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Abstract

Building abstract concepts is essential to humans when acquiring knowledge, realizing
processing (reasoning), and communicating findings. Abstraction comes hand in hand with
information granules and information granulation. When analyzing digital images, we form
groups (clusters) of pixels, colors, and textures that constitute familiar objects. This paramount
ability of forming groups of objects (information granules), manipulating them, and producing
sound conclusions, is realized in an almost subconscious manner. Information granules are
critical when representing and processing knowledge. They become instrumental when solving
everyday problems. The objective of this dissertation is to design, analyze, and optimize granular
fuzzy models in which information granules play a pivotal role. In the presented considerations,
fuzzy models serve as a vehicle for the construction of granular fuzzy models, offering a
convenient and efficient way to describe complex and nonlinear systems. Fuzzy models produce
numeric results. In contrast, granular fuzzy models produce results in the form of information
granules. In this study, we develop a novel approach to the design and optimization of fuzzy
relational structures. Subsequently, we transform them into their granular counterpart by
experimenting with different strategies to optimally allocate information granularity. This direct
generalization (abstraction) of the fuzzy model comes as a sound alternative to solve a system of
relational equations, and to assess the quality of the original model. Granular fuzzy models are
also developed by exploiting a concept of information granularity. We propose an innovative
model coming as a network of associations among information granules, which form the
backbone of the overall construct. Interval information granules positioned in the output space
induce information granules in the input space, and we develop different strategies to optimize

these intervals. Further optimization of the model is proposed by optimally re-distributing the
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induced information granules. The performance of granular models is assessed by considering
criteria of coverage and information specificity (information granularity). The associations are
further exploited to construct a granular model that is fundamentally structured around
information granules regarded as hyperboxes. We develop two novel methods to construct a
family of hyperboxes in the input space; one by realizing some constrictions, and the other one
by engaging an optimization mechanism. We also propose a new approach to optimally eliminate
or reduce possible overlap among hyperboxes. The resulting information granules are compared
and assessed in terms of their coverage, and the data captured by those is evaluated by proposing
a three-step verification process. Furthermore, in this research we propose a novel approach to
refine information granules produced by the Fuzzy C-Means algorithm, and optimize their
representation and classification abilities. We develop different strategies to adjust a location of
the prototypes so that a certain performance index becomes optimized. The granular fuzzy
models are optimized by population-based algorithms, such as particle swarm optimization and
differential evolution. The experimental studies involve synthetic data and benchmark datasets

from publicly-available repositories.
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1. Introduction

Commonly, when humans observe objects that are not familiar to them, for example a set of
unknown symbols or characters from another language or dialect, we tend to group them
together by similarity, shape, or size. This process of forming such an abstract view is done in an
almost subconscious manner. We tend to make groups of objects (information granules) to
achieve a better understanding of newly acquired information. It is in our nature to make groups
(clusters) of objects, people, or various shapes existing within our surroundings, thereby making
our ensuing cognitive process more effective and far more advanced over processes realized by
intelligent machines. An information granule can be defined as a conceptual entity that captures
the essence of the overall data in a concise manner. In data mining, for example, the pivotal goal
is to make sense of the data by representing these as information granules. In [114] it is
highlighted that the goal of information granularity is to try to convert clouds of data into
tangible information granules, to provide a better understanding of the topology and distribution
of the data under observation. In the literature we can encounter a plethora of different
approaches employed to construct information granules from numerical data, either by clustering
[27], [28], [52], [83], [84], [141], [147], [162], [169], [178] or by engaging in classification tasks
[1], [21], [31], [38], [46], [82], [90], [95], [145], [146], [156], [157].

Fuzzy models can serve as reference or as a vehicle for the construction of information
granules, and in consequence construct granular fuzzy models, given that fuzzy models offer a
convenient way to describe complex and nonlinear systems. Fuzzy relational equations, viewed
as a certain class of fuzzy models, play a pivotal role in fuzzy modeling. Their theory supports
ways in which these type of equations could be solved and offers a characterization of the
resulting families of solutions. Moreover, in the construction of fuzzy models, various clustering
techniques are often used, in particular Fuzzy C-Means (FCM) [19], [20]. Nevertheless, in spite
of the truly remarkable diversity of fuzzy models architectures and ensuing design approaches
[11], [30], [60], [63], [64]-[67], [75], [129], [154], these models share one common feature.
Fuzzy models, regardless of the use of technology of fuzzy sets, produce numeric results.

In contrast, linguistic models [8], [22], [25], [26], [47], [120], [125], [128], [155], [160],
[171] form an interesting conceptual and design alternative in the plethora of fuzzy models in the
sense that their structure is intuitively appealing and the results are inherently coming as

information granules; for these kind of models clustering is used more intensively. Granular



fuzzy modeling, based on the principles of fuzzy modeling, augments the well-defined design
methodology of fuzzy models. In a nutshell, the parameters in the fuzzy model are represented as
information granules rather than single numeric entities. The information granules themselves
are formed based on the numerical values of the original fuzzy model. The granular information
associated with the granular model plays an important role by quantifying the performance of the
original (numeric) model. Alternatively, clustering can lead to the formation of information
granules in the output space and subsequently produce induced information granules positioned
in the input space.

To put the subject matter in a more general setting, granular fuzzy models are essentially
about building models at the level of information granules, not numeric evidence, making these
types of models more reflective of reality. Since experimental numeric data lead to information
granules, these models are structured in the form of information granules. Subsequently, these
information granules are linked together by developing a backbone (blueprint) of the model. We
focus on the design and construction of these linkages, to bring a directionality component onto
these granular fuzzy models.

In this study we offer several different alternatives to build and evaluate granular fuzzy
models. In one approach, we construct a fuzzy relational model based on numeric evidence. If
the systems of relational equations are solvable, several analytical methods to build the model
are provided. If this essential assumption is not satisfied, we resort to approximate solutions and
optimization techniques. Once the fuzzy relational model is constructed, we focus on the
generalization (abstraction) of the model by arriving at its granular counterpart. Given that
information granularity is viewed as an important design asset, it is subject to optimization. In
this regard, we study several essential schemes (protocols) of information granularity allocation,
and endow them with some optimization criterion, requesting that the granular results of granular
models are made as specific as possible. These granular constructs are viewed as an alternative to
the resolution or approximation of the system of equations for the fuzzy relational models. To
construct these granular models, we focus on the allocation of information granularity across the
parameters of fuzzy models, and an assessment of the quality of the original fuzzy models is
realized in this way. At the end, approximate solutions to the system of relational equations are

provided.



Alternatively, we exploit a concept of information granularity by developing a model coming
as a network of intuitively structured collection of interval information granules described in the
output space and a family of induced information granules (in the form of fuzzy sets) formed in
the input space. In other words, the formation of information granules is realized in two phases.
First, information granules are constructed in the output space. Second, for a given information
granule from the output space, a collection of induced information granules is built by engaging
some clustering mechanism. In this sense, information granules emerging in the input space are
directly implied by the structure already established in the output space. Furthermore the
associations among information granules in the input and output spaces are transparent, and in
this way we can easily form the linkages of the model. This approach helps build a model that is
a direction-oriented construct. Since clustering itself produces direction-free building blocks, the
formation of information granules realized this way brings a directionality component onto the
granular fuzzy model.

Furthermore, by following the idea of the information granules induced in the input space,
we take advantage of the information granules, and use the cluster centers (prototypes) as
coordinates to construct a set of hyperboxes. We highlight the importance of information
granules coming as hyperboxes for clustering or classification tasks due to their simplicity,
effectiveness, and robustness. These facilitate the search of structures and topologies in the data,
and help represent the essence of such findings through a set of information granules. This makes
the data more abstract by observing the distribution and size of the clusters that capture them. At
the end, each hyperbox can be interpreted as a fuzzy rule, and since the hyperboxes are formed
by enclosing (capturing) surrounding data, these are allowed to demonstrate their essential
features. Two different novel methods are proposed to construct the hyperboxes. For the first
one, a numerical constraint is implemented, where the mean distance between the prototypes is
used to construct the hyperboxes. For the second method, the hyperbox expansion is optimized
by allocating granularity of the data positioned in the vicinity of the prototypes, furthermore if
overlaps among hyperboxes are formed, these are optimally reduced or eliminated to retain as
much data covered as possible. With this in mind, we develop an appropriate performance index
and determine an adequate optimization scheme.

To conclude this dissertation, we implement a novel clustering optimization technique, where

optimized clusters are used on classification or reconstruction tasks. As it is well-known, the



FCM algorithm is already a useful unsupervised learning technique, since it helps us analyze and
group the data into information granules. These come in the form of a partition matrix and a set
of prototypes. From the partition matrix, one could derive a hard classification by simply
assigning a class label with the maximum membership value to each sample. And from the
granular information captured by the clusters, one can decode or reconstruct the original data.
Nevertheless, in some cases using only the FCM algorithm, one might obtain low classification
results, due to complex topologies, outliers, or noise in real-world datasets. On the other hand,
due to inaccuracies introduced in the granular representation of the data, the reconstruction error
is usually nonzero, where larger errors mean lower quality of the clusters. The idea behind the
approach pursued in this study is to strategically re-allocate the original position of the
prototypes, and in consequence, disturb the membership degrees of the data to the clusters to
minimize the reconstruction or classification errors. To optimize and relocate the cluster centers,
we implement several strategies (protocols), each with different parametric flexibilities, along
with a level of change used to control the migration of the prototypes. The main goal is to
enhance the clustering, reconstruction, and classification abilities of the clusters, along with the

quality of the granular model.

1.1. Research objectives and originality

The key objectives of this research are:

e Develop several novel strategies to design, build, analyze, and optimize granular fuzzy
models, and make the resulting granular structures as specific as possible.

e Design, construct, and optimize fuzzy relational structures to form fuzzy models, and
subsequently obtain their granular counterpart by an optimal allocation of granularity.

e Design and develop direct associations between input and output data, and by using this
construct, build a model at the level of information granules.

e Propose several approaches to construct and optimize hyperboxes in the input space by using
direct associations between input-output information granules.

e Cluster data by using FCM, and strategically migrate the prototype coordinates to enhance the
quality of information granules, and optimize their -clustering, classification, and

reconstruction performance.



The research discussed here exhibits several novel facets and raises and addresses new
interesting issues. The question of optimization of input-output information granules is of
paramount relevance and it is addressed in this dissertation. We study two algorithms for the
optimization of the granular constructs, namely Particle Swarm Optimization (PSO) and
Differential Evolution (DE). As for the optimization criteria, coverage, specificity,
reconstruction, and classification are also studied here. Information granules serve as sound
descriptors of data. Each information granule comes with its own well-defined semantics and as
such, the granules can be associated with a certain linguistically sound meaning. In this way one

can produce a general sound view at the data.

This research exhibits a significant level of originality:

e A novel technique based on granular relational structures with direct generalizations for the
solvability of fuzzy relational equations and the quality assessment of the constructs.

e A new granular fuzzy model which exploits the concept of information granularity by
developing a model coming as a network of association among information granules.

e A novel approach for the construction and optimization of hyperboxes and an optimal
reduction or elimination of overlaps among them.

e An innovative fuzzy clustering optimization technique used to enhance and refine the quality
of clusters to help these classify data, or use their granular information to efficiently

reconstruct the numeric entries.

1.2. Construction and Optimization of the Granular Fuzzy Models: a

General Structure.
Granular models are formed on the basis of information granularity and provide a superior
understanding of the data under observation. To have a better grasp of the aim of this
dissertation, a general structure was developed by splitting the main components into modules.
Each module describes parts of the processing performed over the numerical experimental data,

and the results of each module are passed to the subsequent connected module.



1.2.1. Overall Scheme

In Figure 1.1 the main components of the algorithms proposed in this study are displayed as a
general structure. Each component in this structure plays an important role in the design of the
granular fuzzy models.

As it is displayed in the figure, the first module represents the experimental data. This may
come as input-output pairs of synthetic numerical data, or from real-world measurements. This
data is usually normalized to values between the unit interval or more specifically, between the
closed interval [0, 1]. However, in some cases the data is processed without any normalization.

After the data is prepared, it is fed onto the ensuing modules as follows;

Granular Model

r-=—=—==mn"
I |
| A |
I |
| |
I |
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Fuzzy C-Means Context-Based < Optimization
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|

|

|
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Figure 1.1. Overall scheme for the design and construction of the granular fuzzy models.

Fuzzy C-Means: This is probably the most important module of the framework, since it is used to
find the partition in the data and construct information granules (clusters, fuzzy sets). These
come represented as a partition matrix and a set of prototypes (the coordinates of each cluster

center).

Context-based: A specialized conditional fuzzy clustering algorithm is employed in the
construction of granular models. This so-called context-based FCM algorithm helps brings a
directionality component into the granular constructs, to form associations (relations) between

the input and output spaces. This algorithm serves as a basis to construct two granular models.



Granular Model: Once the information granules are obtained, the granular model is formed
based on the information provided by the fuzzy partition found in the input space. In this
research we explore several alternatives to construct the granular models around the
experimental data. In the first approach (A), the partition matrix is used to train a Fuzzy Logic
Processor (FLP), where its granular counterpart is constructed based on the granulation of a
fuzzy relation between information granules already stablished in the input and output space; this
generalizes the optimized structure, and it is used to assess it. In the subsequent approaches, the
prototypes are used to construct and optimize the granular models (B), where a network of
associated information granules is constructed by using the context-based FCM algorithm, while
in another approach (C), a set of hyperboxes is constructed from the coordinates of the
prototypes obtained at the conditional fuzzy clustering stage. In the last approach (D), the
partition matrix is used to associate each cluster to a class, and a classification performance of
the granular model is obtained. Alternatively, the reconstruction performance is used to assess

the quality of the information granules.

Optimization: After a granular model has been designed, it is fine-tuned by employing group-
based optimization algorithms. The algorithms used in this dissertation are the Particle Swarm
Optimization (PSO) and Differential Evolution (DE). These algorithms were chosen due to their
robustness and effectiveness on optimization tasks. Each granular structure, regardless of its
construction, is optimized by means of these algorithms. Each model has an objective function,
tailored to fit the granular model around numerical experimental data. The results of all granular

models come represented as information granules.

1.3. Dissertation Organization

The subsequent chapters are structured as follows:

Chapter 2. State of the Art
In this chapter we offer a focused literature review of several approaches for the construction of

fuzzy models, granular fuzzy models, hyperboxes, and classification techniques with clusters.



Chapter 3. Background Knowledge

Several methodologies and algorithms are discussed in this chapter, which have been applied to
the construction of fuzzy models and granular fuzzy models in the past. Consequently, we
highlight the techniques employed to build and optimize the various granular models proposed in

this research.

Chapter 4. Granular Fuzzy Relational Structures

The underlying methodology applied to construct a fuzzy relational model, known as a fuzzy
logic processor, is presented in this chapter. Moreover, we incorporate granular information to
the model to construct a granular fuzzy relational model which will help us assess the
performance of the original non-granular model, and at the same time offer an alternative

solution to the system of fuzzy relational equations.

Chapter 5. Granular Fuzzy Models

The overall architecture of a granular model, coming as a network of intuitively structured
collection of information granules, is described in this chapter. Since this model heavily relies on
information granules, it is essential to focus on its design. Moreover, the details of the
construction of the information granules and their optimization are presented, where we focus on

a specialized fuzzy clustering algorithm; a so-called context-based FCM algorithm.

Chapter 6. Granular Fuzzy Modeling with Evolving Hyperboxes

In this chapter we describe the essential functional modules that are used to compose a novel
granular model. We exploit the concept of context-based FCM where interval-based information
granules are used to induce clusters in the input space. The coordinates of the cluster centers
(prototypes) serve as a basis to construct and optimize a set of hyperboxes, which are formed by

allocating an optimal level of granularity in the data around each prototype.

Chapter 7. Refinements of Prototypes to Enhance the Classification and Reconstruction
Performance of FCM
Fuzzy C-Means (FCM) is a powerful unsupervised learning technique, and it is used as a first-

plane processor to build a classifier. The idea is to use FCM to find a partition in the input data



and observe its classification and reconstruction performance. Then, the prototypes found are
strategically repositioned, in a supervised manner, to enhance the quality of the clusters. The
objectives are to enhance the clustering, classification, and reconstruction performance of the

granular model, and at the same time, preserve the results obtained in the initial clustering stage.

Chapter 8. Conclusions and Future Studies
A number of conclusions are drawn from our research in this chapter, and we suggest a number

of directions for future works.



2. State of the Art

A central topic of engineering and science is the development of mathematical models from data
available in real-world systems. The various usages of these models include prediction, decision
support, system analysis, and control design, among other applications. Moreover these models
can be viewed as useful sources of knowledge. When modeling a system, we must have a
thorough understanding of the system's behavior, and the suitable modeling techniques that will
lead to a usable model. However, in real-world situations it can be difficult to efficiently build a
model, due to inaccurate information from different sources, from the complexity of the noise, or
non-stationary behavior of the system. Some success has been achieved by using two-valued
logic and set theory in system modeling. Nevertheless, for many real-world applications only the
input and output data acquired from running the process is accessible for estimation. Here is
where the granular fuzzy models provide formal tools to reason and handle such uncertainty
found in the data. In this chapter we review several different techniques used to construct fuzzy

models and granular fuzzy models over the years.

2.1. Fuzzy Relational Models

Fuzzy set theory was proposed five decades ago as a generalization of set theory [175]. In that
research, several approaches were suggested to process data and information affected by non-
probabilistic imprecision. The concept of fuzzy sets was designed to represent the vagueness and
uncertainty of linguistic problems in a mathematical way by generalizing the concept of classical
set theory. Moreover, fuzzy set theory has been proven to be a key component for modeling
static and dynamic systems. In general, fuzzy set theory can be used to handle incomplete or
vague knowledge in systems, adequately process imprecise information, and on transparent
modeling and identification. In processes where a mathematical structure is unknown, a
modeling approach based on a system of relations is appropriate since it can provide multiple
input-output relations. However, in many cases, a two-valued logic approach is undesirable.
Almost four decades ago, and by generalizing the idea of Boolean equations in a similar
fashion as fuzzy logic generalized the fundamental idea of two-valued logic, the concept of fuzzy
relations and fuzzy relational equations was introduced [138]. A fuzzy relation is used to

represent and quantify associations between objects; in the case of a Boolean relation, it
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represents the presence or absence of an association, this concept is generalized in fuzzy
relations by allowing various degrees of association between numerical entities [71], [119].

Generally speaking, the relationships among objects are captured in terms of fuzzy relations,
and their transformation is done through some composition operators. These compositions are
realized by using triangular norms [92], [140]. A triangular norm is a binary operation used in
the framework of probabilistic metric spaces and in multi-valued logic, specifically in fuzzy
logic. There are different types of compositions, and these depend on the choice of a specific ¢
norm or s-norm. The most important compositions are the sup-t and inf-s (max-t and min-s)
compositions.

A fuzzy relational equation is a dependency among input and output variables, expressed in
the form of a fuzzy relation R. A generic fuzzy relational model comes in the form of the
expression x op R=y, where ‘op’ denotes a fuzzy relational operator. By looking at this

equation, we arrive at the previously mentioned fundamental problems;

i) Given x and y, determine R (estimation problem), and

ii) Given y and R, determine x (inverse problem)

In the past, researchers have proposed analytical methods for the resolution of these two
fundamental problems. The resolution of the estimation problem [138] helped find a potential
maximal solution to the system of relational equations, and was used in medical diagnosis
applications. In [105] an analytical method was proposed to find the potential maximal solution
for the inverse problem. In some cases, only a unique potential maximal solution exists [37], but
in other cases the solution comes with a finite set of minimal solutions, as demonstrated in [53].
Later, in [32], [36] the structure of the solution set for the fuzzy relational equations was
extensively analyzed, especially the complete set of lower solutions, when a max-min
composition was used. Also in [33], [34] the resolutions of relational equations were analyzed by
considering the energy and entropy measure of fuzziness, to form a set of solutions for a given
fuzzy relational equation. The resolution of the system of equations was extended to other t-norm
compositions, like the max-product composition [35].

The process of finding these sets of solutions still remains a challenge, since in real-world

situations the complete sets of conditions are not easy to find [119], causing the subject matter to
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remain considerably open. This problem has encouraged researchers to find approximations to
the systems of equations [48], [108], by employing several different methods including
numerical methods [106], [107], [127], [153], [172] and optimization methods such as gradient-
based (GB) methods [109], [119], [134]. In Recent approaches, fuzzy logic has been used along
with population-based algorithms for unsupervised fuzzy clustering [68] and pattern recognition

tasks [76], [79], [91].

2.2. Granular Fuzzy Relational Equations
If precise information about membership values is not known, and a system of relational
equations is unsolvable, a bound (interval) of possible membership grades can be admitted. Then
the knowledge of a numeric entity can be defined by the size of this interval. The concept of
fuzzy tolerance was suggested as an extension of the solvability of the system of equations, to
solve the estimation [165] and inverse problems [166]. A solution to two more problems were
also suggested; given a set of upper tolerances, how to determine the lower tolerances, and vice
versa, in order to obtain at least one solution. In [167] the concept of tolerances was generalized
and a solution for composite interval-valued fuzzy relational equations with the min-max
operator was proposed. This work was continued in [79], and these relations were transformed
into a fuzzy relation inequality system, simplifying the solution methodology. More research
followed, and focused on the solvability of interval-valued fuzzy relational equations based on
these previous works [80], [151], [168]. The semantics of the membership degrees can be
captured by intervals of possible membership grades, instead of only focusing on single values.
This was proposed in [112], where a fuzzy model was generalized and abstracted (granulated) by
optimal allocation of granularity [114], [119], [124]. When using interval-based fuzzy sets, an
interval-valued membership degree is assigned to each entity of the universe, e.g. x, and this is
considered as only the ‘evidence for x’. This definition was extended in [47] where the concept
of vague sets was proposed. Here, two independent vague values called the evidence for x and
evidence against x were considered, incrementing with this the judgment about the membership
grade and making it more expressive when capturing the vagueness of data.

By taking as a basis these interval-valued fuzzy sets, a model known as granular fuzzy
relational equations can be constructed. These granular equations are formed by approximating a

system of fuzzy relational equations between input and the output data. Then, the fuzzy relation
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is converted into its granular counterpart by allocating an optimal level of granularity. This
technique has been successfully used in group decision-making tasks [125], in the design Type-2
fuzzy models [22], on characterization of electrocardiogram signals [46], and to extract
knowledge from existing fuzzy models [123].

To find an approximation to the system of fuzzy relational equations, in [109], a learning
method was proposed to construct a fuzzy neural network, and the learning was completed
separately from each output node. In [134], the network was modified for n —inputs/m —outputs,
where the learning process was performed on all the output nodes at the same time. By using as a
reference this logic neuron, the fuzzy logic processor (FLP) was developed [119]. This model
had a well-structured semantic mapping of the input and output data, therefore it transformed the
“black-box” nature of a traditional ANN into a “white-box”. This allowed the model to be
translated easily, by extracting the semantic meaning of the knowledge acquired during the FLP
training. The FLP follows a gradient-based learning to tune its weights. But the derivations are
applied to the logic operations that form the fuzzy relations in the model, namely the #-norms and
s-norms [119]. However, when training these models, many researchers have found that
gradient-based learning often experiences some shortcomings. Some arise with large complex
problems, which may cause the network to get trapped in local minima. This made researchers
turn to group-based optimization algorithms. These type of algorithms, particularly Particle
Swarm Optimization (PSO) [70] and Differential Evolution (DE) [130], have been widely used
to overcome this shortcoming, and to optimize these structures.

Evolutionary and group-based optimization techniques do not depend on the gradient
information. This makes them more robust or suitable for tasks where there is the need of
handling complex problems. In [173], it was mentioned that the best optimization algorithm is
always problem-dependent. It was also suggested that for complex optimization tasks, it is
advisable to use hybrid algorithms, since these tend to perform better than others for a larger set
of problems [9], [139]. The main idea behind hybridization is to use a population-based
algorithm to find a good set of initial weights in a learning model (e.g. an ANN or FLP), and
then use a local search algorithm, like the gradient-based algorithm. This helps the algorithm to
find the global optimal weights.
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2.3. Granular Fuzzy Models

As it has been discussed so far, in contrast to most fuzzy models encountered in the literature,
granular fuzzy models produce results in the form of information granules rather than plain
numeric entities. Nevertheless, a fuzzy model can serve as a basis for the construction of a
granular fuzzy model. To design a fuzzy models, various clustering techniques are often used, in
particular FCM.

In [162], a modified FCM algorithm, combined with a back-propagation algorithm, was
implemented to construct detailed fuzzy models by using a weighted FCM algorithm. Later in
[164], FCM was used to generate discrete interval-valued type-2 fuzzy models. A fuzzy C-
Regression model was proposed in [81] to automatically determine a suitable number of rules
from a given fuzzy model. In [78], a fuzzy clustering technique was developed to generate
hyperplane-like clusters, which helped improve the estimation of Takagi-Sugeno (T-S) fuzzy
models. Another clustering technique, based on a combination of FCM and switching regression
algorithms [23], was used to construct enhanced fuzzy models with an improved fuzzy clustering
and better structure identification. A different clustering approach helped identify T-S fuzzy
models from clusters obtained with a modified Gath-Geva algorithm [6]. A face recognition
approach used partition matrices obtained with the FCM algorithm as input patterns to train
artificial neural networks (ANNs) [85]. Other architectures that are similar to ANNSs, are the
neural fuzzy controller (NEFCON) [96]-[98] and neuro-fuzzy classification (NEFCLASS) model
[99]. These structures used fuzzy sets as weights, and can be interpreted as linguistic “if-then”
rules. The obtained results are defuzzified (decoded) and produced numeric values.

In contrast for linguistic (granular) models clustering is used more intensively, leading to the
formation of information granules in the output space, and subsequently producing induced
information granules positioned in the input space. One of the earliest models falling under this
category was proposed in [152], where the FCM algorithm was used to identify the structure of a
fuzzy model in many-input single-output systems. In this approach, the ordinary fuzzy partition
of the input space is avoided. Instead, the output data is clustered with FCM. As a result, every
output datum associated with the membership degree belonging to a cluster, is projected into the
individual coordinates of the multidimensional input space. This produces fuzzy rules that can be
defuzzified into numeric entities. Interval-based clusters were proposed in [86] to granulate time-

series and improve the forecasting accuracy of a model. These intervals are optimized by
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gradually adjusting their widths until they become more reasonable and informative. In other
studies [2], [5], [158], [161], the information granules are induced by projecting hyperbox
clusters from the multidimensional input space onto each input coordinate spaces. In other
approaches, a set of intervals formed in the output space are used as classes to turn an
approximation problem into a classification task, and to induce the formation of hyperboxes [4]
and hyper-ellipsoids [159] in the input space, nonetheless the values at the end are defuzzified
into numeric values. In [131], information granulation is used to induce consistent granular
structures, which help build a knowledge distance that is used to form a lattice model that reveals
the essence of information granularity. Lattice computing is used in several studies to enhance
fuzzy models, where intervals are used to represent fuzzy sets, either described as a-cuts [119],
or as fuzzy membership functions. Since these intervals are partially-ordered, they are considered
as a lattice, hence mathematical lattice theory can be applied to build tunable fuzzy models [64]-
[66], [104]. In [142] and [143], the objective function of the clustering algorithm was modified to
introduce a directionality component to the formation of the prototypes, the resulting information
granules are used to form “if-then” rules. Also in [118] particle swarm optimization (PSO) was
used to construct interval-valued prototypes, where the widths of the intervals are adjusted
through a granulation-degranulation scheme. In this way, a granular version of the original data
was formed. By using a coverage criterion as an objective function, it was possible to allocate the

granularity of the data.

