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ABSTRACT

-

This -thesis describes a study of the rotationally: invdriant

k)

paft of the electroh—coupLed'nuclear spin-spin interaction, other-

wise known as the Ruderman-Kittel interaction, in.B'(of-white).tin.

‘It is a continuation of the NMR study initiated in our laboratory

by Smith (1972); in which ‘the anisotropic'nuclearkspiﬁ interactions
in 8-tin age averaged by ro£ating a sample of tin powder'at high
speed using an ai?‘turbiné. ﬁrdVided the axis of rotation.makes the
so-called magic angle tcos_ll//S) with tﬁc externa1 magneéi¢ fic1d,

the broadening associated with the anisotropic interactions is com-
’ : ; N 4 11 . Lons 1s com-

R PRt

pletely removed and tﬁ@‘NMR lineshape ‘is governed By\fhb Ruﬂérman— N

Kittel interaction together with spin-lattice relaxation. - The

theoretical,)ineshaﬁe is synthesized and the strength gf the Ruder-

.

man-Kittel interaction is obtained by fitting the théoretical‘liqe—

~ shape to the experimental resonance.

=

Improvements made to the aif‘turbihc‘designed by Smith enabled

o .
us to record the Snil7 NMR ¢.gnal with a greatly improved signal-to-

~N

!

. ndise ratio. The theorctical lineshape calculations made by Smith -

hayve been extensivel: revised and 'fewer approximations have becn made.

Also, a new fitting procedure has been developed.which enables a

: T . . 3 .
theoretical lineshape which is computed numerically to be fitted to
an experimental lineshape.

. : u

Agreement between experihent and a theoretical model, which as-

assumes that only nearest neighbour spin-spin interactions are signi-

. :

iv



ficant, 1s very poor., Similarly, a model in which only second near-

~

est neighbour interacgtions are.non-zefot/has been shown to bhe unten-
' - N

able. However, very good agreement has been obtaine’ «+ith the 50~
called Ruderman-Kittel model and we find that the’stréngth of thqzin—
terdétioﬂ between nearest neighbour.Snf17 and Sn119 nuclei 15 3.04 +

0.3 kHz. A'comparison'is'made with other published'values qfvthis

quantity.
S
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. A 1 INTRODUCTION | : : "

f
El

N

@ .
" 9(1) General ' 8

-It has been known since the carly work of Blocembergen
and Rowland (1953) that the NMR lincwidth of nuclel with JA=1/2 y©

cannot be whflly accounted for bw direct nuclear magnetic dipole-

b3 N . »

. i . g . o -
dipole "interactions and by a (®fetime-limiting cffect associpt-» - ‘
ed with spip-lattice reldXation. By measuring th6j1l403 and '
ey 0N - . N - R ~ - . . . .
I1%9% linewidths in various samples of thalliun metal with-dif-
. . . 7

LY C—

- . ., . > : : c

rerent isotopic.tomposition, Blocembergen and Rowla: . (1955) showed )
R N . : A : ) . . .

that gn indirect interactsion occursyhetween nuclear spins via

the jngg;ﬂcdiafy of the condutction eclectrons. In particular, x

: .y ' ’ o . ' : ’ 5},
they showed that the-indirect®interaction between two spins I1 .
and consists of ? scalar or rotationally invariant part of the = = .

.

t

4

o .

. . . . 193 i ' i .
 form Jll-Iﬁ’sometlmos-gkven the name of pscudo-cxéhange inter-

<~

. . A

action, together with a’smaller anisotropic part, somet#mes cal-
re) L :

led th® pscudo-dipolar interaction. A theory of the rotation-

J ; | : ‘ ) -

ally invariant part has been given by Ruderman and Kittel (1954), 7

and jndeed this interaction. is also often called the Ruderman-Kit- ’
. rd ‘ . ’ .

e~

tel interaction, a name which we-shgll adopt in this thesis. - ;,y‘
The Ruderman-Kittel interaction-betwcen unlike neigh-

AN

bours contributes to the sccond wmoment of the NMR line {Ruderman

and Kittel,'IQSi)‘and hence broadensyit. On-the other hand, the. -

.
[N

Ruderman-Kittel interaction betwcen like neighbours leaves the &

second moment unaffected but incréas?s;tﬁe fourth. and higher (cven)

ents. This impligs a sharpening bﬁ the/central part-of the

' -

e ' SN



. 2 .
resonance, a phenomenon called exchange narrowing. , . L e

b

The study of the indirect nuclear spin-spin interaction

is impof¥ant on two counts: .

. &

[

1) It'provides’ an understanding of the factors which contribute

N v

-

to t?e width and"sh&pe of NMR lines in genéral. .
/ SR
2) It prov1des 1nformat10n regardlng the hyperflne interaction be—

tween the naclear spins and copductlon elegtrons in metals. I

] -
4

Thegﬁ is sdme unce;tainty in the magnitude of the Ruder- -~

.‘ . o . ‘ ) . &

man-Kittel interaction in the 'gase of white or g-tin, since all

: . . . ' , ’ :
the methods used so far have required a knowledge of cthe secomd momentj

g

of the tin(ﬁggbnancet Values for the‘magnitude‘of the Ruderman- * =

. . N X ¢ -
Kittel interaction between Snll7 and Sn!!® nuclei which oGCupy

RPN . - : SRR

N

neanest nelghbour’51tes in B- t%@ range from 2.0 £ 0.5 kHz ob%ained

bv McLachlan (196§) 29 4.1 * .3 kliz obtained By Alloul and Deltodr

fi\
l"\ o o

(1969). A method has“&%cently been descrlbed by Smith (1972) and

uses the so-called maglc angle hlgh speed rotatlon technlque
" ‘_4!

ThlS 1nvolves rotatlng the sample at hlgh ﬁpeed (1n practice at |

several kHz).about an axis making an angle'cos (1//3) with thé

external magrnetic field. - . S
. ) /
In this thesis /e describe.some additional work .done on
S ‘ ~ o . . nif

this problem. -In particular, substantial refinemert’s to tpe theory
. given by'Smith (1972) are presented together with a description
of improved rotors which enahle a much better signal-to-noise ratio.
to be achieved. Also, a better procedure for fitting theoretical

lineshapes to experimental resonances is described.’

. In sections I(ii) and I(iii) of this' thesis, a simple pic-

™
&
[iss
<

~9
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\°I,)
N ’g./
%
-

Yo . et ‘ .
1. ’ : 7 ) : a o [

ture of NMR and a»diétussion‘of the magic angle) hlgh“speed rota—‘f‘

tlon technlque are: glVen ~ Section 11 contains the theoretical"

V ’_ [

f\

( background for thls the51s In section. III .a dlscusclpn of the e—$

‘\§ ; quipment and experlmental method arc glven In "section, IV’the fit--
v, | /

-~ ting procedure 1s descrrbed and the resdlts are presented‘and dlS—
"cussed. T T ! -7
: g : '\,‘ . . ,
., o ) v . ) ¢ .' -':._ ’ . K =
. I(ii) ' A SimpTe Picture of NMR S
N“ | K ' ‘ : ‘ ’ ) “ _’\.‘ ‘ ’
B o ; d . ) . . .

Purcelli Torrey and Pound (1946) and Bloch anséﬁ and Pack-

s

\@ ) I
ard (%<f6) carrled out the flrét spln resonance experlments on nuclei

- L3

fn liquids and” >ollds When a‘nucleus wath spin quantumznumber I

@
¢

1s_suqucted‘to a steady magnetic fieldvﬁo, there are 2I+1 equaf—
ly spaced magnetic eneigy'levels, with a sepafation
Co A . 4 ’ . I % .
Ty . . AE = uH_/X"= yh : ey
s - \ v E L 0 . o ) "
° between adjacent energv 1evels Herewu = yﬁl‘is‘the maximum z
-
B P4t K
component of the ‘huclear magnetlc moment (2 is taken to be’ in the

same., dgrectlon as H- ) and vy is the gyromagnetlc ratlo Of the nu-. =*

v

v ,cleus. If a group of nuclel Wthh }nteract negllglbly w1th each

"”bthe? ate allowed to come to equlllorlum w1th_a heat;reserv01r at
temperatume T a net magnetlzatlon,,MZ;'ln the 'z dlrectlon 1is es—“
tablished whlch obeys the well known Curye law M « l/T.» When an .
rf magnetic field of frequency

u).=YH' QS\ o 2)
. . C . . § .
is applied perpendicular to 50, there is a net- absorption of ener?

gy from the rf field with a hew equilibrium value of MZ. .Because

A

o

Rzt



|

e
P v
- . N

of the finite lifetime of the magnetic ehergy:-levels due tn the in-
teraction with thc heat reserveir, there is .so absorption of en-
ergy from the rf field for frequencies close to w For a groyp of

u .

spin 1/2 nuclei which interact only with a heat reservolr, the shape

of the absorption spectrum is Lorentzian, thg half-width of the spec-

| , 1
trum being equal to 2W/w, where W = 1/2T is'the/transition rate
- o A )&
and T1 is .the spin-lattice relaxation time.-

R 4 : A . ‘
For.solids, the direct magnetic dipole-dipole interaction °

<

betwéen nuclel is important (Van Vleck, 1948). . Classically, the

dipole-dipole interactidn can be considered in the following way.

Fach. nuclear magnet finds itself not only in the applied steady

i

magnetic field.H', but also in a small local field I produced
) —0” —loc %

by neighbouring nuclear moments. The magnitude and direction of

&ioc differs from nuclear site to nuclear site, depending on the
relative disposition of their mégnetic quantum number m (where m can

take on values -I; -I+1,...,T). The distribution of’H.IOC has a

mean value of zero and a width of the order u/r where r is the

nearest neighbour distance. As the resonance frequency of;eachﬂh

nucléus takes on different_Values'due to the variation in EJOC,Vthe

resonance will be further broadened (in. addition to ‘lifetime broad-
ening).

In a metal, another important interaction is that between

‘nuclear spins and. the electronic spins. A simple way to examine this
o ‘ ¥y

o

is to consider the maénetic field produced by electronic spins.

'This rapidly fluctuating field can be divided into its time-average

and the difference between the time-average and the value of the



. ot : C >
. \/ , "I ' . .-,“V- «
field at a given time. The time—averaéed field, which to a good ap-
proximation is parallel to Bo’ causes a shift AH of the -esomhnce

which is ;?g;brtioﬁal to H, (and usuaily down field). T is shift was,

A - $firSt observed by Knight (1949) and the so-called Knigﬁt Shift X is

definéﬁ as AH/HO. When the tiﬁe—avgragéd distribution of the eléé—
¢ trons about a nuclear site has lower than cubic (or. tetrahedral) sym-
metry, .the Knight Shift is anisotropic, that is it depehds on the
or  tation of the metal with respect to Eéi- it canvbe Sh@%ﬂ that
ti. .night Shift is a seceond rank tensor. This is a further source

of broadening when the sample is in the form of a powder since the

“+ various grains of the powder will have different orientations with
respect to Eo; The time-dependent magnetic field caused by the
electrdnic'spins gives rise to a spin-lattice relaxation.

A second effect of the time-averaged magnetic field is the

4 . .
indirect interaction which was previously mentioned in section I(i).

The existence of such an interaction can be visualized by the fol-

lowing picture (Siichter, 1963). Consider ‘two magnetic nuclei a-

mongst non-magnetic nuclei. The effect of the spin of one of the

~

nuclei is, in general, to make .the nuclear site more favourable for

a

an electron with a spin parallel to the magnetic moment of the nu-
cleus. The zero states of the electrons are Bloch states and in
order to increase the probability of an electron with a negative

spin orientation being in the vicinity of 4 nuclear site of negative -

. O

A.magneti@ moment, it is necessary to mix Bloéh states of negative spin
oriéntatign and with wavevector k greater than ‘the Fermi waveéevector
- R ‘ .

kf (because of the exclusion principle). These Bloch states are in

v .
T N
hoEe



phase at The = -¢ but become progressively more out of phase
with increas: iist.n 2 from the maénetic nucleus. This implies

; . a
that the conducciui. clectron density oscillates about the average

. o a

value. The magnitudehof-the oscillations decreases with increasing

distance. Consequently, the second magnetic nucleus experiences
a differeat‘time-averaged magnetic field, there;y giving rise to an
interactioﬁ.

There‘ie alsoﬁa‘nuclear quadrupole interaction bat this in--

tefaction does mot occur in tin as the magnetic 1sotopes of tin have

a spin of 1/2. As a reSuLt we will not.describe this interaction.

1(ii1) Macroscopic Rotation

The first studies using the sample rotation technique‘were
made by Andrew et al (1958) to confirm the theoretical predlctlons
of Anderson (1954) and Pake (1956) that hindered rotation in a solid
- should not cau<  a reduction in the second momcnt of the NMR spec-
trum. When they rotated the sample -as a whole, Andrew et al found
that the central part of the sﬁectrum waf narrowed but;sidebands
appeared in such a way that the second_%Pment remained invariant.
Narrow1ng by macroscoplc rotatlon at the maglc angle has been studied

P

in more detail by Andrew and New1ng (1958), Andrew and Jenks (1962)
and Schwiﬁd‘(l967) It has been shown by Kessemeier (1967) that if
the rate of rotatlon is much greater than the VMR linewidth of the

statlonary sample, the central par of the resonance 15 resolved

from the sidebands, and only the timeéaveraged interactions need be



included in the Hamiltonianh to study the central part. A comp-
re?iiiive study has been undertaken by Andrew and Farnell (1968) in
connection with the averaging of anisotropic interactions by rota-

tion.

~J



N " 11 THEORY.

II(i) General
-]
_The Hamiltonian of a group of nucleaf“spine interacting with a
"thermaL bath! ofuebnﬁuctioﬁ electrons in a metal can be written as
X = HE + ﬁF + HQ A (1)
where ﬁE 1nvolves only the nuclel, fF involves only the thermal

bath and 1Q is the 1nteract10n between the nuc1e1 and thermal bath

Q can be written as

9 9 _ -

. . TK (2
,\ 'Qafua’{u' q ad’ fufu (2)
: ) . > \/""7,_,‘ - )/ » .
where a,a\aée,elgenvalues of E, and f,f are eigenvalues of F of

degeneracy u and u’respectively; Kq~is_aﬁ observable of the nuclei’

and 119 is an observaé&e of the thermal bdth; 'For~a metal\ﬁe;heve

fQ = Ta IS §(r, -R.) + Ib I 7D s !4 s 1 ZL(r /T 3 (3)
P e e R S A l—ﬂl e RS T I iL

l 3

g 2 _ 2 _ _ ‘
where aj = 8myy;h /3f‘bi = vovihe, ¢ = 2v,Y5» Q&i = gl“ﬂ—il 51

(Eii_gi){zéi-gi)/Iziz;Bi‘siand'Yinand,Ye are'the~gyromagnetic ra-
tios of the ith nucleus and an eleetren respectively. Lﬁfil) is

the angular momentum operator for the 2th electron with respect to
the ith nucleus as center and Tig is the position vector for the 2th
electron with respect to the\ith—nucleusb(Das and Mahanti;v1968).
vThe first term in (o) is the so- called Fermi ‘contact 1nteract10n ar.1
the secenh term descrlbes the dipe’ . interaction .between the nuc-
lear spins and the electron spins.

The density matrix operator (Davydov, 1966 p. 42) for the



’./ - 4™~

nuclei and the bath is p and is assumed to be of the form (Redfield,

1957)
afua/f//(t) =g K,gv;)p(f)csff | (4)
with '
P(f) = exp(-ﬁf/kT)/z,;xp(-ﬁf’/kt),. ()
' I |
Redfield found that
| do/dt £ (o(t+at)-o(t))/At = ifo,E+MeN] +R (6)

if At >> 1T, ana M,N,R << 1/t "< kT/fi, where 1 can be thbught_
c - . C . c :

of as the classical correlation time for the random magnetié fields
- produced at the nuclear sites by the electrons. Redfield showed that

the matrix elements of the operators M and N are

q
M = ’ P(f 7
oo éKaa Zu fu f (£) _ 7)

J > R ;1°° .
Nad'zi qéﬁggKéin idw j { m)/(/a+ a Y-w) . (8).

s

Also he found that |

qu)aa"sé Raasé B8 )
and
it A o - S
5QB$K, J G((B- Y) ﬂ(B\Y)/kT ' SaﬁgKajKY:J (8-v)e nE- Y)/kT
where. |
-j (m) =7 fdf {z y(f)H 9 H n (£-w)n,(£)}

(f )ufu fu(f )u

-0

and n, (f) is the density of states for eigenvalue f and degeneracy

u. In writing (10), Redfield assumed that only secular terms con-



My

‘operator.

S 4 . ' ' ‘
tributed to R Wad? that is only terms wherc a-ogep = 0. However, .

ac

for non-secular terms, Redfield showed that one must multiply the

‘-

Tight hand side of (10) by a term of the form S0 S .
ol = (ella-a* B ot 1}/ (a-alprg) bt (11)

"M can be identified with the knlght Shift operator (hq % -

in (2) i's taken to be one of the'compononts of the spin operatof
. L v « * )

for one of the nuclei because of (3)) and\g\;s the indircct- spin-
' P ‘

-

spin interaction opecrator (ignoring terms in (8) where.q and q re- -

S ; ' o
fer to the same nuclear spin). The R operator is the relaxation

. f I
The operator # (E+M+N) can therefore~be'expr§ssed as

Ay 1. (I+K)-H +h £ I-(J +D )-1. .- . (12)
i i1 7 7o i<j71 1) 1) T3 O

e, /
~ - B

where K is the i .git Shift tensor, and J.j and D Di; are respec%ivgly

the 1nd1rect ten.or. and the dipolar 1nteract10na;ensor between nu-

clei i and J. lt follows that (6) can be written in thc‘fomn

do/dt ;:.i[o_,(-ziyili.u;g.ﬂp +27riEjI U_U jJ) 1. )] Ro, . (1%)

‘¢

‘10
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: . ‘ . . S ’ .
-“11(ii) Effect of ‘Macroscopic Rotation on Kj-J, and D

SIS

Because of the short correlation time of the conduction ‘elec-

s

trons (T, = 10~;l seconds) .and the fact that the period of the macro- Ef“
1 . !

scopic rotation is typically 10_4 secconds, we can allow K, J and D, in
(13) to be time dependent. llowever, as pointed out in I(iii), the

shape of the central part of the resonance is governed by the time-

~

average of K, g‘aﬁd J. The R operator in (13) is assumed to be uns

affected by macroscopic rotation, since Mclachlan (1968) found that

the Tl of sn!!? in B-tin was essential}y independent of crystal
orientation (the eonnection between Tl and R is established in secc-

tion II(iv)). ‘ o -

i

# “ To find the tlme averaged operatofs, it is noted that the in- ’
3

teractlons involving k L and D are of the form A- B whc IS A and B
d

are time independent veetors.\ Becausé of the symmetry of. nhe crystal

struéture bf B-tin, T must be svmmetric matrix (Smith, 1972, p. 94).

“Following Andrew and Farnell (1968), we can decompose the tensor into

T
two parts, l:and L , where I_ls equal to (1/3)Tr(~)l_and I_ is a

traceless tensor equal to T - l;. Because l:‘lS symmetrlc

. . * * .
: . AL-_ = EBTaBAaBB: anC nCBnTn AaBB--‘ . (14)

where C an and” CB are the-direétibn cosines between the axes X, '
. rd

Y and z flxed with respect to the 1aboratorv (represented in (14)

K

by the indices a and B8) and'the principal axes of the ‘tensor. 'Iﬁe

*
T,'s are the principal values of the tensor T . Using the relations

|

Ay, = A+ i%y ond A_ = ﬁx -~iAy plus similar relations for B, and B_,
. %D

we obtain

" 11



. .
AT B = ng(Dn+En+Pn+Hn+In)_ (15)
where = — .~ » ' ‘ : .
2 ht
Dp = C3,A,B,
2 2 ’ ~
Er_l/;: (1/4) (A+B_ + A_B+) (Cin + Czn)
= (1/2) - iC A B A B
Fn 1/ )(ClnCSH * 2nc3n)((+ z * z f)
Gn - (1/2)(C1nc3n * 1C2nc3n)»(A—Bz * AZB—) ' 3
H = (1/4)(C.° - 2iC. C. -C.%)a B
n . In In 2n 2n” + o+
I = (1/4)(C.° + 2iC. C. -C.HA B
R n o 1In -~ In " 2n 2n7-7-

We now‘consider the tfuncated,part of (1%5), that is, we considér

the terms bn and E;. We can iénore the remaining terms when A and
B represent spin Vectérs sincé;these }erms'give rise to weakergso—
nanccs:at frgquencies 0, 2wo, and Swo, resonances which we ére.hot

\

“interested in. We have

trunc

th

: 2 . ' 2.2
(= TnCanCBnAqBB) ng{CsnAzBZ+(l/4)(A+B_ + A_BL) (Cip*Cop))

2
3n)}

- 2 " .
ng{CsnAZBZ+(1/2)(AXBX + AB ) (1-C

. 2 . 4
.rlen(-l/z)CSH(AxBX +AB - 20B) (16)

4

| | , o 2 . :
In appendix I we show that the time-averaged “value of C is 1/3 if
. ’ * 7
the magic angle condition is satisfied. Since T 1is traceless and C

is 1/3, the rlghf hand side of" (1%) reduces to zero. Thus we have

( ‘T Bjtrunc = 0. - ' . (17)
If truncation is justified, then the time-averaged interaction (when

the magic angle condition is satisfied) reduces to

B



¥ ¢ .

A-I°B = (A-B)(1/3)Tr (D).

! (18)
For the dipolar interaction, A and B are spin vectors, and
'truncation}is justified. Moreoygr, the dipolar interaction tensor
is traceless? Aé a result, the fime—éveraged interaction is e$ual
to zero. ‘
" The indirect interéction béfwgcn nuclei caﬁ also be wfitten
in the fOTm'ﬁjl;E) where A and E_ére spii operator§."As a resultk

the time-averaged indirect interaction becomes

T1ed. o I.= 2J. . T+1. - (19
i<j-‘l 'l_-l "'J i<j 1)1 ]

wher§ Jij = (1/3)Tr(gij). |

Finally, the Zeeman int\ractioﬁAcan be written in the form'
é}l:§: However Als a nqclcaf spih vector and E_is.the.steédy mag;\\'h
nétic field Hy in this caéé. Thc sum of Hy and the magnetic/fiéld
caused by the electroﬁic spiﬁsbis, to a éood approximation,uinﬁtﬁév
z direction (Abragam, i§61) and the iptéraction can be wfitten as’

>'1_§ﬁYi(1+Kzz)IizHo- : : (29)

It fallows that terms En throggh Inlin (15) are zero in this cgse,
and equation (17) obtained for the truncated"interaction can' there-

fore be applied. Thus the time-averaged Zeeman interaction is '

-gﬁYi(1+K)IizHo" (2;)
where K = (1/3)Tr(K) = (1/3) (K +K,+ Kg). For B-tin Ky % K and
K; = K, = X because of the 74 axis bf Symmetry5 ”

-In summary, the time-averaged value of’h(E+M+N) is
. ¢ ) .
ﬁ(E+MfN) = § ﬁYi(l+h)¥iZHO + QEjJijld'Ej': 22

when the magic angle cohdition is satisfied.

