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ABSTRACT 

Three-phase equilibria, such as three-phase vapor-liquid-aqueous (VLA) equilibria and 

three-phase vapor-liquid-asphaltene (VLS) equilibria, can frequently appear in 

hydrocarbon reservoirs. In three-phase equilibrium calculations, one of the most prominent 

problems is caused by the lack of a prior knowledge of the phases that are actually present. 

Trivial computing results can frequently appear if the equilibrium calculations are 

improperly initialized. The presence of the aqueous phase or the asphaltene phase (which 

is nearly a pure phase in most cases) skews the topography of the free-energy surface, 

leading to that one of the stationary points may appear near the boundary of the Gibbs 

free-energy surface. This substantially increases the probability of encountering 

convergence problem in the three-phase equilibrium calculations. In this research, we aim 

to develop a suite of techniques to improve the robustness of the three-phase equilibrium 

calculation algorithms for the VLA and VLS equilibria. 

In most cases, the aqueous phase can be considered as a pure water phase (the so-called 

“free-water assumption”). With this assumption, we first develop a robust and efficient 

algorithm used for conducting isothermal three-phase equilibrium calculations which can 

consider single-phase, two-phase, and three-phase VLA equilibria. Subsequently, we 

develop a three-phase free-water isenthalpic equilibrium calculation algorithm by 

combining the newly developed VLA algorithm with the energy conservation equation 

which is used to convert enthalpy to temperature. This three-phase free-water isenthalpic 

equilibrium calculation algorithm can be applied to reservoirs undergoing thermal 

enhanced oil recovery treatments (in which temperature dramatically changes and is 

difficult to be known beforehand). A number of example calculations are carried out to 
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demonstrate the performance of these two algorithms. Testing results prove that the newly 

developed algorithms are robust and effective. For some reservoir mixtures (e.g., a 

mixture containing CO2 or H2S), the free-water assumption may not be valid since the 

aqueous phase can contain a significant amount of other species; to accurately capture the 

three-phase equilibria for such mixtures, we develop a new initialization scheme as well as 

a new procedure to improve the robustness of the three-phase isothermal equilibrium 

calculation algorithm. To test the robustness of this algorithm, it is applied to several fluid 

mixtures to generate pressure-temperature (P-T) phase diagrams, showing that the newly 

developed algorithm is both robust and efficient. 

Moreover, we further develop a three-phase VLS isothermal equilibrium calculation 

algorithm by applying the asphaltene-precipitation model proposed by Nghiem et al. 

(1993). In their model, they assume that the asphaltenes form a pure phase; this 

assumption is similar to the free-water assumption. This three-phase VLS isothermal 

equilibrium calculation algorithm aims to model the CO2 flooding in light oil reservoirs. 

New initialization methods of equilibrium ratios are provided in this algorithm for both 

stability test and flash calculation. To test the performance of this algorithm, it is run to 

generate pressure-composition (P-X) phase diagrams for several reservoir fluids. The new 

algorithm is shown to be robust as it can always converge to the correct phase 

equilibrium for all the tested cases. Afterwards, by applying the three-phase VLS 

equilibrium calculation algorithm, we develop a multiple-mixing-cell (MMC) method to 

predict the minimum miscibility pressure (MMP) with the consideration of 

asphaltene-precipitation effect. Example calculations are carried out to predict MMPs 

between reservoir fluid and pure or impure CO2. The MMPs predicted by our algorithm 
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and those predicted by the MMC algorithm without considering asphaltene-precipitation 

effect are both compared with the MMPs measured by slim tube experiments. The 

comparison results show that the MMPs predicted by our algorithm agree reasonably well 

with the measured MMPs.  
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PREFACE 

A version of Chapter 2 has been published as Li, R. and Li, H.A. (2018), New two-phase 

and three-phase Rachford-Rice algorithms based on free-water assumption, The 
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theoretical development, simulation results, analysis, and manuscript composition. Li, 

H.A. is the supervisory author and gets involved in the concept formation, theoretical 

development, analysis and manuscript composition. 
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CHAPTER 1 INTRODUCTION 

1.1 Research Background 

Most of compositional simulators only conduct two-phase vapor-liquid (VL) equilibrium 

calculations since this type of equilibria is most common in hydrocarbon reservoirs. 

However, three-phase equilibria can frequently appear as well. The most possible third 

phase is an aqueous phase which comes from either the aquifer or the water injected for oil 

recovery purposes. Moreover, the appearance of the asphaltene is also common during gas 

injection process in light oil reservoirs. When the third phase appears, a compositional 

simulator which can consider the three-phase equilibria is required in order to have a 

precise capture of the actual multiphase flow in such reservoirs (Lapene et al. 2010; 

Mortezazadeh and Rasaeiuse 2017). However, there is still a lack of robust three-phase 

equilibrium calculation algorithms. Many technical problems need to be resolved in order 

to develop robust three-phase equilibrium calculation algorithms. 

