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Abstract

This work presents the analysis and design of a new class of miniaturized circular waveg-

uides containing anisotropic metamaterial liners, and reveals in detail intriguing and po-

tentially useful propagation and radiation phenomena. An analytical construction of the

liner as a homogeneous, anisotropic medium is used to develop a theoretical formulation

that predicts the general dispersion features, cutoff frequencies, and field configurations of

a metamaterial-lined circular waveguide. It is shown that a circular waveguide whose inte-

rior surface is coated with a thin uniaxial metamaterial liner possessing an epsilon-negative

and near-zero (ENNZ) permittivity can permit propagation well below the unlined waveg-

uide’s fundamental-mode cutoff frequency, which is tantamount to extreme miniaturization.

These liners are realized using a simple, printed-circuit implementation based on inductively

loaded wires, which yields dispersion and miniaturization properties that are consistent with

those observed for homogeneous, anisotropic metamaterial liners. A homogenization scheme

is developed to characterize the liner’s anisotropic effective-medium parameters, which is

shown to accurately describe a set of frequency-reduced cutoffs. This work numerically

and experimentally demonstrates that the inclusion of the thin liner substantially improves

the transmission between two embedded shielded-loop sources while maintaining access to

the waveguide’s interior, thereby offering the potential for miniaturized waveguide compo-

nents suitable for applications in which the waveguide volume must remain largely empty.

Below-cutoff transmission through metamaterial-lined circular waveguides is shown to pro-

vide analogous benefits in equivalent metamaterial-lined open-ended waveguide (OEWG)

probe antennas. Accordingly, this work presents the radiation performance of OEWG probe

antennas that have been miniaturized by the introduction of thin ENNZ liners, which is

shown to provide substantial gain improvements over a similarly sized (below-cutoff) waveg-

uide probe. The far-field characteristics of a prototype metamaterial-lined waveguide ex-
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cited by a shielded loop is investigated using full-wave simulations and near-field antenna

measurements. Several emerging applications that may be enabled by these metamaterial-

lined circular waveguides and OEWG probe antennas are explored, including travelling-wave

imaging in MRI scanner bores at low static magnetic-field strengths, characterization of the

properties of small quantities of fluids, and sampling electromagnetic field profiles over sub-

wavelength spatial intervals. This work also investigates the application of the theoretical

formulation, which describes a general class of anisotropic circular waveguides, towards the

design of a metamaterial-coated PEC rod and metamaterial shell. It is shown that the in-

troduction of anisotropic metamaterials provide new insights into controlling the dispersion

of modes, cutoff frequencies, and field patterns. Relying on this theory, a transmission-line

type metamaterial formed into a circular shell is shown to significantly enhance the radiation

efficiency of a nearby antenna.
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Chapter 1

Introduction

1.1 Motivation

As society enters the 21st century, miniaturization has become one of the foremost objec-

tives in engineering, a development that is driven by the need to increase the compactness of

devices and to reduce material costs. In telecommunications, the performance of several com-

ponents, such as waveguiding and radiating structures, is typically wavelength-dependent,

which places restrictions on the degree of miniaturization for the so-called “electrical length”

of these devices (i.e. physical length with respect to wavelength). Many of today’s emerg-

ing wireless technology requirements would be fulfilled if electromagnetic devices that are

electrically small could retain a high efficiency and significant bandwidth.

Although planar electromagnetic structures have gained much traction in applications

requiring miniaturization, they suffer from dielectric losses, cross-talk, and substrate break-

down at high driving powers. On the other hand, volumetric hollow metallic waveguides are

widely used in applications requiring low propagation loss, moderate bandwidths, shielding

properties, high power-handling capability and simple integration with radiating devices,

such as horn antennas. As such, they are ideally suited to microwave radio links, radar,

and satellite communications and in the characterization of materials and antennas. One
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manifestation is the circular perfect-electric-conductor (PEC) waveguide which only operates

efficiently for frequencies above its fundamental TE11-mode cutoff frequency (fc). This cutoff

frequency is inversely proportional to the waveguide’s radius, and therefore increases as the

waveguide gets smaller. Inhomogeneously filling the circular waveguide’s cross-section with

dielectric regions relaxes this condition while retaining access to the waveguide’s interior, and

can introduce new propagation phenomena, such as frequency-reduced propagating bands

with forward-wave or backward-wave behaviour [1]. For instance, a circular waveguide whose

interior surface is corrugated will support a hybrid-electric HE11 mode that is akin to the

TE11 mode in a homogeneously filled waveguide but with a comparably lower attenuation

loss that is useful in antenna applications [2, 3]. These structures belong to a general class

of circular waveguides whose interior surface is said to be ‘lined’ or ‘coated’ with either a

dielectric or artificial material.

Metamaterial loading of waveguides is a new avenue of research in which the propagation

characteristics of an unloaded waveguide are altered through the inclusion of metamateri-

als, whose characteristics may be engineered to achieve intriguing propagation phenomena.

It has been shown that propagation can be restored in below-cutoff waveguides by loading

their interior with chains of magnetic and/or electric scatterers, such as the split-ring res-

onator (SRR), complimentary split-ring-resonator (CSRR), or wire-lines [4,5]. Metamaterial-

loaded waveguides, although strictly inhomogeneously filled, are often treated as homoge-

neously filled by a metamaterial possessing an effective permittivity (ϵ) and permeability

(µ) in which backward-, forward-, and slow-wave propagating bands are introduced where

the metamaterial exhibits exotic material parameters [6–11]. The unique propagation char-

acteristics afforded by metamaterials have also led to beneficial radiation characteristics for

waveguide-type antennas. For instance, rectangular thin-wire grids exhibiting negative per-

mittivity provide an improvement in the bandwidth and/or gain of rectangular and conical

horn antennas [12, 13]. Similarly, small antennas placed next to isotropic and homogeneous

cylindrical structures possessing negative permeability exhibit dramatically enhanced radi-
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ated power [14].

Whereas homogeneously filled models may explain certain elementary dispersion fea-

tures, certain applications and practical metamaterial implementations may necessitate an

inhomogeneous model for a complete description of the propagation phenomena, such as the

distribution of power in the transverse cross-section, and the possibility of backward coupling

of power, all of which have been observed in inhomogeneously filled structures. For instance,

theoretical investigations of reverse-Cherenkov radiation in metamaterial-loaded waveguides

consider the circular waveguides homogenously filled by a metamaterial possessing both

negative permeability and permittivity [15]. However, an inner vacuum region is required

in experimental verification to allow for the free passage of relativistic particles, rendering

the resulting dielectric-lined waveguide inhomogeneous [16]. Although the standard analysis

of the dielectric-lined circular waveguide has been applied to the case of metamaterial lin-

ers [17–20], these works have either omitted the necessary frequency dispersion, concerned

themselves with a particular case of material parameters, limited their study to obtaining

the field expressions and dispersion relations of simplified isotropic media and azimuthally

symmetric modes, or only briefly investigated potentially intriguing propagation phenom-

ena. Furthermore, these works lack an insightful and in-depth analysis of the dispersion

and cutoffs of supported modes and their dependency on a metamaterial liner’s dispersive

permittivity and permeability.

Current practical realizations of metamaterials are inherently anisotropic [21–23], which is

particularly true in manifestations employing cylindrical symmetry. For example, cylindrical

arrangements of metamaterials can be characterized by cylindrically anisotropic permittiv-

ity and permeability tensors (¯̄ϵ, ¯̄µ). Although these tensors can be simplified under certain

conditions, such as by restricting the incident field polarization so that they may be ap-

proximated as isotropic, a biaxial description is more rigorous and can account for arbitrary

field polarizations. Nevertheless, the axial invariance of a partially filled circular waveguide’s

cross-section suggests that some practical metamaterial loadings could be approximated by
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a uniaxial description [4]. While it is a challenge to design metamaterials with both nega-

tive permittivity and permeability [22, 24, 25], interesting propagation phenomena are also

associated with much simpler metamaterials, such as those in which only one of two pa-

rameters is negative. For example, complete transmission occurs in thin rectangular and

parallel-plate waveguides considered homogeneously filled with a metamaterial exhibiting

near-zero permittivity [26]. It is worth questioning if a waveguide partially loaded with a

near-zero permittivity displays similar tunneling. The interface between thin positive- and

negative-permittivity layers support tightly bound surface modes with high field intensity

and subwavelength spatial confinement. When arranged into annular layers in a circular

waveguide, these surface modes would couple with the waveguide environment, potentially

introducing novel propagation phenomena.

The early part of this work investigates the intriguing effects and implications of partially

filling PEC circular waveguides with metamaterial liners possessing anisotropic, dispersive,

and negative permittivity. For instance, using thin metamaterial liners to introduce an

HE11 mode well below the natural cutoff would enable the miniaturization of circular waveg-

uides while maintaining access to their interiors. This could prove useful in fluid-density

measurements in the oil/gas industry [27], microwave heating of fluids [28], the observa-

tion of exotic radiation in particle physics [29], and enabling traveling-wave imaging at low

static field strengths inside magnetic-resonance scanners [30]. Similarly, the miniaturiza-

tion of circular waveguide probe antennas would enable subwavelength spatial sampling of

an antenna-under-test’s electromagnetic field profiles or a material’s electromagnetic prop-

erties. Here, miniaturization of waveguides or antennas refers to operating at a frequency

anywhere below their natural resonances, at which they are typically a significant fraction of

a wavelength in size. The latter part of this investigation demonstrates below-cutoff propa-

gation in enclosed and open metamaterial-lined PEC circular waveguides analytically using

an effective-medium description, which is later verified numerically and experimentally with

a prototyped printed-circuit realization of the liner.
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Although the metamaterial-lined PEC circular waveguide is the focus of this work, the

theoretical dispersion and field analysis relies upon a general class of solutions that is valid

for many other types of electromagnetic structures exhibiting cylindrical symmetry. These

structure simply differ by one or more boundary conditions and/or the introduction of an

external source, and, as a result, their theoretical dispersion and field relations tend to

have similar form. This work concludes by investigating a general class of inhomogeneous,

anisotropic circular waveguides (the term ‘waveguide’ here can refer to structures that can

either guide or radiate electromagnetic energy, depending on how they are operated) in

which the introduction of anisotropy is shown to provide substantial control of the disper-

sion and field distributions of several supported modes. For exotic material parameters such

as permittivity and permeability that are typically associated with metamaterials, intriguing

propagation phenomena such as monomodal propagation, field confinement, and miniatur-

ization are observed, provide enabling functionalities for a wide range of RF/microwave and

optical applications.

1.2 Objectives

The objectives of this work can be summarized as follows: (1) develop the complete the-

oretical analysis for the dispersion and full electromagnetic field profiles of circular waveg-

uides lined using metamaterials exhibiting cylindrically anisotropic material parameters;

(2) investigate the relationships between certain anisotropic material parameters and novel

phenomena, including miniaturization, backward-wave dispersion, and the introduction of

frequency-reduced modes; (3) design a novel realization of anisotropic cylindrical metamate-

rials exhibiting negative permittivities at RF frequencies and develop techniques to homog-

enize their effective material parameters; (4) employ the metamaterial-lined waveguide for

transmission and radiation applications and validate the expected phenomena numerically

and experimentally; and (5) extend the theory to a general class of anisotropic cylindrical
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waveguide and antenna structures, and investigate their potentially useful propagation and

radiation characteristics.

1.3 Outline

Chapter 2 provides a comprehensive background on waveguides either fully or partially

filled by vacuum, natural dielectrics, or metamaterials. It begins with an introductory re-

view of metamaterials and concludes with a discussion of several emerging applications of

metamaterial-loaded waveguides. Chapter 3 explores the dispersion of several new modes

supported by circular waveguides whose inner surface is lined by a thin anisotropic meta-

material region. We present a rigorous hybrid-mode analysis to determine the metamaterial-

lined waveguide’s general dispersion features, cutoff frequencies, and field configurations,

which is used to develop relationships between individual material parameters and the cut-

off frequencies of modes of interest. Several novel phenomena are established, including

below-cutoff propagation, backward-wave dispersion, field collimation, and the possibility of

waveguide miniaturization. This is followed by the analysis of a representative metamaterial-

lined waveguide’s dispersion features, in which design guidelines are offered for engineering

the frequency response of a suite of frequency-reduced modes. Chapter 4 develops a printed-

circuit implementation of the metamaterial liner and introduces a novel homogenization

approach that gives insight into the metamaterial’s effective-medium parameters based on

the dispersions of frequency-reduced modes supported by the liner and their similarity to

the transmission-line (TL) modes of TL metamaterials. An experimental prototype is de-

veloped, and parametric studies are performed to gauge the impact of fabrication tolerances

on the dispersion of frequency-reduced modes. Chapter 5 numerically and experimentally

investigates below-cutoff transmission in a metamaterial-lined waveguide possessing a dis-

persive anisotropic permittivity. Full-wave electromagnetic simulations are first employed to

study the resonant transmission features of a metamaterial-lined waveguide placed between
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two larger excitation waveguides. A novel feeding arrangement employing a shielded-loop

source embedded inside a miniaturized waveguide is investigated for the fabricated liners in

both simulations and experiments. The advantages of miniaturized waveguides are explored

for applications in medical imaging. Chapter 6 presents the radiation performance of open-

ended circular-waveguide probe antennas that have been miniaturized by the introduction

of thin metamaterial liners. The far-field characteristics of a designed frequency-reduced

mode are compared to those of the modes of a conventional-sized OEWG using aperture

theory and full-wave simulations. Numerical and experimental investigations of a proto-

type metamaterial-lined waveguide excited by a shielded loop are presented. Chapter 7

investigates other classes of anisotropic cylindrical waveguides that share a similar theo-

retical analysis, and focuses additionally on the novel dispersion features of an anisotropic

metamaterial-coated rod waveguide and the radiation performance of an electric line source

exciting an anisotropic metamaterial shell constructed from existing metamaterials. To con-

clude, Chapter 8 proposes a number of potential future directions of research, including novel

applications of anisotropic metamaterials in circular waveguides and the benefits afforded

when they are loaded by a fully biaxial metamaterial.
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Chapter 2

Background

2.1 Homogeneously-Filled Waveguides

Figure 2.1: A circular waveguide of radius b homogeneously filled by a material possessing a
relative permittivity (ϵr) and permeability (µr).

Hollow waveguides are widely used in applications requiring high power-handling capa-

bility and simple integration with radiating devices such as horn antennas. As such, they are

ideally suited to microwave radio links, radar, and satellite communications. It is well known

that air-filled waveguides enclosed by perfect-electric-conducting (PEC) boundaries support

a discrete spectrum of modes, each possessing a cutoff frequency, fc, above which they are

capable of propagating power. One example is shown in Figure 2.1, which presents a circular

waveguide of radius b whose waveguide axis coincides with the z-axis of the cylindrical coor-
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Figure 2.2: The electric-field vectors of the five lowest-order modes of a homogeneously-filled
circular waveguide. The vector’s colour represent the electric-field magnitude.

dinate system. Whereas Lord Rayleigh is now credited for the first theoretical analysis of an

electromagnetic wave in a PEC circular waveguide [31], they were rediscovered independently

by a number of research groups [32] and did not see wide use for almost 40 years until the

development of high frequency radar in World War II [33]. To this day, circular waveguides

are widely used as rotary joints which provide a continuous microwave transmission path

between rotating and stationary sections of a mechanically scanned antenna system.

In general, homogeneous PEC waveguides support transverse electric (TE) and transverse

magnetic (TM) modes in which the longitudinal (z-) electric- and magnetic-field components,

respectively, are zero. The modes of a circular waveguide are described by the solutions of

Bessel’s differential equation which are termed Bessel functions. For a circular waveguide

homogeneously filled by a material with permittivity (ϵ = ϵrϵ0) and permeability (µ =
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µrµ0), the TE and TM modes’ cutoffs are determined from fTE
c,nm = p′nm/(2πb

√
ϵµ) and

fTM
c,nm = pnm/(2πb

√
ϵµ), in which pnm and p′nm are the roots (or zeros) of a Bessel function

of the first kind (Jn) and its derivative (J ′
n), respectively, where n and m are the azimuthal

and radial orders of the mode, respectively. The TE11 is the fundamental mode with the

lowest cutoff frequency followed in increasing frequency by the TM01, TE21, TM11, and

TE01 modes’ cutoffs, where the latter two are degenerate. The electric-field vectors of these

modes are shown in Fig. 2.2. Due to the forward-wave (i.e., co-directional group and phase

velocity) dispersion of the modes’ propagating bands above their cutoffs, in general multiple

modes can co-propagate. Only the TE11 mode has a monomodal propagating band up to

the cutoff of the TM01 cutoff frequency where all other modes are evanescent. Designing

sources for multimode waveguides requires special measures to excite a single desired mode

while suppressing others. Homogeneously filling the vacuum region of the waveguide with an

isotropic dielectric material serves to reduce these cutoff frequencies, without modifying the

corresponding transverse modal field distributions. This is especially useful, for example, in

tailoring the operational bandwidth and aperture-field distribution of horn antennas [34].

2.2 Inhomogeneous Waveguides

In applications requiring uninhibited motion through the waveguide, such as the microwave

heating and characterization of fluids [27,35] and the acceleration of particles to relativistic

speeds [36], it is desirable to have access to the enclosed region of a waveguide, making

it convenient to partially fill the waveguiding structure with a dielectric to achieve similar

results. These inhomogeneous structures have special impedance boundary conditions and

support modal field distributions that can differ significantly from those of their conven-

tional, homogeneously-filled counterparts. The dielectric-lined circular waveguide, whose

geometry is shown in Fig. 2.3, is an example of a composite structure. An inner core re-

gion of permittivity ϵ1 = ϵr1ϵ0 and permeability µ1 = µr1µ0 is surrounded by a dielectric
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Figure 2.3: Transverse cross-section of the dielectric-lined cylindrical waveguide consisting
of two concentric dielectric regions. An inner core region of radius a and a liner of thickness
b − a are filled with materials described by relative parameters {ϵr1, µr1} and {ϵr2, µr2},
respectively.

material of thickness t = b− a with permittivity ϵ2 = ϵr2ϵ0 and permeability µ2 = µr2µ0. It

has been extensively investigated in the form of an otherwise hollow waveguide loaded with

a dielectric rod [1, 37]. This structure supports hybrid electric (HE) and hybrid magnetic

(EH) modes which are similar to the TE andTM modes in a conventional homogeneously-

filled PEC circular waveguide. However, in hybrid modes the longitudinal (z-) electric-and

magnetic-field components, in general, do not vanish. These hybrid modes have complex

propagation constants of the form γ = α+ jβ. Whereas nonzero α is attributed to dielectric

or conductive loss in homogeneous waveguides, its existence in inhomogeneous waveguides is

a direct result of the coupling of power between regions and can appear even in the absence

of losses [1].

In low-loss structures, modes for which the value of α is substantially larger than β are

termed evanescent. These modes attenuate rapidly in the longitudinal direction, and are

limited in their ability to transport power along the waveguide, much like the evanescent

modes of a homogeneously filled waveguide; as a result, they shall not be the focus of this

study. On the other hand, modes with α much smaller than β can lead to the propagation

of real power; we term these propagating modes. Modes with α comparable in magnitude

to β can be considered neither purely propagating nor evanescent, and are therefore termed

complex modes. These complex modes exist in complex conjugate pairs, and the two con-
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jugate modes transport power in opposite directions so that net power is zero across any

transverse plane of the waveguide [38]. Only if the conjugate modes are excited unequally

can they transport real power [39]. A rigorous demonstration of the complex mode’s power

conservation property can be found in Ref. [39].

Due to the longitudinal symmetry in the structure, the analysis of the dielectric-lined

cylindrical waveguide consists of finding the cutoff, or resonant, frequencies of the waveg-

uide’s cross section. Using these analysis techniques, it has been shown that it is possible to

attain a bandwidth enhancement of the TE11 and TM01 modes through properly designing

the dielectric liner [40]. The inhomogeneous nature of the waveguide introduces additional

degrees of freedom in engineering its modal dispersion characteristics, such as the dielectric

layer’s permittivity, permeability, and thickness, providing benefits like bandwidth enhance-

ment and introducing backward-wave propagation [1, 40].

Multilayered circular PEC waveguides are a generalization of the dielectric-lined waveg-

uide, in which the material parameters of multiple dielectric layers are individually tailored

to achieve useful propagation characteristics. They have received attention for their capabil-

ity to significantly alter the dispersion and attenuation loss of propagating modes, which is

useful in creating low-loss, slow-wave microwave accelerating structures that dampen non-

EH01 modes [41], and, conversely in other instances, in significantly lowering the attenuation

of the HE11 mode [42]. The ability to dampen or enhance select modes over others in mul-

timode waveguides can be designed with a narrow and wide bandwidth, but the selectivity

between modes is limited [42].

Periodically loading circular waveguides with metallic or dielectric inclusions offers addi-

tional flexibility in designing the mode’s cutoffs, field profiles, and dispersion by engineering

the physical and electrical properties of the inclusions. For instance, the gyrotron amplifier

is a high-power microwave source that is constructed from a circular waveguide periodically

loaded by either metallic discs or a helix, which act to slow the phase velocity of the waveg-

uide’s propagating modes to the velocity of an interacting electron beam [43]. Significant
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levels of amplification over broad bandwidths are achieved through proper choice of the disc’s

and helix’s geometrical properties [44]. Instead of loading the vacuum interior with discs,

corrugating the waveguide’s walls with periodic air- or dielectric-filled grooves offers similar

dispersion features with those of the disc-loaded waveguides. Corrugated waveguide horn

antennas are now an industry standard for antenna applications requiring radiation patterns

with low sidelobes and low cross polarization [45]. These corrugations are often analyzed

using anisotropic surface impedance concepts, in which transverse and longitudinal corruga-

tions are described as possessing a soft and hard boundary condition, respectively [46, 47].

Whereas introducing transverse corrugations in rectangular waveguides can enable propa-

gation well below the natural cutoff frequency of a similarly sized unlined waveguide, these

corrugations are typically resonant in length and either occupy a significant portion of the

waveguide’s interior and/or require high-permittivity dielectrics [48]. However, it may be pos-

sible to provide additional control over the mode’s dispersion and enable similar below-cutoff

propagation by introducing a thin metamaterial region possessing dispersive, anisotropic,

and/or otherwise exotic material parameters.

2.3 Metamaterials

Electromagnetic-wave interaction with matter is often facilitated through macroscopic de-

scriptors such as permittivity and permeability, which average (or homogenize) the influence

an electric and magnetic field has on an ensemble of particles. In conventional materials,

these homogenized effective-medium parameters rely upon the natural arrangement of indi-

vidual atoms whose size and inter-atom spacing are far below the radiation’s wavelength.

Metamaterials are artificial dielectrics that employ a similar homogenized effective-medium

description except the role of atoms is replaced by periodic inclusions, whose shape and

arrangement can be precisely engineered using available technologies from RF to optical fre-

quencies. Through proper design, metamaterials can take on a wide range of inhomogeneous
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(spatially variant) and anisotropic (polarization-dependent) electromagnetic material param-

eters, such as ϵ and µ, that can be used to control electromagnetic fields in space. Metamate-

rials can be designed to possess epsilon-positive (EPS), mu-positive (MPS), epsilon-negative

(ENG), and/or mu-negative (MNG) responses. Simultaneous EPS and MPS is referred

to as ‘double-positive’ (DPS), and simultaneous ENG and MNG is referred to as ‘double-

negative’ (DNG). In DNG metamaterials, both ϵ < 0 and µ < 0 will cause the refractive

index (n =
√
ϵµ) to become negative, which enables some rather unique phenomena. A

negative refractive index (NRI) causes light incident from a positive refractive index (PRI)

to an NRI medium to refract beyond, rather than merely towards, the normal. Whereas a

semi-infinite PRI material will generally support forward waves in which phase lags in the

direction of power flow, an equivalent NRI material will support backward-wave propagation

in which the phase advances as power flows.

Metamaterial studies now encompass a majority of the electromagnetic spectrum, with

research in the radio frequency (RF), microwave, terahertz (THz), and optical regimes [49].

They have received much recent attention for such discoveries as the invisibility cloak [50]

and the super-resolving lens [51]. Metamaterials have been used to alter the propagation

in guiding structures; one such instance is the tunneling of electromagnetic waves through

miniaturized waveguides [52]. Researchers have also used metamaterials to improve upon

the design of antennas, in particular, providing new techniques in antenna miniaturization,

beam forming, and gain and bandwidth improvement [53–55].

2.3.1 Realization and Modeling

Metamaterials take on a variety of forms, but are generally composed of an array of sub-

wavelength electric and magnetic scatters. In this work, the periodic scatters are referred to

as the metamaterial’s unit cells. A metamaterial’s effective-medium description is said to be

valid when the phase incurred βd incurred by a wave possessing a wavenumber β across a

unit cell of periodicity d satisfies the condition βd . π/4 [56, 57]. In metamaterials, relying
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on the unit cell’s parasitic reactance alone, d is on the order of λ/5 [58]; however, strong,

discrete reactive loading can significantly miniaturize the metamaterial’s size; in fact, d on

the order of λ/75 has been reported in the literature [59]. Several approaches to homogenize a

metamaterial as an effective medium have been proposed in the literature such as those based

on field-averaging [57, 60–63], curve-fitting [64], a dispersion relation [65], and an inversion

of the scattering parameters [58,66–68].

The bulk effective medium properties of (generally dispersive) metamaterials are frequency-

dependent (i.e., (ϵ(ω), µ(ω)), in which ω is angular frequency) and can exhibit negative, near-

zero, or positive complex values [69]. Several mathematical models have been proposed to

model a dispersive metamaterial’s material parameters; one being the Lorentz model, which

describes electron motion in terms of a damped harmonic oscillator driven by an external

force. In materials where the electrons are not bound to the nucleus, such as metals, the

oscillator’s restoring force is negligible, and the dispersion is described by a simpler Drude

model. In fact, the Drude model can accurately model the electric response of most ENG

metamaterials over a select frequency range around their plasma frequencies [70].

Whereas metals and plasmas are well-known conventional materials obeying a Drude re-

sponse with isotropic negative permittivity at frequencies just below their plasma frequency,

realizing these exotic values at microwave frequencies requires the use of structured mate-

rials. Some of the earliest envisioning of artificial microwave plasmas are the parallel-plate

waveguides operating just below its TE01 mode cutoff and arrays of thin metallic wires, which

exhibited plasma-like complex propagation without the need for a DC magnetic field [73].

An illustration of the thin metallic wires is shown in Fig. 2.4(a) and discussed in detail

in Sec. 4.1. Over three decades later, thin-wire media saw a revival in the pursuit of an

artificial medium possessing a NRI [21]. However, to achieve a NRI condition requires the

creation of metamaterials with a magnetic response. To this end, Pendry et al. introduced

the split-ring resonator (SRR) (shown in Fig. 2.4(b)) which consists of a capacitively-loaded

metallic loop [71] that can be described by an effective permeability (µeff ) that exhibits a

15



Figure 2.4: Various metamaterial realizations at RF, microwave, THz, and optical fre-
quencies: (a) Thin-Wire Media [21], (b) Split-ring resonator [71], (c) Spherical silver
nanoparticles [72] (d) Patterned Frequency-Selective Surfaces [56] (e) Periodically-loaded
Transmission-Line [56].

Lorentz-type dispersion. At this stage it is useful to investigate in detail the Lorentz-type

profile of µeff , which is applicable to many different types of metamaterial unit cells and can

be represented using the following form:

µeff = 1 +
ω2
mp − ω2

mo

ω2
mo − ω2 + jωωmt

. (2.1)

Here, ωmp is the magnetic-plasma frequency, ωmo is the magnetic-resonance frequency, and

ωmt is the magnetic damping factor. Figure 2.5 presents the dispersion of the real (solid-red

curve) and imaginary (dashed-blue curve) components of µeff = µ′
eff − jµ′′

eff obtained using

Eq. 2.1 with ωmp = 2π × 4.5GHz, ωmo = 2π × 5GHz, and ωmt = 2π × 3MHz.

Below ωmo, µeff is positive and approaches its DC value. µeff exhibits negative perme-

ability for frequencies just above ωmo. In the case of the SRR, this frequency corresponds to

a resonance formed between the capacitive gap and the metallic loop’s inductive path [71].
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Figure 2.5: Lorentz dispersion of µeff = µ′
eff − jµ′′

eff for a representative metamaterial with
a magnetic response.

At higher frequencies, the negative permeability must pass through zero at ωmp after which

it assumes positive values that approach the permeability of free space (µ0).

In addition to thin-wire and SRR metamaterials being scaled up to THz [74, 75] (and

for the latter case, optical [76, 77]) frequencies, there exist countless other metamaterial

implementations composed of linear, planar, or volumetric arrays of metallic and dielectric

objects. This includes dielectric and metallic spheres [78, 79], patterned surfaces [80], or

transmission-line topologies [56], which are respectively shown in Figs. 2.4(c)–2.4(e).

In initial theoretical studies, metamaterials are often modeled as homogeneous isotropic

effective media. However, the design of isotropic 3-D metamaterials is a challenging en-

deavor because it requires its constituent unit cell’s structural design to appear physically

symmetric for an incident wave of arbitrary polarization [21–23]. This is eased in planar

metamaterials, in which the symmetry requirement is relaxed by restricting propagation to

2-D. Furthermore, even physically asymmetric unit cells may appear isotropic by restricting

the polarization of the incident wave [81]. Anisotropy becomes problematic again in man-

ifestations employing cylindrical symmetry, in which the curvature, periodic nature, and

axis-dependent boundary conditions must be considered.
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Figure 2.6: Photograph of fabricated NRI-TL superlens with inset showing lumped loading
of the host CPS-TL using discrete surface-mount inductors and capacitors [51].

2.3.2 Negative Refractive Index Transmission-Line Metamaterials

One important subclass of metamaterials, which is a good candidate for cylindrical orienta-

tions, is the negative-refractive-index transmission-line (NRI-TL). In one form, the NRI-TL

consists of a capacitively loaded host coplanar-strip (CPS) transmission line shaped into

rings that are connected inductively [81]. The benefits of using the CPS technology is its

balanced quasi-transverse electric and magnetic (TEM) mode, high bandwidth, and fully

planar design that allows for ease of fabrication. Through the use of discrete loading com-

ponents and the resulting miniaturization of the unit cells, there is tight coupling between

resonators leading to larger NRI bandwidths and low propagation losses. These metama-

terials have been realized in planar and volumetric form, and have been designed and ex-

perimentally verified to exhibit properties associated with left-handed-media such as the

support of backward waves in leaky-wave-antennas and sub-diffraction focusing with a so-

called ‘Veselago-Pendry superlens’ [51]. The first experimental verification of sub-diffraction

focusing using a ‘Veselago-Pendry superlens’ in a free space environment was achieved by

Iyer et al., and employs the NRI-TL metamaterial in a layered planar arrangement, as shown
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in Fig. 2.6. Strictly speaking, the stacked NRI-TL structure is uniaxially anisotropic, but ap-

pears isotropic under excitation by a vertical magnetic line source, which produces magnetic

fields normal to the NRI-TL layers and limits propagation to the 2D isotropic layer planes.

The NRI properties of the rectangular arrangement are derived from several parameters,

including the L− C loading, TL parameters, and the constant spacing between layers.

2.4 Metamaterial-Loaded Waveguides

Since their inception, metamaterials have been extensively investigated in waveguide envi-

ronments in order to observe the intriguing propagation phenomena that arise from their

exotic and dispersive material parameters. Waveguides are typically employed in experiments

to verify the theoretical responses of metamaterials and to extract their effective-medium

parameters [58]. For example, the theory of images enables propagation inside an infinite

array of metamaterial inclusions to be described by placing a finite number of such inclusions

inside a waveguide. Furthermore, the waveguide mode’s fixed polarization can be employed

to extract select components of a metamaterial’s anisotropic material parameters.

Investigations of miniaturizing waveguides using metamaterials began with theoretical

studies of a thin, subwavelength 1-D cavity resonator composed of slabs of PRI and NRI

materials [82]. Since the backward-wave dispersion of the NRI slab introduces phase ad-

vance, it may compensate for the phase lag from the forward-wave dispersion in the PRI

slab. Hence, the transverse resonance boundary condition can be satisfied for cavity lengths

much shorter than approximately λ/2, which is the lowest resonance condition for a cavity

homogeneously filled by a PRI medium. These theoretical studies were extended to the

parallel-plate waveguide filled with PRI and NRI slabs, which support a backward-wave

passband with an extremely small group velocity that could enable the reduction of the

waveguide’s transverse dimensions [83, 84]. In 2004, Alù et al. observed that the propa-

gation of TE and TM modes can be made independent of the thickness of a parallel-plate
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(a) (b)

Figure 2.7: A waveguide loaded by an array of (a) split-ring resonators (SRR) and (b) thin
wires.

waveguide, provided that it is filled inhomogeneously with bilayers of the varieties DPS-

DNG, DNG-ENG, DPS-MNG and ENG-MNG [85]. Furthermore, it was shown from the

parallel-plate waveguide’s dispersion relation that propagation of the TE modes is forbidden

in thin waveguides for the bilayer combination DPS-ENG.

