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The solution pf pome secondvorder differential equations using the
l

: method of piecewise linearization 1s examined.» These are . the undamped
iand damped hard spring equations (linear and nonlinear damping) and the

‘Van der Pol and Mathieu equationa‘ 8

Two methods of piecewise linearization ‘are considered' solution‘hy'

[

chords and solution by tangents.y» The twﬁ sets of results that are'

—y - v

':obtained are compared to the approximation to: che exact solution of the jl

1

undamped haqd sp@ing equation. The former method of linearization is

Y ouw

Lo

‘iq;examined.;

Generally, the piecewise linearizatiOn solution gives a good agree-ij

'ment when compared to either the Runge-Kutta solution or the approxima—

tion to the exact solution (if available) Exceptions to this appear in

ome of the results for the Van der Pol and Mathieu equations. v'wdf\ -

"\

The. programmed piecewise linear methods are generally slower in

J_"

””1; chosen as the solution to the remainder of \the equations that are‘4

execution time than either the Runge-Kutta solution or the approximation“

el e

" to the exact solution.* The exceptions to this are : the undamped hardﬁu

}

A,?‘spring equation and some instances for the Mathieu equation.i'17’~
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* TI. INTRODUCTION

© ¥

Oscillating systems are common ‘in - mechanical and- electrical

engineering, . as well as in other areas. of’sﬁ%ence‘such as chemistry and

biology.’ Theae can often be described by g&ing differential equations,-
‘either nonlinear or linear with time—varying coefficients.‘ : \

- Exact solutions for . these equations are often difficult to obtain
‘ (if at all), but reasonably good approximations can usually be achieved -
using a variety of ‘methods. Some of the better—known ones - are variation

&

of parameters [1], reversion [2], and. perturbation [3]

One.method that 1is mentioned in some textbooks but'is often*not
’given as much prominence as the others is that of @iecewise 1ineariza-
‘tion, the approximation of an equation by one that is linear.’ This '
%-approach. is investigated in this thesis, applying it to a number of
second—order differential equations, comparing the-results.with either
'an\approximation.to an exact-SOIution.(if available); suchias“[é];for.to~
aasolution obtained from a Runge-Kutta method [5] & |

What this method does ‘is to .approximate the equation‘ being

examinedf

¥+ f(x')""t) =0 v". _— - o ('l,.l) “

\

.by ‘one that s 1inear. The terms corresponding to’ the damping and
restoring forces - in (1.1) are represented by f(x b3 t) _ The linear

equation is,that for a massfSpring_oscillator:
(1.2)

, oy
X+ 2nx + px,



where:

¢ = Coefficient of damping,

M = System mase,'

tay
]

Spring constant,

J ot ". | ) | h‘ ,t Iq,» ._v"%gg

Undamped natural frequency.

]
]

The key 13 to approximate the coefficients of X and % in (1 1) by '

<

, constants that would correspond to n and p in (1. 2)

' This is dome by considering the restoring force—diSplacement curve

of (l 1) For a small section of this curve, a straight line could be

used as an’ approximation to it over the. 'same region in which this

. section»lies'[s]. The curve can be thought of consisting of a sequence

of these small sections, and each will have" itS‘vown- unique linear
- ' ' ' - E; - :
approximation.

. )

‘The approximation of (l;l)qby (1.2) will only be effective over a

' -small interval of diSplacement or time. 'The initial and- final displace-:

_‘ments of this interval will determine the length of. the straight line

i

approXimation of the restoring force4displacement}curve just mentioned.

The slope of this line will be % in (L. 2) If the damping expression in

(1. 1) is nonlinear e would‘ have to be . found by~ iteration‘ ouer the

winterval vof displacement' or- time, depending upon the ‘nature of the

'ﬂ\ nonlinearity. The solution. to (1 2) can now be - obtained using the

\initial conditions for the interval in question. The end conditions of

this'interval become the initial valueSQof the one followiné,'and‘the‘hf
procedure is‘repeated_with:new raluesnot'cqand k,qas‘yell'as‘n'and p;
being determined. | | |

By successfully solving (1 2).: for each interval ‘an approximate

L



_solution for (l.1) can be obtained, approaching the sctuaL one as the

!
I

intervals usedwﬁscome'smsllsf.' ’ N K | .
The'strsight 1£nebapproximation ofhche restcring fcrceQHisplscement
cucve is accomplished by Qunning a chord beCWeen ths two endpoints of
the section (Figure lA) or, tangents at the respective ‘locations (Figure f
1B). These points are located on che curve by knowing the inicisl and
final displacements of the interval over which (1 2) is to. b@ used;
‘This force is shown in the figure as F and the displacement as X.. l
| With this in mind | one can now - a ply this method to specific

Problems, as shall be seen ‘in the following chapters.~

———
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II. HARD SPRING KQUATION (UNDAMPED)

A. Preliminary Comments
One of the simplest examples of the application of plecewise

linearization i{s that of the hard undamped'apring.'che‘eﬁuacion of which

1s:

3
X+ ax + bx = 0, : {2.1.1)

where:
a,b > 0. C(2.1.2)

See Figure 2.1 for details i7]. Thig is considered to be the equation
for a hard spring since\'the restoring force increasesd quicker witg
¥£espect to deflectiog than 1f it were linear [8]. The overall time ;pan\
to be considered isvthe first quarter-cycle,: since (2.1.1) ié.ﬁn odd
function. | #

Thé foilowing initiéi copditioné will be used:

x(0) = X, X(0) = 0. | (2.1.3)

‘Thé‘caées examined had values for a and b of 1.0 and 0.15 respec-
ek - ' : .
tively, and 1.0 and 2.0, respectively, to see how the solutions behaved

with a low and a high‘degrée -of nonlinearity.
~B. 'Approximation to Exact‘Solution
. An exact solution for-thié equation exists, makingause‘of'Jacobién

elliptic fﬁngtibns. The Herivations of this result can be found in any
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©_ where:

!
Fnt

o

: one of McLachlan [9], Cunningbag D10],eor Soudack‘{1ij. ‘fThigléxact’_’;r

solution starts with. f-} A h.ﬁ.fef:

v

ey

ri'1;~F(x ¢) = Incomplete elliptical integral of the
first kind.b. DTS

\ 9‘

v-‘~_.,.rfkf T

}5vf By applying the aSSumptions (2 1 2) and initial conditions (2 1 3),

) the solution to (2 1 l) is, together with (2 2 1)[12]» [13] ’Q“fke >

=Rgem(awt), o, @iy

X = Kgen (s

wheres! oo Tl Ty

Cowtmaenx B L 2y

sl

"’11>At5;che *end‘fof the first qparter—cycle, »;@ajef'ﬂ/Z;}f  Using thelx'

o

',fe defiﬁieien forieohe of he terms of (2 1 4), F(A,¢) 1s known as. the _,;» '



‘ ”complete elliptic integral of. the‘ first kind which is given the h

'é“designation °f K(X ) [14] BUt. it is not always practical to refer to”“i:'

1tables each time‘ one varies a and/or b and so an easier means ofd_h
'-‘obtaining this value shOuld be used._ An infinite series does exist for_*g-

”this and for a specific value for l ; one can use the following [15]

iy 2 s
“~ iy 2 e
k) SI0 o+ [-21-] w2+ [;—;] o’ )
\ REE (2.2.4)
| (1:3:5)% 2.3 | T
; (2‘4,6},;i YT +aeed] ﬁf
~ .»(|>\ l<l) : J/’f»‘“

‘substituting this for F(A ¢) in (. 2. 1)[9], [10], [%}] fafﬁéélggiaging‘

“l‘the period and combining thisrwith the definition for k to-generatei”v'

r

”?Q/the solution. Since only the first '100 terms of (2 2 4) will be:‘s -

'T calculated the solution obtained which will be used as ‘a. benchmark for.i“

the piecewise linear results, will only be an approximation to (2 2 2)'¥f;lf*‘

[12], [13] and shall be subsequently be referred to as such.-
: -

A method to generate the»values for cn(l,wt) is required., oné:aoéé',;j
’:‘exist, making use of what is known as the 1arithmetic-geometric mean

approach [16] ; The computer program that was used for solving (2 L. l)ftff&fi.

:;;accessed a subroutine library devised by the computing centre at the. fj'-

';fUniversity of British Columbia which uses this method [4]

From McLachlan [17], the period of - oscillation is.;'_
vuvy. (a 4 bx 2 1/2."]1,” E“; f’f;u;; el e ;

0

" and so, for fhe quarter—cycle,

-6
=



&pH
(a + bX 2 1/2 .

It should be noted that it is necessary to know the solution period as: a

"basis for comparing the two piecewise ﬁlinear' methods ‘that;‘are_fto','

s follow. e PR O

'VThe*actnal"SOIutions‘obtainedvby.thesetmethods7are to*bewcompared

\'fas well -ag: with the one obtained by this approximation to|the exact;»e

= solution.' The curve for the approximation to (2 2 2)[4], [15], [17] isi‘ :

’ obtained by dividing the quarter-cycle into a increments of time (where5 jf

:f n is an integer) and calculating the displacement by incrementing thegff

::_yalue of t by Ac,' which is defined as follow3'-' |

K(A ) SRR
6’2 2 l/2 '

el n(a +.

’“hC:' Derivation of Piecewise Linear Solution by Chords :ft

The following method is based on Timoshenko, et [18]

Assume that a. restoring force—dlsplacement curve rfor the systemv;:,tvff'

R shown 1. Figure 2 1 ‘can be approximated bY a series of - 1inear segments,':' g

lf‘as shown 1n Figure_2 2.v The force is designated as F while displacef'ihfz”

'”’ment is xﬂﬂ Assume further that the initial total displacement is

b divided into m equal sections of length Ax (m being an’ integer), withil”f*

'ﬂ the total displacement being X or: %:»g“
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. FIGURE 2.2 - APPKOXIMATION BY CHORDS
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.:\\

;Now consider,,specifically for (2 1. 1), two adjacent points (A and B)

“m .with displacements lia and xl : respectively,‘ and times Lt and t.

1’ -

1

t'_reSpectively (Figure 2 3) The system is initially at rest with‘.,v

fdisplacementjxo,‘and then re}eased, For‘this:
m]jxoﬂaulnitial displacement of segment
hi? x(t ))‘v>ﬁ

fml>=,Final displacement of segmedt

3;.:->x(tl)’ e e  e ,tl :v : ?‘:‘_ . :;J ) “ v ‘V‘fﬁ

"[;?gofa Slope of segment C

F' Restoring force at beéinning( °fA59-8me“t |

‘,A-:_“»,M(ax + bxo )’ . : : ;

o8 Fl= Restoring force and end of Segment :
i‘lf;“(axi + bx1 ), . .

t-xﬁne-x = axis crossing point for chord_m

'::; M o= SYstem mass. i'l{'1e;";f, AT S

"fItfcan bé@aiso_égeﬁ tHat§eo‘yfo..

L B P P - B N s

S

,gqua<."»
R

*”imThe equation of motion for line AB is (for xl < E;SQ* s



IR

{/

ki,
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: Referring
follows.

_ratio of BC to AC is found.a

i megﬁods.froh pléne analytic geometry.[ZO].

| -~
1 "

»
*
-
i
3
1}
3

L
*
i |

' , 0 L
arv— - * — - * =
> (x»w‘xq)-jq " (x‘ %0)" 0.

‘to Figure 2. 3 the vélue"of xg' is ’determined, as

This is: done by using the point-of -division

} [1’- F /.FO]LXI‘_ ' (_Fl/Fo)’fo]

1
‘The solution to (2.2.1) fé of the form [21]:
X = x6,+ﬁAéOSp(tn;'£o) + Bsinpt(tv--to):{
whére o ,'\\
e kg \
p ) M: .._'

Differentiéting glves the velocityg[21ji

(2.3.1)

13

o/

AB 13 extended to the displacement axis (11ne AC) and the--



% = -pAsin p(t - t,) + PBcos p(t - £g) -

"

Cohsider what happens ‘at the beginning of the segment. “The results

are:
cow

v - * = ‘ A ‘ / . . .
Xg = X3 ‘ Acosp‘0) +H551n940%, S . L

R R . T =
ia = ~pAsinp(0) + pBcosp(0) , h |

B = 2 . ’
| P

Thepefore,‘the generalﬁsolutiqn for any segment would be [21]:

: - * ‘_ . . » ‘, ' .

X xolf_(xo .:xa)cosp(tv- Lo), e S

o 2 (2.3.2)
+ :9-‘-5'-in (-t ). |

with the velocity [21]: VS P S S o

" ) = _‘ .'—‘ .* ™ -
X% 7pixg = xg) sinp(t ~ity). » .

5 o (2.3.3)

. o

+ % cos’p(t'v-'. to) Y

; For aqy"givén Xq ‘the value of téfl‘ig_ the totdl time -taken to
"tréverse the p:ecedihg individual segments- ,Thé question”nbw‘is what;'

- for any given segment, this time would be. From (2.3.2), it can be-seeh
that for a givgh'segmen;,-;he time_take@ to go from ko to xl'wbuld‘be‘j
(tl'4.t0), whe:e,'in'this cése, tl,is the.total ﬁ;me takeﬁ-tb,reagh kl.

‘.Mékiﬁg the'Substitution‘Ofltl for t iﬁ'(2.3}2) yields the fo;lowing:



# E

: ij* ' — ‘B -
v xl x0 + (xc xo) cos‘p(t:L t.)

.:’! : : °
i )"0 . ‘
+ ?sm.p(tl f.to) .

This takes»the“ form of the trigonometric equation [22]:

!

B

acos}ell- Bsing,

=<
]

where:

= - W
a xovux

>0,

}’cb . . R

= |— C ' o (2.3.4
8= |2 > )

>0,\ : S ) '
Y xl xo.

: /

From tan - § = —tan";('-sj [23] and the fact that Y > 0, plus 6 > 0 at a -

“point right after £=0, o

15



0 ‘ . ¢
4 o .
1 -1 — |-
= tan [—-—)«t—cos {7a2+82J’, , (2.3.5)
-, B “53
tl t0 + 5 .

using the definitions of (2.3, 4) ' . ii

o

Since the various ‘values would have to be- found iteratively,:the

1

Derivation of Piecewise Linear Solution by Tangents

16

As for the method of ,chords, the reference for this section 'is' - -

Timoahenko, et.,al. [lB]a

Referring to the oscillator’shown in Figure 2.1, consider now thei'
case of the restoring force-displacement curve being approximated by a

series of linear segments, but using tangents instead of chords (Figure‘v

'.2.4);§ The force is designated as F and displacement ‘as X. - Assume

further‘that;'as‘before, the 1ength of the segment is Axs For‘two

consecutive segments, specifically for (2;1,1), the‘construction would

look like Figure 2. 5 with

'dfiaf'= Displacement at beginning. of segment,.

‘\xl = Displacénent at end of Segment,

xa = x - axis crossing point for tangent,"

‘ KCO = Point where tangents from xo and X) cross .

x\

]

x(tco) 3

int where tangent from‘xllcrOSsesvone_

_ from endpoint of next segment,

L]

x(tg),s
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e o

The sqlutidn'to (2.4.1) is 6Q5the“f6fm:

i

MFé = Slope of tangent line at x,,

Fy, Fy = Same as for method of chords.

o

Again, as before for m equal sectors of length Ax :(with m being an

4

‘integer): |

X
0
Ax m

Xy = %y . ‘

In t:his case, motion 1s from one crossing point to the 'next (that

is, from A to B), and so, the equation for line AB is (for xCl-S x £ X oo
and toq Z-tal'tco> [19]: - \
, 2 .. 'ko | o
R —— - W — - = C ‘ 2.4.
;o d 5 (x - fo)-f.M(x - xp) =0, o n (2.4.1)
t B '
k ) \ =
0
wipg © a + 3bx0'
- Tt
Fo
From Figure 2.5 it can be’seen7thét: .
0 MSXO - xo)
=Vax0,+ bxg
P *
b - XO \:: ﬁ‘ xo -
| : ax +"bx3
. 0~ o
"% T T 2
a + 3bx0

19



ff‘?’ s k= X‘o" + AcosP(t - t ) ¥ Bcosp(t = tCO) . L

'where: -\

s
RAS

| The velocity is them [21]:

- Using ,"thg;- same julle:t‘hod ‘as ;‘bef‘Qre:,u but‘_».ffﬁoﬁr . t f=» t léifo , y the:: soiqtio_n

. for line AB is [21]:

SR Mg TEeesRIE S k)
SV T e e e e e e (244,2)
| _p "s_ln_ p( -".. C.o._)v 3

and the associated velocity [21]

o LI

"". ; i o . o i ' x o\?_(—xcg xo) 51n p(t tco) g .

S :xco ,C.O:s_‘p,(t 2 tco_)‘ TR LR
‘ '-‘:'.'C,Qn'si‘dérl ; nowwhat:happenswhen the system fre‘avc"he's‘ ‘.vxlj'.:“ S In ?’thér -

Twordsi oo T F e

S
7

e
co % )°°SP<tc1 c;o_.?

'fc .
.

e smp(t ,_’tCO)- ‘.



3

¥

in this

Again,

o
e

xC]_ ,rn? (xcor ‘x ) 51np(tcl tCO)""

el -

+x

COcosp(t t )'.

c1.~ “col ”

’

case being.. SR _", :."~_,_}*” .

" The first expression takes 'the; form of'V

;, {‘

hev trigonometric_

equation referred to in the previous section [22],,with the. cgefficientg

there are two possibilities for a solution with the same logic

as before, such that, in this case, the result is [22]

As before,‘
and so, the quarter—period is the sum of all of these.

However, there is a slight difference here, owin% to the fact that;ﬁffp

tangent

1lines,7nas ~can_~he€,seen,=by ;inspection,‘

7 (2.4.5)

For/»the
e .

e i

the various segments have their individual values for t

|

Y

21

1'f_.“

:f'atgeach point, a:tangent‘isrdrawn.- The endpoints will not have fullgfx

initialr



Extending this to the current situatiom: ~.

35wh¢fe:.ﬁ“

x = xg + u:o + x*)cospt N Fe

- x*)cosp(tcl - §€0)

B

Each xcoi; fohﬁ&“és féllbws.. From plane analytic geometry [24], ,‘:'i

‘"'ot and two points (x ) and (X

1”'1

it n

1 % - x. '

'Y'fvyzb__“’

RS Dy LGS

= B
[

g
I

R R ) .

S | I

gy )

i
g}
tal
s
S
+
m

diéplégémen;;;ﬁhé équéfioﬁ_bfjmotionxwill ber

2’y2

For the edd of the quarter,periéd (O?vxi'?lo)Q the result is:

) with the respective'~,"

C oy

22



“~.lsituation..‘f

, 2
El f a f 3x1 .

The two methodsh of solution had 'used different quantities for .
,incrementationrﬂ time for the approximation to the exact solution and:
vdisplacement for the piecewise linearization. For the former, time was'

the better of the two,'as it is one variable of the argument.- For»the_'

'_piecewise linearization, it was: easier to use displacement,.sinceione

- can readily find the values for x0 ko, and so on vsince these are basedl_.“

ﬂ .

23

' V_pon a-value for Ax._ By using time, this does not become immediatelyryf-

“fgfapparent, and it would be difficult to determine the end of an interval-.‘f:~

'First the end of the segment would have to be guessed and all the other}f_""

s variables used in the construction of a segment calculated on that'f‘

“_”basis. ,A variable,ﬂsuch as. the current average segment velocity,,i

‘used -as a means of determining the end of the interval by comparing it '

.ithere is an agreement, recalculating all the various variables concerned?ﬁrf“

R » e :
._.feach time. This method is long and complicated and w0uld increase the

fpcost of the run.t Also,j the reference of Timoshenko, ‘ﬁts al.. {18]

already had a form of a solution that could readily be applp&

}f,'to the previous segment velocity, adjusting the end of the segment until. g

a to’ this';ﬁu'”

A computer program was written using the three solutions, and the‘ha

':wiresults will now be examiﬂed This was run on the Amdahl 47OV/8 at the}h o

‘University of Alberta [25], [26]

First consider the periods for each solution.,*it is importantuto"ﬁ

Jf,consider this now as one is interested in the accuracy of the values&t“

.obtained as compared with those from the approximation to the, exact'“

<
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TABLE 2. 1 - UNDAMPED HARD SPRING EQUATION PERIODS

.Approx. to Exact Soln.
No. of
© “Divisions -
5
10

15

. [ 4 k

w0
50 ‘;__ff'
w"fﬁsv?i

0

[

L
s

80

85

FOR a = 1.0, b =JO 15

=5, 958299670 B

PIECEWISE LINEAR

CHORDS

".5,951629401f/_.3
| ,7-5'-.9'516,5.'2-23'55}
".*‘5,95?450299 '
f '555 §57838384v
s, 958002069”;
s, 958091944-5”.v
'.‘f§f958g$6564lj;¥.
sz
‘”.;.5,9582OG86i
L'  5Q958zé§45§1 7f
5058237560
' ]5f9$§§§7§56f: 
5.958255356
v. f5;§58251559 .7ff;
-“ 1 5;9582§6573‘ 
5958270686
O s.958274007
‘isf§5§276961;':
s.958270389

TANGENTS

5.961481246

53 959166535 3

5 953695097

5 958526637

5 958403305

5. 958376633 }_.fi7“°'”

5 958359186

5 958347149

,5.958338494

5. 958332062

ey

o

5. 958327151

5.958323316
5.958320265.
o s.ose3izrer
55 9583i57724"

5. 958314090 o

5 958312678

| s.osemlesy

| 5.958310457

‘.54
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(which uses . ‘the routine described in [4]) The first 1oo terms of'_,-

\

"(2 2. 4) were calculated for this. ~Initially, a low degree of nonlinear—.
,"}ity was | examined with the results on Table 2. 1, One can see, as was‘
B originally stated in the introduction, that as. the number of segments

bfgets large,_ he solution by chords and by tangents slowly approach the‘

same value. Further evidence of this can be seen in Table 2.2, wheref ’

-;fthe nonlinearity is ‘more- pronounced.; '

» In theory, then,,one could keep decreasing the size of the incre*
“ments, and the periods would slowly convergéito that of the exact solu-ﬁ
L ? g T
-.tion to as many significant figures as is needed. ~The only limitation_ T

ihto this accuracy would be the execution time for the program, as each .

lh set of calculations will add to the run cost. .

It should be noted that the period for the approximation to thebﬂ“

ff'"exact solution was obtained as explained earlier in this chapter while :;

for the piecewise methods, the final value of tl was multiplied by 4

An 'evaluation of the methods will be helped by examining the

‘7

':fsolution’curves._ The program that produced the results for Tables 2.1 5*

?fand 2 2 also drew a- plot each time it looped through using,the;number'

of increments that was in effect as a basis.:;"

The plots can be seen in Figures 2 6 through 2. 9. A few commentsfij

i should be made concerning the results.. A good agreement to the approxi-i‘

“jmation to the exact solution [4], [15], [17] (for a = 1. 0 and b o 0 155,1[-

v ,is obtained by both methods for 5 increments (Figueelz 6% and with lO'i'[5“

‘t'j(Figure 2 7) Here one can- hardly detect any difference between thes‘jv

l":piecewise method results and that of the approximation to. (2 25 2) [4],"

wi[15]. [17] _ AS one might suSpect for a.= 1 o and b 2 o Figure 2! 3»‘L

| shows that there is a discernable deviation from the solution being E



o+

\

TABLE 2.2 - UNDAMPED HARD. SPRING EQUATION PERIODS

FOR a.= 1 0 b= 2.0

Approx.'co Exact Soln. = 4 004308722

‘h~

 No.. of‘,i
}ilDivisions“‘

5

s
20
25 L

30

BT

55,

 :'65_:’” 

75

:80‘

85
90
95 -

PIECEWISE LINEAR

| 3,976617631' |
U 3.996812433 -
 f4 000907203'v;
| 4:002378678 N
".~5;,4 003061288
s 003438030ﬂji'
’J;4.003666618 
4. 003815645
”,fa 003918296
5v4;003991920j '
4004046539
'4.604658177;f
. 4064156645"'G
',4 004146464';j L
" 4.004167307
;4; 4.004¥84328};i7'
© 4.004198581
7£4;66221647§¥f's'
"=,74 ooazzoseof_

'4 004229175'

TANGENTS

l'4.00526l°°5‘

4.007978008
4.005978416 :‘
',:4 ooszsloos
"_4 004923996
Ifa 004739061 o
;4,004626708 L
/2 004553357’  -;:
ﬁ"7v4I004502329 /,v}

. 4.004466543

. 4.004439606
7:  456044190_9'A7'
4004403628
4. oo439ozsoﬁk;'
"iia,p04379975
; .4bQQ€311526 ‘ |
'ff;TA-ooaésasi}"t S
4. 0043586271  
. 0043536393f:.;”

. 4.004349375
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. a = 1. 0000 En b»—»d-isoo

N
‘ND GF SEGMENTS [HPPROX TG EXRCT
‘ SULN ) = 100 C
NO. /UF CHORDS = 5
NU./ OF TRNGENTS,_:

.
],x(01,=,1,0000 f_g(ox :'o.oooo

o "‘——-RPPRox TO EXHCT SOLN.
: '® cHORDS
a TANGENTS  t

T

- FIGURE 2 6 - sownous 1*0 HARD SPRING EQUATION k
_,(UNDAMPED) FOR a = 150, b = 0. 15 At = rn/a/loo .0,
' Ax=020 x(0)=10 x(O) oo L :

| ‘,f(N.Bg:' Approximation to exact solution uses [4], [15], [l7] )

1
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(N.B.: Approximation to exact solution uses [4],‘[15], [17] )

a = 1.0000 b= 0.1500

NG. OF SEGMENTS (APPROX. TO EXACT
SOLN.) = 100 e .

NO. OF CHORDS

= .10
NU UF TRNGENTS =

11
x(UJ\ . 0000 »itox = 0.0000

—-HPPROX. TO EXHCT SOLN

@ CHORDS
-4 TANGENTS -
o L
K] : - k (\r/,’ + —+ + :

T0.2 0 0.

-0.0 0.2 . 0.4 c.8 - 0.8 . 1.0 1.2 td - 1.8
' -t '
REY

/ FIGURE 2.7 .= SOLUTIONS TO HARD SPRING EQUATION

(UNDAMPED) FOR a = 1.0, b =0.15, At = Tﬂ/4/1oo 0,
Ax=010 %(0) = 1.0, %(0) = 0.0
\‘ \‘

28



a': L. 0000 - b = 2.0000

NO oF SEGMENTS (RPPRGX TO EXHQT'ﬂ
SOLN.) = 100

~ NO. OF CHORDS

=5
NG . UF THNGENTS =

6
x(0) = 1. 0000 %(0) =vo.0000"‘
— APPROX. TO EXHCT SOLN

.| ® CHORDS -
| A TANGENTS

+
_+
4
& ‘r .
+
. \
L.,
el -~
. =0.0 0.2 0.4 0.8 © Q.8 1.8 1.2 1.4 1.8

I 'FIGURE 2.8 — SOLUTIONS TO HARD SPRING EQUATION
~ o (UND'AMPED) FOR a = 1.0, b = 2.0, At = T ‘/ /100.0,
Ax=020,x(0)—10 x(0)=00 T

' j(N.ﬁ.:' Approximation to exact solution uses [4], [15], [17] ) -



.(N;E.:

e
3

&
o L =
~a = 1.0000 - b = 2.0000

~ SOLN.) = 100
‘NG. OF CHORDS =

‘(’

x(0) =1 0000

® CHORDS
- A& TANGENTS

NO. OF SEGMENTS (HPPROX

10
NO. OF . THNGENTS =viy

x(0) = 0.0UOU ~'

T RPPRGX TG EXHCT SOLN._.

'T0 EXRCT

12
!

- FIGURE 2 9 - SOLUTIONS TO

(UNDAMPED) FOR a = 1.0, b
. Ax = 0.10, x(O) = 1.

P .
1.0 .2 1.4 1.8

HARD SPRING EQUATION
2.0, At = Tﬂ/4/1OQ O
0 x(0) = O 0.

'Approximation to exact solution usesv[4], [15], [17].)
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compared,;since the degree of,nonlinearity_is“considerably'higher than
'_in the first case. Tlils does not appear 1in Figure 2;9, where,lo"incre—

ments were used. ,

o

A question that should be raised is'concerning”the.actual Execution

times involved since,,when choosing a method, of solving these sorts of

problems, one must sttike a balance between required accuracy to the

solution being compared and the cost of the run. This was done by

"taking the original prograux ‘and’ modifying it by stripping it of all

non—essential operations with only the actual calculations ‘rem ining,

' and then utilizing a* timing subroutine available through the li rary of

the computer system, and calling it for each solution [27]

_ are seen on Figures 2.10 and 2. ll.’ It should be noted here that these

results were obtained with an older and somewhat slower versionzof “the

the program, but they should serve to illustrate the relative execution
. \ f

. times, It should also be noted that these results were obtained with an

s
:Amdahl 47OV/7 [25] - This. difference in the computers was due to an

[

upgrading of the original 47QV/7 model to a 470V/8 done while ‘the -

I
|
_research for- this thesis was being carried out [26’ The author reran

the timing program and- found that. the results were about 10 percent

results

31

: faster with the V/8 than the V/7. ' Also, with some further minor' :

modificationsvto the program itself the author estimates about another‘

R

10 percent can be taken off the original times._f

By inspection, one\fan see “that the actual distance travelled by

the system using the methbd of'chords would be somewhat less than that

'using tangents. Already this implies that the period w0uld be greater

_using the latter method than the former when comparing it to that'

' obtained by using “the results based on.the exact solution. That would o

R



EXEQUTION TIME (SECONDS)

32

\

FIGURE 2.10 - EXECUTION TIMES FOR SOLUTIONS TO .HARD

'SPRING EQUATION (UNDAMPED) FOR a = 1.0, b = 0.15,
v x(0) = 1.0, %(0) =0.0 [27]

~

\ / A
[
L S | ‘ \_
0 0'26_; O APPROX. TO EXACT SOLN. (4], [15], [17] \
- [0 CHORDS L
#0.018<] /N TANGENTS
0 B | 1 T T 1 T
20 40 60 - g0.  1q0
... NUMBER OF CHORDS OR TANGENTS L -



'EXECUTION TIME (SECONDS)

0,020 O APPROX. TO EXACT SOLN. [4], [15], [17]
‘4 O cuoros '

0.018 ™ A TANGENTS ’ ‘ ) . \

0010
r

0.008+4

33
¥

0 T T T T T 1T 1 1

20 40 60 80. . 10
0%,

| NUMBER :OF CHORDS OR TANGENTS

- |

 FIGURE 2.ft+- EXECUTION TIMES FOR SOLUTIONS TO HARD
 SPRING, EQUATION (UNDAMPED) FOR a = 1.0, b= 2.0,

x(0)=10 X(0)=00[27] .
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: through the calculations once againl

IV
S
’

A L e e Co . _ \ v e

v’ Yoo : : ,!v‘ : i

- explain why, when b was 2. 0 for example, one obtained a differ nce in

the displacement on the higher side using tangents than chords. _.»'

4 ' '. o

Another question is why the timingsresults for the approximaﬂion to .
Y

the exact solution [4], [15], [17} should be considerably higher than
that for the p@%cewise methods. A word of explanation concerning the
program will clarify this point.; The execution times were obtained by o

calculating the first SOuterms of (2 2 4)[15] and then generating the

8
solution results, prior to increasing th;ﬂ%amber of segments ‘and’ Iooping
oy o L \ , _ - : .
;Th~s?was done to- determine the

L

¥
L

' total time required to obtain a solution for a given Ax, thus allowiné%r;~

comparison with the other me@hods.‘ This required that the subroutine

[

.“"’ "'\'

that calculated (2 2 4)[15] had to be cal):ed ex‘ch time.q o

Since more calculations are necessary for each segment for the~ g

method of tangents, it would be expected that the execution times would S

ey

; ‘»h” be greater for this solution than for the method of chords. L

In any case,,the results for the piecewise methods are impressivef-”“

: when one considers that for this problem,. it would appear that an s‘v-”

LI 1o

accurate solution can be easily obtained by using either method w*th a

;ifvrelatively small number of segments, and that it is faster than the“_

v’f'_recommended one to use, particularly the method by chords. .F,.. ‘ 1,l

solution that was chosen to be ‘the standard one [4], [15], [17] e":‘_t’

Ly . . . o

can conclude that for this problem, the piecewise method would be;the\\i

T

o .
Y

faster to the approximation to (2 2s2)[4], [15], [17], it was chosen to T

A o



o B A S R - Lo R
A, Preliminary Commentsv- AR - ?#‘b
g / . o '

o

Most physical systems involve dissipation, and an example of this>"

Ton

'is the system described in the previous chapter, but with ‘the inclusionr

1

o of a simple form of . damping in which it is linearly related to the'g

J)

i-h'bvelocity

%+ = tax +bx> =0, o }('3‘.“1.-1)\',

- 'y“,
‘wherei- i V uu‘> :fht'“’p” ffii F
e = Damping constant, = . .7 oo 0 S

M = System mass, . .

L-a;h'#-Restoring}force factors,fas-used4infgf' o

' -Since there is no
” 8 \

-~

- those mentioned in the chapter are beyond the scope of this

' ithesis, a Runge—Kutta solution [5] has been dhOSen to be the standard byi;f |

which to Judge the accuracy of the piecegise method.

- . e
& {9
.

T T
RS L
oy
2

underdamped conditions.

The values fo vand.b are t%e same as in the previous chapter

s while‘f will have the values of O 0 0. 1 and O 25 which should give a

/

‘hvgood representation of an underdamped case.

s ¢ ¢ /ﬂ"‘ :' Co A S o o o R RO

act solution and approximate methods such a8,

For,convenience, it was decided to restrict the cases examined to{‘

REES

P
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NONLINEAR
'SPRING =~

Ll

TEREEETTREREEESSE

i

MASS ‘ :

'FIGURE 3.1 — MASS-SPRING -SYGTEM (LINEAR

7T T

L0

CLINEAR
DAMPER ‘ :

Fesi

a o

DAMPING) [ 28]



B.

Derivation of Piecewise Linear Solution

Since the piecewise linearization method by chords had been chosen
to ; the means of solving the

thesis,

and much of the background derivation is exactly the same as
before,

only the results of this plus the derivation of new material
. \\

will be shown in this and subsequent chapters. SR f\ f’ R
C N -‘) . . : . g N N . : . - .
i Recalling the development of the nmthod by chords and using the

: \

same initial conditions and notation as in the prevxous chapter,

. following equation results for a linear segment

5197 g,5”29]
d E‘ \ —g- _ ~ ‘("I ) “~ . .
Mx+ M‘(x{, x*) r

8 x - oxx) 4
Cged o 0

. “ko_sfblope oEIChord*iine}iaslin“Chapter‘Ii |
f:where x,'nd,

’

and x are the same -as before and are found in the manner
.”previbusly‘dv' ‘;-Section C. The

( solutibn itp .this'
"Qu,'_ &5 % Pl : »

b‘-n(t - t )

o

’*ax = xs &3 e

[Acosp*(t -t )

e 2.
:.ij._B;s'l.’iP*‘t..‘ .,Foﬂ . e

b

.8ystem to -reach current Xgs -
n.= . S e

Uy

n for

equations for the remainder of the

the



;o

B
W
o

" Differentiating (3.2.1) ylelds the velocity [29]:

Cen(e - to)
'*‘='¢-, : [(p*B-— mA)cosp*(t - £ ) T ;
A " | L(3.2.2)

R \"a._

' *with the various coefficients as before.<

Solving for tl to requires the use of a: Newton-Raphson method
*h;since there does not appear to be a simpler way of finding this quantity

‘"‘such as that used in the previous chapter. This would be [30]

- x[ (;t'l; - £l 3] [ R O

LT

b-'Howeverg ] he d15p1acement approaches)/the first trough

'

'?Velocity approaches zero, and consequently the method as defined wd‘ld'”

‘~;break»down.'ﬂBut, since this can. be set up in a computer program{h

. check can- be run such that when the denominator becomes *very small

”Uf(corresponding to, a small Speed) the Newton-Raphson relationship can Eef

.i'redefxned ds {30] ‘L;j;f"h' h 1*-{ S

the '

3



nle -]

:tE(t 0)1:]'= e

~

e .‘{vv[(_p_g.?;nz);; -__an*B]cos‘p*E(tl - to); J "
+ [2np*a -i-‘.(_’-p*? + h%Bjsmp;?['(’e:l. =t .

/ [ \ N ]
vwith the coefficients the same as’ used for . (3 2 1) and (3 2 2)

T

Also, vthere is the likelihood that ”the ‘first trough to be”

1encountered bottoms out in the middle of a segment,.mhich poses another"'

5problem as. to how to determine exactly where this occurs.g First t, -t

i

39

l 0
IEis found as before (with the second Newton—Raphson relationship being inﬂ‘

‘”effect as well as ﬁ will approach zero) The appropriate value for the-f:

\:displacement is found and this is compared to what the particular xl‘

';;would-have been;- If the difference between the two values is small
‘ivthen the iterations stops.” If not, this x becomes the ‘new xl and'new

'b'end conditions are found with the iteration continuing using tl t0;1'3

r o

.

The half-period then, would be the final value of - tl°b“

NZC.l Runge—Kutta Solution

The Runge—Kutta numerical method used throughout this thesis is the -
| routine DVERK from IMSL [5] ' Since it was in a system library, it was:f-xv'
feasily accessed by the program written to solve this situation.-l,Thep

ibasis of the method is an approach using approximationsrdescribed in

\ .
N
this reference. SRR T

LY

“D. VResults ,b SR ]«,«,“ s e e ~,_"
g ’ H . ‘ FEN . : PERERN N ! -
A computer program was written that included the piecewise 1inear

7n301ution, complete with the necessary subroutines for calculating thel‘
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o FIGURE 3.2 - SOLUTIONS 10 BARD SPRING E%UATION ,,
"(LINEARDAMPING)FORa=lO b= 0915, 0.0,
Ax =0.10, At = 0.05, x(0) = 1.0, x(O) =oo

(N B.:» Runge-Kutta solution uses [5] )



4 as1.0000 b =0.1500
- &/M= 0.0000
 ax (PIECEWISE o
" "LINEARIZATION) = 0.1000
. at (RUNGE-KUTTA) = 0.0500
x(0) = 1.0000  Xx(0) = 0,0000
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 —— RUNGE-KUTTA
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"FIGURE 3.3 - SOLUTIONS ‘TO HARD SPRING EQUATION :
(LINEAR DAMPING) FOR a = 1.0, b = 2 0 € a0, 0, -

Ax = 0. 10, At = 0. 05 x(O) = 1.0, x(O) = 0.0 o
/

~(N.B.: ‘Bunge-Kutta solution_uses [51):
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~0.20 .
n

a = 1.0000 b = 2.0000
¢/M = 0.0000
ax (PIECEWISE ~
© LINEARIZATION) = 0.1000
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FIGURE 3.4 - SOLUTIONS TO HARD SPRING EQUATION
(LINEAR DAMPING) FOR a = 1.0, b = 0'15’524 = 0.10,

Ax = 0,10, At = 0.05, x(0) = 1.0, %(0) = 0.0 -

‘(N.;B‘.__:. Runge-Kut:ta soluti‘o,n'use’s [5].)
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" FIGURE 3.5 - SOLUTIONS TO HARD SPRING EQUATION
(LINEAR DAMPING) FOR & = 1.0, b = 2.0, £'= 0.10,
Ax = 0.10, At = 0.05, x(0) = 1.0, %(0) = 0.0

"('N.B‘.’:" R\’m.g'e-'-Kuthfa .golution uses [5].)
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A
o FIGURE 3. 6 - SOUUTIONS TO HARD SPRING EQUATION

' (LINEAR DAMPING) FOR ai= 1:0,' b= \O 15, ﬁ = 0. 25

o Ax=‘0/10 At=005 x(O) = 1. o x(0)-=oo

(Nfbf.‘ Runge—Kutta solution uses LS] ) __ff'
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FIGURE 3. 7 - SOLUTIONS TO HARD SPRING EQUATION.

(o]

o (LINEARDAMPING)FOR&=-10 b =.2.0, ﬁ=025f "

Ax = O 10 At = O 0s, x(O) = 1. 0 X(O) = O 0

(N B.:‘ Runge—Kutta solution uses [5] )
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'various parameters lik@ xg as well as the input parameters and call to.

DVERK “[57 The results were obtained by running the program on. the‘

'

Amdahl 480V/8/&26] described earlier. f

52

As a first trial, to _see if the. program functioned it'wasidecided L
| : ,

to check if the solution would work for the simple case of S being zero

t

for the sets of - values for a and b as described earlier in the chapter,;

a
Y

'and X being taken to be 1.0. The results of,this are seen in Figureslh

.v

3.2 and 3 3 using ‘a value of Ax of 0 1,,and a time increment for the )

Runge-Kutta solution [5] of 0. 05 the sizes being chosen arbitrarily,

A

rbut still sufficiently 1arge to allow any problems concerning stability T

P _ A , i

-arise.

From Figures 3 2 and 3 3, 1t ﬂwdobvious that the program works for, .

. \\j‘) r’

.the undamped case, as the correspondence between the: two solutions is

;good and there appears>to be little problem “in the~piecewise‘linear

hmethod bottoming out at the first trough. L:*“b 'b~‘_’ R

: )

oNOW for solving the equation using non—zero values for'ﬁ.'v Ihe‘

i

‘.giresults for this can be seen‘in_Figures 3 4 - 3 7." For each plot there

o seems to be a good correspondence between‘the results obtained for the

e piecewise 1inear solution and the Runge—Kutta procedure [5], which;*‘

«Qv

‘.;1mplies two things.h One is that the method of solution using the :

4 Qt

6 -

RRY

"51;Runge-Kutta approximation [5] of this equation. The other is that for'.

