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. ABSTRACT

C/‘ The differential ehuation

‘4w"' + wir"! +‘>‘(1‘__‘ (wv)z) = O,A "

'where A>0, 1s an important equation in boundary layer theory

: _ _ )
"*Various technlques have been used to prove the ex1stence of solutions
_ [

;on [0,=) - satlsfying various boundary conditions In particular, in
the contex(/of an intermediate value property for operators on partially
Ordered sets dbveloped by Muldowney and Willet‘f 1, Gamlen and '-"
Muldowney [4] demonstrated the existence of -a solution satisfying

W(O) - a, w' (0) b w (w) 1, where. 0 <b < 1. 1In the same

-*context, this result is extended in this thesis

The introduction Chapter I, contains a brief outline of the

-, .
\

derivation of the boundary value problem under consideration In
!Chapter II, the intermediate value property is defined and several
| hexamples of operators with this property are given | The basic theorem
used ‘to prove the- final existence results is stated and proved as II 1.
Other preliminary resultsvrgggired are also developed in Chapter II.

=
The final results are presented in Chapter . - - S
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N

'presslble vthen on - the‘boundary between the flu

‘»ffluid has “in general, a nonzero veloc1ty

and P = constant ‘the density Then the. fundamental differential

equations which form the basis for fluid mechaniCS, the Navier Stokes

CHAPTER I

INTRODUCT I

R
H

\

Consider the flow of a fluid past as oth,solid surface : 4;

'-the fluid is assumed to be perfect that 1s, frlc 1onless and. 1ncom—

and the surface,;thf'
OWever, in real'fluids,'

the ex1stence of 1ntermolecular attra ons’ causes the fluid to

“ .

] y : [4

' adhere to: the surface so that frlctional forces retard its motlon 1n a

thln layer near the wall, The velocity of the fluid increases from

[

"zero at the boundary to the full value corresponding to- external

friCtlonless flow. This layer under consideration is called the
boundary laYer B

| The frictional forces in a real fluid which give rise to the
boundary layer are due to a physical phenomenon of . fluids called

v1sc081ty Viscosity in fluid flowiis the analogue of friction in the

motlon of solids Certain fluids,-called Newtonian fluids, have a

L

phy81cal temperature—dependent quantity associated with them called the :

coeff1c1ent of v1scosity, Vu; ' T ' R

In order to write the ‘two dimensional equations of éﬁ%ié‘\of
° \

' ‘a;real incompressible,‘NeWtonian fluid let (x,y) be a Cartesian'

co- ordinate system and time Let (u(x,y,r),/V(x Y, T))- be the ‘

~,f velocity vector in the flow field _ p(x,y,r) the pressure in the fluid

o

.,equations give,



s

L o 2 . .2
du. Su duy _ _ 3p du 37

S Ewh 3—;) e u(axz + ay;) |
20 2

EE 12! = Ob N )
ox 3y ’ |
dl(h the condition that the velocity is ‘identically ze}o on solid:

. t » T
qurfaces; s o

: If~the surface is flat and ﬁoincides with the x~axis, and the

frictionless flow outside the boundary 1ayer is a steady“flow U(x) ¢
N .

then several simplifying assumptions can be ‘made to deduce Prandtl 5

‘.

boundary 1ayer equations for steady flow, ) ‘g. - ; S “'d‘
Uz—+v_—=0-—-+y—r1 o D)
du , v _(- | :, i
X dy =0, . .y(z)
. . + B ‘ .‘ G
P T . N . 4 .
Lwith v =.§' and boundary conditions u=0=v, vhen y =0, and

©

= U(x), when y = =,

_\ff o Now, consider the flow PaSt a wedge Qf a real 1ncompressible,

Newtonian fluid flowing 1inear1y toward it at a constanb velocity, and

r»ﬂn the direction which bisects the wedge angle. Let (x;y) -be a

»
a

o Cartesian co- ordinate system whose X~ axis coincides with one edge of

r .

- the wedge and whose origin ooincides with the tip It is known that :

'ifor small x, the external frictionless flow is U(x) ='u1xm,‘.for'
' ~\\some constant l’- where the wedge angle is A and A = J%%i"wIniﬂ

¥
determining the boundary\layer flow, Faikner and Skan [3] were able to

reduce the equations (1) and (2) to a single ordinary differential e ;

. -F_p S . o . <;

&



‘ -
«quation by a su1table change of vgrlableq as followq

e U gl . b: : . “ a .
Introducc a .stream func;fon UKx,y) dEfined by u = Bff,

Then'}w deterﬂiﬁéé'a soéutibhuof (1) apd_(?)lifr_f

<
H
2l

°*%; - gi ~—¥F=ufmx2m_l + v~~§—w . ;","[ C (3)
%y e \ Sy L

| @lg

ieh o0 = e ym0 oamg Ao om
.w1;h By 0 = when» y = Q,_ and: 3y ulg_ , yhen ‘y - T B

Iﬁipargiéular,'let - t". 4 : S SR
e N /@ L R €
. : , . 1 2. . . ,

~ and solve fbf w = w(t) - such that
» . . , ;’ tL . o . : ' N . ' N
, | S }_if : 2vu1 .9%1 o RETE -
. . w(x Y) vm+l:lx-- w(t): SR «

-satiSfies°(3). Theivelqéity components become

: i4 u =~uixmw;(t)"“.v

and (3) becomes . .. o o . .

) pe@u () £ AL @enB =0 @
with. boundary conditibns _w'% 0 ¥ﬁw},‘,when'Af,5-O;=‘and"w' =_I; : A
' when b=y _

. The solution of the differential equation (4) with;various

: boundary conditions has been the subject of extensive literature ‘since

—

1t was presented in 1931 Hartman s book [5, pp. 519 537] cont Qins

, -



. . \
‘a summary of most of the results obtained Recently, Gamlen and

MuldOWney [4] proved an 1ntermediate value theorem whlch could be.

: used to quickly and easily demonstrate the existence of a solutiohj»“
? 'for_ A > 0 satisfying w(O) ;5 W (0) =b, w (&)f= l, where”7
. O < b < 1 and W (t) > O‘ on’ [ co) In what follows, the same .

technique is used ‘t0 answer questions of existence for similar

bdundary eonditions, but with, |b] ,<_1 o



el

”»d':IB,‘ and Ta <s < TB implles that there exists 'z ¢ X such that -

\Definition: Let X . . "

Sl P - |
AR RN : } p

- The .problem of existence will be- onsfidered in terms of an
internediate‘valne property'introduced by uidown » and Willett [8]f

be partially ordered sets. Abnap T:X » S

@
N

has the 1ntermediate value property with respect to s €S if a,B € X,

%

@<z <B and Tz = s,

In the examples that follow assume that the p@rtial ordering

ljof real function spaces is the usual order holding pointwise a.e. on

f:the domain of the functions, and a58ume componentwise pa: nl’ordering

“+

for product\Spaces.

Regarding notation,_let L (S), Ck(S), and AC (S) denote

:‘the real valued functions hav1ng finite Lebesgue 1ntegrals, their first

-k ‘derlvat1Ves continuous; “and their first' k deriva':ues absolutely

’continuoue on='S, respectively The prefix "loc" means the'identifying '

v

property needs ‘to hold only locally on S.

Example 14‘ A well known result on differential inequalities (cf [2, p. 30])

}mplies the follow1ng Suppose ft[O,h) x R +IR,':0:$.h.§ m; is contin;'

‘uous, and a,B'e 10c\ACLO,h)' satisfy’,\ DA e e, R

C S S EEA0), BT X HE,8(0), aes t e [0,1),
a(O)@ﬁ B(O), G(t)\i B(t)’ t:-—.[i.gé» R

- 5~ -. )



- " Then there exists. z ¢ Cl(O,h)”‘such that
0
- 2! (t)

"

f(t’z(t))a." Z(O) =zO ’A-“ :' . ]
. . o . - ,.”’, . ~

v .

