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ABSTRACT . 7

° ‘,

This thesis is concerned w1th the numerical

approximation of initial value problems in differen-

tial equations.

A detailed de&elopmeﬁt of NordSieck's method

isopresented; The  errors 1ntroduced by step51ze-.

Ed

changes are then examlned and a procedure to reduce

h

these errorsals 1ntroduced Theoretlcal and practlcal

1con51deratlons showed that the procedure 1s effective

in reduc1ng errors.
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CHAPTER I

INTRODUCTION

The objective of this thesis is to study

Nordsieck's method for solving the differential

e

equation

1
y( )

£(t,y) , o (1.1.1)

given y(t_ ) = Yg*

5 0 . ~
g Nordsieck's method consists of a predictor Ot
equation of the form /,
©) _ .. - -
and a correcter equation of the rm
(m+l) _  (m) !, _(m) 0.1 0 -
__n+l . - z{‘n'*'l + Fn+l &,’ m__OIlILI°."IM l ’l
(1.1.3)
where
_ o '\.\)'J\
1 (2 o
§n==col(yn,hyé ),hyé )/2!,...,hqyéq)/q!) .

(1.153)
‘( Here, y;j? is the j-th derivative of a polYnomial that

approximates thé'éolution about a point tn; The matrix
Q and vector &'areAchosen so that the truncation errof}m

is low and the method is stable. The quantities F

F

(m)
n+1’



are scalars that measure how well the differential equa-

Eigg‘is cucisfied.

One of the principal advantages of Nordsieck's

method is that estimates of local'errofs e?e easily ‘
. e .
obtdinable. -In.fact,:when a g-th order method has been
used to\make a step then the‘error for the (g-1l)- |
order'method is immediafely available -since all—defiva—
tives from thelfirst to the g-th are available; ahd by
taking diffeﬁencefiestimates of the errors>for the g-th
and (q+l) -th- ordef methods'can ea81ly be romputed.
Because local estimates are readlly available 1te
is bossible to choose both order and step51ge_to ‘mini-
mize, at least locally, the cost of solving differential
—
-eduations for a given tolerance. 4
An implementation of Nordsieck's method with
facxlltles for changlng the-stepsize and order has been
wrlttentand is 1ncluded in the Arpendix. While experlz\d%
A'mentlng wfé% thlS program we observed that large errors
" are introduced into the numerical solution when using
methods of orderogreater than 5. Similar observations
‘are.aiso'reportedjby Krough [15]. Hence, we developed
andtincluded in the programva prooedure to sdbsten—-

tially lower the stepsize changing errors when the sStep- -

size decreases.



In.Chapter IT the predictor and corrector
equations’ of Nord51eck S method are developed u51ng
matrlx notatlon. Matrlx notatlon 51mpllf1e§/the
analysis con51derably, it 1llustrates -the method'
relation to multistep methods more: readlly, and it
leads quite easily to a more general class-of inte—
gration meyhods called multlvalue methods by Gear [7].

In C%apter IIT step51ze changlng is dlscussed
In partlcular, dlfferent methods of obtalnlng local
truncatlon error estlmates are considered. Also, we.

present the development of a technlque to correct the

‘solutlon when decreasing the stepsize,

In Chapter IV the implementation of Nordsieck's

-method is discussed. Chapter VvV cdhtains the‘test pro-

. .

blems.
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o4
. , NORIﬂSIECI\' I3 ME’I‘HOD ' .
S 0 ~ o n
. N | - _ : . -
2.1 Notation . S \\' ‘ o

‘Let y be the trqe Sg}utLOn and Y be the, ap ro-

’x1mate solutioh of (1.1, l 2?f.é:USe the abbrev1atlons

_ |
Yn = (tn) / \
» . B ) .
Yo=Yt |
LY \\\ -
(1) _ - B}
. and Y,. = £(t_,v/ ) o .
(l) Y ’ ‘ '
R n = B TR) o o
where L, = tn—l + h, n\1j2,...,N, to'given,.ahd h is
. -
the stepsize. ‘
Vectors are gfngted Dy underllned lower case
letters. The symboL | ,l| is used for the Euclidean
vector norm. For eyamp 1€, N
S (l)(t) =.A ¥(t) ' : s

pi . ‘ X e N .

o BN - Y h o ﬂ/fv\.
is a constant coeffyCiqpt 1inear system, x(t); is the '
i-th component of the solut;on Vector x(t) and

ey [ ? 2(x(t) g the squaf% of the ‘Euclidean .
norm. Moreover; lf"ﬁl' EZ, §3, ceer X is a sequehcef

»



L

and matrices.

o & : - - 5

N - ’ J- \1

g . o o
of vectors’, then Xn,i denotes the i-th compoﬁiyt of the
n-th vector in:the sequence. 4

' For convenience zero. indexing is used for vectors

P
K
¥

. ’
el

'2.2 The Predictor .
~To develop :the predictor equation (1.1.2) of

Nordéieck's‘method.we consider the truncated Tayibr

o
. Series ’ v
_ o 5 N
_ (1) , h* () - h? _(q)
Youp = Y th Y U 4 ey +’"'»+§T’Yn
o - bl ’ 4‘(\4'1’

. \‘&.d’{,‘* .
il
(2.2.1) M

i
]

assuming that the approximate solution Y has derivatives

of suffigiently high orders over the interval [t -t 1.
The predictor can be formulated in matrix nota-

.

tion by using thé vectors ... .=  " . ’ Co 7//f 
2- = col(y , y\H o . y@y (2.2.2)
-n n n . n ¢
and N
X =:col(Y hY(¥) EE Y(q))- | (2 2.3)
_n ‘ /. n 14 n"'\?\’__’ . s ® ‘, q ! n . ,i,'}‘ - . - -

Relatlonshlps-betWeen X and X417’ Zp and Eh+l? and : .

a

Xn and En, ¢aﬁ be obtaihed by expandihg the components

of x

X.4+1 and 241 ln‘trgncate? Taylor series about the <
point t = t . JThat is,'by using . ' o - '



3

-

n+1

. q.
¢ (1) =) ;%T—__- 3 -
X j=1 T -

,b- ?
D e~ 2 ’5‘3 ‘,
which may be rewritteh as
aL T
L S IR e N SRR ED ~
7 Ynrl T oL ) 3T Y

5
Y o
. Writing (2.2.4) and (2.2.5) in matrix notati

/ Eﬂ-}-l = Q)\(h)in , o .

-

and

én’d ) ’ ’g" ’

Moreover, ‘let

DR,y , IT %45
Gij beiﬁg the'Kroneckég,deita} theh/joné»qan
J PR )

s
T

S
5}-‘ %
& s
b7 ;3‘ ’”
. 4
¢
w ¥ K

14
7
A .
o yields

¥

oo . .

(2.2.10)

A,

<

N

see that
§ Hat

o
N

LS



1

Q = D(h) ¢ (h)D = (h) F : (2.2.11)

Zy 1 then

the seqUéncés defined by (2.2.6) andm(2.2.7)"satisfy

hqﬂds. Hence it is clear that if‘éO = D(h)z

il

= D(h)zn. Thus, the use of (2.2.7) is equi&alent to
the use of (2.2.6). Furthermore, if z, consists of the
derivatives of;% g-th degree polynomiél evaluated aﬁ

t = t_, then z
; n —

e+l consists of the derivatives of the

saﬁe‘polynOmiaI gvalpated at t = t_ ;. (Recalling that
the derivatives of a polwnomial evaluated at a point
uniquely def;ne the polynomial, we see that gnjgnd Zo41
are siﬁply.different representations of the same poly-
nomial'defined by
- g (t-t)? -
P(t) = ) —s7— 2z_ . . _ (2.2.12)

‘Since the'Sequence‘gO, gi, ... simply gives
different fepresentatiops'bf ‘the polynomial defined -

by z,, it should be clear that‘ghe use of the predictor

OI
alone cannot yield good approximations to the soiution 
of a.differential equatior. . .ample 2.1.1 illustrates®’

the.folIy of using the Sredictor alonre.

e
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/',
EXamplé 2.1.1 " '
Use (2.2!7) to integrate X
/) L2 P
AN
vy = —sin(t), y) =1, N (2.2.13)
with h = 0.1, and g = 4, over the'gtkerval [0,5]. .
S (1) _ __. _
Results of y = -sin(t), y(0) =1
- -
t Yn Yn 'fvEerr
. by
’ /;‘d ’
0.0 1.0 1.0 0.0
0.5 10.87760 0.87758 0.00002
1.0 0.54167 0.54030 . 0.00136
2.0 ‘< ~ -0.33333 ~0.41615 0.08281
3.0 -0.125 ~0.98999 0.86499
4.0 . 3.66667 | -0.65364 4.32031
0| | 14.54617 ' 0.28366 .14.25800
oo v . A
\ ' - . P
Table.2%2.1 <
S :

The results of Table 2.2.1 were computed with the

starting vector x, obtained from the true solution y(t)=

N]

cos{(t). That is.

7

= D(h)z, , | - S
0o, |

D(h)col(1,0,-1,0,1) , a (2.2.14)



/ : -
l _ ;

v / : ) S

which defines the polynomial

P(e) =1 -5k (2.2.15)
T T, |

Using this polynomial one can obtain the second column :
of Table 2.2.1. For example, P(5.0) = 14.54617.

" An alternaﬁeﬂmethod of coming to the same con-
Chal

clusion uses the fact that ¢ (h) is a discrete\transitidn

-
matrix having the prgséyﬁi%s _
- n,, - ' '
¢ (nh) = & (h) , (2.2.16)
“ahd | - )
oo , o
@(-h) = ¢ 1(n) . o, (2.2.17) -
Thus, we can wgite -
_ n ) _ ‘ N .
= ¢(nh)z,. , . o N (2.2.18)
X ___.O .. N . - . . .
and : g ; |
7 !
2h = D(h)gn r P
. = D(h) (I)J(nh)zn ; - . . ll..
. R
= D(h) ¢ (nh)D _(h)§0 ’
%\\. ‘ __" ) . .,_



1 nh (nh)2/2!

/
0 1 nh

’ \

0 0 1
0. o 0
0 0 0
1 n n2 n3
0 1 2a 3n?
0O 0 1 3n
0 0 0 1
0O 0 0 0

(nh)>/31  (nn) 341
2 -3
(nh)~/21 (nh)~/311
nh < 22107 (hy x
N
-\
1 ' nh
<%0 1
4
3 )
2 X - - “(2.2.1?)

10

Clearly, (2.2.19) shows that for almost all choices of -

Eo;large errors in X, may be expéctedé

2.3

form

(m+1)

4

Here,

The Corrector

The corrector of Nordsieck's method is of the

@, o) a1

= §n+l + Fn+l &', m—O,l,f..,M }

F(m) is a residual defined bl“h“;s | .
n+l - ng”“¥"§ :

b]

T

7
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~
b

helQ) o« (0)

n+1 n+l,1 r form =10
(m) _ -
Fn+l = , (2.3.2)
(m) _ _(m-1) o
hfn+l - “n+l,1 2rom > 0, o
woere £™ = f£(¢ Cy™y 0 ana g ois a vector of para-
vIES n+l S n+l’ “n+1’” = p
- meters which determines differéA;}methods. We set . x .=
. . . { ' e < —
. (M) (0) _" 4 . ] ' o
Xn+1 (‘and §n+l'_ Q Ene ) b o
| » XEquation (2.3.1) may also.be written in the form
&« o
C o (m+l) ' * (m) : S
el S Qx v E L 233
, D
where ' ) :
* (m) (m) _ _(0) , 4
ol T REL) - X0 (2.3.4)

/ : . )
Provided that (2.3.1) converges the corrector may“be

written as the implicit equation

X Bl SO E, FF02 0 (2.3.5)
where

: e _ ., (0) ‘

Fn+l - hfn+l Xn+l,1 [/ (2.3.6)

L

" which is to be solved for. x .
. g —n+1
The form of the corrector equation (2.3.1) may

be motivated by the folewing analysis.

QJ? C {



(e
Let
T i), . .
Xp 17 h Y, /it . i=0,1,2,..., P (e 3.7)

) be the ifth_scaied derivative of the true solution.

(0) o

Define the predictor error Enrl by
(0) _ T - x (O | (2.3.8)

En+l T Sn+l  “n+ll

‘ andfthe error £n+l of the predictor-corrector methbd

by
’ b
T

En+1 T En+1 T Zn+l (2'3f9)

o

'Expanding the true solution y and its first g deriva-

- tives about the point}th and formulating the resulting

expressions in matrix notation as has been done to

develop the_predictor equation (2.2.7) we.obtain

5§+1 = Q §§ te .. ) - (2.3.10)
‘w%ere
w i+3 L _
+9)- . :
ei-= 7 yél ) , i=0,1,2,...,9 .
. g=g-i+1 T3¢ .
- 1‘ (2-35@
;éUbtfa¢ﬁing the equation . .
x00 — g x S , B (2.3.12)

—n+1 —-n

12



,Thus, for suff1C1ently small h (q+l) Lr

13

from_eqUation.(Z.B.lO) and using the error definitions.

(2.3.8) and (2.3.9) yields

_‘211 =Qeg, *te - . é (2.3.13)

()"

If ¢ = 0, then ¢ = e and then, using (2.3.11),

=n v =n+1l

L) _ (o) q+2 ' _
\3 _E__n+l - n+l 0 E_ + O(h ) 7 . (2.3.14)

+1 .
where c; = (qi'), i=0 1, 2,...,q.0 Thus, for small h,
(0) (0)

€n+l1,0 9 is a good approximation to g .-

In Corollary 2.3.3 to follow it is shown that

[

s£21’0.= (@)™t PO 4 omTF) . (2.3.15)

(0)

- Moreover, ln Corollary 2. 3 2 it is shown that F n+1 =
O(hq+l)~only. Using the approximations (2.3,14) and

(2.3.15) shows that

(0) _ . =1 _(0)
En+l ~ (q+}) Fh+l

n+1 g:+ omh=*") . N (?.?.16)

(0)

c 1is a

n+l
oy — e+l L
good approximation td Ent1r Defining g = (g+1) ]

we are led to the correctlon (2.3.1).
3 »
The remhlnder of thlS section, is used to give

G

the proofs of the lemmas and corollarles used to obtaln

equatlons (2 3. 15) and T? 3. 16) Moreover, we shall
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4

derive an expression for €41 to show that the order of

~

the predictof—corrector‘pair is greater than or equal

to the order of the predictor, provided the prédictor

is iterated to convergence.

§
)
-~

Lemma 2.3.1

Let ¢ %) e ,and x . , be defined by (2.3.8),

=n+1’ = mn, i

(2.3.9), and (2.3.7), respectively. Then

q . . o , v
(0) - 3 3y LT L

€n+l,i * £ (7) e . + j£q+l ‘i) X050 1f0,lj...,q

| T (2.3.17)

Proof: Using the error definition (2.3.8) yields.

(0) _.T (0)

n+l,i:= n+l,i Xn+l,i po 3=0,1,2,. 0009
ExpaﬁdingrxT "aﬁd x(o) . in Taylor series about the
- "n+l,i n+l,1i -

point t yields

g
S0y

n+l1l,i

which is equivalent.to (2.3.17). ‘ ‘ 2

RV

Corollary 2.3.1 o | / ' | - \

s N Xy
o ' T nea 57deA 0y,
Let Sn+l,0 r €5 ,Janq X, g 7 be deflned by 2 .8},

r

(2.3.9), and (2;3.7),'fe%pectively.v T g =0, then

3
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€ntl,i - (i) Xy g v OMTT) 0 i=0,1,2,...q.
Lemma 2.3.2 l ' | ) ‘Cﬁ
(0) , T . _
Let F /7, g,rand x ., 1=0,1,2,..., be defined

by (2.3.2), (2.3.9), and (2.3.7), respectively. Then

| . | {
(0) _ _(0) - 0y - . - ' . :
Fr+el T €nel,1 T Pepia,o BEE) (2-Jkig)
q . |
] jzo QTRE(E)) ey o 7

- where E(§) = £ (tn;l,g)_and £ 1s a point between X+

Y n+l,0
(o) ‘
and X 41,00
Proof: Usfqg the definition of Fé31;~(2.3.2), vields
- p(0) e (0) _ (0)

n+l - n+l n+l,1 °

Substituting the first component of the error definition

S (0) .
(2.3.8) into fn+l results in

.

T (0) ) L 0)

F(0) oy - e\ -
n+l’'“n+l1,0 n+l,0 n+l,1

n+l. - hf(t
Applying the mean value'theorem to £, uSingkthe argu-

' El

‘ment vy, yields T o . N
(0) _ T ) I . (0) "
n+l *n+1s1 :_Q€n+l;q.h(€)‘ Xn+1,l : . ,(2‘3;?2%
(0)

Using the definition of €ntl 1A2L3.8), shows that (2.3.22)



16

is equiValent to (2.3.20). Using Lemma 2.3.1 to expand

(2.3.20) yields (2.3.21).

¢.=.D
Corollary 2.3.2
et 709 and ¥ be defined by (2.3 2) and
) ; n+1 ) n,g+l Y U
K2.3.7) respectively. If €, = 0, then
(0) _ LT . g+2 . ,
Foep = (@+l) ¥n,q+1 ToET) L . (2.3.23)

Using Corollaries 2.3.1 and 2.3.2 yields: \,

Corollary 2.3{3‘ . -
(0) (0)

- n+l 209 €11 00
(2.3.8) respectively, If g, =0, th@ﬁ

Let F -be defined yy (2.3.2) and

Eégi,o = (g+1)"t £ (0) +.ogg§%2 | o (2.3.24)

n+l

than or equal to -the order o~ethe pred;ctor1method,
proVided that 21=‘l, That ie, if the error of the o
: \

g+l

predlctor is O(h ), then the error of th predlctor—

. corrector method is at least O(hq+l)."In_part;cular,'

o

we show that

v
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(0)
_ n+l,1
n+l "~ 1 - hzoE(

, (0)
- hE(g,) .
M ) +,0 (2.3.25)

Tn

where E(ngyi'fy(tn+l’gM) and EM is a point between

T (0)

xn+l,,0 and xn+l,0' U51ng the deflnltlon (2.3.9)-for

€41 the implicit form (2.3.5) of the corrector equation
(2.3.1) with Fn¥l replaced by (2!3.25%, and the defini-

tion (2.3.8) for e(+i, we obtain

(0)y - _ (0)
(0) €n+l,1 hE(Emf,€n+1,o]

€ =€ - (2.3.25)
1 —-hZOE(ﬁM)

~n+l =n+1

and thus En+l is of the same order as e(ii.

