the colloidal stability of the trapped

liquid film. Once the collision velocity exceeds 0.04 mm/s, the coalescence

time reduces to 0.1 to 100 seconds, shorter than the colloidal stability region.

In the slow viscous drainage region, the coalescence time presented in Figure

2.9b can be qualitatively explained. However, the variation of coalescence time
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Figure 2.9: (a) The coalescence map by Horn et al (adapted from Horn et
al.(2011), with permission. Elsevier). [6] (b) The experimental data shows the
variation of coalescence times with collision speeds (adapted from Castillo et
al.(2011), with permission. Elsevier). [18]

at the same experimental condition at ∼ 0.1 mm/s collision velocity cannot

be explained. As the collision velocity exceeds 1 mm/s, the coalescence time

drops to 10 milliseconds or less, which is explained by the inertial drainage as-

suming the mobile boundary condition at the air-water interface. Hypothesis

to explain these behaviors has been suggested, but detailed understanding on

the film level is still lacking.

2.4.1 Air-water surface charge and colloidal stability

In pure water, air bubbles are negatively charged, with the reported surface

potential varying from -30 to -100 mV [12, 81, 82]. The approach of two nega-

tively charged air-water interfaces, as expected from the DLVO theory, should

be stopped by the repulsive electrical double layer interaction. Therefore, the

two surfaces cannot approach further to rupture unless the repulsive electrical

double layer interaction is screened by salt.

Evidence for the above argument can be found with slow speed collisions.

Both the colloidal stability and its collapse with the addition of salt in the

solution are reported. [12, 18, 83] Impact of the air-water surface charge also

manifests on some other thin film studies between an air bubble and a hy-

drophilic surfaces [35, 38]. However, the coalescence of air bubbles are consis-

tently observed with fast speed collision [6]. The absence of colloidal stability
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cannot be well explained with the DLVO theory. Possible explanations may

be the air-water surface is less negatively charged [84], or the charge can be

redistributed along the air-water interface [85] during film drainage. However,

a detailed understanding is still not clear.

2.4.2 Variation of coalescence time at similar experi-
mental conditions

Another noteworthy phenomenon is the variation of coalescence times. At

similar experimental conditions including bubble size and collision velocity,

the obtained coalescence time can vary by orders of magnitude. One hypoth-

esis that explains this phenomenon is the uncertain boundary conditions at

the air-water interface, which can be partially mobile or immobile [18]. As

a comparison, a similar variation in coalescence time is observed in a differ-

ent experimental system, where rising bubbles in perfluorocarbon liquid were

collided with a perfluorocarbon-water interface. The boundary conditions at

the interfaces are either fully mobile or immobile. However, the variation of

coalescence time by two orders of magnitude, similar to the results shown in

figure 2.9, is also observed. Another hypothesis to explain this phenomenon is

that the film rupture thickness could vary from ∼50 nm to ∼150 nm [17].

2.4.3 Rapid bubble coalescence within milliseconds

With higher collision velocities, the coalescence time decreased dramatically

to a few milliseconds. This phenomenon is explained by the mobile boundary

condition at the air-water interfaces [6, 12, 18]. This hypothesis is highly

convincible because the coalescence prediction using the mobile model exactly

falls in the same time scale [86]. But the existence of the mobile boundary

condition in bubble coalescence is still in debate because of the lack of direct

observation on the film dynamics.

Intrinsically, the air-water interface should be mobile in response to the

shear stress exerted by the fluid flow. This boundary condition would give rise

to the rapid bubble coalescence. However, there are numerous experimental

results suggesting that the air-water interface is immobile. Such examples
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can be found with colliding bubbles [7, 15, 16], the collision between an air

bubble and a solid surface [37, 38, 87], and water drop surface interaction [88].

Even an air bubble with mobile air-water interface during rising exhibited the

immobile feature upon its collision with a solid surface [89]. The discrepancy

between results leaves a knowledge gap that requires in-depth fundamental

understanding.
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Chapter 3

Dynamic Interaction Between a
Millimeter Sized Bubble and
Surface Microbubbles in Water
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Abstract

The coalescence between microbubbles and millimeter sized bubbles is an ele-

mentary process in various industrial applications such as froth flotation and

wastewater treatment. Fundamental understanding of the coalescence behav-

ior between two colliding bubbles requires knowledge of water drainage from

the thin liquid film between the deformable air-water surfaces, a simple phe-

nomenon with high complexity in physics because of the interplay of surface

forces, hydrodynamic drainage and surface rheology. In this work, we per-

formed simultaneous measurements of the interaction force and spatial thin

film thickness during the collision between a millimeter sized bubble (radius 1.2

mm) and surface microbubbles (radii between 30 and 700 µm) at the velocity

of 1 mm/s using our recently developed dynamic force apparatus (DFA). The

interaction force during the collision agrees well with the prediction from the

Stokes-Reynolds-Young-Laplace model with the tangentially immobile bound-

ary condition at the air-liquid interface. However, the measured coalescence

times for different bubble sizes are shorter than the model predictions, possibly

caused by a rapid drainage behavior along with the loss of symmetry of the

thin liquid film. In dozens of experimental runs, the bubbles coalescence at

a critical film thickness of 25±15 nm, which agrees reasonably well with the

predicted rupture thickness using attractive van der Waals interaction force.

These results suggest that the non-symmetric drainage process, rather than

the rupture thickness, contributes to the scattering of the experimental coa-

lescence time between two fast colliding air bubbles. Furthermore, our results

26



suggest that smaller surface bubbles (30-100 µm) are more effective for the

attachment onto a large bubble as the coalescence time decreases considerably

when the microbubbles are smaller than 100 µm.
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3.1 Introduction

The coalescence of air bubbles in water is influenced by the drainage of the

thin water film between the deformable air-water interfaces. Thinning and

rupturing of the thin liquid film are determined by many factors including

bubble size, collision speed, and the presence of surfactants or contaminants[6,

8, 17, 21, 90]. These simple phenomena are physically complex because of

the interplay of interface deformation, surface forces, surface rheology, and

hydrodynamics[28, 91].

For decades, detailed experimental and theoretical investigations were con-

ducted to understand the thin film drainage at the static or quasi-static condi-

tions, where the roles of surface forces and surface rheology in film thinning are

well characterized[20, 21, 57, 92]. However the understanding of the dynamic

collision between two bubbles was limited because of the difficulty in obtaining

quantitative experimental results[57]. Advances in experimental methods and

theoretical modeling in the past decade enabled the further exploration of the

dynamic collision of two microbubbles, where the role of hydrodynamic effect

was highlighted[91]. Unfortunately, the coalescence between a millimeter sized

bubble and a surface microbubble, a key feature in many industrial applica-

tions such as flotation and wastewater treatment, has rarely been investigated.

Bubble-bubble interactions in these industrial applications are character-

ized by a wide range of bubble sizes from micrometers to centimeters with the

high collision velocity of millimeters or even centimeters per second. Manipu-

lation of bubble size has been explored extensively to facilitate these industrial

processes. For instance, the presence of small bubbles on the surface of min-

eral particles (i.e., surface microbubbles or surface nano-bubbles) is expected

to facilitate the large bubble-particle attachment in mineral flotation[93–95].

However, the fundamental understanding of this dynamic process is limited

because of the difficulty in obtaining direct and reliable experimental data at

such high dynamic conditions with two deformable air-water interfaces. Static

or quasi-static bubble coalescence data provide limited information to the dy-

namic collision, because the variation of bubble deformability with respect to
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the bubble size, the dominating role of hydrodynamic pressure, and the possi-

ble variation in surface mobility because of the liquid flow are not considered

in the static conditions[6, 12, 85, 96].

For a long period, the only measurable quantity for bubble collision at

millimeters per second was the lifetime of the colliding bubbles[57]. Some

insightful results about the roles of bubble size, collision velocity and surface

rheology were reported in the past decade[6, 8, 97]. Recent advances in experi-

mental[70, 98, 99] and theoretical modeling [17, 100] allowed the investigations

of the bubble bouncing behavior of a rising bubble at the air-water surface.

However, experimental results from different groups[17, 101] have shown wide

variations in the bubble coalescence time by orders of magnitude, which pro-

vides an opportunity for further quantitative understanding.

One method to achieve the quantitative evaluation of the dynamic bub-

ble collision process is to measure the interaction force between two colliding

bubbles. In the past decade, significant progress has been made using the

atomic force microscopy (AFM) bubble probe technique[16, 73], whereby the

interaction force between two microbubbles below 100 µm in size, or between

a microbubble and a macro-bubble surface[102], was measured at a collision

velocity up to 50 µm/s. The nano-Newton scale force data measured at the

highly idealized experimental condition, explained with a suitable theoretical

model, provides insights into the film drainage with highly coupled contribu-

tions from surface forces and hydrodynamic effects. However, the variation in

bubble size and collision velocity in many industrial conditions surely exceeds

the scope of the instrument reported in the literature. The force measurement

in micro-Newton scale using a bimorph cantilever seems to be promising for

large bubbles following its recent application in studying bubble-solid interac-

tion[35], it has been suggested that bubble-bubble interactions can be explored

using this technique[72].

From the experimental perspective, water drainage from the thin liquid film

between the deformable air-water surfaces is best explained quantitatively by

capturing the spatiotemporal evolution of the film thickness from a few mi-

crons to the nanoscale. Techniques to measure the thin film thickness were
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initiated by Derjaguin and Kussakov between mica and bubble surfaces[59] ,

and highlighted by the design of the ‘Scheludko cell’[61], where the interfer-

ence fringes between two air-water interfaces were observed using reflection

interference contrast microscopy (RICM). Experiments with the ‘Scheludko

cell’ were referred to as the collision between millimeter sized bubbles or foam

film, at a controlled collision speed varying from quasi-static to 200 µm/s[12,

63]. The thin film evolution behavior at a faster collision speed with various

bubble sizes, although attempted by researchers [103], has not been clearly

captured.

In this work, we performed simultaneous measurements of the interaction

force and spatial thin film thickness during the collision between a millimeter

sized bubble (radius 1.2 mm) and microbubbles (radii 30 - 700 µm) at a veloc-

ity of 1 mm/s using our recently developed dynamic force apparatus (DFA),

which was named integrated thin film force apparatus (ITLFFA) in the pre-

vious publication[35]. Measurement of the interaction force in micro-Newtons

using a bimorph cantilever allows faster collision and larger surface deforma-

tions than AFM measurements. The observation of the interference fringes

between two fast colliding bubbles was successfully recorded by the combi-

nation of inverted microscopy and high-speed photography, which enables us

to get the direct information about the spatiotemporal evolution of the thin

film thickness. The focus of this work will be on the role of bubble size on

liquid drainage from the thin film and bubbles coalescence. The developed

experimental method with quantitative data together with theoretical analy-

sis provides new insights into the dynamic collision and coalescence between

a millimeter sized bubble and surface microbubbles.

3.2 Experimental section

3.2.1 Materials and methods

The water used for the experiment is Milli-Q purified water with a resistivity

of 18.2 MΩ·cm at 25 ◦C and a viscosity of 0.89 mPa·s. Potassium chloride

(KCl) of ACS grade, purchased from Fisher Scientific, was roasted in an oven
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at 600 ◦C for 8h to remove the organic impurities prior to the preparation of

the KCl solution. The 1 λ fused silica window purchased from Edmund Optics

is used as the transparent substrate. The silica window was pre-washed by the

piranha solution (H2SO4 : H2O2 = 3 : 1) for 1 hour, then hydrophobized using

octadecyltrichlorosilane (OTS, 95+%) to obtain the contact angle ∼ 100o.

3.2.2 Experimental system

The schematic of the DFA is presented in Figure 3.1. A stainless-steel chamber

filled with KCl solution is placed on the stage of an inverted Axiovert 100 Carl

Zeiss microscope. A millimeter bubble generated at the capillary orifice is

pushed downward by a motor actuator (THORLABS, Z825B) at the speed of

1 mm/s toward a microbubble immobilized on the silica window. The radius

of the top bubble is monitored by a side view charge-coupled device (CCD)

camera and adjusted by a gas tight syringe to maintain a stable radius of

1.20±0.01 mm. The surface bubble immobilized on the substrate is generated

using a custom-made ultra-sharp pipette. The radii of the surface bubbles

vary from 30 µm to 700 µm. Head to head collision between two bubbles is

achieved by carefully alignment monitored by the inverted microscope. For

comparison, the initial gap between the top bubble and the surface bubble is

monitored by the side view CCD camera, whereby the moving distance of the

top bubble is set accordingly to achieve the relatively constant overlap of 250

µm between two bubbles. When the overlap is achieved, the system is held at

that configuration until the end of the experiment.

During the experiment, a bimorph cantilever (force resolution 0.1 µN ,

10000 force points per second) attached to the silica window is used as the force

sensor. A high-speed camera (Photron SA4, 60 fps-500000 fps) is connected to

the inverted microscope to record the interference fringes synchronized with

force measurement. A halogen lamp (Hal100, Zeiss) is used to shine white

light for the interference fringes. It takes several attempts to get proper cam-

era focus during the experiment because of the deformability of both surfaces.

On the other hand, very clear interference fringes would be obtained once a

reasonably good focus is achieved because of the big difference in refractive
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indexes of water and air. The film thickness is calculated from the interference

fringes using the method introduced by Scheludko[61]. In addition to these

experimental results, detailed information about the acceleration, deceleration

and speed variation of the top bubble are monitored synchronously with ex-

periments using a deflection sensor with 5 µm sensitivity. This experimental

velocity is adopted in the theoretical modeling for a better comparison with

experiment. Over 50 experimental runs are reported in this paper.

