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Abstract

In this paper we find irreducible characters of G = SLy(Z/p"Z), where
n > 2, k=2 3and, pisan odd prime. In the case k = 2 we give a construction
for every irreducible character of G without calculating the character values.
Our method is based on finding a normal subgroup of G and applying Clifford

theory.
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Chapter 1

Introduction

1.1 Understanding SL;(Z/p"7Z)

Definition 1.1.1. Given a commutative ring with unity R, the general linear group GLk(R) is
the group of invertible £ x k matrices with entries in R, under the group operation of matrix

multiplication.

From linear algebra over a field F we know a matrix M with entries in F is invertible <
det M # 0. More generally if we consider linear algebra over a commutative ring with unity R
there is an analogous result shown below. The determinant of a square matrix M over a commutative
ring with unity can be defined exactly as for a square matrix over a field, and the usual elementary
properties of determinants carry over. We make use of the following facts carried over from standard
linear algebra:

(i) A,B € M;(R) = det AB = det Adet B
(i) M € M(R) = M -adj(M) = adj(M) - M = det M - I}, where adj(M) is the transpose of the

matrix of cofactors.

Proposition 1.1.2. Let R be a commutative ring with unity, and let M € Mg(R). Then M is

invertible < det M € R*
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Proof. “ ="
Let M € My (R)be invertible

= M- -N=1I for some N € M(R)

= det(M - N) = det I,

= det M -det N =1 using (i)
= det M € R” since (det M)~! = det N in R.
((@77

Let M € My (R) with det M € R*

= (det M)t M -adj (M) = (det M)~ " -adj (M) - M

= (det M)~! - det M - I, multiplying (ii) by (det M)~*
= M- ((det M)~"-adj (M)) = ((det M)~" - adj (M)) - M = I,

= M is invertible.

So, now

GLL(R) = {M € My(R) | det M € R*},
and we can define GLi(R)’s subgroup of interest:

Definition 1.1.3. Given a commutative ring with unity R, the special linear group SLi(R) is a

subgroup of GLi(R) with matrices having determinant 1.

Proposition 1.1.4. Let R be a commutative ring with unity, there is a short exact sequence:

1 - SLi(R) 2% GLL(R) 25 R* — 1

Proof. To prove this we show the map det is surjective and image inj = kerdet ([3],p.379). The

fact image inj = ker det follows directly form the definition of SLi(R), so we are left to show: det
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is surjective. Let z € R*

z 0 0
0 1 0
= =z
0 0 1
z 0 0
01 ... 0
= =M € GLi(R), by Proposition 1.1.2.
1 00 1
So we have det(M) = x and det is surjective. O

Applying the first isomorphism theorem to this short exact sequence gives the following corol-

lary:

Corollary 1.1.5. Given a commutative ring with unity R we have:

SLi(R) 9GLE(R) and,



Chapter 2

Preliminary Results

2.1 The Size of SL,(Z/p"Z)

In the following proof we use the fact ([1],p.11):

k
GLy(Z/p"Z) = D ] (p’“ - p“l)> '

t=1

Proposition 2.1.1.

| SLu(Z/p"Z) |=

s Tr;:]»

-1

Proof. From 1.1.5 we have:

GLi(Z/p"Z)/SLy(Z/p" L) ~ (Z/p"Z)"
| GLk(Z/p"Z) |

— Z nZ X
[SLuz/pzy| | EPET
k
pk2(n_1) H (pk _ p(t—l))
=| SLy(Z/p"7Z) |= t=1

Corollary 2.1.2.

| SLa(Z/p"Z) |= p*" 2 (p* — 1)

| SL3(Z/p"Z) |= p>"°(p* = 1) (p* — 1)
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2.2  Quadratic Residues of Z/p"Z and the Subgroup S

In the last section of chapter 3 we will need the following preliminary results detailed in this section.
Definition 2.2.1. Let a, m be relatively prime integers. If there exists an integer = that satisfies
z*=a (mod m)

then a is said to be a quadratic residue of m. Otherwise, a is called a quadratic nonresidue of m.

In the group (Z/pZ)* there are exactly % quadratic residues of p. In this section we prove a
corresponding result for Z/p"Z, along with another result which will help calculate the size of an

important subgroup of SL(Z/p"Z).

Proposition 2.2.2. In the group (Z/p"7Z)* there are exactly pn_gnil quadratic residues of p™.

Proof. Let a € (Z/p"Z)*. Our first step is to show the equation 22 = a mod p" has exactly 0 or 2

solutions. To do this we show the equation 22 = @ mod p” can not have a unique solution and has
at most 2 solutions.

e Let © € (Z/p"Z)* be a solution so that, 2 = @ mod p". Then (—)? = a mod p" so, —z is
also a solution. Now if there is to be exactly one solution to 22 = a mod p” we must have —z = x

mod p”. But,
—z =2z mod p" = 2z =0 mod p" pggd x=0mod p" = z¢& (Z/p"Z)"

is a contradiction. Therefore, there can not be exactly one solution to 2> = a mod p".
o Let x1, 29 € (Z/p"Z)* be solutions to #? = a mod p". First note, p{ (v1 —z2) or pt (71 +x2)
since: p12x) = (x1 — x2) + (21 + x2). Now
= 27 = 23 mod p"
= 2 — 223 = (21 — 2)(x1 + 22) = 0 mod p"
= p" | (v1 — 22) (21 + 22)

=p" | (x1—x2) or p"|(x1+z2) since: p{ (x1 — x2) or p1 (1 + x2)

= 21 = xo mod p" or x; = —x9 mod p".
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2 = a mod p" and our first step has been

Therefore there can not be three (or more) solutions to z
shown.

Now consider the set of all the squares in (Z/p"Z)*:

and of course for each i: z; above is a solution to 22 = a mod p" (letting a = z7 mod p"). Therefore
each square in (Z/p"Z)* is equivalent to exactly two choices of 1‘22, in other words we can write our

set in the form:

2 _ 2 2 _ 2 2 _ .2
{xil - xi27 $i3 - $i47 e 7xipn,pn71,1 - :ripn,pnfl } ’

. n__n—1 .. . n_n—1 . .
with exactly &—5— distinct elements. Meaning (Z/p"Z)* has exactly Z—0— quadratic residues

'

of p™.
O

Proposition 2.2.3. Let a € (Z/p"7Z)*. a is a quadratic residue of p™ < a is a quadratic residue

of p. Equivalently in terms of the Legendre symbol:

5)-6)

Proof. To prove this result, we show the inductive step: a is a quadratic residue of p" < a is a

quadratic residue of p"*1.

“=" Assume a is a quadratic residue of p", so we can pick z1 € Z with $% = a mod p™. This
means z2 + mp" = a for some m € Z. Now, p{a = p{x1 = x; mod p"*! is a unit in Z/p"*17Z
gives:
n+1

(1 + 1‘1_12_1mp")2 =22+ mp" +Ip" =amod p

for some integer I. Therefore, a is a quadratic residue of p™*!

n+1

“<” If a is a quadratic residue of p then we can pick x; € Z so:

23 = a mod p"™ = 2 = a mod p".

Therefore, a is a quadratic residue of p™. O
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With the help of the two results above we investigate the size of an important subgroup of

G = SLy(Z/p"7Z). Let € be a quadratic nonresidue of p and define:

{5 4]

Proposition 2.2.4. S is an abelian subgroup of SLo(Z/p"7Z)

a,be Z/p”Z} .

Proof. Given s,s’ € S we have:

a be c de ac + bde (ad + be)e ¢ de a be
58 = : = = : =s-s5€b8,

b a d c ad +bc  ac—+ bde d ¢ b a

so S is an abelian subgroup of SLs(Z/p"7Z). O
Proposition 2.2.5. | S |= (p+ 1)p" L.

Proof. In ([1],p.12) the size of a very similar subgroup

, a be
S = € GLy(Z/p"Z)| a,be Z/p"Z ; ,
b a

is calculated as: (p? — 1)p?"~2. Naturally we pick the homomorphism det : S’ — (Z/p"Z)* and
use the first isomorphism theorem to show: S'/S ~ (Z/p"7Z)*. We need to show det is surjective,
to do this we start by considering the case n = 1 and let F,2 = Z/pZ(\/¢), and F), = Z/pZ. Now
we have a Galois extension F2 /IF, of degree 2 ([3], page: 566) so Gal(F,2 /F),) = {1,0}. Define the

norm map:

N:Fp —F,

T =a+by/er— a® —eb® = (a +bye)(a — bye) =z - o(x),

here the Galois automorphism o is defined by /¢ — —+/e. We can also consider x — 2P which

defines an automorphism of F 2 fixing F,, therefore it is the nontrivial element of Gal(F,: /F,) =
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1,0}. Thus we can also write o(z) = zP. Now pick v a generater of the cyclic group F%, so
{ p g yclic group I

<Pt >=TFX. Finally pick an arbitrary (v#*1)" € F and we have:
N(vi) = Uia(vi) = vi(vi)p = (vm‘l)i

and so the norm map N is surjective. This shows when n = 1 the map det is surjective. For the
case n > 1 consider z € (Z/p"Z)*. We know from the case n = 1 we can write z = a? — £b? + pn.

for some a, b, n.. By using 2.2.3 we can pick y € (Z/p"Z)* so that y? = a® + pn. and we have:

y be
=y —b*e =a® + pn. — b%e = 2.

by
Therefore det is surjective and we conclude:

| 5] (p* = 1)p*" 2 n—1
= = = 1 .
5 | Z/prz)< | pr—p! b+ 1)p
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2.3 Cubic Residues of Z/p"Z and the Subgroup S

In the last section of chapter 4 we will need the subgroup S (defined below) in this section we

calculate its size. In this section we let p > 3.

Definition 2.3.1. Let a, m be relatively prime integers. If there exists an integer = that satisfies
23 =a (mod m)

then a is said to be a cubic residue of m. Otherwise, a is called a cubic nonresidue of m.

An irreducible polynomial 23 — cz? — bz — a € Z/pZ[z] was chosen in ([1],p.13) to define:

0
B=]1
0

= o O
o o

We define B in the same way but we are very careful of which irreducible polynomial we pick as

the following cases illustrate:

e If p=1 (mod 3) then let a be a cubic nonresidue b = 0,c =0

o If p =2 (mod 3) then choose a,b and ¢ = 0 so 3 — bz — a is irreducible.

With these choices we define:
S ={xI +yB+2B*€ SL3(Z/p"Z)} .

The choices for a, b, c will make sense below when we calculate the size of S. The following gives

the number of cubic residues in (Z/p"Z)* (recall that we only consider n > 2).
Proposition 2.3.2.

n n—1 _
. pt—p =2 (mod 3)
ng‘xEZ/p Z}‘: o

p
pn_g p=1 (mod 3)

Proof. We start by referencing ([8],p.218) where they prove the proposition for n = 1. So to prove

our result as in 2.2.3, we show the inductive step: a € (Z/p"Z)* is a cubic residue of p" < a is a
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cubic residue of p"*1. “=” Assume a is a cubic residue of p", so we can pick 1 € Z with 23 = a

mod p”. This means x3 + mp" = a for some m € Z. Now, pta = p{x; = z; is a unit gives:

r+1

(x1 + wf23_1mpr)3 =23+ mp" +sp" ™! =a mod prT!

for some integer s. Therefore a is a cubic residue of p"*!. “«” is shown with the same method
used in 2.2.3.

Now we can count the number of cubic residues in each case: when p = 2 (mod 3) we have
p — 1 cubic residues of p"” amongst each set: {ip + 1,ip +2,...,ip+ (p — 1)}, (by our inductive
step), and there are p"~! such sets in (Z/p"Z)*. Therefore there are p"~!. (p — 1) = p" —p"~ 4

cubic residues of p™. Similarly when p =1 (mod 3) we have % cubic residues of p"™ amongst each

set: {ip+1,ip+2,...,ip+ (p— 1)}, so there are p"~! . p%l = pn_gnil, cubic residues of p*. [
Proposition 2.3.3.
S| = (@ +p+ 1)p*" 2

Proof. We use the same method from 2.2.5; so our goal is to calculate the image of det: S’ =
{zI + yB + 2B* € GL3(Z/p"Z)} — (Z/p"Z)*. We consider elements I +yB +zB* € 5" and look

at their image:

1) 3 € I'mage(det letting © € (Z/p"Z)*,y =2=0
( 9 g

(2) ay® € Image(det) letting y € (Z/p"Z2)* ;o =2 =0
(3) a*2® € I'mage(det) letting z € (Z/p"Z)* ,x =y =0

Now we consider each case in our construction of B and use 2.3.2. When p =2 (mod 3) all elements
of (Z/p"7Z)* are cubic residues; so (1) gives Image(det) = (Z/p"Z)*. When p = 1 (mod 3) we
have chosen a to be a cubic nonresidue; so letting X be the subgroup of cubic residues (1), (2), (3)

respectively give the distinct coset X, aX,a?X € Image(det). In this case each of these cosets have

size: pn_gnil, therefore again Image(det) = (Z/p"7Z)*. So we use ([1],p.14) to conclude:
|15'] 15| @ —1)pn=3 -
51 |[Image(det)|  |(Z/p"Z)*| P — pn1 (p"+p+1)p

10



2.4. Character Theory

2.4 Character Theory

In this section we create a quick reference for the character theory used in this paper.