The 1mportance of this résult is that all the

components of 2, except 21, may be chosen so that the

ol

truncat}on error may be lowered or the stablllty may be

improved.

b4

Lemma 2.3.4

Let F +l and e(+; be deflned by (2 3.6) and
(2 3.8) respectlvely. If 21=»;, and if the corrector o
1% ‘iterated to convergence, then
R (0) _ (0)
’Qﬁ_ n+l 1 hE(EM) €n+l,O'

= : (2.3.27)
n+l . R L4 . 3 -
1 - hgoE(gM)

F

where E(EM) = ty(tn+l,£M), and &M is a point between
T (0) - : : ‘ a
¥n+1,0 304 X407 o- i . 7
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Proofrs Using the error definition (2.3.8) Of Eégi

and gi= 1l write the first two components_bf,the im- -

plicit corrector equation (2.3.5) in the form

(0) + F‘

 Xn+l,0 - n+l 0 n+I 2o ':
- ' = %1 RO ' :
L = X.41,0 " Sn+1,0.F Fnel %o 0 (2.3.28)
énd ' : . A T y
. (0) - L : _ ,
>.<n+l 1 - Xn+l 1 T Fn+l : ‘-"- C 7
= %7 _ (o) S
= ¥p+1,1 " fnel,1 Y Faer - (2032290

A
»

If the corréctor equation (2.3.1) is. iterated to conver-
.gence then : C 7

. .
hf(t

n+17*n+1,0) T Fne1,1 T 0 - - (2.3.30)

~

Using (2.3.28) and (2.3.29) to substitute for x

n+lAQ
- and xn+l,l<(2.3.30)'9roduces
T (0) ' AT (0) -
BE(E 17 %0+1,07 €n+1,0 T Fn+1 %0) T Fpe1,1t Enel, 17 Fne =0
S ‘ : \\ " »
. (2.3.31)

) ) o (
‘ApplYlng the mean value theorem to f in (2.3. 31) toge—

ther with Ehe fact that XT T

n+l,1 ~ hf(tn+l'xn+l 0’ ylelds
! : .
B _ (0) (0). o _ . :
ne120E () = he DIE(Ey) + e 0 4 -~ F =0 (2.3.32)
‘Wthh when solved for F. el produces (2.3.27).
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2.4 Parameter Definitions

In section 2.3, immediately following equation

'

(2.3.16), we chOose 2’ (q+i$51c. Unfortunately,
'using this\choice for & in the corrector equatlon
(2.3.1) produces an unstable method However' there
exist vectors &.whlch make the method (2.§.lfistable,
' One way to determine such en 2 is to show that the |
correotor equation (2.3.1) when lterate/,tp convergence E
JlS equlvalent to a multlstep method and th%n to 1mpose

the stab;llty conditidn of multlstep\methods on (2. 3 l)

We use Osborne’ s [17] proof to show tha\\the stablllty

T

l'of the multivalue method (2.3.5) depends only on

2121 QIBI NS A NV/*&‘\’ . B ’ \

g ' ' : CN
For the purpose of the apaly51s, equatlon (2 3 SX

is partltloned into- three parts as follows:

f

I . T. p ’ v
%n+1,0 1,1 u . X4.,0 24 /1
% P A A A . |
' : 011 '-de \‘F"‘ 1 ©(2.4.1
Xn+l,l B LT = K *n,1 n+l|> | (2.4.1)
B 5 :
, P o
o+l o YR s J '\\ (~ )
that is, :
! _ . o - /
*n+1,0 T *nj0 T Xn, 1 TR Yy T APy (2.4.1a)
. _ PR . T ‘ ,'1:
Xntl,1 - xn’l +dv, FF g (2.4.1b)
Yntp TBY TR K, . (2.4.1c)
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i

and

(5)

col (x 27 Xn,3’
col(l, 1, 1, .
col(é, 3, ,
c?i( 57 23,
() j‘<§)
SNSRI
kj)_ ...

. ’Xn,q)
P 1),
q) ’

. iy
<§> \ \;ﬁ\
(g) L Lr
()

(ng o

3

(2.4.2)

(P

(2.4.3)

(2.4.4)

(2.4.5)

RN

v

(2.4.6)

.

o T S
To determine a particular k we use the following

20

two lémmas,ﬁwhose proofs are deferred to the end ofs

this section, to show that (2.4.1) is equivalent to a

b

Let

Lemma 2.4.1"

‘multiétep method whose parameters depend on k.

Let the systém-ofvéquations,(2.4.1) be given.
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Sﬁbstituting'1n+ Jn for H into (2.4.9) and examining
M v Co B . S
the resulting eguation shows that ) njV'Yn+5 is a

? L

fr
Y T

21

aﬁd .
R _ _ T ) . o2
Ho o= fu- 2,d) ) N§¥n4qo1 0 . (2.4.8)
J=1 ;
N
where the n;'s are arbitrarily chosen constafts. Then
.q N .‘ ‘f‘
.Z ”jv§n+j =Gy +H, . (2.4.9)
J=1 %
/
- Lemma 2.4.2
' Let the system of equatibn (2.4.1) be given.
Then-
‘ ‘i: Soi-1- 3
Inti - Av In +'h(j£0 an+i—j Ak s 7. - (2.4.10)
- : : oo ; : )
| , ‘ o : \ : PR R
“where & = B - k d". N ,
Substituting (2.4.10) in (2.4.8) yields
H =I +.J g (2.4.11)
n n n
where : . p
I-=(u- 2,d) h{ n, ) VE .. o. . ANk,
( n 0 » 'i=l:l'j=0 n+i-j 1 |
vy L ‘L (2.4.12) .
M ‘ :
and :
= (u- gt (‘§- al™hy . (2,4;13)
-dy = (1 Rpd) iby nj Vao- ) ...

T



linear combination of all the Y values present in the
équation. G, and I, are linear combinations of f
values. Moreover, if Jn can be made identically zero,

then the resulting equation

a - .
J niVY =G+ I % (2.4.14)

is a multistep method. One way to make Jn equal zero

is to, choose the ni's to be the coefficients of the
N ) ' .
charac€éristic polynomial of A. With this choice the

Hamilton-Caley theorem asserts -

q 1 L :

Y on. AT =zo0 . o  (2.4.15)

=1 J ¢ I ’ . o7 ’
)

Thus, (2?4;13) becomes identically zero-and‘(2.4.9)

becomes the multistép method (2.4.14).

L3

We note that equation (2.4.14) c¢mn be written

(E-Ly(E)y, =G + I,  (2.4.16)

=1

where EJYﬁ = Yn+j' and w(E)'is a polynomial of degree

(g—-1) defined by
- a 7 ‘
Ylz) = ) n. oz . . (2.4.17)

We recall, ref. Henrici [6]], that a mulﬁistep,

4

’ me* hod can be written in ‘the form
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P

w(B)Y, = hg(E)E_ (2.4.18)
e —. . .

where g and § are ﬁolynomials. Moreover, we recall that
.given both the g-polynomial of a multistep method and
itgs, order, the g polynomial is determined.> Furthermote,
=, multistep method is said to.be stable if’all‘roots of
tne g-rolynomial are iess‘than or equél to one in maghigﬁ
tude = 1if those roots.that are equal to one are simple.
Evidently, compatlhg equatlon (2.4.16) with tﬁe

a2neral form of. multlstep methods (2.4. l8)'shows that

g(@?\= (z - Lyplz) . (2.4.19)
'Clearly, thlS polynomlal has one root equal\to one and
its remalnlng roots c01nc1d1ng with' the rqots of tL
pﬁIynomial y(z) defined by’12.4.l7). Now, recall that
P (z) is the characteristic eqﬁation of A=B-k gT.
,Moreovef)-recéll that A has been,obtainea from é-—&(§3 Qi
by deleting the fitst two rows and columns. With these )

" remarks we use the following theorem stated and proved

by Gear. [5] to assert theféxigtencé of a unigue k.

- Theorem -

- : . “ .
‘Ifﬁb is the (g+l)x(g+l) Pascal Matrix defined by

(2.2.9) and Qi is a vector with a one in the i—th_posi—

tion and zeros elsewhere;‘then for any set of g-i+l i



Mt ']

* of the (g+1) valuéﬁmg\hod~is O(h

numbers {Ai} a column vector j exists such. that the

matrix

M
T

has i eigenvalues equal to one and g-i+l eigenvalues

-

equal to the set”{xi}. The eigenvalués are independen£

of the first i -elements of g and uniquely determine.the . .. ...

“Tast g-i+l elements of 2.

In the remainder of this study we assume that
Ay = 0, i=1,2,...,9-1, where {Ai} is the set of roots
of y(z). Ceonsequently,

wlz) = (z°=- 1), 2971, (2.4.20)

=0, n_.= 1, and nj =0, for i=1,2,...,9-1. More-
over, with this choice of {xi} Nordsieck's method is

stable. Furthermore, in the next section it is shown

‘that 20 can be chosen so that the local truncation error

q+2). Hence, from

- previously: made remarks Tt follows that Kordsieck's

bl

method is equivalentjto the Adams-Moulton method.

The proofs of the lemmas complete this section. -

Prdof of Lemma 2.4.1 "

g

Write,equations (2;}.;a)h§ﬁd (2.4.1b) in the form

. I

Ypgy = Y thEp t w8y Fo (2.4.21)
. R i . o

e

\A

i



[

and

P = hyf . - a%v
n — —

n+l +1 (2.4.22)

n

Substitute (2.4.22) for F_,, into (2.4.21) and add -j to

the subscripts to obtain

T
Q) v

+ ht .+ (-2 Vnts

Yn+j+l: Yn+j n+Jj = 0 -Fgohvf

n+j+l .’

(2.4.23)

Use the coefficients ”j to form ‘the linear combination

L]

, q |
T .

jzi N3¥neq= jzl Ny (Yppgopt BEpgoy v @ 2od) Vppg
+ L,hVE L) (2.4.24)

0 +3

Recall the definitions (2.4.7) and (2.4.8) of G_ and’’
H respectively and write (2.4.24) in the form (2.4.9)
to complete the proof.

Q.E.D.

Proof of Lemma 2.4.2.

"Substitute equation (2.4.2b) in the form (2.4.22)

for Fn%l into eguation (2.4.lc) to obtain
, o,

- -
v BY&1+'(hV'1

—n+1

T
-4 koo (2.4.25)

-

Equation (2.4.25) is a difference equation in standard

form which can be solved to obtain (2.4.10).

Q.E.D.



2.5 Truncation Error

The first component zo‘of 2 1s used to minimize

the truncation error.

a

The local truncation error_Trl of the method (2.4.1)

is defined by

(2.5.1)

o T T T T
Y41 = ¥y 7t hfn + (u Log) v, t2 hvf T

+
n 0T T+l n -’

&

where Xg is the vector calculated from (2.4.10) by assum-
ing that past f values are exact and that fg = f(t,yn).

The folloWing lemmas express Tn in terms of the

‘true solution.

Lemma 2.5.1

The vector Xg of equation (2.5.1) is given by

T v . T ‘
vo= ) ix_ g, po (2.5.2)
: Y= el .
Where
q-2 . Lo
- g5 = DT T (G o5 hade L (20503
J=0 :

Lemma 2.5.2

'\hu N ' .
Given relation (2.5.2), equation (2.5.1) can be

written ¥

T

ey +neTL ©
yn+l—-yn-+hfn +i£2»ﬁi X5 4 T (2.5.4)

s
ol

£

A
L
F
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where
s . T ¢
61 = 1(1&O + (u Kod) g.) , ) )
. T T : '
=18, - dg;) tu o) - (2.5.5)
Since the error in'Y 1 1s at least O(h ) each
6, in (2.5.4) must equal one ¥or i < g. Setting R
_ 1 ';‘ T -1 -
Lo = (E:T u gq+l)(l d o +l) (2.5.6)
produces eq+l = 1. Thus, the local truncation_error in

the first component of the corrector (2.4.1) becomes
0 (h9*2y .

The proofs of- the "lemmas complete this section.

_)?,»~\groof of Lemma 2.5.1

‘ | #
T T : T |
\\\¥_ﬁ Obtain Vi from (2.4.10) by usingVf~ in place of

VE eva;ua?bd at the points tn’ltnfl’ ceey tn—(q—Z)' That
is, " ‘
q—2 . : :
‘v =n ] vwer . adx . (2.5.7)
—n . n-j - i
- j=0 l L

Expand each Vfg_j in (2.5.7) in-a Taylor series about the_.
£l - R .

7

point tn to -obtain
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q-2 .
T T T 3
Yy = B .2 (fn—j fn—(j+l)) A £ ! .
1=0
g-2 © . . .
- D S e R R S S
j=0  i=2 '
® B g-2 - . . :
= ] DT i) (genttiogt l)Alg)xg . (2.5.8)
122 j=0 = |

Using the definition (2.5.3) of o, reduces (2.5.8) to

(%-5.2). "0‘;"{:‘?;

it

Q.E.D.

Proof of Lemma 2.5.2
ExpanQQVf;+l in a Taylor series about the point
n

t_ to .produce - : : i

T

hVf = ) ix . (2.5.9)

n+1l

. | ' T T .
Substitute (2.5.2) and (2.5.9) fouo Xn and thn+l in

(2.5.1) to produce (2.5.4).

%
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© CHAPTER, ILT
STEPSIZE AND-,ORDER

» Faee
@ W A

3.1 Introduction

utlitigd’the. technique for

In this‘cheﬁtef/We o
changing the stepsizevand order, examineethe error
intr%duced by stepchanges, and outiine»an.algdrithm -
to be applied when tﬁe stepsize is reduced.:

suppose that at the pein£ t  the etepsize h is
to be changed te h*= ph. 'Then, the value of the i-th
component of X must be tranéformed‘frOm hiYéi)/i! to
h*iYSJ/i!; In ordef'to distinguish between these two

Quamtities we denote the latter by x; i- Consequently,
. ’ ' .
* * ‘ x* ) and t* = t_+ h*.
n n

*
"we write x_.= col(x X e e ey
. -n" n,0, “n,1, n,q

The transformation required to carry X into

x* is easily determined by\ﬁging the wvector z, defined

by (2.2.2) and the matrix D(h) defined by (2.2.10).

From equations (2.2.18) and (2.2.19) itvfollbws then

that
,
— n- Ly
Zn - D (h) }_{,_n 4 ‘
and : i T '\'V
. .
= * . .
X D (h )_En S
Hence,
x, = RPIx, (3.1.1)



3 where

R'(p) = D(h*) D

which is equivalent to

‘ oi-1
i,j =0,1,2,...,9.
3.2 Stepsize-Changing

30

(h) °,

I © (3.1.2)

Errors

Vformatioh.R(p) defined
stepsize 1is a good way
substantial errors are
decrease the stepsize.

because of the way the

-, Empirical evidence shows that

applying. the trans-

by to change the

(3.1.2) to x
=n
to increase the stepsize; but
introduced when R(p) is used to
These errors ‘are introduced )

interpolation polynomial is used.

Before examining the  interpolation polynomial in general

consiaer Example 3.2.1.

The last column

as the difference between y(l)(t)'and P

150,1,2,3 where Pl 1

X

1w Xy at the point t =

1.1.

of Table 3.2.1 shows the error

(1)

for

(t) is the polynomial defined by

These errors are small for

i=0 and 1-l however, they -row)rapldly for: 1 larger

than Qne. These large

of the approx1mate solution indic¢ate that the solutlon

eIro¥s in the higher. derlvatlves_\i

LA

£
'L;;‘&\lv‘,.i; 3

polynomial oscillatee»about the‘true solution.

Ty




Py(t) = 1.0 + 5.0(t-1) +

Example 3.2.1

Integrate the initial value pr

vy st gy =1,

one step forward with h = 0.1, q = 3,

solution y(t)‘= t5 yields the startin

Xy = col(l.0, 0.5, 0.1, 0.01)

which defines the starting polynomial

20.0

2!

The predicted solufion vector §i0) =

0.01) defines the polynomial

-26.0

P10 5T

(1)

The corrected solution vector X

oblem

(3.2.3)

_Q; = C01(3/8r‘lr

v 3/4, 1/6). Calculating th@%deriyatives of the trﬁe

g vector

(3.2.4)

60.0 °

(£-1)2+89:0 (o 1y3

31!

col(l.61, 0.73, 0.13,

»

60.0
31

(£) = 1.61+7.3(t-1.1) +28:0 (£-1.1)2460:0 (4 13

, given in the third

column of Table 2.3.1, definqs'the polynomial
“ ’ - i

=
s

P, 4 (£)=1.6105125+7.3205(t-1.1) + 22
14 ) . .

+ 62

-
[
wa”
-

.3?75 (-1.1)2
. 3
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)

Values:of the Polynomials :(3.2.3) and (3.2.4)

Derivative y{l.1) Error

0~th 1.61051 ~0.00025875
1s£» 7.3205 0.0

2nd 26.62 | 0.3125

3rd 72.6 10.55

We shall now examjyne how the interpplafioﬁ poly-

nomial in Nordsieck's m th is used When'thé sEepsiQif\

transformation S which takes.:

P, which represents the

. ¥ )
the vector‘ﬁn T another vector

interpolation polynomial P(t) in terms of past values.

The transformation S and the vector p, are used to trans-

form Noxrdsieck's formula into an eqﬁivalent formula using
. » v ' | :

past values of P(t)__ We then show how the oscillations

. . . |
present in P(t) are translated into theﬂsCalea derivatives.

