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Abstract

Experimental studies have been carried out in this thesis to enhance the understanding of

granular material failure by observing the e�ects of particle size on material properties.

Understanding the granular behaviour of materials is important in pharmaceutical re-

search, product quality in the additive manufacturing industry, and ballistic performance

in defence applications. In order to investigate these granular material behaviours in this

thesis, two di�erent experimental apparatuses were designed to conduct con�ned uniax-

ial compression tests under quasi-static loading conditions. The triaxial compaction

response was monitored using a displacement traducer and load cells to derive material

property characteristics.

First, the material response of granular stainless steel 316 was captured using the thick-

walled cylinder approach where a load washer and strain gauges relate: the hydro-static

pressure e�ects as a function of porosity, particle size dependency on wall friction e�ects,

and particle size-dependent failure mechanisms. The average particle sizes investigated

were: 127± 34 µm, 309± 88 µm, 487± 98 µm. Observations revealed that the path of

crushing out porosity varied based on the particle size and the frictional e�ects. Scan-

ning Electron Microscope images were taken to examine the surface features and failure

mechanisms of the compacted material. The analysis indicated that smaller particles

exhibited signi�cant plastic deformation and �ow, while the larger appeared to show

micro-cracking which lead to inelastic deformation and particle fracture.

Second, quasi-static uniaxial con�ned compaction of granular alumina and boron carbide

was also studied, observing the triaxial stress e�ects of the materials as a function of par-

ticle size, using the instrumented die approach. The average particle sizes for alumina

powder used in the experiments were: 133± 38 µm, 201± 42 µm, 290± 52 µm, and

414± 57 µm. The material response was captured using load cells and a displacement

transducer to relate the hydro-static pressure as a function of porosity, the bulk mod-

ulus as a function of hydro-static pressure, and the transmission ratio as a function of

applied load all for increasing particle sizes. Investigation of these ceramics revealed that

for alumina, increasing the particle size resulted in an increase in strength for a �xed

porosity, the bulk modulus did not show clear particle-size dependent trends, and the

transmission ratio showed increasing behaviour where larger particles transmitted more

load. To contrast, similar particle sizes were investigated for granular boron carbide:

152± 26 µm, 171± 23 µm, 303± 46 µm, and 461± 44 µm. For granular boron carbide,

the path of crushing out porosity decreased with increasing particle size, the change in

bulk modulus of the material increased with increasing particle size, and no clear particle-

size dependent trends were observed when looking at the transmission ratio during the



iii

compaction. Likewise, for both ceramics, SEM images were taken to observe the surface

features of the loose and compacted material to track any failure mechanisms before and

after experiments. Post-experiment SEM analysis revealed that alumina powder frag-

mented from elongated shapes to block-like structures, while the boron carbide powder

appeared more circular before the experiments and fragmented into smaller comminuted

pieces during experimentation. The degree of fragmentation was strongly correlated with

the maximum hydro-static pressure reached during experimentation, regardless of initial

particle size.

Altogether, these results are important to better understand the particle-size dependent

behaviours in metals and advanced ceramics so that failure regimes can be more accu-

rately conveyed in validating failure models and improving the use of materials in blast

mitigating structures.



Preface

I, Piotr Nicewicz, declare that this thesis titled, `Con�ned Uniaxial Compaction Observ-

ing Triaxial Response of Granular Media under Quasi-static Loading Conditions' and

the work presented in it are my own. Furthermore, permission is hereby granted to the

University of Alberta Libraries to reproduce single copies of this thesis and to lend or sell

such copies for private, scholarly or scienti�c research purposes only. Where the thesis is

converted to, or otherwise made available in digital form, the University of Alberta will

advise potential users of the thesis of these terms.

The author reserves all other publication and other rights in association with the copy-

right in the thesis and, except as herein before provided, neither the thesis nor any

substantial portion thereof may be printed or otherwise reproduced in any material form

whatsoever without the author's prior written permission.

iv



v

�Try not to become a man of success, but rather try to become a man of value."

-Albert Einstein



Dedicated to my parents, Marta and Andrzej.

vi



Acknowledgements

I would like to begin by thanking my supervisor Dr. J. D. Hogan. His knowledge,

expertise, and guidance were critical to the success of my thesis. He dedicated many hours

teaching me how to understand material properties from data, convey his intelligence in

material science, and how to deliver information in the form of critical writing. Without

his technical support, many aspects of this work would not be possible and for that I am

truly grateful; he gave me a chance to prove myself.

Furthermore, I would like to extend my appreciation to doc. Ing. Peter Peciar PhD,

Ing. Oliver Macho PhD, and doc. Ing. Roman Fekete PhD of the Slovak University

of Technology in Bratislava, for their comprehension and collaboration. In particular,

assisting with conducting experiments and leading insightful discussions on the research

topic. Their timely feedback and guidance were a critical aspect in executing this project.

In addition, I am grateful for the hospitality of the research team during my time in

Bratislava.

Next, I would like to thank my lab mates and fellow graduate students for their countless

interesting conversations, that kept me sane throughout my degree. This created a

cheerful environment to take the edge o� during hectic times. I wish you all the best,

and good luck on your research and future endeavours.

I also would like to express my gratitude to the supporting sta� at the University of

Alberta and the Mechanical Engineering machine shop for their hard work and design

recommendations. In particular, I would like to thank Bernie Faulkner for his insightful

talks and helpful advise. He aided in technical design, as well as shared many interesting

stories which maintained an entertaining environment.

Last, but certainly not the least, I would like to thank my family for the ongoing support

and encouragement. Their backing continues to motivate me to reach greater heights

and to never give up. Their encouragement kept me moving forward throughout my

under graduate and graduate degrees and for that I am very thankful.

vii



Contents

Abstract i

Preface iv

Acknowledgements vii

List of Figures xi

List of Tables xv

Abbreviations xvi

Symbols xvii

1 Introduction, 1

1.1 The Study of Granular Material . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1.1 Granular Flow in Additive Manufacturing . . . . . . . . . . . . . . 2
1.1.2 Granular Flow in Pharmaceuticals . . . . . . . . . . . . . . . . . . 3
1.1.3 Granular Flow in Advanced Ceramics for Ballistic Protection . . . 3

1.2 Compaction Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.2.1 Thick-walled Cylinder (TWC) - Con�ned Uniaxial Compaction . . 5
1.2.2 Instrumented Die - Con�ned Uniaxial Compaction . . . . . . . . . 6
1.2.3 Triaxial Compaction . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Thesis Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.4 Thesis Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.5 Contributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.6 Thesis Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2 Theory of Mechanics of Granular Materials 11

2.1 3D Hooke's Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3 Con�ned Uniaxial Compression of Granular Stainless Steel 316 14

3.1 Material Composition and Geometry . . . . . . . . . . . . . . . . . . . . . 14
3.2 Particle Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
3.3 Experiment Con�guration . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

viii



Contents ix

3.3.1 Thick-walled Cylinder (TWC) . . . . . . . . . . . . . . . . . . . . . 17
3.3.2 TWC Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.4 Compaction Results and Discussion . . . . . . . . . . . . . . . . . . . . . . 23
3.4.1 Hydro-static Response . . . . . . . . . . . . . . . . . . . . . . . . . 23
3.4.2 Bulk Modulus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.4.3 Friction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.4.4 Janssen Coe�cient . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
3.4.5 SEM Images of Material Failure . . . . . . . . . . . . . . . . . . . . 27
3.4.6 Discussion and Summary . . . . . . . . . . . . . . . . . . . . . . . 27
3.4.7 Concluding remarks . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4 Quasi-static Con�ned Uniaxial Compaction of Granular Alumina and

Boron Carbide 31

4.1 Material Composition and Geometry . . . . . . . . . . . . . . . . . . . . . 31
4.1.1 Alumina . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.1.2 Boron Carbide . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.2 Particle Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
4.3 Experiment Con�guration . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.3.1 Instrumented Die . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
4.3.2 Instrumented Die Theory . . . . . . . . . . . . . . . . . . . . . . . 38

4.4 Compaction Results and Discussion . . . . . . . . . . . . . . . . . . . . . . 41
4.4.1 Hydro-static Response . . . . . . . . . . . . . . . . . . . . . . . . . 41
4.4.2 Bulk Modulus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
4.4.3 Friction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.4.3.1 Failure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
4.4.4 Distributions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.5 Discussion and Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.5.1 Concluding Remarks . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5 Conclusion 56

5.1 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
5.2 Implications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.3 Future Work and Recommendations . . . . . . . . . . . . . . . . . . . . . 58

A Data Processing 75

A.1 MATLAB Code - Con�ned Uniaxial Compression of Granular Stainless
Steel 316 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

A.2 MATLAB Code - Quasi-static Con�ned Uniaxial Compaction of Granular
Al2O3 and B4C . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

B Uncertainty - Propagation of Error 81

C SEM Images of Tested Materials 84

D Hooke's Law 91

D.1 Generalized Hooke's Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
D.2 Material Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93



Contents x

D.3 Cylindrical Coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

E Supplementary Material 97

E.1 Curve �tting . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
E.2 Particle distribution data . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

F Curriculum Vitae 101



List of Figures

1.1 The cross-section of the TWC apparatus shows the void holding the spec-
imen along with the external instruments required to capture the material
behaviour during compaction. This testing con�gurations can accommo-
date a range of material amounts depending on required axial load. . . . . 6

1.2 An adapted sketch of the instrumented die which directly measures within
the void, simultaneously capturing constitutive data and material proper-
ties [67]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Sketch of the triaxial pressure cell used for compacting cylindrical powder
specimens of diameter 12.7 mm for probing the yield surface [68]. . . . . . 8

3.1 SEM images of the stainless steel 316 powder at two di�erent particle
sizes: A 127± 34 µm and B 487± 98 µm, respectively. . . . . . . . . . . . 15

3.2 Schematic of the cross-section of the experimental set-up illustrating key
components and dimensions. Due to the nature of the compression ma-
chine, the load was applied from the bottom. . . . . . . . . . . . . . . . . 18

3.3 Quasi-static granular compaction of stainless steel 316 powder for particle
sizes of: 127± 34 µm, 309± 88 µm, 487± 98 µm depicting the load and
unload response. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.4 The bulk modulus of stainless steel 316 as a function of applied stress for
particle sizes of: 127± 34 µm, 309± 88 µm, 487± 98 µm. . . . . . . . . . 24

3.5 The transmission ratio relationship of granular stainless steel 316 as a
function of applied stress for di�erent particle sizes: 127± 34 µm, 309± 88
µm, 487± 98 µm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.6 Janssen coe�cient of stainless steel 316 as a function of porosity for varying
particle sizes: 127± 34 µm, 309± 88 µm, 487± 98 µm. . . . . . . . . . . . 26

3.7 SEM images of the stainless steel 316 powder at two di�erent particle
sizes: position A 127± 34 µm and position B 487± 98 µm respectively.
The red arrows indicate the failure within the material post-compaction. . 27

4.1 SEM images were taken of the Al2O3 powder to observe powder morphol-
ogy before experiments and failure features post-experiment. Position A
depicts the Al2O3 powder (133± 38 µm) before compression. B depicts
the Al2O3 powder (133± 38 µm) after compression. Lastly, position C
depicts the large Al2O3 powder (414± 57 µm) after the experiment show-
ing the resulting material size and shapes and D depicts surface features
of the 414± 57 µm Al2O3 powder. . . . . . . . . . . . . . . . . . . . . . . 32

xi



List of Figures xii

4.2 SEM images of B4C were taken to observe the small and large particles,
focusing on powder morphology before and after experiment. Position A
depicts 152± 26 µm B4C powder before compression. Position B depict
the 303± 46 µm particle size showing the overall geometry before compres-
sion. Position C depict the postmortem 303± 46 µm powder visualizing
the overall fragment distribution and D depicts the surface features post
experiment. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.3 An isometric cross-section view is shown of the compaction apparatus
used in compressing Al2O3 & B4C powders to show the di�erent compo-
nents. The colour in the �gure is to distinguish various components that
constitute the apparatus. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.4 In the �gure we see the hydro-static pressure response of granular Al2O3.
In A, the hydro-static pressure response as a function of porosity was
captured for the range of particles 133± 38 µm. In B, the hydro-static
pressure response as a function of porosity was captured for the particle
size range 201± 42 µm. In position C the hydro-static pressure response
was captured for the particle size range 290± 52 µm. In position D,
the hydro-static pressure response was captured for particle size range
414± 57 µm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.5 In the �gure we see the hydro-static pressure response of granular B4C.
In A, the hydro-static pressure response as a function of porosity was
captured for the range of particles: 152± 26 µm. In B, the hydro-static
pressure response as a function of porosity was captured for the particle
size range: 171± 23 µm. In position C the hydro-static pressure response
was captured for the particle size range: 303± 46 µm. In position D,
the hydro-static pressure response was captured for particle size range:
461± 44 µm µm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.6 In the �gure we see the bulk modulus response of the Al2O3 powder as a
function of hydro-static pressure. In A, the bulk modulus response as a
function of hydro-static pressure was captured for the range of particles:
133± 38 µm. In B, the bulk modulus response as a function of hydro-static
pressure was captured for the particle size range: 201± 42 µm. In position
C the bulk modulus response as a function of hydro-static pressure was
captured for the particle size range: 290± 52 µm. In position D, the bulk
modulus response as a function of hydro-static pressure was captured for
particle size range: 414± 57 µm. . . . . . . . . . . . . . . . . . . . . . . . 43

4.7 In the �gure we see the bulk modulus response of granular B4C. In A, the
bulk modulus response as a function of hydro-static pressure was captured
for the range of particles: 152± 26 µm. In B, the bulk modulus response
as a function of hydro-static pressure was captured for the particle size
range: 171± 23 µm. In position C the bulk modulus response as a function
of hydro-static pressure was captured for the particle size range: 303± 46
µm. In position D, the bulk modulus response as a function of hydro-static
pressure was captured for particle size range: 461± 44 µm. . . . . . . . . 44



List of Figures xiii

4.8 In the �gure we see the transmission ratio of the Al2O3 powder as a
function of applied stress. In position A, the transmission ratio response
as a function of the applied stress was captured for the range of particles:
133± 38 µm. In position B, the transmission ratio as a function of applied
stress was captured for the particle size range: 201± 42 µm. In position C
the transmission ratio was captured for the particle size range: 290± 52
µm. In position D, the transmission ratio was captured for particle size
range: 414± 57 µm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.9 In the �gure we see the transmission ratio of the B4C powder as a function
of applied stress. In position A, the transmission ratio response as a
function of the applied stress was captured for the range of particles:
152± 26 µm. In position B, the transmission ratio as a function of applied
stress was captured for the particle size range: 171± 23 µm. In position C
the transmission ratio was captured for the particle size range: 303± 46
µm. In position D, the transmission ratio was captured for particle size
range: 461± 44 µm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.10 In A we see the overall trend of the bulk modulus for granular B4C, depict-
ing the sensitivity of particle size on bulk modulus as a function of hydro-
static pressure. Illustrated in the B is the overall trend of the transmission
ratio of granular Al2O3. As the particle size increases, the transmission
ratio increases. To show the global behaviour of the material response,
the tests with the largest deviation with respect to a given particle size
were chosen. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.11 In the �gure are illustrated the overall trends seen in the granular Al2O3,
position A, and granular B4C, position B, depicting the hydro-static pres-
sure response as a function of porosity for increasing particle sizes. To
show the global response of the material, individual tests with respect to
a given particle size were chosen. . . . . . . . . . . . . . . . . . . . . . . . 52

4.12 The cumulative distribution of the particles for Al2O3 powder for the range
of particles: 133± 38 µm, 201± 42 µm, 290± 52 µm, and 414± 57 µm. . 54

4.13 The cumulative distribution of the particles for B4C powder for the range
of particles: 152± 26 µm, 171± 23 µm, 303± 46, and 461± 44 µm. . . . . 54

C.1 SEM image of stainless steel 316 powder with an average particle size of
127± 34 µm before the quasi-static compaction. . . . . . . . . . . . . . . . 84

C.2 SEM image of stainless steel 316 powder with an average particle size of
487± 98 µm before the quasi-static compaction. . . . . . . . . . . . . . . . 85