A

. a0 <20 < B, b e 10,0). = 7

It follows;that thé‘opeté;p; T:loé'ACIO,h) +'1oé.Ll[0,h) x R .-
~-defined by 7 o C I ¥

[y

b

@O = (x' () - £Ex(0), x(©@)

has the intermediate value pfbperty with respect fo.'(O,zO).
R

- The intuitive case f 2 0 is illustrgted below in Figure 1. -

Cop

a™

NP .__

'
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. \- v
-Suppose [O h] xR + R is contlnuous and a,8 \\AC (0, h] sathfy _ ({

a -

Ex@mplpézzv‘A’result‘of"jackébn*IG, p: 354] Jmp] es tir fol]owing.7

> A
A

a'(t) > £(t,2(t)), B"(t) < f(t @(t)‘f _t eﬂ'{O,.h]A
a(0) < zo.g,B<0>, ath) <z; < Bh), a<t>_§A8<t>, t e [0,h]

oo T

"2

ﬁTHén tﬁere.exisfs ~z € C7[0,h] such ‘that ;
2'(t) = f(6,2(0), 2(0)='zg, z(h) =2y,
;_ A aft) < 2 (t) < B(t), t o€ ['O,h.]f,'

‘ It folloys that Ehe Qberatﬁr T:ACIIO,h] 4-L1[O,h] X]Rz
defined by ©
L) @) = (E(,x(t) - x"), x(0), x(h)) .
.'. . . N ' o . o ; . - . ‘vov..' /'
has the intermediate value property with respect t0'<(0’20’21)'!
. p . - - o . N

‘63? K Figure 2 below illustpates the:agaiﬁ intuitive’casé »f-E‘O.

g ,
o

1

1

.",Ll_ '-_ - - TS T oS e —— e — o !

, A R

. > ' I

0 |

o |
AN I

Figure 2
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It is alsg apparent that a continuous map f:I >R -on an

B

interval I has the intermediate value property with respect to-

N

s ¢ f(I), Furthdrmore, if g:I +R is decfeaeihg,[tyen f+g thas - the
intermediate value property with respect to s e (f+g)(I). In fact,
: .o -

suppose a,b € I, a <b, and, : : - ' . éi
f(a) + gla) <s < £(b) + g(b)

Let ¢ = sep{x ¢ [a,b]:£(x) + g(x) < s} Then f(c) + glc) = s. For .

«

I otherwvise,

f(c) <s'= glc) <s - g(b) < £(b).

So, by, the continuity of f,. there'exists d ¢ (c,b] such that '/}

£() =5 - g(c) <5 - g@)

\ . ,
cdntradicting the choice of c.

The following theorem gives a principle 1nitially developed
by Muldowney and Wlllett [8] which generalizes the precedlng obeervation

to show when the 1ntermed1ate value property is preserved for monotone

A

ptrturbatlons of maps between partially ordered sets. This general

formulation of the principle is due to Gémleh andQNuldowneyi[4].

IT.1. Theorem: " For'partially ordered sets X and S, let K:X x X = S
RS ’ A , na - 3 |
be such that: -

(1) K(*,x)iX > S has the intermediate value'prpperty with'respect>3

Y

to s € § for each x ¢ X;

(ii) K(x *):X + S is decreasing for each’ k e X.
’ ”

o

Suppese further that for s ¢ S, u,v € X, u K%Q, u,v] = {x € X: u < x <y

\y,,



.«Now, let W be a well- ordered subset of X [a, j;/(an 'w = sup W,

P Fromj&ii), K(x, w) <s for:eaeh X € W;& SO (i implies that

and Xq[u v] = {x e~lu,v]:3y € [u,v] 3 K(x,y) = s}
L : s "

‘(iii),*well—ordéfed subsets of Xs[u,v]b~have supremé ihﬂ X ;
‘ IR A
(iv) {if W ig %;well—ordered subset of . Xs[u,v]u}%uch that

W i;supfw (hud K(x,w) <s for each x ¢ W, then ‘K(w,w)_i.s.
oL T |

: Then the map x * K(x,x) has the intermediate value property with
\ - ) . 'Y .
respect to s € S.
Proof. Suppose that for some; a,B8 ¢ X and s €S, . fZLﬂf'"‘\
. N 4 B . ‘,/:r
: &
& . )

a < B, K(a,a) <s <K(B,B).

!, | ’ \.. \ :
K(a,a) < s < K(8,a),

-so it follows from (i) that there exists L [a,B] such that K(qi,d) = g
" Then (ii) implies that ,K(ol;al)_i's so that ™
: ’ Lo . v .' .

e !

K00,8) = Gx e X (0 BliKG0) <shhg .

R(w,wlvi S. 'Thus,

W <~B;, K(w,w) <s < K(B,B) ,

S0 (i) and (ii) 1mp1y, as/ above, ‘that there existg wl € [w B] SUChfthat.'

.K(w W ) < s, .that is, w = ‘sup W < <wype X [a B] A lemma of Bourbaki [1]

states that a partlally ordered .set has a max1ma1 element if it contains

v
1

an upper bound for eachwwell—ordered subeet, Therefore, ’Xs[a,b] has a

maximal element z. .K(z,z);i s and 1n_faot K{(z,z) = s. For otherwise;



w
.

Y]

'with the “above’ theorem " The follow1ng well—known result willibe /’_

10.

L4
z 5B, K(z,2) < s < K(B,R),

from which it follows by (i) and (ii) again that there exists al'e (z,8)
A o . : . . -
: o . N : *
such that*® K(Zi’zl) Ss. Then =z > a .implies that z) € Xs[a,B], which

contradicts the maximality of z.

C,

Further examples of operators.with the intermediate value

"
property can be determlned by referring to anmples l and 2 together

<

required (cf.[2;p.7]).

Ascoli's Theorem:' Let F be a family of functions which is bounded

and equ1continuous at every point of an interval I Then‘every sequence‘

. of functions in F contains a subsequence which is uniformly convergent

’ . ’

_on ever; compact subinterval of I.

u‘that f(},-,yfﬁ)) _isfcontinuous forAeach y e_Ibc ACfO,h);_‘and £(t,x,*) -

Example 3: .Suppose Cf:[0,h) x R x loc AC[O,h) > R,

)

0<h<= is such.

is increasing for each (t,X) e-[b,h)'XZR, Then,rfor X = loc AC[O,h)

:deflned by “

and .§ = lac L [0,h) XR, the map x > K(x,x) has the intermediate’

value property with respect to (0,z ) € S - where K:X x X + § is "

Ry (6) = '(x'<£>_—f<t,-x<£),'y('->>, %(0)) .

* In order to see: this, it suffices to. show that conditions (iii)

.:and §1V) of "IT. l are. satisfied, since, by referring to Example 1, it‘is

//\ by

‘clear that (i) and (ii) of II 1 are satisfied

I3

For any u,v-e X, u<v, suppose x,y € X, . u < %,y < v,

LI Y
. .
i

and
A x(O) —'zo,‘x (t) = f(t x(t),y( )) 'a.e. t e [O,h);
"R ‘ ‘ 4" oo,

-



-11.

v

By the_continuity,of u,v and f, on -any compact interval Ic [O,h)}
. o BN . . .

there exists M,N ¢ R such that |
Ix(t)1 <M,. ,x'(t)l'f_N,_a}e. t-e I.
Thus | \ X(O , )[u v} is uniformly bounded end EQUicontinuous locally

Onv'[O,h). Now,.if‘ W is a well ordered Subset of- X(O 2 )[u vl,

-

then there is a sequehce {X }cw such that xnvﬁiw = sup W. By.

e
[a

Asc011 'S Theorem there is a subsequence which converges unlformly to
W on compact sublntervahs of {O'h), and so, since' {xn} {s in fact
equ1 absolutely continuous locally on [b,h),, it follows that  w € X,
that 18,(iii) holds
Suppose K(X,Qj.i KO)ZO)' for each x € W. Then forfeach_
‘x(tz) f“x(tl) i.f ff(s,x(s),w(;))ds.“
: ST tl v o .

xO) =z,

' So;vthe Lebesgue;Dominated Convergence Theorem applied to {kd} flmplies,

. t ’ ’ “
E - * R

\ w0 =z, w(c ) - w(ey) < j £(s,u(s),w(+))ds.
t o

> L . '. . ~‘.“ N;“ h! , 1

[P

‘Then w-.€ loc AC[O h) implies -
w! () :.f(c,w<¢>,w(-)),“a-e¢ t_e~f0,h> ,

’>:,Q(0){= 2y

.‘equlval’eritly, "K(wb,w_) (0 z) ﬁ(iv) holds - N l i

'Exémgle 4: SuppOse. £:00, h] X'R X AC%[O h} +{R is sugh/;hat f( ,Y(‘)) S

L A
is contlnuOus for each y € AC [O h], and f(t x, ). is decteasing for

each (t,x) € fO,h] X R.» Then, for hX AC [0 h] and S L [O h} XIR2
i' ;the7map X *» K(x,x) . has the 1ntermed1ate value property with respect to.