It can then be seen how step—éhanges introduce errors

“into the solution vector §h. S o L~

Recall that x_ . consists of the j-th scaled
C n,J
(1)

derivative of P(t). Expand-P' "' (t - ih) in a Taylor

‘'series about the point'tn to obtain



;
. 33
B g-1 . 3 ‘ -
P'(l) (t_-ih) = ) (—i) 7 h—, p(3*1) (t )
2
- ENEES . s :
=7t ] 0k o, i=0,1,2,000 000
) 3 ) _- ]:l ' . ! ’ ’ i
- ' | ' ‘ //// | (325
- Defining o ' v P
- . (1), (1) .
p, = col(P(tn): hp (EQ),---,hP‘ (tn—(q—l)h))
"allows us toiwrité
Tl
p, =S %X, (3.2.6)
. & R
. where ‘ -
‘ . .
] 1, if i=0\ and 3=0 , '
i '
Py 0, if i=0 and 3j>0 ,
. il g -
S“.H. = . \
Ly ' : ' '
- 0, if j=0/\%'1\d i<0 ,
| (—l)j+-:~L 5, otherwise .
v ‘ . g )

[x]

It is not hard to show that S 71 is noﬁ—singular,'

Henqg; for example, when q = 4,



o 1 '%y

s = |0 11712 -3/2

0 1/3  -5/6

0 1/24 -1/8

SN

A

To find the equivalent of Nordsi

in terms of past values write gﬁuation (2. 4.1b) Ln;f

form

CF. . o= hfn+i —.(QZ\)

n+1 —n’j

~

3/4

. 2/3

1/8

ot

0
~1/6

—1/6l

~1/24]

/

A Y

eck's formula

) (3.2.7),

-Substitute (3.2.7)‘forﬁFn+l into the implicit borrector

equation'(2.3.5)'to produce

)

o~ T : :

n+1l

+1

¢

‘Substitute (3.2.6) for ﬁn

-1

»

a: -

Cif:

(i), No starting errors are committed.

z

Pn+1 _.S Q- 2(67,9)) Sp, + hf 55

.

N

i

* .

.°  We note that both methods (3.2.8) and (3.2.9

(ii) A constant stepsize is used.

(iii) No roundoff error is introduced.

}‘(3;2.9)

(3.2.8)

and;x_~in (3.2.8) and obtain

34 )
3 ’f
G N
2
L
o

1 pro-

\%lem

~"duce- the same solution to 'a given initial value pro
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- Suppose now that at the point tn the stepsize

4

h is increased to 2h. Retaining conditions (i) and
(1i1) above, X is then replaced by 5;, where-

Zn R(2) x,

Il

Il

R(2) s p,

- sop ; : (3.2:10)

p* = cor(® (e, 2ne P ey 2ne (e —2h), ..,

(1)

2hP (t - (g=1)2h)) .

S .J—“\’-‘_
Relation. (3.2.10) shows that Nordsieck's method does ﬁot
use valueslof f to continue the lntegratlon, rather,
it\uses values calculated from the interpolating poly-
nomial'f(t) at points spaced & distance 2h apart.

These points are'ﬁarked by () inﬁGraph 3.2.1. Examin-

ing Graph 3 2.1 more closely 1nd1cates that the errors

€ .= f ‘P(l}( ) are zero for i= 0 2, 4 and are
n—21 n- l n-— l dv / ; e

non-zero and of the same 51g for i=6.,8. Moreover,

=, P

o . "y -

these errors En—i 1ncrease‘1n magnltude as i increased.
However, premultlplylng p by the matrlx S to/form the
vector X, :causes, due e alternatlng srgns of the
row entries of S,ithes errors partly to cancel. Ia

75
addltlon, the row em{"

S Sij strongly decrease in



Graph of P_(t) and f versus t

f

36

tn—-7 tn~6 tn—$ tn-4 -3 tn--2 tn—-l tn

t

tn—8

X 'éointS<sémpled'when h is halved.

4+ points sampled when h is doubled.

GRAPH 3.2.1
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magnitude with increaéing j when j > if This reduces
the contribution of the large errors. Consequeﬁtly,
no difficulties ariée when the stepéize-is doubled.
Clearly, a simiiar\illustration agd conclusion can
be given for increasing the st _.psize to an'arbitrary
h* using a method of order g.

Subpose now that the stepsize is halved from h

to h/2. Then, (3.2.10) becomes

x =S p, o -: (3.2.11)

where -

N

h

2
In this case values of the interpoiating polyhomial
P(t) spaced a distance h/2 apart are used. These
values are marked (x} in Graph 3.2.1. It can now be.
seeﬁ from the graph that some of the errors which are
close to the poiﬁf t, are non-zero. These'errérs are
1then multiplied'gy the large entrieS’Qf S. %hus, rela-
tively large errors in §; result. Consequently, care
must be exérciséd when reducing the stepsize.

3.3 Tests for Stepsize and Order

&

’

¥

We recall that in section 2.5 the parameter 20

-

is determined so that the‘(q+l)—value multivalue method

°

Al



A

'q+3 yn+l ‘ !
i

. of vy
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- ’ . ’ B

: o : . - ; + :
has a local truncation errorp(hq 2). Unfortunately,

if the error fs O(hq+2)'then‘good estimates\of the
local truncation errors are dlfflcult to obtaln.
However, f the error is . O(hq+l) then good estlmates
are obtainable. o

- | After experlmentlng; the follow1ng method of
choosing & is used. Let &q be the vector which makesr/
the multivalue method (2.3.1) equivalent to the g-th

order?Adams—Moulton method. Our;program,uses vectors

i
i

% defined by
=g “T%

drd e L S if 3 >0 .

N

'Thls choice insures good stablikty characterlstlcs and

produces local truncatlon errOIS\O(hq+l)

Ry
A

To see why it 1s de51rable not to use max1mum
order (q+l) -value methods suppoﬁe that such a method
is used. The truncatlon error of the method is O(hq+2).

Then, truncatlon error,estlmates'for the (qu),q , and

.(q+l)— value methods are required.. These estlmates are

(q+1) hq+l c (q+2)hq+2

of the form Cq+l Yo+l q+2 yn+l ’

and
&y

C respectlvely, where C C and

g+l’ . q+2“

y

q+3’ are known constants. Hence,'we requlre estlmates

(g+ l) _ (q+2). (q+3)
ntl 7 Yns1 v nd yp /i’

. Examlnlng (2 4-.1). shows

that the last component of that system of equatlons can

Y

be writ -en in the form

“1..

(g+3) hq+3 . - R L
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v

Xn+l,q = Qq Fn+i ) v (3‘311)
Noting that .
<8 J@ - (@)
vxn+l,d T gl Tn+1 gl ?n !
hq+l (q+1) -
x —— Y , .
g! n
provides an estimate of-yéizl).hq+l. ~Moreover,‘the first
and .second backward differences of Rq Fn+l can tﬂ;; be
- (g+2) +2 (g+3 +3 ,
used to estimate Xngl 4 h9 and ynil ) n4 respectively.
However, in practice we found that lq Fn+l approximates
yégzl) hq+l/q! with only one significant figure adcuracy.

Consequently, backward differences of Rq Fn+l are not
accurate with any signifcant figures. Therefore, two
of the required estimates are not accurate.

On the other hand, if the g-value method has

. ' +1. . : .
truncation error O(hq l) then the truncation errors

- | N (@) a (g+l) | g+l »
~take the form Cq Ynil h=, ¢q+l Yni1 h , and

2 . e
Cq+2 yéfiz) h9"*.  These errors are now estimated by

Tq—l,EST ='Cq qt Xn+l,q ! (3.3.2)
Ty,est = Cqer 9 bg Foyn v | | (3.3.3)
Tge1,msT = Cqea 9¢ % VFo4 (3.3.4)
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j
where Cq’ Cq+l' and Cq+2’ are kn?wn constants. 1In

pract;ce, we foupd that Xn+l,q a d 2q Fn+l produpe

_estimates which are accurate to at least one signi-
ficant figure,' Thus, with this choice of the parameter

%4 two of the required three estimates are reasonably

]

accurate. " ' /ﬁ
| N |
- Using the estimates (3.3.2), (3.3.3), and (3.3.4),

of local tfuncation}errors we calculate three stepsize

estimates hq?l, hq, and hq+l’ respectlvely, so that |
' using these stepsizes and formulae of corresponding order
produces local truncation error estimates which are equal

to a given absolute local truncation error tolerance

T .
n

 To calculate h;_l Qe use the fact that the local

truncation error for the method of order fqél)‘has the

| - q ,(q)
form Tq-l'— Cq h Yn+1- The last.cpmponent‘x

§n+l prov1§es the.estlmatev(3.3.2) of Tq_l.\yio 1nﬁro—

n+l,g of

.

-duce h;;i intQ,Tq—l,EST and to make TQ—l,EST \equal to -

T_ set i ' : ‘ - .
Th _ . _

* aq _ ,
Bg-1/B7 Cq at %00 g = Ty '

which can be written in the form

ho. - (3.3.5)



The quantity h;—l is now an estimate of the steésize
which_wouid have produced a truncation error estimate
Zequal to Ty had the formula of order (g-1) been used.
In exactly the same way (3.3.3) and (3.3.4) are

used to calculate the remaining estimates

«* Tn . l/q+l .
hq = [Cq+1 a1 lq Fn{l] h , (3.3.6)
and
. Tn »l/q+2
farl T {Cé+2 a2y Fﬁ+1J o (3:3.7)

In pragtice, thése*choices tend to cause too
much stepsiée changing. Thus, when changing stepsize v
the éstim;ted stepsize sﬁouldvbe reduced by a factor
a < 1. The prbgiam in the Appendix uses a = 0.9.

We must now decidebwhich h; to. use.  The al§o¥
rithm which follows shows ﬁow'the prégram in the
Appendix chooses the stepsize.and order.

(i)s Spécify a set' of bias féctors Bq~l’ Bé and Bq%l’
"which must be éhosen so as to reflect the amount
of work expended when using order q-1, gq, g+1,
formulae respgctive%y.

(ii) Using h for the stepsize compute the next solu-

tion point.

*

< 1.1 h do
q .

iii) Calculat h , if 0.9 h < h
(1ii) alculate Bq q’ i < Bq

®
(viii) next.

41
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. * * : '
(iv) Calculate Bq—l hq—l and Bq+l hq+l » find the-
number q*‘solthat '
i - I)
h* _ 8 i h* * x
. Bq* q* - max( q_l q_l, Bq hql .Bq+l hq+l) ’

set h*= qu* h;*  and the order to g*.
‘(vf If h* > h do (vii) next. If the stepsize is
| reduced four times - 3 given,step‘reduce the
~—
order to 2.
(vi) Repeat the step with stepsize h* and retﬁrq to
(iii). | T
(vii) /Set the stepsize to h*.
C(viii) Accept'the stép and return to Kiid.

3.4 A Stepsize Changing Algorithm

In this section, following a suggestion by Krough

[14], we develop the correction

(c) (0) % - .
X, T X, FF 1S §3.4-1)
. ~
where )
Q. - (g+l) 4.
* +1 EEN :
Cj = -0 = — 1=O,l,2,...,q_,

<

q -
le Qjiqr1 T tarl(E),

to be applied to X immediatély before changing the

]

stepsize from h to h*.
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Note that before changing the stepsize to h* a

-tentative step is made witH Stepsize h, therefore,

F(O) is available without extra function evaluations.

n+1 . _ :

N In our analysis we assume that

(i) The exact solution has been obtained at the
‘'points tor tl, ey tn—l'

(ii) The solution is a (g+l) degree polynomial.

(iii) * A g-th order Nordsieck method is used with one

”

applicatioﬁ-of the corrector formula.

Y

In addition, the predictor matrix wiil have .dimension

| q+2‘ ’u‘.
From assumptions (i) and (ii) it follows that
. T T .
zc_n - Q _%n-_l ’ ) S (3.4.2)
and.
T T _ i : : L
, a1 = 2%, o By
where
%7 = col(xT T T ) ° o
Zn-1 T n-1,07 *n-1,17 "0 Fa-1,q+1l’ 0 o

a
<

Because Q is of dimension g+2 we augment the vec-

tor En;l with a zéro. . Thus,

]

Xp-1 = COL( g or Fho1,ar vt Fpopgr O -
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Furthermore, we augment g with a zero, so that,

0)

2 =colRgr Lqreeey Qq’ . o

Making two steps with Nordsieck's method yields

0 - ) . .
x =0k G
= 4 (0)
Zn =Q X -1 + Fn & ’ (3.4.5)
(0)
Xn+l Q Xy 7
= 02 (0) '
= Q% _; + Fn Q4 ' : (3.416)
- . (0) (0)
Xn+1l = Fpa1 T Fn+l 2 T (3.4.7)
‘The errors in (3.4.4) to (3.4.7) are given by
E(0) R « L0) )
=n . =n =n _
L] ) a
= Qxe o = x__.) (3.4.8)
—n-1  =n-1 ! : T
—_ T - ¥
=n ~ =n ~n !
' f _ ‘
- . (0) (0) ) : ‘
= g, Fn“ 2 r | (3.4.9)
(0) _ ~2,.T" " _ @ (0) ‘ : '
€opy = 9 (§n—1=.- x )~ F l0L, (3.4.10)
= 0 _ g0 (3.4.11)

En+l

En+tl 7 “n+l =

In order to-develop the correction procedure
o - J

(3.4.l)vwe analyze equations (3;4.8)—(3.4.11) aéﬁ Use
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R

the lemmas of section 3.2. Using equation (3.4.8) and

(3.4.9) yields

- T _(0)
€n,i = Qi,g+1 *n-1,g+1 ~ T L

n i (3.4712)

for i=0,1,2,...,9. From Corollary 2.3.2 follows that

FO) = g1y xT

n n—l,&%l . | (3.4.13)
. o i
Thus,
R - (g+l) 2.) . x© (3.4.14)
®n,i T ‘“Fi,q+l R R e | -2
Using Lemma (2.3.2) yields
pl0) = O omITey L : (3.4.15)

n+1 n+l,1 WS b’

4

If assumption (ii) above is dropped, equations (3.4.12) .

and (3.4.13) become

'_ T _ = (0) q+2) :
®n,i = Qi,q+l Xn—l,q+l Fn 5Z'i+o(h ) .
| (3.4.16)
(0) _ , T g+2 A o
Fpo = (@tl) xy o+ o™ (3.4.17)

Equation (3.4.10) yieldsv

L j ) % _(0) o e
fn+1,1% (jzlj Q5 1) *n-1,q+1 " Fn  (Q2)5 L a

(3.4.18) i

Thus,
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(0) _ .
ntl T L 185, a1

e
|
o~11Q

- (g+1) (Q2) ) x. + 0n3*?) |

L Xn—l,q+l

(3.4.19)

Defining c; by (3.4.1) and usihg equations (¥#4.14) and

(3.4.19) shows that

-0 ox oo nat? (3.4.20)

-n Sn+l-=
That is,
C ok -k + PO ox) = omdtE L (3.4.21)

—n =n n+1

Thus, by adding the'correction?g*FéSi the error in X
is decreased by a factor of h. .
s ’
\
\\‘
- ¢
<



CHAPTER IV e

OUTLINE OF THE COMPUTER PROGRAM C

h,

4.1 Introduction \lv)

A computer program, called NDSK, has been writ.en

to solve the system of ordinary differential equations
-~ { . .

(1) _

_yi —fi(t7yl,y2,-.-,y1),_ i='l,2,-..l.,l, (4-].--1) ' '
y; (8g) = ¥5 o
aq s X
where 1 < I < 10, and tO <t < tf.

NDSK uses 'Nordsieck's method to generate a seqﬁenée

of solution points X(tl)’ X(tz), e ey X(tf).on‘the basiSa~\;\\‘
of parameters specified'byjkhe.user. Atfeach'step‘the

4s£¢psize and the order are determined by the program; bﬁt,
provisions.afe made to enable.the user to override the
programs choice of the stepsize and to limit the order.
This ability to varf £he order allows NDSK’tb'handle’mild
disconﬁinuities in the driving functionjﬁ and iLs deriva-

tives.

N

by
L

A general descripfion of NDSK is provided in
.section 4.2 and details are given by comment sfatements ‘
in the program,listing;',Section.4.3 provides the details @
of NDSK's célling sequenéé, énd section 4.4 gives the

a

calling sequence of the subroutine FEVAL which evaluates-

IS
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the driving fgnction. .Section 4.5 provides some detail
on how the Stepaize and the order are chosen.

Since the present Versicn of the'brcgram is the-
product cf considerable experimentation, thte we have
tried several 1nnovatlons that appeared promlslng, we
conc de this chapter with a brlef outline of its deve-

lopment.

/

4.2 General Description of the Program

The user's calling prOgram,communicates with
SUBROUTINE NDSK which organizes and superVisés thHe in-

tegratlon process by calling: several subrbutlnes that , S

_perform VarlOUS functions such as: oo ' o

calculating the next solution’ p01nt
[

testlng for stepslze and order, o

&y

deflnlng constants and coeff1c1ents,
(iv}y- prlntlngfﬁhe solution. ‘
The'interactlod'of“these functions is{iﬁdicated S

Figure 4.2.1.

When co- " passes to NDSK the input arguments
are checked for rors. If any errors are'discovered ‘
these are corrected, £ possibleQ The arguments are -

then transferred into the working array A(10, 18) located
<1n ‘COMMON BLKI which /is available to all subroutlnes. B

/
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FLOWCHART FOR NDSK

ATTEMPT

ERRORS} _YES CORRLCTION

NOj@toooioo

INITIALIZE
WORKING

1. "ARRAY -
]

T
e\
Eat E?XE: /> ’ '
..... _ \LfiJ:““' AV <§E§g:;;;§\YES EXIT
/  caLL
\\ NORD ¢ '
o ]

REDUCE

//“CALL \ : , B
\ AMTPATY7W ’
\ TEST > 'k)_LEPl)I/IAJ ‘ ’v

N NO

PN
. [

/

\/ACCLPT

“STEP .~
\V

PRINT-
N_POINT

\ e
-

FIGURE 4.2.1
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Next, NDSK calls SUBROUTINE START which initia-
blizes another pért ‘Bf A by calculatihg starting‘values
required by Euler}s méthod. Also,vSTAﬁT initializes
two vectors, CPklZ) and D(lO),_t@gcontain the error cohs—
tant for the'q—th order method in CP(qg) and to contain

: *
the coefficients C; in D.. Furthermore, START is called

-

whenever the stepsize tests fail four times on one step.
. 3
Such repeated failures indicate an excessi = error build-

up in the higher derivatives. 1In this case the higher

derivatives are discarted and the integratidn is(;farted
over with Euler's method. B
After the initialization, NDSK calls SUBROUTINE

NORD which saves the values of A ih another afray ASAVE

) .

and advances the integration one étep fbrward_with step-

size HN. NORD is also uéed to interpolate the solution
towthe print-points and the endpoint.

Soon, as control passes from NORD, NQSK calls

4

’SUBROUTINE:TEST. When entered, TEST_calculateé a new
>;tépsize HW ‘and a corresponding’d%gér oh'fhe basis of

- the algorithm giveniin section'3,3. If HW <ﬁN.§§he step
WiilAbe repééted'with) perhapé, igwér'dfder;ﬁotherwise;

L)

the step is acéepted. o j ‘ '  ;;{.

