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Abstract

The Event-triggered state estimation problem has been at the forefront of systems research
for several decades and has seen multiple successful applications in diverse areas such as
signal processing, target tracking, and navigation systems. Event-triggered state estimation
offers a promising solution to data traffic congestion, in which information between sensors
and estimators, takes place aperiodically in an event-based manner. In this research we
tackle some practical problems encountered in this field and endeavour to improve the state
of the art.

In the first part, we develop the necessary theory to develop a discrete-time event-
triggered cubature Kalman filter for nonlinear systems with noisy measurements. We show
that the proposed filter offers excellent performance in the state estimation of the high
dimensional nonlinear systems compared to the other previously proposed nonlinear filters
which typically suffer from possible divergence, or curse of dimensionality. In addition,
the proposed filter has bounded state estimation error while reducing the communication
burden.

In the next part of this research, we study the effect of the packet dropout in the
transmission of information on the state estimator performance. Packet dropouts are caused
by imperfect communication channels, and are therefore unavoidable when information is
received by the filter via a communication network. We first develop the nonlinear filter to
reduce the estimation error. Then we show that if the packet arrival rate is lower bounded,
then the error covariance matrix is bounded. In addition, by properly tuning the value of
the event-triggered threshold, one can guarantee the boundedness of the estimation error.

Then, we consider the effect of transmission delay in the triggered measurement from
the sensors to the remote nonlinear estimator. We first discuss the difficulties involved in
dealing with time-delays in the context of state estimation and formulate the need for a new
algorithm. Then we develop a proper nonlinear filter and show that by using the proposed
event-triggered cubature Kalman filter, accurate estimates of the states can be achieved

despite time delays, while reducing transmission of information between system and the
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filter. To show the advantages of the proposed filters, we evaluate the performance of the
proposed filters applied to a synchronous machine.

In the next part, we turn our attention to the developing of a nonlinear filter for more
realistic scenario. We develop a nonlinear event-triggered adaptive filter for high dimen-
sional nonlinear systems. The adaptive mechanism is important whenever there are sudden
changes in the system states. We show that although the upper bound of the error covari-
ance matrix and the estimation error could be affected, one can guarantee the convergence
and the boundedness of the state estimation error by properly designing the nonlinear filter
and tuning the event-triggered threshold value and the rate of the packet arrival.

Finally, the effect of the transmission delay and the sudden changes of the states are
considered and we develop a nonlinear filter for high dimensional nonlinear systems which
could tackle these issues while reducing the amount of data transferring between the sensors

and the remote state estimator.
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Chapter 1

Introduction

1.0.1 Background

Cyber-Physical System (CPS) is a term used to describe “a ubiquitous and smart integration
of sensing devices, computing processors and communication networks that reliably interacts
with the physical world (with the probable involvement of humans in the loop) in real
time” [1]. CPSs play an important role in many diverse areas such as smart ecosystems.
Typical example of CPSs are energy systems, medical systems, smart grids, transportation
networks, process control and automation and wearable devices.

Cyber physical systems usually exchange information among physical components and
cyber components through wired or wireless communication channels. The use of wireless
communication channels brings multiple benefits such as low wiring cost but introduces the
need to carefully manage the communication resources. For instance, wireless sensors and
processors may have constrained energy provided by batteries, so the energy management
is of a great importance. On the other hand, band-limited networks are used as a means of
communication between sensors, state estimators, controllers, and the actuators which can
introduce several challenges such as transmission delay and packet dropouts.

In the traditional approach, signals are transmitted in a periodic or time-triggered man-
ner which means that activities take place at predefined points in time. Time triggered
approach is easy to implement but it occupies excessive bandwidth. In general, communi-
cation should only occur when relevant information needs to be transmitted between system
components. Event-triggered data transferring is a promising solution.

The event-triggered approach is an alternative to classical periodic sampling, in which
information between system components is exchanged only when a specified triggering con-
dition (TC) is violated, as opposed to periodically. The TC can be defined in different forms

and varies depending on the nature of the system.The primary benefit of event-triggered



sampling is a, possibly significant, reduction in data transmission between different com-
ponents of the networked system while maintaining comparable performance. The price
paid for this reduction is additional complexity in the analysis and design, originated in the
non-periodic nature of the sampling.

Parallel to the event-triggered transmission problem which has been thoroughly inves-
tigated in the recent years, state estimation for complex networks has gained significant
attention [24-26]. State estimators can be used to estimate the target state of a dynamical
system from a noisy signal received from the remote sensors through the communication
channel. The estimated states can be used for monitoring CPSs, or energy management in
power networks. For example, in power systems, voltages, frequencies and the angles of the
generators can be estimated by using PMU data.

It is important to note that both observers and state estimators can be used to esti-
mate system states, but there are some differences between them. Dynamic observers are
commonly used for deterministic systems to generate unmeasured internal states in real-
time, given a set of output measurements (and sometimes inputs). Sliding mode observers,
unknown input observers, nonlinear observers are examples of observers designed using dif-
ferent techniques and applicable to systems with certain characteristics. State estimators,
on the other hand, are designed to deal with random process disturbances, measurement
noises, and uncertainty in the system models. Examples of well established state estimators
include Kalman filters, Extended Kalman filters (EKF), Unscented Kalman filters (UKF)
and Cubature Kalman filters (CKF). State estimators are used in multiple applications
ranging from aerospace systems to medical devices.

Event-based state estimation has been a challenging problem over the last decade. The
primary characteristic of the event-based state estimation systems is that they can provide
performance very similar to classical state estimation approaches while reducing the trans-
mission of information between plant and state estimators. The main problem is then to
design the triggering mechanism/state estimator in a way that the desired stability and/or
performance for the event-triggered system is achieved which is more difficult compared
with the periodic counterparts . This is also more challenging when the model of the sys-
tem mismatches to the practical one and the packet dropouts and delays happen during the

data transferring through the communication channel.



1.0.2 Literature Survey

Research on the event-based systems done in late 1990’s [27], has attracted much attention
due to its capacity to reduce the communication and computational costs while maintaining
system performance.

In [27], Astrom focused on “Lebesgue sampling” which is performed along vertical axis
and provides sampled values of the signal when a certain event-triggered condition is vi-
olated. In this reference, the authors consider a first order stochastic system and showed
that the event-based sampling can improve the performance compared to periodic sampling
in terms of smaller output variance at the same average sampling rate. The results of this
work were extended to the second-order case in [64].

[65] is one of the first work in which an event-triggered PID controller is defined and
the stability of the system is studied. In this work, the time-triggered and event-triggered
controller performance for a double-tank process is compared and it is shown that by using
an event-based mechanism, the control execution is reduced while the controller performance
is satisfactory.

Encouraged by this early work, much research has been reported on the event-based
control, including closed loop stability and performance. In [28], a Lyapunov method was
used to analyze the asymptotic behaviour of the event-triggered nonlinear system for a
given state feedback controller, and a lower bound on the inter-sample period was proposed.
Periodic event based control is proposed in [29], which indicates that events can only be
activated at some sampling instants of the periodic sampled data system. In [29)66-68],
the authors studied the effect of the event-triggered mechanism on the performance of the
controller, and a trade-off between the system performance and the control law complexity
was derived.

Event-triggered state estimation has also received attention. In [69], the performance of
the periodic and the event-based sampling state estimation for the first and second order
systems are studied.

Event-triggering scheme designing is one of the important issues in event-triggered state
estimation. Normally, it is difficult to design a triggering mechanism to gain all state
estimation goals. In [35]70-72], the authors propose to design the event-triggering schemes
by using constrained optimization problem. In these literature, they consider to design
the triggering condition by optimizing certain performance under the constraints on sensor

transmissions.



The main goal of this thesis is to design an event-triggered state estimator based on the
predefined event-triggered mechanism. Event-triggering condition determines the measure-
ment information available to the estimator. Different conditions have been proposed. The
description of different event-triggered conditions are given in [32}73].

In [20,74], an event-triggered filter with “send-on-delta” mechanism, which is the most
practical event-triggering condition, is defined. In “send-on-delta” mechanism, new mea-
surement is sent to the estimator when the distance between the current measurement and
the last sent measurement exceeds a predefined threshold. “Innovation-level-based” event-
triggered mechanism is applied to state estimator in [30,53,/75,/77]. In this mechanism,
the predicted measurement is sent to the scheduler from the estimator. Based on the cur-
rent measurement and the predicted measurement, the event-triggered mechanism decides
whether to send the current measurement to the estimator. The drawback of this type
of triggering condition, however, is that extra feedback communication from the estimator
(local filters or remote filters) to the sensor is needed to obtain the predicted measure-
ment. So it increases the hardware and energy requirements in the implementation of the
event-triggering scheme. “Variance-Based” condition is studied in [76], in which the estima-
tion error covariance is compared to the minimum achievable estimation error covariance
obtained based on the periodic measurements and if the difference exceeds the predefine
threshold, the new measurement would be sent to the remote state estimator.

Besides to the triggering mechanism designing problems, estimator design is the most
important problem of the event-based state estimation. At each time instant, the estimator
receives point valued/set valued information from the sensors. When the event-triggering
condition is satisfied, the outputs of the sensors (point valued information) are exactly
known to the estimators. On the other hand, the estimator might have knowledge of
the information in event-triggering set (set valued information) when the event-triggering
condition is not satisfied. Different estimators have been proposed.

In [20], a minimum mean square error estimator was derived for linear systems with
stochastic disturbances based on hybrid information from multiple sensors, which provide
their measurement updates according to separate event-triggering conditions. The approx-
imate Gaussian approach is introduced and the conditional densities are assumed to be
Gaussian to handle the non-Gaussian distribution caused by the exploitation of the event-
triggered measurement information. It is shown that the optimal estimator depends on the
conditional mean and covariance of the measurement innovations. The trade-off between

performance and communication rate is also studied. In [32], an event-based estimator with



hybrid measurement updates is proposed. This reference uses the sum-of-Gaussian approach
to approximate the uniform distribution with a sum of a finite number of Gaussian distri-
butions to reduce the computational complexity. In this approach, parameters need to be
tuned carefully to guarantee the asymptotic boundedness of the estimation error covariance
matrix. In [30], an event-based state estimation problem for linear time invariant systems
in the framework of Maximum Likelihood (ML) was studied and the computation of upper
and lower bounds for the communication rate was discussed. In [31], the state estimation
problem for a class of stochastic event-triggering conditions is considered and MMSE esti-
mates were obtained without introducing additional approximations. In [33], the authors
consider the noises and the event-triggering conditions as stochastic and non-stochastic un-
certainties and an event-based estimate was obtained by minimizing the worst-case mean
square error. In [78], the application of the set-valued filters with set-valued measurements
to the event-triggered state estimators are discussed and the properties of the proposed
filter is studied. Reference [34] considers the event-based finite-horizon state-estimation for
scalar systems. Reference [35] extended their work to vector systems.

All of the above mentioned references focus on linear systems. Dynamic systems used
in many applications are often nonlinear. Bayesian filtering is applied to an important class
of state estimation problems, which are describable by a discrete-time nonlinear state-space
model with additive Gaussian noise. A major difficulty in this problem is that when the
system equations are nonlinear, the posterior density cannot be described by a finite number
of statistics, and an approximation must be made.

Well established sub-optimal popular solutions include the Extended Kalman Filter
(EKF) [2], based on the first order linearization, and the Unscented Kalman Filter (UKF)
[3], based on the so-called “unscented” transformation.

Both filters, EKF and UKF, have been applied extensively for online dynamic state
estimation of nonlinear systems, however, they both have limitations: EKF uses a linear
approximation of the system model which introduces error in state estimates and and can
cause the solutions to diverge from the true state [4,16]. In general, UKF performs better
than EKF in terms of robustness and speed of convergence, but it suffers from computational
complexity, sometimes referred to as the curse of dimensionality, [5-7].

Cubature Kalman filters, recently proposed in [§], offer an attractive and numerically
stable solution with low computational effort to the nonlinear state estimation problem. The
CKF assumes that the predictive density of the joint state-measurement random variable

is Gaussian. In this way, the optimal Bayesian filter reduces to the problem of how to



compute various multi-dimensional Gaussian weighted moment integrals which can be done
efficiently using a cubature rule. CKFs, have been used in several applications including
navigation, maneuvering and tracking of robots [9-11]. A number of implementations have
been reported to show that the CKF has superior performance over UKF [21],22]. Stochastic
stability and convergence of CKF's was reported in |12,/13].

Despite the interest in the event-based linear state estimation, event-based nonlinear
estimations have received comparatively less attention. In [14], an event-based CKF for
Smart grid is presented using an“Innovation-Level-Based” event-triggered condition based
on the difference between the current and predicted measurement. As mentioned earlier, the
drawback of this type of triggering condition, however, is that the feedback communication
from the estimator (local filters or remote filters) to the sensor is needed to obtain the
predicted measurement. In comparison to this recent result, we consider “Send-on-Delta”
event-trigger condition in which the feedback communication from the estimator is not
needed which reduces the hardware and energy requirements for implementing the event-
triggering scheme [15].

The nonlinear filters mentioned above work poorly in the presence of sudden changes in
the states. In many practical applications, sudden changes in the states leads to the bias in
the estimation process [45]. Examples include important applications, such as maneuver-
ing aircraft tracking, underwater target tracking, and eye tracking for vision-based human
computer interaction applications, and most control applications requiring state estimation
as part of the control law.

Adaptive filters provide a solution that can cope with sudden changes in the system
states. Among all adaptive nonlinear filtering methods, strong tracking filter (STF) has
attracted considerable attention [36]. STF introduces a suboptimal fading factor to the
error covariance matrix that reduces the effect of old measurements while enhancing the
effect of new measurements to modify the error covariance matrix and the filter gain in
real-time, thus enhancing estimation quality [37]. It is shown theoretically in [45] that the
process noise covariance in the state model is corrected by introducing the dynamic fading
factor to error covariance matrix, which results in an improvement of the state estimation.
STF can be applied along with most nonlinear state estimators such as EKF, UKF, and
CKF'. References [41-44] propose strong tracking extended and unscented Kalman filters.
In [38-H40] a strong tracking cubature Kalman filter for maneuvering target tracking is
studied.

Nonlinear state estimators mentioned above assume that the communication channel is



reliable. In CPSs, perfect communication is impossible because of network effects, such as
packet dropouts, and network delay in the communication channels. Thus, the problem of
designing nonlinear filter with packet dropout in the communication channels has attracted
significant attention. Reference [16] studies EKF with packet dropout while [23] focuses on
stochastic stability of extended Kalman filters with packet dropout. Reference [17] shows
that in the existence of a lower bound for the communication rate, the estimation error is
bounded. In [18] stochastic stability of UKFs in the presence of packet dropout is studied.
Reference [5], studies the stochastic stability of unscented Kalman filter in the presence of
event-triggered mechanism and packet dropout. In [46], a strong tracking filter for a system
with delayed measurements is proposed.

EKF and UKF, with one sampling time randomly delayed measurements have been
proposed in |48|. In [47], a generic framework of a Gaussian approximation (GA) filter was

proposed.

1.1 Summary of Contributions

In the previous section we discussed that, recently, the event based state estimation has
found wide application in cyber physical systems, control systems, system monitoring, and
signal processing. However, so far, there have been very few results reported about event-
triggered nonlinear state estimation, and there are some important open problems which
remain unsolved. In this thesis we aim at providing solutions to the nonlinear event-triggered
state estimation problem. In this section we provide a brief summary of the main contri-
butions. More detailed explanation of the results can be found in the related chapters.

In Chapter 3E|, an event-triggered discrete time Cubature Kalman filter for high dimen-
sional nonlinear system with highly nonlinear state space model with noisy measurements
over a wireless network is developed. We show that our proposed nonlinear filter with a
well designed event-triggered mechanism can significantly reduce the communication data
between the system sensors and the filter while the estimation error is kept bounded, thus
reducing potential network-related congestion issues. Our solution makes use of a so-called
“Send-on-Delta” type event-triggering condition in which a new sample is triggered if the
measured signal deviates by “delta” from the most recent sample. Thus, the sensor node

does not broadcast a new message while the sampled signal remains within a certain interval

!The results of this chapter has been published in the article: M. Kooshkbaghi, H. J. Marquez, “Event-
Triggered State Estimation of High Dimensional Nonlinear Systems with Highly Nonlinear State Space
Model Using Cubature Kalman Filter,” CCECE 2019, May 2019, Canada



of confidence. We also show the advantages of employing cubature Kalman filters over the
more established and more explored extended Kalman filters and unscented Kalman filters,
frequently used in the literature, to estimate the nonlinear systems. We argue that better
estimates can be obtained using the CKF and justify our claims in our simulations, both
using periodic and event-triggered sampling. We show that the event-triggered approach
allows us to obtain excellent estimates, while reducing the flow of information with respect
to classical periodic systems.

In Chapter 4E|7 we study the effect of the packet dropout during data transmission from
the system to the remote state estimator in the communication channels, on the design of
the event-triggered CKF. All CPSs require transferring data from the measurement sensors
to the state estimator through an imperfect wired or wireless sensor network with typical
practical issues which may result in undesirable effects such as data packet drop out. A
binary random variable is introduced to model the arrival of a measurement and we define
an upper bound for the rate of the packet dropout to guarantee the convergence of the
proposed filter. Then we study the boundedness of the estimation error and we derive a
relation between the estimation error upper bound and the event-triggered threshold value.

In Chapter 5, we consider delay in the communication channels. As we mentioned be-
fore, the communication channels are not perfect and reliable. In practice, the presence of
time delays and packet dropouts are inevitable in applications with wired/wireless commu-
nications channels caused by aging and network congestion. Unfortunately, the designed
event based state estimators can not be extended to the case with time delay in the com-
munication channels. In the presence of the delay in communication channels, the real time
measurements may not be received by the estimator, and the state estimation will not be
updated properly. In addition, the posterior PDF of the measurement noise needs to be
updated. CKF algorithm with one-step randomly delayed measurements is proposed in [47].
To the best of the author’s knowledge, CKF algorithm with the event-triggered mechanism
and randomly delayed measurements have not been reported which is the contribution of
this chapter.

In Chapter 6E| , we evaluate the performance of the proposed CKF under different

communication conditions, namely in the presence of different triggering threshold and

2The results of this chapter has been accepted for publication in the article: M. Kooshkbaghi, H. J.
Marquez, “Event-Triggered Discrete-Time Cubature Kalman Filter for Nonlinear Dynamical Systems with
Packet Dropout,” IEEE Transactions on Automatic Control Sep. 2019.

3The results of this chapter has been published in the article: M. Kooshkbaghi, H. J. Marquez, and W.
Xu, “Event-Triggered Approach to Dynamic State Estimation of a Synchronous Machine Using Cubature
Kalman Filter,” IEEE Transactions on Control Systems Technology, DOI: 10.1109/TCST.2019.2923374.



different delay probabilities when applied to a synchronous machine. We show the advantage
of employing the proposed cubature Kalman filters over the more established and more
explored filters such as extended Kalman filters and unscented Kalman filters, frequently
used in the literatures to estimate the states of synchronous machines.

In Chapter 7E|, We consider another topic of interest in the theory of the event-triggered
state estimator when there are sudden changes in the states. The previously proposed non-
linear filters such as Cubature Kalman filter have poor performance in the presence of the
sudden changes in the states which leads to the bias in the estimation process. The concept
of strong fading factor in the state error covariance matrix based on the residual sequence
is a promising solution for these kinds of problems [49,51,/62]. So, we will develop a new
filtering algorithm, a strong tracking discrete-time event-triggered cubature Kalman filter
(STDECKEF), to reduce the amount of data transmission between the measuring sensors
and the remote state estimator and to reduce the low accuracy of the filtering under sud-
den changes in the states condition. We compare the performance of the newly designed
event-triggered state estimator in the different condition. In addition, we show that under
some condition, the proposed filter estimation error and the estimation error covariance are
bounded.

Finally, in Chapter 8, we develop a new event-triggered filtering algorithm, based on
the orthogonality principle, considering delay in the communication channels and the sud-
den changes in the states. In this situation, we need to reduces the effect of old/delay
measurements on the filtering process and to enhance the effect of new measurements to
modify the error covariance matrix. A fading factor is used to enhance the performance
of the filter while the data transmission between the sensors and the remote filter is re-
duced. To the best of the author’s knowledge, strong tracking CKF algorithm with the
event-triggered mechanism and randomly delayed measurements have not been reported

which is the contribution of this chapter.

4The results of this chapter has been submitted for publication in the article: M. Kooshkbaghi, H. J.
Marquez, “Strong Tracking Discrete-Time Event-Triggered Cubature Kalman Filter for Nonlinear Dynamical
Systems with Packet Dropout,” Internationa Journal of Robust and Nonlinear Control, September 2019.



Chapter 2

Discrete-Time Cubature Kalman
Filter

Over the past decades, the state estimation of nonlinear systems has attracted significant
attention from the research community. There are many efficient nonlinear filtering algo-
rithms which have been proposed. Among those, extended Kalman filters and unscented
Kalman filters are widely used for nonlinear systems. The EKF and UKF algorithm are
described briefly in the Appendix. EKF is based on the first order linearization, and there-
fore its performance deteriorates when dealing with systems with high nonlinearities. On
the other hand, unscented Kalman filter typically offers better performance than extended
Kalman filters, but suffer from the so-called curse of dimensionality [52] and its application
is limited to low order systems. Recently, Cubature Kalman filter (CKF) were proposed
in [8], based on a Bayesian filter under Gaussian approximation. CKF has less computa-
tional complexity and offers numerical stability compared to the other widely used nonlinear
filters. These properties make CKF a proper choice for high dimensional nonlinear systems
with high nonlinearities.

In this chapter, we summarize the discrete-time cubature Kalman filter proposed in [8]
that will be used in later chapters.