\
h



(0, zO

N Lv)(t‘) - (f<c_,x<t)_£y<=>‘> - X, x(0), x(m).
. A\ " ‘ - . . q‘ l ) . : ‘ . .

,zl) € S, where K:X x X+ S is defined.by-

To see this, it suffices to show that 'E, " the restriction
e | D
of K -tq Y x Y, has the intermediate value property_with respect to
o .o

, x(h) =z }. For, suppose

0 l %0 4

’that this_is.the case,,and a,B’é'X, a < B, satiéfy .,n\\\n,f

(O z,,2,) € S where Y {x € X: x(O)

+

(0

. . o R

/.
K(a a) (0 zo,z ) < K(é‘ﬂ)

~,
In view of Example é; it-is‘clearlthat K 'éatisfies”(i)iand (11) of
CII.1. By (i1)'it follows that |
o K(a,B) < (0,24,2)) < K(B,8).
R T Vo .
. So_(i?,imﬁlies_that_there,exists Bl €Y, “ti_Bl.ﬁ By - such that
.f:K(Bl,S):z (O,éo,zi), and\§§en_(ii)'impiiesa
oD S Quprp R

By a Similar‘argument, it follenafthat‘tnere'exisbs’eei €Y, a S a i Bii‘
such that L o, '

"E(q ) (0 zo,z ) K K(B Bl);

N Hence; there exiété z ¢Y, 'alpi z <‘3ii:.such‘cﬁat. R(z,z)f=ﬁ(0;zo,zi)jv“
, . . K B 1l ' - L
and the desired conclusion s obtained e ’,-4_ R '"j . // R
. ‘Q" ’ Now, to show that K has. the intermediate value property -

l

with reSpect to (O zo,z ), it’ is only necessary to show that (iii)

‘and (iv) -of II. l are satisfied.“_vi.{_‘ .

" For<any, u,veyY, u < v, suppose 'X,y € Y, u<xy<uv,

(R




and s

X(O)’;:Za, X(h;_; zys X"(t5>=_f(t;x(t)3y(?)), a.e. t e [O;h];v

By the continuity of wu,v and f, Théfe-exists M,N ¢ R _such that,

x| <m, toe [0,h] . - a

(I

L ey
1[0,h] and u(0)

N, ‘a.e. t, e TQ,h]..

x(0) = V(O); .there exists Q(éﬂR such

o

Since Y ¢ C

4

thét.>:' _ . _
@] <@ = maxt]y @], )

. It fhén follpws tﬁat-
Ix' (&)} <N +Q ¢ e [0,h]

Thus, Y,. [u~v] and‘i{k' e AC[O h]?xtc:Y o [u,v]} .are

> f‘(O’ZO zl) i, I ’ i (O’ZO’ZI) ;’ ]

hnifbrmly.bounded,éna équi—ébéolutély continuous. R
If ‘W.lis a'weli-ofderéd subset of f, - [u,v], -then
Lo 1s , c su T(0,25,2)) N

there is a sequence {xn}bé wf.SUCHVthgc _xﬁ:+ w o= sup:w.v,By'Asédli’é

Theorem.ﬁherevié'a subséquence which convgrgésruﬁiformly'to w- on- {th];g'
- t "
~and thus w ¢ AC[0,h]. A further application of Ascoli's Theorem gives
- o Ly A S
- a subsequence_.fxn'}v arnd ‘w ¢ AC[O0,h] such that -x_ .+ w and :
“x; + w . uniformly on [0,h]. The Lebesgue Dominated.Convergence -
k IR R po T o

.

Theorém implies =

o | ji" - .-
%, () 7 w(0) +‘f
ko S0

i&*:.. S S
w (s)ds, t e [0,h] ,

" and 56 .
w(t) =-w(0) + f’w3(s)ds, -t.e.[0,h]. _

o’ . : : o ;'i : T’;‘
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N i I .
o x o S %
51n9£ w & C[0,h], it follows that w'(t) = w (t), t € [0O,h].
Therefore, . w ( ACl[O‘,h], that is, w ¢ Y and (ii‘i)_ holds.
. Supposed'ﬁ(X,W)'i (O,zo,zl)i for each . X'E;W, Then for ‘each-

LA : - y ,
[tl{tz] C>[O’h]’vb_" e : df - R - B

. , . . . B . t . L . .
o < : : - 2r(s o o R
X(tz) -»x(tl) > x'(O)(tzetl)‘+ f’ [[ f(r,x(r),y(-))dr_ds S . ]

O x(0) =z, x(n).

]
N

14

So the Lebesgue Domlnated Convergence Theorem_applied to '{Xﬁ“}.
‘ ' k

1mp1ies hr" : R o

W.(*Fz.) - W(t'l)'i,w'(o)(-;tzp—tl) +’J .,[fof(r-,W(r).w(')_)dr]ds-_._
S RTINS "_ _tlt- g SR B
: w(O) = 25 w(h) =

Since w e‘Acl[O,h],' then

W) 2 £ (e,w(0),w ()], ace tle [0,h],
‘ . _ = . 'f‘,: 'h ' ' N
that is,  K(w,w). < 0, and (iv) holds.
If f(t x,y( )) is replaced by f(t X, X ,y( )) in5Examp1e'4,
then another valid example can be obtained provided that the rate of 3"

. growth of solutions to x" =’f(t'x X ,y(')) is- apprOpriately restricted f

'for_each Y. ’In fact the existence results in the next chapter require .

. //i.\ _
‘an explicit example as such £or their proof In the remainder of this

/ch3pter, prelimlﬁary reSults necessary to verify the example ‘are

developed In dorng so, two further examples of operators with the '
: _ R o v , T
1ntermediate value property are found T o -
. ' T Lo R : L
L



1.2,

_ éuoh tﬁat‘la@t) i z(t)

" The.. follow1ng Lheorem is a new result whoqe Jmportance hereﬂb/

is that a prev1ous result" of Muldowney [7], which w1ll be used in the

N.,
%

;proof of II 6 follows as on easy corollary o ‘%‘fl‘ o o
:°A function - ffI * R'ifﬁ  where; I“iSlaﬁ intéfvallin l?,

sot19f1oo Carathéooory s condltions if: |

| gl) (’, )R *]Rl ’ﬁ contiigous for.each 'E o fl.

(11) f(-,x);l'?im lisrLebesgue moasurable for eochllxiglmg!.

(iii) for.each compaot .Slclmqo thene e#isté'lm'elloo_Ll(I)n”sochifhatA

l;Jf(t,x)f j_m(t)l ffo;\eéch'lx é:S.-'.‘v L .

' 5u A Solutlon xit) of 'x' = f(t,x),_ is- called a solution‘ln

the sense of Carathéodoo} if it 1s " loc. AC(l), 'on.its'incérYal'of

'.exlstence_'l,' and X (t) f(t x(t)), a.e. toe I.