The sequence CALL NORD - CALL TESﬁfié“repeated

until ‘one of the following conditions is satisfied: -

L

‘s

i)  The stepsize HN is reduced to a value less than

HMIN. -
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(ii) +A print-point is reached.

(iii) The endpoint is reached.

At this point NDSK calls'SUBROUTINE PRNT to initiate
printingffhél#olution value. ‘In case (i) PRNT prints'

*,é'message. In cases (ii)- and (iii) PRNT calls NORD, if

bﬁecessary,'to interpolate the;solution to the print-
-boinfi When control returnsfﬁith c;nditiqn (11) NDSK
returns to execute the sequence CALL NORD - CALL TEST,
othefwiée, NDSK'retﬁrns.control to the user's calling
prdgrém. ‘ |

Finélly, wé'cOllecfed'ali parameters in SUBROUTINE
COEFTS whiéh:is called By NORD Whehever the ordér5changes.
to plééé the c§rresponding parameters in the arrays C

and D. %

T A,
Pl

4.3° The Arguments,df NDSK

To integr@ﬁe the system (4.1.1) of differential

equations the user must

'

CALL NDSK:(T{;TF,TPO,HMAX,HMIN,YO,NEQ, ECT, TODR, KDEL,CQ) ,
' wheré?fhe‘parameters have the following significance:
TO 1is a real variable equal to the initial value of

theiipdépendent variable.
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TPO

HMAX

HMIN

YO

NEQ

ECT
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is a real variable equal to the final value,of,v

. the indepehdent variable. TF < TO is'permissible.

is a real variable equal to the spacing between

printepoint5:¢ The Solutlon w1ll be 1nterpolated _

o

and prlnted at the pornts Tk— TO + K*TPO, K=0, l,...,L

"where LAdepends.on the:value of TF.

A\
\

o

‘is a reai Variableﬂueed as.an’upper bohnd\fcr the
stepsize. = | | |
isha realrtariable used as a lcéer_bouﬁd for the
stepsrze. HMIN- should be small. In most.cases_
its Value should not exceed 10 lO, fcr,‘the% o
program starts the 1ntegratlon‘with»Euler;s method

which‘must,use a’Very‘small~stepsizehto produce an

accurate’  solution.

is a vector of real variables containing the ini-
. » . ‘ N v' , . . / _
tial values of the dependent variable. YO should

be.dimensionedttc,lo. R ‘ ' Ty

is an'integer‘variable Speciinng the number. of

equatith'in the,sYétem‘(4.l.i).

is a real‘variable used-as error tolerance. ECT

8

appears also 1n the parameter llSt of the dr1V1ng

program FEVAL hence, 1ts.value can be changed at

¥
-

each step. p

P ; T e
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is an integer variable specifying the maximum
order to Bé‘usedﬁ
is an inteéer‘Qériable specifying the minimum
number of éteés that the program is to execute
between order changes.
is a vector of three real varia@les related to -

thé bias factors R B, in section.3.3;
a~-1""g

g+l
That isgfwe use CQ(I) = BI’ I=g-1,q,9+1l. These
values may be used to bias the program towards
using lower order by.asgigning a larger value

to CQ(3)”thanf£o CQ(l) and CQ(Z):_ A reversal’
of the relation betweén these'factors introduces
bias towards higher oréer. Normally, values .in

the interval [l.O,nl.S].are used. In most cases

Co =1.1, 1.2, 1.3 works well.

The variables TO, TF, TPO, HMAX, HMIN, and YO, should

be DOUBLE PRECISION with-YO dimgnioned to 10.

4.4 The Driving Function FEVAL

The user must ‘provide a driving program conform-

ing to.

T

'SUBROUTINE FEVAL (T,Y,F,TO,TF,HN,ECT)

where the parameters have the folldwing meaning:

is a real variable containing the current value

- of the ihdependent variable.

3

—— et s e Ll !
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5 ‘
Yhf”m‘ is d vector of real variables containing the
thewgurrent values of the compdnents of the
& .
dépendent variable.
F is a vectnr of real variables into which the

value of f must be placed.

TO,TF are as in NDSK. The ability to change these

o %

values is useful to restart the intégration at

_séﬁéular points.

HN is a real variable containing the value of. the
stepsize used to make the current step. Speci-

fying HN overrides the programs choice of the

stepsize.

For many problems_it is useful to

$

Several examples of such practice are given in

Chapter V. :

The variables T,Y,F,70,T,F, and HN, must be

DOUBLE PRECISION with Y and F dimensioned to 10.

4.5 The Tests

The stepsize and the order‘are determined by

SUBROUTINE -TEST .

o~
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"

To calculate“théﬂgtepsize estimates, TEST expects
. RS s ‘
the highest order scaled derivat;ve of the I-th compon-

}

!

ent of the system (4.1.1) in A(IOR). Test uses the

variable IOR for g which is used in the thesis. Fn+l

and_VFrl i-are expected to be in A(I,14) and A(I,16) res-

+
peétively, Moreover, the square of the inverse of
(T;/CQ),'use@.in equation (3.3.5), and the factor ¢! must

be in CP(IOR) and C(2,IOR-1) respectively. Then, TEST

calcuiates the factors

- o : 1
7 e  NEQ % .y 2 2*I0OR
T1=CO (1JMCP (10R-1) C? (3,T0R-1)x ] (RULIORN, &) T
=1 \
: . 1 .
; NEQ A 2% (IOR+1)
- T2=CQ(2»*(CP (IOR)*C“ (3,I0R-1)* (Boor=20y 4 ,
: 121 WIS (1)
| 1
, : NEQ 2% (IOR+2)
T3=CQ(3ﬁ(CP(IOR—1)*c2(3,IOR—1)* X (é%%é%%%)z)' '

where WTS(I) is the maximum value of the I-th component

of the approximate solution‘for,'t0 <t < tnﬁ-‘TEST uses "

these factors to calculate the new stepsize

HN

HLD/RHO |,

MIN(T1,T2,T3) and HLD is the stepsize which

where RHO

-has been used. The order is then adjusted using the

foilowing rule: _ '
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(1) ~ If RHO = Tl and IOR is. greater than one the order

is decreased to IOR 1.
(ii) If RHO = T2. then the order remains IOR.
kiii) If RHO = T3 and IOR is less tha&r%

is increased to IOR+l $where IODR must be given

in the calling sequencesof NDSK.
4¢“' ’
4.6 The History of the Program ' 4

The first version of our program used the method N

p This version-restricted

stepsize changes to the form h* = 2kh where k is an
integer in the range -5 to 5. It used fixed order methods

in the range 1 to 7 and it used the startlng procedure
" outlined by Nord51eck ThlS program used =a very conser—
vative, often extremely small, stepsize.’

We then implemented facilities to allow stepsize
changes of the form h¥¥ ph where O.i < p £ 10.0. At the
same time we'changed the starting procedure. .The new
procedure started the 1ntegratlon with Euler's method

and 1ncreased .the order on subseguent steps. These two

(@]
changes improved the efflcrency of the program consi-
derably.

Next, we implemented fac%lities to let the program

change the order. 1Initially, we had tHe order-changing

mechanism biased towards using low order and used the

Tand!
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g E S . vy ~ - V -

. ;]U @13 %
vector 2 as glme% byzbomq ~‘j:<[161. Thls ver51on
| D B Sofipeade, 5. *"Ql.j
experle@ced two dlfflculthS.”gﬁl”ﬁt gv(%@e local %

g 4 ‘ R
truncatlon error éstlmates were poor anvgkéeéondly,

the‘order was changed very frequently. Actually, these
two difficulties are related. ‘ | |
‘ i ’ . ot L .
_The final version-of our program allows the order
te vary between 2 and 12. It uses the parameters 2 as
given jin section 3. 3 and uses the algorlthm glven in the
samef_ection to change: the step51zedand order. This
algorithm biases the{program.mildly againet order
_changes. The'algqrithm of section 3.4 is also imple—

' mented.

>
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CHAPTER V

/‘|RESULTS OF THE TEST PROBLEMS.
v *

5.1 Introduction and, Summary

The problems are intended to éover a realistically
wide spectrum of problem type. We included some fairly
difficult ones, some with singularities in the solution
or in its derivatives, some with osciligting solutions,
énd a class of{%ﬁiff systems. Most of thesé brobleﬁs

~ involve functions which are relatively easy £o evaiﬁate

‘and whose analytic solution' is available. ,

When using our program to solve a given differen—
tial equation an error tolerarce must be specified. 1In
this context it shoufd be noted that we restrict thé
ébsolute error'ratﬁer than a reiative error. This
'Cﬁoice avoids difficulties when the'sQlution is near
zeré. Moreover, we restrxict the'Euclidian norm_of“a
vector of local residuals. Alternative;y, facilities
can bé implemented to aésign error tdlerances to the
- individual components of systeﬁ;'of equatiéns.. Further-
moEé,:provisions are made.to ailow the uscr fo specify
the érror tolerance in terms of the solution of a»given
equatio? or in terms of its derivatives.:

To specify a particular error tolerance for a
given equatibn requirés experience; However, some

.' -
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guidelines can be given. In general, the error tolerance
should be smill whenever the errbr grows strongly and

it should be relaXed‘when the err@rvgrows Weaklyt More
specific-if a sdlution‘accurate to o significant figures
is required thén\an error tqlefan@e proportional to

lo—(a+l)

will, in most cases, produce a good result.
Furthermo;e, .ne error tolerance must not beygmallerJ
than the uncertainty in thé d{ivihg function. That is,
if the value of the ariying function is given accurately
to a;dec@mal places then ﬁhé error télerance must be-
larger than 10~ °.

//’“\\\ ' For partiéular examples of choiceé 6f errof tole-
\Tancés we refer the reader to the e#amp;ééh |

’Comparing results obtained with different programé

isy in general, not easy. 1In partiéular, sUch,comparisoh.
req&%féé a basis which is difficult to define. HoweVef;

we bei?éve_that the number of fghction evaluations

~
\\

required totﬁroduce a solution of specified accuraéy
is a valid criteria. On this basis we compared our
results with those obtained by Gabel [4]. We found that

our results were obtained slightlynmore efficientiy for

v

equations having solutio which decrease in absolute

value, but the reverse: was tyrue £f0O equations_haﬁing
S ST - “
increasing solutions. Moreover, we observed that our
. - o F:‘:] ,ﬁ ) .
program increased 'the order and stepsize sloweriwhich
i ? ("

‘results in a slight overall‘loss'of efficiency;
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and,ffd:uequation (5.2.2),

significant figures accufacy,. However, y(20)vz_lO_Y,

60

5.2 Equations of Hxponential Functions

The two simple initial value problems

vy oy oy =10, (5.2.1)

_ 8
y(l) = —y _‘,‘ v (0)

1l
H
o

-
™
“tn

q
N)
)
o —

which have the analytic solutions y =’et and y = e

appear quite often in reports on differential equation

solvers.

. We obtained solutions at t = 20 using, for

equation (5.2.1), the error tolerance

 EcT = 107K ' (5.2.3)

,  K=1,2,3,...,10 . . (5.2.4)

The results\areﬁghbwﬁ in Tables 5.2.1 and 5.2.2.
. 4 ‘v.‘{' o . ‘ . L - » )
'Equaﬁion.(S.z.Z) 1s an example of the usefulness

[ . L
of variable error tolerances. To see this, let us -

 assume that (5.2.2) is solved using an absolute error

tdlerance»ECT = 10—5. Such bound on the absolute_error

together with the initial condition y(0) = 1.0 should

~* produce, near t = 0, a:numerical solution with about 5

8

hence, using thé,samé absolute bound near t % 20 cannot

/

i



"Results of v M=y, y(0) 1.0, at t.= 20
, o . | .
K |RELATIVE ERROR | FUNCTION EVALUATIONS | STEPS
1 | -0.1933E 01 68 24
2 -0.1038E 00 88 31
3 | -0.1295E-01 144 o 47
4 | -0.1516E-02 Ve s w 58
5 | -0.1814E-03 |/ . 202 70
6 | -0.31226-04 | 306 105,
7 ~0.9561E-06. 320 "1072
8 .| -0.2701E-06 400 134°
9 -0.1152E-07 486 " 165
10 | -0.22338-08. 658 . 219
TABLE 5.2.1
Results of y(l)= -y, y(0) ='l.0,-§t t =.20
'K .|RELATIVE ERROR | FUNCTION EVALUATIONS | STEPS
“ds | 0.1160 109 38 -
2 ~0.1077 % 147 ' '49
3 0.1842E-02 158 71
4 | -0.7031E-03 |, 237. 84
5 | 0.2785E-04 320 118
6 0.4948E-05 460 167
7. | -0.1779E-06" 481 178
8 | -0.8393E-10 589 231
9 0.77158-08 . L. 579 255
10 0.8206E~09 771 318

TABLE 5.2.2

61
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be expected to produce a solution at t = 20 having any
accuracy at all. Therefore, we use the error tolerance

(5.2.4) whish'is proportional to the magnitude of the

solution.

5.3 sine-Cosine Differentialpﬁgﬁations .
The initial véer,problem defined by the systém

of differential equations

D _ay o, *. (5.3.1)
Tey ) o '
where '
0 1 -
A = P > .
j -1 -0 /
3 b
and
y(0) = col (0.0, 1.0),

is also commonly used to test integratioen routines.,

1

It can be shown that the solution of the magni-

“

fied error equation of equation (5.3.1) using Euler's "

‘method oscillates. Hence, ‘by integrating equation

N

{5.3.1) over a long .interval one can check the inte-
' gration routines ability to stay with an oscillating
solutioh,

We obtainéd a solution for equation (5.3.1) at
t = 200 using the absolute error tolerance ECT = 10f7}a
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l

an upper bound HMAX = 5.0, and a lower bound HMIN
0—13

1 , for the stepsize.
Table 5.3.1 shows the absolute errors e, 3 =
. ‘ [
vy . - Y ., 1i=0,1 and the number of steps taken from
n;i n,i » . g
t = 0. For simplicity we show Eh i»{los_
. ' r -
Results of the Sine-Cosine Problem
o 6 . 6 - .
t £ x 10 £ x 10 STEPS
. . n,0 n, 1l ' . .
10 1 0.1783 - 0.2780 | 81
o, . £~
50 - .-0.6901 =0.1266 T 282,
100 |- =-0.963%. | 0.2582 G 534
200 0.9283 | -0.5974 1037
— /t:' ) .

-

i
TABLS\E}B.l

The program evaluabed f about twice for each
step takén, namely, 2106 times over the intérval
0 = t < 200."The re}étively large number of steps
taken ﬁo reach the point t = 10 indicatés that’the

program increases the stepsize and order slowly.

5.4 A an—Linear Problem
The initial value problem defined by

gy — Ay . ! (5.4.1)



)
& E 4 . .:‘ 4 <.
! ' L"ng?“ . (,64 .
' Eo
10 o) e
0. | T |
r3 0 o 0
A = ’ Lo
o 0 0 1 0
0 0 £’ 0|

col(l.0, 0.0, 0.0, 1,0) .,

is a non-linear system which has the analytic solution
{7
R

y(t) = cos t)

col(cos t, -sin t, © n t,

We obtained a solution for the system (5.4.1) at

t = 100 using the absolute error tolerance ECT = 10—7._ L

HMAX = 2.0 and HMIN = lOf§ were used to bound'tbg stepsize.
Table 5.4.1 contains the error ¢ i i=0,i,2,3h

ét t = 10, 50, 100. WwWe aiso inclﬁde the walues Rn.:, )

(Yi,l + ¥§;3)%. The error grthh‘iﬁ the solution fh is

partly @h@%tbﬂgsing Rn\in.pléce of r which should'be equél"

! T 1

to 1.0. Ho. 0% !

Results of the Non—Linéar Problem

0.2467E-05|-0.40875-05|0.3522E-05 [0. 2590E-05 |0.99995y8| 105,

50 [0.2294E-04{-0.9583E-04|0.9659E-04|0.2748E-04|1.000003 |360
. . R . ) .

100 [0.2760E~03|-0.4798E-03 0. 4854E-03 |0.2862E-03 |1.000008 679

TABLE 5.4.1




5.5 The Satellite Orbit Probiﬁ
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m'f’
The system of équationi for this problem is

(1)

yO = Yl 4
(2) ‘

vy = yoy§ - O.l399374li<1017/y§ , " (5.5.1)
1 _

YZ - Y3 I

. '(;L) . 'o

vy = 2y.¥4y/Yy

with the initial conditions

©y,(0) = 0.21155 x;o8 )

v

Yi(O) = 0.0 ., . , (5.5.2)

y2(0) = O-O ’

2

y3(0) 0.1625 x 10

The components 0 to 3 of the 'system (5.5.1) represent
respectively‘the radius, the radial velocity, the azimur
thal angle, and the azimuthal veloéity of an orbit. ' The
units are'feet; feet per second, radiéns}°and radians per
second.

The system k5.5.l) defines a highly non—iinear

system .of equations which has a periodic solution with

period T = 52415J256 seconds; hence, the solution vector,

!

except the third/componenf, should retufn to the initial

-
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£
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Ty
3

conditiorn*(5.5.2).
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The third component should attain

the value 2Kn after K periods.