2.4. Granular Modeling with Hyperboxes

As discussed in the previous Section, an alternative process for the construction of granular
models is by clustering the data with hyperboxes, instead of hyperspherical or hyperellipsoidal
clusters. The Hyperboxes have been used due to their inherent flexibility to model smooth
boundaries between classes [113]. In the literature, one can find a plethora of novel methods
applied to the formation of these special clusters. The idea of a min-max neural network (NN)
was proposed by Simpson to classify [145], [146] and cluster [147] data. In these studies the
author dealt with numeric data to construct the hyperboxes (clusters). Moreover, the use of a
membership function was proposed to help discover data and expand the hyperboxes, to produce
information granules with largely varying sizes in various dimensions. Also, a method was used

to minimally contract the hyperboxes when an overlap between them was discovered with the
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help of four rules. However, in some cases the overlap elimination could cause loss of covered
data. Finally, the maximum size of the hyperboxes was controlled by using a certain user-defined
variable, which regulates their size and at the same time, the number of hyperboxes obtained at
the end of the training process. In a later approach [44], an alternate training technique for the
min-max neural networks was proposed. These studies addressed the common overlap problem
among hyperboxes, which exhibits a detrimental effect that causes the coverage of the data to
become irrelevant. To address this issue in [3], [4], [158], the authors proposed to label the
overlaps as inhibition hyperboxes, and then repeat Simpson’s algorithm recursively, until no
more overlap were observed. This technique exhibits several advantages. First, the hyperboxes
are not contracted, so the data included in the original hyperboxes remain covered, and in
consequence, included in the information granule. Second, the hyperboxes can be formed around
complicated topologies in the data. A drawback of this method is that it is not clear how many
times it is needed to repeat these iterations, and how complex it can be to represent the final
model. This technique was applied for function approximation [4], and to classify data such as
license plates [3] and the iris dataset [158]. It is worth mentioning that when the method was
used for function approximation, the output data were divided into intervals, and each interval
was used as a class, which has certain similarities to the algorithms proposed in Chapters 5 and
6. In another approach, a rotation of the hyperboxes was proposed in [87], [137] to improve the
coverage of data in complex topologies, here the rotation resulted in a better coverage of data
with fewer and smaller hyperboxes.

Up to this point there was not much attention paid to improve the basic algorithm proposed by
Simpson, until in [45] an improved membership function was proposed, and the parameter used
to control the size of the hyperboxes dynamically adjusted to each clustering problem, and
therefore it was no longer user-defined. Similarly in [13], the authors proposed partially labeled
data for partial supervision learning, which greatly improved the performance. Moreover, in
[116] several new measures were proposed to have a more detailed and controlled construction
of the hyperboxes, these include cluster compatibility, inclusion, and sparsity measures, and the
discovery of the data or small hyperboxes was done by using a certain distance measure between
numeric vectors (which represent hyperbox coordinates) instead of the original membership
function. Later in [14], [15], [16], the overlaps among hyperboxes were defined as exclusion

hyperboxes, which are similar to the inhibition hyperboxes, and these could avoid the contraction
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of the hyperboxes by simply excluding the covered data from the overlaps. The exclusion
hyperboxes helped cover complex topologies, but again resulted in loss of covered data.

With regard to more recent approaches, a genetically optimized fuzzy NN was introduced in
[113], this NN was developed around fuzzy tolerance neurons, optimized by using a standard
Genetic Algorithm (GA). The NN was mainly used to reveal the topology of numeric data as
fuzzy hyperboxes. On another study [133], a clustering algorithm based on hyperboxes was
developed to classify unlabeled data. This algorithm used an Ant Colony Optimization (ACO)
algorithm to recognize topological information in the data. Similarly, in [176] the original min-
max NN was modified and used for classification tasks. In this approach, a new overlap neuron
was defined, which was added to the NN to represent the overlapping area of the hyperboxes. In
another approach [29], also by using as a reference the original algorithm, the authors proposed a
multi-level tree structure to classify data. This approach used various hyperbox sizes at different
levels to increase the accuracy and performance of the NN. The main idea was to retain the
overlaps and construct smaller hyperboxes in each overlap detected, creating a new level in the
NN. Another enhancement of the original algorithm can be found in [94], where the authors
added three new heuristic rules to each hyperbox construction phase, viz. expansion, overlap test,
and contraction. Concisely, they introduced a new constraint for the overlap expansion, added
five new rules to the original four rules for the overlap detection, and did the proper adjustments
to the hyperboxes with all nine rules in the hyperbox contraction phase. In [148], an algorithm
was designed to form hyperboxes around class-patterns in data, forming with this a model called
dendrite morphological NN. And finally in [41], the combination of supervised learning and
unsupervised clustering was applied to different regions of the data. Here, a set of hyperboxes is
constructed to identify and classify groups of data with similar patterns.

Most of these previous studies focus on the construction of hyperboxes by using as a
reference Simpson’s method; therefore some similarities are found. Namely, how the hyperboxes
are expanded and how these eliminate overlaps. However, there is still room for some
improvement, and different approaches could be considered when constructing these information

granules.
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2.5. Classification Techniques with the use of Clusters

Up to this point it is clear that clustering constitutes a prerequisite for many granular models, and
many classification methods. However the assessment of the quality of the clusters has not been
addressed. To evaluate the clusters we might turn to validity indices, classification performance,
or a reconstruction criterion. But the quality of the clusters is also dependent on their size,
number, and shape. As it is well-known clusters form geometric objects (information granules)
in the feature space. Information granules determine regions in the feature space, which are
characterized by high homogeneity in terms of the class membership of the clustered patterns.
Quite commonly in the generic FCM algorithm, the Euclidean distance or its variants are
considered. This implies a geometry of the produced groups in the form of hyperspherical shapes
of clusters. Furthermore, it has been observed that classification methods which rely solely on
FCM algorithms are vulnerable to outliers [73], [100], as demonstrated in [72]. This study shows
that, despite the stability of the FCM algorithm, it is not robust when it comes to outliers in the
data. This vulnerability could compromise the performance of the ensuing clusters. In [56] this
issue has been addressed by using an iteratively reweighted least-squares technique (IRLS) [54],
combined with the Mahalanobis distance to make the clustering algorithm more robust to
outliers. This work was continued in [57] where the same technique was used to construct a C-
means clustering classifier. An early work proposing the use of the Mahalanobis distance can be
found in [174], where the idea is to change the shape of the fuzzy sets to hyperellipsoidal one.
The authors noted that by using different distances in the FCM algorithm, different partitions of
data can be obtained. In this work, the values positioned on the diagonal of a definite positive
matrix, used to determine the Mahalanobis distance, are optimized by using a genetic algorithm,
with the partition coefficient [17] being used as an objective function to validate the clusters.
Based on this study, in [179] the classifier was extended by exploiting the concept of the
Cholesky factorization, or the fact that any positive-definitive matrix can be decomposed into the
product of a lower triangular matrix (with positive entries on the main diagonal) and its
conjugate transpose. The entries of the lower triangular matrix were optimized with a genetic
algorithm. Here the objective function was a distance measure between the fuzzy partition and a
previously known partition (classes). A second version of the algorithm was designed by using
the Xie-Beni validity index [170] as an objective function to assess the quality of clusters. In

[180] the authors proposed the use of a different definitive positive matrix for each cluster. In
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these two previous studies the resulting clusters were used to classify transient components in
nuclear systems for diagnostic purposes. This work was continued in [93] to design a
possibilistic clustering algorithm. Here the FCM algorithm was modified to avoid the initial
condition in which (typically) a membership value of a numeric entity to a cluster depends
directly on its membership value to other clusters. This modification allowed the clusters to
classify and detect atypical patterns whenever those exhibit low membership degrees to all
clusters. This method was used to classify possible events in dynamic event tree analyses. Finally
in [11] the FCM classifier, which had the independent Mahalanobis distance metric for each
cluster, was used in an ensemble of FCM classifiers to try to improve the classification of
nuclear transient components in nuclear power plants.

A different and simpler approach was studied in [144], where the traditional FCM algorithm
was used to build a fuzzy relational classifier. First the number of clusters and fuzzification
coefficient were selected by using the Xie-Beni validity index, once a plausible fuzzy partition
was found, a fuzzy relation was constructed to find a logic mapping between the clusters and the
class labels. This algorithm was used to classify livestock from sound sequences. The
fuzzification factor in FCM plays an important role, given that its value significantly affects the
shape of the obtained clusters. Typically, the common value found in the literature is assumed to
be equal to 2.0, where the membership functions tend to resemble a Gaussian-like shape.
Nevertheless, some studies show that this is not always the best value [115], [122], and in several
cases lower values of this factor offer better granular results.

In [177], an automatic edge detection method was proposed by using a multiscale wavelet
transform to extract wavelet features from greyscale digital images. From these features an input
dataset was formed which contained the gradient information of the image in various directions.
The data are then classified (partitioned) by the FCM algorithm, and from the resulting partition
matrix, a binary map regarded as an edge map is constructed. Moreover, in [88] the Xie-Beni
validity index is used as an objective function for a genetic algorithm (GA) to find the best
partition in the data. Here, each individual proposes a possible number of clusters ¢, and a set of
prototypes to avoid a randomized initialization of the partition matrix. However, the optimization
of the fuzzification factor is not considered, and it needs to be set by the end-user beforehand.
This technique was applied to the classification of pixels from remote sensing imagery. A similar

classification approach can be found in [103], but in this study the GA algorithm is combined
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with a so-called PBMF validity index, which was proposed earlier by the same authors [102]. In
a second approach [89], Differential Evolution (DE) was used to find the best initial prototypes,
and the Minkowski score [62] was used as a validity index. A downfall that this approach has is
that the number of clusters and fuzzification factor need to be fixed before the DE algorithm
starts. These algorithms were used to classify synthetic data, real-world data, and for pixel
classification of remote sensing imagery.

All of these studies exhibit some similarities, given that they focus mainly on the shape and
number of the clusters to enhance the classification results. Some studies depend on a validity
index to optimize the quality of the clusters, while others use the classification error to assess the
partition of the data. In [58] — [60], [117], [122], it was demonstrated that a proper selection of
number of clusters and fuzzification factor can increase the quality of the clusters, and the
information captured by the granular representation of the data can be used to reconstruct an
approximation of the original numeric entities, obviously with a nonzero error. Evidently, if this
reconstruction error is small, then the quality of the clusters is high. Regardless of the method
used to optimize the information granules, and in consequence the number of clusters and
fuzzification coefficients, we need to decide what objective function to use to optimize them. It
may come as a validity index, reconstruction criterion, or as another mechanism to help assess
the clustering performance of the FCM algorithm. Further in this dissertation we deal with
labeled data, then the classification rate will be used as the performance index to refine and
define a new position for the prototypes, where the main goal is to maximize the classification of
the fuzzy clusters. Once this performance is maximized, it is assumed that the quality of the
clusters has increased, so we look at the reconstruction capabilities of the information granules.
Another approach is to use the reconstruction error as an objective function, and then look at the
classification rate. Once the model has been optimized, its generalization and recalling

capabilities are tested.

2.6. Summary

The ideas discussed in this Chapter are focused on the design and optimization of fuzzy models
and granular fuzzy models. Nevertheless, there is still room for some improvement (and for
alternative ideas), to help maximize the performance of these models in order to obtain sound

results. In this dissertation we develop several novel strategies to design, analyze, and assess
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different types of granular models. In their design, we have to focus on several factors. These
include data representation, number of information granules needed for each dataset, the proper
fuzzification factor, among other parameters as required for each individual model. Furthermore,
we need to select a proper optimization mechanism, and find a suitable representation of the
problem, along with a proper objective function to be optimized. The design issues will be
described in each chapter, along with the proposed solutions, and alternative strategies designed

to build usable granular fuzzy models.
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3.Background Knowledge

In this chapter we present the methods and algorithms used to construct the granular fuzzy
models. We start by presenting the main components of fuzzy relational equations, their
analytical solutions, and techniques used to find approximations to these equations. Also, the
methods used to transform real-world data into fuzzy sets. Moreover, we describe the main
components used to allocate the granularity in the data by offering an overview of the principle
of justifiable granularity used to construct the granular models. Also, we describe alternatives to
build granular models without requiring a fuzzy model as a base for their construction.
Furthermore, a description of the construction of hyperboxes used to build information granules
is presented. To finalize this chapter, the mechanisms used for the optimization of the granular

models are presented.

3.1. Fuzzy Relational Models

When representing knowledge, it has to be presented in a way it matches intuition and captures
the semantics of the intended representation. It is also required that this representation comes
with sufficient flexibility to adapt to the application requirements. Fuzzy logic and fuzzy set
theory are good candidates for such purpose due to their capabilities of knowledge representation

including a spectrum of logical processing associated with them [119].

3.1.1. Fuzzy Relational Equations

The relations between objects can be captured in terms of fuzzy relations, and their
transformation is done by using the composition of triangular norms [92], [140]. These triangular
norms (z-norms) are used to represent a logical conjunction in fuzzy logic, or an AND operation,
in fuzzy set theory. The t-conorms (s-norms) are dual to the -norms. These are used to represent
logical disjunction, or an OR operation. Different types of compositions can be realized,
depending on the selection of t-norms or s-norms. The most commonly used compositions are
the sup-t and the inf-s compositions. The choice of the t-norms and s-norms and their
combination, have a significant impact in the final approximation capabilities of the system of
equations. In this dissertation, the #-norms and s-norms described in the following table are used

to construct fuzzy relational models.
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Table 3.1. Selected fuzzy relational operations.

t-norm S-norm
Min — Max min(x, 7) max(x, r)
Prod — Prob. Sum X-r x+tr—x-r

A generic fuzzy relational model comes in the form of the following expression;

X0opR=y (3.1)

where the fuzzy relation R € [0,1]™ realizes associations between two vectors; input
vectorx € [0, 1]”, and an output vector y € [0, 1]” [119]; while ‘op’ stands for a certain
composition operator. The fuzzy relation R describes the dependencies (relationships) between
the system’s inputs and outputs. The membership function of y obtained for the sup-t

composition is determined as follows [71]:

Y=XxoR, y =maxj=1’2,m,n[xjtrjl],z =12,....7 (3.2)

This sup-t composition represents the possibility measure of two fuzzy sets, or the degree of
overlap of x and R, and is the composition that has been most extensively studied. On the other
hand, for the inf-s composition, the aggregation of the inputs represents the necessity measure of
two fuzzy sets, or the degree of inclusion of the complement of x (e.g.x=1 — x) in R. The

membership function of y is calculated as,

y=xeR, y =minj:1,2,m,n[x srj,],l =1,2,...,7 (3.3)

J

In [138] a fundamental method was suggested to determine the unique maximal solution for
the sup-t composition, and the unique minimal solution for the inf-s composition, to deal with the
estimation problem. To obtain the solution to this problem, let us assume that R is a nonempty
family of fuzzy relations R, say R = {R€ F(XxY)|xop R=y}. If R # @, then there exists a
unique maximal solution R. It was established that this unique maximal solution is computed

with the pseudocomplement operator ¢ as follows; if (3.1) is satisfied then for a given x and y a

maximal fuzzy relation R is obtained,

R=x4¢y,
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or 7, =x; ¢ y,. For a given ¢-norm, an operator ¢ is defined as follows, see [138],

xj¢y, =sup {r, €[0, 1] |x;tr, <y} (3.4)
This operator is an implication induced by some t-norm, x; ¢y, =x; =y . If the t-norm is

specified as the minimum operator, then the above operator reads as

1 if x;<y

=X 9y, = {yl if x>y

For the inf-s composition, the unique minimal solution is determined in the form:

R=xdy

More specifically, we have T;, = x; 6 y,. The & operator is implied by some s-norm, and comes

in the form of the following expression;

xjoy =inf {r, € [0, 1]|x;sr;, =y} (3.5)

If the s-norm is specified as the maximum operator then we have,

P
YO T 0 if x>y,
The specificity of a fuzzy set (interval) 4 is denoted as spec(4), and the following conditions

must be satisfied [119]:

1. spec(@) =0,
2. spec(4) =1 if and only if A(xo) =1 and 4(x) =0 V x € x, and
3. if A, and A4, are normal fuzzy sets and 4; D A4,, then spec(4,) < spec(4,).

The first condition states that the empty set @ has the minimal specificity value. The second
condition implies that only sets with just one element (singletons) can have the maximum
specificity value, in this case one. The third condition states that the specificity measure of a
normal fuzzy set decreases as the cardinality of a fuzzy set increases. A fuzzy set 4 is considered

normal if its maximum membership function is equal to one, e.g. max(4) = 1.
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3.2. Fuzzy Clustering and Performance Assessment

Since real-world data does not come represented as information granules, there is the need to
form a conceptual interface between the logic processing realized by the fuzzy models and the
numeric data. This interface can be formed through a series of information granules built either
in the input or the output space. Typically such information granules are constructed through
fuzzy clustering [20]. The Fuzzy C-Means (FCM) algorithm was proposed by Dunn [40] and
improved by Bezdek [17], [19], and is one of the most commonly used objective function-based
clustering techniques that has been successfully applied to different areas. The obtained clusters
form a granular signature of the data, and as such, form a prerequisite for pursuing other
processing, usually carried out in a supervised mode. In this section, we briefly recall a
construction of information granules through fuzzy clustering, and look at the ways of assessing

the quality of results with regard to their classification, and reconstruction abilities.

3.2.1. Fuzzy C-Means

Fuzzy C-Means (FCM) partitions a collection of N data x, x;, ..., Xy into c clusters, where 1 <
¢ < N. As aresult, a collection of ¢ prototypes, v, v,, ..., v, and a partition matrix, U = [vi], i =
1,2, ...,¢; k=1,2, ..., N are formed. The partition matrix satisfies the intuitively appealing
conditions; vy €0, 1], ¥¢_ 04 =1V k, and 0< ¥Y_, 04 <NV i In the FCM method, the

following objective function is minimized,

c N
J= 3 il = P

i=lk=1

Where ||-|| stands for some distance function, and m (m > 1) is a fuzzification coefficient,
which affects the shape (form) and overlapping of the resulting membership functions. Typically
the value of this coefficient is equal to m = 2, where the membership functions resemble a
Guassian-like shape. Values closer to one, yield membership functions that resemble
characteristic functions of sets, while values higher than 2 produce “spiky” membership
functions, along with a rippling effect [119]. This behavior has a direct impact in the final result
of the fuzzy relational and granular models. Since it is certain that real-world records are

expressed in spaces of very different dimensionalities, we need to adhere to the weighted
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(normalized) Euclidean distance to avoid any bias towards any particular component. This

distance is expressed as follows,

I = el = Z(x"’ . W

j=1 /

Where o; is the standard deviation of the jth feature. Assuming that the Euclidean distance is

used, the prototypes are calculated as follows [20];

y Zk—lvzkxk (3.6)
: z:k—l lk

And the entries of the partition matrix are updated by using the following expression,

1 (3.7)
7 2

o (lvi= xkn)m
2= (nvj |

The entire process is repeated until there are no significant changes to the entries of the

partition matrix U reported in the two successive iterations of the algorithm. The time
complexity of the FCM algorithm is O(Nnc?t), where N is the total number of data clustered, n
is the number of variables, and 7 is the total number of iterations. For comparison purposes, the
K-Means algorithm has a complexity of O(Nncr). It is clear that FCM requires more
computation time, due to the fuzzy measures and the involvement of calculations in the
algorithm. Nevertheless, K-means produces non-overlapping information granules with hard
boundaries, while FCM generates overlapping clusters, which is in an advantage that makes
FCM a superior algorithm. Here, the information granules built by FCM offer a better result for
overlapped data with complex topologies.

Another advantage of FCM is that the algorithm performs unsupervised learning of unlabeled
data, and it is always convergent. Moreover, the algorithm is simple and very efficient when
representing the essence of the numerical data. The limitations of this algorithm is that it is
sensible to the initialization of the partition matrix, and to noise and outliers. Other algorithms

like Possibilistic C-Means (PCM) are able to handle noisy data samples. Nevertheless, the
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algorithm is more sensitive to good initializations, and at the end of clustering, coincident
information granules may result. In contrast, the Fuzzy Possibilistic C-Means (FPCM) algorithm
is able to ignore the noise sensitivity deficiency of FCM, and it manages to overcome the
problem of coincident clusters that PCM has. Nevertheless, the algorithm has more numerical
constraints than FCM. In this study we selected the FCM algorithm mainly due to its clustering
efficiency, robustness, and because it has been extensively (and successfully) used in a wide
range of engineering and scientific disciplines, for instance, medicine imaging, pattern
recognition, data mining, and bioinformatics, just to name a few. However, the performance of
the clustering algorithm is always dependent on the data under study. In this dissertation we
exploit the FCM algorithm and explore different approaches (and modifications) to efficiently
construct associations between the input and output spaces, and at the same time increase the
quality of the information granules produced, as well as their clustering abilities.

When using FCM to construct the information granules, there is the need of using a certain
methodology to help us assess and quantify the performance of the clusters. Two categories of

problems can be formulated here:

(1) Representation problems. Here we are interested in quantifying how good the prototypes are
in representing (especially reconstructing) the original data.
(i) Classification problems. This class of problems is concerned with the use of obtained

structural information (prototypes and the partition matrix) to classify individual data.

Since the best number of clusters ¢ or fuzzification coefficient m for a given dataset are not
known a priori, one can test different combinations of these parameters, and quantify the
performance of the information granules by using a so-called reconstruction criterion or the

classification rate of the clusters formed (if labeled data exists).

3.2.2. Reconstruction Criterion
The view at the quality of the clusters produced by the FCM algorithm is established by looking
at a way in which the structural information obtained through the clustering process leads us to

the reconstruction of the original data. This reconstruction process is part of an overall process of
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granulation-degranulation [122]. In essence, the quality of reconstruction of the original data is

expressed as the following sum,

1 N ) (3.8)
= — X — X
0= b — &l
k=1
where X is the reconstructed version of x;, determined as,
a D=1 VY (3.9)

T

i ivik

Is important to stress that the weighted Euclidean distance is used in (3.9) to determine the
discrepancy (distance) between the original n-dimensional entities (patterns), and the

reconstructed ones.

3.2.3. Classification Rate

Assuming that the class labels of the clustered data are available, we can assess the quality of the
clusters by quantifying their homogeneity as far as class labels are concerned [49], [77], [115].
Ideally, given c clusters and @ classes where @ < ¢, we may wish to see that each cluster groups
the patterns belonging to a single class only. The determination of the classification rate (or the
classification error, respectively) is completed in the following way. Denote by X; a collection of
patterns that belong to the ith cluster at the highest degree (in comparison to their membership

values in other clusters), namely

Xi={ |vgp>max;—y o o1 i+1,.., V)
Let the number of patterns in X; be denoted by N;. Furthermore, the most frequent class of
patterns in X; has been determined. Then we count the number of patterns that belong to X; but
their class label is different from the one being dominant in this cluster; denote this number by

M;. 1t is very likely that M; = N; and we rather encounter a situation when M; < N,. Repeating the
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same assessment of the remaining clusters, we form a classification error through the following

expression

M Myt M,
N, +N,+...+N,

equivalently, a classification rate is proposed in the form,

M, +My+ ...+ M, (3.10)
N, +N,+...+N,

0=1-

If the classification rate is required as a percentage, one simply multiplies the result from

(3.10) by 100.

3.3. Construction of Granular Fuzzy Models

Once a fuzzy model is formed, we can generalize it by constructing and optimizing its granular
counterpart. To construct a granular fuzzy model, the information granules have to be carefully
formed and their size should be well-justified. The principle of justifiable granularity deals with
the formation of a representative information granule €, based on the experimental evidence
regarded as a single-dimensional numeric data set, e.g. x={x;,x,,...,x5}. An information

granule has to obey two requirements:

i) The numerical evidence gathered within the bounds of Q has to be as high as possible. This
guarantees that the presence of the information granule is well-justified, and is reflective of
the existing experimental data.

ii) At the same time the information granule Q should be as detailed (specific) as possible

meaning that it comes with a well-defined semantics.

Since the data are single-dimensional, Q can be treated as an interval to be constructed around
the data and represented by A=[a",a’], where a~ anda” are lower and upper bounds
respectively. If the interval is narrow (specific), the knowledge about Q is relatively precise,

however if the interval is large, the specificity decreases along with the knowledge about Q. If
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the lower and upper bound are equal, the knowledge about Q is exact and it is considered a
“standard” fuzzy set [46]. The first requirement is evaluated (quantified) by counting the
number of data that fall within the bounds of Q, or that are covered by this interval. We can
consider a function of the cardinality of Q, f(card{x; € Q}), where fi is an increasing function.
The second requirement can be quantified by looking at the size of the interval Q, in this case the
length of the interval serves as a specificity measure, namely f, (length(Q)) , where length(Q) =
lat —a~| and /5 is a decreasing function. These two measures seem to be conflict since as the
number of values that fall within the interval increases, the length of the interval Q increases and
becomes less detailed (specific) [112].

An interesting idea would be to construct the interval of Q by finding a numeric representative
of the data D. This representative can be determined by the median med(D), which is usually a
value that comes as one of the elements of D. The determination of the lower and upper bound
are realized independently. Here we describe how to calculate the upper bound a*; the
calculation of the lower bound a™ is performed in an analogous fashion. The cardinality measure

functional is the measure of all the elements that are positioned to the right of the median, this is:

/f, (card{x; € Qx; > med(D)})

and the functional of the length now is given by,

f,(Imed(D) —a™)

Since these two requirements are in conflict, we could turn to multiobjective optimization, or
maximize the product Q= f, * f,. Furthermore, we can consider the inverse of the length and a
parameter o that can calibrate the impact of the specificity criterion on the constructed

information granule [112]; this will change the second functional to,
fi — e—almed(D) - a+| (31 1)

3.3.1. Granular Fuzzy Relational Equations
Taking into account the formation of justified information granules, we can use these conditions
to build granular fuzzy models by using a fuzzy model as a guide. Information granularity is

viewed as an important design asset and one should carefully control how the information
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granules start forming around a model. It is essential that the granulation (abstraction) of the
model is performed in an efficient manner, therefore the allocation of granularity is subject to
optimization. In case that the system of fuzzy relational equations is unsolvable, we find an
approximation to construct a relation R by using optimization mechanisms. Then the granulation
of the information acquired by the construct will generalize the relation R in a way that it has
more affinity to the results within the model constructed. This approach can be viewed as a
granular solution to solve a system of fuzzy relational equations, and to tackle the estimation
problem.