13
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iI(iii) The Ruderman-Kittel Interaction »

The'usualhmethod of fihding a theoretiéal expression for the
RﬁderménéKittgl interaction fg to coﬂsider fQ as a ?erturbation of
H(E+F) in,(l):and‘to find thc.second—order ﬁorrection to the energy
levels. The first order correction is respbnsib}e‘for the Knight
Shift and will not be discussed hefé. The second order correction is

AEOO. =“ n§'1 (0o 520 lnoZ) ‘2/ (EofEa_En_Ea’) - (23
where Ind) ig a product of a many—electrqn state !n) of energy En’
and a many—ngcleus state [d) of energy Ey. The unperturbed state of
the electrons and nuclei is iOa). Examination of equation (3j ghqws
thaf ﬁQ is Bf the form E(Hén)i’ that is,it can be written as-a sum
of terms, each one involving only one nucleus.‘ By expanding'ﬁQ in

. ¢
terms of (Hen) one obtains terms. of the form

i

(e )5 | 0a) lz/'(Eo+Ea-En-'Ea,) (24) '

which -involve only one nucleus. Since we are only interested in in-
teractions involving pairs of nuclei such terms as (24) are amitted
and we retain oniy the cross terms of (23), and thus

AEoq = I)ia/(Oa‘(Hen)i,hcf) (| (Hep) 5 100)/ (B *Eq-En=Eg). (25

® ° Because the_electronicvenergy~states are éssentially continu-
ous and the energy difference between the unperturbed.and perturbeh

electronic states is usualiy greater than lEa—EaJ, the denominator of
(25) is appr\'imated as E,y-Ej. AlSohfhe interaction (Hen)i takes‘thep

form I+G_ , where G. does not involve the nuclear spin operator. Thus
—i—i 1 . .

b= 5, I, Tl 1l el1jglerziolesgin (nlegloy + c.e.d/(BgEp).
) g8 i<y (26)
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; | ;We'péqld havé obtained AE as a first order perturbation

- . . O a . -
contribution if the-texﬂll@éff had been added to (1) where _ o
Loehn D I-J.) A, (27
‘}gef: i 88;18( 13)88 jB . ( ,) )
and _ PR _ ' ‘ .
J. ), r=z{(0]G, _|n) (|G, ]0) + c.c.}/(E -E.)- 28
Uy )gg = FLOIG I (|6 f[0) + cc.d/E -ED: ~ (28)
}[eff is equivalent to operatof'N of (6) if the terms of N which in- P
“volve only one nucleus are eXclﬁded. We shall henceforth assume that
the indirect interaction is given by (27).
The‘right hand side of (28) can be written as (Mahanfi and -
Das, 1968) 4 - . .\
1 (2) ° (3) 4y '
(Jlj)BB Fi5)ge” * U )BB  Usjles” * Uijlegg - (29, .
where v
(1) _' cont, | cont, - o "
Ui5)gg = zsn{(o]GiB |n)(n|GjB/ |0) +c.c.} . . \\;
’ ‘
2 cont cont
(935)58 = I3 {colc In)cnlc EIO) 016557 Im) (n[6557 0))
(U39 6a = 18, (016T5" ) (n lG°rb10) fe.c}

ij7 BR”

‘ 4) - 5p dip dip | .
(JIJ)BB = EBH{(OIGiB ln)(n[GjBP[g) + f.c.;
nd
Gcont_ 55 s R .
iB aig 28 (Eil——i)_
dip = . . -
GiB~ B igg(Dll)BéslB v “
orb 3 o
G35 = ciiLB(gm)/ri2 -

' -1
B ‘= (EOTEH)
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Someﬁbf the cro. s térms involving the contact, dipolar.and orbital
’ - . ’ o ) g -
contributions have been exe®luded from the right hand@side of (29)

- ¢
v

since they are equal to zero when the orbital momentum is quenched

| (Mahantl and Das, 1968). @
41f the electron ehe%gy sutfaces are spherjcal, the term

2

(Jij)BBa is dipolai ih\form%hnd contains mno diagqhal components (Ma-

hanti and Das, 1968).  The term (Jij)éég’ ageln assuming spherical

. . 4
energy surfaces, has Shly.diagonal component’s, while the term (J );B)
" is composed of twopperts a dlpolar part and a dlagonal part (Ma-
hanti and Das, 1968). These:authors showed that for Rb and Cs, the
conthibution' f J JQS) énd iJ )(4) to the diagonal terhs'ofgl‘
e . . N/ L. . 4 J.oo.
Se¥ g A7 157 g4 f > OF 5y
are small compared to the contrlbutlons of (J. J)éB)'
For (J )éB) we have i 7 ‘ ’
1 i Y oL
CHPISOTIPVEIE R  BL(nks |88 (z-Ry) [dlks) (kSIS 8 (2R, [nks) '+
B nks nks . - .7 -
. ' _ c.c.} (30)

wwhere the sum i. in (5.) ‘s over occupied Bloch electron states. Al-
* nks

so, n represents the band of the Bloch state in the/firét,Brillouin

zone, k is the wavevector and 5 is the electron Spin of the electron

state. The sumi X, ,1s over thc unoccupied electron states and B is

. nks , ¥
equal to (E -E ;,J_l. This cxpression.has been, rewritten as
‘ : hhs nks” ; )
. T ~

K
(J_,)(l)— ,(nk]d(r)|nk)(nk|6(r)|nk)e l(k ) *JJ(S!S [s)B(s|S IS)

ij B8 § k¥ N

~ by various authors (see for example Slichter,.1963). Here Bij = E& -

R, and'lnks) ='|s)lnk). The probébility of a state Inks) being oc-
= = ,

cupied is f(nksgﬁand of a state Inks) belng unoccupled is 1 f(nks)

'where fis the Feﬁﬁlelrac dlstrlbutlon functlon It follows that

o

N

16
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*} T
3308 - ;,zmysunﬂédﬂa@ﬂnmelﬁk)~uX’
J BB n& ik ss’ i =l ~ e
- (s18,15) (s]84l5) BLL-£ (nKS) }£ (mks) /(31)

where the sums I and I are now over all states. Because f(n5§)
nks nks

is approx1mate1y the same for spin up or sp1n down states; and matrlx

elements vary slowly w1th energy, we can replace f(nks) by f(nk) and B

by (EUE_EﬁE )jl (Slichterf 1963). "As a Tesult o: this;approximetion)

and since ’ =

-

z (s[S |s')-(s'|S” /|s) = E(slS S)|5') = Tr(‘:} S/) = o '/2 (32)
ss’ B \8 [ @_, B

> . o
we have. , _ * 9 b Co
: Dy o ~
v (1) (0, > : .
" J J - & I , - ot .
W, ) 18 JB = ( ij —I-i e . e

o /- ’ ' s , 7 .
= a2z 1 (k,k)f(qg){1-f(nk)} i (kK- —lJ/(E Es) (33)
i nk nk - " - nk nk"-

tion of ln;)vﬁn the coordinate representatlon. leferent authors

where I ,(k k) = -a, a v Iw k(O)l ]w/'(G)f and $ (r) is the wavei;;&—
2 .
T

made various approximations in applying (33)." In particular'Ruderﬁan

and Kittel (1954) assumed thet the'electronwenergy,surfaces are spheri-

cal, and that Inﬁ(EPK) can be.approximated‘py/its value at the Fermi

surface. Ruderman and Kittel found 'that ;-
J J - (2/9&) 2, ﬁzm*lv (0){4F(2k IR D ' (34)
ij = YeY¥iYj ke R RS
: . - 4 o * . ' .
where F(x) = {xcos(x) - sin(x)}/x and m 1is the effective electron

'mass.' The form‘of-F(x) is shown in figure 1. A more general ex-
pre551on was obtas 3 bv Mahanti'and Das (1968),‘who Iifted the re-

‘A\.

striction that I (k‘k) be evaluated at the Ferml surface and that

nn /

e



Figure | - .Graphical Representation of F(x)

v : - . :
THe number n shows the position of x = ZkfRij, where Rij'is the

distance between nth nearest neighbours.

©
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the bands be parabolic. They obtained
' kf *'
3 < ter202m°R, 21 rdk miK) ke (K, sin (2KR. L) (35)
1] ¢ ’ 1] 0 - - 1]
4 » v 7 . 2 v 2
wherec = —(16/3)2n2y_y_y 254 and ¢ (nk,nk) = {y (0)] lv . (0)] .
N 1 je : - = - nk nk
Finally Roth, Zeiger and Kaplan (1966) lifted the restric-

tion of spherical energy surfaces and derived more general expres-

-sions for Jgi). In particular, they found that J£§) was»propo?tionql
to Rig for directioﬂS'perpendicular to two rlat rcgiogs of the Fer-
mi sqrface and Jg;) was propoftiongl fd\R;E for direction; perpen_
dicular to the axis of a cyliﬁdrical fegidn of the Ferﬁi surface.

. 5

¥



II(iv) Theoretical Lineshapes of Configurations of One, Two

and Three Magnetic Nuclei

In this: thesis we shall be:cémpariﬁg the experimental Snll7.
resonange in a sample of B-tin which is rapidly rotated"ét-thevma_
gic angle, with a theoreticai lineshape in which only‘snih—lattice
and Rudermén—Kittel.intera;tions affect the lineshape. Becaﬁse of
the small abundaﬁce of magnetic isotopes in natural tin (0.35%,

7.67% and 8.68% for Snil®, snll? and‘Sﬁllgvrespectively (NMR Tables,

Varian Associates, 5th edition, 196§§), we synthesiie the theore-
‘ N

\

tical lihcshape by combining,in,appydpriate proportions, the'line;

shapes oﬁ-nucieiiwhichvare'interacting with zero, one or two other

,magnetié nuclei., The probability of finding three or more magnetic
nuclei in the vicinity of a particular nucled# is'sma11;

Before proceeding, we shall discuss the application of cqgé—
qioh (6) to the particular problem of calculating'lineshapés in B-tin.
This equation was obt ned by assuming‘that‘the terms M, N and R,are

. .

" much less than 1/Tb. For BJtinvthe“Knight Shift is approximately

.73% (Smith, 1972) with a result that, for a fieid of‘appfoximately

)

5 kG, the order of magnitude of M for.B—tin is 50 kHz. The magni -

" tude of the Ruderman-Kittel interaction for neéfest neighboﬁrs is

.a few kHz. Finalix the magnitude of R,is of thé order of 6 kliz since
T1 is approximately 170 microseconds for Sn117(if wi11 be shown in

is approx-

’ . . .
this section that R is of the‘order of T/TH) Since l/rC

- imately 10 seconds ~, M, N and R’are much less than 1/71..



When non-secular terms are included in equ@tion_(6), the ef-

4 .

fect of the terms R/désffor which (a—d;B—é)At > 1 can be ignored
a . .

compared to the effect of terms R//Bg for which

i oo

$/ , © (a-d+B-F)At << 1 (36)

because of-the terms A , , (see equation (11)). As we neglect terms

aaBf < .
R/;Bg which do nolsatisfy (36) when calculating the lineshapes, we
o ) :
can replace A , ,by the value 1 (the magnitude of A , , approaches
) - aoBB . acBB

1 as (adeB—é)At approaches zero) and regain (6).

The equation can be simplified by considering. the high temper-

3

ature limit and short correlation time approximation, that is when

|E -E,|/h << — kT/h, where E_and E, represent eigenvalues of
o a c o o

. . T T _
R(E+M+N). We can then replace §6'= Rto—o ) by R{o-o0 ) where R is de-

. , . . ho/2kT - .

rived from R by using k ,(w) = j ,(w)e in place of j ,(w), the
_ qq. qq9 : - aq

rgsult being that RaJBé = RBéa&‘ Also we can set'kqé(w) = kqd(o)’

(Redfield, 1957}, These"approximations'can be made since at room
. _ 15
temperature (the temperature of the 8-tin sample), kT/A = 4x10 ~ sec-

onds—l, TC = 10-11 seconds and |Ea—E,|/ﬁ,= 108 seconds_l. We make two
. . - a . - »

a;sumptions about de whic%;%imﬁlify the calculations.., The first i;
that kqd(d) = 0 unless q = q" Classically this means that there is no
correlation between the random magnetic fields at dif%erent nuclear
sitgs and between the vafigus components of the randoh field at a given
nuclear site. This turns dpt to be a good approximation for g-tin (Win-
ter, 1972). The ;écond assumption is that qu(O) - k(wheré k is inae-
pendént‘df q. This is a good approximation since McLachian (19@8)

found that T1 for Sn119 was essentially orientation independent.



¢ v ,
~ Next we show that the resonance lineshape is unaffected

by the operator N which appears in equation .(6) provided N com-
mutes with MX , the x-component of the mdgnétiZation operator.  The
Y

expectation value of Mx’ i§ given by

v

<Mx>.= Z(aloMXIOO - - (37,
a

and thus My> = d<My> = I(afoMy|e) . (38)
. a . -
dt

Substituting (6) into (38) we find that

gM;>'= g(al{g,E+M+@IMX|u) (39)
As a result, the value of‘<Mx> is not affected by N.if Z(al[g,N]Mxla)
. a .
is zero. This is easily shown to be the case if [Mx,ﬁ] - 0. We
have ~
@ =

g(a]oNMX-NoMX[a) = g(a]oMXN-NoMx]a = Tr(oM,N)-Tr(NoM,) = 0

since the trace is invariant under cyclic permutation of o, M, and

X
¢ L
N.
Finally we include the rf field (lineariy polarized in the x
direction). If H p is the rf field interaction, wé have for equation (6)

i
o

Y . . ' ) , T
Oao’ = L(EG-Eu)oqy +82Rad88(08ér08é) +_
| : ‘ . (40)
. 4 4 : 4.
if égag(alﬂrf]a)-(a|Hrf]a)o&b}_
‘Here E, is an eigenvalue of the;%igenstate |a) for the operator
ﬁ(E+M+N), and the sﬁbscripts réfer to the differént eigenstates of
this opérator. From (10) we find ‘
. | ) i - N . :
S Radsd = (1/2ﬁ \) (2J g g Cap™ vy 608%™ ) (41)

A A
vhere : + -
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viously made by Smith (1972); we allow for ditfferent spin-lattice

2 2y 4 v

J.U = 2{1”y;m;,;}1. ERECAS BN fo (127

The index § ois sumned over the nuclei and q takes the valueg x, v

and = In obtaining (42), we have made use of the approximations
. . A}

AL = s ),

involvine k .
v g b qy Yy

U

In the following subscctions Ay, BY, C) and D) we consider the

1
SHCCL Wy oV nuclos Bioh Intoeract wisho s (113 v oy ~lea e niike
SpCOC O UG G W anteract with no un.ike nncled, one unlike
kS .
and no Tike nuctei, two unlike apd no !ile nucici, and one tilte und
oncounlike nuclel rospectivelv,  For thoo 0 ses we hnve N AN R DRI
. ” N o (R
and Wt the srelaxation rare of the Loirwcleus,

AJoNo Unlike Nucled Affecting the Resonunce
L 4
& . ‘ .

The lineshape function in this case has heen shown provious-

N lfxnitx, 9720 to bhe oiven by ’
, -1 -
i) = 11HX1L(/\—/>~JAX; (1 13)
S
where \ (e ,\/SEkT Weonote that cguation (330 carnlices what over

the nunber or like nuclie! wiich are interacting since .. - 1., where

Toand Joare any twoe nuclei of o group of ITike nuclei, cofmutos with
HX = —Ty?ﬁigx, the x-compgnent of the magnetization operator for the
SRR v

197
e
s
=
c.
<
—
t
P
0
'z.
=
o
.
.
I
.
~—

B) One Unlike Nuclous Affecting the Resonance

§

’ -

generalize the calculation pre-

at

Rl

and W\ for the X and A nuclei.



The four eigenstates are l++), |+-), ]—+) and l-f) which we

number as Ll), 12), 13) and‘l4) respectively. The symbol |—4) Te-

presents the state where I, of the nucleus X (whose spectrum we are

" determining) is -1/2 and Iz of the unlike nucleus A is &1/2. Using

equati?n (40) we have

R P A S P PR ST VIT A IR PXUREY (44)
b =i + i T D /A + R R
O34 = 1054934 * 10537049 Hga/M + Ray34934 * K312+
Here Hij is (1[Hrflj), while Wiy = wX—JAXn and-m34 = wX+JAXW. Also
\ - f - Ny pA - = 1 l i . / '
uAj Ej Ei,,ﬁ.dnd “ij ‘O for i>j e*cept H21 or h43. We used

, . T g . B .
s ¢ -since ¢ _,=0 if a=3. We have only considered the time deri-
Baf aB : : , :
+« ¥

12 34 11 22°

vatives of o_, and o since Oij is ‘equal to Oji" Also 5 and o

which are respectively proportional to ng and HBi’ can be ignored

for low amplitudes of the rf field. Finally, we do not need to consi-

der 014 and ozs’since the rf fief§~does not cause transitions between

states |1) and [4) and between |2) and |3). The differences between

equations (44) and those of Smith's for this case occur in the re-
O ' : .

laxation terms, the R's. We recalculate these terms and then altér«v

Smith's results for the 1ineshape function by taking into account these

differences.
It follows from equation (41) that

2./ 2 2 o 2 ' ’ .
= -7vy. . . 2 . I. I. < - 45
Ragos = JeYJk,{»(BILJIBMaILJIaJ} "2 o (e]1;  lod (8] [BIK. (45)

The first part of the right hand)side of (45) is equal to —(S/Z)kkYX+

Yi) which eQuals —(3/2)(WX+WA) where fyi_is defined as W,, the spin-

X’

2 4
lattice relaxation rate for the X nucleus and E&; is defined as WA’

the spin-lattice relaxation rate of the A nucleus. The'§gpohd part

%



e}
[

of (45) is equal to (WA-WX)/Z with the result that

= R =

Ri212 = Rsgzq = -2y (46)

-1
VA

By rearranging (41) for the case where a, a: B and BIare all unequaf
we find

2.7 . / / ’ I/ ’l
R sp= Ly k{(a|I, {a) (8|1, |B) + (a|I. |a)(B|T. |B)F} 47
wedd = iRl T el e (IJ_|>(|j+|> (47
where Ij+ = Ijx+ley and Ij- = Ijx— iny' It follows. that s N

2.0 200
= YAR+YAk = 2W

R1234 -

(48)

R3412 A
the lineshape function is given by

) .. : 2 N
' = ~ 9% o
¥ (w) ?1ZX(A3l+A12 .WA)/(Alz}\3 W)

where Ajj= i(uwyj-0)-Wy-2Wy. ‘ o

]

g P
.
-

C) Two Unlike Nuclei (and No Like Nuclei) Affecting the Regbhwneéfx,yA

7 el - B
~ . ferl .
. ) B o 8

For this case there are three nuclei: the nucleus X (whbsﬁbg

? ’ P el o
_ spectrum we are calculating), and the two unlitesnuclei, Asand A. The

prime indicates that'the two A type nuclei'are'différeﬁfly'couﬁigd to

. RN
- h

v B b o]
the X nucleus and the spectrum is called the EAA’spectrum. ’Inﬁh§51&‘f~

calculations of the EAAfspectrum, Smith (1972) assumed that‘WXf=‘W§ X
and that the A and A nuclei are not coupled. Since we wish to fé”?§;“Q'
. : . ' : b o

move these restrictions it is necessary to recalculate thg EAAlgﬁ
trum ab initio, o v hf ?;i.‘

The eigenstates for this case (and case D in which we con-
.sidér'thé AA:resonance) are given in table 1(a). In table 1(b) a

. ‘. . ’ :
transition a<>a’is considered to belong to the XAA spectrum if

N



it
. i\\f\:{?ﬁf
5

‘Table 1  The Eigenstates and Transition Energies for the

EAA/and é&k Spectra

Table I(a) gives the eigenstates and Table 1(b) gives the transi-
tion energies in units of h. The symbols D and 2a are defined

2 2,5 . =1 .
as (JAA/+ (JAX_JA&) /4) /2 and sin (JAAJZD)’respectlwely (Pople

et al, 1959). Here we have v.. = w../2m.
. 1] 1] .

SN

B «,‘ T .
Pyt ca
¥ il
A



1y = e+
12) = l++-)

[3) = COSa [+-+) + SIN a[-+4)
[4) = -SIN a |[+-+)+C0S a [-+4+)

(Ia)

IS) < SIN a [‘+-’-)+COS a|-+-)
' .115)»--C05a [+--)+ SINa |- +-)
[7) = [--+
)“ I’f‘)

18

)

LEVELS BETWEEN WHICH |TRARSITION | pauciqion EHERGY LIN UKITS OF h )
THERE 1S A TRANSITION |  TYPE :
86 AR veg TV ant VA2 Iax T e T
7=t AN u“-wAA,HMt-zJAA,u '+J Ary! "0
5 o AR Voo t v et 21, 0 a3 D
31 AN PR IVAR L VAR
g5 AN vag ¥ an U2l day T Iyt 0
R AN Vg TV oap b VA 2Dty 103D
6~ 2 AN Vg TV pat VAR, o0 s )+ D
41 Y3 R IVERL Ipp® Lax * W eo
S g X y78-vxl- ll2(JAX+vJA,X)‘
53 X Vi TV
6 -4 i X Va7 X .
g1 Ty vip Yyt 2y, JA,'X_)'
5 4 L Avds,‘vx-ZD ' ‘?3
6 — 3 X »V36-V.X +2D

{b)
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lEa_ an is nearer mx‘;han mA (otherwise the transition belongs. to the

£ . ‘ . -
ééx spectrum), The frequenciesAwX and w, are assumed to be far enough /-
apart that the probability of the rf field flipping anr A nucleus is neg-

negligible néar For the XAK spectrum we need'bnlf consider the

time derivatives of G105 ?35’ 936> Y450 g and g The time deri-
vatives of the other values of Oij are not considered because the

. . 7/
transitions 1+>j are part of the AAX spectrum or for reasons simi-

. 4 .
lar to those given in part B. For the XAA spectrum we have

= i /‘/ iU R ./ (
an’. %maacau " luad * >a53808§ ' (50)

where o,o” and B,B’takc on values 1,2; 3,5; 3,67 4,5; 4,65 and 7,8.

Also L _ ) : -

W

U.. = ﬁ-l(oc. - O.T)H{. ..
ij ii jj’ i ii’ xo ji

-1 T, i
(21) (o, - 0. IH M et (51)
. fjﬁ) Here Mji = (j]Mx|i), where yx =1-§Y2ﬁ1

- of the linearly—polarized }f’field of frequency w. We can approxi-

mate Uij as 3 C? ‘ \\\Q ‘ _ .

, and H is the amplitude
Lx X0 .

iwt

- = e - - ¢ ' 52)°
P Uij wH e G| EYiﬁI2£+f)/16ka | (52)
since 0.1 -o.1 = (g_Ei/kT—e—Ej/ij/(Ze_ER/kT)
i1 T 3 ﬁ |
: i
: ' -Eg/kT !
= {(E. - E.)/KT} /(Ze )= hw,/8kT.
( ; 7&) . s x/ 8k

-;t should be noted that RucBe = Regad’ and that R;,-¢ = 0 since

2 2 22 ' ’
= : = L L2 . 1. 17)(8]I. -and ~

Rig7g = (/200234550 = (1/A )j 3 )l YJ(l! Jql’)( lIJqIZ)k and
(8|Ijq12)_= . For R ... where m is npt'equal_to:r, we have

. : 2 ‘

= C- 21 (531

» annr (ZJnnmr éqqmqr)/ ! ‘ Q%%L
and , . e

!



since the eigenstates are orthogonal:’ Fiﬁal}y

{ 572y = £ 22vie L Ml myK
‘ 5o 3 Haq jq!™:

nnmr tss)

00 2 ’ 2 ~
Zk{yA(nlIAzln)(rIIAZ]m)+YA(nIIAZIn)(rIIAZIm)}_

Using (54) and (%5), we obtain

-

R3ss6 = “Rssas = ~Rygaq - -&2595(2&)sin(2a) C o (56)
Qﬂere a is défined'in table 1. ' ,\K.
) 'For Rmnmn we haye e |
‘ .ZﬁlRmnmn - 2Jmmnn >:(quqm qnqn)_ (57)
and :
g(qqmqm+anqn?:%w§ é {2ﬁ Y- (QIIJ |m)tm11. ijg + "f‘ .,%

PR

‘22
2873 (q|1. an)(nll 2[q)k}

,3_
After determining J for each R s we have
. mmnn » mnmn
R SR. = oW 2w
1212 7878 A TX
R .= RE = -3W -W cos .(20)-2W (59
3535~ " 4646 +(20)- x (. )
R. =R .= -3W +W cos. (2a) 3 B -
3636 — - - 4545 . A A X -

one’ ‘of the subscripts is not: 3” 4 3 or 6 we have

3 ) 2. '
[ AR =] = I xzy k(mlI lq)(rII. In _
: mnq? : ‘anr .J jL (60)

2 ! ) N : - ' YA
=zyjk{§?f}j+|q)ﬁfllj_ln} -l o, ),

(54)

Zﬁ v k{(nII 2]n)+(m11 2[m)} = 302 (20 W), (58)

Q For R"qr such thét‘ail subscripts are different and at leést,



o
S

Using (60) we have

Rip3s = Ridse = Ras7s ™ Ragrg = Masin()
Rioas = Rag7g = Rizse = “Ragrg = Macos@e). © (61)
Finally we need to determine R. and R . In this '
) 5546 3645

case .

