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. : R f‘
 ABSTRACT ,
'\ " . N

’ Given‘a sequence of bound—state'energies,‘therinverse Gelﬁfand- .J‘

'Levitan theory for the one-dimensional Schrodinger equation enables us’

1

<

to uniqueky construct symmetric reflectionless potential which sup-

d,¢ports those bound-sta s. A question of interest 18 that if the bound-

o

state energies belong to a symmetric but not necessarily reflectionless, h

'potential then how c osely does ‘the reflectionless potential s1mulaue‘

.thejactual oné? ﬂ/;

This'method if reliable gives us a means of’ approx1mately
constructing a symmetric non—confining well' in omne dimension from 1ts
(‘bound—state spectrum.; Withrthe inclu51on of an additional parameter,

L'Eé’, thls technique can also be used for flocally approximating a

VoL

o

symmetric confining potential in one dimension

ES . . ‘, . ]

In order to test the reliability of this technique we apply it

1 o -

'tovsome known symmetric potentials (confining and non—confining) in
;'fone.dimension. yée also calculate the reflection coefficients of the
-lactual potentials (of the 'local' non—confining counterparts in the .

case of ‘the confining ones) as a function of moantum and look for some

i'favourablq? (or ! unfavpurable‘) systematic54towards this end.

T ' »*35- S - I f
' In conclusion the reflectionless potential 31mu1ates the rough .

— N
'qualitatlve features of the actual potential quite well Within this
: perSpective the technique survives the tests.

L
e .

T

(iv)
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1., INTRODUCTION

TR
Sl

The 'November revolution even 1n t] winter*ofg1974,. ad
e made things hum in. High—Energy Phy51cs. A new particle W/J (wrth a
g mass of 3 096 GeV) was discovered at the Brookhaven National Laboratory'

_‘ in the study of the reaction [1]

Voo S R
e :
,o‘. ) : R e e

e p E* Be > (e e ) + anything

N . . .

’ f;e+e;”#yhadroﬁstnt ' _: o .‘Ti'L R _.;:hﬁ[;f
i i .su&-\h S v e Lo ‘
f Its companion particle W' (3 686 GeV) was almost immediately spotbed
: B . N U Sy
. ,’."?" ) . E e f' :’, . .
the need for the 1ntroduction of a- fourth c(charm)—quark'nxxthe des-\ '

at SLAC [3] Amidst grow1ng theoretical expectations 1t confirmed :

-

?;mf crlption of hadronic matter.v It was accepted 'almost 1mmed1ately, that‘f‘»*"

w and w'.were different energy states of a systém made up of a c—quark ;‘

}i and a'c—ahtiquark Sincg.their discovery in November 1974 a rather L

‘f,‘ S : 1‘1--,». S }'
aatisfactory spectrum of cer bound—states has been unfolded [4 7] _A :
~»-.5 . o

’f(' recently reported spectrum is being tabulated 1n Table l l [4 5]

6

The discovery of cc states stimualted the quest for such bound—;

- U

y; systems of quarks w1th still newer 'flavours .b In the Spring of 1977
X ‘ _IV" ’ . .
5J5barely two and a. half yeérs after the entry of w to the hadronic world -

-

’d another particle up51lon (T)' was discovered at - Fermilab [8 9] in the
freaction B P T S e »
p + N > (p + u ) + anything. Do
-| ‘ ;”i o |

i'hs‘ Almost immediately, 1t was found to be accompanied by another partner -

c"

‘f'T' [lO] It has been a fleld of intense experimentation 51nce then



- Table 1.1. - Charmonium State$ '_

!

state uass (vev)

ool 3096.9 ¢ 0.1

.5

L

,‘X ;‘v s ; = 2,34%2_.

Ky o P0sA s

R

S

my o ATese wse |

e w0 3686 £ 0.2

A

s . R _
1.2, Bottomonium States =~~~ ¢ . oo oL L
A R S R T s

A
;s

" Table

State. | Mass (Mev) .| oo

Vomer, o | 89T T

RERET
£ 5

: Note{} The nﬁmbéréffabulafed dbbvé‘@réabéiﬁgYQQOfédlf?om‘a'véréfééceﬁt.,,f‘
' - paper. - The reference is: 'K.J." Miller and M.G. Olsson, Phys. ' .
Rev, D25 (1988) 2363. ~ . oo D T



: Se: far four companions of T have been detected experunentally [5, ll]
as shown in Table l 2 In much the same way as w and y', these par—‘

ticles have been interpreted as different energy states of a bound—"'
'i,system of a newlquark 'b(bottom)'andits antiquark b

. ;ﬁ"' o _
b As dhe cc and bb systems resemble/pOSitroniym, in the sense

_ of being a bound state of a particle and{its antiparticle they are g
known as the "charmonium and 'bottomonium respectively '.generic__»l‘

! s N bt

' name._quarkoniumv:has.been-asSigned to‘aisystem of'thisfkind.

)
e

It is enough of}a testimony of the Significance of the cc— and*
bb—systems that they have.attracted‘speCial attention in a medley of i\}bb/%
rhundreds‘of mesons; What is SO . faSCinating aboutvthem5 Let US'COH;~. Tipil
i Sider the cc—system for instance. It is a very heavy meson built up
o of two very heavy quarks.f The binding energy available to- the quarksb
is very small compared to their mass. " So, it is ansystem which can be:'

analyzed using the tools of the usual non—relativistic quantum mecha- L

:.Q;FS unlike the case of the systems made up of lighter quarh

V.

"fsituation is still better and more.promiSing in bottomonium~ s it is

‘fstill.heavierfinvmass ' To highlight this latitude in dealing

5 .

thefe particles people have called these systems as the ”hyd ogen— e

: atoms of strong—interaction phySics [12]" : It is worthwhile t'f
. ' 5 ) agr‘v
acknowledge another Iemark [7] "The discovery of charm marks t‘e

jbeginning of*quark chemistry". . ;;i.,f;*

B
wi

At the core of this enthuSiasm is the hope to unravelthenature
of interquark—potential uSing 31mple non—relativistic quantum techni— >

ques on these systems., Since the discovery”of charmonium in 1974

s .



_ilot of effort has gone into this direction These ef{;rts were further '
)t still remains.‘

',invigorated by the discovery of bottomonium in 1977

the motivation for~a very active phenomenology.‘

. hd N

J‘ The maJority of the work done in this direction can be broadly

f

oo

‘i;ClaSSlfled into two categories. In the first case, guided by theoreti- “‘
Pcal suggeStions ‘one- assumes a speCific form of spherically symmetric

'VStatic'potential This ConSlStS of some free parameters One then
S . :
~jtries to calculate the 1evel schemes .and other known relevant quanti—“
[ . v,”r"‘.
"tties uSing the Schrodinger equation : Fitting these to the known spec—

Atrum and quantitites, ‘one’ fixes‘t e\parameters. There is a whole variety
of such potentials which do the Job [G\I\fZl] With certain forms of

,‘ipotential e g. the powér law potentials Schrodinger equation dic— S

i ,tates Simple scaling laws for many quantities of\\nterest like level

‘”;spaCings decay w1d€ﬁs, etc. This is the topic of interes 3

s second category.: By comparing the predicted and observed systema”'

’:.'ln these quantities one cantfix the details of the potential or at “qiﬁ*\\l-

fleast establish some bounds on 1ts characteristics.‘ In addition to
~ R

.

jk"’these many general quantum mechanical and semi—claSSical results have v
5,also been used to extract 1nformation regarding the interquark—potential

- from the available experimental data f6 20 35]

R - : . . : ‘ .
= What one has to realize is that in all such calculations, one

RS

"..has to assume some kind of a«potential - no matter how general it may
['”be - to start with It Will be thus, highly deSirable and satisfying

to have a method which can give us the confining interquark potential
: AT : .

'-_straight from the measured quantities.' The measured quantities are B

s -\

-'the bound-state energies and the square of the bound—state wavefunctions S



'“'i- S \

S 2 L
"at origin which are known from the leptonic decay widths [6 20] This .

¥

defines an- znverse quantum-mechanzcal problem. | ) ,,‘”, ;//ifc

4"‘

Ve Such aspirations are not very recent in the history of physi@s. S

¢

'h,Determination of a molecular potential from 1ts bound—state spectrum

: using WKB inverSion techniques dates back to the late l920‘s and early !

"30'5 [36 44] An application of these techniques to ‘the present prob— f

.. e :
jlem w1ll require that the bound—state energy E be cons1dered as a .,

‘continuous function of the principal quantum number n and the deri-
_vative (dE /dn) be known as an input [20 33 45] This information 1s

.not available to us.. Moreover the known energy 1evels are so few 1n

Dp number that a polynomial flt to E as. a function of n by the standard,'“.

.1,.

'numerical methods will not be highly dependable [33] In the present”

:context therefore, one needs a different method to achieve this goa1;<

a e . . .
. B 4

Quigg, Rosﬁni and Thacker (QRT) came forward with an ingenious

L W e
' _suggestion [45- 47] They con51dered the nBSl levels of the quarkonium.‘ﬁ;

'_.The Vell—known cbrrespondence between the radial Schrodinger equation
@&

w1th 2=0 and the one-dimensional Schrodinger equation then tells us

1that these are nothing but the odd—parity levels of a symmetric poten—

tial in _one. dimension. The square of the n351 wavefunction at the ,:”
origin |W (o)l can- also be related to the odd—parity wavefunction in,

- one dimens1on w by the,well—known resulti[20,46,4711

jwﬁz('o‘) l,rz' lw' 2 )I2 » j' \ S '“'(1.1,)’

Loy

i~where the prime denotes the derivative with respect ‘to x QRT s 1dea G

. was to look for an 1nverse method for the one—dimensional Schrodinger

equation,which‘can uniquely reconstruct.a'symmetric_potential‘frombitsul'

P



the odd-parity wave-

' w

T
,functions at’ the- origin.

odd—parity bound—state energies and the SIO\TS o
b
i
- 1 . : l ;
In fact, they dug out of the literat ure, a modest and practic-
able way. It haS'been:known'for a long tim' that’a. efiectionless

potential can be uniquely constructed in terms of 2N parameters, where

N. is the number of bound states it can. sup‘ort [45 47 49—56] N of .
these parameters ‘are the bound state ener‘ies EA’- éKi. ,If,one_demands,,

in'addition, that the potential be symmetfic i.e.
V@) =~V~(‘—x) ey cam

then the other -N parameters A ‘also get related to the N bound-state:

K }+Kf
m n

R ZKA"‘;"QK' - K * (1.3)

“n. o mFn '"m n S

‘The symmetric1reflec£ionleSS'potentia'ﬁisﬁéiven‘by [45,47,491
Nt UL R e |
© V(%) = =2 ——7-{2n det- (T+A)} . - - - (1.4).
’ odxe : IR D S
X CA . -
i'I is ‘the NXN unit matrix and A is’ the matrix glven by .

: (K +|g))x X } B : -
A 1/2v1/z e : A ‘(1 5
A :"An,, A . (KnﬁrKv) " : L 5(;‘5)

B
B

: -The normallzed bound—state wavefunctions of this potential are given by

1 der(r+h) @

Knx det(I +~A)l

v (x) 7 e

2

( ) b

is the matrix (I-+A) with its nth column differentiatedhf

’ponce with respect to x' . Thus we Fan reconstruct a symmetric reflec— '

N .

" where'(ILFK)

a
‘ .

£
i



”

tionless potential in,ohe'dimension onlyjfrcm its_bound-étate spectrum,

However,‘this'method in,its'present'form, is still not suf-

ficient ‘to serve the purpose in the context of the quarkonium. In a
quarkonium hroblem, one has to approximate a 'confining' potential -

s

. for{which the whole edifice cf scatterino theory breaks ddwnl It hés
o . y

an 1nfin1te number of bound. states .and no scattering states at all
The last of - QR& s suggestions was to remove thls deadlock According

E to them, one should try to‘construct a N bound state approx1matlon -
7

V (x) to the conflning potentlal V(x); Where [V (x)-—E ] is a reflecqh'
k!

tlonless potential supportlno V bound-states at the energies ’

h—Kﬁ = -E -fEh. ' Here En 1s the n : boqueatate energy of the conflning _

a o ‘ B . /,

5potential and EO is'a parameter whrch deflnes-the zero of energy.

There is nclphysical reascning which will enablerusfto-fim,this_ﬁara~

v e

j

meter uniquely. It, thus, gives rise to an Eof-ambigujtyg However,
it ‘can'lie in the_ran e - ; S o
R By - an

Ihcrea51ng N in sbeps £rom N = 1, one.cah then'successively_huild,up[
‘local approx1mat10ns' to the confinlng pokentlal QRT carried'cutﬁ
) such a local constructlon of the harmonlc oscillatcr the’Iinear -
potential;and the infinite,square well. hTheir numericalbexperiments
hy Qarying Eoﬁip?its'allowedﬂiﬁterval shcwed thatva consistent chcice

, Eo— 2 (EN+EN l) R SR (1.8)

'*Oive extremely good agreement between the conflnlng potentlal and the

4
e

local reflectlonless approllmation Yy (x) In fact the approx1mat10n

~
e

‘,;_:‘"3



, N |
l/seemed to converge to the actual potential 'locally' as N became

.

larger [45,47].

: In thelapplication of this techniqueito the actual three- -

“dimensional inverse nroblem the odd parity levels Koy KL,;.. of'the
corresponding symmetric potential in one dimension are given by the
energy levels of the th;ee—dimensional potential A knowledge of the
slopes of the odd parity wave functions at the. origin. then yields

' simultaneous equations for the unphysical'leven—parity levels Ky ‘ 3,.:
via eqn. (1 6). The solutions can be obtained by numerical methods

‘.L46 47 48] Thus one has all the bound—states of a‘symmetric poten-
tial in one—dimension.’ Us1ng the inverse technique outlined above, |
one can then approximate it by a reflectionless potential Such‘an
application in the context of quarkonium) was undertakenAin a prac-
tical way by QRT _ They were able to obtain the charmonium and the

"bottomonium potentials [46] They also used such a technique‘tovin;:'

1
°

vestigate the_'flavour-independence' of the interquark potential [48].

Quarkonia are not the only systems where such an 1nversié

¢

_ might be desired. The nést . attractive feature of this technique is .‘
‘that it gives us a direct though approximate information regarding
the potential from a few bound—Statefenergies. Suchia technique can,

} thus, haveta_much:wider‘apnlicahility.j These handsomexnrospects.were'l'

precisely the motivation for further -studying this technique in this |

thesis. “The task undertaken in this theSis is to test the. reliability

1
. , -

- of this technique by applying it to d larger variety of known symmetric

.potentials in one dimenSion;gzIn Chapten 2 we develop the’ formal as- . °
pects of this technique. Chapter 3 is then devoted to the applications..’

. v



a

It was realized that confining potentials are not very clean
/EI . i

‘4‘

cases, to serve as tests of this technique. There is an inherent,\but°

unavoidable, artlficiality involved in translating the pure bound—

state problem of a confining potential to . a scattering problem. Thisl

vtechnique in its awn right is applicable only. to '1ocal' scattering’
‘(non-confining) potentials Moreover not all the potentials of
1nterest in general, are confining .So, one of the tasks undertaken‘
~in this the51s is to .estimate some local symmetric potentials in one
dimension by the corresponding reflectionless potentials using thlS’
'technique.’ Since we are, in general apprOXimating a reflecting’po—v

‘

"tential by a reflectionless one, it would be 1nteresting to calculatei
1ts reflection coefficient and look for'some systematicsviﬁ its 7
behaviour as a iunction of momentum which suggest a close agreement

between the»actual and the estimated potentials. Section 3.1 is

devoted‘to this task.

‘InlSection»B-Z we estbmate‘some confining potentials using the

. QRT prescription. /

«

’

gence of the reflectionless approximation’ to the actual\reflecting
gpotential Qur aim is to try to unravel various factors which affect

the convergence, both 'favourably and unfavourably
9 o . . kY ) - 3 7 ..

Chapter 4 concludes is work with a critical discu551on of

the results obtained it weighs the enthu51asm regarding the prospects.

' of this technique against the skeptic1sm. |

‘.Section 3.3 is devoted to a discussion concerning the conver%
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2. THE TECHNiQUE‘AND ITS NUMERICAL TESTQ_‘

In this’ chapter, we first briefly review the Gel'fand-Levitan

formalism of inverse scattering in one dimension. Then we derive the

1

technique fOr approximating'a symnetric potential by a. symmetric re-:

-flectionless potential having the same bound state spectrum. Finally, °
Py . i

‘we test ‘this technique b:{ga(pplying it to a known symmet:ric reflection—.
‘ /
less potential in .one dimension. ‘ o

A
\

2.1 (DIRECT) $CATTERING IN ONE DIMENSION

' 2.1.1 One-dimensional ‘FSchrSdinger Equation and the Fundamental ASolut'ions. .

We start with the one—dimensional Schri:’odinger“equatiOn (‘1‘1.= 2m=1)
9J4§£9-+[k2;-voo]uogk>= o . .2\

. ! . ‘
Here u(x k) is the wavefunction V(x) is the potential and k (= E) is toe

‘ the energy of the particle. The variable X 1s4def1ned on the infinite

1nterval, -0 <X <o, ,

'If the potential is localized, i.e., if

V@ 0 as x| re o e

then the solutions u(x k) of the Schrodinger equation will reduce to a
lmear combination of ‘plane waves e t*‘x~=_-*:m. It is therefore,

'convenient to express all solutions of the. Schrodinger equation as linear

’ 4combinat10ns of- the two solutions f (x k) and f (x k) which exhibit the ‘

follow1ng large x behav1our

4]

-fl'(x‘,k) = eikx ;':as X > 4o
00,0 =TT gk s ), S (2.3)
e 10



These solutions are commonly referred to as the fundamental aolutionsf
of the SchrBdingeriequation.

. . 5\ |

2.1.2 Integral Equations for the*Fundamental Solutions.

It is obvious by looking at eqn. (2.1) that explicit forms of
£, (x,k) and f (x k) cannot be obtained unless we are given the potential

V(x). However, if we treat k as a complex variable, their analytic
: , ‘ : \ 0TS

" p§0perties in the complex k-plane can be inferred from their -integral

forms.