/
¢

Eeven a somewhat large increment oﬁ displacement -the piecewise linear,‘

u‘,:method gives a gpod result,

'-smaller value to. get an accurate solution._ This has an,advantage:as far‘

1nas the economics of the runs are concerned.

s_hbefore, fthe' program wag tripped down to:“the essential

B piecewise linearization by chords gives a godd agreement with the'"

'nd that it is not necessary to go to a
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| EXECUTION TIME (SECONDS)
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| B (
calculations and the execution times for each method of solutions
obtained [27];- Again, it should ,be noted _that these values were
acquired with an older version of the plot program—that was slower and

that this was done on the V/7 version of the Amdahl 470 [25], [26] The
- % .

results'can be seen in Figures 3.8 - 3.10.

;.Before"COntinuing, an explanation is necessary concerning the
- . . - ’ e

timing results. As mentioned earlier, ‘the. plecewise method useh an

interval of. displacement while the Runge-Kutta method (5] made ‘use of
time. For the purposes of determining correspondence between the two

——

solutions,,this would be sufficient, but this would not be valid for

‘comparing thetexecution'times, since'Air'and At:-would'scarcely provide»

-

any means for judgement be tween the two methods.' However, the’ number of

A
\

-divisions (or : overall iterations) for t\e first quarter—cycle would
possibly be a benChmark. To an extentf this'was done for the piecewise
method sinhe the system initially had a known displacement and Ax was

~ chosen from that. , o ] A\ j ;"« . .' Y

' C
'For. the Runge—Kutta method [5], a similar approach can be used

upon the first quarter—period as calculated by the’ piecewise

gbase
‘m thod. This timespan can be divided into the same number of intervals
was used'by'thetfirst,solution, and the execution time is obtained
with thernew valué for‘At.’ P |

|
. I

The timing program kept track of the number of points calculated by )

the piecewi e ‘solution (including the first trough which ‘generally

{
falls inside an interval) based on Ax while -the Runge-Kutta routine [Sj

calculates this same number of points, but using the new At as was just

S

described. This should give a. reasonable correspondence to the piece—
: ‘ &

' wise solutiOn except that the Runge-Kutta method [5] will likely g0 past

/

—/
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the first,trough'as before. \

Oﬁe'might expect a linearvrelationship between the execution time
and the number of divisions of the first—quarter cycle.‘ Since'ﬂthe
Runge—Kutta solutioni [5] is from a packaged program, presumably it

‘ehodld be as efficient "as possible, which would ‘be a reasonable

R

A explanation'és'to why the execution times for it are 1ower‘aa compared

to the plecewise linear method. However, what is of “note 1s what

happens at 5 divigions.
For ‘'some of the runs, no'values were obtained as the execution

time limit that had been set prior to the run’ had\\been exceeded.

\
\

Attempts "to restart the program by adding additional seconds to bring

57

_the .total execution time limit to. at 1east 15 seconds failed to give -

results [31] Some clue may be available from those runs that used what

may appear to .be excessive run time values.

! Ly

For .runs such. as for a = 1.0,"b = 0.15, and,§,= 0.25, the points?

- are far off the line. This‘may indicate that there could be a lower

limit for which either solutiOn would work (or be economical), as from

what was ohtained; one can see that the Runge-Kutta [5] took longer to
finish - at this point than the pieeewise linear method, whlch wa&‘not

expected.

-



* IV. BARD SPRING EQUATION (NONLINEAR DAMPING)

A. Preliminary Comments

Ihis- eituation is eesentlarly the sauev as. that,_examined, in  the
previous chapter, ‘vith‘ the exception ‘that the damping 1is no longerx
vlinear but is related to. the square of the velocity. The solution for
the linear segments 1s the same, but the means by which 1t is obtaineq

are slightly different. The equ&tion.gonsidered 1s:
%+ ﬁ])‘:lzsgh (%) + ax + bx> = 0, | SRR CPERSY

where: B A - o /, ‘
'q = Nonlinear damping coustant, - ‘
,‘ ;o | B o
M,a,b = as used in Chapter III.

)
[+]

This ‘equation describes the.svstem shown in Figure 4.1 [28].

:-As in" the case of equation (3 1. 1),_no exact solutiou seems tu,
exist, and so ‘the same Runge—Kutta solution [5] was used as a basis forll
:cpmparison. vThe -same values for a and b were used while the values for
%'wereAO.O, 0.1, and O.gS, restrictlug the inveetigatiqn to the undet—,'
dauped,case.'jThe same initial'couditionslwere'used,‘with XO equéﬁ{lAtO’e

1.0.

B.- Defivatiou ofvPieqewise Linear Solution

1Ihe'derivatioh‘fdr;the equation. of the linear segments ig.exactly

"

. the same as was described in the previous chapters,vusing esseutially

the sdme wethod to,find>the neeessary factors such as'xg'and'pg. A
slight modification -in.the procedure to determine the damping constant M

SN
’
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'

f' S

i8 required as iﬁ chaﬁEEngn value from one segment 'to another, Since

it 1is desifeq to obtainvL)solutibn whose form is siﬁilar td‘that of

 (1.2), ﬁhe_expres#ioh for the damﬁing aalgivén 1n (4.1.I) is replaced by » ; 
Wan equivalent one resembliﬁg wh&t was‘seeﬁ in (3.1.1), or, in other ' )
,vwdfds,'a linear'épproximation over a small increment of Hisplacement

The sﬁarting pointifor this is.ﬁar; of the'proﬁlem{ One poséi-

 bi11ty invoiyes‘an itetécion within an iteration‘in 6fae£.to obtain an
‘ average value of ‘the velocity, and EhuéAthe dampiﬂg.forée.v Thié»is'AOne
"as'féllow;. ' ,i : o | o ) o i |

' |

At the'beginning of motion, no dgmping is assumed, and the fdrm of

the equation is taken to'Be'[19]: o ‘ | ' j

o . ) . -
2 . k y .
d r .0 T
—'—(x - x*) + -——(x - x*) =0 . - » N . ‘
- 2 0 M 0 o o .
at - S : o

-

Ffdm'thié, an end véloci:y‘can'be found. . This:{s averaged, and a

© damping coefficient 1s determined using:
ol '

1 o

XAy = Average.segwené Véloéity.

The itetétion is dbnefagain,\with the samehihitiéL'COndiﬁions, but the

equation now becomes [19], [29]:

: —=(X - x,) + =% +—(x ~x*¥) =0 . ’
r o ged 0’ " M M S

Now .the cgrrengnvelqcity is "calculated and cémaared with the previous

v



. %
mﬁhl value. If their difference is greater than a given tolerance, the

iteratﬁon starts again, with a new damping coefficient calculated from

L g .

- the ave&age segment velocity, baged upon this na final speed %] Once .
, 8 o,

x"

ngthis toleraﬂ e 1s ‘achieved, the end conditions become. the initial

conditions for the next segment, -dnd thedﬁntire procedure starts'agein
as before, except now for all ‘subsequent segnents, the new initial
velocity 1s used each'time,' e )

< : . Sy

Since the derivation is the same as before, the solution- will

essentially be identical %o that of the previous chapter [19], [29] or:

Jn(t - f‘)
X :%};6 + e EACOS p*(t - to)' ' ' .
. i ’ -,‘ j:} o : S o o '(4.201)
+ 351np*(t -t )] 'f " o
LV
' ‘ ’ M M~ * s "vv . Hﬂ
v-n(t-#t) S e
k=e F(—nA+p*B)c0sp*(t-t)
S X (4.2.2)

(p*A -t-nB)} s"in P*_ (bt - to )]

5 . N : w0 S
. 3

. o = o Th LT S T LU S
where the coefficients were determined as before, and are:

s £ . N
o . -

&

The values for“ti'- to were calculated using the Newton-Raphson-
- method [30],'and are subJect to the conditions described in the previous'

chapter including ‘the: procedure for finding the point at which the‘

vsystem bottoms out in the first trough.
. o v o

- ¥

#o
*J
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é/i Results R W:'-v L '..t:» : ; "::p v_m/
(e /. The equations for the piecewise linear solution and the required
< . ~th

Av.
<

/ statement) were assembled into ‘a computer program, and-solutiom:plotS'ZC
/

f<_

generate& by runni7g them on the Amdahl 470V/8 [26] mentioned earlier.

1“? The size ofe the displadément increment used by the piecewise lineari

""methpd was the same as the one used in the previous chapter (Ax = 0 1),*‘

— 3 b

f,.»as well as mhe same size\of time increment for the Runge-Kutta methodf
[5] (At = 0 05) _'- - ?

"commands »top‘use DVERK -[S] .(including'~parameters oand"the calling",f:

;_ The results of the computer plot program that calculated bothfiv'-b\

ror
¥ b :

S solutions can be seen in Figures 4 2~— 4 7r Once again, one ‘can seej'“'

ER

* L
that a good agreedé&t was achieved 'even when using a. fairly 1arée value{33‘

Y 3

/

for Ax, and it would seem. from the output that the piecewise linear‘~

l

e

',ff method successfully calculated the location of the first trough. It can. .

be concluded from this that the parameter Values and the size of the

displacement interval were sufficient to’ gfve satisfactory“results forff_f-f}'

0'4 -

the given conditions. ufg»‘ E _ggﬁf j4: [7%; oL
The program was stripped to thL ssential steps that contained onlyd»V

oy

fff the calculations 'gd the execution times were determined for it [27],@ o

"” which should give ovéaa reasonable estimate ‘ag to. the relative speeds o

. AN -v-'vv;.-‘ -
(and hence, the costs) of the two methods.’ As in the previous chapter;”’
'them~bas§< ofA 1udgemedt was the number ,of divisions _of. firstrﬁo,‘
" bt - . 7,

n7_fquarter«cyc1e.v This Was because the piecewise linear solution used an-s~

v-”ghincrement of displacement’ whiﬁe the Runge-Kutta method [5] required;

,increments Of time. - ’ § ! v'ﬁ\:' S o .“ ’ : ». . .‘ . ‘, ‘ _' . \’. _fv
L 3 L ‘ . . ' o ’
R The values obtained are to be found on’ Figures b 8 - 4 lO and were

'ftaken from tests conducted on the Amdahl 47OV/7 [25], using an older and ‘

; 1 . 0"':71'.'~L-‘ ’/ Wil l 5 PR \



FIGURE 4 2 - SOLUTIONS TO HARD SPRING EQUATION

Ax(O) = 0.10, At = 0. os x(O) = 1.0, x(O)M= 0.0

(N B., Runge-Kutta methogl ua‘es [’5] )

.ff :‘ j}f"tuu.ﬁw‘ ‘,q@:
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e

e (NONLINEAR DAMPING) FOR a'=-1.0, b= 0:15, 3 =.0. o L



coem L

0.00 -

020,
L

7

‘a = 1.0800 b

;ﬂXiOJ =1. 0000
L

7-—-— RUNGE~KUTTH R A
o PIECEHI&E LINEHRIZHTIGN_;

Ax (PIECENISE
At [RUNGE KUTTH),

= 0. 1500
. Q/M = o oooo

LINEHRIZRTIGN) =
= 0.0500

'x(UJ

0 1000 e

S

#.0.0000-

g8

0.20°

n _ A . Py
. AR ". N P . ‘ ,’ ) o

0.40

e . A R .
T

~1.20  <1,00

040
3 -

S -0.80 -
0% -

0 . LB 16 0 2.0 . 28 8.0

s

64

\



. ?

_ FIGURE 4.3 = SOLUTIONS 0 HARD SPRING)ASﬁerONE.“
(NONLINEAR DAMPING) FOR.a = 1.0, b = 2 EEEE
70, x(O) = 0. o_ e

4x(0) = 0.10, At = 0. OS,.x(O)@a

i 0.0,

(N B..b Runge—Kutta m thod uses [S] )
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~(NONLINEAR DAMP

: (N.B.: "Runge'fl(utta _methdd usiéé' [5]1.)

V1Y
= 0.05, g(O)is_l;o,’i(o) = 0.0 °
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'FIGURE 4.5 — SOLUTIONS. TO HARD SPRING EQUATION
(NONLINEAR DAMPING) FOR a = 1.0, b = 2.0, 2 = 0.10,:
Ax(O) = 0.10, At- oos, x(0) =1o x(O) = 0.0

(N.B.}.‘ Runge—Kutta met:hod uges [5] )
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A :
FIGURE 4 6 - SOLUTIONS TO. HARD SPRING EQUATION
(NONLINEAR DAMPING) FOR a ='1.0, b = 0. 15, % = 0.25,
Ax(0) = 0. 10 At = 0 05, x(0) = 1.0, x(O) = 0,0

' A(N.B.: _ _Runge—Kutta, uiethod ué”é_s [5;].:?)' :
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" *FIGURE 4.7,— SOLUTIONS TO HARD SPRING EQUATION -
(NONLINEARDAMPING) FOR a = 1.0, b = 2.0, 9=oz5>
Ax(O)-OlO At=005 x(0) = 1.0, 5:(0) = 0.0

' (N.B‘..“ Runge-—Kutta fmethod uses [5] )
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slower version of the program.». e f‘_xf,
A f)‘_ . i \ " L ; . S \ = - ‘ i : .
¥ L % B
Once agafnh it was found thgt the time required was linear with
e R >
'Qrespect to the number of divisions per first quarter-cycle. As before, R

' snfor 5 divisions of the ﬂirst quarter—cycle, problems were experienced inf3;,~

vl

‘M

5 /

B L . B
';jthe same conclusion as before that there mayfbe a ]ower limit to ghe-w--

8

'f;'obtaining a reasonable execution time for either result, depending upon;i~”*v
. 'iﬂthe value of B and E (since an increase in either or both caused the -

L}ﬁ? program to exceed its pre-set execution time limit [31])4ﬁ This leads tq -

‘”hfnumber of points that ganvbecused for either method to be effective ori d e

. ,ﬁ e * \

%;economical.- One of the/things that was surprising was the lowering ofhv

T

"P.fthe execution time for the piecewise nmthod for a= 1 O b,ﬁ 2 0 and %f»f
N / ‘,,

s

:6 0 - This cohld be regarded as coincidence,‘unless there was some;['ﬁ

//

\factor in the computer system itself that may have led to this which ish‘:”

'.-ﬂ : \

not immediately apparent..

I . /‘- e T
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. " V. VAN DER POL EQUATION

Loae

A Prelimi\ﬂry Coments RN R ‘\

"‘ﬁ' The methods of solution described in the previous two chapters gavei"3"'

stable results since, when the damping factors were varied over a large,"
V ‘

P range for the underdamped case, no ‘erratic behaviour or. improbable vave . E

4 fdrms were enc0untereda In this chapter, however, an equation wdll beu

wj' examtﬁed*&hat is different in that the term representiné its resisting/dyii

-.force varies with respect to both the displacement and the velocity At

.y,- /,'

solution curve, varies radically as a parameter is varied ver a wide;

\ rd

2 range, and its phase trajectory exhibits a limit cycle. ThiS\is Van der N Jf

! . X .. : »\
; . S N

Ppl's equation [32] L" J RE * : \
CogrpES e DEExe=0 . 0 T (5,10

Ca The solutions to the linear equations are essentially the same as;ff

were found in Athe previous chapters, except -that instead »of beingh.“

R

"q restricted to only the underdamped situation, the critically ﬂamped and; :vﬂf

o overdamped cases are solved for as well d@ing to thé nature of thef

£

solution to (5 1 1) ﬂffj f

0.

Dwing to the wi{éaiariation in behaviour that this equation cani‘

Q@ns will be the same as had been previously_ﬂ
‘.: used with the exception that isﬁfé%l vary in value to allow investiga~i;i

tion inside, on, and outside the limixbiﬁrle.,
5 : By

exhibit, the initial condit\’

. the values 0 25 1 OA{ZIO, and 5 o so that thé%z'

tion curves can be examined.,ﬁetrw.
. e . . .':a'. 3 "

The parameter u will have_r'

fariations in the solu-f,_"

'1~Whi1eﬁ;hevpteviousysystems‘had~n0nlinear_restoringQforces,j(SJI;ljfr;75"



i}“'JB', Derivation of- Piecewise Linear Solution 5 ffcﬁj»”_,;,

A

B : : < -l

does not,‘and so, this will mean that many of the calculations that were_ij,'

needed in order to. set up . the solution to the linear equation are_ notl'

needed in this situation.: This also means: that an interval -of time can

be used instead’of displacement with resulting simplification in then'

- . L . o . S . : - o '//
: calculations.;‘ ,N ‘;;.‘_ L LT e i
- . . . B . E "l : W \\ Ao - ]
Since an exact solution does not “seem -to exist, the same Rnngeé

‘A Kutta solution [5] that had been used<15/2he previous two chapters willl~‘

be the benchmark against which the piecewise ,linearization will be'

€ .

“ﬁcompared. v L_nj :;f_- :;o»si"‘ P

o

e - S .

Equation (5 l 1) can be appro ted over a small increment of timef'

by the equation [29] fi.‘,‘x < LK e |
SE e R 20k HpTR=0 0 T e (5e24])

wherer -t L

T The solutions of (5 2 1) can be found id;Atexts (for example,

' iy , .
Timoshenko, et¢ al. [29]), and are as follows.‘, “”. "h' u;cﬂf

e p2 -2 >0 [351. [361 el

e

A ":f;nt e nxb ¥ x0 e SRR
“x=e l:x cof p*t + ———5-;'—- sin p*t] P . {542.3)

‘[ﬁ___;;

/



' P ‘;_ T -n(nx, + X ) L

For p°.- o = 0 (361, [37]: SRR
. I ’(.' et

T g eRt

- L

-px0 . (nx + i )(1 - pt)]

TMF'o,r_ Pe - p2_,< 0 [36], [3'7]':.77

‘ o R IR - ol -
B R e
R Ly o (5.2.7)

" nx x_ |- ' '

0.0
{T——E;;_—j 1nh(p**t)]

: T '_ ‘, -n'(nx‘ + ;{ 3 ‘\ N . ,
nt . ' B . T . : EAN PR A
oo ey + [T T

% .
]

. "A+ p**xojsinh (p**t)} ey : . ."A'. l . S | ‘- ) . é{., ‘

. o B - 2 ‘t e o . . . ,_;v v)“
prr o= /A =P e T

@ +

o The major problem here is how to estimate n., Assume at the begin—

fning of a segment some initial conditions of x and p'e and a time.

) 0. 0’

8L

interval-of'At . An initial guess would usé x for X in (5. 2 2} and an",

liiinitial estimate of the change in displacemept is calculated (which will

i‘)— -
5 .

¢
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he explained further on).. The new displacement X, is;xoéf ‘Ax, and this

!

is compared to a'previously_calculated value of x; (xPREV)§“.Should the

_be very small, x, is the final

- difference between"xl and‘ XpREV

1

t

displacement‘at the end of AtP. If noty x; becomes xPREV’ X now is mo +

QAx/Z ‘and a new n 1s' found as well as new values for Ax and x . Figure
,=5 1 should clarify matters.*

A , .

" This is how the solution is carried out {n general for each

interval. At the beginning of the iteration,

ty =-Initial time, -

gy +Ac, = Final*timem_~‘ £ oD
a._'t]‘.’ ‘
‘x%g = Initial displacement v
xo + Ax = Final Eisplacement

[ [
uaxl,

;

R N

S

%y = Initial velocity,

w ’il"='Fina1'velocity, I e

Once the displacement approaches either a peak or trough va varia—-

'.tion in this pattern 1s introduced to find the time and diSplacement at

Tee

83

‘these points. (See Figure 3. 2 for details.) | ,The procedure is 'as:it

follows. Starting at x and'to, X, is found as before.. The value of

0
_sgn(x ) is calculated, -and if found to be different from sgn(x ), At

(the time taken to reach xll) is found by determining the time interval
needed for %k to. reach’ zero using a Newton-Raphson method'[3o], ‘starting

&t _xg.

Sh0u1d it. be this section is circumvented. '

-
1

o The‘value,for;xll‘is found'by~iteration much 1like the bottom of the

1

This assumes that X not zero at the “end of a complete segment.-
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.FIGURE 5.2 ~ LAYOUT OF PEAK OR TROUGH (VAN DER"POL EQUATION)



* ‘ : | ‘ ' N | ) - !
firat trough was determined in the previous two chapters. The estimated
. N . | ’ ! . . .
b

value is‘xF, with the first guess being Xy5+ Then, using Atl; a change

in displacement is found (a new Ax). ‘The value of (x0 +tAx) - x, 1is ,

P
determined,wend 1f very small, xllhis equal tp x, +Ax. If not, ‘x, +ax

' becomes X5 and the iteration starts'again.

This completes the first half—cycle.

Since the pesk or trough is most likely not going to occur at the

~—

. end of a time interval -and it would be convenient to find the

even time intervals uhtil the next peak or trough), X is found based

S12
upon At,, with the,remainder of the half-cycle as was previously,done%

\

. The fdisplacement-time eurve and phase-plane diagrem can now be

A

‘ obtained.

It is necessary to go through this procedure as one never knows in
T —

advance how long the system ta;es to reach the limit c&cle since it
v depends upon the value of - as well as the initial conditions. ‘So, for

e \convenience, the number of half—cycles that had been calculated will be

: monitored andethg\gelcu'ation‘stops once the required number had'been o

\
——
’ ’ T .
—— .
b

achieved,
then the displacement-approaches\a peak.orrtrough, Aty 1is deter-

mined using the Newton-Raphson methodn136]:

-«XELAt) 1
(ak) o = (), - i

' - "J_ - p i
N SRR W RC(At)i].

‘where k[(At) ] is the expression for the velocity (which particular one « "\\\g\

would depend .upon what value p2 - n has),‘and x[(At) ] is the accelera—

e -

/-4!'
,tion for that particular situation.



. ‘ .86
The following approximations to the-'velocitiea‘and accelerations
are ua‘ed, baged upon Timoshenko, et. al. [34].

For p2 < n > 0 [35), [36]:

-n(4t) '

e ] =e {Acos[p*(At)i]
(5.2.9)
i+ Bsin[p*(at) ]}
: B YY)
X.E(At)i] = @ i{(-nA + p*B) ' ’
* cos [priat) ] | (5.2.10)
g ' .+ (-p*A - nB) sin Epf(At)ij,} .
A= Xqs ‘ | .
. © n(nx + )'co) .
. B lm p* - p*xo .
For p? - n? = 0 [35], [36]: = -
- -p(At) s
' xE(At) :] = e J'{--pxo + (nx
: (5.2.11)
[1 - pmt) ]} - U
: ‘P(At) v o
2
wl (Ar ( _ AR
[(A ) ] “p % PRk, + %) |
(5.2.12)
[2 - p(At), ]} B
- For pz‘ % < 0. (351, [
—n(At) 4 -
x[(At) ] {c cosh™Tp* at) . ]
'(5,2.13)

L Damh [p** (At) ; ]} ,



*H(At)1 .
“E(At) 1:] - ‘[("'"C + P**D)‘
+ cosh [p**(At)ij . (5.2.14)
} : + (p**C - nD) sinh [P" (At) i]} , ‘ _—

C "iov;

-

(nx + X.)

' < -———-—-—-—-———L-ﬂ i
o P70

.

f'During these calculations, the value of n is found, and this
ultimately determines what the solution for the segment will be. The
change in displacement Ax, is found by finding (xl - xo), cotresponding

to the appropriate value of n. Since equal time intervals are used, Atp

is used instead of t in equations (5.2.3) - (5.2.8), where At = tl -t
N\

(based on the functions being dependent upon t = €, ingtead of t, due to

-

0

the pfecewise linearization).
‘ oo \

C. Results v
| Equqtions_(5}2;3) = (5.2.14) were assembled into a computer pro-
gram, as well aeva RungeFKutta eolution using DVERK [5], and the results

obtained by running it on the Amdahl 470 V/8 [26].

Initially, the approximation was tested by using a small wvalue fob.

p as a check that it worked. This was arbitrarily chosen to be 0. 25 and

was tested for XO being equal to 1 0, 2.0,.and 2 5 with Atp for the

piecewise linearization being equal to O. 2,;and the AtRK for the Runge-
. Kutta solution [5] being O. 05. The. size of - the time intervals was
‘choeen arbltrarilyt The results are seen en Figures 5.3 -~ 5.8.° (All

solutions aud' phase trajectories in “this chapter are based on [38],

87



FIGURE 5.3 - SOLUTIONS TO VAN DER POL EQUATION FOR
W = 0.25, Aty = 0.20, prp, = 0:05, x(0) = 1.0,
- X(0) = 0.0

- (N.B.* Runge-Kutta solution uses [5]. Diagram
based on [28].)
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,'ncm Sk -  PHASE TRAJECTORIES FOR VAN DER POL .
- EQUATION|FOR yi = 0.25, At = 0.20, At . = 1005, |-

x(O) - 1 0 x(o) a 0 0

f(N B.. Rnnge-Kntta solution uses [5] Diagrmm °' /
based oﬂ‘“’[39] ) L :
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FIGURE 5 5 --SOLUTIONS TO)VAN DER POL EQé&I N FOR
”{u-025 At -OZO,AtRK‘-OOSYx(O)-vZ.O,
AR t(o) = 0.0 o

";'(N B.: Runge—Kutta solution uses [5%' Diég:aﬁff;inj'

based on [38] ) REUEE RS A
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RO A : 5ﬁ\;4  7._;f"_. U
'FIGURE 5 6 - PHASE TRAJECTORIES FOR VAN DER POL

| Q‘JEQUATION FOR = 0.25, AtP 0.20, AtRK'a 0.05,

x(O)'~ 2.0, x(O) = 0.0

'b.(N;BQ:’ Runge—Kntta solution uses [5] Diégram -
T based on [39] ) .
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FIGURE 5.7 -:SOLUTIONS TO VAN DER POL EQUATION FOR
t ,u-ozs Aty = 0-20, A tyg = 0.05, x(0) = 2.5,
L %(0) = 0.0

V(IN'.‘B.. Runge-Kucta solution uses [5] Diagrém
based ‘on [38] ) ' . ,
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FIGURE. S 8 - PHASE TRAJECTORIES FOR VAN DER POL
EQUATION FOR u = 0.25, AtP = 0.20, AtRK = 0. .05

x(0)=25 %(0) = 0.0

(N.B,: Runge—Kutta solution uses [5] l)v:l.égram{n
_based. on [39] ) S : :
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[59] ) The deveIOpment of the limit cycle can be seen in:the phase*h
plane diagrams and there appear to be no*major difficulties in achieving
the desired results. As expected “for an initial displacement outside
the limit cycle;vthe,solution moves in towards it, while moving out to
it‘when Xo 1s inside it. Even for the initial displacement being on the
limit cycle, there seem to be 0o problems.

The next thing was .to increase the value of U while keeping the
vvelues of the respective time intervals the same.. It had alsos been
decided to restrict the remainihg investigation to the situstion of the
initial displacement outside the limit cycle, except for U of 5.0 where"
Xo will. be varied as had been done for W of 0. 25. | |

| The reSults of this can be seen in Figures 5.9 - 5. 18 [38], [39],
but something unusual appears in Figures 5.13 - 5 18 [38], [39] Up.to ’
‘rthis point,vthe.plots hadvgiven‘good.fits to’ the solution being‘compared,
twithksome.minor“devietions for‘u ofIZQO),vwhileifothhese'curves;'this
,'&oes not‘seem toAbe the case. :lmmediately the pieceeise linearization
: was‘suspected to be at fault and both the derivation and the computerh‘
‘“program were checked several times.' Nothing that couldpintroduce what

\. 4 . 2 . ) L ‘ o
e difference'vwas found. Internal roundoff

N
_error in the\computer w

fwould\, appear to be a 'ph f
ﬁ[

lso suspected,-and the tolerances were reset -

td

to smalleppvaluesfand, as \far as possible, thefprogram was reset to

'operste in double precision. But, the’ results were still the same--ai

phase differenCe5'or_what appéa"d’to be as such, somehow-arose in.the;»

system.

A smaller time interval of O 05 was, tried’ for the piecewise linear—p

- . o \
B ization, with the results for x(O) = 2 5 and 11‘= 5.0ato ‘be seen‘in

)

'Figuresv5.19 and 5.20 [38], [39]. This,seemS'to be the key to thc



. FIGURE 5.9 - SOLUTIONS TO VAN DER POL EQUATION FOR
W= 1.0, Aty = 0.20, Aty = 0.05, (0) = 2.5,
: | X(0) = 0.0 .
.(N‘.B.:‘;_" Runge-Kutta solution uses [5]. Diagkz"ém o
: based on [38].) ‘ % ¥y
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FIGURE 5»10 - PHASE TRAJECTORIES FOR VAN DER POL
EQUATION FOR p 1 0 AtP =0 20, At ‘= Q 05
' »Lf‘M%;f x(O) ., 2 5, x(O) = 0. 0 -

"f(N;B..‘ Runge—Kutta solution uses [5] , biagrém: P

based on’: [39] )

P o o
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/f, FIGURE 5 11'- SOLUTTONS:TO VAN DER POL EQUATION. F0R~_.fﬁ?f' o

p - z 0, Appv-’o .20, A:RK,s 0.05,. x(O) = 2.5,
i x(O) = 0.0 ST )

S (NeBas Runge-Kutta solution uses [5] \piagram Ve

.\" based on [38] ) "5(  B
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" _»FIGURE 5. 12 - PHASE TRAJECTORIES FOR. VAN DER poL

EQUATION FOR 1 = 2.0, Aty = 0.20, AtRK = 0.05,
x(O) = 2.5, %(0) = o 0

v (N".B,-. Runge—Kutta solution uses [5] § Diagram
Ll based on [39] ) s
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"f At (RUNGE-KUTTA)

',xtu) =

u = 2 0000 .F
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0 0500

z,sooo X101 g
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AT

1,'FIGURE 5. 13 - SOLUTIONS TO VAN DER POL /EQUATION FOR ™ -
u.= 5.0, At;'==020 AtRK-OOS, xQO)=10 '
- ' o L x(o) =00 T e .
: (N B.., Runge*Kutta solution uses [5] ‘ Di’vagi'_a'mi'

based on. [38%6—” o
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FIGURE 5.l4 - PHASE TRAJECTORIES FOR VAN DER POL
EQUATION FOR Kk = 5.0, Aty = o..2o,‘,AtRK ="0.05,
E ~x(0) = 1.0, x(0) = 0.0, -

“{NeB.s »Rung‘e_-Kutta solution uses [5]. Diagram‘
: based on [39].) ‘
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u = 5.0000

at (PIECEWISE A
LINEARRIZATION) =0.2000 - o -

‘at (RUNGE-KUTTA) = 0.0500

x(0) = 1.0000 ~ x(0) = 0.0090
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FIGURE .5.15 - SOLUTIONS TO VAN DER POL EQUATION FOR
b= 5.0, Aty = 0.20, ey = 0.05, x(0) = 2.0, .
| %(0) = 0.0 - -

(N.B.: Ru'nge'éKixtté solution uses [5]. .-Diagram

S based on [38}.) o
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FIGURE 5.16 - PHASE TRAJECTORIES FOR VAN DER POL
EQUATTON FOR p = 5.0, At = 0,20, At = 0.05,
x(0) = 2.0, %(0) = 0.0 ' .

(N;B.': Runge-Kutta solution uses [5] Diagfam.
based on [39]. ) S
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s = 5.0000
at (PIECEWISE

LINERRIZATION) =0.2000
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FIGURE 5. 17 - SOLUTIONS T0 VAN DER POL EQUATION FOR. -

H = 5 0 AtP =0.20, AtRK,S 0. 05., x(0) = 2 5,
’ “.? x(0) = 0.0 SR .

(N.B.: Runge-Kutta solution uses [5] ‘ Diagram o SO
: “ based on [38] ) : Ll




R S 118
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FIGURE 5. 18 —‘PHASE TRAJECTORIES FOR VAN DER POL ,,f'

"?F\ EQUATION FOR § = 5.0, &t = 0.20, AtRKga 0: 05‘;_' o
e “.'fX(O)nZS x(0)=00 L

N,
TN
~

(N B.: Runge—Kutta solut_::lon uses [5] Diagram
: based on [39] ) R : N

-
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FIGURE S 19 - SOLUTIONS TO. VAN DER POL EQUATION FOR 5‘

/ 5 0 At - O 05, AtRK = O 05 x(O) = 2.5, "
e x<0)=00"

.,/

(N B'?* Runge—Kutta aolution.uses [5] Diégfﬁﬁzva'
: based on [38] ) R T
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,-_FIGURE 5 20~ PHASE TRAJECTORIES FOR VAN DER POL"’
f: EQUAIION FOR M =5, 0 AtP ‘ 0 05 AtRK»= 0. 05 ’

x(O) =2, 5 x(O) = 0. 0

: f»(N B., Runge-Kutta solution uses [5] Diagram ft;-;

based on [39] )

Sy
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FIGURE 5.21 - SOLUTIONS TO VAN DER POL EQUATION FOR . .
M =05.0, At = 0.25, AtRK = 0.25, - x(0) = 2.5,

o x(O) = 0.0 : :

e B

. (N.B.: Runge-Kutta solution uses [5] Diagram

based on [38] ) a P
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At (PIECENISE

| LINEARIZATION) =0. 2500
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' FIGURE 5.22 - PHASE TRAJECTORIES FOR VAN DER POL .

EQUATION FOR M ='5,0, At_ = 0.25, At__ = 0.25,
Lo .x(0) = 2.5, %(0) = 0.0 '

(N.B.;i:» Runge~Kutta solution uses: [5]. Diagram
" based of [39].) ' '

/
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'problem, since the situation appegred to be rectified to some exterdt in

these'diagrama, andlcompletely resolved for u = 2,0 over the time span

examined though the plots in question are not shown here.

po . N

‘This raises some interestihg questions concerning the-solution of

129

this equation. ~ One 1s concerned with stability,‘ but this will be

' examined later as a similar problem occurs in the next chapter.f Another

is that if the plecewise linear method is affected by this behaviour,

7'then the Runge-Kutta solution [5] as used here nay, at times, “also be

suspect. o : S

[

An example of/the latter can be seen in Figures 5. 21 and 5.22. [38],

[39] The time intetval for each solution is rather large (keeping u at,
'5.0), and aome distortionvcan be seen_in'the'displacement-timeucurve,~

. while the phaae_ plane diagram is»'very_ much affected by this to the

extentvthat one cannotftell which part of the curve is the limit cycle. - - -

Figure 5.21 [38] diSplays a paradox, as there would appear t6~be

more than one value for the displacement as calculated by DVERK [5] for‘

a given time (such ag for t. of - abOut 23 where the value of x would be.

about 2.1, 1.6, and -0.?), This istphysically impossible, and canlleadu_

. to an erroneous conclusion about the resulté;

i

A possible source may be that the graphics routine used [40] was

unable to produce a smooth curve due to & low number of data points

Y

‘being'plotted‘since At was 1arge., (By,comparison, the curve for_Figure'

-

5.19 .[38] was more’ accurate since a"chh larger number of .valués had

e

 been used.ﬁ' The examination of the calculateé‘numerical valueavmay‘give

further insight as to what ‘may have brought this. about.

of interest now ‘are’ the,egecution times for the twoisolutions. As

before, the‘program-was stripped of all non-essential steps, such as

N
1
’
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comment statements ‘and write"commanda and then run for various
 values of W, Bps and Aty with x(0) = 3.0 and %(0) = 0. 0 using [27].
The runs were for the time taken-to complete~10 half-cycles for the
: pieceWise linearization and the closest time to that value for the
:Knnge—Kutte eolution t5]. . Theae»were obtained by tnnning\an eerlier
~version of the program on the Amdahl 470V/7’i25]; with the results seen
inifigures‘5L23 - 5.26. As enoected for this system, theFRnnge—Kutta
_[5]; resultsl‘eere'veignificantly lower than' those for: the piecewise
'linearization, but noteworthy is the fact that the times go up for ‘the
. plecewise 1ineat method after Aty = 0. 25 for U= 2. O and T 5 0. "'l‘hefl

h calculations for the damping coefficient described in the derivation may '

2

eXplain vhy this, ises, becauﬁgw f the number. of iterations required to - -

&chieve-a<solutio . Also, fw“ tk.se values of 11,€§§'results were to be

¥

obtained for 'Atp = 0.5, as i rogram kept exceeding - its set time

B \ 350&\?:;; \ R . .
limit, e?en'after‘a setting of 15.0 seconds [31]. It was decided to
abandon any further - attempts as the runs would have proved too costly,

’ but this might indicate that an economic upper‘limit may exist for these

- values of H. ;:i ST . N
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' EQUATION SOLUTIONS FOR-H = 5.0, x(O)‘= 3.0,

x(O) = 0.0 [27]
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. in, the earlier chapterﬂ Will also be “3‘3‘_\,:‘

VI. MATHIEU EQUATION

A. Preliminary Counnents
In this chapter, an example of a linear equation with a periodic-hp
‘ ally varying coefficient, namely the Mathieu equation, 1is examinedw It |

has the canonical form [41]

Vﬁ"ngT - yi h y" + Aa = m;c0322)y = “;.: IR __'-(G.i;lf

R
'a = Characteristic number.V’

= . . . B ~

[ . -

_Ihe'initial conditions.cbnsidered'are: :

y(0y = ¥, y!(o)i%'Y5_.':_=;],g\‘ 53@6;1;2;'j'_.“ Ve

Fortnnately;: an;;exact' solntion fexistsJ in "terms -off some special S
g L : . e ‘ ) ., ; - S

t'ffunctions, aud ‘a means of generating a series approximation to them willf

*'bbe derived.. This will bé used as: the basis by which to - judge the pi ce—?. .

hwise linearization. Qhe same Runge—Kutta routine [5] that had been u‘ed.f;_,‘

as? confirmation of

:egresnlts. Theeinvestigation will be 1imited to those cases of integr li o
.\’/'/':’ IR : : . . :

.~ order."

e g ‘ AR B

‘B, Generation of Characteristic Number

’i?hei~major 'references‘bfor this _chapter: are ' Ince- [42] vand

¥

br>McLachlan [43]

The appropriate characteristic’»nunber fdepends ’uponé the initiai ;i'
conditions from which the solution is generated the order of the - -

‘1_.'.

'_solution (which determines the period T) and is summarized as [44]

‘ol
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T = ar
' l§2n+l ,t'”

N

_One method for this makes use of the recurrence relations for the -

: cbéffiéien:s/ofbthé,éeriéSffo;m.offthé:éxact_sOIutipng [§Sj"which_arén

L
shown below.! -

F a :
: 9? a2n

; _quf§2h+2:“

/

~ F : . '/‘.‘ “‘ " : : . ‘. . ‘ L
CFOR fanat

)

‘For ‘b .t

(zrq) = ZAgr

2n+l".

:For ce

2n+1(z’q)

2n+2(z'q)

‘The“‘cdefficiéntsn

:=0

fof
RN

2n+1(z'q) = zg

EB

ZB

n)

(2n l)

(2n+l)
2r+l .

2r+l

(2n+2)

2r+2

cos(Z;éj',

._/v S

cos(zr

R R

B2

51n (2r

51n (2r

S

fthe

|

ZnK?fq)f ‘

_equations

+ 2)z'f

are-’

”:ééutrénCe;réiationé‘deséribéﬁ inﬂMcLathén [46].

+ l)z .,‘.,*

6.2.1)

| ‘ v"/z k%.
o(6.2.2)

(6.2.3)

'k6.2.4) j '

calculated using the



ad - gA

0 2

(a - 4)A

®

LR R

For ce2 +l(z,g);

i(a;; -1 '-, q

k, [; ; (Zr +

For se2 *l(z,q)

For seyp(@s o

(p,f‘4)Bz~F

#(a ‘4IV)A2r

gt

= O'W

Q(A + 27 ) = 0,

( 2r +2

)A - qA3‘é

{] i
l) A2r+1 ‘

R ¥4

T A *

Ber2) =_p

[+ A

e T

r

2r 27

IVI(D:Z i);"

(r>2).

)=°'," 

$ ,(l.s.?:..s) i

S (62,7

S (6.2.8)
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*lWith Ince's notation [391ffor thé cdntinued fféctibn:

and the rearrangement of some - of the terms, the above relations lead to

l'the following. For ce, (Z,Q), the result is [47]
- : «2.»
‘ -t
‘A

_2.£_=_“—‘1$" ‘lﬁv (v-l_)_
A, ", - 2 1
L 2r=20. 0 4 r

l_—-

14\)2‘

2
Rand
]
F
v

- which yields the thtipued'fraétion-{48]i

) v

_diz2 ores glsie

‘Fér'882n+l(z’q)ﬂ FpeiCOntinged fraptionlls‘llqlz

%

2r—l 5.;‘q -0 (4v2’4 )%
i , - : -, W . L
2r+b f(2r+1)2;r 1 = b — ) : ’ .
S (2v * 1)

%ﬁ ql

which yﬁélds'the'cdntinued fractiOh”forvthe'Characteristic number‘[49]:

”f,"i';.'.‘ '1';__ -1 b “ﬂ Jos v A .
o . - o s 7;,q : ‘ ‘9 .l . 5 : »§¥} S '(6-2¥l0)v N

~
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te .
g
e

The case of ce (z,q) 1s similar .to'rthe previous functﬂon

2n+l
since the’ cOntinued fraction for the coefficients is the same,. but with

,a change of sign in q, yielding the value for the characteristic number‘

!