C.3 SEM image of the stainless steel 316 powder at an average particle size of
127± 34 µm post compaction. . . . . . . . . . . . . . . . . . . . . . . . . . 85

C.4 SEM image of the stainless steel 316 powder at an average particle size of
487± 98 µm post compaction. . . . . . . . . . . . . . . . . . . . . . . . . . 86

C.5 SEM images were taken of the Al2O3 powder to observe powder morphol-
ogy before experiments and failure features post-experiment. The follow-
ing depicts the Al2O3 with an average particle size 170± 63 µm before
compression. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

C.6 The following is an SEM image of Al2O3 powder with an average particle
size 170± 63 µm after compression. . . . . . . . . . . . . . . . . . . . . . . 87



List of Figures xiv

C.7 SEM image of the large Al2O3 powder with an average particle size of
450± 83 µm after the experiment showing the resulting material size and
shapes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

C.8 SEM images were taken of the Al2O3 powder to observe powder mor-
phology before experiments and failure features post-experiment. The
following is Al2O3 powder with an average particle size of 450± 83 µm. . 88

C.9 SEM images of B4C were taken to observe the small and large particles,
focusing on powder morphology before and after experiment. The �gure
depicts 170± 40 µm B4C powder before compression. . . . . . . . . . . . . 88

C.10 The �gure depicts B4C powder with an average particle size of 320± 59
µm showing the overall geometry before compression. . . . . . . . . . . . . 89

C.11 The �gure depicts the postmortem B4C powder with an average particle
size of 320± 59 µm visualizing the overall fragment distribution. . . . . . 89

C.12 The following �gure depicts the surface features post experiment of B4C
powder with an average particle size 320± 59 µm. . . . . . . . . . . . . . 90

D.1 Stress components de�ned with respect to the Cartesian coordinate system
[133]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

D.2 Stress components with respect to the cylindrical coordinates [133]. . . . . 95

E.1 For the Al2O3 powder, trends can be observed when plotting the constants
(A,B,C) as a function of average particle size for (E.1). Polynomial �tting
functions were used for the purpose to explicitly show the overall trends
of each constant. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

E.2 The function constants (A,B,C) for granular B4C were plotted against
increasing particle size. Polynomial �tting functions of order two and
three were used for the purpose of depicting overall trends of each constant. 99

E.3 The empirical cumulative distribution function is plotted against average
particle size before and after compaction for granular alumina. . . . . . . . 100

E.4 The empirical cumulative distribution function is plotted against average
particle size before and after compaction for granular boron carbide. . . . 100



List of Tables

3.1 Chemical composition of Alfa Aesar stainless steel 316 powder. . . . . . . 15
3.2 Particle size characterization observing the diameter distribution and cir-

cularity of each particle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
3.3 Relative systemic error of the minimum and maximum cases for the me-

chanical properties of stainless steel 316. . . . . . . . . . . . . . . . . . . . 22

4.1 Al2O3 Powder Characterization: the material span is ∆ (unitless), the
tenth percentile D10 (µm), the �ftieth percentile D50 (µm), and ninetieth
percentile D90 (µm) of the distribution. . . . . . . . . . . . . . . . . . . . 35

4.2 B4C Powder Characterization: the material span is ∆ (unitless), the tenth
percentile D10 (µm), the �ftieth percentile D50 (µm), and ninetieth per-
centile D90 (µm) of the distribution. . . . . . . . . . . . . . . . . . . . . . 35

4.3 Alumina experiment parameters: mean diameter Ø(µm), mass m (g),
initial void volume Vo (mm3), initial density ρi (kg m−3), �nal density ρf
(kg m−3), initial porosity φi (%), and �nal porosity φf (%). . . . . . . . . 37

4.4 Boron carbide experiment parameters: mean diameter Ø(µm), mass m
(g), initial void volume Vo (mm3), initial density ρ (kg m−3), �nal density
ρ (kg m−3), initial porosity φi (%), and �nal porosity φf (%). . . . . . . . 37

4.5 Systematic uncertainty: propagation of error. . . . . . . . . . . . . . . . . 40
4.6 Standard deviation in material properties at each particle size tested for

granular Al2O3 and B4C. . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

xv



Abbreviations

AM Additive Manufacturing

SiC Silicon Carbide

TWC Thick Walled Cylinder

LVDT Linear Variable Di�erential Transformer

SEM Scanning Electron Microscope

G3 Morphologi G3 Microscope

HRC Rockwell Hardness Scale C

Al2O3 Alumina Oxide

B4C Boron Carbide

TiC Titanium Carbide

WC Tungsten Carbide

xvi



Symbols

a inner crucible radius m

A projectd area of particles m2

Ao cross-section of the crucible void m2

Ar cross-sectional area of radial pin m2

b outer crucible radius m

Bep elasto-plastic bulk modulus Pa

C circularity unitless

Ciklm fourth order sti�ness tensor Pa

Da area equivalent diameter µm

D[4, 3] De Broukere mean diameter µm

D10 thenth percentile in distribution unitless

D50 �ftieth percentile in distribution unitless

D90 ninetieth percentile in distribution unitless

Ec Young's modulus of elasticity of the crucible Pa

Ff friction force output from load washer N

FMTS force output from compression machine N

Fz axial force N

K Janssen coe�cient unitless

m mass kg

Ø particle diameter µm

p perimeter of particles m

P hydro-static pressure Pa

∆P change in hydro-static pressure Pa

r crucible radius m

T transmission ratio unitless
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Vo initial specimen volume m3

∆V change in volume m3

δ relative displacement m

∆ span in distribution unitless

εkl second order strain tensor unitless

εr radial strain unitless

ε̇ compression strain rate s−1

θ principle direction in cylindrical coordinates ◦

νc Poisson's ratio of the crucible unitless

ρi,f initial and �nal density kg m−3

ρs solid bulk density kg m−3

φ porosity of the sample %

φi,f initial and �nal packing porosity %

σa applied stress Pa

σik second order stress tensor Pa

σr radial stress Pa

σr,z,θ stress tensor in cylindrical coordinates Pa

σt transmitted stress through the sample Pa

σz axial stress Pa



Chapter 1

Introductiona,b

1.1 The Study of Granular Material

Granular materials are an agglomeration of discrete solid macroscopic particles (mag-

nitude of 10−3 m) that behave di�erently than continuous solids, liquids, and gases.

The granular material response can be observed at the bulk scale or at the individ-

ual particles. The understanding of granular behaviour is critical in various industries

for process optimization such as, for example, manufacturing [1], pharmaceutical [2],

and geo-technical [3] applications. Typically, researchers choose to pursue two main ap-

proaches when describing the granular behaviour: discrete and continuum analysis. In

the discrete approach, research is focused on individual particle behaviour [4�6]. The

discrete models are based on kinematics of the particles and allow for simulating mechan-

ical characteristics [7]. More recently, discrete models exhibit deformability and allow

for the simulation of the yielding behaviour of materials [8]. Conversely, in continuum-

scale studies, researchers focus on using constitutive laws and conservation equations to

model the ensemble of granular behaviour [9, 10]. Speci�cally, researchers have derived

a number of yield and friction models to express various characteristics such as variation

aA portion of this chapter has been published in: P. Nicewicz, T. Sano, J.D. Hogan, �Con�ned Uniax-
ial Compression of Granular Stainless Steel 316�. Powder Technology. Manuscript number: POWTEC-
D-18-03323R1. Article reference: PTEC14359.

bA portion of this chapter has been submitted for publication in: P. Nicewicz, P. Peciar, O. Macho,
T. Sano, J.D. Hogan. �Quasi-static Con�ned Uniaxial Compaction of Granular Alumina and Boron
Carbide Observing the Particle Size E�ects�. Journal of the American Ceramic Society. Under review.
Manuscript number: JACERS-44392
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Introduction 2

in friction as a function of localized stresses [7]. However, challenges exist with both ap-

proaches. Discrete modelling is computationally expensive and struggles with complex

non-linear behaviour [7, 11]. On the other hand, certain continuum computational tech-

niques struggle when high levels of strain occur which is di�cult to represent in a uni�ed

model [9]. Researchers have been interested in the micro-scale of solid-like behaviour of

grains [12] while capturing the macro-scale �uid-like characteristics [13] due to the large

application possibilities.

1.1.1 Granular Flow in Additive Manufacturing

One method in processing granular materials is through cold die compaction. This pro-

cess consists of having the powder �ow into a die and compacting it at room temperature.

The loose material produces a coherent piece known as a `green compact' which is then

sintered into the �nal product [14]. The simplicity of this process makes it desirable

in many industry sectors. Work on cold compaction of granular materials has been

conducted in additive manufacturing (AM), where it is important to understand the

relationship between the powder characteristics and the mechanics of the consolidated

part [15]. For example, mechanical properties, surface �nish, and integrity of the �nal

structure are highly in�uenced by the characteristics of the powder material that is used

in the manufacturing process. Further, �ow properties (�owability) of the powder highly

in�uences the �nish, grade, and strength of the �nal product. The correlation between

factors such as the shape distribution, size distribution, density, and packing density

are a complex and ongoing research topic [16, 17]. In one example, Spierings et al. [17]

determined that larger stainless steel 316 particles in the raw powder consequently re-

sulted in bigger pores in the �nal steel part. The thicker layers created heterogeneous

regions in the structure that promoted fracture [17] and increased void density that cre-

ates nucleation sites for brittle failure, and promotes crack propagation. Comparable

research was done by Bai et al. [18] when analyzing a binder jetting AM technique with

copper particles. Similar to laser sintering, binder jetting combines the metal powder

with a binder and creates a green compact structure surrounded by the remaining pow-

der, which is then sintered. By using a bimodal powder distribution, Bai et al. [18] was

able to improve the powder density by 8.2 % and �owability by 10.5 %. Powder �ow

properties have been shown to play an important role in the cohesive strength, friction,
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compressibility, and transportation of the powder [16, 19]. The tailoring of particle sizes

is required to improve the �nal density of the manufactured structure.

1.1.2 Granular Flow in Pharmaceuticals

The compaction of cold-pressed powder has likewise been of particular interest to phar-

maceutical researchers [20] when looking at particle distribution, Jansen coe�cient for

particle friction, and porosity as a function of applied stress [2, 21]. For example,

Michrafy et al. [21] studied the friction of pill compaction lubricant e�ects on the die

wall friction coe�cient. They showed that wall friction and particle friction primarily ac-

count for non-uniform stress distribution and produce a density gradient of the material

in the compact; the lack of consistent density results in inferior mechanical properties

[22]. Similar work conducted by Kadiri et al. [20] looked at predicting the axial density

distribution of micro-crystalline material while determining the material properties dur-

ing quasi-static triaxial compression. The axial density of cellulose decreases from the

top to the bottom of compaction sample and Kadiri et al. [20] concluded that the particle

size and shape signi�cantly in�uence the density distribution throughout pharmaceutical

tablet compaction.

1.1.3 Granular Flow in Advanced Ceramics for Ballistic Protection

Ceramics emerged in ballistic protection applications around the 1960's [23]. They have

been used to mitigate various threats ranging from high pressure blasts to projectile

and fragment penetration [24�27]. Due to the superior strength-to-weight ratio [28] and

impact resistance [29], advanced ceramics have been used in the protecting vehicles and

personnel in combat situations ever since. Projectile impact is a complex event where the

ensemble of granular material behaves di�erently. For example the size of the impactor

with respect to the target material dictates whether or not the ceramic material behaves

like a liquid or solid. In addition, the loading conditions and failure mechanisms a�ect

the amount of bulk or granular behaviour of the ceramic. Accompanying research on the

development of advanced protection applications have included, for example, studying

multi-hit capabilities of armour protection [25], the dwell-penetration relationship in

projectile penetration [30], and fragmentation behaviour on projectile erosion and energy

dissipation [31].
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The failure of brittle ceramics through micro-cracking and fragmentation has been stud-

ied previously by many. Mott et al. [32] was one of the �rst researchers to couple physical

and statistical theories of fragmentation. Later work by Grady and Kipp [33] noted that

fragmentation occurs in three stages: crack nucleation, crack growth, and crack coales-

cence where they successfully related fragmentation sizes to mechanical properties and

loading rates. Other work done by Sarva and Nemat-Nasser [34] showed that silicon car-

bide (SiC) fragment size was strongly correlated with induced strain rates, which aligned

with well known concepts developed by Grady and Kipp [33]. Higher strain rates (∼ 102

s−1) produced signi�cantly smaller fragments when compared to quasi-static compres-

sion. Related work by Hogan et al. [35] observed distinct fragmentation regimes during

the dynamic fragmentation of boron carbide. Smaller fragments (<100 µm) appeared to

be micro-structure dependent and arose from the coalescence of fractures from internal

defects, while larger fragments (>100 µm) were more-so dependent on speci�c structural

mechanisms (buckling of columns) rather than material. This work demonstrated that

we are able to tailor the fragmentation sizes by controlling the inherent defect spacing

in the micro-structure.

Fragmentation has been noted to be important in the ballistic performance of advanced

ceramics [36�40]. For example, Shockey et al. [37] concluded that penetration resistance

is governed by compressive strength, hardness, pulverization characteristics, frictional

�ow of fragments, and fragment abrasiveness (i.e., particle geometry). Related work

by Krell and Strassburger [8] noted that fragment size and shape dictated the level of

projectile erosion and energy dissipation during ballistic impact. With fragmentation

happening as a primary material failure mechanism, the incentive of studying ceramics

in a granular state increases. In their simulation study, Holmquist and Johnson [41]

also demonstrate the importance of the behaviour of the damaged and granular forms of

advanced ceramics on penetration resistance and characterizing �ow stress by observing

particle size distribution. They also noted that most of the uncertainty in modelling such

behaviour stems from the pressure-volume response.

Experimental work on the granular behaviour, failure, and mechanical properties of

advanced ceramics has been explored before [42�46], nonetheless, it is limited, likely

as a result of the natural material hardness making it di�cult to conduct experiments.

However, there exists research in granulated rocks and minerals [47, 48]. For example,

Huang et al. [49] conducted dynamic compression tests on quartz sands in which a simple
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model for predicting the dynamic break e�ciency of the granular materials was derived.

Borg and Vogler [50] dynamically compressed granular tungsten carbide and noted the

dynamic compaction characteristics of the material. Modelling e�orts simulating the

behaviour of granulated advanced ceramics has also been limited [51], with the majority

of the literature on experimentation and modelling the behaviour of geological materials

[52�57]. Such work presented by previous researchers is complimentary to accurately

reproducing ceramic failure in brittle material models, which gets further implemented

in simulating impact.

1.2 Compaction Methods

1.2.1 Thick-walled Cylinder (TWC) - Con�ned Uniaxial Compaction

The �rst method typically used for testing granular materials is the thick-walled cylinder

approach. This technique is derived from soil mechanics where it has been extensively

used to determine quasi-static material behaviour [58�62]. This method consists of plac-

ing the material inside a metal tube where the top and bottom punch seal the specimen.

An axial load is applied to one or both punches and the sample becomes compressed.

External load transducers record the axial force applied and strain gauges mounted on

the outer perimeter of the tube record the radial strain. The cross-section of this set-up

can be seen in Figure 1.1. It is important to note that the strain is not directly measured

on the sample but rather the strain is transferred through the wall of the cylinder where

it is recorded using, for example, a strain gauge. Furthermore, the axial displacement

is recorded using a linear variable di�erential transformer (LVDT). This experimental

set-up is simple in the sense that it does not require multiple sensors and instruments to

obtain various stress states of the material tested.
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Figure 1.1: The cross-section of the TWC apparatus shows the void holding the spec-
imen along with the external instruments required to capture the material behaviour
during compaction. This testing con�gurations can accommodate a range of material

amounts depending on required axial load.

1.2.2 Instrumented Die - Con�ned Uniaxial Compaction

The next common experimental apparatus is the instrumented die. This method has been

previously used by researchers in the product manufacturing �eld [63�65] and compaction

modelling research [66]. This system is similar to the one mentioned before, however, the

pressure measurements are directly measured from the material using various transducers

illustrated in Figure 1.2. This provides a simple system for measuring simultaneously

data and material properties in the course of compaction [66].
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Figure 1.2: An adapted sketch of the instrumented die which directly measures within
the void, simultaneously capturing constitutive data and material properties [67].

