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Abstract

This thesis explores theoretical, computational, and practical aspects of con-
vex (shape-constrained) regression, providing new excess risk upper bounds, a
comparison of convex regression techniques with theoretical guarantee, a novel
heuristic training algorithm for max-affine representations, and applications in
convex stochastic programming.

The new excess risk upper bound is developed for the general empirical
risk minimization setting without any shape constraints, and provides a prob-
abilistic guarantee for cases with unbounded hypothesis classes, targets, and
noise models. The strength of the general result is demonstrated by applying
it to linear regression under the squared loss both for lasso and ridge regres-
sion, as well as for convex nonparametric least squares estimation, in each case
allowing one to obtain near-minimax upper bounds on the risk.

Next, cutting plane and alternating direction method of multipliers al-
gorithms are compared for training the max-affine least squares estimators;
estimators for which we provide explicit excess risk bounds. These techniques
are also extended for the partitioned convex formulation (which is shown to
enjoy optimal minimax rates). We also provide an empirical study of vari-
ous heuristics for solving the non-convex optimization problem underlying the
partitioned convex formulation.

A novel max-affine estimator is designed, which scales well for large sample
sizes and improves the generalization error of current techniques in many cases.
Its training time is proportional to the adaptively set model size, making it
computationally attractive for estimation problems where the target can be
efficiently approximated by max-affine functions.

Realistic convex regression applications are synthetized for the convex
stochastic programming framework such as an energy storage optimization
using a solar source with an Economy 7 tariff pricing model, as well as a

multi-product assembly problem of operating a beer brewery.
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Chapter 1

Introduction

This thesis considers theoretical and practical aspects of convex regression,
where the goal is to recover a hidden convex function from noisy measure-
ments. The discussion includes estimators that map the noisy sample to a
convex piecewise linear estimate with a guarantee that the error between the
estimate and the hidden convex target decreases as the number of observations
in the sample grows. As these methods are computationally too expensive for
practical use, their analysis is used for the design of a heuristic training algo-

rithm which is empirically evaluated in various applications.

1.1 Motivation

Convex (or equivalently concave) regression is a machine learning tool with
applications in econometrics, engineering, operations research, and possibly
more. Its usefulness was recognized early for describing economic relations by
imposing concave shape restrictions on utility functions (Afriat, 1967; Varian,
1982, 1984), but its further applications only arrived recently for geometric
programming modeling tasks (Magnani and Boyd, 2009; Hoburg and Abbeel,
2014), or stochastic programming planning problems (Cai, 2009; Hannah and
Dunson, 2011; Keshavarz, 2012; Nascimento and Powell, 2013; Cai and Judd,
2013; Hannah et al., 2014), although here the importance of convexity was
even discussed with the birth of dynamic programming (Bellman, 1957). The
computationally intense applications generate a demand for scalable, sample
efficient convex regression methods, which motivated this research to advance

theoretical understanding and to push practical methods forward.



1.2 Contributions

To understand the theoretical aspects of convex regression, we developed an
excess risk upper bound (Theorem 3.2) for empirical risk minimization, which
extends concentration-based arguments (Pollard, 1990; Dudley, 1999; Gyorfi
et al., 2002; Bartlett et al., 2005) to regression settings with unbounded func-
tion classes and noise distributions. To fill this gap in the literature, alter-
native methods appeared recently (Lecué and Mendelson, 2013; Mendelson,
2014; Liang et al., 2015), which, unlike our technique, still have to pose var-
ious statistical assumptions and cannot provide near-minimax guarantees for
the entire class of sub-Gaussian regression problems (Section 3.3.2). The new
result (Theorem 3.2) also extends our previous work (Baldzs et al., 2015, The-
orem 3.1) by supporting general loss functions, estimates and targets with
unbounded magnitude, data-dependent hypothesis classes, and improving the
expected value result to a probabilistic guarantee.

Combining our excess risk upper bound (Theorem 3.2) with our results
on the universal function approrimation property of maz-affine representa-
tions (Lemma 5.2), as shown in Baldzs et al. (2015), we provide an analysis
for convex nonparametric least squares estimation (Chapter 5) over uniformly
Lipschitz convex functions, and construct a max-affine estimator with near-
minimax rate (Theorem 5.6). This result also serves as the motivation for
more practical max-affine training algorithms developed in Chapter 6. More-
over, we apply our excess risk result for linear (convex) regression settings and
provide upper bounds for widely used practical methods such as lasso (Theo-
rem 4.3) and ridge regression (Theorem 4.5), extending recent developments
(Mendelson, 2014; Hsu et al., 2014) and nearly proving a conjecture on the
excess risk rate of slope-bounded linear regression (Shamir, 2015). These new
results form the basis of Baldzs et al. (2016a).

In order to show that our upper bounds are tight, we also provide excess
risk lower bounds for both linear (Theorem 4.1) and convex nonparametric
regression (Theorem 5.1) by constructing examples (Figures 4.1 and 5.1) and

extending the probabilistic density estimation lower bound of Yang and Bar-



ron (1999, Proposition 1) to the linear case (Theorem 3.1 and Appendix D)
following their discussion in Section 7 of their paper.

For the training of max-affine estimators with an excess risk guarantee,
we demonstrate the overfitting robustness (Section 6.1.4) of alternating direc-
tion methods of multipliers algorithms (Mazumder et al., 2015) compared to
cutting plane interior point methods (Lee et al., 2013; Balazs et al., 2015).
This observation is used to propose a cross-validation scheme for learning the
Lipschitz factor (Section 6.1.5). Furthermore, we also extend these train-
ing techniques to solve convex formulations of the partitioned max-affine least
squares problem (Section 6.1.1) which is used to verify the fitting quality of
heuristic max-affine training algorithms (Sections 6.2 and 8.3).

To reduce the size of max-affine representations and the computation time
for practical applications with large samples, we propose an adaptive max-
affine partitioning algorithm (Section 6.2.3) by combining the alternating min-
imization scheme of the least squares partitioning algorithm (Magnani and
Boyd, 2009) and the cell splitting technique of the convex adaptive parti-
tioning method (Hannah and Dunson, 2013). While discussing the design of
these heuristic approaches (Section 6.2), we compare them empirically to some
max-affine estimators that come with excess risk guarantees on a few selected
synthetic problems (6.1), and conclude that adaptively tuning the complexity
of max-affine representations can significantly improve the generalization error
compared to uniform regularization techniques (Figures 6.6, 6.7 and 6.8).

We also provide an extensive empirical comparison of max-affine estima-
tors on randomly synthetized convex regression problems (Section 7.1), and on
a few applications (Sections 7.2 and 7.3) such as constructing so-called posyn-
omial approximations for geometric programming tasks (Section 7.2.2) for air-
craft wing design problems (Hoburg and Abbeel, 2014), and solving convex
stochastic programming models by the combination of convex regression and
approximate dynamic programming techniques (Hannah and Dunson, 2011;
Hannah et al., 2014) for energy storage optimization (Sections 2.3.1 and 7.3.1)
and factory operation (Sections 2.3.2 and 7.3.2). The results show that our

max-affine partitioning algorithm improves model size adaptation and reduces



the generalization error compared to alternative max-affine training algorithms
in many cases.

The adaptive max-affine partitioning algorithm in Section 6.2.3 and the
stochastic programming results in Sections 2.3 and 7.3 are also presented in

Balazs et al. (2016D).

1.3 Overview

The dissertation starts with motivating the convex regression setting by re-
viewing some applications in Chapter 2, continues with theoretical analysis in
Chapters 3 to 5, considers computational aspects in Chapters 6 and 7, and
concludes with future research directions in Chapter 8.

The theoretical analysis covers excess risk lower and upper bounds for em-
pirical risk minimization in Chapter 3, which are applied to linear regression
in Chapter 4, including lasso and ridge regression, as well as to convex non-
parametric least squares estimation in Chapter 5.

Computation of max-affine estimators with a convex training algorithm
and a theoretical guarantee on the excess risk is considered in Section 6.1,
where cutting plane and alternating direction method of multipliers techniques
are used to address the large-scale quadratic programming tasks that arise.
Section 6.2 covers more scalable heuristic methods which train compact max-
affine representations with reduced size, including the design of a novel state-
of-the-art algorithm.

The developed training methods are evaluated in Chapter 7, comparing
max-affine estimators and a few non-convex methods such as adaptive regres-
sion splines and support vector regression on both synthetic and real data sets.
Section 7.3 also compares max-affine estimators as a building block of approx-
imate dynamic programming algorithms in realistic stochastic programming
planning tasks such as solar energy production with storage management, and

the operation of a beer brewery.



Chapter 2

Applications

In many practical settings, the regression function is known to comply with
some shape restrictions, such as monotonicity, convexity, in addition to satis-
fying some smoothness conditions (continuity, Lipschitzness, differentiability).
In this section, we shortly review a few applications, where the convex (or

equivalently concave) shape restriction applies.

2.1 Fitting concave utility functions

In economics, demand, production curves, and utility functions representing
rational preferences are usually modeled by concave, nondecreasing functions
(Afriat, 1967; Varian, 1982, 1984). In finance, portfolio selection and option
pricing models often have concavity restrictions (Merton, 1992), where the
nondecreasing property might be dropped in order to represent risk aversion.

As a concrete example, consider the estimation of average weekly wages
based on years of education and experience (Ramsey and Schafer, 2002, Chap-
ter 10, Exercise 29). A real data set, containing weekly wages in 1987 of
25,632 males between the age of 18 and 70 who worked in the US full-time
along with their years of education and experience, can be accessed as ex1029
in the Sleuth2 package of the R programming language. The average weekly
wages of this data set are depicted in Figure 2.1 (the 845 wage averages were
computed over a grid with cell size 1 x 1 years, and 13 worst outliers were
dropped). To produce the figure, the transformation x — 1.2% was applied

to the education variable as suggested by Hannah and Dunson (2013, Sec-



mean weekly wage

Figure 2.1: Average weekly wage data show a concave quadratic shape based
on years of experience and education.

tion 6.2). From the figure, it is apparent that a concave shape restriction
is reasonable constraint for this estimation problem (at least, after the said

transformation).

2.2 Convex approximation

In engineering applications, one often has to solve an optimization problem of
the form

min f(x) st. g;j(x) <b;, j=1,...,m, (2.1)

x
where f: R? — R is an objective function, g; : R? — R are constraint func-
tions and b; € R are some constants. When the functions f and g; have a
“nice” form (for example convex) and can be evaluated in “reasonable time”,
(2.1) can be solved in poly(m,d) time. When this is not the case, but the
functions are “close” to the desired “nice” form, (2.1) can be approximated
by replacing each function with its respective convex approximation. A sim-

ilar scenario occurs when f, gi,..., g, are convex or close, but some of the



functions f, ¢1,..., g are unknown and only noisy observations on them are
available.

As an example, consider an aircraft design optimization problem presented
by Hoburg and Abbeel (2014, Section VI). As it turns out, this problem
“almost” takes the form of a generalized geometric program (GGP), where
x € R%,, the functions f : RY, — Ry, g; : RY, — Ry are generalized
posynomials and b; = 1 for all j = 1,...,m. (A posynomial is a polynomial
of positive variables with positive coefficients. A generalized posynomial is
a function of positive variables that can be obtained from posynomials us-
ing addition, multiplication, positive (fractional) powers, and maximum. We
omit further details here and point the reader to Boyd et al. (2007) for a tu-
torial on GGP.) An important property of generalized posynomials is that if
x — f(x) is a generalized posynomial function then z +— In f(e*) is convex,
where e® denotes a vector obtained by the coordinatewise exponentiation of
z. This suggests to solve GGP problems using interior point algorithms after

transforming (2.1) to a nonlinear convex optimization problem as
minln f(e*) s.t. Ing;(e®) <0, j=1,...,m. (2.2)

If the transformed objective z +— In f(e*) or some constraint function z
In g;(e*) is not convex, but can be approximated by a convex function with
“oood” accuracy, then convex regression techniques can be used to replace it
with its convex approximation.

For the aircraft design example, such a constraint is the drag breakdown

inequality (Hoburg and Abbeel, 2014, Equation 38), given as
drag coefficient > induced drag + Cp,(Cy, Re, 7) + nonwing form drag,

where the profile drag coefficient Cp, (-, -, -), depending on the lift coefficient Cf,
the Reynolds number Re and the wing thickness ratio 7, is not a generalized
posynomial, but “close”. This is shown by Figure 2.2 for a fixed 7, where the
profile drag coefficient was calculated by the XFOIL simulator (Drela, 1989)
as it has no analytical form. Notice that after a logarithmic transformation

as needed for (2.2), the profile drag coeflicient Cp, for a fixed 7 can be well-
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Figure 2.2: The logarithm of the profile drag coefficient (Cp,) shows an almost
convex shape in terms of the logarithm of the Reynolds number (Re) and the
logarithm of the lift coefficient (C7) for a fixed thickness ratio (7 = 10%).

approximated by a convex function to get an approximation of (2.2), which is

solvable efficiently by an interior point algorithm.

2.3 Convex stochastic programming

Our next example are T-stage stochastic programming (SP) problems (see
for example Ruszczynski and Shapiro, 2003; Shapiro et al., 2009; Birge and
Louveaux, 2011), where the goal is to find a decision & solving the following

problem:

. :
x] € argmin Ji(xy),
x1€X1(xo0,20)

(2.3)
Ji(r) = E[Ct<wt7 Z,) + min Jer1(®ey1) |
@1 €X 1 (e, 24)
with t = 1,...,T, xg, 2o some fixed initial values, Xr (xr, Z7) = {L},
Jri1(L) =0, and Z4,..., Z7 a sequence of independent random variables.

We point out that (2.3) includes discrete-time finite-horizon Markov de-



cision process formulations' (see for example Puterman, 1994; Sutton, 1998;
Bertsekas, 2005; Szepesvari, 2010; Powell, 2011) after the state and action vari-
ables are combined into a single decision variable x;, and then reexpressing
the environment dynamics and action constraints by the decision constraint
functions X;.

In this text, we consider only a subset of SP problems (2.3) when the cost
functions ¢y, ..., cr are convex in x;, and graph(X;(x;, Z;)) are convex sets
forall t = 1,...,T and all Z, realizations, where the graph of a set-valued
function C' : X — 2" is graph(C) = {(z,y) € Xx Y : y € C(x)}. In this case,
Lemma E.2 (presented in the appendix) implies that the cost-to-go functions
Ji(+) are convex for all t = 1,..., T, hence we call these SP problems convex.

Numerous specific operations research problems take the form of a con-
vex SP problem including reservoir capacity management (Ruszczyniski and
Shapiro, 2003, Example 2), the news vendor problem (Shapiro et al., 2009,
Section 1.2.1), multi-product assembly problems (Shapiro et al., 2009, Sec-
tion 1.3.3), portfolio selection (Shapiro et al., 2009, Section 1.4.2), the farmer’s
problem (Birge and Louveaux, 2011, Section 1.1a) and more. We provide two
specific examples in Sections 2.3.1 and 2.3.2.

One approach to deal with such SP problems (2.3) is to use approximate dy-
namic programming (ADP) methods (see for example Bertsekas, 2005; Powell,
2011; Birge and Louveaux, 2011; Hannah et al., 2014), which construct nested
approximations to the cost-to-go functions,

jt(wt) ~E Ct<wt, Zt) + min jtJrl (.’Et+1) =~ Jt(azt) ,

Tir1€X 41 (2, 2¢)

backwards for t = 7,7 — 1,...,1. When the cost-to-go functions J;(-) are
convex (as for the examples below), imposing a convexity constraint for these
estimation problems is indeed justified, providing an important application
for convex regression. We will evaluate this approach with multiple convex

regression procedures later in Section 7.3.

! Also, SP problems can arbitrarily approximate infinite-horizon discounted problems by
using time-dependent cost functions and a large enough 7'



2.3.1 Energy storage optimization

Inspired by a similar example of Jiang and Powell (2015, Section 7.3), we
consider an energy storage optimization problem where a renewable energy
company makes a decision every hour and plans for two days (7" = 48). The
company owns an energy storage with state s which can be charged with
maximum rate 7., using the company’s renewable energy source (E) or the
electrical grid that the company can buy electricity from while paying the
retail price (p). The goal is to maximize profit by selling electricity to local
clients on retail price (p) according to their stochastic demand (D) or selling
it back to the electrical grid on wholesale price (w). Electricity can be sold
directly from the renewable energy source or from the battery with maximum
discharge rate 4. The energy flow control variables, fes, fed; feg: fsd, fsgs fess

are depicted on Figure 2.3.

storage

5 < Smax fgs

Figure 2.3: Flow diagram of a convex energy storage problem. The storage
state is s, its maximum charge and discharge rates are r. and ry, the action
variables are feg, fed, feg: fsds fsg» fes; the expected retail and wholesale prices
are denoted by r,w, and E, D are the stochastic energy production and de-
mand, respectively.

The SP model (2.3) of the energy storage problem can be formulated by

Setting Ty = [St fes,t fed,t feg,t fsd,t fsg,t fgs,t]T € R7207 and Zt = [Et—i-l Dt—i—l]T'

The cost function is defined as

Ct(wb Zt) = pt(fgs,t - fed,t - fsd,t) - wt(feg,t + fsg,t) )

10



forallt =1,...,T, and the dynamics and control constraints are described by

( [ s 7 )
fes S:3t+fes,t_fsd,t_fsg,t+fgs,ta
fed fesafedafegafsdafsgafgs Z 07

Xt—i—l(whzt)i feg O§S+fes_fsd_fsg+fgsgsmaxa )

fsd fes—i_fgsgrc’ fsd+fsg§rd;
fsg fes+fed+feg§Et+17 fed+fsd§Dt+1

\ L fgs _ /

for all t = 0,...,7 — 1. To initialize the system, define o = [s9 0...0]"

and zy = [dy €;]", where s; = 5o € [0, Smay] is the current storage level and
dy,e; > 0 are the currently observed demand and energy production, respec-
tively. This example is further specialized in Section 7.3.1 using a solar energy
source and an Economy 7 tariff pricing model.

Notice that the cost function ¢;(a;, Z;) is linear in x; and the dynamics
constraint @, € Xy(x;, Z;) is polyhedral in (x;, ;1) for every realization
of Z,, hence the problem is convex if the random variables Z4,..., Z are

independent.?

2.3.2 Beer brewery optimization

Inspired by Bisschop (2016, Chapter 17), we consider the multi-product as-
sembly problem of operating a beer brewery which makes a decision in every
two weeks and plans for about one year (48 weeks, 7' = 24). The factory has
to order ingredients (stratch source, yeast, hops) to produce two types of beers
(ale and lager) which have to be fermented (for at least 2 weeks for ale and
6 weeks for lager) before selling. The states and actions of this process are
illustrated on Figure 2.4.

The decision variable x; is a 16 dimensional vector with the following com-

2The independence requirement on {(E;, D;) : t = 1,...,T} could be relaxed by intro-
ducing extra variables in x;.

11



beer brewery
brewing )b

warehouse
B

fermentation tanks

|, ingredients F
market stratch source, ale
R yeaSt’ hOpS / 0-2w

beer us _ |produced| ale lager |_ |lager | | lager
S| beer [|lagere—| 4—6w.<_2—églw.<_0—2w.

Figure 2.4: Diagram of the beer brewery problem. The state includes three
types of ingredients and two types of bottled beer in the warehouse, and the
four fermentation tanks. Actions are formed by ingredient orders u,, brewing
amounts u,, and beer sales u.

ponents:

stratch source in storage
yeast in storage
hops in storage
ale beer fermented for less than 2 weeks
produced ale beer
lager beer fermented for less than 2 weeks

lager beer fermented for 2 to 4 weeks
lager beer fermented for 4 to 6 weeks

T, = produced lager beer

16
G RZO .

stratch source order
yeast order
hops order
ale beer brewing
lager beer brewing
ale beer sales
lager beer sales

Notice that the first 9 coordinates are state variables, while the last 7 coordi-
nates represent actions. The cost functions (which may take negative values)
are ¢;(xy, Z¢) = [h] ¢] —r]|x;, where h; € RQZO is the storage cost, ¢; € R;O
is the market price of the ingredients with the brewing costs (adjusted by the

water price), and r; € RZZO is the selling price of the beers, at timet =1,...,T.

12



The constraint on the dynamics of the system is given by

Fx, + Ru, + Bu, — Su, u, up > 0, ug € [0, Dyy4],

X1 (e, Z¢) = ZT Fx, + Bu, — Su, > 0,
. Fx; + Ru, + Buy, < ks

forall t = 1,...,T — 1, where Z, = D;,, € Rzzo is the stochastic beer
demand, k;1; € (Rso U {o0})? is the capacity bound, and the fermentation
matrix F € {0,1}°*1¢ the brewing matrix B € R*? the storage loading
matrix R € {0,1}°*% and the selling matrix S € {0,1}°*? are defined as

- - —b,—b,

I3 03x13 10 [ 03,2 |
"0 0 B={0 0|, -
11 01 10
F= 0000 , S=100|,
Oix2 910 ¢ s 00
0011 Ri[ 3}, 01
- - 06><3 - -

where b,,b; € R;O are the required ingredients for brewing ales and lagers,
respectively. To initialize the system, define &y = [s9 0...0]" and 2o = dy,
where s; = sg > 0 is the current factory state and d; > 0 is the currently ob-
served beer demand. Further details for the parameter settings of this example
is given in Section 7.3.2.

Similar to the previous example above, the cost function is linear and the
dynamics constraint is polyhedral, hence the problem is convex if the demand

random variables Z1, ..., Z7 are independent.
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Chapter 3

Regression analysis

In this chapter we discuss the sample complexity of empirical risk minimiza-
tion (ERM) estimators and analyze the worst-case excess risk convergence
rate for general regression settings (not just the convex case). We will apply
these results to linear least squares estimation (Chapter 4), and to convex
nonparametric regression (Chapter 5).

For the discussion, we need covering numbers and entropies, hence we
provide the definitions here. Let (P,%) be a nonempty metric space and
€ > 0. The set {p1,...,pr} € P is called an (internal) e-cover of P under
if the w-balls of centers {pi,...,pr} and radius € cover P: for any ¢q € P,
min;—;__ ¥(q,pi) < €. The e-covering number of P under 1, Ny (e, P), is the
cardinality of the e-cover with the fewest elements:

Ny(e,P) =inf 3k € N|3py,...,pr € P :sup min (q,p;) <€
v k

qep 7,:1,“.,

with inf ) = co. Further, the e-entropy of P under v is defined as the logarithm
of the covering number, H(e, P) = InNy(e, P). For convenience, we define
these quantities for the empty set to be zero, that is Ny (e, 0) = H, (e, 0) = 0.

When the function class F C {X — R}, over some set X, is square inte-
grable with respect to some distribution P, that is supser || f||p, < 0o holds
with ||f||2pX = Ji f?(x) dPx(x), we use a shorthand notation to denote the
e-entropy of F under |-||p as Hp, (e, F) = 7—[||.||PX(6,.7-").

14



3.1 The regression problem

We start with the formal definition of a regression problem, which is given by
a probability distribution p over some set X x R with some domain X being a
separable Hilbert space,' a loss function  : R x R — [0,00), and a reference
class F, C {X — R}.

Then the task of a regression estimator is to produce a function f : X - R
based on a training sample D, = {(X1,M1),..., (X, W)} of n € N pairs
(X;,Y:) € X xR independently sampled from g (in short D,, ~ u"), such that
the prediction error, (), f(X)), is “small” on a new instance (X,)) ~ p with
respect to /.

The risk of function f : X — R is defined as R,(f) = E[((Y, f(X))]

and the cost of using a fixed function f is measured by the excess risk,

Lu(f, fe) = Ru(f) — Ru(f+), where f. = f, 7 € argming .z R,(f) is a ref-

erence function.’

When f. also satisfies f. € argmingex gy R.(f), it is
also called the regression function. Clearly, the two concepts coincide when
F. = {X — R}. Also notice that not every f € F, is a reference function.

An estimator h, is defined as a sequence of mappings h = (h,,)nen, Where
hyp o (X x R)" — {X — R} maps the data D,, into an estimate f, = h,(D,).
These estimates lie within some hypothesis class F, C {X — R}, that is
fn € Fn, where F,, might depend on the random sample D,,.

Finally, for a regression problem specified by (¢, u, F.), the goal of an esti-

mator h,, is to minimize the excess risk,

Lﬂ(hn(Dn)7 f*) )

with high-probability or in expectation, where the random event is induced by

the random sample D,, and the possible randomness of the estimator h,,.

L All sets and functions considered are assumed to be measurable as necessary. To
simplify the presentation, we omit these conditions by noting here that all the measurability
issues can be overcome using standard techniques as we work with separable Hilbert spaces
(see for example, Dudley, 1999, Chapter 5).

2A straightforward limiting argument can be used if the minimums are not attained.
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3.2 Lower bounds on minimax rates

To measure the performance of an estimator, we need a baseline, for which we
use minimax rates. Formally, for a family of regression problems, represented
by a set of probability distributions Ml = {u | p is a distribution on X x R}, a

loss function ¢, and a reference class F,, we define the minimazx rate as

Ro(M. £, F.) = sup {r,

nfsupIP{Lu(hn(Dn),fu,f*) > rn} > 1/2},

i

hn pem

where the infimum over h,, scans through all estimators mapping to {X — R}.
We also say that an estimator has a near-minimax rate if it achieves the
minimax rate up to a polylogarithmic factor in the sample size n.

We only consider deriving lower bounds for the minimax rate with the
squared loss l(y,9) = |y — §|>. For these settings, we use information the-
oretic developments based on Fano’s lemma and the Kullback-Leibler (KL)
divergence (Yang and Barron, 1999). This is well-suited for squared loss re-
gression settings with Gaussian noise, because the KL divergence of two Gaus-
sian random variables is equal to the squared distance between their means.
For a more thorough treatment of minimax lower bounds, we point to the work
of Guntuboyina (2011) or Chapter 2 of Tsybakov (2009).

The following result builds on a slightly modified version of the density
estimation lower bound of Yang and Barron (1999, Theorem 1), by making it
capable to handle linear settings as well. For this, we also use local entropies
(Yang and Barron, 1999, Section 7). For a (F,v) metric space, the e,-local
e-entropy of F under ¢ is defined by

Hy (e, e, F) = fcg%(e, {ge F:u(f.g9) <el),

and Hp (€., 6, F) = HW'”PX(E*7 €, F) for short. An important property of local
entropies is that they can be often upper bounded independently of the sample
size n for linear function classes as long as €, and € are kept on the same scale,
for example €, ~ € ~ 1/4/n is used to prove Theorem 3.1a below.

Here, we present only the final result on the lower bound (Theorem 3.1).
The full proof is given in Appendix D to isolate some notation, which we do

not use elsewhere.
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Theorem 3.1. Let Px be a distribution on X, and for some o > 0 define

M Pr) = {1 (X.9) ~ 1, Y = LX) + 2,

fo€ Foy X~ P, 2 N(0,0%) )

Then for all distribution classes Ml 2 MY (F., Px), function sets F 2 F,, and

v >0, co >c1 >0, the following claims hold:

(a) If for some co > 0, vin(ci/e) < Hp, (e, Fi), Hp, (€6, Fi) < vin(ce/e)
for all €, € (0,¢0] and € € (0,c¢.], then R, (M, Ly, F) > 20%v/(c3n)
holds for all n > (40" v/c3) max {32 - 2%V /c? 1/ck}.

(b) If for some €y > 0, c1e™" < Hp (€, Fi) < cae ¥ for all € € (0, €], then
for alln € N, we have R, (M, sy, F) > ¢, n™ 22 with

. = (0°c}/18) Y max {1,€,20° (20203)1/1}/63}71 :

Proof. See Appendix D (page 125). |

We will apply Theorem 3.1a for linear settings (Section 4.1), and Theo-
rem 3.1b to derive lower bounds for convex nonparametric regression problems

(Section 5.2).