ﬁFinally,.fbr,ée2n+2(23q) the continued fraction 1s [49]:
. o - W '.. . ' \‘ ~ . . i
: q
B
2r=_q%’ 16\)(\)-1) \
| r
2r-2 - 4’y 1- &
4v

2n+2° b - b
L 1=1 173 -
A ” (6.2.12)
y q°%/2304 -
; » b . . LR
Tl T =

'.Thcfcontinuéd fractiong have terms of the form [48]:

; f:a n .

A ,

L e T ¢n+i

¢n+l f(avqrn)

n+l

Calculation is halted when, for the accuracy required ¢n+l = 1.

It was: decided that 25 terms would be sufficient.
A characteristic number can now be generatedwdsihg thé'codtinuéd

\



fractions just given together with a suggested‘approach given by Ince
[48]. 'He stdtes how someone‘doing’thiS‘task-using a calculator,wpaper

v‘and‘pencil could arrive at a final result. The author took this method

-

and first went through the ‘procedure by hand for tabulated values for
the ‘characteristic‘ number'_and flowcharting the decision processes

required;gand then testing;this method on a Hewlett-Packard HP-67 hand

PR

'calculator; transferring the final version of the logic to. a computer

»program,:which was 1ater run on. the Amdahl 470V/8 [26]. The results_
. L
were compared with the . tabulated results given by Ince [50] and there

was agreement to seven or eight significant figures.
The following method can be considered as_consisting of =two parts.

The first-one-(StepshlfS)*isia.scan through a range of values for the.

characteristic number, for an'estimated’value-for a (aGUESS) and'a given'

q, until ‘an upper and a lower bound " between which the final value will

/ 1ie, are  found. The second one (SSeps 4 6) is _an interval halving

o : \
search for this final value. The particular continued fraction msed is,l,v

w

dependent upon the initial conditions in effect: If at any time during
the‘scan aiN;is.apprOXimately equal toiaOUT; the process stops. : e

1. A value for a_ is fOund»using a__.. ' ' \
ST ouT L TINT .

2. If‘a;N is greater than aOUT?kassume aIN to be‘high decrementl
it and . repeat Step 1 until either th is less than aOﬁT’ or the sign of'

the present a. is different ‘than that for the previous a and the _
4 ] ouT ;  OUT T

_present and previous 3 The upper bound §aUP)"iS the‘next—to-last a.

and the lover bound (aLOW)'the-final'one.‘ \

'3. If alN is’less than aOUT, assume a,. to be low, increment‘it

and repeat Step 1 until a

IN

is greater than aogm - ~The upper bound is

*

‘the final alN and the lower one is- the previous value. L : A:_g.

N - . l



141

4, The midpoint a is calculated from the average of‘the hpper

MID
and lower bounds, and an output value 3y 1pOUT is found# If’aMlD- is
nearly»equal to aMIDOUK » 3 u1p ‘iS'the final value . for "a. -~If not;
continue below. ‘ )
~ 5. 'Consider thevcase'of-a positive a If a is~less'than

MID® MIDOUT

or‘equal»to Zero, éLOW is the present 3 y1D* and Step 4 is- repeate/.

aMIbOUT is greater than zero and aMID “is less than or equal to aMIDOUTl

the present aM becomes aLO and Step 4 is done again.' However, should

Y

MIDOUT ‘be greater than zero, and aMID> be greater than aMIDOUT * 3MID

becomes aUP and the process returns to Step 4. ' ' T

N

6{‘ The following applies to aMID less than or equal to zero. If

aMIDOUT is greater thanﬁgero, aMID becomes the new aLOW’ and the next;

« -

‘move. is to Step 4., For  a\rpoyT less’ than or equal to zero and aMID
o greater than aMIDOUT’ the new aUP is the preséht aMID’ and then to Step_

vﬁ. If aMIDOUT is less than or equal to zero,_and aMID is, less than or '
) |
equal to aMIDOUT’ aLOW takes on the value of the present aMID and Step 4

~is repeated.
This covers the method for generating a value for a characteristic
" number. - Specifically, the particular calculation chosen depends upon

pthe initial conditigns.and the proximity of the first guess to the final

value._
To elaborate, for a non—zero initial displacement and Zexo initial.

velocity, aznvand a2n+1_would be the apprbpriate values, with b %1:and

52b+2 being in. effect for zero initial displacement.and non—zero initial

velocity. The program that was written for this purpose calculated the
~ odd order value first (this choice having been arbitrary) and then the

feven order one was found. Whichever was closest tovaGUESS became the



L

final result. This was then taken ‘to generate the three solutions

-

used. . e -

S Rl

" C. _Series Approximnti‘on‘ to Exnct ‘Solution

As mentioned earlier, Mathieu functions can be approximated by

series solutions [45], which were given as- (6.2.1) to (6.2, 4) The

'qpestion now is how to generate the coefficients that were ‘gbven.

. According to McLachlan [46], [51], the recurrence relations that were
' N
given in (6.2.5) to\(6.2.8% can be used.’ However, 'a more suitable,form

 for these relations must be obtained‘in order to facilitate calculation

~of, the coefficients.

CoPsider cezn(z,q) [52] . The firstgrelation of (S.Z;S)fgiyes:_

[

KI’IR‘\’?’

&
) !}
Q
~

. . o o v ] » . . , 45‘;”‘ o
The next one ylelds: .  J L T N ”%?%V

kS

(2 3).

’ . 2

ﬂ It had been decided to terminate calculation after 25° terms, since

ratios beyond ASZ/ASO would become so small that they could be neglected
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when compared with»the‘other terms [53]. Once the various,ratiosvhave

been found, the normalization [54]: : B .

A
)

' b2 2 . .2, \
\l=‘2A®1L+A2+A4

g
[ M)

. A
2 4
= E o | —
2 R viE

.cf‘ah“
o
o

) . o ) - L 6) B : ' S 7. -
18 required, and so the values for A2r/A0 are needed. ,This’is done by
using: (

o

P

stérting with'AZ/Av0 and.A4/A2, and working sequentially through all the
ratios. Onée this has been‘accom%IfShed, using thé different-valueé for -
Aylhgs Ag and A, canbe found. - .
o oo . : ‘ ‘

With the various;A, 's,

L%

a seriesvapprOXimatioqéfor”ceéﬁ(zid)’cap}be

generated.

I

Take now ceyny1(z,a) [551. Thll first ratio from (5.2.6) ia

.
S_-a-1-4d
Bro @ i
The remaining ratlos are of the form:
- " \‘ ,-‘ .
-.‘A2r_'-l;1_ - N i
A . [a
. 2e=l L _r + )% - q SEEfé
5 T 2r+1

As was the ‘case

i
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after 25 terms becauae ratios beyond ASl/A49 can be considered ‘a8 being

negligible when compared with the others. The resulting normalization

o

used(is([56].‘

. 2 2 o G
1 =:A +A3+A5+.....f‘_ .

1—‘ N
+

and the series approximation for ce2n+l(z,q) using the vekues for A2r+l
}

4

is. found using the same method as before.
Consider -now 9‘2 +l(z,q) ~-Owing to " the similariéies between
"(6 2 6) and' (6 2 7), the derivatiens‘ can be omitted and the regults

presented [49]:

ks B . . ) N
:'?,' D )

.(\; - " 21 2 .
= + ’* LA ] L]
C L PTB By B

=N

From this, se2h+l(z,q), caﬁ“ be found since :the coefficiente can be
determined from the above relations. C ‘ d : C -
Finally, the results for se2n+2(z,q) will be shown.r Since (6.2.8)

is similar to (6 2 5), the ra;ios are as follovs, since theiderivations

S

would be alike [s55], [56]:

o
1
o>

E'RY

wl w
g P
Q

[
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e

”From this, an approximation‘to a: Mathieu function of integral ordér

-.can be &enerated thus allowing one to consider the complete solution to ‘ nf,/ﬂ',
\theaoriginal-equationp A comguter program was written to make use of
‘ B : : s

the relations just detived and the reSults were checked“against tabu—/'ﬂ

lated values that Ince presented [57], and were - found to be 1n agreement

to at least seven significant figures in almost abl cases. o ~,£?%,j» '

Using these coefficients, (6 2 l) to (6 2 4) can now._ be calculated

s f Pt

»Jend thus, an, approximation to a'Me exact solution generated. o For -
integral ordeﬁ solutions, one or the otherogf (6 l 2) is zero.. For:iq

Y(O) J s v‘_'rv v»li.;
<0>=o o |

’{'theisolution:usesieither_(6{i.l);ott(6;2;2)£'éi&ingssjcoupletefresultt;,71"

.O‘, N

Cowhered o T T e L T T
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g}

b (r) .8 2rf}'j Q,‘; B @T'

il
',' —— o

L

i}
[T T
3=

2c41, o (t=

RO

. Applying (6.1.2) ylelds the final form: ¢

e

Y, = azA cos <o> o

[ VAl JESPAEEEAE S

 :EZ;%2F)'J

77;y(0) ;:*

;:‘y (0) = Ya ‘

© the solutton is of . the form of elther (6:2.3) or (6.2.4), thus.ylelding:

. N
B )

3
g

o

aFl .




‘yv'giving; after:ueihgf(6.l;2):

. /

‘A. p,z ',>”‘°,_[‘58'],=’.

i

A

[

-
h,x B

ll

e v?

8 2 {¢>(r)s¢ ,cos [¢cr)z] Yaor©
r= o

o< -
!}

BEE¢<r>B cos <°>]

Y,('), e b |

z‘“”%(r)

‘r=0

2¢(r)B

r=0

D. ‘Derivationfof Pieéewise?Linear'Solution
' Since it is desired to have a piecewise linear solution of the form

| shown in (1 2), (6 2 1) can’ be approximated by

ﬁ,,,x - yn + P y 0 "“’f . o ce ERSTERSCEE L S
! JJ%%: 'fkiii”:fol,e“l I pﬁ;;;; B

A o&er”a SmallliﬁEérvai oAi.i The displacement at the beginning of this

4“ ST
interval is. yovand the velocity yb..i,"

.‘,/v ‘

: This equation has the following solutions (based on [34])

e

+

. RECEE
147 -,
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"Ce p2 “< 0 [37]: | ’.“' . .,‘A_.! 9
= yo cfoshsz + -; 51nh .SZ_ ,

2 2
p = =8 4 '

= . 1\.“ ' . VR e
E S \ . ! - - .
The final value for the characteristic number, a, and q are given such',’ L

| that the 301ution would‘ be periodic, Az can be of any reasonable size. =
- .Consi‘der now the ‘(m - l)t-hv and mth‘xpoints..- The 'displacements that. "

v would correspond to them are y and y 35 respectively. See Figure 6. 1 ‘,

l
»for details. As the system moves t’nroush Nz, P: f’ill-“Change" -,It,‘is'

better to have it as a conbstant: value as it passes through an interval .'
‘and ‘.so, 1t is calculated at t:he midpoint of the interval or at."
(m - 1/2)Az. | It is obvious that this will be t:he case as Az getsvf" '1
smaller. That is to say, a - 2qcos[2(m-l)Azj and a - 2qcos(2mAz) will"l.
| approach a - 2qcos[(2m—1)Az] |

S“o‘;" for the mI:h point, the solutions will be as follows.j,g[-‘l"‘orl-

kS a b choe[(Zm—-l)Az] greater than zero [58]

s L0 et e e
.yoicos.P &» ._z.”+ -‘Pm srln,pmA‘zA._‘ po e “‘4&{ LT

]

[:a - 2q cos (2m - l)Az] 1/2 | o J r o

oA
ll

R o

R
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* FIGURE 6.1 - TYPICAL INTERVAL LAYOUT (MATHIEU EQUATION) -
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,y'

S 0 ... S _

ym_ ‘YQCQShSmAZ +_sm51nhsmAa ' - o S
= { Ea - 2qcos (2m - l)Az:]}]'/2 , v
_For each successive interwal;
o Ty ~
f Vo= .' B |
i! .;At‘the'end of thelinterval:" ','V, ‘ o o . K

YO = Ymr . S
Wt a I
Yo 5 ¥p -

" and the ,next.‘ set of calculations for fi_ndin‘g‘_.yu; can begin. - .

E. Results

léince:‘there ‘are. numberous combinations-'of‘ the. charactefistic’wd

.1number, q, and initial condinions that one can examine; it-wasldecidedﬂ:
to take a few selected values for the parameters and initial conditions,

which would illustrate what can be encountered. ij‘ R ;.;

. . Y;%? ,‘ )
A It was decided ‘to-. take the initial guesses for the charaeteristic

S ( : .
' »,number as -50 O 10 O and 30.0, with the values for q being 1. .0, lQ.O,;’
20 Oe 30 0 and 40 O.e This enabled one to check some- of the valnes

v 3

e obtained against tabulated reSults.

' &
For the case of q = l 0 both the piecewise 1inearization and the g

Runge—Kutta solution [5] had a close correspondence with the serieS'

e STl
“ AT -



‘q= 40 0).

previous _chapter where the shape of the reSulting piecewise 1 ’ﬂ

'solution ﬁcurveo,at ‘least-nﬁ%s the.wsamen_as that of the solutio"

approximation to . the exact ‘solution, /as ‘can’ be seen in . Figures
: . . - i ¢ ——
: ' : s

:6.2.: 6.4.. For most of ‘the values, the same applies ‘for q - lO.Q

/

(Figures 6.5 and 6. 6 being examples of the results obtained) However,

something unusual occurred for the case of q = 10. 0,
,p V&g\

GUESS

(0) = 0. Oihiﬁ(O) = 1.0 (Figure 6 7), where the piequise linearization
-exhibits erratic behaviour..m : l',' -

Consider the cases where'q = 20.0.. Figure 6 8 is a typical example”

of" the good correspondence between all three solutions, but Figure 6.9

,shows some anomalous results. In fact, tests for this‘case have shown‘

k)

‘ that the amplitude of the piecewise linear results can go as high as .

_vinitial conditions, though this occurs near the end of the ‘first cycle,

~and was 1ess than a third of the maximum values of the other solutions.

/

'Upfto’that'point, howeVer,,it had given.satisfactory results. ‘¢

.;so.o, |

5 x 10 ‘_thus making the Runge-Kutta solution [5] and series approxima-t'
..tion insignificant by comparison. A somewhat minor deviation was found

'to exist for the same: values of aGUESS and a5 but for the other set of_’p

Since this has been observed to ha/pen, the question now is whether-f

o this oceurs, for other values of a_ and q. Indeed it does.‘ Compare

GUESS

¥

all three solutions) and one that 1s not QFigures 6. 10 and 6. 11 -

h'respectively,.for q = 30 0, and Figures 6 12 and 6. 13 respectively, for:

ot

since theyidid not even follow the basic pattern of the other solutions,_,s-

but seem to be random oo%prrences, quite unlike what was seen in the’

g

el N

‘o

The magnitude and form of the deviations was totally unexpected

the difference between a good“ result (that iS, correspondence between’




FIGURE 6..2 - SOLUTIONS TO"MATHIEU EQUATION FOR
a; . ~50.0, q'=.1.0, Azan/zoooo
Guess 9(0) = 0.0, y' (0) =1.0°

(N.B.}V Runge-Kutt:a solution uses [5] )
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' CHAR. NUM. (EST. VALUE) = -50.0000
CHAR. NUM. (FINAL VALUE) = -0.1102
q‘= 1.0000 az = 1/200.0 ‘
y[Dl . 0.0000 y'(0) = 1.0000
— SERIES APPROXIMATION
® PIECEWISE LINEHRIZRTIUN
A RUNGE KUTTR
'z- L g ‘ 4
3'-_ 3 o 'l‘\
1 A\ \
3 '
H
|
" !
3. : .b'
: z< +
! 0.0 0.z 0w . o 0.8 T 1z i@ 1.9 2.0
| j . IR | , o
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A _ . .
FIGURE 6.3 - SOLUTIONS TO MATHIEU EQUATION FOR .
Q. e ®* 10,0, g = 1.0, Az = 17/200.00
GUESS o a2 4
GUESS v(0) =1.0, y'(0) = 1.0 .
{N.B.: . Runge—Kutta<;\-solut10n'uses [5]1.)

N



1.80

10.0000
9.0784
n/200.0 .

CHAR. NUM. (EST. VALUE) =
CHAR. NUM. (FINAL VALUE)} =
q = 1.0000 az =
y(0) = 1.0000  y(0)-= 0.0000
‘— SERIES APPROXIMATION.

® PIECEWISE LINEARIZATION

‘& RUNGE-KUTTR

N & 3n 4o M PO
. ™ - — T +- +
s 4
-

-1.28
. I

~1.50-

2.0
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‘. 0 . .o L) . - ) .
'FIGURE 6.4 — SOLUTIONS TO. MATHIEU EQUATION. FOR
a = 30.0,°q¢ = 1.0, Az = 1/200.00,
CUESS 50y = 0.0, y'(0) = 1.0 .
(N.B.: Rux’;‘gé.-'Kutta solution uses [5] )
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- 3
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' CHAR. NUM. (FINAL VALUE) = 25.0208°
q = 1.0000 ;

CHAR. NUM. (EST. VALUE) = 30.0000

Az = n/200.0

y(0)"= 6.0000  y'(0).='1.0000 " é
—— SERIES APPROXIMATION
_© PIECEWISE LINEARIZATION
A& RUNGE-KUTTA |

0e4 0.8

L >-.
. 1.8,
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FIGURE 6 5 - SOLUTIONS To MATHIEU EQUAIION FOR

= 10.0, q =10.0, Az = 71/200. oo,
“ouess 7(0) = 0. ',7(0)-10 |

(N B.. ,ﬁunge-Kutta solution uses [5] )
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’FIGURE 6 6 - sowrxo_ns TO MATHIEU EQUATION FOR
: = 30.0, q.=10.0, Azsn/ZOO 00,
Y(0)=‘00,Y(0)=10 :

GUESS
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 CHAR. NUM. (EST. VALUE) =

30.0000

~_CHAR . NUM. ';FINHL‘VHLUEi'; 26.7664

"'j~.yt0) 0 0000

9= 10.0000" s 2 = 1/200.0
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s

Y(0)='00 Y(0)=10

Runge—l(qtta solution uses [5] )

i

' sownons "o MATHIEU EQUATION FOR 5
 =—500 q = 10.0, Az=1r/20000 |



CHAR. NUN. (EST-. “VALUE) ‘—so‘oood

 CHAR.. NUM. (FINAL VALUE) = -13.9365
q = 10.0000 AZ = rr/200 o

’y(ol.afc.odoo;'ﬂ'yftox = 1,0000
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 FIGURE 6.8 - sox.U'rfoNs,"ﬂ'mmIEU EQUA’I‘IUN FOR
aGUESS=100,q=200 Az> = 7/200.00, .
30 = 1.0, 3@ =00

(NB. Runge-Kucta solution uses [5] )f,




ek
R

o

-0

b

~.u“

Y

© y(0) .= 1.0000

" /CHAR. NUM. (EST. VALUE) = 10.0000
 CHAR. NUM. (FINAL VALUE) = 15.3958
¢ = 20.0000 |
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A

FIGURE 6.9 - SOLUTIONS TO MATHIEU EQUATION FOR
a, .. = =50.0, q = 20.0, Az =7/200.00,
_c;mass‘ y(0) = 0.0, y'(0) = 1.0 -~

(N.B.: ~Rﬁnge-Kutta solution uses (51



CHAR. NUM. (EST. VALUE)} = -50.0000
CHAR.-NUM. (FINAL VALUE) = -31.3134
q = 20.0000 az = 1/200.0
- y(0) = 0-0000  y'(0) = 1.0000
—— SERIES APPROXIMATION
O PIECENISE LINERRIZATION
A RUNGE~KUTTR
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"= FIGURE 6.10 ~ SOLUTIONS TO MATHIEU EQUATION FOR |

a oo ® 30.0, q = 30.0, Az = q/200.00,
GUESS. : bd. ,
vES 'y(0).= 0.0, y'(0) =1.0.

‘ .
B Y
@

.(N,..B.:b Runge‘-’_l(uvttg ~soldtiori_ uses [5]%) Cap
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FIGURE 6:11 -~ SOLUTIONS TO MATHIEU EQUATION FOR

GUESS  y(0) = 0.0, y'(0) = 1.0

(N.B.: Runge-Kutta solution uses :[5'] Do

W
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CHAR. NUM..(EST. VALUE) =
_CHAR. NUM. (FINAL VALUE) =
"q = 30.0000  az = n/200.0

-50.0000

y(0) = 0.0000  y'(0) = 1.0000"
— SERIES APPROXIMATION
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- FIGURE 6 12 - SOLU’I‘IONS TO MATHIEU EQUATIO
= 30.0, q = 40. 0,\ Az = 1/200.00,"
G"Essxyw) = 1.0, y'(0) = 0.0 .

(N.B.: Ru_ng'efKutta soluti’qn~ ;uses [5]4)

“FOR
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FIGURE 6. 13 - sow'rxons TO MATHIEU EQUATIQN FOR
B =50.0, q=400 Azan/ZOO.Q :
GUESS y(O) = 1.0, y '(0) ="0.0-+

P

Ly .','(N;}};.:,., Runge-Kutta §olution uses [i] ) ’ ‘f‘ IR
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S occur. L ﬁ- :

BRIV Y

: compared. Since changing the size of the increment of z: eeemed to work, -
. Co ,1 °. X . S
; for _the Van der J?ol equation, _it was felt that t:his may

B

*',.,PtOblegl.n A typical resul-t )

"‘-j.-",-ditions. : Unfortunately,' this ‘helped very little. _' ’.As a ‘checkvvas'ftoi;-f.'
> L \ E
"_;ﬁii'whether 'the cOmputer program was at fault a test program was ./run on ’a”' '
A_»‘ Hewle’tt— "ackard HP-67 hand calculator using the same conditions and\ itv“‘-:'

S\ gt K .
-‘_;:‘was found'» that the same situationb occurred withr essentially t’g\e same

i,f}foutcome. ,;-"‘?This was double—checked by running. a Runge—Kutta routine‘ 3

At present, the question as toewhat occurred,,_ and why,\ remains Tl
o ',unanBWered-. 5 However, it would appear from thek plots obtained for the. i o

:"'region of q < 20 0 that no problems would be exp(erienced for a’ positive} K

: value of the characteristic number» Posi'ibly,a small negative value.;_
d

There are indications that.".';-' g
[_ // P

There does not appear to be any symmetry in the severity of thef'_"; -

"i""f”deviatiom as far as initial conditions are concerned. An example of
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™ sorurrons. TO MATHIED EQUAIION poa
=50.0, q = 40.0, Az =T /400.00, .
y(0) ='1.0, 7' (0) = 0.0 ~

Runge-Kutta solution uses [5] )
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this is the case’ of a\GUESS « =50.0 and q - 10.0.‘ “ For the 'co.nditions of

. \
,;y(O) = 1.0, and y (0) = 0.0, there is a slight: deviation near the end of

‘{ the first cycle, but: only a fraction of the maximum displacement,. How—l

V
| S

rever, for the same characteristic number estimate and q! but y(O)n- 0.0

and y (0) = 1. 0 a totally different situation ar;ptes { maxi-

num diSplacement for ‘the piecewise linearizatignf?‘gu Vg 7.36 ther solu-

tions. : Though this is an isolated example, h?re mﬁy

problem here. k v ) -5 o " e ':‘ e e o -
As had. been shown 1in the previous chapters, the‘ .pr'o'gra'm had’ been
stripped to its essential calculations, removing romment and output

statements, and the timings of the three solutions were obtained [27],

. ri‘ .
-for selected cases. The results of this can be seen in Figures 6, 15\ -

6. 17.. This was run on the Amdahl 470V/8 [26]

For the piecewise linearization and the series approxima-tlon, a’

-‘

"linear_ relation’ship with the number of divisions of . (and hence, ﬁhe

sizg/f the increment of z) and the execution time exists, but - the

179

pd‘ssibly be a

| Runge-Kutta method .[5]‘ displays some :‘unusual / features'. ./First,. its ;

,.execution times are almost always 1arger fOr the 'other two

solutions, except foi’ Figure 6 15 “and the smaller values of Az in Figure )

. ,:6 16. In factL it is conaiderably larger than what was obtained for the,

_ piecewise method being larger by about a factor of 10 for a large Az -

[ —
but down to - four times as large for the smaller values.

The other \unusual feature is the fact that the Runge—Kutta results
A

1[5]. show some scatter, particularly. -seen on” Figure 6-16.' This is/

' different than what Was observed for the hard spring equations (in whichv% '

the results were linear) and for the Van der Pol equation where the', o

A .-

' resultsy ;wer_e exponential o

TR
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This behaviour was discussed with a consultant from the University

“of Alberta' Conxpu:_ix{g‘ Services [60] in an attempt to détermine whail:,hqd
brought this about. ’”A.sug“geated explanation ia'h that the routine éhat;‘
?ener‘ated‘ the ‘RUQSQ"'K‘:\C'Z& réaulta [5] may have been affected in whole or
in’ part by the actual size of the Az gse;l. Hoéevex:; the exact. cause t;f
. the execution l:iiug .v#riation remains unk;ow;i.

R Y

¥ ‘ ']
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VII. DISCUSSION

Aé: n;n nentioned in Chapter 2, tﬁe mathod‘ of tangenco for aolving
the undamped hard spring equdtion had a greater execution time than the \
nathod of chordn because of the extra calculations that hnd to be
carried out in ‘otdar to arrivo. at a so.lution. The pcriod of osoillation

L

a8 cnlcnlated by the, f_ormep method was c_loaer- to the wvalue obtained by
the approxima-tion to.the ‘exact solution [4], [15}"‘ [17] than the period”’
alculated\by the latter one, but thé method -of chords had a closer fit
to the solution curve of thia approximation than did the one using
tangents. o '
For 5 segmenta, the period as calculated by.the approximation to
‘ the exact solation [4], [15], [17] fon’ a= 1.0 and b = 2.0 1is
4. 004308722,‘whi1e the one obtained by cnords isJ; 976017631 ‘with the
one by tangents, 4. 018171439. The period found by the method of chords
was 0 7071 legs than (2.2.5) [17],,Vhile the value for the method of
tangents was 0.3§6Z larger. If one were to consider the case of 100 -
segnents for a = i.O\end-b = 0.15, where (2.2.5) [17] was-found-to be
,f§;§58299670,l the chotds gave '5.958281d64 (0.0003% 1less) while : the
tan‘gents'v gave‘ 5.958310457_‘(0.00sz.vgreate‘r). "So,v the tangent’s gave a
more'ﬁaccurate calculation, as far as ;the magnitnde - of 'errot is
concerned for the. neriod. | vf | : L 8 £
However, in judging a method of solution, the~period itseif is noé
‘ necessarily'the only standard., The accuracy of the fit of . the cal-
:culated solution with respect to the one that had been chosen to be the

benchmark [4], [15], [17] is perhaps more important, and it is here that

the method of tangents starts showing a .small, but"significant,

©
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diffarence. 1If one wara to look at Figure 2.8, one can seae that the
tangents are off by a alight amount, while the chorde ar& wuch closer,
For’ Ngnl 2.6 and 2.7, this does not becqme imdiately spparent,

which indicates that the values of a and b would have some bearing on

of
the closeness of the fit. et

As mentioned before, it was because the method of chords gave a

closer fit that this method was adopted throughout the remainder of the

thesis as the method of plecewise linearization, as well as the fact
that ‘1t was quicker to calculate.

.The execution time provided some interesting results. Since the
solution chosen to be the standard was baged on a packaged program
libraz;y [5],i one would have expected it to hévoe a shorter execution time
than the gthﬁr solutions, but since (2.2.4) [15] was calculated each

time, this apparently unusual result appears to be resolved. It should

be noted that while setting.up the timing program, the author had run it

in which (2.2.4) [¥8] was calculated only  once and ‘the solutions

generated after that, and the approximation to the exact solution did,

in fact, turn out .to be faster by about 10Z than that of the method of

chords for most of the runs. .

The two cases of the damped hard spring were an extension of the
undamped one. For the situations examined, a good _agreemeht be»twee'n the

results of the plecewise solution and those of the Runge-Kut,ﬁa method

[S] was obtained, which leads one to conclude that for the size of the

. displacement used, the piecewise linearization was a suitable qﬁproxima—

tion to the chosen standard, since an exact solution is not available.
Because the same'calculations are carried ;out‘ for each iteration,

the timing results (using [27]) were linear with respect to the number
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2

o expected, the Runge-Kutta umthod [5] used less time than the piecewise'

» o . v . , N 2 ' . s

of divisions per first quarter*cycle will ocCur, and also\\the quaan"

186

tities being incremented were diﬁferent in edch solution. Also ‘ Bfff"f

RS Lol

.method._ This can be seen if one considers that this is f?om a packagedk

program librarypkand ,80, should have the advantage of development and»*

modifications. ' In fact the IMSL package used was in its seventh ;-':

-"edition {5]; and presumably, should be as efficient as possible _ as

: that, in fact,athe solution does not have time to converge (if a timeifpf‘

compared to the piecewise 1inearization portion of the computer program”

used {o generate the solutions.zgg-lf ‘{ _.y-‘ r‘a_j'v-. ERRE

What is unusual is that for a large xincrement (that is, a.s,ma.ll,;.,.,

-

oy number of divisions per first quarter—cycle), the timings show a large

deviation, which probably me%ns that the increment chosen was so 1arge fi*'u

U

o was obtained) or that both solutions have to work harder to achieve a:

-

= result. This appears further on for the Van der Pol equation. g

--5‘.

The hard ?pring equation piecewise linear solutions gave a close‘

v"‘ - B

Lo

v correspondence with the results from the Runge-Kutta method [5] oﬁ%]':

ever, this was not the case for the piecewise linearization of the Van:;fff'

.“la.

der Pol equation and the same Runge—Kutta metﬁod [5], and for the piece~g~ff:

wise linear results for the Mathieu equation and the approximation to ?e.'d

o
L
g S

r",

The apparent phase difference noticed in the Van der Pol equatiOnak

e

‘ time increment used was the first sign that the piecewise linearization

°

subject of stability, since this may have some bearing on the results

obtained for the Mathieu eqUﬁtiOn. #.v RO

e

results, and which apparently was resolved by reducing the size of the g

L

could have some limitations. Some insight was gained by considering the 'T7‘



which this method is ineffective. Thi ‘ is indicated by! Figures s, 21 and R

l t\\
A4 - R ) " /‘ A ’
) TR

.‘\

5.22° [38]7 [39]

o187

If this is the case, then, can ‘one. predict) if, .and when, this willb

oceur for a: particular situation" Is it actually due to the numerical_’:.

k instability or possibly machine er,l:er\ The answer to the first question"!._ L

is that it may not always be possitile to do s0. Thi' is indicated by

% Greenspan [61], and it would therefore appear that

approach is the only sure method of determining if a equation becomes
’ EE / \‘

Unstable for a given set of parameters. e

. -trial-and—error .

: machine error. ’I'he internal tolerance for calculatio s like the Newton-'

AR

9 v
Raphson [30] relation that was used for determining he remaining\\time

( o until a peak ‘or; trough had been reached had been set to smaller values

i
\

‘he smaller values

. ‘b.‘/v,\\

because the solutions appeared ‘to . be all right for

//.

\ :
/..

to ensure that perhaps this may not have been the ‘source. # This ~was /

4

for p. Also,' the tolerance for the Runge—Kutta prog '_am had also been;,; =

B, 's’

"-reset to a smaller value [5], but the result ‘was
| [

""’change was noticed in this solution. : Since the smalver value for Ehe‘bf

Pl l
! :

»“P

'utime increment appeared to resolve the problem, it was

s ,numerical instability may have caused it. o AT

hat virtually }no -

concluFed that o

This led to the consideration of the accuracy of he solution to"-«

(5 1 l) obtained by using the Runge-Kutta method [5] Figures 5 21 and S



: 3.time increment

'~.jThis can be easi y explained by referringxfor a mmmenn‘ﬁack ‘to. the

S ! v

( “a

g
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c 5 2 2 [38], [39] indicated that it may become inaccurate with a 1arge‘

time /interval but perhaps not to the same extent .as. the piecewise ‘

linearization.' It can therefore be concluded that the results from thef‘

o

‘/A
“

"Runge-Kutta method [5] may be misleading if factors like this .are- not7'“

‘f taken into account.‘lgf}~fﬂj‘:z“f Vslfj’

Next the timing runs were done [27] The"piecewiseflineariéation;‘; .

N e T

. . S
l . '\ R ,;"vv\b ‘)'

Ce

fo:results for the dam ed hard spring equations. ;‘

’ There, for a sma

o

t.~more iterations at this stage.b The same probably occurs here, sincerV"

RK

fd}fincrement, convergence would be rather quick [60]._“-=

L “1had a parabolic relationship between execution time and the size. of the'.

‘and the Runge—Kutta [5] had an - exponential relation.'a

number of divisions for the first quarter-cycle,
';the times for both solutions deviated signif@&antly from the remaindergd'i

7»¢of the results which indicated that both sglutions had to go through;fyl

.”Qihigher values of At and At j For a’ small value of At a large numberfi

nclof iterations had to be carried out,' though because of the small~ R

The aspect of instability occurs ,once again with the ‘Mathieu ;'”

-,Jf/'. .

vﬁpthere was generally no problem with the characteristic number ‘was 1ar833

'-;equation,_and this will now . be examined._ For tne lower values of q,;"h

”=ticular pattern relating to the other solutions.; For the Van der Pol‘[”

c“dkthere were some runs for which times were not obtained because the:l,. L

‘fﬁcomputer kept exceeding its set time lim{t [31] This Occurred for thef;'l»ﬁ

;'and negative, and what makes it'particularly puzzling is the fact thatf;'”

:ldthe situation described by Figure 6 7 does not seem to follow any par-fb;~'

'Eequation,.the deviations at least looked liWe the Runge-Kutta solution RS

r"[S],. but expanded along the time axiS.z_ HOWeVer, :fdf, the Mathieu,f:jzp



' 5””unstable.

‘equation, this does not seem’ to happen.~” . P
. Ca

189,

Figure 6 7 may very well represent part of the unstable region, as;?dQl,f

'ihad just been discussed.‘ i Figures 649, 6 11 6 13 and 6 14 weretf

interesting in the fact that the maximum amplitude of the piecewisei,_

'1inearization completely dwarfed the other solutions ‘as was seen when‘*'”

the initial results were obtained. r(It should be noted that the plotsr‘.ﬁ‘

*wete sealed by taking the largest amplitude)of the three solutions, and_h

A . n

ffso; this result will occur ) The program waﬂ temporarily modified toj

hlshow the other solutions,#and so, the piecewise lineari%ation results

:2flendgk going off scale., 4 o

a v‘ /

e i o S L e
":’Qlié particular, Figures 6 13 and 6 14 display that changing the size';j o

lof Az does not seem to have any major effect on this phenomenon..hrhepi.ﬁf'

e

£

SR

. fl’analysis is further complicated through the piecewise 1inear resultssof'
'f_ﬂ;ffollowing the series approximation to the exact solution quite floselyfw_'

drb,;until nearly the end of the first half—cycle,i and then ;b&coming{g."f'

Though not shown here, it should be noted that the results from the}dﬁ”f.*

hth;Runge—Kutta method [5] had exhibited similar behaviour..x This- was;'i'v

'[*observed 1by the author when developing the program for solving the {;i{.';

D-:Mathieu equation for the same initial conditions for Figures 6 13 and_ﬂif

';A6 14 but using an aGUESS

glto a smallegfextent than the piecewise 1inearization and took place in

.‘roughly itheii samew~ areaj. } whilegv” he series f approximation L was/

o well-behaved

./‘t
/

Perhaps some insight can be gained by examining the subject of

':ffnumerical instability.v First one must consider what sort of instabil-‘f~.’

uities exist. p""" *';ﬁkv;f'

R

of 45 0 instead of —50 0.( It became unstablerg%

| /
/



‘ are as used in the references )

e

Most texts on numerical analysis will givev four' definitions,

,.Y
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depending upon what the situation in question;is,isuch as . [62], [63],1'

.l
Sas
.‘*

A\
\
a "Inherent instability occurs when a small change in\

‘independent of the numerical method chosen to solve the problem [62]

"Tsolve it [63]

°<.fsma11er increment is chosen [64]

5'additiona1 terms arise that do not vanish .as the step

S

'significantly from the true one as more steps are taken.-'The situation'

B

‘Syis dependent upon the equation that is being solved the method used ';”

';f;.and especially the step size.,~ This ”appears to' be res°lvea Whe“ ah‘

Strong instability arises when one solvés*

. >

./_

h“tsmall._ These terms increase faster than the desired solution,iilr

h'ffhliof convergence as well as stability is implied here [65], [66]

, -1[6S]

\
A

Weak" instability is defined as having the same behaviour as whatﬂl-

f,characterizes strong instability occurs, but the solution convergesft*

YN

. : e e L e T T N T
"Partial" instability : arises when ,‘the v,solution{,hdeviates~

IR ES R R R
'the equation, Cbut

.;ze gets very i

| ﬂfit ‘ y ) t 8 ou note t at t e .de initions to given'v'
, [64] [65] [66] (1 hy ld be d hat th fd £ be

the starting‘”‘

b_value will cause large changes in the solution to - occur, but this s ;

fIt is the equation itself that is insensitive, and not the means used to:‘jwv?

‘In view of these definitions, the problems with the Mathieu equa- e

"t'jtion piecewise linear solution seem to display a combination of all of;”fr:b

- nthese,.but cannot be completely described by any one of them.v As was‘;dr"

o

mentioned before, the vinitial cond\tions were ’changed by a slightw

';amount, 'butj this' did not give 'rise atokfth t radical changes that R

ﬂginherent instability would imply. Partial instability [64] seems to:*ym3f
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describe what had occurred with the Van der: Pol equation, but still a

f\,change in the step size did ny‘ se} to matter much ,though there is'

some indication that if one w.re to take an extremely small step size

(such as on the order of,n/SOOO), a partial success is achieved in that -

"'the amplitude of the piecewise linear method is reduced by at least a

A

E ‘_factor of 10 but the takeoff" point for this irregularity does not
‘;seem to “have been affected much by being delayéd for .a féw more_
"increments, as compared to what happened with the Van der Pol equation.l

"‘So, it would seem that partial instability [64] can be eliminated as a’.'

'probable cause.

™

After breakdown, the solution appears to- follow a pattern in the =

l:_resulti g curve rather than having the points randomly distributed."

: y be an indication of weak" instability [65], but because there':“.'
: was a good correspondence between the piecewise linearization and the_‘
. “'s.eries approximation to the exact solution, it cannot be the sole cause.':’
"'L’:'_‘rvThe possible clue concerning weak instability [65] was obtained from
\ the original plot from which Figure 6 9 was derived (Figure 7 l)
ince.no single definition of instability fully describes the //'
‘ observed results, it appears that the reasons for the failure of the‘:vj’?‘
‘piecewise linear method are perhaps moxie complex than first imagined.
| Figure 7 2 is a plot of the characteristic numbers obtained versus'’ -
“'q, and” the distinction is made between th‘ose values for which serious’
deviations.occur and those for which the piecewise 1inear solution is
: ?reasonably vwell-behaved.-‘ 'fhere appears to be a transition aone between
. 'which the solutions go from stable to unstaz_b\le.. Unfortunately, there is.

'.not enough data available to give a,ibetter resolution of the b0undaries,

:_and so, Figure 7. 2 has to be taken as - a very rough estimate._ What it
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does 1indicate is that_if'this:problem of the runaway piecwise linear

o
o

solution cannot be resolued this chart (or rather, a more accurate»;
L]
- version of it) would give one an idea as to. where the piecewise 1inear'

solution to the Mathieu equation becomes indffect
‘.gf}

e\and another method‘

) should be pursued.wf
N The timing results really posed no major problems as far as most of
. the values were concerned [27]; The’ piecewise iinear method was fairly
f gtraightforward;.and so, one can;expect a linesrfsolution, since:as the
vnumber.of in:rements isjincreised,lthe sameccaICulations have to be done
that many times more. The same{appiies totthe'seriesfapproximation to.
v‘the exact solution,. wheref~the solution ‘is“ mainiyi-composedh of theh

manipulation of the coefficient ratios.
The Runge—Kutta method [5] did give some: unusual results.w firSt,}
the magnitude of 1ts times were suspect since one would expect theb
v method to be faster than the others based on results ~for~ (3.1;155{
(4 1 1), and (5 1. 1) However,'since the Mathieu equatizn is actually a
4 h, linear one with a time—varying coefficient it may be a- difficult one
for the Runge—Kutta routine [5] to manipulate. The piecewise linear.
.method merely approximates the coefficient with a constant, and the
series approximation to the exact solution is based upon the Mathieu’
functions.r | |
" The scatter in the timingnresults?may.hanefheenga'consequence of
'the size‘of#the interval of zvratherAthan the-eguation i60j, ~It'appears:
~ that DVERk‘[Sj itself may have’been.directlw af fected byithe magnitude
| of Az sincer (6. 1;1) is a different type of equation than had been

_ encountered in the previous chapters. How it is affected by it and

»subsequent steps'it'executeS»COuld'also explain why,the execution times,
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'as determined by dae of [27], wére.so large compared wi;h»chosg for the

others. KA ‘ C | 4 | - ' 2]



VIII. CONCLUSIONS

1. The., accuracy of thelpiecewise linear solution with respect to

the one being‘ compared will vary with the equation being examined.

o

This is dependent upon the presence of damping, the degree.of nonlinear-
ity (if‘ any) and whether the coefficients in these equations . are

constant or variable.
{
. / |
2. . For those cases in which correspondence between the piecewise

linear solution and the solution being compared is poor, there appear to

,,,,,

be areas for which the piecewise linear method . is unstable, or at least

L

limited.‘ The degree to which this occurs will depend upon the equation

'parameters and,constants, as well as the size. of. the increments chosen, .

