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Abstract

Our main interest has to do with a conjecture of Nori, based on the weak
Lefschetz theorem for Betti cohomology. We first prove Nori’s conjecture under
the assumption of the existence of a Bloch-Beilinson filtration. In the second
part of my thesis, I re-prove a result of Paranjape on smooth general complete

intersections, that supports Nori’s conjecture.
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Chapter 1
Introduction

We study the relation between the topology of a smooth projective variety and
a general subvariety. One of the measures of topology is a suitable cohomology

theory; specifically Betti = singular cohomology.

Another measure is the group of cycles modulo rational equivalence - the
Chow group. These two are conjecturally related by a series of conjectures of

A. A. Beilinson and S. Bloch (see [6]), and Nori (see [[13]]).

The classical (weak) Lefschetz theorem asserts that if X is a smooth pro-
jective variety with dimension n and Y is a smooth hyperplane section of X

with inclusion map j : Y < X. Then

§7* HY(X,Z) — H'(Y,Z)

is an isomorphism if ¢ < n — 1, and injective for : = n — 1.

There is the hard Lefschetz theorem (HLT):



Ly H"Y(X,Q) — H"(X,Q),

(Lx the operation of intersecting with the hyperplane class) is an isomorphism,
and Hard Lefschetz conjecture (HLC).

The HLT is equivalent to the statement

LY H'(X,Q) — H'(X,Q)

is an isomorphism, for ¢ < n.

Then for all 7 satisfying 0 < ¢ < n, the hard Lefschetz conjecture states:

The inverse

A H (X, Q) — HY(X,Q)

to L'y is algebraic, namely, induced by an algebraic cycle.

Nori’s conjecture is then:

Conjecture 1.0.1. If X is a smooth projective variety with dimension n and

Y is a smooth hyperplane section of X with inclusion map j:Y < X. Then

j* CH'(X,Q) = CH' (Y, Q)

if 2r < dimY'.

We prove Nori’s conjecture under the assumption of the existence of a

Bloch-Beilinson filtration.



If we prefer not to work with any assumptions, then the following result of

Paranjape can be proved, using different methods:

Theorem 1.0.2. Given integers 1 < dy < dy < ... < d, and any nonnega-
tive integer 1, let X C P be a smooth complete intersection of multi degree
(dy,....,d,). If n is sufficiently large then

More precisely, Kapil H. Paranjape proves this theorem and estimates the

values of n in his paper [13].

We prove the theorem for a smooth general (in the sense of the Zariski
topology, t € PN(@) x  x PN() general if t € Zariski open subset of PV(@1) x
... x PN(@) characterized by generic properties (eg X; smooth, etc,...)) com-
plete intersection, using different methods. Our hope is that our proof will

provide effective values of n.



1.1 Precise Results

In the second chapter we will give the definition of the algebraic cycles and go
over some examples. Then we will give the cycle class map and Hodge conjec-
ture. We will also give the construction of the Abel Jacobi map that is induced
from the kernel of the cycle class map, which will take us to the Mumford’s

famous theorem for 0-cycles on surfaces and Bloch-Beilinson conjecture.

In the third chapter, We will give some cohomological machinery, starting
by talking about spectral sequences and double complexes, then giving some
hypercohomology to end up by defining Deligne cohomology and giving a sim-

ple example.

In the fourth chapter, we will give Lewis filtration and make an approach for it
using the material given in the second chapter. At the end of the chapter, we

will prove Nori’s conjecture based on the conjectural Bloch-Beilinson filtration.

Lastly in the fifth chapter, we start by introducing Fano varieties, then re-
prove the result of Paranjape for a smooth general complete intersection and

providing some examples on finding the minimal value of n.



Chapter 2
Preliminaries

Let us start with the definition of the complete intersection:

Definition 2.0.1. Let z = (zo, ..., Zn4r) and assume given fi, ..., f. homoge-
neous polynomials of degrees (dy, ..., d,) in z such that the corresponding ideal
= (f1,. fr) is prime and that X = V(u) C P"" is of dimension n. Then
X is called a complete intersection of type (dy, ...,d,). X is called smooth if at
every point of X, its Jacobian has the full rank r.

Example 2.0.2. Fermat’s Cubic. X =V (2342} +23+23) C P? is a projective
algebraic manifold: It is given by the zeros of an irreducible cubic homogeneous
polynomial and X NU; = V(1 +2*+y*+2°) for U; = {[z0, ..., 23]|2: # 0} where
variables .y, z adjusted according charts U; = C3. Then the Jacobian of the

polynomial has rank 1 at everywhere in X hence X is smooth.

Example 2.0.3. The elliptic quartic curve in P3. Let X = V(22 — 2020 —
2123, 2172 — 2023 — 2223) C P? is a projective algebraic manifold: It is given
by the zeros of an irreducible cubic homogeneous polynomials and for U; =
{l205 s 23)]lzs #0} , XNUy=V(1 —y—zz,2y — 2 —yz), X NU; = V(2? —

ry—z,y—wz—yz), XNUy =V(a®> —x—yz,y—22—2), XNUz = V(2? — 22—

y,yz — x — z) where variables x,y, z are adjusted according charts U; = C3.
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Then the Jacobian of these all have rank 2 and hence it is a smooth complete

intersection.



2.1 Algebraic cycles

Let k = k be an algebraically closed field and W/k a quasi-projective variety
of dimension d say. Notice that k = k implies W (k) # (). where W (k) are
the k valued points (Nullstellensatz). Note again that W (k) represents the

codimension d points in W/k.

Definition 2.1.1. A codimension r algebraic cycle Z on W s a formal sum

(i.e. Z-linear combination) of codimension r irreducible subvarieties on W.

m

Example 2.1.2. A codimension d algebraic cycle Z = ijl

p; €W, m>1 andn; € Z.

n;-p;j, where

Definition 2.1.3. 2" (W) = z,_.(W) is the free abelian group generated by

irreducible subvarieties of codimension r (=d —r) in W.

Example 2.1.4. The free abelian group generated by W (k), is denoted by
2H(W) = 20(W), where 2o(W) represents dimension. Any such point in W (k)

s the same thing as an irreducible subvariety of codimension d.

Example 2.1.5. Let W = P2, Put 2= V(zzs — 23 — 2221 — 23), % =
V(2022 — 23) then 5z - 225 € 2Y(P?) = 2 (P?).

Let us state the weak Lefschetz theorem now:

Theorem 2.1.6. (Weak Lefschetz) Let Y be a smooth hyperplane section of a
smooth projective variety X with dimension n with inclusion map j : Y — X.
Then

§7*  HY(X,Z) — H'(Y,Z)

7



s an isomorphism if 1 <n — 1, and injective for i =n — 1.

Assume 0 <7 < n and let Lx be the operator of taking cup product with
the hyperplane class on X (relative to a projective embedding of X ) then

Theorem 2.1.7. (Hard Lefschetz theorem) (HLT)

Ly H"(X,Q) - H""(X,Q)

is given by A — AN Hy N Hy...N H; where H; ~, Hx , where rational equiv-

alence defined in the next section, is an isomorphism.

Proposition 2.1.8. Let X, Y be projective algebraic manifolds of dimensions
n, m respectively, and let & € 28(X x Y )q be an algebraic cycle of codimension
k. Letr =k —n, and ¢ € Z. Then & induces ps - HY(X,Z) — H™(Y,Z) a
morphism of Hodge structures of type (r,r).

Definition 2.1.9. Let X,Y be projective algebraic manifolds of dimensions n,
m respectively and p,q be integers > 0 such that p + q is even. A linear map
A HP(X,Q) — HYY,Q) is said to be algebraic if it is induced by algebraic
cycle & € 2nPHO/2(X x V).

Conjecture 2.1.10. (Hard Lefschetz conjecture) (HLC)

Recall the HLT

Ly H'(X,Q) — H™'(X,Q)

8



1s an isomorphism. Then for all i satisfying 0 < i < n : The inverse

AT HP (X, Q) = HY(X, Q)

to L' is algebraic.

Note that Lefschetz’s theorems do not hold for singular spaces using singu-
lar cohomology, but there is a (co)homology theory where they do hold, namely
intersection (co-)homology invented by R. MacPherson and M. Goresky.



2.2 Chow Groups

Definition 2.2.1. Let’s take two codimension r cycles Zy and Zy on W. We
say that Z1 and Zy are rationally equivalent if there exists a codimension r
cycle Y in W x P! such that

L1 — Ly = (Ww)*(W X {0} ° Y) — (Ww)*(W X {OO} ° Y)
Definition 2.2.2. Let V. € 2" YW) be irreducible and f € k(V)*, then
div(f) = (f)o — (f)eo (zeros minus poles of [ on Z, including multiplicities).