We solved pfoblem (5.5.1)

the absolute error tolerance ECT =.lO

HMAX =

2000 and HMIN

-16

-12-

ouer 10 orbits using

We specified~

10 and found that the program

varied the stepsize from a low value of 0.145 to a high

value of

orbit,

condition

2000

(5. 5. 2)

i=0,1,2 3

and the numgrlcal‘solutlon Y

Table 5.5.1 shows, at the oompletionlo€‘e§}h

the differences di, between the initial

- except

for the third component from whlch 2hﬂ is §ubtracted

>

In addltlon, we report the number of functlon evaluatlons

NOE. ot
. . e & IR Ce. T
Resnlts'oéhthe édtefiite”drbitsProblem
R A I S A R T .
ggMgggifs, dy };dg_fjfﬁ;7 quid4;eLd4xld8 NOF
T |-0.807E  0-0.2%86. |-0.1499 | 0.1023 | 1228
o '—0,2655E£62-¥0 7isé"r 1-0. 4693 |,0.3161 2494
3 ~0.4493E 02]-078785 . |-0.0530| 0.5314 | 3769
4 |-0.5599E 02| 0%11808 01| 0.7876 | © 6639 | 5182
5 |-0.73188 027,0.1729E 01| 1.1542 0.8719 | 6415 |
6 -0.1034E 03| 0.2975E 01| 1.9784 | 1.2304 | 7624
7 ~0.1083E 03| 0.4618E 01| 3.0657 | 1,2900 | 8887
8 |-0.1294E 03 0.6402E.01| 4:2478| 1.5429 [10354
9.  —{-0.1609E 03| 0.8784E 01| 5.8232 | 1.9171 | 11449 |
10 ~0.1639E 03| 0.1133E 02| 7.5058 | 1.9592 | 12772

¥
¢

TABLE 5.5.1
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5.6 A Stiff Linear System

To test the programé performance on a stiff system

we integrated

=Ay, y(0) =col(2.0, 6.0) , (5.6.1)
AN
1+c 1-c
1
A= - > - ’ : oL
21 1-c  1+c | £

-t ~ct
yolt) = e ~ + e ,
) .
- -t -ct
'Xlit)';‘e - e
& ifi"Wz‘a'-'J:;.o-'l'f\'/"‘ed,':equation (5.6.1) over the interval

3

0 £t <1 'Wiﬁﬁuc=4, 16, 64, 256. - We used the absolute

error tolerance ECT = 2_25 and specified HMAX =“2—3 and

HMIN = 2711,
The results in Table 5.6.1 show the value used
for c, the relative error in each component of the nume-

"rical solution, and the number of function evaluations

NOF .
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‘5.7 The Solution of y = 20y/t

68

_ Results of a Stiff System

RELATIVEYD) ERROR
C NOF
in YO | in Yl |
) . - ) . o /’ ’
4 0.2947E-07 ' -0.6719E-08 138
16 ~0.1565E-07 0.1502E-07 215
64 ~0.1042E-06 -0.8599E-07 368 .
256 0..1524E-05 ' 0.1522E-05 | 864

TABLE 5.6.1,

9

(L)

Nordsieck [16] discusses thé‘prbbleﬁ :

21

v = 2eyse oy =270, (5.7.1)

o ) .
which has the analytic solution y(t)‘;_t20/2. Lewis and

Stovall [15] also report a solutidn:“
We integratedAthe“equatibn'(5.7.l)_for_%
using the absolute errorgconstants ECT = Z_K, K

40, 48, and sgecified HMAX = 274,

The results are reported in Table 5.7.l'whefe we

7

list ECT, Y (1), ﬁhe error relative tqfthe true soiution

y(l) = %,_the'number of steps, and the number of function.

evaluagions‘NOFfi ‘

O
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Results of w77 = 208y/t at. t = 1.0 .

ECT | = Y(1)© RELATIVE'ERROR»'ﬁsfﬁbsf"? }NoE,f

_24 . . 2 - ) R - - Y ‘;'_!:. . ..L A:ri‘ ‘.'F“ " ’.7?' ;/'. ) N

2 0.52036475 | -0.4073E-01 |-© 48" |” . 384 .1
2732 1 0.50042355 | ~0.8471E-03 | "7 &l . gave | o
2749 | 0.50000413 ~0.8262E-05 | 126 | - 669 | i
2748 1 4.50000002 ~0.4743E-07 - | 289 1508

 TABLE 5.7.1 .

solﬁfion; henée,'care must.ge taken to keép théféarI§ f
errxors low.»‘We did not caléulaté sqlutioﬁs.uéiné‘; .
sufficien;ly.mény values for ECT'tP graph{ﬁhe érfé;'mz.
versus the numbeﬁ.af function'evéluatiénéfto éupéort
the conélusion'tﬁgt'the proérams'perfOrﬁénce inCréééés
with decreasing“efror bpuﬁds. However, the resditsmbf
Table 5.7.1 are consiétent with our general»obsaxvatioh
‘that such is‘the case;

Ld

5.8 A Problem with Discontinuous f g \

The following two éxamples are designed t0 show
how differential equations having discontinuitiéé in_f

are handled. The équations are:

The equation. (5.7,1) has a»strOngly,inéredSiné’
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342 , if "t <1 ,
y(l) = (5.8.1)
—ty? , if ot > 1 . '
yv(0) = 1, and
vy = 20 (4-t?)sign(t) /(a+t?) (5.8.2)
y(=4) = 4. S g
Equation (5.8.1) has a singularity at t = 1 where B
- ‘the value of f changes by a factor of 1. The singularity

'-] Q in'(5;8.2) occurs at t = 0 with a jump of 10 in f.
-We'ihtegrated both equations across these singular

";points_using error tolerances

ECT = 10_9 '
L_'ECT'="10"8yfn} + 107t

respectivély‘fof équations (5.8ﬁl) and (5.8:2). The

 résults are shown in Table 5.8.1.

5

AN

Results of Two Equations with Discontinuous £ * -

als
e
i
“n

H - L " N - ‘. . - ’
N |~ . FUNCTIO:
EQUATION . |-/t . DR SRS A EVALUAT™ N¢
S (5.8.1) 0 |03.0 |- 02222222295 | 0.22222222| 394
_ B T L R v SR
(5.8.2) [ 4.0. |2 4.0000004" 4.0 " | 471
- TABLE 5.8.1
\‘_i'ﬂ s 5=
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7
J

We observed that in both cases the program.
reduced the:ordér to that of Euler's method and the

stepsize to O(lOf%g)'before passing’ the sinéulaf point.

5.9 The Solution of y(l) = —étyz.

The initial value probiem
y = caey? y(0) = 1.0 , (5.9.1)
. - ) : . ’
‘./ - ' .
is avsimple non-linear differential eguation whose analy-
2,-1

tic solution y(t) = (1l+t”) 7 dis difficult to interpolate

:ﬁith‘a polynomial.
We solved problemj(5,9.1) for 0 < ﬁ < 10 wusing

the error tolerances.

ECT = 0.2 xlo‘gwfny+'1o’l6 , .- (5.9.2)
and‘ | | l | ‘
ECT = o;éixio"K1Y |+ 1075 (5.9.3)
< . G .
.K=3,5,7, Qe s§ecified'HMAx - 1.0 and HMIN = 107°7.

The results, listed in Table 5.9.l:ﬂshow the
" error relative to the true solution and the number of
fungtibn;evaluations NOF.

o
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= -2ty”~, y(0) = 1.0, at t = 10

o K = 3 K =5 K =7
RELATIVE RELATIVE RELATIVE

ERROR NOF ERROR NOR ERROR | NOF

ECT

(5.9.2)] 0.6665L-04| 133 -0.1088E-05 232 0.1127E-08{407

(5.9.3)|-0.1164E-04| 154 | 0.2090E-06 | 304|-0.1673E-08|375

: TABLE 5.9.1 .

i
5.10 Solve for y in y(t) = [ sin(t sin z)dz
. 0

The integral

il
y(t) = J sin(t sin z)dz : - ) (5.10.1)
0

‘can be evaluated by solving the system of differential

equations
Lo (L) '
yO = Yl ’ - . ‘/
(5.10.2) 4
(L) _ _ v
. \\a
¥ (0) =0, y,(0) =0, and,y{l)(O) = 0.

Iﬁspectiﬁg;the sys?em (5.10.2) shows that the
;second componeht'equation‘causes difficulties when t is
near zero. If the error toiéfance is.small, then,.near
t =-0, the program will cﬂoose an extremely small step-
Size; Thereforé} we ﬁsed the error tolerance ECT = 0.1

for the first step and continued with



ECT=0.2 x10_ x (Y]

5 (lY)Z + (Yil))

The results are reported in Table

noted that a relatively large number of <

73

-8

+ 10

10.1.

/t

We

Ps were taken

to reach the point t = 10 which indicates that the pro-

gram had difficulties starting the integration.

2

Results of the Syétem (5.10.2)

S, FUNCTION | NS
t ¥ () EVALUATIONS | STEPS b
10 0.37327 302 92 \
: i
50 -0.26813 - 674 216 :
, |
100 ~0.22268 . 1142 371 |

TABLE 5.10.1

“5.11 Problems with Singularities

The problems in this section, taken from Gabel

[4]1, have singularities in the first or higher deriva-

tives. The equations are

(t—l)4/3

~Jw

I; Y(O) =

i
*—l
S
[
~
k<
[an]
A
[
ol W
-~

(5.11.1)

[

(5.11.2).

(5.11.3)

.
.y



o

0 , when t < 0 ,

y = o ' ©(5.11.4)
e -1 - t-= when t 2 0

We note that the derivatives of equation (5.11.1),
starting with the third, have a.pole at t.: 1. There=
fore, the order-of the.integration formulae must be.
loweredrin‘ordef to pass the point t = 1. Equation
(5.11.2) has similar difficulties. Equation (5.11.3)
has a pole in £ and in all’its derivatives at t = 1.

‘Equation (5.11.4) has derivatives with f;nite jumps at
t =.0. -

We obtained solutions for equations ks.ll.lf to
(5.11.3) over the interval 0 <t < 2 and for (5.11.45 over
the interval = % <t < 1. We uéed the following error

tolerances for equations (5.11.1) to (5.11.4) respectively:

Ect = 107100 | + 20712, (5.11.5)

' L a—10) —12 2
gcr = 107005 |+ 107 wse 0 (5.11.6)
ECT = 107°|£ | + 107 £, . (5.11.7)
ECT = 1070 . _' - (5.11.8)

The results shown in Table 5.11.1 include the numerical
solution at the endpoint, the error relative to the true

solution,‘and the number of funétion evaluations NOF.

ot
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Results of Equations (5.11.1) to (5.11.4)

EQUATION Y (t,) RELATIVE ERROR | NOF -
(5.11.1) | 0.42857128 0.3374E-06 353
(5.11.2) 0.74999989 0.1389E-06 © 965

(5.11.3) | 1.50021613 | =0.1441E-03 448
(5.11.4) 1.05161517 :8371E 08 109

TABLE 5.11.1
5.12 The Hull and Cremer Problems B ©

Hull ahd Cremer [10] list 17 equations which
ithey used to test the efficiency of predlctor corrector
schemes. These equations are llsted in Table 5.12. l

We solved these equations and report the results‘
in Tablev5.l2.2. The initial conditions at t = 0 were
obtained from the'ﬁnalytic solution. For each‘probiem
“we list the error tolerance ECT that had’been used, the
upperbound HMAX for\the step51ze, the error relative to
the true solution at t.= 40, and thé@nﬁmber of functlon-iﬂ”

4

eValhations NOF.
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;

The Hull and Cremer”Problems .

S

1
PROBLEM | : y( )(t) ) y(t)
A : - y + 10 sin 3t sin 3t + 3 cos 3t
B : -y + 2 sin t sin t - cos ﬁ }
C ’ ' Yy + 2 sin t /)/ - sin t - cos t
D -3y + 10 sin ﬁ’ ' 3 sin t - cos t
B s cos t . eSin t
v é%g b2, ‘ o (&/2¥sin 2t/4)
G FQ ﬁg(l+t/40)+cost sin’t
H {y + sin t) + cost sin t
I 'y(y— sinzt)-+sin 2t sinZt
g - ty/(4t + 16) (t+a)e” /4
3 | . -
K -y (2t+2) -~
L B y/4 : et/4 B |
. S
M y - 2t/y (2t + 1) >®
N /40 Lt/40 o
0 2 1/(40.01 - t)
. i '2
P y (5 + t/2)
2., 2.5 | | SR
Q (1 + t%)/2(2500 - t ) - ({50 + t£)/(50 - t))*

. *" ‘: ’**V:A‘.‘ T ‘::"TABLE'“S‘lZ‘l o —




Results of the Hull and Cremer.Problems

! . TABRE 5012

PROBLEM | ECT mvax | RELAL VR NOF
A | 0.3162E-05x|Y|| 0.25| 0.19501-04 1916 |
B 0.1414E-04x $|% 0.25| 0.5958L-06 484
C* .d,;4145704x|Y[ 0.25| -0.8912E 14 551
- D 5‘h.oﬁ§612E—o4x|Yj 0}08 ~0.7510E-06 754
B o.2718£¥o4g\yi 0.25 | 0.7304E-04 713
r 0.1E-04x|Y| 0.25 —O.4828Ef01 » 584
3; 0.1B-04x|Y| 0.83 | ~0.15355 03 507
W 0.1E-04x Y] 0.83 | ~0.18325-03 724
15| 0.1E-04x|Y| |v0:25 | 0.1128E 01 925
J gé B-05x | Y| 1.00 .—0;2281E—o4 145
X 1@14E o4x|yt 0.17 0% 1084E-05 2807
~L. - 'o.lh—o4xly[ 1,%@ —0.2137E-03 140
ux ‘d.lE—dgg|Y[ 0. 13{ ~0.1130E 15 - 683,
N 0. 1L-04% Y| .10 00. ;024624Ef05 53
o | .0, 1£aoixLY| ’ :QgOl -0.1019E-04 | 4155
?ﬁ . 0. lL O4xinM 2.50 foﬂ1U34E—d7v' 53
-Q'#;/: o. lE 05x|Y| 2,561 —0[5Q24Ef®5:_’ 82
L & L e
o ’

77
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L

.

. Four of the equations listed abdwe, these are -
starred, are unstable. Our program integrated all four

c

of these problems to the endpoint.
Our program and Gabel's were run on different
o

‘machines’, hence, comparisons of results are difficult S
. %} . i
PL AR

to make.  Yet, we have observed€%0hsiétently that
‘Gabel's program produced better solutions for increasing

functions, whereas, ours produced better results for =~
L . 3

P

functions decreasing in absolute value.
\ - : . . . “

5.13 The Solution of y(l) = vy log v/t

. The fémily of curves y = et satisfying. the dif-

ferential equation

vy oy 1egtye . o (5.13.1)

~

.~

o v

Lt . " PR ' . . &; N
has:.a common point at t = 0. An initial condyffon, given
at any point t # 0, uniguely defines’a particular curve..
. . * { o ) . . - ' . . v
However, due to the cominon point atvt,='0\and the exponen-. -
) B MY - ) ‘.. .

tial form of the famlly of solutlop curves/errors,intfb4 .

. ) . - . e ')
d?gqed;"near.i_: =.0 are greatly magnlfled h&‘e near the T
<~ s
crltlcal p01nt t % the Tef r control mwst be very’tlght., z
\ .

P

- We solvéd équatlon (5 13.1) for -5 %.t < 5 using ' _ -

the error'tokerance-

ECT = 10712 (v% + v %) .
. n n.



/
| 7
Note that ECT attains a minimum when Yni-l, that is,
when t = 0. The results are given in Table 5.13.1..
(1) _ ]
Results of y "=y log y/t
t RELATIVE ERROR STEPS FUNCTION EVALUATIONS
-4 -0.1104E-08 | . i4 S 116 ,
y
-3 -0.2311E-08 : 62 | .. 170 ;
. /
-2 - |" -0.4183E-08 g0 | ©o224 0
-1 | -0.9361E-08 97 286
0 -0.9128E 11 S | 329 -’
17 | -0.7060E-06 121 | 359 °
2. | -0.16268-05 | 126 | 372
3| -0.3087E=05 129 o0 381 -
- - ' 3 BN 3 E . . . '
4 | -0.7633E-05 132 - ' 390 ,
‘ - : ¢ - » S R L
-5 ~0.2583E-04 134 399
‘ : - A f ‘
.* ¢ X ) ’ N o ) ) ! ) ’ i
> - TABLE /5.13.1. - -.7 - a A
. . . . : .. ~ “ .ﬁ
g
" , . ! ha }
'.‘é;l4t;§hé”>o$uti0n,ofué'Bésse&quggE}onf v 7 :,”";?:L@fw”f“”y
: . . - ‘ i s ; (SN ) AR 4 \54 ‘ . T N :
v ., To.test a_différential;equation solver over é-','
long interval Nordsieck [16] used ‘the gquation .
S e2gl2) S D ose - 12y = :\\, C L (5.14.1) 5

where y(t)': J, . (t) which is a Bessel function-of Oider

16

<%
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.
[}

16. (t)'is smail in absolute *value at t = 6. - How-

- J1e
ever, its value increases rapidly when passing t = 6

and oscillﬁtes more than 1000 times over the interval

o

H

6 <t <6136, . ¢

We integrated ($Vl4zl) in the form

0.1201950 x 10" ° ,

N S ST Yo (6)

MALX// 256

a

B __5
¥ = (S5- Ly -y /t o, yp(6) = 0.2986480 x 10 ,
. . N , - ﬁ
N :" ‘ )
e ‘error tolerance
PO . -
- _ -7 Ly (l) ;
o = 107 ([ ||+ iDL
R o ’ o
We specified.HMAX = 5 and HMIN =;ld—%i. The results are
NN . 3 ) . o o
shown irnaTable 5.14.1. ; .
) . . 4 . 'r’. .
T ' i Ty Reéultsqu'a Bessei'Eﬁuation - *
R T T, B ’
S oy i . . ‘ - o
¢ ; ' o TS R S’
I CE SR L AU FUNCT ION|-
.rﬁ . Voo N ' \Y ’ ‘ ) LRR@R 'sT?PS EVAL{S
- —:."‘ ‘..__' T .&, Py .Q,“ . & - - EREERPENN R ] R ] L Ae .
6136|-0.0097446808|-0.009745831|-0.000001150|-23869 | 69484 .1 |
e ’ ’, T . . L . . o

TABLE 5:14.1

Thekresultsﬂcompare well with Gabel's L4];’but are

not as good as Nordsieck's [lé]l‘ Actually, Nordsieck

! : B ) ' ‘ : e

1 obtained his :solution using.step®izes of the form 2% where
i . RO St ‘

\-

A

.(-.

S~
"~

Q
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¥

K 1s integral. Such choice of stepsizes reduces the

round-off error ‘considerably.

(1) a2b/(t2+a2)

5.15¢ The Solution of y

Selecting HMAX for problems of the form

-
. )

v P2 2% (8% a?) “ (5.15.1)

is quite important, particularly, if ais small. Equation

(5.15.1) has a general so;ﬁtion of the form

y(t) = a<§r¢§an.jt/b) + a arctah(—to/b3

®

which has a graph as illustrated iH/Figure 5.15.1.

r
R

Graph of the EQuationv(S.lS.l)

4 y(t)
¢, ® .
amn ! - f
- [ e — - ~
o r
1(
- ¥ s ] . -
o }
[y S U L -— B '..' 4
4 s " ”t
1 . . B
A £

- R
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&2 \

Yy,

N
This example involves searching the t axis.for an

extremely narrow interval in which f peaks. If HMAX

is larger than this interval then the program will

;Qﬁ ' likely overstep it withopt néficing xhe‘sudden change
'é?f'yﬁx\éné;p%oauce_a useless ;ésult. ;. ,‘ |
£“  B . We solved this problem with a = 27°° and b = 27
L fer s egd Ve sesdyih -0, error olerance
o BCI‘:fgm‘l3,hand H A~€;éjfv whe;é K=8,9,10,11.