' whether displacement or time.

»3; ' The type of instabilities displayed by the piecewise linear

fsolutions may be equation-dependent. That.is, the instability seenlin

'°the Van der- Pol equation appeﬂred to be different than that displayed by

the Mathieu equation. This may have to ‘be confirmed by further work

‘

: with these two’ equations plus the investigation of others.

W 6.

o 'fa.» For large increments of’time or displacement (depending upon

&, e

_which equation was . being solved), the piecewise linear method can become

-

.uneconomical since it will have a larger execution time compared with a

7

‘ smaller increment and quite often can exceed the time limit set for the-

' program used. However, under certain circumstances, the execution time

of the piecewise linear method can be close to that of the - chaosen |

-»standard solution (such as: the Runge—Kutta method [5] used as a compari-

Y N |

son- for the Van der Pol equation), or ‘even cheaper (as was seen for "the

. \

\

undamped hard spting and’ Mathieu equation) ' ;vl oy

oo ey



5. Generally, the piecawiuh linearization 1is slower than the
solution being conipared for the system béiﬁng examined except in the case

) , ’ ‘o ’ d .
of the undamped hard spring’ and t:he Mathieu equations. For the former,

-1t was because the approximation to the complete elliptic intcgral of

the first kind [15] had to be calculated each time the number of

segments was increased while for the Mathieu equation it was because

_the piecewise linearization was simpler than the approximation to the

exact solution and the Runge-Kutta method [5]. It can be seen here,

then,.‘. that the method ‘of approximating the equation \will determine the

v
\
]
i

épeed (and hence, the cost) of a run.

.
.-

6. = The tangential m_etho,d of linearization is slower than that

using chords, becauée ‘of the vatious/ calculations ﬁhat have to be

carried out. - The cqrr‘es’pondence' with the approximation to -the exact
. S o . ' ‘ . .
solution [4] "[15] » [17] appears . to be' better for chords than for

‘tangents, : though the latter’ is_ more accurate when‘ it comes to

calculating period for the \lndamped hard spring equat:ion.

s
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IX. RECOMMENDATIONS FOR FURTHER WORK

Several queastions arising from the results obtained still need to
be answered. At the same timea, there are gome areas that can be
investigated in more detail, extending past what has already been
examined. The following, then, are some'augguutad subjects for further

study.

Mathieu's Equation

The first thing that ceomes to mind {s the sgituation with the
instability of the plecewise linear method. The exact nature as to what
was océur;ing'has to be resolved, since it 1is unusual that the pilecewise
linearizatioh solution haa behaved rather well until it apparently broke
down. %he-égﬁ&al mechanism behigd this has to be examined in depth to
determine not  only what isvtaking place, but also why, and if‘there is
any means of @@bcifying this. ;

On the other hand, suppose that the reagon for the insﬁability
6bserved "in Figuteé 6.7, 6.9, 6.11, 6.13), 6.14, and 7.1 cannot be
resolved. One alternative 1is to try and. pursue other methods of
QOIVing this equation, usiné a different means of approximating the
linear segment. If, however, all attehpts to solve this>prob1em failﬂ
the pnly other thing that can be sﬁggeste@ is to obtain more data and
fiil in.thi§§aps in Figure 7.2, td see 1f a boundary between stability
and instabiiity canobe‘cleariy defined. .

In Mclachlan [67],'refeténcé was made to an éarlierupaper of~his
[68].chatAdgélé with fractional opdefs for thé solutions, This refer-
‘ence, iﬁiturn, refe:red to a paper by Ince on thé sape subject [69].

In [68], a method for detetmining the order of the solutioﬁ for a

5
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iv of-freedom nonlinear d;lfferential equations. " He also produced a major" o

separate modes., LR

K

applied. These references may provide a starting point.fu

particular aGUESS and q is given, based on’ [69] 'This:m'ay‘ make_-'the

2

solution of (6 1 1) mo'%e general in nature comparedo with what had been v i

done in Chgapter VI as fractional orders can ‘now be included.v f
: , ‘e . o : L L

'vu.

B. Tvo—Degree-of-Freedom Nonlinear Equations

Since many physical phenomena can be described by two-degree—of— s
freedom nonlinear equations, one possible approximate method of solution '

.'Q_

is piecewise linearization However,, the major difficutly is ““.tn the

)

separation of the coupled equations that descx:ibe the situation into

Some work on: this separation has already been done in this area by,

Rosenberg [70], [71], which deals with specific classes of two—degree—

work dealing with this subject, and it appears that this may be of a‘.,

B more general nature [72]

Since this subject was merely touched upon,"some work would be

; required in seeing what is needed for solving specific cas°es..- Once the PEEE

equationa have been uncoupled (if such is possible for the particularb

situatign being examined), the piecewise 1inear method -can then be 0

4]

e
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The following programs were used in obtaining the results for- t:his

g thesis. e R S U eSS

A HSPRING - Hard spring equation (undamped)

»

o B _"HSPRINGC - Hard spring equation (linear damping)
- C."fﬂt':HSPRINGQ - Hard spring equat\ip\n (nonlinear damping)
D. '-IVANDERPOL - Van der Pol equation ' ‘

E. MATHIEU - Mathieu eauation. e o

: These programs Were developed and run on the facilities “of the

'_"University of Alberta Computing Services [25],» [26], with the plot /

A 5 »)y “

'b "“:._":routines used being [40], [73] Material upon which these programs ‘are T .

‘.based is foﬁnd in. o - o R
. cope s : . ) el

"- HSPRING -l[4], 181, [9], [10], [11], [12] /[14], [15], B
' [16], (18], [201, [zzﬂ, [23], [24], |
Vk'.“HSPRINGC - [5], [18], [20], 294, [30], ;
- HSPRINGQ - 151, [18],4[20], [291, [30], [74],_.
.'i,iVANDERPOL - [5], [30],,[32], [34], [38], [39], [74}

-_"mmu L [51, (341, [421, [43], [581

. "_;'The signum function a8 defined An. [74] was. ~used in HSPRINGQ and

‘b .:‘.I.VANDE,RPOL; 'l‘he major reference for the program C°de was [75]
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, 28 | C» . *XDOTOSCOS (PCH{T-TOC)) .
LR LA . . . .- @
27 . Ce TANGENTS: ' XsXOST+(X0CH- losr)-cnl(ﬁvqcf -ToT)) . . ‘ =
E IR 1 . o ~1xnorof/r7)-sxu1r1-(f-?or)1 : R .. . .
28 FR 4 ! - . .
30 . c» ) x(uo?)- P?t(lOCi-lO!T)-lll(PT'(T Tor)) .
. c» +XDQTOTSCUS(PTS(T-TOT)) -
32 . e= ) . . .
33 Ce tuu vARIOUS PAuAunvln: AR lanAlnlc ] :AL:uLArln“xn T™™E T
.38 C» PROGRAM. . ) .7 . : . .
s . 4 . s '
:. . c'll..-IIIlll‘l.-.lIl.l-'l..l-l.ll.l.lt"l-lll--liil.lI.IlIllIl.'ll =
37 [ - e .
38 [
E TR - ' . : :
a0 c - °
ay ;€ .
4 c
43 [
4., € -
[~4 .
‘€ . St ’ . : e . '
: IMPLICIT REAL®S (A-H,0-2) " : o S R
. REAL=S OR x(200), tnuc(zeo).YAur(:oo) o
REALSS AMBDA, .
RIALpAVAuledzoca AMPLC(200), Auerlaec);t:(:ool,r:(zoo),rrtzoo» S s
' 'IIAL‘I‘VC(!OO).TCP(IOO),VT(?OO) TTP(200). S n ‘ . : e
T O MgALe4 )., YAL2) . S : - S -
RRAL*S LHE, HE, VA, VB vC
INTEGER®S ALPH(20) . . :
,. . COMMON/CORFF/A,8 / o
CnﬂMQNIILLI’IPX.LAﬂIDA,K S ’ B S .
CoMMON/ENDOC/XOC . ’ S o . S
coMman/ENDIC/XIC .- : . : . . o s
COMMON/CROSSC/XOSC : L : e . O
COMMON/VIBC/PT C A o LT
. COMMON/ENDOT/XOT L : . o :
. COMMON/ENDIT/X1T . . . B
/ COMMON/CROSST/XOS T ; A : . e L ) \’i?~
-/ COMMON/SHARR/XOC2 - } . ' P,
- TCOMMON/YIBT/PY ’ ’ ’ . .
. Cﬂ.v"'."000"lll"00'0"l..l""""ﬁ#"'v""O".'ﬂ"'oﬁﬁ"l"ﬁ"""
) ¢ -
c _rul roLLowlnc YALURS ARE’READ FPROM DATA FILE HEPRINGDATA:
[ . ' i . £ B N o B i . .
‘ - R | . . . - h ) - . . - ot
P A,B=AR IN THR SQUATION . T . ’ : n : " 7
c.: . . . B : Co . . : . ) S . :
[ . DISPLOSINITIAL -AMPLITUDE
c VOSINITIAL VELOCITY . S : L X ;
. c ro-lnxrlAL Timg AN . R ’ o /
i c ‘ ' L '
c - Ha, MCePLOT rAuAnnrll: FoR Mom1zowTAL AXIS (HC AN IMTEGRAL MULTIPLE
g < . or 8.0) R . .
< . B . ~ N X . .
: c. vesPLOY PARAMITER FOR VERTICAL AXIS (AN INTEGRAL MULTIPLE ar 7.0,
'3l N - 7.0°GIVING BEST RESULTS) . . ‘ e
82 Le : . - o
., 83 c xa, YA-PAIAMIY!RS POR BLOTTING ZERO anl : n ’ C PR -
T e c : :
(13 c AL!M-AnnAv FoR PLOT AXIS LAIILS
as e
&7 - C’O'O'-0"0’.'0'00"0'0.""'0"'ll"ﬁ""'l'llll""dl'0""'40"'0’004 N
[T I READ(S,10) A,8 - : ) . ek
as " 10 Pnlul?(:bto i . 1S . o
20 " READ(E,20) DISPLO, YO, fo T . ) - e
‘21 : 20 FORMAT(3D10.8) e . : . .
202 ) ‘READ(8,30). MA NC . ’ : N
'Th " 30 FORMAT{2F10.4) . L . : N\ S : . o
’" " READ(%, 40} VC s o e - ; ; A .. . :
88 . ' 40 FORMAY(F10.%) B , S SR . . : : . L
] . : READC(S , BO) XA{1) - : R S N
| 3 B ‘lo‘runnlftr|o . o e ce : S
" ’ READ(S,80) YA(I).VA(Z) : s ’ ) ' . R :
L1 3N 80 FORMAT(2F10.4) - A L e - : : L
B L. T . ‘READ(S,70) (ALrn(x).l-t. 2) e ) ) K ‘ . [
101 70 rounA7(1znc) : v TR : . : . C :
102 . * READ(S,80) (ALPHLI), 1213, . . .
103 .80 FORMAT{AAL) . - *. A : . ol ' L : d .
. BRI TR READ(S,90) (ALBM(I),I=17,20) - Lo . i : i . s
108 90 FORMAT(AAS) o R . . B o
108 € . - : L .
Covew, oG ~ i T S . o ’
i RY-T} : rx-:.|¢|l-gll:lll1:: . R . : E . ) R .
: B 7T S BETAxp=(DISPLO®S2) /A ’ : N
110~ C'Q"O"ﬁ""'ﬂ‘ldl'&'ﬂ'00"0&.'1"0"'000"0'.'0#0#"00l"'.‘#'#'#llﬂﬂl M ' . T . : - '
N K - N ) ® w . 5
. \: '

POOR COPY 3
COPIE DE QUALITEE INFERIEURE

Do
(e




- - o a - -
-t > n - e -

220

PABEB BN~

c
[
-
(4
€
<
C
C
€

c
c
‘¢

o

<
c
.€
€
[

c
c
c
c
c
c
e
c
iC
c
c
14
c
c

4
4

€
. €

€
<

c
<
c
c
c
[
c
‘e
i
c .
c
‘g
c
C
c
4
c
14
c
c
c
c
c

c

c
4
c.
4
c
c
4
c
c

C

C
c
c
c
4
C

Q. . . . N .
>

XOUSAMPLITUDR OF BNACT SOLUTION
. LAMSDA®MODULUS (FOR IIACT SBLUT!OK)

’O".OIOOOU.l"...'.""'l"""‘O.""l"10‘0.""’."l""'.'l'l.llld
XOoRwpISPLO
LAMBOAROSORT(O.8/((1.0/0ETA)*1.0}}

RESVNORANINOONS ‘.'.IOOOO.'0"0'"OO"CO'.OOO".O”.ﬁ""ll"'ll".""

"ELLINT=SUSRDUTING FOR CALCULATING. THE COMPLETE lLLerXt INTEGRAL
oF TNE FIRST KIND

"l..‘..O!'OQ"O.I".OO""O'Ol'O"'OO'O""".OOO.U‘."IO..l‘h."ld‘.'
CALL ELLINT
lQ'OO'Ol"OO'OOOO..'.00U.Ob'DO""'I""OOI"'.OOOCO‘I"00‘0.'0'.!'.00'
OMEGAR=EXACT SOLUTION ANGULAR FREQUENCY A ' )
TIMESCUMULATIVE TIME FOR EXACT 30”"'10“ .
DELTATSTIME INCREMENT : ! .

"0‘0"."‘.""".'.OO."‘."’C"O‘.-D'O.'l""l'l‘i""".'00""".0
OMRGAEVOSORT (A® (1.0488TA}) -
TiMg=YO . :
DELTATEK/(100. OODiOlT(A-(|.°0llTA)))
00 100 Rmi,i0t . .
USOMEGAR®TIME !
.0OOO'.O!"'O"'.O'O.l""l.'l'..'O'.l""."""".O.'l""ﬁ"""'l"

DJCIVFI!U.lOUTIHI FOR WYALUATING JACOBIAN KLLIPTIC FUNCTIONS
(SR® usc HAIUAL sysc FUlchOI' FOR anllLi) .

0'.‘0'.'00""""'"‘.'0"."00"'0'.!".'.'"'O"O"O'OOO"OO'!I"!00'

CALL DJCOYPF(U,LAMBDA, DSN,BCN, DON, IR, 8) -

'O."'O"O'O"O"00'."'"'00.00."'.'0"'."‘OO"""OO'O"'.OO"O'I'OU

AMPLESARRAY PFOR INSTANTANEOUS AMPLITUDE (FOR PLOTTING)

TESARRAY FOR TIME {FOR PLOTTING)

00'000Oola.'ov'OcodOntvln0001000000011100vo!ﬁvvou".n.l.otoaﬂoooctotﬂﬁn

© AMPLE{N)aXORSOCH
TE(N)=TIME
TIMESTIME+O0NLTAY R .
100 CONTINUE o

oopovoo-apoooooooopcnooonooooo-vnn-ovcooaocanooooan-uoao:a.po.noao-oann
TAURSEXACT PERIOD . o
S1Q=LARGEST VALUE OF QUARTER- PERIOD (FOR -Lc1 SCALING)

ouwoovovvawupoo-oa-o-oo-.o-oonao»npcavoa-o.oc-;.avﬁo'ooo¢¢¢¢-o¢poo¢ao--
TAURSA OaK/DSOAT(As (1. 0+8KTA)) - . .
BIGaTAUR/4.O :

a--v-o-aovo-ao-vvoonoa-voooooooowoow»ono--wnoo-ov0-¢a-ooo~¢-oc¢¢¢¢oavo¢

™e PDLLOW!NG RO-LOOP (ENODINMG AT ‘sTar 2.0) CALCULATRS THE
PINCEWISE LINEAR PERIODS (FOR BOTH METHODS) SASED ON THE
PARTICULAR NUMBER OF SRCMENTS CTHOSEN, : c

iCllUHlll'O; ENOID’ (INITIALLY SRT AT §)

NTaNUMBRR OF TAIEIIY’ (ll!T!ALLY SET AT &)

ioc XOTwINITIAL Oll'klﬁlullf FOR EACH succ:slxvu IIGMINT POI-
CHORDS AND TANGENTS, RESPECTIVELY

'!DOYOC XDOTOT=INITIAL VILOC!TV FOR IACH SUCCI‘ClVI SECMENT,  AS
- Asovi
TOC TOT-IIITIAL TIME, FOR CHORDS: AND TAIQINTS ll"lCTIVILV

xocisINITIAL CIGBS]IG POLINT POR TANGENT Llll’ or TWO ADJACINT ‘
SECMENTS (Sll lUllﬂUTlNl XSHARE BELOW)

DELTASLENGTH OF SECMENT - : Co.
DELTAXRARRAY FOR DELTA . :
na-14-a-oavooooooacaooaooaooooaov-o-pnpooo;'oacoa'o'oa-ao-'nvow'-vovvov
uc-'
00, 280 I=1,20 . .
NTI“C#J. o B
HaMC . . . .
- XOCS01$PLO
; XOTeDIgPLO
{ XpoTOCavo
. ADDTOTevO
ToczTO : . :
TOTsTO - . . . ’ . . P
X0CI=OISPLO L L .
DELTA®DISPLO/H Lo
OSLTAX(])=DELTA .
'poaonnpoo--aa-oapo-oo:-coooo-oaooapoppooooooacvvouaocvcnvowo-ano-aooo-

|
THE FOLLOWING SECTION CALCULAT!S THE PERIQD FOR THE M!TﬂDD or
CHBIDS {ENDING AT STEP 110).

X1CEDISPLACEMENT AT lno or S!GHINT o
'019¢¢000000000Iwovtaa"ﬁc'ownﬁvwoo'oovoonov#'ovodvonaao'ovnﬁovﬁtrvlo'ﬂ
X1CeX0C-0ELTA
. DO 110 M=t NC '
ﬁdﬂdﬂaovvcoto'cvowoovoulloaaovwvoanw.vout-otaoylvﬁvcowvoo-uattw#aolvntl

.XPCISUIROUTIN! FOR' CALCULATXNG FnlNT WHERT SIBMINT CHORD LINE -
Clﬂl!!l X- Al!l
FREQC®SUDRUUTINE .FOR CALCULATXNG ANGULAR FIIQUINCV

ﬁ"l"ll"'"0"'0'0'0‘000’4"OOO"ﬂlﬁ""0'0"'0"'0'l""l"ﬁ"""'l
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e « REBETTING THE INITIAL CONDITIONS FOR THE

<
c
c
c
B
c
c
c
4
<
c
c

{ caLL awg
CALL FRuoC
i" """’."'...'."'..'."""z’.'.‘.'."‘"."'."".'.""'.'."’..

c/ TNI POLLOWING SOLVES THE TRIGONOMEYRIC EQUATION:

(1]

C3ICHC1CECOS (THRTAC) *CICESIN(THETAL)
wHERE : i ‘ :
THETACHPC(TIC-TOC)

c
c
c
c
¢
c
[ TIC SRING THE CUMULATIVE rlul TAKEN TO REACH THE END oF e
c SRAMENT SRING lxnulnln. ..
c
cv-oocoooo'-uovo.aavo'ccoa-aovo-:o-ooanauoacoo-avu--vo-oooooua--ovvoaa-.
C1CeXOC-NOST
CICsXDOTOC/PC
CICEX1C-XOSC
TanAc-nAfAu(czCIClC)ouAlcol(C:c/nsonv(:1:--2~c2:--z))

: TICRTQC+THRTAC/PC
:poooa.-.nooo.octnaoana'-oo.oa-.ovgnooopnonpoo.ovaoc-otvocnovo-vtwnoon--
c .
c AMPLCRARRAY POR XOC (FOR PLOTTING) . . :
c TCIARIAV POR TOC (FOR PLOTTING) .
c-onavaaooa-onooaoooo-aoc-ovoonwoo-vnooocvooo--oonu-nacu-on---n-a-wonoao
AMMPLC{N)nKXOC
TCi{N)wTOC :

C"O'OQ0..O.-00'0'.l'lOIOO'OOOOOOOOO'OOOIOl""ll’.""""'-0.0000W'OOI

’nxr SEEMENT .

c
cv:-cn00.00000000voa00010#-00‘0.0000000.'00000-000000000..vvn~090¢-0n0¢¢
xoCsX1c” . .
' X1CeXOC-0ELTA"
XDOTOCH-PCE (CICPOSIN(THETAC) -C2Co0COSITHRETAC) )
‘ TOCsTiC
110 CoNTINUK !
ca'cct.t:aOOo'loo-.ovocl'0!10009'0010001000‘00odlvodvtv.vdv.ovua'ﬂotncob ¢
[

< TAUC'AIIAV FOR' PERICD FOUND UIING %rulns

c
Cﬂ'O.'0”0.’.'0""0""'00'!"".0"Od.’ﬂ.l'.'ll"'l""""'"0'00"'0
TAUC(I)ea.0=TIC
IPF{TIC.88.010) lxc-tlc . B B
NDEENC ) : . ' .
Auru:tnnc)-xoc R S
TC(NOC)=TOC

5.'.0'0"""0'."0’0..0".'0‘!"'!""ﬁld"'9""OU"“.""OQ#"O"‘OO

‘ THE FOLLOWING SRCTION CALCULATII TMI PERIOO FOR THE MITNOO or
TAIIINTI ll.nllﬂ AT STEP 120) .

xvt-oJ:rLAclulnr Ll OF. SEGMENT . -

€
c
c
c
c -
c
4
[
coacoo--ocouo.ovooo.ooop¢-¢¢avv-a--ovn'poovaoo-oo-v-ovaopav-vooooooaouoq
X1T=sXOT-DELTA
- 00 120 Nm1,NT '
coooalotalﬂvvlvtﬂulldOotvvobbvod90.00-00005000010.0000000dvvtﬂllwvvlvﬂvu

c l!NAllliU..ﬂUTl“l FOR CALCULATING THE CIOIIING POINT Pﬂl TANGENT ”f
< . Illl OF TWO ADJACENT SEGMENTS .

c .

- XPYISUIIDUTXNI FOR CALCULATKIG POINT WHERE IIEHINT TANGENT Lln!

[ CROSSES X-AXIS
4
<
c
c

'IlofllUlIQUYll( FOR CALCULATIIE ANGULAR FIIOUI”CV

'0‘0"dIO'..O'.‘.IO"""‘O"OO".l"l#"'.'."'ﬁ‘l#"-'Olﬁﬂﬂﬁlfﬁﬁﬁﬂﬁlﬂ
CALL XSHARE
caLL XPT . . .
CALL FREGT ’ >

'Cﬁ'l"'Q"'Ql""'"'O""OOO"OO'.O'OI"l"""l'..'""OO‘O""'O"OI‘
c’ .

THEZ FOLLOWING SOLVES THE TRIGONOMETRIC louArxuu.
c:r-c‘r-cus(fnltAc)#::r-sﬁu(?nqu;) ) B

WHERE : . .

THETATERT(TiT~ -ToT) . oL e

TIT BRING THE cunuunvxv: T!HIQJAKIN TO REACH THE END OF THE
SEGMENT SEING EXAMINED. ‘
'O"'00."GOOO'.'O"ﬂ'.""."'l"'l"""l"0"'.Ol"’l""""..ﬁ""
C172X0C1-XOST

C272XDQTOT/PY ' .oan

CITHXOC2-XOST

C1F(DARS(XOT).LT.1,00-10) CIT=-XOST ) ! R T
TnutAr-nAfAu(::Y/:tr;onAncnstc:?/osonr(cur--zoczr-.z)» ’
TITSTOT+THETAT/PT :

»cavvv'at."’ool!'ﬁvaa-011-,0~000¢v0¢00cowlovv'tdd'acoo#vaotw-'nv#vova'u'
t AMPLT®ARRAY FOR. XOC! (FGR PLOTTING) .
e TTsARRAY .FOR TOT (FOR PLOTTING) . = - -

[
Cl"l'.‘ﬁ""#'l"O"O'"'000".0"00'00."'l0"0’00""0"'!""""'00
. AMPLT (NtesXOCT .
TT(M)=TOT: : '
Cﬁ""O""l.l".d'ﬁ"ﬁ'"l""‘0’ﬂ’ld"ﬁ'ﬁll"'l"""!b""ﬁ1'0"""'
[

c . RESETTING THE IRITIAL COND!TXDNS FOR THE NIXT SEGMENT !
c
cavcvovnoow&a.vw'nadquwvo'avwvaoapouwooov-oo-wnovvvo-wo---npowoavnnovvv
SXOTRX1T .
- '
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X1TSXGT-0BLTA. . : . .

xnorot--pv-q:tr-n:lu(fultni»-::1-n:oscru¢1Ar)» a
TotaTIT :
X0C1wX0C3 . o
120 CONTINUE '
CDU""l."l"'ll!"0"".l.".oll"ll‘"l.'O'O'Ol"0.!0.0'0.."'000!'!0
c - , )
c. TAUTSPERION FOUNG USING TANGENTS . " <y
[ .
c.'DO.'OO"'OOI"."OOOOO.llOOO'!'OO'00l'0'00'00"0'0'0"'00"0'0'!'l"‘
TAUTI1)iea. . 08T1Y
IP(T1T . GK.B1G) BIGSTIT . B - : N
NDTUMT ¢y . o : it \
AMPLT.(NDT)axOCY : | cl - J . 2
TT(NDY)aTOT . N
C..lﬁ'Olﬁ!!l‘.0"l"."00"0'.0'"OO"O'O"""'OO"l.'l"l'.“ﬁ'l"l'ﬁl
c
e THE WEXT PEW LINES ARG USED IN FINALIZING ALL THE PtﬂT PARAMETERS
[3 WHICH INCLUDSES AXIS SCALING. .
¢
C.OO"::.OI!‘.'OO"O."O"O'OOI"'..'O"O'O'.'l"'!0'.'0".'0.'.0'0"!0! * e !
' ] R
IP(OISPLO.LE.1.0) GO .TO 140 [ o o
' 130 CONTINUR ) : }
DUCOSOLISPLO/ (1D . O0sM) : . T
IP(ONCD.L8.1.0).G0 TO 160 o ‘ .
MaMet . . ) .
@0 TO 130 : - ) .

140 CONTINUE . ’ ' ,
0ICD=0ISPLON(10.00sM) . - . :
ir({o1ep.e&.1.6) ao Td 10 - .. C ) .

MuMe : R — . .
80 7D 140 ) S ) )

190 CONTINVE 2 : : . : . . S
DECD=DIGD/ 10.0 ' S S '

. Me- (M) : - .

- 180 'cONTINUE : : ) .
IF(ONCD.LE.O.1) VFACT®O. 1 . : L
1P((DRCD.GT.0.1) . AND. (DECD.LE.0.28)) VFACT®O.28 . : :
IF((DRCD.GT.0.2%) . ANG, (ORCD.LE.0.8)) YPFACT=0.8 : ) ' -
IF((ONCHD.GT.0.8)- AMD, (DECD.LE.1.0)) VYFACTS!.O * L .
Veu (VFACT/IvC-2.0) )10, o--u :

. VA- Ve

c M i
u-|, » [ . -
IP(BIG.LE.1.0) GO TQ 180 o ) R ' N

170. CONTINUE
oRCT=®IG/ (10, o--n)
IF(DECT.LE.1.0) GO TO 200
Mape ) ' . - . : . . P X
80 10 170 . s -
180 CONTINUS : . : ' ' . .
- DIGT=BIGe (10, 08sM)
T 1P(BIGT.GR. 1, o» @0 To tsc : S g
MM L . . " . T .
G0 YO0 130 - ‘ o - : : ‘ . :
180 CONTINUE
ORCY®D1IGT/10.0 : - : .
M~ (M) T C o o
200 CONTINUR o .
‘IF(DECT.LE.0.08) nVACYIO ‘ '
IF((DECT.GT.0.08) .AND. (DICT LE.0.
IF((DWCT.GT.0.16).ANO® (DRCT.LE.O.

18)) WracTso.2. S B
s)) o : .

I7((DECT.GT.0.4).AND. (DECT.LE.0.4))
o))

MFACT=0. S

HFACTS1.0 . . .
IF((0ECT GT.0.8).AND. (ORCT.LE. HFACTs2.0, . o ] )
HOSHPACT= 10, o--«n 1 . e . : " .
LONGEHE : . : R I

XA(z)roFLOAY(LGNG)tNl -0.008
c-vv-cot..-vot'avcpoovo'000100-&'0100000000':oolOtlﬁdt'cow;tannﬁooaovato

c , ) .
[ THE FGLLOWING SECTION SETS UP THE CHORD AND TANGENT RESULTS $0 .
[ THAT S POINTS OF TME CHORD SOLUTION AND 7 OF THE TANGENT VALURS o
c ARE PLOTTED FOR A CLEARER PRESENTATION, WITH THE PLOTS BRING
c ' ALTERNATED POR COMPARISON PURPOSES. . S
c ‘ : . .
c YCuARRAY FOR PLOTTED CHORD DISPLACEMENTS
c TCPSARRAY FOR PLOTTED CHORD TIME VALUES .
[4 YT=ARRAY POR PLOTTED TANGENT DISPLACEMENTS . . )
[ TYD-AIRAV FOR PLOTTED TANGENT TIME VALUES \ . ) S [
c - :
C'll.""l"'.l‘ll""00"9'0'0"'DO""0'#0"""l'.l"""!'ll‘ﬂl"'.w A
INCCSNDC/S .
INCTNDT/S . :
INCRYT=INCT/2 . N -
IF(NDT.LT.10) INCAT=) - . . . /
MCCEY - . . o R i
NCTs 1 . .
NPCE1 ‘ .
NPTEY . ’ .

Z10 CONTINUE . -
YCINPG)waMpiC(NEC) : : . . :
TCP(NPC)=TC(NEC) ) s . ) .
1F(4EC.RQ.NDC) GO ¥O 230 . : o - . . o

- NPCENPCoT ,,——””— ; - .. . : !
. NCCaRCCHINCC oo ’ : : P
G0-T0 210 . = i R : . o
220 CONTINUE : i :
CYT(NPT ) SAMPLT (NCT)
CTTS(MPT)STTI(NCT)
IF(NCT.E0.1) GO TO 230
NCTaNCT+INCT R .
. GO YD 240 . : .
230: CONTINUE : : ) : S .
NCTENCTSINCRT o . . . ‘ . S
240 CONTINUE v o . .
. IF(NCT.GE.NDT} GO TG 280 . ) o,
L NPTENPT4Y . . : . . . .
G0 70 220 (o SIS :
«3s 280 CONTINUE : : : :
440 . NPTENPTeY - - o S . i

-~
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Y YT(NPY)SAMPLT(NDT) » o RN

\

1" poor éopv

¥

ot mw.u..‘mmm,.orﬂ-.._,..“
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482 . TYR(NPT)IOTT(NDT) ’
: 443 C'..Ol".ﬁ."’00'0'0"..O.'OD"‘ﬂ"".‘d""'l'ﬂl"."'.O'O".lﬂlﬁll'ldi /
sas e . f o
aas c PLOTTING YHE SOLUTIONS. CONSULY THE WAITEUS ON CSPL/CAPLZ AND . . .
448 -3 THE MANUAL 0N OIGITAL PLOTTING FOR DETAILS. \ : .
[X}) ¢ , . ; '
!" C"O'"'.'."..‘.l'."'."ll"".!O""’.D"l0d'ﬁ.l""""'ﬂ."'."’l'! ! ' "
(Y] - NDm 310 . . T X
480 LLEST | . K
R 3 . ::LL cln.:u'rl AMPLE, Ilo NP, 8 NA,NE, m: VA, VB, VC ALPH) [
[T } ] . .
a3 . CALL EGPL2(TCP,YC, ND, 2,144, HE.NC, YA, VE YC, ALPK) | '
a%e NDuupY - .
a8 CALL cerL2(TTP, VT- NO,3,1,MA, HB,HNC, VA, u Ve, Auln
ans vy & ‘ : : - »
a7 CALL COPLI(XA,YA,2.MF, 4, HA, -.Nl:.n.n.vc.u.m: ) = .
ass HORTIZwMA | : : .
£11) VERY®RVC*0. 8§ ' : : ’ . ° .
a0 TCALL PLOT(HORIZ, VEAY,3) -
e ORIImNC
482 s CALL PLOT(NORIZ, VERT,2). . . . - :
483 _ YRRYSYERTE.0 . . . . v
asa ~CALL PLOT(HORIZ, YERT, 2y } N - T -
a8y HORIZeHA - : : . e : C C
ass CALL rl.ounonlx VERT, 2) ' ' : d
487 vuv-vc,g . ’ o S
a8 CALL PLOY(MORIZ, VERT.Z) | . o ) ;
ase STARTXe(HC-T.0)/2.0 . : T :
470 STARTYSVCH6.8 \ : c
471 ' " MORIZSSTARYXN®Q.2 ' ' '
72 YERTOSTARTY+4 6 - : ‘ . - : . '
473 °© CALL SYMBOL(NORIZ, vln‘r 0.2, %°,0.0,3) ! : : -
. 474 ; WORIZuSTARTX+1.0 . : .
LaTs CALL KUMBER (HERIZ,VERT 9 2,4,0.0,4) . : - .
(S LN HORIZwSTARTX+3. S
817 CALL SYMBOL(NGRIZ, VERT, 0. 2,08 " ,0.0,3) / .
) &7 HORIZEETARTN®4 .3 s : : ’ k K
478 . CALL NUMBRR(NQRIZ, YERT,0.2,8,0. o. 4 ’ . : . . a
480 o HORIZISSTARTR+0.2 . “ “ o . .
a4t YERTSSTARTY®I 8 hafEN . ) - o -
: 482 " CALL SYMBOL(MORIZ, VERT 0.2,'NO. ‘u SECMENTS (APPROX. TO EXACT', 0.0 - <
. 283 - . 1.33) BN ) .
ccane : MORIZESTARTX+0.6 . Lo “\ . - : -
a8 YERTRSTARTY+3. ¢ K N . :
ass " CALL SYMSOL (NORIZ, vtll'r 0.2,'30LN. ) ® . 1007 ,0%0,12) T
« 487 HORIZSSTARTN4O .2 . . N
ass YRRTWSTARTY+3 2 e . .
ass C CALL SYMBOL (HORIZ, VERT, ©-2,°¥0. OF CHORDS 0.0, 18)
400 HORI2eSTARYX¢3,. 4. ¢ .
a1 CPOINTR=DFLOAT(NC) ° . . .
492 CALL MUMBER(MORIZ, K YERY 0. z :puln-r 0.0,-1) e
493 HORI2ISTARTX+0.2 L \ .
ana YERT2STARTY+2. 8 DN o
[T . CALL SYMBOL (HGRIZ, VERT,0.2,°NO. OF TANGENTS =°,0.0,17) .
a8 HORIZaSTARTX+3.8 - : .
w7 . TPQINTSDPLOAT(NT)
37 CALL NUMBER (NORIZ, VERT 0.2,TPOINT, 0. °.-
409 HOR12eSTARTX+0.2 , .
800 VERTSSTARTY+2.0 ° .
s01 ’ CALL SYMBOL (MORTIZ,VERT, 0.2, *xtc)‘ ,0.0,8) - &
' g0z . HORIZESTARTX+1.6 / .
s03 CALL ‘NUMBER (NORIZ, VERT 0.2, nuno °.0,4) 4 .
504 HORIZ=STARTX+1.8 . o S
sos -CALL SYMBOL (HORIZ,VERZ,0.2, -x(op ,0.0,8) ‘ _ B -
so8 MORIZwSTARTX+3.52% . i~ . . - ™~ .
s07 YERTeSTARTY+2.3 : ) 4 e @ .
508 _CALL SYMBOL {NORIZ, VIIT 0.2,78,0.0,-1) ) .
soe "HORIZTSSTARTX+4. 8 g e
$10 " YERTSSTARTY+2.0 e \\.
[3EE CALL . MUMBER (NOR1Z, vu'r 6.2,¥0.0.0,4) P S
512 HORJZSSTARTX+0.3 : . ~
$13 VERTaSTARTY+1, 1 ) . S
$14 CALL PLOT(MORIZ, VERT,2) RN
518 HORIZuSTARTX+0. 8" N
30 CALL PLOT(HORIZ, VERT, 2) )
s17 HORIZESTARTX 1.0 N . o Z
s18 VERT=STARTY+1.0 o o :
[ 31 CALL SYMBOL (HORIZ, v!ut 0.2, APPROX. TO EXACT-SOLN.' 0.0,22)
R s20 © MORIX=STARTX+0.8 . .o o ;
$21 VERTeSTARTY+0. 7 ‘
522 CALL SYMBOL(HORIZ, v:rr 0. 2.1,0 ©,-1)
523 HORIZuSTARTX+1.0 : .
524 " YERT=STARTY+0.6. ' S . w
s28 CAL'L SYMBOL(HORIZ, VERT,0.2, CHORDS®,0.0,8) . o R
528 HORI2=STARTX+0. 8 . v
$217 VERTaSTARTY+0.3 ;o
t28 .CALL SYMBOL (HOA1Z, vu*r 0.2,2,0.0,:1)
s29 HORJZESTARTX+1.0 .
) $30°° VERT=STARTY+0, 2’ o -
531 CALL svnlm.(uouz.vlur 0.2, TANGENTS 0.0, l) ~
- 32 . NFrag ' :
\, 533 .- CALL CGPLZ(XA,YA,2,NF, 4, HA, 4B, NT,VA,VB.¥C, ALPH)
! $34 C"O"'.O"9’0’0OO0'0’O'OO""'OOU"“""OO!Ol‘“'l'ldv'&"'ﬂll"d"l'# @
N T c :
- 131 c . TNCREMENTING THE NuMaER orF’ LINRAR SEGMENTS . - N . :
s37 c. i
538 C"ll."""'1000"10‘O"0"0'0001'0"'0"00.'0"‘0"'10"""'0."'!000 N
39 NCaNC+S N
s4&0. T 280 CONTINUE . ! -
a4t Cﬂ"'l""'0"’!"'0".""'ﬂ"""""l"'ﬂﬂ"“.ﬁﬁ.""0"'00""'0'0' ’ -
542 c ! ]
s414 L . THe CALCIILATKD VALUES ARE WRITTEN INTO ouUTPUT FILE nspunauuu :
sa4s . €
., &48% * C"O"'OIOOO'Ol'ﬁ."""d'ﬂ'#l"ﬂﬂ".'ﬂﬁ"'ﬂ"'000.00"!""""00""00 \\,‘ “
546, WRITE(10,270) .
547 270’ ronun«'v *PERIODS FOR THE lounxon ‘) ) )
548 - . WRITE(14,280) : 3
S48, 280 FORMAT( 0’ , ‘X(DOUSLE~ nofhn-nn-(lu:)-o' ) KR
$80 . - ¢ WR1TR{10,3%0)
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280 FORMAT('0° "OBTAINGD BY PIRCEWISK Ulullllllflﬁl'i
wRiTEi{0, 300) A, .
300 FORMAT(’'0Q’ ‘An’ nzo.vo.xx,-o-'.u:o.|o|‘

. WRITE(10,310) nll?Lo.vo oL ) "
310 PORMAT(*0° ‘NiO)®’ ,g20.10,2X, "X(DOT)(Q)e’ B30.10) .
’ WRiTE{t0,320) YAUR )

320 FORMAT(’0°, ‘BXACT SOLUTION PRRIOO=‘, G20, 10) N
WhITE(10,330)

130 rnnnl?!'-’,ll\'ﬂlLtAl'.|lx 'cuouas',lux ‘TANGRNTS ") !
DO 380 jar, 20
WRITE (10, 340) blutnl(x),vsuccl) TAUT(I)

340 FORMAT(1X,3(8320, 10,2%))

380 CONTINUE - - .
sYor . R 7 '
[ 3] -

S |

(LT T T TP T LI T T YT T PR YT PET T VYT PPTY DY PVDT PP TP Y pprpppppppyepppns &y '

THE FOLLOWING SUBRDUTINE=CALCULATES THE FIRST ONK HUNDAED TERMS OF
AN INPINITR. SERISS JPPROXIMATION OF THE COMPLETR SLLIPTIC INTEGRAL
P THE FIRSY KIND. SEN SECY. 17.3, p. B¢, 'HANDIGOK or
TNINATICAL FUNCTIONS WITH RDINULAI GIAPNI AND MATMEMATICAL
TASLES ™, "M, ABRAMOWITZ AND ;. ITIBUI. FOR DETAILS.

KaCALCQULATED Vllulr

ov-von-oootooo-vovo'o-onooo-ovo-nao-a-v--o-p-c-vvawdoonao-apv.nnoooooon“
SUBROUTINE ELLINT
IMPLICIT REALSE (A=H,0-7) . N
- ARALSE ),K,LAMEDA M - R . @ :
© COMMON/ELLIP/PI, LAMBDA K & ) -
MaLAMSDAR 2 ’ .
CoRFPe1.0/2.0 -

. ‘DG 300 Nm1,98 ‘ ;

r Jupet .o . : . ' . P : .
-~ CORPPeCORPRe (2, 080~1.0)/(2.00J) " - : ’ -
TEAMS (COEPPenZ)u(Mow(Ne1)) : .

N SUMSS UM+ TERM ; )

300 CONTINUE ’ oL .

Ku(PL/2.0)u(1. oo:uu) ' e
- RETURN. - . : .
ENOD .

'0t'vo#0"ob'vlvai'0100000'!'0'01‘1@'1'0600"0"00"0‘63"l'w-ﬂtl.'ﬁ"w.