Notation: R represents the field of real numbers, R” and R™ ™ are the set of n-
dimensional real vectors and and n x m real matrices, respectively. AT represents the
transpose of A € R™™_ and B~! is the inverse of B € R™ ™. E{z} is the expectation
of the random variable x and p{z|y} the probability distribution of z with respect to y,

respectively. ||.|| denotes the Euclidean norm of the vector = € R™.
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2.0.1 Problem Statement

Consider the nonlinear discrete-time system and the nonlinear measurement model given
in (2.1) and (2.2), respectively.
Tpr1 = f(xp, ug) + wi, (2.1)

Ykt1 = h(Tr1) + Ve, (2.2)
where x;, € R™ is the state vector, up € R™ is the control input vector, yr € R™ is the
measurement vector, k € N is a discrete time factor. w and v are the process noise and the
measurement noise respectively, which are assumed to be uncorrelated zero-mean Gaussian

X1y

white noise sequences with covariance () € R™*" and R € R™ , respectively. f(.)
and h(.) are the continuously differentiable nonlinear state function and the measurement
function with respect to the system state xy.

The objective of this chapter is to summarize the design of the optimal state estimator
for the nonlinear system with the state space model stated in and . A detailed

design of the filtering algorithm is given in the following subsection.

2.0.2 Baysian Filter In The Gaussian Domain

In this subsection, we present the discrete-time optimal Bayesian filter. Under the Gaussian
assumption of the density functions, the recursive Bayesian filter can be derived in two Time

and Measurement update steps as follows,

e Time update: The mean of the Gaussian predictive density is as follows,

Tpy1k = Elves1|Dgl, (2.3)
where Dy = {u;,y;} ,i = 1...k, shows the history of input measurement pairs up to

time k. Substituting (2.1)) in (2.3)) we have,

Ttk =E[f (wr, ur) + vi| D] = A f (@, wi)p(xk| Dy )day,
- (2.4)

= f(x, up) N (zg; B, Pr)dzg.
Rne

Note that vy is assumed to be zero-mean and uncorrelated with the past measure-
ments, and the N (xy; 2k, Py) is conventional symbol for a Gaussian density. The error

covariance is as follows,
Priap =E[(@r1 — ) (@rs1 — Trpap)” 1y

= e F@h ) f(@r, up) "N (zg; &, Pr)day, (2.5)

. AT
— T kg + Qb

11



o Measurement update: The predicted measurement and the associated covariance

are as follows,

f/k+1|k—/R F@h we) N (@15 g1 Prs 1) A1, (2.6)

A

Py kt1)k :/Rn W@k ) (@i 1, )TN (@15 Bt Prae) 0 @7)

- AT
= Ykt kYrrapp + Bitr

The cross-covariance is,

A T s 2 A ~T
Poyrvie = / Trr1M(@e+1)” N(@kt15 B 1)k Prrip) dk+1 — T pefpsap  (2.8)
Rne

and the conditional Gaussian density of the joint state and the measurement can be

written as follow,

Tppi|k Priig Poyrss
p([@hsr Y] [Dx) =N(<A + > e IS ). (2.9)
Yk+1]k Poy kv Pyykt1k

The Bayesian filter computes the posterior density when it receives a new measure-

ment. The posterior density is as follows,

p(xk+1‘Dk+1) = N($k+1; T, Pk+1) (2~10)

where,

Tpa1 = i’k+1\k + Ki1(Yyr1 — @k+1\kz)

Pri1 =Py — K1 Py s K (2.11)

. N
Ki+1 = Py 1k Pyy kr1ik

The optimal Bayesian filter includes various multi-dimensional Gaussian weighted moment
integrals which are all of the form “nonlinear function Gaussian density” that are present

in (2.4)-(2.8) which can be approximately computed by using a “Cubature” rule.

2.0.3 Cubature Kalman Filter

We now summarize the fundamentals of the cubature Kalman filter proposed in [§]. As it
is shown in Subsection the Bayesian paradigm relies on the fact that the conditional
density of the state at each measurement, or the posteriori density of the state, contains a
complete description of the state at that time. In addition, the filtering algorithm consists
of two steps: (i) (time update) propagates the posteriori density between measurement

instants, and (ii) (measurement update) uses the Bayes’ rule to update the propagated

12



posteriori measurements at each measurement instant. The time and measurement update
procedures, however, require solving multidimensional integrals of the form:

I(f) = - F(X)N(x; %, P)dx, (2.12)

where ng is the dimension of the state, the covariance P satisfies P = $57. When the system
is nonlinear, solving this integral is either very difficult or impossible and an approximation
must be made.

The CKF uses a third-degree spherical-radial cubature rule to select 2n, cubature points

to approximate the integral as follows:

1
I(f) ~ fo(mrsgi). (2.13)
The 2n, cubature points are selected as follows

, i—=1.2....
61/ — \/ﬁel 2 9 <y ,nx (2‘14)
—Vnei—p i=n+1n+2 - 2n,,

where e; € R™*1 is the i*" elementary column vector. The CKF algorithm consists of a
time update step and a measurement update step in which the approximation described
is used to estimate the new covariance matrices and states. In the time update step, we

calculate the cubature points as follows,
Xi,k = Sp& + Tg 1=1,2,...,2n,. (2.15)

where ;. is the posteriori state estimate and Pk = S’kS;;F. Then the propagated cubature
points and the predicted state and associated covariance can be calculated using (2.16]),
(2.17) and (2.18]), respectively.

Xz'*,k+1|k = f(Xi’k,uk) 1=1,2,...,2n,, (2.16)
1 2Ny
Bryip = %ngjkﬂlk, (2.17)
i=1
2n,
T 1 ~ * T A ~T
Pryije = 2 > X ek Xk — Ererd iy, + Q- (2.18)
i=1

In the measurement update step we compute new cubature points, and propagated cubature

points using (2.19)) and ([2.20):
Xiprile = Seipli + g 1= 1,2, 204, (2.19)
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}/i,k+1|k = h(Xi,kJrl‘k,uk_,_l) 1= 1, 2, ceey 2nx (220)

The predicted measurement as well as the innovation covariance and the cross-covariance

can be calculated as follows:

2n
. 1 —
D = g5 D Vi (2.21)
=1
2n
- e T . ~T
Pyyrir = 5— > Vi pouYiera — Deripdb e + Rern, (2.22)
2n, prt
2Ny
; e T . T
Poyki1= 5 — ZXi,k+1\kYi,k+1|k ~ Tht 1 kY1 k- (2.23)
2ns i=1

Finally, the Kalman gain, and the state estimation and the corresponding error covariance

are given by:

R L1

Kii1 = Poy k1P yy gy (2.24)
Tpy1 = Tppp + Kir1(Ukt1 — Tigapn)s (2.25)
pk-_;’_l — pk-‘r”k‘ - Kk+1pyy7k+1KZ+1. (226)
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Chapter 3

Event-Triggered Discrete-Time
Cubature Kalman Filter

In this chapter E] , we present a complete theory of the discrete-time event-triggered Cuba-
ture Kalman filter (DECKF) applicable to high dimensional nonlinear systems with noisy
measurements. A scenario is considered in which local measurements are transmitted to
a remote state estimator when an event-triggered condition is satisfied. The presence of
the triggering rule thus reduces data transmission between local sensors and the remote
estimator, resulting in a more efficient use of energy and communication resources. In the
proposed filter, first “Send-on-delta event-triggered” mechanism is used, which reduces the
feedback communication between the sensors and the remote state estimators compared to
the other event-triggered schemes such as “innovation-level-based” mechanism, to deter-
mines whether or not information is to be sent through the communication channel to the
remote filter.

We then propose a cubature Kalman filter to estimate the system states based on the
received measurements. We show that by choosing a proper triggering threshold, the es-
timation error and the prediction error covariance of the state estimator remain bounded
while reducing the data communication between the sensors, compared to traditional state
estimator without event-triggered mechanism.

The rest of this chapter is organized as follows. In Section the nonlinear system
model, and the event-triggered rule are defined. In Section the complete theory of the
discrete-time event-triggered CKF for nonlinear systems is studied. Simulation results are
presented in Section to show the efficiency of the proposed filter and finally Section

summarizes the results of this chapter.

!The results of this chapter has been published in the article: M. Kooshkbaghi, H. J. Marquez, “Event-
Triggered State Estimation of High Dimensional Nonlinear Systems with Highly Nonlinear State Space
Model Using Cubature Kalman Filter,” CCECE 2019, May 2019, Canada
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Nonlinear discrete-time Xk
Cubature Kalman Filter

Xy S Yk | Event N
ensor detector| ¢

~

Figure 3.1: A System with Event-Triggered Mechanism

3.1 Problem formulation
3.1.1 System model

Recalling from Chapter 2, we consider the nonlinear discrete-time system model as follows,
Try1 = f(Tk, ug) + W, (3.1)

Yi+1 = h(@p41) + Vit (3.2)

i € R™ and y, € R™ are the state vector, and output measurement vector, respectively.
ur € R™ is the control input. The process noise w and the measurement noise v are
uncorrelated zero-mean Gaussian white noise sequences with Covariance @Q € R™*"= and

R € R™*"™  respectively.
3.1.2 Event-triggered data transferring mechanism

The block diagram of the networked system with the event-triggered CKF is shown in
Figure Here the sensor measures the system’s output y; in a periodic manner. Sensor
outputs are sent to the event detector which determines whether or not information is to be
sent through the communication channel to the remote CKF. The event detector works as
follows: let y; represent the current sensor measurement and i denotes the last measurement
transmitted through the channel. Define now the binary decision variable v as follows:

Ui -9 e —9) >0
k= {O otherwise. (3:3)

The parameter 6 > 0 is the threshold of the event-triggered mechanism. The event detector
updates the output value and sends new information through the communication channel

if and only if vy, = 1. Thus, defining

U=y + (1 — )T — yr), (3.4)
we see that

7, — Yk Zf Yk = 1

e {yk — e, otherwise, (3.5)

where 7, is the measurement transmitted at time k, and ex = (yx — 7).
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As mentioned before, in this chapter, we develop a design framework for CKFs for
nonlinear discrete-time systems with the event-triggered data transmission defined in .

Note 3.1: With the event-triggering mechanism, the conditional densities are no longer
Gaussian, and the numerical integration of the multi-dimensional integrals used in comput-
ing the mean and the covariance of nonlinear filter become computationally too expensive.
There are some proposed approaches which directly tackle the non-Gaussian issues caused
by the event-triggering conditions. For instance, in [32] the sums of Gaussians approach, is
introduced to approximate the non-Gaussian density function. In [31], a class of stochastic
event-triggering conditions were proposed to obtain the estimation without additional ap-
proximation. In this work, we assume that all conditional densities remain approximately
Gaussian after event-triggered sampling [553]. This assumption has been widely used in many

references (7], [, 6].

3.2 Discrete-Time Event-Triggered Cubature Kalman Filter

In this section, we consider the nonlinear system in the presence of the event-triggered mech-
anism and we derive CKF estimation error covariance and CKF gain. Note that in order to
derive the nonlinear filtering problem with the event-triggered mechanism, the linearization
with first order approximation is implemented to facilitate the following discussion.
Theorem 3.1: Consider the system - with the event-triggered mechanism
—. The cubature Kalman filter estimation error covariance and the filter gain are

as follows,
Pri1 =(I = K1 Biy1) Prga (I = K1 Begn)” + K1 (1= o) E{eg et}

< (1= 1) Ky + (1 — ’Yk:+1)E{(I — Kpor1 BT ke K

" (3.6)
- Kk+1Vk+1€;}F+1Kg+1 - Kk+1€k+1Vg+1Kg+1 + Kk+1€k+1x£+1\k
X (I = Kp1Ben) |+ Ky RK
K11 2(1 +ai(1— 7k+1)>Pk+1|kBg+1 [(1 +ai(1— ’Yk+1))Bk+1Pk+1|kBg+1+
(3.7)

—1
(1 +as(l— %H))RM +(14a +a)(1— %H)M} .

— 9h(=)

In this expression, Bigy1 = Bry1Hgi1, where Hy1 = =52 1s the Jacobian matrix

‘$:£k+1\k

and Br1 = diag(B1 k1, 52, k+1 ...,ﬂnka) is an unknown diagonal matriz representing the
error incurred in neglecting the higher order terms of the series. ZTj 1y, and pk+1\k are the
prediction error and the prediction error covariance, respectively. a; > 0 and ag > 0 are

two positive arbitrary parameters.
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Proof. The event-triggered system estimation error (difference between the real state
Zr+1 and the posterior state k1) and the event-triggered system prediction error (differ-

ence between the real state x4, and the predicted state 1)), are as follows:
Thil = Tht1 — Tht1, (3.8)

Trt1lk = Tha1 — Tpt1)k- (3.9)

Substituting (3.1) and (2.17) into (3.9) and expanding f(xk,uy) in Taylor series, we obtain:

VD (g, ug) 3P 4w, (3.10)

o
~ R ~ 1
Thy1lk = V (&, ug) T + Z Tor LN
= (25 4+ 1)!

where V = 8% reiy- (3.10) can be written as follows,
%k+1|k = A7 + wg. (3.11)
A = 82&1)‘36:% is the Jacobian matrix. Similarly, for the measurement prediction er-

ror (difference between the real system measurement yi11 and the predicted measurement
Ur41)k), we have,

Y1k = Brt1Zp g + Vi1 (3.12)
Substituting (3.4) in (2.25), we have,
k1 = Ty + K <§k+1\k —(1- 'Yk+1>ek+1)7 (3.13)

replacing (3.13)) into (3.8]), and taking (3.12) into account, the estimation error is as follows,

Trr1 = (I — K1 Brer1)Tpga e — Keraverr + K1 (1 — v ) ert1, (3.14)
substituting (3.14)) in (3.11]), we obtain the following,
%k+1|k = Ar(I — KkBk)ka,l — A Ky + A K (1 — 'yk)ek + Wg. (3.15)

Substituting into Ppy1 = E{Z}11%f, }, the estimation error covariance matrix, (3.6)
can be obtained.

To derive the filter gain we use the following Lemma 3.1,

Lemma 3.1: For any two vectors x,y € R™, the following inequality holds: xy” +yxT <
exx? + e yy”, where ¢ > 0 is a scalar [5].

The following inequalities follow immediately by application of Lemma 3.1 with a; > 0

and ag > 0.
~ T T T T
(I = Ki1Bi1)Tp 1 ki1 K1 + K€1), (L — K1 Bga)” <

(3.16)
ar(d — Kk+1Bk+1)xk+1\ki£+1|k(I — K1 Bi1)" + a7 Kiprenpief o Kig,
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= Kirivkriepa Ky — Kiprerpavi Ky < (3.17)
a2 K1 A g1V 1V Ky + a5 Krena gy K ‘
Substituting and in we have,
Pry1 < (I = K1 B ) Prp (I = K1 Biya) T + Kp Rie Kibyy
+ Kip (1= 90) Bl ef 1} (0= ) KL + (1= i) B{ e (1

o ) (3.18)
K1 B g1 o (L — Ki1Biy) + a7 Ky yenpaet o Kiyy

T 7T -1 T T
+ a2 K1V 1V 1 Ko + ag Kk+1€k+1ek+1Kk+1}'
The upper bound of the error covariance matrix is as follows,

Pry =<1 + a1 (1 - 'Yk+1)> (I = Kps1Br1) Proap(I — Kpy1Braa)” + (14 a2 (3.10)
X (1= vp41)) K1 R 1 Kby + (1= 1) (L4 ap ' + ag ) K1 0TKG 4
The filtering gain K1 will be designed by minimizing the upper bound of the error co-

variance matrix. Taking the partial derivative of the Py, 1, the event-triggered CKF gain,

(3.7) can be obtained. B
Otr Py

DKot =0. (3.20)
This completes the proof. m

Note that the uses of Lemma 3.1 bring in conservatism for the filter design. Even
so, the parameters a; and as can be chosen appropriately to reduce such conservatism.
In the next chapter, we briefly explain this isssue. Table provides the algorithm of
the proposed event-triggered discrete-time cubature Kalman filter. Note that the proposed
DECKF is a derivative-free filter, which does not require computation of the Jacobian
matrix. Suppose that Pk+1| i is the predicted state error covariance matrix, then based on
Pii”k = Pk+1|kB£+1, one can derive the following By = (pxy,k+1|k:)T(Pk+l|k:>71 [39],
where sz,k+1\ i 1s the cross-covariance matrix. CKF algorithm consists of prediction steps
and update steps. In the prediction steps, the CKF propagates the estimate from the last

time step to the current time step before the arrival of fresh measurement data. In the

update steps, the filter updates the estimate using collected measurements.

3.3 Simulation Results

In this section the effectiveness of the proposed method is illustrated by a tracking scenario
where the objective is to track the trajectory of the two link robot arm in Figure We
compare the trade-off between the communication rate and the estimation quality under

different conditions such as different triggering threshold values.
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Figure 3.2: Two link robot arm illustrating how the Cartesian coordinates (x; y) of the end
effector is mapped to the given angles.

The state space model of the system is as follows.

Okr1 = O + wy, (3.21)

_ (cos(b1i) cos(brp+bak)\ (1
Y= (sm(el,k) sin(Oy + b)) \1n) T (3.22)

where states, # = [0; 6]7, show the joint angles of the arm and Y = [z y]”, shows
the position of the end effector of the robot arm. The length of the links are considered
as [ = 1, and Iy = 2, respectively. Noises which perturb the state and the measurement
equations are w ~ N(0,diag[0.01,0.1]) , and v ~ N(0,0.0051).

Figure and Figure show the comparison between the tracking results of a system
with the event-triggered threshold of § = 0.01, and § = 0.05, respectively. The number of
data transmission for the system without event-triggered mechanism, § = 0, is 6300 which
reduces significantly to 3900 and 1190 for § = 0.01 and § = 0.05, respectively. Figure
shows the result for the time that 6 > 0.1, which the filter diverges. In Figure
we compare the RMSE results of the filter with different event-triggered threshold. From
the results, it can be concluded that by increasing the triggering threshold the estimation
quality would be degraded. Also, from the tracking and RMSE results, we select § = 0.05 as
the threshold of event triggered mechanism as it has a good tracking result while it reduces

the communication rate.

3.4 Summary

In this chapter, we present a complete theory of a nonlinear filter for high dimensional
nonlinear systems under the event-triggered mechanism. As mentioned in the introduction,
the event-triggered formulation is an alternative to conventional periodic discrete-time sam-

pling which can render similar performance while reducing communication between sensors
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and remote filters. We consider “send-on-delta” triggering mechanism which reduces the
feedback communication between the sensors and the remote state estimators compared to
the other triggering schemes. The event-triggered nonlinear filter gain is derived to reduce
the estimation error and make the error covariance matrix bounded. Applied to nonlinear
system model, our results show excellent tracking of the true states, despite an impressive

communication reduction between the sensors and the remote filter.
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Table 3.1: Algorithm 1. Event-Triggered Discrete-Time Cubature Kalman Filter

Time update steps:

The mean x¢ and covariance P, of initial state are both known.
1) Factorize:

Py = S.SF

2) Derive the Cubature Points:

Xip=5& +2r i=1,2,...,2n,

3) Propagate the Points:

Xz'*,k-i-1|k: = f(Xip,ur) i=1,2,...,2n,

4) Estimate the predicted state:

i’kHIk 2nx Zan z‘*,k-i-llk

5) Calculate the predicted state error covariance:
Pk+llk - 22% Xz*k+1|kXZ£+1|k B ik+llkj£+1\k + Qk
Measurement update steps:

1) Factorize:

Pri1k = Ser1kSka1ik
2) Calculate the Cubature points:
Xikt1lk = Ska16&i + Ty, 1=1,2,..,2ng
3)Propagate the points:
Yi ke = "X pr1jpo uks1)
4)Predicted the measurement:
-~ 1 2ng
Ye+1k = mzz'z sz—i—llk
) Calculate the innovation covariance matrlx
2ng T
Pyy,k:+1 2n din sz+1|kyz k+1]k yk+1lkyk+1|k + Ryt
) Calculate the cross-covariance matrix:
2N
sz,kH 2n Dt X; k—i—llkYz k+1lk — xk+1|kyk+1lk
7) Compute the filter gain:

Ki1 = (1 + a1 (1 - ’Yk+1))pxy,k+1
AT A1l oA
X [(1 + a1 (1 = Ye+1)) Pay ko1 P o Py k1
+(1 4 a2(1 = Yes1)) Ri1 + (L4 a7 + a3 ') (1 = pp1)6]
8) Estimate the updated state:
Tp1 = Trpape + Kir1 Urgr — Tngain)
9) Compute the state error covariance:
Py = (1 +a1(1 - ’Yk—l—l))(l - Kk+1ny kHPkak)

r — T
XPppp(I — KkHsz k+lpk+1|k) +

(1 +az(1 — 'Yk+1))Kk+1Rk+1Kk+1+
(1 =)+ a7 +ay Y Kp i M1 0TKE

-1
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Chapter 4

Event-triggered Discrete-time
Cubature Kalman filter in the
presence of packet dropouts

In this chapterE] we develop an event-triggered discrete time Cubature Kalman filter ap-
plicable to high dimensional nonlinear dynamic system with strong nonlinearities when the
packet drop outs occur during data transmission in the communication channels. We show
that by choosing a proper event-triggered threshold and properly tuning the threshold of the
event-triggered mechanism and the rate of the packet dropout, the proposed method reduces
the number of data transmission between the sensors and the state estimator with respect
to traditional discrete time Cubature Kalman filter. In addition, we develop a complete
theory to show the boundedness of the state estimation error, estimation error covariance
and the stochastic stability of the proposed filter. A lower bound for the communication
rate is also obtained to guarantee the convergence of the proposed filter.

The remainder of this chapter is as follows. In Section the nonlinear system model
is defined, and we introduce the event-triggered rule, the packet dropout and the CKF. In
Section we will design a discrete-time event-triggered CKF for nonlinear systems. In
Section we study the boundedness of the state estimation error. In Section we

illustrate our results using a simulated example.

!The results of this chapter has been accepted for publication in the article: M. Kooshkbaghi, H. J.
Marquez, “Event-Triggered Discrete-Time Cubature Kalman Filter for Nonlinear Dynamical Systems with
Packet Dropout,” IEEE Transactions on Automatic Control Sep. 2019
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4.1 Problem formulation
4.1.1 System model

In this chapter, recalling from Chapter 3, we consider the following nonlinear discrete-time
model, equations (4.1)) and (4.2]), with the current transmitted measurement,(4.3)), defined
in Chapter 3, as follows,

Tpy1 = f(Th, up) + Wi, (4.1)
Yk1 = h(Trt1) + Vig1, (4.2)
U =Yk + (1 =) (¥ — Yk), (4.3)

4.1.2 Packet dropouts

Packet dropouts can occur during data transmission through the communication channel
resulting in data losses. We define A; to be the binary random variable modelling packet

dropout:
1 data is received
Ak = {0 otherwise. (4.4)
Measurements are received by the state estimator if and only if A, = 1. Note that the packet
dropout happens while data is transferred through the communication channel (v, = 1).
We assume throughout this thesis that the packet dropout rate is unknown, and we define

the packet arrival rate, or packet delivery rate, as follows,
A= E[\g]. (4.5)

The packet dropout rate affects the boundedness of the estimation error. Our goal is to
design a discrete-time CKF to reduce the impact of the event-triggered mechanism and the
packet dropout on the state estimation error.