RB
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BimorphCamera

Lamp

Microscope Camera

h(r,t)

z

r

θB
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Figure 3.1: Schematic illustration of the experimental system, a millimeter
bubble is generated at the end of a glass capillary. The capillary is moved
downward towards a surface microbubble immobilized on a transparent hy-
drophobic surface. The interaction force is monitored by a bimorph cantilever
during the bubble collision. The thin liquid film entrapped between the two
bubbles is monitored by interference fringes through an inverted microscope
connected to a high speed camera. The inset illustrates the surface deforma-
tion; the coordinate system and the film thickness h(r, t) are defined.
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3.3 Description of the theoretical model

Quantitative understanding of the dynamic process is achieved using the Stokes-

Reynolds-Young-Laplace (SRYL) model where the liquid drainage is described

with the Reynolds lubrication theory, while the surface deformation is de-

scribed by the augmented Young-Laplace equation. Assumptions as well as

equations in the model are given in the appendix. This model has been suc-

cessfully applied to understand the collision force measured by AFM between

two microbubbles [16, 73]. Perfect agreement of the nanoNewton scale forces

between the AFM measurement and the SRYL model prediction helps to dis-

tinguish the relative importance of surface forces and hydrodynamic force in

the dynamic bubble collision. Moreover, agreements between SRYL model

prediction and experimental results have been confirmed on the thinning and

deformation behavior of the thin liquid film trapped between an air bubble

and solid surfaces[7, 35, 72, 85]. Interestingly, the agreement is not limited to

the low-speed collision at the micrometer scale[28, 104] with a small bubble

Reynolds number (ReB = 2RρV
µ

, here R is the bubble radius in millimeter scale,

V is the bubble approaching velocity,ρ and µ are the density and viscosity of

water respectively.) , but also valid for the high speed collision at centimeter

scale with a global Reynolds number possibly exceed 100.[17, 35, 37, 105] The

reason for the wide applicability of the model is that the Reynolds number of

the thin liquid film (Ref = hρVc
µ

, wherehf is the film thickness, Vf is the air

water surface velocity.) is much smaller than unity as a result of the small film

thickness ( hf ) in micrometer or nanometer scale[37]. Being validated by many

experimental data, the model has been adopted to gain better understanding

towards the bubble coalescence behavior without quantitative experimental re-

sults like interaction force and film thickness, such as in understanding in the

bouncing and coalescence of a bubble rising toward an air-water surface.[17,

100].

Two assumptions of the model are: axisymmetric interaction, which is

achieved by careful alignment of the bubbles (See Figure A.2),and the im-

mobile boundary condition at the air-liquid interface. The surface is easily
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immobilized by a tiny surface tension gradient on the surfaces, while the air-

water surface would be easily contaminated[8, 12, 17]. In several recently

published works, the assumption of immobile surface property is still valid at

very high collision velocities[17, 35, 37]. Therefore we use an immobile condi-

tion for modeling since we keep a similar level of cleanliness in this experiment

as those reported works. This assumption is also validated by our experimental

results.

The components of the disjoining pressure should be carefully justified

for the modeling work. The repulsive electric double layer (EDL) interaction

and the attractive van der Waals(VDW) interaction described by the classical

Derjaguin-Landau-Verwey-Overbeek (DLVO) theory[31] were widely used in

modeling surface interactions. For the bubble-solid surface collision at high

approaching velocities[35], precise agreements have been achieved between ex-

perimental observation and theoretical prediction for the dynamic film thin-

ning behavior. Furthermore, the experimental equilibrium thin film thickness

agrees with the prediction of the DLVO theory.

When dealing with the bubble-bubble system, the attractive VDW interac-

tion should be included in the model since it is believed to be the driving force

for thin film rupture[16]. But the effect of repulsive EDL interaction should

be carefully evaluated. In milli-Q water or aqueous solution with low salt con-

centrations, the classical DLVO model including the EDL interaction would

predict a stable thin liquid film. But in experiments, the film stability between

two air bubbles was only observed in the static or quasi-static collisions with

extremely low approaching speeds. [12, 16, 101]The consistent coalescence

behavior between two bubbles colliding at high velocities [6, 17, 19, 85, 96]

suggests the EDL interaction is unable to prevent the film from rupturing,

although the mechanism has not been fully understood. The coalescence of

bubbles are consistently observed in our experiments using aqueous solutions

with different salt concentrations from milli-Q water to 500 mM. Therefore,

the EDL interaction in the classical DLVO theory[31] was not included in the

comparisons between the SRYL model and the experimental results.
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3.4 Results and discussions

We provide an example of the motor displacement in a typical experimental

run in Figure 3.2A. The negative sign of the displacement value indicates the

downward movement of the motor and the top bubble. The top bubble was

driven toward the surface bubble at point o’, after colliding with the surface

bubble at point a, the top bubble was driven further until the required overlap

between the bubbles was achieved, hereafter the system was held at the same

configuration until the end of the experiment. The velocity profile of the top

bubble movement is shown in the inset of Figure 3.2A where the acceleration

and deceleration of the motor during the operation are identified . We ensured

the expected approach velocity of 1 mm/s at the early stage using a reasonable

initial separation in experiment to avoid the impact of the motor acceleration,

while the unavoidable impact of motor deceleration was considered in the

theoretical modeling.

The simultaneous measurements of interaction force and interference fringes

in thisl experimental run are shown in Figures 3.2B and Figure 3.3, respec-

tively. In Figure 3.2B the interaction force is reported from the beginning

of the movement of the top bubble, until the formation of a capillary bridge

formed by the merged bubbles. In Figure 3.3, some selected snapshots from

the recorded interference video are shown to highlight the thin liquid film be-

havior during the dynamic process. The time for each snapshot in Figure 3.3

corresponds to the same time in Figure 3.2B.

To facilitate the comparison between experiments, as shown in Figure 3.2

A and B, the time point a is selected as time 0 because it is the time of the

start of the repulsive interaction force, also the time for the initial observation

of the flattening of the film from the microscope. Generally, we divide the

dynamic interaction into 4 stages based on the force and fringe characteristics:

(I) Negligible net force measured at a large separation distance, also no fringes

observed; (II) A rapid increase of the repulsive force from point a to b, the

force is a result of the hydrodynamic pressure between two close surfaces with

a separation distance below 2 or 3 µm. In the example given in Figures 3.2 and
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3.3, the force increases from 0 ms to 340 ms with the simultaneous expansion

of the thin film area between these two bubbles .The measured force is propor-

tional to the area of the thin film, although the relative importance of surface

forces and hydrodynamic repulsion evolves with time and film thickness[35] ;

The growth of the dimple profile, a symbol of the reversed bubble surface, is

clearly shown in Figure 3.3. (III) From point b to point c, the interaction force

remains constant as the bubble stopped approaching; in this period the thin

liquid film maintained a constant diameter while the liquid kept on draining

out. (IV) From point c to point d, a strong attractive force was measured,

indicating the formation of a capillary bridge after the coalescence of two bub-

bles. Film rupture happens at point c and the time from point a to point c is

defined as the coalescence time.
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Figure 3.2: Typical (A) displacement curve and (B) force profile during a
measurement run between a millimeter bubble (RB = 1.2 mm) and a microm-
eter bubble (R = 550 µm) immobilized on the surface of hydrophobic silica at
the approach velocity of 1 mm/s. The raw data are smoothed using a Matlab
function. The interaction force is divided into four stages as time progresses,
with a repulsive force before coalescence followed by an attractive capillary
force after the rupture of the thin liquid film. The dash lines refer to the
initial collision point.

As shown in Figure 3.3, interference fringes with axisymmetric structure

are observed during the approaching stage, with a clear information about the

formation and expansion of the dimpled thin film area. Once the top bubble

stops approaching, ideally, the liquid would drain out slowly and symmetrically

until the thinnest part at the rim reaches the critical thickness for film rupture,
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as was observed between two glycerol drops in very viscous silicon oil[46]. But

the axisymmetric drainage until rupture, although tried carefully, was never

observed in our experiment. In the experiment shown in Figure 3.3, the thin

film suddenly lost its symmetry starting from 430 ms. A considerable amount

of the trapped water flowed out in less than 20 ms from one small channel, as

if an ‘express exit’ was formed. After that, the film rebuilt its symmetry with

a small amount of liquid remained in the film. The loss of symmetry happened

again with the formation of new ‘express exit’ before the black film was seen.

Formation of the ‘express exit’, although much faster in this work, is similar

to the results with oil or air obtained by the Scheludko cell[12, 106]. The

‘express exit’ phenomena might be a result of the unavoidable minor offset

between two bubbles in the experiment, although special efforts have been

taken for the alignment, or it can be a consequence of the local mobility at

the air-water surface because of the shear stress at the interface[85]. Further

investigations to better understand this phenomenon are necessary because

it is closely related to industry processes such as mineral flotation and waste

water treatment.

t=163.3 ms

t=2250.7 mst=907.3 mst=544.7 mst=471.7 ms

t=443.3 mst=340.0 ms t=430.7 ms

Figure 3.3: Snapshots of the interference fringes between a top bubble (r =
1.2 mm) and the surface microbubble (r= 550 µm) recorded at 3000 frames per
second. Detailed information about the gradual expansion of the symmetric
film, the unexpected lose of symmetry, and the black film before rupture are
shown in sequence.The times for the snapshots here correspond to the same
times in Figure 3.2B.
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Two quantified experimental measurements, namely interaction force and

interference fringes, can be obtained with this experimental method. The eas-

ily achievable and reliable measurement of the interaction force, with a suitable

theoretical model, enables us to get an insight into the dynamic collision pro-

cess with valuable information such as overlap area and bubble deformation.

However, using the interaction force alone would not provide the full pic-

ture, since the non-symmetric drainage behavior is not provided in the force

data. The interference fringes with overall and local information about the

spatiotemporal evolution of the thin film thickness, although challenging to

record experimentally, would provide detailed information about the drainage

behavior. The combination of these two methods enables a better understand-

ing about the dynamic interaction between two air bubbles in water.

For tiny microbubbles, the liquid drains out so fast that the observed force

is still increasing when film rupture occurs (see Appendix A.2). The stable

stage does not occurs until a transition surface bubble radius around 100 µm.

In experiments with a stable force measured at the third stage of the dynamic

process, as shown in Figure 3.4, the interaction force seems to be relatively

constant between 15 µN and 30 µN, and the slope of the force curves are

almost identical for most cases. This suggests that a reasonable operation

procedure is maintained in the experiment for comparison of results. The

wave fluctuation of the measured force shown in Figure 3.4 is noise from the

bimorph as it is clearly observed for two bubbles far apart. Other than this,

a perfect agreement on interaction force is observed between the SRYL model

prediction and the experimental measurement. This indicates that the overall

interaction area between the two bubbles, the critical factor determining the

interaction force, is perfectly captured by the model. Furthermore, the key

features in dimple formation, including the initial flattening of the surface and

the expansion of the interaction area were also reasonably captured by the

model prediction. The tangentially immobile boundary condition used in the

model is thus validated by the agreement between the experimental results

and model prediction.

The impact of bubble radius on coalescence time is described in Figure
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Figure 3.4: Experimental measured force (circles) vs SRYL prediction (solid
lines) for two different bubble sizes. The force rises quickly during the ap-
proaching stage and remains constant during the holding stage until coales-
cence happens. In this plot, the theoretical curve was computed using the
experimental time and stopped when the bubbles coalesced in the experiment.

3.5 Here, the experimental coalescence time is defined as the period between

the initial collision and the bubble coalescence (point a to point c in Figure

3.2B). The determination of the theoretical coalescence time by the SRYL

model with VDW only is described in detail in the appendix A. According

to the experimental results, the coalescence time increases sharply with the

surface bubble radius. To be more specific, it takes less than 400 ms for a

surface bubble smaller than 100 µm to coalesce with the top bubble, while

the same process takes more than 1000 ms for surface bubbles larger than

300 µm. Obviously, the coalescence is quicker with a smaller surface bubble.

The overall trends for experiments in different salt concentrations are similar,

while the slightly shorter coalescence time is observed for experiment in milli-Q

water. Nevertheless, the difference is not easily distinguished from the mea-
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surement scattering that arises from the non-symmetric drainage behavior. It

is noteworthy that the coalescence times reported here indicate reproducible

and reliable results. Similar experiments have shown much wider variations

of coalescence times[17, 19]. The theoretical model, that assumes symmetric

drainage, tangentially immobile boundary condition and VDW as the dom-

inant attractive force that causes film rupture, predicted a coalescence time

longer than the experimental one. According to Figure 3.5, the theoretical

prediction works as an upper bound for the experimental data.
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Figure 3.5: Coalescence time vs surface bubble radius in various aqueous salt
solutions. The solid line is the theoretical prediction using SRYL model. The
approach velocity is 1 mm/s, the radius of the top bubble is 1.2 mm.

The experimental rupture thickness as a function of bubble radius is shown

in Figure 3.6. From the thinnest area of the thin film at the time of rupture we

take the average of 9 pixels (6×6 µm2) to diminish the possible noise and plot

the evolution of the light intensity over time. By taking the maximum and

minimum intensities we can estimate the rupture thickness[58, 107]. Interest-

ingly, the rupture thickness is consistent across different bubble sizes. Though

the error in these values can be large, they can all be either larger or shorter,
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rupture thicknesses in the order of 25±15 nm were consistently observed. The

measured rupture thickness is consistent with the reported works[107] using

the ‘Scheludko cell’.

Previously, the large spread of coalescence time by orders of magnitude

was attributed to the existence of surface active contaminations, the statistic

nature of this phenomena or the variation of the critical film rupture thick-

ness[17, 19, 97]. According to this experiment, it is suggested that the film

ruptures at a critical film thickness of 25±15 nm, indicating of a consistent

rupture mechanism. The coalescence time is scattered because of the drainage

process that the thin film loss its symmetry which allows the liquid to drain

out quicker in an unexpected manner.