2 L0
.ﬁ Ranf = qunr - QRYA{(m|IAqu§(rIIAz!n)+(mlIA%1n)(r|IKZ|n1}t62)

- . - o ‘ 2
JUsing {(62) we find that R = W sin (2a).

3546 3645 A

Letting oij“= T. Jexp(1wt) be the’ solutlon,’wc obtaln a sct

e

 of liWear equations, which in matrix form is

) S Ar = TP (63)

s

where A, E;and P are given in table 2(a). To calculate the spectrum

we note that

‘ 2
SR ' iwt
n S Mr= I (1lM 1]) = Real{-yyhr Pe” '} o (64)
. 13 e . v . i L
since - ﬁP /u = (1]M |3).  Since <M > is equal, by definition, to
. Twt o . S .
the real part_of X(w)HXOe ., we have
“y(w)H = —y hr.P _ . . o (65)
© Xo . X -~ ' o

D) One Unlike Vucleus and One Like VucleUSAffectlng the Resonance
. 7/ . i
-?\'

fhe eigenstates'for thié case arejidentical with thé‘eiJ
genstates for the XAA spectrum and are given in table l(a) "The
tran51t10ns and the correspondlng frequenc1es are given in table -
1(b).  We shall merely quote the result in matrix form since the
TN ‘\‘ ' ’

method is similar to that used to find the XAA spectrum. We flnd

Y
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TaBle 2 Matrices and \’/ectoxis for [the &/X' and _)gAA/ Spectfa
The"‘symbolls and C arg'd_efined as‘ sinZa,and»-tcoqu reépectively.
"_Fable 2(a) gives 5, P and E'for the E(_AA/vspcct-rum. Here
o= i(w,  -w) - 2W - V. , where V =\ =2W ,V_ =V

ij ST S 12 s A’ '35 46
= »\‘;A(3+c ) am‘d*.\'/36 = v45 =‘WA(3‘C ). Tal?le 1(b) gives A, g.
nd r for the AMR spectrum. Here = i(w. -w) - 3W - W
and r for L spectrum. ‘Qx:e Uij 1(_wlj w) A .

and P, = sino -cosa and P = sina + cosa.
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that g
XK =y fir-P | o (66)
where r is the solution of the mdtrix equation

A-r = leoZAB/YAﬁ' ' (67).

. : . : ,)
Here A and P are given in table 2(b) and Z, = Yiﬁ“w\/SZkT.
- : - +
It should be noted that (66) gives the spectrum for both
the A and A nuclei., As we require the spectrum for the A nucleus,

. . . T
it '1s necessary to substitute the vector.P = (-a,b,a,b,b,a,b,-a) ,

- where a = sina and b = cosa, in . .ace of P in (66).
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I1(v) Theorectical Models-of the Ruderman#Kittel‘Interactibn‘iﬁr

B-tin

, . A\
N

In this section we show how the theoretical Sn!!7 NMR line-

shape in B-tin is synthesized. We first' consider the spectrum of

117

each 5n nucleus, taking into‘account, ...sofar as possible, the inter-

2 ; -+ . )

actlons w1th ot;ﬁ{'w&gnet1c nuclei lo :d in the. flrst second and

third nearest- nelghbour shells (since the Ruderman-Kittel interaction

1%\belleved“tn be of moderately -l rnnge, it is possible to neglect
i4 / : . -
moreidistant-magnetievnuele? o't creat . oiryeffect in a more ap-

proximate fashion). We thcrefcre ncoo o ity copsider the more common

' configurations or small grouns in wh' 1 we [ind a snil7 nucleus. Be-

cause of the complexity of the ¢l «ation, we have so far been able’

to derive expressions only .for groups of one, two and three nuclei

" (apart’ from the trivial case wherc there are four or more nuclei which

~ere‘;lliidentical). This is not a severe limitation since:the iso-

fopic abundance of the magnetic nuclei Snlrs, snl17“and snll® is so

small (see section II(iv)) that the probability of finding mofe”fhan R

two magnetlc nuclel in the inner three shells is small (accordlng to

Smlth (1972), the probabllltv is 19 7°)

14

We con51der three theoretlcal models for the Ruderman Kittel

1nterac€ion in B tin. For each medel we,take different relative values

of the strength of the first, second and third nearest neighbour in-
ter?ctions. However, before discussing eachumodel.individually; we

v . /
shall describe a slight modification to the notation. By XXA we mean



i3

<.

7 - . ‘
that both the X and A nuclei intcract with the X nucleus but not with
a ‘ )
each other. This contrasts with the notation XXA in which there is in

general an interaction between all three nuclei. We similarly <

Vi
1

"tinguish between the AEK and the EAAIcases.

The first model £hat we shall consider is the nearest neigh-
bour model. Here, we only coﬁsidc; interactions between nearest neigh-
bour'hagnetic nuclei (cach site Has four nearest neighbours). We con-
“sider the following basic configurations: X, XA, é&(,.AXK,_EfA and
.XEA. For this model and the second nearest ncighbour model (to be
describod) théfe is an interaction betwecn the Xland‘Avnuclei, but
not ‘between tﬁg X and A nuclei for the Exh configuration. Similar-
ly there 1s an'interactioﬁ betwcen‘thc A and A nuclei but not between

'4ﬁhe X and A nuclei for the EAA/configﬁrationl Some of the ofher con-
figurafions have resonances which afé equivalent to oﬁe of the basic
Cénfigﬁrations (for example, - the Exlconfiguratiéﬁ has a resonance
which is identical to the E.configuration, and the EAXIconfiguration
has.the samc spectrum as the XA éonfiguration if thére is no interac-
tion between thé.x and X nuclei). lThe probabilities of nuclei having
a resonancé'equivajent_to one of the basic configurations' resonances
are giVen in fable 3 Sﬁbér the heading 'exact'. FPfyiﬁi§fmode15
86'67%>of the Sn!l7 nuclei havc a reﬁonénce equiya}éﬁ%i}q,;be'reso_
nancé of one of the basic &oﬁfiguratibﬁs. For Fﬂé'rbméiqi;gfiS.Ss%
of the Snll7 nuclei, we "have approximated theirﬁ;esonance by the reso-
Aance of the basic configuration which it most resembles. The prob-

abilities of these approximatc resonances are given undér the heading

"approx.' and the sum of the exact and approximate probabilities are
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given under the heading 'total' in table 3.

tThe second nearest neighbour model is similar to the nearest
neighbour model except that only second nearest neighbour interactions
are considered. All other Ruderman-Kittel interactions are éssumed to
be negligible. As there are only two second nearest neighﬁqur sites
for each nuclear site, the probabilities for the configurations list-
ed in tasle 3 differ from thosc for the nearest neighbouf model.

The third model is the Rudg;man-Kiticl model. Here we use
equation (34) to obtain the relative values of J.. fér each nucleus

. . i

i and j. Usiﬁg the information given in the caption of figure 2, we
obtain felétive‘values of 1.0,.0.478, -0603 and 0.145 for Jij for
first, second, third aﬁd fourth nearest neighbour nuclei. We see that
the fourth nearcst‘neighbour interaction is relatively small, thereby
- justifying our decision to treat explicitly only those magnetic nu- -
clei in the inner three shells, which consist of four nearest neigh-
bour, two second nearcst neighbour and four third nearest ﬁeighbour sites.

:The probabilities of occurence of X, XA, EAA'and EXA con-
f{gurations are given in table V of Smith's thesis and will not be
repeated here (in arriving at these probabilities, Smith. ignored tﬁe
Snils isotope because of its relatively smali abundance). Howeyer, it
should be noted that in 26.7% of the configurations involving three
magnetic nuclei, fhe two magnetic neigﬁbouis are either fifst, second‘
or third nearest neighbours of each other. We have taken such 'cross'
interactiops into account though they were ignored by Smith.

Finally, ‘'we take into account in an approximate fashion, the ef-

<
fect of magnetic neighbours outside the inner three shells. The most



Figure 2 Structure of B-tin

*
=]

The point group symmetry for f-tin is 4 2 m, with a = 5.831 A

. Q .
and ¢ = 3,181 A at room temperature (Pearson, 1967). The num-

bered nuclei are examples of the nearest neighbours to nucleus
A, thé number n indicating the nth_nearest neighboﬂr. ;The'num—
ber of first, second, third and fourth nearest neighbour nuclei
are four, two, four and four respectively. Using this sfruo~.
ture and the free ele;tTS; MOdei, we obtain a value of 2k =

£
8 -1 . ‘ .
3.272 x 10 cm . i



40

~=

ey

£



together with (67). The solution of equation(65) is given in appendix

important effect of such nuclei is the'broadening produced by the un-
like nuclei. However their effect is approximately equi&alent to an
épparént increase in the relaxation rate of the E_Aﬁcleus. This point
is diécussed in appendix 1IV.

It will be scen that we have ignored iptefactioﬁs‘between thé/_
more distant magnetic nuclei and those located in the inner three e

shells. It can be shown that this is quite a good approximation (D.

G. Hughes, private -communication). The effect of mutual interactions
N ) r .

‘
)

between nuclei outside the inner three sheglls areiexpected to be e-

- WE oS
quivalent to a small reduction in the averagé§:“§négﬁ$t @&el%gatlon

Y

G.rx;;:‘i. 3 A 3

rate of such nuclei. Such effects areltaken ihtde}}JQﬁffég %h; in-
troduction of a fitting parameter £ as described in apgeﬁgikgiv.

The thecoretical spectra which are required to synthesize the
Spll? 1iné5hape are fou?d using the results of section II(iv). d;o
find fhe X and EA'kéneshapes, we use equations (43) and (49) res-

pectively. The EAA/fineshape is given by equation (65) in conjunc-

4
tion with equation (63). The XXA lineshape 'is given by -quation (66)

IT while the solution of (66) is given in appendix III.
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ITI APPARATUS AND EXPERIMENTAL PROCEDURE

9

Kaoe:

In order to study the Ruderman—Kiftel interaction, samplés
of tin were rapidly rotated about an axis inclined at the magic angie
to Eo' While thisagpuld be done b§ spinning the sample about a ve?—
tical axis and tilting the magnet until the magic angle condition.is
satisfied, Qe chose to spin the sample aboﬁt an axis inclined to the
vertical SO that the magnet could be keé; horizontal.

The high speeq rotatiqg\was achi@&gd using an.ai£ turbine
similar to that pioneered by Beamé“(1937)z* In this sy§tem air under
pressure‘passeé through fiﬁe holesior'jets drilled at a suitable angle
in a conical stator and impinges upon flutings machined into a coni-
cél rotor. Thesec jets of air 1lift the rotor off the stator and start
it spinning. The rotor does not fly out of the stator but rides u-
pon ‘a thin cushion of air just above the stétor surface, as can be
understood by the application of Bernoulli's principle. According
to this principle the pressure on the underside of the rotor is re-

lated to atmospheric pressure by the relation

(1)

2
vV /2 = Patmos

Plower
Lo ‘\‘. ‘ . . .
where p is the densf;y of air and v is the velocity of the air in

x .

contact with the underside of the rotor. Since plower is smaller

<

atmos’ there is a downward force on the rotor which tends to

keep the rotor in the stator. Indeed, this force even enables the
rotor to spin upside down. O

Since the turbine had to be operated within the rf coils of

42



the Varian NMR probe, the stator and rotor were made of nylon. Most
of the rotors'wsre made out of Delrin (Ertacetyl H) which.has'better
mechanical properties than ordinary nylon (much larger moduli of e-
_lastiqlty and about 20% greater tensile strength). The sté;or was
constructed so that the axis of rotation of the rotor made an angle of
40 degrees to the-cylindrical stator support which just fitted within
_the Varian probe. Because the stator support was perpendicular to Eo’
the -axis could make any angle between 50 arid 90 degrees with H,, mere-

ly by rogating the whole stator assemblv. The magic angle (54044l)

coufﬁﬁiﬁéﬁégpre be ob%iined by suitably orientating the stator.

g6 .
The stator previously described by Smith (1972) was used for

the present measurements. However, our rotors differed substantially
from those used by Smith, and thé design is shown in figure 3. They
were hollowed oyt so as to achieve a maximum samplea;olumeHconsistent
with stable rotation within the Varian probe (inner diameter 1.7 cm).
The sample volume of the rotors rang.d between 0.23 and 0.25.cm3 and.
was 2 or 3 times as lafge‘as“those used by Smith. Another point should
should be ﬁade aboutzour design.: The center of the plane throﬁgh x'-x
and perpendicular to the axis of symmetry of the rotor, a, is approxi-
mately‘in the same posltionidurlng rotation. The center of gravity, o
g, obvio;sly lies along the_axis of rotation. As a result, thé‘éxis

of rotation goes-thrbugh'points g and a to a good approiimation. Thus,

a
v £
large perturbations result if the angle between the lin¢ g-a and the
line a-b is large. This can occur for slight asymmetry of the rotor

if g is very close to a. In our design, g was located as far above

the x-x' plane as possible. We attribute the improved stability of



Figure 3 - The Rotor and Statér

-~
Here a, b,'x, x and g are defined in the main body'of’thé thesis;
jets’bf‘aig ;ass through a from d; e is the stabilizifg (relief)
jet (Smith, 1972); f gives the position of the walls of the inter-
ior of the Varian probé} g,gives the pésition of the receiver coils;
h and i represent the two parts of the stator which are giuad to;

gether (Smith, 1972).

>






our rotors largely to this modification. We also found that a more
( . M . ! A4

stable rotation of the rotors was achieved when the maximum diameter'j{{h o
. . 'J)‘-a:/

of the rotor was less than the diameter of the top of the conical sec%gg
<

3 . N

tion of the stator. Both efght and twelve flute rotors were used. .

A

' However 11tt1e con515tent dlfference between the two types was ob- A

Vet \fT

o

serveﬁ.

. ) ) : R e
2 In order to ach&eve full penetration of the rf fleld'L"}

metal, the samples consisted of powder set in epoxy glue
purchased from Fisher Scientific Company. The purity is ?éalcved to
be'in the range 99.9 to 99.99ﬁ, However attempts to con%lrm this
with Fisher Scientific have so far failed. 1In order/te accurately

determine the magic angle setting,a small amount of aluminum powder

(rouénly 10% by volume) Qas added‘to the tin powder end the magic
‘angle was obtained u51ng the A127 resonance.

The advantages in using the A127 resonance to find the magic
axis are:'

(a) The spin-lattice relaxation time, T_, for“Al127 is approximate-

1
ly 6.3 milliseconds at rToom temperature so that-the linewidth
(defined as the interval between’points:of»maiimum and ninimum .

'510pe of.the absorption line) assoc1atea with the T, ‘,eadening is

\

30 Hz (compdred‘with“more than 1 kilz for snll? end Sn119)7

(b) The natural abundance of A127 is 100% which means that the
Ruderman klttel.lnteractlon should not broaden the A127 resonance
in pure aluminum (at leaSt in principle).

(c) The peak to peak derivative linewldth in a stationary

sample of alnminum‘is 9.4 kHz (Gutowsky and'McGarvey, 1952), where- E



S

as the corresoondingdlinewidth for snll7 and"Sn119 in pure tin is
3 kHz or more (the precise ﬁglue depends on‘the field strength be-
cause of the anisotropic Knight Shift). B
(d) For equdl nur s of nuclei, the NMR';ignal strength for A1?7,
at constant frequency is more than.8 times as strong as that of
Snll7 Moreover only 7.67% of natural tin nuclel are Sptl7 wnereas
100% of alum1num nuclel are AI%7 (NMR Tables Varian ASSOC1ates
Sth edition, 1965).

It Should be noted that there is-a p0551b111ty of a nuclear

quadrupole interaction in alumlnum on account of the sp1n number 5/2

of A127 | Lattice defects or strains may glve rise to non-zero elec—‘

tric field gradlents at the nuclear sites.” lowever, this quadrupole

broadening should average out provided the sample is spun sufficient-
ly rapidly.
In making the samples3 sufficien ~poxy was used to avoid air

bubbles in the mixture, since: these would seriously unbalance the ro-

tors.
The equipment‘used to supply.the air to the turbine has been

dcscrlbed by Smith (1972) and will not be descrlbed here. Standard

ebtechnlques were used to measure the speed. of the rotors (Henrtot and

Huguenard 1925).
The NHR 51gnals were observed in the absorptlon mode using

a commercial Varian W1de line Spectrometer model VF16B. It was found

‘that the noise output of the spectrometer 1ncreased when the rotor

was splnnlng The excess noise was foun- to extend over a W1de fre-
<
quency range so that it could not easily be filtered out. 1Its magnj—

'



tude was found to be proportional to the rf Voltage across the trans-
mitter coil, indicating that the source of the problem was a microphonic
vibration of the NMR coil system which modulated the coupling between
the transmitter and receiver coils. It was found that placing cotton
wool near the‘top of thé Variaﬁ probe (where the Sample was introduced
into the probé) reduced fhe microphonic effect, presumably by damping
out the acoustic vibrations. Also, masking tape was placed along the
inner walls of thetvarian probe (except oGer the receiver coil) to
further redﬁce microphonics. A; a precaution, we reduced the audio
bandwidth of the Spectrometer immediately following»the detector from
about 10 kHz to about 500 Hz to pfevent overloading due to the large
signal preseﬁt at the frequency of rotation (approximately 5 kHz).

The NMR siénals were }ecordea as the first derivative of the
absorption by using a sinusdidalyfiéld modulation at 37‘Hz in Eonjunc—
~tion W%}p ioék—in detection. The output of the lock-in detector was
fed tg7;:1024-cﬁannél digital signal averager, Fabritek model 1062.

A block diéggdﬁiéfut%g Qquipmeﬁt is shown in figure 4.

. Syﬂghréni!&tEQﬁ—qf éﬁdﬁmagnetic field sweep and the .internal
- sweep of the Fabritek:signél dveragerAWasfachiéved by triggering the
signa} averager with a'signallfrom a photodiode thch was turned on by"
light‘reflectcd-from a piece of aluminum fdil'attached to the 'rotating
field- sweep potentlometer of the Yarian Fieldlal regulator . Repeated
sweeps through the resonance made durlno a 12 hour perlod were stored

in one half of the memory of the 51gnal averager This procedure enj,‘?”

abled us to cancel -any slight asymmetry'ln the 51gna1 caused by rhe7
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lock-in detector, by switching the polarity of the signal fed into the
signal averager from the lock-in detector after each twelve hour run.

The results of each 12 hour run were then transferred (with appropriate
¢ W

polarity) into the other half of the signal averager's memory. -After the

the entire series of runs was completed, the resonance curve was read
' . s
out -onto an x-y recorder and a theoretical lineshape was fitted to it
o

. 15 .
in the manner described in the next section.

50



IV RESULTS AND DISCUSSION . °

~

V(1) Experimgntél Snll7 Resonance in B-tin

The derivative of the Sn!!7 NMR absorption signal in a station-
ary sample of B-tin at room temperature (22°C) is shown in figure 5.

In obtaining this resonance, H  was 7000 gauss and the magnitude of

o}
the magnetic field modulation was 2.32 gauss. The asymmetry of the fe—
. 3 .

sonance is characteristic\éf“the-anisotropic'Knight Shift in a poly-
cfystalline sample in which the nuclei are located at axially symmet-
fic siﬁéé. The rf transmétter voltage was adjusted so that satura-
tion effects (Biocmbcrgen,iPprcell and Pound, 1948) were ncgligible.

The effect of rotatigg,the sample at the magic angle with an
_angulaf speed of 5.4 kHz.is shbwn in'figure 6. The resonance is the
result of summing 25 twcive—hour runs. The resonénce is quite Sym-
métfic sﬁowing that the anisotropic Knight Shift has been averaged
out.“RotatiOnal sidebands, Seﬁarated f;oﬁ the main reSoﬁance by
5.4 kHz; are clearly visible. Inlﬁrdqﬁﬁtonobtain a reasongbly faith—
ful reprodﬁction of the absorption dé“f%ativé,_t%e modulation ampli- -
tude was'reduced to 0.32 gauss 1n obtaining thi7$resdpance. Also,
the rf transmitter voltage waswreduced to sugh'a level that the loss

Lo s . -

of pegmggo;pcak intensity due to saturation gmounted to less than 3%.
Both these adjustmerfts réduced the signal intensity.

‘Since we wish 'to compare: the lineshape of the experimental

1

resonance with theory, it is necessary to correct for-the residual

N

hY
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instrumental distortion cavsed by the finite modulation amplitude and

v

the rf transmitter voltage. The cbrrections which are applied to the
oy - "
theoretical rather than the experimental lineshape havc been described

by Smith (1972). The value of the 'saturation' parameter p, defined

in Appendix IV of Smith's.thesis, was .025 for the resonance shown in
! ¥

figure 6.

Finally, the experii..ntal resonance was- corrected by subtract-

ing the rotational sidebands. The;e were assumed fo be of the same
%éhape as the main resonance, and thelr amplitude was estlmated by vis=e
‘ual- examination of the resonance in figure 6. ‘The experimental reso-
nanée, corrected by removal of ?he‘sidepands, is also shown in this
figure. This is tﬁe resonancé;ﬁhich wil; be compared with theory.
IV(1ii) Procedure I' r Flttlnﬁ the ’1eofct1ca1 Llneshape té the

Experimental Resonance

‘ p01nt can be found quite acgurately on account of the\é&%ep sfg%e
) d @,¢ j ,' 8
#

thle absorption derivative near the centerz ahd'it'was assumed that

oy . -
this point coincides with the center of the theofetica&&lgneshape.

Next, the expérimental resonance was digitized by measuring the in-
tensity fiv(relative to the previously chosen baseline) at _a series:

Lot

of equally spaced frequencies v; on either side of the cross—ovéry"

1

point. A total of 61 points were taken consisting of the origin

(cross-over) and 30 points on each side. Since the interval between

v
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points vi+1—vi was 141'Hz, the fitting region extended over 8.46 kHz.
To take account of the different intensity of the theoretical”

and experimental lineshapes, and to allow forfpossible error in the

bascline determination, the theoretical lineshape intensity at*ffé-

quencies v, was espressed in terms of the normalized. theoretical line-

shape function g{v) in the form

,h(vi) = oy + azg(vi). ‘ - (1)

The quantities ay and a, are therefore the baseline correction and
normalizing factor respectively.

