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1] ‘vd‘f o N . L e .
' The maln theme of thls the31s 1s to investlgate-»
‘the property of a 51ngle mlnlmal surfaqe under small - .

. - .
oo . . Y -

.perturbation.. The ﬁethod conS1sts malnly of flndlng

’

the area pf the perturbed mlnlmal surface 1n a: momen- , . : »”‘

F'}- _ tarlly statlc 1n1t1al hypersurface. Accordlng to thg

0

Israel Carter conjecture, the perturbed mlnlmal surface
'HW111 eventually settle down to a‘SChwarzschlld (o

Q 'i"Relssner-Nordstrom) or Kerr event horlzon.i,(In statlonary

- o -

-spacetime, the event horlzon ‘is necessarlly the m1n1ma1
surface ) The perturbed,mlnamal surface and the f{nal

_statxonary event horlzon are compared and Studled .“The :

\";result then shows that the Penrose conjecture of cosmlc—“

«,;censorshlp cannot be’ v101ated through thls type of ,
o Aa . . t

perturbatlon. . ; s {" S

S .‘;' . Both the Schwarzschlld and Kerr lﬂltlal data are--
;Jf "'studled under the above scheme.. However; the Ernst
fformulatlon for an ax1symmetr1c, (t ¢) rever51ble space?>>‘
-tlme is found to be unsultable for'thls type of" 1nvest1—’ R

'gatlon. A new formulatlon ls set up and studled

.

=exten51ve1y.,-It is found that some advantages of_Ernst

'formulatlon are lost 1n the -new formulatlon.'.'

A brlef outllne of thlS the51s 1s llsted beloW°¥_'

”mChapter 1 rev1ews the Cauchy probIem 1n general relat14‘;“'5x
t:v1ty. Equatlons necessary for later chapters are derlved. e };
. o . : ) e ’ R )

Y
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.Né,newmmaterialwresideS“in“thibVChapEer.' .In Chapter 2,

. the tim%-symmetrlc 1n1t1al value problem is formulated

o L]

,for calculatlon ‘in next chapter.' Except for some small

Alnnovatlons, 1t is essentlally the same as.Brnll!s S
h v _/ v [
formulatlon of tlme symmetrlc graV1tat10nal waves.

Chapter 3 contalns the perturbatlon of the Schwarzé!hlld

we

'and Relssner—Nordstrom 1n1t1a1 data. The area of the

m1n1ma1 surface is calculated and 1s shown to. be in

k3

accordance w1th Penrose s conjecture. Chapter 4 contalns

the new._ formulatlon and the pérturbatlon of the Kerr

'1n1t1al data. InIChapter 5, the-Israel-LelbOVItz theorem

'1s generallzed to show that ‘the Penrose conjecture holds
for a: charged spherlcaﬂ collapse.ﬁ"t

IS

In the- last three chapters, except sectlon II

of Chapte;.B, all materrals are_the author-s own work.
Lo . U /, . . N
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(1)
(2)

(3)
(4)
(5) -

" (6)

-R

NOTATIONS o S L e
In  this thesis, the‘fpllowing nétaﬁﬁoni'ara

.

o P

Latin indices range from 1 to 3,

i.e. i,3.ky... = 1,2,3,

1

. [+]
Greek indices range from 1 to 4,’ ‘
ioe,. G'B,Y’.o".. = l,2l3'l.4‘ ’ ..‘. . . ) " ::}
Signature : 1- =
. 1° . ..
: 1l S
. 4 ' -1 . - :

Commas "," stand for partial differentiation,-
- ;. ‘

v
A
>
(11}

aAu/ax?.

: . . : .
Strokes ."|" and "V" stand for covariant differen-

tigtibn. .

N -

The Reimannian. tensor is défined by

a Lo _ pa e 1O pH  _ G oM
By$ Fge,y r87.6_+ ?uétsv Tuylge:

t

,
[

-
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cq
] . o .3 : v . .
o' - . ° '.. ) ) . ? ’ ‘ . ! hv“
o . . " JERI :
QHAPT!‘J! 1 . ., ® T .
. 4 .° °
, caucmt's pnoawn N, cznam lu;u'mvrrv , -
. /7()( ' . . . o ? ® . -
. ' . . . F) . s . o :
I. Introduqtion : R A S

o - N . U
A brief descriptﬁoncpf the Cauchy 8 pxoblom in
genere&\relatiyity is given in this chapte:, tollowing

. more or - less the- histo:ical develogment.. Emphasios are

o a

put on equatfon  that gre needed in’ the othér chaptérl¢

’g. ?

. The source. of thiaochapter is mainly frbm the téxts
and some of the papers lxstqd in the bibl&bgraphy. .,

"o The Kerr so}&tlon and Schwarzschild solut&on
[ § N
°represento!ields of.;dealizgd phyazcal system For
S e '
moxe:- generar case,“oae has to :ecourse°to ser1bs»sblutxon

1n powers of x‘ or othex numerzéal methaﬂs. §uch a method

S
° Y

%f closeiy related-to the lnlnaal valﬁe problenm, allg
o . e ©
known as the Canchy’ problem. Besides its practical value,
o Q ° .
uuglalrvalue problem alsb blglngmlns:l.ghts 4nd under-

"+, standings anto Eng structur% of the(ﬁlnstexn f;pld eqaa=
> : ; . e

tion and ‘the spacethme manlfokd._ : te T .2 o
’ ) T é 'v* '_:e ; C’/;S °9 o‘ c;
'ff 'iI.. "Gia#égggl“ Treqtment o . B S a e,
; a;o‘ Cons;;:;.a hypersurface Z labelled x?l= t <
Lmbedded in thé Rlemannlan spacebnme manifold V.q °:= .ed .

3
Nl

o
- - s 0

. Suppose gué and guv oy are- glven on k.’ A ?asuil

v

glance at the §1nstein tensor GW¢ q;R V-»ag R glves ;ihj

..



.
the lmpre551on that all ten second t1me~der1vat1ve of

guvccan be expressed in terms of the 1n1t1al data guv

" .-and gu on Z. Thls, however, is deceptlve. \?he

3

v, 4
Einstein tensor G satisfies the Bianchi identity,.
L . . . e : SRR s ‘

|u a
More explicitly, ’61' o
. i o .

4v o _ __iv_u AV f_] NAURTP R e

G ’9-— G /,i T )\G - FXUG . . o (2)

The hlghest time- derlvatlve in the rlght hand 31de,is o
. '3 B o N
of'seCOnd ‘order. ThlS then clearly shows that G4v

4cannot contaln second—order tlme derlvatlve. In otherﬂ

N

'»wo;ds, the Elnsteln equatlon

o
©

Cqp = = ¥Tqu- 0 B

~containshno-infbrmation'about the time evolution of-the

9

1n1t;@l data. Instead, 1t represents a set of cons-

traints to whlch the Lnltlal data must satlsfy.

v

- Thé\Bianchl 1dent1ty of (l) comblned w1th the

'Elnsteln fleld equatlon glves

MY L T ey

A

-

'Folléwing (2);wﬁhis can.be gxbreSSQQIas

! 4V . _ iv.e u )\ . ’,\)' u)\ o
s T 4T '.- Txu ’;rApT SRR ),(5)
The ingerpretation o':E.fl:his'_is"‘t:ha{:''Tu\J cannot' be -

/) . i



prescrlbe. R

presoribed freely throughout the spacetime; instead,.
‘éQuatiOn (4) must ‘be followed BN “ L

As four of the ten Elnsteln equatlons ‘are used

£

é?}constraxnts, on%yj51Xvof ten\guv_oan.be determlned
S& the.rest of tné}Einsteinvequations.-‘Iheiremaining
four g 4 must bezset arbltrarlly. This erbitrariness
1s\an unremovable feature\of general relat1v1ty reflect—

1ng the pr1nc1ple of covarlance, namely that any equatlon

of phy51cal 1aw must preserve 1ts form under general’

.c00rd1nate transformatlon.

1 To sum up, precrlbe four arbltrary functlons

for g nd (say, 0,0,0, -l) whlch in tu gfﬁi{gﬁxhe coor—-

dxnates, then prescrlbe 93 J and glj\“ on z 1ﬁwsuch a
I .

,ﬁay that G e = —KTU4-holds. One can then pro¢eed and.
/, L i o
‘ sOlve the remalnlng field equatlons/\‘ I '

ij = e KTlij T e . ;," L | .

AsAfor‘the prescription Of'TﬁQ;wbesidechonstraints (3)
TUv'also has to satisfy (4) . .

- III._”The “Varlatlonal Pr1n01ple" Approach o ‘r.t

. z '
Through the varlatlonal pr1nc1ple, one can

.

‘recognlze what quantlty must ‘be held flxed"at the llmltS.

Thls in turn glves ‘one éhe 1dea of what 1n1t1a1 data to

o

* .

P



™. i " . - . - B v] w

~

- . In'the Hilbert (1915) - Palatini (1919) formu-
"lation, the Lagrangian‘deﬂsrty is takeﬁ_po:be_ '

“

-

Rz /SR B (O

where R is the Rlemannlan scalar, and ﬁhe quantltles-

’to be varled are the ten components of the metrlc

-

tensor, g,

L ahd‘the forty components Qf the affine

keoﬁneetionf P%%._ These quantltles ‘are held fixed on the

. boundary of the spacetlme manlfold

o t

~f‘\_

In the Arnow1tt-Deser—Mlsner formulatlon, the
'spacetlme is Spllt 1nto a sPacellke hypersurface Z and
a tlmellke dlrectlon normal to Z. The Lagranglan

'densmty of (6) is expressed ln terms of quantltles

.-1ntr1n31c‘fo‘2; namely the 3 Rlemannlan scalar, 3R, ,
. ) : ‘ e

and';he erfrin51c cdrvature Kijt'l-efi"l,
. _ 3R+ "—‘."—“).f (VT’?.'A;"Z.'-" i‘rf(ixz_) N .
:h ; ceaariahce.diVergehQ;/A'l' ‘dh :'»-(7)

Ve c L. . @

The'variatiohal principierforyvacﬁum field in ADM's

']Ianguage_ﬁo& has'the'form'f'; - R :;_,/h‘

5 | - s o n | .

D P T R _ .
fdﬁ{‘R+Jﬁg-§)[(Tr,K) - Tr(K )]}N/ dxldx dx3dt;=0 - (8)

where n is a,unit‘Vector‘normal to }, and

‘*\e;%/a



1 if n is Spacelikd

T owme

S o | if - n is timelike.
“and N is-the lapse function meaSQrinQ the proper time
‘between ththWo'spacelfke hypersu;faees,fandf
K%L~ = .and ,TrQKz)-E k*.kI, o
i _ - ) _ R -
N Sl L
'f

[

Tr K

At thls moment, we dlgress to 1nvest1gate the

.ADM s 3+l Spllt of spacetlme.'_To construct a spaéetlmej»

manlfold from a stack of spacellke hypersurfaces Z oneeh~

J' (2) the

'lapse functlon N measurlng the proper tlme betweeh two

A needs to know (l) the 3 qeometry of Ye g

'spacellke hypersurfaces, and (3) the Shlft functlon N
 measur1ng the spatlal shift of two corre5pond1ng p01nts'
*on “two adgacent hyper3urfaces. In terms of these func—
tibns,'the 4—1ine—e1emeﬁt

A)ge? = gij(dx?+fﬁldt)(deA-NJdE)é-det."49)

-]

g

. Comparihg wiﬂm 4‘dsz=.<_:;OLde°‘c}1x-., one arrives at
/ . . . : L ) . ’
. (33 Yo :
o T 9is Naooo o | 1945 Yis
. N R . — ’
Col i 2 . o
. Nj CNGNT-NT) gy 944
. . /oo
or eguivalentiy



- ‘ 6
3gid.  NC iy _nind L ia
5 SN TR - O (11)
LIRS ) RN N Sl

"The proper VOlume / [Ijg dxldxzdx dx4'acqurree the'form:i'

.‘ NV dx‘lax,zdxadt'(' ’ L - - '(1.2')._'
Z,A spacellke hypersurface Z 1s unlquely spe01f1ed,r'
‘ by a palr of symmetrlc 3—tensor g. J(x%) andfxij(xk) S

whlch determlne the 1ntr1 1c geometry of X and the

manner Z 1s lmbedded 1n the en:_loplng spacetlme respecﬂi

tlvely, 'The extr1n31c curvature K\\\}s deflned by

(Israel, 1966) ﬁ»;?;'

6 a v t.\
nr-= - Klj e% ) |
&g Y

t'~where 6/6£ means absolute der;vatlve w1th respect to g

the“1ntr1nslcfcoord1nates of §.. In covarlant form
Ki3= ey T ?w[—‘g‘ neTos ax] S ae
- JLQE ag Y 8& ‘ A
‘fo;takingtz to-be g4f= constant'and choosing_x}‘é £t, we.
_ a \BY
g Tagd 3 . g :

Thefunit'vector‘hOrmal to'X,,na, is given by



8,

e ._.\. \ ", . ¢ '

e‘na_#g(hbrmalizatidn‘facﬁbrlk a&x“ﬁ‘—ngv._.

.QWiﬁh-theSeJﬁ(l4)_bec6mes . ‘J}.)L T o ~5¥5\' 0l

N Lo S 4k . o
+ = G o gy s TR SN N
| Jaj5i glJi4)+ 9 ‘?9k1,:+ qu.l glj,k)},-

N, 44,
DR (LI CH

" With the help ef;(ll), ¢his bee6mesfe

ol CoL x
Kig=am Wi, 5% N4 _-%j.é*?“kru}

4

-

!

3la '.;-91:"*4} B

l . )
'.+N
2 { l] :

. wt
. : ro e

In: terms of g j and K, ij°  the eoqstraiﬁt équa&_gbe
4 .. : T : ° t o :"_f =

. "tlons G 4 ;iP“KTJ‘, are

}J
S R (rr. K) %= (1r ®*r=wr,t o (16

andf" .
1 N

o R

wr T oIl A

_ whefe*fhe stfoke ﬂl"'stands for covarlant differentia— ~fQ

tlon w1th respect to g S B
ﬂ Return to varlatlonal pr1nc1ple.' By 1ntroduc1ng
the supethamlltonlan JL, the super-momentum J& end“ e

field momentum nij,_equatlon (8) can be expressed as



e lJ - I-‘.' | ‘i-‘v 4‘ » .A“‘ . '4‘
J[n 953, 4 NH = N, H7d x (18).
. Explicitly,

y

.

- ~ﬁ1_5'9-'—?é[Tr(U‘2)-4‘~ Lé('Ifr.A'i-r)?]k..‘—a g : (19)_':

o N 1A,l \:_. - 2-"'1]'5 ’ » (20) ’
Cama o L
Dl Gl e e S

. . - . . . . Sl

. kS
. i . A -
& . i

;hlh'this fotmulatioh;‘the quantltles to be varled fteeiy,
'but held flxed on the initial and: flnal spacellke o
h_ hypersurfaces,~are nij, 913‘ N"and N v The flrst two |
- play the role of 1n1t1al (and flnal) data on z and the 1'?

-“latter two play the role of Langrange multlpller glVlng

o

the constralnts

\ﬂ’ = 0 ‘ T Ll
and K =0

<

Be51des prov1d1ng 1nformat10n aboﬁt the 1n1t1al e

‘data; the maln attractlon of thlS formulatlon tomes

. a

‘ from 1ts appllcatlon in the quantlzatlon of gravxta—}'

tlonal fleldw For a 1uc1d explanatlon of thlS method,”

see Kuchar:. (1972).

‘To-sum'up, in'a vac 'SpaCetime,‘the intrinsic

1metr1c g j and the extrl sic curvature K. ij- of a hyper—”ﬁ

.zsurface Z (t é const) determlne Uhlquely a soiutlon of

2
,-'-. : . N . & R
. . . N . . . - 13

.

Ce . N - L . Co . . S K o Y



/

/

/
the Einstein vacuum field equation if and only if gjg

.énd Klj satisfy the .equation_é (I_‘s_rael,' 1975),

L3R + Tr(k%) - (tr K2 = 0
and* )

.. j.‘v_ . ;—: "' .
Kl IJ “(Tr K?li 0..,

«
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K CHAPTER 2

TIME<SYMMETRIC IVP ¢

« i
3 . Lo Ve
e 1

o

‘1. Introduction
" In this and subseQQent'chapters, we turn our .

attentionkfrom the-geheral Iyé to some specifio ones,
'The ones we are 1nterested in are those with tlme—'-
_symmetrlc 1n1t1a1 data and those Wlth ‘what Hawklng
(1913) terﬁed (t, ¢)revers1b1e1h1t1al data, both on a
‘conformally flat spacellke’hypersurface.‘ The IVP w1th
such symmetrles are reformulated to allow detalled
acalcuﬁﬁtlon. Some . classes of perturbatlons on the .
inltlal data are also calculated 1n the fashion proposed

'by Penrose 1n hls attempt to construct a naked 51ngu—

s,

larlty. _The essentlal 1dea was to construct time-

symmetrlc 1n1t1al data whlch has smaller mass than the

s

Schwarzschlld solutlon but w1th the same, or larger area

3

Of apparent horizon. Such a case obv1ously would contra—

dict Hawklng s'second law of Black Hole dynamlcs which

v

states that ln a strongly asymptotlcally predlctable
\spacetlme free of “naked 51ngular1t1es ’. the area of a
black hole must always increase with time. : : @

In Chapter 2, a brlef rev1ew of the 1dea of

a

i

symmetry w1th 1ts bearlng on metric tensor is presented

in Sectlon II In the rest -of the chapter, the tlme—
7

3

-symmetrlc IVP is deflned ‘and formulated Except for

10



! . .
some innovations, the essence of the formulation comes <
4 . ' : "

from Brill's (1'95%) investigation on time-symmetric

- gravitational waves.

-

.

In Cha ter 3' the . perturbatlon is carrled out
on a time-gsymmetkic, conformally flat spacelike* hyper—

surface z, with chwarzschlld initial data. The

' v ) -

Reissner- Nordstrdm metrlc is also dlscussed. Except
for Sectlon I1, in whxch 1nformatlon necessary for

the rest of the chapter is explalned the main body of

thls chapter contains, orlglnal work.

In Chapter 4, 1n1t1a1 data with both axieymﬁetry‘
“and (t,¢) reversal is studied. A new formuiation fcr |
axisymmetric gravitational field is presented. The Kerr
solutlon in thls formulatlon 1s,iihd1ed fhe perturba;

tlon of Kerr solution is also performed. All inforﬂa—

.

" tions, unless otherw1se specified, are original.

In Chapter 5, the Israel- Le1bov1tz Theorem

»

is generallzed to charged spherlcal collapse The

result 1s then used to show that. Penrose cosmlc censor—?'

shlp'conjecture-holds in such a'collapse. This chaptera
like the previous one, is original work. -



IN. A.Brief Review on Symmetry

!

\ From the palaeolithic cave paintings to the

ulifamodern pop-arts, symmetry has aiways been the
e . o )
uﬁfai%ing carrier for beauty, harmony and perfection.

Though it is universally. appreciated, symmetry, as

1

12

beauty, is in the eyes of the beholder. Its understanding,

.-hence'its definiticn, varies from crude to refined
"accordihg\to the powef‘cf perception of the beholder.
Tﬁé“most-general and mathematicaily applicable,
deflnlt;on 1s,,perhaps, given by Hermann Weyl in his
book "Symmetry".» Weyl defines symmetry to be the
property that'enables‘a system to_rempln unchanged
aftef certain operation. In such a case, -the syscem
is said to be symmetric with respect to such an
operation. | | : | : ~;V' , .

Sp;cetime ménifcld on'mo;t occasions, admits
some grcups of approx1mate symmetry transformatlons.
Such symmetries can be used to deduce 1nformat10n about
the metric tensor. We will show how this is done'in
thls sect;on.’J |

. Conslder the’ spacetlme manlfold v w1th coor—'

-dinate xu a)

and metrié¢ tensor guv(x

Under weyl‘sﬂdefinition,'thesspacetime vV is

said to possess a hidQen symmetry if there exists a. .
’ : . . N . .‘\ R | o N
coordinate transformation

s : B ) Y
© - . \



L

u - 4

x> X ‘ ‘ ‘ ‘ X (1)
“ | " . c
such that the transformed metric guv(ia) is the same

function of ‘its argument x% ‘as the original metric
i : . ‘ -
guv(xa) is of its argument x%, that is, Iuv is invariant -

in form under such a transformation.
The two metrics are related by the tensor trans-

formation formula,

. .B ‘ ‘.
v : - -v. 3%% 5% ’ .
‘ ~guv(xY) = gae(xY) 3x_ 35; . : (2)
‘ ax¥ ax
If g is invariant in form under such a transformation,

uv ‘ N

one can replace EUQ(EY)'by,guv(iY). This gives

. ot - =B .
Yy = sy (3Y Bxa X : . .
guv(x ) ‘ QQB(X ? axu‘axv " T .(3)

Coordinate transformatiorf®that éatisfies équation'(ji
ié called an isometry. In a nore preciSe-mathématical
1aﬁguége,'an isometry ié qldifféombrﬁhism‘¢:Va-V that>
carries the metric tensor g into itself,'that-is, the
mappea metric ¢ (g) is equal to g,éverywhére} 1;

‘ Tb‘éxpediﬁefphysiCaI.undgrStahding;rﬁe“?eayg
the dgneral caseIEOf A!while.and tfeat the special case

‘of the infinhitesimal transfdrmation
xH > M = <M+ g . ' - L (4)

For such -a transformation,



> |
1
2

; l
2
L}
o
Tt a
+
m
-

+ U

hence

—a —B .
() () = (6% 4+ £ (6B + eg® )
u H \Y 'V

ox¥  axV ! Y
= 0.8 (1O B‘ CaBga 0 2
6’u6v + e(aug ,y + dvg ,u) f”#e )
. . h - |
and, from Taylor's expansion, .
gas(;‘(Y) = gas(xY +-' EEY) " /... . <
- ) . L ag
. Y Y ap 2
=g ,(x") + €& - + 0(e™) .
. aB ax Y o

»

14

(5)

(6)

(7)

o

"With the help of (6) and (7), equation (3) reduces to,

“"up to the order of €,

B ) o .0.’
, . + - = 0,
gNBE RPN PRV Evguv,a

_The covariant component ga is defined by

-~ L ]

i//éh _.g“BE o . ‘ :
-A simple diffhreﬁ;iatioﬁ gives ‘

LB

. '='.ﬂ‘.>= .3.‘
gu.v (gus »,v. 9u8:v§. fsguﬁg.tv

.