The underlying mechanism for the role of bubble size on bubble coalescence

is discussed using model prediction and experimental results. As is known, the

liquid film ruptures once the thinnest part reaches the critical thickness. In

an ideal system, which is axisymmetric, the thinnest part in the dimpled thin

liquid film should be at the rim. The model predictions of the rim thickness as

a function of time at different surface bubble radii are given in Figure 3.7. For

all the examples given, the thinning of the rim is basically divided into three

stages: (1) a rapid thinning stage until a rim thickness below 100 nm; (2) a

gradually thinning stage and (3) rapid film rupture by the VDW attractive

force. Note that the thickness where the VDW becomes relevant and quickly

pulls the interfaces is roughly 20-30 nm, a result that is consistent with the

experimentally measured rupture thicknesses.

It is evident that the bubble size has a significant effect on coalescence

time. For a small surface bubble of 68 µm, the first stage takes less than 100

ms until a rim thickness around 60 µm, followed by a short slow drainage stage

until the film ruptures at the critical thickness. For a larger surface bubble at

the radius of 419 µm, the first stage stops at a rim thickness around 100 nm

after a rapid thinning for about 600 ms, then it takes more than 1000 ms for it

to reach the critical rupture thickness. In conclusion, the advantage of small

bubbles in short coalescence time might be explained by the fast drainage of

liquid film.
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Figure 3.6: Critical rupture thickness vs bubble size in various aqueous salt
solutions. The inset A shows the pixel points taken from the critical rupture.
The average of 9 pixels(6×6 µm2) are plotted to show the evolution of light
intensity over time in inset B. The blue circles are the critical rupture thickness
calculated based on the light intensity. Two data points from the surface
bubbles around 1 mm in radii are also included. A method for the estimation
of the upper and lower bounds for the critical rupture thickness is described in
the Apendix A. The red dashed line is the dividing line where the disjoining
pressure (VDW interaction) equals the Laplace pressure.

When compared with the theoretical prediction, the experimental coales-

cence times are shorter (marked as squares symbols in Figure 3.7) because

of the loss of symmetry. The insert in Figure 3.7 shows detailed information

about the thinnest and thickest parts of the thin liquid film, in which the

theoretical value are the rim and center thickness of the dimpled liquid film

respectively, while the experimental values were found by analyzing the im-

ages. The experimental film thickness of the thinnest and thickest parts agree

reasonably well with the model prediction at the early stage where the liquid

film remains axisymmetric. Once the film loses its symmetric, the center film
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height drops dramatically because a considerable amount of liquid drains out

through the ‘express exit’. The thickness change of the thinnest part is less

obvious, but an acceleration of the thinning process is also observed. The liq-

uid film ruptures once the thinnest part reaches the critical rupture thickness.

Figure 3.7: Rim thickness vs time according to the SRYL model prediction.
Square dots indicate the experimental coalescence times for these cases. The
inset shows comparison between theory (solid lines) and experiment (symbols)
for the thickest and thinnest parts of the film. The dash line is a guide for the
eye.

In Figure 3.8, we reconstruct the shape of the bubbles based on the theo-

retical calculations. In general, the small bubble deforms very little because

of its large Laplace pressure and mostly keeps its spherical shape and indents

into the big bubble during the experiment while the big bubble inverted its

shape in the order of 50 µm for the reported case.

A better understanding of bubble coalescence might be achieved based on

the experimental results and theoretical predictions in this study. The coa-

lescence of two bubbles colliding at high velocity in water is inhibited by the
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Figure 3.8: The shape of small and large bubbles predicted from the model
just before coalescence.

trapped liquid in the dimpled thin film because of the hydrodynamic pressure.

Drainage of the liquid film is significantly accelerated by the decrease of bubble

size, while the loss of symmetry of the thin film in the experiment contributes

to faster drainage than the theoretical predictions using the axisymmetric as-

sumption. Interestingly, the film keeps draining until a critical rupture thick-

ness of 25±15 nm regardless of the loss of symmetry. The measured critical

rupture thickness agrees well with the theory using VDW interaction as the

rupture mechanism. The puzzle of the wide scattering of experimental coa-

lescence times between two fast colliding bubbles, which has been reported in

many papers, is reasonably explained with the loss of symmetry phenomena

based on our quantitative experimental results.

3.5 Summary

The spatiotemporal evolution of the thin liquid film drainage and the interac-

tion force between two colliding bubbles of different size were measured simul-

taneously in our experiment. Experimental data of coalescence times indicated

that small bubbles favored faster coalescence when compared with larger bub-

bles. The effect of bubble size is significant in the hydrodynamic drainage

process because of the change in Laplace pressure.The SRYL model with the
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immobile boundary condition capture the main features of the interaction force

and the dimple formation. The direct observation of the film thickness in this

work reveals a non-symmetric drainage behavior of the trapped liquid in the

dimple that provides a reasonable explanation for the scattering of experi-

mental coalescence time. The unexpected faster flow in the dimple drainage

process is probably a consequence of a slight misalignment between the bub-

bles or a local change in boundary condition because of shear stress and is

responsible for shorter coalescence time. This experimental technique can be

easily applied to other systems such as drop-drop coalescence and bubble-drop

attachment.
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Chapter 4

Coalescence of Bubbles with
Mobile Interfaces in Water
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Abstract

The fluid flow inside a thin liquid film can be dramatically modified by the

hydrodynamic boundary condition at the interfaces. Aqueous systems can be

easily contaminated by trace amounts of impurities, rendering the air-liquid

interface immobile, thereby significantly resisting the fluid flow. Using high

speed interferometry, rapid thinning of the liquid film, on the order of the col-

lision speed, was observed between two fast approaching air bubbles in water,

indicating negligible resistance and a fully mobile boundary condition at the

air-water interface. By adding trace amounts of surfactants that changed the

interfacial tension by 10−4 N/m, a transition from mobile to immobile was ob-

served. This provides a fundamental explanation why the bubble coalescence

time can vary by over three orders of magnitude.
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4.1 Introduction

When two air bubbles collide with each other, they may bounce and keep

their original volume or merge into a larger one. The collision of air bubbles

plays a pivotal role in many fields including oil and gas extraction, mineral

flotation and water purification, even though the expected outcome varies with

industries. For example, large bubbles are desired for drag reduction [108],

whereas microbubbles are beneficial for froth flotation [1]. Bubble coalescence

occurs when the trapped thin liquid film reaches its critical rupture thickness,

typically in the order of 50 nm [6, 79]. Within a dynamic collision process

with limited time (∼0.01-0.12 s) [56], the crucial factor determining the bubble

collision is the film thinning rate [6], which is influenced by bubble size, collision

velocity, non-symmetric drainage, and most importantly, the hydrodynamic

boundary condition at the interface [6, 8, 16, 17, 79, 109]. The latter may

be tangentially immobile (zero tangential velocity at the air-liquid interface

due to the presence of contaminants or surfactants) or fully mobile (when the

air-liquid interface cannot sustain any shear stress, as is the case of bubbles in

pure water).

The mobility of air-liquid interfaces has been utilized for drag reduction

by using super-hydrophobic surfaces in micro-fluidics [39, 110] or covering

falling spheres with an air layer [111]. Theoretically, the film thinning rate

between two bubbles with mobile interfaces can be three or four orders of

magnitude faster than that with tangentially immobile interfaces [86]. Though

the existence of mobile air-water interfaces in bubble coalescence is still con-

troversial, experiments have found instances of rapid bubble coalescence in

milli-seconds [6, 18], which was hypothesized to be a result of interface mo-

bility without any evidence on a film level. However, direct observations of

the spatiotemporal thinning of the thin liquid film using interferometry, when

compared with theoretical prediction, have thus far consistently confirmed the

immobile air-water boundary condition. Experimental data were obtained for

the interaction between an air bubble and hydrophilic/hydrophobic surfaces

over a wide range of Reynolds numbers [24, 35, 37, 89], and between two
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bubbles in quasi-static or dynamic conditions [79, 80, 109]. Phenomenologi-

cal features of the thinning film, including the inversion of curvature (dimple)

and the dynamic evolution of the dimple profile, agreed well with theoreti-

cal prediction assuming the immobile boundary condition [37]. Even freshly

generated bubbles with fully mobile surfaces during rise in bulk exhibited an

immobile boundary condition when colliding with a solid surface [24, 89]. The

discrepancy between experiments leaves a gap in researchers’ understanding

of air-water interfaces.

In this letter, we report bubble collision experiments using high speed in-

terferometric images that provide quantitative information on the thinning

behavior and the rupture of the thin liquid film trapped between two bub-

bles. Analysis of the interferometry fringes revealed a rapid coalescence pro-

cess within a few milliseconds, which is three or four orders of magnitude

faster than most reported data for immobile drainage. This observation can

be characterized using a lubrication model that assumes a tangentially mo-

bile hydrodynamic boundary condition at the air-water interfaces [44–46]. We

further show that a minor amount of surfactant that changes the interfacial

tension in the order of 10−4 N/m will be enough to alter the hydrodynamic

boundary condition significantly. The transition is likely associated with the

balance of shear and Marangoni stresses at the interface.

4.2 Experimental system

A schematic of the Dynamic Force Apparatus [35, 79] is shown in Figure

4.1(a). The experiments were conducted in a glass vessel filled with Milli-Q

purified water or surfactant solutions. By injecting ambient air from a gas-tight

syringe into a capillary tube, we generated and held a bubble (Rb=1.2 mm) at

the orifice of the capillary, while another bubble (Rs is between 400 and 850

µm) was immobilized on a hydrophobic fused silica glass surface (contact angle

≈ 100o, treated by Octadecyltrichlorosilane). Because the air-water interface

is known to be easily immobilized by a tiny amount of impurities [8, 17], a

thorough cleaning procedure was adopted and experiments were performed
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quickly after the bubbles were generated (within 5 minutes). The glass vessel,

the capillary tube, and the hydrophobic silica surface were rinsed thoroughly

before each set of experiments. The liquid in the glass vessel, which was

open to air, was changed hourly to avoid contamination from the ambient air.

Moreover, the bottom bubble was formed by the breakage of a capillary bridge

(see Appendix B for details).

Figure 4.1: (a) Schematic of the experimental setup. A bubble of radius
Rb=1.2 mm was held at the glass capillary orifice, whereas another bubble of
radius Rs was immobilized on a hydrophobic silica surface. The capillary was
driven downward by a speaker diaphragm at the velocity V to achieve collision
between the bubbles. A high-speed camera connected to an inverted micro-
scope was used to record the interference fringes. (b) Side view illustration of
the bubbles, where lines are used to monitor top bubble size and position. (c)
A snapshot of the interference fringes obtained between two colliding bubbles
(Rs=0.79 mm, V=28 mm/s, 5 µM SDS).

The process was monitored by a side view CCD camera so that the bubbles

could be carefully aligned to achieve head-to-head collision(see Figure 4.1(b)).

The top bubble was pushed towards the bottom one by a speaker diaphragm at

the controlled collision velocity V between 0.5 and 50 mm/s. The deformation
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of the bubble due to its acceleration and movement was small or negligible at

the speeds used in this study. The thinning and rupture of the thin liquid film

trapped between the bubbles was directly observed by an inverted microscope

(Carl Zeiss Axiovert 100) through the transparent silica glass and recorded by a

high-speed camera (Photron SA4, 40000 frames/s). The lighting was achieved

by a high intensity mercury lamp (X-Cite 120Q). The spatial resolution was

approximately 2 µm/pixel. An example of recorded interferometric fringes is

shown in Figure 4.1(c).

4.3 Results and discussions

Figure 4.2(a) shows a sequence of interference fringes leading up to the rupture

of the thin liquid film. The rapid evolution of interference fringes indicating

fast film thinning behavior within 3 ms is shown in snapshots 1 to 4, followed

by a dark area (snapshot 5) marking the coalescence of the bubbles (film rup-

tured). An axisymmetric drainage behavior of the liquid film can be deduced

from the interference fringes. In experiments in clean systems, there was no

clear evidence of the inversion of the thin liquid film or ‘dimple’ formation,

which is typically present for reported experiments with immobile boundary

conditions [24, 63, 79]. Furthermore, the film radius was smaller than 20 µm

during the drainage process, whereas it would easily exceed 100 µm with im-

mobilized air-water interfaces. This result suggests a very small hydrodynamic

resistance during the drainage process.

The evolution of the light intensity in the central area of the film is plotted

in Figure 4.2(b), from which the time evolution of the film thickness shown in

Figure 4.2(c) was obtained. We define the time t = 0 as the point when the

two non-deformable bubbles would have touched at a given applied approach

speed, so the ‘coalescence time’ can be defined as the time taken from this

point to film rupture. In Figure 4.2(c), the experimental result revealed that

the two interfaces approached each other from 2000 nm to 100 nm at the same

speed as the bubble approach velocity, followed by a gradual decrease in the

thinning rate until rupture at around 30 nm, resulting in a coalescence time
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Figure 4.2: (a) Snapshots of the interference fringes in a time sequence ob-
tained between two colliding bubbles (Rs=0.73 mm, V=1 mm/s). (b) Evolu-
tion of the light intensity at the film center marked by the red square (2×2
pixels, ∼4×4 µm2), from which we obtained (c) time evolution of the film
thickness (circles) compared with approaching undeformed bubbles (straight
line). (d) Thin film drainage with immobile air water interfaces (Rs=0.55 mm,
V=1 mm/s). Before collision, the bubbles were left in bulk for over 60 minutes
so that the interfaces were contaminated and immobilized.
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Figure 4.3: (a) Experimental film drainage at different approach velocities in
the range 0.5 to 2.8 mm/s. The slope of thickness-time evolution indicates the
film thinning velocity. (b) Comparison between experiments and theory [44,
45] that assumes lubrication and fully mobile boundary condition. In (a) and
(b) each curve ’i’ has been shifted by a time ti for clarity. (c) In the theoretical
prediction, the maximum shear stress along the interfaces evolves with center
film thickness (Rs=0.65 mm, V=10 mm/s).

of 0.2 ms. This result further confirmed the low resistance at the air-water

interfaces. In contrast, as shown in Figure 4.2(d), the drainage slowed down

dramatically for the same process with immobile air-water interfaces, in which

the coalescence was delayed by over 2000 ms with the dimple formation at the

film thickness of ∼ 1 µm where the film at the center became thicker than at

the rim.