: 5

. 'The results fob

gkaﬁh value of K together with
. N .

- . ’ I3 ’ . .
the solution Y (%) the error at t = 3,

the number of

function evaluations NOF, and the number or steps, are

", given in Tabl -
* The analYtip solution is y () = O.3745O728>(10—6.
i 'f'"'Reéults of .Equation (5.15.1)
k[~ w(¢) - |- ERROR | . NOF STEPS N\
’ - ’ - . v

8 | 0.37912902E-12 0.3745E-06" 276 258.
9+ |+ 0.90735639E-12" ~ 0.3745E-06 ~ -5 527 |.° 513 " L g
10 | 0.11877811E-11 0%3795E-06 1041 11025 -

. |11 | 0.37451038E-06 | -0.3351e-T1 | 2752 | 2295

TABLE 5.15.1
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5.16 The Solution of ODE's with Error Estimates

Gabel [4] gives an error analysis for the»initial

value problem defihed by the simple system of differential
. . ) N ‘, . .
equations Lo

1 Coif =1
(1) ' (5.16.1)

Ly, o AE 1=2,3,4,..0K

- _ T TTTe—— : o) )
yi(O) - 0. The system (5.16.1) has the general solution
y{t) = £+. The analysis concludes that 1if an absolute&;
error tblerance T is used then the error £h i in the

14

Anumerical solution for the i-th component of (5.16.1)

should obey

+1 .1

len 5| <2ttt 2 - B/ EE D) - (5.16.2)
Moreo%er, if & relative error tolérance t1_ . = 7)Y _
. ‘ T . n,i n,i
"is used then
R  sopitl s ‘ o ' .
l°nT11.“ 1tt /(l fl% : _(5.l6.
ought to hold. ’
We 1ntegrated (5 16. l) u51ng K=8" eilo—g, and -

allowed the order. to’ vary up to and 1ncluslve-the value
9. Then, we repeated the calculatlons with the ordeg
{?restrloted to values Yess than or equal to 6 which is

less than the degree of the solutlon polynomlals of the
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'flast two components of (5 16.1) prles 5.16.1 and 5.16.2

"-llst for i=2,7,8 the value of thé/analytlc solutions Y, at

t=2 and t=20,the value of the bounds (5.16.2) and‘(5,1613)

fuslng the final value of t, the absolute»errOr; and the

number of function evaluations NOF.

. ‘The results in Tables 5.16.1 and 5.16.2 show a

|

much smaller error than bound where i is small. However,

bﬁwhen 1 equals 8 the ~rrors are approachlng the values of
_the bounds. This phenomenon is due to the fact that our

'program does not bound the errors of the individual

components of a system of equations; it bounds the

Euclidian norm ofi'ae syector of re51duals. Consequently,

'some varlatlon of the error over. the components of a

system of equatlons is possible.

’

Results of Equation (5.16.1), K=8, ORDER < 9, at t = 2

|RELATIVE TOLERANCE " 'ABSQLUTE -TOLERANCE

i Y (2) - » . - T A R
, ~ ERXROR | . BOUND . ERROR "~ BOUND

2 |0.400E 01{0.1554E-14 |0.5333E-Q7|0. 11103 14/0.1600E-06 |,

>

10.800E 01]0,14938-07{0.2560E-06]0. 15128~ 070.1920E-05/

8 |0.256E 03|0.4¢32E204(0.4551E-05]0.9980E-01 0.29oisfo3.

NOF L 297 - 204

TABLE 5.16.1
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Reéults of Equation (5.16.1), K= 8; Oﬁﬁﬁﬁ'g 6, at g = 20

s

RELATIVE TOLERANCE ABSOLUTE TOLLRANCE
i v (20) - - ,
= ERROR BOUND LRRUR BOUND
A '

i

\S]

00.5333E-04 0.3411E-12 0. 1600E-03
G,

4 [0.800E 02{0.1197E-06[0.2560E~01 |0.1216L-06(0.1920E 00

2 |0.200E 02}0.5116E-1

8 [0.256E 03]0.1158E 06]0.4551L 04 |6.9444E 04 0.2901E 06

NOF | 512 ‘ e 763

i )
i Y
'

TABLE.5.16.2

SN
4

5.17 The Parabolic-Surface

An example, given by .Gabel [4], to test a diffe-

rentialgégpation solVerTs.ability to handle discontinui-

ties is the system

0, if yg + yi >t
y(l). _ v '
0 . : - .
.L YQ +_tyl , otherwise K
‘..,, N A-,‘. ""f - e , s ‘,,D. = . : o (,-“ P )
O A . - . v )
Yil{'= CoT (5117.1)
C LYy oo tyo » otherwise .,

Note that the parabldid:§g‘+'yi = t separates the
Euclidean 3-space inte two regions E, and E; as indicated

in"Figure 5.17.1 andAﬁhat any solution‘offthe system 7

.
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(5.17.1) started in pi except Yo = ¥y = 0; takesﬂa

l’ N
2 o2 »
finite jump when meetlng,the surface Y.t ¥y = ¢t which
separates El.from E2 . ' , '
- ‘ ' |
o (Ygryq) PR—
- /'/'
E,l v L2
—t
b
FIGURE 5.17.1
We attempted to calculate several solutlons of
' &
(5.17. l) using varicus initial values at t = -1. Our

roﬁtine had no - difficulty extending solutions across the.
2 1

mentioned suyﬁace WHenever‘YS + Yl < 5 However, -all

: . ' . . - ' 2., S :

solutions -were guickly terminated whenever Yg +Yl 2 %. S e
hd : ) SN ) . ’

( Some-oflthe results'obtained‘are as fcllqws:,%g
l@fﬁﬁ‘ ~U51ng the: initial condltlon yo( 1) =’jl(—l).= 0

leads to the trivial case yo(t)'~ yl(t) é'é;
. * . N
- THe calculated solutlons followed the llne




(i1) - Using yo(—l) = yl(—l) = 0.25 the solution curve
entered the region E, without dlfflculty, but,
the curve terminated when 1t touched the surface

from inside E2 at the point (t,Y ) = (2.41729,

0r¥1
-0.83270, -1.31297). At this point f had been
evaluated 239 times.‘

(1ii1) Usipg yo(—l) = yl(—l) = 0.5 the solution curve
encountered the surface at (t,YO,fl) = (0.87823,
0.32522, 0.87889) and. .terminated. The function

f had been evaluated 70 times.

5.18 The Ricatti-Bessel Eguation
The Ricatti'gquation

has the solution

o W 2
w(t) = 3t J3/%}t 12)/3_1 ;4 (E5/2)

i
A
>

.f:
‘where J3/1 and J - l/4 (z) arg Bessgl functlon§ of orders

3/4 and -1/4 reSpectlvely s

e ' The functlon w(t) has a pole at -any point t such
that'J_l/4(ti/2)»= 0; hence, a differential equation
solver should not integrate past such points t,. There-

fore, it can be used to locate the zeros of the function
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To locate the zeros of both'funcpions,

J_l/4(?).
J3/4(z) agd J_l/4(z), we used the algorithm:
(i) Starting at t = ti integrate the equation

(5.18.1) to t =’ti+l:at'which point the program
i reduces the stepsize to a value_less than the

- specified HMIN.
s 2 L
(11) Take the value zi+l = ti+l/2 as an approximation

of a zero of J_l/4(z).

(iidi) WSyitch to the related eguation ' 3
2.2 - 1

(1) 1 .
u =—-= - 3u"%t ’(1 (t. ) = —
% o RIS (o8 1i+]1 y(ti+l)

;- . (5.18.2)

‘which is obtained <rom (5.18.1) by applying the

transformation u(t) = w—l(t).

(iv) Starting at t = ti+l~ integrate equétion (5.18.2)
to the point.t =Hti+2 where the stepsize 1is e
aéain reduced to a value less than HMII. Take

zi+2‘: ;§+2/2 to bg én approximation of a zero
Qf,Jé/4(z). Replace ti by ti+2'énd.return to
step (i). 7 |
Using the above algorithm with HMIN'=;10_4 and

the error tolerénce ECT = 10_7 we galCulétgdfapproxima—

tions to the first seven zeros of J3/4(2) and J_l/4(2).

Tables 5.18.1 and 5.18;2 list tﬁése zeros together with

the true zeros vy; which\are'obtaiped‘from the tables and

the number of function evaluations NOF..
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The large number of fUnc?ion evaluations is due
to the facts that the integration must be restartéd
whenever a zero is located and that od}'prbgram has the
tehdency to reduce the order and stepsize before giving
up. e 1 ‘
Table 5.18.3 shows the numerical sblution w(t)
at the points t = 2/?; K=1,2,3,4,5. The true Vaiuef;ﬂ—////;/

w(t). are taken from Gabel [47.

\

Sabr

Roots of J~l/4(t)'.0 St <25

1 | 2.006294 |  2.006299 1228
2 5.123050 . 5.123062 1123
3 8.257929 8.257951 970

N \. o .
4 11.396436 . 11.396468. 1090

' ' 5 r

5 14.536256 14.536299 - 1074
6 | A7.676697 17.676753 1060
7 | 20.817481 |- 20.817550 1064

TABLE 5.18.1



Roots of Jg/4(t)‘, 0 < t < 25

1 ti Y, NOF

1 | 3.490998 | 3.491008 971

‘l{"' . ' v\,‘ . B
- ‘ 2| 6.652614 | 6.652635 %] 1100
3| 9.80158% | 9.801612 970

4 112.946992 | 12.947034 943

*1 5 116.090914 | 16.090969 939

6 |19.234074 19-.234114 920

7 122.376790.| 22.376871 906

TABLE 5.18.2

Results of the Ricatti Equation[

2 a2 COMPUTED | TRUE NOF

> 2.0 953.3120 | 950.* | 580
2/2 "‘4,0 4.5665 | 45667 1199
2/3 6.0 Zg.i9¥a | -8.1943 1821
4.0 | 8.0 | . 45.8587 45.8664 | 2384 '
2/5 | 1000 - 2.6838 2.6846 398}/-

I

" TABLE 5.18.3

A . .
‘The value marked * in Table 5.18.3 is in error.

v
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_'3K rance equal to 10%
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%119_ An Oscillgting Solution .
R . - Ty 1
The ihdrtial-value problem L :
lﬁ - _': '(l) o 0 P _ | ‘
R Yy o T w%tyo log vy, v "y (0) =e
LR ¢ S log .y | v, (0) = .
y:, . Yl _)A \? yl "‘ O 14 l 3

o
Te

is used by_Fehiberg [8] to test Runge-Kutta methods of,,'.

orders 5'to 8. The“system“(5.19.l) has the anaiytic\ fﬁJ

. S .
solution . é“\-
' N 2 g - ¢
yo(t) = EXP(cos~t )
. 4 2 . - . ~-
yl(t) = EXP (sin t7) , - ‘ s . :
o . S ) . ; <
hence, both components~of the solution‘vector oscillete
_ . S 2 . - .
with period y/m and amplitude e -e 1o “

Fehlberg [8] uses a local truncation’ error tole-
16 ' ‘ Y oy
. In our environment such small
, : . ’ s ‘ | .
~error tolerance introduces serious roundoff error problems.

Hence, we experimented to determine the -smallest valggf
which when used as error tolerances allows our routine to

.perform reasonablyv efficient. The two values

“. ) _ ) . -
o ECT.='10’15 R _ (5.19.2).
and
et = 1070wl + vd) : (5.19.3).
[ 7 /; < T /

satisfied such requirement.

< . g ‘ R ‘ N

N\

)
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' We'integﬁ%ted:}S 19.1) over the interval 0-< t < 5

-9
and- report the results in Table 5 l9 1.

‘
The error in our solutlons is larger than in

Fehlberg s by a factor of about 10. However, we counted

6033 and 7186 fuactlon evaluatlons using respectlvely

the error tolerances (5. l9 2) and (5 19.3) which is con-

51derably below -the values reported in [8T. Thus, this

result supports the conjecture thaz/multlstep and related

methods are more eff1c1ent 1f f is ‘expansive to evaluate.

Y
Resultelof~an»Oseillating Problem

- : RELATIVE ERROR IN L
. © ERROR = —— — STEPS
_ TOLERANCE =~ | '0 S S |
. ’ ! . : ' . ’ »
‘1.0 (5.19.2) ~0.1306D-13 0.3676D-13 | 237
(5.19.3) = | -0.1785D-13 0.5839D-13 | " 404
2.0 | (5.19.2) ~6.1001D-12 0.4168D-13 532
' (5.19.3) . 1-0.1589D-12 0.4407D-13 886
3.0 (5.19.2) 0.1060D-12 | 0.3923D-12 | 1043
) ¢ .
' (5.19.3) | 0.7259D-13 | 0.4213p-12 | 1383
N , 1
4.0 (5.19.2)  |-0.3059D-12 | 0.7149Dp-12 | 1617
) (5.19.3) © |-0.3971p-12 | o. §ﬁ13D 12 | 2001
I :
. . . . . Y . ld \,; . . "
5.0 |” (5.19.2) -0.8900D-13 | -0.1565D-11 | 2505
I (5.19.3) ~0.6032D-13 -0.1816D-11 | 2847
. ’ . " Lo ’

™) TABLE/5.19.1
. : e v
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h5.2Q An Unstable Problem

3

To stest our routine with an unstable problem we

.integrated the system z v
vy =y 4 et S5 S (5.20.1)
_ where V’:‘ - , :
0 1 0 0
=

0 0 o 1

1.0 0o o0 |

We used:the_iniﬁﬁal condition

BN ot
N M . 5

. ‘ ' o
3

y(0) = col(2.0, -0.25, 0.5, -2475) .  (5.20.2)

The'differgntial'system (5.20.1) isfequivaleﬁt to

the equation .~

Y , =y + e
(. ‘
which has tﬁe general solution = . i
’ ‘a@
» 4 . ' ) :
(£) = crte™  + cre® + coe™Fy ¢ sinlt) +ecos(t), (5.20.3)
o C1 2 3¢ 4 5cos{t), (5.20.

&

where the ci'st_i=l,2,3,415, are cohstants,which are de-'

ftermined byfthe initial condition, 1In our case (5L20.3)

reduces to

- y(tk=(t—7)e~t/4'->cost - sint
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o , L ; i : . .

which is- free of terms contaiming e . Howéyg?ﬁwsmall

errors génerated by the numerical method introggge such

terms which eVQntualiy dominate the-requiredhsolution.
We”intégrated the system (5.20.1) over the inter-

val 0 < t <’ 40 using the error tolerance ECT = 2_24.

The results, listed in Table 5.20.1, show Ehe,errér in

‘the first component,YO‘} the Huelidean “norm of the errors

over all fbur‘compohenté;,and the number of steps.

R -éesults of-‘an Unstable Prdﬁ;em

¢ EUCLIDEAN NORM '

E- | ERROR IN ¥4 | @r THE ERRORS STEPS
10 | -0.7880E-06 0.1577E-05  L° ' -314
20 | -0.1736E-01 © 0.3473E-01 " 634
30 | 0.3825E 03 |°  0.7650E 03 1010

. |40 | 0.8425E 07 0.1685E 08 . 4663
L : ) : - t/ ]

ST ; [

TABLE 5.20.1

[
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CHAPTER VI

CONCLUDING REMARKS

- a.

This thesis consists of a study of Nordsieck's v

methods. for solving-numerically initial value problems
in-differential equations. The method is developedhin,

Chapter'II. The stepsize changing is examined in

Chapter III. A brief outline of an implementation of
Nordsieck's methtds is givenﬂih Chapter IV and the test
results are reported in Chapter V. These results support
the conclu51on that Nordsieck's method deflnltely deserves
cons1deratlon as a general purpose 1ntegratlon method.

However, the ¢ are a number of items that require further
. : . v

investigat. n and research

In partlcular, the area of stablllty in the pre-
sence of stepchanges has not been dealt with adequately.

Practice has Shown that large errors can result if order

- q formulae are used and the step51ze is net held constant
 for at least q steps after a change.

Because Nordsieck's method is based on polynomial
'approximations it appears that it is related to the -

—

. _ , ‘ B .
problem of cdnstructing stable polynomial filters.

Hence, ideas from sequential smoothing and filter theory
. : v ’ l‘
may lead to improvements. - .



i

Although Nord51eck s method handleo first order
systems of linear equatlons 1t is easy to modlfy\the .
method to handle‘hlgher order equations directly.

Superficially, there’is: some indication thag_%olving

uhigh_order equationsjdirectly‘may be faster than\ solv-

lng'the eduivalent linearrsystem.
There is also the questlon of how tojhandle
singularitles.m‘Clearly, if there is a singularity in
the solution then polynoﬁial methods’are of little use,
except for certain types of mild sihgularities szch as
a common point or an enyelope for a family of soluﬂgons.
Although, our eXperience has - shown thathordsieck's
methdd integfateﬁfacross such nild'singularities'it
results in serious degredatiOn of efficiency. Hehce;;i
examining special technlques‘to detectvand'deal with

singularities may be;rewarding.. However, if such A=

L

nlques are 1ncluded in d’general purpose program then
,any advantage that ma be galned is partlally offset by
@ﬂdltlonal overhead costs whlch are already substantlal
As mentioned before our 1mplementatlon ofi

Nordsieck' method- expends con51derable effortfln
.startlng t;e solutlon. This problem is partly related
to the stepchanglng errors and to the accuracy of error
-estimates. "Hence, any technlque which decreases the

step changlng errors produces more accurate error estl—

mates and should 1mprove the eff1c1ency.

~ ' _ . . o . ‘ N
DA . - 96
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APPENDIX ‘ . Toa
. \&ﬁyﬁf e Program Listings. ' 'L o
S . ) P ’ .- T . i . . i
;:4 . : - ! i . .

The appendix contain, the progré;)listing‘of the

leferentlal Fquatlon éolve NDSK It 1s followed by an

/ﬁ\&/ example of a calling- programlfor NDSK

- 'J
[ 4 L ’
¢ LN
Ly .
N
SRR \
[
e T o
——



O

$£C

AOAAANANA  ANANOAAD

/

0ANANNNANNADAAAANNANON

OPY *SOURCE#* "

Ty TQeHeHW, TE

o W T T
$SIGN SEKE PRINT=PN FORM=BK .