Definition 2.4.1. Let G be a group, and let V' be a vector space. A representation of G in V is a
group homomorphism p: G — GL(V) from G to the general linear group GL(V) of invertible linear
transformations of V. The representation p is irreducible if there is no proper nonzero invariant

subspace of V' under p.
Alternatively we have a corresponding definition.

Definition 2.4.2. A (matriz) representation of a group G is a group homomorphism between G
and GL(C), that is, a function

p:G— GLL(C)

such that p(gh) = p(g)p(h).
Notice that this definition is equivalent to the above definition when the vector space V' is finite
dimensional over C. The parameter k (or in the above case, the dimension of V') is called the degree

of the representation denoted dim(p).

Definition 2.4.3. Let G be a group. The Character x of a representation
p:G— GL(C)

is defined as:
x(g) = tr(pg) (9 € G).

We say x is a character of G if x is the character of some representation of G. Further, x is an
irreducible character of G if y is the character of some irreducible representation of G. We define
the set Irr(G) to be the set of all irreducible characters of G. The degree of x is given by degree

of p.

Remark 2.4.4. By the definition, representations of degree 1 are also characters, these are called
linear characters. In fact, these are the only characters which are homomorphisms: since given a

character x of a representation p, which is a homomorphism,

11
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x(1) = x(1-1) = x(1)> = x(1) = 1.

Also, x(1) = “degree of x” because:

x(1) = tr(p(1)) = tr(Lgim(p)) = dim(p) = “degree of x”.

In [5],p.82 all irreducible representations of finite abelian groups are determined. Since rep-
resentations of abelian groups are always of degree 1 they are also characters. So all irreducible

characters of finite abelian groups are determined. We now state the theorem.

Theorem 2.4.5. Let G be the abelian group Cp, X...xXCy,.. Let g; be a generator of Cp,, (1 <r <1).
Let \; be nith roots of unity (1 < r <1). Define the map:
P G —C
PrA (01 gi) = AT AT
There are |G| choices for py, .. . which give all the irreducible characters of G.
Definition 2.4.6. Let H < G be a subgroup and suppose that 6 is a character of H. We say 6

is extendible to G' if Jx, a character of G, such that x,, = 6. We call x an extension of 6 to G.

Given two subgroups with characters of degree 1 there is a very useful construction of an

extension to the product of the two characters.

Definition 2.4.7. Let x and 1 be characters of a group GG. Then
1 _
[, ¥] = al > x(9)¢(g)

geG

is the inner product of x and .

Proposition 2.4.8. ([6],p.21) Let x and 1 be characters of G. Then [x,v] = [¢, x] is a nonnegative

integer. Also x is irreducible if and only if [x, x] = 1.

Definition 2.4.9. Let H < G be a subgroup and let § be a character of H. Then 6%, the induced

character on G, is given by

1 o
0%(g) = v > 0°(zgz),
zeG

12
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where 6° is defined by 6°(h) = 6(h) if h € H and 6°(y) = 0 if y ¢ H. Letting g = 1 in the above

sum gives:
|G|

deg(09) = deg(@)‘ '

Proposition 2.4.10. (/6]/,p.73) Let H < K < G and suppose that ¢ is a character of H. Then
(6596 = 6.

Lemma 2.4.11.  (Frobenius Reciprocity) Let H < G and suppose that ¢ is a character on H

and that x is a character on G. Then

(6, xm] = [¢9, .

Definition 2.4.12. ([6],p.78) Let N <@G. If ¢ is a character of N and g € G, we define ¢9 : N — C

by ¢9(h) = ¢(ghg™1). We say that ¢9 is conjugate to ¢ in G.

Lemma 2.4.13. ([6],p.78) Let N < G and let ¢, 6 be characters of N and x,y € G. Then
(a) ¢ is a character;
) (67 = 6°;
(c) 167,61 = [9,6];

(d) [xn, ¢"] = [xn, ¢] for characters x of G.

Remark 2.4.14. Letting N << G we can now consider the following group action: let G act on the
set Irr(N) by defining g - ¢ = ¢9, for g € G and ¢ € Irr(N). This is an action since ¢! = ¢, and

by part (b) above. Recall the stabilizer for this action:
G¢:{geG ] ¢9:¢}.
When G, = G we say x is stable under G.

We now state a result from [6],p.82 which is of fundamental importance in character theory of

normal subgroups. This paper uses this theorem extensively.

13
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Theorem 2.4.15. Let N <G, ¢ € Irr(N), and T = Gy. Let

A={p e Irr(T) | [Yn, 9] # 0}, B = {x € Irr(G) | [xn, ¢] # 0}.

Then
(a) If 1 € A, then ¥ is irreducible;
(b) The map 1 — ¢S is a bijection of A onto B;
(c) If VY = x, with 1 € A, then 1 is the unique irreducible constituent of xr which lies in A;
(d) If & = x, with ¢ € A, then [{n, 6] = [xn, 0.

Corollary 2.4.16. Let N <G and ¢ € Irr(N). Then ¢ € Irr(G) & G4 = N.

Proposition 2.4.17. Let N be a subgroup affording the character ¢ of degree 1, and let H be a
subgroup affording the character i of degree 1. If NH is a group with N I NH, ¢Nng = YNAH

and ¢ stable under H then:

0: NH — C

0 : nh — ¢(n)(h),
s a extension of ¢ and ¢ to NH .

Proof. First we show 0 is well defined. Consider two elements nihy,nohe € N H where nihy = nshs,

we want to show 0(ni1hy) = 0(n2hs) :

0(n1hy)

= ¢(n1)y(h)

= ¢(naz)(z hy) letting = ny 'ny = hohy' € NN H
= ¢(n2)p(x)y(x) " (ha) ¢, v are homomorphisms

= ¢(n2)¢(x)p(x) " (ha) ONOH = UNnH

= ¢(n2)(h)

= e(nghg)

14
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Also, 6 is a homomorphism:

O(n1hy - nahs)

= O(nihinghy *hihs)

= ¢p(nihanghy )i (hihs) using NI NH

= ¢(n)d(hanzhy ) (ha)(ha)

= ¢(n1)Y(h1)p(n2)(he) since ¢ is stable under H

= 0(n1h1) - 0(nahs).
Therefore 6 is a character with degree 1 of NH. O

Lemma 2.4.18. Let G be a group, N < G,S < G,S be abelian, and G = NS. If ¢ € Irr(N) is

such that deg(¢) =1 and ¢ is stable under G then ¢ is extendible to G.

Note: whenever ¢ a character defined on a normal subgroup is extended to a group G, we also

have ¢ stable under G.

Proposition 2.4.19. Let N < G with G/N cyclic and let ¢ € Irr(N) be stable under G. Then ¢
is extendible to G.
Proposition 2.4.20. Let G be a group, H < G. Let x, v be characters of G such that x € Irr(QG),

Xy € Irr(H), and [x,¥] # 0. Then [x,,v,] # 0.

Proof. Let x, x1, ... xm be all the irreducible characters of G and x,, ¢1, ... ¢ be all the irreducible

characters of H and so [5], p.142 gives:

Y=dx+dix1+...+dnXm where d, d; are non-negative integers and d # 0
=y =dx, +dixi, + -+ dmXm,y, by restricting to H
m l
=Y, =dx, + Z di | eixy + Z(eij ¢j) where ei;, €; are non-negative integers
i=1 j=1
= [V, Xy =d+ (dier + ...+ dmem) # 0 since diey + ...+ dmyen, is a non-negative integer
O

15
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Proposition 2.4.21. Given N <G, and x € Irr(G/N), then

x:G—C

X g — X(gN),
is an irreducible character of G, called the lift of X to G. Also, x and x have the same degree.

Proposition 2.4.22. Let N < G and let x € Irr(G) and 0 € Irr(N) with [xn,0] # 0. Then the
following are equivalent:

(a) xn = €l with e =| G : N |;

(b) x vanishes on G — N and 6 is invariant in G;

¢) x is the unique irreducible constituent of 8¢ and 6 is invariant in G.
X

Theorem 2.4.23. (Gallagher) Let N < G, x € Irr(G) be such that xy = 0 € Irr(N). Then the
characters Bx for Be Irr(G/N) are irreducible, distinct for distinct B, and are all of the irreducible

constituents of 0.

Theorem 2.4.24. (Clifford) Let N <G and x € Irr(G). Let ¢ be an irreducible constituent of x

and suppose ¢ = ¢1,da, ..., ¢ are the distinct conjugates of ¢ in G. Then

t

XN = [XN7¢] Z¢Z

=1

16



Chapter 3

Irreducible Character Degrees of
SLo(Z/p"Z)

3.0 Introduction

In this chapter we let,
G = SLy(Z/p"Z)

and find characters of G using 2.4.15. Our first step is to find a normal subgroup of G, so throughout

this chapter for an integer m, we let:

Ln={1+p"A| A€ Mx(@/pZ), det(T+pmA) =1}

3(n—m) )

Proposition 3.0.1. L,, is a normal subgroup of G, with |Ly,| = p Furthermore when

[5] <m, Ly, is abelian.
Proof. Start by considering the map

f:G— SLay(Z/p"7Z)

f:A— A modp™.
The map f is a homomorphism since given A, B € G

f(AB) = AB mod p™ = (A mod p™) - (B mod p™) = f(A)f(B).

17



3.0. Introduction

Now ker(f) = Ly, and we have L,, <G. To find |L,,| we consider:
Ky = {I +pmA ‘ Ae MQ(Z/p"Z)} < GLy(Z/p"Z).

The map det : K,,, — (Z/p"Z)* has ker(det) = L, so by the first isomorphism theorem:
|Km| _ |Km‘ _ p4(n—m) 3(n—m)

ol = et ~ T v prale e 2przy ~ e
Also, given that [§] < m, Ly, is abelian because:
(I+pmA)I+p"B)
=1+p™(A+ B)+p*™AB
=1+p"(A+ B) pzm:Osince2m22[g-‘Zn

=TI+ p™(B+A) +p*™BA

= +p"A)(I+p"B).

Remark 3.0.2. Consider the map:
7T Ly — Mo(Z/p" ™Z)
m:l+p"A+— Amodp" ™,
which is well defined since given I + p™ A, I 4+ p™B € L,, we have:
I4+p"A=1+p"B = pT"A=p"B = A= Bmodp" ™.
Also 7 is injective because:
Amod p" " =a(I+p™"A) =7(I+p"B) =B mod p" " = p"A=p"B = I+p"A=I1+p"B.

Therefore we know L, is in a one to one correspondence with mw(L,,). So by picking an element
in 7(Ly,) we can uniquely determine an element in L,,. We now make a convention throughout

this paper to use this correspondence when in context; so it makes sense to say:
Lon = {I +pmA } A€ My(Z/p""™Z), det( +p™A) = 1} .

Note: the corresponding convention is also made on other subgroups of G.