Definition 2.2.3. (Alternate definition of rational equivalence) The codimen-
sion r cycles Z1 and Zy are rationally equivalent if Zy — Zy = Ef\il divy, (f;)
where codim(V;) =r — 1, f; € C(V;)*, i.e. f; is a rational function.

Example 2.2.4. Let Dy and Dy be codimension one cycles on X (also called
divisors) . Then they are rationally equivalent if Dy — Dy = (f), where f is a

rational function on X.

Definition 2.2.5. zI (W) is the subgroup generated by divy (f) where V €

2" Y W) s irreducible and f € k(V)*.

Definition 2.2.6. CH' (W) = z"(W)/zl (W) is the r-th Chow group of W.

Example 2.2.7. CH""(P") = CH,(P") = ZP".
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Proof. Consider the short exact sequence CH,.(P"~') — CH,.(P") — CH,.(P"—
]Pm—l)‘

For r = n we have CH,, (P") = ZP".
For r < n we have P* — P"~! = C" and CH,.(C") = 0.
Now, CH,.(P"~') — CH,.(P") is surjective.

Donig injuction on n, assume that CH,.(P"~1) = ZP"
Claim 2.2.8. ZP" — CH,(P") is injective.

Proof. As P" C P" we can always find a complimenatry projective space in P"
such that P"~" N P" = py.

Now, ZP" — Zp, , ZIP" is not raionally equivalent to 0 since P*""NP" = py.
Hence, ZP" — CH,(P") is injective.
O

And so, ZP" — CH,(P") is an isomorphism. Hence, CH,(P") = ZP" and

we are done.

]

That the group CH®*(W) := @fzo CH"(W), has a ring structure under in-

tersection if W is smooth and quasi-projective, is due to the following theorem.

Theorem 2.2.9. If W is smooth and quasi-projective, then the following holds:

1. Given & € 2z"(W),& € z2(W), there exists & € 2"2(W), & ~pu &

such that &, &, meet properly, viz., of codimension ry + 3.

11



2. Given the correct intersection property in 1., we have an appropriate

definition of intersection multiplicity inducing the ring structure:

CH" (W)@ CH?(W) 5 CH ™ "2(W).

12



2.3 Hodge Theory

Definition 2.3.1. Let A C R be a subring, most commonly, A =7, Q.
An A-Hodge structure (HS)V of weight N € 7Z is given by the following datum:

1. A finitely generated A-module V', and either of the two equivalent state-

ments:

2. Vo = @p+q:N VP4 satisfying VP9 = V&P where ~ is complex conjuga-
tion induced from conjugation on the second factor C of Vo :=V ® C.
Equivalently,

2. A (finite) descending filtration:

Ve D+ DF' D F+t o ... {0}, satisfying Ve = F* @ FN-" vr €
7.

Remark 2.3.2. The equivalence of above conditions 2. and 2. can be seen as

follows. For the decomposition in condition 2., put

FVe= € v

p+q=N, p>r
Conversely, given {F"} in condition 2., put VP4 = FP N F4.

Example 2.3.3. We can multiply Hodge structures using tensor product. If
H, is a Hodge structure of weight © and Hy is a Hodge structure of weight j
then Hy ® Hy is a Hodge structure of weight © + j.

13



Example 2.3.4. (Hodge) Let W/C be smooth, projective. Then H'(W,Z) is
a Z-Hodge structure of weight 1.

Example 2.3.5. A(r) := (2mi)"A is an A-Hodge structure of weight —2r and
of pure Hodge type (—r, —r), called the Tate twist.

Example 2.3.6. Let W/C be smooth projective. Then H'(W,Q(r)) := H'(W,Q)®
Q(r) is a Q-Hodge structure of weight i — 2r.

Theorem 2.3.7 (Poincaré and Serre duality). Let W/C be a smooth projective

variety of dimension d . The following pairings
H{(W,C) x H*~{(W,C) — C.

HP4(W,C) x HP4=9(W,C) — C induced by

(wl,wQ)H/ wy A wo,
w

are non-degenerate.

Hence H"(W) ~ H*=" (W)Y, HPY(W) ~ HIPd=a9(W)V.

Theorem 2.3.8 (Poincaré duality with twists). Let W/C be smooth with di-

mension d and Y s a subvariety then
1. H'(W,Q(r)) = Hyg—i(W,Q(d —1)).

More generally,

14



2. HL(W,Q(r)) =~ Haqi(Y,Q(d — 1)) (Note that 2. = 1. by setting
Yy =w).
Corollary 2.3.9.

Hi(X»C) - d—r+1 r72d—i v
F?”Hi(X,C)_{F H*(X,C)}".

Definition 2.3.10. An A-mized Hodge structure (A-MHS) is given by the

following datum.:
o A finitely generated A-module Vy,

e A finite descending “Hodge” filtration on Ve := V3 @ C,
VeD---DF DF 5. 5{0},
e A finite increasing “weight” filtration on V) @ Q := V, ®z Q,
{oyc---CcW, W, C---CVa®Q
such that {F"} induces a (pure) HS of weight £ on Gr) =W, /W,_;.
Theorem 2.3.11. (Deligne [{]) Let Y be a complex variety. Then H'(Y,Z)

has a canonical and functorial Z-MHS, which agrees with the aforementioned

(pure) Hodge structure in the case where Y is smooth and projective.

Example 2.3.12. Let U be a compact Riemann surface, ) # X C U a finite
set of points, and put U := U \ . According to Deligne, H'(U,Z(1)) carries
a Z-MHS. The Hodge filtration on H'(U,C) is defined in terms of a filtered

complez of holomorphic differentials on U with logarithmic poles along 3.

15



One can “observe” the MHS via weights as follows. Poincaré duality gives
us HL(U,Z) ~ H,(%,Z) = 0 since ¥ is finite, and the localization sequence in
cohomology below is a sequence of MHS (Deligne, op. cit.).

.. — HY(U,7Z(1)) — H'(U,Z(1)) = H*(U,Z(1)) — H&(U,Z(1)) — H*(U,Z(1)) = 0

Notice that, H2(U,Z(1)) ~ Hy(S, Z(0)) and H*(U,Z(1)) ~ Ho(U, Z(0)).

H(2,7Z(0))° == ker (HE(U, Z(1)) — H*(U, Z(1))) ~ Z(0)™ .
So we get

0— H'(U,Z(1)) — H' (U, Z(1)) — H°(%,Z(0))° — 0,

where

Wy = HY(U,Z(1)), W_, = Im(H'(U, Z(1)) — H'(U,Z(1))) = H'(U, Z(1)

since the map 1is injective., W_o = 0.

Then Gr',HY (U, Z(1)) ~ HY(U,Z(1)) has pure weight —1 and Grl HY (U, Z(1)) ~
Z(0)*1=1 has pure weight 0. As they has pure Hodge structure since U and ¥

are both smooth projective.

Definition 2.3.13. Let V be an A-MHS. We put

16



[y V :=homy_nus(A(0), V),

and

Ja(V) = Exty_yus(A0), V).

In the case where A =7 or A = Q, we simply put ' =Ty and J = J.

Example 2.3.14. Suppose that V =V is a Z (pure) HS of weight 2r. Then
V(r) ==V ® Z(r) is of weight 0, and (up to the twist) one can identify I'V
with Vu N F™Ve = Vg NV = e Y (V) where e : Vg — Vi .

Example 2.3.15. (see [3], [6]) Suppose that V' be an A-MHS. There is the

identification due to J. Carlson

WoVe

J(V) ~
V) FOWo Ve + W,V

where in the denominator term, V := Vy is identified with its image

Va — Vi (viz., quotient out torsion).

For example, if {E} € Etyu4(Z(0),V) corresponds to the short exact
sequence of MHS:

0=V —E37Z(0)—0,

then one can find x € WoE and y € FOWyE¢ such that a(z) = a(y) = 1
(see [10]).

17



Then x — y € Vi descends to a class in WOVC/{FOWOVC + WoV'},
which defines the map from Extyps(Z(0),V) to WoVe /{F'WoVe + WoV 1.

Let us define the cycle class map:

Definition 2.3.16. The cycle class map for a smooth projective X over k C C

15 the Poincaré dual of the fundamental class map,

cl,: CH'(X) — F(HQT(X72<T)))7

where
Haq-2,(1§], Q(d — 7)) = Hag2,(X,Q(d — 1)) = H* (X, Q(r))

¢ (2mi) €} > (2mi) (€]
This map fails to be surjective in general for r > 1.([8], 67).

Conjecture 2.3.17 (Hodgeg). (HC)

c, : CH"(X) ® Q — T'(H*(X,Q(r))),

18 surjective.

