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ABSTRACT S p

The asymptotxc ray Lheory, or the ray me thod has been.

b

used wxdely in seismic’ modellxng and 1nterpretatxon of rear
selsmxc records. Hewe;er; zt cannot be used for the ’ %;“
1nvestxgat10n of dlffracted waves, wh1ch appear frequently”
in a laterally inhomogepeous medium. '

£ e

The first part of this phesis formulates a general
theory éo obtain the diffracted, reeponse near .a shadow
boundary The method uses an ;ntegral-transfonm on the wave .
equatxon. A solutxon is obtaxned in the form of an Anfxnxte
sum, after solvlng a«geeursxve eqguation by the method of |

' iterat;ou.‘The elements’ in the sum are analogous to . '
succeséiye reflection/transmission of ray bundles.
"Re~drganization of the contour bfkintegration in the
rransform allbws}bne to‘separate‘the‘geomg§ricnand
diff?aéfed COntrf%utione7to the total wave‘field.dFinally,
the;diffracted'field‘iélwrdtﬁen‘te be broporrional.ﬁo‘the‘
geometrxc amplxtude along the shadow boundary The

%coefficxent of proportlonalzty is sxmplzfxed to an analytlc

. t

form u51ng a‘hxgh frequency agproxlmatxon.

' ' ]

- Numerxcal results of a tar sand model are presented

Thersynthetxc selsmograms are compared with. results obtalned

i ’ / N . >
&

by M1kha11enko usxng an analytxc)numer1cal method

o ,,‘v_

g C, . I

8
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CHAPTER 1

INTRODUCTION

Derived in line with geometrical optics (Kline, 1951),
the asymptotig ray theory (Babich and Alekseev, ]958; Karal
and Keller, 1959; Cerveny, 1972; Hron and . Kanasewich, 1971)
has been used in Ehe‘study of wave propagation in
inhomogeneous media. 1ts application in both modelling and

interpretation for seismic prospecting has been successful.

However, ART (asymptotié ray tégory) is based on energy
propagation along non-leaky ray tubes, The resaf: is that it
‘breaks down in: the presence of a shaaow‘boundary‘which forms
a discontrnuityaalong the wavefront.: To satisfy the physical

nature of the co&txnulty of \a total wavefront numerous

attempts were made to‘remedy this situation by the

.xntroductxon of d;f racted waves orlgxnated at the« edge-like
dxscontxnuxtxes of the medxa. Physically, it is similar to
energy dxffusxon (Foc ,_1965; Born & Wolf, 1968) in
electromagnetics and o tiCsf Sachldevelopment in the elastic
wave stﬁdy were by Claea\dut, 1§76; Trorey, 3977} Hilterman,
1982"Ferti§'aha Muller, f979"fn particular the case of
wave propagatlon in a wed e- shaped medium has been’ wxdely

xnvestxgated (Hudson,,1963 Bowman and Senior,. 1969} Alford

Kelly Ahd-Booré, 1974; Zemell,

.

1975;" Pac and Ziegler, 1982;



Sanchez-Sesma, 1985), While a lot of these works
. concentrated on SH-waves only, consideration on P-SV case

has been given by Knopoff(1969), Forristal and Ingram

(1971),‘ahd Zeigler and Pao (1984),

The present work aiso tries to seek a solution for the
problem of wave diffraction in a wedge—shéped medium. As the
‘theor§\eventually blends in with thelr;x method, the
diffracted contribution, béing proportional to the geometric
‘ray along the shadow boundary, will be establishéa‘to

‘rectify one of the shortcomings of ART.



‘CHAPTER 2.

EDGE WAVE THEORY' IN ACOUSTIC GASE

Al

o o . ~
- The simpler case of acoustic plane wave diffraction by

a wedge-shaped obstacle is first discussed as a pteparatioq 3

for the mofe general elastic case. .

| Let the 2~dimeﬁsioﬁal space (r 20, ~7 <6 5w} be

"éivided into two angular fegioﬁs (Fig. 1a) which are defiheé

by 616567, aAd { 6, <6 s } U { ~1s856; ), with 67

and 6, denoting the same boundary, likewise fof‘o;‘and 0;: -
The properﬁiéE of the medium for géqh region m.(m=1,2)vare
characterized by thé ve10city'cm'6f acoustic wave
’bropagation and iﬁs density pp. The goal of the following
investigation is to stud& the behaviour of the fééultant

wave field upon the interaction between an incident wave

with the wedge.

s

, ' The incident wave is considered to be plane, - -
homogeneous and with wave number kg, propagating in the k-th

SSC ‘ ' . :

~-"region at an-‘incident angle of 6 = 6, (see Fig. 1b). Being

N

massigned o0 have unit amplitude, it may be represented by
N \ ot . B . .
N ~
elKrkr.cos(6y)

(2.1) Fg = | . P
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“with 1% =~ o S Ty

Because of the presence of the bOundarles, end;ng at
the top of the wedge the followxng expressxon 1s used to ‘}»,

wdefxne the xllumxnated and shadow regxons for the 1nc1dent

" v
v . . wf

’fxeld

' ) ' oy ) ) Lo B

O . s .
' ) . . . .
. . ' R

. 2.2) : F;7; i:elxkr cds(0~?k) o e 5k%9*9k¥¥?”0§; 
S e B o e sk (8-6%) > 00

- DR ’ o o ; P !
, where sy = sgn(éK);"N T
Without loss. of generality, the jipncident wave is
b . ‘ ‘ ‘ ‘ " - o _ ! , ! ’ ) . . Lo :
assumed to'beupr pagating initially in region 1,'i.e. k =1,

mi

W Fr 'thh frequency w, satlsfying the Helmholtz‘equatiqn.:;a 

T R N S R
L2 (Ve kgt Ep =0,

o ) EE S L

) ! S o . N i i ' ! N . ' » e 0
Ty » , o~ . . .
. “ ' ‘ . v . N

CE : ‘

SR : | I e T =

. i whefe 'kp = w/cp. S R s e

. I I SR " e Lo e T
: /a S ) o [N - , . . . : .”; ; ,

The boundary condxtxons are set as the contxnu;tles of‘”u
%he pressure f;eld and the normal component of,the veloc1ty

. Thls leads to 'f“ p;gjﬁ:_ ;gdd;fffﬁf/ff;': ”:j;¢”

o




‘\Vﬁ;/ff‘ ; o o '§h ’
(2146)‘{24‘(F1)e 6% m'$?2)9 05" |
r}““ ' . ‘A‘ [
and ‘ | : |
"‘(‘2. vdb‘) oL [ F ] _ A (2p '] o ;' co -
. L. ! E " an 1 9 0? 92 an 2 '0:‘821 . ; ’

~

e where ; denotes the normal derlvatxve thh respect;ve to
“the’ boundary PR -fVﬂ' ‘ ! A K va

N

4
., . Now,fin the m =,1 region, one can write -

R e ) “‘ ' e " .
§2t5) -F1 = F] f F1, ‘“- ' ‘ A

v : " oo . . \

i,gwhere F1 is the addltlonal pressure fleld generated by the
‘uxnteractlon of the 1nc1dent wave F1 thh the boundarxes.,

“Note that because of i) "the’ dlscont1nu;ty of F1 (Flg. 1b), .

4

.;thh respect to the shadow boundary at 6 = Ol,f}uLél) the

ssumed (and\physzcally realxzab}e) contlnuzty of th
'ysolutlon to the Helmholtz equat!on for the ‘total wave field \;xp
“g?i: then F,, the secondary f1eld must also have a.
“dlscontlnu1ty at 9 81, “f: S |
| ‘ ;?('*' ‘ o e
The solutlon for'the total wave fleld Fm (m = 1 2) w111
“be sought w1th the a1d ot an 1ntegral transform on the Fm s

ffwh;ch appear 1n a system of two dlfferentlal equatlons (2 3)
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' subject to four boundary condltlons pertaxnlng to equatlons

S
(2. 4a)~and (2.4b).. | K
2.154 - Sommepfeld Integral Transform ‘

N .  We will exam;ne the follow1ng palr of 1ntegral '

1

representataons, thCh accordlng to Sommerfeld (1896) and,

Malyuzhlnetz\Y1958) can be written as - ,' ‘_T‘ “
. 4 x ‘ - 1
(2.6a) F(:) - 51— j - S(a) e‘*“ cosa 4,
, SRS ' F . 5 R " s
with the pathpof,ihtegrat;onffb (Fig. 2) and
. (2.eb) s< ) H%ﬂﬂ Jo E‘(r) elrr cosa g
~ The functxon F(r) here’ may be con51dered as a. »Qf?.‘
cyllndrlcal wavefront,, con51st1ng of plane wave components
- propagatlng in arb1trary emergence angle a,'and be1ng
governed by ‘the - welghtlng funct1on’S(a) Appendlx A shows

that (2 6a) and (2 6b) are 1ndeed proper transform pa1r

.\,. ./_,,

under certa1n prescrlbed constralnts on F and S.

.,
i

. o B g ¢ o . . < : ' o
R ) . . R o ) ) . R . - , [
, - . e T . Sy oo K ', !
[y . ! [ ) ‘_.., W ) / L . ) )
' A . . N e . . cor Sy v s

TP

The representat1on of F in (2 6a). 1s useful in that 1t

satlsfles the homogeneous Helmholtz equatlon, in polar

! 3
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i

"‘ﬂcoordxnates, w:th wave nUmber K. Twoglmportant propertles

‘
i

arzse from (2 6a) ‘and’ they are L '
(2.7) s(a) e iKr cosla~@) 4,
R ro . , ' ‘ . ‘ ‘ , ' ;, B '
v . r o ‘ \‘.‘\.\\‘
. “u s ! 1 V
and - vt -
. ‘ \ ‘ 3 ‘ ! ’ ‘.vl } h S ) .
(2.8) ©  Spla.t6) e ~ikar cosa dq‘ : . S
Iy | R 4 :
E) TaBtel Syl bgp 61 & IRBF €95 g
o ‘ . t
I‘..\ ) . ‘ ‘.
where ' oo : o T o

‘1‘(248a)_;” éab‘=‘cos~] [ (cya/cp) cosa ] .

| (2.8b) " tap .= 3 dapla).

v

Al i
B L ‘ @,
Al R 0 fa "

Equatlon (2 8) g1ves the freedom in choos1ng a specxflc -

'waave number, (i.e. b here) for the transformatxon kernel

r i

, The t1e 1s establlshed through the use of ¢ and T 1n (2 8a)

and (2 8b) wlth the former merely the Snell s law relatzng

the angles of emergence ¢ and a at the sector1al boundary,:“

'

whlle the latter, a man;festatlon of the dxvergence welghlng

factor.;yu.ﬁf“f“.fwuf”




L,

(2.9)  Fplr,8) == 5 s

(2.10). 7 - 51(a)
C(2.10a)  Dy(a)

(2011), 0 B By 4 Fq

r2{2 ' Separation of‘fhe"wave Field

Wlth substxtutzon by the' transforms the total wave
field‘Fm(r,O) (1n regions m=1 2) may be represented by thes
following expression )

~iKgr cos(a-0) .
27 i moe RS da
o
Recall that, in eQUation (2. S) Fl is the sum . ot the

xncldent f;eld F1 and ‘the secondary f:eld F1, whxch is a

compos;txon of reflectxon and/or diffractxon responses upon_

“the 1nteractzon between Fi and the wedge boundar1es We next

proceed to splxt the functzons S] into the above mentxoned

components. Thas can be accompllshed by def;nxng

L]

]

D](tx) +‘>§1(a“)‘ ,

L
withv

1
P—
)
y
N
T4
B
=
| )

Then .° . . SR

-

12
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—ix1r COSa a

= J Di(at+8) e a +

- s ) ;
+'2”i é gt(gfe) e~imr cosa 4. | '
O, A . ,' ! ¢

Y !

In the first term on the rxght hand side of (2.11),
!