Note 4.1: Following references [19] and [65], we define the probability density distri-

bution of the observation noise vy, with respect to Ay as follows,

N(O,Ry) M =1
Ak) = ’ 4.
Pl M) {N(o,c;?[) A =0 (4.6)
where 0 — 0.
We assume that the remote state estimator receives A; and -y, at each time step. This
assumption has been used in many references [5,/6,/19,/63]. In the absence of observation,
the state estimator receives no new information and it will not update the state estimation

and the corresponding covariance.
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4.2 Design of Discrete-time Event-triggered Cubature Kalman
Filter with packet dropout

In this section, to derive the nonlinear filtering problem with the event-triggered mechanism
and the packet dropout, the linearization with first order approximation is implemented to
facilitate the following discussion.

Theorem J4.1: Consider the system — along with the current transmitted mea-
surement (measurement transmitted under the event-triggered mechanism,) and the
packet dropout parameter, \p. Under these conditions, the CKF estimation error covari-

ance pkH, and the filter gain are given by:

Py =(I — Ko By ) P (I = KieviMer1Brin) T + Kt Nt RAE KT

+ KAk (1= ) Bleg e I Ky + (1 - ’Vk+1)E{(I — K1

~ T \T T T (4.7)
X Ne1 B 1) Thp1 ks 1 A1 K1 + Kipr A1 €e1 546 (L — K Ak
X Bk+1)T - Kk+1/\k+1Vk+1€£+1)\£+1KkT+1 - Kk+1/\k+1€k+1’/kT+1)\g+1KkT+1}-
Kiy1 = (1 +ar(1— 7k+1)>Ak+1Pk+1|kBg+1 (1 +ai(1— ’Yk+1))Bk+115k+1|kBg+1
(4.8)

-1
+ (1 +az(1 — ’Yk+1)>Rk+1 +(1+art +ay)(1 - 7k+1)5I] -

In this expression, Bry1 = Br+1Hp41, where Hyyq = ag(zx)

| is the Jacobian ma-
k+1|k
triz and Bry1 = diag(B1 k41, B2,k+15 s Bnyk+1) 95 an unknown diagonal matrix representing
the error incurred in neglecting the higher order terms. Ty and ]A:’kﬂ‘k are the prediction
error and the prediction error covariance, respectively. ay and as are two positive arbitrary
parameters.
Proof. Note that recalling from Chapter 3, by substituting (4.3 in (3.13) and con-

sidering the packet dropout in the communication channels, the state estimation and the

estimation error are as follows,

Tr1 = Tpt1jk + K1 M1 (§k+1|k -(1- ’Yk+1)€k+1>- (4.9)
Tp1 = Tpi1jk — Kip1 At <§k+1|k - (1= 7k+1)€k+1>- (4.10)

Substituting g1, from (3.12)), in (4.10)) we have,

Tr+1 =L — M1 Kit1 Bt 1) Tk — M1 K (Vk+1 — (1 - 7k+1)€k+1>- (4.11)
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Finally, considering (3.11)), the estimation of the prediction state is as follows,
5k+1|k :Ak(I — Kk)\k:Bk)»%lﬂk—l — AkKk)\ka + AkKk)\k(l — 'yk)ek + Wg. (4.12)

The estimation error covariance matrix is pk-+1 = E{Ekﬂﬁvgﬂ}. Substituting in
PkH, we obtain . The following inequalities follow immediately by application of
Lemma 3.1 for any a; > 0 and ao > 0:

(I = Kpri M1 By )Tk Mt Ko + K Mg ern @, (1 — Kpr1 A k41 Bryr)” <
ar(I — Kk:+1>\k+1Bk+1)5k+1\k5U;‘cr+1|k(I — K1t M1 Biyt) T + ap 'Kyepi Ay erpret My Kt

(4.13)

T \T T T \T 5T

— K1 A pp1Vk+1€51 A1 K1 — Kt App1€h+1Vi 1 A1 K (4.14)
T \T T -1 T T )

< @2 K1 A Vit 1V 1 A1 K + a0 Kep1 Ap g1 @k1€4 01 Ap g1 K

Substituting and into we have,
Pr <(I- Kk+1/\k+1Bk+1)pk+1|k(I — K11 Bryn) " + K1 o1 R Mo Ko
+ Kt Mo (1= yes) Bleg et J — ) AL KT + (1 ’Yk+1)E{a1(I
- Kk+1)\k+1Bk+1)5k+1|k56{+1|k([ - Kk+1)\k+1Bk:+1)T + aflKk+1)\k+1€k+1€£+1)\£+1Kg+1

T \T 7T 1 T \T 5T
+ a2 K1 A1 Vi1 Vi 1 Ak 1 K1 + 05 Kk+1)‘k+1ek+1€k+1)‘k+1Kk+1}'
(4.15)

It follows that the upper bound of the error covariance matrix can be written as follows:
Ppi1 2(1 +ai(l— ’Yk+1)) (I = K118y ) P — Kot M1 By )"

+ (1 +az(1 - 7k+1))Kk+1>\k+1Rk+1)\;‘cr+1KkT+1 + (1 =)+ ay' + a3 ) Kiga

X Ak+16M§5+1K5+1~
(4.16)

The upper bound of the error covariance matrix is minimized when its matrix derivative

with respect to the gain matrix is zero, i.e. g?;fl = 0, which leads to the filter gain (4.8]).

8trﬁk+1
0Ky 11

solving (4.17) we obtain the filter gain (4.8]), which completes the proof. m

Remark 4.1: The estimation error and the estimation error covariance matriz of the

=0 (4.17)

classical CKF are as follows,
T = Trjp—1 — Kilrp—1,
Py =(I - KyBy) Py (I — KyBy)" + KyREY.
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Comparing and to the classical CKF we see that the event-triggered mechanism
introduces additional terms affecting the upper and the lower bounds of the estimation error
and the estimation error covariance, respectively. These changes affect the design of the
filter gain and the boundedness of the estimation error. In the next sections, we study the
boundedness of the proposed filter estimation error in the presence of the event-triggered
mechanism and packet dropout.

Table provides the algorithm of the proposed Discrete-Time Event-triggered Cuba-
ture Kalman Filter. Note that the DECKF is a derivative-free filter, which does not require
computation of the Jacobian matrix.

In the next section we study how the event-triggered mechanism affects the boundedness

of the estimation error of the event-triggered CKF.

4.3 Boundedness of the estimation error for the even-triggered
CKF

In this section, we study the stochastic stability of the proposed CKF. We assume that the
linearized form of the system (4.1))-(4.2]) is uniformly observable |23], and that the following

conditions are satisfied [12]:

Qmin[ < kaQk < Qmaxl; fgqinl < Fka < fr%]ax

Pmin] < Ri < Tmax; Oonin faind < ARAL < a2 20T

min mll’l max<J max

mmI < /Bk/Bk < Bmaxl ﬁmln mmI <B Bk < /Bmax maxI
h2

min

(4.18)

I < H.HF <h?

max 7 mln

I <apal <a?, .1

max~—?

where fmin; fma)u hmin; hmax, 5mina Bmax; Qmin, ®max 7é 0, and Tmax; @max Qmins "'min > 0 are
all real numbers.

Lemma 4.1: Assume that there is a stochastic process Vi, (k) with the following conditions:
Umin||§k||2 < Vie(&k) < UmaXH‘kaQ: (4.19)

EVi(&e)l€r-1] = Vim1(&r—1) < p—7Vie1(§k—1), (4.20)

where Vpmin, Umax, b > 0 and 0 < 7 < 1 and all are real numbers. Then the stochastic process

1s exponentially bounded in mean square sense, i.e.

Bll) < S Bl )1~ )" (4.21)

min min
=1

Proof. The proof is straightforward, [24].
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Table 4.1: Algrithm 1. Discrete-Time Event-Triggered Cubature Kalman Filter

Time update:

The mean x¢ and covariance P, of initial state are both known.
Step 1: Factorize:

Py = S8}

Step 2: Calculate the Cubature Points:

Xir = Sk&i + T 1=1,2,...,2n,

Step3: Propagate the Cubature Points:

Xz*k—i-1|k f( X, ur) 1=1,2,...,2n,

Step 4: Estimate the predicted state:

~ 2ng

Tht1lk = Z 1k

Step 5: Calculate the predicted state error covariance
Pk+1|k - 22% X:k+1|sz k+1k $k+llk$k+1\k + Qk
Measurement update:

Step 1: Factorize:
Priie = Sk 1kSka1jk
Step 2: Calculate the Cubature points:
Xkt = Skt1je&i + Tppqpe 1= 1,2,..,2ng
Step 3: Calculate the propagate Cubature points:
}/Z',k—l-1|k = h(Xi,k+1|k7 uk-l—l) i = 1; 25 (XX} 2nx
Step 4: Estimate the predicted measurement:
- _ 1 2ng
Ye+1lk = 20, ZZQ Y@k+1|k
Step 5: Calculate the 1nnovat10n covariance matrix
2ng
Pyy,k+1 2n 2 in sz—l—l\k i-k+1]k yk+1|kyk+1|k + Rpt1
Step 6: Calculate the cross-covariance matrix:
T 2ng T . ~T
Pay 1 = 2n 2t X, k+1|kYz k+1k — ThA1kYk 1k
Step 7: Compute the filter gain:
K1 =1+ ar(1 = ye11) M1 Pay ki
AT 1

x[(1+ai1(1— ’Yk+1))ny,k+1Pk+1\kny k4l
+(1 4 ag(1 = Y1) Rerr + (14 a7 + a3 ") (1 = ypg1)00]
Step 8: Estimate the updated state:
Tpt1 = Tppapke + Krr1 Mot a1 — Tr1e)
Step 9: Compute the upper bound of state estimation error covariance:
Pryi=14+a(1—- 'Yk—l—l))(I K1 e Py, k+1Pk_+1|k)

—1 \T
< Priap(I = K Ao PL 2y, k-1 k+11|k) +
(1+ ao(1 = Yy ) M1 K1 Ren KDy +
(L= mr) (L +art +ay ) K Ao 01K
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Theorem 4.2: Assuming that the system (4.1)-(4.2]) is uniformly observable and the
inequalities (4.18)) are satisfied, if the packet arrival probability has a lower bound

1
A>1— (4.22)

maxfmax(l + al(l - ))

where v 1= lim SuPN->ooﬁ Zszo E(~k) is the average communication rate, then the error

covariance matrix satisfies the following bound:
E[Pp1] < E[sz-',-l\k:] <pl, (4.23)

where p > 0.
Proof. State estimation error and the error covariance matrix are updated with new/old
data, so it is trivial that E[Pyq] < E[Pk+1|k]. In addition, recalling from Chapter 3 and

according to the prediction error covariance matrix is

E[Pyi1] = E[AcPLAL + Q4. (4.24)
Taking the upper bound of Pk, , into account we have,

E[Pyia) < E[AWPLAY + Qi) (4.25)

Substituting Py and K}, in (4.25) we have,

E[Py1p] <E

Ay, (pklk—l - (1 +ai(1— %)))\kpk|k_1BkT [(1 +ai(1— %))Bk
. - B » »
X Pyj—1Bj; + (1 +az(1 — 'yk))Rk +(1+4a; +ay )1 - %)51} (4.26)

X kakk—1> AL+ Qx|

Using the inequality (A + B)™' > A™! — A7'BA~! | and defining A = (1 + a1 (1l —
yk))kaDHk_lBg, and B = (1 + as(1 —v))Re + (1 +ay' + a3 ')(1 — 41)d1, according
to the bounds of the matrices in , we obtain,

Yo%

- 7 f2 Tmax N
BlPyiae] < @ fae (1 011 =) ) (1= ) Py + (S8 4 ) 1, (427)

min'“min

where rypax = max || (14 a2(1 — v&))Re + (1 + a;* 4+ a3 ') (1 — y)dI ||. According to
this, we have, E[P2|1] <o, f2.(1+ai(1—~))(1—Npl, +bl,, where p = max{|| ]51|0 I

2 2
MM +q}, and E[Pl‘o] > 0. Tterating and using an induction algorithm, we obtain,

k
Pk+1|k Z maxfmax 1 + al(l - ))(1 - )‘)]l (428)
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The proposed filter converges when A > 1 — . This completes the proof.

a%axf?nax(i—’_al(l_’Y))
|

Remark 4.2: The lower bound of the packet delivery rate is related to the average
communication rate or the event-triggered threshold. Thus, by properly tuning the threshold
we can guarantee the boundedness of the error covariance matrix and the estimation error.

Note 4.2: Application of Lemma 3.1 considerably simplifies computation of the error
covariance matrix upper bound and/or filter gain, albeit introducing some conservatism in
the filter design. If chosen appropriately, the parameters a; and as can help reduce such
conservatism. Note that the filter gain always minimizes ﬁkﬂ for any value of a1 and as
and provides the optimal filter gain. The tradeoff in the selection of a; can be summarized

as follows: According to Theorem 4.2, if the packet arrival probability A has a lower bound

A>1-— , then the error covariance matrix satisfies the bound (4.23]).

1
a?naxfx%}ax(l—"_al(l_’}/))
Since A is given, to satisfy this bound, a; should be chosen to minimize the right hand side

of this inequality. If a; is chosen very large (a1 >> 1), then the right hand side approaches
1, which means that the system cannot tolerate packet dropouts. On the other hand, very
small values of a; result in large values of the error covariance matrix (4.16)). Thus, a;
should be chosen in the range 0 < a; < 1. The larger a; within this range, the lower the
tolerance to packet dropouts. A similar tradeoff exists for as.

Theorem 4.3: Consider the nonlinear system — with event-triggered data
transmission and the packet dropout and assume that inequalities are satisfied. If

0< pminI < Fk+1|k+1 < Pk‘-‘,—l\k < pmaXIa (429)

and for some ¢ > 0, E[H%HOHQ] < ¢, then the prediction error Ty is bounded in mean
square sense.
Proof. The proof of Theorem 4.3 consists of showing that the conditions of Lemma 4.1

are satisfied. Defining the Lyapunov function as follows,

A1l

Viert @) = Thoa o P 1T rs 1k (4.30)

Theorem 2 in [4], shows that (4.29)) holds. Assuming those bounds are ppin and pmax we

have:

Vanin || T 1jg]|” < Vit @rajp) < V| Trage| (4.31)

where vpin = ﬁ, and Umax = zﬁ‘ Consider now the second condition of Lemma 4.1.

We need to find real numbers 75, and pg such that 0 < 7, < 1 and p > 0, respectively.

32



Using (4.12)), the predicted state error covariance is given by,

. o . . T
Prprp =B{ZrianThynt = Q + |Ax(I - AkKkBk)]Pk\k—l [Ak(l - )\kKkBk)} , (4.32)

where,

Q =APyjt + (AK) M Ri(AnKr) " + Qi + (1= 7)) B{Myef NI + NyexM{ (4.33)
+ NkekegNT}, |

M = [Ak(f — Kk)\kBk)%kUg—l — ALK\ ug, —l—wk], N = (AkKk)\k); and APk|k71 shows the
difference between step 5 of time update part of Table , and (4.32). (4.32) can be

rewritten as follows,

Py =[Ax(I - Kk/\kBk)]{[Ak(I — Kp Bl Qul A (I — Ky By)] ™" (434
4.34

+ Pk\k—l}[Ak(I — Ky Bi))"
Setting Tj = [Ax({ — Kk.)\kBk)]TQ,;l[Ak(I — KA\ By)] and considering the characteristics
of the matrix norm and the assumptions in (4.18]), we have,

[(amaxfmax)(l + Akﬁmathaxk)]Z

<
Qmin

T <

i

where the upper bound of K is,

2 _
||Kk:H S [pmaxﬁmathax][(Bminhmin) Pmin + Tmin] 1-
Using properties of matrix inverse and taking the inverse of T and substituting in (4.34)),
we obtain the following inequality [24],

~A—1 ~—1
[AR(I = MK B)|" Py 1plAr(I = MK By)] < (1 = 72) Py, (4.35)

where,
o 1
(1—m) = [1 + Jmin e > 0. (4.36)
[(amaxfmax)(l + BmathaxK)] Pmax

It is easy to observe that 0 < 7, < 1. Substituting (4.12)) into Vi y1(Z411)%), the conditional

expectation is as follows:

~ ~ ~ A1
E{Vk+l(mk+1|k)‘$k+l|k} = [k + xakfl[Ak(I - /\kKkBk)]TPkJer

X [Ap(I — MKy B) ] Tgje—1,

(4.37)
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where,

~—1 ~—1 ~
1tk :E{Uz[Ak)‘k’Kk]TPk-l—HkAk)‘kKkvk + wzpk+1|kwk‘xk+llk} + (1 =)
~—1 ~—1
X (E{(Ak)\kKkek)TPk+1k;Ak‘)\k'Kkek + wgpk_’_l'kAk)\kKkek

A—1 ~—1 ~—1
+ (ApMeEgen) T Prypen + ex M Ki A Prae A MeBgop + eg MoK AR P

~ ~ ~—1
X [Ak(l - AkKkBk)]xk\k—l + mg‘k_l[Ak(I - AkKkBk)]TPk-}-HkAk)\kKkek

~A—1 _
- UIZ[AkAkKk]TPHukAk)\kKke|l‘k+1k})

(4.38)

Both sides of ui are scalars. Using Lemma 3.1 and computing the trace of uz we have,
A1 A1
e < tr{([Ak)\kKk]TPk+1kAk/\kKkRk) + (Pryp@r) + (1 =)
A1 A1 ~
x {(A{K,?A{PH”kAkAkKkM) taz ([PHl‘kAk(I — A K3 By) Prii—y

~—1 A1 ~—1
X [Py Ar(I — /\kKkBk)]T) + as(Pyy 1k QelPryape] ") (4.39)

A—1 ~—1
+ a5 (P p Ak M K R [Py A, AR
+(ag' +ag’ + a51><AkAkKk61[AkAkKkJT>}.

as, a4, and as are positive scalars. It is immediate that u is positive and it has an upper

bound fimax. Substituting (4.35) in (4.37)), and taking account of Vi1 (Zp41p) and (4.39)

we have,
EVir1 @ pq10) 1 Trg k) — Ve@rjp—1) < pmax—T7Ve(Tpjp—1)-

Thus, according to Lemma 4.1, Tyqq)x, is bounded in mean square sense. M

Note 4.3: Inequalities (4.31), (4.36) and (4.39) are satisfied for any value of the pa-

rameters ag and B, while the value of the upper and lower bound of the inequalities may
change. Thus, we conclude that the stability of the filter does not depend on the values oy
and By,.

From , and the assumptions in , we conclude that the mean squared error

of the estimation is as follows,

E{@)*} < (Fminomin) 2E{|Ferap] + low ) (4.40)

Note that, according to Theorem 4.3, the upper bound of pj in (4.39) depends on the
event-triggered threshold, which affects on the upper bound of E[Hik+1|kHQ] (Lemma 4.1).

Thus, by choosing a proper event-triggered mechanism, one can limit the upper bound of

the estimation error (4.40)).
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4.4 Simulation Results

In this section, we consider an application of the CKF to the air traffic control problem
given in [8]. The state of the aircraft at time k is xx = [0k, 1k, Yk, Yk, \IJ]T, where U is the
turn rate, n and y, represent position, and 7 and ¢ represent the velocities along the x-axis
and y-axis, respectively. The kinematics of the turning motion is modelled by the following
nonlinear process and measurement equations,

1 sin(qxjpT) O—(l—c%s(w))o
0 cos(PT) 0 —sin(¥T) 0

O(l—co‘;(\I!T))l sin(\I\jI/T) 0| 2 + wi. (4.41)

0 sin(PT) 0 cos(¥T) 0O
0 0 0 0 1

Te+1 =

The radar, stationed at [20000, 20000] metres measures the range (position) r, and the

bearing 6.
2 2
Tk Tl + L3hi1
= = ) 4.42
E <9k) tan™1 gflwrl Tk ( )
k+1

T is the time-interval which is assumed to be 1sec in our simulations. The process noise
wy ~ N(0,Q) is white noise with zero mean and covariance @ = diaglggM @M ¢T],
where M = [%3 %2; T; T], ¢ = 0.1m?s73 and ¢ = 1.75 * 1074573, respectively. The
measurement noise, vy ~ N(0, R), is white noise with zero mean and covariance R =
diag[100 10]. a; and ag are considered 0.02.

Scenario A: In this scenario, we consider the event-triggered CKF without packet
dropout using different threshold values. The initial state value is as follows,

ro = diag[10*m 150ms—! 3.5 x 10*m Oms—! — 3°s~17. The initial error covariance is
as follows, Py = diag[100m? 10m?s~2 100m? 10m?s=2 0.1rad 2s72] .

The initial state estimate & is chosen randomly from N (z, 150) in each run. We set
A= 1instep 7, 8, and 9 of Table to represent the absence of packet dropouts. Figure
(a) shows the results of the target tracking with the event-triggered threshold of 100, 500,
1000. The resulting number of data transmission events are 180, 142, and 70, respectively.

Comparison between tracking results shows that by properly tuning the event-triggered
mechanism threshold, a desired estimation quality can be achieved while communication
rate is reduced dramatically.

The simulation results in Figure a) with different initial values, zo = diag[103m
300ms~! 103m Oms~! —2°s717 and Pyjg = diag[100m* 10m*s~2 100m* 10m*s~2 0.1rad*s?]

show that, as expected, a smaller event-triggered threshold results in better estimations.
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Scenario B: We repeat scenario A but we include the packet dropouts assuming rates of
0.2, Figure b) and 0.5, Figure (C) When the packet dropout occurs we have A\, = 0,
resulting in a filter gain K} = 0, and consequently no update in the estimate of the state,
in step 8 of Table

The results show that, as expected, when the packet dropout rate increases for the same
event-triggered mechanism threshold, the quality of the tracking deteriorates. Figure (b)
shows the tracking result with and without packet dropout assuming a fixed event-triggered
threshold of 500, with different initial values.