In Figure 4.3(a) we show the evolution of film thickness at different collision

speeds ranging from 0.5 mm/s to 2.8 mm/s. The film thinning rate increases

with collision speed. More specifically, the experimental film thinning rates

from film thickness 2000 nm to ∼100 nm followed the respective experimental
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approach speed (−dh/dt = V ) of the bubbles. This relationship agreed bet-

ter at higher velocities than at lower ones, where the experimental thinning

rate was slightly slower in some cases. Furthermore, there was a consistent

slowdown of the film thinning rate when the film thickness reached ∼100 nm.

Based on the above results two questions can be asked: (1) What is the

physics behind the rapid thinning behavior with negligible resistance? (2)

What is the reason for the observed slowdown of the film thinning rate at

h ∼100 nm? To answer these questions, we compared these experimental re-

sults with the predictions from a constant velocity model that assumes mobile

fluid-fluid interfaces [44–46]. In this model, the liquid drainage is described

by lubrication theory, while the flow inside the bubble is described by Stokes

flow. The interfacial velocity U is determined by the continuity of the tangen-

tial shear stress across the interface (τb = τf ), which arises from film liquid

flow τf = µ∂u/∂z|z=z+ , and the bubble air flow τb = µair∂u/∂z|z=z− (with

z+ and z− indicating positions at the liquid and air sides of the interface,

respectively).

Comparisons between the model and the experimental results are shown

in Figure 4.3(b). The rapid film thinning behavior is successfully captured

in the prediction; therefore, the negligible resistance during collision can be

explained by the low viscosity of the air phase [44]. Further information can be

obtained from the simulation; e.g., the interfacial velocity U and shear stress

τf at the interfaces are non-uniform with the maximum values found at the

outer region of the formed thin liquid film.

Unfortunately, the model predicted faster drainage rates than the experi-

ment at thicknesses smaller than ∼100 nm (See Appendix B Figure C.2). The

predicted film thinning speed did not slow down until a film thickness at ∼30

nm was reached. One possible explanation for the discrepancy is the exis-

tence of a Marangoni stress ∂σ/∂r at the interface, which was neglected in the

model but could resist τf in the experiment. The air-water interface is known

to be easily contaminated by surface active impurities [8, 112]. Due to the

continuous convection flow that sweeps the impurities out, the surface tension

gradient along the interface can increase during the film thinning process.
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In this scenario, the interfacial velocity U would be jointly determined

by the Marangoni stress and the shear stress using the relationship τb =

∂σ/∂r + τf . According to the theoretical prediction shown in Figure 4.3(c),

the maximum shear stress along the surface evolves with film thickness and

has a peak of around 1 Pa at a film thickness close to 100 nm. Marangoni

stress (∆σ/∆r) at the same magnitude is easily achieved by a surface tension

gradient (∆σ) of around 0.1 mN/m from the center to the outer region (assum-

ing a characteristic radius ∆r of 100 µm) of the thin liquid film. Therefore,

the slowdown of the film thinning rate at small film thickness (large ∂σ/∂r),

which is more obvious at low collision speeds (small τf ), is a consequence of the

Marangoni stress. This effect can also explain experimental results with immo-

bile boundary conditions (|τf | = |∂σ/∂r|) [17, 24, 46], inward flow of the thin

liquid film (|τf | < |∂σ/∂r|) [38], and rapid bubble coalescence, within milli-

seconds, with high collision velocities and/or clean water (|τf | > |∂σ/∂r|) [6,

85, 109].

To further understand the role of Marangoni stress on surface mobility,

surfactant was added in water to change the interfacial tension in a controlled

manner. The ionic surfactant sodium dodecyl sulfate (SDS, Sigma Aldrich)

was used at very diluted concentrations (5, 7.5, 10, and 15 µM). Considering

the dynamic adsorption process, the freshly generated bubbles were allowed

to age for 10 minutes before the collision, with a measured interfacial tension

change (∆σ) smaller than 0.2 mN/m (Krüss k12, ring method) when compared

to pure water. In these diluted SDS solutions, the colliding bubbles exhibited

two main outcomes: (1) Bubbles coalesced within a few milli-seconds (<5 ms),

which will be referred to hereafter as ‘rapid coalescence’. (2) Bubbles took a

much longer time to coalesce or did not coalesce after an experimental period

of 20 seconds, which feature the formation of a dimple (Figure 4.4a) from

which the liquid drained slowly until an equilibrium thin liquid film formed.

This film was stabilized by the negatively charged air-water interfaces with

the estimated surface potential of -80±20 mV.

The impact of Marangoni stress was clearly demonstrated by the immo-

bilization of the air water interfaces in the second case. This effect was also
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Figure 4.4: (a) Fringes showing dimple formation in 7.5 µM SDS solution,
Rs=0.83 mm, V=2.8 mm/s (τfmax ≈ 3.2 Pa). (b) Small film width in pure
water, Rs=0.85 mm, V=2.8 mm/s. (c) Rapid evolution of interference fringes
in 10 µM SDS, Rs=0.79 mm, V=50 mm/s (τfmax ≈ 6.6 Pa), resulting in
(d) film profiles for times from top to bottom: 0.175, 0.250, 0.300, 0.350,
0.500 and 1.325 ms. (e) The probability of rapid coalescence (<5 ms) as a
function of maximum shear stress (τfmax ∼ V 0.25, symbols), where ‘0’ represent
no coalescence and ‘1’ represents rapid coalescence. Lines correspond to a
cumulative Gaussian distribution fit.
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manifested in cases with short coalescence time in various ways. For exam-

ple, the radius of thin liquid films before rupture, which was very small for

clean water (∼30 µm, Figure 4.4b), became much larger with the addition of

SDS (∼100 µm, Figures. 4.4a, 4.4c), indicating an increase in the resistance

at the interfaces. More significantly, the snapshots for 10 µM SDS shown in

Figure 4.4(c) describe the formation of a dimple during the early stage, which

diminished rapidly and ruptured in milli-seconds. By analyzing the complete

fringes[79, 109], film profiles are presented in Figure 4.4(d). The formation of

the dimple clearly indicates that the interfaces were initially immobile, how-

ever, the subsequent rapid film thinning in milli-seconds suggests that the

boundary condition changed to mobile during the film thinning process. This

transition can be explained by the lesser impact of the Marangoni stress when

compared to the increasing shear stress in the dynamic process.

The approach velocities ranging from 1 to 50 mm/s would change the

maximum shear stress at the immobile interface following the relationship

τfmax ≈ 0.5Ca0.25σ/R (Ca = µV/σ, with µ the water viscosity) [46]. The

probability of rapid coalescence as a function of the maximum shear stress

(assume Rs=0.65 mm) is presented in Figure 4.4(e) for SDS concentrations

of 5, 7.5, 10 and 15 µM. The probabilities were generated after at least 20

repeated experiments for each case. Consistent non-coalescence was observed

at low shear stress (|∂σ/∂r| ≥ |τf |, low approach velocity), and consistent

quick coalescence at large shear stress (|∂σ/∂r| < |τf |, large approach veloc-

ity). For values in between, the experimental outcomes appeared to follow

a probabilistic behavior and were reasonably fitted by the cumulative Gaus-

sian distribution function. As the SDS concentration was increased, faster

approach velocities were required for rapid coalescence; moreover, rapid coa-

lescence was not observed for 15 µM, illustrating that the Marangoni stress

would be dominant over the shear stress at this concentration or larger. In the

great majority of scenarios, the film would either be ruptured in milliseconds

or be stabilized, a result that agrees well with the prediction of Chesters [14]

that the surfactant would either completely immobilize the surface or be driven

away by the film flow.
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4.4 Conclusion

In summary, we investigated the thin film drainage between two quickly col-

liding bubbles using high speed interferometry. The experimental results in

the clean water system provided rapid film thinning rates almost identical to

the collision speeds, indicating negligible resistance and mobile hydrodynamic

boundary condition at the air-water interface. Results in the presence of a

small amount of surfactant, which changed the interfacial tension in the or-

der of 10−4 N/m, highlighted the role of the Marangoni stress caused by the

uneven distribution of surface active materials in the hydrodynamic boundary

condition. The Marangoni stress can balance the shear stress, hindering the

mobility of the air-water interface and even resulting in a transition from a

mobile to an immobile boundary condition. The competition between stresses

might evolve continually over the thinning process for the mobile interface, but

once balance has been achieved, the surface becomes immobile. Our system-

atic investigation provides explanations for previous experimental data that

had either fast or slow bubble coalescence.
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Chapter 5

Coalescence or Bounce? How
Surfactant Adsorption in
Milliseconds Affects Bubble
Collision
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Abstract

The coalescence between two colliding bubbles in ultraclean water can be 3 or

4 orders of magnitude faster than the coalescence in contaminated solutions.

This surprising result is explained by the mobile or immobile boundary con-

ditions at the air-water interface. In this work, we employ rising bubbles to

study bubble collisions in aqueous solutions of up to 2 mM surfactant concen-

trations. The experimental results clearly show that freshly generated bubbles

can coalesce within milliseconds if they collide right after generation. How-

ever, once the bubbles stayed in bulk for tens of milliseconds, the coalescence is

heavily hindered. Based on these results, we conclude that the clean air-water

interface, rather than clean water, is required to achieve the mobile boundary

condition that allows quick coalescence. These findings provide fundamental

understanding for further improvements in bubble generation that will benefit

industrial processes such as mineral flotation, oil extraction, and waste water

treatment.
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5.1 Introduction

Two air bubbles colliding in ultraclean water can coalesce within millisec-

onds[113], much faster than the time required in contaminated or surfactant

systems. Understanding this behavior is essential for a better-controlled bub-

ble generation technique, which is the core component in mineral flotation [1],

oil extraction [3], and water purification [4]. In such industries, the typical

residence time of particles or oil drops in bulk can be over 10 minutes. How-

ever, their attachment to the air bubbles is highly influenced by the short

bubble generation process that lasts tens of milliseconds [114, 115]. During

bubble generation, the newly formed air bubbles collide with each other and

with the target particles/drops, thereby influencing the bubble size distribu-

tion and bubble-particle attachment, two key factors for successful flotation [2,

79, 115, 116]. The rapid bubble coalescence within milliseconds provides an

opportunity for rational manipulation of the bubble coalescence or bounce in

the short bubble generation period, hence improving the flotation recovery and

selectivity.

To achieve rapid bubble coalescence, the air-water interface needs to be

mobile [113], that means, negligible tangential resistance at the interface. The

tangentially mobile interface enhances the fluid flow inside the thin liquid

film trapped between the bubbles. [14, 17, 44, 113] The lack of resistance at

the interface contributes to a film thinning rate that is roughly equal to the

bubble collision speed until its rupture at around 50 nm; hence, the bubbles

can coalesce within milliseconds. [113] However, contaminations that change

the air-water interfacial tension in the order 10−4 N/m can be sufficient to

inhibit the air-water interface mobility and render the interface immobile (i.e

zero tangential velocity). [14, 17, 113] For decades, most of the experimental

data was modeled using the tangentially immobile boundary condition. [8,

16, 17, 24] In the limited experiments where the mobile air-water interface

was achieved, the experimental setup had to be carefully cleaned and water

purity had to be maintained. [18, 89, 113, 117] In industry, however, surface

active components are unavoidable or even purposely added to reduce the
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interfacial tension [1, 71, 116], resulting in solutions that are much ‘dirtier’

than the clean water used in laboratory experiments. The question remains

unanswered about whether the rapid bubble coalescence with mobile air-water

interface can be achieved in the contaminated or surfactant solutions.

In this letter, we report bubble collision experiments in surfactant solu-

tions using the rising bubble technique. Side view observations with a high

speed camera (5000 frames/s) clearly show the dynamic collision in millisec-

onds between two air bubbles in aqueous solutions. By observing the bounce

or coalescence between the bubbles and compare with theoretical predictions,

we found that the freshly generated air-water interface could be mobile even

in surfactant solutions, and that enabled bubble coalescence within a few mil-

liseconds. The mobility can be easily inhibited once the bubble was left in

bulk for tens of milliseconds, which is fast but in the same order of magnitude

as the bubble generation process. The results show that a clean air-water in-

terface is required to achieve the mobile boundary condition, and therefore,

controlled bubble coalescence or bounce can be achieved.

5.2 Experimental method

Schematic of the rising bubble experimental setup is shown in Figure 5.1a.

In a square glass vessel (170 x 40 x 60 mm3) that avoids optical distortion,

we placed a homemade sharp end capillary tube at the bottom through a

capillary holder. Air bubbles (radii 300-600 µm) were generated by pumping

air through the capillary using a syringe pump at the volumetric flow rates

from 0.5 to 4 mL/min. The flat air-water surface was adjusted to be ∼5

mm above the capillary orifice. This distance allows the bubble to travel

at its terminal velocity before hitting the top flat surface. It also enables

the detailed sequential observation of the complete dynamic process (bubble

formation, rise, collision, bounce and coalescence) using a high-speed camera

(Photron SA4) at the resolution ∼15 µm/pixel.

Before the experiment, the glass vessel was carefully washed in 1 M NaOH

solution, and rinsed thoroughly with milli-Q water. The capillary holder and
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respective tubing were ultrasonic washed for 20 minutes and rinsed thor-

oughly. Milli-Q purified water was used to prepare the surfactant solutions

with Sodium Dodecyl Sulfate (SDS, Sigma Aldrich, 98.5%) or methyl isobutyl

carbinol (MIBC, Fisher Scientific, 99%) at concentrations ranging from 0.01

to 2 mM.
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Figure 5.1: (a) Schematic of the rising bubble experimental setup. (b) Snap-
shots of a rising bubble and its collision with the flat air-water interface in a
0.03 mM SDS solution. Images were pretreated by ImageJ. (c) The extracted
bubble trajectory, from which the rise collision and pinch-off collision were
designed (see insets) with different aging time (∼50 ms and ∼10 ms, respec-
tively). Time t=0 is defined as the time the bubble would have ‘touched’ the
flat interface if there was no deformation; the flat surface is defined as the
position z=0. The position of the bubble was extracted from the images by
Matlab.