Dy (at8) has a simple pole di a’= -0 + 6] sy, Hence we now ° .
detorm lb in Fig‘ 2 such phat it takes on the sum of Iy, Iy,

s, and the connectxng segments along the real « axxs

between P3 and P1 (or F2) "

N

K
A ' i

oy . ' : | ,
(2.12a) “~q-<e:9 + 6 ~sym < 7m:

N

IR ; - oy
. . ,(\ ' ' B ' "
. .

then the p®le is 1n31de the~contour and'thé‘corresponding'
residue provxdes the fIEld of the 1nc1dent f1eld (2.2) in

[}

the 1llum1nated region. If

; fﬁ’@'i*}r\rs]vr < ~m, or, o N "
t » “
L ‘ﬁ’ j

. , B 40
(2.120)° . | . u

.
(Y

-0 + Olv*s1n > T,

implying that ‘ ‘ 7

»
v

s; (6 - 4‘1;r*6: then the 1ntegral for F1 results o~
. . N i
in zero, agreeing wmth the correspondxng to the pole a belng



>

 '('2.1.5)8' :E‘,' = 5’ ='F1

N'

oupsidé the interval (-m, m), thereby not being encountered

‘during the deformation of.the‘Originaivcouhtour of

' '

Aintegration This clearly correspundq to points P(r 6) in

L) ’ f .
the shadow zoneé of the fxrst sector ,
» v‘ “ ‘

1 J

In view of the fact that the incxaent fxeld may

t |

lnteract with either or both oﬁ the boundarxes as defxned by

’
i

 6 = 9T = 62 and 6 = 6] = 02, two new functxons F] ( f are

| ' i
| '

intrbduqed to reflect the proper|cho;ge oﬁ,referenca‘ 

direction with respect to ghe‘ihdividpal bohndariésh,They
! ' [ ! b . i '

s ) -" ! ‘ . B ,
‘ .

are - ‘ R .
' ! ' j !‘l ;’,{ "‘ \
. ) ! f"’ . Ly ;
ot 1 % rix{r tos(a~7§)
(2.13) F (r,68) = = /] Dj(a) € j , da
271 p \ » ‘ K \
N O IA :
where _ y
(2.18a)  D{(a) = (a + &))"
-(2.18b) . a7 = £(87 ~ 6; + s7)
"
. T4
(2.14c¢) 7] =2(6 - 67)
, —

A short exercise in changlng of varxables will show

that

14
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|
i

! h N
P P N |

Hence equation(2L15) may be 1nterpreted as F1 being

,decomposed xnto two separate Jroups of waves each homxng in

" ‘on the correspondxng bouadarxes. Note that there is a slxght
‘resemblence to the treatment ef wave propagatlon in parallel
“layers in whxch the waves are separated xnto up~ and
down 901n9 categorlee with each of them approaching

dxfferent boundaries of the layer (exther top or bottom). In
.thlS case when there may be two boundarxes 1llum1nated' by

",the.xncxdent wave, we.can express the total wave field F1 as

[

"either
(2.16) . Fy = F}* + Fy, ‘
or Fy =.F;—‘ +'F1' ) i

Ty ]

.where F, is the wave fxeld generated by the interaction

between ‘the incident fleld F1 ‘related to the appropriate

illuminated boundary 67 and'the wedge.

b . -
. . " " ’

2.3 Reformulation of the System of Equations

¢
-«

1

As far as the functions Df are regular as | Ima | = =,

15
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the integrals in‘F;i will satisfy the Helmholtz equations,
as the order of operation of integration and differentiation
can be interchanged. ' ,

(2.17) (92 e 2 Bt - o

\

\ . . : L
Therefore, using the sxnmge rule of superposition of
Solutions, the unkpown function F,, must also satisfy the
Helmholtz equatlon as the total field F] in (2.16) is

) assumed to be a solution to the wave equation, .
h

Y+ With the absence of the lncxdent fleld in m = 2 region,

1ts total field is sxmply represented by

(2.18) Fop = FZ
: v /',N\\
Combhining (2.11) and (2.18)¢ one can write )
LN o , [‘ .
{
v‘ o+ ;
(2.19) Fm = GlmF'I‘ + Fm, S m= 1,2

-

—_—

where'&,m is the Kronecker delta functxon (6“ = 1, 80 = 0), °

and the unknown funct}ons Fm are the solutlons of the g

/ .

»Helmhqltz equat1ons,
T e
i

(2.200 (.92 ¥ p?) Fy 1,2

I
o
3

n



Substituting (2.19) into the boundary conditions (2.4)
( .

gives
(Fq + F‘]M)g..gﬁ = (Fplg = 9§: ."
(2.21)
1 o o % __'1 9 -
p1[ an(F1 * F)) =67 P2 (3nT 2] =67
X
2.4 The Secondary Wave

Since the Foh's satisfy the Helmholtz equation,. they may

be written in the form of the Sommerfeld-Malyuzhinetz

.integral

- ' ~i - N
(2.22) Fp(r,6) =‘E%T gm(a)‘e_}xmr‘cos(a §) 4a

J
5 Io ’
To find the Fy's, it follows to substitute expressions
[ '
(2.22) and the‘incident field representations (2 13)rinto,
the boundary cond1t1ons (2 21). The expre551on of the

exponents 1n the Sommerfeld Malyuzh1netz 1ntegrals are

reduced to the same form using the ‘same 1ndependent var1ablev

a,.representlng rays in the dzrectlon of the 1nd1v1dua1-

elementary waves 1n the 1nc1dent wave f1eld .This is done

~w1th the aid of the propertles of the transform (2. 7) ‘and -

[E

17



avoided if we' decompose the secondary flelds in the form. of

. (2,23)

18

[
W
’

(2.8). The follow1ng algebraxc manlpulatxon wxll establxsh a

system of functlonal eguations w1th respect to the sought

§m s, whxcn in turn, will be expressed eventually as

" solutijons oBtaxned with the help, of an 1terat1ve scheme.

"Note that the boundary conditions strpulate the
evaluation of terms of the'ditferent.sides ofvthe same ,“r‘
boundary which itself has two dlfferent formal desxgnatlons
(e.qg. left hand side of egn. (2. 21) at 6 = 61 paxrs up w1th
0 = 62'on the rxght hand‘side). Thls Anconvennence may "be

/1

' : L B : ' . ;
C Co . . ' P \ LI [N

[
)

to account for the separate 1nfluence of each boundary where

the secondary wave or:glnates. Also u51ng the similar oo

‘ change of varlables ‘as, applled on the 1nc1dent fxeld F1 in .

o

©o(2. 13) ~one can wrlte)‘ o vf‘ﬁ n "M" BN

‘.n'where"ym é‘;(é :seé)._This change -in ‘variable leads to

 (2.28) 0 Fpo= ot g e Sir(; « Fgp-) e Mt COSTT e,

-

f
I

(2.24) , Fp =.5ir

¢
o

L+ ~ikp,r Cos(dryi) ‘
Spla) e M mR MY da

. ' . "

N S ! o g
KN Ty . !

| ,’ ¢

: -ik "9 :-' o
e ikt cos(a=8) 5

[

! rb

* . "- .’

fsubgtitu;ihgixz,z ) into' (2.23) and comparing with

Vi



: | v SR | |
| ! .“‘ - ‘ . : . \
\ ‘ .“ ‘ ]9
equation (2,22) yiekds.~ ' .+ .7
L . . , ‘.“x . - , N a .‘ s
(2.26) . Spla) = Spla'+ 63°) ~5p (e F657)
. ;l J - v :‘: ‘ "l ' . .“\'“ ' | T ' : I Coal

In this way, the orlg1nal prbblem of determznlng (2 23)

lleads to the solvxng of the 3 m =\1;2. The computatlon

[T N

uof normal derxvative 1n two of the boundary condxt1ons g -

O
N [

'7ﬁecessxtates a‘separat)on of r, 1nto a more manageable form

‘presented next. A /“'w S "
» . 't ' o, Y . . W
L. R : . N _ : . “.‘ ‘ "ok
. In a more general case,; N sectorial regions
. ' 4+ N "'-- * . . ‘ ' N ,
6,056, v =1, 2,”3K i.., N, constitute an 1nhomogeneousz
med1um.w1th N bouﬁdarles. Wwe wxll 1ntroduce for each

& ¢

1nd;v1§ual boundary_a‘Cartes1an syStem;of‘coordlnates

" (Fig,.3), in which the coordinate lines, in the »-th region is

¢

given by e ' " g . o ‘
) "\“ ‘ \ + . I L 3
(2.27)" ~x, = r.cosy, . Y, = sxhyp‘
.where the ,same system express a- coordxnate llne 1n the -
(v 1) th reg}on by . o
' b Kp-q =COSYy-1 . ¥p-q1.= "L siny,oq.

Here the x-ax1s is along the boundary between the v-th and

- the (v~l) th sectors,aand the y—axzs 1s normal to it,



—_—
'

p051t1vely orxented 1nto the v th regxon. We .can asw wrrte

equatlons (2. fr‘u

" ‘-',‘ o ,“ _“‘ \
g £ 1 a0 ikt |
. Q B ! " v , lx‘v [N
‘(2.28a|) F]'-‘.:—é—ﬂ—i} Dy (a) ev,l'“”'da,"and
) e wo ‘ Aro - to
0y —lh' 1, gi' : hixyni' o EEE
(2.281)) | F, = 271 J P‘(q) e "FIR du, ‘ T
. I . C ‘ L -
where My = X COSa * y Sin « coT o
- A ‘ ‘ Y U S '/\‘A.»' S ‘ I
My =oxcos (a = €,) ~ y sin (a' < ey,) "o 0
N . o ) y A sp o ) | B
. e . ) H
Pomy-1 = xcos (@ - €,.1) + y sin (a ~ €, 1)
: (4 N R
. o | o )
My-1 & X COS a ~ y sin a =~ N
with !ﬂ‘ B
»\‘ _ _’_ “ _
6, - 6 6, > 6,
(2:29) e, = {_ . for o y .
| 6, -6, + 2n 6, < 6, g
. 3 o ok f ‘ ) ' u‘
and.the 7n's and e"s are as shown in Fig. 3.
.‘}‘ v \

Then the boundary condltlons (2 21) can: be wrltten in.a

[}
e

.more usual form, that is, the‘waves whlch move towards and

away from the same boundary are gathered accordlng -to the

medlum 1n whxch they propagate~
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AA
-
x4+
. +
: ‘i
.
o -
w
-
]
B~]
~
pnd -
@
3
D
+

’ t,‘vgnyi ) o " B + ‘ - o " - . i 4
. ~lag(p-1) (Fpoq # ﬁ?ji'*‘§1R"F(u~1)o)]9=ozyﬁ])5 :

‘ . 4 ‘ - e . " l. ”\.' ! -~ ‘- | . "
k index of sector in which the incident incident
'wave exists (in our case, k = 1).
’ Y ' N ! " R . v‘ ’ ) T Ki 1 . \ . ‘ ‘v‘ )

/" Substituting (2.28a) & (2.28b)rinto (2.30) yields for
. S A ¢ | et ,
q = SN

T

(2.31a) 571Bpla) + B, (ave,) % 8,4D, (avre,) ] e  2HpR €OSE g

. IR ; v D

- » oot . ! f e . ‘ ! L Lt . [
e +e,,_ + A +. 8¢ o +e. _
oot é [Sp-1lare,_1) + 8y gla) + 8(y-1)kDp-1(a*e,q)]
Ky, R SR RN .
L AR ~iK,_1X cosa’ .. b . !
LT SRR RS SR
T R S SN
f“andvaf:q;ﬁ 2 o L o RRTEER . LHWﬂﬂ' 0 3
N i R , o S ' ‘ St oy "
.‘ ) . D ." . LW ‘ »_;I‘ -
‘:Z"“ ) ‘T‘ 1 ".



ot ' v . ' e L . ' .
. 1 R L o ) ¢
Ve . .

B A R A A A
e o : L

o o
Y. (03] ; '
e‘1 "xcf‘ada*

sina " W m - '
Sy (§ (a*-e,'~gh‘(q 41
| [‘ Uy 1 -1 "'y'l) Rl ]

' ) r : ' ‘<
' S ‘\+‘ o § | a ' '
4 6<VH1)leb;1(elf EV”T)J"
o erimpegicosa gl ol
with Wy = Py Ty L ' -

We subst;tute 1n the second terms of (2 31 a b) the

,~ var1able a by, ¢(u—1) (d); Th;s relates the dlrectlon a« of ..; [

‘ Voo AW - C
’,the elementary plane waves in medzum~y thh the: .H,’~ . .g~& &2 E
e Y . ) ! ' FE
correspondlng w(y 1)y(a) angle in the secpor v~1 vxa Snell s

law (2 8) Hence we can wrlte N L |
B (2.32)7«‘r,1f'Aq(a) e 3§Px €OSE G3a =0 for g = 1;2H ‘
SR e T T
“where ¥ Apla) = Sy(a) * B fa.t e,) + 8, Dofa +'e,)
J, Jﬁ -fnf(yaj);(&j’£:§;;1 LQ(;5J)p(dfﬁf;§p73 ]:f‘
O T B 3 =1 [ w(,, 1)»‘“’ ] Lot =
':l" ' . 4 ' )




rpla) = 0% (S)(a) - Siha v e,) - B, Djla v 01

~ T (@) sing () <«>/wy e

Il

S Imqypla)te,qd * Byoy [¥(pap),pla)] +

, o 3 ‘ - \
S kDett W (pm)pla) e, )

VTHe‘SUffiéient'but ndt‘necéssaryvconditiéns-to‘sacisfy

- ‘ i ' . i . o , . ' . . P
identities (2.32) are’ . EEE , e ‘

. ' !
L
' v ot . f :
. o R ~
o . V.
. |

o

I

(2433a) " A(@) =0 ,ana

N
. (2.33p) - Ap(a)

1]
=)

 fe$peétively.

Ellmlnatlng f:om (2 33) the functlons g y-1 [w(v_l),(a)]
and solv1ng for § (a) yxelds“.

y(zgsp)f“f s (u) K,y [s (a T e ) + a " D} (a + ev)l .