3.3 Upper bounds for ERM estimators

Now we state our general excess risk upper bound for empirical risk minimiza-
tion (ERM) estimators. An estimate is called an a-approrimate [5-penalized
ERM estimate with respect to the function class F,,, in short (o, 3)-ERM(F,),

when its estimate f,, € F, satisfies

Ralf) + BF) < inf Ralf) +6(1) +a, (3)

where R,,(f) = 25" 0(Y;, f(X;)) is the empirical risk of function f : X — R,
B Fn — R5 is a penalty function and o > 0 is an error term. All o, 3, and
F,, might depend on the sample D,,. When the penalty function is zero (that

is 8 = 0), we simply call the estimator a-ERM(F,).
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Our result will require a few conditions to hold on the random variables
Z(f,9) =LV, f(X)) =LV, 9(X)), f,9 : X = R, which are related to the
excess risk through L,(f, f.) = E[Z(f, f.)]. Similarly, we use the empirical
excess risk defined as L, (f, fx) = R.(f) — Ru(fe) = %Z?Zl Zi(f, f+), where
Zi(f, fo) = L, [( X)) = LD, fo( X)),

We also need sub-Gaussian random variables (see for example, Buldygin
and Kozachenko, 2000, Section 1.1). A real-valued random variable W is called
B-sub-Gaussian (or sub-Gaussian with B) when sup,p E[esOV-EW=5%/2] <1
holds with some B > 0. To simplify the calculations and extend the sub-
Gaussian property to random vectors W € R?, we use the ¥, Orlicz norm
defined as [W)|y, = inf{B > 0: Uy3(W/B) < 1}, where Uy(x) = ell=l* — 1
and inf() = oo. The norm ||-||, provides an alternative characterization of
sub-Gaussian random variables, because VW € R is sub-Gaussian if and only if
IWlly, < 00.® Furthermore, if [|[W)||,, < oo, then the coordinates of W € R
are sub-Gaussian random variables. Sub-Gaussian random vectors and the
properties of the norm |[-|,, are reviewed in Appendix A.

To state our main result, we use the scaled cumulant-generating function
of a random variable W, which is defined as C;[W] = (1/t) InE[ exp(tW)] for
any t > 0. Its properties are reviewed in Appendix B.

Finally, we are ready to state the promised result:

Theorem 3.2. Consider a regression problem (¢, u, F.), an arbitrary reference
function f. in F., and an i.i.d. training sample D,, ~ p™. Let F, C{X — R}
be a hypothesis class which might depend on the data D,, and let f, be an
(a, B)-ERM(F,) estimate (3.1). Furthermore, let F,, F C {X — R} be
two function classes, where F might depend on D, but F might depend on
the sample only through its size n. Suppose that F, and F enclose F, as
IP’{]:"n CF,C f} > 1 — /2 with some v € (0,1), and the approzimation er-
ror of Fy to f. is bounded as IP’{ inf, 7 Lo(f, fo)+B(f)+a< B*} >1—~v/4
with some B, € R. Finally, suppose that the following conditions are satisfied
for some metric p : F x F — Rso and F(ro) ={f € F: L,(f, f«) > ro/n}

3The sub-Gaussian parameter and ||-||,_ are not equal. For example, a centered Gaussian
random variable W ~ N (0, 0?) is o-sub-Gaussian, but only satisfies E[63W2/(8”2)] =2.
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with some rg > 0:

(C1) there ezists G : X x R — Rsq such that Z(f,g) < G(X,Y)¢¥(f,9) a.s.
for all f,g € F(ro),

(C2) there exists S € (0,00] such that the random variable Z(f,g) is sub-
Gaussian with SY(f, g) for all f,g € F(ro),

(C3) there exists r € (0,1] and 6 > 0 such that

sup E[exp ((r/OR[Z(f, £)] - (1/0)2(f. £.))] < 1.

fe]'—(ro)
Then for all € > § > 0, with probability at least 1 — -,

97‘[¢(€,f)+165 € { 7‘[1/,(2,.7) 4S Q}dz

n 0

1
L,u(fnaf*) < ;( 0 5maX
+165C, [G(X. )] + B*) Lot 4o Tin(zx/v) |

Furthermore, the result holds without Condition (C2) (that is when S = o0)
with € = 0 defining oo - 0 = 0.

The proof of Theorem 3.2 is presented in Section 3.3.3.

We point out that if f, € F,, the approximation term is upper bounded
by zero, that is inf, 7z L.(f, f«) <0 as., and then Theorem 3.2 is an exact
oracle inequality. Otherwise, when f, & ﬁn, Theorem 3.2 becomes an inex-
act oracle inequality. We use exact oracle inequalities to prove ERM upper
bounds for linear regression problems (Chapter 4), and inexact ones for convex
nonparametric cases (Chapter 5).

Notice that Conditions (C1) and (C2) are immediately satisfied when the
loss function ¢ is Lipschitz and X is bounded. Furthermore, Condition (C1) is a
generalization of the usual Lipschitz condition of the loss ¢ (see for example the
2nd condition in Section 5.2 of Bartlett et al. 2005), which allows Theorem 3.2
to deliver excess risk upper bounds for the (non-Lipschitz) squared loss over an
(unbounded) sub-Gaussian range (support of ) and the range of the functions
in the hypothesis class). For Condition (C3), we provide a detailed analysis

below in Section 3.3.1.
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The entropy integral in Theorem 3.2 is presented only for completeness, but
later we use only 0 = € and ignore Condition (C2). This integral can be used
for nonparametric settings to prove near-minimax bounds for ERM estimators
over infinite dimensional function spaces as long as the integral converges (as
§ — 0), which happens only up to a few dimensions d, where X C R?. We
discuss this in more detail for convex nonparametric least squares regression
over convex, uniformly Lipschitz functions in Section 5.1, where the entropy
integral converges for d € {1,2,3}, and diverges for d = 4 with a logarithmic
rate, which is still enough to prove a near-minimax rate. For d > 4, the
divergence is too fast and ERM is not able to deliver the near-minimax rate.

Finally, we mention that an upper bound on the expected excess risk
E[L,(fn, f+)] can be obtained by integration. Transforming the probabilistic
bound P{Lu(fn, f) < b+%} > 1—~ with some b > 0 and y = 4e~"*/(49),

we get

E[Ly(fa; f)] = b < E[max{0, Ly,(fu, f) — b}]

= P{L,(fn, f«) >b+1t}dt
JARICATNSE AR 62)
</oo4e_”t/(49)dt:@.

</ -

As the O(6/n) rate cannot be exceeded by Theorem 3.2, our probabilistic

results also imply the same rate for the expected excess risk.

3.3.1 Analysis of the moment condition

Here we provide an analysis for Condition (C3) of Theorem 3.2. For this,
consider a regression problem (u, ¢, F,) with a reference function f, in F,, a
function class F C {X — R}, and some ry > 0, as needed for Theorem 3.2.

Then, we say that (i, ¢, F(ro), f«) satisfies the Bernstein condition (Bartlett
and Mendelson, 2006, Definition 2.6) if there exists some C' > 0 such that for
all f € F(rg), we have

E[WI] < CE[Z(£.0)], Wi = f(X) - L.(X). (33

When, next to the Bernstein condition (3.3) the loss function ¢ has a “sub-

Gaussian Lipschitz” property, Condition (C3) is satisfied as detailed by Lemma 3.3.
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For this, we also use the kurtosis about the origin of a random variable W

which is defined as Ko[W] = E[W*|/E[W?]2.

Lemma 3.3. Let 1o > 0 and suppose that the Bernstein condition (3.3) holds
for (€, F(ro), fo) with some C' > 0. Further, suppose supcr [Wylly, < B
holds with some B > 0, and |Z(f, f.)| < L(f, X,Y)|Wy| a.s. for all f € F(ry)
with some L : F x X x R — Rxq such that sup ;. [|L(f, X, V)|ly, < R < 0.
Then (u, €, F(ro), f«) also satisfies Condition (C3) for any r € (0,1) with

0 > 2tQ, max{%,élBR}, t>1, and

Qn =In (Bmin{ sup Ko[Wy7, nBR}) '

fe€F(ro) To

NI

Proof. Let Z; = Z(f, f.) and fix any f € F(ro). Then by the definition of
F(ro), the Cauchy-Schwartz inequality, and Lemma A.2b for k = 1, we get

r 1 1 1
— <E[Z/] <E[|L(f, X, V)W/|] <E[L*(f. X. )] E[W]]* < RE[W{]*,
which implies E[Wﬂ > (ro/(nR))Q. Combining this with Lemma A.2b for
k= 2, we obtain 4y/KoW;] < 4EW?]"(ro/(nR)) > < (3nBR/ro)2. Then,
by using Lemma A.5 with In(4/KoWy]) < 2Q,, we get for all 2 < k € N
that

E[|Z;[F] < E[|L(f, 2, V)Wy["] < (K1/2)(12Q.E[W? R?) (8Q.BR)" .

Hence, the conditions of Bernstein’s lemma (Lemma A.4) hold for Z; and
6 > 8tQ,BR with t > 1, so by (1 —8Q,BR/0)~! <t/(t — 1), we obtain
E[Q(T/G)E[Zf}—(l/(’)zf} — o(r—DE[Z/]/6 E[e(E[Zf]—Zf)/e}

r—1 6tQ,, R?
< exp (TE[ZJ”] + mE[W?D
E[Z/] 6tQ, R2C
SeXp( (=1 (i—1)8 )) =1,

where in the last step we applied the Bernstein condition (3.3) and the bound
6tQn R2C

0> Ha=n- u

In the following paragraphs, we present a few important examples which

satisfy the requirements of Lemma 3.3.
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Lipschitz losses

First, observe that if sup ez [|[Wy|ly, < B, then the Bernstein condition (3.3)
always holds for any F(rq) with 7o > 0 and C = nB?/rq, as by Lemma A.2b
with k =1, and 1 < (n/ro)L,(f, f) for any f € F(ry), we have

n 2 n 2
BV < B < M1, (0. ) = SRIZ( L)

Now consider a loss function ¢, which is R-Lipschitz in its second argument
satisfying |[((y, 91) — £(y, J2)| < R|§1 — G| for all y, g1, g2 € R. Then, we clearly
have Z(f, f.) < R|Wy| for any f € F, so the requirements of Lemma 3.3 hold

and we obtain the following result:

Lemma 3.4. Let 1o > 0, supser [Wylly, < B, and the loss function ¢ be
R-Lipschitz in its second argument. Then (u,, F(ro), f«) satisfies Condi-

tion (C3) for anyr € (0,1), t > 1, and 0 > 2tQ), max{%,élBR}.

Proof. Based on the discussion above, apply Lemma 3.3 with C' = nB?/rq and
L(f,X,Y)=R. u

For a successful combination of Theorem 3.2 and Lemma 3.4, one should
choose o to balance £H, (e, F) = @(%E;R)ZHME,F)) with @, which is sat-
isfied if ro = ©(BR\/nQ,Hy(e, F)). This way the bound of Theorem 3.2
scales with BR+/Q,H(e, F)/n, which cannot be improved in general.

For example, consider the estimation problem of a constant regression func-
tion f. in Feonst = {f]3c € [0,1] : f(z) = ¢, V& € X} on the unit domain
X = [0,1] sampled uniformly X ~ U(X) using a standard Gaussian noise
model Y = f,.(X) + & with £ ~ AM(0,1). Then, for the absolute value norm
U(f,g9) = |f(x) — g(x)|, we have Condition (C1) by G(X,)) = R. This is
matching for the 1-Lipschitz loss ¢(y,y) = |y — g/, for which Lemma 3.4 pro-
vides Condition (C3). Hence, as Hy (€, Foonst) = O(In(1/€)) by Lemma C.1
and @, = ©(1) for constant functions Feonst, the bound of Theorem 3.2 with
e =0 =0(n""?) and ry = ©(BRy/n) scales by n='/? up to logarithmic fac-
tors. This rate is near-minimax, as this problem is equivalent to estimating
the mean of a Gaussian random variable from i.i.d. samples for which the n=1/2

error guarantee is the best possible.

22



Strongly-convex losses

Now consider a loss function ¢, which is n-strongly convex in its second argu-
ment, that is

nA(L = A)

Uy, M+ (1= N)i) < My, 1) + (1= Ny, §2) = = i

|91 — 9o

holds for all y,91,9» € R and A € (0,1). Then, if R,(f.) < R.((f + f.)/2)
is satisfied for all f € F(ry) with some ry > 0, the Bernstein condition (3.3)
holds with C' = 4/n. To see this, proceed similarly to Bartlett et al. (2006,
Lemma 7) by using the strong convexity property of £ to get for all f € F that

E[W3] < (4/n) (Ru(f) + Rulf) = 2Ru((f + 12)/2))
< (4/m) (Rulf) — Ru(£.)) = (4/mE[Z(f. £.)]

Furthermore, notice that if f, € F C F, and F is midpoint convex, that is

(3.4)

f,g € F implies (f + g)/2 € F, or when f, is a regression function, then the
definition of f, implies R,(f.) < R,((f + f)/2) for all f € F, which makes
the Bernstein condition valid with C' = 4/n for any ry > 0.

When the loss ¢ is also Lipschitz, we have Lemma 3.4 with C' and rq
which are independent of n. However, Lipschitzness and strong convexity
hold simultaneously only for bounded problems when both the range of )
and the estimators are bounded. Next, we review such an example by the

cross-entropy loss, and relax the Lipschitz requirement for the squared loss.

Cross-entropy loss

For regression problems with ) € (0,1) a.s., a reasonable choice might be the
cross-entropy loss defined as (ee(y, §) = yIn(y/9)+(1—y) In ((1—y)/(1-7)), for
y,y € (0,1). Fix A € (0,1/2) and consider estimates in F C {X — [\, 1 — A]},
which are A-away from the boundary of (0, 1).

By having 0.0..(y, z) = Z(Zl__?i) and 0..0c(y,2) = % + (ll_;zy)z, we get that
e over (0,1) x [A\,1 — A] is 1/A-Lipschitz and (1 — \)~2-strongly convex in

its second argument. Hence, the conditions of Lemma 3.3 are satisfied with

B=1-) C=4(1-)\)?due to (3.4), and L(X,)) = 1/\.
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Squared loss

Finally, we consider the squared loss ¢ = /4, which is 2-strongly convex, hence
(3.4) provides the Bernstein condition (3.3) with C' = 2 when either F is
midpoint convex, or if f, is a regression function. Furthermore, the Bernstein
condition also holds with C' = 1 if F is a closed, convex class (Lecué and
Mendelson, 2013, Theorem 6.1).

Because the squared loss is not uniformly Lipschitz over R, we have to ex-
ploit the relaxed Lispchitz condition of Lemma 3.3 for sub-Gaussian problems,
where sup ez [[Wylly, < B and [|Y — fu(X)lly, < o hold for some B,o > 0.
Then, write Z(f, f.) = (Wf_2(y—f*(X))Wf for all f € F, and observe that
Z(f, £)| < L(f. 2. Y)Wy holds with L(f, X, ) = W, — 2(¥ — £.(X))].
Further, notice that Lemma A.2d implies sup;cx ||L(f, X, Y)ly, < B + 20.

Putting these together, we obtain the following result:

Lemma 3.5. Consider a regression problem, for which either f, is a regression
function and F is an arbitrary class, or f. € F and F is midpoint conver.
Further, suppose that supser [Willy, < B and ||Y — f(X)|y, < o hold with
some B,o > 0. Then (u, lsq, F(10), f+) satisfies Condition (C3) for any ro > 0
and r = 1/2 with § > 240Q,, max{B, o }*.

Proof. Based on the discussion above, simply apply Lemma 3.3 with C' = 2,
t =10, and R = 3max{B,0}. |

Later, we use Lemma 3.5 for Theorem 3.2 to derive near-minimax rates
by an exact oracle inequality for linear regression settings (Lemma 4.2) such
as lasso and ridge regression, and by an inexact oracle inequality for convex

nonparametric sieved least squares estimation (Theorem 5.6).

3.3.2 Connection to the literature

Here we relate our main regression result (Theorem 3.2) to the literature.
For bounded problems, when both the hypothesis class F and the response
Y are uniformly bounded, the most common approach is to localize and bound

the Rademacher complexity around the optimum f,. Such results, including

24



Bartlett et al. (2005, Section 5.2) and Koltchinskii (2011, Chapter 5), pro-
vide exact oracle inequalities for strongly convex, uniformly Lipschitz losses
(including the squared loss over a bounded domain) by using the Bernstein
condition (3.3) with ro = 0, and uniform boundedness on F and ). Our re-
sult, Theorem 3.2 combined with Lemma 3.3, relaxes the uniform Lipschitz
property of the loss function, and extends these developments to sub-Gaussian
classes F (that is when Wy is sub-Gaussian) and ).

We mention that there are extensions to sub-Gaussian noise (that is when
Y — f.(X) is sub-Gaussian) for uniformly bounded hypothesis classes F and
regression function f,. Consider the following random-fixed design decompo-

sition for the squared loss and an ERM(F) estimate f,,
Lu(fna f*) = ||fn - f*”?ax S ?gg{”f - f*”?DX - 2 ||f - f*”?:n} + 2 ||fn - f*H?Dn )

where HgH?Dm = 15", ¢*(X;) is the empirical Ly-norm based on the sam-
ple D,. Then the random design part (left subexpression) could be bounded
by Theorem 3.3 of Bartlett et al. (2005), while the fixed design part (right)
could be handled by Theorem 10.11 of van de Geer (2000). Alternatively,
Corollary 1 of Gyorfi and Wegkamp (2008) could be also used to derive an
inexact oracle inequality (when the bound depends on the approximation er-
ror of F to the regression function and its coefficient is larger than 1) for the
expected excess risk E[L,(f,, f«)] using the squared loss with sub-Gaussian
noise and uniformly bounded F. However, these results cannot handle un-
bounded classes F, data-dependent classes (they use F,=F,=F ), and do
not provide exact oracle inequalities.

There has been a lot of emphasis lately to develop exact oracle inequalities
without the uniform boundedness restriction on F, especially for linear regres-
sion settings. Lecué and Mendelson (2013) introduced an alternative technique
to local Rademacher complexities and proved exact oracle inequalities with the
squared loss for sub-Gaussian classes and noise. Recently, Liang et al. (2015)
modified the local Rademacher complexity results, still for the squared loss,
making them capable to even reach beyond the sub-Gaussian case, including

some heavy-tailed distributions. However, these results depend on a uniform
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bound on the kurtosis, sup;.Ko[W;] < K < oo. This dependence is ei-
ther ignored (Lecué and Mendelson, 2013, Theorem A) or linear (Liang et al.,
2015, Theorem 7). As K can grow arbitrarily large, even for bounded prob-
lems, these results cannot provide near-minimax rates for all sub-Gaussian (or
even bounded) problems for which K might scale with the sample size n lin-
early (see the example in Section 4.1.2). Compared to these results, the bound
of Theorem 3.2 grows only logarithmically in K (see # in Lemma 3.3), which
allows us to eliminate this dependence altogether by suffering a In(n) penalty
for the excess risk bound in the worst case.

We also mention the work of Mendelson (2014, Theorem 2.2), which proves
an upper bound on the squared deviation of an ERM estimate f,, using the
squared loss ¢ = {y and f,, that is E[W} | with Wy, = f(X) — f.(X),
instead of the excess risk L, (f,, f.). However, as pointed out by Shamir (2015,
Section 1), the squared deviation can be arbitrarily smaller than the excess
risk.

Finally, we mention that Theorem 3.2 is a significant extension of our
previous result (Baldzs et al., 2015, Theorem 3.1) by supporting many loss
functions beyond the squared loss, sub-Gaussian settings for unbounded, data-
dependent hypothesis classes, and improving the expected value result to a

probabilistic guarantee.

3.3.3 Proof of the upper bound

In this section, we finally prove our main result, Theorem 3.2, our upper bound
on the excess risk of ERM estimators.

The strategy is to first decompose the excess risk to “supremal” and ap-
proximation error terms. Then we reduce the former to a general concen-
tration inequality (Lemma 3.6) and upper bound the latter using the ERM
property (3.1).

First, use the union bound with P{fn C F, € F} >1—7~/2, and
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L,(f, f.) <rg/nforall fe F\ F(rg), to get

B{Ly(f £) > b4 Doy 10y OO
B. 1o 111(4/7)}’

/y A *
< L - - T v A

(3.5)

for any b,t > 0. Next, recall the definition of the empirical excess risk
Lo(f, f.) = Ru(f) — Ru(f.), and notice that if F, C F, C F(ry) holds,
we can use the (o, 5)-ERM(F,) property (3.1) with any nonnegative penalty

function # > 0 to decompose the excess risk as

Lullfus £2) = Tulos £2) = L )+ Ll £

1 1
< s {rLulFF) = Lol £} ind La(f£2) 4 6(7) +
1 1/
< s LD+ ;(flen;n La(f, £)+ B + ),

where I'.(f, D,,) = rL,(f, f«) — Ln(f, f+). Combining this with (3.5), using the
union bound with P{ inf,_z Ln(f, fo) +B(f) +a > B.} < /4, and Markov’s

inequality, we obtain

B, In(4
]P’{Lu(fmf*) >h+ +%+w}
’ L In(4
<3 “P’{— sup T,(f, D) > b+ 2+ n( /v)} (36)
4 T feF(ro) n ¢
< ??TPY + %E [e(t/r) squeJ—‘(rO)Fr(f,Dn)} e_tb‘

Then notice that we get a bound on the excess risk L, (f,, f«) with probability
at least 1 — v for any b and ¢ which satisfies C, [e(l/’") S“pf€f<’“0>r"(f’p”)] <b. To

find such values b and ¢, we use the following concentration inequality:

Lemma 3.6. Let (P,) be a separable metric space,* W be a random variable
on some set W, and I' : P x W — R be a function. Furthermore, define the
function A(p,w) = I'(p,w) — E[l'(p, W)] for allp € P, w € W, and suppose
there exist 7 : W — [0,00), S > 0 and 6 > 0 satisfying the following conditions
for all p,q € P:

4In a separable metric space, we have a countable dense bases. So the suprema over P
could be redefined over a countable set, keeping the resulting random variable measurable.
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(a) Mp, W) — Mg, W) < ¢(p,g)r(W) a.s.,
(b) A(p, W) — A(q, W) is centered sub-Gaussian with S (p,q),
(c) E[exp (I'(p,W)/0)] < 1.

Then, for all 0 < 6 < e and t € (0,1/(26)],

C supr,W} < OHy(e, P +16S/max Ho(z,P), 8tS22/8 b dz
s )] < 090,06, P) 4 168 [P {y P, w20

peEP
+ 85 Cou[T(W)].

Furthermore, the result holds without Condition (b) (that is S = oo) with
€ =0 defining oo -0 = 0.

The proof of Lemma 3.6 is postponed to Section 3.3.4.

Recall that R,(f) — R.(f.) = L.(f, f.) = E[Z(f, f.)]. Using this, I,
can be rewritten for any f as I'.(f,D,) = rE[Z(f, f.)] — 130, Zi(f. fo).
Then, define A(f,D,) = I'.(f,Dn) — E[I'.(f,D,)], and observe that for all

fvg € F(T()), we have A(f7 Dn) = ]E[Z(fa f*)} - %Z?:l Zz(f7 f*)? a“nd
A D) =MD =E[2(f,9] - S Z(fg). (37)

Hence, Condition (C2) implies that A is the sum of n independent and centered
(SY(f,g))-sub-Gaussian random variables. Then by Lemma A.1f, A is also
centered sub-Gaussian with Sv(p, q)/y/n, and so A satisfies Lemma 3.6b for
P = F(ro) and W = D,, with S/y/n.

Next, using Condition (C1), we can upper bound (3.7) by 7(D,) ¥ (f, g),
where 7(D,) = £ 3" {E[G(X;, V)] + G(X;,Y;)}. Then Lemma 3.6a also
holds for A.

Finally, using the i.i.d. property of the sample D,, and Condition (C3), we
have for any f € F(rg) that

n

E eFr(f,Dn)/(G/n)} = J]E [e®/R2G1-0/02:55] < 1

i=1

, (3.8)

so I, satisfies Lemma 3.6¢ with 0/n.
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Hence, all the requirements of Lemma 3.6 hold, and with ¢t = n/(26) we

obtain

C
"1 rertro) 105

+160Cy0[G(X, V)],

ap 105,00] < P 1 [ LT 15
0

where we also used Hy (2, F(ro)) < Hy(z, F) and

Copo[7(D,)] = E[G(X, V)] + Cuse [Z G(x,, yi)] <2C,,[G(x, V)],

i=1
due to E[G(X,Y)] < Cy9[G(X,))], Lemma B.2 and the i.i.d. property of the
sample D,,. Combining this with (3.6), we get the claim of Theorem 3.2.

3.3.4 Suprema of empirical processes

In this section, we prove Lemma 3.6, which we used in Section 3.3.3 as the main
tool to prove Theorem 3.2. For this, we start with finite class lemmas, then
adapt the classical chaining argument (for example, Pollard, 1990, Section 3;
van de Geer, 2000, Chapter 3; Boucheron et al., 2012, Section 13.1) to our
setting, and finally put these together to prove Lemma 3.6.

First, consider the well-known inequality about the maximum of finitely
many sub-Gaussian random variables (for example, Cesa-Bianchi and Lugosi,
1999, Lemma 7; Boucheron et al., 2012, Theorem 2.5), adapted to the cumulant

generating function.

Lemma 3.7. Let P be a finite, nonempty set (that is 1 < |P| < 00), o € [0, 00)

and W, be centered o-sub-Gaussian random variables for all p € P. Then

Ci| maxyep W,| < max {o+/2In|P|,t6?} for all t > 0.

Proof. Let s = \/2In|P|/o. Then bounding max,ep z, by In>_ _pe®™, and

using the sub-Gaussian condition on W,, we have
1
Cs [maXW } = —lnE[expmaXSWp]
5

peEP
1 1
SanE [e?] < H|P|+7—0\/21n]73\

peP
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Then the claim follows for ¢ < s by monotonicity, C;[-] < C,[-]. Otherwise,
for t > s, we have t?02/2 > In|P|, hence by a similar derivation we obtain

C¢[maxyep W,| < (1/t) In|P| + to?/2 < to?. |

When a moment condition, similar to Condition (C3), is satisfied for W,
Lemma 3.7 can be strengthened by the following result (for further explana-

tion, see the discussion after the lemma).

Lemma 3.8. Let P be a finite, nonempty set (that is 1 < |P| < o0), and
W, be random variables such that maxpepE[eXp(Wp/Q)} <1 holds for some
0 > 0. Then C;| maxyep W,| < 0In|P| for all t € (0,1/6)].

Proof. Bound max,ecp x, by In Zpep e™, and use the moment condition on
W,, to obtain

Cyyo[ max W] = QIHE[expr&%Wp/é’] <0} E[%"] < 9In(|P]).

peP

Then the claim follows for ¢ < 1/6 by the monotonicity of s — C,[W]. |

To see that Lemma 3.8 is indeed stronger than Lemma 3.7 for our pur-
poses, notice that they scale differently in their parameters # and o when
applied to averages of independent random variables. If WI(,U, . ,Wzg") are
n € N independent centered o-sub-Gaussian random variables, their aver-
age, = >, W is a (0/+/n)-sub-Gaussian random variable (Lemma A.1f).
On the other hand, it is straightforward to show (as we did by (3.8)) that if
WI(;D, e ,Wz(,n) are n independent (not necessarily centered) random variables
with E[exp(Wzgi) /0)] < 1, then their average satisfies the moment condition
with 6/n. This speed-up, from = In|P| to 81n|P|, will allow us to derive
better bounds when the moment condition (C3) holds.

