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Abstract

As a generalization of orthonormal wavelets, tight framelets (also called
tight wavelet frames) are of importance in both wavelet analysis and applied
sciences due to their many desirable properties in applications. However, tight
framelets are often derived from particular refinable functions satisfying certain
stringent conditions. Hence, we generalize the notion of tight framelets to
quasi-tight framelets, which is essentially a dual framelet system, but behaves
quite similar to tight framelets. This thesis makes a comprehensive study
of the construction of Oblique Extension Principle (OEP) based compactly

supported quasi-tight framelets.

For univariate cases, we show that the construction of quasi-tight framelets
is much more flexible than that of tight framelets. As a matter of fact, we can
always derive a quasi-tight framelet system with high order of vanishing mo-
ments from refinable functions associated with any arbitrary compactly sup-
ported refinement masks. Also, it is much easier to design moment correcting
filters for the quasi-tight framelet filter banks. We provide detailed algorithms
to construct quasi-tight framelets in Chapter 2 and Chapter 3, where the high-
est order of vanishing moments and the smallest number of framelet generators

can easily be achieved.

Symmetry is also a desirable property in the construction of framelet sys-
tems. So we construct univariate (anti-)symmetric quasi-tight framelets in
Chapter 4. We completely characterize the OEP-based (anti-)symmetric com-

pactly supported quasi-tight framelet systems with two generators.
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For the multivariate framelets, it is known in the literature that the prob-
lems of constructing tight framelets / dual framelets with vanishing moments
from general (nonseparable) refinable functions are quite hard. We propose
solutions to the problems using quasi-tight framelets. We constructively prove
that it is very easy to derive multivariate quasi-tight framelets with directional-
ity /high order of vanishing moments, from any arbitrary M-refinable function,
with any dilation matrix M.

The constructions of quasi-tight framelets are directly linked to the math-
ematical problem of (indefinite) spectral factorizations of matrices of Laurent
polynomials. We study/solve the spectral factorization problem in different

settings in each Chapter 2 to 5.
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Chapter 1

Introduction to Quasi-tight

Framelets

1.1 Introduction to Wavelets and Framelets

Wavelets and framelets have been widely studied in the mathematical and
engineering communities, due to their applications in many areas such as image
processing and numerical algorithms. To introduce the work of this thesis, we
provide some necessary background of wavelets/framelets, and some notations
used here.

Let Ly(R?) denote the set of all square integrable functions on R%. A set of
functions F' C Ly(R?) is called a frame in Lo(RY) if there exist some positive
constants C7, Cy > 0, such that

CHll Al ey < D ISP < Call fll ey V€ La(RY).
heF

C} and () are called the lower and upper frame bound respectively. In the
case that C) = Cy = 1, we call it a (normalized) tight frame in Ly(R?).
The idea of frames is a generalization of an orthonormal basis in a Hilbert
space, while a frame system will generally be overcomplete (has redundancy).
To give a trivial example, if £ is an orthonormal basis in Ly(R?) and G is a
finite subset of Ly(R?), then F' = E UG must be a frame in Ly(R?). See [§]
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for a comprehensive review of the theory of frames in Hilbert spaces.

Framelet (wavelet frame) is a special type of frames in Ly(R%), where F
consists of an affine system. Suppose U is a d x d real valued matrix, we use

the following notation for the dilations and shifts of a function f:
foa(z) == | det(U)|"2f Uz — k), z,k € RY
In one-dimensional case, given a set of functions ¥ C L,(R), we call

AS(V) :={vy;,, - W €V, kEZ,jE L}
={ 22PN k) eV kel je T}

the (dyadic) affine system generated by W. If AS(V) is a (tight) frame in
L,(R), then V¥ is called a homogeneous (tight) framelet in L,(R).

For the multidimensional case, we call a d x d matrix M a dilation matrix
if it is an integer matrix such that all its eigenvalues are greater than one in

modulus. Given a dilation matrix M, an M-affine system generated by
U C Ly(R?) is defined as

ASM(W) =={ipyyp = W €Wk €Zj €7}
={|det(M)P/2p5(M? - —k) = ot € U k€ Z?,j € Z}.

U is called a homogeneous (tight) M-framelet in Ly(R?) if ASM(T) is
a (tight) frame in Ly(R?). For generality, we use the notation in the mul-
tidimensional case Ly(R?) throughout this chapter. For the one-dimensional
problem (d = 1), although the case for general integer dilation M > 2 (also
called M-band wavelets/framelets) is also considered in the literature (e.g. see
82, 12, 3, 84, 83, 38]), for simplicity, our study focuses on the case that M = 2

in this thesis.

Framelets are usually constructed by multiresolution analysis (MRA). We
only consider MRA with one generator here. A sequence {V;};ez of closed
subspaces in Ly(R?) forms a multiresolution analysis (MRA) of Ly(R?)
if for some ¢ € Ly(RY)



(1) V; = span{p(MJ - —k) : k € Z} and V; C Vj4, for all integers j € Z;
(2) UjezVj = La(RY).

Note that Vy C V; implies that there exists some sequence a = {a(k)}rezq,
such that

¢ =|det(M)] > a(k)p(M - k). (1.1.1)

kezd

Hence, ¢ is called an M-refinable function (or scaling function in wavelet
analysis), and a is called a refinement mask (filter). The first condition
in MRA shows that V; is shift invariant in its scale level, i.e., f € V; implies
f(- —M7E) € V; for all k € Z%. MRA is used to approximate functions
in Ly(R?) with different scale/resolution levels. For a function f € Ly(R%),
let P;f be the orthogonal projection of f into the space Vj, then P;f — f
in Ly(RY) as j — oo. For a framelet ¥ in Ly(RY), if there exists an MRA
generated by some ¢ € Ly(R?), such that ¥ C V4, then ¥ is called an MRA-
based framelet. That is, for each 1! € ¥, there exists some sequence b, =
{be(k) }rez, such that

Uf = [det(M)] Y be(k)p(M - —k),  Viby € . (1.1.2)

kezd

For detailed studies about shift invariant spaces/MRA-based framelets, see
[15, 9, 45, 17] and many references therein.

For an integrable function f € L;(RY), its Fourier transform 7 is defined to
be f(£) == Jga f(z)e4dx for € € R The Fourier transform can be naturally
extended to square integrable functions in Lo(R?) and tempered distributions.
By 1o(Z%) we denote the set of all finitely supported sequences/filters a =
{a(k)}reza : Z¢ — C on Z4. For a filter a € ly(Z?), its support is defined as
supp(a) := {k € Z* : a(k) # 0} and its Fourier series (or symbol) is defined to
be a(§) =Y pepa a(k)e ¢ for £ € RY, which is a 2nZ%-periodic trigonometric
polynomial in d variables. In particular, by é we denote the Dirac sequence
such that 6(0) = 1 and §(k) = 0 for all Z4\{0}. For v € Z%, we also use the
notation d, to stand for the sequence (- — ), i.e., 6,(y) =1 and d,(k) =0
for all k € Z¥\{v}. Note that 5;(5) = ¢~7%¢. In frequency domain, equations

3



(1.1.1) and (1.1.2) can be written as

SMTE) = a(&)(E), VIMTE) = bu()d(€).

Let ... 0% 4t . 0 € Ly(RY). Wesay that ({41, ... 0}, {¢1, ... ¢°})
is a homogeneous dual M-framelet in L,(R?) if both {zzl, . ,1;5} and
{1, ... 1p*} are homogeneous M-framelets in Ly(R?) such that

ZZ Z f wMJ ik MJ kag>7 Vf,g € LQ(Rd) (113)

JEZ =1 ke7d

with the above series converging absolutely. It follows directly from (1.1.3) that

every function f € Ly(IR?) has the following multiscale framelet representation:

I= ZZZ I+ s ) v (1.1.4)

JEZ b=1 kez7d

with the series converging unconditionally in Ly(R?). Also, if {¢*,...,¢*} is a
homogeneous tight M-framelet in Ly(R?), then it is self-dual, i.e., ({1}, ...},
{apt, ..., 9%}) is a homogeneous dual M-framelet in Ly(RY).

Compactly supported MRA-based dual M-framelets can be obtained by a
general procedure called Oblique Extension Principle (OEP) introduced
n [11, 17]. Given ©,a,by,...,bs, @, bi,...,bs € lo(Z?), where a(0) = a(0) = 1,

we can define

z>

:ﬁa MT)=¢), ﬁa MT)¢),  £eRY  (1.15)

Jj=1 Jj=1

Then it is trivial to observe that ¢ and ¢ are both M-refinable functions /distributions
satisfying R R
G(MTE) =a(§)e(S), o(MTE) = a(é)e().

=~



Define

~

YEMTE) = b (6)B(E),  PAMTE) = b(€)(),  ae.feRLE=1,...,5.
(1.1.6)
Then ({¢', ..., 0}, {¢!, ..., ¢*}) is a homogeneous dual M-framelet in L, (R?)
if and only if ¢, ¢ € Ly(R?), ©(0) = 1,

and ({a; be, ... ,Es}, {a;b1,...,bs})e is a dual M-framelet filter bank, i.c.,
O(MTE)(€)FE + 27)+b1 (€)b1 (€ + 2mw)-+- -+, (E)b (€ + 27w) = 8(w)O(E),
Vwe Q, & € R (1.1.8)

where Qy = [(MT)7'1Z9] N [0,1)%. A filter bank {a;by,...,bs}e is called a
tight M-framelet filter bank if ({a;by,...,bs},{a;b1,...,bs})e is a dual
M-framelet filter bank.

It is known in [45, Theorem 7.1.8] that {u!, ... ¥} is a tight M-framelet
in Ly(R?) if and only if {a;by,...,bs}e is a tight M-framelet filter bank and
(:)(0) = 1. Hence one does not need to check the necessary conditions ¢ €
Ly(RY) and bAl(O) = ... = 6;(0) = 0 in advance for tight framelets. Conse-
quently, the construction of dual/tight framelets boils down to the construc-
tion of dual/tight framelet filter banks. One-dimensional tight framelets have
been well investigated and constructed in the literature, to only mention a few,
see [11, 16, 17, 35, 39, 43, 44, 45, 48, 58, 73, 78] and many references therein.
In particular, one-dimensional tight 2-framelets with symmetry property have

been extensively studied in [40, 43, 48] and references therein.

Define Ny := NU{0}. For pt = (i1, ..., pta)" € Nd and z = (zy,...,74)" €
RY, we define || := p1 + -+ + pg, 2 := 2" - 2kt and O == 94" --- 947, For
m € Ny and smooth functions f and g on R, we shall simply use the big O
notation f(&) = g(&) + O(||€||™) as € — 0 to stand for 0*f(0) = 9*¢(0) for

all € N& with |u| < m. We say that the sequence a satisfies order m sum

5



rules with respect to M, if
A€ +2mw) = O(JEI™), €= 0,Yw € A\ {0}, (1.1.9)

We define sr(a, M) to be the largest nonnegative integer m satisfying (1.1.9).
Since @(0) = a(0) = 1, we now trivially see that (1.1.7) and (1.1.8) imply
sr(a,M) > 1. In our study of one-dimensional (d = 1) dyadic (M = 2)
framelets, we simply use the notation sr(a) := sr(a,2). Given a sequence
a € lp(Z%) and a(0) = 1, suppose ¢ € Ly(R?) is generated from a through
(1.1.5), then sr(a, M) is related to the approximation property of the shift in-
variant space generated by ¢ (e.g., see [57]). The sequence a satisfying a(0) = 1
and (1.1.9) with m > 1 is also called a low-pass filter in the engineering

community.

In order to check the technical condition ¢ € Lo(R?), we can calculate the
smoothness exponent. Let a € lo(Z?) with @(0) = 1 and m := sr(a,M). For

1 < p < oo, we now introduce a technical quantity (see [37]):
d
smy(a, M) := — —log, pm(a, M), and sm(a, M) := smy(a, M), (1.1.10)
P
where p(M) is the spectral radius of M and

pra(a, M), 1= | det(M)] sup{ i o, (V“8)]} /6, : 1 € NG o] = m)

with @,(&) = a(&)a(MT¢)---a((MT)"71€). Let ¢ be defined in (1.1.5). If
sm(a, M) > 0, then ¢ € Ly(R?) and moreover, |5, 16()2(1 + [|€]12)7dé < oo
for all 0 < 7 < sm(a, M).

For a compactly supported function ¢ € Ly(RY), we say that 1 has order

m wvanishing moments if
blr)ede =0, Vpe N, |ul <m,
R4
or equivalently, (&) = O(||¢[™), ¢ —0. (1.1.11)

In particular, we define vin(¢)) := m for the largest possible integer m in
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(1.1.11). For a sequence b € ly(Z?), we similarly define vin(b) to be the largest
possible integer m € Ny such that b( ) = O(J|¢]|™) as € — 0. That is, the
sequence b has the order vm(b) vanishing moments. The sequence b with
vm(b) > 1 is called a high-pass filter in the engineering community. If ¢
is derived from a function ¢ with &5(0) # 0 through @(MTS) = 6(5)5(5) for
some b € ly(Z?), then it is trivial to see that vin(¢0) = vin(b). Note that the
condition in (1.1.7) is equivalent to saying that all the filters by, .. ., b, b, ... Db
have order one vanishing moment (i.e., the basic vanishing moment). The
notion of vanishing moments plays the key role for the sparsity of a framelet
representation in (1.1.4). Therefore, vanishing moments are one of the most

desirable properties of wavelets and framelets.

1.2 From Tight Framelets to Quasi-tight Framelets

By definition, homogeneous tight M-framelet {14!, ... °} satisfies

Cllflamey < DD D Wt < Cellflf,ma, V€ La(RY).

JEZ (=1 kezd
(1 2. 1)

with the two frame bounds C; = Cy = 1. So the inequalities in (1.2.1) become
equalities. Besides this energy preservation property, another desirable prop-
erty is that tight framelets are self-dual, i.e., (1.1.4) holds with {¢)!, ..., 4"} the
same as {¢', ..., 1*}. For a given dual M-framelet ({¢)', ..., ¢}, {¢!, ..., ¢*})
in Lo(R?), every function f € Lo(R?) has the representation in (1.1.4). In many
application problems of framelets, each ¥ models some desired feature cap-
turing certain key singularities. For example, in images, ¢! may behave like an
edge or texture. If f contains such (scaled and shifted) feature wMJ . for some
1</¢<s,j€Nyand k € Z4, then the coefficient (f, ¢MJ ) has a large signif-
icant magnitude. Therefore, we can capture such desired feature in f by ob-
serving a significant coefficient (f, ¢MJ k> However, we reconstruct f through
(1.1.4) by using (f, ¢MJ k> Mok L 1t is very similar/close to ¥!, then we indeed
are able to capture the desired feature ¢Mj;k in f. However, if this is not the

case, then the representation in (1.1.4), which can exactly reconstruct f, do not
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make sense to extract and represent features in f. This is probably the main
reason that only homogeneous dual framelets ({¢',... ¢}, {¢',...,1"}) in
Ly(R?), with ¥! being similar to ¢ for all £ =1,...,s, are useful in applica-
tions. The ideal case that W = forall £ =1,...,s leads to tight framelets.

However, constructing tight framelets is not always an easy task. Let us

introduce the difficulties and challenges here.

For a matrix or matrix function A(&), we define A*(§) := A(é)T, the trans-
pose of the complex conjugate of A(£). In the construction of univariate
(d = 1) dyadic (M = 2) framelets, we can rewrite (1.1.8) as

WO b© | [ O - RE©

A 7 D T - Ma[z 5

l~)1(§+7r) Bs(f-l—ﬂ) bi(+m) -+ by(E+T) ae()
(1.2.2)

where M, ;0(&) is defined as:
Moao(e) = |08 - OO -6(oa(ale + )

ad, —0(26)a(é +m)a(f) O +7) —0(28)a(E + ma(E + )

(1.2.3)

For the case that the primal functions ¥* and dual functions W are derived
from the same refinable function ¢, i.e., a = a, we simply write M, ¢(§) :=
Maaoe(§). It is easy to conclude from (1.2.2) that for tight framelet filter
banks, M, o(£) has to be a positive semi-definite matrix for all £ € R. In the
special case that @(f) = 1, that is, © = 4, the positive semi-definiteness of

M, 5(€) reduces to the restriction on a:
det(Mo5(€)) = 1 — [a(§)|* — [a(§ +m)|* > 0. (1.2.4)

Such framelet filter banks with © = § are called Unitary Extension Prin-
ciple (UEP)-based framelet filter banks (e.g., see [72]). Otherwise, we
call them Oblique Extension Principle (OEP)-based framelet filter
banks. The restriction in (1.2.4) can be avoided by considering the OEP-
based tight framelets. OEP-based tight framelets have been studied in [17, 11],

where the authors constructed tight framelets with highest possible order of
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vanishing moments. Hence, © is also called a moment correcting filter (or
vanishing moment recovery function in [11]). It has been proved in [11] that
for any given finitely supported refinable mask a € ly(Z) such that a(§) = 1,
there always exists a compactly supported © € [y(Z), such that M, o(&) is
positive semi-definite for all £ € R, as long as the integer shifts of ¢ (refinable
function generated by a through (1.1.5)) are stable. It is known that without
the stability condition of the shifts of ¢, it might not be possible to construct
compactly supported tight framelets from such a mask a by OEP in general
(see [49, Example 4.5]). So we have to consider other types of dual framelets

in the general cases.

In the multivariate case, we have much more challenges in constructing
tight framelets and dual framelets with high order of vanishing moments. For
simplicity, we only consider the case that ® = § be the Dirac sequence,
and omit the subscript © here. That is, we denote the dual M-framelet
filter bank ({a;by,...,bs}, {a;by,...,bs}) = ({a;by,...,bs}, {asby, ..., b})s,
and the tight M-framelet filter bank {a;by,...,bs} = {a;b1,...,bs}s. Let
us first rewrite the equations in (1.1.8) for a dual M-framelet filter bank

({a; by, ... ,55}, {a;b1,...,bs}). Define
dy = |det(M)| and {wi,...,wa,} = Qu:=[(M)'Z N[0, 1) (1.2.5)

Denote by := a and by := a. Then it is not difficult to observe that (1.1.8) is

equivalent to

S

Z [Z;Ae(§+27rw1), . ,1:);(5 + 27deM>}* [@(54_ 21wy), . .. ,b}(é—i— 27rde)] = Iy,
=0
(1.2.6)

where Iy, is the dy x dy identity matrix. For u € [y(Z9) and v € Z%, its
v-coset sequence ul is defined to be ul! := {u(y + Mk)},cza. Define

{71, Y4y} =T == [M[0,1)4] N 27 (1.2.7)
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Then u(§) = > cp, e*”fzm(MTﬁ) and we have

—

[A(E+2mn). ., B(E+2mw,)] = [WPIMTE),. bl (MTE)| E(©)U, (1.2.8)
where
E(¢) :=diag(e”™*,...,e7™ ) and U= (e 792™%) g, (1.2.9)

Because E(§)E*(€) = Iy, and UU* = dyly,, for all £ € R? it is now straight-
forward to deduce that (1.2.6) is equivalent to

S [ ) Th e, o] = dyiNeale) (1210)
(=1

with

— —

Nal€) = T, — dm[a71(€), . ,ahdw(g)}*[cﬁ?ﬂ(g), . ,m(f)]. (1.2.11)

In particular, a filter bank {a;by,...,bs} is a tight M-framelet filter bank if
and only if

S

S [, o) ke, o] = dyvge

/=1

—

with  NL(§) == MNa(€). (1.2.12)

Since N, has the eigenvalue 1 —dy Z?ﬁl |JV\J} (€)|* and all its other eigenvalues

are 1, we have det(N,(§)) = 1 — du Z?ﬁl |cﬁ‘m(f)|2 Take the determinants
on both sides of (1.2.12) and apply the Cauchy-Binet formula to the left-hand

side of (1.2.12). It is observed in [6] that

dM o Sa
A(€) = detWo(€)) =1 —du ) labl(©))P =) la(©)l’,  vEeR?,
j=1 =1
(1.2.13)
for some finitely supported sequences uy, . . ., us, € lo(Z?) with s, = ( d‘;). That
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is, the nonnegative 2wZ9-periodic trigonometric polynomial A in (1.2.13) can
be written as a sum of Hermitian squares of 2rZ%periodic trigonometric poly-
nomials. By (1.2.8), one can easily observe that AMTE) =1 -3 . [a(¢ +
2. € 1o(Z%) for some

27w) Conversely, suppose that there exist uq, ..., us

integer s, such that A can be written as a sum of Hermitian squares as in
(1.2.13). Then it is known in [63] that one can always construct a tight M-
framelet filter bank {a;bq,...,bs}. In dimension one, due to the Fejér-Riesz
lemma, for a nonnegative 2r-periodic trigonometric polynomial A in (1.2.13),
there always exists u; € lp(Z) such that (1.2.13) is satisfied with s, = 1. How-
ever, as discussed in [6], the problem on sums of Hermitian squares in (1.2.13)
is much more complicated in dimension higher than one and is known to be
a challenging problem in real algebraic geometry. See [6, 7, 63] for a detailed
discussion on (1.2.13) and its applications to the construction of multivariate
tight framelet filter banks. However, even if the sum of Hermitian squares in
(1.2.13) exists, this general method in [6, 63] has several drawbacks. First,
all the constructed high-pass filters in [63] have (much) longer supports than
that of the low-pass filter a, while short support of filters is a highly desired
property in their applications. Secondly, the relation between s, in (1.2.13)
and a low-pass filter a is unknown and the numbers s, and s could be very
large even for low-pass filters with short support. Thirdly, to the best of our
knowledge, there is currently no known method/algorithm to efficiently com-
pute uy, ..., us, € lo(Z?) in (1.2.13). So far, all currently known constructions
of multivariate nonseparable tight framelets are developed for special low-
pass filters (in particular, from low-pass filters for 2/ -refinable box splines),
for example, see [6, 7, 10, 27, 36, 42, 46, 62, 63, 74, 76, 77, 80] and refer-
ences therein. Despite recent progresses and enormous effort, construction of
multivariate tight framelets still remains as a challenging problem and most
constructed multivariate tight framelets in the literature lack some desirable

properties such as directionality, vanishing moments or symmetry.

Though dual framelet filter banks offer flexibility over tight framelet filter
banks, it is not easy to construct them either. To construct a dual M-framelet
filter bank, one has to factorize the matrix N, in (1.2.10) so that all the high-

pass filters satisfy the basic vanishing moment in (1.1.7). For a one-dimensional
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2m-periodic trigonometric polynomial A(&), due to the fundamental theorem
of algebra, if A(§) has a zero with multiplicity m € N at £ = 0, then one
can always write A(£) = (1 — e %)™B(€) for some 2m-periodic trigonometric
polynomial B with B(0) # 0. This factorization technique for separating out
the special factor (1 — e~%)™ is the key for constructing one-dimensional dual
framelet filter banks with high vanishing moments (e.g., see [14, 44] for details).
However, such a factorization technique is not available for dimensions higher
than one; there are also no special multivariate trigonometric polynomials
playing the role of (1 — e~%)™ for us to generalize the construction of one-
dimensional dual framelet filter banks to multiple dimensions. In fact, most
(or generic) multivariate trigonometric polynomials cannot be factorized into
products of two nontrivial trigonometric polynomials for dimensions higher
than one. Consequently, it is often difficult to construct a dual M-framelet
filter bank satisfying the basic vanishing moment condition in (1.1.7). Indeed,
to the best of our knowledge, so far [22, 23] are the only known papers to have
a general construction of dual M-framelet filter banks with the basic vanishing
moment in (1.1.7). However, the construction in [22, 23] is linked to syzygy
modules of multivariate Laurent polynomials in algebra and the constructed
high-pass filters also have much larger supports than that of their associated

low-pass filter.

Now let us introduce the notion of quasi-tight framelets and explain
our motivations. As we explained before, in many real applications, we would
like the primal functions ¢ and dual functions 1/?5 to be similar to each other.
Instead of requiring W =1’ as in a tight framelet, we can easily achieve our
objective by naturally considering W = e’ with ¢, € {—1,1}. This motivates
us to introduce the notion of quasi-tight framelets. For ¢, 1!, ... 1* € Ly(RY)
and €,...,6, € {—1,1}, where ¢, € span{p(M - —k) : k € Z4} C Lo(R%),
¢ =1,...,s, we say that {¢',... ¢}, ) IS a homogeneous quasi-
tight M-framelet in Lo(R?) if ({ei!, ... exp®}, {0t ..., ¢%}) is a homoge-
neous dual M-framelet in Lo(R?). Consequently, every function f € Ly(R9)
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has the following representation:

F=Y D" elf )i (1.2.14)

JEZ (=1 ke7d

When ¢, = --- = ¢, = 1, a quasi-tight M-framelet becomes a tight M-
framelet. A quasi-tight framelet is often obtained from a quasi-tight framelet
filter bank. For ©,a,by,...,bs € lo(Z%) and €y,...,es € {—1,1}, we say that
{a;b1,...,bs}e (,...c) IS @ quasi-tight M-f'ramelet filter bank if ({a; e1by, . . .,
€shs}, {a7 by, ... ,bs})@ is a dual M-framelet filter bank, i.e.,

BMTEAENA(E+2mw) 42101 (E)Br (E427w) 4 - 2,53 (€)D, (64+2mw) = 8(w)B(E),
Vwe Qu, & eRY.(1.2.15)

In the case that © = §, we simply omit the subscript ©, {a; b1,. .., bs}e,,..c,) =
{asb1, .. bs}s (er,es)-

[45, Example 3.2.2] probably is the first to provide an example of quasi-tight
2-framelets {¢',1?}_1 1) and quasi-tight 2-framelet filter bank {a; b1, b2} (11

in one dimension, where a = {—%, }L, %, }L, —%}[72,2] and

by = {_1_167 %7 _%7 iv _1_16}[—2,2]7 by = {_\/Ti’ 227 __}

Define (¢) = [172, @(279¢), ¥1(€) = b1(&/2)0(&/2), and ¥ (&) = ba(&/2)(&/2)
with ¢, 9% € Ly(R). The above example in [45, Example 3.2.2] was ob-
tained by applying the general algorithm developed in [44] for constructing

dual framelet filter banks to the above low-pass filter a.

Let {a;b1,...,bs}o,(c,..e,) De a quasi-tight M-framelet filter bank with
a(0) = 1. Let m denote the smallest order of the vanishing moments among
the high-pass filters, i.e., m := min(vm(b,),...,vm(by)). For w € Qu\{0},
we casily deduce from (1.2.15) that ©(MTE)a(<) ({) (€ + 27w) + O(J|€]|™) = 0 as
¢ — 0. Consequently, by a(0) = 1 and ©(0) = 1, we get a(¢+2mw) = O(J|¢]|™)
as £ = 0,Vw € Qu\{0}. That is, the filter @ must satisfy order m sum rules

-----

with respect to M:
sr(a) = m. (1.2.16)
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We can also trivially deduce from (1.2.15) with w = 0 that
0(6) —6MTO[EEF = oI, &—0.  (1217)

Consequently, for a quasi-tight M-framelet filter bank {a;b1,...,bs}o (e, c.)s

we always have

min(vm(by),...,vm(bs)) < min(sr(a, M), 1 vin(ue)),

with @6,(€) == 6(¢) —OMTE[a(e)). (1.2.18)

Given a low-pass filter a € [y(Z?) and moment correcting filter © € Iy(Z?)
(hence we get the underlying MRA), the above inequality gives the maximum
order of vanishing moments that OEP-based quasi-tight framelets can achieve.
For the simple case that © = §, we just denote u, := us,. For a € lo(Z4) and
c € R, we say that a has order m linear-phase moments with phase ¢
if a(¢) = e ¢ + O(J|€[|™) as € — 0. We define Ipm(a) := m for the largest
possible integer m. Then we can easily verify that vmm(u,) > lpm(a). If in
addition a has symmetry satisfying a(c, — k) = m for all k € Z? for some
ca € Z¢, then it is known in [41, Proposition 5.3] that lpm(a) = vm(u,) and
(1.2.18) becomes

min(vm(by), ..., vm(bs)) < min(sr(a, M), 1 Ipm(a)).

1.3 Introduction to Spectral Factorizations of

Matrices of Laurent Polynomials

The construction of quasi-tight framelet filter banks relies on the problem of
generalized spectral factorizations of matrices of Laurent polynomi-
als (or trigonometric polynomials in frequency domain). Let us introduce the
problem here.

For 2 = (z1,...,24)" € C4\ {0} and k = (ky,...,kq)" € Z% denote

2= 2 M Suppose A(z) = > weza A(k)zF is an n x n matrix of Laurent
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polynomials, which is Hermitian on T%, that is,
AT d d
A(z) =A(z2), VeeT:={z€C" : |zn|=...=|zq| = 1}.

We want to find another matrix U(z) = Y, ;4 U(k)2z" of Laurent polynomials,
such that
— T
] Uz), VzeT? (1.3.1)
where I,,,, Ly, are identity matrices of size m; and ms respectively. We call
(1.3.1) the spectral factorization of the matrix A(z).

In one-dimensional case (d = 1), related problems have been studied in
different settings. The most famous result is the matrix-valued Fejér-Riesz
lemma (see Theorem 2.3.2), which considers the special case that A(z) is posi-
tive semi-definite on z € T. In this case, the theorem says that the factorization
in (1.3.1) always exists for m; = n and my = 0. This positive semi-definite
situation has been studied in many different settings and different literatures
(e.g. harmonic analysis, operator theory, control theory, algebra, engineer-
ing, etc.). For example, see [86, 87, 75, 54, 28, 25, 32, 21] and many references
therein. Similar results also hold if we require all the matrices to be of rational

functions [88, 70] or polynomials [28, 24, 85] rather than Laurent polynomials.

The general indefinite setting in (1.3.1) brings much more difficulties than
the positive semi-definite case. The problem has been studied in terms of
polynomial matrices, that is, A(z) and U(z) are matrices of polynomials and
the result holds for z € R or z € ¢R. In late 20th century, I. Gohberg, P.
Lancaster, L. Rodman and a lot of researchers made comprehensive studies
on polynomial matrices and indefinite systems. The tools they built such
as standard pairs/triples and sign characteristic inspired enormous results in
control theory, numerical computation and other different areas of applied
math today. See their books [31, 30, 1] for a detailed introduction/review.
The indefinite spectral factorization (1.3.1) in the polynomial setting (also
called J-spectral factorization) has been solved in [29, 69, 71], using the tool of
“sign characteristic” introduced in the phenomenal paper [28], which describes

the sign change of the eigenvalues of the matrix A(z).
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In the multivariate (d > 1) setting, the problem is known to be much harder
even for the positive semi-definite case. If we require A(z) to be positive semi-
definite and my = 0, it is related to the polynomial SOS problem (Hilbert’s
17th problem), and it is known to be hard, and a lower bound for m; is usually

huge.

1.4 Contributions and Outline of This Thesis

In this thesis, we study the matrix spectral factorization problem in (1.3.1) in
both univariate and multivariate case, and use it to make a systematic study
of the construction of quasi-tight framelets.

Chapters 2 to 4 deal with the one dimensional case (d = 1). In chapters
2 and 3, we firstly solved the matrix spectral factorization problem in the
indefinite setting as (1.3.1). Since the problem has some essential difficulties
compared to the positive semi-definite case, we used the idea of sign charac-
teristic and generalized the methods of [29] and [71] (spectral factorization for
polynomial matrices) into analytic settings, and completely solved (1.3.1) for
Laurent polynomials. More precisely, the necessary and sufficient conditions
for the factorization and the lower bounds for m; and my have been found in
Theorem 2.2.2, Theorem 2.3.1 and Theorem 3.1.2. Also, detailed algorithms
to solve the spectral factorization in (1.3.1) are provided. Using the spectral
factorization result, we completely characterized the quasi-tight framelet filter
banks with two high-pass filters {a;b1,b2}e (e, ;) in chapter 2. In chapter 3,
we proved that from any arbitrary compactly supported refinable function in
Ly(R), we can always construct a compactly supported quasi-tight framelet
having the minimum number of generators and the highest possible order of
vanishing moments as in (1.2.18). As we can see, compared to the OEP-based
tight framelets, the construction of quasi-tight framelets is much more flexible
that we can choose a much wider class of low-pass filters, and we don’t need
the requirement that the shifts of the refinable function ¢ need to be stable
for the choice of ©.

Chapter 4 studies the construction of quasi-tight framelets with symmetry.

Tight framelets with symmetry have been studied by a lot of papers in the
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literature, such as [44, 40, 48, 68, 49, 43, 79]. A complete characterization
of OEP-based compactly supported tight framelets with two generators and
symmetry has been derived in [48, 40]. In chapter 4, we give the necessary and
sufficient condition for the construction of the quasi-tight framelet filter bank
{a; b1, bg}@,(ly,l) with symmetry. The result is based on the indefinite spectral
factorization of Laurent polynomial matrices with symmetry. To the best of
our knowledge, similar factorization problems have never been investigated in
the literature.

Chapter 5 studies the construction of multivariate quasi-tight framelets. As
we reviewed in the previous two sections, constructions of tight framelets and
dual framelets with vanishing moments from a general (nonseparable) refinable
function with a general dilation matrix M are very hard problems. Actually,
there are not many examples available in the current literature. In chapter 5,
we firstly prove that for an arbitrary compactly supported M-refinable function
¢ € Ly(R?), we can easily derive a quasi-tight framelet, where all the high-
pass filters are only supported on two points (so the framelet naturally has
directionality). If in addition all the coefficients of the associated low-pass
filter are nonnegative, such a quasi-tight M-framelet becomes a directional
tight M-framelet in Ly(R?). Secondly, we show in two constructive methods
that we can always derive from an arbitrary compactly supported M-refinable
function ¢ a compactly supported quasi-tight M-framelet in L,(R?) with the
highest possible order of vanishing moments. Our constructions are based
on a special indefinite spectral factorization result, where each of the column
vectors of U(z) in (1.3.1) contains at most 2 nonzero terms.

Several examples are also provided in each chapter to illustrate the theo-

retical results and constructive algorithms.
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Chapter 2

Quasi-tight Framelets with Two

Generators in One Dimension

In this chapter, we study the construction of quasi-tight framelets in one-
dimensional case. As discussed in Chapter 1, given a refinable function ¢ €
Ly(R) generated by a low-pass filter a € ly(Z) and a moment correcting fil-
ter © € [y(Z), the construction of OEP-based compactly supported quasi-
tight framelets reduces to finding high-pass filters by, ..., bs € lo(Z), such that
{a;b1,...,bs}o (e, c,) is a quasi-tight framelet filter bank. It turns out that the
problem is linked to the spectral factorization of matrices of Laurent polynomi-
als. We start this chapter by reviewing some properties of Laurent polynomials
in Section 2.1. In Section 2.2, we find a lower bound s of the minimum number
of framelet generators in a quasi-tight framelet filter bank. In Section 2.3, we
prove a general theorem on the spectral factorization of matrices of Laurent
polynomials with constant signature. Based on this theorem, an algorithm is
provided in Section 2.4 for the construction of quasi-tight framelet filter banks
with two high-pass filters and maximum order of vanishing moments. Some
illustrative examples are provided in Section 2.5. The results of this chapter

and the next chapter are summarized in [18].
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2.1 Quasi-tight Framelet Filter Banks with Lau-

rent Polynomials

Let I(Z) be the linear space of all sequences u = {u(k)}rez : Z — C of
complex numbers on Z. By ly(Z) we denote the space of all finitely supported
sequences, u = {u(k)}rez : Z — C such that {k € Z : u(k) # 0} is a finite set.
For a sequence u = {u(k)}rez € lo(Z), we can define its associated Laurent
polynomial (or z-transform in engineering literature) as u(z) = >, , u(k)z*
for z € C\ {0}. Similarly, for a finitely supported sequence of r by s matrices
u = {u(k)}rez € (Io(Z))"**, where u(k) is an r by s matrix for all k € Z, its
associated matrix of Laurent polynomials is defined to be u(z) = Y, ., u(k)z*.
We also define the associated adjoint sequence of w for u € (Io(Z))"™* (or
lo(Z)) to be u*(k) = MT, k € Z. In terms of Laurent polynomials,

0 (2) 1= S, ulk) 2.

For a finitely supported Laurent polynomial u(z), if u(z) is not identically
zero, we define its length as len(u(z)) := lo—Iy, where [y, [ are integers uniquely
defined by: wu(k) = 0 for all £ > Iy and k < [y, u(ly) # 0, u(ls) # 0. If
u(z) = 0, then we define len(u(z)) = —oo. Under this notation, it is easy
to check len(u(z)v(z)) = len(u(z)) + len(v(z)) holds for all finitely supported
Laurent polynomials u(z) and v(z).

For reader’s convenience, we state some simple properties that will be useful
later and can be verified by direct calculations.

Proposition 2.1.1. Let A(z) = >0 A(k)2* and B(z) = Y72 B(k)z" to

k=m1 k=mo

be two matrices of Laurent polynomials. Then the followings hold.

(1) (AB)*(z) = B*(2)A*(2).
(2) Suppose A(z) is an n X n square matriz, then det(A*(z)) = (det(A(2)))*.

L s also an n %

(3) Suppose A(z) is an n X n square matriz. Then (A(z))~
n matriz of Laurent polynomials if and only if det(A(z)) is a nonzero
monomial (Laurent polynomial with only one term). In this case, we say

that A(z) is invertible or unimodular and write its inverse as A=1(z).
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(4) Suppose A(z) is invertible, then A*(z) is also invertible, and (A*)71(z2) =

(A=1)*(2). So we can write it as A7*(2).

(5) A*(2) = A(z) if and only if A(z) is a Hermitian matriz for all z € T :=
{z € C : |z| = 1}. We say that A(z) is (para-)Hermitian (or

selfadjoint ) in this case.

For z € T, we can take z = e~ where 7 is the imaginary unit and ¢ € R.

Then a Laurent polynomial can be written as a 2m-periodic function of £ € R:

A(E) 1= ule ) = 3 ulk)e ™,

kEZ

which is the Fourier series (symbol) of the filter u. Note that u*(e~%) = a(€).
Also, if the sequence u € (Io(Z))*** is finitely supported, then u(§) is an
analytic function matrix of £ for all £ € R. (By saying that a function matrix is
analytic, we mean that the function in each element of the matrix is analytic.)

For a Laurent polynomial p(z) and zy € C\ {0}, we use Z(p(z),z20) to
denote the multiplicity of zeros of p(z) at zp. Similar notation is also adopted
for analytic functions. If f(§) is a function (or function matrix) analytic at
&o, we define Z(f(£),&y) = oo if f(£) is identically zero. Otherwise, Z(f(&), o)
is defined to be the integer such that f(&) = (& — &)?U(©%)g(€), where g(€)
is also analytic at & and g(§) # 0. Since analytic functions can always be
locally expressed as power series, Z(f(£),&p) is well defined. Notice that for
u € lo(Z), zg = e % € C\ {0}, our notations for multiplicity of zeros of Lau-
rent polynomials in z-domain and that of analytic functions in the frequency

domain coincide:

Z(u(2), 20) = Z(u(e™*), &).
Hence, the order of sum rules of a low-pass filter a can be calculated as
sr(a(z)) = sr(a(§)) := sr(a) = Z(a(2), —1) = Z(a(§), 7). (2.1.1)
The order of vanishing moments of a high-pass filter b can be calculated as
vm(b(2)) := vm(b(&)) := vn(b) = Z(b(2), 1) = Z(b(¢), 0). (2.1.2)
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The conditions 1.2.15 for quasi-tight framelet filter bank {a; by, . . .

can be written with Laurent polynomials as

) bs}@,(el ..... €s)

©(2%)a(z)a*(2) + e1by (2)b}(2) + ... + €sbs(2)b%(2) =0O(2),
O(zHa(z)a*(—2) + e1bi(2)b}(—2) + ... + by (2)b}(—2) =0.

Or in the matrix form

bi(z) o b ]| () b ]
[bl(—z) bs(—z)] ' . [bl(—z) bs(_z)] = Maol2),
(2.1.3)
where
0 —O(:Da(a () —O(a(x)a"(~2)
M,o(z) = , (2.14
o(2) [—e<z2>a<—z>a*<z> e(—z)—@(z?)a(—z)a*(—a] (214)

and ¢, = £l for 5 =1,...,5. If e, =1forall j =1,...,s, we get a tight
framelet filter bank.

For a quasi-tight framelet filter bank, without loss of generality, we can
arrange the order of by(2),...,bs(2), such that the first ny of ¢; are +1 and
the last n_ of ¢; are —1. Call the following matrix the signature matriz of
the quasi-tight framelet filter bank {a;bi,... bs}o (. )

€1
J = " = L.
) 1 ,

€s

where I,, and I,,_ denote identity matrices of size n; and n_ respectively.

For tight framelet filter banks, i.e., ¢, = ... = ¢, = 1, (2.1.3) implies that
the Hermitian matrix M, g(2) is necessarily positive semidefinite for all z € T.
As we mentioned in Chapter 1, given a low-pass filter a € [y(Z), in order to
show that there exists a moment correcting filter © € [y(Z) such that M, ¢(2)

is positive semidefinite for all z € T, we have to assume that the associated
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refinable function ¢ has stable shifts. (See [11] and [49, Example 4.5]) The
generalized construction of quasi-tight framelet filter bank in (2.1.3) allows us
to use a much wider class of filters ¢ and ©. As a matter of fact, we will prove
in the next chapter that as long as M, g(z) is Hermitian on z € T (which only
requires ©* = © by Theorem 2.2.4), we can construct a quasi-tight framelet

filter bank with maximum possible order of vanishing moments as in (1.2.18).

Given a moment correcting filter © € ly(Z) and a low-pass filter a € ly(Z)
such that a(l) = 1 and ©(1) = 1, we want to solve the high-pass filters
by, ...,bs with some minimum n; order of vanishing moments. That is, we

need to find Laurent polynomials by (2), ..., b(z), such that
bi(z) = (1—z"V)"by(z), I=1,...s. (2.1.5)

The condition (2.1.3) becomes

[ be) o bu(e) ] €1 [bl(z’) o+ by(2) ]* = M, on,(?)

bi(—z) -+ by(~2) R LICORSENLICD
where
_[a=emnm (1=2)™
Ma,@|nb<z) T i (1 +Z_1)_nb] Ma,@(z) [ (1 + Z)_nb]
(2.1.6)
[ Ak B(z)]
B(—2) A(-2)
with
AGz) e O = O(Pa(2)a(2) “O(a()at=2) o

(1—2)w(1l—z"1)m ’ (=) = (1+2)w(l—z"1)w

From the definition of vanishing moments and sum rules in (2.1.2) and

(2.1.1), we can see that A(z) and B(z) are well-defined Laurent polynomials
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as long as the nonnegative integer n, satisfies:

Notice that this is also the upper bound for the maximum possible order of
vanishing moments calculated in (1.2.18).