"y

Theorem:

Suppose. fé;[o',hi. <R -+ ]R, 0 < h &, satisfies

Carathéddory's conditions and ags:[o,_hﬂ)'»m ) sacis‘fy:'

S ) a(0) <z, < 3(0):, a(t) < s(c),‘ t ¢ [o, h),_ ‘
G f(Ea(e)), £(e, B(D) € loc 1 o, h), -

tz . : - ’ ‘: : Y]

“Thon-thepe_is'é solutionl~'z;[0:h)”$ﬁﬁ,» lnﬂphe sense oflCarathéodory;

‘o

. z': f(t"z)’ Z(O) L=

Pa

-

Bo), te fon)Y

15.

et




Y ]\ .
& N
Proof. Define F:[0,h) xR - R by . .
£(t,a(t));  x < a(t) }. '
;if(t,x) =f »f(t;x) ;"-a(t),j;k jiﬁ(t) )
ST e 'f(t,B(ut));' B(t) < x. ,
'. Choese_any ¢ >“0. By the Caratnéodory conditions; there exists -
omoe lec.L [0,h) such that ]f(t x)l < m(t) on [0, h), whenever :
[x-zol.i 6. If M(t) = f m(s)ds,¥ te [0 h), then M is non- decreasing
,‘ -l - - 3 -
continuous and M(Q) = 0, so there exists O <1< h such that M(t) < 6
0 <t<1. For fny.positive integer, n; define x ;[—'l-'T] SR by,
ZO . . -~ y - x—l-i t i 0 .
x (t) t . 1y
z_ + f f(s,x (s —‘*J)ds ;0 <t
0 J n “n - =
o O . )
It is clear that -Xﬁ is Well defined ~-On 'fe %-; ] Ix (t) -z l < 6
. Suppose that for some positive 1nteger 'k,.'ggx T, and lx (t)—z ’ <$
. on [k 1 . l‘.]_ Then, - I
S n n s A'-r .
N ,‘xn('t)—‘zol‘_g M(t:)t‘-_<_'6 » ot ¢ ,[;. Ntk];k B _‘\'-
. where Nk 3“min{r,'%—l~}' ... It follows by inductipn that * - :
G e g ’
, _ i?‘n(t)l < lzol-+f m(s) ds |
_. Slagl+ 8, v e fo,0.
lﬁil -Therefore, the sequence {X } is uniformly bounded and equicontiauous.,
. . A :
v »*"bn [0 r] By Ascoli's Theorem, there is a subsequence of {X } which
.f A .

' converges uniformly on. [0,1] to a continuous function

.(v

16

21[0,1] + R .‘~7‘
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Czel) -atgp

E - By the Lebesgue Dominated Convergence Theorem it follows that
z(t) = z; + j,,f(s,z(s))ds,*‘t‘E [0,7].
_\\\jghoose' Ti'>'f‘ such that z - is hot right continuable on [0,11)1 :
\’f:Note that if lrll< h, ‘then allim lz(t)l = o since z is of .
L T ) St Tl S PR
,bbunded veriation on [O'T~) (cf. [10,p 95]) ', I Nk N
It is now only necessary to show that a(t) < z(t) < B(t)
. § _
on [O T ) for in this case, , (t z(t))v— f(t z(t)) " and 13 =_h,-3
‘ The latter follows by the semicontinuity condigigzs required of o and’
B by hypothesis, which imply that ‘o and B are bounded on [O,le
":if'.Tl«'h'.{ . _ L | .'
Suppose’ the contrary and without 1055 of generality assume
" that z(t ) < a(t ) for some 0 < tl <’Ti. By. (iii), “a is left.lowef
. eemicbntinuOus on (O,h), and right:upper semicontipubﬁs on [0,h), . so
" that- A .
B 13 {nf a(t) > a.(‘{;l')",-; Lt
’ .t -+ tl e :
o 9
; ' 1im +sup a(t) < q(tl) . :
t + tl . i
Thus, - o
. . . . e A. Ny _:_
. tg = sup{t <. t z(t) > a(t)} < t1 s b F
and 'a(to)7= z(to),; since. Z'tiévcbntibUOUSw_ Then, .
! . -' = .. ’
: ;ﬁ=>j . f(s,a(s))ds.-'

2



::. ,"‘ o ‘ s S -
¥ :" o . f : \\\' N
which_implies'the_eontradiotioni Z(tl)‘i d(tl);
I1.3, COrollarz Suppose f'[O-h) XxR+R, 0 <h<w satisfies

: carathéodory s conditions ‘and a:[0;h) » R satisfies: .

(1) f(t a(c)) ¢ loc L1 0,1) 3

' (111) C!(t ) - cx(t ) < f (s a(s))ds, [t,,t,)] < [0,h).

Then for some 0 < T &.h there is a solution z:[0,1) *R,  in the
'oensebof Cerathéodory,'of FRETE -
2' = f(t,2), 2(0) =z,
such that; ’a(t)xjkz(t)' on’ [O;T);J-

4

* Proof. - Choose § > 0, m}e-locALI[O:h); 'aﬁd 0 <1< h‘/as.in;the -

proof of 1.2, befine B:[o,r). SR by .
t . : R

B(t) = z0 J‘ m(s)ds, t e [0,1). 7

Theny [8() - 2] <6 on [0,1) ,so‘fhaﬁv’ e
B(t ) B(t ) = J m(s)ds

< . 2 R tl '
[  £f{s,8(s))ds, fty5e,] < [0,1).
t. : E

IV

The result now follows by arguments similar to those in the previous

- T . ; N ‘,

proof

"

18.
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Remark: It iS~c1¢ar'fhat the inequalities may be reversed in II.3. 1In.
thisvcase, définé_'B:[O,T).%jR ’By

",B(t)”='zo'— [ m(s)ds, t e [0,1).
ER 0 . .

' The folldwing examplé‘is an immediate consequence of II.2.
. p . . '. N . : .

ExamEvle 5 :‘., S{Jppose L f [O,h)x R + R, f‘ 0 < h < °'.°, “sa'tisf'ies" Car_ath'éodo_ry;s-
fcondftions and let X,=,{x§f0,h) 42R:f(t,x(t))'é loc Ll[O,h)},

.' _ | . . 2' : " . .5.' . . B . L ) '_ R . .
$.= {(tl’tzl &R .O‘i.?:l <ty <hl, Y= {xis~ ].R}' Then the operator
"T:X > Y xR defined by . o S o R

L P2 : . . \

. . . t
: (Tx)(gl,gé) =;(%(t2)»7 x(t;) - J‘

‘1

2

l(s,iﬁﬁ)dé;X(Oﬂ{'j

has the intermediate value property with respect to -(0,20)."7

N -‘ ‘ “ N . . .
"The_cage f.5%0 .iS 11lustrated below in Figure 3. ‘A com- -
: parison of Figures,1 énd 3 indicates how this'e#ample eXteﬁdé<Exampié 1,- 

“that is, c0ntinuity.rgquiremenpsvare-removed;i

T

A

Figure 3 i+




. 20.

© The ;emaining_results of this chapter:involve:the'second

o . . ‘ SR \ : - 2
~order differential equation, %" = f(t,x,x"), vhere .f:[03w).x R + R

is assumed continuous. The-fifSt'of~theée,can be found,ih Hartman's book
, = S =1 e . .
S L — ' " S)_ : _ N
II.4. Theorem: Suppose that-, |£(t,x,y)] <m, for t ¢ [0,h], (x,y),e,R..-ﬁ_ .
— . . o - . . 3
(

(5, p. 424].

-

: ‘boundary véldelproble N\ D ' h’" . ’
. l y : N ' . ) ‘
ER 2" = f(t,z,2"), -2(0) =-20, z(h) = zl'. oo

“ : ’ i s

" Then for any ZU’zi ¢ R, there is a solution 2z ¢ C 0,h] ofythe

'

Pro For any positive integer n, lét Cx(t) = x(t,u)j‘be_tﬁe unique

~ “Usolutfon of the initial value prpbleﬁ' B

O " ~t ' )

z, + ut + f (t—s)f(s,x(s - —J,

0. o . n :

. 0 v L = i :
implies ‘ :

‘x(;)‘=

]
—
-
=B
N
A,
™
"__‘
o
| S—

L lin  x(h,u) = 4=, lim  x(h,u) = -,
Ry R A 1 S . )

since f  1is bounded. ‘Aiép,,the‘map R +3x(h,p).»i$.¢ontinu0us'b(cf.[z;pQISI.

Thus, therg exisgs My such that: x(h,un)-=vzl, 'petf'¥n(t) =-x(t,un)f

. For each 'm,.

o - L t,‘.'.‘ Coe el o o o
-.xn(t)-= 20j+'“nt + fo(gfs?f(s’*h(s't %1335(8 ' TJ)QS?f t e Eo,h], :

1’ - .

T RO =y, x (B =z



“implies

(R

IR B s .7.‘ v . B _ ’ g
~ By the continuity of z* it follows that' z'(t) = z*(t) on [0,h].