We now extend Lemma 3.7 to infinite classes by adapting the chaining ar-
gument to the cumulant-generating function. The proof goes along the devel-
opment of Lemma 3.4 of Pollard (1990), replacing the packing sets by internal
covering numbers (for better numerical constants) and the sample continuity
condition by uniform Lipschitzness (for truncating the integral at ¢). The re-

sult is also similar to Proposition 3 of Cesa-Bianchi and Lugosi (1999), which
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works for the sub-Gaussian case, and uses external covering numbers with a

slightly different chaining argument.

Lemma 3.9. Let (P,1) be a separable metric space, VYW be a random variable
on some set W, and A : P X W — R be a function. Furthermore, suppose
there exist 7 : W — [0,00), 8 >0, po € P and S > 0 for which the following
conditions hold for all p,q € P:

(a) Ap, W) — Mg, W) < ¢(p,q)T(W) a.s.,
(b) A(p, W) — A(q, W) is centered sub-Gaussian with Sv(p,q),

(C) ﬁ 2 SuppE'P ¢(p7p0)

Then, for all 6 € (0,3/2] and t > 0,

B/2
C, {sup A(p, W)} < 48/ max{ 2H,(2,P), 7tSz2/5} dz
5

peEP
+ 46 Coy[T(W)] 4 Ca/5) [A(po, W)] -
Additionally, the result holds without Condition (b) (that is when S = oo ) with
d = /2 defining oo - 0 = 0.

Proof. If there exists z € (0, 3/2] such that Ny (z,P) = oo, then the integral is
infinite and so the claim is trivial. The claim is also trivial for 5 =0 or S = 0.
So assume that 0 < 8, S € (0,00) and Ny (z, P) < oo for all z € (4, 8/2].

Let m € N be such that 2§ < /2™ < 46. Now let Py = {po}, €0 = 0,
er, = 3/2% and Py be an €;-cover of P under ¢ having minimal cardinality for all
ke {1,...,m}. Notice that Py is an ¢yp-cover by Condition (c). Furthermore,
let 7, = 2t6/€m—r = 2t2™7" and q(p) € argmin,p ¥(p,q) be the closest
element to p € P in Py for all k =0,...,m.

Fix some k € {0,...,m — 1} and p € Prr;. When £ = 0, we have
V(p,qr(p)) = ¥(p,po) < B = €y, while for k& > 0, the definition of Pj im-
plies that ¥ (p, gx(p)) < €. So by Condition (b), A(p, W) — A(ge(p), W) is a
centered €;S-sub-Gaussian random variable. Combining this with Lemma 3.7,

using C, [Z1 + 25| < Cy,[Z1] + Cy,[ 2], which holds for any v > 0 and random
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variables Z;, Z,, we can chain maximal inequalities for all K =0,...,m —1 as

(G [pmax A(p, W)]

Epk+1

=C,y., {“%:X {A@), W) + A W) - Aaclp), Wﬂ

<, mxAp )] + €, | max {86, w) - s W] 69

<C, Hé%XA(p, W)| + max {€,Sv/2In [P, eerS*}
| PEFE

= (C’Yk max A(p, W) + GkS max { \/2 lan(EkJrl, P), ’YkEkS} .

PEPk

Using Condition (a) and 7, = 2t, we further have

Cy {Sup A(p, W)}

peEP

—C, {235 {A @), W) + Ap, W) = Mg (p), W) }]

< Czt[max Alp, W)} L Cy, [Sup (A0 W)~ A W) }] (3.10)

<€ e A0 )| + (500000 0) ) € lr O]

By ¥(p, ¢n(p)) < €, < 49, the second term can be bounded by 44 Coi[7(WV)].
To bound the first term, we use (3.9) repeatedly with k =m—1,m—2,...,0,
Yo = 2tf/em < (B/0)t and e, = 8tei, /em < (48/6)€r,, to get

(Ct [Sup A(p7 W)

peEP

m—1
< S Z € max {\/2 In Ny (ext1,P), (4¢S/8)ep, 1 }
k=0

+ 40 Co[TOWV)] + Cg/6)e [ A(po, W)] -

Now notice that (3%/2) 273¢*+) = (12/7) f;;_i((::)) 2?dz, and the nondecreas-

ing property of covering numbers implies

€}, Max {\/2 In Ny (€41, P), (42?5/5)6%“}
0 ax {\/2 In NG (8/2841,P), (4£5/6)(8/21)* |

ok+2

2+
< 4/ max{ 2In Ny (2, P), (7tS/5)z2}dz,
B

/2k+2
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for all k = 0,...,m —1. Combining this with § < 8/2™*! proves the claim for
all 9 € (0,5/2] and S € (0, 00).

Finally notice that for 6 = /2 (that is m = 0), we use only (3.10) and
ignore Condition (b) altogether, hence justifying the 0 - oo = 0 convention for

the S = 0o case. [ |

Now we extend the improved finite class lemma (Lemma 3.8) to infinite
classes and prove Lemma 3.6. The idea behind the proof is to apply Lemma 3.8
in the first step of the chain and the previously developed chaining technique

(Lemma 3.9) to the remainder.

Proof of Lemma 3.6. Fix 0 < 0 < e. When Ny(z,P) = oo for some z € (4, €,
the claim is trivial, so we can assume that Ny (z, P) < oo for all z € (4, €].
Let P. be an e-cover of P under ¢ with minimal cardinality and define
qp € argmin,p_1(p,q), the closest element to p € P in P.. Due to Jensen’s
inequality and Condition (c), E[T'(p, W)] < 0 holds for all p € P. Define’
Gy € ArGMAX ep.yy(g.q)<e LILI(¢; W)]. Then, for all p € P, due to ¥(gy,p) < ¢,
E[l'(p, W)] < E[['(gy, W)]. Further, ¥ (p,q;) < ¥(p,qp) + ¥(gp, ;) < 2¢€ s0
Pr={q :q, € P} is a 2e-cover of P under ¢ with |P?| = |P| = Ny(e, P).

Now, for the first step of the chain, consider the following decomposition,

sup I'(p, W)
peEP
= sup { (g5, W) + T (p, W) = (g, W) }
peP
< gé%iff(q, W) + sup {A(p, W) = Ag,, W) + E[F(p, W) —I'(qy, W)] }
< max (g, W) + sup {A(p, W) = A(g;, W)} : (3.11)

Then by Lemma 3.8 and Condition (c¢), we obtain for any 2t < 1/6 that
Ca |:II61%X ['(q, W)} < OIn|P!| =0InNy(e, P). (3.12)
q€Pe

The rest of the proof is about to upper bound the scaled cumulant of the
supremal term on the right side of (3.11), CQt[Suppep Alp, W) — A(q;,W)],

using the chaining result of Lemma 3.9.

5Tf such q, element does not exist, one can choose another element which is arbitrary
close to the supremum and shrink the gap to zero at the end of the analysis.
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Let K = {(p, q,):p € P} C PxP; and choose py € argmax,cp. E[['(p, W)]
so that py = g, (since ¥(gy,, po) < €), implying (po, po) € K. Further, define

A(pr.g7),w) = Alpr,w) — Agi,w),
1/?((]01, @), (p2, q;)) = min {w<p1,p2) +U(a, 43), 46} )

for all (p1,q?), (p2,q3) € P x P*, and w € W. Now notice that (P x P*,¢) is
a metric space’, and by (po,po) € K, for any (p,q;) € K we have that

A((po,po),W) =0 as., l/NJ((po,po)a V2 q;)) < e, (3.13)

hence, ¢ and (po, po) satisfies Lemma 3.9c with § = 4e. Since ¥ (p, Q) < 2¢
holds for all (p, ;) € K, Condition (b) implies for all (p,q;), (h,q;) € K that

A((p,4p), W) = A((h, @), W) = A(f, W) = A, W) + Alg;,, W) = Alg, W)
is sub-Gaussian with (¢(p, h) +1¥(q;, 4)) S ,
A(p, @) W) = A((h, q;), W) = Ap, W) — A, W) + A(q;,, W) — A(h, W)
is sub-Gaussian with (v(p, ¢}) + ¥(qj;, h))S < 4eS,
hence, A and ¢ satisfies Lemma 3.9b with S. Similarly, Condition (a) implies
that
A((p. @), W) = M(h. i), W) = Ap, W) = A(h, W) + Mgy, W) — Algy, W)
< (U(p,h) + (g, q5)) TV
A((p,ap)s W) = A((h, i), W) = Ap, W) = Algs, W) + Alg;, W) — A(h, W)
< (U(p,qp) + ¢(gr, h)TOW) < deT(W) as.

) a.s.,

so A and z/; satisfies Lemma 3.9a with 7.
Then the requirements of Lemma 3.9 hold (using P < K, A + A, 1),
po < (o, o), B  4e, 0 < 20), and by (3.13), C(E/zg)t[/i((po,po),W)] = 0 for

any t > 0, so we get

Cyr |sup {A(p, W) = A(g, W) }} = Cy lsup Alx, W)}

pEP KeEK

2€
<18 / max {20 NG(z. K), 4152°/5 - d= + 85 Culr(W)] .
20

(3.14)

6To prove the triangle inequality, use min{a +b,c} < min{a, ¢} +min{b, ¢} for a,b,c > 0.
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It remains to bound the entropy of (K,%)). For any z € (26, 2], let P, be a
z-cover of P under 1) with minimal cardinality and define IC, = P, x P’. Then
K. is an external z-cover of K in the metric space (P x P* 4), which means
that K, might not be a subset of K, but for any x € K there exists & € I,
for which 9(s, &) < z. Then, as [K.pa| = |P.ja| - [P < Ny(2/2,P)?, using
the relation between internal and external covering numbers (Dudley, 1999,

Theorem 1.2.1), we get

V2N (2 K) < \/2 In K. jo] < 2¢/I0N(2/2,P) . (3.15)

Then, applying C,[-] to (3.11), Lemma B.1d, and plugging in (3.12),(3.14) and
(3.15), we get the claim of Lemma 3.6. |
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Chapter 4

Linear least squares regression

Here we provide an analysis for the so-called linear least squares regression
setting, which uses the squared loss (¢ = {y,) and considers ERM estimators

over affine hypothesis classes for sub-Gaussian regression problems defined as

META(F) = {pu] (X, Y) ~ p, X €R%, Y ER,
|X —EX||,, < B, |V~ fur.(X)lw, <o},

with some sub-Gaussian parameters B,o > 0, and an affine reference class
F.CFg={x—a'z+b xcRY.

In this chapter, we use least squares estimators (LSEs), that is ERM esti-
mators (3.1) using the squared loss, over some hypothesis class within affine
functions F,, C F.g. These LSEs are compared to the best estimate in the
constrained class Fi’ = {x+— a'x +b: lall, < L} C Fag with some L > 0
and p € {1,2}, that is we set F, = .FaLf%p and so f, = fufff;p'

As pointed out by Shamir (2015, Section 1), simultaneous scaling of the
bounds B and L by scaling the random variable X as c¢X in p and the weights
of affine estimators a as a/c using some ¢ > 0 does not change the problem,
so we can assume without loss of generality that B = 1.

We point out that the linear regression setting is a special case of convex
regression (as affine estimates are convex) and includes nonlinear regression
scenarios using finite feature expansions. To see this, consider an estimation
problem of some d’ dimensional regression function over some domain X’ € R
using data D!, = {(X,);) ;i1 =1,...,n} C (X' x Y)". The data set D!, can be
transformed by a feature map ® as D,, = {(X;, V) : X; = ®(X)), i =1,...,n},
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where the components of ® : R — R? are given as ®(z') = [¢1 (') ... ¢pa(z’)]"
with some ¢; : R¥ — R function for all j = 1,...,d, which reduces the non-
linear estimation problem to linear regression. However, to make the analysis
of this chapter work for these cases, the feature map ® has to be indepen-
dent of the sample D!, which guarantees that the random elements (X;, );)
of D,, remain independent. Because of this, linear regression is often referred
as parametric regression emphasizing that the model parameter ® is fixed and
not adaptive to the sample.

Notice that the estimates f’(z’) = ®(x')"a over the original domain X’
remain convex if ¢; is convex for all j = 1,...,d and the slope parameters
a=1la; ... aq)" € R? of the linear estimates f,(x) = x'a = f/(x') defined
over the feature space X = {& = ®(a') : ' € X'} are restricted to be nonneg-
ative on coordinates j € {1,...,d}, where the feature map ¢, is nonlinear. As
such constraint (similar to @ > 0) would barely decrease the entropy of the
class faLfgp , the bounds of this chapter are valid for convex parametric regression
settings as well.

Finally, it is known that some regularization is needed in order to en-
sure the finiteness of the excess risk for linear regression settings (Huang and
Szepesvari, 2014, Example 3.5). We address this by considering two regular-
ization schemes, lasso (Section 4.2.1) and ridge regression (Section 4.2.2), both

are being widely used in practice.

4.1 Lower bound on the minimax rate

First, we present two examples to derive a lower bound on the minimax rate

l,0,d

Subgs(FaLffp ). Both examples, pre-

for sub-Gaussian linear regression problems M
sented in the following sections, describe realizable settings when the regres-
sion function lies within the hypothesis class F:f%p . The combination of these

examples, (4.1) and (4.2), provides the following result:

Theorem 4.1. For all n > 57 - 24/4d%0? /1.2,

max{L?/4,(2/9)do*} |

R, <M1,o,d (ffﬁfp)v leg fff) >

subgs
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Theorem 4.1 is comparable to Theorem 1 of Shamir (2015) which is valid for
o-bounded noise settings (so slightly different than the unbounded Gaussian
example in Section 4.1.1), expected excess risk (so being weaker than our
high-probability lower bound), and any sample size n, but requires an extra

condition as L > 20.

4.1.1 Gaussian example

Let X ~ Px be a d-dimensional, centered random variable with indepen-
dent Gaussian coordinates having variance B2 = 1/(4d) > 0, so we have
E[XXT] — B%I,; and X[y, < 1. Consider the set of Gaussian problems
M (Fr, Px)) as for Theorem 3.1 with FiP ={x—a'x: lal, <L} C FLp
and f, € Fi”. Then, notice that Mgs(.ﬂﬁ;p , Px) C Mi&%gs(.?:ép ).

For any f, g € Fag, represented by f(x) = a}m and g(x) = a;:c, we have

If = gllp, = E[If(X) — g(X) ]
—E[(a; —a,) XX (a; —a,)]"* = Blla; - a,|

1/2

which implies that Hp, (e, Fii2?) = Ha(e/ B, P) with P = {a € R?: lall, < L}.
Similarly, || f[|p, < €. holds if and only if [|ay|| < ¢./B. Hence, by Lemma C.1
and ||| < [l we get Hi, (€, €., Fag?) = Hj, (¢/B, ./ B, P) < dIn(3e, /e) for
all € € (0,3e.] and €, > 0. Further, by Lemma C.1 and |||, < V|-, we
have dIn(d""/?BL/¢) < Hy(e/B,P) = Hp,(e, Fi¥) for all ¢ > 0. Then
by Theorem 3.1 (with ¢y + o0, ¢ <+ dV2BL, ¢y + 3), we get for all

n > 5724443 0* /L? that

- L.p L.p 2d 0'2
R (ME(FLF . Pe), ooy Fi ) 2 250 (11)
n
4.1.2 Bernoulli example
Let w € R? be an arbitrary unit vector such that |lu||, = |Ju]| = 1 holds, and

consider the following regression problem class:
M, = {1 (X.9) ~ i, [(@) = auT@, 0. € {~L, L},
V=[f(X), 2=0,x, =u/V2,
P{X = o} =1- 7, P{X =@} =r,r € (0,1}
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As these problems are noiseless, |la.ul = a.[|ull, = L by the choice of u
X —EX|° < ||X]|]> < 1/2 a.s. implies | X — EX|y, <1, and fi € F, P we
have M, € MG (FEP)

Clearly, as the problems in M, are noiseless, an optimal estimator can
fit f. perfectly when the sample contains both points &y and a;. However,
having only @, present in the sample would make any estimate f, € FLP
choosing the value f,(x;) without any hint. So for this case, by the symmetry
of {—L, L}, the best estimate regarding the minimax error is f,, = 0, as shown

on Figure 4.1.

T = T + uo/V2

[a\l
=
S _

@ ()~

Figure 4.1: Worst case Bernoulli example of estimating a linear function.
Without seem% the value of f, at o1, no estimate f, can decide between the
cases f, = f and f, = f*(z). Then the best choice regarding the minimax
error is f,(x1) = fu(xo) = 0 and so f, = 0.

Hence, we can lower bound the excess risk for this example as

sup L,(fo, f) > sup 7|0 —a,u) ul*I{E,} = sup TL—Q]I{E +,

peMk are{ Il re(0,1)
where E,, denotes the event E,, = {X1 =...=X, = a:o}. Then, by choosing

r=1-—271" to satisfy P{E,} = (1 — )" = 1/2, and using 7 > 1/(2n) due to

Lemma F.1, we get

L2
= 4n’
Finally, we point out that ERM upper bounds scaling linearly with the

R ( bm?gSQ?'F ) (42)

kurtosis bound sup ;¢ Ko[Wy] (including Theorem A of Lecué and Mendelson
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2013, and Theorem 7 of Liang et al. 2015) do not provide a near-minimax rate

for the class MZ .. To see this, use Lemma F.1 to get

T r(a./v2)*!
sup KWy > Ko|0 —au' X| = ————
fe]-'g%p 4% [ ] (- (@/v2)?)

1 n
= >

r— In2
Hence, no result scaling polynomially as a function of sup ;¢ Ko[Wy] can de-
liver a near-minimax rate for these problems. Fortunately, the logarithmic

dependence on the kurtosis bound of Lemma 3.3 will allow us to derive near-

minimax ERM upper bounds using Theorem 3.2 for the entire sub-Gaussian

problem class Miﬁ%gs(ffép ).

4.2 Near-minimax upper bounds for LSEs

In this section we derive upper bounds on the excess risk for (v, 5)-ERM(F. )
estimators (3.1) on sub-Gaussian regression problems Msll’l‘ggs(]:fép ) with squared
loss ({ = fy,) using the uniformly L-Lipschitz affine class F, = F5” and the
reference function f, = fu, FLp- The result (Lemma 4.2) is applied to two prac-
tical scenarios, ERM with explicit Lipschitz constraint (lasso) in Section 4.2.1,
and ||-||*-penalized ERM(F/?) estimation (ridge regression) in Section 4.2.2.
For the analysis, we only consider penalty functions 3 : Fo¢ — R>(, which

are independent of the estimate’s bias term, so satisfy %B (x—~a'z+b)=0.

Now introduce the following linear function classes:
Fuptt) ={x—a'(x —EX)+b:|[all, < L, b—EY € [-t,1]},
Fi')={z—a'(@-X)+b:|al, <L b-Ye[-t1},
where ¢ € RyqU {oo}, X = 15" X, and Y = 135" ;. For convenience,
we also use FogP" = FLP™(0). Observe that F.:7"(t) is a data-dependent

approximation to f:fgp #(t), and using the bias independence of the penalty

term [, we have

E[Y —a'X] = argminE[|aTX +bo-YP+Bx—a'z+ b)] :
beR

S0 f, = yFLy = fuf:ép,u(t) holds for any ¢t > 0. For a similar reason, an

(a, B)-ERM(FLP™ (1)) estimator is also (a, B)-ERM(F5P™) for any ¢ > 0.
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Because distribution g is unknown, estimators cannot be represented by

Lpn(t), How-

the class F5""(t), just by its data-dependent approximation JF.
ever, as the quantities EX and E) are “well-approximated” by X and Y for
sub-Gaussian random variables X and ), the function classes .F;fgp #(t) and
FLP™(t) are “close” with high-probability. More precisely, it is possible to
show (see the proof of Lemma 4.2) that P{F, C F, C F} > 1 —~/2 holds for
function classes F,, = F.P(0), Fn = FLP™(t,), and F = FLPH(2t,), where
tn = O(max{L,o}/In(1/7)/n).

Hence, our general regression result (Theorem 3.2) is applicable for the
function sets F,,, F,, F, and provides an upper bound for the (a, B)-ERM(F,)
class which is satisfied by (o, 8)-ERM(FP™) estimates. For this, we still have
to show that Conditions (C1) and (C3) hold," for which we provide the details

by the following result:

Lemma 4.2. Consider any sub-Gaussian problem p € Miﬁ’i(?ﬁﬁp) with the
squared loss (0 = Uy;), fo = fu,F(I;l%p, and an (a,ﬁ)—ERM(Ffﬁp’n) estimate f,
with penalty term [ : Fog — R satisfying %6( — a'x+b) =0 and
P{8(f.) + @« > B} < ~/4. Then for all v > 0 and n > dIn(1/7), we have
with probability at least 1 — v that

Lu(far f.) = O (M—il@@l+30,

n

where 0 = Q(Q, max{L,c}?) and Q, = O(In(n)) as defined for Lemma 3.5.

Proof. We prove the claim by applying Theorem 3.2 for the function classes
ﬁn, Fn, and F as defined above, and using our previous observations that
f. € F, and f, is also (cr, B)-ERM(F,).

To prove the required high-probability relationship of Fn, Fu, and F, write
the optimal estimator as f.(x) = a/(x — EX) + EY with some a, € R?
satisfying |la.|, < L. Next, apply Holder’s inequality with ||-||, < [|-[| for
q=p/(1—p) € {2,00} to obtain

Y —EY| = |V~ f(X) + a] (X ~ EX)|

_ (4.3)
<Y = S X)] + LI X — EX] .

LCondition (C2) will be ignored by setting € = § and S = oco.
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Furthermore, by (4.3), Lemma A.2d and Lemma A.3, we also have

LI X —EX| +|Y —EY|[|,, <2L|X —EX|ly, + [|Y — f.(X)]lw, <o,
(4.4)

with tg = 3max{L,0}/8d/n. Then, by the definition of F, Fo, F and
Lemma A.2a with (4.4), we get for any v > 0, and t,, = ty4/In(4/v) that
P{F, CF, CF}>1-P{L|X —EX| +|Y - EY| > t,}
1—2e /6 =1—~/2.
Write f, f, € F as f(z) =a'(x —EX) +band f.(x) = a](x —EX) + b.
Observe that by Holder’s inequality and [[-[|, < [|-[|, we have

(Wr| = 1£(X) = [(X)] = (a - a.) (X —EX)| <2L | X —EX|| .

To verify Condition (C3), pick f € F arbitrarily, and use (a + b)? < 2a? + 2b

with Jensen’s inequality, to show that Wy is sub-Gaussian, that is

E[GW?/Bﬁ} < E[€8L2||x—ExH2/Bg] e <2,

with B,, = 4max{L, t,}, where t, is set as given above for the definition of F,.
Further, as f, € F,, C F and the function set F is convex, the requirements of
Lemma 3.5 are satisfied, and we get Condition (C3) with ry = 6 max{B,,c}?,
r=1/2, and any § > 240Q,, max { B,, 0}, where Q, € [In2,Inn] as defined
for Lemma 3.3.

Next, to show Condition (C1), write g € F as g(x) = a(x — EX) + b.
Using |Y —EY| < L||X —EX| + |V — f.(X)| similar to (4.3), and Hélder’s

inequality with |-, < ||-|| again, we obtain
Z(f,9) = (f(X) = g(X)) (f(X) + g(&X) - 2))
=((@a+a)" (X —EX)+b+b—2Y)((@a—a) (X —EX)+b—b)
(2LHX EX| + 4t, + 2| — EM)Q W(f,9)
<(

3LIX X[ + 41, +21Y — £.(X)]) 0(/.9)

4

g

=G(X.Y)

where ¥(f,g) = \/||a— a|?/(4L2) + |b— b|2/(4t,)? is a metric on F. As
the radius of F under ¢ is bounded by 5/4, that is sup,;cz¢(f,0) < 5/4,
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we have by Lemma C.1 that Hy(e, F) < (d + 1)In (4/€) for all € € (0,4].
Furthermore, as ||G(X,V)|ly, < 11¢,, Lemma B.4 implies Cy [G(x, V)] <90
for any 6 > (11t,,)2.

Finally, we can apply Theorem 3.2 with ¢ = ¢ ignoring Condition (C2)
with S = oo, choosing § = d/n, to get with probability at least 1 — ~ that
OH (€, P) ro + 460 1n(4/7)

n n

La(fur f) < 2( +16¢C1 [G(X, V)] + B*> +

< %((d +1) In(dn/d) + 164 + 1+ 2In(4/7)) + 2B.

which proves the claim with 0 = Q(Q,t2) = 6(Q,max{L,c}?) thanks to
n > dln(1/7). [

4.2.1 The lasso

Here we specialize Lemma 4.2 to train an affine LSE with [|-|| -bounded slope
without using any penalty term (5 = 0). For p = 1, this technique is called
lasso (Tibshirani, 1996, 2011). The result is the following:

Theorem 4.3. Consider any sub-Gaussian problem 1 € Mifb’;(ffﬁp) with
the squared loss ({ = ly;), Fu = ]:fﬁ’cp, fe = fuf(fﬁ’cp’ and an Oé—ERM(FaLJécp’n)
estimate f, with any o having P{o = Q(dmax{L,c}?In(n/(dy))/n)} < v/4.2
Then for all v > 0 and n > dIn(1/7), we have with probability at least 1 — =

that

Lu(for 1) = O dQumox(L. Y M)

where @, = O(In(n)) as defined for Lemma 3.5.

Proof. The claim follows directly from Lemma 4.2 by using the zero penalty
function 8 = 0 to obtain P{S(f.) + @ > B.} = P{a > B,} < 7/4 for some
B, = O(dmax{L,c}*In(n/(dv))/n).

|

Notice that Theorem 4.3 provides the O(In(n)/n) rate for any regression

1,0,d

problem in M~

(fffffp ) regardless of the magnitude of the kurtosis bound

For example, a = 1 (L 3" |, — Y|?) works.

n\n
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SUD e L Ko[Wy], which is not true for Theorem A of Lecué and Mendelson
(2013) applied to the linear class F.4” (see Section 4.1.2 for an example).
Furthermore, for p = 2, the bound of Theorem 4.3 is comparable to the
conjecture of Shamir (2015) stating that ERM estimates achieve optimal ex-
pected excess risk up to logarithmic factors. Here, our bound is slightly weaker

than this by scaling with d max{L, o }? instead of max{L? do?}.

4.2.2 Ridge regression

Now we consider replacing the Lipschitz constraint to the quadratic penalty
Bz — a’x +b) = Aa|®, and consider the ridge regression (Hoerl and
Kennard, 1970) estimate f} satisfying the (0, 8))-ERM(F.g) property (3.1).
This can be computed in closed-form as f2(x) = a (z — X) + Y with

n

an= (Mot o i(xi ~X)x-2)T) (2 S (- B) - y). @5)

n <
1

where I; denotes the d x d identity matrix.

We only analyze estimate f7 for problems p € M;fb’gs(.i’:aff) for which the
reference function f, = f, 7., written as f.(z) = a (x — EX) + E)), satisfies
la.| < L for some L > 0. For such settings, we use A = 225" |y, — Y|?
with some Ag € (0, 1], so Lemma F.2 with (4.5) bounds the Lipschitz factor of
the ridge regression estimate f as ||a,|| < \/ﬁ S Vi = V1IN =L/ .