The relationship between by(z) and by(—z) in the two rows makes the ma-
trix equation hard to solve. Given a sequence u € [(Z), we define its coset
sequence ul := {u(y + 2k)}rez. Then the z-transform of u can be written
as: u(z) = ul(z?) + zull(2?). Also, u(—z) = ul%(2?) — zul(2?). Using the

coset sequences, the filter bank can be decoupled as:

bi(z) -+ by(z) oz 5[10](22) BLO](Z2)
bi(—2) -+ by(=2)| |1 —z| [b(z2) - B(2)|°

b (z) - bY(2)
The matrix | - (] - 1] is called the polyphase matrix of the filter
bi*(z) --- bs'(2)

bank {131, o ,ZOJS}. Let us equivalently write the condition (2.1.3) in terms of

polyphase matrices:

B9(z) .. Bz ‘1 Bz - B
[° - "S(;] [B[ll]Ez; 6[81}8] = Mo, (2);

(2.1.8)

where N, gjn, (2) is calculated from:

Mayelnb(z) = [1 _ZZ] 'A/’a,@\nb(ZQ) [1 _ZZ] ) (2'1‘9)
that is,
1 |Al(2) + BO(2) 2z(Al(z) — Bl(2))
Naojn, (2) == 3 [A[”(z) FBU)  AN(Z) - BOG2) ] , (2.1.10)

for A(z) and B(z) defined in (2.1.7).
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The main problem in constructing quasi-tight framelet filter banks with
some required order of vanishing moments becomes how to factorize the matrix
N 6, (2) into the form of (2.1.8).

Theorem 2.1.2. Suppose {a;by,...,bs}o (e, ) iS a quasi-tight framelet filter

.....

bank, and all the high-pass filters have at least n, order of vanishing moments,
then (2.1.8) holds, where N, ojn, (%) is defined in (2.1.10) (2.1.7), and by,..., b,
are defined in (2.1.5).

On the other hand, suppose N, e, (2) can be factorized as

Moo (2) =U(z) | . | U*), (2.1.11)

€s

for some 2 x s matriz U(z) of Laurent polynomials, and some ¢; = £1, j =
1,...,s. Define high-pass filters bj(z), L =1,...,s, as:

[m(z) m(z)]:[(l—z‘l)’“’ ”1 Z]uw.
bi(—z) -+ by(—2) (L2 ] |1 —=2
(2.1.12)

Then {a;b1,...,bs}o (e, .c.) 15 a quasi-tight framelet filter bank, with at least

ny order of vanishing moments.

Proof. The first part of the theorem can be verified directly by the condition
(2.1.3). For the proof of the second part, direct calculations using (2.1.12)
shows the equations in (2.1.3) hold. So {a;b,...,bs}e
framelet filter bank, with all high-pass filters having vanishing moments of
order vin(by) > ny, £ =1,...,s. [

e,) 1s a quasi-tight

-----

Based on Theorem 2.1.2, the construction of quasi-tight framelet filter

banks is equivalent to solving the generalized spectral factorization problem

of M, e, (%) in (2.1.11) .
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2.2 Minimum Number of High-pass Filters

In this section, we study the minimum number s of high-pass filters needed
in the construction of a quasi-tight framelet filter bank. We will prove in
Section 2.4 that there always exists a quasi-tight framelet filter bank with
highest possible order of vanishing moments and this minimum number of
high-pass filters.

In order to construct a quasi-tight framelet filter bank {a; b1, ..., bs}e (o,....c0)

from given ©,a € ly(Z), we just need to solve the following decomposition of

M. e(2):

== Ma @(Z)

)

[m(z) S by(2) ]

[bl(z) bs(z)]*
bi(—2) -+ by(—2)

br(—2) -+ by(—2)

€s
(2.2.1)

The freedom of using different ¢; here allows us to remove the requirement
that the matrix M, o(2) on the right-hand-side has to be positive semi-definite
for all z € T. As a matter of fact, the number of positive/negative eigenvalues
of M, e(z) for all z € T has a direct link to the number of +1 and —1 appears
in the signature matrix diag(ey,...,€s). This gives us a necessary condition
on the minimum number s of high-pass filters needed. Let us introduce some
notations first.

If a constant matrix A is Hermitian, basic results from linear algebra tell
us that A can be diagonalized by a unitary matrix, i.e., there exists a unitary
matrix U, such that A = UAU*, where A = diag(A1, Ao, ..., \,) is a diagonal
matrix of all the eigenvalues of A. Also, all the eigenvalues of a Hermitian
matrix are real. We use v, (A) to denote the number of its positive eigenvalues,

and v_(A) to denote the number of its negative eigenvalues. The signature
sig(A) of A is defined as their difference:

sig(A) .= v (A) —v_(A).

We also call J = diag(I

and I,_ are identity matrices of sizes v, (A) and v_(A) respectively, and 0,,

vy» —L,_,0,,) the signature matrix of A, where I,
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is the square zero matrix of size equal to the dimension of the null space of A.

Theorem 2.2.1. Suppose an n x n Hermitian matriz A can be decomposed in

the following way

A=U | ; U~, (2.2.2)

where U is an n X m matriz, and L,_, L,_ are identity matrices of size m
and m_ respectively, such that my +m_ =m. Then
my = vy (A), m- = v_(A)

Proof. Firstly, we consider the case that A is nonsingular. In this case, the
decomposition (2.2.2) forces that all the three matrices on the right hand side
of (2.2.2) have rank at least n. So m > n, and U must have full row rank.

If m = n, then U is a nonsingular square matrix. By Sylvester’s law of

inertia,

If m > n, since U has full row rank, we can add m — n more rows to U to

get (7, such that U :=

] is an m x m nonsingular square matrix. Then the

m x m matrix A:=U | " U* has A on the top left corner:
~  ~ L, ~ Ul (L, A B*
A=U|™ U = + [U* V*]:
—IL,_ \%4 —L,,_ B C
(2.2.3)
for some (m — n) x n matrix B, and some (m — n) x (m — n) matrix C.
L, 0
Define the nonsingular m x m matrix W := , and let
—-BA7Y 1,,_,

A := WAW*. Plugging in (2.2.3), we can directly calculate that

: ~ I A B*| |I, —A7*B* A
A=WAW* = " 0 n — 0 :
—BA™Y T,_,||B C| |0 L. 0 D
(2.2.4)
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where the (m —n) x (m —n) matrix D := C — BA™!B*.

From (2.2.4), we can see that the eigenvalues of A are just the eigenvalues

of A combined with the eigenvalues of D. So

vi(A) 2 vi(A),  v(A) 2 v (A). (2.2.5)

Also, from the definition of A and A in (2.2.3) and (2.2.4), we can sec that

. ~ ~ |1, - - |1, -
A=WAW* =wu | ™ Uwr=wu | (WD) .

m_— m_

(2.2.6)

Since WU is an m x m nonsingular matrix, by Sylvester’s law of inertia again,
(2.2.6) implies that

vi(A) =my, v_(A)=m_. (2.2.7)

Combining (2.2.5) and (2.2.7), we get

This proves the theorem for the case that A is nonsingular.

For the case that A is singular, we can find its eigenvalue decomposition

first:
0] ’

where A is a k& x k nonsingular diagonal matrix containing all the nonzero

PAP* =

eigenvalues of A, while P is an n x n unitary matrix. Rewrite the above

decomposition using (2.2.2):

[A

where ) := PU. We define @ by deleting the last n — k rows of @), then the

M

= PAP* = PU

1
[]*P*:C‘?[m+ —I ]Q*7

“Am_
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above equation implies:
~ |1, _
A=0Q * Q.
_Im,
Since A is nonsingular, we know from the previously proved case that

my 2 v () =vi(A),  mozv (A)=v(A)

This proves the theorem for the case that A is a singular matrix. [ |

In terms of Hermitian matrices of Laurent polynomials, we have the fol-

lowing theorem.

Theorem 2.2.2. Suppose A(z) is an n X n matriz of Laurent polynomials
satisfying A*(z) = A(2). If A(z) has decomposition

A(z) = U(z) [IS+ ] U*(2) (2.2.8)

_Is_

for some n x s matriz of Laurent polynomials U(z), where I, , I,  are identity
matrices of size s. and s_ respectively, such that sy + s_ = s, then
> >
s¢ 2 maxvi(A(2)),  s- > maxv-(A(2)),
which 1mplies
> . 2.
s 2 maxv. (A(z)) + maxv_(A(2)) (2.2.9)

Proof. Since A*(z) = A(z) implies that for all zp € T, A(z) is a Hermitian
matrix, (A(z9))* = A(z0). And U*(zp) = (U(z))* holds. We know from
Theorem 2.2.1 that s; > v (A(2)) and s_ > v_(A(zp)). Considering all
zo € T, we get

> >
s+ 2 maxvy(A(2)), s > maxv_(A(2)).

28



Since s = s, + s_, the above two inequalities add up to

s 2 maxvy (A(2)) + maxv_(A(z)).

This completes the proof. [ |

Theorem 2.2.2 shows that (2.2.9) is a necessary condition for the decom-
position (2.2.8) to be possible. In Chapter 3, we will prove that it is also
a sufficient condition. That is, for all s € N satisfying (2.2.9), we can find
an n x s matrix of Laurent polynomials U(z), such that (2.2.8) holds. See
Theorem 3.1.2 for details.

Given a,© € ly(Z), we can define

sS4 o = maxvy (M, e(2)), Sq0 = maxv_(M,e(2)). (2.2.10)

z€T zeT

Building on Theorem 2.2.2, we can calculate the minimum number of high-pass

filters needed in the construction of a quasi-tight framelet filter bank.

Corollary 2.2.3. Given a quasi-tight framelet filter bank {a; b1, ..., bs}o (c1,..cs)s
such that neither a nor © is identically zero. Suppose M,eo(z) defined in
(2.1.4) is a Hermitian matriz. Then the number s of high-pass filters must

satisfy

525,01 S0 = max vi(Mae(2)) + max v_(M,e(2)). (2.2.11)

Proof. The condition for a quasi-tight framelet filter bank is

[ bi(z) -+ by(2) ]

[bl(z) o by(z)
bi(—2) -+ by(—2)

= M,o(2).
br(—2) - bs<—z>] ol?)

€s
Without loss of generality, we can rearrange the order of high-pass filters so
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that we can assume that

€1
. _ IS+
. - _IS_ )

€s
for some nonnegative integers s, and s_, where s; + s_ = s. Since M, g(2)
is Hermitian, by Theorem 2.2.2 we know that (2.2.11) holds. |

Theorem 2.2.2 and Corollary 2.2.3 only provide a theoretical lower bound
for s as in (2.2.9) and (2.2.11). The sufficiency for the lower bound to be
achieved will be established later in this chapter (for the case s, ¢ + 5, ¢ = 2)
and in the next chapter (general case).

The following Lemma would be useful in our later discussions.

Lemma 2.2.1. Let A(2) be an nxn Hermitian matriz of Laurent polynomials,
and B be a finite subset of T. Then

max v, (A(2)) = max vi(A(z),  maxv_(A(z)) = max v (A(2))-
Proof. Since A(z) is an n x n Hermitian matrix of Laurent polynomials, its n
eigenvalues, \(z), ..., A\,(2), which are the n roots of the polynomial det(AL,,—
A(z)), can be chosen as real continuous functions of z € T. (They are actually
algebraic functions which are global analytic.) Hence, for all j = 1,... n,
{z €T : X(z) > 0} must be an open set. Denote ny = max,cr v, (A(z)),

we can see that

{zeT: vi(AR)=n}= [J [HzeT: N(z) >0}

JC{1,n} j€J
[J|=n4
Since the unions and intersections are taken over a finite number of open sets,
the above set is still open. By the definition of n., we know that v, (A(2)) = ny
is achieved for some z € T, so the above set is also nonempty. Therefore, the

nonempty open set {z € T : v, (A(z)) = ny} contains infinite number of
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points. So {z € T : v (A(z)) = ns }\B must be nonempty. This implies that

> =
max v+(A(2)) 2 ny = maxv. (A(z)).

Since T\ B is a subset of T, the inequality of the other directon is obvious.

Therefore, we proved

max v (A(z)) = max vi(A(2))-
The identity max.crv—(A(2)) = max.cmp V- (A(2)) can be proved similarly.

For an n x n square matrix A(z) of Laurent polynomials, we define its

spectrum o(A(z)) as
o(A(z)) :={z € C\ {0} : det(A(z)) =0}.

If det(A(z)) is not identically zero, we know that o(A(z)) is a finite set. In this
chapter, we only solve the spectral factorization of a Hermitian matrix A(z)
of Laurent polynomials with constant signature for z € T\ o(A(z)). That is,
vy (A(z)) and v_(A(z)) are constant for z € T\ o(A(z)). In this case, according
to Lemma 2.2.1, we know that

A(z)) + _(A(z)) = A(z2)) + _(A(z)) = n.
g A +grr-(AE) = Ry A+ i - A =

The following theorem allows us to compute the signature of M, eg(z) on
2z € T\ 0(M,e(z)) directly from a(z) and ©(z). The proof of the positive

semi-definite case (case (1)) is given in [45, Lemma 1.4.5.].

Theorem 2.2.4. Given filters a,© € ly(Z), neither of them is identically zero.
Then the matric M, o(z) defined in (2.1.4) is Hermitian on z € T if and only
if ©*(2) = ©(z). Moreover, if ©*(z) = ©(z) and

det(Mae(2)) = 0(2)0(—2) — 6(z") (B(—2)a(2)a*(2) — ©(2)a(—z)a"(—2))
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15 not identically zero, then:

(1) Mao(z) is positive semi-definite on z € T (which implies sig(Maeo(z)) =
2 for all z € T\ 0(Ma,e(2))) if and only if

O(z) =0, det(M,e(2)) =0, Vz eT.

(2) Mae(z) is negative semi-definite on z € T (which implies sig(M, o(2)) =
—2 for all z € T\ 6(M,e(2))) if and only if

O(z) <0, det(M,o(2)) = 0, Vz e T.

(3) Mao(z) has one positive and one negative eigenvalue for all z € T \
od(Mae(z)) (i.e. sigMae(z)) =0 for all z € T\ 0(M,e(2))) if and

only if
det(M,o(2)) <0, Vz e T.

(4) Otherwise (beyond the three cases above), sig(Maeo(z)) varies on z €
T\ o(Mae(z)), and SI@ + 5.0 > 2.

Proof. If M, e(z) is Hermitian for all z € T, then from
(Magll, (2) = (-O(z%)a(2)a"(=2))" = —©7(2%)a"(2)a(~2),

[Ma,@]m (2) = =O(2%)a*(z)a(—2),

we can see that [M,elj, (2) = [Mael,, () implies ©* = ©. Conversely,
if © = ©, by direct calculation, we can check Mjg(2) = M,e(2). So
se(2) = M, e(2) if and only if ©* = © holds.

To prove item (3), we know that the determinant of M, g(z) is equal to the
product of its two eigenvalues. So sig(M,e(z)) =0 forall z € T\ oc(M,e(2))
if and only if det(M,e(2)) < 0 for all z € T\ 6(M,e(z)), or equivalently,
det(M,e(2)) <O forall z€ T.

To prove item (2), let us write the matrix M, g(z) in the frequency domain.
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Take z = e, for £ € R, then

06 - B@EEP  -6oaEa( +n)
~6(29)a(¢ +ma§) (¢ +m) — B¢ +m)P

For necessity: Since det(M,e(e%)) > 0is a necessary condition for M, g(e™%)
to be negative semi-definite on £ € R, we only need to prove @(5) < 0 for all
¢ € R. Suppose there exists some & € R, such that (:)(50) > (). Since @(f) is a
continuous function on R, we can find some nonempty open interval (¢, d) such
that ©(¢) > 0 for any & € (¢, d). The negative semi-definite matrix M, o(e~%)

must follow:

[Mao(e™)],, =6( -B29)[aE) <0, VEek (2.2.12)
Hence, 0 < ©(&) < O(29)[a(€)|? for ¢ € (c,d). This implies O(2¢) > 0 for
€ € (¢,d), ie, @(5) > 0 for any £ € (2¢,2d). Inductively, we can prove
O(¢) > 0 for any £ € (2"¢,2"d), n € N. Since O(€) is 2r-periodic, and the
length of the interval (2"c,2"d) becomes arbitrarily large as n increases, we
know that ©(¢) > 0 for all £ € R. Thus, ©(€)O(2¢) > 0 for any ¢ € R. The

determinant

det(Mae(e™)) = B(E+7) |O(6) — BEO)[F(9)?] - BB falg +m)I* > 0

implies that

8(¢+) [8(6) - B0)a(E) ] > B©OBEOIaE +m)F > 0. (2:213)

By ©(¢ + ) > 0, we know [M,e(e™)], | = 6(§) — 6(2)[a(¢)[* > 0 for
any £ € R. Compare with the reverse inequality in (2.2.12), we get ©(&) —
O26)[a(€)2 = 0 for all ¢ € R. So det(M,o(e @) = —0(£)O(2¢)[a(¢s +
m? <0,V ¢ € R Since the reverse inequality also holds, we must have
det(M, (%)) = 0 for all £ € R, which is a contradiction to the setting of the
problem. So the necessity part of (2) is proved.

For sufficiency: From det(M,e(e™*)) > 0, we know that (2.2.13) holds.
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Since @(f + 7) < 0, and it is not identically zero, we can conclude that
[Maole™)],, = 6(¢) — ORY[AE)P < 0. Also, [Myo(e )], = O +
m) — O(28)[a(¢ + m)* < 0 holds as well. This shows M, e(e™®) is negative
semi-definite for all £ € R. We proved the sufficiency part of (2).

Item (1) can be proved similarly as item (2).

Since items (1)(2) and (3) give necessary and sufficient conditions to all
cases that sig(M,e(z)) is constant on z € T \ 0(M,e(z)), we know that the
signature varies if and only if none of the conditions in items (1), (2) or (3) is
satisfied. Thus item (4) is proved. [

The special simple case that © = § is widely discussed in the literature.
In terms of Laurent polynomials, © = § if and only if ©(z) = 1. We present

the following proposition for this special case.

Proposition 2.2.5. Let © = §, and a be a finitely supported filter such that

a(z) is not identically zero. Then the matriz

1—a(z)a*(z) —a(z)a*(—2)

Mi(z) = M,yq(2) =
(2) 1) —a(—z)a*(z) 1—a(—z)a"(—z)

1s Hermatian for all z € T. Moreover,
(1) s;o =1 and s, = 0 if and only if

a(z)a*(z) +a(—z)a*(—z) =1, vV zeT.

(2) Sie =2 and s, o = 0 if and only if
a(z)a*(z) + a(—z)a*(—z) < 1, Vz e T,

and the above inequality is not identity.

(3) 540 =1 and s, =1 if and only if
a(z)a*(z) +a(—z)a*(—=2) > 1, VzeT,

and the above inequality is not identity.
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(4) Otherwise (beyond the three cases above), s} =2 and s, g = 1.

Proof. Notice that “1” is always an eigenvalue of M,(z). Hence, the other

eigenvalue of M, (z) is equal to det(A(z)). Also, we can easily calculate
det(Ma(2)) =1 —a(2)a*(z) — a(—z)a*(—=2).

The calculation of SI@ and s, o in the four cases above follows directly from
the sign of det(M,(2)). |

2.3 The Spectral Decomposition of a Matrix
of Laurent Polynomials with Constant Sig-

nature

As discussed in Theorem 2.1.2, the problem of constructing quasi-tight framelet
filter banks is the same as to find a spectral decomposition of a matrix N, g, (%)
of Laurent polynomials. The main theorem we want to establish in this section

is the following:

Theorem 2.3.1. Let A(z) = ZfZ_L A(K)2* be an n x n matriz of Laurent
polynomials, such that A(z) is Hermitian, and det(A(z)) is not identically zero.
If sig(A(2)) is constant for all z € T\ 0(A(z)), that is, v (A(z)) and v_(A(z))
are both constants for all z € T \ 0(A(z)) (we denote them by vy and v_
respectively), then there exists an n X n matriz U(z) of Laurent polynomials,
such that

A(z) = U(z)DU*(2), (2.3.1)

where D := diag(I

the signature matrix of A(z).

v —L,_) is an n x n constant diagonal matriz. We call D

For the special case that A(z) is positive semi-definite for all z € T (which
means sig(A(z)) = n, Vz € T\ 0(A(2))), the above result is known as the

following famous matrix-valued Fejér-Riesz lemma:
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Theorem 2.3.2 (Matrix-Valued Fejér-Riesz Lemma). Let A(z) = S, A(k)2*
be an n x n Hermitian matriz of Laurent polynomials. If A(z) is positive semi-
definite for all z € T, then there exists an n X n matriz U(z) = Zé:o U(k)zF
of Laurent polynomials, such that A(z) = U(2)U*(z).

This matrix-valued Fejér-Riesz lemma is well known in both mathematics
and engineering literature. For example, see [75, 54, 25] and many references
therein. Similar results also hold if we require all the matrices to be of rational
functions rather than Laurent polynomials [88, 70].

Another interesting relevant problem is to consider the spectral factoriza-
tion of a polynomial matrix A(z), which is Hermitian for all z belonging to
either the real axis or the imaginary axis. This problem has important ap-
plications in both engineering and control theory. Spectral factorizations in
this setting have been solved beautifully using the tool of sign characteristic,
see [69, 71, 29, 28]. The concept of sign characteristic for matrix polynomials
was introduced and analyzed in [28] from an algebraic approach, which re-
quires a lot of knowledge in matrix polynomials to be illustrated thoroughly.
To avoid the complicated algebraic discussions, our proof below for the Lau-
rent polynomials problem develops the concepts of the partial multiplicity and
the sign characteristic for matrices of Laurent polynomials in a much simpler
way. (However, our definitions are consistent with the original definitions for
polynomials problem in [28], according to Theorem 3.7 in [28].)

The structure of the proof of Theorem 2.3.1 is similar to that of the
polynomial problem in [29], which is inductive on the length of determi-
nant of A(z). Firstly, we prove in Section 2.3.1 that Theorem 2.3.1 holds
if det(A(z)) is a nonzero monomial, i.e., len(det(A(z))) = 0. Then we show
that if len(det(A(z))) > 0, it can be reduced inductively to the special case
that len(det(A(z))) = 0. A complete proof of Theorem 2.3.1 is provided in
Section 2.3.2.

2.3.1 Empty Spectrum Case

If the Hermitian matrix A(z) has empty spectrum (determinant is a nonzero

monomial), the factorization in Theorem 2.3.1 is studied in the general ring
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with involution. For example, see [29, 65, 66, 21]. Our constructive proof
below follows similar procedure in [13, 29], which are originally designed for

polynomial problems.

Theorem 2.3.3. Let A(z) = S.r__, A(k)2" be an n x n matriz of Laurent
polynomials, such that A(z) is Hermitian. If det(A(2)) is a nonzero monomial,
then there exists an n x n matriz U(z) of Laurent polynomials, and an n X n

constant diagonal matriz D = diag(1,,, -1, ), for some nonnegative integers

vy

vy and v_ satisfying vy + v_ = n, such that (2.3.1) holds.

We use Algorithm 2.1 to realize the decomposition in (2.3.1). The The-
orem 2.3.3 is proved by showing that the Algorithm 2.1 is feasible and will
terminate in finite steps.

In order to make the Algorithm 2.1 easier to read, we provide some lemmas
first, which serve as useful sub-steps in Algorithm 2.1. We prove these lemmas
in an algorithmic way, so that they could be used directly in Algorithm 2.1.

For a Laurent polynomial u(z), we use deg(u(z)) to denote its highest
degree, and use ldeg(u(z)) to denote its lowest degree. Its fsupp is defined as
the interval: fsupp(u(z)) := [ldeg(u(2)), deg(u(z))].

For a k x k matrix Q(z) of Laurent polynomials, we call it diagonally

dominant at diagonal s if

(1) for all i # s:

fsupp(Qis(2))  fsupp(Qs,s(2)), and fsupp(Qsi(2)) S fsupp(Qss(2));
(2.3.2)

(2) for all i > s:
deg(Qui(2)) < deg(Qus(2)): (2:33)

Q(2) is called diagonally dominant if it is diagonally dominant at all its

diagonals s = 1,... k.

Lemma 2.3.1. Suppose Q(z) is a k x k Hermitian matriz of Laurent poly-

nomials, which is also diagonally dominant, and the lengths of the diagonal
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Laurent polynomials are nondecreasing:

len(Q11(2)) <len(Q22(2)) < ... <len(Qgi(2)). (2.3.4)

Let b(z) be a column vector of Laurent polynomials with size k, satisfying
ldeg(b;(2)) > ldeg(Quu(2)), l=1,... k. (2.3.5)

Then there exists a column vector X (z) of Laurent polynomials with size k,
such that Y (z) :=b(z) — Q(2) X (2) satisfies

fsupp(Yi(z)) € fsupp(Qi(2)), deg(Yi(z)) < deg(Qui(2)), l=1,... k.
(2.3.6)

Proof. If b(z) already satisfies deg(b;(2)) < deg(Q(2)) for all I = 1,...,k,
then we can just take X (z) = 0, and the result is true. So we just need to

consider the case that there exists some s € {1,...,k}, such that
deg(bs(2)) > deg(Qs,5(2)). (2.3.7)

Since Q(z) is Hermitian, we can denote the fsupp of its diagonal elements

as
[—n, | == fsupp(Quy), l=1,... k.

From (2.3.4), we know that n; < ... < ng. Define

[(z +1)(z7t + 1)}”’“%1 .

[(z+1)(z7' +1)]

1

2
N
i

9

2)Q(z), and b(z) := D(z)b(z). We can see from (2.3.5) that for all

fsupp(Qui(2)) = [—rp ], ldeg(by(2)) = ldeg(Qui(2)) = —np. (2.3.8)
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Since Q(z) is diagonally dominant, from (2.3.2) we can see that fsupp(a)l,i(z)) -
fsupp(élyl(z)) = [—ng,ng) for all l = 1,...,k, i # [. Thus we can write 6(2)

as
ng

Q2= Y Q- (2.3.9)

l=—ny
Also, from (2.3.3) we know that deg(CNQM(z)) < deg(él,l(z)) = ny, for all
Il =1,...,k, © > 1. So the coefficient matrix @nk in (2.3.9) is lower trian-
gular, which by (2.3.8) also has nonzero diagonal elements. Therefore @nk is

nonsingular.

From (2.3.7), we also know that there exists some s € {1,..., k}, such that
deg(gs(z)) > deg(és,s(z)) = nyg. So by (2.3.8), we can write B(z) as

b(z) = Z b2,

l=—ny

with M > ny.

Let us parameterize the unknown X (z) = 307" X;2¢, and take Y(z) =

b(z) — Q(2)X(z). By this definition, we know that fsupp(Y (z)) C [—ny, M].
Write Y (z) = Zf‘i_nk Y2, we want to solve for X (z), such that the coefficients
Y,=0forall l =ng,ni.+1,..., M. Notice that we have M — n; + 1 matrix
equations to solve for M —n;+1 unknowns. The equations could be formulated

as the following Toeplitz form

@TL}C @nkfl e @2TL}C*M XO gnk

@Tbk @nk—l XM—?’Lk—l gM—l
an Xank bM

Y

where we use é]- = 0if j < —nyg. Since @nk is nonsingular, we can solve the
above system from the last equation, and use backward substitution to find
all Xo, S ;XM—nk-
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Now, we found a vector X (z) of Laurent polynomials such that

satisfies fsupp(Y;(2)) C [—ng, np—1], forall I =1,... k. Take Y (z) := b(z) —
Q(2)X(z) = D™4(2)Y (2), we will prove that it satisfies (2.3.6). Notice that
D(z) is a diagonal matrix with diagonals D;(z) = [(z+1)(z~*+1)]™™, for all
I=1,... k. Sothe fsupp of Y;(z) = Yi(z)/D;(z) is contained in fsupp(Y;(z)) C
[—ny,my— 1], for all L =1,... k. So (2.3.6) holds. This completes the proof of

the lemma. [}

Lemma 2.3.2. Let Q(2) be a kxk Hermite matriz of Laurent polynomials, and
(2.3.4) is satisfied. Suppose Q(z) is diagonally dominant at first s diagonals,
for some s < k. (If Q(2) is not diagonally dominant at the first diagonal,
Just take s = 0.) Then there exists a k x k invertible matriz U(z) of Laurent
polynomials, such that Q(z) := U(2)Q(2)U*(2) is diagonally dominant at first
(s +1) diagonals.

A(z) B(2)
B(z) C(2)
Hermitian matrix of Laurent polynomials. Since Q(z) is diagonally dom-
inant at diagonals 1,...,s, from (2.3.2) and (2.3.4) we know that for all
i < (s+ 1), fsupp(Qis+1)(2)) & fsupp(Qii(2)) C fsupp(Qes1),(s+1)) and
fsupp(Q(s11)i(2)) & fsupp(Qii(2)) C FSUPP(Qsra (s41)(2)). S0 A(2) is a di-
agonally dominant matrix. Hence, for s = k£ — 1, the lemma is true with
U(z) = k.

For s < k — 1, we can find integers A\s.o,..., Ag, such that

Proof. Write Q(z) = [ ], where A(z) is an (s + 1) x (s + 1)

Z—)\s+2

2 M

satisfies ldeg(gl,i(z)) > ldeg(Aii(2)), foralll =1,...,(s+1),andi =1,... k—

(s+1). Write B(z) as column vectors B(z) = [b(‘”z)(z) . b(k)(z)], we can
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see that
ldeg(b{” (2)) = ldeg(Ary(2)),  foralli= (s+2),....k 1=1,... (s+1).

Using Lemma 2.3.1, for each i = (s +2),...,k, we can solve vectors 2()(2),
such that y®(z) := b®(z) — A(2)z®(z) satisfies

fsupp(y”(2)) C fsupp(An(2)), deg(y”(2)) < deg(Ai(2)),  1=1,....,k.

2.3.10)
Denote X(2) = [20+2(z) .. a®(2)], Y(2) = [y2(z) .. y®(2)] =
B(2) — A(2)X(2), and A(z) := diag(z*+2, ..., 2™), we know that
[ Is+1 ] _Is+1 5 Ierl Ierl _5(:(2)_
:—X*(Z) ) RO e [ A*(2) [ Lo (s1)
[ L A BG) ] T —)”5(2)]
X6 T [BG) AGICENG) L i)
_ ASZ) B(z) — A(2) X (2) _|A z) Y(z) 7 (23.11)
B*(z) — X*(2)A*(2) E(z) Y*(z) E(2)
where E(2) := A(2)C(2)A*(z) — B*(2)X(2) — X*(2)B(z). From (2.3.10), we
can see that the above matrix Q(z) := Alz) V() is diagonally dominant
Y*(z) E(2)

at the first (s 4+ 1) diagonals. Taking

U(Z) — [ Is+1 ] [IS—H ] _ [ Is—&-l
T =X*(2) I (s41) A(2) —X*(2) A(z)

the equality (2.3.11) implies that Q(z) = U(2)Q(2)U*(z). This completes the

proof of the lemma. [ |

9

Lemma 2.3.3. Let Q(2) be a k x k matriz of Laurent polynomials, such that
Q(2) is Hermitian and det(Q(z)) is a nonzero monomial. If its first diagonal
element Qq1(z) = 0, then there ezists a k x k invertible matriz U(z) of Laurent

polynomials, and a (k — 1) x (k — 1) matriz Q(2) of Laurent polynomials, such
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that

6(2)] U*(2).

Proof. Since Q(z) is invertible, we can calculate Q' (2) = adj(Q(z))/ det(Q(2)).
Write Q(z) and Q7'(2) as

0 ar(z) 1) b(z) c*(z)
Q()—L(z) E(z)]’ Q () [ ]

where a(z) and c(z) are both vectors of Laurent polynomials of size (k—1), E(z)
and F(z) are matrices of Laurent polynomials of size (k—1) x (k—1), and b(z)
is a scalar Laurent polynomial satisfying b*(z) = b(z). From Q(2)Q !(z) =
a*c a*F

b E . EF = I, the first column gives us
ab+Ec ac* +

a*c =1, ab+ Ec = 0.

The first equation above also implies that c*fa = 1* = 1. Multiply c¢* on the
left of the second equation, we get c*ab + c*Ec = 0, that is, c*Ec = —b.
Set

We can calculate

_y .
r Ixq

*

V(z)Q(2)V'(z) =

[0 a*(z)] [y x*
a(z) E(z2)| |c Ix-1

_c*ay + ya*c + c*Ec c*axr* + ya* + c'E
xra*c+ ya+ Ec ar* +xa*+E

If we check each term, we get

cfay +ya*c+ c*Ec =2y + c*Ec=b+1—-b = 1.

1 1
cfar* +ya* + c'E ="+ ya* + c'E = §(b —1)a* + §(b + 1)a*+c'E
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=ba* + c*E = (ab+ Ec)* = 0.

ax*—i—xa*—l—E— (b—1)aa* +2(b—1)aa +E=(b—1)aa" +E.

1 0
0 (b(z) —1a(2)a(2)* +E(2)|
det(V(2)) = y(2) = " (2)a(2) = 3(b(2) +1) = 5(b(z) = 1) = 1, s0 V(2) is
invertible. We can define U(z) := V71(2), and Q(z) := (b(z) — 1)a(2)a(2)* +

1
E(z). It is straightforward to check that Q(z) = U(z) [ ) U*(z) satisfies
z

all the requirements in the lemma. [ |

Thus, V(2)Q(2)V*(z) = Also, notice that

Now, we are ready to present the algorithm for the decomposition of ma-

trices of Laurent polynomials with empty spectrum.

Algorithm 2.1. Let A(z) be an n X n matriz of Laurent polynomials, such
that A*(z) = A(z), and det(A(z)) is a nonzero monomial.

(S0) Initialization. Set U(z) := I, to be the n x n identity matriz. Let

Q(2) :==A(2) and k :=n.

(S1) Find a permutation matriz U, such that Q(z) := UQ(2)U* satisfies

len(Qu1(2)) < len(Qua(2)) < ... < len(Quu(2)).

Update U(z) := U(2) [I"—k 0_1] , and set Q(z) := Q(2).

(S2) If the first diagonal element Qi 1(z) # 0, go to step (S3). Otherwise,
use Lemma 2.3.3 to find a k X k matrix U(z) of Laurent polynomials,

such that U(z)Q(z)U*(z) = lé (5((32’)] , for some (k—1) x (k—1) matriz

Q(2) of Laurent polynomials.

Update U(z) := U(z) Lot G_l(z)] , and Q(2) == Q(z). Set k:=k—1.
Restart from (S1).
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(S3) For Qii(z) # 0, if Q(2) is a diagonally dominant matriz, go to step
(S6). Otherwise, find the number s, such that Q(z) is diagonally domi-
nant at first s diagonals, but not at diagonal s+ 1. If it is not diagonally
dominant at the first diagonal, just take s = 0. Go to step (S4).

(S4) Use Lemma 2.3.2 to find a k x k matriz U(z) of Laurent polynomials,
such that Q(z) := U(2)Q(2)U*(2) is diagonally dominant at first (s + 1)

diagonals.

Update U(z) := U(z) [In—k o1 )], and Q(z) == Q(z).

z
(S5) After (S4), if the length of diagonal elements in Q(z) is not non-decreasing

any more, that s,

len(Q11(2)) < len(Q22(2)) < ... <len(Qgi(2))

is not satisfied, restart from (S1) to sort them again. Otherwise, repeat

from (S83).

(S6) If Q(z) is diagonally dominant, then Q(z) must be a constant matriz.
Compute its eigenvalue decomposition Q = OAO*, where A = diag(\y, ..., \).
Without loss of generality, we assume the first (k —v_) of the eigenval-
ues are positive, and the last v_ of them are negative. Redefine U:=
U(2) diag(~v/IMi], - - -5 VIMk]), we have Q = U diag(T_,_, —I, )U*.

Lk
L«
Update U(z) := U(z) [ ~] , and define D := | PR

U -1,

Such output U(z) and D satisfy (2.3.1), and all the requirements in The-

orem 2.3.5.

Proof. Every time we update U(z) and Q(z) in steps (S1)(S2)(S4)(S6), we
are actually factoring out some matrices from the original Q(z). The update
of U(z) is just absorbing the factored out matrices into the left factor U(z).
The update of Q(z) is just setting the new Q(z) to be the matrix left after
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the factorization. So we can see if the algorithm can finalize in (S6), the
decomposition A(z) = U(z)DU*(z) must hold.

Let us prove that all the steps in the algorithm is feasible and it will
terminate in finite steps.

Step (S2) is proved by Lemma 2.3.3. Notice that Lemma 2.3.3 guarantees
that U(z) is invertible. Therefore, the update of U(z) is feasible.

Step (S4) is proved by Lemma 2.3.2, notice that the matrix G(z) in (S4)
is also invertible. Hence, the update of U(z) here is also feasible.

In (S6), we will show that if Q(z) is diagonally dominant, then Q(z) has
to be a constant matrix. In this case, len(det(Q(z))) = Y25, len(Qyu(2)). By
construction, we can see A(z) = U(z) In- Q) U*(z). Thus det(A(z)) =
det(U(z)) det(Q(z)) det(U*(2)), which implies det(Q(z))| det(A(z)). Since det(A(z))
is a nonzero monomial, we know len(det(Q(z))) = 0. Hence S_F_ len(Qy(2)) =
0, which implies that all the diagonal elements of Q(z) has to be monomials.
By our construction, we know Q(z) has to be a Hermitian matrix, so all the
diagonal elements must be nonzero constants. We also know that Q(z) is
diagonally dominant, so Q(z) must be a diagonal constant matrix.

Finally, we prove that the algorithm will stop after finite iterations. The
algorithm might restart from (S1) in (S2)(S5) and also restart from (S3) in
(S5).

When the restart from (S1) in (S2) occurs, the size of Q(z), k, will decrease
by 1. So it could happen only finite times.

In order to show that the algorithm could only restarts from (S1) in (S5)
for finite times, let us use the lexicographic order of sequences of length k.
For any 2 sequences of nonnegative integers with length k: {a;}5_;, {5}, €
NG, we say {a;}¥_, is smaller than {3;}"_, if there exists some index j, €
{1,2,--- ,k}, such that o; = 3, for all j < jo, and «;, < Bj,- {aj};?:l is equal
to {Bj};?:l ifa; =B;,Vj=1,2,--- k. It’s easy to see that N} is a well-ordered
set under this lexicographic order. The sequence {len(Q;;(2))}%_, € NE. Every
time the algorithm restarts from (S1) in (S5), the lexicographic order of
{len(Q;i(2))}r_; € N} will decrease. Since the sequence is lower bounded by

the sequence {0, ...,0}, the restarts can occur only finite times.
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Every time the algorithm restarts from (S3) in (S5), s will increase by at
least 1, until the matrix Q(z) becomes diagonally dominant. So these iterations
can only happen for finite number of times.

This completes the proof of the algorithm and Theorem 2.3.3. [ |

2.3.2 General Case

Now we study the general case of the spectral decomposition problem as The-
orem 2.3.1. That is, the case that det(A(z)) is not a monomial.
Recall that the theory of the Smith normal form says that any n x n matrix

A(z) of Laurent polynomials can be factorized into

where E(z) and F(z) are invertible matrices of Laurent polynomials (determi-
nants are nonzero monomials), and D(z) = diag(dy(z),d2(z2),...,d,(2)) is a
diagonal matrix with d;(z)|d;41(2) for all i =1,2,...,n—1. D(2) is called the
Smith Normal Form of A(z). If we require all d;(z), i = 1,...,n, to be
monic polynomials (polynomials with leading coefficient equal to 1), and to

have nonzero constant term:
k; ki—1 . .
di(2) = 2" + ¢ p,—12" + -+ i, With ¢ #0, Vi=12...,n,

then D(z) is unique. (For simplicity, we will always require this condition in
our later discussions.) The polynomials d;(z) are called the invariant poly-
nomials of A(z). The product di(z)ds(2) - - di(z) is essentially the greatest
common divisor of the determinants of all k£ x k submatrices in A(z). Let us

factorize the invariant polynomials in C:

ng

di(z) = [[(z = zp)™,  i=1,2,....n.

k=1

The collection of all the factors (z — z;5)%*, k=1,2,....,n;, 0 =1,2,....n,
where each factor could repeat as many times as it occurs, is called the ele-

mentary divisors of A(z). For each ¢ = 1,2,... n, since we require d;(z)
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to have nonzero constant terms, d;(z) has no root at 0. Thus there won’t be
any (z — 0)** terms in the elementary divisors. Also, by d;(z)|d;41(z) for
alli=1,...,n — 1, we can see that the Smith Normal Form D(z) of A(z) is

uniquely determined by its elementary divisors.

As to the determinant, observe that det(A(z)) = det(E(z)) det(D(z)) det(F(z2)).

Since det(E(z)) and det(F(z)) are both nonzero monomials, we can see that the
determinant of A(z) is essentially the product of all its invariant polynomials,
or the product of all its elementary divisors, up to a multiplication by some

nonzero monomials:

det(A(2)) = cq2™ H di(2) = cp2F4 H H(z — Zik) "k, (2.3.12)
i=1 i=1 k=1

for some nonzero constant ¢4 € C, and some integer k4 € Z. Hence, all
the roots information of det(A(z)) is contained in the roots of the elementary

divisors.

Suppose A(z) is an n x n Hermitian matrix of Laurent polynomials. Denote
its invariant polynomials as d;(2),ds(2),. .., d,(z), then there exist invertible

matrices of Laurent polynomials E(z) and F(z), such that
A(z) = E(z) diag(di(2),da(2), - -+ ,dn(2))F(2).

Multiply E7*(2) and E7*(z) on the left and the right side of A(z) respectively,

we get:

dl (Z)
dQ(Z)

(2.3.13)
Since A(z) is Hermitian, the matrix A(z) is also a Hermitian matrix of Laurent
polynomials. From the above equation we can see that for each invariant
polynomial d;(z) of A(z), di(z) divides the i-th row of A(z), i = 1,2,...,n.
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Now we are ready to prove the following theorem.
Theorem 2.3.4. Let A(z) = Zé:—L A(K)z* be an n x n matriz of Laurent
polynomials, such that A(z) is Hermitian, and len(det(A(z))) > 0. If A(z) has

some elementary divisor (z — z9)® satisfying either one of the two situations:
(1) zo € C\ T\ {0}, and o > 1;
(2) z0 €T, and a > 2;

then there exist two n xn matrices U(z) and K(z) of Laurent polynomials, such
that

A(z) = U(2)A(2)U"(2),

where A*(z) = A(z), and len(det(A(z))) < len(det(A(z))) — 2.

Proof. Denote the invariant polynomials of A(z) as dy(z),ds(2), ..., d,(2), then

there exist invertible matrices E(z) and F(z) of Laurent polynomials, such that
A(z) = E(z) diag(dy(z),da(2), - - ,dn(2))F(2).

Since (z—2p)* is an elementary divisor of A(z), we know that there exists some
di(z), such that (z — 2z)®|dk(2). Define A(z) as (2.3.13), we can see that dy(z)
divides the k-th row of A(z). So (z — z9)* also divides the k-th row of A(z).
Moreover, by the definition (2.3.13), we can see that A(z) is also Hermitian,
which implies that ((z — 20)%)" = (27! — Z0)® = (=20)*2"%(z — 2o~ 1)* divides
the k-th column of A(z) Since we only care about the monic divisors, it is

equivalent to say (z — Z5~1)® divides the k-th column of A(z2).

For the first situation in the theorem, we have zp € C\ T \ {0}. 20 ¢ T
gives us |z|> # 1, which implies that Zg~' # 2. So (2 — 29)* and (2 — Z 1)@
are different polynomials. Since they divide the k-th row and the k-th column
of A(z) respectively, we can see that (z — 2)*(z — 2o 1)® (or equivalently
((z — 20)*)* (2 — 20)®) divides the (k, k) element of the matrix A(z). So we can

factor out (2 — 2)® from the k-th row and ((z — 29)®)* from the k-th column
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of A(z) simultaneously. It yields the following factorization:

- - - - %

1 1

A(z) = (2 — 2)° A(z) (2 — z0)° :

1 1

where A(z) is an n x n Hermitian matrix of Laurent polynomials. Use Di.a(2)
to denote the diagonal matrix with the k-th diagonal element equal to (z—zg)?,

and all other diagonal elements equal to 1, i.e.,
Dio(z) :=diag(l,...,1,(2 — 2), 1,...,1). (2.3.14)

The above factorization implies A(z) = E71(2)A(2)E*(z) = Dk,a(z)ﬂ(z)D;’a(z).