Similﬁrly, R : _ /

| S g eBag g
Evru. ng,gE * ng; A TEE

(8)

(o) -

(10)"

(11)



°

o

’
o

1
.y ' , Q ¢
Equation (8) can thus be written in covariant form

o

. + - ©opg - a 2
Cu,vi Cv,u (guu,v gya,u fpv,uf£ 0. ‘32’
" N > o

° [

The bracket in equation (12) is twice the affine connec*

ot

tion ruv,a , hence we have
+ ) . - 2 o a = !
gUrV £V:u garu\’ 0‘ (13)
e ) : , ) ’Q}
where ° ‘o
a - . aB o : : 9
Mo =9 Tuu,e - c,
, . ] .
In covariafit derivative form, " (13) becomes o
R + =0 .
Sulv * Sol N . us

This. is the> wellrknown Killing's equation, and Eh is

'called the Kllllng vector. It is not hard t91show

(Hawk;ng, 1972) that equatlon (14)blsgthe necessary "
)
and suff1c1ent condltlon for .an. 1sometry, hence the

)

hldden symmetry of the spacetlme, to ex1st In other

_.words, if the spacetlme manlfold admits agvector fléld

<

EL that satlsfles the Klllyng S equetlon, a symmetry
: L]
exists. = ° - ° .

o . B -~

°

To remove the -doubt which arises from the use
of the special transformatjon (4), a more general treat-
ment is given below.

Pl . R <

<

15



Consider the;sa@e spacetime V, coordinate x®*

' - 0 : Sl T o
and metric g . (x%).. 1 T
and TR A .

o o ‘Any,equatioh

. L ’ - . L . . o
T R s R, e Al

o ' ’ o : - - , ' L . ‘ y

Q

where a is a'parameter, deflnes a coordlnate transfor—

mation for each value of a.

The set S'of all sucthransforﬁations forms an

one*parameter contlnuous group of’ transformatlon G 1f

the-follow1ng group propertles are met.

16 .

AY

1nverse transformatlon ex1sts and belongs to the set S

o

Such altransfofmation;(iil satfsfies afsystem‘offdifféren—

tial?equationsg(Eisenhaft, 1966)

4

gi_ w(a)g“(x R ¢ 1)

) (1) © T Two such transformatlons f“ g can be comblned
: -4
i 'to glve,a thlrﬁ transformatlon of the form of eq. (15), .
i.e. if fu glJ belong to. the set S then hH = f“[g (x ),a] |
:lSO belongs to S. o ;i'}’} : E s
2 ) ;':‘Tﬁexc-eXIsti'dnjideutftj tLausfoLmaﬁiUu
0
] xH = f“(xa,adj
‘wherezao is the value of the.parameter for such trans—h
CL, formatlon. ub~"_ 5; ,,'” R e
S, (3) For every transformatlon 1n the set S, a unlque‘



Define a new parameter t by

. ca s
to= [ y(a)-da
_ ) .
o
'where_ao is tpe value of a' £6r  the identity transfor-—
mation. .- A

In terms of the neW‘pgrametervt,;eq; {16)

N R T .
'reduces to. - L E . ! R
d—u '__ . ‘ b. o B k) . : -
e ENEn o o | (17)
The ldentlty transformatlon now has ‘a parameter t.= 0. d:

Consxder xu as a contlnuous functlon of t, and 1f
E“(x ) lS a well%hghaved functlon ln a nelghbourhood o%

-t ='0,-',u can'be expressed in the form

: S iug 22|'5-'2-'
-u3= < H : d "“T N E__ = P BTN Y
R R ol e T t18)
. . . . - t—O ‘dt S - S
o : t=0 .
but %" evaluated at t = 0 is just the identity trans-
. formation, fhét is, o

» e - .
R ~§U‘£;o.='xw

~e

for therélmllar reason;,and'using.eqhation (17), we'haVe

)

‘dﬁ'i T y

=1 —&;(X) - E;(X)

qt ﬁ?o . . ﬁ 0 S '

Aiéo . f‘:_".' L L . _j }c al .
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S A A p.ld‘ v. A '
e e e Pl 28200 2L

With these results, equation~(18);reduces to

d”"x ~ B 3& (x% ) S .
S = £ (%) _T‘ . f .
= &_"B(xa) .@,_é_(_’s‘_)_ .

.

2
C9xX :2% -

An 1nf1n1te51mal transformatlon corresponds to y‘

la change in the parameter t from tl = 0 to t2 = &t., .

-'Hence, from €quation (19), an 1nf1nite31mal transforma-

tion has the form, '
_xU. = x* T+ M (x%y st + gB(_x'c‘)~ 3k (}é) ‘(_5‘12—_)' R

ST t'3

-18-

o .

:Negleoting Qét)z.and_hlgherlordernterms, this gives

S L e e € T L (20)°

°

Followiné ﬁiSenhartis notatioﬁ,,weqintroduce'

XE=gMe L (21)

.oa . .

‘[This 1is also known as the Lie derlvatlve of a scalar G

',functlon £ along ‘a vector field g“ 1 e. Jﬁ (f) g“f ].

Thls quantlty Xt 1s called the generator of the one

v . 4

iparameter transformatlon group glven by equatlon (19)

. as it unlquely determlnes tge 1nf1n1tes1mal transforma—* '
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tion of equation-(ZO), and theAfinitemtransformatioﬁ_

of, (19) 'is just repeated inffnitesimal‘transformations. B

Since we are interestedign.spacetime manifold
‘with symmetries, consider'those'infinitesimal transfor-

.mations‘thatjleave:the‘metric tensor form-invariant,

that is <¢he isometiic'infinitesimal'tréﬁsformatidn}"

. . ' - : . . L

Suppose. such a,transformation.is given by - ~.

xM o= x4 gM s,

-]
@

the condition,that.guv ishformeinVariant requires‘that 'f"'

= PRIV 2
90t ,V;+_9va " g g% Sv,a 0 i (? )

After some juggllng, thls glves back the Kllllﬁg s . B

equatlon

g =0 . o
Eujvﬁ ;vjua O . |
o

Arguing in reverse,vwe'Can‘See; at least crudely,

the reason why a Kllllng vector fleld in the spacetlme

‘.manlfold 1mplles some’ fcrm of symmetry. If a space—~

“time’ manlfold admlts a Kllllng vector fleld g '.oqe

©°

can use g .to’ form a generator S e e NEEITE 7 -,
XE o= gHE T
E' FETRRE 8

whlch generates a: one—parameter contlnuous transforma—'

tlon group.» Thls generator also unlquely determlnes an"

C lsometrlc 1nf1n1te51mal transformaﬁion,

. e . . [ X C.
a . c . Do . o e



xH =

' This transformation will'then leave

invatiant.

form,

xH + gUth,

Q

-

The Kllllng.s equatlon,

S ‘v ’ \
L,
T . .2
- (23)
the'metricufofm- . .
|
béing in covariant == -

holds in all coordlnate system.‘

'Thus.we-oan

choose a- very spec1al coordlnate in whlch the’ Kllllng

vector.gu has the form

o -

o

«

.a®

N (2

C e

-

° That is, we choose the coordlnate in such a way that

~f one of,toe b
Kllllng t

In thlS partlcular coordlnate, equatlon (22)

Agreduces-to

.

a51S'vector§,

or 5

sa e .
say e,

r

c01n01de w1th the

Nt

since

Summing over o in equation

=,In other words, the components of the metrlc tensor,

'.gﬁv

', is 1ndépeqdent of

a K
='6a =0

a

SN

the Kth

'coordlnate'

(25)

(26)

25) gives

T en

q

ThlS 1mpor—‘aaﬁ

dtant result fulfllls our earller clalm that symmetry

“

’of the spacetlme can.be used to deduce 1nformatlon about

‘



\

the metrie“tenspr without ‘solving the Einstein equation.’
't}jxri; Tlme Symmetrlc IVP -

/

The tlme-symmetrrc IVP has been 1nvestlgated in--
_conjunctlon w1th varlous other problems by dlfferent

uauthors, notably Weber and wheeler (1957), Brlll (1959),' _
. R TR v : .
and Glbbons(1972) s T . Y

By tlme-symmetry, We mean that the spacetlme

-admlts a spacellke hypersurface z 'and an 1sometry that
‘leaves every p01q£ on 2 unchanged but reverses the

'dlrectlon.of tlme for all other p01nts. Con51der a h @

u

.p01nt P on a future p01nt1ng tlmellke geodeslc orthogonal - N

:rto zi;' Suppose the groPer dlstance from P to. Ziralong L
-"the geode51c is AT._ The lsOmetry W111 map P 1nto P'Zon

a oast-p01nt1nq7t1mellke geodes1c orthogonal to ji;hw1th\“

-la proper letance AT measured in- the reversed dlrectlon

(see-flgureﬁZ,l): 

. S Future p01nt1ng

‘timelike |
‘eode51c S

\ ___, Tsometry

ety s > 21

L A i
. O A O Y Y L X ol

a .
flgure 2, l )
A tlme-sxmmetrlc sQacetlme

C e



b
' 0.

Under the . tlme—symmetrlc 1sometry, the‘spacetime 4=
/"' 7

_ metrlc must’ have the follOW1ng propertles. » ‘)
. Ve
~'49":('x-lﬂ,'c.') 2 4y, t‘xi'-'x“)_u S L
. N & ARSI TU B DA
4 o . '4._ , . . " _I
( )94-‘4(?‘1"‘ b= 944("1"”‘4)‘ ‘
: _. ' ’ b ’ .iv/. .
- To see how one arrlves at such propertles,;con51der an
/ ’ . - .
1nf1n1te51mal llne element d52 1n the future reglon of .

s {i'? In terms of compdhents of the metrlc tensor, the

llne element 1s

- i, 4 : <4 '
(f) b(x ,x %dx dx +2g 4(x ,x/)dx dx 4—g44(x )
x_(dxﬁ} . »Qo'£29)'

) . \'L A - A’" . . )
lne 1sometry maps the future‘Ilne eIément to a past -

‘8 2 ] :
: llne element w1th exactly the same magnltude.g The‘je":

spat1a1 cOordlnate oftﬂe métrlc tensor remalns unchanged
whlle the tlme coordlnate,'l e._x4,reverses 1ts dlrec— .

thn after the mapplng.v Hence; the past llne element

has the form s
il2 i i34 TR AT UL I
; ds‘p) =955 (:g_ -x )dx dx 2g4l¢-:, x,)dx d( X ./

+ 944(x;—x)d( )d(-x)

; .gij‘x X )dx dx Zg 4(x x )dx dx s
R L R 1+g44(x -x’ )(ﬁ 4, 2, Coso)
L S - o P . ) o
& : s .f; o ’
N
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LN S - EPUENPRN _
«'Slsoe the magnitude is invariant' under the isometry,

thewtwo'line‘elehehts must be identical, -i.e.

2 R _ R
s(fz‘ds(p) e

-

Equatlon (28) follows when one compares the coeff1c1ents.

. Two propertles of g 5 are,obv1ous from (28),

“namely, ‘;w' R ! L o

(l) o gii is. an eQen functlon of xé,'  hg A

(2) _l‘gij 1s 1ooependent of x4 on the lnltlal spacellke
o hypersurface Z ' % 0&-

An 1mmed1ate result that follows is that on z

]
o
e

;

23"

R | 4_ .y - " ‘.i,;'4__‘ .
9ig (X7 ,x7=0) == gy, x7,-x7=0) -

'5ThiSjisvequiveleht tor .

vuy surprlslng as the fodr degrees of freedom

<

i@ ] d equatlon enable one to choose a’

k:ate in whlch g 4'15 1dent1cally zero

fealize'thaticondltlon (32),1s,e,cond1tibn.imposed by

&

the spacetlme manifold. However, one_mustv.



‘the ‘physical nature (i.e. time?syhmetry) of the épacef
~time rather’than the cové;iant natufe‘onginsteihﬁfield
"of equations, - )

‘Let us now proceed to investigate how these

two conditions, viz., - _
395 4 S B e '
R I Y
‘and gm0 : _ (32)

simplify the constraint equations.
. In the language of -extrinsic curvature, the

e

., initial constraint equations are

° L2 2 A' 4 S
%R = % (——) [ (Tr K) "= Tr(K")] = + KT (33) .
L ) T, r—l‘r-} ((,/ \')J’ ’ . . . ) 4 ) <
‘audm l - - - — -
U N
Y - ) .
o . .. L . . - . R ':1:?.
where ' n is the unit vector orthogonal to i
*1 if n is spacelike |
n-n L= e . '. o '. :
: -1 if n is timelike °
} ‘ .
R T 5.4
and Tr K = Ki_ - and .Tf}K ) = K, Kj_ .
The extrinsic curvature Ki5 is defined by
“, ) l o N o “ A‘ . . agi. .‘ . ’
K.. = N. .+ N.;. - . : . (35
Kyp oW Wyt Nyt o o,

.

L



‘where N énd_ﬂi are the lapse and shift function fespec-'
tively; and are related to the metric tensor by the
equétioﬁ

c= T S (36)
945, Y44

This relation, with conditions (31) and (32), shows‘that.

Kjy = O '_everywhe?e on};Ei . o (37)

As Israel (1966) poiﬂted out the éxtrinsic curvature
measures the way a hypersurface "behds“ with fespect
to the imbedded spacetime manifold. :Eéuation (37) then

says that the time-symmetric spacelike hypéfsurﬁace is

25

imbéadea in‘a "flgt" mannér, that is, it-doés not‘"bend“;
| With this 20/20'hindsibht, one can arrive at
o ; R
. ;éQuétiop (37) with a more elegant argument. The time-
| syhmétric'isometry maps the unit Qeétor_é On>zi_intoi-g_.
.but'preéeryes thé ortbogonality; -One recaiis thét

extrinsic curvature is defined by

" 3n ’ . . C ) .
—:T = Kijgh . ' '
og™ - 7

The isometry maps this into

an . . ) o
) .,'l = - Klj_e.J T S » . o ' %\
Q& . : I

" hence it implies, xi3'=,-.xi3; ' e Km§/



.,’“

- ) ' . v ’ : N
. . K .. = y - . e - . ' ! o
or . 19 0  everywhere on ,Zl' . PO
- W1th the extr1n51c curvature ldcntlcally zaro

everywhere Qn Ei; the second.constralntﬂequatlon

BUNSE g7 = - e

_imposes a time-symmetry eondition.on the sources, and
the first constraint equation’reduces to

kot L G

To faéilitate_calculation, we concentrate from ‘how on

LY

the vacuum case, i.e.

4 _
'I‘4 =0 .

26

This redqug/the constraimt to

4/

T

”24/ _Even with 'a simple equathn llke 3r = 0,‘the‘

complex1ty of R st111 defies detalled treatment WithOut

1051ng much generallty, we further assume that 2
conformally flat. The assumptlon drastlcally reduces

the complex1ty of R.

Consider two Riehannian manifolds V_and.G with
: ° - S ' ‘ ' L R l . : ;
metrics guv and guv respectively., The manifolds V and

V are said to be conformal iff the metrics are related

- - .20
Hv BV,

§ e e?fg g N (1O N

9/’1?’;76.“. - @y



where ‘0 is any finction of xu..,Thus a spacetime is .

conformally flat if its line element obeys .

O 2 _.20,..2, -
-, ds” = e (ds’)flat (41)_

where (ds )fl £ is- the line element of a flat spacetime.

It is well- known that the Rlemannlan scalars R
and R of the conforﬁal spaces are related’by
; »20

R (R + 2 (n- 1)A,0+ (R-1) (n=2)Ay0]  (42)

" where n is the dimensionfoﬁ\v, and .

= Hv " 3\
Alq g o’uo’v
b . ‘v » \\\ .
. . u\) . R . ~ N . - . . ?
Azq:— g (U.u)lv . o . | .(43) t

L4
= g"Vo <5 T® 7. ﬂ
TP TAVI 2O MV ..

‘b. ) o » ' " ) ) . ) ) \ki

Instead of using e20 as. the COnfofmal.facfdrl v\:\\

e s R o s : : e s 4
it is sometimes more convenient to.express it as y-.

That is, instead of (40), one writes

5, = vl . S (44),

Coméering,(4d) and (44); one gets
o =21ln ¢ .

Substitute this into equations. (43), one gets

i



i

u'(ln w),v

a0 = 4gHV(ln y)
o agHV, =2 . H Ay
ag- vy (w’u)(w'v) : (45)
~

- Ia'u\)

= 2gUV[,wLuLJI\) - .‘p'].quz)l\) - 6)(1 F(;\)] R

8y0 5, 2gMVL0N w);uvﬂ-(lnt;) reol
v

o T Vv, o
A R U TR N C LY
N w U I\) lp ‘o ' .

Thus, in terms of.y, equation (42) becomes

- -4 1 ' ' 1 :
Rf p [R ‘*‘_.4‘(1'1—1)9“\){‘6 ,(w'u) I\)}+4 (n-1Y) (rj-3)g“v 5 ‘p’uw'v] .

28

) ¥
| (47)
i : N ' o
Fq; a conformally flat spacelike hypersurface.
_ /o ’ : .
~fyrore has
o= _ 4 oL
1935 T ¥ 935 ¢1at
and ‘ i z
n=3 T | _ .

,
{
§

'This reduces (47) to o A

'R = w_»[Rflat'+ 8 (g~ flat){w (w,u)lv}] . . :.(48)
‘But Rflat = 0; thus w? arglve at
- PO - e
R=8%vy . S ¢ -
P : : ‘ i .



&
P&

0o “
, . . . o

"whereuvz is the Laplacian operator of thd flat spacce.

0 R
To sum up, the initial constraint equation for
o - . . o s

‘a time-symmetric spacetime is - . o
. 4 .’ Q
LR = = kT . o “ 0
. 4 - o . ) ) o
o . -l
If Ei is conformally filat, this is further reduged to
. - LN T T et
) - ; _ 3 o .
. 402y = - v, t o : S e (50
° . 0,1 s ‘o ’ - . i ‘e

< -

where y is the conformal factorg . For a vacuum- space-

Q

time, the constraint is simply tHe=familiar:Dépla¢é

29

equation - . o

; : ’ ° g ° T - <] .
vy =0 o . (1)

R ° )
-
[+]
° I ey
0 ) -

‘ )
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e - C’HAPTLR 3 :
;| PERTURBATION OF TH[ MINIMAL SURFACE IN.
THE TIME-SYMMETRIC -IVP ~ .

-l ] o . '

I. Introductlon

‘It 1s a long establlshed fact, first by Penrose
(1965) and‘later generallzed by Penrose—Hawkingi(lé7b),hh
that under reasonable assumptlo%s about . spacetlme,
51ngular1ty is an 1nev1table end result of a stellar
object wlth mass greater than a. few’solar massf'punder—ig'
901ng grav1tatlonal collapse after 1ts nuclear fuel hasp
“been*exhausted.-_However,’the questlon whether all such
slnéularlties areagblelded from, external observers”atibv
future null 1nf1n1ty remains . unsettled. 'Different
methods haye 51nce been contr1¥éd elther (l) to cons—‘

truct a 51ngular1ty t?fé is v1§1ble, hence the name' :

\'v

(1972) placed the upper llmlt of a

stable ne tron"tar at 3.2 solar mass. Other authors

using uarlous eouatlons of state, arrlved at dlfferent

.upper llmltstb.For example, Oppenhelmer (1939),0.7vsolar;

_mass; Cameron,(1970)}2.4 SOlar”mass;_HaréleI(lQ?%);~1.4;v

Harrlson et al.,‘(l965l}hl éfetc; nHowever, thdesh(r971)f

showed that no. stable cold stellar conflguratlon is
o

pos31ble at stellar mass exceedlng 5 solar mass., Beyond

thls, collapse ‘is 1nev1table.



"naked-sinéglarity" to an observer at 1nf1n1ty
_1(Seifert>et al; l©73 l974) or (2) to arrive . at

some contradlctlon to known laws whose valldlty based
.on the assumptlon that no naked SLngularlty ex1sts

(Penrose, ‘1971, Glbbons 1972 Hawk1ng,-l973) The

?1nab111ty of these methods to obtaln a naked 51ngu—]".