Using the Green function for eqn. (2. l) we can 1mmediately oet

K

the . following integral equations for £, (x,k) and f (x k)

B ’ ’ N

‘f (x k) : otk _ %-f _dx' sin @(x—x') V(x')‘fl(x',k) (2.4)
\ S C ST :
oy j‘fz(x,k) = e—lkx +-% [ dx' sin k(x-X')V(xﬂfz(xf,k) . (2.5

e

- 'If the potential V(x) is real,\ hen we get the following two properties

o of f (x k) and f (x,k) from their 1ntegra1 equations'v

£; (x k) = £ (x —k )
‘fz(x,k) é fz(x,~k ):. . _ 4 . ‘( .
If, in addition; k is also real,_then’we get from eqn. (2.6).
* ‘ . . o S \:; i
(G0 = 60)

%

In'edn. (2.4),_for example, we first‘put elk$ for f (x k) and so on.:
. o i R T \

v i o

\

11



| ¢ ‘ .
The reéulting integrals would then be found to converge for Imk>0. It is

also well-known that the resulting-series for Volterra integral- equations
such aseqn. (2 4) and eqn (2 5) are always uniformly convergent with respect

to k [57.58].. Thus, we conclude that f (x,k) is an analytic‘function in the

3

upper- half of the complex k—-plane. In exactly the same way, £, (x, k) will

- also bean analytic function in the upper half of the cbmplex' k-plane.
. ) : . . L
\

»

2.1.3 Definitions of the Reflection and the Transmission Coefficients.

We, now, define the Wronskian of two solutions of the Schrodinger

-~ ' . : R

equation as

i

o]

‘:'. .
1

=4

=

Wl ] 2 v S e

» ’ . . . \

This definition differs from the conventional one by a minus 51gn Here

3

‘ the prime means-a difﬁerentation with respect to x.

,

_© The SchrBdingerequat.:i‘dn (2.1) does not contain the first deri-

vative of u(x,k). ' So, the Wronskian of any two linearly independent

solutions will be independent of x but it may depend on k [59]. We can

exploit this propert:yv in calculating the following us f.ul‘Wronskian

relations s~

it

WL G,y G, 0] = WLE Gk G, 0], = 20k (2.9)

F[fz'(x;k)\ﬁfz(x,-k?]

a

WIE, (6,036,650 | = <28k, (2.10)

These Wronskian relations depend obviously, only o/n k. Henee‘
{f (x k) f (x -k)} and {f (x k), £, (x,-k)} form two sets of linearly in-

dependent SOlutions to the Sch‘rodinger equation on t}ye infinite 1nterval

°
i

We can, thus w_rite IR o L | ; o

Y

12



fz(x,k) m‘cll(k) fl(x,k) + 012$k) Tl(x,*k) (2.11)
fl(x,k) = CZl(k) fz(x,~k) + sz(k) fz(x,k) . (%.12)

These two equations, as we discuss below, degscribe two complementary

"scattering situations in one dimension.

- Using the asymptotic forms, eqns. (2.3), of fl(x,k) and fz(x,k)

‘we conclude from eqn. (2.11) that it represents a ane e_ikx'ag_x==-m e

and a linear combination cll(k)eikx + ¢.:l2(k)e-ikfx at x =+, Therefore,

this quresegts~a'scattering situation in which a wave of ampiitude

’

Clz(k) is incident from the righi on the poténtial V(x). It is re-

flected with}nlamplitude cll(k) and transmitted with an amplitude unity

: ‘ A . s o
to x =~», This has been drawn schematically in Figure 2.1.

.’\Similafly, eqn. (2.12)repres%pﬁéa scattering situation in which

)

~ a wvave of aﬁplitdde’c21(k) is incident from the left. A part czz(k) is
i:eflectéd ahd_a'wave-offunit’amplitude is transmitted to x=+», Figure

2.2 repregénts'this scattering from the left, schemaiically.

b e 4
e e

The familiar reflection coefficient, R(k), and the transmission

céefficiéﬁt,,T(kf, for waves of unit incident amplitude can now.be de-

fined as follows - - f. . - - ' ' ; ce T
el L
o RW g S R® e @y
- B . f 4‘ . i
o co (k) . S -
L CpplE) R _ 1 C(2.4)
A A

. 21 ‘

. . g § i ’.qf-‘ . . PRy ) : . - : . . e
. where the subscripts R and L refer to the scattering of waves incident -
from the right 4nd the left respectively.

B

¥ .

tu’
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(2.1.4, Relationships between theseiéoefficients.

.

Vo

A number of relationships ex1st between the various co""

defined 1n the previous sectlon It is partlcularly 1llum1nating tov

'

nestabllsh them for some Qf those relatlons are statements of 1mportant

“fphys1cal“rea11t;es;

. hflnally get the folloﬁing two relations ' g“':'vk”:; '.'“ﬁ t. PR

e

o
s
s

‘v" B : o

' Let us substitute f (x k) from eqn (2 12) intb eqn\ (2. ll) and

' bequate the coefflcients of f (x k) and f (x —k) on both the 51des wé‘ﬁ

By

- °115k)ﬂczé<k?=f'°12‘§’ 92i(-3?f'

Tl . . . : T . - B TR 4«1 "‘-'.
T : o S

(k) c (k) + <y (k) c <+k) ) (2. 15)

czé“}

)
b

Slmllarly, 1f we - substltute f (x k) from eqn. (2 ll) 1nto eqn (2 12) ;gi

f:;we get o ~:?';~f” T

a

'gi“r fcg%(k) =

Coﬁbining<the'expressions§for TL(kz'and TR(k)“with:eqn}‘(2519);mﬁe:

’7and equate the coefflcients of f (x k) and f (x —k) on both the sides,_.'

1l

1 () ’,Ciz‘(:"f)i;.f '°.z"2f(k_" et

(k) e, (—k) +e -(k);eié(k)h ;:;;?’_.' T g:{(z;ié)"

Yoo
It

0

Equatibns (2 9) to (2 12) enable us to establlsh the follow1ng expres—.

=4

i 51ons for c.:'s :'
. v 13.3 S

gifkkf_r éik W[f G )5 f (x -k)] o ?‘vfrfj-f ” fukleli),
AR LS Py B | | T

ey Zik W[f <x 05, G, k)} o e o
el ={ (k) = Zik

» W[f (X k),f (§ k)] 9';-:77ﬂj5_(2;i9)f,f”:
SR LT | AR

PO



".immediately concludetthat‘: N
T, (k) evTRgg) . f" o BN ,,'P*"(2'20>’f
Ihisvisfcommonlyrfeferred toras=thevrepr0c£ty relation;

‘\-
.

‘In the event when V(x) and k are real l e when eqn. (2 7) holds'

'1h good one can show that 5

f'h':‘ - '*l7' S ;. o T «vd* L Ca T

fciz(;k) ?yclz(kyi"”x L O PR q(2ﬂ21)f i
r*i'k;'i ’

..C22( ,

%1

\C’ (k)&; 22

<

':waeing eqn (2 21) and eqn. (2 22) 1n eqn. (2 15) and eqn. (2 16) weget

“kilv"! l (k)l 1 + ]c (k)I L+ ]czz(k)] :,f‘ L7“§2-23)1"‘

o ()

By the definitions of the reflection and transmiss1on coefficients, eqn.»“h7-3ru‘

(. 23) 1mplies 1_' 'f_ga'i,.': ;i,f“ 3:7' | 5

e 1“ffh-~="ﬁtf7‘1 o ]nf'“"
|T<k>| + IRR<k>I _'IT.Kk?.I""«.f '%<k>.l-‘?*f!f-'i». @2

ﬁ"‘

"\.Zu

.where 1n view of the reciprocity relation (2 20), we. have used T(k)

K

for both the 1eft and right transm1331on coeff1c1ents. hEon; (2 24) is‘

°

thestatementof the Zaw of conservatzon of energy ’ . '1@“5;

'r‘,;&' If one starts w1th the definitions (2 13) and (2 14) and uses.

the relationships (2 21) and (2 22), one gets the follow1ng equations:h=‘

RR(k) T(—k) + RL(—k) T(k) ‘ :Jd

”f'Eqn.’(2;25)’is-commonly’referreditofas theﬂph&se'Zdw;‘fﬂ 

4'ItJisfalao a'Simplevmatter'toﬁverify}‘uéinggeqnga(Q,gl).and

2




ey,

3

eqn. (5,52)';hatfui
R T e i geTe S

o= R T g0y

:2;l.5. hAlBridge,between;these,Coeffieients.and'the‘SiMatrix”in One -

Co

nDimension;ju' s ,"-Z DAL e

We have already remarked that remote from a. locallzed potentlal

L

.any solutlon u(x k) of the Schrodlnger equatlon in one dlmension ‘can

. ~be written as-a; llnear combination of the plane waves eAlkx.; Iherefore,» :

| .
o S : b

>“3f:W¢;hav¢;[6O]; ‘ ;‘“\*- .

- Y

ikx | o -ikx
X

AR e g L i S
Ctim KM e ™ Lumleo o @a2e

: '_'We deflne an tncomzng wave as a rlght mov1ng ‘wave . at x-?—w and ‘a left

| mov1ng_wave-at.x==+M. Similarly an outgotng wave is a rlght mov1ng

wave at X = +Oo or left moving wave at x-—" So, the 1ncom1ng parts of

7

fu(xsk) are A e #x~ande+e‘lk# whereas;the:outg01ngApagts,of u(x,k)*are.x.

' Afé15? ande_e»ik¥g~.dpi o ﬁ»l ﬁiﬂl 'd.A A .Uifl Lk

We can furthen deflne a two—dlmenSLOnal vector space of column

Zhvectors._ The firsfkbomponent of each vector represents the amplltude ﬂ’

fof the right moving part and . the second represents the left mov1ng part

"S the incomlng wave vector 1s l f’“._vj L

m (aetF e e _uawi=0 0 @an

17
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5 . . . e
a L. . e

whereas the outgoing wave vector is - . ;.4ef”’;;/f#/ff/f

N
) Gl

Af.g"h T L S

N J

iy Rioht from'the definitions.of'the-reflection~and é%e‘tranSmission co—

eff1c1ents, it is obv1ous that a relatlonshlp must ex1st between these -

. two. vectors To establlsh that note that the 1ncom1ng wave vector has -

-a wave of amplltude A 1ncident from X = j Thls w1ll get reflected

w1th an amplltudé RL(k)A and transmltted w1th an amplltude T (k)A
: o~

:So thls w1ll glve rlse to an outg01ng wave RL(k)A at x-—-—oo and another

~

fT (k)A at X =40, Sumllarly, we have a wave of amplltude B inc1dent :

-

from the rlght Thls wlll g1ve rlse to an. outg01ng wave of amplltude

i RR(k)B to the rlght and another one of amplitude T (k)B to the left

hw'So, the out 01ng wave vector has a component [T (k)A + (k)B ] mov1ng
B 8

'”towards X = +°° and another component [RL(k)A + T (k)B ]movingtowards:‘ V:,f

‘h*g Xf?fm In other words

"wherehS is a 2x2 matrikfgivén?vaJ

gAJ' T (k)A + RR(R)B

RL(k)A +T (k)B» Jor

T(k) z&{(k) S T
RL(k) 0 T (k) (.2"39_)'_

v _.We can - alternatively wrlte eqn (2;29).as_,u’1;. f ndf*d ?d,d__:{_ﬁd



u(+)(x,k) .=ZI-S/iul(-)v‘(X,k;)v o SRR (2.‘31) :
€+)»‘ ~ N |

where u

sof.thevwave funCtion'respéttively} The matrix S is;the'soécalledAS—"l

. matriz.

T

-This" establishes the correspondence between the reflection and

-. the transmis51on coeff1c1ents and the more- common description of the

. scatterlng.theory in terms of the S—matrix It is obVious that the‘

relations (2 24) and (2 25), derlved in the prev1ous section confirm.

@

, the desired unitarity of the S-matrlx._f - “;;

e

2 1 6 Bound State Poles of the Transmiss1on Coefficient ‘ >“‘ -“..§

(x,h) and u('>(k,k)_standkfor the outgoing and inComing oarts‘

19

The potentlal V(x) can, in general, support bound states ;Where.' S

does thlS characteristic of the potential get reflected? 'ThiS'is~"

B

"clearly, a: v1tal information for the problem we . are concerned With

And, in this section we explore this question

transmisSion coeff1c1ent 1n the complex k-plane. We first prove that o )

Let us. start by 1nvest1gating the analytic structure of the

N ]_

: the poles of the transmiss1on coeff1c1ent in . the upper half—plane lie

on the p031t1ve imaglnary ax1s. By eqn (2 13) and eqn (2 14), 1t is'Tﬁ

obvious that we are 1nterested in the zeros of °12(k)‘~ By eqn (2 24)

[t

which holds only for real k 1t is’ ev1dent that c (k) can never vanish _h"'

l on the real;k—ax1s, i.e.s

o, S e T . ol B

c A0 o e Imk =0 L (2\39.)

‘So, thejzerotofuc126k)'must lie'off'the real axis. V,:_’;,f'lﬁ ;o



[
“ i " . : S
R .

Let ko be the_locatidn'of o quthe poies.. The Schrodinger
5 ' ne. Som ot ane e P L 3

”equatign gives - - ‘fg[ _ R . ‘j o .

u' + kiu;='V(x)uv'.
ol

- 2

'>and its complex doqjugat dictate
BN T *2 ke Co o S
f e Ak T =V S o (2.38)

- ° A ’

| ﬁhére'weihavé‘aséumédathatkv{k) is real. u(x,k) mai'Be either'of‘the-.}

. : - o . s . . s e : ] .
two. fundamental solutions fl(x?k)fqr fz(x,k) and u (x,k) is the cor-
. responding complex conjugate. Multiplying eqn. (2.33) by u ‘and eqn.
| (2.34) by u, ‘and sﬁbtrécpihg"‘ e ’ -

ke v * * , R o . L
B S B e o IS @3y

N
-

SR PR o e _ ‘ R e
. Integrating over all x' o - f/ : AT oo o

2 %2 {é: : 2‘; ; * ' .l*_ o o PR

o ,-'(kq“.koxzjqnéxviQ{;/:Jlf?:u fuuu-')ldw. ﬁ .q‘, "-'S2.36).”
:.’The;#ight hand éide‘bf-eqh. (2,36)'i ‘eithér'of the twd.Wtonskiéns‘ih‘
’an, (2:10), both ofi&hi&ﬁfare'iﬁdépepdént_pf x._gSoi'it’i§ zer°‘f”'

" N

Therefore, = . \
g fﬁf’".‘ng"*é L T R .
S I

‘If we write .

then eqn. (2.37) ‘becomes

o pes T IR B Lion e
Tk ke ,J“" dxrju{2'=f0 U o 2039)
Lo S SR o 8 : ’ :

: T T S PO L TR B S R A :

.' -'ThUS;'if kdi’# 0, then kof==0’ because the integral is.a positive and
..

o
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.
\

,\\

1

Hence,

I

: finite quantity (we prove_this_claim below) whenAimk.>Q.

'

£ ey (k )—-O then from eqn. (2 ll) and eqn.. (2.;2)
'fz(x,ko)'s cll(ko),fl(x,ks)' D

£ (k) = czz(ko).'.f.z‘(x,ko) - ; S (2.40) -
eil(ko)iand (k ) areltegsted by -
epqlg) = 2 . (k y 2.4

o,

" '86, the two solutions are linearly dependent ‘From the asymptotlc
o b -

forms of fl(x k) and f (x k) we 1nfer that 1f Imk 3>0 then £ (x k ) .

o

exponentially decreases at X =400 whlle the solutlon f (x, k ) behaveS‘

l].kewise- at x = -0

Thus for k i ;Q we‘have a solutlon whlch is.

quadratlcally 1ntegrable on the entlre axis [55].. 1The eharacteristic‘

~ ' v

' exponentlal decay shows that f (x 1K ) ‘or e ulvalently f, (x,ik ), cor-
s S257 T el )

. . -
, responds to a bound—state solutlon N

2.1.7.

'The Bound-State Wavefunctions and: theiy Normalizations.

With the results gf tbe pteceding"section at our disposal (wef

know that 1f the poéintlal V(x) supports N bound states at k“lK -

(n 1 2,...,N); then the transm1551on coefflclent has N- poles on the

.pOSltiVe nmaglnary axis at k ;=i (n l 2,...,N) The nth bbund;state
. \ L

' wavefunctlon is glven by £ (x lK ) or f (x ik ?)w1th the relation

where c

,fz

ll

(x;iK ),=
, n’

(1K ) and c

cll(iKn> fl(x¥iKh)5; o Ly e

I3

(iK ) are related by
y

/.

(2.43)

LS

T /‘f



: subtractang one equation from the

Let us’ now)try to derive expressions for the normalization constants

of f (x iK ) and f (x 1K )

As 'the first steg, we calculate élz(kh)jdefined~by

L e, o
€1ofk) = ——— (2.44)

- Using eqn. (2.19), we get » .
I} . - . _ . l . L. '
: ¢y 5 (k) = - 21k2 w[f (x, k) f (x k)] + {w[f if,] +w[f,1,f2‘] }‘ .

By virtue of eqn. (2.42), ‘the first .term on the right—handfside vanishes‘

:at k=k and the-secqnd'feduees“to oo e
. . 1 o - ;;; SR s . .
~<:12_(kn) —m: {_,Cil(kq)‘ Wit ;€] +c22(kn) ,xJ[fz,fzj} . (2.45)

~We'have‘to’now evaluate ttmaWronskianson the right-hand side of eqn.
1. 45) Towards thls end we start by writing the Schrodinger-equa— ¢

"fthnS corresponding to £, (%, k) and f (x,k )

_ :fitxskﬁ) +'k§fi(x’kn)fé V(X) flxx’kn)"' :f_5 .‘ ;’7' .(2347)'

{

Multiplying'eqn. (2. 46) by £ (x.k ) and eqn. (2. 47) by f (x k) and then
0

5

ag“[fl(x,Kn)fl(x,k)-» RIS 'Tkn)flcxfk)fl(x’kn)fof

S us)

Differentiating eqn. (2.48) withfreSpect;to k.andtthen‘putting k=%kn,‘

22



Y

Integrating eqn. (2 49) from x to +°, we get

w[f (', k ) £ (x Lk )] =\2kﬁ;f\\ga'[fl<x',kn)]2 .. (2.50)
. T X L 0x T L ‘

- T L — o .
» » : R A ; ‘ B

It is obvious from eqn. (2 3) %hat for Imk. >0 £ (x k )>0 as X"*+w. .

