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A nonllnear elastlc (hypoelastlc) constltutive re&bttpn is

'proposed for ana1y51s of plane and axisymmetric relnﬂorced and/or

a L.

_prestressed concrete structuresg The constitutive rer?txonals based.
. ""v." ..~ . .l o ‘. R . ’..'4 . l"w .4‘
on the equivalent uniaxial strain concept. A now ¢characterization
of Poisson's ratio is 1ntroduped; Straln softening behav1or is:

assumed in. tensxon and post f@llure cond;tlons are'lmposed on- three

“ 2, T

dlmen51onal ultlmate strength and correspondlng equlvalent unzaxxal
e

strainlsu:faces. Speéial isggarametric finite elements are devéldped

“ , - —_— . R 0 =

‘for representation~of reinforcing bars and prestressing layers. y“

The £1n1te element model as well as the proposed constltutlve
. J ' - '
) relatlons are :anorporated J.n a flnlte element program’ (FEPARCSS)

.Dfor nonllnear analys;s of axlsymmetrlc or plane relnforced and/or.
~<.prestressed concrete structures. Program FEPARCSS is then used to
'anaIyee a.finite element nodel of an axlsymmetrrc_prestressed.

concrete test strdctnre;reSembling'a seconéary containnent”buileingv

'under 1ncreaslng 1nterna1 pressure. The'resﬁlts'of thefaﬁalysis coe

are then compared to the results of the test structure and a'

)

'theoretlcal elastlc plastlc analy51s of the same test structure._ ,///",
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matrix coefficients of“EqQ_Z,lS. ‘“"_,""

material constant .
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unit vector along the circumferential direction .

elemecté'of‘vectors forming sides of element area
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radial or horizontal components of vectors db1 and dbz. -
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‘denotes a differentiation of the numerator with respect
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ifé‘ t::depotesoshear modulus 'J "" ', - o f':
IUi;IJI H Jacébi;n ﬁetfik endeéts;determioant‘
i#f}' l'f“wé_?aetrensformacion factor
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X

a boundary element stiffness matrix
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. n : s -number‘of tendons in one mesh in dome ';?
nj : 'components of a vector normal to surface on whlch
_tractlon is applled see Eq._3 2.
[N] : matrlx of 1nterpolatinq fuﬁctionsfl
N Gy yumber of strain Subincrements
OE'Oﬁ ¢ unit nermals to plahes E.end u
p  :, material constant
P : - 'unit vector along position vector of the point of
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q; /<9 : displacehent field'in‘tensorJand matfix.forms
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of stresses over volume
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WCE'W&U: : c1rcumferent1al contrlbutlons of E, u tendons

’

”Wﬁ 'lme‘~: merldlonal contributlons of E, H tendons
Wﬁé,, ca s tendon average mer1dional and c1rcumferent1a1 contrlbutlons :
wo.w o, s merldlonal and circumferent1a1 contrlbutlons of tendon'

° ..

number i .
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‘ hlzm\‘ f -
: orthogonal axes of the orthogonal dome prestresslng :
tendon meshes
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feprineipal~stressiratiO'oticoefficient.6f‘therm§1‘expahsion;'
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: .parameters of desceedleé branch of stress sﬁraln curve
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‘*séfeeéfhs to”uniax%e%scompressive st?eegth
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EQ coefficien;-of thermai exéansien‘in ai;ection i" ';T
;" parametets of the'descendingsbfanch of s;;;sé strain f  ,
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'cutﬁe T 2 h S
" : "factors of Eqs. C.6a and C. 6br o ‘ S AR / -
Q-'specxflc welght, or factor of Eq C. 10 1 e “l - /".
! octahedral shear serain‘ ._7.f . . .

shear'st:ain associatea’with planes 1 and 2

B

- shear sf?einjco;respondinéjee u1tiﬁate sﬁeaxisféehgtﬁ
1{ep'Planes}1 and 2 ) | |
':._deeqpes a variation{Woi e'fectereihqu. C§i3
Cr denotes a;'inc:enent' |

: denotes strain . | . T '

equivalént uhiaxial 'strain corresponding to ﬁltihate_'.

“strength

‘strain ih direction i

straln correspondlng to unlaxlal compressive strength

,,normal octahedral straxn
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‘respectively.

' denotes Poisson's ratio
nondimensional

"ﬂﬁhe;épéx<cf.;he ultiméte éﬁreﬁgeg surface

. méan normal

- denotes stress

. i L
- equivalent uniaxial strain
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- strain-in tensor and matrix. forms -
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1

a factor of Eq.}2.3ﬂ .
danergénce ftolerances: for displacements and loads

ﬁohdimgnsi&nal locél'coérdinate o

local coordinate of ‘a finite element

¥

nondimensionalized mean normal stresses in compression

nondimensionalized mean normal stress in tension denoting’ .

4an_irration§l-nﬁmbef.deﬁdting the ratio of'circumféfence
 of a circle to -its diametei"
‘quténtialuenérgy . ”' : . L

nondimensionalized mean. shear stresses at nondimensionalized

strésses'Eiland €y respectively '

AN

mean normal stress: . -

- ultimate strength . . . T
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normal stfeéa in dire¢tion i”g"‘

~nondimensionalized mean normal stress -

stress tensorfiﬂsihdei and»matfik]forms;"
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a fﬁhctiohféf.Poissbn'szfafi6+ dr'shape functioné

oAy

‘derioteés order of,Guassian integration
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"denotes row matrix
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with respect to the denominator . |
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-denotes’ partial. differentiation of the humerator



. N ‘' INTRODUCTION. . =~ @ - R

1.1  Background to the Problem

L . . -.'. ]

- In- the fleld of nuclear energy, extreme rlsks are assoc1ated.

w1th accident condltlons suchfas overpressure, earthquake 1oads or :
\’ .

- catastroph1c~1mpact.‘ Therefore, -the ablllty to predlct the entlre

response of a structure such as a secondary contalnment bulldlng

‘or a prhmary contalnment vessel and to 1pent1fy the condltlons underw,
whlch 11mit states occur 1n order to assess 90551ble damage is .
hlghly des1rable. Thls task calls for compllcated nonllnear

[y

.analyses whlch are. generally exPen51véi Often economlc constralnts'

-'lead the’ analyst elther to abandon or’ to over51mplify the problem.,-
;uThese con51deratlons call for the development of more eff1c1ent and
tversatlle solutlon procedures (Almroth Stren and Brogan, 1979)

: ;a There are;several asgectsltO‘the nonllnear analysls_ot4 ‘l.
~ such structuraljproblens{: sone of the majoglaspects are the-conlh;
stltutive‘modelling.or thevnaterial}'the'finite”elenent nodelling{
“of the structure and the loads, and the numer1ca1 solutlon tech—h

nlque of the. nonllnear problemq In addltlon,'lt ls 1mportant to

reallze that there ls a strong 1nteractlon between these aspectsh,
(Bathe and~Ramaswamy;-1979).

f' Slnce 1974 a research program has been underway at the L

I

" iUnlver51ty of Albecta, Edmonton sponsored by the Atomlc Energy

'Control Board of Canada to lnvestlgate the effect of over-pressure

.
‘.
i
l
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on:Gentilly?ZCEypetse¢ondary.containment,sﬁructﬁres'Which'housei,

CANDU nuclear reactors.' An advanced elastrc plastlc constltutlve

Iy

relatlon ‘for blaxlal behav1orlof concrete has been developed ‘
(Epsteln and Murray, 1978 and Murray, et al.,_l978»»and lmplemented
by Murray, Chltunyanondh and WOng (1978) in a mod1f1catlon of the ;',
j BOSORS code (Bushnell 1973) Subsequently, a serles of tests ' "
‘were conducted on relnforced and prestressed concrete ‘wall segments
-;under:blaxial'and.unlaxial-tenslon to assess the performance and

'4parametersdof,the‘constitutive'relationu fnladdition, a reinforced-_p~
' R ’ . . ¢ ‘
and prestressed test structure composed of a cyllnder and a dome

%
¢ - R

. was bullt and tested under lnternal pressure. ‘The. test results

have been compared to the modified BOSORS analy51s of the same H“
test structure in orde;'to_assess.the'capablllty.ofjthekprogram'

: andhthe;constitutiyefrelationlto'predictuthe behavior_of'the_testiu
;'structure.,'": ‘l | | | |
Although thls the51s 1svnot formally, a part of that

research program, the motlvatlon behlnd the work reported hereln, is.
: to deVelop a parallel sophlstlcated qapablllty founded upon alterna—

- 1

p tive technology A three.dlmensronalvconstltutlve relatlon.rs‘deve-
loped toutake,account o£¢thick5and'thin:shell'actlon:andvan,akisym-',

"J--" : C -, . . . " .
metric’ fihite :element thickshell model is used to accommodate it. Both
are,implemented in.a.noéiépearffinite»element program for analysis
. of axisymmetric'reinforcedfand/or.prestressed'concrete structures.

’

.

@



1.2 sScope and Objectives.of Thesis

The scope of thls th651s is the nonllnear statlc analy51s
of three dlmen51onal (axlemmetrlc) relnforced and/or prestressed L

. structures.. Dlsplacements are small, rotatlons are?negllglble and
R ‘ B

‘strainsfare assumed to be 1nf1n1tesimal ngh temperature and creep

effects are out51de the scope of this work

The‘objectlgeS»of the“study can be listedﬁas Y .
o T o S e
1. To 'develop a three dimensional nonlinear elastiec = -

A 'constitutive,rélation"fbr concreté..

]

2. To formulate a f1n1te element model capable of
: 'represeutlngraxisymmetrlc‘behaviorvof relnforceol'
aha/or.prestressed concrete.structures;
'3."f5 deﬁelop:a nonllmearxfiuitelelememt.program for
;anaIYsis:of‘Such.structuresa&:‘
4;fﬁTo-éemoustrate the‘capabllltieslofatbls_programcf'
SN turougﬁ;applicatioh;to;a'complicateq‘strutturé such

as..a.prestressed concrete containment structure and

/ ¥

" to identify the limit states assoc‘ated with over-
pressure loadin§ of this stricture. o

N

.

1.3, Organization of Thesis o R - T L
. P ": . N X . . '. l B - . . . . . “ ) . . .

B s L L W S
u'Chapter Two.contains a 1iterature rev1ew‘offsomépof the

:exlstlng constltutlve relatxons for multlaxral behav1or of concrete,
5and the development and descrlptzon of a proposed nonllnear elastmc'
constitutlve relation for three dimen51onal (axlsymmetrlc) behav10r

: of‘concrete. . . -f=”
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In Chapter Three a frnlte element model for lncremental’

dlsp-acement analy51s of ax1symmetr1c reinforced and/or prestressed
.concrete structures is presented The necessary lncremental Varl—‘

- ational prlnclples are dlscussed N Finlte ‘elements representlng

concrete merldlonal relnfor01ng and 01rcumferent1a1 relnforcrng
,vare formulated and the assocxated boundary condltlons and.the work
equlvalent 1oads .are der1ved.__° . | A
| A rrnlte element program'(FE?BRCSS) for nonlinearlahalySis
‘bf”axisymmetric“reinforced and/oriprestreSSed COncrete'structUres
is described in‘éhapter'?pur. The ‘solution technlques 1ncorporated
“1n the program,:as well as spec1al capabllltles such as 1n1t1a1
-stress and post- ten51on1ng 51mulat10n, are dlscussed'and ths flow of
,operatlons is presented. -
A prellmlnary 1nvestlgat10n of the capabllltles of program
FEPARCSS is carrled out ‘in bhapter Flve.i éhapter Slx contalns an_T
.analysrs, us1ng program FEPARCSS “of a prestressed contalnment |
structure under internal pressure which was bullt and tested to
failure, .1n the I.F. Morrlson Structural Laboratory :The'test
:structure and procedure are brlefly descrlbed._ The flnlte element

model of the;test structure rS'presented The results of” the

an lysis.arelcompared ﬁith the'test'results as well,as with the 'K,"

re ults'of'an elastic plastic‘analysis. ‘Finally some'of'the limit

tes assoc1ated wrth the loadlng program are 1dentif1ed.

“In Chapter Seven cohclus;dns are drawn on the performance

. of the constltutrve model and the capabrlrtles of program FEPAR&SS .
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(CHAPTER TWO'
. CONSTETUTIVE THEORY . = . =

'
»

© 2.1 Introduction - o

A mult1ax1al cOnstltutlve relatlon lp is an- essentlal com—

.

ponent in any flnlt£ element nonllnear analysiixof relnforced

concrete strnctures. Unfortunately,'the behavior of'concrete under -

nultiaxial‘states of:stresslis complen.oothiin‘the s ength and_in
'the deformatlondemains;:thile.information on-uniaiial ‘esponse of
'concrete.ls abundant blax1a1 and trlaxlal responses are ‘o yet
fully understood.f Thrs‘sltuatlon ls not 1mproved'by‘the scarc;'y;

: of.reliable data on which to.base'anaJ

&

icalﬁmodels. There is a

' general lack of straln data partlcularly near and beyond peak

..

' strengths.a Cracklng andvpostrcrushlng behav10r are.major problems
f51nce-ajlarge part of the responSelto'failnre‘of‘a,reinforced cohn-
crete'strucﬁure'must of necessityjye traced after part or most.of

the‘structureEﬁave‘cracked and somé c0ncrete may have~cru3hed.

¢

The scope of ana1y51s of concrete structures can range

~

from llnear small dlsplacement 1nf1n1te51mal straln analy51s to

[
\

! large dlsplacement flnite straln analy51s. 'Therefore,'ch01ce of '

'constltutlve relatlons sultable to the type of analy51s enhances
: T - S )
efficrency. However, ‘the phy51cal nonllnearlty of. concrete 1s -

2
“

always dominant. Approaches to the materlal model range from

h elastlc-plastlc to nonllnear elast : One popular approach to

-

“ffmodelllng the behav10r of concrete under multlaxlal states of

v : S '
stress is: to consider the materxal to be orthotroplc nonllnear

.\.1 ‘.
x

.



'2.2‘vLiterature Review. ¢

which the rate of stress is a functlon of the rate of deformatlon

follow1ng dlscu551on is conflned to thls approach ‘since the model

‘the level type and ratios Sf. the stresses and/or the stralns.H'l Vo

{

i .

? . - i . .
| .

v

l

l‘

!

elastlc and to organlze the constltutive model around ‘some equlva-.'

plent unlax1a1 relatlon. Slnce 1972 a<number of studles have been

-'published along that llne, Llu, Nilson and Slate (1972), Coon and

Evans (1972), Kupfer and Gerstle (1973), Romstadt, et al. (l974), '

'Darw1n and Pecknold (1974 l977a and 1977b), Sarne (1974), Lank

(1976) and Bashur and Darw1n (1978)

1 . i )
' In thrs chapter a brxef?revlew of some of these models'is
. . ) o

"presented and a nonlinear three dlmenSLOnal (ax1symmetr1c) constl—‘

tutlve relatlon for concrete is developed.

IS

. . Yoo . . . L )

v ‘e
[N

T

Truesdell (1955) deflnes hypoelastlc materrgTs.as those_for

and the stress hlstory. Argyrls, et al (1976) and Schnobrlch (1977)

- cla551fy the models referred to in Sectlon 2 l as hypoelastlc; The *

"\ Ce

proposed by the writer falls under the same c1a551f1catlon.~ The

“a

‘ underlylng assumptlon of these models be51des the defznltlon of : /é'.-%

Vv

Truesdell is: that the mater1a1 is nonllnear elastlc. Therefore,.