. Since it.is cleaf;;hat,thefe exists u* stch_that,_p + u*, then

or equivalentIst

z(s) 2, +\U*t + J (t¥sif(s;z(§)>z'(8))ds,’_t €_I0,h]{'v

(0%

"(t) £t z(t) 21(6)), ¢t ¢ [0,h]. )  {
o S oo | o ;

21.

BRI E RN
E 1 O . . R »
: +
, oyl £ =5+ o
so that : ‘
. IZl—zol ~ | » R B
’xu(t)l < my lx (t), '*“7;—?1 + 2mh t o€ [O?hJ.
Therefore, the sequences {xn} {x } are unlformly bounded and
' eqdidoﬁtiquouseon fO h] By Ascoli s Theorem, there is a subsequence
{x }-and z; z* € C[O h}s such that * '+e2 -and ‘X"\4Vz*‘”
n n, - ~“n -
"k e ko)
" uniformly on - [O h] ' The Lebesgue Dominated Convergencé Theorem
- Do §
.. applied to ,{x’ }v‘lmplies ,
. : o n ! e
. : : B i
. H N R
o (t) +'z +'f_z*(s)ds, .
. n . @
3 ' k ' O - N
I v :
-:and so - i v '
' e:. T . t ) - , .
2(t) =z *-I z*(s)ds, . t.e [0,h]. |
. . S B S



’ . )
The definiftion and lemma which follow can be found in Jacks&p

N\

The lemma shows thdt the Nagumo condltlon defined on f 'is

clent to bound the first derivatives of cert

ain“solutions~of
e T— :

f(t,x,x’ ). Such growth restrictions are used‘in-II.64II.8.

STy

Daffnltlon f:{0,h] x R?,+ satisfies'a Nagumo condition on [0,h]

"i;,? ‘_'j _S_.E;i)s_ S SUp B(C) — inf a(t)

where Lh = max{la(O) - B(h)f ﬁh) - e(o)l}

.II.S; Lemma: 'Suppose f satisfles a Nagumo coﬁdition on [0,h] wiﬁh

. ) : A
- respect to a,B e C[O,h],\ Then for any ze€C [O,h] satisfying'.

2= £(6n2"), at) < 2(0) < B, te (0],

there exisfs"N > 0, depénding on a, B . and’ Y;‘\sﬁch that
o ‘ e |
|2 (t)| <N on {0,hn].
. : RS
i Proof:h_Choose N > L“suchfthat sl

-

‘? SUp B(t) - inf a(t).
f Y(S) 0<t<h - 0<tsh

- Subposé that there.exists X, ;—ISTR] such that 'lz'(xo)l > N,

3

and



. |

without loss of generality, assum z’(Xb) > Ng Since z € C[0,h],

i}

there exists Xl € [O’h] S,UCh that\ ) . V\, \ - .
. : . h z|(xr>(= Z(h) - 2(0) : . . . R '

o

LI

and, by definition, lz (x )l 5 L 'It-tHen follows-that'for some‘* t

(c,d) < [0 h], either S . A

z'(c) = L‘, 2'(d).= N, L<z'(t) <N, te (c,d),
or o _ . ) ‘ c_ » ‘-‘A P
o 1 R :
’,_2'(c) =N, z'(d) =L, L<z'"(t) <N, ¢t e;(c,d).
. N \\ . B . . | ‘ . . . l. =

Agaln, without loss of generality, assume the Eoioer;. Then,

RENCGIE l%(c,g(cj>,z'(t-))l < Y(z'?t)),/(e‘ [c,d],

o

implies o I 3

'J _ ~JN s ds‘=_[d z“(f)z'(t)df
R . Je 'Y(Z'(t))” '

{ )\

f L"(rﬁrxpdc
. Y(Z (t))\)

a
f z' (t)dt- | N
c . ; o ' :

[ A

A

‘sup. B(t) - . {nf- a(t) ,
O<t<h' ~ 0<t<h :

contradicting the choice of N. = .
. S ) N K ) : ’
. 6 e !

II 6- II 8 are new results which extend some results of

»

Jackson {6, pp 354 355] | N _iu. ‘ v”" o e



w. T

11.6.1 Theorem: Given al,Bl'c AC[0,h] ' and a2,82 € Ll[Q,h],.lsuppose

that

S AD o () 220, (t) and’ B! (c) = B,(t), .a.e. £ '[0,n];

- (ii) al(‘t) < B-(t),' t ¢ [0,h); )/

.t
(1i1) ;az(tz)'f o (tl) >,f£‘f(s?ai(s)?u'(s))gs{‘ anq

1
B, (t,) - B, (t)) < L f(s,Bl‘(s);Bz(S))dS,;. [tl;tzl < [_0',h];‘

(iv) »f(t,x,y)"is locaily uniformly Lipsghitz in 'yA,on ’[O,h]EXIRZL

. o . _4, R » ) ‘. _. '» - : .
(V) -f(t,x,y). satisfies a’Nagumo condition-on - [0,h]  with respect to

O‘1’81‘, .

) (vi) ‘f'(t,y),= f(t a (t)}y)- and £ (t,y) (t B (t),y]. satisfy

- Caratheodory s condltions on '[O h] xR, - ‘A ",x ;o

‘Thén fbr_any  20’21 € R SDCthhét.

0 (0 <z

= B0 ) <2y < B ()
there is''a éolutipn _i'ﬁ CZ[O,h] of the bdundary'vgluefpfobiem,

A f(t,z,z'),f z(O) = zo;:‘z(h)'= 2 ,;;.

- such that

4

Gl(t)_(.Z(t) f_sl(t) s t € [O’h] |

Proof: Choose.,N‘> Oi_as{in'II.5 gnd c > N such Ehéf' 

- . . .

[
"



oy, ]2 ¢, 18,()] <, ave. ¢ ¢ [0,n).

Define ', :[0,h] xRZ +R by R T

f(t,x;—C)ﬁ”,y < -C _,‘ . T
E(t{X,Y.) = l;f(t)an); lyl __<_ C
. _f'(,t',al(t'),yf) Caxs ’al(t)’ |

Fen s (Feny 0 e <x<s @

BB ) S x B (®).
Qn [O)h] X R ’

' ,f(t,x:}’),i SUP{l.f(t;x',Y),: t e [O’h]9 al(t)ixi Bl(t)’ lYl _<_C} < Py
so by 11.4, thére»ié a solution z ¢ 62[0;h] of -

0}

‘o e

L, - o . ST
znv= f (t,z,zv)’ _Z(Q) = 2 z(h) =z

2

s

It remains only td show  that
‘ T e | o : o
() < 2(t) <8 (6), toe [0,h],
sincé,‘iﬁ this case, 'Iz'(t)J;i ﬁ, ;30 ;haf. S .~::> _ﬂ "_ \fw
ok ; T E‘ S
B z0,2'(0) = ez, (),
Suppose . the cdﬁtt%ry,,andnﬁithdut‘loss'bfigenérality; éssuge_

]



o

that'there exists [c,djtc [0,h] such that

20) = B, 2(@) Bl(a;, RORSNON clef(c,a),f

7z - 81‘ has a naximum in (c;d)h at q, say. Since z - 61;6 AC[c;d],

there'is a subset»of (c,q) of positive Lebesgue‘neasureuon which"’ |

z’(t)'>¢§i(t),. and a 51milar subset of (q;d) on Which z (t) < B (t)
(¢£.19, p. 246]). - Then- BI(6) = B(t)  a.e.t ¢ [0;h] tmplies that

 there exists p € (c,q) and 1 € (q,d) such that
2'(p)-?‘32(p),' z'(r) < Bz(r)i:'a
“But,,

S22 E(e8, (0,2 (), t e (pa),

PO

,,BZ(FZ)_BZ(tl)~i Jt. f(s,@l(s);ﬁz(s))ds, [tl;tzl c [prd)l‘”
' R ¢ ' ' ‘ SR
'.and z (p) > B (p) together with (iv) (whichiimplies'uniqueness):and'”
(vi) 1mply that z (tjyz‘éz(t) " on (P;HS;' by II:BL' lhisZCQntradicts '
RN QRN (r) ' | | o

y

The above theorem immediately extends Example 2 by relaxing

the continuity and differentiability requirements on the functions
" o and” B. In practice, it allows certain jump discontinuities in al

.and' B',{ The type of discontinulty allowed is illustrated by comparing

“l'Figure 4 below and Figure 2



V'Fighfe 4

: : N e

Lo,

In iIQ7~tﬁe(résulté Qf;II.6iare extended to"‘Io;w).. I1.8

'mgﬁg;ieiplicit the types of discontinuity'allowéd_in »§'  and B' id o

L \ - -
practice. . . L _ | T v ;i

ILT. Theorem:. Given :ai,Bl e loc AC[O;m)“'and'fa2,82,e 1oé:Ll[0;§f;l

. 'suppose that: = = S AN S AT

-\(-‘1_>_ a} (£) = ay(t), "~'Bi(“t.) = By(e)s ae.’ b (0,5 - .