18



3.0. Introduction

Now for the case [§] < m we classify L,, as an abelian group. This will provide us with

irreducible characters of L,, as all irreducible characters of any abelian group are known.
Proposition 3.0.3. L, ~ Z/p"~™Z x Z/p" "L x L[p" ™ 7L when [§] < m.
Proof. We start by defining the following matrices:

1 0 0 1 0 0
By =1+p™ By =1+p™ B3 =1+p"

0 -1 0 0 10

Notice that when multiplying elements I + p™ A, I + p™B € L,,, as above we have the equality:
(I+p"A)I+p"B)=I1+p"(A+ B),

so multiplication in L,, is determined by the addition A + B. We use this fact to calculate the

subgroups:
i 0
<By>=<I+p" iE€L/p"™L
0 —1
m 0 j - —1M
< By>=<I+p JEL/P" L }
0 0
0 0
< B3>=(I+p™" keZ/p" "L
k 0
Now,

19



3.0. Introduction

e < By >< By ><1L,, since L,, is abelian
e < B> <By><d< B; >< By > since L,, is abelian
e< B >N<By>=1 by examining the above subgroups
_—
< B; >< By >=< B; > X < By > by ([4],p.248) (internal direct product).
Similarly,
o(< By > X < By>)< B3 >< L, since L,, is abelian
e < By >X<By><B3y><(<B;>xXx<By>)< B3> since L,, is abelian
e< B >X<By>(|<B3>=1 < B; > X < By > contains only up-

per triangular matrices while, < B3 >
contains only lower triangular matrices

=

(< By >Xx<By>)<B3>=<B;>X<By>X< B3> by ([4],p.248) (internal direct product).
So now we have the direct product:
< B1 >Xx<By>x< B3y >C L,
By the definition of the direct product we can calculate the size
3(n—m)

|[<B1>X<By>x<Byg>=p"Mp"mpt " =p )

From 3.0.1 we also have |L,,| = p*("~™). So the facts |L,,| = |< By > x < By > x < Bz >| and

< By > X < By> X < Bg>C Ly, imply:

< By > X < By > X< Bg>= Ly,

20



3.0. Introduction

Finally the map:

< By >X<By>x<Bg>—Z/p" "LXL/p" "L XL/p" "L

BiBgB:’;’ — (4,7, k) for i,j,k € Z/p" "7

is an isomorphism.

S Ly =72 p" L X L p" L X L) p" T .
O

Remark 3.0.4. From this proof we can see that every element of L,, can be written uniquely in

the form B{Bng for i,j,k € Z/p"~™Z. We will continue to use By, By, B3 in the next section.

Now that we know which abelian group L,, is we can use 2.4.5 to find it’s characters.

21



3.1. An Irreducible Character of Degree %.

3.1 An Irreducible Character of Degree w.

3.1.1 When n is Even.

In this subsection we assume n is even and define m so that: n=2m.

Our goal is to find all the ingredients to use 2.4.15 to find a character of G. We start by picking
three p™-th roots of unity: (1,w, 1), where w is some primitive p-th root of unity. Using these
roots of unity with 2.4.5 we can define a character of L,:

L+ap™  gp™

¢ kpm 1 —ipm| prw1(BiB)BE) = 171k = o,

where B%Bng € Ly, as in 3.0.3. Our first step is to calculate the stabilizer of ¢ with G acting on

Irr(Ly,) (the group action used here is defined in 2.4.14).

Proposition 3.1.1.

Gy T - 6+ ap™ bp™ a,b € Z/p"™7Z, c€Z/p*™Z, |
c d d=(1+4+p"bc)(6 —ap™), §e{l,—1}
and
| Gy |=2p™™.

Proof. The proof is by double inclusion:

a b
"C” Let g = € Gy
c d
= @9 =
14+ ap™  yp™ 14+zp™  yp™
= @9 =¢ equality holding Vz,y,w € Z/p™Z
wp™ 1—xp™ wp™ 1 —xp™
a b| |1+ xp™ yp d —b
= ¢ =wY
c d wp™ 1—xp™| |—c a
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3.1. An Irreducible Character of Degree %.

1+ p™(2bcx + bdw — acy + x) p"(—2bax — b*w + a’y)

= ¢

:wy

p™(2dcx + d*w — c2y) 1 — p™(2bcz + bdw — acy + x)

_ _p2 2
- w 2 bax bw+ay:wy

= —2bazx — b*>w + a’y = y mod p™

= ¢’ =1 mod p™
& — 2ba = 0 mod p™
= a = £1 mod p™

& b= 0 mod p™

m

6+ nip™ nop
=g=

c (1 4+ p™n2c)(d — nyp™)

=g€eT

=>G¢QT

0+ ap™ bp™
D7 Let t = eT

c d

77

1+zp™  yp
= ¢

m m

wp 1—ap

since w is a primitive p"*-th root of

unity

letting: x =0,y =1,w =0

letting: x =1,y =0,w =0

by [7],p-157

since —2a € (Z/p™7Z)*

for ny,ng € Z/p™Z, and using:

d=(1+bc)a~!, and § € {1,-1}

for x,y,w € Z/p™7Z
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3.1. An Irreducible Character of Degree %.

5 d+ap™ bp™| |1+xp™  yp™ d —bp™
c d wp™ x—ip™| [—c 6+ ap™
’ 1+ d(dx — cy)p™ yp™
p"(2dex + d?w — ?y) 1 —6(dx — cy)p™
L+xp™  yp™
=9
wp™ x —ip™
=¢'=¢
=te Gy
=TC G¢

.. T = Gy. Also in the set T' there are 2 choices for ¢, p™ choices for each of {a, b} and, p>™ choices

for ¢. These choices determine d so we have:

’Gd)‘:‘T‘:2.pm.pm.p2m:2p4m.

Our next step is to find an extension of ¢ to Gy
Proposition 3.1.2. Define the map:

w:G¢—>(C

6+ ap™ bp™ 5
— w .

This map is an extension of ¢ to Gy. In other words v is a character of Gy with Y|, = ¢.
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3.1. An Irreducible Character of Degree %.

Proof. We shall show 1 is a homomorphism telling us 1) is both a representation and a character

of G4 with degree one (2.4.4).

Let:
5 + apm bpm 5/ + a/pm b/pm
A= , A= S G¢
c d c d
Now,
PY(AA")

86" + xp™ (6 + bd')p™
=1 ( ) for some x,y, z € Z/p*™7Z
Y z

! / !
109 (36 +bd")

_ 08 (O +b(1+ ™) (8 —a'p™)

noting A’ € Gy gives:

d — (1 + blclpm)((sl _ a/pm)
1/ m

WOV +ob+wp for some w € Z/p*™Z and since

52:5/2:1

AN,
= w‘5 b+ob since w is a p™th root of unity

= P(A)p(4),

so ¢ is a character of G,4. We also note:

Y|, (I +p™C) = w? = ¢(I +p™C),

for all I + p™C in L,,. Therefore:

YL, = ¢
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3.1. An Irreducible Character of Degree %.

Finally we use 2.4.15:

oL, <G from 3.0.1
o€ Irr(Ly,) by our definition using 2.4.5
oy cIrr(Gy) from 3.1.2
* [, 9] =1#0 since Y[z, = ¢
=

X = z/)G is irreducible.

In conclusion we have calculated the character:

x(9) = v%(g) Z (zgz™"),
g6
with,
|G _ @ =D P -np? (- 1)p

deg(x) = Gl 5 = 5 (2.4.9).

3.1.2 When n is Odd.

In this subsection we assume n is odd and define m so that: n=2m+1. In this case we start with
Ly, 41 as our normal subgroup of G. As before, we start by picking three p™-th (since: n—(m+1) =
m) roots of unity: (1,w, 1), where w is some primitive p™-th root of unity. Using these roots of

unity with 2.4.5 we can define ¢ a character of Ly,41:

1+ ipm—i-l jpm+1 N o
¢ [ kpmtl 1 — gt T prwt(BiBLBE) = 1wk = o
where BiB}BY € L,, as in 3.0.3.

We can trace the proof of 3.1.1 (changing p™ to p™*! appropriately) to get the stabilizer of ¢:

G.o_T - 5+ ap™ bp™ a,bc Z/p"HZ, c € Z/p*™ 7,
¢ ¢ d d=(1+pmbc)(d +ap™)~t, de{l,-1}

although, in this case the size is different: |G| = 2p?" 1. As a result inducing up a linear character

from G4 to G (like in the even case) would not give our desired character because G is too big.
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3.1. An Irreducible Character of Degree %.

To handle this problem we define:

N— §+ap™ bpmtt a€Z/p"tZ,be Z/pmZ, ccZ/p*" M,
N c d d=(1+p™be)(0 +ap™)~t, de{l,-1}

Proposition 3.1.3. N 4T

Proof. First, the facts: NN is a subset of the subgroup Gy and for A,B € N we have (AB)i2 =

xp™tl for some x € Z/p™Z imply N is a subgroup. Now we show N is normal in Gy . Let
5+ apm bpm+1 5! + a’pm b/pm
n= EN,t= € Gy. Now,
c d d d
° pm—H‘ (tnt_1)12 o N is a subset of the subgroup G

implies tnt~! € N; therefore N < Gg.

O

Our next step is to find an extension of ¢ to N. Tracing the proof of 3.1.2 gives the character:

Yv: N —C
.5+apm bpm-H sb
w-[ . g e

this character is an extension of ¢ to N. Again we have interest in the stabilizer.

Proposition 3.1.4. T;, = N.

1 pm
Proof. We start by showing Ty, is a proper subset of T". Let: t = €T, now:
0 1
1+p™ 0 _
Y|t =0 = w2 =0 o p"1=0 mod p™
0 1— pm _|_p2m
is a contradiction. Thus t ¢ Ty, and we have: T, C T'. Now note:
e NCTy since (n'n(n’)_l) = (n)Y(n)y ((n')_l) =(n) for n,n’ € N
o[T:N]=p since | N |= 2p*™, | T |= 2p*"*!
Ty CT above

implying T'= N.
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3.1. An Irreducible Character of Degree %.

We can now use 2.4.16 to get a character of T:

e NT from 3.1.3
ey e Irr(N) = Irr(Ty) from 3.1.4
=

Y7 is irreducible.

By the Frobenius Reciprocity theorem 1 = [@ZJT,@ZJT] = [w,@bﬂ # 0. Now, ¥ € Irr(N), ¥r,,., =

¢ € Irr(Lm+1) so we use 2.4.20 implying [1/)Lm+1, (¢£)Lm+l] = [gb,wfmﬂ] # 0. Finally we use

2.4.15:

o L1 <G from 3.0.1
o) c Irr(Lpmt1) since deg(¢) =1
o T € Irr(Gy) from above recalling T' = G

o [0.0F,,,] #0
—

x = @T)% =% is irreducible.

The degree of y is:

G P -pt (pP - 1)p"?
N 2p2n B 2

deg (1))
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3.2. An Irreducible Character of Degree p"~1(p + 1)

3.2 An Irreducible Character of Degree p" (p + 1)

We will use the same strategy as we used in the previous section, but this time we will start with
a different character of our normal subgroup (L, and L,,+1) of G. To construct our character we

use the fact (Z/p*™Z)* is cyclic ( [3], p.314 ) and define the injective homomorphism:
A:(Z/p*™Z)* — C*
Aot — Wl

2m 2m71)th

where w is a (p P root of unity and v is a generator of (Z/p?*™Z)*. Now define the map:

¢ : My(Z/p"Z) — C*
¢ : AH — )\(AH)

We use the map ¢ throughout the next two subsections. ¢ will be restricted to different

subgroups so it becomes a group homomorphism and therefore also a character of degree 1.

3.2.1 When n is Even.
In this subsection we assume n is even and define m so that: n=2m. Now for A, B € L,, we have,
¢1,,(AB) = A((AB)11) = AM(A11B11) = MA1)A(Bu1) = ¢1,,(A)éL,,(B)  (*)

so ¢r,. is a homomorphism and therefore an irreducible character (also a representation) of L.
As in the previous section we need to calculate the stabilizer of ¢, with G acting on Irr(Ly,,)

(2.4.14).

Proposition 3.2.1.
a bp™ a € (Z/p*™7)%,
cp™ a! byc € Z/p™Z

and
Gy, | =p" " p—1).

Proof. The proof is by double inclusion:
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3.2. An Irreducible Character of Degree p"~!(p + 1)

a b
>>g7> Let g= c G¢Lm
c d
= ¢gm = ¢Lm
= A1+ p™(2bcx + bdw — acy + x)) = A(1 + p™x) from tracing 3.1.1 with equality
holding Vz,y,w € Z/p™Z
= 1+ p™(2bcx 4+ bdw — acy + x) = 1+ p"x since \ is injective

= p"(2bcx + bdw — acy) =0

=
(1) p"2bc =0 letting (z,w,y)=(1,0,0)
(2) pmbd =0 letting (z,w,y)=(0,1,0)
3)  —pMac =0 letting (x, w,y)=(0,0,1)
=b=np" since 2c¢ is a unit in (1) or d is a
unit in (2)
= @ is a unit since one of a,b must be a unit
= ¢ =ngp™ since —a is a unit in (3)
=d=a"! since ad — be = ad — ninap®*™ =
ad =1
a nip™
=g=
m -1
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=g€eT
= G¢Lm cT
a
” :_)77 Let t —
cp™
1+ xp™
= ¢
wp™
a bp
= L,
cp™ a
1+ xp™
= oL,
a Zwp™
14 xp™
= oL,
wp™

= ¢ =éL,
=>t€G¢Lm

:>Tg G¢Lm

m

yp

x —ip™

1+ zp™

m

wp

a~yp

m

1—ap

yp

x —ip"

3.2. An Irreducible Character of Degree p"~!(p + 1)
for x,y,w € Z/p™Z
yp™ a”t  —bp™
x—ip"| | —cp™ a

since these matrices have the same

entry in position 1,1

Therefore T' = Gy, . Also, in the set T' there are p?™ — p?m~1 choices for a (the number of units
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3.2. An Irreducible Character of Degree p"~!(p + 1)
in Z/p*™7Z) and p™ choices for each of {b,c}. So we have:
| Gy, |=I T |= (™" = 1) p™ - p™ =" Hp - 1),
O

Now the same argument in (*) shows ¢ is a homomorphism and therefore an extension of ¢y, .