-ftangent or secant constltutlve equatlons are used in the form of

the" generallzed Hooke s Law.; The-problem then rs'to determlne thE‘

[ - K

"varlatlon of the modull 1nvolved in a given form.of Ho‘?e s Law

&.-

'throughout the- 1oad1ng history. In the absence ‘of tlme dependent

“”effects and. hlgh temperatures, these modull become functlons of
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a Llu, Nllson and Slate (1972)havepr0posed a'b1ax1a1 ortho-.
tr0p1c model of concrete. In thlS model a stress—straln curve whlch
takes 1nto cons1deratlon Pozsson s ratlo and the'’ ratlo of pr1n01pal
B . . \Q :l’”‘o
- stresses is deflned as. S
x
g, eiso/{(l Va)_l[l‘ (E/ES% (1 -va) - 2’-_‘51/%1’
, *o(eg/ey) 1o i=12" (ro sam) - { (2.1) .
. ) . . R
'wh'er'_e',»_F_;_,s 1s the secant modulus at peak strength Ec is. the straln
at pEak'strength and a 1s the prlnc1pal stress ratlo. The incre-.”
“* ‘. . mental constltutlve equatlom is wrltﬁen as
‘. “'i', . .-» BG!' . | J_)\‘Ell'b'(E.zb )\\{ o 0 - ,‘ . . .' Lo . , ~A.€1
T ¥ Y-23 T AV S BT B . Y-PR
MM ,_' -0’ o . (Eltl~E?’b)”7'(B.,1‘b-fE2b+.(2E2'bv) Ayiz
i . . (2.2)
‘where; B Rt U ) - '
. 4 S e _ ‘ I
= oL vy B oL
: A Eip/ Brp/Byp = V) ‘. o - (2 3)
) \: . . : - et . -

‘ ‘and Elb and Ezb.are effectlve tangent moduIl derlved by dlfferen-:
N . -

tlatlon of Eq. 2. l with respect to - the straln E_.~ Eq. 2 1. 1s used

" 1n compr3551on only, whlle 1n ten51on ‘a. stralght llne relatlon

}l
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01 S | (BR*GY) (3K, -6.)/27°- 0 | €1
= + iy - . : ; A -

02 4G,/ (3K, ?_G,s),»“Ks Gg)/2 (3R +G) o e

Tiz N .0 (3K, +46) /4] |v12

(2.9

-

Kupfer and Gerstle suégest rqlationéhips fof_thehsheaf and bulk moduli

as fﬁhctions.of the octahe@?al shear strain as

™ - (2.5a)

G ,= Go(l‘ﬁa (Toc/fcu)
g
s

. . p . _ .
,Ko(G‘s-/Go) exp (cyoc) . (2..5b_?

where-Go.and Ko are the-initiallsheaf and bulk moduli respectively,

T and Y - -‘are the octahedral shear stress and strain, f is the

oc | ‘oc o , S Teu -

uniaxial compressive étrength and a, m, ¢ and p are constants. These
'y R ) ‘ | R .

aufhors have used ;he failure surface proposed by Kupfer, -Hilsdorf

e

and Rusch (1969) as ‘a biaxial failure criterionl This type of ==
. . o

analysis agrees well with test data in the compression

zone but is not Successful in other zones (Darwin and Pecknola,
. ‘ © L : . :
1977b and Kupfer and Gerstle, 1973).

Cedolin, Crutzen and.Poli (1976 and 1977) haveé suggested
~an exteénsion of the same concept to three /dimensional cases. However;
- the bulk modulus in this case is assumed to be a fuﬁction of the

normal octahedral strain ee. Their "recommended expressions are

'

6 = o (.81 (2 Voc/.002
s fe) : |

o2y _+.9) (2.62)

K, = K_ (.85 (2.5‘_€°./'°°14) +.15) - (2.6b)
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‘.whlle'Argyris, et'alz (1974) admlt that thére may ‘be.a

N |

:relatlon between the dev1ator1c and hydrostatlc modull, they‘
_ state that the assumptlon of lsotropy is llmltlng under general

condltlons such as nonproportlonal load paths and cycllc loadlng.

~

Romstadt, et al. (1974) has deflned a straln space whlch is

d1v1ded 1nto several progress1ve damage zones. As the materlal
» strains from one . damage zone to, another, Young s modulus and : “Q%F* ,
. : . RO
P01sson s ratlos assume dlfferent values. The varlatlon of Young s -

: imodulus takes 1nto -account the prev1ous history of. damage. Although

. this concept.ls.very lnteresting,nit-has.not been pursued,by.other
‘ , ] A , - i g
_uinvestigatorsk

- e

e Linh (1976 ?'d'l§775 has developed a'numher of functions to
ndescribe:Youngls' du11 and Poisson's ratlos ‘to be used in a two '
¢ . . .
,dlmens:onal orthotropic mater1a1 model.- These'functlons employ the‘
;le;el and ratlo.of prlnCLpal stresses as.lndependent varlables.w

~r,“ !

'.The functlons are, eitremely compllcated and have not ‘been extended

v ‘Y

to three dlmens;ona behavxor_

PRI -

f, Geistfel (1977a and 1977b) has suggested a hyperelastlc p

. approach to obtai the requlred elastlc modull for an 1sotrop1c iy k"'M

. L

' bxax1a1;behav1or of-concrete. Geistﬁeldt (1977b) suggests_that
. t . . :

.llmlted exten51on .to three dImen51ons can be achleved.~~,.

Darw1n and Pecfcnold (-1974 l977a and 1977b)'have developed

oow

. the concept of. equmvalent'uniaxlal strains for orthotroplc bl&Xlal

E \ . . B E _‘.
,behav10r of concrete..;The31ncreﬁental‘constitutive relation~isnof,g

D

the’ form C . o . LT e

€1

rememme i it # e, &
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[ Agy
o AGZ : = Ae,
' AT12 . ' | . hAYt?
| ' ‘b ! .. - _.. | - ' ' ‘ " ’ . ) . . . ’ ‘ (2 .‘7.). .I
| .. | | . . o
_The equivalent uniaxial strain increment is defined. as
.Aeui. =~ Aoi/Eij gno sum?“.,‘ is= },2 }" e ,l(z,gz,

’

'Eqs. 2.7 and 2 8 ‘are deflned in the pr1nc1pa1 axes of orthotropyo'

‘w whlch -are assumed to 11e along the axes of prlnc1pal stresses. The

,
.

h;accumulatlon of the 1ncrements of equlvalent un1ax1al stralns ylelds
"the totalyequlvalent.unlaxlal strains wh}ch'generally‘do nothorm a

. second.order'tensor_and, therefore,are‘not.transformable.

s;i = ‘zAdi/Ei (no sum) - i= 1,2 Kover loadpathf (2,9)"

barwin ana'Pecknold have chosen-the-uniaxial'compreSSive

stress straln relatlon of . Saenz (1964) to act-as an 1nstantanegus

I

~stress equlvalent unlax1al strain relatlon in compressﬁon;: 3'
stralght 11ne relatlon-endlng rn a 'cut off‘has been used‘ln tension.7
iThe parameters of peak strength appearlng 1n the relatlon are .}: -
obtalned from a modlfled form of the Kupfer, Hllsdorf and Rusch
fallure envelope (1969) '

It 15 noted that'mostlinrestigators hane ﬁsed-a tension
chtoff criterion. The . proponents of the gradual s;ftenlng approach
in tenslon clalm th:; cracking (when treated 1n a smearlng fashlon)

canniot occur over every"p01nt ln a reglon where stlffness is rep-

" resented by an 1ntegral Therefore, the materlal must . retaln a -



a certaln measure of stiffness represehted by a descendlng branch
.1(Scan10n and Murray,'1974 and 1972 Murray, et al., 1978 and
" Elwi angd, Murray, 1979) ‘ The desoendlng branch in ten51on is observed

. dn 1ndeterm1nate tests, e.q. Evans and Marathe (1968), and its

.pcharacteristics must-be‘ﬁunctlons:of_the Stéel3Fat1°,19.r¢él'
%he-above has heen albrief.discussion'oflsomelof'the
"proposed models-forvthe behav1or‘of concrete under multlaxlal SRR

’ c.
-."_I. - .

states of stress, and has been conflned to hypoelastlc prop05als.

Many other contrlbutlons of equal 1mpbrtance have been publlshed. '

Da ™

Coon and Evans (1972) have lntroduced a true hypoelastlc approach,'.
'Murray (1979) has developed octahedral based tangent1al stlffness
.1imatrices, Sarne (1974) has extended the hypoelastlc approach to
'three dlmen51ons, Ottosen and Andersen (1975 and 1977) have proposed
Tyet dlfferent models, Ottosen (1979) has recently proposed a: secant
':-based c0nst1tut1ve relatlon whlch tackled the post fallure behav1or.p
.On the other hand—helastlc piastlc nodels have been used and are :'

'stillfbeing_developed. Among these are the Chen and Chen (1975)

N v

. three dimensionaI.EIastlc plastlc,nodel the lnvestlgatlon by

'Mroz (1972) of nonassoclated flow rules: the three parameter
nhelasth plastlc blaxlal constltutlve theory suggested by Epstelnz, -:.
©and Murray (1948%uand-the~further developments_by Murrax, et al.
(1978) . In a separate category the endochronlc theory developed‘by

.'Bazant and coworkers (1975 and h97€) must be mentloned : ¢



2. 3 The Prqposed Materlal Model L .f:~ o @'f_ N
A . e e

.2, 3 1 Introductlon L

n.)
s -.1' .

A constltutlve relatlonshlp based on ‘a hypoelastlc

"orthotroplc approach-ls proposed to model the behav1or of\a three

Voo

: dlmen51onal (axisymmetrlc) concrete contlnuum. ,The model assumes
'small dlsplacements, 1nf1n1te51mal stralns and negllglble rotatlons.
' No rate, temperature or creep effects ‘are provxded for. It:is ~,¥‘

‘j'deflned in the. form of an 1ncrementa1 stress—straln constltutlve
) equatlon ‘in. whlch the mater1a1 parameters are obtalned from stressﬁ

v

equlvalent un @xlal straln relatlonshl.ps. The model draws heav:.ly '

- on. the earlierﬁwork of Darw1n and Pecknold (1974, 1977a and l977b),-

~

”of Saenz (1964) and of Wlllam and Warnke (1975).\/}n the follow1ng,
pthe constltutlve matrlx, the stress equlvalent unlaxlal straln

i -relatlon, the constltutlve-or-materlal parameters-and‘the ultxmatei_
strength and correspondlng equivalent unlax1a1 straln crlterla,f
. “ "- . . .

' 1ncorporated 1nto the model, are dlscussed.f”f

-

'2.3.2" .The Constitutive Equation

3

o The proposed~constitutive-relation is;intended.for use'in'
the analy51s of axlsymmetrlc structures. Therefore, the constltu— l

"+ tive matrix is 4 xf4. When orthotropy is’ assumed, the number of

RNl
S

.independent‘Variables'in the.constltutlve matrix is, restrrcted toh' B

ten. - When the relat;on is referred to the prxncxpal axes of ortho-i

».tropy 1t can be wrltten in: the form of an 1ncremental Hooke s

N



”1;13ﬁuff7

{ag, ). ‘I/E& .-.\s-ifz./ng -?':v'l',a/s‘.s', R T N 1

R R o v ] e T o (2410)
des L -Val/El-'..-Vaz/Ez' . 1/B3 - -: 077 My | ' '

'aYii.;'%wplr uOff'a, 5 ° €';f;':0’f"?1/Gfi ”:af12u f

It w;ll ‘be: assumed that the constltutlve matrlx w111 remaln

"symmetrlc throughout the analy51s. Th;sisymmetry glves.rxsé to~j,
.the followlng relatlons o ”'{‘
‘ o : ;' RS '
SR e e . o SRR L
o VizEro= Var B e o s ey (2011a)

VisEl L= Ve Bs oY 0t 2, by

UVgaBp = Vig By - . o o0 T o Y2ie)
- substltutxng Eqs.‘2 11 lnto Eq 2 10 and rearranglng, the féllbwing e *'f

symmetrlc form of Eq 2 10 can’ be obtalned,vﬁ

i'qel‘z f 1/E1 :-ﬂlz/Vﬁﬁiﬁ'-ﬂgl/VETE;- Of:'f"dd;'13‘:'

‘Hsyﬁﬁ ”f' ';ﬁ 1/E3 fu '0?;f ' ddjﬁ ;' Ve

Jaes

aviz] | S S g l/G”J {dTy2

' which when inverted yields . - 0 . ool e
. ., A ‘ : .. . . . . ) Lo . '.. /“, e o ’ .
e

doy . }‘*Ex(l¥<ﬁ§31 VElEz (n31n23+n12) VE1E3 (n12n23+n31)e

aea
laoz 't - o | o Ez(l “31) ]- VEzEa 4”12“31+n23) ;9;¥} ét11
S T S N
cofes o EYme E3(1 n12) B -"_0 : des

':KZ}}3fw



where

ndy = Vi vay L T ke

3

N

W’
i

#
w
”.
]

“;vra'Vél . Hrf:hf:khl'jﬁjv o ,"_t‘du;-;?JEJH'(Z!;AC):"

-e.
1}

(1 n21 n23 n3i'r2nlznzan31) - ?.'::ifﬁ'f;(iﬂl4§)

. Eqs. 2. 13 and 2 14 are the ba51s of the constltutlve, ﬁf-f f.f:ﬁ
relation. The symmetry assumed above is by no means tr1v1a1 5‘

' and w111 ‘be* enlarged upon later. L

C 2. 3 3 The Equ1va1ent Unlaxlal Straln Concept

HaVLng deflned the form of the 1ncremental constltutive ." oL

~ b

ﬂ; equatlon lt remalns to determlne the varlatlonigf the tangential S %r
hYpoelastlc modull. For thlS purpoSe, the concept of equ1valentg”»' o

unlaxlal’stralns Whlch has been developed by Darw1n and Pecknold’ff
. Q . -

(1974 1977a, 1977b) 1s used wlth slxght modlflcatlons. 'Thls .,ah

l

.:;'concept is brlefly descrlbed as follows iflfﬁl ; ﬂ"'jvr‘]:f L .f.f'

Let Eq. 2. 13 be wrltten as ('?’,jjvf L e
a0 | 'JéxBi;'sﬁiﬁxi\'Eiﬁxﬁfg.Qfl‘ ey f7=vj-df-”
doz | |E2B2y [EaBaz EaBzs . O | fdep |- o
{403 | - E3B3) ~ E3B3sa2. EjB33’ 0 7’d€3f,m:__..‘-‘ S o

h

-

clatig , .

_“in,khioh'théfcoeffioients'B?j are defined bylldentafylng the matrix
j.ﬁerms“of q 2 15 with: the corresponding terms of Eq. 2 13

. CarrYIng out the multlpllcatlons of Eq. 2 15 yxelds R



L .d01 = Ei(Brydei.+ Brzdey. % Bisdes). .. .

Cas

- S e L el et L I
a0z = E2.(Baidey ¥ Bypdes + Bpjde;) R T
.- T.,d03. = B3 (Bﬁfdii + Byadez + B3jdes) o o(2.16€), oo

dnz Glz dszf \

P

et —

sy

.Bgs. 2:16 .is writteh‘inWMatrix»form,as-f llows . - s

S 1 doy fBy 0.0 04

otzam

[ SR

) iakia1 st:ainJincremeht"53

iricrement as

—

5 "gz_,;_s'-), SRR

‘Eq, 2 17 in the 51mple form f

; vi.fn;‘I d§uih:f‘i??i/Ei ) "-1f—ﬁ}‘3gfj"1,*q,fr-]-‘2fl?)f~f.