-”larlty'ieads to what is popularly known as: the "Penrose .
. ! : .

conje e of cosmrc censor" whlch‘states that

-fThere exists a 'cosmic’cenSOrJ which
‘forblds the'appearance of ﬂaked'singularitles,-
’clothing:each:oneeinvan.absolnte event;horiéon."

; A R _;-f Penrose (1969)

31

. _‘n A deflnlte proof of thlS conjecture 1s Stlll non ex1st1ng. )

»(;i . The ba51c idea behlnd Glbbons effort is trying .
"to reach a contradlctlon w1th Hawklng s (1972a)second
law of. Black Hole dynamlcs whlch states that in:. a
‘1future asymptotlcally predlctable spacetlme,whlch 1n
'heurlstlc terms means a spacetlme w1th rio’ "naked. |
51ngular1t1es"; the total area- - of all event horlaons_“
can never decrease. Falllng to reach~a contradlctlon?-ﬁ
,Glbbonsobtalned lnstead ;an upper lifmit of the amounev
of energy that can ‘be carrled away by radlatlon, both

electromagnetlc and grav1tatlona1 durlng black holes

b

tcoalltlon.

¢

In thlS chapter, we elaborate on Glbbons"method

*to see Aif one can reach a contradlctlon to Hawklng s ‘J



;second IAW by concentratingoon the effect of small‘

L

'l_perturbatlon on the %rea of the event horlzqn of a
;51ngle black hole.- Not surpr151nqu, the result

1._reaff1rms the Valldlty of Penrose s conjecturc.
. [

_Hence, 1t seems eXCeedlngly unllkely that such method

o

) can be used to contradlct the censorshlp con)ecture.

__We obtaln ‘as . Glbbons dld, an- upper llmlt of radlatlon

reachlng null 1nf1n1ty 3 1n terms of the perturbatlon'

Q .

-

parameter e.

: ' v 0 : . L \ . o o
II.;‘Event Horizon; Minimal Surface and A Theorem

~Event Horlzon

~ 0 . 'v. N 77—'0 *
'the\Schwarzschlld geometry is glven°by

)

© .
]

2 *2

Y

"From thiS’equation, 1t 1s easy to see that the event

‘o

hcrizon, that is the . surface of the black hole, is
.’evidently the surface 7, TlA”' ’ . : fu ' ,t,yv
. r=2m . f S e

-‘.
4

r»But in c00rd1nate system other than "the Schwarzschlld s

[

*thlngs are not so apparent since there do ~not ex1st

-

bdlstlnctlve tlmé and spatlal coordlnates llke those ln g

- o

:»(1).‘ To av01d confu51ons whlch arase "from the eploy:,

-_ment of a partlcular coordlnate system, Penro é and

03

;Hawklng developed a general and prec1ée deflnltlon of 5.J

<@ -

.

In the Schwarzschlld coordlnate, the metric‘of "

- —3%;,& r“éag_.; (1-2—15“-) at2 .’
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event horlzon that lS both coordlnate 1ndependent and

theory 1ndependent in. that 1t does not depend on the

outcome of . general relat1v1ty. L “;’.' S S , e
: - e .. - :
o . LT T
Varlous experlments have shown that the tra— I

jectory of llght rays is "bent" by th@mgravltatlonal L e
o o N

Vfleld 1t passes through and that the degree of bendlng

o, o .

'depen s on the 1ntensxty of the grav;tatlonal fleld

LY

It is then reasonable to expect llght rays to be»”
"trapped" in .an extremely strong grav1tatlonal fleld,t
llke that of a .star goxng through the flnal stage of
collapse.‘ Thls leads to .the concept of'"trapped surfaces
'thch flrst concelved by Penrose (1965) in hls work ‘on )
51ngular1t1es; is’ essentlal to the idea of" event horlzon.
Imaglne ‘a ma531ve, transparent star w1th‘aullght source
at the center emlttlng a serles of flashes of llght

s

For 31mp11c1ty S sake,-assume perfect spher1c1ty.‘_Before;
. and at the early stage of the collapse, the spherlcal
wavefront of the llght flash is able to expand contln— _
uously, though the rate of expan51on ‘is sllghtly retarded‘"
by the grav1tat10nal fleld ~so°;hat after a flnlte tlmef
.lnterval the llght sphere w1ll emerge from the star and
escapes to null 1nf1n1ty,\j (for a. deflnltlon of\Y and
other notatlons,_see Grav1tatlon) However, as the )

collapse contlnues and the grav1tat10nal fleld 1nten51—.

fles, the rate of expanslon, the dlvergence, of the T
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a . - Twe N
o e
o

““wavefront'decreases duefto the'progressively'stronger'

:zero area.I Sucﬁ outward—p01nt1ng null surfaces-(l;e.‘

7wavefrqnt w111 emerge from the star w1th zero dlver— s

°

retaroatlon untll at a. crltlcal size- of the star,'thew

B

gence. ~ The area’ of thls wavefront Wlll then remaln ‘<
4 ’ '

'constant and can never reach J+ ’ As the fleld further o

1nten§&f1es due to contlnued collapse, the dlvergence ’i‘ °g'.

of the emerglng wavefront w111 acqulre a negatlve value.

c ,

Q'In other words, the emerglng wavefront w1ll have an eaver

o .

decreasxng .area: untll it hltS the 51ngular1ty with a

‘the wavefronts) w1th ‘ever decrea51ng area are called

& : . o

""trapped surfaces"

In more.- technlcal terms, "trapped surfaces are

compact, spacellke 2- surfaces whose out901ng, futureej"

- p01nt1ng,vorthogonal (to the 2 ~-surface): null geodesics . ‘;7

‘non-spacelike curve.‘ The bOUndary of thlS cut-off-

‘converge at every p01nt on the surface.-

- Ev1dently,.1t 1s lmp0551ble to transmitdinfor-’
matlon ‘from w1th1n the trapped surface to an observer’
at 1nf1n1ty. Thus, the ex1stence of a trapped surface

1mp11es that there is a reglon in- the spacetlme w1th1n - _ ..

O ~r

~which it :is lmp0551ble to reach future 1nf1n1ty v1a any

N

-

.;reglon is the llght sphere that av01ds both hlttlng the

"_51ngular1ty,'1 e. converglng, or reachlng future null

:1nf1n1ty,.ﬂf ThlS boundary then lS the event horlzon.’“

L

M



“”In Penrose Hawklng s notatlon, the event horlzon is
‘fwrltten as J(JT), that 1s, 1t is the boundary of the )‘
"5domaxn,that can ;each ty+ with a future-p01nt1ng dausal },..;

A T

“chryé. _
E .A Side-renark?‘ The forﬁationﬁof‘theﬁtrappcd"
f:surfacey hence the formatlon of the event horlzon and .
i51ngular1ty, does not depend on the spherlcal symmetry
_.we assumed at the beglnnlng.f A small devxatlon from -
5spher1ca1 symmetry does not change the fact that an out—b
1901ng wavefront can be made to converge w1th a strong

grav1tat18nal fleld. ThlS is due to the Stablllty of :

,the Elnstean equatlon;'aA L f

- Minimal Surface‘;~'- R

Eefore-we givg the deflnltlon of mlnlmal surface,
Alet us flrst 1ntroduce the: concept of. extremal surface,.‘-vﬁjj
or more generally, the extremal hypersurface.A v'
Con51der a’ manlfold V w1th dlmen51on n and a’
suhmanlfold V nlth dlmen51on m (m <n). Let the sub—

manlfold V be deflned by the equatlon
»"x"°‘_"¥ £% (&t - LS @)
ERA . ../' ’ N

; N - _i . -,‘. . o0 . W }

:;where X are coordlnates of. V ~x' are coordlnates of

o I : p .
Vm anﬁ they are not necessarlly 1dent1ca1 1n the reglonh.

:9f3vm

» - . <



P

(Notefl JIn th1s part deallng with mlnlmal surface,

Greek indlces ‘run" from 1 to n andhLatln,indices run‘

from l_tq m, L.e.h . “ | | | o e
: Lo o ,

R ‘f:.f_ a’BiY'.;.. = 1}2(.;.,n a

| | i;j;k;;;;.>= ;,2;;..;m )

7
‘a

'~Suppose there eXlsts a closed hypersurface V -1 ‘in
'Vh en01051ng a reglon, called D ; of V - Now consider'

*the 1ntegral taken over the volume Dm;‘

>
B f'..fx(x“.ec“'if xt) dxlax?.ax™ 0 Ty
. T : C S N
D o L ; / : . . . )
mo S _ 5
'”where L is- some functlon of xa x® i and x* only..
: - G

If the surface (eq.2) 1s perturbed by an 1nf1n1te—

sxmal amount, o if" ' o
o

x = f°‘§i)i+iewa(

xh o @

'~where e is an 1nf1n1te31mal quantlty and w® (x ) an:

varbltrary functlon of x that vanlshe§ on qul,'i.e.
& -=‘o~_" fo:_:,g-.e{’l_‘i points on «vm»_l .5

.the change of the 1ntegra1 of 43) 1s,'up to the first

= order of e, e _j.’:~’ 5,11'h,m¢:4a o Sy

oA

61]=lef{iii.w°.+ aAL w® } dxldx w..dx “;7hf;\7§*k6ffr
m . o A '

36



_With equatlon (5), aqﬁlntegratlon by parts glves-

G 8T = bf{ax, - 2 (24 axtax? e L ()
3% . 3% a(f"‘-;).' L

RS

In order that the 1ntegral of (3) be statlonary

with respect to the varlatlon of the type in. equatlon

(5), we must have

»

- 'h‘gii=.of'
ai; - ‘EIV(” 3f’ )= 0 . - ' : (8)
of X~ . 3(ET.). LR : o s
) ot : el . v
 Th1S is,.. of course, the well known Euler—Lagrange
_ equatlon ‘
» The area element of’ a 2—surface in . a Euclldean
3-space 1s
aa = (¢’- FHaxtax? . (9
where E,;F,iG are.coefficients of the 2-metric,
. . 4 2 * v..v . N . - [ » - . .
‘ dsz‘=‘E(d;!) + 2F axtax? + c@x®? . (10)

LikeWise, the "area" element of'ahhypers@rface‘can.he
defined as . : S R
Nz dx ...dxm o

o ) P
\ .

.~ where g is the determinant of the metric of'the'hyper—

surface.

37



If we take 'l in equation (3) to be /g, then

the integral

1= f /g axtax?...ax™ S )
b ‘ ‘ :
m - o oS
glves the "area" df the hypersurface V ih”vf.
ThethPersurface Vin is then salé to be cxtremal if

the EulerHLagrange equatlon.

Bl e sar B
of 3XT  A(£* )
s 1
. \ ' ' ‘ . oo N
w1th dC "r'lS satlsfled L o o0

Hav1ng 1ntroduced the 1dea of extremal surface,
the mlnimal surface can be defined as a surface whlch
is extremal; that ls, 1ts flrst varlatlon vanlshes, but

whose -second variation is always p051t1ve,‘1 e.
| . : - » 5 ,
2r>0.

. Lemma ‘and Theorems< : _'/

We state below .a lemma and a theorem by

_Gibb ns(l972). The detalls of the proofs are omltted
'as they are, rather stralghtforward. ‘ ,

Lemma. Con51der a. Rlemannlan manlfold v w1thf

& . "

'twlce dlfferentlable metric. Let 2 be a submanlfold -
'cf V. -
If there ex1sts an 1sometry ¢ Va-V that leaves

every p01nt of Z poxnt—w1se flxed then 2 lS a totally

geodeslc manlfold, and hence an. extremal hypersurface.,

o

3



-

o Remarks: (1) A totally geodesic hypersurface is

a hypersurface on which all geodesics of the hyper-.

surface are also geodesics'of’the enveloping manitold.
(2) The: proof ‘;elles on that if there ex1sts\a geodes:.c'

that(llesvgartlallz on~z, the 1sometry Wlll map this

- geodesic into . two different parts. There-will then be

a p01nt on Z that has two dlstlnct geode51cs w1th the .

. same ;nltlal tangent. ThlS is 1mp0551ble.' (3) "In a‘

o

‘~tﬁeorem by'Eisenharti(l966), he showed that a totallyﬂ' :

geode51c hypersurface is necessarlly extremal (Theyja

/
/

both have vanlshlng extr1n51c curvatut@ ) R V__ /

Theorem 1: A compact, orlentable two- surface S,

- which is minimal, 1lying in.a three-surface S hav1ng non-

.negative Ricci tensor Rij,is homeomorphic;to a 2-sphere.

Remarks: (1) Since S,is”mihimal, the second

variation of the area,must be positive, i.e. dzA/dt2> 0.

" whére t is the normal direction of S.

(2) It can be shown that.
20 ¢ 3., o
9_% f{__zpz-.zz+x}dA
dt :

where R is the RlCCl scalar,

22 % zgiljz

‘where }.. is the trace-free part of the second fundamen-

- tal fpfm,‘and K is the GauSSLan;curvature of S.

(3) In order that remark (1) be satis-—.

‘fied, we must have JKdA»>0. By the Gauss-Bonnet theorem

39<‘w



. a

[de = 47(1 - P).
where P is the "genus", or the number of handle the
surface has. And P = 0:for spheré;‘= 1 for torus,

etc.  Therefore the type of surface that allows
>JKdA >0

"'is the sphere with P = 0,

‘II;. Perturbation of the Sch&argséhila Initial Data
The perturbation. is cérriéd ouﬁ on a.timé—

‘symmetrlc, conformally flat, spacellke hypersurface Z

On such a hypersurface, the 1n1t1a1 constralnt equatlon |

.reduces to
”4¢T5§2¢ = - kT44 ;

and, in the case of agyach@ field{.
vZy = o . o " an
The Scﬁwarzécbild solution, being a Vacpum sQlu—;;

tiqn to the complete Einstein.field’ equation, is-also a )

'gle£ﬁ§p of (lI); Inlisotropic coordinates, it reads

a4 . : ) - -
as? = (1+;§%).[dr2+n;2dﬂ ]- ——~—z:—7(dt . L0 (12)
‘ _ : 1+ 2—-) '

This gives the conformal factor ,
L ) %

o= m , : . . iy -

v _,fl + 7;) _— = ey



A ; vwwﬂ\.

The eévent horizon as weil—khown‘has-fadids and area

r = m/2, A = 16um2.regpectively.._ o . S
‘The . event horlzon in a tlme'symmetrlc spacetlme

»lis-the mlnlmal_surface.- Before giving a rlgorous

:prdof, we take a look at the»Kruskal dlagram to illus-

trate the p01nt 1

In its orlglnal form, the Schwarzschild metric

reads L
‘as? = ar? ‘+.r2d92-.(l; 2m, a£2 o N (14f
_m T T -

This can be‘transformed into'the Kruskal (1960)?Szekeres

(1960) form S . - , .

o 3 S ' L ’ : '

as? = 32 . r/zm(du - av?) + r2ag? - (15)
= | 1 P _

by'the tranéfbrmigion

o

u = (f%‘ 1)% T/4m éoShkf%) 1

R o s
v ='(§%’— 1)* erfém sinh (z5) | o
uA% (f% - 1)%.eﬁ/4m 1nh( ) w |

. o ’ for r < 2m .
ve & -t Moy |

y
Or, inversely,

*

"



(5%._ 1)§r/2@ = u? - v ' -
ﬁmvtanh—¥(v/u5 . for r > 2m

t = ) T . - » .

- 4m tanh_}(u/v) - for r < 2m

-

<

In terms of the (u,v) ¢oordinates, the conmplete
Schwarzschild with (6,¢) sug ressed are shown in

- S . ya _ ,
, figure 3.1. Each point in t diagram then represents

a 2-sphere in the spacetime manifold. ’ :
v ;
. R ~ \ A 7 s - 7 s
~ ~ AN L . '(/ Q v/ 3 -
.et\c . SN \\ \‘“‘“ /‘9//‘21/ 4“ ./‘oe ,gtc._ j
I ~ RN ~ T d {L //‘/ ruw
AY AN AN N N // /// / ‘L/ /
\ N N\UN ~ _L-- 7 /;3' /
\ N N N . < LY / /
\ \ :,\\ \\ 3@/ / / '
) \ \ ~ Ay A / Y
\ \ ~ 5 / / |
} \ \..IA / o
| \ ) [ ,; |
I L T 1 - T P~ u
! ] / - \ \ ‘
) -
p ,) / ’_——;1\ \ \ \ -
! / ,/ 7 S N \ \\ \
’ / 7 // B 0\9\ \ \ \
! / ’ # /,"T‘\_\Q_\ \ ‘\. \
/; o/ // " PR o~ ~<‘} \ \
/ // SR 4«f%' Ly~ N §é> N \
. f o - ‘ ! N
RA DAY ) NRAN \ \
. // A AN

figure 3.1

. Schwarzschila'geqmetry in Kruskal-Szekeres coordinates
with this diagram, the time4symmetry_of the Schwarzs—

' child,geometry is self-evident. The time-symmetric, _
spacelike hypersurface -} is the u axis. If one trawls along

theA.u‘ axis from right td.left, one passes through points -

!



(2- spheres) Wlth dccrea51ngr‘(or decrea31ng area),.

untll r = 2m- (the event horlzonﬂ) is reached.

left, one agaif encounters ‘points with 1ncrea51ng“r.;f:“n
L

i / e

[

Thus, r = 2m is the m}nlmal sphere Zg woulad adm;t

Thls sphere as well known 1s ‘the schwarzschlld event

horizon w1th area 16nm2; '_ ‘ 2 - - i

o

In the followxng, we give the proof that the-""

s ’ ; .

event horlzon in the tlme—symmetrlc hypersurface must .

be the mrplmal surface. A lemma 1s needed to complete

° . <o

the proof. 2 | .

by parametf\c eguations o
' . - . &
o % . : _
: s, Q .0_, o e~ :
x% = §Q(yl) T,
and having metriee, reggictively, _T o ' vh‘tf
as‘ = nijd?I@yJ | (£ g oo v =148,-. M)
and ©-as® = g_gdx%ax® (a,Byeea=1,2,.0.m) ,
? . 0 . . ° . -

° . c . . o
. . -

’_let-Aa be a vector field tangent to V ’ then the pkd— "§.

. -y

jection of the covarlant derlvatlve of a® with réspect
. [

.to g o8 onto Vm is equnl to 1ts covarlént derlvatlve
’ w1th respect to hlj o o e ° )

o T -
uSymbollcally, R SR
Lo : E . . ;‘ . T, _ o . o-
(n) B _ (mg o )
( VBA )e(l)e( y = v ej
. ' ‘v ‘)8 ° .

s 0. ",

If Vmpis»a°submanifold of.Vn}'describéd ~

"'v::‘?p

° N



‘where - . . RS

ax“f", . *:"_ %.

' Y L

i

e
Sy T 1 ‘
WP eyt Na)

of h.., this'is . ’

2 . _-’»“ “,,
R . o P

in terms of g

it is - - - S
aB’ S o :

2 - .[» o B .' : . ,A ‘/,
ds™ = gaBdg dx" .« - : - . =

Therefore, it must have -

_?asdx ax 7 hijdy dy-

or, g —r —I.F

Slnceaxa/ayl form ’a complete set of m’ vectors
_tangent to Vi ,,theyfcan be used as a ba51s for V
Yoo oS

The coﬁtravar¥ant'HESis can-theh be deflngd, , ..;*@f
. : L a - _ .
e{Pa - hﬁ? (a) S - SO .
- i ‘;;* o 313
%imila:ly, : 4“?»-'g31]§g§ '

°

(3);;‘_' g- ee

qpnce the vector‘fleld A is tangentlal to Vo , we can’

W

e B o .
L (i) L
= A e ( ) o o

g:

Proof: Consideﬁ~a'line element 'in Vs in terms

S S ; (169 -

(J) a e S o B

44



The covarlant derlvat'

Bl

.VBA& 1ts prOJect}bn onto V ;is'

(n)g « B _ “'(ni’
( fYBAa)e(i)e(j) =1

mhe component of A w1th respect to y

o E
a coordlnate transformatlon of X 's;

e of A “w;th respect to g B is

g (2 e<1)"‘Aa 8 (1)19( )

-

U

is ihvariant under

thus A behaves

1like a scalar in x> COordlnates. ,Therefore

3) .1,

i;((#?VBAiYég (37, )e( S

(k)

i

' Define a quantity T

&
(

ij hed

Witht(lé)”and'klg), 17)0becomes

*‘k
- Ak T

My a e fL =a, |
L5VgR dey®Gy = iy T Tk a3

(18)".

P B L ; s
? o (V_Be(i))e-’(_ff) . _‘(19.)

. an

o

{20)

If we’ can show“that'*ng défined.by (l?)‘is

.indeed‘the Chrlstoffel symbol for h

ol

3; our proof is.

comﬁlete.f'To achleve thls,'recall that the covarlantﬁ'

f&derivatiVe”dfAHigfvaﬁishes, i.e.