The fitting was done using the least squares criterion that

I C IR YO R I (2)

is a minimum with respect to the fitting parameters. The quantity o

is the standard deviation of the ith data point as estimated from the

‘

‘signal-to-noise ratio of the experimental resonance.
The normalized theorctical lineshape function g(v) is a func-
. >

o o for a total of N-2,

PRI

while the lineshape function h(v) is a function of N parameter~. For

tion of the fitting parameters o5

éxample, in the ncarest and second nearest neighbour models, N is 3 and
o is the value of the J coupling betwegn nearest and second neafest
neighbours r%spécfively.. In the Rudcrmgn—Kittel model, N®¥is 4 since
theré is an extra fitting paramétgg(a4 which takes account of interac-
~tions with distantinuclei. ‘In this case, a4 is cquivalent‘to ihe para- -
meter . § defined in section II(iv). ‘ o

For theufift}ng procedure, we require the values of 3g(vi)/aaj.

However, since the calculations of g(vi) in general involve the inver-

P
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sion of an 8x8 matrix (the matrix A in table 2(b)), this has to be done
numerically for each value of i and for each value of o , and it is

not possible to express g(v) as a simple function of the a,'s. We

therefore approximate. g(v.) in the form of the Taylor cxpansion //
: i

N N _ g
g(v.) = A. + L B..6a., + L Cyiy ooy (3)
i i 523 i3] k=3 1j j
where
.= o, + 0a: | 4
aJ ,aJO aJ _ (4)

and @. is a suitably chosen value of I The coefficients Ay, Bij
jo

and C"k were found for each value of i for the nearest neighbour mod -
i : . ,

J .
el {where N ='§g'by fitting nine different explicitly calculated

theoretical curves to equétion (3). The nine theorectical curves cor-

= 2.0, 2.25, 2.50, .... 4.0 kliz, o

gesponded to values of @, = lJZI » jo

Eeing equal to 3.0 kHz. Sirce the cdefficients are overdetermine&,
their 'best' valué was fpuhd using a least squares fit. As a check
on. the validity of (3) over such an extended range of as,‘the nine
-fh¢oretica1“curves wcré reconstructed.using the exp&@@ion. They wefe
found to be iN'%§ce1ient agreement with the ariginalAexplicitly cal;

culated curves. The above procedure was then repeated for the second

_nearest neighbour model. For.the Ruderman-Kittel model where ..=4, a

A, B, .,and C._. ..
i 1] ijk

"IV(iii) Results

v

The fits of the experimental resonance of snll7 for the nearest

O

B

Mtotal of 18 theoretical curves were used to calcula%g the coefficients-
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neighbour model, the sccond nearest neighbour model and the Ruderman-

Kittel model are shown in figures 7,-8 and 9 respectively. _ For these

3

L fits we uscd a value of Tl-: 119.5 microseconds. This was obtained using

7 ' T . . -
- @kie measured value of 155 = 3 microseconds for Snll9 in 2-tin at room

ERN
ok

B . o ’ ) ) . ) o L . i !
?emperature (295°K) (Dickson, 1969), and using the fact that T1 is in-

< versely proportional to the square of the gyromagnectic ratio and that

: st119/78n217 = 1.0465355t .OOOQQS {Smith, 1972} . T?e value of o,
1s taken to be .04 intensity units.of figure 6 except for the cross-

‘
?

over frequency and the three frequency values on either side*of it.

For thése seven frequency values, o.

j 1s taken to be .32 intensity un-

its QThe'fits for the nearest aftd second nearest neighbour models

are. poor with ¥ .being equal to 5860 and 12,759&jé§pectively. How-
. o > :

ever, for thc”Rudcrman—Kittel model the fit was good, the value of

2 : ' - )
X . being ‘equal to 127.  For this model the %gLue of J, where J is

the value Of’ljiil’ i and 2 being a pair of nearest ncighbouring18n117
and Snlils nUcléi,’is 3.04 £ .06 kUz (this implies that J is cqual to
2.9 )6 klz for two Sn'l7 nuclei and 3.18 = .06 klz for two Sn!l?

nuclc., . Thb error is determined from the fit (“uest, 1961).f The

valuerof Edéis .49 7% . 05, the crror again determined from the fit.
¥ ! [

We . have hptmfakgnfinto account other sources of error; this is done
in section IV(iV).'A
R i .
IV(iv) Discussi . , : : : /
o ‘ 5
o
J
It is clear from figures 7 and 8 that the first and second

nearest neighbour models are in very poor agreement with experiment.

2
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It follows that neither the first nearest neighbour nor the second

nearest neighbour interaction is dominant in g£-tin. "It has been sug-’

i ’
:
v N

gested (Sharma et al,1969) that the second nearest neighbour inter-

action could well be dominant, on account of a hole surface in the
Afour£h zonc of the Fermi surfacé.with fairly flat faces perbendi—

cular to the [OOi] cirection. According.to the results of.Roth et

al (1966)- this, should éive akstroﬁg inteféction in the [001] direc-

tion) that is, in the di~ ~~ion of the second nearest neighbours.
. Our results show quite dxtinf%ély;fhat this is not the case.

It can be seen in figure 9 that the agreement between experi-
ment and the Rudérman—Kittol thepretical model is very good. The
'goodness of fit' parametef XQ was found to be 127 as opposed to the

’ :'expccted' value of 56. Howeyér, such a discrepancy 25 b no means
unreasonable since we estimgted the mégnitudé of the n .sc »y a vis-
ualyexamination of figure‘ﬁ, an. ﬁnrcli;ble procedure.. n the basis
of the results prescntedyiﬁ thi§ thesis there 1s no reason to doubt
the validify of the Rudcrman—KineIAmddel as épplied to Bftih.

It will be noted>fhat our vaiue of J depends upon the values

. # -
of T1 whi;h we have assumcd for snll? and‘Sﬁllg\in 5-tin. In order
to check this poinf, we repeated the fitting broccdurc by éssuﬁing a
2% error in the T1 value as given by Dickson (1969). However;.thg
value of'J was found to be changed by only 0.03 kHz, so it is hlear "

that ‘uncertainty .in T1

of J. : ‘ _ ' o o o

Another possible sourcé of systematic error in our J value a-

 rises from ﬁhe difficulty of estimating the amplitude of-the rotation— 

A 2

£x . e R [

is not &¥ major importance in our determination

61



o
¥
B
Fir

al sidebands.A'Any.error in the sideband amplitudé will obviously af-
. ’ / L

fect the corrected lineshape  within the fitting.région which extends

4.2 kHz on either side of thé cross-over poiﬂ%.dﬁWe estimate that the

*fsﬁabqut 0.15 kHz.

NS \

‘error in J:arising from this uncertainty
-+ . Angther source- of systematic error in our value of J, arises

>

y
- "

':.ffohéthe vhrious.épproximatiohs made in'syntheSizing the theoretical
uuzlin¢§haﬁ¢,' We esfimgté this to be about #.25 kHz. By combining the

I
S

..'Garioustemforslwé estimate our value of J for the interaction between

=" "5n!17 ~and sntl% nuclei which are“hearest neighbours to be.

E . B ) ’—v‘ ‘/‘\, - v" . ’ l' \.
Sl 3,04 £ 0.3 KHz . o .
R v L T

We note that the ®uderman-Kittel fit was féélly a two-para-

"méfér fit, éihce;fhe parameter § representing the effect of distant

s

-

};* £ was fbgpd to be 0.49 *#.05 indicates that the broadening céusediby :

ﬁnliﬁ?“magnetic nuclei outside the inner threce shells is significant.

We attribute thé fact that & is less than unity to a combination of
S . .

“the following réasons: .
;% (é);ﬁh the derivation of cquation (3) in appendix IV, it was as-j

T
e

- 7
sumed ‘that the 1inewidé§i%ont;ibutions due to cach distant magne-—

~ 3

‘s, tic nucleus add linearly. However, this is only true if the line-

shapes associgted with these interactions age Lorentzian (Hughes
and MacDonald, 1961) and if they are independent. In actual fact,
the lineshapés conveigc slightly faster than a Lorentzian function

(D.G. Hughes, private communication), and one might therefore ex-

[ : : :
pect the resulting linewidth to be somewhat smaller than the 'sum

: ' 4 y : ~ R D :
_——~___~__;,Q£,the’iﬁdf’jrhxrr“linewidths;*fﬁﬁfﬂis, one would expect £ to.be

/

nuclei was allowed to differ from the value of unity. . The féct_that,
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less than unity.
b) Hutual iﬁtcractions among the distant magﬁetic nuclei oﬁtéide
the inner three shells have been ﬁeglccted._YHowcyer, mutial spin
flip;,associated with the Jli'gé interaction‘Will, it ;he ﬁucleivare
. of like species, tend to reduce the broadening cause by thésepnd—

clei, by a 'motional narrowing' effect. This again would tend to

reduce ¢.

(c) No gccount has been taken of the experimental error,in the T1

value given by Dickson (1969). However, it is intuitivelé‘gbvibus
that a 2% error in Dickson's value would have a large effecpAgn-g.
Apart from the value of 1.89 + 0.09 klz fouﬁd’by Smitﬁ (1572)
for the strength of the Ruderman—kittel intcracfion;Between'nearest‘_
neaghbours in B-tin, tﬁe foliowing valﬁ;s appear in the litgr;ture:
2.0 + 0.5 kliz (MgLachlan, 1968)
2.5 kHz (Karimov and Schegolev, 1961) .
4.1.% 0.3 kjjz (Alloul and Deltour, 1969)?

XY 2]

Also Sharma. et al (1969) concluaedmthat the 'exfﬁange uarrbwing' they
. . < .

Ay

obser;ed with a crystal of isotopicdllw pﬁrc 5%119 ﬁés@yonsistent
with Alloul and Deltour's ualue.- | "ﬁz

A major drawbacﬁ.of the various methods used by McLachlan,
Karimov and Schegolev, Alloul and Dcltdur, and Shafﬁa etaal, is fheir

119 reso-

reliance on the measured value of the second moment of the Sn
nance in natural tin at low temperaturcs. The difficulty in measur-
ing this second moment is illustrated by the fact that Karimov and

: ' 5.
Schegolev found that the second moment is 1.2 £ 0.3 (kHz) whereas

' : : 2
Alloul and Deltour obtained a value of 2.5 * (.3 (kHz) .



In éddition, we feel that-McLachlun's value of J is unrelia-
Ble sinee he assumed that the crystol structure of B-tin is hexagonal
ciose;%acked and that only the nearest neighbour RudérmaneKittel in-
tefaction was significant.

Karimov and Schegolev, on the other hand, ignored the pseudo-
dipolar interaction entirely. This appears to{be anu;mportant omis-
sion since McLachlan found’ that the pseudo-dipolar. 1nteract10n was of
the same order of magnltude as the dlpolar 1ntcract10n

Alloul and Deltour's data, -obtained using a spin-echo method,
is unfertunately by no means easy to interpret. We therefore feel
that anv dlscreeancv between thelr value and ours may well be due to a
combination of the approximations made in their theory, and any error
in the measured value of the secon& moment of the snll® resonance. -

Finally, we ask why the value of J obtained by Smith should

- be so much smaller than eur value. We believe that the main cause

was\éxe poor signal-to-noise ratio of the resonances obtained by Smith,

i : —
together with .the restricted field sweep used by him (10 gauss com-
pared with 25 gauss in our case). The rotational sidebands are bare—

ly visible in Smith's resonances because of the poor signal-to-moise’

ratio, and they'Werevnot corrected for. The 'wings' of the fesenance
therefore converge more rapidly inAthe fitting region because of the

. - . .

sidebands, thereby giving the small value of . 5 Moreover, Smifh

did not do a two parameter fit as we- 24’:, Qé@her he had to assume

a »alue)tor the parameter £ (proportleuei4io ﬁb.ln his notation). The

value he assumed turned out to be larger than the ‘pne we found This

‘again would tend to give too small a value of J. Also, in synthe-

(¢

bS]
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sizing the theoretical Jineshape Smith made several approximations

which we have avoided, fﬁough it is difficult to tell whether these

i
would be likely to givé too high or too_ low a value of J.

‘ In order to confirm our value of the strength of the near-
P 4 ;

3

est neighbour Rudcrmaanfttgl interaction, we suggest examiniﬁg the
Sntld rcsoﬁancq in the sameﬁﬁay as was done for phc Sn117 resonance
infphis thesis., Finally, it shoﬁld be possible to computationally
broaden the Snil7 reéonance we obtained with the épinniﬁg sample,

by the anisotropic Kﬁight Shift and dircc} dipolér prﬁadcning, both

of which are known. A comparison with the snlil7 resonénce of the

stationary sample would then reveal whether the pscudo-dipolar inter-

&
action produces significant broadening in B-tin.
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~ The nth prinéipal axis' is the vector (siny sin(Qt+y ),siny coS(Qt+w.),§
: , ' . n. . n n, .- n°

‘between the nth principal axis and ¥, and ¢ is the angle which is
K : n . o B

E 2
Appendix I The Time-averaged Values of CSn

. ) 2 .
In this appendix we find the time-averaged values of C 0’ where

3
C:n is the direction cosine for the nth principal axis of a symmetric,

second rank tensor T, with respect to the z axis (the steady magne-

tic field direction). T could represent the Knight Shift tensor of

’ / 7”
B-tin for example. Supposec that the principal axes of T are xt y and

4

Z. As we want to find the time variation of C (in order to obtain

on

2] YZZ4

' N 2 v o ‘
the time averaged value of C_ ), we let x, y and z rotatec about ‘an a-~

» 3n
’

xis z'with angular spced Q. The angle between z and z is a_. By de-
) 3

1
V7 " rZ4 . N
termining the vectors x, y and z in terms of the fixed laboratory

coordinate system Xyz, we can evaluate the time variation of C_ (since
n

4

the above vectors are unit vectors and thus’C3 is just the z compo-
: ; ~ n

nent of the nth principal axis in the xyz coordinate system). In or-

. . ot ‘ _
der to do this we introduce another coordinate system xyz where z hasn»

. . 4
been previously introduced and the yz planc corresponds to the yz plane.

A 3

. 7

.
=

. . 17t A :
cosx ) in terms of the xyz coordinate system. Here ¥

is the anglé
n C ' cT

n 7

needed to fix-the orientation of the nth principal axis at t»= 0. A .

;- . 'y . . . ) ) o
vector A in the xyz coordinate system is the vector A in the xyz coor-

’ ’
dinate system where A = gﬂé_and
1 0 o-_‘
R = 0 cosq3 —sinas : . o

0 sina. cosag

:

‘y
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' Thus the nth principal axis is the vector

siny sin(Qt+y cosa_siny cos{Qt+d J-sina .cos
(siny ‘ (Qr+d ), SN U SCOSX s

S$ina_siny cos(Qt+y )+cosa_cos
SInX ( wn) 2 xn)

in terms of the xyi cootrdinate system. Therefore A
C_ = sina_siny cos(Qt+y ) + cos_cosx
3n . 3 n n 3 n

and

2 , | 2 \
C.” = sin a_sin x /2 + cos «_COS ¥
3n 3 n 3 n

e . s 2
When a_ satisfied the magic &ngle condition, sin @

. 2
= 2/3 and cos. a
3

- 3
2
1/3 with the result that ng = 1/3.

3
/

3
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ary part of x(w). The solution is

70

. . . . Lo ’
A vendix IT: The :bsorpt n Lineshape for the XAA Resonance
Tn this sec we include the expression for the absorption
lines upe a7 2 XAM resonance. This was obtained by solving (63)
. . . . "o
for r -ubstituting the solution into (65). The ¥ (w) was

determinc ' from yx(w) by noting that x%w) is equal to the imagin?

o

- 2 2
Y{w) = (wxyiﬁ /16kTWA)[§{AJL+g(F—2D)—2A—4G} + ¢ {B(2A+4G+g (2D-F))+

4 4
J(EF-2ED-4H-2AK)+2Ab } - 2A(bc) ]

. 2 : 4 4
B {JC+4A-4gF+8G}+ c {B(4gF-8G-4A)+J (4AK+SH-4EF)-4Ab }+ 4A(bc)

where
2 22 2 2
A= (xg-¢) + 4h d. G=4d (A +e)
) 2 2 2 2 2
B = (Ag-f)7 + 4nh"d H=d (A +e) (A +f)
.22 2 2
C= (2 -e) +:4xd J- g +d
2 22
D = A(Ag-e) + 2hd K=" +4d
. 2 2 2
E = A(Ag-f) + 2hd L=Xx +d + a
2 ' 2 ’ '
F = (A -e)(rg-e) + 4xhd , A= 201+ Wy/Wy)
- 22
a = 2W(JAK AX)/Zw e =d - a.
b =2 {4J 2 J } /?w fF=al bl '
= + = -
n SIve AX) 1 .
= 4J T K =2 4 A
c=(J AX AX)/{ ,( A&) } g
d = (mX—w)/WA , h=1=+2}
2
S
&

B
48>
i vy

O
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Appendix III: Program to Gd'lculate the AAX Spectrum

2

Included in this section is the listing of the subprogram

’ ‘ .
used to find th§£§3X“spectrum. To find this spectrum, we have to

.

inveff the 8?§?ﬁatrix given‘ip table 2(b). To do this we have used/
thefcofactorimethod. In general, this is an inefficiént method of
solving for the inverse of an 8x8§ matrix. Howeve;, we have used this.
method for three reasons. The first is that,. as described iﬁ the
comment statements of the lisﬁing: we obtain the intensity of the
spectrum 55 ; function of freq;ency when qéing this progfam. This is
impqrtant because, for this thésis, we need the derivative of tﬁe in-
tensity wiﬁ%{fespect to frequency. ’This is easily obta@nabic here

since we have the intensity as a function of frequency. .If more usual

maf@gds of finding an inverse are used, one obtains an intensity val-

&

X!

dhgfbr a certain value of frequency, the result being-thét one has a.
discrete sét.éf intensity vaiues. The fact that we obtain the in—_
tensity as a function of frequency by one inversion of thevmatrix
means that computer time is ;aved ébmpared to the more usual methods
ggich WOuldbrequire that the inverse be found for each frequcncy'vaié
ue. Finally, if certain elements 5F a matrix are zero, simplifi—

cations cam be made when finding the inverse by the cofactor method.

In our case, 24 out of the 64 elements of the 8x8 matrix are zcro.
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SUBROUTINE FEED(WW, HHH «LZ222,A54U,N) .
A DESCRIPTION OF SUB%QUEINES USED TO CALCULh’I“1 AA'X SPECTRUM.

v

ALTHOUGH THERE ARE SEVEEAL.SUBROUTINES USED TO CALCULkiE THE

. AA*X SPECTRUM IT IS ONLY NECESSARY TO CALL THE SUERCUTINE FEED

AND ITS TWO ENTRY POINTS (FIRST AND SECOND) 3Y THE“CALLING PROGRAM.
ALL OTHER SUBROUTINES ARE CALLED BY FEED. 4 DESCRIPTION OF FEED

FOLLOWS (A DESCRIPTION OF PIRST AND SECOND POLLOH THEIR ENTRY

STATEKENTS). G

IT SHOULD BE NOTED THAT FPEED IS CALLED ONCE, THEN FIRST ‘%S CAL-
LED 36 TIMES, THEN SECCND IS CALLED ONCE FOR EACH AA'X.SPECTRUM.
FEED: . o s

- v _ THE VEC-:+
TORS A, ABL,DETT ARE CALCULATED. WHEN N IS NOT EQUAL TO ZERO, THEN

. THE SUM OF TERMS A(N+1)*X**N DIVIDED BY THE SUM OP TERHS DETT (M +1)

*X*¥M GIVES THE INTENSITY AT FREBQUENCY REAL (B) WHERE, N GOES FROH
0 TO 7; 4 GOES FROM O TO 8;. AND X=-D-B, D BERING REAL AND B BE ING
IMAGINARY. TO OBTAIN THE INDIVIDUAL SPECTRA FOR THE A AND A‘ Nuce-
LEI, N IS SET EQUAL TO ZERO. THEN THE A B5D A' SPECTA ARE 0B-
TAINED BY REPLACING THE VECTOR A IN THE ABOVE SUM EY A AND ABL

‘VECTORS RESPECTIVELY. THUS BY USING THE VECTORS HITQ‘A CALLING

PROGRAM WHICH CALCULATES THE SUMS MENTIONED ABOVE, LH“ SPECTRA

"CAN BE EVALUATED. D SHOULD BE SET TO THE VALUE OF-AS4 UNLESS
.THERE IS BROADENING DUE TO NUCLEST NOT IN THE GROUP-AA*X SUCH A5 IN

THE THESIS OF M. SMITH (1972). FOR THAT THESIS D=BJ*SJI*SJI*.5

/WH +A54

I12Z22-THIS. IS AN INTEGER. _HHEN IZ2Z2 IS NOT ZQUAL TO ZERO, THE -
PRODUCT OF THE MATRIX OF THEORY AND ITS INVERXSE IS PRINTED. THIS
PRODUCT MATKIX 1S5 NOT NORKALIZED AND THE FREQUNCY USED IN CALCU-
LATING THE MATRIX IS. E.'TAL TO ASW4. IP 1222=0,THIS PRODUCT MATRIX
IS NOT PRINTED. THIS IS ONLY USED AS A CHECK OF COMPUIATIONS.
AS5U4-THIS IS A REAL NUMEER. IT IS OF THE ORKDER OF THE PPEQUENCY

JFOR WHICH THE RESONANCE INTENSITY Is EQUAL T0 .5 TIHMES THE HAXI-

MOM INTENSITY. . :

N-THIS IS AN INTEGER. THE PUNCTION OF THIS VARIABLE IS DESCRIBED
ABOVE.

A DESCRIPTION OF THE PARAMETERS OF THE SUBROUTINE STATEMENT.
WW-THIS IS THE TRANSITION- RATE FORK THE A OR A' NUCLEI.

WWW-THIS IS THE TRANSITION RATE FOK THE X KUCLEUS (WW,HWW¥W ARE IN
1/SECONDS)

IN ADDITION TO THE ABOVE VARIABLES THE FOLLOWING VARIABLES MUST
APPEAR IN A COMMON STATEMENT OF THE CALLING PROGKHAM. THE STATEMENT
TAKES THE FORM-COHMMON/AREA/A(8),DETT(9) ,ABL(10) ,XJ1,XJ2,XJ3
A~THIS VECTIOR IS DESCRIBED ABOVE. THIS IS A COMPLEX VARIABLE'OF
DOUBLE--PRECISIOQN (COMPLEX*16) . e -
DETT-THIS VECTOR IS DESCRIBED ABOVE.  THIS IS A DCUBLE PRECISION..
COMPLEX VARIABLE(COMPLEX*16) ; : . ’
ABL-THIS VECTOR IS DESCRIBED ABOVB.,'THIS IS A COMPLEX DOUBLE
PRECISION VARIABLE(COMPLEX*16)

XJ31,XJ2,XJ3-THESE ARE THE INDIRECT COUPLING CONSTANTS OF THE
FIRST,SECOND, AND THIRD NEAREST NEIGHBOURS (IN HZj .

THIRTY-SIX RECORDS #UST BE -READ FROM LOGICAL UKNIT 2. THE FOL~
LOWING 36 CARDS DISPLAY THE CONTENTS OF THE 36 RECORDS, EACH RE-
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’

311 ALL (JKK)=0.

CORD CONSISTING QF 23 LETTERS.