Snapshots of the rising bubble are shown in Figure 5.1b, from which the

rising trajectory shown in Figure 5.1c was extracted. Initially, the just released

bubble oscillated in bulk and rose slowly (≤5 cm/s) for around 10 ms (stage
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1). Afterward, the bubble rapidly accelerated to its terminal velocity of ∼20

cm/s, taking 20 ms for it to hit the flat air-water surface. Upon collision, the

bubble bounced back slightly a few times during which the kinetic energy was

dissipated [15, 17, 37]. After that, the bubble rested below the surface, and

moved laterally at a slow speed (stage 3). In the experiment, the bubbles were

released continually from the capillary orifice and the bubbling frequency was

adjusted by changing the aeration rate.

Based on the bubble rising trajectory, we adjusted the aeration rate to

change the aging time and obtained two distinct aging time scales: ∼50 ms,

named ‘rise collision’ and∼10 ms, named ‘pinch-off collision’. The rise collision

was achieved with small aeration rates (0.5-1.5 mL/min) so that bubbles were

generated and released every 20-60 ms. In this way, one bubble that was

resting on the flat surface was hit by the rising one. The pinch-off collision

was achieved with higher aeration rates (2-4 mL/min). In this scenario, one

bubble that was just pinched off was hit by the growing bubble at the orifice.

The bubble expansion rate (∼5-40 cm/s) was much faster than the rising

velocity (∼5 cm/s) of the first bubble that was still in the slow rising phase.

In both cases, the aging time was counted based on the bubble that stayed

longer in bulk. Discussion regarding the aging time is provided in appendix

C.

5.3 Results and discussions

By varying the experimental conditions, bubble collisions exhibited two out-

comes: (1) the bubbles bounced away from each other after interacting for a

few milliseconds, (2) they merged into a bigger one almost immediately (≤0.4

ms) upon collision. Examples for these outcomes are provided in Figure 5.2.

For instance, the snapshots in Figure 5.2a show the collision and bounce be-

tween two bubbles of ∼0.52 mm radii. Initially, one bubble was staying below

the flat air-water interface, while the other was rising in bulk at its terminal

velocity of 18.3 cm/s. Upon collision, the bottom bubble slowed down dramat-

ically with observable deformation, pushing the top bubble upward to indent
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into the flat air-water surface. After staying in contact for a few milliseconds,

the bubbles bounced away from each other and recovered their spherical shape.

Because the bubbles were not exactly vertically aligned, the second collision

was not head-on. As a comparison, the scenario in which the colliding bubbles

coalesced is provided in Figure 5.2b. Similarly, the bottom bubble rose at its

terminal velocity (19.2 cm/s), similar to the previous one though the bub-

ble radius was smaller (∼0.40 mm). However, the bubbles coalesced almost

immediately (≤0.4 ms) upon collision. Neither of the bubbles deformed nor

changed their trajectory before coalescence, suggesting negligible resistance

during their collision. Similar results with bounce or coalescence were also

observed with the pinch-off bubble collision (see Appendix C).

(b) Rapid coalescence

(a) Bounce away

-1.6 ms 0.2 ms 1.4 ms 9.2 ms

-2.0 ms 0.2 ms 0.6 ms 8.0 ms

Figure 5.2: (a) Snapshots of the bubble bounce in the 0.05 mM SDS solution;
bubble radii are ∼0.52 mm, collision velocity is 18.3 cm/s. (b) Snapshots
for bubble coalescence in milli-Q water; bubble radii are ∼0.40 mm, collision
velocity is 19.2 cm/s. The time t=0 is defined as the first image that the two
bubbles ‘touched’ from side view observation, which means that the actual
distance is below 15 µm (1 pixel).

The probability of coalescence varies with surfactant concentrations and

aging time for pinch-off or rise collisions, as shown in Figure 5.3, in which

each probability data point was obtained from more than 100 collisions. The
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probability value ‘1’ corresponds to the consistent bubble coalescence, while

‘0’ corresponds to the consistent bubble bounce. The surfactant concentration

was varied by 2 orders of magnitude from 0.01 to 2 mM. Results obtained

for 0.01 mM SDS showed consistent coalescence, similar to experiments us-

ing pure water. For both SDS and MIBC solutions, increasing the surfactant

concentration significantly reduced the probability of coalescence, with the

relationship reasonably fitted by an inverse accumulated normal distribution

(dashed lines). Meanwhile, the aging time showed a dramatic impact on the

coalescence statistics. With the longer aging time (∼50 ms), bubble coales-

cence was not observed once the surfactant concentration exceeded 0.05 mM.

By comparison, rapid coalescence was still observed in 1 mM MIBC solution

for the shorter aging time (∼10 ms). Based on the statistical results of Figure

5.3, the outcome of bubble collisions is determined jointly by the bulk surfac-

tant concentration and aging time. This can be qualitatively explained by the

dynamic adsorption of surfactant from the bulk to the air-water interface [65,

71, 118, 119].

There are many factors influencing bubble collision results, such as bub-

ble size [6, 17, 79], collision velocity [8, 9, 120] and surface forces [16, 24,

63]. However, regarding the coalescence or bounce that happens within a few

milliseconds, the most rational explanation is the difference in the air-water in-

terface mobility [6, 113]. The boundary condition is significantly influenced by

the dynamic surfactant adsorption onto the air-water interface. An immobile

surface should be achieved with enough surfactant adsorbed at the air-water

interface, whereas a mobile surface can be achieved with relatively clean air-

water interface. In experiment, the bouncing case represents the result with

an immobile boundary condition, whereas the coalescence case represents the

mobile air-water interface on both bubbles. As mentioned before, the differ-

ence in surface mobility is determined by the competition between the shear

stress and the Marangoni stress. The latter is significantly influenced by the

. To support this hypothesis, we modeled the bubble collision process using

theories that assume immobile and mobile boundary conditions at the air-

water interface. Three boundary conditions were considered in the theory:
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Figure 5.3: Probability of coalescence as a function of surfactant concentra-
tion for pinch-off and rise collisions.

(A) both surfaces are clean and mobile (mobile-mobile); (B) one surface is

mobile while the other is immobile (immobile-mobile); (C) both surfaces are

immobile (immobile-immobile). The position z=0 is defined as the undeformed

fluid surfaces, as shown in the insets (1) and (2) of Figure 5.4a. The time t=0

is defined as the expected collision time if the bubble and flat surfaces are non-

deformable. Comparisons between the experimental results and the model are

shown in Figure 5.4. For the mobile-mobile case, experimental data obtained

between two colliding bubbles is used. For the other cases, experimental data

obtained between a rising air bubble and a flat surface is chosen to fulfill the

axisymmetric assumption in the model. The flat surface can be assumed as

a large-contaminated bubble with immobile boundary condition, [15, 17, 69].

Details of the equations, the boundary conditions, and the numerical technique

are presented in appendix c.

The experimental rising velocities were used in the theoretical calculations.
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Mobile-mobile (milli-Q water)

Immobile-mobile (0.03 mM SDS)

Immobile-immobile (1 mM SDS)

Mobile-mobile

Immobile-mobile

Immobile-immobile

m
m

m

Figure 5.4: Comparison between theory and experiment for the bubble posi-
tion under different conditions. The insets show the coordinate definitions and
the schematic representations of the boundary conditions. (a) Two bubbles
coalescence with mobile surfaces in Milli-Q water (R1=R2=0.38 mm, collision
velocity is 17.8 cm/s). (b) Bubble-flat surface collision in 0.03 mM SDS solu-
tion (R=0.48 mm, collision velocity is 21.2 cm/s, immobile-mobile boundary
condition). (c)Bubble-flat surface collision in 1 mM SDS solution (R= 0.45
mm, collision velocity is 11.4 cm/s, immobile-immobile boundary condition).
(d) Comparison of film forces for the cases a, b and c.

In milli-Q purified water (Figure 5.4a) and 1 mM SDS solution (Figure 5.4c),

the rising velocities agree well with the theoretical prediction using the mobile

and immobile boundary conditions, respectively. [43] For the concentration

of 0.03 mM, the bubble rising velocity was 21.2 cm/s (Figure 5.4b), which

lies in between the expected terminal velocities for fully mobile (∼ 25 cm/s)

and immobile (∼10 mm/s) air-water interface, suggesting partial adsorption

of surfactant on the bubble. [43, 69, 121]

The collision process exhibited significant differences. In milli-Q water, the

colliding air bubbles coalesced without any bounce (see Figure 5.4a), which

68



agreed with the prediction using the mobile-mobile boundary condition (Figure

5.4a inset 3). As a comparison, bubble bouncing was observed in the other two

cases. Bounces presented in Figure 5.4b agree with the prediction using the

immobile-mobile boundary condition, with the flat surface being the immobile

side. This can be justified because the flat surface has been reported to be

easily immobilized by contaminants from the ambient air [15, 17, 24], while

surfactant was used in this experiment. Therefore, the top surface of the rising

bubble should be clean and mobile, while the bottom surface was contaminated

to reduce the bubble rising velocity. The uneven distribution of surfactant at

the interface is caused by the shear flow in the rising stage. [121] In 1 mM

SDS solution, the rise and bounce of the bubble agree well with the prediction

using immobile-immobile boundary condition.

The bubble bouncing behavior is determined by the film force arises from

the fluid flow inside the thin liquid film [15, 17] (see Appendix C for the force

balance equation). The evolution of the film forces normalized by the buoyancy

force during collisions are provided in Figure 5.4d. The forces start to build

up when the distance is less than ∼10 µm (5 ms × 20 cm/s), after which the

bubble surfaces deformed to form the thin film. The initial film formation

for case (c) is slightly earlier than for case (b), caused by the difference in

the surface mobility. For both cases, the kinetic energy was dissipated during

the bounces, and showed a negligible effect on the coalescence of the rising

bubble and the flat surface. The coalescence was mostly determined by the

film thinning process at the resting stage, when the film force was equal to the

buoyancy force. In contrast, the film for the mobile-mobile case only formed

when the surfaces were almost touching and it ruptured in an extremely short

time. Consequently, this small film force was barely enough to deform the

bubbles and agrees with the observation in Figure 5.2b. With the mobile

boundary condition, the velocity at the interface is determined by the viscosity

ratio in the bulk and in the bubble. [44, 113] Considering the viscosity ratio

between water and air (∼50), it is not surprising to find a large surface velocity,

rapid film thinning, and negligible resistance.
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5.4 Conclusion

In conclusion, we employed the rising bubble technique to explore bubble col-

lision and coalescence in surfactant solutions. The freshly generated bubbles

were allowed to age for two time scales (∼50 ms and ∼10 ms) and the dynamic

bubble rise and collision were captured by a high speed camera. In the col-

lision process that lasted a few milliseconds, the bubbles could either bounce

away from each other or merge into a bigger one. These outcomes agreed

well with the theoretical predictions using either immobile or mobile bound-

ary conditions at the air-water interface. Statistical results showed that the

boundary conditions changed with the bulk surfactant concentration and the

aging time, which was explained by the dynamic adsorption of surfactants. Our

work illustrates that clean air-water interfaces give rise to the mobile boundary

condition, rather than just ultraclean water. This knowledge bridges the gap

between the fundamental understanding on surface mobility with engineering

applications.
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Chapter 6

Conclusions and Future work

6.1 Conclusions

The major contributions of this thesis to science and engineering are listed as

follows.

An experimental method combining the bubble pair concept and thin film

interferometry was developed based on the home-made Dynamic Force Appa-

ratus, by which the interaction force and the spatiotemporal evolution of the

liquid film between two colliding bubbles were obtained simultaneously. The

thin film dynamics were studied in various experimental conditions. Param-

eters like bubble size, collision speed, bulk surfactant concentration can be

easily adjusted. This technique can also be used to study drop coalescence

and bubble-drop attachment.

A systematic study of the interaction and coalescence between a millimeter

size bubble and surface micro-bubbles with different radius (30-700 µm) were

explored. The measured interaction force agreed well with the prediction of

the Stokes-Reynolds-Young-Laplace equation using the tangentially immobile

boundary condition at the air-water interface. The coalescence times increase

with increasing micro-bubble size, which can be explained by the reduction

of Laplace pressure. To be more specific, a significant increase of coalescence

time from ∼ 100 ms to 1000 ms was observed when the surface bubble radius

increased from ∼50 µm to 300 µm. The theoretical prediction works as an

upper bound for the experimental coalescence times. The variation of the

coalescence time in the experiments was attributed to a loss of symmetry
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during the thin liquid film drainage, which allows the trapped liquid to drain

out faster than the theoretical prediction. The observed experimental rupture

thicknesses of 25±15 nm, agreed with the theoretical prediction considering

van der Waals interaction as the controlling factor for film rupture.

After that, the rapid film thinning rate between two colliding bubbles that

was equal to the collision speed (−dh/dt = V ) was captured using high-speed

interferometry. The film thinning with negligible resistance was explained by

a model that assuming mobile boundary condition at the air-water interfaces.

The air-water interface mobility was dramatically altered by a minute amount

of surfactant that changed the interfacial tension by about 10−4 N/m. The

balance of the shear stress and Marangoni stress is shown to determine sur-

face mobility. The results provide solid evidence of film drainage with mobile

boundary condition at the air-water interfaces.