Then we apply Lemma 4.2 with the common Lispchitz bound on f and f,

given as max{||a,||,||la«||} < L/v/ Ao, and obtain the following result:

Theorem 4.4. Consider any distribution p € Miﬂ;(.ﬂﬁ) such that ||a.|| < L,
the squared loss (I = ly), Fu = Fag, fo = fur., and a (0,5\)-ERM(Fuy)
estimate f, with A = 2% 3" |V, — V|* and some Ao € (0,1]. Then for all
v >0 andn > dIn(1/v), we have with probability at least 1 — vy that

L,(fn, fr) = O((dh;(n) maX{LQ//\(),O'Q} + Ao maX{L,U}2> In (n/(dv)))

= O(ln(n) max{L,o}* In (n/(dv)) \/d/_n>,

where \g = /d/n for the second result.
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Proof. In order to apply Lemma 4.2, we first need to upper bound S5y(f.).
For this, set B, = Ao In(8/v) with any x > 16 max{L,c}?. Then, by using
Ba(f+) < AL?, Markov’s inequality, (a + b)?* < 2a? + 2b%, Jensen’s inequality
twice, | Y — EV[> < 2|V — £.(X)]> + 2L? | X — EX|)” similar to (4.3), and the
Cauchy-Schwartz inequality, we get

1 & -
P{3\(f.) > B. <IP’{— . — Y > In(8 }
{Ba(f) > B.} < m;w VP > In(8/7)
< g [en—; o m—a’f\?} < Z]E[eni S {Vi-EVPHY-EY? }}
=38 =3

< Lg[essor] < Tg[er 0] p[etieen) o T

As () does not depend on the bias term of affine estimators we use Lemma 4.2
with Lipschitz bound max{||a.||,||a.||} < L/v/ Ao, error term o = 0, and
P{Br(f+) > By} < /4 to get with probability at least 1 — v that

Lu(fur £.) = (d@M +B*) |

n

where 6 = Q(Q, max{max{L)\al/2},a}2). Finally, we get the claim by
B, = ©(Xomax{L,c}?In(1/7)). |

With \g = /d/n, Theorem 4.4 provides a suboptimal O(In(n)/v/n) rate
for ridge regression. Notice that if we had ||a,| < L with high-probability, we
could improve the rate of Theorem 4.4 to O(1/n) up to logarithmic factors.
However, when the feature covariance matrix is well-conditioned, we can use
Theorem 4.4 to prove such a Lipschitz bound and improve the rate of f2.

Formally, suppose that the covariance matrix of the features X is positive
definite E[(X — EX)(X — EX)"] > 5,1, with smallest eigenvalue 7, > 0.
Then, we can use Theorem 4.4 with \g = dln(n) In ( ) to get the excess risk
bound L, (f?, f«) = O(L?) with high-probability for a sufficiently large n satis-
fying 22 max{L, o}? In? (#) = O(L?).? This improves the Lipschitz bound
to [la,|| = O((1+ 77_1/ )L) with probability at least 1 — /2, which does not
diverge for \y — 0 as n — 00, so can be used to improve the excess risk bound.

The details are provided by the following result:

3When n is not large enough, the desired rate follows immediately.
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Theorem 4.5. Consider any distribution j € Msubgs(faﬁ) such that ||a.|| < L
and E[(X —EX)(X —EX) } = Nula, the squared loss { = Ly, F. = Fap,
fe = fur.y Takea (0, 8\)-ERM(F,y) estimate f,, with A = 2% 3" | Vi — V|?
and set \g = dln(") <E) for some v > 0. Then for all n > dIn(2/v) such
that Ay < 1, we have with probability at least 1 — ~ that

1 d
L,(fn, fe) = O(dln( maX{ (1+ 77#1/2)[,,0}2 M) )
Proof. First, notice that if ™) max{L, o}2 In? (%) = Q(L?) is satisfied, then
Theorem 4.4 immediately provides the claim with Ay = d1In(n)In(n/(dv))/n.
: dln(n
Otherwise, we have 22 max{L, 0'}? In* (%) =0(L?).
Next, use (4.4) with Lemma A.2a to get with probability at least 1 — /2

that

a (X —EX)+Y— Eyf = O(dmax{L,c}*In(1/7)/n) = O(L?).

N

Then, either EU(an —a,) (X - f)ﬂ <

a/ (X -EX)+Y-EY|/4=0(L)
holds, or if not, we have
EWh] =E[l(a; —a.) (¥ — X) +a] (¥ ~EX) + ) ~ EY[]
> E[|(a, — a.)" (X — X)|?]/2.

Now use the Bernstein condition (3.3) which is satisfied for the squared loss

(4.6)

¢ = lsq and the convex hypothesis class Fog with C' = 2, Theorem 4.4 with
Ao = dIn(n)In (n/(dy))/n and =52 ) ax{L, o }? In’ (dv) = O(L?), and (4.6)
to get with probability at least 1 — 7/ 2 that

O(L%) = CLu(f;, ) 2 EWh] 2 El(an — a.) " (X = X)P] /2.

Hence, in either way, we have E[|(a, — a.) (X — X)|?] = O(L?) with proba-
bility at least 1 — /2.
Next, observe that

E[(X -X) (X -X)'] =E[(X —EX)(X —EX)| + (X —EX)(X —EX)",

where the expectations are taken with respect to X only. So by the positive

definiteness of the covariance matrix and the triangle inequality, we have

E[|(an — a.) (X = X)P] 2 0, [lan — a.|® = 0] anll - |a.
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implying that ||a,| = O((1+ 77,]1/2)L) with probability at least 1 — /2.
Then, we have L,(f), f.) < L.(f2, f)I{f} € F%>"} with probability at
least 1 —~/2 for Lipschitz bound L = O((1+ 77;1/2)L), so we get the claim by
applying Lemma 4.2 with v < /2 and bounding the regularization term [,
with probability at least 1 — /8 by Bi(f.) = ©(AoL*max{L,c}*In(1/7)) as
shown in the proof of Theorem 4.4. [

Finally, we note that Theorems 4.4 and 4.5 are comparable to the work of
Hsu et al. (2014, Remarks 4 and 12). Our results provide the same rates in d
and n, and cover the more general sub-Gaussian setting instead of using the

boundedness assumption.
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Chapter 5

Convex nonparametric
least squares regression

In this chapter we apply the general regression analysis of Chapter 3 to convex
nonparametric least squares estimation settings. Here we discuss regression
problems (Section 3.1) with the squared loss ¢ = /4, and set the reference class
as F. = {X — R}, so every reference function f, is also a regression function.
Furthermore, we assume that the domain X C R? is convex, and there exists
a convex regression function f, that is f, € Feox = {f : X = R| f is convex}.

Similar to the linear case (Chapter 4), we need a bound on the slope of f,
and the estimates for the derivation of excess risk bounds (see the discussion
in Section 5.1 for more details). To formalize such a slope bound, denote the

subdifferential (subgradient set) of a convex function f: X — R at & € X by
Of(x) ={seR|VzeX: f(2) > f(x)+s (z—x)}.

Then define the smallest subgradient of f at & with respect to the Euclidean
norm ||-|| by Vif(x) = argmingcy, [|s[|. As df(x) is a closed, convex set
(Rockafellar, 1972, Page 215), and ||-|| is strictly convex, V. f(x) is well-defined
if f is subdifferentiable at @, that is df(x) # 0, because in this case the
minimizer in the definition of V, f(x) exists and is unique. Otherwise, when
Of(x) = 0, we set Vif(x) = oo -1, so we can compactly write the set of

subdifferentiable convex functions with bounded slope (L € Ryo U {o0}) as

]—“Cin{feJ-"CX

sup |V f(@)] < L},
xeX
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The goal of this chapter is to derive sample efficient nonparametric esti-

mators for the class of convex sub-Gaussian regression problems given as

MZGAFE) = {1 (X.9) ~ p X €RY Y €R, | X ~EX]|,, < B.

subgs

f+ € argmin R,(f) C FL, E[e'y_f*(x)‘2/02|X] < 2}.
fe{X—>R}

Notice that for all problems in Mi’gg

(FL), f.is an L-Lipschitz, convex regres-
sion function satisfying f. € FZ. For these estimation tasks, we use maz-affine
functions, formed by the maximum of finitely many hyperplanes, which are

able to achieve a near-minimax rate.

5.1 Max-affine functions
for nonparametric estimation

It is well-known that one can find convex a-ERM(F.y) estimators (3.1) among
max-affine functions. The reason is that any a-ERM(F.) estimate f, can be
linearized above the data points Xy, ..., X, and approximated from below by
taking the maximum of these linearizations (first-order Taylor approximation)
as fn(x) > maxi—y _,a; (x — X;) + f,(X;) with subgradients a; € 0f,(X;).
Because such a max-affine approximation attains the same values as f, at
the points Xq,..., X, it also attains the same empirical risk, so it is an
a-ERM(F) estimate as well.

Hence, one can solve the infinite dimensional a-ERM(F.y) optimization
problem by searching through the finite dimensional space of max-affine rep-
resentations f,(x) = maxz—1 ., a; (€ — X;) + bg, and computing the solution
by the following quadratic program (for example, Holloway, 1979; Boyd and
Vandenberghe, 2004, Section 6.5.5; Kuosmanen, 2008):

min (V; — b;)* subject to
b1seens bn" i=1 (51)

bi >al (X, — X)) +by, i,k=1,...,n.
In (5.1), the objective value is the empirical risk R, (f,) and the constraints en-

force that the ¢-th hyperplane placed over X; is also active at X'; by providing
the value of f, at X, that is f,(X;) = maxs—1,_x a} (X; — Xx) + by = b;.
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Although max-affine ERM(F.) estimators are consistent (Seijo and Sen,
2011; Lim and Glynn, 2012), their slope can be arbitrarily large near the
boundary of the sample, and so their excess risk might become arbitrarily
large too. Moreover, Baldzs et al. (2015, Section 4.3) provided an example as
shown on Figure 5.1 for which any ERM(F.) estimate has an infinite expected
excess risk E[L,(f,, f)]-

A f

1

(X2, )2) (xn,y;)

Figure 5.1: Worst case example of overfitting by unregularized max-affine
estimators. As X’ gets close to X5, the slope of the estimate f, between
(X1,)1) and (X9, )s) grows to infinity, and so does the distance between f,
and f, as indicated by the gray area.

To discuss Figure 5.1, take the unit domain X = [0, 1], and let X € X
Y € {—1,+1} be independent uniform random variables (so f, = 0). Further,
let n > 2, and define the event
E,={X1€[3,3], Xae 53], X;,..., X, >3 X <4,

402
Vi=+L Vo= =V, =-1}.

Then P{E,} = (1/4)""(1/2)" > 0, and using the observation that any

ERM(Fcx) estimate f, minimizing the excess risk on [0, 1] is linear in [0, X,

we can lower bound the expected excess risk as

Bl £) 2 B[ (EEE 20V 5, b5

X, — Xy

2 E| e | B P =

Also notice that a finite high-probability excess risk bound cannot exist either,

otherwise (3.2) would imply finite expected excess risk as well.
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To avoid infinite excess risk, one can regularize by bounding the slope with
some L € R.g, and adapting (5.1) to compute an a-ERM(FL) estimate. For
a bounded domain X C R? Lim (2014) showed that such an a-ERM(FL)
estimate f, satisfies

Op(n=#0) if d < 4,
Ly(fu, f) =% Op(In(n)n='2%) ifd=4, (5.2)
Op(n=2/%) if d >4,
where the stochastic growth notation W, = Og(r,) holds for some random
variables W,,, and constants r, > 0, n € N, if there exists ¢ > 0 such that
limsup,,_,.. P{{W,| < ¢r,} = 1. Similar bounds have been proved for the
expected excess risk E[L,(f,, f.)] by Baldzs et al. (2015, Section 4.2), which
are In(n) factor weaker than (5.2), but their dependence on d is also shown
to scale only polynomially in d. However, the rates given by (5.2) for d > 4
are weaker than the minimax rate of the problem class Mifgsl(}"g;) which is
of order n=4/(4*%) as shown below in Section 5.2.

The phase transition in the bound (5.2) at d = 4 happens because the
class of uniformly L-Lipschitz, convex functions FZ becomes large enough to
make the entropy integral in Theorem 3.2 diverge for d > 4 with a polynomial
rate. This phenomenon is well-known for nonparametric settings (for example
regression over Sobolev spaces, see van de Geer, 2000, Page 188), and might
be avoided by sieved ERM estimation (van de Geer, 2000, Section 10.3) when
the hypothesis class FLZ is further restricted to balance the estimation and
approximation error terms, 8 (¢, F)/n and B, in Theorem 3.2, respectively,
by choosing € and F appropriately.

In particular, Baldzs et al. (2015, Section 4.4) has shown for the bounded
case that estimators restricting FZ to max-affine functions with at most
[n?/ (@] hyperplanes (instead of n as used for (5.1)) achieve a near-minimax
rate for any d € N. After discussing the minimax lower bound in Section 5.2
and the approximation properties of max-affine representations in Section 5.3,
we study the theoretical properties of these sieved max-affine ERM estimators
in Section 5.4 by extending their analysis for sub-Gaussian convex problems

Migég(fé) from the bounded case.
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5.2 Lower bound on the minimax rate

To derive a lower bound on the minimax rate for convex nonparametric re-
gression, we consider Gaussian problems as required for Theorem 3.1. For this

we need an asymptotic bound on the entropy of FZ, for which Guntuboyina

and Sen (2013) proved' that Hp, (e, F) = ©(e #?) for a sufficiently small
e > 0 if X is bounded and Pk, is the uniform distribution on X. Combining
this with Theorem 3.1b, we obtain a lower bound on the minimax rate (Balazs

et al., 2015, Theorem 4.1) as presented by the following result:

Theorem 5.1. For a sufficiently large n,

R, (Mgs(Fch Pxy), lsgs {X — R}) — Q(nf4/(d+4)) .

As M (FL, Px,) C Mi’gg(}}x), the lower bound of Theorem 5.1 holds for
convex sub-Gaussian regression problems as well. The rest of the chapter is
devoted to show that there exist sieved max-affine estimators which achieve
this minimax rate up to logarithmic factors, so implying that the lower bound
on the minimax rate of Theorem 5.1 is tight.

Finally, we mention that the entropy of the class F., (FL without the
Lipschitz bound) over the unit ball domain X is only Hy (e, Fox) = O(e!79)
(Gao and Wellner, 2015, Corollary 1.4 and Theorem 1.5). Then, the minimax
risk is also weaker in this case. In fact Han and Wellner (2016, Theorems 2.3
and 2.4) showed that R, (M (Fex, Pxo), lsq {X — R}) = ©(n~2/@D) up to
logarithmic factors. Hence, the Lipschitz restriction is necessary to keep the

minimax rate independent from the shape of the domain boundary.

5.3 Max-affine approximations

To construct sample efficient sieved ERM estimators with max-affine represen-

tations, we need to understand their approximation accuracy to the function

!Guntuboyina and Sen (2013) proved the lower bound without the Lipschitz bound,
which is a larger function class. However, in the proof of their Theorem 3.3, they construct
a packing subset by functions having a 2-bounded Lipschitz constant with respect to |-
These functions could be rescaled appropriately to deliver our statement. For the upper
bound, simply consider the sup-norm result, Theorem 3.2 in their paper.
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class FL. Hence, we now study the approximation properties of the following
max-affine class with functions represented by the maximum of at most K € N

affine functions,

FEE(xy) = {h X—>R ‘ h(x) = max a; (z — xo) + by, |lax|| < L} ,

where ¢y € X is some reference point. To emphasize the “owner function” of
the parameters ay, b, we sometimes write ay(h), b, (h) to refer the quantities
K ak(h)T(m - 330) + bk(h,)

Then consider the following result (Lemma 5.2), which describes the ap-

satisfying h(x) = maxy_y
proximation accuracy of FX:L(xq) to FL over a bounded domain. This lemma
is a slight modification of Lemma 4.1 in Baldzs et al. (2015), which transfers
the convex set estimation result of Bronshteyn and Ivanov (1975) to convex
functions over a bounded domain. Then main trick of the proof is to construct
a cover over a subset of R?, which covers both XN Bs(xo, R) and the gradient
space {V.f(z) : x € XN By(xo, R)} of a convex function f € FL. This way
we can double the approximation rate for the convex case, providing O (K ~%/9)
accuracy instead of the weaker O(K ~/9) which is the approximation rate of

piecewise linear functions to Lipschitz continuous ones (Cooper, 1995).

Lemma 5.2. For each f € FL there exists hy € FX:L(xo) such that

sup | f(x) — hy(z)| < 36 LRK /1.
xzeXNBa(xo,R)

Furthermore, 0 < f(x) — hy(x) < 2L(R+ ||l — x0||) holds for all x € X, and
bk(hf) — f(il?o) S [—QLR, 0] fO’I" all k = 1, R ,K.

Proof. Fix f € F&

CcX

arbitrarily and recall that ||V, f(x)|| < L for all z € X.
Let ¢ > 0 to be chosen later, Xz = X N By(xo, R) and define the mapping
v(x) =x+tV.f(x) for any € Xg. Notice that by the convexity of f, v is an

injective function (that is v(x) = v(2) <= x = z for all x, z € Xp) because

f(z) >V f(x) (z —x) + f(x) (by convexity of f)
= |z —a|* /t + V. f(2)(z — @) + f(2) (by v(x) = v(2))
> |z —x||* /t + f(z), (by convexity of f)
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which holds only if & = z.

Now define R, = R+ tL, K = {v(x) : * € Xg} C By(xo, R;) and for
some € > 0 to be chosen later, let K. C K be a y/e-cover of K under ||-||.
Furthermore, let X, = {v~!(2) : z € K.}, where v~! denotes the inverse of v
(which is invertible on K because it is injective on Xg). Then by Lemma C.1,
[Xe| = [Ke| = Ny (Ve, K) < (97 /€)? for all € € (0, 9R7].

Next we show that K. induces two y/e-covers, one on Xg and one on the

scaled gradient space {tV.f(x) : € X}. For this, the convexity of f implies
(Vf(@) = Vif(2)) (2 — 2) = Vf (@) (x — 2) + V. f(2) (2 — )
> f(x) — f(z) + f(2) — f(z) =0,

for any ¢,z € X. Let £ = argmin,x_ [z — 2| for any « € X (if multi-

(5.3)

ple minima exist, fix one arbitrarily). Notice that if @ € Xg, we also have

|lv(x) — v(2)|| < /€ due to the construction of k.. Hence, by (5.3), we obtain
le — 2| + | V. f(2) = V. f(&)[
<z -2l + 2t(Vf () - Vf(2)) (@ — &) + |V f (@) - V. f(@)]’
= [lv(@) — v(@)|” <,
for any x € Xg. So we have ||z — 2| < /e and t ||V, f(x) — V.f(2)| < Ve
Now we construct a max-affine approximation to f. Choose ¢ € (0,9R?]
to satisfy K = (9R?/e)¥? > |X] and a set Xy = {&1,...,&x} such that
X, C Xg. Notice that & € X for all ® € Xi. Then consider the max-affine
i f(@r) + V. f(2x) " (x — &;). Using the convexity
of f, we have for all x € X that
0 < f(2) - hy(w) < f(@) - f(@) — V.S (@) (2 - &)

<Vf(@) (x—2) - V(@) (x—2) = (V.f(2) - VWf(@) (z—2),
(5.4)

which implies f(x) —hg(x) < 2L(||z — 20| + R). Additionally, if x € Xg, use

function hy(x) = max;_;

.....

the Cauchy-Schwartz inequality for (5.4) to get

0< f(@) ~ hy() < 7 (+IVef (@) - Vs @) 2 — ] ) < e/t

Then, rearranging K = (9R2/¢)%2, we obtain the bound in the claim over Xz

by € = 9R?K %4 and t = R/L as sup,ex,, | f(x) — hy(x)| < €/t = 36RLK /4.
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Finally, let b, = f(2%) + Vi f (%) " (zo — &) and ay, = V.f(24), so we have
hi(x) = maxz—1. g a, (x — xy) + b. Clearly, ||ax|| < L so hy € FEE(x).

Furthermore, by the convexity of f, by < f(xg) and

b = f(2r) — f(x0) + f(x0) + V*f(@k)T(wo — xy)
> f(@o) + (Vuf(@o) = Vif (&) (& — @) > f(ao) — 2LR,

which proves the claim for bg(h). |

5.4 Near-minimax upper bounds
for max-affine LSEs

Here we provide the main convex regression result of this thesis (Theorem 5.6),
that is an excess risk upper bound for a-ERM (F:X(X)) max-affine estimators
and sub-Gaussian convex regression settings p € I\\A/Jli’ggi(]:é() with squared loss
(¢ = ly). We show that by using K = [n% (] hyperplanes these max-affine
estimators achieve a minimax rate n=% (% up to logarithmic factors.

To derive the excess risk bound, we use Theorem 3.2. However, as the
entropy of the hypothesis class FXL(X) is infinite due to the unbounded
magnitude of its functions, Theorem 3.2 cannot be applied directly. To handle
this, first we show that max-affine ERM estimators in FX,/(X) lie in some
data-dependent set F,, with a bounded magnitude such that F,, approximates
any regression function f, € FL

cX

a data-independent envelope F of F, such that F, C F holds with high-

with enough accuracy. Then, we can find

probability, and class F has an appropriately bounded entropy.

Let f,(x) = maxy—1._ x a] (x — X) + b, be an a-ERM(F,,) estimate, and
observe that its offset terms, b, € R, £ = 1,..., K, are unconstrained by
the definition of FXE(X). To derive a bound on the offset terms by, we
use the a-ERM(F,,) property (3.1), and drop every hyperplane out of the
representation of f,, which are not active at any point X4, ..., X,. Formally,
we assume that for all £ € {1,..., K} there exists i € {1,...,n} such that
fa(X)) = al (X;— &) +by,. This assumption is not restrictive as dropping the

inactive hyperplanes from the representation of f,, does not affect the empirical
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risk R,(fn). We also use this assumption in the rest of the section without

further notice. Then, Lemma 5.3 proves a bound on the b, terms.

Lemma 5.3. If f, is an a-ERM(FEX(X)) estimate (3.1) for ¢ = €, with
any o < 2(LXmax)?, then f, satisfies the a-ERM(F, ) property as well with

fni{fe}"KL( ) ‘bk( ) J_)’§5LXmax+ \/2Rn(f*)ak:1""’K}’

where Xpax = Max;—;

-----

Proof. Let f,(x) = max;—; g a] (x — X) + by be an a-ERM (]—"n[féL(/f')) es-
timate and [ € {1,...,K}. Take some j € {1,...,n} for which the I-th
hyperplane is active on X, that is f,(X;) = a] (X; — X)+b,. Using this, the
triangle inequality with the Lipschitz property of f,,, and the Cauchy-Schwartz
inequality, we get
b= Y| = 1fu(X)) =V +a/ (X; - X))
< |fulX5) = fu(X) + fu(X) = V| + LXipax
< [ falX) = Y| + 2L X

|-t an ) + %zn:fn(xi) — 37‘ 4 2L Xy (55)

< ‘Ean(Xz) - Vi
<V Ru(fn) + 3LXax -

Observe that any constant function including fy(x) = f.(X), = € X,
is in FEL(X). Hence, using the a-ERM(FE:E(X)) property (3.1) of f,,
(a+b)? < 2a% + 202, the Lipschitz property of f, with a < 2(LX,ax)?, we get

+ 3L X hax

2

Rul(fa) < Rulfo) + o = %Z Vi — () + (&) — L) +a

2 & 0
<2Rn(f) + - D (X = £ )]+ a 2R (£) + 4(LXna),
i=1
which implies the claim by va+ b < /a + Vb. [ |

Next, we show that F, preserves the universal approximation properties

of max-affine functions F/*(X) to uniformly Lipschitz, convex maps FX

CcX
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as shown by Lemma 5.2. For the proof, we take a subset of JF,, which still
preserves approximation quality, but by being independent of Vi,...,),, it
also let us exploit the properties of the squared loss for the sub-Gaussian

setting (Lemma F.3). The details are given by the following result:

Lemma 5.4. For any pn € MEOHFLY ~ > 0 and o < 2(LXpay)2K 41,

subgs

P{figrgnLn(f,f)—l—a>B}

u>|<

where B, = max {8(36% + 1)(LB)*K %/, 20%/n} In(8n /7).
Proof. First, consider the class
Fo={f € FISHE) : oulf) = 1.(R)| < 2L k=1, K}

and notice that F, C Fn, because by Jensen’s inequality, the triangle inequal-

ity with the Lipschitzness of f,, and the Cauchy-Schwartz inequality, we have

(X)) =Y Zlf* F(X) + f(X) = Y

=1

1 n
S L‘Xmax + EZ ’f*(xz) - yz’ S L'Xmax + V Rn(f*) .
i=1

Next, let h, € FXE(X) be the max-affine approximation to f, € FX
as given by Lemma 5.2 with £y = X and R = X,.., which also provides
be(hy) — fu(X) € [~2LXpay, 0] for all k = 1,..., K, so we have h, € F,.
Additionally, the approximation bound for h,, provided by Lemma 5.2, and

the bound on « implies

mf—§:u X124 a < 2(36% + 1) (LXpax ) 2K Y4
feF, N i
Further, X < max—1,_, ||X; — EX||+|X—EX| < 2max;—;,_, ||X; — EX||
due to Jensen’s inequality, so we also have
E[eXr%’ax/(QB)z] = E[ max e”x"*EXHZ/BQ] <2n. (5.6)
i=1,...,n -

Hence, by using Lemma F.3 with T' = a, R = 8(36% + 1)(LB)>K~*? and
¢ = 2n, we get the claim for B,. [ |
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In order to provide a data-independent, high-probability envelope of F,,, we
replace its sub-Gaussian quantities X, ) by their limit values EX, E), respec-
tively, and the bound on the offset terms by an appropriate data-independent
value t > 0. Formally, we consider the envelope F,, C F(t) with

= {f e FRHEX) : |bu(f) —EY| < t, k=1,....K}.

The details, providing the value of ¢ with respect to the sample size n and the

probabilistic guarantee v are given by Lemma 5.5.

Lemma 5.5. Let u € MEOHFL) v > 0 and o < (LXmax)®. Then we have

subgs

P{F, C F(t)} > 1— /2 with t = 4max{11LB, 20}/In(4y/n/7).

Proof. Let X, = MaXi—q 1, ||X; — EX||, and notice that X < 2X,.. due

.....

to Jensen’s inequality implying || X — EX|| < Xpax. Then, we also have
P{F, C F(t)} > P{L|X — EX|| +|Y — EYV| + 5LXmax + V2R, (f.) < t}
> 1 — P{11L X ax + |V — EV| + V2R.(f.) > t}. (5.7)
Next, we bound the sub-Gaussian parameter of |y — EY|+ /2R, (f.). For

this, first decompose |V —EY)| using the triangle inequality with the Lipschitz
property of f, and E[||X —EX||] < B by Lemma A.2b for k =1, to get

V= EY[ < |V = [(X)] + [[(X) = [(BX)| + [[.(EX) — E[f.(X)]]
<1V - LX)+ L|X ~EX| + LB.
Further, Jensen’s inequality implies ||v/R,(f.)|lw, < |V — f+(X)|lg, < o and
|V —EY|, <Y —EY|ly,. Then, use |X —EX||,, < B with Lemma A.2d

to obtain |||V — EY| + /2R, (f.)|lw, < 2(LB + o).
Finally, using this sub-Gaussian property we bound the probability of (5.7).