So A(z) can be written as

A(z) = E(2)A(2)E*(2) = E(2)Dya(2)A(2)Dj o (2)E*(2).

Let U(z) := E(2)Dg.o(2), we get A(z) = U(2)A(2)U*(2).

Since det(E(2)) is a nonzero monomial, det(U(z)) = det(E(z)) det(Dyo(2)) =
cy2™ (2 — 2)® for some ¢y # 0 and ky € Z. Thus len(det(U(2))) = a. Also,
len(det(U*(2))) = len((det(U(2)))*) = len(det(U(2))) = a. So

len(det(A(z))) = len(det(A(z))) — len(det(U(z))) — len(det(U*(2)))
= len(det(A(2))) — a — a < len(det(A(2))) — 2.

For the second situation in the theorem, let 8 := |«/2|, which implies
f > 1and 20 < a. As we discussed before, (z — 29)® divides the k-th row
of A(z), and (z — %~ 1)* divides the k-th column of A(z). Notice that for
20 € T, |20*> = 1 implies Z57! = 2. So (2 —Z ')® and (2 — 2)* are the
same polynomial. We have (z — 2z9)* divides both the k-th row and the k-th
column of A(z). From 8 < a, we can see that (z — z9)? divides the k-th row
and ((z — 20)%)* = (=20)’27P(z — 2 1)? = (=%)%27P(2 — 20)? divides the
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k-th column of A(z) Moreover, since 23 < a, we get (2 — 2)?? divides the
(k, k) element of A(z). So we can factor out (z — z)? from the k-th row and

((z — 20)?)* from the k-th column at the same time, to get

A(z) = Dis(2)A(2)Dj, 5(2),

where A(z) is an nx n Hermitian matrix of Laurent polynomials, and D 5(2) is

defined as (2.3.14). Similar to the previous situation, we get the factorization

of A(2): A(z) = E(2)A(2)E*(2) = E(2)Dy.5(2)A(2)D} 5(2)E*(2).

Define U(z) := E(2)Dy, g(2), we have A(z) = U(2)A(2)U*(z). By similar dis-
cussions as the previous case, we can see len(det(U(z))) = len(det(Dyg(2))) +
len(det(F(z))) = . Also, len(det(U*(z))) = len((det(U(z)))*) = len(det(U(z))) =

5. So

len(det(A(z))) = len(det(A(2))) — len(det(U(z))) — len(det(U*(2)))
= len(det(A(2))) — 8 — B < len(det(A(z))) — 2.

This completes the proof of the theorem. [ |

The idea of extraction of elementary divisors is also used to factorize the
positive semi-definite matrices of rational functions (for example, see [88]).
Notice that the above theorem cannot extract the elementary divisor (z — zp)“
if zp € T and o = 1. Fortunately, if A(z) is positive semi-definite for all z € T,
this will never happen, since all its elementary divisors (z — zo)® with 2 € T
will have even degree « (see Corollary 2.3.7). However, o = 1 could happen if

the matrix A(z) is not positive semi-definite. See the following example.

Example 2.1. Consider the matriz

21 (z—1)° (z—1)(z+1)
(l'=1D (141 —z'(z-1)7

By direct calculations we can see A*(z) = A(z), and det(A(z)) = A=)

z

—d(z)d*(2), where d(z) = 2(z — 1). So det(A(z)) < 0 for all z € T. Since the

determinant is equal to the product of all the eigenvalues of A(z), we know that
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A(z) always has 1 positive and 1 negative eigenvalue for all z € T \ o(A(z)).
Hence, sig(A(z)) = 0 is constant for all z € T \ o(A(2)).
As to the Smith Normal Form of A(z), let
222422kl 94 (5 - 9) 1 2.2 _ .

z

E(z) == . F(z) = 7
22021 22 1 2224241

22

0 z2z-1
We can directly check that A(z) = E(2)D(2)F(2). E(z) and F(z) are both
invertible matrices since det(E(z)) = 4271, and det(F(z)) = 1. So D(z) is
the Smith Normal Form of A(z)

divisors with degree equal to 1: (z —1).

. We can see that A(z) contains 2 elementary

The following theorem handles the zy € T and o = 1 case. It shows that if
the signature of A(z) is constant for z € T \ o(A(z)), the elementary divisors

with degree equal to 1 can still be extracted out.

Theorem 2.3.5. Let A(z) = S.r__, A(k)z" be an n x n matriz of Laurent
polynomials, such that A(z) is Hermitian, and len(det(A(z))) > 0. If A(z)

also satisfies:
(1) sig(A(z)) is constant for all z € T \ o(A(2));

(2) there exists some zy € o(A(z))(\T, and all the elementary divisors of

A(z) with root zy have degree equal to 1;

then there exist two n xn matrices U(z) and A(z) of Laurent polynomials, such
that

A(z) = U(2)A(2)U"(2),

where A*(z) = A(z), and len(det(A(2))) < len(det(A(2))) — 2.

We need the following two lemmas to prove the Theorem 2.3.5.
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Lemma 2.3.4. Let A(§) be an n X n matriz of analytic functions depending
on & €R (or C). For some & € R (or C), suppose A(§) can be factorized as

following in some neighborhood of &y:

(€ — &)
A(§) = Eg(©) €% Fey(8),

where Ee¢ () and Fe,(€) satisfy:

(1) E¢, (&) and F¢ (&) are both n x n analytic matrices in some neighborhood
of &o:

Then the sequence {a;}7_; is unique (independent of the factorization we use).
We call it the partial multiplicities of A(¢) at &.

Before the proof, we provide a simple fact about analytic matrices: If
C(&) is an n X n matrix, which is analytic in some neighborhood of &, and
det(C(&)) # 0, then C71(¢) = m adj(C(&)) is also an analytic matrix in

some neighborhood of &.

Proof. Suppose we have the following two different factorizations of A(¢), both

satisfy the 3 conditions in the lemma:

(€ — &)™
A(f) = Efo (5) . Ffo (g)
i (& — &)

(& — &)™

(€ — &)™
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Then we have

(& — &)™
(€ — &)™
(€ — &)™
=Eg,' () Ee (€) Foy(§)F, 1 (6)
(& — &)
(£ —&)™
=P(¢) Q(&), (2.3.15)
(& — &)™

where P(€) := E.'(€)E¢,(€) and Q(€) := Fy, (€)F,'(€). By the fact we men-
tioned before the proof, P(£) and Q(§) are both analytic matrices in some
neighborhood of &.

For all k < n, check the top left k& x k submatrix of (2.3.15):
(& — &)™

(& — &)™
(£ — &)™
=Pr1x(€) Qe1:k(§) = Riu(§)Qean(§), (2.3.16)
(& —&)™

where P, 1.5(€) is the k x n submatrix of P(§), constructed by taking the first &
rows of P(§), and Q. 1.,(§) is the nxk submatrix of Q(&), constructed by taking
the first k& columns of Q(§). Ri(§) := P, 1.4(€) diag((§ — &)™, ..., (§—&0)™) is

a k x n matrix. From the definition, we can see that the s-th column of Ry (&)

isin O((§ — &)™) as & — &, forall s =1,...,n.
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Taking the determinant of (2.3.16), by the Cauchy-Binet Formula,

(€~ &)™
(€ — &)T+02-+8k = det
(& — &)™
| T|=k
= Z det([Ry].; (€)) det([Qc,l:k]r,J (£), (2.3.17)
JC{1,2,...n},

where [Ry], ; (£) is the k x k submatrix of Ry(), constructed by taking the
columns with indices belonging to J; [Qc,1:4],. ; (§) is the k x k submatrix of
Qc1:£(§), constructed by taking the rows with indices belonging to J. The
summation is taken over all indices sets J, whose size is equal to k. Since all
the elements in the s-th column of [Ry], ; (§) are in O((§ — &)**) as £ — &,

for all s =1,...,n, and the sequence {aj}?zl is nondecreasing, we can see
Z(det([Ry], ; (€)),60) = an + ... + ay, forall JC{1,...,n}, |J|=k.

Hence, each term in the summation on the right-hand-side of (2.3.17) is in
O((§ — &)™ Tk), as € = &o. S0 Z((§ — &)™+, &) > an +... +ay. This

implies
a1+ ... +ap<ag+ ...+ g, forall k=1,2,... n.

Similarly, we can prove a; + ...+ ap < a1 + ... + a3 also holds for all

k=1,...,n. The two inequalities give that
ar+...+ap=o;+...+ forall k=1,2,...,n.

So {a;}j_, and {a;}_, are the same sequence. |

Lemma 2.3.5. Let A(§) be an n X n matriz of analytic functions depending
on & € R. If A(§) is Hermitian, i.e., (A(§))" = A(), for all £ € R, then
there exists an n x n matriz U(&) and scalar functions A\ (€), A2(§), ..., An(§),
satisfying

o4



(1) U(&) and A\(§),A2(&), ..., A(&) are all analytic for & € R;
(2) U(§) is unitary, i.e., UE)(U(&))* =1y for all £ € R;

and the factorization

holds for all £ € R.

Lemma 2.3.5 is due to Rellich in his study of perturbation theory. The
proof of it can be found in [30, 59]. This lemma tells us that the eigenvalues
and eigenvectors of an analytic Hermitian matrix can also be expressed as
analytic functions. Also, since all the eigenvalues of a Hermitian matrix are
real, we know that A (£),..., \,(§) in the above lemma are all real functions.

Furthermore, since all the eigenvalues \;(&),..., A\, (&) of A(§) in Lemma
2.3.5 are continuous functions of ¢ € R, we know that if det(A(&)) # 0 for &
belongs to some interval (¢, c2), then all the eigenvalues A;(€) will not change
signs, i.e., sig(A(£)) will be a constant for £ € (¢1, ).

By Lemma 2.3.4 and Lemma 2.3.5, we can build the following theorem.

Theorem 2.3.6. Suppose A(z) is an n X n matriz of Laurent polynomials,
such that A(z) is Hermitian, i.e., A*(z) = A(z). Take zp = e € T, where
& € R. Let di(z),...,d,(2) be the invariant polynomials of A(z), and define

the sequence {a;}7_, by
Oéj:Z(dj<Z),Zo), jzl,,’n

Also, let M (€), ..., \(€) be the eigenvalues of the matriz A(e™®), chosen ac-
cording to Lemma 2.3.5. That is, M\ (), ..., (&) are analytic functions for
all § € R. Define the sequence {3;}5_, by

Bi=2Z(N(€),%),  Ji=1,....n
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Without loss of generality, we can assume 1 < ... < (.

Then the sequence {a;}j_, and the sequence {B;}7_, are the same.

Proof. The invariant polynomials d;(2)|d;41(z) hold for all j =1,2,...,n—1.

Hence, we know that oy < ... < ay,.

Also, we can write A(z) into its Smith Normal Form. We know that there

exist n X n invertible matrices of Laurent polynomials E(z) and F(z), such that

A(z) = E(2) diag(di(z),da(2), ..., d,(2))F(2). (2.3.18)

Take z = e7%, £ € R, we can see that all the invariant polynomials d;(e™%)
are analytic functions of &, and Z(d;(e™%),&) = Z(d;(z2),20) = aj, for all
j=12...,n.

Denote d;(e7) = (€—&)*d;(€), then d;(&) # 0. We can rewrite equation
(2.3.18) as

A(e™) =E(e %) diag(di(e ™), da(e™®), ... dn(e ®))F(e )
(€ = &)™ di(€)
—E(e¥) F(e™™)
(& — &) dn(§)
(€ — &)™
=Eg(£) Fe, (6),
(& — &)

where Eg,(€) := E(e™%), and Fy,(¢) := diag(dy(€),-- -, dn(€))F(e~%). From
the definition, E¢, (&) and Fy, (&) are both analytic matrices, and det(Ey,(&)) #
0, det(Fg,(&)) # 0. Hence, the matrices Eg (), Fe,(€) and the sequence
{a;}j-, satisfy all the conditions in Lemma 2.3.4. So the partial multiplic-

ities of A(e™) at & are {a;}7_,.

By Lemma 2.3.5, the analytic Hermitian matrix A(e~%) can also be factor-

o6



ized as

A(e™) =W (¢) (W(&), (2.3.19)

where W (£) is a unitary analytic matrix and the eigenvalues A;(§), ..., A\n(§)
are analytic functions of £ € R. Since A\ix() can be reordered by permutations
of the columns of W (&), we can just assume that 51 < 5y < ... < S,.

Since B; = Z()\;(€),&), we can denote \;(&) = (& — &)% f;(€), where
fi(&) # 0, for all j =1,...,n. The factorization (2.3.19) becomes

(€ — &)™ f1(6)
Ale™®) =W (¢) (W)
(& —&)Pr fa(§)

N (€ — &)™ N
:Eﬁo (5) . Ffo (S)
(& — &)

where Eg,(€) := W(¢), and Fg, (€) = diag(f1(€), -+ , f2(€))(W(€))*. From the
definition, E&] (¢) and ﬁgo (&) are both analytic matrices, and det(E&) (&) # 0,

det(ﬁgg (&)) # 0. Hence, the matrices e, (€), Fe, (€) and the sequence 18515
satisfy all the conditions in Lemma 2.3.4. So {3;}}_, are also the partial
multiplicities of A(e™*) at &. By Lemma 2.3.4, we know that {f;}7_, =
{a;}5—,. This completes the proof of the lemma. |

For a Hermitian matrix A(z) of Laurent polynomials, although we know
that the eigenvalues A1 (€), ..., A\, (&) of A(e™®) are analytic functions of £ € R,
we cannot expect them to be Laurent polynomials in z-domain. Actually, the
following example shows that the analytic functions Ay (&), ..., A, (&) might not
be 2m-periodic functions of £ € R.

Example 2.2. Consider the same matriz A(z) as in Example 2.1. Solving
det(A(e™%) — AXy) = 0, we can find two analytic functions that are eigenvalues
of Ale™®): M\ao(€) = +4sin(£/2). They are both 4m-periodic functions of
€ € R, and we cannot find 2 eigenvalues of A(e™®) that are both analytic and
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2m-periodic functions of £ € R. Also, as calculated in Fxample 2.1, the 2
invariant polynomials of A(z) are di(z) = da(2) = z — 1. Take & = 0 and
2o = 1, we can calculate o; = Z(d;(2),1) = 1 and B; = Z();(§),0) = 1,
j=1,2.

=T W s
P

Figure 2.1: Plot of the eigenvalue functions in Example 2.2. The solid line is
A1(€) = 4sin(€/2), the dashed line is A2(§) = —4sin(£/2).

Now, we are ready to prove the Theorem 2.3.5.

Proof of Theorem 2.3.5. Denote the invariant polynomials of the matrix A(z)
by di(2),...,d,(2). For z5 € 0(A(2)) T, from (2.3.12) we can see that there
exists some k € {1,2,...,n}, such that (z — zp)|di(z). Define the sequence
{aj}?:1 by

a; = Z(d;(2), 20), j=12,...,n.

From the condition (2), we know all «; Also, by d;(2)|d;41(2) for all

< 1.
< ay,. Thus the sequence must be

7=1,2,...,n—1, we know that ay < ...

{aj}j=y =10,...,0,1,..., 1},
Taking z = ™%, we get a matrix A(e™%) that is analytic of £ € R. By
Lemma 2.3.5, the analytic Hermitian matrix A(e~%) can also be factorized as

Ale™™) = (¢) (W(&), (2.3.20)
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where W () is a unitary analytic matrix and A;(§),...,\,(§) are analytic
functions of £ € R.

Since zp € T, we can find some & € [—m, ), such that zy = =%, where i

is the imaginary unit. Define the sequence {f;}7_, by

B =27Z(N(€),&), forall j=1,... n

Without loss of generality, we can choose the factorization such that 5, <

... < fB,. According to Theorem 2.3.6, we can see that
{ﬁj}?zl = {Oéj}?:l ={0,...,0,1,...,1}.

Let K be the number of times “1” appears in {f;}7_, or {a;}}_;. Recall
from the definition of {a;}7_; that each “1” corresponds to an elementary
divisor (z — 2zp). So K > 0 is the number of times the elementary divisor
(z—2z9) appears. Let us see how the signs of the eigenvalues \;(§) change from
the left to the right side of &.

For j=1,...,n— K, we have 5; = 0. So \;(§) # 0. Since the eigenvalue
A;(€) is a continuous function of £ € R, it will not change its sign between two
sides of &, i.e., sign(\;(&,)) = sign(\; (7).

For j =n— K +1,...,n, we have §; = 1. In this case, \;(§) = 0 and
N;(€0) # 0. We know that the eigenvalues of a Hermitian matrix are all real,
s0 A;(§) is a real function of £ € R. This implies that \}(¢) is also a real
function. Hence, \;(§o) is a nonzero real number. We have the following two

possible situations.

(1) If Nj(&) > 0, we know that A;(§) is increasing near &p. So

A& ) <0, and (&) > 0.

(2) Tf N(&) < 0, we know that A;(§) is decreasing near &y. So

(&) >0, and A(&) <.
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Since the signature of A(z) is constant for all z € T\ o(A(z)), we know that
the number of positive eigenvalues and the number of negative eigenvalues of
A(e™®) will remain unchanged between the two sides of &. So the above two
cases must happen exactly the same number of times. That is, K has to be an
even integer. And there are exactly K /2 number of \;(§), such that \;(&) =0
and \;(§o) > 0; meanwhile, there are exactly K /2 number of A;(§), such that
Aj(&) = 0 and Nj(§) < 0. (The sign of X(&§) here are called the sign
characteristic. In [28], the authors introduced this concept in an algebraic
way to study the self-adjoint matrix polynomials. In the light of Theorem 3.7
of [28], our definition here is a natural generalization of the concept into the
Laurent polynomial matrices problem.)

Since K > 0, there exist some jq, jo > n — K + 1, such that

Mi(6) =0, N (&)= >0,  XNp(&) =0, X, (&)=—% <0,

for some real 71,792 # 0. Thus, we can write \;, (£) and \;,(§) as
Mi(8) =71(€ = &) +O((E—&)*),  Xpu(§) = =236 — &) + O((§ — &)*).

as & — &o.

In the eigenvalue decomposition (2.3.20), since W (&) is unitary on £ € R,
it would be invertible at . W(&) is also an analytic matrix implies that
W)W (&) = Tn+O((€—&)), as € — &. So, there exists an n x n analytic
matrix G(§), such that

W HEW () =L+ (E-6)GE), (W Ha)W(E)" =La+(E-&)(G(©)"

Multiply constant matrices (W (&,))~" and (W (&))™* on the left and the right
side of (2.3.20) respectively, we define A(e=%) as

Ae™€) = (€)A(e ) (W ()
NG
W)W () (W= (&)W (€))"



A1 (§)

=(In + (£ = £)G(S)) (In + (€ = )(G(£))")
An(€)
=A(&) + (£ = &)G(AE) + (£ — &)AE(G(E))
+ (& = &)*G(OAE)(G(9)", (2.3.21)

where A(§) := diag(A(€), ..., A\ (€)). Plugging in & = &, we can directly get

_)\1(50)

Ale %) = A(&) = An—sc(G0) : (2.3.22)

0

As we picked ji,j2 = n — K + 1, the j;-th and the jo-th rows, as well as the
ji-th and the jo-th columns of A(e‘ig) are all in O((§ — &)), as £ — &.

Now, we will check the lower right K x K submatrix of A(e~%) from (2.3.21).
Since A\p—g41(€), ..., A\(§) are in O((€ — &), as & — &, we can see that the
lower right K x K submatrix of the second and the third term on the right-
hand-side of (2.3.21) are both in O((£—¢&y)?), as ¢ — &. Hence, the summation
of the 4 terms on the right-hand-side of (2.3.21) yields:

A(n—K+1):n,(n—K+1):n(eiif)

An-x+1(§)
= +O0((6— %))+ O((§ = &)*) + O((€ — &)?)
An(§)
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An—rv1(§)

7%(5 —&o)
= +O((€ = &)%),
—722(5 — &)

An(8)

(2.3.23)

as & = &. The y2(€ — &) and —v3(€ — &) terms appear at the j; and the j,

diagonal positions respectively.

Now, we can use the following matrix V to cancel the first order term at

the (j1, j1) position of A(e~%). Define the n X n matrix V as

1
N Yo

V= , (2.3.24)

1

which corresponds to dividing the ji-th row by ~;, then adding 7, ! times the
Jo-th row to the j;-th row. Taking symmetric operations on both rows and
columns of A(e~%), we define A(e~%) ;= VA(e ) V*.

From the definition, we can see that similar to A(e=%), the j;-th and the
jo-th rows, as well as the j;-th and the js-th columns of A(e‘if) are still in
O((E—&)), as € — &. Also, the lower-right K x K submatrix of A(e~%) gives:

A(n—K+1):n,(n—K+1):n(e_ig)
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- . A(n—K+l):n,(n—K+1):n(eiig)

)\an+1 (5)

0 —72(§ — &)
_ +O((€ = &)%)
—72(€ — &o) —722(5 —&o)

An(E)

Thus, the (j1, 1) diagonal element of A(e~) is in O((€ — &)?), as £ — &.
Finally, we can change back to z-domain. The matrix A(z) of Laurent

polynomials is written as

A(2) = VAR)V* = VIV (E)AR)W ™ ()V".

Since the ji-th row and the j;-th column of A(e~%) are in O((€ — &)), we
know that (z — z) divides both the ji-th row and the j;-th column of A(z).
Also, the fact that the (ji, j;) element of A(e%) is in O((€ —&)?) implies that
(z — 2)? divides the (j1,71) element of A(z). So we can factor out (z — z)

from the j;-th row and (z — 2¢)* from the j;-th column simultaneously, to get

A(z) = Dj,1(2)A(z)D;, 4 (2),

for some n x n Hermitian matrix z\(z) of Laurent polynomials, and D;, 1(2) is
defined as (2.3.14). Thus, we have

A(z) =W (&)V T A)V T W* (&)
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=W (&)V"'Dj,1(2)A(2)D;]

Ji,1

(2)V W (&) = U(2)A(2)U*(2),

where U(z) := W (&)V'D;, 1(2).

len(det(A(z))) = len(det(A(z))) — len(det(U(z))) — len(det(U*(z)))
= len(det(A(2))) — 2.

So U(z) and A(z) satisfy all the requirements of the theorem. This completes
the proof of the Theorem 2.3.5. [ |

From the above proof, we can see that under the assumptions of the The-
orem 2.3.5, there will always be a pair of eigenvalues \;, (§) and A;,(§), that
will both change signs across &. So the situation in the Theorem 2.3.5 can
never happen if A(z) is positive semi-definite. We summarize this observation

as the following corollary.

Corollary 2.3.7. Suppose A(z) is a Hermitian matriz of Laurent polynomials,
that is also positive semi-definite for all z € T. Then all its elementary divisors
(z — 20)® with zg € T will have even degree, i.e., a € 27.
Proof. Since z, € T, we can find some & € R, such that zy = e~%°. Suppose
A (6), ..., A\ (&) are the eigenvalues of A(e%), that are also analytic functions
of £ € R. Define the sequences {a;}7_, and {f;}}_, as in Theorem 2.3.6. By
Theorem 2.3.6, we can see that {3;}7_, = {a;}7_;.

Since A(e™®) is positive semi-definite for all £ € R, that is, \;(£) will not

change sign across &, for all j =1,...,n, we know that

B = Z(X;(§), &) € 2Z, Vi=1,...,n.

So o € 2Z for all j = 1,...,n. From the definition of «;, we know that
{a; )i, are just the degrees of elementary divisors (2 — zp) in each invariant

polynomial. So all such « satisfy a € 27Z. [ |
Now we are ready to prove Theorem 2.3.1.

Proof of Theorem 2.3.1. If len(det(A(z))) > 0, from equation (2.3.12), we can
see that A(z) has some elementary divisor (z —29)®, 2o # 0. Let Ag(z) := A(2).
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For j > 0, if A;(z) has some elementary divisor (z — zp)*, with zp € C\ T \
{0}, or @ > 1, apply the Theorem 2.3.4 to get a factorization of A;(z) as
Aj(z) = Ujr1(2)Aj1(2)U5, 1 (), for some n x n matrices Ujy1(2) and Ajyy(2)
of Laurent polynomials, satisfying A%, (2) = Aj11(z), and len(A;1(2)) <
len(A;(z)). If all the elementary divisors (z — 2)® of A;(z) has degree a = 1
and zyp € T, we can apply Theorem 2.3.5 to still get the factorization A;(z) =
Uji1(2)Aj11(2)U5 4 (2), with A% (2) = Ajia(2) and len(A;j1(2)) < len(A;(2)).
Reset j := j + 1 and repeat the steps, until len(det(A;(z))) = 0.

This iteration will stop after finite number of steps, since len(det(A(z))) is
finite and len(det(A;(2))) is strictly decreasing after each step. Hence, we can

get a factorization as
A(z) = Ui(2) - - - Ur(2)Ar(2)Uj(2) - - - Ui (2),
where Ag(z) has no elementary divisors, i.e., len(det(Ag(z))) = 0.

In this case, it is proved by Theorem 2.3.3 that Ax(z) can be factorized as
Ai(z) = Up1(2)DUs, (2), for some n x n matrix Uy,q(2) of Laurent poly-

nomials, and D = diag(I,,,—I, ) is an n x n constant diagonal matrix,

|
for some nonnegative integers v, and v_, such that v, + v_ = n. Define
U(z) :== Ui(2) - - - Ups1(2), then

A(z) = U(2)DU*(2)

holds. In order to complete the proof, we notice that for all zy € T\ o(A(2)),
Theorem 2.2.1 shows that

vi 2 vi(A(z0)),  v- = v-(A(z)).

Since vy +v_ =n = v (A(2)) + ¥—(A(2p)), the above two inequalities have
to be equalities. That is, vy = v, (A(z)) and v_ = v_(A(zp)) hold for all
2o € T\ o(A(z2)).

This completes the proof of the theorem. [ |
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2.3.3 The Algorithm for Spectral Decomposition of a
Matrix of Laurent Polynomials with Constant Sig-

nature

Since the proof of Theorem 2.3.1 follows a constructive approach by applying
Theorem 2.3.4, 2.3.5, 2.3.3 repeatedly, we can use the following algorithm to
solve it.

Most of the steps in the algorithm will be simply following the proofs of the
above theorems. The only non-constructive step in the proof is to find W (¢)
in (2.3.20), which cannot be solved explicitly. However, it is still possible to
find a matrix with similar properties as A(z) in (2.3.21), by diagonalizing the
coefficient matrix of the first order expansion term: d%A(e_i£ Neo = —i20A"(20),

where 2y = e %0,

Algorithm 2.2. Input an n x n Hermitian matriz A(z) of Laurent polyno-
mials with constant signature on z € T \ o(A(z)), such that det(A(z)) is not
tdentically 0.

(S0) Initialization. Set A(z) := A(z), U(z) = I,.

(S1) Compute the Smith Normal Form D(z) of A(z), to get a decomposition
A(z) = E(2)D(2)F(z), where E(z) and F(z) are invertible matrices of
Laurent polynomials, and D(z) = diag(di(2),...,d,(2)).

(S2) IfD(z) is a constant matriz, go to (S85). Otherwise, redefine

A(2) := E"H2)A(2)E™*(2) = diag(di(2),...,d.(2))F(2)E*(2),
and U(z) := U(2)E(2).

(S3) For j from 1 to n:
Factorize dj(z) = HZ’Zl(z — Zj k),

If there exists some factor (z — zj )%+, zjr € C\ T\ {0}:
(1) redefine U(z) by multiplying its j-th column by (z — zj)%*;
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(2) redefine A(z) by dividing its j-th row by (z — 2i k)%, and di-
viding its j-th column by (271 — Z; )%k,

(3) break the for loop, and go back to (S1);
else if there exists some factor (z — 2z )%, 2k € T, o) > 2:

(1) redefine U(z) by multiplying its j-th column by (z — zj,)l%+/2];
(2) redefine K(z) by dividing its j-th row by (2 — z;,)*/2 and
dividing its j-th column by (271 — Zj5)lesw/2;

(3) break the for loop, and go back to (S1);

end 1if;

end for;

(S4) If the for loop doesn’t break from any conditions in (S3), then all the
elementary divisors will have roots on T with degree equal to 1. Pick one
of the elementary divisors (z — zy). Suppose it is contained in the last K

invariant polynomials d,,_ g 1(2), ..., dp(2):

(1) From the construction of A(z), we can see the last K columns
and the last K rows of A(z) have to be 0. Consider the con-
stant matriz —izoA' (20), which is also Hermitian. Take its lower
right K x K submatriz, denoted as Ak, and find its eigenvalue
decomposition as Ax = U I'U7, for some unitary matriz U, and
[ = diag(y?, =73, ,vk). Then the eigenvalues in T must be all
nonzero, while K/2 of them are positive and K/2 of them are neg-
ative. Arrange them such that the first one is positive and the second
one is negative. Redefine A(z) := diag(In_k, Ur )A(2) diag(In_k, UT*),
and U(z) := U(z) diag(Ih-x, Uy).

-1

-1
(2) Take Uy := diag(Ln_x. 75 721 ] i_s). Redefine A(z) := UsA(2)U3,

and U(z) := U(2)U; "

(3) Redefine K(z) by dividing its (n — K + 1)-th row by (z — zy), and
dividing its (n — K + 1)-th column by (27 — Z); redefine U(z) by
multiplying its (n — K + 1)-th column by (z — 2).
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Go back to (S1).

(S5) Finalize: Since :&(z) has empty spectrum, apply Algorithm 2.1 to get the
factorization A(z) = U(2)DU*(2). Redefine U(z) := U(2)U(z).
Output U(z) and D, the equation A(z) = U(z)DU*(z) will hold.

Proof. Steps (S1)(S2)(S3) simply follow the proof of the Theorem 2.3.4, while
step (S5) follows Algorithm 2.1. We only need to prove that the step (S4) is
feasible.

Suppose zp = e~ for some & € R. By (2.3.21), (2.3.22) and (2.3.23) from
the proof of Theorem 2.3.5, we can see that there exists some constant unitary
matrix Wy := W(&), such that A(z) := WoA(z) W satisfies:

A1
WoA(20)W¢ = A(z) = h : (2.3.25)
/\n—K
Oxxk
where Aj, .-, \,_g # 0 are the nonzero eigenvalues of ;‘:(zo). And
Wo (—z’zoz\’(zo)> W —Wo- LA wr = LA
0 dé o 0 dg o
- ) -
ol
2
—2
— ) , (2.3.26)
TK-1
i K ]

where the lower right K x K submatrix is diagonal, with K /2 positive and
K /2 negative diagonal elements.

From (2.3.25) we can see that the eigenspace of A(z) corresponding to
eigenvalue 0 is of dimension K. It must also be the span of the last K column
vectors of W

Eo = span{w,_g11, ..., Wy}
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Also, by the construction of A(z) in (S2), we can see that the last K

columns and last K rows of A(z,) must be zero:

OKX(n—K) Orxx

So FEjy is also the span of K natural basis vectors Ey = span{e,_ki1,...,€n}.
This implies that span{w,_gi1,...,w,} = span{e,_k+1,...,€,}, so the ma-
~ Wor O¢pn_
trix W of the eigenvectors of A(zp) has the form W§ = o OB for
Woso W

some matrix Wy, Wye and Wo, while WO is a K X K unitary matrix.

From (2.3.26):

- oW W Wor O
Wo (—iZQA/(ZO)) Wg = o ~02] [* *” o <£>XK]

Om-r)yxx Wi | [* Ax]| |Wor Wo
s s ]
"
_ —%
« ;
YK-1
VK

we get VIA//O*AKVIA//O = diag(v%, —v3,...,Yk—1,7K ). Hence, the lower right K x K
submatrix of (—izo,&’ (zo)>, Ak, has K /2 positive and K/2 negative eigenval-

ues. This proves that item (1) in step (S4) is feasible.

From the construction, we can see that the redefined A(z) after item (1) in
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step (S4) satisfies:

. 0,
A(Zo)zl ’ (nf)K

> —iZO/K/<Zo) =
Oxx(n-r) Oxxk ] *

TK-1

The design of Uy in item (2) of step (S4) is similar to the matrix V in (2.3.24).
We can verify that the redefined A(z) after item (2) satisfies:

* *

YK |

N * 0 n— X - -
A(z0) = (n—K)xK ’ —izoA(z0) = Y2 V2
Oxx(n-r)  Oxrxk

TK-1

The above equality shows that (z — zy) divides both the (n — K +1)-th row and
the (n—K+1)-th column of A(z), meanwhile, (z—z)? divides the (n—K+1)-th
diagonal element of A(z). Thus the item (3) in (S4) is feasible. |

Example 2.3 (Revisit Example 2.1). Let us compute the spectral factorization

of the following matrix

2 (z—1)° (z—1)(z+1)

(l'=1D (141 —z ' (z-1)7

As we showed before, the matriz yields a Smith Normal Form D(z) with de-
composition A(z) = E(2)D(2)F(z), where

——233_422_”1 —22(z—2) 1 222 — 2

E(’Z) = 5 F(Z) = )
22821 22 —1 —222+4z2+1

22
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So A(z) has two elementary divisors (z — 1). Moreover, we can check that

0 -2
—iZOA/(Zo) =
2=l |2 0

We can see the above matriz has two eigenvalues with different signs, A\, Ao =

+2. Applying the Algorithm 2.2, we can get

0 z—1 1 0
U(z) = , D= ,
2 —ztl 0 -1

z

and A(z) = U(2)DU*(2) holds.

2.4 Algorithm for Constructing Quasi-tight Framelet
Filter Banks with Two High-pass Filters

In this section, we provide an algorithm to construct quasi-tight framelet filter

banks with two high-pass filters and high order of vanishing moments.

Theorem 2.4.1. Given a nonzero moment correcting filter © and a low-pass

filter a, such that ©* = ©, and
det(M,,0)(2) = ©(2)0(~2) — O(2%) (B(—2)a(2)a*(z) — O(2)a(—z)a"(~2))
s not identically zero. For any integer ny satisfying

1 < ny < min {sr(a), %Vm (©(2) — @(zz)a(z)a*(z))} : (2.4.1)

(1) if
O(z) = 0, det(M,e(z)) >0, VzeT,
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then there exist two high-pass filters by, by, both with at least ny, order of

vanishing moments, such that {a;by,b2}e is a tight framelet filter bank;

(2) if
©(z) <0, det(M,e(2)) = 0, VzeT,

then there exist two high-pass filters by, by, both with at least ny order of
vanishing moments, such that {a;by,b2}e (—1,—1) is a quasi-tight framelet

filter bank;

(3) if
det(M,e(2)) <0, Vz €T,

then there exist two high-pass filters by, by, both with at least ny, order of
vanishing moments, such that {a;b1,b2}e 1,-1) is a quasi-tight framelet
filter bank;

(4) otherwise, it is not possible to construct a quasi-tight framelet filter bank

from such © and a with two high-pass filters.

Also, for the case (1)(2)(3), it is not possible to find a quasi-tight framelet
filter bank from such © and a with only one high-pass filter.

Proof. To prove item (4), according to item (4) of Theorem 2.2.4, we know
that sig(M,e(z)) varies on z € T \ 0(M,e(z)) and s; g + 5,6 > 2. By
Corollary 2.2.3, we need s > 2 high-pass filters to construct a quasi-tight
framelet filter bank.

In the cases of (1)(2)(3), according to (1)(2)(3) of Theorem 2.2.4, we know
that sig(M, e(2)) is constant on z € T\ o(M,e(z)). Thus, by Corollary 2.2.3,
we need at least s > 2 high-pass filters to construct a quasi-tight framelet filter
bank.

To prove (1)(2)(3), since sig(M, e(2)) is constant on z € T \ 0(M,e(2)),
from (2.1.6) and (2.1.9), we can see that sig(N;ejn,(z)) is also constant on
T\ (N3 ejn,(2)). Then Theorem 2.3.1 tells us that there exists a 2 X 2 matrix
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U(z) of Laurent polynomials, such that

Naopm (2) = U(2) [61 ] U(2), €160 = 1.

()

By Theorem 2.1.2, we can use such U(z) to construct a quasi-tight framelet
filter bank {a;b1,b2}6 (e;,,), While both b; and b, have at least n; order of

vanishing moments.

The signs of €;, €5 here depend on the signs of the eigenvalues of M, o(2).
According to Theorem 2.2.2,

€1
Vi
€9

From Theorem 2.2.4, we know that for item (1), ¢, = €5 = 1; for item (2),

z€T zeT

) > max vy (M, e(2)), v_ ([61 62]) > maxv_(M,e(z)).

€1 = € = —1; for item (3), ¢, = 1 and €5 = —1. This completes the proof of
the theorem. [

We can use the following algorithm to construct quasi-tight framelet filter
banks in the case (1)(2)(3) of the above theorem.

Algorithm 2.3. Input a nonzero moment correcting filter © and a low-pass
filter a, such that ©* = ©, and

det(M,0)(2) = ©(2)0(—2) — ©(2%) (O(—=2)a(2)a"(z) — O(z)a(—2)a"(—2))

1s not identically zero. Input an integer ny, satisfying

Also, suppose either one of items (1)(2)(3) in Theorem 2.4.1 holds.

(S1) Calculate N, gjn,(2) as defined in (2.1.10) (2.1.7).

(S2) Use Algorithm 2.2 to find a 2 x 2 matriz U(z) of Laurent polynomials,
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such that the spectral decomposition of./\fa7@|nb(z) holds as

Naom () = U(z) [ ] U*(2),

€2
where €1, €9 = £1.

(S3) Define high-pass filters by and by as:
[bi(z) ba(z)] = (1 == 1 2] U,

Then, {a;b1,b2}6 (e1,e) 15 @ quasi-tight framelet filter bank.

2.5 Illustrative Examples

Since the problem on construction of tight-framelet filter banks has been widely
discussed in the literature, we only provide examples of quasi-tight framelets

with ¢, = 1 and ¢, = —1.

Example 2.4. Consider ©(z) = 1(z+ 1) and the interpolatory low-pass filter
a(z) =14+ 2(z+27") - 2(z2+277).

We see from Figure 2.2 that det(M,e(z)) < 0 for all z € T. Therefore,
57;9 = S,0 = L. Note that sr(a) = 2 and vim(©(z) — ©(2%)a(z)a*(z)) = 4.
Hence, the maximum order of vanishing moments is two. Taking n, = 2, we

obtain a quasi-tight framelet filter bank {a;b1,b2}e,1,-1) as follows:

bi(2) = 5273(z — 1)%(2% +22° — 42" — 142% — 232% — 162 — 8),

by(2) = =273 (2 — 1)?(2* +22° + 42° + 22 +9),
with vi(b;) = vm(by) = 2. Since sm(a) = 1, the refinable function ¢ belongs
to Ly(R). Define 7 := (¢(- + 1) + ¢(- — 1))/2. Therefore, {¢,7; ¥, ¥} -1y a
quasi-tight framelet in L(R) and {¢',9?} 1) is a homogeneous quasi-tight

framelet in Ly(R), where ¢!, 9?2 have at least two vanishing moments.
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(a) ¢ (b) 7 (c) ! (@) ¢?  (e) det(M

Figure 2.2: The quasi-tight framelet {¢,7; "Lﬂl,l/ﬁ}(l’,l) and the homogeneous
quasi-tight framelet {1[)1,1/)2}(17_1) in Ly(R) obtained in Example 2.4. (A) is the
refinable function ¢ € Ly(R). (B) is the function 77 := (¢(- + 1) + ¢(- — 1)) /2. (C)
and (D) are the framelet functions ¢! and ¥2. (E) is det(M,(e™%)) for & € [—7, 7].

Example 2.5. Choose © = § and the low-pass filter
1
a(z) = a(z4 —82° +302% — 8z + 1)(1 + 2)%27%.

We have sm(a) = 0.5573. Notice that sr(a) = 2 and vi(l — aa*) = 6. Take
ny = 2, then the constructed quasi-tight framelet filter bank {a; by, ba}e (1,13

s given by:

by(z) =OVITEVE) (0 102022 4z 4 1)(22 + 35 — 6v/34),

54423

ba(2) =X (2 — 1)%(52* — 202° + 7822 — 202 + 5).

We have vi(by) = vin(by) = 2.
Example 2.6. Choose © = § and the low-pass filter

14e7%

a(é) = cos*(£/2) (1 + 2sin*(¢/2)) .

We have sm(a) = 1.4408. Notice that sr(a) = 3 and vin(l — aa*) = 2. Take
ny = 1, then the constructed quasi-tight framelet filter bank {a;b1,bo}e f1,-1}

s given by:

bi(z) ==Y (2 — 1)(162° — 2712* + 162 + 162> — 1),
ba(2) =25 (2 — 1)(162° + 2412 +162° + 1622 — 1).

We have vin(by) = vm(by) = 1.

5



- o 1 o 1 1 ]

0.2 “‘ﬁ [ 1 T :Zj }

] I } l -
(a) a (b) b1 (c) b2 (d) det(Ma(e %))
(e) ¢ (f) ! (g) v* (h) [a], [b1], |be]

Figure 2.3: In Example 2.5: (a),(b) and (c) are the graphs of the filters a, by, ba.
(d) det(M,(e=%)) for € € [—m,7]. (e) scaling function ¢. (f) wavelet function .
(g) wavelet function ¢?. (h) magnitude of [a(¢)] (in solid line), [b1(€)| (in dotted
line) and |b2(&)| (in dashed line) in for £ € [—, 7.
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(e) ¢ (f) o g (h) [al, [ba, [b2]

Figure 2.4: In Example 2.6: (a),(b) and (c) are the graphs of the filters a, by, ba.
(d) det(M,(e=%)) for & € [—m,7]. (e) scaling function ¢. (f) wavelet function .
(g) wavelet function ¥?. (h) magnitude of [a(¢)| (in solid line), \/b\l (&) (in dotted
line) and |b2(€)| (in dashed line) in for £ € [—m, 7.

Example 2.7. Choose © = § and the low-pass filter

e %
) = HT cos?(£/2) (1 + ;sin2(§/2) + 25in4(§/2)) .
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We have sm(a) = 1.1268. Notice that sr(a) = 3 and vin(1 — aa*) = 4. Take

ny = 2, then the constructed quasi-tight framelet filter bank {a; by, ba}e (1,13
18 given by:

by (2) =-YAi9327 (7 — 1)%(2892° — 578z" — 56672" + 179812” + 93422 — 28223),
ba(2) =082 (2 — 1)%(232° — 4627 — 418z + 1365) ((\/17 +1)22 — V1T + 1) :

I 1 -0.05
~0.10
l 1

~0.15
0.1 B 020

-0

ol e 1 1 . B
! l “025
3 2 - 2 3 -3 2 32 o0 1 2 3

(a) a (b) by (c) b (d) det(/\/la(e_ff))

N
H

We have vi(by) = vin(by) = 2.

| |
- )

0.8

0.6

0.4

0.2

'
- o - b ow

(R
e om0 =

(e) ¢ (f) ¥ () v? (h) [al, [b], b2

Figure 2.5: In Example 2.7: (a),(b) and (c) are the graphs of the filters a, b, ba.
(d) det(M,(e=%)) for £ € [—m, 7] (e) scaling function ¢. (f) wavelet function ¢!,
(g) wavelet function ¥?. (h) magnitude of [a(&)| (in solid line), by (¢)| (in dotted
line) and |b2(&)| (in dashed line) in for £ € [—m, 7).