Once again, we see that as the packet dropout rate increases, the quality of the estimate
deteriorates, however the tracking error remains bounded.

To compare the filter performance under different conditions, we use the root-mean
square error (RMSE) of the states. As an example, for the position, we define the RMSE

in position at time k , as

N

1 o A
> =0+ (yp — 002

RMSEpositi(m(k) - T
N n=1

(g, yy) and (79,9y) are the true and estimated states at the n-th Monte Carlo run, re-
spectively. We make 20 independent Monte Carlo runs. Figure shows the performance
comparison without packet dropout and with packet dropout rates of 0.2 and 0.5 for the
fixed event-triggered threshold of 500, based on 20 Monte Carlo runs.

As expected, performance degrades as the packet dropout rate increases. However, the
figure also shows that by properly tuning the event-triggered threshold for the given packet
dropout rate, one can achieve acceptable state estimation results.

Figure[d.4 compares the estimation error of the DECKF and DEUKF. We do not present
the tracking results of the EKF because of the limitations mentioned in Chapter & and the
Appendiz. Note that, the dimension of the states used here is higher than three, and the
scaling factor of UKF is k = —2 which results in non-positive covariance which halts the
operation, so we assume that k = 1. The figure shows significantly better results for the
DECKF compared to EUKF.

4.5 Summary

In this chapter, we developed a new discrete-time event-triggered Cubature Kalman Filter
(CKF) for the nonlinear dynamic systems over a wireless network with the packet dropout
in the transmission lines. We developed a complete theory to derive the lower bound of the

packet delivery rate, so the proposed filter could ensure that the prediction error covariance
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is bounded when the packet delivery rate has a lower bound. We then showed that the
estimation error can be guaranteed to be bounded by properly tuning the threshold of the

event-triggered mechanism. An example is given to illustrate the filter’s performance.
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Chapter 5

Event-Triggered Cubature Kalman
Filter for One Step Randomly
Delayed Measurements

In this chapter we develop a new event-triggered cubature Kalman filter for discrete-time
high dimensional nonlinear systems with strong nonlinearities under the assumption that
the sensors exchange data via imperfect communication channels and the measurements are
randomly delayed by one sampling time.

We first discuss the difficulties involved in dealing with time-delays in the context of
state estimation and formulate the need for a new algorithm. Then we show that using the
proposed event-triggered cubature Kalman filter and properly tuning the event-triggered
threshold, can lead to accurate estimates of the state despite time delays, while reducing
transmission of information between system and filter. An example shows the effectiveness

of the proposed algorithm.

5.1 Problem formulation

The nonlinear discrete-time system model and the nonlinear measurement model are de-

scribed as follows,

Try1 = f(Tg, up) + w, (5.1)
k1 = h($k+1) + Vk+1, (5.2)

where x; € R™ is the state vector, and zp € R™ is the measurement vector. Other
parameters are defined in Chapter 2. Recalling from Chapter 3, we consider that our

system works under even-triggered mechanism. So, the current transmitted measurement
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(5.3) is as follows,
Zr =2k + (1 — ) (Z — 2x) (5.3)

where z; is the current measurement and z is the last sent measurement. Zj is the current

transmitted measurement after the triggering condition is satisfied.

5.1.1 Delay

In this subsection, we summarize the derivation of the Gaussian filter for the system with
one randomly delay measurement described in ((5.1)-(5.2)). Note that the one-step randomly

delayed measurement model is as follows,

Yrr1 = (1 — Okg1) 21 + Okt 2k (5.4)

where, {o};k > 1} is a sequence of uncorrelated Bernoulli random variables which can be

0 or 1 with,

plog = 1) = Eloy] = py,

plor, =0)=1— Elog] =1 — px, (5.5)

El(ox —p1)?] = (1 — pr)ps-
It is worth mentioning that the one-step posterior predictive PDF of the state, p(xg+1|Y%),
and the one-step posterior predictive PDF of the delayed measurement, p(yxi1|Yx), are
assumed to be Gaussian, where Yy 11 = {y; fill, shows the set of the available measurements.

The statistics of the observation at time k depends on both statistics of x;_1 and vp_.

To derive the filter with measurement delays, we should consider jointly the state and

. . x
noise vectors. Thus, we define the following augmented vector as zj , = k“). The
Vk+1
conditional mean and the covariance are as follows,
R ~ ~ XV
o _ (T . pr [ Prn Pria 5.6
Tk+1 =\ 5 ; kL= | (p™ T pr (5.6)
k+1 (Pry1) k+1

A VUV ~ ~T ~ TV ~ ~T o . .
where, Py = E[Up 10" p41|Yit1], Pro1 = ElZpq?” p1|Yet1). In addition, v41; is un-
o g ~ o e . ~a
correlated to Yy, so the prediction state 27 )k and the prediction covariance Py, are as

follows,

] _ ‘%k-l-l\k . Do _ pk+1|k Opxm
xk+1|k - (0m><1 ) B} Pk+1‘k‘ - < 0m><n Rk:_l (57)

. . . . . . A XV ~
where m is the dimensionality of the measurement noise. So we need to derive Py, Py,

and PZL to find the augmented covariance. First we use linearization to facilitate the filter
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derivation. Linearization of f(zy) and h(zy) around z = Zj, yields to the following,

Th1 = fo(@r) + Ap(xp — Tg) + wy (5.8)

2L~ hk(i'k) + Bk(l‘k - i'k) + v (5.9)

are the Jacobian

and H, = 24(®)

Where, Ak = Oszk, and Bk = ,Bka Fk = dgg)

|CE::ik
matrix, ap = diag(ay g, @2, ..., 0 k), and B = diag(Bik, B2y - ﬁnyk) are unknown
diagonal matrix representing the error incurred in neglecting the higher order terms of the

Taylor series. Moreover the predicted state and covariance are as follows,

Tryk = fe(@r) (5.10)

pk+1|k :AkpkquLQk (5.11)
Next, linearizing hyy1(zgy1) around 41 = Zj4q), We have,
2e1 2 he1 (Zpga k) + B (Tha1 — Zga ) + Vet (5.12)

where By = BrHp41, and Hyp g = ag(xx)

|J»‘:50k+1\k'

Now we summarize the equations which are used in the developing of the Gaussian
filter for the system described by (5.1)) and (5.2)) with randomly delayed measurements as
follows [41],

Tpt1 = Try1pk + Ko Upsifns (5.13)
Uk = (1 = Prt1) Zhgap + Prt1 2k (5.14)

Uk = (1= oh1) (241 — Zhgapn) + 0kr1 (26 — 26) + (Oht1 — Prt1) Bk — Zpgapp),  (5.15)

Priy = Proap — K P (K o)7, (5.16)

K = piiuk(PZil\kylv (5.17)

Py, = Bl 1Tl Vel = (1 — e+ 1) Prap + Prar Py g (5.18)
Piiap = BlEsapZh o wlVal = Prosn Bl (5.19)
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2~ X2

Py = Bligpit Vil = AvPyBL + APy (5.20)

Ukt1 = K1 Uk (5.21)

Py = Ripr — K{ o P (KD (5.22)

K = PP ™, (5.23)

PZ%}H\k = E[Vk+1@g+1|k’Yk] = (1 = pry1)Ri+1, (5.24)
Pi«VH = E[ikﬂﬁgﬂ\yk] = —Klfﬂplzyﬂm(K;gjﬂ)Tv (5.25)

A YY AZZ ~AZZ ~ ~ ~ ~
Piiag = (1= pret1) Prgape + Prt1 Prgaje + (1= et 1)kt Grgp — 26) Gragapp — N
(5.26)
\ s 3 . .
P = EEeanZiwlYe) = Brni PrapBisr + Riga, (5.27)
Py = E[z2L Vi = ByPyBL + By P, + (BL.P), )" + P}, (5.28)
Zrrik = Eloe1lYe] = b1 (Bpgapn), (5.29)
2L = E[Zk’Yk] = hk—i—l(ik) + vy, (530)

where K, ; and K | express the gain matrices of the filtering estimated state and mea-

surement noise, respectively.

5.2 The DECKF with One-Step Randomly Delayed Mea-
surements

In this section, we develop the discrete-time event-triggered cubature Kalman filter in the

presence of delay in the communication channels. Note that we should derive the Kalman

gain to reduce the estimation error and the error covariance matrix considering one step

randomly delayed measurements.

Theorem 5.1: Consider the system (5.1)) and (5.2)) with the defined current transmitted

measurement (5.3). Assume that the measurement are transmitted with one step randomly
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delay through the communication channels. The state estimator gain can be obtained as fol-

lows,

K =O(T)™! (5.31)

where, O and T are equal to the following,

O =mi(1 = pes1) Ber1 Prya + o1 AkPeBEoy + pror AP (5.32)

T = pes1Be Pk + D1t (BiP™ 1) " + m1(1 = pri1) Ber1 Py BEyy + ma(1 = prr1) Rir
+ mspr1 BrPuBE + mapesa P + ms(1 = prat) (1 — Y41)8 + meprsa (1 — &)

+ P (1= prs1) B — Zae) B — Zrgape) "
(5.33)

where, m1 = (14 a1(1 = 1) + as(1 — ), m2 = (14 az(l — 1) + as(1 — ),
m3 = (14 as(l = yp41) + a7(l — ), ma = (14 as(l — ypq1) + as(l — Yg1)), ms =
(1+a; +ay +azt +a;t), me = (1+az ' +ag' +a; ' +ag'). a1 —ag are arbitrary positive

parameters.

Proof. Substituting (5.3) in (5.4]), the current transmitted measurement is as follows,

Ury1 = (1= op41) [2k+1 + (1= +1)(Z — Zk+1):| + Op41 [zk + (1 =)z - zk)] (5.34)

Substituting (5.9), (5.12) and (5.14) in (5.34), the measurement prediction error can be

written as follows,

Ukt1 = Urgrje = Yk = (1 — ok41) [Bk+1(96k+1 — ) + Vk+1} + ok 11 [Bk(ivk — ) + v
- f/k] + (Okt1 — Pit1) [hk(ik) — i1 (B pgapn) + ’Qk} + (1 = k1) (1 — Yt1)er+1
+ ok (1 — y)er (5.35)
Using Zgy1 from (2.25)), and considering (5.35)), the estimation error can be written as
follows,
Tyl = (I — Kpy1(1— 0k+1)Bk+1)5k+1|k — K1 ((1 = Ok 1)Viy1 + kg1 [Br(Tr) + V]
+ Okt = Pra 1) [P (@x) — Preg1 (Tpgape) + 2] + (1 = 0q1) (1 = Y1) et

+ k(1 — ’Yk)ek>
(5.36)
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so the estimation error covariance matrix can be written as follows,

Piy = B{Zp 1T} = (I — Kia(1 _pk+1)Bk+1>pk+1\k (I — Ki1(1 = pk+1)Bk+1>T
+ (1= prs1) K1 R 1 Koy + pr1 Kjopy Be P (K Br) ™ + e Ky PR K
+ D1 (1= Prgt) K1 (B — Zisag) (B — Zigge) Koy + (1= prgt) K (1 — Y1)
X SKL, 1 + Pt ((1 — ) K1 0KEy + K1 BRP™ K + Kyt (Ko BRP™ )T

N AT N N
— Ay PyBE KT — By Ky P AT — AP KE L — Kk:+1PMkA£> + (1 = Yrq1)

X E{ - <I — Ki1(1 = 0k+1)Bk+1>5k+1\k€;€+1(1 — 1) Kby + (1= 031 K1 Vi1

x ep1 (1= o) KLy + ki1 K Br(@r) e (1 — o) Ky + or1 K Ukl

% (1= ops) T Kiipy — (1= o) Kpsren T, (I — K (1 - Uk+1)Bk+1>

+ (1= op 1) Kirera (1= opp)visr) " Ky + (1= opg1) Kiprenga (or 1 Be(@n) T Ky

+ (1 - O’k;+1)Kk+1€k+1(0k+15k)TKkT+1} + (1 - %)E{ (I Ki1(1 = opq1 Bk+1> Thi1jk

x eg, (o141) Kipy + (1= 0p0) Kprviaeg (0k01) T Ky + 01 K1 Be(@)eg, (01) K
T

+ o1 K1kl (oni1) T KLy + onp1 Kirey (I — K1 (1 — 0’k+1)Bk+1)SEk+1|k)

+ k1 Ksrex (1 = ok Vi) Kiyy + oke1 K er(ona Bi(Tn)) Kl

~ \T T
+ opr1 Ky e (Ory 1) K]g+1}

(5.37)
using Lemma 3.1 of Chapter 3 we have the following equations,
E{ - (I — K1 (1 — Uk+1)Bk+1>fk+1|k€£+1(1 — k1) Kji
_ T
-(1- 0k+1)Kk+16k+1((I — Ky+1(1 — 5k+1)Bk+1)fck+1\k> <
(5.38)

E{al(f — K1 (1 = pres1) By 1) Propa (I — Kis1 (1 — ppst) Bigr) ™

+a;'(1- pk+1)Kk+15KkT+1},

E{(l — o) Kppviieio (1= 01) Kilfy + (1= op1) Kipaepa (1 - Uk+1)Vk+1)TKlz+1}

< E{a2(1 — prot1) Ky 1 R (K1) + a3t (1 — pk+1)Kk+15Kg+1}7

(5.39)
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E{UkHKkHBk(fk)efH(l — o) Kilpy + (1 - 0k+1)Kk+1€k+1(0k+1Bk(5k))TKg+1}

< E{CLSPk—i—lKk—i-lBkPk(Kk—l-lBk)T +az'(1- Pk+1)Kk+15KkT+1}=

(5.40)

E{5k+1Kk+15k€;€+1(1 —opi1) Kjipy + (1 - 0’k+1)Kk+1€k:+1(0k+177k:)TKk+1}

(5.41)
< E{a4pk+1Kk+1kaKg+1 +a;'(1- pk+1)Kk+15KZ+1},
E{(I — Kpy1(1 = 0341) Bep 1) T wer, (0r1) T Ky + orr1 Kigaer
X (I — Kpy1(1 - Gk+1)Bk+1)§k+1k)T} < E{%(I — Kpy1(1 = pri1) Brs1) Py (5:42)

X (I — Kpy1(1 - pk+1)Bk+1)Ta§1pk+1Kk+15Kg+1},

T
E 1— K T TKT o T
(1 = opr1) Keravesiey (0k+1)” Kiyq + okp1 Kipreg (1 — op1)ves1)” Ky (5.43)
< E{%(l — Pt 1) K1 Ri1 (B1) ™ + %lpk+1Kk+15KkT+1},
E{0k+1Kk+1Bk(5k)€f(0k+1)TKkTH + 0k+1Kk+1€k(0k+1Bk(5k))TKkT+1}
(5.44)
E{ < arprs1 Kps1 BrPr(Ky1 Br)T + a71pk+1Kk+15K;Zl1},
E{0k+1Kk+15k€£(0k+1)TKkT+1 + 0k+1Kk+1€k(0k+15k)TKg+1}
(5.45)

~ VvV —
< E{G8Pk+1Kk+1P KL+ ag 1pk+1Kk+15KkT+1},

where a; —ag > 0. Inserting (5.38])-(5.45)) in (5.37)), the upper bound of the estimation error
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covariance P} is as follows,

Ppy1 = (1 +ar(l —yer1) +as(l — ’Yk)) (I — K1 (1 = pres1)Brs1) Progapn

< (I = Kpy1(1 = peg1) Begr) " — o1 (A PrBEA KL + Bk+1Kk+1PZA;€)

— et (AP K + Kt PTG AT + <1 + ag(1 = ypq1) +ag(l — ’Yk)) (1 — pr+1)

X K1 R1 (K1) " + (1 +az(1 = ypr1) +ar(l - Vk))pk+1Kk+1Bk15k(Kk+1Bk)T

+ (1 +as(1 — ypq1) +ag(l — %))pkHKkﬂpkakTH + Prr1(1 = prg1) K1

X 2k = Zpr) e — Zosap) KL + (L4 ar + a3 + a3 +a;t)

X (1= per)) (1= ) K1 0Ky + (L ag ' +agt + a7t + ag Do (1= 1) K

x 0Ky + pert (K1 BuPy, KLy + Kit (K B P™ p)T) 5.1
5.46

The filter gain (5.31)) can be derived by 6%:1 = 0, which completes the proof. m
In the next subsection, we describe the discrete-time event-triggered cubature Kalman
filter algorithm with one step randomly delayed measurements. In some steps of the algo-

rithm, we need to obtain the upper bound of PZi” - From ([5.35) we have,

~ Yy AZZ ~AZZ ~ ~ ~ ~

Prip = (L= pry) Py + e P+ (1= Do )Pt Grre — 26) G — 2007

+ (1= per) (1= 4 1)6 + prpr (1= )6 + (1= prera) (1 — s ) B{ZL,  penin (5.47)
+ 1 Zrpin) + Prrt (L — o) E{Z epgr + ef 4120}

where PZj-l\k = E[5k+1\k5£+1|k|yk], pzz = F[2,21|Y;]. Using Lemma 3.1, the upper bound

of P%il‘ , can be written as follows,

Pilae = (1= piya) (1 +b1(1 - vk+1))1522+1|k + Prs1 (1 + ba(1 — %))PZZ + (1 = pry1)prst
X (Zrre — 26) Grae — 26)7 + (1= prg1) (1 — Yeg1)

X (L4676 + ppaa (1 — k) (1 + b3 )8
(5.48)

where, b1,by > 0.

5.2.1 DECKF with One Step Randomly Delayed Measurements Algo-
rithm

The event-triggered cubature Kalman filter with one-step randomly delayed measurements
recursively propagates the first two-order moments, namely, the mean 2}, ; and covariance,

PZ 11, by the following steps,
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First we should initialize the mean, (23)7 = | P% ]g ] .
0
Then we should follow time update steps and measurement update steps to derive the

#o  0]T and the covariance Py = [

Pzil, P11, and PZL to find the augmented covariance in . Note that the proposed
DECKF is a derivative-free filter, which does not require computation of the Jacobian
matrix. Suppose that Pkﬂ‘k is the predicted state error covariance matrix, then based
on Pzi”k = Pk+1|kB£+1, one can derive the following Byy1 = (Piil\k)T(pk—mk)il [39],
where szk+l|k is the cross-covariance matrix. So the algorithm of DECKF with one-step
randomly delayed measurement can be written as follows,

Time-Update:

1) Factorize Pak = S,‘j(S,‘j)T to calculate the cubature points,
Xik = [(fﬁk)T (ka)T]T = SP& + 1%

where i = 1,2,....L and L = 2(n + m). n,m show the dimensionality of the states, and
measurement noise, respectively. £, and &, are the state and noise cubature points.

2) Propagate the Cubature Points,
Ziﬂ\k = f(ff,ka ug,)
Y, = P&k uk)

3) Estimate the predicted state and the predicted state error covariance as follows,

| 2L

A o *T

Ttk = 5 ZXi,kJrl\k
i—1

2L

> 1 *T *T T ~ AT

Py = o ZXi,k+1|k(Xi,k;+1|k) — Zp 1k Thqap + Qr
=1

Measurement Update:

1) Factorize Pk+1|k = Sk+1|kSkT+1\k to calculate the Cubature points,

Xipr1pe = Spr1jpi + Tppe . 1=1,2,...,2n
2) Propagate Cubature points as follows,

Yi,kﬂ\k = h(Xi,k+1|kaulc+1) 1=1,2,....2n

. N N ~Azz AzzZ  AXZ
3) Compute the measurement means and covariances, Zka1lks 2k Py P Prgjis

and Piilk by the following equations,

2n

. 1
Zrik = 50 E Yik+1)k
i—1
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P 1 * v
=37 Z(Ti,ﬁuk +&ik)
=1

2n
AZZ o 1
k+ilk = 5 Z Y; k+1|k: k+1|k - Zk+1|kzk+1|k + Ry
=1

~ZZ 1 * « R .
Py =31 D (i + & + 607" — 2,07
i=1

1 2n

nrz T X T

Rk = 5 Y X pranYikak — Erpaplhan
=1

"CEZ

v \T A 2T
Pk = 2L§: zk+1\k m+1|k+§z‘,k) = Th 1 kP k+1]k

A T2 ~ ~ ~ ~
where Py = ElZri1pZh ) Ys] and P = Bl Ve -
4) Calculate the measurement, measurement noise means and covariances by the follow-
ing equations,
Ukt1 = K1 Upg i
v 1
K1 = Pk+l|k(Pk+1|k)
vy
P = (1= prgp) (1 + (1 = y41)) R
Pl = Ry — KIZ+1Pk+1|k(KZ+1)T
Py =(1— 1+by(1 - P Yotk — %) i — 20) 7
k1 = (1= Pet1) (1 +01(L = Y1) P + Pt G — 26) Graje — 25)
(14571 = 3)8) + pr (14 o1 = )P + i (1= 30) (1 + 6510
5) Compute the filter gain: K1 = O(T)~!,where

A~ X2

- )
O =m1(1 = prr1) (Pr o) (Prsan) ™ Prga + prsa Py 1

and,

15TV

A TZ a3 _1 TV A TZ a3 A T2
T :pk+1(Pk|k:fl)T(Pk|kfl) 'p k +Pk+1((Pk|kfl)T<Pk\k71) P > + m1(1 _pk+1)(Pk+l|k)T
~ 135 ATz A _N\T ~xz ~ _
X (Prs1k) ™ Prjk <(Pk+1\k)T(Pk:+l|k) 1) + ma(1 = pr1) Rirr + maprar (Py—1)" (Prgape) ™
~ N A T A VYV
X Pk((szk—l)TUDk\k—l)_l) +mapr1 Pk + ms(1 = prea) (1 — Ye+1)0 + meprr1(1 — )6
+ Pt (1= prr1) G — 2 ) (B — Zpap)”
. A XV
6) Estimate P, as follows,

~ XV

Pry = —Kk+1ﬁzi1|k(KZ+1)T
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7) Estimate the updated state:

Tpt1 = Tppape + Kit1 Urgr — Trgap)

8) Compute the upper bound of estimation error covariance:

Py = (1 +a1(1 = ykt1) +as(l — ’Yk)) (I — K (1 - pk+1)(pzj-uk)T(pk—&-l\k)_l)pk—&-l\k
(I Kir1(1 = prest) (Prae) T (Prgap) ™ 1) — Dkt1 (piiLkK;{H + Kk+1<15?§il,k)T)
(1 + az(1 = Ye41) + ae(l — %) ) 1 — pri1) K1 Risr (K1) ™ (1 + az(1 — Ye+1)
o ar (L= ) )prr (Kreir (Piem) (Prg1) ™ Pr(Bra (Pi) " (Prga) ™7 + (1
+ aa(l — yp41) +as(l — ’Yk))KkHPWkKkTH + (1= Py ) Kot e — Zperae) G — Zagrpe)”
x Kl )+ (1 ar! + a3 + a3 + a1 = prsn) Kea (1= i1 K1 0K

ATV

_ _ _ _ "xZT ~
+ P41 ((1 +agt +agt +art +ag') (1= ) K10 K + Kepa Py (Prg—r) Py,

’\xZT faS _1 2TV
X Ky + Ko (P (Prp—1) ™' P k)TKkT+1)

So, the augmented mean and covariance in (5.6) can be calculated.