2.4.1 SRR and Thin-Wire-Loaded Waveguides

In 2005, Hrabar et al. experimentally demonstrated below-cutoff propagation in waveguides

loaded by metamaterial inclusions, such as the SRR and thin wires shown in Figs. 2.7(a)

and 2.7(b) [4]. This phenomenon was interpreted by considering the waveguide as homo-

geneously filled with a plasma with an effective permittivity (ϵwg,eff ) that follows a Drude

profile. In this description, the cutoff frequency of the fundamental TE10 mode corresponds

to the Drude plasma frequency, below which the waveguide has ϵwg,eff < 0 [86]. Therefore,

the waveguide’s propagation constant k = ω
√
µ0ϵwg,eff is imaginary below the waveguide’s

cutoff frequency and propagation is forbidden. Loading the below-cutoff waveguide with an

array of SRRs exhibiting µeff < 0 results in k = ω
√
µeffϵwg,eff being real and negative, and

backward-wave propagation can occur. By mounting the SRR onto thin metallic rods that

can rotate, the metamaterial’s effective parameters can be mechanically tuned to introduce

below-cutoff propagation with backward- or forward-wave dispersion [5].
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Figure 2.8: Simulated (a) magnetic-field magnitude (snapshot in time) and (b) Poynting
vector distribution of the complete transmission through a subwavelength channel [87].

2.4.2 Epsilon-near-zero Waveguides

It was shown by Silveirinha and Engheta that complete transmission or ‘supercoupling’

could be achieved in discontinuous waveguides of arbitrarily small cross section, provided

that they are homogeneously filled with SNG metamaterials possessing epsilon-near-zero

(ENZ) values [88]. The physical insight behind this idea is that since the wavelength of

radiation inside the ENZ material is extremely large, the wave must be able to propagate

inside the ENZ material with no relevant reflection losses at abrupt bends or junctions. Since

ENZ materials have a refractive index near zero, the phase variation inside such media is

expected to be slow. In fact, this can be observed in Figs. 2.8(a) and 2.8(b) which present

the simulated magnetic-field magnitude and Poynting vector of the complete transmission

through an ultranarrow parallel-plate waveguide channel that is placed between two above-

cutoff parallel-plate waveguides. In this figure, the ultranarrow waveguide channel naturally

exhibits zero effective permittivity at its cutoff [89], which is made evident by the uniform

phase variation in the channel. This tunneling is effectively a zero-order resonance. This

terminology should not be confused with a conventional Fabry-Perot resonance because the

frequency at which complete transmission occurs is strictly dependent on the ϵ = 0 condition

and not on the waveguide’s length. Despite the huge impedance contrast between the feeding

and channel waveguides, an incident wave will be able to tunnel through provided one of the

physical transverse dimensions of the channel is electrically small [90].
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Although initial studies considered waveguides filled with isotropic ENZ materials, in

some scenarios complete transmission can also occur in anisotropic ENZ metamaterials.

This eases the design of practical anisotropic metamaterial implementations to achieve su-

percoupling in bends of arbitrary geometry. For instance, arrays of thin-wires exhibiting

an anisotropic ENZ response can be easily formed to fill complex waveguide-bend geome-

tries to enable complete transmission, one example being a parallel-plate waveguide with a

180◦ bend [85]. Furthermore, tunneling in anisotropic ENZ metamaterials has enabled ex-

perimental validations of supercoupling in a waveguide containing an embedded anisotropic

metamaterial with zero permittivity, such as the complimentary SRR at microwave frequen-

cies [91] and silver and silicon nitride nanolamellae at optical frequencies [92]. This body of

work has inspired novel dielectric-sensing waveguides [93, 94], in which the highly-selective

transmission through ultranarrow channels can enable the detection of minute amounts of a

dielectric material.

2.5 Antennas

Miniaturization is a driving force in many areas of electrical engineering and antenna design is

no exception. However, common to many electromagnetic systems, there exist fundamental

performance limits with respect to how small antenna elements can be made. Resonant

antennas, such as the electric dipole, microstrip-patch, and open-ended waveguide, rely on a

minimum wavelength condition being supported in one of their physical dimensions in order

to maximize radiation efficiency. In 1947, Wheeler [95] modeled electrically small electric

and magnetic dipoles as capacitive and inductive circuit elements, which he used to derive

simple formulas that describe their maximum radiated power. These limits were generalized

to all antennas by Chu [96] and Harrington [97]. In Chu’s analysis, the whole antenna

system, including any feed network to aid in reactive matching, is enclosed within a sphere

of radius (r) and the antenna’s radiated fields are expressed as a summation over orthogonal
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spherical-wave functions representing the full-spectrum of excited modes. The antenna’s

quality factor, which is a measure of antenna efficiency and bandwidth and is engineered

to have low values in antennas, was calculated through relating the modes that propagate

to real radiated power and the modes that decay evanescently to imaginary reactive power.

For electrically-small-antennas (i.e., k0r ≪ 1 where k0 is the free-space wave vector), their

quality factor takes the form:

Q ≃ 1

(k0r)3
. (2.2)

Therefore, as an antenna shrinks in size the quality factor inherently increases. While this

limit can never be exceeded, researchers have been able to approach it even closer than before

through the use of metamaterials [14].

2.6 Waveguide-Type Antennas

Although waveguides are typically used to guide waves within their confines, by simply open-

ing up one end of the waveguide the resulting exposed aperture will radiate into free space.

Open-ended waveguide (OEWG) probe antennas are popular for their well known near- and

far-field patterns, ease of integration with standardized waveguides, and established calibra-

tion techniques. In the microwave and millimeter-wave regimes, waveguides are recognized

for their applications in non-destructive dielectric sensing [98], surface crack detection [99],

thermography [100], and near-field antenna and material characterization [101]. In fact,

our recently acquired near-field measurement facilities at the University of Alberta utilize

OEWG probes to accurately measure the fields of an antenna under test (AUT).

In antenna and material characterization, an OEWG probe is used to sample the spatial

electromagnetic field profiles, where the measured signal is related to an analog integration of

the fields across the aperture. However, like waveguides, these probes only operate efficiently

for frequencies above a fc which can lead to a few inherent drawbacks [102]. For instance,
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conventional above-cutoff waveguides are large and unable to sample the fields to even mod-

erately sub-wavelength resolutions; moreover, they can unnecessarily load the antenna or

material under test, potentially introducing errors into the measurements. Decreasing the

aperture size of an OEWG probe would present several benefits, provided its efficiency could

be maintained. One of these is the mitigation of errors introduced by approximations in

near-field probe corrections [103].

Whereas OEWG probes may be miniaturized by operating in their evanescent region

(i.e., below their fundamental cutoff frequency), such evanescent waveguide antennas require

additional design, such as the inclusion of dielectric regions or complex matching networks,

to compensate for their naturally reactive guided-wave impedance. For instance, the evanes-

cent rectangular waveguide antenna reported in Ref. [104] requires multiple capacitive posts

to achieve a −10dB bandwidth of 15% with a gain less than 4.7dB. Furthermore, this band

resides immediately below its fundamental cutoff, implying only moderate or no miniatur-

ization. Operating more deeply into cutoff to achieve larger degrees of miniaturization would

result in severe decreases in gain and bandwidth. Another approach is to homogeneously fill

the waveguide with a high-permittivity dielectric to reduce its cutoff frequency; however, at

low frequencies, the dielectric filling leads to further increases in weight and manufacturing

cost. Furthermore, this approach is unsuitable for applications requiring access to the in-

terior of the waveguide. For example, uninhibited motion of particles through waveguides

is required in both microwave heating of fluids [28] and in cyclotron masers for electron

beams [29]. In these cases, it may be more prudent to partially fill, or line, the waveguide

with a dielectric [105].

2.7 Metamaterial-Loaded Antennas

The metamaterial loading of antennas has resulted in the development of novel radiating sys-

tems and new techniques to improve the radiation characteristics of electrically small anten-
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nas. Some examples include leaky-wave antennas exhibiting entirely new phenomena, such

as frequency scanning from backfire to endfire through broadside [106, 107]; compact horn

antennas with up to octave bandwidths and improved gain [108–110]; and super-directive

antenna arrays whose elements exhibit minimal mutual coupling despite their dense arrange-

ment [111]. These properties are achieved through engineering the metamaterial’s electro-

magnetic effective-medium parameters, which includes designing their spatial variation, as

well as their dispersive response. Metamaterials have enabled dramatic size reductions of

the monopole wire [112,113], microstrip patch [114], and OEWG probe [115,116].

Naturally, below-cutoff transmission in waveguides homogeneously-filled by metamateri-

als also enables the miniaturization of OEWG probe antennas. It was found that rectangular

OEWG probes filled by SRRs suffer from highly resonant narrowband operation and low ra-

diation efficiency, but offer a high degree of miniaturization of the waveguide’s fundamental

TE01 mode whose radiation pattern is similar to that of a vacuum-filled OEWG probe an-

tenna but with a broader beamwidth and decreased directivity [115]. On the other hand,

thin-wire ENG fillings provide only marginal degrees of miniaturization of the waveguide’s

TM11 mode, but with low losses. Whereas inductively loading the wires offers higher degrees

of miniaturization, this comes at the expense of lower radiation efficiency.

In some instances, it may be prudent to consider these OEWG probe antennas as in-

homogeneously loaded by metamaterials in order to properly characterize their radiation.

This is particularly true in circular OEWG probe antennas, whose rotational symmetry re-

quires cylindrical arrangements of metamaterial inclusions that prohibits the application of

homogenization techniques developed for rectangular orientations. To enable access to the

waveguide’s interior, the metamaterial can line the interior surface of the circular OEWG

probe antenna. Therefore, it would be useful to develop a complete analytical theory that

accurately describes a circular waveguide whose interior contains two concentric layers pos-

sessing generally anisotropic and dispersive ϵ and µ.
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Chapter 3

Theoretical Analysis of an Anisotropic

Metamaterial-Lined PEC Circular

Waveguide

3.1 Theory

This section presents, in detail, the approach used in this work to theoretically determine the

dispersion and field relations of a generally inhomogeneous and anisotropic circular waveg-

uide. The lined circular-waveguide cross section presented in Fig. 3.1 consists of an inner

core region (Region I) that is surrounded by an anisotropic liner region (Region II), of radius

a and b, respectively, which is embedded in a PEC background medium. In general, each

region possesses anisotropic material parameters that are described by tensors diagonalized

in a cylindrical coordinate system. Taking the coordinate axis to coincide with the waveguide

axis, these take the form ¯̄ϵ = ¯̄I(ϵρ, ϵϕ, ϵz)ϵ0 and ¯̄µ = ¯̄I(µρ, µϕ, µz)µ0, in which ¯̄I is the identity
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Figure 3.1: Transverse cross-section of the anisotropic metamaterial-lined circular waveguide.

dyadic defined as:

¯̄I =


1 0 0

0 1 0

0 0 1

 (3.1)

In the following analysis, these material parameters can assume negative, near zero, positive,

and other extreme values that are typically associated with dispersive metamaterials.

3.1.1 Field Analysis

The generally inhomogeneous nature suggests the waveguide supports hybrid electric HEnm

and hybrid magnetic EHnm modes in which both the longitudinal (z-directed) electric and

magnetic fields generally exist. Here, the indices n and m refer to the order of the mode’s

ϕ and ρ variation, respectively, and take on integer values. Let E(ρ, ϕ, z) = E(ρ, ϕ)e−γz and

H(ρ, ϕ, z) = H(ρ, ϕ)e−γz, in which γ = α + jβ is the longitudinal (z) complex propagation

constant. A time-harmonic behavior e+jωt is assumed and suppressed throughout. To solve

for the fields and full dispersion of hybrid modes, a transverse decomposition of Maxwell’s

equations in a cylindrical coordinate system is employed. The general solution for the lon-

gitudinal (z) components of the electric and magnetic fields in any region is obtained from
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the cylindrical wave equation in an unbounded cylindrically anisotropic medium and derived

in detail in Appendix A, and their final form is given by Eqs. A.24b and A.25. To avoid a

singularity at ρ = 0 in Region 1, b4 = a4 = 0 in Eqs. A.24b and A.25, and they reduce to

the form:

Ez1 = C1Jν1(γ
ϵ
ρ1ρ)cos(nϕ)e

−γz, (3.2a)

Hz1 = C2Jτ1(γ
µ
ρ1ρ)sin(nϕ)e

−γz, (3.2b)

in which,

γϵ
ρ1 =

√
ϵz1
ϵρ1

√
γ2 + k0

2ϵρ1µϕ1, γµ
ρ1 =

√
µz1

µρ1

√
γ2 + k0

2ϵϕ1µρ1, (3.3a)

ν1 =

√
ϵϕ1µz1

ϵz1µρ1

γϵ
ρ1

γµ
ρ1

n, τ1 =

√
µϕ1ϵz1
µz1ϵρ1

γµ
ρ1

γϵ
ρ1

n. (3.3b)

Here, γµ
ρ1 and γϵ

ρ1 are the ρ-directed components of the propagation vectors, k0 = ω/c is the

free-space propagation constant, ν1 and τ1 are the generally complex orders of the Bessel (J)

and Neumann (Y ) functions, n is the azimuthal mode index, and C1 and C2 are the region-

dependent constants that are derived from applying the appropriate boundary conditions.

In Region 2, the longitudinal fields can be expressed as:

Ez2 = (C ′
1Jν2(γ

ϵ
ρ2ρ) + C ′

2Yν2(γ
ϵ
ρ2ρ))cos(nϕ)e

−γz, (3.4a)

Hz2 = (C ′
3Jτ2(γ

µ
ρ2ρ) + C ′

4Yτ2(γ
µ
ρ2ρ))sin(nϕ)e

−γz, (3.4b)

in which,

γϵ
ρ2 =

√
ϵz2
ϵρ2

√
γ2 + k0

2ϵρ2µϕ2, γµ
ρ2 =

√
µz2

µρ2

√
γ2 + k0

2ϵϕ2µρ2, (3.5a)

ν2 =

√
ϵϕ2µz2

ϵz2µρ2

γϵ
ρ2

γµ
ρ2

n, τ2 =

√
µϕ2ϵz2
µz2ϵρ2

γµ
ρ2

γϵ
ρ2

n. (3.5b)

We can simplify the expressions in Region 2 by applying the PEC boundary condition at
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ρ = b on Ez2 and Eϕ2. After manipulation, Eqs. 3.4a and 3.4b can be expressed as:

Ez2 = C3Fν2(γ
ϵ
ρ2ρ)cos(nϕ)e

−γz, (3.6a)

Hz2 = C4Gτ2(γ
µ
ρ2ρ)sin(nϕ)e

−γz, (3.6b)

in which,

Fν2(γ
ϵ
ρ2ρ) = Yν2(γ

ϵ
ρ2b)Jν2(γ

ϵ
ρ2ρ)− Jν2(γ

ϵ
ρ2b)Yν2(γ

ϵ
ρ2ρ), (3.7a)

Gτ2(γ
µ
ρ2ρ) = Y ′

τ2
(γµ

ρ2b)Jτ2(γ
µ
ρ2ρ)− J ′

τ2
(γµ

ρ2b)Yτ2(γ
µ
ρ2ρ). (3.7b)

The transverse field components in each region are determined from the longitudinal com-

ponents using Eqs. A.9 in Appendix A and take the form:

Eρ1 =

(
−γϵz1
ϵρ1γϵ

ρ1

C1J
′
ν1
(γϵ

ρ1ρ)−
jωnµϕ1ϵz1
ϵρ1γϵ

ρ1
2ρ

C2Jτ1(γ
µ
ρ1ρ)

)
cos(nϕ)e−γz, (3.8a)

Eϕ1 =

(
γnµz1

µρ1γ
µ
ρ1

2ρ
C1Jν1(γ

ϵ
ρ1ρ) +

jωµz1

γµ
ρ,1

C2J
′
τ1
(γµ

ρ1ρ)

)
sin(nϕ)e−γz, (3.8b)

Eρ2 =

(
−γϵz2
ϵρ2γϵ

ρ2

C3F
′
ν2
(γϵ

ρ2ρ)−
jωnµϕ2ϵz2
ϵρ2γϵ

ρ2
2ρ

C4Gτ2(γ
µ
ρ2ρ)

)
cos(nϕ)e−γz, (3.8c)

Eϕ2 =

(
γnµz2

µρ2γ
µ
ρ2

2ρ
C3Fν2(γ

ϵ
ρ2ρ) +

jωµz2

γµ
ρ2

C4G
′
τ2
(γµ

ρ2ρ)

)
sin(nϕ)e−γz, (3.8d)

Hρ1 =

(
−γµz1

γµ
ρ1

C2J
′
τ1
(γµ

ρ1ρ)−
jωnϵϕ1µz1

µρ1γ
µ
ρ1

2ρ
C1Jν1(γ

ϵ
ρ1ρ)

)
sin(nϕ)e−γz, (3.8e)

Hϕ1 =

(
γn

γϵ
ρ1

2ρ
C2Jτ1(γ

µ
ρ1ρ)−

jωϵz1
γϵ
ρ1

C1J
′
ν1
(γϵ

ρ1ρ)

)
cos(nϕ)e−γz, (3.8f)

Hρ2 =

(
−γµz2

γµ
ρ2

C4G
′
τ2
(γµ

ρ2ρ)−
jωnϵϕ2µz2

µρ2γ
µ
ρ2

2ρ
C3Fν2(γ

ϵ
ρ2ρ)

)
sin(nϕ)e−γz, (3.8g)

Hϕ2 =

(
γn

γϵ
ρ2

2ρ
C4Gτ2(γ

µ
ρ2ρ)−

jωϵz2
γϵ
ρ2

C3F
′
ν2
(γϵ

ρ2ρ)

)
cos(nϕ)e−γz. (3.8h)

in which,

F ′
ν2
(γϵ

ρ2ρ) = Yν2(γ
ϵ
ρ2b)J

′
ν2
(γϵ

ρ2ρ)− Jν2(γ
ϵ
ρ2b)Y

′
ν2
(γϵ

ρ2ρ), (3.9a)
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G′
τ2
(γµ

ρ2ρ) = Y ′
τ2
(γµ

ρ2b)J
′
τ2
(γµ

ρ2ρ)− J ′
τ2
(γµ

ρ2b)Y
′
τ2
(γµ

ρ2ρ). (3.9b)

The continuity of the tangential electric- and magnetic-field components in Eqs. 3.8a–3.8h

at ρ = a relate the coefficients to one another as follows:

C3 = C1

Jν1(γ
ϵ
ρ1a)

Fν2(γ
ϵ
ρ2a)

, C4 = C2

Jτ1(γ
µ
ρ1a)

Gτ2(γ
µ
ρ2a)

(3.10a)

C1

C2

=
jωn

γa

Jτ1(γ
µ
ρ1)

Jν1(γ
ϵ
ρ1)

[
µϕ2ϵz2
γϵ
ρ2

2 − µϕ1ϵz1
γϵ
ρ1

2

] [
ϵz1
γϵ
ρ1

J ′
ν1
(γϵ

ρ1a)

Jτ1(γ
ϵ
ρ1a)

− ϵz2
γϵ
ρ2

F ′
ν2
(γϵ

ρ2a)

Fν2(γ
ϵ
ρ2a)

]−1

(3.10b)

C2

C1

=
jωn

γa

Jν1(γ
ϵ
ρ1)

Jτ1(γ
µ
ρ1)

[
µz2ϵϕ2

γµ
ρ2

2 − µz1ϵϕ1

γµ
ρ1

2

] [
µz1

γµ
ρ1

J ′
τ1
(γµ

ρ1a)

Jτ1(γ
µ
ρ1a)

− µz2

γµ
ρ2

G′
τ2
(γµ

ρ2a)

Gτ2(γ
µ
ρ2a)

]−1

(3.10c)

where Eq. 3.10b and Eq. 3.10c are implicated in the computation of the EH and HE modes,

respectively, which will be discussed shortly.

3.1.2 Dispersion Relation

Before Eqs. 3.2–3.10 can be applied to calculate the total electric and magnetic fields of a

given mode at a certain frequency, we need to know the relationship between the mode’s axial

propagation constant γ and said frequency (i.e., the dispersion relation). The coefficients C1

and C2 are eliminated in Eqs. 3.10b and 3.10c to obtain the following dispersion relation:

AB =
−k0

2n2

γ2a2

[
µϕ2ϵz2
γϵ
ρ2

2 − µϕ1ϵz1
γϵ
ρ1

2

][
µz2ϵϕ2

γµ
ρ2

2 − µz1ϵϕ1

γµ
ρ1

2

]
(3.11a)

A =

[
µz1

γµ
ρ1

J ′
τ1
(γµ

ρ1a)

Jτ1(γ
µ
ρ1a)

− µz2

γµ
ρ2

G′
τ2
(γµ

ρ2a)

Gτ2(γ
µ
ρ2a)

]
(3.11b)

B =

[
ϵz1
γϵ
ρ1

J ′
ν1
(γϵ

ρ1a)

Jτ1(γ
ϵ
ρ1a)

− ϵz2
γϵ
ρ2

F ′
ν2
(γϵ

ρ2a)

Fν2(γ
ϵ
ρ2a)

]
(3.11c)

Muller’s method is used to determine the roots of Eqs. 3.11 in the complex-γ plane and

numerically arrive at a set of continuous dispersion curves. Muller’s approach is an extension

of the secant method in which the complex roots may be found using a quadratic interpolation

as opposed to a simpler linear interpolation. Numerical implementation of Muller’s method
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is performed in MATLAB using an iterative approach to find a final complex root γi at each

evaluated frequency f , where i refers to the index of the iteration. To ensure the method’s

accuracy, we define the function g as the difference in the left-hand side (LHS) and right-

hand side (RHS) of Eq. 3.11a when evaluated at (γi, f). In this work, the method is said to

be converged when |g(γi)| < σ and |γi−γi−1| < σ, where σ = 10−8. To begin the root-finding

algorithm, we supply an initial guess – typically a known cutoff frequency where γ = 0 –

after which the roots are slowly tracked in the complex-γ plane to obtain the full dispersion

curve. In instances where there are multiple branches (i.e., solutions), both branches are

tracked but only the most relevant curves are shown. To ensure the accuracy of the root

solver, a subset of the dispersion curves were verified using COMSOL’s eigenmode module.

It should be noted that there exist certain limiting cases in which the modal fields revert

to the equivalent transverse modes of the homogeneous case. For γ = 0 (i.e., at cutoff)

and n = 0, the RHS of the dispersion relation (Eq. 3.11a) becomes zero and the HE and

EH modes are decoupled and are said revert to TE and TM modes, respectively. This work

maintains a hybrid mode notation even in such instances. In general, this results in the roots

of (Eq. 3.11b) and (Eq. 3.11c) determining, respectively, the cutoff frequencies of the HE

and EH modes, and the full dispersion of γ of any azimuthally symmetric (n = 0) modes.

It is interesting to note that the Bessel and Neumann functions in Eqs. 3.11b and 3.11c

share similar arguments and orders. For instance, the dispersion of HE and EH modes

are strongly impacted by (γµ
ρ , ν) and (γϵ

ρ, τ), respectively. At cutoff (i.e., γ = 0), these

expressions reduce to (γµ
ρ = ω

√
µzϵϕ, ν = n

√
ϵϕ/ϵρ) and (γϵ

ρ = ω
√
ϵzµϕ), τ = n

√
µϕ/µρ).

Therefore, only a subset of the tensor elements will dictate the cutoffs for each mode, which

as will be shown, are closely related to the field polarization of that mode.

For metamaterials with negative permittivity and/or permeability tensor elements, these

arguments and orders can assume either extremely large or small complex values that can

introduce novel propagation phenomena not usually observed in isotropic dielectric-lined

waveguides. In the case of an anisotropic medium with biaxial permittivity and/or perme-
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ability (i.e., ϵρi ̸= ϵϕi, µρi ̸= µϕi), νi and τi generally assumes complex values. This requires

evaluation of Bessel and Neumann functions of complex orders using a series representation

based on complex Gamma functions that can be highly inaccurate for extremely complex

orders if evaluated using MATLAB, due to its limited precision. Instead, this work employs

Mathematica which is capable of accurately obtaining Bessel and Neumann functions for

complex orders. The values are then passed to MATLAB with double-point precision.

3.2 Numerical Investigations

In this study, we look at the dispersion of a circular waveguide whose interior surface is

coated with a thin anisotropic metamaterial liner. Although Eqs. 3.11 accurately model

the dispersion of a generally anisotropic metamaterial-lined circular PEC waveguide, at this

stage it is useful to make the following simplifications. The inner core region is rendered

as vacuum (i.e., ¯̄ϵ1 = ¯̄I(1, 1, 1)ϵ0 and ¯̄µ1 = ¯̄I(1, 1, 1)µ0) so as to accommodate applications

requiring access to the waveguide’s interior. The liner is assigned a uniaxial permittivity

¯̄ϵ2 = ¯̄I(ϵt2, ϵt2, ϵz2) with ϵz2 = 1 and a non-magnetic response (i.e, ¯̄µ2 = ¯̄I(1, 1, 1)µ0). Recall

from the previous discussion that the EHmode’s cutoffs are a function ϵz2 and the HEmode’s

cutoffs are a function (ϵρ2, ϵϕ2). Therefore, by maintaining that ϵρ2 = ϵϕ2 = ϵt2 ̸= ϵz2, in which

ϵt2 shall hereafter be referred to as the transverse permittivity, we retain independent control

over the EH and HE modes’ cutoffs, but, as previously noted, significantly ease the theo-

retical analysis. As will be shown in Chapter 4, practical implementations of metamaterial

liners can be successfully modeled using such uniaxial approximations, provided the liner is

thin. In these structures, ϵt2 can take on values that are typically associated with dispersive

metamaterials (i.e., EPS, ENG, or ENZ). The fully biaxial case (i.e., ϵρ2 ̸= ϵϕ2 ̸= ϵz2) will be

revisited in Sec. 3.2.5 and Chapter 7.
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Figure 3.2: Cutoff frequency of the EH01, HE01, EH11, HE11 and HE21 modes versus
the relative permittivity, ϵt2, of the metamaterial-lined PEC circular waveguide possessing
anisotropic permittivity [¯̄ϵ2 = (ϵt2, ϵt2, 1)ϵ0].

3.2.1 Cutoff Frequency Dependence on Transverse Permittivity

for Thin Uniaxial Liners

Consider a metamaterial-lined waveguide with dimensions b = 15mm and t = 1mm. The

liner is termed ‘thin’ because it only occupies a small portion (in this case 12.89%) of the total

cross-sectional area. Figure 3.2 presents the dependence of the metamaterial-lined circular

waveguide’s EH01, HE01, EH11, HE11 and HE21 modes’ cutoff frequencies on ϵt2, which is

obtained using the analytically derived dispersion relation (Eqs. 3.11) through enforcing the

cutoff condition, γ = 0. It should be noted that ϵt2 is here an independent variable; i.e.,

each point on the curve is only concerned with ϵt2 at a single frequency (specifically, cutoff).

Figure 3.2 may be employed in choosing the value of permittivity required to achieve a

desired cutoff frequency, after which a suitable dispersive permittivity function satisfying

this condition may be selected. The case of a realistic, dispersive liner permittivity will be
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treated in a later discussion.

Under these simplifications, Eqs. 3.11a and 3.11b can be reduced to the following form:

A =

[
J ′
n(k0a)

Jn(k0a)
− 1

√
ϵt2

G′
n(k0

√
ϵt2a)

Gn(k0
√
ϵt2a)

]
, (3.12a)

B =

[
J ′
n(k0a)

Jn(k0a)
− F ′

n(k0a)

Fn(k0a)

]
, (3.12b)

The solutions of Eqs. 3.12a and 3.12b when A = B = 0 determine the cutoff frequencies

of the HE and EH modes, respectively. As previously noted, these equations suggest that

ϵt2 strongly affects the cutoff frequency of HE modes and not the EH modes, which can

be verified by Fig. 3.2. The EH01 and EH11-modes’ cutoff frequency remain fixed, and, in

general, HE modes vary significantly. The HE01-mode cutoff is degenerate with the EH11

mode in a homogenous waveguide, and although not readily apparent, its cutoff marginally

varies with ϵt2. This is consistent with its dominant electric-field polarization whose purely

azimuthal orientation (Eϕ) and radially decaying profile (i.e., Eϕ → 0 as ρ → b) can only

weakly interact with the thin liner. However, for n > 0 the generally ρ- and ϕ- directed

electric fields of the HEn1 modes causes their cutoff frequencies to be strongly affected by

ϵt2.

Positive-Permittivity Liner

A well known result of the homogeneously filled dielectric waveguide is that the cutoff fre-

quencies of the TEn1 modes scale as the inverse square root of permittivity (see Sec. 2.1),

when that permittivity is assumed positive and nondispersive. Even though the metamaterial

liner only occupies a small portion of the total cross-section of the waveguide, it is to be

expected that a thin EPS liner with permittivity larger than unity marginally lowers the

natural cutoff frequency, and conversely, that an EPS liner with permittivity smaller than

unity will increase the natural cutoff frequency. Indeed, Fig. 3.2 shows that the HE11 and

HE21 cutoff frequencies are weakly dependent on large positive permittivity values. How-

ever, the cutoff frequencies increase dramatically for small positive ENZ values, suggesting
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that the waveguide is thrust more deeply into cutoff as ϵt2 → 0+. In this region, the liner

permittivity is characterized by both EPS and ENZ, which we more compactly refer to as

‘epsilon positive and near zero’ (EPNZ).

Negative-Permittivity Liner

The cutoff frequency’s dependence on negative permittivity values is even less intuitive:

large, negative liner permittivities in the range shown produce marginally decreased cutoff

frequencies; however, as ϵt2 → 0−, the cutoff frequency of the HE11 and HE21 modes are

dramatically lowered, suggesting that a waveguide lined with a metamaterial possessing such

permittivity values may support propagation at very low frequencies, well below its natural

cutoff. It is evident from Fig. 3.2 that this regime is characterized by both ENG and ENZ,

which we term ‘epsilon negative and near zero’ (ENNZ). In fact for a particular ENNZ

permittivity value, each mode’s cutoff frequency can, in theory, be reduced to dc. Of course,

this is a pathological case, since it would require an ENZ material at dc and, in any event,

could only result in the trivial electrostatic field solution.

Figure. 3.2 shows that, as the azimuthal order increases, the ϵt2 required to reduce the

mode’s cutoff frequency to dc tends to increasingly negative values. This results in a crossing

of these curves in which, past this point, the HE21 mode has a lower cutoff frequency than

the HE11 mode. This is counter-intuitive to the homogeneous case in which, as n increases,

the cutoffs of the HE modes increase. To retain clarity, higher-azimuthal-order HEn1 (i.e.,

n > 3) modes are not shown; however, they too follow the same decreasing trend of fc

in the ENNZ range. It should be noted from Eq. 3.12a that all of the HE modes’ cutoff

frequencies are independent of the value of ϵz2, and so these results are shared with the fully

isotropic-liner case in which ϵz2 = ϵt2. Although not shown, it has been determined that

thinner liners require more extreme ENNZ values (i.e., closer to zero) to realize the same

reduction in cutoff frequency.
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3.2.2 Field-Profile Dependence on Transverse Permittivity for Thin

Uniaxial Liners

Figure 3.3: The HE11 mode’s complex electric field magnitudes and vectors of a
metamaterial-lined circular PEC waveguide as liner permittivity ϵt2 varies.

Positive-Permittivity Liner

The evolution of the HE11 mode’s complex electric-field magnitudes and vectors as the liner

permittivity (ϵt2) varies from positive to negative values are shown in Figs. 3.3. The frequen-

cies plotted track the HE11 curve in Fig. 3.2, and the fields were calculated from numerical

implementation of the theory developed in Sec. 3.1. The expected continuity of the electric-

flux density’s normal component at the interface between the vacuum and liner region (i.e.,

Eρ1 = ϵt2Eρ2 at ρ = a) is readily observed. For ϵt2 = 1, the waveguide is rendered homoge-

neous and the electric fields revert to the well-known TE11 profiles. We note that there exists

a significant ρ-directed electric field at the liner-vacuum interface, which suggests ϵt2 (impli-

cated in the continuity condition) will largely impact the HE11 fields in the case of radial

inhomogeneity. Indeed, for ϵt2 = 5, the inner vacuum region’s fields are of higher concentra-
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tion than the liner region. However, the liner is so thin that a TE11-like field polarization is

still evident in the inner vacuum region. As ϵt2 → 0+, the fields become increasingly con-

centrated in the liner region. Recall that the HE11 cutoff increases for EPNZ liners, which

leads to an increase to the vacuum region’s radial phase variation (γϵ
ρ1 = γµ

ρ1 =
√
k2
0 + γ2).

This is made evident for ϵt2 = 0.1 and 0.01, in which the vectors display additional field-line

curvature and the nulls in magnitude appear to push in towards the center.

