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: B ESTENSION OF THE BERRY-ESSEEN ESTIMATE - S
m CONVERGING SEQUENCES OF. ABSORBED RANDOM WALKS . v
“f-"‘ "', ",' ) T D : » E
"J Q o . .
he intent of Ehls the51s is to add to the understanding of
the rate of cpnvergence of discrete Markov processes to a continuous
- ‘\ L - s ,‘ .
process., The main result addresses the fixed time distribution o

e

funptions of convergent discrete Moran type processes.a-
"5_jh;"v;'5i The first section of this chapter gives definitions and S

background for some questions of convergence. ~The»secondl5ection ‘

‘-;convergence. In the thlrd section some prev1ous results are c1ted

Finally the fourth section states the main result, which w1ll\be :f

) ..‘~\_. N (
proved in Chapters Two and Three. RO ‘d; R
,Section One?{%;-“'

1

f'results of the the31s are all stated and proved w1th1n thlS context. i’." B

Follow1ng the definition the connection w1th a: Markov process regarded

’_.;yvias a’ stochastic process is explained

In thls section Markov1an tranSition functions are defined TES ;.}'[?,

The section concludes with some examples illustrating convergenceiffdh‘f

o problems assooiated with a sequenpe of random walks.;,g- L

Definition

et % be o measurable subset of ‘K, and 5 a susetof |



[0 ) which contains O and is closed under addition. :Denote byf_B,‘

the Borel o-algebra of X. A functionv‘ P (&tﬂlt € S X e x, U € B}

is called a. transxtlon function on the state space x if

o Y - .

PRy

. ]
- -

"1'1)‘*Pl(x,')v defines a:pfbbability'measure over,,gl;_;_d

e

;Ti) ®, (x, {x})

3)"2t(','_)v ‘ B measurable, for infed u € B »ﬁll‘g L id " ‘f
I ‘.H S L . ;' ;A, SRR
.v4);'P.(ﬁgf)'.eatisfieséthe"MarKOV'JidentitY§ ’
I (x. u;) = I P (y,U) B_(x,dy) R
| .,v_. - ; el o {?'jvv cu
"‘,It is pOSSlble to construct a family {Z Ix € x, t > 0} of random .

".. B L .:

'Variables on the state space *Xg‘such that for each x e X, {Zx It > O}

e

‘lfjls a (Markov) stochastlc process whose starting ranqom variable Z¥ lS ;:',

pmalmost surely the constant random varlable x.: We refer to thls as,f"'

‘.:"the process which starts at _x"-“ These prov SSes are Markov Processes S

.p‘.t

Ly

Hfgln the cla551ca1 sense (cf 5 Ch 3)--:Their ]Olnt distributions are

'zﬁg7unique1y determinéd by their distributions, given the Markov property

-

“1/These distrlbutrons are given by the trans1tion functlon as follows-s”

‘_lvptdp (z:fg,p)(sfpé(x;by}ﬁg F;é:o;l;xfgax=;?J,; L

DR

' r

Before further reduction in generality is considered, two _Yf,

'7337c1asses (discrete and continuous) of transition functions will be ﬁff“

4

' identlfied.‘ A transitlon4function P ('f') will be called dlscrete

| yaif S andv x‘ are discrete.: A transrtion functlon P w111 be

"w;_called contlnuous STy S [0 m) ' x is- connected and the followrng ‘5:l"7
‘ . .. - R . N .. D

limits exist for@% 0z,




Xl Gl

(o) ‘lim ~P (x dy) =0
- £ 0 “

ﬂ’“_“._- o

(i) lim

_ iy-x) P (x dy)
t+ 0 :

' IY-Xl<6

A

Sy ) 1im:*{%ﬁ - (y-x) B, (x, dy) =2atk) .
T o B ly-x|<6 L L
e R T e

.,;‘ The quantrtles b(x) andh 2a(x)' may-be;interpreted‘ae;"ihfiniteeimei:"
mean and varlance : Kolmogoroff observed that if a- contlnuous S kS
’ . S SRR D

tranSLtion functlon P (- -) has a contlnuqus second derlvatlve at 5);}
e e'X, then lt satisfles the "backward equation",eo*f

S 3 A"ffi:;f5hit. O S
B L 9 3
3 g;(x U) ‘ a(x) ;—5 Pt(x,U) + b(x) Bx—P (x,U) |

l‘

;fififﬁii} ﬂiiih.f,f”eW_l‘i-fto_“"ha.;‘,‘i;e;'_f t > 0

. , _ \‘ (cf. [11] "p. 299) o L

Sltuatlons occur where a notion of convergence of dlscrete

: '.~"‘.-' A

transrtlon functlons to a continous transrtlon functlon is useful

o

Perhaps the best known example occurs w1th symmetric random walk, feif,f:;

described HGXt. Let ‘n be fixed '“.gf:‘_~“‘

m

'.;;ét;”xv { l : J an 1nteger }
“Llet. S ;j{O,,T, 2;,;§;.}:V;where‘31_x# SRR U S AP RER L

otherwise q{fﬁrﬂf




¢ . ) N ’ . . N d
.- , : -

Note that the last expre551on together wlth the Markov ldentlty

f'g completely deflnes P (x,U) for all 't € S R Ag{ n + °‘*(for B _1_-?{ o

those n where X € x and t e ] ), appllcatlon Qf the'central 11m1t '
theorem yzelds that the dlstrlbutions of P (x,*)' converge t0athe 'iﬂj'
'Vf;?__fNorma};dlstributlon:»'f l R f;*v".: \];/"h. SRR SR

Note that thlS chblce of T = l/n _ eeuseejthe’verianoe of'the?* g

a_ﬂFb dlstrlbutlon at tlme t to be /t,, whlch ls the rlght klnd of

'*7 fﬂﬁ.. normallzatlon for the central llmit theorem.-jqf“

Also the Berry-Esseen theorem gives the rate of 'vilziﬂfbiy 'h”.§

- f? covergence d% 1/nV “L(cf. 121, p 206) It 1s thls rate that S
I \ i .fﬂ:fv;
'-'3one expects to flnd 1n relatEd covergence problems e

Observe that, even thquh "infinxtesimal moments" do not exlstz.,;-ﬁ

..,
¢

””}f for dlscrete._P ("')}; approx1mate 1nf1nitesimal moments" ex15t as‘;f?'

Z P (x {y}) btvlh*ru';;tib

S ,.:Pn(’f»)f--»’:r :_‘.__,Z___(,;lz_,-x>-‘1,1_?1_(::,,{_yh‘_;-: o . "
) A

In the abov@ expresslons, integration over a discrete measure becomes

N H
./ E




- geneties.

S AN A S A o _
onet Bh(xyh = '.(2)'::_.._(;1+,_><)‘3;‘- where B et

B

B

"Nowtanbthervexample;Tthe Wright-Fisher. process from population

.

< - . . . e
.

(’Let.N X {0’ ;1— ’ -

IR

,(G_‘ﬁfgl};fﬂv;

-

,SIPP. o

;{O;'x;'érj';;;}" where T

i Let:'snf

T : [ R : e . B N | . R ST, el

(cf [?inPr§3?¥ff fx?;ﬁ

:.”As before# the one/step probablllty deflnes P (X,U) for all /t e S ;

& «jThe comblnatlonal nature of P (x U) makes it dlfﬁ;cult to analyze

ar ,- ?.

\ -

lnf;n;teSLnal momentsﬁ~can be calculated

230 =21 0 o tydrg x0w)

~N

Then if the rlght klnd of convergence applies ("°) -manyE% ]”7;{;i'*”

anelyzed by con51der1ng solutlons to the backward equatlon

> R 1 ng A

o ——-P SISy 3
o -2 sxz__?t_<as<v> .

.

o fj{f; In thls case the tlme increment T hés no meanlng 1n the

model glv1ng rlse to P ( )g_ Here T was chosen so - that B

approxlmate infinitesimal nonents converge.v;«ifhce*§i€7v'“k

Two types of situation where thls

serVe mention here.-vfantﬁféﬁ'fﬁ7*ffif*

&

l to. . . 5.0 . .

‘ffor large o usxng the Markov 1dent1ty However,»the "approxlmate ,* S



—

tran51tlon functlon is. deflned by 1ts flrst step tranSLtlon G

e . s B | "
probabllltles., Attempts at analyzing 1ts behav1or after many steps
by u31ng the Mafkg; ldentlty may fall due to the complexlty of . v

thls one step tran51tlon probablllty. However it may. be well

e . N . O ‘. ‘ .
behaved ln ghe sense that, the transitlon functlon may be L, 4
.‘." C A -,J_ i <« - : . ¢ . . . P

‘»assoc1ated wlth an element of a- sequence where the "approxlmate

. Lnfin;tesimal moments" converge. Thus analy31s of the orlglnal .

ot . : T

transition“function,may“be.Carrrgdiout‘by analyz1ng the assoc;ated

P PSR - s _ .

B baekward eguatlon. L' [:;ﬂ S A’ o "s". : _~1Y“~gy'
' Another type of sxtuatlon ls the reverse of that pr§v1ously

n_;descrlbed.K’Suppose a. numerical solutlon to a backward equat;on is  ~

:de51red One possxblllty 1s ‘to 1nvent ‘a sequence of’dlscrete =
'tran51txon functions, w1th the flrst step tran51tlon functlon belng
',51mple (as 1n random walk), and the "approxlmate lnfrnltesimal moments“

oA

'i-converglng to the respectlve coefflolents of the backward equatlon.~¥

'5,If the rlght k1nd of convergence exlsts, the solutlon to the -;Viﬂ;;fg
'A»;backward equatlon may)be approxlmated by ch0051ng a dlscrete

E itransltlon gpnctlon far along ln the sequence, and then u51ng the

o Markov 1dent1ty

It may happen that the sequence of processes converges Ln,ﬁmiw f“5‘;f

1gja reasonable sense, and yet thewllmltlng process is not the unlque

~) M

;‘~diffu51on wlth the llmltlng xnfrnrtesimal mnments Consider thlS - |

‘)_.r‘
e

‘., S e

‘%“;example.j;ﬂﬂl_”fif;f'{va“vf jfﬁ ﬂ,flﬂ”j'fiﬂ'ﬁﬂbhf;fwlzfhi“fﬂV R

”Sﬁlﬁca.Fs;ﬁiiﬁ,;;mstihigkﬁ_;;i,-zglggiﬂ

o, 2t

et s




~ \
T (s fyed s
Let ‘P:(g,{YIsvé I _\1/n2 ip" y=x '
. 0 - Othe#wisé’:;‘ L N

T~ ' N
- o b
o,
i v

YN

SR - , , R o
< Observe that 2an(x) =1 and b (x) = 0.
3 . . ’ n o
The limiting proéess is a spatially homogehgous jump process, and
is certainly not the standaxd Wiener“ﬁrocess. ~Note that property
(o) of page 2 fails for this process. S

. It is‘natural to ask the following question. Suppose,- a
continuous. transition function P;(-;') satisfies a’' backward

equation. Suppose, a sejuence of discrete transition functions

n . [ : - : . T n .