) @ SBEN eefom; 0

. . t ’
(,i,i,,i.)-“.f’z(t._z)' = Gy(t) zf f (séa,:l_(g):,a;,_ <'_.S)J_ds;,'
B '

[

- Bz(tz) - 182 (tl): __<_ Jt. f(_§’l-31(5):'§2 (s))ds, -_[til,t_zl-.c‘; [0,°°) 5 ,',.,_ L ‘_ :

w?

4

27.




28.

_(iV) f(t,x,y) is localiy unifonmly Lipschitz in y  on . [0,h] XIRZ; h >0;

(V) f(t,x,y) satisfies a Negnﬁb_eonditien on [O;hJ;.he3 0, with

respect to Gi;Bl;

i) L) = £(e,0 <t>,y) and f (c,y> £(t,8 (c>,y) satisfy
d‘_Carathéodory s conditlons on [O w) X R, ’

~_Then_for.any'_zo.§iR 'sdch'ghat al(O) fvzoff‘Bi(Ola‘ethere is a{sblution.' S
Z,? C'2‘[0,~°°) of e |
N ' e ' _
. Vo . . n . o . -
, = f(t,z,2'), z(0) = Zy
- euch;thét i .-i. K jl : R vf;: o i' NS
.'_-’dl(t) < ;(t‘).;,el(a, t e [0,0). - . e ‘ j

Ve

Pfoef: By II 5 and IT. 6 for each positive integer n. fhere’exisﬁs'~-

r]

’,z € C [O n] such,that o ;k-’,

O @,

() = £ty (t) 2 (t)) :

_ dl.-(t:) = Zn.(-tb): i Bl (-t),_,,"’? t elo’n]

and_tnere.éniSts N> 0" such that Iy (t)liidN' on [0,n] for
y“(c) e,y @),y (t)) *@i(c)_ﬁﬁy(r)‘; el<t).f_t‘<f[o,n1a -
- So for fixed o, tne:sequenées,lfzm} and {z } ‘m > n,- are uniformlybu

bounded and equicontinuous on [O,n]. By Ascoli 5 Theorem, there is a-

W




't *( . ’ te ‘ .
€ C[0,®)." such that z_ =z
o . N

. subsequence and z,z

2}
"

uniformly Dn‘;ghpaét‘suﬁintervalé of  [0,),. and

' : a (t). < z(Fj.i 31‘t)f:># g'tO;ﬁ?-'

~From the convergence z' -+ z

Theorem implies thatA; e o IR

2 (35 . <o;‘+‘f 2" (s)ds |
> z . (s)ds ,
e e

t
and so, -, .

. : . Crt : : S .
2 2@+ [ e ee 0@,
. A _ ‘ S S

N ST * SR . Lk :
~By the continuity of 2z .'it follows' that z'(t) =z (t) on

2! (t) (s))ds
e @)

5,2 ~fs5;z;
e o

"implies

ee o,

é'(ﬁ): z(O) i/j (s, z(S) z (S)) ds,

- Fiﬁally;»by’;he,continuityVofs f,'_' e
. ' | . ‘\ ‘- /“‘ . ] ", ] » - v' .
2"(t) = £(t,2(€),2'(t))

,"

.\ _‘ B \\'n
pecto,
Corollarz
loc ACl[O m),'

| II 8 G}ven al,B € loc AC[O m) and a ,B

suppose that 1»T

“‘ki> ai(;)Qg;B;(c) e 0,9

”:(ii) .q;(t)li (t a (t),a (t))‘

. and z

oy

gié#éwiséi s

29..

*

N

k- S S ,
» - the Lebesgue Dominated Convergence
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B < £(t,8,(6),81(0)) ", “aie. t e [0,0);
: : ' - " . R ot +
. . » [ v . [ N
(ili). at each discontinuity Y ‘of a)s ql(Tl).j QI(TI)’.
. . N . \ <‘ . .v
‘at each discontinuity T, of B!, B! (r Y (r ),

RENR (iv)' f(t x,yf is locally unifofmly Lipschitz in -y ‘on [O,h] XIRZ, h > 0;
- : gj:r . ' : : Y '
(v) f£(t, x,y) satisf\es a Nagumo condition on [O0;h], h.> 0, with

L & L '

./..  'H respect0¥o al Bl’

) . (v'i)";f (t,y) (c a 1(t), y) Vand f (t,y) (t s (t), y) satisfy

~Carathéodory s conditions on [0 m) XiR o -
‘Then fot;any 2z ¢ R ‘such that al(d)ijfzolj'Bl(O),w_thére is a4solution';.’

zec’lo, ) of B

2" = f(thz;zf);‘-z(O) afzdfi '

. 'such-that .
y ‘ i- ’ J.:}.al(t)‘i‘z(t)bjﬂﬁl(t), i tigl[o,;); ;1‘.

Ptéof; Choose. dz;Bzis'lnc Ll[O,w) _sUchftnat:

. i'iﬁ' aé(tij= éi(t)?f_BZ(F) §;BiKF),f:';i:

whenever the derivatives exist The result follows from the previousf
: }iitheorem if condition (iii) of that theorem is satisfied In particular,

i,n”since iaz? and 8 are piecewise continuoﬁs, it sufficas to show that

n(1ii) in IT. 7 1s satisfied on intervals [t ] < [0 m) egntaining o

1.0

:precisely one discontinuity _Ofi.aé 'dr.;Té' of 82 ; Bnt in.fnie'ffﬁ
. f‘case it is clear that ,';_t‘-i: LT ,' lfﬁff{:",t;‘:v; ;%‘ -




. corollary.

- . E N . IR SR

Ex‘:ﬁnglé_ 6: 'Supp'.ose , fA;.[O_,h] x R
ST )

T:piecewise

"has the intermediate v.alue:prc},per_ty withvre‘SPecf to ‘(Q.Zo)- S “

ot :
2 - R . . o .
f.t £ (.S’_alfs?f“fz(s,)) ;19201)-42(5) + u2}<c2_)-a2<fl)

rooZoplea, (),

. . . : . " Bl N N 4
. S ; o ' L [
. \

2
jt f(s,sl(;),ezgs))qs y

v

e o . ‘+..
B (1) =By (ty) + By(ep)=8,(xp)
' Bthz)‘Bz(tl)'f1' | .

A L

[ v

The next example is-an _i’mme‘diate ‘consequénce of the above

2'41{ “is c0ntihnous,.arid lét -
e L ; v '
l_<_ '1:2 < »}, Y = {x:S +R}. Then the operator .
loc Ac1[0,w)J+'Y R defined by .
. R
Sy - [ CHex@ o @) - 2@ - xeh, ),
1 : - . t :

€ R%:0 < ¢

S




CHAPTER III

. FINAL RESULTS

The intermediate value theorem presented in the previous

L chapter as II 1-is used in this chapter to prove the existence of

SOlutlonS to the boundary value problem
W " +..>‘ (1_(wt)2) =0, o ‘ (5)

WO =8, WO b, W@ =1, )

where .1 > 0 ]b] < 1. The particular results are contained in C

~a subsequent theorem whose proof also uses. the preliminary results II 7

'and I1.8. / The technique used is analagous td that used by Gamlen and

'Muldowney [4] in an application to the above problem
: By the change of variable 'Z'?'ﬁ',i the.boundary'value'.o ‘
problem (5)—(6).becomes ,
’ ‘_z" ='F‘(t‘,z,z'\’.'z.(..6‘))’. Z‘(O) .= b,z(oo') =1, .'
where F:[0,»=) xR X Joc ACT[0,») »' R 1is defined by
: F[t,x,x!,y(-)) = -{a +‘f y(s)ds)x' - A(1-xT).
:Assume‘that "X'gjox_aﬁa,ilb|i<f1,” andfletA“;‘r‘_.aﬁl S c
¥ = {y € loc AC [o @) : ly(t)l <1, te [o w)}
T _ |
Ty {x € X x(O) ='b, x(m) x (t) 2.0, t € [o w)}
,s'% loc L.[o,w)_X:R.'_f o *‘.f ':]' - .,,;ff‘"' '.;fffoﬁ

R P



FDefine'.K:X;XHX y S b;

©33.