Negative-Permittivity Liner

For ϵt2 = −5 we observe an electric-field profile that displays a similar degree of contrast

between the liner and vacuum regions as the EPS liner of similar absolute magnitude. How-

ever, for ENZ liners the orientation of the electric field’s normal component reverses across

the interface. In the ENNZ regime, two major differences in the field profiles are observed: a

decrease in the curvature of field lines in the inner vacuum region and a discontinuous higher

concentration of fields in the metamaterial-liner region. The latter property can be explained

using the normal electric-field boundary condition which requires that the normal component

of the electric field in the liner must increase as |ϵt2| → 0. It should be stressed that the field

strengths in the vacuum region, although small in comparison to those in the liner, are not

negligible. Furthermore, the reduction in frequency suggests a larger operating wavelength

inside the vacuum region and, therefore, less field variation. It is interesting to note that

as ϵt2 → 0− the electric-field vectors are collimated, resembling those inside a parallel-plate

waveguide. Indeed, sharp negative refraction of the electric-field lines at the vacuum-ENNZ

interface allows the observed collimation in the vacuum region while still ensuring that the

liner fields at the outer PEC boundary are purely normal. It should be noted that the sig-

nificant concentration of fields in the liner region suggests that the liner’s material loss will

play a pivotal role in the propagation and attenuation of these frequency-reduced modes.

Although the electric fields for other modes are not shown here, it is simple to deduce

their expected profiles with the help of Figs. 3.2-3.3. Modes whose cutoffs do not vary
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significantly with ϵt2, such as the EH01, HE01, and EH11 modes, will have fields that are

either exactly the same or only slightly deviate from the equivalent modal profile in an

homogeneous waveguide. However, for HEn1 modes (n > 0) whose cutoff is a strong function

of ϵt2, the fields will exhibit similar traits as those for the HE11 mode (i.e., discontinuous

field strengths and increased or decreased field variation), but with additional azimuthal

variation.

3.2.3 Asymptotic Analysis of Thin Uniaxial Liners
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Figure 3.4: The HE11- and HE21-mode cutoff frequency versus liner permittivity ϵt2. The
full and exact dispersion relation (3.11) is compared to the approximate expression (3.13).

Knowing that ENNZ liners reduce the cutoff frequency of the HEn1 modes, the decoupled

simplified dispersion relation for the HE modes (3.12a) can be simplified further using small-

argument approximations to reduce the Bessel and Neumann functions with the goal of

obtaining a non-transcendental expression. The two conditions provided by the ENNZ liner,

namely that fc → 0 and ϵt2 → 0−, validate the assumption {k0
√
ϵt2a, k0a} → 0 in this

frequency regime. Therefore, a first-order power-series approximation of the Bessel and

Neumann functions can be applied to Eq. 3.12a, which yields the result that the cutoff

frequency of the HEn1 mode is related to the permittivity, ϵt2, of the liner and thickness,
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t = b− a, as follows:

fc,n =

(
2c

2πa

)√
(n2 + n)(1−K)

n− (n+ 2)K
(n > 0), (3.13a)

where

K = ϵt2

[
1 +

(
b
a

)2n
1−

(
b
a

)2n
]

(n > 0). (3.13b)

This simple relationship constitutes a design equation, since it specifies the ENNZ values of

ϵt2 necessary to produce a desired fc,n, given waveguide dimensions a and b. The particular

small-angle approximations that were used in deriving this expression are not valid for n =

0, but the cutoffs in such cases are most easily obtained numerically from Eqs. 3.12. In

Fig. 3.4, the approximate expression (3.13a) is compared to the exact analytical expression

(3.12) for the HE11 and HE21 modes. It is evident that Eq. 3.13a models the trend over

all ϵt2 values and is more accurate for the HE11 mode. The asymptotic approximations fail

for the generally higher cutoff frequencies of the HE21 mode, which results in significant

discrepancies. However, Eq. 3.13a is expectedly most accurate in the ENNZ region in which

the asymptotic limits are valid and the cutoff frequency is strongly reduced. The margin

of error in this expression can be evaluated for the HE11 mode by applying the two cases

describing an unloaded waveguide: one in which ϵt2 → 1 and simultaneously a → 0, and the

other in which a → b, and comparing the results to the well-known expression for the TE11-

mode cutoff frequency of a homogeneously vacuum-filled circular waveguide (fc,unlined =

1.841c/(2πa)). It is easily shown that the former case produces fc,1 = 2c/(2πa), whereas the

latter case yields fc,1 = 1.633c/(2πa); the geometric average of these limiting cases is within

2% of fc,unlined.
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Cutoff Frequency at dc

By setting K = 1, Eq. 3.13a captures the behaviour of the cutoff frequency tending to zero

in Fig. 3.2, which if applied to Eq. 3.13b yields

ϵt2,max,n =
1− (b/a)2n

1 + (b/a)2n
. (3.14)

In this expression, ϵt2,max,n specifies the maximum ENNZ value required of the anisotropic

liner to arbitrarily lower the cutoff frequency, which is strictly dependent on the waveguide’s

and liner’s dimensions. Equation 3.14 explicitly captures the action of the ENNZ liners, in

that as a → b (i.e., the liner is of infinitesimal thickness), ϵt2,max,n, and therefore ϵt2, must

more closely approach zero to restore propagation. It should be noted that Eq. 3.13a become

increasingly accurate as ϵt2 → ϵt2,max,n (hence, fc → 0). Furthermore, Eq. 3.14 highlights the

shift of ϵt2,max,n to more negative values as n increases and in the limit n → ∞, ϵt2,max,n → −1.

This suggests a crowding of higher-azimuthal-order HEn1 modes at ϵt2 = −1.

3.2.4 Dispersion Analysis of Thin Uniaxial Liners

HEn1 Cutoff Frequencies

In Fig. 3.2, it was implicitly assumed that the liner permittivity required to produce a

desired cutoff frequency could actually be achieved at that frequency. However, designing

for a particular HEn1-mode cutoff requires the dispersive nature of ϵt2 to be taken into

account. Hence, the liner permittivity’s dispersion is now described by a Drude model

with ϵt2(ω) = 1 − ω2
ep/ω(ω − jωt), in which ωep is the plasma frequency and ωt is the

damping frequency establishing the liner’s loss. This model accurately approximates the

complex, dispersive nature of the liner’s permittivity over a select frequency range near

the plasma frequency. This type of dispersion can be realized by any number of existing

metamaterial technologies including wire-grid media [117] or radially arranged transmission-

line metamaterials [118], and therefore lends itself readily to practical implementation. To
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Figure 3.5: Cutoff frequency of the EH01, HE01, EH11, HE11 and HE21 modes versus
the relative permittivity, ϵt2, of the metamaterial-lined PEC circular waveguide possess-
ing anisotropic permittivity [¯̄ϵ2 = (ϵt2, ϵt2, 1)ϵ0]. A Drude dispersion profile of ϵt2(ω) which is
defined in Sec. 3.2.4 is also shown.

design the metamaterial-lined circular waveguide for a specific HE11 cutoff frequency fc,1,

the waveguide dimensions (outer radius b, inner radius a) are chosen and the corresponding

required ϵt2 may be determined from Eq. 3.13a. Thereafter, it remains only to choose an

appropriate dispersion model for the liner permittivity such that ϵt2 assumes the needed

value at the desired cutoff frequency. Conversely, the dimensions of the waveguide can be

determined if given an ϵt2(ω) based on a known metamaterial frequency response.

At this stage, we will focus on the HE11 mode and later will generalize the results to

higher-order HEn1 modes. To aid in the discussion, the EH01, HE01, EH11, HE11 and HE21

modes cutoff frequency curves are reproduced in Fig. 3.5 with the addition of a Drude-

profile curve that will explained shortly. For the chosen waveguide dimensions (b = 15mm

and a = 14mm), it can be observed from Fig. 3.5 that a liner permittivity of ϵt2 = −0.09

will result in a reduced HE11 cutoff frequency of fc,1 = 3.381GHz. To achieve this goal, the
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Drude model parameters for the liner are set to ωep = 2π× 3.550GHz and ωt = 2π× 3MHz.

Superposing the metamaterial’s dispersive permittivity (grey curve) on the cutoff-frequency

curve, as also shown in Fig. 3.5, two intersections are observed for the HE11 mode: the lower-

frequency intersection corresponds to the designed HE11-mode cutoff, which, for ϵt2 = −0.09,

indeed produces fc,1 = 3.381GHz; the higher-frequency intersection occurs at ϵt2 = 0.6438,

which results in fc,1 = 5.958GHz – a slight increase as compared to the cutoff frequency of

the homogeneously vacuum-filled waveguide. Since each of these intersections corresponds

to a cutoff frequency of the HE11 mode, it is evident that the lined waveguide supports

dual-band operation. These cutoff frequencies may be adjusted simply by modifying the

liner’s permittivity profile and/or the waveguide’s dimensions using Eq. 3.13a and/or a figure

equivalent to Fig. 3.5. However, owing to the Drude-like permittivity dispersion, which varies

slowly at low frequencies, the lower-frequency cutoff is less sensitive to such modifications

than the higher-frequency cutoff; conversely, this also implies that the lower-frequency cutoff

is more resistant to tolerances in modeling and/or fabrication.

For the higher order HE21 mode, two intersections also occur that correspond to a lower

and higher frequency cutoff. As expected, the higher frequency cutoffs in the EPS regime

tend to increase as the azimuthal order increases (i.e., HE11 <HE21 <HE31...). However, this

does not hold in the ENNZ regime of this particular Drude profile. The frequency-reduced

HE21 intersection at ϵt2 = −0.16 and fc = 3.300GHz is actually lower than that of the

HE11 mode. In fact, although not shown, the intersections generally tend to decrease as the

azimuthal order increases for HEn1 modes. In the previous asymptotic study, it was suggested

a crowding of higher-azimuthal-order HEn1 modes occurs at ϵt2 = −1. Expanding on this,

an intersection and corresponding cutoff frequency will then occur for all higher-azimuthal-

order HEn1 modes. Therefore, there exists the possibility to propagate all HEn1 modes in the

range −1 < ϵt2 < ϵt2,max,1. However, as will be shown in Chapter 5, multimode propagation

in this regime can be mitigated through proper design of a practical liner implementation

and realistic excitation source.
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Full Dispersion of the HE11 Mode

Figure 3.6: Dispersion of α/k0 and β/k0 for the metamaterial-lined waveguide’s HE11 mode
as compared to the dispersion of the TE11 mode of an unlined waveguide of the same outer
radius.

Figure 3.6 presents the HE11-mode dispersion of the lossy metamaterial-lined waveguide

as obtained from Eqs. 3.12. Here, the solid and dashed curves, respectively, indicate the

normalized propagation constant (β/k0) and normalized attenuation constant (α/k0), in

which γ = α + jβ. For clarity, the dispersion of non-HE11 modes have been omitted. Also

shown for comparison is the TE11-mode dispersion of a homogeneously vacuum-filled (un-

lined) waveguide of the same outer dimension, where β/k0 and α/k0 are represented using

grey solid and open circles, respectively. As suggested from the two intersections in Fig. 3.2,

the metamaterial-lined waveguide supports two HE11-mode propagating bands: a forward-

wave band near the cutoff of the unlined waveguide, and a new frequency-reduced band

well below this cutoff frequency. The frequency-reduced band has two regions of interest: a

propagating backward-wave band for f ≤ f1 = 3.381GHz and a complex-propagation band

for f1 < f < f2 = 3.644GHz. Backward-wave propagation has previously been observed in
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inhomogeneous waveguides, albeit with conventional positive-valued dielectrics, and resulted

in only a marginal reduction in cutoff frequency [119]. The use of ENNZ materials in the

present work suggests that backward-wave propagation can be achieved at dramatically re-

duced frequencies. As will be shown in the next chapter, the complex-propagation band does

not allow for propagation of real power, a fact that may be attributed to the simultaneous

existence of it’s complex conjugate, which is excited equally in this region [38]. The stop-

band in the region f2 ≤ f ≤ f3 = 5.958GHz is explained by the fact that the metamaterial

liner exhibits positive permittivities approaching unity as frequency is increased; as a result,

propagation in the lined waveguide at these frequencies strongly resembles that in the un-

lined waveguide under its natural TE11 cutoff. Accordingly, the forward-wave band in the

region f ≥ f3 is also very similar in curvature and shape to that of the unlined waveguide.

These results affirm that the metamaterial liner only significantly alters the propagation

characteristics of the waveguide in the ENNZ frequency region.

Non-HEn1 Cutoff Frequencies and Dispersion

Figure 3.5 also indicates equivalent cutoff frequency intersections for the EH01, EH11, and

HE01 modes. Due to the weak dependence of these modes’ cutoffs on ϵt2, Fig. 3.5 suggests

each mode has only a single higher-frequency intersection which slightly deviates from the

natural cutoffs of a homogeneous vacuum-filled waveguide. However, for the EH01 mode,

ϵt2(fep) = 0 satisfies Eq. 3.12b; this corresponds to the intersection of the vertical axis with

ϵt2(f) in Fig. 3.5. The resulting important implication is the cutoff of this frequency-reduced

EH01 mode occurs precisely at the Drude plasma frequency of ϵt2. Strictly speaking, only

ϵρ2 = 0 is required to introduce a EH01 cutoff; which results in ϵt2 = 0 for the uniaxial

assumption. This condition is independent of the dimensions and remaining material pa-

rameters, and occurs in addition to its high-frequency natural cutoff.

To gain insight into the reason the ϵt2 = 0 solution is not shown in Fig. 3.5 recall that

those cutoff frequency curves were calculated from Eqs. 3.12, which were obtained under the
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Figure 3.7: Dispersion of the frequency-reduced EH01 mode for a metamaterial-lined PEC
circular waveguide possessing anisotropic permittivity [¯̄ϵ2 = (ϵt2, ϵt2, 1)ϵ0] with a fixed Drude
dispersion profile.

assumption γ = 0. If we relax this condition and let γ ̸= 0 and n = 0, Eq. 3.11c reduces to

1√
γ2 + k2

0

J ′
0(
√

γ2 + k2
0a)

J0(
√

γ2 + k2
0a)

− 1√
γ2/ϵt2 + k2

0

F ′
0(
√
γ2/ϵt2 + k2

0a)

F0(
√
γ2/ϵt2 + k2

0a)
= 0. (3.15)

Whereas ϵt2 is not implicated in Eq. 3.12b to determine the EHmode’s cutoffs, by allowing

γ ̸= 0 here we observe multiple instances of the ratio γ/ϵt2 in Eq. 3.15. There exist two cases

for this ratio; a) {γ → 0, ϵt2 ̸= 0} which implies γ/ϵt2 = 0 and Eq. 3.15 reduces back to

Eq. 3.12b and b) {γ → 0, ϵt2 → 0} which implies γ/ϵt2 ̸= 0. For the latter case, evaluation of

this limit is no simple task and is best determined numerically. Numerical studies revealed

the γ/ϵt2 generally tends to large values such that the solution f = fep and ϵt2 = 0 always

satisfies Eq. 3.15 irrespective of the value b, a, and the remaining material parameters.

To further validate this, Fig. 3.7 presents the dispersion curves for the EH01 mode for

metamaterial-lined waveguides of different dimensions but sharing the same uniaxial liner

permittivity ¯̄ϵ2 =
¯̄I(ϵt2, ϵt2, 1)ϵ0 in which ϵt2 obeys a fixed Lorentz profile with fep = 3.7GHz

and ft = 3MHz. As is evident, each waveguide exhibits the same EH01 cutoff frequency at

fep, below which it exhibits a backward-wave propagating band that generally varies between

each case.

Although this study suggests that all higher-order EH modes will require evaluation of
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Figure 3.8: Dispersion of α/k0 and β/k0 for the following modes of the metamaterial-lined
waveguide: (a) EH01, (b) HE11 and (c) HE21 waveguide-type (W.T.) and surface-type (S.T.).

the special case γ/ϵt2 ̸= 0, this is not the case for n ̸= 0, in which the modes are hybrid.

Their coupled full dispersion relation (Eqs. 3.11) must now be considered and the special

functions F ′
τ2

and Fτ2 take a vastly different form for τ2 ̸= 0.

Dispersion of Frequency-Reduced Modes

We now focus on the dispersion of frequency-reduced EH01, HE11, and HE21 modes in

Figs. 3.8(a), 3.8(b), and 3.8(c), respectively. The frequency-reduced EH01 mode is described

by a backward-wave band and, as mentioned earlier, a cutoff frequency f01 = fep. The

metamaterial-lined waveguide supports multiple highly dispersive frequency-reduced HEn1

propagating bands for n > 0. In addition to the waveguide-type (W.T.) HEn1 modes, there

also exist corresponding surface-type (S.T.) modes that are bound to the metamaterial-

vacuum interface [120]. These may be differentiated by their radial wavenumbers, γρ1. The

waveguide-type modes exhibit a standing-wave distribution in the transverse plane due to

an imaginary (i.e., propagating) γρ1. The surface-type modes, on the other hand, decay
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evanescently into vacuum from the interface, and are characterized by real (i.e., attenuating)

values of γρ1. In the observed range, the dispersion relation (3.12) reveals the HE11 mode’s

waveguide-type (red curves) and surface-type (teal circle curves) solutions, each exhibiting

complex-mode regions for f > f11 = 3.381GHz. Near f11 both solutions have comparable α

and β values. This creates the potential for the backward-wave and complex bands to couple,

and allows for regions of forward-wave propagation near cutoff. It is found that this effect

may be mitigated by reducing the liner’s thickness, increasing the degree of miniaturization,

and choosing a lower-loss metamaterial. For this particular thin liner, the coupling of the

surface-type and waveguide-type modes manifests as a region of nearly flat dispersion near

f11. Below f11, the two solutions rapidly become distinct, such that one can be classified as

an evanescent band and another as a backward-wave propagating band. The HE21 mode also

exhibits waveguide-type and surface-type modes which diverge below f21. However, there

is an evanescent region for f21 < f < f21,c that separates the complex and backward-wave

regions and prevents their coupling. It is interesting to note that despite the concentration of

fields in the liner region, α << β in each frequency-reduced mode’s backward-wave regime.

Comparison of Figs. 3.8(a)–3.8(c) reveal multiple regions of multimode propagation. For

f01 < f < f11, the EH01 mode propagates and the HE11 and HE21 modes are cutoff. This

range of frequencies is termed the monomodal EH01 bandwidth, as there exist no other

modes that can copropagate. This is a unique feature of ENNZ liners as the TM01 mode

always copropagates with the TE11 mode in waveguides homogeneously filled with a positive

permittivity and isotropic dielectric material. The monomodal EH01 bandwidth may be

controlled through careful engineering of the waveguide’s physical dimensions and anisotropic

material parameters. For f11 < f < f21, both the EH01 and HE11 modes propagate and the

HE21 mode is cutoff. Due to the dominant backward-wave dispersion of these frequency-

reduced modes, we can generalize this observation for all frequency reduced HEn1 modes:

above fn1 the EH01, HEn−1,1, HEn−2,1, HEn−3,1... modes propagate and the HEn1 is cutoff.

The overlapping dispersion of these modes signifies that using practical excitation sources
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(a) (b)

Figure 3.9: The normalized complex electric-field magnitude and vectors in the transverse
plane obtained from the theory for the lined waveguide at (a) f3 = 5.958GHz and (b)
f1 = 3.381GHz, corresponding to the respective cutoff frequencies of the forward-wave and
backward-wave bands.

requires that all reduced modes be considered in the design process.

The Dispersive Liner’s HE11-Mode Field Profiles

The complex electric-field magnitudes, obtained using numerical implementation of the the-

ory developed in Sec. 3.1, are shown for both the lined waveguide’s forward-wave band

(Fig. 3.9(a)) and its backward-wave band (Fig. 3.9(b)), at their respective cutoff frequencies.

As expected, the forward-wave HE11-mode cutoff exhibits fields very similar to those at the

TE11-mode cutoff of an unlined waveguide. However, in the ENNZ regime, two major differ-

ences in the field profiles are observed: a decrease in the curvature of field lines in the inner

vacuum region and a discontinuous higher concentration of fields in the metamaterial-liner

region. The latter property can be explained using the normal electric-field boundary con-

dition which requires that the normal component in the liner must increase as |ϵr2| → 0. It

should be stressed that the field strengths in the vacuum region, although small in compari-

son to those in the liner, are not negligible. Furthermore, the reduction in frequency suggests

a larger operating wavelength inside the vacuum region and, therefore, less field variation.

It is interesting to note that as ϵr2 → 0− the electric-field vectors are collimated, resembling
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those inside a parallel-plate waveguide. Indeed, sharp negative refraction of the electric-field

lines at the vacuum-ENNZ interface allows the observed collimation in the vacuum region

while still ensuring that the liner fields at the outer PEC boundary are purely normal.

Coupling of Waveguide-Type and Surface-Type Modes

α k
0

β/
0

W.T. S.T.

Figure 3.10: Dispersion of α/k0 and β/k0 for a metamaterial-lined waveguide’s [b = 15mm,
b − a = 2.3mm, ¯̄ϵ2 = (ϵt2(f), ϵt2(f), 1)), fep = 3.7GHz] HE11 waveguide-type (W.T.) and
surface-type (S.T.) modes.

To better illustrate the coupling of the HE11 mode’s backward-wave and complex bands,

we increase the liner thickness to b − a = 2.3mm and increase ϵt2’s plasma frequency to

fep = 3.7GHz. All other material parameters are maintained from the previous study.

Fig. 3.10 presents the dispersion of the frequency-reduced HE11 mode, in which all other

frequency-reduced modes are not shown. There now exists an observable region of forward-

wave propagation in the grey-shaded region, but the band is predominantly backward-wave

outside it.
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3.2.5 Dispersion of Anisotropic Versus Isotropic Thin Metamaterial

Liners

Figure 3.11: Dispersion of the frequency-reduced EH01 and HE11 modes for a thin liner
(b = 15mm, b − a = 1mm) possessing particular isotropic (ϵρ2 = ϵϕ2 = ϵz2) and anisotropic
(ϵρ2 ̸= ϵϕ2, ϵz2 = 1) permittivities and an inner vacuum region (¯̄ϵ1 = 1, 1, 1ϵ0).

It has been shown that a liner with anisotropic permittivity whose transverse components

(i.e., ϵρ and ϵϕ) take on ENNZ values is sufficient to effect these frequency-reduced cutoffs.

In fact, provided the liner is sufficiently thin, numerical evaluation of Eq. (3.11b) reveals that

only the ρ-component is required to be ENNZ. To illustrate this, Fig. 3.11 investigates the

dispersion of the frequency-reduced EH01 and HE11 modes for a representative metamaterial-

lined circular waveguide of radius b = 15mm with a thin liner region of thickness b − a =

1mm and an inner vacuum region (¯̄ϵ1 = (1, 1, 1)ϵ0). Three cases of permittivity tensors

are examined: an isotropic permittivity with ¯̄ϵ2 = ¯̄I(ϵρ2, ϵρ2, ϵρ2)ϵ0, and two anisotropic

permittivities with ¯̄ϵ2 =
¯̄I(ϵρ2, 1, 1)ϵ0 and ¯̄ϵ2 =

¯̄I(ϵρ2, 6, 1)ϵ0. In all cases, ϵρo follows a Drude
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(a) (b)

Figure 3.12: The frequency-reduced HE11 mode’s electric-field magnitude and vectors for an
effective-medium liner with an (a) isotropic and (b) anisotropic (with ϵϕ2 = 1) permittivity.

profile defined by ϵρ2 = 1 − ω2
ep/[ω(ω − jωt)] with a plasma frequency ωep = 2π × 5.86GHz

and damping frequency ωt = 2π × 3MHz. ϵϕ2 differs between the biaxial cases, but ϵz2 is

made to be unity.

For all of the examined permittivity tensors, the EH01 mode’s cutoff frequency occurs at

the liner’s plasma frequency (f = 5.86GHz) [121]. On the other hand, the near-coincidence

of the HE11 cutoffs at 5.10GHz for the various tensor cases is not a general result for lin-

ers of arbitrary thickness, and instead stems from the use of a thin liner in this example.

Importantly, these unchanging cutoffs demonstrates (at last) that an ENNZ ϵρ2 is sufficient

to produce these frequency-reduced modes. Observation of the HE11 mode’s electric-field

magnitudes and vectors for the isotropic and anisotropic liners (the latter shown for ϵϕ2 = 1,

although the results are identical for ϵϕ2 = 6) in Figs. 3.12(a)-3.12(a) reveal very similar

distributions with a weak concentration in the inner vacuum region and a discontinuously

strong concentration in the liner region. This insensitivity of the fields and miniaturization to

the values of ϵϕ2 and ϵz2 when the liners are thin greatly eases their design and practical im-

plementation, which will be shortly demonstrated in the next chapter for the printed-circuit

implementation of ENNZ liners.
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Chapter 4

The Realization of Anisotropic

Metamaterial Liners

The numerical investigation of anisotropic metamaterial-lined waveguides in Ch. 3 revealed

that the frequency-reduced HE11 mode’s passband occurs when ϵt2 achieves ENNZ values.

The goal of this chapter is to realize this ENNZ condition using practical metamaterial

technologies that can be easily fabricated and placed into miniaturized circular waveguides.

This work realizes this ENNZ condition through the plasmonic-like interaction of arrays of

thin wires [21].

4.1 Thin-Wire Media

4.1.1 Linear Arrangements

Metallic thin-wire media present a Drude-like permittivity dispersion for electric fields aligned

parallel to the thin-wire axes [21], and are a cost-effective realization of low-frequency

negative-permittivity artificial dielectrics. They may also be easily fabricated using tra-

ditional printed-circuit techniques. For an array of thin wires whose axes coincide with the z

direction, the anisotropic permittivity may be given by ¯̄ϵ = ¯̄I(1, 1, ϵz)ϵ0, where ϵz’s dispersive
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profile can be approximated (to first order) as:

ϵz = 1− ω2
ep/ω

2, (4.1a)

where,

ω2
ep =

2πc20
a2ln(a/r)

(4.1b)

is the plasma frequency of the corresponding effective medium, a is the spacing (or period-

icity) between wires, c0 is the speed of light in vacuum, and r is the wire’s radius [21].

Due to the inherently weak loading from the thin wire’s parasitic inductance, the unit-cell

periodicity is typically λ/5 to λ/8 in the usable negative-permittivity range. This puts thin

wires at a disadvantage in applications requiring even moderate levels of miniaturization,

in which the full thin-wire array must be a small fraction of a wavelength. For instance,

the metamaterial liner described in the previous sections has a thickness of approximately

λ0/90, where λ0 is the wavelength in free space. Nevertheless, through loading the wires

with discrete inductors, it is possible to lower their plasma frequency, enabling deeply sub-

wavelength operation [122].

4.1.2 Cylindrical Arrangements

To realize a negative transverse permittivity using thin-wire media requires two orthogonal

linear arrays of wires to be aligned with the waveguide’s transverse electric-field components.

While rectangular thin-wire grids have been used to improve the bandwidth and/or gain of

rectangular and conical horn antennas [12, 13], the circular waveguide suggests the use of

a cylindrical arrangement. Figure 4.1(a) presents a depiction of a vacuum-filled circular

waveguide lined by a thin-wire medium. To interact with the ρ- and ϕ-directed fields of the

circular waveguide, this work employs a connected orthogonal grid of azimuthally and radially

directed PEC thin wires. No z-directed wires are employed, so as to avoid the propagation
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Thin Wires
Waveguide

(a) (b)

Figure 4.1: A depiction of a circular waveguide loaded by multiple layers of a cylindrical
arrangement of (a) thin wires and (b) reactively loaded copper traces printed on a substrate.

of TEM modes supported between non-connected longitudinally directed conductors [123].

As an instructive starting point, the cylindrically arranged thin-wire liner in Fig. 4.1(a)

is modeled as a linear thin-wire array. Of course, this model removes any angular and radial

variation in the spacing between wires for their cylindrical arrangement and assumes that

fields polarized perpendicular to the wire do not influence that wire’s contribution to the

permittivity. This allows for a first-order approximation of the cylindrical thin-wire array’s

ϵt2 using Eq. 4.1.

It was established in Ch. 3 that a metamaterial-lined circular waveguide of radius b =

15mm and liner thickness t = 1mm, possessing an ϵt2 Drude profile with a plasma frequency

of ωep = 2π × 3.550GHz, will introduce a suite of frequency-reduced modes. Equation 4.1

suggests that to achieve this plasma frequency with the thin-wire grid of wire radius r =

100µm would require a unit-cell spacing a = 15.06mm. Therefore, in the circular waveguide

of radius b = 15mm, only two unit cells would fit in its radial direction and the liner

would effectively fill the entire waveguide environment. Although this is a highly simplified
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argument, it serves the purpose of highlighting that wires alone cannot strongly load the

waveguide environment, and do not exhibit the strong metamaterial response needed for

miniaturization. This can also be attributed to their finite length in ρ and ϕ, along with the

additional boundary conditions imposed at the PEC and vacuum boundary [124]. In order

to restore their negative-permittivity response at low frequencies, the wires must be loaded

by discrete inductive elements. This will allow for the liner to remain thin while still offering

useful miniaturization of the circular waveguide.

Whereas previous works employ thin-wire grids suspended in a vacuum environment [12,

13], a thin copper trace printed on a low-loss substrate presents itself as a much simpler

implementation to fabricate. By choosing a substrate with a low bulk permittivity, we can

minimize the impact the substrate has on the dispersion of the liner. Figure 4.1(b) presents

a printed-circuit-board (PCB) implementation of a single layer of the thin-wire metamaterial

liner, which consists of an orthogonal grid of azimuthally and radially directed thin copper

traces. The metamaterial unit cell has thickness pρ in the ρ direction and period pϕ in the

ϕ directions. Each layer is stacked axially with a periodicity pz. Inductors of value L0 load

the ρ-directed traces to engineer ϵt2 to achieve the negative-permittivity frequency response

needed to effect miniaturization. Capacitive gaps modeled by a discrete capacitance C0 are

placed symmetrically between each ρ-directed inductor in the ϕ-directed traces, the purpose

of which will be discussed in further detail shortly.

4.2 General Dispersion Analysis

Before an in-depth analysis of the ENNZ liner’s PCB implementation is presented, it is

instructive to investigate the dispersion of modes for a representative design. Dispersion

curves are obtained using the full-wave simulation software HFSS, whose eigenmode module

is a popular tool in the characterization of RF metamaterials [56]. To model the PCB

implementation shown in Fig. 4.1(b), a single layer is placed within a vacuum-filled cylindrical
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Figure 4.2: Dispersion of the frequency-reduced EH01, HE11 and HE21 modes in a circu-
lar waveguide lined by the printed-circuit realization of an metamaterial liner shown in
Fig. 4.1(b). The standing-wave (SW) HE11,SW and HE21,SW modes arise from unwanted az-
imuthal resonances whereas the modes located in the grey shaded area are due to the liner’s
ENNZ response.

simulation domain of radius b and length pz that is assigned a PEC boundary condition on

its circumferential surface. The single layer is rendered infinite in the eigenmode module

by assigning periodic boundary conditions on the front and rear circular surfaces of the

simulation domain. Due to an inherent limitation in the eigenmode solution process, only

propagating modes (i.e. γ ≈ jβ) may be found; therefore, only the backward-wave and

forward-wave (and not the complex) modes can be determined using this method.

Figures 4.2 present the dispersion of the modes for a representative design with 0.3mm-

wide copper traces printed on a substrate with height 1.5mm and bulk permittivity ϵ = 2, and

with geometric parameters: b = 15.0mm, a = 11.4mm, L0 = 4.0nH, C0 = 0.05pF, pϕ = 45◦,

pz = 4mm, and 3 periods in ρ with pρ = 1.2mm. This discussion will focus on the dispersion
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(a) (b) (c)

Figure 4.3: Electric-field vectors of the frequency-reduced (a) EH01, (b) HE11 and (c) HE21

modes in a circular waveguide lined by the printed-circuit implementation.

of the EH01, HE11, and HE21 modes at frequencies below the fundamental TE11 mode cutoff

(5.86GHz) in a equivalently sized vacuum-filled circular waveguide. As desired, a number of

frequency-reduced modes are supported. In the highlighted region, the EH01, HE11 and HE21

modes each exhibit a backward-wave propagating band with cutoff frequencies of 4.51GHz,

4.39GHz, and 4.30GHz, respectively. The electric-field vectors for these modes are shown

in Figs. 4.3(a)–4.3(c). Despite the PCB liner being considerably thicker, the field profiles

of the frequency-reduced modes in the printed-circuit realization are very similar to those

of the effective-medium ENNZ liner. This is quite clear in comparisons to the field profile

shown in Fig. 3.9(b) for the effective-medium model’s frequency-reduced HE11 mode. This

includes an electric field that is discontinuously and more highly concentrated in the liner

region and strongly collimated field lines in the vacuum region. Furthermore, the backward-

wave dispersion, field profiles, and cutoff frequency order of these frequency-reduced modes

is reminiscent of the effective-medium liners in the previous chapter. This suggests that the

PCB implementation is in fact an effective realization of the uniaxial ENNZ permittivity.