ON AT 1433145 ON TUE MAY 29/73 LAST ON'AT 12:0849
$SET LINECNT=50 .

’

) S T
DIFFERENTIAL EQUATION SOLVER 'NSDK .o o e
THE FOLLOWING, PROGRAM IS A COLLECTION OF SUBROUTINES
WHICH SCOLVE THE INITIAL VALUE ROBLEM IN THE® FORM

DY(T) /7 DT = F(TiY1aY220ees¥YN) ‘(1)

GIVEN YI(TQ)=YO, I=»111'¢oo'1No ) . ) ‘
'SUBROUTINE NDSK(fO}IF'TQO.HMAXJHMINgYO.NQQ@&CG
*I0DR+KDEQ,CQ) SR g ' 3..'4

‘ Coa R 4 s

- IN GENERAL, THIS SUBROUTINE BRGANIZES AND SUPERVISES THE

INTEGRATION PROCESSe. FIRSE®W ., THE INITIAL VALUES ARE TRANS—

-

FERED INTO A- COMMON\BLOCK}MEXT, SOME PARAMETERS ARE
" .CHECKED FOR FAULTS. THENs THE OXHER SUBROUT INES ARE o

CALLED IN THE REQUIRED ORDER TO “CARRY OUT THE INTEGRATION
FROCESS . FINALLY, THE TERMINAL VALUES OF THE SOLUTION
ARE PLACED IN THE ARRAY?Y@, e . . ’

DOUBLE PRECISION A(10.418Y,Y0(10)»T0sTF,TPOHMAX,HMIN,

DIMENS ION CQ(3) o - ,

COMMON /BLK1/A L T

COMMON ./BLK2/EC,ECT,+ IOLD s MAXR » NEQ + KDEL »EX1 s EX2 4 EX3
THE PARAMETERS HAVE THE FOLLOWING SIGNIFICANCES:

TO .IS THE INITIAL. VALUE OF THE INDEPENDENT VARIABLEe
TE IS THE FINAL VALUE OF THE INDEPENDENT VARJARLE.
HMAX IS THE -MAXIMUM. VALUE TO WHICH THE STEPSIZBfMAY .

. BE INCREASED. ON DEFAULT, HMAX 7S SET TO 1e0e . '
HM IN IS THE MINIMUM VALUE TO: WHICH T+.Z STEPSIZE MAY _
- ~ BE DECREASED. ON DEFAULY, HMIN-IS SET TDO O.1D-15.
TPO » IS THE LENGTH OF THE INTERVAL BETWEEN o

. PRINT—POINTS. - : N A
YO IS A VECTOR CONTAINING THE INITIAL VALUES OF THE'

. DEPENDENT VARIABLE. WHEN CCNTROL RETURNS TO THE
CALLING PROGRAM YO CONTAINS THE FINAL VALUE OF
Lo THE INDEPENDENYT VARIABLE. ' :
NQQ IS THE NUMBER OF EQUATIONS IN THE SYSTEM ( 1 ).

ECQ IS THE ERROR-TOLERANCE SUPPLIED BY THE CALL IN
PROGRAM., ‘ S _ , _
' I0DR IS THE MAXIMUM ORDER TO BE USEDe THIS VALUE MUST

. BE. GREATER THAN 1 AND LESS THAN OR EQUAL TO 12.
KBEQ IS THE MINIMUM NUMBER OF STEPS THAT THE PROGRAM
TAKES BETWEEN ORDER CHANGES.

. -ca ‘IS _A VECTOR OF WEIGTHS USED FOR SCALING THE

STEPSIZE. -
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40- A(7+1,17)=DBLE(CQ(I)) ) , o

[

&~ P C , 4 o R

o }w - \ . ; ) ’ |
. A% .

Lo =
lA(lOng), {S THE WURKING ARRAV ' T *J

A(NoI)sI 192:31-.-’12415 USED TO' HOLD Y(T) AND ITS FIRST

ELEVEN DERIVATIVES.

A(Ns 13) CONTAINS THE CORRECTION FOR A SINGLE ITERATIDNo
"“A(Ns14) CONTAINS THE ACCUMULATED VALUE OF THE CORRECTION-
" ATN,15) CONTAINS THE CQRRECTION APPLIED AT THE
: j ) PREVIQUS STEP. =~
A(Ny, 16. CONTAINS THE, BACKWARD DIFFER NCE OF THE
e CORRECT ION - . ;

AtNs17) CONTAINS VARIOUS PAQAMETERS.
A(Ny18) CONTAINS THE INITIAL - -VALUES OF Y(T)e.

" CHECK PARAMETER. LIST FOR FAULTS, IF SUCH ARE FOUND, .
‘ATTEMPT TO CPRRECT THESE., OR PRINT A MESSAGE AND RETURN
CONTROL TO THE CALLING PROGRAM, ALSO, PLACE THE PARA-

TERS IN THE WORKING ‘ARRAY A, :

"1 ECT=ECQ - ' - v
EC=ECT’ . - . - : L
MA XR=12 : - _— ‘ - By

© NEQ=NQQ e . N
KDEL=KDEQ J

DO 40 I=1¢3 - ‘ o o
IF(CQ(I)aLTe (0 3).0R. CO(I).GT.(B 0)) CQ(I)=1.0" y

DO 42 N=1,NEQ "
42 A(N518)=YO(N) 4
-~ IF(HMINWLE.O0.0) HMIN=1.0E—-15 " S
- IF(HMAXLT.HMIN) HMAX=140 P LR
IFCHMAX + GT . TPO) .HMAX=T PO
A(C1,17)=TO , S .
A(2+17)=TF :

. ' A(3.17)=TPO

CA(4,517)=HMAX . U .
"A(S 4 L7 Y=HM.IN ) T

. IF(NEQeGE«1+.AND.NEQ.LE.10) GO TO S0 .

. CALL RPRNT(O 0D 00) .. ’ L

RETU - : . SR ‘ A

50. IF(IODR GE 1eAND IDDR LE«12) MAXR= IODR

~CALL SUBROUTINE START TOo INITIALIZE THE NORKING ARRAY FDR °
"EULER®*S METHOD. AND CALL SUBROUTINE PRNT TO PRINT THE o '
INITIAL VALUES. - L . o o ~

T=TO . -~ - o
"CALL. START(IOR.H.KSTEP.T) . C
TQ=TO+DSBGN(TPO,H) -

60 CALL pRNT(o.o.IOR,H.o 0D oo,T)
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108

--.120"

i'I

130

SUBROUTINE'TEST TO

NTEGRATE ONE STEP;FORRARD‘WITHfSTEPSIZE'H;'gALL Co
. STEPSIZE Hwe

CALL NORD{1sH,T,KSTEP, IOR
CALL ;TEST(KSTEPsT sHs HW » 10
Al6417)=H o

w, B

)

R) -

g,

: SR R
IF Hw, AS CALCULATED® BY TEST,
TO H THE STER 5 ACCEPTED; OTHER'WI SE,
REPEATED WITH TEPSIZE HW..

*DETERMINE,THE‘PROP

ER

oy

- . ) "

: . .
Y . I
% 23

IS, GREATER THAN OR EQUAL,

IF({DAES(H)) +LE. (DABS(HW)Y) GO

H=HW

IF((DABS(HMW))<GEHMIN) GO TO 100
L

TO=T+A(6,17)

CALL SPRNT(KSTEP,TO}
GO TO 159 - ‘
KSTEP=KSTEP+1

THT4+H -

H=HW . . -

- 2

TE=DABS(T+TF)

IF{TE.LE.(DABgH))) GO TO 150 -

-POINT CALL pgﬁ(i;o -
LUTION AT THAT PGINT. -

TESDABS(T-TQ) . o
IE(TE-DABS(H)) 130,135,110
CALL APRNT (KSTEP+Hs TE, T) -
GO TO 140 . - :

IIESGCALL'NPRNT(KSTEP;TQ

140 ,

150

159
.. 160 -

'THE FINAL VALUE OF
PLACED N v0.

TQ=TQ+DSIGN(TPOs H) °
GO To 100 -

IF(TFaLT.TO) TE=-TE "~ & - °
CALL NORD(=14TE, ToKSTEP,I
To=T+TE . v » -
CALL NPRNT(KSTEP,TO)
CO. 160 I=1,NEQ
YO(I)=A(I,1) 7

[
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OR)

IF THE NEXT STEP PASSES A PRINT
INTERPOLATE AND TO.PRINT THE SO

125

~

a

IF HW IS LESS. THAN HMIN THE INTEGRATIONyés TERMINATED.
- o kfi};'_." v .

1

THE STEP IS 4

TO 120

v

Y(T) IS CALCULATED,

-~ i

-~

ot

\ ) 1

cal -
WL

&

. C , . _ ‘
F . THE NEXT STEP PASSES THE ENDPOINT BRANCH.TD v
© - STATEMENT 150. ‘ Y , S

ot

i . N
st

s

PRINTED, AND

.“-
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999 RETURN

o

END

104

{

SUBPOUTINE NORD(ICALL,HNsT,KSTEPgNEWO)

THE SUBROUTINE NORD INTEGRATES_ THE SYSTEM (1>

OF ORDINARY DIFFERENTIAL EQUATIONS- EXACTLY ONE STEP
FORWARD AT EACH CALL USING ‘NORDSIECK®*S METHOD WITH THE 3
COEFFICIENTS DEFINED IN SUBROUTINE COEFTSe.

THE STEPSIZE HN MAY BE DIFFERENT FOR EACH CALL. THE

ORDER NEWO
CHANGE BY MO
THE SUBROUTINE REQUIRES A DRIVING FUNCTIGON

N VARY FROM 2 THROUGH 12, BUT SHOULD NOT
E THAN 1 FOR SUCCESSIVE CALLS.

FEVALAINEQ»TsYsFos TO;TFqHNsEC) ' )

F OF ( 2Y ).

DOUBLE PREC

- COMMON

COMMON
COMMON
COMMON

THE PARAMETERS HAVE THE FOLLOWING SIGNIFICANCE' !

ICALL

HN -
NEWO

ICLD
KSTEFP

"KODR

ASAVE
AE

¥AE(104+17 )WY
DIMENSION CP
EQUIVALENCE (
F(A(2+17)-TF)s (A
/BLK1 /A
/BLK2/ECL.ECT, 1
/BLK3/7ASAVE.D

TO BE SUPPLIEQ BY THE 'USER TO EVALUAEE THE FUNCTION

°

8) vC(3+12) sASAVE(10+16) s0(10) »
LDsHSAVE s THaTosHNs RHOsRH s TO, TF
D
1

*
)
6 (A(7+17)+HSAVE) s (A(1,+17),T0),
(

[}

/BLK6/C

IS A FLAGe. IF ICALL IS A POSITIVE INTEGER .
TY(T+H) IS CALCULATED. IF ICALL EQUALS, ZERQ R
THE SOLUTION IS INTERPOLATED TO A PRINT- c)
POINT. IF ICALL IS NEGATIVE THE SOLUTION Is =
*EXTRAPOLATED TO THE THE END—POINT.

IS THE CURRENT STEPSIZE.

SIS THE CURRENT VALUE OF 1HE INDEPENDENT VARIABLE.
IS THE ORDER OF THE METHDC USED FOR THE

PRESENT STEP. ..

e ik R K N

nunnnuvn

THE ORDER USED FOR THE PREVIOUS STEPR.

" THE SYEP COUNT.

THE VALUE OF KSTEP AT THE LAST ORDER CHANGE
USED TQ STORE A TO BE RETRIEVED IF THE STEP
TO BE REPEATED . & :

USED TO STDRE A WHEN THE SOLUTIGON IS T0 BE

’
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1ne
&
v
INTERROLATED TO A PRINT-PGINT.
TH=T+HN '

NE=NEWD '
IF(ICALL) 103,100,102

. . S : 'F;‘ ' .
A IS SAVED TO BE REINSTATED WHEN THE INTERPDLATIO“‘TO A T
- PRINT-POINT 1S COMPLETED. : .

160
101

DO 101 N=1,NEQ

‘DO 101 I=1,17:

AE(N,I)=A(N,T) .

GO, TO 131 , _ N \

CHE@K WHETHER THE STEPSIZE OR T%g:ORDER IS TOo BE CHANGED .

102 IF(NEWDLNE.IOLD) CALL COEFTS(NEWO »05C4D+CP)

103 HSAVE=HLD

IF(DABS(HLD)-DABS(HN)) 103,103,120
A AND H ARE SAVED TO BE QEINSTATED IF THE TESTS FAIL.

104 DO 110 N=1,NEQ

110

ASAVE(Ns15)=A(N,14)
ASAVE(N.16)=A(N,15)

DO 110 I=1,NEWO Sy

“ASAVE(Ns I1)=A(N, 1) ¥

GO TO 126 . r

THE STEPSIZE IS TO BE REDUCED; HENCE, THE VALUES OBTAINED

AT THE PREVIQUS STEP ARE REINSTATED.

120 HLD=HSAVE @

C
C
C

121

DO 121 N=1,NEQ -
A(Ns14)=ASAVE(N+15)

- A(N,15)=aSAVE(N,16) .
DO 121 (d=1,NEWO : _ v -
A(NSsT')=ASAVE(N,1) ' : :

A CORRECTION IS CALCULATED IF H IS TO BE DECREASED.

IF(NEWO.LE.6) GO TGO 126
NW=NEWQ+10

CAL’ CQEFTS(NWsl+CoD+CP)

DO 24 [N=1,NEQ -

DC 174 YUy=3,NEWO IR

124 A ”gu)—\(N.J)+D(J—2)*ASAVE(N,13)'

C
C

THt EACKWARD DIFFERENCE OE THE HIGHEST ORDER SCALED
DERK.VATIVE IS APPENQ%P TO CONTINUE THE INTEGRATION

{

s
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128
130

131

122

216

218+ DO 220 N=1sNEQX

WITH HIGHER ORDERe

IF(NEWO.LE«.IOLD) GO TO 130
DO 128 N=1,NEQ
A(NSsNEWO)=A(N,;14)/C(2,.NEWD-1)
IF(HN.EG.HLD) GO TO 216

THE VALUES IN THE WORFING ARRAY A ARE SCALED FOR A
STEPSIZE CHANGE. , .

K1
.

RH=0.1D 01
RHO=HN/HLD

DO 132 I=2,NE
RH=RH*RHO C
DO 132 N=1,NEQ *
A(Ns I)=RH*XA(N, 1)

THE PREDICTION IS DONE BY .EFFECTIVELY MULTIPLYING THE
VECTOR OF SCALED DERIVATIVES BY A PASCAL MATRIX.

A .

IF(NE.LE«.1) GO TO

PO 220 I=2,NE
DO 220 J=I,.NE
K=NE+I-J-1

f 220 A(N,K)—A(N.K)+A(N.K+1)

C
C
C
C

;
\I

270

275

276

106

_.THE SOLU. ION IS CORRECTED..CORRECTIONS ARE CALCULATED -
IUNTILL THE RESIDUAL IS BESS THAN THE ERROR TOLEQANCE-‘

" AT MOST THREE CORRECTIONS ARE DONE PER STEP

DO 275 N=1,NEQ . ,
A(N,15)=A(N.14) ) _ -
A(Ns14)=0,00D 00 = - ¢
A(N+13)=0.0D 0OGC : :
DO 285 L=1,3

RH=HN ,

CALL FEVAL(TH.Y,F+TO» TF.HN,Ee) -
IF(RHNE.HN) GO TO 120

DO 280 N=1,NEQ ' - (

280

282
285

A(Ns 13)=HNZF (N)—A(N, 2)

Y(N)=Y(N)+C(1.1)*xA(N,TY3)

A{Ns2)=A(Ns2)+A(N,13) -

A(Ns14)=A(Ns14)+A(N,13)

NQ=NEQ

DO 282 N=1.NEQ

IF(DABS(A(N’13)) LT DBLE(EC/FLDAT(NEQ))) NQ= NQ 1
CONTINUE &

IF(NQeLELOQ) GO TO 286" : ;
CONTINUE . B .
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286 IF(ICALL.EQ.0) GO TO 296

C - ‘ :
C, THE SCALED DERIMATIVES ARE CORRECTED.
c ~ :

.. i v .
IF(NEWC.LT«3) GO TO 288 _ ‘ \\5
DO 287 I=3,NEWO . v
DO 287 N=1,NEQ .

287 A(N,I)zA(N.I)+C(1.I)*A(N,14)

THE BACKWARD DIFFERENCE OF RHE CORRECTION TERM. IS
-CALCULATEP TO, BE USED TO ESTIMATE THE STEPSIZE FOR
THE NEXT IGHEP ORDER. .

288 DO 290 Nvl,NEQ :
ASAVE(Ns 13)=A(N, 14) =
A(N»14)=C(1.NEWO)*A(N,14) -

290 A(N#16)=A(Ns14)—-A(Ns15) » '

294 IOLD=NEWO ' o
RETURN E ‘

C THE .SOLUTION AT 'THE PRINT-PQINT IS PUT INTO A(N,18).
C : ’ .

296 DO 298 N=_ 4NEQ -
A(N»18. =A(Ns 1)
DO 298 I=1,17 ) -
298 A(Nol)-AE(Nsu). ’ . .
999 RETURN ) T ' C
END ' , /

SUBROUT INE TEST(KSTEP’T?HLD.HW-IOR)
SUBROUT INE TEST CHECKS THE STEPSIZE AND THE ORDER.

A0 000NN n

B DOUBLE pRECISION A(10.18),C(3.12).NTS(IO):T.HLD’HW-
*RHO2»T1sT2,T3

DIMENSION CP(12) , v o S
COMMON /BLK1/A .
COMMON /BLK2/EC, ECT» IOLDsMAXRsNEQ+KDEL s EX13EX2 4EX3.