» . . Q:‘ Y -
g .y =0 . DRV e
LRORER e
S L \ o 0 Ee "
SR R o o

. 7‘ ] Lo . T } o ) B . 8 o
‘This defires the Christdffel symbol for hj.,3i.e..
: L. -»‘ ’ . ‘/l:.s : LS : ) ' e. . ‘ b_ ’ . . . ) .

N ¢ S D

L )

1% - .



e o

‘TheVmetric~of?V , hijf
:1ntr1nsac coordlnates of V . and hence behavés ll&? a_

* 0

scalar w1th respect.to x ' the COOfdJD&tESch V . We. -

is completely determlned by the :D

°
-
¢
o

a

‘thereforeacan wrlte, o A o - L . L
N - L. R ° < L. \ S ] o . .. o o
o -

\ ,,‘ ..“ . | (n) . : : .
I T R

Q

0.0

s - ) .gv‘ ‘ o .- . S
. o - B . il -

'Keeping this in mind, we have .. . ° T L S
L . " . . ° 7 e e C e }

2 Qo 2 ‘o -*

. e 3-;:: - jﬁ . (‘.’ B - % .
(1) ®8) o, 'v« P
.» o B ’.7 0_‘ B d-v BJ o( ) . & ' . U _-‘ "- (n)do 08 s '_ ‘

: = ?(g)’e(;) ;AV es(n) <k).?s(j>f;; Yo -

. ""JC.; o ” “u‘l:q ;d (n)
BP9 = e a0 Pa i) T S0’ v, [e

°
3 0

'qf’ Cw (Q)B ( 5a% é»ﬁ- o (23(n5
: hﬁl°e(k) e 2 : %k)

Bt

Yo e*’(1)

(22r o

o -

[ - . ) . - - : * . .
I R e S L TS I
o o ’

A comparlson of (21) and (23) shows that *Fik'as‘K

deflned by (19) 1s indeed the Chrlstoffel syﬁbpl °f hij'

o

and hence the proof
- Q.E.D.
Con51der a compact orlentable 2= surface F 1mbeé;§g

o

in zi'. Let n beé the . unit - timelike vector orthogonal to -

k4

 le and s be spacellke unlt vector parallel to Zi but

.gorthpgonal;tQ.F. The future null vector & LS glven by




e
=y

o
“x

LA

Uﬁing.sécﬁs_(1959)~meﬁhod,.tqgether,yiﬁh e

. . , A : ) : -~
~one ‘can ¢hoose three more null vectors, onewreai_and v e
two ‘complex, to_fofm;a'huil tef;ad. “First,:gick a
:fuﬁhre nulp‘veétor k% nct.paréllel to'ga'suéh_that:“
o - . - '-,A - . . ’ 1,,\\ X * E o
K% =-1.. — T
o a~.. : . -
Thése two real null vectors form .a -timelike 2-flat.
Forithe (spaCelike)_2-surface, f;e.fFQ orthogénal td;
T o 1o PO R - ‘
this, choose. two complex null vectors maé‘mq parallel
to F such that
yJ - s - N .
=0 , mm® = 1.
;Aa.‘ . \
Theﬁfour,null vectors then'spaﬁ éhe Spagetime..‘m
 The cqmplgtenéés reiation then gives ° B o
e mm, +mm - & k.. - kK .. T . 24) i
- Gap T M Mg + mgm - RakB‘ zakq_ A , . (24)

. Now, instead of using ma, ﬁq“for the’spacelike:24surfédé,°

dne{canAusefe?A) as basis for F;ﬁ-Equatibni(ZO) één-theh
- be written as .

AB a _B-

€(a)€(
d - 8'". ‘

g®f = %P -

- 2Pk P by E (AB,..=1,2) o
._Consldef/the_Z-su;face F, the .¢onvergence of -
future null geodesics orthogonal to'F .is ‘givén by -

% :




If F is the marginally_ﬁrdpped-surfacé, p = 03 'This -

_implies

)/, .

. - A A . . ’ ’ '
- 0 = g*Pp 1= g% e g C(2B)

(2)%(B) o[ B
B.

IR - S o o Lo
‘since quBz» = lalB%A~_ OT.,ExpreSSLHQ Za,expl}CLtlY(
(25) becomes ‘ ’ «
AB_ o B v L o :
.g e (n o+ s 1,) = 0 . S (26)
. <v“>(A) (B) alB. alg’ T C e
The extr1n51c curvature of Z ‘1mbeddedlin?the
spacetlme manlfold is deflned by . -
ab ° nalB (a)e(b> v
E ' e - o ., - . s
For F 1mbedded in Z the extrinsic curvature is '
L) b
o “aAB 3 VS )e( ye (B)
© g .
With this and the precedingilemma, equatioh (26)
becomes -
g KAB-+Vg‘ KAﬁi_— o . | . e 1(27)
It has been shown that for time- symmetrlc 2 Kab B
vanlshes-ldentlcally. Thus we are left w1th T
ABL(F) . . e
g BKAB) .= 0 . . -
: ’ ‘o o
-




By'the.properties+‘of extremal surface; thls 1mp11es
F is an e;tremal surface in .. |
) . Be51des belng extremal F 1s also a mlnlmal
'surface 51nce 1t 1s the only extremal surface.. Out—t
‘:side~F? one can enclose F 1n a succes31on of outer
fclosed 2= surfaces.f These 2~ surfaces must have an area
.larger than F 51nce ‘the asymptotlc flatness demands* |
that the area of these surfaces be 1nf1n1tely large as‘
"(;r tends to Inflnlty. 'Hence, f must be the mlnlmal

N %

}f surface.” Thls 1s ev1dent from the Kruskal dlagram of
»hflg. 4, 1 1nlwhlch F is- represented by the 1ntersectlonA‘
4>p01nt of. a, v axls. | B

| To sum up, any marglnally-trapped 2—surface
.1n‘a tlme-symmetrlc hypersurface Z is. a mlnlmal surface.

‘fConversely, any mlnlmal surface E in E 1s marglnally

trapped For the statlc case, 1t is also the event

T'Eromathe definition of extzemal_Surface;>one.has .
/g _ s (3/6 ) = o
% %t af

Eisenhart'(1966@_Riemannian Geometry,Ap:l78):sh0wed that‘
g 3 /g ) /s 135

£%  axY a7 “3 139

L exT 3, o .

'uThgs, the surface<isuextremai ifcxijglﬁ = 0.



-
o,

' horiZOn- ThlS theorem can ea51ly be - generallzed to- tnp
(t, ¢%reverSlble and axlsquetrlc hypersurface treated
in Chapter 4. . | -
Wlth this theorem,‘we are ready to oarry‘out
the perturbatlon R s e |
| Con51der a set of initiai,data on Xi'repre_
sented by | - | | k
3.2 4, 2

as® =y *(ar?+ rlan?) L "558)

where

UJ = lP + EF(xrev¢)r

Lt

_E belng a numerlcal parameter and F - a functlon of (r e, ¢)
to be spec1f1ed and_w ~is given by (13)

' The/constfaint equatlon (ll) requireS-that.

A solution to this equation is
- P, (cos 8). . ' S ' -
= 2 " RSl - ; . s
e T , : ‘ .

‘'where ' m, 2 are 1ntegers and P (cos 6) 1s the\Legendre
polynomlal o W1thout 1051ng generallty, we choose F -

. to be b_oi.



X ! L et .
. ' st (CRI .
L e B
- ) M"‘“’“"'\ .ot '
. RO

: Pl(cosﬂef
F» = _._'——I——- .

1

Wlth thls,.the perturbed Schwarzschlld metrlc of"’ (28)

now looks

O cP g 4 ’ ' L
dsz= (1+—§%~f—E%TY’{dr2+ rdeZ} . L (29
L - r S . : Lo

Slnce the geometry of (29) dlffers from the
'f,Schwarzschlld geometry, the mlnlmallsurface also changes.
If for 51mp11c1ty s sake, one con51ders only perturba—
tlons of lnfinlte51mal order, i e, £ > 0 the mlnlmal

surface w1ll change by an 1nf1n1te51ma1 amount.' There—

fore, we’ can wr1te~

rin T f»*’;gl(e) + e“gy(a) + e - (30)
~-Qhere.m/2 is- the radius. of the unperturbed minimalo e
°*surface;- ‘
) In Qenerel,'we write e \
r=£(8) - ot - (31)

’ [
 With (31), the metric now becomes '

) : P, (cos 9) 4 . o : v
as?= 1+ & +___’L_T1_——1 ((£1%+£2)a0% + £25in0 d¢?}

‘ whe;e' vb L . - v’ _A ‘ - ok

o

v = ) o

' The area of the surface r = £(8) is given by



. . n "'PQ 4 2 2 N . A '. o ° . .
= ‘2'nJL as o "
. where we put
. o . >1, ! R '
L = -wé4(f'2+f2,)”~’ £ sin® , . (33)
and » ' . . '
. . o ®-
o Py

‘A variation of the area gives

o f/L . d aL ¢ :
-SA. = 2nJ{-5? - 36 3F }SE dg
- ~FOrA§'minimél‘surface,-itsifiﬁst variation must véniéh.

Hence, at Lo , we have

l.n_
A
L& FEn =0 B

/

A éimplé diffe;entiation»of (33)'gives

s v /‘takpv _
3L, _ o 4 (gD £ L1
SE TV eee?  F
3L f' \ . » °
v o= L{__Q—-YJ , etc.
' Y THET o

»Further;calcuiatidn reducés (34) to



-1 .2 2,1 -1
4y + (£°+f" £+ f
vp bp h ) :

- ffZ(f'2+f?y‘1{4¢;1¢p‘+_f(f2+f'2)'1;+ g1

- e 2en e 24?78 — (oot e - car™ W) ptsinete! (61 2ee?)

2 2 : ‘o

roer e 2427 w28 2(emeE) (£

evaluated at Thi N where b z aw /af

To determlne the’ functlons gl(e), 92(9), ey

weH 2 =0, (38)

-1

we have to substltute X in’ or f ih' into (35). Partlye

to Smellfy calculatlon and malnly because the pertur—
batlon is of 1nf1n1te51mal order, all terms of order €2
will be dropped.. Wlth this in mind, (35) reduces dras-
tzeally to | o

4w£1¢p-+'2f'1 - coto.fr.f2 + £7%8" =0 . " (36)

Expiieitly this gives

{k+ (2+l)eP ﬂlz
(z+1)]

£" + £'cot 6 - 2£+ 4 o (37

[1+kf +€Pf

. where k © m/2 .’

To further simplify (37), we substitute into (37),
£ = k +,€g}i

£' = eg'y

‘53



| 1
— ] = ‘ S eg.'
£ (D) Ly (“l,) (1= (2+1) —=2] -
oLl oL €9y L 5?2 - e /
p 2 P2 S Ry =S ¥ S R

.and -

ks (£ e, = (ks (k" hep ] L

s ‘ .
Afte;'~ some calculat‘ioh, the Euler Lagrange
vequatio; Qf (13) reduc¢ces to a linear dlfferentlal
;egﬁatipn'ihvolv1ng only gl(e), A |
;.7 | .. e P, (cos 9) | - | L
9y * 9p cotB=-g + 2(8+dk) f———zif—— = 0 . . (38)

Ehls equatlcn looks baffllng at flrst however,
a change of varlables will convert it into-a more
- familiar form.

" Let x #'cps'e‘,'then

cot © ='—:§7_¥_v ’ | ) %%'=—sieﬂf= —(‘l‘--xz‘).;i ’
. Q-x7) ‘ . _
v 3g,  dg .
and gl(B) = FEA = 5;l g% = —gl(l—xz)%
. a}é | . e
on 1 d.. = 2 2. %
gl (6) E-a—é}—i =~§§[—gl (1-x7) ]« [+~ (1-x ) ]

i

g, (1-x%) - gox

I

~where we used él' Ggi/axg and so on.

. \\‘ E



£y

With this change of . variable, equation (38)Abecomes‘
' . A Po(x)
(k-x )Zj’l - 2xg, = (x) + 2(9,+l§) —-—T— 0. (33)

In thid form, it is ea51ly recognlzed that the solutlon
must be a Legendre polynomlal with proper coeffLC1ent,

Ti.e. |-

-9y = AP, (x) T P (40) °

!

. . S R

where A is a constant to be determiped.
To determine A,Vsubstitute.(46)»baek to (39).

This,gives

. ‘ ' : Pz(x) e
A{1-% )AP (x)— 2AxP (x)-—AP (x)+—2(1+g) —5— = 0. (41)
After re€ar ing, we have
2w o (o4k) a " e
{1-x )Pz“ 2xP +‘Pl[ 1-+2 __—T_] =0 . .
. . Ak C
_ . .‘N . n
‘Since'Pz satisfies the differential equation
(1-x?)i§2 - zgpg'+ (z)(z+¥)p2'=,9 . ’
" we ‘must choose : - «
2(+%) _ 1 = g(2+1)
. Ak a R ) . -
. or : " S
: ; » e S S
A = 2 (2+%) .. ‘ . (42).

kF(aleee1)

55 -



56 -

Thus we arrive at the radius of 'the minimal
v surﬁ@cé in%the pérturbed Schwarischild geometry. The
. radius is given by -
‘rmin'=‘k + e 22(§+ﬁ). Ei(cos 6)-*0(52) (42a)
- o K®(27+2+1) . :

s

where k. = 2. ‘We are now all set to investigate how

the area of the minimal surface is affected by this&
type of perturba 1on.
From equat1 n (32),'the;area'5f the minimal "

surfacé 1s glggg,by

A". 5,2ﬁf¢p‘(f +£12)% £ sine (43)

mln-

s -gevaiuated at r_. .
‘ > _ :
St When the area of the minimal surface is evaluated,

a%%wretalned . As rminWis only accurate

4

§qu§pr8cé§ée needs justlflcatlon."ln
_ow‘tha;%%he o gz(e) term of r .
the araa through e3 or higher

thd‘area up‘“

s i e ";* ST ) . . [ ’ ' )

ag; % “;ﬁ ébn51der‘d LagrﬁngiQn Lix,y(x,€), y'(x,e),e]l and
;g- £ the actlbnw ': 71v'

=& “I(e) = {1L1i,y€g,e)3 y*(x,e),el dx .

;1 L] ‘ . a it RO |

+

?f“~ '
b

ok : _.’ . oo » - . .4.



vy

i)
Suppose y(x,t) can be expressed as a power series
o . 9 N . " . . "

.
© t

" and after evaluating~the'integral, the action can be.

‘expressed as |, . . ' e ' «

‘I‘(‘e)'= 1' er. + €21, + | ' L (44)

ot ¢T3 ozt -

) ) . ) .
.leferentlatlon w1th respect to € glves

’ p B

_ 3L dy 3L _ aL 3L 4.

I(e) ._a'iz_‘frdea)"ya_y_x )]-sy-dx+[u ax .

‘a o a

By_virtueﬂbf Ehe Euler-LagEengian equatioﬁ, the secoﬁd_

Similarly, the second deriva;ive is given by 7
. 0 e b o
: : b. ’ 2 2
» _d 3L d . r93°L L 9L .3y
o) =3¢ L ad! a*f L2 swse 35+ :)L] ax
" - a (46)
\z
but ' °
b 5 b
"L oy - 9
J Y ae 9E dx J dy ' o¢ (3X) dx
a a -
: )
ST 4 b
2 b 4 521
2Lyl @y 4 .
wToe  Be s J (Bel) -—T) dx . (47)
' . a '

/ 0 ) )
> y(x,e) y (x)+ cyl(x)+ £ yz(x) +-€ y3(x) + ;’,

© 57



ot

—3L/oY" =

The_'la's.t term®of (47) .ean be_ rowrltton

/

(3

)1- ax

Thls,,comblned w1th the second term of the 1ntegral of

(46), vanlshe§ because of Euler Lagrange equatlon.

So:
‘we are left w1th». 7 - '

oo

b .2

B b , 'v ) . ) p
b 2 : .- e
= aL ax o L d 351 : o R
I.(E:) 3—» S 1| +ayree d_X a+J THac. (48).
R ) . ! a . .

Twice.differentiation of (44) gives-"' P
N _f(?)‘i112 + eIy + - (49),

If we. can show I2

to be xndependent of y2, our assert;bn
is justlfled

/ =3
‘Look at (48), the only tlme Yo is not '
multlplled by € 1s in the term

ey

L o é’fb L
,= Cen aiylP o
e o 5-Y—r_‘%*a o

-However,‘for the Lagranglan (33) we are con51der1ng

0 at both lxmlts of lntegratlon. ThuS, all
the y2's are accompanled by ¢ .2t leal Thls’then
1mplles that y2 appears only in 13'6£ higher terms.
: To evaluate the 1htegral of (43)," +

P

efﬁf

- o ;-Aftr; o e
w;th the exceptlon that 52 terms/are retalned '

3 After

approximation r
v procedures srmllar to those employed before are used

-

- 58



some lengthy calculatlons,.we obtain, o
R 32eHP 32 ARPZ . 24¢2H2p€'-
A& 27 [16- <. Ry jﬁt. S+ ]
B | (S ko % 2 :
L . ) k A
0 . :
- A ' ¥ o
' EAP, l’E?AzPizsin 0
ek k<
éAPé - | L
x k[l + —E-.—]'51n8 de - (50) *
| o ol ’f~ » _2,
where H'= [A-k "], K = [A - (2+1)k 1
Cana A= 2O hoom o

. k2(22+£+l)'l / o

o

‘From the propeﬁgles of Legendre polynomlals,

one flnds the fOllOWlng relatlons N 3
' . . | .
T / " ST
J p2<x>-dx'= 0 ‘/" for all ¢ > 0 (51)
"l . ’ . - c [t
" | N | | S
P2(x) ax = 2o ¥ for all £ 2 0 (529"
—-l ’ . ) . 4 o ’(‘ ! . o
and the recursion formula - :
(1-x )P (x) e’iPz_l(x) r.szz(x),.'. L (?3):;
hence )
..va;2<x)<1;x2)¢xf= I Py x) (2B, (x)-zxp , (x)1dx

PRV

L S e o e |
éei,fPif*?Pz-1?¥Yax-% i 2xP (x)P <x>dx s ctee

) gﬁ
C o AT



It can also- easily be shown that

l . . P .-
'iJ (x)P (x) dx = 2 - for all 1,3 0o .
. and -
ol ' o 5
- (x)P (x) d% = 2%, for all £ .2.0
2z+1 S ror A2V
-1 '
Thus,'(54)'feduCes"to I s L
R - Y B S \
522, .2 _ JoR(2R) _ 28(2+1) L .

—1 ‘ | . . - ' ) e
HaViné'theée relations at hand ‘theyintegral of (50)
‘can easily be cdtried out by first - changlng the varlable

~from* ‘8 to-x w1th X = cos 6 and then applylng the proper R

“‘relatlons from (52)7‘(54) and (55) The mlnlmal area

thus obtalned *is- %;ven by

- : 2 ;
2 32mwe
~Am1n‘_54k '+7§§;TT{[2A —8H%;4KA+3H] + A z(z+1)}

S+ o0+ L. (56)

. So,-explicitlj;'for.grz 1 : .
"’Aﬁlﬁ = 16mm2 327¢° (%21)(z+2) N
- . : (’29.+i)k (2 +g+1) :
= 167fm -wien ( (2-1) (z+2) e ] PR
. )" (22+1)(z +2+1) S

- “and for 2 =




Y ’ . R ‘ ";»“g.. . Q“ T
; . . : 61
;;.‘ \1])»
‘A. T= lGnm2‘11'+ 128 qke. o+ 641r“2 o : E ~
min S & smE T .
R I “ _ . .
= lG_Tr.(m +.2¢) 7. ot . (58)
, ' c e o
M : ' v - \Y’ e i )
"To sum- up . results obtalned so far: /fdr~a-time—
"symmetrlc 1n1t1al hypersurface w1th a sllghtly per—
’turbed_schwarzsch;ld-3-geometry,
; . EP, 4. e .
2 _ % G2 24482y
dsp = (l + :—— +—2—+-l.) (dr + r dQ )
. ’ " : e _ B S . e .
_the minimal surface is,ansphere with radius , .& g
; ) i A . ”4‘,4”\ -
; } o S T &W% -
o '_2 . » S } A- :‘5«55—’ .
Toin = Do+ ﬁ,é( ;‘) — Py (cos 6) + O(Ezlwf o
- (5) A2+ 8+1) S o
“and ﬁhe_area»of the minimal surfacevis; foé 221
S t.2' ‘252 ' (2—1)(2+2) ) '
Ain =‘16w(m - m‘22'[ o N “(57)
S _(7)" (22+1)(2 +2+1) c AR o
and for the case L =0 . , . L
s “ & . >,.A, o L . I b. ‘ " L e
A A s lenm 4 2002 L - e (58)

. Let us-’ ake a closer look at the last two

ﬁequations;'iIh equation (58), the mlnlmaL area looks:

llke that of a Schwarzschlld horlzon w1th mass m‘— m+2L;

; Thls is hardly surprlslng.. The perturbed metrlc for

'7thls-case, 2 q:O has a partlcularly s;mple form,

L X

»{1+§+-} 2°+ r2dQ 1 R L - (59)



n‘? .