Although not shown, the PCB liner also supports higher order frequency-reduced HEn1

modes whose cutoffs occur at lower frequencies. However, as the order (n) increases, the field

profile of these higher-order modes begins to deviate from those observed for the effective-

medium ENNZ liner. This is to be expected since each metamaterial layer essentially consists
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of a linear array of N sub-wavelength resonators that are arranged along the inner wall of the

circular waveguide. By increasing n, the spatial variation of the fields increases across each

unit-cell (ϕ′ = nπ/N), such that it no longer behaves as a homogeneous effective-medium. In

fact, because this particular design has 8 radial traces, it only supports up to the HE41 mode,

which suggests that the effective-medium limit completely breaks down when ϕ′ > π/2 and

n > N/2.

Whereas the effective-medium ENNZ liners introduce a single backward-wave propagat-

ing band for each frequency-reduced mode, this particular PCB implementation introduces

an additional highly-dispersive backward-wave propagating band for the HE11 and HE21

modes. These appear as nearly horizontal lines in Fig. 4.2 that are marked as HE11,SW and

HE21,SW , and they are a result of a standing-wave (SW) resonance being formed on the az-

imuthal traces. To isolate the frequency-reduced modes that are associated with the liner’s

ENNZ response, the azimuthal capacitance C0 is carefully chosen to place these standing-

wave resonances at sufficiently high frequencies that they do not obscure the interpretation

of the desired frequency-reduced modes..

4.3 Parametric Studies

This section will present a number of parametric studies which reveal the effect that geomet-

ric and loading parameters have on the dispersion of frequency-reduced modes. Although the

dispersion will vary for the complete suite of frequency-reduced modes, the purpose of this

study is to gain a deeper intuition into the operation of the the printed-circuit implementa-

tion. Therefore, this analysis will focus on the HE11 mode of a circular waveguide of radius

b = 15mm lined by the printed-circuit implementation shown in Fig. 4.1(b) with 0.15mm-

wide traces printed on a substrate of height 1.5mm with bulk relative permittivity ϵ = 2. It

is important to note that, in addition to the outer radius, the inner radius of a = 12.5mm is

maintained; as a result, the number of unit cells in the radial direction, and therefore their
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(a) (b)

(c) (d)

Figure 4.4: A comparison of the normalized dispersion curves for the thin-wire lined circular
waveguide’s HE11 mode’s backward-wave band, for variations in (a) L0 , (b) pρ, (c) pϕ, and
(d) pz.

period pρ, varies and is determined from the relation (b−a)/pρ. Figures 4.4(a)–4.4(d) present

the dispersion curves for varying loading inductance L0 and periodicity in ρ, ϕ, and z. Each

figure shares a base case (solid blue curve) with the following periodicity and inductance

parameters: pρ = 2.5mm, pϕ = 36◦, pz = 2mm, C0 = 0.01pF, and L0 = 20nH. The circular

waveguide lined with the proposed base-case PCB structure supports a backward-wave HE11

propagating band with a cutoff frequency of fc = 3.369GHz.

In Fig. 4.4(d) the dispersion curves are shown for variations in L0. As L0 increases the

backward-wave cutoff frequency and bandwidth decrease. Similarly, in Fig. 4.4(b) which

shows the dispersion curves as pρ is varied, a decrease in pρ causes the backward wave band’s

cutoff frequency and the bandwidth to decrease. By decreasing pρ and increasing L0 the
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effective total inductance in the radial traces is being increased; therefore, as in Fig. 3.5,

this reduces the thin wire’s plasma frequency and causes a reduction in the band’s cutoff.

However, decreasing pρ serves to increase the thin copper trace’s plasma frequency (captured

to first order by Eq. 4.1), which overall causes only a marginal reduction in cutoff frequency.

It is interesting that a single radial inductor with L0 = 30nH and pρ = 2.5mm decreased

the cutoff frequency even more than three 30nH radial inductors and pρ = 0.833mm. This

suggests it is possible to design extremely thin metamaterial liners consisting of only a single

azimuthal trace that still achieve large degrees of miniaturization.

Consider Fig. 4.4(c), which shows the dispersion curves as pϕ is varied. As pϕ decreases,

the number of inductors in the radial direction increases. This results in more inductors

being in parallel to one another, and the total effective inductance decreases, which causes

the backward wave’s cutoff frequency to increase. In Fig. 4.4(d), the dispersion curves are

shown for when pz is varied. As pz increases the backward-wave’s cutoff and the bandwidth

decreases, suggesting that coupling between traces in the z-direction plays a significant role

in deciding the ENG bandwidth. It is interesting to note that the backward-wave band’s

bandwidth decreases as the thin copper traces become more densely packed in the ρ and

ϕ directions, but the bandwidth increases if each layer is stacked closer together along the

waveguide’s (z) axis. In the limit in which pz → ∞, the unit cells cannot couple to one

another and the backward-wave band disappears.

4.4 Homogenization

This section will investigate how to homogenize the printed-circuit implementation shown

in Figure 4.5. In general, this arrangement of thin copper traces can be modeled by a

biaxial permittivity tensor whose transverse components (ϵρ2 and ϵϕ2) are dispersive [125].

To model the impact of the transversely oriented current-carrying traces on the HE11 mode’s

longitudinal magnetic field, µz2 must also be determined. Due to the absence of longitudinal
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Figure 4.5: A representative printed-circuit implementation of an ENNZ metamaterial liner
of thickness t = b− a.

traces and the small effect ϵz2 has on the HE11 mode’s dispersion, we assign ϵz2 = 1. Since

it has further been established that ϵϕ2 has a minimal impact on the cutoffs of HE modes,

we retain the uniaxial assumption employed in Sec. 3.2 (i.e., ϵt2 = ϵρ2 = ϵϕ2) to aid in the

homogenization. The PCB implementation is also assumed to have a nonmagnetic transverse

response (i.e., µρ2 = µϕ2 = 1). We now describe a first-order homogenization procedure that

may be used to determine the nature of ϵt2 and µz2, following which the theoretical dispersion

relation (Eqs. 3.11) may be used to predict the modes’ cutoffs.

It was shown in Sec. 3.2.4 that a frequency-reduced EH01 mode cutoff frequency is intro-

duced when ϵt2 = 0. A comparison of the EH01 mode’s electric and magnetic field components

in the effective-medium and practical metamaterial-lined waveguides’ is performed in Ap-

pendix B. Observation of the fields of the practical metamaterial-lined waveguide reveals

that, although they are predominantly EH01-like in the vacuum region, the use of discrete

inductive loading to realize a strongly near-zero permittivity and the introduction of az-

imuthally directed current-carrying copper traces results in a strong radial electric field and

axial magnetic field in the liner region. These can be described as those of an azimuthally

oriented TL mode supported between the copper trace and the waveguide wall. Here, this

fact will be used to develop an equivalent-circuit model for the metamaterial liner based
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Figure 4.6: Evolution of a TL description of the printed-circuit implementation.

on TL metamaterial theory, from which its effective permittivity and permeability shall be

extracted. The field polarizations of the TL mode suggest that these extracted parameters

are intrinsically related to ϵt2 and µz2 of the liner.

Figure 4.6(i) shows a curved circuit description of multiple TL unit cells, in which d =

pϕ(a + b)/2 may be taken as an effective azimuthal periodicity. This is described by the

equivalent-circuit model in Fig. 4.6(ii), which consists of a shunt inductor and series capacitor

loading a host TL of periodicity d. In the effective-medium regime, the per-unit-length

series impedance (Z ′) and shunt admittance (Y ′) of Fig. 4.6(iii) represent, respectively, the

distributed inductance and capacitance of an effective TL describing the azimuthal TL mode.

Here, Y ′ may be related to the liner’s effective ϵt2 (assumed real), whose frequency response

is Drude-like in the vicinity of its plasma frequency fep, where ϵt2 achieves a zero value [126]:

ϵt2 = ϵp(1−
fep

2

f 2
), where fep =

1

2π

√
g

ϵpL0d
. (4.2)

In this expression, ϵp is the intrinsic permittivity of the host TL segments and g is a geo-

metrical parameter relating the TL mode’s characteristic impedance to the wave impedance

of the intrinsic medium. Similarly, Z ′ yields a response for µz2 that is Drude-like in the

vicinity of its own magnetic plasma frequency, fmp. However, the typically narrowband

magnetic response of metamaterials is often better approximated by a single- or multi-pole

Lorentz dispersion, as in the split-ring resonator [71, 127], particularly at frequencies well

below fmp. In fact, although the proposed first-order homogenization scheme considered a

single metamaterial layer in isolation, such additional resonances in µz2 may result from the
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magnetic coupling between adjacent metamaterial layers. A more sophisticated equivalent-

circuit model may look to multiconductor-TL (MTL) theory to include this mutual coupling

to produce a more accurate dispersion profile for µz2. In the interest of conciseness, this

shall be left for a future work. In the present model, the use of a gap capacitance C0 that

is diminutive in comparison to the strong inductive loading L0 ensures that fep << fmp; the

assumption of a Lorentz-like dispersion therefore implies that µz2 at fep is near its dc value

of unity. It should be recalled that the frequency-reduced mode’s cutoffs are dominated by

ϵρ2’s ENNZ response for thin liners, and are therefore not strongly affected by moderate

deviations in µz2 from this assumption.

To validate the proposed homogenization procedure, the representative design in Fig. 4.5

with 0.3 mm- and 0.6 mm-wide radial and azimuthal copper traces, respectively, printed

on a Rogers/Duroid 5880 substrate, is assigned the following parameters: b = 15.0 mm,

a = 12.7 mm, L0 = 8.4 nH, C0 = 0.01 pF, pϕ = 45◦, and pz = 2.66 mm. To determine

the parameters of the host TL, a flattened, unloaded, and similarly oriented copper trace of

the same geometrical dimensions was simulated, revealing that ϵp = 1.438 and g = 0.7156,

and that both parameters vary weakly with frequency. For the specified loading values, ϵt2

exhibits fep = 3.963 GHz.

The homogenized liner and waveguide share the same physical dimensions as the PCB

implementation (b = 15 mm and a = 12.7 mm). Using these values, the above homogeniza-

tion procedure predicts frequency-reduced EH01, HE11, HE21, and HE31 modes with cutoff

frequencies of f01 = 3.963 GHz, f11 = 3.512 GHz, f21 = 3.380 GHz, and f31 = 3.238 GHz,

respectively. That f01 = fep (i.e., where ϵt2 = 0) makes physical sense from a TL perspective,

since this implies an infinite wavelength condition in the TL mode, which is only satisfied

for no azimuthal variation (i.e., n = 0).

Figure 4.7 presents the dispersion of the axial phase incurred per unit cell (βpz) obtained

from HFSS’s eigenmode simulator for the frequency-reduced EH01 (black dashed curve), HE11

(black solid curve), HE21 (dark grey solid curve), and HE31 (light grey solid curve) modes.

63



Figure 4.7: The dispersion of frequency-reduced modes for a representative printed-circuit
implementation of an ENNZ metamaterial liner.

The eigenmode simulations are unable to capture the real component of the propagation con-

stant (α), and only the propagating bands with β >> α are obtained accurately. The cutoff

frequencies of the EH01, HE11, HE21, and HE31 modes are f01 = 3.958GHz, f11 = 3.515GHz,

f21 = 3.221GHz, and f31 = 3.003GHz, respectively, which are found to be within 1.2%,

0.08%, 4.8%, and 7.8%, respectively, of those predicted by the homogenization method. In-

terestingly, there remains a good agreement between the HFSS and homogenization results

for the higher-azimuthal-order cutoffs, even though their associated large azimuthal phase

variation significantly perturbs the assumption of homogeneity. The accuracy of the homog-

enization can be partially attributed to the dominant response of the inductance L0 which

dominates the TL mode’s response [125]. It is believed the ENZ property of the TL further

contributes to the homogenization’s accuracy, in which the infinite-wavelength condition

allows us to neglect the effect of curvature.

Although not shown, the homogenization results exhibit the same salient features as

the HFSS data away from cutoff (backward-wave trends, cutoff frequencies decreasing with

increasing azimuthal order, forward-backward coupling of the HE11 mode). However, the

latter appear less dispersive than the former. Here, it should be noted that the above ho-

mogenization approach only seeks to match the cutoff frequencies of the EH01 and HE11

modes, and not the full dispersion profile away from cutoff, for several reasons. Most sig-

nificantly, the effective-medium approximation disregards the perturbations introduced by
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(a) (b)

Figure 4.8: (a) Simulation model and (b) fabricated prototype of the designed printed-circuit
metamaterial based on inductively and capacitively loaded copper traces on a dielectric
substrate.

axial periodicity, which result in the coupling of forward and backward spatial harmonics at

the band edges. Furthermore, the longitudinal electric fields become more pronounced away

from cutoff, which deviates from the assumed TL-mode polarizations and also contributes

to stronger spatial dispersion. Both effects break down the assumed Drude dispersion profile

for ϵt2 [125].

4.5 Fabricated Metamaterial Liner

Figure 4.8(a) presents a slightly modified version of the printed-circuit metamaterial that

is amenable to standard PCB fabrication. A small radial gap of width g0 and an outer

ϕ-directed trace of width wt are introduced. The outer trace replaces the waveguide wall’s

function in establishing a continuous azimuthal current path between adjacent ρ-directed

inductors. This eases the fabrication challenge of soldering to the waveguide wall, which was

required in the previous design, and enables the ENNZ liner to be modular. In this design,
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(mm) b a cg wt g0 gi
15.0 12.59 0.10 0.30 0.10 0.15

(mm) l0 li ih lw iw
1.00 0.65 0.51 2.60 1.83

Table 4.1: Fabricated Liner Dimensions

Figure 4.9: Dispersion of the frequency-reduced EH01, HE11, HE21, and HE31 modes as
obtained from full-wave eigenmode simulations.

Coilcraft ultra-high Q 0806SQ-6N0 inductors were chosen. Their inductance of L0 = 8.28nH

and quality factor Q = 100 at f = 3.70GHz were extrapolated outside the frequency range

presented in their data sheets [128]. Due to the larger concentration of fields around each

inductor, the value of Q is a pivotal factor in defining the HE11 mode’s propagation loss.

The traces are printed on a Rogers/Duroid 5880 substrate of 61-mil thickness which, with

the chosen inductor’s height, gives pz = 3.017mm. The remaining design dimensions shown

in Fig. 4.8(a) are listed in Table I, and were chosen to provide a reasonably close match to

the cutoffs of the previous design shown in Fig. 3.8(a).

A photo of the fabricated PCB metamaterial is shown in Fig. 4.8(b). Full-wave eigenmode

simulations of this structure reveal that it supports frequency-reduced EH01, HE11, HE21, and

HE31 modes, as shown in Fig. 4.9, with cutoff frequencies of f01 = 3.918GHz, f11 = 3.685GHz,

f21 = 3.520GHz, and f31 = 3.384GHz, respectively. However, these simulated data do not

include the impact of fabrication tolerances imposed through milling, etching, and component

placement.
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(a) (b)

(c) (d)

Figure 4.10: Variation of the dispersion of the frequency-reduced HE11 mode with (a) L0,
(b) g0, (c) cg, and (d) pz.

4.5.1 Impact of Fabrication Tolerances on the Dispersion

Figures 4.10(a)-4.10(d) present the dispersion curves of the frequency-reduced HE11 mode

for varying L0, pz, cg, and g0 values, respectively. Since the loading inductance, L0, primarily

controls the location of the frequency-reduced mode cutoffs, it is instructive to look at the

impact of their listed tolerances of up to 5% (0.414nH). Furthermore, precise measurements

of each of the fabricated layers’ pz reveal tolerances of up to 15% (0.45mm) per layer. Last,

the metamaterial’s extremely fine features push the limits of the milling and etching process

and this leads to tolerances of up to 50% (50µm) in cg and g0. Each figure shares the

nominal case (solid orange curve) whose dimensions were presented in Table I. While all the

observed parameters shift the band up or down, L0 commands the greatest change in the

cutoff frequency. The cutoff is only moderately impacted by g0 and pz and only minutely by

cg. The latter is to be expected from the equivalent-circuit model, which predicts that small
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changes in the capacitance C0 only impact µz2 near its plasma frequency (i.e., for f >> fep).

The dispersion profile’s shape is dependent on pz and is more dispersive when the unit cells

are stacked closer together. It is worth noting that, despite the tolerance levels of each

parameter, the HE11 mode’s cutoff frequency always remains within 3% of its designed value

of f11 = 3.685GHz.
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Chapter 5

The Transmission Properties of

Miniaturized Metamaterial-Lined

Circular Waveguides

In Chapter 3, it was established that the cutoff frequency of the HE11 mode can be re-

duced well below the unlined waveguide’s natural cutoff. This chapter aims to show that

metamaterial-lined waveguides are also far more efficient at transporting power than their

unlined counterparts. In the study of the metamaterial-lined waveguide whose liner is mod-

eled as an effective-medium possessing a uniaxial permittivity, it was shown in Fig. 3.6 that

the frequency-reduced HE11 mode’s attenuation can be extremely low, and, in fact, signifi-

cantly less than the reactive attenuation of the similarly sized below-cutoff unlined waveguide

operating at the same frequency. This suggests the introduction of a metamaterial liner with

a lossy permittivity profile can significantly improve the transmission in below-cutoff waveg-

uides. Of course, the metamaterial-lined waveguide will need to be driven by some sort of

‘electromagnetic source’ that deposits power into the waveguide’s interior.

Pins and loops driven by a coaxial waveguide are often employed in practice to couple

electromagnetic energy into waveguides, and their orientation, size, and position determine
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which modes are strongly excited. Maximum energy transfer is accomplished by designing

the feed so that its field pattern exactly matches that of the field configuration of the de-

sired mode. However, this is impractical, since even a small amount of fringing fields will

potentially couple to other modes, provided they are above cutoff. This is problematic for

the metamaterial-lined waveguides, in which a suite of frequency-reduced modes copropa-

gate over the liner’s ENNZ frequency band. For instance, using a coaxial pin to excite the

HE11 mode in a metamaterial-lined waveguide has the potential to excite the EH01 and HE21

mode (further details can be found in Appendix C), resulting in unexpected transmission

characteristics.

This study considers both ideal and practical excitation sources to investigate the trans-

mission characteristics of the HE11 mode in isolation. It begins with the waveguide-step

transition, in which the TE11 mode in a larger vacuum-filled waveguide is used to couple to

the HE11 mode in metamaterial-lined waveguide. Thereafter, a novel balanced shielded-loop

source is shown to couple strongly to the HE11 mode while keeping the waveguide and feed

compact. The transmission mechanisms in metamaterial-lined waveguides described using

effective-medium models will shed insight into numerical and experimental investigations of

a prototype metamaterial-lined waveguide employing the printed-circuit realization of the

liner that was discussed in Chapter 4.

5.1 Numerical Investigations of ENNZ-Lined Circular

Waveguides

5.1.1 Waveguide Step Transition

A waveguide step transition consists of changing the waveguide’s cross-sectional dimensions

discretely along the waveguide’s axis. They have been successfully employed in investigations

of ENZ-filled waveguides, in which complete transmission of the higher-order TE10 mode
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Figure 5.1: Full-wave simulation model employed in the transmission analysis. A smaller
below-cutoff waveguide is placed between two larger above-cutoff waveguides and a meta-
material liner possessing the complex dispersive permittivity in Sec. 3.2.4 is introduced into
the smaller waveguide.

was observed in an extremely thin parallel-plate waveguide fed by two larger parallel-plate

waveguides (see Fig. 2.8) [89]. Despite the abrupt discontinuity exciting a spectrum of

evanescent modes at the entrance to the metamaterial-filled waveguide, the symmetry of the

waveguide’s cross section in this particular step-transition ensures strong coupling to a single

dominant propagating mode.

In an ideal feeding arrangement, the modal field pattern generated by the feed would have

to exactly match the field pattern of the HE11 mode. The step transition shown in Fig. 5.1

presents an approximate solution, in which the field pattern of the hollow feeding waveguide’s

TE11 mode’s is akin to the HE11 mode, and is only marginally disturbed by the transition. A

transmission analysis is performed using the full-wave simulation software HFSS [129] on the

simulation model shown in Fig. 5.1. In this representative setup, two larger vacuum-filled

circular waveguides with a radius blarge = 30mm and a TE11 cutoff frequency of 2.928GHz

are connected by a smaller vacuum-filled waveguide with a radius bsmall = 15mm and a TE11

cutoff frequency of 5.857GHz. A waveport located at the end of one of the larger waveguide

sections excites the TE11 mode at frequencies that lie in the propagating region of the larger

waveguide, but which correspond to the natural evanescent region of the smaller waveguide.

The dashed blue curve in Fig. 5.2(a) presents the insertion loss obtained for this setup and

verifies that the intermediate waveguide under cutoff strongly attenuates the TE11 mode.
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(a)

(b)

Figure 5.2: (a) Insertion loss and (b) return loss for the unlined case (dashed blue curve), the
lined case with no loss (solid red curve) and the lined case with loss (solid teal curve). The
inset shows in detail several resonances in the frequency-reduced backward-wave passband.

Although the return loss is not shown, it is close to 0dB below 5.0GHz.

Below-Cutoff Transmission

Now, a metamaterial liner of thickness t = 1mm is introduced into the smaller waveguide

and assigned the Drude dispersive permittivity, ϵr2(ω), reported in Sec. 3.2.4 with ωep =
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2π × 3.55GHz and wt = 2π × 3MHz. In this study the liner is modeled as isotropic due

to HFSS’s inability to simulate cylindrically anisotropic materials. The reader is reminded

that the dispersion of the HE11 mode was shown in Sec. 3.2.5 to remain mostly unchanged

between isotropic and uniaxial thin metamaterial liners; therefore, it is expected that an

isotropic simplification only marginally impacts the transmission.

According to the theoretical results of the previous section, transmission should occur

below 3.381GHz for the frequency-reduced backward-wave band and above 5.958GHz in the

upper band. Inside the frequency-reduced band, the metamaterial liner would effectively

enable a cross-sectional-area reduction of the unlined circular waveguide by a minimum of

75%. To understand the impact of losses in the metamaterial liner on the ability of the

lined waveguide to transport power, both lossy (ωt = 5MHz) and lossless (ωt = 0) cases are

compared. Figures 5.2(a) and 5.2(b) shows the insertion loss and return loss, respectively,

in the lossless (solid red curve) and lossy (solid teal curve) cases.

As predicted by the theory, the metamaterial liner results in a new passband below

f = 3.381GHz, corresponding to the backward-wave cutoff (f1) in Fig. 3.6. An upper

forward-wave band is also observed; however, its cutoff frequency is more difficult to infer

from the insertion loss due to the excitation of high-order modes in the larger waveguide.

By virtue of the particular geometrical parameters chosen in this arrangement (enabling the

goal of a 75% cross-sectional-area reduction), the forward-propagating HE11 mode in the

smaller waveguide couples to the TM11 mode in the larger output waveguide for frequencies

above 6.09GHz. Another simulation with a smaller output waveguide of blarge = 20mm

and associated TM11 mode cutoff frequency of 9.15GHz (not shown) exhibited the expected

smooth high-pass response.

The inset of Fig. 5.2(a) and 5.2(b) presents the transmission and reflection features,

respectively, of the backward-wave region in greater detail, and reveals multiple narrow

transmission peaks. In both the lossless and lossy case, a very fine frequency resolution

is required to sample the maximum of each peak. When the liner is lossless, these peaks
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appear to suggest total transmission of power, in which the insertion loss tends to 0dB and

the return loss is generally greater than 30dB. Increasing the frequency resolution near the

peaks and the numerical convergence of the simulation serves to further improve the return

loss peaks. However, the transmission and reflection performance begins to degrade as the

frequency approaches the larger feeding waveguide’s cutoff at 2.928GHz, below which the

transmission gets significantly worse.

Since the fields are concentrated strongly in the liner region, the introduction of loss in the

liner degrades the transmission through the structure; nevertheless, the backward-wave band

introduced by the liner exhibits a dramatic increase in transmission over the unlined case, at

times showing enhancements of over 71dB. In fact, even in the lossy case, the transmission

attains a peak value of - 14.7dB at f = 3.351GHz versus - 85.7dB at the same frequency

in the unlined waveguide. It is important to note here that the poor matching of the lossy

metamaterial-lined waveguide is attributed to this particular feeding arrangement. As will be

shortly shown, the insertion loss can be further improved by using a better matched source.

Also evident in Fig. 5.2(a) is a distinct antiresonance at f = 3.58GHz which is located near

the plasma frequency of the liner and the edge of the stop band (i.e., f2 in Fig. 3.6), which

appears not to be affected by the losses in the liner.

Transmission Mechanism

The complex electric-field magnitude is plotted in the H-plane of the waveguide sections

for the first six peaks in Figs. 5.3(a)–5.3(f). The E-planes (not shown) exhibit very similar

field distributions, except that the liner fields are more pronounced. Each successive peak

corresponds to a Fabry-Pérot-type resonance in which an integer number of half-wavelengths

is supported by the lined waveguide section over its length. Moreover, that the order of the

resonances increases as frequency decreases is characteristic of backward-wave propagation,

and corroborates the dispersion data in Fig. 3.6. The uniformity of the complex field mag-

nitudes at the input and output sides suggest traveling-wave behaviour, and observation of
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(a) (b)

(c) (d)

(e) (f)

Figure 5.3: Complex electric-field magnitudes in the waveguide’s H-plane at the following
transmission peaks in the frequency-reduced backward-wave passband: (a) f = 3.381GHz,
(b) f = 3.371GHz, (c) f = 3.351GHz, (d) f = 3.324GHz, (e) f = 3.291GHz, and (f)
f = 3.256GHz. Each frequency corresponds to a Fabry-Pérot-type resonant condition of an
integer number of half-wavelengths supported by the lined waveguide section over its length.

the time evolution of the steady state fields in Fig. 5.4 at f = 3.381GHz also confirm that

the incoming wavefronts are restored at the outgoing side of the lined waveguide. These

results validate that hollow waveguides lined using thin, ENNZ metamaterial liners support

unusual resonant tunneling phenomena akin to the supercoupling observed in homogeneously

ENZ-metamaterial filled waveguides [88].

Comparison of Full-Wave Simulations and Theory

Figure 5.5(a) presents the transverse electric field vectors in the lined waveguide’s cross

section at the cutoff frequency of the upper forward-wave band (i.e., f = f3 = 5.958GHz).

Superposed on these are the complex electric-field magnitudes which reveals a TE11-like field

distribution that matches well with the theoretical results in Fig. 5.5(b). At the backward-
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Figure 5.4: The time evolution of the complex electric-field in the metamaterial-lined waveg-
uide at f = 3.381GHz. A time step of δt = (2π/9)/ω is used.

wave band cutoff of f = 3.381GHz where the first transmission peak is observed, Fig. 5.5(c)

verifies the results obtained from the theory (Fig. 5.5(d)): that the transverse fields are

strongly confined to the metamaterial liner and collimated in the vacuum region.

To further validate the dispersion of the backward-wave band, Fig. 5.6 compares the

dispersion diagrams for the reduced HE11 mode obtained using three different methods. The

first method is based on the theoretically derived dispersion relation (3.11) and is borrowed

from Fig. 3.6 (solid red curve). The second method utilizes HFSS’s eigenmode solver, but

employs special techniques to overcome the following inherent limitations in the eigenmode

solution process: first, only propagating modes (i.e. γ ≈ jβ) may be found; therefore, only

the backward-wave and forward-wave (and not the complex) modes can be determined using

this method. Second, the eigenmode solver determines the resonant frequencies of a particu-

lar geometry with known boundary conditions when the material properties at the solution

frequency are known a priori (e.g., when the material properties are assumed constant with

frequency). Consequently, in the case of dispersive materials, a conventional parametric
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(a) (b)

(c) (d)

Figure 5.5: The simulated normalized electric-field vectors and complex electric-field mag-
nitudes in the transverse cross-section at the center of the metamaterial-lined waveguide at
(a) f = 5.958GHz and (c) f = 3.381GHz. The fields obtained from the theoretical analysis
in Sec. 3.2.4 (Figs. 3.9(a) and 3.9(b)) are reproduced here in (b) and (d).

sweep of phase shifts across the structure to obtain the dispersion curve is not a valid ap-

proach. However, knowing the frequency at which the dispersive metamaterial liner achieves

a particular permittivity (by way of its known dispersion), the parametric sweep may be

carried out using this fixed permittivity with the knowledge that the obtained dispersion

curve is valid only at the corresponding frequency. By repeating this process over a number

of fixed permittivity values corresponding to different frequencies, it is possible to obtain the

true dispersion curve for the metamaterial-lined waveguide from HFSS’s eigenmode solver.

This is indicated in Fig. 5.6 by the solid blue circles. The third method employs the full-wave
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Figure 5.6: The dispersion curve of the frequency-reduced backward-wave passband ob-
tained using three different methods: the full dispersion in equation (3.11) (solid red curve),
full-wave eigenmode simulations (solid blue circles), and full-wave transmission simulations
(empty green circles).

transmission simulation results by examining the phase shift through the lined waveguide

section at each resonant frequency (empty green circles). This process has been employed by

other research groups with experimental results and has demonstrated relatively high preci-

sion, since all the peaks correspond to integer numbers of half-wavelength phase shifts [130].

The dispersion curves obtained from full-wave eigenmode simulations and theoretical anal-

ysis correlate strongly with one another across the whole backward-wave band, while the

data derived from the transmission results deviates at higher values of β/k0. This is to be

expected, since we are comparing the dispersion of a finite-length lined-waveguide section to

that of an infinitely long lined waveguide.

Contradirectional Power Flow

It is well known that the direction of power flow can vary between different regions in in-

homogeneous structures. For example, stacked DNG and DPS layers in a parallel-plate

configuration can transport power forward in the DPS region that will, in turn, be coupled

backward in the DNG region, resulting in zero net power being transported [85]. An imbal-

ance of power in each region can lead to non-zero net power being directed either forward

or backward, as in the case of the conventional dielectric-lined waveguides [37]. Figure 5.7
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Figure 5.7: Transverse distribution of the Poynting-vector magnitude and direction at the
center of the lined waveguide section at 3.381GHz.

presents the simulated Poynting vector directions and magnitudes at the first resonant peak,

along a diameter located at the center of the metamaterial-lined waveguide. It is evident

that power is being transported in the positive direction through the liner and in the nega-

tive direction in the vacuum region at this particular location and frequency, although the

reverse is also possible and is highly dependent on the nature of the source [83]. It is also

found (not shown) that the relative amounts of power in the liner and vacuum regions vary

continuously both with frequency and along the length of the lined waveguide. However, it

should be noted that a majority of the power tends to flow in the liner region over much of

the backward-wave band. The total transmission of power at these resonant peaks, therefore,

suggests a continuous resonant exchange of power between the liner and vacuum regions. It

should be noted that this resonant transmission is achieved even though the liner occupies

less than 13% of the transverse cross-sectional surface area. This allows for the waveguide

to be miniaturized while still leaving the majority of its volume empty for applications that

require access to its interior.
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Figure 5.8: The coaxial implementation of the balanced shielded loop.

5.1.2 The Balanced Shielded-Loop Excitation

Whereas the waveguide-step transition is a useful numerical tool to excite the frequency-

reduced HE11 mode, the larger feeding waveguide is impractical in applications requiring

extreme levels of miniaturization of the whole waveguide ensemble. A more suitable approach

is to embed the feed directly into the waveguide to maximize its compactness, as in the case

of the coaxial pin/loop extending from the side/back [131]. However, this feed must also

mitigate coupling to non-HE11 modes.

This spurred the investigation of the balanced shielded loop [132], which is discussed in

detail in Appendix D. The coaxial implementation of the balanced shielded-loop antenna is

shown in Fig. 5.8 and is composed of a teflon-filled 50Ω coaxial transmission line with inner-

and outer-conductor radii of 0.29mm and 0.93mm, respectively, that is formed into a loop

of radius cr. The outer conductor and teflon are stripped over an angle θg, and the inner

conductor is shorted to the outer conductor across this gap. When placed inside a circular

waveguide, the balanced nature of the shield currents on the loop minimizes coupling to the

longitudinal (z-directed) electric fields. Instead, it creates a longitudinal magnetic field that,

in combination with the loop’s size, ensures strong coupling to the HE11 mode and weak
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Figure 5.9: Full-wave simulation model employed in the transmission analysis, consisting of
a metamaterial-lined waveguide possessing the complex dispersive permittivity in Sec. 3.2.4
that is placed between two balanced shielded-loop sources.

interaction with the EH01 and higher-order HEn1 modes.

The balanced shielded-loop antenna will now be employed to excite the metamaterial-

lined waveguide, demonstrating a strong level coupling to the HE11 mode that is reminiscent

of the waveguide-step transition, but showing drastically improved matching in the pres-

ence of liner loss. Figure 5.12 presents the full-wave-simulation setup, which consist of two

vacuum-filled excitation waveguides of radius b = 15mm and a TE11 cutoff frequency of

5.857GHz that are smoothly connected to an intermediate metamaterial-lined waveguide

of length L2 = 82.5mm. The liner is assigned the isotropic Drude dispersive permittivity,

ϵr2(ω), reported in Sec. 3.2.4 with ωep = 2π×3.55GHz and ωt = 2π×3MHz. As a result, the

dispersion of the waveguide’s HE11 mode is kept the same as in the previous waveguide-step

transition study. Two balanced shielded loops (cr = 12.8mm and θg = 20◦) are embed-

ded within the closed evanescent waveguide sections of length L1 = 17.8mm at a distance

pz = 15.0mm from a PEC back wall. Each shielded loop is connected to a small length of

coaxial cable that extend to the exterior of the waveguide and whose TEM mode is excited

using a waveport.