5.3 Numerical implementation and verification

In this section the effectiveness of the proposed method is illustrated by simulation results.
We consider the univariate non-stationary growth model under event-triggered mechanism
with one randomly delayed measurement. We study the performance of the DECKF that
we proposed in Section and we compare the results to the DECKF that we proposed
in Chapter 8 under different condition, namely different triggering threshold values. A

univariate non-stationary growth model is modelled as follows,

Thar = 0.52) + 25 Tk 4 8cos(1.2k) +wp k>0
k
x? (5.49)
2k = =< ko4 Vg k>1

20
The initial value of the state, xg, is a Gaussian variable with zero mean and variance of one.
The process noise wi ~ N(0,Q) and the measurement noise v ~ N(0, R) are the white
noise with zero mean and covariance ) = 10 and R = 1, respectively. We use the root

mean square error (RMSE) to compare the performance of the two filters in the presence

of delay. RMSE at time k is,

N
1 S
RMSE(K) = |+ D> (f = )’
n=1
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Figure 5.1: RMSE results of the filters with event-triggered threshold 1 and delay probability
p=0.5

where 1} is the true, and 7)) is the estimated state at the n-th Monte Carlo run, respectively.

In the first scenario, we consider that p = 0.5 and we compare the results of the filters
with two different event-triggered thresholds of § =1 and § = 2.

Figure [5.1] and Figure show that the RMSE results of the proposed filter are lower
than the filter proposed in Chapter 8, which means that the proposed filter has better
estimation performance in the presence of delayed measurements, and the proposed gain
matrix reduces the estimation error which improves the filter performance.

In the next scenario, we compare the performance of the proposed filter in the presence
of different delay probabilities, namely p = 0.2 and p = 0.5, and different event-triggered
thresholds, 6 = 1 and § = 2. The number of data transmissions are shown in Table[5.1]
By comparing the results of the filter in Figure [5.3] and the Table[5.I} one can conclude
the following: 1) increasing the triggering threshold and the delay probabilities, the esti-
mation performance degrades, however, one can achieve a reasonable estimation quality by
properly tuning the event-triggered threshold with respect to the delay probability. 2) By
choosing a good triggering threshold, one can reduce the number of data transmission and

communication burden while obtaining accurate state estimation results.
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Figure 5.2: RMSE results of the filters with event-triggered threshold 2 and delay probability
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Figure 5.3: RMSE results of the proposed DECKF with different event-triggered threshold
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Table 5.1: RMSE results of the proposed filter

Threshold value | Delay probability | number of data transmission
1 0.2 92
1 0.5 84
2 0.5 75

5.4 Summary

A new nonlinear filter algorithm for the filtering problems of high dimensional nonlinear
systems under the event- triggered protocol with one-step delay in measurement is proposed.
We show that when the communication channels are not perfect, the triggered measurements
are transferred with delay and the state estimator can not be updated in real-time.

In the presence of delay in the communication, the previous data effects the filtering
process, so a new filter gain should be achieved to consider the effects of the delayed mea-
surements on the state estimation and to make the state estimation errors and the error
covariance matrix bounded.

So, we develop a new filter algorithm to deal with this issue and we compare the esti-
mation results of the proposed filter under different event-triggered conditions considering
different delay probabilities. The simulation results show that by properly choosing the
event-triggered threshold, one can guarantee the estimation quality while the extra com-
munication burden would be decreased. Also, compared to the previously proposed filter,
the new filter has less state estimation error in the presence of delay in the communication

channels.
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Chapter 6

Application of Discrete-Time
Event-Triggered Cubature Kalman
Filter to a Synchronous Machine

In this chapter, E] our interest is in the application of the proposed event-triggered cubature
Kalman filters in Chapter 3 and Chapter 5 to a synchronous generator using noisy signals
from phasor measurement units (PMUs) devices. We show the advantage of employing the
proposed cubature Kalman filters over the more established and more explored filters such
as extended Kalman filters and unscented Kalman filters, frequently used in the literatures
to estimate the states of synchronous machines.

We argue that better estimates can be obtained using the CKF and justify our claims
in our simulations, both using periodic and event-triggered sampling. We show that the
event-triggered approach allow us to obtain excellent estimates, while reducing the flow of
information with respect to classical periodic systems.

First we study the application of the proposed nonlinear filter in Chapter 3 with a well
designed event-triggered mechanism and we show that the proposed filter can significantly
reduce data communication between the PMUs and the remote filter while the estimation
error is kept bounded, thus reducing potential network-related congestion issues.

Our solution makes use of a so-called “Send-on-Delta” type event-triggering condition
in which a new sample is triggered if the measured signal deviates by “delta” from the most
recent sample. Thus, the sensor node does not broadcast a new message while the sampled
signal remains within a certain interval of confidence.

Then, we consider that the communication channels are not perfect and the measure-

!The results of this chapter has been published in the article: M. Kooshkbaghi, H. J. Marquez, and W.
Xu, “Event-Triggered Approach to Dynamic State Estimation of a Synchronous Machine Using Cubature
Kalman Filter,” IEEE Transactions on Control Systems Technology, DOI: 10.1109/TCST.2019.292337j.

o4



ments are transferred with one step random delay to the state estimator. We compare the
estimation results of the proposed filter in Chapter 5 with the proposed filter in Chapter 3

and we show the performance improvement of the filter proposed in Chapter 5.

6.1 Dynamic of Single Machine Infinite Bus (SMIB)

Figure shows a schematic of the system connection, in which synchronous machine
connected to power distribution system via the transmission lines. The synchronous machine

can be described by the following fourth-order nonlinear model [54,55],

U=woAw,
1
Ai=~ (T —T. - DAw),
o 1 / 2N
€ = (Efa — ey — (za — zq)ia),
Tdo
N 1 ’ 2N
eqa=m(—eq + (vg — 74)ig), (6.1)
qu

where the variables are defined in Table Note that the values are in (p.u), except when

explicitly noted.

Transformers

Power
— PMU ] distribution
system

Figure 6.1: Synchronous Machine Interconnection.

v
A —
Defining state variables, x = « ,and 11 = {Tm} = {ul], equation (6.1)) can be
¢ Erq Uz
€aq

rewritten the state space form as follows,

T1=WoT2,
.1
xgzj(ul — T — Dxy),
. 1 (7 ( /)_
T3= 7 UQ—{L'S—{L'd—ded>,
Tdo
1 /
Tp= 7 (—I4 + (ﬂfq — JUq)Zq) (6 2)
qu



Table 6.1: Definition of Variables and Constants

Variables (pu) Definition

d, q Rotor direct axis and quadrature axis

D,J Damping factor and inertia constant

T C’lo, T;O d and ¢ axis transient open circuit time constants
T, Tt Mechanical input and electrical torque

€d eq Direct and quadratic axis voltage

First state, rotor angle with respect to the machine

W (elec.rad) terminals (load angle)

eii, e; Transient voltage of d- and g-axis

id, 1q +Fraq Direct and quadratic axis current, Field voltage
Tq, Tq Direct and quadratic axis reactance

x/d, x; Direct and quadratic axis transient reactance

Aw , wp(elec.rad/s) | 2nd state, rotor speed and nominal sync speed
Vi, P Voltage and Active power at terminal bus

The electric air-gap torque T, is given by T, = P, + R,I?, and neglecting the stator
resistance R,, we have:

T.=2 P =egiqg+ eqiq. (63)

The d-and g-axis voltages, (eq,€q), and currents, (iq,1,), are given by:

eq=V;sin U,
eq=V;cos V. (6.4)
e; — Vicos ¥

ig = Isin(¥ + @)=

)

L
Vi sin ¥
iq = Iy cos(W + )=t = (6.5)
Lq
The terminal bus voltage and current are Er = V; = \/e?l—i—e?], and I; = 1/1’3—1—2’2 ,

respectively.

Replacing the variables, ¥ and e;, with the state variables x1 and x3, 1D becomes,

ig=——L. (6.6)

Substituting (6.4) and in (6.3), we obtain the electrical output power in terms of the

states as follows:

Vs V2 1 1

T, P, ~ Ly sina, + —(— — —)sin 2z, (6.7)
x, 2 "z x,
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Finally, substituting and (6.7 in , we obtain the state space model of the fourth-

order nonlinear synchronous machine:

v i
X = — ’ = . s
dt e,q xs
ed .i'4
Tm ul
u= Epq| = |uz|,
Vi us
T1 = wor2,
1 21 1
Tg = — [ul - (u—?xg sinxq + %(— - —,)sin2x1) - ng},
J T, 2 xg  my

. 1 Tq — U3 COS T
T3=—— [W — x5 — (T4 — x:i)(“)] :

Lo Lq
. 1 /o, ugsine
i |-t (o =) ()|
qo q
ug ui 1 1, .
y1 = —agsinx; + —(— — — ) sin 2zy. (6.8)
T, 2 xg

The global structure of can be represented as follows,

X:f(X, u) +w,
y=h(x,u) + v. (6.9)

where f and h are the system and output functions, respectively. x is the state variable
vector, u is the input vector, w and v are the process and the measurement noises. ([6.9)

can be written in discrete-time form (3.1) and (3.2]) as follows,

Trp1=[ (g, ug) + w,

Ye-t1=0(Th11, Uk 1) + Vi1 (6.10)

Note: The filter operates with Vi, T,,, Eq, and Py as inputs, where P; is obtained
using a PMU. We assume that PMUs are installed at the terminal buses of the generator
and provide measurements of the bus voltage and line current. Since the main objective
of this section is to discuss the effect of the event-triggering mechanism on the CKF esti-
mation of SMIB, we do not consider the dynamics of Ty, Efq, and consider them instead
as known inputs (see also [55-57]). In the next section, we show the effectiveness of the
proposed filters under different conditions, namely different triggering thresholds and delay

probabilities in the communication channels.
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6.2 Estimation Results

In this section, we apply the event-triggered CKF proposed in Chapter 8 and Chapter 5 to
the derived fourth-order nonlinear synchronous generator model described by to ensure
the estimation performance of the proposed filters. The block diagram of the networked

system with event-triggered cubature Kalman filter is shown in Figure Note that

Vabc
Iabc PMU Pt Event Nonlinear discrete-time |éq, €4, 6, Aw
R futu b0y

Vi

Synchronous

detector Cubature Kalman Filter

measurment

Machine

Esq Ty,

Figure 6.2: Block diagram of the overall networked system

although our example is applied to a single machine, the same approach is also applicable
to a large scale system that includes multiple generators. Each of the generators can be
described using the fourth-order model given by (6.8)), [58].

The overall state space model for all generators is high dimensional with high

degree of nonlinearities.

& = Az + Bu+ ¢(x),y = h(x). (6.11)
0 wolg 0 0
0 diag(=2) 0 0
A=10 0 diag(zH) 0 ;
do X _
0 0 0 dlag(ﬁ)
0 0 0
diag(3) 0 0
— | 0 diag(=)0|"
8(7)
0 0 0
_ 0 -
u2 .
—(%xgsinz + 73(% — L) sin 22,
— xd / Taq—U3 aégSI
PT (e — ()
dol I\ s us3 Si(Iil.’l?l
i ﬁ(—(xq - xq)(T)) |

The parameter G in matrix A is the number of the generators in the distribution system.
Known parameters of the SMIB, and the active power produced by generator, P;, which is
accessible using a PMU device, are sent to the state estimator through the limited bandwidth

communication channels. To reduce the communication burden, the measurement output,
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Table 6.2: SMIB parameters amount

Parameters | Value (pu) | Parameters | Value (pu)
D.J 0.05 .10 T4 g 2.15.1.365
V., Wonominal | 1.02, 377 xy T, 0.37 , 0.37
T Too 0.131,0.01 | Tpn , Eya 0.8, 2.4

P,, is sent to the event detector to check the event-triggering condition. We study the effect
of the event-triggering formulation on state estimation of the synchronous generator by
using two separate scenarios; namely, with and without the event-triggered mechanism. We
show that event-triggered data transmission leads to a significant reduction in transmission
of information through the limited bandwidth communication channel, without significant
deterioration in the quality of the estimated signals.

Scenario A: In this scenario, we apply the cubature Kalman filter without event-
triggered mechanism and compare the results to the UKF. We achieve continuous flow of
information by setting the event-triggering threshold parameter § = 0 in the SMIB system.
We employ the system represented in Figure under the following conditions:

We assume T;, to be constant, Eq is a step function, V; and the observation signal,
P, = (y1), are the inputs to the nonlinear filter in each step through the communication
channels, while [¥, Aw, €4, e4] are the outputs, or estimated states, of the nonlinear filter.
The values of the inputs and other SMIB parameters are shown in Table The initial
covariance matrix is Py = diag([10> 10®> 10 10?]). The process and measurement noise
covariance matrices are wy, ~ (0, Q) = (0,1072 x Iyy4) and vg ~ (0, Rg) = (0,1072 x I).

Figure shows the result of the dynamic state estimation for the CKF without event-
triggered mechanism using MATLAB. As expected, the results show the effectiveness of the
CKF with all the states converge to the true values real states. In this scenario, the number
of data transmission points between the remote CKF and the system is 120000.

Scenario B: In this scenario, to check the effectiveness of the proposed discrete time
event-triggered cubature Kalman filter under time variant unknown input, we apply the
proposed filter with different kinds of Ey4 (constant, step) and mechanical input 75, (con-
stant, step, ramp) with different event-triggered mechanism threshold to the SMIB system.
The value of the parameters are as the previous subsection. T, Ft4, V; and the observation
signal, P, = (y1), are the inputs of the nonlinear filter in each step. The measurable output
P, = (y1) is sent to event detector. a; and ag are considered 0.02. To obtain a desired trade-

off between the estimation error and the number of data transfers, we compare different

threshold values.
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Figure shows the results of the dynamic state estimation of the proposed filter with
the event-triggered mechanism thresholds of 6 = 0.05, 6 = 0.1, and § > 0.1. We assume
that the input signal Ey4 is a step function while 75, is a constant. The state estimation
results maintains good estimation properties for small values of the threshold parameter
and only begins to diverge as the threshold increases over 6 > 0.1. The number of data
transmission points between the remote cubature Kalman filter and the event detector, for
event-triggered threshold of 6 = 0.05 and § = 0.1, reduces from 120000 to only 700 and
500 values, respectively. Comparison between the value of the event-triggered mechanism
threshold and the number of data transfers is shown in Table. [6.31

As the results show, it can be concluded that by properly tuning the event-triggered
mechanism threshold, a desired estimation quality can be achieved while the communication
rate is reduced dramatically.

To confirm the effectiveness of the proposed filter under general conditions, the sim-
ulations are repeated for two other conditions, the first for T},= step and Eys=constant
(Figure , and the second for T,,= ramp and Eys=step (Figure . The simulation
results for different input conditions demonstrate the accuracy of the estimated states.

To compare various nonlinear filter performances, we use the root-mean square error
(RMSE) of the states. For instance, for the first state, we define the RMSE in angle at time

k, as

N
RMSE(k) = % SO (wp - 02, (6.12)

n=1

where ¥} and \i/z are the true and estimated states at the n-th Monte Carlo run. We make
20 independent Monte Carlo runs. All the filters are initialized with the same condition
in each run. Figure shows the performance comparison between the proposed discrete
time event-triggered cubature Kalman filter (DECKF') and event-triggered UKF (EUKF)
for different event-triggered threshold. We don’t present the results of the EKF as it uses
linearization which leads to large errors in state estimation results. Note that, as mentioned
in the Appendix, UKF can be used in systems with dimension up to three. The dimension of
the states used here is higher than three, so the weight of the centre sigma point is negative
which result in non-positive covariance [8].

In this simulation, we assume that n+k=>5 (which is used to select the sigma points
and the weight of the sigma points) and the estimation results are not optimal, so the
RMSEs estimated by DECKF are lower than the RMSEs estimated by EUKF. For both
filters, DECKF and EUKF, the performance is degraded as the threshold increases, since
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Table 6.3: Comparison between different Event-triggered threshold

Threshold value | Number of data transfers | Convergence
0, 0.05,0.1 120000, 700, 500 v
¥ >0.1 - X
1.4
1.2 — Real state value
1 ----DECKF
_0.8
> e
0.6
0.4
0.2
o
o 2 a 6

Time, k <104

0 2 4 6 8 ~o 2 4 6 8

Time, k <10% Time, k =10%

Figure 6.3: States estimation results of DECKF with no event-triggered mechanism and
Efd= Step, Tm= Constant

less information would be transferred to state estimator as the threshold increases. For
instance, the performance of DECKF with event-triggered threshold of 0.05 lies between
CKF without event-triggered mechanism (event-triggered threshold equals to zero) and
DECKF with event-triggered threshold of 0.1. As it is clear from the simulation result
(Figure , the performance of the proposed filter, DECKF is better than the EUKF.
Scenario C: In this scenario, we compare the performance of the proposed filter in
Chapter 5 and the filter proposed in Chapter 3, in the presence of delay in the commu-
nication channels. We consider that the event-triggered threshold is 0.05 and the delay
probability rate is 0.2. Figure shows the RMSE results of the two proposed filters. As
we mentioned before, in the presence of delay in the communication channels, the previous
data affects the filtering process. The DECKF which is proposed in Chapter 5 considers
the effects of the delayed measurements on the state estimation process compared to the

filter proposed in Chapter 3, thus the state estimation errors, the error covariance matrix

of the DECKF of Chapter 5 are less than those of the filter proposed in Chapter 3.
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Figure 6.4: States estimation results of DECKF with different thresholds and Efd=Step,
Tm= Constant
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Figure 6.5: States estimation results of DECKF with different thresholds and Tm=Step,
Efd=Constant
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Figure 6.6: States estimation results of DECKF with different thresholds and Tm=Ramp,
Efd=Stept

00623 +: DECKF threshold=0.1 |]
" «=:DECKF threshold=0 El
0.02 . == DECKF threshold=0.05"
0.015: 5 ««  EUKF threshold=0 B
- e - EUKF threshold=0.1 1
% 0.01 e EUKF threshold=0.05
g ’ 5;.::"'.'.0‘:_-‘-: e e s L TR A A
L *®
[ o s Ol e . ]
0.005 | oy it B et et T et e
" an :.:1 s ‘.. .'h 0::‘- “."‘.- ..-'-‘__.o."_.‘l.1."_:.:."::- te ,..::::::=,||‘::7
‘...-0: .-“.” ;..'- -m
’. ‘. L bl L L L L L

o
-
N
W
'
o

6 7
=104

Figure 6.7: RMSEs of DECKF and EUKF with different threshold
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Figure 6.8: RMSEs of DECKF and EUKF with different threshold
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6.3 Summary

In this chapter, we considered the dynamic state estimation of a synchronous generator
using a discrete-time event-triggered cubature Kalman filter (DECKF). As mentioned in
the introduction, the event-triggered formulation is an alternative to conventional periodic
discrete-time sampling which can render similar performance while reducing communication
between sensors and remote filters. Event-triggered systems are becoming predominant in
applications in which communication between components is established via a communica-
tion channel, with the consequent communication restrictions, such as smart grid applica-
tions, etc. Applied to a fourth-order nonlinear model of a synchronous generator, our results
show excellent tracking of the true states, despite an impressive communication reduction
between the sensors and the remote filter. More specifically: comparison of a discrete-time
cubature Kalman filter with periodic sampling, and the event-triggered formulation, shows
that using a conservative triggering threshold (6 = 0.05), we obtain nearly undistinguish-
able performance despite reducing communication to less than 1%. The article explicitly
reinforces the use of the cubature Kalman filter as opposed to the more established and
well explored extended Kalman filter and unscented Kalman filter. To justify our claims,
we compare the cubature Kalman filter presented here to the unscented Kalman filter and
show that the cubature filter provides a more accurate estimate of the true states, both
using periodic sampling and/or event-triggered sampling.

In addition, we study the effectiveness of the proposed filter in Chapter 5 in the presence
of delay in the communication channels. We show that the proposed filter has less estimation

error and provide better estimation of the states compared to the previously proposed filters.
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Chapter 7

Strong Tracking Discrete-Time
Event-Triggered Cubature Kalman
Filter with Packet Dropout

In this chapter, E] a new filtering algorithm, a strong tracking discrete-time event-triggered
cubature Kalman filter (STDECKF), is developed to reduce the amount of data transmis-
sion between the measuring sensors and the remote state estimator and to reduce the low
accuracy of the filtering.

This filter uses the strong tracking filtering technology to improve the performance of
cubature Kalman filter in the presence of sudden changes in the states of nonlinear system.
The time-varying fading factor is derived from the orthogonality principle conditions and it
tunes the predicted state error covariance and the gain of the filter based on the residuals
between available and predicted measurements which improves the filtering performance.
We show that the estimation error is bounded provided that the event-triggered threshold
is properly tuned with respect to the packet dropout rate and the proposed filter displays
higher accuracy when compared to its DECKF (non-adaptive) counterpart.