Example 2.8. Choose © = § and the low-pass filter

1+

a(é) cos?(£/2) (1 + gsinz(f/Q) + % sin*(£/2) + % sin6(§/2)> :

We have sm(a) = 0.8297. Notice that sr(a) = 3 and vin(l — aa*) = 8. Take

ny, = 3, then the constructed quasi-tight framelet filter bank {a; by, bg}@’{l,_l}
s given by:

bi(2) =551 (101525 — 34802 + 143612* — 305122 + 143612 — 3480z + 1015),
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by(2) =BVTE=L (9124 — 7228 4 13427 — 722 + 21) ((2x/? +V23)22 4+ 2VT — x/2_3) .

We have vin(by) = vm(by) = 3.

os 15 15
1 -0.1
0.4 !
03 0.5 I “‘% 0.5 T I C0a
0 o
0.2 ‘ ] ¢ [ 0.3
-0.5 -0.5
0.1 -0.4
o o
o ? ?
l l -5 -1.5 -0:3
-3 -2 -1 0 1 2 3

~4-3-2-10 1 2 3 4 5 ~4-3-2-10 1 2 3 4 5 -4-3-2-10 1 2 3 4 5

(a) a (b) by (c) by (d) det(Ma(e_zg)),

0.4

0.2 -1

-4 -3 -2 -1 0 1 2 3 4 5 -4 -3 -2 -1 0 1 2 3 4 5 -4 -3 -2 -1 0 1 2 3 4 5

(e) ¢ (f) ¥! (g) v (h) [al, |b1], |bo]

Figure 2.6: In Example 2.8: (a),(b) and (c) are the graphs of the filters a, by, b.
(d) det(M,(e=%)) for £ € [—m, 7] (e) scaling function ¢. (f) wavelet function Pl
(g) wavelet function ¥?. (h) magnitude of [a(¢)| (in solid line), |b1(€)| (in dotted
line) and |b2(£)| (in dashed line) in for £ € [—m, 7).

Example 2.9. Choose © = § and the low-pass filter

a(&) = cos*(£/2) (1 + 2sin*(£/2) + 4sin*(¢/2)) .

We have sm(a) = 1.6297. Notice that sr(a) = 4 and vin(1 — aa*) = 4. Take
ny = 2, then the constructed quasi-tight framelet filter bank {a; by, ba}e (1,13

18 given by:

bi(2) =3 (2 — 1 (2 + V3)2* +2 - V3),

ba(2) =gir (2 — 1)%(2° + 112* + 82% + 112° + 1).

We have vi(by) = vin(by) = 2.
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Figure 2.7: In Example 2.9: (a),(b) and (c) are the graphs of the filters a, by, ba.
(d) det(M,(e=%)) for € € [—m,7]. (e) scaling function ¢. (f) wavelet function .
(g) wavelet function ¢?. (h) magnitude of [a(¢)] (in solid line), [b1(€)| (in dotted
line) and |b2(&)| (in dashed line) in for £ € [—, 7.

Example 2.10. Choose © = § and the low-pass filter

a(€) = cos*(£/2) (1 + 2sin*(£/2) + 3sin*(¢/2) + 4sin®(¢/2)) .

We have sm(a) = 1.3516. Notice that sr(a) = 4 and vin(l — aa*) = 8. Take
ny = 4, then the constructed quasi-tight framelet filter bank {a;b1,bo}e (1,-13
18 given by:

by(2) :M(z4 — 24622 — 2+ 1) ((3\/3+ VAa1)22 +3V5 — \/ﬁ) )

26242°

by(z) ==YAe=)® (1326 — 1325 4 2552* — 1902° + 2552% — 132 + 13).

We have vin(by) = vm(by) = 4.

Since the construction of quasi-tight framelet filter banks only depends on
the spectral decomposition result of Hermitian matrices of Laurent polyno-
mials, we can easily generalize our results to the construction of quasi-tight
framelets with a general integer dilation M > 2. See [18] for the theoretical

details. We only provide an example here to illustrate it.
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Figure 2.8: In Example 2.10: (a),(b) and (c) are the graphs of the filters a, by, ba.
(d) det(M,(e=%)) for € € [—m,7]. (e) scaling function ¢. (f) wavelet function .
(g) wavelet function ¢?. (h) magnitude of [a(¢)] (in solid line), [b1(€)| (in dotted
line) and |b2(&)| (in dashed line) in for £ € [—, 7.

Example 2.11. Let M = 3 be a dilation factor. Consider ©(z) = 1 and the

low-pass filter
a(z) = —=2 (14 2+ 2%)%(222 = 72+ 2).

The three eigenvalues of M,(z) are 1,1 and det(M,(z)). We see from Fig-
ure 2.9 that det(M,(z)) < 0 on T. Hence s, o = 2 and s, ¢ = 1. Note that
sr(a,3) = 2 and vin(1 — aa*) = 4. Therefore, the maximum order of vanishing
moments is two. Taking n;, = 2, we obtain a quasi-tight 3-framelet filter bank
{a;b1,b2,b3}6,(1,1,-1) as follows:

bi(2) = ¥B(2—1)%(+1),  ba(z) = ¥W(2— 1),

bs(2) = 5=27(2 — 1)*(22° + 52 + 2),

with vin(b;) = 2, vim(b2) = 3 and vm(bs) = 4. Since sm(a,3) ~ 0.6599, the
refinable function ¢ belongs to Lo(R). Therefore, {¢, ¢; ¢, ¢ ¢ }11,21) is a
quasi-tight 3-framelet in Ly(R) and {¢!, %, 9*}(11,_1) is a homogeneous quasi-

tight 3-framelet in Ly(R), where 1!, )% have at least two vanishing moments.
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(a) ¢ (b) v! (c) ¥ (d) v° (e) det(M

Figure 2.9: The quasi-tight 3-framelet {¢, ¢; wl,w2,1/13}(171,,1) in Lo(R) and the
homogeneous quasi-tight 3-framelet {t!, 2, w3}(1717_1) in Ls(R) obtained in Exam-
ple 2.11. (A) is the refinable function ¢ € La(R). (B), (C) and (D) are the framelet
functions ¢!, ¢? and 3. (E) is det(M,(e~%)) for € € [—m, 7).
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Chapter 3

Quasi-tight Framelets with
Minimum Number of

Generators in One Dimension

3.1 Spectral Decomposition of a Matrix of Lau-
rent Polynomials with Non-constant Sig-

nature

In Section 2.3.2, we proved that an n x n Hermitian matrix of Laurent polyno-
mials A(z) can have a spectral decomposition A(z) = U(z)DU*(z), where U(z)
is an n X n matrix of Laurent polynomials, and D is an n X n constant matrix,
as long as sig(A(z)) is constant for all z € T\ o(A(z)). It is easy to see that
this condition is also necessary: For z € T\ 0(A(z)), since U(z) is nonsingular,
by the Sylvester’s law of inertia, sig(A(z)) = sig(D) must be constant.

For the case that sig(A(z)) is not constant, we can still obtain a similar
spectral decomposition of A(z), A(z) = U(z)DU*(z). However, according to
Theorem 2.2.2, we will need the matrix D to have a bigger size. We provide
Theorem 3.1.1 and 3.1.2 to illustrate that the necessary lower bound of size
D in Theorem 2.2.2 can always be achieved. Theorem 3.1.1 gives the result

with the additional assumption that det(A(z)) is not identically zero. The
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general situation without this assumption is proved in Theorem 3.1.2. The
structure of the proof is inspired by [71], which gives similar results for spectral

decompositions of a Hermitian matrix of polynomials defined on R or ¢R.

Theorem 3.1.1. Let A(2) be an n xn Hermitian matriz of Laurent polynomi-
als, i.e., A*(z) = A(z), and det(A(z)) is not identically zero. Then there exists
some n X m matriz U(z) of Laurent polynomials and some m X m constant
diagonal matriz D = diag(Ln,, —Im,) with mi+ms = m and my, my € NU{0}
such that A(z) = U(2)DU*(z) holds if and only if

my > max vy (A(2)), my = max v_(A(z)). (3.1.1)

Proof. The necessity part is proved in Theorem 2.2.2, we only need to prove

the sufficiency part.
Suppose that the claim holds for

my = maxve(A(2),  me = maxv-(A(z)),

then A(z) = U(z)DU*(2) is obviously still true with U(z) := [Onxs,, U(2), Onxs,]

~ 1
and D := | =™ , for any integer s1, s, > 0. Therefore, we only
_ISz-l—mz
need to prove the theorem in the case that mq, mo equal to the lower bound

in (3.1.1).
Denote
n, := max v, (A(2)), n_ = maxv_(A(z)). (3.1.2)

2€T z€T
If sig(A(z)) is constant on T \ o(A(z)), since o(A(z)) is a finite set, according

to Lemma 2.2.1,

ny = max Vi(A(z)) =v.(A(2)), n_.= max v_(A(z))=r_(A(2)),
o= max va(AG) = re(AG), no = _max v (AG) = v (AG)

for all zy € T\o(A(2)). Thus, ny +n_ = n. Therefore, the result is proved
by Theorem 2.3.1. If sig(A(z)) is not constant on T \ o(A(2)), we can see that

mo := ny +n_ > n. In the following, we will construct (mg — n) functions
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(1(2), -« fomg—n(2), such that the Hermitian matrix

A(z)
A(z) = () ) (3.1.3)
fimg—n(2)
has constant signature on T \ o(A(2)).
Since det(A(z)) is a Laurent polynomial that is not identically zero, {z1,...,2x} :=

od(A(2)) (T contains only finite number of points on T. So {z,..., 2k} cuts
T, which is the unit circle in complex plane, into K connected open segments:
I'y, Ty, Tk, such that they satisfy

(1) Uit T UL, = T

(2) Pairwise disjoint: T'; ({2}, is empty, I'; (T is empty, for all j,k =
17 R K7 j # k;

(3) Both endpoints of T'; are contained inside {z}{*,, denote them by z;,
and zjo, forall j =1,2,... K.

By Lemma 2.3.5, we can choose all the eigenvalues A\ (€),..., A\ (§) of
A(e™) to be continuous functions of £ € R. In each T';, since det(A(e™%)) =
[Tz, A(§) # 0, none of the A\y(§) will attain zero. As nonzero continuous
functions on an open interval, all A\;(§) will not change signs within each I';.
Thus v; (A(z)) and v_(A(z)) remain constant on each I';.

For each I';, define a function

1

n;i(2) == (2j1252) 227 Nz — 2j1)(2 — 259), j=1,..., K.

The square root of z;1%;2 is chosen in the complex plane, where the two
possible solutions only differ by a ” — 7 sign. For both solutions, we can
directly verify that 77 (2) = n;(z). So 1;(2) is a real function for all z € T.
Since the signature of A(z) is not constant for all z € T\ o(A(z)), we know
that T contains more than one open segments I';. So z;; # z;2, and both

z;1 and z;o are single roots of n;(z). Hence n;(z) will have different signs
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A /le7] Z]',QZ

Figure 3.1: 7;(z) > 0 for all z € I';, and 7n;(z) < 0 for all z € I';,{ # j.

between two sides of z;; and z;2. Therefore, in calculation of the square root
of z;12j2, we can just choose the solution such that n;(z) > 0 for all z € I';,

and 7;(z) <0 for all z€ T\T;\ {21, zj2}. In summary, n;(z) satisfies
(1) n;(2) is real for all z € T;
(2) nj(z) >0 for all z € I';, and n;(z) <0 for all z € I'y, k # j.

Let us construct functions p(2) recursively for k = 1, ..., mo—n, such that
(3.1.3) has constant signature on z € T \ o(A(z)). Start with Ag(z) := A(2),
k = 1. In order to have the algorithm work, we only need to verify the following

two conditions before the start of each new recursion:

(1) Ak_1(2) is a Hermitian matrix of Laurent polynomials, satisfying
max,er Ve (Agp_1(2)) = ny and max,er v (Ag_1(z)) = n_, where n, and
n_ are defined in (3.1.2).

(2) k< mg—n.

They are obviously true for k = 1.
Define an index set J := {j : v_(A,_1(2)) = n_ for all z € I';}. Now,
take

pi(2) = (=DM Hnj(z)’ A(z) = [Ak—1(z)

jeJ

Mk(Z)] '
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We can see that since n;(2) are real functions on z € T, p}(z) = pg(2) is also
real on T. From A}_,(z) = Ax_1(#) in condition (1), we know that the matrix
Ai(z) is also a Hermitian matrix of Laurent polynomials. By the construction
of (%), we can directly verify from the sign of n;(z) that p(z) > 0 for all
2 € Ujes Iy, and pu(z) < 0 for all = € {J;4, I';. For z € T, the eigenvalues of
Aj(z) are just all the eigenvalues of Ai_;(z), combined with p(z). Now, let

us calculate vy (Ag(2)) and v_(Ag(2)) on each I';.

e For z € [, I';, since px(z) > 0, we have
v (Ax(2)) = v_(Ap_1(2)) =n_.

By condition (2), we know that k < mg—n=n, +n_ —n, so

vi(Ap(z) =(n+k) —v_(Ac(z)) = (n+ k) —n_

<n+(ny+n_—n)—n_=ny.

e For z € U4, I, since py(2) <0, and v_(Ag-1(2)) < n—, we have
v (Ag(2)) = v_(Ar—1(2)) +1 < n_.
Meanwhile, v, (Ax(2)) = vy (Ap_1(2)) < ny.

Combining the two cases, we showed that max.emq(a(z)) V+(Ar(2)) < ng,
and max.em s (a(z) V- (Ar(2)) < n_. The inequalities of the other direction
is obvious, since max.er\o(A(z)) V4 (Ak(2)) = Max.emo(acz)) V4 (Ar-1(2)) = ny,

and max.em\o(a(z)) V- (Ax(2)) = max.em o (acz)) V- (Ar-1(2)) = n—. So,

max vy (Ar(2)) =ng, max v_(Ar(z)) =n_.
z€T\o(A(2)) +( k( )) + 2€T\o(A(z)) ( k( ))

By Lemma 2.2.1, we get

max vy (Ak(2)) = ng, max v (Ak(2)) =n_. (3.1.4)

Now we can take k := k + 1, and repeat the above procedure recursively to
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Example:
Ag_1(z) is a 2 x 2 matrix. r,
ny = I?Ea% vi(Ag—1(2)) = 2.
n- = max v_(Ag—1(2)) = 2.
J={j : v_(Ap—1(2)) = 2,
for all z € T';}

={2,4}.
Define

p(2) := —n2(2)ma(z).
We get V—(Ak—l(z)) =1 V,(Ak,l(z)) =2
ur(z) >0, VzeTlyUTy,
ur(z) <0, VzeTi UT;.

Figure 3.2: A simple example of the construction of g (z) from Ag_1(2).

construct all the Laurent polynomials f11(2), ..., ftme—n(2). Equalities (3.1.4)

guarantee that the condition (1) will always hold in the new iteration.

Therefore, we can repeat our constructions until the condition (2) is vio-
lated. Take A(z) := Apmg—n(2) to be the last matrix constructed. According

to (3.1.4), it is an mgy x my Hermitian matrix of Laurent polynomials still

satisfying
max ve(A(E)=ny,  max v (A()) = n_.
z€T\o (A(2)) z€T\o(A(2))
Since ny + n_ = mp, both v, (A(z)) and v_(A(z)) must be constant for all

z € T\ o(A(z)). Hence, sig(A(z)) is constant on T \ o(A(z)). By Theorem

2.3.1, there exists an mg x mg matrix U(z) of Laurent polynomials such that

A(z) = U(z)DU*(z) (3.1.5)
holds with D = diag(I,, , —I,_) being the mg x mg constant diagonal matrix.
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From the structure of A(z) in (3.1.3), we conclude that A(z) can be recon-
structed by deleting the last my—n rows and columns of /X\(z) This corresponds
to deleting the last mg — n rows of U(z) and the last mg — n columns of U*(2)
in the above factorization (3.1.5). So, define U(z) to be the n x my matrix of
Laurent polynomials constructed by deleting the last mo —n rows of G(z), we

get the desired factorization
A(z) = U(z)DU*(z).

This completes the proof for the sufficiency part of the theorem. [

Theorem 3.1.1 shows that the necessary lower bound s > max_ 7 v4 (A(2))+
max,er V— (A(z)) of the spectral factorization in Theorem 2.2.2 is always achiev-
able, as long as det(A(z)) is not identically zero. To complete the theory,
we provide the following theorem to show that this lower bound can still be

reached even for the degenerate case that det(A(z)) = 0.

For a matrix A(z) of Laurent polynomials, if its invariant polynomials are
di(z),- - ,d,(z), then we call the number of d;(z) that are not identically zero

the general rank of A(z).

Theorem 3.1.2. Let A(z) be an n x n Hermitian matriz of Laurent polyno-
mials. Then there exists some n x m matriz U(z) of Laurent polynomials and
some m X m constant diagonal matriz D = diag(Ly,, —Ln,) with m;+ms =m

and my, my € NU{0} such that A(z) = U(2)DU*(z) holds if and only if

my > max vi(A(z2)), me > max v_(A(z)).

Proof. The necessity part and the sufficiency part in the case that det(A(z)) #
0 is proved by Theorem 3.1.1. We only need to prove the sufficiency part for
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the degenerate case. Let us write A(z) into its Smith Normal Form:

dl(Z)

where r is the general rank of A(z), di(2),...,d,(2) are the first r invariant
polynomials of A(z) that are not zero, and E(z) and F(z) are invertible matrices

of Laurent polynomials. Define

Then A(z) is Hermitian and its last (n — r) rows are zero. This implies that

its last (n — r) columns must also be zero. Hence,

where K(z) is an 7 X r Hermitian matrix of Laurent polynomials. Since
the invariant polynomials of A(z) are the same as that of A(z), which are
di(2),...,d.(2),0,...,0, we know that the invariant polynomials of ;&(z) must

be di(z),...,d,(z). So det(A(z)) is not identically zero. Also, for all z € T,

since E7!(2) is nonsingular, we get

~ o ~

v (AE) = i (AR) = v (AR), v-(A() = v (A(2)) = v_(A(2)).
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Applying Theorem 3.1.1, we know that for every

> =
m > max v, (A(2)) + maxv_(A(z)) = maxv (A(2)) + maxv_(A(2)),
there exists an r x m matrix of Laurent polynomials G(z), and an m X m
constant diagonal matrix D = diag(Imn,, —Im,), for some integers m; and my

satisfying m; + ms = m, such that

A(z) = U(z)DU*(2).

Adding (n — r) more rows of zeros to U(z) yields an n x m matrix V(z) :=
U(z)
O(n—r)><m
E(2)V(z), we know A(z) = U(2)DU*(2) holds. This completes the proof of the

theorem. [ |

] . We can directly verify that A(z) = V(z)DV*(z). Define U(z) :=

3.2 Algorithm for Constructing Quasi-tight Framelet
Filter Banks with Minimum Number of

High-pass Filters and High Order of Van-

ishing Moments

Since the proof of Theorem 3.1.2 is constructive, adopting the procedures in
Theorem 2.1.2, we can use it to construct quasi-tight framelet filter banks
directly. Hence, combining Theorem 2.1.2 and Theorem 3.1.2, we get the

following theorem.

Theorem 3.2.1. Leta, © € ly(Z)\{0} be two finitely supported not-identically-

zero filters such that ©* = ©. Suppose ny is a positive integer satisfying

1 < ny < min(sr(a), 2 vin(©(2) — O(2%)a(z)a*(2))). (3.2.1)
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Let the quantities SZ@, Se.0 Sa,0 be defined as

Sy = maxv, (Mae(2)), s,o:=maxv_(M,e(2)), Swe:=S.o+ 5,0

zeT z€T
(3.2.2)
and Mae(z) be defined in (2.1.4). Then for s = s, there exist by, ..., bs €

I0(Z), ande; = ... = €5ty = 1, Cobo1 = = 6 = —1 such that {a; by, ..., bs}e (o

is a quasi-tight framelet filter bank with min{vm(b),...,vm(bs)} > ny. More-

over, for 1 < s < S,0, there does not exist a quasi-tight framelet filter bank

{a;b1, ... bs}to (er,es) With by, ... by € lo(Z) and €y, ... e € {—1,1}.
Furthermore, if a(1) = ©(1) = 1, by(1) = -+ = by(1) = 0, and ¢ €

is a homogeneous quasi-tight framelet in Ly(R), where ¢, ... % € Ly(R) are
defined in 01(2€) = bi(€)B(E).

The following algorithm helps us to find a quasi-tight framelet filter bank
with high order of vanishing moments and minimum number of high-pass
filters.

Algorithm 3.1. Input nonzero filters ©,a, such that a(1) = ©(1) =1, O* =
©. Choose integers ny, satisfying (3.2.1) and s > sq0, where s, o is defined in
(3.2.2).

(S1) Calculate N, jn,(2) as defined in (2.1.10) and (2.1.7).

(S2) Use Theorem 8.1.2 to find a spectral decomposition of N e, (2):

Naom,(2) = U(z) o | U(R)

€s
where U(2) is a 2 X s matriz of Laurent polynomials, and €1, ..., €5 = %1.

(S3) Define high-pass filters by, --- ,bs as:

biz) o by(a)] === 1 2] uE).
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Then {a;b1,...,bs}o (e, ) @5 a quasi-tight framelet filter bank with at least

ny order of vanishing moments.

3.3 Illustrative Examples

Example 3.1. Choose the low-pass filter

a§) = %(e*i5 +1)(2cos(&) — 1)(18cos(§) — 5).

Notice that the refinable function ¢ associated with the low-pass filter a does

not have stable shifts. Also, we can calculate that [a(2r/3)| = 15 > 1, and

la(2r/3)| € {27 : j € N}. Hence, by [49, Proposition 4.4], there does
not exist a Laurent polynomial © with real coefficients, such that M, e(z) is
positive semidefinite. Hence, it is not possible use OEP to construct a real-
valued tight framelet from such low-pass filter a. Notice that sr(a) = 1 and
vm(1l —aa*) = 2, and we have sm(a) = 0.7693. Take O(z) =1 and n, = 1, we
can get quasi-tight framelet filter bank {a; b1, bo,bs}e (—1,1,1) as

bi(2) = ¥%2272(2 — 1)(92% + 4z + 9)(36452* + 978222 + 3645),
ba(2) = 5¥2:272(2 — 1)(92% + 42 + 9) (36452 — 103422 + 3645),
bs(2) = 527 %(2 — 1)(632" + 282" 4 1002* + 28z + 63).

We have vin(by) = vm(by) = vin(b3) = 1.

Example 3.2. Choose O(¢) = 1 and the low-pass filter

a(€) = cos2(£/2) (1 + (Né - 4) SmZ(g/z)) .

Notice that sr(a) = 2, vin(1 — aa*) = 2, and we have sm(a) = 0.9382. From
the frequency plot of det(M,(€)) =1 — [a(§)|? — [a(¢ + m)|? in Figure 3.4(i),
we can see that its sign is not fired. Hence we need at least three high-pass

filters to construct a quasi-tight framelet filter bank. Take n, = 1, then the
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Figure 3.3: In Example 3.1: (a),(b),(c) and (d) are the graphs of the filters a, by, by
and b3. (e) Scaling function ¢. (f) - (h) Wavelet functions ', % and ¥3. (i)
det(M, (&) = 1 — |a(é)|> — la(€ + m)|?, for € € [—, 7], where the dashed line is
y=0. (§) |a(¢)| (in solid line), |b1(£)| (in dotted line), |b2(§)| (in dashed line) and
b3(¢)| (in dash-dotted line) for ¢ € [—, ).

constructed quasi-tight framelet filter bank {a; by, ba,b3}e (1,1,-13 15 given by:

bl :\{1—1700{\/6—1_ ]., _3\/67 27 \/67 \/6_3}[_272}7
by =I0{4— V6, =2, 2, =2, V6 2},
by =¥10{4 — V6, —2, 266, 2, 2 V6 2.

We have vin(by) = vin(by) = 1, while vin(bz) = 2.

Example 3.3. Choose C:)(S) =1 and the low-pass filter

_1—|—e‘i§
2

a(é) cos?(£/2) (1 + (2\/E - 6) sin2(£/2)> :
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Figure 3.4: In Example 3.2: (a),(b),(c) and (d) are the graphs of the filters a, by, by
and b3. (e) Scaling function ¢. (f) - (h) Wavelet functions ', % and ¥3. (i)
det(M, (&) = 1 — |a(é)|> — la(€ + m)|?, for € € [—, 7], where the dashed line is
y=0. (§) |a(¢)| (in solid line), |b1(£)| (in dotted line), |b2(§)| (in dashed line) and
b3(¢)| (in dash-dotted line) for ¢ € [—, ).

Notice that sr(a) = 3, vim(1 — aa*) = 2, and we have sm(a) = 1.5420. From
the frequency plot of det(M,(€)) =1 — [a(&)|* — |a(& + m)|? in Figure 3.5(i),
we can see that its sign is not fired. Hence we need at least three high-pass
filters to construct a quasi-tight framelet filter bank. Take n, = 1, then the
constructed quasi-tight framelet filter bank {a; by, ba,b3}e (1,1,-13 s given by:

b =:{V15+3, —V15-5, 2V15, —2V15, V15+5, —3—V15} a3,
b? :@{\/37 _\/57 \/37 —\/§}[073]7
b =453, — VB, VB4 V3. —VE— V3. VB —vE}aa.

We have vin(by) = vm(by) = vm(bs) = 1.
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Figure 3.5: In Example 3.3: (a),(b),(c) and (d) are the graphs of the filters a, by, by
and b3. (e) Scaling function ¢. (f) - (h) Wavelet functions ', % and ¥3. (i)
det(M, (&) = 1 — |a(é)|> — la(€ + m)|?, for € € [—, 7], where the dashed line is
y=0. (§) |a(¢)| (in solid line), |b1(£)| (in dotted line), |b2(§)| (in dashed line) and
b3(¢)| (in dash-dotted line) for ¢ € [—, ).

Example 3.4. Choose O(¢) = 1 and the low-pass filter

1+ e~

a(e) cos”(€/2) (1 + 3sin?(€/2) + Ssin®(£/2))

Notice that sr(a) = 3, vin(1 — aa*) = 4, and we have sm(a) = 1.3125. From
the frequency plot of det(M,(€)) = 1 — |a(&)|? — [a(é + 7)|?* in Figure 3.6(1),
we can see that its sign is not fired. Hence we need at least three high-pass
filters to construct a quasi-tight framelet filter bank. Take n, = 2, then the
constructed quasi-tight framelet filter bank {a; by, by, b3}e (1,1,-13 s given by:

by =20 (55379 224754, 191376, 85039, — 118449, 6864, 5454, —909} 5.4,
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by =3YE22088 {2122, —4652, 3943, —2608, 1357, —127, =42, T}[_3 4,

by =3Y2223955 {1061, —2326, 1441, —141, —42, T}[_3 9.

We have vin(by) = vm(by) = vm(bs) = 2.
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Figure 3.6: In Example 3.4: (a),(b),(c) and (d) are the graphs of the filters a, by, by
and b3. (e) Scaling function ¢. (f) - (h) Wavelet functions !, % and ¥3. (i)
det(M,(€)) = 1 — |a(é)|* — a(€ + m)|?, for € € [~ 7], where the dashed line is
y=0. (§) |a(¢)| (in solid line), |b1(§)| (in dotted line), |b2(§)| (in dashed line) and
b3(¢)| (in dash-dotted line) for ¢ € [, ).

Example 3.5. Choose (:)(5) =1 and the low-pass filter

B 1+ e %
2

a(é) cos?(£/2) (1 + 3sin*(£/2) + L sin(£/2) — Bsin®(¢/2)) .

Notice that sr(a) = 3, vin(1 — aa*) = 6, and we have sm(a) = 1.4862. From
the frequency plot of det(M,(€)) = 1 — |a(&)|? — [a(& + 7)|?* in Figure 3.7(i),

we can see that its sign is not fired. Hence we need at least three high-pass
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filters to construct a quasi-tight framelet filter bank. Take n, = 3, then the
constructed quasi-tight framelet filter bank {a; by, ba,b3}e (1,1,-13 15 given by:

by (z) = 2YASITIISS0I1) (6988852° + 30496802° — 93608612* — 287410882
+ 20184967522 + 8398728482 + 209192269),
by(2) = — YIRSSO00ROTO =4 D=1 (1632952* + 7125602% 4 729097827
+ 346438242 — 35434017),
by(z) = VESRITLIONLE 17 (16329524 + 7125602 + 729097822
+ 346438242 — 35434017).

We have vi(by) = vin(by) = vm(bs) = 3.
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Figure 3.7: In Example 3.5: (a),(b),(c) and (d) are the graphs of the filters a, by, by
and b3. (e) Scaling function ¢. (f) - (h) Wavelet functions ¢!, 1?2 and 3. (i)
det(M, (&) = 1 — |a(é)|> - la(€ + m)|?, for € € [—, m], where the dashed line is
y =0. (j) [a(§)] (in solid line), [b1(£)| (in dotted line), [b2(£)| (in dashed line) and

|b3(€)| (in dash-dotted line) for £ € [
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Chapter 4

Quasi-tight Framelets with
Symmetry

In many applications of wavelets/framelets, since the signals we want to an-
alyze have certain structures, we hope that the wavelets/framelets we con-
structed have symmetry. This motivates the study of quasi-tight framelet
filter banks with symmetry. This chapter characterizes the existence of (anti-
)symmetric quasi-tight framelet filter banks with two generators {a; b1, b2} (¢,e0)-
Since the tight framelet case (¢; = €3 = 1) has been studied in [40, 48], we only
investigate the case with signature (e;,€) = (1, —1). We start from introduc-
ing some properties of (anti-)symmetric Laurent polynomials in Section 4.1.
In Section 4.2 and Section 4.3, we study the problem of matrix spectral fac-
torization with symmetry. Necessary and sufficient conditions on spectral
factorizations of 2 x 2 matrices of Laurent polynomials with symmetry are
derived. The (constructive) proof starts with the simple case that the matrix
has empty spectrum in Section 4.2, and the result for the general case is given
in Section 4.3. In Section 4.4, we apply the spectral factorization theorem to
characterize the existence of quasi-tight framelet filter banks with symmetry.
Since the proofs in this chapter are all constructive, we can use them directly
as algorithms to calculate some illustrative examples, which are given in the

last section of this chapter. The results in this chapter are summarized in [19].
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4.1 Introduction to Laurent Polynomials with

Symmetry

We say a filter (or sequence) u = {u(k)}rez : Z — C has symmetry if
u(c — k) = eu(k), Vk e€Z, (4.1.1)

holds with some ¢ € Z and € € {—1,1}. § is called the symmetry center. For
compactly supported filters, it is also the center of the filter support fsupp(u).
If e =1, we call u to be symmetric; if ¢ = —1, we call it antisymmetric.
For filter u # 0 having symmetry as (4.1.1), we define the symmetry operator

S in both frequency domain and z-domain to address the symmetry type:

Su(€) ::Aa(_g) = ee %, £ eR, (4.1.2)
u(—¢)
Su(z) =) _ e 2 eC\ {0} (4.1.3)

For filter u € Iy(Z) and u # 0, it is straightforward to verify that (4.1.1)(4.1.2)
and (4.1.3) are equivalent representations of symmetry in time/frequency/z-
domain respectively. So, in this case, we would generalize the definition and
say the Laurent polynomial u(z) has symmetry with type ez°.

Sometimes we will need to deal with the sequence which is identically 0.
We just say 0 has symmetry of any type. We still use SO = €z¢ to denote
it, although it cannot be calculated from (4.1.2) or (4.1.3). This would be
compatible with all the calculations we perform later.

0, if c¢is even,
For an integer ¢, define odd(c) := . Then we have the
1, if cis odd

following proposition.

Proposition 4.1.1. Suppose u,v € lo(Z), and they both have symmetry with
types €,z and €,z , respectively. Then u(z)v(z), u*(z) and u(z)/v(z) (if
v(2)|u(2)) all have symmetry, with types

(1) S(u(z)v(z)) = eue 2T

100



(2) S(u(z)/v(2)) = ewe, 2™,

(3) Su(2) = [Su(2)]" = gy = w2~

(4) if u(z) # 0, we have ¢, = ldeg(u(z)) + deg(u(2));
(5) if u(z) # 0, we have odd(len(u(2))) = odd(c,).

Proof. 1f either u = 0 or v = 0, the results can be verified directly. Otherwise,
items (1)(2)(3) can be proved by straightforward calculations using (4.1.3).
To prove item (4), we can see from the definition of symmetry in time domain
(4.1.1) that ¢,/2 is the symmetry center of u(z). That is, & = 'du(lidesluiz)

which implies item (4). For item (5), we can see from item (4) that

len(u(z)) =deg(u(z)) — ldeg(u(z)) = deg(u(z)) + ldeg(u(z)) — 21deg(u(z))
=c, — 21deg(u(2)).
The above equation shows that the item (5) is true. [

The symmetry property of a Laurent polynomial is also related to its root
information. We have the following lemma which would be useful later. The

proof can be found in Proposition 2.2 and Lemma 2.4 of [40].
Lemma 4.1.1. Let pi(2),...,pn(2) be n Laurent polynomials.
(1) p1(2) has symmetry if and only if Z(py,2) = Z(p1,27'), Vz € C\ {0}.

(2) If p1(2), ..., pn(2) all have symmetry, then ged(p1(z),. .., pn(2)) also has

symmetry.

(3) There exists some ¢ € Z and € € T, such that p(z) = ez°p*(z) if and only
if Z(p,z) = Z(p,z7"), V2 € C\ {0}.

Also, the symmetry type of a Laurent polynomial is determined by the

multiplicities of its roots at +1. See the following lemma.

Lemma 4.1.2. Given a Laurent polynomial p(z) # 0 with symmetry: Sp(z) =
ez, e € {1,—1}, c € Z. Then the following results hold.
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(1) € = (—1)%FE)1),
(2) odd(c) = odd(Z(p(z),1) + Z(p(z), —1)).
Proof. Since p(z) # 0, we can write p(z) = (z —1)%(P():1q(2) for some Laurent

polynomial q(z) satisfying q(1) # 0. So

e — Sp(z) = PE _(_yzeen () .
Sp(2) p(z1) (—2) a1y’ e C\ {0}.

Plugging in z = 1, we get € = (—1)%®P():1)_ This proves the item (1).
Since p(z) has symmetry, by the item (1) of Lemma 4.1.1, we know that

Z(p(2), 20) = Z(p(2), 25 1), V 2o € C\ {0}. (4.1.4)

Denote o(p) := {z9 € C\ {0} : p(z0) = 0}. Partition o(p) into a disjoint

union as: o(p) = 0 U 0out U Oup U Odown U 011, where

Oin :={20 € a(p) : |20 <1}, Oout :={20 € (p) : |20] > 1},
ouwp ={20 € a(p)NT : Im(20) > 0}, Tdown :={20 €a(p)NT : Im(z) < 0},

oy :=o(p) N{l,—1}.

The map 7 : 2 — 27! is a bijection between {29 € C\ {0} : |20 < 1} and
{z0 € C\ {0} : |zo| > 1}. So (4.1.4) implies that 7 is also a bijection be-
tween o0y, and 0,,;. Moreover, we have Zzoegm Z(p, z0) = Zzgleam Z(p, z) =
> eteon 2P 20 ) = 2. o, 2P, 20)-

Similarly, the map n : z — 2z}
Im(zp) > 0} and {z0 € T : Im(z9) < 0}. So (4.1.4) implies that 7 is also
a bijection between o, and Ggoun. Moreover, we have > . _ Z(p,z) =
Zzglegup Z(p, z0) = Zzgleoup Z(p, 251) = Ezoeoup Z(p, o).

is also a bijection between {zp € T

Now, from
Z Z(p, 20) = Z Z(p, z0) + Z Z(p, z0) + Z Z(p, z)
zOEU(p) 20€0in 20€0out 20E€0up

+ > Z(p,20) +Z(p, 1) + Z(p, —1)

20€0down
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=2 Y Z(p,z0) +2 Y Z(p,20) +Z(p,1) + Z(p, 1),

20€E0in 20€0up

we can see that odd(len(p)) = odd (Ezoeg(p) Z(p, zo)) =odd (Z(p,1) + Z(p, —1)).
According to item (5) of Proposition 4.1.1, we know that odd(c) = odd(len(p)) =
odd (Z(p,1) + Z(p, —1)). This proves the item (2). [

To deal with matrices generated by filters with symmetry, we generalize
the operator S for an r X s matrix A(z) of Laurent polynomials: If all the
elements of A(z) have symmetry, then SA(z) is defined to be an r X s matrix
of monomials where [SAJ; ;(z) :=S[A};;(2),i=1,...,mj=1,...,s.

In order to make the matrix operations such as A(z)+B(z) and A(z)B(z) be
closed under symmetry, we need to define the compatibility. If r x s matrices
A(z) and B(z) both have symmetry, and the symmetry types are the same,
then A(z) + B(z) and A(z) — B(z) also have symmetry, and the symmetry
types are unchanged. In this case, we say the operations A(z) + B(z) and
A(z) — B(z) are compatible.

It is a little bit more complicated to define the compatibility for matrix
multiplications. For an r x s matrix P(z) with symmetry, we say the symmetry

type of P(z) is compatible or P(z) has compatible symmetry if
SP(z) = (S61)*(2)S62(z) (4.1.5)

holds for some 1 x r and 1 x s row vectors of Laurent polynomials ¢, (z) and
05(z) with symmetry. It is easy to see from the definition (4.1.5) that S6,(z)
gives the symmetry relationship between the rows of P(z), while S6,(z) gives

the symmetry relationship between the columns of P(z):

3 g 1. 1. i1
Prac) Sy TiE sk Yike Lok (416)
SPij(2) _Sbay(2) |

J. —_— i . .. . 4. .
SPi7k(Z) 502,k<2>7 Vie {17 ;T}, Y 7, ke {1’ ,S}, ( 1 7)

where 6, ;(z) is the j-th component of the vector 6;(z), i = 1, 2.

If an n X n square matrix P(z) of Laurent polynomials has compatible
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symmetry as (4.1.5), it can be verified with straightforward calculations that

det(P(z)) also has symmetry, with type

S(det(P Hse 2)S0,,(2). (4.1.8)

For an r X s matrix P(z) and an s X ¢ matrix Q(z) of Laurent polynomials,

we say the multiplication P(2)Q(z) is compatible if
SP(z) = SO} (2)S02(2), SQ(z) = SO5(2)S03(=),

for some 1 x 7, 1 x s and 1 X t row vectors 60;(z), 62(z) and 03(z) of Lau-
rent polynomials with symmetry. In this case, P(2)Q(z) also has compatible
symmetry:

S(PQ)(2) = (SP)(2)(SQ)(2) = SH(2)S5(z).

If an n X n matrix P(z) of Laurent polynomials is invertible (determinant
equal to a nonzero monomial), and it has compatible symmetry as (4.1.5), we
can compute its inverse as P~!(z) = det adJ(P(z)). From (4.1.8), we know

that the (7, j) cofactor of P(z) has symmetry with type:

S[adj(P(2))],,; = [ [ S014(2) | ] Sbau(2)

ki I#j
_ S(det(P(2)))
S07 ;(2)S02,5(2)

= S (det(P(2))) S01,:(2)S03 ;(2).
So P~1(2) also has compatible symmetry and
SP~1(z) = SO5(2)S6:(2). (4.1.9)

Hence, if P(z), Q(2) and R(z) are matrices of Laurent polynomials of sizes nxn,
n xm and m X n, respectively, where P(z) is invertible, then the multiplication
P(2)Q(z) = A(z) is compatible implies that the multiplication P~!(2)A(z) is
also compatible; and the multiplication R(z)P(z) = A(z) is compatible implies
that the multiplication A(z)P~1(2) is also compatible.
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Special cases that would be useful later are similar to elementary matrices.

We summarize them as the following proposition.

Proposition 4.1.2. Suppose A(z) is an r x s matriz of Laurent polynomials
with compatible symmetry: SA(z) = SO7(z)Sba(z).

(1) For an s xt permutation matriz P; ; and a t X r permutation matric f|51~7j,
where ﬁi7jA(z) and A(2)P; ; correspond to switching the i-th and the j-th
row and column of A(2) respectively, we know that R-JA(,Z) and A(z)P;

both have compatible symmetry, with types

S(PiyA)(2) = (S(O1P))(2)S02(2),  S(APi;)(2) = (S01)*(2)S(02Ps) ().

(2) If alld;(z) have symmetry, j = 1,...,n, then D, (2) := diag(di(2),--- ,dn(2))

15 compatible with any symmetry type on either side. That is,

S(DrA)(2) = (S(61D7))"(2)S02(2),  S(ADs)(2) = (S61)"(2)S(62D5)(2).

(8) Suppose U(z) is a t X r matriz of Laurent polynomials, where each of the

entries of U(z) has symmetry. If for some k € {1,...,s}, it satisfies

SUi71(Z)SA17k(Z) = SULQ(Z)SAZk(Z) =...= SUZ‘7T(Z')SAT7}€(2’),
foralli=1,...,t, (4.1.10)

then we can find some 1 X t row vector 05(z) of Laurent polynomials

with symmetry, such that SO ,(z) = zgli((z;, and SU(z) = SO5(2)S6(z).

That is, U(2) has compatible symmetry and the multiplication U(2)A(z)

is compatible. On the other hand, if the multiplication U(2)A(z) is com-
patible, then (4.1.10) holds for all k € {1,...,s}.

(4) Suppose U(z) is an s X t matriz of Laurent polynomials, where each of

the entries of U(z) has symmetry. If for some k € {1,...,r}, it satisfies

SAk1(2)SU1(2) = SAL2(2)SUa,(2) = ... = SALs(2)SUs.(2),
foralli=1,... t, (4.1.11)
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then we can find some 1 X t row vector 03(z) of Laurent polynomials

with symmetry, such that SOs;(z) = 23511((3, and SU(z) = S05(2)S03(z).

That is, U(z) has compatible symmetry and the multiplication A(2)U(z)

is compatible. On the other hand, if the multiplication A(2)U(z) is com-
patible, then (4.1.11) holds for all k € {1,...,r}.

Proof. Ttems (1) and (2) can be seen by straightforward calculations using the
definition (4.1.5). The proof of the item (4) is quite similar to that of the item
(3). We only prove the item (3) here.

From (4.1.10), we know that

SU,;1(2)SA k(2) = SU,;1(2)SA1 k(2), Vie{l,...,r}, Vie{l,... t}.

Since A(z) has compatible symmetry, by the symmetry type of A(z), we can

see that the above equality implies
SUi(2) _ SA1k(2) _ SO7 1 (2) _ S0:1.(2)
SUiJ(Z) SALk(Z) Sﬁil(z) 59171(2)7
Vie{l,...,r}, Vie{l,...,t}. (4.1.12)

We can find some 1 x ¢ row vector 03(z) of Laurent polynomials with symmetry,

such that S03 ;(z) = zgli((zg, foralli=1,...,¢t. From (4.1.12), we can see that

_ St(2)
591,1 (Z)

SO1.(2) .
SU; 1 (2) = ﬁseg,xz)sel,l(z) = 503 ,(2)S01,4(2),

SU“(Z)

Vie{l,...,r}, Vie{l,... t}.