Hence, the Wronskian in eqn. (2.50) will vanish at kx'= 4o yielding

. : o - °° | 12
v " = _ ' '
w[fl(x’kn)fflgx’kn)] | an Jx_dx [rl(x ,kn)] < (2.51)
~~~~~~~~~~~~~ Foll exactly the same reasoning for £,06,k ), we get .

‘ w[fzﬁx;k;g;¥gtk}kn?jv=

2kn__; *tfﬁéigglgnZIi . (g.szi'

Substituting eqn.‘(Z,Sl)'andweqn..(Z.SZ) into'eqn; (2.45),'we'get '

b o .><‘112(kn) =1 f:odx fl(x,_kn)fzn(x,kn) . S (2‘,5.3) 

As an immediate corollary to eqn. (2 53), we can seeithat the
Azeros of ¢y (k) for a real potential can only be 51mple First -~ of all

from the integral equations for-f (x k) and f (x k) we see that for

real potential and Imk >0 f (x, k ) and f (x, k ) are real. ‘Now, eqn.

-

(2 53) ‘can be written as,v,h L‘> o 'v*-, .h ) v - Lok

~ A a o

é12<kn) = Tic ““Tfmf*(ﬁvﬂ\

Since’fi(x,kn) iefreal the 1ntegrand on the right hand side is p031t1ve

F—

and the integralwis non—zero. As we w111 see below, the normalization

-
- !

~—constant of fl(x k ) is proportional to.c l(k ) o, e Os) #0. Hence, -

12(k ) #O This implles that-the zeros of 1y

poles of the transm1351on coeffic1ent have to be simple- for a real po—-

o T . I e

-tential.;:‘uf-: o Ce

(k), or’ equivalently, theﬂf

© 23



k= k‘,.viz :
n
. _ - T 1 - i. o 4
iY = Residue of [' - } = = - = - .
S a e, ], ... ¢,k ) (% "
} : | 12 kfkn 13 Hp"'Laﬁxfl(x,kn)fz(x,kn)
" (2.54)

Using eqn. (2;42)”énd'gqn;ﬁ€2;43), we obtain from eqn. (2.54),‘the‘fol~ _
lowing two relations ‘

=) ’ . C
Yn J édx fl(#’sn)fZ(X’kn) B

1
o
T

J dx Ynéll(kq)[fl(x’kh)],

00

| (2.55)
' an'd'

o

|
—
il

n

-

Y f}m »'gl(x;knygz(x,kﬁg_— fi%dx Yngéz(kn)[fé‘x,kg)lz
R (2.56)

It isleviaegt'ffdm'eqn} (2.55) and eqn. (2.56)vthétv[Yncll(kﬁ)]l/z‘and‘

.' ‘ 1/2 . .'l‘ ) B - ‘ t B ) B o R
-[Ynczz(kn)] , are the normalization constants for the bound-state wave-
functionéﬁfi{xjkg}_and fé(x,kn),reSpeéﬁively;

Alsé, since fl(x;kﬁ)»and.fz(x,ka) are real, it follows from

eqn.‘f2;54) thgp'yz i§_reél; ‘We can write the normélizatipn constants
o _ B ] o ; . ST

‘as: | oL U o .
- . Ce (k) S -1 N
SRR LERE » 11°*n Lo 2 .
L = y k =.-1 = = - ' . . 2.58
- . ARH “’Yncll( n) ‘ . l W D[ﬁood}{[fl(x’kl‘l-)] ] . (2 5 ) ‘
! and L . ; ’ ‘ ’ v ’ . —J ' ‘ » ‘ ) E . R
. . ': , o ' 'Céz(kﬁ) T o o a ) 1.
' =Y enq(k )-=A;i', ﬁ[J dx[f,(x,k )] } . (2.59)
,A? fl(x,gn) and:f2(x?kn) are reél"ARn and ALn are élso realvandb?o§1t1veﬂ
Using the fesglts;obtainedyabove; one can immediately prove the following
551



T ="A - - N : : : > .6 "
ARI;ALn ) ' (2 0)‘
PToof of eqn.v(2 60) We have remarked above that_cll(kn) # 0.due to

the normallzation condition, So:

L.H.S, = ¥

Co=y ey (k) —
o 'n"11v " e (k) -
' T S Sy o o .
=‘[Yncll(kn)][Ync22(kn)1 , from eqn. (2.40)‘
o

 Apnfpn T RAE.S. -hQED.

.

2.2 'INVERSE SCATTERING IN ONE' DIMENSION \\\\ N

2.2.1. The Prelude A Reg;esentatlon of the Fundamental Solutlons and -

h b the Potentlal in terms of a Function K(x,y) Characterlzing the

ey

_Scatterrn S - S SR
AT o ‘ o ‘ SN

P

We have been con51der1ng the tlme—lndependent Schrodlnger equa—r
- ) . ) N

tion sovfar.. The,solutlons Of_thls equatlon_are monoch:omatlc waves. 2/_'
'The scattering of an incident pulse can then be constructed by-a Fourier
. = ' i M .

synthesis of the results of steady-state calculations. .However, there
‘are some advantages of considering the scattering o pulses directly
in the .time domain [56,60]. Firstly, we are led to neﬁ\representatioﬁ/

e S : A 7 E
for the fundamental solutions, f (x k) “and, f (x k) in terms of a func-

:tion K(x,y) characterlzlng the scatterlng -and . secondly, we are\gple to

»relate the scatterlng potent1a1 V(x) to the functlon K(X,y) ,Thls_is‘
3 . .
the main aim of thls sectlon § N

n. ~ - ) &

The Foﬁrier'transform u(x,t) of uﬁg,ki is a transient weve;’///f

e . . Ca




solution of the equation

| u(xz,tg 1 a_gg_é_g_ SV Gt =0 . (2.6D)

ox ¢ ot

v

\ .
’ Obviously, 1if the potential is - zero or if it is localized, then remote

from the potentlal, eqn. (2.61), looks like

2 . ’ '
3 u(xét) ;%'3 u(XZt) =0 . - (2.62)

©

ox< . .ot

o

. An exact solution of eqn. (2.62) is G(t.izéz' quever, since there is
a scattering potential V(x), we. would expect this delta function pulse to be .

partly scattered and thus ‘leave some sort of disturbance behind a sharp

leadlng,edge. We, thus,'wrlte a solut;on to eqn,/(2.61) as,
. B e
u, (x,t) = 8(c+2) + ce.(g_; +2) kL(;'c,—ct) . . (2.63)

I * ) ¥
. . . ) ¢ o ST . ’
. Here 8(x) is the unit step function and KL(x,—ct),is,the function which

‘carries the scattering information. Factor c is just a constant (but

e

has dinensions);/ﬂ/“// ‘ LR s o g k \_
- 7 - . B ‘ ‘ ._ e ’
If we take the Fourier transform of eqn (2.63) we get, with

L

e . : Y } ’ )
< Q0. . . . -

g ‘ » .
ct =x' and k‘-—-, T
' c l

/

Uzgx,m}jé f dt. elwt,ué(k,t) ’ o B
k -03’ . “ ) . < A ’
o :' — v ) ;
_ /-?L&/X// kxR o .
N = e + | dx' e KL(x,xi); x'<x L0 (2.64).

It can be ea51ly shown that U (x,w) is a solutlon to the follow1ng equa-

tlon o ‘ e - ‘ e

+,[E%]‘2.'.V'(x)}Uz.(x,.w)» 0. (2.65)



Also, it is obvious from eqn. (2.64) that

U M U Gw)) = 1 | 2.66)

K0
B

‘ Remembering zh;t (w/c) = k, we see that eqn. (2.65? is nothing but the
time~1ndepeg6ent Scﬂradinger gqugtion (2.1). We know that fz(xbk) is a
- unique éoiution‘eqn. (2.65) or equivalently eqn. (2.1), with the samév
asymptotic form as ih“eqn; (2:66;: Hgnce,.it followé thag Ué(x,w) is

another representation of £,(x,k)

S _ . T x T
- Uy(x,w) = £,(x,k) = e x| ﬁ dx' K (x,x")e 1‘?" s x'<x .
| N R - (2.67)
/‘ . Similaply;'the other solution to eqp.y(2.6l).is
ujlx,t) =6(t -‘3:—) + cO(t :3(:—)‘ KR(x,'ct) . O (2.68)

-

, -Its Fourier transform is given by
. N . . ,") X ) . " ' : . . )
U &xw) = 1 +.[wdx' KR(x,x')eik# ; Sx!>x . (2.69)

- ses

' Eqn. (2.69) is again a solution of the time-independent. Schrodinger

o

equatijon with the asymptotic ﬁroperty

lim [e ™ U (x,00l.= 1 . ' L s (2.70)
-X;*OO . 1™ ,, Ao . e et .
Therefore,,Ul(xig)vaust'be another representation of fi(x,kj,

- - Lo
o . by _ L ikx .y
Ul(x,m) = fl(x?k) = e +»f dx KR

> _ : X , . .

_ . , Lo S L ‘
These alternative representations of the, fundamental %olqtiogs will be .

,

« . extremely useful in our discussion of the inverse problem.

-~

.

A
~ -

s ¢

(x,xDe ™ X3k (2.71) =

As we remarked above, all scattering “information is stored in the

27



a’

. functlon in- the flrst term glves the followapg non—zero contrlbutlon o

lf:{”"F\f“h” aKL(x —ct) u* BKL(X ~et) |

s
e * : o

I , d

2l : e

functlon KL(x,y) ‘ot K (x;y) for the left and right scatterlng situatlons

"‘-5 respéctlvely.; We now show tha% the scatterlng,potentlal V(x) is related

o
e 1

to KL(x x ?,or K (x x ) by a 31mple relatlon Substltutlng eqn (2;63)

Al

into eqn. (2 61) we get.»‘g v{~r.;"; s L

ZBKL(x —ct) BK (x . ct)’

—6(t +—) ———————-—-—-+-—- +V(x)

N e KL<x —c.o;_-,,_* 3 KL(x ety
A L TR | ”Bx,'}ff-,czl -';Vatzt - : 4

o

) " + ce(t +—)

'fLet.us lntegrate eqn (2 72) from t——Ew-e to t —~+€ As E-*O the L

second term on the left hand 51de makes no contrlbutlon. The delta -

T

R 2 —
X ) o —ct—x T 8(—ct) _.—ct—x | i

And obviously thlS relates V(x) with KL(x x') by

-

r %.‘v. - '. H‘.. . S [ ‘ s ‘ / o .

L Simllarly,_lf we substitute eqn (2.68) in eqn. (2.61) and:carry‘

out the same calculatlon as above we:wrllggetl

Lo
N

Thus 1f we have a means of calculatlng KL(x,y) or KR(x,y) from |

Y

the S—matrlx elements, we can get the scatterlng potent1alv1a.eqn (2 74)

*

3O eqn. (2 75) respectlvely ' It has heen shown [55] that the potentlal

| must satlsfy the following crlterlon forﬁthe valldlty of thls procedure

N R

L

“per

—V(X)K (x,—ct) l,

-+v(x) ',;;;tg;jsj‘t .

mv@)_J——%ux)le77h1fquﬁdeanJDj"

‘28:

i V(x) = 2 — ch(x,x) ",,‘:.: S o (5 5 // i



- ' ' o i : .
ThlS procedure is 1nappllcable if the above integral diverges So,

Cas’ V(x)-—d (x) or too. slowly converglng for large values of X [56]

'iiT (k) and RL(k) respectlvely. .‘r,;h_’;a,ﬂ-:-‘ »‘f

»
B}

v

a

rAnd lf the above céiterlon holds good then potentlals obtalned from
'4each of the two equations (2. 74) and (2 75) c01nc1de In- fact if we o
‘are confldent ‘about" the valldlty of eqn (2 76) then e need to: know e

x‘uonly KL(x x') or KR(x x') for the 1nverse procedure

o . . . . Lo
» : G

*thls excludes the: caseswherethe potentlal is elther ‘too. 51ngularfsuch o

The f1na1 step in establishlng an 1nverse technlque is, there—"_,f'

T;fore to look for a relatlonshlp w\\\h can glve us KL(x,y) or KR(x,y)

e

in terms of the reflectlon and the transm1551on coeff1c1ents.. Thls_1s,

-

iny fact the GeZ’f&nd Levttan Equatron

.2;2;1 The Flnale The Gel'fand—Lev1tan Eguatlon for K(x )

Thls tntegral equatton can’ be derlved 1n a number of ways [51 53

i,

"55 56 60] We: prefer the one u51ng a dlsper51on technlque [45 50] e,.

' start by con31der1ng an analytic functlon fv~7’

3 e o @uia)

The form in- eqn (2 77a) is- d1ctated by the fact that[l/c (k)]f (x k)

':glves the de51red scatterlng boundary conditlons » As dlscussed 1n_ -e‘d;

R

‘ 'Section (2 l 3) thlsrepresents an 1ncom1ng wave from the left with

.0'

";amplltude unlty and transmltted and reflected waves w1th amplltudes e

i

Imk <'0' = _"».‘.."’:A‘5(2>.7‘7:b)' .




vu})‘ o \\' N

1magxnary axis correspondlng to’ the bound state poles of the transmlsslon ;
coeff1c1ent Apart from. these u(x k) has a discontlnulty along the

jreal'axis. The dlscontlnulty can be ea81ly calculated and it turns out

o to be - | DS
S . R . ORI 2
. . .v ST : :

o LimluGek k+i€) -u G, k-le) ]v—R_L(_fé)..fnzv'(x‘,k)'e—ik?{v.E‘ oG, k), (2.78)
e e P E R SO R

The‘&iSContinuity acfoss'the‘cut‘m 'ng the real axis is, therefore
. ,s,,;r,@,;: 9 S
proportional to the reflectlon coefflcient In fact thisvwas»the_

- . . . . X

@

"motlvatlon for ch0051ng the form in- eqn.x(2 77b) Tl

" From the,integralhfotms'(Z:Q)eand (Z;Sj_for flkx;k)‘énd fé(x;k)ézi.t

.%<f2<g;k> =i¢fik#é*jp-;ik’=ef¢jj; PR ji‘.h"; L (2u79)

pvﬁnusingpthisfin}eQn.l(2.19),fhe‘get{i
'”"-512<52if'i_,?,f: 1Zf;;pf= iwhlthill ‘guh.',;5.f:"l;_‘(2\89>7n

FEvThefefofe;oltsfollowsﬂffom'eqn. (2077) that f Tﬂ',;f e
u(xﬁ,l_c")'*a Lo ke o -'.'(‘2.8_1)'

We w1ll thus construct u(x k) from its 51ngular1t1es u51ng a dlspersion
relatlon normallzed to unity at awsuptraction point at o, ’.H?'."
Let us con51derju(x k) in. the upper—half of the complex k*plane

R : : - L

We can write the disper51on 1ntegral)'.-:f o 'v>?~'thh o

G m g tEEE T ew

\



| L
g . : ; J%V
where C is the contour shown 4n Flgure 2 3. In the upper half—plane

5

ff'—'u(x k) has 51mple poles on’ the positive 1maginary ax1s at Ak (n—

C correspondlng to the N bound states., Assumlng, as. Justlfled ab ve :

”way shown in’ Flgure2‘4 We can thus .write

L ;‘, u(x k) . a hu(x,£!)dk’ +'71» { u@,kDak' /.
: EImk>0] 271'1}_‘00 : k'—k ‘,'. 2mi Y k'_"‘k .
'The contrlbution ‘to. the,second 1ntegral on. the rlght hand 51de comes '

1 from the bound-state poles., It is 1n fact the sum of the re51dues of f”

R (2 77a) at the bound—state poles W1th an overalI‘m&nus sign coming‘from T
) \ . . N .

‘the clockw1se dlrectlon of the contour y This ca%&hlatlon ylelds T

. .
A .

N f (x 1K )e‘nx
T, )(k-‘) / N

: o S o L */” : af v"5b
v”h *Substituting eqn. (2 84) 1n eqn. (2 83),'we get : . '

(2 84)

‘u(x k')dk'-'
Zwi?'

T p
k k. n=1 12

_’<._‘ o ; nx- D
BNCT k) N f (x 1Kn)e
[Imk>0]_;n l

(1K )(k—lK ) 2ﬂi {m f_—iT:E—__ ;,s(%.oé)

" u(x k) is b§‘constfuction'ﬁan analytic fﬁndéibqfinfimk<?o; ~So;bif we
: : :f_ﬁ DA T .
'_fclose the contour C' as 1n Figure 2 5 we have .

'f'f_;f-1*97 | u(x k')dk‘ : '1’?f",u(x KA e

.

S as the p01nt k is out51de the contour Slnce the contributlon from the L

AR

Zsemi-circle is zero eqn. (2 86) glves us. i
v ..f’i,‘_‘f alx k')dk' . 2 '7‘%‘i; 1.>:f,3““_,¢ R

: m e | 2AR, R JOK ‘ - SR '2.87)

; "1,320‘,'2wi"’mi ,.k?fk — A S o Zh~v,(2187}

In eqn. (2 85) k"ls at. the upper llp of the cut along the real ax1s

:whereas in eqn. f2 87) it is at the lower 11§ of the cut Ifuwe v *.:’ , //a
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- reéember thls and subtract eqn (2 87) from ‘eqn.. (2 85) we have

“ \

BRICHOM £ (i )e Ly L r p(va)dk (rse)
IR0l _12\(?‘n7(k-1K) S (2.88)

=)

_ where we have used eqn. (2.78) for the discontinuity in u(k,k) across .

“the cut.

The dlspersion relatlon in’ eqn (2 88)\holds also for t.e case

;Imk<:0 » In order to normallze u(x k) to unlty at” 1nf1n1ty we write

: >-eqﬁ; (2 88) w1th one subtractlon at 1nf1n1ty o _';”, , o hi.'l-g
I 'K x . : IR ' i ‘ o
’ N f (x 1K ) Uy o
1. p(x k’)dk'
'u(x k) ‘__Al+ Z (iK )(k—m ) 2 r k- (2 89)

n= l 12

o Using;eqn (2 14) in’ eqn. (2 78), ‘one gets 'Zt_ s ihi.’.»u o ?":i‘/fﬂ;’
. S " (k') : o ] . L ’ ) . '_:‘ . (‘

"y = L \ o L
| p(x k —~—7§77- 2(x k )e Ny —' ei . ‘;'»h; S AT

-

;Evaluatlng the left hand s1de of eqn (2 89) for Imk<<0 u51ng eqn.».~”‘ e

vv(2 77b) and substitutlng the above expression for p(x k ) on the rlght

hand side we get :b ? L h.. : ,"3 g
)P' AR ‘ KX R L
il S NTf (x iK Je ™ R

A £ b(_x,fk)e R, R
S 27 =1 lz(iK )(k ik )

o ‘l:,,.,vv-;'. ST R (k ) A
s dk' ', — o

1
_k,_k“ (2 90)

\+-_
Zﬂl
“*w'

R Lo Sl ','_;
| ForfImk*<0 one can write the following,' -
k'_k - i :ka r‘ i(k—-k )y y e

e S

S and



&y .. (2.92)

Multlplylng both the sides of eqn (2.90) by'elkx and using eqn (2.91)

;x

. and eqn.v(2,92) one gets after a slight rearrangement

R [cend™ay ey

oo

R .‘*,,_‘ N f (x :iJ< ) K ‘Y
K =i [ty et

f- o (k)
1 dk,v 22

R | ~1k'y. '_ Cues)
) - ,

S,

'hUsing the represeptatlon for £, (x k) derlved in. Sect10n(2 2. l) wéhaveg“

,\.

,fz,(x,'k'),: e lk * J’X.KL(x,'y)e ik ?’_‘dy' Csy<xo
- v . ‘v. ‘ . .} . . ‘ - ‘ §

°

e

-and, hence .. . v

[

o f (x 1K ) jx KL(x,y)e i dy ?, _ ) ,"erg.gs)..

:§»~U51ng these two. relatlons and remembering eqn. (2 42), we-getﬂfroﬁvth.‘
( . , :

2 94) . R
RS “9§\' : g»k: . L E RIS e . )
R <x+y) + KL(" y) b f K (x,2)0 (z+y)dz =0 5 y<x  (2.96)

-0 .

. where

2ﬂ Z e LR nZi,é_ Gr y.&

Z

TR

r %‘_Rﬁ(k)ev Az Z A;ne - (297)

- We have usedvedl (2 14) and eqn. (2 59) in writlng down the flnal step."



o _the.GelffandeLevitanﬂequatiOnuforjKR(X;y); viz,,

' ‘expression.

Equation (2 96) is the Gel' fand-Levitan equation. Obviously,

it enables us to. obtain the function KL(x y) in terms of the informa-

o tions on the reflectionoand thejtransm1351on coeff1c1ents.

We have cons:.dered1 1n the above derivation -the situation in

‘which' a wave of unit amplitude is inc1dent from the left : The comple—
o

. - mentary problem 1n which a wave of unit amplitude inc1dent from the

: right 1s scattered can be dealt with in a similar manner..' L

Instead of eqn. (% 77) one starts w1th an analytlcfunctlon

| 'j— fZ(x k)e | S Imk>0 (2 98a)

Culx, k) L SIS P T H : e
| '*‘»eikx;..@/ DU S
e ke T T s Ik <0 - (2.98Db)