To construct the information granules, let us assume that we have experimental input-output
data pairs (xk,yk), k=1,2, .. N x€[0,1]", y, €[0,1]", and a level of granularity, viz.
¢ €[1,0]. The available granularity level ¢ is allocated to the parameters of the mapping R,
where dim(R) = n, so that an optimization criterion is maximized, as long as the allocation of

the level of granularity satisfies the following constraint,

zn:isjl =enn (3.12)

1=1j=1

where ¢;, is associated with the (j, /)th parameter of the original relation R. By making the entries

of R granular, the Equation in (3.1) becomes a granular fuzzy relational equation in the following

form,

x,op G(R)= X, (3.13)

Similar to the previous section, both coverage and specificity can be considered for the
optimization of the information granule. For the coverage criterion, and for each xy, the
information granule Y;=f(x;, G(R)) is computed. And since ¥;= [y;, y;], the degree of
inclusion of y, in the information granule formed is determined by incl(yk, Yk) =y, € Y, or the

inclusion of the kth output datum in the kth information granule. Then the average sum of all the

degrees of inclusion taken over all the output features is calculated as,

N 7
o) = Nin D inel (3, (0 GRY)) (3.14)

k=1:1=1
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Where R, is a fuzzy relation approximated for each output feature. Since the information

granule comes in the form of an interval, each inclusion will return a Boolean value.

Area under the curve (AUC)

| [
0 1 2l
Figure 3.1. Performance index as a function of the level of granularity ¢ with an area under the curve

(AUC).

The second criterion is the specificity criterion, which is viewed as a decreasing function of
the length in the interval. Then the specificity criterion can be expressed as the average sum of

the length of the intervals as,

1
= N2|y;€" — y;l (3.15)

The inverse of the length of the interval Y, could be computed as e(‘le“gth(yk)), if a single-

objective optimization problem is desired.
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Figure 3.2. Allocation of information granularity protocols P, to Ps, and an illustration of the resulting
granulation of the fuzzy relations.

To assess the performance of the granularity level, the area under the curve (AUC) is

measured. This measure is deemed as a global quality descriptor of the granular model. Here, an
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integration or summation of the values Q(¢) is calculated. In other words the AUC is represented

by fol 0(e) de, where Q(e) is calculated as described in (3.14) [112], [123].

To allocate the granularity in the data, and justify the formation of the information granule, a
certain information allocation protocol can be followed. Several main classes of such protocols

are proposed, and a general example is displayed in Figure 3.2.

Protocol 1: Uniform allocation of granularity. The level of granularity ¢ is distributed
symmetrically around the original parameters of the mapping. This is the simplest process since
it does not require an optimization method. All the numeric values are used in the same way and

become replaced by intervals of the same length. The numeric parameter of the relation r;, is

replaced by the information granule G(rj,). This interval is obtained as follows.
[r, _g +E] (3.16)

Protocol 2: Uniform allocation of granularity with asymmetric position of the intervals. The
intervals are the same length but asymmetrically distributed around the numeric parameter. A
value y € [0, 1] controls this level of asymmetry in the interval. Notice that Protocol 2 subsumes
Protocol 1 when y=1/2. This protocol also does not recall any optimization process to allocate

the asymmetric level of granularity.

[ = ve, 1+ (1= 7)e] (3.17)

Protocol 3: Non-uniform allocation of information granularity with symmetrically distributed

intervals of information granules. The level of granularity ¢ has various levels of asymmetry (¢;,),
also associated with their corresponding entries of 7;,. These levels of asymmetry also have to be

adjusted with a certain optimization mechanism, and the expression is as follows,
&ji - gjl] (3.18)

Protocol 4: Non-uniform allocation of information granularity with asymmetrically distributed

intervals of information granules. Various levels of asymmetry are admitted (yjl). In this case the
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matrix of the levels of asymmetry 7, must be adjusted by engaging on some optimization

mechanism. This expression is described by,

[ = e+ (1=, ) ¢] (3.19)

Protocol 5: Non-uniform allocation of information granularity with asymmetrically distributed
intervals of information granules. Various levels of asymmetry are admitted for the level of

asymmetry y and the level of granularity ¢; y. and ¢;, respectively, and both parameters have to be
ymmetry y g i i

adjusted.

[Vﬂ = Vi i ¥ (1 - yj,) ejl] (3.20)

Protocol 6: As a point of reference, and to help asses a relative performance of previous
protocols, the random allocation of granularity is considered. This will allow to demonstrate how

the optimized process of granularity allocation performs over a purely random allocation process.

3.4. Granular Fuzzy Modeling through Associations among Information

Granules
An alternative method used to construct the granular fuzzy models is by forming the model
without any guide by an initial fuzzy model. To build these granular models, several main phases
are required; /) define and refine a set of intervals positioned in the output space; and ii)
complete a so-called conditional fuzzy clustering for the input data induced by the intervals
initially constructed. We are interested in studying the impact that several design parameters
have when these granular models are constructed. Namely, the number of output intervals, size
of each interval, number of clusters per interval, and the fuzzification factor of the clustering

method.

3.4.1. Interval-Based Information Granules
As usual in system modeling, a granular fuzzy model is constructed on a basis of certain data
which may come in the form of a collection of input-output data pairs (xk, yk), k=1,2,...,N,

where x; € R” and y, € R. To build the model, a collection of p interval information granules are
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formed in the output space, namely D,,D,,...,D,. These intervals form a partition of the output
space, meaning that those intervals are pairwise disjoint and cover the entire output space.

Several intuitively appealing techniques of building this collection of intervals are sought:

Equal size intervals: We make the intervals of the same length by splitting the range of the
output space into intervals (bins) of equal size. The method is simple however the intervals
formed in this manner do not reflect the nature of the data: there could be a few data points for
which a separate interval is formed while a large number of data (exhibiting potentially high
diversity) are accommodated within the same interval (which could have a detrimental impact on

the performance of the model).

Equal probability (EP) criterion: The intervals are formed in such a way so that each interval
includes the same number of data (a fraction p/N, to be specific). In other words, the intervals are
relatively narrow if there is a large number of data in this region, and become broad if the density
of data is low.

Irrespectively of the way the intervals are formed, there is a common limitation associated
with them — they do not reflect the nature of input data (by being exclusively focused on the

output space and not taking into consideration the input-output relationships).

Optimization of intervals: The intervals are optimized by forming them in a way it models the
input — output dependencies (which are the crux of any model). With this regard, we need to

formulate a suitable performance index and establish an optimization scheme.

3.4.2. Conditional Fuzzy Clustering

The formation of the output intervals is critical to the functioning of the overall granular model
as subsequently they shape up a collection of information granules emerging in the input space.
The rationale here is to map the output interval to the corresponding regions of the input. The
essence is to run clustering, but in contrast to the “standard” FCM, here we invoke a so-called
conditional or context-based FCM [110], [111]. To have a better understanding of this method,

let us assume that we have a collection of interval-based information granules D;, D,,..., D,

positioned in the output space. Let D), = [a’h_, dh+], h=1,2, ..., p denote the lower and upper

35



bounds of the Ath interval (context). We cluster the data that are falling within a context of D), —

in other words, the clustering is conditioned by the output interval.
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Figure 3.3.Calculation of the new partition matrix by using the prototypes obtained in the clustering stage by
applying (3.21) and (3.22).

For each of data set falling within D,, the task is to determine its structure and obtain a
collection of cluster centers (prototypes) by clustering the data with FCM. For simplicity let us
consider that the number of clusters ¢ produced for each interval is equal. The FCM algorithm is
realized iteratively in each context 4 by updating the values of the partition matrix and the

prototypes. To calculate the cluster centers, (3.6) is modified as follows, [110],

- Zgil VhitXhk (3.21)
hi™ TNN om
Ziv=1 Opik

wherei=1,2,...,c,k=1,2,..., N, h =1,2, ..., p. Furthermore v, is the ith prototype in the
hth context. The entries of the partition matrix are updated by modifying (3.7) as follows;

Uhike = 2 (3.22)

’ <||vhl~ = xhkn)m-l

=1

I\ vy = o
Where v,,;, represents the element of the partition matrix induced by the ith cluster and the kth
data in the Ath context, x;; is the kth data in the Ath context. As portrayed in Figure 3.3, the
prototypes obtained for each context, are combined and utilized to determine a new partition
matrix for the input data, now having c x p clusters. This method helps bring a directionality

component onto the granular fuzzy model, given that the information granules emerging in the

input space are directly implied by the structure already established in the output space.
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3.5. Granular Modeling with Hyperboxes

Due to the plethora of different structures and topologies found in real-world data, it is a good
idea to search for alternative methods to help represent the essence of the data through a set of
information granules. A popular method found in the literature is the use of information granules
coming as hyperboxes, due to their simplicity, effectiveness and robustness in clustering or
classification tasks.
The approach developed by Simpson [145], [146], [147], follows a three-step method to build
a so-called min-max neural network (NN), where ¢ hyperboxes are constructed and used to
cluster or classify data. These steps are 1) hyperbox expansion, 2) overlap test, and 3) hyperbox
contraction. In the expansion phase, the algorithm identifies hyperboxes that are capable of
reaching newly discovered data points and expands the suitable hyperbox to cover them. After
step one is finished the overlap test starts, where the algorithm performs a dimension-by-
dimension comparison between hyperboxes, if an overlap exists between two hyperboxes, the
smallest overlap along any dimension (variable j) is retained and used during the contraction
phase. This helps keep the hyperbox size as large as possible. After an overlap is detected, the

hyperbox contraction phase starts, and eliminates the overlap by minimally adjusting the

hyperbox.
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Figure 3.4. (@) Different degrees of membership obtained with different values of 6. (b) Two dimensional fuzzy set
has been defined with the use of (3.23) with the lower corner at (0.5, 0.3), the upper corner at (0.7, 0.6), and 6 =4.
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To maintain conciseness of this section, we consider that the data are previously normalized
to the unit hypercube, that is to say (xk, yk), k=1,2,...,N, x, €[0,17]", Y, € [0, 1]. Moreover, a
hyperbox defined in [0, 1]” and denoted by B can be fully described by its lower (/) and upper
(u) corners (coordinates). Hence a more specific notation comes in the form of B = {l, u}, where
I, u€ [0, 1]". Obviously a strict inclusion relation should hold, i.e. I[<u. If I = u, then the
hyperbox reduces to a single numeric entity. For more hyperboxes (1 < ¢ < N), we have
B, ={l,u},i=1,2,...,c, where l;, u; are vectors of the corresponding coordinates, or /; =[/;;,
by ..., L] and u; =[uy;, uy,, ..., u,;] for the ith cluster. To discover a datum near a hyperbox, this
method uses a hypercube membership function that helps obtain the membership degree of a

datum to a given hyperbox computed as follows [16], [147];

up, O B )= min - (min([1 -1 (xje - s O)], [ 1-7 (G - %36.0)])
1 if ro>1 (3.23)
J(r,d)=4ré if 0<ré<l1
0 if r0<0

where f'(r, d) is a two-parameter function in which r represents the distance of a data point to the
hyperbox, and ¢ is a sensitivity parameter which regulates how fast the membership decreases as
the distance between x; and B; increases, in other words, it regulates the degree of change from a
full membership (within the hyperbox) to a reduced membership (outside the hyperbox), see
Figure 3.4(a).

A third parameter used in this method is a user-defined parameter (0 <6< 1), which is a value
used to control the size of the hyperboxes. This parameter bounds a hyperbox to expand to a

maximum size, therefore the following constraint must be met,

n

Z(max(uﬁ, xjk) - min(lji: xjk)) <0

j=1
If there exists a datum close to a hyperbox, and if the hyperbox is constrained to its maximum
size, then a new hyperbox is created with the corners equal to the coordinates of the newly
discovered datum. If the datum is within the reach of the hyperbox, then the hyperbox is
expanded to include it. Though, if the datum is already included inside the hyperbox, the later
remains unmodified. This process is repeated until a set of hyperboxes that cover the data has

been produced; in the sequel the next two phases take place.

38



It has to be highlighted that the resulting number of hyperboxes heavily relies on the chosen
value of 6. If the value is small then many small hyperboxes are obtained, where each of them
could cover a relatively small number of data, increase the network complexity, and result in a
highly accurate model. In contrast, larger hyperboxes will include a higher amount of data,
decrease the network complexity, and could lead to a less accurate model. Therefore, careful
measures must be taken when setting the value of this parameter. When clustering data, it might
be counterproductive to end with many small hyperboxes, instead it is ideal to have a smaller
number of large and descriptive hyperboxes. Moreover, choosing the correct value of 6 for each
dataset can be a time-consuming task.

To eliminate overlaps among hyperboxes, each corner of the hyperboxes is compared in a
dimension-by-dimension basis. If an overlap exists among two hyperboxes the smallest overlap
along any dimension is memorized (A =j) and used during the contraction phase. To exemplify
the process, let us assume that there are two hyperboxes B, and B, that were expanded after
completing step 1. Next the overlap test takes place by checking each hyperbox corner as

follows;

Case 1: le < sz < ulj < sz

Case 2: 12] < ll] < M2j < ulj

Case 3: [j; <l <uy <uy;

Case 4: 12] < 11] < ulj < lxlzj
If an overlap is detected, it is eliminated only for dimension A, which as mentioned before,
represents the smallest overlap. The hyperboxes are then modified by considering the following

four cases:

Case 1:1if llA<12A<ulA<u2A

old old
new _ Znew _ U + I2A
UTA 2A —2
Case 2: if IZA < llA < UoA < UA
old old
new __ jnew __ u2A + llA
U =hHa = —2
Case 3a: if [ <lp <usp <ujp and (urp — l1p) < (uip — bhp)
new __  old
1A = Upp

Case 3b: if ZIA < le SuUpp S U and (uZA - llA) > (I/llA - IZA)

new __ old
UiA = han
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Case 4a; if le < l]A < UIA < UpA and (MZA — ZIA) < (ulA - ZZA)

new __ Old
urn' = lia

Case 4b: if IZA < llA < Uia < UpA and (“2A - ZIA) > (ulA - le)

mew __ _ old
ha = ufs

In this step the hyperboxes are contracted, and all the overlaps are eliminated in a single pass,

while retaining at the same time most of the data initially covered.

3.6. Particle Swarm Optimization

To optimize the granular fuzzy models we use the ensuing Particle Swarm Optimization (PSO)
algorithm [70]. PSO was discovered through a simplified social model, a study of bird flocks,
fish schooling, and swarming theory. The key feature is to optimize nonlinear functions using
particle swarm methodology.

In a nutshell, this algorithm maintains a swarm of p particles, and each particle represents a
solution for the granular models, and the size of this particles is suited to the objective function
used to optimize them. The particles are flown trough a multidimensional search space, where the
position of each particle is adjusted according to its own experience and the experience of its
neighbors in a given generation. This algorithm uses a velocity vector v,,(z) which controls the
movements of the particles along with the optimization process, by reflecting both the
experiential knowledge of the particle and the socially exchanged information from the particle's
neighborhood. Let dg,(7) denote the position of the gth particle in the gth dimension at time
step 7. The position of this particle is updated by adding the velocity to its current position. The

velocity is calculated by using the following expression [42], [70]:

Vg (74 1) = vy (D) + €171, () (Wi (1) = dgg (D)) + €273y (2) (T (0) — digy () (3.24)

where v, (7) is the velocity of the gth particle in the gth dimension at time stepz, g =1, ..., ng,
and ny is the dimension of the particle. The personal best position ¥,(z), associated with particle
g is the best position the particle has visited since 7 = 1, and ¥(7) is the global best position
found by the swarm so far. Furthermore, r,(7), r,,(z) € (0, 1) are a uniform distribution of

random values in the range (0, 1) obtained for an equal number of elements in the particle for

every new velocity computation. Finally, ¢; and ¢, are positive acceleration constants used to
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scale cognitive and social components respectively; usually ¢; = ¢, =2, but some other values

could be used, see [42]. The particle's new position is updated by using the following expression:

Aoy (T+1) = dgy(7) + Vg (z+ 1)

The variable w in (3.24) is a weight applied as a mechanism to control the exploration and
exploitation abilities of the swarm. This is an inertia weighting factor that can be constant or it
can be initialized as a large value, usually 0.9, and then linearly or non-linearly decreased
through the course of the PSO run, usually being reduced to 0.4 [70]. This is done because large

inertia weights facilitate a global search, while small inertia weights facilitate a local search.

3.7. Differential Evolution

Another strategy used to optimize the fuzzy and granular fuzzy models is the Differential
Evolution algorithm (DE), which is a stochastic, population-based search strategy developed by
Price and Storn [149], [150]. This algorithm exhibits some resemblance with other evolutionary
algorithms (EA), but it differs considerably in the sense that distance and direction from the
current population is used to guide the search process. Another difference is that mutation is
applied first to generate a trial vector, and secondly a crossover operator is utilized to produce an
offspring.

In this dissertation, the DE algorithm is used to optimize all the granular models proposed,
henceforth the optimization process is similar for all models, and each model has a suitable
individual representation. To start, a population of p individuals is initially generated, each
representing a vector d initialized by using a normalized random distribution in R”, or more

specifically the one located in (0, 1)”. For each parent dy(r), g=1,2, ..., p, a trial vector 04(7) is

generated as follows [42]; randomly select a target vector dgl (r) from the population, then
randomly select two other individuals dg2(r) and ng(r) such thatg# g, #g, #g,. With these

individuals, the trial vector is computed by mutating the target vector as follows;

0,() =d, (D) + (dg2 ® - d, (‘[)) (3.25)
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where f € (0, ) is a scaling factor used to control the amplification of the differential variation.
Next we proceed by applying a discrete recombination of the trial vector 0,(z) and the parent

vector d,(7) to produce offspring d,(z), as follows;

if ge®
a1, (=] T4
dgq otherwise

where d,,(7) is the gth element of vector dy(7), and © is a set of element indices that will suffer
mutation, or the set of crossover points. These crossover points are randomly selected from a set
of possible crossover points by using binomial crossover [42], [130], [150], where a probability
of crossover value is used; the larger the value of the probability, the more crossover points are
selected. In other words, more elements of the trial vector will be used to produce offspring; this
process is repeated for a number of generations 7. At each generation the fitness of the offspring
is compared to the fitness of the parent; if the performance of the offspring is higher, it replaces
its parent, if the parent’s performance is better it remains in the population.

With DE, with a larger population more differential vectors become available, and more
directions can be explored. But it should be kept in mind that large population sizes increase the
computational complexity per generation, and can cause the search to degrade to a parallel
random search. Small population sizes would decrease the exploration abilities of the algorithms;
however, the size of the population is always problem dependent.

To try to move the trial vector quickly towards the global optima, a different approach is
introduced. To calculate new a trial vector 0,(z), the global best individual ¥(7) found so far is

used as a target vector, and two other individuals dg, (r) and dg, (7) are randomly selected, such

that g # g, # g,, then the trial vector is computed as follows;

0,(1) = () +p (dgl () — dgz(r)) (3.26)

Next, for each individual, a random value r,(7) is calculated. If r,(z) < f then (3.26) is used to
compute a new trial vector, otherwise (3.25) is selected. Moreover, the scaling factor is
calculated as = 1/(1 +e W ’)), t=1,2,..., T, where T is the total number of generations. Note

that as the number of generation increases, the value of f decreases in the range of [1, 0.5],
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which results in a lower probability of using (3.26). Also, this method allows the contribution of

the differential variation to decrease as the contribution of the global best individual increases.

3.8. Summary

The algorithms included in this Chapter are essential to the construction of the granular models
proposed in this dissertation. Throughout this research, we show how important parameters are
selected, and how some equations are altered and suited for each approach. Moreover, some
strategies are used differently than originally intended, others are exploited more frequently due
to their effectiveness and performance. But, at the end, the combination of these algorithms serve
to achieve one purpose, build efficient granular fuzzy models to help us capture the essence of
data, and give us a more abstract view of topology and distribution of the numerical entities

under observation.
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4. Granular Fuzzy Relational Structures

In this chapter, a fuzzy logic processor (FLP) is constructed and optimized. This model
resembles an Artificial Neural Network (ANN), but the main difference is that the weights are
adjusted by means of fuzzy relational equations. From the information captured by the trained
FLP, a granular fuzzy relational model is formed. To build the FLP, several methods are
proposed, namely the gradient based (GB) method, particle swarm optimization (PSO), and
differential evolution (DE). The objective of this study is to examine and compare the
performance of these learning mechanisms in the context of fuzzy relational models. Next, we
compare the results with those coming from hybrid algorithms. The idea is to find a good initial
set of values in the system of relational equations, by employing PSO or DE, and then use the
GB algorithm to perform a local search. Furthermore, several compositions of diverse t-norm
and s-norms are tested and used to construct the FLP. After the connections (weights) of the
fuzzy model are optimized, these are converted into granular weights by allocating an optimal
level of granularity. At the end, a granular fuzzy relational model is constructed and optimized;
this will help assess the performance of the original fuzzy relational model, and at the same time

offer a solution to the system of relational equations.

4.1. Problem Formulation

When seeking for good approximations to the system of relational equations, there are a number
of important design factors that we have to consider. First, to build and optimize a fuzzy
relational model, the data has to be transformed into information granules (fuzzy sets). If the
FCM algorithm from Section 3.2 is used, we need to find a suitable number of clusters, and a
proper fuzzification coefficient. Second, since the FLP is structurally similar to an artificial
neural network (ANN), designing its architecture is imperative for a good performance of the
model. Then, it is important to select a suitable number of logic neurons for the hidden layer.
And third, to find the best model approximation, an appropriate training mechanism has to be
selected. Once the fuzzy relational model is constructed, we generalize it by transforming the
already optimized connections (weights) into granular weights. Granular fuzzy models, based on
the principles of fuzzy modeling, are viewed as a vehicle for alternative solutions to the
development of models. The structure of the granular model is constructed from the information

already captured by the fuzzy models (FLPs). The methods developed in the ensuing sections are

44



aimed to pursue an important goal; acquire knowledge, and allow the extraction of such learning.
Moreover, by incorporating granular information, the performance of the original non-granular
model is quantified, and since the model is being abstracted, the knowledge acquired can be
transferred to other models formed with data coming from similar sources. These granular

constructs are also viewed as an alternative solution to the system of fuzzy relational equations.

4.2. Fuzzy Relational Models

Fuzzy relational structures can be used for pattern recognition/classification tasks, where the
pairs of input and output data x; € [0, 1]", y, €[0, 1], k = 1, 2, ..., N, are used to help build a
fuzzy relational model, which is a logic mapping between the information granules specified in
the input and output space. The dependency among the information granules is captured by the
logic operators described in Section 3.1.1. The key problem here is to estimate the fuzzy
relation R, as defined by (3.1), in this case represented by a vector of weights w =
[wi Wy ...wy, ], w € [0, 1]”, which similarly to R, represents the association between the input and
output vectors.

The logic neuron [109], [119] is a processing unit that takes advantage of the clearly defined
semantics within the logic expressions, and has the sufficient plasticity that allow the model to
have learning abilities. Similarly as with fuzzy relations, a logic single-output neuron realizes a
logic mapping from [0, 1]” to [0, 1]. These logic neurons are classified into two main classes; OR

and AND neurons. An OR neuron realizes a logic aggregation of the input value x; with its
corresponding weight w; to obtain an output y; this combination of logic procedures can be

addressed as an s-f aggregation, where w serves as a calibration mechanism. The modification of
the values of these weights would make the aggregation of the input values generate the desired

output. Since we want to estimate the weights that will produce an output y , we insert this vector

into the system of equations in (3.2); hence the following equation is formed:

v, =sj:1,2,._.,n(xjtwj),l =1,2,....1 (4.1)

For the AND neuron, the logic aggregations are used in an opposite direction (¢-s

aggregation), again by replacing the relational matrix R in (3.3) with the vector w, we obtain:

yl :tjil,Z,...,n(‘XjSWj)ﬁl :1,2,...,7] (42)
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The characteristics of the OR and AND neurons make them come with potential plasticity,
and if these are used to help construct learning models, these characteristics become very

beneficial [109].
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Figure 4.1. Topology of a Logic Processor in an AND-OR mode.

A Fuzzy Logic Processor (FLP) combines several logic neurons into its structure. The
architecture of this processor comes from the Shannon theorem of decomposition of Boolean
functions [123]. The essence of which is that, a representation scheme can come in two different
forms, always involving a two-layer network. Here, the first layer consists of AND neurons with
outputs being aggregated by using a single OR neuron. The other form is just the converse
topology, where the outputs of a layer of OR gates is aggregated by a single AND neuron.
Having this theorem in mind the topology of the fuzzy logic processor is formed, as illustrated in
Figure 4.1.

Based on this discussion, a model resembling a traditional artificial neural network (ANN)
structure is obtained. This results in a network with an input layer composed of AND gates, and
an output layer composed of OR gates, when an AND-OR mode is applied. It has to be taken
into account that logic neurons are highly nonlinear processing units, and the detailed nonlinear
mappings are dependent of the specific values of the logic connectives (weights), and the
selection of the -norms and s-norms.

The FLP can be optimized by using GB learning [109], where the input data x; is passed
through the FLP to obtain an output y . This output is compared with the target output y, and an

error is measured. The error is back-propagated into the network and the weights (relations)
connecting the logic neurons are updated. This procedure is repeated until the error is reduced to

a desired value, or until a number of iterations have not exceeded a certain predetermined value.
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The gradient-based method works in a similar fashion that the one employed by ANNSs, but since
the multiplication and summation operations are replaced by fuzzy logic operators, the first
derivative of these operators is used to calculate the error and perform the required adjustments
to the network. The detailed derivations can be found in [119].

An alternative option to construct fuzzy relational models is to represent the vector of
weights of the FLP as a particle or an individual for the PSO or DE algorithms from Sections 3.6
and 3.7 respectively, and use the distance between y’ and y as a fitness function to be minimized.
The size of the individuals for these optimization mechanism depends on the number neurons in
the hidden layer (AND neurons). If the end-user selects 4 neurons, then the size of the individual
is (n* h) + h, to represent each weight inside the structure of the FLP (refer to Figure 4.1).

Moreover, one FLP is trained independently for each output yor=12,..,1.