(5.8)

For this, we also use (a + b)? < 2a? + 2b*, Markov’s inequality, the Cauchy-
Schwartz inequality, and (5.6), to obtain

P{11L& e + |V — EV| + 2R, (f.) > t}
< P{(11L&yae)* + (1Y — EYV| + V2R, (f.))? > £2/2}
< B[00’ /m2}1/2E[€2(|yEylﬂ/my/mz} V2 2)em?)
< 2Vne O < )2,

where m = /2max{22LB,2(LB + o)} and t = m+/2In(4/n/7). |

58



Then, we are about to apply our general regression result Theorem 3.2
as specialized for the squared loss by Lemma 3.5 to prove an upper bound
on the excess risk of max-affine estimators for sub-Gaussian convex regression
settings. For this, we ignore Condition (C2) by setting § = ¢, and provide
Conditions (C1) and (C3) using the sub-Gaussian property of the quantities
Wy = f(X) — f(X), f € F(t) which is implied by Lipschitzness and the
sub-Gaussian distribution of X. The details are given by Theorem 5.6.

Theorem 5.6. Consider the squared loss (¢ = ls,), and a sub-Gaussian convex

regression problem p € I\\/Hi;}f(FL) Further, let f,, be an a—ERM(ntf&L(.f))

estimate with K = [n¥ @7 and o < (L&Xpax)2 K=Y, Then, for any vy > 0,
we have with probability at least 1 — ~ that

Lu(fu f2) = O(max{LB, o} =Y @) () ln(n/fy)> .

Proof. Let F = F(t) be the high-probability envelope of F, as given for
Lemma 5.5, and fix f € F arbitrarily. First, we prove that W is sub-Gaussian.
Notice, that for the squared loss (¢ = /) and the regression function fi,
we have E[Y] = E[f.(X)]. Hence, using the Lipschitz property of f. with
E[lX —EX|] < B, we get [E[Y] - f.(EX)| = [E[f.(X) — f.(EX)]| < LB.
Then, using that f € F satisfies |f(X) —EY| < L ||X — EX|| + t, we obtain
Wyl = | F(X) — BY] + B[] - £.(EX) + £.(EX) — £.(%)
<t+LB+2L|X —EX|,
which implies that [[Wr|l,, <t+3LB.
Next, we prove Condition (C1). For this, represent any f,f € F as

f(x) = maxy—1 r al (x — EX) + by, f(a:) = maxp—;, x @, (r — EX) + by..

-----

ey

with metric ¢ (f, f) maxg—1, K{Ha’“ Gl low— b’“‘} Then, we get

1Z(f. /)l = | (f(&X) + f(X) — 2E[Y] — 2(Y — E)) (f(X ) f(x))]
< (2L || X —EX|| + 2t + 2y — Ey|>\f X)|

< G(X,V)U(f, f),
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with G(X,Y) = 4(L|X — EX| +t + |V — EY|)*, which is Condition (C1).

To prove Condition (C3), we use Lemma 3.5 for the squared loss {, and
the regression function f.. To use the lemma, we have ||[Wy|l,, < t+ 3LB,
1Y — f(X)|ly, <o, 7o = 3LB implying @, < In(n), so we obtain Condi-
tion (C3) for any 6 > 240Q,, max{t + 3LB, o }*.

Further, we have to bound the entropy Hy (e, F), and Cy9[G(X,DY)]. For
the entropy, notice that the radius of {2£ : |las|| < L} with respect to |||y,
is bounded by 1/2, and the same is true for {222 : |b, — EY| < t} using the
metric | -|. Hence, we can take e/2-covers of these sets for all k = 1,..., K and
use Lemma C.1 to show Hy (e, F) < K(d+ 1)In(3/¢) for all € € (0,3]. Next,
to bound C,y[G(X,Y)], observe that ||V —EY||y, < 2LB+ o holds by (5.8).
Then, ||/G(X,Y)|lw, < 2(3LB+t+0), which implies that C, 4[G (X, )] < 0
for any 6 > 4(3LB +t + o).

Finally, we are ready to apply Theorem 3.2 and putting the pieces together.
For this, we set 6 = € (so ignoring Condition (C2) with S = o0), r = 1/2,
K = [n¥@D] e = p=/@+) = O(K/n) = O(K~*9), and use ry = 3LB,
0 = O(t*) = O(max{LB,s}?In(n/v)), Lemma 5.4 with B, = O(0 K~*/4),
Lemma 5.5, and the bounds Hy(e, F) = O(dK In(1/e)), Cy1[G(X, V)] < 6,
to get with probability at least 1 — ~ that

40 1n(4
Ly(fas fo) < Q(W +166C,[G(X, V)] + B*) s 9nn( /7)
— (M + oKV 4 LB"‘eln(l/’Y)) ,
n n
which proves the claim with dIn(1/¢) = ﬁ In(n) = O(In(n)). -

Considering the minimax lower bound of Theorem 5.1, Theorem 5.6 proves
a near-minimax rate for a-ERM (F/X(X)) max-affine estimates on the class
of convex sub-Gaussian regression problems. This result extends Theorem 4.2
of Balazs et al. (2015) by replacing the bounded domain X with a sub-Gaussian
one, dropping the uniform boundedness constraint on the hypothesis class and
the regression function, and providing a probabilistic guarantee instead of the

weaker expected value result (3.2).
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Chapter 6

Computation of
max-affine estimators

In this chapter, we discuss the computational properties of multivariate max-
affine estimators represented by at most K € N hyperplanes as f,(x) =
maxy—i, g @, T+by, x € R? where the parameters { K, (ay, by) : k=1,..., K}
are trained on the dataset D,, = {(X;,V;) 1 =1,...,n}.

To discuss the training algorithms, we will use four examples, referred to as
discussion problems. Two of them have smooth quadratic regression functions

(fla, fha) while f4, fIhd are their linearized variants:

fi(e) = (120 Hoa + fla+c.,
fi(e) = (1/2)e Koy, @, = max(0,a},

) = s ) T ), oy
@) = s, ) e+ ()

k=1,...,K,

Here x € RY, d € N, 0 < H, € R™ f € R? ¢, € R, and K, € N,
xy,..., Ty € R? are all fixed.! For all problems, the data points are drawn
from the uniform distribution #(X) over a bounded convex domain X C R?
and the noise model is simply Gaussian, that is Y — f.(X) ~ N(0,0%).2 We
also rotate each problem instance by a random orthogonal matrix (Stewart,

1980, Section 3), that is replace f, by  — f.(Q"x) on each run, which

"We use hi, =k =1} +(k+ 17" ff =k/d, c. = —d and H, = [k} Jki=1,. .4,
fo=1ff,..., f7]7. Further, we define K, =d+ 3 as = e, — (k/d)1 forall k =1,...,d,
and 3, =0, xy,, = —1, x;, 3 =1, where e is the k-th standard basis in R4,

ZWe set X = [-2,2]? and o = 1.
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increases the variance of the results for algorithms that are not rotationally
invariant.

We emphasize that the problems (6.1) were selected to illustrate some
major issues of max-affine estimators. The smooth quadratic target ff is
“difficult” to represent “accurately” by a max-affine function, while its trun-
cated version fh9 has a large flat plateau maximizing the chance of overfitting
the noise at the boundary, similar to the case shown on Figure 5.1. Finally,
a “good” max-affine estimator should be able to improve the rate for the lin-
earized versions fM, fh9 when the regression function can be represented by
only a few hyperplanes.

For all of our numerical experiments, the hardware has a Dual-Core AMD
Opteron(tm) Processor 250 (2.4GHz, 1KB L1 Cache, 1IMB L2 Cache) with
8GB RAM, which scored around 2 GFLOPS on the benchmark of Moler (1994)
using randomly generated dense matrices of size 15000 x 15000. The software

uses MATLAB (The MathWorks, Inc., 2010), sometimes C (Stallman et al.,
2007), and the MOSEK Optimization Toolbox (MOSEK ApS, 2015).

6.1 Max-affine LSEs

Recall from Section 5.1 that one can find max-affine LSEs with at most n
hyperplanes by reformulating the non-convex max-affine optimization problem

as a convex quadratically constrained quadratic program (QCQP),

min '” <Jgaxn ajTXi +b — yi>2 (6.2)
such that for all j =1,...,n:|a;|| <L,

= ,min (a; X;+b; —Y;)* suchthat foralli,j=1,....,n: (6.3)

a/ Xi+b;>a/X;+b;, |ai <L.

The resulting estimate f,(x) = max;—1__, aiT x-+0b; enjoys the worst case excess

risk upper bound (5.2), and (6.3) can be solved in O(d*n”) time using interior
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point methods (Boyd and Vandenberghe, 2004, Section 11.5).> Together, the
risk guarantee and the polynomial computation time makes this estimator
attractive. However, even if the computational cost is only a worst-case upper
bound on dense QCQP problems (so it is unlikely to be tight here), problem
(6.3) still gets too large for today’s QCQP solvers even for modest sample
sizes.* This motivated research on alternative solution techniques such as

cutting plane methods (Section 6.1.2), and alternating direction method of

multipliers (ADMM) algorithms (Section 6.1.3).

6.1.1 Partitioned max-affine LSEs

Before discussing solution methods, we generalize problem (6.3) to find hy-
perplanes over an arbitrary fixed partition of the data points (Baldzs et al.,
2015, Section 4.4). This problem is also convex and will be useful later for
partitioning max-affine estimators (Section 6.2).

Fix a partition P = {Cy, : k = 1,..., K} of the index set {1,...,n}, that is
UK Ce=1{1,...,n}and CtNC; = Dif and only if k # j forall k,j = 1,..., K.
We say that a max-affine function f(x) = maxz—; g akTw + b induces P if
a] X;+by > ajTXi+bj holds for all k,7 =1,..., K and 7 € C,. Then consider
the following QCQP problem of finding max-affine LSEs inducing P:

K
. 2 . .
min i — Vi h that for all k,7 =1,..., K, 1 € C :
iy S0 et forall b =K i
bi,nbi k=1 i€Cy

vi=ag Xi+b,>a] Xi+b;,  laxl| < L.
Notice that if K =n and P = Py, = {{1},...,{n}}, then the two prob-
lems (6.3) and (6.4) are identical, so the latter problem is indeed more general.
Hence, it is enough to discuss solution methods for (6.4) in the following sec-
tions and run the algorithms with P = P, for solving (6.3).
As shown by Theorem 5.6, there exists a near-optimal max-affine estimator

with at most [n% (447 hyperplanes. If we knew a partition P induced by such

3 An upper bound on the number of arithmetic operations needed to solve a convex QCQP
problem, mingegy 32" He + fTx subject to 327 Qx4+ g/ @ < ¢; for j = 1,..., M with
0 = H,Ql, ce 7Q1w, is O(N2M1'5).

4For our hardware/software setup (page 62), direct solution of (6.3) took the QCQP
solver 34-74 times more time for d = 8 and n = 500 on problems (6.1) than for alternative
techniques, and run out of the 8GB memory for n = 1000.
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a near-optimal estimator, we could compute the estimator itself by solving
problem (6.4). Unfortunately, finding such a partition is far from trivial, and
according to our knowledge, there is no algorithm today that could do this
efficiently. Still, since every max-affine function induces a partition, (6.4)
can be useful for improving partitioning max-affine estimators (Section 6.2)
by providing a tool to efficiently find the best possible fit for their induced
partitions, justifying the study of this problem.

6.1.2 Cutting plane methods

The key observation for solving (6.4) using cutting plane (CP) techniques (Lee
et al., 2013) is that the hyperplane constraints a] X; + by > ajTXi + b; are
often redundant in the sense that by solving

K
min Y > (v; = ¥i)* such that for all (k,4,5) € T :

b1seees b k=1 1€Cy

(6.5)
vi:a;Xi+bk2a]TX¢+bj, ||ak|| SL,

we often obtain the same solution as for (6.4) with a well-chosen constraint
set Z C L, = {(k,i,j) : k,jg=1,...,K, k# j, i € Cx} having |Z| < n(K —1).

In particular for the univariate case (d = 1), one can order the cells (non-
overlapping intervals) by some permutation [y,...,lx of 1,..., K, and verify
the hyperplane constraints a;;XZ- + b, > a,jTXi + b, © € C, only for the
neighbors j € {l; — 1,l; + 1}, so using a constraint set of size |Z| = 2(K — 1).
However, ordering the cells is not possible for the multivariate case (d > 2), and
there can be hyperplanes with arbitrary number of neighbors. Still, in many
cases it might be enough to check the hyperplane constraints for fewer than
n — 1 other points in {X; : i & Ci} for each cell k =1,..., K. For example,
consider estimating a truncated Euclidean cone over a 2 dimensional domain X
as shown by Figure 6.1, where the base hyperplane can have arbitrary many
neighbors, but the radial hyperplanes have only three.

Unfortunately, finding a set Z with the fewest elements that makes (6.5)
equivalent to (6.4) is far from trivial, hence we resort to heuristic methods.

For this, we consider the CP scheme of Lee et al. (2013) adapted to (6.5) by
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i

Figure 6.1: For the estimation of a truncated Euclidean cone over a 2 dimen-
sional domain X, the base hyperplane (Fy) can have arbitrary many neighbors,
while the radial ones (P;, i > 0) have exactly three.

Baldzs et al. (2015). The scheme shown as Algorithm 6.1, increases the size

of the constraint set Z by at most K in every iteration. In order to select the

1. input: training set D,,, Lipschitz bound L, partition P

2. T+ 0

3. repeat

4. solve (6.5) using Z, obtain aq,...,ax and by, ... by

5. fork=1,...,K do

6. T +— {(2,]) 11 € Ck, j =1,.. .,K : akTXZ—H)k < CL;FXZ—Fb]}
7. when Z;, # (), choose (i, j) € Z, and put (k,4, ) into Z

8. end for

9. until exists (k,i,j) € Z, such that aj X; + b, < a] X; + b

10. output: hyperplane slopes a1, ..., ax, and heights by, ..., bx

Algorithm 6.1: Cutting plane (CP) algorithm training a max-affine LSE with
K hyperplanes over a fixed partition P.

constraint (k,,7) in step 7 of Algorithm 6.1, we consider two heuristics. The
first one choosing the most violated constraint (6.6), while the second divides
the violation severity value by the distance of the violated location to the cell
center related to the violating constraint (6.7). Formally, for the first heuristic
(i,7) € argmax(a; — ay)' Xy + by — by, (6.6)
(@,5") €Lk
while for the second
(i, ) € argmax ((aj — ag) " Xy + by — by) || Xy — Xy 7", (6.7)
(#,5") €Lk
where X; = ﬁ Ziecj X; is the center of the j-th cell. The idea behind the
second method (6.7) is that choosing closer points is more likely to fix many

others being further away, similar as neighbors did for the 1-dimensional case.
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constraints

We compare these heuristics on the four discussion problems (6.1) when
P = Py, and a problem specific tight Lipschitz upper bound L = L,. The
results are summarized by Figure 6.2, which shows that (6.7) constructs a
smaller constraint index set Z and performs fewer number of iterations, which

makes it slightly more scalable with the sample size n. The result also shows

(6.6) —+—— (6.7) vt (d+1)n

DDU

minutes
w O
o

o O
TN T O N

iterations
— W
ot O
\ \X L m
o)

0 -
15000 A
10000
5000
0 1 T T T T T T T T T T T T T T T T T T T T T T T T
10? 103 10? 103 10? 103 10? 103

training sample size (n)

Figure 6.2: Empirical comparison of constraint selection heuristics for the
max-affine LSE computed by cutting plane methods on the discussion prob-
lems fla, fha flfa ¢lha  The dimension is d = 8 and the sample sizes are
n = 100,250, 500, 750, 1000, 1250, 1500. Averages of 100 experiments with
standard deviation error bars are shown for the training times (in minutes),
the number of iterations, and the number of constraints used in the last iter-
ation of the algorithm.

that the number of constraints necessary for solving (6.3) is far less than O(n?),
in fact an O(dn) bound looks reasonable for these examples. However, despite
of this reduction of the computational effort, the training times presented
by Figure 6.2 indicate that the CP methods scale poorly with the sample
size n. The reason is that interior-point QCQP solvers form and factorize
a sparse Hessian matrix, and this calculation eventually becomes too slow

even with O(dn) constraints. Hence, we consider a Hessian-free optimization
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method next, which is capable to trade numerical accuracy for computational

efficiency.

6.1.3 Alternating direction methods of multipliers

As an alternative to cutting plane (CP) methods, one can use alternating direc-
tion method of multipliers (ADMM) algorithms, which are easier to scale as the
problem size grows by parallelization and trading numerical accuracy for com-
putational efficiency. ADMM algorithms lie in the intersection of augmented
Lagrangian methods (see for example Bertsekas, 1996), and decomposed op-
timization techniques (see for example Bertsekas and Tsitsiklis, 1997), and
inherit their advantageous properties such as weak convergence requirements
by making the dual problem differentiable, and efficient parallelization (Boyd
et al., 2010). We are not the first to consider ADMM to solve (6.3): a decom-
position method was previously proposed by Aybat and Wang (2014), and an
ADMM algorithm was considered by Mazumder et al. (2015). Here we adapt
the latter ADMM algorithm to solve the partitioned LSE problem (6.4).
Consider the augmented Lagrangian function of (6.4) defined as

n

1

£P(A7 b7 v, S? 77) = 5 Z(Ul - yZ)Q
=1
n K
—+ Z Z Nik (Sik + a;Xl + bk — ’UZ') (68)
i=1 k=1
n K
+gzz (sik+aZXi+bk _vi)Zv
=1 k=1

where A = (ay,...,ak), b = (by,...,bg), v = (v1,...,v,), p > 0 is the
penalty parameter, S = (S;x)i=1.. nx=1..x are slack variables such that s;, > 0
with s, = 0 if i € Cy, and n = (Mik)i=1,... nk=1..x are the dual variables. The
ADMM algorithm performs a primal-dual optimization of the augmented La-
grangian function just like augmented Lagrangian methods, further decompos-
ing the primal step into blockwise operations in a way that the subproblems
admit efficient (often closed form) solutions, also allowing easy paralleliza-

tion. In order to solve problem (6.4), an ADMM algorithm can consider the
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following subproblems in each iteration:

A+ arginin L,(A,b,v,S,n) (6.9)
such that ||ay|| < Lforallk=1,... K,

(b,v) « ar%min L,(A,bv, S, n), (6.10)

S argir(l)in L,(A,b,v,S,n) such that s;; = 01if i € Cy, (6.11)

foralli=1,....n,k=1,..., K,
Nik = i + p(sik + ag X+ b, — v;) (6.12)
foralli=1,...,n, k=1,.... K.

This can be transformed into Algorithm 6.2 shown below by observing that
problem (6.9) can be decomposed componentwise solving for each a; sepa-
rately, problems (6.10) and (6.11) admit closed-form solutions,® and by intro-
ducing the scaled dual-variables 7;; = 1./ p.

Although the optimization problem (6.9) in step 4 of Algorithm 6.2 does not
admit a closed-form solution in general when L < oo, it has been well-studied
for trust-region optimization algorithms and can be solved efficiently with high-
accuracy by a variant of Newton’s root-finding method such as Algorithm 4.3
of Nocedal and Wright (2006). Hence, the iteration cost of Algorithm 6.2 is
dominated by O(nK) in the usual case when n > d? (not counting the O(d?)
factorization cost of matrix > .7 | X; X, which can be done offiine).

Notice that we only used an iteration limit £, as a termination condition for
Algorithm 6.2. The reason is that although ADMM algorithms are guaranteed
to converge to the global optimum, their convergence is quite slow and as such
it becomes impractical to wait for convergence to “happen”. Hence, instead
of using optimality conditions to derive stopping rules (Boyd et al., 2010,
Section 3.3), we terminate after a fixed number of iterations. Because of this,

the empirical risk using ADMM is often larger than the excess risk of the

T

°To solve the quadratic optimization (6.10) for variable [b v]T, use the inverse Hessian

. Then

1 1 1 1
matrix nplx —Plixn } _ TpIK + o lkxk = 1gxn
n

71017L><K (1+KP)I %]—nXK ﬁ](p(ln'i_ %lnxn)
unvectorize the solution and use the z;, wy quantities forall k=1,... Kandi=1,...,n
as defined by steps 5 and 6 in Algorithm 6.2 to form the solution (shown by steps 7 and 8).
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1. input: training set D,,, Lipschitz bound L, partition P,
dual stepsize p, iteration number t,
2. initialize af, bY, s%., N9, appropriately (for example to zero)

z)

3. for t =0, 1 —1do
4. af' + argmin a/lC (Z X, X, )a;ﬁ—z (f]fk+8§k+b’,;—vf))(jak
ai:|lag||<L i= i=1

forall k=1,..., K
5. Zz<—yl+2(771k+slk+XT t+1)forallz':1,...,n

6. wp < — Z (T}Zk—l—szk—l—XTat“) forall k=1,.... K

7 b2+1<_%+£(zzi+2wk)forallkzl,...,K

=1 k=1
8wt 1+Kp(21+—2221> + £ Zwk for all i = 1,.

9. syt max {0, — (9}, + XiTa,tJrl + th v} I{i ¢ Ck}
forallz—l ;,nand k=1,.

10. A ik + ( e XTat“ - b“1 it
for allizl,...,n andk—l,...,K

11. end for

12. output: hyperplane slopes a’, .. ., a’};, and heights 0%, . .. ,btfg

Algorithm 6.2: Alternating direction methods of multipliers (ADMM) algo-
rithm training a max-affine LSE with K hyperplanes over a fixed partition P.

estimator computed by the CP method (such as Algorithm 6.1 combined with
an interior-point algorithm for step 7). However, besides the computational
cost of ADMM scales better in terms of the dimension d and the sample size n,
stopping ADMM early seems to significantly decrease the excess risk as well,
an effect that was studied previously by a number of authors, including Zhang
and Yu (2005) (in the context of boosting) and Yao et al. (2007) (in the context
of gradient descent and linear prediction).

Parameter p has two roles in Algorithm 6.2 as scaling the penalty of the
primal objective and being the step size of the dual update. Because we
expect ADMM to slow down around constraint violation magnitude 10™%, we
use p = 0.01, which seems to serve the two roles reasonably. We did not
observe any improvement to this by using an adaptive technique for setting p
as surveyed in Boyd et al. (2010, Section 3.4.1).

We compare ADMM and CP methods on the discussion problems (6.1)
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and present the results by Figure 6.3. For this, we use ADMM with P = Py.,,

ridge t=—t—i ADMM(n) +—+—
CP st ADMM(2n) +——
60 -
S dffa fha flfa fiha
E . —o—é v—é
. 0 —Q—.—tﬁé
£ 4]
< 2
0 _a,, et | P ==0=0
N—————r
«£77
=5 —&W ;
AR §h===u== hl='o-=u=u-.-.
0 - T T T ? ? ? ? T T T ? ? ? ? T T T T T T T T T T T T T T
102 103 102 103 102 103 102 103

training sample size (n)

Figure 6.3: Comparison of linear and max-affine LSEs computed by cutting
plane (CP) method and ADMM, running for n or 2n iterations on the discus-
sion problems ffa, fha flfa flha  The dimension is d = 8 and the sample sizes
are n = 100, 250, 500, 750, 1000, 1250, 1500. Averages of 100 experiments with
standard deviation error bars are shown for the training times (in minutes),
the empirical risk R,(f,), and the excess risk L,(f,) with ¢ = {5, measured
on 10® new samples for each experiment.

a problem specific tight Lipschitz bound L = L,, and terminate it after t, =n
or t, = 2n iterations.® Furthermore, we use CP with P = P,.,, L = L,, and
the constraint selection method (6.7) only, but the empirical and excess risks
are very similar for (6.6) as well. Finally, we also include ridge regression (see
Section 4.2.2) with a small regularization parameter 8 = 107 for numerical
stability to serve as a baseline. As Figure 6.3 shows, ADMM indeed scales
better in terms of the sample size n by losing some on the training accuracy.
More significantly, observe that the CP method provides a significantly worse
h

excess risk than even ridge regression on problem f ¢, which indicates serious

overfitting on the large flat plateau of the regression function. Thus, the less

6We also center the X;, ); values and scale them by max;—1_ .| &, and

n |Vi], respectively.

.....

max;—1

77777
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accurate solution of ADMM enjoys significantly smaller excess risk, and even
doubling the number of iterations in the stopping conditions makes a little
difference.

To conclude, it seems that early stopping of ADMM reduces the chance
of overfitting, which is a great advantage compared to CP methods. To un-
derstand this effect better, in the next section we experiment with a problem
where the upper bound on the Lipschitz factor is dropped (that is L = o0),

for which we expect that the chance of overfitting is much larger.

6.1.4 Training without the Lipschitz factor

So far we have used a tight Lipschitz upper bound L for each regression prob-
lem, but this value is often not available in practice. Dropping L, that is
solving (6.3) with L = oo accurately, would usually lead to an estimator with
a very large excess risk on many noisy problems such as (6.1). The cause of
overfitting is that the slope of this estimator can grow unbounded and perfectly
fit the training data at the boundary, as illustrated on Figure 5.1.

In fact, recent work by Han and Wellner (2016) based on Gao and Wellner
(2015) shows that without a Lipschitz bound but assuming bounded functions,
the complexity of the shape of the domain of the convex function influences
the convergence rate of any method. In particular, for domains with smooth
boundaries the minimax rate worsens by roughly a factor of two in the expo-
nent to ©(n=2/(4*1) " a strong indication that giving up on a known Lipschitz
factor may present significant challenges.

An additional complication is that even if we could learn the Lipschitz
bound L correctly (for example by cross-validation), the max-affine LSE (6.3)
might still suffer from serious overfitting on problems with flat and steep re-
gions at the boundary, similarly as shown by the results for f19 on Figure 6.3.
However, recall that ADMM solution of (6.3) provided significantly better ex-
cess risk by not optimizing the empirical risk too accurately. By the next
experiment, we measure this tradeoff between empirical and excess risks and
the overfitting robustness of (6.3) solved by ADMM for problems (6.1).

The experiment shown by Figure 6.4 measures the training accuracy (de-
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Figure 6.4: Measurements of training accuracy AR,,(f,,) and excess risk L,,(f,)
as a function of the iteration number of ADMM. Averages of 25 experi-
ments with standard deviation error ranges are shown on discussion prob-
lems fla fha flfa ¢lha  The dimension is d = 8 and the sample sizes are
n = 250,500,1000. The excess risk L,(f,) is measured on 10° new samples
for each experiment.

noted by AR,(f.)) as the empirical risk difference of the ADMM and CP
solutions, and the excess risk in each iteration of ADMM using P = P.,,
L = 00, and t, = n. The baseline for the training accuracy is computed by the
CP using P = Py, (6.7), and L = L, set tightly for each problem. Observe
that AR, (f,) is sometimes negative indicating that the ADMM empirical risk
is smaller than the CP one due to ADMM’s L = oo setting. We also note that

ADMM’s slope is bounded on these examples as maxy—1 g ||ar| < 2.4 L,

suggesting that a theoretical guarantee might be still valid.
Furthermore, Figure 6.4 also illustrates the overfitting behavior of ADMM.
Notice that the saturation of the excess risk is “long” and overfitting is “slow”,
at least over the training horizon of n steps. The fact that overfitting is worse
for the linearized problems £ and ™9 makes sense as the regression functions

of these problems are max-affine functions with only d + 3 = 11 hyperplanes
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implying faster convergence to the “saturation” of the excess risk and leaving
more time for overfitting to accumulate. However, this also suggests that
overfitting of ADMM can be controlled by the number of iterations which

might be tuned by cross-validation.

6.1.5 Cross-validating ADMM algorithm

To tune the number of iterations for ADMM Algorithm 6.2, we consider cross-
validation, where we train multiple ADMM instances simultaneously and mea-
sure their cross-validated error.