Finally we use 2.4.15:

oL, G from 3.0.1
e ¢r, € Irr(Ly) ¢L,, a homomorphism with ¢, (1) =1
oo € Irr(Gy, ) ¢r a homomorphism with ¢r(1) =1

o (o7l OL,] = 0L, 0L, ) =1#0

—

X = gb% is irreducible.

In conclusion, we have calculated the character:

with
B (C I e 0
Gyl p*mHp—1)

deg(x) = (p+1)p* " (24.9).

3.2.2 When n is Odd.

In this subsection we assume n is odd and define m so that: n=2m+1. Now the argument (*)
from the previous subsection shows ¢Lm+1 is an irreducible character of L,,y1. Again we turn our

attention to the stabilizer of ¢, .

We can trace the proof of 3.2.1 (changing p™ to p™*! appropriately) to get the stabilizer of
¢,

m—+1"

a € 2/ D), }

G¢Lm+l =T= { [ ™ a_l(l + Cbp2m) ] bcc Z/pm-HZ
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3.2. An Irreducible Character of Degree p"~!(p + 1)

although, in this case the size is different: |T| = p?*~!(p — 1). As a result inducing up a linear
character from 7" to G (like in the even case) would not give our desired character because 7' is too

big. As a result we must use the following subgroup:

N — {|: 1 +apm+1 bpm—l-l :|

Cpm 1— apm-‘rl = Z/pm-i-lZ

a,be Z/p™Z, }

and the argument in (*) tells us N affords the irreducible character ¢, .

Proposition 3.2.2. N 4T.

Proof. We shall show: tNt=!' C N for all t € T. Let t = €T and n =

14+ l’pm—H ypm—i-l

€ N.
wpm 1— xpm+1
= tNt~!
a bp™ 14+ l’pm+1 ypm—‘rl a—l(l + Cbpgm) —bp™
ep™ a1+ cbp®™) wp'™ 1 —zpmtt —cp™ a
1+ (z + a=Lbwp™1)pm1 aZyp
= € N.
a 2wp™ 1 — (z+a tbwpm1)pmtt

Now calculate the stabilizer T¢N.

Proposition 3.2.3.

ac (Z/me'HZ)X,

a bpm+1
Ty, =H= beZ/p™Z,
ep™  a !
c€Z/pmH7
Proof. We first show: H C Ty, - Let
a bpm+1 1+ xperl ypm+1
h = € H, and n = € N,
Cpm a—l wpm 1— xpm-i-l
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3.2. An Irreducible Character of Degree p"~!(p + 1)

so we have:

= ¢" (n)
= ¢N (hnh_l)

1+ xperl a2ypm+1
N

(I_Z’wpm 1— l‘pm+l
=¢,(n) since the matrices are equal in entry (1,1)
S H g Td’N .
1 0 1 pm
Next we show: Ty, C T Let: n = € N,and t = € T. Now:
ol 0 1

On(tnt™h) = ML+ p*™) # A1) = ¢ ()
shows t ¢ Ty~ and we have: Ty, = C T Now note:

0H§T¢N

o[H:T]=p since | H [=p* '(p—1), | T |=p*"(p—1)

[ ] T¢N g T
implies H = T¢N. ]

Again the argument in (*) tells us H affords the irreducible character ¢,,. To summarize the
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3.2. An Irreducible Character of Degree p"~!(p + 1)

results of this subsection we give the lattice of subgroups involved:

G affording x (below)
p27n71 (p+1)
G¢Lm+l =T affording ¢%; (below)
P
Ty, = H affording ¢,
p™(p—1)
N affording ¢,
P
Ly affording ¢,
p37n
<I>

To get an irreducible character of T' we use 2.4.15 on the middle of the lattice above:

e NAT from 3.2.2
oo, €Irr(N) ¢, a homomorphism with ¢, (1) =1
o p, €Irr(Ty ) ¢, a homomorphism with ¢, (1) =1

® [¢H’N7¢N] :[¢N7¢N]:17é0
_—

¢l is irreducible.

By Frobenius Reciprocity 1 = [(bql;,(ﬁg] = [(bH, ¢E‘H] # 0. Now, ¢y € Irr(H), ¢H‘Lm+1 =

br,i € Irr(Lp+1) so we use 2.4.20 implying

[¢H’Lm+l ; (ﬁbg‘H)‘LmH} = {¢Lm+1’ ¢g‘Lm+1} 70
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3.2. An Irreducible Character of Degree p"~!(p + 1)

Finally we use 2.4.15 to get our irreducible character of G:

e L1 <G from 3.0.1
°¢, . €Irr(Lims1) from the argument in (*)
o ¢4 € Irr(T) from using 2.4.15 above

o 00, 0HlL, ] #0

—

x = (¢1)¢ = 6% is irreducible.

In conclusion, we have calculated the character:

with

3n-2( 2
deg(x) = deg(¢%) = ||f1|| = W =(p+1p~ 1t (2.4.9).
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3.3. An Irreducible Character of Degree p"~!(p — 1)

3.3 An Irreducible Character of Degree p"1(p — 1)

In this section we will use results from 2.2 where we defined the subgroup S of G. This subgroup

plays a key roll in this chapter. We will use the matrix:

0 ¢
B._<1 O),

where ¢ is a quadratic nonresidue of p to define characters on both L,, and L,41.

3.3.1 When n is Even.

Again in this subsection we use our ongoing strategy of starting with a character of L,,. This time

define the map:

¢:L,, — C*

¢: I +p"Av—— Mr(p™AB),
where given w a p?™th root of unity and X is the injective map:
\:(Z/p*"Z)T — CX
Az — w”.
We see that ¢ is a homomorphism:
O((I+p™ A) (I +p" A')) = (I +p"(A+ A))
= r(p™(A+ A")B)
= \Ntr(p™AB) + tr(p™A’B))
= Mr(p" AB)\tr(p™ A'B)

= oI+ pmA)p(I +pmA').

Thus, ¢ is a character of degree one of L,, and we calculate its stabilizer (the action is defined in

2.4.14) recalling the subgroup S from 2.2.5.
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Proposition 3.3.1.

and

Proof. 7C” Let t =

=¢'=¢

= (t(I +p" ANt Y) = (I + p"tAL) = (I +p™A)

a b

€ G¢:

c d

= tr(p™tAt 'B) = tr(p"™ AB)

= tr(p™ At~ Bt) = tr(p"™ AB)

= tr(p™At !Bt — p™AB) = 0

= p™tr(A(t Bt — B)) =0

3.3. An Irreducible Character of Degree p"~!(p — 1)

Gy = LS

Gyl =p"™ Hp+1).

Our next step is to show: p™t 1Bt = p™B.

0 1
o Letting A =

0 0

77

prtr

0 0
e Letting A =

10

in (*) gives:

(tilBt — B)Ql

(t_lBt — B)H

(tilBt — B)22

0

(t_lBt — B)lg

property of trace

(%)

=0= pm(t_lBt)Ql = me21.

=0= pm(t_lBt)lg = melg.

VA € MQ(Z/me) with A11 = — Ay
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3.3. An Irreducible Character of Degree p"~!(p — 1)

1 0
e Letting A = in (*) gives:

0 -1

t-1Bt— B 11 t-1Bt— B 12
p" - tr ( ) ( ) =0=p"(t 'Bt); = p™(t 1 Bt)ss,
—(tilBt — B)21 —<tilBt - B)22

noting: B11 == B22 = 0. AISO,

L d —-b 0 ¢ a b —ba +dce —b%+ d%e
t "Bt = =
2

—c a 10 c d a? — 3¢ ba — dce

So we have: p™(t 1 Bt);; = —p™(t ! Bt)ss. Adding this equality with the equality p™ (¢t 1 Bt);; =
p"(t~1Bt)gy from above gives: p™(t"1Bt)1; = p™(t ' Bt)92 = 0. Therefore p™t~!Bt = p™B.

Now;

ce de b ae
a b d ce

=d=a+np™, b= ce+ nop™, for some integers ni, ns

a ce+ nop™
=t=

c a+np™
Let g = a+n271p™, h = c+ne27 e 1p™ and assign:
g he

s = :>|5|:gQ—h
h g

2e = ala 4+ nip™) — c(ce + ngp™) = ad — be = 1,

so that s € S. To complete the proof of our inclusion we use two cases.

CASE 1. cis a unit. We note that a? — c?2¢ =1 mod p™ is a unit and assign:

z=wact +ny(2ce) iy =c (=127 —ax),w = —c 1 (a® — )T (127! + nga(2ec) 7).

CASE 2. cis not a unit. This implies that b is also not a unit since b = cg + nop™, and this

implies a is a unit otherwise we would have p | dett. Also, p | ¢ and p { a implies a — c2ca™! is a
unit, thus we can assign:
r=—a (2 +ye),y=(a—ea ™) M na27 Fnpee27la ), w = a7 (ex — np27 e ).
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3.3. An Irreducible Character of Degree p"~!(p — 1)

Now in each case we have,

14 xp™ yp™ a ce+ nop™
-8 = =
wp™ 1—xp™ c a+np™
steLlyS

(included in the appendiz is some maple code to verify this matriz algebra)

“D” Let s € S be arbitrary. The proof of 2.2.4 shows sB=Bs, so we have:
®*(I +p™A) = Xr(pmsAs 1B) = Mr(p™As 1Bs) = Mr(pmAB) = ¢(I + p™A).

Therefore we have S C Gy and Ly, C Gy (recalling L, is abelian) so we have:

LS C G¢.
1 wp™e
We are left to find |L,,S|. Since L, (]S = w € Z/p™Z ; , we have:
wp™ 1
[ Lm| - |5
L,S| = +—==
LS = L)
3m | 1 2m—1
=L (v +m Jp since |S| was given in 2.2.5
p
=p" p+1)
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3.3. An Irreducible Character of Degree p"~!(p — 1)

To show the existence of a character of Gy we use 2.4.18:

o L, <1Gy from 3.0.1

¢ S < Gy is abelian from 2.2.4

oGy = LpS from 3.3.1

epc Irr(Ly), deg(¢p) =1 shown above
=

3¢' € Irr(Gy) with ¢|1,, = ¢.
Finally, we note the additional needed ingredient and use 2.4.15:

o [¢|L,., 0] =1#£0 since ¢'|r,, = ¢
_—

X = qZ)IG is irreducible.

In conclusion, this character has degree:

_ 16 P =t

_ o n—1
= Gy = Ty (p—1)p (by 2.4.9).

deg(x)

3.3.2 When n is Odd.

Let n = 2m + 1. In this section we construct a character of L,,y; and use 2.4.15. Although

building the ingredients to use 2.4.15 is quite involved so we start by outlining the procedure with
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3.3. An Irreducible Character of Degree p"~!(p — 1)

the following lattice:

G affording x = v“ using 2.4.15
P> p-1)
Gy = LS affording 6 an extension of ~
p+1
Ly (L1NS) affording v = fLm(L109) yging 2.4.16
P
N(LinS) affording 8 an extension of o
P
Lyy1(LiNS) affording o an extension of ¢
o
Lyt affording ¢
P
<I>

Where we recall that,

Loni1 = {1 +pmtlA ] A€ My(Z/p™Z), An = —Am} ,

L= {I+p"A| A€ My(2/p™'2), det(I+pm4) =1},
L= {I—I—pA ‘ A€ MQ(Z/p2mZ), det(I + pA) = 1}>

S = {A edG ‘ A1 = Ao, A1p = €A21} , € a quadratic nonresidue of p,

and define:

14 ap™tt bp™
N = Cpm—i-l 1— apm-l—l

a,c € Z/p"Z,b € Z/pm+1Z} .
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3.3. An Irreducible Character of Degree p"~!(p — 1)

Following our lattice above our first step is to construct ¢ a character of L,,+1. The method

for this step is the same as the method for the even case so we get a homomorphism:

¢: Ly — C*

¢ Ar— Mr(AB),

where given w a p?”*'th root of unity A is the injective homomorphism:
X (Z/p2m+lz)+ 5 Cx
A — w”.