1

.Then'one‘follows the derivationrbutlined above . Finally, one get's

Fl
8 v

Qﬁ(#}&)‘+ RR<XQy) r Jw KR(X;Z)QRSz+y)u2J=TO, ;‘ym>x ‘<2.99)

TER X Voo
i (z).;. dk ¢ (k) 1kz_ : E‘ epp ey ;e.-an_; L
'QR.~' K 2“ Cy ( : L Rel é12 iKn P

Voo R 00y

._"*.'-,.»dk" otk Y B
ER R J:,—ERR(k)e T n‘21 o

tWe,haveiused egn:"(Z.l3l;and eqn. (2.58) invwritingjdown'the,final

With’this ‘we conclude the discu551on of the generalities of

the inverse problem in one-dimen51onal quantum scattering
N 7
N

35



2.3, RECONSTRUCTION OF A SYMMETRIC REFLECTIONLESS POTENTIAL IN ONE

DIMENSION FOLLOWING THE GEL'FAND—LEVITAN PROCEDURE

Once the reflection and the .transmission coefficients are‘known

one can, in principle, solve the Gel fand-Levitan equatlon for KL(x,y)
or K (x,y) ‘and then obtaln V(x) by the prescrlptlon given 1n Section .

}

(2 2 1). Dngeneral however it is not an easy task to get-a solutlon

- of the Gel' fand- Levitan equatlon in a.closed form , Only for a very

o

restrlcted'class of reflection COefficients the Gel fand—Levitan equa- -
tlon is known to have 51mple looklng solutlons [55,56 60] The 51mpl—

_lest of the solvable caseés is, perhaps' the one where the scatterlng

potentlal is reflectlonless fov\all energles. It is this simple case

, AN : -,
»which is the subject of our investigatlon ST ‘
) . . - : . ' . H .; N ‘ ; ’W/ ‘ ul
E In-what follows, we'will"discnss; in-detail,tonly.that problem ™

where a wave of'unit‘amplitdde is'incident’from the left. The results
for the complementary scatterlng proﬂ“em where a wave of unit ampll— .

;tude 1s inc1dent from the rlght w1ly only be- quoted oy

J

/

.2;3.1 Expression for the Potential

When the reflectlon coeff1c1ent RL(k) has the simple form

e

RL(k) 0 . _‘.}‘ V~rea1'k{'i;' SR ;‘ ' (2‘101?“

~ then QL(x;y)xin»e (2 97) reduces to the 51mple form

S h»fN_w. @ (x+y) : . ' '
‘QL(X“Y)L' Z"Ane . ‘ Lo L T e -(21102)

n=1

Here we have omitted the subscript L'from'ALn:for;convenience.

\ ' The left Gel'fand-Levitan equation (2.96) then reads

\
\
V.

i

‘\', . . - . .‘i
VL ) o SR - ) i . S -~
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s ' .
N . Kn(x-i-‘y) o N ( YLK (y+z) REAN
z An.e-_"' + KL(x,y) + Z A‘ KL(x z)e QZ ’
o _ : n=1- : :
- T ‘ _ : ‘ v © (2.103)

. Lo - . . | -
where,we have interchanged the‘summation and integration on the right-
handkside. This integral equation will accept solutiohs of the_form

. N ':,Kny K , . -
R G,y) = ] g (x)e . | L (2.104)

: n=1 ' : : e e - .

where the functions gn(x) are to be found. SubStitutidg eqn. (2.104)
. . - ' ’ . B . - !
into eqn; (ZildB)T‘dividing the resulting equation throughout by eKnY
. ) R : ) /’
and carrylng out the 1ntegrat10n”"We get - o //
12\:] { M‘Kﬁx Ig : eK\)xx ’ : 'K X -
Ae iy (x)-+g (x)-+A e ‘} =-0.(2.105) -
n=1 ' % 0 v=1 (K_r;_ W & - S
Y;Hence the functlons g (x) are the solutlons of the fdllowing system -
_of N linear algebralc equations s
:é-x N ‘T Kvx ' . < K X S Lo
, Z g\)(x)+g (x)+Ae =0 . (2.106) 9
where n=1 2,...,N Thls can be conveniently written in the form of
6

a matrix equatlon .

(T +4a)g=2C S S S - (2.107)
‘. where , N . . . . o v o R .A , " R " o : I .‘ o ’ . - . . 8

re sl L ; @

‘ v (K + )x ‘ o ‘ 4

A= HA ‘——(?——y- 1 - e ol u_,‘(z.-,lqa)‘,'



ms non—stngular and has a posztzve determznant for aZZ x [49].

- We cZazm that the coefficzent matrix of eqn.

(2.?06) viz.

- 38

(2.110)

‘i (2;111)‘

Kfﬁ4)‘

P?oof-

o

Towards thls aim, 1t is advantageous to cast (I+A) 1n a symmetrlc form.wuf

ertlng eqn. (2 106) in acvector form and applying the diagonal trans-—

formatlon'

we get‘the followingvset of equations

where I is again the ﬁxN'unit matrix, and

and

(I + M) =

>

09> -

= |

IA-l/Z

Spull

ny

~

1/2,1/2

- la

rgi(X)w

gz(k)

' ’,8N<X>J :

n v

‘ (K-FK)x:
e o

ww
. ‘VK‘- n \) ° ,»»“ ’ '

‘

.

(2.112)

(2.113) -

(2.114)

(2.115)



<

where Ad'stands for the‘diagonal-cg;hterpart of - A. Obviously,
o . ) : . : . : T ‘ LA

12 K1®) - - |
; ...Al e o | . . | ) %
A' K X . ' e ST e . ’ -y
5. Az%/2 2 e e .
. - A\ .. " ’
KX ' ‘ , '
. A3;/2 ] . | - (2.;16)

The functlon g (x) is related to 8 (x) by a simple relation -

. - _1/2 ‘ o ) . o .’ .
gn(x) =4 g (x) - S _ (2.;17)
It can be immediately ehecked;that‘”
-1 - l'v ’ " o . . ' . N L‘
pAD " = A 3 , L (2.118)
and, hence L L )
" SO, R P ;1 S " P
D(I+A)D " = T4DAD ™ = (I +A) T (2.119)
Obviodsly;ythen v ’
. - ‘ | P ~ ‘
det(I+A) = det(1+4) . - o - . (21200 "

) ' ..ﬁ‘ ’ |

So, it s equivalent to proving that }det(IFPX) is;ﬁoaitiveﬂdefinite. o

-

.

It is, for obvioué\reasons sufflclent to prove that det A2>O

Es

" Since A is a real symmetric mdtrlx we know that it can always be dia—'

P A Y
gonalized L57] i.e. we can find an or&hogonal matrix O ‘such’ that~
l/\ 'Az\ . ' N " ’ - <7 <, i vA ' . " ’
0 AO = A A e S ~ (20121 .

\

R \
‘detA&'=detA'_ e

&

:So, if we. can prove that- det A. >0, eurlnltlalclaim w1ll be’ establlshed.

d ‘”"

It is well-known that_ifea matrix B iS'Similar<;bfa diagdnal?

39,

“

v



-~Using this result

Uimpiies that T

matrix M then the diagonal elements of M are the eigenvalues of B [57].

I

L : P

>
N -

AN | , . L (2.122)
. g - ) . ; . a
where’ Xi,Kz;.h.{,)\N are the eigenvalues of A. Clearly,s T

det A, /"1"‘_25'}-"”‘»1 . —— (2.123)" -

f‘s‘o, det'l/{d->0 if all the eigen'vvalués of A are positive definite i.e. K

is a positive definite matrix. This is our concern now.

- We- know that aquadratic form Q—Y 'AY is positive-definlte [57J

if all the eigenvalues of Aare pos:Ltive HenceAis posn,tlve—dafinite if

~ ;-

‘*T

Here Y is a N-dimensional column vector.,and Y'=Y ... _Sd, eqn. (2:124)

2 Y'E Y >0 R .
v \)n n . f
i k oo
B . C~ (Kn‘f'KU)X
) - 1/2 1/2 e .
i.e. ) Y ¥y An ﬁ\) (|< +1< ) 0
n,v . .
. * L] @ R
x N ‘K z)2 3 o
i.e. J ) al/2 y e - dz >0 ® / (2.125)
s Jeoo Ip=1 n
This is always p'ositive unless. ° . \ N
» NMA— f \' K z . ) ' : - . = - | [ B
oAt oem i 0 L e
—~ n=1 R VR : : : ,

for all. z between - and x. So, (2.125) is alwiys pégjitivé unless all

y;r are zero.-  Q.E.D.

-

.

Q= Y'AY>0 - | gﬁ_less“ Y=0 ' (2.124)

40
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v

With this result, it is obvious that the system of equationsw

(2. 106) has a unique solution, i e. g (x) are unique. The same 1is

true for eqns. (2.113) and gn(x). )
‘ : \
Applying Cramer S rule to the system of equation (2 106), we

immediately get the solution g, (x)

det(I+A)R
g (x)

) " TEmy ¢ Rt bAeeN 212D

2

where (I+A)R is the matrix with its nth column replaced by the vector

C in (2. lll) ‘Substituting this value of 8y (x) in eqn. (2 104) we get

‘the solution for KL(x

S,

For writing down an expre351on for the potential we need

KL(x x). From eqn. (2.104)

‘ oX o . T _
KL(x x) = Z g, (x)e e ‘ T (2.128)
n=1 e . : '
'Obvipusly; - ’ Wiv“' » , .
. K X (n) . : ‘
o o det(I+A) , e L
—e gnﬂ(x)e ' - det(I+A) B @ ’~12_9) Lo

|

wnere (I+A)(n)

& derivative with’ respect to x. Substituting eqn (2.129) 1n eqn. (2 128)

T

v and recalling ‘the rule for differentiating a determinant, we get

KL(x X) = - ™ {2n det(I+A)} w\:_ . : o (2f130)

o v
.

Then'from eqn;'(2174) ;wé'hevé.the potential”

.

dx,

We can write‘eQn. (2.131) in a nofetéymmetricvform using eqn; (2,120),’viz.

\'.

o

is the matrix (I+A) with its nth column replaced by its flISt

| a2 ‘ o PR L
v = 2 > {2 det(1+A)} . (z.13D)

41



)

1if,v - : ‘ ' ; | ‘j: e ‘.“ s _ »v_v:;lTr“f’ . \1n ‘ ; »fﬂ
T V) = =2 __/a {zn det(I+A)} R -'(2--132)": o
el L e

Had we started w1th RR(k) and the rlght Gel'fand—Levitan equa—
- tion, ‘we. would have got [45] hvf> e - v ‘
: -. ‘ ‘az 4. g9 A - ‘
CV(x) ==2 —ef;{andet(1+A7)} T T (20133)

ikf,;rir*f“ig; 'é' _ ,_(Kn+K )x ,’ A _ g . S
R /2. 1/2°e B - S o IR A
ERR I A\:j__“ n/ ,P\)/. e—(}—;,’(—) it LT (2.134) -

'ihStrietlysspeaking;hthe'A's”in;eQn (2 134) must have a subscrlpt R

=,and under these gonditions eqn. (2 132) and eqn (2 133) w1ll glve us

the same potentlal [55] However in, the case’ of a symmetric potentlal

- .> ” . ! " B S L .
‘=j_ which is of 1nterest to us AL and AR areequalandso ‘we. prefer toj?f S
"1/(ib.':_;:‘}.fn

drop the subscrlpts R’ and L i“y:;’v£ Lffdi5_ gex;%””‘fj 4

| .;;; B S N R c,\;//- AR
Having got the potent1al we ‘turn- our attentlon towards‘some
f\ of its prOpertles.. UefA SR

o7 “,, ,,,f‘

[

R T R L T AR A
Propertzes of V(x) e e T v:+ T ~ '

n ;1 V(x) are. the only potentlals for whlch there r; no:rerlectlonb
froof We proved abovq that the SOluthﬂS é (x) 0% eqn (2 106) are?ib(‘

vﬂf”&unique.v So ls, also KL(X,y) As a result V(X) 1s|un1que for thé_Llnd
jt} Of SzL(X Y) chosen And for the reflectlon coeffliient satlsfylng eqn-f%f"'h%

1 .
(2 101) thls is the only klnd pdssible . This, thdrefore proves our :' . ’

clgfm,-Tj,;sﬁ

",2 V(x) is negatlve for all flnite X, 'ﬂfr ) B “:?;ﬂ.-fw'
:‘*?ﬂProof. Let us write S ‘x; “/ - N f};‘w“
_"TwVLL"M-ﬂ» e T A L e

fﬁS



RN

det u

- Hence; we can.wrlte"

"’wherevar 1s the sum of tbe ﬁ%incipal mlnors of A of order T

It is, therefore,‘éufficient to show that - .

FOrbthie-purpqée iet us start by-considering det'A* if'we'takefout
172 Kix Sy th 1/2, Ky
l .

‘]oflpugﬂeoncernﬂnow. The characteristlc polynomlal of A is glven by

| 43
s

4‘4 = det(ﬁ%i)‘L

Thefpotenpial V(x)iie,yﬁﬁed, given&by
V(x) = -.2,_(@,_—2-:‘1’—?; S (2.136)
, COAS e , C A o

‘\ ‘ -~

PR

' s 8" 0 V finite x . - / 2.137) 1.

~

e from each of the i = column in det A and simllarly A

e th
. from each of the i row, we 1mmed1ately get

[l N ' g f‘; S ‘! iﬂaf:fA 1[.:a
det A = [nI_IlAn} e (dét =

llls always positxve as 1t ‘has. the same form as: det A

“where-o _and B.are‘pOSiEiVe eonatants;” Thelr exact appearance is not’ E

5

‘ e
det{AJ+}\I} A * alx ++aN

\9

Axde%{ﬁhl}‘*l-&-zoae

LA

Bx

v 'where a and/B are p051tive constants.4 USiﬁg“this;fb:ﬁqur A, we im-

e mediatei;/get‘.’ -:eo'g:



¥ 4

o .. : . : ' ’ o o . | . 0 P ' . '4 “
AA"Q¥ Z 8 o exp(B X) +—- z & a (B B ) exp[(B +B )XJ o ,:,3

{

a and B being p051tive this gives.us the/reQUined result.

’3;' V(x) approaches zero exponentially as X approaches elther +® or nm,“

Pfoof: ‘Again u51ng the form (2 139) for A(x) and (2. 140) for AA ‘A"2

.wr1te down the potentlal as 'f : .‘”"‘ f o ';‘ ,f e - A

-Z{Z B oa exP(B x) +— Z oo (B B ) exp[(B +B )x]}

“'n:

{1+2 Z o exp(B x)-+ z o a exp[(B +B )x]}
m s . _.n,\)__ o

\

. V(x)

(2 141)

As x-+-m obvlously, the numerator goes towards zero whereas L

'lmthe denomlnatqr tends towards unlty. Therefore,»,p\f' ',glri,7fi R

_vl('x)..+o BT \ G (2u62)

The behaviour as x-++w is 1mpllcit.v Suppose B ,1scthe~largest

‘ d;of the constants B The fastest grbwing term in the denomlnator, as '

L7 '. S : ’ R

"x-++w s the one for whlch n= v u the one w1th an: exponent o

2B x . ‘ o
W However thls tenm is absent from the numerator due to the pre— -

.sence of the factor (B —B-); So, the denomlnator grows faster than .-W

° S " L e

”ubthe‘numeratgr aslx;++m We have then f'ff, e ,i"i

::_;o u(x ) viz. ( ) ggé@‘he ref &
'f’the right hand side of eqn (2.
‘fl(z 77b) for u(x k) in the loweri‘

s

:_2,3.2 Egpressions for the Bound State Wavefunctions.

The simplest way to get the expre531ons forqthe normalized

‘ bound—state wavefunct;ons is the one stvrtlng with the dlsper51ve form :;':}.

. (3:: - . . :
_.less case éahe 1ast term on . EERE T
- “J : S

\;‘

_’ge L5 1dent1cally zero. U51ng-the formf
N |
lf—plane and uSLng eqn (2 6), we get'» imd

I



’ we have the f‘oﬁgwing set

£, (x,-k)e =

. we get

£,

'.'ready mentioned

G

w &x)

f-&hefé.(f+2>

z“_column by A

ikx

x?iKv)'=

state. wavefunctions. v'

.? ; A1/2 1/2 e
e
‘hfor 6 ‘1 2,...,N'

det(I+A)

: det(I+A)

[

1 +

1

K . x

N ff(x,ina)‘é'n

N

o=l

v

,Evaluating (2 144) at k-——iK and using eqn

\) fia
N. (K'HC)X"
e
S ¥a ——-—-—.-—-f(xu<)
n=1 P (angv) .

o £, (x i) by .
| ,lp'n- .=;741/2;'f '-_(x,‘ncv .

-

+K )x "‘*d
n -A\: "EF‘"“T“’ (X) ipw (x)

_Applying Cramer s rule again

d‘;'n =~1;2,;..

R

-

.-

membering that the normalized bound—state wavefunction w is’ related

is the matrix (I+A) with its nth

172 Kn :'

1

L det(I+A)(n)

h”f’ l/2fK
Al

det(I+A) h

L IR

< we get its derivative :

- column on the right hand side of eqn. (2 147)

A

of N algebraic equations for the N

1/2

o

N

L]

(2.145)

Multiplying eqn. (2. 145) through by A 1/2 and re-

(2.147)

1

A

(2.144)

(2;42) and eqn. (2.59),

"where we have again omitted the subscript L from ALn for reasons al—-»”'

If we remember thls is the same set of equations_?;

fas for gn(x) except the absenqeofelnegativesign on the right hand side

~7h(2giéé)h‘

.column replaced by the

If we\x\itiply thlS : e

Realizing that o

PR

=1,2,...,8

tf(2:i49)_ﬂ"v
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2 (@) L A ey . ” .
. where (I+A)‘ " is .the matrix:(I+A) with its n - column differentiated,
once_with reSPect to x.
Similarly, for the complementary scattering problem where a .
'~wave of unit amplitude is 1ncident‘from the rlght the expression for SN
N . o ‘
*
\P (x) is. [45] ; ‘
1P~("x),=‘- L det(Al) ot~ \(2.150)
SRR 1/2 -K_ x ] A = v
Ad; n’ 'det(I+A Yoo o A - SO

where the matrix A' was 1ntroduced in eqn. (2 134) (I+A )(n) carries‘_,~

"<the same - meaning as - (I+A)( ). Again we have dropped the subscript T A
, R from ARn in eqn. (2 150) for reasons already discussed - oo
R . S _ i . ‘ : // NS AN f,v. S

d§2.3 3. Imp051ng Symmetry on the P(te tial
. L . 4
We. have, been able to derive ‘80 far the expreSSions for cal-"

| bt

' culating a. transparent potential V(x) and the corresponding bound—

o 5

hf_state wave functions w (x) in terms of 2N parameters N being the

"'number of bound-states.. The N K rs are the bound—state energies ,Thefu’

-

f-other N parameterS"viz , the A s, have to be fixed by some explicit

i

‘ information regarding the bound-state wavefunctions orsome de31red
' 'constraint on the potential V(x) | ‘We are specifically 1nterested in
a potential which is symmetric about the origin i. e.~_‘7'

Ll

b'we CZaim*that' e condition (2 151) is guaranteed prov1ded that the: |

Al s are given by f E ; v ‘
L - . . s o . ‘- ' ‘\\‘ ' “v.
ZK H K‘ s ; ‘ m = _\‘1’2?3. e N k . (2 0152) .
- Proof: - We have alréhdy seen that . ..} .



4

det{A-+I} 1 + a1 + .,.. + aN-l + ay

(2.153)"

: where'af is the sum” of the principal mlnors Of A of order r. Also

#

det A is g:ven by eqn. (2 138) ALl the prlncipal minorszqf A have

‘the same form as (2 138) except that one or more (n v) are mlssing

‘vdependlng qpon the order r.'

N
. v §
Let us take out a factor e

e ey
¢ (2.153) yie}dﬂhg‘ e
' . 3 - "(IN a'.'
Z KX —12.Knx E

,n=l‘

PER -j.f_: RN AR h mlsslng

..J

o

det{A-FI} =e '""ve TS

:h,\ 2 Z Knx

." S L SN 1
‘ HJ [g ).g#P
".An.;V (n V)=p ‘n=1 % i

1
#p

othhe,right'hand si'vtof eqn.

eqn. (2 154) does not contrabute to the potential