‘if7ﬁf;a“7t foJ ?(PfTY?fa{VK($sd)»(ﬁ)~Q"

v ‘ In
. ’ v”}: o e i o

Y KN t“‘;‘ . | ‘;'
. { gp 1 [“,(V"1)p(a) + e” 1 ] + ’ ;‘"x.:

- e i , Y v . :
4 ., " YH R “‘ . .
"'\‘."f - L . ! o a

C2s
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. 6(2%1)k‘ﬁ:~]i[;*(V*1)PS&)”* 5941‘1‘}p 

: \“‘ ' ‘ : ": ' '.‘ W .
where K, = [ —— " ! L ey,
: : 8iny(p~q)pla) . sina

L Memy My e

S / . Sin\f'(p‘ﬂyj)y(a)‘y §ina

. K ‘ W, ‘W _.1 "‘. wa"'H"
and ,K(Pﬁq)p =2 SAV B! - r —% 1
‘ sina’ sxnw(y_1)y(a)‘.‘sxna

1 -’ ;

Repeatxng the procedure startzng at (2. 32) but now ‘

»

‘,changxng the varxable a« by ¢V( ~1) (a), and elxm)natxng §

‘whmch has already been f0und 1n‘(2 34) we. wrxte

(2.35) ] .Bg(a) e Mwm1X €054 g4 2i0  for g - 1,2

. . PO“ = R | ' B
similarly, we obtain - |

v.(2.36) “SP‘1(Q) E‘prfjk(ufﬂ)(a)‘£§y~1(a * e )T
) i 6(;»—1)1/ v~1 ("‘ -+ ‘V~1)] +

! : v_ ?¥f“(p%f)(g)yK?(y;1)(a)'ﬁ

: , Ce e .
B S SN TRES (51 G20y GRECE ¥ (-5 B I

[ R Lo

i, ' '? A

3 < -y K .
! LI s ) .
for 4 ’ A" St Co Ve
" . [ 2 P o
o \ . e K oL

'
\ . '
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&
where '

E:i:, .‘

‘and

o

o~

K(y=1) (p-1) (@) = [

Ky (p-1) (@) = 2

1

‘W

pr

532¢V(V_

W

|)Ka)}

4 +

Yy~1

sin

3

wV"U‘l }”1 :

.Sian(V"l)(“)

"v*l

Wy

sina

Yp-1

sina

sinwy(yﬁ1)(a) a

Combjining (2.34) and (2.36) yields .

L2'37)ﬁﬁ

forvu = 1,2, where xuv denotes the operator, transformlng an

4§:(a)

Ls;“](a)

-

n

—

Xpp

Xp(p~1)

N

X(,,~1)(y~1)J.'

.
N

vX(H"]))

'

+

si

S,(a) * 6, Dy (a)

Na

SRTRTTRRES |

I .‘ 2 '7

}'“1

®¥rbitrary function f(a) accordxng to the followxng rulesf -

(2.38)

‘with

(2.38a)

Return\ng to a two sectorlal reglons medxum thh u;%

Xuv -

Kyu =

N

Kuv =

T

o~

f(a) = 1

]

b

(Vvu i 'wU'U)

27w,y

vy

v‘f-

C (W

w

vu

VV?

pucu/ginwdgtaf‘

kN

R

Ly
q“uu)"

ol R
(for u # v,

t2,. and 1ntroduc1ng matrxces X, D and T as follows

and -

v (@) Ky () £ [ vyyla) + e, 1,

i

%

4,

-

'”‘*h

F1;;,lv



(2.39) ' | o D

3 (&) D (a)
3 (a) Dy (a)
X = + D=‘ T=
gz(q-) 0
LU

(2.40) X =TX + TD

+

The elements in X will be obtained by the method of

. b ) ‘ . o
. successive approximation employing an .iterative scheme

described below.

1

2.5 ' Method of Successive Iteration
’ i g ’ t I ",

TR ’
N KR

The' methematlcal formulation of the 1terat1ye method
permits us to obtain an explxcxt enalytlcal expressxon for
t?e approx1mat10n of an arb1trary order, wh1ch 1tself is

) expressed Qery conven1ently for the physical 1nterpretat10n

.of the dlffractron field. It w1ll 'be shown that’the final

formulae of this method are similar to ‘the' ordxnary formulae

f'of the method of successive reflect1on/refract16n of



t ) Ty

.inhomogeheous plane waves in media with plane (non-parallel)

‘

boundaries. The distinction is that in the present case, the

»

result of infinite pumber of reflections/refractions must be

required to be integrated along the directions of

propagation, as prescribed by the Sommerfgld~Malydzhihétz
integral, in order to account for the choice of geometries
., ‘ . ) -

" -~ in our case we expressed the wave field due ta the

LR,

incident wave in polar coordinates (r,6).:

“

Havingfclarified some,of the connection with

+ ’

mathematical basis for this apppoaéh, we will go ahead to
' . i

present the formal scheme of .the method of successive

,approximation, and the structure of the iterative formula.

Let . S .
i , ) . ¢

(2.41) L X' = TX +'TD+y ) _ ,

with ih=:1}2;9.....,wand x°S=,g where 0 is ghé null vector. -

For i laféeﬂenpugh, xlsapbrbaches the desired X,,and (2.40)
is sa;isfiéd;LWe start with i ="l‘fo(r;)w_hi’ch :

~

. \
[

(2.42a) . ' = TD,

and for i:§ 2:v(2.41) gives the second approximation

r
)

.

29
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,

(2.42b) 'X* = T*D + TD,
‘\ } ”
v e ,
&,- . . . N ) . . .
and so on. Finally we obtained in the limiting form

|

(2.43)  x - Mm E' ip |
) \ T . ‘ | ‘ o
whgre ‘ \
a \
(2.44) .~ 7lp - %(T?HTD).

a

Or, for individual element in X, we can write

A

. N :
. . : ; .
(2.45) - 3, = éiﬂ D) (r'oy:, v o= 1,2°
' Ci=1 | |
. \ X v
where SN »
3 . R . \’ ' | \
. » . . .'. ) i 2 -
.~ (2.46) (T'D)%. = x,\ (T
in, 2 o
(T‘D)E = x12 (T
(t°p)} = p%, and

Applying these expressions successively for i =

1,2,3,.., we obtain

4

- +|

(T'D)% = X14D

’




“ B "3
[ N :
‘ : o B \
+- o 1 .
(T*D)7y = X11X1}D% + Xz21X1:2D7, ‘
! : ‘ | EN '|$. ' “
, (T’D)% = XviXziXa12Dh t XaaXaaXoaDy o
‘ ‘ i F o L F a ' y
* XzaXaizX1aDy o X24Xz2X12D0
. ' + + N, T
- and : (T'D); = XI.ZDTI
R T , ‘
(T?D)2 = X12x1)Dy # XZZ’XIZDl_;\’ v r '
ap) | ey RS ST .
(T°D)z = X, X11X11D7 4t i?(sztit"th ,;
) ‘\ ¥ i, ~ .
t Xzz2X12X11D7 * Xz22X22X12D7
:‘. At ' " . ) \, "
-and so on. ; )
-_— ‘ “t': 'xt .o ‘.
This process can be continued infinitely. However, the °
structure of the orxgxnatlng expressxon for arbztrary i can
be developed by 1nduct10n o S
Each ‘term in (2 45) can be expressed 1n the form
T ""»‘i -N(i) o - | |
A0 Coaget | S T
‘ R ‘l R ‘ . ..' '.‘»‘ Lt : I ‘ | \; ﬁ\g‘vb SRR
~where ‘be@)je Xn(i) Dn(i) (e), | ' ;
‘( |
S < )




(2.48) Xn(i) = Xfv'Xef Xde X¢d ‘+:+- Xab'Xia - .

\v‘ X - } . ._]‘- “s ) . “ )
« Pngi) (@), = La + angg) )y IR
- Faf o T even . ﬁn ‘ i
a““li= {5§ for i being dd Capo= 1, and
! " F ' ‘
{a] . even . '
,a% for i bexng dd % ﬂ%Z
a“;‘ = i(eﬁ - 9] + S17T) .

\

also,‘n(i) = 1}2 ceew., N(1) are the“nuhber‘oj separatev

terms, wiLh N(i) = 2.

product of opera fors as follpws

i-1

. Lo \
g ot A

where the succe551on of thxs sequence takes on three rules

governing ‘the’ indices: SN} \\‘?77‘ R *
1. The indices of any successive baﬂr?ﬁoilews ce X$QXUVH;
' E ;. C 3 . ; ‘ Yol ) ~ L‘\‘ \ ) ‘
N Vo )
;2.0 The fxrst 1ndex of the last multlplger c01nc1des wqth
the 1ndex of the k- th reglon where the 1nc1dent wave 19
g1ven. kln the formulat1on above, k was taken as I)L
3. “The second 1ndex of the fxrst mult1p11er 1nd1cates the‘7

”»V th propagatlng element (T D) of matnlx T D. ’

' ‘.'. i “yr ;
. \ i Rl v
\
i .y KT
. “\v . i il .
B . "
15 N
Sy .
BN | .
% .
K e - '
\ .
R \

. The desxgnatxon Xn(i) represents the
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v ) . . |
\ R ) '
K \"l 4!
=~ 6+ sm, and realizing that
, ¥ : . ' “ ) \ i ;(‘ K S :"" 4
B i ' “\ , ) , “:
d ' o4 K ‘A i,
' \ '-B = @ G‘T’ ! { '
‘'we can write . Cot - (
. N B B |’ S, '
1 A .
1 ‘i. ‘ ! ‘ ‘h
(2049)\ al = »”-ﬂ i S Qy‘ \ ‘.
' L } ) i s
B S E : .
Opv . P ' o e [ .];:
\,. . ! I . ! . ‘ L o ¢
! ’ ‘ o
aniy) = "B, 20 “for i;even, v=1 "‘H
-g 8 . odd w='1 | ST
- ! -8+ 8 even »=2 ' ORI
‘ ' ‘ " " B .
-8 {Q odd wv=1.-° :
f<3 ' PR ' i ‘,';‘ :‘A
‘ ). :
| A 1
Lastly, we designate | ' o
r 4o
o] R ity -
‘ o : oo P Lo (O .- oy
X ! I ' ‘ .“ T
: NS ,‘ G W
L = — 3 \ L X K
._.-‘ﬁ 95 B e
. £ ' : . MR sy
S S i ) PO iy »
. Wher‘e‘ " 9”1 = 2 ’ i iy »
) \\"f ."“ : ’ ’l
‘ oo .
= R L
, . /‘ . .: s K i :‘ g . \ T /‘
~-.Hence, the operand takes on a compact form of. ..




 Dn@§(m)i=‘(a + anu§)—];x o | °

’

- Each tecm in (2.47) can be written in 'a form‘fefleéting "

the result of the'hulti~applicatibn.of'Operatorsfas shown in

(2.48). For this, we introduce
(2.51a)  Ugula) = ryyla) Kyyla)

(2.510) | fu(a@) = oyla) + ey o
| S o "  | ‘;fq,
(2.510) - agyla) = fplfu(fune e Eun(Epy (a))).l))

- “'where functions r,,(a), ¢Qw(q) are defined in (2.8), and the
- N . ' ' \ , ' . o )
goefficients dfvrgflegtion-refraction Kyv(a) 'ip (2.38a): o

\ R

‘Théﬂ”the‘fesult‘of the:operation“(2.38) caéfbé'wriﬁtén in

’

" the form -

g A

C2.52) L xuef(a) = uyyla) E(Egy(d)) .

AL

' Using this expression, we can. find successively' '

" . oot L \ ‘ Lot
. Lt s - . S e
e ’ . o\ 1 , .o LA LR, . R L L "
N \ AN c ot
o .

for

i

. v * "\‘ .
T IR

¢ XabKtaPai) = Vab(@)01a (fap(s)) Doy (£1a (@) (Eapla)) )

. : . A . oo
D B ) E I C,

:ana,finaiiyi" ST

e

. oo
i) 3

73

oo XaaD(i) =rUrala) Dngplfialad)y T et

{ "y AN \ P N N Cy Co
; S N o ottt , O N RN

N P
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(2.53) ‘, 'xnﬁ) =vUEp(d)Uef<ffy(a))Ude(fef(ffy(d));
Ucd(fdé(fgf(ffy(a))))...L, | o o

Uja(fap---fcd(fae(fer(Ery(a))))..n)-
dngi) (f1affabe -~ fcd(fae (Feg(fey(a)))) o)) 0
= Ufn<“)Uef(“frUde(“erUcds&dv)--

.;..U1a(aéVDnﬁ)(aﬁp).

,

The ensemble .of terms of th) in- the sum oﬁ (2. 47) for

'any i can be arranged with. a1d of a graph s1m1lar to a
rad1al scheme, applled for the enumeration of waves

-

:or;glnated‘from stratrf1ed medla.‘An‘example of such a

igraph“arranging the elements‘of the sﬁ@ for i = 1'and i = 2

'J‘are shown in Fxg.. Here, each are of the c1rcumference 1n
,the reg1on w1th 1ndex ' xs shown to correspond to one of the
}'terms of (2 47) for the ‘same value v. The axxs,‘1n ’ '
{counter clockw1se d1rect10n, correspond to the elements of

« ,\,

“the sum (T D) . and those in clockw1se dxrectlon,‘elements

| of‘the sum (T D)p\.h‘ ,h' R w‘h“ ";-1 e
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’ CHAPTER 3 .
"jsﬁADow'BOONDARY‘ANDuTHE'DiFFRACThD WAVE ,

W

For future calculatxon and physxcal analy51

,
RN , , ﬁ*

be convenxent to 1ntroduoe the 1dea of generallzed wave, in

. 1 ' v 3

‘t analpgy W1th the COrrespondlng notxon for wave propagatxon

treatment 1n stratlfled med;a descrxbed by Wxggzns and \ﬂ
Helmberger (1974) ;w",”~* f';;A]‘WN”'f”.wa‘\ .