P (*,*) 1is given. When, in what sense, and how- fast does P (*,*)
_ , . o c

converge to P _(°,*)? In this thesis, .a special case of this

: . B U . v
question.is examined. ' , - A

t

’

Section Two - R

Let VP.(°,-)';be a transiti unction as defined in the

previous seé?iqh.' Following W. d others, consgger for

a (temporarily fixed) bounded. Borel measurable function ~f ‘the

expression:
N o L '
V(x,t) ?ff(y) Polx,dy) , xce fo,1], t2>0.

(This is the expected value'.of f(xt) in the. process which starts

at  x.) . Note that if £ is Xy (the,indicétor function of a

_Borel set ‘U), then Y(x,t) = Pt(x,U)'. 'If the "diffugidn

conditiong" (o), (i); (ii) are satisfied it follows by a standard

~
e

argument (ef. [11], p. 299) that for £ ¢ C2[0,1],

| \ :.gl



)

n

v {‘ X R . ) . . 1 .
e . a : , . '
5 . 5%‘(x, 0F) = b(x)E' (x) + alx)E" (%) , . a.e.
Because Pd(x,?) is Gx (the point maSs.at'_x); it follows from
(*) that u(x,O) = f(x).' If the endpoints ..0, if-are assumed to be

)

absorbiﬁg then B (0,1) =8, and B (1) =5 all .

OI l r,

Equivalently, the probablllty of moving away from 0 &r away from -l
is zero. ThlS forces w(O,t):é £(0), ¢(1,t) =\f(1), all t.;

Thes!'p:operties characterize the transition function, as

"~ and- a(*) is Riemann integrable With';d < k'»< é(') < k

" hoted in the appehdix.- A precise.veréioh of the bougdary value

V

problem Satlsfled by ¥(-,*
) Q: }
A crucial problem 1s to show the ex1stence of P (,*)

is stated shortly

fbavgng given drift and var1ance,veloc1t1es b(a), a(’)i - and

absorbing ends. ' This thesis needs to use not only the existence;

but anbEXplicit formula for ‘P.(tj~), in the case when b(*) =0,

1< 2. kae

2

. ex1stence in a general settlng is'a very deep result due to Stroock
‘and Varadhan(cf._[13],'Chapter 3) . The.appendix proves existence in"

. the particular case above, by solving a boundary value problem using .

eigenfunction transforms. The connection’is made with ‘the semigroup

‘point of vxew and the. di££u510n propertles (o), (i), (il) are-

' proved to hold for the constructed tran51tlon functlon

The BVP. (boundary value problem) satiSfled by Pt(x,U) is
now made precise when © = [0,z]. if . Y{x,t)  is defined by !

P(x,t) = Pt(x,U), then:

1 ¥, =1, YA =0, €20

2)  lim  P(x,t) = S o
t+0" ’ 0 x> =z ‘



]

9.
U s e
- 3) xS absolutely continuous in X on [0,1] for t > O,
' 2
: Y , : :

4) a(*) ey . —i- for almost all x, t > O. .
éxz 9t , , . . _ Ly
o : - . L. - . : - ) .;.‘\/"

A dlscrete boundary value problem versxon of a dlscrete

L)

~tran51tlon ‘function is obtalned 31mply by changing notatlon. Flrst,
con51derat10n of. dlscrete tranSLtlon functlons P ( o )‘:w111 be _i
restrlcted to those Wlth time set S = {0, T, 2T, e j for

T > 0.

Let w (x t) = f £(y) P° o (%) dy)

N
NS : : (Y

Then " (‘ -)‘ is uniduely‘identified by the eolution to "

A\pn(’ ‘ ﬂ’_(‘,t+'t‘)"!’ ( r ) = A w ( ,t) -

,the boundary value problems

© Px,0) = £, _-w"ko,ﬂ "%"f«dfr, Lw“_’(i',.t)‘

' A YRR TR € X,
Here el 3 R ERTE T £
' A g(x) =7 ( z g(Y) PT(x,{y})_g(x)> . ‘ . 53 )
‘n h ‘ o . S
. S : ) ,YGX. . ' BT R RO
..Questions of Pz(x.U),’COnverging ton-Pt(x,ﬁ)V may be attacked

by consideringgCOnvefgence“of.;Ap. to AL -,

.. ~1 ’ : : : .
~ Section Three S L B ﬁ@e

3

In this theSlS the type of convergence con51dared.willfbe'u'4
. v N ’ E
‘convergence of dlstrlbutlon functlons at a flxed tlme. Thu3“de£ine

P (e,) s P, ( ' )ﬁ if the follow1ng two condltlons hold

,1) for X € x, t € S, ‘there are sequenges xn,_t w1th x € x ..
' t ¢ s", x +x and t >t, 0

2) for x, X, t and t as above, -

.

E(D) for x X, tg



10.

fxlo ](y) (P n(xn'dY), - pt(x;ay)) +;0: .

en early‘ result of thls type is due/to P. Lax (cfm [9])

| his convergence result verlfled numerlcal methods for solv:.ng
boundary value problens. . |

| . More recently, senl group technlques developed by Ethler';&d

ﬁoman' (cf. [10]) yleld the followxng result | B

et | 3 f(y-x) 3 (x.dy) 2a(x)| <K r‘ oo
“j~.fTh'en'.
| [ £ Pxian -2, xoan < llell o
for  x € -X gt kr‘, ~and some_--K4.i> 0. .
'.bThls 1ast result can yleld a rate of convergence for flxed tlme

‘-/d.lstrlbutlon funct:.ons by u51ng d;fferentlable approximatlons to _“' :

[0 ](x) ‘ However the rate of convergence obtalned thlS ‘way lS .
. ; . . 3/. ] .
'_ slower than that proved here. . :

‘Se ctionf Four

LR

“In thls section the ma:.n result of th:.s thesis is precxsely stated ,;' -

K a «/‘ :

‘The Proof of this result occupies chapters 'I'wo and 'rhree. . In less formal' ‘ s

'\1_,

' terms, the result lS an . estimate of the difference between the leEd time .



—
-

vdistnbutlons of a dlscxete and contmuous process..

- process is'a dlffusxon w:.th zero drlft and absox:bmg ends.. It would be i

R
A f

s w'.‘

' des:.rable to hold th;,s contmuous process flxed whlle it is’ compared.,,

'to a sequence of dlscrete processes.. However, it: s:.mplifles the

TR “‘M_ I _@‘:/ N . . . .
o technlcal detaJ.ls J.f the lnflrhltESlmal var:.ance lS taken as a step
functlon approxlmatlon to a contlnuous funct:.on. The dlscrete process

is a random walk pmcess Wlth zero mean and "aPprObamate mflnltesxmal

A

B varxa.n_t:e" equ_walent to that of the contmuous process._.- »'a':

Theorem: ‘ CMaJ.n Res ult)

K - . - N N . '» o . M . . L . g
““ﬂ——// Suppose a(x) > e > 0 has bounded vanatlon and 1s contlnuous i

(0 1)

: Def:Lne x a (x) ' :Snrpz(x'u), d:(x t) and P (x;U)

bY the expressmns whlrsih follow

‘ »t‘ezt E 'ﬁ,'-.b'é".'an ,int_e'ger;.: L

o

et X" = {x j cxo=d, i integer, 0°<3 <m} .

it

L
SR B TR
N~

H

rh

x

A

»

A

»

o

‘

(v

M

"

I}
[\
PRotl

L)

Let = — — 2 PR e TR ‘; o
e v4'l|,a_,l|;,,n S Sl T R
- tet s = o, T, 27, Y | S S

w S ’Let'tne;di;screte vtransition_".finidtiOn

S .{Bt(x“,_h) e, xex, U aBorel set in X'h



pefine "y(x,t);’, dependent on Z.¢ [0,1), to be the's lution &0

: -{»’Et:?-('x"m}‘ Of_t:x ,é,.',[Q-/,‘l']: U “a borel set m [0 l]}

{Pt(x' [o,z]) =\D(x.t)ze [O,l)} S

The“thErelsa constant K > Olndependenf: ofn, xand 7 such [
>[Pt,(,x_[O,:zJ)’ - _Pt=(_>§_i[°:§J)‘| O T R

:fOr those n where t e S and x,z e x 'Ki-:.-‘i..s..‘O‘f_j-m‘_ej“f‘dfm'_l’-

| 'Tffa + b//"



,"\“ . o . . \\ L e . , «

s cHAPTERMO. o

It is jt"f-\h'é puxjpbs_e 'Qf this ﬁhe's'ié_ to prove

PO

O . ]’
. L Nl )
L, e Soeil .

;where - K 1s a constant'lndependent of ‘n.o There is noth:.ng to- prove lf

ze[Ol)

¥ Iyn-_ th rema.mder of the th_esxs assume

X[O ]<x)..:‘~ S




““7"cond1t10n problem as. follows.' Let

R

‘ﬁ%»}vgl,f.aThiSIisfthé"COntihubus_bbuhdarytvalug p:oblemtwhich wi1;rbetp,”

-14.

' The above differential equatioh‘holds,where;tQE(X) is differentiable

¢(x t) = w(x t) (l x)

ST gy ¢(x t) Bj(x,t)

¢(0 t) ¢(l t) = 0 ¢(x O) f(x)

N ‘fim'.;" ;

\"_Ihcthgaabbveiboundqrijélﬁe pfOblem'théitéétfiétibnstonﬁiﬁ,énd;;thiéfé‘fji

"Ythefsamétasqbeforéfandi “ttfAVi°iﬁf;"%ff?g;}x:"!vft“f; v7 :\;f;¥§ f

"'(' ) (1 x)

L ey

T

KRS 3 .
6%

"a°analyzed later. S

The next task 1s to develop an equlvalent notlon for the dlscrete
boundary value problem.”” .j};_ Lo e B AR

'bf A dlrect calculatlon wxll be done to show tﬁat

250 -



on
.a(x

“Here. . -

e

f x[0

J/n

A,

’ 5".?iRec;ai'iffr§m;', Chap'{:er."__olx{g,ﬁj L

Observe’ . .

w (x-h t) ——w (x t).,

.

.

q:_ x ‘,-0_) =X (0,21

(T

= E(x,tht) = E(K,E) L

&

an (*);f;,::; % “
e

_.a '..(x)'-"-ﬁ'fi'f”'

21 (y)p" (x,dy) Z x[o'z] (y )p (x {yj}),



«" ' : ) R T " _h.‘..i- ‘ .. _;I.

B ‘vNow-u“.t—_o?vdbv'tl'ie dlrect c\ulatlon use the Markov pr0perty to get‘s

| U"n(x"t+#)""=-'32 X‘° (yi)P“ (x'{y h e

llr .