1.2.3 Triaxial Compaction

The last commonly used method to test granular materials is a triaxial compaction sys-

tem. The apparatus consists of a cylinder, con�ning pressure chamber, bottom and top

punches. Figure 1.3 depicts the cross-section of a typical pressure cell used for experi-

ments. The sample is placed in a double-sealed compression chamber where the outer

void is �lled with a �uid providing hydro-static pressure while an axial load is applied to

the top of the specimen, placing the sample in a uniform stress state. Researchers such

as Sridhar and Fleck [68], Chojnacki and Chen [69], Lee and Kim [70] have shown this

technique to be e�ective when validating material models. The testing methods outlined

come with increasing cots, where the TWC is most cost e�ective in comparison the the

triaxial apparatus.
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Figure 1.3: Sketch of the triaxial pressure cell used for compacting cylindrical powder
specimens of diameter 12.7 mm for probing the yield surface [68].

1.3 Thesis Objectives

To better understand the behaviour of granular materials for defence and other appli-

cations, the shortcomings of powder �owability, particle variability, and particle perfor-

mance relating to material strength must be addressed and understood [71]. Overall,

the importance of fracture and fragmentation on the impact performance of ceramics

[33, 38, 62, 72, 73] and metallics [74, 75] has been well documented in the literature.

Building on these past works, the objectives of this thesis explore the behaviour of gran-

ular stainless steel 316, alumina, and boron carbide with an emphasis on the e�ect of

particle size and shape on �ow behaviour and variability in strength, bulk modulus, and

frictional e�ects. A quasi-static experimental technique (ε̇ of 10−1s−1) is used to eval-

uate the triaxial �ow stress as a function of particle size and, where applicable, shape.

Before and after experiments, scanning electron microscopy (SEM) is used to investi-

gate failure, fracture, and fragmentation mechanisms in the materials. Lastly, additional

thoughts were focused on looking at curve �tting where speci�c attention was given to

parameterize individual constants of the trends observed in the hydro-static response
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of material density. By addressing these areas, advancements will be obtained to bet-

ter understand the e�ects of particle size and shape on strength and failure of granular

materials.

1.4 Thesis Goals

The goals of this thesis are as follows:

I Design a feasible compaction apparatus to test the various granular materials,

taking into account the individual material di�erence.

I Study the particle-sized dependant hydro-static response of granular materials as a

function of porosity of all three materials, relating the failure mechanisms occurring

during quasi-static compaction.

I Study the particle size e�ects of the secant bulk modulus as a function of applied

stress for granular stainless steel 316. This material is a popular choice in the

defence industry for armour design.

I Study the particle size e�ects of the secant bulk modulus as a function of hydro-

static pressure for granular alumina (Al2O3) and boron carbide (B4C). These ad-

vanced ceramics are currently used in armour.

I Study the friction e�ects of con�ned compression observing particle size dependen-

cies.

I Investigate the failure mechanisms occurring during con�ned quasi-static compres-

sion of granular stainless steel 316, alumina, and boron carbide.

1.5 Contributions

The contributions from this thesis are summarized in the following statements:

I Verifying the instrumented die experimental apparatus for consistent material re-

sponse, and characterization.
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I Particle geometry and distribution a�ect the quasi-static compression response,

which dictates the failure path of the granular material.

I Noting the fragmentation and failure evolution happening at various porosities in

granular stainless steel 316, alumina, and boron carbide which relates the material's

sensitivity of strength and bulk modulus on fragment size. Such information is

paramount in improving material design for additive manufacturing and ballistic

protection.

I Experimental data presented in this thesis can be used in validating failure mod-

els and yield surfaces, underlining the particle-size dependant trends observed in

stainless steel 316, Al2O3, and B4C.

These contributions are incorporated and discussed in detail in two journal papers that

were published as an outcome of this thesis work.

1.6 Thesis Structure

The layout of this thesis will have the following structure: Chapter 2 provides a literature

review of the derivation of fundamental material laws on which this work stands upon.

The �rst compaction experiment is introduced in Chapter 3, where granular stainless

steel 316 was compacted using the thick-walled cylinder (TWC) approach. Chapter 4

describes the second compaction experiment where granular alumina and boron carbide

were compressed using the instrumented die approach. Further, the conclusions of this

research are written in Chapter 5, where future work and recommendations are outlined.

Lastly, the MATLAB code used to derive material characteristics can be found in Ap-

pendix A, uncertainty analysis and propagation of error can be found in Appendix B,

before and after experiment SEM images can be found in Appendix C, theoretical equa-

tions and material laws can be found in Appendix D, supplementary material on curve

�tting of material constants can be found in Appendix E, and the author's academic

biography can be found in Appendix F.



Chapter 2

Theory of Mechanics of Granular

Materials

This chapter is dedicated to establish the fundamental ground work of the theoretical

laws that govern elastic behaviour of materials. In the following chapter, the law of

elasticity is introduced and converted into the form which was used in determining the

compaction behaviour of the material.

2.1 3D Hooke's Law

The relationships that are obtained from the experiments performed in this thesis stem

from Hooke's law that describes the phenomenon of elasticity. The idea exists that when

a material is loaded externally, deformation takes place. Hooke's law for linear elastic

materials in Cartesian coordinates can be described as:

σik = Ciklmεkl (2.1)

where σik is the second order stress tensor with its individual elements, εkl is the second

order strain tensor with its individual elements, and Cijkl is the fourth order sti�ness

tensor composed of sti�ness coe�cients [76]. A complete derivation of this relationship

has been computed extensively in literature and, therefore, will not be explicitly shown

(see reference [76, 77]). The stress components are symmetric based on the condition

11
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that σij = σji and Cijkl = Cjikl, and therefore, the number of independent constants

reduce from 81 to 54. Furthermore, the same symmetric relations can be applied to the

strain components (εij = εji), thus for linear elasticity we get 36 independent constants

and (2.1) reduces to the following:

σi = Cijεj where i = 1,2,. . . ,6 (2.2)

It is important to note that the plain strain assumption holds due to the cylindrical

shaped body where the loads are applied in the z-direction. Furthermore, we assume

that the surface tractions and body forces are independent of z. To further reduce the

sti�ness matrix, we assume that the material is isotropic and the elasticity matrix is

expressed as follows:


σ1

σ2

σ3

 =


C11 C12 C13

C22 C23

sym C33



ε1

ε2

ε3

 (2.3)

where σi (i = 1, 2, 3) is the stress tensor in the three principle directions, Cij (i, j =

1, 2, 3) is the sti�ness tensor in 3-D space, and εi (i = 1, 2, 3) is the strain tensor in the

three principle directions. Refer to Appendix D for full derivation of the stress strain

relation. The constitutive equations written in Cartesian coordinates are summarized as

follows:

σ11 =
E

(1 + ν) (1− 2ν)
[(1− ν) ε11 + ν (ε22 + ε33)]

σ22 =
E

(1 + ν) (1− 2ν)
[(1− ν) ε22 + ν (ε33 + ε11)]

σ33 =
E

(1 + ν) (1− 2ν)
[(1− ν) ε33 + ν (ε22 + ε11)]

σ12 = σ21 =
E

1 + ν
ε12

σ13 = σ31 =
E

1 + ν
ε13

σ23 = σ32 =
E

1 + ν
ε23
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Furthermore, Hooke's law was derived in terms of cylindrical coordinates to represent

the sample geometry used in the experiments. Hooke's law in cylindrical coordinates for

3-D space can be interpreted as the following:


σr

σz

σθ

 =


C11 C12 C13

C22 C23

sym C33



εr

εz

εθ

 (2.4)

where σj (j = r, z, θ) is the stress tensor in the principle direction using cylindrical

coordinates, Cij (i, j = 1, 2, 3) is the sti�ness tensor in 3D space, and εi (i = r, z, θ)

is the strain tensor using in the principle directions using cylindrical coordinates. The

complete derivation of the sti�ness relationship has been extensively studied in the past

[78] and is summarized in Appendix D. These mathematical relationships are used to

convert the measured quantities in the experiments, into material parameters that allow

for an understanding in the material behaviour and failure during compaction. The

explicit form of the stress tensor is written as follows:

σr =
E (1− ν)

(1 + ν) (1− 2ν)
[(1− ν) εr + νεθ]

σθ =
E (1− ν)

(1 + ν) (1− 2ν)
[(1− ν) εθ + νεr]

σz =
Eν

(1 + ν) (1− 2ν)
[εr + εθ]

τrθ =
E

1 + ν
εrθ = 2Gεrθ = Gγrθ

τrz = τθz = 0

Using these constitutive equations summarized above, the hydro-static stress component

can be determined which is used to relate the material's compressive strength.



Chapter 3

Con�ned Uniaxial Compression of

Granular Stainless Steel 316a

This chapter is dedicated to explaining the compression experiment conducted in de-

termining the material characterization of stainless steel 316 powder. In the following,

the material characterization is explained, the experimental apparatus is described and

illustrated, experimental results are interrupted, and material failure is discussed.

3.1 Material Composition and Geometry

Stainless steel 316 powder was used in the experiment and the elemental composition

was provided by the manufacturer and is summarized in (Table 3.1). The elemental

breakdown is typical for this metal. The powder was sourced from Alfa Aesar by Thermo

Fisher Scienti�c of Tewksbury, Massachusetts.

The stainless steel 316 powders used for the uniaxial compaction, range from 127 µm

to 487µm in size and exhibit a rough irregular shape. This is most likely due to the

manufacturing process of using water atomization to create the powder [79]. For visual

aid, SEM images were taken and the powder geometry is illustrated in Figure 3.1 for

sieved particle sizes: 309± 88 µm and 487± 98 µm. The images were taken with a

Hitachi S-4800 Field Emission Scanning Electron Microscope.
aInformation in this chapter has been published in: P. Nicewicz, T. Sano, J.D. Hogan, �Con-

�ned Uniaxial Compression of Granular Stainless Steel 316�. Powder Technology. Manuscript number:
POWTEC-D-18-03323R1. Article reference: PTEC14359.

14
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Table 3.1: Chemical composition of Alfa Aesar stainless steel 316 powder.

Element % Mass

C 0.022
Cr 16.860
Mo 2.200
Mn 0.100
P 0.019
S 0.011
Ni 11.190
Si 0.730
Fe 0.0001

A B

Figure 3.1: SEM images of the stainless steel 316 powder at two di�erent particle
sizes: A 127± 34 µm and B 487± 98 µm, respectively.

3.2 Particle Distribution

Three di�erent sizes were sieved, microscopically analyzed, and tested to observe the

e�ects of mean particle diameter, (µm), on hydro-static pressure as a function of porosity.

The mean and standard deviation was documented for each particle size for the range of:

127± 34 µm, 309± 88 µm, and 487± 98 µm, summarized in Table 3.2. The particle sizes

were chosen based on the restrictions of the crucible design and access to materials with

a higher Rockwell hardness. Every specimen tested was separately analyzed and sampled

following principal sampling techniques for granular material outlined by Maynard [80].

The particle size distribution and shape was analyzed using the automated Malvern

Morphologi G3 microscope (G3). The De Broukere mean diameter (volume moment

mean diameter) was considered when analyzing the particle sizes. This parameter is
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most relevant when determining the distribution of the bulk sample used in experiment

and has been used by many in literature [81, 82]. The de�nition of this relation is on the

basis of introducing another linear term in diameter, analogous to moments of inertia

i.e. accounts for the centre of gravity of the particle distribution. The next point to

underline is that the advantage of this method does not require the particle count. This

was done by taking the square di�erence of the upper and lower bin to determine Di

which determined the mean particle distribution in the sample. The numerator is taken

to the power of four (the power of three to account for the equivalent volume and the

additional power to account for the centre of gravity) and the denominator is taken to

the power of three (where it accounts for the mass of the particles). Seen below is the

summarized equation:

D[4, 3] =

∑n
1 D

4
i∑n

1 D
3
i

(3.1)

To evaluate the variability of the powder, the span ∆, was calculated for each sample, as

was similarly used by Engeli et al. [83]. The span was determined through the following

and this takes into account the tenth (D10), �ftieth (D50), and ninetieth percentile (D90):

∆ =
D90 −D10

D50
(3.2)

The particle size based on (3.1) and the span of the distribution based on (3.2) are

summarized in Table 3.2. With an increase in mean particle diameter, the standard

deviation increases while the span decreases, highlighted in Table 3.2. These particle

statistics are considered later when mechanical behaviour is investigated.

Table 3.2: Particle size characterization observing the diameter distribution and cir-
cularity of each particle.

Ø[µm] D10[µm] D50[µm] D90[µm] ∆ C

127 ± 34 94 125 169 0.601 0.77± 0.12
309 ± 88 233 314 364 0.417 0.64± 0.13
487 ± 98 413 480 549 0.283 0.63± 0.15

Particle shapes were also considered. Shown in Table 3.2, the average circularity, C,

of the particles decreases as the average particle size increase. Circularity refers to how

close the particles resemble a perfect sphere (C = 1). Less circular particles have a larger
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deviation in the particle size. The circularity of the material is directly related to the

manufacturing process such that the method of atomization dictates the �nal shape of

the particle [79]. Here we computed particle circularity (C) de�ned as:

C = 2

√
πA

p
(3.3)

where A (m2), and p (m), are the area and perimeter of the particle, respectively. As

the particles increase in mean diameter the circularity decreases. The shape results are

important because as noted by Schade et al. [16] the decrease in circularity causes the

particles to align in other orientations and ine�ectively �ll in the voids. Schade et al.

[16] determined that the di�erence in circularity is related to the atomization process of

the granular material i.e. gas atomization produces spherical shaped particles and water

atomization produces rough, irregular particles.

3.3 Experiment Con�guration

3.3.1 Thick-walled Cylinder (TWC)

Illustrated in Figure 3.2 is a schematic of the experimental apparatus used to conduct

con�ned uniaxial compression experiments on the granular material to obtain a triaxial

response. The top punch, bottom punch, and sacri�cial platens were fabricated from

D2 tool steel and were heat treated using quenching and double tempering to reach a

hardness of 62 HRC. The punches are used to press together the sacri�cial platens that

contact the granular material. The top and bottom punches are designed around the

accessibility of the MTS 810 machine used in this study, and are 130 mm in length. The

crucible was made out of 4340 steel and heat treated by quench and tempering followed

by gas nitriding. The maximum hardness achieved was 52 HRC with an inner and outer

diameter of 6.3 mm and 22.2 mm, respectively. The inner diameter was machined with a

tight tolerance so that the sacri�cial platens were able to seal in the granular material and

to protect the punches from the granular media. The supporting beam, designed out of

aluminum, was placed to di�erentiate between the normal forces on the top and bottom

of the sample. The support beam was held up with aluminum blocks that attach to

the MTS. Aluminum supports were designed for attaching the linear variable di�erential
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transformer (LVDT) so that relative displacement could be recorded to minimize the

de�ection during compression. The operating parameters for the LVDT were ± 7.5 mm

and 0.2 % linearity error. The MTS machine outputs the applied load at a rate of

0.33 kN s−1 with a resolution of 305 µV per analogue-to-digital converter count, placing

the specimen in a quasi-static stress state. Between the top punch and the crucible is a

load washer from Omega Engineering Inc. The operating parameters for the load washer

was 10 kN with an accuracy of ±0.5 %.
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Figure 3.2: Schematic of the cross-section of the experimental set-up illustrating key
components and dimensions. Due to the nature of the compression machine, the load

was applied from the bottom.

For specimen preparation, one end of the crucible was closed using the sacri�cial platen

and punch. In order to limit the wall frictional e�ects occurring during con�ned com-

paction it is critical to maintain an aspect ratio of height to width of < 1 when deter-

mining the sample size [84]. Granular material was poured in and an aspect ratio of
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0.76 ± 0.05 was achieved. The volume of material needed to satisfy this constraint is

150.8± 3.3 mm3. Sample volume was not the same for all samples and the uncertainty

re�ects the variation.

The supporting beam illustrated in Figure 3.2 creates a free �oating state such that the

compaction of the material is not a�ected by the weight of the crucible. The top punch

was lowered, rested against the sacri�cial platen on the top of the specimen with the

assumption that the specimen has not been compacted. The LVDT was secured to the

beam, so that the compaction depth could be measured relative to the displacement.