The remainder of the chapter is as follows. In Section[7.1], we define the nonlinear system
model, and we define the event-triggered data transferring mechanism, the packet dropout
and the strong tracking filter. In Section we will develop a strong tracking discrete-time
event-triggered cubature Kalman filter for nonlinear systems and we study the boundedness
of the state estimation error. In Section we compare the results of the proposed filter

with the previous filter by using a simulated example.

!The results of this chapter has been submitted for publication in the article: M. Kooshkbaghi, H. J.
Marquez, “Strong Tracking Discrete-Time Event-Triggered Cubature Kalman Filter for Nonlinear Dynamical
Systems with Packet Dropout,” Internationa Journal of Robust and Nonlinear Control, September 2019.
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7.1 Problem formulation

7.1.1 System Model

Consider the nonlinear discrete-time system and the nonlinear measurement model given

in (7.1) and (7.2)), respectively.
Thtl = f(a:k,uk) + wi (7.1)

Yk+1 = M(Th41) + Ve (7.2)

In addition, recalling from Chapter & and Chapter 4, the current transmitted measurement

(7.3) and the packet dropout binary random variable (7.4), are defined as follows,

U = yr + (L =) (¥ — k) (7.3)

A = {1 data is received (7.4)

0 otherwise

7.1.2 Strong Tracking Filter (STF)

As mentioned in the introduction, the strong tracking filters display important character-
istics, making them attractive in many applications. When there are sudden changes in
the states, nonlinear filters such as EKF, UKF, or CKF have poor estimation performance.
Strong tracking filters introduce a fading factor based on the residual to reduce the influ-
ence of the history data and to modify the predicted state error covariance matrix, the gain
matrix and the model of the system in real time. To derive STF, we use the Fatended
Orthogonality Principle which defines as follows,

Definition 7.1: Extended Orthogonality Principle

For the discrete-time nonlinear systems, the optimal state estimation can be achieved by

the following extended orthogonality principle [59],

E{(wpt1 — Trg1hr1) (@ht1 — Tppapper)” } = min (7.5)
such that,
E{Gsjerferilippt =0 k=01 j=12. (7.6)

To modify the state error covariance matrix at time k, the time-varying fading factor,
Ay, is introduced as follows to adjust the predicted state error covariance matrix in the real
time,

Pj = A Py, (7.7)
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where P}, is the error covariance matrix and Ay, is obtained by solving the (7.5) and (7.6)).

The predicted state error covariance is as follows,
pk+1\k = Ak-JrlAkpk-A{ + Qk (78)

As mentioned in [61] and [60], DECKF has the highest accuracy among all variations
of the Kalman filters applicable to nonlinear systems (UKF and EKF) for high dimensional
systems, but may present deviations from the true state in the presence of sudden changes
in the states. To overcome this problem, a strong tracking discrete-time event-triggered
cubature Kalman filter is proposed. Note that the strong tracking filter can not be directly
applied to the DECKF algorithm, so in the next section, STDECKEF algorithm based on
the extended orthogonality principle is developed.

7.2 Strong Tracking Filter Discrete-Time Event-Triggered
Cubature Kalman Filter

In this section, a suboptimal fading factor , Ay is derived to modify the discrete-time event-
triggered cubature Kalman filter to have a strong tracking estimation of the states of the
nonlinear system. Note that the linearization with first order approximation is implemented
to facilitate the following discussion.

Theorem 7.1: Consider the system and with the defined event-triggered
mechanism and the packet dropout . Using the cubature Kalman filter state
estimator, the sub-optimal time-varying fading factor can be calculated as follows,

tr[Nii1]

Ay =maz{l, ——
oo = O G ]

s (7.9)

and Niy1 and My1q can be defined as follows,

Niy1 = ((1 +ai(1 - ’Yk+1)>/\k+1V2+1 - <1 +az(1 — 7k+1))Rk+1

—(L+art +ag (1 = y1)d1 — (1 + a1 (1 - 'm+1))Bk+1QkBE+1 (7.10)
Mpy1 = (1 +ai(1— %+1)>Bk+1(AkPkA;}F)BE+1 (7.11)
where, A = apFy, and Bgy1 = Bri1Hir1. Fr = a{;gf)\x:jk and Hp,q = 82,5;) ’x=?vk+1\k are

the Jacobian matriz, oy, = diag(o g, Q2 ks -y Oy ), and Bry1 = diag(B1 k1, B2,k+1, ...,,Bnka)
are unknown diagonal matrix representing the error incurred in neglecting the higher order

terms of the Taylor series respectively. B2 I < ﬁkﬁg < B2 and oz?m-nl < akaf <a?,.1

min
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where Bmin, Bmazs Cmins ¥maz 7 0. Vko+1 = E{§k+1|k@;§+1|k} 18 the residual covariance.
a1 > 0 and az > 0 are two positive arbitrary parameters.

The following Remark is used in the proof of Theorem 7.1.

Remark 7.1: The innovation measurement at time k, denoted by Y1, has the fol-

lowing features [46]:
e Zero mean: The innovation has zero mean Ely 1] = 0.

o White sequence: Innovation is whitened measurement.
E{gkﬂﬂmﬂg’,{ﬂm} =0 k=0,1,... j=1,2,..
e Uncorrelated with past measurements:
E{Uhrw¥i ;3 =0 7=12,..

Proof. Recalling from Chapter 4, the estimation error and the prediction error of the

event-triggered system can be defined as follows:

Tpt1 = (I = M1 Kip1 Bt ) T — M1 Kep1vee1 + A1 K1 (L — g9 Jen - (7.12)
Trpp = Ae(l — KA Be)Trp—1 — AeKpApvy + Ap KA (1 — 7y )er + wy. (7.13)
where e, = §— yi. In addition, the measurement prediction error can be written as follows,
Uk+1)k = Bry1AkTr + Bryiwy, + Vg (7.14)

using a similar derivation method yields,

Yki1+jlk+j = Brrt4jArtjThrg + Briryjwpy; + Virity (7.15)

The initial state zg, wr and v, which generate the states and observations are mutually

independent. Considering it into account and substituting (7.14) and (7.15) into (7.6)), we

have,
~ ~T T Ur.
E{Uks14j kiUt = E {<Bk+1+jAk+jxk+j + Brgr4jwy; + Vk+1+j)yk+1\k}
= E{(Bk+1+jAk+j5k+j)§Z+1\k}

(7.12)) can be written as follows,

(7.16)

Tiotj = (I = Mot Koot Brot ) Thrjiri—1 — Mot Koot jVhtg + Mot Ko (1 — Vpe ) €kt
(7.17)
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substituting ([7.17)) into (7.16|) yields,

E{Gk1 skt Uhsnt = E {Bk+1+jAk+j (I = Mo Ko Bl ) T o1
(7.18)

= Mot B Vg + Mg Koy (1 = 'Yk—i-j)ek-f-j} ng+1|k}

As we mentioned before the initial state xp, wp and v, which generate the states and

observations are mutually independent. Recall from Chapter 3 we have, Ty, = ApZr+ws.

Thus, substituting #j jjx1;—1 into (7.18)), yields,

BTk 13U :E{Bk+1+jAk+j [(I —= Mot j Kot j Bl ) Ao j—1Z o4 j 1
(7.19)

+ Mg Ky (1 — 7k+j)ek+1} ngHIk}

from ([7.16|) and ([7.19)), using the iterative operation, and considering the @g 1k features

which are mentioned in Remark 7.1, the following form can be derived,
J
E{Ue14eriUhiapt = BrrirjAitg H (I - )‘k+ij+jBk+j)Ak+j*1E{[warl - @kﬂ]ﬂzﬂ\k}

=2
(7.20)

recalling 11, (4.9), from Chapter 4 and substituting it in E{ [T11 _i'k+1]§?€1+1|k} of ((7.20))

we have,

E{[mkﬂ - ﬁ:kﬂ]ﬂgﬂlk} = E{[mk+1 — B~ Krr1 A1 (U — (1 — 7k+1)€k+1)]§kT+1|k}
(7.21)

considering the g% features again, ([7.21) can be written as follows,
8 Yk+1lk g

R ~ ~T ~ 7 >
E{[$k+1 - $k+1]yk+1|k} = E{Zk116Vk1p6 ) — Ker1 M E{ Uk 16Vp1 6} = Payrrain

— Kot et B{ 1k Ui} = PrpBii — K Ao Vil
(7.22)

where V)| = E {Yk1| UL 41 .} is the residual covariance, and it can be estimated as

~ ~7
Yijo¥ip k=0
Vk0+1 = {

0, ~ ~T
PV Y16 Yk411k E>1
1+p -

where 0 < p <1 is the forgetting factor and is generally set as p = 0.95.
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Substituting K1, (4.8), in (7.22)) yields,

E{[fkﬂﬂzzﬂ\k]} = Py B [T = Mot ((1 +ai(1— ’Yk+1))>\k+1 [(1 +ai(l— 7k+1))

X Biy1 Prie Bl + Rt (1 + az(1 — ’Yk+1)>

—1 -1 110
+(1+ar +az ) (1= 3ol |V

(7.23)
Substituting in yields,
J
E{[gk+j+1g]?+1\k]} = Brr1si A [ | ((I - )\k+ij+jBk+j)Ak+j71>
=2
X Prae Bl [T = Mg ((1 +ai(l - 7k+1)))\k+1
(7.24)

X [(1 +ai(1— 7k+1))Bk+1Pk+1|kBg+1

+ (1 +az(1 — ’Yk+1>)Rk+1

—1 -1 110
+ (1 art a1 =)ol OV

An appropriate fading factor Agy; should be chosen to satisfy the principle of extended
orthogonality in ((7.6). So we should have,

I =Xy ((1 +ar(1l - 7k+1))>\k+1 X [(1 +ar(1l - 7k+1))Bk+1Pk+1|kBkT+1

(7.25)
-1
(1 a1 = i) ) R + (a4 a3 )1 = 3)dl] V| =0,
which is equivalent to
Akt <(1 +a1(1 - ’Yk+1)>)\k+1v(13;+1 - (1 + az(1 — ’Yk+1))Rk+1 7.36)
7.26

— (I +art + a3 ) (1= yp40)d] = (1 +ar(1l - 7k+1))3k+115k+1|k31z+1‘
Substituting (7.8) into (7.26)) yields,

k41 ((1 +ai(1 - ’Yk+1)>)\k+1V2+1 - (1 +az(1 — ’Yk+1)>Rk+1

— (L +ay" +ay )1 —ps1)8 = (1 +a(l - 7k+1))Bk+1(Ak+1Ak15kA£ + Qi) By
(7.27)
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The traces of the both sides of (7.27) can be calculated as follows,

tr [/\kJrl ((1 +ai(1 - 7k+1)>>\k+1V2+1 - (1 +az(1 - ’Yk+1)>Rk+1 —(1+ai' +a3')

X (1= ypq1)61 — (1 +ai(1 - 7k+1))Bk+1QkBkT+1

=t | Mgt <1 +ai(1 - 7k+1))Bk+1(Ak:pkAg)Bg+1 :
(7.28)
Define
Misr = (1+ a1 = 90)) Bron (A PeA) B, (7.20)
and
Nit1 = ((1 +ar(1— 7k+1)))\k+1V2+1 — (T4 a2(1 = ve41)) Rea
(7.30)

— (I +a;t +az (1 — ypy1)0T — (1 +ay(1— %H))BkHQkB,{H.

It follows that (7.28)) is equivalent to tr[Agy1 Myy1] = tr[Ng11], and the fading factor can

be obtained by Ay = Z[[AA;’ZE]] The fading factor is effective when Ag 1 > 1, so the fading
factor is calculated by A, = maz{1, ::[[J\]\/?Zi]}}

STF requires calculation of the linearization of the nonlinear measurement (Hessian)
matrix. To combine the STF with event-triggered Cubature Kalman filter and to propose
a derivative-free STDECKF , the equivalent equation of the STF needs to be derived.

Suppose that 152 1k 18 the predicted state error covariance matrix before introducing
fading factor, then based on Px%kﬂm = Pk+1|kBkT+1, one can derive the following By, =
(Pi:y,k-s—uk)T(Pi:-i-l\k)il [39], where P;%kﬂw is the cross-covariance matrix without fading
factor. So, Niy1 and Mg can be written as follows,

Niy1 = ((1 +ai(1- ’Yk+1))>\k+1V2+1 - (1 +ax(1 - ’Yk+1)>Rk+1 —(1+ay" +ay")

~1 ~1 _ ~ 1 1,080
X (1= yg41)01 — <1 +ai(l— 7k+1))(ny,kJrl\k)T(PkJer) "Qk(Priap) ™ (Poy s i)

(7.31)
M1 = (1 +a1(1— ’Yk+1))

~l ~1 ~1 _ ~ 1 1,2l
X (Pyy,k+1|k — Ri1 = (Poy i) (Proan) " Qu(Prpa) I(ny,k+1|k))‘

In the following, we summarize the strong tracking discrete-time event-triggered cuba-

(7.32)

ture Kalman filter algorithm.
First we should initialize the mean, (Zy) and the covariance Py. Then we should follow
time update steps and measurement update steps to derive the state estimation Zx1, the

upper bound of the error covariance matrix Py, and the filter gain Kj.
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Time-Update:
First we should factorize Pj = S1(S)T to calculate the cubature points, Xir = Sip&i +
2T, where 1 = 1,2, ..., 2n,.

Then we propagate the Cubature Points,
X ikr1e = f(Xig, uk) (7.33)

To estimate the predicted state and the predicted state error covariance as follows,

2ng
Tppie = 5 Z i kLlk (7.34)
; 2ng
P =5— Z i1 (X pre) T = B pdi g, + Q (7.35)

Fading Factor Calculation :

Like the time update steps, first we factorize P§c+1\k = Sllc+1|kSIl<:+1\k to calculate the
cubature points X! iklE = IZCH'ku- + Zp41x- Then we propagate the Cubature points as
follows,

Yo = POX 1 tht1) i=1,2,..,2n, (7.36)

2

Now the the predicted measurement estimation @2 1k the innovation covariance matrix

Sl
P, k41)k and the cross-covariance matrix ny k+1[k are as follows,

2n
1 T
A1 !
yk+1|k = on, ZYz’,Huk (7.37)
=1
; 1 2ng
7 Al AT
Pyy,k+1|k = E ZYZ k+1|kY k+1k — Ye+1)kYk+11k + Rit1 (7.38)
i=1
! 1 Lz
7 Al 1T
Py kr1je = Y ZXZ k+1\kY k+1lk ~ Tkt 1k Y41k (7.39)
T =1

We can derive Ni;q1 and My1 as follows,

Nit1 = ((1 +ai(1 - ’Yk+1)))\k+1vz+1 - (1 + az(1 — ’Yk+1)>Rk+1 —(14a;" +a3")

~1 ~l _ ~ 1 1,50
X (1= ypq1)01 — (1 +ai(1 - 7k+1))(P:r:y,kJrl\k)T(PkJer) "Qr(Prap) ™ (Poy s i)

(7.40)

M1 = (1 +ai(1— 'Yk+1))
Al ~ 1 ~ 1 ~l

(7.41)
~1 _ —
% (P = Bit = (Pryeni) (Prosn) " Qr(Prpa) ™ Py )
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so the fading factor can be obtained as follows,

tr[Ny41]

A =mazr{l, ——
ke =ML A

} (7.42)

Measurement update:
Now we use the fading factor derived in the previous step to update the measurement.
First we calculate the predicted state error covariance as follows,
2N

s Apt1
— * T A AT
Pk = on. E :Xi,k+1|k kil — M ekl ), T Qk (7.43)
xTr .
i=1

Then we factorize the error covariance matrix as Py 1x = Sg41pSk+1jk- Now we calculate

the cubature points and we propagate the cubature points,

Xi,k+1|k - Sk+1|k€i +§:k+1|k 1= 1,2,...,27’Zz (744)
Yi g1k = P(XG rafhs Uk+1) i=1,2,..,2n, (7.45)

The predicted measurement estimate 1, the innovation covariance matrix Py, 41 and

the cross-covariance matrix P, 1 1x are as follows,

2n
. 1
itk = 5, > Vi (7.46)
=1
1 2N
i T N T
Pyy 1k = I, > YooYk ian — G + B (7.47)
=1
1 2N4
A T A ~T
Py ki = . ZXi,kz-i-l\kY;‘,k—i-Hk = g1 kY1 )k (7.48)
=1

Finally, we can derive the filter gain K1, update the state estimation 2,1 and the upper
bound of the state error covariance P}, as follows,

A AT A1 A
Kiy1 = (14 a1(1 = e+ 1)) Mot 1 Py 1 [(1 4 @1 (1 = e+1)) Py o116 P 1k Py ke 1]k

+ (1 +az(l — k1)) Rigr + (L + a7t +ag ") (L — yppr)o0] !
(7.49)

Tr+1 = Tppap + Kerr et G — Tgagn) (7.50)
Prpr=(1+ar(1—mq1)I — Kk:+1)\k+1P£,k+1|kPk_+ll|k)pk+1\k
x (I — Kk+l)\k+lpa;7=;J,k+1|kPk_+11|k)T + (14 ag(1 = 1)) A1 Ky Re KLy (7.51)

+ (1= ) (T4 ay '+ ay DK Aepa 61K
It is worth mentioning that the fading factor is designed to minimize the error covariance

matrix in the presence of sudden changes in states. Using the following theorems, one can
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show that by introducing the fading factor into the error covariance matrix and by properly
tuning the triggering threshold, the boundedness of the error covariance matrix/estimation
error can be guaranteed under some conditions.

Theorem 7.2: Assuming that the system and is uniformly observable [25].
Recalling from Chapter 4, (4.18), consider the following conditions are satisfied,

QmmI < Qk; Qk < @mazd; Tmind < R < romaad

fTannIS FkFlg’ S frznam-[;az ISA}@A% SO[2

fa fa
minJ min maxJ max

I
(7.52)
h2. I < H.HF <h?

min max

I; 52 h2 I< -BkBIZ1 < Bgnamh?nam‘[

man'“min
2 T 2 L2 T 2
5mm‘[ < Bkﬁk < Bmam‘[’ aminl < ARy < amaxl
where fmirm fmaa:v hminv hmaxu Bminv /Bmaz’ AUmin, Amax 7& 0 ; and Tmaz s Qmax Qminv f‘mm >0
and all are real numbers.

If the packet arrival probability has a lower bound,

1
O‘%w:vfgw:v(l + al(l - 7))’

A>1-—

where v := limy_, ﬁ Zé\fzo E(7) is the average communication rate, the error covari-
ance matrices will satisfy,

E[Py11] < E[Priap) < DI, (7.53)

where p > 0.
Proof. We use the same procedure which is used in Chapter 4 to prove this theorem.
Recalling from Chapter 3, we have Ty, = AgTg +wg. According to this equation, Ty yqx,

and the existence of an upper bound for the error covariance matrix Pj, we have,
E[Pjy1i] < B[APrAY + Q4 (7.54)

Introducing the fading factor we have, P, = ApPj. Substituting Py and K} from (7.51))
and ([7.49) in (7.54]) we have,

E[Py 1] < E | AvAy (pk|k—1 —(14a(1- %)))\kpkqug

< [(1+01(1 =) BPypr BT + (14 ax(1 =) )Ry (7.55)

1
+(L+art +ay (1 - Vk)M} BkPk|kfl)A£ + Qk

Using this inequality (A + B)™! > A7! — A71BA~! | and defining, A = (1 + a1 (1 —
’Yk))kakm—lB;z; and B = (1 + az(1 — fyk))Rk + (1 +a;t +a3")(1 — )81, according to
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the bounds of the matrices in ([7.52)), we obtain,

EPpsap] < AaZge S (14 a1(1 = 7)) (1 = NE[Pg ]
a2 f2 g (7.56)
_|_ (A amaz maxr ‘I’ q)]n

BQ
min mln

where rpae = maz | (1 + aa(1 — ) Re + (1 + a]' + a3 ') (1 — 4)dI ||. Assume that
E[Puo] > 0 and recursively, using an inductive method, the upper bound of the Pk 1)k can

be achieved as follows,

T k T AO‘%na:p fTQna:rrmaCC ~
E[Pk+1|k] < {[a?na:r: max(l + a’l(l _’Y)(l - A)] A H P1|0 ” +(A +q)

Binhin
5> (0200 (1 (1 =) (1 - A)]Z}In

i=0
(7.57)
Setting, p = ma:r:{A I Pl\o I, AW + Q} we have,
k .
7
BPyia] <B Y |0 maa(L+ a1(1 = 7)1 = )] (7.58)
i=0

1
agna:cfr%Law(l—"_al(l_’Y)) )

The proposed filter converges when A\ > 1 — This completes the proof.
|

So, one can conclude that the fading factor may affect p while the lower bound of packet
arrival rate is related to the average communication rate or the event-triggered threshold.
Thus, by properly tuning the threshold we can guarantee the boundedness of the error
covariance matrix/estimation error.

The boundedness of the DECKF under some conditions is studied as follows,

Theorem 7.3 : Consider the nonlinear system (7.1)) and (7.2)) with event-triggered data

transmission and the packet dropout. Assume that the condition is satisfied such that,

Pmin < Pry1 < pk+1\k < Pmaz; (7.59)

where Pmaz ond Pmin > 0 . Assume that the initial prediction error, E[H%HOHQ] < g,
is bounded, where € > 0. Then the prediction error T,y and estimation error Iy are
bounded in mean square sense.