Now, ¢ is a character of L,,11 with degree 1. A similar calculation to the one used in 3.3.1 shows:
Gy = Lp,S.

Our next step is to find « a character of L,,11(L1 N S).

Proposition 3.3.2. ¢ is extendible to Ly,+1(L1 NS).

Proof.
L1 < Lyy1(L1NS) from 3.0.1
e [, NS is abelian from 2.2.4
L1 (LiNS)CSLy, =Gy from above
— using 2.4.18

¢ is extendible to Ly,4+1(L1 NS)

Let a be an extension of ¢ to Ly,11(L; N S).
Taking a break from constructing characters we find the sizes of our subgroups in the above
lattice. We need to find these sizes in order to find the character degree’s. A key to the proof of

3.3.4 is the following version of Hensel’s lemma.
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3.3. An Irreducible Character of Degree p"~!(p — 1)

Proposition 3.3.3. Given f(z) € Z[x] with f(0) =0 mod p and f'(0) Z0 mod p then for each

k=2,3,... there is a unique x, mod p* so f(zx) =0 mod k.

Proposition 3.3.4. |Ly,i1| = p*", | L1 (LN S)| = p*™, IN(L1 N S)| = p*™*, |L(LiNS)| =

p* 2 LS| = p* ™2 (p + 1),

Proof. |Lyy1| = p®™, and |L,,| = p*™*3 from 3.0.1. Looking at the choices for each entry of a

matrix in N we deduce |N| = p>”*+!. Furthermore:
1 ypm e
NNS = y € Z/p"L S,
yperl 1

so [INNS| = p™. To calculate |L; NS| pick an arbitrary A € L; NS and count the solutions to

det(A) =1:

14+ap ype
|A| = =1 for some x,y € Z/p*™Z
yp  1+xp
&1+ 22p+ (2p)? — (yp)?e =1

& f(z) =2z +2%p —y’pe =0 mod p*™ (*)

Now, f(0) = 0 mod p and f'(0) £ 0 mod p so by 3.3.3 there is a unique xo,, so f(z2m,) = 0
mod p?™. This means that for each y in (*) there is exactly one z which gives a solution. Therefore
there are p?™ choices for z,y in (*) and by the above chain of equivalences there are p?™ solutions

to det(A4) = 1. As a result |L; N S| = p>™. By using the same method we calculate:

Ly 0S| = p™ Y |Lins 0 S| = p™

Now,
i 9| = B G = e
IN(Ly N S)| = |N|yj'\f’f11;y S| p3m;1m' P pimL
Lon(L1 N S)| = |LT£;7J?S? S| _ p3mp+j+-1p?m Ry
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3.3. An Irreducible Character of Degree p"~!(p — 1)

and using 2.2.5

Ll - 1S| 0¥ (p4+Dp*™ 440
’ m | |Lm N S| pm+1 p (]3 + )

O]

We are now ready to construct an extension to N(L; N S). First notice since Ly,+1 € N we
have N(L; NS) = NLy,1+1(L1 N S), so to construct our extension consider the subgroups N and

Ly+1(L1 NS) separately and use 2.4.17. Define a character of degree 1 on N:

¢ : N — C*

@' :m— Mr(nB),
which allows us to define the map:

B:N - Lpii(LiNS) — C

Bin-l— ¢ (n)a(l) (n€N,l€ Lpi1(L1NS)).
Proposition 3.3.5. 5 is an extension of «.

Proof. Since the proof of 3.3.7 shows ¢’ is stable under L,,+1(L; N S) we have two items left to
prove in order to use 2.4.17:

(1) N S NLps1 (L N S), and

(2) noting N N Lyy41(L1 NS) = Lyyy1 (since Lyy1 € N and given @ € N N Ly,41(L1 N S) forces
p" 1 z12) we need Ly = o
Since NLy,41 = N to show (1) our only concern is to show: (L; N S) is in the normalizer of

pa b

N. Givenn =1+ pm™A € N with A € X = a,c € Z/p™Z,b € Z)Jp" 7 3 and
pc —pa

I+ psl+ptB € L1 NS, we consider the conjugate:
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3.3. An Irreducible Character of Degree p"~!(p — 1)

(I + psI + ptB)n(I + psI + ptB)~!

= (I +psl +ptB)(I +pmA)(I + ps'I + pt'B) for some s, € Z/p*™Z
=1+ p™(I +psl +ptB)A(I + ps'I + pt'B)

=M=1+p™(A+pM) for some matrix M’

= M1, Mi2, My have the desired form (14 p™ e, p™x, p™ iy
= 1=det(M) = My - Mo

= Moy = M1_11 has the desired form 1-— pm+1>|<

=MeN

N NLm_H(Ll N S)

Finally, for (2): since the image of ¢’ is defined exactly as the image of ¢ it is clear that: ¢/Lm+1 = ¢.
Also « is an extension of ¢ so by definition ay,,,, = ¢. Therefore ar,, ., = ¢ = ¢/Lm+17 and the

conditions in 2.4.17 are satisfied so 3 is an extension of a. O

Our next goal is to use 2.4.16 to induce up f to obtain an irreducible character of L,,(L; N .S).

The next two propositions give exactly the conditions needed.
Proposition 3.3.6. N(L1NS) <L, (L1 NS)

Proof. First show conjugating elements in L; N S by elements in L, gives elements in N(L; N S).

Take I + ps € L1 NS, and I + p™A € L, so we have:

(I 4 p™A)(I + ps)(I +p™A)~!

= T+ p(I+pmA)s(I — p™A) since: p(I +p™A)~ = p(I - p™A)
=1 +ps+p"T(As —sA)

= (I +ps)(I +p"™ (I +ps)”H(As — 54))

€ (L1NS)N =N(L1 N S).
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3.3. An Irreducible Character of Degree p"~!(p — 1)

Since (L1 N.S) is in the normalizer of N from the previous proof, we are left only to show N < L,,.
By tracing the above proof we reduce this problem to proving: for every A € X and I +p™C € Ly,
we have (I + p™C)A(I +p™C)~! € X (X as above). This is clear since for some matrix M we
have:

(I +pmCYA(I 4 pmC)~ L = (I + p™C)A(I — p™C + p*™C?) = A+ pM € X.

Proposition 3.3.7. L,,(L1 N S)g = N(L1NS).

Proof. First show: N(Li NS) = Ly,(L1 NS)y. We start by taking s € S, n € N and considering

the conjugate:

¢ (n)

= \tr(sns 1B)

= Mr(snBs™') since: sB=BsVse S
= Atr(nB) property of trace
=¢'(n)

= S <Gy

= LiNS < Ly(LiNS)y since L1NS <S8

= N(L1NS) < Lp(L1NS)y since ¢ is defined on N.

Thus far we have:

N(Ll N S) < Lm(Ll N S)¢/ < Lm(Ll N S),

but [Ly,(L1 NS) : N(L; NS] = p. Therefore to force the equality at hand we are left to find one

14 p™ 0
element in L,,(L; N.S) which is not in L,,(L; N S)y. Considering « = €
0 (Q+pm)7
1 pm
Ln(L1NS), and ny = € N, gives:
0 1

¢ (n1) = A(P™ + 2p™) # A(p™).
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3.3. An Irreducible Character of Degree p"~!(p — 1)

Therefore: N(Li NS) = Ly, (L1 N S)g. Since B is an extension of ¢’ we have: Ly,(Li N S)g <
Lyn(Ly N S)y. Also, since § is defined on N(L; N.S) we clearly get N(L1 N S) < Ly (LN S)g. In

conclusion:

Lm(Ll N S)B < Lm(L1 N S)¢/ = N(Ll N S) < Lm(L1 N S)B
Lm(L1 N S)ﬁ = N(Ll n S)
L]

Now using 2.4.16 with the last two propositions gives: v = gLm(109) ¢ [rr(L,,(L1NS)). Next,
we would like to get a description of =y, the following two propositions handle this problem.
Note that for each I € L, we have (L1 N S)I~" C L,,+1(L1 N.S). This means Ly, +1(L1 NS) <

L,,(L1 N S), and the next proposition makes sense.
Proposition 3.3.8. « is stable under L,,S.
Proof. First show « is stable under S, let s € S, € L,,4+1 and s; € L1 NS now:

a’(lsq)

=a(sl(s™-s)s1571)

= a(sls™! - s1) since S is abelian

= a(sls™!) - a(s)) « is a homomorphism and sls ™' € L, 41

= ¢(sls™1) - a(sy) « is an extension of ¢

=¢(1) - a(s1) by the same argument showing ¢'° = ¢’ on page 47
= a(lsy).

We are left to show « is stable under L,,. Define the subgroups:

1 +apm+1 bpm+1
N, = a,beZ/p™ZL,c e L/p™ Ly
Cpm 1— apm+1

1+ ap™ bp™m 1
bc€ Z/p™Z,a € L/p" 7

[\
I

Cpm-‘,-l 1— Cme + a2p2m
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3.3. An Irreducible Character of Degree p"~!(p — 1)
Also these subgroups afford characters:

¢1:N1—>CX ¢2:N2—>(CX

@1 x —> Xtr(zB), @21 x —> Atr(xzB)

Now we can trace the proof of 3.3.5 replacing N with Ni, Ny accordingly, this shows « can be
extended to both Ny(L1NS) and No(L; NS). This means « is stable under each of N, Ny, and Ns.
Noting: N, N1, Ny C L, Ny & N, Ny & NNy, |[N| = p> L INNy| = p*" 2 and |L,,| = p>™*3,

gives: N - N1 - No = L,,,. Therefore « is stable under L,,.

Proposition 3.3.9. v, - Q.

m+1(L1NS) =p

Proof. Let g € Ly 41(L1NS) -

1 -1
= ° 2.4.
2E€Lm (L1NS)

1 _ . _
=g Z Blxgz™t) since gz € Lyy1(L1 N S)
p a:ELm(lqﬁS)

1
= W Z 04(35995_1) (8 an extension of «
xGLm(L1ﬂS)

1
= m Z O[(g) 3.3.8 above
p J)ELm([qﬂS)

‘Lm(Ll N S)|
= it 29

p4m+2

= ()

=p-a(g)

Lemma 3.3.10. L,,(L;NS) < L, S

Proof. Noting L; NS < S since S is abelian, L,, <G and I(L; N S)I™! C L, (LN S) for I € Ly,

gives: Ly, (L1 NS) < Ly,S. O
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3.3. An Irreducible Character of Degree p"~!(p — 1)

Proposition 3.3.11. L, - S /Ly, (L1 NS) is cyclic

Proof.

Ly S/Lyn(LiNS)

:Lm(LlﬂS)'S/Lm(LlﬂS) LiNnSCS

~S,/Ln(LiNnS)NS by the diamond isomorphism theorem

=S/LinS Ly, C Ly
r ye

~ S = x,y € LZ/pZ by 1st iso. theorem with: A+ (4;; mod p)i<; j<2
y

~ 7(5") where 7: 5" — (Z/]DZ[\E])X is the natural map

< (z/pZ[Ve)]) s eyclic

We are now ready to construct § using 2.4.19:

o L(L1NS) < LyS 3.3.10

e L, S/ Lp(LiNS)is cyclic 3.3.11

e~ € Irr(Ly, (L1 NS)) stable under L,,S 3.3.9, 3.3.8, and 2.4.22
—

~ can be extended to a character § of L,,S.
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3.3. An Irreducible Character of Degree p"~!(p — 1)

So we have ¢ a character of the normal subgroup L, 1, with Gy = L, S affording é. There is one

more needed ingredient to prove in order to use 2.4.15:

s [6’Lm+l’¢]

= [V]Lmss» @] since ¢ is an extension of y

= [palr,.... 9] 3.3.9

= [pp, ] # 0 since « is an extension of ¢
=

X = 5% is irreducible.

In conclusion this character has degree:

|G| _p(p2 — 1)pbmt1
| Gy | (p+ 1)pim+2

deg(x) = deg(9) =(-1p""  (by249).
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3.4. Conclusion about Character Degrees

3.4 Conclusion about Character Degrees

Theorem 3.4.1. G affords irreducible characters of the following degrees:

p—1 p~|—1 o

pm—2(p2 B 1) m—1
T2 2 2 (p

1(p+1)7 9 y P 71)’f07ﬂ2§m§n

Lp=1,p p+1,
Proof. Consider the group homomorphism:

f:SLy(Z/p"Z) — SLo(Z/p" 17Z)

fr A (A mod p" i< <o

By the first isomorphism theorem we have SLs(Z/p"Z),/ Ker(f) ~ SLo(Z/p" 17Z), so we can use
2.4.21 to lift every irreducible character of SLy(Z/p™Z) for 1 < m <n—1 to G. Noting: for n =1
there are characters of G with degrees 1, p—1, p, p+1, pT, % ([9],p.71-73) and in this chapter we
found for n = 2,3,4, ... there are characters of G with degrees p"~!(p+1), %, P lp—1)

our result is shown. I

Over the next two sections we find all the irreducible characters of G which gives the following

theorem.