The load washer was used to measure the combined frictional e�ects during the uniaxial

compression.

3.3.2 TWC Theory

To better understand the response of the granular material during quasi-static con�ned

uniaxial compression, we investigate the relationship between the hydro-static pressure

and porosity by tracking the volumetric strain and relative density in the crucible. First,

we track the time-evolving reduction in porosity of our test samples through measure-

ments of initial mass m (kg), initial packing porosity φi (%), and the cross-head displace-

ment δ (mm) of the punch that is used to compress our granular samples. The mass of the

initial granular sample is measured by a digital scale with the precision of 0.01 g. The size

of each sample was controlled by volume (∼150.8 mm3). Throughout the compression

experiment, the change in volume, ∆V (m3), is related to axial displacement:

∆V = A0δ (3.4)

where A0 is the cross-section area of the void (m2) and δ is the relative axial displacement

during compression (m). From there, we can calculate the specimen density, ρ (kg m−3),

as it evolves during compaction:

ρ =
m

V0 −∆V
(3.5)
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where m is the mass of the specimen (kg), and V0 is the initial specimen volume (m3).

The evolving porosity is calculated by normalizing the specimen density with the solid

bulk density:

φ = 1− ρ

ρs
(3.6)

where φ is the porosity fraction (unit less) and ρs is the bulk solid density (kg m−3). For

stainless steel the bulk density is taken as 8000 kg m−3, which provided by the manufac-

turer.

Next, the hydro-static pressure is calculated by measuring the axial stress, σz (MPa),

from the MTS machine and the radial stress, σr (MPa), is calculated from the strain read

from the mounted strain gauges on the crucible, see schematic in Figure 3.2 for visual.

The equation for hydro-static stress, P (MPa), in cylindrical coordinates is de�ned as

[85]:

P =
1

3
(σz + 2σr)

where σz is calculated by dividing the axial force experienced by the sample, Fz (N), and

the cross-sectional area of the void A0 (m2), assuming that the area does not signi�cantly

deform during compression as underlined by [85]:

σz =
Fz
A0

(3.7)

σz was computed by subtracting the axial force outputted by the MTS machine, FMTS

(N), and the friction forces, Ff (N), induced by the sacri�cial platens and granular

powder contacting the crucible walls:

Fz = FMTS − Ff (3.8)

To determine the radial stress, the crucible was assumed to be a thick walled cylinder

(TWC). The TWC equation assumes that the crucible geometry is symmetric on θ (◦)

and the stress is only a function of r (m). The problem is statically determinate and
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so only the equilibrium equations must be satis�ed. The coordinate axis are de�ned in

Figure D.2. The derivation of the equilibrium equations along with the solution have

been computed extensively in literature and therefore will not be explicitly shown (see

reference [85] and [86] for full derivation). It is, however, summarized in Appendix D

for completeness. Equation (3.3.2) can be rewritten to include the axial stress and

radial stress to obtain an expression for hydro-static pressure as a function of measurable

parameters:

P =
1

3

(
Fz
Ao

+ Ecεr
b2 − a2

a2 (1− ν2
c )

)
(3.9)

where Ec (MPa) is the sti�ness of the crucible, νc is Poisson's ratio of the crucible, a is

the inner radius (m), b is the outer radius (m), and εr is the radial strain as a function of

thickness. There are, however, limitations of using the TWC approach which has been

identi�ed by, for example, Kim et al. [87]. According to their research, shortcomings

exists when measuring hoop strain. This is dependent on the inner diameter, cylinder

thickness, and location of strain gauge along the axial direction. In our apparatus, the

inner diameter is much smaller than the diameter tested by Kim et al. [87], further,

when extrapolating from the two sizes that were compared, our void size is proportional

to the maximum strain we measured. In addition, the strain gauge size and placement

encompassed in our experiment the entire testing section and so we think that some of

the uncertainty in the measurements is mitigated.

Next, the bulk modulus equations of the material was derived. This characteristic de-

scribes the compressibility of the material and relates the change in pressure of the

material with respect to volume. This is given by:

Bep =
P

∆V
Vo

where Bep represents the bulk modulus taking into account elastic and plastic behaviour

(MPa), and all the other variables have been previously de�ned. This parameter evolves

during loading and is an indicator of deformation in the granular sample. Similar cal-

culations were done by Gustafsson et al. [88] when conducting con�ned compression

experiments with iron ore.
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Furthermore, the axial-to-radial e�ects were considered by calculating the Janssen co-

e�cient of stainless steel powder. This parameter relates the radial and axial stresses

during compaction which allows for simpli�cation when conducting computer modelling

of the compaction [89]. The Janssen constant, K, is given by:

K =
σr
σz

(3.10)

Next, we looked at the frictional e�ects by monitoring the transmitted stress ratio, T

(unitless). To do this, we calculated the ratio of transmitted stress, σt (MPa), over

applied stress, σa (MPa). The applied stress, is the stress that the compression machine

outputs and the transmitted stress, is the stress that is interpreted from the load washer.

The di�erence in applied and transmitted stresses provides insight on how much energy

is lost to friction in the crucible apparatus. This ratio is given by:

T =
σt
σa

Lastly, to account for the uncertainty in the experiment, we conducted a systematic

propagation of error, taking into account the uncertainty of the sensors and measured

geometries. This will help in understand the accuracy of our results. Based on the guide

outlined by Berendsen [90], Table 3.3 summarizes the relative uncertainty of critical

material parameters that were calculated. The rules for calculating uncertainty have

been derived and computed extensively in literature and will not be explicitly shown.

Refer to [90] and Appendix B for full derivation and explanation respectively.

Table 3.3: Relative systemic error of the minimum and maximum cases for the me-
chanical properties of stainless steel 316.

Mechanical properties Particle size 127 um Particle size 487 um

Initial volume (Vo) 0.77% 0.90%

Porosity (φ) 0.97% 0.96%

Hydro-static pressure (P ) 11% 10%

Bulk modulus (Bep) 12% 2.9%

Janssen coe�cient (K) 1.5% 1.7%

Transmission ratio (T ) 6.5% 6.6%
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3.4 Compaction Results and Discussion

3.4.1 Hydro-static Response

Figure 3.3: Quasi-static granular compaction of stainless steel 316 powder for par-
ticle sizes of: 127± 34 µm, 309± 88 µm, 487± 98 µm depicting the load and unload

response.

As an outcome of the con�ned uniaxial compaction, the following aspects were inves-

tigated: compressibility, loading path, average particle diameter and geometry of the

material. Shown in Figure 3.3 is the relationship between the hydro-static pressure and

porosity for three di�erent particle size ranges; 127± 34 µm, 309± 88 µm, 487± 98 µm.

The initial porosity for each test was 60 % for size 127± 34 µm, 66 % for size 309± 88 µm,

and 67 % for size 487± 98 µm. For porosities above 30 %, smaller particles have lower

hydro-static pressure. For porosities less than 30 %, the relationship between porosity

and hydro-static pressure collapses onto a single curve for each particle size range studied.

Previous work by Heckel [91] noted similar results when studying metallic powders such

as iron, nickel, tungsten, and copper. Linear-like trends were observed for compressive

stresses applied >135 MPa.

In addition, no di�erence in load-unload behaviours are observed across all particle sizes

for a given porosity. As the hydro-static pressure is reduced, the e�ect of unloading

results in incremental increases in porosity (the linear curves back to the right). The
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uncertainty for the hydro-static pressure parameter was calculated to be 11.3 % and

10.9 % for the small (127± 34 µm) and larger particles (487± 98 µm). This deviation

was consistent for the particle sizes investigated, which shows that the equipment was

consistent through out every test conducted. As a limitation to this work, additional

tests should be conducted and a wider range of particle sizes should be included to

account for any outlying behaviour.

3.4.2 Bulk Modulus

Figure 3.4: The bulk modulus of stainless steel 316 as a function of applied stress for
particle sizes of: 127± 34 µm, 309± 88 µm, 487± 98 µm.

Next, the bulk modulus was investigated. Shown in Figure 3.4 is the relationship between

the bulk modulus (described in Equation (3.3.2)) as a function of the applied stress.

This plotting convention is typically seen in literature [92, 93]. This �gure accounts

for load behaviour carried out during compression. Notable in the �gure is that the

smaller particle size range reach a higher bulk modulus (760 MPa for 127± 34 µm)

while the larger particles appear to reach a lower value (663 MPa for 309± 88 µm, and

648 MPa for 487± 98 µm). Similar studies conducted in the past showed that granular

aluminum followed linear trends when loaded with a compressive stress of >300 MPa

[94]. Interestingly, the aluminum particle trends observed were that larger particles

(150 - 212 µm) had a slightly steeper slope than the smaller particles (53 - 75 µm) when
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looking at the Bep as function of pressure. The bulk modulus is also more sensitive to

the smaller particles (it increases at a faster rate). Propagation of error was likewise

completed looking at the Bep. Based on our calculations, the relative uncertainty was

11.7 % and 2.9 % for the small particle size (127± 34 µm) and large particle size (487± 98

µm) respectively.

3.4.3 Friction

Figure 3.5: The transmission ratio relationship of granular stainless steel 316 as a
function of applied stress for di�erent particle sizes: 127± 34 µm, 309± 88 µm, 487± 98

µm.

Next, the wall friction e�ects can be probed by calculating the transmission ratio, which

relates to the transmitted force through the material. Shown in Figure 3.5 is the trans-

mission ratio as a function of applied load for all particle sizes. For a given applied stress

the transmission ratio decreases for large particle sizes. For lower applied stresses, the

values for lower applied stress is related to the compliance of the system. As the applied

stress increases, the transmission ratio converges to 0.96. The small particles (127± 34

µm) approach convergence faster in comparison to larger particles (487± 98 µm). To

account for the systematic error in the experiment, the uncertainty was calculated. For

the small particles (127± 34 µm) the relative uncertainty was 6.5 % and for the large

particles (487± 98 µm) the relative uncertainty was 6.6 %.
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3.4.4 Janssen Coe�cient

Figure 3.6: Janssen coe�cient of stainless steel 316 as a function of porosity for
varying particle sizes: 127± 34 µm, 309± 88 µm, 487± 98 µm.

Furthermore, we investigate the Janssen coe�cient which is used to relate the axial to

the radial stresses which helps in simplifying analytical models when simulating triaxial

compression behaviour. Shown in Figure 3.6 is the relationship between the porosity

and the Janssen coe�cient for three particle size ranges. At higher porosity there is

more variability in the Janssen coe�cient across and within each particle size range.

Speci�cally, larger particles have a higher Janssen coe�cient for larger porosities. As the

porosity is crushed out, (i.e reduced), the Janssen coe�cient for all particle size ranges,

converges to 0.23 (near 30 % porosity). The typical range for the Janssen constant

seen in bulk materials has been noted to be 0.3-0.6 by [95]. These values are typically

seen in round-like particle shapes and so the interesting behaviour seen in Figure 3.6 is

dependent on the elongated and rough edged particles. The relative uncertainty for the

Janssen coe�cient was 1.5 % and 1.7 % for the small (127± 34 µm) and larger (487± 98

µm) particles respectively.
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3.4.5 SEM Images of Material Failure

Lastly, SEM images were taken of the consolidated stainless steel powder to investigate

failure features on the compacted specimen's surfaces. Attempts were made to cut and

polish the consolidated pucks after testing, but that only introduced further damage to

the specimens. Shown in Figure 3.7A is the failure surface of the 309± 88 µm. This

demonstrates that these particles withstood signi�cant plastic deformation. Elongated

laminate structures are noted (red arrows) on the surface, which are believed to be

generated from particle shear stress during compaction. Shown in Figure 3.7B is the

failure surface of the larger particles (487± 98 µm). There is noticeably more fracturing

and cracking (red arrows) and the surface appeared to be more jagged in comparison

to the smaller particles. Such evidence has been noted before by Roberts and Rowe

[96]. Based on theoretical equations and experimental evidence, larger particles crack

because the stress required for brittle fracture is less than the stress required for plastic

�ow. Likewise, smaller particles undergo plastic deformation due to the stress required

is lower than the brittle deformation stress.

A B

Figure 3.7: SEM images of the stainless steel 316 powder at two di�erent particle
sizes: position A 127± 34 µm and position B 487± 98 µm respectively. The red arrows

indicate the failure within the material post-compaction.

3.4.6 Discussion and Summary

In this study, the mechanical response of granular stainless steel 316 was investigated

for size ranges of: 127± 34 µm, 309± 88 µm, and 487± 98 µm. To accomplish this,

a uniaxial compression experiment was adapted, utilizing equipment and sensors: MTS



Compression: stainless steel 316 28

810, loader washer, displacement LVDT, and strain gauges. Similar experiments have

been performed in the powder metallurgy and defence industries [42, 44, 45, 97�99], but

limited data exists for stainless steel 316. Similar work has been noted by Roberts and

Rowe [96] that larger particles tend to fracture while smaller particles tend to plastically

deform. Limitations to this work have been observed and noted. The use of (3.9) is

limited based on the assumption of uniform radial stress and negligible friction. Kim

et al. [87] underlined the limitations of our approach, using the TWC method. The

other limitation of our design was the wall thickness of the crucible which would allow

for a narrow range of radial strain. The result of this would be decreased range in

strain measurements. To resolve the issue additional calibration tests could be done.

Furthermore, the design of the crucible was based on the assumption that the radial

stress is uniform which would result in having the specimen friction-free. However,

we mitigated this issue by having the length of the strain gauge encompass the entire

height of the specimen. Additional thought is given to the design parameters and so

further calibration testing will be conducted to narrow the variability of the results and

to validate the simpli�cation of (3.3.2) from 3D to 2D space as highlighted by Meyer

and Faber [42]. To better validate the material behaviour, additional tests could be

conducted to eliminate the outlying trends.

First the relationship between hydro-static pressure and porosity as a function of particle

size was investigated. Other researchers have also looked at hydro-static pressure e�ects

on granular material [45, 100]. In our experiments (Figure 3.3), it was observed that de-

viations in the hydro-static pressure among the particle sizes were sensitive for porosities

greater than 30 %. For porosities less than 30 %, the behaviour converges independent of

particle size. This behaviour has been observed before [101] when studying low carbon

stainless steel 316 and the result was determined that densi�cation of the material was

sensitive to particle size. Cristofolini et al. [101] also demonstrated that initial porosity of

the material highly in�uenced the loading path and that force dissipation during loading

mostly originated from wall friction. These behaviours of granular stainless steel 316

have previously not been greatly considered or linked back to global granular response.

These linkages are believed to be valuable contributions in the additive manufacturing

and other powder based industries. When calculating the uncertainty in porosity for the

smallest and largest average particle sizes, values of 0.97 % for the 127± 34 µm size and

0.96 % for the 487± 98 µm were obtained.
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Despite general insensitivities in particle size in�uence on the relationship between poros-

ity and hydro-static pressure, it was observed that the bulk modulus was sensitive to

particle size (Figure 3.4). In experiment, smaller particle sizes had higher bulk sti�ness,

were more sensitive to applied stress. Indeed, similar experiments [102, 103] demon-

strated that particle size and compaction pressure in�uenced the mechanical response

of the material. More importantly, the particle distribution with particles of di�erent

sizes required less energy to compact. In our experiments the ranging particle sizes

dictated the mechanical response di�erences, which is observed to be associated with

failure. Speci�cally, smaller particles (127± 34 µm) undergo more plastic deformation

(Figure 3.7A) as a consequence of compaction, while the larger particle (487± 98 µm)

exhibits more fracture and micro-cracking (Figure 3.7B). Note that these particle size-

dependent trends have been noted in other �elds [53, 104, 105], and in particular this

brittle-ductile transition behaviour has been noted by Roberts and Rowe [96].

In addition to bulk response, the stress transmission ratio monitored the frictional be-

haviour in compaction of granular stainless steel. In order to maximize the stress trans-

mission through the material and minimize wall e�ects, the samples must maintain an

aspect ratio of < 1. Referring to Figure 3.5, the transmission ratio for the smaller parti-

cles (127± 34 µm), the curve begins a steep climb and later plateaus as the applied stress

increases. Similar research conducted by Fleck and Cocks [84], showed that increasing

the aspect ratio beyond 1 resulted in a signi�cant decrease in the stress transmission.