{

/ : .

in whlch he prOperty P (x) = .1 has‘been used. The

.confcrma%/factor can be rewrltten as

e

m ., 2e _ 4 ,m' ; C o
vy l*:z"f,*-?:.f“?? e e
where m" = m + 2c¢. In terms of m', the perturbed metric. -

dsg =1+ ! ax? +Ar2dQ’2}< ./ eb

» ‘ ’ '
Thls can ea51ly be recognlzed to be the metrlc of a

_standard unperturbed Schwarzschlld geometry w1th mass

.‘QU_ A

" 'm' measured from 1nf;nity. The event horizon of thls_

'vgeometfy“is the ﬁinimal.sphere w1th radlus

’ u )
m':

, mo
4 .= = My e
Tmin = 3 - 73 % ¢ .

" and with:'an area

v
et

R fAIGﬁm = 16m(m + 2€)” . o (62) .
’ r

' ‘ 8 : .
A comparison with (58) reveals that it is actually the/

ekact 501ution." The fact that an exact soldflon is
reached when the perturbatlon is simple renders some
credlblllty to thlS approx1mat10n method

‘The perturbatlon depicted in equatlon (60)i

- can be 1nterpreted as lowering a spherical: shell of =

mass 25 qua51 statlstlcally tpwards a statlc, spherlcal

h‘star or ‘a Schwarzschlld black hole. In the case where

€ has a hegatlve value, thls 1s equ1vahent to extractlng

o
oo

. '-E-"C"‘



Y.

observable (Hawking 1967),. does not belong.to ‘thisclass

V,masslvetcold star'thus can-have no other courses but

o . [ } .. ' V‘ . . 5 .
a'spherical shell quasiiﬁtatistically out to infinity.

This of course can only bexdone before the star-
AP S -

collapses through the é%flzﬁn, that lS before a bla '

A

hole 1s formed Alternatlvely, thls can be v1ewed as .

adding a shell of negatlve mass 'to the black hole.
<

In the case-where 2 >,l, the 1nterpretatlon

~1is less stralghtforward and clear cut The result

(57) has the noteworthy feature that it does not haye -
terms of order €. In other words, the mlnlmal area is
1ndependent of the sign of €, but depends only on the
magnltude of €. In addition, the area 13 strlctly less
than the value 16m‘n2 irrespective offthe.choice ofvexand
2 (as long-aS'R > 1) VThis‘feature,‘we shall Show,;

1nd1rectly conflrms the Penrose conjecture of cosmic

hcensorshlp.‘ The conjecture essentially states that a

~51ngular1ty whlch arlsesfrom a’ gravxtatlonal collapse that

starts off from a reasonable non-sxngular 1n1t1al state

can never be ‘observed from 1nf1n1%fa The 51ngular1ty,

'thehconjecture goes, will always be:clothed'inuan‘event'

. . . . =
horizon. The "big bang" singularity, in principle
L ) |

7ot

of S1ngu1arlt1es. o o “:, S y .

jj§g§~'1t has long been an establlshed fact that stars- - o
depleted of nuclear fuel but- still havxng more than a o »-:ﬁ%k
few solar-mass cannot flnd an equlllbrlum state.~ A.'fimh ’ ”;:;

. . . ]
. i -

T e

e

-
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collapse to form a black hole.,'If thescéllapse'is
spherlcally symmetrlc, the end result must be a
'Schwarzschlld black hole (or a Relssner—Nordstr¢m

black hole 1f the star has charge Q) Small dev1atlonl
from. spherlcal symmetry will hot alter thls ﬁ;nal fatef
»The non—symmetrlc part w1ll be radlated away in the form
of gravltatlonal waves(Prlce 1972) Part of the radla-
.tlon will reach 1nf1n1ty, thus reduC1ng the mass. of the-
.black hole, whlle the rest wlll be back scattered across
the horizon, thus 1ncreasxng the mass and area of. the l
ho:izon. It is, therefore, reasonable to expect the

&

event horizon with radius

;Z(Zfﬁl
* (2°+2+1)

P (cos 9)

t='m
r=73%¢ %

‘1-of°the perturbed'metric

. N ' : s P 4 - .
2 . m o, 2.2

o
will eVentually settle down to a Schwarzschild black
‘hole with event horizon at

m, j -bf‘ . ' - . 'n'e'
where my. is the flnal settled—down mass. Because of
‘tlon escaplng to 1nf1n1ty, the flnal mass m2

™

s thaQ the 1n1t1al mass m, i.e.




The area of this final Schwarzschild event horizon is

lGnmé. o
After the pe;turbedAhorizon'settles down to a
new Schwarzschild horizoh with mass mz and area 16nm§,

the second law requires

. 2 ' Y '
o () (22+1) (27 +2+1) o

‘The amount of mass radiated away is m- my. Define the

‘efficiency of radiation,-a, by

S ’ ‘m., : \

S 2 M2 : : S
Téking the square root of (6G4) gives ‘ _
; : . 52 ‘}ik o ’ B T °

m2 > m(]_ - cmT) . ! . R n (66)

- where we have. put

2 (2-1) (2+2) :
(%)2“ (22+1) (22+2+1)

(o

b

With the help of (66); one can place an. upper limit on

a, 1.e.

T 2.%
‘@ <L - (1 - ¢ —7) '

' m

}

2 . . ,\4 (//
=1 - [1 - %-c £ —v%,cz 3{ - ... .
mo m
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v

v .

66 -
Neglecting higher order‘turms, this gfdubcs to

(67

R
’
N[~
Q
%Jm '
. N

Thus weé see that the radiation process cannot‘carry”away: .
' ’ 1 g2 . L ‘ o '

more than = ¢ of its original mass.

| 2" nZ B

_ . _ v
' The second law- of black hole dynamics (Hawking

1972).states that in a SQacetime containing no naked;
singularities, i.e. asymptotically predictable; the areav
of event horizon can only 1ncrease towards future. 1In
hope of searchlng for a naked sin ularlty, Penrose and
Gibbons trled, but‘falled, to reajh a contradlctlon wlthv

the second law. Their idea is esséntlally to construct

. time- symmetrlc 1n1t1al data that has the same area of

event horlzon of a Schwarzschlld solutlon but with less

mass. “To settle down to a bchwarzschlld black hole, it

either (1) has to radiate energy towards 1nf1n1ty and yet

increases’its mass, which 1s physically 1mp0551b1e, or .

(2)4%%‘hasato decrease the area of the event horizon

which contradlcts the second law. In. v1ew of thls and

other results, Hawking (1973) con]ectured that a contra—

dlctlon of this type cannot be reached through Penrose's

method.

As'already oointed out; the area of (57). 1is

,strictly less'thanr"lénm_2 regardless of the choice of

€ or 2 (2 2°1). Thus.by this method of perturbation,



L) . ' o
it is 'impossible to construct an event horizon, having
an area larger than lénm2 but with gravitational mass

m. This result -lends support &£o Hawkihgﬁs conjecture.

IV. The Reissner-Nordstrom Initial Data

The spacetime manifold containing a dharged,

spherical body with mass m and charged Q is described

by the Reissner-Nordstrom metrjc - . —_—
2 -1 . 92 S
2 _ _2m  Q 2, .2..2 ="2m 2 :
ds” = (1 *-1;-+-r—2-)- dr™+ r"dQ” - (l —r-"“;z-) dt®. . (68)
& ¢ - ' '

Since the metric coefflclents satlsfy the time- symmetry
-condition‘of (2,28), the RN geometry admlts a time- /'
symmetrié hypetsurfacé Zi' - A Kruskal diagram similar'
"to figure 4\1 can be gdnsﬁructed to exemplify ‘this
feature. o |

.As in SchQarzschild gggmgéry, the.3-ge5metry
of thé time—symmetfic hygersurfgﬁe Ei is given by the\'o‘

-

spatial part of (68), i.e.
(3) {2 _ ,,_2m .Q | 2 ’ -
dsR = (l —r— +’-—7) dr +rvde . / . o (69)

‘The RN metric, being a splution to ﬁhe full Einstein
field equation, must also éatisfy the;COnstraint

" equation - - . . -

In order to take advan£age of the much simpler'constraint



the 3-metric of (69) has first to be convertoed ‘into an

| 2

N . - . 3 1
isotropic form, 1.e.

(3) ;.2 2

dsg

= yptar? + £%a’) . | (70)

Comparing coefficiehts of (69) and (70), we get

2 —l ' . “ /v.
. 4 -2 _ _ 2m Q : 2
and ) PR . /
4 2 | 2 N . s B . c/”/’ .
bpr® = r . o ‘ / (72)

Eliminate w; from (71) and (72),

ai _ ar
X g - 2m jS _
- r 2

This can be integrated to give

ln(r) + const. = 1ln[(r-m) +/§2- 2ﬁr+-02]' R

To determine the constant, one looks at spdtial infinity'
where m and Q ¢an be neglected,
ln(f) + const. = 1ln(2r) ,’ fpr lérge r;

or, " const. = 2 .

" wWith this, the transformation between f.qnd r is given

by

) | o L b , B ‘
r = %(:—m) +'%(rz—2mr4j92f r ’ : (73)

o
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and the inverse transi/formation

' 2 . 52 ' .
r=ri+ 8722, | (74) -
h\
Substitute (74) into (72), :
| . “ y
: w2 Q%" ' L
= [+ 2" - 2 . (75) -
R 27" 4F : |

‘Thus we arrive at the RN metric in isotropic coordinate,

2 .

(3) . 2 _ m 2 Q%% -2 -2, 2. - | '
dsg = 1+ 50" -8yl e + Pant) | (76)

R
One can now reed"the conformalhfa‘ct‘orwR directlf from
(76) . ' | ;

o Uniike the Schwarzschild geometry, the epace;
time of RN metric is‘notfvacuum‘but electro—vacuum
To calculate the non—zero energf momentum tensor T v,
one has flrst to 1nvestlgate the time- symmetrlc electro—
magnetlc problem.

By time- symmetry, one essentially means that the
,physics is 1nvar1ant under a time reversxon.‘ Consider a.
current of 1nf1n1te length a time 1nversion wlll reverse
.the direction of the current, hence reversxng Ehe maq—‘
netic field. The electrlc fleld however, 1; unaffected;
.Therefore, intultlvely, one would require that‘grfieid
‘uaniShes with only E field’remaining for a time~symmetric

EM problem.



\

and

where

and

W

g, oo TS
Lin cow&r;antayj‘ are

LY

L

- ,wd‘

1;k§nuulse mvmméﬂﬂ%ﬁc Maxwuall uquatlonb
+ F +F_ - . =0 o T

3 (/=g r%8) = B R L Y

& =1 .Q.
. ¥ ;u
= 0 for électro vacuum. ' . .
. ﬁ _;;?‘» v )
tlme symmetrlc .EM problem 1s deflned by
“ L& L.

R

F;B(x“)dxahdxe = F* (i“)diaAd§6 s 23 ST

where

and F*

af

F* =

af

" From (79),

i

and

13

41

(IB~ » ; 1
o - 4l 4 &
e :eg 3
i, 4 W e
' i . T : /"‘Q e v
S L :

i . : - 'V:.\\,Q’vg"'A

= (x "_.-t) . . B R

the dual of F®P defined by * - _
E . . ; o a-l‘r e 'i
1o puv e g

it follows  that ' | R

(x ) = (x ) . ’ ‘iJ ‘> }‘ B L "(815

(x"). = -F

i
b
— '
} X .
S

(82)



a

At t = 0, one therefore must have
. [+ ]

- =0 . . (83)

F*.

41 £=0
-1 X" =0 “ : '
J

’ Equatlon (84) comes from the fact that at t = 0, FY.‘is

4 1)

. independent of t and that at- t # 0, F;j is an even.
functlon of t.

U51ng the deflnltlon of the dual electromagnetlcy

fleld tensor (80), one can easlly show that (83) and

(84) are equ1valent to

. , 47|
” Fid|,_,=0 . and 3F =0 . (85)
e . % | v
, o . t=0
But v
4i f 44 ij
F - =g g JF‘4‘j ' ‘
c»‘ and .
e ~_,ij - 41ik_3h

g g Fry s

and since on the time—symmetric hypersurface, all metric

.componepts‘afe time-independent, it then follows from

(85) that

CFa5.a l g@r gy t=0==o - ,1 (86)

. To Slmdglfy the plcture, we further assume- that
‘§  the EM field On'Ii is purely electrlc, or equ1va1ently o

L o



Figeal o0 S (87) .

[

Wwith' (86) and (87), thé EM field equations reduce to

s
-

e 'aiv(»/“g>glj»/<‘3 A4"F‘4j,) =0 . ol (88) .

Qr

The energy momentum tensor of an LM fleld is

=l v “4 - v
»

given by -ﬂ tj'.i , C ] o o '

ﬁ‘&: 7\) ;v _“l .» . .:. . | 0
If the EM fleld 1s time- symmetrlc w1th conformally flat .
- .;,v metrlc, we Bave.‘ ‘ T e - c- 7$

. . e T
e . : ST .

S . L ' T S
4;-?%’F4LF41 e L
RS 44 ij L S

N
]l—-‘

S e.. : o -}. (944 ll-»- [(J (b) --E'(J}cb) m(&(b@]

Y

.Thus the cehgt;aint'equationcbecomesj”:'~ :~_. _  e T
. 4v?2-w¥-'m ('—' S aC] :'> 2, —% «lz——T(w |

: c ‘\"' *.g44 . ,.«‘.,;r ~‘ v ’ )
e S e RIS o rosin’ o 2

1

'.f'f.’ For the unperturbed RN. case, equatibqs‘(§8}jand;f89)
",Vj, Lo IR :C SRR L

become \ . ) . ) i JUREEN . ., U S . v; .~ V ..)‘ . ) ‘ 7.. .7 " ’ - N
RS . o C . N = . » L B -, B o

W 3

2

.\
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and

- ,.*/

" %E. “u :?

73

tw§ 2/—93*‘ark¢k>J =0 o

aviig = v (=gt )[(¢R 0%

Now

. w%}h ¥ and ¢ glven by

l“); S

;Vwﬁere-Pl is-

of'f'ohly,

g5

-~

In- terms of w, ¢, the fleld equatlon of (88) reade -

f

- The.

3

Og .

~

wﬁi | (91)

»h, ,1

con51der the sllghtly pcrturbed RN metrlc

Qg:+';slwl(r) R S B2

4
-

€ - ol - Loy L - o
+ €Ppoy (x) " I T (e3)
the Legendre polynomial, and ¢l; wl fuhctions

o

perturbed RN”B-ﬁétric is given by

o A | AT
O T I TR
0

0 ¢4r2$iﬂ?6

o

S /57' l%/ 17 s, e]-+a [/5‘ 32/— $) =0 . (95)

o

: ‘thmg(9

G where x

2),

e ' : o . ~u *-,.\ ; B . . .
= Vpret ER¥y,p P Vg T iERgsinOuy L

(93); oné‘gets:;' - ”.' e

: . « P | .
. = . BN T S

*-&P&“’l‘r;_f'_, V,gg To¥y [Py (1mx) xpyl

cos e,“éndfsyyi;arﬁsqggglons go; ¢;r’ ¢;6?”eF93'~

»

N . v

a% “_" o - R o 3 .j(( ‘vv- . . " ~ ) e )



O L(¢y) = (3.3 += 3 . +F —gg— Op — _M]¢l(‘;)

SWith these and cqual ton (94), (“)":)_ Can be o roduaced to

) lpR r R r
'.LND )IP lP + tI’ \Ul] 21’2‘1!1 N ‘P _+2Pgl¢’]_ r‘P U’l r“b
o R

_ _2 . 2
‘+ 2¢P ‘

‘where L((bl)"is_‘given by

44

2 9 ,r 3 : CER+L):

‘Similarly, the constraint equation of (89) -can

e

" v,be re'd-u’c‘e‘d" to
L RS S 5 2. 2,2,
PR :ﬁ(\bl) = T ng4 {epg‘b + 2P'Z¢R,r?l,r + esz\sa.n;@‘ttQ/r B

) ‘i ' t E

-

. o e q;
: T2y, 2 1
»+ ePz $in“8o. --2-1

wh,er'g aﬁ(wl) = {9 -av' + -21-_- )

rr. r = &L%_—m]w‘l (‘f)‘

. - (99)

-

. invo’lving € ,wie get,__'—from, (96) .

"o

fL(¢1’-“ zwlvk WR r¢R r sz [¢1 rwR r’ WIAFQR ! L0

,_'and from (98), el o

A

2%, r%1, 0t T Epi231“29¢1w1=’° | (96)

- (98) -

If we ‘1.ine'a_r:i_,z“e the k'e'q.ua’tion.s by dr',op'ping ter'misl -

i 2 01 ol e R
4‘\"1’ f? “‘1944“"3 r’ M LTRSS o
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-

. where the operators L andvl,'ere defined by (97) dhd

o (99) respectlvely.

In obtalnlng the above two’ equatlons, we'made"

44

use of the fact that g = QNfz‘can'be set arbitrarily.

. Ve
ew1thout affectlng the. tlme evolutlon of the initial

- _data. To smmpllfy calculatlon, we set the 934) of

the perturbed RN field equal to the unperturbed 944.

>

For a v1v1d explanatlon of" thlS, see, for example,-

Grav1tatlon by M T w. (pp- 526- 528) _{Q

Admlttedly, equatlons (100) ant

‘difficult to solve enalytlcally. ;Any'furthgr inves=~

_tigatiqn will have to employ numerical methods. -~ -

Al
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CHAPTER 4 o s

‘THE,(t.¢)'REvERSIaLE IVP AND SOME CLASSES‘OF'PERXpRBATlON

I. Introductlon

A rotatlng star with, morc than two solar mass“g
will undergo grav1tat10nal collapse after its nuq}ear
fuel is depleted. Durlng the collapse, grav1tatlonal

radlatlon recedlng to 1nf1n1ty carrles away. energygand
.
.angular momentum . However, it is extremely q‘llke&y

that all the angular momentum can be radiated away in

ﬁﬁ thls manner.u The flnal product of such a collapse, as
: 4
one WOuld expect, w1ll then be a statlonary rotatlng

black hole th,ch n}ust be ax:.symme‘ and (t, ¢>)

ﬂﬁﬁ reveESLble. ?gch a black hole must be a Kerr black hole

S

g

accordlng to the (srael—CartercOnJecture whlch has now

-

been almosg completely establlshed.

¢
lh XS chapter,fthe IVP w1th both ax15ymmetry
and (t ¢) reversal is studled The IVP is formulated in.

a way that ls dlfferent from,but parallel tog Ernst s

y =

(1968) formulatlon.: The formulatlon sheds some light
.on the relatlon between the vacuum fleld equatlons and

the constralnt equatlons. However, thls clarlflcatlon

lS galned at the expense of compllcatlng oth%r calcq-

a
-

latlons. The Kerr solutlon }n thls formulatlon is® ..
studled Perturbatlon of Kerr solutlon is carrled out“

to study the proyertles of the %hnxmal surface.» c

©

2 -
"7
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e
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P E

- I1. The Stationary, Axisymmetric and (t,¢) Reversible

M 1ve |

[T I

- two one—parameter isometry groups, ¢t .V*»V_and the

A statlonary spacetime thh ax15ymmetry admltS"

cyclic %4 1V >V whose killing vectors ‘can be expressed

. . i
as’ : ' o o o v

e

in properly ‘chosen coordlnates.' It thep foilows'that
[s-9 e 3

‘in. thls preferred cbordlnate, the components of the

'metrac tensor is lndependent of coordlnates t. and 9,

« -;_«

i.e.
» o R L
s . . . “ o < ?
‘ 3 4y _
where .we. put X" = ¢, X —‘t.

‘The lxne element caqronly be a functlon of ‘the two

'spatdal coordlnates (xl xz),

AN

as? = g (xA)dxaaxB~ , r'fA;B;.J. = 1,2.
aB . S . N

>f¢his can be further 31mp11f1ed by lmposing the (t )

rebereal condltlon. By (t ¢ reversal, it is meant

L o

- -that the- spacetxme 1s 1nvar1ant under a s1multaneous Q

3 4

reversal of (x ) to (~ -X ); ThlS conﬂltlon

essentlally demands thaﬁ”tl;fblauk hele be rotatlng

and that the axxs of symmeﬁry be the axls of rotatlon.

4‘.
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offﬁk?;x4),'i.e,

‘ Co Lt : L i }o_4 Co :
The similtancous reversal of (X, X ) will thoen prosorve

..

the dircction of -rotation.

"The " line clement is)"l)rtzserw\.cl under the reversal

-‘e_ - : #:, J‘t, ‘Fi
(x@;)dxadxB =g B(x

where T ’y "JW;;f
x® = (xhyxZe el en
| S T '
and
:;0 =‘(xl'x2r“¢r°t) ‘fb o
This is equivalent to the coqditiqnéthat
.‘a N . . . v . g . »A .
93a = Jap = 00 AT S 2y

Written in full, the line .lement now lobks'
2

_-gAdesdx +g33(dx ) + 2g43dx dx +g44(dx ) . (3)

-y

1

On the initial hypersurface' .t tf=0, $he:3-metric is.

'ﬁ' - : R

' d‘sz_;-. gAde dw+ g33(dx ) ._.' (4)

'The extrlnsH..Eurvature of Z cah be calcula— N

ted from = SR e ‘ . | .
| . , - .
B N, .+ ﬁ T
(N 1‘ . ] 13,4] .
‘where - : K
o L 4 ‘ i 44 1:! 4
and - N = (- ). :




This gives

tw

K,. = K = 0 " and K,y =~ 1 : (?—4—3) : (5)
“AB T 733 Fan="2n (933933 )
Lt . . ’ - ’

#

Witﬁ (5),'£he initial constraint equations (1-16), (1-17) .