~ . .

L ORGGY) = (F(e,x(0), % (£),5(:)) - x"(0), x(0)),

' .‘and;let. K be the restriction of 'K‘htd Y x Y,

‘ I1.7. Then‘ }1,7 implies that K( ,y) has the 1ntermediate value~

MORES

: and-

S e S DUR TR o S e
For any "h > 0, hy_the'continUity»of- F, . there exists: M ¢ R such that

Since Y c C [O cn) andw u(O) (')h= v(O), there exists Q'efR “

_'(a) For fixed‘ y € X-'and d\,B £ loc AC [0, ), it is easy to

see-that f(t X,x' ) (t X, x' ,y( )) ’satisfles conditlons (iv) (vi) of -

prbperty with:reSpect to (0, b) €S, for_each y*e'X; .Inlfeet,. R(-;y)'

' has the 1ntermed1ate value property with respect to (0, b) € S, for -

_each y e Y. For, suppose q,B € Y’, Y e X, K(y,y) (O,b),.’

a.

a <y < 85' but for some. #0 >0, Yf(to).< 0. ThEH;v

:'(t).=';A(1-Y?(t)]_§ 0, a.e,‘c~e'to;g);i‘vi ~h‘ o

I

ito;w);7 and hence'the'eontradietiont- -

impliesfthét Y'(H

v

(b) For each fi , :

"K(x,*):X'> S. is decreasing. .. « . T
S . S

(c) For any u,vE, u <V, suppose X,y € ¥, u <xy<v,
r

%(0) = b, x"(cF=F (c x(t) x (c) y( )) te [0,

|

A
A

Ol zp wel e wn

Y. 2
such that lx’(Q)lqi Q Then o

',! )Tiffi‘[ﬁ




and it follow5‘that ’(O b)[u v] ’nd‘ {x € loc AC[O ®)ix €. Y(O b)[u v]}

are uniformly bounded and equ1—absolutely continuous on’ [0, h]

Ifilw~ 1s a well ordered subset of Y(O b)[u v], then there

.

is a‘sequence' {x Yew such that x tw= sup W By Ascoli's Theorem” _

Pl

there is a subsequence which conVerges uniformly to w on compact
\

spblntervals of [0,9). It is then clear that LA loc AC[O °°) and

s ) <1, V'(AE)‘.;-.O, ‘a.e. te ,[o,.}o)‘.'

A further application of Ascoli s Theorem gives a subsequence {xn } ‘and_ o
* : -
_ w_'e loc AC[O w) “such that X, rw and .x; > w uniformly on.
o ' "k ST Tk Lo S
_compact subintervals of [Oéﬁ).‘ By the Lebesgue Dominated Convergence :

, : R S * 'ﬂ‘-
Theoren and,the-continuity of w , it follows that w (t) = w. (t) on

[0,%). Therefore{' Vo€ 1oc AC [O ©) and so w e Y.

?
(d)"For“'W; w, ‘and {x. } 'as in. (c), suppose that ‘R(x,w) iﬁ(O;b)d
‘for'each X e W Thenbfqr [ l’t2] < [0 °°) ;5\\ |
o . : oy N ~'
x(t))=x(t)) > % (02 (e, '-tl? * L

i L R

208 . 1
-[f'F(r,k(r),x'(r),w(o))dr ds.
Since W €. loc AC [O m) , it follows from an application of the Lebesgue

,Dominated Convergence Theorem to ixn ) and {x } that :l
. . "k | ,k‘ e

VO 2 F(u) e (0,80), e, © e 0,9,

Cthat is, R(w,w) < (O.‘;b). S e 5
)_ , ‘ . . L
From (a) (d), it follows by II. 1 that the map X > K(x x). has

the intermediate value property with respect to; (O b) € S o Im fact,




if @ €Y and-- B ¢ X are such that «a <8, B(®) =1, and

R(,@)'< (0,b) < K(B,8),

then there exists z € Y; a <z < B,; such: that K(;,z)'= (O,b). For,’

B in_this pase,:(b)/ﬁmpligs
K(c,B) < (0,b) <K(8,8), .

so.by (a), ;hepe exiSﬁs fBigé X satisfying

»~

a< B <8, K(8,8) = .(0,b) )

- As.in (.a)"c » | S o D ‘ T .
BI(t) + (a + j‘B(S)dS)Bi(t)‘i 0, a.e. t e [0,x)

implles that B (t) > O on {0,00) , .andA it f0110ws that | Bl c Y.

Flnally, by (), | S S

f((}ot,‘a) __i (0,b) < 1—((81,431)‘* e . o 4-3.,

so that’ z can be determined by the intermediate value property. - e

o . : . R : R x
The main results of this thesis are contalned in the. following

theorem, whose prbof Takes ‘use of the preceding ohservation . e ,;QF\gi :

: Theoreﬁ:_ The stndafy-value brsblem
nv."“ "" L N2 -.'“ L e _v gy
w4 A (1-(w')) =0, ()
S w0 =a, w0 =b, W= =1, (6

has a;solutisn y'ehléchACZIO;w)ﬁ which satisfies (5) élmbst‘éverywhefe‘




2

‘aan w"(t) 20 on [0,=), for each of the‘folloWiog.caSes:

. Aﬁ?:(i) A :‘O,' Q <b <1, —ﬁﬁ<‘3~K ooy
b ' . .

R A A R R

. (ii1) A = 0, -1c<'b <0, =k, +fﬁL(b —'Rn(b+1)):§ a < 4=, r spme
AT S ST 0 N ARG
& : : : ) :
o : . k. > 0.

S - 0~

Y, $,'K, and K as above. if_ B=1 and, |b] <1, then it:is

eleer that B € X, CB(=) = 1, ‘and  K(8,8) > (0, b). Therefore, it

- follows from the discussion above, that determining @ €.Y such that

. roof: Make the change of yariable z = w' in (5) and define F, X,.

A K(a,a)»i (O,b) 1mplies the ex1Stence of 2”€%Y, a i z < B, 'satiSEying;

2" = (a4 f z(s)ds)z' (t) - A(l—zz(f));,_a;e;,t-e-[o,w),

0 R o
o | ;’
Whete >0, [b| < 1. But, clearly, - VA
»:‘ .. ' ) ‘ . ' ’ ) . . ’ t A .: ‘ ‘ | : »
‘ . o '. w(t) =a+ J'Z(S)ds, t e [0,%) .
B P TS

-4 u
A%

4 satisfies YG) and (5) a.e. t ¢ [O,w).> So'the‘théoremffollowS”if for

each case, an a ¢ loc ACl[O,m)= is-detérminéd,_which.satisfiés:

A

@ @0 20, tel[o,=);

b B a0 = b, e 1; |
P © w2 -(a +.f a<s>d8)a (t) - ( 1-a (t)) ace. te [0,),
3Q Case (i): Define
‘ 4 »'f exp(-[ a+b:_dr)ds' S
f‘a(t)‘= (l_b) 0 . fg s:: . ’ »+ b’ éié,[OQQ)!.
' ffééxp(—f atbr dr)ds ' | ’
o o
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*Then“ciearly,v(A) and (B) are éétisfiéd;.and

@“(t): ;(5~% Bt)a;(t)

v

. > -(a +~f-a(5)d8)a'(t) ;.A(l’;aaz(t)).
— A R

" | . < \ o N - L v’ N X .‘ e N ..
Case (ii): Choose ¢ > 0 such that -1 < -C=;;b and consider the

problém o : _ .

o4 (ae0z #2020 20 =, e loe).