.-fhjlntegratlng Eq. 2;19'over the load path :'e ‘iﬁif7‘}?3

© e

s em " do, /E (no sum) . ,i=1,3 0 (20200
T (over 1oad path) a ‘”ﬂ e e

Eqs. 2 16 are deflned 1n the pr1ncipa1 axes of orthotropyjl--

{*~ Darwin\and Pecknold assumed that the prihclpal axes of orthotropy }




B shell structures the meridxonal and c1rcumferent1al stress d1rectlons

'predominate.y Therefore, the proposed model assumes that the pr1nc1¢

- “pal axes of orthotropy at a p01nt are fixed ln the local mer1dlonal,

.;:be transformed uslng the usual coordlnate transformatlon methods.-,A o

"ﬁﬁﬁisi'-,rvfg:

of the straln 1n dlrectlon 1 that the mater1a1

,subjected to a stress 1ncrement dc

c1rcumferent1a1 andnormaldirectlons.. The equlvalent unlaxlal

- -/ ‘:

l_“fstraxns wlll be treated in the same manner as real stralns and w1ll

B ‘ Tt L

B . . ety

.phy51ca1 1nterpretat10n for the equlvalent unlaxial stralns and the .
dragonal matrlx of Eq 2 17 1s attempted ln the‘follow1ngh The

'1ncrement equlvalent unlax1a1 straln of Eq..2 LS is the 1ncrement

A

o

h'contrlbut1ons are equal to zero., In other words, the matrlx of \

. 6‘

".fEd; 2 17 1s the constltutlve matrlx of a f;ctltlous materlal w1th

3,hzero'Polsson“s‘rat;os, N

r:equatlons. In the materlal model proposed hereln 1t 1s assumed

H”that the total stresses ‘are functions of“the current equlvalent

T

. .
L

T4

In the hypoelastlc theory developed by Truesdell (1955)

-

‘the stress straln relatlon follows from the 1ncremental constltutlve

‘«._ -

o
S

.uniax;al,stralns;g-*

»

"':-'\.t . . . )
For the purposes of thls work the unlaxlal compre551ve

~'stress straln relatzonshlp of Saenz (1964) ls generallzed ln a

16

whlle all ot:er stress 1ncrement

“*_ﬂ2;3,4thhe*EéuiValenthUniaiiaivStrainsstress»Relationr:; oot ”{; e



I SR

! .~

17

'manner slmllar to that progosed by Darwrn and Pecknold (1974 1977a i'f‘lﬁ

e
" and 1977b) and used to descrlbe compre551ve as well as tensxle

\\\fesponies on the ascendlng part of the stress—equlvalent unraxl 1 “-
unveh P ‘p ,

strain curve ertlng Saenz 8 relatlonshlp in terms of ‘the equl-"f'

Lot

.valent un1ax1al straln ylelds o

U_',i = Eqi&:ui’/,[il fff(th-. 2.): ,(Eui'/gc:i-) + "(lé{xi(eé‘i‘)f‘] ..b',‘-.(:le.?l)‘-

where

~

Eis.fé..d;i/ECi' l‘nozsum) 12.225)

’

The type of curve descrlbed by Eq 2. 21 is 1llustrated 1n Flg.l2 1 .a

‘on wthh the varlables of Eqs. 2. 21 and 2 22b are shown. rMore

RN

spec;flcally, Ebl is. the lnltlal modulus of elast1c1ty in dlrectlon lﬁ.q_;

'f-aanGCI and éé! are the max1mum stress assoc1ated w1th directlon 1_-f

=

s and the correspondlng equlvalent unlaxlal straxn respectively.

g The descendlng branch of Eq '2.21 1s too steep for llghtly
relnforced conefete in ten51on. Therefore, ln thlS study a blllnear

descendlng branch 15 adopted,‘as follows (no sum)

1 = i (o (€y3/€0: - 1).)'_. 1< eul/s:c1 <8 (2.23a) -

Q..'
H

‘q
I

ociaz (B2 - gﬁ/gci).» : 81 <'. ‘.‘:-;u.i'./g‘Ci' i;Bz (‘2'.23;,;):‘

. where 01,0z, 81 and B are shown'on Fig. 2.2,

g e 0 T L B2 < eui/€ei .- (2.23¢) -

—
-



‘.

In compre551on, Eq. 2 21 ;s retalned up to € i ;,Zeéi at which.: B

p01nt lt is assumed that concrete crushes. 'The complete curves. .. -

.lfor compre531on and ten51on are shown on Flgs. 2 l and 2 2

&
\

r.respectlvely. -
Eq. 2. 16d shows that the shear stra;n can be accumulated
' \dlrectly. For the purposes of thls study the Saenz relatlon was o

'Qadopted for shear and Ls wrltten ‘as - f' N P ot
: g" ) . ) L . N .' ' ) ‘ ’ d?

J_e R :: e AT 3 R 2y n o
.»:';12 = .Go,‘l:zlY‘,l:Z.-/['l : V(RG‘ 2 .(YI?/T.Yg.Ié) + (Y12 Yepp) 1 (2.24) |

" where . . L S LT
. s12 - 7 . 'clz(Yczz . ' o : o f -),
-and;G-iv 1s the 1n1t1a1 shear modulus, and T ' and'Y ‘are the
; ol2 ™ - €132 S Gz

"'max1mum shear stressland the correspondlng.shear strain respectlvelp.
qu. 2 24 is adopted up to the peak of the shear curve.“ For the lf
'descendlng branch of the shear response a stralght llne is used
'-as follows -

"‘ffﬁlftiz =H.I¢i2,(1-7q3f(ylzzyéié-71))";“lez/leza“ .'2(2:26)

.. where a3 is a.conStant.. The shear stress straxn curve 1s‘shown 1n

: Fig;'2.3,3 In thls study shear deformatlons are expected to- be 1ow

1n the partlcular hoordlnate system chosen. Therefore, the dlfference..-'

7';between Eq. "2 24 and the equatlons of Kupfer and Gerstle (1973)

0

'*fbr Oedolln, et al (1976 and 1977) 1s expected to be of no xmportance 1_

Hand the p01nt is not further pursued.u"fﬂ‘“



."'.

) 2 3 3 Young S - Modu11 and the Shéat Modulus B fe : L -»}L, o

v Eq ‘2. 21 serves to deflne the 1ncremental elastlc modu11 cot
- : . ) ) .

_'of Eq. 2 17 for by Eq. 2. 19 .

By = dojddeyy mosumocc T 7 (2.27)
'leferentlatlng Eq..2 21 with respect to E ylelds.;'w
c R = ;E;)ifl;-,(;eui/slci)z/[l-,(Ra-'-z)'(éui/p Vel /e~i ) 232

e e (no sum) | fu:.g;r (2 28)
‘which .ae»fin'és Young's’ i‘uioauli'.- |

\

- The lncremental shear modulus G12 can be obtalned from "'. -

[ﬂEq. 2. 24 u51ng 51m11ar reasonlng as_'.

| 7-‘_--‘3'.‘--'2 = ._»Goifz‘:'.'f.‘-."'lfl‘_ ‘Y_-“?/*i:i;;zi’z?ﬁ[l;—f (Boin?) mz/Y 12> * mz/v 1%

Eqs. 2 28 and 2 29 are. conflned to’ the ascend;ng branches of @he

o respectlve responses, except 1n compre551on where Eqs. 2 28 is stlll

RV

"}.used for the descendlng branch. In ten51on and shear howen7f74the

. requlred‘modql;‘are'assumed,to.be - R Ty
.. S S L H . _ L e L ‘ ‘

. m
I

= CoEy O L<gue <k 0 T (2.308)

i 7% E51 B“"‘-<‘J€1i"i./£c_.i'. < By g - ('ij3°‘?). e

o}
[

G12= L Ota G512 o1 < gy (2.300) .

B A o . :
SR The~ch01ce of a1, aZI'Bll.BZ and Ga depends on the amount ‘

- N

‘.Aof*etee;fin the nelghbourhood of the point under cj}SLderatlon. An



-

R postulated in the form ﬁVg.”T:.ﬁ o 'Q‘ SRR '_'”a.ﬁ--.

-2 3 6 P01sson ] Ratlo

B B
. .

- L. ‘- R

RN

+

= sffe;/that a tangentlal stlffness apprOach be successful, it 15[‘”f

:'./recommended that the overall unlaxlal stlffness of a reglon ’ "

-
:

lncludlng steel be requlred to be p051t1ve définite. (Chltnuyanondh,

Aet %}., 1979) T »'. '-t 'f3h‘¢' i.ta- .'1fﬂ.e{‘.3t;:{ o \t'

2“
)

Prlor to melementing the anremental sttgss strain relatlon—:

' »

Shlp it 1s necessary “to determlne the values of’ P01sson s ratlos

o appearlng in Eq. 2.13. It 1s assumed hereln that a straln dew

[

'vpendent-- POisson'S‘fatlo-may-be applled:to<each equlvalent uni4’

'faxlal straln, that'us, three 1ndependent Poisson [ ratlos are

DR R VNP B S

B

- in;Whibn vo.is'the initialvPoisson;s ?atio. Eqs.'2gl4a to 2{146 ,

*2-ma&'nOije'ﬁritten*as

. P B " o -
e A o o o v,
. . SR . .

,'/. ’ ‘.'.l .;’

-5v1-9?‘>.“2 o T ';!ﬂif"&(é.32§y‘

=
()
1

"_‘_nzé‘ = "\)..2..\)»3 o L -~~ e (2 32b)

(2. 328}

In compne351on, the functlon f(a /E ) appearlng 4in

1, é 2 31 has been determlned from the- un;axlal compression data of

— s

Kupfer, Hllsdorf and Rusch (1969) by a least squares flt of a cublc

polynomial. Thls ;esults 1n the approxlmatlon ;'ftffﬁ" ‘*f

& a 5860 (e/e ) )

Sy . oooo+1 3763 (e/s: )-s 3600 (e/a 2o
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«

"th‘ 5 1n whlchlg_ls thg s;laln in’ the dlrectlon of loadlng and € ﬁfis theu‘

straln at ultlmate strength Substltutlng € i and € i for [ and

€ ou respectlvely, Eq. 2. 33 assumes the form of Eq. 2 .31,

.

Mlcro—cracks exlst 1n concrete along the aggregate mortar

-

tlnterfaces even at the v1rg1n state (Hsu, et al.,‘1963) A& 30% of
ultlmate strength these cracks lncrease 1n number, w1dth - and- length."
At approxxmately 75% of ultlmate strength theSe cracks penetrate'fhhﬁ“
the mortar between pleces of aggregate formlng a contlnuous pattern
approprlate to the stress condltlon. Althgugh Hsu, et al (1978)

studled concretexln compressron - the- saéf\behaVLOr may be expected

o |
-

in ten51on but developlng more rapldly than in compre551on. Con51der

.
\ a

'a block of concrete under tenslon in d1rect10n1.w1th a pattern of

. 1nternal cracks as shown 1n Flg. 2 4 T Let the block be subjected
to ten51on or. compre551on in any dlrectlon perpendlcular to

—~ .

dlrectlon i. The contractlon or expan51on 1n dlrectlon i due to S

the applled stresses 1n a perpendicular dlrectlon w1ll be absorbed

,1n part by fllllng or. 1ncrea51ng the volume of cracks. In other' L
: ~N

words,the total P01SSon s ratlo effect on the block w;ll be dlmlnlshed.

Once tﬁe materlal has reached 1ts ultlmate strength in tensxon in.

‘dlrectlon i, these cracks may become w1de enough to 1nh1b1t inter-

RN

actlon between dlrectlon i and he normal plane, except for the,shearu

.

pProvided by aggregate lnterlock etd. Thereforleit has beeni

“

‘assumed”that PoxSson‘s.ratié?an ten510n is, constant up to the

appearance of mortar craCks. It is. further assumed that«a deflnite

N

pattern of" mortar cracks 1n ten81on starts to appear at 50% of the

ultlmate tens1&e sE&ength At thlS poant 1t lS assumed that P01sSOn S

M

ratlo starts to degrade becomlng zero at ultlmate tensxle strength

v } oo . . .



., -
iy

.

This is. expressed as follows, (see Figures 2.5a and 2;5b)4‘

v, = v . : 0 < € ./6. <-0.5  (2.34a)

i .o S Tui’ Tei — f ,
= 2V “e- T ) © 0. <f“ £2i1.0° .34

v, = 2v (1 eui/eci) 0.5 €.i%ei S 10 (2.34b)

"V, =.0.0. o . lL.o<'g . fe .. (2.34¢)
i . : ul ci. u S

‘At this p01nt it should be noted that the varlable o appearlng
1n Eg. 2.13 should always be non negatlve A 11m1t1ng value of 0. 5.
has thprefore been placed on the values of v, ﬁin compre551on. Thls
value.co:;esponds to a limit of zero 1ncremental volume change.
Kotsovos and Newman (1977)havermmed that the point at, which thls.;
limit is reached corresponds to the onset of unstable microjcrack '
propagation. zrhis is the,process thaefcauses the_dilatation phenomena
'observed in concrete upon‘aporoaching'the ultimate strength under;
uniaXial and,blaxial cdmtféssion. Therefore, it can be argued that

the dllatatlon has no mean1ngfu1 const1tut1Ve 51gn1f1cance. More—

over, no dilatation is observed under trlaxlal compre551on (Schlckert

-

- and Wlnkler, 1977) Rather, the material appears tqgflow whlch

.l
supports-a limit of 0.5 on,901sson s zratio in compression.

2.3.7  The Ultimate Surfaces

a

g 'v The eval-u-ation of the. hypoelastic moduli described in .

Sectlon 2.3.5 and 2.3.6 requlres thesspeciflcatlon of the parameters

¥

‘ appearing on the rlght hand side of Eqs. 2.21 to 2 34,'1 e. o and

l.'

- -

Eci.. Slnce these parameters ‘vary with the changlng stress conflg-

uratlon as well as the\loading hlstory, the evaluatlon can be done _

by specxf&ing a: surface in stress space to define the three values



3 .

[

‘of Ucf and a surface 1n the equlvalent unlaxlal straln space -to

deflne the three values 6? e that correspond tO«the O

PR ’ L

A surface in stress space that deflnes the ultrmate strengths
_ oci for“any ratlo of stresses is called a "fallure surface". Thls
_ i _ P .
. | ‘name is somewhat-mlsleadlng in case‘pf a materlal w1th strain
softenlnc behav1qr It is proposed to call such a surface ah
b“ultlmate strength surface"'(E1w1 and Murray, 1979) . :'The'fiVe d
parameter surface proposed by Wlllam and Warnke (1975) ‘and illuy
strated in Flg.-ﬂ 6& 1s used in thls work to deflne the ultlmate
.strength surface as well as the correspondlng equlvalent unlaxlai
straan surface. The characterlstlcs of thls surface'are reviewed
briefly in the following..'~ . ' l';J N o
Let the mean‘(average) norma1~stress be defined as

Oa = 94/3 S s

and let- the meah (ayerage),shear stress be defined as

where sij'is the deviatoric stress tensor which is written as

Vs, = 0,.-0. 8 /3 T e

' L I P SR . N .