BCDEFGHJKPILKLMINJIOOOC . CARD1
ICDEPGHJIKP ILKLMINJINNPO ' CARD2
NBDEFGHILKJKPLMINJIIMPC v CAKD3
MGDEBCHLIJMNIJIKLPKPINO ) CARDY
PPEDBCHNNIILJKLJI PKMING CARDS

- BCEHPGOKPILKNINJIMPJILM ~ CARD6
BCDEFGOJKIILNLMINMPPKJII ’ ©  CARD7
HACFDEGKJINKPILLIMNOOOO . - CARDS
-AHFGDEOMEI JIPLIMNJKNKIL CRRD9
KHFGADCINLJIKMLPMNIPIJO CARD10
AHCFDEONMIKJPILLIJKPIMN CARD11
PEFCADGJKIILNMLNIPMKIJO . : CARD12
AHGBDEFPIMIPJIMNJIKLIOOOC . CARD13
IHBFAEGJLMPJIIKMIPNKNLG CARD14
LEHPGDABINKJIPLMHPJIIKINC CARD15
AEGBDEOPIN IPKMNJKILMJLI CARD16
KEBEDAGPJI KINJILMMPLINC : ' , CARD17
BCEAPGHKIPLNKINMPJIOOOC CARD18
BCAHFGOIPJINKIMPJILMKLIN ' CARD19
LGAEBCHMIJPNIINKLPKHJIIO ‘ CARD20
MFAEBCHPNI KIJINKLPKLJIC - CAR’RD21
JAFGEHCLMIMPNIJINILKIKPO - : CARD22
BCDAFGHJIPINKLHMPJIOOOC CARD23
IGADBCHMLIPHIINJIPKNKLO CARD24
NFADBCHPMI MLJI NJIPKIKLC CARD25
BCADFGOIJKNILMPLMINPKJII CARD23
AHBCDEGINPPKIJKILMNOOOG . - CARD27
ADBCEHOINMJILKPLKIJPMNI » ) CARD28
AHBCDEFINMPKJJKILLIOOOC CARD29
IECBADFKPJLKINIIJMLNPHO . CARD30
JDGBAECIPKMJIIPNIKNLLMIC CARD 31
CBADFGENILIJKMPLMINOOOQ. - CARD32
BCHDFGOPJI KINJILMMPKLIN © CARD33
AHCGDEONPIKIPILMNNJKMJILI * CARD34
AHBFDEOINMNPSKJKLIILPIMN , . CARD35S
BCAEFGOIKJNLIMPINLMPKJII : CARD36

THE ABOVE 36 RECORDS MUST BE, READ EACH TIHE VECTORS ARE REQUIR“D

FOR AN AA'X SPECTRUM. APTER THE READING OF -THE 36 RECORDS,LOGICAL"

UNIT 2 IS REWOUND BY SUBROUTINE.

COMPLEX*16 DETT,A,ABL

COMPLEX*16 ALL(10),AXX,XRET (36,7) ,24,DDX,X2(40,8) vF1(8, 8),Dx DET :

$ (7.,8),RX,2(7),IT(8)

REAL HACOS ,HASIN o

COMPLEX XFAT

COMPLEX CMPLX.

DIMENSION II(23),III(23) ;

REAL*8 AL(8,8) ,STORE(36,16) ,%4 (16)

COMMON Z,X4

COHMON TT .
COMMON XGAM1,XGAM2, XGAM3,XGANU,XGAMS, xcane
‘COHHON/ARLA2/P1 XRET,STORE
COHHON/ARLA/A(B),DETT(9),ABL(10), XJ1,XJ2,XJ3
DATA III/! Al IBI ICI IDI UEI !Fl !Gl'!Hl'lIl'lJl'QKI
.SiP','Q','R','S','T','U','V','H_','O'/ .
po 311 JKK=1,8 ' - .

R9=-3.%W¥- WNW , : o :




2131

Q

122
123
124
125
126 7
127
128
129
130

132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153 308
154

155

156

157
158
159
160

162

163

164

165 309
166 Co
167
168

-169 - "

170
171

173

174 -,
175 . .
176

177

178

179
180

181

PI=3.141593
SPI=2.*PI

XJ1ESPI*XJ1
XJ§ SPI*XJZ
XJ3I=SPI*XJ3

DD=.5%SQRT (- 25‘(XJ2 XJ3)**20XJ1**2)

RCOsS=1.
RSIN=0.

IF{DD.NE.O. )RSIN—.S*XJ1/DD

* IP(DD.NE.QO.) RCOS=.25#%(XJ2~-XJ3) /DD

R1=(~2.%XJ1-XJ2-XJ3) /4 .-DD
R2= (-2, *XJ 1+XJ2¢XJ3) /4 .-DD
R3=(2.*XJ1-XJ2-XJ3) /4. -DD
R4=(2.%XJ1+XJ2+XJI3) /4. -DD

R5=R1+2.%D[
R6=R242.*DD -
R7=R3+2.%DC v
RB=RU+2.*DD
Ri=R1+A54
R2=R2+AS5U

‘R3=R3+A54
* RU=RU+A54"

R5=R5+A5Y
R6=R6+A54
R7=R7+A54
R8=RB+A5Y

-IF (N.NE.0) GO TO 309

HACOS=SQRT (. 5% (RCUS+1.})

HASIN=SQRT (.S* (1.

-RCOS))

IF (RSIN.GT.0.) GO TO 308

HACOS=-HACOS

IF (HACOS.EC. HASI%)FO ITCc 309 K

IP (HACOS.EQ.-HASIN)GO TO 309

DUMI=HACOS+HASIN
DUM2=HACOS-~HASIN

3

ALL (1) =CHMPLX (HACOS/DUX2,0.)
ALL (2) =CHPLX (-HASIN,/DUN2,0.)
ALL(3)=CHPLX (HACOS/DUN1,0.)
ALL(U) =CMPLX (HASIN/DU%1,0.)

CALL(S) 7 LL(4)

ALL (-’ . (3)
ALL (7) A.L(2)

-ALL {8) =ALL (1)

CONTIKUE
I11=0

DO 1 I1=1,36
I11=I11+1

READ (2, 1000)(II(L1),;1 1,23) ;

‘DO 1 ¥1=1,23.

H2=41-7
IF (M1.EQ. 1)H2 H1

1

i

IF (K1.EQ. 1) XRET (111, 1)-(0., 2) -
TP (IT(M1).EQ.III(1-)) XRET(I1, H1)"CAPLX(R9 Rn

IF (II(M1).EQ.ITI(

CIP(IT(M1).EQ.TIII(

IP{II(M1).EQ.ITI(
IF(II(M1).EQ.III(
IP (IX.(M 1) . EQ-IXI (~
IF (II(81).EQ.III(
IP (II(81).EQ.ITI{

2))XEBT(I11,M1)—CFDLA(R9 R2)
3)) XRET(I11,43) =CHPLX (R9, R 3)

4)) XRET(I11,H81) =CHPLX (R9, RY)
SY)XEET(I11, 41),=CHPLX (K9,RS)

6)) XEET (L*1,M1) =GMPLX (E9, R6)
7)) XRET(I11, n1)-cM?Lx(R9fh7)

8)) XFET (111, M81)=ClPLX(R9;R8) -,
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182

183°

184
185
186
187
188
189
190
191
192
193
194
195
196
197
198

199

200

201

202

© 204

205
206
207
208
209
210
211

212,

213
214
215
216
217
218

219 -

220
221
222
223
224
225
226

227.

228

. 229

231

232

- 233

234
235
236
237
238
239

240
241

nnnnnnnnn\\

IP (II(M1).EQ.III( 9))STORE (I11, M2)rHHH*R°1R

IF (II(M1).EQ.III(10))STORE (I11,42)=WWkRCOS -

IP (I1 (M1).EQ.III (11))STORE (I11,42)=W¥H*ECOS

TP (IT(M1) .EQ.III(12)) STORE (I11,H2)=WW*REIN

IF (II (M1).EQ.IIT(13))STORE(I11,H2)=-HHK*RCOS
IF (II(#71).EQ.III (14))STORE (I11,H2)=-¥W*ECOS )
IF (II (#1) . EQ. 111(15))51035(111 M2)=-WW*RSIN

IF (M1.NE.1)GO TO 25 :

CC=AIMAG(XRET(I11,1)) ,

XYY=STORE (I11,1) !

IF (CC.EQ.0.) XBET(I11,1)=CHMPLX( XYy ,0.)

25 CORNTINUE

IF(M1.GT. 15) GO T0 12
IF(II/(H1) EQ.- 111(23))XRET(I'I'I,H'I):(O»-,O.)
1 Lor '

LY

1000 EORMAT (23°(A1))

27 X2(111,I)=T7(I)

ALL REWIND(2)
RETURN
ENTRY FIRSTI(I11)

FIRST:

I11-THIS IS AN INTEGER. WHEN FIRST IS CALLED FOR THE FIRST TIME
FOR EACH AA'X SPECTRUM, I11=1. EACH ADDITIONAL.TIME I11 IS INCRE-
MENTED BY 1. THUS ON THE LAST CALL TQ FIRST FOR EACH RAA'X
SPECTRUM I11=36.
Z4=(1.,0.)
RX—(1.,0)

JK=0%

DO 3 H2=1,7 ‘

2 (M2) =XRET (111, #2)

.

3 CONTINUE

bo 14 M2=1,16

14 X4 (M2) =STORE(I11,42)

CC=AIHAG (XFRET (I11,1)) : .
IF(CC.EQ.0.)GO TO—~10 & v
CC=ALHAG (XFET (I11, 7)) : : ‘ )

IF (CC.EQ- o ) GO To 11

JK=1 : \

CALL ZERO(JK) - !
po 31 I=1,8 -

31 TT(T):TT(I)*(-1.,0.) : X

GO 10 6 . ’ ‘

10 CcaLL NZERog§KK) AR ) 5

GO T0 6

11 CALL ZERO(JK) .

GO TO 6

6 CONTINUE  ~

Do 27 x=1,8

Z4=TT (1) :
IF(I11.GT.5)GO TO 4 : ' ) _ R
po' 20 1=1,8 R : &



- 301

-\ﬁ 5

o
)

ey
(¢

i

15

DET (I11,1I) =TT (1)

IP(I11.NE.B)GO TO S

DO 15 1=1,8

RX=(0.,0.)

IF (I.NE.1) EX=DET (1,I-1)
DETT(I)=DET(1,I)*XRET(&,2) +RX

DO 15 N2=2,5

HI1=H2+1 . .
DETT(X)=DETI(M2,I)*STORE(8,M1) +DETT (I) )
DETT(9) =DET (1, 8)

"CONTINUE

RETURN
ENTRY SECOND
DO 22 1=1,8

LB, ) =x2(1 ,1)

F1(1,2)=%2 (2 ,1)

P11, 3 =X%2(3,1)

F1(1,8)=%X2 (6,1)

F1(1,6)=X2(4,I) ‘ /
F1(1,7)=%X2 (5,I) !
F1(1,8)=X2(7,1) ‘ o/
F1(2,2)=%2 (8,1) - : /
F1(2,3)=X2(9,I) . |
F1(2,5)=X2(10,1)

F1(2,7)=X2(11,1)

F1(2,8)=X2(12,1) - . -
F1(3,3)=X2(13,1I) :

"UF1(3,48)=X2 (14, 1)

- P1(7,7)=%x2 (29, 1)

13

F1(3,5)=X2(15,1)
F1(3,6)=%X2(16,1)
P1(3,8)=x2(17,1)
P1(4,4)=X2(18,1)
F1(4,5)=X2(19,1) - >
F1(4,6)=X2 (20,1)

P14, T7)=X2(21,1)

P1(2,4)=X2 (22,1)
P1(5,5)=X2(23,1) . _
P1(5,6)=X2 (246,1) , : -
F1(5,7)=X2(25,1) . o
P1(5,8)=X2 {26,1) ¥
P1(6,6)=%2(27,1) AV
P1(6,7)=X2 (28,1)

P1{7,8)=%2 (30,1} .
F1(6,8)=Xx2(31,1) : !
F1(8,8)=X2(32,1) : ”
F1(1,5)=X2(33,1) ’ -

"P1(2,6)=%X2 (34,1)
F1(3,7)=X2(35,1)

£1(4,8)=X2(36,1)

;DO 13 N2=1,8

po- 13 n1¥1.8 . o : S SR

P1(N1,N2)=SP1(N2,ND T

IF (I.NE.1)GO TO 2377 v
CALL CHECK (I22Z) ~
D1=1.-RSIN

D2=1. +RSTIN

D3=RCOS

AL:.(1, 1) =D1

AL(1,2)=-D1

3
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302
303
304
305
306
307
308
309
310
311
312
313
314

315

316
317
318
319
320
321
322

323

324
325
326

327

328
329
330

331

332

333

334
335

336.

337
338
. 339
340
341
242
343
34y

345

346
347

348
349
350
351
352
353
354
355
356
357
358
359
360
361

0o0n

non

300

301

304

302
21

305
303
22

306

314
313

307

I

DO 300 J1=3,6 : ' . : S
AL (1,J1)=-D3 - ' C : R
AL (1,7)=D1 ' , o L
AL{1,8)=-D1 : :
AL (3,1)=-D3 ) ’ v
AL (3,2)=D3 ' '
DO 301 J1=3,6
AL(3,J1)=D2
AL (3,7)=-D3
AL (3,8)=D3

DO 304 J2=4,6

DO 304 J1=1,8

AL (32, J1)—AL(3 J1)

DO 302 J1=1,8

D4=aL(1,J1) ,
AL(7,J1)=Du

AL (8,J1) =-Du’ {

AL (2,J1)=~D4
CONTINUE
CONTINUE

A(I)=(0.,0.)

ABL(I)=(0.,0.)

po 303 J1=1,8 ) . N
AXX=ALL (J1) i ¥
DO 303 Jz=1,8

IF (N.NE.O) GO TO 305 i
ABL(I)=AL(J1,J2)*F1({J Jz)*Axx+AsL(13 . \\\//
A(I)=AL(J1 JZ)*F1(J1 J2)+A(1) UL -
CONTIINUE ¥ ; :
CONTINUE ' &
IF (¥.EQ.0)GO TO 306

RETURN . .
CONTINUE -
IF (ABS-(HACOS) .NE.HASIN)GO TO 31%

DO 314 JKK=1,8

BL(JKK)-A(JKK)/Z.
épNTINUE

po 307 1=1,8 "

A(I)=A(I)~-ABL (1)

RETURN

END

sbBROUTINE‘NZERO(Kxxi

v ‘ : '

REAL*8 H,XI,J,K,L,H4,8,P,C, R s, T,U,v,%, X
REAL*8 XGAH1 XGAHZ XGAHM3, XGAHU XGAHS XGAM6,A1,A2, A3 AU ,AS,A6,AT7,

s

$A8,A9,A10,A211,A12,A13, AT4,A24,A16, A\7 A18,A19,A20,221,422,A23,A

COHPLEX*16 Y,B,C,D,ﬁ,F,G,XX(B),TT,ZZ(B),C1,C2 :
coumoN Y,B,C,D,Z,P,G,H,X,J,K,L ¥4, N,P,Q,R,S,T,U,V,¥%,X
COMMON Z2Z

COMMON XGAM1,XGAN2,XGAM3,XGAMU,XGAMS, XGAHG -
COHMON/ REA1/C1(1O 8),C2(10 ) ,XX,TT

~a




362 A2=R*S-Q=*T

363 A3=M#R-L*T

364 * AS=L¥S-K*Q

365 T A6=N*M-K*S

366 AT=H*pA-J*U 7~

367 AB=F*N-K*T

368 A9=S*W~V*T .-

369 A10=-A2

370 " A11=Q*W-V*R

3N . A12=W*L-U*k .

372 ‘ A13=W*N-T*U ’

373 : ATu=39 : '

374 ’ A16=WxN-V*P

375 . A17=L*P+K*Fk

376 ' A18=I*1-L*J

377 A19=I2U-L*4A R
378 A20=L*N-K*Q

379 A23=K*J-Mx}H .
380 A24=I*K-L*H . R
381 ™= (0.,0.) v : -

382 DO 58 1I1=1,8 . L *

383 S8 XX (1I)=(0.,0.) -

384 DO 4 II=1,10 ©a

385 ) DO 4 JJ=1t,¢

386 ) - C2(IT1,33)=(0.,0.) . -

387 v 4 c1(11, JJ)—(O.,O . . :
388 <1 (1, 1)- o ‘ ) .

w
[ee]
v
3 O
-
-
1%}
N
—
"
o

390 C1(3.1)=¢ @
391 C1(4, 1 =C =
392 . C1.(5,1)=6 - ¢
393 C1(6,1) =B
394 DO 21 II1=1,6
395 S 21 C1{I1,2)=(1.,0.) LT t
396 DO 9 II=1,8 ‘ g
397 9 XX (1I)=(0.,0.).
398 : CALL CALC(2,3,2,10) °
399 ! 10 T1=1,8 )
400 10 c1 10, 11)~cz(1o II)*Y
4ol 5 DC ),11—1 g
402 1 xxgg ) = (0. ,0.) :
403 o XGAHI=~K*AZ- L*XC?“E)*"*.XCA“'
404 ' . xu'wz U*XGAKG+V*AB-d %26 §
405 ' AM3=-U*AZ+V*A3+4W*AS ’ s
406 ‘ TT A2¥K*(AT1*22 +A*(P*AS+N*A3) +H* (MEJ11-A0%L) ) +XGAME K (MEpA & (7 v %
407 . ' 5 XGAMO-R*AE) +AI* (J¥N*U+HYHN) ¢JeSHUSATTHO*E THAR) + XGANGHL® (4% (4 17%53
408 | S-T*A20) +I*U*XGAMA+L * (X214~ HEATO) ) +A3=N* (O ( ~-A1J°i)*).12‘1~1*3)
409 . TT=TT+XGAH* (J* (K*A11-1L*A1¢ ) ~XGAM2®I)~I¥L*KGAM25X5AME +
410 SXGAMI*S*L*PrHeMeP*Q*H* (W% A5+ U*A2) ‘
411 TT TT+A3*(-H*L*N*V*T) . : v
412 - X(1)=TT '
413 : TT=;C*(S*A1+N*A7+V‘A23) T {
o1y ’ CALL CALC(1,2,2,1) . ‘\\
415 TT= AB*(T*A1+P’A7#&*A23) . o )
416 - CALL CALC(3,2,2,2)
417 TT=-A5% (S*A19+Q*A7- V‘A1o) . . o Y
418 CALL CALC(1,64,2,3) :
419 : TT=A3% (T*A19+R*A7-W*A18)
420 CALL CALC(3,84,2,4) .
421 TT=A20% (Q*A1-N*A194V*A24) N
/ > hay

e



422 CALL CALC(1,5,2,5)

423 TT=A2% (A*A2-I*A14+J*A1 1)

424 CALL CALC (6,4,2,6) - .

425 : C TT=A17* (R*A1+H*A2U-P*A 19) .

426 CALL CALC(3,5,2,7) : : IR

427 TT= chnet(A*chnseH*A1u J*A16)

428 CALL CALC(€,2,2,8)

429 TT= XGAHS*(XGAHS*A*H*AT1-I*E]6)

430 CALL CALC(%5,6,2,9)

431 Do 5 11=1,9

432 . DO 5 JJ=1,8

433 5 C1(II,JJ)=C2(11., JJ)

434 - TT=219*L .

435 v CALL C*LC(3,7,4,2)

436 TT=A1%.

437 . CALL caLc(1, 7,4,1)

438 TT=(J*V- S*A)*S

439 : CALL CALC(1,6,4,3)

840 TT= (J*H-T*A) *T

441 . CALL CALC(2,6,0,4) i .
4y2 . TT= (V*I-Q*3) *Q ' -
443 CALL CALC(5,6,4,5) ‘
4uy TT= (I*W-R*A) ¥R

445, CALL CALC(7,6,4,6)

446 TT= (H*V-N*}) *N .

447 CALL CALC(5,8,4,7) .
448 TT=-AT7*M

449 : CALL CALC(2,3,4,8) =~

450 TT= (W*H-P*3) *P !

451 ) CALL CALC (9,2,4,9)

452 po 3 I11=1,¢8

453 3 c1(5,11)=c2(5,11)

454 . TT=(1.,0.)

455 CALI CALC(5,10,6, n

456 PO 2 I1=1,8

4s7 2 ZZ(II)—XX(II)*(—l.,O.)

458 RETURN.

459 : END '

460 Cc '

461 . N

462 C , o
463 SUBRQUTINE ZERO (JK) & o
4604 c I : , \\ >
465 c N _
466 c - .
467 - REAL*8 H,I,J.,K,L,HM,KR,P,C,R,S,T,U,V,¥, X , :
468 COMPLEX*16 C1,C2,X1,X2,X3,X4,X5, X6, AX(B) TT,22(8) ,A,B,C,D,E,F,G

REAL*8 XGAM1,XGAH2,XGAM3, stnu XGANS5, XGANG, A1 A2,A3,A4,A5, A6 A7
,$A8,A9,A10,A11,ATZ,A11,A1Q,A15,A16,A}?,h18,A19,ADO,A21,A22,A23,A2U
REAL*8 A25,A26 A27,A28,A29,A30,A31,A32,XGANT
o - COMHMON A,B,C,D,E,F,G,d,1,J,K, Loty N, P Q,B/S,ToU,V, W, X
355 COMMON 22’
' COMHMON - x33w1 xcanz XGAM3, chuu XGAMS XGRHE

AS“C*T R‘

481 . e A7 L*s'n*

o
s




482
483
484
485
486
487
488
489
490
491
492
493
49y
495

497
498
499
500
501
502
503
504
505
506
S07~
508
509
510
511
512
513
S14
515
516
517
518
519
520
521
522
523
524
525
526
s27
528
529
530
531
£32
533
534
535,
536
537
538
"539 %
540
sS41

496 ,

58

A18=H*N-K+S
A22=H*S-J*N
A2U=p*J-H*T
A26=I*T-R*J
A28=J*%K-H*M
A30=I*M-J*L
A32=1*S5-3%¢

IF (JK.EQ.0.)GO TO 1~
=3 - ’ :

&
o
4
b
-
w
A Y

CONTINUE,
A2=L*p-E%R .
A3=K+Q-R*L 8 .

"A19=R*H-P*1I

A21=Q*H-I*N
A27=H*L-TI*K

IF (JK.EQ.1)GO TO 2
AU=R*W~-Q*X
A6=V*R-L*X .
A7=L*H7V*Q”g

 ABSKEW-VEN C ¢

Ag=V*P-K*Xi¥

A10=X*N-P*¥

A11=R*U-I*X

A12=U*Q-I%W

A13=U*P-H* X §
Al14=U=sN-H*H

A23=U*p-H*X

A25=I*X-U%ER

A2S=U*K-H*V

A31=I*V-U*1

CONTINUE

A20=-R10

XGAM1=-U*A Z-H*A6+I*A9
XGA52=H§A7~1*A8+UhA3
XGAN3=-Q%A 13-I*A10+R*A T4
XGAM6=-J*A2¢H*A15+I*A16

XGAMT=H*A17+I*A18+J%A3

TT=(0.,0.)

Do 58 1I=1,8 o

XX (1I)=(0.,0.) . N
DO 20 ITI=1,10

DO 20 JJ=1,8

“Cc1(11,33)= (0.,0.)
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21 c1(I1,2) =(1.,0.)

=3 C1(3, II)~C2(9 II)

20 c2(11 39)= (0-,0.) L :

- €1(1,1) =C LT ’
C1(2,1)=d PR , o
Ci(3,ny=a B o e
C1(l,1)=8 e - '
C1(5 1) =% R S
C1(6,1)=F ' T - R
c1(7,1)=6 SR P A I B
Do 21 1I=1 10.. R v o

——

CALI calC(3,4,2,1):
-CALL calCyg,3,2,2)
© CALL calC(3,5,2,3) "
CALL CcalC(e,4,2,4)
© CALL calC(s,4,2,5) - R o
€ALL CALC(g,5,2,6) T e .
- CALL.cplC(3,2,2,9) - R B . B
CALL calf(e,2,2,10)

S X1=LEA1* (Wap2+x+A3- V*XGAHS)+AS*K*(K*AU N*Ac P*A7)*M*XuAHS*(-R*A8

© $-Q%R9~L*A1Q)

Y

"X2=XGAB3¥XGANS*J+H¥p5% (H*Au N*A11*P*A12)+I*A1'( I*A10- Q*A13+R*A1“)

X3=-XGaHlxxGANg -~
xu--XGAnz*kgAn7
Do 52 1I=7,
527XX (11) = (0., o ) ' ' . :
XX (V)= X1*A+X2*84X3*B*XU*P L R
XX (2) =X T+xZ#X3+x4 . T
+ X1=-A20*A1
X2=-218%*A8
© L %3=A16#A9
- X4=-A22%A1y4
X5=R23#%A24 . o - o o . ' ’
X6=A28%A29 " - o . A N
DO 26 JJ=1,8 o ‘ - AR

Al

26 €1(10, JJ)~x1*C2(1.JJ)*X2*C2(2 JJ)+x3*c2(3 JJ)+xu*c2(u JJ)+x5*”2 -

$ (5,J3)+X6xC2(¢, JJ) . o
- TT=(1.,0.) . R
CALL CaLC(Z, 10, 3.7) C
X1=-A4%AS
x2 AT+ AT . » S S
3=-A6*¥A1S . - . S R '5”'-”., B
. DO 27 3J=1,8» ' : S
27 c1(1$ ,JJ) = x1‘c2(1.aa)+x2*c2(2 JJ)+x3vc2(3 JJ) ;
4 TT= (1%, 04) : .