-
' '

¢ . ' ' o P !
1 SRR '

,pj?wlthzn the context of thxs 1nvestlgatlon a generalxzed

B A

wave WIll be such as¢descr1bed by a Sommerfeld 1ntegral oi

the type in equatzons (2. 25) or. (2 28a b) sat:sfyxng the fy S

general form of the Helmholtz equatlon (2 20) Each of the

38

1t wxll S

functxons Df(a) or §“(a) will be composed of a unxque | .
'"ﬂwsequence of xuv,'wh1ch would requlre the computatlon of a" '
unque product of reflectlon transm1551on coeffxcxentsf .
In partxcular the term FT 1n formula (2 28a) '
L corresponds to a prlmary generallzec wave, whlch from now on faﬂ
S wlll be desxgnated as P () After a change of varlable (a *‘_f"“
31;.a4+”xuy; equat1on (2 25) becomes ;‘ ‘pﬁg”'; jm;fv”]f' et
“ . e s "” | . ;) -1 \‘{i;(n o r\coSa
( 3.'.'1;.:);‘.1 | Fn(o) 2’” J (a "‘ 9 91 + S11r) e () ‘ ‘dn‘.



deformlng the path of 1nteqratxon I,. Lt wlil be represented

by the sum of ry (i=1,2 3) as shown in Fxg 2.

N

Substxtutlng

for the var;able « by a F ™ ( ve for F1 and +ve" fo: Pz) and
'reversxng the dxrectxon top FZ, one max obtaxn N '
o I ‘\ g o R R
{3.2) Fno) = Fn) * Fn)r * + o
o - od o 3" ¥ : A
‘ }Wl‘th Fn(o) = Fn(O) (\l/ -~ A ) at Fn(o),(\" o~ N )
' : . . . R \
e * ‘ {1 o V;iKI”COSa " ;f:
‘ and Fn(o) = E; J (a_’_w) .1 o da y . o
- | : Iy | . g,
‘ '\b‘ = 0 o) 6" ! ' ’
r I ! ‘ \
At L s1n; 5 K ‘ L

and F 1s as shown in Fzg 2. The ‘term Fn«» is the re51due at

the pole of —¢

mathematzcal manlfestatlon of Fnk»(W) followed

|

fxeld determ1nat10n.w

?.

s-‘ : ' s

"

SiT. The next sectxon w111 dlscuss the"

by the far f
v nl
o \‘j '

\ ,
’ r ‘ [ o 7 ,‘

L '




R ‘ , , 40
! : v : po N
. o - | " L g N v B o A R '
Vo W o B
‘ ip SO»faE as FMO 7 O the oddpess in . (3 3). requires that, W
Fnkﬂ undergoes a' dlscont;nulty at 3 =”OL"\ o IR
! . . v \ [ NN RN \‘ s | . ' . . " . " \ A . H‘, i I
For the calculatlon of the above dxscontlnuxty, we
. R ot
plaqe the contour F along the 1magxnary axxs goxng around
the orlgln w1th a sem1 c1rcle of small radxus R such that o
for o 0 xt does not 1ntersect the poles at a‘euw s1n "; -
v “’i .
‘ The %wo paths r & F (Fxg ‘);are shown to represent P ‘The
A d15t1nction 15 determlhed by the placement of the poie,
‘whxch in. turn,‘sxgnlfles the 1llum1nated and shadow regxons;}
‘ by w > 0 and W <0 correspond1ngly, or vice QerSa.d.":‘”';v
I For w + rt0 the 1ntegral in equatxon (3.1) along F or
- F has the same magnitude and quant1tat1ve1y, fe, ‘ Y
. ': dlSOOﬂtlﬂUltV of Fn«» at the orlgxn (wﬂF 03 is descrtbed by
. the contnlbutlon along the sem1~c1rcle. Let | . | - ‘
L ‘ , W ,m\ ., ,1‘ . . " ! . !
: ‘a = R"e‘l'¢, ‘ ;\ i o N N . ':.'
. o) ) g : . 'I,I ' V:“ " ‘ i . ) ' + ‘\". ;" ’
L A !
) * \‘\’/-:‘\ b} 5 ' C a‘
\‘* ) I"‘; 3 ! i d \Hl ‘ *“' |
e L . -,‘: 1 : "‘ T | ‘
Joy N ., ‘;‘: . . ) ~ N ’ »‘: , -i"%’,\, '



5

)

,

’
s

i
v

, S B
Contours ofaintegratlon N and I' .



\
. . " .
, . - . - 42
. \ . B ' . R v
. ) :
, ,
’ \ o ] |
. . o * o
N ' v : !
t , " .o '
o i i
N ' o . ’ '
. .
i\ ‘ vv ] ‘ '
a '
, ,

\ I;r o o
. .
. ) ! Co
. I .
, . v . " '
. N ' ‘ ’ ’
f . ' . "
. . . N . N
. . ! )
1] ‘ ! 1] l‘ t
, .
) 0 ol
. \ \
. e / .
; .
+ " ! '
" N ! '
, . e
. . |
: ' - .
- , Ke oc o
, , . .
. ' !
. )
, .o . . . . .
. .
‘ . . . <
‘ R " ‘ .
N .
, , ) N
. ' ” , . : .
. . . [ .
i s . r vt .
. Lo
. Lo '
. N i “ v .
. . ~ ) *
. - .
. , l B v N " . '
i N ' .
. N * , . ' ,
K . . 4 “ "
i ) ) . ! \ . .
N . N i . .
i , . . '
, g P . " i
. , " N
. ' ! !
» : i v
: } . , ) ¢ ’
t N '
. \ ' ' .
S .
& ” . "
. . ! "
. ! !
. \ . ' . R .
' \ N . L N .
. A 4
R . I . . -
\ \ o .
, .
. 1 . .
, . ) .
. . . 1
. ) .
' . LY " Al
) . l N PR .
N . !
. ' M "y
\ ) o .
. \ .
M .
v ‘ * ‘n
r' . ' ' \
. N ' .
X KN N - . .
A} A\ ; " k
P N - '
) , /?eq .. . .
‘ S v : LYY o "
o . . + \
N . .
f ' - ‘.
. . “ ’ »
. \ - o i
. N . - ! ' «
. Cos : T .
‘ ; . .
. s . R -~ V \
R . ", . C e
. .
. ) N .
\ ~ ety A - . u
. .
' oo ! . . -
. .o N - ) . . o
. . .
o : T
. f \
| \ - . S Y
. . s . ' . *® -
. ' " . ~ ’ .
.o . Vs ' ' Lo . N



43

. Lim ‘t |
(3.5)" a0 Faie) (¥). .
. R Lxﬁ “i¢‘ SNl I ix{rcoé@(¢)+i¢‘ﬁ "
2r yexo [ (RETT V) e ST dey

N

“For R ~» 0, a(¢) in the expohen; goes to zero. Then

et s

!
X

; Lim _% | .o 1 i |  ‘ o "
3.6 g0 Fnlo) (¥) =72 e“_.] 'l{i a —-
(3.7) | = (sgn y) -3 R

—

Hence, 'it is shown here‘matﬁem&tically that the chénge \
\ o - ' f

in magnitude of the”aiséontinuity'across the shadow’
'boundary Result of equatlon (3. 79 ‘will be used subsequently

ln;t determxnatxon of the dlffracted field.

—
' : “ . : A'h: ’
3.2 ' Sum 6f[Dis¢bntinuous Functions
i o [ T . . .
‘ "ﬂ The magnltude of the d15cont1nu1ty, from the terms of A
;fiFn«»(w x ) and an)(w %) at the po1nt v = i, are such

’hthat thexr sum 1n equatlen (3. 2) wxll become a cont1nuous

i

,fupct;on'pf ¢f~prov;ded'that‘ oo



| R | oAt sys T
‘(3H8) F;«»(¢) = 1. ~ for
o v AT, <y

Thus, each term in (3.2) is a discontinuous function of

coordinate ¢, and all sums are continuous functions of *y.

¢
»

Y

One may rewrite (3.2) into the following form:

(3.9» ) :‘F.h(o)‘(¢/“>\_) + ,E\‘n(O)(\b"}\".) ) Vv < }\

]

Fog) = Fn(¥"A )+ Fox™) + Fie) AT sy ;x” ~

Fr) (V-2 ) + FoaeA™) AT <y
whe;e " '
(3.10)  Fpe)(x) = Frg) (1x]), SERE
, _ - :  ‘ _ S o
thle .

. . B . —_— L ..- 4:,\_ ‘ : +
(3.11) £80) = 7 Fao) (W-2T) = 1 Fp) (917) )
(3.12) /7~ = sgn(¥=2%) L [
u- ¢ e
..... . b . ‘ ~



3.3 Riémann Surface - S C L

~ . ' ) ' . i

A substxtutxon of equations in (3.9) back in the form
'of Fn(o) \lr) as m eqdatxon (3. 5) reveals that the. var1able \b

may take on the whole 1nterval of ~® < \b S ™, Therefore _ p
AP .
(3. 9) deflnes the functzon Fn(o)(" 0) on an 1nf1n1te Rlemann

» 1

surface 0 Srs ‘m‘, ~» <Y S, as "shown in Flg 6. The

,followmg descrxptzon nges a dxssectzon as far as the

reglons of appllcabllxty are concerned o

'
!

l v('i)'.-.Region.I:'_ 6 < 8+ A" 9
e : R

© {3.13) | Fp) = ~Fr)(8-6;-27) + Fpe) (6-6-2")
(i) Region II: 6 + AT < < 01’ s

‘(3014) | Fn(o) = 'gn(o)(efej’)\_) - ?n(o)ée;o]‘k+) "‘A’_ N o

. ) ' X . ’ ! . : " \
oL . ' ' : o N
‘ \ ) e '.“ \\|‘A‘ . . \ ‘ ':”“ ' r o y o
Lo + FU6209) e \
. g R ‘ . _ . . - ,:“\‘I‘,< Ve e A
(ill) Region 111 e B , e < ‘61' + A . L V : B
. . . " . ] L \” A

(3.18) ”‘.’n(o).'f' *incgg;f?’*erﬂ:* " e (6-6-01)

'whole R1emann surface —= s 0 <o,
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In so far as the solutxon of the dlffractxon problem 1s

r o

‘concerned, we are only %nterested in the Euclldean space of

\ i [

-m <0< m. Each wedged seCtOr 6 6= 6 belongs to onl) wfhh

‘part of the Riemann surface. Thls w1ll be termed the fﬂ
1)

\
| l \ N

physxcal" part whxle the reglons 6 < 0 and 0 < 0 the

_ mathematlcal" part, of the Rlemann surface Wlth each

partxcular problem we obtaln the solutlon for d;ffractlon”‘
fln the phy51cal" Euclldean space. However,,certaln

v

‘partxcular solutlon would lend 1tself its: defxnxtlon thh

“ald of - the‘"mathematlcal" part too (e. g leaky mode)

P ¢ c L . e , , L ) ‘.“‘v"

S | :
'g Fz ThlS sectxon exam1nes the disposxtxon of the reglons as

\

de£1ned 1n (3 9) upon varlatxons in the dzrectlon,ni_the

1noldent wave and the p051t1on of the boundary of the

i \\' "‘\/

\
phy51cal” part of the Rlemann surface. Fxg 7 shows the

mapplng of the dlfferent reg;ons def1ned for Fn«» in the

usual Eucl1deah space. Once agaln, the 0‘ are desxgnatlons

‘ . ,(,.

Yoy i o A

a partlcular v- th sectorlal wedge, the d1rect10n of 1ts

propagat1on‘(case a, b 1n Flg. 6) may be restr1cted by the

tollow1ng 1qequal1ty

)

for the wedge 1nterfaces. For the 1nc1dent wave exlstlng 1n ‘d,
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[ |
.“ ‘ . ..y‘, L \‘ + [ . -, o ‘ ‘..' | "‘ ) o
L(3016) 6, b < < Bl |

.’\'v‘ "” I' ,l ' ‘.‘,‘ i o ' . s 1 ’I‘ S I’_."\" (Y c K \'

*The case of an 1nc1dent wave propagatxng paralle s to an
’ﬂxnterface 1s neglected here._. - V‘,,, S

(. ‘ R N . et Lo o o ) f ,“‘ oY A o o 'I‘

"8 < 6 < 9 (F1g. 6 a, b) It is clear that there 1s no
”fboundary shadow 1n thzs phys1cal Euclldean space." |

"follows 1s a cho1ce 1n des1gnat1ng the posztlon of'the

‘f‘propagat1on of the 1hcxdent wave,xq e(ﬂ

‘1nc1dent wave 1llum1nates the whole wedged Sector of

. . Ay W . .
" e - i

thwlncldent wave F1 1s deflhed‘by the 1nequa11ty ) .
(317)\ i . 91",‘+>“7\+ S 6 ls“'o, . +)\” l | / '
',%he fafslgﬁ;-ﬁr‘+ At Iare‘the'beundar1es.ctlthe" 1jwnﬂu

geometrlcal shadows for the 1nc1dent wave. Hence the

phy51cal" space belongs to only part of the regzon deflned

\
1

by. equatzon (3 17)

Let 6, -‘e;‘<, m. From'(3.17), it follows that the.