' Diﬁlding by the uniaxial compressive strength,fcu,‘the.variables"'
' o S 2 0 U . o

O, and T_ are nondimensionalized such that

Ba™ c.’a/,fcup : R , (2.38a)

Té“ =¥ Ta/fcu L | R :... 11 ‘(??;89)_.ﬁw



‘matically described as-'

hd24'b:

.&'1'

The surface under con51deratlon 1s assumed to 1ntersect the

- dev1ator1c plane (Ua” constant) in: three symmetric elllptlcal

A

Hi

g segments formlng a closed convex and contlnuous curve. Thls trace _.f
;ls shown 1n Plg.,2 6b -on a trlaxlal.plct,‘w1th the axes representlnq

'the ma1n dev1ator1c stresses Qi The elllptrc trace may be mathe—'

e

R o= r(8, G0 . e (2.39)
a ‘ A g o -

'where 6 1s called the angle of 51mllar1ty and 1s expressed in, terms

"of the pr1nc1pa1 streSSes as: (W1llam and Warnke, 1975)

" cos® = (0 +cz—2os)/{/‘[(b1-cz) + (02 -03) 2 +(ca-01) 12y

(2 40) :

HFor o1 > 02 > 03, then 0 £6< 60 , as may be seen in - Fig. 2. 6b.-hThe

functlon r in Eq, 2;39 lsfdefined,as:(willam and Warnke,-1975) L e
o 'hz . v‘i o o . ;: 2: o ‘1/2;
. 2r2r;1° cos + rp(2ri - r2) (4r14 cod B+ S5ry'-4rira) . ‘
r = — A — e — (2.41)-

‘4r12‘cosz-e" + (ra - 21.'.1:)_2.
in.which

Cor1z- = ré-‘f .o o T (2.2

. ';.'I

The varlables r; and’ r; are respectlvely the maxlmum (9 = 60° ) and

.mlnlmum (6 = 0 ) radii of the deVLatorlc trace of the surface. These

: varlables,are assumed to.be parabolic functions of the hydrostatlc

. ...

stress and are expressed:asf(Willam‘and'Warnke, 1975) )
— e ,_‘,,‘,,_;____‘__‘-_‘.., | -'— - “ - ‘. .-.. ... .- 2 . P L. .. . . .. .
T =& + a0 +a 0. ° (2;43a) |
= + ] . - B o ) . .. .
F2 1= by *by -qa+b.2_-°-a o e 43b)

. \‘«



I‘:]through a set of control p01nts, as lllustrated 1n Flg. 2 6c. ,1111-

.25

. L , e . .. ol .
et ' T [ . L T

Le

' ,Plotted on the so called “rendullc plane", the functlons r1 and r,

uare lllustratedleFlg. 2 6c.- The values of the coeff1c1ents ao.to
';hz ln‘Eqs. 2 43 are chosen such that the varlables r1 and“r;'passH
prpendlx % descrlbes ho; these coeff1c1ents are evaluated The )
’surface proposed by W1llam and Wanke (1975) 1s now completely deflned :
':and serves to evaluate the three o ; s requ1red 1n Sectlons 2 3 4 o
‘ﬁand235 | . - |
Houever, Eqs. 2 21 to - 2 34 also requlre the‘evaluat1on of

the equlvalent un1ax1a1 stralns € ; assoq1ated w1th 0 For thlS

purpose 1t 1s postulated that there is & surface in equivalent unl--

- ‘/“

'-axlal straln space whlch.has the same form as the stress surfacei»
ﬁdescrlbed.above. Therefore, the straln quantltles s and #. dre

1'def1ned to correspond w1th 0 and*T ‘reSpectlvely by replac;ng 01,
lidz, 03 in Eqs. 2 35 to 2.43 by the pr1nc1pal components of the |

ﬁ-’equlvalent unlaxlal straln tensor. The analogous nondlmen51onallzat;on‘}

,_of Eqs. 2 38 1s carrled out w1th E , the straln correspo'dlng to

Analogo»

' 'unlaxlal compre551ve strength,_replac1ng f .; ‘uantltres -
.'for the straln control p01nts follow dlrectly and Eqs. 2 40 to :

2. 43 together with the equatlons of Appendlx a can’ be used

St

©2.3.8 'FailureuModes:f

The usage of the ultlmate surfaces as 1mplenented'by Darw1n :
‘and’ pecknold aSS!ImeS that instantaneously, the léading is pro-' .
portlonal.' Thus, 3°1nin9 the origin and the current stress p01nt S
5with a stralght llne and extendlng the straighthllne to intersect

':'the surface the required ultimate po;nt canxbe obtalned.f This hf7“;.;



hj;procedure has been found to be quite adequate 1n triaxlal and

. i

~fb1ax1a1 compre551on, (E1w1 and Murray, 1979) ; However, 1n.otherf

"51tuatlons it becomes lnadequate sxnce 1t xs concelvable tﬁat a

vfpolnt under tenSLQn may crack.normal to the dlrection of loadlng,.ﬁ;n
_'but can Stlll support 1ncreasrng stresslln the other tw0 dlrectlons‘}”f'
Hlnftensron“or compre551on, (Chltnuyanondh, et al., 1979) | Thereforg"ly;
the fallure mode must be taken 1nto conslderatlon.!_zl'.};.cgf:f'v"

For the purpose of 1mposlng failure modes on the evaluatlon_’*

;{hfdf the parametersy ocisand éCI,'a number of condltlons are stlpulated
‘as follows: | :
i) Compre551on-Compres51on-Compre551on' ,
In thlS case the parameters are obtalned from the ultlmate

-'surfaces\descrlbed in Sectlon 2 3 7

ﬁ;r)‘f Compress1on—CompreSSlon-Ten51on;h:
| In thls case the ten511e c0mponents“are obtalned from the i&

slultlmatelsurfacest‘ ThekcompreSSLOn components 1f greater than‘fv

'1n case of stresses or. greater than e cia: xn'case;of-equlualent

oy

"'J unlaxlal st&alns may be taken equal to f .or éé;‘as'thé’caéé‘mayl.f'

ce

be'. Theiterm_“greater than"f;n the~;ast,sentence is meant in the "

' “algebraic senSe.'f;" .
S ‘ ‘ ¢ S

(iii) Tensloanensxon-Compression.u.?“

In thls- case, the 1arger ten81le components are obtalned

from the ultlmate surfaces.. The smaller tensile components may be
- 7

taken as f ;Or;s-- as the case may be.‘ The compressive conponents ’

o tu’
i ) . t B

y be taken as £ écu as. the case may be.;\*ff'““""a

(iV) Tension—'rension-'rensiou. T




K

'.jthe case may be.-;fgg”f3-‘

e are 111ustrated ir Flgures 2 7a to 2 7c, ;5~”'

i Flg. 2 16

"‘fof approximately 8% in this instance;ﬁ

iﬂresponse in tension-compressxon is

"ﬁua

s i .
\

. \'?2‘-.'3}9 "--vé.f’iff’i'caiiibn.éff the"".cénsti'tutiéé Relation: ' .

In order for the constitutlve relatlon proposed ;n thls ,'H}Jg

L_ chapter to haVe valldlty, 1t should be able tc predlct stralns T?J7"*"
o assoc1ated with test results 1n the 11terature ! The aVallable,

"J;‘experlmental studies are assoc1ated w1th a predeflnedﬂstress path.-j

,'.

fﬁiyﬂln thls type of applrcatlon stress lncrements are applled»and 1t 1s fﬁ;J

Py

;Q',requlred to flnd the assoc1ated straln 1ncrements.' A flow chart for t

v,

n“ythls type of appllcatlon, whlch requlres 1terat10n,'1s shown 1n IR

A comparlson of predlcted stralns w1th selected sets of . o

]measurements by Kupfer,'Hllsdorf and Rusch (1969), herelnafter

a

'refered to as the KHR data, 1n a serles of blaxlal tests 1s shown :,7-—
¥ i . s

n

};ln Flgs. 2 8 to 2 11, 1nclu51ve.; Th parameters that have been used

h\to model th1s material are glven 1n Table 2 1. Flg. 2 8 shows the

Ca
K

"ﬁlunlaxlal compre551on comparlson, ahd Flg. 2 9 shows the b1ax1a1

T ' L s

‘-;fcompres51on‘compar1son;v Slnce the peak stresses and correspondlng
;stralns are control points on. the associated ultlmate surfaces,

-fexact correlatlon is obtalned Cat these poxnts.- F:g. 2 10 shows S

";w'the comparison for biaxial compresszon in’ the ratio of‘-l--52

'ﬂ81nce=the chosen ultlmate strength surface does not predlct the

.same strength as the KHR failure surface : there is a discrepancy

.c ,-'-‘,

A comparisoﬂ of typical

wn_ in Fig. 2. .




"fixsome of the‘three dlmenslonal tests of SChlckert and W1nkler (1977),__f:‘

~riltheory w;th plane stress tesJ' }A comparlson of the theory w1th

ﬁherelnafter refered,to as the SW data, has also been carrred out.4,~"

1_901nts and are shown in Table 2 2 The'correspondence of.these

“f'equatlons on the rendulic plane w1th the SW data 1s shown Ln'Flg.

'g2;l The Values of rl and rzre

..

seen«to agree sultahly w1th f5"“

Ly

fgthls data setv Th? SW tests were carrled out by loadlng along a

®

‘i_hydrostatlc stress path w1th deV1atoric stress equal to zero, and

i

f’then 1.ncrement1ng the three pr:mc:,pal stresses 1n such ar way that

",x?results for a dev1ator1c stress path along 11ne 0 c of F1g.;2 6b

"=Q{path along 11ne O B of F1g-,2 6b (6 ) It cah be seen that ;;'dilf”;‘

ﬁpath along llne 0= A of Flg.,2 6b (6 = 60 ) Flg. 2 14 1llustrates

3“(6 = 30 ) Flg. 2 15 111ustrates results for.a dev1ator1c stress

.ntr1v1al stress paths._ :

A

'the hydrostatlc streSS remalned constant while thefdeV1atorlc_izf"

v.tv

Ty

“}stress varled.- Fig. 2 13 rllustrates results for dev1ator1c stress

AR

:"<

‘Flrst, the_parameters of Eqs. 2 43 have been evaluated for the control-f{ﬁ

...,

- the model reasonably S1mulatés the SW data along each of these non—ﬁ”fﬂ,vﬁw




5 Table 2 1 KHR Matenal Model Parameters

R

v :

A7 ‘x.’.

d: o

¥ Ultimate Stmngth_

Equnralent Unlaxlal 1 .'Initlal Elastlc :




Flg. 2 1 Compressxve Stress Equlvalent Unzaxlal T
Straln Relatlon “’:vz-- ot ,','+1'(7ﬁ3"

Fig. 2 2 Tenagle Stress Equlvalent Unlaxial v SR
el Straln Relatlon e “uq_;,;?_ RT3
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Fig.<2 S:FPraposed Poisson s Ratio-Equivalent Uniaxial ;iviﬂi::7fff
o Strain Relation Lo , , S LT




\

. (b) A Devistoric View.of Argyris Surface -

 Tg i

| -v/27T3

a, VTS

- " (6] The Rendulic View of Argyris Surface . .

— .t .
] [ . «

‘a, /A5

. 7.Fig. 2.6 The Ultimate Strength Surface - . . .
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:, Read control parameters similax tO-those shown 11&'”
I 1n Tables 2 l or- 2 2 1.

,,,,,

h for both stress and equivalent un1axial strain surfaces
N (Appendix A)

e 'f'Readtsﬁress'increméﬁtfﬁdi‘fﬂga:‘f}, ha

P_ Deflne unbalanced 1ncremental stress Aci Aoiﬁ f“‘flﬂ
- current total stress o = 0 -FAU B

Compute U and e from the current total stress 1

.

and the ultlmate surfaces defined by the'parameters‘
[ a - to b, and subject to- the fallure condltlons of
. v Sectlon 2.3. 8.+ - :

"l':t —

Evaluate E ir vy T n from Eqs. 2 28 to 2 30'

"V

Er R IR “and Eqs. 2 32 to 2 34
Vh‘}flz .:t:ll k i f*“.".;ii ]1' B

s Calculate the matrlx of Eq 2 12 ([DT)

. K,f,;’“, {Ae } [D] {po*)}

b ER <;e.>l= <. > + <.Ae >

‘<. e > + < AO*/E > ,;_‘,. '~ﬁ'~ L

: vaaluate-<_d*ié using Eqs. 2% 21 to 2 26‘
L Ao > g > < 0* >

Ty e

.k-ef,>g
F ¥ |

——|< A0, > > Tolerance |——ier————

L Fig. 2 16 »Flow Chart for a sPec1f1ed ;'-Zj{_ e*?ﬂ>57¢~“""'”
: ' Stress Path ST :




FERE ... e
"+ FINITE ELEMENT MODEL ( . =~

"'3;1ﬁQIﬁtfcdu¢ti6n:f5*

,_J{ to develop a.sophistlcated tool for the analys1s of relnforced conv ‘

’crete structures, for axlsymmetrlc and planar problems, under Statlc

Ji& pshort term loads and small dlsplacement flelds. The rectangular

'flfhserendlplty famlly of finlte elements (Zienk1ew1cz, 1971) has been ’
":', \ .
- chosen as the basls of program FEPARCSS (FEPARCS 1s an acronym for

','Flnlte Blement Program for the Analy515eof Relnforced COnprete

//Stfﬁctures .)n These elements can be conVerted easily from plane

stress to axlsymmetrlc state or V1ce versa wrthout changlng the frameff l 13

b of reference or the descrlptlon of the strainifield (Zlenklew1cz,

J'wn“ 1971). The ma;n dxfference between axlsymmetrlc and planar problems f~5'”a'

T'j 1s 1n the descrlptlon of materxal propertiestand the additlon of c1r-“*“

element ' The merldional rexnforc1ng element represents the reln-'rl"m

':h" forc1ng bars or prestressing tendons actxng in z-vr plane. The

el L -_,” I " _-":‘




.Let;.' he body :'shmm m F:.g "‘.d:’be”‘divided nto

"v lume af an"element ,,and 1et sqé""-‘"
and S be those port:.pns of the element surface on which the dis-:"--'_"_"3*_'...'.-‘-"'--"-

'number'of elements, .

o placement and stresses are prescrlhed resPectJ.Vely.a:. The superscrlpt ' :







tual'.work . of - internal’forces’

exﬁé ;afiﬁoféeshsuijCt~




variational prifciples it .

isary to- solve .




s




T ey

v BN relte ey o alae

[oomesra 0 Gam

S eTeEres T e

4

]y [BITLe }- [N] {F °}]dv J [Nl {T°}ds

(3 14d)

BE e
e
{80 }i; =
_‘.__Qg“.,

, the

s element stlffness matrlx, the lncrement of body forces and the .
g \ . Oy :
- J.ncrement of surface tractlons... The Eerm .<‘AQ > should van:.sh 1f




','where [K] 1s the structure stxffness matrlx,'<Ar> 1s the lncreeﬁ'

'?wment of nodal dlsplacements, <AR> 15 the 1ncrement of prescribed'
'Lloads and <AQ>'13 the unbalanced load at the end of the prev1ous”ﬁ'”
"lqad step. Eq. 3 16 together with the condltlon of Eq. 3 4b make?

_.| B : -‘ )

'.up a nonsxngular system of equatlons whlch can be solvéd for the

'iu lnqrement of dlsplacement <Ar> : ”'?e?:"ﬁ\ﬁfn“

"}3 3 Isogarametrlc Element Formulatlons e o L e
: : T -
3. 3. l Solld Element Formulatlon . 7
‘_‘~.l . [N . . . . .' ‘ K
: The formulatlon of«a flnlte element depends on. the unlque ,,‘“ ”tlﬁx\

e N .
' descriptlon of unknown functions w1th1n the element xn terms of

l'parameters aésoc13ted w1th the values-of the funct1ons at the nodes,

,(Zlenkiew1cz, et al., 1970)- These parameters are based om- what are -
' o .z. ,

‘

xcalled shape functions"f. The shape functlons depend en the spat1a1
"descrlptlon.of the element and must satlsfy two condltlons.l y‘f, |
a) ‘Contz.nulty of the .funct::on and derlvatr\.res up t: thea(
"iéfdér requlred by the variatlonal formulatron which ;ﬁﬁ;;’
‘-Tzone order 1ess than the maximum order of dlfferentlatlon .
erﬂfapoearlng in the functlonal (contlnulty of class C
;'requlred in- this study) flf~' ,rf :ifnzki'“flf:l m'fv'.
,thslThe abeity to represent a constant fleld of the unknown | gf

”Etgfunctlon over the entlre volume of the element ﬂfa f 'f;.:v

}1fldCond1tion (a) can be satisfied}if th 'number of nodes on a boundary

:18 sufflcxent to determine unxquely the variatron of the funct1on

'Qjalong the‘boundary and‘lf onl “the 1nterbound\ry nodes between two :

‘fadjacent elemgnts influence the value o,‘then ,anWn function on i;”;;fﬁb



":“1n Appendlx B

l? coordinates E and i (see Flg. 3 3a) ‘as

hthls boundary., In. thlS /study only llnear, quadratlc and cublc rect-
fangular isoparametrlc elements of the serendlplty famlly are used

7(see Flg. 3 2). The shape functlons for these elements are glven

The components dr and dz can be wrltten 1n terms of the-normallzed

©

-

B

, 51nce the elements used are 1soparametr1c elements, the same

‘ shape functlons can be used to lnterpolate geometry as well as. dls-

s,

»” . . . \;M'."‘a

48

e

“~:placements as follows Lo “/)”‘;#,g‘ o, '
. e ,
<rz>.='<é>[xz] N © (3.17a)
el <uv > =< gt [gfx-]' ST A (3.170)
Ed ”f,»v“" ST e .n. : e
s where r and z are horlzontal radlus and vertlcal coordlnate respec—
tlvely (ax1symmetrlc formulatlon), u and v are the horlzontal and
vertical dlsplacements respectlvely, the symbol ( ) denotes nodal
values and < ¢ > is the set of shape functlons., o
\\Yﬁ>q;\ “a A d1fferent1al element of volume dV representing a
" \‘ . . . W N
radlan\ﬁector in any axlsymmetrlc contlnuum can be wrltten as "
.. aw rda T, R
\ IR o
: ,"J ;/L' ) * v
. where dA is an element of area and is’ deflned as ‘the magnltude of'
's
the cross product’of the two vectors/dbl and dbz maklng up the 51des
of the element of area as shown in Flg. 3. 3b. erting the cross
] -, L . R B . . . "t
product 1n terms of the r and z components, Eq. 3.18 assumes the form
3 "'._dll':z_..';,dj'z_z.,'_" o S ' BN
l'- ., \\v'.