So SU(z) = S€5(2)S0:(z). That is, U(z) has compatible symmetry and the
multiplication U(z)A(z) is compatible.
On the other hand, if SU(z) = S0%(2)S0;(z) for some 1 x t row vector 03(2)

of Laurent polynomials with symmetry, then

S03(2)S02(2) = SU;1(2)SALk(2) = SU;2(2)SA2k(2) = ... = SU;,(2)SAx(2)
holds for all k € {1,...,s}, i € {1,...,t}. This proves the equation (4.1.10)
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for all k € {1,...,s}. [ |

The construction of (anti-)symmetric tight framelet filter banks with two
high-pass filters has been discussed in [40][48]. We would like to discuss the

construction of the quasi-tight case with signature matrix diag(1, —1).

4.2 Spectral Decomposition of Matrices of Lau-
rent Polynomials with Symmetry and Empty

Spectrum
The main theorem we want to prove in this section is the following:

Theorem 4.2.1. Suppose A(z) is a 2 X 2 matriz of Laurent polynomials with
compatible symmetry, satisfying A*(z) = A(z). Also det(A(z)) = C is a
constant satisfying C < 0. Denote the symmetry type of A(z) by SA(z) =

1
[ N a(z) . Then we can find a matriz U(z) = Ui(z) Uia(2) of Lau-
a

(Z) 1 UQJ(Z) UQQ(Z)
rent polynomials with compatible symmetry, where the symmetry type satisfies

SU1’1(2> _ SULQ(Z)
SUQJ(Z) SUQQ(Z)

= a(z), (4.2.1)

and A(z) = U(z) [1 ] U*(z) holds.

Denote the symmetry type a(z) = €z¢, where € € {1, —1} and ¢ € Z. Then

we have four possible cases:
(1) e=1,c€2Z+ 1,
(2) e=—1,c€2Z+1;
(3) e=1, c € 2Z;
(4) e=—1, c € 2Z.
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For cases (1)(2)(3), the result in Theorem 4.2.1 is proved by Theorem 4.2.2.
For the case (4), we prove it in Theorem 4.2.3.

We introduce the following lemmas as sub-steps to prove the Theorem 4.2.2.
The proofs of the lemmas are all constructive, which can be used as algorithms

directly.

Lemma 4.2.1. Suppose a(z) and b(z) are both Laurent polynomials with sym-
metry: Sa(z) = €,2%, Sb(2) = 2%, for some c,,cp, € Z, and €,,¢, € {1, —1}.
Also, assume b(z) # 0, and len(a(z)) > len(b(z)). Then there exists a Laurent
polynomial q1(z) with symmetry, such that

a1(z) :=a(z) — b(2)q1(2) (4.2.2)

satisfies len(a;(z)) < len(a(z)), and Sa;(z) = Sa(z) = Sb(2)Sq;(2).

Proof. Let us write the Laurent polynomials as

deg(a) deg(b)
a(z) = Y a(k) = > bk
k=ldeg(a) k=ldeg(b)
Define
a(deg(a)) 4 g(a)—deg(b) a(ldeg(a)) 14 g(a)—Ideg(b)
= e yaeslajTde —— 2L yacela)mideslb) 4.2.3
“) = deg(b) * bideg(b)” 423)

From the symmetry types of a(z) and b(z), we know that

a(ldeg(a)) = esa(deg(a)),  b(ldeg(b)) = eb(deg(b)),

deg(a) + ldeg(a) = ¢, deg(b) + ldeg(b) =
Using (4.2.3), we can calculate

a(deg(a)) . deg(a)—deg(b) + a(ldeg(a))

_ 1 b(deg(b)) b(ideg (b
SC]1(Z) _ql(Z)/ql(Z ) ~ a(deg(a)) 7deg(a)+deg( ) i a(ldeg(a
b

ldeg(a)—1deg(b)

z

)
b(ldeg (b))
;;Z ldeg(a)+ldeg(b)
)=

(deg(b)) (Ideg(b
a(deg(a)) . deg(a)—deg(b) a(deg(a)) , (ca—cp)—(deg(a)—deg(b))
O R O) A
(d ( )) e e a(d ( ) e —de —(cqa—cC
b(dsg(;))z (deg(a)—deg(b)) 1 Eaebmz(d g(a)—deg(b))—( b)

108



=€,62 % = Sa(z)/Sb(2).

So Sb(2)Sq1(z) = Sa(z) = Sai(2).

Since len(a(z)) = deg(a(z))—ldeg(a(z)) > len(b(z)) = deg(b(z))—ldeg(b(z)),
we can see deg(a) — deg(b) > ldeg(a) — ldeg(b). Therefore, from the def-
inition of qi(z) in (4.2.3), we can get ldeg(q;) = ldeg(a) — ldeg(b), and

deg(qy) = deg(a) — deg(b). So
ldeg(bq1) = Ideg(b) + Ideg(q:) = ldeg(a),

deg(bq;) = deg(b) + deg(q:) = deg(a).

As to the coefficients corresponding to the lowest and the highest degree terms

of bqy, we can calculate directly from (4.2.3):
coefficient of b(z)q;(z) at lowest degree: b(ldeg(b))q1(1deg(q1)) = a(ldeg(a)),

coefficient of b(z)q;(2) at highest degree: b(deg(b))qi(deg(q:)) = a(deg(a)).

So both the lowest and highest degree terms cancel in the subtraction a;(z)

a(z) —b(2)a1(2). Hence, ldeg(ai(z)) > ldeg(a(z)), and deg(ai(2)) < deg(a(z)).
That is, len(a;(z)) < len(a(z)). This finished the proof of the lemma. |

Lemma 4.2.2 (Long Division of Laurent Polynomials with Symmetry). Sup-
pose a(z) and b(z) are both Laurent polynomials with symmetry: Sa(z) = €,2%,
Sb(z) = €,2%, for some cq, ¢y € Z, and €,, €, € {1,—1}. Also, assume b(z) # 0.
We have the following 4 possible cases for the symmetry type of a(z) and b(z):

(i) €.ep = —1, and c, — ¢ € 27;

(ii) €.6p = —1, and ¢, — ¢y € 2Z + 1;
(1) €.ep = 1, and ¢, — ¢, € 27;

(iv) €6, =1, and c, — ¢y € 27+ 1.
We can prove the following two results.
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(1) For case (i), we can find a Laurent polynomial q(z) with symmetry, such
that

r(z) :=a(z) — b(z)q(2) (4.2.4)

satisfies len(r(z)) < len(b(z)), and Sr(z) = Sa(z) = Sb(z)Sq(z).

(2) For cases (ii)(iii)(iv), we can find a Laurent polynomial q(z) with sym-
metry, such that the r(z) defined in (4.2.4) satisfies len(r(z)) < len(b(z)),
and Sr(z) = Sa(z) = Sb(z)Sq(z).

Proof. In all the 4 possible cases of symmetry types, if len(a(z)) < len(b(z)),
we can take q(z) := 0, and r(z) := a(z). Then q(z) and r(z) satisfy all the
requirements in the items (1) and (2). The proof is completed. So we only
need to consider that len(a(z)) > len(b(2)).

If len(a(z)) > len(b(z)), we can define ag(z) := a(z), and repeatedly apply
the Lemma 4.2.1. That is, if len(a;(z)) > len(b(2)), j = 0,1, ..., we can find a
Laurent polynomial q;(z) with symmetry, such that

aj41(2) :=a;(2) = b(2)q;(2)

satisfies len(a;j41(2)) < len(a;(z)), and Sa;+1(2) = Sa;(z) = Sb(2)Sq;(z). This
process cannot iterate forever since len(a;(z)) is strictly decreasing and we

require len(a;(z)) > len(b(2)). Suppose it finalizes at some j = K — 1, then

aK(z) :aK_1<Z) —

=ag 2(2) —

=a0(z) — b(2) (ax-1(2) + ... + qo(2))
satisfies len(a (2)) < len(b(z)). Also, the symmetry types satisfy
Sax(2) = Sagx_1(z) = ... = Sag(z) = Sa(2),
Sq;(2) = Saj1(2)/Sb(z) = Sa(2)/Sb(z),  ¥j=0,.... K —1.
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Define

q(z) :==qr-1(2) + ...+ qo(2), (4.2.5)
Sq(z) = Sa(z)/Sb(z), (4.2.6)
ar(z) = a(z) — b(2)q(2). (4.2.7)

For the symmetry type in the case (i), if len(a(z)) = len(b(z)), we can
take q(z) := 0, and r(z) := a(z). They satisfy all the requirements in the
item (1). Otherwise if len(a(z)) > len(b(2)), just apply the above algorithm
and define q(z) := q(z) as in (4.2.5). Then, from (4.2.7) we can see r(z) :=
a(z) — b(z)q(z) = ak(z) satisfies len(r(z)) < len(b(z)). And the equation
(4.2.6) implies that Sr(z) = Sa(z) = Sb(z)Sq(z). This finishes the proof of the
item (1).

For the symmetry types in cases (ii) and (iv), we have ¢, — ¢, € 27 + 1.
That is, odd(c,) # odd(cp). By the item (5) of Proposition 4.1.1, we know that
odd(len(a(z))) # odd(len(b(2))), which implies that len(a(z)) # len(b(2)). So,
we only need to consider the situation that len(a(z)) > len(b(z)). Let us apply
the above algorithm, and define q(z) :=q(z) as in (4.2.5). Then, from (4.2.7)
and (4.2.6), we can see r(z) := a(z) — b(z)q(z) = ax(z) satisfies the symmetry
type result Sr(z) = Sag(z) = Sa(z) = Sb(z)Sq(z). Furthermore, from ¢,z :=
Sr(z) = Sa(z) = €,2°, we know that ¢, = ¢,. So odd(c,) = odd(c,) # odd(c
By the item (5) of Proposition 4.1.1, we get odd(len(r(z))) # odd(len(b(z)
so len(r) # len(b). Since len(r) = len(ak) < len(b), we know len(r) < len(
This finishes the proof of the cases (ii) and (iv) in the item (2).

).
),
b).

For the symmetry type in the case (iii), if len(a(z)) > len(b(z)), we can
apply the algorithm above to find the Laurent polynomial q(z) as in (4.2.5).
If len(a(z)) = len(b(z)), we just use q(z) = 0 here. For both situations, we

define ax(2) as
ak () = a(z) — b(z)q(2),

then len(ag(z)) < len(b(2)), and Sak(z) = Sa(z) = Sb(2)Sq(z). (In the sit-
uation of len(a(z)) = len(b(z)), just take K = 1.) If len(ax(z)) < len(b(z)),

we can just take q(z) := q(z), and r(z) := ax(z). They satisfy all the re-
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quirements in the item (2). And the proof of the theorem is completed. If
len(ag(z)) = len(b(2)), define

COI(Z) — aK(deg(aK))Zdeg(aK)—deg(b)'

b(deg(b))
We will prove that
r(z) :=ag(z) —b(2)q(z) (4.2.8)
satisfies
len(r) < len(ag) = len(b), SbSq = Sax = Sr. (4.2.9)

From len(ak(z)) = len(b(z)), we know that
deg(ax) — ldeg(akx) = len(ak(z)) = len(b(2)) = deg(b) — ldeg(b).
Hence, deg(ax) — deg(b) = ldeg(ax) — ldeg(b). So

deg(bq) = deg(b) + deg(q) = deg(ax),
ldeg(bg) =1deg(b) + ldeg(q) = ldeg(b) + (deg(ax) — deg(b))
=ldeg(b) + (Ideg(ax) — ldeg(b)) = ldeg(ak).

This tells us that fsupp(bq) = fsupp(ax). The coefficient of the highest degree
term of b(z2)q(z) is b(deg(b))q(deg(q)) = ax(deg(ak)). Therefore, the terms
corresponding to the highest degree cancel in the subtraction r(z) = ag(z) —

b(z)q(z). So len(r) < len(ak).

As to the symmetry type, we can calculate that Sq(z) = z2des(x)—2deg(b),

Also, from €,, €, = €,6;, = 1, we know that €,, = €. So

SbSCO] (Z) :ebzcb+2 deg(ax)—2deg(b) _ EbZdeg(b)—i—ldeg(b)-ﬁ-? deg(ag)—2deg(b)
e, 2 des(ar)—(deg(b)ldeg(b)) _ 2 deg(ar)~(deg(ax)-ldeg(ax)

:EaKZdeg(aK)Hdeg(aK) = €q, 29K = SaK(z).

This finishes the proof of (4.2.9). Define q(2) :=q(z)+4q(2), (4.2.7) and (4.2.8)
imply that (4.2.4) holds. From (4.2.6) and (4.2.9), the symmetry types satisfy
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Sr(z) = Sa(z) = Sb(2)Sq(z). This completes the proof of the item (2) in the
case of symmetry type (iii). [ |

Using Lemma 4.2.2, we can prove the following theorem.

Theorem 4.2.2. Suppose A(z) is a 2 x 2 Hermitian matriz of Laurent polyno-
mials with compatible symmetry, where det(A(z)) = C' is a constant satisfying
1 a(z)

C < 0. Assume the symmetry type of A(z) is SA(z) = A
a*(z

], where
a(z) is one of the followings:

(1) a(z) = ez** ee{l,—1}, c€Z;

(2) a(z) =2%, c€eZ.

U1,1 (Z) ULQ(Z)
U2’1 (Z) U272(Z)

with compatible symmetry, where the symmetry type satisfies

Then we can find a matriz U(z) = [ ] of Laurent polynomials

SU1’1(Z> _ SULQ(Z)
SUQJ(Z) SU272(2)

= a(z), (4.2.10)

and A(z) = U(z) [1 ] U*(z) holds.

Proof. Firstly, we iteratively construct a sequence of invertible matrices V(O)(z), e

VE-1) () with compatible symmetry, such that
A(K)(z) — V(K*U(z) .. 'V(O)(Z)A(Z)V(O)*(Z) . .V(Kfl)*<z)
satisfies
(1) all the multiplications are compatible;

(2) there exists some element in AU (z) that is zero.

If there already exists some element in A(z) that is zero, just take K = 1,
VO (z) = I,, and A (2) := A(2). The construction is completed. Otherwise,
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we define A () := A(2). For j = 0,..., K — 1, we will iteratively solve for
V0U)(2), and define AU+ (2) := VO (2) AW (2)V0)*(2).

Our construction of V9 (z) below requires the following two conditions for
AU)(z), which are obviously true for A (2) := A(z).

(i) AV (2) = AU(2), and det(AY)(2)) = det(A(z)) = C is a constant;
(ii) SAU(z) = SA(z).

Assume the above two items are true for some j = 0,..., K — 1. If none of

the four elements in AY)(z) is zero, we will prove
len(AY)) +len(AY)) = len(AY)) + len(AY)) = 2len(AY)). (4.2.11)

. . A\ * . . . L\ *
Since AU)(2) is Hermitian, we know that (AY]A%))" = APJAD), and (AVA))" =
A%Agj % So fsupp <A§J %A%) and fsupp <A§J%A§] ;) are both symmetric intervals
about the center 0. Define

[—m,m] := fsupp(AV)AS)),  [—n,n] = fsupp(ATIAY)).

Since det(AU)(z)) = Agji(z)Ag%(z) — Agj%(z)Agi(z) = (' is a constant, and

none of the 4 elements in A(z) is 0, we know that all the terms in A?{Ag@ and

A%Agj % with degree not equal to 0 must cancel in the subtraction. Therefore,

we have m = n. From

len(A(ﬂ) + len(Agg) :len(AgﬁAg%) =2m = 2n
= len(A%Ag%) = len(A%) + len(Ag%) =2 len(Aé{i),

we proved (4.2.11). From (4.2.11), we get
min { len(AY}(2)), len(AY)(2))} <len(AY)(2)). (4.2.12)

Based on (4.2.12) and Lemma 4.2.2, we can use the following 2 steps to find an
invertible matrix V) (z) to reduce the length of the (2,1) element of AU (z).
That is, we can find an invertible matrix V) (z) with compatible symme-
try, such that AUHD(z) = VO (2)AD (2)VO*(2) satisfies len(AY"(2)) <

114



len(Agi(z)). Notice that we have SAY)(z) = SA(z), that is, SA@ = 1 and

Step 1 If len(Agﬁ(z)) < len(Aé{%(z)), we can use Lemma 4.2.2 (item (2)) to
find a Laurent polynomial q(z) with symmetry, such that

r(2) = AY}(2) — AY}(2)q(z)

satisfies len(r(2)) < len(AY)(2)), and Sr(2) = Sq(2)SAV)(z) = SAY)(2).

1
] , then
1

Define VU (2) := [ )
—q(z

A , A , AV () (2)
UHD (o) .= VO (NAD ()WVO*( ) = L1 _
AUH(2) i= VO ()AD (VI (2) [ A
satisfies SAUTY (2) = SAU)(2), det(AUTY(2)) = det(AU)(2)), and
len(AY ™V (2)) = len(r(2)) < len(AY)(2)) < len(AY)(2)).  (4.2.13)

Also, we have SVU)(z) = SAU)(z) = S#%(2)SH,(2), where SO,(z) =

[1,a(z)]. So the multiplications are compatible.

Step 2 If len(Aé{%(z)) < len(Agi(z)), we can use Lemma 4.2.2(item (2)) to
find a Laurent polynomial q(z) with symmetry, such that

satisfies len(r(z)) < len(Ag%(z)), and Sr(z) = Sq(z)SA(z{%(z) = SA%(Z)
Define VU (2) := [1 —ql(Z)] , then



satisfies SAUTD (2) = SAW(2), det(AU+D(2)) = det(AY)(2)), and

len(AYTV(2)) = len(r(2)) < len(AY)(2)) < len(AY)(2)).  (4.2.14)
Also, we have SVU)(2) = SAU(z) = SO7(2)SH,(z), where SO,(z) =

[1,a(z)]. So the multiplications are compatible.

When we use Lemma 4.2.2 in the above two steps, notice that the symme-
try type «(z) in item (1) corresponds to the case (ii) or (iv) in Lemma 4.2.2,
and the symmetry type «(z) in item (2) corresponds to the case (iii) in
Lemma 4.2.2. So we can always use the item (2) of Lemma 4.2.2 in the two

steps above.

After we apply either step 1 or step 2 above, we can see that AU+ (2) is still

Hermitian, and both the determinant and the symmetry type are unchanged:

det(AUHD(2)) =det(V(2)) det(AYV(2)) det(V*(2))
=det(AY)(2)) = det(A(2)) = C,
SAUTD () =SAW(2).

Therefore, AUT1(z) also satisfies the conditions (i) and (ii) we assumed for
AU)(z). So we can redefine j := j + 1, and repeat the above procedure to
construct the next V& (z).

By (4.2.13) and (4.2.14), we know that the length of Ag%(z) is strictly

decreasing;:
len(AgR(z)) > len(Agf(z)) > len(Ag(z)) > ...

So the procedure cannot last forever. That is, there exists some integer K, such
that at least one of the four elements in AU/ (2) is zero. By our construction,
we have AU (2) = VIED (2) ... VO ()A(2)VO*(2) .. . VE=D" (). Define

SO,(z) :=[1,a(2)], (4.2.15)
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we can see that
SAK) (2) = SA(z) = SVU)(2) = SOF(2)S6:(2), j=1,...,K —1.
Define the invertible matrix W(z) := (VE=D(z) - ~V(0)(z))_l, we get

A(z) = W(2)AB) (2)W*(2), SW(z) = SA(z) = SA®) (2) = SOF(2)S6,(2).
(4.2.16)

We now discuss the three possible cases:

(1) I A (2) = Al (2) = 0, from AT (2)ASY(2) = det(AF)(2)) = C,
we know that Aﬁ)(z) and Aglg)(z) must both be nonzero monomials.
From their symmetry types SAg)(z) = SAg;)(z) = 1, we know that
Aﬁ)(z) = ¢y and Aég)(z) = ¢ must be both constant, and ¢;co = C' < 0.

&1

For the case that ¢; > 0 and ¢y < 0, we define lj(z) = [\/_ ],
-

1 -
then A (2) = U(2) [ 1] U*(z) holds. Since 0 can be defined to be

any symmetry type, we can see that SU(z) = S#%(2)S6;(z) holds, where
S0:(z) is defined in (4.2.15).

Y

For the case that ¢; < 0 and ¢y > 0, we define G(z) = [

\/@

1 -
then A (z) = U(z) [ 1] U*(z) still holds. Since 0 can be defined

to be any symmetry type, we can see that SU(z) = S#%(2)S6s(z) holds,
where S6,(z) is defined in (4.2.15), and S6y(z) := [a(2), 1].
ALY (2) AYY (2)

2) 1f A (» :0,takeUz = 2
2) 1 AT O = 55 || aafe) 14 A

NG

] , then

AR (2) = T(z) | | U2 holds. Also, we have SU(z) = $63(2)5s(),

where S0y (z) is defined in (4.2.15) and S€3(z) = [a(2), a(z)].

(3) If Ag;)(z) = 0, take U(z) := \%

K K
L+3A () —143A0Y ()]
A(K) A(K) ’
2.1 (2) 2,1 (2)
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1 -
U(z) [ _1] U*(z). Also, we have

can directly verify that AU (z)

SU(z) = SO3(2)S04(z), where S, (z) is defined in (4.2.15) and SO4(z) :=
1, 1].

For all the three cases, from (4.2.16), we get

A(z) = W(2)AB (2)W*(2) = W(2)U(2) [1 _1] U*(2)W*(2).

That is, A(z) = U(z) [1 _1] U*(z), where U(z) := W(z)U(z). Also, from

the symmetry type of W(z) and G(z), we can see that the symmetry type of
SU1,1(2) _ SU1,2(2)
SU21(2) ~ SUsz2(2)

theorem. [ |

U(z) is compatible: = a(z). This completes the proof of the

The case that a(z) = —2z2¢ is considered in the following theorem.

Theorem 4.2.3. Suppose A(z) is a 2 X 2 Hermitian matriz of Laurent polyno-
mials with compatible symmetry. Also det(A(z)) = —d? < 0, where d # 0 is a

_2720 1

00 V0]
Ug’l (Z) UQQ(Z)

rent polynomials with compatible symmetry, where the symmetry type satisfies

1 —z%
real constant. Assume the symmetry type of A(z) is SA(z) = ] ,

for some ¢ € Z. Then we can find a matriz U(z) =

SU1 1(2) SU1 Q(Z) 2
22 2120E) e 4.2.17
SUsi(2)  SUsa(z) ( )

and A(z) = U(z) ! 1

] U*(2).

To prove the Theorem 4.2.3, we introduce the following algorithm to find
U(z). Theorem 4.2.3 is proved by showing the Algorithm 4.1 is feasible.

Algorithm 4.1. Given a matriz A(z) of Laurent polynomials satisfying the

assumptions in Theorem 4.2.3.
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(S1) Define [=n,n] := fsupp(A11(2)). Write Up1(2) = 3 7_ot;27 and Uy s(2) =
Z?:o %vjzj, where {to, ... tn,to, ..., tn} is a nontrivial solution to the ho-
mogeneous system X of 2n equations induced by R(z) = 0, where R(z)
and Uy 1(2) are uniquely determined through long division using Ay 1(2)

by

A21(2)U11(2) + 2"7dU7 5(2) = A11(2)U2.1(2) + R(2),
with fsupp(R(z)) C [-n,n —1]. (4.2.18)

The space of all solutions to X has dimension at least two. So we can

always find nontrivial solutions.
(S2) IfSU;1(2) = 2™ and SUy o(2) = —2", go to (S3). Otherwise, redefine

Upi(2) = [ul,l(z)—z"uil(z)] /2, Upa(z) = u172(2)+z”u32<z)} /2.
(4.2.19)
We have Uy 1(2) and Uy 2(2) not simultaneously identical to zero. Also,

the symmetry types satisfy SUy 1(2) = —2" and SU; 5(z) = 2.

(S3) There must exist a nonzero real number X\, such that

Avi(z) = A[um(z)u;l - ul,g(z)*ul,g(z)]. (4.2.20)

If A\ > 0, redefine
Uii(2) == VAUL1(2),  Uia(2) i= VAULa(2). (4.2.21)
Otherwise, redefine
Uri(2) = vV=AU12(2),  Upa(2) = V=AUp4(2). (4.2.22)
Ui1(2) and Uy 5(2) now have symmetry

SUp1(z) = ez, SU;2(z) = —ez", (4.2.23)
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for some € € {1, —1}.

(S4) Define
Az1(2)U11(2) + 2"4dU7 5(2)
U = : : 4.2.24
2,1 (Z) A1,1(Z) ’ ( )
Ag1(2)U12(2) + 2"%dUT | (2)
U = — : : . 4.2.25
2,2(2) A1,1(Z) ( )
Then Ug1(z) and Uso(2) here are well-defined Laurent polynomials with
symmetry:
SUy i (2) = —ez" 2, SUg(z) = €2" 2, (4.2.26)

where the € here is the same as that in (4.2.23).

(S5) Define
U(z) :== [Ul’l(z) UM(Z)] )
U271(Z) UQ’Q(Z)

Then A(z) = U(z) [1 ] U*(z), and (4.2.17) holds.

—1
Proof of Algorithm 4.1. Firstly, we will prove that A;;(z) is not identically
zero. Suppose Aj1(z) = 0, then det(A(z)) = —A12(2)A21(2) = —d*. So
A;2(z) must be a nonzero monomial, which cannot have symmetry type —z2°.
Hence, we proved that A;;(z) is not identically zero.

In (S1), it can be verified directly that X is a homogeneous linear system.
Since fsupp(R(z)) C [-n,n — 1], X has 2n equations with 2n + 2 unknowns
{to, ..., tn, to, . .. ,?n}. So the space of all solutions to X has dimension at least
two. Hence, we can find some nontrivial solution pair {U;1(2),U;2(2)} to X.
Since R = 0, after (S1), we have

A271(Z)U171(2) -+ ZniCdUiQ(Z) = Alyl(Z)UQJ(Z), (4227)

for some Laurent polynomial Uy ;(2).

Take Hermitian conjugate on both sides of (4.2.27), notice that A} (z) =
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Ai:1(z) and A3 (z) = —2%Ag 1 (2), we get
—chAg,l(z)Uil(z) + 27"dU; 5(2) = Alvl(z)U;l(z).
Multiplying 2"~2¢ to the above equation yields
— 2"Ag1(2)U7 1 (2) + 27 “dU15(2) = zn_QcAl,l(z)U;l(z). (4.2.28)

Averaging (4.2.27) and (4.2.28), we get

1 1
A2,1 (2)5 [U171 (Z) — ZnUil(Z):| + Zn—cd§ |:U’1(72(Z) + Z_nULQ]

_ Am(z% (U1 () + 272U3,(2)] - (4:2.20)

After step (S1), if SUy1(2) # 2™ or SUj2(z) # —2z", the redefined U; 1(z)
and U o(z) in (4.2.19) are not simultaneously equal to zero. Moreover, since
the old Uy 1(2) and U; o(2) satisfy fsupp(U;1(2)) C [0,n] and fsupp(U;2(2)) C
[0,n], by the definition in (4.2.19), the redefined U 1(z) and U; 2(2) also sat-
isfy fsupp(U11(2)) C [0,n] and fsupp(U;2(z)) C [0,n]. Also, we can verify
with direct calculation that the redefined U; ;(2) and U; 5(2) have symmetry:
SU;1(2) = —2", and SU; 5(z) = 2". Furthermore, by (4.2.29), we can see that
the new pair {U;1(2), Uy 2(2)} satisfy

A1,1(2’) | Agjl(Z)ULl(Z) + Zn_chiQ(Z).

A271(z)Ul,l(z)—&—z"*CdUiz(z)
A1,1(2)

Redefine Uy (2) =
holds after step (S2).

. (4.2.29) implies that (4.2.27) still

To prove step (S8), we can see from (4.2.27) that

Ava(2) (Ag,l(z)um(z) + z”*CdUil(z))
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—A1L1(2)As2(2)Ua(2) + 20 (27U o (2) + U7 () 2(2))
A1 (2) A0 2(2)Usa(2) + 2" (27 7dU7 4 (2) + U a(2)AT(2) )
=AL1(2)Ao2(2)U1a(2) + 2" dAL1 () U (2)

A1 (2) (Ana(2)U1a(2) + 2" U3, (2)).

Since det(A(z)) is a constant, we know that ged(A;1(2),A12(2)) = 1. So,

the above equation implies that A;;(2) | Ag1(2)U12(2) +2"7°dU7 ,(2). Define

Asi1(2)U n—cquy
Uga(2) := 21(2) I’Q/t)j(; 115) e can see that

A271(2)U172(2{) + Zn_chil(Z) = A171(Z)U272(2). (4230)

Combine (4.2.27) and (4.2.30), we proved

[Al,l(z)] _ g [ Ut (2) ] . (4.2.31)

[ Usa(z)  —Uia(z)
Azi1(2) —U7,(2)

—Ug,l(Z) U171(Z)

Multiply [vag(z) Uil(z)} to the left on both sides of (4.2.31), we get

(U22(2)U1(2)~Uza ()U74(2) ) Ara(2)+ (Una (2)U7 1 () =Ura(2)Ui o(2) ) Aaa(2) = 0.

That is,

(Ui (2)U70(2)=U1a(2)U1(2) ) Az (2) = (U2a(2)U31(2) ~Uza(2) Ui (2) ) Ava (2):
(4.2.32)
Since ged(A11(2), A21(2)) = 1, the above equation implies

Ai1(2) | Ul,l(z)U’{,l(z) —Ui2(2)U7 5(2). (4.2.33)

Furthermore, from fsupp(U;1(z)) C [0,n] and fsupp(U,2(2)) C [0,n], we
can see fsupp(U;, ;U7 ;) C [-n,n], and fsupp(U; 2U7,) C [-n,n]. This implies
that

fsupp(U11UT; — Ui 2U75) € fsupp(Ay ). (4.2.34)
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To prove (4.2.20), we can see that after step (S2), the symmetry types of

Uy1(2) and Uy 5(z) have two possible cases:
(1) SUy1(2) = 2™, SUy5(2) = —2™;

(2) SUy1(2) = —2™, SU5(2) = 2™
For the case (1), by item (1) of Lemma 4.1.2, we know Z(U7 ;(2),1) = Z(U11(2), 1) €
27, and Z(U75(2),1) = Z(U12(2),1) € 2Z + 1. So Z(U7 ;(2)U1,1(2),1) € 4Z,
while Z(U7 5(2)U12(2),1) € 4Z + 2. Hence, Uy;1(2)U7(2) # U12(2)U75(2).
Similarly, for the case (2), we have Z(Uf (2)U1,1(2), 1) € 4Z+2, while Z (U1 2(2)Ui(2),1) €
4Z. We also get Uy 1(2)U7(2) # Ui2(2)U74(2). So for both cases, we get
U11(2)U7f 1(2) —U12(2)U7 5(2) # 0. Therefore, by (4.2.33) and (4.2.34), we can
conclude that there exists a nonzero constant number A, such that (4.2.20)
holds. Since A;;(2) and Uy 1(2)U7;(2) — U1 2(2)U7 5(2) are both real functions
on T, we can see that A must be a real number.

If A > 0, normalizing the solution pair {U;1(2),U;2(2)} with (4.2.21) will

give

A171(Z) = U171(Z)U’1:1(Z) - ULQ(Z)UT’Q(Z). (4235)

Notice that by (4.2.27) and (4.2.30),

AL1(2) | Agi(2)Una(2) + 2" %dUT 5(2),  Ari(2) | Azi(2)Usa(2) + 2" “dUT (2)
(4.2.36)
still hold after the normalization.

If A < 0, redefining the solution pair {U11(2),U;2(2)} with (4.2.22) will
also give (4.2.35). Furthermore, notice that switching Uy 1(2) and U; »(2) cor-
responds to switching the two relations in (4.2.36). So (4.2.36) still holds for
the new solution pair {U; 1(2),U;2(2)} in this case.

Since the normalizations in step (S3) do not change the symmetry types
of Uy 1 (2) and U; 2(2), they still have symmetry inherited from step (S2). This
proved (4.2.23).

By (4.2.36), Uy1(z) and Ugs(z) we set in (4.2.24) and (4.2.25) are well-
defined Laurent polynomials. The symmetry types of Us;(z) and Ugs(z) in
(4.2.26) can be proved by direct calculations using their definitions in (4.2.24)
and (4.2.25), and the symmetry types of Uy 1(2), Uy 2(z) from (4.2.23).
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Furthermore, the definitions of Uy ;(2) and Usgs(2) in (4.2.24) and (4.2.25)
imply that (4.2.31) holds. Notice that (4.2.31) implies (4.2.32). By (4.2.35),
we know that (4.2.32) yields

U2,1(2)U’{,1(2) - U272<Z>U12(2) = Ag1(2). (4.2.37)

Multiplying [Um(z) U172(Z):| to the left on both sides of (4.2.31), we have

(UL1(2)U(2) = U1 2(2)U2,1(2) ) A (2) = 2 Un1 (2) U7, (2) = Ur 2(2) U3 of2) )
Combining the above equation with (4.2.35), we can conclude
det(U(z)) = Uy 1(2)Uz2(2) — U1 2(2)Uz1(2) = 2" “d. (4.2.38)
Multiplying [U;Q(z) U§71(z)} to the left on both sides of (4.2.31), we get
(U22(2)U52(2)=Ua1 (2)U5,(2) ) Av (2)+ (Ura (2) U3 4 ()= 2 () U3 0(2) ) Ao (2)
— 2d (U7 4 (2)U5,(2) = Uo(2)U5,(2)) = 2"~ d(det(U(2))",
Using (4.2.37) and (4.2.38), we can simplify the above equation as

(U22(2)U3(2) = Uz (2)U3, () ) Ava (=) + A3 ()0 () =="d="d,
=d? = —det(A(2))
=A12(2)A21(2) — A11(2)A22(2).

Since A*(z) = A(z), we have Aj,(z) = Aj2(2). So we can cancel the term

A1 2(2)A21(2) on both sides of the above equation, and divide by Ay 1(2) to get
Uz2(2)U35(2) — Ua1(2)U5 4 (2) = —Aga(2).

That is,
U2’1(2)U;’1<Z> — U272<Z>U§72(2) = A272<2). (4239)
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1
Combining (4.2.35) (4.2.37) and (4.2.39), we proved A(z) = U(z) ) U*(2).

The symmetry type of U(z) in (4.2.17) follows from (4.2.23) and (4.2.26). This
finished the proof of the algorithm. |

Theorem 4.2.2 and Theorem 4.2.3 together proved the result of Theo-
rem 4.2.1 in all the four possible symmetry cases of a(z). So we proved
Theorem 4.2.1.

4.3 General Case

In this section, we study the factorization in Theorem 4.2.1 without requiring
det(A(z)) to be a constant. As a matter of fact, necessary and sufficient condi-
tions for spectral factorizations of general 2 x 2 matrices of Laurent polynomials
with symmetry are related to the ged of all the 4 elements in the matrix A(z).
In Section 4.3.1, we prove that the spectral factors can be extracted out for the
case that ged = 1. In Section 4.3.2, we study the DOS(Difference of Squares)
property of Laurent polynomials with symmetry. The necessary and suffi-
cient conditions of spectral factorizations of general 2 x 2 matrices of Laurent

polynomials with symmetry are proved as Theorem 4.3.6 in Section 4.3.3.

4.3.1 GCD =1 Case

It is well-known that the Smith Normal Form of matrices of Laurent poly-
nomials can be calculated by performing long divisions repeatedly. However,
directly using long divisions iteratively might destroy the symmetry structures.
Fortunately, we can still build the following Theorem 4.3.1 for Extended Eu-
clidean Algorithm with symmetry.

Theorem 4.3.1 (Extended Euclidean Algorithm for Laurent polynomials with
symmetry). Given two Laurent polynomials a(z) and b(z) with symmetry, de-
fine r(z) := ged(a(z),b(2)). Then there exist Laurent polynomials u(z) and

v(z) with symmetry, such that

a(z)u(z) + b(z)v(z) = r(z), (4.3.1)
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and Sa(z)Su(z) = Sb(z)Sv(z) = Sr(z). Also we have ged(u(z),v(z)) = 1.

Proof. The theorem can be proved constructively, so that we can follow the
steps and use it as an algorithm.

If a(z) = 0, we can define u(z) = 0 and v(z) = 1; otherwise if b(z) = 0,
we can define v(z) = 0 and u(z) = 1, then the result of the theorem can be
verified directly. We only consider the case that a(z) # 0 and b(z) # 0.

Let r(z) := ged(a(z),b(z)), we can use the original Extended Euclidean
Algorithm (without symmetry) to find Laurent polynomials u;(z) and vq(z),
such that

a(2)ui(2) + b(2)vi(z) = r(z). (4.3.2)
u;(2),vi(2z) may not have symmetry here. We can see that (4.3.2) also implies
a(z Dur(z7 ) + bz Hva(zh) =r(z7h).

Plugging in a(z~!) = a(z)/Sa(z), b(z7') = b(2)/Sb(2), and r(z!) = r(z)/Sr(2)

to the above equation, we get

a(z)up(z71)/Sa(z) + b(2)vi(271)/Sb(2) = r(2)/Sr(2). (4.3.3)
Multiplying Sr(z) on (4.3.3), and averaging it with (4.3.2) gives us

up(271)Sr(z)/Sa(z) + ui(2) vi(271)Sr(2)/Sb(2) + v1(2)

a(z) 5 + b(z2) 5 =r(z).
(4.3.4)
Define
~ug(27)Sr(2)/Sa(z) 4 ui(2)
u(z) = 5 ;
~vi(271)Sr(2)/Sb(z) + vi(2)
v(z) = 5 :
Equation (4.3.4) implies that (4.3.1) holds. Direct calculations give us Su(z) =
u(z)/u(z7") = Sr(z2)/Sa(z) and Sv(z) = v(2)/v(z7") = Sr(2)/Sb(z). Hence we
have Sa(z)Su(z )= b(2)Sv(z2) = Sr(2).
Let d(z)

:= ged(u(2),v(z)). Since r(z) = ged(a(z),b(2)), we know that
d(2)r(z)]a(z)u(z ) and d(2)r(z)|b(z)v(z). Hence d(z)r(z) divides the left hand
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side of (4.3.1), which implies that d(z)r(z)|r(z). Therefore, ged(u(z),v(z)) =
d(z) = 1. This completes the proof of the theorem. [ |

Using the Theorem 4.3.1, we can build the following lemma.

Lemma 4.3.1. Suppose Ni(2),Na(z) # 0 are two Laurent polynomials with
symmetry. Then we can find an invertible 2 x 2 matriz P(z) of Laurent poly-

nomials with compatible symmetry, such that

Ni(2) | _ [r(2)
|-[). o

where r(z) = ged(Nq1(2),Na(2)). Also the above matriz multiplication is com-
patible.

Proof. From Theorem 4.3.1, we can find Laurent polynomials u(z) and v(z)

with symmetry, such that
u(z)N1(2) + v(2)Na(2) = r(2), (4.3.6)
with symmetry type
Su(z)SNy(z) = Sv(z)SN2(2) = Sr(2). (4.3.7)

Moreover, by ged(u(z),v(z)) = 1, we can use Theorem 4.3.1 again, to find

Laurent polynomials s(z) and t(z) with symmetry, such that

u(z)t(z) +v(z) (—s(z)) = 1, (4.3.8)
with symmetry type

Su(z)St(z) = Sv(z)Ss(z) = 1. (4.3.9)

u(z) v(z)

(
s(z) t(z)
2?8 = 2:8 = ng ;, that is, Ss(z)SN;(z) = St(z)SNa(z). By the item (3)
of Proposition 4.1.2, this equality and (4.3.7) imply that P;(z) has compatible

Define Py(z) = [ ] We can see from (4.3.7) and (4.3.9) that
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symmetry, and the multiplication in (4.3.10) is compatible. From (4.3.8), we
get det(P1(2)) = u(2)t(z) —v(z)s(z) = 1, which implies that P;(z) is invertible.
Also, according to (4.3.6)

Py(2) [Nl(z)] _ [u(z) v(z)] [Nl(z)] _ [ (2) ]  e310)
No(z) s(z) t(z)| [Na(z) s(2)Ny(z) 4+ t(2)Na(2)

Since r(z) = ged(Ny(z), N2(2)), we get r(z) | s(2)Ny(z) + t(2)Na(z). Define

p(z) == S(Z)Nl(zz(tg(z)'\b(z), and Py(z2) := _pl(z) (1) . We can see det(Py(2)) = 1,

and

Pa2) [ ) ] - [ 1 O] [ ) ] _ [r('z)] .
s(2)Ny1(2) 4+ t(2)Na(2) —p(2) 1| |s(2)Ny(2) + t(2)Na(2) 0

(4.3.11)
According to item (3) of Proposition 4.1.2, we know that Py(z) has compatible
symmetry, and the above matrix multiplication is also compatible. By defining
P(2) := P3(2)P1(2), (4.3.10) and (4.3.11) imply that (4.3.5) holds, and the ma-
trix multiplication in (4.3.5) is compatible. det(P(z)) = det(P(2)) det(P2(2))
1 shows that P(z) is invertible. |

Although it is not easy to reduce A(z) to its Smith Normal Form with
invertible matrices E(z) and F(z) having compatible symmetry, we can still

diagonalize it using the following theorem.

Ai1(z) Aia(z)

A271(Z) A272(Z)
polynomials with compatible symmetry. Then there exist invertible 2 X 2 ma-

Theorem 4.3.2. Suppose A(z) = is a matriz of Laurent

trices P(z) and Q(z) of Laurent polynomials with compatible symmetry, such
that P(2)A(2)Q(z) is a diagonal matrix:

D(z) = [el(z) = P(2)A(2)Q(2), (4.3.12)

where the multiplications are both compatible, and e1(2), ex(z) both have sym-

metry. Furthermore, suppose di(z) and dy(z) are the invariant polynomi-
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als of A(z), then for all zy € C\ {0}, the sequences {Z(ei(z),z0)}2_; and

{Z(d;(2), 20)}2_,, up to a possible permutation, are the same.

The proof of Theorem 4.3.2 will be constructive, so we can use it directly
as an algorithm to find D(z), E(z) and F(z). We build the following lemma as

a useful sub-step in our construction.

Lemma 4.3.2. Suppose A(z) is a 2 X 2 matriz of Laurent polynomials with

compatible symmetry.

(1) If Ay1(z) # 0, then we can find an invertible matriz P(z) of Laurent

polynomials with compatible symmetry, such that

K(s) = B(IAL) — |73 Ais(2)
A(z) :=P(2)A(z) = [ 0 /&22(2)] : (4.3.13)
where r(z) = ged(Ar11(2),A21(2)) # 0, and the above multiplication is

compatible.

(2) If A12(z) # 0, then we can find an invertible matric Q(z) of Laurent

polynomials with compatible symmetry, such that

~ ~ | rz) 0
A(z) :=A(2)Q(z) = [Z‘:Zl(z) ng(z)] : (4.3.14)
where r(z) 1= ged(Ar11(2),A12(2)) # 0, and the above multiplication is

compatible.

Proof. To prove item (1), for the case that A;1(z) = 0, we just take P =

0
to be the permutation matrix. Then (4.3.13) will be satisfied. Notice

that according to the item (1) of Proposition 4.1.2, the permutation matrix is
compatible with any symmetry type.
For the case that Ay 1(2) # 0, we can use Lemma 4.3.1 to find an invertible

matrix 5(2*) with compatible symmetry, such that

B(2) [28] - [“02)] |
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So (4.3.13) will hold with such P(z). According to the item (3) of Proposi-
tion 4.1.2, we know that the multiplication in (4.3.13) is compatible.
Similarly, to prove item (2), for the case that A;1(z) = 0, we just take

~ 01
Q= L O] to be the permutation matrix. Then (4.3.14) will be satisfied.