This leads us to better replicating an isotropic compaction environment. Other studies

conducted by Perez-Gandarillas et al. [106] underlined the idea that lower axial trans-

mission was observed with an increase in particle size. They concluded that part of the

loading energy was consumed by the breakage of larger particles. Tracking these rela-

tionships allows for a better understanding of the complex behaviour of fragmentation

that could lead to more accurate failure modelling. Expanding on the idea of friction,

additional research referencing frictional e�ects have been investigated by Staf et al. [64],

where they determined the frictional coe�cient, of granular ceramics, was a function of

pressure. They determined that particle size and distribution were key factors in the

compactability of a material. In contrary, as a result of larger particle geometry, the

slope in the curve for the larger particles (487± 98 µm) in our experiments is shallower

and does not increase as abruptly.

Lastly, the Janssen-Walker theory [107] was explored. The Janssen coe�cient is often
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used to simplify the relationship of granular stresses experienced in the axial and radial

directions, so that the complex behaviour can be simpli�ed and implemented, for exam-

ple, in existing material models to predict granular failure. Yousu� and Page [108] has

shown this radial-axial relationship when studying iron powders. From the experiments

a conclusion can be made that for all three particle sizes tested the Janssen coe�cient

converged to a value of 0.23 (Figure 3.6). This explains that the radial wall stress was

approximately 1/5 of the axial load regardless of the particle size. It was also observed

that more variability exists for larger particle sizes (487± 98 µm) and porosities (+50 %).

Altogether limited research exists on particle size dependencies and the observation high-

lights the importance of studying particle variability when researching granular metals.

The idea of incorporating length scales into failure modelling, reduces the variability in

predicting material behaviour, but more importantly advances the forefront of powder

material design.

3.4.7 Concluding remarks

Using this con�ned uniaxial compaction technique, triaxial characteristics of granular

stainless steel 316 as a function of ranging particle sizes was investigated. The results

showed an in�uence of particle size in the compaction curves and the bulk modulus was

sensitive to particle size. It is believed to occur due to the failure mechanism that are

likely related to the particle size, shape, and initial porosity. Further research must be

conducted to better understand and classify the failure regimes occurring in the material.



Chapter 4

Quasi-static Con�ned Uniaxial

Compaction of Granular Alumina

and Boron Carbidea

This chapter is dedicated to explaining the con�ned uniaxial compression experiment

conducted in determining the material response of granular Al2O3 and B4C. In the

following, material characterization is explained, the experimental apparatus is described

and illustrated, experimental results are interrupted, and material failure is discussed.

4.1 Material Composition and Geometry

Alumina and boron carbide powder was used in the experiment and was purchased from

Panadyne Inc, Montgomeryville, Pennsylvania. The average particle sizes for Al2O3

used for the uniaxial compaction were four di�erent size ranges: 133± 38 µm, 201± 42

µm, 290± 52 µm, and 414± 57 µm. Likewise, the average particle size range for B4C

consisted of: 152± 26 µm, 171± 23 µm, 303± 46 µm, and 461± 44 µm. These particles

sizes were determined using the PartAn 3D Dynamic Image Analyzer, and the sampling

methods and other particle characteristics are subsequently discussed.

aInformation in this chapter was submitted for publication in: P. Nicewicz, P. Peciar, O. Macho,
T. Sano, J.D. Hogan. �Quasi-static Con�ned Uniaxial Compaction of Granular Alumina and Boron
Carbide Observing the Particle Size E�ects�. Journal of the American Ceramic Society. Under review.
Manuscript number: JACERS-44392
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4.1.1 Alumina

To study the particle shape, size features before experiments, and the failure after exper-

iments of Al2O3, the Zeiss EVO MA10 Scanning Electron Microscope (SEM) was used

and the samples were coated with gold/palladium at 4 nm to improve the quality of the

images taken. Shown in Figure 4.1A is an SEM image of Al2O3 powder (133± 38 µm)

before the experiment. The overall geometry appears to be elongated with sharp edges

with an average aspect ratio (width to height) of 0.2. There is also some minor porosity

in the fragments. These shape and porosity features are consistent across all fragment

sizes for alumina used in this study. Note, the other images in Figure 4.1 are discussed

later in Section 4.4.3.1.

A B

C D

Figure 4.1: SEM images were taken of the Al2O3 powder to observe powder mor-
phology before experiments and failure features post-experiment. Position A depicts
the Al2O3 powder (133± 38 µm) before compression. B depicts the Al2O3 powder
(133± 38 µm) after compression. Lastly, position C depicts the large Al2O3 powder
(414± 57 µm) after the experiment showing the resulting material size and shapes and

D depicts surface features of the 414± 57 µm Al2O3 powder.
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4.1.2 Boron Carbide

For boron carbide, the particle geometry and structure of the powder was imaged using

a JSM-IT300 SEM. Those samples were coated with palladium at 4 nm to improve the

quality of the images. Shown in Figure 4.2A is an SEM image of the boron carbide

fragments for sizes of 152± 26 µm. The particles have aspect ratios close to 1, with

some appearing spherical and other appearing block-like in nature. There is some minor

porosity in the fragments. Next, the fragment size range of 303± 46 µm for boron carbide

is shown in Figure 4.2B. Here, the larger fragments are also mostly near-spherical, but

with fewer block like fragments shown than for the smaller sizes. The other images in

Figure 4.2 are discussed later when we investigate material failure post experiment.

A B

C D

Figure 4.2: SEM images of B4C were taken to observe the small and large particles, fo-
cusing on powder morphology before and after experiment. Position A depicts 152± 26
µm B4C powder before compression. Position B depict the 303± 46 µm particle size
showing the overall geometry before compression. Position C depict the postmortem
303± 46 µm powder visualizing the overall fragment distribution and D depicts the

surface features post experiment.
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4.2 Particle Distribution

Four di�erent size ranges were sieved, microscopically analyzed, and tested to observe

the e�ects of mean particle diameter, Ø(µm), and shape, on hydro-static pressure, P

(MPa), as a function of porosity, φ (%), for alumina and boron carbide. The alumina

and boron carbide were initially sieved, and the particle size and shape were investigated,

before compaction, using the PartAn 3D Dynamic Image Analyzer. The particle size dis-

tribution was analyzed on the basis of dynamic image analysis where the area equivalent

diameter, Da (µm), was considered. This parameter is relevant when determining the

distribution of the bulk sample used in the experiment and is the default principle used

by the PartAn analyzer. To calculate this parameter the following equation is used:

Da =

(
4A

π

) 1
2

(4.1)

were A (µm2) is the area of the projected image. The same sieves and machine were used

to analyze and test B4C powder. The mean and standard deviation were documented

for each particle size, and these results are summarized in Table 4.1 for alumina and Ta-

ble 4.2 for boron carbide. Three samples of each material were tested and each specimen

was sampled following principal sampling techniques for granular material outlined by

Maynard [80]. To evaluate the relative variability of the powder, the span was calculated

for each sample as was similarly used by Engeli et al. [83] where the equation takes into

account the tenth (D10), �ftieth (D50), and ninetieth percentile (D90):

∆ =
D90 −D10

D50
(4.2)
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Table 4.1: Al2O3 Powder Characterization: the material span is ∆ (unitless), the
tenth percentile D10 (µm), the �ftieth percentile D50 (µm), and ninetieth percentile

D90 (µm) of the distribution.

Ø[µm] D10[µm] D50[µm] D90[µm] ∆

133 ± 38 97 160 240 0.894

201 ± 42 170 220 290 0.545

290 ± 52 250 310 390 0.452

414 ± 57 370 430 520 0.349

Table 4.2: B4C Powder Characterization: the material span is ∆ (unitless), the tenth
percentile D10 (µm), the �ftieth percentile D50 (µm), and ninetieth percentile D90 (µm)

of the distribution.

Ø[µm] D10[µm] D50[µm] D90[µm] ∆

152 ± 26 130 170 210 0.471

171 ± 23 150 180 210 0.333

303 ± 46 280 320 370 0.281

461 ± 44 430 470 520 0.191

4.3 Experiment Con�guration

4.3.1 Instrumented Die

Illustrated in Figure 4.3 is a schematic of the experimental apparatus used to conduct

uniaxial con�ned compaction experiments on the granular material. The top and bot-

tom punches are fabricated from O2 tool steel so that the high sti�ness would transfer

a maximum load through the specimen. The punches are used to press together the

granular material. The top and bottom punches are designed around the accessibility of

the Kistler electro-mechanical press machine used in this study. The crucible was made

out of O2 tool steel with an inner diameter of 6 mm. The inner diameter was machined

with a tight tolerance to seal in the granular material during compaction. The force was

measured from the top and bottom axial load cell, depicted in Figure 4.3. To calculate

the radial stress in the sample, the radial displacement de�ected the radial load cell

that outputs a force magnitude. The diameter of the radial rod was 3 mm. Attached
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to the press was a LVDT (not shown in Figure 4.3) so that relative displacement could

be recorded to track the initial and �nal volume of the specimen. The press machine

outputted the applied load from the top, at a rate of 0.5 mm s−1, placing the specimen

under a quasi-static strain rate.

Load aligning sphere

Axial load cell

Top punch

Granular specimen

Crucible

Bottom punch

Axial load cell

Radial load cell

Figure 4.3: An isometric cross-section view is shown of the compaction apparatus
used in compressing Al2O3 & B4C powders to show the di�erent components. The
colour in the �gure is to distinguish various components that constitute the apparatus.

In order to limit the wall frictional e�ects occurring during con�ned compaction, it is

critical to maintain an aspect ratio of height to width of < 1 for the poured powder

according to Fleck and Cocks [84]. The granular material was poured into the crucible

void and a �nal aspect ratio of 0.59 was achieved during compaction. The obtained

void volume was not the same for all samples because of the varying particle size and the

uncertainty in initial volume was 209± 13 mm3 for Al2O3, and 209± 7 mm3 for B4C.

The di�erences are as a result of the nature of small amounts of granular material and

the geometrical constraints of the void size making it di�cult to obtain identical amounts

of material. Shown in Table 4.3 (for alumina) and Table 4.4 (for boron carbide) are the

sample speci�cations for each test presented here, including mean diameter with standard

deviation, initial mass, initial volume, initial density, �nal density, initial porosity, and

�nal porosity after the experiment.
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was rested up on the sample. The top hydraulic arm was then lowered to compress the

granular material to a maximum force of 50 kN. The LVDT was secured to the top arm,

so that the relative compaction depth could be measured.

4.3.2 Instrumented Die Theory

To better understand the response of the granular material during quasi-static triax-

ial compression, the relationship between the hydro-static pressure and porosity was

investigated by tracking the axial stress, radial stress, and relative density in the con-

�ned crucible. First, the reduction in porosity of our test samples was tracked through

measurements of initial mass m (kg), initial packing porosity φi (%), and the cross-head

displacement δ (mm) of the top punch that is used to compress the samples. The mass of

the initial granular sample was measured by a digital scale with the precision of 0.0001 g,

and values for each experiment are listed in Table 4.1 (for alumina) and Table 4.2 (for

boron carbide). The sample size was volume controlled with a limiting void volume

of 209 mm3. Throughout the compression experiment, the change in displacement, δ

(mm), is related to change in volume, ∆V (m3). Refer to (3.4) where the relation has

been de�ned before in Section 3.3.2. The density of the sample was tracked using (3.5)

and further calculated in terms of porosity, outlined in (3.6). The relative density was

normalized by the bulk solid density, ρs (kg m−3). For Al2O3 and B4C, the bulk density

is taken as 3987 kg m−3 and 2520 kg m−3, respectively. These equations have also been

de�ned before in Section 3.3.2.

Next, the hydro-static pressure is calculated by measuring the di�erence in axial stress,

σz (MPa), from the top and bottom load cell and the radial stress, σr (MPa), from

the perpendicular mounted load cell. Refer to the schematic in Figure 4.3 for orien-

tation. The equation for hydro-static stress, P (MPa), is written in (3.3.2), shown in

Section 3.3.2. To calculate the axial stress, σz, we divide the di�erence in axial force

experienced by the sample, Fz (N), and the cross-sectional area of the void A0 (m2),

assuming that the area does not change during compression. As mentioned before, Fz

was computed by subtracting the axial forces outputted by the top and bottom load

cell, respectively, so that we can account for the wall friction e�ects introduced during

compaction.
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To determine the radial stress, the radial force was transferred from the material by a

thin shaft that was located at the centre of the uncompressed specimen (see Figure 4.3).

As compaction commenced, the thin shaft was pressed against the load cell mounted

perpendicular to the apparatus, which recorded the force. Using (4.3), the radial stress

was calculated:

σr =
Fr
Ar

(4.3)

where Fr is the radial force (N) and Ar is the cross-sectional area, (m2). By machining

the moving pieces with high transitional tolerances, the contact friction between the shaft

and hole can be neglected.

Next, the bulk modulus was investigated, focusing on the particle size e�ects. The bulk

modulus describes the compressibility of the material and relates the change in volume

of the material, ∆V (m3), as a function of change in pressure, ∆P (MPa). The bulk

modulus relationship is derived in (3.3.2). Likewise, this material constant took into

account the elastic and plastic behaviour during compaction. This parameter evolves

during loading and is an indicator of deformation in the granular sample. (Refer to

Section 3.3.2 for derivation).

Lastly, we look at frictional e�ects by monitoring the transmitted stress ratio, T . To do

this, we calculate the ratio of transmitted stress, σt (MPa), over the applied stress, σa

(MPa). The applied stress is read from the top axial load washer while the transmitted

stress is recorded by the bottom axial load washer. The di�erence in applied and trans-

mitted stresses provides insight on how much energy is lost to friction in the crucible

apparatus. This ratio has been previously de�ned in (3.3.2) in Section 3.3.2.

To account for the uncertainty in the experiment, we conducted a systematic propagation

of error, taking into account the uncertainty of the sensors and measured geometries.

This helps in understanding the accuracy of the results. Based on the guide outlined by

Berendsen [90], Table 4.5 summarizes extreme cases of the relative uncertainty of critical

material parameters that were calculated. The rules for calculating uncertainty have

been derived and computed extensively in literature and will not be explicitly shown.

Refer to [90] and Appendix B for full derivations and summery respectively.
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Table 4.5: Systematic uncertainty: propagation of error.

Constants Al2O3 133± 38 µm Al2O3 414± 57 µm B4C 152± 26 µm B4C 303± 46 µm

V o 0.7% 0.7% 0.6% 0.5%

φ 2.5% 3.1% 1.7% 1.4%

P 1.2% 1.0% 1.2% 1.5%

Bep 1.9% 1.9% 1.8% 1.5%

T 1.9% 1.9% 2.0% 2.9%
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4.4 Compaction Results and Discussion

4.4.1 Hydro-static Response

A B

C D

Figure 4.4: In the �gure we see the hydro-static pressure response of granular Al2O3.
In A, the hydro-static pressure response as a function of porosity was captured for the
range of particles 133± 38 µm. In B, the hydro-static pressure response as a function
of porosity was captured for the particle size range 201± 42 µm. In position C the
hydro-static pressure response was captured for the particle size range 290± 52 µm.
In position D, the hydro-static pressure response was captured for particle size range

414± 57 µm.

First, the hydro-static pressure response as a function of porosity and particle size in

alumina was investigated Figure 4.4. Figure 4.4A is for the smallest particle size (133± 38

µm) and Figure 4.4D is for the biggest particle size (414± 57 µm). As the particle size

is decreased, the curves shift to the right, with values of porosity for an average hydro-

static pressure of 375 MPa reported of 27± 4 % for 133± 38 µm, 22± 2 % for 201± 42



Compression: advanced ceramics 42

µm, 20± 3 % for 290± 52 µm, and 12± 1 % for 414± 57 µm. We note the variabilities

for a given particle size at this hydro-static pressure, and that not all tests begin at the

same initial porosities φi.

A B

C D

Figure 4.5: In the �gure we see the hydro-static pressure response of granular B4C.
In A, the hydro-static pressure response as a function of porosity was captured for the
range of particles: 152± 26 µm. In B, the hydro-static pressure response as a function
of porosity was captured for the particle size range: 171± 23 µm. In position C the
hydro-static pressure response was captured for the particle size range: 303± 46 µm.
In position D, the hydro-static pressure response was captured for particle size range:

461± 44 µm µm.