ST kx
n=1"
e .

;gﬁ} [ pé\(2;154):'ih

47

@155

(2.156) .

» From eqn.v(2 132) it s clear that the. overall exponentlal 1nk.‘

A symmetrlc poten—'-‘

tial then requires that the quantity in the braces of eqn (2 1541

be symmetric.i It lS important to note that the only deﬁendence on. x-

| (2}157);-'-



o

.

is in:the‘exponents.{ So,_thewcoef%icients of'exponents differing only

in an oveteil-sign have to be the.ﬁame, ~ ’ ‘ . N n

> Let US\consider the flrst term in the braces 1n eqn. (2 154)

-The exponent is S ‘
- Z K n¥ I . ) o B \

Withfeﬂfactor‘ofﬁunity.f“So;‘unity~must also be the coeffi€ient of
Tw e , R

) KX :

' v Y

A for symmetry. This comes from aN We must have then .

T

N S : S
”] : [nEiAn]‘fl‘ Lo s
all A ."‘ e ’

n \)

e [n

j'_Accordlng to Lemma 1 in Appendlx A, the condition (2 1583 becomes
o Z (x —,K.) Z (K -« ) X (KN leKj)‘

oy 2;<» N N 2.'\ N e
: SRy ‘(K1+K.)~‘ G R N (Pl
. B O £ ARt R £ o sl

N 1A”' 17Ky ‘ : P

. Sﬁmilariy,_the"o==i‘tefm in alzgives{us”the Gt

(SR, mK = ioe =K, 4K, -k, -';-;...'—'KN)S:‘ A,

”,coeff.éfe' R A '_' N ez (2160

Its symmetrlc C%Lnterpart ‘in aN l glves us’ the‘ C o _;_‘,f 'b"é?“

|- .
C(k; +k, +....+l< =K, Kt FRIK
“coeff. ofe 2o LoA-lo T l+l; . N*

o missing ML TR

i

Again using the Lemma mentioned above, the éguality of these two-

N

SRR FTOS SR IR (- ST I ERRE RO SR S S
= det_[IIK +Kvll](h v);ia{ngl'AnJ’,f e ash

48 .
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- which is the desired result. = - .

coefficients dictates to us

[ -{m B}
L Ki. . n=1 .Kn .
- n#i - )
K N . N . . - 'N . N
ORI (N O E S CHME R LI (ky_q=<.)°
N 1}1 3 >i-1 7 gy MR §>N-1 3
2 X 2 N 2 N |2
n'<Kl+z;> e TGk )T T G P i T Gy )
- 4>1 J §2i-1-70 3 i T §>N=1 .
I o T . o S, 162)

whereIT'implies that thefagtor w1th = i.1sto be excludedJJ1the product

Multiplying both the’sides_offeqn. (2.162) by."
2 N

2,2 ‘ T e e 2
( ](K 173 (KZ_Ki)é : "(Ki-l'Ki>2 1% —KJ)Z (2.163)
2K I i A
( +K ) Ayt ) (si_l+Ki) JI>[l(|<l+1<J)

o and u51ng condition (2 159) on the rlght—hand side of the resulting

equatlon wé get

| (Ailz' 'ﬁzlgi Kz B
L e e

Rememberlng that Ai s have to be pos1t1ve eqn. (2 164) glves

Vo

’ Ai N Kl-+K L e R
: '(EET)\’ H. Eﬁ-::éLz-' 5 0 J,i=1,2,...,N
AR & J#LL T ‘ L .

Let us. now try to prove the converse. A, e., if eqn. (2 152)

ds good then V(x) is symmetrlc [47] _ For this purpose let us cast

; (2. 153) in a slightly different form “We observed earlier that
all the prlncipal mlnors.of det. A have the same form as det A except
that some of the rows and columns are missmng If ‘we deflne h§\ 11
the subsets of {l 2, ;;.,N} 1nclud1ng the null set and the full set ‘we

)

49



‘can rewrite eqn.. (2.153) as e
det{K-FI}'=>Z a_ o - (2.165)
. N 'S . . '

.,-where“as is a principal monor of A'with.only those rows,and columns -

which'belonéfto‘sl We realize that Ay corresponding to the null set

: - ’ ke ‘
is just nnity. Obviously, then
- [z A Ne pes ] .. aet[u ”J . (2.166)
P e n‘ “n /n ,MES B

pES

: Using Lemma 1 of Appendix A again the determinant on the right hand

side of.eqn. (2. 166) can be written as'

22 <
o [, )
S pPEs P < \pEs
No . 0N - N
H’(K17K.)2LNH}(K2-K )2;.. I (KN_l—K )2 _
hEe AR o jN-1 7 2.167)
. N _// : 2 N . ) 2 N . 2 . .. : 3 '
’ DI OIS PRSI S (SO BTSN Ib L S
tj>1 l' I g2 g 3o j>N—l 'N"; 3 a¥1-KpfSE?‘

-The factor in brackets co tains only those Kp's in the;product which

i_ are in S. Others are missmg. Supplementing this with Lemxha 2— in '

Appendix A, ‘we can write it in a more intelligible form .

a —27<P-} e PES T .t (2.168)
Lo : LP P (n#m)Es nom S
Substitutingf%gn. (2. 168) in eqn (2 165), we have
’ €s P 'iKn-Km :
det{A +1} =) e ,P o, —P— - e A (2.169)
. ‘s pes (n#m)ss Kn m

1
!

¢ ‘we now suhstitute the assumed conditions for (A /2K )r\Ye get



-2 Z K. X

R , P r ‘ K- -}-K : Kn—K . :
det{A+1} = ] e P®° .l I -l§-ll],(11 . ];(2.170)
. . s | pEs “p “n!) mes “nn )

newhole set nEs -

xObViously, those terms in the fi;st’ﬁé:entheses_whiCh havé nEs cancel

out with the ones in the second Lafentheses. We are, thus, left with.

} l . . . » . ‘ 2 Z K x v :" ~u \ . A . N
o T pes P - T * '
- det{A+1I} =) e P57 I(s,s) o (2.171)
. s A - . . - .
vhere R A o o
R e R
b I(s,s) = I |—2 - (2.172)
S o  mES " m.-n ’ - o
T ) : - nE§ I s

and s. stands for the complement of s. It is clear that'H(s;E}/is.symf'

metric under the. interchange of s and s, i.e.,

T

\

L, = UG, eamy.

PO

‘'We can write eqnm. (2;171) as: -

,NJ_ -
. Z.pr ) knx+">2 K'mk : L
det{X.+I} = eP=1 . Z {e_r]ies_ i _m€s . } H(S,;) R -‘\»
v _ . o 3
2 R 7 2_’K x+ ) K x .
B = p=1 {2 %_( w?ES mEs ‘H(s,g)"
' ; S ots
, - .
. o/

AR . . i

S / ‘neEs n més.m‘)\ - L o
e Z/?/ e SN R (RO} (2.174)
’ S B : : _' ’ Ve ! N v . ’ ".

- Since II(s,s) is symmetric under the.interghange s>s and the sum runs

>

over all possible dubsets, ‘we can write

51



BN

B N T
. ' V) <X -l kx+ ) kx
N p=1LP 1 ne§,n " mes T
det{A + I} =e ) Z _i ' R X R L
3‘ . : S . 3 - . .!’7\. . - . 2
: Pk Tes -
L ( nes * nmeg ™ e ‘ o ¥
+ Z 7 ‘ 4 Mi(s,s)
c q oL ‘ o

. RS l Z K % )
' p=]_ P, - . : )
z I(s,s)- cosh ( Z K ok Z K x]..~(2.175)

s '« dmes™ nes N :

L

" The first term .as: before does not affect the potentlal and the second

term is manifestly symmetrlc in x. So, ‘the potential is symmetrlc. QED

-

j~‘2,3;4. ‘A Numerical Test of the“Technique."

"As a numerical test of the above technique, lét us considér. the

EaéchlgTeller_potentidl . e 3 '\ S
V(x) =”—‘%(a—%) ) ' e o (2.176)
cosh x T o o . S :
3 . . " e . . 5

‘with A>1. This is, obv1ously,a.swmnetr1c potential _ Thls potentlal

f'has been studied and is known to be an exqulslte example of a reflec—

: 1t10nless potentlal for certaln valiies of X\’ [61] The bonnd—state

venergles of (2 l76) are f. S
5, = -0-1om? o nga-1 R | eamt
dnd n\can tékélﬁhe.V§1UEé 0,1;2,..;;"4150 the refleetion:coeffieienn if
| i's;'kn‘o'wn to be. 3 L L ' o
IRL(ku)l cos (q> \q)o)' A - o (é_.l78')". .
| where e T
S ety =t n” {2—}?;—1;} L B - _“ . (2179)

52
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' efficient identically vanishes for all real k.

Obviously, for all integer values of A(=1,2,3,..:) the»;efiection co-

- A

- i

Soq

’

Our_technique,should reconStructipoteﬁtial (2.176) for integer‘values'

- of A if we use ‘the bound-state energies‘given by eqn. (2.177). ‘And,

‘in gact it doesqt We reconstructed the Poschl—Teller potentials with

A= 2 W 3,4 5 and 6, It was exact in each ‘case. We disPIay‘thekresulti,

- -

for X 6 in Figure 2.6, . ’
. ¢ . | o ' | )‘l‘ -

. That proves the uniqueness and credibility of the technique

.

outlined in- this chapter P

» this is obViously the perfect.case for a test of our ﬁetﬁod.

53
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3. APPLICATIONS EO SOME SYMMETRIC POTENTIALS IN ONE DIMENSION:

\‘\ 4
oy

o \' RELIABILITY OF THE APPROXIMATION

.
~ -

Given a sequence of bound-state energies, we can.uniquely con-
. . . . ¢ N - ‘ .

fstruct a symmetric, refleetioniess notential which supports those -

.

. bound-states. .This techﬁique does not have much appeal ds an exact

inVerse method.. There are not very many reflectionless potentials of

-

interest. Moreover, we do not know, a priori whether a given sequence
 of bound-state energ&es corresponds to.a reflectionless potential or .

not. What we are interested in. is the reliability of this. technique»
as a method for approxpmqtely constructing a symmetric potential from

its bound-state eneréies. In other words,"if we are given the bound-

+

state energies~of a symmetric potential which is not’ necessarily re-. o

flectionless then how closely thepconstru&ted refleotioniess potential

.

“a

enough ;as,x1=tw to support only a finite number

w
B

, ‘ .(\,.

E

P



C L s E . . . . . o ) T ) - T F
R . ‘ S ! . T : ! . . .-
.
\

[N

‘estimated bound;state wavefunctions; We also calculate the reflectlon
7'coeff1c1ent and plot it .as a functlon of the momentum kT

]

bb3:lblf Poschl Teller Potentials with Non—Integer A S. zf 1 ‘i'ﬁ

The Poschl—Teller potentlal glven by eqn. (2 176) 1s not re—ﬁf

¥~’flectionless for a‘non—lnteger value of A Thls potentlal satisfiesv

A all the properties listed above and 1ts reflection coeff1c1ent dlsplays K

: : R
a very simple behaviour with 1ncrea51ng momentum k e

';i U31ng the exact bound-state energies :reflectlonless potentialsj '//

)

.:corresponding to Poschl-Teller potentials w1th A (2 1 to 2 9) and

L

(3 l to 3. 9) were calculated In Figure 3 l to Figure 3 5 we //

"‘have summarized the calculations for Py —u3 l to 3 5 . These five
"suffice to eluc1date the features ofxthe reflectionless approx' T"
As we see from eqn (2 l78) and eqn.v(2 179) the/f/flectionffb

.’ -\ @ " B : .v‘ »
i-coeff1c1ent for a non—integer A decays monotonically w/th/increa51ng RS
R . , . / ¢ . RS
“k.UAt a value ; (n-+0 5) =1 2,..., the rate of/decay is~ the ‘Fﬂ;‘;.

' ;slowest The reflection coeff1C1ent being periodic in A .as A varying
:fi‘both ways;from (n-+0 5) Eb an 1nteger value l e towards n or (n-+l)

:fthe reﬁlection coefficient shows exactly the same behav1our .The closer‘”
- ; ‘,4 EE gv . - it .

'T?bA is to the integer\value the faster:the reflectlon coefficient decays.vf“d'

* Lo
A
B

‘j‘And as. is obvious from the results, the faster the reflection coeffi—' {;;f'i

' ﬂcient decays with 1ncreasing k the better 1s the agreement between the :

¥
Nl
2y

b_;reflectionless approximation and the actual potential

To further elucidate this behaviour the Poschl Teller potentil
1w1th A 3 OOOl "was reconstructed As we. see 1n Figure.3 6 the reflec—"

L

'“tion coefficient is equal to unity at k 0 and practically zero every- ,";"

{/“ .
i S
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here else. The reflectionless potential though not the same exactly,

is extfemely“cloSe to the actual potential.

1 .
o

) o\ X ' ) - ' ’ » ' ’ .
The potentials with A = 2.5, 3.5, 4.5 and 5.5 have exactly the P

" same reflection coefficient; It was, therefore, interesting to see if /
/ there is a difference in the agreement between the reflectionless’ and
e 3 /

/: - the actual potentlal in these cases. We see from Figure 3.7 and Figure

. 3.8 thatthe éverall agreement gets better as the potential gets deeper

' despite the fact that the reflection coefficient remaing the same :\

» . o - L

3.l.2;"The Gaussian Well, - , o . _,”'i o .
uxsecond inithis categoryjmaS'a welllof‘theakind - }

V) = Y R, T eckce L RV

p For obvious reasons, we call it a Gaussian Well Vofissthe depth of

LY

the well Five such wells with differentfvo'were.gonsidered,
e - "k‘ ) . ol

~

. Since the analytic solution to ‘the Schrodinger equation with

' such a potential is not. known the eigenvalues and the reflection co;

. Veffic16nt in each case were calcélated usiné the numerical methods of
Appendix B., EigeﬂValueskand the Zeros of'the reflection coefficients 1.
have ;een tabulated in Table 3 l and Table 3. 2., Reflection coefficients

and the results of the 1nverse calculations are displayed in Figure 3. 9

to Figure 3 13

‘.A zero of& he reflection coefficient is that value of momentum

where the reflection coefficient is- zero to five places. Since we were

L’J

interested in’ the general systematics of the reflection coefficient




Table 3.1 Eigenvalues of‘thé‘Gaussian\Well ” R

—x2

eigenvalues,;too.

V(x) = -Voe 3 —® < x < 4
Eigenvalues -
in ascend-|’ d
\ ing : .
Depth \order R e 2 o 2 O R4
v e R T T N 1 B b iﬁf.«§§<;\/ii\
- ’ . //.
. (~0.955) j
20 (-0.956)T | [ -/
ko i ok | * ' &
(-5.549) " |(-1.568)
8.0 (-5.549) | (-1.568)%
: (-14.135)*|(-7.256)*% |(-2.278)* -
18.0 (-164.135) | (=7.256) T | (=2.278)T
¥ - Lo . .
oo (-26.900) % | (~15. 525) [(~7.918) " | (<2.429)*
,30.90 (-24.900)F| (-15.525) | (~7.919) T | (-2.430) T
ZEERE 1(-39.595)%| (-27.592)*| (-17.289) *| (-8.901)* | (-2.809)*
0.0 139,590 | (-27.592) ] (-17.290) | (-8.903) T }(-2.810)
5 . |
- ‘Note: % Corresponds tothe numerlcal solution of the elgenvalue equation.
T Corresponds to the matrlx method .
'~ - .These symbols carry the same meaning in the follow1ng tables of



Table 3.2 Zeros of the Réfléction@‘o.eff‘igient: The Gaussian

o 2 .
V(x) = -Vée-x ; =° < x <o
Momentum at E
which R is :
Dept;) ‘ zerp ) lSt 2nd
v >
()
2.0 1.04 3.46
8.0 0.82 3.52 .
. /»
18.0 3.54
©30.0 0.28" ©3.80
.
46.0 3.92 ,

67
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a

"»actual potential is oncejé/ﬁin very good The fast decay of the re—@h

. regularities.

: factor..

' to go beyond thése naive observations.

. 3.1 3. The Harmonic Oscilldtor Well '-:"l ._:lv‘:;.ll 'n,'

no‘attempt was made to obtain .the zeros to a higher accuracy. As we
S K R LT S o
shall see shortly, these values prove sufficient for our purpose.,

K .

The reflection coefficient .in this case has a complex be~

haviour In the absence of an analytic form for it it is difficult

'to predict anything about its behaViour for a general k'; However

_in the range of momentum con51dered viz. k= 0 0 to 5. 0 it shows some h

V- -

=y

:1shows certain periodicity with increase in V \ For 1nstance the be—“f

vhaviour of the reflection coefficient for V_-2 0 8 0 and 30 0 are

S .

Snmilar = in each case it has a zero close to k 0 However for

.73

FirStly’ it decays very fast and has a few zeros. Secondlyl'it}ﬁ

Vo==l8 0 and 46 0, it has a zero at a very large k where its amplitude -

2

>

>is practically zero anyway. yi, t’h ‘,A;T' SN ,;f’ﬂfff“

o '\_'«v
Ky

The agreement between the reflectionless approx1mation and the

flection coefficient with

”crease in k again seems to be a favourable
L

e

S Within the scope of these numerical results it?seems diffiéultf

g
-3

VA > e T Clran

*J: As the next application the following potential was considered

32




el ey

't B . o . - . g .
. # : . . *

Anvinctease‘in E , thus, 1ncreases both the depth and the range of the '

~ .

.h§0tentlal; Eive such potentials with dlfferent E were con51dered

The elgenvalue equations for such potentials have already been P

h derived in Appendix B In order to calculate the eigenvalues of this

:,'potential using eqn. (B lO) aﬁﬁ -eqn, (B ll) we' Just need to’ know ‘the -

'-even and odd. solutlons of the Schrodinger equatlon in the region‘
. : ' . B

- ixia. The Schrod:.nger equation in this reg:ton looks like

S I .CE._lZQ.+[E +‘_a2. -x2]\p=0 o e i L (3.4)

vl

CIf we’change;the:yariable*to; k

©+-.  this equation is;pransformeﬂ.%nto S '

where

2.2

\ . . . o

'gEquation (3 6) is thexparaboldc cylinderxequation [62] | The'euennand '

L odd solutions are given by goZ] , _ S

w(x k’)‘;ﬂ ‘ ‘%x Mt_a +7 1 1 2)~. ‘; (38) e

;f"‘tf' (x’k) BAzxe ] ‘M(2 a + 4: 2: x )

o .

'~;where Ai and A2 are the normalization constants and M(a,b x) is the