The primary problem in three-phase equilibrium calculations is the lack of a prior 

knowledge of the number of the present phases. Three-phase equilibrium calculations are 

much more complex than two-phase equilibrium calculations. Figure 1-1 illustrates the 

schematic of the possible phase equilibria in a three-phase vapor-liquid-aqueous (VLA) or 

vapor-liquid-solid (VLS) equilibrium calculation. Five kinds of possible phase equilibria 

should be considered in three-phase equilibrium calculations, while only single-phase and 

two-phase equilibria need to be considered in two-phase equilibrium calculations. Since 

we do not know the phases which will be actually present prior to conducting a phase 

equilibrium calculation, more possible types of phase equilibria which can appear will 
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substantially increase the difficulty of conducting three-phase equilibrium calculations. 

 

Figure 1-1 Schematic of the possible phase equilibria in a three-phase VLA or VLS 

equilibrium calculations. 

 

Due to the unknown number of the present phases, three-phase equilibrium calculations 

are suggested to be conducted with a stage-wise manner (Michelsen 1982b). Phase 

stability tests are adopted to determine whether the tested mixture is stable or will split into 

two or more phases by detecting the negative stationary point(s) on the tangent plane 

distance (TPD) function (Michelsen 1982a), while flash calculations are performed at the 

given number of phases to calculate the phase fractions and phase compositions 

(Michelsen 1982b). Two stage-wise approaches are extensively applied. One is first to 

perform the stability test. If the tested phase is unstable, the phase number needs to be 

increased and flash calculation is required (Michelsen 1982b). In this approach, multiple 

initial estimates are applied in both the stability test and flash calculation to ensure the 

robustness of the algorithm (Li and Firoozabadi 2012; Gorucu and Johns 2016), which, 

however, increases the computational load. Another approach to conducting multiphase 

equilibrium calculations is first to conduct the flash calculation with a pre-set number of 

the present phases. If any of the phases has a negative phase fraction, the flash calculation 

needs to be conducted with a decreased number of phases (Whitson and Michelsen 1989; 
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Leibovici and Neoschil 1995). This approach is more efficient since it does not require a 

stability test. However, it is difficult for one to provide good initial estimates of 

equilibrium ratios when the number of the present phases is three or more (Li and 

Firoozabadi 2012). 

Another problem in three-phase equilibrium calculation is the frequent appearance of 

convergence problems, even when the aforementioned stage-wise procedure is rigorously 

applied. One reason is that several stationary points may exist on the TPD surface in 

three-phase equilibrium calculations. Thus, in three-phase equilibrium calculations, there 

is a high possibility that the stability test fails to detect the negative stationary point(s), 

since the negative stationary point(s) may be hidden by the positive one(s). To increase the 

chance of finding the negative stationary point(s), stability test is required to be conducted 

with multiple sets of initial equilibrium ratios (Michelsen 1982a and Li and Firoozabadi 

2012). Different initialization methods of equilibrium ratios should be adopted for 

different types of fluids. For hydrocarbon fluids mixed with CO2, Li and Firoozabadi (2012) 

suggested that (c+4) initial estimates of equilibrium ratios should be applied for stability 

tests (where c represents the number of components). Connolly (2018) provided an 

approach to identify the aqueous-like stationary point. In this approach, the mole fraction 

of water in the trail phase is set as 99.9 mol%, while others equally share 0.1 mol%. 

However, this approach still does not perform well in identifying an aqueous-like 

stationary point in some cases. 

Moreover, when the third phase is nearly a pure substance, e.g., aqueous phase or 

asphaltene phase, additional difficulties will be brought to both the stability test and flash 

calculation. For stability tests, the conventional methods of initializing the equilibrium 
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ratios may fail to identify an aqueous-like or asphaltene-like stationary point on the TPD 

surface. For flash calculations, an aqueous-like or asphaltene-like composition should be 

applied to initialize a two-phase flash calculation in order to obtain a two-phase 

equilibrium containing an aqueous or asphaltene phase. Otherwise, if the aqueous or 

asphaltene phase appears in the actual phase equilibrium, the flash calculation may easily 

converge to a trivial phase equilibrium.  

In order to simplify multiphase flash calculations, Michelsen (1994) suggested that some 

phases can be considered as a pure substance. For aqueous phase, Tang and Saha (2003) 

proposed that it can be regarded as pure water phase, which is called the free-water 

assumption. Based on this assumption, Lapene et al. (2010) proposed a three-phase 

free-water flash algorithm using a modified Rachford-Rice (RR) equation they have 

developed. This algorithm replaces the three-phase flash calculation by a 

pseudo-two-phase flash calculation, which enhances the computational efficiency of the 

algorithm. For asphaltene phase, Nghiem et al. (1993) developed an efficient 

asphaltene-precipitation model. In their model, vapor and liquid phases are modeled using 

a cubic EOS, while the asphaltenes precipitated are regarded as a pure dense phase. 