18



2.4 Abel-Jacobi Map

Let us define the Abel-Jacobi map first.

Definition 2.4.1. Abel-Jacobi map

AJx : CHj,

hom

(X) = JH" (X, Z(r))),

1s defined as follows. Recall that

Fd—r+1H2d—2r+1(X (C)V
J(H* Y (X, Z(r))) ~ —,
( ( ( >)) H2d72r+1(X7 Z(d - 7“))

Prescription for ®,: Let £ € CH}_(X). Then & = 9¢ bounds a 2d — 2r + 1

hom

real dimensional chain ¢ in X. Let {w} € F4="T1{2d=2r+1(X ().

Define:

O, () {w}) = @Tl)d—r /Cw (modulo periods).

That @, is well-defined follows from the fact that F*H*(X, C) depends only

on the complex structure of X, namely

I3 nl)
F EX,d—closed

0 rri ~
FH(Xa(C)— d(FeE_Zx_l) ;

19



where we recall that E% are the C* complex-valued i-forms on X.

Let {w} and {w} € (F4& T E2720T0) 1 osed be given, such that [w] =
[w] c Fd—r+1 fr2d—=2r+1

Then w — w € dF d*r“Eid_Qr so there exists

n € PO R p — b = dn.

Now fcw —fcw :fcdn :facn :ffn = 0 by the Hodge type,
and we're done.

Alternate take for ®,: Let & € CHy_, (X).

hom

First observe that Hﬁg'"_l(X, Z) ~ Hyq—or11(¢],Z) = 0 as dimg |§]| = 2d—2r.

Secondly there is a fundamental class map & — {&} € Hag o.(|€], Z(d —

r)) =~ Hg (X, Z(r)) (Poincaré duality).

Further, since ¢ is nulhomologous, we have by duality

€] € HE (X, Z(r))° :=ker (HE|(X, Z(r)) — H* (X, Z(r))).

Hence ¢ determines a morphism of MHS, Z(0) — H‘le"(X, Z(r))°.

From the short exact sequence of MHS

20



0 — H* NX,Z(r)) — H" Y X\|¢], Z(r)) — Hfg'(X, Z(r))° — 0,

we can pullback via this morphism to obtain another short exact sequence

of MHS,

0— H* X, Z(r)) = E — Z(0) — 0.

Then @, () := {E} € Extyys (Z(0), H* (X, Z(r))).

This class {E} is easy to calculate in J(H*~!'(X, Z(r)))), in terms of a

membrane integral.
Note that via duality,

E C H* Y (X\[¢], Z(r)) ~ Hag2r41(X, €], Z(d — 1)),

and that if ¢ is a real 2d — 2r 4+ 1 chain such that 9 = £ on X, then
{C} € Hyg 0,11 (X, €], 2).

One can show that the class € Wy E' corresponding to the current
1
(2mi)d=r ).

maps to 1 € Z(0).

21



Now choose y € FOWyE¢ also mapping to 1 € Z(0), (see [10]).
By Hodge type alone, the current corresponding to x — y in the Poincaré

dual description of J"(X) is the same as for z = W / o

which is precisely the classical description of the Griffiths Abel-Jacobi map.
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2.5 Mumford’s famous theorem for 0-cycles

on surfaces

Theorem 2.5.1. (See [8] (Ch. 15)) [Mumford’s famous theorem for 0-cycles

on surfaces|

Let X be smooth projective surface over C, with geometric genus := dimg

Hé’o £ 0, i.e, there exists a nontrivial holomorphic 2-form on X. Then

ker (AJy : CH},, (X) — J(H*(X, Z(2))))

hom

1S enoTmous.

Note that enormous means that the kernel cannot be represented as an

abelian variety.

Outline of proof of the theorem: Consider the N—th symmetric product
SN .= XN [{action of the symmetric group on the N — letters}.

Let £ € S™M(X) be in the form & = p;+...+py, means ignoring the ordering

of the N — tuple. Where S™) is the connected component of the Chow variety

of effective 0—cycles of degree N on X, so its known to be projective algebraic.

Now, the singularities of S*) are concentrated on {p; + ... + px |

not all of the {p1,...,pn} are distinct}.

Let ky : S — CHy(X) given by A — [A] [and ky s @ S x SO —
CHy(X) given by (A, B) — A — B].

Lemma 2.5.2. The fibres of kn are c-closed. [The fibres of knar as welll. [

Where c-closed means countable unions of closed subvarieties of SN)].
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Idea of the proof : Let &,& € S™W)(X). Then & and & are rationally
equivalent. and as mentioned before that & and & are rationally equivalent if
there exists a map f : P! — SWHH(X) x S®(X)
such that f(0) = (Ao, By), f(00) = (Ases Bo), &1 = Ao — Bo, &2 = Ao — Bwo),

for some k > 1.

Then rational curves in SV*#(X) x S®)(X) is a Chow variety and repre-

sented by a countable union of projective varieties.
Now, just vary k& € N and relate this to S (X) to get the result.

Now, since the c-closed sets have a unique decomposition into irreducibles,

the dimension of a c-closed set make sense.

Thus we can define dy := dimky(S™) (X)) = 2N — min{ dimensions of
fibres of ky}.

Let w be a nontrivial holomorphic 2-form on X. Thus in local holomor-

phic coordinates z = (21, 29) on X, w = h(z)dz; Adzs, where h(z) holomorphic.

Now, w(p) : T,(X) x T,(X) — C is an alternating map, for p € X, non-
degenerate if w(p) # 0, i.e. , if h(p) # 0.

Let pr; : X¥ — X,1 < j < N be the j-th projection.

Then Zj\;l pri(w) is a holomorphic 2-form on X N that is invariant under

the action of the symmetric group.

So there is an induced 2-form (y on S™)(X), which is meromorphic along
SM(X)sing-

Lemma 2.5.3. Let S be a smooth quasi projective variety, and f : S —
SMN(X) a morphism.

24



Then f*((y) is a holomorphic 2-form on S ( even if f(S) C SM(X)ging);

moreover if f(s),.q are rationally equivalent to each other, then f*((x) = 0.

Now back to the proof of the Theorem. It is enough to show that Pg(X) #

0 = {dn}nen is an unbounded sequence.
Let w be a nonzero holomorphic 2-form on X, Then (y is nonzero over a
nonempty Zariski open subset Uy € S™ (X)\S™(X)ging-

Suppose that Xy — Uy by f is a nonsingular quasi-projective variety for

which f(t),.5, are rationally equivalent to each other.

Then f*(¢x) = 0. For p € Xy, T,(Sx) C T,(Uy) ~ C?V is an isotropic

subspace for {y(p).
But the maximal isotropic subspace have dimension = 2N/2 = N.

Now dim¥Xy < N, so éy > 2N — N = N. Now just let N — oo and were

done.
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2.6 Bloch-Beilinson conjecture

Mumford’s theorem implies that CH®*(W/C; Q) can be highly complicated.
Further, it was shown by C. Schoen, Griffiths-Green, Lewis, [6] that for any

subfield k£ C C of transcendence degree > 1 over QQ, that there exists smooth

projective W and an r such that

AJw : CH (W) — J(H* (W, Z(r))) has non-zero kernel. This leads us

to:

Conjecture 2.6.1 (Bloch-Beilinson Conjecture (BBC)). If W/k is smooth

and projective over a number field k then the Abel-Jacobi map

Adw : CH (W/k; Q) — J(H> 1 (W, Q(r))),

18 1njective.
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Chapter 3

Cohomological machinery

3.1 A primer on spectral sequences

Spectral sequences were invented by Jean Leray.

Let us consider a bounded complex (K*®,d) of abelian groups, where for
simplicity K*<Y = 0. [Note that K*>>! = ().

Thus we have

. kerd : KP — KP*1
HP(K®) := e

Next, we will assume that this complex has a descending filtration of sub-

complexes:
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K*=F'K*D> F'K* > F°K* > .- D FNT' K* = {0},

where again F*2° is out of convenience, and being a subcomplex means
that dF"K? C F*KPTL.
This induces a corresponding associated v-th graded complex (GrnK*®,d).

Now put

v ° FVKfl)fclosed

This gives

HP(K®) = FOHP(K*) D> F*HP(K*) D --- D FYHP(K*) D> F**'HP(K*) D - -

Definition 3.1.1. A spectral sequence is a sequence {E,,d,}, (r > 0), of bi-
graded groups

_ P9
F- @
b,q

with differentials

d, : BP9 — Erirartl g2 —

T
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such that H*(E,) = E,41.