/iA sof@tioh' a2?1i$-qflthé‘fdrm B
. az_'(t)f#';—k(lecz)[ e.‘ff_(S)(f r(u)du)ds +a (0)j r(‘?‘)d b,

where r(t) %’a;'—-E%— . Since -

,aé(f5 . fé_r(t)(k(l ~c )Jﬂ r(S) - “5(°))‘§?.




38.

.t‘ ' Lo,

r(s), S

: a'(O). A(l -c )J e : . . _i -
2 S e (;f7<:3
. 0 AR ) . =

. N . ) ) Co .
- . : . . ) N . - . ) , i . ]

. then chocésing B : B SO >

for some ‘ t.o' >0, it is _cleér .thét ' a, ‘has' a maximum at’ tO'

Now;, for any t ¢ R,

s 2 (S 2.
Lo . u us -
.,QJ eV du ‘ses -+ [.e -du
lin  —t— = ln 7 =
s>+ e s+ 3 2ge

implies_itlhat' - . "ﬁ . SR
y '

| o BRI TS BT T
‘,'Tl.xen,‘.sinceb
. v‘g*iﬁ%?-f =A{[ _ef(s)ds][J_ e r(s}ds} - J-‘e ?(s){f er(g)dujds C o o
¢ A(l-c™) % 0" Vo oo 0 ) -

0 ,iv( S |
J L s) U -. r(u) st, ~ integrating by parts - -
0 Yo SR SR

]

= J Oe-(‘(-/(?/—?-“ té.a//zg),z].[J.Se-((m!uéa/ﬂ)%)du}_ds. -
o 1f'o‘, B

@

- /—7— t —a//"‘ - /37_ 5= a//—— '2' z;'
- f U ‘ e du]d
¢ -a//_— , -a//EE

itfollows that lim az(to) o, If £ = 0, - then’ Z(tO) —_b C :

so t, >0’ _cép be chosen so.‘that, 0 < "az.(to)-k c. '_'In 'th'is‘j(':a.‘se, -




.

‘on

aB(tjA=r(.'— a (t )j

BV
N I3 - o

(0,t4), a)(t) > 0 and _az(t)'.< ¢ so that

a'z'(t) —(a-ct)aé(t) ‘_‘ )1(1.-(:2) -/ - - ‘

R o R
(a + J a (s)ds)a (t) - A(l.—'az(E?);--
o of ot T e

Next, define '3 51milar to o in Case (1), by

f exp J_ q(u)du)

J -exp [ q(u)duj

t

. ER : 0 B VR
"~ where 'q(t) = akf JO az(g?ds + (t_FO)aZ(Fd);.VThén’l.\

and‘ .

aj(to>f' a (to), a (m) =1, ey o,-_t:é.géo,éi;

&g(§>f -a(Daye)
j(a +.J“'q2(s)ds + } a, (t )ds)a (t)

i

_t_:o

.’ .t' ,

fv

','toj n
k FinaIiy,_definé :

:.»“j(t? E:PQ‘f.f Sito"f'f -

- al(f)

a (t) ,‘v 0. < t < +°° |

m

39,

+ aé(to) y t E[ﬁo,‘”) ’

O
fe s l, o0 ¢ [ oy@alal©, ¢ e o,



e

7

- Figufei6.'

Then define f£:[0,%) x R +R by - - |

B R T O

0

i

r It is easy to see that f satisfies (iv) (vi) of II 8

i

" the: above, it is clear ﬁhat fdl,B € loc AC[O m) are pie

loc AC {0 °°), ‘endbi‘

cewise -

ay (t) < el(t),'_ te [0 °°), . -

.’ V;.I . ' N .- ' -
’J“l(toy ay (t qu.;_aS(t

.di(F)ii}f(“f“ig?)’¢1<t5);

. _'Bg(t') -‘:’:‘.f-(t,»Bl(t).,k{'S:'l.(t,‘))e F,F [Q'Q')"“'._t:‘# ter

40.

lAlSQ, ffem .



Thus;bby 11.8, there exists ”q € loc‘Acl[O,é) ,saﬁiéfjing
; : u(O)'%‘b,‘.ai(c> <a(e) < Bi(f);;j e

. R 'k". gt ) S o . _?5- :g,_'

Coa'(ry ﬁ‘—(a + J.a (s)ds)a (t) = A(l—a (t)) toe [0,°).

.'.Siﬁce
a(e) + (a+ J qrcs)ds)u?(t)'f 0, te [0,9), -

Y

',b'then‘ a (t) > 0 ‘o [0,%), and it follows that '« ‘satisfies (A), (B), . . = .
and. (C) ' | | |

o Casé:(iii) Let. M= 2 - el2 n=el’21, and denote the well-known '~

error function

_ For any’.k ?30;' .‘-" ' ;
R Ns _ 4T kL o N
ot (k+ [J_% , ’]'.'f-_ZN"+2'+- 7

Coso e

L

: Ny- ~Ns : 2 =k ==y
L exp[(k + ——J —’r——st / 7 Koy | "2k )
"i fo.,- | ?k - .2v SN T exp(zn)erfcl /;4 — 3 o

2N

- Since lim erfc(z) = 2, then (7) has a finite positive limitias’ |- .
G e T e e N

K=o Thus, there exists ?kof?_Of such that "

| / IR

x



N B

For ~
e ek Lt e
0 kgt n‘-,)«.—-8,<'.~“’. :

0, ."kO T; l_=>FO‘+v§E%:,.

) .:ko(Ffto)

NI__H‘.T‘

"‘t‘“nncn;ﬂ -



. Then define £:[0,%) x R® + R By?

Again, it 1s easy “to see that f satisfies (iv) (vi) of II 8

it can be shown

9

: - R
f(t,x,y) =:-(a.+ [:ai(é)ds)ygyff;;,

)"0':-"

that 1,8 € loc AC[O °°) satisfy the remaining

hypotheses of II. 8 as follows

BECEE U

‘Bi(:)f_

8:

, Cleéflj?"af,

since

At

] S
) '\ v

i -
Neol ' R

Kk (t-t )
A ¢ it s LA
kOe _ .

N(t -t ) ]

IexP[(ko +_____,_)(s t ) _,____2.__.__.

L are plecewisé loc AC'[0,%), and by (8), .

 1[2\ ‘ ) 4
0

v

1 el J“ Fo —r

N(S-t )2 Lo
J}ds’ -

Also,}7: -1 ”"'




SRR

~ “then
v

;»(é%

Sy

Since

0= b,

< .18'<-t>‘ on

e

| _[

v

ENCRREEHORE S

| '['0,59) . ‘

a'(t)

Lo

tH.A &E

e

'Flg Los??, F_fitl’

TSfﬁcéfTﬁ (t ) 0., and a{(ﬁ);?;Q .én [0 tl), theh' _.1 )
-a + ﬁ?{b - 2n(b+1))]a (t)

Gy T i
‘;7(§*fffdf¢i‘s?§§)°ift?i'7:;”'

ét)

s f(t,a (t) o! (t)), teloe).

Y

o Since op(e) =N "é_"idl' ) ‘?«Q"r?h; '-(-tif,‘?)- ,'iff'_thsn BT

. .Since

. “.gavézgp)

A ),
"o

Ty e

BN TS i‘}
Bl(t)A<

,[('
e f ?1fi (‘

et [ @ao

B®) 2028,

+ Zk N(t t.

*‘;1 |

ko

N = thal ('t_i)'i;géii(_t;:)) .

(t B (t) 8 (t)]

._1_.(b - 2n(b+1)) f

)}a (t)

.t?

h

1tjié abvioua,chat,'-'=

t e [0 °°)

BV

@
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Therefore;-by II.B, there exists .a £~loé‘AC1[O,m) 
-;satiéfying :
a(0) = bi oy (e) < a(t) < B (1),

4

a'"(t) z\r(a + f'a (é?ds}a'(t),uﬂt € [0,=),
e IR el s D
It follows that a'(t) > 0 on- [0,%) so that a satisfies (A), (B),

dnd (Clﬂl- o LT , | S  >'L: { | o |  '~'$‘
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