SRS E(E%‘”}"‘*' I R S S S R SO

74
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. confluent hypergeometric function.

These solutions for E <g, ‘were substituted in eqn. (B lO) and

e (B ll) of Appendix B to obtain the eigenvalue equations for this
particular problem The resulting equations were then, numerically _': - $
solved by the Regula-Fa131 technique to obtain the bound-state energies_
[63] g » sq' | p :.i;{ - BRI L AN
Sbmilarly, for E >O these solutions were used in eqn. (B 14)

of Appendix B to calculate the reflection coeffic1ent for various ener-.‘a

gies. o
o In both of these calqmlationS, values of some confluent hyper— : f\ o
e 4 g . )
goemdtric functions M(a b x) were required for some values of the para

¥
4

nxigbterS“a :b and_x. They were calculated by summing their respective“.

o a0 51
: infinite series [6'] ‘to a“ﬁuffic1ent number éf“t%rﬁs

'
)

Table 3 3 and Table 3.4 list the e}genvalues and zeros of the

‘ reflection coefficient, respecitvely, for eacb of the five potentials'

.

of this kind which were considered The indgrse calculations and the

reflection coefficients are plotted in Figure 3 14 to Figure 3 18.- "y
4 ::‘1_: T
The behaviour of the reflection coefficient as a function of k

»

is. teminiscent of the diffraction pattern in optics Borrowing the-
terminology from there the reflection coefficient shows a principal

"“,{] maximum and some. pronounced secondary maxima The agreement between

Wy
SV

the reflectionless and the actual potential though tolerable is not .
Y v ’ : o
asigood as in the»casefof“PoschlfTeller‘potentials or,the;Gaussian wells.
S v o ~'l'> .u B . ; . R Y“-&x:’ . 5 A- - . v

6. .
1

4? The secondary maxima and the overall amplitude of the reflection'
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Table 3.3 " Eigenvaluee of the Harmonic Oscillator WéLl

n" . ( « o . L > L . " .'
: V(x) 0 ’ Ix' - o with Eo_=OL2
. L-E, +x2 s lxf <o
 Eigenvalues ; ,
"~ \dn Ascen- | .
R - 2 ‘_' 2°
, Eo- . F‘” det E3 = —K3 4 G’NA‘JK{} ES = —,KS
. X ERE T o
£ 2.0 f%%{f -1.069 ,
X | (-1.069)* | - g
A R (-1.069)T ', o
o » 4.0 1 =3.006 - | -1.092
5 ‘ MR [N 006)* [(-1.092)*
co (-3. 005)1- L (=r.091) 1 :
-5.001 | -3.011 | -1.106 | |
. | (=5.001)% |(-3.011)* | (<1,106)* |. -
Sl (=5, ooo>+v (-3.011)% | (-1, 106)*- o ¥,
| , 1 : i@igl .
G _ ~ T T
| 8.0 =7.000 | =5.002 -3 016 . |.-1.117
s (-7.000)* [(=5.002)* |(<3.016)* |(-1.117)*
(-7.000)T |(-5.00)% 1(-3.016)T | (-1.117)T
10,0 - 29:000 -7'000'*, 25,002 | -3.020 | -1.125 B
o [(~9:000)* [(~7.000)" | (-5.002)* | (~3.020)* | (<1.125)*
| Ry 000)+ [ ¢=7.000)F+ ) (-5.003) T | (-3.02)F | (-1.126)T |

" Note:

e

eigenvalue equations. -

‘o .
,P“.

L1

",@~’

0,,

The numbers without parentheses correspond tq the calc.ulation
' ‘where the’ confluent hypergeometric functions were - uged* :m'the ;




4

Téblel3;4~»Zeroé ofaﬁheﬁReflection Coefficieht: The Harmdnic Oscillator
. ' Well, . I L

ST y

e =40

Momentum
\at which
R is S : » 1 S
.zero| . .st | znd' - qrd Ath?w

~ 4.0 | 0.7027 | 2.12 [3.10 | -3.95° 4.80

— — —— —
6.0 | 0.6886 ® 1.9992 | 2.867 3.65 | 4.35 | ///} |

8.0 | 0.6748 | 1.9318 | 2,75 | 3.45 | 4.5 | 45

10,00 | 0.6673 | 1.8876 | 2.6638 | 3.329 | 3.95 | 4.55

i o o x W Wl s

77

17 20 0.7405 | 2.425 - | 3.65 | 4.85 I ’(v
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is nominal but the others seem

sify this case -as a‘favourable one. l‘\r

values and reflection coefficient of each of these potfntial wells.l;lji

: and Table 3. 6 summarize the results of these capculation;xg‘j NN

- plotted in. Figixre 3. 19 to Figure 3 23. \ /'

ty ,v~v" ) .

_coefficient get higher as Eonincrenaes. The‘snccessive‘zeros ~however,
3 ' . :

seem tobe getting closer to eagh ﬁ%&hr. The change in the first zero’
N : ; }9 S R N

cer faater.

&

The inverse reconstruc@i_ 8 show that the reflecpionless poten—,

[

tials tend to setyle down to a stable pattern, which is not very cloge

‘to the-actual potential with%increase in E .. This observation'is, of

course* limited to the five cases which we have considered There‘is;

A
1

however, no - suggestion either that the reflectionless potential will

¢

eventually diverge from the actual potential. So we. will still clas— \‘

o e

3.1.4. The Linear Well. | ', o e

\

g - We consider the potential well given by |

e - L . °

'
vix) ={ . , :
' “|-E_+]x]| : ]xl <o .. e
£ - o M . _ - e
Here ﬁ o ﬁlf ‘
’ ) - . . - 4 c\' ’ .»,‘.
Fd = . “ : e » -/

Again ‘a change in E changes both the depth and the range of the po—”l

‘tential well Five such potentials 1th diﬁferent E were/considered
) ] PR /‘ . N . "1

Our first concern - as usual is to calculate exact eigen-

N T . At

this case, the numerical methods of Appendix B were used Table 3.5

1 .

\ S

N

s

i B
. B L

"ffsv Inverse calculations and the reflection coefficients have been‘ _"'

83
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‘Table 3.5 Eigenvalues of the Linear

[ (S ;"l‘xl
V<x) { o
b slx| <

™ Eigenvalues L
N\dn Ascen-|. - 5
B E ding or—l T 2 BE
1B N der ‘ 5

1.67845019
1:67845013

1(-0.692)*

G :KFd;691}fi;' ;ﬂ

N . :»,.'.._9(,: ,“_ 1 ;‘
2.79315249 -

(:1.775)%]
‘-7(;1.775)*1‘

.kfé;49i)*'i‘
(=0.490F|

| 3.66807351

(—2 649);

"‘(—z 649)*

(-1.38)*
.;(;1;332)T'

':(?9?454)%

l(eo;hsa)i B

| a.45602433 |

(-3.4 \Bs)f

(-3. 43;§ 5{( 2. A16)*

(-2, 116)‘r

\‘b.‘

| (~1.200)*
\(s-;l;. 209)1-

SN
'.v(,_.o"_zv,ojz)'i'f T

| 5.17032052

‘4,151 7

'(-2 832)
f(-z 832)+

'.(513925)

RER I

(1 086)
(1 086)

‘(—o 386) ecs
| (-o 385)+ '

T3 :f X1V ,:
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cshoWs a fast g;oliferation with increase'in;Ed in coﬁtrast'to the har-

" the linear ‘well,

wthey show .some kind of periodicity. The first gap‘is larger,‘ftheh

Fe
\ ‘

Despite its ogerall resemblance to the reflection coefficient

ofvthe’harmonic,oscillator wellx"the'reflection coefficient of_the

‘linear well. has some very distinctive features.’ ;j

VR

The number of observable peaks (up to five JLcimal places) -

coefficient as a function of momentum is much faster JAn this case as

: compared to the harmOnic oscillator well._ With these. two features

together, as one would expect, the peaks are na;rnwer in the case of

LA . - . e

For each E’; the gaps between the success1ve zeros, in the case

of the harmonic oscillator well, steadily decreased In this case,

‘second is_smaller and so on.

i . . }
v . | ' -

3 The corresponding gaps in the zeros for two different E s ‘are

‘,again periodic. With‘E -l 67845019 for instance the first is smaller,

’the-second is larger'and so om:. For E -2 79315249 onfthe;other hand,

T~

© _the first is larger, the second is smaller and so on. This cycle alter-

- nates with each Eé.

A

_The peaksudo get narrower with increasing Eolbut'notpnecessarily

in the_same‘order because of the alternating behavionr'described'above,

/o Now if we kook at the reflectionless approximation we can im-

,mediately discern a\better agreement in this case between the reflec—

tionless'and the'actual potential’as compared,to the,agreement in the

-~ | "

91

N - . . B ) . . : B . " L. 9';{ e ’
' monic osc111ator well However~,the' rate of decay of rhe reflection - o



case of the harmonic oscillator well. - First obvious reason seems to

- be the fact that the~reflection'coefficient‘decays much faster in this

case. .

| o

Narrow peaksiseem to favour the agreement._ This was also ob- .

‘vious in the case of the harmonic oscillator well in a benign way

It 1x mgﬁhﬁ&mre pronounced here as the overall decay does. not. seem to
“? o v .
slow dﬁﬂK* ?preciably with.m ’

The periodicity in the behaviour of  the reflection coeff1c1ent

with increa51ng E seems to be reflected in the periodicity of the

‘agreement-between-the two potentials; ~The dependence is curious but

. _ , , o
T o : _ R N
it cannot be unravelled by such a numerical exercise.: . .
IR e S T ~ i

LD

This potential seems. to be much more promising than the _harmonic .

Av,oscillator well from the point of view of this approximation.

. ‘quantum mechanics, VlZ” the finite square well

>

-

-3.1.5. The finite Square Well.

3'Wevnowfcome'back'to the most familiar potential of elementary .
L : - L . .

’

Ve = {-E, x S
-’ oy xsar LG

N
Lol

For E<O, we get' bound states, _Definingﬁ .

I

K = (Egi Eo)" (E -leI}‘v. o.‘/.”'f:' o -(3?l3)»;

",kz = _F

i

1 ¢ 96 I S

: vvthe‘eigenyalue equation for the eyen-perity'levels is,given'by [61]

Ny ' . . ) o . /
. . A AN . I g

92 -



" The normalizatiomr 'cdr;sténts are given by

\ ‘ .
SRR

k tanka =/

“and for the odd-parity levels is

kcotka = -« , 7.

_The even éigenfunctions are given by

R : : :
f A+ cosvkntxk 3 0 <x

| k J ne k- 'YKn(a‘_*)
wgn(}_() = A, cosk a e

1 “’e‘h,("‘) = q)en(fpx)
Similarly, the odd eigenfunctions are given by
A_ ,si'nknx‘i_ . 5 0<x

K_(a=x)

93

(3.15) N
(3.16)

<.a

s X > a-

<.a

N ’ o

lpon(x) = '\A_' sinlér;a' e’vrf -3 x>a

A ]

| Von® = = Upy )

EmErE
: Aix cooom

for bbfh cases.
’ o,
- For E> 0, we: get ‘the continuum states.

case is well-known [64] co Coa
[ dietelol oy )1
1 4IE[(|E] +E,)
'_..l_+" 2 2{2, + NE o
- Ey .sin_ VL

1
Lo
a‘

=
!

_The reflection for this
o (3.20)

- G.2D
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N
.

Five such potential wells were considered. All had the same

A

width, viz., a.-g;. They were, however, of different depths, Eigen-

values were calculated by solving eqn. (3.15) and eqn. (3.16) numer i-
cally by the Newton-Raphson method [63]. Reflection coefficients were
found by using eqn. (3.20). Table 3.7 and Table 3.8 list the eigen-

" values and the zeros 6f the reflection coefficients respectively.

The results of the inverse calculations and the refléction co-

éfficientS‘arg plotted in Figure 3.24 to Figure 3.28.

‘This is a highly reflectiﬁg_po;ential,,vFor smaller-depths,

: the_reflgétidﬁ‘éoefficient,is relatively smaller, but still higher than

the harmonic oscillator well, or the linear well. With an increase in

. g ‘ 4

Eé;';hé'éeaks get‘wgdér and highér., In féct, ;he refléctipnless ap-

| proxim;figg; Ehoggh_ﬂdlérable‘féf-wélls:bf sméllér‘depths;\diSagreeS'

| coQéiderably_witﬁ_the actual po£entia1 as‘E;-is increased} There iélnp e
"iPdicatipn,YWhatsoévér,vfhat‘it convefgés'to the‘actdal potentiél.' it
'doe§ ﬁot é&envseemlto settle down to a stéble paﬁterg; thus; exhibiting 

) a divefgiﬁg ;rénd.” We?_thergforé, éiéséify tﬁis ﬁcten;ial among the

unfavourable ones for our approximation.

.

:3;166, The;Secant;Squére‘Well;
: Finélly, we ?onsidgt a:potential well of the type )

a L
e

_ 0 bl 2 e -
o 8 —-E 3 |x] <a o R (3.22) |
cos“2x ' -

s

Obviously' the range o énd'EBﬂaréffélated by_

° ! . ) .. Lt ’ . e
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Table 3.7 Eigenvalues of the Finite Square Well

) X < -m/2

by a numerical. search technique.

v

V(k) = -Eg ; =T/2 < x <. m/2
) | - ; X > on/2
igenvalue; ’
in Ascend Lo
2 .2 2 2 2 2
\ ding El = -k E2 = —K2 E3 = —K3 EA = =K, ES = —KS E61 —K6
rd- ‘
E h
[o] X
2.5 -2.002 -0.680
(-2.002)*| (-0.680)
o B ’ \
6.5 -5.864 | -4.017 ~1.257 \
(-5.864)*| (=4.017)%| (-1.257)*
12.5 ' _11.784 | -9.664 ~6.250 | -1.904
(-11.784)*| (-9.664)*| (-6.250)"| (-1.904)*
\A . | . . . '.
20,5 -19.732 | -17.446 | -13.693 -8.606 | -2.594
(-19.732)*| (-17.446) (-13.693)* (~8.606)"| (~2.594)
- 30.5 ~29.697 | -27.296 | -23.330 | -17.863 | -11.043 | -3.315
(-29.697)* | (~27.296)" | (-23.330)* (al7.863)t<(-ll.043) (-3.315)
‘:Note:' Numbers w1thout the parentheses correspond to an exact solutlon #




#

Table 3.8 Zeros of the Refiection Coefficlent: The Finite Square Well
J,o g
V(x) =<-E

x < -w/2

~/2 < x < w}2

-

0

5]

L0 ; x> w/2

Momentum '
at which R
R is lst- 2nd 3rd ath
Eq zerg
2.5 | 1.22474 2.54951 3.67423 4,74342
6.5 1.58114 3.08221 4.30116 -
12.5 1.87083 3.53553 4.84768 -
20.5 2.12132 3.93700
- 30.5 .2.34521 4.30116
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.“were conSidered

‘Again as in the case of the harmonic oscillator well and the linear

™

lﬁwell a change in E‘ changes the range o, too; Five. different depths:

- o . . L]

CRY

Eigenvalues and the reflection coefficient were calculated by ‘

w'.using the numerical methods of Appendix B Eigenvalues and the zeros

&

of the reflection coefficient are summarized An. Table 3 9 and Table R

,3 2 ConfininLPotentials f’

dfof the inverse scattering technique deve10ped 80, far because of the

'ﬂ’tial in much the same way as the square well

)
v
P

"’Results of the inverse calculations and the reflection coef-

:gfiCients are plotted in Figure 3 .29 to Figure 3 33

R .

The behaviour of the reflection coefficient is rather Complex‘.

’a}._in this case The potential is highly reflecting Finally, with an- o

"1ncrease in depth (E »—80 O onwards) the peaks of the reflection co—"‘

‘;*efficient seem to oet broader.

Th% reflectionless approxmation ‘seems to get worse with an

1ncrease in E v There is no sign of convergence to the actual poten-

-

LA

vd:n,,%' -1 /5 S sy

.

As discussed in the introduction the symmetric c0nf1ning po—viif‘

Lo

o

NI b
’ L . ~
S

*tentials in one-dimension form a class of_their,own,for the application |
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V(x) é'*

¢ E. o .

Eigenvalues

ascend-.
g or- |
E_ der -

TN

E =«
577K

.  (-32 401)

(= 14 883)*

2.0 (-9.328)* o
A (-9.3271)t L
480 Vi (32.402) l.( 14.883)* N

80.0

‘( 64 174)
(-64. 174)

5](-45 160)
. (-45 160)

‘(-20 679)
(-20 679)

v

120.0

,;;’(-10&.092)*
o (—104._091)+

7(;84}5895

(-84.589) T

(-58 196)

(=58, 196)

(~26.657)%|

(-zs;ass)f

v

168.0

%*

'v_(—152 054)
(-152. osa)fl

(-132.341)*

(-132534L)T

< 105. 228)
,(-105 228)

(-71 449)*

( 71 450)

(- 32 779)

{(-32. 781)’r :
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~ Table 3.10 Zeros of the Reflection Coefficient: The Secant-Square Well -

| o J’ |x4|,_>_0c o v-.l“.' .
v‘V(x). = ,withE-o = * 5 cos
- o _

5
E
0

w
A

\Momentum at| B o i S

which R
is zerg

nd:

Lrd

24,0

w1335

6712 .

| 10.486,

14,02 .

1,273

. 6.814

10.302

' 13.443

- 1.263

7,23

10.75

113.838

1.269 -

1 7.696

.11.328 ,

14.453"

1.2831

8.162

11.933
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'Eo—ambiguity'.

This parameter entered during the translation of the

pure bound-state problem of a confining potential to a suitable scat~

tering problem,

potential V(X),

To reiterate our plans,

locally, by a N-bound-state approximation VN(x),

we will approximate a confining

{VN(x) —EO(N)] is a symmetric reflectionless potential supporting N

bound-states at
2

The parameter EO(N) will be oonsisﬁently chosen to be

-

" = -E +E
n (o] n

1
EO(N) = E-(EN + E

1
where E
' n

tial.

3.2¢1.

stands,for“the nth