The red and blue curves in Fig. 5.10 present the insertion loss and return loss, respectively,
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Figure 5.10: Simulated insertion (red curve) and return loss (blue curve) of the shielded-loop
excited metamaterial-lined waveguide.

for the transmission setup. Here, the frequency range is limited to clearly observe the HE11

mode’s backward-wave passband. It is evident that the shielded-loop-excited metamaterial-

lined waveguide shares a number of transmission features with the previous waveguide-step

transition, a passband below the HE11 cutoff (f = 3.381GHz) consisting of multiple reso-

nant transmission peaks that is followed by a distinct antiresonance. Whereas the antires-

onance frequency is not easy to infer, the transmission peak frequencies shown in the inset

of Fig. 5.10 coincide with those observed in the waveguide-step transition. In fact, the only

major difference is a relatively higher transmission in the shielded-loop excitation, in which

improvements of up 10dB are observed. The reader is reminded that the degree of liner loss

was kept fixed between the larger-waveguide and shielded-loop excitations. Therefore, this

improvement in insertion loss can only be attributed to the better matched shielded-loop

source. For instance, at f = 3.351GHz the waveguide-step excitation exhibits return and

insertion losses of 1.8dB and 14.8dB, respectively; on the other hand, the shielded-loop ex-

citation exhibits return and insertion losses of 12.2dB and 3.7dB, respectively, at the same

frequency. The generally improved transmission allows us to define a 10dB insertion loss

bandwidth from 3.018GHz to 3.379GHz, representing an appreciable fractional bandwidth

of 11.3%. Below this band, the insertion loss drops off rapidly.

Although not shown, simulation of a lossless liner revealed highly resonant transmission
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Figure 5.11: The shielded-loop-excited metamaterial-lined waveguide’s electric-field vectors
shown in the E-plane along the waveguide’s axis, and in the planes of the excitation loop,
center of the waveguide, and terminating loop at f = 3.381GHz. The vectors’ colours
indicates the magnitude.

peaks (akin to those observed in the waveguide-step transition) at which the insertion loss

reached values as low as 0.3dB. It is expected the even lower insertion loss in the lossless

metamaterial-lined waveguide can be achieved by significantly increasing the computational

intensity of the simulation in order to more accurately capture the transmission of power.

However, this is not further investigated due to the fact that the lossless assumption is

unrealistic for most metamaterials.

The reader should recall that the EH01 mode co-propagates with the HE11 mode below

their respective cutoffs of f = 3.550GHz and f = 3.330GHz. Observations of the fields

over the entire 10dB insertion-loss bandwidth (not shown) revealed an HE11 field profile,

verifying that the shielded-loop antenna mitigates coupling to non-HE11 modes. This is

illustrated in Fig. 5.11 by the electric-field vectors in the E-plane along the waveguide’s

axis, and in the planes of the excitation loop, center of the waveguide, and terminating
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Figure 5.12: Full-wave simulation model of the metamaterial-lined waveguide realized using
the printed-circuit implementation placed between two shielded-loop-antenna sources.

loop at f = 3.381GHz. These field profiles suggest that the shielded-loop antenna can

be confidently used as a source in future practical studies to excite the HE11 mode in a

miniaturized metamaterial-lined waveguide.

5.2 Experimental Demonstration of Below-Cutoff Trans-

mission Using the Printed-Circuit Metamaterial

Liner

This study investigates the transmission characteristics of a prototype metamaterial-lined

waveguide whose liner is realized using the practical PCB metamaterial liner presented in

Sec. 4.5. Figure 5.12 presents the full-wave-simulation setup, which consists of the same

shielded-loop transmission setup shown in Fig. 5.9. However, now the PCB metamaterial

presented in Figs. 4.8(a) is arranged into a stack of 11 layers along the intermediate waveg-

uide’s length L2 = 32mm. Here, b = 15mm, L1 = 17.75mm, pz = 15.0mm, cr = 13.5mm,

and θg = 20◦.

The prototype metamaterial-lined waveguide’s transmission setup was simulated on a

Dell Precision T7610 Workstation. To achieve convergence of the simulation to within a

change of 0.07 in the scattering-parameter magnitudes required 4.3 million tetrahedra and
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(a)

(b)

Figure 5.13: (a) Insertion loss and (b) return loss as obtained from simulation for the trans-
mission setup depicted in Figs. 5.12.

127GB of RAM, which took 69 minutes per frequency point. Using HFSS’s seed mesh, the

meshing density is set to be higher in the liner region by setting the permissible maximum

length of the tetrahedra. This is performed in regions of high field strength such as the host

substrate, the gap (cg) between the waveguide’s inner wall, and the copper traces, radial

inductors, and azimuthal gaps.

5.2.1 Transmission Simulations

Without the metamaterial liner, the unloaded vacuum-filled intermediate waveguide is within

its natural evanescent region for frequencies below f = 5.857GHz. The dashed green curve
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Figure 5.14: Simulated complex electric-field vectors at different planes at f = 3.720GHz
showing excitation and detection of TE11 modes coupled through an HE11 mode supported
by the metamaterial-lined waveguide.

in Fig. 5.13(a) presents the insertion loss obtained from simulations for this case, and verifies

that the intermediate waveguide under cutoff strongly attenuates the TE11 mode. The in-

sertion loss achieves a minimum of 34dB at f = 3.500GHz. Now, according to the dispersion

of frequency-reduced modes in Fig. 4.9, introducing the PCB metamaterial layers should

enable HE11 propagation below f11 = 3.685GHz by way of a frequency-reduced backward-

wave band. HFSS full-wave simulations show that the insertion loss in this case (blue dashed

curve in Fig. 5.13(a)) has a passband whose upper-band edge is roughly situated near f11 and

which demonstrates improvements in the transmission by up to 25.4dB (at f = 3.680GHz).

The dashed curves in Fig. 5.13(b) show the return loss of the simulated metamaterial-lined

waveguide. It should be noted that the metamaterial layers are not symmetrical, since the

shielded loops at ports 1 and 2 respectively face the inductor and the substrate dielectric.

This asymmetry translates to unequal return loss profiles at Port 1 (blue dashed curves) and

Port 2 (green dashed curves). Nevertheless, the return loss of both ports is described by

several resonant peaks, and achieves maximum values of 18.7dB at f = 3.760GHz (Port 1)

and 7.2dB at f = 3.680GHz (Port 2).

Figure 5.14 shows the simulated electric-field vectors at f = 3.720GHz located at the

following cross sections: the transmitting shielded loop, the center of the metamaterial-

lined region, and the receiving shielded loop. The field patterns reveal the characteristic
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Figure 5.15: Simulated complex electric-field magnitudes shown in the metamaterial-lined
waveguide at the following transmission peaks in the frequency-reduced backward-wave pass-
band: (a) f = 3.720GHz, (b) f = 3.680GHz, (c) f = 3.620GHz, and (d) f = 3.580GHz.

distributions and polarizations shown for the similarly excited effective-medium liners in

Fig. 5.11 and confirm that the shielded loop strongly excites and receives the TE11 mode,

which is coupled from the input to output waveguide sections through the HE11 mode in the

metamaterial-lined waveguide.

Figures 5.15(a)–5.15(d) present the simulated complex electric-field magnitudes for the

transmission setup of Fig. 5.12 in the metamaterial-lined waveguide’s H-plane at the first

four transmission peaks located at f = 3.720GHz, f = 3.680GHz, f = 3.620GHz, and

f = 3.580GHz, respectively. It is instructive to compare these field data to those presented

in Figs. 5.3(a)–5.3(f) for the isotropic, homogeneous ENNZ liner. They are similar in that

each successive peak corresponds to a Fabry-Pérot-type resonance of the HE11 mode in which

an integer number of half-wavelengths is supported by the lined waveguide section over its

length. Indeed, the resonant nature of the transmission is readily observed in Figs. 5.15(a)–

5.15(d). However, they differ in that the PCB metamaterial exhibits an electric field that is

more evenly distributed across the waveguide’s cross section and an overall reduced band-
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width of the passband. These differences are attributed to the periodic nature of the PCB

implementation, which relaxes the strict boundary conditions enforced on the electric fields

at the interfaces between vacuum and a homogeneous ENNZ metamaterial. Furthermore,

as noted in Sec. 4.5, the finite periodicity results in a flattening of the HE11 dispersion,

which therefore limits the lower edge of the propagating band. Nevertheless, across the PCB

metamaterial liner’s backward-wave band, the level of transmission is generally better than

that of the homogeneous ENNZ liners. This improvement can be attributed to the decreased

insertion loss over the shorter waveguide length and an improvement in matching owed to

the use of the shielded-loop excitation.

5.2.2 Transmission Measurements

A Keysight PNA-X N5244A Network Analyzer was used to measure the response of the

experimental prototype, as shown in Figs. 5.16(a)–5.16(b). For the unloaded vacuum-filled

waveguide, the measured insertion loss (solid green curve in Fig. 5.17(a)) shows a general

agreement with simulations, with a minimum of 32dB at f = 3.676GHz. This 4.8% upshift in

its optimal transmission frequency with respect to simulations is attributed to the fabricated

shielded loop’s slightly smaller radius (cr) and tolerances in realizing the gap (θg) by hand.

The modular nature of the multi-layered PCBmetamaterial allows it to now be easily inserted

into the intermediate waveguide. Pins are used to ensure the position and alignment is

kept consistent with the simulation model, and are removed before measurements. The

measured insertion loss (solid blue curve in Fig. 5.16(a)) shows a very good agreement with

simulations, in that both data exhibit the same salient features. These include an anti-

resonance at frequencies above an appreciable passband, below which there is a moderate

roll-off in the insertion loss. This passband achieves an insertion loss as low as 15.0dB at

f = 3.710GHz, which is only a 4.8dB decrease and 0.8% frequency upshift with respect to the

optimal transmission in simulations. This represents a 19dB enhancement in transmission

over the unloaded waveguide. It should be noted that, at this frequency, the metamaterial-
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(a)

(b)

Figure 5.16: (a) Fabricated experimental prototype and (b) the experimental transmission
setup of the metamaterial-lined waveguide showing one of two shielded-loop-antenna sources.

lined waveguide’s cross-sectional area is 60% smaller than that of a vacuum-filled circular

waveguide operating at cutoff. This is a representative example of the high levels of useful

miniaturization that may be achieved with ENNZ metamaterial liners. The measured return

loss in Fig. 5.17(b) for Port 1 (solid blue curve) and Port 2 (solid green curve) generally agree

with those from simulations in the passband, but achieve better performance. Port 1 and Port

2 achieve a maximum return loss of 43.5dB at f = 3.566GHz and 26.0dB at f = 3.675GHz,

respectively, and 10dB bandwidths of 3.3% and 7.0%, respectively.

The general agreement of the passband region between simulations and measurements oc-

curs despite the fabrication tolerances imposed on the shielded loop and PCB metamaterial.

89



(a)

(b)

Figure 5.17: (a) Insertion loss and (b) return loss as obtained from simulation and measure-
ments for the transmission setup depicted in Figs. 5.12–5.16(a).

This is to be expected from the discussion in Sec. 4.5.1, which highlights that, for the

expected tolerances on L0, g0, cg, and pz, the HE11 mode’s dispersion remains roughly un-

changed. However, the cumulative effect of these imperfections imposed on the multilayered

stack will increase insertion loss due to decreased coupling between layers, particularly at

lower frequencies in the backward-wave band where the unit cells lose their homogeneity.

Furthermore, the inductor’s loaded quality factor in the fabricated unit cell may have been

lower than approximated in simulations, which increases the insertion loss in the passband

while preserving its general profile. Although more accurate simulations would have lowered

the discrepancy, the computational intensity to achieve this was not feasible. It is expected
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that the observed transmission may be improved by reducing the loss in the liner region

using either higher-Q inductors or increasing liner thickness to minimize field confinement.

Of course, as the liner becomes thicker (i.e., a → 0), the waveguide becomes homogeneously

ENNZ-filled and transmission is expected to become independent of its geometry [88]. It

may also be possible to improve the return loss’s bandwidth by developing novel feeding

structures that are electrically connected to the unit cell, such as in the case of the coaxial

pin and SRR in Ref. [133], in which a 10dB return loss fraction bandwidth of 46% was

observed. A further discussion of bandwidth and loss can be found in Sec. 6.3.

5.3 Application: Traveling-Wave Magnetic Resonance

Imaging

The ability of a thin metamaterial liner to miniaturize a circular waveguide while keeping

most of its interior empty could prove useful in magnetic resonance imaging (MRI) technology

that employs waveguide concepts. MRI is a powerful, non-invasive, radiological diagnostic

tool in which images of the body are formed from the interaction between tissue matter, radio

frequency pulses, and a strong static magnetic field . A patient is placed into the interior of a

tube surrounded by a superconducting solenoid that produces an strong magnetic field (B0)

down the length of the bore. An electromagnetic resonant coil excites an RF signal in the

body which causes a precession of the nuclear magnetization about B0’s axis. The rate of this

precession is termed the Larmor frequency (ωL) and is proportional to B0. The measured MR

signal arises from this precession, by way of a small induced electrical voltage in a receiver

coil [134]. In traditional MRI machines, these coils must be placed in close proximity to

the patient (i.e., the coil’s near-field), which can be achieved in full-body scanners by using

cylindrical resonant coils that conform to the MRI bore’s geometry [134]. In the recently

introduced traveling-wave (TW) magnetic-resonance-imaging (TW-MRI) technique, the bore

of an MR scanner is treated as a circular electromagnetic waveguide capable of supporting
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Figure 5.18: A depiction of a typical TW-MRI scanner.

TWs that may be both excited and detected at long range using conventional RF antennas

[135]. A typical TW-MRI human-sized scanner is shown in Fig, 5.18. A circular waveguide

large enough to accommodate the human body cannot propagate TWs at frequencies below

its natural TE11 mode cutoff frequency, of several hundreds of megahertz, necessitating that

detection and generation of the MR signals (which are centered around ωL) to be above this

cutoff. This requires a sufficiently strong magnet, which is only satisfied by ultra-high field-

strength MRI machines (e.g. 7T), and, as a result, existing 1.5T and 3T clinical MR scanners

cannot exploit this intriguing new detection paradigm. While imaging at 7T provides a

high intrinsic signal-to-noise ratio (SNR) that generally leads to improved image clarity, the

reduced wavelength of the RF waves in the human body results in inhomogeneous power

absorption and the formation of so-called ‘hot spots’ in the human body, increasing the risk

of RF burns [136]. Furthermore, the supporting of standing-wave field distributions in the

body decreases the RF field homogeneity, resulting in the creation of dark spots in the MRI

image [137]. Achieving TW-MRI at lower frequencies and longer wavelengths would solve

these problems, and would significantly reduce the cost associated high-field magnetics and

mitigate fears associated with higher B0. Previous works have sought to reduce the cutoff

frequencies by partially filling the bore with high permittivity materials [138] or introducing
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an additional conductor for coaxial-like propagation [139]; however, these approaches occupy

valuable space within the bore and can lead to claustrophobia. Moreover, they do not

substantially lower the cutoff frequency of the bore.

A thin metamaterial liner exhibiting ENNZ permittivity applied to the interior of the

MR scanner bore would introduce a frequency-reduced HE11 mode; thereby enabling TW-

based imaging using lower B0 field strengths without occupying a significant amount of space

within the bore. Simply retrofitting current clinical scanners by a comparatively inexpensive

metamaterial liner will allow for them to be operated well below their natural cutoff frequen-

cies. Consider a 58cm-diameter (human-sized) MR scanner bore which has a natural cutoff

frequency of 303.3MHz. The design equation given by Eq. 3.13 predicts that lining this bore’s

interior with a 2mm thick metamaterial layer possessing a relative uniaxial permittivity of

ϵt2 = −0.08 will introduce a cutoff at 101.8MHz which is well below the Larmor frequency

of conventional 3T scanner. We have proposed that this approach may lead to dramatically

improved image quality through increased spatial uniformity of the electric and magnetic

fields within the bore [30,140]. The metamaterial liner’s rich spectrum of frequency-reduced

modes may prove useful for parallel imaging or RF shimming, in which each frequency-

reduced mode is a excited by its own probe and represents a single channel. Multichannel

transmission permits tailoring the superposition of multiple RF field components, to provide

either increased RF field homogeneity or spatially diverse field patterns [141,142].
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Chapter 6

Radiation Characteristics of

Miniaturized Metamaterial-Lined

Circular OEWG Probe Antennas

In Chapter 5, it was shown that the metamaterial-lined waveguide exhibited substantially

improved transmission over a similarly sized (and below-cutoff) hollow circular waveguide

in both simulations and experiments. This chapter will investigate the implication of below-

cutoff transmission on the radiation characteristics of a metamaterial-lined open-ended waveg-

uide (OEWG) probe antenna. Whereas the miniaturization of OEWG probes may be

achieved by homogeneously filling their interior with dielectrics, metamaterials [115], or

complex-matching networks [104], we show that the same function can be achieved with a

thin metamaterial liner, thereby allowing the interior volume of the probe to interact with the

outside environment. Such a probe would be able to sample nearby electromagnetic fields at

sub-wavelength spatial resolutions, but access to the interior volume also enables the probe

to sense materials such as gases, liquids, or granular solids placed inside the probe, in which

the added bonus of miniaturization would minimize the required bulk and losses of such

filling materials. This chapter aims to provide theoretical and experimental groundwork for
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these probing applications by investigating, in detail, the radiation performance of OEWG

probe antennas that have been miniaturized by the introduction of thin metamaterial liners.

This study will focus on the metamaterial-lined waveguide’s frequency-reduced HE11

mode, comparing its far-field characteristics to those of the TE11 mode in conventional-

sized and below-cutoff OEWG probes through both antenna aperture theory and full-wave

transmission simulations using the ideal and practical excitations presented in Chapter 5.

Once again, an effective-medium description of the metamaterial liner in the OEWG probe

is employed in initial numerical investigations, whose geometrical and material parameters

(i.e., b, a, L1, L2, ϵ2(ω)) remain consistent with the previous studies in Sec. 5.1; hence, the

metamaterial-lined waveguide constituting the OEWG probe shares the same dispersion of

frequency-reduced modes that was reported in Sec. 3.2.4. Furthermore, the experimental

prototype of the metamaterial-lined waveguide whose liner is realized using the printed-

circuit implementation presented in Sec. 4.5 is reused here, but with one of the shielded-loop

probes and feeding waveguides removed. The similarities between the enclosed waveguides

and OEWG probes allow for a number of parallels to be drawn.

6.1 Numerical Investigations of Isotropic, Homogeneous

ENNZ-Lined OEWG Probe Antennas

As noted in the previous transmission study, the dispersion of frequency-reduced modes is

not greatly altered between isotropic and uniaxial metamaterial liners, particularly when the

liner is thin. To aid in the numerical investigation of the metamaterial-lined OEWG probe’s

radiation features, the liner is assumed for simplicity to be isotropic.

6.1.1 Aperture Theory

Let us consider one end of the infinitely long waveguide to be truncated such that its open

aperture is free to radiate into space. The aperture’s electric fields (Ēap = (Eap
ρ , Eap

ϕ , Eap
z )),
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Figure 6.1: The three compared OEWGs, termed (i) ‘Standard’, (ii) ‘Cutoff’, and, (iii)
‘MTM-Lined’.

which may be obtained from the theoretical field expressions of the metamaterial-lined waveg-

uide in Sec. 3.1, are related to the far-field expressions (Ēff ) using the well known Huygen’s

Field Equivalence Principle (see, for example, Ref. [143]). The aperture is assumed to be

mounted on an infinite ground plane, such that the tangential components of (Ēap) can be

replaced by equivalent magnetic-current sources. Although the infinite ground plane is not

realizable in practice, it allows us to neglect diffraction from the edge of a finite ground plane,

which affects the far-field patterns of the aperture particularly when the aperture may be

strongly miniaturized. The radiation integral over the aperture’s surface can be separated

into contributions from the vacuum and liner regions, taking the following form:

E
ff

=

∫∫
S,V acuum

L
(
Ēap
)
dS +

∫∫
S,Liner

L
(
Ēap
)
dS. (6.1)

The components of the integrand (L), expressed in cylindrical form, can be found in Ref. [143].

Using this approach, the contribution of the liner’s fields towards the far-field patterns may

be isolated.

Figure 6.1 presents three circular-waveguide geometries that will be compared in the

remainder of this section. At this point, we establish some nomenclature: a homogeneously

vacuum-filled OEWG of radius 2b = 30mm operating above its TE11 mode’s natural cutoff

frequency of fc = 2.928GHz is termed ‘Standard’ (i); another of half the radius (b = 15mm)

operating below its natural cutoff frequency of fc = 5.857GHz is termed ‘Cutoff’ (ii); and

96



(a) (b)

Figure 6.2: Far-field directivity patterns at f = 3.381GHz obtained from Eq. (3.5) for the
OEWG’s (a) H-plane (ϕ = 0◦) and (b) E-plane (ϕ = 90◦) shown for the ‘Standard’ OEWG,
the ‘Cutoff’ OEWG , and the ‘MTM-Lined’ OEWG including and excluding the liner fields.

the metamaterial-lined OEWG, whose dispersion and geometrical parameters (b = 15mm,

a = 14mm) were presented previously, is termed ‘MTM-Lined’ (iii).

Figure 6.2(a) and Figure 6.2(b) compare, for each of these cases, the normalized H-plane

(x − z plane) and E-plane (y − z plane) directivity patterns, respectively, at f = f1 =

3.381GHz. An examination of the directivity patterns of the ‘Standard’ (solid black curve)

and ‘Cutoff’ (red cross markers) OEWGs show that the reduction of aperture size broadens

the OEWG’s main beam significantly in the H-plane, but only marginally in the E-plane.

This is attributed to an increase in operating wavelength with respect to the aperture’s

physical size, which leads to less phase variation across the aperture. Since the H-plane

contains the greatest field variation, the impact is more pronounced in this plane.

Now, the metamaterial liner is introduced into the ‘Cutoff’ OEWG, for which the com-

parison frequency (f1) is just inside the HE11 mode’s propagating backward-wave band. The

directivity patterns of the ‘MTM-Lined’ OEWG (green circle markers) are very similar to the

‘Cutoff’ waveguide, and only differ by a slightly narrower beam width in the H-plane. Since

both the ‘Cutoff’ and ‘MTM-Lined’ OEWGs have similar negligible electric-field variation in

their respective vacuum regions, this difference is attributed to the discontinuous high field

strength in the thin liner region. This is affirmed by excluding the fields in the liner regions
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(a)

(b)

Figure 6.3: (a) Generic full-wave simulation model of the OEWG probe used in the compar-
ison of the three cases shown in (b). Case (i) is a large above-cutoff waveguide and termed
‘Standard’. Case (ii) is an above-cutoff waveguide connected to a smaller below-cutoff waveg-
uide and termed ‘Cutoff’. In case (iii), the smaller waveguide contains a metamaterial liner
possessing complex dispersive permittivity and is termed ‘MTM-Lined’.

in the integration, such that only the inner vacuum region contributes to the far-fields. In

this case (solid teal curve), the patterns are very similar to those of the under-cutoff OEWG,

as expected. Therefore, although metamaterial liners do not significantly alter the directivity

of the miniaturized OEWG, the next section presents full-wave simulations that show that

their impact on gain may be dramatic.

6.1.2 Waveguide Step Transition

In this section, it will be demonstrated that miniaturized waveguides are capable of efficiently

radiating power into free space, and their directivity patterns are similar to those of the

homogeneously vacuum-filled OEWG. The waveguide-step transition used in Sec. 5.1.1 is
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Figure 6.4: The return loss for the ‘Standard’ (solid black curve), ‘Cutoff’ (dashed blue
curve) ‘MTM-Lined Lossless’ (solid teal curve) and ‘MTM-Lined Lossy’ (solid red curve)
OEWGs.

reused here to limit this study towards the radiation properties of the ‘MTM-Lined’ OEWG’s

HE11 mode. HFSS [129] is employed to simulate the generic model shown in Fig. 6.3(a), for

the three cases shown in Fig. 6.3(b). In each case, a large vacuum-filled PEC circular

waveguide of length L1 = 45mm and radius b1 = 30mm contains a waveport at its closed

end that excites the TE11 mode for frequencies above its cutoff of 2.928GHz. This, in turn,

couples into a connecting waveguide section of length L2 = 82.5mm that is opened at one

end, and the whole structure is enclosed in a spherical radiation boundary of radius 76mm.

Now, we reuse the nomenclature used in the previous aperture field study to distin-

guish the different connecting OEWGs in each case in Fig. 6.3(b). Case (i) contains a

homogeneously vacuum-filled OEWG of radius equal to that of the excitation waveguide

(b2 = 30mm) operating above its TE11 mode’s natural cutoff frequency and is termed

‘Standard’. Case (ii) contains a homogeneously vacuum-filled OEWG of half the radius

(b2 = 15mm) operating below its natural cutoff frequency of fc = 5.857GHz and is termed

‘Cutoff’. Case (iii) lines the under-cutoff waveguide of case (ii) with an isotropic ENNZ

metamaterial, whose dispersion and geometrical parameters (b2 = 15mm, t = 1mm) were
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presented in Sec. 3.2.4, and is termed ‘MTM-Lined’.

Figure 6.4 presents the return loss of each investigated OEWG probe antenna. As ex-

pected, the return loss increases above the cutoff frequencies of the ‘Standard’ (black solid

curve) and ‘Cutoff’ (blue dashed curve) cases, in which the former occurs before the shown

frequency range. The metamaterial liner is assigned the dispersive permittivity, ϵ2(ω), re-

ported in Sec. 3.2.4 for both lossless (termed ‘MTM-Lined Lossless’ with ωt = 2π × 0MHz)

and lossy (termed ‘MTM-Lined Lossy’ with ωt = 2π×5MHz) cases. Accordingly, HE11 prop-

agation should occur below f1 = 3.381GHz for the frequency-reduced backward-wave band

and above 5.958GHz in the upper band. Figure 6.4 shows the return loss in the ‘MTM-Lined

Lossless’ (teal solid curve) and ‘MTM-Lined Lossy’ (red solid curve) cases. Indeed, the meta-

material liner results in an upper passband, which is described by a return loss profile similar

to the ‘Cutoff’ case but shifted to higher frequencies, and introduces a lower passband, which

is described by several resonant return-loss peaks. The inset in Fig. 6.4 zooms into the return

loss band. Whereas the lossless metamaterial-lined waveguide enclosed between two larger

and hollow circular waveguides in Sec. 5.1.1 exhibited nearly 0dB insertion loss and better

than 30dB return loss at the transmission peaks, the ‘MTM-Lined Lossless’ OEWG’s return

loss does not exceed 6dB across the presented frequency range, leaving only tiny fraction of

the feeding waveguide’s incident power to be radiated. This is due, in part, to the reflections

that occur at the open aperture of the ‘MTM-Lined’ OEWG. Although the radiation at

the aperture presents complex radiation impedance that can selectively improve the return

loss, the introduction of loss typically strongly diminishes the matching. Nevertheless, the

return loss of the ‘MTM-Lined Lossy’ OEWG is comparable to the return loss observed in

Fig. 5.2(b) for the similarly excited lossy metamaterial-lined waveguide, suggesting that the

introduction loss dampens the reflections from the open aperture, thereby decreasing the

sensitivity of the return loss to aperture’s complex impedance.

As previously shown in Sec. 5.1.1, each of these peaks is akin to a Fabry-Pérot-type

resonance through the metamaterial-lined waveguide section. The distribution of resonance
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(a) (b)

(c) (d)

Figure 6.5: Complex electric field (a) magnitudes and (b) vectors along a longitudinal cut
in the E-plane. Electric field vectors along a transverse cut taken at (c) the center of the
‘MTM-lined’ OEWG and (d) its open aperture. All data presented at f = 3.381GHz for the
lossless case.

frequencies may be designed by varying either the metamaterial-lined waveguide’s length or

the liner’s permittivity dispersion profile. As such, these resonant frequencies are coincident

with those observed in the transmission through the metamaterial-lined waveguide of the

same length (L1) and dispersion ϵ2(ω). Figures 6.5(a) and 6.5(b) present the complex electric-

field magnitudes and vectors, respectively, in the E-plane at f = 3.381GHz, in which the

resonant distribution is evident. The electric fields are purely transverse (ρ- and ϕ-directed)

with no longitudinal (z-directed) component, which verifies that an HE-type mode, and not

the EH01 mode, is strongly excited at the waveguide junction. An examination of the fields

in the transverse plane at the center of the ‘MTM-lined’ OEWG (Fig. 6.5(c)) and at its open
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Standard Cutoff MTM-Lined

Lossless Lossy

Freq. (GHz) 3.381 3.381 3.381 3.350

Direct. (dB) 7.69 5.96 5.49 5.32

ηrad (%) 96 0 75.3 12.9

Gain (dB) 7.51 -71.5 4.26 -3.57

HPBWH(
◦) 69.0 82.0 77.0 76.4

HPBWE(
◦) 71.0 74.8 72.6 72.2

F/B (dB) 8.54 5.33 3.83 3.86

Table 6.1: Waveguide-Step Excited Antenna Parameters

aperture (Fig. 6.5(d)) reveals a distinct HE11 field pattern, as desired.

Figures 6.6(a)-6.6(b) present the H-plane and E-plane cuts, respectively, of the normalized

directivity patterns for each investigated case. In addition, Table I presents relevant antenna

parameters such as radiation efficiency (ηrad), half-power beamwidth (HPBW), and front-to-

back (F/B) ratio. At f = 3.381GHz, the ‘Standard’ (solid black curve) case achieves a 7.69dB

directivity, an H-plane HPBW of 69.0◦, and a respectable F/B ratio of 8.54dB. Decreasing

the outer radius by half in the ‘Cutoff’ (dashed teal curve) case causes a 1.73dB decrease

in directivity and a 13.0◦ increase in the H-plane HPBW. An increase in the side-lobe and

back-lobe levels suggests that substantial currents are also formed on the outer surface of the

PEC waveguides. However, as indicated in Table I, the operation of the ‘Cutoff’ waveguide

in the evanescent regime results in truly negligible radiation efficiency and hence, no useful

gain.

Now, introducing the lossless metamaterial liner into the ‘Cutoff’ case and focusing on

the radiation pattern at its first resonant peak at f = 3.381GHz (solid green curve), the

directivity is roughly maintained at 5.49dB. However, the improved return loss at this fre-

quency due to the metamaterial liner causes a dramatic increase in the radiation efficiency

(75.3%) and gain (4.26dB). Since the ‘MTM-Lined Lossless’ and ‘Lossy’ liners have simi-

lar aperture-field profiles, the pattern in the lossy case (red markers) overlaps that of the
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(a) (b)

Figure 6.6: Comparing normalized (a) H-plane and (b) E-plane directivity patterns of the
OEWG obtained from simulations of the ‘Standard’, ‘Cutoff’, and ‘MTM-Lined’ (Lossless
and Lossy) cases. All data presented at f = 3.381GHz.

lossless case. However, the introduction of loss reduces the relative aperture-field strengths,

and for the third resonant peak at f = 3.350GHz, the radiation efficiency is only 12.9%

corresponding to a gain of −3.57dB. This is, nevertheless, a useful gain that represents a

nearly 70dB improvement over the ‘Cutoff’ OEWG. Such gain improvements may poten-

tially enable previously impossible sub-wavelength spatial resolution above the noise floor,

and/or with increased dynamic range, particularly in continuous-wave applications or those

involving narrowband phenomena.

As previously noted, this manner of excitation suffers from poor matching. The next

section investigates the balanced-shielded loop as a practical source to more efficiently excite

the HE11 mode and to mitigate the potential excitation of other modes. This eliminates the

need for a larger excitation waveguide and enhances the compactness of the OEWG probe.
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Figure 6.7: Full-wave simulation model of the shielded-loop-excited ‘MTM-Lined’ OEWG
probe.

6.1.3 The Balanced Shielded-Loop Excitation

The balanced-shielded loop excitation was shown in Sec. 5.1.2 to couple efficiently to the lossy

metamaterial-lined waveguide’s HE11 mode without coupling to other frequency-reduced

modes. In fact, the shielded-loop excitation strategy benefits from a compact size and

exhibited a high degree of matching to the HE11 mode in both effective-medium and prac-

tical metamaterial-lined waveguides. It will now be used to excite the HE11 mode in the

metamaterial-lined OEWG probe using the full-wave simulation model presented in Fig. 6.7,

whose geometrical and material parameters are kept consistent with b = 15mm, t = 1mm,

L2 = 82.5mm, and ϵt2(ω) as reported in Sec. 3.2.4. In transmission and antenna setups

employing the waveguide-step transition in Secs. 5.1.1 and 6.1.2, respectively, similar return-

loss profiles were observed across the lossy metamaterial-lined waveguide’s HE11 mode’s

backward-wave band. As previously noted, this suggests that the different terminating

impedances due, for example, to the larger waveguide or to the open aperture have lit-

tle effect on the degree of matching at the input, provided the liner is lossy. Accordingly,

in this study the optimized shielded-loop excitation’s position and placement used in the

transmission setup is reused here with L1 = 17.8mm, pz = 15.0mm, and cr = 13.5mm.