<

c

c

c

c

c THE FOLLOWING SUBROUTINE CALCULATES THE Pﬂll? WHERE THR INTERVAL
c CHORD LINEWOULD CROSS THE X-AXIS. - ’
c o

c PCsCALCULATED VALUI

< XOSCsCALCULATED vAaLum

c
c

ocoa¢v-oooooo.oooooa-oac.ooupo-quoooanvopwooo-oopocnaoooon---oavoovna-v
SUSROUTINE XPC .
IMPLICIT REAL=2
COMMON/CORPYF /A, D
COMMON/ENDOC/XOC
COMMON/ENDIC/X1C
COMMON/CROSSC/ XOSC
FORAZXOCO*B9 (XOCs=3) . )
FilaArX1Ce8s(X1C2s3) o ’ . i
'KQSC'(XlC'(FI/FO)'IOC)/(|'(FIIFO)) L : -
RETURN '
END

{A=N,0-7)

c
c =
covnaoo-yvvoo.woooavnpo:ocooopp-oavc-ooncoanto-oao-o-pcoo-nao-oop-oou.p- »
c

c. TNI FOLLOWlnc lulnnurlncr:ALcuLntls THE. ANGULAR PREQUENCY FOR

c AN IITIIVAL uUsS ING cnoa s .

c

c

00000"l0"‘.‘0""‘0"0"'00'!"0'.Ol"'#ﬂ"l'lﬁ'llltﬁ'ﬂ"'l.!OO‘OC"O
SUSROUTINE FREGC .
IMPLICIY REALSS (A-H,0-2) .

, COMMON/CORPF/A,0 ' -
COMMON/gNDOC/XOC . .
COMMON/gEND tC/X 1T . !
.COMMON/YIRC/PC ; .
PORASXOC+BY (XOCus3) R . - . .
PIsA*X1C+Bs(X1Can3) . . : ) : '
SLoPE=(rO-F1)/ (X0OC~ liC) : 7
PCeDSORT(SLOPE) - |
RETURN . ) ) ) . . .

LT . . . : B N

'0""'6"' "O"'l'0'000"0‘0"0'0'."".0'0'."O'ﬁd"!#""""'lﬂ"ﬁ.
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c THE FaLLOWING IU.IOUTIII CALCULATEX THE ANSULAR PIIOU'“CV rFor
‘€
4
c
<€
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COMMON/ENDeY /RaY . ¢ ,
COMMON/ENEIT/RIY
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IF(DABE(A®T) . LY. 1. 00-10) GO TO 400
SLOPRORAC] Rege i XOTos])

SLEPRInA+] 00Bs(NiTneY)

POuARNOT+Be (NOTseY) ,

PlapnN1Toln (X1TYse]}

ROCTS (SLOPPEOCNOT - BLOPAISNIT-(PO-F1))/IBLOPEO-RLOPRY)

i 48 Y8 sv0
400 CONTINUE
XxeCine, 00 0 -
410 COnNYInul
ARTURN v
LL 1
[
¢
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COMMEN/CRRFP /A,
COMMON/ENDOY/NOT #

COMMGN/HNBIT/XIT "

COMMEN/CROSST/XO8T
CPUANROTABS (XOTS2]) -

SLOPEUA+S . Ov@a (XOTew2) ,
ROSTeXOT~ '/lLorl

RETURN h
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SUSROUTINE FREOT ..
IMPLICLY REAL=S (4-¥,0-2)
COMMON/CORFP/A,S .
COMMON/RNOOT /XOT
/ COMMON/VIBT/PY :
SLOPHEA+].0n0a (XOYe"2) : .
PTaOSORT(SLOPR)
RETURN : s )
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ce CIn-NeCI1oPuC2 . . . ’ R S R L
ce . :t--ln:l-ﬂlcz - e N o [ T - s y.“ }' -
Cs . -
cs . THRS VAI!OUI !Allnlflll ans lx#tnxntn ‘AND CALCULA1ID iw 7Nl .
YL . rlnqun : . =
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‘TXMIOIIIITIAL Tlnl D PO L e T ’

CM¥NuMBER. OF OIViSTONS OF INTTIAL DISPLACEMENT Lol e
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Ly e axvxuc IIIT ﬂ!luLTl),' S
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20 ronaAr(:n'o 8). ) i R . B
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'XBOTOmWO < - : S e
TO=TIMEO . : T RS ; .
oELT=TO ;
ORLTAXSDISPLO/H R . .
DELXRDELTAX o T e - K S
10 ’ .

. CO"I'OQ’OI"l""O."'O""'.Q'OI!.""'O‘ﬁ"‘OOD'OO""II"."'O'D"'O

4
€. THI IOUATIDI PAIAHITII! A!l WRITTIN INTO OUT’UT FILE HIFIINGCIUN
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:'Q'd"0”"-lOOO'OO'000'."""'0'D!O"l"'!"."""""".l!"ﬂ'ﬂl'!'

WRITR(10,170) . )

110 FQINATJ'!"'PIICIWlll LlllAl PRR 10D FOR THE. IOUATIUI-') R

- TWRITE(10,120) - Y
120 FORMAT(*0~ 'xtonuuxl-ocr)oc-x(nut)»A-xou-(:--:4-0') :
ITR(10,130)" :

“130° FORMAT(’0°, A.-
'ﬁ!??!(io,ilbljnllPLo Yo, o

140 roanar('o'.'xqo)-'.c:b.;o.zx,f;;pbr)(c)-',ﬂzo;;oy

ST WRITELVO, 18O) L L T v

180, rouu;tt--'.lx,Lnnpnxtunlf.wox.~cunu;;1:vl TIME)

180 CONTINUE . - e R ] :

1ager. - : T U ! . . g

0

8200 l° ax, 'c-"n:o 19)

W E
82010, 2%,

’ e’l"",l""""'i'l'O'QOO!O"0'"OO"IO""O"‘Ol"O"""OO'.OO'OO!O'l_
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. lPllMlllullBU?lll FOR CALtULAT!lG POINT ﬂﬂlll llﬁ"!"? CNOID Lll!
' CROSSRS X-AXIS "
X‘TARICAL:ULATID yaLue
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'.?IIO.SU'
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TINI'SUIIOUTINI 'ﬂR CAL:ULATYHG TIHI IITIIVAL FOI A Slﬂﬂllf
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‘SPIID UIIOUTIII POR CALCULAT]IG IPIIO AT IND 0' llﬁ
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D18 IOUAL T0. 'DII’L 1. e, UNDAMP!D CASI)

v - .
._ C"ﬂ"Q'"l"...ﬁ"""""""".""“'"""".O""".-0"00,."&"“' ’

 X19X0- QELTAX . : . i
CALL XPRIME(X0, X1, XETARY . . .. - 5. i AP N
CALL FREQ(XO, X1 /N, PSTAR) : e
CALL TIME(XO,XDOTO, X1;08LT, XSTAR, K, PETAR, DELTAT).. iy
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c
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Ti1aTOeDELTATY . : '“ SR e Ty e T T i
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170 CONTINUE

£ AMPLRwARRAY FOR %O 3
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TR(I)1=TO i : S
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€. 1 e
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. WRITE(10,180) XO0,T0.
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T I ¢ ] 130 -
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S 6010 170 R )
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_210 FORMAT(1X,2(620.10, 2!)) . . ~f PN oo e g
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L e imXOSXSTAR. : e R AT . S
: u-(xo-xutAn;oxnnfo)/r:tAn IR : L e
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' COWRITR(11,570) DISPLO, vo o -
I 370 FORMAT (‘0" '110)-'.n:e 10 ax, 'x(nur)io)-
L U WRITREYT, :
‘380 FORMAT (-
PO 200 NOWL, INTYL -
3 WRITE(11,390) TRK(NO), Aurunxluo» K B
3s0 Ponnnt(\x 2163010, 2!)) T
800 CONTINUR -

,820.10)

o)
", ‘Tlﬂl' 18X, ‘AHPLITUDI')

[ S
c: LTHE NEXT FEW LINES- ARE: usRD 1N PXIALIZIIG ALL TNI PLOY PAtlllYll'
3 WHICH INCLUDES AXIS SCALING.
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COO"'U".O'd""".""".l.'l."d".l'ﬁ.'."."'0'0.‘1""!0'*0'.'.'0‘
Comm . .
B .,IF(DII’LO Ll.l 0).80 T l:c
" 810- CONTINUR "~ !
- DECDSDISPLO/ (10.0meM)
“1F{ORCDILL.1.0) @010 cAo
. TN g
© .60 Y0 410 - . . e N R
420 CONTINUE - T P '
h ,nluo-nzl!Lo-(io o--n) : LT S
. S 1P(01€0.GK. 1.0} G0 Tn n:o>« ) R ' Sy
s S MM . LRI - . .
GO TS 430
430 coNTINUN o I REN Lo e _
ETIITTIVIVALR o Co . T T e e . R
LM (e ) ’ LoD ! : T
‘440 CONTIMNUR . - Y & ST
I (0ECD.LE.0. 1) VFACT-°.|>‘ ) P
S IP((DECD.GT:0. 1) . AND. (DECD.LE. 0.287) YFACT=O .28 ST
1#F((OECD.GT.0.28) . AND. (ORCD.LEL0.8)) VFACT=O. & el R
17({DECD,GCT.0.8)" AND. (DECD.. LE.1.0)) veacTEr, 00 ] :
SPACTavVE/10.0. ; . o
.“,VAI-VFACY-SVIC1‘|O owem
. DENRYC/(2.04SFACT) ST
vn-(vract/ulu)-lo ossM

['TX B : . ) A
= xr«rrquL teLt. o) 1) ro nuo L B v
480 CONTINUR. : o T
- DECTRTRINAL/ (10" cusM) . N :
CA1F(DECT, LE.1.0) GO TO 480 o
. MeMey
 'gp.to ake. ul
480 CONTINUE - - R o REA :
‘OIGTIYFINALU(IO ‘omsM). L P B o
20 IF{DIGT . GRL1.O) GO ‘To ar0 |t P . . ‘
: MaMST

. 60 TD 480 : ; RERE .
470 CONTINUE. - - S e
DRCT=DIBT/10:0 - S et
e M 1
480 CONTINUE . .
SXFiDECT.LE.6.07) MFACTEG, 1

: IR (DECTIGT,0.07) AND. (DRET .LX.O! 14)] wrACTsO. 2
. 1FU(DECT.GY. 0. T4 “AND. (DECT.LE.0.38)) nrAcT-o s -
LI IF((DECT.GT.0.38).AND. (DRCT .LE.0.7) ) HPFACT=I. .
i CIF((DREY.GT,0.7) . AND (DRCT:LE.1.0))

ﬁFACT-:.O
' HEEHFACT®10. 084 (M-1) S e
LONGuHC. .
. xA(:)-orLonr(Laus)-ul ©.00% : ’
cvvaaoopvootvoav-ocvop---'nvoov-wpvnpavuw'ovooovnanaoocv'pvroyo~anooo-an
€

.YNI FOLLGW!MG SICTIDI SETS UP. THE Pllc!ﬂlll Llull! RESULTS 30 - TNIT,,

L 1] HOII TNAN |J PO!HYS ARE PLOTTERD POR L tLlll!l Pl"llf‘flon..

Pllt!ﬂlll Llnlll DIS?LACIHIITI

-6
€
[
€ vr-nnnAv ron »Lo
ey
c
cavaonc-aoctcovvaa
k :ouur-orLoAr(ur INT) i . e
. INCECOUNT /10, o '3 ST
. DELINCECOUNTY 10.0-0OFL ‘r(xnc» o e A
N xr(uleu: SED. l) JINC ﬁuc.n o L e 3 Lol
‘un-u Lo o B : o . o :
‘480 CONTINUE - = : . . : o PRI
YR CNP Y mAMPLR CNO) T e B :
Tvr(ur)-rr(uo) " : R
NPsNp+1 A . RO
- ND=ND+INC. . ) . T
IF(ND.GE, nroxnv) anvrn soo. .
EEIT-T R ' BT T : o
560, CONT.INUE L . [
YP(NP)-AMPLP(NPOXNT) s S . .
Trr(ur)-1r(uooxnr) T ‘ SOt e
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EIR % PLOTTIIG ?HI SOLUTIOI‘. consuL?t TNI WRITEUP: Ol CIPLICBPL: AND : RN . .
C - TNI NAHUAL ON - -DIGITAL PLOTTING FOI DETAILS . . ' ' o
c-'-o-a-ooon:roncov--voo'ooao-ovo -pvonQoqovo-o- SHNNPRRISRENORRURNR SN e
. . MOWIRTYL . . [ . R RS o i \
R - : RO :
CALL: CH’LI(TIK AI'LIK IU l' s, NA Nl NC Vl Vl VC ALP!) . -
HOENP : L - . ,
CALL CBPLZ(VPP e, ND !.I.NA IlgNC VA'VI VC,ALPH)- : . . ;
. NPFs8& .
cALL CIFLQ(KI.VI 3 l' 4 NA NI NC va, Vl VC ALPH) . . g
¢ - JTIITXUEHG!I 3113\ | B e Do . . . N
7 STA v;.° . . cL . . .
HORIZ®NHA . S T : .
. YERTsyCe0. 8 N . g N ) k .
CALL PLGT(NOQ!! Vlll‘i) .
NORIZ®=NC . T . . .
‘CALL PLOT(NDI(! YERT, 2) ! ' L, . .
VlR?-Vll?‘Q ] . B . . e
. GALL ’LBT(NGR!Z ﬁll? 3) A ! IR ’ S .,
HORIZuNA . o A e . . .
CALL an?(uoul: YIRY 2b D P . H

s

o.z;'A'}- 0.0,3)"

"CALL SYMBOL (MORIZ, VENT,O. 2,'0 =, 00 0, :) .
. NORIZESTARTXI. 8
R it ‘NUMBER(HORIZ ; VIRT o 2.l °0.0,48)
HORIZ®STARTX+2.0 ... : o o R : o
VERTSSTARTY+3. 8 ' o RO e, L .
CALL SYMBOL(MORIZ, VERT,.O. z,'c -'.o.o;:) i . Lo :
e "HORIISSTARTN+2.D S A - . : )
: T CALL NUMBSER(NORLZ, VIIT o: 2,c,0.0, e o et . X
 MORILSSTARTN$O.2 L : .
N VEARTRSTARTY+3, )
.. CALL -SYMBOL(MORLIZ, vnnr o. z.lz 0.0,-1) U ST e
r% HORIZHSTARTX4O.4 . RN R
3 CALL SYMBOL(MORIZ, VIIT o. :,-x (’llclﬂlll‘ 0.0,11) - KRN :
HORIZwSTARTX®1.0 . I SRR ) . b
LVERTESTARTY*2. & - ; - . -
JEALL SYMBOL(HOR1Z, VIIT 0.2,
HORIZ=STARTX+4 .4 P .
‘CALL NUMBER (WORIZ., VERT, o! z,nle.o 0,4 L s -
HORIZESTARTN 0,2 - e . R
© VERTRSTARTY+2.4 - e LT . ‘ Lo Lo
CALL ‘SYMBOL(HORIZ, YERT 0. z,lz o LTRAR P R EE o =
HORTIRSTARTX 40 4 B ., .
e CALL SYWBGL(HORIZ,VERT,0.2,°T (nuun:-xurrn) ®,0.0,17) 10
HORIZ=STARTX+4.0 s R . G ) : . . .
CALL NUMSER(KORIZ., 'IIT 0. z.ut:u: 0.0, &y TR e o A e
< .MORIZSSTARTX+0.2 . ST ' - v L
VERTuSTARTYS 1.8 ¢ = . .0 o C B BRI . i )
_.o.z.-xlo) -'.o.o.t) - : X L Co

CHORIIUSTARTX+1.0. . a : ]'W;g;
. " CALL NUMBSER(HORIZ,VERT, o 2,4, 0.0.4) . I S e
+.-  NORIZ=STARTX+3.0. e

7!1‘7!0.)"‘.0.0.'!) ) A‘g

N NORIZNSTARY]
Loan v EALL NUMBER]
L HORIZESTARTN®I .8 - s PR
CALL SYMBOL(MORIZ,VERT 0. 1.'x¢o) , 0L o oL BT
MORIZ*STARTX+3.828 : L R
CYERTESTARTYS1.9 - K AR TR et LT
- CALL ‘$YMBOL(MORIZ, VIRT 0.2,7 10000 1) IR T I -
HORIZaSTARTX+4.0 : S : o s

‘VERTESTARTY+1.8 .
‘CALL. NUMBER(HORIZ, VIIT o z.vo 0%0,4).
HORIZSTARTX40.3 2 T ;
CVERTESTARTY$0 .7 - FERON Pl [ : PR
CALL PLOT(MORIZ, leT :) S T S e S e
HORIZ=STARTX+0.3 ; R S . )
. EALL PLOT(MORIZ, VERT, 2y oI S A RPN
 MORIZESTARTX+1.0 . R B S A
VERTRSTARTY40 .8 ' R A T i
CALL SYMBOL{HORIZ, VERT, 0.2, ‘RUNGE-KUTTA v ) - . .
HORIZESTARTN40.6. - ) R R T : S
VERTESTARTY+0.3 - L
CALL: SYMBOL(HORIZ, v-ar °. 2 1,0.0,-1)"
HORIZSSTARTX*1.0 e : N .
L YVERTESTARTY+0.2 i ) L . AT
‘CALL svu|OL(uouxz v!nf . z.'rll:tw1:l an(lllz TION',0.0,23) . - =
NFsO: ) ;
CALL cur;z(xA YA, Z NP4, WA, HE N, VA Ve, ve, ALPN
sTOP ; ‘4 .
S AMD’ : S PR c

o

""0'100'.00’0'0"""O""'!l"ﬂ"ﬁ"""O"O"""'Olﬂ"""ﬁ'"‘ldl

TH! FOLLOW!NG SUIIOUTINI CALCULAY!S THE POINT: WN!I! TN! XNTIRYAL'
CKOID Llll wguLpy' CROSS THE X-AXIS. . ;

0"#"#"'"!""ﬁ""""ﬁd'ﬁ#'"ld'.ﬁl'ﬁd""l""""00'00"‘0‘0"'0

SUBROUTINE XPRIME(XO,X1,XSTAR).

TIMPLICIT REAL®S (A=H,0- z)

" COMMON/CORPF/A : ) : PR :

“IF(DABS(XO0) . LT.1. 00~ oa) Ge T0 loo . : o . S . :
Uro-A-xoonn(xo--:) . o R - . PR
FreAsX (X1ee3) ST B L R R A A
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x:rna-(x,-(rl/ron-xe;/(|-(r|/ro)) ‘ ' : S B
80 TO 810 . o )
[ 800 CONTINUE oo L o . Lo . ’
S RSTAR®O ., DO . e . . Ce B X . L - L,
010 CONTINUE . Co 3 : : . :
CRETURN c : :
o PR o S .

1
"""'OO'b'."l."‘.;""OO.'i'."'O""'ﬁ"'.l."li".ll'"l"'l."'v‘

TNI Fﬂltﬂ'lﬂﬁ Sullﬂuflﬂl Cllcullf'l TNI ANGULAI 'IIOUIICV FQI : ) o . N
AN INTERVAL. S R ‘ " )

"Ol'.""""O'O'O".'O!ﬂ"."'l""i"'"l'!.."'."'O.l"l"."""l_ . . ¢
SUSRBUTING FREQ(XO, X1 ,N,PESTAR) . . ) b .
IMPLICIT REAL=S (AW, 0-2) : ; : ) :

REALS N . . . N .
COMMON/COUPF /A, B N - .
FORASXO+Ss (X0us3) ) : . : :
FlaAesX1+8%(XT1923) SR [ : % . v \
SLOPER(PO-F1)/(XO-X1) . = - ' : R a RS S
. r:t;u-nlenr(suorl Nee2) T : . ) o S A
RETURN | R ' L : o
wwo N ; o e T

~
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PARTICULAR SHGMENT BY USING A NEWTON-RAPHSON METHOD. - IT ALSO NAK . ' R
T A PROVISION.FOR- FINDING THE LAST TIME ln?'lVAL PR IOR TO THR FIRST E .
TROUGN ON TNI !II'LACIﬂIN' Timg CURV!. Ea L . B

[

[

[

c

c Lo .

c THR POLLOWING lUlIGUleI CALCULATES THE TIMR INTERVAL - Fbl A . : . i,
e : .
c

t
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c

'.'l."‘l."l""l""‘l""'lOO"I-0.0‘.0.00.0000.#‘00'l"'it'ﬁ.""" v . s . BN
"SUBROUTINK TIME(XO,XDOTO, X1,0ELT XSTAR.N,P, sELTAT) o :
lanxcxf REALSS (AN, 0~ 2j

Les w L
. nl TARDELT+0 08 - : B e e . R
. C1eXO*XSTAR ' s o ) o . o P
Caa(Ne (X0~ lsrnl)oxndtO)/r RIS L ey . e :
CIN-NCI+PaC2 * i ' i S ) o :
CAn-puCr-NaC2 ’ . : : - N S : L (R ’
‘CBm-(PenR-NEST)SC1-2. OnPuNECD . ’ N Lot e R L ) X
C882.08PuNsC)-(PEw2-N"e2)sC2 ) ) ;

‘c "'r-nnlu FUNGT TON (DI\PLACIHRHY) : S R T : i S
€. PPRF-PRIME (VELOTITY) IR S o . . S ‘

PR ; : . S ;
C'"‘""O"..'."""""'""‘."’.""0."""-""""”'.“'O‘lﬁ"" . ’ ? . e -
- 700 CONTINUE .. S e SO :
PaXi-XETAN-QEXF(-NSORLTA) % (C1nDCOS (PoDELTA)SCI0S IN(PRDELTA ) SO R ¥
v'FPI-DIXP(-lhnlLTA)'(:lecﬂl(FtOILTA)¢Cl-031l(F'DILTA)) SO G
TP(PR.LT.-7.00-18) GO TQ 710 . . - : : e ‘7/
. QELTAV=DELTA-#/FP e g T e T L B Y N
. DIFFSORLTAY-DELTA | L I N R : . o o
Irioassioirry.ir. | 00-08) @ 10730 . - R S : .
OELTASDELTAY L S RIS S .

€0 . TD 700

 :"90'.'"OO"'.'ll.“"ﬁl""""i""'"Q"'O"OO.'O"C'OOO""l"""

-A8 TMI DIIFLACINI“T AP'IDACNIS A DIAK LY TIOUBN THE VltﬂClTV - B
APPROACHES ZERD. THE NESULT IS THAY INSTEAD OF . AND re, TNI__ ‘ . R C
'BLLOWING ARK USED IN YHI I‘S’ICTXVI PBSXTIBNI. e R . DT . ~

rp-quu ruu:rlnn (VILOCITV) [ Y
LI PRIME (ACCILIR!?IUI) ) T

ang . THe cn;cuunrlou :nnrxnuts. ‘ , T T T R

na--oav-n:oo-:a-owoa-ocoaco¢-oooo-poaaopwoo-ooonwnvoc'vnoac-ovvoouuaonw
710 CONTINUE . R e : : : n R
. ORLTABORLT+0 08 ht e o e ’ o . 1
720 "CONTINUE - : e
’ rr--olxr(-n-olLTA)-(c:-ncns(ptoltfl)‘ct-osxn(r-nlLrﬁ))
rpr--onxr(-n-nlLTA)-(:s-nco:(r-nthA)oco-nlxntP-OlLfA)3
ONLTAI=DELTA-FP/FPP’
DIFPFSDELTAI-DELTA - SR AT : ; o
.xr(oAlscoer).Lr.t oo- on) cn'ro 1:o ; Lo R o o 7
DELTASDELTAY : : . : R .

..,

GO Yo y20.0 . : oo S
730 CONTINUR . . o R L : o . :
" DELTAT=OBLTA .~ i : : IR S T
RETURN - SR S S ,_ Cn
N0 TS R SRR ; ‘ e

c SRR R
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e o

c . THR FOLLOWING SUIIOUTINI CALCULATIS TN! vthchv AT TKI o or TK! ) S

[ SEUGMENT SEING AXAMINED. R

- T | - ! o : P N .

c!dvﬁoolﬁvovlovwd'-dvwuﬁt':a!lv'ﬁdvovovvvoow'ﬁ!#ovvaﬁaol"'wodﬂntﬁnoo000 B T

: “BUBROUTINE. SPERD (X0, XDOTO, XSTAR, N, nlLrAr ", xoov|) : 8
CIMPLIETT IIALlI (K-H, d 1) T - . T . : S - ;
NEALSS N~ : L s : S Lol SR L ]

cisxpoTO0 ’ ) L Ll
Can-Ns(Ne(XO- xsTAu)oxonro)/r Px (Ho-XSTAR) o . Co s :
'XDBTIIDIXP1-N'DlLTAT)'(CIIDCBS(?-D!LTAT)QCZIDSIN(P‘OILTIT)) o L PRt
RETURN . . : A R T : X
“END B A IIPHIS e o T - R -
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T™HE FOLLOWI“ lulllufl'l CONTAINS THE D!PFIIIIT!AL IOUATIGII To s&
‘IOLVID BY DVERK: '~ THS INSTANTANBOUS VILOGITV ANO THE GIIGIIAL
EQUATION. 'DPOIGI"II THE. DAWPING FORCH.

noocioonoonoo‘ooonvcﬁoovaooo-caooaora'uco-oaoo:ooroo.ooootooovnocvnavco
SUBROUTINE. FECN(NEON,X,Y, vrqxn!) '

7

CI0 T IMPLICIT REALES (A-H. 0-2)

REALSS. Y(NEON) , YPRINE{NEON) x
cmoucnnn s

/COMMON/DANP/C : . .
YPRIME{ )NV (2) . o ER .
‘OFORCEeCIY(2}- , S
. vnlnu:)--(bnnglu-v(n«-(vn)--:n

RETURN, 2

wo . - . L e )
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' 1 .ll.sgu..nn..n.-a------r.;np-nn-----------a- sSysesesusRsEsEs S
2 X B o L . . . .
3 PROGRAM HESPRINGQ K o . o ] o .

4 . . L]
] [

. 1 . -
- 7 THI FO&LB'IIH PROGRAM CALCULlTll TNI IULUTIOI P!l THR . . ‘.
s EQUATION: ..
1 .
T x(pousLE~ DQT)'O'(AI'(I(DDY’)'lll'lﬂlll(ﬂﬂfl)OAII0II(IOUJ)-0 ' ]
]
ORTAINED BY PISCEWISE LINEARIZATION USING CHOROS, AS WELL AS .

PFINDING THE Flll? TRAOUGN ON TNE Dll'LACIN.IT'TlNI CURVE. * R

. - T ] .
‘ I ¥ . : . .
. { THI IlUULTl ARE FDU“D PIDN HR 'OLLﬂﬂlﬂj . ’ . . -

. ]
lIllTll’ll'(‘l-(T TO))‘(:|'C3'(PSTAI'(T T0)) L]

PROGRAM .
g o
‘7ﬁl PRUGRAM ALSO IOLVII ™E IOUAT!DN USING PIFTH- AND SIXNTH- )
ORDER RUNGR-XUTTA NI?NODI BOTH SOLUTIDNS ARE PLDTTIB, .

Ocz-ill('tTlI-(T Jor)y .
.
x(nof)-lxr!-nntr ro))-(:aucontllrla-(v 70) . _
OCllllI(PlTAlt(T TG))) . B .
' .
CluXO~XSTAR. / ’ o R .
C2m(Ns (X0~ llTAl)O:bﬂ?Ol/P ! . ®
€Iu-NsC1emEC2 : » .
Cas-peCi- 2 N : .
, /- “ : .
THE VARIOUS PAnAnltln: All %xPLAINED AN cAL:ULAr:n In THE ' .
. <
=
L
-
-
-4 .
- ctl.l.l‘..l'.ll‘l’-ll..ll llllll'l..-.il&llllll..l.llll"..ll‘l..ll 3
" h o
: | - /
e ’ .
¢ .
c K
c .
- .
e . .
e - (N i . . )" . . '._ . "
. 5 : S L .
S IMPLICIT RBAL®S {A-H,0-Z) .

EXTERNAL ‘PCN e .
REAL®S Y(2),CN(24) ,W(2,20) ; L [
‘REALSS W . S - e
REAL®S AM'LF(?OO),AMPLRK(:OO).TP(:OO),TI!(!OO) : ;
REALS4 YP(2000),TPP{200)
REALSS XA(Z),YA(2) . o e
REALEA nA.nu,nc.vn.J\ ve C i

. INTEGER®E ALPN(20)

. . COMMON/CORFF/A,B . . . . : . . o

COMMONR/.0AMP/Q - . : L .

C0lO'.""0'0"00.0'0‘0'0""0'.'0"'.'.'.'OIDO"ﬂ"""'l"‘."l"ﬁ"!' )

L e .
R tnl FOLLOWING anu:s ARE IIAD FROM OATA FILE PFITODA?A.-H
€ e P . \
€T : N o ) . i N ' B .
c A, I)OIAI 1L ] ?Nl louurlan L o o D '
3 . . . . . .
[ “knxsvxccluxfoL Auerruol T ‘ : s - B
c VO® INIT]AL YELOCITY W e ‘ -
< TIMEOS INTTIAL TIME: Lo o ) S e .
c ) - : R S
e “WaNUMSER OF DIVISIONS. or xnxrlAL oxtrLAcluluf ) ' I [
B DTIMECTIME xucnlutnr {RUNGE-KUTTA’ SOLUTION) . o .
< .
€ " MA,NCEPLOY RARAMETERS ron HOI[!ON?AL axis’ (uc an IITlBIAL MULTlPLl
EEE - TR or 7.0) )
c Cob S o
€ - VERALOT PARAMETER ran VERTICAL AXIS (AN INTEGRAL nuutxruz nr 12. °. . . e
[ ©.-12.0 GIVING SEST RESULTS) ; ' :
3
c XA, YASPARAMETERS FOR PLOTTING ZERO Lxut )
c .
c ALPHaARRAY FOR PLGT AX1S. LABELS -
P '
c

'ﬂ"ld"'!"'d’l'00'000#'0’.’!00'*0"000'0.".30'0l"l"l"'t"#""lﬁ.
. READ(S,10) A, ;
" 10 FORMAT(3D10O '
. READ(S,20) DISPLO, VO, Tznuo |
20 FORMAT(3D10.8)
READIE,30) W,DTIME : ) : -
30 FOAMAT(2010. £ S : R L
READ(S,40) HA,HC : . - ) : : .
R 40 PORMAT(2F10.4) . : o B ) : R .
' . 'READ{S ,80) vC ' ' e - RS :
S0 PORMAT(F1O.4) = = .
U REAR(E,80) . XA( 1) : [

80 -FORMAT(F10.8) . " ; L 3 -
2T READ(E,T0) YA(1),YA(Z) Lo ' [ -
70 FORMAT(2F10.%) : . e . . -
: READ (S, 80) (ALPN([).XI|.12) S o ) . S . : : .

.80 FORMAT(12A8) L . : L 3 .
: READ(S,30) (ALPH(I), 1213,18) : i ) R Co S
. 90 FORMAT (4a4) . Lo : ek
READ(S, 100) (ALPN(I),1I11 :oy~ : : s : . : o ’
100 FORMAT (4A4) R
C"'""‘ﬂ""l"O"Oﬁ""OOGQODOOOOOOUﬁOOO'OOIO""'l'ﬁ""“"ﬁ"""‘
. i - .

<
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199
200
201
202
..203
204
208
208
207

208’

209
210
21

213
214

218"
218 ..

217
218
L 219

220,

ﬂf'nflﬂt!ﬂl\nl1ﬂl1fldl1ﬂ

'€

"

cpvoobooonv-bbtv--o-oo-ovo-ooooo-qoaoapc.a»vnooaoao---ooad-vouv-aoopovoa

c .
e SETTING THE IMITIAL CONDITIONS. .
: /. . .
€ KOs INITIAL OLSPLACEMENT FOR EACH SUCCESSIVE SEGMENT
c XDOTORINITIAL. YELOCITY POR EACH BRGMENT *
c XDOTPePREVIOUS FINAL SEGMENT YRLOCITY .t
€ TOSCUMULATIVE TIME TAKEN TO REACH SHGINWING OF SEGMENT
© . DELTSINITIAL GURSS AT TIME INTERVAL POR THE SEGMENT SEING EXAWINED
‘e (SER SUBROUTINE TIME BELOW)
c Co . : . .
€ BELTAX®LENGTH OF SEGMENT
[+ .
c I=COUNTER POR' CATA POINTS TO 8E PLOTTED
c . -
C'.'0'.OOO'O".'O'O".'""."'"'OOO""""'.‘OU"""O'OO""'O&"O'O
X0uDISPLO - . .
XpoTowvO -
XGOTPavO
TosTIMEO
. SELTeTIMEO
DELTAXEDISPLO/H
DELXSOELTAX = -
1=0

:‘0"‘."0”'O""'OO'O""QO'0.0U'l.l'l"'i.!"l'O"l..'ﬁ"v"!.ld'd'ﬁ!
4
e THE EQUATION PARAMETERS AII WIITTII INvQ oursur PILI ’PITQNUH.

c
C""O"""""".IO"O"".‘Q"‘OO'."O"'lO“.O'OO."'O0.0.""CO""
. WRITR(10,110) o
110 FORMAT(’1', "PIRCEWISE. LINEAR PERIOD FOR THE EQUATION: )
WRITE(10,120) ) :

120 ronnnr(-o','x(nnultl-uor)oo-(A.s(x(oot)»--:)-:cn«xlnof))oA'uollx--
13)80°) : . -
WRITE(10,130) A,8,0 . :

130 FORMAT(‘0*, ‘A=’ , 020,10, zx,-l-' 620.10,2X, ‘ox ', G20,

WRITE(10,140) DISPLO, VO

140 PORMAT(0’, "X(0)w’,G20.10, ‘2%, X(DOT)(0)8°,G20.10)
WRITE(10,180)

180 PORMAT(* X, AMPLITUDE’, 10X, " CUMULATIVE TIME’)

~C"'OO"O!O’."""0"".00‘OlO'O!!O'CO"OOOO‘OO"OOO"'O'O'O'OO"O'OO"

€ R .
t X190ISPLACEMENT AT. ENO .OF SEGMENT

c .
coo-vvoovoo-o-oa:ooon-ocovnoooooo-oonaoyoovoouanpno»aooowvuvaon-o:ao-:ow
- X18X0-DELTAK : .
160 CONTINUE S .
LR .5 I Lo :
170 CONTINUE, : .
coocanooo---oo--oono-oooooo-'ooyn--aonaqoruooaooanowa-aaoowv-oooowoaoacq
xrllnl-lualuur!nl (1] CALCULATING rolur WHERE SEGMENT CHORD LINE
- T CROSSES X-AXIS
- ISTAIHCALCULATCD vaLue

¥

FRIGI’UIRQUTXNI roR BALCULATIHG ANGULAI FPREQUENCY
PITAIDCALCULATID VALUI

YINIIIUIIQUTINI FDI CALCULATIIG TXM!‘I!TIIVAL FOR A SIBHINT
DILTITICALCULATID VALUE ! - '

C’IIDISUIlGUTIII FUI CALCULATING IPIID AT END OF SIBN!NY
'Dﬂf\-CALCULATID vaALUR

saNOTE= e THE PROGRAM 3T°Pl X' TNI CISPLACEMENT AT TNI IND UP A IIGMINT
. R Is BQUAL TO ~DISPLO (1. .. UNDAMPED CASE).

Cl'0'OOOO'I’."'OOOO’000'0‘00""0'00'00'0'!0‘Oll'ld.""'ﬁl’l'#""""
CALL XPRIME(XO, X1, XSTAR)
‘CALL FREQ(XO X1, ,N, PSTAR)
CALL TIME(XO, XDQTO'X' ORLT XSTAR, N, PITAR,
CALL SPEED(XO,X00TO, KSYAR N,DELTAT,PSTAR,XDOF 1)

C""Q."d".'ﬂ'ﬁ"dldlOQOOO""OO.'ﬂ'dl'l"'.l" l""ﬂ""l'l""l'ﬂll

c - THE 'OLLBNth Is TNI ITIIATXOI To FIND THE END VILOCXTV FOR THE
c . PRESENT SECMENT.

c ,

c DltTlV‘DIFFIlIﬂCl .ITWIIN X00T1 AND XDOT’/

c - XDOTAVSAVYERAGE YELOCITY FOR SIGMINT v
c - ’GNVAV'SEN(IDO?!V)

c

[4

c

c

caNEwW. DAMP ING COI'PXCIINT FOR NEXT lTlllY]nN

"0"'0"'.""'O'."‘."l""'""'O"ﬂ"’l""l.'ﬂ"".."""‘Old."
DELTAVEXDATI-XDATE - :
I* (DABS(DELTAV) . LY.1.00-08) GO T 130
XDOTP=XDOT Y
X0OTAYV*(XDOT1+XDOTO) /2.0 L .
"SGMVAYSXDOTAV/DABS (XDOTAV) : o L St
. Clot((GAIS(XDBTAV))--Z)tsGNVAVIXDOYlV s e -
NEC/2.0- Co ) : - :
Go TO 170
180 CONTINUK . : : = .
CO""O""'0""""0'"".'O""l0"0'0'000.'00.""‘0"""0""'dﬂﬁf

C IITARTING AT STEP 210 ‘AND CDNYINUIIG AT 220, THER VIOGI‘H TESTS FOR
c II!O,VILOCITV IF 1T _OCCURS AT THE £x0 OF THE SEGMENT, TRE

c - .PROGRAM: STOPS. (sEE STEP 320). ir IDT THE LGCAT!DN oF THE FIRS?
c
c
c

N TROUGH IS SOUGHT (STI'! 270 TO 290).

"ll'd'ﬁd".""ll'l!l"0"0""ﬂ'l'l"#!ﬁ'0llﬁllﬁlllﬂvll.l000"0100"1
©  OELTSDELTAT .-~ .
 T1sTO+DELTAT .
“1F(X0.GE.0.0) GO TO 189,
. Go ‘ta 210 e
180 CONTINUE S o :
Cl"l'ﬂ"!O'OQ{""!""OO!"'O‘OO"l0‘"‘000"Od‘ﬁ"""l!"('hld#'#ﬁ"

c | AMPLPSARRAY FOR XO . ! :

€ . TP=ARRAY FOR TO . X ’ R
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a:! C'.C.O'l"l."'ﬂ.l'l"OCQ'OOOO'l0.00"O"".DO"'O"."""l.l"lll"l’l
223 AMPLP (1 )8XO .
224 TP(1)sTO -
228 . Cl'!0'000'"'0.0"Ol""""."OO"O'0.0!!."""""l"lll"."l"l'..!
218 c -
227 ¢ THE INTERIM VALURS ARE wnxfrln INTO QUYPUT FILE vrxtouun i
228 . )
229 C"OOO!OOQ'O"OO.'CC".'C'Ol'l.'l..'ll.'ﬁl."lDl.l"'l"‘!l'ﬁ'""'OO.I' ' o
230 WRITH(10,200) XO,T0
23 . 200 FORMAT(1X,2(G20.10))
232 COOO!O'O‘O.'O"0.0IOO..lo'9"‘00‘.0"'!IOOl"'Ollﬁl‘l""."'."'l..""
233 c
234 [ ARSETTING THE lliTlAL CONDITIONS. : ;
238 .. C :
238 CO.l"'ﬁ"l"IO'.OOO'!.O!."'OO"'"0""'Oﬂﬁl'l'l""'.l"."0'0.""9'
‘237 Xomx1
238 X1eX0-DELTAX ) . ) : : .
238 ) ADOTORXOOTY L . ’ L
280 . TO®TY. ) K -\\
S 249 G0 Yo 180 " . ) - : .
243, - 210 CONTIN q .
© 243 . 1P (DABS (XDATY) . LT.].OD-O') Go to 220 ' :
248 G0 YO 180
248 220 COMTIN '
‘248 . CO"!"O"U"O"O"lOd0'0"'.0.".'0"OOOI0000050"0#!00.0"0""‘.00‘O'
287 [ .
248 3 © THE SEGMENT IN WHICH Tt rtist Tnouuu OCCURS IS WRITTEM INTO
248 e OUTPUT FILE PFITONUM. : - -
280 . & ’
2%1 vC".'"O"OU'O'O"O'O"OO"0'00".'00'"."".DO""""""0""‘..."'
282 AMPLP (T )nx0O
283 -t TP({l)mTO i '
284 WRITE(10,230) X0,T0 . . Coe
288 - 230 . FORMAT(1X,21G20.10)) o .
288 DIFF=-0ISPLO-XO ° : R ' L P
287 ‘ IF(DASS(DIFPF).LT.1.0D-08) GO TO 320 : : :
288 WRITR(10,240) X1,T1
289 240 FORMAT (1X,2({G20.10)) )
200 WRITE(10,380) o,
201 280 FORMAT(’-, *TROUGH zrlnArxous') -
2682 ' WRITE(10,280)
243 . 280 PORMAT(°0°, 10K, *XO’, 20X, “X1°, 14X, 'lI(CALCULATlDl') :
284 :'90'00"00!'0'0.000000000'000'"'OOO’OOO'0000"'0000'0.0'00'p'l"'l"’l . /
288 ¢ : :
288 e THE POLLOWING (EMDING AT STEP 280) 1S THE CALCULATION OF THE FIRST -
287 c TROUGH. USING THE TIMR INTERVAL REQUIRED TO REACH 2ERO VELOCITY, :
2838 c A MEW YALUE OF X1 (XF) 18 CALCULATED AND COMPARED TO THE PREYVIOUS . /
209 [ VALUE. THIS MW VALUE BECOMES THE NEW X1 1F THE DIPFERENCE : /
270 c SETWEEN XF _AND THE OLD X1 xs'nov WITHIN A SET TBLllAICI AND THE . /
271 [ PROCESS STERTS AGAIN,
272, c :
273 c .THESE ITENATIONS AR WRITTEN -INTO ouTPUT FILE PFITONUM.
274 c -
27 C0000'0'00"'O'O‘O'O"'O."OO0'00‘0'0"0"ﬁlﬁ'!'l'l“""""""""ﬂ"v
278 270 CONTIMNUE
277 ¢ C1sX0-XSTAR
218 cz-(u-(xo-x:rnu)oxnoro)/r:vnn . o C
279 T .PuPSTAR : ! . - .
280 'xr--srnloolx»(-u-ulnrut)-(:1-0:0:tr-nl;rnr)ocz-osxu(r-olxtAr))
281 - . WRITE(10,280) XO, X1 XF _ . :
282 ‘280 FORMAT(2{F12. .. ), 2X,F12.8) . ) o C s
283 - : LTI LA 3 i : ¢ : R
284 . (IF(DABS(DIPF) LY. '1.00-08) G0 TO 290 .
ass Xi=nr o
288 - QIPFuXO-XF R o B
. IP(DABS{DIFF).LT.1.00-08) GO TO 290. . . ’ . - > .
CALL XPRIME(XO, X1, XSTAR) : . A : .
CALL FREQ(XO,X1,M,PSTAR) " v
CALL TIMR(XO,XDOTO, X1, DELT,XSTAR, N, ﬁlT@n DILTA?Q
@0 10 270 .
282 . 280 CONTINUR . o .
283 -c"'!""'!""""'lﬂll'#"'D'O"OO"OOQ'"Od"(""!"""l"!0'0'0'0' . -
284 c. ¢ : .
238 c  THE FINAL VALURS ARS WRITTEN TuTo oUTPUT FILE HEPRINGOWUM.
298 c : - w
ClIOOI'OO'O"“'l‘l00.000"0'.0.0'!!'0‘3"0‘00'00"'0'0"0'0""0"00'#'
S TEeTY . ; o . .
ApmX, . ‘ : L . .
Tal+ : c . ; o :
NPOINTa1 : : :
AMPLP(1)axF . . :
CTR(I)mTE :

Taus2.03Tt
WRITEZ(10,300) DELTAX.TAU S
300 FORMAT('<*, ‘BELTAXx‘,G20,10,2X, PERIODS’,G20.10) .
WRITE(10,310) XF
310 FORMAT (*0°, ‘FIRST TROUGH OCCURS AT X=‘, gz2a.10)
co TO 340 :

320 CONTINUE 4 :
C""'O'OOI'"0‘0""OOO""..""'O"OOOO'"OQ""'O""O"""O"'OO.' S
c. =
c THE FINAL VALURS ARE wuxrr:n [NTO QuUTPUT FILE nsruluacnun tunDAMPED . :

c casE) .