s = 1,2, ...,

N+l)l

The Harmonic Oscillator.

- This is one of the most favourite symmetric confining potentials

in one dimen51on [45 65].

5 .

V) =

" the bound-state energies of this potential are known tobe
a ’ . :

En+l

- and the bound-state wavefunctionsra;e given by
wn+l(x) B

where Hh(x) is the Hermite polynomial given by

H (x)

2

='2n + l/.

2 'n!

(l)n X'

2

Choosing the parameterlzation as,

o,

N

) ;N ='0,i,2,...

-1/4
H (x) e
= 1" ‘

dx

n
.(—d—n>e"‘

2

2

x~/2‘.

1

(3.24)

. (3.25)

- (3.26)

(3.27)

(3.28)

'(3.29)

where'

bound-state enetgy of the confining poten-

|
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T . e
' j' e . o o . : :
":The succEssive approximations with N l .2 3 4 and, 5 are plotted in

- i : . . e
.Flgure 3 34(a b) to: Figure 3 38(a b) B ‘

'« Even a casual look‘at’the five cases reveals an impressive - .
" tendency of convergence to the actual potential with increase in N.

.5

‘3;2;2. The Linear Potential

. We consider the symmetric linear potential given by [20 45]

P

V(x)'é lxl : l R g S o L _H_‘h(3.30)', '
The bound-state energies are known to be given by the zeros of the'

[

Alry functlons [62] v7; A i ', o .

ﬂ
Qﬁ*

t@if({rh):;’ f?.i;an =_i,3;§;..;;

'v';Vn:;12,4,65;;,.5,;}‘ ‘v (3;31xsn‘eit&\ .

I
O

A_‘i,(-EI;l,)_

<y

l‘Theiboundéstatefwavefunctions,are'giVen-By }-sf 3 S o o
B T T P N AR SR
oo = Ai(x-=E) ;x>0 SO . TR
IR ,.;/‘p;:w L e T S o

e TR B

x

n—l P T T e T T e e T
Ai( =X = E. ) ‘~<_ 0T T332

[V

‘,'The_normaliZarion constant‘Nn’is;gi?en b§}:‘

: ZEH[Al(_En)] ) ;l An'= 11-3'359 '.3 . “

e |
No=2 f x[AL(x=E)S =4 ¢ S
R R (3 33)

We display the successive approxﬁmations up to N 5 in Figure

»'23 39(a b) to. Figure 3 43(a b) .There is a:s;rong %vidence that the r

”‘local reflectlonless approximation convergesotofthe_actual one as N-]
- 'gets larger. -

NS
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3.2.3.

A -quantum‘meehanics. This depicts a particle trapped between two im-

' The Infinite Square Well.

This is again one of the'most‘common examples in elementary

[

/"

*

penetreble wells;' Invthe.wave picture this illustrates the standing

“waves [45;611

The bdund—StetegenergieS'bf this potential ere‘known.to,he
. I , S . , .

B I R

|x[ >m/2 .',;”' - e o (3.34)l

-

2- e

‘E =0 . s n=1,2,3,:.. . O (3.35)
The boundestatelwavefunctions,efe\‘. o ' a "
M N .
- BN . .
L 1/2 cos nx ' ; n=13,.,, o
s e , - i
Yo (x) = <[m"° sin nx yn= 24,70,
‘ Lt TN (3.36)
) . . - . .‘ : /H/v ‘ \\\\
Starting w1th N = l the succe551ve approx1matlons to the 1nf1nite\
square well up. to N=5 have been plotted/ln Flgure 3 44(a ‘b)Y to Figure
3 48(a b) Ll |
vt

-1epproximation‘does not seem tozconVerg to the actual potential.

3.2.4.

S
e

The Confining Poschl Teller Potentlal ‘

- Let us now con31der the potential ) N )
- V(x)'é K(K l) ~+ A(A l) { k . : (3.37)
o sin (x ——0 ‘cos’ (x ~—0 o ' Ly;;/% o o .
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Apart fron an oscillatory stability at x=0, the reflectionless - -
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For K=€X thlsjls a symmetrlc potentlal This is, obv1ously,‘a perio-.

: dlc potential © We however cons:Lder it onIy between '_— ‘—<x< q{,.The :
fbarriers put by the slngularltles are 1mpenetrable.' So, this sufflces

for the conflnement of a’ partlcle 1n this potential

;Thebeigenvalues'for.this~poﬁential‘are_knownAto'he’[6l]
i ,’rgnfl:fx(K,Fl-#Zn?asr - ._»’”n'f,oi%:z"'i»ﬁ. R (;,3%)/

”vand:the‘unnormalléed_wavefunctions‘are,given by
‘”ﬂn ‘( )VF C. sanz cosxrv F'( ~n K+A+n K-+l 31n22)‘:v'&3 35)' oo
o ‘Pn+1 [ 201 23 AR AT

: ‘where z?-x W/4, and Cl is the normallzatlon constant We_consider~"

.y.

4

fpthls potentlal for one speclflc value of K and X viz. TKFal;=2f,‘ln7
.¢thls case eqn.kK3 37) takes the szmple form
V(x) '_‘Tf—"' G e e (3,40) L
: ' cos 2x fg” R TR R L A S
i”and cqn.5(3 38) becomes L

R

a2
[EER

'Lkgi’i Successive reflectlonless approx1mat10ns to thls conflnlng
g potent1a1 up* ‘to N 5 are plotted in Figure 3 49(a b) tO/Flgure 3 53(a b).'_ff}"

'~Except for an agreement at x 0 the reflectlonless approxlmatlon does

'"uh!not seem to exhlblt a converglng trend The behav1pur 1s 51m11ar to

u;the lnfinite square well whlch is perhaps not unexpected Both of

E 7them have the sharp 1mpenetrable walls at certain values of X,

. 3,3;‘ On the Convergence of the Reflectlonless Approx1mat10n to the“ d}"

Actual Potentlal D

'“qﬁ,Our,investigationshhave.left quwithﬁigverietv,of'resulﬁs; We
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I

have observed cases of excellent agreement between the reflectionless

approx1mation and the actual symmetric potential. At the same time,

however, we have_encountered‘instances of,catastrophic divergences from

1

the actual potential; Do we have, then'ysome suggestions'regarding

futhe convergence7 We' shall try to answer this question ‘w1thin the e : '/
. /o
scope of the results obtained in this section : i S . 7/ :
‘3;3;l;f~Non—confining Potential. . L o T o _:' e

Things are. relatively 51mple for potentials belonging to this

class because of the absence of the E —ambiguity. ‘We have approx1mated

‘ ’the actual potential by a symmetric reflectionless/potential having

bound states at the same energies as the actual potential Exact

bound—state energies were used in the 1nverse reconstruction.. This_
. cannot then be a source of disagreement between the two.A The rele-

vant quantity to. observe is the reflection coeffic1ent This was the
'motivation for calculating the reflectlon coeffic1ent as. a function of

kS - e g ’.-' &0,
momentum or energy. The reflectionless approx1mation 1s unique - so,

;vunless the. actual potential 1s reflectionless the two cannot be thé -

-~

bvsame The question then, is that how close the agreement is?

We ~saw one- case ‘of - fantastic agreement - the Poschl—Teller

potential with X 3 0001 The reflection coefficient was equal to

”_unity at. k 0 and, practically, zero. everywhere else. This suggests -
that if the actual potential has a. reflection coeff1c1ent Wthh decays ’

fextremely fast w1th increase in k, the reflectionless approXimation

-
-

:lshould be excellent Thls Was further'v1ndicated1n the case of other

-Poschl—Teller potentials and some of ‘the Gausslans too, »



‘ting.

:‘behavtour. = '; ‘ RF L |

'All other potentials except these two had sharp"cornere'_and

'they exhibited pronounced resonances -in their spectrum. .We have been

‘able to%obtain two, rather primitlve suggestionsleFirst if thelre-

>flection coefflcient when plotted as a function of momentum decays

-qulckly;then, despite the presence of 'sharp' resonances, the approxi-

mation is tolerable.” Second, if the reflection coefficient .decays

* very slowly and has broad resonances, the approxidation is aieappoin— o

4

Based on these experiences, we can 'qualitatively' define two

»

"classee of reflection'coefficientsﬁ If the'reflection coefficient

decays qulckly and its peaks, 1f any, are narrow then we will call

fSuch a reflection coeff1c1ent to be exhiblting a f&vourable behavtour

,On the other hand ‘the reflectlon coeff1c1ent_which'decays slpwly and.

, L . . . . L L
:vwhose peaks,,lf any, ‘are braagywill be.said to exhibit an wnfavourable
L. ,‘_“ . v' ! - . 1 N

N . . '

s

3.3.2. ConfininngOtentials;..ﬁ

AT .

A convergence of ‘the reflectionless potentlal to the actual

conflnlng one at x= 0 [47] does not necessarlly guarantee any tendency

'towards convergence even in the "local' sense put forward by Schonfeld./

. et. al. and QRT [45 47] A glaring example of such a fallure is the -

Conflnlng Poschl Teller Potentlal where the approx1mat10n dlverges

kdesp;te 1ts*agreement at x==0'withjthe actual potential;_ What is_im-~

perative is to obtain evidences of 'overall" convergence in' the desired
region - if possible, someé criteria‘in support of such a behaviour.
: ! - . B . ?
i " . . R . . : N .
. Our investigations in the case of non-confining wells, which -

W4
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5
M/ ,

‘are bonafide members of the class of scattering potentials; have promp-

ted us‘to expect that if the b0und—etate energies used in.the»inverse.

method are correct and  if the reflection coefflcient behaves in a

'favourable 4;;; then the reflectionless_approximation is satisfac;
torily close to the actua1>potential.'/0ur numerical studies do not,

in totelity; define the 'fa#ourable' clqss of reflection coefficients.
Q . ] . ) ‘ ‘ . * . : D

_ However, as discussed in the earlier section, we have evidence for7a’

N

‘the bound-state energies and the reflection coefficients. ' e

few 4n this class, Undonbtedly; it is beyond controverSy.that'the two

\\euantities of interest in investigatingvthe>problem of convergence are

When we get down to the conflnlng potentlals, there is an 1n—~"’

herent art1f1c1a11ty anolved in- translatlng this purely bound—state

problem 1nto_a scetterlng problem, As‘per QRT's prescrlptions,*we

introduce.e’zero of energy E_ half-way between the N'B and (N +1)0

bound—states.. We then approx1mate the confinlng potentlal V(x) '1o-'

cally' by a potential Yy (x) where [ (x) —E ] is the reflectionless =

’ potential supportlng bound—states at ‘the scaled conflning energles

(ie. bound-state energles correspondlng to the conflnlng potaw\ipl

”v1z.; Enj' —K2==—E -+E nt We w1ll call this- - the QRT approxzmatzon

“prescription is suff1c1ent because the only 1nformatlons we have are

the bound—$tate energlesof the conflnlng potentlal However when we
A\

want to talk about convergence we need “to carefully deflne the scat-
\

'i,terlng'counterpartuof thevconfining potential corresponding to a Spe—

’/

cific E o’ whichrwe hope to.simulate. That w1ll then, glve us somev

lnformatlon regardlng the varlous factors affectlng the convergence

"
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To put: QRT's .prescription the other way round we scale down

the actual potential by E . and . try to approximate the negative part of

‘the scaled potential by a reflectionless potential having bound ~states

at —K2==—E +E 2 85 shown in Figure 3, 54(a) and Figure 3.54(b). If we

recall the properties of the reflectionless potentials that ‘they are

always negative ‘and go.to zero e*ponentially as x==+w, we- realize that

: what we can hope to reconstruct, An the best of events, "is the fol— '
/ o :

ir
VIS

:lowing scattering potential

- . g ' rV(x)'-‘-. E ; le < a s ‘ ;
‘ scatt,, . ° LT ‘ s :
vSeAtE: () = SR o
0 N P (3.42)
“with the obwious'equality .
V(ta).; E =0 .. | N € IR D B

“‘ot

This is the trundated potential shown in Figure 3.54(c) .. This is the

actual scattering counterpart of the confining potential V(x) corres-

~ponding to a specific EK‘, The: succe531ve.approximations to the con-.

fining potential with in reaSing E orN’then become approx1mations to
/ .

the wells of the kind (3 1th 1ncrea51ng depth

At the very outset, it is cléar that bound—state energies of

the scattering counterpart are not the same as the scaled confining

’energies The boundary conditions are- to be imposed ‘at x-—+a rather

-
than‘at ®=t0, Ve can expect the lower bound—states to be. close to
. ‘,_;l a. . .
the assumed value, 1f ‘the potential is deep enough, but ‘the upper ones

wlll be very different. Moreover the discrepancy between the two is

1

highly dependent on@the potential and forbids one ‘to draw anx general

~

conclu51on
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'Scaled down by Eg

!

—~
gl
~
<4
i
&

~-Fig. 3.54. Scatterlng counterpart of a confinlng potenfSal correspondlng

to/f‘speciflc E;



: tial With the reflectionless potential supporting bound—states at

- ficient and watch its behaviour as E increases,)

a8 tolerable and does not ‘seem to diverge.” '

In the QRT reconstruction then one tries to simulate a poten—
: *&\‘9 . . . 2

v.,slightly (hopefullyl) different energies., What is the contribution of

gthis towards the convergence features of the approximation9b

The obVious way to check this is to reconstruct wells of the -

<

J{gies.. We call this the exaat reconstructzon Vow that we have a

A : o
»

'Q"carefully defined scattering counterpart of the confining potential

' ﬁ,corresponding to al specific E ; we can calculate its reflection coef—ff

v

B . P

V In fact we have already carried out such a calculation. rihe,

: 7*:non—confining wells in Section 3 l 3 = Section 3 l 6 are precisely wells

'hof the type (3 42) corresponding'to the confining potentials in &ection ;

. o

- 3 2 l - Section 3 2 4 respectively, preCisely 1n the same order.‘kWe~L:;-

.\
IS

'”have scaled up the results 1n Section‘3 l 3 - Section 3 l 6 by the re- '

g'levant E and then displayed those exact reconstructions Wlth the

A,

fu‘corresponding QRT reconstructions in Section 3 2 l = Section 3 2 4

g

: 5f;}The reflection coefficients for such wells have already been discussed

& . [ : U),

-

"fflin the pnevious’section. We Wlll make some remarks on them

i
4

‘1The Harmonic OsciZZator.h=5 »\_fgf;) Lf:‘"j.ggﬂ.v,lﬁﬁf?f'y@'
ML {3 Looking at“Figure 3, 34(a c) to Figure 3 38(a c); we realize

1that the encouraging convergence of the QRI reconstruction has dis—'j"’

f«yappeared in’ the exact case. The agreement in the exact case is; however

. - :
'“ﬂxyjiff S VH_VV-f" T e

o139
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'q{kind (3 42) w1th desired V(x) and E using the true bound—state ener— i . -

P 4
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The reflection coeff1c1ents in thlS case have already been

o seen to g/t favourable w1th an. 1ncrease 1n E

'jThe_LLnear'POtehtiaZ;.g'ffmlzéf, _j;,z}“? f S Hh"ihf o f.hfu-

A eg?parison between the exact and the QRT reconstruction can o
" be drawn from Figure 3 39(a c) to Flgure 3. 43(a c)  The overwhelming
h;convergence of ‘the QRI rtconstructlon has agaln gotten\subdued in the.hf};
M:texact one. However theexact one’ shows some exp11c1t tendency towards‘
;convergence unlike in the case of the harmonle osc1llator.» |

b .“*As we have already seen in Section 3 l 4 ‘the reflectlon co—fﬁ Ll
:{'ﬁ S e . ) e PR
eff1c1ent 1n thla case behaves more . favourably than 1n the case of the

harmonlc oscillator

The Ihfinzte Square WéZZ

It is interesting to note that the actual scatterlng counter-; R

<

‘parts'in this case have not only dlfferent eigenvalues but'they have

construction.}A

. : = Figure 3 44(a c).— Figure 3. 48(a c) immedlately suggest an 7b' Sy

enhanéed diverglng trend 1n the exact reco structlons., The reflectlon S

< Ry Sl R s
§§ '- 49(a c) < Figure 3 53(a c) conflrm that the behav1our_“'”
v.n'this case is similar to the behaviour in“the case of the 1nf1n1te