Moreover, they assumed that the heaviest component in crude oil can be divided into a 

precipitating component and a non-precipitating component. These two components had 

identical critical properties and acentric factors, but different binary interaction parameters 

(BIPs) with the lighter components. A good agreement can be seen between the 

experimental results and the results yielded by this model with some parameters adjusted 

by the experimental data. 
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1.2 Problem Statement 

Some technical problems still exist in three-phase equilibrium calculations. When 

conducting three-phase equilibrium calculations without a prior knowledge of the present 

phases, we may easily end up with a trivial solution (corresponding to a phase 

equilibrium). This issue is more severe when one of the possible phases in a three-phase 

equilibrium calculation is nearly a pure substance. There is still a lack of robust and 

efficient three-phase VLA and VLS equilibrium calculation algorithms which can be 

reliably applied in compositional simulators. The main research problems to be addressed 

in this dissertation include the following: 

• Multiple stationary points may appear on the Gibbs free energy surface in a 

three-phase equilibrium calculation. When the possible three phases contain an 

aqueous phase or an asphaltene phase, one of the stationary points may appear near 

the boundary of the Gibbs free energy surface. This will lead to a high chance that 

the existing initialization methods of equilibrium ratios for stability tests fail to 

identify this kind of stationary points. This requires us to develop a new 

initialization approach which has a relatively high possibility of identifying all the 

stationary points on the Gibbs free-energy surface without obviously increasing the 

computational loads of stability tests in both three-phase VLA and VLS 

equilibrium calculations. 

• In three-phase equilibrium calculations, two-phase flash calculations may 

frequently converge to a trivial phase equilibrium when multiple stationary points 

appear on the Gibbs free energy surface. This is because the flash calculation may 

converge to a local minimum Gibbs free energy instead of the global minimum 
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Gibbs free energy. The results of a flash calculation heavily depend on how the 

equilibrium ratios are initialized. If one of the present phases is an aqueous phase or 

an asphaltene phase, improved initialization scheme of the equilibrium ratios used 

in flash calculations should be developed to ensure the robustness of the 

three-phase equilibrium calculation algorithm. We are still lacking a 

comprehensive and robust initialization scheme for the flash calculations in the 

three-phase VLA or VLS equilibrium calculations.  

• How to develop robust and efficient three-phase isothermal equilibrium calculation 

algorithms for the three-phase VLA and VLS equilibria by assuming that the 

aqueous phase or the asphaltene phase is a pure substance? New robust and 

efficient procedures for conducting the three-phase VLA and VLS equilibrium 

calculations need to be developed. 

• How to incorporate the three-phase free-water isothermal equilibrium calculation 

algorithm into an isenthalpic equilibrium calculation algorithm? In thermal oil 

recovery processes, an isenthalpic three-phase VLA equilibrium calculation 

algorithm, instead of an isothermal VLA equilibrium calculation algorithm, is 

preferred. 

• How to model the effect of asphaltene precipitation on the MMP of gas injection 

process by incorporating the three-phase VLS equilibrium calculation algorithm 

into the multiple-mixing-cell (MMC) method proposed by Ahmadi and Johns 

(2011)? Three VLS equilibrium calculation algorithm can be incorporated into the 

MMC method proposed by Ahmadi and Johns (2011) to study the effect of 
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asphaltene precipitation on the MMP of gas injection process as well as reveal the 

oil recovery mechanisms associated with such a process.  

1.3 Research Objectives  

The objective of this research is to develop more efficient and robust algorithms to 

simulate the three-phase VLA and VLS equilibria for reservoir fluids using the 

Peng-Robinson equation of state (PR EOS) (Peng and Robinson 1976). Short-term and 

long-term objectives are listed as follows: 

Short-term objectives: 

• Develop a three-phase isothermal equilibrium calculation algorithm where 

single-phase, two-phase, and three-phase VLA equilibria can be considered based 

on the free-water assumption for water/hydrocarbon mixtures; 

• Develop a three-phase isenthalpic equilibrium calculation algorithm which can 

handle single-phase, two-phase, and three-phase VLA equilibria based on the 

free-water assumption for water/hydrocarbon mixtures; 

• In cases where the free-water assumption does not hold, modify the conventional 

isothermal three-phase equilibrium calculation algorithm for water/hydrocarbon 

mixtures by applying a new initialization scheme to simultaneously ensure its 

robustness and enhance its computational efficiency; 

• Develop a three-phase VLS isothermal equilibrium calculation algorithm where 

single-phase, two-phase, and three-phase VLS equilibria can be considered by 

applying the asphaltene-precipitation model proposed by Nghiem et al. (1993) for 

the hydrocarbon/asphaltene mixtures; 
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• Develop a modified MMC method, which can be used to predict MMP under the 

influence of asphaltene-precipitation phenomenon, by implementing the newly 

developed three-phase VLS isothermal equilibrium calculation algorithm. 

Long-term objectives: 

• Apply the newly developed algorithms to reservoir and wellbore simulators to 

more accurately simulate multiphase flow inside reservoir and wellbore and gain a 

better understanding of the effect of the aqueous phase’s or asphaltene phase’s 

appearance on the multiphase flow. 