Proof. We use the same procedure which is used in Chapter 4 to prove this theorem.
First, recalling from Chapter 4, we introduce the following Lemma 7.1 which is used in the

proof.
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Lemma 7.1: Assume that there is a stochastic process Vi(&) with the following condi-

tions:

Umzn”&kHZ < Vk(fk) < Umaac”ék”2 (760)
EVi(&k)1€k—1] = Vim1(§p—1) < p—7Vi1(§p—1) (7.61)

where Umin, Umaz, b > 0 and 0 < 7 < 1 and all are real numbers. Then the stochastic process

is exponentially bounded in mean square sense [24)],

k—1
() v .
E[ll"] < = E[ll&l*1(1 - 1) + ——>_ (1 —7) (7.62)
Umin Umin i—1
Now, define the Lyapunov function as follows,
~ ~ A1
Vier1 (T ) = Togn L1 o a1 (7.63)
from the result of the Theorem 2 of [4], we have,
~ 2 - ~ 2
Vmin|Zes1k]]” < Vi1 @rs1je) < Vmae || Trtan ]| (7.64)

, and Umar = ;%' From ([7.8) one can conclude that the lower and

upper bounds of the Pk+1| ks Pmin and pma., are affected by the fading factor.

where vpn =

Pmazx

The first condition of Lemma 7.1 is satisfied. Now, we should find real numbers 7 , and
i such that 0 < 7, < 1 and pg > 0, respectively. Using (7.13)), the predicted state error

covariance can be written as follows,

. . 7 _
Pk —E{xk-i-l\kxk—i—llk} -

. T . (7.65)
[Ak(l - /\kKkBk)]Pk\k—l [Ak(l - AkKkBk)} + Qg

where Qk 18 APk|k—1 + (AkKk))\kRk(AkKk)T + Qk + (1 — yk)E{OkekoS,f + SkekOg =+
SkekefST} , 0= [Ak(I—Kk)\kBk)fk\k_l _Ak:Kk:)\ka"‘Wk}a S = (ApKkAk), and APy,
shows the difference between (7.43)) and ([7.65)). (7.65)) can be rewritten as follows,

Pk+l|k = [Ak(I—Kk)\kBk)} {Pk\k—l + [Ak(I_Kk)\kBk)]_l ( )
T 7.66
X QulA, (I — Kk)\kBk)]_T} [Ak<I - Kk)\kBk)}

T._
setting Ty, = [Ak (I—Kk)\kBk)] Qy ! [Ak(I—Kk)\kBk)} , and considering the characteristics
of the matrix norm and the assumption in (7.52]), we have,

[(@mae o)1+ Mernahonas )]

Amin

Ty

IN

(7.67)
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where the upper bound of K is,

HK]CH S [pmaxﬁmathax] [(ﬁminhmin)mein + 7ﬁmin]il

as we mentioned before the upper bounds of the Pk+1| ks Pmin and Pmas, are affected by the
fading factor which affect the upper bound of the filter gain K . Using the matrix inverse
laws and taking the inverse of T}, (or both sides of (7.67))) and substituting it in (7.66)), it
is possible to show that the following inequality is satisfied [24],

T. 1 ~—1
[Ak(l - AkKkBk)} Provile [Ak(I - AkKkBk)} < (1—7) Py (7.68)

where 1
[(amaxfmax)(l + /BmathaxK)} pmax

It can be concluded that 0 < 73, < 1 is always satisfied while the upper/lower bound value

(1—74) = (7.69)

of pmin and pp,q, may be changed by introducing the fading factor. Substituting ((7.13]) into
(7.63)), the conditional expectation is as follows:

- - . T. 1 ~
E{Vir1 (T | Togan} = 1k + Ty [Ak(l - )\kKkBk)] Pk [Ak(l - /\kKkBk)]$k|k_1
(7.70)

where puy is as following,
L1 _ A1 .
e = E{Vg[Ak)\kKk]TPkH\kAk)\kKka|=’1?k+1\k} + E{wgpk+1|kwk‘$k+llk} + (=)
L1 _ _ L1
x (E{e{A;{K,fA;{Pk +1|kAk)\kKkek\xk+l|k} + E{xf‘kfl[Ak(I — MK B Pr
~ - -
X Ak)\kKkek|xk+1|k} - E{V]?j[Ak)\kKk]TPk+1|kAk)\kKkek|mk+1|k}
L1 _ A1 . .
+ E{W{Pk+l|kAk)‘kKkek‘xk+1|k} + E{eg)\gKgAgpkﬂm[Ak(I - )\kKkBk)]‘TMkfl‘a:kJer}
<1 _ A1 .
_ E{e;{A{KkT A[Pk+1|kAkAkKkukya;kH,k} + E{e{A{KkT AngJr”kwk\kar”k})
(7.71)

both side of (7.71)) are scalars. By applying the Lemma 3.1, the trace of py is s follows,
T~1 1 T 1T AT 1
Bk < tr{ ([AkAkKk] Pk+1|kAk)‘kKkRk‘> + (PrgapQr) + (1 — 'Yk){()‘k K A Py i A A K, 01)
- A L1 1 1
+ a3<[Pk+1\kAk<I = MKk Bi) | P 1 [Pror e Ak (I — /\kKkBk)]T> + as(Pr1p Qul[Pryap] )

~—1 ~—1 _ _ _
+ a5 (Pr e A M E R R [Py p AN KET) + (a3 + 0yt + ag 1)(Ak>\kKk5I[Ak/\kKk]T)}

(7.72)
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where a3, a4, and a5 are positive scalars. It is immediate that ux is positive and it has and

upper bound fiq,. Insert (7.68) into ((7.70)), and considering ([7.63)), and ((7.72]) we have,
ElVit1(@pg1p) [Tregn) — Vi(@rip—1) < tmazs—T Vi (Trjp—1)-

Thus, all of the conditions in Lemma 7.1 are satisfied and the stochastic process, Ty 1,
is bounded in mean square sense. From the definition of Zj |, and the assumptions in

(7.52), it is possible to show that the mean squared error of the estimation is as follows,

E{IZ?} < (Fmintmin) > E{|Frgapel]” + llonl)*} (7.73)

So the estimation error is upper bounded. It is worth mentioning that the upper bound
value pmaqs is affected by the event-triggered threshold and the fading factor which affects
the upper bound (boundedness) of the T, and Tpy1. ®

It can be concluded that by introducing the fading factor to the error covariance matrix
and by properly tuning the event-triggered threshold, the boundedness of the estimation

error is guaranteed while the upper/lower bound of the inequalities may change.

7.3 Simulation Results

In this section we consider an illustrative example to verify the performance of the proposed
STDECKF using the motion model of unmanned under water vehicle (UUV) adopted from

[62]. A 4-DOF constant velocity kinematics model is used for tracking purposes as follows,

EA [ 4+ uT'cos(v) — vT'sin(y)]

y y + uT'sin(p) + vTcos (1))

z z+wT

Ll . Y+rT + w1, (7.74)
u u

v v

w w
Ly L " d k-1

where z, y, z and 9 show position and heading of UUV, and u, v, w, and r show the linear
velocity and angular velocity of UUV. w shows the noise of the system which is white noise,
wy, ~ N (0,Q), with zero mean and covariance @ = [0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1].

The observation model is as follows,
zp = Hxyp + vy, (775)

where xp and zp are the state vector and the observation vector respectively. v is

observation noise which is white noise, vy ~ N(0,R), with zero mean and covariance
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R = [10 10 10 10 10 ], and H is the observation matrix which can be defined as

follows,
001 0 0 O0O0O
0O 00O1 00 0O
H=10 0 0 01 0 0 O (7.76)
0 00O0O 0O 1 0O
0000 OO0 T1TO0

Here we use three different scenarios to show the effectiveness of the proposed filter under
different conditions, namely with different event-triggered mechanism threshold value and
different packet dropout rate.

Scenario A:

In this scenario, we use the root mean square error (RMSE) to compare the performance
of the STDECKF and the DECKF proposed in [60,/61] in the presence of different event-
triggered threshold values and constant packet dropout rate.

The position RMSE is defined as follows,

N
1 oy 12 n ~T n 2. n
RMSE ) = NZ(”TZ — )% + (= 0% + (2 — 24")?
n=1

where, 27, y', and 2z} are the true, 2}, ¢, and 2} are the estimated states at the n-th

Monte Carlo run, respectively. The initial values of zg and Py are as follows,
=2 3 7/2 x/3 —1 3 1 1]

Py=[0.01 0.01 0.01 001 01 0.1 0.1 0.1]

. The initial state estimate 2 is chosen randomly from N (xg, Py) in each run. We make 20
independent Monte Carlo runs.

Figure[7.1](a),(b),(c) show the RMSE results of the proposed STDECKF and the DECKF
proposed in [60,/61] for different event-triggered threshold of A = 1,2,4 and the constant
packet dropout rate of 10%, respectively. The RMSE results show that although by in-
creasing the event-triggered threshold value, the estimation quality will be degraded but
the proposed STDECKF has better state estimation performance compared to DECEKF
for the same triggering condition.

In addition, Figure shows the trajectory tracking and RMSE results of the pro-
posed STDECKF under the same condition. Note that the for different event-triggering
threshold values of A = 1,2, 4, the number of data transmission reduces from 1000 (without
event-triggered mechanism) to 900, 660 and 440, respectively. Comparison between tracking

results shows that by properly tuning the event-triggered mechanism threshold, a desired
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estimation quality can be achieved while communication rate is reduced dramatically.

Scenario B: To guarantee the performance improvement of the proposed filter, we
repeat the simulation for other different conditions. Different from scenario A, now we
consider that the packet dropout rates are different and the triggering threshold value is
constant. We compare the RMSE results of STDECKF and DECKF in the presence of
different packet dropout rate of 10% and 20% and the constant event-triggered threshold
of A = 2. Figure (d) shows the comparison results. The RMSE results show the per-
formance improvement of the proposed filter compared to the previously proposed DECKF

for different conditions.

Scenario C: As we mentioned before, the developed STDECKF has better performance
in the presence of sudden changes in the states compared to the previously proposed filters.
So, to show the effectiveness of the proposed filter in tracking of the abrupt changes in
the states, we repeat the simulation using STDECKF and DECKF in the presence of
event-triggered threshold A = 1 and the packet dropout rate 10%. As the Figure |7.3
shows, the proposed STDECKEF can effectively track the abrupt motion of the state of
the target compared to the previously proposed DECKF and the estimation trajectory
converges better to the real trajectory.

So from the simulation results one can conclude that: (a) the proposed STDECKF has
better performance and less estimation error in the presence of different conditions compared
to the previously proposed filter, (b) the proposed filter has a good estimation quality despite
the abrupt changes in the states, and (c) like the DECKF, the proposed STDECKF can
achieve a desired estimation quality with less communication rate by properly choosing an

event-triggered threshold value.

7.4 Summary

In this work, a strong tracking discrete-time event-triggered cubature Kalman filter for
nonlinear dynamic system with packet dropout is developed. We show that the proposed
filter reduces the amount of data transmission between the measuring sensors and the remote
state estimator and it has better performance compared to other filters in the presence of
sudden changes in the sates. The event-triggered mechanism reduces the amount of data
transferring between the sensors and the remote cubature Kalman filter and we show that

by choosing a proper event-triggered threshold and properly tuning the threshold of the
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Figure 7.1: RMSE results of STDECKF and DECKF with different Event-Triggered Thresh-
old (ETT) and Packet Dropout Rate (PDR), (a) ETT=1, PDR= 10%, (b) ETT=2,
PDR=10%,(c) ETT=4, PDR=10%, (d) ETT=2, PDR=10% and 20%
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Figure 7.2: Trajectory tracking and RMSE results for event-triggered threshold of A =
1,2,4, and packet dropout rate of 10%. (a)Trajectory tracking, (b)RMSE results
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Figure 7.3: Trajectory tracking of the proposed STDECKF and the DECKF in |@|
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event-triggered mechanism with respect to the rate of the packet dropout, the proposed
method can guarantee the boundedness of the state estimation error, covariance and the
stochastic stability of the system. Simulation results show the effectiveness of the proposed

technique and we compared the improvement in the results to the DECKF.
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Chapter 8

Strong Tracking Event-Triggered
Filter with One Step Randomly
Delayed Measurements

In this chapter, we focus on the filtering problem of the nonlinear discrete-time systems in
the presence of one step randomly delayed measurements and sudden changes in the states.
A new filtering algorithm, a strong tracking discrete-time event-triggered cubature Kalman
filter (STDECKF), is proposed to send the data from the nonlinear system to the remote
state estimator when some specific condition, namely triggering condition, is satisfied to
reduce the amount of data transmissions in the communication channels and to reduce the
estimation errors when there is randomly delay and /or sudden changes in the states during
data transmission.

Based on the principle of extended orthogonality, the proposed strong tracking filter
uses a time-variant fading factor to reduce the effect of the delayed measurement and the
abrupt changes in the states on the the state prediction error covariance to improve the
performance of cubature Kalman filter and to reduce the estimation errors.

The remainder of this chapter is as follows. Section presents the problem state-
ment. Section introduces the derivation procedure of the strong tracking DECKF in the
presence of delayed measurement and sudden changes in the states while the algorithm is de-
scribed in Section 8.3l Simulation results are shown in Section [8.4] to show the effectiveness

of the proposed filter.
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8.1 Problem formulation

Consider the nonlinear discrete-time system model and the nonlinear measurement model

as follows,

Tpy1 = f(Tr, up) + Wi, (8.1)
21 = h(Ty1) + Vit1, (8.2)

where x;, € R™ is the state vector, and z; € R™ is the measurement vector. Other
parameters are defined in Chapter 2. Assume that our system works under event-triggered
mechanism and the communication channels are not perfect which might lead to delay in
the transferring of the measurements to the remote state estimator. So, recalling from

Chapter 3, the current transmitted measurement (8.3)) is defined as follows,
Ze =2k + (1= ) (Z — 2k) (83)

where zj is the current measurement and 7 is the last sent measurement. zj is the current
transmitted measurement after the triggering condition is satisfied. In addition recalling
from Chapter 5, if we have one-step randomly delay in the communication channels, the

measurement is defined as follows,

Ykt1 = (1 — Opg1) 2ht1 + Ohy1 2k, (8.4)

where, {o};k > 1} is a sequence of uncorrelated Bernoulli random variables which can be

0 or 1 with,

ploy =0)=1— Elog] =1 — py, (8.5)

8.2 Derivation of the STDECKF with One-Step Randomly
Delayed Measurements

The proposed filter in Chapter 5 with one-step randomly delayed measurement depends
upon the past measurement data and it may lead to divergence in the state estimation in
the presence of delay and sudden changes in the states. So, in this section, a suboptimal
fading factor, Ay should be derived to modify the previous proposed discrete-time event-
triggered cubature Kalman filter to eliminate the effect of past data on the estimation

process and to have a strong tracking estimation of the states of the nonlinear system in
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the presence of sudden changes in the states and one step randomly delayed measurement.

Recalling from Chapter 7, the Ay is introduced as follows to the error covariance matrix,
Py = Aj Py, (8.6)
also, the predicted error covariance matrix is modified as follows,
Priipr = M1 AP AL + Qi (8.7)

where, Ay, = o Fy,. F), = %(f”x:jk is the Jacobian matrix, a; = diag(ay g, @2k, ..., O k)
is unknown diagonal matrix representing the error incurred in neglecting the higher order
terms of the Taylor series. In the following, we derive the Ax;1. Note that the linearization
with first order approximation is implemented to facilitate the following discussion.
Theorem 8.1: Consider the system and with the defined current transmitted
measurement . Assume that the measurement are transmitted with one randomly delay
through the communication channels . Using the cubature Kalman filter state estimator

designed in Theorem 7.1, the sub-optimal time-varying fading factor can be calculated by

tT[Nk:—l—l]

A =mazr{l, ————
e =M ]

(8.8)
Mp11 and Ngyq are as follows,

M1 = miMpi ((1 — prt1) Bes1 Ak PR AT BEL | + m3pk+1BkPkBkT) (8.9)

~ VUV

Nir1 = miNe1 V& — oot BRP™ k= praa (BeP™ )T — ma(1 — 1) Ris — mapra P &
= m5(1 = prr1) (1 = 41)0 — mepry1(1 — )0 — pry1(1 — prr1) (B — Zrgaje)
X (2 — 2k+1|k)T —m1(1 = pry1)Bri1QrBly 4
(8.10)
where, my = (1 + a1(1 — yer1) + as(1 — %)), me = (1 + a2(1 — vrr1) + as(l — %)),
m3 = (14 a3(1 — vry1) +ar(l — ), ma = (1 + as(l — ypq1) + ag(l — Yry1)), ms =
(I+a; +ay +azt +a;t), me = (1+az +ag' +a; ' +ag'). a1 —as are arbitrary positive

parameters. Recalling from Chapter 7, Bry1 = Bri1Hgy1 and Hypyq = mg,gf)

|fﬂ=5%+1\k

the Jacobian matrix. Bry1 = diag(B1k+1,B2,k+1, -+ Bn k1) is unknown diagonal matrix

representing the error incurred in neglecting the higher order terms of the Taylor series

respectively. In addition, By = By Hy and Hy = 8%531) ’m=%k . Vk0+1 = E{§k+1|k@g+1|k} is the

residual covariance.

Proof. First recalling from Chapter 5, g1 — Zj41)x can be written as follows by using

and (ET0),

Tht1 — {%k+1|k = Ak(l'k — .’i‘k) + Wkg. (8.11)
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Substituting (8.11)) in ((5.35]) results in (8.12)) as follows,

Yrsilk = {(1 — Ok 41) Bey1Ax + 0k+1Bk} (zk — ) + (1 — Opt1) Birawg + (1 — 01 Vg1

+ op1(Vk — k) + (Okt1 — Prt1) [hk(ik) = i1 (B pp) + ﬁk] + g(ex) (8.12)

where e = (Z—2) and g(ex) = (1 — 0k11)(1 —Vit1)ex+1 + 0k+1(1 — Yk )ex. Using a similar

derivation method yields,

Yk+1+jlk+j = {(1 = Ot jt 1) Bryjr1 Ak + ffk+j+lBk+j] (@htj = Brtj) + (1= Otjr1) Boj
X Whtj + (1 = Oktja 1)Vttt + Okajrt (Whtj — Pitj) + (Ohjrt — Phrje)
[hkﬂ'(fckﬂ') — Pt j1 (T prs) + 17k+]} + g(er;) (8.13)

Note that the initial state xg, v and wg which generate the states and the observations

are mutually independent. Considering these and the g, ), features into account (Re-

mark 7.1), to obtain the fading factor one should use the extended orthogonality principle,

E{ﬂk+j+1|k+j§g+1‘k} = 0. So, by substituting (8.12)) and (8.13) in E{§k+j+1|k+j§g+1\k}’ we

have,

E{gk+1+j\k+jglz;+llk} = [(1 = Pitj+1) Bl j1 Akt + pk+j+lBk+j] E{(Sﬂkﬂ‘ - fk+j)§1{+1|k}
(8.14)

Recalling from Chapter 3, the event-triggered state estimation can be written as follows,
Zp1 = T + K1 Yogr — Ugapp) (8.15)
using we can derive, xy4; — 214 as the following,
Thtj — Bhtj = Thotj — Tppijlhtj—1 — Khtj <§k+j|k+j—1 —(1- 7k+j)€k+j>

= { [I —(1- Uk+j)Bk+ij+j]Ak+j—1 - Kk+j0k+jBk+j—1}

X (T = Thago1) + Whajo1 — Kk+j{(1 — Okt ) Bt jWh+j-1 (5.16)

+ (1 = 0%4j) Ukt + Oht (Vrjm1 — Okrj1) + (Oktj — Protj)

x [hk+j—1(5'3k+j—1) = Pt (frotj—1 (Bhj—1)) + V1| + gl€hpj—1)
-(1- ’Yk—i—j)ek—i—j}

substituting (8.16) in (8.14) and considering the features of 1) into account (Remark
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7.1), we have the following,

E{Ut14eriUhs1p} = [(1 — Phtjt1) Brgjr1Ak+j +Pk+j+lBk+j} { [I — (1 = pry)

8.17
X Bk+ij+j]Ak+j—1 - Kk+jpk+jBk+j} (8.17)

X E{[flfk+j—1 — ikﬂ—l]ﬂgﬂ\k}

From (8.14]) and (8.17)) and using the iteration, we have,

~ ~T
E{Uk 1451+ Vkr1n} = [(1 — Phtjr1) Brajr14k+j + Prrjr1 Brty
j

H { [I - (1= pk+i)Bk+iKk+i] Aptio1— Kk+ipk+in+i} (8.18)
=2

X E{[ka - ﬁ:k+1]ﬂf+1k}
considering (8.15), E {[mk+1 — ikH]QJkTH' k} of (8.18) can be written as follows,

E{[ﬂ?k+1 - fk+1]§g+1|k} = E{ [ﬂfk+1 = Tppre — K1 (Ygre — (1 — 7k+1)€k+1)]§;{+1k}

= E{[xkﬂ - 55k+1|k]§g+1|k} — Kp 1 E{Gra1 051}

A TY ~ ~ HTY
= Pryapn — Kk+1E{yk+1\kyg+1|k} = P — Kei Vi
(8.19)

where Vk?+1 = E{Yi41 k@j;{ Y ) is the covariance of the residual which can be estimated as

follows,

kao"'?jk-s-nk?jkrﬂ\k (8'20)

Vo _ g1|0@j1T|o k=0
k+1 E> 1

T+p

Recalling from Chapter 5, by substituting (5.19) and (5.20) in (5.18)) we have,
Pl = (1= pr)) PrawBELy + pro (A PeBE + ARPy) (8:21)

where, YY) = E[og10” 1 |Yiral, BEYy = ElEga0” k1| Yi]. So, substituting (8.21) in
(8.19) we have,

E{[$k+1 - ﬁjk+1|k+1]§l{+1\k} = (1= pr+1) Pryip Bis + pres1 (ArPrBE + ApPEY)

— K1V, (8.22)
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From ([5.31)), the CKF gain with one step randomly delayed measurement can be written
as follows,
Kiy1 =m [(1 — Prt1) Brar Pisa + prsr A PuBlL o + pk+1AkPwk}
X [karlBknyk + Pt (BeP™ )T+ ma(1 = pry1) Brr Proyip Biay + ma(l — pry1) R
+ mapr1 BrPrBE + mapi1 Pk 4+ ms(1 — prga) (1 — yeg1)d

1
+meprr1(1 = Y)0 + Pry1(1 = pry1) Bk — Zigape) G — 3k+1|k)T]
(8.23)

Substituting (8.23)) in (8.22]) we have,
E{[ka - 53k+1]§;{+1|k} = {(1 - pk+1)Pk+1|kBkT+1 + pes1(ApPLBE + Akpiy)}{l

ATV AV
— V& | pes1 BeP g + prsn (Be P k)T + mi(1 — prgr)

x B Pri1p By + ma(l = pry1) Ri1 + mspri1 B Py B

+ maprp1 P74+ ms(1— prga) (1 — Y41)0 + meprr1 (1 — )0
—1
+ o1 (1= prs1) B — Zrpae) (B — Zpgage)” }