4.2.1. Experimental Studies

To construct and train the FLP, two datasets found in publicly-available repositories [10] are
used. These are the miles per gallon (MPG) and Auto-price datasets. The MPG dataset consists
of 398 instances with eight attributes, and the mpg attribute treated as an output variable. The
Auto-price dataset has several attributes that could be used as an output value. This dataset
consists of 159 instances, with 16 continuous values and the price attribute, treated here as an
output variable. Both datasets are separated into a training set (80%) and testing set (20%). We
have to highlight that all experiments were performed with the same data separation, meaning
that the training data never changes; in order to maintain a consistency in all experiments.

When clustering the input data, the FCM algorithm is used, and based on the results produced
by several initial experiments, it was decided to use ¢ = 5 to transform the input data into fuzzy
sets, the fuzzification factor m varies for each dataset. The output variable was processed by
using two overlapping fuzzy sets (1/2 overlap) distributed over the entire data space, where Vinin
and y__ are used as modal values describing the lower and higher values of the signal. Notice
that processing the output data this way, there is zero degranulation (reconstruction) error.

To build the FLP, we decided to use nine AND neurons in the hidden layer, as this number of
neurons seemed to perform better in most of the initial explorative experiments. With these
parameters, and two vectors forming the output signal, two FLPs are constructed with five input

gates, nine hidden AND neurons, and one OR neuron. For all the learning algorithms, the

47



number of iterations or generations were set to 500, and in the case of PSO and DE, 50 particles
or individuals were used. It was observed that the performance index did not improve after
around 500 iterations on all three algorithms. The number of particles or individuals was decided
because a larger population can cause the search to degrade, as mentioned in Section 3.7.
However the size of the population is always problem-dependent [42]. The performance index is

computed using a root mean squared error (RMSE), expressed as follows;

Q= Ninz]v: zn:(ykz _y’kz)z (43)

k=1:1=1

where the number of fuzzy sets in the output space issetto2 (p=2)and y,, k=1,2, ..., N,1=
1,2, ..., n is ith element of the kth output datum. The output of the model is denoted by y’, . To

find the best value of the fuzzification coefficient for the input data, a value close to one and
larger than two is used; m = 1.1, 1.2, ..., 3.0, when using (3.6) and (3.7) to cluster the date. As
for the t-norms and s-norms, four different combinations of the logic operators shown in Table
3.1 are used, viz. max-min, max-prod, sum-min, and sum-prod, to observe which combination
performs better. The training of the FLPs is done by using GB method, PSO, DE, and the
combinations PSO-GB, and DE-GB. In this way we were able to offer a detailed comparative

analysis.
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Figure 4.2. Best approximations obtained for the MPG for the (a) training and (b) testing datasets.
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After the data was separated into training and testing sets, the FLPs were initialized for each

value of the fuzzification coefficient. First the GB method was tested, with the different

combinations of fuzzy logic operators. For the MPG dataset, the best result, computed by using

(4.3), was achieved with the sum-prod logic operators, and m = 2.5, resulting in Q = 0.113 for

the training data, and Q = 0.116 for the testing data.

Table 4.1. RMSE values obtained for learning scenarios and various combination operators for the
training and testing datasets.

Dataset MPG

Method GB DE PSO DE-GB PSO-GB
Logic Operators sum-prod max-prod max-prod sum-prod max-prod
m 2.5 2.5 2.8 2.5 2.8
Train (Q) 0.113 0.111 0.114 0.111 0.107
Test (Q) 0.116 0.105 0.106 0.102 0.109

Next the PSO and DE algorithms were tested, again with all four combinations of the

logic processors. The best result was achieved by DE with the max-prod combination and m =

2.5, for PSO the best result was found with m = 2.8; these results are displayed in Table 4.1.
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Figure 4.3. Best approximations for obtained the Auto-price for the (@) training and (b) testing sets.

When testing the hybrid algorithms, the result obtained with DE-GB was not improved.

Nevertheless, the PSO-GB combination achieved the best approximation, since this hybridization

minimized the error even further. Hence, the best approximation was achieved with a max-prod

combination, m = 2.8, and Q = 0.107 for the training set, these results are also included in Table

4.1. Overall, the worst result was obtained by the PSO algorithm, with the sum-min combination

of logic operators, and m = 1.6, obtaining Q = 0.313 and Q = 0.321 for the training and testing
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sets respectively. The best approximation, achieved by PSO-GB, is displayed in Figure 4.2.
However, the “best” fuzzification coefficients and learning algorithms can be different for other
datasets, as demonstrated in the following experiment.

For the Auto-price dataset, the GB method reported the best results when the fuzzification
coefficient was m = 1.8 with Q = 0.099, and a max-prod combination. The DE algorithm
achieved a result of Q = 0.094, with m = 1.6, and a sum-prod combination. And lastly PSO
resulted in Q = 0.096, with the sum-prod combination, and m = 1.8. Overall, the best
approximation was found with DE-GB and an s-f combination of sum-prod, with m = 1.6,
obtaining O = 0.085, for the training set, and O = 0.066 for the testing set. For both experiments,
GB helped improve the results, after the group-based algorithms were finished. The worst result
was obtained with the PSO algorithm, which achieved a result of O = 0.209 for the training set
and Q = 0.202 for the testing set, with a max-prod combination, and m = 2.6. The best results for
all the experiments are included in Table 4.2, and Figure 4.3 shows the best overall result. This

proves that the selection of the initial parameters is always problem-dependent.

Table 4.2. RMSE values obtained for learning scenarios and various combination operators.

Dataset Price

Method GB DE PSO DE-GB PSO-GB
Logic Operators max-prod sum-prod sum-prod sum-prod max-prod
m 1.8 1.6 1.8 1.6 1.8
Train (Q) 0.099 0.094 0.096 0.085 0.094
Test (Q) 0.104 0.078 0.088 0.066 0.076

Now that the best FLP model is found, we proceed to the construction of its granular
counterpart. To form it, the optimized weights are transform to granular weights by using the

protocols described in Section 3.3.1.

4.3. Granular Fuzzy Relational Models

Granular computing becomes of great importance when designing and building granular models,
based on diverse information provided by complex structures and topologies in the data. The
interest is to construct a meaningful information granule, based on experimental evidence, to
efficiently encompass this diverse information. It is clear that each source of knowledge is
diverse, and this variety has to be considered and carefully quantified. Obviously, the resulting
universal model is going to be more general and abstract, therefore the allocation of information

granularity is viewed as an important design asset, and as such, it is subject to optimization.
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4.3.1. Experimental Studies

To construct the granular fuzzy relational models, the FLPs that achieved the best
approximations from the previous section are used. Since there are two layers in each FLP, there
are two relations constructed, each having a size of n X A, and 4 X 1, which correspond to n
inputs, 4 hidden neurons, and one output neuron. For each relation, the weights (relations) are
transformed into granular weights by using each protocol from Section 3.3.1, and the
performance is determined by measuring the overall coverage with Equation (3.14). Moreover,
the 80% of the data used to train the FLP is used here to allocate the granularity in the data. The
optimization algorithms are only applied to protocols 3 to 5, or Equations (3.18) to (3.20),
recalling that the first two protocols, (3.16) and (3.17), do not require any optimization

mechanisms, and protocol 6 is only used as a point of reference.

Training

Testing
o B—E &

& '

o
B

P1=0.91554
o— P2=0.9141
— P3=0.94071

P1=0.92564

©— P2 =0.93205
— P3=0.94038
— 1 P4=097179
—+—P5=0.97179
—— P§ =0.84487

— P4 =0.97372
T P5=0.9726
—— P6 =0.82083

L L L . n ) I L L . n )
0 0.1 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
€

a) b)
Figure 4.4. Increasing values of & vs coverage for protocols 1 to 6 by using the MPG (a) training and (b)
testing sets.

To allocate the granularity the DE algorithm is employed, given that this algorithm yielded
the best overall results. For the DE algorithm, 60 individuals were used and ran for 800
generations, as for the level of granularity ¢ the value is increased from 0.05 to 1 with a step size
of 0.05. At the end of the optimization, the remaining 20% of the data is used to review the
performance (coverage) of the final granular fuzzy relation. The overall performance of the final
granular model is determined by measuring the AUC.

The highest coverage achieved by all protocols is obviously when ¢ = 1, since the intervals

produced by ¢ almost cover the entire output space. Nevertheless, a full data coverage was

51



observed for small values of €. For instance, when the MPG dataset was employed, full coverage
was observed when ¢ = 0.15 for protocols 4 and 5 with the training set. For the testing set full
coverage was achieved with ¢ = 0.2. On the other hand, for the auto-price dataset, the full
coverage was observed when ¢ = 0.25 and ¢ = 0.2, for protocols 4 and 5 respectively, but for the
testing set the full coverage was achieved when & = 0.05. This last behavior is obvious when
looking at the best approximation for the FLP model displayed in Table 4.2 (GB-DE), where the
performance was higher for the testing set. When protocol 6 was tested, the AUC is lower, this
demonstrates how the optimization of the allocation of granularity performs better when the

information granules are carefully constructed and designed. The detailed results are summarized

in Table 4.3.

Table 4.3.Area under the curve for each protocol and for the training and testing data.

MPG
Datasets P1 P2 P3 P4 P5 P6
Training 0916 | 0.914 | 0.941 0.974 | 0.974 | 0.821
Testing 0.926 | 0.932 | 0.940 0.972 | 0.972 | 0.845
Auto-price
Training 0.918 | 0.919 | 0.945 0.969 | 0.971 | 0.843
Testing 0.946 | 0.946 | 0.962 0.975 | 0.975 | 0.886

The AUC helps asses the performance of the original fuzzy model. Large AUC values mean
that the data was almost entirely covered with small values of ¢, while smaller AUC values
means the opposite. If we observe Figures 4.4 and 4.5, for protocols 1 to 5, more than 90% of the
data was covered when ¢ = 0.2, but for Protocols 4 and 5 this behavior was observed with ¢ =
0.05. This means that the initial fuzzy model has a good approximation, and that the model can
be generalized by using very specific (narrow) information granules. Also, it is noticeable how
each protocol outperforms the previous one, except for protocol 6, which demonstrates that the
systematic strategy of granularity allocation exhibits superiority over the random allocation of

granularity.

4.4. Summary

In this chapter a granular fuzzy relational model has been designed and optimized, where the
structure is formed based on a numerical fuzzy relational model. It was demonstrated that
building the fuzzy relational model is not an easy task, and the best algorithm used to construct

them is problem-dependent. In this study, when dealing with hybrid algorithms, two scenarios
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were observed; i) The DE and PSO algorithms found a set of optimal weights (relations), and the
GB method performed a local search and improved these weights; ii) The DE or PSO algorithms
found the best global weights, and the GB method did not improve the learning. However, it was
observed that the hybrid algorithms exhibited the best performance, for both training and testing
sets. It was also demonstrated that different datasets would require a new set of experiments to
find the best learning algorithm, logic operators, and fuzzification coefficients. It is also
important to consider the suitable number of hidden neurons and the amount of cluster centers to
transform the input data. Moreover, we transformed the optimized fuzzy model into a granular
fuzzy model. The development of these granular fuzzy relational structures required an
optimization of the allocation of information granularity by means of DE, which helped convert
the original model into a more abstract and general model. For all the experiments the protocol 5
from Section 3.3.1 achieved the best overall results, due to its parametric flexibility. These
granular constructs are viewed as a sound alternative for system modeling, and are considered an
important design asset, which can help us asses the performance of the original numerical model,
and also provide a sound solution to the system of relational equations.
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Figure 4.5. Increasing values of & vs coverage for protocols 1 to 6 by using the auto-price (@) training and
(D) testing sets.
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5. Granular Fuzzy Models

In this Chapter we study the design of different granular fuzzy models. The design of these
models differs to the previous approach, where a fuzzy model is used as a guide to construct a
more abstract (global) model. For these models we exploit a concept of information granularity
by developing a model coming as a network of intuitively structured collection of interval
information granules (described in the output space), and a family of induced information
granules (in the form of fuzzy sets) formed in the input space. In contrast to most fuzzy models
encountered in the literature, the results produced by granular models are information granules
rather than plain numeric entities. The design of the model concentrates on a construction of
information granules that form a backbone of the overall construct. Interval information granules
positioned in the output space are built by considering intervals of equal length, equal
probability, and by developing an optimized version of the intervals, as described in Section
3.4.1. The induced fuzzy information granules localized in the input space are realized by
running a so-called context-based FCM algorithm (Section 3.4.2). The performance of the model
is assessed by considering criteria of coverage and information specificity (information
granularity). Further optimization of the model is proposed along the line of an optimal re-
distribution of input information granules induced by the individual interval information granules
located in the output space. Experimental results involve some synthetic low-dimensional data

and publicly available benchmark data sets.

5.1. Problem Formulation

When dealing with real-world dynamic systems, we have to be aware that these exhibit a certain
amount of diversity, meaning that similar input signals can spawn several different outcomes.
This diversity has to be taken into consideration and carefully quantified. In this sense, granular
models fully acknowledge a notion of variable granularity whose range could cover detailed
numeric entities and very abstract (general) information granules. Until now, there are no ideal
numeric models which can capture the data without any modeling error, meaning that the
numerical output of a certain model is usually not equal to the output data for all inputs forming
the training data [114]. Therefore we concentrate on building a model where the outputs are not

plain numeric entities, but comes as interval-based information granules.

54



Throughout this study we demonstrate that in granular modeling, information granules play an
important and multifaceted role; i) the model is built as a network of associations among
information granules. This supports interpretability of the model, which becomes easily
translated into a collection of rules with condition and conclusion parts being formed by the
constructed information granules; i) Information granules form conceptual sound building
blocks (supported by data) and in light of their functionality, can be used in the formation of a
variety of relationships among input and output variables; and iii) Information granules serve as
sound descriptors of data. Each information granule comes with its own well-defined semantics
and as such the granules can be associated with a certain linguistically sound meaning. In this
way one can produce a general sound view at the data. To construct the granular fuzzy model,
the ensuing Differential Evolution (DE) [130], [149], [150] is invoked to serve as a key
optimization vehicle. A number of vital design issues concerning parameters of the information

granules are also raised and discussed.

5.2. General Architecture of the Model and its Underlying Processing

In comparison with the studies on linguistic models reported in [51], [74], [75], [120], [121], the
model proposed in this study is inherently structured around information granules and form an
architectural perspective as it arises as a network of connected information granules. The general
topology of the model is shown in Figure 5.1; it might be helpful to also refer to [126]. It
becomes beneficial to analyze this figure in more detail to gain a better view at the topology and
the ensuing design of the model.

As visualized there, we encounter a collection of connected information granules. Moreover,
there is a collection of information granules in the form of intervals D, D,, ..., D, positioned in
the output space. Let D), = [dh_, d,f], h=1,2, ..., p denote the lower and upper bounds of the Ath
interval, while p is the number of intervals. These intervals form a partition of the output space
(meaning that those intervals are pairwise disjoint and cover the entire output space). Each D), is
projected onto the input space and reflected there through a collection of information granules
(fuzzy sets) in R” located at the first layer of the structure of the model. In general, for each D,
there could be a certain number of clusters formed, say ¢, ¢,, ..., and ¢, respectively.

There are two essential key features of the model. First, we build a collection of information

granules (both in the input and output space) and those in the input space are directly induced by

55



the output information granules (see Figure 5.2). Second, the results produced by the model are

granular rather than numeric ones. This becomes apparent by looking at the computing realized

by the model.
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Figure 5.1. General architecture of the granular fuzzy model, where a collection of induced
information granules c; is formed by engaging a context-based clustering mechanism, giving rise to

several membership degrees v;,;;, which are summed at each context / to trigger the corresponding
activation level z;(x;).

The induced input space is clustered by means of the context-based FCM algorithm
described in Section 3.4.2. Any numeric input datumxy, k=1, 2, ..., N “activates” the input
information granules and produces the corresponding degrees of membership. Those being
produced by the fuzzy sets implied by the same output interval are then aggregated (summed),
thus giving rise to the overall activation level z,(x;) for the Ath interval. To be more specific, the
elements of the partition matrix that correspond to each interval are summed as z,(x;) =
Zf’; | Unir- Since in the traditional FCM algorithm from Section 3.2.1 the partition matrix has to

satisfy the condition );{_ v, = 1, then in this case the next condition has to be satisfied,

p

Zzh(xk)z 1 (51)

h=1
Each interval impacts the performance of the clustering mechanism,; if z, >z, . ;| then the data

placed under D, produces a partition matrix whose result will have a higher membership degree
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in its corresponding node, henceforth it produces an interval that is formed around its
corresponding numeric output value. In the sequel, the summation of the partial results is

performed as follows;

p
Y= z (22 (xp) @ Dy(xp)) (5.2)
A=l

where z, (x;) and Dj,(x;) indicate that these variables are dependent of the input datum x;. We
denote the algebraic operation by @ to emphasize that the underlying computing operates on a
collection of intervals, e.g. @ @ D =[a*d " ,a*d "], note that the symbol * is used as the
“conventional” multiplication. Following calculations known in interval mathematics [69], the
final result is an interval with bounds determined on a basis of the bounds of the individual

intervals and their associated activation levels, namely

)4

Y=y = Z (2 () * [d (), djy (xp)])

h=1
Vi T (Zl(xk) *d) (xk)) + (Zz (xp) xdy (xk)) .ot (Zp(xk) *d, (xk))
i = (216 +df () + (22060) + 5 0)) + o+ (2,600 + dy ()

As usual in system modeling, a granular fuzzy model is constructed on a basis of certain data
which come in the form of a collection of input-output data pairs (xk, yk), where x;, € R" and
Y, €R. The formation of information granules in the output space is guided by some
optimization criterion. Once these have been constructed, these induce a family of information
granules in the input space.

Considering the architecture of the granular model portrayed in Figure 5.1, it can be
translated into a series of rules in a straightforward fashion as the condition and conclusion
components are shown explicitly in the structure. The clusters (described by their prototypes)
form the condition part of the rules while the intervals in the output space are located in the
conclusion part of the rule. For the Ath interval D, we have c clusters positioned in the input
space and consequently a union of the input fuzzy sets, thus giving rise to the rule of the

following format;

if 4, or Ay, or ... or Ay then D,
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where A1, Ay, ..., Ay are the fuzzy sets in R” with the membership functions computed on a
basis of a set of prototypes {v,i, V2, ..., V. } respectively, where v;, i=1, 2, ..., ¢ describes the
coordinates of the ith cluster center of the 4th context computed in the clustering stage, refer to
Equations (3.21) and (3.22). In the sequel, if more detailed interpretability is required, the
prototypes can be projected onto the individual input variables and then the condition part can be
read as a Cartesian product of fuzzy sets defined in the individual input spaces, say A;; =

Ay (1) x 4;,(2) x...x Ay;(n), that reads as

Ay (1) and 4;(2) and ... and 4,;(n)

As portrayed in Figure 5.2(a), a two-dimensional synthetic dataset consisting of 1,000 points
around five points is randomly generated by using a normal distribution in the open interval (-1,
1). This leads to five clouds of overlapping data. A symmetric function is then used to calculate a
target output value described as y = xj * x, * exp(- x] -x%). Furthermore, the output space is
divided into four intervals D;, D,, D3, and, D4, with a different size and position of the cutoff
points, refer to Figures 5.2(b) and 5.2(c), in order to construct five clusters in each induced input

space.
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Figure 5.2. Output information granules and their influence on the clusters 1nduced n the input space.
The intervals placed in the output space (b) exhibit different widths than the intervals in (¢). Five clusters
are considered for each interval / and the prototypes are represented by black dots.

As depicted there, these clusters have a direct influence on the data and on the distribution of

the prototypes (black dots) induced in the input space. Henceforth, the formation of the output
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information granules is crucial and several strategies of their development are investigated. The
intervals can be designed as equal size intervals, equal probability (EP) intervals, or optimized
intervals; these are fully described in Section 3.4.1. The input information granules are
constructed for the individual output information granules and those are built by using an
augmented version of Fuzzy C-Means (FCM), known as a so-called conditional or context-based

FCM (refer to Section 3.4.2).

5.2.1. Performance Evaluation: Coverage and Specificity Criteria

To evaluate the granular fuzzy model, two criteria are taken into account: coverage and
specificity. Here the dominant index is concerned with the coverage of the target data, and this
coverage can be affected by a number of different design parameters. These include the number
of intervals, the number of clusters in the input space, and the fuzzification coefficient. The
selection of these initial values is problem dependent, and finding them is a matter of further
optimization.

The key objective studied here is the coverage criterion expressed as follows;

N
| (5.3)
=520 E %)
k=1

where the belongingness predicate returns 1 if y, belongs to Y;. For the specificity criterion, the
length of the output intervals is taken into consideration. There is a compelling reason
considering it: if the length is broad then the specificity of the information granule is low, and if
the length of the interval decreases, the specificity starts to increase. The measure of specificity

is computed as the following sum

N
| (5.4)
A= .00 =37)
k=1

These coverage and specificity measures are in conflict as the number of elements covered by

the information granule increases, the length of the interval might increase and cause a decrease

in the specificity, thus becoming less detailed, refer to Section 3.3. In order to resolve this
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conflict and to calibrate the impact of the specificity criterion we consider the following form of

S5

f2 = o—AUIL) (5.5)

where 4 is a non-negative parameter, / is the total average length of the output intervals, and L is
the total range of the output variable (i.e. L=y __ —y . ). With the modification of the second
objective, we can maximize the performance index as Q =7, X f,, but in this case we have to take
into consideration the value of 4, given that a value close to zero can have little to no impact in
the specificity criterion, whereas large values of 4 could have an significant impact in the final

coverage. Finding a suitable value of A may call for another optimization problem.

5.2.2. Experimental Studies
To clearly illustrate the design process of the proposed granular model, we discuss the following
examples. First the model is tested with synthetic data, then real-world numeric data coming

from publicly-available repositories are used.

training

Figure 5.3. Worst and best results for the total coverage obtained for synthetic data, using p = 5 intervals,
different fuzzification coefficients, and different number of clusters, the intervals are obtained by using
EP.

a) Synthetic single-input single-output data

A one-dimensional synthetic dataset is generated by using the function y = sin(5x)/5x. The input
variable ranges from 1.15 to 7.00; in total 586 data points are generated lying within an interval
ranging from —0.091 to 0.128. The data are randomly separated into 70% and 30% to train and

test the granular model, and this separation never changes, to maintain consistency in the
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experiments. The output intervals are formed by using the EP criterion. In the first experiment
p =5 intervals were used. For each experiment, the induced data are clustered by using different
combinations of the fuzzification coefficients m € {1.3, 1.5, 2, 3} and the number of clusters
c€1{6,9,12,15}. We only report the best and the worst results for all the combinations being
tested.

In the reported experiments, the best result is obtained when m = 1.5 and ¢ = 15, with
95.39% of the data covered and an average length of / = 19%, refer to (Figure 5.3). If the number
of intervals is increased to p = 9 (Figure 5.4), the best coverage is obtained with the same
parameters, and 93.59% of data gets covered, but in this case the average length is / = 11%,
making the network of information granules more specific. There is a significant impact on the
coverage with different values. Nevertheless, these results are bound to change when a different
dataset is used. The final intervals or envelopes displayed in Figures 5.3 and 5.4 are represented
as red dots. This because the synthetic data are previously separated, henceforth the results show
the intervals of the training and testing data in two different plots, with the results of the interval
covering only the training or test sets. If both images are to be superimposed, the total interval

can be observed.

0="94'88% (= 11% Q0 =91.47% I = 11%
Figure 5.4. Worst and best results for the total coverage obtained for synthetic data and 9 intervals, the
intervals are obtained by using EP.

b) Real-world data

For these experiments we used three publicly available datasets [8], [10]: Boston housing, delta
elevators, and delta ailerons datasets. The Boston housing dataset contains prices of houses from
suburbs in Boston. This dataset has 13 continuous values, including the target attribute which is

the median value of owned-occupied homes in $1,000’s with a range of 5 to 50, one binary-
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valued attribute, and a total of 506 instances [10]. The delta elevators and delta ailerons datasets
are obtained from the task of controlling the elevators and the ailerons from a F16 aircraft but
both datasets have different domains. The delta elevators dataset contains 9,517 examples, with
six continuous values, including the target attribute with a range of -0.014 to 0.013, and one
integer value. The delta ailerons dataset contains 7,129 instances, with six continuous values,

which include the target value with a range of -0.0021 to 0.0022 [2].

Table 5.1. Worst and best overall results obtained for the Boston housing dataset and by using EP with
selected values of the parameters.

4 intervals 5 intervals
c=2 c=2

0 l 0 l

Training | 44.07 | 0.28 | 3531 | 0.21

1.1 | Testing | 40.13 | 0.26 | 34.87 | 0.20

2 intervals 3 intervals
c=10 c=12

Training | 90.96 | 0.50 | 83.05 | 0.34

2.0 | Testing | 89.47 | 0.50 | 82.24 | 0.34

Fuzzification
coefficient
(m)

For all datasets, the same procedure applied to the synthetic data is used here; the instances
are randomly separated into the training and testing sets. Once the intervals have been formed
with the EP criterion, the coverage of the granular model is evaluated. A number of experiments
were completed to explore different outcomes of the model by testing with different values of the
parameters, these included p € {2, 3,4,5}, me {1.1,1.3,1.5,2, 3}, and 2 to 12 clusters for each
data set. We concentrate on the best and worst results, and also include results where both

coverage and specificity show an acceptable performance.

Table 5.2. Worst and best overall results obtained for the delta elevators dataset and by using EP with
selected values of the parameters.
4 intervals 5 intervals
c=10 c=9

0 l 0 !

Training | 41.93 | 0.25 | 35.90 | 0.22

1.1 | Testing | 41.73 | 0.25 | 35.22 | 0.22

2 intervals 3 intervals
c=5 c=8

Training | 98.23 | 0.50 | 94.92 | 0.33

3.0 | Testing | 98.23 | 0.50 | 94.90 | 0.33

Fuzzification
coefficient
(m)

By using the EP strategy and the Boston housing dataset (Table 5.1), the best result was
found with a fuzzification factor of m = 2.0 and ¢ = 10 clusters, and when the output space comes

with two intervals, 90.51% of the data is covered, this percentage reflects all the data covered
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(e.g. training and testing sets combined). With three intervals, 82.81% of the data is covered,

with the same fuzzification coefficient, but in this case ¢

12.

These results show how

increasing the number of intervals decreased the coverage of the data, nevertheless the

information granules are more specific. It is noticeable that the fuzzification coefficient plays an

important role in the final output of the model. With more intervals, higher fuzzification

coefficient, and more clusters the coverage does not increase or starts to decrease. This is a

reason why we have only selected the results obtained with up to five intervals.

Table 5.3. Worst and best overall results obtained for the delta ailerons dataset and by using EP with
selected values of the parameters.