1.4 Thesis Structure 

There are seven chapters in this dissertation. In Chapter 1, we introduce the research 

background, problem statement, and major research objectives. Chapter 2 presents the 

development of the three-phase isothermal equilibrium calculation algorithm based on the 

free-water assumption for water/hydrocarbon mixtures. Chapter 3 depicts the algorithm 

developed to conduct the three-phase isenthalpic equilibrium calculation with the 

free-water assumption for water/hydrocarbon mixtures. In Chapter 4, we modify the 

conventional isothermal three-phase VLA equilibrium calculation algorithm with the 

adoption of a new initialization scheme for cases where the free-water assumption does not 

hold. Chapter 5 shows the development of the three-phase VLS isothermal equilibrium 

calculation algorithm by applying the asphaltene-precipitation model proposed by Nghiem 

et al. (1993). Chapter 6 presents the revised MMC method developed to predict MMP 

considering asphaltene-precipitation effect by implementing the newly developed 

three-phase VLS isothermal equilibrium calculation algorithm. Finally, Chapter 7 
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summarizes the conclusions of the present research and the recommendations for future 

work. 
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Abstract 

Based on the free-water assumption that the water-rich liquid phase contains only pure 

water, we develop two simple free-water Rachford-Rice methods: 1) a two-phase 

free-water Rachford-Rice method where the phase fractions can be analytically solved; and 

2) a three-phase free-water Rachford-Rice method where there is only one unknown in the 

objective function (i.e., the vapour-phase fraction) that is used for solving the phase 

fractions. Combining with these two Rachford-Rice methods, a new free-water flash 

algorithm is developed to perform multiphase flash calculations where single-phase 

equilibria, two-phase equilibria, and three-phase vapour-liquid-aqueous equilibria can be 

considered. In this free-water flash algorithm, we first test if the mixture is stable; if the 

mixture is found to be unstable, we directly initiate the three-phase free-water flash. A set 

of criteria is developed for one to properly switch from a three-phase free-water flash to 

either a two-phase free-water flash or a conventional two-phase flash, depending on 

whether a water-rich phase is present in the two-phase equilibrium. We also develop 

efficient and robust methods for initializing the equilibrium ratios for the two-phase flashes. 

The negative flash is allowed in the flash calculation algorithms. A number of example 

calculations are carried out to demonstrate the robustness of the newly developed 

algorithm. A good agreement can be achieved between the flash results obtained by the 

new flash algorithm and those obtained by the conventional full three-phase flash 

algorithm. 

Keywords  

Free-water flash, Two-phase equilibrium, Three-phase equilibrium, Negative flash, 

Optimization algorithm 
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2.1 Introduction 

Multiphase equilibria are frequently encountered in oil/gas reservoirs where various 

hydrocarbon recovery processes take place. As a type of multiphase equilibria, a 

three-phase vapour-liquid-aqueous equilibrium can readily occur when the reservoir fluid 

contains water. To show the importance of the three-phase equilibrium, steam assisted 

gravity drainage (SAGD) process and solvent-assisted SAGD (SA-SAGD) process can be 

taken as examples. SAGD is one of the most successful methods for in-situ bitumen 

recovery.[1] SA-SAGD is recently proposed to further enhance the bitumen drainage rate 

by taking advantage of the mass transfer from solvent into bitumen.[2] Steam is 

continuously injected into the reservoir from the injector and forms a steam chamber in the 

SAGD process, while steam and a small amount of solvent are injected in the SA-SAGD 

process. Steam reduces the viscosity of bitumen by heating, while solvent reduces the 

viscosity of heavy oil through dilution.[2] Multiphase equilibria, for example three-phase 

vapour-liquid-aqueous equilibrium, can form at the steam chamber boundary, exerting a 

remarkable influence on the drainage behaviour of bitumen.[3, 4] In order to analyze the 

detailed hydrocarbon recovery mechanisms near the steam chamber boundary in SAGD or 

SA-SAGD processes, phase behaviour near the steam chamber boundary should be 

accurately captured. Due to the existence of water in the SAGD and SA-SAGD processes, 

it is necessary to consider multiphase equilibria consisting of single-phase equilibrium, 

two-phase equilibrium, and three-phase vapour-liquid-aqueous equilibrium, albeit the type 

of equilibrium depends on the feed composition that is present in the pore space as well as 

reservoir temperature/pressure. 