Theorem 3.4.2. The character degrees stated in 3.4.1 are all the character degrees appearing in

the character table of G.
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3.5. Counting Characters
3.5 Counting Characters

3.5.1 Conjugacy Classes

Letting € be a quadratic nonresidue of p the conjugacy classes of G are summarized in this table:

Table 1: Conjugacy Classes of SLy(Z/p"7Z)

Name Parameters Representative Number of Classes Size of Class
a 0
I, a € {£1} < 0 o > 2 1
0<i<n ; n—1 )
Biag | BEL/pTIZ ( o P ) > 2! B L
a? =1+ p*Hp pooa i=0 :
0<i<n ; _ n—1 .
B 8 € Z/pri-1Z, ( a ptige ) S gyl PR )
fd a2 =1 4 p2itl p'e « — 2
— p /B =0
- - - i1=0 0<i<n -
0<i1<n N isﬁ »
Ciag | @2 /11) < 8 v ) P d) | pnici ey | g2ty
a® =14 p~ep
0<i<n
a € (Z/p"Z)* a 0 n—1(p_ . .
Dia o (:t]_/pmo)d pz ( 0 a—l > pf(p?’) p"il*l(p—l) p2"*22*1(p+1)
a # +1 mod pit!

Note: The element 8 € (Z/p"~'Z)* / {£1} is regarded as an element in (Z/p"~*Z)* by considering
a one to one correspondence from a unique choice of the coset representatives of (Z/p" Z)* / {1}

to a subset of (Z/p"~'Z)*.

Proof. We start by referencing ([2],p.3) where all the conjugacy class types of G' = GLo(Z/p™Z)
are given: I, Bjag, Ciag, and Dj,s. Then restrict the parameters on these four class types to
give only classes in G. These (restricted) classes form a disjoint union of G since G is a normal
subgroup of G’. By calculating the centralizers in G of each representative of each class we discover

the classes given by I, Cjag, and D;,s remain the same size in G but the classes given by B;,z split
G/
a pi+1 B
up in G. We now show for each choice of i, «, 3 each class splits up into 2 classes
i

p
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3.5. Counting Characters

Q pi+1 ,3
in G: one class in G is represented by B;ng = and the other class is represented by
P«
, o pi—‘rlﬁg—l 1 0
B = ' . Since we can pick A = € G', so that:
pe « 0 e

ABiapA™" = By,

/ ! / € y
we know B, 5 € Bgﬂ. Our next step is to show: B,z ¢ Bz-GaB. Let X = € G and look
for a contradiction from the equality:
Biog X = X - Biag

= pley = p"Twp (1)

& plex =p'z (2)

(1)

= ply

=pta,z since pf1=xz —yw
Sxe+rptTt =2 for some integer r

o <w) _ () _ <3«"+p> _ <> using 2.2.3
p p b b
= 1= <x> . (Z> = <m> = <1 +yw> pl:y <1> =1 a contradiction.
b b b b b

n+2i

Finally we calculate the size of the centralizers of B;,3 and B;a 5 in Gas2-p showing |Bm,3G] =

B, = P02 Therefore the class B, splits | ! lasses in G h
| iaﬂl = ————5——. Therefore the class iap SPLits into exactly two classes in and we have

found all the conjugacy classes in G. O
By adding up the number of conjugacy classes of G we obtain:

Corollary 3.5.1. G affords exactly:

(p"t —1)+3(p" — 1)
p—1

irreducible characters.
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3.5. Counting Characters
3.5.2 The Number of Irreducible Characters For Each Degree

In this section we count the number of distinct irreducible characters for each degree. Our method
to construct irreducible characters of GG is the same as in the first three sections of the chapter, but
in this section we generalize to find more characters. When n = 2m we define a character on L,

for an injective homomorphism A : (Z/p"Z)™ — C*, and for any 2 by 2 matrix B:

¢B:Lm—>CX

¢p: [+ p"A— Notr(p™BA).
When n = 2m + 1 we use the same notation and define:

¢B : Lm+1 — C*

dp: I+ p™ T A— Notr(p™t BA).

Regardless of the choice of B, ¢p is a group homomorphism and therefore a character of L,, and

Lyy4+1. We now list some lemmas which will be used to find distinct characters of G.

Lemma 3.5.2. Letting N I G, ¢1,¢2 € Irr(N) be non-conjugate, and 1 € Irr(Ggy,), 2 €

Irr(Gg,) with Y1y, d1] # 0 # [han, d2], gives x1 = dch, X2 = 1/1? € Irr(G) (by 2.4.15 part a)

furthermore x1 and xo are distinct.

Proof. We show that x1, is not equal to x2,. By Frobenius Reciprocity 1 = [x1, x1] = [wl,xl% ]
1

80 [p1,X15] 7 0 and ¢ is a constituent of x1, . Therefore by Clifford’s theorem 1, is a direct sum

of conjugates of ¢1. By the same reasoning x2, is a direct sum of conjugates of ¢o. Therefore, since

¢1 and ¢9 are non-conjugate 1 and o are distinct. O

Lemma 3.5.3. Letting N I G, ¢ € Irr(N) with distinct 1,199 € Irr(T) with [Y1y,d] # 0 #

[Yan, @] gives x1 = U§, x2 = S € Irr(G) (by 2.4.15 part a) furthermore x1 and xo are distinct.

Proof. We use 2.4.15 part c). O

Now given non-conjugate choices for ¢ or distinct characters of G, we have tools when using

2.4.15 to count distinct characters of G. We make use of these tools in the proof below.
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Letting R; = Z/p'Z, S < G so that T = Gy, = LS (n = 2m or n = 2m + 1) we summarize
the non-conjugate choices for ¢ g and the number of resulting irreducible characters y for each case

in the following table:

Table 2: Number of Irreducible Characters of Each Type

B Parameters S Degree(x) # of x
/B € Rm—l
0 pB 6€{l,e} x p?y P2 (p?-1) n—1
<(5 0 > € is a fixed y €d 2 4

non-square unit

a0 X z 0 n-1 P2 (p=1)*
(0 0) o€ RS /(1) {[0 x]} 1) | 2
0 e € is any - o
non-square ¥ leq P Hp—1) pri(pR 1)
10 . y 2
unit in R,

Note: The element o € R, /{%1} is regarded as an element in R, by considering a one to one

correspondence from a unique choice of the coset representatives of R, /{£1} to a subset of R),.

Proof. We start by noting: S is abelian and Gy, = L,,S in each case. So when n is even 2.4.18
guarantees the existence of an extension of ¢ to G4, . Therefore we can always use 2.4.15 (directly)

to find y in the even case.

P2 (p?-1)

Case 1: Irreducible characters of degree =————. When n=2m our table notes 2pm 1

choices of B giving ¢ non conjugate so 3.5.2 gives 2p™~! distinct irreducible characters of G.
Using Gallagher’s theorem with the fact 7'/L,, is abelian we count distinct extensions of ¢p to T'

4m

as |T/Ly,| = ZIﬂm = 2p™. Now for each choice of B, by 3.5.3, there are 2p™ distinct irreducible

characters of GG. Therefore there are at least
2pm71 X 2pm — 4. pnfl

C . . . n—2(p2_1 .
distinct irreducible characters of degree % when n is even.
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3.5. Counting Characters

When n=2m+1 we follow a similar process to the one used in 3.2.2 on page 35:

G affording x = o using 2.4.15
P22 (p2-1)
2
T =Gy, =LnS affording ! using 2.4.15
P
Ty, =NS affording « an extension of ¢’y which 3 by 2.4.18
2.-p™
N affording ¢’; an extension of ¢ defined below
p2
L1 affording ¢p
p3m
<I>
Where,
1+ apm bpm+1
N = , and

cp™  (L4ap™)~?

¢y : N — C*
¢ :n— Aotr(B(n—1))
which has Td’% = NS.
To count the distinct irreducible characters of G we start by only looking at the middle of the

above lattice:

T affording o’
p
Ty, affording «
2.p™
N affording ¢/

Now we consider 8 € Z/p™Z and § € {1,e} which gives 2p" choices of B giving non-conjugate

choices for ¢’5 in T. Therefore 3.5.2 gives 2p™ distinct irreducible characters each afforded by

o7



3.5. Counting Characters

some choice of T (note T depends on B) using the construction outlined in the above lattice.
Now, for each choice of B we want to find distinct constructions of o in the above lattice. Using

Gallagher’s theorem with the fact N.S/N is abelian we count distinct extensions of ¢ to Ty, =N S

as |[INS/N| = % = 2}'}@?:;22 = 2p™. So, 3.5.3 gives 2p™ distinct choices for a’. Therefore there are
at least

2pm . 2pm —4 _pn—l

distinct irreducible characters each afforded by some choice of 1" and can be induced up to give
an irreducible character of G. We want to show that each of the 4 - p"~! characters induced up to
G are indeed distinct, suppose x1 and o are two choices from this list. Further suppose x1 was
constructed using ¢p, € Irr(Ly,+1) and x1 was constructed using ¢p, € Ir7(Lp+1). Then either
¢B, is non-conjugate to ¢p, or ¢, = ¢p,. In the former case x; and x2 are distinct by 3.5.2 and in
the latter case x1 and x2 were both induced from the same choice of T" and as a result are distinct
by 3.5.3. Therefore G affords at least
4.pnt

P 2(p*-1)
2

distinct irreducible of degree when n is odd.

Case 2: Irreducible characters of degree p" !(p + 1). When n=2m our table notes

% choices of B giving ¢p non conjugate. Using Gallagher’s theorem with the fact T/ L, is

Am—1(,_
abelian, we count distinct extensions of ¢p to T" as |T/L,,| = pTﬁfl) = p™~1(p —1). Therefore,

using 3.5.2 and 3.5.3, GG affords at least

P Hp—1)
2

p"2(p—1)?

m—1
. —1) =
P (p—1) 5

distinct irreducible characters of degree p"~!(p + 1) when n is even.
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3.5. Counting Characters

When n=2m+1 we follow a similar process to the one used in 3.2.2 on page 35:

G affording x = a% using 2.4.15
P> (p+1)
T=G4y = LS affording o’ using 2.4.15
p
Ty, =NS affording a an extension of ¢’z which 3 by 2.4.18
p™(p—1)
N affording qb’B an extension of ¢p defined below
P
L1 affording ¢p
P
<I>
Where,
N 14 apmt! bpmtl and

¢y N — C*

& :n— Aotr(B(n—1))
which has Ty = N S. Our table notes % choices of B giving ¢p non conjugate so 3.5.2 gives
% distinct irreducible characters of G using the construction outlined by the above lattice.

Now, for each choice of B we want to find distinct constructions of x in the above lattice. Using

Gallagher’s theorem with the fact N.S/N is abelian we count distinct extensions of ¢’z to NS as

INS/N| = WVS" = p%;;?fl) = p™(p—1). So 3.5.3 gives p™(p — 1) distinct choices for o’ and using
3.5.3 again gives p™(p — 1) distinct choices for a“. Therefore G affords at least

P tp—1) p"2(p— 1)

M (p—1) =
5 p"(p—1) 5

distinct irreducible characters of degree p"~!(p + 1) when n is odd.

Case 3: Irreducible characters of degree p"~!(p — 1). This case is similar to the previous

cases when n is even, but different from the previous cases when n is odd.
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3.5. Counting Characters

When n=2m our table notes &2@71) choices of B giving ¢ non conjugate. Using Gallagher’s
theorem we count distinct extensions of ¢p to T' = G4, as |T/Ly,| = % =p"p+1).
Therefore using 3.5.2 and 3.5.3 there are at least

P Hp—1)
2

3 pn72 p2 -1
" p+1) = (2 )
distinct irreducible characters of degree p"~!(p + 1) when n is even.