4 intervals 5 intervals
c=4 c=3
(0] / (0] /
Training | 60.62 | 0.26 | 53.33 | 0.25
8 = 1.1 | Testing | 60.69 | 0.26 | 53.86 | 0.25
§ 3 = 2 intervals 4 intervals
5% c=11 c=10
Z ° Training | 99.78 | 0.50 | 95.87 | 0.20
2.0 | Testing | 99.77 | 0.50 | 94.81 | 0.20

For the delta elevators dataset, the best results are found when the output space is split into

two intervals; with m = 3.0, ¢ = 5 with 98.23% of the data set covered. On the other hand, with

the three intervals and ¢ = 8, we observe good coverage and narrower intervals, where 94.91% of

the data 1s covered, see Table 5.2.
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When testing the model with the delta elevators dataset and by partitioning the output space
into two intervals, 99.78% of the data is covered when ¢ = 11, and by using four output intervals
and ¢ = 10 then 95.55% data is covered and the specificity increases; for both results m = 2.0 and
these results are shown in Table 5.3. Notice that the average length of the intervals is reflective
of the number of partitions tested in all datasets, which is owing to the data being separated into
equal quantities when using the EP criterion, but only for the delta elevators dataset, the
specificity increases with four intervals and becomes reflected in the produced narrower
intervals.

Until now, the results show how the specificity decreases as the coverage increases. This
behavior is illustrated in Figure 5.5. For this plot, the coverage and specificity are mapped by
using f; and 1 — f, from (5.3) and (5.4) respectively, so specificity values closer to 1 mean
narrower information granules. Overall, by using the EP criterion, the coverage achieves a higher

value but the specificity significantly decreases.

5.3. Further Refinements of the Model

So far the model has been built by practically hardwiring the existing information granules with
the relationships among them being established in a very intuitive fashion, and pivot entirely
upon some explicit point of view articulated by the designer. No refinements were considered for
the previous design, thus there is still some room for improvement. In this section, we discuss
two approaches that bring some algorithmic enhancements to the topology of the granular model.
In the first approach we optimize the sizes of the output information granules, given a number of
cutoff points, to maximize the coverage of the data. The second approach is concerned with a
distribution of the overall number of information granules. Both of these approaches are
optimized by using the DE algorithm from Section 3.7, whereas (5.3) is treated as the fitness

function.

5.3.1. Optimization of Output Information Granules

While the EP criterion used in the original construction is sound to some extent, an improved
strategy could be developed. Considering the same performance index in Equation (5.3), we
optimize the coverage by adjusting the position of cutoff points. In other words, the optimization

task is expressed as follows;
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N
0= ) (y€Y) — max (5.6)

In case y, falls within the Y} interval, a value of 1 is returned (True). We use the count of the

elements that fall within the information granule. The aim is to maximize the number of elements

covered by the interval Y. For this task DE from Section 3.7 is applied to optimize the cutoff

points of the output intervals.
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Figure 5.6. Worst and best results for the total coverage obtained for synthetic data, 5 intervals, different
number of fuzzification coefficients, and different number of clusters using DE.

To initialize the algorithm, an initial population is prepared by randomly generating a set of
individuals as vectors of random values in the range [0, 1], all with a size equal to the number of
intervals (p) to represent the width of each interval. These individuals are later normalized into
phenotypes that represent the length of the intervals in the output range, and consequently, the

cutoff points that granulate (divide) the output space;

D= [Dl' Dz, ceey Dp] = [dl_' d1+; dz_, d2+; cees dp_, dp+] (57)

Obviously ¢ =y _. and dp+ = Vmax: 10 this study, a population of 30 individuals and 50

generations were used. We observed that the performance index did not improve after more

generations and/or when increasing the population sizes over 30 individuals.
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5.3.2. Experimental Studies

a) Synthetic data

To test the optimization algorithm, the synthetic data from the previous experiments is used
along with the same combinations of number of clusters and fuzzification coefficients.
Furthermore, for consistency and comparison purposes the data previously separated to train and

test the granular model are the same as in the previous experiments.

Table 5.4 Worst and best results obtained for the Boston housing dataset when using DE with selected

values of the parameters.
4 intervals 5 intervals
c=2 c=2
(0] / (0] /
Training | 57.34 | 0.39 | 5141 | 0.32
1.1 | Testing | 53.29 | 0.39 | 46.71 | 0.31
2 intervals 4 intervals
c=5 c=8
Training | 96.05 | 0.73 | 84.18 | 0.31
2.0 | Testing | 94.74 | 0.71 | 79.61 | 0.31

Fuzzification
coefficient
(m)

The initial coverage obtained by using the EP criterion is used as a reference point for the DE
algorithm. By partitioning the output space into five intervals, the best coverage is observed
when m = 1.5 and ¢ = 12, where a total of 99.66% of the data set gets covered (Figure 5.6). It can
be observed how both, the worst and best results, improve when compared to the results
displayed in Figure 5.3, therefore the network of information granules is optimized, and the
specificity slightly decreases as the coverage increases.

When the output space consists of 9 intervals, refer to Figure 5.7, the best result is obtained
with the same fuzzification coefficient and number of cluster observed in the previous results,
here 98.46% of the data is covered, and a small increase is observed in the specificity of the

information granules, hence we have better coverage with narrower intervals.

b) Real-world data

When working with the real-world datasets, the overall results are increased, but the toll we have
to pay is a decrease in the specificity of the information granules. For the Boston housing dataset
(Table 5.4), if the output space is partitioned into two intervals, the best result is obtained with m
=2.0 and c = 5, where 95.65% of the data are covered, but the specificity substantially decreases.

If the output space comes with four intervals, a sound result is obtained when m = 2.0 and ¢ = 8,
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where 82.81% of the data is covered, which is the same coverage as with the previous

experiment (Table 5.1) but with the improved specificity.
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Figure 5.7. Worst and best results for the total coverage obtained for synthetic data, 9 intervals, different
number of fuzzification coefficients, and different number of clusters using DE.

Table 5.5. Worst and best results obtained for the delta elevators dataset with the use of DE with selected

values of the parameters.

4 intervals 5 intervals
c=2 c=2
(0] / (0] /
Training | 56.54 | 0.35 | 46.10 | 0.28
1.1 | Testing | 54.54 | 0.35 | 46.16 | 0.29
2 intervals 3 intervals
c=8 c=3
Training | 99.61 | 0.50 | 96.17 | 0.33
3.0 | Testing | 99.05 | 0.50 | 96.57 | 0.33

Fuzzification
coefficient
(m)

With the delta elevators dataset (Table 5.5), and by using two partitions, the best coverage is
obtained when m = 3.0 and ¢ = 8, here a total of 99.51% of data gets covered. When the output
space is divided into three intervals, an acceptable result is obtained with the same fuzzification
coefficient and ¢ = 3, where 96.29% of the data is covered, showing better coverage with the

specificity not being affected, compared to the results displayed in Table 5.2.

Table 5.6. Worst and best results obtained for the delta ailerons dataset when using DE with selected
values of the parameters.

4 intervals 5 intervals
c=5 c=5

0 l 0 !

Training | 77.33 | 0.24 | 69.54 | 0.18

1.1 | Testing | 77.33 |1 0.24 | 71.01 | 0.18

2 intervals 5 intervals
c=11 c=5

Training | 99.86 | 0.50 | 95.95 | 0.19

2.0 | Testing | 99.72 | 0.50 | 94.90 | 0.19

Fuzzification
coefficient
(m)
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By using the delta ailerons dataset and two partitions in the output space, the best result is
obtained when m = 2.0 and ¢ = 11, where 99.82% of the data is covered, refer to Table 5.6. If the
output space is split to five intervals, 95.64% of the data gets covered when ¢ = 5, and specificity
of the information granules improves, compared with the results previously obtained with EP
(Table 5.3). Notice how the worst results improve on coverage and specificity for this dataset.

With these results in place, it is observed how DE improves the coverage of the output data,
but in some cases the specificity is sacrificed in the process. This behavior is depicted in Figure
5.8, where the coverage achieves its highest result with less specific intervals. Nonetheless,
acceptable results can be found, where good data coverage is obtained with narrower information
granules. A second approach is studied where the number of clusters is distributed across the
input data, this might help reduce the impact that the coverage has on the specificity of the

network of information granules.
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Figure 5.8. Coverage vs. specificity for the Boston housing dataset and when optimizing the intervals
with DE.
5.4. Distribution of the Number of Clusters (Information Granules)
Different number of clusters behind each output interval could be beneficial to have a smaller
impact on the specificity of the information granules. Here the allocation of information
granularity is being carried by the input information granules, by distributing the number of

clusters across the input data. We require a total number of information granules to be retained

and the optimization process is again carried by DE.
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The intervals are initially constructed by using the EP criterion, and the information granules
are further developed in the input space to increase the coverage of the output data. To achieve
this, we take into account the number of clusters ¢ at each node and the number of partitions p. It
is obvious up to this point that the size of the final collection of prototypes has ¢ x p clusters, so
by taking this amount of prototypes as a reference, we use DE as an optimization mechanism to
distribute the number of clusters across input nodes and take into account the following
conditions; Yy _,¢,=cxpand¢,>2,h=1,2,...,p.
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Figure 5.9. Coverage vs. specificity for the Boston housing dataset when re-arranging the number of
clusters.

With the help of the DE algorithm, many different allocations of clusters are tested to enhance
the performance of the information granules, and the final output of the model. For this version
of the DE Algorithm, the size of the individuals is again equal to the number of contexts (p), and
in the optimization process the genotypes, which initially assumes values in the range [0, 1], are
normalized into a phenotype in the form ¢ = [¢, ¢, ..., ¢;], which correspond to the number of
clusters in each context. The objective of the DE algorithm is to find an individual that satisfies
both conditions and increases the coverage of the target data by using (5.6). Hence these two
circumstances are used as the fitness function in the optimization process. In these experiments, a
population of 20 individuals and 50 generations are used; again a larger population size and/or

number of generations do not improve the performance of the model.
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5.4.1. Experimental Studies

a) Synthetic data

By using the synthetic data and five partitions, the best coverage is obtained when m = 1.5 and ¢
= 15, where the total number of training and testing sets covered is 99.75% and 97.15%
respectively, or 98.98% of the total data; the final distribution of cluster centers that are
associated with the interval formation in the output space is 11, 12, 19, 14, and 19. The total
average length of the output intervals is / = 19%; by comparing the results for the EP criterion in
Section 5.3, we observe that the coverage increases while the specificity does not change. If the
number of partitions is increased to nine, the best coverage is obtained with the same parameters
as in the previous experiments. Here 99.76% of the training data and 96.59% of the testing data
are covered or 98.17% of the total data. The distribution of the cluster centers in this case is 12,
14, 17, 17, 13, 13, 14, 18, and 17; the coverage is also increased in these experiments and the
specificity does not change (/ = 10%), compared to the specificity from the experiments in

Section 5.4, where the output intervals are optimized with DE.

b) Real-world data

With the Boston housing dataset (Table 5.7), if the output space is partitioned into two intervals,
the best coverage of the training and testing sets is obtained when m = 2.0 and ¢ =10, with
91.90% of the total data covered, the distribution of the cluster centers in this case is 11 and 9. It
is noticeable that by using this method there is no direct impact on the specificity, since there is
no substantial decrease of specificity as observed when the output intervals were optimized. If
the output space is divided into five partitions, m = 3.0, and ¢ = 12, then 83.79% of the data gets
covered, and the distribution of cluster centers is 35, 5, 2, 2 and 19, here we observe a good

coverage and better specificity than similar results shown in Tables 5.1 and 5.4.

Table 5.7. Worst and best results obtained for the Boston housing dataset using DE to distribute the
number of clusters, with selected values of the parameters.

4 intervals 5 intervals
c=2 c=2
@) / 0 /
Training | 48.31 | 0.29 3842 | 0.22
E s 1.1 | Testing | 40.13 | 0.27 36.84 | 0.20
§ é o 2 intervals 5 intervals
R “g ~ c=10 c=12
g © Training | 92.09 | 0.50 85.59 | 0.30
2.0 | Testing | 91.45 | 0.50 | 3.0 | 79.61 | 0.29
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When the delta elevators dataset is considered (Table 5.8), with two partitions, the best result
1s obtained when m = 3.0 and ¢ = 12, where 99.39% of the total data is covered and the
specificity remains the same, the cluster centers in each partition are 11 and 13. If the output
space is split into five intervals, a good coverage is obtained with the same fuzzification factor
and ¢ = 6, where 95.44% of the data is covered, the final distribution of cluster centers is 11, 2,
3, 2, and 12. In this case the specificity also remains the same but the coverage improves when

compared to the results shown in Table 5.2.

Table 5.8. Worst and best results obtained for the delta elevators dataset with the use of DE to distribute

the number of clusters, with selected values of the parameters.
4 intervals 5 intervals
c=2 c=2
0 / 0 /
Training | 45.92 | 0.30 | 40.45 | 0.24
1.1 | Testing | 46.23 | 0.30 | 40.91 | 0.24
2 intervals 5 intervals
c=12 c=6
Training | 99.49 | 0.50 | 95.51 | 0.33
3.0 | Testing | 99.16 | 0.50 | 95.27 | 0.33

Fuzzification
coefficient
(m)

Table 5.9. Worst and best results obtained with the delta ailerons dataset with the use of DE to distribute

the number of clusters, with selected values of the parameters.
4 intervals 5 intervals
c=9 c=4
0 / 0 /
Training | 68.08 | 0.30 | 61.04 | 0.23
1.1 | Testing | 66.81 | 0.29 | 60.54 | 0.23
2 intervals 4 intervals
c=10 c=5
Training | 99.80 | 0.50 | 96.63 | 0.20
3.0 | Testing | 99.77 | 0.50 | 95.65 | 0.20

Fuzzification
coefficient
(m)

The last dataset tested is the delta ailerons dataset (Table 5.9), where the best coverage
obtained when the output space has two partitions, m = 3.0 and ¢ = 10 is 99.79%, the distribution
of the clusters is 8 and 12. And if four intervals are used, the total coverage is 96.34% when ¢ =
5, the distribution of the clusters in each interval is 10, 2, 2, and 6; notice how the specificity is
not affected while the coverage increases, when comparing with the similar results shown in

Table 5.3.

71



Figure 5.10. Optimized granular model with (a) its interpretation in the form of “if-then” statements and
(b) the projection of the prototypes to their individual input space, where s, m, and A are small, medium,
and high labels of the prototypes.

Overall the coverage increases, when compared to all the results obtained with the EP
criterion. In these experiments an improvement is observed on the specificity in some cases,
while in others there is no change, this is illustrated in Figure 5.9, where the mapping of the
results show a similar behavior as to those observed in Figure 5.5, but upon closer inspection, it
can be seen how the coverage increases and the specificity is not affected. This is different to the
results depicted in Figure 5.8, where the specificity significantly decreases, which signifies that
the re-arrangement of the clusters also helps in the optimization of the granular model, and does

not have a negative impact on the size of the information granules.

Table 5.10. Impact of different incremental values of 4 on the specificity and coverage of the output data,
where /gt, tr, and te are, length, training set and testing set, respectively.

A | 0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00 1.10 1.20 1.30

Igt ] 0.72 0.52 0.44 0.37 0.40 0.36 0.35 0.35 0.36 0.36 0.35 0.35 0.33 0.33

tr ] 96.05 | 9581 | 90.11 | 88.98 | 89.55 | 88.14 | 87.57 | 88.42 | 88.42 | 88.70 | 87.85 | 87.57 | 60.73 | 58.76

te | 94.74 | 92.84 | 88.26 | 76.97 | 78.29 | 76.97 | 75.00 | 76.97 | 75.66 | 76.32 | 75.00 | 73.68 | 52.63 | 51.32

Once the model has been optimized, it can be translated into a set of rules. As an example, let

us take a two-dimensional dataset, with three intervals, ¢ = 3, and m = 1.5. After optimization,
the intervals resulted in D; =[-0.18, -0.04], D, =[-0.04,-0.04], and D;=[0.04, 0.18]. The

extraction of the rules is straightforward, as shown in Figure 5.10(a). By using the clusters
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described by their prototypes to form the condition part, and the optimized intervals to form the

conclusion, the rules will read as;

- ifA; ) or Ay, or 4, 5 then [-0.18, -0.04],

The projection of the prototypes can be seen in Figure 5.10(b), where each prototype is

projected onto the individual input variables. In this case the condition part reads as
- Ay =A4A;:(Dand 4;,(2)

To show the impact of different values of 4, and by considering the coverage and specificity
criterions, we used the performance index (Q =/, % fz) from (5.3) and (5.5) as the fitness

function for the DE algorithm. In these experiments the Boston housing dataset is used, the
output space is partitioned into three intervals and ¢ = 5, m = 2.0, since these are the parameters
where the best results were found; these are shown in Table 5.10. As it is observed, after 1=0.2
the specificity increases but the coverage decreases. Here we can say that an optimal value of 1 is
around 0.2, since the coverage is still acceptable, and there is an increment in the specificity of

the information granules.

5.5. Summary

In this chapter we studied several different techniques applied to the construction of the output
information granules, we envisioned equal length intervals, but as shown in Figure 5.11(a), their
size and position heavily depend on the distribution of the data. So it was decided to split the
output data into equal amounts, or equal probability, refer to Figure 5.11(b), but this method
required an almost manual construction of the information granules. Instead, we let DE fine-tune
the intervals, as depicted in Figure 5.11(c). This method proved to achieve a better coverage, but
in some cases a decrease in the specificity was observed. Alternatively, it was decided to
optimize the number of clusters positioned in the induced data, and use the intervals constructed
with the EP criterion, as illustrated in Figure 5.11(d). This method yielded good coverage, with
little to no impact on the specificity. At the end, it was also shown that different factors affect the
final output of the model, namely the amount of intervals and their size, the amount of induced
clusters formed in the input space along with their distribution, and the value of the fuzzification

factor. Henceforth, it is ideal to have an optimization algorithm which intuitively constructs the
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network of information granules, and improves the overall performance of the granular fuzzy
model, this means finding a model that produces specific (narrow) information granules, and at

the same time, covers most of the data.

p =5 intervals
5 14 23 32 41 50
a) Equal size intervals

5 15.35 19.85 23 28.85 50

b) Equal probability (EP) intervals

Best individual = [0.57]0.09]0.28]0.57[0.64] — [11.83]1.96 [5.93 [11.86]13.42|

5 16.83 18.79 24.72 36.58 50

4 ! @ ® .—‘

¢) Optimization of the intervals

¢ =10, Best individual = [0.92 [0.22]0.15]0.12]0.45] — [23] 6] 4[3]12]

5 15.35 19.85 23 28.85 50
@ & &

d) Distribution of the number of clusters with EP intervals
Figure 5.11. Techniques applied to the construction of the output information granules.
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6. Granular Fuzzy Modeling with Hyperboxes

In previous Chapters we constructed granular models by either forming granular fuzzy relations,
or by associating information granules formed in the input and output space. In this chapter we
look at a different type of information granules to cluster the input data. Clustering has been
applied to numerous areas, including signal and image processing. Many approaches have been
developed over the years to efficiently construct granular models on a basis of numerical
experimental data. In this chapter, we propose a novel approach to construct a granular model
that is fundamentally designed around information granules regarded as hyperboxes. Several
studies have been focused on building a set of hyperboxes around data; one of them being a Min-
Max Neural Network (NN) algorithm. Here we develop two different methods to construct these
information granules, nevertheless some essential similarities to previous studies can be found.
In particular, hyperboxes are constructed by using some reference data, and they are endowed
with some parametric flexibility to facilitate controlling their size, whereas the construction of
the hyperboxes involve elimination or reduction of possible overlaps between them.
Experimental studies involve synthetic data and publicly available real-world data. The results
are compared with the outcomes produced by the algorithm proposed by Simpson. The
performance of the method is quantified and it is demonstrated that the obtained results are

substantially better when dealing with multi-dimensional data.

6.1. Problem Formulation

Most studies, previously found in the literature, focus on the construction of hyperboxes by using
as a reference the min-max NN algorithm described in Section 3.5; therefore many methods
construct these information granules by following some essential steps. First, the hyperboxes are
constrained to expand to a maximum size, this could result in a very complex model; in some
cases, a large number of small hyperboxes could result when clustering multivariate scattered
data, and some hyperboxes could end up covering only one data point. This could have a
negative impact on the final number of hyperboxes, and the complexity of the model. Second,
the hyperboxes are contracted to eliminate overlaps, which might result in loss of covered data.
Some previous studies try to solve this problem by admitting some overlap among hyperboxes.
For the granular model proposed in this Chapter, given a set of input and output data pairs, we

construct interval-based information granules to partition the output space (viz. the space of the
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output variable). On a basis of these intervals, and similar to the previous Chapter, we carry out a
so-called context-based Fuzzy C-Means algorithm to construct cluster centers (prototypes) in the
multivariable input space. These prototypes now serve as hyperbox cores. To construct the
information granules, two methods are studied: one develops a family of hyperboxes by realizing
some constrictions, while the other one engages DE to realize further optimization. To reduce
overlap, two methods are tested: one being previously proposed for the min-max NN and a new
one, which engages DE to optimize the overlap reduction. The advantage of the proposed
method is that the user can specify how many hyperboxes are to be constructed, and then analyze
their contents by using several strategies. Moreover, the overlaps are not completely eliminated,

but rather reduced to try to keep most of the data covered.

6.2. Hyperbox Construction and their Underlying Processing

To construct a set of hyperboxes around numerical data, usually there needs to be some kind of
mechanism that restricts their maximum size. This may come as a control variable to help
constraint the growth of the hyperboxes. This mechanism would help us not only to control their
size, but also control how detailed or complex the model can be. In other words, many
hyperboxes may describe the data better than a few large hyperboxes, but numerous small
hyperboxes may erode the original interpretability of the data. In this sense, we need to decide on
how large or how specific the hyperboxes should be to achieve the best abstraction of the dataset
under examination.

The model construction starts with a collection of input and output data pairs (points in R”
and R, respectively). The output data are first split into interval-based information granules. This
partition is realized by using the equal probability (EP) criterion, described in Section 3.4.1.
Once the output intervals are formed, the input data, associated with the output data in each
interval, are then clustered by completing conditional FCM, the prototypes obtained at this stage
are used to construct the hyperboxes around the data. In previous studies, the discovery of data
was completed and quantified by using membership functions [145], [146], or a compatibility
measure [13], but the construction of information granules in some cases rely on a statistical
analysis of the data (e.g., the mean or median value) as a starting point for the hyperbox

construction.
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In this study, we use the information from a set of prototypes discovered in the conditional
FCM stage, to find the hyperboxes cores and start to construct them from these points, this helps
us build intervals around each prototype, and allows us to construct all the hyperboxes almost
simultaneously. At the end the information provided by the hyperboxes can be easily translated
into a set of rules to facilitate the interpretability of the data. By building the hyperboxes this
way, we are forming direct associations among information granules, weather these come as
interval-based or as prototypes. Once these building blocks are located, the hyperbox
construction is initiated.

The optimal expansion and reduction of the hyperboxes is achieved by using a group-based
algorithm, namely DE [130], [150]. Furthermore, we implement a three-step verification process
to evaluate the data captured by the optimized hyperboxes, for this we consider; ) full inclusion
of the data to a hyperbox, i) smallest Euclidean distance between the data point and the
prototypes, and iii) the membership degree to which the data falls within the hyperboxes, by
using a modified version of equation (3.23). The numerical results are then compared with the

outcomes produced by the min-max neural network (NN) algorithm from Section 3.5.

6.2.1. Detailed Description of the Granular Model

Recalling the granular fuzzy model from the previous chapter, the model proposed in the ensuing
sections is inherently structured around information granules. It is formed by a collection of
clusters coming in the form of intervals Dy, D,, ..., D, which are positioned in the output space
(output variable). Each D,, h=1,2,..., p is then used to generate an induced structure into the
input space. In general, for each D, there exists a certain number of fuzzy sets constructed in the
input space, say ¢y, ¢3,..., and ¢,, respectively.

The induced input data is clustered by using the context-based FCM algorithm, described in
Section 3.4.2. The centers of the fuzzy sets (prototypes) are then used as initial reference
coordinates for the hyperbox construction. The information granules are constructed on the basis
of certain experimental data, which come as a collection of input-output data pairs (xk,
yk), k=1,2,..., N, where x; € R" and y, € R. More specifically x; € [0, 17" and ¥y, € [0, 1], since
the data are previously normalized to the unit hypercube.

Recalling the algorithm from Section 3.5, and to maintain conciseness of the presentation, the

hyperboxes are defined in [0, 1]” and denoted by B. These can be fully described by its lower (/)
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or upper (u) corners. However, since the hyperboxes are constructed in the induced input space,
we have to consider that we have “c*p” hyperboxes, located in the n-dimensional input space. In
this sense, a hyperbox is fully described by vectors of its lower and upper corners (coordinates)
as By ={ly,upi}, h=1,2,...,p,i=1,2, ..., c, where [; and u;,; are vectors of the corresponding
coordinates, or I,; = [L1i> bpis ---» Lupi] and wy; = [Uqi5 Uspis - -5 Unpi], In the Ath partition and for the
ith cluster.

After the hyperboxes are constructed, the input data included in each hyperbox are counted.
If a datum is included in an overlap from other hyperboxes located in a different interval
(context), then the datum is excluded from the count, but if the overlapping occurs in the same
interval, then the datum is considered and counted. Once the data included in the hyperboxes
have been counted, the algorithm proceeds with the contraction of the hyperboxes, to reduce or
eliminate possible overlaps while retaining as much data being covered as possible. The
formation of the information granules (hyperboxes) and the resolution of possible overlaps are
guided by the DE algorithm.

Once the information granules have been formed and optimized, the granular model can be
easily translated into a series of rules in a straightforward fashion. The input clusters, which are
described by the hyperbox coordinates, form the condition part of the rules, while the intervals in
the output space are located in the conclusion part of the rule. For the Ath interval D) in the
output space, we have ¢, hyperboxes By, i =1, 2, ..., ¢ located in the input space, which gives

rise to the following rule;

if x; is included in By, then D),

where By; = [L,, wil, (L, wpnl, - .., [, uy.]- This will tell us in which context the datum is
located, and not only that, when examining the hyperboxes, we can obtain a detailed description
of the data by analyzing their contents. In other words, by obtaining the standard deviation,
mean, or any other statistical information from the data included in the each hyperbox, we can

conduct a detailed assessment of the entities covered by the information granule.

6.2.2. Development of the Model

Information granules, in the form of intervals placed in the output space, are critical to the

model’s performance, since they subsequently imply a collection of information granules being
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formed in the input space. We decided to form the intervals by using the equal probability
criterion (EP), as described in in Section 3.4.1. Recalling that each interval includes the same or
similar amount of data, or N/p to be specific.