»

Where'[ﬁﬁ]uis the‘JacoEian matfix;

~ terms of the shape functlon derlvatlves as

. <dEc>> and dbz

written asf

%  where the symbol (l]) denotes a determinant \.:;

A

'ﬁ-av [=

rIJI

N

d&du

'-,<kh;d2} = <dE du>f[dj]'

orresponds to < o du > .

L .

Thus ‘EgQ~ 3 .19 can. be

{'

»

L e e

‘

(3.20b).

' The purpose of thls sectlon 1s to evaluate the 1ntegra1

of Eq. 3. 14a.

Assumlng that the constltutive matrlx [C] 1s known

and that the element of volume ‘can be represented by the rlght hand

v

siae of Eq..3 22, it remalns to evaluate the matrlx [B ] 1n ‘terms of

the shape functlons and derlvatlves.

F

- .

3

Let the stralns of Eq 3 llb

be expressed for axisymmetric strain fxelds as (Zlenkiewicz, 1971).

Lo

| deg |
e

b Xz

Ae
B o

l_AeV?.
-} Ae,

—

IRT 2
| < 99/9z >

REY |
o <amen|

"

- cl

tauy]

wy| "

(323

v

Thls matrlx is exptessed 1n,“,";”'

| (332253:

[
Len
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L R Y- VI

"' . The derivatives aop_earing inEq 3.23 may be evaluated as -~

1

\ w since the matrix [J ]"'l has pol;momials in the denominatOr
o v

._" .:|.t becomes 1mpract:ica1 ‘to try ;‘i:o J.ntegrate Eq. 3. 14a in closed form. 3

E 'Therefore, integrations are evaluated numerically.' For the purposes'i o

. of th:Ls study, Gauss:l.an JmteQration Was selected as a v:l.able scheme..
Thus Eq. 3. 14a may now be written as A

S #n 'm ; | . :
RS NRERTE [x 1= - % [B(Ei.u )] [c] [B(E ,]Ji)]w w lJir ' (3.25) ‘
e . i=1 3-1 , . T

t

- \where n and m are the order of Ga.ussian 1ntegrat10n 1n directions .

i'E and u respecti,vely, and'-wi and w;n are” the weights assocxated

wrth each poi:nt 1n direc_ ‘on*s E and u respectively.

B ;3 3 2 Eormulationieof the Meridional Reinforcing Isoparametric Element
. . e “
In order to model the meridlonal reinforcing and prestressing

: layers w:.thin ‘a. sol:.d element, a compatlble element can be descr:.bed

'

. such that the mtegration 1s carried out only lalong the required

B laxers.‘ An element whz.ch can accommodate layers along the u or E

: _‘.-dlrections is formulateg in th:.s section, see Fig. 3 4a.. o . :

©

v

G 3 I:et the potential energy of the element berwritten ‘as"

.O.

5 <o°As+-;-Aer> av =




. et B . . . AT . T .
) »\-\)‘ : v S - ° .o '

Of the element of length along the layer d!., the area of the layer
B per unit width A and the rad:l.qs (axisymmetrm formulation) as 4 .i

Lraat LT s '...(3’._275-'-_,:-

s 'rhe strain i(reu:k is expressed‘ in te' of the global strain and, -

‘ the on.entation of the layer as

- Ae. = Ke casz-_e A Ae‘zsi;hz‘.e"i-i- Y  Sinfcos6: T (3.28)

- ‘where, -

" cos® . = (3.29a)

e TR

- "sind @2y

P P S

Us:.ng the defuut:.on of the—stra:m increment(s'tated .1n Eq. 3 1b

‘neglectlng 1n1t1a1 straxns and us:.ng Eqs. 3 29 Eq. 3 28 uiay be .
. "wrltten as"‘ : T ':‘,’ ‘ . ' -

ar de aA ar dz ;v g N
e e o e 3., -
aa Bz az oL, (3.30)

SA

ok as g gz_'
'~A€“—a‘ +'a s at

ﬁslf«*r
glﬂ'

-

dAudr dﬂvdz SR
“Ae. d?. dl +== dR. d!. 5




sind ,-17-45}5‘5}7];ﬁqifqﬁ"g"? ?“3”~5'34ﬁ01;¢<3;:é51*‘*“"

where J. is a transformation .fac:tor which can be derived using Eqs.. 3 20

l\.'vand is. wr:.tten as . : -;‘ . | S F' ‘
Ec1331c¢m now be,'.sta"ted"".a's-, L LA ‘

U Ae dAu gg dr du dAv du
du db. du ‘ar s du-
Using the ;de.-f‘.ix.;itioﬁsz’.o-f ,'z'qs.; .3,.32, Eq334can be simplified as -

Sl dAu o R ' I L ’
AR au“au"J/ G [l e

+

,- &;}%

The J.ncrement of stress appearing-xn Eq.. 3 26 _can be stated

~

' in. terms of tbe merement of strain Ae a.nd the current elastlc

N 4

. W,

13726 using Bqs. 3.27 and 3,36




.:3 3 3 Formulation of A C1rcumferent1al Rexnforc1ng:;
',; Isoparametric Element :}w?ﬁwf iy ~,:- -

Hoop reinforcing and p'estressing tayers can‘@e-modelled 1n {f -

yﬂ'the same manner as the meridional layers descrrbed in'Section 3 3 2 Lo
‘~1:Aga1n, an element whlch can accomodate circumferential layers parallel

t'Vto the u and E coordinates has been formulated.q In thls case the

)

}_,potentlal energy of the element Lsﬁdeflned as statediqlEqa 3 26. The

>, !

1e1ement of volume 1s defxned as‘r

."

";:édvlﬂ=ftr§a£'”;”” ]Ei:“




'-f&where wi

._“-:"IOf integratj.on. R

's are'the Gaussian welghts and'm denotes the“Gau531an order

' ”7.fand equllxbrating loads., The latter are equivalent to the internal:ﬂ; R



















a - sisa

s dr/dl e T e
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“ﬁ where dl is: an element of length along the surface. “Intternsféiofl”*"'

‘a normallzed coordlnate, e g. u, dl can be wrltten as- s,fff

by
EOU

where 'J' is g .tfeﬁs,fPrmat.ion 'fa.,cﬁdr"".de fined:as | 7% :
0z,7 % AT e

355 The element of surface ds appearingzn Eq 3 59 is; deflned for a.j-ﬁVﬂﬂ'y}ﬂ\l;'

- one radlan sector as

‘"'fﬁas,,ef-r\ql: BPDEEN j;s;ssng*l

USLng Eqs. 3 65 3 63 and 3 61 the surface tractlons are expregsed

1n terms of shape functlons and normal and tangentlal compOnents as




1{sina " <cosal{ <¢>

Jcosa . sindll

£ the cnai

" in Section 3 3 l are satlsfled, the same”shape”functiens deflned 1n %'

. , R - .

S L RERPRESE "waIV o G
g‘ApPendlx B can be used ST I

. 3.6 .Bo'.undary.. Co_nd-_ition's, A

Boundary cond;tions 1n program FEPARCSS are applled 1n the

W
s o .

::ffcrm of llnear sprlngs of very hlgh stlffness compared to the dlx"
f.- . ’v’
'.:stlffness of the structpre under consideratxoﬁ' These sprxngs can

w PR i

i

'

‘/fthave any orlentatlon 1n the plane r- z.' Let the v1rtua1 work fﬂ'~:

-.—'

:daSSOCLated'With a boundary element be written as . 8

TN e S RRRPIEE PRI o
) wherefﬁy is the vxrtual displacement and F 13 the force Ln the ,

2
i

-'f_sprlng,. SLnGe the sprlng 1s lanear F 1s wrltteneas




¢

e

;\\ »

Substltuting the rlght hand sxdes of Eqs. 3. 7oJand 3. 69 L

.into Bq. "3, 68 the latter is wrltten in matrlx form as

e sxne = o
-8y = < cSu Gv > < sxne cose ? Kb (3:71)
o cose ‘

,‘The.contribution to the vaxlatlon of the total 1nternal R

virtua17work.of~the structure due tO‘the_boundary:element is therefore

14

"_5’ ,'—"’v<5u 6v> [l&> ]‘ I ‘ R ‘.' ,.}(»3;72)

‘

where [RS ] is the stlffness matrix- of - the boundary element and is’
wrltten-as o ."l'“':, e --ﬁ S -'- | = s - .i‘7

sln 9 2 "cosG‘sin9~

S0 ke (3.73)
cose 51n9 cosze S P .

Thms stlffness matrlx Ls added to. the approprlate stlffness coefflcents

. of the p01nt (node) at whlch the boundary element 1s attached. u,'
' The reactlons are calculated by multlplylng [Kb ] by the

actual dlsplacements obtalned at any stage 1n the solutlon. The

':reactlons are necessary 1n the equllibrlum check.. They are - added to o

"

:f'the equllibratlng loads obtalned in sectlon 3 4 3 as a. method of

, .

.applylng the condltlon stated by Eq. 3. ab to v1rtual dlsplacement

g fleld.'";"

“.ég
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7 lé) Relinforcing Layers
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. calculates’a corresponding st

bt may riot. satisfy compatibi:




tor thCh‘ is then 'ap‘p“ﬂ_ived to the .structure. At the end of







obtalned, and the number of 1terates has nét exceeded the specxfled
: . h)
maximum, the program uses the unbalanced 1oad vector to obtaln a
. \\ t
further increment of displacement. For thlS purpose the program

branches back to eitner step‘1, 1f re—evaluatlon of the stlffness
. 4
matrix is required or step 2 if this is nqt required,

1f numerical problems, such as an ill conditioned sfiffness

matrix, oscillatory convergence, .or exceeding the naximum number of
iterates, occur, the program automatically stops. and prints out the

©
Flg. 4.2 and 4. 3 show the flow charts of the operatléns for

currenu)7€%fb of stress and'displacement fbr the.user's consideration.
O

the two stages descrlbed above.
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Fig. 4.1 Iterative Schemes
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Read qoh;rpi'pafameters.anﬁladjust '
» SR . common block’sizes and dimensions

& . 4

L

Eééd.énd‘generaté problem data

)

- - R

Form element shaég,functibﬁs and,déviativesA]

s

Form sky line of structure ‘stiffness matrix

i
S
L T {
L >
~ L . v
a

B 4

-[%hitiéliZe strésses and material properties ]

4

(jform partial load vectors’

(ﬁstore structure and load information

4

If requested form, triangularize and
‘store structure stiffness matrix

K |

. 4

s STOP — — : —

Fig. 4.2 Flow Chart of*ﬁtoblém-?réparation Stage of FEPARCSS
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Se e

'.}'-; ‘_,+ — — — . |
(o Lot T ). K=0 . Read Trlang. 1
‘Rgaq load 1ncremqn§ dgscrlptian A stlff trix

Préstrebsing|.

-'applicat;pn?'

-y . - N

Yés}f.“*_yo ';‘5", o o 4
g ] Form load lncrement vQctor _
and uPdate total load vector ‘ =0. -

\?restress tendons
land -form prestress..
loading vector

k>0

Form and tr1angularlze A -
structure stiffness matrlfj-.f Sl ;#a,

‘-

\\}. Solve for an lncrement of{
, it dlsplacement and update B
~ "*’H,. ltotal d1§p1acement vector|

i

Yes %' . No o ;i' o .*‘:.

Update-stresses and . o )
material 'properties [ o 1

g
JNumber of iterates
exceed maximum?

. .[Sgtain unbalanced load vector'

% . : .
, B . ¢ R4
N " B . . ot
. . 1 . :

Yes |} r » . ™~ Lo
No Tést convergence of loads/displ.|- s

: - - |Print out displacements and T o
_ _ stress information .
> — : +' ; J .
- STOP{

.Flg. 4. 3 Flow Chart of Solutian Stage
of FEPARCSS P
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A constltutlve relatlon for three. dlmen51onal (axisymmetrxc)
,behav1or of concrete has been proposedr}n Chapter Two.. . In Chapter ﬁ
’Three a flnlte element model for 1ncremental analy51s of axlsymmetrlc
Zrelnforced and/or prestressed concreté;structures has been formulated'
iChapter Four descrlbes program FEPARCSS 1n which” the features
'.proposed and formulated 1n Chapters Two and Three have been 1mple—‘

mented In thls Chapter a prellmlnary 1nves 1gatlon of the Capablll—

,tles of program FEPARCSS and 1ts ablllty to characterlze the axlsym—

[
T

'metrlc behav1or of concrete is conductedm
A series of tests onﬁpresthSsed concrete wall-Segments

" were carrled out at the I. F Morrison Laboratory, Unlver51ty of .

v . X,

Alberta by Dr. J.G. MacGregor, Dr S. 51mmonds, Dr. P M. Murray and *}

..Dr. S. szkallah durmng~€le w»ear 1978 (Chltnuyanondh, et al., 1979)
‘These experiments formed a part of the research program into the

X effects Of overpressure on secondary contalnment structures mentloned
.in Sectlon 1.1 In thls Chapter a. 51mulatlon of some of these - tests
_ls carrled out uSLng program FEPQRCSS The results are compared
'w1th the experlmenta} results and4w1th the results: of an elastlc

' plastlc analysls (Chltnuyanondh, et al., 1979). Only two segments

out of fourteen wnll be compared._ These are segments no.-l and’ no. 3. -

Segments no. 1 and no. 3_are-1dentica1 in.details but have.
_.'been tested‘under different load paths. )

. -
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e .
‘ L 2

QSbZ:swall SegmentVTest ﬁescription_.' i.‘ ‘ _ﬂ S djj Ty

- inches thlck, The re1nfdrc1ng con51sted<yftwo #3 @3 1nches meshes '

oo - e . . .o e . . * M L T

The wall segment spec1mens were 3l 5 X 31 5 1nches and 10 0 '

. AN

placed one’ half lnch from each face The prestresslng tendons

COnSlStEd of’four'7w1re tendOns in one. dlrectlon and three 6 w1re

N

;tendons'in the other direction; The tendons were placed 1n ducts

1.07 inches O.DI,"tensioned'and anchored'at'the endsv Load cells
were placed between the: anchor heads and the bearlng plates. 'Flguresf
5.1 to 5.3 show the details of the wall segments

The prlmary 1nstrumentat10n con51sted of electrlc straln 57

gages, placed on the concrete on. each face parallel to the maln dlrec— o

't1onstof prestre551ng.d A nnmber of Demec p01nts were also 1nstalled

'on both faces. :_ ‘ .h , 5n “‘ "'l .. i f ‘ "f °”f

s

Loadlng was applled through two 1ndependent perpendlcular L

‘systems.attached.to both the steellrelnforc1ng and,the prestresslng

"and in

'the loadlng rat10xwas

: C i P N R o .
© tendons. Segment 1 was tested under blaxlal*ten51on.w1th:a 2:1

loadinq ratio. Seghient ¥ was also tested under b1ax1a1 ten51on but

ﬁ

u.l ‘up to 375 0 klps at whlch p01nt the load in

direction 2‘was kep constant whlle the 1oad in dlrectxon 1 was

increaSed. Direc On.l was-the directlon parallel to the 7-wire

. Y, - . . , | S -
tendons, whlle 1rection 2 was that paralleluto the 6-w1re tendons.

The prestres ng level in the tendons in dlrectlon 1l was 134 6 p51

rectlon 2 1t was 124 2 k51 (lossfs included) ‘ The prestreSS-

."/'. L.




fr5 3 FBPARCSS Modellgag*_ﬁ the Wall SEgments ;@"7” Zf “ft7555¥f- {;al'

. ',‘. N ‘. i \

- ',(

,—-. .".'.-;

Wall segments no. l and‘ﬁﬁ‘ 3 have been modelled for analy31s ‘

lnphes hlgh and 10 5

: fby program FEPARcsﬁ/as parts"of ‘a. cylinder 31,.