Indeed, these optimized parameters provide a significantly improved return loss (> 10dB)

at each resonant peak, as shown in Fig. 6.8, while still maintaining a return loss greater than
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Figure 6.8: The return loss of the shielded-loop-excited ‘MTM-Lined’ OEWG.

1dB across the band. The frequency range in Fig. 6.8 is limited to clearly observe the highly

resonant return loss peaks, and, as will be shown, encompasses the entire bandwidth in which

the OEWG exhibits desirable radiation characteristics. Outside the shown frequencies, the

‘MTM-Lined’ OEWG’s return loss profile is similar to the return shown of the waveguide

excited metamaterial-lined waveguide shown in Fig. 6.4.

Consider the resonant peak at f = 3.320GHz. Figure 6.9(a) shows the electric-field

vectors and complex magnitudes at this frequency taken at three locations in the waveguide:

at the shielded loop, at the center of the metamaterial-lined region, and at the open aperture.

The field patterns confirm that the shielded loop strongly excites the TE11 mode, which is

coupled to the HE11 mode in the metamaterial-lined waveguide. It should be noted that

the observable longitudinal (z-directed) electric-field vectors at the open aperture is due the

open-boundary condition in this plane.

Shown in Fig. 6.9(b) are the H-plane (red curve) and E-plane (green curve) normalized

directivity patterns at f = 3.320GHz. The far-field features are similar to the waveport-

excited ‘MTM-Lined Lossy’ case, but with a reduced directivity of 3.43dB and a F/B ratio

of 1.38dB. This is expected with the elimination of the larger excitation waveguide, whose

front face served as a reflector. Indeed, it has been observed that the directivity of the

miniaturized probe may be increased by re-introducing a reflecting plate behind the open

aperture. These field and radiation patterns also exhibit a linear polarization purity of

greater than 35dB, which is consistent over the entire band. The antenna parameters for the
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Figure 6.9: The shielded-loop-excited OEWG’s (a) electric-field vectors shown in the planes
of the loop, center of the waveguide, and open aperture, and (b) the normalized directivity
patterns in the H-plane (red curve) and E-plane (green curve) at f = 3.320GHz.

Direct. (dB) ηrad Gain (dB) HPBWH HPBWE F/B (dB)

3.43 28.8 -1.94 82.2 168.0 1.38

Table 6.2: Shielded-Loop-Excited Antenna Parameters

shielded-loop-excited case are summarized in Table II.

Figure 6.10 presents the gain and radiation efficiency for the shielded-loop-excited metamaterial-

lined OEWG. The following radiation-efficiency definitions are used to aid in discussion:

ηr,i = Prad/Pinc (solid red curve) and ηr,a = Prad/Pacc (solid blue curve), in which Prad, Pacc,

and Pinc are the radiated, accepted, and incident powers, respectively, with respect to the

coaxial feed. Whereas ηr,i captures both return loss and insertion loss due to the liner, ηr,a

captures only insertion loss (the IEEE definition of radiation efficiency). Progressing from

the HE11 cutoff (f11 = 3.381GHz) down further into the backward-wave band, ηr,a ramps

up to its maximum value of 29.7% at f = 3.310GHz, after which it experiences a generally

linear decrease as frequency reduces. This is consistent with the observed behaviour of HE11

mode’s attenuation constant (α) in Fig. 3.8(b), which also increases towards lower frequen-

cies. However, given the strongly dispersive nature of the metamaterial-lined OEWG, it

is clear that ηr,i is a more realistic and conservative definition of radiation efficiency. In-
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Figure 6.10: Radiation efficiencies for the shielded-loop-excited OEWG, defined by ηr,i =
Prad/Pinc (solid red curve) and ηr,a = Prad/Pacc (solid blue curve). The peak realized gain
(dashed teal curve) is also shown.

deed, ηr,i attains local maxima at each of the return-loss peaks shown in Fig. 6.8, where

the matching is most substantially improved. At f = 3.320GHz the return loss of 27.7dB

corresponds to a maximum radiation efficiency of 28.8%. Note that return loss is maximized

at f = 3.134GHz (28.3dB), but the increased insertion loss at these lower frequencies re-

duces ηr,i to 16%. In general, the insertion loss may be alleviated by choosing a shorter

metamaterial-lined waveguide length. However, the waveguide length also establishes the

distribution of resonant peaks in the band and, at a minimum, must be large enough to al-

low any practical periodic implementation of the metamaterial liner to satisfy the definition

of an effective medium.

The peak realized gain (dashed teal curve) shown in Fig. 6.10 is defined as the maximum

directivity of the antenna at broadside, reduced by ηr,i. A maximum value of −1.94dB

is achieved at f = 3.320GHz. This represents a vast improvement over a similarly sized

unlined waveguide excited with the same shielded loop, which had a gain of −76.1dB and

for which virtually no power is radiated. In fact, the gain of the metamaterial-lined OEWG

is at least 60dB greater than that of the unlined waveguide everywhere over the band.

Another meaningful comparison may be drawn to a PEC dipole with a length l equal to

the diameter of the ‘MTM-Lined’ OEWG (i.e., l = 2b2 = 30mm). The directivity and peak

realized gain of a 30mm dipole fed by a 50Ω source at f = 3.320GHz are confirmed through
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full-wave simulations to be 2.24dB and −7.69dB, respectively. Therefore, the miniaturized

‘MTM-Lined’ OEWG offers a nearly four-fold improvement in gain over a similarly sized

dipole. Furthermore, it is up to four times smaller than the capacitively loaded evanescent

waveguide probe mentioned in Sec. 2.6. The gain of the metamaterial-lined OEWG may be

further improved by sacrificing the degree of miniaturization (over 42% in the studied case),

which would result in lower insertion loss due to less field confinement in the liner and higher

directivity due to larger aperture size.

It was shown that the introduction of a thin ENNZ liner into the OEWG volume results in

a frequency-reduced backward-wave passband well below its natural cutoff frequency. Full-

wave simulations of the metamaterial-lined OEWG probe in the frequency-reduced region

reveal multiple resonant return-loss peaks where the miniaturized antenna exhibits a sub-

stantially improved gain over both a similarly sized (and below-cutoff) circular waveguide

probe and a reference dipole. The next natural step is to investigate the radiation properties

of the printed-circuit implementation of the metamaterial-lined waveguide, and observe if

the practical liner’s response is similar to that of the isotropic, homogeneous ENNZ liner.

6.2 A Practical Demonstration of Below-Cutoff Radi-

ation in Miniaturized OEWG Probes

This study investigates the radiation characteristics of a prototype metamaterial-lined OEWG

probe whose liner is realized using the practical PCB metamaterial liner presented in Sec. 4.5.

Figures 6.11(a)-6.11(b) present the full-wave-simulation model and experimental prototypes

of the metamaterial-lined OEWG probe, respectively, which consist of a balanced shielded

loop (cr = 13.5mm and θg = 20◦) embedded in a closed vacuum-filled below-cutoff waveg-

uide section (b = 15mm, L1 = 17.75mm, and pz = 15.0mm) that is smoothly connected

to a metamaterial-lined waveguide which is opened at one end to radiate (into a spherical

boundary of radius 85mm, in the case of the simulation model). The PCB metamaterial
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(a)

(b)

Figure 6.11: Full-wave simulation model and experimental prototype of the metamaterial-
lined OEWG probe excited by a shielded-loop-antenna source, in which the liner is realized
using the PCB implementation presented in Sec. 4.5.

presented in Sec. 4.5 is arranged into a stack of 11 layers along the below-cutoff waveguide’s

length of L2 = 32mm. A Keysight PNA-X N5244A Network Analyzer was used to measure

the return-loss response of the experimental prototype.

6.2.1 Return Loss

As mentioned previously, the unloaded vacuum-filled intermediate waveguide is within its

natural evanescent region for frequencies below f = 5.857 GHz and, as a result, the shielded-

loop is poorly matched. Although not shown, the return loss in both simulation and measure-

ments is effectively 0dB below f = 3.40GHz. By simply inserting the PCB metamaterial-liner

into the open aperture, the return loss will be drastically improved below the frequency-
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Figure 6.12: Return loss of the simulated and fabricated metamaterial-lined OEWG probe.

reduced HE11 mode’s cutoff frequency, f11 = 3.685GHz. Indeed, the simulated (dashed blue

curve) and measured (solid green curve) return loss curves in Fig. 5.13(b) exhibit a pass-

band below f11 that is characterized by multiple return-loss peaks in which the antenna

most optimally accepts the power. The very good agreement between the measurements

and simulation is evident. For clarity, the return-loss is shown only up to 30dB; however,

the measured return loss achieves a maximum of 57dB at f = 3.70GHz, and has a 10dB

bandwidth of 100MHz. This represents a significant enhancement over a similarly excited

empty waveguide, into which virtually no power would be accepted.

As was observed in the transmission setup (see Sec. 5.2), the simulated and measured

return-loss peaks generally don’t agree. Once again, this is mostly attributed to the fab-

rication tolerances imposed on the shielded loop and PCB metamaterial and, to a lesser

extent, the numerical accuracy of the simulation, in which the meshing and numerical con-

vergence criteria listed in Sec. 5.2 were employed. Between the transmission and antenna

measurements, a new shielded-loop source had to be fabricated and the PCB layers had to be

reassembled; altering the orientation and proximity of the source to the nearby metamaterial

layers and impacting the return loss greatly.
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Figure 6.13: The experimental antenna-measurement setup.

6.2.2 Measurement Setup

A Keysight PNA-X N5244A Network Analyzer and a Nearfield Systems Inc. (NSI) antenna-

measurement system with an anechoic chamber and automated translation stages were used

to measure the prototype metamaterial-lined OEWG probe’s radiation pattern. In these

measurements, the anechoic chamber acts as a nearfield range and a separate, rectangular

‘probe’ antenna samples the energy of an antenna under test (AUT) at locations in its

near-field; scanning in a path that forms either a planar, cylindrical, or spherical surface.

Whereas measurements in a far-field range must occur in the antenna’s far-field region (i.e.,

dm > 2D2/λ, in which dm is the ‘probe’ to AUT distance and D is the antenna’s largest

physical dimension), a nearfield system measures the energy in the antenna’s radiating near-

field region (λ < dm < 2D2/λ) which converts those measurements by a Fourier transform

into the far-field result. In this transform, a probe correction is applied to factor out any

impact its own radiation pattern may have on the measured far fields.
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In this study a NSI-RF-WR284 rectangular-waveguide probe (or simply, ‘probe’) is used

to measure the prototype metamaterial-lined OEWG probe (the AUT) using a spherical

nearfield scan whose measurement setup is illustrated in Fig. 6.13. In this image, the open

apertures of the probe and AUT are facing each other in which the former is mounted on

a translational stage that keeps its position fixed during the entire scan but can rotate for

different polarization measurements, and the latter is mounted on a translation stage that

rotates the AUT around the two axes shown in the image, thereby performing a full spherical

scan. To avoid a physical collision between the measuring probe and the AUT’s mount during

its rotation, dm = 69.85cm in each spherical measurement. A network analyzer is used to

measure the transmitted signal with a 3kHz intermediate-frequency bandwidth, averaging

over 5 readings, and 13dBm power output. This ensures an adequate signal-to-noise ratio

(SNR) in each measurement.

6.2.3 Radiation Patterns

In an effort to determine if the measurement setup and simulation model are comparable, we

first investigate the radiation pattern of the unloaded vacuum-filled circular OEWG probe.

In this case, the measured signal has a very small amplitude because the OEWG probe is

below cutoff. However, the SNR still exceeds 50dB. Here, the following concise terms are

used in describing an antenna’s radiation pattern: co-pol refers to the desired polarization of

the AUT that was meant to radiate and whose polarization matches that of the measuring

probe, and cross-pol refers to an undesired polarization that is orthogonal to co-pol. In this

study, we focus on the linear polarization of the frequency-reduced HE11 mode, which should

exhibit low cross-pol. Any significant cross-pol would lead to elliptical polarization.

The unloaded OEWG probe’s simulated (blue dashed curve) and measured (green solid

curve) co-pol radiation patterns are shown in Figs. 6.14(a)-6.14(b) in its E-plane (y-z) and

H-plane (x-z), respectively, at f = 3.70GHz, in which each is normalized to the maximum

in the co-pol radiation pattern. Due in part to the subwavelength dimensions of the OEWG
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(a) (b)

(c) (d)

Figure 6.14: The shielded-loop-excited unloaded vacuum-filled OEWG’s simulated (blue
dashed curve) and measured (green solid curve) co-polarization [and cross-polarization] ra-
diation pattern in the (a) [(c)] E-plane and (b) [(d)] H-plane, respectively, at f = 3.70GHz.

probe’s aperture, the simulated radiation pattern has a broader main beam and lower front-

to-back ratio as compared to a conventional-sized circular OEWG (see Figs. 6.6(a)-6.6(b)).

The measured and simulated patterns are in close agreement across the main beam, but

differ for large angles away from broadside, which is more pronounced in the H-plane. This

is attributed to blockage and multipath diffraction due to the mounting stand located be-

tween the measurement probe and the OEWG. Furthermore, it is believed that the shielded

loops generate small but still significant unbalanced currents on the feeding coaxial waveg-

uide whose radiated fields will contribute to the measured signal. Figures 6.14(c)-6.14(d)

present the cross-pol radiation patterns in the E-plane and H-plane, respectively. While the

simulated cross-pol radiation pattern is not shown because it is well below the 25dB scale
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(a) (b) (c)

(d) (e) (f)

Figure 6.15: The shielded-loop-excited metamaterial-lined OEWG’s simulated (blue dashed
curve) and measured (green solid curve) co-pol [and cross-pol] radiation pattern in the E-
plane at (a) [(d)] f = 3.57GHz, (b) [(e)] f = 3.64GHz, and (c) [(f)] f = 3.70GHz.

used, the measured cross-pol is evident here; however, it is at least 20dB lower than co-pol

across the main beam.

The metamaterial liner is now introduced into the OEWG probe, which drastically im-

proves the strength of the measured signal and the SNR. The metamaterial-lined OEWG’s

simulated (dashed blue curve) and measured (solid green curve) co-pol and cross-pol radia-

tion patterns in the E-plane and H-plane are shown in Figs. 6.15(a)–6.15(f) and Figs. 6.16(a)–

6.16(f), respectively for the measured resonant return-loss peaks at f = 3.57GHz, f =

3.64GHz, and f = 3.74GHz. At f = 3.57GHz, we observe a radiation pattern that is in-

dicative of the HE11 mode being excited and coupled into free-space. Despite the fabrication

tolerances of the metamaterial-lined OEWG, the simulated and measured co-pol radiation
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(a) (b) (c)

(d) (e) (f)

Figure 6.16: The shielded-loop-excited metamaterial-lined OEWG’s simulated (blue dashed
curve) and measured (green solid curve) co-pol [and cross-pol] radiation pattern in the H-
plane at (a) [(d)] f = 3.57GHz, (b) [(e)] f = 3.64GHz, and (c) [(f)] f = 3.70GHz.

patterns are in close agreement across the main beam, in which an observable difference

occurs at large angles, particular in the H-plane. Once again, this is attributed to additional

diffraction from the antenna mounting stand in measurements and potential unbalanced cur-

rents on the feed line. Nevertheless, these results, along with their apparent similarity to the

unlined OEWG’s radiation patterns, strongly suggest that the metamaterial-lined OEWG is

exciting and radiating the desired HE11 mode.

Although the metamaterial-lined OEWG probe’s simulated cross-pol radiation pattern

is once again below the 25dB scale used, the measured cross-pol is more evident. Neverthe-

less, the cross-pol radiation pattern at f = 3.57GHz in the E-plane and H-plane shown in

Figs. 6.15(a)–6.16(f) is at least 15dB lower than co-pol, indicating a good linear polariza-
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Figure 6.17: The experimental antenna-measurement setup in which the OEWG probe’s
aperture is mounted on a large copper screen.

tion. As frequency increases, the cross-pol levels begin to increase, in which at f = 3.70GHz

the cross-pol is only 5dB less than co-pol across the main beam. This suggests a generally

elliptical polarization at higher frequencies. The source of this cross-pol will be discussed

shortly.

6.2.4 Radiation Patterns Employing a Metallic Screen

The main differences between the simulated and measured radiation patterns may largely

be attributed to the AUT’s mounting apparatus whose reflections cause so-called multipath

propagation. This occurs despite using the thin absorbing material (the blue covering in

Fig. 6.13) on most of the mount’s metallic surface. To mitigate these undesired reflections,

the OEWG’s open aperture is placed in a metallic copper screen of dimensions 4λ0 × 4λ0

(340mm×340mm) which acts as a reflector that improves the antenna’s forward directivity.
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(a) (b)

(c) (d)

Figure 6.18: The shielded-loop-excited unloaded vacuum-filled OEWG’s simulated (blue
dashed curve) and measured (green solid curve) co-polarization [and cross-polarization] ra-
diation pattern in the (a) [(c)] E-plane and (b) [(d)] H-plane, respectively, at f = 3.70GHz.
Here the OEWG is mounted onto a metallic copper screen.

This metallic screen is included in the simulation model.

The unloaded OEWG probe’s simulated (blue dashed curve) and measured (green solid

curve) co-pol radiation patterns are shown in Figs. 6.18(a)-6.18(b) in its E-plane and H-plane,

respectively, at f = 3.70GHz. As desired, the match between simulations and measurements

is vastly improved in that the radiation power at large angles behind the AUT is substantially

reduced. In fact, the similarity to the numerical far-fields shown in Figs. 6.2(a)–6.2(b) of a

below-cutoff aperture cut into an infinite PEC ground plane is quite striking. This includes

a broad main-beam with minimal ripple, which drops off sharply near the horizon (i.e., the

plane of the aperture). Introducing the metallic screen appears to have reduced the measured
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(a) (b) (c)

(d) (e) (f)

Figure 6.19: The shielded-loop-excited metamaterial-lined OEWG’s simulated (blue dashed
curve) and measured (green solid curve) co-pol [and cross-pol] radiation pattern in the E-
plane at (a) [(d)] f = 3.57GHz, (b) [(e)] f = 3.64GHz, and (c) [(f)] f = 3.70GHz. Here the
OEWG is mounted onto a metallic copper screen.

cross-pol E-plane and H-plane radiation patterns, which is verified in Figs. 6.18(c)–6.18(d),

respectively.

Figures 6.19(a)–6.19(f) and Figs. 6.20(a)–6.20(f) presents the metamaterial-lined OEWG’s

simulated (dashed blue curve) and measured (solid green curve) co-pol and cross-pol radi-

ation patterns in the E-plane and H-plane, respectively at f = 3.57GHz, f = 3.64GHz,

and f = 3.70GHz. As expected, the introduction of the metallic screen improves the match

between simulation and measurements; however, the metamaterial-lined OEWG generally

exhibits a larger back lobe in measurements. Nevertheless, the main beam is reproduced

almost perfectly in measurements with a similar HPBW beamwidth and small ripple. Al-
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(a) (b) (c)

(d) (e) (f)

Figure 6.20: The shielded-loop-excited metamaterial-lined OEWG’s simulated (blue dashed
curve) and measured (green solid curve) co-pol [and cross-pol] radiation pattern in the H-
plane at (a) [(d)] f = 3.57GHz, (b) [(e)] f = 3.64GHz, and (c) [(f)] f = 3.70GHz. Here the
OEWG is mounted onto a metallic copper screen.

though the metallic screen changes the profile of the measured cross-pol radiation pattern,

its does not greatly impact the overall level. which increases at high frequencies. Whereas a

strong linear polarization is preserved at low frequencies, the cross-pol pattern is only 10dB

less than the co-pol pattern over most of the main beam at f = 3.70GHz. The HE11-like

cross-pol pattern suggests that a HE11 mode (polarized orthogonal to the fields generated

by the shielded loop) may be weakly excited in the metamaterial-lined OEWG probe. The

coupling to the orthogonal HE11 mode is most likely due to small azimuthal misalignment be-

tween adjacent metamaterial layers and fabrication tolerances in the fabricated prototypes.

Nevertheless, these results suggest that linear polarization can be preserved, provided we
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operate at sufficiently low frequencies in the return-loss band.

6.2.5 Radiation Performance

This study investigates the directivity and gain of the metamaterial-lined OEWG probe.

By definition, the directivity is equal to D = 4πUmax/Prad, in which Umax is the maximum

radiation intensity and Prad is the total power radiated by the antenna. Prad is evaluated

numerically by integrating the radiation intensity (U) over the entire 4π steradians in both

simulations and measurements. Of course, U is determined from a near-to far-field transform

of the fields solved for in the simulation domain and of the fields measured by the probe.

Whereas the gain of the simulated OEWG probe is calculated from directivity using G =

ηr,iD, in which ηr,i = Prad/Pinc, this work employs the so-called gain-comparison method in

which the gain of an AUT is found by comparing the resulting far-field level of the AUT

to that of a known gain standard substituted under the same conditions. The difference in

signal level is the difference in gain between the AUT and the gain standard. This entails two

sets of measurements in which 1) an AUT is in receive mode and receives power PAUT from

a transmitting probe and 2) the gain standard is in receiving mode and receives power PH

from a transmitting probe. In both measurements, the measuring distance (R), transmitted

power (Po), and gain (Go) of the transmitting probe is kept the same. In this work, the gain

is measured in the AUT’s far-field (R = 1.39m) using a 15dB standard-gain horn (WR284)

whose gain (GH) is known from simulations. Friis’ transmission equation is used to calculate

the gain of the AUT (GAUT ) as follows:

GAUT [dB] +Go[dB] = 20log10

(
4πR

λ0

)
+ 10log10

(
PAUT

Po

)
(6.2a)

GH [dB] +Go[dB] = 20log10

(
4πR

λ0

)
+ 10log10

(
PH

Po

)
, (6.2b)

which implies

GAUT [dB] = GH [dB] + 10log10

(
PAUT

PH

)
. (6.3)
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Figure 6.21: The shielded-loop-excited metamaterial-lined OEWG’s simulated and measured
directivity and gain.

Figure 6.21 presents the simulated (solid curves) and measured (dashed curves) directivity

(red curves) and gain (blue curves) for the shielded-loop-excited metamaterial-lined OEWG

probe. The simulated and measured directivity are in very good agreement and both appear

to generally decrease with frequency. Of course, this is to be expected as the antenna gets

electrically smaller. The measured directivity fluctuates between 2.85dB (f = 3.72GHz) and

7.57dB (f = 3.56GHz), which represents a variation of 3dB with the simulated directivity.

Observing the two measured return-loss peaks, the measured [simulated] directivity is 5.98dB

[5.67dB] at f = 3.64GHz and 6.019dB [5.17dB] at f = 3.70GHz. It is expected that the

AUT’s mounting stand is affecting the measured directivity in the same fashion as the

radiation pattern, causing this disagreement with simulations.

The profile of the simulated gain in Fig. 6.21 appears to closely match the simulated

return-loss profile in Fig. 6.12, and exhibits a band of improved gain below f = 3.70GHz.

A maximum value of −9.13dB is achieved at f = 3.55GHz. While this gain may appear

diminutive when compared to the 3 − 5dB gain offered by standard OEWG probes, the

metamaterial-lined OEWG probe aperture’s cross-sectional area is 60% smaller than that of

a vacuum-filled circular waveguide operating at cutoff. Therefore, this result represents a
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significant enhancement over the similarly sized below-cutoff OEWG probe waveguide. Un-

fortunately, the measured gain doesn’t exhibit a clear passband and, on average, is 10dB less

than the simulated gain. This is attributed to a number of factors including: diffraction from

the mounting stand, accuracy of the standard-gain horn’s simulated gain table, and fabrica-

tion tolerances of the shielded loop and PCB metamaterial layers. However, it is encouraging

to observe a simulated and measured gain with similar overall trends, including an improve-

ment in gain over a small range of frequencies followed by an antiresonance, after which, the

gain increases gradually with frequency. This gain may be improved with further refinement

of the construction process for the metamaterial-lined OEWG probe and its shielded-loop

excitation to reduce fabrication tolerances, using lower-loss inductors and thicker liners to

reduce liner loss, and increasing the accuracy of the gain measurement. To address a num-

ber of these issues, another prototype shielded-loop antenna, PCB metamaterial liner, and

circular waveguide with higher control over fabrication tolerances has been developed and is

undergoing experimental validation.

6.3 Bandwidth and Gain Considerations

Although reducing aperture size generally leads to a reduction in bandwidth and gain, it

should be noted that this constraint is common to all electrically small antennas. Even

the so-called evanescent-mode waveguides [104], which employ dielectric inclusions to re-

store propagation below cutoff, are operated close to cutoff so as to achieve moderate gains

and bandwidth. However, as a result, they offer little to no miniaturization and are there-

fore unsuitable for applications requiring subwavelength spatial resolutions or unimpeded

access to the interior waveguide volume. A meaningful comparison would examine the gains

of antennas of a given size. In this work, it is shown that the gain of the miniaturized

metamaterial-lined OEWG probe (whose liner is modeled as an isotropic and homogeneous

region) is three to four times better than that of a comparably sized dipole antenna operating
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at the same frequency, where the waveguide is over 42% below its natural cutoff. Although

the gain was lower in the prototype PCB-based metamaterial-lined OEWG probe, it may be

improved using the previously mentioned techniques and also by using shorter metamaterial-

waveguide lengths to mitigate the effects of loss. Furthermore, the introduction of a reflecting

plane behind the radiating aperture also improves gain.

In many situations, the benefits of miniaturization outweigh trade-offs in gain and band-

width – these include near-field imaging that does not significantly perturb the fields to be

measured, sub-wavelength spatial resolution measurements with increased dynamic range

and/or above the noise floor, improved accuracy in near- to far-field transformations, and

increased compactness of antenna arrays. For example, in Ref. [144], the miniaturization

of antenna elements in a multi-frequency interlaced waveguide antenna array allowed for an

increase in antenna element density.

The multiresonant nature of the return loss best suits the antennas to continuous-wave

applications or those involving narrow-band phenomena. For example, narrowband anten-

nas prove useful in high-field traveling-wave magnetic resonance imaging [145] and radio

astronomy [146]. Since the locations of the resonant peaks can be designed through vary-

ing the waveguide’s length or liner’s permittivity dispersion, it would be possible to tune

to desired discrete operating frequencies. These multiple resonances could enable discrete

frequency sampling of dispersive quantities, such as permittivity, over a given bandwidth.

Furthermore, applications requiring high selectivity actually benefit from such sharp band-

widths, such as in Ref. [144], to provide frequency isolation between higher-frequency and

lower-frequency antenna elements, and in varieties of synthetic aperture radar [147], in which

broad-beamwidth, narrowband sources are used to obtain high target resolutions. The inher-

ent filtering capability of metamaterial-lined waveguides could also replace the function of

ultranarrow band filters in microwave tomography, which provide isolation between multiple

channels of array elements [148], and in radio astronomy, to aid in filtering out terrestrial

communications [149]. Higher-density arrays of miniaturized metamaterial-lined OEWGs
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may be used to meet the gain requirements in these applications.
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Chapter 7

A General Class of Metamaterial

Circular Waveguides

It has been demonstrated numerous times in this work that the canonical solutions of the

wave equation in cylindrically anisotropic media (Eqs. A.17a-A.17b) provide a powerful nu-

merical tool to accurately predict the dispersion features of the metamaterial-lined PEC

circular waveguide. Whereas the dispersion and field relations presented in Chapter 3 are

uniquely defined for that case, the analysis can be easily translated to various electromagnetic

structures that exhibit a similar form of cylindrical symmetry. Consider the general class

of circular waveguides that is shown in Fig. 7.1(a) that consists of a three-region system in

which, in general, each region may be anisotropic and/or a PEC. The various permutations

describe a metamaterial-lined PEC waveguide (Fig. 7.1(b)), a metamaterial-coated PEC rod

(Fig. 7.1(c)), and a metamaterial-shell waveguide (Fig. 7.1(d)), in which the metamaterial

region is represented using radial lines. Despite the difference in boundary conditions in

each case, their similar geometries suggest that we may expect several parallels between

their dispersion properties. For instance, a hybrid mode description must be considered in

each of three cases due to their generally inhomogeneous nature.

This chapter investigates the impact of introducing into these circular waveguides meta-
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Figure 7.1: (a) Generic three-region waveguide setup, for examination of the following cases:
(b) a metamaterial-lined PEC circular waveguide, (c) a metamaterial-coated PEC rod, and
(d) a metamaterial-shell waveguide. The metamaterial region is represented using radial
lines.

materials with anisotropic permittivities and/or permeabilities that may assume negative,

large, and/or near-zero values, which provides new insights into controlling the dispersion of

modes, cutoff frequencies, and field patterns. Whereas our previous investigations focused on

uniaxial and isotropic metamaterial liners, a fully biaxial description is employed here. The

metamaterial-lined PEC circular waveguide and metamaterial-coated rod will be explored

for potential applications in particle-beam physics and THz endoscopy, with a focus on use-

ful new dispersion features that may be controlled using anisotropy of the metamaterial as

well as the geometrical parameters of the waveguide. To conclude, this study will look at

the anisotropic metamaterial-shell waveguide composed of radially oriented NRI-TL layers,

which may be used to enhance the radiated power of nearby antennas.

7.1 Theoretical Analysis

In an interest to be concise, the full field and dispersion relations for the metamaterial-

coated rod and metamaterial-shell waveguide will not be presented; however, they may be

easily derived using the same approach presented in Chapter 3 for the metamaterial-lined
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PEC waveguide, and, have been reported previously in the literature [150, 151], albeit for

simplified isotropic regions. Nevertheless, it is worth exploring how this analysis would begin

by looking at the general field expressions in each region for all three investigated cases.

The general solution for the longitudinal (z) components of the electric and magnetic

fields are reproduced below and take the form:

Ezi = (C1,iJνi(γ
ϵ
ρiρ) + C2,iYνi(γ

ϵ
ρiρ))cos(nϕ)e

−γz, (7.1a)

Hzi = (C3,iJτi(γ
µ
ρiρ) + C4,iYτi(γ

µ
ρiρ))sin(nϕ)e

−γz, (7.1b)

in which C1,i, C2,i, C3,i, and C4,i are the region-dependent constants that are derived from ap-

plying the appropriate boundary conditions. As mentioned in the analysis of the metamaterial-

lined circular waveguide, to avoid a singularity at ρ = 0 in Region 1, C2,1 = C4,1 = 0 and

Eqs. 7.1a-7.1b reduce to Bessel functions. The linear combination of Bessel and Neumann

functions is generally allowed in Region 2, but, can be represented in a simpler form in the

metamaterial-lined PEC circular waveguide and metamaterial-coated PEC rod by factoring

their respective PEC boundary conditions on the outer interface at ρ = b and the inner

interface at ρ = a. In these cases, the field expressions in Region 2 take the form:

Ez2 = C ′
1,2Fνi(γ

ϵ
ρiρ)cos(nϕ)e

−γz, (7.2a)

Hz2 = C ′
2,2Gτi(γ

µ
ρiρ)sin(nϕ)e

−γz, (7.2b)

with

Fν2(γ
ϵ
ρ2ρ) = Yν2(γ

ϵ
ρ2ρ

′)Jν2(γ
ϵ
ρ2ρ)− Jν2(γ

ϵ
ρ2ρ

′)Yν2(γ
ϵ
ρ2ρ), (7.3a)

Gτ2(γ
µ
ρ2ρ) = Y ′

τ2
(γµ

ρ2ρ
′)Jτ2(γ

µ
ρ2ρ)− J ′

τ2
(γµ

ρ2ρ
′)Yτ2(γ

µ
ρ2ρ). (7.3b)

in which ρ′ = b in the metamaterial-lined PEC circular waveguide (as previously shown)

and ρ′ = a in the metamaterial-coated PEC rod. To allow the radiating solution for the

metamaterial-coated PEC rod, C2,3 = jC ′
1,3 and C ′

4,3 = jC ′
3,3 cause Eqs. 7.1a-7.1b to re-
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duce to Hankel functions of the second kind (H
(2)
τ ). As was done for the metamaterial-lined

PEC circular waveguide, deriving the transverse field components using Eqs. 3.8, and ap-

plying field-matching at the boundaries between regions, a complete description of the field

distributions and full dispersion of modes can be found.

7.2 Metamaterial-lined PEC Waveguide

As particles accelerate to relativistic speeds, they generate Cherenkov radiation (CR) that

can be channeled in high-power RF and THz sources, such as the klystron and gyrostron,

and can provide a plethora of information on the particles [36]. Acceleration of the particles

typically employs a circular waveguide’s TM01 mode, whose rotationally symmetric electric-

field distribution with a significant longitudinal (i.e., z-directed) component can quickly

accelerate a particle with minor drift in the transverse direction. However, the phase velocity

in a hollow waveguide exceeds the velocity of light and cannot, therefore, be matched to any

finite-mass particle. As a result, the phase is said to “roll” over the particles and the net

acceleration is zero [152]. To facilitate coupling of the charged particles to a particular

waveguide mode, either an isotropic dielectric liner or periodic perturbations, such as irises,

are introduced into the waveguide’s interior [153, 154]. These perturbations serve to reduce

the mode’s phase velocity to that of the particles. However, in conventional dielectric- and

disc-loaded waveguides, the TM01 mode occurs at a higher cutoff than the fundamental TE11

mode, and single-mode operation is not possible. While many current systems operate in a

multi-mode regime and try to dampen the excitation of unwanted modes to improve beam

stability and CR generation, this analysis reveals a new enabling approach based on the use

of ENNZ metamaterial liners.