-.\,)

,..m T

.|:\

On the Rlemann surface the regxon 1lldm1nated by thei“h

51

~v;1llum1nated reglon w1th respect to the d1rect1on of the ;f;.'




' : BT
. “'ll“ , ‘ ) \ v
e . Case II. Illuminated region: 6 > 6,
P et e e Ve, g
R T o ‘ - - _ o ’ )
vt " 1 i [ ' v . "“‘ o \ ' N N
no . ! 1 ) | , Wy
PRI N ! n
[V . ! . 1o
A ! o '
: :.'. Y ““" \ ‘ | L " . | oy ! “
W IR oo o
i ! C ) ) ‘u ‘ f
. i Ve v‘,‘. in~ v \ N Ly " . !
N g i o ,I‘ ".I = 2”’ ! Y
“' o V' ' .
[ AR N Vo
o ‘J.‘A“‘ ‘
s (3.19)
i, " .

Y]
1o

O L K I I
TR ‘Case"I. Illuminated region: 6 < 6, ‘
A‘-l "‘\ o / ‘ Ll ' = .« ' |. ‘ ! . \ o
N B oo .S] ’____' +1' ‘ - o
. | SRRt

. , R o

. N - K Lo - N
I N = 2@, '
‘;t._"’",t-w‘ . o B o

',‘(:3. la,>'l"'4 . .‘" -x‘*', S‘Ie‘,_'_ 91 SI'A’:— o

)

i T
' In both cases, the reéaon for w (; e.

”91) 15 ‘the
samev and agrees W1th the regxon\as deflned in (3 9b)
for 6 th9

Thus,

< 1 i.es 1nc1dent wave . ex1sts in .a. wedge w1th an
‘acute sectorial angle,

n(o) m 9 s 6 s 6,, can always be R
@@‘the .sum of three d15cont1nUous fleldsf‘one of

L e e
in the case of 6, - 6,

‘Pf t K
| 6,.> w, we write !
. .} ; . ' ;\ \.u‘
GV +. 7 5. 915 6 ‘;.m"; Lo . ' ).
( : " g " l'_, “ru‘ . ‘ \,

8
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. C : . . e
! . ' ' [ . o . N

c) 0, + 218 6. 5 6, +x, o TR

. : . LN :
' ' . ! . : ' R . T .
* \ . ' Ao ' f \ o A
' o - : s . . L
e . (. . . [ , .
\ } P - ) . i . . '

and consider each situation separately. . '

" “The" 1nequa11ty in (a) 1s deplcted in Fxgs 6(6) and o )
‘7(c) Accordlng to geometrxcal optxcs,,rhe 1llum1natlon 15 _ e
" in the reg1on 6‘< 91,'Hence o .‘.:vﬁww ‘ﬂfV o o Tb 
' . 51 == 1 " 1 ' ‘ ’ ' . | ,
AT = =21, AT = 0, and 3 S
' e ‘ ‘ i v ' ' ’ C
0 - 6,5\ in the region of illimination .. . 1
- _’ ‘ o ‘ : ) _‘!.w;i,‘l.{‘
6 - 0, > X7 iﬁ‘régi§h‘of'$§aq6Q>  I : “;Lfﬁf\'
:aglf éi + Xffé'é{ is\shddow‘b@pndarg'df’inéfdént  x,ﬂx;?;ff
f S ‘;" ﬁj\ . 51' ﬁ“' f
e‘ffo, - 2n is: an 1maglnary shadow boundary for o ,T@bﬁﬁ
I ﬁﬂIV_ the 1nc1dent wave. l‘w‘”fﬂ f;“' L

« . .
N
'

The last 1tem‘exlsts only on the Rlemann surface..At- 

Q!che boundary 6 = 61, the £unct1on Fn«»(¢ k ) expefzences a

L g L
IR : . o I sl ey 0



: d15cont1nu1ty compensatxng for the dlscontxnu;ty of the ﬁf“w P
o ’ C \<_t g o .
1nc1dent wave fleld The presence of 'each dxscontxnulty zs
. refleqted 1n the change of the smgn of tunctxon'
.

(o) (¢ A ) 1n expressxon (8 9) The functxon Fﬂ“” (¢ % ) is

\ contlnuous in all/regxons 0 s 0 6. S Oup and 1t pndergoeS'df,5

drscontxnulty in the mathematxcal“‘space at the xmagznary A
' }
. shadow boundary 6 = G]Vc 2n The case of sxtuatxon S‘)‘can TT7:'
o be treated srm;larly i ‘”‘W'ff'"“‘ h ff," R .f'~[:
X } } v . v hoY v !\ ’ PREE LA '~ ‘ . L . T . ."‘-
' yvv, B R AL St Y ”,' ! ' ey ‘ ' o
. . . ) . Gy S .. : “/A‘ ‘ }
W Sxtuatlon (b) 1s analogous to. the con51dered case . SEERER
e ‘ W
; 0, "‘Qu ‘”F- The functxdn Fn«» xs represented hy a: ' ‘
: superposztion oﬁ three fxelds each of Whlch is contlnuons

1n the whole reg;on of Qp 1' 0 5 Gy; One of these f)elds 15 '\‘

\'the 1nc1dent fxeld ‘The two rema1n1ng ones represent the oy

ux,

3 “ “' f 1 "".‘ ! '
d1scont1nu1t1e5.1n the “mathematzcal" space across the"'y DR
flct;txous shadow boundarles. SR ﬂu ‘ ﬂ;'j,fﬁ P I

o e oo S o ey
4 ‘ 4 “‘ ‘A , ' v«"_‘.,': G a a .
. { i A/) ‘ ‘ . 1 1 \\l' X )
. ’»‘l \ , ‘ " ' ‘."
e \ : ) . -\“’ ‘. ' ' , 0
' B A - . . .
. R : e o T :
' ! ;‘ ' }‘\' R A ,‘ . . . v N "l“ Ly RSN I ,'f‘l.‘\. [ B )
v -‘\',‘;‘, wﬁ S i ' L4 ' K
fVJjWg It 1s clear thatfthe term Fn«» an equat1on (3 2) 15 : L
el used to smooth the dlscontlnuous plane waves across the N N

\,w\ vy

”geometrlcal shadow bqundary, and descrlbes the dszractlon L ,@*'




(3.20)  Frop¥) = g S (a4 )

»
S

. . ) . . . . o
.the integral along the real axis (surface waves) will not be

+ v f“A .
included in the present investigation.
e 8 e
From the development in section 3.2, the expression .

interested becomes F:«» of 'equation (3.2).

-1 eix1r cosa dnL
r ’ ’ ~
- L
For large value NS the parameter xir,. 1.e. for the far

field, the flrst two non- zero terms. are’ taken as an”7»

approximation in the exponent{ There

(3.21) cos a = 1 ~ %a’ @
qnevqbta;ns ‘F -
(3.22) gy (.= EULRTI [l o
.where T
‘ (‘3,.23-) | :"w = 2—1}; 1{ e‘iﬁqu’/,?;-l. (-“.% w-j G, w20

»\_ .

,a.

) A vell known spec1a1 functxon may be used to represent s

-

(3. 23) through the follow1ng manlpulatzon. The path of

1ntegratlon P (F1g. 5) is mapped into 'a complex. t olane

A

‘usxng the transformatxon « = -iyyE. The resultlng path is Ft

] [
. . . Fo -

. 5%



I “é,

as shown 'in"Fig. 8 Note that

(i) ‘there is a branch cut on the t-plane along !
*Re t 20, and"

~

(i1) *  Re yT > 0, if arg (t) = 0.

With this transformation, equation (3.23) becomes

v r

(3.24) W= =g ) e 2 (VE - ) e, .
] ) n rr . e
v t n
where = - Ay . ‘ : :
ere z = .21x]r¢ . ’ ‘ ) .
The coptribution from the arc around the origin tends

t

to zero as the radius goes to zero. -Hence

1

. (3.25) Woe - oo {0 et (vE - i) ar -
o @2t (-vE - ity ' ar 1 y

""w1 i

S o -zt o -1
(3.26). -~ W lore 7 IVE(L + £)] " at

The rlght hadﬁ side of equat:on (3.26) represents the
degenerate form of a hypergeometr1c functlon. One acceptable

“form of - representat1on 15 o Co
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(3.27) W = ﬁ}? ¢

1 . 1, | L | :
= 377 ¥ (- i opimw?) , . » o

Nj=—
V~ - ’
[ STETE

where' w = (Ziz/n)ﬁ

e W] (kgr/d) e o
For numerical caicplation,*equationl(3.27)'may be

represented by the moré‘ébnveﬂient Fresnel ‘integrals;

Lebedev (1972) as follows:

'(lz.ze‘)' W= e®WE {5 - o [ Cliz) + iS('i“z.)] b

fl‘

where - .S(z) = VZ/7 fy sin(t?) dt

‘”ahd“‘”*f“‘c(ifA vi/n l: Eoé(t’)-dt S w~5ﬂyl u"“ o o

(R .
)..’4 . . . .'x

The var1at10n of W as a functlon of w [= |w|(k1r/ﬂ)”]

is shown in Flg 9 “. : “*-,,ﬁ'ﬁfﬁffﬁf~‘ g'*”‘3“ \

Hence, for n1m >> 1 fﬁglfuncti$pr;«»K$),ﬁayfbé

descrlbed by

IS

. . . oo 4 B

PN ,e . L L i .
[\C - o SooSE T s a.
. o oo PR
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Recall from sectxon 3 Fn«ﬁ'takes on the s1gn of the

'

"value w (1 e._e Gr)p Bun, in equatxon (3 10) n«»(X) is

ln roduced as an’ even function of Such parameter. Hence

3 \ .n“!

‘ equatlon (3 11) becomes Sl o TRy

o o da. . e ' o
. (3.29) ' Fpe) = n- n(o)(\" >\ ) n(o)(\" >\ ) N
'.‘ ) l.‘l . ¢ ' ’ , - “' . R \
' -‘ ’*':, R v‘j ' \ " " .“,I. ; \
. \ ikgr e vy S
vltt?' R n(o) = 'W(W) Q+ 1 oo : "“;,(, . ,1 B PR
. : ' \'l‘ ." '\“ "‘. :y I‘ R . W | 3 L : t o "
o won L Wb B e
and " Cwes || (ke /m) S R
ool ' | " ' H n ' M A " Yoty \K)' | “.‘ A | .
’A" Wlth the dlffracted s1gnal belng propottlonal to the

M3.40) v = 9] 2nrs /(e Foma) 1R

;o

‘ boundary, we can wrlte

the correspondxng geqmetrlcal sxgnal along the shadow ‘
: . . , .

.,,, , LI S .o <
- “a R ' ! ' . W
h . Lo P . ' i

“ ‘ v § :‘ . " w’v ,h ! “;_ . ‘ I : | o o o R
! " NS L et " TS .
where.ro\1s the radlus of\curvature of wave front~ﬁrom'-
i e .
! Ly}

. source po1nt to the poznt ‘of dlffract1on, and r, ‘is the

radxus of curvature of the dlff:acted wave front. The‘

constraGnt for hzgh frequency;approx1mat1on restrxcts the s

use of the above formula at dlstance at whlch
S N T e ’ C . .; r “»m\n““.‘ o N
(3.41) BRI 2 >y EAL LT s
Lo R . . . 3r.0‘ B . o . ) .
B " bv ":};a; ‘ : : S . ' ‘_“;,v
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CHAPTER 4 . = ' -

® ..« . .  NUMERICAL RESULTS ' = - "'

‘
! \

\

SN T U Introduction:

The follow1ng numerlcal calculatlon for wave . S

”

propagatlon in laterally 1nhomogeneous med1a uses Equatxon 'l
3.22 in section 3.5 in conjunctlon with asymptotxc ray ‘ ;o
) ' Ao N ! \ ¢ " .

‘theory. Whereas the 1atter provides the wave field bf the

geometric arrivals, 1t suffers a dlSCOﬂtlﬂUlty because of

the shadow boundary. The edge wave theory glves the
[ :
-\ necessary smobthlng dxffractlon component and 1ncorporate5“

)

the result 1n Chapter 3 as well as the k1nemat1c propertles

.
'y

t

pronded by the ray method ‘Note' that the acoust1c

i BN

formulat1on can be used in the SH case by\replac1ng\the

va o ' ) R
dﬁSplacement freld by the presssure f1eld' .
( ‘-' 1” ﬁfﬂ“eu R : Q_'~‘“ h‘ ’,f ”ﬂ'lm_‘

and S

transform) by Alekseev and M1kha1lenko (1980),

' M1kha11enko (1984) The dxmens1on and elastlc wave
‘ \/ T S ‘»'

veloc1t1es for d1fferent sectxons of thls model are as shownrl‘

.‘r"'
An " o \ 3
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.'l../” S ) | o y .
in Flg. 10. 1¢ basically consists of three .parallel layers

‘ ¥ :
havxng 1ncrea51ng veloc1ty w1th depth A nonconformxty in

"

‘the mlddle ‘layer (Qermed the box) delxneated by rectangle
ABCD and denoted as IIa, has a iower veloc1ty than the upperv

layer I- The densrtles of all three layers and the box arec
o

chosen to be equal All dlstances are by convent1on meaSured

¢

‘1n the un1t which equals one wavelength Qf wavesypropagatxng

3

Sine layer I, at the pr1nc1pal frequency wo of the source.‘Wef-

w1ll denote this art1f1c1a1 un1t by . Tlme is measure 1n _
Lf‘ . . . .
terms of the perlod of the source pulse.