Proposition 3.1.2. Given a filtered complex (K*®,d, F'*), then there ezists a
spectral sequence {E,} with:

FPrEPta
P,q . P rop+q
Ep = o = GO K

EPY = HPH(Grb K*)

B = Gt (HP ()

We say that the spectral sequence abuts to H*(K*®) and write

E, = HP'(K®).

Proof. The EJ term is already defined. Let dy be induced by d:
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P,q—1 do D,q do D,q+1

FrKpta—1 d FPKPt+a d FpKPtatl
Fp+1 Kp+qg—1 Fpr+1 Kp+aq Fp+1 Kp+qg+1

Then E7? is by definition the cohomology in the middle part, which is
precisely HP™4(Grf. K*®). Next, let us define

EPa . — {5 € FPKPTe ‘ d¢ € FP+TKp+q+1}
P G R ] A

which is consistent with Ej? and E}Y. Obviously, for r >> 1.

{¢ € FPKPT | d¢ =0}
{d(Krta=1) + FrttKpta} (| Numerator

P9 p,q __
EPY = EPT =

—: Gri HPY(K*).
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Therefore it suffices to show that for all » > 0:

P kerd, : BP9 — Eptra-rHl
r+l p—r,q+r—1
d,(E¥ )

But this follows from the definitions (drop “() Numerator” for notational

convenience):
Epr G+r—1 {gepp—er+q—1 ’ dgepp[(p-kq}
T o d(Fp—2r+le+q—2)+Fp—r+1Kp+q—1
drl Jd
Ep q {ferKp+q ‘ dEEFP+TKP+q+1 }
r o d(Fp7r+1Kp+q71)+Fp+1Kp+q
drl ld
Ep+7" g—r+1 {£€Fp+er+q+1 ‘ d§€Fp+2er+q+2 }
r d(Fp+1Kp+q)+Fp+r+1Kp+q+1
where

{5 c FrKPrta ‘ d¢ € Fp+r+1Kp+q+1}
d(Fp—er+q—1) 4 Fptl[p+g

Pq
ErJrl -
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3.2 Double complexes and the Grothendieck

spectral sequences

Again, for simplicity of notation, we will assume non-negative indices.

Consider a (bounded) double complex

K** = D KP4, d: K" — K" 50 K79 — Kot

p,q=>0

with

> =6=0, dé+dd = 0.

We can form the associated single complex

sK":= @ K™, D=d+5,

p+q=n

where we observe that

D?=d*>+ 6%+ ds + 6d = 0.
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The total complex (sK®, D) has two descending filtrations, viz.,

‘F'sK" = @ KP

p+g=n,p>v

VST — @ KP

ptg=n,q>v

This automatically leads to two spectral sequences:

'E, = HY Y (sK*)

"E, = HM(sK®).

Note that

BL = HE(GrlpsK®) = HA(KP®),

"EPT = HY(GripsK®) = HI(K®P).
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Note that

d on /El
D:d+5: ,
0 on //El

hence

di=d: H(K"*) ="EV? — /EerLq _ Hg(Kp-H,.)

dy=0: HJ(K*P) ="EP — "EYTH = H(K*t).

Therefore

By = H(H(")).

By = 1Y (H().
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3.3 Hypercohomology

Let (8°2°,d) be a (bounded) complex of sheaves on X. One has a Cech double

complex

(C*(U,S*), d, 9),

where U is an open cover of X. The k-th hypercohomology is given by the

k-th total cohomology of the associated single complex

(M* =@ 1;=eC'(U,S7), D=d =),

Viz.,
H"(S*) := lim H*(M*).
u

Associated to the double complex are two filtered subcomplexes of the as-
sociated single complex, with two associated Grothendieck spectral sequences
abutting to H*(S*) (where p + ¢ = k):

B} = H(XHYS)

"EYT = HI(HI(X,S%).
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The first spectral sequence shows that quasi-isomorphic complexes yield
the same hypercohomology. The second spectral sequence is generally used

for calculations.

Alternate take. Two complexes of sheaves K7, K3 are said to be quasi-isomorphic

if there is a morphism h : £} — K§ inducing an isomorphism on cohomology

he s HU(KD) S Ho(KS).

Take a complex of acyclic sheaves (K°®,d) (viz., H”%(X,K7) = 0 for all j)

quasi-isomorphic to S°.

Then from the second spectral sequence,

H'(S®) := H'(T'(K?)),

where in this situation we define T'(K*) := I'(X,K*) := H°(X,K*).
For example if £** is an [double complex| acyclic resolution of S*, then the
associated single complex K® = @, ,;_L" is acyclic and quasi-isomorphic to
S°.

3.4 Deligne cohomology

Let A C R be a subring and r > 0 an integer. We recall the Tate twist
A(r) = (2m1)" - A, and declare A(r) a pure A-Hodge structure of weight —2r
and of (pure) Hodge type (—r, —7).
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We introduce the Deligne complex Ap(r):

Alr) = Ox Ly & ot

Definition 3.4.1. Deligne cohomology! is given by the hypercohomology:

Hp (X, A(r)) = H'(Ap(r))-

Example 3.4.2. When A = 7Z, we have a quasi-isomorphism,

Zp(1) = O%[-1],

hence

H2(X,Z(1)) ~ HY(X,0%) = Pic(X) ~ CH'(X).

Hy(X,7Z(1)) ~ H'(X,0%) ~C* ~ Hy (X, K, x) = CH'(X,1).

IThis definition applies to any complex manifold, not just projective algebraic X. It is
the definition of analytic Deligne cohomology.
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Chapter 4

Lewis Filtration

4.1 Leray Filtration

This is one of the most versatile spectral sequences in the literature. First

some business about a push-forward.

Let f: X — Y be a continuous map of ‘nice’ spaces, and F a sheaf on X.
The push-forward

f«F (or direct image sheaf) is the sheaf on Y given by

U CY open — f.F(U):=F(f1(U)).

Assume given a flasque resolution of F, viz.,

0—F — A*.

38



Note that f,A is flasque for any flasque sheaf A on X. Furthermore be-

cause of flasqueness,

H'(f.A®%) = H' (D(Y, f.A®)) = H'(D(X,A%)) ~ H' (X, F).

The Es-term of one of the Grothendieck spectral sequences associated to

H'(f.A®) is again, via flasqueness:

By = H (X, HI(f.A%)) = HP (X, R'[.F) = H"" (X, F).

Keep in mind that R?f,F, called the Leray cohomology sheaf, is really the

sheaf associated to the presheaf:

U CY open ~ HI(f1(U),F).
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4.2 Lewis Filtration

The complexity of Chow groups is measured in terms of a filtration.

Theorem 4.2.1. [9] Let X/C be smooth projective of dimension d. Then for

all r, there is a filtration,

CH(X;Q=F'>F'>---DF' D>F'" >

e DFT O Rl =t

which satisfies the following
(i) F' = CHj (X3 Q).
(i) F? Cker AJy @ Q : CHy, (X;Q) — J(H* (X, Q(r))).

(iii) " CH"(X;Q) e F2CH?*(X;Q) C F"™CH™ ™ (X;Q), where o is the

intersection product.

(iv) F" is preserved under the action of correspondences between smooth pro-

jective varieties over C.

(v) Let gr. := F"/F"** and assume that the Kiinneth components of the diag-
onal class [Ax] = ®pyq=24[Ax(p, q)] € H*(X x X,Q(d))) are algebraic. Then

Ax(2d —2r + £,2r — 6)*‘ )= ¢, - Identity.

gr, CH™(X;Q
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(vi) Let D"(X) :=, F". If BBC+HC holds then D"(X) = 0.

4.2.1 Approach via Lewis

Consider Deligne complex Ap(r):

Alr) = O0x Ly Lo ot

So we have a short exact sequence

0— Q"[—1] = Ap(r) — A(r) — 0,

Q%" = Q% /Q%.

And Hi(Q3,) = Hi(X, C).

We have a fact that H'(FPQ%) = FPH(X,C).
And Hi(Q37) = HI(X,C)/F"Hi(X,C).

Now from
0— QF"[—1] = Ap(r) — A(r) — 0,

we have
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H(Q57"[=1]) = H (Ap(r)) — H(A(r)) — HH Q" [-1)),

But

r o<1 r()e<r H*(X,C
HY Q57 [-1]) = B () = mmriicsy-

So

H>'(X,C)
FrH>1(X,C) + H* (X, A(r))

H*(X,C)

— HE(X,A(r)) = H"(X,A(r)) — O (X.C)

Putting Q instead of A getting that there is a short exact sequence:

0 — J(H"H(X,Q(r)) = Hy (X,Q(r)) = T(H” (X,Q(r))) = 0.