When n=2m+1 we repeat the method from 3.3.2, for quick reference we recall the lattice

outlining the construction:

G affording x = v“ using 2.4.15
P> p-1)
Gy = LS affording ¢ an extension of v
p+1
L, (LiNS) affording v = SLm(L109) yging 2.4.16
P
N(LiNS) affording 8 an extension of o
P
Lyi1(L1NS) affording « an extension of ¢
_
Lot affording ¢ = ¢p
oo
<I>

1) bl pm1(p—1) hoi f B oivi . 3.5.9 oi p™1(p—1) disti

ur table notes =——— choices o giving ¢p non conjugate, so 3.5.2 gives —— — distinct
irreducible characters of G using the construction in the above lattice. Now for each choice of B we
want to find distinct constructions of y in the above lattice. We start by counting distinct extensions

of ¢ to Ly41(L1 N S). Using Gallagher’s theorem with the fact Ly,4+1(L1 NS)/Ly,41 is abelian

| L1 (L1NS)] pim
3m

we count distinct extensions of ¢p to Ly,11(L1 N S) as Py b

= p™. So we have p™
distinct choices for a, each of which can be extended to N(L;NS) giving p™ distinct choices for 3.

The p™ choices for 3 give p™ choices for v which are distinct by 3.3.9 which says v, Q.

m+1(L1NS) =P
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3.5. Counting Characters

Now for each choice of v we use Gallagher’s theorem with the fact that L,,S/ L, (L1 NS) is abelian
to count distinct extensions of v to L,,S as % = p + 1. So for each distinct choice of ~
there are p + 1 distinct choices for §. Finally we use 3.5.3 to get p™ - (p + 1) distinct choices for .

Therefore there are at least

pm—l p— 1 pn—2 p2 -1
P p-1) )-pm-(p+1):7( )
2 2
distinct irreducible characters of degree % when n is odd. O

Theorem 3.5.4. The above table represents all the irreducible characters of G.

Proof. To show this we count the number of distinct irreducible characters of G we have found and
ensure that this equals the number given in 3.5.1. When n = 1 there are p+4 irreducible characters
of SLy(Z/p™Z) having degrees less than or equal to p + 1 ([9],p.71-73). For each 2 < m < n there
are irreducible characters of SLo(Z/p™Z) as described in the above table. All of these irreducible
characters just listed can be lifted to G using the technique from the proof of 3.4.1. For p > 3 we

only need to look at the degrees to see that all of these lifted characters are distinct:

2 (p? 1)

pm D1 (p 1) < 2 5 <p™lp-1) <p™'(p+1).

When p = 3 there is an issue since the first strict inequality above fails. Though in this case the lifted
characters remain distinct, to see this we look at the kernels of the lifted characters. The characters
given in row 2 of the above table lifted to SLo(Z/p™Z) (of degree 3(™D=1(3 4 1)) = 4.3m2)
have L,,—1 in their kernels but the characters of SLo(Z/p™7Z) given in row 1 of the above table
pm*2(2p2—1) —4.37m2)

(of degree do not have L,, 1 in their kernels. We now add up the distinct

irreducible characters:
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3.5. Counting Characters

4
5 + 5 +4p
=2
At T V- Y et W it VNP
= 4 . . 4
PHEt = R 2 T,
= De+4) P -1 -1+ (1)
= + + 4p
p—1 p—1 2
2 n—1
p°+3p—4 p" -1 ,
- 3
p—1 | p-l (v +3)
1
=pfl(p2+3p—4+p"+1—p2+3p”—3p)
_pn+1_4+3pn
==
(P =1 +30"-1)
_ P

which is exactly the total number of irreducible characters of G. Therefore we have indeed accounted

for every irreducible character of G. O
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Chapter 4

Irreducible Character Degrees of
SL3(Z/p"Z)

4.0 Introduction

In this chapter we let,
G = SL3(Z/p"Z)
G' = GLs(Z/y"Z)
and find characters of G using 2.4.15. Our first step is to find a normal subgroup of G, so throughout

this chapter for an integer m, we let:
L, = {I ™A ) A€ My(Z/p"™Z), det(I +p™A) = 1}
Ko = {I+pmA ‘ Ae Mg(Z/p"_mZ)} .
K,, was explored in ([1]) and we make use of its similarity to L,, in this chapter (here we are using

the corresponding convention described in 3.0.2). The same method used in chapter 3 gives the

following proposition.

Proposition 4.0.1. L, is a normal subgroup of G with |Ly,| = p*™=™). When [2] < m we have
L., abelian and

L = {I+pmA ) A € My(Z/p" ™), Tr(A) = o} .
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4.1. An Irreducible Character of Degree p?"~4(p3 — 1)(p + 1).

4.1 An Irreducible Character of Degree p**(p* — 1)(p + 1).

We start by defining the map:

¢: Ms(Z/p"Z) — C*

(ZS A — )\(Aﬁl . Agl),
where given w a p"th root of unity A is the injective map:

A (Z/p"Z)t — C*

Az — Wh.

¢ will be restricted to subgroups giving us a homomorphism in each case.

4.1.1 When n is Even.

In this subsection we assume n is even and define m so that: n=2m. Now ¢, is a homomorphism

and therefore an irreducible character of L,,. We want to find the stabilizer of ¢, .

Proposition 4.1.1.
a T Y
Gy, = pmb oz w eG =T,
pTc pmd a4+ pTe
and

Gy, | =2 Hp—1).

Proof. “C” We start by letting B € G, ~and trace the exact steps taken in ([1], p.32-33) until
the point p™(BAB™!)3; = p™A3; for any A such that I + p™A € L,,. In our case we can choose

any A € M3(Z/p™Z) with Tr(A) = 0 in contrast to ([1], p.32-33) where A can any choice in
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4.1. An Irreducible Character of Degree p?"~4(p3 — 1)(p + 1).

M3(Z/p™Z). As a result we get the system of equations:

(1) p™(By'Bs1 — B3;'Ba3) =0 letting A1; = 1, Az3 = —1, otherwise 4;; =0
(2) p™By'Bsa =0 letting A2 = 1, otherwise A;; = 0
(3) pm(Bg_llng — Bg_llng) =0 letting Aoy = 1, A33 = —1, otherwise A;; =0
(4) p™ B! B33 = p™ letting A3 = 1, otherwise A4;; = 0
(5) megllng =0 letting Azs = 1, otherwise A;; = 0.

Considering equation (4) we see that By;' is a unit, so in (2) we have p™|Bss. This means (3)
reduces to meg—llBg:; = 0 but equation (4) also gives Bss as a unit so we have pm|B3_11. This
reduces (1) to mefllBgl = 0, and our system of equations has been reduced to the same system
of 4 equations given in ([1], p.33) and we can finish tracing the rest of the proof given there. ”2”
is true since T'= Gy, (G C Gy, -

Lastly, consider the homomorphism det : G;)Km — (Z/p"7Z)*. Notice that I'mage(det) =

(Z/p™Z)* so we have:

G! 1dm—2(, _ 1\2
G, | = Iex(et)| = Com| P

(Z/p"Z)*|  p*™(p—1)

p—1).
O

Next note ([1], p.33) where it is shown why ¢7 is a homomorphism (¢ € Irr(T')). This also
shows ¢, € Irr(Ly,) since L, < T. We can now repeat the steps taken in 3.1.1 on page 26 to get

a character x with:

’G| _ p16m—5(p3 — 1)(]72 — 1) _ p4mf4(p2 +p+ 1)(]72 _ 1) — p2n74(p3 _ 1)(17 4 1)

d = =
eg(x) |G¢Lm ‘ plgm_l(p —1)

4.1.2 When n is Odd.

In this subsection we assume 7 is odd and define m so that: n=2m+1. Now ¢, is an irreducible
character of L,,11. By a similar method used in the previous section we calculate the stabilizer:

a T Yy
Gy, = p"b oz w eGy="T,
pc pd a4+ pTe

65



4.1. An Irreducible Character of Degree p?"~4(p3 — 1)(p + 1).
with
‘G¢Lm‘ — p12m+7(p . 1)
In contrast to the even case we can not extend d)L'rrH-l directly to T, so we outline the plan with

the following lattice:

G affording x = qbg using 2.4.15
P (p? 1) (p?+p+1)
Gy, ., =T affording ¢%, using 2.4.15
p2
Ty, = affording ¢y
Pt (p-1)
N affording ¢n
p6
Lyt affording ¢r,,,.,
me
<I>
Where,
a x Yy
H = p™b z w €G,, and
pm+1c pm+1d a +pme
1+p™a  pTw "y
N = p™b 1+pmz p"w eG
pm+1c pm+1d 1 +pm€

Proposition 4.1.2.

N 2T, with Ty = H, also |H| =p"*™**(p—1), and |N| = p*"™*°.

Proof. First N < T since given I + np™ € N (so p|n31,n32) and, t € T we have: (I + np™)t~!

I+ p™tnt=! € N because p|(tnt~1)31, (tnt~1)s;.
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4.1. An Irreducible Character of Degree p?"~4(p3 — 1)(p + 1).

Now let 77, H', N’ be defined exactly as T, H, N were defined respectively but with G’ instead

of G. Notice |det(N’)| = p™*!, and |det(H')| = p*™(p — 1) giving:

N’ N p9m+7 _ _8m+6 H' p14m+5(19 - 1)2 _ 12m+5

N| = = = = = = —1).

Finally we want Ty, = H.

“g” Let
a T y a’ x Yy’ r1 w2 T3
t=1p™ =z w € Tyy,t7 ' = pmy 2 w’ n=1+p" | x4 x5 g
pMc pTd a+pTe pmd pmd a4+ pTme pr7 pry X9

So we have: ¢h(n) = A(p™d'axr + p*™(d'czy + d'dxy + 'axg)) = A(p™Hay), for all choices of

x; where n € N. Letting 4 = 1 and z; = 0 otherwise we have a/dp*™ = 0 “ =" it pld. Next we let
1 =292 = x4 = 1, x5 = —1, and x; = 0 otherwise: which gives a'cp®™ =0 a:u>nit plc. Therefore

te€ Hand Ty, C H.
“D” noting that the same argument from the previous section shows ¢y € Irr(H) implying

¢n € Irr(N) since N < H, gives ¢y as an extension of ¢ implying H C Ty, . O
We can now repeat the steps taken in 3.2.2 on page 35 (using 2.4.15 twice) to get a character
x with:

G p16m+3 p3 -1 p2 -1 m— n—
- ||H|| - p12(m+5(p)_( 1) ) =p" 20 - D+ 1) =" 0" - D+ 1),

deg(x)
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4.2. An Irreducible Character of Degree p?"~2(p? 4+ p + 1).

4.2 An Irreducible Character of Degree p**2(p? + p + 1).

We start by recalling the map A in 3.2 on page 29 and define the map:

¢: Ms(Z/p"Z) — C*

qj) A — )\(All)

¢ will be restricted to subgroups giving us a homomorphism in each case.

4.2.1 When n is Even.

In this subsection we assume n is even and define m so that: n=2m. Now ¢, is a homomorphism

and therefore an irreducible character of L,,. Again our next step is to calculate the stabilizer of

¢L7n :

Proposition 4.2.1.

a bp™ cp™
Gd) Lom — dpm T Y ceG )= T,
ep™ =z w

and

Gy, | =02 (p—1)*(p+1).

Proof. “C” We start by letting B € G4, and trace the exact steps taken in ([1], p.29-30) until
the point p™(BAB~1)1; = p™Aq; for any A such that I + p™A € L,,. In our case we can choose
any A € Ms(Z/p™Z) with Tr(A) = 0 in contrast to ([1], p.29-30) where A was any choice in

M3(Z/p™Z). As a result we get the system of equations:
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4.2. An Irreducible Character of Degree p?"~2(p? 4+ p + 1).

(1) p™(By;'Bi1 — By'B12) = p™ letting Agg = 1, A3z = —1, otherwise 4;; =0
(2) pm(BgllBlg — Bg_llBlg) =0 letting A1q = 1, Aoy = —1, otherwise A;; =0
(3) p™By'Bi2 =0 letting A2y = 1, otherwise 4;; = 0
(4) meilBlg =0 letting Az = 1, otherwise A;; =0
(5) mez_lan =0 letting Aj2 = 1, otherwise A;; =0
(6) me?)_llBH =0 letting A3 = 1, otherwise A;; =0
(7) meg_llBlg =0 letting Asz = 1, otherwise A;; = 0.