To describe the algorithm, we suppose that the data D, is already randomly
shuffled uniformly. First, the data is splitted into u. equal subsets (the last one
might be smaller) indexed with the nonempty, disjunct sets F,, u = 1,... u,
satisfying Uy F, = {1,...,n}. Then the algorithm runs w, instances of
ADMM producing estimates f!, ..., f% such that the u-th instance uses all
but the u-th subset for training and estimates the risk R, (f) on the “hold out
data” indexed by F, using R, (f*) ~ Rp, (f*) = ﬁ >oier (fH(X:) = Vi)* In
each iteration, the cross-validation error is computed by - >7"* | Rp,(f*) and
the process is stopped if it has not been improved in the last t.;; steps. The fi-
nal max-affine model is produced by running a single instance of ADMM on the
full data set D,, for as many iterations as used for the lowest cross-validation
error obtained previously.

The following experiment compares the CP method and ADMM, with and
without using a tight problem-specific Lipschitz bound L, and the above dis-
cussed cross-validation technique. The results are presented on Figure 6.5.
Here the CP algorithm used P = P;.,, L = L,, and ADMM used P = P.,,
t, = n, and L = L, or L = oo, respectively. The cross-validated ADMM
(cvADMM) used P = Py.,, L = 00, and ty.;; = 100 with u, = 5 or u, = 10,
respectively (these values for u, are chosen as a “standard choice”, and tyu;
is set to the reciprocal of the dual step size 1/p). At the end of each training
process, we dropped all hyperplanes that did not have any influence on the
empirical risk, hence the max-affine models usually have slightly less than n

hyperplanes.
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Figure 6.5: Performance of ADMM and cross-validated ADMM without using
the Lipschitz bound on discussion problems ffd, fha, flfa  flha The dimension
is d = 8 and the sample sizes are n = 100, 250, 500, 750, 1000, 1250, 1500.
Averages of 100 experiments with standard deviation error bars are shown for
training times (in minutes), model size, and excess risk L, (f,) measured on

10 new samples for each experiment.

102 103

Figure 6.5 shows that dropping the Lipschitz bound for ADMM makes it
overfit more on the f4 and £ problems, just as it was noted when discussing
Figure 6.4 earlier. However, Figure 6.5 also confirms that the overfitting of
ADMM can be “eliminated” by learning an appropriate iteration number using
cross-validation.

We mention that our cross-validated ADMM implementation follows a
“naive” approach, so its training time scales linearly in u,. Although it seems
unlikely that ADMM training could be turned entirely incremental in terms of
reducing training time by combining models trained on separate subsets of the
data, it might happen that a divide and conquer technique could significantly
speed up this process, similar to the procedure of Joulani et al. (2015).

Finally, we point out that after dropping the “unused” hyperplanes (which

do not influence the empirical risk), the size of the max-affine models on Fig-
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ure 6.5 are still very close to n, far exceeding the optimal size [n%/ (4] sug-
gested by Theorem 5.6. Hence, in the rest of the chapter, we discuss max-affine
estimators that aim to improve the excess risk by reducing the number of hy-

perplanes.

6.1.6 Partitioning by the L;—L, penalty term

One idea for reducing the number of hyperplanes in max-affine LSE models and
keeping the theoretical guarantee is to intoduce a penalty term on the scaling
of the error term a = O(n~*(@%)) of Theorem 5.6. The point is to choose
the penalty term so to encourage sparsification of the hyperplanes. Here, we
shortly discuss the L;—Ls penalty, which modifies the max-affine LSE training
(6.2) as

2 n
min ( max ajTXi—i—bj —M) —|—ﬂZ||a,j|| : (6.13)
=1

7j=1,...,

using some regularization parameter 5 > 0. This scheme applies an Li-penalty
over the hyperplanes and an Lo-penalty to their slopes individually, so it en-
courages sparsification and maintains rotational invariance.

Unfortunately, (6.13) cannot be rewritten to a convex form as (6.3) because
the penalty term influences the locations where the hyperplanes are active
(active means providing no lower value than any other hyperplane). To see why
this is a problem, notice that the convex form (6.3) enforces the i-th hyperplane
to be active at X;, but usually this cannot be maintained when a; = 0 (only
around the minimum). Hence, such a convex form cannot sparsify and so it is
not equivalent to (6.13) which would surely start dropping hyperplanes as the
regularization parameter [ is set large enough.

One might still wonder whether (6.13) could be used for a postprocessing
step. The idea is to train a max-affine LSE (6.3) in the first step, then filter
the hyperplanes by locally solving (6.13), starting from the LSE solution. But
as we observed, the local training in the second step does not maintain mono-
tonicity (using a larger 8 should eliminate more hyperplanes), so it is unclear
how one could select the appropriate level of regularization (learning ) in a

reliable way to control the number of hyperplanes.
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At this point, we reach the boundary of when a theoretical guarantee can
be shown to hold on the risk of the studied estimators. From now, we turn to
heuristic approaches that train max-affine models with significantly less than
n hyperplanes. Although theory will be still used as a guide (for example to set
some parameter values), the emphasis shifts to computational efficiency and
adaptation for problems where max-affine estimators can exceed beyond worst-
case excess risk convergence rates, at least empirically on problems needed for

our applications.

6.2 Heuristic max-affine estimators

In this section we consider max-affine estimators using fewer hyperplanes than
samples. By using smaller models, we hope for a computationally cheaper
training process and for an improved excess risk on problems where “small”
max-affine representations provide “sufficient” accuracy (for example fX4 and

fHha) Formally, we consider the following optimization problem,
n 2
i (fu(01; 2) - ;) (6.14)

where M = {(ag,b) : k=1,...,K}, fo(M,x) = maxz—1 g a; T + by, and
the model size K = |M]| is less than the sample size n.

Let us first point out the difference between the partitioned LSE problem
(6.4) and (6.14): the former searches among max-affine estimators that induce
a fixed partition, while the latter considers any max-affine estimators inducing
arbitrary partitions with size no larger than some fixed limit. Unfortunately,
this generality does not come for free. In particular, we are not aware of any
convex reformulation of (6.14). Hence, we only consider models that induce a
partition in a finite partition space that is constructed in some heuristic way
during the training process.

We also point out that the partition size K can also be learned from the
data as well. Recall that max-affine LSEs having a near-optimal worst-case
convergence rate exist with K = [n% (447 hyperplanes (Theorem 5.6). Fur-

thermore, when the regression function admits a “good” max-affine approxi-
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mation with “not too many” K, hyperplanes, the estimators using about the
same O(K,) number of hyperplanes can significantly improve the worst-case
rate of Theorem 5.1 to O(K, In(n)/n). Hence, we limit the number of hyper-
planes to 1 < K < [n#/(@+49)7],

Finally, we mention that one can solve the partitioned LSE problem (6.4)
using the induced partition of a max-affine estimator to refine the estimate
produced by a heuristic training method. We consider this approach for each

training algorithm in the following sections.

6.2.1 Least squares partition algorithm

The Least Squares Partition Algorithm (LSPA, Magnani and Boyd, 2009) is
a variation of the K-means clustering method that uses a greedy alternating
optimization technique.

Initialized by some partition Fy of {1,...,n}, LSPA alternates between
two steps. In the “update step” LSPA fits a max-affine model M; = {(a}, ) :
k=1,..., K} given a fixed partition P, = {C{,...,Cf,} by fitting each cell

individually using ridge regression (with some small regularizer g for stability):

CLZ:(ZAMA;]:‘F/BICI) ZAzkyza Azkle_‘x_q;ga

ieCl ieCl

Zyz , f;ﬁﬁz;\g, k=1,... . K,.

ieCl ieCl

(6.15)

In the “assignment step” LSPA regroups the data according to the induced
partition of the max-affine model M;:

G ={i=1...n|X a, +b=fu(M; X))}, k=1,... K,

Pt+1 — {C§+1, N ;{til} {CtJrl t+1} \ {@}

where ties are broken arbitrarily. The pseudocode of LSPA is given as Algo-
rithm 6.3.

(6.16)

As the alternating optimization of LSPA is not guaranteed to converge, the
algorithm is terminated after t.; iterations counted from the last improve-
ment of the emirical risk. An undesirable property of LSPA is that it is very

sensitive to the initial partition F,, because fitting a “bad cell” can produce
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1. input: training set D,,, partition Fy, regularizer (3, iterations t.a;
2. 1 ]-7 tmax < Twait, M, + @, E, + >
3. while t <t,., do

4. M, < fitting of partition P; by (6.15) with
5. E,+ R, (fn(Mt; )) using ¢ = ly,

6. if F, < E, then

7. M, + M, E, < Ei, thax < T+ tyait

8. end if

9. P,y < induced partition of M; by (6.16)

10, t<+«t+1

11. end while
12. output: model M, = {(a},b;) : k=1,..., K.}

Algorithm 6.3: Least Squares Partition Algorithm (LSPA) training a max-
affine estimator by alternating optimization.

a hyperplane which becomes the only active one, thereby inducing a partition
having only one cell and eliminating all other hyperplanes in a single step. For
this reason, Magnani and Boyd (2009) propose restarting Algorithm 6.3 mul-
tiple times from random Voronoi partitions and tracking the best max-affine
model having the smallest empirical risk over the whole training process. They
did not provide any guideline for setting the size of the initial Voronoi parti-
tions K.

Here, we propose initializing LSPA by random Voronoi partitions with
Ko = [n¥(@+)] cells which is the largest number needed for worst-case perfor-
mance (Theorem 5.6). Furthermore, we draw the centers of the cells uniformly
from {X,..., X, } without repetition as mentioned by Baldzs et al. (2015,

Section 5). Formally, we set
Py = {C?,...,C?(O}, and for all k =1,..., Ko,

v | (6.17)
Cl={i=1n| Xy — & = min |2 -]},

where i1,...,ix, € {1,...,n} are drawn uniformly without repetition (that is
i =4 if and only if k =1, for all k,l =1,..., Ky).

The following experiment compares LSPA (with ¢y, = 10, 8 = 107¢ and
various restart numbers R = 10, 30, 50) to cross-validated ADMM (cvADMM,
Section 6.1.5) on problems (6.1). The results presented on Figure 6.6, show
that LSPA improves the excess risk compared to cvADMM for problems ffd
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Figure 6.6: Comparison of LSPA and cross-validating ADMM (cvADMM) on
discussion problems ffa, fha  flfa - flha for dimension d = 8 and sample sizes
n = 100, 250, 500, 750, 1000, 1250, 1500. Averages of 100 experiments with
standard deviation error bars are shown for training times (in seconds), model
size, and excess risk L, (f,,) with £ = {5, measured on 10° new samples for each
experiment.

and f"9 where the max-affine representation is exact, otherwise it is worse for
problems ff and f"4. While the LSPA model size is significantly larger for £,
fha than for ff9, fIhd ag it is needed for a more accurate representation, it is
still far below the bound (nd/ (d+4)w suggested by Theorem 5.6 which explains
the underfitting effect on these “difficult” problems. However, working with
such reduced model sizes LSPA trains much faster than the algorithms we
considered in Section 6.1, even for R = 50 repetitions which looked quite
stable for these examples.

Figure 6.6 also presents an LSPA variant (LSPA,) that performs a post-
processing step by solving the partitioned LSE problem (Section 6.1.1) over
the partition induced by the max-affine estimator obtained by LSPA. For this,
we use ADMM with a slightly different stopping rule, that terminates the al-

gorithm when the change in the empirical risk and the amount of constraint
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violations drop under some threshold (we use 107¢, dictated by that for 64 bit
floats 1078 ~ /€ where € is the machine precision). Surprisingly, LSPA, barely
changes the performance of LSPA regarding empirical and excess risks, indi-
cating that the least squares fit of the LSPA partition is “nearly” a local
optimum.

To summarize, LSPA works well for the examples (6.1), but it is unclear
how many restarts are necessary in general and the algorithm might overfit
by producing cells with too few data points. The following methods try to fix

these issues by constructing the partition “more carefully”.

6.2.2 Convex adaptive partitioning algorithm

The Convex Adaptive Partitioning (CAP) algorithm (Hannah and Dunson,
2013) proposes an incremental cell splitting partitioning technique and com-
bines it with an LSPA step. Over the iterations, CAP also maintains a min-
imum cell size which makes hyperplane fitting more “reliable” and improves
robustness against overfitting.

CAP builds the partition incrementally in each iteration by splitting one
cell using a linear cut. Because there are too many such linear cuts, CAP
considers only a subset along specific directions and a few cut points. Formally,

CAP splits the k-th cell along the j-th coordinate and v-th “knot” as
Cp. = {l €Cy: a;?c'i + by, > ijv}7 C}(H = {Z €C: a;Xi + b > ijv} g
v min{X;; : i € Cp} + <1 — 1) max{X;; : i € Cy}, (6.18)

Clc"ui
J Ve + 1

where X; = [X;, ... X4)", j=1,...,d, and v = 1,...,v,. Among the Kdv,
possible cuts, only those partitions Pxy1 = (P \ {Ci}) U {C},C) .} are con-
sidered for which the new cells Cj,, Cj_; also maintain the minimum size s,.
Then the new cells are fitted by ridge regression and the model with the lowest
empirical risk is selected. Finally, at the end of the CAP iteration, an LSPA
step is performed for the chosen model, when the induced partition of the
hyperplanes maintains the minimum cell size requirement.

The CAP max-affine training method is shown as Algorithm 6.4. In each

iteration, CAP adds one new cell to the current partition and also adds one
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new hyperplane. The new partition is obtained by splitting a cell (step 5),

input: training set D,,, minimum cell size s,, knot number v,
Py < single cell partition {{1,...,n}}
M, = {(a1,b1)} < hyperplane fitting P,
for K =2,3,... do

{Px} + propose new partitions by splitting the cells of Px_;

as described by (6.18) using v, and s,

stop if proposal set {Px} is empty

7. {Mkg} < compute new models using My _4
by fitting the new cells of the partitions in {Px}
8.  (Mp, Px) < model and its partition in { My, Pk}
with the smallest empirical risk

9. Py < induced partition of My by (6.16)
10.  if every cell of Py has size at least s, then

O o=

&

11. Py < Py, My + fitting of partition Py by (6.15) with 5 =10
12. end if
13. end for

14. M, < select the best model from M, ..., M
which minimizes the approximate GCV error
15. output: model M, = {(a}.,b;) : k=1,..., K.}

Algorithm 6.4: Convex Adaptive Partitioning (CAP) algorithm training a
max-affine estimator by incremental cell splitting.

and the new model is created by taking the old one and fitting the two cells
of the split (step 7). Then the best model is selected among all proposed
ones with the lowest empirical risk (step 8). At the end, an LSPA iteration is
performed, but accepted only if the induced partition satisfies the minimum
cell size requirements (steps 9 to 12). The algorithm terminates when there
are no more possible splits due to the minimum cell size requirement (step 6)
and finally returns the best model minimizing an approximate version of the
Generalized Cross-Validation (GCV) error (step 14) as described by Hannah
and Dunson (2013, Section 5).

We tested CAP on our discussion problems (6.1) and summarize the results
on Figure 6.7. We ran CAP with knot number v, = 10, and set the minimum
cell size s, = max{2(d+1),n/(D.In(n))} with D, = 3 or D, = 10, as suggested
by Hannah and Dunson (2013, Section 3.1).” Here we point out that the choice
of s, is crucial for the behavior of CAP. First, the definition of s, upper bounds

"Their paper has a typographical error having min instead of max in the definition of s,.
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Figure 6.7: Comparison of CAP, LSPA (R = 50), and cvADMM (u, = 10)
on discussion problems ff fha flfa  flha = The dimension is d = 8 and the
sample sizes are n = 100, 250, 500, 750, 1000, 1250, 1500. Averages of 100
experiments with standard deviation error bars are shown for training times
(in seconds), model size, and excess risk L, (f,) measured on 10° new samples
for each experiment.

the number of hyperplanes by D, In(n). Then, because CAP terminates only
when there are no more splits available, this logartihmic bound on the model
size is also the cause of its attractive speed. This can be observed on Figure 6.7
showing that on all problems regardless of the size of the final max-affine model
using D, = 10 is significantly slower than D, = 3. Furthermore, the results
also show that using larger models increase the variance of CAP for problems
with small max-affine regression functions.

Figure 6.7 also shows a CAP variant (CAP.) which performs a post—
processing step by ADMM Algorithm 6.2 in the same way as it has been
performed for LSPA in Section 6.2.1. Similar to LSPA,, CAP, provides only
a small variance improvement for the excess risk.

To summarize, CAP can provide a training speedup compared to LSPA

by restricting its search process for models with smaller sizes. However, even
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a slight change of the model size bound can increase the training time by
much, even if the proposed bound is logarithmic in the sample size n, which is
significantly less than [n% (@47 the optimal value suggested by Theorem 5.6.
To address this issue, we describe another algorithm in the next section which

drops the logarithmic model size restriction.

6.2.3 Adaptive max-affine partitioning algorithm

In this section we present a new algorithm, called Adaptive Max-Affine Parti-
tioning (AMAP), which combines the partitioning technique of CAP, LSPA,
and the cross-validation scheme of cvADMM. Our goal is to adapt the model
size and the training speed to the regression problem.

Similar to CAP, AMAP builds the model incrementally by splitting a cell
and improving the partition using LSPA. The AMAP model improvement
step is given by Algorithm 6.5. AMAP performs coordinatewise cell splitting
(steps 5 to 15), just as CAP, however, AMAP makes the split always at the
median (steps 6 and 7) instead of checking multiple cut points. This saves
computation time, but can also create worse splits. To compensate for this
loss in quality, AMAP runs a restricted version of LSPA (steps 18 to 23) not
just for a single step as CAP, but until the candidate model improves the
empirical risk and its induced partition satisfies the minimum cell requirement
(step 23). We also mention that indices {i € Cy : &;; = m;} are assigned to
Cie and Cy (step 7) in order to preserve the minimum cell requirement.

Notice that the difference between M’ and M is only two hyperplanes
(step 10), so the number of arithmetic operations for computing £’ (step 11)
can be improved from O(nKd) to O(nd). Further, the cost of ridge regressions
(steps 8 and 9) is O(|Ck|d?). Hence, the computational cost of the entire cell
splitting process (steps 2 to 17) is bounded by O(max{K,d}d*n). For the
LSPA part, the partition fitting (step 21) is O(nd?) and the error calculation
(step 22) is O(nKd). So, the cost of a single LSPA iteration (steps 19 to 22)
is bounded by O(max{K,d}dn), implying that the cost of Algorithm 6.5 is
bounded by O(max{tLSpA, d} max{K, d}dn), where t;gpa denotes the number
of LSPA iterations.
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1. input: training set D,,, model M = {(ay,by) : k=1,..., K},
partition P = {Cy,...,Ck}, empirical risk F,
minimum cell size s,, regularizer

{cell splitting}

2. M. «+ M,E. + E, P.+ P
3. forallk=1,..., K do
4. if |Ckx| > 2s, then
5. for all j=1,...,d do
6. m; < median({X;; : i € Cx})
7. Cle {Z e Cy,: Xij < mj}, Cgt — {Z e Cy: Xij > mj}
8. (@e, bie) < ridge regression on {(X;,);) : i € Co} with
9. (@gt, bgt) < ridge regression on {(X;,);) : 1 € Cy } with 3
10. M = (M \ {(ax, b1)}) U {(@ie; bie), (@t bet )}
11. E « R, (fu(M'; )
12. if £/ < FE/ then
13. M, M', E, < E', P| < (P\ {Cy}) U{Ci,Cq}
14. end if
15. end for
16. end if
17. end for
{running LSPA}
18. repeat

19. M, M., E,+ E,, P, + P,

20. P, < induced partition of M, by (6.16)

21. M. <+ fitting of partition P, by (6.15) with (
22.  EL <+ R,(fu(M;))

23. until mineep, [C| > s, and E), < E,

24. output: model M,, partition P,, empirical risk F,

Algorithm 6.5: Adaptive max-affine partitioning (AMAP) model improvement
step using incremental cell splitting and LSPA.

One problem with this algorithm is that coordinatewise cell splitting is
not rotation invariant. To fix this, we run AMAP after a pre-processing step,
which uses thin singular value decomposition (thin-SVD) to drop redundant
coordinates and align the data along a rotation invariant basis. Formally,
let the raw (but already centered) data be organized into X € R™ % and
y € R". Then, we scale the values [V;...),]" = y/max{1,|y|.}, and
decompose X by thin-SVD as X = USV ", where U € R™"*? is semi-orthogonal,

S € R¥4 is diagonal with singular values in decreasing order, and V € R4*4
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is orthogonal. Coordinates related to zero singular values are dropped® and
the points are scaled by S as [X;...X,|" = US/max{1, Sy}, where Sy; is
the largest singular value. Now observe that rotating the raw points X as
X @ with some orthogonal @ € R%*? only transforms V to Q TV and does not
affect the pre-processed points X4,...,X,. Finally, we note that thin-SVD
can be computed using O(nd?) arithmetic operations (with n > d),” which is
even less than the asymptotic cost of Algorithm 6.5.

AMAP is presented as Algorithm 6.6, and run using uniformly shuffled
(and pre-processed) data D,, and a partition {Fy,..., F,, } of {1,...,n} hav-
ing about equally sized cells as described in Section 6.1.5. As before, the
regularizer 3 (we use 107%) is set to a small value only to ensure numerical
stability.

For model selection, AMAP replaces the approximate GCV scheme of CAP
by wu,-fold cross-validation (steps 9 to 20) and terminates when the cross-
validation error (step 15) of the best model set M, (steps 8 and 17) cannot
be further improved for t.;; iterations, similarly as done by cvADMM. At the
end, the final model is chosen from the model set M, with the best cross-
validation error, and minimizes the empirical risk on the entire data (step 21).

AMAP starts with models having a single hyperplane (steps 2 to 7) and
increments each model by at most one hyperplane in every iteration (step 12).
Notice that if AMAP cannot find a split for a model M, to improve the empir-
ical risk E,, the update for model M, (steps 12 and 13) can be skipped in the
subsequent iterations as Algorithm 6.5 is deterministic. We also mention that
for the minimum cell size, we use s, = max{2(d+1), [log,(n)]} allowing model
sizes up to O(n¥(@*4) /In(n)), which is enough for near-minimax performance
(Theorem 5.6).

An empirical comparison of AMAP, CAP, LSPA, and cvADMM is provided
by Figure 6.8 on the four discussion problems ff, fhda  flfa and fha, Observe

that the computational cost of AMAP grows with the model size, preserving

8By removing columns of U and V, and columns and rows of S.

9First decompose X by a thin-QR algorithm in O(nd?) time (Golub and Loan, 1996,
Section 5.2.8) as X = QR, where Q € R"*4 has orthogonal columns and R € R4*? is upper
triangular. Then apply SVD for R in O(d?) time (Golub and Loan, 1996, Section 5.4.5).
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1. input: training set D,,, minimum cell size s,,

folds Fi, ..., F,,, iterations ty.i, regularizer 3
{initialization}
foru=1,...,u, do

P, < {F,} with £, ={1,... ,n}\ F,
M, = {(a¥,b%)} < ridge regression on {(X;,V;) : i € F,} with j3
Eu < |P7u|71 Zieﬁu |fn<Muu Xz) - yz|2
Eu <~ |F1u|71 ZiEFu |fn(Mu7 Xz) - yz|2
end for
My~ A{My,..., M.}, E, + =>" B,
{cross-validation training} '
9. t < 1, tmax ¢ Lwait
10. while ¢ < min{ty.y, [n¥@*7} do
11. foru=1,...,u, do
12. (M,, P,, E,) + update by Algorithm 6.5 using
{(Xz;yz) S Fu}; Mu; Pua Eua Sx; ﬁ
13. E, « |F,|™ > ier, [fn(My; X;) - Vil?
14. end for
15, E« LY E,
16. if F < F, then
17. M, «—{My,..., M.}, Ex < E, tynax <t + tyait
18.  end if
19. t<«t+1
20. end while
{choosing the final model}
21. M, < argminyc v, Ry (fu(M; -))
22. output: model M,

® N o s W

Algorithm 6.6: Cross-validated adaptive max-affine partitioning (AMAP).

a fast training for the linearized problems fd and f. Furthermore, the
freedom of choosing larger models did not increase the variance of AMAP as
it did for CAP on the linearized problems, while the cross-validation scheme
significantly improved the excess risk for small sample sizes. On the “difficult”
problems, AMAP also provides the best excess risk, although both CAP and
LSPA are close.

Finally, notice that the post-trained version AMAP_ provides almost iden-
tical results to AMAP, only a slight improvement can be observed on Figure 6.8
for problems ff and f!. Based on the empirical results of LSPA, CAP_, and
AMAP,, it seems that there are many local optima of (6.14) which are close
to an “LSPA equilibrium”. Clearly, this raises the question whether “good
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Figure 6.8: Comparison of AMAP, CAP (D, = 10), LSPA (R = 50), and
cvADMM (u, = 10) on discussion problems ff4, fha  flfa  flha The dimension
is d = 8 and the sample sizes are n = 100, 250, 500, 750, 1000, 1250, 1500.
Averages of 100 experiments with standard deviation error bars are shown for
training times (in seconds), model size, and excess risk L,(f,) measured on
10 new samples for each experiment.
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quality” solutions are of this type or using LSPA restricts the partition search
too much. We do not know the answer for sure, but some insight suggesting

the former is provided later in Section 8.3.
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Chapter 7

Evaluation of
max-affine estimators

So far we studied max-affine training algorithms on the discussion problems
fla fha #lfa " glha (6 1) for which we kept the dimension (d = 8) and the sample
sizes (100 < n < 1500) small enough allowing us to compute max-affine LSEs
(Section 6.1). In this chapter, we consider larger convex regression problems to
evaluate heuristic max-affine estimators (Section 6.2) on randomized synthetic,
real data sets, and stochastic programming problems.!

While the randomized synthetic problems (Section 7.1) aim to reveal the
strengths and weaknesses of max-affine estimators, the real world data (Sec-
tion 7.2) and the stochastic programming problems (Section 7.3) focus on the
applications presented in Chapter 2.

To relate max-affine estimators to other regression techniques, we provide
results for Multivariate Adaptive Regression Splines (MARS, Friedman, 1991)
with a piecewise cubic model as implemented by Jekabsons (2016),? and Sup-
port Vector Regression (SVR, Vapnik, 1998, Chapter 11) with a radial basis
function (RBF) kernel as implemented by Chang and Lin (2011).> For the
training of the max-affine estimators, we consider AMAP, CAP (D, = 3 or 5),
and LSPA (R = 50).

'To run the experiments, we used the same hardware and software tools as mentioned
at the beginning of Chapter 6.

2Default parameter values were used (ARESLab ver. 1.10.3).

3e-SVR using RBF kernel were trained by 5-fold cross-validation using C' € {1,5,10} and
~v € {1/(4d),1/d,4/d}. Defaults were used for the other parameters (LIBSVM ver. 3.21),
and the data was centered and scaled (using X;/max; ; |X;;| and V;/ max; |V;|).
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7.1 Randomized synthetic problems

In this section we consider synthetic convex regression problems with randomly
generated regression functions. The goal of these tests is to reveal the strengths
and weaknesses of max-affine estimators providing a general convex regression

benchmark which is (likely) harder to overfit.

7.1.1 Quadratic and max-affine targets

First, we consider randomized versions of the discussion problems (6.1) on a
larger scale than in the previous sections by increasing the dimension d to 10
and 20, while increasing the sample size range to 103 < n < 10%. The parame-
ters H,, f.,c. of fiand fh9 and the discretization points {z} : k =1,..., L.}
of 4 and f9 are generated randomly? for each problem instance (while they
were kept fixed in the above sections). The number of discretization points is
always set as K, = 2d.

The results for d = 10 are presented on Figure 7.1, showing that max-affine
estimators perform worse than SVR on the quadratic problems fi and fh9, and
better on the max-affine ones 4 and f1*, as expected. Comparing Figure 7.1
to Figure 6.8 notice that AMAP performs much better than CAP on problems
flaand f for the randomized setting than for the fixed configuration of (6.1)
used in Chapter 6.