Suppose X is a quasi-projective, Beilinson introduces an absolute Hodge
cohomology H3 (X, Q(r)), very similar to Deligne cohomology, and shows that

we have the following short exact sequence:

0 — J(H* (X, Q(r)) = H (X,Q(r)) = T(H* (X,Q(r))) = 0.
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Consider a Q-spread p : X — S, where p is smooth and proper.
Let 1 be the generic point of S, and put K := Q(n).

Write Xk := &, then X = X, x C = X x C. From [9] we introduced a
decreasing filtration F¥CH"(X'; Q), with the property that Gr-CH"(X; Q) —
E%?¥(p), where E%*~"(p) is the v-th graded piece of the Leray filtration on
the lowest weight part H3, (X, Q(r)) of Beilinson’s absolute Hodge cohomology
H3 (X, Q(r)) associated to p.

That lowest weight part H3/ (X, Q(r)) C H¥ (X, Q(r)) is given by the im-
age H#(X,Q(r)) — H¥(X,Q(r)), where X is a smooth compactification of
X.

There is a cycle class map CH"(X; Q) := CH"(X/Q; Q) — H3/ (X, Q(r)),

which is conjecturally injective under the Bloch-Beilinson conjecture assump-

tion, and using the fact that there is a short exact sequence
0— J(H* 1 (X,Q(r)) — Hi/ (X,Q(r)) — T(H*(X,Q(r))) — 0.

To see this, consider the diagram,

0 - CH,,(X,Q — CH(XQ — CH(XQ)/CH,,X,Q — 0

l AJ Jwr J clr

0 — JH*THX,Q(r) — HFyX,Q(r) — P(H?(X,Q(r))) — 0
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(Let ¢ € CH'(X/Q;Q) goes to 0 € H3,(X,Q(r)) then it will go to 0 €
P (X, Q(r)))

and therefore, ¢ € CHY, (X, Q(r)) so it will go to 0 € J(H*~1(X,Q(r))) by
the AJ and hence £ = 0 by BBC).

Regardless of whether or not injectivity holds, the filtration F*CH"(X; Q)
is given by the pullback of the Leray filtration on H3; (X, Q(r)) to CH"(X; Q).

Recall that R7p,Q is the sheaf associated to the presheaf given by
UcS— Hi(p ' (U),Q).

It is proved in [9] that the term E%?""(p) fits in a short exact sequence:

0— EZ"(p) = EZ"(p) = EX* 7" (p) = 0,

where

B (p) = T(H"(S, R p.Q(r))),

=0

v TV H (S, R 0,0(r))
B0 = TG 518, 1 pQ(r)
C J(H (S, R 0.0(r).

[Here the latter inclusion is a result of the short exact sequence:
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W_lHV_1<S, RQT—Vp*Q(T» SN W()HV_I(S, R2r—up*@(r)> s GT’%/HV_1<S, R2T_VP*Q(T>>]-

One then has (by definition)

FYCH'(Xk; Q) = lim F'CH'(X;Q), Ay = p(U).
Ucs/Q

FYCH' (X¢; Q) = lim FYCH"(Xk; Q).
KcC

Further, since direct limits preserve exactness,

GriCH (Xx;Q) = lim GrzCH' (A3 Q),
Ucs/Q

GrpCH (Xe; Q) = lim GripCH" (X Q).
KCC

45



4.3 Goals

e We intend to study the complexity of CH"(X,Q)/D"(X). This will require
the joint work of Lewis-Shuji Saito (See [11]).

e Another filtration F* naturally occurs. We would like to compare F* with
the Lewis filtration.

e Higher Chow analogues.

One approach to these problems is to look at cases where the “motive” of X

degenerates, viz., Ax ~yqap o+ - -+1'y where the supports of I'; are restricted.

e We intend to prove Nori’s Conjecture in the sense of Lewis BB filtration.
e We plan to prove Kapil H. Paranjape theorem [13] for the smooth general
subvariety by a different method and give some precise information for the

minimum values of n.
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4.4 Partial results

Let k C C be a subfield and denote by Sm(k) the category of smooth projec-
tive (geometrically irreducible) varieties over k.

Now let X € Sm(C). The dimension of X will be denoted by dyx. Put
dx(r,v) :=dx + v —r. [F"CH = Lewis filtration, 7CH defined below].

4.4.1 A new filtration

Definition 4.4.1. Let X € Sm(C) be given. Let us introduce the descending
filtration {F" CH (X;Q)},>0 by the formula

F'CH (X;Q) = m {kerw*: CH(X;Q)%CH”_E(Y;Q)}-
YeSm(C)
we CHYX (W) =¢(X xV;Q)

1</<v

Claim 4.4.2. F°CH (X;Q) = CH'(X;Q).
Proof. Obvious.
Claim 4.4.3. F""'CH (X;Q) = 0.

Proof. Choose ¢ = 1, v = r+ 1 and Y = X. Then the diagonal Ax €
CH™ (X x X;Q) = CH*")~4(X x Y;Q), has ker Ax, =0.
O
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Thus we have a descending filtration

CH'(X;Q=F'>F'>2F>---DF D0.

Claim 4.4.4. F” is functorial with respect to correspondences between smooth

projective varieties.

Proof. Obvious.
O

Definition 4.4.5. Let’s take a codimension r cycle Z on W. We say that Z

is numerically equivalent to zero if

<Z)Y>=0 foralY >0and Y € Z.(W).

Claim 4.4.6. F'CH (X;Q) = CH,.(X; Q).

Proof. First of all, suppose that & € CHj  (X). Then according to Defini-
tion 7.1 , v = ¢ = 1, and for any given pair (Y, w), with w, : CH"(X;Q) —
CH’(Y;Q), we have w,(&) € CHY _(Y:Q) = 0.

Thus CH] (X;Q) C FICH'(X;Q).

num

To arrive at the reverse inclusion, let §; € CH"(X;Q). If & ¢ CHy . (X;Q),

num

then by definition of CH”,_(X;Q), there exists & € CH™ (X ; Q) such that
deg(§1 M &) # 0.

Now choose w = &x X € CH™X (X x X; Q) to show that £, ¢ F'CH"(X;Q).
Therefore F*CH"(X; Q) C CH].(X;Q), and hence F'CH"(X;Q) = CH] . (X;Q).

num
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Claim 4.4.7. If D"(X) =0, then F*CH (X;Q) C F*CH (X;Q), Vr.
Proof. Obvious.

Claim 4.4.8. We have

{ker AJx : CH},,.(X;Q) = J(H* 1(X,Q(r))) } C F*CH'(X;Q).

Proof. Bearing in mind that 72 C F!, it makes sense to consider £ = 1, v = 2,
and w € CH*")~4(X x V; Q).

We end up with a commutative diagram

CH},,(X;Q) =  CHy,,(Y;Q)

hom

Ay |

’LU]*

J(H*N(X,Q(r) —> J(HY(Y,Q(1))),

where the RHS (~) is due to the theory of the Picard variety. The rest is
clear.
O

Definition 4.4.9. Let’s take two codimension r cycles Zy and Zy on W. We
say that Z1 and Zy are algebraically equivalent if there exists a curve £ and a

codimension r cycle Y in W x & such that
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7y — Zy = (mw)e(W x {c} oY) — (mw)«(W x {d} o Y.

where ¢ and d are points on the curve &.

Let CHy, (V) be the subgroup of CH"(V) of those rational equivalence

classes which are themselves algebraically equivalent to zero.

Definition 4.4.10. Let z € CH,, (V) and (Y,S) a couple consisting of a
smooth projective variety S, Y € C’Hd_”ﬂ(S x V). Put

Y(z) =prs(S xz)eY).

The cycle class [2] € CH,,, (V') is called incidence equivalent to zero if Y (z) = 0
for all couples (S,Y).

Corollary 4.4.11. Under the assumption of the HC,

‘72 CHZZg(‘X; Q) = CH’;ngnc (X? Q) = OHZlg7AJ(X; Q)’

where the latter equality (requiring the HC) comes from [8].

Corollary 4.4.11 is the original motivation for introducing F*.

There are two conjectures that are of interest:

Conjecture 4.4.12. The filtration is compatible with products:
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FACH(X;Q) x F2CH*(X;Q) = F 2 CH' "2 (X;Q),

where o is the intersection product.

Conjecture 4.4.13. (Factoring through the Grothendieck motive.) Let’s as-
sume given an algebraic Kiinneth decomposition of the diagonal class Ay,

modulo numerical equivalence, viz.,

Ax= P Axpa.

p+q=2dx

Then

Ax(2dx —2r 4 5,2r — s), = 05, - Idy,
Gry. CH™ (X;Q)

where 65, 1s Kronecker’s delta function.
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4.5 Nori’s conjecture

In this section we prove Nori’s conjecture under the assumption of the exis-
tence of a Bloch-Beilinson filtration [13].