In the following work, bubble coalescence in surfactant solutions was inves-

tigated. Experiments were conducted in a simple bubble rising technique in

which the freshly generated bubbles can collide after staying in bulk for a very

short period (∼10 ms or ∼50 ms). According to the bounce or coalescence

results, it is shown that the mobile air-water interface is achievable even in sur-

factant solutions similar to those used in the industrial processes. The freshly

generated bubbles can be mobile and may switch to immobile after staying

in bulk for tens of milliseconds. The surface mobility is jointly determined

by the bubble residence time in bulk and the bulk surfactant concentration,

corresponding to the dynamic adsorption of the surfactant onto the air-water

interface. These findings suggest that the clean air-water interface, rather

than the clean water, is required to achieve the mobile boundary condition at

the air-water interface. This work bridges the fundamental understanding of

surface mobility to real applications like mineral flotation, oil extraction, and

water purification.
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6.2 Future Research

The developed experimental method and the findings in this thesis enable some

further research. Some possibilities are listed below

• The experimental setup can be adopted to study the thin film drainage

between two drops or between an air bubble and an oil drop. The effect

of bubble/drop size, surfactant, collision velocity, and de-emulsifier on

thin liquid film drainage between the deformable drop/bubble can be

investigated.

• The impact of salt on bubble coalescence has not been well explained.

In-depth understanding will possibly be achieved using this setup.

• The results in chapter 4 and chapter 5 prove the existence of the fully

mobile interface in bubble coalescence. This property can be utilized

to optimize the design of the bubble generator, which will benefit many

industrial applications.

• In surfactant solutions, the transition from mobile to immobile boundary

condition happens within tens of milliseconds. Retarding the transition

process by applying an external field, such as ultrasonic, can be helpful

for industrial applications.
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Appendix A

Experimental and data analysis

A.1 Bottom bubble generation

In Chapter 3, the surface microbubbles were generated by an ultra-sharp

pipette. In chapter 4, the possible contamination from the pipette became a

concern, because of our strict requirement on the air-water surface cleanness.

Therefore, a method for minimizing external contaminations was adopted to

generate bubbles on the solid substrate (see Figure A.1). An air bubble was

generated and held at the capillary orifice. Then the bubble was driven toward

the solid surface to form an air bridge between the tube and the substrate.

The capillary tube was further moved downward until its orifice was around 1

mm above the substrate. By sucking air out slowly using the gas-tight syringe,

the air capillary bridge was broken, hereafter a small bubble was left on the

solid substrate. This procedure allowed for quick bubble-bubble interactions.

A.2 Alignment of the bubbles in water

Detailed steps for the alignment of the top bubble and the surface microbubble

are shown in Figure A.2. Careful alignment of the bubbles was monitored by

the inverted microscope. As shown in Figure A.2A, at the beginning we set

the focus of the microscope at the top surface of the quartz glass. Then

the microscope focus was moved upward until the observation of a bright

round area indicating the bottom center of the top millimeter size bubble (see

Figure A.2B). The location of the bright circle area was marked using a red
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rectangular box. Afterward the focus was moved downward slightly until a

similar round bright area, marked by a grey box in Figure A.2C, due to the

light re-flected from the top of the surface microbubble was observed. By

carefully adjustment of the surface microbubble location until the center of

the bright circle areas (marked by the red and grey boxes) overlap with each

other, the alignment of the bubbles was achieved. Then the focus was moved

upward slightly (shown in Figure A.2D) for the observation of the interference

fringes during the collision of the bubbles.

A.3 Film thickness determination

The thin film thickness is obtained by interferometric measurements. The

mercury lamp, with three specific characteristic wavelengths (436 nm, 546 nm

and 579 nm), enabled the extraction of light intensity I(t) from three chan-

nels (blue, green and red) of the high-speed images captured (as shown in

Figs. A.3a and b). The observed interference fringes were used to obtain

the absolute film thickness h(t) by fitting the theoretical relation (Eq.A.1) of

wavelength (λ) dependent thickness as a function of fringe order [79, 80, 89],

which is defined when isolating h(t) in the Eq.A.1 The fringe order was deter-

mined by counting back from the last fringe before film rupture, the latter was

confirmed to be order 1 from the comparison of results obtained from different

channels. Imax and Imin are maximum and minimum intensities in each range

(peaks and valleys, see Figure 4.2b) and n is the refractive index of water.

As shown in Figs.A.3a and b, the film thickness calculated from the three-

channel interference agreed well with each other, while their deviation from

the polynomial fitted curve was less than 30 nm. Film thickness results recon-

structed from the green channel images, which provided the clearest fringes,

are reported in chapter 4.

The conversion from intensity to thin film thickness was performed using

the following equation [89]

I(t)− Imin
Imax − Imin

= sin2

(
2πnh(t)

λ

)
(A.1)
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The film ruptured at the thickness ∼30 nm, therefore Imin for this fringe or-

der (h=0 nm) cannot be obtained experimentally. The background light after

rupture was assumed to be the specific value for Imin, which would contribute

to a maximum error of around 30 nm [79].

Experiments in pure water were performed for velocities from 0.5 mm/s up

to 50 mm/s, but for large velocities the current camera frame rate was insuf-

ficient to clearly capture the interference fringes. Therefore, only intensities

from velocities no larger than 2.8 mm/s were analyzed by this method. In sur-

factant solutions, higher velocities are required to achieve higher shear stress.

The results are reported based on the collision outcome (rapid coalescence or

not) in chapter 4, rather than the film thinning rate.

A.4 Reconstruction of the thin film profile (sym-

metric and asymmetric)

With immobile air-water interfaces(chapter 3), The early stage of film drainage

is symmetric and can be compared with the SRYL model. In Figure A.4A we

show the comparison between theory and experiment for the first few profiles

just be-fore the loss of symmetry, showing quite reasonable agreement. In

Figure A.4B, a non-symmetric 3D thin film profile reconstructed from the last

snapshot of Figure A.4 is shown. The figure describes the liquid film profile

before rupture. As is shown in the figure, the thin film is neither symmetric

nor flat. But we can easily find that the thickest part of the thin liquid film is

roughly at the center, while the thinnest part can be found somewhere around

the rim.

A.5 Estimation of the uncertainty in the crit-

ical rupture thickness

In chapter 3, the critical rupture thickness for different bubble sizes was calcu-

lated based on the independently measured light intensities using the equation

one shown below. Where Irupture is the light intensity at rupture point, Imax

86



and Imin are the maximum and minimum light intensities shown in Figure 3.6,

respectively. λ is the wavelength of light, n1 and n2 are the refractive indices

of air and water.

h(r, t) =
λ

2πn2

(
arcsin

√
∆

1 + 4(1−∆) R12

(1−R12)2

)
(A.2)

R12 =
(n1 − n2)2

(n1 + n2)2 (A.3)

∆ =
Irupture − Imin

Imax − Imin

(A.4)

The impact of experimental errors on rupture thickness is considered in this

work. The sources of the errors would include (1) identifying the location

of rupture and the light intensity of rupture; (2) identifying the max and

minimum light intensities; (3) average of the light intensities from 9 pixels;(4)

systematic errors (i.e., background light) that can be up and down. Overall,

any uncertainties in Irupture, Imax and Imin would contribute to the uncertain

in the film rupture thickness. In this study, we provide a very conservative

estimate of errors. The error range shown in Figure 3.6 is estimated based on

methods mentioned below: (1) in addition to Imax and Imin measured from

the light intensity profile of the selected 9 pixels, two extreme values Imax2

and Imin2 in one experimental run by analyzing the overall thin film area were

also obtained. These extreme values would provide a reasonable top bound for

Imax and a bottom bound for Imin. (2) The accuracy of ±10%, a typical value

for sensitivity analysis, is assumed for the rupture light intensity (Irupture).

∆up =
1.1Irupture − Imin 2

Imax − Imin 2

(A.5)

∆bottom =
0.9Irupture − Imin

Imax 2 − Imin

(A.6)

The consideration of the two sources of uncertainties lead to the ∆up and

∆bottom values shown in equation A.5 and A.6 respectively for the calculation

of upper and lower bounds of the critical rupture thickness in Figure 3.6.
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A.6 Matlab code for film center thickness

In this section, we provide the Matlab code for the extraction of film center

thickness using the interferometry method. The code is divided into three

files: 1. Video Read; 2. Light intensity extraction; 3.Thickness analysis. To

extract the dimple profile, the code need to be slightly modified.

A.6.1 Read the video

clc; clear;

% % read the video, the video is pretreated

v=VideoReader(’green mobile1.avi’);

frames=v.NumberOfFrames;

m=v.Height;

n=v.Width;

I total=0;

% % extract the data from the video

tic

cc=zeros(m,n,frames); % build a matrix to store the data

for k=1:frames % a loop to extract the data

frame=read(v,k);

frame=frame(:,:,1);

frame=im2double(frame);

cc(:,:,k)=frame;

end

toc

pp=cc; % use a new matrix to store the data for further processing

A.6.2 Extract light intensity

%%%%%%%%

%%% Extract the light intensity data from the video

%%%%%%%%

close all
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clc

pp1=pp; % pp is the matrix containing the video data

%% Extract the data from the film center

aa=17;bb=16; % film center

image show=25; % show a suitable frame in the later stage

i=2; % get data from 3*3 data points

qq 00=pp1(aa:aa+i,bb:bb+i,:); % data matrix

qq 0=sum(sum(qq 00)); % sum the data from 9 points

qq 1(:)=qq 0(1,1,:); % store the sum data in the data vector

qq 2=qq 1/((i+1)2̂); % average

%% plot the data, and shown the image

plot((1:frames)/40,qq 2) % recorded at 40,000 fps

grid on; grid minor;

xlabel(’Time (ms)’)

ylabel(’Light Instensity’)

figure;

imshow(pp(:,:,image show)); % show the frame

rectangle(’position’,[bb,aa,i,i])

A.6.3 Film thickness extraction

%%%%%%%%%%%%

%Calculate the film thickness from center light intensity

%%%%%%%%%%%%

lambda=546; % wave length of green light

qq 3=smooth(qq 2); % smooth the light intensity to remove noise

loc 0=1:frames; % frames number vector

stp=99; % the rupture frame

%% find the peaks and valleys

[pks 1, locs 1] = findpeaks(qq 3(1 : stp)); % find peaks

[vls 2, locs 2] = findpeaks(−qq 3(1 : stp)); % find valleys

vls 2=-vls 2; % the value of valleys
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plot(loc 0,qq 3,loc 0(locs 1),pks 1,’or’,loc 0(locs 2),vls 2,’ob’); % plot for check

%% clarify Imax and Imin for calculation

Imax=locs 1’;

Imin=locs 2’;

I all=[Imax Imin];% include all the elements in a big vector and sort

I all=sort(I all);

I number=size(I all,2); % find the column

rim=find(I all==I all(end)); %

h start=1;

% values for calculation

n 1=1; % refractive index of air

n 0=1.333; % refractive index of water

rrr = (n 0− n 1)2/((n 0 + n 1)2);% only water and air

rrr minus = (1− rrr)2;

%begin calculation of film thickness

for i=2:rim

tt=abs((i-rim)/2);

aa=floor(tt);

bb=mod(abs((i-rim)) ,2);

i vector=[qq 3(I all(i-1)) qq 3(I all(i))];

for kkk=I all(i-1):I all(i) % point 1 to point 2

delta(kkk)=(qq 3(kkk)-min(i vector))/(max(i vector)-min(i vector));

a sin(kkk)=asin((1+rrr)*sqrt(delta(kkk)/(rrr minus+4*rrr*delta(kkk))));

h(kkk)=lambda/(2*pi*n 0)*((h start+aa)*pi-(1-2*bb)*a sin(kkk));

end

end

%% from the peak to rupture

for kkk=I all(rim):stp

max 1=qq 3(I all(end));

%min 1=qq 3(I all(end-1)+20);

min 1=qq 3(end); % light intensity after rupture is assumed to be the mini-

mum light intensity at the film thickness 0 nm
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delta(kkk)=(qq 3(kkk)-min 1)/(max 1-min 1);

a sin(kkk)=asin((1+rrr)*sqrt(delta(kkk)/(rrr minus+4*rrr*delta(kkk))));

h(kkk)=lambda/(2*pi*n 0)*((1-2*bb)*a sin(kkk));

end

hp=[];

hp=h(I all(1):stp);

hp=abs(hp);

figure

plot((1:95)/40,abs(hp),’o’)% time should be further corrected

axis([-2 3 0 900])

xlabel(’Time (ms)’)

ylabel(’Film thickness (nm)’)
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Figure A.1: (a) A bubble was generated from the capillary tube. (b) The
bubble was driven to the surface to form a capillary bridge (c) Air was sucked
out using the syringe. (d) After the air bridge broke, a bubble remained at
the solid surface.
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A B

C D

Figure A.2: Alignment of the bubbles assisted by the inverted microscope
(A) Focus at the quartz glass top surface, the surface bubble is observed; (B)
Focus at the bottom of the top bubble, the center area is marked using the
red box; (C) Focus at the top of the surface microbubble, the center area is
marked using a grey box. The overlap of the red and the grey boxes indicate
a proper alignment of two bubbles; (D) The focus is moved upward a little for
interference fringe observation.
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Figure A.3: (a) The film thickness reconstructed from the light intensity
obtained in different channels and the fitting by a 4th order polynomial. (b)
The deviations of the experimental data from the fit.

Figure A.4: Thin film profile between a top bubble (R=1.2 mm) and a surface
bubble (R=550 µm) in water (A) Comparison between theoretical predictions
and experimental film profiles before the loss of symmetry; (B) 3D thin film
profile reconstructed from the last snapshot of Figure 3.3.
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Appendix B

Supporting information for
chapter 3

B.1 Unusual force curves

In the chapter 3 we reported force measurements that included an increase

stage and a stable stage. In Figure B.1, we report two examples with different

force features. The blue circles in Figure B.1A show the interaction force

between the millimeter size bubble and a surface microbubble with the small

radius of 68 µm that the film ruptures before the stable stage is reached. To

explain the reason, the model was used to predict the film thinning behavior

which stopped at the experimental rupture time. By this time, a rim thickness

of around 35 nm is predicted. This thickness is in the range (25 ± 15 nm) of

the critical rupture thickness observed in the experiment (see Figure 3.7). The

rapid thinning of the liquid film in this experiment contributes to the quick

coalescence of the two bubbles without the observation of the stable interaction

force. Although the stable stage was not achieved in the three cases provided

in the inset in Figure B.1B, the size dependence behavior of the coalescence

time and the interaction force was observed. After the transition bubble radius

around 100 µm, typically the stable stage was observed on the force profile.