C'ﬁ'""O"'C'.OO"'O’O""OO"U‘#""’O'"0"d""ﬁl""QO""'I""U"
NPOINT=] - . .
TAU2.02T) - ' '
o 'WRITE(10,330) DRLTAX,TAU " R
) 330 FORMAT ('’ , *‘DELTAX=’ ,G20.10, 2!.'P!Rl°hl' G20.10)
340 CONTINUK
1C'JO"'Ol.ll"O"O"ﬁ'"00"04"’0'0'100'0!'O'0#000'00"""'0&“""&00 ‘

THE FOLLOWING !lC?ION»(!H NG AT LINE 350) IS TN! IUMG! KUTTA
L SOLUTION OF "THE SAME ORIGIRAL- EQUATION. X | ) '

TFINALEFINAL -TIME.
INTYL=NUMBER DF XRCIIMINTS

noannNnonn

330

’ ° e o e e e oo es e e .
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TPINALSTI+0. .} . R o
INTVLa TP INAL/DTIMEST : % v
."‘0.0"'."""'."."".'D".""'. '.'.“""'l'l"."l".‘O'

THE POLLOWING ARE PARAMETERS FOR THE NUMERICAL SUBROUTINE. -
CONSBULT TNI IMSL MANUAL ON "OVERK™ FOR FURTHER ODETAILS.

XRK® TIMBO .

Y(1)eDISPLO ) : B
. Y{2)wvo . . .
NEOMN=2 . ' . .
NWn2 . . . . «
ToL=1.0D-12 ’ .
INO® 1
XENDSDTIME
:0¢~o-¢oocooooooono-vocoocaoo-vo-concaoooonoca--woaooooocopooooooo-wv«oo

<

L
4 IIIIICUHULATIVI YALUR OF TIME AT END OF EACH llcllﬂ'l?
c

C"".‘I"ID"."“"""'."...0"."O"‘"l.’.l"‘.'l"ﬂ.""'.""'ﬁ’
IUIT=0.0 ?
'...."""O'O".""O".'."O".'O'.'0.0'!"'000'0"00'0'O'IO

c‘-tv.‘f
C . AMPLRKSARRAY FOR AﬂPLX'UDl vaALUus
14 TRKSARRAY FOR TIME VALUES

c
cocoovocnoaoo--ocavooo-vvoova-oaovocc'-pooa-va¢o'ononvooouco--vwo:oaooo-
DO. 380 J=1, INTVYL
AN'LIR(J)IV(\)
TRK(J)w2RIT
CALL DVERK(NEON,FCN,XAK,Y NEND, TOL, IND, CN NW W, 18R}
C000‘.000.!000100nvtcovwvutovﬁooolvoovcadlooovdvoot'onoocotﬂao.!oatﬁnoov
<

c - INCREMENTING “THE TIME VALUES.
[ '
Cd'l'.l.!'0'.OO'O'OIO."O"""O"""‘.I"l‘OOUO"!'O"'I'O'.".O"'l"
IEITOREND .
llntllllcooflnl

‘380 COMTINGE : . : :
C'ﬂ"l".'0'0"000‘.0.0003\"000'0O'COO""0"!.'0'OO"O".'OO'OOO'O.ll‘
c
€ THE CALCULATED YALURS ARE WRITTEN INTO OUTPUT FILR HEPRINGORK .
[ »
C'OOO‘O’OOO!O.'I'Ol."l"0"'OO'O'OO"QO"OOCQOOCO'"000‘0"0"0!."0‘04
WRITH(11,380)
360 FORMAT(’1‘, *RUNGE-KUTTA RESULTS FOR (THE lounrxnu-')
WRITE(11,370)
370 FPORMAT (70, 'xtnaulul-nor).c-xxnor)o -x«c-(x--sy-o ).
C weiTE(11,280) A,8,C
380 FORMAT( ‘0 An’.G20. |o.zx.'n-',a 0. |o 2x,°C®*,620.10)

. WRITE(11,380) 01SPFLO,VO . N K

WRITR(11, 000)
400 Ponllf(*-‘ JeTMe Y, |l! 'AuPLXTUul‘)
00 410 No-l lNTVL
" W‘!Tl(ll,llb) TRK (NO) , AMPLRK (MO} o o
410 PORMAT(1X,2(020.10,2X)) - : - .o
420 CONTINUE
C0'l'OOOl0'0'J00'0'ﬁ'll".'l"l"'l'l!'"O"O'Oln"""vwﬁd!ﬂ.'00"0"0'
3

300 PORMAT(’0’, X{(O)=’, G20. 10, 2!.'X(DOT)(°)I‘.83°.1Q)

- THE NEXT FEW LINES ARE USED IN FINALIZING ALL TNI PLOT ’ARIM!TIIS

c WNXCN XICLUDII AXIS SCALING.

c .

C.'0'.".'O."'0"0"""""""."'"""'O"O'ﬂ".l’."'"""""ﬂ"
LLE}

IP(DISPLO.LE.1.0) GO TO 440 . ' /
. 430 cCONTINUE -
" ONCDaDISPLO/{10.0sem) :
1*(DRCO.LR. 1.0} GO .TO &80
Mamet .
: g0 TO 430
440 CONTINUER
DIGDADISPLOS (10, 08%M) ' EE o o . '
IP(DIGD.GK.1.0) GO TO 480 . L
Mue ’ N . .
.- ‘o TO 440 I R X
480 CONTINUE . S : : ) .
- o:cn-ntnn/1o ° :
Muc (Me 1 i
480 :nnfxnul . ‘ B .
IF(DRCD.LE.O. 1) YFACTeQ2Y ! .
IF((DECD.CT.0.1).AND. (ORCD. LE.O 2:) VFACT=O. 28

17 ((DECD.GT.0.2F) .AND.(ORCD . L YFACT=O. ¥
1P.((DECD.GT.0.5) . ANO. (ORCD.LE vrncv-n.o
$ractavc/io.o : .
VAR -VPACT*SFACT=10.0seM
DENEVC/(2.0%SFACT) )
v.-(vrncr/olﬂ)-io.o--n .

¢ ] —
M= 1 “ S
lr(TrquL LE.1.0) GO TO 480

470 CONTINUE . . . , .

n;ct-rrquL/(1o.oc-n)
IF(DECT.LE.1.0) GO TO S0O . - oo
M-MO 1 e B : B - ) . B
80" to . 470 R X e

480 CONTINUK
DIETITFINAL‘(iﬂ ossM)
IF(DIGT.GE. 1.0) GO 'TO 4%0
L. Mumeq
. Go To &so
480 CONTINUE -
OECT«DICT/10.0
S Mm-iM-1)
'500 CONTINUE |
"1F{DRCT.LE.O. O7)4NFACTI° 1
IP((DECT.GT.0.07) .AND. (DECT.LE-. 0. 14)) HFACTNO.2

£
i

v
w<mﬁﬂﬂ¢w“

SN 0 42 s St

‘0’.0'.“"""l""""'l.."O""'O.'.O"'.l""""O'i'.'l.""'
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S | ‘ - | . 225

ast . 1!«(:.:1.:7.0:!4).Auo.qonct,nl.o.isyp MPACTSO. 5 . .

a2 IP({OMCT.GT.0.28) .ANO. {DRCT.LE. 0, 7)) HFALYsi.0 ,

483 1F{{DECY.GT.0.7) . AND. (ONCT .LE.1.0)} WFAGTw2.0

444 HBSHFACT= 10, onn (M)

sas LONGeHE

sas XA(2)#DFLOAT(LONG)SHE =0, 008

487 C"'""..l"'O'."."’l'"'."".O""0....00’..'."""‘0'"l"l..."'

ass, c

‘s ¢ THE FOLLOWING SRCTION SETS UP THE PIRCEWISE LINGAA RESULTS 30 THAT

480 ¢ NGO MOAE THAN 13 POINTS ARE PLOTTED FOR A CLEARER PRESENTATION. : '
a8 ¢ ‘ . : TN o :
82 ¢ YPUARRAY FOR PLOTTED PIRCEWISE LINGAR DISPLACEMENTS

483 e TPPARRAY FOR .PLOTTED PLECEWISE LINEAR TIME VALURS.

ass ¢ .

48R :""""'..'l'."'."‘"l"O‘""'O"O.""“.'."I'O'O"'OOOO"""I“

COUNTSOPLOAT(NPOINT)
INCaCOUNT/10.0
DELINCECOUNT/30. 0-0FLOAT(INC)
1F(DRLINC.GE.0.8) INCHINCH! :
wee . R : . . .
NDe1 :
510 CONTIWUR
YR (NP )WAMPLP (ND ) .
CTPRINP)IETP(NO) . . . s
NPENPS - R
NDRUD+INC . - .
IP(MD.GE.NPOINT) GO TQ 820 [ ..
GO Yo 810 - . . .
. 820 CONTINUR i . .
_VP(I’)-ANFL’("POI!Y) . : o
TPP(NP)=TP(NPOINT) :
C"'.Q"..“'."""'O'OO."'."'"O‘..'OOOO'"‘O"OOO""""'OO"""O
€

1 ’LOTT!UG THE lBLUTlBMl. CONSULT THE Wll?lu' on CH'H/CGPLZ AND T
14 THR MANUAL ON DIGITAL FLOTTING FOR BITAILI ! N C . A
'ctooovo.ooa006000100t0¢o0'¢.00'd¢00"c-Qa.On#'vvcocvvcoovtoodotaowvvvvn'
. NORINTYL . .
wret . . i
CALL Cﬂ'tl(?ll.lﬂ'LlK MD,NF .5, NA, KB, HC, Vl Vl YC, ALPN)
Hoaup

CALL CBPLI(TFP VP lﬂy! |.NA.N..NC.VA,VI.VC.ALDN)
LL4 1)

cALL CIPLI(IA YA, 2,NF, 4, HA, n- HC,.VA, VB, VC, ALPH) :
STARTXe (HC-8.3) /2, o '
STARYYuVC+0. .8 : o ’ ) , :
HORIZeHA :
YERT=VC+0.§ .
CALL PLOT(MORIZ, VART, :) . N . ' <
MORIZ=NE : " o .
"CALL PLOT{MORIZ VERT, zl . S ’ : .
VERT=VERT+4. 8 ) o )
CALL PLOT(WORIZ, VERT,2)° . =Y o T
MORIZwHA . . : : .
CALL PLOT(HORIZ, VERT,2) . o B
Ce YERT=VC4+0.8 i : N . .
CALL PLOT(HORIZ, VERT,2) ) : !
HORIZSSTARTX®0.2 R ' ’ .
VERTSSTARTY 4.2 ’ i . . - +
CALL SYMBOL(HORIZ, VERT, o 2,°A =9,0.0,3) . . ) :
HORIZWSTARTX+1.0 . : ' . . L.
CALL NUMBER(HORIZ VRRT, o 2,A,0.0,4) @r‘ . ) o o .
N . MORIZ=STARTX+3.0 Co .
CALL SYMSOL(MORIZ,VERY,O. 2}'! -',o 0.3 j
HORIZSSTARTX+3. 8 . .
CALL NUMSER (MORIZ,VERT,0.2,8,0.0,4) . R .
HOR1Z=STARTX¢2.0 , ] . . i
'VERTSSTARTY+3.3 W
CALL SYMBOL(MORIZ, vtnr 0.2,°0 -'.o.o.:) , s ’ | : . .
HORIZ#STARTX*2.8 ' o : - v
CALL MUMBER({MORIZ, VERT,O. z.o 0.0, ‘) s .
HORIZESTARTX+O, 2 . ! )
VERTESTARTY+3 .1 . : - : w
CALL. SYMBOL(HORIZ, VERT, 0.2, 52,0. 0, -1) " ’ :
HORIZuSTARTX+0. .4
"CALL SYMSOL(HORIZ, VERT, 0. 2.0X (PIRCEWISE' ,0.0,11) . - Ll
HORIZsSTARTX+1. .0 . ~ . o . : /
YERT=STARTY+2.3 : .o : : :
CALL SYMBOL(HORIZ, vunf 0. z.'LtnIAntznrxnu) =7,0.0,18)
HORIZSSTARTX#N, &' B ) :
CALL NUMBER{MOKIZ, vnlr 0.2, nth}o.o.A) ) .
HORIZSSTARTX+0.2 ) ) : IR .
VERTESTARTY+2. 4 o e . R S
. CALL SYMBOL(MORIZ, VERT,0.2,82.0.0,-1) e :
HORIZuSTARTX+0. 4 . .
CALL SYMBOL(HORLZ, VERT,0.2,°T (RUNGE-XUTTA) =’ ,0.0,17)
{ MORIZRSTARTX+4.0 - : . .
CALL NUMBER(HORIZ, VERY,0.2,0TIME,0.0,4)
HORIZ=STARTX®0. 2 v
VERTSSTARTY+1.8 . . .
CALL svuncn(noulx YERT,O. z.'an) x’,0.0,8) BN L
HORIZSSTARTX+ 1. : :
CALL nunlll(nontz VERT, o 2,D18PL0,0.0.4)
HORIZRSTARTX+I. S o .
CALL SYMBOL{MORIZ,VERTY,0.2,\'X(0) »’,0.0,8) , . Co .
unnrz-sv;ntxo:.szn . e [
YRRTRSTARTY+ 1 i
CALL SVHIOL(NDIIZ VERT, 0. z.vs 0.0,-1)
HORIZaSTARTX+4. 9 .
VERT=STARTY+1. 8
CALL .NUMBER(MORIZ, VERT, O, z.vo
HORIZ=STARTX+0.3 . R
VART=STARTY+0.7 : R : R - : -7
CALL PLOT{HORIZ,f YERT,3) . ’ : : : '
HORIZaSTARTX+0. 8 '
CALL PLDT(HORIZ, varT, zy . . . .
HORIZaSTARTX+1.0 . . coet ' '
VERTESTARTV+0. 8§ : .
CALL SYMBOL(HORIZ, VERT, 0.2, RUNGE-KUTTA’,0.0,11)
" HORIZSSTARTX+0. 6 : :

~© | POOR coPY" ; M
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[

L1 1]

YERTNETARTY 0.3

CALL SYMBOL (NORIZ,VERT 0.2,1,0.0,-1)

NORIZRSTARTN®1.0 )

VERTagTARTY+0.2 : S .
CALL SYMBOL (WORIZ,VYERT, 0.2, ‘PIRCEWIAE LINWARIZATION',0.0,33)

WPso .

CALL COPLZCKA, YA, 2, MF 4, HA, NB HC, VA, VB, YC ALPH)

sTOP K
L L1 . . . 1.
A ’ i i

(- N/
L
C."'.‘l."'".l"""..'."..""'Ql-"'O'."OQ#‘Q'.O.""“‘QO'OOO"O’

anNnnNnaOnNnoanNnONn

4

[ THE IOLLQVINI SU'IDU?INI CALCULATI! THE POINT WHRRE YNI INTRAVAL
4 . CHORD LINE WOULD CROSS THE X-AX1S,
4
14

- 'O'OU‘O..'O’O""OO'OOOO"O'I!O'I'.'.IOOOO'O'.""...OOO'.'OU'O'OOIO"‘

SUBROUTINE XPRIME(XO, X1, XSTAR)
IMPLICIT REALSS (A<HW.0-1)-
COMMaN/CoRFF/A,
17 (DABS(X0).LT.1.00-08) 8D TG 800
FORATXOIRe (XONST] .
!1-.‘ Re(Ntew3). .
XBTARY XY (P1/FOIERO)/(1=(F1/FO)), . )
go 19 810 /
800 CONTINUG . /
XSTAR®G.DO :
s10 coNrisul
RETURN ) .
END /

. . .
. . : - .
!OOIOOO'.."'.""'OO"0"'0"00"'0.""'0000D'ﬁ"'."'."‘.ﬂ"""000

THE POLLOWING SU.RUUTIII CALCULATES THR ANGULAR FREQUENCY FOR -
AN IRTERVAL : .

c
c
c
c
c
c
c .
¢ : -
CO"'Ol.ﬁ"'.".'.l’OO"l.’!ll'"00000Oid0"0'0ﬂ!""""l."""l"'Ol'

SUBROUTINE FREQ(NO,X1,M,PSTAR)

. IMPLICIT REAL®S (A-M, 0 2)

REALS N

ccﬂnnl/E‘IPF/A s

FORASNO+gs { X0 3)

FieaArX1egs(X1303)”

ILOP[-(FQ-'!)/(!O Xt}

P!TAI-D:onf(tlc'l-n-'Z)

RETURN , ) .

ND - Co .

. - . ~ . !

it

’
'::3;L'"!"'l0'"'OQ""O'O.""..O."'"O"‘O"O'O'l".l'l".""000'

-

-3

t

c

c

c e roCLowine lulﬁqbflll CALCULATES THE TIME INTRRVAL FOR A
< 'AIT!CUL:! SEGMENT BY USING A NMEWTON-RAPHSON METHOD, IT ALSO MAS
[

c

[

4

A PROVISIONM FOR FINDING THR LAST TIME INTERVAL PRIOR TO THE PIRST

TIGUGM ON THE DllFLAClNIlT ~TIME CURYE,

"OO'ﬁ'l."""O'l'O"O..O0.0'I‘.O"""OOO'O'0."00"00"'.'00'0"""

SUBROUTINE TIME(XO,XDOTO X1,DELT, XSTAR,N,P.ORLTAT)
IMPLICIT REAL®S (A“H,0-2)

AEALsS N - i i .
DELTA=DELT+0.08 R

C1eX0-XSTAR

: (Ne (X0~ XETAR)+XDOTO) /P

-(p--z-utn:)‘t!-z osp u-cz
C8x2 . 0vpsNnCi-(Pen2-Nus2)eC2
cvva00000010luood'lvﬁ'd#ﬂolaot 00000!'0'1"IO"OOO'0.0"0'0"0‘#"00"&0

c -
4 FuMAIN FUNCTION (DISPLACEMENT)
4 FPup. PRIN! (VILOCITY) !
<

COOO#"'OO"ﬂ'00000"'0"'00"'0!""0""""'0'0".DO'OO"I'O'!O"!"’
700 CONTINUE'

A FEX1-XSTAR- DIXP('NtDILTA)-(C"DCBI(P'BILTA)OczibllniP'QILTAi)
FPR-DEXP(~ N'DILTA)'(c:-ocut(PIDILTA)*tA-Dsll(P'DILTA))
IP{FP.LT.-1.0D-18) GO TO 710
DELTAISORLTA-F/FP
DIPFSDELTAT- DILYA - . . :
IF(DABS(DIFF).LT.1,0D-08} GO TO 730 '

! DELTA=ODELTAY ¥ ’ : LTS
G0 TOo T0O. ' ' )
'CO'OOO"""'"OO"O.‘CQ"O"OO"'0"""'0'0'"O'O""""'O'l'l"""'
A5 THE OISPLACEMENT APPROACHES A PEAK OK% TAGUGH, . THE YELOCITY
APPROACHES -ZERC. THE RESULT 1S THAT INSTEAD GF F AND FP, THE
FOLLOWING ARE USED IN THE RESPECTIVE POSITIONS: )

FPRPUpP-PRIME (ACCIL!IAY!ON)_

4

c

4

4

t .

c FPaMAIN PUNCTION (VYELOCITY)

€

<

c AND THE CALCULATION CONTINUES,
c
c

p-tcttotﬁoovvao1!00:‘0»006~101¢0:010'tpootuvnlln!oco&pr:oaothnﬂvovnﬁvo
710 CONTINUE
DELTASDRLT+0.08
720 CONTINUE
FP--D!XF(~H-BIL7A)'(c:-DCos(F!D!LTA)OCl-DSIN(FtnlLYA))
FPPa-DEXP(-NOELTA) * (CE20COS (PSORLTA)ISCE*DSIN(P*DELTA) }

EIEN
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B - i i b Kbk Vi

&) ; . . 227

DNLTAISDULTA-PP/PPP
DIFFSOBLYAI-DELTA
IFISARS (RIPF) LT, 1.0D-08) &0 YO 730
DELTACDELYAY
S0 T8 730

730 DELTATwDELTA
RETURN
o .

: "’
, c

c :

C'.U"O'."‘D""."'ﬁ'"."“‘l".ﬂ'.'.‘0."'..".".'0..'0.‘.".""" .

c

© THE FOLLOWING lullluflﬂl CALCULATES THE VYELOCITY AT THE ENO OF Tuk

c SEOMENT UEINE. EXAMINED

¢

C'l’.""..ﬂ'.'O'.OU'OO"‘OO"O"l.l."ll’.*’l"’l‘"'0'."'0"0."'...0
SUBROUTING SPEED(XO,X0OTO, ASTAR, N, DELYATY, P XOOTT)
IMPLICIT REALSS (A<N, 0-2) : .
REALSE M : |
CrsaBoTe "

tliwl'(l‘QIQ'IITAI)¢IDOV0)/P PR IXO-KSTAR)

KDOTI=OEXP (-NeOELTATI® (C100COS (PeONLTAT)+CIODSINIPOORLTAT))

nETURN )

T o

.OO"_“OOO""I'I!""D"O'O‘I‘OO0.0'.O"OO'."OG!lﬁ"'.'l“.ll"l'ﬁ."ll . ¢

[
c
c
c
[ - -
€ - THE FOLLOWING SUBROUTINE CONTAING THR DIPFERENTIAL SQUATIOAS YO e¢ <
[ SOLVES BY DVERK: THE INSTANTANSOUS YELOCITY AND THE ORIGINAL
[ NOUATION. “DFORCE" 13 TNE OAMPING FORCE.
c . '
C'O.'O'O'l."l"‘lOOOOCl!9.'0.0"“0“."".l'0Ot”."".l"".""!'O'O

SUSROUTING PCN(N, X, Y, YPRING)

IMPLICIT REALYS (A, 0-1) .

[ REALS YW}, YPRIMEIND, X ) :

COMMON/CORFF/A, B

- COMMON/DAMP/Q

YPRIME(V)BY(2) : -

IF(DASS (YPRIME(1)) .LT.1.0D-08) 80 TO 800 4

SENYEYPRIMR( 1) /0ARS(YPRIMR(Y)) .

G0 tTo sio '

800 CONTINUR .
SENYwO. DO . ' : o :
sS40 cCONTINUE '

nrnl:l-oodoA-:(vrnlnl(1))--:)ns-u

YPRIME(2)e- (OFORCEeASY (1780 (VY1) »)

RETURN

END

T
END OF FILR
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) W "y ' ! T | ! ) e, " » - ‘ L :
: - ! a S ) ,
N ] . .l.j...lll‘.llll‘.'ll-l'll’l-llll.lllllll.l.-lIl.‘lllllllltl
. 3 -nnulnn vnunlu'ou Ce . o . e i .
. , ;:‘A E ‘, e . el . : ’
t . : = .
. 7 ru; ruLLawlnn PROGRAM cAL:uLArls Tn: SOLUTJON FOR. rn: VAN, DIR *
" ' “Cr - POL EQUATION: ol e ;
; » € ¥ ] S . i
C10 e 'x(nouitl-nur)ouu-«x.-z-‘)-x(uor)qx-o DR “v~ RV AR | i
: . . e .
COBTAINRD.BY PrECEWISE LlNIARIZATlON'USXNG CHORDS. ovtn SEVERAL ok .
CYCLES OF THE DISPLACEMENT-TIME CURVE. R .= . .
. N . = .
BN . .
THI RlluLYlézgl 84320 ON THE 1rAunAnn roun o .
. : KR
A=CoEAP (ReDELTAT) - R T TwelT ! . -
RSN, IR L . . , .
Ril-l'lOlYthtI Peaz). B T ; T
RZe-N-BORTINENZ-PER2) B .
v »
WHERE THE UNDERDAMPED, CRITICALLY DAMPED) AND ovlnonur:b L ; '
© APPROXIMATIONS: WOULD DEPEND UPON MU ihn Au ISTXNATID . = a o
 DIBRLACEMENT. - . ‘ . L
a L . o~
. THE vnuxous rnuan!tlus e l!PLllulo AWD CALCULATED x y THE - ' ;
PROGRAM . . 7. =
B - C . o e It - S ‘ N
THE “PROGRAM: ALSO . 30LVES THE EQUATION USING PIFTH HS IXTH: .
ORDER RUNG BOTH -SOLUTIONS ARE SLTRTED, AS =
WELL AS .THE PHASK-PLANE DIAGIAHI ' N, .. ,
. . . S w o
k -,-‘--n--'--:-_-,-:- ..’-----s‘. p-q--.-- ‘ED ©
‘ 4 4 i o . .
R e : v a s
LI ‘ LR
g ry ) '
: e | ,
ol Te ¥
T IMPLICIT REALSS (A-K,0-7) S u L e L i 1
CEXTRRMAL PCN. - T SR N A IESDRC T :
REAL=S Y20, CHUTN) Wiz, 20). A - - R B R
REALS K, MU, N - ; E
RRALSA ANPLP(JOOOOJ,VPj}OQOO!, (10660} .
REAL*E AMPLRK( 10000),VRK (10000), TRK (100006)
“ REALSA 'YP£10000), VPP(10000) , TPP{ 100001 . . . - T e - : .
"REAL®4 YRR (10000), YPRK ¢ 10000) rvnx;uoooo; R PR R DT
REAL®S | 8D, HCD, YAD . V8D, V€D . : v T - .
REALSA HAP .HEP, HCP . VAP . VEP . VEP 0 ;{. RN ‘
*4 XAD(2),VAD(2), xnpuqz/*vnrngz),xnpvtz),vnrqu) : g R
INTEGER*4 ALPHD(20); ALrno(zo» ) . G e AT Sl -
COMMON MU : : SR S
C"O"’"‘ﬁ".""".'00'0""00"ﬁ""'0'#".ﬂ!"l"'l'0'!.'”'#'0"0""" Lo o
_c THE rou;owtn: vaLUES ;nz IIAD rnnn ‘DATA FILE VDFPDATA S AT LI, N
e f ) R RN : . .
D - . ) o IR N Lo s ' . :
€. uu-As !N'TvalOUAYloN' T e oot ERE TR L ‘
e L . : Ry o o S : .
¢ GISPLONINITIAL AMPLITUDE o R 1
e UvesiwiTiat vRLOCITY . o
e TIMEO= INTITIAL TIME: R
A3 Oi’ﬁ
T D€ TAT-rxhl INCREMENT (PIECEWISK soLUTION)
€ NUMBER OF MALF-CYCLES (PIECEWISE SOLUTION) : : y
[ TME . TNCREMENT (RUNGE-KUTTA SQLUTION).: R : Lo =
c : : u
[ HAD; HCD-PLOT PARAMETERS - vk HORIZORTAL AXIE OF OIS'LAC!NENY rxu: g SR
€ ;7 CURYR (HCD -AN INTEGRAL MULTIPLE OF 7.0} : ; ;
€ .
e . VCDEPLOT. PARAMETER . FOR VERTICAL AXIS oF DISPLACEMENT: TIME CURvE !
e : (AN INTEGRAL MULTIALE OF 12. ©,..12.0 GIVING |!swenzsunts) |
B - :
e xAn YADSPLOT PARAMETERS. FOR rLufrxnc zlua LINE as - DISFLAC!M!KT-
¢  TIME TURYE." R )
c. i . ° :
c ALruo-Auunv ror rLor Axxs LaBELS OF nxsptA:zuanrawlnz cuavz i ’
4 o
c "V!fIPLOT PARAETER QR VERTICAL AXLS OF PHASE rLAl LDIAGRAM (AN
- lNTlGRAL MULTIPLE OF .12 0, 12.0 GLYING BEST RESULTS)
€ N Lo o
e ALpnr-Anusv ‘FOR FLOT. Axxs LABELS OF runs: PLANE; DKAGRAM : R ¢ EEE : .
. € : ’ AR § X R
CO"OO'O!""'0"ﬂ!l"'ﬁﬂd"'"kﬁ#"'#'ﬁ'ﬂﬂﬂﬂd.l'lll""#00"#"'0"0'00 B . . B ) ' o
L READ GBI 100 MY S S K . k - . g . i
10 FORMAT (016 .8) P R T T . 2o DA - .
. MEAD!S;20) DISPLO, vo TIMEO S S R L ; - B . ERRRE S
20 ruunnv(:n|o §) . . . PR : e : Lo T : . s
4. READUS,30) DELTAT, NCYCLE 0T . g - : Cd X
30. FORMAT (3D10.8)" S T R ) sl A TR
READ (S, 40) WAD,HEB . [ S e R : !
40 FORMAT(3F10.4) s [ R e T o e : > N / B
2 READ.(5,$0) YEO . = . : Cati [EES o [ - SR
s0 ronnnr(rno a3, : E L RS E .
READ(S,80) XAb(1) P : o —— N O X 8 .
so ronnnf(r‘o &) . ) . B :
o READYS 70) CYADY) L YADN2Y. . L P BRI
70 FORMAT(2F10 . 417 G T e T e s
READ (S, 80). (ALPHD (I, 1=, 120 i S : : : RN
80 FORMAT (12847 " - T T o . R
READ S, 909 (ALPHD(!).K'I!,JG! . T ;

-o'rnnuar(tn4) ; AR
. RBAD(S,100) (ALPHDI), 1217, 20) '/ )
100 rounnr(nnnr T

Poon COPY ‘ Sl ey T
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It \:
: i ot Lo el 2
LR ¥ READ(S, 110) vEP .
S RS & S 110 FORMAT (P10 4) . .
: ST S . /READ(E,120) (ALPN'(!).I-! 12)
S BRI 12l FDRMAT(!:A!) . P R
118 , RRAD(E,130)" (lLPN'll).l-l: 1)
118 "~ 130 FORMAT(&A&)
170 T, U READUE, 140) (ALPMP(I),X!17 20
REL 140 FORMAT (&AL} e : : :
ERE N X C"O"""!OO""U'!PO"‘C"""ODl‘.'00'0""‘O'O'ﬂ""'!"ﬂﬁ"l'.Oll" 3 .‘
120 e . o . -
o UEY SHTTING THE ITNTTIAL cond xons TS L o :
X e : B . o R
3 Xow INITTAL DISPLACEMENT /FOR EACH SUCCESSIVE SEGMENT o - TR R ARIY
, € .y XDOTOSINITIAL YELOCITY FOR WACH SRGMENT ) . o
e TO=INITIAL TIME FOR EACH SEGMENT - S :
C . XPREY=PREVIQUS FINAL SEGMENT DISPLAthlnT ;
H C..
C.l""" O..O"!'O"C"O'OO"'.“O""O“"O"""".O0.0-"'""OO"O

xowplspLo’ ~ . . 3;,
ADOTWaVO. S R .'v? *
To=TIMEO : : . TR L B . s o Sl

TXPREVSOISPLO ) e E k T : !
cvvoaoboocnvovovt00-1onOvvl--ntlova'010a10¢'000000p00n'nvvw-.anw»n-tﬂvtr g
c

e $1CASUSKOUT INE FOR CALCULAT!IB sanex)
€. . SGMXOSCALCULATED VALUK - .. : - o
[ SRR S

c.nudrﬁonvotvc'noo'oockuownoroooonccao Q.Q'.¢¢-~¢¢odvvvvo-'onnﬁvovwaoow
L CALL $1G(NG , SCUNO0) - . . :
c--p--ooonn-p--o-ocwoooocoovooopooanao-vcop-a0-~ooo'v¢cv'a--~co¢v-'-una- P . oy \'

X

I'COUNTII UIID FoR PLOTTIIG PUIFO!IS

C .
C_ KICDUHYII -FOR THR qulll oF " NALF CYCLII CLAN INTIGRA‘L NUI.TIPL! or .’
e IO o, 10 (-] EIVINE 3T llSULTl) . ; !

3
c

DOOOOO'OO'O'""l'l'Olﬁ'l"l"."l."'."'O'O"‘O'ﬂ"".ll.ﬂ"’l!""" ’
vlmo . P P VU
T K= 1.9 : ! : C .
c--c»pnow»nov«owo-pvo-no-oc»aonacaaopoaaa-ooo¢o¢-opoa-po¢ovanaoovo-ooapo‘.
e : :

c e The lou:rlou FAIAH!?!IS AI! WRITTIN luTu ouv’ur FIL! voppnun o Lk ' : 8
L€ N S B e
:'a¢ovva-vooaa-oo-anooavconttnovocovoo-wo'oanoovonvcavtﬂpooac-oc-ow:daa- - ‘ g -
Wllfll'o‘lioi . h
180, FORMAT (" ‘Plltlwlst an:nn RESULTS FOR tul EQUATION
wiTE(io, IIO) . R . PRI : S o .
roanlt('o'i'x(nuuuul-oof)onu-(x--z-|)~x«nn1yv1-o-' ) L el IR ) RO
ol WRITEL10,170) MU . R e R S S :
170 FPORMAT( *0°, MU +,G20.10)° .~ - S B R : : L - R g
O W ETEC10,180) O'18PLO, VO : ' K T RS
180 FORMAT( ‘0

L A(0)E¢, BI0. 102X, 'x(nnr>(o)-'.czo.1o) S .

190 FORMAT (- LPTIMEC,TEX, CX 18X, CYRLACITY YT 3 o
C""""""’O""'."""'ﬁ""-"‘"'O'""""""'.""""""l#"

¢
¢ e FOLLOWING. IS THE CALCULATION' OF THE SOCUTION ‘FOR ‘A PAIT!:ULAR
c WALF-CYCLE, STARTING. AT STEP. 7007.AND ENOING af sTEr 280, X
Ae e X
€ x:ni!rLActn!ur usln rom CALCULAYING a oAnrluc cngrrxcxluf (s ) .
c sELOW) . 5
€ TlnCUHULA?IVl Tln! : :
e G S .
LS :"ﬂ”".’""."."ﬂ""O"..’.“"'O""”""."'0""""0""""" . e
200.°COMTINUE C : ) ; : o [ R

L S A E S s LAl st EEUEAN
xexo g ) IR - .

. T"TOOD‘LTAT
cnvc'ﬂcnivvtrla

¢ R . . P o

'."-.'0"".’"'O‘O"""‘OOO"““W"""O"'fv

»7“! FOLLDW‘IIG 3. THE DTIIA‘\'!ON 1’0 FIND TH! EMD DllPLAC!MlNT ror
‘YKI Pllllﬂf SIGHINT : B

IDIN ING CUIPFXCI
IIBAN’ IIG FACTOR

oAur-SUluouvlut FOR" CALCULATING chll! or nnnrruc AKD T
CORRESPONDING DAMPED ANGULAR: FREQUENCY - .
'P!TA!ICALCULAT!D vaLuE. :

i L
R DISPL'SUIROUTXNI ron CALCUI.AT!NG SIGM!NT L!uc*rn o
DILTIX-CALSULATEO VALUE: - - w

:lFllBlSuqll’UTlll roRr CALCULAT!“G IND V!LDC!TV
:lDOT'ICALCULATID VALU! .

SO o o o
'"""Q"”"""""""‘../‘""""""'."”"'""""“""""" .

fl"?-l 0

DaMP (N, FETAR) ‘y/ L - R R C .
BISPL (X0, XDATG,N.DELTAT,PSTAR, pELTAXS | i B IR
$PEEOINO, XOOTO N, DELTAT, PETAR, XDQTI) ., R T
¥ImXO*ORLTAX y ! B )

pIFrexy-xpmEY o B : . : i T N
. lrtnAustolrr».LT,A.on-oar'co 10220 Lo SRR L
B TXPREYEXT . - N ' : o
| ARXO+OELTAX/Z.0 . - . et
60 T0 210 / . R ) .
220 cOMTINUE "/ ) B

‘.'l""."‘.‘-ﬁ'l‘.l..l'"'ﬁ"""""""ﬂ"l' “"'ﬁﬂ"ﬁ"""'ﬁﬂﬁ' )

c

214 1< / . \
213 b 4 TIXTING roR TN! CHANCE - IN .«lGN oF THE. DIS'LAC!MENT 1IF 1T 1S PN : Pt
218 - € 'DI"IIIIT ’THE PIOGIAH BEG:HS TESTING FOR. EITHER A rEAK JOR TROUGN . L ' o S
217 € STAHINC ’AT sTAR . IIO 1F waT, THE lTEIATIDN CD”TINU!S S et
218 c /
218 cnv-to:-holaa 'lo90'lotdvap--'lonrd"'vlc‘ﬁvnvﬁnﬁpatvnvvvllvwvtuvdnvmvwwa o

Lixy, SGI!!’ B E S &

220 R 7 Y

At Gl
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~ . IP(3GNXI.NE.STNXO) GO TO. aso ol e
230 CONTINUE ' - ‘ » :

; C'DOO"!O"l"O‘ﬂ"ll".""'l#"'ﬂ"'l"'ﬁ".l'.dd‘."!'...ll"""dl"

4.

c

<
. )

13 . VPIAIIAY Pun X00TO - - :
BTN

C

TPeARRAY FOR T T R : .
AMPLPRARRAY, FOR XO : ‘ . R :

-nv-v-n-oo-:occoo--o-o-nooa-p.-a-nowrcnooooovvowooo--o----pcvvavaoo-a-a_
TRi(lrevl @ | R .
AMPLP (1) X0 : . ”"‘rv ’ " e
VE(1)=XDOTO - ' PN

COQ”"".‘I".O‘"Olﬁ'.""."'l"l'd"’O'O'ld"ll"""""'Ol"'l"ll
c. .

~‘C~ L THI l“?ll!u VALUIS Al' ﬂlXTTII INTO QUTPUT .FILE VDP’IUN

CO"'.O""C""'l‘"0."""'00'0'0.'.""l'!""!""""""d'!‘"Dl'
.. WRITE(10,240) . 70,X0;XDOTO X . . i L :
240 FORMAT(1X,3(C20. IO 2X).)" : ' | / : / B ) T .

'C."""O""00O‘O'OO"OO""'O!"OO.”"000""'0“'00'00.'0"00"'”.!' ) . -

£ i
. B i
c. .nlslrr:uc THE INITXAL 'CONDITIONS, FOR. THE NEXT l:nntnv _,v-
c . : ' .
Cl""OI"0.0'..O’Q""'U"‘.".O'&"’l""‘.'00.""'0'0"'O""l""!d
. XemX't . .
./ XDeTORNDOTY . L RS D Lo i
TomTy : : e _';, S AR S _ - o
%0 T8 200 . S . : : : e o

Cl.lOUOOOO.-"OCOO-OO"""".OOOO'O..!""0‘0"00"000000'*.0'.""'U'ﬂ
.