Consider fields k£ C K C C, where K/k is finitely generated. We consider

the Bloch-Beilinson filtration constructed in [9] We recall:

Conjecture 4.5.1. (Hard Lefschetz conjecture) (HLC) Recall the HLT

Ly HY(X,Q) — H* (X, Q)

1s an isomorphism. Then for all i satisfying 0 < i <n : The inverse

Ay HU(X,Q) = HY(X, Q)

to L' is algebraic.

Conjecture 4.5.2. (Nori)

If X is a smooth projective variety with dimension n and Y s a smooth

hyperplane section of X with inclusion map j:Y — X. Then

j*: CH'(X,Q) = CH'(Y,Q)

if 2r < dimY.
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Theorem 4.5.3. Given the Lewis BB filtration, with all the required assump-
tions (HC + BBC)), then conjecture (4.5.2) holds.

Proof. Consider a Q-spread p : X — S, where p is smooth and proper, X and

S are smooth and quasi projective.

Recall that RYp,C is the sheaf associated to S and the operation U C § —
H(p(U),C).

We have short exact sequences:

0 — B2 " (px) = B (px) = E22 " (px) = 0,

And

0 — EZ2 " (py) = B2 (py) = E27 " (py) = 0,

Lette S,

Now, we have by HLT

J* T H7V(X,,Q) = H*¥(Y;,Q), with algebraic inverse (j*) ' H*(V;,Q) —
H?(X;,Q), using the Hodge conjecture.

But we have by definition
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(RX™"p.Q), = H (X, Q).

And

(R¥p,Q), ~ H* (Y}, Q).

Implies that
EZ?"(px) ~ E%”"(py) and
E"2 7 (px) = B2 (py ).

Then by Five lemma,
B3 (px) = EX " (py ).

Now, we have the inclusions Gr%.CH" (X, Q) C E%*" " (px), G*CH" (Y, Q) C

E%?""(py) and an isomorphism j* : E%? 7" (py) ~ E%* " (py).

By a commutative diagram

Gr.CH(X,Q) — E“*"(px)

J |

GliCH'(Y,Q) = EX(py)

, this provides an injection j* : G%CH"(X,Q) — GY%CH"(Y,Q). But the
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inverse (j*)7! is also algebraic by the Hodge conjecture, and determines an

injection (j*)7' : G%CH"(Y,Q) — G%CH"(X,Q). This implies the isomor-
phism: Gr.CH"(X,Q) ~ Gr..CH"(Y, Q).

Consider the short exact sequence,

0 — GryCH"(X,Q)=F'CH"(X,Q) — F'CH(X,Q) — Gr%'CH"(X,Q) — 0

| | |

0 — Gr%CH(Y,Q) = F'CH(Y,Q) — F'-ICH'(Y,Q) — Gr%'CH(Y,Q) — 0

By the Five lemma, we have,

Fr-1CH"(X,Q) ~ Fr-ICH'(Y, Q).

So we get,

0 — FICH(X,Q) — F/2CH(X,Q) — Grf’CH(X,Q) — 0

| | |

0 — FICH(Y,Q — F'2CH(Y,Q) — Gri’CH'(Y,Q) — 0
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By the Five lemma again, we have

Fr=2CH"(X,Q) ~ F'2CH" (Y, Q).

So by induction, we get

FOCH"(X,Q) ~ F'CH'(Y, Q).

Which is equal to

CH'(X,Q) ~ CH'(Y.Q).
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Chapter 5

Fano Varieties

5.1 Introduction to Fano Varieties

Definition 5.1.1. G(k + 1, N + 1) = k+ 1 — dimensional subspaces CF!
C CN*! = k — dimensional subspaces P* C PV is a Grasmannian space with
dimension (k+1)(N +1— (k+1)) = (k+ 1)(N — k).

Definition 5.1.2. Let X C P" be a variety. Then Qx (k) = {P*’s C P*|P* C
X} C G(k+1,N +1) is called the Fano variety of P*’s in X

Theorem 5.1.3. (Borcea) [2] Let X C P™*" be a generic complete intersection
of type (dy, ...,d.). Then Qx (k) is non-empty and smooth of pure dimension
o= (k+1)(n+r—k)—=>7_, (djljk),provided d >0 and X is not quadric. In
the case X is a quadric, we require n > 2k. Furthermore, if 0 > 0 or if in the

case X quadric, n > 2k, the Qx (k) is connected (hence irreducible).

Example 5.1.4. Let X C P? be a smooth cubic surface. That is X = V(f),
where f is a cubic homogeneous polynomial with a Jacobian of rank 1. Then
dimX = 2, and degX = 3.

Lets calculate § fork=1,n=2,r=1andd=3:6=(1+1)(3—1)— ((3J{1)) =
4—4=0. Implying Qx (1) consists of points.

27



In fact, it is a well-known result that there are 27 lines on a cubic smooth

surface on P3. Hence Qx (1) consists of 27 points.

Example 5.1.5. Let X C IP5 be generic quintic fourfold. That isn = dimX =
4, and d = degX =5, r = 1.

Lets calculate 6 for k=1:0=(1+1)(5-1)— ((51“1)) =8—-6=2. Also
n—2k=4—2>0 so by Borcea Theorem, Qx(1) is smooth irreducible of

dimension 2.

Now, we will define the cylinder correspondence and cylinder homomor-

phism.

Definition 5.1.6. [12]
P(X) = {(c,r) € Qx(k) x X | z € P*},

15 called the cylinder correspondence and the cylinder homomorphism map ¢,
is induced by the intersection with P(X); ¢. : H"*(Qx(k), Q) — H"(X, Q)
given by ¢.(7) = Pro((7 x X N P(X)))axtk)xx-

It is well-known that via Poincaré duality, ¢, defines a cohomological map
preserving Hodge structures (see [8], Lecture 7]), and in particular, the im-
age of ¢, in H"(X,Q) defines a subHodge structure of weight < min{n —
2k, dim Qx(k)}.

We define the level of the Hodge structure
Definition 5.1.7. [7] Level(H*(X)) = max{p — q| H??(X) # 0}

We conclude that a necessary condition for ¢, to be surjective is that:

dim Qx (k) > n — 2k where n — 2k = level of H"(X, Q).
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[We can assume that n — 2k > 0, otherwise H"(X, Q) = 0].

Definition 5.1.8. Let X be a projective variety C P"™ with dimension d. Then
degX = deg(P"~ %N X).

Let X C PV be a complete intersection of dimension n given by 7 homoge-
neous polynomials, this means X is obtained by taking exactly r hypersurface
sections of PV, i.e, X = V(f1,..., ). By the weak Lefschetz theorem for i < n

we have:
HY(PN,Z)SH (X, 7).
The cohomology groups of PV;
H{(PN,Z) =7 if 0 <i < 2N is even and 0 otherwise.

Now by the strong Lefschetz theorem we have : H" (X, Q) ~ H"™(X,Q),0 <
i < n , hence the only nontrivial cohomology of X is H"(X,Q).

Hence X C P"'" a smooth generic complete intersection of multidegree
(dy,...,d,) with dimX = n. we have Level (H*(X)) = level(H"(X)) provided
that H"(X) # 0.

In fact, we know the value of the level from [1] where the Hodge level of H"(X)
is given by n — 2k with

k=[(n-— ZS# (di —1)/ds]

and d; = max{dy,...,d.}. Note that this means we have H"(X,C) =
FEH™(X, C).

From now, let X C P"™" be a smooth generic complete intersection of

multidegree (dy, ..., d,) and Let Z C P"""*! be a smooth generic complete in-

29



tersection of multidegree (dy, ..., d,) such that X = Z NP"*".

Proposition 5.1.9. Let Z C P"*"*1 be a smooth generic complete intersection
of multidegree (dy,...,d,) and assume | > 0 where | = k(n+1+1r — k) —
Z;Zl (dj,jk). Then through every point of Z there passes a P* C Z.

In particular, there is an I-dimensional family of P*’s in a general Z passing
through a generic point p € Z. Finally , we have | > 0 if and only if ¢,

surjectivity condition holds for X = Z NP,

Corollary 5.1.10. Given Z in Proposition 5.1.9. If ¢, surjectivity condition
holds, then Z is covered by a family of P*’s; moreover, for a general Z and a

generic point p € Z, there passes an I-dimensional family of P*’s.