‘reduce to - S .
N . : . ’ - ’ a{ﬁl_ ' N
‘1 -
1 . L3A 4 o '
+ , - = . /1‘) *.
¥ 3R ‘ 1\31\}\ kT4 R .
i i%}ﬂ“ya (6)
K. J .= —‘KT.4 ’ - R v.er . o 'wv‘;;‘,“mt.‘ w
T e . Ko ‘ - :
o _— @ oo C .
From now on, we shall concentrate on vacuum fi
,Tuv = 0 everywhere.

In the follow.mng, we give the derlvatl.o;ithof Ivp
in Ernst formulatlon, followed by a Urlef qgcount of.
Ernst'(1968) fgnmulatlon of e vacuum %;b{ﬂ equatlon.’

: Follcwi_ng Weyl,' we, Xc:pt for the statlonaryz

- ‘axisymmetric, vacuum field the metric,

Cas¥= 2N (ap? 4 az?) + ple P rag? - o2} (at - wae) %

« I

where v, A, ware functions.of (p}z):only; The corres-—

' ponding 3-metric is

o ‘4 | - . |
%dsz = e"2M (e (dp +az®) "(pz— e4Aw2)d¢2]», o (8)
This implies ); is conformal to a 3-space )a with:
metrie-

“as? = e?V(ap? + az?) + (0? - e ufrae? (9

(.
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S » .
Denote the curvature scalar and the metric tensor of’)*

by "R, and g;j respectively.

"

From (agﬁ:(ss) of Chapter 2, the curvature:

N

scalars of Ei'& a V. are_rblated by

'R = e (R - 44,0 - 24,)] , o
- . where : ‘ L : |
JUEES _ Al 2 2 o
R FAR Y S NC LC SOR R o an
L : : : , g7 . : I
o ij J'r,'}‘ %) ' .
b2% F Ty T “.ﬁﬁa’ ~
11 1 11 33 '

=g, (A __+A_ )+

* - * o
P zg 2 gt g*_. ,(’\0933'0 + ?\.‘2933'2‘).' ‘ (12) .

For a 3-mani%old.with orthogonal basis, i.e.

= 0 for i # j, ;the scalar curvature is given by

J13 7 7 |
- the simple equation (Eisenhart)
L 1 . l . '.‘ . . R ’ .
R=J Al po (#9) (13)
- ij gii gjj .qul‘ : ' ) .
and : ' , - -
) . v\" l 1 -‘ . . -1‘ \
= ' BRSTEN N I T NI I
Rijyi (_C-‘ii‘gjj) _{“i,l‘-_’n i (9530 2y lagye050agg)]
-1 N Y '}' o T '14‘
Y9k (9440 (9450 Fowith dagek o 4)

~ With these equations, R, is found to be

R, =e 2%(20aw) +c  (ac) - § ¢ 2wer?y L. as)
 where | » A K
o ] : 2 - 4x 2 -
. G = 933'=.p- - e w“ }.
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and

2 L2 L2
((VG) gp + Gz -

Following Ernst (1968), replace eZA by f.

From' (10)-(12), we obtain the scalar curvature of }.,

R = fe"2V(2(aw)+ 6 lac- 1 6T 2var 2 - 20e7H ) - £72 (ve) )
oy ) _ R ’ & . ‘
- £ (veve) q.é £2we L 3 ~(16) @

i 4 ] )
Tg’obtainythe éonstraint equations, we need the

ekpression of $3AK3A ir terms of the metric tensor,
-N_Z-G—%wfze
7 m -

=

=

[
of

=29 402 (vE) 2 4 £2 (Vw) 24 4Ew (VE) (Vi)
oy £ w§%£2(?632~ 4t (VE) (VG) - 2£0G™ Y (VwvG) }
| ' (17)

where

-1 -1
44,71 _ 2.-1

rl

N2 = - (g

_Cémbininq (16), (17) givés the firét'COnstraint
éqhatibn for a staﬁionary, axisymmgtric‘vaquum,fieldj

" 2yv+ G tac- %:Gz(AG)?—~2[f_}A£-'f-z(vf)gl-jffl(Vf-vG)
. ‘p‘ , B N N ﬂ{

Sl =2,0002. 1. g, 2 o 2. 2 P22l o

& 4fwVEVw - 4£02GT2VE-VG — 28067 T (VuVG) } = 0. (18)
, The_Sécond cénstrgiht equation Ki?lj = 0 can be simila#ly-

: - \
-~ : T . ) ;
-~ . . . N . ’
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calculated. The calculatign is stréightforward but -
horrendously léngthy and messy; Thé effort, however,

is paid off in the relatively simple form of . the out-

3

come,
202w ev2e - (v6) %+ (v0)2) 4 £(p2H £20?) (a0 + 2671 (V€. V) )
where

a* 233 -%9 + a0

[ P TP 22
2. ! |
v® = 8030 + 5 ?p + azaz .
. Unlike the time-symmetric, conformally flat‘zi,

Ain ChaS&er 2, the‘c0n§train£ equations (18), (19) are
’wt&di&ﬁﬁlf‘iongaéﬁd‘ﬁyhosf unmanagégble.ﬁ-This difficulty
is essentially the motiv;tiohvfor the;new qumplaﬁioﬁh

'presented in the,next sedtiénl
The Ernst (1968) formulation of statipnéry,
faxisyﬁmetric,TVacuum field ‘xuns briefly as follows.
._The-linéAeiement‘iS.éhe ;ame«;s'equation‘(7).
The‘v&guuﬁnfiéid equation RuQ ='0'éan be

L4

‘broken down to.

co20 20 1 -1 4X, 2 - o2 SR |
ypu— 9(X9 A Az)': i (wp. ‘wz)_ o 1(20).

v, ﬁ\ZHApAsz W, S o ; R (2¥)



BRAEIEIEE Tt
A*w = =4VAVu
&

‘The last two equa

linear, second order differential equations, and serve

as the lntegrablllty cond

3
By
»

V) 2 (22)

) S - S (23)

tioﬁs (22), (23) are coupled,

Cugr -

1t10n for v. In the'rere'case‘

. where exact solutlons of A and w are found, v can be

Lntegrated ea51ly from (2

o n (22), (23).

Ve

Replace e by .£."

92 = (v6)2 - g47 2w ?

If we define.

i . 2 ) . 2 -
£° odw _ L £~ ow
< 3% P(p,2) , - 5;

equation (25) then become
differential ‘i.e. 3P/3p
* ex15ts a functlon ¢(D.z)

expressed as

The  fu

o 2 -’”-.. ;.

3¢ _ £ X P
! p wp 1 4 K a‘é‘a‘-

Q), (21) s Thus! comucem:rat:e/‘J

Equations'(ZZ); (23) become

@

ﬂ"'
»' (24)
w ‘_,‘, ;
0o . .. (2?)
= rQ(o.Z) . SR ©(26)

e the condltlon for an exact

8Q/az. Th;s means that there

whose total differentiel-can be

g2 L BT T
Foep w0 @D
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With 387),’the,condition tha; w = W can be

pz - 2p

K

| " . £v%0 - 2VE.VO =0 .. Lo (28)

The vacuum field problem‘for an égiﬁxggg;rié, ,
statlonary, grav1tatlonal fleld then boils down to 4

g!\ﬁing solutions for the coupled dlfferentlal equat;ons,

£v2f = (v6)2 - (vo)? ' 4
&nd C ' X - " . a (29) !
o fve = 20f.v0™ . T i
éQ» __Oq“théoretical ground, a solutionlof bhe“va¢uum'
field equation-Rgv =0 (is automatically a solution to:

-

the initial COnstraintreqhation siﬂce they are nothing

but .
4 _ 4 _ 1 4. _
G‘-1 = "Ruv IGDR 0
and '
R EngBR

°

e i : o



,_tational fleld of a rotatlng black hole is ststlonary

DM

i
LN

Eieldcso]ution of (29) into the Lonstraxnt equatlons,

* v,

and Eound thcm to be compatxble. However, any xnner )
relations are comgletel; cioudedbby theglengthy cal—f
culation. Thls situation is improved Ln’the new

" formulation. | - | |

. I;I.} A New Fo:mulation of the Axi§¥mmet;ic and (t,9)

Reveréible IVP‘\ et | i .' S

.

III-1) The new formulat;on and Ve \

‘ The,Ernst formulatlon of ‘the statlonarw axl— B

symmetrlc, vacuum ffeig'problem is charicterlzed by

-

two functlons f and w.' The funct;on f i8 the 944

component of the metrlc tensor and “fw fers the g43\
’ !
component. Despite. all 1ts advantage,lt\ksciear fny\the
last sectlon that it certalnly is not theégpsk de51rab1e

formulatlon fcr IVP.: In the follow1ng, we present a. -

new formulaticn based on the 933 -and 943 of the m trlc

e /

'3 th1s formulatlon.’ However./xn gaxnlng thxs 51 pllClty,-

/ g /-

we pay the prlce of losxng some of the advant ges ‘of

'*Ernst formulatlon.. IR o 4

"It 15 almost estebllshed that the ev

'fand axlsymmetrlc.k To reach such a flhal state, non# -

statxonary pfocesses like grav;tatlonal radlatlon

a 7
‘B e -
as . S

. od - ) "
[T 2
LY . . - N

/
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‘%a*later on as a spec1al case. : 1575 S

|

, anale1s employed refers essentlally to these non—‘

ware'invoIVed; Throughout thlS thesis, the perturbatlon

Q

1n 1n1t1al data that are only momentarlly statlonary

"and dlffer sllghtly from the final state. In'this"

splrlt, the IVP w1ll be formulatbd w1th ax1symmetry

;and-(t.¢) reversal wlth statlonary condltlon assumed\

P
N
0.

P
|

Slmllar to sectlon II ran’ ax1symmetr1c spacetlme

‘statlonany Qrocesses.,'ln other words, we are 1nterested

PEE

o

‘:a&mlts a Kllllng vector fleld £¢ ,§g vThe metrlc tensor
“in thls coordlnate is ¢-1ndependent i.e. gaB 3 ;\Q:.
‘whererwe-put x? e_ofi The llne element is ‘a functlon of .
“(x®,t) only, : ‘ié.ye\.

""dsfm* g, (x t)dx de S o

Theﬁ(t;¢)treversél*cohdition“theh'reqUires
‘ . ‘ A . ] -‘—o_'» | ] .A‘ N ,.( » \/\A ‘ ~ . o A —‘,, . )

(1) gaplx,t) = ?.AB(X L) 933 (_X »-,1.:‘) = g4y (x, ,-t).

N o T Al A ]

' (25 (xA t)=-g hixA:¥t5‘ g"(kA t) = —gbkaA “t) {

A g,3A e 3at® T 4a 't H 4n %[ S
On the 1n1t1al spacellke hypersufﬁace Z t=20, these
requlrements become ‘s J

: s AN ' "%
x _‘ $



(XAgakAaxB

+ 933(x?>(a§3i

.':._4,

Slnce the metrlc of any 2- space can be redqged

4to an 1sotroplc for

. (-2 )a

N

’ awthe 1ine'element-of

vy

dsf

.where !ve pmt g:‘}3 =

. A\
,X? z,_‘3 ¢, !

\\
'_— f(x

x‘ 

m (Israel

f(dxl)

>\\.

(3or

='2w(dp + az? )4-2d¢ +-2md¢dt - fat? f! <

g43 = g44

: ) R , ‘
_the line element reduces to

~

1972)
saxh?

N -

can bENWritten as .

t to slmpllfy the ng;a:&en/

R N
& N

N

2

87

Qg43dx4dx3+ 944(dx )T

RN

."/

<
-

= f, and'x1 ¢

\‘The llne element of (31) is” Eharacterlzed by

 four functlons,/v1z

‘calculation, we

N

. .Wl 1 £.

‘m,

rdefine ﬁhr%einew functlons v,

jo 1
AR

A_943-“

;g34

To further fhc111tate

3, o by

. . !

(32)

(33)

(34)




) ] o X . - . . '; RN /j u. S . ‘ A LT
“with this new notation, the metric becomes
\ ds?= v le?V(ap? + dgz)+-¢d¢?+~2zma¢dtavz’?[(&p}?ézgazldtz

(35)

Notlce that the number of functlons remalns the same,’

C -
—

r:i,e; fPur, but they are changed to Vs 1, W0 1nstead.-
- .

The correspondlng 3-metr1c for Z

edé? =:gﬁ}e?vfap?4-622)f¥ za@z . co ."Q(36);.

. P e 4 : i o
- The! extrinsic curvature from (5) is

Y .x . . : : d ' ]

g A (g Gasy )
A N %33 933 ,a)

a—t = lﬁ/(om.

e
ey
0]
o 8
a
(1 IR
—

.:)-A23/2‘; e eV IR | “
R 5]0p$~w,l 32 © sp o W,2 ef(3?)

(I . - L Co &

=
|

‘The constraint equatienjk.Jij'e 0 cahvbe';edyced'tc“

- Ly g L 933

g . . o1 33,1 1 x 33,2 _
~ K3y 1 +tK3y 2t7 K 1‘?FL“ 5 K3y 5.
\ ) | 33 ! s 33,‘,

Subst1tu£!&§(37)1nto the above equatlon, eae arrlves

o
.

(38)

at. . . L = , :
3427y 3/2 ' 1/2 R U A
S RTET o~ ’ 1 2 - . ‘ ‘
'[;OQ' w,l},l+ { op,-w;21 *'7 W 12 1o
i1/2 L

op ‘!’"'2'9:'! 2. 7

‘i ’oc 2

1
t3

A



Further'simpiification”giveSA

N

opg. Z S ERC. SR

: 0 £ ~ . 9
-5—-(3—_wor*+>§;,(

-_:ThlS equatlon 1mp11es that‘ﬁhere ex1sts a fefctlon & whose

. total differentlal can be expressed as f.va\

e T PO
_d = (o wz)do + (—3 mp)dz .

=
©

S T s . P I W
~ The function ¢ is uniquely defined by - . ,_},\\4” Lo
5. . op 2z " 3z  op v S S »(4b9_

"With”(40),€thebcohditiohsthat»@bz;#_m;p“_Can be rewritten.

e s =0 . (a1

-Thus one can v1ew the constralnt equatloh'Kﬁjlj'= Oﬁes-'
saylng that there exlsts a functlon ¢ which- obeys (41)
An even more rewardlng result appears when one

~tries to reduce the second constralnt equatlon

‘R;+.2K3AKA =0 e e
' The last term_cen'be,expiessed as.

'_érgflvgl? o “-nggbe'i__»kg;f"i'fﬁn(gz).}



. ST B R SRR - w"'rf; o
tTha‘ehfvetﬁxe«seaiar-3R'cah-be.cafCULatcd1dipectly-frOﬁ'““
(13) éndg(l4ﬁ,5?From‘(14), one gets .
Y FEEIC I R :
o el 2V s . 1 ve2 100
~R12_21: = 2 e {.A_\) + (T) 3 'A,“

L, Ll s aa s
Rigai = 74,11 77 4V, t L0,

N -
—
o
<

B SR
-
-

[\

<

-

N

. - FP
Ra3sz =2 %227 2
“And from (13), - . T

3R = 20 e7V{AV +

t L
L
g

L @y

"Putting'(42)aand‘(43) together,vone gets an

_astonishingly simple equation -
. RS ¢ o SRR ' . ' v
AT = "*li [(Vi)g_+'(v6)2]d. R '(44)

Thls new forﬁulatlon can be. summed up brlefly

as. follows-‘ At t —tO, the line element of ah ax1—
”»symmetrlc, (t,¢) reverSLble spacetlme_me

‘ds 2

22¢ ¢ (axl) 2, | S
[(dx + (dx ) ]4—g33d¢ -+2g43dtd¢-+g44dt
Vo . ) . ¢ -
'eDeflne four functxons 2, w, G, g by«equations (32), (33),

(34) such that the line element acqulres the form,
T : Sy

,,asz=,z‘1e2“(dg2+-dg?)f»zd¢2+‘2zmd¢dt,w, [(cp)z-f%z]dt
V‘Wlth thlS, the constralnt equations for the 1n1t1a1 data
~on f -0 reduce t if;‘wi?tw

e ;}/;.3‘; " .



. L .‘ 3 ‘. ¢ ) ” V - e

<

Qo

N I\ t,_.$71<vx)2;+;<y5)21f, .
e 48° . ST
III 2) The statlonary vacuum field equationnn'
LK the follow1ng, we apply the new. formulatlonl
; to the axxsymmetrlc, statxonary vacuum fleld equatlon.

The line . element can be wrltten as

- dg? .-;e' q’[(dxl) o+ (dx ) ]+ l(dx ) +.{‘2‘mavx4dx b-f(dx )2 |
R ' ' : - ' (45) : o
The four unknown functlons v, 2, m, f are to be deterr .
mlned by the. vacuum fleld equatlon Ruv‘? 0{ However,w
'E'en\lngenlous observatlon by Weyl (1917) helpéd to-redudé”
,the number of unknown to three. ThlS is . done by flrst

observxng that the metrlc of (45) is formjinvatlant_}

under a transformatlon of the type,

~”f'§l v ix? = Faho+ ix?y T . (46)
anﬁ:secondlyj‘khat the vacuum field-equation»Rg + Rz =0 -
. can be Eeauceduto . e ’
Slal(D) + 3 2(DT:* Qq('.'*, _  ' L .(47)
VWhere D . ’1: j-‘f;‘
D“ = - det} . . ' oo -(48)



'Therefore D lS a. harmonlc funct;on. . From élementafy

I 24

mathematlcs, ‘one can.eeSLIy find the»conjugate harmonlc

functlon z such that
De+.iz = F(xt + ixz) .

Denete D‘by'another qaine_.’pf Usingf(49), Qne.therefore

'ebThe llne element\now has the form

| zﬁds‘e ey ZV(dp +-dz )+ 2a0%+ 248d

~ 7
-

Comparlng (35) and (50):‘

that the two metrlcsjglffer by a

N . . -
' - . DI .

-

- RV 1))

..

can.always t;ansfé&m the liae elementvef (45)-int6.
| ds? = e“’fq.p? +’.<57'.‘2\1'+ 'il,dCbé + 2;n§¢dt - @#2
Z;Where EJ m, f are no longer LnAependent fatctioasj_but”
~are related by (48),Al e. | ) ’
;simi;ar to,(gé{, (33}, we def£he  and § by
;p..f—_ v - %lnﬂ,» . :
& Eam/lf“ ‘ ,‘;.“' _,a{/a'. , '»?.5 vf
and from (48), “ - . o |
e.nigell g-l:(g'za;i”_-v&u -

¢dt—2 1ip2-9%5%1at”.. .

(50)

one- 1mme&1ately notlces

-

functlon o. {ﬁ one let

e

g e



~
)

" we obtain the constraint equations for stationary,

- 93

@ ’ . S . I3
SN
e 1

\

o = 1, equation (50) falls out from (35). In fact,

o can always;be_reduced to 1. for statiohary cases ’,'

(see append&x 1). - - - A

Digress to IVP for a moment. By putting o = 1,

' n .

axiSymmé;ric (t, 0. réversible, vacuum spacetime,

. 1 . T e
S v.[_f (vé)] =0 : : I (41a)

.2 , o

Ay - L 12 . (udy 2 r
o ,‘A\) —m ((VL)© + (V&) 7] . ,‘ (\Klla)
where’ ’
: 2 02 °
a ~ :"2 -~ . ~ =2 ‘o~
e %R T T r fT T

In the codrdinates (¢, z, ¢, t), the vacuum

field.equatibn Rg"fiRz = 0 is always trivially satiéfied.

The rest of the vacuumufield equétions can be easily

/)

'shown to reduce to (Khan, 1964)~ - R " -
248%*m = ma*e (¢—-¥,R3 = 0) o _(51)
£A*m = mA*E (+> Ry =0 o (52)
£A*L = RAXE («>RI-R3 =0 (53
and R ‘ _ o o ) . :
s =k + 8 +2m m 54
wrz 4p- M’;Dfrz. zrzfrp _mr_p lz] ' ¢ \)
. L R S, o
v, i [z,pf,p % 2E 2 0 m’zl | (55)



_—

One should note hat only two of the three equations

(51), -(52), (5%) afe independent. |
. In terms 6ﬁ_functién} 0, Y, eguhtion (51) o
becomes - - . o R ”‘\
: ) X : K v
2AYG + 22V-78 = 0 . ) |
A closer ‘observation shows that this is nothing but
.2 2 . S

From section II,\ohe should immediatelyvrecoghize (56)

implies that there exists a function & defined by

°

2 o2 :
p - 'Q'_ ~ ) = __’Q' el z ‘ co
Qp.‘ 5 ,wzh, | $z =50, . o (57)
And the condition © = &__ becomes
_ pz zZp

1 S . .

Ve[ (v¥)] = 0 .. ‘ (58)
L , . ‘ , .