Surprisingly, MARS worked so poorly® that it appears only on the plot
of fP with by far the worst result, which suggests that its default parameter
setting is not universal and in particular does not fit to these problems well. As
MARS was the slowest algorithm, we could not afford to use cross-validation
to tune even one of its many parameters.

The differences among max-affine estimators (AMAP, LSPA, CAP) grow
even further when the dimension is increased from d = 10 to d = 20 as

presented on Figure 7.2, but the overall picture remains similar.

“The value of ¢, is uniformly drawn from [—1,1], H, = (1/d)H, H,, and the coordinates
of H, and f« are drawn independently from the standard normal distribution.

®Although MARS was rarely comparable to the max-affine estimators and SVR, it was
always significantly better than ridge regression as expected.
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Figure 7.1: Performance of max-affine estimators (AMAP, LSPA, CAP), SVR
and MARS on randomized quadratic (ff, fP) and max-affine (fHa, flha)
problems. The dimension is d = 10 and the sample sizes are n = 103, 2500,
5000, 7500, 10%. Averages of 100 experiments with standard deviation error
bars are shown for the training time (in minutes), and the excess risk L, (f,)
measured on 10% new samples for each experiment.
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Figure 7.2: Performance of max-affine estimators (AMAP, LSPA, CAP), SVR
and MARS on randomized quadratic (f, fP) and max-affine (fHa, flha)
problems. The dimension is d = 20 and sample sizes are n = 103, 2500, 5000,
7500, 10%. Averages of 100 experiments with standard deviation error bars are
shown for the training time (in minutes), and the excess risk L, (f,) measured
on 10% new samples for each experiment.
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7.1.2 Sum-max-affine and log-sum-exp targets

Based on the results of Section 7.1.1, one might think that max-affine esti-
mators work better for piecewise linear targets than for smooth ones. In this

section we show that it is not the case by testing the algorithms on sum-max-

Ise

¢, smooth) convex functions,

affine (f5™, piecewise linear) and log-sum-exp (

defined as
S, K.
sma, - T Ise - T
[ () = E_l Jax ap@ by, f2(x)=In /;—1 exp(ag  + by) ,

where the parameters ay, b, are generated randomly the same way as for the
linearized quadratic function ff4 in Section 7.1.1. Further, we set S, = 2d,
K, = d, sample covariates uniformly X ~ U(X) over X = [-2,2]¢, and use
the same standard Gaussian noise model as for (6.1).

The results are presented by Figure 7.3 showing that max-affine estimators

AMAP =ty CAP ——i SVR +——
LSPA +——  MARS +——

820 1 fomed =10 ke d =10 fimed £ 20 ke d =/20
210 =
2 0 A o—o—é
ch N——
S
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———— ————
0 J—+——— Y%ﬁ

103 103 103
training sample size (n)

Figure 7.3: Performance of max-affine estimators (AMAP, LSPA, CAP), SVR
and MARS on randomized sum-max-affine (f$™*) and log-sum-exp ( f5¢) prob-
lems. The dimensions are d = 10, 20 and sample sizes are n = 103, 2500, 5000,
7500, 10*. Averages of 100 experiments with standard deviation error bars are
shown for the training time (in minutes), and the excess risk L,(f,,) measured
on 10° new samples for each experiment.

10°

are weaker for sum-max-affine functions and better for log-sum-exp targets

compared to SVR and MARS, especially as the complexity of the regression
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functions grow. In fact, noting that sum-max-affine representations can ap-
proximate quadratic functions well (see Section 8.2) and log-sum-exp functions
are just the smoothened versions of max-affine ones, these results are not so
surprising (except for MARS which works much better for f$™* than for ),

but rather match the conclusions of Section 7.1.1.

7.2 Real problems

Here we evaluate the algorithms using 100-fold cross-validation on a few real

data sets coming from convex regression settings.

7.2.1 Convex estimation of average wages

We consider the estimation of wages ();) based on education and experience
(X; € R?) using two data sets. The first data set (BW, Verbeek, 2004, Sec-
tion 3.5) contains 1471 entries (after removing one outlier) of Belgian hourly
wages with education level and years of experience. The second data set (SL,
Ramsey and Schafer, 2002, Chapter 10, Exercise 29) contains 25601 entries
(after removing 31 outliers) of US weekly wages ();) with years of education
and experience (X; € R?). This was proposed as a convex regression bench-
mark by Hannah and Dunson (2013). The average output of this data is also
shown by Figure 2.1 and explained in Section 2.1.

The results for the BW and SL data sets are presented by Figure 7.4, where
the split plot on the left shows mean and standard deviation estimates at the
bottom (SL values were scaled by 0.01) measured by 100-fold cross-validation,
while the top part zooms (x15) the tip of the R,(f,) mean estimates and
provides them with standard errors (standard deviation divided by the root
number of experiments, which is 10). The bottom part shows that both prob-
lems BW and SL have a significant amount of measurement noise (Y;— f.(X;)),
and all algorithms are as good as linear LSE (ridge) for prediction tasks using
the risk R, (f,).

However, comparing the algorithms for estimation tasks requires the excess

risk L, (fn, fs), which cannot be measured because f, is unknown. Using the
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Figure 7.4: Comparison of max-affine estimators (AMAP, LSPA, and CAP),
MARS, and SVR on the average wage estimation problems (BW and SL) using
100-fold cross-validation.

constant shift L, (f., fi) = Ru(fn) — Ru(fs) for the squared loss ¢ = {y,, we
can at least compare the algorithms by the mean estimates of R,,(f,,), which is
equivalent to ranking the algorithms by the (non-measurable) mean estimates
of L,,(fn, f+). Such ranking is provided by the left-top part of Figure 7.4 using
standard error “confidence” bars, showing that linear estimates are indeed
the best on the BW problem, but not on the SL one, where convex estimators
compete with state-of-the-art non-convex regression techniques such as MARS
and SVR. Of course, this picture is not quite complete without knowing the
standard deviation of these algorithms regarding the excess risk L, (f,, f.),
which unfortunately cannot be measured without evaluating the regression
function f, at the data points X'q,..., X,,.

Finally, notice on Figure 7.4 that AMAP is faster than CAP and much
faster than LSPA (run for about 85 seconds) while its risk performance is
about the same, which is due to its improved efficiency for problems fitted with
small max-affine models (on the SL problem, the number of used hyperplanes
is about 7 to 9 for AMAP, LSPA and CAP as well, while it is even less for the
BW case).
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7.2.2 Convex fitting of aircraft profile drag data

Now consider the XFOIL aircraft design problem which requires the max-affine
approximation of a non-convex regression function (see Section 2.2 for more
details). The regression function can be measured without noise by the XFOIL
simulator and its shape is not far from being convex, hence using max-affine
estimators is reasonable. We also point out that the absence of measurement
noise (), = fu(X;) as.) implies R,(f,) = L.(fn, fi), so we can observe
the standard deviation of the estimates, not just their means as for the wage
estimation problem above. The XFOIL data set (Hoburg and Abbeel, 2014)
contains 3073 entries of profile drag coefficient data ();) with lift coefficient,
Reynolds number and wing thickness ratio (X; € R?).

The result is presented by Figure 7.5 showing that the problem is highly
nonlinear (L,(f,, f«) = 0.06 = 0.015 for ridge regression) and using max-affine

ridge mESM MARS mmmmm  LSPA(R = 50) mmm
AMAP mmmm SVR mamm CAP(D, = 3) mmmm

0.03 - 20

15 |

— 0.02 - - i
= <

£ - zoom x 1000 510 -

E g |

=~ 0.01 -
5 4
0 - 0 -

Figure 7.5: Comparison of max-affine estimators (AMAP, LSPA, CAP),
MARS, and SVR on the XFOIL aircraft profile drag approximation problem
using 100-fold cross-validation.

estimators is not just a necessary compromise for the application, but also very
attractive as they significantly outperform the non-convex approaches (there
is almost a factor of 8 between the excess risk of AMAP and SVR).

Finally, the zoomed picture inside the left part of Figure 7.5 compares the
max-affine estimators by showing the tip of the excess risks for AMAP, LSPA,
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and CAP with their standard deviations. To improve performance, AMAP
uses about twice as many hyperplanes (28 4 3) than LSPA (15 £ 3) and CAP
(16 + 1), which explains its longer training time compared to CAP.

7.3 Stochastic programming problems

In this section we use max-affine estimators to approximate the cost-to-go
functions of convex stochastic programming (SP) problems. These SP prob-
lems were defined in Section 2.3 by (2.3), and they require the computation of
71 (o, 20), where

Wt(wtfla ztfl) = argmin Jt(wt) )
ze€Xe(xt—1,20-1) (7.1)

Ji(xe) = Elcy(s, Z4) + o1 (T (2, 24))]
for all t = 1,...,T, and 7pyq(-,-) = L with Jpii(L) = 0. The sequence
7w = (71,...,7r) represents an optimal policy.

We only consider SP problems with convex polyhedral decision constraints
written as Xyi (@, Z;) = {@i1 0 Qrii@irr + Wi (Zy)a, < ¢01(24)} which
are non-empty for all possible realizations of x; and Z;. As the coefficient ;11
of the decision variable x; | is independent of random disturbances Z,; and
the constraint x; € X;(a;_1,2;_1) for policy m is feasible for any a; ; and
z;_1, these SP problems are said to have a fixed, relatively complete recourse
(Shapiro et al., 2009, Section 2.1.3). We will exploit the fixed recourse property
for sampling (7.2), while relatively complete recourse allows us not to deal with
infeasibility issues which could make these problems very difficult.®

In order to construct approximations J; to the cost-to-go function J;, we
need ‘“realizable” decision samples x;; at stage t. We generate these incre-
mentally during a forward pass for t = 1,2,...,T, where given m disturbances
Zetm = {2z j=1,...,m} and n decisions @; 1., = {xs; : i =1,...,n} at
stage t, we uniformly sample new decisions for stage t + 1 from the set

Xt+1 = {$t+1 C Q1T < iiﬂaXn’ {Ct+1(zt,j> - Wt+1(zt,j)1’t7i}}7 (7.2)

Tyeeny
Jj=1

SInfeasible constraints can be equivalently modeled by cost-to-go functions assigning
infinite value for points outside of the feasible region. Then notice that the estimation of
functions with infinite magnitude and slope can be arbitrarily hard.
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where the maximum is taken component-wise. To uniformly sample the convex
polytope Xtﬂ, we use the Hit-and-run Markov-Chain Monte-Carlo algorithm
(Smith, 1984, or see Vempala, 2005) by generating 100 chains (to reduce sample
correlation) each started from the average of 10 randomly generated border
points, and discarding d? .1 samples on each chain during the burn-in phase,”
where d; ;1 is the dimension of @ 1.

Then, during a backward pass for t = T,T — 1,...,1, we recursively use
the cost-to-go estimate of the previous stage th(-) to approximate the values
of the cost-to-go function J; at the decision samples x;; generated during the

forward pass, that is

1 « .
Jy(@es) =y = — (2, 2 min Jiv1(x 7.3
t( t Ut, m ; t t,j wmexm(%i’zm) t+1( t+1) ( )
forallt =1,...,T, and jT+1(~) = (0. This allows us to set up a regression
problem with data {(x;,v:,;) : ¢ = 1,...,n} which is used to construct an

estimate J,(-) of the cost-to-go function J(-).

We call the resulting method, shown as Algorithm 7.1, full approximate
dynamic programming (fADP) because global approximations to the cost-to-
go functions are constructed.

When the cost-to-go functions J; are approximated by “reasonably sized”
convex piecewise linear representations J;, the minimization problem in (7.3)
can be solved efficiently by linear programming (LP). In the following sections,
we exploit the speed of LP solvers for fADP using either AMAP or CAP as
the regression procedure. Then, the computational cost to run Algorithm 7.1
is mostly realized by solving Tnm LP tasks for (7.3) and training 7 esti-
mators using the regression algorithm REG. Although using max-affine LSEs
(Section 6.1) for REG is fast enough for sample sizes up to n < 1500, the pro-
vided max-affine representations using ©(n) number of hyperplanes turn the
LP tasks too costly to solve and preventing Algorithm 7.1 from terminating

within a reasonable time (at least using our hardware and implementation).

"The choice was inspired by the O(d?,;) mixing result of the Hit-and-run algorithm
(Lovész, 1999).
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1. input: SP problem, number of trajectories n,
number of evaluations m, regression algorithm REG
2. @y, < xp forallt=1,...,n
zoj < 2 forall j=1,...,m
{forward pass}

et

4. for allt=0,1,..., T —1do
5.  sample @y 1., from XHI by (7.2) using @ 1., and 2 1.m
6. sample 2z¢y1 1., from the distribution of 2,4
7. end for
{backward pass}
8. JT+1(') +~ 0

9. forallt=T,T—1,...,1do

10.  compute Y1, ..., Y, by (7.3) using jt+1(-), Tt 1m, and Z¢ 1.y
1. Ji(-) < REG({(xts,ye4) i =1,...,n})

12. end for

13. output: cost-to-go functions jt(~), t=1,...,T

Algorithm 7.1: Full approximate dynamic programming (fADP) for construct-
ing global approximations to the cost-to-go functions of a stochastic program-
ming problem.

The situation is even worse for nonconvex estimators REG for which LP has
to be replaced for (7.3) by a much slower nonlinear constrained optimization
method using perhaps randomized restarts to minimize the chance of being
trapped in a local minima. Furthermore, the MARS and SVR implementa-
tions we have access to, do not provide gradient information, so minimization
over these representations require an even slower gradient-free nonlinear opti-
mization technique. With this, both MARS and SVR are impractical to use
in our test problems.

To evaluate the fADP algorithm on a SP problem for some regression
algorithm REG, we evaluate the greedy policy with respect to the learned cost-
to-go functions {jt :t=1,...,T}. More precisely, we run @ = (7,...,7r)
with 7 (@; 1, 2¢-1) € argming, ex, (1 2, 1) Jy(;) on 1000 episodes, and record
the average revenue (negative cost) as REV = — o SS90 S~ ¢ (ac,ge), 2 )
over the episodes’ trajectories {(mge),zlfe)) ct=1,...,T}, e =1,...,1000.

We repeat this experiment 100 times for each regression algorithm REG.® and

8The random seeds are kept synchronized, so every algorithm is evaluated on the same
set of trajectories. Furthermore, fADP algorithms with the same n and m parameters use
the same training data x; 1., and z; 1.y, forallt =0,...,T.
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show the mean and standard deviation of the resulting sample.

7.3.1 Energy storage optimization

In this section we consider the energy storage optimization problem of Sec-
tion 2.3.1 using a solar energy source, a discounted nightly electricity pricing
model (Economy 7 tariff), and planning for a two days horizon on hourly basis
(T = 48). Retail and wholesale price curves, along with the electricity demand
and energy production distributions of this model are shown on Figure 7.6 for

the two consecutive sunny days whose data is used in the experiments. The

retail price (p) —— demand (D) ——
wholesale price (w) ——— energy (E) ——
25
20 | |
15 8

hours
Figure 7.6: Parameters of the energy storage optimization problem. Retail (p)

and wholesale (w) price curves, energy demand (D) and production (£) distri-
butions with mean and standard deviation are shown for two-day long period.

distributions are truncated normal with support D € [0,15] and E € [0, 12]
for demand and energy production, respectively and the storage has capacity
Smax = 20 with charge and discharge rates r. = 4 and ry; = 10, respectively.
The model is initialized by sy = 0, di = E[D,], and e; = E[E}].

To evaluate fADP on this problem, we use the CAP and AMAP convex
regression techniques with multiple configurations determined by the number
of trajectories n generated for training (which is the sample size for the regres-
sion tasks as well), and the number of evaluations m used to approximate the
cost-to-go functions J; at a single point (7.3). The result is presented on Fig-

ure 7.7, which also includes a “heuristic” algorithm to provide a baseline. The
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Figure 7.7: Energy storage optimization results for the fADP algorithm using
AMAP or CAP as the inner convex regression procedure. Results show the
total revenue (negative cost), and the training time in minutes for trajectories n
and cost-to-go evaluations m.

heuristic uses a fixed policy of immediately selling the solar energy preferrably
for demand (feq — max, foz > 0, fes = 0), selling from the battery during
the day when demand still allows (fg = 0, fsa > 0), charging the battery
overnight (fys — max, fxq = 0), and selling everything close to the last stage
(fes =0, fsa = max, fi — max). This policy is much better than the optimal
policy without storage® which scores 3227 + 6.

The results of Figure 7.7 show that fADP using convex regression signif-
icantly outperforms the heuristic baseline algorithm when the sample size is
large enough. The regression algorithms prefer larger sample sizes n to better
sample quality m, although this significantly increases the computation time

for CAP to provide a small revenue increase comapred to AMAP.

7.3.2 Beer brewery optimization

Now consider operating a beer brewery as described in Section 2.3.2 by plan-
ning for a 48 weeks horizon on a fortnight basis (T = 24). The demand
distributions for lager and ale beers are shown on Figure 7.8 with mean and
standard deviation. Both distributions are truncated normal with support

[0.1,12]. The cost vectors are set to fixed values for all ¢t = 1,...,T as

9Because p > w, the optimal policy for Syax = 0 minimizes the immediate cost by
fea = min{E, D}, Jeg = max{0, £ — fea}, and fes = foq = Jes = fsg = 0.
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Figure 7.8: Lager and ale beer demand distributions for the beer brewery

optimization problem with mean and standard deviation are shown for a 48
weeks horizon.

h; =[10202121112]", ¢, =[2010511]", and r, = [90 50]". Fur-
thermore, the ingredient requirement vectors for brewing are b, = [1 1 1]7
and b; = [0.5 0.9 0.8]" for ale and lager, respectively, and the capacity vec-
tor is k = [10 10 10 10 oo 10 0o oo o] to ensure the feasibility (relatively
complete recourse) requirements, as discussed at the beginning of Section 7.3.

Similar to the energy optimization case, we use the CAP and AMAP esti-
mators for fADP with various trajectory set sizes n and cost-to-go evaluation
numbers m. The results are presented on Figure 7.9. In this case, AMAP im-
proves the performance significantly by collecting revenue over 4100 compared
to CAP which stays around 3600.

However, the result also shows that the running time of AMAP also be-
come significantly larger than CAP. Based on the experience of Section 7.1,
the increased running time of AMAP indicates that large max-affine models
are needed to improve the accuracy of the cost-to-go approximations, which
increases the computational cost of the LP tasks of (7.3), and eventually slows
down the fADP algorithm significantly. Notice that using larger trajectory
sets n for AMAP provide better quality at the beginning, but the improved
sample quality with m = 100 eventually achieves the same using significantly

less computational resources.
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Figure 7.9: Beer brewery optimization results for fADP algorithm using
AMAP and CAP convex regression to approximate the convex cost-to-go func-
tions. Results show the revenue (negative cost), and the training time in
minutes for trajectories n and cost-to-go evaluations m.

Finally, we point out that scaling up the fADP algorithm for larger prob-
lems would require many improvements. One of these could be using more ex-
pressive convex piecewise-linear representations (see Section 8.2), which might
compress the LP tasks enough for the current solvers. Another important step
could be to use a LP algorithm which can more efficiently solve large num-
ber of similar LP problems with different right hand sides (see for example
Gassmann and Wallace, 1996). And eventually, it would become inevitable
to localize cost-to-go approximations to a fraction of the decision space, per-
haps by running fADP iteratively alternating between sampling and estimation
phases, and exploring at the boundary of the accurately approximated region
to find and avoid delayed rewards and costs. However, this goes far beyond

the scope of this thesis, and is thus left as future work.
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Chapter 8

Conclusions and future work

In this chapter we review the content of the previous chapters in the context

of a few selected future research directions in convex regression.

8.1 Beyond convexity

As our main regression result (Theorem 3.2) is general and valid beyond the
scope of convex regression, it is likely that the theoretical results of Chapter 5
can be generalized to the estimation of Lipschitz continuous functions. To
prove such result, one could consider using maxima of minima of affine (max-
min-affine) estimates (Bagirov et al., 2010, Section 2.2) which can represent
any continuous piecewise linear function (Gorokhovik et al., 1994).

As max-min-affine functions can be also rewritten as the difference of two
max-affine functions, these estimates are in the class of delta-convex map-
pings (difference of two convex maps), which can uniformly approximate any
continuous function (Bac¢dk and Borwein, 2011, Proposition 2.2).

Then, the “only” work left is to prove an approximation rate for the class of
max-min-affine functions (or equivalently for the difference of two max-affine
maps) to Lipschitz continuous targets and replace Lemma 5.2 in the analysis
of Section 5.4. We believe this method is capable to deliver the minimax
convergence rate n~%/ % (Gyorfi et al., 2002, Theorem 3.2 with p = 1) up
to logarithmic factors for max-min-affine estimators if their size parameter
(number of hyperplanes) are chosen appropriately, similarly as for the convex

case (Theorem 5.6).
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8.2 Sum-max-affine representations

For the estimation of convex functions, we focused on max-affine representa-
tions for which we have a theoretical analysis (Chapter 5), convex training al-
gorithms with a theoretical guarantee on their sample complexity (Section 6.1),
and scalable heuristic training methods (Section 6.2).

However, max-affine representations can be very inefficient for approxi-
mating “important” convex functions. For example, the Manhattan norm
x 5 ||[Wz||, as a target (with some scaling matrix W € R%*?) can be repre-
sented exactly only by the maximum of 2¢ affine maps. Perhaps for a similar
reason, the empirical results of Section 7.1 showed that max-affine represen-
tations are not efficient for quadratic and sum-max-affine targets which are
important for many applications (Sections 7.2 and 7.3).

Now consider the sum of S max-affine functions with K,..., Kg hyper-
planes given as h(x) = ZSSZI maxy—1, x, @@ + bg. Clearly, the class of
sum-max-affine functions includes the set of max-affine functions as a special
case by S = 1, hence ERM estimators (3.1) over sum-max-affine functions also
enjoy near-minimax rates (Theorem 5.6) as long as Zle K, = 6(n%(@+4)) and
S =1 is allowed.

Further, observe that the Manhattan norm is a sum-max-affine function
using only 2d planes as |[We||, = 27 | Jw/z| = 27 max{-w]z, w] z},
where w, is the s-th row of W, that is W' = [w;...w,]. This is a huge
improvement compared to the 2¢ hyperplanes used by max-affine maps.

More generally, the approximation result of max-affine maps (Lemma 5.2)
could be extended to convex targets having an additive structure written as
flx) =30 | f.(W,z) with each f, : R% — R being convex and W, € R%*?,
providing an approximation bound O(ZSS:1 K ds). Then notice that by
rewriting a convex quadratic norm as HscHQQ =27Qx =" (q]x)? for some
positive semi-definite matrix 0 < ) = Zz,l:l qsq; € R¥4 such approxima-
tion result provides an O(dK ~?) bound, which is again a huge improvement

compared to the O(K %) rate of max-affine maps.
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However, we are not aware of any training algorithm for sum-max-affine
estimators which could adaptively set the S and the K, ..., Kg parameters
based on the training data D,,. The only work we know in this direction is due
to Hannah and Dunson (2012) who studied various ensemble methods (bag-
ging, smearing, and random forests) to build sum-max-affine estimators com-
bining a fixed S number of max-affine maps trained by CAP (Section 6.2.2).
As these ensemble techniques require a relatively large S, they do not build
a compact representation, so they can be sensitive to overfitting and provide
computationally too expensive models for many applications including convex
stochastic programming (Section 7.3). Hence, we believe that adaptive train-
ing of compact sum-max-affine estimators are likely to significantly improve

the effectiveness and applicability of conex regression algorithms in the future.

8.3 Searching convex partitions

During the discussion of heuristic max-affine estimators (Section 6.2), the es-
timates of the considered training algorihms (LSPA, CAP and AMAP) could
not be substiantially improved by the partitioned LSE convex reformulation
(Section 6.1.1) over the induced partition. Hence, it seems that there exist par-
titions P = {Cy : k = 1,..., K} for which the cellwise least squares fit (that is
ridge regression on {(X;,);) : i € C} with a small 5 for each k = 1,..., K)
is “nearly” a local optimum.

To investigate this issue, consider the following smooth approximation of

max-affine functions:

Lemma 8.1. Let h(z) = maxy—.._x wy z and hy(z) = tIn 31 exp(w] z/t)

for some t > 0. Then 0 < hy(z) — h(z) < tIn(K) holds for all z.

Proof. Fix z arbitrarily and notice that h(z) < hy(z) simply follows from
Jensen’s inequality. For the other side, let w, be such that w, z = h(z) and

observe that hy(z) = t1n (ew:z/t S e(“’k_“’*)Tz/t) < h(z)+tn(K). |

Then, by replacing the max-affine functions f(x) = max;—; _x a} x+b; of

(6.14) with f,(z) = tIn S5 e®s*/* using 27 = [1 '] and w] = [by a;], we
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can compute the gradient of the modified objective L, = Yo F( X)) — V)2

with respect to the estimate parameters {wy : k=1,..., K} as
. n . Z; ewkZ /t
Vo Le =2)  (fu(Xi) =Y )ZK Z/t—>22 N2 = V)W) 2
i=1 l:l 1E€Cy

ast — 0,

where Z] = 1 X]], Wu(f) = {l = 1,...,K : wZ; = f(X,)}|!, and
P={C,:k=1,...,K} is the induced partition of f. As breaking the ties
can be done by losing an arbitrarily small accuracy, we can assume without
loss of generality that Wi, (f) = 1 for all i and k. Then setting the right side
to zero and solving it for wy, (by adding a small regularizer fwy), we recover a
ridge regression estimate (Section 4.2.2) over the cell Cy, which is the cellwise
least squares fit over the induced partition, and also the “preferred” estimate
type of the training mehods in Section 6.2.

Although this limiting analysis is not precise (it does not imply that such
optimum exist), it still suggests that our empirical observations about “nearly
locally optimal” cellwise fitted max-affine estimators might admit a general
rule. Research in this direction could perhaps answer how much we might
lose by limiting the search of (6.14) for these cellwise fitted estimators and
provide further information on the “quality” of max-affine training algorithms
in Section 6.2.

In summary, while the thesis advanced our knowledge of nonparametric
shape constrained regression and sharpened the tools available for studying
these and related problems, much work remains to be done, especially in con-
nection to designing estimators which are efficient both in terms of their com-
putational cost and they way they use the samples. Such better techniques,
when used in multistage stochastic programming as outlined in this thesis per-
haps with clever sampling techniques, have the potential to give rise to exciting
novel, practical applications that may have major impact in several industries.

It shall be interesting to see whether these will indeed happen.
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Appendix A

Sub-Gaussian random vectors
and their Orlicz space

In this appendix we review a few important properties of sub-Gaussian random
vectors and their Orlicz space equipped with the norm ||-||, .

Recall that a random variable W is called B-sub-Gaussian when it satisfies

supE [es(WfEW)fﬁBQ/Z} <1,

seR

Examples of sub-Gaussian random variables include every Gaussian random
variable (see Buldygin and Kozachenko, 2000, Remark 1.3), and all bounded
random variables due to Hoeffding’s lemma (see Boucheron et al., 2012, Sec-
tion 2.6). The basic properties of sub-Gaussian random variables are summa-

rized by Lemma A.1.