For multiphase flash, the primary problem is the determination of the number of existing 
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phases. Two stage-wise approaches are implemented to solve this problem. One approach 

is performing the flash calculations with a pre-set number of existing phases. If any of the 

phases has a negative phase fraction, the flash calculations need to be conducted with a 

decreased number of phases.[5, 6] As for this approach, it is difficult for one to obtain good 

initial values of the equilibrium ratios.[7] Given a pre-set number of existing phases, a 

flash calculation normally requires the use of two iteration loops in order to solve the 

phase fractions and phase compositions. The outer loop is used to update the equilibrium 

ratios based on the fugacity equations, while the inner loop is used to calculate the phase 

fractions. Rachford-Rice equations[8] are commonly used to solve phase fractions in the 

inner loop. The other widely used method is conducting the stability test prior to a flash 

calculation to determine if the number of phases needs to be increased.[9-11] As for this 

method, the computational cost becomes escalated for multiphase flashes. For example, a 

three-phase flash involves two runs of stability tests, each of which may require multiple 

initial guesses of equilibrium ratios to enhance the accuracy of the stability test.[7]  

Considering the computational efficiency, only a vapour phase and a hydrocarbon-rich 

liquid phase are included in the phase equilibrium calculations in most of the 

equation-of-state-based compositional models.[12, 13] These compositional models can be 

applied to approximately simulate the three-phase vapour-liquid-aqueous equilibria based 

on the fact that little hydrocarbons can be dissolved in the aqueous phase.[12, 13] However, 

as pointed by Lapene et al.,[14] adding water breaks the two-phase vapour-liquid 

equilibrium and moves the evapouration or condensation curve. Therefore, only 

conducting a two-phase vapour-liquid phase equilibrium calculation cannot yield an 

accurate description of the real phase behaviour where a three-phase 
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vapour-liquid-aqueous equilibrium exists. Hence, in order to simultaneously consider the 

effect of water and enhance the calculation speed, Lapene et al.[14] proposed a three-phase 

free-water flash method using a newly modified Rachford-Rice equation[8] based on the 

free-water assumption which considers the water-rich phase as pure phase.[15] The fraction 

of the water-rich phase can be calculated based on the vapour-phase fraction in the 

modified Rachford-Rice equation. This algorithm replaces the three-phase flash by a 

pseudo-two-phase flash, leading to a significant improvement in the calculation speed. In 

this algorithm, they proposed an approach to determine whether a two-phase equilibrium 

or a three-phase equilibrium appears by analyzing the modified Rachford-Rice equation. 

The constraints proposed by Leibovici and Neoschil[16] were applied in this algorithm. It is 

more accurate than the conventional approach mentioned above since water is considered 

as a feed component. However, if the water-rich liquid phase appears in the two-phase 

equilibrium, this algorithm may fail sometimes due to the absence of a good initialization 

method for the equilibrium ratios. 

In this work, we provide new algorithms for conducting the two-phase/three-phase 

free-water flash based on a simplified version of the objective function proposed for 

multiphase flash computations[17, 18] within the constraints proposed by Okuno et al..[18] 

The so-called two-phase free-water flash refers to the case where an aqueous phase 

equilibrates with another phase, while the so-called three-phase free-water flash refers to 

the case where an aqueous phase equilibrates with one vapour phase and one 

hydrocarbon-rich liquid phase. As for the two-phase free-water flash, the phase fraction of 

the aqueous phase can be analytically solved; as for the three-phase free-water flash, the 

phase fractions of different phases can be iteratively solved, but only one unknown 
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variable in the objective function needs to be solved.[14] The negative flash is permitted in 

the flash calculations.[7, 19] Efficient and robust initialization methods for the equilibrium 

ratios are provided in the new flash algorithms. By combining these two free-water flash 

algorithms, a new flash package is then developed to compute multiphase equilibria that 

are comprised of single-phase equilibria, two-phase equilibria, and three-phase 

vapour-liquid-aqueous equilibria. A set of criteria are developed to replace the stability 

test[10] required for properly switching between a two-phase flash and a three-phase flash. 

We demonstrate the performance of the new flash package through several example 

calculations. 

2.2 Mathematical Formulations 

The number of components in the mixture is assumed to be c, while the mixture is 

assumed to be able to split into Np phases containing a water-rich liquid phase. The 

multiphase equilibrium can be described in terms of chemical potential as follows: 

1 ... , 1,..., , 1,..., 1ix i ij pf f f i c j N= = = = = −      (2-1) 

where f represents fugacity. The first subscript i is the component index, while the second 

subscripts x and j are the phase index. In our case, we assume i = 1 represents the water 

component, and j = 1 represents the water-rich liquid phase. The x phase is chosen as the 

reference phase. Therefore, the equilibrium ratios can be defined as follows: 

, 1,..., , 1,..., 1
ij ix

ij p

i ij

y
K i c j N

x




= = = = −       (2-2) 

where K represents the equilibrium ratio; ɸ represents the fugacity coefficient; x and y are 

the mole fractions in the reference phase and the non-reference phase, respectively. 

In the free-water assumption,[15] we assume that water component can be present in all 
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phases, while the non-water components can be only dissolved in the non-water-rich 

phases. In other words, the water-rich phase is assumed as pure water. Then the following 

expressions are valid for the mole fractions of each component in the water-rich phase:  

1

1, 1

0, 1
i

i
y

i

=
= 


         (2-3) 

For the equilibrium ratios of the water-rich phase with respect to the reference phase, only 

the one for the water component, i.e. K11, is valid, while all the other equilibrium ratios for 

non-water components are zero. The mole fractions of water component in the reference 

phase and the non-reference phases (except the water-rich phase) can be inferred as 

follows: 
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Material balance requires the following equations:  
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where z represents the mole fraction in the feed; and β represents the phase mole fraction. 