. ;‘1nches thlck hav1ng an 110 S 1nches 1nternal radlus as shown 1n :

\‘ . Q_-«v'

= ‘Flg. 5¥4“ The flnlte element model consbsts of One 12 node cublc

/

'element reStlng on roller boundary oondltlons ;s shown 1n;F1g. ‘5. 5.1»
The steel rebars and prestressxng tendons are smeared 1n merldional
“and c1rcumferEnt1al layers ‘as- shown in Flg. 5 6. s o

, The mater1a1 propertlesﬁaré based on data publrshed by Q

Chltnuyanondh, et al. (1979)5

Table 5 1 contalns the mater1a1 ..“pﬁjﬁ.”

propertles requlred for the proposed onstltutlve relatlon.. Table 5 2'

*descrlbes the stressstralncnuves for the prestres31ng tendons and

 the steel rebars.‘

Surface pressure ls applled on the 1nternal face of the cylinder
in order to 1nduce tensxle stresses 1n ‘the c1rcumferent1al dlrectlon

which henceforth, is called dlrectlon 2 . A con51stent ‘set of

U '

concentrated nodal loads is applled to the top edge in order to Lnduce

-~

tensile stresses 1n the merldlonal direction which henceforth, is .

called direction 1. Thefprestressing is applled'uSLng the post-

B ten51on1ng optlon described 1n Sectlon 4 4.2. ‘The'tangent'stiffness‘

‘fapproadh l$ used throughout the analy51s of both segments as a

-

‘solutlon strategy._ e

[

5.4 Comparlson ‘of FEPARCSS Analysls Wlth the BOSORS Theoretlcal
- fAna1y31s and w1th the Experimental Analy51s

As mentloned in Sectlon 5.2, segment no. 1 has been loaded
with. a ratio of 2:1.‘ Pig. 5 7 shows the load-straln response of

N

~




Lo

R

A thls segmentL On thls flgure, the response of FEPARCSS 1n dxrectlon l

-agrees well w1th that of BOSORS and w1th the experlmental results.
.‘In DlrectlonHZ FEPARCSS and BOSORS agree well but both predlct |
hlgher cracklng load and subsequently a response stlffer than that
.of the experlment | | .' |

Segment no. 3 has been loaded w1th al: 1 ratlo up o 375 O ‘

’-

Iklps, at Wthh pornt ‘the loadlng in- dlrectlon 2 has been malntalned

'

constant while the loadlng ln dlrectlon l has been contlnued.‘ \S

\ °..-
Flg. 5.8 shows the load-straln response of thls segment. In thlS

case FEPARCSS shows a more flexlble response in dlrectlon 1 compared
to both BOSORS and the experlment. Dlrectlon 2 shows good agreement
between all three - responses. Table 5 3 contalns the loads at which

'cracklng, rebar yleld and tendon yleld have occurred. ;

; 5:5,.The stress Path

.The"stress path'observed'for segment no. 3 gives'strong

evidence supporting the assumptioniof Section:2.3.8 that in biaxial' ,

-

and trlaxlal ten51on cracklng in one'dlrectlon does not prec1p1tate
~crack1ng in the perpendlcular dlrectlon. Thls stress path is shown
in Flg. 5.9, Flg. 5. 9 1nd1cates tha; although dlrectlon 2 reaches
hthe maxlmum tensile strength and starts to descend dlrectlon l ;
’contlnues to'accept'lncreasingxstresses untillit assumes the maximum

uniaxial tensile strength. At this point;cracking normal to direction

2 occurs and the stress in this dlrectlon starts tq decrease. The

- - "

stress‘paths for segment no. 3 obtained from the experlment and

" . BOSORS analysis (ChitnuYanondh).are shown ‘on Eig.'5;9 together with.

v
- . ’ C ’ -

B



“that of FEPARCSS. Agreement between all three

_very distinct in &ll three'péfhé!

¢ -

.

péths. is fair

»

.

1]

S

- . N . _"°\, ., .
far as values are ’‘concerned. The pattern discussed above however

is’

861
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| Ultimate Strené‘_thi_ . Equivalent Uniaxial’ 1 =
E 'Surface‘-l?-‘_aframete.rs Strain Surface Parameters- | ‘ E{l,aste.c Modul"i
£ * ©-5090.0 € 10.002 " | By * | 4.17x 108
~Tcu cu ST e P
a 1.2 o 1.3 | Eea* | 4.1 x 108
c : : c. ‘ %2 : R E
0.034 a, 0.095 Egy* | 4.1 x 108
13.75 £, 22.5 Gyp* | 1.7 x 108
0.0 P, - 0.0 Vo, 0.2
3.75 - ", 22.5 Yy, 0.2
0.0, 0, 0.0 v, 0.2
(a) wall _Seg’meng:__ No. 1
Ultimate Strength. | . Equ;i\'ralé'nt ‘Uniaxial ‘ . A I
Surface Parameters Strain Surface Parameters  Blastic fdocllull t
*+ | -ses0.0 | e 0.002 By, | 4.3 x 10° [
cu e S cu ‘ : : . g L&
a 12 o . 1.3 By, 2.2 x10% 1.
' . e . . 6
o 0.034 o ~0.12 Bys - 2.2 x 10
£, 13.75 £, . 22.5 Gy 12 1.2 x 10° |,
P, 0.0 0, 0.0 Vi, | 0.2
£, 3.75 £, 22.5 Yy , 0.2
P, 0.0 Py . . 0.0 i Vo3 0.2

. - {b) *Wall Segment No.

w

Table 5.1 Wall Segment. Material Parameters (Concrete)
R : : « ) . .

)
L
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o
205.0
228.0

. 237.0
240.0
250.0

©251.2

..

.10.0
- 12.0
- 20.0 .

_41.0°

Table 5.2 Wa11.Segﬁent_Mate

(steel)
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rial Parameters



Table 5.3 lelt State Loads (all loads shown are
‘ tho§e in dlrection 1 .in kips)

‘Wall Segment No. 1 | “Wall Segment No. 3 °
| FEPARCS5| BOSORS |, TEST| FEPARCSS| BOSORS r'qfs'n'
.Crdckiné of T N o . _
|Direction 1 310 295’ 3200 300 - | 263, {330
|Cracking of * o . oL o _ .
Direction 2% 430 350 | 359 [ 225 U 200 207
Vert1cal Rebar ;‘. , o
Yield ' 490 475 | 465 [ 500 | 530  |530
Horlzontal Rebar S - N .
Yield' 1 - -— —— 350 350 355.
_VertlcalaTendon' ¢ o : K
- |Yield ' . 510 | 495 [ 500 500 R T
Horlzontai . ) ' K REREI v 1
Tendon Yield - —-- -2 375, | 425 375’
. ‘ - - - .
« Al
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' CHAPTER, SIX N S

ANALYSIS OF A CONTAINMENT STRUCTURE

&

6.1 Introduction B

, T F . .
In Chapter Five a’ prellmlnary lnvestxgatlon of the capablll-v
-.tles.of program FEPARCSS has.beEn undertaken; The next step 1s to .i_
'luse the program to analyse a compllcated structure whlch makes more
rlgorous demands on the dlfferent features of the program.' In thlS
chapter a flnlte element ‘model" of the test structure mentloned in
éectlon 1.k 1s'descr1bed, an ana1y51s ‘of the mode1'u31ng program
FEPARCSS lS presented'land a comparlson of the results both w1th
zthose obtalned from the actual ‘test. and with’ those of an elastlc
' plastlc theoretlcal an:lpsis of a: sxmllar model carrled out by

Murray, et al. (1978) usxng a modlfled form of program BOSORS Ls?

dlscussed. )}‘ ‘ ‘ S ."-‘- . e : o

6.2 Description of Test Structure and Procedure

Theatest structure, shown in Flgures 6.1 to 6 4, was composed

XY

o of a 3'-6" thlck base, a 5" thlck - 10' hlgh cyllndrlcal wall whlch

had an. 1nternal radius of’4'-10" a rlng beam and a 4" thlck

. spherlcal dome whlch hadlan 1nternal radxus of 9'-8":2 A smOOth
tran51tlon between the dome and rlng'beam was obtalned by’ gradually'
thlckenlng ‘the dome at the springlng 11ne. Fourbuttresses were
placed at 90° 1ntervals around the cylxnder to prov1de anchorage -

for the clrcumferentlal post-tensxonlng strands._ The dome prestressxng

o

96



tendons were placed on two orthogonal geodetlc nets as’ shown 1n the
upper rlght hand quadrant of Flg. 6. 2 The‘dome reinforcing:was
placed on merldlonal and c1rcumferent1a1 llnes as shown 1n the lower
:.right hand quadrant-of Fig.‘6;2.

| The levels of prestre551ng and the thlcknesses have been
.de51gned to yLeld a cracklng sequence slmllar to that expected in
the Gentllly-z contalnment structure, (Murray et al 1978) |
,However, the wall has been de51gned to have lower cracklng strength -
, relatlve to that 1n the dome than would be expected 1n the Gentllly—z
: structure.'.In thls.manner nnre.lnformatlon can be obtalned'about
.,the*behavior‘Of all-cbmponents of'the'test structhre.before_finalu
failure occurred; o |

Testlng of the structure was carrled out by water pressure

applled through a thln elastlc membrane whlch prevented 1eakage

"'_ through the wall of the’ structure ,Flve prelrm;nary.tests,.ln‘which

°

the pressures were kept w1th1n 20.0 psi, Werebcarried'out tO*chECR
1nstrumentation. Subsequently, two actual tests were conducted. ';ﬁ .
.the flrst tést, pressure was raised up to 80 o) psi whlch was well"
_above cracklpg pressure. The structure was then unloaded since.
'.substantlal leaklng of water through a damaged membrane made it
.1mp0551b1e to malntaln pressure.- A new llner was installed and the

v

flnal test was carrled out up to failure at 159 9 ps1.-*5s

N

:.Flrst v151b1e cracks were observed at 40 O 951 in the.cyllnder
wall along merldlonal and cxrcumferentxal 1ines.‘ At 140 0 951'
"ﬂsplittlng cracks at the anchorage of a. c1rcumferent1al tendon ap—l
-peared on the southwest buttress. At 158 0 p51 fallure occurred at

e

‘this’ locatlon w1th concrete spalling off ’At,lSQ;O psl.threel.ri

toLe



98.

e , .
5horlzontal tendous Ln the Wall e1ther fractured or lo5t thelr

. B .

- anchorage and the adjacent rebars fractured ﬁlhe 11ner then

‘J“»

"rupturéd,relea31ng-all preSSure and ending t e test.‘

Electronlc readlngs were taken at 1ptervals of 1nternal
. pressure of 5. 0 p51 . There were 207 %%ectrlc straln gages placed on

" thi steel re1nforc1ng and 38 electrlc straln gages placed on concrete
‘ / ; .

hﬂface. In addltlon 74 Demec,gages were: located along and across a
: merldlonal line mldway between the northeast and'northwest buttresses. .

The informatlon bn the test contalned in thls sectlon and

/

~the next sectlonshayebeen obtalned from progress reports to the

A

Atomic Energy Control Board of Canada, slnce flnal reports have not

been publlshed up to ‘the tlme of wrltzng.

K

6.3 Flnlte Element Model of Test Structure

6 3. 1 General Descrlptlon

i ‘ . .
-

The f1n1te element mesh for the structure 1s controlled by

lz‘the locatlons of the prestre551ng strands, the shape of the rlng

T beam and the ant1c1pated stress gradlents at the Junct;on of the

"‘rlng beam and the ‘cylinder wall : Quadratlcvdlsplacement element ‘are o

: used exclus1vely to construct the mesh. These elements.have been
lfound to glve greater flexlblllty in modellln the geometry of the

“ structure than do\llnear elements.' At the sa::>t1me the problem |

;sxze 1s kept reasanable. T&o elements are us/d through the thlcknessv %

‘of the dome and the cyllnder wall to enable accurate pos1tion1ng of

hthe prestre531ng tendons in the dome and to- resolve ‘the problem of

ilntersection of vertical and dome prestressmng tendons insxde the '

~ o s e



;ﬁring beam. Figures stlto 6.82show'the mesh and,the’prestr sing '
‘and reinforcing layers‘superimﬁOSed‘on’the solid:elements.' Jf

/

It has been found by Murray et al. (1978),-that'the/£ase

.\’
_ provides complete f1x1ty ‘at the bottom of the cyllnder walﬂ
fIherefore, the base has been.ellm;nated from tneuflnrte,element:model.
. and'ln.its place a set offboﬁndaryJelementsthayefbeen'used aslsnown
"finjfidurests_ébfaﬁd 6¢6c!‘ Sincelbnly‘one'balf‘ofxthe-yertical cross
'sectlon'is modelled. the end'of'the dome:on-tbe axis of.symmetry has-
been brov1ded mlth a set of - horlzontal boundary elements as'shown |
il Flg. 6.6a in order to. prevent tne vertlcal llne from rotatlng or
translating 1n‘the:horrzontal dlrectlon. |
* ‘The connectlylty qf,thefelements'has“been.defined'so.rbat

lftheelocelbu;i coordrnates'be'as‘shown in‘flé;fG.Q. The order of v.;
“dyﬁhe Gaussian;lnteoratlonhrule is 2‘x.2-forAall solidlelementSL mﬁf
ﬁ'.two p01nt rule is used. for each re1nforc1ng or prestre551no layer

,'wrthln a solld‘element. Altogether, ‘the problem has 226 nodes, 14

’boondéfy elements'and.ss solrd elements on which a total of 63 longx;'
tudinal reinforcin§ layérs,f57'hoop refnforcing layers,‘ZQ lonél-t'

'tudinal prestressing.layersvand'28'circumferential‘prestressing layersi

are imposed.

-

16 3 2 Modelllng of Dome: PrestreSSLng

EE

ls In program FEPARCSS prestre551ng layers have to be described
as merldxonal or. c1rcumferential layers._ Therefore, it has been uf?fl”
'necessary to transform the dome prestressinq layers from the actual
[sorthogonal geodetlc nets 1nto equlvalent merldlonal and c1rcumferen-'f.;

Lfitlal layers. This has been accomplished by der1v1ng welghtlng

’ '
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fﬁnctlons.for the contribution of'eaéh tendon to the,meridional

" ang, c1rcumferent1al dlrections at the p01nts of 1ntersectlon .of the

- tendons. The welghtlng functlonshavebeen plotted agalhst the ‘radii.

: o .

;of the polnts of lntersectlonlfor.merldlonal contrxbutlons.and

' circumferential\contrihutlonsf ,These plots have_heen‘used‘toiobtain

the aQerage'contribﬁtion of merldional:tendonslper nnit-wldthiand

"c1rcumferent1al tendons per un1t length This’érocess"is described"
' )

‘1n detall in Appendlx c.

::6;3L3h Materiaisbp |

| The stress straln eurves for the dlfferent klnds of steel
rebars are shown in- Flds. 6. lOa and 6 th (Murray, et al, 1978)
'The max1mum straln allowed %n reébars is 4%, The stress.straln
:curves for thelprestressinq.tendons:are.shown infgégsi 6.1lla and
6.11b (Murray, et al., 1978) . The maximum strain allcwed in ‘theh
._dome tendons (0 62"¢) is 8%, while the.wall prestre551ng tendons.'
L

ﬁ(0.5"¢¥ are'allowed'only'S% strain.

éwo different‘tyoes of.concrete are uSedlin the body of'the
‘model.l Normal cast, in place concrete is used for the cyllnder wall
up to an elevation £5.0 ft., and in. the rlng beam and the dome.
-.éghltevconcrete'is/:sed in the cyllnder wall from elevatlon of 5. 0 ft.
to‘lQ O‘ft The BLopertles of'those materlals are‘shown in Table.6.1.