The red circles in Figure B.1A describe the interaction force between a top

millimeter size bubble and a surface microbubble with the radius of 330 µm. It

is noteworthy that the force drops a little before the stable stage. The decrease

of the interaction force is a result of the slight movement of the three-phase
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Figure B.1: (A) The interaction force between a top millimeter bubble and
surface microbubbles with the radius of 68 µm (early coalesce) and 330 µm
(late coalesce); (B) The predicted film thickness at the rim between the top
bubble and the surface microbubble (R= 68 µm), the model prediction stops
at the rupture time obtained from the experiment. The inset shows the size
dependence trend of the interaction force and coalescence time.

contact line of the surface microbubble during the experiment.

B.2 The role of EDL interaction

As mentioned in the chapter 3, the colloidal stability between two bubbles is

predicted by the DLVO theory and has been observed in experiments with

low collision velocities. Although the fitted air-water surface potential varies

from -30 mV to -100 mV in those reported conditions, [12, 85, 101] the thin

liquid film was suggested to be stabilized by the repulsive EDL force. How-

ever, the thin film lost its colloidal stability when the approaching velocity

is high. [6] To gain a better understanding, the disjoining pressure between

two identical air-water interfaces is calculated using the DLVO theory. The

calculation is independent of the SRYL model and both the constant surface

charge and the constant surface potential boundary condition are considered

in the calculation of the EDL interaction. Detail equations for the calculation

are shown below. [122] Two surface potential values were assumed in the cal-

culation: one value (-40 mV) within the reported range, and the other (-20

mV) weaker than the reported surface potentials. Thereby we hope to stress
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Figure B.2: Pressure profile between two identical air-water interfaces (A)
surface potential is -20 mV; (B) surface potential is -40 mV. The disjoining
pressure was calculated based on the DLVO theory under constant surface
charge (CC, top line) and constant surface potential (CP, bottom line) bound-
ary conditions. The Laplace pressure (straight line) is calculated with the
radius of 500 µm. The solution is assumed to be 1:1 monovalent salt at the
concentration of 1 mM/L.

the discrepancy between the predicted colloidal stability and the experimental

coalescence results.

The prediction results are shown Figure B.2. In both conditions, the pre-

dictions describe an equilibrium film thickness followed by a high pressure

barrier regardless of the boundary condition. The predictions are in contra-

diction to the experimental results where coalescence are consistently observed.

Considering that the high pressure barrier should be much higher than the lo-

cal hydrodynamic pressure, the discrepancy cannot be explained by the small

hydrodynamic pressure that arises from the liquid drainage. One possible

explanation has been provided by Castillo and Horn [6] that the air-water

surface property might be neither constant nor homogeneous, and can change

locally by the flow during the interaction. As mentioned by them, a negligi-

ble or even attractive EDL interaction which may lead to abnormal drainage

and/or rupture behavior might be predicted in certain conditions. However,

we are unable to provide the exact reason for the negligible effect of EDL in-

teraction based on the results of this work. The disjoining pressure between

the air-water surfaces is calculated using the equations for parallel surfaces.

The overall disjoining pressure is the sum of the VDW interaction and EDL

97



interaction: ΠDLVO = ΠVDW + ΠEDL. For the calculation of van der Waals

interaction, a consistent equation (ΠVDW = − A
6πD3 ),where A is the Hamaker

constant, D is the separation) is used. For the calculation of the EDL inter-

action, both the constant surface potential and the constant surface charge

boundary conditions are considered.

Constant surface potential boundary condition [123]

ΠEDL =
4ne2ψ2

0

kBT

−2 + eD/λD + e−D/λD

(eD/λD − e−D/λD)2
(B.1)

Constant surface charge boundary condition: [122]

ΠEDL =
2σ2λD
εε0

2 + eD/λD + e−D/λD

(eD/λD − e−D/λD)2
(B.2)

Where λD is the Debye length calculated as λD = 0.304/
√
c0 nm, c0 is

the bulk concentration of electrolyte, kB is the Boltzman constant, T is the

Kelvin temperature, e is charge of electron, ψ0 is the surface potential, D

is the separation between two surfaces, ε0 is the permittivity of vacuum, ε

is the dielectric constant of the water, σ is the surface charge, the surface

charge and surface potential is related through the Grahame equation: σ =
√

8c0 ∈ ε0kBT sinh (eψ0/2kBT ).
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Appendix C

Supporting information for
chapter 4

C.1 Model description

A model that assumes mobile air-water interfaces [44–46] was used to explain

the fast film thinning phenomenon. In this model, the liquid drainage inside

the thin liquid film is described by lubrication theory, while the air flow inside

the bubble is described by Stokes flow [14, 44–46] (see Figure C.1). The applied

collision velocity yields a global Reynolds number (Re = 2ρRbV/µ, where ρ is

water density, µ is water viscosity) up to 130. However, the applicability of

the lubrication model is easily justified from the film Reynolds number (Ref =

ρhFVf/µ, where hF is the film thickness, Vf is the velocity of the interface in

the vertical direction) [37], which is much smaller than unity because of the

small characteristic film thickness of around 10−6 m. Under these conditions,

the thickness of the film h(r, t) can be obtained from

∂h

∂t
= −1

r

∂

∂r
(rUh) +

1

12µr

∂

∂r

(
rh3∂p

∂r

)
(C.1)

The first term on the right hand side of Equation C.1 represents the flow

induced by the mobile air-water interfaces featured by the interfacial velocity

U (see Figure C.1a). The interfacial velocity is determined by the continuity

of tangential shear stress across the interface (τb = τf ) that arises from film

liquid flow

τf = µ
∂u

∂z
|z=z+ = −h

2

∂p

∂r
(C.2)
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and the bubble air flow τb = µair∂u/∂z|z=z− . The second equality in Equation

C.2 is obtained through derivation of the velocity profile of the flow inside

the film, which is calculated from lubrication theory. Using the boundary

integral method and the fact that information is only needed at the surface,

the interfacial velocity is described as [45, 46]:

U (r) = − 1

µair

∫ ∞
0

Φ (r, ω) τf (ω) dω (C.3)

Φ (r, ω) =
k

2π

√
ω

2r

∫ π

0

cosα√
1− k2cosα

dα

k2 =
2rω

r2 + ω2

Because the surface is assumed clean, the surface tension gradient from

the uneven distribution of impurities (∂σ/∂r) is ignored. The interfacial ve-

locity U , determined by the viscosity ratio between water and air (κ = µ/µair,

∼ 50) [44], is very large. Therefore, the film drainage velocity with mobile

interfaces can be three or four magnitudes faster than that with immobile air-

water interfaces (U = 0, see Figure C.1b) where the tangential shear stress is

balanced by the Marangoni stress (∂σ/∂r + τf = 0).

The deformation of the air-water interfaces is described by the augmented

Young-Laplace equation, which assumes an equilibrium surface profile in re-

sponse to the pressure. Despite the rapid thinning and deformation in millisec-

onds, this assumption is still satisfied because the capillary wave velocity is in

the order of 1 m/s [24] which is much faster than the characteristic collision

velocities of the bubbles (50 mm/s). The augmented Young-Laplace equation

is written as

p+ Π =
2σ

R
− σ

2r

∂

∂r

(
r
∂h

∂r

)
(C.4)

In Equation C.4, R = 2RbRs/(Rb +Rs) is the harmonic mean radius between

the bubbles, σ is the water surface tension, and Π is the disjoining pressure

that determines whether the film ruptures or remains stable. Π is generally

given by a combination of van der Waals and electrical double layer (also
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Figure C.1: Schematic illustration for the film flow with immobile and mobile
boundary conditions: (a) The interfaces are assumed to be clean so that the
Marangoni stress is not considered. The interfacial velocity U is determined by
the continuity of tangential shear stress across the interface. For this system
the first term on the right hand side of equation C.1 dominates. (b) The
tangential shear stress on the interface due to film flow is balanced by the
Marangoni stress at the interface (∂σ/∂r) due to the uneven distribution of
surface active materials at the interfaces, rendered the surface immobile (U =
0). In this case the first term on the right hand side of equation C.1 drops
out. Theoretically, these two boundary conditions give rise to drainage rates
that are different by orders of magnitude.

known as ”DLVO theory”). The van der Waals force between two bubbles is

attractive and can possibly rupture the thin liquid film at the thickness below

50 nm [16, 79]. The electrical double layer force was reported to be negligible

between two fast colliding bubbles in pure water [6, 19, 79]. In our case, we

either do not consider Π or use van der Waals of the form Π = −A/(6πh3),

where A ∼ 3 ∗ 10−20 J is the Hamaker constant.

In this work, we focused on the constant approach velocity theory because

experimentally we provided data that was generated under precise constant

velocity approach. Another possible scenario, the constant force regime (for

example, buoyancy force) was not considered experimentally though theory
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has also been established [14, 45]. With the fully mobile boundary condition

at the interface, the hydrodynamic resistance depends on the viscosity in the

bubble/drop phase rather than the draining liquid viscosity [44]. This repulsive

force can be large for drops whose viscosity is close or larger than water, in

that sense both the constant approach velocity and constant force regimes

would provide noticeable differences in drainage behavior. But for air bubbles

in our work, the viscosity of air is much smaller than water so that the initial

repulsive force is negligible when compared to the buoyancy force, so we did

not consider the constant force regime in this work.

As initial condition, we assume the bubbles have a parabolic profile, which

is a good approximation for the bubble shape close to the origin. As boundary

conditions, we assume symmetry for h and p at r=0. At the fair-field boundary

at r = rmax, we take p=0 and dh/dt = −V , the experimental approach velocity.

The governing equations, together with boundary conditions, are solved

using the standard linear solver ‘ode15s’ in Matlab. The equations are first

nondimensionalized by using the following scales [45] of the variables, after

we define the Capillary number as Ca = µairV/σ (Please note that Ca for

mobile interface requires the viscosity of fluid inside the bubble, unlike the

immobile case, where the viscosity of the draining liquid is needed). The

radial scale is given by rc = RCa1/3, the film thickness scale is given by

hc = RCa2/3, the time scale is written as tc = RCa2/3/V and the pressure scale

is simply pc = σ/R. Under these natural scales, the first term on the right hand

side of Equation C.1 becomes independent of any experimental parameters

and the second term only has a negligible contribution to the drainage rate.

The numerical solution becomes almost universal for this system, apart from

the very last stage just before coalescence. This also means that scaling the

experimental data using these scales should provide a universal curve if this

model is correct for this system. Such results will be shown in Figure C.3b.

The numerical code in Matlab using the above equations is implemented

as follows. With the initial film profile h, we calculate the pressure p from

Equation C.4. With h and p we can calculate the shear stress using Equation

C.2. With the shear stress we now calculate the surface velocity U using
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Equation C.3. With that, we have all the ingredients to solve equation C.1 to

get the film profile for the next time step and the process repeats.

C.2 Definition of time (t=0) and theoretical

results

In this work, we provide a clear definition of the time (t=0) since there has

not been a standard for defining the initial time for similar systems. From the

literature, different definitions have been used. For example:

(1) In Ref. [16], the authors started counting the time at the beginning of

the bubble movement and then compared with theory under the same con-

dition. This definition, together with the well-controlled AFM experiment,

enabled a fair comparison between the model and the experimental results

(which agreed well). One weakness of this definition is that the measured coa-

lescence time depends strongly on the initial separation between the bubbles.

(2) In most literature [17–19], the authors looked at the bubbles from the

side and started counting time when the bubbles were close enough. That

definition typically gives an error of a few milliseconds in the coalescence time

because it depends on the judgment of the person taking the measurements.

For the immobile drainage, the correct starting point is not critical as the co-

alescence time typically exceeds 1 second. However, for the pure water system

with the total drainage time in milliseconds, this error cannot be overlooked.

By looking from the side, it appears that the coalescence is almost instanta-

neous in our pure water experiments.

Therefore, we defined the time t=0 as the point when the separation be-

comes zero assuming two non-deformable surfaces approach each other at a

given applied approach speed, as shown by the solid red curve in Figs. C.2a,b.

Physically, that is the time when the two bubbles would have touched if they

did not deform. The ‘coalescence time’ was then defined as the time taken

from this point to film rupture. This definition of t=0 represents the ideal

(fastest) coalescence with no-resistance at the interfaces, while the coalescence

time represents the delay between the ideal scenario and the real system.
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In Figure C.2a, we compare experimental data with theoretical prediction

assuming the attractive van der Waals interaction as the disjoining pressure.

The model agreed well with the experimental data until the film thickness

reached ∼200 nm, then the theoretical drainage became faster. In the theo-

retical plot, the film thickness decreased rapidly starting from ∼30 nm, agrees

with the experimental film rupture thickness. Theoretically this curve cor-

responds to the center where the film is thinnest. This justifies comparing

experimental results and theoretical prediction at the center of the film.
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Figure C.2: Comparison between model prediction (lines) and experimental
results (blue circles). The definition of time t = 0 as the moment that the two
undeformed bubbles would have touched each other is represented by the red
solid line at constant approach velocity (V = −dh/dt). (a) Under the influence
of attractive Van der Waals, the theoretical result (green dashed line) predicts
film rupture without the formation of a dimple at a time slightly shorter than
the experimental film rupture. Inset shows schematic representing the defini-
tion of t = 0. (b) The effect of bubble size was considered theoretically by
performing calculations at the lower end (Rs = 0.4 mm, solid cyan line) and
higher end (Rs = 0.85 mm, dashed green line) of our experimental bubble sizes.
In this plot, the influence of Van der Waals was omitted. The formation of
a dimple was only predicted at very small thicknesses, after the experimental
film rupture had occurred.