Notice that according to the item (1) of Proposition 4.1.2, the permutation
matrix is compatible with any symmetry type.
For the case that Ay 1(2) # 0, we can use Lemma 4.3.1 to find an invertible

matrix Q(z) with compatible symmetry, such that

[
i

So (4.3.14) will hold with this Q(z). According to the item (4) of Proposi-
tion 4.1.2, we know that the multiplication in (4.3.14) is compatible. [

AT,l('Z)
AT,2(2>

&) [

Proof of Theorem 4.3.2. For the trivial case that A(z) = 0, we can just take
E=F =15, and D = 0. So we only consider the nontrivial case.

If A(z) is already diagonal, just take P(z) = Q(z) = Iz, and D(z) = A(z).
Otherwise, since some of the off-diagonal elements in A(z) is non-zero, we can

apply the two items in Lemma 4.3.2 repeatedly, to get a sequence of matrices
5\(1)(2), K(Q)(z), ..., where

APtk () .= P P (2)AR)Qu(2) ... Qi (2).

(k1+k2) (Z) _

The process will terminate if ;&(kl*k?)( ) becomes diagonal, i.e., A]
;\gflﬁkz)(z) = 0. Now we prove that the process will terminate after a finite
number of steps.

After applying item (1) of Lemma 4.3.2, for some integer k, we will get a
matrix E\(k)( ) with Al 1)(,2 7é 0 and A21( ) =0. If Al,l( z) | A1,2( z), we can

)
~ _ k) p
use Q(z) = [O AL ( )1/ ") (2)

in item (2) of Lemma 4.3.2, to generate

A () .= AW (2)Q(z). Then we can verify AkH( ) = ;&gkfrl)(z) = 0.
That is, A®+D(2) is diagonal and the algorithm will terminate. Otherwise, if

130



K&’?(z) 1 ;‘\gk%(z), then len(gcd(;& (k) 1(2), ;&gkg(z))) < len(A (k) (z)) Hence, after
applying the item (2) of Lemma 4 3.2 to get Ak () := A(k)( )Q(z), we have
len(AY(2)) = len(ged (Al (2), A{Y(2))) < len(A)(2)). That is, the length
of the (1,1) element will strictly decrease.

Similarly, after applying item (2) of Lemma 4.3.2, for some integer k, we will
get a matrix Z\(k)(z) with Kﬁ’?(z) # 0 and Z\gkg(z) =0. If Kﬁ’?(z) | ;‘:ékl) (z), we
1
—Af(2) /AT (2)
A () .= P(2)A®)(2). Then we can verify AkJrl (2) = ;&gkfrl)(z) = 0.
That is, A®+D(2) is diagonal and the algorithm will terminate. Otherwise, if
E\gkl)(z) 1 E\ékl)(z), then len(gcd(ﬂglfl)(z),Kgfl)(z))) < len(ﬂglfl)(z)). Hence, after
applying the item (1) of Lemma 4.3.2 to get A®T(2) = P(2)A®)(2), we have
len(A(kH)( ) = len(gcd(z\gfl)( ) Agkl)( ) < len(z\glfl)(z)). That is, the length

of the (1, 1) element will also strictly decrease.

~ 0
can use P(z) := [ 1] in item (1) of Lemma 4.3.2, to generate

Therefore, by repeatedly applying the 2 items in Lemma 4.3.2, before it
stops at some diagonal matrix A®1H52)(2) .= P, . P1(2)A(2)Qi1(2) ... Qi (2),
the length of the (1,1) element will strictly decrease. So the process cannot
last forever and must stop after a finite number of iterations. Hence, we
proved that there exist invertible matrices P(z) := Py, ...P1(2), and Q(z) :=
Qi(2) ... Qu,(2) with compatible symmetry, such that D(z) defined in (4.3.12)
is a diagonal matrix, and the multiplications in (4.3.12) are compatible.

Now, let di(z) and dy(z) be the two invariant polynomials of A(z). That
is, there exist 2 x 2 invertible matrices E(z) and F(z) of Laurent polynomials,
such that

] F(2). (4.3.15)

For some arbitrary zy € C\ {0}, write d;(z) = (2 — 2)?(=)#)p,(2), and
ei(2) = (2 — 2)?€)=)q,(2), for i = 1,2. From (4.3.15),

(= = 2 pi(2)
A(z) =E(2) [ (v — ZO)Z(dz(z),zo)] [ pz(Z)] F(2)

[(2 _ ZO)Z(d1(Z)»Zo)
:Ul(z) Vl(z) (4.3.16)

(z — ZO)Z(dQ(Z)’ZO)]
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p1(2)

p2(2)
matrices in variable z in a neighborhood of zy, and are both nonsingular at

holds, where Uy (2) := E(z) and V4 (z) := F(z) are both analytic

2. Since di(z) and dy(z) are the invariant polynomials of A(z), we know that
Z(dl(Z), Zo) < Z(dQ(Z), Zo).
Similarly, if Z(e;(2),20) < Z(ez(2),20), we denote Uy(z) := P~!(z), and

0 1
Vy(z) := %) Q!(z). Otherwise, we denote Uy(2) := P71(2) :
q2(2) 10
01
and Vy(z) == Lo () ) Q !(2). From (4.3.12), we know that
g2l
B '(z — zp)in{Z(e1(2),50) Z(e2(2):20)}
A(Z) = U2(2) (Z . 20)max{Z(el(z),zg),Z(ez(z),zo)}

(4.3.17)
holds, where Uy(z) and Vy(z) are both analytic matrices in variable z in a
neighborhood of 2y, and are both nonsingular at z;. We can see both of
the factorizations in (4.3.16) and (4.3.17) satisfy all the requirements in the
Lemma 2.3.4, so the sequences {Z(e;(2),20)}2, and {Z(d;(z), 20)}2_;, up to a
possible permutation, are the same.

This completes the proof of the theorem. [ |

Theorem 4.3.3. Suppose A(z) is a 2 x 2 Hermitian matriz of Laurent poly-

nomaials with compatible symmetry. If

(1) ged(A11(2), A12(2), A21(2), Asa(2)) = 1;

(2) det(A(z)) = —d(z)d*(z) for some Laurent polynomial d(z) # 0 with

symmetry;

then we can find 2x2 matrices U(z) and B(2) of Laurent polynomials with com-
patible symmetry, such that det(B(z)) = —C' is a negative constant, B*(z) =
B(2), and A(z) = U(2)B(2)U*(z) holds, where the multiplications are compati-
ble.

Proof. 1f det(A(z)) = —C' is a negative constant, we can just define U := I
and B(z) := A(z). Then the proof is completed. So we only need to consider
the case that o(A(z)) is not empty.
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Define A () := A(z). We will provide a procedure to iteratively construct
a sequence of matrices {AY)(z) f(:m whose lengths of the determinants are de-
creasing. For some 2 x 2 matrix AW (z) of Laurent polynomials with (AW (2))
nonempty, suppose AW (z) satisfies the following 3 conditions, which are obvi-

ously true for A () := A(2):
(i) AU*(z) = AW (2), and AU)(z) has compatible symmetry;
(i) ed(AT]](2), ALY (2), ASh (2), AF(2)) = 1

(iii) det(AU)(2)) = —dW(2)dW*(z) for some Laurent polynomial d\¥)(z) # 0

with symmetry.

From such AY)(z), the following procedure will help us to find 2 x 2 matrices
U (2) and AU+ (2) of Laurent polynomials with compatible symmetry, such
that

(1) AW(z) = UL (2)AUHD (2)UW*(2), and the multiplications are compati-

(IT) the conditions (i)(ii) and (iii) above are also satisfied for AU+ (z):
(IT) o(AV*D(2)) C a(AV(2)).

For AU (2) satisfying (i)(ii) and (iii), by Theorem 4.3.2, we can find invert-
ible matrices E(z) and F(z) of Laurent polynomials with compatible symmetry,

such that AU)(z) = E(2)D(2)F(z), where D(z) = @1(2) ) is a diago-
€a( 2

nal matrix of Laurent polynomials with symmetry. Also, by the fact that

E(z) and F(z) are both invertible, without loss of generality, we can assume

det(E(z)) = det(F(z)) = 1, hence

e1(2)ex(2) = det(D(2)) = det(AV) (2)) = —dW(2)dW*(2). (4.3.18)

. 1
Moreover, since the Smith Normal Form of AY)(z) is [ , from

det(AW) (z))]

Theorem 4.3.2, we know that
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Z(ei(2),20) =0 or Z(e;(2),20) = Z(det(A(j)(z))7 20),
for all zp € C\ {0}, =1,2. (4.3.19)

Now, we can define the Hermitian matrix A(z) of Laurent polynomials as

A(z) := E7'(2)AD(2)E*(2) = D(2)F(2)E*(2) = lel(z) o) F(2)E™*(2).
(4.3.20)

Notice that all the matrix multiplications in (4.3.20) are compatible.
Since o(AY)(2)) is nonempty, we can pick some zy € o(AY)(2)). By (4.3.18),
there exists some k € {1,2}, such that (z — zy) | ex(2). Define

a:=Z(ex(2), 20) >0,

by (4.3.19), we know that a = Z(det(AU)(z)), zp). According to (4.3.18), we
can see that Z(e/(z), z0) = Z(det(AV)(2)), z0) — Z(ex(2),20) = a — a = 0, for
[ # k. We have the following 3 possible cases for the locations of zj.

(1) If zp € C\ {0} \ T\ R, we know that zy, z, ', Z and Z ! are four
different points on the complex plane. Define p(z) := (2 —2)*(z — 25 )%,
then according to Lemma 4.1.1, p(z) has symmetry. Since ex(z) also
has symmetry, by Lemma 4.1.1 again, we can see that Z(ey(2),z,") =
Z(ex(2),20) = a. So p(2) | ex(z). From (4.3.20), we get p(z) divides the
k-th row of A(z). Moreover, as A(z) is a Hermitian matrix, we can see
that p*(z) divides the k-th column of A(z). According to the definition of
p(z), we know that p*(z) = 272%(2—%)*(2 — % ')®. Since 20, 2, ', Z and

%o * are different points, we can see that ged(p(z),p*(2)) = 1. Hence,

p(2) | Apr(z) and p*(2) | Agx(2) imply that p(z)p*(2) | Axx(z). Define
Vi,p(2) = diag(p(z), 1), Vy,(2) = diag(1, p(z)). (4.3.21)

We can factor out p(z) from the k-th row of A(z), and factor out p*(z)
from the k-th column of A(2), to get

A(2) = Vip(2)AUTD ()5 (2) (4.3.22)
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for some 2 x 2 matrix AU+ (z) of Laurent polynomials. Define U (z) :=
E(2)Vip(2), then (4.3.20) and (4.3.22) imply that

AV(z) =E(2)A(2)E"(2) = E(2)Vip(2) AUV (2)Vj ,(2)E*(2)
=UU) (2)AUD () U0*(2). (4.3.23)

Since p(z) has symmetry and A(z) has compatible symmetry, we know
from (4.3.22) that AUTV(z) has compatible symmetry as well. Also,
the multiplications are compatible. This proves that the condition (i) is
satisfied for AUTY(z). Also, because E(z) is invertible, by (4.3.20), we
can see that the Smith Normal Form of A(z) is the same as that of AW (2),

det(AW)(2))
This implies that

1 o o o o
which is ] So ged(A11(2),A12(2), Ag1(2),Aga(z)) = 1.

j+1 j+1 j+1
ALY (2), AG T (), AL ()

] Aca(2) Alk(z) A =
(2)p*(2)" p(z) ~ p*(2) AL )) =1.

Hence, the condition (ii) is satisfied for AUTV(z). From

det(A(j)(z)) :det(,&(z)) = det(Vip(2)) det(A(jH)(z)) det(VZ,p(z))
=p(2)p*(2) det(AUHV(2)),

we get det(AUY(2)) = d?(g;;i)((j))) = _d(;zgz)‘i((i;(z). Since d¥)(z) has sym-

metry, by Lemma 4.1.1, we can define

Then, q(2) | d¥(z), and by Lemma 4.1.1, we know that q(z) has sym-

metry. Define dV+V(z) := %. Because d)(z) and q(z) both have
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symmetry, we know that d¥*)(z) has symmetry as well. Also, we have
Z(dU* z) = Z(dY), Z~1) = B,, which implies that

a = Z(det(AY)(2), 29)) = Z(=dDdD* z))
= Z<d(j)7 20) + Z(d(j)*, 20) = B1 + Ba.

q(z)q*(z) :(z _ 20)61+B2(Z _ 20—1)61+62(Z—1 _ Z—O)BlJrBz(z—l _ 2—0—1)61+52

(2= 20)"(z =20 )" (27 = R)* (27 = F )" = p(2)p*(2).

Now, we can see that

det(AUTD(2)) = -

Therefore, we showed that the condition (iii) is also satisfied for AUT1(z).

Notice that (4.3.23) implies that o(AUTD(2)) C o(AW)(2)). Also, 2 €
a(AU)(z)), but
. ot(AU)
—2(det(AD), 20) — Z(p(2), 20) — Z(3*(2), 20)

=a—a—0=0.

Hence, z ¢ o(AUTV(z)). That is, o(AU+V(z)) C o(AU)(z)). This fin-
ishes the proof of the case zp € C\ {0} \ T\ R.

If 2o € TUYR\ {0, £1}, we know that z;* # 2.

For the situation that zy € T \ {£1}, we can see Zg~' = z. So
Z(dU*(2), 20) = Z(dV* z71) = Z(dY)(2),2). For the situation that
2 € R\ {0,£1}, we can see Zy = z5. So Z(dW*(2), 29) = Z(dV), Z57 1) =
Z(dYV)(2),2,") = Z(dY(z), 20), where the last equality comes from the
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fact that d)(z) has symmetry. Thus, in both situations, we get
Z(dV"(2), 20) = Z(dY(2), 20),
which implies that

o =Z(det(AY) (2)), z9) = Z(—dW (2)dV*(2), 2)
=7(d9(2), 20) + Z(dD*(2), z) = 2Z(dY)(2), ) € 2Z. (4.3.24)

Define

p(z) 2:(2 . Zo)a/z(z . Zo—l)a/Qz—a/2
(z4+ 271 —2Re(2))?,  if 20 € T\ {#£1},
(24271 — (20 + 25 1))Y?, if 20 € R\ {0, %1}

For both situations, we can see that Sp(z) = 1, and p*(z) = p(z). Since
a = Z(ex(2), 20), we know that (z — 29)* | ex(2). Also, by the fact that
er(z) has symmetry, we get Z(ex(2),2,") = Z(ex(2),20) = a. So (2 —
2o 1) | er(2). Given that z # £1, that is, z; ' # 2o, we can conclude that
(z—20)%(z — 25 1) | ex(2). That is, p(2)p*(z) = p?(2) | ex(2). According
to (4.3.20), we know that p(z) divides the k-th row of A(z), p*(z) divides
the k-th column of the Hermitian matrix A(z), and p(z)p*(z) divides
Akk(z) So we can factor out p(z) from the k-th row of A(z), and factor
out p*(z) from the k-th column of A(z) simultaneously. Define Vi p(2) as
in (4.3.21), we can see that (4.3.22) holds for some 2 x 2 matrix AU+ ()
of Laurent polynomials with compatible symmetry. Define U(j)(z) =
E(2)Vip(2), then (4.3.20) and (4.3.22) imply that (4.3.23) holds, and
the multiplications in (4.3.23) are compatible. By the same argument as

in case (1), we can see the conditions (i) and (ii) are true for the matrix
AUTD(2).

To prove condition (iii), we can see from (4.3.24) that Z(dV)(z),z) =
a/2. As dY)(z) has symmetry, by Lemma 4.1.1, we also know that
Z(dYV(2),25") = Z(dY)(2), 20) = a/2. So p(z) | d¥)(2). Define d+V(z) :=
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d(j)(z)
p(z) -
dU+1(2) also has symmetry. Moreover, we get from (4.3.23) that

Because d)(z) and p(z) both have symmetry, we know that

sy det(A9)(2)) det(AY)(2))
det(AUTD(2)) = det (UG (2)) det(U(J *(2)) det(Vk p(2)) det(V5 ,(2))
det(A Ul(z))

(Z)d (= ) (1) () gU+D*( 5
D) p<z>p*<> ~dTEdT).

(4.3.25)

Hence, we proved that the condition (iii) also holds for AUTY ().

Furthermore, the above equation gives det(AU+1(z)) = % which

implies that

Z(det(AUTV(2)), 20) =Z(det(AY)(2)), z0) — Z(p(2), 20) — Z(p"(2), 20)
=a—a/2—-a/2=0,

where we used p*(z) = p(z) and the definition of p(z) in the above calcu-
lation. So zy € o(AU)(2)), but 2z ¢ o(AUTY(2)). That is, o(AUTD(2)) C
o(AU)(2)). This finished the proof of the case that zy € T{JR\ {0, £1}.

If zp € {£1}, we know that
w=2'=%""'=7%. (4.3.26)

In this case, Z(d9*(2), z) = Z(dV)(2),Z ") = Z(dY)(z), 29), which im-
plies that (4.3.24) holds. That is, a € 2Z. Define p(z) := (z — 2)*/%.
Using (4.3.26), we can directly calculate that Sp(z) = (—z0)*/22%/2, and
p*(2) = (—202)"*%(z — 20)*%. So p(z) has symmetry. Since a =
Z(ex(2),20), we know that (z — z0)® | ex(2). That is, p(z)p*(z) =
(—202)"%(2 — 2)® | ex(2). According to (4.3.20), p(z) | ex(2) implies
that p(z) divides the k-th row of A(z), and p*(z) divides the k-th col-
umn of the Hermitian matrix A(z). Also, p(2)p*(z) | ex(z) implies that
p(z)p*(z) divides Akk(z) So we can factor out p(z) from the k-th row of
A(z), and factor out p*(z) from the k-th column of A(z) simultancously.
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Define Vi, ,(z) as in (4.3.21), we can see that (4.3.22) holds for some 2 x 2
matrix AU (z) of Laurent polynomials with compatible symmetry. De-
fine UY)(2) := E(2)Vjp(2), then (4.3.20) and (4.3.22) imply that (4.3.23)
holds, and the multiplications in (4.3.23) are compatible. By the same
argument as in case (1), we can see the conditions (i) and (ii) are true

for the matrix AUV (z).

To prove the condition (iii), we can see from (4.3.24) that Z(d\¥)(z), z) =
a/2. So p(z) | d9)(2). Define dV*V(z) := %. Because d¥)(z) and
p(z) both have symmetry, we know that dU*!(z) also has symmetry.
Similar to the case (2), we get from (4.3.23) that (4.3.25) holds. Hence,

we proved that the condition (iii) also holds for AUTD(z).

Furthermore, as (4.3.25) gives det(AU+Y(2)) = dtADE) o can caleu-

p(z)p*(z)
late that

Z(det(AUTY(2)), 20) =Z(det(AV(2)), z0) — Z(p(2), 20) — Z(p"(2), 20)
=a—a/2—a/2=0.

So 2 € o(AU)(2)), but z ¢ o(AUTV(z)). That is, o(AUTD(2)) C
o(AU)(z)). This finished the proof of the case that z, € {£1}.

Hence, we showed that for all possible locations of 2y € C \ {0}, we can
find matrices AUtV (z) and UY)(z), such that (I)(II) and (III) are satisfied.
Since the conditions (i)(ii) and (iii) are still satisfied for AU+ (2), as long as
o(AU+D (%)) is not empty, we can iteratively apply this procedure to generate
a sequence of matrices of Laurent polynomials {AY)(2)}< ) until o(A%)(z))

becomes empty. We get
Az) = A (2) =UO (2) ... UED () A ()UED(2)...UO(2).

Define B(z) := A®)(2), and U(z) := UO(z)---UE=D(2). We can see U(2)
and B(z) both have compatible symmetry, and the multiplications in A(z) =
U(2)B(2)U*(2) are compatible. Moreover, B(z) = A¥)(z) is a Hermitian ma-
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trix of Laurent polynomials, and
det(B(2)) = det(AU)(2)) = —dF)(2)dF)*(2), (4.3.27)

is also Hermitian. Since o(B(z)) is empty, we know that det(B(z)) is a
nonzero monomial. So (4.3.27) implies that the Hermitian Laurent polyno-
mial det(B(z)) must be a negative constant. This completes the proof of the

theorem. [ |

4.3.2 Difference of Squares of Laurent Polynomials with

Symmetry

In this section we study the DOS property of a Laurent polynomial. Given a
Laurent polynomial p(z), we say p(z) has the DOS (difference of squares)
property with respect to symmetry type ez¢, where ¢ € {—1,1}, and
¢ € Z, if there exist two Laurent polynomials p;(z) and ps(2) having symmetry,
such that

p1(2)pi(2) — pa(2)P5(2) = p(2),  and — 2", (4.3.28)

Theorem 4.3.4. Suppose p1(2), p2(2), p3(z) and ps(2) are Laurent polynomials
with symmetry, denote the symmetry types by

Sp;(2) = €29, ;g €{l,-1}, ¢; €Z, j=1,2,3,4.
It satisfies Sp1(z)/Spa(z) = Sps(z)/Spa(z). Define

Ps(2) :=p1(2)ps(2) + 27 p3(2)pa(2),

€1 K

Ps(2) :=pa(2)ps(2) + 2% p1(2)pa(2).
Then Sps(z) and Spg(z) satisfy

. Sps(2)  Spi(z)
o c1+c3 _ cotc3 —
Sps(2) = €1€32 , Spe(2) = €g€32 , Spol2) = Sps(2)

. (4.3.29)
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and

PsPs — PsPs = (P1P] — P2P3) (P3P3 — P4P}) - (4.3.30)

Proof. From Sp1(z)/Sp2(2z) = Sps(2)/Spa(z), we can see that €1e; = €3€4, and

c1 — 3 = c3 — ¢4. Then we can calculate the symmetry types:

S(p1p3)(2) =Sp1(2)Sps(2) = erez2™ ",

S (2p5py) (2) =22 €02 @42 = €642 = €132,
S (p2ps) (2) =Sp2(2)Sps3(z) = €2€3277,

S (2pips) (2) =22 €127 ey 2™ = 164273 = €pe322T 3,

So we can see that Sps(2) = €1€3273 Spg(2) = 263227, and Sps(z) /Spg(2) =
€1€22°7% = Spy(2)/Spa(z). Hence, we proved (4.3.29).
In order to prove (4.3.30), we can rewrite the definition of ps(z) and pg(2)

Ps _ P1 P§ P3
P6 P2 PT| [2“Pa

Therefore, we can directly calculate that

* * [ 1 Ps
P5P5 — PsPg = |P p6]
- —1| |ps

ot

T e erops| |l P1 P3| | P3
- p3 < 1p4 * c
- P2 P1 —1| [p2 PT| |2°'Ps
[ * —C1 /% * * —]' ] p3
=|p; = 1p4] (P1PT — P2p3) .
L I —1_ | 27 P4 |
* * * —C1 R % -]' 1 p3 -
= (PP} — P2P3) [pg z 1p4] c
—1] |2%py

= (P1P] — P2p3) (P3P — P4P}) -
This completes the proof of the theorem. [ |

Lemma 4.3.3. Suppose p(z) is a Laurent polynomial satisfying p*(z) = p(2).
Define o(p) := {z € C\ {0} : p(2) = 0}. Then 3__ rn(p) (P, 20) € 2Z.
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Proof. Since p*(z) = p(z), we know that in time domain p(—k) = p(k) for all
k € Z. So fsupp(p(z)) is a symmetric interval with center 0, and len(p) € 27Z.
Z(p, Zo) € 27.

Partition o(p) into a disjoint union as: o(p) = 04, U 04y U o1, where

By the fundamental theorem of algebra, we can see that ZZO co(p)

Oin ::{ZO € 0(p) : |ZO| < 1}7
Oout :={20 € a(p) : |20] > 1},

or :={z € o(p) : |20| =1}
According to p*(z) = p(z), we know that
Z(p,z0) = Z(p5, 20 1) =Z(p, 2 1), vV zo € C\ {0}. (4.3.31)

The map 7 : z — z ! is a bijection between {25 € C\ {0} : |2| < 1} and
{z0 € C\ {0} : |z0| > 1}. So (4.3.31) implies that 7 is also a bijection be-
tween 0, and 0,,;. Moreover, wehave ). Z(p,20) = > 1o, Z(p,20) =
Zzgéam Z(p,zo ) = Zzoewn Z(p, 20). Now, from

Z Z(p, 20) = Z Z(p, 20) + Z Z(p,20) + Z Z(p; z0)

zo€a(p) 20€0in 20E€0out 20€0T
=2 E p7 ZO E Z(p> ZO) € 2Z7
20€0out zo€oT

we can see that > _po, 0 Z(p, 20) = D2 o, Z(Ps 20) € 2Z.
This finishes the proof of the lemma. [

The following theorem characterizes the DOS property of a Laurent poly-

nomial.

Theorem 4.3.5. Suppose ¢ € {1,—1} and ¢ € Z. A Laurent polynomial p(z)
has the DOS property with respect to the symmetry type €z¢ if and only if

(1) p(z) has real coefficients and p*(z) = p(z);
(2) p(z) satisfies the following technical conditions of the DOS property:

[i] if e =1 and c € 2Z, then there is no condition;
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[ii] ife=1 and c € 2Z + 1, then Z (p,x) € 2Z for all x € (—1,0);
[iii] if e = —1 and ¢ € 2Z, then Z (p,x) € 2Z for all x € (—1,0)J(0,1);
[iv] if e=—1 and c € 2Z + 1, then Z (p,x) € 2Z for all x € (0,1).

Proof. Firstly, we prove the necessity. Suppose we can find Laurent polyno-
mials p;(2z) and po(z) with symmetry, such that (4.3.28) holds. Then taking
the Hermitian conjugate on both sides of the first equation in (4.3.28), we can
see that p*(z) = p(z).

As S (p1pt) (2) = Sp1(2)Spi(z) = 1, similarly, S (p2p3) (2) = 1. So the first
equation in (4.3.28) implies that Sp(z) = 1. In time domain, it can be written
as

p(k) = p(—k), VkeZ (4.3.32)

Also, p*(z) = p(z) implies that in time domain, we have
p(k) = p(—k), VkelZ (4.3.33)

Equations (4.3.32) and (4.3.33) imply p(k) = p(k) for all k € Z. Hence we
know that all the coefficients of p(z) are real. This proves the item (1).

To prove the item (2), we can see from the symmetry types of p;(z) and

p2(z) that

p1(2) p1(2) «
Sp1(2) " Spi(z)

pi(z) =pi(z71) =

For z =z € R\ {0}, we can see

o) =p1 ()P () — pale)pi(@) = [p1 (@) /Spa(e) — [pa(e)]? ex/Spa ()
- (|P1(~’U)’2 — ex’ \P2($)\2) /Sp1(z).

When € =1 and ¢ € 2Z + 1, since ex® < 0 for all z € (—1,0), we can see that
Z(p,x) = 2min (Z(p1,x),Z(p2, x)) € 2Z for all x € (—1,0). Thus, we proved
the item [ii]. The items [iii] and [iv] can be proved similarly. This proves the
necessity part of the theorem.

Now, we prove the sufficiency. Notice that if (4.3.28) holds, then for any
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integer k, we have

k k x () = p(z an S (#*pi(2)) _ o2k
(2"p1(2)) (2*p1(2))” = pa(2)p3(2) = p(2), d Soals) .

Hence, we only need to prove the DOS property for the symmetry type ez¢,
where € € {1, -1} and ¢ € {0,1}.

Since p*(z) = p(z), we know that in time domain, p(—k) = p(k), Vk € Z.
Also, as p(z) has real coefficients, we can conclude that p(—k) = p(k) for all
k € Z. That is, Sp(z) = 1. By Lemma 4.1.1, we know that Z(p(z),2,") =
Z(p(z),20), for all zyp € C\ {0}. Also, from p*(z) = p(z), we can see that
Z(p(2),z07Y) = Z(p*(2), 20) = Z(p(2), 29) for all zy € C\ {0}. Hence, we get

Z(p(2),20) = Z(p(2), 25 ') = Z(p(2), 0 ') = Z(p(2), Z0),  V z0 € C\ {0}.
(4.3.34)

Furthermore, according to Lemma 4.1.2, we can conclude from Sp(z) = 1 that
Z(p,1) €2Z  and Z(p,—1) € 2Z. (4.3.35)

By (4.3.34) and (4.3.35), we know that there exists a real number A, such
that Ap(z) can be written into the product of the following 4 types of factors:

(a) q(z) = 274z — 20)> = 2 — 220 + 27}, where 29 € 01y;

(b) a(z) =272(z — 20)(z — 25" )(z = %) (2 — Z '), where 2z € Tin,ups
(c) q(2) = 271 (2 — 20)(# — %), where 2 € 0T up;

(d) q(2) = 274z — 20)(2 — 25 "), where 29 € O in;

where we denote o(p) := {zp € C\ {0} : p(z0) =0}, and

o :=o(p)N{-1,1},
Tinup =0 (p) N {20 € C\ {0} : [2] <1,Im(2) > 0},
orup :=0(p) N{z0 € C\ {0} : [20] = 1,Im(20) > 0},
or.in =0(p) N {z0 €R : 0 < |2 < 1}.
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By Theorem 4.3.4, in order to prove the DOS property of p(z), we only
need to prove that all of the factors above have the DOS property with respect

to the specific symmetry type ez¢. We will discuss them one by one.

Type (a) For zy € 041, we can see that
=12 =0 (z—1D)(=z-1* z'z+12=(z+1)(z+1)"-0%

Since 0 has symmetry of any type, we can see this factor has DOS prop-
erty with respect to all the symmetry types e € {—1,1} and ¢ € {0, 1}.

Type (b) For zy € 0y 4p, We can see that

a(z) =2%(z —20)(z — 2 Nz —@)(z =7 ')

= [l20/ 727 (2 = 20) (= = Z)] [[20] 27" (2 = 20) (= = Z)]”

— 02,

Since 0 has symmetry of any type, we can see this factor has DOS prop-
erty with respect to all the symmetry types € € {—1,1} and ¢ € {0,1}.

Type (c) For zy € o1, we know that

q(z) = 27 (2 — 2)(z — Z) = 2 — 2Re(zo) + 271,

where | Re(zo)| < 1.

For the symmetry type ¢ = 1 and € = 1, we can take q;(z) := z+ 1, and
as(2) == \/2+ 2Re(z). Then q = q1q} — d2q3, and Sa1(2)/Saz(2) = =.
For the symmetry type ¢ = 1 and € = —1, we can take qi(z) :=

V2 —2Re(2), and qu(2) := 1 — z7!'. Then q = qi97 — q2q35, and
Sq1(2)/Sqa(2) = —=.

For the symmetry type ¢ = 0 and € = —1, we can take qi(z) :=
IS (2 4 1), and ay(2) == /FH5E (2 — 1). Then q = qiaf — qua,

and Sqi(2)/Sq2(z) = —1.

For the symmetry type ¢ = 0 and e = 1, we can take q;(z) := 2_24\1};(2?2:?1 ,
—2Re(zo

2—2421

and qQ(Z) = m. Then q= q1q1( —ngg, and Sql(Z)/SqQ(Z) =1.
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Type (d) For zy € ogrn, that is, zp € (—1,0) U (0, 1), we know that

qz) =z z—2)(z—2) =2 (20 +2") + 27"

If Z(p, 29) € 27, we only need to consider the factor q*(z):

a*(2) = q(2)q"(2) — 0*.

Hence, we get q> = q1q] — q2q5, where q;(2) := q(2) and qz(z) := 0.
Since Sq(z) = 1 and 0 can be taken as any symmetry type, we have
Sp1(2)/Sp2(z) = ez¢ for all € € {1,—1} and ¢ € {0, 1}.

Now we consider the case that Z(p, zo) € 2Z + 1.

For the case e = 1 and ¢ = 0, define q(2) := 2z + 27! — (20 + 75 ') + 1,
and qs(2) = z+ 27" — (20 +25') — ;- Then q = qiq}] — q2q3, and
Sq1(2)/Sqa(z) = 1.

For the case e = 1 and ¢ = 1, by the item [ii], we only need to consider

2 € (0,1). So we can define q;(2) := z+1, and qa(2) 1= /2 + 20 + 25 '
Then q = qiq] — q203, and Sq1(2)/Sq2(2) = 2.

For the case € = —1 and ¢ = 0, by the item [iii], we have Z(p, z9) € 2Z.

So this situation will not happen.

For the case ¢ = —1 and ¢ = 1, by the item [iv], we only need to

consider 2z € (—1,0). So we can define q;(z) := /2 — 2 — 2, ", and
q2(2) := 27! — 1. Then q = q19} — q295, and Sq;(2)/Sqa(2) = —2.

This completes the proof of the sufficiency part of the theorem. [ |

4.3.3 Spectral Factorization of Matrices of Laurent Poly-

nomials with Symmetry

In this section, we prove the necessary and sufficient conditions of the spectral
factorizations of 2 x 2 matrices of Laurent polynomials with symmetry. We

need the following lemma first.
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Lemma 4.3.4. If p(z) and q(z) are two Laurent polynomials with symmetry,
satisfying q(2)q*(2)|p(2)p*(z), then there exists a Laurent polynomial d(z) with
symmetry, such that

p(z)p*(2)
q(z)a*(z)’
Furthermore, for each Laurent polynomial d(z) with symmetry satisfying (4.3.36),

there ezists an integer k, such that Sd(z) = 22’“—22%2-

d(2)d*(z) = (4.3.36)

Proof. Denote the Laurent polynomial a(z) := 282:8 According to [45,

Theorem 3.1.8], there exists a Laurent polynomial d(z) with symmetry, such
that a(z) = d(z)d*(z) if and only if the following conditions hold:

(1) Sa(z) =1 and all the coefficients of a(z) are real numbers;
(2) a(z) =0 for all z € T;
(3) for all real numbers x € (—1,0) U (0, 1), Z(a,z) € 2Z.

From the definition of a(z), we can directly calculate that Sa(z) = 1. That is,

a(—k) = a(k), Vkel (4.3.37)

a(—k) = a(k), Vkel (4.3.38)

Equations (4.3.37) and (4.3.38) imply all the coefficients of a(z) are real num-
bers. Hence, we proved the item (1).

As p(z)p*(2) = 0 and q(2)g*(z) > 0 for all z € T, we can see that a(z) =
p(z)p*(2)/q(2)q*(z) = 0 for all z € T. This proves the item (2).

For an arbitrary real number z € (—1,0) U (0, 1), since p and q both have

symmetry, we know

Z(p*,z) = Z(p,x ") = Z(p, ), Z(q*,z) = Z(q, 2 ') = Z(q, z).
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Therefore,

Z(a,z) =Z (zz:,x) =Z(p,z)+Z(p*,z) —Z(q,z) —Z(q",x)

=27 (p,z) — 2Z (q, z) € 27Z.

This proves the item (3). Hence, there exists a Laurent polynomial d(z) with
symmetry, such that a(z) = d(z)d*(z).

To calculate the symmetry type of d, denote Sd(z) = €42, Sp(z) = €,z
and Sq(z) = €,2%, for €4,€,, ¢, € {1,—1} and cq,¢,,¢, € Z. According to
Lemma 4.1.2 (1), we know that ¢; = (—1)ZdV) = (=1)ZPD=2@D = ¢ /e .
From Proposition 4.1.1 (5), we get

odd(cq) =odd(len(d)) = odd(len(p) — len(q)) = odd(odd(len(p)) — odd(len(q)))
=odd(odd(c,) — odd(c,)) = odd(c, — ¢).

22—8. This completes

the proof of the lemma. [ |

Therefore, we can find an integer k, such that Sd(z) = 2%*

Theorem 4.3.6. Suppose A(z) is a 2 X 2 Hermitian matriz of Laurent poly-
nomials with compatible symmetry, denote its symmetry type by SA(z) =

1 a(?) Uri(z) Ui
a*(z) Uz1(2)  Uza(

. Then we can find a matriz U(z) = [ Zi of Lau-
z

1
rent polynomials with compatible symmetry, such that A(z) = U(z) [ ] U*(2)

—1
holds, and the symmetry type satisfies

SUii(2)  SUia(z)
SUsi()  SUsa(z) ~ 1) (4.3.39)

if and only if the following two conditions hold:
(1) det(A(z)) = —d(z)d*(z) for some Laurent polynomial d(z) # 0 with
symmetry.
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(2) Define py(z) := ged(A11(2),A12(2), As1(2), As2(2)), and

()= b
Plz)= (z — 1)Z(Po1) (z 4 1)Z(Po,— 1)

Then p(z) satisfies the DOS (Difference of Squares) condition with re-
spect to type Sd(z)a(z).

Proof. Firstly, we prove the sufficiency part by constructing U(z) in the fol-

lowing 4 steps.

Step 1 Since A(z) is Hermitian, we know that A7,(z) = A;1(z). Together
with SA; 1(2) = 1, we can conclude from Lemma 4.3.3 that Z(A; 1(z), 1) €
27, and Z(Al’l(Z), —].) € 27. Let

B =i {32(A1(2), 1), Z(Aval) )}
f = min {5 Z(A1a(2). <), Z(a(e), 1) |

and define f(2) := (z — 1)%*(z + 1)%2. Then we know that f divides the
first row of A(z). Since A(z) is Hermitian, f*(z) also divides the first
column of A(z). Moreover, f(2)f*(z) = (=1)1(z — 1)1 (2 41)2P2 P15
divides A;1(z). Define

A11(Z) A12(Z)

_ i) Al f(z) 0

A(2) = [fﬁ\ﬁ,fé)) oY ] F(2) :—[ - (4340)
) 22(?) 0 1

We can see that A(z) = F(2)A(z)F*(z), and A(z) is a Hermitian matrix

of Laurent polynomials with compatible symmetry.

Step 2 Define
p(2) == ged <A1,1>A1,2, Ag 1, A2,2> , (4.3.41)

By the definition of 31, we can see

min{Z(/Kl,l, 1), Z(Ayo, 1)} — min {z (% 1) . Z (% 1)}
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=min{Z (A1, 1) = Z(ff*,1), Z(A12, 1) = Z(f, 1)}
:mln{Z (A171, 1) - 2B1, Z (ALQ, 1) - 61} = 0.

Hence,
Z(p(2),1) =0. (4.3.42)

Similarly, from the definition of £33, we can get
Z(p(z),—1) =0. (4.3.43)
Moreover, for all 2o € C\ {0,1, -1},

Z(B(Z), ZO) =min {Z (Kl,h Z0> ) VA <;&1,27 ZO) ) Z (KQ,la ZO) y z <;&2,27 ZO) }
=min {Z (A1,17 Zo) -0,Z (A1,2, Zo) -0,Z (A2,17 Zo) -0,Z (A2,2> Zo) - O}
=min {Z (A1,17 ZO) ) VA <A1,27 ZO) 9 VA (A2,17 ZO) ) VA (A2,27 ZO)}
=Z(po(2), 20)- (4.3.44)

From (4.3.42)(4.3.43)(4.3.44), we can see that p(z) = (Z_I)Z(po,llj)o((;il)z(porl) =

p(z). According to the item (2), p(z) satisfies the DOS condition with

respect to type Sd(z)a(z). By the item (1) of Theorem 4.3.5, we can see

that p*(2) = p(2), and Sp(z) = 1. Define A(2) := =5A(z), then A(2) is

a Hermitian matrix of Laurent polynomials and SA(z) = SA(z). Also,

o  Alz) A(z) B —d(z)d*(2)
A = 58~ WFE) AP IR () TERE) GRCIT
(4.3.45)
From Lemma 4.3.4, we know that there exists a Laurent polynomial d(z)

o

with symmetry, such that det(A(z)) = —d(z)d*(z).

Step 3 Since gcd(/&ljl(z),ALg(z),Am(z),,&m(z)) = 1, we can see that A(z)
satisfies all the conditions in Theorem 4.3.3. Thus, we can use Theo-
rem 4.3.3 to find matrices A(z) and U(z) of Laurent polynomials with
compatible symmetry, such that A(z) = U(z)A(z)U*(z), where the mul-
tiplications are both compatible and det(A(z)) = —C' is a negative con-

stant.
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Step 4 Now, we can verify that A(z) satisfies all the requirements in The-
orem 4.2.1. Applying the Theorem4.2.1, we can find a matrix V(z)

of Laurent polynomials with compatible symmetry, such that A(z) =

V*(z). Combining all the above constructions, we get

—1

o

>
—~
S
S~—
I
n
—~
IS
N—
P
—~
IS
N—
T
*
—~
IS
I
o
—
S
SN—
T
—~
IS
S~—
>
—~
IS
S~—
=
*
—
S
S~—

V*(2)U*(2)F* (). (4.3.46)

—1
Define U(z) := F(2)U(2)V(z). Then from the construction of F(z), U(z)

and V(z), we can see that the multiplications are compatible, hence U(z)

has compatible symmetry. Furthermore, (4.3.46) implies that

A2) = 5(2)U(2) [1 _1] U (2), (4.3.47)

thus 258 sl = a(z), and det(A(2)) = —p(2)p*(2) det(U(2)) det(U(=))*.

By the item (1), we know that

det(U(z)) det(U(z))* = _B((ijgéf\(<§))) - ;Eg’g:i;

Since det(U(z)) also has symmetry, according to Lemma 4.3.4, we can
see that there exists some integer k, such that Sdet(U(z)) = 22 %22 =
2?*Sd(2). Denote SU; 1(z) = €;2%, where ¢; € {1,—1} and k; € Z, we
can calculate that

50172(2) _501,2(2)50271(2’) . Sdet(U(z))
SU;1(2) SU11(2)SUsi(2)  SUpq(2)SUsi(2)
ZQde(Z) 50171<Z)

B (501,1(2)> i 502,1<2)

= 22F72MGd(2)a(z). (4.3.48)
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Since p(z) has the DOS property with respect to type Sd(z)a(z), by The-
orem 4.3.5, we know that p(z) also has the DOS property with respect
to type 22*72M1Sd(2)a(2). Hence, there exist Laurent polynomials p;(z)
and ps(z) with symmetry, such that

- . . Spi(z _

B(2) = PPI() ~ pa(Ip(2), o) = ehisg(z)az).

Spg(Z)
(4.3.49)

Equations in (4.3.49) implies that

p2(2) pi(z
U |Pr(2) Pa(2)
U(z) :== U(z) [pQ(z) p{(z)] : (4.3.51)
we can see from (4.3.47) and (4.3.50) that
_ (s P U (o) = Ul |1 "
A) =T >[ _M]u (=) = U >[ _Ju ()

From the symmetry types relationship in (4.3.48) and (4.3.49), we know
that SUM(Z)Spl(z) = SOljg(Z)Spg(Z). By the item (4) of Proposition 4.1.2,
we can directly verify that the multiplication in (4.3.51) is compatible.
Hence, U(z) has compatible symmetry and (4.3.39) holds. This finishes
the proof of the sufficiency part.

Now, we will prove the necessity part of the theorem. Suppose A(z) =

1
U(z) . U*(z), where U(z) has compatible symmetry and (4.3.39) holds.

Take d(z) := det(U(z)), then d(z) has symmetry and det(A(z)) = —d(z)d*(z).
This proves the item (1).

To prove the item (2), we can repeat the Step 1 above in the sufficiency
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proof. (Notice that the construction in Step 1 does not use any assumptions
in the item (2).) Using the Step 1, we can define A(z) and F(z) as in (4.3.40),

where K(z) is a matrix of Laurent polynomials with compatible symmetry,

and A(z) = F(2)A(z)F*(2) holds. Then, we can define p(z) as in (4.3.41). By
the same argument as in Step 2 above, we can see that (4.3.42), (4.3.43) and
(4.3.44) hold. That is, p(z) = (Z_l)Z(PO,E)O((sz_l)z(m,_l) = p(z). Thus, to prove item
(2), we only need to show that p(z) has the DOS property with respect to type

Sd(z)a(z).