[ " ' ' - ' N : ! ' : Q
‘ The synthetlc selsmograms for thxs model - as produced by

N programs based on the Alekseev M1kha11enko method (or AMM in
) :
-qshort) are dlsplayed 1n E1g. 11, Two 1mmed1ate features are

the change in. polarlzat1on of the f1rst arrxval and the -

promxnence of some later arr1vals. In u51ng the method by
wh1ch the total wave f1eld 1s 1mmed1ate1y calculated .
"does not provxde much phys cal 1ns1ght as. &y‘the 1nfluence .
of each separate feature o:\‘he structure to the total Y .ff
ﬂresponse. The major goal of our appllcat1on 1s to 1dent1fy
the 51gn1f1cance of the 1nd1v1dua1 dxffracted arr1Vals i

”or1g1nated at the corners A B C and D and thelr

Lowt .
e .

assot1aged waves.‘f.4 f

. o . E k TR . ) o
v S . oL : X e
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Figure 10' The -hot tar model.
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4.2 ‘Computation Scheme ... N :
. ‘ ' " ;o e ;,' f '
‘ We' wrll use’ a poxnt source, radlat;ng an exponent;ally
decayxng sxnu501dal pulse employed 1n Hron and Kanasewxch ‘f
(sTn: o
"ﬁ‘- i “‘ ’ ‘ . oy ’ .‘ " ”ll" , ' ‘ 1 '
‘ ) .';,

. i o | ""w‘ t ’,'.2 ,"1 o “ Vo
folt) = sin(wot) - exp ( ~ { == )2 ). N

. R . ) . .
’ ) . ; . - et

A ) : ‘ . .
Choosing wo = 27 and Yy = 4, we have o - e Lo

| L

BRI o S | o ' _ :

“ ‘ o o . . . B 1 ' Tt 2 / ' ! o

. fo(t) = sin(2mt) - exp ( -~ { 5 }*)). | e ‘

f = 4 { ' . . [ . 4 . 1 ‘o ‘

. \\\‘ . To work in the frequency domaln, we, wlll perform a ﬁéstlff‘ j
N Y o ‘,s .

Fourxer transform on. fo(t) and obtaxn numerxcally or

“analytically its spectrum - SRR '.'-.”{jkﬁ,n.wf;v

,(-\ !
Solw) = Flto(e) 3. -~ |
Next ‘we w111 compute the follow1ng klnematxc and
, dynamlc propertles of each dlffracted ray'“' I,
‘ﬁf‘*lr arr1val t1me kRS i
- b :.anc1dent angle | @;“ oi;‘u r‘l._~'1‘ﬂj‘f,:’;fjf?t

‘5%j ‘8 ﬁ‘ subsequent angles of reflect1on or transm1551on_"{

R R

‘mejalong the ray .Iv_Vpgf‘ﬁ'Td”'“,pffg 1

ijf-Q' the radlus of curvature of the wave front from

'Vflsource at the poxnt of dlffractlon ;rf,“‘gr;wa,t\ust&#“

.r.... ,.“. ,1',.“_‘. '



\ ! ' ’ ! n N \ * - v !
X ‘ . ‘ ' bW i
' : " ‘ oo ; ' ',‘, » vt v g " AL - W, N , -
fa‘fr.j: ncrement of rad1us of curvature of the wave frOnt ;;l*“/
: ) ‘ a , & ,
from the po;nt of d;ffractzon to fecexver ‘ﬂff:fvr‘ﬂm“’ R
‘ - “¢ angle between Ly and shadow boundary S “
, R ‘ 'J‘ . o h‘“nwd:'Jdnrg'“"‘ L
r ' | ‘| "v " ' ) ! ‘v“‘ ' ", ’ o , '. N
T W1th the a1d °f elastxc PFOPGrCIES of each Sectxon of S~
. the medlum we may proceed to compute three ma]or~fifﬂ N
( A,‘ l‘( . ‘,“ ' o ,‘. . o . Lo o Sl o Lo - .
,f quantztxes~ R A &‘ G L e .
I \ i E L S [ ST A [ "“ R CL
o "1. .‘n"". |‘I,\‘,, ‘:,n"-' Lt *f‘. “\ ot . u 7’ . "{"‘.’ . . [ l‘ ' , . 1 "' . : . . : '
(a) The geometrlcal spreadxng G usxng o 91, ;n' - :
G , ' 5 o

‘ﬂr‘,‘f_g“" ro,r* and the geometrlc dxmensxons of the medxum,n e

’u'l‘ w,“ '\‘ '_: o N [ 1 ' ‘, . a . e,
“,ﬁlo}ﬂﬁuvwlevaluated accordxng to asympto:xc ray theory L e
K .“‘ ‘ : \ ! .. B . " \'> N

o v . ' ' [N Lo Yo - [ v"'_
o (Cerveny and Rav1ndra 1971) Q;‘f_‘V.',,w‘ﬁ‘lu.l '
: R . s \ ;' S S \
LA A:_- tﬁ‘:,f A i ‘f ‘”‘y”\‘h,j D LI e T
o ‘ SO ,.‘ oo _"[} ." "’l e } PR B RIS R P
R oy i . E -""‘ . ”\; . L ‘)., ',:. ) )
SRR (b) The product ot reflectlon transmxss;on ST D
EERRUTE . e 41 : o T to o "“)
o ~ﬁ‘, ‘ coefflcxents K uslng 6,,pf, and Ci ‘“'JVA| A A,
SRS AR - . O S . . C — Lo o LY '."I-g ‘
N '-H :“l [ . l': Lo “_‘ “,‘ ' : ‘.l' 3 "&v’". o "' I i N ‘ Voo “‘\‘ "» e “<."~ ! " ."I‘ * "v
B P T “v“ l b \.V oy ' : T A
o Ch . PO M L N . ! . . KEERE o L SR .
A R
ERES
T v '
RS ‘\" “ |
t

t

FUIREE ' ’

the‘allﬂgmportant relat/qné
* | SR

é t

'
|
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‘wp ' .
k& .}nfy -.:« Group1ng of Ra¥s | - . ‘

PN
2 . - Lot ; . " .
. N . . ' . ) o )

'

frequency domain. The 1nvers<€’our1er transform-will provide
I "y " . ) . .
)‘ Co .
“the response in time domain. A ;
s e . . .
i 1 - o

vt

3

' 1
v -

N . e . .
. . . B -

" I'\'v, ,'-" [ o ., '-‘ A o o ' '
It was mentioned/in section 4.1 that one. of-.the goals.

in the present»applioahion of the diffraction formhlde'in ‘
» P x".‘

the\ray theory is to':nterpret the dxﬁferent contrxbutlons
of dxfferent regxons of the medla. Hence 1n dea11ng wlth

the 1arge number of Tays which are always requ1red when

‘using the ray theory, ve need a conszstaht classlflcatxon.of

1
-

them. But,. in v1ew of “the - moderate complexxty of the present

model (or. any other reasonably complzcated models) thereq

seems to he no_ unlversal rule: to achxeve such task R

. i

-
¥ .
- .. v .

-~ . . . 2 . ! . ,

4

~In the follow1ng presentatxon of the numer1dal results

-y

the general guzdelxnes for grouping the nays are that the

hlgher Ehe grOUp number, the larger the number of segments B

xn each ray,-and/or the more complex the nature of the ray
(e g.‘doubly d1ffracted) willtbe. The selsmograms for each

group of rays Wlll be assxgned a unxque 1dent1fy1ng number ;

M }

~'v£or the 1nd1v1dua1 contrxbut1on due to 1nterfaces between

R
rt

-
o e \

‘he layers, or a partzcular or1g1n of the d1ffracted \ .

»

-,ﬁhgnals. Th1s coqe also recogpxzés the ra?s of the same7‘

»

oL P

89

AN
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, arrival time branch.’ Rt

\.‘
il

In general the dlscussxon of each group wxll progress
. in three stages. Flrst the ray dlagrams for such event wxll

be presented usxng a ray traoxng scheme for the Spelelc

geometry and elastic propertxes of the medla
’ ' 3

Y

o Second a polar plot of the modulus of tne radxatlon

Characterxstlcs for eath dlffracted contrxbutxon will be

'
.

shown ‘ass1sted by a sketch of’ the correspondxng shadow

“

boundary Obv1ously, for geometrlc rays, this step will be

omxtted“ ' .

Flnally, the correspondlng syhthetxc selsﬂbgrams will |,
be shown in thelr elementary form whxch consxsts of the
’dlscussed wavelets. The ordinary body wave contributions

wall be added on to the - d1ffracted ones w1th1n the .same -

;;group. Eventually, the groups will be assembled sequentlally
T

to form the f1na1 s1mulated response - the synthetlc e
‘selsmograms.. o : ‘ S,

H . ! .’ [y LY . 1 .
4.4 . Group I --= cons1st1ng of rays w1th up to 2 tay :

segments and are related to the. rays

reflected from the plane 1nterface L, L'.'




Fig. 12 shows the ray paths of the geometrxc reflectxon

in group I The synthetlc se1smograms for thxs event
labelled 1 are shown.xn Fxgr 13. yThe dxscontlnuxtles, or

‘rather a reverse in polarltxes, aﬁ observed at rece1vers

near the dlstance of 7.0 w and 36 0w are due to the

71

opposite velocity contrast be;yeen '1ayer I - layer II' and -

'layer I layer IIa , 1.e. the box The general dxmxnlshxng
amplltude is a. comblned effect of geometrxcal dlvergence and

l

the gradual change in the reflectlon coeff1c1ents

) . . .

v oa . ae . ) . o

- N v N ' .

' . R B ' . .
. ’ . .

L figﬁ.14 shows the ray pathsjof the associated
diffracted:arrlvals generated by the reflected raysgfn
' Fig. 12, Fig. 15 reveals that for corner A, there are two
. shadow boundar:es, sharlng the same geometrlcal lzne. "Each
,1nterface produces a dlfferent bundle of diffracted rays
that prov1des a/d1ffracted contrxbuthn in connectlon w1th
the correspond&ng d1scont1nued reflector._That 1s, in
Fig. 15b the geometr1c reflect1on off the segment L, A .
termxnates at A (see Fig. 10). Then the laii ray 1s depacted
by the dashed line, separatxng the 1llum1nated zoneNOn its’
left anz/the shadow zone on its rLght. Wh1le 1n F1g 154,
the geo etr1c reflectlon off the segment: AB (the top of the
hox) t rm1nates at A Thzs t1me, the last” ray separates the

"111um'nated zone on 1ts rxght and the shadow zone on 1ts

left Obv1ously, both shadow boundar1es are_represented by_l.

t.

‘the same 1line. Slmllar treatment is g1ven to corner B in ?';“

' v

%
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.Pi:h‘Befbre 901ng 1nto the dxscussxon of the correspondxng

ﬁsyn?h;&tm sexsn&ams,’ 1t should be rIoted that the
B B R - VI * 4 | .
Qe‘ntages as dwn 'in Figs.. 15a ‘b and, Fxgs. 16a b are for ".'
. Y \ ) !

" pre11m1nary 1napectxon on the relatxve strength of each

v

radlatlon characterlstxc. The value ;t the cusp of Fzg. 155'(

1srtaken as the standard un1t Each adxatlon characterxstlc

‘!chart has been magnlfred (or d1m1n15 ed) by mult1ply1ng the
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'Fig. 17 shows the synthetxc selsmograms for the o

dlffracted arrxvals Labels 2 and 3 are used to 1nd1cate the‘

t "

contrzbutions from corner Fy and B respectlvely Wh1le 3

:

shows dEry small amplltude. The changes oﬁ polarlty 1nd1cate

i

the locatzons where the shadow boundarles 1ntersect the

rece;ver'ﬂlne. Here,'lt 15 at d1stances of 7 2w, (corner A)
e v v l"f‘,;‘ )
and 16 0 w (corner B) Note that the 51gnalsﬁat rece1vers &
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between 7. 2w and 16 0 w are of s;m lar phase. In fact
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-Fiqure 16 (a}*Radiatdon characteristics for 3

b dif_frac’tg,d "r'ays‘ of group I, approaching . =~
° corner B from the left - see F‘ig 16b.
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\(c) Rad1at1on chQ\ractemstxcs for . . ’
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‘ dlffracted rays of group. I approachmg Lot
" | orner B from the rlght ‘see; 'Flg..‘16d. R
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the shadoh/xllumxnated side of the shadow ooundaryl This

I

resulps a correspondlng dhange.ﬁn the polarity.

|

The amplitude for each co tribution decreases rapidly
away from tpe.shadoﬁ boundary. | The smallerfiﬁplitudes‘of.the
diﬁfraCCedlarrivals orlginating at éorner’B of the bok (see

} /
slgnals Iabelled 3) are due to larger geometrlcal spreadlng

.of the reflected waves 1nc1dent at B and smaller values of

the reflection coefficient due to the larger angles,oﬁ
incidence. |

!