2 E X[o' ](Y )P (x.{ypv})P (yz,{y })

i a (x) 2 ‘
4Han|l 3=0. SR A

' ‘ ‘.,-f,'.': + __a__(_:é)__ Z X[O, ](y )P (x+h {y })
o 4l|a IL,: =0 R

~h, })
[0 ZJ(Y )P (x {Y

4 ]2 X[o 2 (y )p (x+h {y H]

-‘];aV = a {x) w (x-h t)],;ﬁy-&i "

¢ since a.(0)'=a (1) =0, observe ©
( , ' o ) e et

nd YT (L,4) = 04




v e e
. Also direct calculation gives
O

e . - . RN

S SRUR NS n, - .9,. _. S : .

S e

o S

" ‘s in the previous cage, let. ¢"(x,t) = " (x,8) - (%)

_Thén

»;Thls 1s the dlscrete boundary value problem whlch w111 be analyzed later.a_ i

s }Sectlon Two R

The results of thls sectlon are

e g%, %’?f.eéfnif(xydxw, ;

-~¢;(x't’57i;f'(1tArX-R§f(x)dl' ‘where ' t.= kT . .
The flrst 1ntegra1 1s a spe01a1 case exten510n of operatlonal

‘fffd~calculus to an unbounded SPeCtr“m

The following solutlon to the contlnuous bouhdary value problem ;ij;;

.

;: uses Sturm L10uv111e theory which 1s summarlzea 1n the appendlx, and

f theory of 1ntegrals of Banach space valued functlons (cf., [4], Chapter 3)3 g




18,

¢

: : SN R T T g
- pefine an inner product on. L-[0,1]- given by - - . = 7.

coy
@ Y

“ 1Let A, be the operego:;on'a.subspace Qf'"Ltlorll def}ned'by..

;,?Note that A 1s self ad301nt on the approprate domaln [see appendlx] with
' : ‘4
_respect to the 1nner product deflned above and boundary condltlons.; Let A

'ﬁi;f@ﬁaEQYA be the elgenvalues and normallzed elgenfunctlons of A respectlvely.fof

o’

,then*fhebsolut;on to the contlnuous boundary value problem ¢(x t) gg glven ,'j

oA

‘ inwhéré'5f@“ﬁfinffhefaﬁéyé,exb:éssion*ana;tﬁdggfﬁha;?foligg;mggns:équalwa;':,

<.

’;ﬂ.oln Lz.- ;%;ff

Cauchy s. theorem ylelds deffn"‘

'f,fuherefﬁachﬂcontouﬁﬁl'iéround_thefongle;eigenvelué def BT




1ntegrals w1ll bevused to shdw

g,i domlnated by the real valued lntegrable functlon e

19.

8

~:Observe that each elgenvalue is on the negatlve real ax1s

'_[segpappendix]. The cOntour, glven by

(so that V.' r + 1), forms a parabola around the negatlve real axls

allows the replacement of each

The exponentlal damplng effe

small contour w1th the open p

IS At(fY )Y()dl T
¢("t) % 2 —“!I§ , )\ - )\ — . SRR

Next the domlnated COnvergence theorem for Banach space valued

The above statément is valld because the part;al sumsfafegffzgj

|>\ A, | 5 1
""”ﬂ Recall

arabollc contour descrlbed abOVe ' Thus,,;’hf

[see appendlx]

%& :

HflL wa




.‘.'éf : . s _:.o.’

o

CoIt w1ll be shctawp t'hat ¢(x t)

COnsuie): the exp.r'ess:.on

E‘urthermare i note.; )

Then the abox% J.nt,egral exlsf,S fox: each X.

va..

51nce the llnear 1n3ect10n of C [O l]

TheL and c < vers:.ons of the mtegrals are equal almost everywhere ,

QS Rt VA




EY

‘,‘F/

Fxnally since both s:Ldes of the pPrevious equallty -are contmuous, the

_§§ may be dropped Thus ., .

¢ (x,t) _21ri‘§e R_Af(x)dk.

Contour Integrals in the Discrete Case

FR o 5

'.Define A" by W

, 2 )
‘nn A T
A%, 0) = a0 Z 4" xoh, )
' T . h
; S Aaw

B -; ,. . .. T . K , .§ . .
Then a direct calculation will be done to show that the solution

>

t.o‘ R o .

¢n('?‘,t) = ,(rl+rA‘n),k¢>n(x,'0) .

v -

©

where t = kr,k lsanon-negatlve integer, and x =jh for 0 < j < n.

Observe that if ¢ is expressed as above,, then®

A, o o
_Tg ¢nA(x,t) - (14 An)k (l+:A) l] -(’-"Q)°




5.

‘(cf. [14], p. 287)

L 22,

¢ sx;t)'= Aé¢(xkt) as required. . The (n-1)-dimensional vector

Lo
-~

o g: g(x.) is a complex»number; 0<3<n,
g(o},?é_g,(l) =0

t

can be.given an inner'product_'(-,> ‘as follows,

- n=1.
<91,92> =) 91("3)
j=1 a: (x])

9. (x.)h.
(xJ)

[N ' , . -

Then A" is a compact operator over this Hilbert epace, so that the |
.formulas for operat10nal calculus apply . Thus, . .?

o .

oo = @R S et e

A §(1+}\T)kR§f(x)d)\

2m1

+The contour in the above 1ntegra1 1s around the spectrum of A

v

and RA ig’ the resolvent Operafor of A for éach AL

- The flnal result of the next two lemmas is that,the spectrum of"’
A" .lies on,the negatlve real axis.

a

(/]

Lemba 1 ‘An ’is‘self'adjoint.
\ -

\

Proof: Consider the "summation by parts" formula,

\) T

o
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nil nil '
p Aq =pd -Pyd, = L G ,18P -
k=0 R RHR

-Iteration &ieidS’ - L.

-1 f' T R
, - - o+ - : ] .\
kz pkA qk 1 'pnAgn—l plAgoy angn4l ‘~91APO f'kzl~9kA‘pk-l

SO

Kgpagy) = Logy ) A ) g, b
Tt kRl T T Ak ) h™ SRR
L ”fnii [T e
o= g; (x ), =g, (x, ) h -
el LK 2720kl
= g (%) = g, (x,_Dh
n kfl 27k hz, 171

ST e ety S me
e[ KR R g

]

‘i.e. A" .is self adjoint. -

Lemma 2 ,Each eigenvalue lies on the negative real axis.

&

a
-

Proof: Since A Tis self ad301nt observe that Ay ||Y II (‘Y ,AnY )

“for an eigénfunctlon Yj and 1ts cqrrespond;ng glgenvalue Aj’

rd
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Use of the “summaticnhby.pétté"ﬁfo;mule yieids

|
o~
<
<
3
=

TR Jny
< Cy,ay,
< Oy

- L RERI e TR hco. O
Slnce the elgenvalees of A iieheﬁ}theVnegetive teélieﬁie;l 2
fthe.contour ef 1ntegretloh can be chosenvas deecrlhed‘beloﬁ.;‘.

7 het part.of the contour 001hc1de w1th thevconteut.chosen 1n the_f}
heentlneouS‘ease,;'ie,é;x l-r ) -.>12r,-.:i-°° < r <‘wih Twe eohpleg |
'f numbere. hi; and A : w1ll be found 1n Chapter Three whlch 11e tc the
""left of all the elgenvalues of A 4 and then Jolned ‘to close the ‘*hh',373”h5
| f;{contour arohnd the'spectrum, as“sketchea beloﬁ .f ;‘f]'ﬂﬁi55157;th;y

-,




(X,t)=f
/0

A

e =] X,

(B} (x,dy) /-
0

L Pen s g anotiwa

27

oo}

fl
I

(3 L
Lk
R
N

)
{

AR oR
>

2

o

B
i

Coese

r/ —66_ < X <‘~.-qo.>‘ e o ST N
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n "fWLll be trunbated Then the 1ntegrands w1ll be shown to be small onH 5:;ih¥f -

i'the 1eft portlons of the contours, and close tO EaCh other on the ‘hfl;,h L

. ,remalnder.. o '

‘w11l be examlned 1n terms of

LfiVe.' In sectlon one RA and RXI

'f~’Green s functlons 1n a genera--sett1ng.3 In sectlon two detalls of“the ‘*'"'

;LlGreen £] functlons are deyeloped for thlS SP901flC aPPllcatlon.- Sectlon:3‘

.1~ «

; three has calculations whlch glve a bound for th@ left most elgenvalue
) '! & k=
of A " and hence the descrlptlon of the closed contour can be completed.-



\ghaﬁ,qbefproof;of theflnequalltyvwhlchgbgglpsjthus‘chapter.~

‘:Sectlon One
T e

" Inthe above expréssion .

where 'Y (N,x) -is the solution to .

and R (A,X) ls thg Solutlon gto S

28,

xSectxon four contalns a llSt of technlcal lemmas and thelr proofs, .v.fl”

NE

Lo S . : L
.wthh are later used for thiacomparlson of terms. Sectlon f1ve finally .
. S . , N e o

*w

Observe that RX has the £0llowing representation [see appendix]

U R = [ Gy Emdy.

[ Hame et x et
"f_1'vtf‘ |
R Yo Y (Gx)i Y g X,

G (X.y)

'go(A'p);ffpff dx YO(A o) | 1 R R

]



- : Ly ! z

P Fo_rvf_é:l},ip.é‘_’:al19_1’;,',"3"‘91?3;55‘10“-:for’ lan first:define . YO‘(»X')-(‘)” cand. .o

vg‘(xmasfonows s

S,

e e beteselgionts

Let le‘(x,x) ‘be 'the'..‘.é;bll_d’i:_ibhlf'fto" . R

St £ R =00 a0, x=dh, 0<iens

T Lt S

29,

B SAY 00 ke O, T

3. an integer,



" Then let,
SOy = Y (x x) Tyrl‘u x) ~Y) (;\,x) y ()‘,x) J

4

-'fdx'1xj ‘Jh, O < J < n, j an 1nteger
‘.efTo:show that w (A) does not depend on x, 1t w1ll be shown that

3.57’7${wp(X)\%fQ Flrst notlce thls product formula for dlfferences,

S AtEgtaT = gbE + Eemagle L

Then R

8 TR o
\) = ["h“ v (A,x) = y“u x)+Y (x ,x+m—’5Yn(A x)
h 1 h

-jﬁg1f“*-:{“..iw.f71%j}f» (A.x) X y7 (A x) -1 (A x+h) 2y (A x)] L

= 12 ()\,x+h) A Yl(x ) L
LT a (x+h) T RS BT

@ T

D e B Ty

Yo(}‘ ;;+b)] .’