Since all the four elements in the matrix K(z) have symmetry, according
to the definition of p(z) in (4.3.41) and item (2) in Lemma 4.1.1, we know
that p(z) also has symmetry. Denote Sp(z) = €z, where ¢, € {1, —1} and
co € Z. From (4.3.42) and (4.3.43), we know that Z(p,1) = 0 € 2Z and
Z(p,—1) =0 € 2Z. By Lemma 4.1.2, we get ¢y = 1 and ¢y € 2Z. Without loss
of generality, we can redefine p(z) by p(z) := 27/?p(z), and get Sp(z) = 1.

For all zy € C\ {0}, we can calculate from the definition of p(z) in (4.3.41)
that

i {Z </’&171,z_0_1> Z (&,2,2_0_1) A <K2717Z_0_1> ,Z ('KQ’Q’Z_O_1>}
= min {Z (Ail, zo> Z (/X\{Q, zo> L (K;l, Zo) ,Z (:&5,27 Zo)}
{Z <A1,1, Zo> L (Km, Zo) A (K1,27 ZO) Z (Km’ ZO)}

In the third equality, we used the fact that A(z) is Hermitian, that is, K{l =
5\1,1, 7&{,2 = KQ,l, K;A = 7&172, and K;Z = ;‘\272. According to item (3) of
Lemma 4.1.1, we can see that the above equality implies that there exist some
¢ € Z and € € T, such that p(z) = €z°p*(z). Since Sp(z) = 1, we know
that fsupp(p(z)) is a symmetric interval with center 0. Hence, fsupp(p*(2)) =
fsupp(p(z)). This implies that ¢ = 0. If € # 1, without loss of generality, we
can redefine p(z) := ¢ /2p(z). Then p*(z) = p(z). Notice that multiplying
the constant ¢~1/2
have Sp(z) = 1. Therefore, we proved that p(z) satisfies the item (1) of the

Theorem 4.3.5. To prove that p(z) has the DOS property, we only need to

does not change the symmetry type of p(z), that is, we still
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prove that it also satisfies the item (2) of the Theorem 4.3.5.

Now, we can define A(z) = ﬁz\(z) Since p*(z) = p(z), we know that
A(z) is a Hermitian matrix of Laurent polynomials. Also, by Sp(z) = 1, we can
sce that A(z) has compatible symmetry with SA(z) = SA(z). Also, (4.3.45)
holds. From Lemma 4.3.4, we know that there exists a Laurent polynomial
d(z) with symmetry, such that det(A(z)) = —d(z)d*(z). Together with the
fact that ged (Al’l(z),ALQ(Z),AQJ(Z),AZQ(Z)) = 1, which satisfies the DOS
condition with respect to any type, we know that the matrix A(z) satisfies
both the conditions in items (1) and (2). So, by to the sufficiency part of the
theorem, which has already been established above, we know that there exists

a 2 X 2 matrix U(z) of Laurent polynomials with compatible symmetry, such

0 o |1 °
that A(z) =U [ . U*(2).

1
Using the factorization A(z) = U(z) [ ] U*(z), we have

~1
] U*(2) =A(2) = FAR)F(2) = B2 F)AGIF (2)
_1] 0°(:)
—5(=)U(2) [1 _1] U(2)

where U(z) := F(2)U(z) has compatible symmetry. Define Q(z) := adj(U(z))U(z),
and d(z) := det(U(z)). Then Q(z) has compatible symmetry and d(z) has

symmetry. We can see from the above equation that

Q(2) [1 _1] @' () =adi(0(:) V() [1 _1] U*(2) adj(0(2))"



=B () [1 _1] .

Checking the top-left entry of the above matrix equation, we get E(z)a(z)a*(z) =
Q11(2)Q} 1(2)—Q12(2)Q} 5(2). Denote SUy »(2) = €122, where e, € {1, -1}
and c; 2 € Z. The symmetry type

SQLl(Z) _SULl(Z) . SULI(Z)SUQ’Q(Z) . Sd(Z)
SQLQ(Z) _SULQ(Z) N SULQ(Z)SUQ’Q(Z) n SULQ(Z)SUQ’Q(Z)
. Sd(Z) SU1 Q(Z) _ 2720172 Nl
_(SU172(Z’))2 SU272<Z) Sd( ) ( )7

where we used Sd(z) = SU;;1(2)SUz2(2), and 23;—28 = a(z). Therefore,
p(2)d(z)d*(z) has the DOS property with respect to type z7212Sd(z)a(z).
By Theorem 4.3.5, we know that p(z)d(z)d*(z) also has the DOS property
with respect to type Sd(z)a(z). More precisely, it satisfies the condition
in item (2) of Theorem 4.3.5. For all zp € R\ {0}, we can check that

Z(d*, ) = Z(d,Z07) = Z(d, z5") = Z(d, 2). So, Z(d(2)d*(2), z) € 2Z, and

odd (Z (p(2), 20)) = odd (z (s(z)a(z)a*(z>, zo)) . Yz eR\ {0}

Hence, we proved that p(z) also satisfies the item (2) of Theorem 4.3.5. There-
fore, p(z) has the DOS property with respect to type Sd(z)a(z). This com-
pletes the proof of the necessity part of the theorem. [ |

4.4 Construction of Quasi-tight Framelet Fil-
ter Banks with Two High-pass Filters and
Symmetry

In this section, we will try to characterize quasi-tight framelet filter banks
{a; b1, b2} o () co) With symmetry property. As the case of tight framelets (¢; =
€2 = 1) has already been studied in [48, 40], we only investigate the case that
(€1,€2) = (1, —1) here.

155



Given a low-pass filter a and a moment correcting filter © with symmetry,

firstly we discuss the possible symmetry types of the high-pass filters.

Theorem 4.4.1. Let {a;b1, b2} (c,eo) b a quasi-tight framelet filter bank, such

that all the filters ©, a, by, by are not identically zero and have symmetry:
SO(z) =1, Sa(z)=-¢€2° Sbi(z) =€12, Sby(z) = €32? (4.4.1)

for some €,€1,e5 € {1,—1}, and ¢,c1,c0 € Z. Then the symmetry centers
satisfy
(&1 +c &€ 2Z, Co +c e 2Z (442)

Proof. Recall the condition of the quasi-tight framelet filter bank {a; b1, ba}e (e, e0)
requires:

O(z%)a(2)a*(—2) + by (2)b}(=2) — ba(2)b3(—2) = 0. (4.4.3)

For the symmetry types of the three terms in (4.4.3), we have

Because ¢, ¢; and ¢, are all integers, at least two of the three numbers (—1)°,
(—1)°, (=1)® must be the same. We now prove that all the three numbers
must be equal. Suppose (—1)¢ = (=1)* # (=1). Moving the by(z)b5(—2)
term from the left to the right-hand-side of the equation (4.4.3), we can see
that the left-hand-side of the equation has symmetry type (—1)¢, and the
right-hand-side has symmetry type (—1)®. Since by(z)b5(—2) # 0, it cannot
have different symmetry types. So (—1)® = (—1)° = (—1)®. The other cases

can be proved similarly. [

Since our construction of quasi-tight framelet filter banks is based on
the factorization of the matrix N, g, () of Laurent polynomials into the
polyphase matrix of high-pass filters, we need the following lemma for the

symmetry type of coset sequences.
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c

Lemma 4.4.1. Suppose u € lo(Z) has symmetry: Su(z) = €z¢, where € €
{=1,1} and c € Z. Then the following results are true.

(1) If ¢ is an even integer, then ul®(2) and ull(2) both have symmetry:

[0]
Su[o](z) = 22, Su[l](z) = 2%, 23[1}22 = z.
(2) If c is an odd integer, for all k € Z, we can define
1|1 2
Pr(z) := — , ke, 444
()= L _Zk] (144
and
vi(2) ul(2) 1 [ul9(z) + 2Fulll(2)
=Pu(2) | RGN k(L :
Vo (2) ull(2) 2 [ulf(2) — ZFultl(2)
Then vy, vy have symmetry:
Svi(z) = 2T T, Sva(2) = —ex T R Svi(2) =—1.

Sva(z)

On the other hand, suppose vi,vy € lo(Z) both have symmetry. The following

results are true.

(3) If for some c € Z,

Svi(z)
Sva(2)

Svi(z) = ezt Sva(z) = €2°,

=z

hold, then u(z) := vi(2?) + 2vo(2?) also has symmetry: Su(z) = ez?2.

(4) If for some c € Z,

Svi(z) = ez, Sva(2) = —ez",



hold, using Pr(z) as (4.4.4), we can define

Wl(Z)] —PI(2) [vl(z)] _ 1 [ 1 1 ] [vl(z)] _ L [ v1(2) + va(2)
wa(z) F va(2) V2 278 =2 |ve(2) V2 | 27Pv(2) — 2Py,

Then u(z) := wy(22) 4+ 2wa(22) also has symmetry: Su(z) = ez?(c=R+L,

Proof. Notice that for any Laurent polynomial u(z), we have

u(z) +u(=2)],  ul(z?) = %Zl u(z) —u(=2)].

Using these two identities, the 4 items in the lemma can be proved by direct

calculations. [ |

Based on Theorem 4.3.6, we can give the necessary and sufficient condition

for the existence of quasi-tight framelet filter banks with symmetry.

Theorem 4.4.2. Let a,0 € ly(Z) be given filters having symmetry: Sa(z) =
€z¢ and SO(z) = 1. ©* = O. Let n, be an integer number satisfying (2.4.1).
Define N, ojn,(2) as in (2.1.10). Then there exists a quasi-tight framelet filter
bank {a;b1,ba}e,1,—1) with symmetry and n, order of vanishing moments if

and only if the following two items hold:

(1) det(Nsopm,(2)) = —dn,(2)d};, (2) for a Laurent polynomial d,,(z) having

symmetry.

(2) p(2) has the DOS (Difference Of Squares) property with respect to sym-
metry type (—1)ctmezoddletm)=1Gq () where p(z) is defined as

Po(2) :=ged ([N’ayelnb(z)h,w {/\/’a,emb(z)} 1,27 [N’a,@\nb(z)}g,l , [N;velnb@)bz) y

po(2)
” 1)Z(p0,1)(z + 1)Z(P07*1) )

In case of ©® = &, we have po(z) = p(z) = 1. So this condition is

automatically satisfied.
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Proof. Recall the definition of N, g, (2)

1 |Af(2) + BOI(2) z(Al(z) — BU(2))
M,@Im(Z) = 5 Am(z) n B[l](z) A[0]<z) B B[O}(z) , (445)

where

O(z) — ©(z?)a(z)a*(2)
(1—2)»(l—z"1)m

—0(z%)a(z)a*(—2)
(1+2)m (1 — 2z

A(z) == , B(z) :=

(4.4.6)
From the symmetry types of a(z) and ©(z), it is easy to calculate SA(z) =1

and SB(z) = (—1)“*™. By Lemma 4.4.1(1), we know that

SA[O](z) =1, SA[l](z) = z_l’ SB[O}(Z) _ (_1)c-i-nb7 SB[l}(Z) _ (_1)c+nbz—1‘
(4.4.7)

Firstly, we prove the necessity part of the theorem. Suppose there ex-
ists a quasi-tight framelet filter bank {a;b,bs}e,1,-1) With symmetry, where
Sby(z) = €12 and Sby(z) = €22, Since both high-pass filters have at least

ny order of vanishing moments, we can write
be(z) = (1 — 27 1)™by(2), (=1,2, (4.4.8)

for some Laurent polynomials bl(z) and bg(Z) From the symmetry types of

by and b, we can see Sby(z) = €127 and Sby(z) = €g221".

If ¢ +ny € 2Z, we know from (4.4.7) that SN, en,(2) = | _| A By

z
Theorem 4.4.1, we can see that c+n;, € 2Z implies ¢;+ny, € 27 and co+ny, € 27.
Hence, according to the symmetry types of by, by and Lemma 4.4.1(1), we know

that

B[O](Z) B[O](z)
U(Z) = 0[11] 0[21] (449)
bi'(z) by'(2)
(c1+mp)/2 (catmp)/2
has compatible symmetry SU(z) = s s . According

Elz(cl+nb)/2—l 622(62+nb)/2—1

to Theorem 2.1.2, {a; b1, b2}e,1,-1) is a quasi-tight framelet filter bank with 7,
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order of vanishing moments implies that

Naom,(2) = U(2) [1 _1] U*(z2) (4.4.10)

holds. That is, NV, e, () has a spectral factorization with symmetry as in
Theorem 4.3.6. From the necessity part of Theorem 4.3.6, we know that the
items (1) and (2) hold.

If c+n, € 2Z+1, for any integer k, we can take Py(z) as (4.4.4), and define

N(z) := Pi(2)Naem,Pi(z). From (4.4.5) and (4.4.7), it is straightforward to
1 -1

calculate that N(z) has compatible symmetry: SN(z) = n Denote

U(z) as in (4.4.9). By Theorem 4.4.1, we can see that ¢+ n, € 2Z + 1 implies
c1+ny € 2Z41 and co+ny, € 2Z+ 1. Hence, according to the symmetry types
of by, by and Lemma 4.4.1(2), we know that U(z) := P(2)U(z) has compati-

Cl“"”b*l 62+nb71
_ e LIy -
ble symmetry: SU(z) = - cginy—1 ., |- For the quasi-tight
e TR e Rk

framelet filter bank {a; b1, b2}e (1,-1), (4.4.10) must hold. (4.4.10) implies that

N:) =Pu(:)Aam,Pi2) = Pu(2)U(2) [1 |vere

_0(2) [1 _J U (2).

That is, N(z) has a spectral factorization with symmetry as in Theorem 4.3.6.
Notice that Pg(z) is a unimodular matrix, i.e., the Smith Normal Form of
N(z) and N, gjn,(z) are the same. So the ged of the 4 elements in N(z) and
det(N(z)), up to multiplications by some monomial, must be the same as those
of N ejn,(2). Therefore, from the necessity part of Theorem 4.3.6, we know
that the items (1) and (2) in the theorem hold. This proves the necessity part

of the theorem.
Now we will prove the sufficiency part.

For the case that ¢ + n, € 27Z, from (4.4.5) and (4.4.7), we know that
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1
51

SNa e, (2) = i . From the sufficiency part of Theorem 4.3.6, the two

items in the theorem imply that there exists a 2 x 2 matrix U(z) of Lau-

rent polynomials with compatible symmetry, such that (4.4.10) holds, and
SU11(2) _ SU1a(2) c ° 5[10}(2) B[zo](z)
LA = 22220 = 20 Define by(z) and bo(z) as =U(z) =

SUQJ(Z) - SU2,2(Z) B[ll](z) 5[21](2:)

U U o o
11(2) Una(2) . According to Lemma 4.4.1(3), b; and by both have sym-
Ug1(2) Uzz(2)

metry. Define filers b; and by as (4.4.8), we know that b; and by are high-pass
filters with symmetry as well. According to Theorem 2.1.2, {a;b1,b2}e,(1,-1)
is a quasi-tight framelet filter bank with symmetry and n, order of vanishing

moments.

For the case that ¢ + n, € 2Z + 1, for any integer k, we can take Py (2)
as (4.4.4), and define N(z) := Py(2)N, o/n,Pi(2). From (4.4.5) and (4.4.7), it
is straightforward to calculate that N(z) has compatible symmetry: SN(z) =

1
—1
know that N(z) satisfies the 2 conditions in Theorem 4.3.6 with a(z) = —1. By

the sufficiency part of Theorem 4.3.6, we can find a 2 x 2 matrix U(z) of Laurent
1

—1
b (2) By (2)| _
bi'(2) by'(2)]
P;l(z)g(z) According to Lemma 4.4.1(4), b, and by both have symmetry.
Define filers b; and by as (4.4.8), we know that b; and by are high-pass filters

with symmetry as well. Since Py (z) is invertible and

_1 . Since N(z) and N, gjn,(2) has the same Smith Normal Form, we

polynomials with compatible symmetry, such that N(z) = U(z) U*(z)

holds, and 23;8 = 28;2%2 — —1. Define b; and by as [



SOy B0 [ Oy B0l T
we know that N, gy, (2) = [[11](Z) 0[21}(2) 0[11](2) 0[21]<Z) holds.
bi'(2) by'(2) —1| |bi'(2) by'(z)

According to Theorem 2.1.2, {a;b1,b2}e,1,-1) is a quasi-tight framelet filter
bank with symmetry and n, order of vanishing moments. This completes the

proof of the sufficient part of the theorem. [ |

4.5 Illustrative Examples
Example 4.1. Choose © = § and low-pass filter
az) = -1 (F—62+1)(1+ 222N (1427 (1 - 2)t,

where X = —3 + ‘1/—65. We have smy = 1.0193, and Sa(z) = 1. Notice that

sr(a) =2 and vin(1l — aa*) = 4. Take n, = 2, then the constructed quasi-tight
framelet filter bank {a; by, ba}e 1,13 is given by:

bi(2) = S |(4- 3V2)(* +27%) — 2v2(=* + 279

2048

— (2068 — 1559V2) (= + 271 + 10842
by(z) = =1 [(3\/5 —4) (P + 27 +2v2(2A + 272

2048

(2028 — 1513v2) (2 + 27 1) + 964\/5} .

We have vin(b;) = vin(by) = 2. The symmetry types are Sby(z) = Sby(2) = 2%

Example 4.2. Choose © = § and X\ = 0 in the above example. We get
the low-pass filter a = {—1—16, i, g, i, —1—16}[_2 2 We have smy = 0.8853, and
Sa(z) = 1. Notice that sr(a) = 2 and vmm(1 — aa*) = 4. Take n, = 2, then the

constructed quasi-tight framelet filter bank {a; by, ba}e (1,13 is given by:
bl = \/Ti{_lu 2a _1}[0,2}7 b2 = 1_16{]" _47 6a _47 1}[—2,2]-

We have vin(b)) = 2 and vin(by) = 4. The symmetry types are Sby(z) = 2>
and Sby(z) = 1.
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Figure 4.1: In Example 4.1: (a),(b),(c) and (d) are the graphs of the filters a, by, ba
and ©. (e) scaling function ¢. (f) wavelet function v;. (g) wavelet function 5. (h)
magnitude of [a(¢)| (in solid line), [b1(¢)| (in dotted line) and [by(€)| (in dashed line)
in for § € [—m, 7.

06 0.4- 1
z:: ; o {
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Figure 4.2: In Example 4.2: (a),(b),(c) and (d) are the graphs of the filters a, by, by
and ©. (e) scaling function ¢. (f) wavelet function 1. (g) wavelet function . (h)
magnitude of [a(£)| (in solid line), [b1(£)| (in dotted line) and |b2(&)| (in dashed line)
in for £ € [—m, 7).

Example 4.3. Choose © = § and the low-pass filter

a= ﬁ {-1,0,18, —32, —63, 288, 604, 288, —63, —32, 18, 0, —1}[_676] .
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We have smy = 1.6821, and Sa(z) = 1. Notice that sr(a) = 4 and vm(1 —
aa*) = 8. Take n, = 4, then the constructed quasi-tight framelet filter bank
{a; 51752}9,{1,—1} is given by:

bl :g{_la 07 97 _167 97 07 _1}[—2,4]7

by =—-{1,0, —18,32,63, —288, 420, —288, 63, 32, —18, 0, 1}—6.6-

~1024

We have vin(by) = 4 and vin(by) = 8. The symmetry types are Sby(z) = 22

and Sby(z) = 1.
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0.2 02 o I L = 0.4
0.1 -0.4 -0.1 l l
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6 -4 -2 0 2 4 6 4 -3 -2 -10 1 2 3 4 5 6 -4 -2 o0 2 4 6 -3 -2 -1 0 1 2 3

(e) ¢ (£) ¢ (8) ¥2 () [al, [b1], |ba|

Figure 4.3: In Example 4.3: (a),(b),(c) and (d) are the graphs of the filters a, by, by
and ©. (e) scaling function ¢. (f) wavelet function 11. (g) wavelet function . (h)
magnitude of [a(£)| (in solid line), [b1(£)| (in dotted line) and |b2(§)]| (in dashed line)
in for £ € [—m, 7).

Example 4.4. Choose © = § and the low-pass filter
a= 101@ {15, —63, 35, 525,525, 35, —63, 15}[7374] .

We have smy = 1.1543, and Sa(z) = z. Notice that sr(a) = 3 and vm(1 —
aa*) = 6. Take ny, = 3, then the constructed quasi-tight framelet filter bank

{a; b1, b2} e (1,13 is given by:
by :ﬁ{—lf), 63, —385, 945, —945, 385, =63, 15} 3 4],
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by =A% {5, 21,38, ~38,21, 5} _14.

We have vin(by) = vm(by) = 3. The symmetry types are Sby(z) = —z and
Sby(z) = —23.

0.6
04 0.5 0.4 08
0.3 T 0.2 1? 0.6
0.2 T T o T I
l o l 0.4
0.1
. 1 : 0.5 } 0.4 l 02

I I

-3 -2 -1 0 1 2 3 4 -3 -2 -1 0 1 2 3 4 -3 -2 -1 0 1 2 0

(a) a (b) by (c) ba (d) o

(e) ¢ (f) ¢n (8) ¥2 () [al, b1, |bo|

Figure 4.4: In Example 4.4: (a),(b),(c) and (d) are the graphs of the filters a, by, by
and ©. (e) scaling function ¢. (f) wavelet function ;. (g) wavelet function 1. (h)
magnitude of |a(¢)| (in solid line), [b1(¢)| (in dotted line) and [b2(€)| (in dashed line)
in for £ € [—m, 7).

Example 4.5. Choose © = § and the low-pass filter
a=g5{-1,1,16,16,1, 1},

We have smy = 0.7184, and Sa(z) = z. Notice that sr(a) = 1 and vim(l —
aa*) = 4. Take n, = 1, then the constructed quasi-tight framelet filter bank
{a; b1, b2} 611,13 is given by:

by =22{—1,1,32,32, —2302, 2302, —32, 32, —1,1}[_4g),
by =221, 1,32, —32, —1794,1794,32,32,1, —1}[_45).

We have vin(by) = vm(by) = 1. The symmetry types are Sby(z) = Sby(z) =

—Z.
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Figure 4.5: In Example 4.5: (a),(b),(c) and (d) are the graphs of the filters a, by, by
and ©. (e) scaling function ¢. (f) wavelet function 1. (g) wavelet function 9. (h)
magnitude of |a(¢)| (in solid line), [b1(¢)| (in dotted line) and [by(€)| (in dashed line)
in for £ € [—m, 7).
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Chapter 5

Quasi-tight Framelets in High

Dimension

In this chapter, we study multivariate quasi-tight M-framelets derived from
an arbitrary refinable function ¢ € Lo(R?). Separable multivariate wavelets
and framelets with a diagonal dilation matrix M can be trivially constructed
through tensor product from one-dimensional wavelets and framelets. How-
ever, such separable wavelets and framelets are known to give preferences
to the axis coordinate directions and they are only a very special family of
multivariate wavelets and framelets. It is important but often challenging to
study nonseparable/general multivariate wavelets and framelets in both the-
ory and applications. Currently, there is a growing interest in wavelet anal-
ysis on studying and constructing (nonseparable) multivariate wavelets and
framelets. As we reviewed in Chapter 1, construction of multivariate wavelets
and framelets are widely known as a challenging problem in the literature. In
this chapter, we show that given an arbitrary M-refinable function ¢ € Ly(R?)
derived from some real-valued low-pass filter a € ly(Z%), we can easily con-

struct quasi-tight M-framelets with either of the two properties:
(1) directionality;

(2) highest possible order of vanishing moments.

Although the constructions are still valid with arbitrary real-valued moment
correcting filter © € ly(Z%) such that ©(0) = 1 and ©* = O, for simplicity, we
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state the results in this chapter with © = 4, i.e., @(f) = 1. Such framelets are
called Unitary Extension Principle based framelets (See [72, 73]).

This chapter is organized as follows. In Section 5.1, we shall prove The-
orem 5.1.1, which shows that given an arbitrary real-valued low-pass filter
a € lp(Z%) such that a(0) = 1, we can always construct a quasi-tight M-framelet
filter bank with directionality, where all the high-pass filters are supported on
only two points. We will also obtain a general result on factorizing a Hermite
matrix of 2wZ%periodic trigonometric polynomials. In Section 5.2, we study
the quasi-tight framelets with high order of vanishing moments. By proving
some auxiliary results first, we shall prove Theorem 5.2.1, which shows that
given an arbitrary real-valued low-pass filter a € lo(Z%) such that @(0) = 1, we
can always construct a quasi-tight M-framelet filter bank with highest possible

order of vanishing moments

min(vm(by), ..., vm(by)) < min(sr(a, M), 2 vin(u,)),

with @, (€) := 1 — [a(&)>. (5.0.1)

We prove Theorem 5.2.1 with two constructive methods (algorithms). In Sec-
tion 5.3, we provide several examples of quasi-tight framelets and quasi-tight
framelet filter banks with directionality /high order of vanishing moments.

The results in this chapter are summarized in [20].

5.1 Multivariate Quasi-tight Framelets with Di-

rectionality

Multivariate framelets with directionality have been studied extensively in the
literature, due to their wide applications in signal (such as image) processing.
For example, natural images (2D signals) can have quite complicated struc-
tures such as edges and textures. In order to make the framelets capture the
directional structure in the signal, a lot of framelets have been designed in the
literature, such as Curvelets, Shearlets, Contourlets, DT-CWF, TP-CTF, etc.
To only mention a few, see [4, 5, 34, 53, 33, 67, 81, 55, 60, 50, 61, 52, 2, 51|
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and many references therein.

With quasi-tight framelets, we can easily achieve directionality by the fol-

lowing theorem.

Theorem 5.1.1. Let M be a d x d dilation matriz and let a € lo(Z%) be
a finitely supported real-valued sequence on Z° satisfying the basic sum rule
condition (sr(a,M) > 1). Then there always exist finitely supported real-
valued high-pass filters by, ..., bs € lo(Z%) and e, ..., es € {—1,1} such that
{a;b1, ... bs}er...e,) 5 @ quasi-tight M-framelet filter bank and every high-pass
filter by takes the form c,(0,, — 65,) for some ¢, € R and oy, B; € supp(a)
(hence by naturally has directionality, basic vanishing moments and symmetry

property) for all ¢ = 1,...,s. Moreover,

(1) if in addition ¢ € Ly(R?), then {¢; ¢, ..., ¢} o
quasi-tight M-framelet in Ly(RY), where

c,) 15 a (directional)

.....

o0

a(MT) ) and  PEMTE) = by(€)H(8),

Jj=1

EeRY0=1,...,5 (511)

(2) if in addition the following condition holds:

— _——

all the coefficients in alil(&)alwl(€) are nonnegative for all j,k =1, ...

(5.1.2)
(for example, the above condition in (5.1.2) is satisfied if the filter a
has monnegative coefficients.) then we can take ¢, = -+ = €, = 1 and
therefore, {a;by,...,bs} is a (directional) tight M-framelet filter bank and
{g;91, ... 0%} is a (directional) tight M-framelet in Lo(R?).

Before the proof of the theorem, recall that for a real number ¢, the sign

function is defined to be

1 if c>0,
sgn(c) :==<¢0 ife=0, (5.1.3)
—1 ife<O.
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Proof of Theorem 5.1.1. By definition, we notice that {a; b, ... b}, ., 18
a quasi-tight M-framelet filter bank if and only if

s

S e fF). .. o0 O, B ) = M) (5.L)

(=1

—

with
No(€) 1= T, — du[aP)(©), .., abwl (©)] [ad(©), ... aPwil©)]. (5.1.5)

We now construct the desired high-pass filters by, ...,bs by a recursive algo-
rithm. Let ' = N,. The main idea of the following proof has three steps: (1)
Eliminate the nonzero terms in the off-diagonal entries of A one by one so that
all the off-diagonal entries in the updated A are identically zero. (2) Eliminate
the nonzero nonconstant terms in the diagonal entries of the updated N one
by one so that the final updated N is a constant diagonal matrix. (3) Prove

that the constant diagonal matrix N is the zero matrix.

Let ¢ := 1. Suppose that some of the off-diagonal entries [N];; are not
identically zero for some 1 < j < k < du. Then [N];, has a nonzero term
ce” ™€ with ¢ # 0 and v € Z?. By the definition of A/, we observe that the term

ce™™¢ must appear as one of the terms in —J%\‘](f)a/[“f?](f). Therefore, there
must exist o, 3 € Z¢ such that abil(a)a*(8) # 0 (i.e., {7, + Ma, v, + MB} C
supp(a)) and  — a = . Define

be = /1l /A (0o eama — Broms). € = —sgn(o). (5.1.6)

If the additional condition in (5.1.2) holds, then ¢ must be a negative number
and hence, ¢, = 1. It follows directly from the definition of b, in (5.1.6) that

7€) = VidTdue 6, i) = —/Ilfdwe 7S and 579 =0,
Vpe{l,....du}\{J, k}.
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Consequently, the dy x dy matrix

o o~

By(€) = epdm [bg“](g), o bL”dM](g)} ’ [/p](g), . ,bL”‘*M](g)] (5.1.7)

has only four nonzero entries with

BuE)]; = b ()P = ele] = —c.

—

[Be(&)ise = ecdm|by (€)% = efle| = —¢,
— (5.1.8)

[Be(&)]j5 = e () (€) = —elele P = e,

[By(€)]i; = eedmbl™ ()0F7(€) = —epfele @Dt = ¢,

Now replace/update N' by N'— By and replace £ by ¢+ 1 (i.e., increase ¢ by
one). Because N*(§) = N(€), by the above four identities, we conclude that
the term ce~"¢ does not appear in the (j, k)-entry of the updated N and only
the constant terms in the diagonal entries of the previous N are modified.
Hence, we can repeat this procedure until all the off-diagonal entries in A are

identically zero.

Now we deal with the diagonal matrix A'. Suppose that some of the diag-
onal entries [N];; are not constant for some 1 < j < dy. Then [N];; has a
nonzero nonconstant term ce~¢ with ¢ # 0 and v € Z4\{0}. By the definition

and construction of A/, we observe that the term ce™¢ must appear as one of

—_——

the terms in —al!(€)alil(€). Therefore, there must exist o, 8 € Z¢ such that

abil(a)abil(B) # 0 (i.e., {7; + Ma,~; + MB} C supp(a)) and B — a = v # 0.
Define

be := /lc|/dm (04, 4ma — 65,4m8), € = —sgn(c). (5.1.9)

If the additional condition in (5.1.2) holds, then ¢ must be a negative number
and hence, ¢, = 1. It follows directly from the definition of b, in (5.1.9) that

—_

b (¢) = /el Jdm(e @€ =€) and b/ﬁ(g) =0  Vpe{l....duf\{j}-
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Consequently, the dy x dy matrix By(€) defined in (5.1.7) has only one nonzero

entry at

(Bi(€)]15 = cedmlbl ()2 = erlel(2— 0= — HoE) = (o716 476 ),

(5.1.10)
Now replace/update N' by N — By and replace £ by £ + 1 (i.e., increase ¢ by
one). Because N*(§) = N (&), by the above identity, we conclude that both
the term ce™¢ and ce™* do not appear in the (7, j)-entry of the updated N
and only the constant term in the (j, j)-entry of the previous N is modified.
We can repeat this procedure until all the nonzero nonconstant terms in the

updated N are identically zero. We set s := £ — 1.

Therefore, we end up with

Na(€) =N+ Bi(€) (5.1.11)

such that N is a diagonal matrix of constants. We now prove that N = 0.
Note that both (5.1.8) and (5.1.10) trivially imply that the sum of every row
of By(0) must be zero. Since the filter a satisfies the basic sum rule condition

sr(a, M) > 1, we can see that

D a(y+Mk) =[det(M)[™,  VyeTw:=Mp,DINZ.  (51.12)

kezd

—

From (5.1.12), we have JE(O) = ... = ahwl(0) = d,'. Now we trivially
deduce from the definition of AV, in (5.1.5) that all the diagonal entries of A, (0)
are 1 — d,\_,l1 and all the off-diagonal entries of A, (0) are —d,\_,ll. Consequently
the sum of every row of M, (0) is (1 —dy')+ (dw —1)(—dy,') = 0. Therefore, we
conclude from (5.1.11) that the sum of every row of ' must be zero. However,
N is a diagonal matrix of constants and thus, we must have A/ = 0. Since
N =0, by our definition of By in (5.1.7) and using (5.1.11), we conclude that
(5.1.4) is satisfied and {a;b1,...,bs}(,
bank.

e,) 15 a quasi-tight M-framelet filter

77777

If the additional condition in (5.1.2) is satisfied, by our above construction
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we have ¢ = -+ = ¢, = 1 and hence {a;by,...,bs} is a tight M-framelet filter
bank. [}

For u € ly(Z?), by N(u) we denote the total number of nonzero terms in
the 27Z%periodic trigonometric polynomial . That is, N(7) = #supp(u),
the cardinality of the support of the filter u. From the above proof of Theo-
rem 5.1.1, it is not difficult to conclude that the number s of high-pass filters
in Theorem 5.1.1 is given by

= 3 v (@)« L35 (v (r) ).

1<j<k<dwm Jj=1

Moreover, by the special structure of the high-pass filters in Theorem 5.1.1,
we also have s < (#Sugp(a)).

Suppose that {a;b1,...,bs}(, ) is a quasi-tight M-framelet filter bank.
Then it is trivial to observe that {a;b:(- + MEky), ..., bs(- + MEy)}(e,,.e,) are
quasi-tight M-framelet filter banks for all k1, ..., ks, € Z%. If by = cby for some
¢ € R, then {a; m%, - bs}sgn(ecen) es,es) 15 also a quasi-tight
M-framelet filter bank with at most s — 1 number of high-pass filters. Up to
the above trivial variants, from our proof of Theorem 5.1.1, one can conclude
that the constructed quasi-tight M-framelet filter bank in Theorem 5.1.1 is
essentially unique.

To get a tight M-framelet filter bank, the above proof of Theorem 5.1.1

shows that the additional condition in (5.1.2) can be weakened by requiring

that all the coefficients in ﬁ(é)%(ﬁ) are nonnegative for all 1 < j < k <
du and all the nonconstant coefficients in |JV\J] (&)]* are nonnegative for all
1 < 7 <dm. If all the coefficients of a low-pass filter a are nonnegative, then
it is trivial that the additional condition in (5.1.2) is satisfied. Consequently,
Theorem 5.1.1 recovers or improves the special construction of directional tight
21 -framelets and tight 21;-framelet filter banks in [47, 64] for box spline refin-
able functions, because all the low-pass filters for box spline refinable functions
have nonnegative coefficients.

For 1 < 7 < r, by e; we denote the jth unit coordinate column vector in

R", i.e., e; is the 7 x 1 vector with its only nonzero element being 1 at the
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jth entry. Using the idea in the proof of Theorem 5.1.1, we now establish a

general result similar to the matrix spectral factorization.

Theorem 5.1.2. Let A be an v x r matriz of 2rZ%-periodic trigonometric
polynomials in d variables with real coefficients such that A*(§) = A(&) for
all € € RY. For1 < j < r, let k, be the sum of the jth column of A(0),
i€, (Ki,...,k) = (1,...,1)A(0). Then there exist €o,...,es € {—1,1} and
r x 1 vectors uy, ..., u, of 2nZ%-periodic trigonometric polynomials with real

coefficients such that

A(§) = sgn(kr)|rilerei+- - +sgn(kr) |k erel+erun () ui(§)+- - +esus (§)ug(E),

(5.1.13)
and each vector function of uy,...,us has only two nonzero entries with one
being cee "€ and the other being —cee "¢ for some ¢, € R and oy, Be € 7.

In terms of the matriz form, (5.1.13) can be rewritten as

sgn(k1)

A(&) = B(¢) sgn(r) B*(£), (5.1.14)

€1

€s

where B(&) := [\/|k1le1, - - -, \/|&rl€r, U1, - - ., Ug] is an X (r+s) matriz obtained

by putting all the column vectors ey, ...,e.,uy,...,us together.

Proof. To prove the claim, we construct the desired vectors uy, . .., u, of 27Z%-
periodic trigonometric polynomials by following a similar recursive algorithm
as in the proof of Theorem 5.1.1.

Let £ := 1 and N := A. Suppose that some of the off-diagonal entries
V], are not identically zero for some 1 < j < k < r. Then [N];; has a

nonzero term ce~¢ with ¢ # 0 and v € Z?. Define

w(€) :=+/|clej — /|c|e™ e, and e, := —sgn(c).
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Consequently, the r x r matrix g,u,(§)uj(§) has only four nonzero entries
—c, —c,ce” ¢ and ce?* at the positions (j, 5), (k, k), (4, k) and (k, j), respec-
tively. Now replace/update N by N —eu,(§)u} () and replace £ by £+1 (i.e.,
increase ¢ by one). Because N*(&) = N(£), we conclude that the term ce "¢
does not appear in the (j, k)-entry of the updated A and only the constant
terms in the diagonal entries of the previous N are modified. Hence, we can
repeat this procedure until all the off-diagonal entries in N are identically zero.

Now we deal with the diagonal matrix /. Suppose that some of the diag-
onal entries [N];; are not constant for some 1 < j < dy. Then [N];; has a

nonzero nonconstant term ce=¢ with ¢ # 0 and v € Z%\{0}. Define
w(€) = /|c|(1 —e%)e; and e := —sgn(c).

Then g,u,(€)u;(€) has only one nonzero entry c(e=?¢ + ¢ — 2) at the (j, 5)-
entry. Now replace/update N' by N — gou (§)uj(§) and replace £ by ¢ + 1.
Because N*(£) = N (€), we conclude that both the term ce=¢ and ce?¢ do
not appear in the (j, j)-entry of the updated N and only the constant term in
the (j,j)-entry of the previous N is modified. We can repeat this procedure
until all the nonzero nonconstant terms in the updated A are identically zero.
We set s := (¢ — 1.

Therefore, we end up with A(§) = N + >°,_, epup(&)uf(§) such that N
is a diagonal matrix of constants. Note that the sum of every column in
eug(0)uy(0) is zero. Consequently, we must have N' = diag(ky, ..., %,). This

completes the proof. [ |

Though the sum of Hermitian squares of 27Z%periodic trigonometric poly-
nomials is a challenging problem in real algebraic geometric, as a direct con-
sequence of Theorem 5.1.2, we have the following result on quasi-sum of Her-

mitian squares of 2rZ%periodic trigonometric polynomials.

Corollary 5.1.3. Let A be a 2rZ%-periodic trigonometric polynomial in d vari-

ables with real coefficients such that A(§) = A(). Then there existeq, ... e €

{—1,1} and 2rZ%-periodic trigonometric polynomials uy, ..., u, with real co-
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efficients such that

A(€) = sgn(A0)(VIAO0))? + e[ (§)] + - +e|ug (O, VEER?
(5.1.15)
and each function uy,...,us has only two mnonzero entries with one being

cee ¢ and the other being —ce™P¢¢ for some ¢ € R and oy, By € Z°.

We will provide a few examples to illustrate Theorem 5.1.1 in Section 5.3.
Before finishing this section, we show an example demonstrating that the con-
dition in (5.1.2) can be also satisfied by some low-pass filters having negative

coefficients as well.

Example 5.1. For d =1 and M = 2, we consider the following low-pass filter

Then clearly a satisfies the basic sum rules and the additional condition in
(5.1.2) is satisfied: By the definition of the filter a, we have

—_

alo) (g)am (&) = 525 (100e™%* + 90e™* + 80 + 301€™ + 80e* + 90e* + 100e™*),

2 2 _ 25 —3ig 45 —2i€ 20 ,—i¢ 301 20 i€ 45 2i¢ 25 3i¢
| ()‘ |a[1]( )’ 841€ ' +1682 ' +841 ' +ﬁ+841 e' +1682 ' +841 "

Note that not all coefficients of the filter a are nonnegative but (5.1.2) is satis-
fied. By Theorem 5.1.1, we obtain a tight 2-framelet filter bank {a, by, ..., b3}
given by

b= {5 -5 o b= {520, -5 oo b= {570 -5,
b4:{\/§§, \/W} 10l b5—{2§97,g,0— 5}_12

bo = {242,0,0, =240 oy, by = {24°2,0,0,0, 340 }[2]7

by _{3\5/;7000_ O 13 bg—{3\5/;70000— 0,

bio = 2970 0,0,0, —g5}23, bu= 29,0 0,0,0,0, —2—9}[7274]’

bio ={%,0,0,0,0,0, —=}_33, biz={%,0,0,0,0,0,0, —}34.

= ol
By calculation, we have sm(a, 2) ~ 0.992335. Then {¢; ¢!, ... 13} is a tight
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2-framelet in Lo(R), where ¢,¢!, ... 913 are defined in (5.1.1) with M = 2
and s = 13.

5.2 Multivariate Quasi-tight Framelets with High
Order of Vanishing Moments

Due to the special structure/construction, all the directional high-pass filters in
Theorem 5.1.1 have only order one vanishing moment. Due to the importance
of vanishing moments, it is natural and important to ask whether one can
construct a quasi-tight M-framelet filter bank achieving the highest possible
order min(sr(a, M), 3 vin(u,)) vanishing moments in (5.0.1) with @, (&) :==1—
[a(£)]?. This question is satisfactorily answered by the following result, for

which we shall provide two constructive different proofs.

Theorem 5.2.1. Let M be a d x d dilation matriz and let a € lo(Z2) be
a finitely supported real-valued sequence on Z° satisfying the basic sum rule
condition (sr(a,M) > 1). Then there always exist finitely supported real-
valued high-pass filters by, ..., bs € lo(Z%) and €, ..., es € {—1,1} such that
{a;b1, ..., bs}e,..c.) 15 @ quasi-tight M-framelet filter bank and all the high-
pass filters by, . .., bs have order m vanishing moments with m := min(sr(a, M),
svm(ug)) = 1 and @, (§) = 1 — [a(§)|*. Define ¢, ', ..., ¢% as in (5.1.1). If
such that all the generators ',... 1° have at least order m vanishing mo-

ments.

To prove Theorem 5.2.1, we need a few auxiliary results and recall some
necessary notations. For k € Z¢ and u € ly(Z?), the difference operator V,u
is defined to be Viyu := u —u(- — k). For v = (v1,...,v4)" € NI, we define
VY = V.- V74 Recall that 6 is the Dirac sequence such that §(0) = 1 and
8(k) =0 for all k € Z¥\{0}. Therefore, for u € ly(Z),

—

Vru(€) = VPO (E)a(E) = (1 — e ) .. (1 — e~y ag(g),
§=(&,...,&)" eRY (5.2.1)
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The following result is known in [37, Theorem 3.6] and [45, Lemma 7.2.2].
For the convenience of the reader, we provide a slightly modified proof from
[45, Lemma 7.2.2] here.

Lemma 5.2.1. Let m € N and u = {u(k) }peza € lo(Z?). Then u has order m
vanishing moments (i.e., u(§) = O(||E]]™) as € — 0) if and only if there exist
a u, € lo(Z%) for each v € N¢ with |v| = m such that u = ZueNg,M:m V¥u,,
that is, u(§) = ZueNg,M:m Ve (&), (§). Moreover, if the filter u has real

coefficients, then all filters u, have real coefficients.

Proof. The sufficiency part is trivial, since V”é( ) = O(|¢]|™) as € — 0 (in
fact Vm(V”é) lv]) for all v € N¢. Consequently, it is trivial that u(§) =
5 et oim VPOV (E) = O(E]™) as € 0.