- .

CALL CalC(y,10, 3.7) S - : o
po 7 119,10 - v T e C
© po 7 aj=1,8 - - A R
7 .C1 (31, JJ)\cz(II JJ) L AT e =y
DO 8 1I=4,¢q e -
DO 8JJ19_.'
8 c1(11,3d)= CZ(II JJ)
MT=-A32%A1; .
cALl CALC(1 4,3,8) Cn
TT=A25%A26" : o -
CALL CaLCY(q,5, 3, 9) T

"TT=A3C*A31 i : ’ ] v

“CAVLL CALC(1 6 '3, 10)
"D0.9.11=1,8"

CXa=mev o SR

81



602
603
604
. 605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
- €23
624
625

627
628
629
630
631
632
633
634
€35
636
637
638
. 639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
€56
657
658
. 659
660
661

38 C1(10,11)= C2(5 I1I1)

17 C1(4,II) c£(5 IT1)+C2(7, II)+C2(6 II)

12=5%u -

X3=T*X

4 =U*J !

DO 10 1I=1,8" X
10 C1 (4,11)= c2(10 II)*X1+C2(8 II)*X2 .

TT=(-1.,0.) .

CALL CALC(%4,9,5,7)

po 11 II=1,8

“11 Cc1(5 ,II) =C1(9,II) *X3+C1(10, IL)*xu

TT=(-1.,0.)
CALL CALC(3,5,5,7)
IP (JK.EQ.0)GO TQ 22
X1=a2%22 S
X2=A19#%319
X3=A3*a3 -
X4=a21%221
X5=XGAMS*XGAMS -
CX6=A27*A27
po 12 11=1,8
12 C1 (4, 11)—x1*c2(3 II) +X2%C2 (5, IT) +X3%C2 (2, II)+X4*C2(U II)+X5%
$C2(1,II)+C2(6,11)*X6
TT=(1.,0.)
CALL CALC(4,7,3,7)
0.13 11=1,8
13 ZZ (I1)=XX (§)
X1=N*N '
X2=F*p
X3=K*K
DO 14 11=1,8
14 C1(5 11)—x1*c2(u I1) +X2%C2 (5, II)+X3*C2(6 I11)
CALI CALC(5,9,4,7)
"X 1=R*R
X2=Q%*Q
X3=1L*L
DO 44 II=1,8 ; Y
44 c1 (3, II)-(O.,O ) ‘ b
SC1(3,1) =A '
. C1(3,2)=(1.,0 -)
pQ 15 I1=1,8
15 C1 (5, 11)-c2(9 II)*X1+X2*C7(8 11)+c2(1o II)*x3
CALL CALC(S5,3,4,6) " \
CALI CALC(9,1 3 u) )

DO 38 II=1,8 N
C1(6,1)=F )
€1(6,2)~(1.,0.)
€C1(6,3)=4(0.,0.) o
CALL CALC(6,10,3,10) o D e
. DO.40 YI=1,8 . o
40 C1(10,1I)=C2(10,II).
X1=H*H
T X2=1%1 : : ) 5 ‘ )
pQ 16 1I=1,8 ‘ 5
16 C1(5,I1)=(-1.,0. )tcz(u II)+C1(2 II)*xX1+C1{(1, 11)*x2 .
CALI CALC(5,10,6,5) .
DO 17.II=1,8

DO 23 1I=1,8
23 XX(II)=ZZ(II)
TT=(-1.,0.)




662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
€E0
681
682
683
684
685
686
687
6€8

689.

€90
691
692
693
6S4
695

- 696
697

698
699
700
701
702
703
704
705
706
707
7C8
709

710

711
712
713
74
715
716
717
718
719
720
21

aonn

) aOnNon

aOnn

aonn

22

25

12

"P2(5,6) =F2(1,2)
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CALL CALC(4,7,7,4)
CORTINUE

DO 25 I1=1,8

22 (II) =XX (II) *(-1.,0.)
RETURN

END

SUBROUTINE CALC(L,K, M, KK)

COMPLEX*16 C1, c2 XX, TT
COHHON/AREA1/C1(1O B),C2(1O 8y, XX(B),TT
Do 4 1=1,8

cz(xx,z)f(o.,o.)f

KR=M+2

DO 2 N=2,KE

Do 1 1=1,8

Do 3 J=1,8

IF(I.GE-N) GO TO 2

IF (I+J.KE.K)GO TO 3

C2 (KK,N-1) =C2 (KK, N-1)+C1(L J)*C1(K 1)
GO TO 1

CONTINUE

CONTINUE

XX (N-1)=C2 (KK, N-1) *TT+ XX (N-1)

RETURN N
END ‘ '

SUBROUTINE -CHECK(I)

COMPLEX*16 DX

COMELEX*8 DDX

REAL*8 STOERE

COMPLEX*16 F1,XRET,F2(8,8)

COHHON/AREAZ/F1(8 8) ,XRET (36, 7) ,STORE (36,16)

IF(I.EQ.0) GO TO 6 _ -

po 12 ¥1=1,8 - -

DO 12 N2=1.8 ‘ :

P2(N1,N2)=(O.,O-) : ! . .

F2 (1,1)=XRET (8,2) B FE e -

F2(1,2)=STORE (1,4) . LR E

P2(1,3)=STCRE (1,10) ’ , w5 o
F2(1,6) =STORE (1, 8) R
F2 (1,7)=STCRE (1,3} : o S

F2(2,4) =STORE (1, 1)

F2(2,5)=STCRE (1,2)

P2(2,8)=F2(1,7)

F2 (3,4)=F2.(1,2) -
FP2(3,5) =STORE (1, 5) : C
F2(3,8)=F2 (2,9) o f . _
F2(4,6)=F2(3,5). : _ | ¢
F2 (4,7)=F2 (1,6) . : / " '



722
723
724
725
726
727
728
729.
730
731
732
733.
~34
35
736
737
738
739
740
741
742
743

END OF FILE

16

13

15

14
12002

F2(5,7)=F2(1,3)

F2 (6,8)=F2 (2,4)
F2(7,8)=F2(1,2)

F2 (8,8) =XRET (1,7)
po 16 N2=1,6 '
N3=hN2+1

P2 (N3,N3) =XRET (7,K2)
po 13 N2=1,8

po 13 N1=1,8

P2 (N1,N2)=P2 (N2,¥1)
po 1 x1=1,8

DO 14 K2=1,8
DX=(0.,0.)

DO 15 N3=1,5
DX=DX+P2(N1,N3) *F1(N3,¥2)
DDX=DX ‘

CX=AIMAG (DDX)

EX=REAL (DDX) .
WRITE{6,2002) CX,EX
FORMAT (* t ,E14.7,3X,E14.7)
RETURK

END
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at a lattice site. The result is;ﬁ

Appendix 1V The Effect of More Distant Nuclei in the Ruderman-
Kittel Model
i
We- use the approximate'lineshape of an XA configuration for"

the determination of the effect of more distant~nhc1ei. If JAX << WX’

‘the XA spectrum is Lorentzian and is equal to (43) of scction II ex-

cept that ZWX is replaced by

SRRRIC AR L

2w+ 7(mJ_ ) /20W - 1

X AX X _ ) (1)
(D.G. Hughes, private tommunication). To take into account the effect
of the more distant nuclei we assumic that the apparent increase in the
relaxation rate of the observed nucleus due to each of the more dis-
: : o

. ,_) ot N .
tant unlike magnetic nuclei is equal to 7({Axﬂ)”/40wx and that the

increases add:linearly. This is equivalent to assuming that the more

distant npfl re -independent of each other. Then the 'apparent- in-

creasc inithe relaxdtion rate of a sn!!”7 nucleus is

Tk 7
77408 )7L (RS ) D
(7/40%,) j(TT 0 Pun 2

202 I 2
(77408 )77 “TF(k [R__|)7p /.7705x10 ".= 3.3825J 'p /2
X 13 f X un P _ ~ 1 un

llere the sum I is over all nuclear sites outside the 3 inner shells.
H N - . A :

Also Jl is the magnitude of" the Ruderman-Kittel interaction for near-

" est neighbours, F(x) 1is givén in e&uation (34 and p is the proba-
. i - un :

bility of a magnetic nucleus (other than a sntl7 nuclcus) being found

Y

that the apparent increasc in the
rglaxation rate is

I
w37

Ve N

v _ /()

“.'7_ ) "
0.3054J1~/-2W

"We have mot takép ifto account the effect of like nuclei nor the mu-
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a

tual interactions between the more distant nuclei in the calculations
leading to (3). Because (3) 1is an approximate expression for the

effect of more distant nuclei, we multiply this expression by £

and obtain for the apparcnt increase in WY

5
£{ .3054J1 /zwx} 4

Here ¢ is a fitting parametcr and its magnitude 1s found by mini-

mizing (2) of scction IV. ' ‘ //ﬂ_i//g/’/
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' ABSTRACT SR

’

'Home range, dispersion, and dispersal patterns of

"pikas were studied for three summers in S. W. Alberta.

Home ranges of adults'consisted mainly of talus
adjacent to areas,of vegetation used for.grazing. With

the construction of hayplles in late summer (Julyv—

‘September), plkas used the central portions of these home

ranges more 1nten51vely than they did in earlyﬂsummer

of females in early summer, but not in late summer.  Home

range size varged from area to area and was asspciated’

3

with changes in population dthSlty, and with amounts of

Vegetatlon on feedlng\areas.

-

"Pika populations were organlsed %nto palrs of

males ana females with members of the pairs—sharing much

"of thelr home range with each other, but the degree’ to

/

Wthh thlS occurred varled w1th den51ty and. season.

There was litt’e overlap between home ranges of females,

-

(May - June). Home ranges'of males were larder than those -

wherea= in males overlap w.. con51derable in early summer -

< but. declined to about thevsame level as in females in late

'summer. Home range overlap increased at higher densities.

»

Relative dominance between neighbouring males was apparent -

iv s



I o SR
o y '! . - LR ’ :=‘
and some were pushed to marginal area§'where they
‘ . R ~
generally remained unpaired. - 2 - -
: o ) R | C

s i

DiSpe}sai‘of juveniles"between poﬁulations occurred

in animals of both sexes. W1th1n popuLatlons, males moved

llttle in the year of thelr blrth(\ahereas females moved
e -
various dlstances, yound. males, hOWever, were appargstly
L AN
forced:to move again the follow1ng spring. Settlement

‘patterns~ef young pikas suggested that -adult females that

were lost were replaced directly by dispersal of juvenile

females, whereas males thatowere lost Qere replaced in

spring by yearlings, or by'unpaired neighbpuring males.
. . v . / .

In(three vears, the population on the main study
area'showed an increaee.r Most of.thishwas due tova greater
numbei offmarginal unpairea malee rather than'an inecrease
in the‘number'of breeding.pairaa

It is conclf?ed that sotial behav1our affects both
the number and location of ‘new recrults settllng on rock-

slides, 'and that thlS sets anvupper limit on the number of

breeding pairs in'pika‘populationsf
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A
INTRODUCTION
A : 5
"Megt vertebrate populations appear to [ ’Ssess some
form of social organisation which not only determines the
felagionship of one individual to another, but also serves

to organise the. population in space and time. Wynne-Edwards

(1962) suggested that these systems whatever their other

fur~tions may be, also serve to resgrict the uncontrolled

¢ . th of the population in texrms of numbers. This may be.

 done by displacing surplus individuals oy by restricting

the number that breed each year. Thus, important resoﬁrées
such as foOd suppiy would be utilized more efficiently over
the long term. Wynne—Edwards went eveh further and sﬁg— |
geszed'tha£ fhis was the primary reason fof these systéms

developing, and defined a society as an "organisation capa-

. . e
ble of providing conventional competition."

Such an hypothesis is not readily testable with
field experiments. since it would regquire experimental

manipulation of behaviour.’Although this has been done to

a limited extent with the injection of hormones (Watson

1970) , such methods are not of wide practical uSé at this

. time. An alternative approach--is to-studythe relation-

. \ - .
- ship between\social behavis:r and pé&pulation dynamics in

- TN v
both undisturﬁed'and experimentally manipulated popula-

<
m .



tions, and accumulate new cvidence which can be evaluated

for or against this hypothesis. This was the approach
: N .

used her
L
B L '

: = (Ochotond princeps) are particularly well

suited to this type of study since they are%diurnal,
habituate readily to‘humans,‘can be easily‘marked, and
individuals are very local with sméll\home‘ranges. This
makes thelr behaviour relatlvely easy to document. How-

ever, activity under the rocks cannot be studled by dlrect

.observatlon, but MacArthur (personal communlcatlon) using

radio-transmitters 1mplanted into the body caVity of wild
pikas had no evidence that they move more<than a few
met;es under the rock surface. His data. also &éree with
the observatidns of Kreaxr (196%5; which suggeét little
activity at night. Also they live in areas of restricted
habitat (rock:slides) and mény populations can be con-

sidered as discrete units.

The objectives of my study could be set out as

two gquestic... -

1., Do pikas have a social system which could

. ' . ¥
operate as a regulatory mechanism?

WWA2;;,Ifﬂsorndoes—it~operate'iﬁfthig“way T
J’ N .
ktu J

-_-*/To answer the flrst questlon it had to be _shown that

Y

a form of conventlonal competltlon ex1sted Wthh elther

<



-

limited the total number of animals living within the
popdlatlon or restrlcted the number that bred. ‘Prior to
my stddy, there was some evidence that pikas are terrl—
'torlal (Kilham 1958 Broadbooks 1965, Krear 1965) and
competition for space appeared likely. bTherefore, a
‘thorough documentation of spatial relationships among

pikas was undertaken, so that the exact nature of any

spacing system could be evaluated.

If pikas wére shown to have a territorial system,

K;izisyonstration of its operation as a regulatory mechanism

wolld require that surplus animals be shown to be displaced,
at least from the breeding population. 1In order to do this,

'young'animals were individually-marked, and _heir dispersal

and settlement patterns studied with respect to dispersion

~

of adults. . The settlement Oof young animals was observed on;

(a) areas which'appeared saturated with adults; (b) areas //
;’ N . t . . /
where vacancies were kriown to exist (éstablished animals
v Having died or been removed):, and (c) on areas where all

individuals had beén removed If territoriality was limit-

"u,ro"‘

‘ ing the populatlon, permanent recruitment would be expected
to correspond directly with vacancies in the establlshed

population. -

\§ S ——

This study began in Mdy 1969 ahd continued during
the summers ‘of 1970 and 1971 with some addltlonal data
collected in May 1972. The study p0pulatlons were, 1n the
L1v1ngstone Range of the Canadian Rockies in South.Western

Alberta.



oy

STUDY AREAS

Since pikas are restricted to rockslides, the
specific study areas consisted mainly of talus inter-

spérsed_with‘vegetation. Four study éites‘were used,

and they were designated Areas -I-IV inclusive.

Areas I-IIT were chosen because they were discrete

units of habitat all wi;hin 3 kilometres (2 miles) of each
other (Fig. 1f’and were' at.elevations between'lSOOFlSOO»
metres (5000-6000 ft) in the Sub- alplne Forest Zone (Rowe

1959). The surroundlng forest con51sted malnly of imma-

_ture.lodgepole plne (Plnus contorta) and meadow areas’ and

forest clearlngs were domlnated by lush mlxtures of grasses

!

three pockslldes wepa also inhabited by

y

and herbs. These
~other medium-sized mammals, particularly wood rats (Neotoma
" cinerea), golden-mantled groand squirrels (Spurmophilus

lateralis), red squirrels (Tamiasciurus hudsonicus), and

yellow pine chipmunks (Eutamias amoenus) . Abundant car-

nivores were badgers (Taxidea taxus), coyotes (Canis la-

trans), long-tailed weasels™\(Mustela frenata) and_ short-.

tailed weasels (Mustela erminea).

Area IV, in a large mountain basin about 16 kilo-

metres (10 miles) to the north »nf Areas I-III, was between
e . , :

2300 - 2500 metres (7000—7500 1) in elevation and just



N

[}

Talus

Road

Meadow

Map’showing gquraphiCal location of study areas

1.

Fig.

‘(inset), and their relative positions in the

Livingstone River Valley.



.most of the -~vmmers

above tree-line.” The fauna was alpine in character with

Eutamius minimus replacing E.‘amoenus, and the rocky slopes

were inhabited by hoary marmots (Marmota caligata).

N

Area 1 .
\ xa
This was a large rockslide of about 10 hectares
. - ) IS |
(Fig: 2). The” talus, of well weathered rock with a heavy

R
T .

: i L. . .
lichen covering,/waS/ihterspersed with stands of lodgepole

J_plne’and with scattered white spruce (Plcea glauca)

‘ alpine fir (Abies la51ocarpa) and llmber plne (Pinus flexi-

plis). Under the forest eanopy and on the upper sections

a . )

¢

of the slide the ground vegetation was sparse. - The»lower—

iy
most portlon of - the slide adjoined a meadow of’ plentlful f/

grasses and herbs where sprlngs kept the meadow moist . for

.
R &
A | - 14

The rockslide was situated on:a,slope with a
meinly southerly aspect. Hence, most pafts of the‘slide
were free of snow relatively early in the year, usually,

by early May. Some of the upper sections of talus, where,

extensive drifting occurred, remairned snow-covered for .

)

. was‘Héhef;had an average population of 25 aduly pikas,

and was studled 1nten81vely for three'summers 11969471).

Complete censuses were obtained 1n 1970 and 1971, and a

by

.several weeks_longer ... o : S



SN o | :
Fig. 2. General habitat types on Area I. Axes show

grid of 20 X 20 metre squares.
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Area III

>

-good estimate of the adult population was made in 1969.

)

Area II
»
This was a small rockslide with &bout 1.5 hectares
. 4o
of4talus surrounded by forest. It sloped in a westerly
direction away from the base of a cliff and ground vegeta-

tion was generally sparse.

-

This slide had an average population of only 8

adults. Complete censuses were madg»during all three sum-

‘mers of study. All pikas were removed from it in May 1971

K

as part of a recolonisation study.

. . . .
-
Co -

This area ‘consisted of a small rockslide of about.
1 hectare surrounded by mature spruce forest under which
ground vegetation was very sparse. The slide sloped in a

northerly direction away f%om the base of a cliff.

There were 8 adults here in the spring of 1971

and they were used for a replacement study in that year.

The area was not used duri%g the other years.

~

Area IV

-4

This rockslide was in a large mountain basin fac-

.ing generally northeést. 'Thevbasin (measuring 1000 metres
Y . - .

in length and about 500 metres . in breadth) had continuous



: "'(’ _»‘},‘jAl

talus at the base of the surrounding cliffs. The area -

was not discrete since other basins adjoined to the north

~and south.

o

This population was used mainly for experimentai
purposes, food stores of some pikas being manlpulated in
1969 (Appendlx I), and one section of talus cleared of-

pikas in:l97l, as part of a recolonisation study.

Meteorologlcal records we™e not kept for each
study area, but general weather changes during the study

are shown in Appendix II -- these_are from the Highwood"

River'RangerYStatien (6-5 kilometres north of Area 1IV3.

10



‘a day or two in advance with willow (Salix) and other

. METHODS

- In order to determine home ranges and population’
levels I used a colour ear-tagging system so that indivi- ,
B : i : " ;‘,’
dual animals could be recognised in the field without re-

peated recaptures.

Galvanised metal Sherman traps (10 -X 10 X 36 cm)” -
were used for initiél\capture and were usuallyvprebaited
. : . T ¢
green shoots. Traps were set in talus areas and were
L

checked every hour, since animals tendeg to exhaust them—_

selves rapidly or become overheated in warm weather.

S

After capture, a plka was dropped into a polythene
bag and Welghed The welght of a juvenile was used to

estimate the anlmal 5 age in days (Millar 1971). The animal

was manlpulated within the bag so that the anai region. pro-

B

‘ruded through the openlng and sex was determined by evert-
iﬁ@‘fﬁéﬁtIﬁata“andmchecking*for—a~penis~o£«eiitoxistDuke
1951). Jﬁveniiee‘were;ofpen.diffiCult taQ sex in this man-
ner -until they were'approxiﬁately Ewo months'old, hence

sexing“of_juveniles was often omitted until they were

almost adult size. waever, beginning in 1971; I attempted

11
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.

to sex .the L ounger animals by cla551fy1ng those which had
a rounded tip tonthefr genital organ as mages, and those

with a flattened tip as females. This proved fairly ac-
P . 'vl’
Curate, since of ten anlmals which were recap:ured when

!
1

larger, only one had 3ad Lgs sex 1ncorrectly determlned

Another criterion usedito establish sex in juvenlles was

Y

"y

the 'long' call. ThiS‘call“isjgiVenAalmost eXclusively

by males (Krear 1965) though there. is some evidence

that adult females may give it,  or a 51mllar call on rare
occasions (Severaid 1955;.Sharpﬂl973).' No marked femelegl
in my studgy were heard to.give this call. Once,sex had
been determined, the animei was;reversed!in the b&g so
that'the head region-was.exwﬁged. Two metal eartéos with
coloured dlSCS were applled to each ear. Thus an anlmal

-

was a551gned a two colour code whlch was recognlsable from
,

either 51de. Using different colours and different posi-.

tions .of the tags on the ear, up to 100 animals. could be

distinctively marked. wh-ch was sufficient on all study

areas.

Observations

-

N

.Since juvenile pikas remained in the general area

-

,d

81ble«to attribute recently emerged juveniles to a part1—74n‘”

cular

. Home ranges, dispersal movements, and-a.periodic

. of the nest 51te prior to dlSpersal it was usually pos—,“'

12
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¥ kh

~ne s’ of tha populatlons were all determined by direct

g-

, observations on individually marked_animals. All study

: A :
aréas? except Areailv were staked out ,in 20 X 20 metre -
squares; with atmarked post-at each'point. Positlons of
animals were then noted relative to‘these stakes. 1In

most casés;it was possible“to estimate an animal'stposi_

tlon to within 3 or 4 metres. Locatlons were noted Ain

" the fleld and later plotted onto base naps of the study

" area, on a dally ba51s Act}v1t1es such as feedlngh

calllng, andVCarrylng vegetdtidn were ®1so reoorded : It
(an\anlmal was seen;runnlng from one locatlon to another o
the movement 'was plotteg as a line on the map v The/data e
_from these maps were later transformed 1nto a. serles of .
1nd1v1dual obgervatlon p01nts which could be- represented’
by a number from each axis’ of the grld Linear movements
‘of anlmals werelcon31dered as s%ngle observationypbinggg
every five metres (ie. an animal running: ‘10 metres was
bonsidered'to have beendobServed three times at three
locatlons, the . beglnnlng, the mlddle and the end of its

run). This. approach enabled quantlflcatlon of the data

and made analysis of,the,spatlal use of home ranges simpler.