: e-Y (A x+h) S A
R a (x+h)

Also 1f x = l - h 1s used to calculate w0 (A) Legeah_beeseeﬁ‘fhéﬁ ]

W (;\) Y (x 1.)
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CNew et T 4 oohe ooy

[Rdpge, xey o0 L

il

Gy (x1¥). 7

Adometom, vew o

. \ RS an,(y)wn(x) L i o S . »‘ v\:‘;{i g

o L s

o The nextseri




[O X, ] can be used"

'A*:on the SUb-lnterval [xl,x ]

Ean be found on any sub-interval by
8 K R o
‘finite tecurgion fro lthéjlgﬁt. q SLmllar recurrence relation w111 be S

iy e
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. > ».’ .

Comparlson of these recurrence relatlons w1ll

found for Y (A x)m
o \/ .

glve a comparlson of Y (A x) and Y (A x) whlch 1n turn alds the;

;comparison-of‘ Rk and Rx ,_f e.;f.ftfi‘l:fff' L T
- Thle’speclal coﬁparlsoa of seletleas to'dlffeﬁenee?and dlfgéfentlalt K
geéuatlons allows the con51derat1en of the aseumptlon that;ﬁIm /—— 1s- ,;? w
:ﬁOtherQLse the difference betweeﬁ?lY (A,x) 1and Y (x,x) may be of order'f"
':ZQ{X!; whlch is. not éood enough .: :;ﬁ¥:hf:f"yf~-f*“”1 GV 2
9 (A x); note tﬁat‘51nce a.(x) isf SRR

To begln‘the ana1y51s of Y




. e S _< aj ‘Yo()\,:f)_ss.‘n _-@j, x ;dx-YfQ‘()"'x) cos "/ aj _8:)/1?. s

NS

.B,,=(——Y (A x) s:.n / B '/‘ Y (A X) COS ‘/'”i‘ )/D., \

N
. " A\ ‘“

) . ; - C . s ) E . EN B B - ""‘-_’u
. L . . .

| after sinplifying

’_J_?’_é_ SR
_}\ = YOO"X) cos

RAA (A,x) sm s

_}\ dx YO(A x) sn.x. Virab i

= YoheX) o8 /G

ls contlnuously dlfferentlable,

*also, since #tj(x) 3

"Ex—-» ()\X)t




§ o
. ) 35. .
=Y, (\, Xy ) cos /p _q _;l ——Y \, x %) sin ; .
- ]+l i+l

lext, the appropriate substitutién for Y _ (A,x ) and f}-{- Y (A,x ) e

gives K : , .
[=4 \ O N ) - |
- -A . -\
aj+1 =la, sin /X + Bj cos [T xj sin . X,
S : ) e
o + a—} X,
| - Py
a 5 »
TR g: - =la, sin x. + B, cos /— x_ Jcos S
3+ Jo ) ] 2i41 )
+ /- | /- -
i -g'-—]; a. cos —->‘— - 8 sin /—X sin A X.
N 2y R a.j J ] ajil J
A rearrangement of terms gives
: "

Lot ' .
'~ . :. a, 'c-:‘os(/_— 1 L )+'B..,sin V=2 x. .
Ja . | AT '/;;

J'1
| j

:s+




: ' o\ - foL s\
- : \ . . S . : +
The last two equations give a relation between < :)) and ('J 1 .

| - B 341
d. : '
] Alsol ™ Y (A, 0) = ;, S0 .
\
Ca, = L and B -0, E
| RS U S
N

Thus Y\(A x)' is completely defined on [0,1] by the recurrence‘relation:

) and 1n1t1al values.
. Propertles of Y (A x) qaﬁ be deduéed ffom ‘Xb(k,x): bééauge*of
."thélr symmetrlc relatlonshlp |
| In a similar manner Y (A, x) will be analyzed. Fifét'recall 1

T

‘-W‘ sbmeAtrigonometry.. ' S 4 ‘ . o

. sin(a+b)‘- sin(a-b) =62 sih b cos g(f .
e N '

. cos (a+b) - cos(a-b) = -2 éin.b sin a.

D

Thus, o L S 1¥
A sin(ux) = sin(u(x+h)) - sin(ux)
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A cos(ux) = c‘os(u‘(x’fh)k) - cos(ux)
B T Y AT AN
Vj— fZ.Sln.z e%n(o(x}3p>.i

Iteration gives;j
\. N . ) ! B

s Dona, s

!

2% sin(ueh)

ne

12 costutx-hy) = -4 sin® Srcostw.

‘Keeping:theSe:relaﬁions‘ihfmind, attificialldeefiﬁe»-YS(X}kj .point? B

-wiéelby,

'-Yn(X,X)*;'a? sin u.x + B cos u.x,
0 s TR IR J o
for x #fﬁj’, j'a 1,2};,,,h .
n -
The parameters aJ, uJ and B w1114be chosen\so/ihat Y (A x)
»satlsfles 1ts deflnlng dlfference equatlon and 1n1t1a1 condltlons.
Slnce,, Y (k,x) must satlsfy the second order dlfference

.

equation, let

1




38.

: Yn()\'.,x)‘_,#-.'_orr.1 s:‘.h”u.,x‘‘-&’--.‘B'r.I éos: u, X \

76 solve the linear equations use Cramer's rule. ~Let,

= /=—=[-sin u x sin‘u,(x+ 3y —cos u.x cos u, (x+3) J- ,

Lo
i

- T
.
m T e
. > :
(o N
(o] .
Soeege
(W]
(N1}-3
1]
1

- Then; = TR

ay |
J ‘1 .' = ‘. . \".'v
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"nr : A‘ R : A‘ o ) oy o ' -
Bj;=; 7; Y (A,x)SLn u, (X+—0-'/a Y, (A x)cos u (x+-ﬁ /D.

Simpl'if‘iCatz'ien gives"

. . S e : LooTnaja, A -
=y =Y+ [ X x
oL Yy ()\,x)sm .;uj (?:‘f:z‘)‘ .:",,_)‘ h ?{OO‘ x)ces uj

R SR

R
‘

8= | 0meos by Do [ 5E 0 msin g/ /1y

L .

4 The above expressmns are true for X xj—l'x= le EIE
ek s
12“;" O and 123 <n f 1:

. So, for l<ic n - 1: .

=Y (A,Xi) u. .
~.h .-_Yov“"_x‘nﬁ):c.os 3+173

v = BN Lt =)+
'--Qj+1_, AYo-(}".xj),?»m\U.Lj-!_-l(.’.{; 2‘) _ =

‘8j+1 = YO(‘)\,‘,xj)»'co}sfﬁ +1( 5 2) .

g o _
0()\ 1 X )sm uj+1 3

- . Substitution-for ¥, and —t% 0 9’”’95 3

"-éj,+.]".7—'" li(aj‘ 51f1 quJ+S cos qu )s:“lx‘x u, +1( J+ 2) SR L

o ,\_-’ -

a,.

a.. SRR T o e e . :
o+ :,'-- (a_J vcos ;I'J. (x ) " Bj;‘g}r‘x; uJ(xJ+ 2) ces u3+1 E / 1 2a,



' The conditien that == ¥2(3;0) = 1, puts a restriction on [0

‘“f.The recurrence relatlon and 1n1t1a1 condltlon thus unqu91Y determlnes

) _ _
'1,ﬂ,<83) nd Y (X x ), for 1 < J < n
- . .

. Byl _ :

e G2y :
”»since‘rl +“Z§—1#v0 ;for;any jd and 3

-u~|s”

Many propertles of Y (A x) may be deduced from vY (A,x) Becaueefif“

Vf'fi,of thelr symmetrlc relatloTshlp e

"T;_Sectlon Three

To complete the descrlptlon of the contour around the flnlte

' ‘15pectrum of A ; a bound for the 1eft most elgenvalue of A must be f*?:f}

- found.

Note that an elgenvalue Ak haS‘énpeigenfunction:1Y3(121$)'5:Qf

"f;;associated w1th it whlch solves'f“ a EERERE

' Thls constructlon is va11d for A on the contour V_g + il_'j«

;A"i§ in.thefdomaxn'of Sinjl-o”

RN VY



)
DN
5

It w111 be shown that 1f )\ < -4Ha “ énd lng(AIX) o

g zho e
o ]so that ) (x x) goes. hdft,,éaitjis{fy[_f_ﬁb)’,,? and A is not an eigenvalue: .

Temporarlly deflnei g

‘  ;AThe dlfference equatlon for Y (A x ) becbmésé:b;'i’#?&ﬂiﬁﬂgébbi;lm,fz

s bt S

”ﬁ{'f X <--4HanH ‘-—-then 2 < }M [ Also f:vﬁ e ;
h S

IM nb | ij_l

4,.ﬁ(.
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-AnLinducti§n~erguﬁentfthen'ehows>oh'ﬁ;lbﬁ]'f;lbg;iJ.A,,

g ySectlon Four

The statements of thlrteen technlcal 1emme5,w1ll be llsted 1n

nl*'ﬁhrthls sectlon.A Then thelr proofs w111 follow., Flrst four p01nts on

ITf;the 1nf1n1te contour w1ll be deflned

0
<m”._3..
T
>
s

zytg-(l+-0 =i 2¢ 1+(1+ l/T

It

valéihCév ‘l/T -4[|an|| A and A j‘are left of all the elgenvaluesuAf

x}flof A ., The closed contour around the elgenvalues of A-f 1s formed

o fr"from the open contOur by connectlng A to A by a Vertlcal 1 ne’.

Truncatlon pOlntS AO and A of both contours are’ j_;

S

Tv.min{dpihj)ié_<:j'{wﬁ}jﬁx'"

B
BT
<
0

\ .

U Let o

5
|

EL

u»._-

., -(l+ —) + 1 21 l+ (l+ 1/'( Y on SRR | \ :
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: R STIT Lemmastobe used later arellstedasfollows R

! Lemma'l Let Y(x) be the complex valued solution to .

o é,(.xz_,:i"f(x;):' AY(x)

v.r:-"-’}Let g E C (0 1)' " g(x) > & > o for x € (0 l), and g(x) bounded
"?:'for x € [0 1] Let /— x + l: “:‘-‘°-_<.'_r .<.°?- : -' rJ .

1) /IT Y(X) 'is bounded f°r x € [0 1]

ll) oy (x) 1s bounded for x € (0 1)

‘:‘._‘-iLeuuna 2 The follow1ng functions are uruformly bounded J.n n and A,

for x € [0 1]. ‘/‘—"_‘ r+ 1,' f“‘."“,<i-,’-';‘,.<' °° ST

. _}0

111) ’d Y (>\ x)




}_?C‘fli,r-.‘ ]ﬁivj;:agagl(}gxb;g;i:“l Lo :;53e_u‘_f'\1fje‘ff_f)‘- ’”;e’ .

41??};.‘e.nLemma 3 |w(A)| > e/VI i fer some e > 0 X (l-r ) - 1 2r,
SRR x;fje e R o .

.'fb_--f_coe<v_y; f. co_ and all n>_0.
’*;/\.;~;;; R B et
2/:7jf::l Lemma 4 |R f(X)I < Kl fdigall3ene}”§?eg9m§l*K{f’zQf aﬁé'f,,f-fv |

.‘.-00<r<°0

s (l—r ) sy zr'

vxniiﬁn > 0, w1th A on the dlsconnected contour k (1-r ) —-1 2r, _fgﬁzrffJE?