For r € Ny, we define A, := {u € N¢ : |u| < r}. Let v := u. To prove
the necessity part, without loss of generality, by shifting the filter v, we can
assume that supp(v) C A, but supp(v) is not contained inside A,_; for some
r € Ny. Suppose that r > m and v(k) # 0 for some k € N¢ with |k| = r. Then
we can easily write k = v + j with v,j € N and |v| = m. We replace/update
v by v — v(k)(—1)"[V8](- — j). Since supp([V*3](- — 7)) € Ay U {k},
we conclude that the updated filter v is still supported inside A,, v(k) = 0,
and the updated filter v preserves the values as the previous filter at the set
{n € N¢ : |n| = r,n # k}. Therefore, we can continue this procedure for
other n € NZ with |n| = r so that finally the updated filter v has support
inside A,_;. We can continue this procedure until » < m. Note that the
Fourier series of v(k)[V"8](- — j) is simply v(k)e‘ij'ﬁﬁ(ﬁ)

Consequently, we can write u = v + ZueNg,|v|:m Vué( )i, () for some
sequences u, € lo(Z%),v € N& with |v| = m and supp(v) C A,,_;. Since
u(§) = O(|[&]|™) as & — 0, we trivially have v(§) = O(||€||™) as & — 0, that is,

the filter v has order m vanishing moments. Hence,

Y wk)k =0, V€A

keAn 1

It is well known that the above system of linear equations can only have the

trivial solution: v(k) = 0 for all k € A,,_1. Therefore, v = 0 and we proved
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the claim. [

Using Lemma 5.2.1, we have the following result, which improves Corol-
lary 5.1.3.

Lemma 5.2.2. Let m € Ny and u € lo(Z?) with real coefficients. Then
a€) =u€) and () =0(lEN*™), £—0 (5.2.2)

if and only if there exist €y, ...,e5, € {—=1,1} and uy, ..., u, € lo(Z%) with real

coefficients satisfying

€)=Y elw(© with @) =O0(E[™), €=0Yl=1,.. s
- (5.2.3)

Proof. The sufficiency part is trivial and we only need to prove the neces-
sity part. Suppose that (5.2.2) holds. By Lemma 5.2.1, there exist u, €
lo(Z%), |v| = 2m with real coefficients such that @(§) = ZVGN%M:M 2@5(5)@(5).

Since u(§) = u(§), we conclude that

e = > 0,6 with 0,(6) = V(€)@ (&) + V(€)1 (6). (5.2.4)

veNE, lv|=2m

For v € N¢ with |v| = 2m, we consider two cases.
Case 1. v € NZ with |[v| = 2m but v € 2NZ. Then there exist a, 3 € NI
such that o + § = v and |a| = || = m. Define

—_—

Gap(€) = Vo8() + VA8 (©)a(€).

By [a] = [8] = m, we see that V*8(¢) = O(|l¢|") and VI5(&)i(¢) =
O(]|€]™) as € — 0. Consequently, we have w,,3(¢) = O(J|¢[|™) as € — 0.

By calculation, we have

Tran () = [VO8() +V78()i (€)1
+ (VR3O VA8() (&) + Vo3(E) VIS (E)(€) ).
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Since o + = v, the last term in the above identity is simply 6,(£). Conse-

quently, we have
0,(€) = |Tap(©) — V8 — |V58(&)a ().

To reduce the total number of filters, instead we can also combine the last two
terms in the above identity with the terms in Case 2 discussed below.

Case 2: v € 2N¢, that is, v = 2u for some p € Ng with |u| = m. By
V/Q“\E(f) = |Vr8(&)[2(—=1)Mle=¢ we deduce that

0,(8) = 02,(€) = |V#8(¢) ", (&)
with  1,(€) = (—1)M (e*wf@(g) + ewf@(g)).

Note that 1,(§) = n,(§) and n, has real coefficients. By Corollary 5.1.3,
there exist g,...,e, € {—1,1} and 27Z%periodic trigonometric polynomials
u, . . ., ug with real coefficients such that 7,(£) = eolug(&)* + - - - + s|us ()|

That is, we proved

0,(8) = coltuo ()" + -+ + &5 [tus ()
with @, () := VH6(Oug(€), £=0,....s.

Note that u,.(&) = O(||€||™) as € — 0 for all £ = 0,...,s by |u| = m. Now

the conclusion follows trivially from (5.2.4). |
We now prove Theorem 5.2.1 by the first constructive method as follows.

Proof of Theorem 5.2.1. Define A(§) := 1 — dum Z;Zl |ﬁ(§)|2 Obviously,
A(&) = A(). By the definition of the coset sequences, we observe that
AMTE) = 1= o [a(é+2nw)|*. By the definition m = min(sr(a, M), 3 vin(u,))
with @, (€) = 1 — |a(€)]?, we have sr(a, M) > m and vm(u,) > 2m. Conse-
quently, we have [a(§ + 27w)|* = O(||€]|*™) as € — 0 for all w € Qv\{0}, and
1—]a(9))? = (&) = O(J|€]|*™) as € — 0. That is, we must have

AMT) =1—[@@P - Y [a+2mw)>=o(g)™™),  £—o.

UJEQm\{O}
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Since M is an invertible matrix, consequently we must have A(£) = O(||€[|*™)
as & — 0. By Lemma 5.2.2, since A has real coefficients, there exist e1,...,&; €
{—1,1} and uy, ..., u; € lo(Z?) with real coefficients such that

&)= alm@ with @) =0(¢l™), £—0vVi=1,.. .t
=1

(5.2.5)
Employing a similar idea as in [63], we now define the high-pass filters by, ..., by €
lo(Z%) with s :=t + du as follows:

be(€) := a(&)ay(MTE), (=1,...,t (5.2.6)

and
by (€)= dy e ¢ — dL2G(E)abI(MTE), j=1,...,du. (5.2.7)
Define g;11 = -+ = €444, := 1. We now prove that {a;b,...,b }(51 _____ is a

quasi-tight M-framelet filter bank and vm(b,) > m for all £ =1, .

Let By be defined as in (5.1.7). We now calculate B, for the high-pass
filters b, defined in (5.2.6) and (5.2.7). Let b, be defined in (5.2.6). Then

b(€) = ab &)y (&) for v € T'y. Therefore, by (5.2.5), we have

7 Bu) = 3 el@(©) P ab(©), .. atal ()] [abii(e), ..., abuil(6)]
(=1 /=1

— 9% [ — —_—

= duA()[aP1(6). .., aPwl(©)] [abi(e), .. aPl(g)].
(5.2.8)

Let by be defined in (5.2.7) with £ = ¢ + j. Then b'(€) = dy,"/?6(y — ;) —
d,{,{%ﬂ({)@(&) for v € I'y. Hence,

e~ —_— _— -~

BE), b)) = due] — difabil () [abi6), ... abanl(€)].
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Therefore, by /41 = -+ = €444y, = 1,

t+dm dm

> 56 =Y (]~ dwesd O[O . a6
{=t+1 j=1
~du[d(©), ..., A (©)] abil()e]

—

FRIFVOP[EE, .. amwI (@) [d1e).....aFlig)]

dv
= Iy, + <—2d|\/| +dy ) |@m(€)|2) x

Jj=1

p— — * [ — —

|:a/['yl]<£)’ o ,ah"M}(f)} [ahﬂ(g), . ,ahdM](g)] 7

where I, stands for the dy xdy identity matrix. Since A(&) = 1—dy Zd“" ! |ahﬂ (62,

we have
dv
—2dw + diy Y [Pl () = —2dw + dw (1 — A(€)) = —dm(1 + A(9).
j=1
In other words, we obtain

t+dm o~ —

> Bil6) = oy~ dm(1+-A©) [a @), ... O] [aF(e). ... aPeul(c)]

Combining the above identity with (5.2.8) and noting that s = ¢t +dy, we have

— —

5 Bi(6) = Tay — cha[a(©),.....aF9)] [ae). ... aPol)] = No(e)
/=1

That is, we verified the identity in (5.1.4). This proves that {a;by,...,bs},,..c,)
is a quasi-tight M-framelet filter bank.

We now prove that bg( ) =0O(l|g]|™) as € = 0 for all £ =1,...,s. By the
second identity in (5.2.5) and the definition of b, in (5.2.6), we trivially have
b(€) = O(||¢]|™) as € > O forall £ =1,... ¢

Let {wy, ..., w4, } = Owm with wy := 0. By the identity in (1.2.8) with E(¢)
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and U being defined in (1.2.9), we have

[a(5+2m1), . ,a(5+2mdM)} - [e—mcﬁ(wg), e fW(MT@} U

(5.2.9)
and UU* = dwuly,. Note that a(0) = 1 and w; = 0. Since sr(a, M) > m, by the
definition of sum rules in (1.1.9), we deduce from the above identity in (5.2.9)
that

eI (MTE), e”dM"Sa/hd\M](MTg)} -
.ol ... oMU, g0,

Since U™! = d,'U* = (dy'e ™2™k ), < ica,, and wy = 0, all the entries in the

first row of U~! are dl\_,ll. Therefore, we conclude from the above identity that
[ EGDIMTE), e St (MTE) | = dy ()L, 1+O(lIE]™), € 0.
That is, we proved

e~ tahil(MTE) = dyta(é) + O(J|€]I™), £E—0,7=1,...,du. (5.2.10)

For b, defined in (5.2.7) with ¢ = ¢+ j, we deduce from the above identity that

bo(€) = dif 2= (1 — dya(€)e-éalul (MTE))
= dy e (1 — [a(e)?) + O(llel™)
= dy 2T O(|l€]P™) + O(llE)™) = O(llE™)

as & — 0, where we used our assumption 1 — [a(¢)* = @, (&) = O(|¢[*™) as
& — 0. This proves that all the high-pass filters by, ..., bs have at least order

m vanishing moments. [ |

One shortcoming of the quasi-tight M-framelet filter bank {a; b1, ..., b5}, )
with high vanishing moments in Theorem 5.2.1 is that the supports of all the
high-pass filters by, ..., bs, constructed through (5.2.6) and (5.2.7), are much

larger than that of the low-pass filter a. This problem and the above proof
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of Theorem 5.2.1 motivate us to propose an algorithm solving only linear

equations for constructing quasi-tight framelet filter banks with vanishing mo-

ments. To do so, let us introduce some notations. For p = (p1,...,pq)", v =
(v1,...,va)" € N, we say that u < v if either || < |v| or || = |v| and p; = v;
forj=1,...,s—1but us; < vs for some 1 < s < d. Note that (Qy is a complete

set of representatives of distinct cosets of the quotient group [(MT)~1Z4]/Z4.

Therefore, 2y can be regarded as an additive group under modulo Z¢.

Lemma 5.2.3. Letb € lo(Z%) and 8 € Qu. Define F(€) := (e 5 EF2™)), iy ean,

and the dy X du matriz Dy 5 by

b - _ d
[Dy,5(E))eoy = ble+am), fuwth-nels w,n € Q. (5.2.11)

07 wa—f_ﬂ_ngzda

Then

F(&)Dus()F* () = duEis(MTE) with  Byg(e) = (e-@)e ) .
(5.2.12)

Proof. Let j,k=1,...,dy. We now compute the (j, k)-entry of the matrix on
the left-hand side of (5.2.12). Note that b(¢) = Zgﬂl bl (MTE)e= 1wt

[FE)Dos©F*(E)]ih = Y [F(E)]50Dos( )t F*(Olorsn

wENM

— Z e—m-<s+2m>g(g + 2w et (642t 2m6)
WGQM

_ Z Ze ;- (€42mw) bhp]<MT£) —ivp-(€4+27w) i'yk-(§+27rw+27r5)
UJEQM p=1

_ Zb[yp] MTf i+ =) € piv-2mh Z e~ —k)2mw.

wEeNMm

Note that the last sum in the above identity is equal to dy if 7, +7; — v € MZ?

and 0 otherwise. Hence, we deduce from the above identity that
[F(§) Dy (§) F*(€)] 3 = dbbsl (MT €)M € m3 — dy sl (MTg) 27,
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where we used the identity ul*Mel(¢) = ubl(€)e’* and ;; € Z% is the unique
integer such that v, = v — 7; + Ma;, for the unique v, € I'v satistying
Yp + Vi — Y € MZ4. This proves (5.2.12). [

Now we are ready to state another method for constructing quasi-tight
framelet filter banks with vanishing moments by solving only linear equations.
For the convenience of the reader, we state the following result in an algorith-
mic way. We now prove Theorem 5.2.1 by the second constructive method as

follows.

Theorem 5.2.2. Let M be a d x d dilation matriz and let a € lo(Z?) be a
finitely supported real-valued sequence on Z*. Let m € Ny such that m <
min(sr(a, M), 3 vin(u,)), where @,(€) =1 — [a(§)|*. Define

F(f) = (e_ipyj‘(g—i_%@>1<j<dM7w€QM' (5'2'13>
Define N, as in (5.1.5) and E,(§) := Evuso(§) as in (5.2.12).

(S1) Solve the system X of linear equations induced by

du'Na(€) = D EpOAuOELE)

lpl=m

Y (BOAWOBE + BO4.OLQ) (5:214)

p<v,|pl=|v[=m

and

A;p(g) = A,.(8), Ve fo, | = m, (5.2.15)

for the coefficients in all the entries of the matrices A,,,, of 2wZ%-periodic
trigonometric polynomials with |u| = |v| = m and p < v. The linear
system X always has a solution of A, with real coefficients for |u| =
lv| =m and p < v, as long as the supports of their coefficients are large

enough.

(S2) For every (u,v) with |p| = |v| = m and p < v, factorize A, ,(§) =

A1 () Au2(8) (€9 Appa(§) = lay and Ayyo = Ayy(§)) for some
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dum x du matrices A, 1 and A, 2 of 21 Z%-periodic trigonometric poly-

nomials with real coefficients. Define

—

Bt () B (O] i= A1 (MTEF()er VS (€)
+ A (MTEVF(£)e V78 (€)  (5.2.16)

and s, =du and €,,0:=1 for all ¢ =1,...,du. Replace/update A, ,

and Ay, by Ay — A5 1Ay and Ay, — A3 9 Ay, Tespectively.

(83) For every p € N3 with |u| = m, apply Theorem 5.1.2 to the updated A,
so that A, (&) = >0 e ey (§)we(€), where e, 0 € {—1,1} and vy is
a 1 x dy row vector of 2rZ%-periodic trigonometric polynomials with real

coefficients for { =1,...,s, ,. Define

—

byt () = VRSO (MTEOF(©)er,  £=1,. .8,  (52.17)
Define

{(b17€1)7 R (bsvgs)} = {(bﬂ,l%’g%l’,f) R,V E Ngv |M| - |V’ =m, UV,
C=1,...,5..}

Then {a; by, ..., b5},
the high-pass filters have at least order m vanishing moments, i.e., vin(by) > m
foralll=1,... s.

c,) 15 a quasi-tight M-framelet filter bank such that all

.....

Proof. Let {wy,...,wq,} = Om with wy := 0. For b € ([o(Z%))", for simplicity
of presentation, we define r x dy matrices

Gy(€) = [bn(€), ... bhal(€)] and  Hy(€) == [b(¢+2mw), ..., b(E+2mwy,))-

By (1.2.8), we have Hy(§) = G,(MTE)F(€).
Define D, (&) = Dyuso(§) as in (5.2.11). For p < v in (S2), by the
definition of b, in (5.2.16) and the identity in (1.2.8), we have

Hipyy 1y T(6) = st (MTE F(€) Dyu(€) + Ay 2(MTE)F(E) D,y (€).

186



Since F(§)F*(&) = dmly,, we deduce from the identity Hy(£) = G5(MTE)F(€)
and (5.2.12) that

G[bu,y,l,...,buyy,dM]T(MT§) :dKAlH[bH,V,l,...,b#,y,dM}T(é)F*(f)
=Aua(MTEE,(MTE) + Ao (MTE)E,(MTE).

That is, we proved

G[b#,y,l,...,b#,y,dM]T (5) - AH,V,l (é)Eﬂ(é) + Au,y,Q(g)Eu(g)'

Therefore, by €, = 1 forall £ = 1,...,du, we deduce from the above identity
that

dm
ZgﬂaV)ZGZ“’V’é (g)Gb,u,,y,l (5) - Gfblﬁ’y’l,...,buyyydM]T <§>G[b;¢,y,17---7bu,u,dM]T (5)
(=1

= (E145.00(8) + EXOA5,2(9) ) (Ausa (OEu(©) + Aua(©)EE) )
= B3 () A500(6) At (O En() + EL(O)A},2(6) A€ Bu(€)
(B 4500 () A€ Bo(€) + ELE)A70(€) At (O EulS) ).

As we shall see below, the first two terms in the last expression of the last
identity have been handled by the updated A, , and A,, in (S2) (see proof
below).

For ;i € N§ with |u| = m, we have Hy, ,(£) = wg(MTE)F(£)D,(€). There-
fore, Gy, , ,(§) = w(§)E,(E) for all £ =1,...,s,,. Hence,

Sp,p Spp

Z gu,u,équ,M (€)Gh,,... (&) = EL(E) Z@w!uz(f)ué(f)&x(f) = E5(§)Auu(§) Eu(8),
=1 =1

where A, , is the updated version in (S2). Therefore, we proved

Y eGL O, = Y ENOALLOELE
(=1

lpl=m

+ Y (BNOALOEE) + ENOAL(OEL)

p<w,|p|=[v|=m
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= dy Na(8).

Hence, we verified the condition in (5.1.4) and consequently, {a; b1, ..., bs} (e, )

is a quasi-tight M-framelet filter bank.

Since W(é) = O(||¢]|¥) as € — 0 for all pu € N¢, it follows directly from
(5.2.16) and (5.2.17) that by(¢) = O(||€]|™) as € — O forall £ = 1,.. ., s. Hence,

all the high-pass filters have at least order m vanishing moments.

To complete the proof, we now prove the existence of a desired solution to
the linear system X induced by (5.2.14) and (5.2.15). We first prove that X
must have a solution (probably with complex coefficients) and then we prove

that X must have a solution with real coefficients. Define

@(§) = 1-[aQF and @(&) = —a(Qa(¢ +2mey),  j=2....,du.
(5.2.18)
By w; = 0 and the definition of the matrices Dy g in (5.2.11), it is straightfor-

ward to observe that

N(€) =1a — [a(€ +2mw), ..., (€ + 27wa,)] ’ e + 2mon), ... A€ + 27w,

Since F(&)F*(¢) = dmlg,, we deduce from (1.2.8), (5.2.12) and the above
identity that

dm
No(MTE) = dy' FION(OF(€) = dyy' 3 F(€) Doy (OF*(€). (5:2.19)

Suppose that we can prove

G&) = Y VE(OVU(E + 2mw)) i (6),  j=1,....dw,

v ENG, |ul=[v|=m
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for some u; ., € lo(Z?). Then by the definition in (5.2.11), we must have

Daj,wj (5) = Z D%“J,O (g)Duj,M,ij (g)DV”&O (5)

M,VENS,‘M‘:|V|:m

Consequently, by (5.2.12) and E, := Eyusp, we deduce that

F(&)Da, 0, () F(E)
=dy’ Y. FODUso(OF (E)F(€)Duyy i, (F () F(€) Dyrs o) F*(€)

v ENG,|u|=[v|=m

=dv Y, EiMTOE,,,(MTEE,MTE).

H N, | =[v]=m

Now we deduce from (5.2.19) that

dm
Ay Na(MTE) =dy' > Y EiMTOE,,, . (MTEE,MTE).

=1 preNgd,|ul=lv|=m

Therefore, we proved
dm

SN =Y Y BNOE.,.LOB©.  (5221)

J=1 pweNg,ul=v|=m

Note that N} (§) = N,(€). Define

dm
1 *
Al = 533 (B (©4FL,(0), mv NG lul =l =mp<v
J=1

From (5.2.21), it is trivial to verify that these A, , satisfy both (5.2.14) and
(5.2.15). That is, we proved that the linear system X induced by (5.2.14) and
(5.2.15) must have a solution (but probably with complex coefficients).

For a 2rZ%periodic trigonometric polynomial @, it is straightforward to
see that u has real coefficients if and only if u(—¢§) = u(§). Since the low-pass
filter a and all the filters V#d have real coefficients, we observe that A, and

E,, have real coefficients. Changing ¢ into —¢ and applying complex conjugate
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o (5.2.14) , it is trivial to see that (5.2.14) still holds if we replace all A, ,(§)
by m, respectively. Consequently, if we replace A, ,(§) by ( »(&) +
Auw(=8)), then (5.2.14) and (5.2.15) still hold. Since all (4, (§)+Auy( €))
have real coefficients, we proved that the linear system X induced by (5.2.14)
and (5.2.15) must have a solution with real coefficients.

To complete the proof, we now prove (5.2.20). From the definition in
(5.2.18), we have @ (&) = O([§]*") as € — 0. Note that VES(E)VVE(E) =
V“*”é(f’)( 1€ Hence, we conclude from Lemma 5.2.1 that (5.2.20)
holds for j = 1. For j = 2,...,dy, the sum rule condition of a implies
that a(§ £ 2mw;) = O(||€]|™). According to Lemma 5.2.1, there exists some
Wi,V € lo(Z%) for each p € N¢, || = m, such that

aetomw) = Y VEOwLE),  alE-2mw) =Y. V()T (€)

pENZ,|ul=m veNg lv]=m

hold. The above second identity implies that a(§) = ZueNg,\u|=m V/’%(f +
27w;)0;,,(§ + 2mw;). Therefore,

a(€)a(s + 2mw;)
- ST VY€ + 2mw;) 5, (€ + 2wy VIO ()T (€)

wVENG, |p|=|v|=m

= ST UH(E)VIH(E + 2mwy)e e E T (€) i, (€ + 2mwy).

mvENG, |ul=|v|=m

Define i, (&) = —e e E+2miy ()0, (€ + 2mw;), we proved (5.2.20)
for j =2,...,du. [

As a special case of Theorem 5.2.2, we have the following result.

Corollary 5.2.3. Let M be a d x d dilation matriz and let a € lo(Z?) be a
finitely supported real-valued sequence on Z*. Let m € Ny such that m <
min(sr(a, M), 3 vin(u,)), where 4, (§) := 1 — [a(€)[*. Define N, as in (5.1.5),
F(&) as in (5.2.13) and E,(§) := Evuso(§) as in (5.2.12). If there exist A, ,

with real coefficients for |u| = m satisfying
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du'Na(€) = D Ei(OAOELE) and A} ,(€) = A,(6),

lul=m

il =m,pe NG, (5.2.22)

(Such a solution to (5.2.22) always exists in dimension one, i.e., d = 1), then
there exist by, ..., by € lo(Z%) with real coefficients and e,...,e, € {—1,1}
such that {a; by, ..., bs},
all high-pass filters by, ¢ = 1,...,s have at least order m wvanishing moments
and all the high-pass filters take the form either l;;(f) = cze*iaéfv/%(g) (i.e.,
by = (VS (-— o)) or by(€) = coe™ @S (E)V 5,8(€) (ive., by = cf(VH8)(- —
ag) — (VHE) (- — ay — B)]) for some ¢, € R, oy, By € Z¢ and some pu € N& with
| =m.

c,) 45 a quasi-tight M-framelet filter bank such that

-----

Proof. For the one dimensional case d = 1, there are no terms satisfying
pu < v and |u| = |v]. Consequently, (5.2.14) becomes (5.2.22). Therefore, the
existence of a solution to (5.2.22) with d = 1 is guaranteed by Theorem 5.2.2.
The claim follows directly by applying Theorem 5.1.2 to each A, . |

We call the high-pass filters constructed in Corollary 5.2.3 as differencing

filters since all of them takes the form V#8 or their differences.

5.3 Illustrative Examples

5.3.1 Examples of Multivariate Quasi-tight Framelets

with Directionality

In this section, we provide several examples of directional quasi-tight or tight
framelets. Using the algorithm appeared in the proof of Theorem 5.1.1, we
can recover all the examples of directional tight 2/,-framelets obtained in [47]
derived from box-spline refinable functions. We now provide some other ex-

amples using different dilation matrix M.

Example 5.2. Let d =1 and M = 2. We consider the following interpolatory
filter
a={-25,0,2,120 -1} 54 (5.3.1)



Using Theorem 5.1.1, we have a quasi-tight 2-framelet filter bank {a; b1, ..., b7} (e, .er)

where
bl = {__%7 %}[0,1]7 b2 - {_%7§}[—1,0]7 b3 = {_%70707970707 3%}[—3,3]7
b4 = {_?):;_Qﬁ7g7 %;_zﬁ}[—l,l}a b5 = {_%79707 %}[—1,2]7 b6 = {_%707Q7 %}[—2,1]7
b7 = {_33%579)0707 33%5}[—1,3]

with g = -+ =€ = 1l and ¢ = --- = ¢, = —1. Since sm(a, 2) ~ 2.440765,

{g;!, ..., "} is a quasi-tight 2-framelet in Ly(R), where ¢, ... 7 are
defined in (5.1.1) with M =2 and s = 7.

1 0.03
0.3 0.3
0.8 5 0.02:

0.6 0.1

0.4
-0.1 -0.1
0.2 -0.2; -0.2;

-0.3 -0.3
0

w
°
n
w
°
~
N
o

0.2 0.10 0.10 0.10

0.1 0.05 0.05 0.05

o
°
o
o

-0.1 -0.05 -0.05 -0.05

-0.2 -0.10: -0.10 -0.10

(e) ¥* (f) v° () ¥° (h) %7

Figure 5.1: In Example 5.2: (a) Refinable function ¢. (b) - (h) Framelet functions
Yl ..., 47 corresponding to the high-pass filters.

Example 5.3. For d = 2, we consider the quincunx dilation matrix M 5 and

a low-pass filter a:

1
010
1 1
Mg = L= 11 (5.3.2)
1 -1 =
1
0 5 0 [~1,1]x[~1,1]

Using Theorem 5.1.1, we have a directional tight M s-framelet filter bank
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{a;b1,...,bs}, where

_ _1
L—— [O,l}X[0,0] [0,1]><[—17—1] 1 [LHX[_L()}
i _1
1 °
) i] L R [FP TR 2 ’
L [1,1]x[0,1] 1
8 - 10,0]x[-1,1]

b7:

o[ 10

_y2 V2
3 be = 3
0 ) 8 O ﬁ .
L [0,1]x[—1,0] = 8 10,1]x[0,1]

Note that sr(a,M 5) = 2. Since sm(a,M 5) ~ 1.577645, {¢; ¢!, ..., 4"} is a
(directional) tight M s-framelet in Ly(R?), where ¢, 9!, ... 18 are defined in
(5.1.1) with M =M 5 and s = 7.

Example 5.4. For d = 2, we consider the dilation matrix M 5 and a low-pass

filter a as follows:

0 5 35
1 -2
_ _ |1 1 1
Mﬁ—L _1]’ a= 15 3 3
11
g5 9 0 [~1,1]x[~1,1]

Using Theorem 5.1.1, we have a directional tight M s-framelet filter bank
{a;b1,...,b1g}, where

_ _V3

by = |3 ?3] 192:[__3 _3} :[f’]

) 9 9 ) 3 !
[0,1]x[0,0] [1,2]x[1,1] 9 L payx-10
[_ V3 _V2 vz
_ 9 _ 9 _ 2 V2

ba= V3 b5 = V2 o b = [_T T][01]x[1 1]’

L 9 J[11x(1,2] 9 1 1,1)x[0,1] 7 7

0 -3 0 - 0 —¥2
b7 = ﬁ 0 ) b8 = \/_g 0 ) b9 = V2 0 )
L 9 [1,2]x[0,1] 9 [0,1]x[0,1] 9 [1,2]x[1,2]
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(€N .15

1
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1

2

) ¥ (i) o8

1

Figure 5.2: In Example 5.3: (a) Refinable function ¢ (b) - (i) Framelet functions

T

blO

b16 =

,® corresponding to the high-pass filters.

1
-1 o
_1 1 by, = by = 9
K 9] LAy’ ? C 0
9 J1,1)%[1,3]
1
-1 0 9 0
09 L , bu=1(0 0 , bis= 10
91 1,21x[0,1] 1 1
9 [0,1]x[—2,0] 9
00 -1 00 -4
1 o , bhir=1, 0 o , big=
9 [1,3]%[0,1] 9 [1,3]x[1,2]
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Since sm(a,M 5) ~ 1.657138, {¢;4',...,¥'5} is a (directional) tight M -
framelet in Ly(R?), where ¢, 9!, ... 9" are defined in (5.1.1) with M = M 5
and s = 18.

5.3.2 Examples of Multivariate Quasi-tight Framelets
with High Order of Vanishing Moments

In this section we shall illustrate Theorem 5.2.2 and Corollary 5.2.3 for con-
structing quasi-tight framelets with high vanishing moments from arbitrary
refinable functions. Let us first present a one-dimensional example to illus-
trate Corollary 5.2.3 for constructing quasi-tight framelets with all high-pass
filters being special differencing filters. Recall that ,(¢) := 1 — [a(&)|?.

Example 5.5. Consider the interpolatory low-pass filter a in (5.3.1) of Ex-
ample 5.2. Since sr(a,2) = 4 and vm(u,) = 4, according to the inequality
in (5.0.1), the highest order of vanishing moments that we can achieve is 2.
Using Corollary 5.2.3 with m = 2, we have a quasi-tight 2-framelet filter bank
{a;b1,. .., b9} (c,....co), Wwhere all the high-pass filters are differencing filters given
by

bi(€) = (1 — e 21— %), by(€) = (1 — e (e — €*),
b3(€) = (1 — e (1 =€), by(€) = (1 — e (e¥E — ),
bs(€) = YE(1— e ™), b(€) = Y21 —eT)Pe™™, br(¢) = YR(1—e ),
bs(€) = (1 — e )P, hy(€) = (1 — e ) (e — ),
and €, = --eg =1 and e; = -+ = ¢y = —1. Note that the high-pass filters

bs and bg have 2 vanishing moments, while all other high-pass filters have
3 vanishing moments. Since sm(a,2) & 2.440765, {¢; 9!, ..., ¥}, ) 1S @
quasi-tight 2-framelet in Lo(R), where ¢, !, ... 9? are defined in (5.1.1) with
M = 2 and s = 9. Note that all the functions 9!, ..., 1? have at least 2

vanishing moments.

195



0.08 0.08
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-0.02 -0.02
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-0.10
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30 2 1 0 1 2 20 1 2 3 > 0 1 2
1 2 3
(a) ¥ (b) ¢ (c) ¥
0.06 0.4 0.4
0.04 0.2 0.2
0.02 0 0
o -0.2 -02
_0.02 ~0.4 —0.4
_0.04 -0.6 -0.6
-0.06 -0.8 -08
3 2 -1 0 1 2 3 -1 0 1 2 -1 0 1 2 3
4 5 6
(d) v (e) ¥ (f) v
0.61 0.6 0.2
0.4 0.4
0.1
0.2 0.2
0 o 0
-0.24 -0.2
~0.1
-0.41 -0.4
~0.61 -0.6 —0:2
-1 0 1 2 3 ) 0 1 2 2 0 1 2 3
7 8 : 9
(8) ¥ (h) ¥ (i) v

Figure 5.3: In Example 5.5: (a) - (i) Framelet functions ¢!, ... 9% corresponding
to the high-pass filters.

Example 5.6. Consider the bivariate low-pass filter

1L 1 _ 1
16 8 16
_ 1 3 1
a= 8 4 8
1L 1 1
16 8 16 [_171]X[_171}

Since sr(a,M 5) = 2 and vm(u,) = Ipm(a) = 4, according to the inequality
in (5.0.1), the highest order of vanishing moments that we can achieve is 2.

Using Theorem 5.2.2 with m = 2, we obtain a quasi-tight M_s-framelet filter
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bank {a;bi,...,b7}(c,, . er), Where

1 — e 2)2 - M2(] — ¢7H1)(1 — e 2) (1 — ¢7H(E0)),

I

_ ﬁ(

-2 256
S _ \/75(1 B e—i§2)2 _ 5_\?2(1 N e—i£1)2(e—2i§2 11— 166_i(€2_§1)),
6 _ 12295\6@(1 - efi§1)2 + f\/%(l _ 6*@'61)(1 . e*i&)(e*ifl — 24 6*1(51*252))’
) = L1 - ) 4 (1 - (1 - )1 - ),

L - @) 4 B (1 - ) (e ] — 16 i E),

(1 _ 6—7?51)2 _ %(1 _ e—iﬁl)(l _ e—i€2>(e—i§1 — 24 e—i(§1—2€2))7

Iy

I
—
[N V)
3

—~
S

Iy

SN— SN— S~— N— N— SN— SN—
| Il
o ol
no no
—

ool
—~
[a—

[\
[N
(=]

TH S & S ST S
J) S X)) E) IS )=
~~ Y~ o~~~

— e ¥ )26—1'51

Iy

with €, = € = €3 = 1, and ¢4 = €5 = ¢ = ¢; = —1. All the high-pass

filters have at least 2 vanishing moments. Since sm(a,M 5) ~ 0.235724,

-----

are defined in (5.1.1) with M = M 5 and s = 7. Note that all the functions

Pt ... ,47 have at least 2 vanishing moments.

Example 5.7. For d = 2, we consider the low-pass filter

0 0 -+ 0 0 ]
0 % 5 1w O
o= |41 3 4 -4
0 % & 1 O
L 0 0 _1_16 0 0 4 [—2,2]x[-2,2]

Since sr(a, M 5) = 2 and vm(u,) = Ipm(a) = 4, according to the inequality in
(5.0.1), the highest order of vanishing moments that we can achieve is 2. Using
Corollary 5.2.3 with m = 2, we obtain a quasi-tight M _s-framelet filter bank
{a;b1, ..., b19}(ey,...c10), Where all the high-pass filters are differencing filters
given by

Bi(€) = (1 — F&) (1 — @2, By(€) = B(1— e ),
b?,)(g) = ﬁe—z’&(l — mie)?, &(5) = 31— e—z‘(iz—&l))(l i (1 — eit),

—_

6
8



bs(€) = (e — ) (1 —e @)1 —e7™®), bo(¢) = (1 —e ™)1 —e @),
() = H(1— @)1 — e, G = B(1— ),

bo(€) = Ze (1 — e )2, bp(€) = Y2(1— e ) (1 — e )2,

b (€) = (1 — O+ (1 = e72)2 hy(€) = Y2(1 — e @) (1 — ¢7i2)?)
51; §) = g(e 1By (1 — e72)2) b/;l(g) - 1_6?(6*22‘51 _emiEn)(1 — emiE)?,
bis() = D=2, b€ = K1 — e (1 - e,

1
rr(€) = L (1 — ) (1 — %), ba(e) = Y2(1 — B )1 — ),
_ \é_gﬁ(e—i(fﬁ-?fz) _ 6—151)(1 _ 6—’i§1)27

~— ~— ~— ~— ~—
S
—~
—_
®
=
—~
a2}
=
+
I
l\J
\_/ ~ \_/

ande; =+ =€ =land €9 = -+ = €19 = —1. Since sm(a, M 5) ~ 1.801593,
{001, .. 0}, 0) 18 @ quasi-tight M s-framelet in Ly(R?), where ¢, 4", ... "
are defined in (5.1.1) with M = M 5 and s = 19. Note that all the functions

Ph .ot have at least 2 vanishing moments.

Without requiring differencing high-pass filters, we can obtain a quasi-tight
M 5-framelet filter bank {a; by, ba, b3} (1,1,-1), where

[0 -2 0 —% 0
by = _\/?5 \/Ti \/?5 : by = g 0 ‘/?6 ,
L 0 _\/?i 0 [0,2]x[~1,1] 0 _\/?6 0 [0,2]x[—1,1]
[ 0 —L 0 0 |
% 5 1w O
| & b -1 b -d
0k bk
| 00 _% 0 0 Jd1-2,2]x[-2,2]

with vm(b;) = vm(b2) = 2, and vm(b3) = 4. Since sm(a, M 5) ~ 1.801593,
{0, 2, 0%} 1,121y I8 a quasi-tight M_g-framelet in Ly(R?), where ¢, 9?92, ¢)?
are defined in (5.1.1) with M = M_5 and s = 3. Note that all the functions

Pt )2 13 have at least 2 vanishing moments.
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0.2

-0.2

04 V\W

(d) ¥°
Figure 5.4: In Example 5.7: (a) Refinable function ¢. (b) - (d) Framelet functions
Wt 2%, 4> corresponding to the high-pass filters.

Example 5.8. For d = 2, we consider the following bivariate low-pass filter

[~ 1 1 1]
0 0 -5 % ~@m
0 —L 2 5 _1
32 32 32 32
a= | —-L 5 11 5 _1
- 64 32 32 32 64
_1 5 5 _1 9
32 32 32 32
-1 _1 _1 9 0
| 64 32 64 4 [-2,2]x[-2,2]

Since sr(a,2l) = 2 and vm(u,) = lpm(a) = 4, according to the inequality
in (5.0.1), the highest order of vanishing moments that we can achieve is 2.

Using Theorem 5.2.1 with m = 2, we obtain a quasi-tight 2/>-framelet filter
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bank {a;b1,...,b5}(c,,..c5), Where
r 1 5 7 5 1
6 0 16 00 — 0 5
h=| 0 L o0 k=] 00 1 00 ,
_5 1 1 _5
[ 16 0 T J470,21%[0,2] i U 16 00 [-2,2]x[0,2]
— 1 - r 1 n
0 0 i 00 L 00
0O 0 O 0 0 0 0
bs=1| —% 3 ~i ; bi=100 =55 0 5 7
0O 0 O 0 0 O
1 1
[ 6 0 0 ] [0,2]x[—2,2] L 16 000 [-22]x[-2,2]
B 1 1 1]
0O 0 -5 —: —w
1 5 5 1
0 =35 3 3 —3
b= | -1 5 2 5 1
5 64 32 32 32 64
% % m ~m
1 1 1
| 64 T 32 64 0 0 4 [-2,2]x[-2,2]
and €, = €3 = €3 = 1 and €4 = ¢; = —1. Note that vin(b;) = ... = vm(by) = 2

and vm(bs) = 4. Since sm(a,2l) ~ 0.885296, {¢; V', ..., 9}, o) IS a
quasi-tight 2/5-framelet in Ly(R?), where ¢, 9!, ... 1° are defined in (5.1.1)
with M = 21, and s = 5. Note that all the functions !, ...,9° have at least

2 vanishing moments.
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0

(d) v (e) ¥* (£) v°
Figure 5.5: In Example 5.8: (a) Refinable function ¢. (b) - (f) Framelet functions
Wb, . .., 5 corresponding to the high-pass filters.
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Chapter 6
Conclusions and Future Work

In this thesis, we studied the construction of OEP-based quasi-tight framelets
in both univariate and multivariate cases. For the one-dimensional case studied
in Chapter 2 and Chapter 3, we proved that given a refinable function ¢ €
Ly(R) derived from an arbitrary low-pass filter a € [y(Z), a(0) = 1 and an
arbitrary moment correcting filter © € lo(Z), ©* = ©, ©(0) = 1, we can always
) C LQ(Rd) with

highest possible order of vanishing moments, for all s > max,er vy (M, e(z))+

derive a homogeneous quasi-tight framelet {t1,..., %5} (...
max.er V- (Mae(z)). Our construction is based on the generalized spectral
factorization of Hermitian matrices of Laurent polynomials in Theorem 2.3.1
and Theorem 3.1.2. In Chapter 4, we studied the quasi-tight framelet system
{41, 92} (1,-1) with symmetry. Given a low-pass filter a € lo(Z) and a moment
correcting filter © € ly(Z) with symmetry, such that a(1) = ©(1) = 1 and ©* =
O, we find the necessary and sufficient conditions for the existence of quasi-
tight framelet filter bank {a;b1,b2}e 1,—1) with symmetry in Theorem 4.4.2.
The construction is also based on the result of spectral factorizations of 2 x 2
matrices of Laurent polynomials with symmetry in Theorem 4.3.6. In the
multivariate case studied in Chapter 5, given an arbitrary dilation matrix M
and an M-refinable function ¢ € Ly(R?) derived from some real-valued low-pass
filter a € lo(Z%), @(0) = 1, we proved that we can always derive a quasi-tight
framelet {¢; 11, ..., ¢} C Lo(R?), with directionality or highest possible order
of vanishing moments.

There are a few related questions that are still unresolved, which could be
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future research problems.

In the univariate case, we might still be able to get some stronger versions
of the Theorem 2.3.1 and Theorem 3.1.2 on spectral factorizations of matrices
of Laurent polynomials. For the positive semi-definite version of Theorem 2.3.1
(known as Matrix-Valued Fejér-Riesz Lemma), it can be shown (see [54]) that if
the given Hermitian matrix A(z) of Laurent polynomials has real coefficients,
then the factorized matrix U(z) of Laurent polynomials can also have real
coefficients. However, the construction procedure in our proof of Theorem 2.3.1
relies on the Theorem 2.3.5, which cannot guarantee real factorizations in
general. We might need some new construction ideas to get real solutions.

Also, the construction algorithms we built in Chapters 2, 3 and 4 generally
require steps of finding roots of Laurent polynomials in C\ {0}. This type
of algorithms is good enough in the theoretical proof of the existence of the
solution. However, they are not numerically stable in the computation. Nu-
merical aspects of spectral factorizations of matrices of polynomials/Laurent
polynomials have been studied using different approaches in the literature (for
example, see [56, 26, 89, 1] and many references therein). But to the best
of our knowledge, there is no result built in the setting of Theorem 2.3.1 or
Theorem 3.1.2. This could also be a future research topic.

Although there are quite a few results in constructing framelets with sym-
metry, characterizing all possible framelets with symmetry is still not an easy
task. Using two framelet generators, [40, 48] characterized all the possible
tight framelet filter banks {a;b;,bs}e with symmetry, where the conditions
are similar to those of our Theorem 4.3.6 and Theorem 4.4.2 for quasi-tight
framelet filter bank {a;b1,bs}e,1,-1). For tight framelets with three genera-
tors, [43] classified the possible symmetry types of the high-pass filters into two
cases, and fully characterized one of them. Therefore, we can see that the com-
plete characterizations of general tight/quasi-tight framelets with symmetry
(or spectral factorizations of matrices of Laurent polynomials with symmetry)
are still unknown in the literature.

In the multivariate case, since our construction is so flexible that we can
use any arbitrary low-pass filter a and dilation matrix M to construct high-

pass filters with directionality, we might try to apply such transforms on signal
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processing tasks. Besides the directionality property, another benefit of using
the framelets we constructed in Section 5.1 is that the high-pass filters are
only supported on two points. In the signal processing applications, we need
to calculate the discrete framelet /wavelet transform of the 2D /3D signal using
the filter bank. The bottleneck of the computational speed is usually the
lack of efficiency in the convolution step of the signal x and the filter b,.
For nonseparable filters, if the size of the support of the filter b, is large, we
normally have to use FFT(Fast Fourier Transform) to convert the calculation
into frequency domain. As a matter of fact, in many applications, to get
translation invariance, people often use undecimated transforms, where the
filters need to be upsampled after each level/scale. So the size of the support
of the filters grows exponentially for multi-scale transforms. However, the high-
pass filters we constructed in Section 5.1 are only supported on two points.
So to compute the convolution x * by, we just need to shift the signal x twice
and compute their linear combination. This would be very efficient for high
dimensional signal processing problems. As the mechanism to use quasi-tight
framelets with general dilation matrices is still unknown, this could also lead

to future research problems.
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