Chapter 3 establishes that the inclusion of thin metamaterial liners into circular waveg-

uides introduces multiple frequency-reduced backward-wave bands that occur in the fre-

quency regime in which the liner exhibits dispersive ENNZ properties. The HE11 backward-
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Figure 7.2: (a) The normalized propagation constant (β/k0) for the frequency-reduced EH01

and HE11 modes and (b) normalized attenuation constant (α/k0) for the frequency-reduced
EH01 mode of a metamaterial-lined circular waveguide (b = 15mm) with an inner vacuum
region and an outer liner region (b − a = 3mm) possessing either isotropic or anisotropic
permittivity.

wave band, in particular, occurred over 42% below the waveguide’s natural TE11 cutoff, and

was one of many reduced modes possessing a unique order in frequency not seen with waveg-

uides that are either homogenously or inhomogeneously filled with positive-permittivity di-

electrics. Specifically, for negative liner permittivities, the EH01 mode possesses the highest

cutoff frequency among the frequency reduced modes, followed in decreasing frequency by

those of the HEn1 modes (i.e., EH01 > HE11 > HE21...). Therefore, the frequency region

above the HE11-mode cutoff supports monomodal propagation of the EH01 mode, which

largely resembles the TM01 mode in the inner vacuum region.

In particle-beam studies, it could be useful to extend the EH01 monomodal bandwidth.

This can be achieved by observing from Eqs. (3.11) that a) the EH01 mode’s cutoff frequency

occurs at ϵρ2’s plasma frequency and is independent of ϵϕ2, ϵz2, and the liner thickness; and

b) increasing liner thickness causes a decrease in the HE11 mode’s cutoff.

Hence, it is worth investigating how imbuing thick metamaterial liners with anisotropy

can be beneficially exploited to improve the monomodal EH01 bandwidth over similarly
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thick isotropic liners. To illustrate, Fig. 7.2(a) investigates the dispersion of the frequency-

reduced EH01 and HE11 modes for a representative metamaterial-lined circular waveguide

of radius b = 15mm with a metamaterial liner of thickness b − a = 3mm and an inner

vacuum region (¯̄ϵ1 = ¯̄I(1, 1, 1)ϵ0). Two cases of liner-permittivity tensors are examined:

an isotropic permittivity with ¯̄ϵ2 = ¯̄I(ϵρ2, ϵρ2, ϵρ2)ϵ0, and an anisotropic permittivity with

¯̄ϵ2 =
¯̄I(ϵρ2, 6, 1)ϵ0. In all cases, ϵρ2 follows a Drude profile defined by ϵρ2 = 1−ω2

ep/[ω(ω−jωt)]

with a plasma frequency ωep = 2π×5.86GHz and damping frequency ωt = 2π×3MHz. This

plasma frequency was intentionally chosen to be just below the fundamental TE11 cutoff of

a similarly sized vacuum-filled waveguide, such that operating anywhere below this cutoff

frequency implies that the waveguide may be considered miniaturized.

For both isotropic and anisotropic liners, the EH01 mode’s cutoff frequency occurs at the

liner’s plasma frequency (f = 5.86GHz), below which the band is backward-wave in nature.

The steeper dispersion of the anisotropic liner’s EH01 mode can be attributed exclusively to

the change in ϵz2, which can be theoretically verified from Eq. (3.11c). The strong dependence

on ϵz2 is expected from the EH01 mode’s electric-field distribution, which has a significant z

component and no ϕ component. The isotropic liner exhibits an HE11-mode cutoff frequency

of f = 4.50GHz, which is determined exclusively by ϵρ2. On the other hand, in the anisotropic

case, ϵϕ2 and ϵz2 provide additional leverage in designing the cutoff and dispersion of the

HE11 mode, which in this case causes its cutoff to decrease and its dispersion to steepen. As a

result, the monomodal EH01 bandwidth is increased by 38.5% over the isotropic case (both of

which are substantially higher than the monomodal EH01 bandwidth of a thinner anisotropic

metamaterial liner). In fact, further enhancements have been achieved by increasing ϵϕ2 to

even more positive values, thereby making the anisotropy more extreme. In the printed-

circuit implementation of anisotropic liners, extreme anisotropy may be accomplished by

using either inductive or capacitive loading in the ρ and ϕ traces to control, respectively, the

effective plasmonic responses of ϵρ2 and ϵϕ2.

Figure 7.2(b) presents the EH01 mode’s normalized attenuation constant for the isotropic
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Figure 7.3: The frequency-reduced EH01 mode’s electric-field magnitudes and vectors for a
thick metamaterial liner possessing (a) isotropic and (b) anisotropic permittivity.

and anisotropic liners. Since the damping factor was chosen to accurately model the loss in

practical metamaterials, the low level of attenuation suggests the EH01 mode could be useful

in particle-beam physics [155]. It is evident that the introduction of anisotropy significantly

alters both the EH01 and HE11 modes’ dispersions. Nevertheless, the respective electric-field

magnitudes and vectors of these modes reveal very similar distributions for the isotropic

and anisotropic liners, exhibiting a weak concentration in the inner vacuum region and a

discontinuously strong concentration in the liner region. This is illustrated, for example, in

Figs. 7.3(a)-7.3(b) for the EH01 mode at f = 5.25GHz (approximately the center frequency

of the EH01 monomodal bandwidth).

The viability of metamaterial liners in high-power waveguide applications depends on

the power-handling capability of the metamaterial technology itself. Researchers are just

beginning to discover the applications, performance, and/or limitations of metamaterials in

these environments (see, for example, Refs. [59,156–158]). Nevertheless, in the generation of

CR for high-power RF and THz sources, mitigating the propagation of non-EH01 modes using

anisotropic ENNZ liners would improve beam stability. Furthermore, the miniaturization of

the waveguide in this regime may lead to increased yield of the CR, which typically falls off

quickly as the distance between the particle beam and the liner medium increases, and also

suggests the detection of extremely low-frequency radiation where conventional vacuum-filled
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waveguides would be cutoff.

7.3 Metamaterial-Coated PEC Rod

The metallic circular PEC rod can be envisioned as the inverse of the hollow metallic waveg-

uide, in which now the metal tightly confines to its surface guided modes (called Sommerfeld

modes) that propagate parallel to the rod axis [159]. In recent years, these rods have proven

useful in THz-endoscopy measurements, in which the rod acts as a probe to sense small

quantities of a material. These applications rely on the circularly symmetric EH01 mode,

which is capable of efficient propagation and, in this geometry, has no cutoff frequency. This

allows for the rod to be tapered to a fine tip resulting in a highly confined mode that en-

ables measurements with subwavelength spatial resolution. In order to achieve greater field

confinement, the slow-wave regime of the EH01 mode’s dispersion is utilized. However, these

high values of β may only be achieved near the surface-plasmon resonance. For smooth metal

rods, this occurs at ωep/
√
2, in which ωep is the metal’s bulk plasma frequency [160]. For

most metals, this is typically in the UV range. To compensate at lower frequencies (i.e., sub-

THz), the field confinement may be increased by coating the rod with a high-permittivity

dielectric or introducing corrugations on the surface [161, 162]. Periodically corrugating the

wire with transverse grooves effectively lowers the bulk plasma frequency, hence lowering

the surface-plasmon resonance. In the context of planar screens and hollow metallic waveg-

uides, surface corrugations have been shown to be accurately modeled by an anisotropic

surface impedance [46] or thin coatings possessing anisotropic permittivity and permeabil-

ity [163]. These equivalent effective-medium approaches may prove beneficial in engineering

a desired dispersion profile for the EH01 mode and obtaining high field confinement. Here,

we apply this approach by examining the use of a plasmonic coating created from a prac-

tical anisotropic metamaterial, such as the printed-circuit implementation, to increase field

confinement on these rods in the sub-THz regime.
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Figure 7.4: The normalized (a) propagation constant (β/k0), (b) axial attenuation constant
(α/k0), and (c) radial decay length (L/λ0) of the EH01 mode on a metamaterial-coated PEC
with a Drude-defined plasmonic coating modeled by an isotropic (solid black and dashed
blue curves) and anisotropic (dotted green curve) permittivity.

Consider the metallic rod shown in Fig. 7.1(c), which has an inner PEC region of radius

a = 50µm and an outer metamaterial region of thickness t = b−a = 50µm that is embedded

in a vacuum environment (ϵ3 = ϵ0 and µ3 = µ0). Although not shown, its dispersion relation

takes a similar form to Eqs. 3.11. Two categories of the metamaterial coating with dispersive

permittivity and a non-magnetic response (µ2 = µ0) are examined: an isotropic coating with

¯̄ϵ2 = ¯̄I(ϵρ2, ϵρ2, ϵρ2)ϵ0 and an anisotropic coating with ¯̄ϵi =
¯̄I(ϵρ2, 1, 1)ϵ0, in which ϵρ2 follows

a Drude profile with a fixed damping frequency ωt = 2π × 3GHz.

Figures 7.4(a)-7.4(c) present the dispersion of the EH01 mode’s normalized propaga-

tion constant, axial attenuation, and radial decay length, respectively, for three differ-

ent permittivity tensors. When the coating possess an isotropic permittivity with ωep =

2π×
√
2×1.4THz (solid black curve), the propagation constant’s dispersion rapidly diverges

from the light line just below the surface-plasmon resonance at f = 1.40THz. Due to the

liner’s thickness and the high field confinement at the metal-air interface, this frequency is

nearly the resonance for a homogeneous plasmonic rod of the same permittivity dispersion

(i.e., ωep/
√
2 = 1.4THz). In approaching this resonance, the mode is increasingly bound to
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the waveguide’s surface, which is evident from the decreasing normalized radial decay length

in Fig. 7.4(c). Since this results in energy being localized in the lossy coating, the normalized

axial attenuation constant α/k0 increases with β/k0, as shown in Fig. 7.4(b).

To depress the surface-plasmon resonance to even lower frequencies, the isotropic coat-

ing’s plasma frequency has to be reduced. However, lowering the plasma frequency using

practical metamaterials would require correspondingly stronger reactive loading. For the

printed-circuit implementation, these requirements translate to radial inductors with smaller

dimensions but larger inductance, which is typically accompanied by increased component

loss. This could be modeled by a larger damping factor in the effective-medium model.

An alternative to depressing the surface-plasmon resonance frequency is to employ anisotropy.

To illustrate, consider the dotted green curve in Figs. 7.4(a)-7.4(c), which presents the dis-

persion for the anisotropic coating in which ϵρ2’s plasma frequency is maintained. As a

reference case, the dashed blue curve in Figs. 7.4(a)-7.4(c) presents the dispersion for an

isotropic liner but with ωep = 2π ×
√
2 × 0.7THz. Solely by virtue of the contrast between

the dispersive ϵρ2 and the unity value of the remaining tensor elements, it is clear that

the surface-plasmon resonance frequency of the anisotropic case is reduced by more than

half – a stronger reduction effect than was achieved using an isotropic liner with a reduced

plasma frequency. In fact, this difference between the extreme dispersions of the isotropic

and anisotropic coatings is largely attributed to the change in ϵz2, and more extreme cases

of anisotropy would lead to further miniaturization. Interestingly, the highest levels of field

confinement (i.e., Lρ/λ0 → 0) and the lowest axial attenuation in the anisotropic case occurs

in its backward-wave region. In fact, when Lρ/λ0 < 0.037 the axial attenuation is reduced

by up to a factor of 6 in the anisotropic case’s backward-wave region with respect to that

of the isotropic coatings. Although the anisotropic case’s dispersion suggests the mode can

propagate at two distinct propagation constants, proper design of the excitation source may

enable excitation of only the desired backward-wave component. From this study, it is ev-

ident that anisotropy can enable extreme levels of miniaturization through controlling the
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surface-plasmon resonance. It is true that anisotropy may adversely impact higher-order

modes; however, these modes experience generally high attenuation which would, in any

event, make them less preferable for the transmission of power.

7.4 Metamaterial Shells To Enhance the Radiation Per-

formance of Antennas

As of this point, the theoretical analysis has been limited to the characteristic solutions of the

cylindrical wave equation in a source-free region. While the introduction of an external ‘driv-

ing’ source renders the wave equation mathematically inhomogeneous, analytical solutions of

the fields have been formulated for a number of ideal radiating sources, such as the electric-

line source (ELS), magnetic-line-source (MLS), and incidence from planar, cylindrical, and

propagating propagating waves, in which the fields can be expressed using a weighted sum

of planar, cylindrical- or spherical wave harmonics. These techniques have proven useful in

designing the radiation properties of isotropic SNG and DNG metamaterial ‘shells’ to pro-

duce resonant configurations that significantly enhance the total radiated power of a nearby

antennas [151]. The term ‘shell’ here refers to the case shown in Fig. 7.1(d), which consists

of an hollow metamaterial cylinder that is embedded in free space. The improvement in the

antenna’s radiated power is attributed to the excitation of resonances in the metamaterial

cylinder, which occur when certain conditions relating the cylinder’s physical dimensions to

its effective-medium properties are satisfied [113]. An ELS oriented in the z-direction (i.e.,

the metamaterial shell’s axis), will strongly couple to the metamaterial shell’s EH modes

due to its dominant Ez. Similarly, an MLS oriented in the z-direction will couple to the

shell’s HE modes, and its fields and dispersion can be readily obtained by duality and are

not included here. Whereas a detailed theoretical analysis of an MLS and ELS illuminat-

ing isotropic metamaterial shells was presented by Ziolkowski et al, this derivation closely

resembles the approach used in Sec. 3.1 for the metamaterial-lined waveguide and is briefly
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Figure 7.5: (a) Photograph of fabricated NRI-TL superlens with inset showing lumped
loading of the host CPS-TL using discrete surface-mount inductors and capacitors [51]: (b)
Cylindrical NRI-TL metamaterial of three-unit-cell thickness; (c) Effective-medium model
for the structure shown in (b).

discussed in the upcoming study of an anisotropic metamaterial shell excited by an ELS.

Due to the inherent anisotropic material parameters of practical practical metamaterials im-

plementations, it is worth investigating the impact anisotropy has on the shell’s resonances

and far-field patterns. Our previous analysis suggests that anisotropy may have little effect

when certain polarizations and geometrical constraints are satisfied.

This study proposes a practical NRI-TL approach to the design of cylindrical metama-

terials, which lends itself to the realization of cylindrical metamaterial shells for improving

antenna performance. To this end, the NRI-TL layers used in the free-space superlens [51],

shown in Fig. 7.5(a), are arranged in a radial, rather than planar, fashion, resulting in a cylin-

drical NRI-TL metamaterial exhibiting uniaxially anisotropic and radially inhomogeneous ϵ

and µ in the effective-medium limit. Section 7.4.1 presents a physical model for full-wave

simulation, as well as a corresponding effective-medium model based on a cylindrical-wave

expansion of the fields, which approximates the radial inhomogeneity discretely using con-

centric homogeneous cylinders of deeply subwavelength thickness, and obtains its uniaxially

anisotropic effective-medium properties numerically. Section 7.4.2 compares full-wave simu-

lations of the physical model and the results of the cylindrical-wave expansion for the case

of a cylindrical NRI-TL structure of one-unit-cell thickness excited by a displaced ELS.

These results exhibit a good mutual agreement and indicate that the practical, anisotropic
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Figure 7.6: A depiction of the cylindrical-wave fronts emanating from an ELS displaced by
ρs from the cylinder’s axis in which the NRI-TL metamaterial shell is superimposed on top.
The propagation constant k̄ is decomposed into its kρ and kϕ components.

cylindrical NRI-TL metamaterial exhibits multiple structural resonances and radiated power

enhancement analogous to the theoretical observations of Ziolkowski et al for homogeneous,

isotropic metamaterial cylinders.

7.4.1 Modeling

The volumetric NRI-TL free-space superlens depicted in Fig. 7.5(a) possesses an effective-

medium response that is a function of the host TL parameters, the LC-loading, and also

the constant stacking interval, ∆h. These design parameters can be found in Ref. [51].

This structure appears isotropic under excitation by a vertical (z-directed) MLS, which pro-

duces magnetic fields normal to the NRI-TL unit cells and limits propagation to the 2D

isotropic layer planes. Figure 7.5(b) depicts a single-unit-cell cross-section of a cylindrical

NRI-TL metamaterial design employing three unit cells in the radial direction. Due to the

reorientation of the planar NRI-TL layers, the cylindrical structure is excited by an ELS,

which produces z-polarized electric fields. When located on the cylinder axis, the ELS em-

anates cylindrical waves possessing a radially propagating component (kρ) corresponding to
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ϕ-polarized magnetic fields alone. These fields are everywhere normal to the constituent

NRI-TL unit cells, and the metamaterial appears isotropic to the source. However, as de-

picted in Fig. 7.6, an ELS displaced from the cylinder axis also produces propagating com-

ponents in the azimuthal direction (kϕ), corresponding to ρ-polarized magnetic fields, which

are everywhere tangential to the the NRI-TL unit cells. As a result, the cylindrical NRI-TL

structure must, in general, be regarded as anisotropic. Furthermore, the spacing between

layers in a cylindrical arrangement varies constantly with radius, rendering the structure

radially inhomogeneous. Since the constituent NRI-TL unit cell is electrically very small,

radial inhomogeneity over N unit cells may be modeled discretely using N homogeneous,

concentric cylindrical regions, as shown for N = 3 in Fig. 7.5(c), provided also that the az-

imuthal spacing, ∆h, between adjacent radial layers is electrically very small. This condition

may be enforced by choosing a sufficient number of radially arranged layers.

This work examines one such cylindrical region in isolation, whose full-wave and effective-

medium models are shown in Fig. 7.7(a) and Fig. 7.7(b), respectively, with an accompanying

vertical ELS. The physical structure consists of 12 radially arranged NRI-TL layers, each

of thickness one unit cell. The design parameters describing each unit cell are identical to

those employed in Ref. [51]. The inner and outer radii, ρi and ρo, identify the inner and

outer boundaries, respectively, of the unit cells. Whereas the effective-medium analogy is

strictly valid for propagation in the azimuthal direction, it may appear troublesome to make

the same analogy for propagation through a single unit cell in the radial direction. It should

be noted that the 2D NRI-TL unit cell is akin to a symmetrically loaded, square split-ring

resonator (SRR) possessing a very large area filling factor. As a result, the fields inside a

single unit cell are, indeed, homogeneous, and the boundaries of the metamaterial are well

defined. Although not presented in this work, effective-medium parameter extractions for

slabs of 5-, 3-, and 1-cell thickness yield nearly identical results in the effective-medium limit.

The validity of the homogenization over a single-unit-cell thickness shall also be established

shortly using a comparison between near fields and radiation patterns produced from full-
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Figure 7.7: Single-cell NRI-TL structure’s (a) full-wave model and (b) effective-medium
model with an ELS situated at its outer interface.

wave and effective-medium models.

The homogeneous cylindrical region is described by diagonal effective-medium tensors,

¯̄ϵ2(ρ) =
¯̄I(ϵρ2, ϵϕ2, ϵz2)ϵ0 and ¯̄µ2(ρ) =

¯̄I(µρ2, µϕ2, µz2)µ0. The fields in and around the meta-

material are determined analytically by a cylindrical-wave expansion in each region i. The

resulting electric field in region i may be expressed as

Ez,i(ρ, ϕ) = −Ie
ωµϕ,i

4

Ntrun∑
n=−Ntrun

[Cm,iJm(kρ,i ρ) + Cm,(i+1)Ym(kρ,i ρ) + Ez,ELS] · exp jn(ϕ− ϕs)

(7.4)

where,

kρ,i = ω
√
ϵz,iµϕ,i , m = n/

√
µρ,i/µϕ,i, (7.5)

Ez,ELS is nonzero only in the region containing the ELS and Ntrun is the maximum azimuthal

mode number included in the numerical evaluation. The addition theorem is implicated

here because the ELS can generally be displaced from the origin (ρ = 0). The electric-field

generated by the displaced ELS takes the well-known expression:

Ez,ELS = cnJm(kρ,i ρs)H
(2)
n (kρ,i ρs), (7.6)

where, cn is the Neumann number (cn = 1 for n = 0 and cn = 2 for n ̸= 0) [164].
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It is interesting to note here the order (m) and argument (kρ,i ) of the Bessel functions

are in fact the previously defined τ and γϵ
ρ at cutoff (γ = 0) which were implicated in

the EH01 mode’s dispersion for each investigated class of circular waveguides. The cutoff

condition makes sense since we are no longer considered with propagation along the cylinder’s

axis. Matching the tangential electric and magnetic fields at each interface results in a

system of equations that may be inverted to produce the desired field coefficients, Ci,m.

This approach is similar to that employed in Ref. [113], but differs in one important aspect:

the anisotropy of the metamaterial leads to tensor elements of opposite sign, resulting in

the solutions to Bessel’s equation possessing complex orders, m. As a result, several useful

simplifications can no longer be made, and the accuracy of numerical evaluation of these

solutions is highly sensitive to the degree of anisotropy and must be conducted with very

high numerical precision.

Once the field coefficients are obtained it remains only to supply the formulation with the

metamaterial’s anisotropic effective-medium parameters. These may be obtained from full-

wave simulations through a process that will be described in the next section. In addition

to providing the near fields, this formulation also provides the directivity pattern of the

structure as well as the power ratio (PR), which is defined as the power radiated in the

presence of the metamaterial, relative to power radiated in its absence [113]:

PR = 10 · log
(

Prad, w/metamaterial

Prad, w/ometamaterial

)
(7.7)

7.4.2 Extraction of Anisotropic Effective-Medium Parameters

The effective-medium parameters of a metamaterial may be determined by inversion of the

scattering parameters of a thin array of metamaterial unit cells [58]. These are typically

obtained using full-wave simulations in which the metamaterial is illuminated by a normally-

incident plane wave of fixed linear polarization. To employ these methods in the determina-

tion of the tensor parameters of the cylindrical NRI-TL metamaterial, two such simulation
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Figure 7.8: Relative effective-medium parameters for (a) radial propagation, and (b) az-
imuthal propagation. Insets show the corresponding extraction models and field polariza-
tions.

models must be developed, corresponding to propagation in the radial and azimuthal di-

rections, and yielding the complex tensor element pairs (ϵz, µϕ) and (ϵz, µρ), respectively.

For this purpose, the radial arrangement of the NRI-TL layers must be approximated by

a parallel multilayer arrangement with an equivalent constant layer spacing, ∆h, chosen to

preserve the mutual coupling between adjacent unit cells. By treating each metamaterial
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unit cell as a small current loop and accounting for nearest-neighbour interaction only, we

have determined the effective separation of parallel layers (the only arrangement for which

material parameters may be extracted in HFSS) that results in the same field strength in

the central loop as produced by three angled layers. This spacing equates the mutual cou-

pling between unit cells provided they are uniformly excited and possess identical area filling

factors.

Azimuthal propagation around a cylindrical structure must be approximated by propa-

gation normally through a finite number of parallel unit cells (five unit cells were employed

in this work). Figures 7.8(a) and 7.8(b) present the effective-medium parameters extracted

from the two simulation models using HFSS, over a range of frequencies from 2.38GHz to

2.60GHz. As should be expected, µϕ assumes negative values (strong magnetic response

for magnetic fields penetrating the NRI-TL unit cells) but µρ remains near the free-space

value (weak magnetic response for magnetic fields tangential to the NRI-TL unit-cell plane);

furthermore, both propagation directions exhibit the same values of ϵz, which remains gen-

erally positive and near zero for the range of frequencies and geometrical parameters under

consideration.

7.4.3 Comparison of Full-wave Simulations and Effective-Medium

Model

Full-wave simulations of the cylindrical NRI-TL structure shown in Fig. 7.7(a) were per-

formed using HFSS. The metamaterial is surrounded by a vacuum region with periodic

boundary conditions on the top and bottom surface that render the structure infinite in the

axial (z−) direction, and a radiation boundary condition a distance of one-quarter wave-

length from its outer radius. The ELS is modeled using a PEC cylinder of 0.25mm radius

that is also rendered vertically infinite. The effective-medium model of the cylindrical NRI-

TL structure is infused with the effective-medium tensors, ¯̄ϵ and ¯̄µ, extracted as described

in the previous section and excited by an ideal ELS of infinitesimal radius. The fields are
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Figure 7.9: Spectrum of resonances in power ratio (PR) as determined from full-wave sim-
ulations (FWS) and analytical effective-medium (EM) model in lossy (solid curves) and
near-lossless (symbols) cases.

then computed numerically, employing sufficient azimuthal mode numbers to ensure con-

vergence. In both cases, the ELS is supplied with a constant 1-A current and located a

distance of 0.5mm from the metamaterial’s outer radius, and the fields are obtained under

both near-lossless and lossy conditions. Whereas the former includes minimal conductor

losses to ensure stronger convergence, the latter additionally incorporates dielectric loss in

the host medium, the quality factors of the discrete inductors and capacitors, and surface

roughness on the copper TL traces.

Figure 7.9 presents the PR produced by the cylindrical NRI-TL metamaterial structure

over a frequency region from 2.38GHz to 2.60GHz. The light green and dark blue curves

respectively represent the full-wave simulation results and analytical effective-medium re-

sults employing realistic losses, and their near-lossless variations are plotted alongside using

discrete markers of the same colour. In the full-wave results (effective-medium results),

resonant-like peaks are observed at 2.400GHz (2.395GHz), 2.4625GHz (2.4575GHz), and

2.515GHz (2.510GHz), corresponding respectively to the dipolar, quadrupolar, and sextupo-

lar resonant modes of the cylindrical NRI-TL structure. Whereas the near-lossless structure

exhibits PR enhancements anywhere from 1dB to upwards of 5dB, the results for the practical

lossy structure are expectedly more modest; nevertheless, they indicate useful enhancements

in radiated power of approximately 2 − −3dB at both the dipolar and quadrupolar reso-
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Figure 7.10: Complex electric field magnitudes for the dipolar, quadrupolar, and sextupolar
resonances obtained from the full-wave model [(a)–(c)], and the effective-medium model
[(d)–(f)].

nance frequencies. The values obtained from full-wave simulation and the effective-medium

model differ by less than 1dB over the frequency range. As previously noted, the determina-

tion of PR in the anisotropic case is highly sensitive to both computational precision of the

semi-analytical method, and to a lesser extent, the degree of convergence of the full-wave

simulation results. However, it should be noted that the resonance frequencies of the full-

wave and analytical results differ by less than 0.2% and the two data share a very similar

asymptotic behaviour at high frequencies.

Figures 7.10 present the complex electric field magnitudes for each of the three resonances

as revealed by the full-wave simulations [parts (a)–(c)] and the analytical effective-medium

model [parts (d)–(f)]. The radiation pattern of each resonance as obtained from simulation
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Figure 7.11: Radiation patterns for the (a) dipolar, (b) quadrupolar, and (c) sextupolar
resonances obtained from the full-wave model (blue curves), and the effective-medium model
(green curves).

(green curve) and the numerical analysis (blue curve) is shown in Fig. 7.11. These results

exhibit very good agreement, and therefore establish that the practical, cylindrical NRI-TL

metamaterial of thickness as little as one unit cell may, indeed, be accurately modeled as a

homogeneous, anisotropic effective-medium and exhibits resonance phenomena that may be

exploited to enhance the radiation properties of simple antennas. As a result, the analytical

effective-medium model may also be used as a means for rapid synthesis of cylindrical NRI-

TL structures with optimized PR response, by properly selecting the TL geometry and

lumped-loading values to achieve the desired anisotropic parameters. Moreover, the use of

NRI-TL layers consisting of multiple cells, resulting in radial inhomogeneity, may provide

an additional degree of freedom in widening the bandwidth of PR enhancement, and may

enable the realization of a wide range of antenna patterns.
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Chapter 8

Conclusions and Future Work

8.1 Summary

The work described in this thesis has been concerned with the intriguing effects and implica-

tions of partially filling circular waveguides with metamaterial liners possessing anisotropic,

dispersive, and negative permittivity. The propagation characteristics of a miniaturized PEC

circular waveguide containing an anisotropic metamaterial liner have been analyzed theo-

retically, numerically, and experimentally. A full anisotropic treatment of the liner reveals

that a spectrum of frequency-reduced modes is introduced well below its natural cutoff fre-

quency, where the liner’s transverse permittivity assumes negative and near-zero values. It

was shown how the cutoff frequency of the HEn1 modes may be designed using the dimen-

sions and permittivities of the liner and waveguide, while the cutoff frequency of the EH01

mode occurs at the liner’s plasma frequency. Full-wave simulations of transmission through

a lined waveguide section in the backward-wave region reveal multiple resonant transmis-

sion peaks corresponding to Fabry-Pérot-type resonant phase conditions over the waveguide’s

length. Analytical and full-wave-simulation results of the dispersion properties and field pro-

files exhibit excellent agreement, and validate that metamaterial-lined circular waveguides

operating in the frequency-reduced regime offer the potential for miniaturized waveguide

146



components suitable for applications in which the waveguide volume must remain largely

empty. A new feeding arrangement employing a shielded-loop source embedded inside the

miniaturized waveguide was shown to efficiently excite the HE11 mode and avoid the exci-

tation of other modes across the frequency-reduced band while maintaining the waveguide’s

compactness. It is shown that the introduction of metamaterial liners in traveling-wave MR

scanners would enable TW-MRI at lower frequencies by introducing a frequency-reduced

passband containing transmission resonances that, although they are narrowband, present

sufficient bandwidth for RF detection. This has the significant benefit of enabling TW-MRI

in existing clinical scanners, possibly by retrofitting them with low-cost metamaterial liners,

where otherwise higher-strength magnets would be required at an additional cost of mil-

lions of dollars. A practical PCB-based metamaterial based on inductively loaded metallic

traces is shown to yield dispersion and miniaturization properties at RF frequencies that

are consistent with those observed for homogeneous, anisotropic metamaterial liners. A

first-order homogenization procedure used to model the PCB implementation employs an

effective anisotropic permittivity and is shown to accurately match the cutoff frequencies

of the lowest-order frequency-reduced modes. Full-wave simulations and experimental re-

sults were presented for a waveguide lined with 11 metamaterial layers and excited by two

shielded-loop sources. The data are in good agreement, and reveal a frequency-reduced

passband demonstrating an enhancement of transmission of up to 19dB as compared to a

similarly excited vacuum-filled waveguide, despite the metamaterial-lined waveguide being

60% smaller.

Complementing these studies, it has been shown that the substantial improvement in

transmission in a metamaterial-lined waveguide lends itself to the miniaturization of their

open-ended variant. Accordingly, this work has presented a rigorous study of the radiation

characteristics of metamaterial-lined OEWG probe antennas whose aperture dimensions have

been miniaturized. The metamaterial-lined OEWG probe exhibits a frequency reduced HE11

backward-wave passband well below its natural cutoff frequency, in which field-equivalence
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of the open aperture’s fields reveal similar directivity and far-field patterns that closely re-

semble those of the TE11 mode in a hollow OEWG probe. Full-wave simulations of the

shielded-loop-excited metamaterial-lined OEWG probe in the frequency-reduced region re-

veal multiple resonant return-loss peaks where the miniaturized antenna exhibits a substan-

tially improved gain over both a similarly sized (and below-cutoff) circular waveguide probe

and a reference dipole. A metamaterial-lined OEWG probe antenna implemented using a

multilayer printed-circuit approach is designed to operate more than 37% below its natural

cutoff frequency. Simulated and experimental return loss, far-field radiation patterns, and

directivity are found to be consistent and show a measured operating bandwidth of 100MHz

and measured directivity of nearly 6.0dB at the return-loss peaks (a 0.4dB difference as

compared to simulated directivity). The introduction of a large metallic-screen (reflector)

behind the antenna is shown to improve the match between simulations and measurements

and result in higher forward directivity. Although an elliptical polarization is observed in

measurements (particularly at higher frequencies), it is suggested that linear polarization

can be preserved provided we operate at sufficiently low frequencies in the return-loss band

where the measured cross-pol radiation is at least 15dB lower than co-pol. Similar overall

trends are observed in both the simulated and measured gain profiles, in which the former

reaches a maximum of −9.13dB and the latter is generally is generally 10dB lower. It is

suggested the gain may be improved with further refinement of the construction process for

the metamaterial-lined OEWG probe and its shielded-loop excitation to reduce fabrication

tolerances and loss from the metamaterial liner.