""_oo < r < ©, Re }\ < 2an1/3

'_fLei:mafB |R f(x)l < K3f for some x3 >. o and all nls o, WJ.th
" - ‘ . ) T l/ : L

(1 - ) —»1 2r,i"_--°° < r < o, Re A < -2an or Re A : ??;;

e o

"-Lemma 7 I #(lﬂr) R f(x)dxl <. K /n for some K4 > O and all n o
;:;1arge enough, W1th A (l- ) - 1 2r, v—‘;-- l < Re A < —2an _or;lg_

“ Re A -E_%-— 1 w1th iIm AI < 21+23(n1/3

rema e f957fbelaTsélution'té"ﬁhé“difféiehcé,¢QQé£ion* L

. .:': :-"\.'."‘ it
i men-":v E




‘oi,:Let Ax h for all

':'fln 1ts second varlable, w1th F, G and :é% G bounded Wlth respect t°

' ’?both varlables. Then

lp(xa"q(xa)l< -(lp<x )- q(x )|+m 1(3 1>IIF GH )ll llJ 1 S

‘e::In the above expressmon,
K .

. _':'lsecond vara.able. 'm@ﬁsup norms are taken w1th reSPect tO both

Also m 1s deflned by

 ;o¥1ndependent varlables. _7v-$1»~f,;,y<;_,

the derlvatlve 1s taken w1th respect to the o

Suppose G 1s cpntlnuously dlfferentlable :



.;‘ Let Ax
. J

uous Jacoblan 1n 1ts second varlable,

Suppose ;

N w1th F,, ; G'Nbounded wlth respect to both v:rlables. l

) B

HJGIIJ 1,

=1 - (J 1)||F-G“
A eﬁxl) B(x ) s SEMREPIN Y .

expressxon JG .is. the Jacoblan of G 1n 1%5 ;Q'ef

In the-

 !’f;second varlabf e sup norms are 1n both varlables m 1s deflned

lw - "3ﬁ el
(l—r ) - 1 2r, fw < o<y

o and"for 1 :j?nk
”'i;;:;lfsvﬁ<7?liiv¥'Tth" '

'.aLemma 12 If A (l-r ) - 1 2r, Wlth .-2an1/% < Re A and xj~#}jﬁféfgf,e

‘:7;51 < J < n,{then the fOllOWlng inequalitles hold for some donstants . .t?;

'E]fs 5, 1(.6 and n large enough

IY (k x ) Y (A,x )l < Ksll[/n;ifei; g

“,-i_',:_.'f?_f._;'-; |Y (A x )-v

4

*y (A.x )| < KG'xl/"jf?-}?‘:ff.




47,

i .tni_; _:b jH.Vin
e xe

Voo

o UL SR I
T A S R B T S
] . - N . Lo R I

»

xf‘fﬁ;t.ivaOr éomefcénstan£J7K6 “apd ailﬂrnfflafééﬁéhoﬁah;”' 

PN

. Proof of Lemma ki i) "fhis proof

- function techniques.  Let Y(x)

' the equation

e

L

becomes: .

w2 e v? s (e @hdsenlse




- then  E will be unbSunded: '~ . =~ e TR

© Next it will be shown that E s bounded which will prove

v >’ vev, [(rz-l)(U2+V2)+4rUV'1 i% » (rz—l) (U2+V2) + 4rUV | X S

- g Ll

€

vty ‘zf;_",",.}('rl?-_;) e E
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>

- Use of the originailsecond order differential equations yield

1

substitutions for U™ iand V". Some of the resulting terms cancel,
. ‘. ‘ .
leaving

E’ ?_S,SELZ - El;[(rZ-l)(Uz+V2)+4rUV].

2
g g°
. o,
o .Y S v 8xu'v . ] .
Next some trickery will yield a bound for — . Note that
. os(|u-|--—1——tr||v|) L
R Lo A
| ] o
So’ -
1 2.2 )
0<U'2.-—11|r[|U'HV|.+Z-§-rV. | .
/a S
This gives C
» : P .
< ‘ rUVf_U'2.+a}§r2v2_'
' . <o+ L 2ayv? < 4k, : \
. % , - g oo T
N . ) . ) B K | } .
Thus 8zU'V <~32 E. “Also no matter what the sign of g} is
‘ g ~ /- |
g
. . . ’ o . '. \ . " eﬁ
] 4 ) X o v'.‘ E A !
o - -9-5 [(rz-l) (Uz+v2)+4rUV] 5_9-513 S .
' 9 L3 o ‘ ”
32

R - P 1 ) . L : i . . . '-_ ’
‘Finally Ef»f; + g? E‘.; This expressibnAis independent of .

[f=}

B

)
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' so

i

E.< E(0)exp [ ‘—+ dx+ [ lg—ld¥>'
a o gl Tol9ls
' Sincef‘g.z;e'>'0; the integrals are-fiﬁite, glsp E(0) = 1. So,'

E' is bounded.
'Case II. r <3 (similar to Césé;IITVThis_time~let"

| E'_:‘Uv? vl s é'[(r2+1)"(-u?+v2)‘+2ruv]'_.f

o v

Note that'f

[(c241) (UR4vP) +2r0v] =" (zosw) %+ v+ v >0
’ 0 o
: : . . o . C ’ .
Thus if E is bounded, then (r +l)(U +V ) is-bounded, to get
: ' ) A "

{ixl Y is bounded for x € [0,1]¢ leferentlatlon and substltutlon

o , ‘ SR ‘
for U" and V" eventually yields.

B = 4(UUHWY) /g + 20 (UNV-V'D /G |

¥ Lr24D) (szv2)+2rUVl g'/9°
- The terms 1nvolv1ng UU' VV'; U'V, and V'U can be bound by

€

_expre351ons generated from the completlon of squares trlck For'

. instanceL



- 80 -

51, .

Slmllarly the other three terms can be bounded by expres51ons'“"‘h

,_ef'the;form- £ g, The 1ast term is bounded by _E-JE;; Thus

2 wr

E g E(@expf[ |=lax+ [ lg—de>.<'m; :

'.ii)"Ftem‘ i) both cases

<

e

1 (1) except that .a H 15 not dlfferentlable.. However, because s

“ﬁa (x) is a step functlon approxlmation to a(x», all the an s can

\

 since E is boundéd, U' and V' are bounded. ‘Thus - Y' is bounded.

e“Proof'of'Lemﬁa 2z i) ThlS 1§ nearly a dlrect appllcatlon of lemma _;
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be bouneed above and below by dlfferentlable functlons w1th the
.h requ1red propertles Then’;he proof of lemma 1 (1) may be nﬁmlcked |
”"-replaC1ng the upper or lower boundary functlon for g in. order to a
ﬂ.make the 1nequa11t1es go the rlght way._‘r | | |

The same arguments apply to Y (A x), ;L Y. (A x) and ’éi-Yl(A x)

'to yleld _11, 111, and iv.

o Proof of Lemma 3 A lower bound for Iw(X)I w111 flrst be found 1n

: 2,
*terms of welghted L norms of certaln functlons., Crude estlmates
hof these norms w111 then be calculated._ “{i

 Let'wU(x),='x,'

~ domain of A Then, oo

| (A’A)Z(A, y = :—kw(A)U( )
S
20, = -WDRU(,
ﬁfry‘ | '.ﬁhrl}f:h;; :°‘1aha'f:(:§¥e"

Z(k, )

This, T

HR»U( >H

| Let z(A, ):éwv'(Xﬂffir:&(X)Uif>¢ffﬁété5thatf Z(\,-) is inthe
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||R u(e )]I g
< |)\‘ l HY ()‘, )” —Iw(A)I “U( )H I |

= Illo‘*wz I‘@l";’,:‘-'”iérf:*'?,"‘I'f_z ! -“ lf_lfll-#xf_ﬂﬁ bl

. case L. }1f ||y (A -) | < |wm| Hu( )ll then

’ -V FEATE

Ilw. )Il

'TI"'T< lwml o

©case I if }v.lwm"l-;..llvki_'):l’li gl wa

ol
f 1 T ﬂw i, uu< >nz

lwml

. f' :3f. ,// The calculatlons of a lower bound for IIY (k, )H

< bounds for ”R (u,-)||2 and ||u( )n

” BT T A3

ﬁﬁ“expan51on,',

Wlll be done next

The 1n1t1a1 condltlons of Y (A,x)

) _yo(‘x»,vx.)_, = * 3 Bl(ki,x)_‘f

A . .2 D o
IB (A,x)l < sup {l———Y(A,EH : O < 5 < x}
. ax.: ‘ - IR

KO TP SRR

St sup { = (z) m E)I _ iagx} S

;-and upper:v»; ,J ~*;.

yleld the Taylor serles T



From Lemma 2, ‘Y (A x)| <

: ‘jTemporarlly let,v‘l

. O < X - xb < |Y ()\,x)l

, QAlso el

‘ Z. I)\|3/2

e Recall l)\l > i

IIY u, >112 —Wf

B

L]
B T S
LT I TR

”Y (A' )” TT

Next consxder IIU( )”

|  f>are bounded below uniformly, :

Slnce U( )

IIU( )II

for some c > O

for .some B>O “and,

ol

0wl

R d

1s bounded and a11.'53(f);;;ﬁ,:



HR U( )|| || 2 A }\ (U,Y >y ||

i |()”2

'i‘?isvfhe. Jth elgenvalue [see appendlx] The last 1nequalltnyﬂ;}; ;

‘ '1:555§§ffﬁlidwsﬁﬁ;§mg_A lylng on the negatlve real ax1s and :P5-“

¥ . .. The expression for ‘the lower ;bound_:_-o'f |W(X)l 1n eJ.ther case’ now',;‘“-j'-
T T T e e e _ : L e

Cyfelds, ool

f’:~} w -;i .5A’: |w(l)| for §omeVH€};:Q;f ?3:?»,i TS TE N
AN T | |3/2 i -;.:~?g“>\¥;fff?'¢:; ;\¥(_;Hfi;'if{'f:DiFI'

. E ;,,"._.,:-_ ":.'4' " n o " ot

Proof of Lemma 4 Recall f(x)-xm z](xii;f"“

| ﬂ?t”gif{fikf;Ioicxg*f¥X€§¥)§¥ff={ :: ¥

since £ is plecewise linear, the caloulation of the sbove integral .