Multiply (3) by By implying: pm(Bl_lan)Blg =0 (:1>) p™(1 4 Bz_llBlg)Blg = 0, using this we

consider two cases. Considering the case when Bjps is a unit for some x we have: 1+ B;llBlg =

TYLx_l

" = 32_11 = me , SO 32_11 is also a unit. Otherwise if By is not a unit, then 1 + B2_11B12 is a

unit, so for some = we have: Biy = p™z. Next multiply (7) by Bis implying: pm(B?)_llBlg)Blg @

p™ By, B?, = 0. This means that both Bz and B,;' can not be units so the first case stated above
results in a contradiction and we must have the result of the second case: Bis = p™x for some .
But this reduces (1) to meﬂan = p™ so our system of equations has been reduced to the same
system of 5 equations given in ([1], p.30) and we can finish tracing the rest of the proof given there.
“D” is true since T = G;Km NG C Gy, -
Lastly consider the homomorphism det : G;Km — (Z/p™Z)*. Notice that Image(det) =

(Z/p"Z)* so we have:

‘G’ ‘ 1dm—4(,, _ 1\3
Skm p (p—1)°(p+1) m—
‘G¢Lm| = |ker(det)| = |(Z/p:Z)X| = p2m=1(p—1) =p?" 3 (p—-1)>%(p+1)

O]

Noting that ¢ is a homomorphism we can repeat the steps taken in 3.2.1 on page 32 to get a

character x with:

el p16m—5 p3_1 p2_1 -~ —
| | _ ( )( ):p4m 2(p2+p+1):p2n 2(p2_’_p+1)‘

d — —
90 = g, 17 - 2+ 1)
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4.2. An Irreducible Character of Degree p?"~2(p? 4+ p + 1).

4.2.2 When n is Odd.

In this subsection we assume 7 is odd and define m so that: n=2m+1. Now ¢, is an irreducible

character of L,,+1. By a similar method used in the previous section we calculate the stabilizer:

a p"b pTc
SLoir = p"d x oy | €G,)=T,
pe  z w

and

T| = p™2™ 5 (p— 1)2(p + 1).

In contrast to the even case we can not extend ¢, . directly to T, so we out line the plan with

the following lattice:

G affording x = qﬁ% using 2.4.15

p4'm72 (p2 +p+1)

G¢>Lm+1 =T affording ¢L; using 2.4.15
p2
Ty, =H affording ¢y
P 3 (p—1)%(p+1)
N affording ¢n
p6
L1 affording ¢r,, .,
pSm
<I>

Where,

H = p™d x Y €G3, and
pe z w
1 +pma pm+1b pm+lc
N = p™d 1+pma ™y eG
pTe pz 14 pmw
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4.2. An Irreducible Character of Degree p?"~2(p? 4+ p + 1).

Proposition 4.2.2.
N T . 127”,—“3 2 8 6
T, with Ty, = H, also |[H| =p (p—1%(p+1), and |[N| =p°"™".

Proof. Let T', H', N' be defined exactly as T, H, N were defined respectively but with G’ instead
of G. We have from ([1], p.39) that N7’ = N'NG<T'NG = N <T. Also |det(N')| = p™*tH
and |det(H')| = p*™(p — 1) giving:

N’ p9m+7  8mi6 H' - p14m+3(p - 1)3(]7 + 1) _ . 12m+3

IVl = det(NY) _ pmtt P o |H| = det(H') ~ 2 —1) =p (p—=1)%(p+1).

Finally considering n € N we notice the determinate does not depend on ni2 and ni3 so we can

repeat the chain of equivalences given in ([1], p.40) to get Ty, = H. O

We can now repeat the steps taken in 3.2.2 on page 35 (using 2.4.15 twice) to get a character

x with:

|G| P16m+3(P3 - 1)(172 —1) 4 2 2n—2/. 2
d = = : = pim 1) =p™ 1).
eg(x) H| ~ prnp—12p+1) 7 (P*+p+1)=p" “(p"+p+1)
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4.3. An Trreducible Character of Degree p*"~3(p — 1)%(p + 1).

4.3 An Irreducible Character of Degree p*"3(p — 1)*(p + 1).

In this section we restrict p > 3 and use results from 2.3 where we defined the subgroup S of G:

this subgroup plays a key roll in this chapter. We will use the matrix:

where where a, b are defined on page 9.

4.3.1 When n is Even.

In this subsection we assume n is even and define m so that: n=2m. Now recall A as defined in

3.3.1 and define:

¢: Ly — C*

¢: I+ p"Ar— Xr(p™AB),

which is a homomorphism and therefore an irreducible character of L,,. Again our next step is to

calculate the stabilizer of ¢.

Proposition 4.3.1.
Gy = LpS

and

Gyl =p""2(p* + p+1).

Proof. “C” We start by letting C' € G4 and trace the exact steps taken in ([1], p.36-37) until the
point where tr(Ap™(B — C~!BC)) = 0 for any A such that I + p™A € L,,. In our case we can
choose any A € M3(Z/p™Z) with Tr(A) = 0 in contrast to ([1], p.36-37) where A was any choice

in M3(Z/p™Z). By considering different choices of A we get:

z 0 0
Pm(B_CilBC): 0 O

0 0 =z
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4.3. An Trreducible Character of Degree p*"~3(p — 1)%(p + 1).

3 a unit
—

for some x € Z/p*™Z. But since tr(p™(B — C~1BC)) = 0 we have: 3z =0 x = 0. Now our
equation has been reduced to p™(B — C~!BC) = 0 which is the same equation given in ([1], p.37)
and we can continue tracing the proof given there until we get C' € K,,,S” (where S’ is defined exactly
as S was defined but with G’ instead of G). Since C' € G we now have C € K,,,SNG, so to conclude
the proof of this inclusion we are left to show: K,,S'NG = L, S. “C” Let (I +p™A)s € K;,8'NG

where, (I +p™A) € K, s € S’ and det((I + p™A)s) = 1. Now pick

—(A A As3) — 2zb
X:<1—i—pm< (A + 22; 3) Z>>I+pmy3+pm2'32 eKnnSs.

We have:

(I+p™A)s
=(T+pTA) X -X s

= (I +p"A)X) - (X 's)
1
~ det(I + pmA)

1

€ Lp,S since det(X) =7 S
e

and det(X 1)

Therefore K,,S" NG C L,,S. “D” Is clear since L,, = K,, NG and S’ = SN G. Finally we have
K., S'NG = Ly,S so that C' € L,,S and Gy C L, S.
“D” is true since we can follow the same argument in ([1], p.36).

Lastly consider the homomorphism det : K,,, N S — (Z/p"Z)*. Notice that:

Image(det) = {1+p™x | © € Z/p"Z} so we have: |L,,NS| = |Ker(det)| = |K}'}Qsl| = I;?;Zl =p°m.

LmS 8m ,4dm—2(,2 1 _
_ |Lml[|S] _ p*™p 2(p+17+):p10m 22 4 p+1). 0

Implying |L,S] [LmnS| — pom

We can repeat the steps taken in 3.3.1 on page 41 to get a irreducible character x with:

- \’qu! - plo’”—(?(p2 +)](9+ 1) ) (= 1)2p+ 1) = Yo — 12+ 1),

deg(x)
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4.3. An Trreducible Character of Degree p*"~3(p — 1)%(p + 1).

4.3.2 When n is Odd.

In this subsection we assume n is odd and define m so that: n=2m+1. We use the same method

used in 3.3.2 constructing a character of L,,+1 and using 2.4.15.

G affording x = v“ using 2.4.15
PO (p—1)2 (p+1)
Gy = LpS affording ¢ an extension of ~
p2+p+1
Lin(L1NS) affording v = fLm(109) yging 2.4.16
p3
N(LiNS) affording  an extension of o
p3
Ly11(L1NS) affording o« an extension of ¢
p2m
Lyt affording ¢
p8m
<I>
Where,
L+p™tla  pma Py
N = pm D 1+ pmtly p"w eG
pm+1c pm+1d 1+ pm+le

Define the injective homomorphism: A as in 3.3.2 a define:

¢: Lyt — C*
¢ A— Mr(AB),
Now, ¢ is a character of L,,11 with degree 1. A similar calculation to the one used in 4.3.1 shows:
Gy = L, S. Repeating the method used in 3.3.2 we find o an extension of ¢ to Ly,+1(L1 N S).

Next we find the sizes of our subgroups in the above lattice. To do so we use Hensel’s lemma

(as stated in 3.3.3) in the following proposition.

Proposition 4.3.2. [Ly1(LiNS)| = p™™, [N(LiNS)| = p*5, |L(LinS)| = pl0m+s,

|Lp S| = p'o™ 0 (p? + p + 1).
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4.3. An Trreducible Character of Degree p*"~3(p — 1)%(p + 1).

Proof. Start by defining N’ exactly as N was defined but with G’ instead of G, so:

| N” p9m+3

= :p

N| = 8m+3'
NI = Tqe) =

From 4.0.1 we have |L,,| = p*"*8. Now we find |L1 (S|, let X = (1+pz)l+pyB+pzB? € L1S.
To calculate |L; N S| pick an arbitrary X € L; NS and count the solutions to det(X) = 1. For

z,y,z € Z/p"Z X has the form X = (1 + pz)I + pyB + pzB? so we want to count solutions of:
det(X) = 1+ p(3z + 2b2) + p*g(x,y,2) = 1 for some polynomial g
& fla*)y=2" +p-gx,y,2) mod p™ () letting 2* = 3z + 2bz mod p*™.
Now, f(0) = 0 mod p and f’(0) # 0 mod p so by 3.3.3 there is a unique 2, mod p*™ so
f(x2,) = 0 mod p?™. This means that for each y in (*) there is exactly one x* which gives a
solution. Therefore there are p*™ choices for y in (*) and for each choice of y there are p*™

solutions for x and z in 2* = 3z + 2bz mod p?™. As a result |L; N S| = p?™ - p?™ = p*™. By using

the same method we calculate:

|Lin 0S| = p*™ 2, | L1 0S| = p™.

Now,
Lins1 (L N S)| = ‘LTZ:’LJ? ;y S| _ ps; oo,
IN(L; N S)| = |N‘|]'V|ﬁl;| S| _ psm;;pm _ plom3.
|Lin(L1NS)| = ‘LTLJ?; S| Pgﬂ;rifjm _ plom+6,

and using 2.3.3

L .S 8m+8 | Am (2 1
|LmS|:‘ m‘ ’ ’_p p (p +p+ ):p10m+6

2
L, NS| pmt2 W+ p1)

O]

Now we can repeat the method used in 3.3.2 to obtain a character & of degree p> of Gy; giving

an irreducible character x of G with:

G| plom T3 (p3 —1)(p® — 1)

d = =3
eg(x) deg(5)‘ o] p < plom+6(p2 4 p 4 1)

) =" -1+ 1) =p" -1 (p+1).
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Appendix

Appendix: Maple Commands

e Case: ¢ is not a unit.

> y = ((1/2)*n[2]+c*n[1] *epsilon/(2*a))/(a-c"2*epsilon/a);
> x := -n[1]/(2*a)-y*c/a;
> w := c*x/a-n[2]/(2*a*epsilon) ;
> g = a+(1/2)*n[1]l*p; h := c+n[2]*p/(2*epsilon);
-1
yi= (1/2m2+1/2246) (a - )
2\ —1
7= =1/2% = (1/2np+1/298) ¢ (a - 5¢) o
-1
w = c<—1/2"a1 — (1/2n2 +1/228¢) ¢ (a - =) a1> ol —1/2m2
g :=a+1/2n1p
h:=c+1/2722
> t o= CU(
Matrix(2, 2, {(1, 1) = 1+xxp, (1, 2) = y*p,(2, 1) = wxp, (2, 2) = 1-x*p}) ,
Matrix(2, 2, {(1, 1) = g, (1, 2) = hxepsilon,(2, 1) = h, (2, 2) = g})):

map (simplify, simplify(t, {p~2 = 0}));
[a ce + nap

c a-+nip
e Case: ¢ is a unit.

> w = ((1/2)*n[1]+a*n[2]/(2xc*epsilon))/(-a"~2/c+c " 2*epsilon*1/c);
> x := wka/c+n[2]/(2*c*epsilon);
> y := -n[1]/(2*c)-a*x/c;
> g = a+(1/2)*n[1]*p; h := c+n[2]*p/(2*epsilon);
-1
wi= (1/2m +1/222) (=€ 4 cc)
-1
x = (1/2n1+1/2%)a<—§+ce) cl41/222
-1
y = —1/2" —q <(1/2n1+1/2t?€2)a(—‘f+66> ct+1/2 ’Zg) c !
g :=a+1/2np
h:=c+1/2722
> ot o= U
Matrix(2, 2, {(1, 1) = 1+x*p, (1, 2) = y*p, (2, 1) = wxp, (2, 2) = 1-x*p}),
Matrix(2, 2, {(1, 1) = g, (1, 2) = h*epsilon, (2, 1) =h, (2, 2) = g})):

map(simplify, simplify(t, {p~2 = 0}));
[a ce + nap

c a-+nip

( Note the simplification: p™ = p so that p> =0 )
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