.;:‘

In Fig 18 the synthetlc selsmograms for rays: coded ar
2 and 3 are. added to nge tﬁL partlal eontrlbutlon of
':group l rays. Compared thh}Fig 13 ;‘wh:ch nges only the

v

geometrlc arrxvals the res lt in Fzg 18 shows that the

diffracted arrival elxmxnat s the amplxtude dxscontlnuxtxes,

an undes;red breakdown in the asymptot1o ray theory

-~
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4.5 /f Group II - con51st1ng o£ rays wlth .up to 4 ray

v)

segments and related to rays once

‘} “,reflected from:the,second poundary
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group II There are 4 segments in a, ray The ray bundles B f/
clearly show the locatxons of the shadow bounda$nes. In the ‘v'ﬂ;
case of the second bundle wh1ch 1mp1nges on part of the ‘

'b6undary AB there are. two such boundarxes. A closQI
\ /‘

"vexamlnatlon reveals that tﬂe d1ffract10ns assoc1ated&w1th

wthese two boundaries are quite dxfferent in, both hzstory and

pattern. Thxs Will be dealt w1th later.*‘r-ﬂz"‘ o ““‘,
‘ e l4'q§‘:\' ‘ t b

v v i

[ ':
' 1 .!

! F1g. 20 shows the synthet1C\sexsmograms for the three

-
\‘ .
R

» geometrxc arrxvals mentzoned above, S1nce each bundle of ﬂ
' A

\ l

rays beLongs to a‘dlfferent txme branch on an arr1val chart
" ‘ :

i l

1t 1s assxgnedaQ specaflc 1dent1fy1ng number. The polarxtles,urff
of all s;gnals are the same, except towards the end 6f rays ‘

6 The reversal 15 due to the change 1n phase of thé

A3

\reflectlonrcoeffxclent upon reflect1on from the CD boundary .

‘)
. K 4o : A o . : . i .
- Lo FUPEEN . Lo . X . et - . PR o
N v . " i " i ' i ' . n i) y
: . ,‘ ’ P i

i F19 21 shows one type of dxff?actxon assoc1ated w15h Ty
‘5‘;“ N ) ) R . LA -y‘""l' | ,
: the geometr1c ray bundles e 5 and 6 F1gs.‘22b d may - fﬁ RN

N ¢ ey

Y

expla1n*more clearly the es%ablishment\of the‘shadow mg.g

"j‘ boundaraes whxch’are ;n layer I The relat1ve ampl;tudes of ;faﬂﬁ
¢ ' M. o 7 . \ RN

.-the radaatxon characterxst;cs suggest the effect from cornert”‘U‘Q‘

ghls type of dlifracted rays,nwlth codes 7 and 8 denot:ng
‘2" - - . n.' _'
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Figure 22
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(a) Radxat1on characterlstlcs for

~

l;group II diffracted rays, approachxng

micorner A-from the’ leit,rvsee Frg}IZZb.

(c)‘Radiatioh‘characteriStiés for

fgroup II dlffracted rays, approach1ng
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-corner B from the left‘ﬂ‘see Fxg 22d.
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Figure 23 Synthetic Seiémograms for the diffracted
rays in group II:.
- branch 7 corresponds to rays .
in Fig. 21b, (diffracted from A)
-, branch 8[corresponds'to‘ray5“* |

in Fig. 214, (diffracted from 5)\
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Fig. 24‘show§ a second type of diffraction associated °
‘with geometric rays in group II. Notice that these
diffracted ray hondles have discontinuities. Diffraction
occurs at corners A end B wirh the shadow'boUndér;es in

- :

regions Ila and IiAhThese diffracted rays then undergo a
reflection‘at«the boundary L.L: before being tranéhitred
'back into iayer I. Figs 25a,c show ﬁhe correspondinglﬂ‘x X |
radlatzon characterzstncs in the lower rlghg‘corner at‘the |

corners. Fig. 26 shows: the synthetxc seismograms of these ‘

diffracted signals.

.~

Both the 9 and: 10 contributions suffer discontinuity at.

the receivers directly above corners A and B respectively.

[,

. \ . ' \
‘This is remedied. by introducing a third type of diffracted ;

signal as_depicteo‘in‘Fig. 27. This bundle of rays rakes on

the foilowing ray path:

.

) .
-~ the fxret drffractxon oCCurs athsay corner A, | s
51m11ar to any ray coded 9, .- f'.' : I
- the second segment 1s along AC, |
.then each ray reflects upwards along CA, and

suffers a second dxffractlon at corner A.

LY

Thls is p0551ble by applylng the theory of analytlc

contxnuat1on, thh use of the. Sokohtsk1 Plemelj formula, |

Markushev1ch (1962) The correspondzng\synthetlc se1smograms
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Figure 24 Ray diagram for the first 'batch of

diffracted rays in group II. .
e ' ‘ '
Diffraction occurs at Junctions A an B

for down-going rays transmitted from 1axe£f1
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into layer IT or Ila (the box). . .
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are shown in Fgg 28 'code 11 (related to«corner A) and 12

(related to corner B) Contrlb%§xon 12 1s comparatlvely

[e ;

suall, and 1ts p051tzon w111 be- negiected xn the future.

' ' AT ) c L . . e Lo "', [
[ . I - o ) ) y T "\ " 3‘. pon

Now& all the dxffracted contrxbut;ons code 7 to 12 are_
xadded to glve Flg 29 Note that the code and arrow ( ,g 9) -; ;
<l‘are uned as the 1dent1f1catxon of the part;cular type of .f>/ri

.
/ ' K

"s1gnals, and do not necessary 1nd1cate the onset of the LT

--.wavelet in general IR V'*:g{ ﬁf"‘\‘?! S "fmf R
" ‘,' ‘ ‘ ‘,, ‘ Ly -»"“ vl ‘\ Lo K s ' N ' '.“.I, o ',
. ; ) B} v " ‘.” I T K

'h The total contrlbutxon from all the rays 1n group 1

shown 1n Flg 30 The-dxffractlon at corner A 1nto the box :

' ' . [N

s seen to domlnate thls group Upon re examxnatzon of the
"geometrxcal contrlbutlons 4 5 and 6 the comparxson~,];

¢
vl 4

F‘q¢m°"5trabes the 6bv10us shortcomang of the ba51c,ray CRECNNY
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boundaries associated with each bundle 51m11ar to one case
\ { '

dxscussed in sectxon 4.5 (rays from group 11). The f h,F

correspondxng synthetxc selsmograms are shown in Fxg ‘320

‘ 3
Fxg 33 shows a closely related 5 segmented ray paths

" V. ¢

geometrxc arrlvals dxfferlng from the prevlous two only xn

, 5 "

the reversed reflectlon sequence. These ray" bundles are

K i "

clasSlfled group III. The correspondxng synthetxc

EA

se1smograms are shoWn in, Fxg 34. Upon the addxtxon of

W

JFigs' 32 and 34, we'obtained the~total contrdbutdons due to

'

d‘geometrlc rays 1n group III The appearance of contxnu1ty of

L

13 and 15 (and that of 14 and 16) suggests some merxts of .
this grouping: | e I T

e
] ”
N

4

of the 1ast geometrxc rays towards them The domxnat;ng

N
. i \

radlat1on character1st1c modulus due to corner B 1n Flg 36¢

TR ,.

expla1ns the 1mportance of contrlbutlon 18 as ;shown in

“Fmg’ 37. F1gs. 38b d show the shadov boundarles for the

are. labelled 21 and 22 1n F1ga 40 QJgrf*-,-‘ }"5“ f“

: second part of the geometrrcal rays'in group III Again . the ;

[

"x;correspondxng radlatlon character1st1cs shows a larger
: ucontrlbutlon from corner B labelled 20 1n Flg 39 Note

- that s1m1lar to contrlbutlons 9 and 10 in’ group II each of

19. and-20 needs a supplemental contrxbut1on of twlce

.
[
|

. Figs. 36b d show’ the shadow boundarles and the approach

kdlffracted rays to; av01d a d15cont1nu1ty of its. own. These.J“
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of geometrxcal rays 1n group lII
N.B. Contrlbutxons 13 in Fig. 32 and 15,in 5?

Fig. 34 represent the 'same travel branch k'S

rays reflected from(theAvertlcal side AC of

.;he box, even though 1t is due to 2 d1fferent
e

bundles of rays thh reverse reflectxoh

sequences.

i

3 | . T due to the rqys reflected from BD.
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.Synthetxc sexsmograms due to all four bundles.
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(a) Radiatidn”charécteristics for the
dlffrqcted rays due to the first bundle of the -

f1rst part of gaqmetrxc rays in group III

(b)*shows.the gorresponding shadow bopndary~

due to cOrnef'A R P

(c) Radxat1on characterlstlcs for the K
3! .

d1f£racted rays due to the second bundle of the »
flrsg part of geometrxc nays in group IiI

(d) shows the correspond1ng shadow boundary

R

' - . ' . ' oy

due to corner B.
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Figure 38

‘due to corner’ A.‘ X ' " ;
‘(c) Radlatloh oharacter1st1cs for the ) :*rf"
v:dszracted‘rays due to the second‘bondle ofdthe
',’second part of geometrlc rays 1n gruop IIIN‘. _
:(d) shows the correspondlng shadow boundéri\‘ &
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The total dxffracted contr1but10ns 17 22 are shown 1n ‘V?ffn

"o

'Fxg Addlng thxs to the synthetlc sexsmograms of the*

1 geometrlc arrxvals q1ves the totel wave f1e1d of group III, E
‘.where corner ‘B (Fxg 35) 1s given. the credlt of . major ‘if‘f¢ﬁ~f
"]response;".vﬁf' c h m'" g ‘th‘; ,“;{.*”:h,}'k"x"’gs‘}\J hhf' i

) ‘ Q‘ ' , -
' . ," .".
 4.7‘. . érodpefyl-f‘Consistiﬁgvofkra&s';rth'Gsegmentsf

T once "ref‘lected' from the hott.om‘ of .‘yythe‘ RN

e ‘box ana crossed both of tts vertlcal h ,
’ ‘_fsades.  _L ‘@'¢Wf.?xf“‘ '",;x l'*s:;‘
: eh‘ Flg. 43 shows the geometr1c rays ot group IV itvist,'
relat1ve1y small bundle of 6 segmented rays traver31ng
through 4 dszerent zones.‘It turns out that only two‘ffﬁ‘“ .fk
{“N;rece1vers p1ck up thlS type of“event coded‘23 in Flg‘ 44:

Nevertheless, the strength of th1s arrlval nece551tates 1ts,b;f1*r‘

1nclu510n 1nto our ray synthetlc se1smograms.. e f;~3yf'
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3 4.8" . Group V -= consist:ng of only dlffracted rays
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One pecullarxty in. group V 1s that no geometrlc rays"

N R K N ‘ [T

” may arrxve at any one of the recexvers. n F1g 53b the

',V"f extens1on of the shadow boundary 1ntersects the,bounda\y BD.

e

Lo Hence there wzll be no reflectlons from LZLz-that can reach 5)‘ v
‘e . .

s boundary AB and\escape back 1nto layer 1. Notw1thstand1ng
the related s1gnals dlffracted at C and transmxtted through
ﬁf ‘ BD and the top 1nterface L,L, can be reglstered‘at'the jj "‘l ; ;g
.*“l“ rece1vers.‘They are labelled as’ contrlbutlon 27 and shown 1n |
Fxg 54. The 51tuat1on An F1g. 536 is dlfferent. Although the o

T \
4th . segment of each geometrxc ray 1s transmxtted back 1nto o

layer I the last segment is bent so close to the boundary O

s1gnal Nevertheless, 1ts related s1gnals d;fﬁracted at
‘:Hﬂ corner C labelled 29 are shown 1n Flg 5,_?Both types of
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Fiqure 61 Ray diagram for diffracted rays in.
group VI.
Note that all receivers age on the shadow side of

the shadow boundafy (see Fig. 62b).
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Figure 62 (a) Radiation c aradteristicslfor the

-

diffracted rays in group VI.

(b) shows the corresponding shadow boundary at

corner B.
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boundary before\re enégrxng layer I. It is‘also in. some way i

sxmxlar to events 9 and 10 in dgroup II. The synthetlc

selsmograms of th{? event, coded 32, are shown in Fig. 64.
The phase change in the retléction coefficient upon the
rerIECtion at boundary L L} prbvides the.phase reversal near
the receivers at dlstance of approx1mately 15.0 w. This
event shares the ‘same tlme branch as event: 9 In fact‘fthey
have the same apparent ray paths The only dlfference being
that event 32 is a 5- segmented ray, while' that of 9 is

4- segmented In Fig. 64 the strong amplltude at receivers
near R' is two to three time larger than those from event 9
and its significance is immediately noted in- the final

composition of the grand total result.