Proof. 1t ¢, surjectivity condition holds then by Proposition 5.1.9 we have
[ > 0 and through every point p € Z there passes a IP”; implying Z = UpE P IP”; :
O

We can view X as a hyperplane section of Z with the inclusion map
j X — Z. Then if ¢, surjectivity condition holds and by Borcea Theo-

rem and the Corollary 5.1.10 we have:

(i) Qx (k) is non-empty, smooth and of pure dimension (n — 2k) + 1 = 4,

where [ > 0 is given in the previous Proposition.
(ii) Q2z(k) is non-empty, smooth and of pure dimension (n + 1 — k) + 1.

(iii) Through a generic point p € Z, there passes an ¢-dimensional family

of PF’s.

Now, consider one of the irreducible components of (k) which describes
a covering family of P¥’s on Z, let us denote it by Q.

Let Q7 be a subvariety cut out by ¢ general hyperplane sections of {0, and
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define QX = Qx(k') N Qz.

For what follows, we need to introduce the dual projective space.

Definition 5.1.11. PV* = {PV~1’s ¢ PV} = (G(N, N+1), where [ag, ...an] €

PN* corresponds to PN~ = V(agzg + ... + ayzy) C PV,

Theorem 5.1.12. (Bertini’s theorem) Let X C PN be a smooth projective va-
riety of dimension n. Then there is a non-empty Zariski open subset U* C PN
such that for any t € U* :

(a) PN~ N X is smooth (i.e, PN7L, is nowhere tangent to X.

(b) if n > 2 then PN=1, N X is irreducible.

Recall that:
Definition 5.1.13. Let V € 2" Y(W) be irreducible and f € k(V)*, then
div(f) = (f)o — (f)eo (zeros minus poles of f on Z, including multiplicities).

Let X be a smooth projective variety. Recall:

Definition 5.1.14. [5] Two divisors Dy , Dy are linearly (rationally) equiva-
lent if they differ by a principal divisor : Dy — Dy = (f) for some f € C(X)*.

We recall the standard definition of a linear system.
Definition 5.1.15. [5] If D = 3" n;Z; € Div(X), then,
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LD)={feCX)|f=0o0r f#0and (f)+D > 0,i.e., all coef ficients of (f)+
D are nonnegative}
={f e C(X)|ordz (f) > —n;, 1 <i<tand ordz(f) >0 all other Z}.

A complete linear system on a general variety V' is defined as the set of all

effective divisors linearly equivalent to some given divisor D. It is denoted by
DI

Definition 5.1.16. [5] A linear system is a subset L of some |D| such that
V={feCX)|f=0o0r f#0and (f)+ D € L}
is a vector space over C. Equivalently, L is a linear subspace of |D| in
its structure of projective space. The linear systems |D| themselves are called
complete linear systems. The base points of a complete system L are defined by
(Base pts. of L) = Ny, (support of D).
Theorem 5.1.17. (Second theorem of Bertini) A generic element of a linear

system on an algebraic variety X cannot have singular points that are not base

points of the linear system or singular points of X.

By Bertini’s theorem we can assume:
(iv) Q7 is smooth and irreducible of dimension n + 1 — k.
(v) Qx is smooth and of pure dimension n — 2k.

We have a commutative diagram where the 7’s and p’s are projections: We

consider the following diagram
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S
\N

p¥ e (5.1)

v Pz

We have:

(a) X = 7,*(X) is smooth by the second theorem of Bertini.[X is a gen-
eral member of a linear system on P(Z) with no base points, obtained by the

pullback of linear systems on Z to P(Z)].
(b) m and 7 are generically finite to one and onto of degree q say.

(c) px : P(X) — Qx and py : P(Z) — Qg are P* bundles. ( i.e
py (c) = P since py(c) = {(c,p)|p € P*} and P(X) is a manifold.

(e) dimX = dimX = n, dimZ = dimP(Z) = n + 1, dimP(X) =

n—k, dimQy =n—2k, dimQly =n—k—+1[ Note that all varieties here are

smooth].
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Definition 5.1.18. [7] A hypersurface is general if it corresponds to a point
i a non-empty Zariski open subset of p("a)-1 governed by certain generic

properties (eg. smoothness of the Fano variety of P*’s on X, etc.).

Example 5.1.19. To illustrate the general idea, we give a cohomological exam-
ple. Assume given a general (in the sense of the Zariski topology) projective
variety X C P be generic quintic fourfold. That is n = dimX = 4, and
d=degX = 5.
We have k = [5/5] = 1 and a general hypersurface Z C PS with dimZ =5 and
degZ =5 such that ZNP° = X.

Qx ={P' c P’ | P' C X}.
Furthermore, dim Qy = (1+1)(5—1) — ((5?)) =8—-6=2.

Recall
Qy ={P'CcP’| P CZ}

Then dim 2, = 4. Also recall
P(X)={(c,z) € Qx x X | z € P},

and

P(Z)={(c,2) €Uz x Z | z € PL}.

leP(X)—>X, po(X)%QX

We refer to diagram (5.1).

Letc € Qz. Then P! either meets X in a single point (hence ¢ € Q7\Qx) or P}
lies in X (hence ¢ € Qx ). Recall X = 7,;Y(X), and diagram:

64



X\P(X) <= X~ Bq, Q) « P(X)

R

Qz\QX —> QZ < QX

It follows that from the fact that X ~ Bq, (22z) and from the diagram 5.1
that

Hy(X,Q) ~ Hy(Q,Q) ® Hy(Qx, Q) =~ p*Hy(Qz,Q) @ pi Ha(Qx, Q).

Now by 5.1(b), m. o m* = xq, and therefore m, : H4(X,Q) — Hy(X,Q) s

surjective.

Under the decomposition of Hy(X,Q), the surjective morphisim m, : Hy(X,Q) —
Hy(X,Q) is a sum of two morphisms:

T 1 p*(Hi(Q7,Q)) — Hy(X,Q)

T iy 0 Py (Ho(2x,Q)) — Hy(X,Q).

Now, we have from the diagram 5.1:

meop =moo(pzoj) =m0 opl =j"omy.0p}.
Hence 7, 0 p*(Hy(Q22,Q)) C j*(H4(Z,Q)).

Let Hx be a hyperplane section of X. Then applying the weak Lefschetz

theorem to the inclusion map 7, we deduce that
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7(Hi(Z,Q)~5*(H4(Z,Q)) = QHx A Hx. Hence m, o p*(Hy(Qz, Q) =
QHx NHy.

And then since Hy(H%,Q) ~ QH% ~ Q, we conclude that the cylinder

homomorphism
bt Hy(Qx,Q) — Hy(X,Q)/Hy(H%,Q) is surjective.

Note that to extend these ideas to Chow groups, Z has to be choosen care-

fully with regard to a general X .
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5.2 Some evidence towards Nori’s theorem

Theorem 5.2.1. Given integers 1 < d; < dy < ... < d,. and any nonneg-
ative integer |, Let X C P"" be a smooth general subvariety of multidegree
(dy,...,d,). If n is sufficiently large then

CH(X)g ~ Q.

Proof. Let X C P be an n-dimensional smooth complete intersection with
multidegree (dy, ..., d,), i.e, X = V(F}, ..., F.) where F; are homogeneous poly-
nomials of degree d;, and Z C P"™" ! such that ZNV (2,4,41) = ZNP"" = X
Z =V(Gy,..,G,) where G; = Fy foralli =1,....,r — L and G, = F, + 2% ..

Now consider the projection from [0, ...,0,1], v : Z — P**" . Let W = v(Z)
that is lfp = [p07 -~-7pn+r+1] € Z then V(p) - [p(h --~7pn+r] cW.

Note that, p = [po,...; Pnirs1] € Z means Fi(po, ..., ppir) = 0 for i =
Ly — 1, and F.(po, .., Pusr) + Pyiy = 0. There are two possibilities:

L. Prniyr+1 = 0= [P07 ~-'7pn+7“] € X.
2. Prn4r+1 7é 0 = [p07 -"7pn+7“+1] ¢ X
Hence X C W and W = V/(Fy, ..., F._1).

Now consider the inclusion maps j: X — Z,i: X — W.

Proposition 5.2.2. Let X, Z, and W be given as above. Then, as correspon-

dences, the following diagram is commutative
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Proof. vj =1: Let [po, ..., Pnir] € X, thenvi([po, ..., Pnir]) = v([Doy ey Prir, 0]) =
[pOa "'7pn+7‘] € W. Also Z([p07 ~--apn+r]) = [p07 ---;pn—f—’r]‘ O

Proposition 5.2.3. Let X, Z, and W be given as above. Then, as correspon-

dences, the following diagram is commutative

Proof. We have to show that *v, = d,j* : Let p € W, we can see that
v i(p) =pif p€i(X) and d, distinct points if p ¢ i(X) so deg(v) = d,.

Note that (graph)'(i) o graph(v) = (graph)'(j) as sets in Z x X and
(graph)'(j) is irreducible since X is.