(8.24)

substituting (8.24]) in (8.18)) yields to the following,

~ ~r
E{Uk 14kt iUkt = [(1 — Phtjr1) Brajr1 Ak +pk+j+lBk+j}

J
< 1 {[I — (1 = pr+i) Boyi Kpi] A vio1 — Kk+ipk+in+i}
=2

X {(1 — prat) Pros1p Bigy + Pt (Ae PrBY +Akpiy)}

X {I — V& ki1 BeP™ k4 proiat (BeP™ )T+ mi(1 — prya)
X Bry1 Pri1p By + ma(1 — pry1) Rigt + mspri1 Be P B

+ mape1 P )+ ms (1 = preyn) (1 — Ya1)d + mgprga (1 — 1)0

+ 1 (1 = Prt1) Bk — Zpgap) (B — 2k+1|k)T]_1}
(8.25)
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A proper fading factor should be chosen such that the following equality holds,

I =iV | P BeP™ ks + per1 (BeP™ k)™ + ma (1 — 1) Besr Proy1p By
+ ma(1 — py1) Rt + mapry1 BrPrBE + mapr1 P75 + ms(1 = pey1) (1 — y5i1)0

1
+meprr1(1 = Y1)0 + Pra1 (1 — Pry1) B — Zigape) (Br — 2k+1|k)T] =0
(8.26)

(8.26)) can be written as follows,

mi ((1 — Pret1) B Py p By + m3pk+1kakB;£> =

A~ VV

A TV ATV
miViger — D1 BeP k= et (B k)T — ma(1 — prs1) Rir — mapen P g

—ms(1 = pres1) (1= Yr41)0 — mieprr1 (1= )0 — pry1 (1= prg1) (B — Ziape) Bk — Zosape)
(8.27)

Substituting and (8.7) in (8.27)) we have,

miAji1 ((1 — pet1) Ben A PR AL BE | + m3pk+1BkPkBlz) =
M1Vt = P BeP™ & = pra (BRP™ )" = ma(1 = pri1) Ripr — mapran Py
—m5(1 = pra1) (1 = Y1) — mepr1 (L — )6 — Pt (1 — prsr) Bi — Zpsan) B — Zrgape) -

—my(1— Pk+1)3k+1QkBkT+1
(8.28)

The trace of both side of (8.28)) can be calculated as follows,

tr

my Ay ((1 — Pit1) Bt A PR AT BE | + m3pk+1BkPkBkT)

2%

ATV ATV
tr[maVi&y — k1 BeP g — pry1(BiP k)T — ma(1 = pry1) R — mapiei1 P g

— ms5(1 = pre1) (1 = Yrs1)8 — meprr1 (L = )0 — Per (1 = Prg1) G — Zrrre) B — Ziora)”

—m1(1 = pry1) Bri1QrBiiy

(8.29)

It follows that (8.29) is equivalent to tr[Agy1 Mgi1] = tr[Nki1], where M1 and Ny are

as following,

Mk+1 = mlAkJrl ((1 — pk+1)Bk+1AkpkAng+1 + mgkarlBkPkBg) (830)
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~ TV ~ VY

Nir1 = miVey — o1 BeP™ k= oot (BeP™ 1)T — ma(1 — pry1) Repr — mapra P71
= ms(1 = prr1) (L = Y11)0 — meprr1(1 — )0 — pra1(1 — pry1) G — Zogagn)

X (2) = Zpew)” — ma(l = pe1) Ben Qr Bl
(8.31)

and the fading factor can be obtained by,

tr[Ny41]

7tr[Mk+1] (8.32)

Apyr =

which completes the proof. m

8.3 Strong Tracking Event-Triggered Cubature Kalman Fil-
ter with Random one-step delay algorithm

In this section, we summarize the strong tracking event-triggered cubature Kalman filter in
the presence of delay. In the previous sections, we use linearization to facilitate the fading
factor derivation. Linearization of nonlinear systems add some errors which may lead to
divergence in the tracking results. To overcome this problem, we derive the equivalent STF

. ~1 . . .
using cubature Kalman filter. Suppose that Pj ), is the predicted state error covariance

T

k11> one can derive

matrix before introducing fading factor, then based on Pii” = pkﬂ‘ B
the following,

Eal $Zl

~ 1 _
By = (Pk+l|k:)T(Pk+l|k:) Y (8.33)

where Piil‘ . 18 the cross-covariance matrix without fading factor. Now, we summarize
STDECKEF algorithm which uses the time update and measurement update steps to update
the old states when it receives the new measurements.

Time Update

Step 1: First we factorize pak = Sg(Sg)T, then we calculate the cubature points as
follows,

T
Xip = [T (@] = Sig+an, (8.34)

where i = 1,2,...,L and L = 2(n 4+ m) is the dimensionality of the augmented state z;®.
n and m are the dimensionality of the states and measurement noise, respectively. &k
shows the cubature points corresponding to the state and 55 . shows the cubature points
corresponding to the measurement noise respectively.

Step 2: We propagate the cubature points as follows,
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T estpe = P&k uk), (8.36)

where i = 1,2, ..., L.

Step 3: We estimate the predicted states and predicted state error covariance as follows,

g = 37 Z zk+1|k7 (8.37)

T - N
k+1\k 2LZ zk+1\kz zk+1|k) —$k+1|k$k+1‘k+Qk, (8.38)

Now it is time to calculate the fading factor as follows,
Calculate fading factor

st

Ft 1k and calculate the cubature points as follows,

Al
Step 1: Factorize Py, = S,lcﬂ‘k

l ! "
Xier1le = Ss168i T Tk (8.39)

where i = 1,2, ..., 2n.

Step 2: We propagate the cubature points for i = 1,2, ..., 2n as follows,

Yil,kJrl\k = h(Xf,Huk, Uk+1)- (8.40)

~ 22,1 ~zz,l  ~xzl
Step 3: Now it is time to calculate zk+1lk, Pk+1|k, 3t Pk, Pk+1|k, and Pka as

follows,
1 2n
sl l
zk+1|k ~ o Z Y@',k+1|k7 (8.41)
i=1
! 1 2n
~AZZ,
Pk+1|k ~ o Z Yz k+1|k;Y k+1k — Zk+1|kzk+1\k + Rp41, (8.42)
i=1
1 2L

A~ *T

k=9 Z(T ik S0k (8.43)
=1
1 2L
~2zZ 5 KPR,
Pk 2L Z(Tz k+1|k +£7, k)( Zk+1\k+€i,k|k)T_Zk(Zk)Ta (844)
i=1
~xz,l N T
Pk+1lk - Z i,k+1|k zk+1|k Lt 1|k Z k+1|k> (8.45)
l 12 :
~xZ, . N N
Prirk = 97 Z X k—l—llk(T K1k + gz k) = Ll 1|k P k+1k (8.46)
i=1

Step 4: Calculate the measurement and measurement noise means and the covariances

by the following equations,

ﬁlk-&-l = KIZ—f-lZN/kH\k (8.47)
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9 k) _1
Kk+1 = P];/.iy_1|k(P%il|k) (8.48)
l/y’
Prive = (1= pryn) (4 (1= Y51)) Rir (8.49)
~ vl 1 , ¥
Py = Rieg1 — KIZHFZiuk(KZH)T (8.50)

PZ?ﬁuk = (1 = pr+1) ((1 +b1(1 - 'Yk-i—l))Pk-iin + Pt (e — 20) B — )"

_ ~zz,l _
(LB = )8) + P (14521 = )P+ psa (1= ) (1 + 0510
(8.51)
Step 5: Calculate Nii1 and Mjy1 to find the fading factor as follows,
~xzl

~ 1 RS xz/7l ATZ ~1 _
Nis1 = mide Vit = Prest (P )T (Propan) 7 P = prt (P )T (Prga) ™"

y
—ma(1 = prs1)Riy1 — maper P77k = ms(1 = prg) (1 = ve1)0 — meprst (1 — v&)0

sl sl Sl sl T Tzl ! -
= Pe1 (1 = Prg1) (B — 2 k) (B — Zpyqpe)” —ma(l — i) (P 1) (Prga) ™!

~xz,l ~ 1 _
X Qk((PkH\k) (Pk+1\k) l)T
(8.52)
zz,l xz,l ~ 1 _ ~ 1 xz,l
Mi1 = miAga((1 _pk+1)((Pk+1\k) Rig1 — (Prun) " (Proue) " @r(Prya) ™ (Priap)
A zZ ~xz,l zv,l ~xz,l ~1 vl T ~ vyl
+m3pk+1(Pk (Pk\k D7 (Pk\kq) Py ((Pk|k DT (Pyor)” Py - Py
(8.53)
Step 6: Calculate fading factor,
tT[Nk:—l—l]
A =mazr{l, ———— 8.54
k+1 { tT[Mk+1] } ( )
Measurement Update
Step 1:Calculate the predicted state error covariance as follows,
A 2L
T k+1 * * A A~
Py = 57— > XX )" = A @ikl + Qk (8.55)
i=1

Step 2: We repeat step 1 to step 4 of the calculating fading factor part again to derive
~ 2z ATz

zz A vy ~ VY
Zepe Prre Ze Py, Pk+1|lm Pri g Ukt1, K15 Pryag, and Pp .
Step 3: We derive the event-triggered cubature Kalman gain K, = S(T)~!, where

~ X2

S =m(1 _karl)(P;zj—llk)T(pk—&-llk) "Prian + prar Pr g (8.56)
and,
T = prp1 (P )" Prppe) Pk + proit (P ) (Prjp—1) 7 P 0T + ma (1 = preyr)
< (Pria)” Prsae) " Prayn(Priyn) " (Prpap) ™) +ma(1 = prya) Re
+maprt (P )" (Prsin) " Pr((Prip—)” Prge—1) ™" + maprar P

+mis(1 = pry1) (1 — Yes1)0 + meprr1 (1 — )0 + Pt (1 — prs1) (B — Zrpae) Gre — Zegaps)”
(8.57)
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Step 4: We estimate the updated state as follows,

Tpy1 = Tpyar + Kot Mot 1 U1 — Tgae) (8.58)

Step 5: The state error covariance is as follows,
Ppy1 = (1 +a1(1 = yey1) +as(1 — %)) (I — Kj1(1— pk+1)(piiuk)T(pk—&-l\k)_l)Pk—&-l\k
X (I — K (1 _pk+1)(pij—ﬂk)T(pk—&-lVC)_l)T — Dk+1 (Piil,kKlrerl + Kk+1(p£i1,k)T)
+ (1 + as(l = yp11) +as(1 — ’Yk)) (1= prr1) Krpr Ri1 (Kiy) ™ + (1 + az(l — Y1)
+ ar(1 =) )Pt (Ko (Piie) (Prgg1) ™ Pr(Boea (P ) (i) ™7 + (1
+ as(1 = ypq1) +as(l — Vk))Kk+1pyung+1 + (1= prr) K1 i = Zpsr) G — Zgrp)
X KL )+ (1 art + 03" 4 a3+ ap ) (1= pr) Ko (1= 1) K 0K
+ Prt1 ((1 +a;' +ag' + a7 +ag ) (1 — ) Kp 6K + Kk+1pif1:71(15k\k71)71piy
x Kl + Kk+1(Pz\i—l(Pk|k—1)_1pwk)TKlz+1)
(8.59)

8.4 Simulation results

In this section the effectiveness of the proposed method is illustrated by simulation results.
We consider the motion model of the UUV illustrated in Chapter 7, and we study the
performance of the proposed STDECKF in the presence of one step randomly delayed
measurement. The purpose of presenting this simulation result is to show the effectiveness
of the proposed filter in the presence of sudden changes in the states compared to the
previously proposed DECKF in [60,61].

We use the same motion model of the UUV considered in Chapter 7 [62],

[ 4+ uT'cos(v) — vT'sin(¢)]
y + uT'sin() + vTcos(v))
z+wT
_ ¢zﬂj F w1, (8.60)
v
w
r

S 8 @ 2 € e 8

T
L
=
T
L
T
=

zr = Hxyp, + v, (8.61)

where z, y, z and 9 show position and heading of UUV, and u, v, w, and r show the linear

velocity and angular velocity of UUV. w shows the noise of the system which is white noise,
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wy, ~ N (0,Q), with zero mean and covariance @ = [0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1].

H is the observation matrix which can be defined as follows,

00100000
00010000

H=10 00010 00 (8.62)
00000100
00000GO0T10

Recalling from Chapter 7, the initial values of z¢y and Py are considered as follows,
w=[2 3 7/2 /3 —1 3 1 1]

Py=1[0.01 0.01 0.01 0.01 01 0.1 0.1 0.1]

The initial state estimate Z( is chosen randomly from N(zg, Pp) in each run. We use
the root mean square error (RMSE) to compare the performance of the proposed filters.

The position RMSE is defined as follows,

N

1 A n AT n 5, N
RMSE(k) = NZ(ﬂfz *xk)z + (yk 73/1@)2 + (Zk — %k )2

n=1
where, z}, y;!, and 2} are the true, 2}, ¢;;, and 2}} are the estimated states at the n-th Monte
Carlo run, respectively. twi different scenarios to show the effectiveness of the proposed filter
under different conditions, namely with different event-triggered mechanism threshold value
and different delay probabilities.

In the first scenario, we compare the RMSE results of the proposed STDECKF with
DECKF under different event-triggering threshold of 1 and 2. Note that the delay proba-
bility is the same for the both filters which are considered 10%. We make 20 independent
Monte Carlo runs. As the Figure shows, the proposed STDECKF has better perfor-
mance in both conditions compared to the DECKF. To confirm the performance of the
proposed filter under general condition, we repeat the simulation results for other scenario.
In this scenario, we consider that the triggering threshold is kept constant during the sim-
ulation while we consider two different values for the delay probability. The simulation

results demonstrate the performance improvement of the proposed filter.

8.5 Summary

A new nonlinear filter algorithm for the filtering problems of high dimensional nonlinear

systems under the event-triggered protocol with one-step delay in measurement is proposed.
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Figure 8.1: RMSE results of STDECKEF and DECKF with different Event-Triggered Thresh-
old (ETT) and constant Delay, (a) ETT=1, Delay =10%(b) ETT=2, Delay=10%

Figure 8.2: RMSE results of STDECKF and DECKF (a) Event-Triggered Threshold=2
and Delay=10% (b) Event-Triggered Threshold=2 and Delay=5%
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We show when the communication channels are not perfect, the triggered measurements
are transferred with delay and the state estimator can not be updated in realtime and the
previous data affects on filtering process. In addition, when there are sudden changes in the
states, the filter gain has a delay to be updated and the estimation results can not track
the real states perfectly. So, we develop a new strong tracking CKF and we derive a fading
factor to modify the error covariance matrix to reduce the measurement delay and sudden
changes affects on the estimation results.

Simulation results show that the proposed STDECKF has better performance and less
estimation error in the presence of different conditions compared to the previously proposed

filter.
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Chapter 9

Conclusions and Future Work

State estimation is currently an active area of research and a significant body of work has
been already produced. For linear time invariant systems, Kalman filters constitute the
gold standard and an essential tool used to estimate the system state while minimizing the
variance of the estimation error. In general, however, the systems used in many applications
are nonlinear and proper nonlinear filters should be developed for the estimation purposes.

In addition, in the classical estimation formulation, information from the sensors is
directly available for processing. Over the past few years, however, systems and control
have become reliant upon wireless communication networks to establish the interconnection
of various system components in which the communication resources need to be carefully
managed.

In this thesis, we investigate the development of the nonlinear event-based state estima-
tor problem under different scenarios to solve the mentioned issues. The primary goal of this
thesis is the reduction in data transmission between different components of the networked
system while maintaining comparable performance under different condition. We consider
a discrete-time nonlinear system with additive Gaussian noise, and look at the problem of
sequentially estimating the state using Bayes’s rule. In this context, the posterior density
cannot be described by a finite number of statistics, and an approximation must be made.
We develop cubature Kalman filters, which offer an attractive, numerically stable solution
with low computational effort, to the nonlinear state estimation problem. The developed
CKF assumes that the predictive density of the joint state-measurement random variable
is Gaussian. In this way, the optimal Bayesian filter reduces to the problem of how to
compute various multi-dimensional Gaussian weighted moment integrals whose integrands
are all of the form nonlinear function x Gaussian density which can be done efficiently using

a cubature rule.

97



The outcomes of our research attempts are further summarized as follows:

e First, under a Gaussian assumption on the conditional distribution of the state in the
presence of event-triggered mechanism, the event-based state estimator, discrete-time
event-triggered cubature Kalman filter, for high dimensional nonlinear system with
high nonlinearities is proposed. The proposed filter uses the “send on delta” event-
triggered mechanism which reduces the number of feedback communication between
sensors and the estimator. In addition, it reduces the measurement transmission
between the sensors and the remote state estimator while it can ensure the estimation

performance.

e Second, the effect of the packet dropout during the data transmission in the communi-
cation channels on the state estimation is investigated. We showed that if the packet
dropout rate has an upper bound, the error covariance matrix would be bounded. The
boundedness of the estimation error is also studied and it is shown that by properly
choosing an event-triggered mechanism regarding to the packet dropout rate, one can

achieve a bounded estimation error.

e Third, we assume that the sensor exchange the data via imperfect communication
channels and the measurements are randomly delayed by one sampling time. We
showed that the previous data affects the performance of the filter so we develop a
new filtering algorithm to derive the filter gain which reduces the delay measurement

affects on the filtering process and make the estimation error bounded.

e Fourth, we consider sudden changes in the states. Based on the “extended orthogonal-
ity principle”, we derive the strong tracking filter and we adjusted the error covariance
matrices in real time to have a better estimation performance. We showed that the
upper bound of the estimation error would be affected by the sudden changes of the
states and the packet dropout rate, so by properly adjusting the fading factor, and

the event-triggered threshold we could have convergence in the estimation.

e Finally, we study the scenario in which the nonlinear system states have abrupt
changes and the data is transferring through the communication channels with one-
step randomly delay. So, the affect of the delayed measurements are considered in
the designing of the new filter and the fading factor is introduced to reduce the affect

of the delay measurements and sudden changes in the states on the performance of
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the filter. The proposed filter reduces the estimation error while it needs less data

communication.

The research results, provided in this thesis can be extended and pursued in the following

areas:

Event Triggered Square Root Cubature Kalman Filter: In each update cycle
of the CKF, some operations such as matrix inversion, matrix square rooting may de-
stroy the properties of the covariance matrix and the CKF may stop running. Square
root Cubature Kalman filter has recently proposed to enhances the numerical stabil-
ity, guarantees positive definiteness of the state covariance, and increases accuracy,
which has high practicability. Providing an even-triggered square root CKF consid-
ering delay and packet dropouts in the communication channels which guarantee the

boundedness of the estimation error can be an interesting area of research.

Event-triggered CKF under cyber physical attack: As we mentioned before,
recently there have been a growing interest towards cyber-physical systems (CPSs).
CPSs are used in many applications such as autonomous vehicles, supply chains,
power and transportation networks. Many of these applications are safety-critical
which has triggered considerable attention to networked systems in the presence of
attacks. Considering the effect of attack on the designing of the event-triggered CKF

is an opening problem.
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Appendix A

Extended Kalman Filter

The EKF linearizes the nonlinear process and the measurement functions using the first-
order Taylor series expansion. The discrete time EKF algorithm consists of two steps, Time
update and measurement update,

Time Update

e Estimate the predicted state:
ey = f(@k, uk)
e Estimate the predicted state error covariance:

Py = FPrFL + Qy,

where Fj, = %bhuw and Hy = %thl are the Jacobian matrices.

Measurement Update

e Compute the Kalman gain:

Kiw1 = Pyape iy (Hpo1 Py Her + Rign) ™!
e Calculate the error covariance matrix:
Pyt = (I = Kip1 Hep1) Prga
e Compute the updated state estimation:

Tp1 = Tppap + Kilye — h(Zrg1e)]
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Appendix B

Unscented Kalman Filter

UKF has some important common properties shared with the CKF, such as using a set
of deterministic weighted points to compute the means and the covariances. In UKF,
unscented transformation (UT) was applied to propagate mean and covariance information
by nonlinear transformation. UKF algorithm is as follows,

Time Update

e Calculate sigma point, x;, and the weight of the sigma points w; as follows,

Xik = Tk i=0
Xik = Tk + ( (n—{—k:)]sk)l i=1,..,n
Xik = &k — 0/ (n + k) Pr)i i=1,..,2n
k

won =

0 n+k

-1
“ie 2(n+ k)

o 1

Wn+i = Q(Tl—l-k)

Note that k is a scaling parameter that determines the spread of the sigma points around

the mean of the state & which is usually chosen as k =3 —n [g].

e Transform the sigma points using the nonlinear system equation,
Xi 1)k = J(Xik) i=0,1,....2n

e Obtain the estimate of the predicted state,

2n

- m
Lh41|k = E Wi Xik+1]k
i=0
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e Estimate the predicted error covariance matrix,

2n

- . . T
Prgape =D w0 i1k — Breprje) Ko 1k — Ege)” + Qi
=0

e Propagate the sigma points,
Yit1lk = DXkt 11k) =0,1,...,2n

e Calculate the predicted measurement,

2n

S _ m
Ye+1k = Zwi Yik+1]k
i=0

e (Calculate the innovation covariance matrix

2n

c ~ ~ T
Py ke = Z @5 ikt 1)k = U1 ) Wikr1 e — Togaje) T B
=0

e Calculate the cross covariance matrix

2n

R B . A )
Poyrie = > @ k1 — Errie) Wipr 1k — Trajn
=0

)T

e Calculate the Kalman gain, the updated state estimation and the updated state esti-
mation error covariance matrix as follows,

. A1
Ki+1 = Py 1k Pyy 1)k

Thr1 = Tpgape + Krlye — (@ pqe)]

T T T T
Pri1 =P — K1 Pyy g1 o K11

Note that @]" = w{ = w. As you can see in the algorithm mentioned above, when the
system dimension increases (n > 3), however, UKF is highly susceptible to numerical errors.
The weight of the centre sigma point becomes negative and the covariance matrix is not
positive definite which causes the UKF to halt its operation. To overcome this problem,
CKF uses a different set of deterministic weighted points which has numerical stability and

is proper for high dimensional state space model [§].
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