Subsequently, the phase fraction of the water-rich phase can be obtained by substituting 

Equation (2-7) into Equation (2-6) for the water component: 
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In particular, for a two-phase flash involving an aqueous phase, the Equation (8) can be 

simplified as follows: 
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which indicates that the phase fractions can be analytically solved. 

For the non-water components, Equation (2-6) can be simplified as follows: 
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We thereby obtain the expression for the mole fractions of non-water components in the 

reference phase by substituting Equation (2-8) into Equation (2-10):  
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where, 
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Equation (2-12) refers to the “effective” equilibrium constants as defined by Tang and 

Saha.[15] Combining Equations (2-2) and (2-11) gives the mole fractions of non-water 

components in the non-reference phases except the water-rich phase: 
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The following gives the expression of the objective function and constraints for a 

multiphase flash which were developed by Okuno et al.:[18] 
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where  1 ijK= −ia ,  j=β , and   min 1 ,min 1i j ij iz K z= − −ib . By combining the 

above objective function with Equation (2-8), the reduced objective function for the 

multiphase free-water flash can be obtained as follows: 

( ) ( )
1

1
1

2 2 1

ln ln ,  2,..., 1
pNc

j i ij wj j wz p

i j

z
f z K K K z j N

x
 

−

 

= =

 
= − − + + − = −  

 
     (2-15) 

It is noted that z1 is known as the mole fraction of water component in the feed. When 

conducting flash calculations, equilibrium ratios and phase compositions are updated in the 

outer loop, while the phase fractions are solved by minimizing the objective function in the 

inner loop. When the objective function is minimized in each inner loop, x1 is a constant 

that is fed from the outer loop. Hence, 1
1

1

ln
z

z
x

−  should be a constant in every inner loop. 

This term will only translate the objective function upward or downward and will not affect 

the result of βj to be solved. Therefore, the constant term, 1
1

1

ln
z

z
x

− , can be removed from 

the objective function. The objective function for the multiphase free-water flash is hence 

shown as follows: 
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The constraints for non-water components can be simplified as follows on the basis of the 

free-water assumption: 
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By substituting Equation (2-8) into Inequality (2-17), the constraints for non-water 

components can be rewritten as follows: 
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For the water component, substituting Equation (2-2) and (2-8) into the left-hand side 

(LHS) of the constraints yields the following term: 
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 For any x1 belonging to [0, 1], we can obtain 
1

1
1

x
 , which can be used to prove that 

1
1

1

1 1
z

z
x

−  − . Since 1 1jy  , we can also prove that 
1 1

1 1 1

1 1

1 1 1 ,  1j j

z z
y K z j

x x
−  − = −  . In 

addition,
1

11 1

1

1 1
z

K z
x

− = − . Hence, it can be verified that, for the water component, the 

constraints always hold. Therefore, only the constraints as given by Inequality (2-18) are 

necessary to be included in this minimization problem. In summary, the objective function 

and constraints for the multiphase free-water flash using an optimization method can be 

expressed by the following: 
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Since the modified objective function has the similar form to the original objective 

function[17, 18], convexity of this modified objective function can be similarly proved. For a 

three-phase vapour-liquid-aqueous equilibrium, the objective function and constraints can 

be expressed as follows: 
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where, 
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where the subscript y represents the vapour phase. Note that the only one unknown in the 

above objective function is the fraction of the vapour phase. The hydrocarbon-rich phase is 

chosen as the reference phase. By integrating the modified Rachford-Rice equation 

derived by Lapene et al.,[14] the same objective function can be obtained as well. To prove 

that the new constraints given by formula (2-21) maintain or shrink the feasible region as 

constructed by Lapene et al.,[14] we express an alternative version of the new constraints 

given by formula (2-21) as below: 
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 while the following shows the constraints given by Lapene et al.:[14] 
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By comparing these two Inequalities (2-23) and (2-24), it is obvious that the feasible 

region defined by the constraints in the formula (2-21) is indeed smaller than, or at least, 

the same as the one given by Lapene et al..[14] 

2.3 Two-Phase and Three-Phase Free-Water Flash Algorithm 

2.3.1 Procedure of the Two-Phase and Three-Phase Free-Water Flash Algorithm 

Simpler free-water flashes can be implemented by applying the simplified objective 

functions discussed above. We provide the detailed procedures for performing the 

two-phase and three-phase free-water flashes in the Appendix 2-A and 2-B, respectively. 

Combing with the flash algorithms simplified by the free-water assumption,[15] we aim to 

develop an efficient flash package that can handle multiphase equilibrium calculations 

involving single-phase equilibria, two-phase equilibria, and three-phase 

vapour-liquid-aqueous equilibria. Later on, the term three-phase free-water flash means 

the standalone algorithm where only the three-phase vapour-liquid-aqueous equilibrium 

is considered, while the three-phase free-water flash package means the complete 

algorithm which considers all the one-phase equilibria, two-phase equilibria, and 

three-phase vapour-liquid-aqueous equilibria. 