No thermal ana1y51s of thls model is requlred hence concrete C

and all rebars are a551gned zero thermal propertles. Howeverv-

L &

[‘51nce the prestressing stralns 1n the tendons are asslgned through ;"
a th&rmal £ie1d, the tendons are a551gned thermal propertles corres-‘ o

".ponding to the requlred levels df prestressan There are essentlally
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" three leﬁels of'prestnessing- 137 7 k51 for the c1rcumferent1al

. prestre551ng in the. wall and the r1ng beam, 90. O k51 for the vert1cal
- . \
prestressing in'the-wall'and’ll3.l'ksi for the dome prestressing
(losses 1nc1uded) The flrst two levels are 1nduced in O 5"¢ tendons.

Therefore, two dlfferent mater1a1 types are deflned to 51mu1ate the

0. 5"¢ tendons w;th two dlfferent thermal expan51on coeff1c1ents The

P
-

'dome-prestresslng is ¢omp95ed_of 0.62"¢'tendons and these are defined

to‘have amdifferentithermal expansionvooefficientw'

6.3, 4 Loads
ThHis model is subjected to a var1et§ of. loads, grav1ty loads,-}
tangentlal frlctlon losses 1n the dome, hydrostatlc,pressure,
'prestre551ng loads and the 1nternal pressuyre. _Graiity loads aré .
- smmulated as describ A’ in Section 3.4. 1. Frlction-losseshin the dome
’ |
are SLmulated by merldlonal tangentlal tractlons on the middle llne
of the dome .Hydrostatlc pressnresvare slmulated by a normal pressqre*:
distribution-on the Lnside.face.of the model These three load
vectors are addedhto one dead-load vector. Prestressing simulation

“has been carried.out using.the-procedure outlined'in'Section.4.4;2.

(Y

* . A normal ‘internallpressnre,of 1.0 psi is used to form an equivalent

internal pressure loadlvector ghich'is incremented in thefsubsequent

‘préSsdrization of thefstructure,;

6.4 BAnalysis of Test Structure - - . - T

The analysxs of the finlte element model’ descrlbed in Sectlon
6.3 Ls performed in: several stages. “In the problem preparatlon stage

Idata is’ read and generated, element shape functlons ‘and derlvatlves

A )



are evaluated, columnAhexghts and the addressrng array of the stlff—
;ness matrlx are formed, stresses, stralns and mater:al propertles
}are 1n1t1allzed at all lntegration polnts, and all ba51c load -
lwectors are'formed. . In the second stage the.tendons are tensioned,‘
'.equlvalent prestresslng loads are evaluated and applled to the
struetnre excluding the tendons. In the thlrd stage dead loads
'composed of grav1ty, frlctlon and hydrostatlc loads are.applled to
‘the structure'as‘one load 1ncrement.. ln the'subsequent sﬂ?ges, incre-
:ments of internal pressure are added-to.the structnre slmu ating"
the bressurlzation 3f the test strncture which nltlmately 1 ads to‘-
lfaildre | Fallure 1n thls analys15 is characterlzed ‘by the 1hab111ty'
,of the program to obtaln convergence .on both loggs and dlspl cements.
éable 6 2 contalns a breakdown of all runs on t e Amd 1.
. 470/v7 computer unit at the- Unlver51ty of Alberta, Edmonton.- The
number of 1terates requlred for each load step and the CPU tlm% o
consumed are shown.. Table-6.2 also’shows the“tolerances ‘on. th
.-dlsplacements and “the loads, Xr and X resbectively. The numbeivof
'3sub1ncrements (NS)”vary between 5 and 10.. The maximum number of
iterates allowed per loadfstep is 31.up to 125.0 psi, afterlwhic. the‘ﬂ
limit ls increased to 70 iterates;. In'the inltial stages.and up

to 40.0 psl the stlffness matrlx is evaluated at the beg1nn1ng of

each load step and re—evaluated after each third 1terate.“ In

subsequent stages, the materlal prdpertles available at 20 0 psi are

' Y
: used to formulatea, trlangularlze and store ’ constant stlffness

.
matrlx whlch is used for all load xncrements above 40.0 psx. It has

‘been found that thlS stlffness matrix glves better convergence than

the ;nltlal stlffness matrix.
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vstrlcted to dlsplacement hlstory and proflles, and surface stralns

103

)

6?5 :Comparlson of Results w1th the Experlmental Results and the. N
BOSORS ‘Theoretical Analysis : . :

=
f

-

Program FEPARCSS outputs nodal dlsplacements, stresses at

the Gaussxan polnts for solid elements, and stresses and stralns at

the Gau551an p01nts for the rebar and prestre551ng layers \\ﬂt the

2

tlme of wrltlng, the experimental results and .the BOSORS results

gavallable con51st of dlsplacement proflles and surface stralns

»>

-obtalned from Demec readlngs. Comparlsons, therefore, w111 bg re-

.
. k)

In addntlon, cracklng patterns aré dlscussed

0/ L .. X Cor . : . ) '
6. 5 l Dlsplacements ,'ﬂﬁ,'f Cr L oo ,?\S

~

Deflectlon patterns determlned from the FEPARCSS analy51s
4, <
are reasonably 51m11ar to those of BOSORS and the test Fig. 6.12

L

.~shows a deflectlon_proflle at 120.0 psi. "It can be seen that the

results of FEPARCSS ‘on the cyllnder wall represent a stiffer behav1our
than for the other two.sets of results N On the dome however,Qb t

FEPARCSS and BOSORS match reasonably up to a p01nt two feet away from
the crown. At this p01nt FEPARCSS malntalns the dlsplacement gradlent

an extra short dlstance, thereby approachlng the test results,

.Whlle BOSORS results level off more rapldly. On thgs flgure it is

observed that the dlsplacement gradlent of the test structure at’

4

120 O p51 ls hlgher than elther that of BOSQRS or FEPARCSS

v

Flg. 6 13 show34the deflectlon-pressure curves at’ tw°

o

'points near the top of the dome- and the mlddle'%t the c?llnder.

A\

A
These are the‘polnts4of maximum deflection;‘ On this"figure,LBOSORS

and FEPARCS5 agree well up to 80.0 psi at the top of the dome and

»
CG
-

=y



up to 110.0 psi-at'the'middle of‘the"ﬁx}inder. After 80.0'psi :

{

FEPARCSS deflectlon response at the top of the dome approaches the

‘ test results while BOSORS predlcts a somewhat stlffer response. Thls

.

- o . .
_agrees-well with the deflectlon'proflles shown in Flg. 6,12; *

FEPAﬁCSS deflection response at the middle of the wali after 110.0

psi predicts more‘carrylng capac1ty than that/shown by BOSORS. The  ' r)
reason must be that BOSORS uses a better descepdlng branch representa—;

tion og theitensile stress strain curve of concrete. The'dlfferencey

L . 3 . . ! A * '
however,, is within 2.5%. : '

6. 5 2 Surface ‘Strains

-
As\nentloneisbefore the strains plotted from the test

results are measured from'Demec readlngs, i.e. are. measured from

displacements over a finite-lenéth. Hence, at~points, where there
. , , i SN -

is a‘relatively high displacement gradient,.a dfscrepancy must show

infinitesmal strain'ansﬁkag igihie,rdtat;;ns. This is parti-
hcularly;noticeable in the linder wall qgaé/;h;\;;se' rot

'

is a point of inflection an rotatio

’
Figs. 6;14 to 6.19 sh a series of strain histpries'acainst-déag}
'internal'pressure at a Variety.ofapoints on the outside surface of “1‘
lthe structure.‘vFig.,6.14 shows the_merictonaiﬁstrains at ‘a point:

.25" above the base of'the cylinderi The response -of FEPARCSS aorees

’ reasonably with. that of BOSORS and. the test. results up to 105 p31..

At thlS point the regggnse of FEPARCSS shows conslderable stlffenlng .

as shown by the curve denoted by E ‘This" discrepancy is to be

!
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expected since this curve is derived from an 1nf1n1tesmal straln f1e1d
.and the p01nt under con51deratlon lies very near the p01nt of 1n—

flectlon as can.be seen in Figqg. 6.12. The curve denoted Ef shows

'flnlte (Green' s) stralns computed from the displacement field of

v

.

FEPARCSS. This curve reflects the influence of rotations on the

strain at-this;point.

? [

Fig. 6.15 shows the circumferential st:aios at the same point..
Agreement hetghis reasoneble tefween all three sets-ofiresults,
although the stiff behavior predicted by FEPARCS5 in .the cylinden

vwall'can be observed. ' - | : {

Figs. 6;16 and 6.17 show respectively ttezmetidional and
circumferential strains at a point 65" above the.taSe on the outer
surface of‘the cylinder. In the neighborhood of this point, the
displacement gradient is very small (see Fig. 6.12) and FEPARCSS

predlcts a merldlonal =*train. response in gpod agreement with BOSORS

The test results, however, are much‘stiffer.’"Conf&rﬁation of the
\ .

.3

test results may be obtained once the electric Strain gage results
are published. 1In the circumferential direction agreement is good
between all three sets of ;;qults, although the slvgh¥1y <t1ffer

3

wall response” of FEPARCSS is again observed ' ~

Fig. 6.18 shows the me;idional strains at A gpint appro;;—
mately 8,5".away from the crown on .the outer surface of the dome .
FEPARCS5 response indicated by €, exhibits the stiff behavior
ctaracterizing points of high displacemedt gradient. The curve
indicated'éf is ottained including the rotation from the displacement

field of FEPARCS5. The improvement in response'is noticeable.

Fig. 6.19 shows the circumferential strain at the same point,

@
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results.

6.5.3 Cracking Sequence

Program'FEPARCSS outputis cracking.information‘at the Gaussian

points. The term-"cracklng" means that the p01nt has reached its

o

'ultlmate strength and is forced to deform beyond the correspondlng

strain. The term vértical crack' is used to desCribe cracks occurring

due to circumferential strains, while the term 'horizontal crack'

is used to describe those cracks occurring due to meridional strains. .

°
. e

Fig. 6.20 show the progress of vertlcal cracks/as predicted
by FEPARCSS Vertical cracks occur as early as 40.0 psi'at-the crown

of the dome and spread slowly out#ard‘on_the outer surface of the .

dome. Exten51ve vertical cracks appear on the entlre length of the

cyllnder w1th the exception of the upper and lower ‘two feet at 60. 0
i
p51. "~ As pressure increases’ vertical cracks spread up and. down on,

the cyllnder but never reach the rirg beam nor the base. Throughout

the analysis the‘ring beam and the springing line of the dome remain‘
free.of vertical-cracks. BOSOR5 predicts extensive.vertical through
cracks in the cylinder wali at Gé.O psi.(Murray, et ai., 1978).
Vertical cracks in the dome _ start appearrng at 67. g.p51 and spread -
_sloWT;\tn~tMéYBOSOR5 analysls However, at 120.Q-p51 the pattern of
_%frtical.dome cracHs predicte;iby'BOSORS is similar to that of .
fEPARCSS. Again the ring beam and the springing regioh of'the dome'
remaln free of vert1ca1 qracks throughout the analysxs (Murray, o

et al., 1978) . In the test the first visible signs of vertical

cracks were observed at 40,0npsi in the ‘wall. "At 80.0 psi these
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Ecracks became as extensxve as has beeh predlcted by both BOSORS and

FEPARCSS. ‘The ring beam and the sprlnglng of the dome remalned free'

of vertlcal cracks to the end of" the test.
* . N . ‘
Flg 6.21 shows the progress of horlzontal cracklng. 'The.

N

' onset of horlzontal cracks is predlCted by FEPARCSS at 50 0 psi on

_the 1nsxde surface of the rlng beam and the sprlnglng of the dome. At

' 60. 0 psi FEPARCSS predlctsdhoxlzontal cracks at upper surface of the

‘ldome at and near. the crown and on the cutslde surface of the wall”two
feet, below the rlng beam. ;:The cracked reglon on thezlns1de surfacef,’
of the ring beam contlnued to spread up and down slowly penetratlng
the ring beam. At'70;0.psi extensrve horrzOntal‘cracks are pr;dleted:
in_the' dome ‘and the.wall.VhHowever;'the1upper surface,oflthe'ring

beam and the sprlnolng of the.dome remaln crack free At 120.0 psi
horlzontal cracks appear everywhere 1n the structure except 1n the
rupper su\ELCe of the sprlnglng of the dome the outer portloh of the v
‘rlng beam and the out51de surface of _the wall near, the base. BOSORS
predlcts the.flrst horlzontal cracks at 30 g p51 on the 1n51de‘
'surface of the r1ng‘beam. The outslde surface of the dome near the
crown and the out51de'surface of the wall under: the rlnq beam are.
predlcted to crack horlzontally at 62 p51.: Aftér thathBOSORS-shows

" a pattern of horizontal crack progress whlch 1s very 51m11ar to that

.

predlcted‘by~FEPARCSS. Test results 1nd1cate 51mllar behavror on
o a . .

the outside surface. On the inside'surface, no information is avail-

able since it was indccessible.
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"6.6 Limit'S ates for .Containment Structures

. _ ‘

The objectlve of the appllcatlcn of the technology developed
in this work is to 51mu1ate the response of a contalnment structire \\\;\;\J
to internal over pressure. Internal pressure in huclear containment

® .

structures may.occur due toffailure of‘the‘primary or secondary“

;coollng systems w1th1n the structure. -Under such hypothetical

'51tuat10ns a, serles of limit states can be deflned to’ lndlcate the

\

degree of damage (Murray;and Epstein,‘1976), Damage to. such structures“‘

’

' may-result in a deterioration of the-containment'functioh and/for

danger to the systems 1n51de the structure. The lﬂmit states which -

. may 1ead to such problems haVe been 1dent1f1ed by Murray and EpsteLn

¢
(1976) as )

le.lThe.pressure'which causes cracking over‘a‘signiflcant .
portion og’thetinternal‘surface. ‘
tal The.pressure which{causes”ylelding of,the reinforcing
steel. _ b"'-;: ' |
czzm:The pressure ‘at whrch cracks may penetrate the structureri
.;_4. The pressure at whlch.the prestre551ng tendons may y1eld,
'.thus serlouslyidamaglng the ablllty ofﬂthe structure to
reseal itself: upon,rellef of pressure.
5. The pressure at whlch spalllng of concrete may lead to.

' debrrs inside the_structure.- . _ f”

‘6. ‘The‘presSure causing_rupture of the reinforcing'steel or -

o B prestressing téndons.
N *The pressure Jhlch may 1n1t1ate a structural mech
8. .The pressure at whlch relatlve dlsplacements may damagev

" the systems,inside the structure.
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, These llm1t states may or may not occur in the order they

’are Iisted., In Table 6.3 some of these llmlt states are ldentlfled.

L ¥

'fUltlmate fallure of this type of structure may be characterlzed by

'_rupture of the prestre551ng tendons. Thls stage has not beenlreached

1n'FEPARCSS analysis. It is p0551ble however to predlct rupture of

the prestressmng tendons by studylng the straln prof;les and the rate'

A8

at whlch straln 1nc‘gﬁses w1th respect to pressure in the late stages

)

, of the ana1y51s.. The straln,proflles at l40.0,ps1 for the mer1d10nal"

-and c1rcumferent1al préstre551ng tendons are shown in- Flgs. 6. 22 and

6. 23 respectlvely. El% 6.22 1nd1cates that rupture of the merldlonal ’

a 3

""prestre551ng tendons may occur at ‘the top of the dome. ssumlng that

-

- the‘max1mum straln of the .dome tendons’is 05 the based on the

strain. 1ncrement between 137 5 p51 and 140.0 p51 oﬁ 1nternal pressure,

‘

‘rupture may be expected at 181 4 psx., Flg. 6.23 shows two pOSSlble

o .

polnts at whlch rupture of the’ c1rcumferent1al tendons may occur,

, the top of the dome and the mlddle of the cyllnder. The latter,,'

»

however, possesses hlgher straln rate loadlng to fallure at 183 5 p51.l?

- A dlscusslon w1th Dr. S. Slmmonds has revealed that actual fallure of |

\

the test" structure took place ‘in the form of sllppage of two nonadjacent

e .
N

c1rcumferent1al tendons 1ead1ng,to a partial transfer of . load to the"

¢

L9

mlddle tendon which then ruptured endlng the experlment at 159 9~psl.

This is con51stent w1th the flndings of FEPARCSS,\but 1t shows the

f

,need to establlsh sllppage crlterla in programs used for analy51s of q'ﬁ'
X S

¢

prestressed concrete structures.