'Ti_fls 51mp11f1ed

' Consxder fo& lnstance,;_i o

: (x;'iivf:f‘ii)ﬁi’;f

e

. 'with 'z ¢ (b,c) “and- x'<ho o




o f&:GA(x;y)fgyidy‘é w(x,'f (y) Y, (A x)Y <x,y)f<y>dy Vel
B T B T i R gt

Z Y (A,y)f(y)dy

w(A))\ b dy2

. -,'. _‘T= W f (y) = Y ()\ ,Y) Lb f'(y)Yl()"Y)b : j:

] Yl‘mf(y)dY) Sl
Pt e

*7¥f:ﬂ~ lA

Ov

"'».'The last 1ntegral 1s zero because f" (y)

"ll

- -Now_ suppos_e »x,,< ‘zv.- o

- Then :

f G (x,y)f(y)dy f G (x,y)f(y)dy
ot R T A

" Next observe - .



T Yo(k x) +"ﬁa" Y
f G (x,Y)f(Y)dY —-71737‘ ( f(z ) —;-Y (A z)+Y (A z)

v& .

© Now use the.facts that o .l

s SR S g T ’Jfﬂfgji
‘J-E]QWKA) Y (A,x) Y (A x) - Y (X x) Y (K X) o

3 (X) )‘ x | ‘.H‘_w (X) S . e

| temma 2 and the continuity of Ryf(x) now yield -

for some B x 0

‘. ;">€ ‘ Application of lemma 3 now ylelds




: secwc R ’

" “proof of Lemma' 5

';an mtegral Whlch lS of a type whlch is'known to go to zeroA ex‘:._fnentlally,



L goes to zero exponentlally. Q‘ = T ”'"“34‘-u;:3\ R R Voo
Thus 1emma 5 1s prové@ L ;,’"-}ﬁi;" 3 mti  ’   7'fo:'..}f o

. préof of Lemma 6: Recall”

a

e < f”"‘?fﬁ”é o

gare the normallzed elgenfunctions and elgenvalues

o wmere 1% ama A

“ n-l (f Y )(A-A ) i

'-A A

n-l (f y")(x

A:")‘-_h}‘

)‘)Y

n..




v

Lty

© .. Now. that the alternate formula for ‘RMf has been proved; -

lR f(x )I < n max {a }||f“

The dlscrete L2 norm of f 1s a Rlemann Sum for the
contlnuous L2 norm of f. Hence there 1s a uniform bound for the R

0..

?crete ”f||2 for all n.; Thus R f(x) < /- Ky for some K3 > 0 :
} N el TR R R L

<




e a
)

Ciw

. Thersfore, for n large enoush

et L
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-

b [

| . . ! Ty G(x,. ,p(x )) ( ;q(x )) v s '
- ' _ 3 3/ j 3 _

b

. Let, - o
p, =|F xﬁ <)) = elx.pxd))/m
| j ( { J),Q( “])> . ( le 3 >/ 5 »

.and{,

| o «(,p(x)> (j,q(xﬁ
| ¢ T T px ) —atxy) “1/m

e 'jnf/" T TR

-
Now use lemma 9 to get, L R : {

[

]

C T ex)-q x| < |p(x)-q(x) |, g_|b~_ || 1 (1+he, |h H |l+hc |
. o S gS;:z 371 k=2 k-1 i=2 _-;

eyl sl

L

Also, l@l+hc | < H(-— G) 1““, , Thu‘s":
i DT
Clnaeme) e L
gy Taw om0

T a h-1
' . Finally |1+hc | |l G“



¢
) ' 64
o .so o,
t ) ‘ “ . .-w V; ‘ : l
Ip(x.)-q(x) ]| < (Ip(x )-q(x )|+m 1s- l)HF G|| H G||J
Proof of Lemma 10 ~This iS‘just‘the veétbr;forh of lemmalg, ‘The f
, reasonlng 1n lemma 9 and 10 needs to be ad;usted to SUlt the vector,'
' y FRUE.
'_forms of the statements. v IR « R . }I."
In 1emma 8, ji is a vector and CJ is,almatfik operating on
the Veetorﬁfpj.
I SR o ‘ o T
T (1+hc, ,) is a matrix operating on the vector b, ...
k=2 k=1"" o , , i-1
il (l+hc5‘l) is a matrix acting on the vector
-=2 “ - . - . . 7 . . .
K N TS § C
p‘+7§ T ~dthe, )b, hi.
1 4122 k—2\ | 'k 171 1
 The product formula for checking the yector form of lemma 9
A(B.q.) = (AB,)q,,, *+ B.Aq. - SR
(Byag) = BBy T 5%y

where BJ 1s a matrlx acting on qj'

The manlpulatlons usedto prove lemma 9 applles to the vector
! / o ,
case 1f 1 is replaced by the 1dent1ti matrlx.
Lo . / . .
Thus lemma 10 is prOVed. RS

.



65. .

proof of Lemma 11: Recall =

1]

a5 l xo‘kixj) sin /7 x, 4oy g Yo uxy) cos/T %y
'»>j" Yo(lij) cos¢/:;.;j +‘ A dx YO(A (X ) s1n byt fjf'v .

s

o
o~ ]
fl

) Also '/:X'= r+ 1, o < ¢ <'w>'and dﬁ<-a:< ajl}ufurthefmdre VF.Y (l x)
:'ana ;; YO(A,x) are bounded (from lemma 2) ~Thus_»aid and - e ’are;fli
pounded. .\ S R o | S g

o

. : o e e a.\\ . S
Proof of Lemma 12: Lemma 10»w'ill'be'_usedf Let F xj;< J)) - be:the = s

recur51on relatlon taklng - L

)

P o : "' T . e ; _ wd;jih e
Let. F xjf Ll .be the :ecursion‘relatlon taking |- o ~to- | ﬁ‘- L
: S ) - . . . . . - - ] SRR .

B

Thexexpressionvof '13‘»n at the end of sectlon 2 is: not 1mmed1ately seen

BJ+l

to be close to F. However,.xf the correct terms are added and

;subtracted to change xj 2. tgyﬂ#j,' and\then formulas for the cos }

o

and sxn of a dlfference are applled, then F takes the followlng

Jform
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a® = lal cos(x, lu, S7u. )+80 sin(x, [u. ;-u.l).
[ajkc‘ s.( 3 3+1~..31 TRy __,,_MJ[ 52 TR
ol ~1 (e, cos u.x.-B, sin u.x,Jcos u, X,
STy R M Ml SRR s RN 0.0 s RER T R

, +{a", 51 ux.+6 cos u.Xx.): g s:.nu U v e '
o -( 3 " 33 - qu)Z{fis : 3+1 3 'sT,,_. S
cos u (a os u x -B 51n u X, )]/ 1+ >\ .
| *y j+l ° 4aJ l R

Y . » T, .

2

RRLE TS "»[“jﬁslﬁ(xj[“j+;'gjl}fﬁj 99Sé:jgujflfujl) R

S 3+ ‘(q’,‘.‘éos.u.x‘.‘_-‘sr.‘ sin'{x.x'.)sin'ﬁ, X . S
o e a® sin usx +B cos u.x A cog u P A ST e
I R J Jx“lk J+1 Jol e e
| / smuJH_J . (a cosux— s:.nux)/r 1+ 43

'1In the above 'e:vcprésjs_ion'. ' ‘i“s":ﬁ;hé”diff‘ér,ence 6per&tof defined

‘Z% g(x) = glx+ 3) - g(x). ;
kIt WJ.ll be shown that HF -FH h2 for s'.c'miev ¢ > 0. F'irst
v note that the flrst two 11nes in the 1ast express:.on of “Ijl+1 apd 8
. e

L. .
N ij 41 are nea:fly equal to the expressxons fo? a j 1 and 8
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l+ b—é- 1n the denomlnator to the dlfference of'
?n and F 1s of order lhzk 1f l———4 15 bounded away from 1-:53115
: J px"' : . e .

AN
AR

contrlbutlon of

‘“f@fHoweveri‘
o

*u}}AT'ﬁ;2§n2_+ §? 142362_1'15;157.f?ffij
LT e i

4 e
. 505

1 ]/h2+2<1,
'Aaj

_E__
f"
3

NIH

for h 's'm‘au eﬁoﬁgh; T

oW

Next 1t w111 be shown that

' - )\:.' “
Réqill u ’='Z-s1n l‘%j ;ﬁ_;- Taylor serles expan61on glves

A .

o Co s T 2
L N R § JyJ
o ys Zosin Agyl <
,,u.Aﬁl : 2(1_ 2l 2|)3/2

‘k.for71é>;0v;andif|g;|’<iiﬁ. Tﬁﬁs :5

S e
R o

PPN

J.S of order h ’/ | | : . .



< ch Vl l for some c > O So far ,

o, : u ‘
L ( .»(e’~))-F(x~(;)) Fe

< ¢ch [A!(|al+l3[)iw{ff.fnw -

__-.for some o> 0,’ 1f the flrst two l:mes of F are compared to » F o

The lagt two ll.nes of the express:.ons for “g+1‘: and B wlll

_be seen to be sma11 of order h |'/_| (l nl"’lﬂ |) as shown by tlus

) ! »,_-sample calculatlon e

ConSJ.der the last two llnes of the express:.on for aj+l AR

(o', sinu.x,+B.. cos u,x.) sin w, XL T e
cos u (a cos u,x.-8" sin WXy )N

d e
L =i(q, 'sin u,x +B’, COS u’.x'.")z’s;in.—l———, cos, u ( 3 )
o= logsin ugxgrBy o8 By SR TG 3+1 ) 4 |

R
Fh

+, cos u:]-._1 J( s:.n u (x + ) 8 cos u, (xj+4)>2 sin. “1““ -

'-"l‘he above expresslon 1s the difference of two nearly equal terms
L Note that

e nT
RN

o lsin u.X. = sinu.{x.*¥=)| < c /hju, |- for some: c, >
oon ey = cos e Y] € 6w o seme ey 201



e

Thus the terms belng con51dered are smagl of orderv h /I [ (l }+B I)
Recall that lemma 12 says that (Ia |+|B |) 1s baunded for ;;-'

e e

oG flerl] £ neghd

7 ow conside} the dacobian of Flic). “Opmerve thar P L

};3 11ne§€5°Perath"°9$3 j_ and its matrix form is glven below..”i.;f,“m_f“ff




S j The flrst term 1n the above expressxon 1s a rotatlon matrlx wlth”

L ﬂAlso recall that the 1mag1nary part of /-_ 4:2

\J‘ .

i"'sangle dom;nated by A
Thus the flrst term ls I X hc)i where .

“5‘ is bounded,

Also the second term of?

i"'ls bounded.”

:*and I 1s the 1dent1ty matrlx.v

.bounded. L

Slnce (l-nElhﬂ'n

. bounded NOW _conslder_ o | i



S S T R

e Thus l“ l-ar;_l< chz)‘f“ some c>o




2a‘ : ',: + 2 . 1+2Vn1/ AN

5 ||a“|| ol i

3 o v‘ E | Soat‘ 1east \




¥ _"".-1'and k = t/’l' < c3h2 foi‘"-éomgf__"_'é' e O'-‘."":_:_".S‘o'“, P

,.-.-um del <nc3f |r+1t|n|2 2| “|1a|
: T ST P P

<ic,  for some cy > 0. ool

iv:_fffor some c,,-‘_

e 1mportant



4.