. COMMON /BLK4/WTS, CP » KODR » KHC 4 -/
. COMMON /BLK6/C ' :

THE FARAMETERS HAVE THE FOLLOWING SIGNIFICANCE:’
HW IS THE NEW STEPSIZE.
HLO IS THE STEPSIZE WHICH HAS BEEN USED.

a¥2Yatala)
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CHECK WHETHER THE ERROR CONSTANT HAS BEEN CHANGED B8Y

C
C FEVALs IF2SOs THE NEW ERROR CONSTANT IS PLACED IN CPe
C THE MAXIMUM VALUE OF THE SOLUTION IS PLACED IN WTSe.
C v . .
60 HW=HLD .
DO 70 N=1,NEQ : N
70 WTSAN)=DMAX1(WTS({N) sDAE . (7 Nsl1)))
IF(ECT-.EQeEC) GO TO 13F°
DO 80 I=1,12
80 CP(I)‘CP(I)*(ECT/EC)*»?
ECT=EC ;
C : . .7 .
¢ A CHECK IS DONE TO DETERMINE‘WHETHER THE  STEPSI ZE HAS
BEEN REOUCED MORE THAN FOUR TIMES: ON THE PRESENT STEP,
KQ CONTAINS THE COUNT, IF SO, THE ERRORS IN THE STORED
QUANTITIES ARE - ASSUMED TO HAVE EXCEEDED THE ACCEPTABLE-
LEVEL AND THE INTEGRATION IS RESTARTED WITH EULER'S
METHOD. ’

AOON

T130 IF(KSTEP.NEeKHC.OR. KSTEP. L§.2) GO TO 140
KQ=KQ+1 A . .
IF(KQ.LE.A.OR.;DR.LE.z) GD!TO‘ZOO
137 I0OR=2
" CALL OPRNT(KSTEP,IDR,T).
CALL RSTART (HW) ,
IF (DABS(HW )« GE4DABS(HLD)) HW=0+95%HLD =

L&

: RETURN ) A
140 KQ=0 ) ; o
C ) Il
C '~ THE QUANTITIES REQUIRED TO CALCULATE HW ARE ACCUMULATED.
C T2 IS A MULTIPLIER SUCH THAT H/T2 IS THE REQUIRED HW.
C - e
200 RHO=0.0 ' ) = S
© DO 205 N=1,NEQ ‘ RS
205 RHO=RHO+(A(N,14)/WTS(N) )*%2 R _
206 T2=A(9+17)*(CP{IOR)*RHO¥C( 3, IDR~1 ) *%2) **EX2 k
C : : :
C THE ORDER IS CHECKED ONLY EVERY KDEL STEPS.
c e :
IF(KSTEP-KODR-KDEL) 210,210,220 :
210 IF(T2¢GTe(0e8D 00)«AND<T2.LT+(0+10D 01)) RETURN
GO TO 300 - _
THE QUANTITIES T1 AND T3, REQUIRED TO FIND HW FOR THE

[a¥eXels!

NEXT LOWER OR HIGHER ORDERs ARE ACCUMULATED.

220 T1=0.0D (00
T3=040D Q0 ’ '
' KODR=KSTEP
DO 240 N=1,NEQ

- X



IOR)/WTS(N) ) k%2

T1=T14(A(N -
16)/WTS(N)) *%2 . .

L 4
240 T3=T3+(A(N,
RHO=0.,1D 15 : RRT
IF(IOR«GT.2) RHO=A{8+17)%(CP(IOR-1)*T1%C(3,7 OR—1)%*2)
*KkREX1 : - :
4 T1=RHO . o .
RHO=0.1D 15" ~
IF( IOR.LT«MAXR) RHO= A(1o.17)*(cp(IOR+1)*T3*C(3.IOR 1)
*%%2 ) *KE X3 .
T3=RHO _ o ' :
RHO=DMIN1(T1,T2,T3) . :
RHO IS SUCH THAT H/RHO IS THE. REQUIRED STEPSIZE«
IF RHO EQUALS T1 THE ORDER IS LOWEREDs, IF RHO EQUALS T3
THE ORDER IS INCREASED.

4

NONONO

/’

 IF(RHB.GE«(0.1D 01)) GO TO 300, SN N
" IR(DABS(T2-RHO)-0e10%T2) 210.210.250 LT
250 T22RHO ) &

IF(T2.EQ.T1) IUR=I0R-1 \ ~
IF(T2.EQ.T3) IOR=I0OR+1
IOR=MAXO (IOR+1)
EX1=1e0/(2+0%FLOAT(IORN} >
EX2=1e0/(20%(1<0+FLOATY{IOR)))
EX3=1.0/(2.0%(2.0+FLOAT(IOR))) .

c
C THé NEW STEPSIZE HW IS CALCULATED.
c

3C0 HW=049D O00%HLD/DMAX1(T2,0.1D 00)

. HW=DSIGN(DMIN1(A(4+17),DABS(HW) )» HW). ’ :
30S5. IF(DABS(HW) « LT DABS(HLD)) KHC=KSTEF _ =

345 RETURN ~ R
.. END )
C .
C —— e
< R
C
C
c _ L , A
SUBROUTINE START(IOR,HsKSTEP,T)
c . . ‘ -
c SUBROUTINE START INITIALIZES THE WORKING ARRAY.
C THE MEANING OF THE ARGUMENTS IS THE SAME AS BEFORE.
C

DOUBLE PRECISION A(10918),C(3s12)-ASAVE(10916)oD(lO)'
*Y(10)+F(10) s WTS(10),HsTOs TF’TPD'HMAX9HMIN9HLD.T
DIMENSION CP (12) .

EQUIVALENCE (A(151)5Y(1)) )
EQUIVALENCE (A(lal?)oTD)q(A(Zgl?)sTF)'(A(46172,HNAX)-
*(A(6+17) s HLD ’ ) A :
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COMMON /BLK1/A ‘ ‘

COMMON /BLK2/EC, ECT,IOLD.MAXR.NEO.KDEL,Ex1.Ex2.Ex3
COMMGON /BLK3/ASAVEsD \

COMMON /BLK&/WTS) CP.KODR.KHC o

COMMON /BLK6/C : : *

I0R=2 _ '
. KSTEP=0 o
DO 102 1=1,10 :
D(I)=0.0D 00
102 WTS(I)=0.1D0 Ol

THE INITIAL VALUESs AS PROVIDED BY THE CALLING PROGRAM,
ARE PLACED IN THE WORKING ARRAY.

(aTa¥eXel

DO 105 N—l.NEQ
A(N,1)=A(N,18)
105 ASAVE(N,1)=A(N,1)

ann

THE ERROPVCONSTANT TO BE USED INITIALLY IS CALCULATED.

CALL CDEFTS(IORo—l-CoD CcP)
"C(2+1)=0.1D" 01
C(351)=C.1D 01

DO 110 1I=2,12 -
C(1,1)=0.0D 00
C(2,1)=0.1D o1+c(2.1—1)
CP(I)=(CP(I)/ECT)*%2
110 C(35I)=C(3,1-1)%C(2,1)
€(1,2)=0.1D 01 : v
Lo
THE REQUIRED PREPARATIONS ARE MADE HERE TO START THE
., INTEGRATION PROCESS WITH THE CLASSICAL EULER ME THOD
USING THE PRESENT VALUES OF THE VARIABLES, DEPENDENT
AND INDEPENDENT; AS THE INITIAL VALUES.
ENTRY RSTART(H) S '
-10LD=2 - -/
KODR=KSTEP

KHC=KSTEP

H=A(5+,17)%%0. 25 ! : o
IF(TFeLT.TO) H=—H - ;

HLD=H : ‘ ’ -
A{7+17)=H

CALL FEVAL(TsY4+FsTO,TF,H,EC)

DO 275 N=14NEQ ‘ o
ACN2)=HXF (N) - ‘ : o

‘DO 275 I=3412 ‘
A(N+1)=0.0D 00

-
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275 ASAVE(N,I)=0.0D 00
EX1=0.25 -
EX2=1. C/6e 0. . )
EX3=0.125 . .

~ CALL COEFTS(IOR!O’C'D’CP) : L v
="' RETURN )

. END

§
i

Vi

SUBROUTINE COEFTS(IODR:IXoCoD.CP)

SUBROUTINE COEFTS ASSIGNS THE PROPER CDEFFICIENTS TO BE
USED FOR THE IODR'TH ORDER METHOD.'

DOUEBLE PRECISION C(3+12)-D(10) ) -
DIMENSION cP(12)

.00 000A00

IF(IX) 300,1009200

1C0 GO VO (1+2+3» 4o5969718v9v10911112)9IODR
1 C(15,1)=0.1D 01
RETURN ~ -
2 C(141)=05D 00 . o
. RETURN i ’
3 C(151)=0.5D 00 ' - ; '
C(153)=0.5D 00 T o
T RETURN ’ ) )
4 C(131)=0.4166666666666667D 00
C(1:,3)=075D CO
Cll1+4)=0. 16666666666666670 00
RETURN
S C(151)=0375D 00 ‘ .
C(1+3)=0. 91666666666666670 00 o ’
C(ls4)=0. 33333333333333330 00
C(1+5)=0.4166666666666667D—-01
RETURN
6 C(1,1)=0.3486111111111111D 00
C(143)=0]041666666666667D 01
C(1,4)=0.48611111111111110 00
C{1+5)=0.1041666666666667D 00
C(1,:6)=0. 83333333333333330 02
RETURN
7 C(141)=03298611111111111D" 00
Cl1+3)=0.114166666666666T7D 01
C(1:4)=04625D 00
(1,5) O 17708333333333330 00
(1,6) e25D—01 .
(1:7) 013888888888888890—02

Nnoon
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RETURN .
C(1,1)=0.3155919312169312D 00
C(1+3)=0.1225D 01.
C({1+4)=0.,7518518518518518D 00
C(1,+5)=0.2552083333333333D 00
C(1+6)=0.4861111111111111D-01
C(1,7)=0.4861111111111111D-02
C(1+8)=0.1984126984126984D~0
RETURN
C(151)=0.3042245370370370D 00
C(1+3)=0.1296428571428571D 01
14)=0.8685185185185185D 00
+5)=0.3357638888888889D 00
6)=0e.7777777777777778D-01
0.1064814814814815D-01
Ce79365079236507936D-03 .
C.2480158730158730D-04
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2948680004409171D 00
1358928571428571D 01

hoooooooo

«9765542328042328D _00
«4171875D 00 .

«111354166€666667D 00
«1875D-01
o1
el
Qe

NHpW=DTOON

934523809523809D-02
116071428571428D-03
275573192239858D-05

~ N tin

I e e et e W Yo N Ran)

869754464285714D 00
414484126984126D 01

98567C0194003505D 04
4843750 00 _
906057098765427D-01
720238095238095D-02
«2996858465608465D~-03
0.1377865961199294D-04
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«2801895964439367D0 00
14644841269841230 01
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'RETURN

GO TO (16417,18,19420,21,22),100R

D(1)=0.6824712643678165D-01
D(29=0.7782567049808428D~01
D(3)=0.4992816091954023D~01
D(4)=0+1709770114942529D-01
RETURN :
D(1)=0.4841597796143251D~01
D(2)=0.6714876033057851D-01 -
D(3)=0.5638774104683195D~01
D(4)=0.2871900826446281D~01
D(5)=0.8252984389348025D~02
RETURN '
D(1)=0.32694892473118280-01
D(2)=0453419952210274790~-01
D(3)=0.5542254704301075D0~01
D(4)=043743839605734767D-01
D(5)=0.1610943100358423D-01
D(6)=0+4031458013311852D-02
U
+4002282606921430D-01
+4943188096602615D-01
+4159487519328474D-01
»2383568956630587D-01
0.8944744233014615D-02
0+1988022263245921D-02
N
0.1345273316427163D-01
0.2862272758106091D-01
0.41008690828402370-01
0.4131030161078238D-01
0.2956730769230769D-01
01479099159387621D-01
0.4930856403212172D-02
0.9861905762012599D0-03
N
=0.8305767897078655D-02
=0.1972154363845576D-01
=0.3215583356926836D-01
=0.3772781664212078D-01
=0.3238632274374685D0-Q1
0.202485418566055 7D~0
0.9000016518157472D<0;
=0+27000423276094250%Q:

0.4909178814073$71€?¢

.5028284983598402@%2&
.1318033434126725Wﬁ‘jﬁ“*
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mAAAAAARA

0240990797771 7065D-01
0.3227514131695592D0-01 . B
03231110911786133D-01 .
024239419406420250-01 ‘ : o
«1346703594351619D-01

«5386865715621564D-02 :
«14691475231017240-02 : -
0« 2448579762360165D0-03 ' )

~

A~OO~NONP W
C O wr o i v v
D=0 uyi

ZNOOO:

e

THE COEFFICIENTS OF THE LOCAL TRUNCATION ERROR TE[MS ‘ARE
PLACED IN CPe. CP(P) WILL CONTAIN THE COEFFICIENT FOR THE
P'TH ORDER METHOD.

300 CP(l)—O S

<

AOOONOANAONNN 00N

CP(2)=0.08334
CP(3)=0,04167
CP(4)=0.02639 . '
CP(5)=0.01875 _ | S
CP(6)=0.01427 .

CP(7)=0401137

CP(8)=0.00936

CP(9)=0,00789 ' ;

CP(10)=0.00678 :

CP(11)=0.00527

CP(12)=0.,00412 S
RETURN : : '
END ‘ 4 '

N E

SUBROUTINE PRNT(IPX;KSTEP;IORDER;H-HP-T)

SUBRCOUTINE PRNT IS A COLLECTION OF ALL WRITE AND THEIR
ASSOCIATED FORMAT STATEMENTS. TO AVOID MULTIPLE TESTS,
SEPARATE ENTRY POINTS ARE PROVIDED FOR MOST WRITE STATE-
MENTS. THE EXPLANATIONS ARE OMITTED., THESE CAN BE,,
OBTAINED BY CHECKING -THE ASSOCIATED FORMAT STATEMENTS.
IPX IS A FLAGe IF IPX=0 Y+Ts AND KSTEP ARE PRINTEDe

- IF IPX=1 THE SOLUTION IS INTERPOLATED TO A ’

: PRINT=POINTe IF IPX=—1 THE INTEGRATION TERMI -TES.

HP IS THE DIFFERENCE BETWEEN THE CURRENT VALUE =

- T AND THE NEXT’ PRINT -POINT.

DOUELE PRECISION A(lO.lB)sY(lO)9F(10),YP(10),T,H9HP TZ
COMMON /BLK1/A

COMMON /BULK2/EC.ECT, IOLDyMAXR.NEQ KDEL s EX1EX2+EX3
EQUIVALENCE (A(lsl)sY)v(A(lsZ)gF)s(A(lslB)pYPX



-3

) N . "A' -. H-J' . 115-

B . . < . * ]
. 3 B

'QSO,EORMAT(' °¢I6-3X9F12 5’3X95(019.12-1X)/27X S(D 19 12-1X)6
S&LOFORMAT (* INTEGRATION-TERMINATEDsH HAS BECOME TO SMALLY)

952 FORMAT(® PARAMTERS ARE I“pROPERLY SPECIFIED‘INTE‘
*GRATION NOT. STARTED *) .
953 FORMAT('0THE OUTPUT COLUMNS ARE '//" KSTEP T“Y(l)
*Y(2) .. eee . Y{NEQ) '//'0 *) :
954 FORMAT(* AT,START T = *sF12. 5910Xs'STEpSIZt *
¥F 1259 5Xs *CRDER = '16//) .
9SS FORMAT (0" +30X+'AT T = ",E12. S.SX,'THE ORDER CHANGED W o
*TO " 916+s5 X *KSTEP = 'vl6//), oy -
Q56 FORMAT('O'-BOX,'AT T =, %3sE12654 SXO'H CHANGED FROM LTI
| ¥E12e7+5X.*'TO 'E12.7’SXQ'KSTEP = Y, 16//7)

957 FORMAT(*0 THE INTEGRATION 1S RESTARTED USING EUEER®S
¥METHOD _# OF STEPS *,16:' ORDER ?1,164f T .*,020.13,°
* H *,D20.13// . R T T T

2

NO—NEQ ﬁ R ‘ .
IF(KSTEP.GT.0) GO TO & ////\\3 . Lo .
WRITE(6,953) . -
WRITE(65,954) T,Hs IORDER : S

4 IF(IPX) 20+30,10

ENTRY RPRNT(T) S : -
S WRITE(6,952) . o ) .
 RETURN o ' o : .
\
ENTRY APRNT(KSTEP,HasHP,T) . - ,
10 IF(H.LT¢(0s0D 6O)). HP=~DABS(HP) : .
IORDER=IOLD R : !
CALL NORDXO0,HP, T4KSTEP, IORDER) .
TZ=HP+T
WRITE(6,950) KSTEP+TZs(YP(I)s1=1,Na) + -
RETURN . _ S
. A .7
. ENTRY OPRNT(KSTEP, IORDERsT)
12 WRITE(62955) T,I0ORDERsKSTEP
RETURN ' ;

ENTRY HPRNT(KSTEP,HsHP 4 T)
1S WRITE(62956) TaHyHP,KSTEP : :
RETURN : o

ENTRY TPRNT(KSTEPs IORDER'sT»H)
16 WRITE(6+4957) KSTEP, [ORDER.T sH . N
Go To 30" ‘ : ‘

ENTRY SPRNT(KSTEP.T) . ‘
20 WRITE(6 951) -

ENTRY NPRNT(KSTEP.T). I



30
99

Tz=Y :
WRITE(64950
RE TURN

END .-

™

) KSTEP.TZy (Y(I),I=1,NQ)

AL




.SCOPY *SOURCE*
SAMPLE PROGRAM TO CALL NDSK .
CALLING PROGRAM TO INTEGRATE THE ) o ‘ (B

SINE COSINE DIPFERENTIAL EQUAFION °

Nnnnnnk

'DOUBLE PRECISION YO(10)., TO.TF,TPO,HMAX.HMIN

DIMENSION CQ(3) - ,
COMMON /BLK/NOF,ECT , ‘
905 FORMAT (%0 THE # OF FUNCTION EVALUATIONS = ",16+5XsE1045)
", T0=0.0D 00 . N ‘ '
TF=Ce20 03. _
TPO=0,1D0 02 -

o

"IODR=10 . . ‘ v \K,_ . )
KDEL=0 e » e

[
o~

el
02 !

\ A .

NOF=0 . Ly !
CALL NDSK(TO,TF.TPO.HMAX.H&IN.YO.NEQ.ECT,IooR,KDEL co)
WRITE(65905) NOF»ECT e .
-STOP ' f’ - , :

> END

SUBROUTINE FEVAL(T,YsFa TOs TF4HN,EC) ©

DOUBLE PRECISION F1 0)sY(10)+TOyTF sHN,T : A \
COMMON /BLK/NOF, ECT ‘ . :
NOF =NOF + 1 " ,

CF(1)=Y(2) : . S
F(2)==Y(1) - s S : .
RETURN . ' . ( EU SN
“END ‘ : : '