Next, shown in Figure 4.5 are the hydro-static pressure-porosity curves as a function

of particle size for granular B4C. In this �gure, the smaller particles (152± 26 µm) are

shown in Figure 4.5A, and the larger particle (461± 44 µm) are shown in Figure 4.5D.

From Figure 4.5, we observe that the curves shift to the right for increasing particle

size. For the same average hydro-static pressure of 375 MPa, we �nd that the resulting

porosity is 18± 2 % for particle size 152± 26 µm, 20± 1 % for 171± 23 µm, and 25± 2
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% for 303± 46 µm. Since there is only one test for 461± 44 µm (Figure 4.5D), not much

signi�cance is put on it. However, this data is still plotted with the other particle size

data-set for completeness. It is important to note that lower porosities were achieved for

the Al2O3 powder compared to the B4C even thought the applied load was the same.

4.4.2 Bulk Modulus

A B

C D

Figure 4.6: In the �gure we see the bulk modulus response of the Al2O3 powder as
a function of hydro-static pressure. In A, the bulk modulus response as a function
of hydro-static pressure was captured for the range of particles: 133± 38 µm. In B,
the bulk modulus response as a function of hydro-static pressure was captured for
the particle size range: 201± 42 µm. In position C the bulk modulus response as a
function of hydro-static pressure was captured for the particle size range: 290± 52 µm.
In position D, the bulk modulus response as a function of hydro-static pressure was

captured for particle size range: 414± 57 µm.

Next, we discuss the compaction e�ects of the materials described by the bulk modulus

in Figure 4.6 and Figure 4.7. Referring to Figure 4.6, the behaviour of Al2O3 particles
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do not follow a distinct trend in that the bulk modulus is not greater or lesser depending

on the particle size. The average bulk modulus at the chosen hydro-static pressure of

400 MPa is 988 MPa for 133± 38 µm depicted in Figure 4.6A, 873 MPa for 201± 42 µm

in Figure 4.6B, 959 MPa for 290± 52 µm depicted in Figure 4.6C. For the largest size

(414± 57 µm) illustrated in Figure 4.6D, the average maximum hydro-static pressure

reached was 347 MPa and the corresponding average bulk modulus was 869 MPa.

A B

C D

Figure 4.7: In the �gure we see the bulk modulus response of granular B4C. In A,
the bulk modulus response as a function of hydro-static pressure was captured for the
range of particles: 152± 26 µm. In B, the bulk modulus response as a function of
hydro-static pressure was captured for the particle size range: 171± 23 µm. In position
C the bulk modulus response as a function of hydro-static pressure was captured for
the particle size range: 303± 46 µm. In position D, the bulk modulus response as a
function of hydro-static pressure was captured for particle size range: 461± 44 µm.

Conversely, clear trends exist when looking at the bulking e�ects as a function of hydro-

static pressure for the B4C in Figure 4.7. Namely, the bulk appears to increase with

increasing particle size, meaning the material behaviour becomes sti�er for increasing

particle size. Furthermore, we can note that higher overall bulk modulus was achieved
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for the B4C powder in comparison to the Al2O3 powder for the same applied load.

At a hydro-static pressure of 400 MPa a bulk modulus of 1031 MPa for 152± 26 µm

depicted in Figure 4.7A, 1164 MPa for 171± 23 µm shown in Figure 4.7B, and 1270 MPa

for 303± 46 µm shown in Figure 4.7C. As mentioned before, there is only one test

for 461± 44 µm where the bulk modulus of 1387 MPa was reached with a hydro-static

pressure of 295 MPa, and so the data-set is only plotted for completeness and illustrated

in Figure 4.7D.

4.4.3 Friction

A B

C D

Figure 4.8: In the �gure we see the transmission ratio of the Al2O3 powder as a
function of applied stress. In position A, the transmission ratio response as a function
of the applied stress was captured for the range of particles: 133± 38 µm. In position
B, the transmission ratio as a function of applied stress was captured for the particle
size range: 201± 42 µm. In position C the transmission ratio was captured for the
particle size range: 290± 52 µm. In position D, the transmission ratio was captured

for particle size range: 414± 57 µm.
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The transmission ratio relates the force transferred from the compression machine through

the material. In Figure 4.8, the transmission ratio for the Al2O3 powder is plotted as

a function of applied stress. With the applied load below 600 MPa, the trend observed

is when increasing the particle size, the transmission ratio increases. This is believed to

be a consequence of the larger particles having a smaller contact area that result in less

friction, and consequently, for more stress being transmitted. For higher applied stress

(1600 MPa) the average transmission ratio for each particle size converges to: 0.35 for

133± 38 µm, 0.37 for 201± 42 µm, 0.38 for 290± 52 µm, and 0.50 for 414± 57 µm.

A B

C D

Figure 4.9: In the �gure we see the transmission ratio of the B4C powder as a function
of applied stress. In position A, the transmission ratio response as a function of the
applied stress was captured for the range of particles: 152± 26 µm. In position B,
the transmission ratio as a function of applied stress was captured for the particle size
range: 171± 23 µm. In position C the transmission ratio was captured for the particle
size range: 303± 46 µm. In position D, the transmission ratio was captured for particle

size range: 461± 44 µm.
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Unlike the Al2O3, there appears to be no clear trend in the B4C transmission ratio

behaviour, depicted in Figure 4.9. Taken at 1600 MPa, the average ratio for 152± 26 µm

is 0.33, for 171± 23 µm is 0.32, for 303± 46 µm is 0.31, and for 461± 44 µm particle

size, there was only one test and so we only plot for completeness.

4.4.3.1 Failure

With the mechanical properties outlined, SEM images in Figure 4.1 and Figure 4.2

were investigated observing failure process. Recalling that the fragment size, shape, and

internal feature morphologies were already presented for Figure 4.1A and discussed in the

Section 4.1, we investigate failure and fragmentation features in alumina in Figure 4.1B.

The particles no longer appear to have elongated structures and have been reduced

to shapes having a aspect ration closer to 1. Shown in Figure 4.1C is a collection of

alumina fragments post-experiment for an initial particle size of 414± 57 µm. From the

image, notice that most of the fragments now appear with fewer smaller fragments. In

the image, there are few large particles between 150 µm and 366 µm in size, with many

more smaller fragments that are between 40 µm and 88 µm in size. Similar observations

were made by [42], where a great amount of �ne-grained fragments were recovered post

compression. Lastly, shown in Figure 4.1D is an higher magni�cation SEM image of an

alumina fragment surface for the test with initial particle sizes 414± 57 µm. The image

depicts two sets of near parallel fractures emerging from a central crack that spans from

right to left in the image. These fractures are interpreted to be a consequence of bending

resulting from the elongated initial particle shape for this material

The approach was similar when investigating the failure and fragmentation features in

boron carbide in Figure 4.2C and Figure 4.2D. Recall, the SEM image in Figure 4.2A

and Figure 4.2B depicts typical fragments for a particle size of 152± 26 µm and 303± 46

µm, respectively, demonstrating some block like fragments for sizes of 152± 26 µm but

mostly near-spherical particles with aspect ratios close to 1 for sizes of 303± 46 µm

and 461± 44 µm. Shown in Figure 4.2C is a collection of fragments taken after an

experiment for the 303± 46 µm particle size. In the image, we see that there are very

few larger block like fragments that are between 175 µm and 336 µm in size. These larger

fragments have some fractures in them and many smaller comminuted fragments in their

surface. There are also many smaller fragments between 30 µm and 82 µm in size that
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are plate-like and angular. Lastly, an SEM image of a fragment surface for a particle that

was 303± 46 µm in size is shown in Figure 4.2D. The fragment surface further highlights

some shallow surface fracturing and the presence of many smaller comminuted fragments

that are 0.1 µm to 2 µm in size.

The densi�cation of the advanced ceramics was additionally investigated with an em-

pirical approach. Supplementary material on the empirical curve �tting located in Ap-

pendix E, was conducted to generally describe the trends observed in the compaction

curves illustrated in Figure 4.4. Working from research conducted by Lee and Kim [70],

the function form of (E.1) was used where equation constants (A, B, and C) were com-

puted. For the Al2O3 powder, constant A increased with increasing particle size while

the constants B and C approached a plateau with increasing particle size. On the con-

trary, the B4C powder were unique in that constant A increases with particle size and

reaching a maximum point where it decreases. For constant B, the value increases with

increasing particle size and constant C decreases with increasing particle size. Future

studies will be conducted to relay the information incorporating this behaviour in the

Drucker-Prager empirical model.

4.4.4 Distributions

To track the evolution particle size distributions as a consequence of compaction, mea-

surements were taken of the materials before and after compression. To do this, we show

the cumulative distribution of the particle sizes taken as the maximum spanning length

provided by the Morphologi G3 microscope and the Microtrac PartAn 3-D microscope.

The cumulative distribution is de�ned as:

G(x) =

∫ x

0
g(x̄)dx̄ (4.4)

where g(x̄) is the probability distribution of the particle sizes. The particle size data set

in each direction is a discrete set of n particles with sizes of li(i = 1...n). Ordering this

data for increasing particle size, and assigning a probability of 1/n to each particle, the

normalized empirical cumulative distribution function can be computed as the sum of

these probabilities:

Ge(l) =
1

n

n∑
i=1

I(li ≤ l) (4.5)
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where the indicator function I has a value of 1 if li ≤ l and 0 otherwise. Shown in

Figure 4.12 are the cumulative distributions of particle sizes before and after for the alu-

mina experiments. The average of the medians after compression (50th percentiles) are:

7.0± 0.2 µm for the 133± 38 µm particles, 6.0± 0.1 µm for the 201± 42 µm particles,

5.0± 0.1 µm for the 290± 52 µm particles, and 6.0± 0.1 µm for the 414± 57 µm par-

ticles. Similarly, shown in Figure 4.13 are the cumulative distributions of particle sizes

before and after for the boron carbide experiments. The average of the medians after

compression (50th percentiles) are: 5.0± 0.1 µm for the 152± 26 µm particles, 5.0 ± 0.4

µm for the 171± 23 µm particles, 5.0 ± 0.3 µm for the 303± 46 µm particles, and 5.0 ±

0 µm standard deviation for the 461± 44 µm particles. Generally, trends in the change

in sizes or �nal sizes are challenging to unravel given the di�erent initial starting sizes

and porosities, and �nal hydro-static pressures experienced by the compacted materials.

4.5 Discussion and Summary

In this chapter, we explored the mechanical response of alumina and boron carbide pow-

der, in hopes of better understanding the e�ects of particle size and shape on the uniaxial

compaction response under quasi-static strain rates. In the literature, there exists limited

studies on the behaviour of granular ceramics [43, 45, 62, 109�111], with many authors

noting as much [46, 112]. Few studies have accounted for particle size e�ects [113, 114].

To address the gap in understanding granular ceramic behaviour, this study focused on

the mechanical response (e.g., hydro-static pressure, bulk modulus, transmission ratio)

and failure of granular alumina and boron carbide materials of varying particle sizes. The

particle size ranges for alumina powder were 95 µm to 471µm, and for boron carbide were

126 µm to 505 µm. The particle size ranges were chosen based on resulting fragmentation

sizes derived during impact into boron carbide by Krell and Strassburger [8], as well to

compare with other studies in the literature of comparable sizes (e.g., [43, 100]). Also

note that the alumina particles were mostly elongated in shape while the boron carbide

fragments has aspect ratios closer to 1. The selection of an elongated shape for parti-

cles is also motivated by the impact fragmentation work by Krell and Strassburger [8]

where shard-like fragments were observed as a consequence of ballistic testing, while the

choice of uniform shapes is to conform with geometries commonly selected in the liter-

ature [44, 115]. To study the uniaxial con�ned response of the materials, an apparatus
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for con�ned quasi-static compression was designed and adapted from literature [63�65].

Other studies in the literature have used di�erent experimental approaches, including

the thick-walled cylinder set-ups for con�ned uniaxial compaction under quasi-static and

dynamic loading [42], plate impact testing [30], and thick-walled implosion compaction

experiments [116]. In thick-walled cylinder implosion experiments performed on granular

alumina by Nesterenko et al. [116] and silicon carbide by Shih et al. [113], both noted the

importance of shear localization and comminution in the responses of granular ceramics.

We also note the importance of comminution in our quasi-static con�ned compaction

experiments, as evidenced by Figures 4.1 and 4.2.

To better understand the e�ect of particle size on the mechanical response, investigations

were made on the bulk modulus and transmission ratio as a function of pressure where the

unique trends are depicted in Figures 4.10A and 4.10B respectively. For bulk modulus,

the Al2O3 did not exhibit any clear trends in behaviour as a function of particle size,

while the boron carbide demonstrated a greater sensitivity of the bulk modulus on hydro-

static pressure (steeper slope) and an overall greater bulk modulus as a function of

increasing particle size (1031± 72 MPa for 152± 26 µm, 1164± 50 MPa for 171± 23

µm, and 1270± 136 MPa for 303± 46 µm). These values align with those reported in

literature by Dyachkov et al. [117]. For the transmission ratio, which probed the e�ects of

friction, clear trends were observed in the alumina material (0.35± 0.01 for 133± 38 µm,

0.370± 0.006 for 201± 42 µm, 0.38± 0.01 for 290± 52 µm, and 0.50± 0.06 for 414± 57

µm) where similarities have been observed before [118, 119]. Speci�cally, these values

align with those reported by Dimilia and Reed [119] of ∼0.4 at 100 MPa. Boron carbide,

on the other hand, did not exhibit clear trends which has not been noted previously.

The global behaviour of the material response was depicted by choosing the tests that

resulted with the largest deviation with respect to a given particle size. Generally, the

high variability across all mechanical property measurements is likely a consequence of

the variable spatial distribution of particle size an shape distributions among samples as

a result sample preparation and setup.
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A
B

Figure 4.10: In A we see the overall trend of the bulk modulus for granular B4C,
depicting the sensitivity of particle size on bulk modulus as a function of hydro-static
pressure. Illustrated in the B is the overall trend of the transmission ratio of granular
Al2O3. As the particle size increases, the transmission ratio increases. To show the
global behaviour of the material response, the tests with the largest deviation with

respect to a given particle size were chosen.

In addition to probing the e�ects of particle size and bulk modulus and transmission

ratio, we also explored the e�ects of particle size on the hydro-static response as a

function of porosity. This relation is important when developing yield surfaces for brittle

failure [114, 120, 121]. Two distinct trends where observed from our experiments. In the

alumina samples with elongated particle shape, increasing the particle size resulted in

the curve shifted to the left which is depicted in Figure 4.11A. At 375 MPa, the porosity

was observed to decrease for increasing particle size (27± 4 % porosity at 133± 38 µm,

to 12± 1 % porosity at particle size 414± 57 µm). Conversely for boron carbide, as the

particle size increased from 152± 26 µm to 461± 44 µm, less porosity was crushed out

(18± 2 % for particle size 152± 26 µm, to 25± 2 % for particle size 303± 46 µm). The

trend was illustrated in Figure 4.11B. Additionally, the spread of the hydro-static curves

for repeated experiments for B4C was smaller in comparison to Al2O3. Comparing the

results from our study, Carneim and Messing [115] conducted similar con�ned compaction

tests of alumina powder for the purpose of investigating the e�ects of compaction stress

on granular rearrangement. They noted that when increasing the sample diameter, the

required compaction stress decreases as a result of a decrease in the die wall friction.

Notably, for a compaction stress of ∼100 MPa and alumina powder size of 75 µm to

150 µm with 2 % binder, Carneim and Messing [115] reported a porosity of 43 %. In

our experiments involving 170 µm powders, we were able to achieve 41 % porosity at the
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same hydro-static pressure. Taken together, the results demonstrate the sensitivity of

particle size on mechanical responses, and this highlights the importance incorporating

these considerations into failure models. This is discussed next.

A B

Figure 4.11: In the �gure are illustrated the overall trends seen in the granular Al2O3,
position A, and granular B4C, position B, depicting the hydro-static pressure response
as a function of porosity for increasing particle sizes. To show the global response of

the material, individual tests with respect to a given particle size were chosen.