To provide further understanding about the features of the model, we also

show the effect of bubble radius and neglect the disjoining pressure (Π) to

observe the formation of the dimple in Figure C.2b. When a dimple forms,

the thinnest part of the film is no longer at the center but at some radial
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distance called the ‘rim’. The effect of bubble size is negligible until the film

thickness reaches ∼100 nm, although the bubble size is a key parameter influ-

encing film drainage when the air-water surface is immobile (not shown here).

Furthermore, the model predicts the dimple (curvature inversion in which the

thickness at the center becomes larger than that at the rim) formation at ∼

10 nm, which agrees with the previous theoretical predictions [44, 45]. How-

ever, the formation of the dimple is not observed experimentally in this case

because the experimental film has ruptured (∼30 nm) before the formation of

the dimple.

Using this definition of t=0, all curves from Figure 4.3 can be combined

in Figure C.3a. We see a broad range of approach rates where coalescence

occurs in just under 1 ms. The starting thickness in each curve depends on

the clarity of fringes for a particular experiment. As both surfaces deform,

sometimes the interaction region can be slightly out of focus. By using the

theoretical thickness and time scales described earlier, all experimental curves

fall into a master curve in Figure C.3b. These results further indicate that

the experimental data obeys the fully mobile boundary condition. By looking

at the log scale inset of Fig C.3b, we observe that for the great majority of

curves, the rupture time and rupture thickness are very similar to each other.

The results in Figure C.3b further confirm our results that coalescence

is very quick in systems with pure water, almost as fast as two undeformed

bubbles approaching at constant speed. As a consequence, if two bubbles

impact each other in pure water, coalescence will be almost certain.
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Figure C.3: (a) Experimental data from Figure 4.3a are plotted together
following the definition of time t=0. (b) Time and thickness are scaled using
theoretical time and length scales typical of this system. The red straight line
corresponds to the film thinning at the applied speeds. As expected, the data
curves overlap, indicating that this model is appropriate for our system. Inset
shows the same plot using log scale, where it becomes evident that the rupture
thickness and rupture time are similar for all cases. The theoretical prediction
shows slightly shorter coalescence time. In this plot we took Rs = 0.65 mm,
which is a typical value of our experimental data.
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Appendix D

Supporting information for
chapter 5

D.1 Bubble aging time

The bubbles residing in bulk can be divided into two sub-stages: (1) Bubble

growth at the capillary orifice; (2) bubble rise in bulk. The bubble surface

area keeps on increasing in the first stage, but barely changes in the second

stage. The evolution of the surface area in stage (1) needs to be considered in

quantifying the aging time. To be more specific, the measured aging time t1

for stage (1) needs to be converted to an effective aging time (teff = 0.6t1). In

stage (2) the residence time t2 is directly used. The overall aging time is given

by: t = t2 + teff = t2 + 0.6t1. A detailed derivation for teff is given here.

At a constant inlet flow rate J , the volume of the growing bubble V (t) = Jt =

4
3
π(r(t))3, where r(t) is the bubble radius at time t. The surface area at time

t is,

A(t) = 4π(r(t))2 = 4π

(
3V (t)

4π

) 2
3

= 4π

(
3J

4π

) 2
3

t
2
3 (D.1)

The effective aging time is defined as follows to represent the equilibrium time

for surfactant adsorption at the surface area A(t1)

teff =

∫ t1
0
A(t)dt

A (t1)
=

3
5
A (t1) · t1
A (t1)

= 0.6t1 (D.2)

Using the above definition, the counted aging time for the pinch-off collisions

is between 6.8 ms and 12.7 ms, refereed as ∼10 ms in chapter 5. For the rise
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Figure D.1: (a) Snapshots for bubble bounce where a slowly rising bubble was
pushed aside by a rapid growing one; (b) Snapshots for the bubble coalescence
process. The growing bubble merge into the rising one within 0.4 ms.

collisions, the aging time is between 40 ms and 85 ms, referred as ∼50 ms in

chapter 5.

D.2 Pinch-off collision: bubble bounce and co-

alescence

The experimental phenomenon in which the bubbles either bounce or coa-

lesce is also observed with the pinch-off collisions. An example for bubble

bounce is presented in Figure D.1a, where the slow rising bubble was hit by

a bubble that was rapidly growing at the capillary orifice. In this case, the

bubble deformation and bounce cannot be clearly observed, because the ris-

ing bubble oscillated and deformed even without collision. But there is still a

clear sign indicating the interaction force between the bubbles: after colliding

for more than 1 ms, the rising bubble was pushed away by the growing one.

The acceleration of the rising bubble, mostly in non-vertical direction, clearly

demonstrates a repulsive force between the bubbles other than the buoyancy
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force, indicating the immobile interface on one or both bubbles.

As a comparison, rapid coalescence is presented in Figure D.1b. Upon col-

lision, the growing bubble at the orifice was ”eaten” by the rising one within

0.4 ms. The rising bubble neither accelerated nor changed its trajectory, in-

dicating the negligible repulsive force during their interaction. Therefore, the

air-water interface on both bubbles should be mobile.

At the pinch-off case, coalescence between the bubbles happens continually

and the rising bubble may engulf numerous growing bubbles before it finally

leaves from collision. The probability is counted from the results whether

the rising bubble left freely, or was being pushed aside and/or show a quick

increase of velocity.

D.3 Force balance

To simulate the rising bubble and its collision with the resting bubble (Figure

D.2a) or the flat surface (Figure D.2b), we need to consider the forces exerted

on the bubbles. For a free rising bubble at its terminal velocity, the buoyancy

force FB is balanced by the hydrodynamic drag force FD with the relationship

FB + FD = 0. Upon collision with the resting bubble or the flat air-liquid

interface, the pressure builds up in the film giving rise to the film force FF

that decelerates the rising bubble, accompanied by the deceleration of the

surrounding liquid contributing to the added mass force FA. The last two

forces should be considered to obtain the force balance (FB+FD+FF+FA = 0).

In our system, this balance is written as [15]

4

3
πR3

2ρCm
dV

dt︸ ︷︷ ︸
FA

=
4

3
πR3

2ρg︸ ︷︷ ︸
FB

−CD Re
π

4
µR2V︸ ︷︷ ︸

FD

−
∫ r∞

0

2πrpdr︸ ︷︷ ︸
FF

(D.3)

In the above equation, Cm=0.5 is the added mass coefficient, ρ=998 kg/m3 is

the water density, g=9.8 m/s2 is the acceleration due to gravity. CD is the drag

coefficient which depends on the Reynolds number Re = 2RρV/µ. For CDRe,

we use equations given by Moore [124] for mobile air-water interface or Schiller

& Naumann [125] for immobile air-water interfaces. Detailed derivation and
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applications can be found in the review of Manica et al. [15]. The film force

FF is calculated by integration of the pressure p inside the thin liquid film

from the center to infinity. The pressure p inside the liquid film is a complex

interplay of the Laplace pressure (2σ/R, σ is air-water interfacial tension, R is

the harmonic mean radius R = 2R1R2/(R1 +R2) for two bubbles collision, and

is the rising bubble radius for the bubble-flat surface collision, see Figure D.2b),

the surface deformation, and the disjoining pressure (Π). The relationship is

known as the Young-Laplace equation, for the collision between a bubble and

a flat surface:

p =
2σ

R
− σ

r

∂

∂r

(
r
∂h

∂r

)
− Π (D.4)

On the right hand side of the Young-Laplace equation, the Laplace pres-

sure is directly calculated with the known bubble radius. The surface deforma-

tion depends on the pressure inside the film, including the disjoining pressure

given by van der Waals and electrical double layer interactions. Therefore, a

detailed treatment of the thin film evolution is achieved with the lubrication

approximation. Three boundary conditions at the air-water interfaces should

be considered when deriving the lubrication equations for our systems. Detail

descriptions of the lubrication equations using three boundary conditions can

be found in section 2.2.2, chapter 2.

D.3.1 Initial condition

The above equations are solved numerically using Matlab, with the initial film

thickness given by:

h(r, 0) = h(0, 0) +
r2

2R
(D.5)

where h(0, 0) represent the initial separation between the center (apex) of the

bubble and the flat surface.

D.3.2 Boundary conditions

The numerical simulation is limited within a region 0 < r < rm, with rm similar

to the bubble size. The deformation outside rm is considered through proper
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Figure D.2: (a) Schematic of the rising bubble hitting another bubble resting
on the flat surface, with the symbols defined; (b) Schematic of the rising
bubble hitting the flat surface, with the symbols defined. The other three
schematics describe the boundary conditions at the air-water interface: (c)
Immobile-immobile; (d) Immobile-mobile; (e) Mobile-mobile.
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boundary conditions. This method helps to greatly reduce the numerical cost

compared with full solutions, while keeping the accuracy at the nanometer

scale. [24]

For the simulations between a rising bubble and the flat surface, both the

rising bubble and the flat air-water interface can deform during the interaction.

In the simulation, only the deformation of the free surface is taken into account,

this simplification provides good results as discussed by Manica et al. [15].

The flat surface deformation in response for the overall interaction force F ,

is described by an analytical solution z(r) = F
2πσ

K0(r/λ) [15], where K0(r/λ)

represents the Bessel function of the second kind at order 0, λ =
√

σ
ρg

is the

capillary length. Therefore, we can obtain the boundary condition for the flat

surface where F = FF :

z(rm, t) =
FF
2πσ

K0

(rm
λ

)
(D.6)

and boundary condition for the rising bubble.

zb(rm, t) = H(t)− r2
m

2R
(D.7)

with H(t) = zm(t)−R shown in Figure D.2b. By subtracting these two terms,

the boundary condition for the film thickness at rm is given by:

h (rm) = z (rm, t)− zb (rm, t) =
FF

2πσ
K0

(rm

λ

)
−H(t) +

r2
m

2R
(D.8)

and the film thinning rate at rm is:

dh

dt
= V +

1

2πσ
K0

(rm

λ

) dFF

dt
(D.9)

For the bubble collision with mobile-mobile air-water interfaces, the film force

is negligible (FF ≈0), then the boundary condition can be further simplified

to dh/dt = V .
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Appendix E

Lubrication equations

In chapter 2, the governing equations for the thin film drainage under different

boundary conditions were briefly introduced. They are obtained from the lu-

brication approximation of the Navier-Stokes equations under the assumption

that one length scale is much smaller that the others. In this section, the

derivation of the thin film equations from the lubrication equations is briefly

presented.

For simplicity, we define the experimental system with two identical bub-

bles approaching each other (see Figure E.1a). Therefore, only the immobile-

immobile and mobile-mobile boundary conditions are discussed. The purpose

of this simplification is to describe the concept in a easier way. The same

equation can be obtained without this simplification. The definition of the

coordinate system is shown in Figure E.1b, where r = 0 is set at the film

radial center, z = 0 is defined at the film vertical center.

The lubrication equations E.1,E.2 in cylindrical coordinates and the con-

tinuity equation E.3 are written as

∂p

∂z
= 0 (E.1)

∂p

∂r
= µ

∂2u

∂z2
(E.2)

1

r

∂ (ru)

∂r
+
∂uz
∂z

= 0 (E.3)
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Figure E.1: (a) Schematic illustration for bubble collision; (b) the definition
of the coordinate system; (c) schematic illustration of the radial velocity Ur.

For simplicity, the radial velocity is separated into two components Ur =

U +Up (see Figure E.1c), where U describes the surface velocity, Up describes

the parabolic velocity with the highest value at z = 0.

To obtain the film drainage equation, first of all, the continuity equation E.3

is integrated in the z direction to obtain:

Uz =

∫
1

r

∂

∂r
(rUr) dz + C0 (E.4)

Here, we can link the film thinning rate with the approach of two surfaces

∂h/∂t = Uz|z=h/2 − Uz|z=−h/2:

∂h

∂t
=

∫ h
2

0

1

r

∂

∂r
(rUr) dz +

∫ 0

−h
2

1

r

∂

∂r
(rUr) dz =

∫ h
2

−h
2

1

r

∂

∂r
(rUr) dz (E.5)

As we defined, Ur = U + Up, and U is a value independent of z, the relation

in equation E.5 can be written as:

∂h

∂t
=

1

γ

∂

∂r

{
r

∫ h
2

−h
2

Urdz

}
=

1

r

∂

∂r
(rUh) +

1

γ

∂

∂r

{
r

∫ h
2

−h
2

Updz

}
(E.6)
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From then on, the contributions from the surface velocity U and the parabolic

velocity Up on film thinning can be discussed separately. Firstly, Up can be

obtained from the the momentum equation E.2. Because the surface velocity

U independent of z:

∂2U

∂z2
=
∂U

∂z
= 0 (E.7)

Therefore, equation E.2 can be written into:

−∂p
∂r

= µ
∂2Ur
∂z2

= µ
∂2Up
∂z2

(E.8)

By integrating equation E.8 in the z direction, and considering equation E.1

that the pressure only varies in the r direction, we get:

∂Up
∂z

=
−1

µ

∂p

∂r
· z + cl (E.9)

In the above equation, c1=0 because ∂Up

∂z
= 0 at z = 0. A further integration

results in:

Up =
−1

2µ

∂P

∂r
z2 + c2 (E.10)

By applying the boundary conditions Up = 0 at z = ±h/2, we can obtain:

Up =
−1

2µ

∂P

∂r
(z2 − h2

4
) (E.11)

With equation E.11, equation E.5 is converted into:

∂h

∂t
= −1

r

∂

∂r
(rUh) +

1

12µr

∂

∂r

(
rh3∂p

∂r

)
(E.12)

The above equation is the same as equation 2.6 for mobile-mobile lubrication.

In this scenario, a further step is required to obtain the surface velocity U

by considering the continuity of stress at the interfaces (see equation 2.7). If

U = 0, equation E.12 is simplified into equation 2.4 for the immobile-immobile

boundary condition.
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