No attempt was made to randomise. either periods or

locations of watchlng, 1nstead every effort was made toh,mvww

maximise the number of observatlons for all 1nd1v1duals

known thbe&' ,'e;populatlon; Thus moreltlme was spent

¢

13



attembting to obserVe animals which were seen 1ess frequently.
> Hours of’watching werelvariahle‘but,were-concentrated
during. periods when animaie were most active, which was
.generally morning and‘evening; |
hIn mak%ng observatipns,.an observer patrolled the

' studyrarea pausing to note theiactiVitiee and 1ocatiorc of
markéd animals. Most anima%s quickly habituated to aumaps
.« ”and appeared undisturbed eten if an observer approached to
\‘/ - within a few metres. If animals were trightened, they’
usually darted out of 51ght Beneath the talus. Hence,
.they were nbt chased out of thelr normal areas of act1v1ty

Most observatlons were made w1th binoculars at distances

‘\rbetween 10 and 50 metres.

Analysis of Data = ' . _ \ ;o

P

Home ranges were analysed using’én/;BM 360 compu-

i !
ter. Data in the form of a matr%x were entered and usin-

a specially de81gned APL programme, home ranges were plotted

for each animal during specified‘time pericds. These plots
showed not only the shape and extenz of th ‘! ome range.but
.aiSO\lnten51tV of use of different parts - cased on the

percentage of observatlons in dlfferent areas. The. pro-
'gramme also calculated the centres of activity (Hayne

1949). These home range maps were overlald and the spa-

tial. relatlonshlps between anlmals studled

-d

Because many of the"data'were not’normally‘distri—



buted, most of the statistical analys s are non-parametric,

The wvarious tests uéed are describe: ... Siegel (1956).and/
‘ \

or Sokal and Rohlf (1969).) A probat lity value of < 0.05

was considéred‘signifﬂﬁant, but actual probability levels

are given where appr priate.



HOME RANGE

by

Concepts and Probléms

-Jewell (1966) reviewed many of the concepts and
problems associated with home range. He restated Burt's
definition of home range as follows: "Home range is the

area over which an animal normally travels in pursuit of
N . ,
'its routine activities." Burt (1943) specificaily ex-
ciuded aispersal, exploratory, aﬁd migratory movements
from his definition. Although this is probably the com-
monest use of @he term home range, as é definition it |
'lacks objectivity since. it is difficult to specify what
activities are routine and what are not For the purposes
of this®study, home range is defined as: "The area'in
Which»aﬁ individual spends all of its tihe, ?%g a speci-
fied time period." Weeden (19655‘used a simé&ér-defini—

tion for tree sparrows and referred to it as the total

activity space.:

»Anothéf probiém associated with home fénge}is a
realistic method for plotting -it graphically. Many
methods have been uéed dépending on the type andvquantity
of data analysed.' Several methods which are specifically

designed for use with a live trapping orid, and certain

16



mathematical methods such as those used by Dige'and-
Clark S3953), and jennrich and Turner (1969) , which make
assumpéions-of’circularity or bivariate normality, are
ighored since they are not applicable to the type of
-data obtained. Pérhaps'the simplest method is a line'
surrounding all the‘obse{vations or trapping points of

an animal, as used by Brown (1969). A more objective T
adaptétion is to join the most peripheral poir s with

" straight lines to form thgismallest convex polygon --.as
used for deer (Bramley‘1970).' This method has been modi—
fied to include re-entrant angées (Harvey and Barbour

: S s .
1965), which eliminates some 0f ‘the error developed where

large areas containing no records are ingluded.

The above methods have the advantage of b;ing
guickand easy afid are generally simple to interpret.
They have several major disadvantages however, two of which
are: (1) they imply a specific boundary which may not

exist -- in fact animal may only be aware of a gradual

<

decrease in its familiarity with the terrain at the edges
of its range; and (2) they often enclose large areas where

there are no recotds, which may.lead to entirely false

N ‘
- \(_;:J ——

impressions of.the spatial relationships among animals. .—
Hence, these methods are not useful for looking _at details

of home range.

Another frequently used technique is to plot loca-



-

tion records in the form of scattered points on a map;
this is often done in obserVational or radio-telemetric
éstudies; examples beinghsehaller (1961) , Grhbb and
Jewell (1966), Ables (1969), and Siniff and Tester (1965) .
Sometimes this technlque is extended to plottingvrunways
and paths used by an animal, eg. Kaufman (1962) and
Altman (1962). This method is idea’ where individual
animals are considered in detail, but graohically, becomes
messy when several animals’with overlapping ranges are
plotted. Also, it is very difficult to gquantify the data
in terms of%area without resorting to one of the earlier

methods as well.

hIn my study an attempt is made both to characterise
» and quantify home ranges andﬁthe spatial relationships be-
tween animals, so that they can be analysed statistically.
To do this an objective, yet reasonably realistic method

was required.

The method used.deplcts the home range on the
basis of 5 X 5 metre squares. The criterion for inclusiOn_'
of a square in an’ animal's home range is based on the ani-
mal being observed at'least’oncelwithin that square during
the-specified time period. The 25 square metre unit was ..
~chosen as a useful size for several reasons: (1) it wasf

a small enough distance to be easily estlmated in the

fleld (the study areas being marked w1th numbered stakes



Sl

.

in 20 X 20 metre squares); (2) a reasonable graphical
plcture of the home range was gbtained using the average
qurntlty of data; (3) five metres seemed from casual ,
observation to approximate the usual minimum.indi&idual
distance between animals; 'and (4) it was the largest

area which could reasonably be expected to be in the v1ew

of a plka at most times, glven the nature of the terraln.

Using this method it was possible to show details
of shape and use of home 'range, and at the same time en-

abled home range overlap to be measured in an objective

fashion. This technique was used to establish the nature

of the spatial organisation'of‘pikas. After general spa-
tial relationships were determined, other methods were
used to show changes iz dispersion pattern of the popu-

lations with time.
>

. ¢ 4 _
General Topography of Home Range

Home ranges of 10 pikas (5 males and 5 females)

are shown in Fig. 3“. Home ranges bf’pikas usually in-
. T | .
cluded a large area of talus adjacent to meadow areas

&

which were used 1n feeding and gatherlng vegetation.

Between July and September most of ‘an animal's act1v1ty

~

o

'was concentrated around tne\haypile site and this area

may be termed a core area (Kaufman 1962). These haypile

sites were used in successive years by the same or dif-

ferentggékas andaappeared to be fairly traditional. This

o



Fig. 3. Home ranges of five adult males (pp. 21-
25 ) and five adult»females (pp. 26-30) on Area I
dﬁring 1970. Home ranges are drawn on the basis
of 5 X 5 metre squarés; cb—qrdinates on the maps
are part of- the 20 metre grid system (see Fig. 2).
~Graphs show intensity of use of home iange along
its long and short axes - these are based on thé
percehtage ?f observatiogs.within each 10 metre

strip at right angles to these axes (-ee p. 37).

Home range

Home range -.core area (- 3% of obser-—
vaticns 7. each square)

-
Haypile site .

Neét site of femalé'
Talus!e

Scree

Forest

Sparse meadow

Lush meadow

BOBE0> BN

A May - June 1970
L — Jﬁly - September 1970
N1l  Number of observations, May .- June 1970

N2 Number of observations, July - September
I 1970.
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was noticed also by Sharp (1973). In males, the nest site
is probably close to the haypile site since, on most days,

activity appeared to.start in this region ‘Note that, in
-

- females, a’ separate breeding nest was usually constructed

at the periphery of the female's home range.

The distributionrn »f observations within home
ranges showed little evidence of "'‘e use of traditiohal
runways ac'descra}ed for the Japa .cse prkap(Kawamlchl o
‘1969) perhao;/oecause runways would be unnecessary in a

Sltuatlon where broken talus provided an overall network

by

<

oﬁ&escape routes.

!

Among males, ssver 1 &sy:zis of home range
-were found to be variak.e, botr : :: >Snally and from
\
area.to area. These seasouna W reglonal dlfferences

\

in home range will be examlned using the data from Area
I :¥n 1970, under the headlngs of: habltat use, 1nten51ty'

”of usef'and size. Data from 1970 were used since. a large

g’number of records was obtained for that year, and the area
was studled more 1nten51vely than in - other years. vData

from 1949 and 1971, however, showed similar” trends.'

The early summer period (May - Juhe) was the
breeding season. Millar (1972) found that 100 percent4of
the males were fertile throughout May, 83 percent in the

first half of June and 56 percent 'in the second half of .



June; but in July very few males were fertile (9 percent
and 3 percent), and none were in August. He found that
two litters were produced, the first being conceived

around May 2 and the second about June 12.
;

/

/

Haypiles were constructed in late summer (July- _

September). In 1969, on Area I, haypiling was not observed

-at all during May and only on two occasions in June, where-

as it was seen 19 times in July and 15 times in August.
Sharp‘(l973) found that adult males and females spent <.1
percent of their observed time‘haypilingvbeﬁween April and
June, but in July this rosé ﬁo agout 20 percent for males

and 5 percent for females, andhin August to about 35 per-

s
€

cent for males and 23'percent for females.

¢
-

Because of these seasonal differenéés in be-
haViour,bmost of the temporal comparisons will be made
between early summer (May = June) and late summer (July-

September) .

Use of Habitat within Home Range

For this analysis the study area was q;vided
into five habitat é;éés. -

i. Talus —_refers to ;érge areas%ﬁ%f%fg£§ﬁ 
rock fragments. . The fragﬁenfs varied idgsize'ffém about

20 centimetres across to some of one or two metres.

2. Scree- refers to small loose fraaments

32



2

of rock usually less than 20 centimetres in diameter.

Talus was generally stable to walk on, whereas scree

tended to be loose and mobile. More important, pikas
could 1ivecand move amongst the tdlus whereas they were
not able to penetrate the interstices'of the rock on

the scree.

3. , Forest - varied from continous stands of

immature lodgepole pine with little or no ground.vegetation,

to small clumps of white spruce and oocasional alpine ﬁir.

Ground vegetation in these areas was generally sparse,

though varlable, dependlng on the den51ty of the trees. ’
v : H:.\\ s Ty ‘
4. Sparse meadows - were dry areas with bearberry

(Arctostaphylos), juniper (Juniperus), and sedges (Carex)

being dom:inant.

\5. Lush meadoWs4—fye<irwét or moist -areas which

contained a 742;’;bnndancefoﬁ grasses and herbs.

Home ranges;of‘all adults on Area I in 1970 (ex- )
cept two females not:obser;ed during spring) were ana-
lysed toedeteﬁgine tbe.area ofieachahabitét within them.
These areas were tben eXpressed as percentages of the'total
bome range, sinéeétbe'size of the home range was dependent
on the number of tlmes the anlmals had been observed |
These results (Tables 1 and 2) clearly 1nd1cate a much
greater proportion‘of rocky areasqwithin home ranges, in

.
'y



Table .

‘The amount of different habitat types used by
(

individual male pikas on Area I during summer
of 1970.

Percent of home range in each habitat

) . Sparse. Lush No. of
Pika Talus Scree Forest meadow meadow obser-
: vations
FEarly summer
v

NK 85 8 = 7 - 26

YR 64 13 3 5 .15 109

NN 72 4 - 7 - 17 65

BY 71 2 2 16 9 96

BR 66 2 21 11 - 45

RR 77 14 2 - 7 . 219

GG . 80 8 3 4 5 146

YW 76 3 3 2 16 43

WN 24 66 - 10 - 58

RY 80 2 10 -1 7 167

GW 43 40 21 l6 - 108

RG 88 4 3 - 5 251

YK 79 8 1 1 11 222
.- Mean 69.61 13.38 3.77 6.15 7.08

Late summer

NK 43 6 17 34 - 156

YR 58 20 - 2 20 135

N.” 61 5. 2 9 23 128

B 58 7 11 18 6 171
D 73 - 20 7 - 112
‘RR 82 2 -. - 16 208
GG 81 5 '3 - 11 226

YW 74 - 8 -8 9 180

WN 20 61 7 12 - 84

RY 69 17 8 - 6 138

GW 46 30 4 19 1 94
"RG 86 3 3 ~ 8 184 .
YK 62 7 3 2 26 266
Mean 62.53 12.53 6.62 8.62 9.69

34



Table 2. The .amount of different habitat types used by

individual female pikas on Area I during sum-
mer of 1970. ‘

Percent of home range in each habitat

: Sparse Lush No. of
Pika Talus Scree .Forest meadow meadow obser-
E vations
Early summer
GK 58 - = 4 38 - 14 .
GY 46 - 22" 32 ~ 52
BB 84 - 4 12 = 32
RW - 78 4 ) - 9 9 48
RK 81 - 2 - 17 70 .
KY 19. 75 2 6 - 55
KK 86 9 - 4 1 69.
GB 70 4 - 6" 20 97
RB 75 . 9 5 - 11 183
KB 70 - 12 2 - 16 133
KW . 60 21 - - 19 53
Mean 66.09 12.18 3.73 9.73 8.45
Late summer:
GK 90 _ 2 4 4 - 43
GY 74 . 1 13 12 - 153
BB 64 - 2 * 34 , - 76
RW 74 - - 16 10 le1l,
RK 80 - 11 - 9 - 86
KY 6 68 .- 26 - : 80
KK 79 "5 2 - 14 105
GB 61 O 9 - 1 29 216
RB 85 ' 1 2 - 12 195
KB 82 4- 7 - 7 127
KW 57 12 12 1 18 100
Mean 68.36. 9.27 4
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comparison with vegetated areas. This was consistent for

nearly all animals.

To test whether or not there were any,significaht
differences between the sexes and seasonally with respect
to habitat use, a Chi-square analysis was used; first on

individual aﬂimals, and secondly on the pooled data be-

tween groups -- since there were no significant differences
within groups. For this analysis the habitats were lumped
into two types: rocky areas (talus and scree) and vege-

tated areas (forest and m?adow); and the number of 5 X 5
metre squareé'in each type compared. This was done for
simplitity and because it circumvented some of tﬁe more
subjective divisions, as between sparsevand lush meadow
akeas. ’ , X
: 3

Among malesk.only two (NK and YK) showed a signi-
ficant change in the proportiéh of rocky to vegetated
areas from early to late summer (P < 0.01 -for NK, and P

)

<'0.02 for YK). However,%;ﬁé% the daté.for all males were
pooled the differencé'wag\ﬁghhly significant'(P < 0.001),

due to a high proportion of rocky areas used in early

summer.

\

Analysis of the home ranges of females showed.twd

animals with significantly different seasonal use of habi-

tat (GK, P < 0.05 and’GY, P < 0.005); both of theée showed

. ‘;“
~ l) -‘.

0
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a higher proportion of’rocky areas in léte summer. How-
ever, .when the data wereupoolgd, females showed no sta-
‘tistical difﬁerences between early and late sulmer.
Comparison betweép malesiand females revealed a signifi-
cant difference (P < 0.05) -in early summer, but no-dif-
fe}ence in late summer._ These data are summaiised in
Fig. 4. Home ranges of males in earlf summer_sﬁowed

.a significantly higher propoftioﬂ of rocky areas to vege-

'tated areas than did aﬁy of the other three categories.

f ) .

' This cifference in habitat uéeife‘of nales .in the
03 RV Ty L

%gwﬁ;“ﬁ

spring is probably due to an increase i

P

areas rather than a decrease in usé 5f Veégia'gd%éfgés,
Since on the éverage males used‘37;86 squares in fgéky
areas and 7.06 squares in vegetated areas pervloo obser-
vations during early summer, éompared to 26.17 squares in

rock and 9.17 squares in vegetation in late summer.

Intensity of use within Home.Range

The distribution of observations witHin home

ranges changed seasonally, with animals spending more time

at the periphery of their‘home ranges in early summer and
more time centrally.in late summer. In order to evaluate

these changes, 'intensity of use' graphs were constructed

for all animals which had been observed frequently enough

to estimate the size of their homes ranges. (Ref. Size of.

Home Range).

37
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Early summer o Late summer

Males

'Fig; 4. A schematic representation of habitat use by male

and female pikas during the early and late summer
“of 1970. - 0
T = talus; S = scree; F = férest; Sm = sparse

meadow; Im = lush meadow.



A 'long axis" (AB - Fig. 3) was plotted for each hcﬁe

range on the line between the two most distant observa-

tion points. At right angles to this, a series of strips.

4

10 metres wide were

awn and the number of observatrons 
cccurring within each S ‘ counted and expressed as‘a
percentage of the total. This was also done for the
"short axis' (CD). These data, plottedfseasonally, are.

shown in Fig. 3 for the ten animdls referred to earlier.'

In order to make ‘statistical comparisons, the heights of

the. talIvst peaks on each axis were tabulated and compared -

% = /. 3
seasonally with respect to sex. The results for all ani-
mals on Area I in l970‘are shown in Table 3. Using a

Wilcoxon's signed-ranks test it was found that peaks were

higher, indicating greater clustering of obs@rvations, in

( - . : .
late summer than in early summer. The difference was sig-

nlflcant for both males and females (P < 0. Ol) Males

. were then compared w1th females in the early and late sum—

"mer, and no 51gn1£1cant dlfferenceS»were‘fOUnd.
THese‘results indicate that both rales and females
tend to utilize thelr home ranges more evenly in early
summey and tend to use particular areas more intensively
during late summer. This ‘is prcbably caused by aﬁimals
constructing haypiles in late sumﬁer producing;increased
activity-at a haypile site. . However, such thiaqs as pa-

troIllng home range: boundaries 'in the breedlng season

could also account for these dlfferences.

.c)'
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Table 3. ‘Intensity of use of home ranges on Area I in 1970.

%o

Pika Eéfly summer Late sumner

Long axis

Short axis

G . . . v ' :
~Percent of observations in highest peak along gach axis

Early summer Late summer

RY

YR
" RG
GG
RR

'BY -
GW

YK

‘KB
KK
GY

KW

RW

28

28
21

24
39
26

66 ...
33

21
22
19
36
19

35 ?

70 ~

52
29
43
45
33
42
61

36

48
23
24
24

33

[d

' Maleé

Females

44
38
37

.35
34

30
41

2

46
61

21
41

27
50

63

61
43

51

55
41

28
38

62
74

27

44

29 .

54

40
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As noted later, males have’larqer home ranges
in early summer than in late summer. Hence _this mlght
cause the dlfferences 1n 1ntensrty df use just shown.
Although thls must be true in- part females dld not
show fany seasonal dlfferences in 51ze of home ranges,

. yet\ald show a srgnlflcant difference'in their Use of

home ranges. Thus it is likely that use intensity dif-

ferences shown for males are not- depenﬁ,it'ﬂnly orr dif-

_ferences in home range size.

oS . ) F

‘Size of Hom:: Range

With 1inc 2asing amounts of data the calculated

_'i

size of home ranges increases until a level is reached

after Wthh further observatlons do not cau - a corres-—

ponding increase. The standard~method for:estimating o

home range size'is, thererore; to plot size against the
cumulative~numbers of observations or trappings:etc,,a
and when the curve reaches an asymptote the‘actual hone
range is assumed to be represertedt(eg. Stickel 1954;
~Odum and'Kuenzler 1955, Weeden'1965; Ables 1969J‘ |

- Stoddart 1970).

&

In this study, area, as measured by number of
squares occupied'did not:produce a cdrve'from which any
reasonable estimate cquld-be made. Instead when the

dimenSions of the home range (leng . piu5vbrea§th) were

plotted with increasing-:obserfvations, the curves for

~

41 -



some anlmalshdld reach an asvmptote;(Figs.VS and 6).
Even in these cases a high number of observatlons was
requlred for any particular time perlod: In order to
ebtimate the level of the final asymptote when suffi- . a%?
cient observations were not avallable; Stender and Falls '3¥?

(1959) developed a method using the slope of the initial
#

part of the curve to derlve an estimate of territory %%aﬁ
‘ , ‘ S

7

in ov:r birds (Seiurus aurocapillus). But‘the initial_'/_'
vd‘""\ / ; ‘;/

slopes of the curves produced from plka ranges appe ;

I B,

unrelated to the flnal asymptote, and. this was pro&a 13

because the observations were not suff1c1ently gﬂdepen—

dent of each other. -However, lf the level at Wthh the
home: range remains constant for three consecutive points

on the graph is taken as an iadex of home range‘size,

a constant;relationship is found with the final asymp-

tote. Thisnindex will be referred to as the:'sub—asymptote'
and its relationship to "the final asymptote (asing animals
kin'Figs._S and 6) 1is shownvin Fig. l. . |
. - ) AN

Although the data are too few in number (and are

inot normally disttibuted) for statistical analysis they
suggest that this 1ndex is very nearly the same as the
final asymptotetfor females but is- deflnltely lower for‘
.male pikas. Thls may indicate that male pikas are more

likely to make exploratory excursions than females. All

‘home range sizes used in analysis are sub-asymptotic levels.
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Subasymptote (m)

Fig.
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] : _ & : . , R
100 oo 200 ' , 300 -

Asymptote ' (m)

N

Relationship between sub- asymptotes and asymptotes

of home ranges of . flve males and four females shown'

in Figs. 5 and 6.

A Males.
© ' Females.



Seasonal Variation

Sizes of home ranges of all adul%s on Area I in
1970 are shown in Table 4. 1In this table, figures in
brackets are home range sizes below the sub-asymptote;
they are included onf§ for comparative inspection and
were not used in etetistical calculations. Where suf-
ficient data are evgilable, an estimate for each month
ie given -- otherﬁgse months.are combined as early or
’late summer. Where estimates are made for both months
1n ‘one season the flnal flgure is glven by the averagemof
the ;wo months.- Seesonal changes in home range size were
examined ;sing a’Wilcoxon signed-ranks test. This meant

that only’ animals for which there were figures for both’

seasons were %¥ncluded in the analysis.
N e ‘ o

'

In males, home ranges were 51gn1f1cantlv larger

<

o in early than in late summer (p < 0.025). This decrease

© . in size w1th the progres51on of summer appears to be-a
B Ih

gradual shrlnkage rather than a rapld switch since the
.August-Septemher f}gures_are alsb 51gn1flgantly lower than
‘those in july'(? <€6.05). Unfortunately'sample sizes were
:_too small to make«comparlsons between May and June, and

June and July.

~

This. change in size of home range correlates with
.‘f, -

i

the change in usg of habitat described earlier, which

suggests that expansion of home ranges in early summer is

46



Table 4. Home range sizes of all adult pikas on Arca |

during the summer of 1970.

Ranages are measuroed

in metres (length + breadth) and are 'sub-

asymptotes.'

1

~

Early Late

Pika May June Summer July Aug-Sept Summer
' Males

YR - - 145 - - 140
BY - - 192 - - 164
RG 116 149 132 - 108 96 : 102
RR - -4 1100 98 84 91
‘RY 155 87 .. . 121 67 - 67
YK - = 165 - 87 81 ' 84.
GG 122 - 122 149 124 136
GW - - 132 - - ) 124
NK - - (>181) 151 - 151
NN - - (%123) - - - 109
W - - (>110) . - 116
Yw o - s (>236) 251 245 248
' Females ' ’ :

BB - .- (>189) - - 150
GB - - (>136) 107 71 89
GK - - ( >83) - - (>125)
GY - 205 205, £ - - 219
KB - - 139 E%‘wb~ - 154
KG - - - - - 273
KK - 111 - & 134
KW - - 112 - - 154
KY f - = - - 93
RB® - - 129 - - 112

RK - = - - - N
RW - - g9 83 74 78

WB - - i -

- (>191)




accomplished by the inclusion of larger areas of talus.\

In female. there was no significant change in the
home .range size from season to season. Although the sam-
ple sizes are small, it is clear that there are no sea-

sanal trends.

‘Sizes of home ranges were compared between males

and females during both seasons using‘paired and non

paired non-parametric statistical tests. No significant

- differences were found although males appeared to have

generally larger home ranges than females'in-early summexr

when adjacent'males and females were conSidered. It is

N oo
a [N . . e

Cance .. K R T, v i o b

Regional Variation

Apart from the seasonal variation in size of home
— .