The information granules constructed in the input space and coming in the form of n-
dimensional hyperboxes are determined on the basis of the intervals already formed in the output
space. Here the main idea is to map the output interval to the corresponding regions of the input
space. Once these regions have been set, the data are clustered but instead of the standard (viz.
condition-free) clustering, we perform a so-called conditional FCM algorithm by following
equations (3.21) and (3.22), from Section 3.4.2. As a result, the clustering reveals groups of data
x; in context D,,. Then the data that fall within each context are clustered, with this the clustering
is conditioned by the output intervals. This procedure is beneficial to the model, since the
relationships among the clusters in the input and output spaces are transparent and in this way we
can easily form the associations of the granular model and in consequence effortlessly translate
the emerging hyperboxes into a set of rules.

Fuzzy clustering is normally used to help group numeric data into a set of information
granules, and these information granules form a granular backbone or blueprint of the granular
model. It is obvious that the more clusters we decide to construct, the more detailed the resulting
blueprint is. Deciding upon the number of clusters in each interval plays an important role in the
final outcome of the model.

The prototypes obtained in each context 4, e.g. v,1, V), ..., Vj., are used as coordinates for the
hyperbox cores, and two conditions have to be considered once these cluster centers are
obtained. First, the hyperboxes are constructed around the prototypes, this means that the cluster
center has to be included in the hyperbox. Second, when a hyperbox is contracted, it can be
reduced to the coordinates of the prototype itself, hence the prototype remains included all the

time, as stated by the first condition

6.2.3. Performance Evaluation: Dataset Coverage

To evaluate each hyperbox, we concentrate on the coverage of the data. To compute the
coverage the number of input data included in one or more hyperboxes are counted, while
verifying at the same time whether such hyperboxes belong to only one context, since we are

finding prototypes and building hyperboxes in each partition of the input space. Furthermore, the
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coverage is directly affected by a number of different design parameters. These are the number
of output intervals p and the number of input clusters c. Some other parameters might include the
fuzzification coefficient, but since we are concentrated on obtaining only the prototypes (cluster
centers) to be employed as cores for the hyperboxes, then we set this value to m = 2.0. As for the
size of the output intervals, this can be sought out in future experiments. It seems obvious that
the selection of the values of these parameters is always problem-dependent, and finding these
values requires more attention and further optimization. The key performance index studied here

is specified as the coverage criterion, expressed as follows,

N
1
= N;(xhk € By;)

where f, . is the result of the number of data falling in the ith hyperbox for the Ath interval. It is
worth mentioning that an input value is considered included in a hyperbox, if and only if all of
the numeric points that conform the input vector x;;, are included in the hyperbox, then the

predicate can return 1 (true). This is shown as follows,

Xink € Blhi and Xonk € BZhi and ... and Xk € Bnhi (61)

Additionally, as mentioned before, it is important to verify if the input data are included in the
hyperbox that belongs to only a single context. In cases where the data exhibits full inclusion to

two or more hyperboxes that belong to the same context 4, or more specifically,

(xhk € Bhil) or (xhk € Bhiz)
where i; # i,, it can be considered and counted as covered, since in this case it belongs only to

context D, but if the datum is included in two different hyperboxes from different contexts, or

for example,

(xh1k € Bhlil) and (xhlk € thiz)
where h; # h,, then the datum becomes ambiguous and cannot be considered; it is not clear to
which context it belongs to. In these cases, the hyperboxes might seem to cover most of the data,
but if these are included in two or more hyperboxes from different intervals, the coverage of the

data becomes irrelevant, and the number of data that are included in only one information
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granule (or more in the same interval) can be low. So it would be necessary to eliminate possible
overlaps between hyperboxes that lie in different intervals.

In the situation where an input datum is located in two or more hyperboxes from only one
interval and counted as covered, the next step will be to assign this input datum to only one
hyperbox. To achieve this, we would have to measure the distance between the datum and the
prototypes that generated the hyperboxes, or measure the membership degree to which the datum
falls within each of the hyperboxes. By using this information we can assign the data point to
only one hyperbox. To measure the membership degree, we used a hypercube membership
function implemented by Simpson, which is thoroughly explained in Section 3.5, but instead of
using the membership function to expand the hyperboxes [145], we employ it only to designate

the data point to a single information granule in order to evaluate its contents.

6.3. Hyperbox Construction with a Numerical Constraint

For the first approach, the construction of the hyperboxes is realized as follows; the prototypes
(cluster centers) are first ordered coordinate-wise, then for the prototype with the smallest
coordinate value, we search for the closest prototype in a dimension-by-dimension basis, and
compute the mean distances between them at each dimension. These distances are used to obtain
an upper (or lower) corner of the hyperbox, and a lower (or upper) corner of both prototypes.

This process is repeated for all prototypes and it is governed by the following expression,

Vini+1 = Vjhi (6.2)

Where j=1,2, ...,n and vj,; 1 | = v;,;. By looking at each variable j of ordered prototypes, for
the first or the last prototype, which obviously are closer to the minimum or the maximum
coordinates of the input space, the lower or upper corners are expanded to those coordinates, or
lin=0 and wuy.=1, respectively, considering that the data is located in the unit
hypercube [0, 1]”. This will help the hyperboxes cover the data that initially formed the core
(prototype) of the hyperbox, and will hopefully result in a well-defined cluster.
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6.3.1. Experimental Studies

a) Synthetic two-dimensional data

A two-dimensional synthetic dataset consisting of 1,000 points was randomly generated around 5
points by using a uniform distribution over the open interval (—1, 1) with the following
coordinates; (0.3, 0.3), (—0.3, 0.3), (—0.3, —0.3) (0.3, —0.3), and (0, 0). As a result we obtain

five clouds of overlapping data, as shown in Figure 6.1.
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Figure 6.1. Synthetic input data with five overlapping clusters.

After generating the data, the following symmetric function was used to calculate a target

value

y =x1x2exp(—x% - x%)

First, we divided the output space into four intervals by using the equal probability criterion,
then we chose ¢ =35 for each context. After obtaining the prototypes with the conditional FCM
algorithm by using (3.21) and (3.22), we constructed the hyperboxes by following (6.2). Their
geometry is visualized in Figure 6.2, where the hyperbox cores (prototypes) are represented by
black dots.

As shown in the figure, 20 hyperboxes are constructed and only 43.4% of the data is initially
covered. The reason is that the method used to construct the hyperboxes has some restrictions.
First, the hyperboxes cannot cover more data because their corners can only be expanded to a

mean distance between two cluster centers, which limits the coverage of the hyperboxes. Second,
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as shown in Figure 6.2(e) if we superimpose all the intervals, we observe a high amount of
overlap among the clusters from different contexts. This means that with this method we initially
have a low coverage of data, and if we eliminate the overlaps as shown in Figure 6.3, we end
with only 36.5% of the data being covered, which it is not a desired result. We then are required

to design a better method to build the hyperboxes and achieve good initial coverage.
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Figure 6.2. Hyperboxes formed by using the cluster centers found in each context and by following (6.2).
Plots (a) — (d) show each of the hth intervals, and (e) shows all the superimposed intervals.

The overlap reduction was achieved by using the contraction step in Simpson’s method (step
3 in Section 3.5), and as it can be observed in Figure 6.3(e), it is very efficient since there are no
overlaps among the hyperboxes from different contexts, but some of the cluster centers are
excluded from the hyperboxes formed, nullifying the initial condition, and completely degrading
the information granules. An improved reduction of the overlaps has to be implemented. We are
interested in retaining most of the data being covered, and at the same time, covering the

prototypes that initially generated the hyperboxes.

6.4. Further Refinements of the Model

In the previous algorithm the hyperboxes were created almost manually, and there is no
optimization algorithm that guides the hyperbox construction, so there is still room for further
improvements. In the following section, we describe an optimized approach for the construction

of the hyperboxes, one that employs two instances of DE to i) construct the hyperboxes and i)
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reduce or eliminate the overlaps. Since we want to cover as much data as possible, the first
instance of DE is used to perform an optimal allocation of granularity (the protocols in Section
3.3.1), this method helps expand the hyperboxes in an asymmetrical manner, in order to cover
data that is asymmetrically distributed around the vicinity of the core. The second instance of DE
is used to optimally contract the hyperboxes to reduce or eliminate the overlaps among them, and

retain at the same time as much data covered as possible.
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Figure 6.3. Resulting hyperboxes after the overlap elimination by using Simpson’s contraction method
(step 3 in Section 3.5). (a) — (d) show each of the hth intervals, and (e) shows all the intervals
superimposed.

6.4.1. Optimal Construction of the Hyperboxes

After the prototypes have been determined for each context by using equations (3.21) and (3.22),
their coordinates are used as a reference to start building the hyperboxes. However, in contrast to
the previous method, this method expands the corners of each hyperbox in an asymmetric
manner to find where most of the data are located. Due to the high performance observed when
using protocol 5 in (3.20) to construct the granular fuzzy relational models from Chapter 4, we
decided to use a modified version here to construct the hyperboxes. First, we use DE which

proposes and optimizes values of the two parameters; ¢;,; and Vi Here, we use as reference the

&p; value, which is incremented gradually from 0.1 to 2 (with a step size of 0.1). Here, for each
Jth dimension, ;,; represents the distance between the corners /j;,; and u,;. Similar to Section 4.3,

the second value Vini € [0,1] is used to asymmetrically distribute this distance around the
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prototype. Since real-world data are usually not symmetrically distributed, we are interested on
expanding the hyperboxes in an asymmetric manner, so the value of ¢ is asymmetrically
distributed across all the center coordinates. This value is similar to the # parameter used by
Simpson, and it is also used to control the maximum size of the hyperboxes. To achieve the

asymmetric distribution, condition (3.12) is modified as follows, for each hth interval,

Zn: zc: Ejpi = ENC, (62)

j=1li=1
where h=1,2,...,p. Considering this expression, a population of randomly generated
individuals with a dimensionality of 2ncp are initialized, which represent the ¢ and y values for
each jth dimension, in the hth context, and the ith prototype. Both corners /;; and uy, are

expanded at each dimension to allocate the granularity of the data. More specifically, the corners

of the cluster center for each variable (dimension) are expanded by modifying (3.20) as follows,

bini = Vipi — (thigjhi)
Uipi = Vipi + ((1 - thi) Ejhi)

Both values ¢, and Vi &re suggested by each differential vector d in the population, and

(6.4)

only the first half of the vector, representing each ¢;;,; is normalized to fulfill condition (6.3), the

second half, which represents each Vinio is used to asymmetrically distribute each ¢j,; around the

cluster center (prototype), as shown in Figure 6.4. After this process, all the hyperboxes
generated by each individual are tested for coverage, and the result is used as the fitness function.
This process creates and expands the hyperboxes to hopefully achieve better coverage of the data
located in the vicinity of the core.

As a numerical example, let us assume that € =0.7, n =2, and ¢ = 2. Due to condition (6.3) we
must normalize the values coming from the differential vector corresponding to the interval 4
which are originally values between [0, 1], since enc =4.2 then &1, + &y + &1 T &1 = 4.2.
After normalization let us assume that we obtain the first value &;,; = 1.24. Furthermore, from
the second portion of the differential vector we obtain the value y,,, =0.63, which is not
normalized. By following (6.4), the corners of the hyperbox B;;,; will expand as /y,; = v, —

0.78 and u;,; = vy, + 0.45. Furthermore by using (6.4) we have two extreme scenarios; if Vini = 0
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then u;,; will expand to the full value of ¢, and ;;; will be the equal to v;,, in case Vini = 1 the

opposite will occur. Whichever is the case, (6.4) guarantees that the distance provided by ¢, is
always asymmetrically distributed around the prototype under observation. Only if ¢;,; = 0.5, the

corners will have an equal distance around the prototype, but this scenario is highly unlikely due

to the randomness and the operations involved to obtain a new offspring.
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Figure 6.4. Upper and lower corners of the hyperboxes constructed with the information contained in a
differential vector and by using (6.4), for two clusters in interval h in a two-dimensional space.

This method differs from the one proposed by Simpson: the main difference is that the
hyperbox construction is guided by a cluster center, which points at the center of a cloud of data.
Not just a randomly selected datum. With the method developed by Simpson, the construction of
the hyperboxes highly depends on the first datum used to construct the first hyperbox, which has
to be close to other data in order to expand. This might cause a generation of smaller isolated
hyperboxes. This selection at the same time creates a larger number of hyperboxes. For the
approach pursued here, the hyperbox expansion is directly guided by its corresponding cluster
center, giving us the possibility of building a desired number of hyperboxes, and efficiently
control their maximum size. Nevertheless, since the main objective of the construction of the
hyperboxes is to cover as much data as possible, there is a possibility that overlaps will emerge

among hyperboxes.

6.4.2. Optimal Overlap Elimination

To reduce possible overlaps, or completely eliminate them, another instance of DE is initiated to
help optimally reduce the clusters. The main goal is to reduce the overlap as much as possible,
while at the same time, retain most of the data covered. To reduce the hyperboxes, we look at all

the corners of the hyperboxes, and assign an a value to each corner, where a € [0, 1] is a
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reduction percentage, applied to the total distance between the hyperbox core (prototype) and
each corner, and since this value is guided by the DE algorithm, it will optimally reduce the

overlaps among the hyperboxes, refer to Figure 6.5.
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Figure 6.5. Reduction of the upper and lower corners of a hyperbox in the first dimension by using their
corresponding a;,; values and by following (6.5).

To denote each a value, we generate an individual that represents a vector . An important
consideration for the overlap reduction algorithm is that the hyperbox cannot be reduced further
than the cluster center that generated it, and since we want to reduce both ith corners, at each Ath
partition, on every jth dimension, each individual must have a dimensionality of 2ncp to
represent the corresponding values ajl-h,- and ag,;

The values of a, represented by each individual, are initially generated with a uniform
distribution over [0, 1]. Each one of these values defines an amount of reduction that the
hyperbox will suffer in the each dimension. As a numerical example and by using as a reference
Figure 6.5, let us assume that two values are proposed by an individual in dimension j =1, these
are ay,; =0.26 and o4, = 0.37; to reduce the dimensionality of the hyperbox the distance between
the cluster center and both corners is calculated, and the results are multiplied by its
corresponding a values, this means that the distance between the lower and upper corners are
reduced by 26% and 37% respectively, this process is described by the following general

expressions;

id id
7hezw johz + [( johz (65)

Id Zd
it = udpd - [(ufys jhi) %]

By using this method, we have two extreme scenarios; if both values of a}hi and a,; are
equal to zero, no reduction will be observed, and if the values are equal to one, the corners will
be equal to the prototype in the observed dimension. This method, along with the fitness
function, will help the DE algorithm reduce or eliminate the overlaps, and at the same time, keep

most of the data covered at all times. The fitness function is specified as follows;
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d cov

0= —+

cov Tcov

Where d represents the number of data considered counted, in other words not positioned
within an overlap between hyperboxes from other intervals, cov is the total number of data
covered by all the hyperboxes, included or not in an overlap. The main idea behind this first part
of the fitness function is that if the number of data covered (cov) is equal to &, then we have
complete overlap elimination. The second part of the fitness function had to be included because
it was observed that the DE algorithm significantly contracted the hyperboxes to satisfy the
condition, and never considered the data initially covered, also reducing the final coverage of the
data. So in the second part Tcov is equal to the number of data covered by the initial unmodified
hyperboxes, included or not in an overlap. So, with these criteria in mind, the best case scenario
would be to have a fitness value equal to two, meaning that it achieved a total coverage of the
data, and completely eliminated the overlaps.

The reduction of the overlaps is different from the one being proposed by Simpson, where
each corner is compared against the corners of other hyperboxes; if this method is used, the
hyperboxes would contract and uncover data, the main interest in this study is to preserve the
covered data as much as possible, and even retain a few small overlaps instead of totally

eliminating them.

6.4.3. Detailed Evaluation of the Hyperboxes
Once the hyperboxes are constructed and the overlaps have been eliminated (or reduced), we
verify the covered data that fall within in each hyperbox. To verify these contents we

implemented a three-step verification process. For each datum x;;

1. Verify whether the data point is fully included in any of the hyperboxes with (6.1),

2. Compute the Euclidean distance between the datum and all the prototypes obtained in the
fuzzy clustering stage, and

3. Measure the membership degree to which the datum falls within each of the hyperboxes by
modifying (3.23) as follows,
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g, s i, ) = - 1mzm n(min([l -k = i 0)]s [1 - Alini - Xjnis 6)])) (6.6)

wherei=1,2,...,c,k=1,2,...,N,and h =1, 2, ..., p. This modification allows us to obtain
the membership degree of each datum to each ith hyperbox in each Ath context.
With these three steps, if the datum is included in only one hyperbox then it belongs to that

cluster, and we assign the corresponding y, value to that hyperbox. If the datum has full

inclusion to two or more hyperboxes from a single Ath context, then we search for the smallest
Euclidean distance between the datum and the hyperbox core, and assign its corresponding target
value to the corresponding hyperbox. If none of the hyperboxes cover the datum, then we look at
the maximum membership degree to a hyperbox, and assign its corresponding target value to a
corresponding hyperbox. For all the scenarios we label the corresponding target datum with the
information of the corresponding hyperbox. In other words, if the ith hyperbox from the hth
interval includes the datum under observation, then this information (i and /) is included along

with the target datum. At the end we look at these labels, and if y, is part of partition % then is

counted as correctly clustered. The last step would be to analyze the information captured by
each hyperbox i.

With this method we can look at the information contained in each hyperbox with great
detail, assess how many data points are being clustered, and obtain more information about the

data contained, such as the mean and standard deviation of the clustered data.

6.4.4. Experimental Studies

For the following experiments we used the synthetic data and five publicly available datasets:
Boston housing, California housing, delta elevators, delta ailerons, and MV datasets. The Boston
housing dataset contains housing values from suburbs in Boston. This dataset has 13 continuous
values, including the target attribute which is the median value of owned-occupied homes in
$1000’s with a range of 5 to 50, one binary-valued attribute, and a total of 506 instances [10].
The California housing dataset contains information about all block groups in California from
the 1990 census, the task is to approximate the median house value for each block, and contains
20,640 instances and 8 features; 3 real 5 integer values [101]. The delta elevators and delta
ailerons datasets are obtained from the task of controlling the elevators and the ailerons from a

F16 aircraft but both datasets have different domains. The delta elevators dataset contains 9517
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examples, with 6 continuous values, including the target attribute with a range of -0.014 to 0.013,
and 1 integer value. The delta ailerons dataset contains 7129 instances, with 6 continuous values,
which include the target value with a range of -0.0021 to 0.0022 [8]. The MV dataset is an
artificial dataset with dependencies between the attribute values, it contains 40,768 instances and

10 features; 7 real and 3 integer values [50].

a) Synthetic data

The data were first normalized into the unit interval [0, 1]”, then the intervals that divide Y, were

defined, at the same time separating the corresponding input data x;; for the synthetic data, four
intervals were considered. For comparison, we implemented the complete min-max NN
algorithm, and ran it for each interval, with 8=0.2 and 0 =4, refer to (3.23). We observed that
these values would generate an acceptable number of clusters, where each hyperbox contains a
large amount of data. The results can be observed in Figure 6.6, where 93.9% of the data were
covered and a total of 35 hyperboxes are formed, with 11, 7, 6 and 11 clusters constructed in

each interval.
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Figure 6.6. Hyperboxes created by using the min-max NN algorithm, where 93.9% of the synthetic data
are covered and 35 hyperboxes are created.

The same synthetic data were used to form the clusters in the same number of intervals with
€=0.8, and the same 6 =4 for the membership function in (6.6), here we selected ¢ =5 for the

conditional FCM algorithm. The DE algorithm used 50 individuals and ran for 150 iterations.

90



We choose this number of individuals because there is a tradeoff between using large or small
population sizes, as explained in Section 3.7, and this specific number of iterations was used
because there was no significant improvement observed after more than 150 iterations. When the
hyperbox construction is finished, the overlap reduction is started, here the DE algorithm used 60
individuals and ran for 350 iterations. At the end, we obtained 95.6% coverage of the data, and

obviously obtained 20 hyperboxes; these results are displayed in Figure 6.7.
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Figure 6.7. Hyperboxes created by using the proposed method, (95.6% of the data covered with the use of
20 hyperboxes).

As it can be observed, both algorithms are very efficient, when clustering datasets with a
small number of samples. Upon close inspection, we can see in Figure 6.6(d) how three
hyperboxes are created around three single data points (circles with a dot inside them), whereas
by using the proposed method, in Figure 6.7(d) the hyperboxes were expanded to cover those
points. This is due to the maximum size restriction used in the Simpson’s method for the
hyperbox construction. In contrast, we allow the hyperboxes to expand where required. In Figure
6.7 we included the hyperbox cores or prototypes that were found by running conditional FCM
in each interval, and these are represented by black dots. At the end, the proposed method
provides a slightly larger coverage than Simpson’s method, if a more detailed model is desired,
the value of 6 can be decreased, but this would increase the number of hyperboxes, and for large

amounts of data we would have to create another algorithm to group clusters of hyperboxes.
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b) Real-world data
These experiments are designed to explore several different scenarios and combinations of

number of intervals and cluster centers. For all datasets, we divided y, into 2 to 5 equal

probability intervals. Also, we used context-based FCM to obtain 2 to 6 cluster centers per
interval. And finally we used different values of € from 0.1 to 2.0 (with a step size of 0.1) where
the main goal was to find a value that helps obtain hyperboxes large enough to cover the data,
but not too large because this can cause a problem when reducing the overlaps. For both
instances of the DE algorithms, used for the hyperbox construction and overlap
reduction/elimination, we used the same settings as with synthetic data. With Simpson’s
algorithm, we set 8 to 0.2, this value was the lowest value we could use, which generated an
acceptable number of hyperboxes; lower values would significantly increase the number of
hyperboxes, making a highly complex network, very small hyperboxes, and considerably

increase the computational time.

Table 6.1. Results obtained with Simpson’s algorithm and the Differential Evolution Hyperbox (DEH)
construction method, the Hyper. column shows how many hyperboxes are obtained at the end.

Dataset/Method | Simpson | Hyper. DEH Hyper.
D. Ailerons 64.67% 116 92.64% 10
D. Elevators 62.34% 132 82.96% 11
MV 37.24% 756 73.04% 8
Boston 70.16% 259 69.96% 8
California 54.24% 808 62.94% 7

As shown in Table 6.1, the method used to construct hyperboxes by using DE improves the
coverage in almost all the datasets tested, only for the Boston Housing dataset we see how
Simpson’s method has slightly better coverage, nevertheless it can observed that Simpson’s
algorithm generates a significantly larger number of hyperboxes to achieve this result, while in
our approach the number of hyperboxes is controlled by the number of prototypes calculated in
each interval at the beginning; if we take into account the number of hyperboxes generated for
the Boston housing dataset, we can assume that it generated an average of one hyperbox for
every two data points, making the model very complex. With the proposed approach, the
algorithm only generated eight hyperboxes and covered almost the same amount of data.

For all datasets, the output was divided into two intervals (2 = 2), this value yielded the best
clustering results. Nevertheless, the values ¢ and € were not the same in all cases. For the Delta

Ailerons dataset the best result was found with six clusters for each interval (12 in total) and with
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£=0.6, but two clusters were empty, or are hyperboxes included inside a bigger hyperbox, so
only 10 significant clusters are defined at the end. For the Delta Elevators dataset, we found the
best results with six clusters per interval and € = 0.6, with one empty hyperbox. The best result
achieved with the MV dataset was found with six clusters per interval and € = 0.6, in this case
four clusters were found empty. The California housing dataset achieved the best coverage
results with four clusters per interval and €=0.3. And finally, the Boston housing dataset
achieved the best result with four clusters per interval and € =0.7, with no empty clusters. In
Table 6.2 we include the number of data captured by each hyperbox, as well as the mean and

standard deviation of the data captured in each cluster.

Table 6.2. Detailed contents of each Hyperbox, including number of data being covered, mean, and standard

deviation (Std).
Delta Ailerons Delta Elevators
Cluster Cluster
1 2 3 4 5 6 1 2 3 4 5 6
Data 77 | 3051 380 0 1 63 Data 22 5 4 3 | 3860 168
o | 1 [ Mean | 0438 | 0433 | 0.442 0 | 0465 | 0.416 | 1 | Mean | 0.428 | 0.459 | 0.343 0.444 | 0.436 | 0.441
Té Std 0.029 | 0.042 | 0.031 0 [ 0.000 [ 0.041 Std 0.057 | 0.033 | 0.161 0.037 | 0.053 | 0.048
}‘E’ Data 14 9 37 127 2845 0 Data 1503 0 1 7 2198 124
T 12| Mean | 0523 | 0.540 | 0.547 | 0.549 | 0.548 0| 2 | Mean | 0.592 0 | 0.556 0.587 | 0.592 | 0.586
Std 0.015 | 0.025 | 0.041 | 0.036 | 0.049 0 Std 0.047 0 | 0.000 0.058 | 0.047 | 0.041
MV California Housing
Cluster Cluster
1 2 3 4 5 6 1 2 3 4
Data 0 807 | 16652 | 2065 0 0 Data 32 | 3063 4431 4
» | 1 | Mean 0| 0.114 | 0.08 [ 0.075 0 0] I | Mean | 0.035 | 0.034 0.035 | 0.034
Té‘ Std 0 | 0.019 | 0.051 | 0.044 0 0 Std 0.015 | 0.013 0.012 | 0.009
2 Data 0 | 1739 45 | 2108 1460 | 4902 Data 3300 51 2109 0
~ 1 2 | Mean 0 | 0425 | 0.427 | 0363 | 0.333 | 0.426 | 2 | Mean | 0.121 | 0.092 0.112 0
Std 0 | 0317 | 0.300 | 0.229 | 0.164 | 0.282 Std 0.083 | 0.035 0.070 0
Boston Housing
Cluster
1 2 3 4
Data 27 73 38 56
» | 1 | Mean | 0.156 | 0.274 | 0.319 | 0.204
g Std 0.076 | 0.063 | 0.033 | 0.097
g Data 2| 64 48 | 36
~ 12| Mean | 0.606 | 0494 | 0.606 | 0.544
Std 0.293 | 0.129 | 0.199 | 0.150

As it can be seen in Table 6.2, some hyperboxes capture large amounts of data, and others
only capture less than 10 data points. There are also some clusters that are dominant, or capture
large amounts of data, this can happen when there is a large amount of similar data, confirming
at the same time that the hyperboxes are well-defined. Also, after verifying the contents of the
hyperboxes, we observe that some hyperboxes are empty, in such cases we can assume that these
hyperboxes could be included inside such dominant hyperboxes. If we observe the data captured

when using the MV dataset, we can see how the data captured by each hyperbox in the first
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interval have small variations, as suggested by the standard deviations. But for the second
interval the data in each hyperbox have larger variations. If we consider both scenarios, where
some hyperboxes are empty and others have variable numeric data, we can think on an
improvement for the algorithm, where a different number of clusters is defined in each interval,
for example the first interval of the MV dataset only needed three hyperboxes to capture the data,
while the second interval might need a larger number of hyperboxes (or a division of this single
interval into smaller intervals) to capture less variable data. We can also think on another way to
divide the initial output intervals, given that this step plays an important role in the construction
of the information granules, one can contemplate a method where similar data are separated, and

not only focus on similar amounts of data for each interval.