R

e
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CHAPTER SEVEN
SUMMAR¥ AND CONCLUSIONS

’
.

o A nonlinear elastic (hypoelastic) constitutiye relation has
U , ,

been proposed for analysrs of plane and axisymmetric reinforced and/or-g

'cprestressed concrete structures.. This constitutive relation-is~based-

”on the equivalent uniaxial strain concept which has been 1ntroduced

,Tby Darwrn and Pecknold (1974 1977a and 1977b) A new characteriza- o
",tion of POisson s ratio has been introduced and post failure conditions :
have been imposed on’ the failure surface such that the determination :

of the stress—equivalent uniaxial strain relation parameters may be ‘
o ’ .‘r ﬁ\(\% . ) ‘
“more realistic.- ,

SR Spec1al 1soparametric finite elements have been developed

-

" for representation of reinforc1ng bars and prestressrng tendons in L

"

fthe meridional and c1rcumferent1a1 directions. These elements‘

together w1th the Well known 1soparametr1c axisymmetric serendipity”
finite element family (Zienklew1cz, 1971) have been incorporated in
. 0 \ .

" a finite element program (FEPARCSS) for nonlinear analysrs of planeﬁ'
or axisymmetric reinforced and/or prestressed concrete structures.

' The proposed constitutive relation has been 1ncorporated in program

« e

"FEPARCSS as well as a number of features such as a post-tensroning

\

,51mu1ation procedurel A
Program FEPARCSS has been used to: analyse two prestressed

g wall segments under'biaxial tension (Chitnuyanondh, et al.,’l979)

._w1th reSults comparing favorably with the test results and with BOSORS “

‘ .results.f In mnalysing these segments the numerical instability of the
B . . : %,'




i i I ‘ . '
orlglnal constltutlve relation’(Elwr and Murray, 1979) has been

RS

_ ?ellmrnated by the addltlon of oontrols on the post fallure behavior.

' Convergence has been good up to the yieldlng of the prestressxng tendons;ﬁd}
In these analyses the tangentlal stlffness method has been used as an |
'lteratlon scheme wlth~re6eyaluatron:of:the}st;ffness'matrlx»eve:Yl‘ﬁtr-'

'ithree 1terat10ns; -13" ‘*.C'Hgd" S | ';“‘

Flnally, program FEPARCSS has been used to analyse a flnite

;element model of the test structure erected and tested under lnternal

.pressur\‘at the I'F Morrlson Laboratory 1n 1978 by J G MacGregor,ﬁ .

.'IS Smeonds, D T; Murray and S Rlzkalla., The results of the FEPARCSS

'”.analy51s haye been COmpared w1th the test results and wrth the results

TVQf an elastlc plastic analys1s of BOSORS (Murray, et al., 1978) The

'.COmparlsons have been based on progress reports slnce the flnal

e .

‘_reports on- the test and the BOSORS analy51s comm1531oned by the

: iAtomlc Energy Control Board of Canada have not been publlshed at

:'hthe tlme of wrltlng. fy‘ﬁ:; fd;.ffFJJj;}/_;f.ia f%ﬁi”;ﬁ:rfpﬁffhi" g',:;fl
) | The constrtutlye relatlonshlp:developed herelnlappears to-
rbe adequate for the nohllnear ana1Y51s of - prestressed concrete ?5ldﬁ:a
bstruotures of the typevunderlcon51derat10n. On a materlal 1evel the ;f
,relatlonshlp has‘shown reasonable agreement w;th'the two—dlmen51onal‘
o test results of Kupfer, Hllsdorf and Rusch (1969), as. 1nd1cated 1n
Fxgs. 2. 9 to: 2. 11, and w1th the three-d;mensxonal test results of %
TJShlckert and Winkler (1977), as lndicated in Figs.lz 13 to 2 15

fWhen combined with the strain softenlng characterlstics 1n tension, f,,xi

E shown 1n Frg.‘z 2 it allows a reasonable simulation of the nonlinear 3'T:;H

'response of cracked conorete umder biaxial stress condltions,,asigf:;37f:”

'indicated by the comparisons in Figs. S 7 to 5 9.




:m““”to see 1f the softenlng branch 1s SLgnlficantly affected by the

However, a number of problems w1th the constltutlvelmodel

. requlre further lnvestlgatlon.: More (numerxcal) te -ng 1s requlred

".re1nforc;ng ratlo.' The tendency of a: multiaxzal stress state to

' h ,degenerate to a unlaxlal state under 1teratlon, yhxch h_ been curbed-;ﬁV'*

't'jy,agalnst material tests Lahwhlch theapr ,c1pal stress_dzrect'ons do ﬁVG@§f7

T

. ]_hereln by adoptlng the failure mode constralnts described 1n Sect.‘:ﬁtf

. ,2 3 8 requlre further study. The model should also be ccmpared ;

fnot remaln constant.,"

The FEPARCSS program, whlch has been developed Ln assoc1- '

"@2c0nta1nment structure and hence to be su1 able for the analys’

1}”th1n~wa11ed structures of thls type.; Prestressin:

'h{llnear (timedlndependent) response are treated w1thout major problems.'

'dehe perary dlffxculties are the determlnatlon of cdnvergence

,fcrxterla and‘the deterloratlon of the convergence characterlstlcs when-'

'a substantlal portlon of the concrete 1n the structure has reached

‘ 'the straln-softening range. The latter d1ff1Culty has been dealt

'w1th by u51ng the tangent stlffness matrlx at 20 p51 as the matrlx

.structures contalnlng straln-softening materials is one Whlch b
"appears to require further‘study.w,-f“'y*
: S
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; in Eqs. 2 43 are chosen such that the pr1nc1pa1 rad11 of the ultlmate

}'d 0 < 01, then 6 = o° (Flg. 2 6b) and the pornts on the surface

“ | APPENDIX}.

PARAMETERS OF ULTIMATE SURFACES

P :" ¥
o :

~ et
-

- As mentloned 1n Sectlon 2 3. 7 the values of the coeff1c1ents f

';surface r1 and r2 pass through a set of control p01nts.' for Vw,'.

IR

._trace the varlatlon of rl as 0 varles.; Thls curve must pass through

i :

"the un1ax1a1 ten51le strehgth p01nt where 02 = 03'— Q and 01 = f

. the blaxlal compressxon 901nt where O 0 é'f:: and 01

1u(and henCe is called the extens;on branch). It mu t also pass through

The';f'

Cb:

A

anondimen51ona1 values of the tenslle and blXmal compre§51on strengths

"thls purpose.~ Let the value of T at thlS polnt be p1 as 111ustrated

‘:fln Flg. 2 6c.

:'may be defined as S ’.;'I.»{- :, L .‘ .;, e L

B u:L

B LT R DR (Ala) PR

.

\
C . .

‘30ne addltlonal point on the exten51on curve 1s requlred to deane the
ffparabollc varlatron of r1 for Eq, 2 43a. An arb;trary h1gh compressxon

f.p01nt With o E‘may be: selected from exPerimental data o' serve:”m:

I

t
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h=~exten51on curve (0 E ), and to paSs through the exper1mental

E p01nt (E, pz) where pz Ls determined An the same manner as pl.

-

The values of the coeff1c1ents ln Eqs. 2 43 can be deter-

A'ﬁmlned from the 5 qontrol p01 ts descrxbed above and the addltlonal

cohdltion of 1ntersectlon at ae follOwsc

"2.'&"1:“;'% P1 (2ac ta) . 9_
§-20)GE+a,) I
o ' St (R.2)

Lo na) o, v =% (a:3)
3 e e T2 Zaeitdﬁ) s o

p o
e
I

)

~

s T
I

_(al N ’_"é:‘l_;ﬂ‘?é ) /2%:,.._ '. | .' , o a.5)
BRI p2 (E +1/3) /2/1 (E +E)

(E+E)(3€ n(3£-+n l’. 2 o lA@)}

<

L

(E+1/3)n, ‘+<"(":19,2 - 30,)/ (38 -

e
=
i

| (a.7),

:ﬂ;Thé'ﬁl?imAte}su;fece,for.streeees is ‘therefore completely
o defiﬁedfand setﬁee;to-eﬁalh&tevthefdié'S'required in Egé.’ 2.21 to
g @Lz’zsi _“u“:” B R o

However Eqs. 2 21 to 2. 34 also requlre the evaluatxon of the

fifequxvalent uniaxiél strains e assoc1ated w1th the ultimate strength

-

,*l:pox'ts ci. ‘as mentxoned in Section 2 3 7._ This is done through the ":'
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s

fde initlon of an equivalent un1ax1al straln surface analogous'tortheV ,
. v

st ess ultlmate surface. Control poxnts for stra;n can be' deflned
analogous to thbse descrxbed for stresses and Eqs. ‘A. 1 to A 8 can

%be used directiy w1th the appropriate change of var1ables.; It should
I' Lo
be noted, however,, hat unlaxlal stralns are avallable from tests

only for. c0ntrol points corresponding to f and f ; Equxvalent
unlaxlal stralns ‘at the other three control p01nts are ilctltlousv
-straurs that cannot be observed dlrectly (Elwa and Murray ,% 1979)
--These poxnts have been determined hereln, by trial and ‘error untli

.\A—

: reasonable straln-correspondence was obtalned.'



.. T . mPPENDIXB . . . . | .
\) - 7t" .. ISOPARAMETRIC SHAPE FUNCTIONS ' oo

B

. The shape functlons for the linear, quadratic and cubic
rectangular lsoparametric elements used 1n'program FE?ARCSS are oL

< - .,

deflﬂed 1n terms of the normalxzed coordinates u and E as follows

-

(Zlenklew1cz, 1971)
' (1) : Linear Elements. o . , ‘
b= (HEE, )(1+uu A L stesa e

. lf‘

Quadratlc Elements-

-
0

(l+€£ Y +~uui) (EE g -b/4 -, i=1,3,5.7 (B.2)

i

'-'(1’-’52-)<1‘+;uqi)_/.z_-: Cimze o (B3

=g
]

”-'-‘(;1+'§Ei~) Q-ph/2 e, is,8 Coma

(111) Cﬂ@ic Elements.

ii
1

(i+£€)(1+uu)[9(£‘+u) 1o]/32 , 1-14710 »

[

i " '9"1'5‘-'5'?55 € 1)/ s Ee
l“.' » ‘ ‘." - J ‘: | .l : "/. '. - L'-;'l\ ; \ " . » R
: -.'9:'('l+_uuij)\(1 -,E?-)-(1-+9g§i)/3z_ v j;ﬁz’a':a(g. .‘.,_«(3:7)

AR
O+
0

) (1 =u?) (ms’uui)/az_ . §5.6,11,12 '(137.‘,’6)l .'

‘e
i

B
.

......

where 1 refers to the node numbers appearlng in Fig. 3.2, and E and

- ) ﬁ . . o _
. ﬁti are the nodal normalized coordinates. J.. B
R Lo M o .“1‘_‘ '. - ,./"'. .




APPENDIX c -

o MODELLING- OF DOME PRESTRESSING TENDONS

'
s . ’ . . fn

The‘prestressing tendons in the domegof;the ‘test structure

are arranged in two .orthogonal geocdetic meshes as shown in Fig. '6.2.

. In ordgr'to model those tendons in terms of stiffness’as welllas

,forces and stresses for use 'in an axisymmetrlc f1n1te element program,

the geodetlc meshes must be, transformed ;into an equivalent merldlonal

and c1rcumferential mesh Thls task 1s performed using vector‘d

<& i

.analy515.

Let BE denote the angle plane E descrlbes w1th plane y-z and 1et 6

Let subscrlpt E denote tendons whlch 11e Ln planes passxng
through the y axls "and let subscert u denote thOSe tendons whlch
lie in planes pa551ng through the x—axls as- shown in Flg. cC. l._,

T .
denote the angle that plane u descrlbes with plane x—z. The coordln—’pfﬁ

._ates:ofithegporntdof_intersection'of two tendons is written as

- S L PRI B TP R
T x= zeame, L cha
. ' K [ . "~ . ' . .

wheré R is the radius offthe dome and . . . .4

@ = 1. O/(tan eg+ tan® e + 10)‘/2

Let 3 be the unit vecto‘)along the posit1on veéto#;oflﬁhegn
p01nt of intersectxon of two tendons.j ‘ ' o

’ .
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4 wherefI; ]
‘ngrhals-to

Lo
)

: :EH

e

.0

H

. The vecférs

are written

where X a

S R T R

= a tan G.E.i,.fr;a tan- au-jj +a k- e e (e.3)

and k are thé base vectors of system x—y-z. The unit

planes E and u are wrxtten respectiVely asv" e

. . ) .
[

e L S

]

s 8 Tasine T T e
cos By Ftsing ko (can)

t

_tangent to tendons £ and W at‘phetpoine‘of-interSeetioﬁ

as’

i
o+
.g=?_'"i'x
o4

e a g t."j T
P '.ﬁCﬁsb)

cross product.: 051ng the deflnltlons of Eqs..c 3 and C 4

Eqs C Sa and C.5b can be wrltten as

%

= ¥ (B cos Bv-pfl‘;'a*‘j %

Bgcose grR) X T (esa)
= - (B cos e‘ (tanz %-,f.l’,."oi)j)t;’i’ ¥ '(_'_B_;.si'r; ..Bui..ta.n'. les);l 3’

AL o e R AT

>k P AEAATEE
grr ;o SRS

+ 10/‘-‘052511)1/4 LR



°

substituting for;P,frquE¢t-c.34 Eq. C.8 can be-written as -

The unit vector in the circumferential dlrectlon at the p01nt of R17

o lntersectlon of two tendons 1s wrltten as _f~.},

“ﬁfE :=:SK¢<X‘T$?; t‘.ﬁ:'ll"..ff.i ':J;n o Lo (c.8) .

2

where, '

:h '

The un1t vector M 1y1ng along the merldlan at;the*pefntnef.int§#4}i;.”

sectlon is wrltten as o ‘{"Hfgw,. k e e T

can be written respectively as

:Substitnting'fer'3ﬂandi;}usiné;Eqs;'g;gfand=ct9;f3§;lelieis;ﬁrittenfaééu |

fz&-':
II

G.tan 9.E 1 F 6 tan eu ] 7 G(taqv Bg + tan 6 ) k ”,
T e (c12)

34
o |
ll

;”e 1 0/(tan 9E ¥ tan e + (tan eg + tan e )2)1/2

(C 13)

*

The contributions of tendons E and u to the c1rcumferentia1 dlrectloni.ﬁtg




":H written respective}y as. ‘Flfv'dffz' :'f,ﬂﬁ7”' f;ff' "f;_'“ o

r-; The contrxbut;on of tendons E and u to merldional direotion ‘can’ be

Seat

e QMo T e (eulsa)

R N S G e S e

> o
K T M L ST T (G 1BB) o

. (s:.n Gg. tan 9u+tan‘95 (._cos.u._eg), S (C :’a) Fay
= ©(sin .8 tan®.8,.. 4+ tan 6 - (cos ¢ cTe <leb) .

~

A , TR I UV PR
E v = “g *f"f" ‘e,c"‘?ﬂ_?g_g- S iedse)
S L o TS L
W= a8 B 8, cos: 6. - c.16d) ™
, wmuf;,*3éh'§,pu_?9§.96.9?5j9pﬂ. L hfcs%;g?‘

s =Eqs. C 16a to C 16d descrlbe welght functhns to be applled at the
‘“”ﬁpomnt of 1ntersectlon of two tendons. The requlred form of contrL-.-~'
: butlon must be an average per unit: w:n.dth for the mend:.onal dn:ectlon .

'-“and an averagepertnutlength Tor the c1rcumferent1al d1rectzon.-‘Forﬁ=.

b thls puzpose Qq. C 16d has been plotted for the 6 tendons appearxng

'”; _:This average was then plotted on the same figure.: Slnce both

' bo ;a' 'tendon uea.

‘

5,h1n Flg. 6 2 for mesh u as shown in Flg. C 2 The average meridlonal

o s }% . : L : ‘
contnbutlon was then obtamed using the formula X

*“wm?))/KF?RZZX{.TTHr.
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