The propagation characteristics of a general class of circular waveguides exhibiting a

dispersive and anisotropic permittivity has been theoretically and numerically investigated

using a slightly modified version of the theoretical dispersion and field analysis presented

for the metamaterial-lined PEC circular waveguide, but which takes into account different

boundary conditions and/or external sources. Case studies for a metamaterial-lined PEC

circular waveguide and a metamaterial-coated PEC rod detail that anisotropic metamaterial
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parameters can be exploited to enable unique propagation phenomena not easily obtainable

with conventional isotropic materials. This includes widening operational bandwidths of a

single mode, enabling higher degrees of miniaturization and high field confinement, and intro-

ducing new bands of backward-wave propagation. These may prove useful in the coupling of

incident energy to these waveguides, enabling their miniaturization, in Cherenkov radiation

experiments, in THz endoscopy measurements, and in a multitude of other applications from

RF to optical frequencies. This work concludes by investigating an anisotropic metamaterial

shell composed of radially oriented NRI-TL layers to improve the radiation performance of

nearby antennas. It is established that cylindrical NRI-TL metamaterials may be described

as anisotropic effective media, which support multipole resonances akin to those observed in

isotropic media that may be exploited to increase the power radiated by nearby antennas.

An analytical determination of near fields, radiation patterns, and power-ratio enhancement

based on an anisotropic effective-medium approach exhibits very good agreement with full-

wave simulations for a cylindrical NRI-TL metamaterial consisting of 12 radially arranged

layers of one-unit-cell thickness.
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8.3 Future Considerations

The results presented in this thesis have numerically and experimentally demonstrated that

the introduction of a thin-metamaterial liner into the interior of circular waveguides and

OEWG probes enables their miniaturization, and, that these structures exhibit improved

transmission and radiation characteristics over similarly sized hollow versions. However,

further development for the mentioned application in TW-MRI and material and antenna

characterization is required. Furthermore, it may be worth further exploring the PCB-

based liner in different circular waveguide environments for applications from RF to optical

frequencies.

8.3.1 Validation of Metamaterial-lined Waveguides for TW-MRI

In Sec. 5.3, it was shown that coating the interior of human-sized MR-scanner bore with

a thin, isotropic metamaterial liner will introduce a HE11 cutoff frequency which is well
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below the Larmor frequency of conventional 3T scanner; thereby enabling TW-based imaging

using lower B0 field strengths without occupying a significant amount of space within the

bore. Future research will focus on a practical implementation of these metamaterial-lined

based on the PCB-based liners developed in this work but scaled down to operate near

100MHz. Although the liner will be coating the inside of an MR-scanner bore that is roughly

1m in diameter, each metamaterial layer could partitioned into multiple azimuthal sections

that can be individually fabricated using standard printed-circuit techniques. Furthermore,

implementing the required inductance will be no challenge because there exists a broad range

of off-the-shelf low-loss discrete inductors that operate all the way down to MHz frequencies.

Dispersion and field analysis performed using electromagnetic simulation software will gauge

the metamaterial’s impact on detection efficiency, RF energy absorption in tissue, and RF

field uniformity. As previously mentioned, the latter is highly desirable in obtaining high-

quality MR images Simulations will be complimented by the related theoretical analysis

presented in this Ch. 3 that will provide insight into the realistic electromagnetic conditions

required to improve MR image quality. This includes studying what level of loss is acceptable

in the metamaterial-lined MR bore and techniques to compensate for losses such as by

increasing source power, employing more sensitive receivers, or focusing on antenna design

for better coupling to the waveguide mode. Nevertheless, it should be pointed out that,

even in the presence of losses, through using a source of sufficient excitation strength the

magnetic fields inside the vacuum region can be made strong enough to enable traveling-

wave imaging. A prototyped metamaterial coating will be retrofitted to an existing clinical

whole-body MRI scanner in which experimental imaging will be performed on anatomically

correct phantoms. This will allow for a rapid assessment of the metamaterial’s value to the

imaging system.
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8.3.2 Validation of Metamaterial-lined OEWG Probes for An-

tenna and Material Characterization

As previously noted, miniaturized OEWG probes would be able to sample nearby electromag-

netic fields at sub-wavelength spatial resolutions. Achieving this feat using thin metamaterial

liners further increases the probe’s functionality by retaining access to the probe’s interior

volume and allowing the probe to sense materials such as gases, liquids, or granular solids

placed inside the probe. Future directions of research will focus on experimental validation

of these probing applications, which will be based upon the theoretical and experimental

groundwork developed in Ch. 6. Before these investigations can proceed, a new prototype

metamaterial-lined OEWG probe antenna with improved gain and radiation efficiency will

have to undergo experimental validation. This prototype may then be used to experimen-

tally measure the fields produced by a microstrip patch array, in which the probe’s decreased

aperture size may allow the detection of subwavelength defects that would not be possible

with a conventional-sized OEWG probe. This could aid in quickly diagnosing large antenna

array systems. In order to gauge the usefulness of the metamaterial-lined OEWG probe in

the characterization of materials, a series of simple experiments can be performed, in which

different materials are placed in the probe’s interior and the return-loss response is mea-

sured. The measured return-loss profile will depend on the material’s dielectric constant and

loss, conductivity, and total quantity. The multiple return-loss peaks would enable discrete

frequency sampling of dispersive quantities, such as permittivity, over a given bandwidth.

Furthermore, the sharp bandwidths could actually be useful in sensing applications requir-

ing high selectivity. Further sensitivity in measurements could be possible by allowing the

material to permeate the metamaterial region, where the field strengths are highest, instead

of the inner vacuum region.
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8.3.3 Other-Classes of Anisotropic Circular Waveguides

In the study of the metamaterial-coated PEC rod in Sec. 7.3, significant degrees of miniatur-

ization and high field confinement were observed where the liner possesses an anisotropic per-

mittivity with a negative (and dispersive) ϵρ and a large and positive ϵϕ. The printed-circuit

metamaterial developed in this work is a natural realization of these anisotropic material

parameters. Whereas the homogenization approach in Ch. 4 modeled the thin metamaterial

liner using a uniaxial permittivity and permeability, the liner is, in fact, strictly biaxial,

which becomes more prevalent as the liner gets thicker. Homogenization of thick biaxial

liners will require a more complex circuit model based on multiconductor TL theory, which

more rigorously accounts for the presence of the adjacent metamaterial layer, spatial disper-

sion, and mutual inductance between the isolated conductors. This will allow for the quick

design of PCB-based liners that can possess a broad range of anisotropic material parame-

ters, such as those required for the metamaterial-coated rod. The metamaterial-coated PEC

rod can be realized by simply stripping a coaxial waveguide’s outer conductor and substrate

and placing the exposed pin into the interior of the fabricated PCB liner.

The PCB liner could be useful in other classes of circular waveguides. For instance,

even without outer or inner PEC boundaries the liner may still have intriguing propagation

characteristics. These liners could act similarly to optical fibers, in which the negative-

permittivity property may bound a wave to the liner’s interior through total internal re-

flection. Conversely, the PCB liner’s inner and outer surface could be coated by a PEC,

rendering the liner as a homogeneously filled coaxial waveguide. The exotic and anisotropic

material parameters offered by the PCB liner could enable backward-wave, slow-wave, and

forward-wave behaviour over a broad range of frequencies. This investigation could also lend

insight into analogous investigations of coaxial waveguides operated at optical frequencies

that are loaded using radially emanating silver-coated nanopores that exhibit plasmonic-like

behaviour [165].

In general, it may be possible to introduce, manipulate, or suppress propagating bands
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of a subset of modes, or render control over their field configurations, polarizations, and

coupling through exploiting anisotropy. This level of control could have a profound impact

on the several applications from RF to optical frequencies in which circular waveguiding

structures are widely used.

8.3.4 Subwavelength Aperture Screens With Thin Metamaterial

Liners

Consider a metamaterial-lined waveguide of finite length L. It was shown in Sec. 5.1.1 that

it is possible to tune its spectral response through varying the waveguide’s length. However,

it hasn’t been investigated in this work what occurs when L is allowed to shrink to infinites-

imal length. In this case, the waveguide would appear as a circular aperture, and would

exhibit a frequency-reduced HE11 resonance that is akin the frequency-reduced HE11 mode

in the metamaterial-lined waveguide. This resonance could enable transmission through

subwavelength metamaterial-lined circular apertures on a perfect metallic screen. In fact,

extraordinary transmission (ET) at microwave frequencies through an array of subwavelength

metamaterial-lined circular apertures has been analyzed numerically and experimentally for

apertures measuring one-quarter of a wavelength in diameter [166]. In that work, a practical

PCB-based metamaterial liner is shown to yield a fano-type ET profile (i.e., a resonance

and antiresonance in close spectral proximity) which is independent of incident angle and

array period and instead dependent on the resonance of the individual apertures. Future

directions of research include extending these studies to the terahertz and optical regimes by

using an ENNZ metamaterial liner technology better suited to these frequency ranges, such

as plasmonic metallic spheres on a dielectric substrate. Furthermore, the anisotropy offered

by the PCB-based liner could allow for increased control over the aperture’s ET profile,

potentially allowing for higher degrees of selectivity.
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Appendix A

Transverse Decomposition of

Maxwell’s Equations for Cylindrically

Anisotropic Media

This section will present a transverse decomposition of Maxwell’s equations for cylindrically

anisotropic media. Maxwell’s equations in vector notation takes the form:

∇× E = −jωµH, (A.1a)

∇×H = jωϵE, (A.1b)

∇ ·D = 0, (A.1c)

∇ ·B = 0. (A.1d)

The electric- and magnetic- field vectors, permittivity and permeability, and Laplacian

operator can be decomposed into its transverse (T ) and longitudinal (z) components and

expressed as E = ET + Ez, H = H t + Hz, ϵ = ϵT + ϵz ẑ and µ = µT + µz ẑ, and ∇ =
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∇T +
d
dz
ẑ = ∇T −γẑ. Suppressing the time-harmonic nature of the fields (ejwt), the electric-

and magnetic- field components of a wave propagating in the z-direction can be represented

by the general form E(T, z) = E(T )e−γz and H(T, z) = H(T )e−γz, in which γ = α + jβ.

Then Eqs. A.1a-A.1d become:

(
∇T − γẑ

)
×
(
ET + ẑEz

)
= −jωµ

(
HT + ẑHz

)
, (A.2a)(

∇T − γẑ
)
×
(
HT + ẑHz

)
= jωϵ

(
ET + ẑEz

)
, (A.2b)(

∇T − γẑ
)
·
(
ϵTET + ϵzEz ẑ

)
= 0, (A.2c)(

∇T − γẑ
)
·
(
µTHT + µzHz ẑ

)
= 0. (A.2d)

Expanding Eqs. A.2a-A.2d gives:

∇TEz × ẑ − γẑ × ET = −jωµT H t, (A.3a)

∇THz × ẑ − γẑ ×HT = jωϵT Et, (A.3b)

∇T × ET + jωµzHz ẑ = 0, (A.3c)

∇T ×HT − jωϵzEz ẑ = 0, (A.3d)

∇T · ϵTET − ϵzγEz = 0, (A.3e)

∇T · µTHT − µzγHz = 0. (A.3f)

Multiplying Eq. A.3b by (×ẑ) and expanding the cross product gives:

ẑ ×
(
∇THz × ẑ

)
− γẑ ×

(
ẑ ×HT

)
= ẑ × jωϵT ET , (A.4a)

which gives,
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∇THz + γHT = ẑ ×
(
jωϵTET

)
. (A.4b)

Use Eq. A.3a and Eq. A.4b, and mathematically isolate ẑ × ET and HT to get:

ẑ × ET =
jωµT

γ
HT +

∇TEz × ẑ

γ
, (A.5a)

HT =
ẑ ×

(
jωϵTET

)
γ

− ∇TEz × ẑ

γ
. (A.5b)

Substitute Eq.A.5b into Eq. A.5a to get:

ET =
−γ

γc

[
∇TEz −

jω

γ
ẑ × µT∇THz

]
. (A.6)

Similarly, substitute Eq. A.6 into Eq. A.5b to get

HT =
−γ

γc

[
∇THz +

jω

γ
ẑ × ϵt∇TEz

]
. (A.7)

In a cylindrical coordinate system (ρ, ϕ, z), ∇T = ρ̂ ∂
∂ρ

+ ϕ̂1
ρ

∂
∂ϕ
, ET = Eρρ̂ + Eϕϕ̂, HT =

Hρρ̂+Hϕϕ̂, and γc takes the form:

γc =

γ2
c,ρ,ϕ 0

0 γ2
c,ϕ,ρ

 =

γ2 + ω2ϵρµϕ 0

0 γ2 + ω2ϵϕµρ

 . (A.8)

Equations A.6-A.7 can be expressed in component form as:

Eρ =
−γ

γ2
c,ρ,ϕ

[
∂Ez

∂ρ
+

jωµϕ

γρ

∂Hz

∂ϕ

]
, (A.9a)

Eϕ =
−γ

γ2
c,ϕ,ρ

[
1

ρ

∂Ez

∂ϕ
− jωµρ

γ

∂Hz

∂ρ

]
, (A.9b)

Hρ =
−γ

γ2
c,ϕ,ρ

[
∂Hz

∂ρ
− jωϵϕ

γρ

∂Ez

∂ϕ

]
, (A.9c)

Hϕ =
−γ

γ2
c,ρ,ϕ

[
1

ρ

∂Hz

∂ϕ
+

jωϵρ
γ

∂Ez

∂ρ

]
. (A.9d)
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Provided the longitudinal (z) component of the electric and magnetic fields are known, the

expressions for the remaining transverse field components may be calculated using Eqs. A.9a-

A.9d.

A.1 Wave Equation for Cylindrically Anisotropic Medium

This section will derive the general form of the longitudinal (z) electric- and magnetic-fields

from the wave equation. Whereas this analysis follows the standard approach often used to

derive the wave equation, it is worth going into detail this derivation in the case of cylindrical

anisotropy which increases the complexity of the solution.

Substituting Eqs. A.9a-A.9b into Eq. A.3c gives:

γ

ρ

∂2Ez

∂ρ∂ϕ

(
1

γ2
c,ρ,ϕ

− 1

γ2
c,ϕ,ρ

)
+jω

(
µρ

ργ2
c,ϕ,ρ

∂

∂ρ

(
ρ
∂Hz

∂ρ

)
+

µϕ

ρ2γ2
c,ρ,ϕ

∂2Hz

∂ϕ2

)
+jωµzHz = 0. (A.10)

Substituting Eqs. A.9c-A.9d into Eq. A.3f gives:

jω

ρ

∂2Ez

∂ϕ∂ρ

(
ϵϕµρ

γ2
c,ϕ,ρ

− ϵρµϕ

γ2
c,ρ,ϕ

)
− γ

(
µρ

ργ2
c,ϕ,ρ

∂

∂ρ

(
ρ
∂Hz

∂ρ

)
+

µϕ

ρ2γ2
c,ρ,ϕ

∂2Hz

∂ϕ2

)
− γµzHz = 0. (A.11)

Substituting Eqs. A.9c-A.9d into Eq. A.3d gives:

γ

ρ

∂2Hz

∂ϕ∂ρ

(
1

γ2
c,ϕ,ρ

− 1

γ2
c,ρ,ϕ

)
− jω

(
ϵρ

ργ2
c,ρ,ϕ

∂

∂ρ

(
ρ
∂Ez

∂ρ

)
+

ϵϕ
ρ2γ2

c,ϕ,ρ

∂2Ez

∂ϕ2

)
− jωϵzEz = 0. (A.12)

Substituting Eqs. A.9a-A.9b into Eq. A.3e gives:

−jω

ρ

∂2Hz

∂ρ∂ϕ

(
ϵρµϕ

γ2
c,ρ,ϕ

− ϵϕµρ

γ2
c,ϕ,ρ

)
−γ

(
ϵρ

ργ2
c,ρ,ϕ

∂

∂ρ

(
ρ
∂Ez

∂ρ

)
+

ϵϕ
ρ2γ2

c,ϕ,ρ

∂2Ez

∂ϕ2

)
−γϵzEz = 0. (A.13)

It is useful to define the intermediate variables:

χ =

(
1

γ2
c,ρ,ϕ

− 1

γ2
c,ϕ,ρ

)
and χϵ,µ =

(
ϵϕµρ

γ2
c,ρ,ϕ

− ϵρµϕ

γ2
c,ϕ,ρ

)
. (A.14)
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Using Eq. A.14 and substituting Eq. A.10 into Eq. A.11 gives:

µρ

ρ

∂

∂ρ

(
ρ
∂Hz

∂ρ

)
1

γ2
c,ϕ,ρ

(
ω2χϵ,µ

χ
− γ2

)
+
µϕ

ρ2
∂2Hz

∂ϕ2

1

γ2
c,ρ,ϕ

(
ω2χϵ,µ

χ
− γ2

)
+µzHz

(
ω2χϵ,µ

χ
− γ2

)
= 0.

(A.15)

Using Eq. A.14 and substituting Eq. A.12 into Eq. A.13 gives:

ϵρ
ρ

∂

∂ρ

(
ρ
∂Ez

∂ρ

)
1

γ2
c,ρ,ϕ

(
ω2χϵ,µ

χ
− γ2

)
+
ϵϕ
ρ2

∂2Ez

∂ϕ2

1

γ2
c,ϕ,ρ

(
ω2χϵ,µ

χ
− γ2

)
+ϵzEz

(
ω2χϵ,µ

χ
− γ2

)
= 0.

(A.16)

Equations A.15 and A.16 can be reduced down to:

µρ

ρ

∂

∂ρ

(
ρ
∂Hz

∂ρ

)
1

γ2
c,ϕ,ρ

+
µϕ

ρ2
∂2Hz

∂ϕ2

1

γ2
c,ρ,ϕ

+ µzHz = 0, (A.17a)

ϵρ
ρ

∂

∂ρ

(
ρ
∂Ez

∂ρ

)
1

γ2
c,ρ,ϕ

+
ϵϕ
ρ2

∂2Ez

∂ϕ2

1

γ2
c,ϕ,ρ

+ ϵzEz = 0. (A.17b)

Equations A.17a-A.17b are the wave equations for the longitudinal component of the electric

and magnetic field in cylindrically anisotropic media.

To find the general form of the solutions of Eq. A.17a, it may be rearranged to take the

following form:

1

ρ

∂

∂ρ

(
ρ
∂Hz

∂ρ

)
+

µϕ

µρ

γ2
c,ϕ,ρ

γ2
c,ρ,ϕ

1

ρ2
∂2Hz

∂ϕ2
+

µz

µρ

γ2
c,ϕ,ρHz = 0. (A.18)

Now we employ the separation of variables and let Hz(ρ, ϕ) = R(ρ)Φ(ϕ). Substituting this

into Eq.A.18 and multiplying through by ρ2

RΦ
gives:

ρ
∂

∂ρ

(
ρ
∂R

∂ρ

)
1

R
+

µϕ

µρ

γ2
c,ϕ,ρ

γ2
c,ρ,ϕ

∂2Φ

∂ϕ2

1

Φ
+

µz

µρ

γ2
c,ϕ,ρρ

2 = 0. (A.19)

Since the 1st and 3rd terms are independent of ϕ, then the 2nd term must take the form:

∂2Φ

∂ϕ2

1

Φ
= −n2. (A.20)
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The solution to Eq. A.20 is:

Φ(ϕ) = a1e
jnϕ + a2e

−jnϕ, (A.21)

in which nmust be an integer to satisfy the periodic boundary conditions (i.e. Φ(0) = Φ(2π)).

Substituting Φ into Eq. A.19 allows it to be reduced to:

ρ
∂

∂ρ

(
ρ
∂R

∂ρ

)
1

R
− µϕ

µρ

γ2
c,ϕ,ρ

γ2
c,ρ,ϕ

n2 +
µz

µρ

γ2
c,ϕ,ρρ

2 = 0. (A.22)

It should be noted here that Eq. A.22 reduces to the well-known cylindrical-wave equation

for the isotropic case. A similar approach to solve this slightly more complex differential

equation is now presented. To ease the analysis let τ 2 =
µϕ

µρ

γ2
c,ϕ,ρ

γ2
c,ρ,ϕ

n2 and γµ
ρ
2 = γ2

c,ϕ,ρ
µz

µρ
. After

multiplying Eq. A.22 through by R, it can be expressed as:

ρ2
d2R

dρ2
+ ρ

dR

dρ
+
(
γµ
ρ
2ρ2 − τ 2

)
R = 0. (A.23)

This is Bessel’s differential equation, whose solutions are well documented and take the

form:

R(ρ) = a3Jτ (γ
µ
ρ ρ) + a4Yτ (γ

µ
ρ ρ) therefore, (A.24a)

Hz(ρ, ϕ, z) =
(
a3Jτ (γ

µ
ρ ρ) + a4Yτ (γ

µ
ρ ρ)
) (

a1e
jnϕ + a2e

−jnϕ
)
e−γz. (A.24b)

The two linearly independent solutions in Eq. A.24b are Bessel (Jτ ) and Neumann (Yτ )

functions of order τ . A similar approach can be used with Eq. A.17b and it can be shown

that the general solution of Ez takes the form:

Ez(ρ, ϕ, z) =
(
b3Jν(γ

ϵ
ρρ) + b4Yν(γ

ϵ
ρρ)
) (

b1e
jnϕ + b2e

−jnϕ
)
e−γz, (A.25)

in which, ν2 =
ϵϕ
ϵρ

γ2
c,ρ,ϕ

γ2
c,ϕ,ρ

n2 and γϵ
ρ
2 = γ2

c,ρ,ϕ
ϵz
ϵρ
. Although the linear combination of exponentials
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in Eqs. A.24b and A.25 appears to implicate two independent solutions to fully describe the

angular variation of the field expressions, the azimuthal periodicity in the cylindrical coor-

dinate system ensures these solutions can in fact be mathematically related to one another.

Therefore, for n ̸= 0, these two azimuthal solutions describe two orthogonal but degenerate

modes, in which each may be described by a simple cos(nϕ) or sin(nϕ) through proper choice

of the coordinate system’s azimuthal alignment.
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Appendix B

The EH01 Mode in the

Metamaterial-Lined Circular

Waveguide: A Field Comparison

This appendix aims to illustrate the initial premise of the homogenization procedure: that

the fields of the EH01 mode in the practical metamaterial-lined waveguide are similar to the

EH01 mode in the inner vacuum region but can be described by an azimuthally oriented TL

mode in the outer liner region that can then be related to an extracted ϵt2 and µz2.

B.1 Effective-Medium Metamaterial-Lined Waveguide

In a homogeneously vacuum-filled circular waveguide, the TM01 mode is generally described

by Eρ, Ez, and Hϕ, and no Eρ at cutoff. However, when lined using a thin, near-zero-

permittivity dielectric, an Eρ component at cutoff is generally allowed, and the boundary

condition on the normal electric fields at the vacuum-liner interface insists that the Eρ com-

ponent in the liner region is much more intense than in the vacuum region. Figures B.1(a)

and B.1(b) shows the ρ, ϕ and z components of the electric- and magnetic-field magni-

tudes of the effective-medium metamaterial-lined waveguide’s EH01 mode whose geometrical
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(a)

(b)

Figure B.1: Complex (a) electric and (b) magnetic- field magnitude plots of the homogenized
effective-medium metamaterial-lined circular waveguide’s EH01 mode at cutoff. More details
can be found in Sec. 4.4.

and material parameters were presented in Sec. 4.4. The electric [magnetic] field plots are

normalized to the same electric- [magnetic-] field magnitudes and presented on a dB scale.

Indeed, the Eρ, Ez, and Hϕ components are dominant, in which Eρ in the liner region is of

greater magnitude than Ez in liner and vacuum regions. Take note that Eρ [and Hϕ] radially

increase [and decrease] and is strongest [weakest] on the waveguide’s axis.
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(a)

(b)

Figure B.2: Complex (a) electric- and (b) magnetic-field magnitude plots of the PCB
metamaterial-lined circular waveguide’s EH01 mode at cutoff. More details can be found
in Sec. 4.4.

B.2 PCB Implementation of the Metamaterial-Lined

Waveguide

Figures B.2(a) and B.2(b) respectively present the ρ, ϕ, and z components of the electric

and magnetic field magnitudes of the practical metamaterial-lined waveguide’s EH01 mode

at cutoff. The electric and magnetic field plots are normalized to the same electric- and

magnetic- field magnitudes and presented on a dB scale. The practical metamaterial-lined

waveguide’s geometrical parameters and electrical loading were presented in Sec. 4.4, and

was employed in the homogenization scheme to characterize the liner’s anisotropic effective-
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medium parameters.

The chosen normalization value saturates the fields in the liner region, in order to more

clearly illustrate their variation in the inner vacuum region. This reveals that, in the inner

vacuum region, the major field components are indeed Ez and Hϕ, which observe the char-

acteristic radial field variation of the EH01 mode, and match the EH01 field polarizations in

the effective-medium metamaterial-lined waveguide. Although the conventional EH01 mode

does not support an Hz component, the practical metamaterial liner’s azimuthal metallic

traces are current-carrying and therefore introduce a significant Hz field component in the

vicinity of the interface. Even though periodic perturbations are apparent (i.e., a significant

Ez component that is normal to the metallic trace’s surface), in general Eρ >> Ez in the

liner region. Therefore, although the vacuum fields largely resemble the conventional EH01

mode, the practical metamaterial-lined waveguides exhibit a field structure in the liner region

that is quite distinct from the conventional EH01 mode. It is these Eρ and Hz components

that we relate to a transmission-line (TL) mode to homogenize the liner. It should be noted

that the field components Eϕ, Ez, Hρ, and Hϕ are present in the liner region but are of much

weaker magnitude than Eρ and Hz. This is not clearly evident with the chosen dB scale.
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Appendix C

Coaxial Pin Excitation

Figure C.1: A cylindrical pin feeding a hollow circular waveguide.

Fig. C.1 presents a hollow circular waveguide of radius b loaded by a cylindrical pin of

height h at a distance d from a PEC back wall. By ensuring h < λg/4 and d ≈ λg/4, in which

λg is the wavelength in the waveguide, this feeding arrangement has been shown to efficiently

excite the waveguide’s TE11 mode [131,167]. This coaxial to waveguide transition is referred

to as a side-launch type, whereas a pin extending out the PEC back wall is referred to as

end-launch type and strongly excites the waveguide’s TM01 mode.

Figures C.2(a)-C.2(b) present the electric-field vectors of the hollow circular waveguide’s

TE11 mode and those generated by the pin excitation, respectively. The electric current on

the pin supports a significant ρ-directed electric field along the pin’s axis which couples to

the circular waveguide system to set up an electric field distribution similar to the TE11

182



(a) (b)

Figure C.2: The electric-field vectors of (a) a hollow circular waveguide’s TE11 mode and
(b) those generated by a cylindrical pin feeding the waveguide.

mode. However, the field profiles differ very close to the pin, where the electric-field vec-

tors must be normal to the pin’s surface. This is partially why the pin excitation weakly

excites the TM01 mode above its cutoff frequency, which limits the pin’s TE11 monomodal

bandwidth to 12.4%. If the pin was designed to excite the metamaterial-lined waveguide’s

frequency-reduced HE11 mode, there is a strong potential to couple into the full-spectrum of

frequency-reduced modes, particularly the co-propagating EH01 mode. For instance, prelim-

inary simulations of pin excitations located in or very close to the lined waveguide section

revealed that other-order modes such as the EH01 and HE21 are strongly excited below their

respective cutoff frequencies, resulting in unexpected transmission characteristics.
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Appendix D

Balanced Shielded-Loop Antenna

The balanced shielded-loop antenna is widely used as highly sensitive magnetic near-field

probe because of its ability to detect low magnitude magnetic fields by shielding the signal

line from an external electric field [51]. When the antenna is in receive mode, any currents

induced by an impinging electric field are balanced by exploiting structural symmetry in the

design of the antenna’s loop and feed and, as a result, the magnetic field is responsible for

generating a signal [132, 168]. Furthermore, this ensures there are no unbalanced currents

on the feed line which would generate an electric-dipole-like radiation pattern when the

antenna is operated in transmit mode. Whereas these probing applications rely upon the

ideal magnetic-loop radiation pattern offered by electrically small balanced shielded loops to

provide subwavelength sampling of the magnetic field, resonant versions have proven useful

in the wireless transmission of power [169] and in MRI systems [170].

D.1 Basic Principles of Operation

Consider the coaxial shielded loop shown in Fig. D.1, which consists of a coaxial waveguide

formed into a loop that is electrically connected at its base, opposite to which the outer

conductor is stripped over a small gap. The inner (signal) conductor is connected to the

outer conductor across this gap. A complete description of the balancing effect of this
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Figure D.1: The currents on the inner and outer conductors of a coaxial shielded-loop antenna
of resonance size that is in transmit mode.

topology is provided in Ref. [171] for the infinitesimal shielded-loop antenna with a uniform-

current distribution along the loop. When the loop’s radius becomes larger, a constant-

current assumption in the shielded-loop antenna is no longer valid and the current is better

represented by a Fourier series [172–174]:

I(Φ) = I0 +
0∑

n=N

Incos(nΦ). (D.1)

Here Φ is measured from the feed point, and I0 and In for n > 0 is the current’s dc and

harmonic amplitudes, respectively. When the electrical size of the loop is resonant (i.e.

C/λ = n), the nth term dominates in the current’s Fourier series (Eq. D.1) [174]. For

instance, consider the shielded-loop antenna in Fig. D.1 that is operated in transmit mode

and is driven by a current I1 (see ..1 ) from the feeding coaxial waveguide. Near the first

resonance (n = 1), the current on the signal line is approximately I(Φ) ≈ I1cos(Φ), and has

its maxima at the feed and gap locations and its minima halfway between. Since the inner

conductor is shielded, it will not contribute directly to the antenna’s radiation. Instead,
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this current will induce an oppositely directed current on the inner surface of the outer

conductor, which will wrap around the outside of the coaxial waveguide (see ..2 ), setup

the cosine current distribution on the outer surface of the outer conductor, and will either

continue around the loop (see ..3 ) or exit down the coaxial feed (see ..4 ). Similarly, the inner

conductor’s current crosses the small gap and smoothly transitions to the outer surface of

the outer conductor (see ..5 )), which will setup a reinforcing cosine current distribution on

the loop’s outer surface, and, due to the shielded loop’s resonant size and this particular

cosine distribution, will draw a current up from the coaxial feed (see ..6 ). The reader should

note that despite the loop’s resonant size, the currents on the feed line’s outer conductor (see

..6 −− ..4 ) are in fact balanced, which is a feature shared with electrically small versions, and

therefore do not contribute to the antenna’s radiation. In fact, it is the unbalanced currents

on the loop’s outer surface which radiate, and the particular form of the antenna’s radiation

pattern is a strong function of the current distribution. This signifies that the outer coaxial

conductor serves as both the shield and antenna in the balanced-shielded-loop topology. Of

course, this condition is contingent on the current obtaining its maxima at the feed and gap

locations, which is only valid for resonant and electrically small loops.

D.2 Simulation of the Resonant Balanced Shielded-

Loop Antenna

This study will investigate a shielded-loop antenna of resonant size using full-wave simula-

tions. Figure D.2(a) presents the current vectors at f = 3.4GHz on the outer surface of a

balanced shielded loop of radius cr = 13.5mm and gap θg = 20◦. It is clear that the loop

supports a standing-wave current with a full-wavelength resonance at this frequency, taking

its maxima at the gap and feed location and its minima halfway in-between. This is con-

sistent with the previous theoretical analysis. The virtually negligible current magnitudes

on the feed line confirms that, despite being of resonant size, this particular shielded loop
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(a) (b)

(c)

Figure D.2: (a) The surface currents supported on a resonant shielded-loop antenna and the
(b) electric and (c) magnetic fields generated in its vicinity.

topology ensures the current is balanced.

Considering the antenna in transmit mode, these outer currents will generate electric and

magnetic fields, which are shown in the loop’s plane in Figs. D.2(b)–D.2(c). Interestingly,

the electric and magnetic fields in the loop’s interior exhibit a field profile that is similar to

the TE11 mode in a hollow circular waveguide at cutoff. This includes an electric field with

no Ez component and a magnetic field with only a strong Hz component. It is worth noting

that the electric field reverses direction transversing from the interior to the exterior of the

loop.
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D.3 Balanced Shielded Loop In a Circular Waveguide

While the above discussion suggests that the balanced shielded loop would be useful to

excite the TE11 mode above its natural cutoff in a hollow circular waveguide, there are some

clear drawbacks. First, the loop must support the full-wavelength current resonance, which

restricts its size. For instance, to use the balanced shielded loop to excite TE11 mode above

its cutoff would require a waveguide of radius b = 26mm. However, the loop would only

occupy a small portion (in this case roughly half) of the waveguide’s cross-sectional area.

The extreme mismatch between the fields generated exterior to the loop and the fields of

the TE11 mode would lead to reduced coupling. Compensating by increasing the loop’s

size would only serve to increase the phase variation of the loop’s current, causing the field

profiles to become non-TE11 like.

Another solution is to decrease the size of the waveguide but somehow still operate above

cutoff. As discussed in Chapter 3, this can be achieved using a metamaterial liner possessing

an ENNZ permittivity. In fact, the reversal of the electric-field vectors exterior to the loop

would mimic the action of the ENNZ liners. By appropriately sizing the loop’s radius to

coincide with the radius of the metamaterial-lined waveguide’s interior vacuum region, the

fields produced would strongly resemble those of the HE11 mode.
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