Lemma A.1. Let the random variables W, Wi, ..., W, be centered and sub-
Gaussian with B, By, . .., B,, respectively. Then the following statements hold:
(a) max {P{W > 7}, P{W < —y}} < /@5 5>,
(b) P{IW| > 7} < 2e77/@5) 5 >,
(c) E[W[*] < 2(s/e)*? B*, s > 0, and E[W?*] < (28! /e)k! B*, k € N,
(d) E[esV/CE)] <1/y/T—5, s €0,1),
(e) W is (|c|B)-sub-Gaussian, c € R, and 37 W; is (3;_ B;) -sub-Gaussian,

(f) ifWh, ..., W, areindependent, ;" | W is sub-Gaussian with /Y, B?.
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Proof. See Section 1.1 of Buldygin and Kozachenko (2000): Lemma 1.3 for (a)
and (b), Lemma 1.4 for (c) with s = 2k and e(k/e)* < k!, Lemma 1.6 for (d),
Theorem 1.2 for (e), and Lemma 1.7 for (f). |

The sub-Gaussian property can be also characterized by the W, Orlicz

norm, which we extend to random vectors W € R? as
Wy, = inf {B > 0:E[Ty(W/B)] < 1}

with Uy(x) = el=l” — 1 and inf § = co. Notice that Lemma A.1d with s = 1/2
implies that every B-sub-Gaussian random variable W satisfies [|W||,, < 2B5.
Then, Lemma A.2 provides the opposite direction and the basic properties of

||y, extended to random vectors.

Lemma A.2. Let W € R? be a random vector with |W||,, < B. Then the
following statements hold:
(a) P{IWI| > 7} <277/%, 5 >0,
(b) E[|W|*] < 2(s/e)* B, s >0, and E[ |[W]|*"] < (2/e)k! B*, k € N,
(c) SupseRdE[eST(W_]EW)_”3”2(2B2)/2] S 17
(d) Wy, < clB, c € R, and |32, Willy, < 320 Bi.

Proof. For (a), simply use the Chernoff bound as
P{W| >~} = P{€IIW||2/32 > 672/32} < E[ellwnz/B?}eva/BQ < 2 7/B*

For (b), use 2* < (s/e)®e* for £ > 0, s > 0 with = |[W||* /B2, and take
the expectation of both sides to get

E[ HW”QS] S (S/Q)SE[BHWH2/B2}B2S S 2(8/6)8325.

For the second part, simply use s = k and e(k/e)* < k!.
For (c), fix s € R? arbitrarily, and take an independent copy W, denoted
by W (so W, W are ii.d.). Notice that s (W — W) is a symmetric ran-

dom variable, so its odd moments are zero, that is E[sT (W — W)2%~1] = 0
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for all k& € N. Then, using Jensen’s inequality, the exponential series ex-
pansion, the monotone convergence theorem, the Cauchy-Schwartz inequality,

(a+ b)F < 2k=1(ak + V%), (2k)! > 2FK!1?, and (b), we get

o o= sl E[W - w*
]E[e w W)} _ Z [(Qk)! ]

o 2
(2] s] B2)k — ClslPeB)?/2
k!

E [GST (W—EW)} <

k=0

i Is** 2’“ [I|WH%]
k=0

IN

k=0
For (d), simply observe the first claim by the definition of ||-||,, . For the
second part, notice that x el=l” is a convex function, so using weights

Ai = B}/ 377, B} for Jensen’s inequality, we get

E[e@?:lwﬂg/( J- B } <Z)\ E[ Wi/ X5 B } :iAiE[eW?/B?] <2.

=1

Finally, Lemma A.3 proves a large deviation bound for the average of

independent, centered sub-Gaussian random vectors.

Lemma A.3. Let Wi, ..., W, € R? be random vectors with EW;] =0 and
HWzH% < B, foralli=1,...,n. Then ||% > VV,H\I,2 < \/%d(% Yo Bf)

Proof. First, write W; = Wi ... W,]" € R for all i = 1,...,n, and set
C = 8(:3 " B?)/n. Then (c) implies that each random variable W;; is
(v/2 B;)-sub-Gaussian. Hence, for every j = ,d, Lemma A.1f used for
the centered and independent random variables le, ..., Wy, provides that
%Z?:l W;j is sub-Gaussian with C'. Finally using Holder’s inequality, we get
the claim by

E [ell Ly w 2/<dc>] _E [ezizl iy, wij|2/<dc>}

1

d
HE [6\%2?:1 Wij\Q/C} ‘<9
j=1

IN



When W, Z € R are sub-Gaussian, their product WZ is a so-called “subex-
ponential” random variable. To derive upper bounds for ERM estimators
in Chapter 3, we apply Bernstein’s inequality (Lemma A.4) for such ran-
dom variables WZ, which requires an “appropriate” bound on the higher
moments as provided by Lemma A.5. Here, “appropriate” means that the
bound has to scale with the second moment of one multiplier, say W, replac-
ing ||VV||?I,2 by E[W?]. The price we pay for this is only logarithmic in the
kurtosis Ko[W] = E[W?*]/E[W?]?, which is crucial to our analysis deriving

near-minimax upper bounds for arbitrary sub-Gaussian regression problems.

Lemma A.4 (Bernstein’s lemma). Let W be a real valued random variable
such that E[|WI[F] < (k!/2)v3c*=2 for all 2 < k € N. Then, for all |s| < 1/c,

2,2

1 E[ s(Ew—m} <_TUv
R = 2(1 [sle)

Proof. See, for example Boucheron et al. (2012, Theorem 2.10) with n = 1,
and use X7 = —W, A = —s when s < 0. [ |

Lemma A.5. Let W, Z be two random variables such that E)W?] > 0, and
Wy, < B, 2]y, < R with some B, R > 0. Then for all2 <k € N,

E[WZF] < 3In(4y/Ky[W]) EWV2R? k! <4ln(4 KO[W])BR)“.

Proof. Let ¢ > 0 to be chosen later. Then by the Cauchy-Schwartz inequality,
we have
E[WZ["] = E[[WZ[*I{{W| < ¢B}I{| 2| < cR}]
+E[WZ"I{|W| < B} I{|2]| > cR}]
+E[WZ|*I{|W| > cB}]
< EW?(cR)*(*BR)"?
+EVE (cB)'2E[2* I{| 2| > cR}]?
+EDVE E[WAED 243 P > cB}
< EV?)((cR)(*BR)*?
+ Ko[WIF (eB)F2E[2%]7 P{| 2| > cR}}
+ Ko[WIE E[WH-2]5 E[25]5 P{W| > ¢BY).
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Further, if ¢ > 24/In(4), using Lemma A.2(b) gives us

E[|WZ]] <EW?R? (8 +Ko[W]2 2e7/4((2(4)1)1 + (2(@)8)5))

e

< EDV?(cR)? (1 + 2 KoV 6*62/4> ,
and for k > 3, with also using e(k/e)* < k!, Vk! < k!/2, we get
E[WZ[*] < EW?](cR)*(¢*BR)" >

(1 Ko 251 (2)

k k—2
2

- (407 (8)))

< EW?(cR)*(¢* BR)*> (1 + R KW 6*62/4) .

€ec

Finally, set ¢ = 24/In(4K,[W]'/2) > 24/In(4) by Ko[W] > 1 (due to Jensen’s
inequality). Then we get the claim for all k > 2 by using Ko[W]/2e~¢*/4 = 1/4
and 1 < k!/2. [
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Appendix B

The scaled cumulant-generating
function

The results of this appendix review a few important properties of the scaled

cumulant-generating function.

Lemma B.1. Let W, Z be arbitrary random variables and t > 0. Then the

following statements hold:
(a) EDWV] < Cp[W] < Ci[W)] for any t >t >0,
(b) limyyo C, V] = E[W],
(¢) CAW + (1= N Z] < ACIW] + (1 — N) Ci[Z] for all A € (0, 1),
(d) CIW + Z] < Cu[W] + C[2].
Proof. For (a), let s = ¢/t' > 1 so that #'s — £. Then by Jensen’s inequality,
E[W] = %E[t’W] < CuV] < %lnE[exp(t’W)s} s _ V] = GV

For (b), use L’Hopital’s rule and the dominated convergence theorem to

obtain
lim C,[WV] = lim(1/1) ImE[e"] = lgng[(etW/E[etW])W} =EW].
For (c), pick any A € (0,1), and use Holder’s inequality to get
(Ct [)\W + (1 _ /\)2} < % ln<E[(etAW)1/k}A E[(et(l—)\)Z)l/(lf)\)] 17)\>
= ACW] + (1 = N)C[Z].

For (d), use the convexity property (c¢) with A = 1/2 to get C;[W + Z] =
Clew +22)/2] < (Ci2W] + C,[22])/2 = Cou V] + Cou[ Z]. u
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Lemma B.2. If W W, ..., W, are i.i.d. random variables and t > 0, then
C[(1/n) i, Wi = Cypu[WV].

Proof. By independence, we have

1 « 1 t
1 n
=7 lnHE[eXp ((t/m)Wi)] = CyuWV].
i=1
[ |
Lemma B.3. For any random variables Wy, ..., W, and t > 0,
1
Ci[ max W] < inf{ n(n) + max CS[WZ-]}.
i=1,...,n s>t S i=1,...,n
Proof. Using Lemma B.la for an arbitrary s > t, we get
1
(Ct['nllax WZ} < Cs[,nllax Wz] = —lnE['maX eSWZ}
i=1,..., n i=1,..., n S =1,..., n
1. < 1
< B ln;E[eSW’} = _nin) + lililaXn Cs[Wi].
Taking infimum over s > ¢, we get the first claim. [

Lemma B.4. If W is a o-sub-Gaussian random variable and t > 0, then
C:W] < EW)] + t0?/2 and C,[[W|] < [EW| + max {cv2In2,t0?}. Further-
more, if Z is a random variable with ]E[e'zVR} < 2, then for all t < 1/R,
Ci|Z|] £ R In2.

Proof. For the first claim, simply use the o-sub-Gaussian property,
C:W] = (1/t) mE[e™] < (1/t) ((EW] + 767 /2) = E[W] + to? /2.

For the second claim, use the monotonicity of s — C,[W] with any s > ¢,

and el < e* +e7%, to get
CW| < (1/s)In (E[e™] + E[e~"])
< (1/s)In (2 eSIEWHS%Q/?) — [EW| + s02/2 + In(2) /5.

If t6%/2 < In(2)/t, then we can choose t < s = v/2In2/0 and get a 0v/21n2
term on the right hand side. Otherwise, use s = ¢ and to?/2 + In(2)/t < to?.

For the last claim, use the monotonicity of s — C4[Z] with ¢t < 1/R to get
C[|Z]] < RmE[el®VE] < RIn2. u
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Appendix C

Auxiliary results
on covering numbers

In this section we review a few useful results on the covering numbers of finite
dimensional bounded spaces.

For the derivations here, we need packing numbers. Let (P, 1)) be a metric
space and € > 0. Then the set {pi,...,pr} € P is an e-packing of P under ¢
if any two distinct elements in {p;,...,px} are farther away from each other
than e: for any i,j = 1,...,k, i # j, ¥(pi,pj;) > €. The e-packing number of
P under 1, My (€, P), is the cardinality of the largest e-packing:

My (e,P) = sup {k: eN ‘ Ipi,....pr €EP: nglmk Y(pi, pj) > e} . (C1)
7]

The relation between covering and packing numbers are given for all € > 0 by

(for example, Dudley, 1999, Theorem 1.2.1)
Nw(G,P) S Mw(&,P) S Nw(E/Q,P). (02)

Next, we review a useful tool for bounding the entropy of finite dimensional
vector spaces. Its proof is based on the volume argument (for example, Pollard,

1990, Lemma 4.1), which we provide here for completeness.

Lemma C.1. Let t € NU {oo} and P C R” with a finite radius under ||-||,,
that is suppose there ezists q. € RY such that P C B(q., R) for some R > 0.
Then H.y, (e, P) < vIn(3R/e) for all € € (0,3R]. Furthermore, if P contains
a ball with radius r > 0, that is By(p.,r) C P holds for some p, € P, then
Hyqi, (6, P) > vin(r/e) for all e > 0.
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Proof. Let {q1,...,qum} be an e-packing of P under |[|-||, with maximum car-
dinality. Consider the balls around the packing elements g; of radius €/2, and
notice that by the packing property (||g; — g;||, > € for all i # j), these balls
are disjunct, that is B;(q;, €/2) N Bi(q;,€/2) = 0 if i # j. Also notice that each
ball B;(q;, €/2) lies within B,;(q., R + €¢/2). Putting these together, we get
M (e/2)" vol(By) = vol (Uf\ilBt(qi, 6/2))
< vol(Bi(gs, R+ ¢/2)) = (R +¢€/2)" vol(By)

where Bj is the unit ball in R” under ||-||,, vol(B) is the (v-dimensional) volume
of set B, and we used that vol(B;(q, 2)) = 2¥ vol(By) for all g € R?. Dividing
both sides by (¢/2)", we get M < (1+2R/e)" < (3R/e)" for all € € (0, R]. As
Hj.,(e,P) = 0 for € > R, the claimed upper bound follows from (C.2).

Now let {p1,...,pn} be an e-cover of P with minimum cardinality. Then

by using B(p.,7) € P C UYN,B(p;, €), we get
' vol(By) = vol(B(p., 1)) < vol (UL, B(p;, €)) < Ne’ vol(By) .

Dividing both sides by €”, we get the claimed lower bound. [
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Appendix D

Density estimation and
minimax lower bounds

In this section, we prove our lower bound on the minimax risk, Theorem 3.1,
and provide the necessary background for this on information theory and den-
sity estimation.

For the derivations here, we need packing numbers (C.1) and a few infor-
mation theoretic developments. We denote (o-finite) reference measures for
probability densities by v, which can change its meaning based on the context.
We use Py, Py, Pxy, Px|y to denote the densities of the random variables &,
Y, (X,Y) and X|Y, appropriately.

The entropy of a random variable X is H(X) = — [ In(Px(x))Px(z) v(dz).
Similarly, let H(X,Y) = — [In(Pyy(z,y)Pyy(z,y) v(dz,dy) be the joint
entropy of X and ), and denote the conditional entropy of X given ) by

H(X|Y) = — [ In(Pyy(z,y)Pyjy(z,y) v(dz,dy). Furthermore, the mutual in-
formation of X and Y is defined as I(X;)) = Dxi(Pvry|Px - Py), where
D1 (P||Q) = [In(P (2))P(2) v(dz) is the Kullback-Leibler (KL) diver-

gence between two densities P and (). Then, consider the following result:

Lemma D.1 (Fano’s inequality). Let X' be a discrete random variable on the
finite set X and Y be an arbitrary random variable. Furthermore, let X be a
discrete random wvariable such that 2€|y is independent of X. Then
H(X|Y)—1In2

In |X]
Proof. See Theorem 2.10.1 of Cover and Thomas (2006) for discrete ), and ex-

P{X £ X} >
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tend it to the continuous setting by noting that the data processing inequality
(Cover and Thomas, 2006, Theorem 2.8.1) carries through to the continuous

case along with the properties of the mutual information (Cover and Thomas,

2006, Section 8.5). [

When X is uniformly distributed on X', that is Py (z) = 1/|X] for all z € X
we have H(X) = In|X|, and so we can rewrite the result of Lemma D.1 as

I(X;Y)+1n2

P{X#X}>1- L

(D.1)

where we used that I(X;)) = H(X) — H(X|Y) as explained by Cover and
Thomas (2006, Section 2.4). Now let X be a uniform random variable on
an arbitrary finite set X(z), which might depend on some z € X, and define
Pyix=:(y) = Pyjx(z,y). Then, we can upper bound I(X;)) as

I(X;Y) = Dxr(Pxy||Px - Py)

=3 Pyla) / Py, y) m(%&y)) V(dy)

< I;lea% DKL(Py\X:zHPy)

= max n _ Pyjr=a(y) y (D.2)
nay / Pyjx=2(y)1 ((1/|X(x)|)2x,ex(x> Py|x(w”y)> w

< max mjn) /wax(y) ln<(

Py|X=x(y) v
1/|x<a:>|>Py|X<x,y>> ()

= max { In |X(z)| + }Elfl}_gi(ll) DKL(Py\X:x||Py|;\?::z)} :

zeX

z€X zeX(x

Now let dkr, = v/ Dki, be the square root KL divergence and consider the
next result (Lemma D.2), which is a modified version of Theorem 1 in Yang and
Barron (1999), using local entropies in a slightly different way than presented
in Yang and Barron (1999, Section 7). This result (Lemma D.2) extends the
previous ideas to a probabilistic lower bound on the minimax rate of density

estimators.
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Lemma D.2. Let M be a class of probability densities on some set W and
D, = Wy, ..., W,) ~ P" be an i.i.d. sample of size n € N from P € M.
Suppose there exist €,¢, > 0, and two functions h,h, : N — Ryq such that
Ha, (6, M) > ho(n) and Hj, (€, €., M) < h(n). Furthermore, if we also have
4h(n) +In4 < h,(n) and ne* < h(n), then

inf sup IP’{DKL(PHQ,L( - ) > ez} >1/2,

Qn peM
where the probability is taken with respect to the random sample D, ~ P™, and
the infimum over Q,, scans through all estimators mapping to any probability

density on W.

Proof. Let M., be an e€,-packing of M under dyky, with maximum cardinality,
and for any density @ on W, define Q* € argminp,o Dxr(P']|Q) with an
arbitrary tie-breaking. Then notice that the definition of an €,-packing implies
for any Q,Q* € M., that Dgp(Q||Q*) > €2 if and only if Q # Q*. Hence, by
using the P, = Q,(D,,) shorthand notation, we have

mf sup P{DxL(P||P,) > €} > mf]glellzviﬂx ]P’{DKL(PHP ) >e }

= glnf m&x P{P # P’}

> intf Z P{P + P;}

@n |M PeM.,
= glf]P){P* %+ P:;} ,

(D.3)

where in the last line P, is a uniform random variable on M., and the proba-
bility is taken with respect to P ~ P, and D,, ~ P".

Then notice that P, and P}|D,, are independent, so the requirements of
Fano’s inequality (Lemma D.1) hold (with X « P,, X < P* Y « D,,
X« M,,). Hence, using that P, is uniform, we get by (D.1) that

[(P.;D,) +In?2
In ML,

=In Mg, (€., M) > Hgp, (€, M) > hi(n) by (C.2).

o1 [PiDy) + 2
- h(n)

P{P.# P} >1~ (D.4)

where we used In |M,
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Now, let M} p be an e-cover of {Q € M : di(P[|Q) < €.} under dip, with
minimum cardinality, so In M p| = H (€,€.,M). Then, applying (D.2)
(with X <= M ) to (D.4), we obtain

hi(n)
>1/2, (D.5)

P{P. # P} >1-

. h(n) + ne* +In 2
- h(n)
where minpeyy.  Diw(Pp,plPp,p) = nminpey.  Din(BwplPy,p) < ne
followed from the i.i.d. property of the sample D, and the definition of an
e-cover with P € M p, for all P € M.
Finally, combining (D.3) with (D.5), we get the claim. [ |

The following result (Lemma D.3) relates the conditions of the previous
density estimation lower bound (Lemma D.2) to the usual linear (a) and non-

linear settings (b).

Lemma D.3. Let M be a set of probability densities, v > 0 and co > ¢; > 0.

Then consider the following cases:

(a) If for some co > 0, vIn(c1/z) < Hay, (2, M), Hjy (2,5, M) < wvln(cys/2)
for all s € (0,¢0] and z € (0,co 8|, then the conditions of Lemma D.2
are satisfied with ¢ = (13/20)y/v/n and e, = (1/c2)\/v/n for every
n > (v/c3)max {322 /c? 1/ck}.

(b) If 127" < Hay, (2, M) < 027" is satisfied for all z € (0, €], then the
conditions of Lemma D.2 hold for all n € N with € = egn~ 2 and

€. = (6max{l, o ¢;", e%}/cl)_l/v n~Y(©+2),

Proof. To prove (a), notice that ¢ = (13/20)\/v/n < co€, and €, < ¢ is

satisfied if n > v/(cy c2)?. Now choose

hi(n) =vln (clcQ\/n_/v) =vn (c1/e.) < Hay, (6, M),
h(n) =vIn (20/13) = vin (cae./€) > M} (€, €., M).

Then, ne? = v(13/20)? < h(n) and 4h(n) +In4 = vin (41/(20/13)*) < h.(n)
if n > 4%7(20/13)3v/(c1c2)>.
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To show (b), set € = ey n~"/("*2) < ¢, The conditions for h(n) hold if

h(n) > ca €' = ¢y €7 > Hyp (€, M),

h(n) > e2n/ "2 = pe?

Hence, we can set h(n) = bn"/"*2) with b = max{1,cy¢;", €2} and also get
h(n) > 1. Then, 4h(n) +In4 < 6h(n) = h.(n) = c1€,¥ < Hap, (€, M) holds
too with e, = (c1/(6b))/?"n~/ ("2 < ¢4 as (c1/(60))" < €p(c1/(6¢2)) < €o.

|

Then, we simply reduce the derivation of Theorem 3.1 to the previously

discussed results.

Proof of Theorem 3.1. First observe that the regression function is always in
F., hence f, 7 = f, 7, implying R, (Mg, lyq, F) = Rp(Mg;, leg, F)-

Now let Py, Py € Mg (F., Px) be two densities corresponding to f,g € F,
respectively. Then notice that the KL divergence between Py and Py, due to
the gaussian noise, satisfies
-l

202

Dia(Pyl|By) = E[Dis (Pl Pya)] = 5 5[ (X) ~ 9(2)P]

where Py x, Py x are the conditional distributions given &, respectively. Hence,
we have Hp, (v20¢, F.) = Hay, (€, M) for all € > 0.

Then we use Lemma D.2 with Lemma D.3, substituting cy + co/(v/20),
1 < ¢1/(V20), ¢y < ¢3/(v/20) for Lemma D.3 (a) to obtain Theorem 3.1 (a),
and use €y « €y/(v20), ¢1 < ¢1(V/20)7Y, ¢y + ca(v/20) 7" for Lemma D.3 (b)
to get Theorem 3.1 (b). [
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Appendix E

Optimization tools

In this appendix we shortly review a few optimization results.
Let X, Y be two vector spaces over R, and the graph of a set—valued function
C : X — 27 be defined as graph(C) = {(z,y) € Xx Y : y € C(x)}. The next

lemma summarizes a few properties of graph(C).

Lemma E.1. Let X, Y be two convez sets and C' : X — 2¥ be some set-valued
function. If graph(C) is convez, then C(x) is convex for all x € X, but the
converse is not true in general.

Furthermore, if C(x) ={y € Y: g;(x,y) <0,j=1,...,m} forallx € X
with some g; : X XY — R jointly—convex functions in their arguments, then

graph(C') is convet.

Proof. Let € X, y1,y2 € Y and A € (0,1). Then by the convexity of
graph(C), we have A, y1)+ (1—\) (2, y2) = (2, \y1 + (1 — N)ys) € graph(C),
implying that A\y; + (1 — A\)ys € C(x), so proving the first claim.

To show that the converse is not true, consider X =Y = [0, 1] and C(z) =
{z = 1} with (x1,y1) = (0,0) and (x2,y2) = (1,1). Then C(z) is convex
for all z € [0,1], but AM(z1,71) + (1 — X)(22,y2) = (1 — A, 1 — A) & graph(C),
because 1 — A & C(1 — \) = {0}.

To prove the last claim, let @1, @2 € X, y; € C(x1), y2 € C(x3). Then by
the joint—convexity of the g; functions, g;(Ax1 + (1 — X)x2, Ay + (1 — N)y2) <
Agj(x1,y1) + (1 — N)gj(x2,y2) < 0, which implies that A\y; + (1 — Ny, €
C(Ax1 + (1 — N)xy), and so proves the claim. |
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Next, consider the following result, which is a slight generalization of The-

orem 5.3 in Rockafellar (1972).

Lemma E.2. Let XY be two convex sets and f : X X Y be a jointly—convex
function in its arguments. Additionally, let C' : X — 2Y be a set-valued
function for which graph(C) is convex. Then g(x) = infycow) f(x,y) is a

convex function.
Proof. Let 1, @2 € X, y1,y2 € Y and A € (0,1). As graph(C) is convex,
y1 €C(x1),y2 € C(xa) = I+ (1 —-Nys € C’()\:cl + (1 — )\).’1}'2) .

Using this with the fact that the infimum on a subset becomes larger, and the

joint—convexity of f, we get

g(Axy + (1= Vo) = FQ@ + (1= N, 2)

inf
ZEC()\w1+(17)\)w2)
< inf inf f()\acl + (1 - )\)wz, )\yl + (1 - )\)yg)

T y1€C(®1) y26C(22)

< inf inf MN(x , +(1=\ s,
— y1€0(z1) y26C (2) f( ! yl) ( )f( 2 y2)

= )\Q(d)l) -+ (1 - A)g(wQ) )

which proves the convexity of g. [
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Appendix F

Miscellaneous

This appendix is a collection of a few technical results which did not fit into

any other context.

Lemma F.1. Foralln €N andc> 1, <L <1 — ¢ V/n < @

’ocn n

Proof. We prove the lower bound by induction on n. Notice that the claim
holds for n = 1. Then let n > 1 and suppose that the claim holds for n — 1.
Observe that (z? — qz) = q(x?1 — 1) > 0 for x € (0,1], ¢ € [0, 1], hence by
the monotonicity of x — x? — qx, we have for any 0 < b < a <1 and ¢q € [0, 1]
that a? — b? > q(a — b). Using this with ¢ > 1 and the induction hypothesis,

we obtain

L= m =1 — (M) s (/) n—1 > &7 1 ’

n cn

which proves the induction step and so the lower bound.
For the upper bound, by e¢* > 1 4 x for all x € R, we get

In(c) ‘

1— C—l/n —1— e—ln(c)/n S

Lemma F.2. For Ac R beR" andr > 0,

(rla+ ATA)T'AT|| < oL

Proof. Consider a thin singular value decomposition of A given as A = USV ',
where U € R™? is semi-orthogonal (UTU = I;), S € R™? is diagonal with
nonegative elements, and V' € R%*? is orthogonal (V'V = VVT = [;). Then

|(rla+ATA) T ATD|| = ||[V(rIy + S*)7'SU || < |[(rLa+ S~ S| |10]] |
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where we used ||U|| = ||V]| = 1 (as UTU = I, implies |Uz|]* = |||°). Finally

notice that

_ S 1
it 578l < a3 = -

which proves the claim. [ |

Lemma F.3. Consider a regression problem (as in Section 3.1) with some
distribution p and the squared loss (¢ = ls,) such that f. is a regression
function and ]E[e'y_f*(X”Q/”QPC} < 2 holds for some o > 0. Take a class
F, C {X = R} which is independent of Y, ..., Va, and a random variable Z
such that E[eZ/%] < ¢ for some ¢ > 0, and inf, 7 2N EWHLAT < Z as.
holds with Wy; = f(X;) — f.(X;) and some random variable T. Then for
B, = max{R,20%/n} In(4c/v), we have

IP’{ inf Lo(f, f.)+T > B*} < %
fE€EFn

Proof. Let R, = max{R,20?/n} and write B, = R, In(4c/7). Then, by using
esq(yi, f(XZ)) — fsq(yi,f*(xi)) = (Wfﬂ- —2(Y; — f*(X,))sz with Markov’s
inequality, the tower rule with the independece of ), ...,),, and the bound
202 /(nR,) < 1, we obtain

1@{ inf L(f, f.)+T > B*}

feFn

< lE- inf 6(%2?:1 W?,i—i_gwf,i(f*(xi)—yi)-&-T)/Rni|

“de Lyer,

< l]E - inf €<% i=1 W?JJFT)/R" H]E[eﬁwf,i(f*(xi)_yi) le . XHH
< TE[ inf e(TrotZmise, w;,i)/Rn] < Tgleer] <7

e Lyer ~ 4c =4
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