In all mechanical response measurements, note the variability in results at a given average

particle size (Figures 4.4 to 4.9). This variability is likely a consequence of the variable

spatial distribution of particle size and shape distributions among samples as a result

sample preparation and setup. The slight deviation is a result of the particle size and

shape distribution. Table 4.6 summarizes the standard deviation obtained for the three

samples tested at a given average particle size.

Table 4.6: Standard deviation in material properties at each particle size tested for
granular Al2O3 and B4C.

Al2O3 average particle size B4C average particle size

133 µm 201 µm 290 µm 414 µm 152 µm 171 µm 303 µm 461 µm

Porosity (at 375 MPa) 16% 10% 15% 12% 11% 4% 24% -
Bulk modulus (at 400 MPa) 5% 1% 6% 9% 2% 4% 11% -

Transmission ratio (at 1600 MPa) 3% 2% 5% 12% 12% 1% 4% -

Lastly, there are numerous modelling approaches in the literature that attempt to de-

scribe granular compaction and comminution [112, 120, 122], with some models requiring

adjustable parameters that have no fundamental physical basis [123]. In an attempt to

incorporate these granular behaviours, the breakage model �rst developed by Einav [124]

and then expanded upon by Cil et al. [46], takes into account relative density, loading
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rate, and particle size distribution when describing granular behaviour. The micro-

mechanical model of Cil et al. [46] was initially developed for soil mechanics [125�127].

Cil et al. [46] noted the importance of incorporating relative density, porosity, particle

size distribution, and particle breakage into constitutive modelling of brittle granular

materials. These parameters are not often considered in classical failure models that

only account for strength to void ratios [128]. The Cil et al. [46] study highlighted the

complex nature of granular ceramics experiencing multi-axial loading conditions during

projectile impact and introduced the breakage model as a potential solution. The break-

age term, described by (4.6), represents as an internal state variable in a computational

modelling framework that accounts for how the particle sizes evolve and become smaller

during loading:

Br =

∫ dM
dm

(F (d)− F0(d))d−1dd∫ dM
dm

(Fu(d)− F0(d))d−1dd
(4.6)

The relative breakage term is integrated between the grain size, dm,M , over the initial

distribution F0(d), current distribution F (d), and ultimate distribution Fu(d). Fo(d) can

be measured before each experiment, although in this study we did random sampling of

the suite of experiments at given size to measure those size distributions. F (d) represents

the size distribution at an intermediate state (e.g., Figure 4.12 & Figure 4.13). From the

current experiments, Fu(d) is unknown, however it may take a similar functional form

to those in Figure 4.12 and Figure 4.13 for F (d). Note that many �ts (e.g., Weibull,

log-normal, exponential) were attempted for the data in Figures 4.12 and 4.13, and

none provided adequate description of the data. In the study by Einav [124], tests were

performed to various strains and particle sizes measured, Fu(d) was assumed to take

the functional form of d
dM

3−α
where α is a constant, and the breakage model form was

derived. Notable in the results presented in the paper by Einav [124] and others in

the literature [46] is that it is commonly assumed that the lower and upper bound of

the size distributions in F0(d), F (d), and Fu(d) remain the same during compaction.

Our results on alumina and boron carbide show that the lower and upper bounds likely

changes during compaction, and so that raises the question of how these distributions

evolve. Unravelling the path of breakage warrants future work given the complexity of

the competition between scale-dependent compaction, �ow, fracture, comminution, and

surface abrasion.
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Figure 4.12: The cumulative distribution of the particles for Al2O3 powder for the
range of particles: 133± 38 µm, 201± 42 µm, 290± 52 µm, and 414± 57 µm.

Figure 4.13: The cumulative distribution of the particles for B4C powder for the
range of particles: 152± 26 µm, 171± 23 µm, 303± 46, and 461± 44 µm.

As evident by the Cil et al. [46] study and others ([51, 112]), limited experimental data

for granular advanced ceramics exists for parametrizing the breakage model and often

times sand is used as a substitute. Sand is likely not a good analogue for accurate

parameterization when modelling advanced ceramics. The work presented in this study

builds from the validation attempts conducted by Cil et al. [46]. More speci�cally, the

particle distribution data of alumina and boron carbide can be used for validating the

breakage index. Beyond this, the data for hydro-static pressure response as a function

of porosity provided in this study can verify the particle gradation parameter. This will

be valuable in the literature.
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Taken together, these results highlight the importance of particle size and shape of the

granular behaviour of materials. The mechanical testing results were linked with particle

size, shape, and failure features before and after the experiments. It was observed that

the particles for the alumina were elongated (aspect ratio < 1) with some initial internal

cracking and porosity. For boron carbide, the particles had aspect ratios close to 1

and were mostly near-spherical. Post-experiment, increased fragmentation in the larger

particles for alumina were observed when compared to smaller particles, with multiple

sites of thin surface fractures that are believed to represent particle failure through

bending. The boron carbide exhibited greater fragmentation, surface comminution and

shallow fractures. Overall, it may be said these trends are thought to occur based on the

following ideas:

i The geometry of both materials is vastly di�erent. Al2O3 is elongated and jagged

while B4C is spherical.

ii The Al2O3 had a large number of larger particles postmortem, with multiple surface

fractures. B4C on the other hand, fragmented into many more minuscule particles

with shallow fractures and surface comminution.

iii Larger B4C particles are sti�er when compared to large Al2O3.

iv Al2O3 was initially more porous than B4C.

4.5.1 Concluding Remarks

Conducting uniaxial quasi-static compaction experiments using the instrumented die, we

determined the triaxial behaviour of granular Al2O3 and B4C as a function of particle

size and shape. The results showed particle size in�uenced the compaction curves where

hydro-static pressure is related as a function of porosity, the bulk modulus response as

a function of hydro-static pressure, and the transmission ratio as a function of applied

stress. The trends described in this chapter are thought to be in�uenced by the failure

exhibiting in the material during compaction. Further research must be conducted to

better understand the particle size dependencies on mechanical properties of granular

Al2O3 and B4C, so that improvements can be made in material design.
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Conclusion

5.1 Conclusion

In this thesis the objective was to investigate the e�ect of particle size and material char-

acteristics on �ow behaviour of granular materials. To accomplish this, two approaches

were used to determine the con�ned compression response of granular materials as a

function of ranging particle sizes. In the �rst case, granular stainless steel 316 was inves-

tigated using a uniaxial con�ned compaction experiment apparatus under quasi-static

loading conditions. The results showed an in�uence of particle size in the compaction

curves where hydro-static pressure is described as a function of porosity. In these experi-

ments, the bulk modulus was determined to be sensitive with respect to average particle

sizes. This is believed to occur due to the failure mechanism that is likely related to the

particle size, shape, and initial porosity. The smaller particles (127± 34 µm) appeared to

exhibit higher �ow stresses and underwent plastic deformation, while the larger particles

(487± 98 µm) developed micro-cracks which lead to fracture. The e�ects of particle-size

dependencies were unique in the hydro-static-pressure-porosity curve up to a threshold of

30 % porosity. The failure path of this material is believed to be dictated by the particle

shape. Brittle failure was likewise observed when analyzing the postmortem SEM im-

ages. With this, the apparatus used to record the information was deemed su�cient and

reliable when conducting multiple tests. Comparable brittle-ductile transition behaviour

has been observed before Roberts and Rowe [96], however, further research must be con-

ducted to expand our understanding of particle size e�ects on mechanical properties of

56



Conclusion 57

the material in order to better establish failure regimes exhibited during triaxial loading

conditions.

The second approach pursued in this thesis utilized the instrumented die experimental

apparatus, observing the quasi-static uniaxial con�ned compression response of granular

Al2O3 and B4C as a function of particle size and shape. The instrumented die was more

robust than the TWC, showing less abrasion to the void walls. The results showed an

in�uence of particle size in the compaction curves where porosity is related as a function

of hydro-static pressure, the bulk modulus is related to hydro-static pressure, and the

transmission ratio is related to the applied stress. The elongated alumina powder showed

large variations among each sample tested for the hydro-static response, while the boron

carbide powder, with an aspect ratio close to 1, was less variable. Such results underline

the importance of particle geometry when linking with material strength. In the bulk

modulus response of both materials, the alumina showed no clear trend as a function

of particle size. Observing the boron carbide response, we see that as the particle size

increases the change in the bulk modulus increases in addition to a vertical shift of the

material trends. This is believed to be in�uenced by two ideas: the initial elongated

geometry of the alumina and the way both materials fail through fragmentation. The

Al2O3 initially was elongated and so the fractures are interpreted to be a consequence

of bending resulting from the less-than-spherical particle shape for this material. The

B4C fragments highlighted some shallow surface fracturing and the presence of many

smaller comminuted fragments which is believed to handle higher compaction pressures.

It is important to note the considerable range in results at a set particle size. Such

behaviour is believed to be a result of large particle size standard deviation which can

e�ect material responses as high as 24 % as seen in Table 4.6.

5.2 Implications

In this thesis we investigated the mechanical response of granular stainless steel 316,

alumina, and boron carbide by testing the powdered materials under quasi-static con-

�ned compression experiments. All three granular materials depicted unique trends when

placed in these stress states. Researchers in the past have completed similar experiments,

however, the importance of particle-size dependant behaviour was not well documented.

In addition, these types of experiments were limited due to their expensive nature and
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complexity when using a powdered ceramic material. Speci�cally, the hard nature of ad-

vanced ceramics creates hardships when attempting to record the compaction behaviour.

Experimental results of the crush curves, bulk modulus, and friction response presented

in this thesis, provide valuable data-sets to the additive manufacturing industry and

defence design literature.

Altogether this work makes the following contributions:

I Understanding the shortcomings of stainless steel 316 particle variability, charac-

teristics and product performance to ultimately improve repeatability of additive

manufacturing in large scale production.

I Emphasizing the e�ect of particle size and shape on: �ow stress, variability in

strength, irregularity in bulk modulus for improved material design in ballistic

protection.

I Recognizing that fracture, fragmentation, and particle shape of granular advanced

ceramics can be tailored to maximize projectile erosion and energy dissipation

during blast-mitigating scenarios.

I Experimental data of the granular materials can be used to validate existing failure

models to more accurately describe granular behaviour in simulations by incorpo-

rating particle-size length scales in computer models.

5.3 Future Work and Recommendations

To date, there has been a limited amount of data that looks at particle-size dependent

failure behaviour of granular advanced materials. The data generated in this thesis

is useful for validation and development of computational models. The limitations in

accuratley predicting failure, can be addressed by including length scales in failure models

(i.e. particle size, particle geometry). This thesis established a rigorous methodology for

compacting granular metallics and ceramics with initial steps to validating and further

developing failure models for predicting material failure in defence applications. In order

to build upon the current work, the following improvements are suggested:
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i Consider measuring all principle strain directions for granular Al2O3 and B4C using

strain gauges to compute the yield pro�les in existent models such as the Drucker-

Prager material model [129].

ii Compacting the materials under dynamic strain rates, as failure has been noted to

be rate dependant [130, 131]. This could be done using the split Hopkison Kolsky

bar.

iii Conduct calibration compaction tests using a soft material to validate material prop-

erties of experimental components used, accounting for compliance in testing, simi-

larly seen in the Meyer and Faber [42] study.

iv Consider testing a wider range of particle size for advanced ceramics to account for

the various geometries seen during impact.

v Consider compression experiments using a combination of granular advanced ceramic

such as: SiC, TiC, WC, to observe any inter-connected particle behaviour or bounded

experimental trends. The idea of constraining the experiment by controlling particle

size (50 µm to 500 µm) and proportions (10 % to 90 %) could optimize the mechanical

performance.

vi Investigate the yielding function in densi�cation of granular Al2O3 and B4C in order

to modify the Drucker-Prager failure model incorporating particle-size dependencies.

Such empirical models are heavily used in granular failure simulation.
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Appendix A

Data Processing

A.1 MATLAB Code - Con�ned Uniaxial Compression of

Granular Stainless Steel 316

clear all; close all

%% Input Sample Data

filename01 = 'SSType316_300um_May282018_01.dat'; %Import .dat file

%% Import Data

% Determine the number of headers to ignore

fid = fopen(filename01);

s=textscan(fid,'%s');

fclose(fid);

str=s{:};

idx = strfind(str, 'Data');

idx = find(not(cellfun('isempty', idx)));

headers = length(idx);

% Read the data, ignoring headers

fid = fopen(filename01);

% Getting rid of 5 lines before first row of data

data = textscan(fid,'%f%f%f%f%f%f', 'HeaderLines', 5);

force = data{:,1}; % [N]

displacement = data{:,2};% [mm]

time = data{:,3}; % [s]

friction = data{:,4}; % [V]

displacement_lvdt_V = data{:,5}; % [V]
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epsilon_1 = data{:,6}; % [V]

% Getting rid of lines at the MTS time step print out

for i = 1:headers

data = textscan(fid,'%f%f%f%f%f%f', 'HeaderLines', 3);

force = [force; data{:,1}]; % [N]

displacement = [displacement; data{:,2}]; % [mm]

time = [time; data{:,3}]; % [s]

friction = [friction; data{:,4}]; % [mV]

displacement_lvdt_V = [displacement_lvdt_V; data{:,5}]; % [V]

epsilon_1 = [epsilon_1; data{:,6}]; % [V]

end

%% Determine the start of the test

% Data only used when a negative force is obtained

for i = 1:length(time)

if ((time(i) >=0))

start = i;

break

end

end

%% Determine the end of the test

% The data is cut off when maximum desired load is reached

for j = 1:length(time)

if (time(j) >=307.58398)

finish = j;

break

end

end

%% Renaming the varaibles

force = force(start:finish);

displacement = displacement(start:finish) ;

time = time(start:finish);

friction = friction(start:finish);

displacement_lvdt_V = displacement_lvdt_V(start:finish);

epsilon_1 = epsilon_1(start:finish);

%% Calculations to determine relationships

% Initializing constants

SampleDiameter = 0.00635; %[m]

A_o = pi*((SampleDiameter/2).^2); %[m2]
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E_c = 1.93e11; % [Pa]

nu_c = 0.25;

V = input('Volume of sample: ');

V_o = V./1e9; % [m3]

a = 0.00635/2; % [m]

b = 0.02223/2; % [m]

gain = 1000; % [unitless]

GF = 2.05; % [unitless]

Vex = 2 ; %[V]

hi = 0.0045; % [m]

m = input('What is the mass of the sample? '); % [Kg]

% Converting aux insturments

D_LVDT = (-1.5.*(displacement_lvdt_V))./1000; % [m]

D_LVDT=D_LVDT-D_LVDT(1,1); % Setting LVDT to zero

strain = ((epsilon_1)./(gain.*Vex.*GF)); % [strain]

LoadWasher = 459.655.*(friction) - 30.006;% [N]

% Calculating relationships

h = hi - abs(max(D_LVDT)); %[m]

rho_s = 8000 ; % [Kg/m3]

F_z = force - LoadWasher; % [N]

sigma_z = -F_z./A_o; % [Pa]

sigma_theta = strain.*((2.*a.^2.*(1-nu_c.^2))./(E_c.*(b.^2-a.^2))).^(-1); %

[Pa]

sigma_hyd = 1/3.*(sigma_z + 2.*sigma_theta); % [Pa]

sigma_hyd_MTS = 1/3.*(force./A_o + 2.*sigma_theta); % [Pa]

force_average = (force + LoadWasher)./2; % [Pa]

sigma_average = -(force_average)./A_o; % [Pa]

sigma_applied = -force./A_o; % [Pa]

sigma_applied = sigma_applied/1e6; % Converting to [MPa]

k_mean = sigma_theta./sigma_average; % Janssen constant using average stress

k = sigma_theta./sigma_z; % Janssen constant using stress

sigma_hyd = sigma_hyd/1e6; % Converting to MPa

delta_V = A_o.*(D_LVDT); % Change in volume

rho_lvdt = m./(V_o + delta_V); % Density [Kg/m-3]

phi = 1-(rho_lvdt./rho_s); % [%]

TR = LoadWasher./force; % Transmission ratio

Bulk = -sigma_hyd./(delta_V./V_o); % Secant bulk modulus

phi = 100.*phi; % Porosity in percent
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sigma_z = sigma_z/1e6; % Converting to MPa