An essential task associated with the multiphase flash calculations is the determination of 

the number of existing phases. In this study, we first test the stability of the feed using the 

conventional stability test.[10] Then, we initiate three-phase free-water flash calculations. 

Based on the criteria to be discussed below, we can determine if two-phase flashes are 
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required. The number of phase-fraction variables to be solved in the three-phase free-water 

flash is reduced to one as mentioned previously. It will not be computationally expensive 

to initiate calculations from a pre-set three phases, since it is easy to find the minimum 

value of the objective function with only one unknown. Figure 2-1 shows the calculation 

procedure adopted by the new flash package. Its procedure is outlined as follows: 

1) Check the stability of the feed by stability analysis. In the stability analysis, the 

tangent plane distance (TPD) function is assessed.[9, 10] If the TPD is found to be 

nonnegative, the feed is stable; otherwise, the feed is unstable; 

2) If the feed is stable, a single-phase equilibrium can be concluded. If the feed is 

unstable, a three-phase free-water flash is directly initiated; 

3) If an open feasible region, corresponding to a region where at least one of the 

endpoints is a pole, appears in any iteration or any of the ultimately calculated 

phase fractions do not fall into [0, 1], a two-phase flash needs to be conducted; 

4) The phase disappears when the corresponding phase fraction becomes negative. An 

aqueous phase is considered not to appear in a two-phase equilibrium if either of 

the following three scenarios appears: 1) The open feasible region does not appear 

in any iteration and the ultimately solved aqueous-phase fraction is the smallest and 

negative; 2) The open feasible region appears in the first iteration and the feasible 

region does not have an upper bound; and 3) The open feasible region appears after 

the first iteration and the aqueous-phase fraction that is solved in the last iteration 

before the open feasible region appears is the smallest and negative; and 

5) A conventional two-phase flash will be conducted if the aqueous phase does not 

appear. Otherwise, a two-phase free-water flash needs to be conducted.  



 

24 

 

 
Figure 2-1 Flow chart of a new three-phase free-water flash package 

 

Table 2-1 shows the comparison of the numbers of stability tests and flashes that need to be 

conducted in the conventional full three-phase flash package and in the new three-phase 

free-water flash package, respectively. In this table, FWF represents the new free-water 

flash package. As seen from Table 2-1, overall, our flash algorithm requires a reduced 

number of stability tests than the conventional flash algorithm. In the case of a three-phase 

equilibrium, our flash package eliminates one run of stability test and one run of two-phase 

flash. In the case of a two-phase equilibrium, our flash package replaces one run of stability 
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test with a three-phase free-water flash.  

Table 2-1 Comparison of the numbers of stability tests and flashes needed by the 

conventional full three-phase flash package and the three-phase free-water flash package 

Type of 

Calculation 

One-Phase 

Equilibrium 

Two-Phase 

Equilibrium 

Three-Phase 

Equilibrium 

FWF* Conventional FWF* Conventional FWF* Conventional 

Stability 

Test 
1 1 1 2 1 2 

Two-Phase 

Flash 
0 0 1 1 0 1 

Three-Phase 

Flash 
0 0 1 0 1 1 

Note: *stands for the free-water flash. 

 

Appropriate initialization of equilibrium ratios plays an important role in enhancing the 

efficiency and robustness of multiphase flash algorithms. In this study, the method for 

initializing the equilibrium ratios given by Lapene et al.[14] is applied for the three-phase 

free-water flash as well as the conventional two-phase vapour-liquid flash. For the 

two-phase free-water flash, we first initialize the compositions of the two phases as 

follows:  

• For the water-rich liquid phase: Based on the fact that little hydrocarbons can be 

dissolved in the water-rich phase, the initial molar fractions of the non-water 

components are set to 10-10, while water’s initial molar fraction is set to be 

1-(c-1)×10-10; and 

• For the other phase: The compositions are set equally as 1/c. 

Then the equilibrium ratios can be calculated by the initialized compositions. Appendix 

2-A shows the details of this initialization method. 
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2.3.2 Criteria for Switching from a Three-Phase Free-Water Flash to a Two-Phase 

Flash 

One needs to make sure that the switching from a three-phase equilibrium to a two-phase 

equilibrium is always correct if a three-phase equilibrium is false. When the three-phase 

free-water flash is immediately initiated after the stability test dictates that the mixture is 

unstable, two kinds of unphysical results obtained by the three-phase flash will tell that a 

two-phase equilibrium will appear.  

The first case refers to the case that the phase fractions can be solved by the three-phase 

free-water flash, but some of the solved phase fractions do not belong to [0, 1]. Whitson 

and Michelsen[5] described this as negative flash and discussed the reason and meaning of 

this phenomenon. In this case, the feasible region is always closed and solutions exist 

within the feasible region. The other case is that the open feasible region appears during the 

running of the three-phase free-water flash algorithm, leading to the fact that the phase 

fractions cannot be solved. Under such circumstance, no feed composition can satisfy the 

material balance relations in a three-phase equilibrium including a water-rich liquid phase.  