So as varieties there are multiplicities: ¢* o v, = [.j* for some [ € N.

To show that | = d,, let’s consider .X = < [.j*(Z),X >x = < i*o
vi(Z), X >x = <i*(deg(w)) W, X >x = d, <i*W, X > = d,.X.
]
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Proposition 5.2.4. Let X C P"" be a general complete intersection with
multidegree (dy, ..., d,) satisfying that dim Qx (k) > n— 2k and let Z C P!
be given as above. Then Q4 (k) is smooth and of pure dimension (n+1—k)+¢,
where { is given in proposition [ 5.1.9 |.(see [14] for the proof).

Claim 5.2.5. If X = V(Fy,...,F,) C P" is an n-dimensional smooth com-
plete intersection with multidegree (di,...,d.) and W = V(Fy,...,F,._1) C
Pt described as above, is a smooth complete intersection with multide-
gree (dy,...,d,—1) then Z = V(Fy, ., By, By + 20 1) C P s an nr1-

dimensional smooth complete intersection with multidegree (dy, ..., d,.).

Proof. Note that a variety Y C PV is smooth if and only if Cone(Y) — 0 C

CN*1 is smooth.
From our assumptions Cone(X)—0 = V(Fy, ..., F,) € C"™ ! and Cone(W)—
0 =V(F,....,F,_1) C C"" are smooth complete intersections. That means

that the Jacobian of both have full rank at every point of theirs.

Lets consider the Jacobian of Cone(Z) — 0:

Jacobian of Cone(Z) — 0 =

0
Jacobian of Cone(W) —0
0
(dF,/dz)...(dF, [/dzpr) dr’zgz—r-&-l_

69



Now let p = [po, ..., Pnars1] be any point in Z. Then

L. If ppyry1 = 0 then from the proof of the last Proposition, [po, ..., pnir] €
XNW and

Jacobian of Cone(Z) —0 =

Jacobian of Cone(X)-0

Then in this case the Jacobian of Cone(Z) — 0 will have full rank at
[P0y ey Pntrt1] @s the Jacobian of Cone(X) — 0 has rank r at [po, ..., Ppir)-

2. If ppiri1 # 0 then from the proof of Proposition 5.2.2 and the fact that
0,...,0,1] € Z, [po, e, Pnir] € W — X .

Then the Jacobian of C'one(W) — 0 will have rank r-1 at [py, ..., pntr] implying
the Jacobian of Cone(Z) — 0 will have full rank at [po, ..., Pntri1] -
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Hence, in any case the Jacobian of Cone(Z)—0 will have full rank at every
point of Cone(Z) — 0, implying Z = V(Fy, ..., F,_, F, + 2%, .,) € P+l s
an n-+1-dimensional smooth complete intersection with multidegree (dy, ..., d,)
(8], Lecture 1, 1.17).

0

By taking hyperplane sections, we can assume that dim Qx = n — 2k and
dim QZ:n—/{J+1

We refer to diagram (5.1), where it is known from [14] that X is still

smooth, despite our specially choosen Z for a general X.

dim mx(P(X)) = n—k = { dimension of fibres + dimension of the base =
k +n-2k, recall that px, pz are P--bundles} implying that 7x is not surjective
since dimP(X) =n—k <dimX =n .

Now consider the cylinder homomorphism map:

Ox.0 : CHHQx(k)g 5 CH'(X)g

by ¢ € Qx goes to P C X.

If we fix [ and let n — oo then k — oo [ Note that k = [(n—>__; (d; — 1)/d].

Let ds = max{dy,...,d.}. Note that this means we have H"(X,C) =
FEH™(X, C).
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This implies that [ — k < 0 and so CH"™"(Qx(k))g =0 for n >> 1 .

But as we mentioned in example 5.1.19 X = {Qy — Qx} [ P(X).

So CH'(X)g = m.(CH'(X)g) = ¢x,.CH *(Qx(k))g + j*CH'(Z)q [7].

If » > 1, Take W as described before with n >> 1, then by proposition
5.2.3, CH(X)g = j*CHY(Z)g = *CH'(W)g ~ Q, i.e., one needs to prove
CH'(W)g) ~ Q, by induction.

If r = 1 then X C P"*! so W = P"! and therefore CH'(W)g ~ Q.

Suppose that our statement is true for r, X = V(Fy, ..., F,) and CH'(X)q
= Q then CH'(W)q = CH\(V(F}, ..., F,_1)) = Q, by induction.

Now, for r+1, X = V(F},..., F.y1) then W = V(F}, ..., F,) and so by the

inductive assumption, CH'(W)g ~ Q.
]
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5.2.1 Some examples on finding the value of n

We will give some examples now on finding the value of n, that is minimal with
regard to this process. Whether this process gives effective values of minimal

n is unclear.

Example 5.2.6. Let X be a hypersurface with degree d and dim n then recall
that from the proof
bx.: CHF(Qx(k))g 2225 CHI(X)q.

We show that | — k < 0 ends by

CH(X)g ~ Q.

So since k = [(n+1)/d], we take k =141 then | —k <0
implies that | +1 —[(n+1)/d] <0 hence, n > dl +d — 1.

Hence a minimum value of n by this process is dl +d — 1.

Example 5.2.7. Let X be a complete intersection with degree d and dim n.
Then recall that from the proof

dxn: CH T (Qx (K)o =225 CH(X)g.
We show that | — k < 0 ends by

CH(X)g ~ Q.

So since k= [(n — > ; (di — 1)/ds]

and ds = max{dy,...,d.}, take k = 1+ 1 then | — k < 0 implies that
L+1=[(n—>2.(di—1)/ds] <0 .

73



hence, n > 1+ 1+ 32, (di —1)/ds].
Hence I + 1+ [>_ ; (d; — 1)/ds] is the minimum value of n.

But { =k(n+1+r—k) =Y (4%) >0

So (I+1)(n+1+r—1—-1)=3"_ (%) > 0.

Son > Z;zl(dj:fflﬂ(ljt +1—r.

Therefore, a minimum value of n is 37", (djlfrlfl) (I+1)+1—r.

Now for W in the Theorem we have W = V(Fy,...,F._1) so a minimum

value of n s Z;;i(djlilflﬂ(l%— +l—r—1.

Consider that Zw = V (G, ...,G,_1) where G; = F; for alli =1,...,r — 2
and G,_; = F._; + ZZZ;}. Where Zy is subset from P"" such that Zy N
V(Zn—i-r) =Zw N prtr—1 = X.

And now consider v : Zy — PV Let Wy = v(Zw) that is if
p= [p(b "'7pn+r] € ZW then V(p) - [po, "'7pn+7‘71] c W1~

Note that, p = [po, ..., Pnir] € Zw means F;(po, ..., pnir—1) = 0 for i =

1,7 =2, and Fr._1(po, .oy Pnar—1) + pfﬁ[ﬁ = 0. There are two possibilities:

1. Pntr = 0= [p[)v -'-7pn+7"—1] eW.
2. DPn+r 7& 0= [p()a -5 Dntr ¢ w.
Hence W C Wy and Wy =V (Fy, ..., Fr_3).

In the same way of the proof of Theorem 5.2.1, we have
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CH(W)g ~Q

Hence, in the same way we get a minimum value of n is Z;;f (BEED 1+ 1)+

I+1
l—r—2.

Continuing with the same procedure we end up by W,_1 = V(F}) and hence

a minimum value of n is (dliﬁrl)/(l +1)+1-1.

Example 5.2.8. Let X be a general intersection of two cubics C P2,
Then X is a complete intersection and we have dy = dy = 3 .
If we find W in the same way of the theorem then W =V (one cubic).

Letl=2and k=1+1=3.
Now, recall that k = [(n —>__; (di —1)/ds]

and ds = maz{dy,...,d,}.

And recall that € = k(n+1+7r—Fk)—>"_, (%) > 0. But we have here
r=1andd, =d, =3 .

Then { =3(n+1-3)— (3) > 0.

n > 2+ (20/3) implies that a minimum value of n is 8.

Example 5.2.9. Let X be a general intersection of a cubic and quartic C P"+2.
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Then X is a complete intersection and we have dy = 3,dy = 4.
If we find W in the same way of the theorem then W =V (a cubic)

Letl=3 and k=1+1=4.
Now, recall thet k = [(n —>__; (di —1)/d]

and ds = maz{dy,...,d,}.

And recall that £ = k(n+1+7r —k) = >7"_ (dj,jk) > 0. But we have here
r=1andd; = ds = 3.

Then€:4(n—|-1—4)—(i) > 0.

n > 3+ (15/4) implies that a minimum value of n is 6.
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