4
T
c
. c
L C - TIMEESUBROUTINE FOR EALCULATING YNE FIICISI VALUI FOR TNIS Tlu!»l
e -
c
<
4

ST‘!T!IG AT 8TIP llo.,TNI 'lﬂﬁll“ fl‘Tl FOR . IXTNII A PRAK OR

. JROUGH 1. . ARG YELOCITY):. - IF THE VELGCITY I8 ZEROC AT THE (TT]

“or THE CUR T TIME INTERVAL, THE : PROGRAM moves To sTRP !70 AND
STARTS THE CALCULATIONS FOR THE NEXT HALF-CYCLE. 1F NOT, ' A e
POSSIBLE CHAMGE OF SIGN:- POR . THE" VILOCITY s TISTID FOR INOULD I?
BE NEGATIVE, THE. PROGRAM GOES TO STIP ;230 AMD CONTINUES. " A
rosITIVE IIIULT ALLOWS THE PROGRAM TO IIT!NAT! THE VALUE OF TKI'
DISFLACEMENT AT THIS PRAK OR TROUSH, XP (SER STEPS 310 .TD 330):
THIS vVALUE 183 COMPARED 7O A PRAVIOUS' VALUI (XPREYY, CANDILP . THE
DIFFERENCE l! YERY SMALL, THE PROGRAM COES 'TO STEP 320 -AND
CONTINURS.  IFf NOY, XF° ll:oﬂl’ l!llv THE PAIA“ITIRS "ARE. IISIT
AID Tnl 17 IATIDI COITINUIS lT STEF: 110.

:
C
e
c.
‘e
‘e
e
i
c-
<
[4
c
c
&

'00'0.0'0'.""'.0""00'0‘.""'00"'0'0'0“'0'"OO'O""""O""O"’ |
230 CONTINUR .
lP(nAllllDOTI) ur 1,00~ ol) Go To. 2:0
B £ 0 £ 3 Rt a
TIPCIYaTY L g AR e ST SO o .
AMPLP(T)EX]- R - - L SR AR L cot Do ;
¥R AX00T Y Ca e PRSI - R o S L
L WRITE(10,280) . S o R L o o : . ,
280 FORMATL( ‘0" Lo : ’ : ) : R L
CWRITR(10,270)
270 FORMAT(1X,3
. WRITE(10,280)
280 FORMAT(*0 ")
S SGNXO=-8GNX0
060 103700
290 CONTINUE
. CALL nxan(xo AD0TO. K, DELTAT, FSTAR DELX) o s o .
CALL SPRED{XO,XDOTO,N,DELTAT, PETAR,XDOTI) . e e IO L
CALL TIG(XDOT1,3GHMVI) - . o : L )
CIF(SGNYI. RO, scnxv) ‘g0 To zgp' R BT : s
TE(l)sTO. : ; o PR ST A
T CAMPLP (1Y=XO B A R Bl .
vP(1)mxnoro - : S . . . [ o AL
S WRITE(10,300) TO,X0,XD0T0 ¢ . e Do ey I v o S
300 FORMAT(1X,3(GZ0, 10, 2x)) = o T PR TR - : o
: XFeXO+DELX . j S . SN L L L6
L TTeT1-DELTAT o L
C"l"l'“""'l"-'ll""""##‘l"‘l"'*d"dl ~0‘d"0""'l'00"0'00"
c

T, wt’xnof|_ . B AT

'TMI IT!RAT]DN Fﬂl l!TKlI YN! P!AK DR TIﬂUiH ll DONI FROM STEPS 30, A
3ze . ‘ BRI
'DILTIIITXNATID YALUE ron T"! TiME llTIIVAL To. REACH 28RO VELDCITY
<0 CINTEBRYAL 5o
n\ vaXNIlCALCULATlD VALU!

a

'ﬁd‘O'GOIO.'0'00.""!'0'0"0""""0""0!’00‘Q&d’ﬂ#dvﬂﬁﬂdl!'!'ﬁﬁd.'ﬂ - : [

310 CONTINUE

ORLTSDELTAT . - : " ¢ . e S
; CALL TIME(XO, X00TO,DELT, N, PSTAR, orimey ’ i R : B )
. . EALL BISPL(XO,XBOTO,N,DTIME, PSTAR LDELTAX). . T S PR [
S0 CALL.SPEBD(XO,XDOTO.N, nTlu: rsrAg;xouTl) T SETTN S
XIZNOSOELTAX . : . o ’ . RN '
o DELXe XY - xR ' ’ b . ; -

lF(DAl!(DlLX) LT |'oo-onfrco ro :zo,
XFaxy - . Lo S : s : = : : :
NEMUS (XPE82:1 ., Jeirz.0 A o s ’ e : - B
CALL ‘DaMP (X, rsrnn)v‘ . . 5 ) : e : . R o
-60-TD 310
220. CONTINUE

c;, CTHE vnnuzs ron THE : riix g?f%
c “voesuuy

CO""'O"'A&é""ﬂ'l‘ﬂ.ﬁﬂ".‘”VV%"U'O"Q"‘O'ﬂ""ﬁﬁ‘ﬁ"""‘ﬂﬁ"ﬂﬁﬂl

TI:T!‘Q&}M!

" cAGnL SPEED(XO, X00TO,N, DTIM! PsTAR.XDOTT) . ® A ‘
CImThy N . ; - SR SN E ‘
LR I A Rt S - S :

AMPLP (1)RX1
YP(I)axXDOT) o o Co T .
WRITE (10, 330) ) - CoT ' :

330 FORMAT( 0 ) & &0 - R K e
S WRITE (10, 340) X1, X1, XDOTY }
F380 'FORMAT(IN .3(G20.10,2X)) : S

.~
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23, - T wmiiTEC 10,3800 ’ — R v ‘ R ’ ) .

3132 © o380 FORMAT (1X,31820.10, 2!)! *

323 ﬂ"‘!""l""‘.'l'0ll'"O'-l"'.O"0'0""""""""'0.l"."l""."

334 5 € . S

338 c o TISYIIG PDI THE NUNIII OF NALP CYCLES. ! . . f_ . , E B . @

338 [+ . ’ :

337 C"".'"l'..l.Q“'O".“"O'l"".“""."'Oll".l""0.""""'.'0'.'

338 - : I1F{K.EO . NCYCLE) GO 'TD 380 .

338 . C'."l'"l"""‘00".'"0'.O'""l"""‘."'ll""l‘.".""0".""'0
. 380 ¢ - ‘
o381 [+ . III!TTIIG TN! INITIAL QORDIVIONS ron TNI NIXT HAL' CV:LI

c
C""lIOOOOQO"O'0"'0OOll"!"O’OOO.'IOOO'l"'l".0'0""""0!"'0"00 . .
: nowx1 :
XBOTORXBOT T - Co . o . e . . )
. XPREVEXD . ; . - : . . : .
REERE T3 LI -
: SGNKO=~ scqxo E - . : s . - R
: KR4 .0 . : .
C""0'OllOld""l""l'd""l'..O"I"'.OO'II.'i..l"d!"'l"""l"..' ) . .

<
(1 OHC! THE. PRAK OR. TROUGH CO- DID!IIY'I NAVI IIIN FDUND THR VALUIS
4 AT THE END OF THE NEXY TIME INCREMENT ARE CALCURATIB, SINCE" 7"'
8 FORMER. DO HOT OCCUR AT THE END OF THI PREYIOUS ONE. THE
T e .'DISPLACEMENT 1S FOUND EXACTLY AR WAS DONE FROM STIPS 1!0 10 220
c.
(]
€

IICIFY WITH. TH YIHI INTER VAL llllﬂ DIP?T ; . : . ,

occooonooo o.o.--o-------uocnn-o:looooouovnoowonw:ovoaocoova-a--nvo-vo- ) S0 .
DIFFT=ORLTAT-DTIME s i ; . L . :

) CYORTi1epIERY ) , S ol : . o N

460 CONTINYE - . - s o C gy e .

S CaMys (Xee2-1.0})
N=c/2.0
CALL OAMP (N, FS?AR) v
CALLDISPL (XO,XDOTO, N, DIFPT, PETAR, nl&V

e

X 1aX0+0KLTAX
T OIPFXRX1-XPREY
IP{DABSIDIPFX)
L OXPREVEX) s DR S .
XaxO¢ONLTAX/2Z. o : : AT R e
Ll B0 10 380 ; S i TR : B -
370 CONTINUL & - v R e S S S : G
| oRQeRT: - s L L . . .
XDOTORXDOT1 o i . e ‘ : e . i
S 460 TO 200 Ui - S e ' o e B . R
380 CONTINUE ..~ o : e B AT PR SR SR
NPOINTEI . ° . L
Cl"l'ﬂ0"’00'0.000"""""".Oi"'l"l""C"l'ﬂ.'0"'!0'.'000"".0' :

LT!\.oo-op) w0 To 376

Tnl ruLLcwlnc SRETION (ENDING AT Llul 3-0) Is T uuu:l-xufTA P RN o
SDLUT!OI OF THE SAME ORIGINAL BOUATION. . e R T, . : . '
BT e

kvn-uunlun cr xucazn-urs . . e ?‘

o / ' o o - :
lv'O!OO'.'O'.!'.""""O"O"lﬂ'0'0""".“0'OO!"O"""QD'OO ; . ) - ) YRR G

CAY P MINALETI 901 - N ; : f
NTVLOTFINAL/D"O' N : o

o . 5 .
THE FOLLOWING All rAuAanle Foar THE RUICI-KUTTA sunnnurlul S ; EEL
COIIULT‘TNI IMSL_MANUAL FOR' -ov:nx- FOR FURTHER DETAILS. : e R S

“KRKuT IMEO ) o . : R . L .

Y{1ispISPLO : l, . T o SRS SU N ': ",' . aL

G Y (2)BVO ’ ' con S

N C"C‘O"Ol".o""ﬁ""'."'d""""'dﬁﬂ""‘O'Oﬁ""0"’00""‘.""4‘? N
c

ca03 vl nxnuK-LAac:sr ‘yatus or nuunl-xurrA vELOCITY (rou rLoT :cALqu) 3 el

LX- 7 SRR Lo : T .
408 | " C""OOd‘!."l""0'0000'0'0‘0"'00'"ﬂ'#'l""ﬁl"'#"0"""00!0'0‘0" P ~ L i
s08 L NEON®Z . . . o : .
407 'nwnzv T S B [ R St . L . .
s03 T Tegey. oo‘gn' S sl T e o L ' .
208 - IMO=1 oty . : SRR . . e . S ;
410 XEND=DT . : ; ! [ ' ; e
411 C""Q"Oﬁ"ﬂ"‘l""""l"ﬁd"""“l"d""l#""""l"l'ﬁ.#l""d" : : 7 ' . . s e
4av2. e L - . ST . E
413 e ZIXTICUNULATIV! VALUR OF TIME AT END, or- :pcn IltllH!HT - f L o i
414 E 4 ) S - R -
41s o 'C""00"0"0'ﬁ.ﬂ"‘l"'ﬂ"'0‘0'00""'!"""0"’0‘0'000'0#"."""Oll ., X R .
418 . ZEIte0,0 .
417 . CO"'#OO"'0.0"O'#.#O"lﬁ"l""O""""dﬁﬂd‘llOOd“'"ﬂ#OOﬂ'ﬂd.dﬂ'"'0 \ g ' .
418 .
a1 c Aanux-nnuAv,fnn AMFLXTUD! VALUIS 2 S - I
420 . € TRK=ARRAY FOR:- TIME valLugs - ) e ’ 3
421 € VRKEARRAY FOR anucrrv vaLums . S . '
422 4 N : k . X P
423 . c'vovmvab'mv'uwvwnmnunnmuwvvcwnvawtod-vmuounrowvnwobw«a-vwv""“wﬂ N A
424 - pR 390 Jm 1 INTVL R
428 CAMPLRK (J1 =Y (1) S : Sl e .U*Z
az2e L CUTRK(JIRZEIT S 1 ', o RO S \\g\\
Y 3 5 AU CYRKCSEEYL2) ‘ . . ooy <
az2s - CaLL DVERK (NEON; FCH,XRK,Y, xlun 1oL, IND, CN, nw W, 1ER) I EES
A2 - C"OO!'O"""0'!’0"""#"0"0"0"ﬂ""ll"!&'#.ﬁ"ﬂd'OO"'O""""#’ RRIAY
430 [4 ;
431 co rucn:uznrluc THE TIME VALU(S. o : SR :
432 t ' ) : a . . R
433 C".U'ﬂOl#'O'O'ﬁ0"'ﬂ"‘ﬂlﬁ'llﬁ‘”""'!"l"’"'Ol‘dﬁﬁwv"ﬂﬁﬁchaﬂﬁﬂﬁdtﬁﬁ L. . Y
434 . CZEITEXEND
‘438 . _XEND®XEND+OT: . ; Ve S . P, - . :
436 390 CONTINUE : ’ o ) ' R . - ;
437 Cﬁ‘dﬂidO'd"ll'lﬁl'ﬁ'ﬁ“lﬁﬁ'ﬂ"ﬁ"!l.d"’l'ﬂ'#'ﬂd#l'!ﬂﬂﬁ"w"'ﬁ'ﬁﬁ"ﬁﬂ'ﬁ . . - N
438 c o
43900 ¢ Tuz CALCULAT!D VALUES ARE wnlvrzn JANTE: nutrut FILE vornuuu

440. . - C
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441 C0'.0'00'OOI!U.O"O'O'OO.IOOOO'O'O"'.'lO"ﬂ.IlOl'."l""l"l’.. "ri"
L WRITR(T1,800)
S 300 FORMAT(* 1) 'lune!-quTA RESULTS - FOR. THE louArxnnf') CoWE
S WRITR(TT, 4100 o ’ v
s10 renunr(-o'.'lterlLl-ocfrouu:(I--: |)-xtoor)o--o-‘ , . R
WRITR(11,420) MU" . - . .
Y FORMAT( *0* ‘MU®’ ,G20.10)" R vt
. WRITE(TY o) 018kLO, VO .
‘430 PORMAT( * “X{0)®’,820.10,2X,; 'llnoT)(ODl’ G20. 1of
O WRITE(11,480) - ) _ .
440 FORMATI*-+, &4X, TIME", 10X, 'xlt)'.nx 'VILOC!TV') N : :
‘00 480 Mumi, INTVL )
P WRITEH(11,480) TRK (M), ANPLIK(&I,VIK(N),‘
480 FORMAT( 1X,3(620. 10, %)) - . co ‘ :
480 'CONTINUE A
C'l"*""’.!.l"’ll."'ﬁd‘l.."l."!OOO"‘O!!O‘I'O‘..".""l""ﬁ"ll" ;
e .

THE FOLLOWING F!ND! T™HE Lllﬂll? HAGNITUDIS or 7Nl nls’tlcl"llt! A ) : j T
AHD VELOCITIES POR THR SOLUTIDOI FOR PLOT SCALIIB PURPOSES . : -

l!ﬂﬂ’ikllﬂl‘? VALUI 0' PllClﬂlll LXIIAI DISPLACEMENT ' ’g PR ’
llﬂV?-LAIBIST VllUl O' PllClWlll LINIAI VILGC!YV_ - : Ve

LIGORK=LARNGEST VALUI 0' lulﬂl KUTTA BIIPLACIMINY'
llBVIllLARBI T VALUE oF IUNGI-KUTTA VILDC]TV

."'OO.Q."O"""00""’."'"O'Q'.."l'.""."""""".l"""d"l'
¥1GDPROISPLE
BIGVPRYO . ..

TVEL=VPLIR) .- I .
"IF(QANS(OISP), ae. -xcnr) llﬁb?-nl'l(oll') o
CIFADAUS (YEL) .GE llnvp) ltﬂVPIOAI‘(VlL) . e ' L
470 CONTINUN. . - ol IS P RO
] IIBDRKIDIlPLO ._rli'. R ; N '
T1GVRKEYO . T . Lo . ; o
DO ABO IsT, INTVL
DISPUAMPLRK( 18
SYRLAVRKCIB) BRI :
IP(DABS (DISP).GE.SICORK) BIGORK=OARS (DISP) T . ; L O .
' TIP{OARSLVEL) .0 lxcpnx) SIGVRKSOASS(VEL) et gy L KB
EYY 13 CONTINUE. = L : t
'3Cll"!."0.'00DO'O."'O“IOOOO'!00"00."0".Oﬁ‘ﬁ'.ddlOOU"UD"OOI'OO'O‘ T N

c
(- ™HE nle rtw LINES ARE USED . IN ranLIZING ALL THI PLGT FAIAMITIRI L
‘C‘ . WHICH INCLUDHES AX1s SCALING. - . : R . . i ey
:000-000nﬂtﬁ.ovwoao-vaooooonocovvonooovtocowcot.pnvoctavovvoootavoo.avv' . X
) B1GD*B1GORK KT ey )
- IFisicoP. . |x¢oax) lxnn- igos S : R T A )
L) K o . o . . : . ) .
JIP1NICD ., Ll.' o) ua To IOO“, ’ . A . . . RN S 'y
. ... 480 .CONTINUE - , : : o BN - : e =
: DECDaRIGD/( 10 o--u) : L RN T ; : : - ol
Lo Sl T 1m(ogeD . le.1.0) Go To: |zo e R Lo R R g
. a7 . C o MEMer P . T w ; T . BN
Lo ees e 0 0. TE a0 . : : : - E : - :
: 1T $00 CONTINUR
$00 . . NIGOEBTIGD=( 10, o--u) .
so1- T IP(P16DL GR, 1.0) co To lxo T
BOZ I MmO . Cad i
%03 . T . 80 'TO EOO-
so4 - 810 CONTINUE SR ’ S : -
308 . PECDEOIGD/10.0 T . L SRR
[ 1] ME oMoty . e o I B SRR
‘807 . . . 820 COMTINUE. "~ - - ..: '. o ik
808 - . IP(DECD.LE.O.1) VFACTNO. B .
PURREEY 1-7 IERERIE LIF{(DRECD.GT.0. 1) .AND (n::n TR 2!)] VPACT®O. §8
SN 810 0 e S T IR (DEED . GT 0. 28 Ano (D¥CD. L €)) vaCT-o s
[ RS IP({DECD.CT. 0.8 - (DECD.LE:T.0)) VFACT'I
%12 ' 'SFACTEVYED/ VO, 0 ; . S :
813 CYAD® -YFACTZSFACT {0, 0nsM AR . : Lea
s14 T . . DEN®YCD/(2. 0%SFALT) T PR, -
S S8 BT VIDI(VFACT/D!ND-IO oEaM L i Tt
18 L, e . e . : Coi .
817 i My i F N TR . S . - : . . PR
‘18 : TP CTPINAL Ll },o) co To 840 : . R - T g : S
AL 830 CONTINUE . ; P - -
€20 .. : B!CTDYPINAL/(!O osaM)
.2 oo IR COSCT L, Y -’60 TD $80 ; ;
822 . L Mmm . - BRI ) S : EEE '
823 G0 TO 8§30 b S e . ¥ e : R T " .
528 440 CONTINUE ’ S . L Sl L R ;
528 7 ) nIchTFIﬂAL-(YO OraMy
- 526 N iF(oIGT. c! 1.0) Ga TO u:o
s R Lt
T 828 ch G0 TO sS40, o “ - - : S
RSN 1 RN $80 CONTINUE e A ' . AR oo e
LI 830 - {DECTS0167/10.0 L ' T : :
o 1 A M s (ME ) : ST e D ) . : : = :
832, . 580 COMTINUE : Lo e . : TP ) . ' E S
533 . CIF(DECT. LN.5.07) MFACT=G.1 = - e : ST : N
€38 . L CIF((DECT.GY.0.07).AND . LDECT . LE.O..14)) HFACT#0.2 - .. B
(1] L IFC4ORCT GT. 0. 147, AND . (DECT . LE O, ::;) HPACTHO. 8 R
538 - : JEPCCDRETY (GT.0.38) . AND. (DECT. L! 0.7)) HFACT®Y o - o
$37 ¢ T IFC{BECY.ET . 0.7) . AND.(DECT.LE.1.0)}) HFACT=2.0 EEN R PR :
838 - ‘HBDEHFACT#10. omx (M>1) : i . T, . . g - ot Lo HENE
. $3% - . LOMGENED L Sl iy . o : S . o .
_S40 ", S xnn(:)-anoAT(Lnnc)-unn ©.00s . - T : ol S s
s41 c : RN I : : Yo, ©e
s42 . ,IIGVIIIGVRK' : . ) . . . .
843 - Y 1FiBIGYS, cz ulcvax) slcv~sx=vp« A U L : . o . “ R -
s44 . LoMEY T : . N Yo : A T
B4R IFABICV . LE 1.0). G0 TO suo : : R Co . . .
B4, E70 .CONTINUE: . ’ ' ; S N
547 ot nBCVYABIGY/(10. o--n» - L ST ) ‘ ) :
S48 ST IR (DECY L LE. 1, 0) 6o T uoo‘ TR, o K R S i BN
S48 MEMey . : S : oo e e ;
880 - C 6o 10 ‘870" . o : R '
' I
&% .
s . . . R - 4 ———————e = - T
: RE | . o
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580 COMTINUE | . v
DIGYwAIGYE (10, o--m ~ . '
IF(DIGV.GR.1.0) GO TO $80O ) ' , ' - S .
MuMe L o : ’ »
G0 TO %80 : : } h N ’ BN -
$90 CONTINUE . ’ : .
° ‘oNCYEDIGV/10. b o
MEe(MeT) . : - ‘ .
‘800 CONTINUE R .
IF(DECY.LE.O.1) VPACTNG. . . . S .
IF((QREY,GT.0.3)  AND . (DECV,.LE.0.2%)) VFACTRO.2% ' o . )
. ‘ IF((DECY.GT.Q.2%) .AND. (DELV.LE.O. %)) VFACTs0. 8§ - . [ : T
o IF((DRCY:0T.0.8)  AND. (DRCV.LE.1.0)) VFACTS1. 0 : L 2 - :
: C HAPE . n-«vcn/z o)
NOPaVRO .
HCPeYCED' : ' o ta
SFACT=VYCP/10.0 K ' ' ! :
VAPR-YFACT¥*SPACT210. OveM
DENSYCP/(2.088FACT)
vnh-(vrlctlnlu)-|o onsM

APV { 2 )l° o B . N

YAPV( | )l'l"o 008 . B

Vl"(z N-YAP-0,00%
C'O.'.O""OQ .OO'O'0.000"OI"'0""0'l'...""'ll‘0!"0"'."00"".0*

THE ro;;nwzuc SECTION SETS UP. THE PIRCEWISE LINEAR RESULTE SO THAT R T .
SETWREN 80 AND 80 POINTS ARR PLOTTED, DEPENDING OW HOW CLOSE THE L .
TOTAL NUMBER oOF CALCULATTONS (NPOINT) 13 (7O AN xnrluuAL MULTIPLE

oF so.- . ‘ : o

[
c
[
. €
- . VPRARRAY FOR PLDTTID PIECEWISR LINKAR. Dl!PLACINIITS : o
[ TPPRARRAY. FOR PLOTTRED PINCEWISE LINEAR TIME VALUES: L
c YPPRARRAY FOR PLOTTED PIECEWISE LingaR VlLﬂtlTlli T el . . ;
[ 4 . . 0
C'QOl."“'."..'ll""l".'l'.‘d."ﬂ."l!"00"0’0.‘00'."'00"‘0‘0"’! . -
INCPeNPOINT /80 ) : .
IDECSDFLOAT (NPOINT/SO)-1NCP Co o R T o .
IF(IDEC.GE.0.§) INCRENPOINT/SO%1 - . e . . .
B LT 7 TR B
MOPwY .
(810 'CONTINUE . . } . ) ) .
',‘vr(in)-AMPLr(Inrn ST . - - S : i °
TPP(NPP)YSTP (NOPY ) : BTSN Lo : . . R
T YRP(NPR)RVP(NDP) . i ’ o R
NPPENPPe L : R B IR . ) L : . -
RDPuNDP L INCP 0 T I Sy ‘ e
IF(NOP .GE. l'nxntb cn T szo» BT e o S o
/- ..G0 TO 810 . L . T B : o o ’ . L
‘820 CONTINUE . : . o ) ) . g : :
IPOINTS (NOP - uroxu?)-tucr/z L
Lo U INALEEINCP/2 L : i
K JIFCIPGINT.LE. THALF)® cn ‘To §3o o
L YP(NPP)SAMPLPE (NDP) . o . L : . s i )
TPP(NPRYSYR(NDPS . EPR B - - R .
VPP UNPP ) sYP (NDP) Co : o : S . S

: GO TO 840 o R S
830 coMTIMUR G T DR Lo
L NPPENRR-y : S :
NDP=NDP - INCP SRR
s40 COMTINUE - . o )
. C"""ﬁ"""""0‘D.."CO.'DOO'O.'.0.0.'ﬂ""l.l'."'l""O'OO'O"OO"
c
E. . DUE,TO LIMITATIONS IM THE $LOT RGUTINES USED FLRTHER ON; THE'
€ FOLLOWING SETS UP THE RUNGE-KUTTA' RESULTS ‘SO THAT EVERY SECOND RRP
c- POINT IS PLOTTED. [F MORK THAN 1000 POINTS. WERE CALCULATED. ' FERC .
c o .
C'O'O'O"'OO"O"O'll“"”'l""""l'ﬂ"'ﬂ""l'l'ﬂ""lll""ﬂl"ﬂ"' ‘
INCRKEZ . ] . i ; . e
1F(INTVL.LE. 11s) rucnxnl,v' R o N o N ' B

WPRK 1 S i o . . ) - . o
NDRK = 1 ’ : - e :
‘880 COMTINUE
. ,bvax«upnx)-nurLux(uoux)
TTPRK (NPRK) ® TRK (NDRK )
VPRK (NPRK) = YRK { NORK.)
HPRKaNPRK+ 1 . Lo ) SRR . D
MDRK=NDRK+INCRK '~ . . RN : ' = ) ! -
IF(NDRK . GE, INTYL) €O 18 ‘se0 - : L s
.. 80 TO 880
880 CONTINUE ' .
IPCINCRK .EQ:1) ‘GO TO §70
COUNTROFLOAT(INTVL):
_INCaCOUNT/2.0 : S : : R
DELINCECOUNT /2.0~ urLoAY(xnc) s S Lo . I
© IP(DELINC.ED.O) uu 10 tpo - : ’ R : .
/870 CONTINUE. ’
: YRK {NPRK) s AMPLRKA INTVL} R .
TRPRK (NPRK)m TRKUENTYL) 1 0 : Lt
vwnx«nrer-vnxtqumL) : S : : ’

“ ’ E ; B Lo -

P
v
s

G0 To 680 § . .o :
COMTINUE =0 .- 7 . A B . R
. NPRKSNPRK-T - e - ) : Ceh N
' - NORK®WNDRK « INCRK |~ " ° . . . R o s i :
490  CONTINUE 4 . ' - : . Ve,
C'0"'O‘O"""ﬁ#"l""ﬁ"d"#ﬂ#ﬁ'd""llﬁ0!"le"""Oﬂﬁ"ﬁd"ﬂ'ﬁ"" -
.:‘ PLOTTING THE ‘SOLUTIONS. - CONSULT THE WRITEUP ON CBPL/CGPL: Aun e -
NC i THE MAMUAL ON. DIGITAL ruc?rl*c FOR DETAILS. ) ; :
[ > ! <
Cl""""llﬂ'.'l"'ﬁ"dﬂl"ﬁ"". Oﬂ'ﬂdvd"'ﬁ"#ﬁ'"ﬂ"ﬂﬂﬂ"ﬁ‘ﬂ#"ﬁ"ﬁ' . . A
HO®NPRK | . . . . SIS
NE= ’ R ) L : -
‘CALL® canztvrnx vnx Mo, NF ;nnn,u-n.nco.vAo,vtn.vcn,ALruoL
. M S

NOENPP ; R S
;ALL.ccrLz\Trr,vy.nn.z. . MAD . HBD . HCD,'VAD, VED.YCD, ALPHD)

SRR 'POOR COPY = I
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Tass

788

‘170

P

c
c
£
c
c
c
c
c
c
5
€
c
3
c
c

700

'

NF=4

CALL CGPL!(XAD YAD,2, NF 4, HAD, NID HCU,VAD VID vCOD. ALPMD)

‘HARHAD
HCwHCD
VASVAD
. YCuYCD
IrtLOT=O
CONTINUK

STARTX®(HC=-8.31/2.0°

STAATYRvCeO.8 -
HORIZsHA
VERTSVYC+0O. 8

ogcaLL FLGT(NDI!Z VERT,3)

HORIZI®NE

CALL PLOTIHORIZ, VERT, 21

VERTsYERT+4 .2

CALL PLOT(NOI!Z VERT, 23

HORIZwmHA

"CALL PLOT(MHORIZ,VERT, 1)

VYERT=VC+0. 8

‘CALL ‘PLOY(MWORIZ, VERT, ,2)

HORIZeSTARTX#2.0
CVERTSSTARTY*X. 8

CALL .

HORIZTESTARTX+2.4

‘CALL SYMBOL (MORIZ,VERT,0.2,’

HORIZI=STARTX+2.8

SYMSOL {HORIZ, VllT 0. 2.35 o.0,

.0.0,1)

CALL MUMBER(WOR1Z, VIIT ©0.2,Mu,0.0, 4)

Nﬂll:'lfll?l’ﬁ 2
YERTHSTARTY+I.

CALL 8VHI°L(NDIXZ YERT ,0.2,82, O o, - |)

HORIZ=STARTN®O. 4

CALL SYMBOL(MORIZ, VIIT o. 2.'1

 HORIZ=STARTX®1.0
YRERT=STARTY*2.8

(ul!clwxil :

CALL. SYMBOL(HORIZ, VERT, o. 2.'LXNIARXZATIOH)

"HORIZESTARTX+4 .2

CALL MUMBER(MORIZ, VlRT 0.2, DILTAT 0.0, ‘)

HORIZESTARTX+0.2
YERT=STARTY*2. 4

CALL. SYMBOL{(HORIZ, VIIT ° 2,82,0. 0, -1)

HORIZESTARTN+0.4

CALL BYMBDL(MORIZ' VERT, 9. 2.'7

 HORIZ®STARTX¢4 .0

CALL luﬁlll(ﬁﬁllz VERT, 0 2 DT O °,8) -

HORIZINSTARTX+0,2
NVERTWSTARTY+1.6

L CALL SYHIOL(HORIZ_VIIT O 2

HORIZ®STARTXS! .8

'X(O) 5,0, ° l)

. GALL. MUMBER(MORIZ,VERT,0.2, BllPLO Q. D ;8

HORIZ=STARTX+3 .8

oAbl -SYMBOL{HORIZ, VERT , 0. 2

HORIZ=mSTARTX+3. 828

VERTESTARTY+1.8

HORIZWSTARTX+4 . 8
YRRT=STARTY+1. 8

'X(O) ®9,0.0,8)

. CALL SYMBOL(WORIZ, v:ur 0.2,78.0.0, 1)

‘CALL -NMUMBRR{NORIZ, VIRT 0.2, VO .0, ‘l

‘HORIZmSTARTN+0. 3.
YIITISTAITVOO 7

‘CALL PLOT(HORIZ, VIIT 3

HORIZEETARTX+0. 3

T CALL PLOT(HORIZ, VIRT 1)

HORIZ®STARTXS 1.
VERTESTARTYFO . &
CALL SYMBOL
HORIZSETARTX+O. 6
vlnr-sr&urvoo 3

- CALL SYMBOL{(HORIZ, VIIT <. 2.|,° 0. 1)

NORKIISTARTltl
VIITIQTAITYOO 2

‘caLt SVMCOL(NDRIZ VERT, 0.2,

IF(IPLOT . NE.O)
. NFRO

CALL Cﬂ?Lz(XAD VAD 2, NF 8, HAD , HBD, HCD, YAD, VID

NOuNPRK
NFui

‘Go’’To 710»

'r:lClwisu LINEARIZATION

(lUlGI-KuTTA) .’

.6.o,i¥\:

=’,0.0,18)

,0.6,17)

on1z, vEry, 0. 2, 'nuucléxurfn‘,o.o,11»

vcn.purnn}‘

CAaLL: CGPLZ(YRK VPIK MDD, HF I HAP HlP HCF Yar, VIP yce ., ALPM')

. NDsNPrP
CALL

NER4
SCALL .
cNFEs
cALL
oHA=ZG. O
HCEHCP .

yasvap B
‘vesvep

IPLOT =

G0 TO 700

"T10.CONTINUE

NFsO

CGVLZ(VP VFP ND, 2

NAP Hl' HCP VAP VBP VEP ALPHEY

CEPLZ(XAPN,VAPN;Z,IF,‘,NAP,MIR,MCP,VA',VIP,VCV,ALPNF)

CGPL2IXAPY, YAPY, 2, NF. 4, HAP HBP HCP VAP VBP VP ALPHP)

CALL CGFLZ(XAPV YAFV 2, HF L NAP Hee, NCP VAP, VIP VCP ALPVP)

STOP
END

S

TM! FOLLDW]NE SUIIOUT]M! CALCULATES THE.. SIGN OF A OUAMTlTV

POOR COPY
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kAl

- 879

280

c
<
c
c
N
c
c
c
c

SUBROUTIME SLG(X,3QN) . " ' L ’
AMPLICIT REAL®S (A-H,0-2)

l'(DllS(l) LT.1.00-08}) GD TO 800

SENEX/0ABS (X}

G0 TO 810’
500 CONTINUK ) . . :
.SGN®O.DO - v L . o
‘810 CONTINUE
RETURM : ) . .
IND : S : T
13 ' \ : . .
c \
[ SRR ) oo : .
Cl"OllO'I"OD'O'."OO'.l"'O’.00‘0'0'00'"l""b""!b".'..'ll"ld..l'
e . : . . :
c THE FOLLOWING PROGRAM TESTS FPOR THE DRGREN BF pampiwg -
c (UMDERDAMPING, CRITICAL DAMPING, OR OVERDAMPING! AND THEN
3 CALCULATRS THE CORNESPONDING DAMPED ANGULAR FREQUENCY.
cv
Cll"O""""O"O"OO'OO!U'0.'0."-'O"OO’.l‘#0'O'O'OOO"‘O""O"I'O"

SUBROUTIME DAMP(N,PSTAR) .
IMPLICIT REAL=S (A-H, 0.1}
~ REALES N ... -
‘SQm1.,0=-Nex2 e
CALL $IG(SQ,3GN8Q) Do
IF(SGNSO.GE.1.00-08) PSTARROSORT(SQ)
IF(DABSISGNSQ) . LT.1.00-08) PETARRY.O
_IF(SGNEO.LE.-1.0D~08) PSTARGDSORT( ~80)
RETURN L '
[ LT [ ) ) . e

’"0"0Ol""""""""".""'l.b',.l"'l!..0"0'&3”'.’0'06'!".ld"‘d

c
<
c
c
c
c THE FOLLOWING SUSROUTINE CALCULATES TNI ol:rLAclncnr AT THE  AND
c OF THE SECMENT SEING EXAMINGD.
c
C‘"l."".0."."'-".'O".'.""'."l".’."0"0'0!0"'."“"""'O"
SUBROUTINE DISPL(XOC,XDOTO. N, DELTAT,P.DELYAX)
IMPLICIT REAL®*S (A-H,0-3)
REALSS N .
. Claxe L .
C2x (NSKOSXDOTO) /# i

. C'0'0'0'OO'."."0'."O'0.00I'OO.'OOO"'OC"#"!".OO"'OO"O"0'0"""

c
c TESTING FPOR THE DRoARE or OAMPING OF TME LINRAR APPROXIMATION.” 1F°
c UNDERDAMPED, THR PROGRAM MOVES TO STEP 900. IF THERE 1S CRITICAL
C ' ) OAMPING, IT GOES YO STEP %10.  FOR OVERCAMPING, THE PROGRAM
c CONTINUES AT STEP 320. . o :
c .
ce -n-vvo'ononuaa-ovo»ooaac-noao»4»vooopo--wo-o:nnnv-on-onauooooao«aowot
S0=1.0:NER2 G
IF(3Q.G0.1.00-08) "GO YO 900
IF{DABS(S0).LT.1.0D-08) GO T0 9§10
IF($0.LE.-1.00-08) GO Ty %20 .
200 CONTINUE .
: DILTAXIDII'(-N'BILTAT)'lC1'DC°$(P'OILTAY?‘C?tnslllP-DILTAT))-xo
. GO TO 930 | .
910" CONTINUE - ' :
DELTAX®OEXP (+ --olLrAY)t1xo-qu-xooxnnro)'nuLTAry-xo
. G To 830:
920 CONTINUE
BILIAIIDIXP(-ntDlLTATlllcl'DCBSM(POUGLTAT)*C?'DSINH(D-DILTAT))-Xo
930 CONTINUE. ) R
' RETURN i b : : ‘ A
o 1) : : o

Ty
N

. |

"0."""i"""""'""O'O""'0""""'0"O'OO"""'."h""“f@‘

THE FO(Llelﬁ SUBROUTINE CALEULAT!S THE 'ILDCITV AT THE  END DF TH!
SEGMENT IIIIG EXAMINED.

""’O"""""".'I"O‘O'l"."‘.Q""""ﬂ"."""'-‘l"'ﬁ"'ﬂﬂ'l"
“  SUBROUTINE SPEED(XO, XDOTO, N, DILTAT P,XDoOTI1)
S IMPLICIT l!lkll {A-H,0-2) . . P .-
REAL®S N - ) :
c'0"'"'ﬁ.."""""""'."""""'"ﬂ""""""q"‘."""‘Oﬂl"'

[
c TESTING FOR THE DECREE OF DAMPING OF THE LINNAR ArrloxquTxou 1r
c UNDERDAMPED, THE FPROGRAM MOVES TO STEP '1000. IF THERE IS CRITICAL
c pAMPING, 17 ToEs To sTEP 10710. FoOR ov:nnAnvxua,;Tn! PROGRAM
C. CONTINUES AT STEP 1030. B ) :
c .
C"'O"‘Oﬁ""%"""’.'l""ll"".0"OOOO"01600'ﬂ.d".'ﬂﬁ'ﬁ"""ﬂldﬂ
SQ=1,0- u--z
IFi$0.GE.1.0p~08) 0. 10 1000
_IF(DAIS(SO‘ LT.1.00-08) GO TO 1010
: IF(s0.LE, - oD~ oc) G0 To 1020
1000 CONTINUK W -
© ‘ci=xp@To
. ‘cz--n-(u-lcoxnoto)/r PEXO
: xnor|-nlxr(-u-o!LTAr)-(c1-ncnS(r-n!L1Ar)»:::uslN(r-n:Lrnt»)

-, .'GO TO- 1030
1010 CONTINUE . :
© . XDOBT1=DEXPK-P b!LfAr)-«-p-xootu:xosxnaro)n«u G-PYOELTAT )
: GO TO 1030 " ) i
1020 CONTINUE - . | L . .

T ci1sx0OTo ’ s
C2e8-N* (HsXO=KDOTO) /P+PEXC
: ‘xno1|-nlxp(-u-o:nfnr)-tcx-ncosu(p-oernf)oc:cbslun«r-oeLrnr))
1030 CONTINUE - -

. RETURN . ) . :

END o o .

.

c
c
c
-4

-t

"""’6""6""'."“O'Q'#O'ﬂ"".d‘ﬁ#ﬂ"ﬁ""ﬂ"llﬂﬂﬂﬁldfﬁlvﬁﬂ.""'v
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END OF FILE

e R : o " o
¢ THE POLLOWING SUBROUTINE CALCULATES THE TIME INTEAVAL REQUIRRD TO
c - REACKH IERO VELOCITY (1. K., A PEAK DR TROUGH ON THE DISFLACEMENT-
¢ TIME CURVE) BY USING A NEWTON-RAPHSON METHOD.
c.
c

0"".'0'0.‘0'0""0"'Oﬂ".""l"""...l"l""'."tll".'.’.'l'1001
SUBRCGUTINE TIMEIXO,LXDOTO,DELT,N,P, oTIME}
IMPLICIT REAL®S (A-H,0- 1)
CARAL=S N .
DUELTA=OELT+0. 08
E'."0'0""b"O’l'.‘d"l"ﬁ'l!Ol'l'"""Oﬁ"""'l"'.1000!"'.O""'!
A

TESTING FOR THE DRGREE OF DAMPING OF THE LI*IAI APPROXIMATION. I’

c
[
(- DAMPING, 1T GOES TG STEP 1120, ron’ DV.IDANFING. THE Plnﬂllﬂ
4 CONTIMUES AT STEP 1180, :
¢
C'.l"’.ﬂ!""!'O"'.'O-.l"'OOO'l"l""'.00.-""Ol.'.ﬁ"llll'ﬁ""0"
301 .0-Neny
.00-08) GO0 YO 1100
IF(DABS(8Q).LT.1.00-08) GO YO tt20
. IFISQ.LE.~1,00-08) GO TG 1140
C'O"l"""d"'0!""0"'ll"O'OOO"l'l"l"'.'l'.'OOO'O'OCOO"U'O’I"O
€

[ PaMAIN 'UNCTION (YRLOGITYS W
c 'P!P PIINC lACClLlIA!‘lDN) .
c

1100 CONTINUE .

. ClaxpOTO ..
Cam<Mu (NS XO+XDOTE) /P~ paxo
‘C3=-NeCI+PuC2

. Can-PeCi-neC2 . ’ :

1110 CONTINUE !
r-olxnl-n-nlLTA)-1cnnncns(r-olLTA)oc:-nsxu(r-nlLrA)i
PEROEXP (~NSDRLTA)=(CI2NCOS(PPORLTA) «CARDSIN(PoDULTA))
DELTA1=DELTA-P/PP .,

DIFF=OCELTAI-DRLTA .
.- fR(DASS(DLIPFF) . LT,.1.0D-08) GO TO 1180

- OELTA=DELTA! T - ) |
GO 10 110 S

1120 CONTINUE = .
Fu-paxOsINsXO+XDOTO)x(1.0-PS0ELTA)

. FPPaps (PIXO-(N=XO+XDOTO)e (2.0~ P‘olhTA))

1130 cowTimug ) .
ORLTAISDELTA-F /PP . . : ¢
OIFF=OELTA1-DRLTA .