6.5. Summary

In this chapter we constructed a set of information granules coming in the form of hyperboxes.
To build these hyperboxes first the output space was divided into intervals by using the EP
criterion. Each interval is then used to induce data in the input space, which is clustered by using
the context-based FCM algorithm. In this sense, the granulation vehicle is the context-based
fuzzy clustering algorithm, or a so-called conditional FCM. We also reported on a series of
numerical experiments, based on the construction of the hyperboxes by using a numerical
constraint. The granular model is further refined by employing DE on two main design phases:
a) a construction of the hyperboxes, and b) their overlap reduction. We also included a series of
numerical experiments with synthetic data and selected real-world data coming from publicly
available machine-learning repositories. The results showed how the method is comparable to
previous methods found in the literature. Nevertheless, the results produced by the proposed
method are better when dealing with large multi-dimensional data. If the number of data is low
with a few dimensions, then the method developed by Simpson performs similarly. However, the
results show that the Min-Max neural network algorithm produces a very complex granular
model, due to the high amount of hyperboxes formed in the input space, and if the

dimensionality in the data increases, the number of hyperboxes becomes quite large.
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7. Refinements of Prototypes to Enhance the Classification and

Reconstruction Performance of FCM

Owning to their abilities to reveal structural relationships in data, fuzzy clustering plays a pivotal
role in fuzzy modeling, pattern recognition, and data analysis, as it has been discussed and
demonstrated throughout this study. As supporting an unsupervised mode of learning, fuzzy
clustering, brings about unique opportunities to build a structural backbone of numerous
constructs in the areas identified above. A follow-up phase is required when the structural
findings developed in the form of fuzzy clusters need some refinements, usually when the
clustering results are used in the supervised model. Following this general line of thought, in this
Chapter we propose a novel approach to optimize the clustering and classification performance
of the Fuzzy C-Means (FCM) algorithm. Proceeding with a collection of clusters (information
granules) produced by the FCM, we carry out the refinements of the results (in order to improve
the representation or classification capabilities of fuzzy clusters) by adjusting a location of the
prototypes so that a certain performance index becomes optimized. At this phase, the
optimization is carried out in a supervised mode with the aid of Differential Evolution (DE). We
propose five different strategies to adjust a location of the prototypes. Experimental studies
completed on synthetic data and publicly-available real-world data quantify the improvement of

the representation and classification abilities of the clustering method.

7.1. Problem Formulation

Fuzzy clustering is a useful unsupervised learning technique aimed at analyzing, organizing, and
revealing structures in data sets such as patterns. This strategy helps partition a given input space
into a certain number of regions (groups, categories), depending upon some predefined
similarity/dissimilarity measure. In contrast to two-valued clustering, fuzzy clustering offers
higher flexibility by admitting the degrees of membership to individual clusters to be positioned
in the unit interval. Meaning that a data point could belong to several clusters with some
membership values. While useful in general, FCM (and all other clustering methods) suffer from
some limitations, including difficulties to cope with outliers, selection of a suitable number of
clusters, and a choice of a specific distance expressing similarity between two patterns. Quite

often, clustering is regarded as a prerequisite for further tasks, being either focused on more
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detailed data analysis, or system modeling. The genuine advantage of clustering is its
unsupervised mode of operation. This, however, acts as a double edge sword: we may anticipate
that further improvements/adjustments of structural findings (clusters) could be beneficial prior
to use the clustering results in further constructs of system modeling or pattern classifiers. The
improvements could be based on some mechanisms of supervised learning.

In this Chapter we focus on the enhancement of the classification and reconstruction
capabilities of the FCM algorithm by exploiting the concepts of unsupervised learning
(clustering) followed by supervised learning [39]. More specifically, the development strategy

consists of two essential phases.

1) Discovery of a structure in the data. This is achieved in an unsupervised mode realized by the
the FCM algorithm.

2) Modification (refinement) of the prototypes. In this phase, realized in the supervised mode of
learning, we optimize a certain reconstruction criterion (when representing the data) or a

classification rate (when dealing with the classification problem).

We propose and study five different strategies (protocols) supporting an allocation of
prototypes. Each protocol comes with a different parametric flexibility. The approach proposed
in this Chapter is experimented with the use of synthetic data and real-world data coming from

publicly-available repositories.

7.2. Architecture and Main Phases of Processing

The model proposed in this study consists of two stages (refer to Figure 7.1); (i) an unsupervised
clustering stage, and (ii) a supervised refinement stage. The number of fuzzy sets constructed in
the input space is equal to ¢ and the fuzzy sets are described as A, 4,, ..., 4.. Each fuzzy set
(cluster) is then associated to a class £ = 1, 2, ..., @, by looking at individual similarities
between the data captured by each cluster and the output class. The formation of these
associations plays an important role in the construction of the model. First, the data captured by
each information granule can be associated to a class, this helps us form fuzzy association rules.
Second, the model can be used as a classifier, and as such, it could be adjusted by an

optimization mechanism to reduce possible performance issues.
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Figure 7.1. The two stages envisioned for the granular classification model, where the learning is
performed in two stages, unsupervised and supervised. Here, the clusters coming from FCM are assessed
and passed to a refinement stage.

Clusters

At the first stage the FCM algorithm, described in Section 3.2.1, determines the structure of
the unlabeled numerical data and a set of clusters is obtained, which are pairwise disjoint, non-
empty, and come represented as the partition matrix and a set of coordinates characterizing the
cluster centers (prototypes). Once the structure in the data has been stablished, the quality of the
clusters is assessed by considering two criteria; the reconstruction error in Section 3.2.2,
expressed in (3.8), and the classification rate from Section 3.2.3, provided by (3.10). To classify
the data, each cluster is associated to a certain class (label). This approach allows the number of
clusters to be independent of the number of actual classes. Next, the input data that belongs to a
cluster and also to the cluster’s class are counted and a classification rate is obtained. This rate
serves as a reference (starting point) for the optimization of the model. Alternatively, the
prototypes are assessed by looking at the reconstruction error, or the distance between the
original numeric entities in x; and the reconstructed numeric entities X;. It is obvious that if this
distance is zero then we have achieved a perfect reconstruction of the data. The reconstruction

error also serves as an objective function to be used in the optimization phase.

max,

max;

Figure 7.2. Modification of prototype v; controlled by the level of change ¢ for variables 1 and 2; in this
case the levels of change are equal and the directions of change are positive (+) for both variables.
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At the second stage, the ensuing DE algorithm (Section 3.7) serves as the optimization vehicle
to adjust (refine) the structure already developed in the input space by strategically relocating the
coordinates of the prototypes in a dimension-by-dimension basis to alter the degree of
belongingness of the data points to the clusters. Here, each individual proposes a new set of
coordinates for the prototypes represented by v’;, which are used to generate a new partition
matrix U’, these are assessed to obtain the performance of the proposed clusters. With these
movements the goal is to discover new classes or outliers, enhance and refine the boundaries
between classes, and improve the quality of the clusters. If the classification rate is used, then the
objective is to maximize this performance, and then look at the reconstruction error of the
optimized clusters. On the other hand, if the reconstruction error is used then the goal is to
minimize this error, and at the end look at the classification rate. This process is repeated until a
number of generations, selected by the end user, have been reached. At the end, the
generalization capabilities of the enhanced clusters are tested by presenting the model with
previously unseen data, which is separated beforehand for this purpose.

To control the modifications of the prototypes, we use a control variable, viz. ¢, regarded as
the total level of change (modification). Obviously if ¢ = 0 the prototypes are not modified, and
as this value increases, the prototypes will move further from the origin as depicted in Figure 7.2.
We also use a certain condition to constrict the modifications of the prototypes. This condition
allows the DE algorithm to strategically move the cluster centers around the original coordinates
in a controlled manner, which will alter the shapes of the fuzzy sets, and at the same time, the
degree of belongingness of the data to the information granules. Nevertheless, this condition will
only control the distance that a prototypes moves from its origin, and we also need to consider
the direction of change. This direction, can either move the coordinate closer to the minimum
range (—) or the maximum range (+) in each variable. For example, in Figure 7.2 the direction of
change of prototype v; is positive (and of equal length) for both variables. Having this in mind,

when designing the DE algorithm, we have to consider two alternatives;

i) the levels of change are equal for all the prototypes and for all variables, therefore we have to

implement a mechanism to get the directions of change; and
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ii) the levels of change are different, then we need to decide how to distribute these levels for all

the prototypes for all variables, in addition to getting the directions of change.

In the ensuing sections we describe several alternatives to solve these contemplations. Once we
have decided how to change the position of the prototype, and the clusters are optimized and
assessed, the granular model can be translated into a series of rules in a very straightforward
fashion. The input clusters, which are now labeled to belong to a class, form the condition part of
the rules, while the classes are located in the conclusion part of the rule. Every input datum xi

belonging to fuzzy set 4;,i =1, 2, ..., ¢, gives rise to the following rule;
if x;, is included in 4; then class ¢

This will allow us to associate every input datum to a cluster, and in consequence, to a class.
But before modifying the prototypes and attempting to optimize the clusters, a number of
important conditions have to be considered. First, the data originally clustered and associated to a
class has to remain clustered and associated to that class, this is why we implemented some
constrictions to move the prototypes otherwise these would move freely across the n-dimensional
input space, loose the initial clustering results, and potentially decrease the initial clustering
performance. Second, the prototypes cannot move outside each jth dimension of the input space,
this means that for every variable, the prototype can move as far as the minimum or maximum
values on each variable’s range. In case a coordinate of the n-dimensional prototype is placed
outside its range, e.g. j, it is adjusted to min; or max;, depending on whichever is closer. Third,
the optimized model must provide a good generalization, meaning that the classifier must not be
optimized to a particular training set, but instead it has to be capable of recognizing novel
patterns, viz. data that has not been presented in the training stage. And fourth, the minimum
number of clusters has to be equal to the number of classes in the data under observation. This is
intuitively obvious as each cluster has to be assigned to a class, and having fewer clusters than

classes will result in a low classification rate.

7.3. Optimization of Information Granules
The FCM algorithm optimizes a certain objective function, however this performance is not

directly linked with the reconstruction error or the classification rate. Hence the idea is to
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enhance the performance of clustering by directly linking their structure by adjusting the position
of the prototypes. Given that the partition matrix contains the membership degree of every input
data to an information granule, adjusting the coordinates of the prototypes will consequently
produce a new partition matrix. This will have a direct impact on the membership degrees and
the direct association of the data to a cluster. With these changes we are trying to adjust the
membership degrees to discover new data, and also try to separate the classes that are not

linearly separable. To relocate the prototypes several strategies are studied.

7.3.1. Migration of Prototypes

To change the position of the prototypes we introduce a level of change (modification) for the
coordinates of the prototypes, viz. ¢ € [0, 1]. This level affects the position of a given prototype
in each of its variable j, hence, this value has to be distributed throughout all the variables while

satisfying at the same time the following condition,

“ (7.1)
Z g =en
i=1
where &1, ¢,, ..., &, > 0. Moreover, since we have at least two clusters for each variable, then we

must obtain a level of change for the jth variable and the ith prototype. The value of ¢; is
determined as follows,

T ey (7.2)

J
C

To change the position of the prototypes and decide the direction of change, we considered
two alternatives. The first alternative is to have an equal level of change for all the prototypes,
thatise; = ¢,i=1,2,...,¢;j = 1,2, ..., n, as depicted in Figure 7.3(a). This alternative might
be an attractive venue, and we would only have to decide upon the direction of change. The
second alternative is to have an asymmetrical level of change distributed across all the
prototypes, as illustrated in Figure 7.3(b). For this alternative we would have to asymmetrically
distribute the levels of change across all the prototypes and also determine the directions of

change.
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Figure 7.3. Different strategies of re-allocation of prototypes, where () all the levels of change are equal,

and (b) the levels are asymmetrically distributed.

To observe the impact that each scenario has in the final performance, we implemented

several protocols to modify the prototypes. Each protocol has a different level of parametric

flexibility, and these produce different levels or directions of change depending on the value of ¢

assigned by the end user.

The levels of change ¢; and the directions are random. This protocol is used as a point of
reference to help assess a relative performance of all the other protocols, and will allow us to
demonstrate how an optimized process performs over a purely random one. For this option
an optimization is not required. To obtain the random changes, two vectors of cn values are
initialized by using a uniform distribution of random values between the open interval (0, 1)
to obtain the levels and directions of change.

The levels of change ¢; are constant and the direction is optimized. For this protocol all the
levels of change are equal to e.

The levels of change ¢; are random and the direction is optimized. The idea behind this
protocol is to initialize a vector of cn random values use these to asymmetrically distribute

these to the levels of change ¢;;, while the direction is optimized.

ij>
The level of change ¢;; is optimized and the direction is random. Here, a vector of ¢n random
values is used to get the directions of change, meaning that all the directions of change are
arbitrary and the levels of change are optimized.

The level of change ¢;; is optimized along with the direction of change.

By using these protocols we can study the impact that each one has over the classification

performance. Depending on each protocol, and assuming that we have a vector d of cn values

between the open interval (0, 1), which represent every n-dimensional coordinate of the ¢

prototypes, the values in this vector are treated differently. For protocols 1-4, we transform d into

a matrix £ € R°*". Each column in E is then normalized by using equation (7.2) to satisfy
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condition (7.1), with this the levels of change ¢; are obtained. In case that the levels of change
are constant we simply set ¢; = ¢. If the numerical values from d are used to get the direction of
change, these are converted as follows; if d; <0.5 then d', = —1, else d’, = 1,forg=1,2, ..., cn.
In the case of a random vector of cn values, these will be treated equally.

If protocol 5 is used, then the vector d is processed as follows; if d, < 0.5, then the entry is
normalized to a value between the open interval (—1, 0), and if d, > 0.5, then it is normalized to
a value between (0, 1). By introducing the absolute value into equation (7.2), we make sure that
the condition in (7.1) is fulfilled. The levels of change are then obtained in the same fashion as
for the other protocols.

Once the levels of change ¢;; are obtained, along with the direction of change, for protocols 1-
4 we transform the vector of directions into a matrix H = [A;], and use these entries to obtain
¢y = g;h; and get the level and positive or negative direction of change. For protocol 5, the
direction is already included in the level of change. The final step would be to add the level (and

direction) of change to the coordinates of each prototype as follows;

!

ij

!

vii=v;te;' x range;i=1,2,..,¢7=1,2,..,n

Where * represents the conventional multiplication, and range; = max; — min;. The range of
each variable j is included in this expression because initially the data is not normalized to have
values located within the unit interval. Once the new coordinates of each partition are calculated,

a new reconstruction error is obtained by using (3.8), or the classification rate by using (3.10).

7.3.2. The use of Differential Evolution
To optimize the position of the prototypes, the DE algorithm is used (Section 3.7). This
optimization algorithm will propose a population of p individuals or differential vectors d which
enclose enough information to change the position of each ith prototype a certain level and
direction along each jth variable. Hence the size of these vectors is equal to cn and contain values
between the open interval (0, 1).

The processing of each individual depends on the protocol that is being used and on the value
of e. For protocols 2 and 3 the differential vector will be transformed into (—1) or (+1),

depending on the numerical values enclosed in this vector. If protocol 4 is used, the differential
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vector will be transformed into the levels of change ¢; by normalizing the numeric entries to
satisfy condition (7.1). For the special case of protocol 5, the values will be transformed into the
levels and directions of change without having to use a vector of size 2cn, which could lead to
higher processing times. Depending on the objective function that is being used, the goal of the
DE algorithm is to search for an adequate position of the prototypes that could increase the
performance of the clusters. If the reconstruction error from (3.8) is used as the objective

function, then the goal is to minimize this error, or more specifically,

| & o (7.3)
0= ]—V;nxk—xkn - min

In case that the classification rate from (3.10) is used, then the goal would be to maximize this
performance. This classification rate is used as the objective function to be maximized,
M +My,+...+ M, (7.4)

e=1- N +N,+.. +N, %

It has to be highlighted that the level of change ¢ has an obvious impact on the new set of
clusters and consequently on the membership degrees, so careful measures have to be taken
when setting this value. It is recommended to start with small values, e.g. ¢ = 0.05, and increase
them gradually; it was observed that larger values could cause an overfitting effect on the
classifier, and small values could drive the performance into local minima. Nevertheless, the
value of ¢ has a strong relation to the number of clusters chosen; for small values of ¢ a large
level of change ¢ is needed, and vice versa. However this is not a rule of thumb, and the precise
values needed to accurately classify a dataset is always problem dependent. There is also the
issue of choosing an appropriate fuzzification factor. In the following section we offer a set of

experiments and demonstrate how these parameters are selected.

7.3.3. Experimental Studies
These following experiments were designed to test the proposed protocols and explore several
different scenarios; we look at different values for the number of clusters ¢, fuzzification

coefficient m, and level of change ¢. Furthermore, we tested the granular model with a synthetic
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dataset and eight publicly-available datasets. To assess the performance of the clusters we use

two criteria.

1. Maximize the classification rate and then record the reconstruction error.

2. Minimize the reconstruction error and then record the classification rate.

Obviously the second criterion does not have as an objective the classification of the data but
rather is dedicated to find a better reconstruction of the numerical entries. For both criteria the
objective is to observe if the quality of clusters is optimized, hence it could be interesting to see
if maximizing the classification rate would decrease the reconstruction rate (and vice versa) and

at the same time increase the quality of the clusters.

a) Synthetic Data

As a point of departure, a synthetic dataset is considered. This dataset is two-dimensional, with N
= 770 and @ = 6. The peculiarity of this dataset is that it resembles a target and it has four
outliers that represent four classes. These outliers have values that are very different from most
data. Class one has 395 instances with values within the open interval (-0.5, 0.5), while class two
has 363 instances forming an outer ring within the open interval (-2, 2). The remaining four
classes have three instances each, and lie outside the outer ring around the values (-3, -3), (-3, 3),
(3, -3), and (3, 3). The geometry of the dataset is visualized in Figure 4.

The problem with this dataset is that when running only the FCM algorithm and after
obtaining the classification rate, only two classes are correctly clustered and classified; one
corresponding to the inner circle, and the second enclosing the outer ring along with the outliers,
as shown in Figure 7.4(a). This scenario is observed for ¢ = 6, which is the minimum number of
clusters we can use, and ¢ = 200; a large number of clusters were used because usually the
clustering performance improves along with the number of clusters. This demonstrates that it
does not matter how many clusters are chosen, the FCM algorithm in this case only clusters the
two dominant classes, this results in a classification rate of around Q = 0.98, and the outliers are

never classified in their own class.
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(b) A
Figure 7.4. Target dataset shown as black circles with (@) original prototypes obtained with the FCM
algorithm and (b) optimized prototypes; all the prototypes are shown as larger gray crosses surrounded by
the boundaries of each cluster (shown as curves).

To optimize the cluster centers first the patterns were randomly permutated and then divided
into 80% to train the algorithm, and the remaining data is used for testing purposes. In all the
experiments, the data separated to train the algorithm never changes to maintain a consistency
across all the experiments. The DE algorithm uses 60 individuals and runs for 250 generations.
We choose these values because we observed that increasing the number of individuals or
generations did not improve the classification rate. For the FCM algorithm, several number of
clusters and fuzzification coefficients were used, namely c=6,7, ..., 15and m=1.1, 1.2, ..., 3.
As for the level of change the values ¢ = 0.05, 0.1, ..., 0.3 were used. In Table 7.1, we include

the best classification rates for all the protocols and included the reconstruction error.

Table 7.1. Classification rates obtained with the initial prototypes (FCM) and with all the protocols for the
training, testing, and the reconstruction error for the synthetic dataset.
Method FCM P1 P2 P3 P4 P5

c 14 14 10 10 8 8
m 1.4 1.4 2.2 2.8 2.6 1.8
€ -- 0.15 0.2 0.25 0.4 0.35

Train (%) | 98.86 | 99.51 | 100 100 100 100
Test (%) 98.70 | 99.35 | 100 100 100 100
Total (%) | 98.83 | 99.48 | 100 100 100 100
Rec. Error | 0.088 | 0.023 | 0.022 | 0.019 | 0.031 | 0.029

To obtain the results from Table 7.1, we selected the rates from each protocol that attained the
best classification with the lowest number of clusters and level of change. Overall, almost all the

protocols reached a classification rate of 100%, and the lowest result was obtained with protocol
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1, due to the random levels and directions of change. Also, the data used for testing was also
completely classified, meaning that the refined prototypes retained their generalization.
Furthermore, protocols 4 and 5 achieved the best classification with only 8 clusters, and the level
of change for protocol 4 is larger, when compared to protocol 5. Moreover, the reconstruction
error for FCM is larger than the errors for the optimized clusters, meaning that these clusters not
only increased their classification capabilities but also their quality of reconstruction. Here
protocol 3 achieved the lowest reconstruction error, but needed 10 clusters to classify the data.
To have a better visualization of the classification result obtained with protocol 5, refer to
Figure 7.4(b) and 7.5(b) which show the optimized cluster centers, after modifying the
prototypes. As pictured in Figures 7.4(a) and 7.5(a) initially, with the FCM algorithm and ¢ = 8,
four prototypes are positioned in the inner circle to cluster only class one, while the remaining
four are positioned close the outliers to cluster parts of the outer ring along with each outlier.
Moreover, the boundaries of each cluster show the inclusion of each outlier in a cluster, refer to
Figure 7.4(a). When these prototypes are moved and optimized, we observe how only one
prototype is needed to cluster class one (Figure 7.5(b) - 3), three to cluster class two (Figures
7.5(b) - 1, 7, 8), and the remaining four to cluster each outlier (Figures 7.5(b) - 2, 4, 5, 6). We
can also visualize how some of the prototypes originally positioned in the inner circle moved to
cluster the outer ring, while other prototypes moved further, as allowed by the constraint set by
the level of change . It is clear that each prototype movement affected the membership degree of

the outliers, the outer ring, and the inner circle in all the clusters.

Figure 7.5. (a) Initial shape and position of each cluster and (b) shape and position of optimized
clusters.
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For an overall insight of the results from all the protocols, and for comparison purposes, we
plotted the results in Figures 7.6(a) and 7.6(b). In the results from Figure 7.6(a), which is the
average classification rate for all the values m and ¢ for each cluster. Here the FCM algorithm
had an overall performance of around 98.4% for ¢ = 3 to ¢ = 13, and slightly increased with ¢ =
14 and ¢ = 15, while protocol 1 had the worst overall results, since it lost the classification rate
along with the clustered data; only with ¢ = 15 it almost reached the classification rate of FCM.
Protocol 2 had worst results than FCM from ¢ = 6 to ¢ = 8, after that it started to reach the results
obtained with Protocol 3. Lastly, Protocols 4 and 5 had a similar performance, nevertheless, the
best overall performance was obtained for protocol 5. In general, the classification rates increase
as the clusters increase, as expected. A similar behavior can be seen in Figure 7.6(b), which is
the average classification rate for all the values of m and ¢ and each level of change. Here, if the
levels of change increase, protocols 3, 4 and, 5 start obtaining better results. Only protocol 2 lost
its overall performance with ¢ = 0.3, and for protocol 1, the increasing levels had an overall

negative effect, due to the randomness of this protocol.
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Figure 7.6. Overall classification rates for the synthetic dataset by using all the protocols, (@) for different
number of clusters, and () the levels of change.

It is important to highlight that for this synthetic dataset, larger values of ¢ along with smaller
values of ¢ caused and overfitting effect, meaning that the refinement of the prototypes resulted
in a perfect classification of the training samples (100%), but it resulted in a low classification
for the novel patters, in this case the testing set.

If the objective function of DE is changed to minimize the reconstruction error, the results
shown in Table 7.2 are obtained. The results were selected by looking at the lowest

reconstruction error, then we found the results where the classification rate was higher.
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By looking at these results it might be obvious that if the objective of the DE is changed, then
the algorithm is not dedicated to obtain the best classification rate, but rather a better
reconstruction of the data, hence the classification performance would be reduced. Nevertheless,
if we look at the highest classification rate, protocols 2 and 5 manage to classify the data and, at
the same time, maintain a low reconstruction error. But if we focus on the results where the
reconstruction error is lower, the classification rates sometimes decrease, especially for protocols
1 to 3. Here protocol 1 achieved a better classification result than protocols 2 and 3, nevertheless
it has the highest reconstruction error (among the protocols), and this result is not guaranteed to
be repeated due to the randomness of the levels and directions of change. Only Protocols 4 and 5
achieved better results than FCM, and their reconstruction errors are slightly lower, when
compared to the ones with the maximum classification rate. Overall, the reconstruction errors are
smaller on the protocols that are optimized by DE, and by losing a small amount of
reconstruction error, a higher classification rate is obtained, this points to the fact that not only
the reconstruction performance is enhanced, but also the classification capabilities of the

information granules.

Table 7.2. Classification rates obtained with the initial prototypes (FCM) and with all the protocols for the
training and testing data, for the minimum reconstruction error, and maximum classification rate for the
synthetic dataset.