4.11, . Group VIIL °

’ P

- Fig., 65 shons the ray pathshof group VIII diffracted

‘ signals S1m11ar to group VII dlffractxon, one€ has to trace’

back to F1gs. S3b d to fznd the orxg1natlon of the ray:

“ohbundles. The group V. events are the d1ffracted rays- at
/ q bl K
corner C whlch return to layer I v1a sect1oned box. Group

CL.VIIT w1ll deal w1th those dlffracted rays wh1ch transmzt

T

across the boundary ED lnto layer II before re- enter1ng'
: s

layer 1. Aga1n, no geometrlc rays may be traced to any ;‘
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Figure 64 ‘Sydthetic EeiSmogtams for diffracted
b . L w ‘ .
arrivals i%‘group VII, see Figs. 45 and'464"
* - for the initial ray path.

Diffraction occurs. first at ‘corner A.
: The diff;écted ray is reflected from the

v bouﬁaary;LzLi.'It travels‘upwards‘in
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Figure 65 Rayidiagrém.for diffracted rays in"*®

14

grbuprIIIL ,“‘ v o
.;ee Fxg 53 for the 1n1t1al ray path
" Note that there are two parts of thxs dlffractlon.
:After the dlffracton at corner C a dlffracted ray’
in group VIII w1ll hit the boundary BD, transmlts

into layer I1 and then layer I.
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receivers, a situation sxmllagrto the argument in

section 4.8.

The“corresponding synthetic?seismograms coded‘33 andS35
“are shown in Figs. 66 and 69 Both types of contrlbutlons
;suffer d15cont1nu1t1es as. descr1bed for event 27, 29 ‘and
‘among others.‘Supplemental fxelds coded 34 and 36 are ,
‘;computed and shown in Flgs.\67 and 70 The smoothed s1gnals
of 33¥34 and 35*36 are shown 1n Fxgs. 68 and 71 And |
‘finally, event 33 through 35 are summed (see F1g.r72) to
give the- group VIII. total response. The d1fferent move out
'patte:ns between groups V and VIII w1ll produce a sbrles of
destruct1ve, constructxve and destructxve 1nterferences

dalong the rece1ver lxne RR'a The net result w1ll be,-

;dlscussed upon the completion of the f1nal plcture.

I

4.12 kTotal response

The above elght groups of selected rays by no means

v

Vﬂu.represent the total tesponse. But, - they accounted for all

Hfthe 51gnals strong enough to be 1dent1f1ed in the prev1ously

NG

&

- mentloned sezsmlc proflles prov1ded by the Alekseev- S

‘M1kha§1enko method (AMM), shown 1n Flg.‘ o L
' . . A . f" ‘\: S e T

Sect1ons 4 4 to 4 11 d1scuss in deta11 tSe composition = °
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of diffracted rays. in group-VIII - see

4also’Fig.\53b. S
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Figure 67 Supplemental to contribution 33.

It corresponds to twice diffracted rays at

corner C and B.
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i£§racted ray diagrams,

of each group through geometrlc and
the posxtlons of the shadow boundaries and ‘the radxatlon e
characterxst;cs of the elementary)ray bunﬂles. The ‘ .

aontrzbutlons are systematlcally summed up to g;ve the total

[

&igId response of a partxcular grouP,

‘We will now proceed to buxld the fxnal (approx;mate)
3

response by adding groups I through VIII sequentxally The
dixntermedxate and flnal results are shown in Figs. 73-~80.
‘These wlll be commented along w1th the help of the result hy
the synthet1c sexsmograms produced by the AMM in Fig. 11.

The'process=of ‘this gradual buzld—up of our ray

f .

representat1on of the se1sm1c fleld is accompanxed by a

, short summary of each stage glven below

Fic. 18 of grouphl is‘Shown here againias~Fig.d73,‘The
shorter arrivai time‘than anY'other subsequent groups means
that it w1ll not be affected by later ‘arrivals, except at.
e‘the tail end of event 3 near the p01nt R‘ " The features of

polarity reversals and destructlve 1nterferences at

h‘d1stances of 7. 0 w and—46 0 W have already ment1oned|

"
o

'prevrously.-
| dr Lo ‘.‘ . ‘f‘r - ". T . "z
. Flg 74 has group II added The Qn%y lnteractxon wlthr"
*L5group I occurs at tall end of the recelver llne. The

S supplemental event 11 rnot contamlnated by other arr1vals

- o

v T ! A ' i ' . ! o . ,
’ f\ . . N s ' 3 . . - ! Y . . '



Figure 73 Group I contribution.

.f&ﬁ“‘,—\
.Fiéure 74
Figure 75
Figure 56
Fﬁgure 77"
'Figure.78
Figure.79

Figure 80

This is a repeat of Fig. 18. ’

Groups
Gfoups
Groups
Groups

Groups

Sroups

Groups

[N

. LY |
I and 11 contributions. ﬁ

1

I

[&

through I11 contributioqét
through IV contributions.
through V contributions.
through VI contributions.
through VII contributions;.

through VIII contributions.
. (. -
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A

1nterfered

. \ oo "o . \ } R .
[}

F1g 75 shows the result of the addxtxon of grouplIII
h contrxbutlons to those in F;g 74 Although there are txll
'flve more. groups need be added thzs dlagram does serve as a
'réasonable approxlmatlon oﬁ Flg 1Ju There is no partxcular
‘i;eason, other than follow1ng the group numbers 1n,the order
of add1txon for the‘subsequent‘groups. Qu1te often; many
 events. have s1m11ar arr1val txmes and thereby 1nterfer1ng
‘together. So, '1t serves no purpose in,. 1nvestlgat1ng the
_1ntermed1ate result of add1t1on from Fxg. 76 to F;g. 79 We
will 1nstead concentrate on the ﬁxnal p1cture Fig. 80 and
ang.”11, and draw references from the 1nd1v1dual group when
needed, - |
Kf; | t- o dl ' , o "i , o | |
f\?' - ""To‘discusstig"BO a different‘kindmof grouping of
?eyents is warranted whereas the prev1ous cla551f1cat1on
"looks at the physlcal nature of the ray bundles, glven by
hqthEIt ray d1agrams,~we are ‘now more 1nterested 1n dlssect1ng
I7;eachsznthet1c selsmogram w1th respect to the arr1va1 time.‘f
'“:Thus, events 4 and 7 of group II m11d1y 1nteract wzth events o
19 and 21 of group III The effect 1s not at all o
‘52.51gn1f1cant Events 24 and 26 of group IV 1nteract w1th

L . . S 2]
-~ o . Pt
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5_5 'group“VIII;,DiffradtlonsV o

L from corners A,B‘and;E;g ; though all having a

j* similar phase. . .- ., ’

Vo “ ’ o

“lme between 20 to 24

~= ' But, the bxggest event occurs at‘
perlods at recorders statxoned between 15 0 W and 25 0 wo

There are more than a dozen of events crowded w1th1n a small .

’ 1e

— " tlme wxndow. The lesser components are events 7 8 and 11 of

[

group II 24 of group IV 29 of group v, 31»of group VI ,and -
'l34i 35 and 36 of group VIII Thls st1ll leaves ‘us w1th ﬂ

'events 9 of . group II 26 of group IV 27 of group v, 32 of

! "

s group VII and 33 of group VIII w1th d1ffract1ons occurr1ng

v

SRR ‘at corners A and %‘-In partlcular, both events 27 and 33

f \

‘;;j. (resulted 1n dlffractlon at corner C) carry .a large
ampl1tude, alblet are out of phase upon arr1val at the
L ffrece)ue{s near the tail end Sim1lar 1nteract1on happened

among the d1ffracted arr1Vals from corner A. The d1fferent V,<

move out patterns and phase var1at10n works out to g1ve

= e statlons around 'the dlstance of 20 0 w to have the hlghest"d

' . ey .
\ !

:“liﬁj amplxtude.

Cy - e
f .
. . R . |

In rectrospect 1t would be 1ntere5t1ng to show the

geometrlcal arrlvals (Flg 81) by 1tse1f and examlne the

changes brOUth about by the smoothlng ab111ty of the

/
s '

e dlffracted qontrlbut1on. 1,,“

\".“"
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.- -

The above glves a sample of what may be used to axd
1nterpret1ng a synthetxc sexsmograms through model
‘ sxmulatlon. The Alek ecv~M1khax1enko method nges the resuit
of a full solutlon, but is txme consumxng computatxonﬁwxse.:_"
A second shortcomxng is the dlffxculty in the separatxon of
and identifying the origin of‘eaCh 1ndxvxdual event.

The present method at the 1east wfli'seruedwell in
" the capaplty oﬁ an 1nexpensxve yet sufflcxently accurate
prel;m;nary xnvestzgatlon. The sxmp11c1ty in calculat;on 1‘

£

- also ellmlnates many -a mxstakes in settxng up of the
[

~tcomputat10n scheme,‘such as in the finite dlfference me thod
used by the AMM. Fxg 82 shows a sketch of a: sxmple valley
w‘model used by Mlkhailenko (1984) for study of wave
propagat1on in, 1aterally 1nhomogeneous medxa. The SH | "l
Tesponse turned out to be out of phase by m when compared to
result by the present method see Flg The computatxonal

» \

‘error' has since been‘corrected.

o

As a f1na1 note, thlS method can be extended 1nto the
case for P1§V wave 1n laterally 1nhomogeneous medla. Another

feature is" the freedom 1n placement of rece1vers. Hence, a
prom1sxng‘app11catlon,1n VSP;ln depth mxgrat1on-methods{

. e T . R
o, o ) -
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Figure 82 The valley model '
v S ~- source ppxn;. o 52&

Receiver number 1 is 2.5 unit from point R,

r

- while adjacent receivers are 0.5 units apart.

-+ 'The line ABCDEF outlines the boundary o
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Appendix. A
For a fdnction‘F(r),*such that

(i) [P <M )27 ellrl |
, L - o ' o ) . o

’,

with M, a & b all‘greaper than 1, and ' .
i ' ‘ ' I "

(ii) F(r) is analytic and regular in the Qhole]régioﬁ

o

0f‘ e,
0% |t < =,

- then one may write A

A

(A.1) © F(r) = 517‘1’ e1KT COSC ¢ (4) da
, LI of o
_ . %
' ' ‘\1. ‘ N e S e
where‘rb'$5,shown in Fig. 2.
v - "‘L»-l‘._ R
 If f{a) is regular I, and satisfies
s .~‘» " | 'v ,.‘v ""\"VI“‘ .
S e ey eIl
= theh'the‘invér$§ representation bf'f(q)iinlterms-ofﬂ?{r) may\ “

e o . ) H ! ek L ) g
Lo Lo . . o . . o
L)

}LQ;Hf(a) be{én odd fuqctfoniftheh'thgvinfegratibh"ﬁfj{?\!5-“
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f(a) along the two branches of Ib may be reduced to along

'vonly‘one of tpe‘branches( say y, in. the followzng fashlon |

. !
~ . . ) )
\ ! I P - . . '
. N | N “\

(Ac2)  F(r) -ikr cosa f(4) da

1
- [ e
7 7 . e ' L

- Now, let

n

_ Zif'gaz ) ;‘.“ I ‘._“ N

(.3 gt = - Aflel

* where . w = - i cos a, then
A 0

dw
1 sina

N}

(A.4)  fla)da isin « gtm)

g(w) dw,

. N

and equation (A.2) becomes

»

(A.5) . F(r) = 51— ;e g(w) dw -
STy c o I

,where c 1s the contour of 1ntegratzon in the w-plane ‘as

‘;shdhn in Flg. A1 The 1nter1or of 7 1s mapped to the rlght o

A

ﬁmhand 51de of . C

. . e o . N . ' . .
: " . . “- ' . N o ' . L
I N . A : e R
Ll . ' - i ' . Lo L . K . . R v, .
B " - . K . PR Lt
'

S 'pr;!éohéidétbthexﬁhtegfél  ST I flu
=¥{'ng‘$)i, s =, Io F(r) e” ~krw’ dr,];j;Qf

R
Yo , A?v.. R
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’

'Substitution for.F (L) from. (A.5) into*ﬂA.§) yields

.,

'crun

g(wi) dwy } e TKEG gy

o 's=;o'{n2—:,—é

» 'If g(w) 18 regular, to. the rlght of , contour C, it enables us

to change the order of 1ntegrat1on and (A.7)" becomes "

Be8) s =gy Lglen) duy g e an ) |
oty doe [ il oK l@mw)
2w é glw;) doi- [ K(w,~w) © ] o,
’ v 1. . . Co
= —j2nixxé [g(w,)/(wy - w)] Gwsy
., e, = ~,252K 1‘(residuezat‘pole‘w4 = Q) '
N n ) ) ! . ‘ . v ' B B ' . \

oL ‘ . ' e (

[

g(a)/x;; e e" R
The second m1nus 51gn 1n (A 8) arlses from the fact

(a9 s s

(.

that g(w) 1s regular to the rlght of contour C and a close

path has to be taken 1n the clockwlse d1rect1on.

»:?Nogj;substitUte fofag(w)vftohl(A,3)giﬁto~(A,9),‘theh,
C(AS10). S ;o F(r)e TKEW gp o T T

. , B \ . ’ ‘ ‘s-‘
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<o , R D ikr cosa ., - o AR ‘
e o P(r) = - ) e’. > f(a) da, Coe
: 271 . . R
. l-\‘ § . \
. ‘
e . © n . B . !
Co : ! [ , \ X s ‘"
. ! ' ' . ' N ' . ot [
3 o ! . f . . . .
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