IF(DABS(DIFF) . LT.1.00-08) GO TO 1180

. DELTAmDELTA1Y

. @0 101130

1180 COMTINUE

: C1ex00TO,
cz--uuuuooxunob/nr-xo .
CIn-NuCIivPsC2 X . - . o . -
Caepmct-Nag2 . ' - - !

~1180 CONTINUE l& SR . .
FIDI!P(-N‘DILTA)'(C!‘DCDSN!P‘ LTA)*C2IvDSINH(P=OELTA))

u!np«-u-olLtA)-(c:-ocoxn1r-n:;TA)ocouosxnn(p-olxrn))

CELTA1=0KLTA-F/FP

DIFPF=DRLTAI-0ELTA o s

IP(DABS(DIFF).LT.1.0D-08) GQ 70 1180 .

DELTA®DELTAT’ ) T },

v

GO TO- 1180 . Y

tis0 coONTINUE, v
" DTIMEsOELTA"

© . RETURN L

. END s s

O'O"OO"'"05"0@ﬁ"‘"0"0'0'!""9"0"0#0.Cﬁ'l';'ﬁ'*'#"""dﬂﬂ"‘n

©SOLYED BY DVERK: "THE INSTANTANROUS YELOCITY AMD THR ORIGINAL
EOQUAT IOK.
l"l"0"'0'0'0""""'0',0'OO'O#O"O'.‘"‘00'0OO"'O'd!"#"""""Q
SUBROUTINE FCHIN,X,Y,YPRIME)
IMPLICIT REAL®S (A<H,0-2)
REAL®S MU :
REAL=S YUN),YPRIMEIN) X~
COMMON MU - K . -
YPRIME(1)8Y(2) : . \
CYPRIME{Z)%-(MUS (Y{1)22251.0)sYPRIME(1)I+Y (11} \
RETURN . : _ . '
END : . ) . .

€
c
<
4
c
c
<
c
c
c

UNDERDAMPRD, THE PRDGRAM MOVES YO STEPF 1100.  IF THERE I8 CARITICAL

Cl""""'O'l’.l""'0"'I'0.0""O""O'OOO'OO".OQ0'000"'0'00'0“"'

THR POLLlelG SUBRCUT INE CONTAIIS THE DIFFERENTIAL !OUATIONS .TO BE
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.‘

110

PUN=OORIPEALUN-

c»

fnonNnoANNNNO

cllI;li‘-ll.lfl-.llI‘llli.llll..lll‘.l;..llllll.llll‘.l.ll.llll

PROGCRAM MATHIEU

THE FOLLOWING PROGRAM
-FOR THE MATHISU EOUAY

vioouaLE- Pll"l).(‘ ‘3

IYAINID L BJ 'llClW!Sl

THE RESULTS ARE BASED
YEALPHASCOS (Pel)+8ETA

PeSORT(A-2=03C0S (272}

THE :ﬂlllc?lil“xc NUMSER, A, IS POUID 8y’ HAKING AN lNXTlAL

GURES AND PFINDING THE
OROWR ) USING A METHOD
PURTHER ON.

THE PROGCRAM ALSC CALC
CUSING A SERIES APPROX
“SOLUTION USING FIFTH:

RESULTS ARZ PLOTTED.

:---tlt--ut--.---'n-n----ltl.l‘.------l.n----

©o

IMPLICIT REALES (A-H,
EXTERNAL FCN

nEALs
nEALs
REAL*S RATIO1(100) Ra
REALSG AMPLP (1000)  AM

Yt2),C(26) WwWt2,
LOW, LOWOUT ,MID,

CALCULATES TMI lNTlBIiL oROER SULUTION
10N:

OICQS(ztz!)-v-o’

LlNIAIXIATION Vlluﬂ CNOIDS

oW THE STANDARG:
fSIN(PeT)

}

CLOSRST YALUE (EITHER 00D OR EVEN
OF CONTINUED FRACTIONS, DESCRIPED

ULATES ThE AFPIOPQ]ATI MATHIEU PUNCTIONS
IMATION, AS WELL A% A RUNGE-KUTTA
AND SIXTH-OROER METHODS. ALL THRER

&-
<

0-2) ) . V . ,
20) .
MIDOUT :

TI02(100) , COEFR(100),T{10001
PLS({1000) ,AMPLARK( 1000),211000)

AREAL= 4 YP (1000} , 2P (1000}, YRK(1000) ,2PRK (1000

REAL®4 HA HB,HC, VA, VD,

ABAL=4 XA (.2),YA(2) 2
INTEGRR=S ALPH(20)
COMMON/CALC/AIN, DISPL
COMMON/CHAR/A
COMMON/PARAM/O

ve

e . N L S
o.0IFF, ADQUT, IPAR . ' R : o . € -

C'".""""""'"""’.""O"I""ﬂ.'I"'"O’.""'ﬂﬂ’ﬂ"."'ﬂ"'."

C
c
c
14
c
4
c
4
c
c
[4
c
g
c
c
4
c
14
4
c
(3
4
[+
c
c

C"l""l"'l"'l"ﬁ"'0‘”"'"'"-""""""""ﬁ"'ﬁ""""l'.’l.l

c

TN( FOLLOW!NG VALU(S

ACUIISIINIYXAL GUESS FOR CNCRACTIRI!TIC NUﬂl!l

O=SAME AS IN EQUATION

"DISPLOSINITIAL AMPLIT
VOsINITIAL VELOCITY
TOSINITIAL TIME .~

ARE rREAD FROH DATA Five MAYNKIUOATA

~

v . . . .

uoE

DELTAINCREMENT/DECREMENT FOR A (USED IN SCAN PHASE)

HuNUMBER OF DIVISIONS
FOR FINDING INCI!ME

HA, NCIPLGT PARAMETERS
DF 10.0)

YCEPLOT PARAMETER FOR
12.¢ GXVING BEST R

lA YAZPARAMETERS FOI

‘ALPHsaRRAY FOR PLOT A

READ(S,10) AGUESS,O
10 FORMAT(2010.6)
READ(S,20) DISPLO, VO,
20 FORMAT(ID10.8) .
READ(S,30) DELTA,H
J¢ FORMAT(2010.4) /.
READ(§,40) HA,HE
a0 FORMAT(2F 10,4}
"READ(S,80) ¥C
80 FORAMAT(F10 .4}
READ(S,60) XA{1)
‘80 FORMATIFIO 4
~READ(S.70) VA1), va(2
70 FORMAT(2F10.4) :
READ (S, 80} (ALPM(T),
50 FORMAT (1284}
READ(S, 90} (ALPHII),]
90 'FORMAT(AD& :
READ (S 100) (ALPHIIY,
100 PORMAT (444)

DELTAZEINCREMENT OF. 2 -

Dl 2=P1

ar '»{ taN ln?echAL MULTIPLE OF $0.0, USED
NTOF P1: o : . L

FOR HORIZOMTAL AX1S (HC AN INTEGRAL MULTIPLE

VERTICAL AXIS (AN JNTEGRAL MULTIPLE OF 12 0,
!SULYS) A

FLOYTINQ ZEROD LINE

X1 LasELs ’ ’ ’ .

..ﬁ"ﬁ-'O.ﬂ"'-'0"""I""."""'0"."'.'"".'.'O"""ld.ﬂl"."'

.

10‘

13,16 - . oo

1117 200

tSINCE SO;UTIOMS ARE PERIDDIC ‘IN EITHER P -

c"""'l"""'l"‘l'ﬂ'."ll""""ﬂ"."'"".‘.""U"ﬁ'-.ﬂ"""‘ﬂl‘

P13 ll|!lil5:!ll7!1

"POOR. COPY
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184
158
158
187
188
159
180
161

182
183
Vea

186
Y1l
188
rey
170
171

112

173
174
178
178
117
173
179
180
14
182
133
184
128
‘188

127,

138
189
L1%0
LXRE
192
193
194
198
19¢
199
198
K]
200

20V
c 202

203
204
208
208
201
208
209
210
211
212
213
214

218,

Al
217
218

t 209

230

annnanNnnNnannnn

ncin|1nt1ndwnvrn13no1n41nd\nlwﬁl1na1n41n¢1nﬂanr1n¢1nnwn

nn(Inn(1nnrvnnrlnnrlnnrlnnlwnnl1hnrﬁnnlﬁnnrwnn

!

DELTAZSPI/H ' I
C"."'."."'..""."""'"""""""'.’.."-'O-.."."..'.'.‘.".'

™e FOLLOWING ARE USED AS PROGRAM FLAGS FOR CALCULATING QITHER THE
0DD OR EVER INTEGAAL ORDER CHARACTRERISTIC NUMBEBRS. TNI 00D ONnt 1S
POUND FIRST AND THEN THE EVEN. :
. t.
IPARSFLAG POR ODETERMINING ORDER (=0 INOICATES 00D, *1° AVEN)
TRCOUNTER FOR DETERMINING NOW MANY TIMRES THE SET nr CALECULATIONS
HAVE BEEN DONE ("1% MEANS THE 0DD.ORDER YALUE IS BEING FOUND,
2 THE EVEN)

’l"’.'ll.lﬁl"""llll'ﬁ""t'OO'.'O'O.U"O.l'l"'l.’ﬁ"'l'l""ﬁ!ﬁ"l
IPAREO . . I
1%1 . o
C""ll.‘Ul""’.l...."""ﬁ""""'lI"l'ﬁ'.'.""l"'l""'ll"ll"i

c
< TNI IOHA?IOI PARAMETERS ARE WRITTI“ INTO QuUTPUT FILE MATHIBUNUM.

c .

cﬁvwanlvornnnov.oconv'oﬁﬂuvooo'an-0.¢.wov-v--00-.0:0--.--ooﬂ»anvaﬁuaar--
WRITE(10,110)

||o PORMAT (“1‘, "RESULTS FOI THE IOUATXBN
CWRITRU1O, |2°) 4

120 rounnt«-o' 'V(DOUILI-P!!HI)O(A 2‘9'505(2'1))'Vl0') PR M
WRITE(10, 130) D1sPLO, VO X

130 IQINAT('O','Y(O)I' "o, n:o,|o.zx.'vtr|lnlt(o»-',|x,=zo.|o» L
WRITE( 10, 140) Acul:s.o .

140 FORMAT(‘0’, *A(CUNSS)®" 1X,G20.10,2X,°'08’,1X,620.10}

CHNRP AN RO NRN ARSI R AN NN IRO RN NN ORARTINARABER IR IO VAP ABIRRAUNPORINOBARNNN

THE POLLOWING SECTION (ENDING AT STEP 480} CALCULATES TME “
CHARACTERISTIC  NUMBER FOR A GIVEN AGUESS AND O, BASED UPON THE
INITIAL DIBPLACEMENT ANC THE PROXIMITY OF Aﬂulll To YN!
AP'ROFIXA?I 008 AND EVEN OROER IIIULTS.

IIITIALLV, A RANGE OF VALURS SETWEEN WHICH THE ’lllL IISULT FOR
THE PARTICULAR ORDER IN QUESTION LIES IS FOUND (STEPS 180 %0 300).
THIS 1S DONEZ SY EITHER INCREMENTING OR DECREMEMTING ACURSS 8Y A
PIXRD AMOUMT UNTIL THE LIMITS ARE FOUND, WITH THE DIRECTION- OF THE

YALUE FROM 4 SET OF RECURRENCE RELATIONS USING ACUESS AS THE
S INmUT )
ONCE THE uouué& ARE XNOWN, THE PROGRAM FOCUSES TO THE FINAL RESULT
BY. INTERVAL HALVING (STEPS 300 T0 3807. HERE THE OIRECTIOW IS
QETERMININGD BY THE OUTPUT VALUE FROM THE SAME RECURRENCE n:anlou:
USING. THE FIRST MIDPOINT AS YHE INITIAL INPUT

ONCE. THE CNAR‘CTIIXS?IC NUMBERS FOI THE QDD AND !V!N ORDERS HAVE”
SREN FOUND, THE ONE CLOSEST TO AGUESS 1S TNI YALUE THAY 1S-USED
IN CALCULATING THE SDLU1ION

AINSINPUT VALUE FOR RECURRENCE RELATIONS
RECURWSUSROUTINE FOR RECURRENCE RELATIONS
bxr--olrrcnlncz IITW’IN AIN AND OUTAUT vaLuE N

N . .
R . .
saNOTE==]F AT ANY POINT THE JNPUT AND OUTPUT VALUES ARE NEARLY EQUAL,
CTHE SEARCM FOR THE UPPER AND LOWER LIMITS OR TME FOCUSING PHASE
STOPS, THE VALUE FOR IPAR IS FOUND (WHICH DETYERMINES THE
’IIIOD) . AND THE GUT’U1 vALUE TAK!N AS THE' FINAL IISULT

rnvno--onopﬁphoaﬁtv'vvoonr-Oﬂvtrovvvcvonvnowtln-o'vtvaou-vvvrnv:o-avwvv
180 CONTINUE
AINSAGUESS
CaLL mRECUR :
IFIDARSHC)FF) . LE 1.0D-08) GO YO 4N O
E'"l'.ﬂ'ﬁlﬁlnﬁ'l""l"!'d!.!""'.'ﬂ!ﬁl"ﬁ.'ﬂ'b"l."vv"ﬂ-I""'l".t

THE ?DLLDWXNG CONS'IDERS . A POSITIVE INPUT VALUE FOR THE
CHARACTERISTIC NUMBER (STEPS 140 TO 230, . . B

ﬂOUT-OUTPUT VALUE FROM RECUR
UPRUPPER LIMIT
‘LOWEZLOWER "LIMIT

1 AOUTVPOSXTlVE\

TP AIN IS GRIAT!R THAN ADUT (SEE STEP 180, AIN IS DECREMENTED. AND
A NEW ADUT CALCULATED (SHOULD Aalx BECOME L!SS THAK IERC, THE
PROGRAM CONTINUES AT STEP 230 IF AIN IS—GREATER THAN AOQUT, THE.
PROGRAM GOES  TO STEP 190 . 1F AQUT 1S POSITIVE, THE PPROGRAM
RETURNS TO STEP 180, 1F AIN ‘IS LESS THAN AQUY CR IF AIN IS~
GREATER THAN. AOUT 1AOUT NEING NEGCATIVE), STEP 200 1S NEXT THE.
LOWER BOUND 1S THE CURRENT AIN, THE UPP!N LIMIT THE PREVIOUS ON!
“AND THE PROGRAM MOVES TO STEP -300.
[

IF AIN.1S LESS THAN ADUT, AIN 1S INCREMENTED AND % NEW AQUT FOQUND
UNTIL AJN 1S GREATER THAN AOUT (STARTING AT STEP 210, RETURNING

TQ STEP 210 IF NOTH. THE UPPER BOUND 'IS THE CURRENT AIN AND THE
LOWER THE PREVIOUS OME. TM! PROGRAM THEN MOV!S TC. STEP 'JOO TO.
BEGIN THE FiNAL SET OF ITIRATXONS )

2. AODUTYT NEGATIVE

AIN 1S DECREMENTED (STARTINC AT STEP 2201 AND A NEW AQUT IS FOUND
UNT]L AOUT BECOMES POSITIVE, THE PROGRAM CONTINUING AT STEFP 170.
I1F A0UT IS STILL NEGATIVE, IT GOES BACK TG S$TEP 220. 1F AIN GETS
LESS THAN ZERG., THE PROGRAM GOES TO STEP 230. .

/
"""'"l-""’l"’l""'ll""l'.ﬂﬂ'ﬁ""""l"l'hl".""'-'-'l"ﬁ'

TF(AIN.LE.C.D0) GO TO 230 oL
180 COMTINUE : ' ’ i
1F(AQUT.LE.O. DO} GO TO zzo_ ’ : : -

170 CONTINUE

POOR COPY

pﬁ@ﬁvumn,

- SRARCH. (EITHER ASCYVE OR BELOW AGURSS) DIPIHOING UPON ‘THR CGUTPUT A

STE
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' . . " [ . ‘ o - | ' ' | 2:39

IF(AIN.LE. AQUT) GO TO 210
i

180 CONTINUE ST —
AIN®ATN-DELTA : o .
IFCAIN.LE.O.00) .GO TO 230 . S -
CALL RECUR ,
IF(DAUS (DIFF).LE.1.00-08) GO YO 410
S IF(AIN.GY.AOUT) GO TO 180 .
60 YO 200 - . . .

150 CONTINUE -

IF{AQUYT,GT.0.D0) GO YO 180 : -

200 COMTINUR ° ] . ) ‘ ’
UPEAINSORLTA : S . ‘ ] ;
Lowsale - “ ) .
80 TO 300

710 CONTINUE .
AINUAINCOELTA ) : .
CALL RECUR - o .
IF{DASS{OIFF).LE.1.0D-08) GO TO 410
IP(AIN.LE.ROUT) GO TO 290
yPeAIN
LﬂWlAll'ﬂILTl/fp R ., : :
. ' . . o N
e 6o Yo ;oi/// ) _ . o ]
220 CONTYINUK - . . o
© AINRAIN-DELTA : N\ . :
IF(AIN.LE.C.DO) GO TO 230 : . : : ‘ .
CALL. -ANCUR . o
1F(DASS(DIFF) LE.1.0D-08) GO TO 410
1F(AQUT . GT.O. nq;\ao T0 170
g0 Yo 220 : ' %
C'O"“OO.'O'O"'Ol"OOOi"."."..""'00.0"00"lﬁﬁ"ﬂ.'ﬂ"""""lld

-THR FQLLOWIIG APPLIES FOR A NEGATIVE AIN (STEPS 230 TO 300).

1. AOUT WEGATIVE .. e : o

i Axu 18 LRSS THAN AQUT (STARTING AT IITP ‘280), AlM IS
INCREMENTED AND A NEW AUUT FOUKD, THE PROGRAM cnxnn TOo STEP 180
FOR. A POSITIVE YALUR OF AIN. 1P AIN-1S LESS THAN AOUT, THE
PROGRAM MOVES TO STEP 280. IF ADUT 1S STILL NEGATIVE, THE ﬂllT
IS TU STEP 270. TME UPPER LIMIT 13 THE CURRENT AIN AND THE
LOwWER THE rnlvlauslonl' THE FINAL STAGE. THEN STARTS AT STEP

© 300. :

IF AIN 1S BIIATII THAN AOCUT, AIN 1S DECREMENTED (STARTING Ar srur X N
260) AND A MEW ADUT FOUMD UMTIL -AIM IS LESS THAM AOUT, THE PROGRAM .
llTUlll O STHP 280 IF NOT. THE UPPER 'LIMIT IS THE PREVIO AN
AMD° TNE LOWER THE CullllT ONI STEP 300 IS NEXT.
‘ A

) . . /
2. AOUT tﬂllthl< . . . } ) o )
STARTING AT STEP 280, AIN IS INCREMENTED AND A NOW AGUT IS FOUND
UNTIL ADUYT IS NEGATIVE, THEN MOVING TO STER 240 AND CONTINUING
FROM THEAKE. IF ACUT REMAINS POSITIVE, THE PROGRAM RETURNS TO STEP
290, ;nounn AIN SECOME POSITIVE, THE PROGRAM MOVES TO STEP 280..

ﬂﬂf\ﬂﬂl\ﬂﬂt\nﬂf‘ﬂnl‘ﬂﬂl’ﬂh(}ﬂﬂf‘nﬂl\nﬂ

l!IOQOO"Ol'OOO’OOOOOO"00'00'0""'."‘COOO"l'l00"000.0000"‘0'0""
230 CONTINUER . -
IF{AQUT . CT.0.D0O) GU TO0 280 : . - f
240 CONTINUR . -
IP(AIN.GT. ADUT) GO TO 280

¢ .
280 CONTINUR
AfNaAlNeDRLTA
IF(AIN.GT.O, no)aco To 180
CALL RECUR
lF(DllS(ﬂlPFl.Ll.|.°D 08) GO T0 410
IF(AIN.LE.AOUT) GO TO 280 e
. G0 .TO 270 . . CLd
280 CONTINUE . v f%
IF(ADUT .LE.0.D0) GO TO 250 - ) '
270 CONTINUE -
T uUPSAIN bt . :
LOW=AIN-DELTA , . . . . . R
.60 TO 300 . “ '
c ! ' . - .
302 280 CONTINUE . . : : BN
301 AIN=AIN-OELTA : . .
304 o CALL RECUR . o - ~
308 IF(DABS(DIFF).LE.1.0D-08) GO YO 810 .
308 - IP(AIN.GT.AQUT) GO TO 280 - ¢ #
307 B UPRAIN®DELTA - . .
aos . LOwWsAIN ’ Co . . - X R
0% | 60 T0 Joo . L : . . v
310" ¢ R Lot Co SN . . .
311 " 280 CONTINUE o - g 5 . ¢ N
312 . . AINQ§LN‘DILTA . : o
113 . 1FLA GT.0.00) GO TO 18O
318 "CALL. RECUR
31 IF(DABS(DI¥F).LE. 1.0D-08) GO TO 410
318 - IF(AQUT.LE.0.DO) GO TO 240 . .
317 ' g0 TO 290 '
318 C'00"'0"!"!!"'0'0“0'#1'#'10ﬁd!ﬂ‘n"ﬁ"d"v""#"&'l'ﬂ'ﬁ'#d"d‘O'Ow -
‘339 c .
320 c THE FOLLOWING SECTION IS THE FINAL SET OF ITERATIONS TO F1ND THE
321 .c cuAnA:flulsflc NUMBER BY " USING INTER VAL MALYING. //
322.. , e
323 c MID® INTERVAL. nxnvoluv (AV!RAGE OF UP AKD LOW) :
324 c nxunur-our-ut FROM RECUR u:luc MID ‘A3 IMPUT . R :
328 c :
326 e BASICALLY, .IF MID 1S nu:nr:n THAN MIDGUT, MID BECOMES THE NEW
327 c UPPER LIMITN.AND' xr LESS ‘THAN MIDOUT, .THE NEW LOWER BOUND. .
328 c .
328 Cﬂ"'lld'ﬁ"“d‘#"l'ﬁ‘dﬂ'#'ﬁ"'ﬂ.Ol"#ﬁ'""ﬁ"l"‘ﬁ"'!ﬂﬁ"'#""d""' N

330 . 300 CONTINUE

L s o o o ! POOR COPY Lo
R o : , N ¥ COPIE DE- QUALITEE INFERIEURE:

i b 10 B oS P a5



400

- 401

402
403
a0s
408
408
407
a08
408
410
a1t
412
413
41a
s
ars
a7
418
LAEN
420

. 421

422
423
424
428
428
427
428
429
430

431"

432
433
434
438
438
437
438
439

-440

v
MID (UbeLOW) /2.0
AlNamMID
CALL RECUR

S IF(DARSIDIFF) . LE. Y

MIOCUTHADUT

1P (MID.LE.0.D0)

1P(MIDOUT . ). 0.D0)

AF(MID.LE . QoouT)

CONT INUE

ULITRE )

GO TO 300

CONT INUE

LOWeM D

co T 100

330.CONTINUE

IF(MIQOUT.LE.0.00)

€0 10 110

CONTINUE

fF(MID.LR.MIDOUT) GO TO 320

eg Yo 3190

.00-08) G0

60 19 330
G0 10 320
ao To 120

310

G0 YO 340

To aso

C"l""'.'.""".‘"0.00IOOOOOUO'O'Ol'ﬁ."""l'ﬂ'DO'O‘OO""'O.""O'

anannnonnoann

.F!ﬁﬂ lYlFi 380 ‘10 390,

BYEN ORDER SOLUTIONS MAVE BEEN CALCULATED,

THE APPROPRIATE VALUES
[T nodl

ADODAODD ORDER CHARACTRRISTIC NUMBER

ARVENSQYEN DIDII NUMBER

THE PROGRAM DETERMINES fb BOTH. THE 000 AND
AND THEN WRITING OUT
INTO OUTPUT FILE MATHIBUNUM ONCE THIS HAD

2B

v

R

"l00.00""0..‘00"00'.0000'0.00'."0""00.'UUOQOOQOCD'OOOOOOQOO'OOO'

‘380 CONTINUK .
IF(1.NE.1) GO TO 380
AODOmAQUT

C IPAR® Y
. 1mg2 ' ﬂ
/' eo ro 1se

360 CONTINUK
ARVEN®ACYT ..
WRITE (10, 370) AQDO, AEVEN

370 FPORMAT(‘O’,'A(0ODD)=’, 1X, G20,

10,2x,

CALEYEN}S ' 1X, G20, 10)

Covosvnvrovarvwe, 0"{0’0'!"O".O0.0"O.'O"'.l"'ll.'0!'00"""""'.1

nnn

HERE TN

ATHE RONUM THE lll“L?.

|§¥71on . .
PACT=PACTOR FPOR DETERMINING SOLUTION PERIGD (1

ANDP 2.0 FOR ODD)

AND THEN WRITIMG INTO

USING TNIS VALUE FOR CALCULATING THE

Plﬂlllﬂ DRTERMINES wul:n CHARACTERISTIC NUMBER THAT
AGUESS /A3 CLOSER TO, AGDO OR ARVEN,
™,

3

© IS FOR EVEN

"0.0'O"‘O"'OOI‘I""OOO‘OO'OO.'O'Ol#'"OOC'.O'!"G"OO."'O0.0U#‘O"

lF(Aﬂﬂﬂ LE.AEVEN) GO YO 190

IF(AGUESS . LE.ACDD) GO TO 380
Go TQ 480
380 CONTINUK ‘ :
1P (AGUESS .LE.ABVEN) GO TO 420
- DIFFY=AQDD-AGUESS

_DIFF2EAGURSS -AEVEN .

- F(DIFFI.LE. nxrr:) GO TO &40
] ro Azo -

‘390 cour:uu!
1F(AGUESS . LY. Alvlu) G0 To 400

., GD TO &20 .

400 CONTINUE

' IP{AGUESS . LR, AODD)
DIFFI=ARVEN-AGUESS
DIFFI=AGUESS -AODD
IP{DIPFL . GT.0LIFF2)

‘G0 TG 420

410 CONTINUE

IF(IPAR.RQ.

bo 710 a40
g0 o eao
®

G0 TO a4

420 CONT1INUE® ”

AsARVEN . 4
IPAR® . )
“FACTm 1 O
. WRITE(10,430) &
430 FOIMAT('O‘
;G0 TO 480

_.~480 CONTINUE

A=ACDD
3 PACT=2.0
IPARNO e
WRITE(10,480) A
450 FORMAT(‘G-,

'CNAIACT!IISTIC lUN'II

“CHARACTERISTIC NUMBER

3 '

v

vééﬁi

Loen &
(RYEN ORDER)=‘, 1X,G20. 10}
.
(D00 ORDER)S°, 1X,G20.10}

’

CO"0'9"'?!'(’0'1'00".00'0"OO!'ﬁ.O'f"'ﬂ"‘l'!ﬂ""#'ﬁ"lﬂﬁ?lvd‘lvvﬁﬂ

14
c
c
-4
4
c
c
c
<
c
<

STEPS ‘460 T0 500 ARE THZ PIECEWISE LINEAR SOLUTION.

- . 4 "\
AMPLPSARRAY FOR PIECEWISE LINEAR DISPFLACEMENY

BIGCP=LARGEST VALUE FOR AMPLP
2=ARRAY FOR

(TO BE USED FOR PLOT SCALING)

INSTANTANEOUS NORMALIZED YALUES FOR 2. -

XOAINITIAL DISPLACEMENT OF LINEAR SKGMENT

XPOmINITIAL VELQOCITY OF LINE
YNPOIHIINUMIIR OF DATA POINTS

""""".""O'ﬂ'"'O.""."'.""0""."'

IIO CONT I NUE
AMPLP { 1)=DISPLO
BI1GP=DABS (DISPLO)
2(t)=20/P1
Titinzo
X0=DISPLO
XPoEvVo
NPOINTEFACTSH

(usep. FoR. PLOTAING)

\

~

""#'0‘";"""""
r

C"ﬁﬂ'"".""0'.'""'Ql‘”"”"ﬂ"""Q"‘Q"ﬂd"'O"ﬂﬁ"b"""ﬂ.ﬁdw

c

ey

lKlCOUHTll FOR FILLING REMAIN

ING ELEMENTS OF AMPLP AND 2

S 5 Poon COPY
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240




L3
(Y] ¢ PROSSOQUARE OF ANSULAR PREQUENCY OF APPROXIMATED '
[T} [ XeFiNAL DISPLACEMENT OF LINWAR SEGMENT
(YT} c < XPSFINAL LINE VERLOCITY .
448 c
san c ' . )
sas [ IF PEO IS POSITIVE, THE BOLUTION IS OF THE FAMILIAR TRIGONOMETRIC
a8 [ PORM. IF ZERO, THE SOLUTION IS LINRAR (STEP 470} ANO 1P NRGAYIVE,
saa [ HYPEROOLIC (STER 480), '
san [ ’ !
480 (T Y Y Y v P Y P Yy Py ey T vy P P Yy Y T Y '
(1 3] 00 800 141 ,MPOINT . S
an2 IPuied . . . ! :
(1 F co PSQUA-7.04Qs0COB((2.0%0FLOAT(1)-1,0)sDNLTAT) . : . 4
ana IP(PSO.LY, -1, 00-10) GO TO 480 .
ass 1P(DASS(P3Q) . LK.1.0D-10) GO YO 470
ane PHOSORY(PSO) :
.7 XeX0e0COS (PeOELTAZ) +(KPO/P)SDEIN(PEORLTAL) . ' .
ans ’ AP -PONOSDEINI(POELTAZ) +XPOSOCOS (POELTAT) " * .
(11 Go To aso E . " . . o,
480 470 COMTINUE . !
(13} XuNPOSORLTAZ+NO . '
402 XpPexpro o .
483 G0 TO 40 " '
(113 480 CONTINUE ' ' B
11 PROSORT(~PSO) ) )
(1Y) T ARAONDCORN(PIOKLTAZ) ¢ (XPO/P )RS INHIPSORLTAL) A
anr XPuP=NOCOS INH(PSORLTAZ ) *XPOSDCOSHIPSDELTAL) : .-
82 490 CONTINUR . o
(11 AMELP(IP)=K : . .
470 ' T(IP)mOPLOAT(]) «08LTAL/PL 1
47 . C'0'l"""'dlO"O'OOOI!ﬂ!‘0.“O'.00.Q‘OO."""'O‘OO'0.000‘.l‘i"’#vbﬂd
472 3 '
413 [ TXOOUBLE-PRECISION ARRAY POR I (70 S8 USED FOR FINDING SERIES >
a7 c APPROXIMATION) o '
478 3 ; . . '
47 o C""'O.‘0‘.00OlOOOOl.O'O'OOO"OOO"."OO'O!"OO’!'QO‘I.'OQ'O‘d'ﬁﬂ'."'#
A7y Y(IP)IBILBAY(I)‘DILTAI . .
[32) noax Lt w ,
478 xPoRXP o i :
480 1P idABRS(X) . GT.B1IGP) BIGPa0ABS(X) . ,e
a8 500 continug
482 CDQIOODO'O"OO..!OOO.QIDOOQ'.‘OO'"ﬁ..."'0""""!.l!."""""'l"!d
83 - ¢
408 A THE FOLLOWING CALCULATES THE CONFFICIENTS OF THE SEURIES
ass c. APPROXIMATION. USING THE METHOD DESCRIBED BY Z.L. INCE IN )
sss c =“TASLES OF THE ERLLIPTIC CYLINDER FUMCTIONS™ (PROC..ROY. $O0C. A
ar c EDINBURSHN, VOL. 82, P. 3U5-623, 1932) AND N.W. MCLACHLAN (N
a8 [4 "*THRORY AND APPLICATION OF MATHIRU - ruuc?xon:~ CH. 3. P, 28 PP,
4 c OXFORD UNIVERSITY PRESE, 1847
490> c . ) .
' ant c IR1SCOUNTER FOR CALCULATING PRELIMINARY CORFPICIEMT RATIOS
. 482 [3 CAMMASPACTOR USED. FOR ﬁALtULATllG CONTINUED ruACTIous usED. FOR
as3 c ABOVE i}
04 c . . . . ,
. ans c FOR A MON-ZERO INITIAL DISPLACEUMENY AND AN EVEN ORDER .
ane c- CHARACTERISTIC WUMBER, THE PROGRAM MOYES 7O STEP $10. FOR A 2ERO
497 c INITIAL DISPLACEMENT AND EV.EN ORDER, THE CALCULATIONS START AT oL
408 c STEP $70. PFOR NON-ZERC INITIAL DISPLACHMENT -AND QDO ORDEA, THE . . \
= n ane c ITERATIONS SEGIN AT STEP £30. FOR GUD OROER ANO ZHRO
soo c DISAQACIMENT, STEP 600 IS WHERE THE PROGRAM CONTINUES.
501 c :
0z CO'"’OOO'OO'O".'0000""."'0"‘0'0"0'.vl'.ld""000000""000"'"ﬁ' o
IN1228 e .
GAMMARO.0 o
1F((D18PL0.AM.0.0) AND. (IPAR'EQ. 1)) GO TO B10
IP((DISPLO.BQ.0.0) . AND. (IPAR.£Q0.¢)) GO TO E70- . . '
IF(IDISPLO.NE.O.0) AND. (IPAR.EC.O)) GO TO $80 . oy
GO TO soo ) :
C'O"0'0"""'0".'O"l"""d.'."""""!'Ol""l"ﬁﬁl""ﬂ‘g""' 19
¢ B »
THE CASE OF non ztun INITIAL D!SPLACIM!HT AND EVEN ORDER. ¥ s
RATIOSRATIO llTwnln COXFFICIERT FOR SPECIFIC TERM. AND ONE FOR
PREVIOUS TEAM
URITERM USHED IN SUMMING SOUARES OF VARIOUS RATIO VALUKS
ND=COUNTER USED IN CALCULATING VARIOUS VALUES FOR RATIO ° s
"V'OO"O'OO"ﬁ'.'U'O.'0.0"'O"‘"".'0'0"‘i""l'."‘l'c."l'
IIO coNTINUE c i 8 3 -
RATIOV(1)=A/Q  ° . : ¢ "
AATIC1(2)m(A-4. o)/o 2.0/RATIONC 1) i ) :
SUM#2.0 \
1END=2 - n
CDO.'OOO'"0.'000'00""0""OO"O"'O'll""ﬁﬁl"""0.0'#ﬁ’l"'ﬁﬁ"ﬁ'l
c
€, aTHE :nntxnuln FRACTION ron CALCULATING RATID.
c " .
€ X!STAIICQUNTIR usen ror nnrxu| . -
i C.
C'ﬁ'ﬂ"OOﬁdCOO‘O""'U"Q'.""""ﬁ"'l"ﬁﬁ"'d.ﬂ""llv‘n"!ﬁl'lﬂﬁﬁ"l
$20 CONTINUE
1ISTAR®IRY . . . K
IF{(DISPLO .20 O, o).Ano.(eru £0.1)) I1STAR®IRI-1
RATIOT(I{STARI=Q/(A=(2.0sOFLOAT(IRT))®22-05GAMMA)
GAMMASRATIO1(T1STAR )’ : .
IRI=IRY=] ] . , I
IFLIRT . EQ. TEND) GO TO 30 . . . ) ~
Go To 820 : ’ *
. { C'OO"C""'0"."0'0‘00'."'ﬂl'.""""’l""dﬂ‘"OO""""UO'#O'.#"
B 40 4 ¥
541 c nArxn:-:Aflo BETWEEN COEFFICIENT FOR SPECIFIC TERM AND COEFFICIENT N
sz ¢ FOR- PREVIQUS ONE . [
s43 € IR2, I2STARRCOUNTERS PFOR RAT (02 } \
sas [3 :
* £4s C"ﬁl"C"0"1"«’00‘0""'0""00'0"0'0.""""”""10#011ﬁﬁﬁ#v!'ﬂ"d
sas $30 CONTINUE
547 L RATIC2¢1)SRATID1( 1) -
, (Y Y N DO 540 IR2x71,23 : -
‘see . I2STARRIR2+
$50 lATlD?(lZSTAl)-IATlD!(le)‘RAT!B!(IZSTAR) X
N .
. e e e - - .
B . . ) oy
POOR" gopY : - ;

L R copxzﬁnz QUALITEE‘;n;ERIEpRE




: CO"."'Q".'.".OOO"

nnnnan

C
c
€
- e
e
c
(-
3
c

nnnnn

. o . . S T

s40 CﬂlT!lUl : .2

C.".’."'Ol'.""“‘..."-'l'."""l"""'.".'ﬁ""""ﬁ".?'l"..ﬂ

c Y SUMMING ALL TNE YARIOUS VALUES FOR RATIOZ, AND INVERTING THE
c SOUARE ‘RDOT,  THWE VALUE #OR THE FIRST cnlrrlcxluf 1$ nlrlnnxuln Auo
e f;solsuouluv;v ALL THE RENAINING onts ! . )
c. L Con
c CORFPRARRAY FOR colrrxc:.nt vaLuRs [ LR "
< 1c, l:z-:nuurlns ror cplrv S S : : . R
c .
C".Ol'!""'..OQO'O#'.OO'lvl'.d" -0"“”'000".0'.'0'00"'.""""!'
IRta3s .
00 B8O ISe1, IR o S b
L suu-luuonnrxnz(xs)n-z AR B o
S50 CONTINUE : ‘
culrr(rn-l.o/n:olr(suu)
DO 840 ICI=t, IRY |
}'lc2-1c101
colrr«xcz»-cn:rr(|)-unrloz(xcl),
$80 CONTINUE . .

) G0 YO €10 o \\a' "
C""'.""(.."'..""' OI"'Q"""-""'.'ﬁ‘.'"".""'.""""'0

[

c ] XIITIALXZIHG TH! :ALCULATIGIS PGI T™HE !!TUATIDN BF !llﬂ Il!TlAL
c : AID L ALY BIDII o

c 1

O"'l"l""l'P"’Q"'"‘Uﬁl"l"l"'l"'.t’!'.l
570 CONTINUE ° N e A ] . X
- NATxovttl-tu 8. ov/o . A conel : a3
sume 10 . . e n . 2 S
1ENBEs o P ‘
IRTE2S. L o i
8o To s20° ‘

A C'"".".""."..""“'.""'l"""."'O.l""".d."".'.'.‘."'."

< :
L - Sl??lll ur Tnl Clll DF ‘WO ZRRO DXSPLACINSNT Auo 0D ORDER ..

S
,cnotoroao-oau-lavoonovvnnvontao'gl0Qol'.ﬂt"'ﬁlib'pvoo"c'uovopo--:0-0&0

30 CONTINUR . . s ; . .
: RATIONCY )V m (AT, o ol/c - L Dol o )
V. suMs o . ; e e N @
‘TANDs.t : :
po coNTINUE : S
lATInl(!Ii)lol(A-(z onnr;cnf(xik)4| o)--z o-cAnnn) S
GAMMARRATIO1 (TRY) . . o -

IRIEIRY =
TR CIRY RO, IENDY GO 1O 830 .
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VITA

NAME: . | *Bernhard Michael Jatzeck

.*;31ACEPQF,31RTH= o Berlin Spandau, Federal Republic of Germany
. 'DATE OF BIRTH: - - ‘October 12, 1955 | o

POST-SECONDARY EDUCATION AND DEGREES

jFaculty of Engineering, Camrose Lutheran College
Canmrose, Alberta ' .
1973-1974

fnfUnivereity of'Alberte - o 2 e ,
Edmonton,: Alberta R T T R =

N 31974-1977 B. Sc. (Mec. E. )

‘nDept. of Mechanical Engineering, University of British Columbia SR
. Vancouver,,B. Ce i S :
‘1979-1989 f(Started thesis under Dr. V J. Modi. Transferred courser:’
wcreditg to]University of Alberta) : S L

‘ Dept. of Mechanical Engineering, University of Alberta -
. Edmonton, Alberta
',1980-1981 (Full—time) 1981 1982 (Part-time)

b

"*'}PROEESSIONAL EXPERIENCE

_Junior Plant Engineer o

Amoco Canada Petroleum Co. Ltd. : e o
West Whitecourt Plant = - B P T
June,'l9773-‘December;'1977- ' o ' -

Process Engineer

"f Amoco’ Canada Petroleum Co..Ltd. -

,ifPsJunior Project Engineer
v-”:Ingersoll—Rand Canada  Inc.

- Crossfield Area Officéq
-_‘Calgary, Alberta Sl
s January, 1978 - April 1978

~Packaged Equipment Division
" Calgary, Alberta _j‘ :
-May, 1978 - August, 1979 -

. “-_
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PROFESSIONAL EXPERIENCE (continued)

Mechanical Engineer

 SED Systems Inc : ' _— :
" Advanced Systems Engineering Groap (Aerospace Products) o e

Saskatoon, Saskatchewan
November, 1981 - Present

,‘PROFESSIONAL SOCIETIES B

Registered Professional Engineer

., “Associa 5&00 of Professional Engineers, Geologists,‘and GeoPhysicists of,vﬁ
i Alberta , :

Registered Professional Engineer
Aseociation of Professional Engineers of Saskatchewan '

Member : ' o
Canadian Society for Mechanical Engineering

Member 3 ‘
Engineering Institute of Canada

New Member

: American Institute of Aeronautics and Astronauti\ ST

Student Member‘

“American Association for the Advancement of Science (to be re—instated

as full- member uporf renewal)
. g .'I