Minimum reconstruction error

Method FCM P1 P2 P3 P4 P5
c 14 10 14 15 15 15
m 1.4 2.8 2.2 2.2 2.4 1.8
€ -- 0.4 0.2 0.2 0.15 0.1
Train (%) | 98.86 | 83.44 | 71.10 | 77.92 | 99.67 | 99.68
Test (%) 98.70 | 79.87 | 74.02 | 79.87 | 99.35 | 100
Total (%) | 98.83 | 82.72 | 71.68 | 78.31 | 99.61 | 99.74
Rec. Error | 0.088 | 0.018 | 0.015 | 0.014 | 0.011 | 0.011
Maximum classification performance
Method FCM P1 P2 P3 P4 P5

c 15 14 14 14 13 14
m 1.2 24 1.4 1.6 1.6 1.8
€ -- 0.3 0.2 0.2 0.15 0.1

Train (%) | 99.18 | 99.83 | 100 | 99.67 | 99.67 | 100
Test (%) 98.70 | 100 100 ] 99.35 | 99.35 | 100
Total (%) | 99.09 | 99.87 | 100 | 99.61 | 99.61 | 100
Rec. Error | 0.09 | 0.018 | 0.017 | 0.018 | 0.014 | 0.012
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b) Real-World Data

For the following experiments we used eight publicly available datasets: iris, thyroid, seeds,
vertebral column, image segmentation, wine, and chillanto datasets. The iris dataset is perhaps
the best known dataset to be found in the literature. This dataset contains three classes with four
features and 50 instances each, and each class describes a type of iris plant, viz. 1 — setosa, 2 —
versicolor, and 3 — virginica [10], [43]. Moreover, this dataset has one linearly separable class,
while the other two are not linearly separable from each other. The thyroid dataset has five
features and 215 instances, the task is to detect if a given patient is 1 — normal, or suffers from 2
— hyperthyroidism or 3 — hypothyroidism [8], [132]. The seeds dataset has seven attributes and
210 instances, and contains the measurements of geometrical properties of kernels belonging to
three different varieties of wheat, 1 — Kama, 2 — Rosa, and 3 — Canadian [24]. The vertebral
column dataset has six features and 310 instances, it contains six biomechanical features used to
classify orthopedic patients into three classes, 1 — normal, 2 — disk hernia, or 3 -
spondylolisthesis. Another variant of this dataset is to recognize only two classes, 1 — normal or
3 — abnormal [10]. The image segmentation dataset contains 19 features and 2310 instances. The
instances are randomly drawn from a database of seven outdoor images, used as classes, where
each instance encodes a 3 X 3 pixel region [10]. The wine dataset has 13 features and 178
instances, and the data are the results of a chemical analysis of wines grown in Italy, all coming
from the same region but derived from three different cultivars, which are used as classes [7].
And finally, the infant cry dataset, known as the Chillanto dataset [135], [136], which contains
cry recordings of 98 Mexican babies categorized into three classes 1 — normal babies, 2 — deaf
babies and 3 — babies with asphyxia. These recordings where divided into one-second samples
and processed to extract their acoustic features, resulting in 1049, 879, and 340 samples from
normal, deaf, and babies with asphyxia respectively, for a total of 2268 instances and 144
features.

The experiments were designed to explore several different scenarios and combinations of
number of clusters, fuzzification coefficients, and level of change. For all datasets, the minimum
value for c is equal to the number of classes, while the maximum number of clusters was variable
and dependent on each individual dataset. We used different values for the fuzzification
coefficient m from 1.1 to 3, with a step size of 0.2, and finally the level of change & from 0.05 to

0.5, with a step size of 0.05. Also, all datasets are randomly permutated by using a uniform
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distribution, and divided into 80% training and 20% testing sets, with no further modification of
the data for all experiments. The selection of the classification rates for each protocol, and each
dataset is similar to the previous experiment; we selected the best overall classification rate
attained with the lowest number of clusters, lowest level of change, and with the best
generalization capabilities. The reconstruction error is also reported for these results. The results

from all the experiments are included in Table 7.3.

Table 7.3. Classification rates obtained with the initial prototypes (FCM) and with all the protocols for all
the datasets. The maximum classification rate and reconstruction error for all sets are shown.

Iris Thyroid
Method FCM Pl P2 P3 P4 P5 FCM Pl P2 P3 P4 P5
c 8 5 6 4 3 8 7 5 7 7 5 4
m 2.6 2.2 2 3 1.8 2.2 1.8 1.4 2.8 2.2 1.2 1.2
e - 0.15 0.35 0.15 0.15 0.15 - 0.1 0.2 0.25 0.25 0.15
Train (%) 97.5 96.7 99.17 | 99.17 | 99.17 100 87.21 | 88.95 | 96.51 | 96.51 100 100
Test (%) 100 100 100 100 100 100 9534 | 9535 | 95.34 | 9534 | 97.67 | 97.67
Total (%) 98 97.33 | 99.33 | 99.33 | 99.33 100 88.83 | 90.23 | 96.28 | 96.27 | 99.53 | 99.53
Rec. Error 0.18 0.131 | 0.162 | 0.129 0.14 0.086 0325 | 0.148 | 0.143 | 0.158 | 0.246 | 0.149
Seed Column 2
Method FCM P1 P2 P3 P4 P5 FCM P1 P2 P3 P4 P5
c 6 8 7 6 6 7 12 11 11 12 12 12
m 2.6 2.6 2.8 1.4 2.4 1.4 1.8 2.8 2.6 2.6 2 1.6
& - 0.15 0.45 0.3 0.4 0.15 - 0.05 0.1 0.1 0.15 0.25
Train (%) 92.26 | 92.85 | 97.02 | 95.83 | 97.02 | 97.03 82.25 | 83.87 | 91.13 | 91.53 | 92.34 | 93.95
Test (%) 90.47 | 90.47 | 95.23 | 92.85 | 9524 | 97.62 82.25 | 93.54 | 90.32 | 90.32 | 91.94 | 91.94
Total (%) 91.90 | 92.38 | 96.67 | 95.23 | 96.67 | 97.14 82.25 | 85.80 | 90.97 | 91.29 | 92.26 | 93.55
Rec. Error | 0.262 0.12 0.238 | 0.191 0.24 0.155 0.189 | 0.115 | 0.101 | 0.101 | 0.111 | 0.131
Column 3 Image segmentation
Method FCM P1 P2 P3 P4 P5 FCM Pl P2 P3 P4 P5
c 10 9 10 9 10 10 10 9 9 10 10 10
m 1.8 3.6 1.8 4.6 1.8 22 1.2 2.4 4.8 14 44 4.8
£ - 0.15 0.1 0.1 0.3 0.1 - 0.05 0.1 0.5 0.1 0.15
Train (%) 81.85 | 83.06 | 89.52 | 89.92 | 91.13 | 91.94 68.72 | 63.69 | 7143 | 82.52 | 90.42 | 94.85
Test (%) 85.48 | 83.87 | 90.32 | 90.32 | 95.16 | 93.55 67.97 | 62.77 | 68.61 82.9 | 9091 | 93.50
Total (%) 82.58 | 83.22 | 89.67 90 91.94 | 92.26 68.57 | 63.50 | 70.87 | 82.59 | 90.52 | 94.58
Rec. Error | 0.202 | 0.113 | 0.112 | 0.123 | 0.122 | 0.118 0.105 | 0.079 | 0.091 | 0.160 | 0.087 | 0.091
Wine Infant cry
Method FCM Pl P2 P3 P4 P5 FCM P1 P2 P3 P4 P5
c 8 7 7 6 7 5 7 7 7 7 8 7
m 5 2.2 1.8 2.6 3 3.6 1.2 1.4 1.2 1.4 1.2 2.8
& - 0.05 0.45 0.45 0.15 0.4 - 0.05 0.25 0.4 0.25 0.15
Train (%) 77.46 | 77.46 | 95.07 | 91.55 | 91.55 | 97.89 91.81 | 91.81 | 96.84 | 96.49 | 96.16 | 97.01
Test (%) 72.22 75 94.44 | 88.89 | 88.89 | 94.44 93.66 | 93.22 | 95.02 | 96.15 | 94.57 | 96.38
Total (%) 76.40 | 76.97 | 9494 | 91.01 | 91.01 | 97.19 92.17 | 92.09 | 9647 | 9642 | 95.84 | 96.88
Rec. Error | 0.416 0.27 0.434 | 0498 | 0.341 | 0414 0.331 0.27 0.406 | 0.446 | 0433 | 0.315
Infant cry 5 PCs Infant cry 35 Pcs
Method FCM P1 P2 P3 P4 P5 FCM Pl P2 P3 P4 P5
c 7 7 7 8 7 6 7 7 6 7 6 5
m 1.4 1.4 1.8 1.6 2.6 2.8 1.2 1.2 2.8 2.4 2.8 2.8
& 0.2 0.05 0.1 0.1 0.25 0.35 -- 0.05 0.05 0.1 0.05 0.1
Train (%) 90 90.16 | 94.69 | 94.86 | 96.77 | 97.06 90.56 89.1 95.48 | 95.02 | 9548 | 96.67
Test (%) 92.53 | 90.95 | 9548 | 95.02 | 95.24 | 95.02 92.76 | 89.82 | 95.70 | 94.34 95.7 94.79
Total (%) 90.51 | 90.35 | 94.85 | 94.89 | 96.47 | 96.65 91 89.24 | 95.52 | 94.89 | 95.52 | 96.29
Rec. Error | 0.062 | 0.034 | 0.043 | 0.043 | 0.053 | 0.058 0.149 | 0.142 | 0.142 | 0.146 | 0.142 | 0.144
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The best overall results from each protocol show a similar behavior to the previous result
obtained with the synthetic dataset; the classification rate achieved by FCM is enhanced by the
optimized prototypes. The only protocol that obtained a lower result in some cases was the first
one, however it managed to cluster and classify the training and testing data without losing too
much performance. It is clear from these results that protocol 5, which has the highest parametric
flexibility, reached the best general performance, and only protocol 4 had similar results. Perhaps
the most notable results the ones obtained with the image segmentation and wine datasets, where
in the former the classification rate increased from 68.57% to 94.58%, while the latter increased
the rate from 76.96% to 97.19%. The wine dataset in particular, has separable classes, but only
one classifier has achieved a 100% accuracy, namely the Regularized Discrimination Analysis
(RDA), moreover the 1-Nearest-Neighbor (INN) achieved 96.1% accuracy by using z-
transformed data; these results were obtained by using the leave-one-out technique [7].

Another comparable result is obtained when using the infant cry dataset, and in this case the
experiments were performed in a different fashion for comparative purposes. The results
reported in [135] and [136] were obtained by using a feed-forward time delay neural network
(FFTD) to classify the infant cry samples. In these experiments, since the dataset has 340
samples from asphyxiating babies, only 340 samples were randomly selected from the remaining
two classes. Furthermore, the experiments compared the results obtained by using the 144 input
features against results obtained by reducing these features with principal component analysis
(PCA) to 50 and 35 PCs, and by optimally selecting 50 features with evolutionary strategies
[42], [55]. The results reported a classification accuracy of 93.33% for data reduced to 50 PCs,
96.40% for data with no reduction, 96.79% for the optimal selection of 50 features, and 97.39%
for the data reduced to 35 PCs. In our experiments, we decided to use all the 2268 samples,
instead of randomly selecting samples from each class. We experimented with 144 features, and
also reduced the input vectors to 35 PCs, and 5 PCs to compare the results, and test the
robustness of the refined clusters.

Overall, the reconstruction error is smaller in almost all the results, in some experiments this
error increased or remained similar to the one obtained with FCM. Nevertheless the classification
rate is higher for the protocols that optimized either the direction or level of change (or both),

and in all experiments protocol 5 has a lower reconstruction error, meaning that the parametric

111



flexibility included in this protocol optimizes the quality of the clusters and their reconstruction

and classification abilities.

Table 7.4. Comparison of the original prototypes found by the FCM algorithm, their new position
after the optimization process, and the minimum and maximum values for the thyroid dataset, for

c=3,and ¢=0.1.
Initial prototypes
c/n 1 2 3 4 5
1 88.197 16.840 | 4.403 | 1.601 1.0451
2 109.148 | 9.457 1.728 | 1.630 2.669
3 125.463 | 7.875 1.742 | 5.460 7.067
Optimized prototypes
1 120.074 | 16.885 | 4.673 | 0.1 -0.7
2 119.633 | 1.961 3.621 | 12.549 | 6.104
3 120.426 | 15214 | 0.2 0.1 1.18918
Minimum and Maximum values
Min | 65 0.5 0.2 0.1 -0.7
Max | 144 25.3 10 56.4 56.3

In general, the optimized clusters were able to find data that the FCM algorithm could not
cluster into its corresponding class. This behavior was observed in every experiment executed
that used DE; the results always showed an increase in the clustering performance after the
optimization. In some cases, especially for protocols 4, and 5, we observed that some prototypes
for a given variable j, almost remained in their original position, this allowed other the
prototypes to have a larger level of change, due to the asymmetrical distribution implemented in
these protocols. This behavior can be seen in the prototype coordinates found by protocol 5
included in Table 7.4 (highlighted in bold fonts). This indicates that the original prototypes
already have a good position in a certain dimension, and partially remain in their place to avoid
loss of correctly clustered data. At the end the results shown in this section seem to indicate that
the approach presented is of practical importance for clustering applications.

By plotting the overall results for selected datasets, we see a similar behavior than with
synthetic data, where the classification rate increases along with the number of clusters. In Figure
7.7(a) this behavior is more notable for the seed dataset, moreover, it the difference between the
overall results from the original prototypes is significant when compared with the refined
prototypes from protocol 5. This significant variation is also seen for the wine dataset, as
depicted in Figure 7.7(b), nonetheless, in this particular case, the protocol 4 had a lower overall
performance. If we see how the level of change affected the results, for the wine dataset, these

did not affect much the results when ¢ reached the value of 0.1. On the other hand, a higher level
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of change had a significant impact to the final result, since it required values of around 0.35 to
0.5 to obtain higher classification rates. These behaviors are reflected in the results from Table

7.4.
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Figure 7.7. Overall classification rates with all the protocols for (a) the seed dataset, and (b) the wine
dataset.

Lastly, to assess the quality of the clusters, the reconstruction criterion was used. Recalling
that the quality of a cluster is measured by looking at the smallest distance between the original
and the reconstructed data; it will point to the best combination of number of clusters and
fuzzification coefficient. For the following experiments, the reconstruction error is used as the
objective function, and at the end we report the classification rate. The results included in Table
5 only report the minimum reconstruction error found by DE along with the classification rate.

From the results in Table 7.5 it is clear that the DE algorithm had a different objective than
the previous version, which is to find the best number of clusters and fuzzification factor to
reconstruct the data. Similar to the results from Table 7.3, protocol 5 shows the lowest

reconstruction error in most results, and in some the error remained the same as by using FCM.
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Nevertheless, it is clear that the classification rate now it is lower, meaning that there is a
tradeoff between having a good reconstruction of the original data, and correctly clustering each
class. Moreover, in these experiments, if we find the highest classification rate, the
reconstruction error also increases, but these results do not resemble the results from Table 7.3.
At the end this situation becomes a multi-objective problem, where we need to find a balance
between having the smallest reconstruction and classification errors to obtain clusters with the

highest performance.

Table 7.5. Reconstruction errors obtained with the initial prototypes (FCM) and with all the protocols for
all the datasets. The minimum reconstruction error and classification rate for all sets are shown.

Iris Thyroid

Method FCM Pl P2 P3 P4 P5 FCM Pl P2 P3 P4 P5
c 8 7 8 8 8 8 8 8 8 8 8 8
m 1.6 2.6 3 2.8 3 2.8 14 1.2 1.6 1.6 2.8 3
3 - 0.05 0.3 0.25 0.15 0.4 - 0.05 0.05 0.1 0.25 0.3
Train (%) | 96.67 | 89.17 | 86.67 | 93.33 90 90.83 84.88 | 83.13 | 83.72 | 84.88 | 90.12 | 86.05
Test (%) 100 90 93.33 | 93.33 100 100 93.02 | 88.37 | 93.02 | 95.34 | 90.69 | 90.7
Total (%) 97.33 | 89.33 88 93.33 92 92.67 86.51 | 84.19 | 85.58 | 86.98 | 90.23 | 86.98
Rec. Error | 0.062 | 0.067 | 0.059 | 0.059 | 0.05 | 0.047 0.081 | 0.095 | 0.081 | 0.081 | 0.077 | 0.071
Dataset Seed Column 2
Method FCM Pl P2 P3 P4 P5 FCM Pl P2 P3 P4 P5
c 8 8 8 8 8 8 11 11 11 11 11 9
m 1.6 1.4 2.2 2.4 1.8 2.4 1.2 14 4.2 3.2 24 3.4
& -- 0.05 0.05 0.05 0.05 0.05 - 0.05 0.4 0.4 0.3 0.4
Train (%) 89.88 | 90.48 | 87.5 | 90.48 | 91.07 | 91.67 7822 | 79.03 | 80.24 | 76.03 | 80.24 | 80.24
Test (%) 90.48 | 88.1 88.1 88.1 88.1 | 90.48 82.26 | 80.64 | 88.71 | 85.48 | 88.70 | 85.48
Total (%) 90 90 87.61 90 90.47 | 9143 79.03 | 79.35 | 81.94 | 78.06 | 81.94 | 81.29
Rec. Error | 0.083 | 0.09 | 0.082 | 0.083 | 0.082 | 0.08 0.08 | 0.089 | 0.077 | 0.075 | 0.065 | 0.06
Dataset Column 3 Image segmentation
Method FCM Pl P2 P3 P4 P5 FCM Pl P2 P3 P4 P5
c 11 11 10 11 11 11 10 10 9 10 10 10
m 1.2 14 5 4 24 2.8 1.6 14 1.2 22 1.6 2
3 - 0.05 0.4 0.5 0.2 0.25 - 0.05 0.05 0.05 0.05 0.05
Train (%) | 78.62 | 79.83 | 61.29 | 72.17 | 74.19 | 74.19 67.80 | 60.5 | 65.09 | 66.23 | 67.31 71
Test (%) 85.48 | 88.71 | 66.13 | 77.41 | 90.32 | 79.03 67.53 | 63.64 | 62.98 | 66.88 | 65.58 | 69.7
Total (%) 80 81.61 | 62.26 | 73.23 | 7741 | 75.16 67.74 | 61.13 | 64.67 | 66.36 | 66.97 | 70.74
Rec. Error | 0.08 | 0.092 | 0.08 | 0.073 | 0.065 | 0.057 0.065 | 0.073 | 0.065 | 0.065 | 0.065 | 0.064

Wine Infant cry
Method FCM Pl P2 P3 P4 P5 FCM Pl P2 P3 P4 P5
c 7 8 7 7 6 6 8 8 8 8 8 8
m 1.4 1.6 2.4 2.4 3 1.6 1.2 1.2 1.4 1.4 1.4 1.4
3 - 0.05 0.05 0.05 0.05 0.05 - 0.05 0.05 0.05 0.05 0.05
Train (%) 73.94 | 7535 | 7535 | 76.06 | 71.12 | 75.35 91.75 | 91.58 | 90.96 | 89.83 90 90.90
Test (%) 7222 | 77.78 | 7222 | 72.22 | 77.77 | 69.44 93.66 | 91.86 | 91.62 | 9231 | 91.62 | 92.08
Total (%) 78.09 | 75.84 | 74.72 | 75.28 | 72.47 | 74.15 92.13 | 91.64 | 91.09 | 90.33 | 90.35 | 91.13
Rec. Error | 0.251 | 0.264 | 0.251 | 0.251 | 0.251 | 0.251 0.247 | 0.268 | 0.247 | 0.247 | 0.247 | 0.247

Infant cry 5 PCs Infant cry 35 Pcs

Method FCM Pl P2 P3 P4 P5 FCM Pl P2 P3 P4 P5
c 8 8 8 7 8 8 7 8 8 8 8 8
m 1.2 1.8 2.6 2.6 2.8 3 1.2 14 14 1.6 1.6 14
e -- 0.05 0.5 0.5 0.25 0.4 - 0.05 0.05 0.05 0.05 0.05
Train (%) | 91.36 | 88.64 | 67.96 | 82.48 | 81.07 | 82.99 90.56 | 79.83 | 83.44 | 83.72 | 79.15 | 85.03
Test (%) 92.08 | 88.01 69 81.9 | 82.58 | 82.35 92.76 | 81.44 | 85.74 | 86.87 | 84.38 | 86.42
Total (%) 91.5 | 88.52 | 68.17 | 82.37 | 81.37 | 82.87 91 80.15 | 83.91 | 84.35 | 80.19 | 85.30
Rec. Error | 0.03 | 0.034 | 0.028 | 0.028 | 0.026 | 0.024 0.133 | 0.139 | 0.133 | 0.133 | 0.133 | 0.133
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7.4. Summary

In this Chapter, a clustering optimization algorithm was presented, where the idea is to relocate
the position of the cluster centers (prototypes) initially determined by running the FCM
algorithm on a dataset. The strategy pursued here is to determine how many labeled data points
were correctly classified (clustered) to obtain a classification rate. Alternatively, the
reconstruction criterion is implemented to decode the original data, and obtain a reconstruction
error. Then the DE algorithm was used to modify and refine the prototypes by using the
classification rate or reconstruction criterion as its fitness function. The prototypes are optimized
by following five different strategies (protocols), which help strategically re-allocate their n-
dimensional coordinates, to modify the clusters. Once an optimal performance is found, the
information granules are tested with novel data to assess their generalization capabilities. The
strategy was tested with synthetic and real-world data coming from publicly available
repositories. An enhancement of the performance occurred in almost all experiments, especially
when using protocol 5. The improvement was observed irrespectively of the values of the
fuzzification factor, number of clusters, and the intensity of modifications of the prototypes.
Moreover, the results exhibit good generalization capabilities without any overfitting effects. The
experiments show that this strategy is beneficial to improve the clustering performance, both

with regard to the classification and reconstruction abilities.
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8. Conclusions and Future Studies

Granular fuzzy models offer a new and attractive venue for system modeling by building models
at the level of information granules. These models are aimed on building clusters that are able to
augment the homogeneity of the clustered patterns associated with the input and output space. To
optimize these associations, we tested and implemented several strategies to introduce a
directionality component into the granular constructs. Most of these optimizations were carried
out by the Differential Evolution (DE) algorithm, due to its robustness, performance, and
implementation flexibility. Nevertheless, finding the best optimization algorithm is always
problem dependent. For the fuzzy relational models, DE combined with the gradient-based
method (GB) exhibited the best performance, for both training and testing sets. As stand-alone
optimization algorithms, the best performance was observed when DE was utilized, followed by
GB and PSO. The abstraction (granulation) of the fuzzy model indicated that it achieved good
approximations, since it required small levels of granularity to cover the entire input space.
Moreover, the experimental results indicated that the protocol 5 (Section 3.3.1) displayed the
best performance, since it required a low level of granularity (specificity) to cover the entire
output space. These experiments made us adhere to this protocol to help in the construction of
other granular models.

We also demonstrated that granular fuzzy models offer a new and attractive venue for system
modeling. To build them, a numerically inclined optimization was carried out to construct a
collection of intuitively appealing associations among information granules. The experimental
studies demonstrated that the optimization of the interval-based information granules (positioned
in the output space) is crucial as all input clusters are induced by them. Moreover, granular fuzzy
models represented as hyperboxes helped describe the essence of the data, and the information
captured by the information granules reflected their topology, which is similar to fuzzy clusters.
The hyperboxes formed by the numerical constraint showed a poor coverage performance, which
was further degraded after the overlap elimination took place. In contrast, the optimized
formation of the hyperboxes, along with the optimal overlap reduction, offered better comparable
results. Furthermore, the three-step coverage criteria helped us assess the clustering abilities of
the algorithm, and gave us an insight of the data being captured by the information granules. On
the other hand, it was demonstrated that by carefully migrating the position of the prototypes, the

clustering performance of Fuzzy C-Means (FCM) was improved. This improvement was also
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observed with regard to the classification and reconstruction abilities of the information granules.
Moreover, the quality of the clusters also increased, given that the reconstruction error decreased
even when it was not included as part of the fitness function. In contrast, if the reconstruction
error is used as a fitness function it is considerably minimized, but the toll we had to pay is a
reduction on the classification rate. Overall, the methods proposed in this dissertation show some

interesting highlights,

e The granular models produce granular results instead of numeric entities, this reflected the
variability in the data.

e The proposed methods captured the diversity of the data and handled the lack of numerical
precision, which makes the granular results more reflective of reality.

e The granular fuzzy relational models helped us assess the performance of fuzzy relational
models, and resulted on an alternative solution to the system of fuzzy relational equations.

e The parametric flexibility of the protocols combined with DE optimized the allocation of the
granularity in the data, and also provided the best coverage with small (specific) levels of
granularity.

e The number of hyperboxes can be selected by the end-user, instead of bounding their size to
create multiple clusters that could cover only one datum and make the system more complex.

e The optimization of the overlap reduction helped us preserve the covered data as much as
possible, while retaining a few small overlaps instead of totally eliminating them

e The clustering performance, with regard of the classification and reconstruction abilities, can
be augmented by using supervised methods.

e The strategies proposed to refine the clusters (coming from FCM) offer an interesting

alternative for cluster construction and assessment.

8.1. Possible Limitations of the Research

While the experimental studies displayed a good performance, it has to be taken into account that
for each different dataset we would require a new set of experiments to find the best number of
information granules and fuzzification factor. Moreover, for the granular fuzzy relational model,
we would require to find the best learning algorithms (or combination of these), combination of

logic operators, and the most suitable number of hidden layers for the initial FLP. As for the
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induced information granules, we need to find a suitable number of interval-based information
granules. Also, for the construction of the hyperboxes or the migration of the prototypes, we
need to search for the best level of granularity or level of change respectively. On the other hand,
the information granules positioned in the output space are numbers (have hard boundaries), and
the inclusion of the data has only a two-valued outcome. Finally, the coverage criterion was
intensively exploited in this dissertation, and the specificity criterion was used independently in
some cases, this could cause a detrimental effect on the information granules being developed
and optimized. To solve this issue, we can turn to multi-objective optimization or a bi-criteria
scenario, where coverage and specificity (or other design factors) can be considered in the

objective function.

8.2. Future Research Directions

First and foremost, finding the best values of the parameters for the clustering mechanisms is
crucial when building the granular fuzzy models. A method to improve this search could be an
interesting research topic; an algorithm that could optimize all the initial parameters and at the
same time construct and optimized granular model. However, we have to consider that when
using individuals (or particles) with high-dimensionality in population-based algorithms, these
suffer from premature convergence, low optimization precision, large computational overhead,
and even failure. In the case of the fuzzy relational structures, there is the need of finding better
representation of the output signal to improve the performance of the model. An idea that could
be further investigated is to cluster the output data, and use the prototypes as modal values to
construct triangular membership functions, and the adjacent fuzzy sets would overlap at the 0.5
level. This would also result on a zero degranulation error.

For the granular models, we would need to thoroughly investigate a bi-criteria optimization
scenario involving both coverage and specificity. Moreover, another bi-criteria scenario
involving the re-distribution of induced information granules along with the optimization of the
output intervals could benefit the optimization of the granular fuzzy model and the formation of
the hyperboxes. There are two other interesting venues of further study directly linked with the
undertaken research reported here. The topology of the proposed granular models is general —
further realizations including other formalisms of information granules (rough sets, probabilistic

sets) are worth exploring. In case of the interval-valued information granules, the assessment of
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the quality of the model can be pursued by admitting further generalizations of the output
intervals and making them granular intervals (viz. intervals whose bounds are not numbers but
information granules themselves). As for the hyperboxes, an interest is to further investigate their
shape and size. A motivating idea would be to conclude the algorithm by shaping the limits of
the hyperboxes to the minimum and maximum values of the data captured inside the hyperbox,
this in theory would eliminate empty regions that the information granule is covering. Moreover,
it would be of interest use the clustering optimization strategies as a first-phase processor for the
construction of granular models shown in this study, and observe if their performance is

enhanced.
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