Sectlon Five

' In thls section the proof of the maln result on page 11 will be;_'”

completed _ As previously noted there ls nothlng to prove 1f z = l

)

ceo et

If XtRxf(x)‘dA, - ‘ K n .
for some K > 0

e

~ From lenna ¢, the sbove integrals exist. .

“ First define. three .contours, - 1.
e L T S L




D‘ Lemma S and 7 ShOW that

I

e

<

S l f (1+x1)kR§f(x)dA

tatements aretruex B

.

[ anatyrmal <




.
R ) o

e

1) recalr” b




" Also recall

e e T yJE@WDR -
R fﬁf | 21 6L (x v £y ) | o

02“;. B ’ o ‘ T . Y (A,Y)Y (X n) \x _<_y

. whege ) Gn(x,y) —-——x(———— _ a AR \\,: ) . U
o a—(y)w () ’ ‘ BRI

. s | n n e »
Coe ,.gvou.;vﬂlw’f res L

S e 2 Y51 and WO = o0l -

' ' Lgmhallz together with lemma 3 gives\

" for some c, > 0, and large enough *n. Thus

< . B o B .
FOEN
: . 5 . 8 N -
N ”
¢ . . ° [
. - .. 5
- - * . =,

|R e | < [A|¥ %eym.

¢ Finally . = o« I BN

$

Ij (Rxf(x-)-Fuf(x)>dA“:if% fr ;r

Ty 1

At]x|5/2dx.

o7 . . P . . i . . f
. : . L . . © Lo .. . I
. . - . RN o

sifice" the iési integral isifinitg (ii) “is proved 'To prove 1(11i{

. - . N - R . .
; e 3 . . . . 1}

A o Y
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0. )
it is enough to show
f ' (I 4 1+Xrl'k)| RXf(x) -R;?f (x)||ar] < ¥/n
" for some K> O.
'-thicéA‘that‘: for som:e.,' ¢y > 0
@ BT
2 2 e .
|k 2n (1#AT) - erl < l‘)‘ t 12, < A" = < At
., 2(l—|)\1:| ) 2= |
‘bec'éuse' A\t is boundéd on .I‘l; Thus
. . - C TAt ¢, o :
o < [ ORT | o ““l < cgle™l
e S s ‘  ", fof.soﬁé ‘c5“>'0”wahd_a}%‘ A on Fl.
" So o
| j(| +|1+n| )IRXf(x) R)‘f(x)lldkl < j (1+c )|e)\vt||>\|5/2 Lia
: rl’ ) * - . .l ’ N . . . .
o % Ny 1572
o gn, 1 0l

Th:.s last integral is f1n1te, hence (iii) - is prove'ci; This c':om‘p_let‘es

t.he proof’ of the mam result

P
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. APPENDIX

ThlS appendix contains results of two types. The flrst type o
f of theorem would be standard 1f some restrlctive conditions were

jimposed. An outllne of proof 1s given which' hurrles over the famlllar

arguments. ] : S _ A" S o . :

-

The second type of result found here 1s a dlrect consequence ‘

N

bv of some Very difflcult and lengthy work by others (for example,

‘p01ntw1se convergence theory, and harmonic ana1y91s of the sort due

to Elias Stein) Such results ‘are proved here in.a form suff1c1ently
‘reduced in generallty that elementary arguments apply.‘

The first section deals with the spectral theory of Sturm-'

12

Liouv111e operators._; The second sectlon solves boundary value :

"problems u91ng the first sectxon, and the third sectlon proves the

’ 1
‘;existence of certain diffusions, used in section 2 The semi-group

'-lpoint of v1ew is also briefly discussed 1n section 2. S

v B

. -80 ="




o

. 551;21A»clasg of Sturm-Liouviile operators
Let a( ) be a Borel—measurable function satisfying
Write |If” {fl a(x If(xﬂ dX}H, and deflne ‘szft

S 2 s
- as the space of complex functlons whose norm is flnlte Then L becomes L

‘_o <K< a( ) < K

1= 20

a Hllbert space w1th the inner product B A

<f,g> f.a(x) f(x)g(x)dx, f-,]g' »‘;Li'i‘_' e

lu‘
:"fbefinentﬁz "toebewthe classfof‘funtions'efiifor,yhich:
:- ) f R AP
(i) fegC (0,1} R O
(ii) £' e AC[O,1),
(i4D) alene) e i,

v £(0 = 0=f<1) R

By aefinition, ﬁDé 1s the domaln of thecoperator A2_ mapping:=Détj;
;1nto Lz,,wheré (A f)( ) - a( )f"( ), almost everywhere deflned.“»‘

\

- 2 B -
. At this stage we omit proof that D2 is dense in L ' as we. later i

ALY

tli'need a-stronger‘:esult (cf.v3 2)

'& l Lemma Given A € C, there are unique functlons Y (A '), ¥y (A ') ’"&afs

v

.j‘ satisfying,  ‘m3tJ-‘f“;::f,.

m (1 ) EG(A.-). Y (x.-) € c [o 11: |
""(ii’ Y0, Y'(kv) € aclo, n; N e s
L ‘iii) (e )Y"O«.') = XY, (x.-),‘ at: )z"u,-) - Ay (A,'-), .
- 1% (m A O 0 = b, Y'(A o) - ¥, ¥ 1) =0, Y'(§.J.) . -1.

T N *.
Q¥§1~'1-‘ T ,3;~”~ P
¥ U A S

W

iyt



'hi'Proof 15 standard, using the contractlon mapplng theorem 1n C[a B]

82. .

LR

“»h7to obtaln local exlstence flrst

L T e I e T B T T T g S e T e . Sl
!*Spectrum,vReSOIVent operators}'and'Greens Functions - - .=»' - " 7w o

erte» w(l) Y (A l) and note that w(l) 0 lff l 1s an :
rfelgenvalue of Az, w1th e1genfunctlon Y (A, ) Slnce A2 515.5;35”

ymmetrlc operator 1ts elgenvalues must be real, and its elgenspaces

[

f7hlmutually orthogonal. Separablllty of L2 forces the set of

‘ elgenvalues to be countab/p and obv1ously each eigenspace lS one—?,‘

'idlmenSLonal k c1early 0 s not an eigenvalue, and yet the elgenvalues B

”\ﬂ_must be non—pos1tive because QA f f) 150, all f € D2 (PrOOf uses~' N

b1

“flntegratlon by parts ) Although the following lemma 1s not needed for ff‘;lr-d

W »-&« \,v
RUERE LU

the proofs which fq110w, 1t 15 used in Chapters 2 3, and simpllfles

1 2 Lemma (c‘f [3] p 401) S B
The eigenvalues of Az form a decreasing seque&ce fh_f;“:

: ”“';j{-xj.lfn_sl,z',-;-.-};s,-h".?rm_,r satistying IA I > cj2 for some o,

; Write”_xi;:forfthe.nornalized,elgenfunction;aeeociatedfnith'»qu
= j” . S e
Yj( ) g llY (A . )1| Y (A ) ;ﬂ'fm*7rni :xhj°f‘iﬂl«fT':hif'vfﬁ'

+




”““”%f@&)wm yumyuxh,ﬁzﬁﬂﬁg;ﬁﬁ*“

TN L RN g g e
. 'Define the resolvent operator. R)‘. .Li.-*_- L’i@ by:

B = Gy Eel.
:«f%ﬁ;;l;sj,Leﬁma,,wne,qpéraebfa‘n;i:maps,fzgi_oato,;né,'anaf¢q¢a¥;-;4x752>t%;;":;*"*'

Proof._ (Outllne) ertlng out (R f)(x) as the sum of two 1nteqrals,f e[:.II

:'?y'dlfferentlate dlrectly to show ka € D2, and (A -A )Rxf --f

Equallty of D w1th 1ts subspace RAL2 follows from the assumptlon ?ifff’s;.

enie X 3 A2 ,i E l on Dz ’;Qﬁffﬂ{j;“f{ff ?7

2‘71;41”Thébrem,”Lét7»ffe'ﬁz;séna“wfitaffl;’;"ﬁ,fl.-o[;»}L%

= <f ¥ > EEST z e




'cifProof-: (Outllne) It 1s easY and standard to show Rx lslcomPaCt-t :HJci

.>”“5§Also, one can see that the ad]olnt of RA is assoc1ated W1th G ('.°)' *”f

g and thls leads to the conclu31on that Rk 15 a normal operator.- The

[14], p 345 )

";fspectral theorem for a compact normal operator (cf

i

‘ .'_'now ylelds the theorem, i :,. . .
(1) A funCt1°n g 1 s 1nD2 1ff R

J=1

- Lo ‘ ?.,.,é°f‘?e,rge"_?e? L

Proof-v»( ) This follows from 1 4 using the fact that  D2 15 the -,13

: ‘range of Rk and the fact tﬁat f € L

(ii) Apply RA

3

because of

@



"w{j;sz;j*Sdiutiaﬂfof:Bauaaary;oaiﬁelprébiemsmusihg;eigehfuncticd?expahsiohé,;vf

T

'f;izml Theorem ‘Let. a( ) be measurable on [0 1], thh k L@

: f_ t f e L [0 1] Then there exlsts a functlon ¢(

N '?gfjfthe set [o 1} X (o,w) satlsfy;ng:g_ i

'”ﬁ115*7¢(o ) -»¢(1 t) - o,~ £ > 0;
-)0

, raev'isa¢9ntiﬁu¢uéabhf¢f9z111*fqus>:’wﬁf?lff’“57 s

xi is absolutely contlnuous on [O l],. H,: O
THONECY _ , PR

:%%ﬁ almost all x, for' t > 0. };[fg-f{ffﬂf"<f.,;:

I DR

,'r'

fﬁ*;f fthéT5éries converglng unlformly on [0 l], for t > O where f _- (f Y )

fgfﬁdie_tﬁafg_ij 1nc1udes unlqueness of ¢(',,)

‘35fProof Con51der the series e}

YVf:;glIY “ 1s:bounded by a power of ].‘§It 1s also a standard result

':f“(lemma l 2) that 5:_-X3 2 Cj for some c >. 0.‘ Thls proves ‘ f:
Coe UKL o R : '~;:f s
et AR |.< “; and

=L ] A ;;» ; :
-on any rectangle .

[o 1] X (o,w) The same argument works for %%{_and»




."*;Sif Since a( )Y"( ) A Y ( ) a.e; ;t ‘0 l]' the.serles .

g gé(j); z 3 Y"(l)f | converge"in the norm ofz L [0 1], and 1t then follows '
74}:g{:::,.3-1 L -‘ ' A ¥ Rk TR
‘ ;*that the series”is almost everywhere equal to a( )w——i The fact

.{_that the solution‘must be given by 7) follows by integrating 5) against YJ

Properties 2), 6) remainjto be proved For 2) note that

Property 6) }15 consrderably more subtle, as the series for f need

not converge uniformly.. Its proof w1ll be 1nc1uded 1n the next section

rpnisemlzgroupsb'yfiﬁ:;,g S

h

the' BVP of the/preVious theorem, when t?> O., Write T = I, and note _o:fﬂ

that'uniqueness of the solution to such a VBVP implies that :iiﬁv.ﬁﬁfn“,lfT,f




T,

© property 6) will be proved with 3.