.The trivially satisfied equation
% (p%) = 0 ST

can be rewritten as -

e 4

~~

. EA*R + RA*E 4_2Vf,vz'+rQ5-*m +2(m? =0
by réplacing pz.f £2 + mz.o Usin§ (53),'(51) and (48),
this can be simplified to ' ‘
S 2, % ‘2;_
p%A%s + 2[VL-VE + (Vm)%] =0 . | (59)

But .



/

Vf‘n--pzl_ZVE 2 Vn))-‘w Ve - 28393 o
and

(Vvm) 2 = 3qve) 2 (V3) 2 + 283VR. V3 .

With thé above two expressions substituted into.(59)}

E

one gets
o -4 . :
290 - (v ? = - A op? . (60)
.. o) . ) -
o,

In terms of the functlon this is just

evle = (vo)? - (vH) 2 . y (61)

7z
-

A straightforward,ealculatiOn shows that-(54),l(55)'can'

be re-expressed as ‘ ;

~ : 2 2, =2 =2 o
= .9_2_ - - - 2

\)Ip 49 [.(210 lrz) _(¢’p ,(p:z)] (6)
. - . ° . ;

~ - !2 + . L f 3

\).Iz ’ [le Dl q51.0‘»'121 _ (63)

Rather to one s surprise, the vacuum fleldk
equations in this new formulatloA come out exactly the.
same as Ernst-formulatio%*with £ replaced by %. -Thus,
similar to Ernst formulatlon, the three unknown functlons

in the- line element can be found by first solving the

coupled equatlons - ‘ ' 4’
: -
Vo[98 =0 S (64)
. ) o ) . :
" and _ : - ‘ ; p N e

w9l = (v ? - wh 2, ey



o B : N

and then 1ntegrate (62), (63) to fin& J.

Because of the similarity between the two tor-““

mulations, some of the deairable features are retained
from Ernst formulation. For example, one can combine
the two field equations (64), (65) by ‘introducing a

complex function £,

gz 2+ 4% . . . , - (66)
4 L '
The new field equation in terms of € is.

(Re &) Vg = (vO)2 . - ) (67)

. Furthermore, this field equation can be derived from a
variational principle,

5 I AVE)EV”*) av = 0

(Re €)

where dVv is the volume element of Euclideah 3-space."
‘ ,
I11-3) A comparlson of the two formulatlons'

A qulck look at the two formulatlons shows that
rhe two sets of vacuum freld equations are 1dent1cal in
form.” If one reé%%ces f by £ and ¢ by 9, one goes from
the Ernst formulatlon to the other. It therefore seem
qulte incongruous that the two sets of constralnt equa—

,tlons should dlffer by such a great extent. -However,

a careful‘examlnatlon shows otherwise.

96



relatively insignificant lapse function N = (-g

97
' . 14 one keeps both f, % and DR.in the vuc&um
Hfi'eld equations Ruv = 0, the "lym*y between f and !.' ,~
becomes apparent. The six vacuum field equations are
bt LA*m = ma*2 o

£A"M = mA"f ' ' . : -
RAYE = £A™ZR

AM[EL + m?) = O - | :
) 4
- X _ ooy 2 2
BLRE ~ECSURLE L AL SN

and

Y oo= - gp 8 f a0 of v My Mol

_An interchange of f and % does not affect these equa-

tions. Thus one can expect the vacuum field equaticns

wouldobe 1dent1ca1 in both formulations. -

In the initial value problem, such a symnetry
is manifestly lacking. The constralnt equation bases
itaelf on spscelike hype:surfeces instead of the com-
plete spacetime manifold. The g,, comporent of the-
metric tensor enters the IVP in the form of the

‘ * 44)_%.0 ;
Therefore,'the simpler the 3-metric, in particular,

the 933 component, the sxmpler the constralnt equatlons.

In the (&,®) formulatlon, we. essentlally compress the

L)

complexlty of 933 in. Ernst formulatlon Lnto two functions

°

v and %, “and hence greetly sxmplify the constraint



« i .0

) 3 “
23 03 ' o ° -t v
a Q * 4
» . 2
“ a K B 9 o 5
P @
o s
) B 9 o ‘e 93 )
o P v Q9 a ¥
a .
; - °
a . . . ) @ s 2 . .«
o o 9 @

oquationn. Howavur, this q}np&ittedtioh it*qainad ova; .-

the complication of the q“ componaﬁt whi@h turna:out, .

“

to be dotrimpntal“in !inding,all bha known aqlutiona

-

to the Einlga}p field pquatien.

. o u 3
° » . ?
o o o » ” “ ? . .0

IVv. Solutdons in -the (% ,wg ?ormumation .. . e
° 0 o 5
To date, the onxy knoun axisymmotric. ltationary

4]

‘solutiom to the vac um field equation‘porrobppnding to

the vacuum extarior jeld ot a rq;ating black hoie 1&

' [ ~9

the. Kerr solution. It ds c&gmonly beligved tnat thii

is probably the only solution. Thu:w it is a Qreat ; T,

Qo

disadvantage of the (2,w) fdzmhlat&onhgﬁatvthe Kerr .o
solution cannd% b% deducdd in a‘simpla, straightforward
manner as the Ernst formdﬁat;on was cap&blp of doxﬂg., ;
. By hook and by crook°'the akpréssion of 3. for theogerr ST e

solatton in (l,y) formulation is n%ve;theless oBtained. P

It was shown by introducing the vomplex

. F -4 .
function o 2 § . o°' .
- ° E s
5 . 2 , . s . N .
L+ 1%, Lo s 2 s (66)
o - R o © o ° o ” r o .
- N > > b ¢

o : L
the field eguition acguir%g the form:

> 4 L9 ’ G
] KR}

e
Hi

- (Re B) VREm w2 . Tt S e (67)

2.6 [ ¢ * . : T oL 3"4 o <

.Fo}lowinanrnst, défine a functiOn Egby . T N o%

a

o

Q
a,

a*h;-i T > ¢68) *
€+10.‘.o ° @ ¢ e e .

¢ ) . . ..



‘_'« - i
3
. . :
. ," 1
. A straightforward caleulatibn_givesv'
. : o Tl - IR S
’ © - (E+1)(EX-1) _ :
G2 L wPE _aw®?2 o
£ = . ot ) _ - 3 . o S T .
o , PN €500 B (€+1) ' ‘ '
and ’ o : . @
wiy? o AWETZ T
| L (E+1) '
eWith‘these;_the field_equetion (67) becomesjr
(BE*-1)v2E = 28%v®)? . . (69)
- 4. L ‘4. . B l ‘ . V“ .A ‘ . N
. In prolate'spheréidal codrdina;es_(A,6,¢?,4the»
vLapiec}anAoperaEQr 72 is éiven by .~ T,
2 1 ‘ ' 1 .
ve o= ' 6{ (sh AB ) + ——— 3,(sn 68.3.,)}
b?(sh2A+Sn29) H’X ‘ A .Sh.e;:e' e
PRI . l > 2 : » ' . ’
o + -~ ~ 3
 %%sn?x sne ? n o
and the' gradient operator V is given by’ =~ S
. FNL R - - -
v 2l 3 ,Xa)\{,. 7 - e ae+'.__£';s‘_—'a¢
b(sh“A+sn“6) ™= ~b(sh A+sn,6)? . .b shAsntg
where sh A = sinh A, 'sn 8 = sin_ 6 ,

51m11arly ch X-=cosh A, cn 0° = COs 6"
The transformatlon between the cyllndrlcal coordlnates.'
(p,z,¢) and.prolateVspher01dal coqrdlnates (A 8, ¢) is

T
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e

/

A .

s | . “1e0°
/ ‘ e ' ,
s
5] i -7 R ) .
p =b sinh A sin 0, z = b coshxcosO- ¢=¢ .0 (70)
A ) - . : . ’ - -~ . . R .
.Since £ 4is- independent of_¢fmequation:(69) becomes -

e

S | L oA e I
L '(55. -1) {m _3)\7[51’1 A 3)\5:]/..24'..51:1—5-039[3_1'1? 358 '],} ,

;
G

Voo o . A o S o
o= 2Ev*.['(axa>2<4 (358)°) . .
. / . . . ) y .
It is easy to verlfy that e .
(1) Hlf F 1s a solutlon of (69),,then e AE‘ is also .

- a solutlon, where A 1s a real constant,
(2) that cosh A cos 8, hence +1 cosh A,'+J cos B ‘

are. solutlons of (71).:

. ! . N - / ! L
(3) even though-(?l) is non- 11near, o f/ Rak
/ COS acosh A * i sina cos 6, sina cosé t i cos a cosh>\~
/ are also solutlons. L . .

' Hdﬁever, ‘none of these solutions are asymptotlcalrg

7
flat, hence have llttle phy51cal meanlng.

. -/

In the follow1ng, ‘we. obtaln, by hook and by
crook ‘the functlon o for the Kerr solutlon. The Kerr

’metrlc in Llndqulst Boyer coordlnate (r 6 .¢) is given"u
: (r +-a2cos 0)[—5———————4-d6 1 By

r=-2mr+a S
2 .2 : "
+ (r2+a2+‘2m§a gln G) 81n26 d@z
rita cose

+ 4‘;‘“ sin agat - (1- R me__y at? . 720 -
r +a cos 6 S +a cos 9 ‘
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The metrlc of an. ax1symmetr1c,,statlonary spacetlme 1s

Y

glven by equatlon (50), 'i. e.'

as?= 71 2v(dpz+—dz )+ a0 +-22wd¢dt Sofae? o (73)

where. wé have f2 +'22“2 =02
-Slnce the Kerr solutkon is ‘a solutlon to the vacuum

fleld equatlon 1rrespect1ve of the formulathn, one

gets, by comparlng (72) and (73),

o P 2. 2. AT .
S Rgary = (r2 +a24-2§xa251n56)fsin29 Lo C(74) .
' R r’+a"cos o , . :
. &_v;'2mafbéih26' | "i'_ S B (75)
K T 2 %0s%s e ' B
" 'The Lindquist—Boyerucodrdihateg;(r}e,¢)afé connécted:to_
the "chindricél",coérainateé (pez,¢) by -~ _ -
‘ . -ca. e : AL o s
S 5. . T . 1 ; ‘ . g
jpv=-(r?¢e-2mrA+ a?)é'sin 6 N .
(76)
'z = (r - m) cos'é P PR ‘ 5L
»Thereforé,‘ . /
.2 2 2 : .
dp” + z= [(r-m) +(m‘-a )cos 6]{—7—————-7-+ de } (77)

-

o —2mr+a
. Again compariﬁg*coefficient,

_1 zvl(r m)2 V(m -a ) cosze] (r2+a2cos26)
or

L2V = 2(r2+a2cos?é)/[(r-m)Z;(mz—a25cbszel._(78)
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From (57)

~ _ 9,2. : ‘ .

b o Y z

(=2
11t

,(ZTz"mxz)

t=x]

II
'O|2°
&LS

]

i
o=

R NS LY

©
t
o[
el
i
{
~~
g
1t
4~
el Lo

(em - mi )
o mig)

where m = 2%. By chain-rule of differentiation, one :

gets . . ’ »:b‘ B

5'r ,+ 566 == % [z(m r+mg )-m(Z r +z 6,)] AR ;/1  |

Br o+ B0 % [z(m x

£+mee )—m(Z rp+2, 9 )]

“where rp = 3r/dp, etc. By noting that

one can solve to get.

p(fém)‘_ S (r -2mr+a )cose )
(p7+27) (p +Z )

5 ,  (r242hr¥a2f5é056 5 = —(r-m)sine . L S
e . o 8= - . : o
P S p2+zz",l SR Hp2+z? R I

i

Thése can be used to further simplify (80) to
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-_.‘_‘>Q,-.xt:16-mg,~e._ .

-(:2;2mr+52y5

e, . . PN - ot ' o . "o

3, = - % (r?-2mr+a )%(zm Sme)

BY BUbStitUtlng (74)'ena (75) into (82), one_cen show,
after a 1engthy calculatlon, o ‘ R B
'¢r6'=,?er . o N e ":-'f S Y ‘,iif“

- . . . . . » : } . H

'3fThié aQSu:es_that%%f'can;beuihtegrated fro@f(sz) bny_

.

where G(B) is a functlon of 8. oe\§ With_the helpfqg_{

(74), (75), one flnde

— 351n 6 cose
r - 2

o l. 5 v 4mra
' ' 2 2
(r +a; cos_e)

v

‘A simple integi&tidn,then gives

34 S T e
%= - 2ma>sin® 8 cos 6 G (8). . CU o (s4)

: 3 2 ¢ : :
(r7alcos 9)

N

To determlne G(e) dlfferentlate the expre551onfor 3 in

(84) w1th respect to 6; equate thls result w1th the ¢e

"-y obtalned dlrectly from (82) \thlS then<y1elds an

expre551on for dG(G)/dO\\\\e. E _ :"5 o

gcié%l =6 m‘a'sin..:’-e' i

-



i

" 'Hence

G 6 ) = ‘IGme sin e dag Q—‘a-GA'ma,co_s“e' _(‘J‘l“—‘i_' cos?e) ‘fi c.”

'The second constralnt equatlon essentlally guaran ees

v

3
> Therefore;'for the Kerr solution, e have '3“ﬂ‘
‘~wi 2ma3e1n46 cos § SR ' : an
-¢Kerr==_ 5 7 6ma cose(l j cos e) + C
R (r +a“cos 9) e s o
: Lo g ‘ﬁ‘5 = Do ‘ ‘ (85)
V;thertnrhetiOn“of kerr Metric
o — . — ~-hr =
.‘V—l) . In ‘the (%, w) formulatlon of the ax1symmetr1c
'statlonary grav1tatlonal fleld, the 1n1t1al constralnt
‘_equatlons were shown to, be
A = -~ [(Vz)? + (99?1 (44a)
R 42° ’ . :
A *Tw = - 2V9.-va PR "

"-the ex1stence of the functlon ¢. Hence concentrate

‘»on the flrst constralnt equatlon._

Con51der a sllghtly perturbed Kerr geometry w1th

"-Gﬁb such that lt dlffers from the unperturbed Kerr i by

an ;nflnlteSLmal amount,” i.e..

P

4

where ¢ is an infinitesimal quantity and n a function'

S =S +en . (se)

104 ..
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R

olevyz) only. T'he cOnStfaint”bquatidn Lhen’

An =0 . (8T

e ':5—7 '—*z
. P L

TDefiﬁe_a:pplar cOof@inateV(p,¢) on the’Z-Surface (p,Zf

Lama R 1))

©
i

isin¢ , z =ucosg¢
2%

',Sihcg;p_=j(r2-2mr+a:) sine, vz'%.(r{m)_¢os 6} we have

St 2-m?+ a2-n®)sin®el’

. cos ¢ =_%’; LE%EL cos 9 ..

“Tn (u,9) cpordinates;.equatiOn (88) becomes

.Where the subscrlpt denotes partlal dlfferentiation.
Usrng separatlon of varlables, one - can ea511y flnd a

a

’ solutlon

n
B

where n is pCSitiVe integef.

demands.

qoSesme T e

105
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“The 3—metric:forAthe.perturbed Kerr geometry
. o :

is - - |
3as? = 471, 2‘v+€”)<d fﬁdz?) +'2d¢2 a

.

-rwhere Z,v are glven by equatlons (74) and (78)

respectlvely, or.‘

' L 2
ds = 2€n(r +a2cosze){ dr +d6 }

/ o -t ) _2mr+a

o o 2 “ o
(r2+ a2+_2mra sin’ e) 51n29d¢ ! ‘ .- (92)
2, 2 2 o
. X +a cos 0 S e

<

The event horlzon 1n the 1nit1al surface of (t ¢)

_reversal remalns polnt—w1se flxed under the 1sometry

(t $)—>(~ t —¢) By the. lemma 1n Chapter 3 the event

;horlzon 1s then a geode51cally complete submanlfold
and hence an extr mal 2- surface.‘ As the. event horlzon'

“1s necessarlly the surface w1th the mlnlmum area, it

then followsythat the event*horlzon»ls'the minimal-.

‘vSUrface in the’(t‘&) reVerSLble 1n1t1al hypersurface

-Therefore,»flndlng the mlnlmal surface 1s equ1valent to

flndlng the event: horlzon.

'In the statlonary case, the marglnally trapped

i

;surface, whlch 1s both null and statlonary, coincides
,w1th the event horlzon. The event horlzon is also the

;flrst horleh an 1nfa111ng space—traveller encounters.

4* -

'The traveller is lost forever to ‘an observer at.

. 1nf1n1ty once he crosses thlS horlzon. Comblnlng

106
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these two propérties, the event hbriibp‘can be alter-
E} nativély; but equivalently, defined as tﬁe outermost
stationary ngll hypersurface. B hﬂ
o Let the'equaﬁion for a hypersurface be » ¢
£(x% = 0,
A : ® . -
If the hypersurface is‘stationary,vf(ga) must be ..
" independent of x4; if it is a trappéd surface in a

geometry with axisymmgtfy,»f(xa) iézindependent'of
3 , ,

X7 = ¢; if‘it is null, f(x%*) must have
- ‘ . . ‘ ‘.
aB : .
f £ = 0 .
g P04 B :
'Thus the event horizon satisfies
. ogtheE pFegttE pt =0 . (93)
- 4 ’ . . T

1
For the-perﬁﬁ;béd geometry, this is ‘just

N

o 2en (r2r2gr+§2) f?}'*e 2en. . 12. f26_ 0o, .
r“+a“cos“e .’ r“+a“cos”6 '
'.6r équiyglentiy,
(r2—2mr+52)f2 + £2 =0 . - L T (94)

o o AN

S

5, ‘ . . ‘ _ : .
This equation,. surprisingly enough, is independent of

the perturbation fuhctidn n,‘and is idéntiqaleith the
" equation of the unperturbed Kerr eventshorizon. That
is f(xA) ¥_r4r+:are solutions to equation (94), and

< <



hY

that r—r+"represents the outermost stationary‘null

hypersurface. " The quantities r*.are solutions’ to

r2—2mr+'a2 =0, i.e. ' N ot oo

r =rm iv’mz-a .‘ . B , (95)
In’contrast,to“the linearized solution (4-42a) ‘for the
perturbed Schwarzschild‘geometry, the equatlon for the
mlnlmal surface in the perturbed Kerr geomet;y,

v S : ¢
r=m+vm° - a ‘ o

- -

is exact, and is independent of the perturbation n. .

With this result, one- is tempted into conoludlng

that the perturbatlon does not affect the event horlzon.

~However, this 1s not true .as the radlus r acquires'’

dlfferent meanlngs in the dlffereng.geometrles.‘ The
metrlc contalns 1nformat10n of both the geometry and
the meanlng of coordlnates. ‘As the metrlc changes, ‘the
meanlng of the coordlnates also Varles._ This can be
best understood w1th the followxng con51deration. ;Iﬁ
the Kerr geometry, the hypersurface r constant, repre—

sents a closed 2-surface w1th 1ntr1n51c 2~ metrlc.

2.2 2. 2 2 3 2 -
dsKerr = (r“+a“cos Q?de + 2d¢ _ _(96)
and has an~area_of
2monm , ;51 _ -
Agerr = f v[ (r +a“cos 6)‘£»ded¢ . o (97)
- ) -

v . P : -
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Ior t:\\x* ])(‘Y’Llll‘l)l o «,(\(1n|(‘t r y , U constant altio represent g

a cloqed 2-surface but with a différent Z-metric

\
\

\?dsg = ezgn(r2+a2c:'osze)d62 + ld¢2 (98)
and has a’ different area.
21 N L . '
Ap=-f [ een(r+a2cosze)ékéded¢ Ce . (99)

o 0.