~ranges and a general varlablllty between individuals there

oy ":,;"J Q d
appeared. to be marked reglonal differences }n hoﬁe ran&%

51ze within and between study areas. This was apparent on

Area I where anlmals on the upper section of the- sllde

(above grld line 'H' ) had large home ranges whlle those

-on the lower sectlon (below grid line 'H' ) had smaller
‘ranges (Table 5). This difference was 51gn1f1cant among

'-males (p = 0. 005 - Mann Whitney U test), but not among

48
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Table 5. Comparison of home range siies from upper and

s lower sections of Area I.

’

'Sub—aSymptotes - measured in metres

Lower section

Upper section

Males Females

Males Females
116 89 248 150
1109 151 151 219
124 134 164 273
136 154 .
84 93 7
67 112
91 78 >
102 ' R

140
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, )
females; probably due tgﬂsmall sample size.

Associat=d with this.were two other variables
which could be important in erplaining the difference.
(1) The density of 1nd1v1duals was lower on the upper
section of talus (2) The amount of food avallable, as
indicated by the standlng crop of herbaceous vegetation,

seemed to be much~lower on the upper section of talus.

These aspects were examined in more detail.

el
&

Centres of act1v1ty were calculated for all adult

.

animals on Area I durlng late summer 1970, using the
method descrlbed by Hayne (l949) The distance from the
centre of act1v1ty of one’ anlmal to the centre of acti-
vity of its nearest nelghbour of the same sex was taken

as an index of relatlvevden51ty.' These indices for all
adults on Area I are shown lnﬂTable 6. Indices for males,

on the upper séctioﬁ oﬁ~talus were significantly higher

than. those on the. lower sectlon (P < 0.005 - Mann Whltney

[y

U test).. This was also true for remales

v

a Q ‘[ IR E "\;‘C.‘; b
In order to evaluate the relative-amo&hts

I

St

~available in dlfferent areas, all observatlonsiff
and haying behav1our made durlng July - September 1970

were plotted on.a map of Area I (Flg. 8). From»these ob~=

servations, ten feeding areas were chosen; five from t&d

‘upper section:of slide and flve from the lower (Fig. 8)

i

Feeding areas were sampled by clipping all ground vegeta-



Table -~. Cbmparison of densities from upper and lower

sectlons of Area I.

Distance to nearest neighbour (metres) of same sex

Lower section

.,

Upper section

Males Females \\/Males Females
32 14 105 93
32 14 105 93
42 35 188 85.
45 44 128 85
45 20 92°
14 20

14 52
56 52

.68 .

51
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Fig.

e
i
[

Observations of feeding and haying behaviour

~on Area I from July to September 1970. Closed

circles - observations of pikas feeding;

-arroﬁs\j movements of pikas carrying vegeta-

tionj; fﬁ: V feeding areas on lower section
of slide; VI - X feeding areas on upper sec-
tion of slide. S

Wby
by Ty
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tion (exclud: g mosses and lichens) from five ;>ig:square

. 1 .
metre plots on each feeding area. However, one s?ec1es,
juniper (Juniperus), was excluded since it was ex%remely

widespread and abundant but was almost neverrused,by (
pikas (Millar 1971). Beceuse of the nature of the terf
rain (often only clumps of vegetation between broken tocks);
plots were subjectively chosen within these feeding areas

so that only the densest patches of vegetation were sampled.
Hence the weights are ﬁaxima rather than,random semples.
These results are shown in Table 7. The mean weights from
the upper section of the slide were significantiy smaller‘“

than from the lower section t§§< 0.001 - £t test).

These reeults have to be viewed with caution since
they do not show ah? cauEeeand effect relationshib‘ How-
ever, they suggest two principles which could be 1mportant
in the dlSper51on »f pikas. (l) Size of home thge appears
related to den51ty, suggestlng the use of space tends to be
“exclu51ve between 1nd1v1duals of the same sex. (2) Size of

home tangevand, therefore density, appedrs related to the

relative abundanc: of an accessible source ot 00d.



e

13.8 -

Table 7. Comparison of weights of vegetation from
' upper and lower sections of Area I
‘Feeding " Dry wgt. (grams) of vegetation on -
area ‘ '1/10 sg. metre plot Mean
Lower ségtfbn
I - 34.5 33.8 .32.2  53.1 37.0 38.12
II 29.1 ‘34.5 40.3 57.0 23.5 36.88
111 35.5  35.8  40.1  36.3 29.1 _ 35.36
1V 8.0 27.8 14.1 32.6  28.5 22.20 -
v 10.6 1.5 74.1 82.9 7.0 35.22
Upper section.
VI 6.8 9.1 ~ 14.2  10.0 8.3 9.68
VIZ 13.2 9.4  14.0 ~ 13.9 8.9 11.88 "
LVIII 5.2 15.2 9.3 5.0 4.3 7.80
Ix’ ¢5.3  12.3 6.5 3.4 5.3 6.56
X 23.0 24.1 - 9.5 4.3 - 15.06
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SPATIAL. ORGANISATION OF ADULTS

This section deals with-dispefsioh of adult r 3
N « | .

and with the social factors which appear to give r’'~= 0

it; the movement and settlement of juveniles being consi-

'dered later.

-« Although the spatiai drganisat%gn should be con-
sidered as an interrelated system with variétions'invone

aspect‘causing‘compensatory changeé in other aspects, it

is dealt with here in‘phrée separate'subsch'ons: (1)
male -‘female.spacing,i‘(2) male - male spacing, '(3) fe-
male - female spaéing; :Only.data from Area‘I during 1970

and 1971 are used in this analysis. .
: . . . S N

Male - Female Spacing

At birth the sex ratio in pikas was found hﬁ

Millar (1971) to be almost 1l:1. On Area I the sex ratio

6f adults is shown in‘Taplé 8. While none of these, fi-~-

gures differed significantly from a 1:1 sex ratio (using

R o . L '
Chi-square analysis), there was a slight bias in favour

'ofimalés,'eSpecially during 1971.

»

When centres of activity of adults were plotted
‘ P
(Rig. 9), there appeared to be a clcse assoclation betwgen

56



Table 8. Number of adults by sex on Area I, 1969 — 1972

\ : Males Females
1969 Early summer 12 | 11
Late summer - _ 10 10
1970 . Farly summer 14 1
Late summer 14 1z
J .
v l97l - Early summer 19 £ 13
- Late .summer - A 17 : 10
/ i .
, . 5 , o
1972 Early summer - .13 , 9
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" 'Fig. 9. Calculated centres of activity for adult
pikas on Area I, July - September 1970
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maies;and females; With few exeeptioné‘adults seemed to
‘occur in palrs; When home ranges wete piotted for in-
dividual pairs this association was even more striking.
An exanple is snown in Fig. 10, where the female's bome
 range Varied‘little seasonally. ‘During the late summer
;both1animals appeared to have'almoet exactly the same
outer limits to taeir home' ranges, however there were
areas used,exclusively by each.

Another pair is shown in Fig. 11 where the home
ranges were almost entirely separate, perhaps indicating
little association unless one refers back to Fig. 9 and
considers the centers of activity relative to.the other
menbers of the‘popnlation. | This sepafation‘was more

noticeable at low than at high densities.
2

These same principles are illustrated inJFig. 12
but with a eiight variation. Here'two pairs of animals
(BY:BB, and GY:YW) showed a clear boundary between palrs,
espec1ally along the edge of the rock- sllde, and yet 1n

‘both pairs, the male% and females used different areas
‘ I

mos't intensiveiyf_ Tnis situation was further complicated

by a third female (KG) which seemed to be‘nnpaired, al-

though YW extended his home range xlght fcross ‘hers. In

thlS 51tuatlon there was Stlll % clearmbbundary between
£ g
the two adjaéent females, 1nd1cat1ng that females may

maintain their own boundarles 1rreSpect1veqof‘ma1es. In”

60
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Fig. 12. Home ranges of five pikas during summer
" on Area I in 1970.

I\
Il

‘Number of observations: BY
223, BB = 108, GY = 206, KG

267, YW
202.

) ©
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general, however, paired animals seemed to have similar
outer limits teltheir ranges. This particular situation
could be explalnedjin two ways: (1) that there was ori-
ginally'another‘pair-present, the male’of which died
leaving female KG,and YW's range extension merely ex-
nloited this vaeancv- (2) that YW in fact had an excep-
.tlonally large home range which was of suff1c1ent size to
include two females. ’ThlS latter explanatlon apéeared to
be more likely since the 51tuatlon remalned largely un-
altered ingthree years, exdept KG replaced a femile losﬁ

in 1969 (trap mortality), and a male was present near KG

in the spring of 1971 but failed to survive the summer.

Since zhere was much variation in spatial relation-

ships among adults it is,diffrgﬁlt to extrapolate general .
-0w'w

_pr1nc1ples from selected examplqsf

Therefore, the whole
S adult population on Area I for l9 O and l97l was analysed
‘with respect to overlap between h@§$_ranges of males and

females. . N

“;,éﬁ}}/l.' _
These results are shown in Tagles 9 and 10. Over-'

lap is expressed as a»percentage of'31 male's home range
overlapped by all other males,_and;thlsﬂls based on the
total number of 5 X 5 metré squares in a female's home
range and the number shared with each male. Clearly no

home range of one male can overlap a female's home range

more than 100 percent, but including all males, a female's

65
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8}

Matrix =

overlap s

'ing relative amounts of home ran

ween individual males and female

ge
s

29

®

on srea 7 1970.
Male Pe 1t of" female's home range over-
lapped by male
Early summér'
R” KB KY RB KK GB KW RW GK KG ~GY BB WB
RY 86 47 4 3 - - - -
RR- 24 33 27 6 - - - - - - - - -
WN - - 42 3 - - - - - - - - -
GW - 11 23 10 4 - - - - - - - -
RG 21 25 - 55 16 2 - - - - - - -
GG - - - - 71 32 - - - - - - -
YK - - - 7 44 68 6 - - - - - -
NN - - - - = - 19 - - - - - ~
YR - - - - - 25 38 - - - - -
BR - - .- = = - - - 25 - -  _
YW - - - - - - - - - - 10 4 -
BY ~ - - - - - - - - - - 48 -
RN e e
NK e
Total squares occupiedlby female o o
29 57 26 87 45 50 36 24 12 * 41 25 *
Late summer
RK KB KY RB KK GB KW RW GK KG GY BB WB
RY 62 44 3 - - - - - - - - - -
RR 14 35 3 3 - - - - - - - - -
WN 10 9 55 - - - - - - - - - -
GwW - - 9 13 - - - - - - - - -
RG - 2 - 51 - - - - - - - - -
GG - - - - 71 27 - - - - - - -
YK - - - - -39 69 2 - - - - - -
NN - - - - - 12 19 - - - - - =
YR - - - - - - 31 24 - - - - -
BR - - - - - - - - 7 4 4 - .
YW - - - - = - - - - 5 12 - -
BY - - - - = - - - - - 1 43 -
RN - - - - - - - - - - - - =2
NK - - - - - - B - L2 23
Total squares Océupied'by female v
45 3467 31 65 54 38 27 108 84 42 66

% & :
Insufficié%t data.
Ay o

oF
o

z

? animal disappeared from
population
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Table 10. Matrix showing relative amounts of home range

i . . .
oveﬁ&ap between individual males and females
)t'::, :

%ﬁiirea I, 1971

oy
!

Percent of female's home range over-

Males lapped by males

Early summer

RK KB KY RB KW RW NN KG GY NG BB YY WB

YB1L 63 3& - - - . . =

RY 95 33 - 4 - - - - = - - - =
RR 21 79 - 4 ‘

WN - - 52 - _ , .

GWw, =~ 3 15 13 4 - - - = - - - -
RGgw - 3 4 65 - - - - - .- = - -
B - 15 446 - - - - - - - = -

GG - - - 1 - = = == == ==
YK - - - - 42 12 - - = =5 - = =
¥YB - - - -2 = - = .= e =
¥R - 3 - 13 19 44 - - - - - - -
BR - - - - - 9 5 - = - - = -
WK - - - - - - = =13 - = - -
YW - - - - - - =12 13 1 - - 4
BY - - - - - - - - = - 65 17 -
Wi - - .. - - - - = = - .= 8 26 4
NK - - - - - - - - === =22
YN e

WW1l - - - - 2 - - = - - - - -
Total squares occupied by female

19 33 27 78 52 34 19 25 47 9 26 30 23

 (continﬁed)



Table

10, continued.

B : s

Males

Percent of female's home ‘range over-

lapped by males

YB1
RY
RR
WN
GW -
RG -
BW1.
GG -
YK

‘¥B

-~ ¥R
'BR

WE
YW

BY
WY

NK

YN
WW1

- - lO - —_ - - - - -

!
1
|
1
1
P
!
!
|
I

—_ — — 33 — — -— - - -—
- - 3 36 - = ,- 1 - -
-— - - 6 - — - - . -

- - - - - - A - 5 -
— —-— -— — — — "/ — — — -

"Tbtal squares occupied by female

? 2 29 33 34 33 39 1720 2

18

I oo | I

35

I wo |

32

'> . . ; : . )
"Animal disappeared from population

-
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home range may be overlapped by a factor greater than 100

percent.

/ Thesé figuré;, besides showing general trenéé,
also point out interesting details and variations among
_individual‘animais. For example, in 1970, RG by'expan—
sion of his home‘range in early summer was able to over- - -
lap the ranges of three other females besides his 'mate’

(RB); by late summer,hoﬁever.he only over;apped.one other.
Conversély GW appeafed to be_én ﬁnpairéd maie~sincé) al-
though his héﬁé-nange did ‘overlap other females, none‘oﬁ
them wefé sﬁiéngly associated with,him;; In 197lvthe'pr§4
portion ofvmales Was much higher relative to the females
and more bf tﬁese males appeared ﬁo be unpaired -- exémples

were WW1l, YN, YBI1, and GW. Others were left‘single because

" of the death of the female they were paired with previous-

ly. GG illustrated this situation in 1971 as did YK, ex-
cept that the latter managed to temporarily pair with a

neighbouring: female (KW) whd’had lost her mate.

An examination of these data shows three major

trends in the use of space between males and females.

1. -There is a much greater degree of overlap
betWeén males. and females in'early compared with -late
summer. This can be clearly seen in the tables. Using

a‘Wilcoxoh's~signed ranks'test, the percentage of over-

lap was found to be stafistically,greater;fn*

PR

Gl ]
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paired,

left to right for females and top to bottom for males. It

70

P = 0.001 for 1970, and P ~ 0.005 for 1971. This 1s 1n
part a reflection of larger sizes of home ranges in males

early in the season.

}\2. If the above relationship is examined using
‘males and females-only, there is also 'a significant

: y /‘») . . .
decrease in’ the amount ©of- 'space shared in late summer when

compared with early summer} animals which could not be

-associated with one male or female were not used in the

¢

calculations. Usinq a Wilcoxon's signed ranks test the

overlap was 51gn1f1cantly greater in the early summer com—'
pared w1th the late summer.(P < 0.05 for l970 and P < 0.005

’

for 1971).

3. In Tables 9,and 10, animals are plotted in an

order of approximately'decreasing-density (ie;’from the

~bottom of the slide to the top)|; density decreasing from

~ then becomes clea\ that with increasing den51ty the amount

of overlap by malcs increases also. This 51tuatlon mlght

" be expected where nerghbourlng males contrlbute to a 1ot of

- . the overlap but not necessarlly when members of palrs only

are con81dered To examlne\thls statlstﬁcally an index of

relatlve den31ty was correlated w1th the amount of overlap.

Thls 1ndex was the dlstance from one female _to the nearest

v

3 :
female nelghbour, agalnst Wthh was correlated (a& the per-

. centage overlap. by all males, and (b) by the palred male-

l

e IS

only. The .results are shown graphlcally in- Flg. 13 ' Only
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data. from late summer was used since this was when there
was least overlap and when  the effect of large home ranges
of males was minimal. Using,épearmah's rank correlation
it was found that there was a significant correlation in
1970 for all males, and palred males only.. There were no
51gnlﬁicant correlatlons in 1971, but when the data for

the two years were pooled ‘the correlatlon was again sig-
. N ' s / o
nificant. ) o -/ e
, ‘ L
The correlation coefficients and levels of signi-

ficance for these analyses are shown. in Table 11. The
reason fpr the lack of correlation in 1971 is probably due

to. the sex ratio being skewed in favour of males, meaning

e r.

that the dfstahceéto_the nearest female gave a poor index
of density for that year; also several of the paired females

had died by that time and had,not been replaced.

Sy | ' - A
’ LN Lo . .

ﬁ In summary, plkaS appear to have a spatial orgapi-

satlon whlch disperses the adults in pairs. These pal;s ' o
malntaln,relatlvely exclusive home rangeS'w1th respect te
lneighbeuring ahimale.“ During theLBEEeding’season,.adult
' males have avgxeaterjpropensity"to intrude ihto neilghbour-
iné;rangee, andfas ﬁ”rESﬁlt females may come into contact
ﬁ)th more males durlng the breedlng season than at other
times of ‘the year.‘}There 1e a'tehdency for males and fe-

males to use séparate parts of a mutually sharedtrange)
}“ .

[
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and this become$ more pronounced later in the snmmor and
also at lower densitics. This suggests that at higher
densities’ they are forced to share space more than at

lower densities. It appears that the@e may be a separate
class of unpaired males, but this was not true for females.
Variations'fromﬁthis general.pattern, described earlier,
‘,suggeSt that the system can be modified rf the'circumstances

s

(such as mortality) permit.

-Male - Male Spacing ' , - . -

~

‘ There were fourteen malea@on Area' I during 1970

but by sprlng 1971 the numbtr had risen to nlneteen. " The
amount of OVerlap between these animals is shown in Tables
12 and 13; The matrices (set out,for~seasonal comparison)
.reflect a decrease in density from left to righthand top¥

to bottom. These data show-the following~trends. (l)h

There appearsrto be. a steady decrease in the area of pver-

~ .

lap W;th decreaglng den51ty. , (2)  The amount of overlap
both in actual and percentage of area appears to be hlaher
in 1971 than in 1970 - (3) There is clearly 4 greater
amount of overlap in early summer) as compared with iate

i summer. These three trends were examined statéstioally.in
further;detail. ‘ ‘ : ‘ : \

Using the distance to the nearest male as an in-

dex of ‘density, the percentage overlap. of each male's home

74



Table

12. Matrix showing relative amounts of overlap

between home ranges of individual

Area. I, 1970.

3
LI
1

/

males. on

+_ - . ‘
Insufflc1ent

%

Percent of home range\overlapéed byf?;her
males : <5
Early summer
RY RR WN GW RG GG YK NN YR BR YW BY RN NK
Ry  *% 23 - -7 - - - - - - - - -
RR 25 ** 46 - 19 - - - - - - - - ~
WN - 21 %% 5 3 - - - - - - - - - -
GW - - g ** 3 1 - - - - - = - -
" RG 15 39 11 8 ** 19 15 - - - - e - - -
GG - ~ - 3 12 ** 29 - - - - = -~ -
YK - - - -. 13 39 *=% 2 - - - NI =
NN - - - - - - 1 8 - - - - -
YR - - - - - = 10 ** - - - %
BR. - = - -— - - —_ - — * % - - - -
YW - ~ - - - - - - - - k% - - =
BY e e R 5
RN - - - - - 2 - - - - - 2 k% -
NK — -~ - - - = - - - - - - - k%
Total squares occupied by male &‘ )
52 57 26 39 113 74 99 41 52 33 34 62 .+ 20
Late summer
~RY RR WN GW RG GG YK NN YR BR YW BY RN NK
RY ** 10 17 2 - - - - - - N - - - -
" RR 14 *x=* 2 - 6 - = - - - - - T -
WN 19 2 k% 2 - - - z - - - - - -
GW - - 2 %% 10 2 -0 - - - - —‘\ - -
RG =~ - 8 - 15 %% 2 - = - - - - - -
GG - = - 2 2 *% 3] - - - - - - -
- YK - - - -~ - 26 *=* S - - - - - -
NN - - - - - - 10 .** 3 - - - - -
YR - - - - - - - .2 Fx T - - - - -
BR = = - = - - - = kX - o
YW'E]W; - - - - . - - - - * * - — -
BY —_ - - - —- —- - - - * % - &
. RN" = - - - - - - - - - Kk -
. I 'Total squares oc 4 ‘
oo - (o
v 36 48 . 40~«£?T 53 35 ‘64 96
e Jﬁg
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range Was plotted against this index (Fig. 14). ‘This' was

done. using datayfrom 1970 and 1971 taken during late'sum—

mer when overlap was minimal. - Spearman s rank correlations

were found to be significant in each year'and combined
years (Table ld) _ Thlsilndlcates,that with increasing .
density home ranges become less and less exclusive{ how-
ever no anlmals'were'omerlapped morefthan 100 percent
indicating that in late‘summer, all animals were ableAto
maintain at least part of their home range for therr ex-
clu51ve ‘use (with respect to other males) . Srnce/there
is- this difference 1?,overlap with den51ty on wouldvex—
pect a greater amount of overlap 1n 1971 than 1970, the
pop&%atlon of males belng higher in 1971. ‘ Indeed uslng
a Mann-Whitney U test a 51gn1f1cant dlfference was found

in the amount of overlap between males in early summer

(P < 0.025), but not durlng late summer. The lack of 51g—

. nlflcance for late summer is- probably due to a small

sample size 51nce examlnatlon .of Flg \dd shows that the

animals w1th the four hlghest amounts of overlap are all

L

from l97l. Addltlonally, the two aulmals Qn the extreme

-rlght of the graph w1th ‘the overlap of 77. and 86 percent

were both yearlln? unpalred males born in 1970

o A

! Seasonal 1fferences 'in the degree of home range

overlap were sig ificant also. Home ranges of males over—

ETL

'"lapped 51gn1f1cantly ‘more in early summer than late summer
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Fig. 14. .

S
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Home range overlap(percent)

Scattergram showing relatlonshlp between overlap
of male home ranges: and density.
Area- I.

e Data for 1970

© Data for 1971

Late summer on
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(1970, P < 0.005; 1971, P = 0.0l - Wilcoxon's signed
ranks test)..-These differences corresponded with the
larger size of home ranges of males in early summer.
One interesting feature here is that there were fouf
males‘which did notishpw a decrease in home range over-
lap later in the summer, and of these four, three were
uﬁpaired yearling males. ‘Tﬁis suggesté that unpaired
males might show différent seagonal changes in . use of

space than do paired males.

Among mature paired males relative dominance
between animals may be reflected in their home range . i
| characteristics. ' This is illuétrated in Fi%s: 15 and \
16. Home ranges of five édjacent malés on Area I iﬂ 'i
late summeﬁﬁéuékshOWn in Fig. 15 and overlap was general-
ly small;ié{ﬁﬁaugh in one case quité large (YK v GG).
The‘situa£iQ§£%n;éarly summer (Fig. 16) showed a much larger .

~amount of overlap. fHowever examination of the ranges showed

:il the‘overlap was a result of range extensions
P A : S _
by thréébof the males - RY, RG, and YK. These three not
'only overlapped their ngighbours coméletely but maintained
larger exclusive areas tﬂan RR Fnd GG; tﬁe latter.shoWed
almost no fange.ext@hsidﬂ. -Alllthesenanimalé were paired
vand all at least two years-of agé; Further, the samé pat-

_ . R o .
tern was apparent in 1969 thougfn the number of observations

are* fewer and GG and Rg were uﬁﬁaired at that time. This
sgggests.that if pikas are cohs%ﬁe:ed as being territorial,

. _ - E ‘ ;! : . ’ :
there may be relative dominance, among them, giving some
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