VAT

e m£20. whenever £20.

Proof of 3), 6) If g '1s a functlon on (0 °°), deflne D g
11m 1nf (t+h)~ (t) ’ erte F for the closed subset of [0 1]

h+0 R
Whlch T f assumes 1ts minlmum erte ¢(x, ) = (T f)(x), t > 0.,_v_:]"‘“'

-

clalm that for t > 0,_yﬁ"

[ .

b‘ﬁiigéia#c£;:;iihf{§é;(;;£sl;éF¥}jifE7:{? “f:;t:;]‘(*r'j_,fg:,%
L ;st-t;;x;'w,ﬁ,;;;;_g,ati_,ﬁ,vw “tggﬁﬁ S '-s'i*['lf"f-Vih'

Thls ls an ea%% consequence of contlnuxty‘]f ¢ on [0 l] X (0 °°)

can now prove 6) by contradlctlon.i 1nf ¢(x t) 1s ever negatiVe,zxis}h_;,

: : _ %
then at some t1me t, ﬁ;ﬁ 1nf ¢(x,t) <. 0, and

1nf ¢(x t) < 0 But thenfdf;'if_f

. shows :22-(x .t)' must be negatxve for some xo e Ft' and'hence 5d%f;f7f="'

’ negatlve on an interval about.;xo, 51nce a(x) E—%a(x,¢v —1 (x,t) ,;].rﬂh~

_ 1n:an 1nterval about g?VEG;j

a e.;_we conclude v—1~(xft) 1s negatlve a*;
axﬂ : T :
PR and this violates the'assumption xo e FH._ The contradxctxon provesfffjj;ff

K ’

0
inf ¢(th) is never<'i' 'iv[ti
'g,x,ﬁ ' o AR

graph,»we can show that for t > 0,

"As in the 'revious para

R AP : Tl e '73"I?’“;7¢’;ﬁ:fﬂ;.;.aee;;“;;;}i;.
."»where -Gy i :the1set where :¢-’assumes~its~max;mum;5and,gDt,'denotes»



C% 7 mist always be.- < 0, and hence sup $(x,t)  ‘is non=increasing with time.
= st AWAYS RO T TR TR s T L T e B T e

A 2 y
N

l\ggfhisié:0§é§'f3);'ij. s

‘il.Because the operator norms |[T || t > 0 are unlformlygklf3::qi

a closed subspace of C [0 1] It is easy to show that 1f f lS onej,.;fffal
- A t SRR
e,v

. f the elgenfunctions YJ, then 4) holds, begause TtYJ

It remalns only to show that the closed linear space generated by thef

;4._ﬁf*jl}f elgenfunctlons is- all of C [0 l]. Tb prove this. use the Green s-_ﬂ;.y,:f};i"'

1

\ f' functlon representatlon of R)‘., to show that HR f” < Kllfl[ Tlus

means RA -15 cont:.nuous as an operator frOm L2 to C [0 l]. Since

Y

_,“ ﬁhe llnear span of the elgenfunctionsfis dense ln Lz, and 1s mapped

_A;:e to ltself by RX' e 1inear span of the eigenfunctions is uniformly

o~

' ':f:dense in the range of:kafv But we. already showed that the range of ;ff"

*i'[“RX ,is D2 ’ so the ﬁlnal step 1s to show Dz vis unlformly dense 1n vlnjllefild

Vo

lTExtension of Tt

SR

to C[O l] |




ﬂ53;7_Existeneefof;difthidns‘Jutf" g
LT e :-rwagt;;,

Suppose 0 < kl <va( ) < k as before, and make tgg

ftaddltlonal assumption that the set N of discontinultles of a( )_;_7

; iﬁhas measure zetO {i.a.,a( ) is Riemann inteqrable)

e o

© the properties: ' o

B PO R S O A SR

o tim, e 061 b a1 =0, or a1 62 0, x & O

..(‘J-»).i_.llm R (y-x)P (x dy) s o for 5 > o % e [0 1] T
””:{ﬂft*o f ly‘x]<5 »~,'ﬁ¥'.£‘ AT _f N L

e (1) llm t 'f (y-x) P (x dy) = 2a(x) fdrﬁfd-?;ohka;(;xfﬁjigf'”""
o fa,r:t*o ly~xl<6 . R R S TR I I

| 15¥ii7(111) P (0 {0}) = 1 = P (1 {1})' t 2 0'

lbxit (iv) P (-;-) generates a strongly contiﬂuous semi-group acting on

C[O 1] by the formula'




s oL i Ato‘- . o . . ‘.5_ v y

and the assoc1ated BVP: of §2.- The solution ¢(- -) which was ;ﬁ'.?{*7*"w;

produced gave rfse to a semi—group {T lt>0} on G[O 1], as we }ﬁf

ﬁl;showed, Where (T f)(x) = ¢(x,t) for t > 0’ a11 %, Fix t and ;J[ffi-

;ﬂ’“ﬂ;' observe that the functional f +- (T f)(x) 15 positive with norm v;w;€:7;..~
e ,'. ,' Y de - . /"—\ i
bounded by 1. Since T l = l, the norm of the functlonal is exactly'one

B

‘ ”‘;“lIt follows from the Riesz representatlon theorem that f ls ~t

L represented by a unique probability measure denoted P (x") , fn the -‘

‘:'”thedassert that P (x. Y: restricted to (dfl)fvi§ énfébédiﬁt?i?ti.”"

L '

: ~offecontiduous measure. To see this uee Theorem 2 1 to show that‘f,jﬁ]yft.”’;

PRI 'gt-.".
o

..Ei?}lT f” Ilfll for f € Cd{O, i ”('“;



i

" Proof: It-suffices to show that there exists for any &' < B .a

. , \
function f ‘satisfying (i),,(ii), pogethe# with:

W £ =0=£@; IS
(vi) £'(8) =0, £(B) =1
.

Choose beontinuous function, h su pérted on [a+e,B-e] satisfying:

i

h(x) 1_6‘ X _>_% (a+8) ;

e : o 1 ,

SR | weam tax = 0. ’
. ' 0 B
"/_:_,.u——-
o T L
. L _ x - *_1
CWrite ' g(x) = [ h{wa(uw du,
. S 0o ..
~ . X i \
£(x) = [ g(u)du. o
FOLh

It is: eas11y seen that a( )f"( ) = h(- ) a.e., and all the remalnlng-

propertles can be ‘made to hold by multlplylng £ by some constant g

In01dentally, thls is the lemma needed to prove D is unxformly

2

Idense C6[0,1] ’ hence'aISO dense in “Lg

e ”e

s

3.3 Lemma Suppose a(<)f"(-) is equivalefit to some function

h e C[0,1] . Then ~ 5 ' | .
11m+ T f! f(y)Pf(x,dy)Tf(x)} = h(x);

30 S '
uniformly for x e [0,1].

(\
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J 2 o
Proof: Write ¢lx,t) = f fiy)py Cx”ay), ‘ t .
" | v (x £) %r//h<Y)Pt(x,dy), t ;To;

AT
By deflnltlon of P, (x, dy) thesé~are solutions to - BVPs with
,startlng fuqctlons f h respectlvely. If both £ and h vanlsh at

”

0,1, we may apply Corollary 1.5 to the elgenfunctlon expan51ons given

t

1n Theorem 2 1, deduc1ng that A2¢(- t) ¢( t), t,> 0. (If £, h

/ .\ /

do not vanlsh at 0, l, we appeal to the last paragraph of §2 .),;f

.‘I'hen:. ’ o

A}

T w

.

t

M0 )= e ] M oxsas
- . L v L
£ = t-_,f‘ A2¢(x,s)d5' a.e. '

I
o t [ ¥ix,s)ds.  a.e.:
Y+ e S P

But both 51des are contlnuous 1n x, hence equal everywhere, and then,
K ‘Theorem-2.l lmplles that the right hand 31de tends uniformly to
wlk,O), as t > 0 . Slnce ¢(x,0) = h(x), we have flnlshed the proof

&

[x

3.4 Lemma Copition (o) Of Theorem 3.1 ds satisfied by P (+,:).

Proof: Apply Lemma 3.3 to/a-function £ satisfying the conditions

B

of Lemma 3.2, noting that (A, £)(x ) =0 for any p°1nt x, € (a B) .

{ ; e - m{;>1§? O - : _D
3.5 Lemma ‘Let f € C°[0,1]. Then . . ~ - .

-~



'(_

' Proof:._As in the proof of Lemma 3.3, inte

v (x—6,x+5) by constant functlons hl,

im0 £ A £ = A £ | v
0 T P v

at all points x .where a(-) is continuous.
s R T

o . s .. N 1 e 5

. )

-1 - j S :
NS £p xay -} = £ yxsias, €0,
' - “almost-all x.  * ot S

@

' This reduces proof toxsho#ing‘that:if:~a(;),’ie'ebntinuqus at x, then

v o lm, w(x,é) =a(x)f"(x).
= - s¥0
" In the;notationlovaemma 3.3,5£his meanseproving: . /'

‘ 11m f h(y)P (x dy) h(x) o b

- Proof wiillbeffiniehed'by outiihing a stahdard "pointwise convergedce"

: : N
argument"whiCh applies hbre.; Approx1mate h ‘above and below on
,ié.{ Use condltlon (o) ,(which“‘

s

we just proved in Lemma 3 4) to i nore 1ntegration out51de (x#d,x#d)fv

' Next show that - lim sup f h(y)P (x y) may be estlmated above using

t+0

hl,,and that the lim 1nf is estimated below u51ng h ’. flnally ia

'1conclud1ng that the difference lS arbltrarlly small, hence‘aerq.e Thls-_lf

' ;proves lim f h(y)P (x,dy) = h(x), as required. L

, tfo i R e dv7f'UL?fz

A . "



{Proof of Theorem" 3 l "Propertles (111), (1v) were establlshed 1n

7

...§2 and . (0) was proved ‘in 3.4. For the case 6 =1, condltlon ‘(i)

: now follow from Lemma 3 5 by settlng f(y) = y,_and notlng f"(y) = 0 - 
‘If‘ xo is a p01nt of COHtanlty of a( ), wrlte Ey) = (y-x )

a(x )f”(x ) = 2a(x ), and then Lemma 3.5 applles to £ at nxo S

. yelldxng (11) R ;’.  '_‘5 f : 1_. Q; Co
";.TQ PaSS frOﬁ_ﬁh§ CaSéf;6 = l'[EQVQQhé:élv:S"> 0, use condition

o : . : T