%% Discrpancy between using and not using the load washer; testing to see

significance

diff = ( sigma_hyd_MTS-sigma_hyd)./sigma_hyd;

maximum = abs(max(diff));

%% Plot Porosity vs. Hydrostatic pressure

figure

plot(phi,sigma_hyd);

title('Porosity vs. janssen average','FontSize',16);

xlabel('Porosity, %','FontSize',16);

ylabel('Average Janssen, MPa','FontSize',16);

legend('Location','NorthEast');

A.2 MATLAB Code - Quasi-static Con�ned Uniaxial Com-

paction of Granular Al2O3 and B4C

clear all; close all

%% Input Sample Data

filename01 = 'B4C_400_01.csv'; %Import data file

%% Import Data

% Determine the number of headers to ignore

data = csvread(filename01,3);

axial_top = data(:,1); % [kN]

axial_bottom = data(:,2);% [kN]

radial = data(:,3); % [kN]

displacement = data(:,4); % [mm]

axial_top = axial_top.*1000; %[N]

axial_bottom = axial_bottom.*1000;%[N]

radial = radial.*1000;%[N]

displacement = displacement./1000;%[m]

% Calculate the compliance of the equipment

compliance = (-0.00000001.*axial_top + 3E-8.*axial_top);

displacement = displacement-compliance;

displacement = displacement-displacement(1,1);

%% Calculations
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% Initializing constants

SampleDiameter = 0.006; %[m]

A_o = pi.*((SampleDiameter./2).^2); %[m2]

radial_D = 0.003; % [m]

A_radial = pi.*((radial_D./2).^2); [m2]

V = input('What is the initial volume: '); [mm3]

V_o = V./(1E9); % Convert to [m3]

mass = input('What is the mass of the sample? '); % [g]

m = mass/1000; % [Convert to kg]

% Calculating relationships

rho_s = 2520; %[Kg/m3]

%B4C 2520

%Alumina 3987

%20-B4C-80-Al 3694

%30-B4C-70-Al 3547

%40-B4C-60-Al 3400

%50-B4C-50-Al 3253

%60-B4C-40-Al 3107

%80-B4C-20-Al 2813

F_z = axial_top - axial_bottom; % [N]

sigma_z = (1/(1E6)).*(F_z./A_o); % [MPa]

sigma_top = (1/(1E6)).*(axial_top./A_o);% [MPa]

sigma_bottom = (1/(1E6)).*(axial_bottom./A_o);% [MPa]

sigma_theta = (1/(1E6)).*(radial./A_radial);% [MPa]

sigma_hyd = 1/3.*(sigma_z + 2.*sigma_theta);% [MPa]

sigma_dev = abs(sigma_z - sigma_theta); %[MPa]

delta_V = A_o.*(displacement); % Change in volume [m3]

rho = m./(V_o - delta_V); % Density [kg/m-3]

phi = 1-(rho./rho_s); % Pososity

phi = 100.*phi; % Porosity [%]

D = rho./rho_s; % Relative density

bulk = sigma_hyd./(delta_V./V_o); % Secant bulk modulus

Z_z = (delta_V+V_o); % Volume

TR = sigma_bottom./sigma_top; % Tranmission ratio

janssen = sigma_theta./sigma_z; % Janssen constant

%% Incremental Bulk Modulus

dv = diff(delta_V); % [m3]

dp = diff(sigma_hyd); % [MPa]
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bulk_in = V_o.*(dp./dv); % [MPa]

%% Hydrostatic Pressure vs Porosity comparison

figure

plot(D,sigma_hyd);

xlabel('Relative density');

ylabel('Hydro-static pressure MPa');

%% Dev vs Hyd

figure

plot(sigma_hyd,sigma_dev);

ylabel('Deviatoric MPa');

xlabel('Hydro-static MPa');



Appendix B

Uncertainty - Propagation of Error

In order to account for uncertainty in the measurements obtained from the experiments,

error propagation analysis was conducted, investigating the systematic error. The theory

of deriving the equations has been extensively studied in the past and will only be

summarized here for completeness. Refer to [90] for full derivation.

Five general rules were followed when calculating the error propagation. To better ex-

plain, suppose you measure some quantities x, y, z, . . . with the uncertainties δx, δy, δz, . . . .

You use these measured quantities to calculate the dependant variable f which is com-

posed of x, y, z, . . . . The uncertainties in each measured variable propagate and the

listed rules are followed. Note that we assume the measured quantities have errors that

are random and uncorrelated.

1. Addition and Subtraction: Suppose that if

f = x+ y − z

then the error will be

δf =

√
(δx)2 + (δy)2 + (δz)2

2. Multiplication and division: Suppose that if

f =
xy

z
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then the error will be

δf

|f |
=

√(
δx

x

)2

+

(
δy

y

)2

+

(
δz

z

)2

3. Multiplying a measured quantity with a constant C: If the function

f = Cx

then the propagation of uncertainty will be

δf = |C|δx

4. The uncertainty in the power rule where n is an exact number such that

f = xn

then the propagation of uncertainty will be

δf

|f |
= |n| δx

|x|

5. The general formula for propagating the uncertainty in any function: Suppose that

if

f = f (x, y, . . . )

then the uncertainty is

δf =

√(
∂f

∂x
δx

)2

+

(
∂f

∂y
δy

)2

. . .

A sample calculation for completeness has been provided. Referring to (3.4):

∆V = Aoδ

where Ao was calculated using:

Ao =
π

4
(d)2
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so we begin by calculating the uncertainty in Ao where d is the diameter measured with

a digital caliper with a resolution of 0.02 mm:

δAo =

√
π

4

(
∂Ao
∂d

)2

=

√
π

4
(2d(0.02))2

=

√
π

4
(12(0.02))2

= 0.213 mm

To put this value into relative terms, we divide by the nominal value Ao = 28.3mm, and

the relative systematic uncertainty is 0.01 %.



Appendix C

SEM Images of Tested Materials

Figure C.1: SEM image of stainless steel 316 powder with an average particle size of
127± 34 µm before the quasi-static compaction.

84
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Figure C.2: SEM image of stainless steel 316 powder with an average particle size of
487± 98 µm before the quasi-static compaction.

Figure C.3: SEM image of the stainless steel 316 powder at an average particle size
of 127± 34 µm post compaction.



Appendix C: SEM images 86

Figure C.4: SEM image of the stainless steel 316 powder at an average particle size
of 487± 98 µm post compaction.

Figure C.5: SEM images were taken of the Al2O3 powder to observe powder mor-
phology before experiments and failure features post-experiment. The following depicts

the Al2O3 with an average particle size 170± 63 µm before compression.
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Figure C.6: The following is an SEM image of Al2O3 powder with an average particle
size 170± 63 µm after compression.

Figure C.7: SEM image of the large Al2O3 powder with an average particle size of
450± 83 µm after the experiment showing the resulting material size and shapes.
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Figure C.8: SEM images were taken of the Al2O3 powder to observe powder morphol-
ogy before experiments and failure features post-experiment. The following is Al2O3

powder with an average particle size of 450± 83 µm.

Figure C.9: SEM images of B4C were taken to observe the small and large parti-
cles, focusing on powder morphology before and after experiment. The �gure depicts

170± 40 µm B4C powder before compression.
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Figure C.10: The �gure depicts B4C powder with an average particle size of 320± 59
µm showing the overall geometry before compression.

Figure C.11: The �gure depicts the postmortem B4C powder with an average particle
size of 320± 59 µm visualizing the overall fragment distribution.
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Figure C.12: The following �gure depicts the surface features post experiment of B4C
powder with an average particle size 320± 59 µm.



Appendix D

Hooke's Law a

D.1 Generalized Hooke's Law

Hooke's law describes that the stress experienced by an object by an external force,

is proportional to the gradient of deformation occurring in the material. In Cartesian

coordinates, we can write the generalized Hooke's law:

σij = Cijklεkl where i,j,k,l = 1,2,3 (D.1)

where σij is the second order stress tensor and εkl is the second order strain tensor.

These equations assume that stress is a linear function of strain and we refer to them as

constitutive equations. These equations are applicable to materials experiencing small

deformations when subjected to external forces. The 81 independent constants described

by Cijkl the sti�ness tensor, are the elastic sti�ness of the material. Due to the symmetry

of σij and εij , the sti�ness tensor must satisfy these relations:

Cijkl = Cjikl = Cijlk = Cjilk

which allows us to simplify the sti�ness tensor to 36 independent constants.

aThe following derivations were taken from [132].

91



Appendix D: Hooke's Law 92

Figure D.1: Stress components de�ned with respect to the Cartesian coordinate
system [133].

Using the coordinate system outline in Figure D.1, we de�ne a new set of variables to

make the equations easier to analyze:


σ1 σ4 σ5

σ4 σ2 σ6

σ5 σ6 σ3

 =


σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33



The generalized equations for Hooke's law can be represented as:

σi = Cijεj (D.2)

Note that the same relation can be expressed in terms of strain, using the elastic com-

pliance tensor, Sij . These constants satisfy the relation:

SmiCij = δmj where i,m,j = 1,. . . ,6

and

σij =


σi, i=j=1,2,3

σ1+i+j , i 6= j, and i = 1, or 2

Further these relations show that Cij is related to Cpqrs by the relation
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Cm1 = Cij11 Cm4 = 2Cij12

Cm2 = Cij22 Cm5 = 2Cij13

Cm3 = Cij33 Cm6 = 2Cij23

where

m =


i, when i = j = 1,2, or 3

1 + i+ j, when i 6= j and i = 1 or 2

The above equations can be veri�ed by expanding (D.1) and (D.2) and comparing like

terms.

The generalized form of Hooke's law can now be expanded where all 36 independent

constants can be seen:



σ1

σ2

σ3

σ4

σ5

σ6


=



C11 C12 C13 C14 C15 C16

C21 C22 C23 C24 C25 C26

C31 C32 C33 C34 C35 C36

C41 C42 C43 C44 C45 C46

C51 C52 C53 C54 C55 C56

C61 C62 C63 C64 C65 C66





ε1

ε2

ε3

ε4

ε5

ε6


(D.3)

D.2 Material Symmetries

For an isotropic material, it is assumed that the elasticity is the same in all directions.

This allows one to simplify (D.3) to the following relation:



Appendix D: Hooke's Law 94



σ1

σ2

σ3

σ4

σ5

σ6


=



C11 C12 C13 0 0 0

C21 C22 C23 0 0 0

C31 C32 C33 0 0 0

0 0 0 C44 0 0

0 0 0 0 C55 0

0 0 0 0 0 C66





ε1

ε2

ε3

ε4

ε5

ε6


(D.4)

With the reduced matrix, we de�ne the quantities and note that for isotropic materials

these constants are not independent. Finally we can write out for Hooke's law in three

dimensional space where E is the Young's modulus of elasticity and ν is the Poisson's

ratio.



σ11

σ22

σ33

σ23

σ13

σ12


=

E

(1 + ν) (1− 2ν)



(1− ν) ν ν 0 0 0

(1− ν) ν 0 0 0

(1− ν) 0 0 0

(1−2ν)
2 0 0

(1−2ν)
2 0

sym (1−2ν)
2





ε11

ε22

ε33

2ε23

2ε13

2ε12


For simplicity in notation, the above matrix can be written out for isotropic plain stress,

where the matrix parameters have been outlined above. The constitutive equations are:
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σ11 =
E

(1 + ν) (1− 2ν)
[(1− ν) ε11 + ν (ε22 + ε33)]

σ22 =
E

(1 + ν) (1− 2ν)
[(1− ν) ε22 + ν (ε33 + ε11)]

σ33 =
E

(1 + ν) (1− 2ν)
[(1− ν) ε33 + ν (ε22 + ε11)]

σ12 = σ21 =
E

1 + ν
ε12

σ13 = σ31 =
E

1 + ν
ε13

σ23 = σ32 =
E

1 + ν
ε23

D.3 Cylindrical Coordinates

The same theory and material symmetry can be applied using the cylindrical coordinate

system as it was outlined above. Refer to Figure D.2 for visualization of the principle

directions.

Figure D.2: Stress components with respect to the cylindrical coordinates [133].

Due to the cylindrical shape, the stress components are independent of the angular

coordinate θ and so the derivatives with respect to θ are equal to zero. The result of the

constitutive equations for the stress tensor in cylindrical coordinates can be written as:
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σr

σz

σθ

τrθ

τrz

τθz


=

E

(1 + ν) (1− 2ν)



(1− ν) ν ν 0 0 0

(1− ν) ν 0 0 0

(1− ν) 0 0 0

(1−2ν)
2 0 0

0 0

sym 0





εr

εz

εθ

γrθ

γrz

γθz


where E is the Young's modulus of elasticity and ν is the Poisson's ratio of the material.

For an isotropic material, the plane stress can be expressed with the following constitutive

equations:

σr =
E (1− ν)

(1 + ν) (1− 2ν)
[(1− ν) εr + νεθ] τrθ =

E

1 + ν
εrθ = 2Gεrθ = Gγrθ

σθ =
E (1− ν)

(1 + ν) (1− 2ν)
[(1− ν) εθ + νεr] τrz = τθz = 0

σz =
Eν

(1 + ν) (1− 2ν)
[εr + εθ]
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Supplementary Material

E.1 Curve �tting

Process simulations using �nite element modelling is useful when controlling the density

distribution of a desired part. For this to be done, numerical models are created which are

further composed of constitutive equations. Using these relationships, various empirical

yield functions are developed to resemble the densi�cation of the material under certain

loading conditions. The bene�t of simulating multi-level con�ned compaction of granular

ceramics and metals allows for not having to repeat multiple triaxial compression tests.

To understand the con�ned compression behaviour of the materials tested, a curve �t-

ting function based on the elasto-plastic deformation of granular media is used. This

relationship is further used in developing a cap model that predicts the densi�cation of

metal and ceramic powders. This function was generated based on the work by Shima

and Oyane [134] and more recent work by Lee and Kim [70]. The curve �tting function

form is as follows:

f(x) = AeBx (1− x)C (E.1)

where A, B, and C are function constants. From the results obtained during the compres-

sion experiments, (E.1) was �tted through the crush curve data points and magnitudes

of the function constants were recorded. The target was focused on the advanced ceramic

powders, as the hydro-static response was unique with respect to particle size through
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out the loading range in comparison to the stainless steel 316. After the expression in

(E.1) was �tted through the data A, B, and C was recorded and plotted against average

particle size.

Observing the results from the Al2O3 powder, distinct trends can be seen in Figure E.1.

Figure E.1: For the Al2O3 powder, trends can be observed when plotting the con-
stants (A,B,C) as a function of average particle size for (E.1). Polynomial �tting
functions were used for the purpose to explicitly show the overall trends of each con-

stant.

The most volatile parameter is A where it exponentially increases as the average particle

size approaches 450 µm. The other two parameters B and C, approach an increasing

plateau as the particle size increases towards 400 µm.

The same approach was applied to the B4C powder and the trends are depicted in

Figure E.2.
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Figure E.2: The function constants (A,B,C) for granular B4C were plotted against
increasing particle size. Polynomial �tting functions of order two and three were used

for the purpose of depicting overall trends of each constant.

Referring to constant A, the trend observed increases as particle size increase to 390 µm

where an in�ection point exists and the trend begins to decrease as particle size increases.

A similar threshold exists when observing constants B and C. As the particle size

increases towards 350 µm, constant B increases with increasing particle size and constant

C decreases with increasing particle size.

The behaviour of both ceramics is very complex and di�cult to understand. This nu-

merical work can be supplementary in creating failure cap models to incorporate the

densi�cation behaviour when predicting material failure. Additional research must be

done on empirical modelling of granular advanced ceramics to better understand the

observed trends illustrated in Figure E.1 and Figure E.2.

E.2 Particle distribution data

The distribution of the ceramics particles before and after compaction was analyzed

and plotted. The empirical cumulative distribution function (ecdf) was plotted against

particle size to observe any changes or trends. Illustrated in Figure E.3 the ecdf was

plotted against particle size for granular alumina and in Figure E.4 is the ecdf plotted

against average particle size for granular boron carbide.
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Figure E.3: The empirical cumulative distribution function is plotted against average
particle size before and after compaction for granular alumina.

Figure E.4: The empirical cumulative distribution function is plotted against average
particle size before and after compaction for granular boron carbide.
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