<1

Square well With its unfavourable reflection coefficient 1t'shows a ggf




Anﬁdefinlte divergence from the act&al potential The divergence_isdmuéhf

TSI

"

theat \

more pronounced 1n the exact reconstructions.u

This numerical exerc1se suggests that unless the reflection ;“J'

./ . e

'coefficient of the actual scattering counterpart of the confining po-

tential with a spec1f1c E behaves 'favourably with an 1ncrease 1n E "

':the convergence of the reﬁlectionless approx1mat10n to the conflning

e
‘

4

potential even in the local sense is doubtbul The encouraging con-f

"bvergence observed in the QRT reconstruction seems to be a result of the

‘“ifact that one uses the scaled confining energies there instead of the""

2 i

'-gfexact bound-state energies of the scattering counterpart which one'. is

"ftrying to 51mulate ThlS discrepancy leads to a scaling of the ‘upper.

f‘levels 1n the N bound-state approx1mation relative to the lower ones.l'-‘

‘Z;:The reconstruction seems to be quite sen it'v& to thlS scaling.

Vv

FES




o lt does not necessarily guarantee even a converging trend :

ib to show that indeed the difference~between the resulting potential -;ha“

':vand the reflectionless approximation

e t

4 DISCUSSION -

As prOposed in the 1ntroduction the purpose
vwas to investigate the reliability of. the reflectionle s approximation
to a symmetric potential in. one dimen51on by applying 1t;to various

1.

known potentials of this kind Our results have confirmed that the

'\‘reliability of thlS approx1mat10n is highly potent1al~dep.ndent This

1s not unexpected as one is. trying to 51mulate a reflectin'-potentlal

by a reflectionless one. Our calculations have unfolded ‘some syste-'

‘ )

v
v i \

f_matics in the behav1our of the reflection coeff1c1ent of the a tual L

potential as a functlon of momentum (br energy) which indicate an A

3

agreement (or a dlsagreement) between the two.

_\'Ab

51red I@ an overall' agreement between the two. The only,'obvious

deay to obtain thlS is to solve the Gel'fand-Lev1tan equation u51ng the

reflection and the transm1551on coeff ‘c1ents of the actual potential and

\s small This is a highly non—;vj_b”:‘,g
triv1al JOb as one needs the detailed analytic structure of the re-

flection and the transm1351oh coeff1c1ents in the complex k-plane
The*problem of convergence ofthe local N bound state approx1—‘fp
: mation to the‘confining potential w1th 1ncrea51ng N is still more

foégizable This approx1mation to the confining potential 1s actually fl'f

. ‘

M
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~an approx1mation to.a scattering counterparb\\with a certain depth

143

This was brought into light in Chapter 3. The scaled con%;ning—energies'“

"‘used in the QRT reconstruction ‘are not the eigenvalues of the scatter-.

ing counterpart which one is trying to simulate 'In fact< they differ

‘.cons1derably. In some cases even the number of eigenvalues of ‘the -°

S\

scattering counterpart' is different from the. number of scaled con—'.

' fining—energies‘— in. contrast to the assumption implicit in QRT 8

~. . My

prescription. We observed that the effect of these discrepancies is

' quite substantial USo, there -are two cruc1al factors which govern the

o t‘3

: convergence in this case- (i) a discrepancy in the number and values
. * . 5« N .

of the scaled confining—energies which are used inthe QRT reconstruc—"

tion- and (ii) the scattering counterpar 13,‘1n general a reflecting

% . . ~ .

potential The eigenvalue,fw
'1s rather involved and forbids us from making any comme t »Our;inves—T

: tigations however show that the successive 'local' ref'ectionless

—— i I8

l_ approximations to the confining pqtential as per QRT'

1ncrease in depth
f,»/v i VVV"
: (.»‘ S 1

,From a practical point of view the problem of converge“ce of

the local N bound—state reflectionless approximation to a confining f7

poteptial with an increase in N, is not very demanding The method

w,hg‘ R

has comé%tational limitations anyway, for large N The numbers invol-'f“

ved become too large or too small to command a faith in themselves. The

Lol

jw: exact limiting value of N is again dependent on the potenatial How_pi

o ever it is enough to realize that there is: a practical cut—off to. N

e WL e ey S AR

i

R e I R SRR T : R =f. .;Q. e



‘144

‘“The‘important.practical concerns are, then;‘ (1) Does it show a con—‘,
“hverging trend or-a diverging trend7' (ii) How fast is the convergence

'or d1vergence° If the reflectionless approximation converges very

Lo

v

fast or divergeS'veryslowly then the usefulness of this technique is
_: retained On the other hand if it converges very slowly or diverges

very fast then it is of no real use.

»

‘To make a comment on the overall performance of this technique

. one needs to recall the kind of JOb it was supposed to do. We knew o

“ha

E very few energy levels of a symmetric potential 1n one dimension. That

;iwas all. Frmmthatbtt of information this method was supposed to
R R ! : e
",-generate the scattering potential for us.} Even a mild cynicism towards
*fthis technlque w1ll accede to the fact that the input information is

~

- ’too meagre to. expect a grand‘result Within this limitation the per—'
'i‘formance of this technique has been satisfactory For a small number

’3’m,eigenvalues which lS its actual domain of application 1t 51mulates_v’

'i'“fthe rough@’qualitative features of the potential quite well Even 1nv“
':the worst cases which we. encountered, 1t showed at least this much e |
,épromiser‘Any..quantitative expectation from thls technique is, perhaps;lda
‘v{highly ambitious. This is,_indeed beyond the sc0pe of any such naive

'”technlque T I A e L
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«  APPENDIX A. SOME IMPORTANT LEMMAS -

- Lemma 1. The determinant of the matrix [IK <y

£y
[

I (kl -K ) T (K

—< )

3%

||is glven by

N
I

(K

K,)

o [R1) g0 . i>2

by = ot lhell- {1 o} Rt
' _ | . o e+ I (K,
\ S . B £ A B

with n=v=1,2,....,N.
Proof: Let us define

1
—ll
n--v

A= det |
P o

:We'Will'then\prove'th;s lemma by.ihduefion'on P-

I

: >l
1

'.‘Subtrecting cheffifst‘row:frdﬁ thevother_‘l

| » . ""f'l.
(K -K ) o ' S

: (Kl

R \ngl-rf',‘f*

Subtracting the flrst column from the others l

| E (K ) g ’
1 1” z {21 1
A, = ( )( ) ={ i (——eq} I>

ﬂ'
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~5T7Q5," - o

w )2,

+Kl)(K +K ) 1 ey

(<

4

H (K Kj)

175

{>N-1
L

N
I
j>N-1

7S

_For p=1, .

(k

N—l_hj

N51+Kj)

*.2)

(4.4)

2
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. If we do\exactly the same‘thing for p=3, Qe'get S L

- 3
: » S 2 2 :
: o k=T (k=K. , S
3 j>l L3 j>2 2 j L -
A, =1 T (=) AT _(A.6)
3 gy ZK 2 2 2./
. T (ky+64) H (K2+K )
; i1 &
We assume the fééu1t for'p==N-l, i.e.
T ';' (K-, I (k,-k R | B € S N
o an( 1) g 1737 3 24 omez N2
' AN—l la=1 K NfL éN—l 9 N-1 N 2
o Hj(K1+K,) I (K2+K ) It (K 2+K,) _
j>1 7 j>2- ° 3 >N—2 J BRI
Finaljly, we p#ove,it -'.‘fo‘r.p ‘=“N ‘ S~
- 1 1 1
| S B AP “1*y
A S | 1|
Koty Kty K2y ; ; |
1 1
D R i3 Nyl
gubtracting the first rﬁw from all the others, we get .g?
. - 1 .o 1 a1
"N
I (Kl—K ) 1= 1 1
AN = J>1N . KoKy Kty L KyRy
S I (kg + D }: -
1,>l . : .
. o 1 1 1 ’ ‘ Lo ,
P e »<N+o< ..KN-H(N‘ e §A.8) '
Subtracting the first column from all the others, we have . 2



o | o ' T 150 -

N . ! . o .

I (K -, ) ‘ o N

- j>1. i S PR S e
21y T (K oy DS PR . )
§>1 T : L {

g

R S T (A.9)

- N S CONTT20 Y NN

C, 4> . .
. = j lN AN_l (n '\) - ’ R ,N)
D2k, (K HC ) - R
L 3>1 13 = o s

N, N ,

ey cy Tk k) 'H/(KZ‘K-) cee
T g 2% N N T

S I (K1+K ) LRGP

_]>l J\ 2 <

r .

Lemma 2.. It can be proved that - I - /
’ N, N ' N

I (k=) I (KZ—K ) veee I (ky
o1 1 3 a5 i §>N-1 o
n=m=1 RN N B A 2 "ot
Adm mom I (K1+K.) I (K +K )2 ceee T (kg

o L s e 3 J>N -1

- Proof. ‘We‘definef: : N B : ‘
B 3

:; (A.11)
° (p) n. m=l :

, S R
. R LT S
v We will then prove_thls lemma by inductlon on. p. ‘For p=1, the equality

, of the two products in the statement is obv1ous. -For p=2;



~ \
L 2,
2 ol lal g by L
I n_om| 2 j>l : (A.12)
K+ lvc [ 2 S .
,nm=l nmt H(K'HC)Z
A R
" For p=3; L PR ’
- “a~n| {lK <ol - [y 3'} «{'Kz < | 'I"z"%jl}
I N N R IK1“"3T Iy | Tyt
.n#m * . ) o ) ] . . |
o -|K3—Kll L |
X - - ~ - g . S
N ST
3 3
I Gepe)? T ey )2 T
,1>1 ‘0 jgz ' | (a.13).
“ . 2 - .
I le+1< )2 B (Kzﬂjfj) -
We -assume this result for p ,
o N-1-
N-1. KI;;K : >§ Z(KN—z‘K-j) -
i —= — _ ' (A.14)
n,m=1 “atn N L N-l" 2 ’
o ' BECESE M. (K, +,)
| mrm L R j>N2 NZ 3
Finally, we prove it for p =N !
| N K K N—l 1K =K. 3
no|-Bm { H 'n m } -
- LK+ BN K+ |
n,m=1'"n m'  ‘n,m=1'""n m
nfm - | onfm oo
. &
eyl kgl Ty g )
- ] | lKl-H(Nl IK2+KNr IKN L N[ *
L IK—KUIKN 6l o
BRI o T [I%(H( [ ]K N ll
. .={an K‘,—K}(K—)"(NlN)‘ |
RS e T ey ?
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RONNRL LI ( 2T e e’
I (k=K Ko=K.) ..., Ky on=K Ky =K
R Rt S -2 N2 37 ey WIS
=33, -

(k)T (o ) s T (kg ) T (k)

g1 13 g2 goN-2 N2 30 gy N-1

| ' QED (A.15)
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7
A.”f a}yx a" and X = b ® We div1de

’vi~];intervals of width 'h'

‘]t”viIf we replace the Schrodinger

'I.;gference equatidn we get

APPENDIX B |

AND THE EIGENVALUES OF A SYMMETRIC POTENTIAL IN ONE DIMENSION

Etgenvalues ;',t'?-ﬁ'f?'

,A'

. »

Two methods were used ‘to numerically calculate the eigenvalues.

/o
. The first one 1s fairly g&keral and does not need the specific assump—//

B tion of symmetry of the potential We Hiscuss that furst

(i) The Matrix Method The;Schrodingen;equation”for:af‘
tial V(x) in one dimen31on 1s o

CmD

where E 1s the ener%y of the particle We‘habeatd*
. which satisfy the Bounhary conditions

w(+w) = W(—w) = 0

EQ} a: < x < b We assgme the boundary conditions to be w(a) = w(b) = 0 '

NUMERICAL METHODS FOR CALCULATING THE REFLECTION COEFFICIENE

{ind those solutions”
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Physically, this means thag weﬂare\putting infinite impenetrable walls

this J.nterval a. < x < b 1nto (n+l) fine
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; Using the boundary conditlonJ at x&%a_anddx==h4-we:getdthewfolIOWingb.’l
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a

‘fset of equations from (B 5)

1"the eigenvalu?

for two consecutlve a & 'b'

1

lwhere we have mult plied throughout‘by ‘a mlnus sign.“
i value problem for khe Schrodinger equatlon is now reduced to thlS

| ‘./3»

" \ﬂalgebralc ergenva

'i?ienergies for thekschrodinger equatlon._
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"Q}ygets a value stabilized to a de31red accuracy.f

”ftand 'b'vand~repeats the same procedure

\
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In pra tice the computation goes 1n two steps.

agree w1thin a desired tolerance

W

So

bl

These Were calculated u51ng

f;Mpicks up: a par"icular pair a & 'b’ and repeats the calculation of

Then one increas s

When the stabilized va7Pes
t

",a S

(8.5)

lue problem for the trldiagonal matrix in eqn. (B 6)

: First, one R

one .-

N

S

’ by increa51ng the number of intervals (n-#l) till one el
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fact that it can be used for any kind of potential : HomeVer the

ss of stabilizing the %igenvalue . even to-a. few places is very

‘?’*”‘**

=i°4$é~ It serves as a method to quickly locate the positions of all

Je

e the levels at the same time.:.

7:(ii) Solvin’\the Eigenyalue Equatlon for a Symmetric Potential

L

iNnmerically. Let us consider a symmetric potential of the. form L

» . P ' =

-y

:"0‘:3 S x°< -a (Region I)

SR V(X)= : ‘V(X',)" o _‘0‘ <x<a. (Region II) B FAE

o ‘b';»-kg_a (Region 111) \ ;*'(L’?)"" EEava

and V(x) V(—x) : Also it is ohvious that V(+a)-_;y We can, then, s
immediately write down the solutions of the Schrodinger Equatlon wI’

in region I II and III, respectively (for E<<0)

and WIII’ ’ = ..x\~ e

|'pII

l”II "_B“’ + C“’ .

‘where LR ST . v , . SRR

Since the potential is symmetric 1n Region II the two 1inearly

'151 use Nhe symmetry properties of w and w we! immediately get that the

O o "_7,7

. "’é (x=+a) +k¢e(x o +cx)= 0 " ,v ' (B 10)
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B and the odd eigenvalues are the solutions of the equation
:V{ / . v. . '/ “‘ ’ . .b.o . ) jv_ . ) | "

‘w;<x=+a>l_+ kw°<x=+a>,=..oea‘.~ ey

These two equations were\solved numerically to find out the values of ',i‘h

Y

’ the bound—state energies.‘ Values of w y w , w' andnp' at x = +a were?‘

o
'.needed in this process. They were calculated using the DVERK subroutine
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' This subroutine aseg_t‘hegunge_'m‘ta*métht:d; to do this job. -~ .-
This technique is much more accurate and convenient Note
L For potentials with infinite tails like the GauSSian the same method
R e N .
SRR

}was used.v Some value of a was assumed to start with Then 1t was
V_fgradually increased and the calculations were repeated each time. One_“

o :gstopped when two consecutive calc lations for the eigenvalues agreed

[y

"Qwithin a desired accuracy

:*RefZectzan Coefficrent

; : )g;/'\e,,.v_‘i' e el B o
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We concentrate on a{well of the tYPe (B 7) : We'afé now‘con—*‘f SR

"‘chrned with the continuum solutions (E k ) >0. Solutioné 1n the three

”~:_‘classified regions are -
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"'~from the IMSL Fortran Library with the obv1ous conditions 1ﬁj R f‘g;_" £y
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VT/e.other solution e_ikx in wIII is absent because there is no incoming N it
R .

5 /wave\in region III w (x) and Yo (x) are again the even and odd 'solu—

._‘/ tions for E >O in region II Imposing the continuity conditions at :Q

x=fta nd using the symmetry properties of . the solutions ¢ (x) and v

BN oy

w (x) one immediately gets the reflection coefficient

2 lP (X-+a)¢ (x=+ot) 2
2 [ 'k- - + kw (x—+a)w (x—--l-a)]
= — . - i (B 14), '

Ay ;_- P w (x=+a)w0(X“+a) T . 50 b
\w +[ — /+ kxp (xa-Hx)q) (x—-+a)]

v
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Wy, <x>w <x> - v, <x>w G e Gan

‘:The Wronskian can be ea31ly evaluated at x==0 For a numerical calcu—ﬂ.i

"v;lation of R as a function of momentum k one needs the values of w 5 R 5

.'5

. w', w s w'-at x==+a These Were again calculated using the DVERK sub-_"

anoutine which uses the Runge—Kutta method

1‘Note' For potentials with infinite tails,_one starts with an assumed
. V‘,,“ \_ & L § G [
’”value for a. It is then gnadually increased and the calculations .are- B S
'Vprepeated., Once the valﬁevof R stabilizes to a; certain desired étcuracy Sy

B '_-one StOpS. L il , ._; S ‘ v“v . D ‘ :