One thus sees ‘that the event horlzon of (95) is actually
'dlfferent from the . Kerr event horlzon. To seemthis

dlfference, we calculate the area from (97) and (99)

//;;r r.=m++vm“-a“ = r

4 The area of a Kerr event

lherizop>%s '

L ow

L S
2m m 2.2 2 3% 2.2 2mri+a251n26 i ' .
A, = (r+a“cos®o) “(r<+a“+ ’ ) sinede do
K : *+ N * 2+a2cosze
0 0 ryrac -
. TT N ’ ) 1 . . ) . '.’u' : .
=-27 IIZme + /m%-a%) d¢coss)
/. 0 . . o . :» - B o " ..
=8m(m +vm%=a%) . .. . | (100)
. o TR | , R S -
The area of the pertutrbed horizon is S o N
) orw v | . S B
- [ en., 2. 2 2:% o o 2mr‘a sin 6 .. A
Ap= e (r++a~cos 6) (r +a“+ - 5> )31n6d6d¢‘
. b0 : - _ ;++a sin” 6 SR
)’ ' . , ~ © -7 (101)
w1th n evaluated at Ty i.e. ': ‘ .: I 4
W .
n = gos nép - 1 B .
Tre O™ [r+ \(m2 -a’ yn/% cose - . . 4

\
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)

To ensure that e&”'rema;ns finite when 6 = 7m/2,

choose n = 22 and

~ -1

. n = .
° r+ (mz—az)[coszze-

With this choice, qEn‘+ 0 at 8 » n/2. N . '-”\
Denbte A =.1/(m2-a2)2 and x = cos 0, equation

{101) now becomes

2

e =28 ' ' E
7 X . . _
e dx . . (102)

# LAP = 41rmr+

Y S T—

. To evaluate this integral, we perform a change of

variable. Let t = axnzz where a'Ee/(ngazf}» tHen -
1 _1 R , ;
x = &TI t,?I : | - -
dx = a (-==) t, . dt
. n _.J:".e
. The integral now has the form
T2t
Ap = 8nmr+bf e dx
Y ¢
L 1 1
= <8mr, I’eft-a T dl(t 2T, S
a -.t - K ' .
‘ ' »w:-.l oo oo -1
. > - —t
= -8ﬂmr+a [e “e X + J t ZT e dt]

1 .]v-‘ ) - "A

i
o]
+
o
]
|Q
Q
Ov=—.8
0
1
ﬁ
Q.‘
X
+
Q
O\ Q2
0
it
o
(’-
“od
gFJ
o
cr
N e’
L~
=
‘O
s
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The first 1ntegral is just the gamma functlon F(l- TT)

and the second 1ntegra1 can be expressed a%

A 2 S ) 3
7 T . .t5 ¢ A(=1)"e"
a J t (1 t+-2—!- 3T + L. —-——-—-—n' + ...)dt
0. ‘ :
5T h ¢ e
= q % I t % ( 2 (-'lzut )-dt |
, 0 n=0 . \
L ol
» 1 a .1 1 - n+l- 5> &
— X aﬂ ("].)n I.tn 22 dt = 20.2_9, (’IL}: t_r Zz
n=0 n! b b ns - gt
o n n+l . 7 :
= (1) a (for 2 2 1) .
“nf0 U one1- '
. ' X3

b \

Putting these together,,equation (lof)ﬁbecomeso

o n n+l
a

] . (104)

~ n—_-o n + l—ﬁ

.The area in this form (104) tan be easily evaluated by
computer. - K'COmpdter pregram is compiled to this end.’

‘The program and thesnumerical :esult-are listed in

: : - / «
Appendfk/QZZfollowed by a brief analysis. /
‘ V—2)' - 4One can‘also=use the method of Euler-Lagrénge

'equatlon as llsted in Chapter 4 to find the mlnxmal

surface. Thls me thod turns out to be less satlsfactory
E 2

as it involves extremely 1engthy and tedlodL calculatlon

glvlng an end result that dlscourages further calculatlon.
. :

) /
However, 1t does exemﬁllfy some flner p01nts. A brlef

7
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outlxne of the calculatlgn is listed balow.‘

. The metric of perturbed Kerr f—qoometry is

Y
<

given by o
o . (
o ar?’ 2 2 0

2 o+ ded} + 2de? .

qoszg){
e r 32mr+a

asz - e2£n (r2+a

As in the Schwarzschild case, we expected that, up to
first order of €, the minimal surface to be the Kerr

horizon plus a perturbation -term, i.e.

+

r =r, + ch(8) . _ o . (105)

o : Q o
o

where h(6) is tosbe determined from the Euler-Lagrange
: _ , .

equation. The area of a closed 2-surface is given by -

0

A= [ €”(f +a cos e){wf——-———7+-1}%z ded¢ ¢ ' (106)

-2mf+a

Q

where we have put r = £(8). Frdm here, an unsuspecting

soul™ would plunge into calcgulaking the Euler Lagrange 0

’

'equatlon until he belatedly dlscovers, to his horror,

a o

that the Llndqulst Boyer coordlnatés x,6,9,t) are

unsu1table for such calculatlon. The metric is SLngular,

Q

a coordinate defect, at r = r_, and ‘hence cannot be. used

+

to evaluate the area of the event horizoneat r++-eh

<

To-alleviate thls difflcultx, we 1ntroduce a

L]
new coordlnaia p similar to the lsotroplc coordlnate

. of'Schwarzschild\geometry by .

a . . . ‘ <
r, 2 2

p(L+gx) =t . R (107)

112
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,
. In termstof-p, eQuation.(lOS) bccomes
' . An : R . . : / .
Ty o e e ‘
p= 7t vh(0). o ’ S (108)
. and the area integral 0f1(106)‘beCOmes
. R . 2
o ERE : Ty 2 L
, r., 4 : (1+ g ‘ ooy oo
_ £n 2 -+ 2 2 4g % ) .
A= Je.; lg <l,-+‘ f§) + a.cos 6] [ : T, 2 +1l 2 ,d6d¢
s g[gcl+ ——) r_] . ‘
e e e e . (109)
:fwherexwethave put-p. = g(8), and
[, r, 4 Zmatg(1+ 70 “sin®e ),
L= 197 (1+ gz) +Ha + — 49 ’ sin“6 .
PR g2 (1 4+ +‘)‘-‘+'a2c0528 \ o
SR E) ‘ o
B The complex1ty of thlS equatlon deters a normal person
>, ) \
vf{om tamperlng with it. However,'lf one is brave enough

one can. proceed to equate the 1ntegrand of (109) to the

Lagrdhgian,den51ty'L, 1ee. . -

o

L= (1ntegrand of (109))

véna, 5emand“thatol, satisfy the Euler- Lagrange equatlon

oL A L. e LT e R e
5o - s (35) =0 . - } s (110)-@
After,literallnyeeks of’oalculation,‘this can 'be shown

to'reduce to

‘énl- 1 dx‘ 4eh’, 8eh 'l[r+ | | ]
e 20 4= Ces — (r -r_ )+€h(r -r_)
( ' g‘p+ % dr " e (r2+azco$78) 4-,-+ 5 ,

| - 4eh“ =0 . Q1)
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SRR : : , r
.where 3n/8g|p means evaluatlon of an/ag at g-;zi+ eh
Further calculatlcn ehows | A e
on| 30 ar] _dn  axi
. ‘919+ * gglo+' 'r‘9+ .glé+ .
bﬁt-f' .7 |
v : _ o
r = gﬁl‘+ ;%)2 , -
] . ‘ i S
- : gsfr”-_ (1 + —i’(l _ ii) . 8€h . ‘
ag o, 4g9” - 4g CTy :

Therefore, in (lll) the ‘term E(an/ag)lp'_ls of order .
" o *
;2 and can be neglected Agaln, as in. (105), the s ‘

equatlon for the mlnlmal surface does not depend on the

./"

Vperturbatlon n._

Wlth some'more effort} the‘EulerrLagrange equa- "

tlon can flnally be reduced to

o : 4r+ : 2a (x, .~m} 2 S
~h" - h(r‘,)(r -r )[ 5 = T 7,2 sin®el =0 . . (112)
- r++a o ﬂr+ ) o e ’

. This equation, one notices, ‘has a form similar. to the

Mathileu equation (Mélachlan, 1964) "
gf§ + (a - 2q coszz)‘y =-0
N

'which:can’be»put”in,the'equivalenﬁ'EOrm

SX+ b+ 4q sinz)y = 0

Cwith b Zla - 2q. .
| o
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' brtequatlon (108)) then 1mp11es that r changes by order

115

Even though it rs extremely dlfflcult to 1nte—

a

‘]grate analytlcally the area oﬁ the mlnlmal surface from
'equatlon (112), 1t is Stlll posslble to get a feel of
77 The new cookdinate.p'is related to: the Lindquist-

B oyer‘coordinate'by'

. 5
_o(l :+--4*5)

N
H<

»

- . The assertlon that o changes by order of € at r /4 o 3

' 2 Iy ; C .
- of e”. .That 1s, at P =gt & . o
, | + : _ - 4c
: (T+e)[1+ T 1 =x, hg b ..
— R 4 (‘-—— + E) .

'The area of the minimal surface goes as a r2,‘hence’it

is a good bet that the area w;ll be 1ndependent of terms

.0of order €. That is the\area«A will haveathe_form

"where A is'the area of the unperturbed-Kerr.black hole;

and A some constant Howeven, the 51gn and the magni- -

1

tude of Al can only be determlned by dlrect calculatlon.



. - . CHAPTER 5 '

. THE GENERALIZED ISRAEL-LEIBOVITZ THEOREM

In thls chapter, we generallzed the Israelw

o

Le1bov1tz (1970) thEOrem to a charged collap51ng Sphere. )

L :Q

Thls result is then used to show that the Penrose cosmlc

.

censorshlp holds for a charged spherlcal collapse.’

v

. \'7'"
The Israel-Lelbov1tz theoremv(l970) essentlally

states ‘that assumlng ‘an’ everywhere—pOSLtlve energy

densrty, a relat1v1st1c spherlcal collapse can never ;

release energy exceedlng lDO% of its orlglnal mass.n
e

Thls llmlt can only be achleved by brlnglng each: layer

of the star momentarrly and 51multaneously to rest just

‘out51de the Schwarzschlld radlus r = 2m(r,t) correspond— o

f,rs generallzed to 1nclude the case of charged sPherlcal

1ng to the mass 1nterlor to 1t.' In reallstlc collapse,

the_energyoreleased ls well below thls llmlt (Israel,

1970) . e

It should be noted that in Newtonlan theory,

'the energy released through collapse can be arbltrarlly

v ®
large 91nce the gravrtatlonal energy is negatlve and

£

»unbounded below. R o v._ o

e .

In the followrng,hthe Israel—LelbOVLtz theorem‘

g

collapse.



—

as?=[1- 2A(r t)]

"}lnqlnlty._ 3'  :" he§n. ;j?‘

everywhere non-negative, i.e.

. e
e e . . °.

. i . . L C » Lo ) ' . . e )
o The;metrlc.outSLdeja charged sphere can be. _
. o S , . B A N - . ‘ e . - // i
written in curvature coordinates ’ '

| .ar? + rlae’ [.1'--‘1_15*%&1&2«. S
W '. Q . . .. - .' ‘é '

-

trwhere A(r t) = m(r t) ——%E—EL‘ and can . be lnterpreted

v;as the total mass - measured by an external observer at

°

a

These coordlnates remaln non= 51ngu1ar as. long

-

o".-

§ab r remalns spacellke and a monotonlc functlon of: radlal

'arc length "These condltlons are met provlded

o
“«

,ZA,(r,‘t)' <r . e @
We,asgume that the local energy.density is’

- - ’ ‘. .

| _InKcurvature’éoordinatés§ G4éleanreasily be shown

. T, U U zéb'"»everyWhere'.'H"7'_
H \) g "o ' . °

This implies T44;5'Ojeverywhere; The EinsteihkfiéLBI

' .equation then gives S R

, o AN
gt = mertzo e

.a

-~ - SR

(Synge 1960) te ‘be B

% 4__27 ____.aMr) ST T TURRIUE U R O R

EE

Combine this with (3), one gets

«
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L r+0

DA(E) L X & o . o TR
S Ty : - ST e e
- Im the case where the energy?releaSed.exceeas-
*'1005 of its>total mass,'the<e3terna1 observérfobserVes¥.

negative total mass, i.e.'.

VA-‘(R,ft‘-») -<='0'. | o (6) : :,_'

S
v

'where R(t) 1s the boundary of the collap51ng star at.
tlme t.,_. - ' ‘ - .
. . . t \.

In such a case,‘equatlon (25 is tr1v1ally

. satisfled. ThlS in turn guarantees that A(r t) is a.

';mchdtcniclfunctlon epf”r;'and hence can be 1ntegrated

tchards"the_ceﬁtercfroﬁfequatlon (5). Thlsygrves
Axo,t)ﬁ-“AfR(tr;tl s;Q N 2 S

A‘t}ertlng A(r t) expllcltly, . L S .:‘tt";

g;m(o t)— m[R(t) t] Q_éé_El O-+Q'IR£§)'§] <0 . h(8)f""

‘vaﬁ‘the above-equatibh,,Q[R(t) t] = Q is the total charge
of the sphere-'m[R(t) t] 1s the total bare mass, Q(r,t)

_1s the charge w1th1n the radius r. By bare mass, We:

7mean' the- mass measured when the charge ‘is absent

- v

fSihCe the“Q(r,t)“@-pr3 where p lS the charge den51ty,
Elim [Q (r t)] Llhﬁ£ si';fd :~ 2}:i._'h ﬁf';.~f.:5_(§5f'ﬂktlf"



”Equation~_(6)-impliesam(R,t),< 0. This5andi(9),:com¥f

bined with (8) imply = - (

Aabove theorem, however,;says thlS can. never happen.

.or

T T.o119]

e

'm(O}tf { m[ﬂjt?,t]?<”0‘:o S ".h"7» ©o0)

)
\

"~ This result contradl#ts w1th our. earller assumpfv;
tlon that the local energy de551ty is everywhere non—‘

negatlve 51nce m(O t) <. 0 necessarlly 1mp11es a negatlve\

”yenergy densmty in the nelghbourhood of r'=-0.f In other

: fwords, A[R(t) t]. can never be negatlve, and the effl- -

MC1ency of energy release is. always less than 100%. -

£
‘A charged spherlcal black hole°must necessarlly

‘have Q\< M. If 1n ‘the process of collapse, '3 charged

Hsphere w;th a charge Q- smaller than the 1n1t1al mass . M

A

‘were able to lose enough mass SO that 1ts charge exceeds

,ats mass, a naked 51ngular1ty would be formed. 'hey'w'

~In the process of collapse, the condltlon

rA[R(t),t] > 0 must hold.‘ Or’wrltlng A(r t) exp11c1tly,

Y

m(R t) Q_éB—'Q- 5.0 -

17‘:. v . 2 ) V ' L S ‘ . ,l § “ - - ‘ o
RZ Z_m'?i—i?)— R T A Sl

. . - . P .
f51nce Q(R t) 1s the total charge, m(R t) 1s the b#Le
fomass at tlme t, equatlon (ll) 1mp11es that the collapse o
wcan never go beyond R Q /Zm. A 51ngu1ar1ty 1s thus

"avolded*’ e 7)‘;" . o -x\wu~

B . L - . . f
v
.



horionfWilI not be‘fo;med."In‘fact} the minimum
':adiuSiﬁ‘df (11) is.;sfrictly” less than the inner
event ﬁdrizonwdﬁ-a;Retssﬁer-Nordstrom'black hole.

R

. This, of course, does not mean that an event
s ST . . v . . . »
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APPENDIX 1 -

¥ ~ 'In equation (4.31), it-is shown that the metric
at t.='0 for an<axi$ymmetric'(t;¢) reversibie”spacetime‘
is ‘given by ' E - S e

¢

as? = e?Y(ap?+dz?) + 2de?'+ 2mavat - £at? . (4.31)

To further facilitate calculation, three new
"functionsﬂ-s, &, o can be-introduced‘fo'réducef(4.31)

to (4.35). The new functions are defined by

Uz oy + 3% 1ln g o T (4.32),
®o=m/e P o S (4.33)
(op) ™ =" -det} : = £ + m° . : (4.34)

o 1943 a4y | | L

R4

at,least, there exists a.cobrdinate traﬁsformatibn which e

reduces oftb‘l; thus reducing the ndmber of unknown
functions: from four to three.

The (t,¢) reversibility is nbt’éffected_by-a

transtrmatioﬁ
€= e EEY | (A1)
' I . . . .
: or‘eqﬁivalently,
dat = at'F(x) + trar (x) . a2y

-Or the initial hfpef%urfadefzi: t=0, the transformation
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is

it = at'r(x™ . . (A3)
Substitute into (4.31) nges.

as? = e2¥(dp2+dz?) + 2de? +2mFdede’ - £F° (@t . (74)

3

Introduce new functions Y, &', o' by

(]

Vo= oy +%1in & R ‘ ) (AS)
Lo o33 943] |

o2 733 743 5. 2 _
(a'p) = -det = F°(f +m”). . (A7)

s ' 943 944-»"

Compare (A4), (A6),(A7) with (4. 31);-(4.33)f (4.34).

'One finds the . correspondence between varlous functions: .

122

.

BT AR ) - - _ - . (ABY’
,0' > oF ' .5 S R 4 (a9) .
o - g - fF% . . - : " (al0)

. By artfully ch0051ng F, o' can be'feduced"to 1.

o

With this partlcular ‘choice of F, the metric of

(A4) can be wrltten as

- -

1dszs -1 2"[dp +dz )+ 2d¢ +-2z¢ a dt'— o~trp2=g2w@n?

x(dt ) ;“-, ©* (All)

metric;of the stationary., axisxmmetrie,'lt,¢)‘révefsia |

Y

fSie case.' R "t ,_t - )4(/ i

-In this form, the metric is identical with the



'APPENDIX 2
1}
' In.this_appendix, we list the numerical compu-
tation of equation (4;104{,

1

) : - 3T ) o _ n n+l o
A_=8mmr, {e” % - « R.F(lr-J;)+-'2 (=1)" - & ) ,
. P . + " 2% r>‘=0 n! n+1l- 1

. y . b ‘EQ

where Ap is the area of the'minimal‘surface in a slightly
perturbed Kerr 3-geometry.

In the.cbmphter:output, Azo, L = £ and the-
unpertufbed'minimal_sﬁrface, i.e. a = 0, has an area
of 2. . | i oL -

. . . ° . ' ' R » .-‘

_ Once agFin, the area'bf the perturbed minimal

surface is strictly 'less than the unperturbedvarea

(compare'withischwarzschild'Case in Chaéter 3). This
o R ] . L . - . " (

.again confirms Penrose's cosmic-cénsor conjecture.

at

u"’*_



A=

A= 0.10008b-04

0.00000

2.000000

2.000000 .

2.000000

-

~

~N

0.20000D-04 0,30000D+04 0.40000D-04 0.50000D-04 .
L=0 = 2.000000 2.000000  2.000000 2.000000- - 2.000000
‘A= 0.10000D-05 0.20000D-05 0.30000D-05 0.40000D-05 0.50000D-05
L=1 -1.996457 ' . 1.994991 1.993866 1.992918 1.992083.
L=2 . 1.922499 1.907835 1.898003 1.890398.  1.884111
L=3 1.774243 _ 1.746597 1.728881 1.715565  ,1.704788
L=4 1.612459 ~ 1.577384 | 1.555412 1.539134  .1.526099
L=5 . 1.463145  1.424614  1.400805 1.383317 .- 1.369401
A= 0.10000D-03 0.20000D-03 0.30000D-03 0.40000D-03 0.50000D-03
" 1=1 1.964751 1.950267 1939200  1.929902 1.921733
L=2 1.754983 1.708678 1.677652  1.653666  1.633848
L=3  1.513660 1.454137 1.416009 1.387360 1.364181
| L=4 1.310872  .1.248526 1.209483 1.180564 1.157411
L=5  1.149165 1.088118  1.050405  1.023710 1.000678
A= 0.10000D-02 0.11000D-02 0.12000D-02 0.13000D-2 0.14000D-02
L=1 1.889900  1.884628 .~ ~1.879600 - 1.874786. 1.870161
I=2- 1.564840 - 1.554397 7 1.544648 ~ 1.535495 . 1.526859
=3 - 1.286492 1275101 1264546 1254702 — 31245473
L= 1.081280 1.070295.  1.060153 1.050727 ° °1.041918
L=5 0.929056  0.918820 0.909392  0.900647 . 0.892490
‘A= 1.0000 ©1.1000 - .1.2000 1.3000 L.1.4000
1=1  0.178148°  0.152628 - -0.131213 0.113140 . 0.097813
L2 0.098493 0.083968 0.071870 © 0.061726 0.053173 -
'‘L=3 . 0.068006 0.057873 0.049456 0.042416 0.036492
L=4  0.051922°  0.044146 0.037694 ¢.032305 0.027775
_L=5 0,041989 ~ 0.035680  0.030451, '0.026085 .  0.022419
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‘A= 0.00000

b=1  2.000000 T ey
L=2 2.,000000 L 7
L=3  2.000000

t

A= 0.60000D-04  0,70000D-04 0.80000D—Q4‘ 0.90000D-04

k4

L=0 2.000000 '2.000000 2.000000 2.000000
A= 0.60600D-05 ,0.9%0000D=05 0.800000-34: 0.90000D-05
L=1 1.991329 1.990635. 1.989989 - 1.989383
L=2 1.878707 1.873941 1.869663 1.865768
L=3 1.695680 1.687761 1.680734 1.674405
L=4  1.51517 1.505742 1.497423 1.489970
L=5  1.35779" 1.347823 1.339056 1.331225
A= 0.60000D-03 0.70000D-03 0.80000D-03 0-.90000D-03
L=1 1.914368  1.907610 1901335 1.895452
L=2 1.616824 1.601820 1.588354 1.576103
L=3  1.344597 1.327574 1.312475 1.298879
L=4 - 1.138013 1.121268 1.106503" 1.093276
< L=5 0.982311 . 0.966522 0.952649 0.940260
A= 0.15000D-02, 0.16000D-02 0.17000D=-02 - 0.18000D-02
L=1 1.865706 1.861403 1.857239  1.853201
——p=2—1:518678 _1.516960 1.503481 1.496385
L=3 1.236781 1.228560" 1.220760 T1.213334
L=4 1.033645 1.025842 1..018457 1.011444
L=5 0.884843 ° 0.877642 - 0.870837 0.864385
A= 1.5000 1.6000 -°1.7000 1.8000. -
L=1  0.084758 . 0.073600 0.064030 0.055799
1=2 0.045927 0.039762 0.034497 0.029987
L=3 - 0.031482  _ 0.027227 0.%23599 0.020495
' I-4 0.023948 - 0.020700.. ~ '0.017932 0.015567

0.019322 0.016696 0.014460 0.012549
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