Herein, we use an example calculation for the water/C4/C20 mixture to illustrate the 

second case, i.e., the appearance of an open feasible region. Appendix 2-C shows the feed 

compositions, component properties, and binary interaction parameters (BIPs) used in the 

calculation. Figure 2-2 shows the phase fractions obtained by applying the standalone 

three-phase free-water flash algorithm for the water/C4/C20 mixture at 50 bar. In this 

figure, V represents the vapour phase, HC represents the hydrocarbon-rich phase, and W 

represents the water-rich liquid phase. As shown in Figure 2-2, three-phase equilibria 

occur from 450.9 K to 523.1 K. The two-phase and three-phase boundary temperature (i.e., 
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450.9 K and 523.1 K in this case) is determined to be the temperature where any of the 

phase fractions of the three phases becomes zero.  

 

Figure 2-2 Phase fractions obtained by applying the standalone three-phase free-water 

flash algorithm for the water/C4/C20 mixture at 50 bar 

 

Figure 2-3 shows the ternary diagram for the water/C4/C20 mixture at 50 bar and several 

different temperatures. The triangles shown in Figure 2-3 correspond to the three-phase tie 

triangles. Over this temperature range, the feed composition is inside the triangles shown in 

Figure 2-3, such that we can obtain three physical phase fractions. At a temperature beyond 

450.9 K-523.1 K, unphysical phase fractions will be obtained and the feed composition is 

outside the triangles.[5] As shown in Figure 2-3, when the temperature is 434.5 K or 535.7 

K, the triangle is nearly collapsing into a straight line. When the triangle becomes a line, no 

feed composition can form a three-phase equilibrium. The disappearance of the triangle in 
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the ternary diagram is caused by the narrowing of the difference between the compositions 

of any arbitrary two phases: 1) If the two phases contain a water-rich phase, equilibrium 

ratios in the vapour phase with respect to the reference phase, so-called Kiy, may become 

zero or infinity for the non-water components; and 2) If the two phases do not contain a 

water-rich phase, Kiy may become one for the non-water components. As a result, the 

coefficient of βy in the constraints will be the same for every non-water component. 

Therefore, an open feasible region will form and the objective function cannot be solved. 

 
Figure 2-3 Three-phase triangles for the water/C4/C20 mixtures at 50 bar 
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2.4 Example Applications 

To test the robustness of the new flash package, we apply it to both synthetic and real fluid 

mixtures containing water. We then compare the calculation results obtained from our 

method to those obtained from the conventional multiphase flash method. Peng-Robinson 

equation of state (PR EOS) is used in all the calculations.[20] Appendix 2-C shows the feed 

compositions, component properties, and BIPs used for these examples. In the upcoming 

figures, V represents the vapour phase, HC represents the hydrocarbon-rich phase, and W 

represents the water-rich liquid phase. 

2.4.1 Water/C4/C20 Mixture 

The water/C4/C20 mixture is a simple synthetic fluid mixture which contains water, a 

solvent, and a heavy hydrocarbon. This mixture is proposed for emulating the 

water/solvent/bitumen mixture associated with the SA-SAGD process. Figure 2-4 shows 

the three-phase envelope calculated for the water/C4/C20 mixture (See Table C.1). Figure 

2-4 also shows the two-phase envelope calculated for the C4/C20 mixture (80 mol% C4, 

20 mol% C20), which has the same mole-fraction ratios of C4 and C20 as the 

water/C4/C20 mixture. It can be seen from Figure 2-4 that, at temperatures < 400 K, the 

three-phase envelope for the water/C4/C20 mixture tends to be closer to the two-phase 

envelope. This observation indicates that we can well approximate the phase behaviour of 

the water/C4/C20 mixture with that of the C4/C20 mixture at lower temperature. As 

temperature increases, the deviation between the three-phase envelope and two-phase 

envelope becomes enlarged, indicating a larger impact resulted from the presence of 

water on the phase behaviour of the C4/C20 mixture. As shown in Figure 2-4, there is a 

good agreement between the three-phase envelope obtained by applying the three-phase 
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free-water flash package and that obtained by applying the conventional three-phase flash 

package. 

 
Figure 2-4 Calculated three-phase envelopes for the water/C4/C20 mixture and calculated 

two-phase envelopes for the C4/C20 mixture. Both the conventional three-phase flash and 

the three-phase free-water flash packages have been used to calculate the three-phase 

envelopes 

 

Figure 2-5 compares the mole fractions of individual components in the hydrocarbon-rich 

phase that are calculated by using the two three-phase flash packages for the water/C4/C20 

mixture at 50 bar. Figure 2-5a describes the variation of the mole fractions of individual 

components in the hydrocarbon-rich phase as temperature changes. In the three-phase 

region, it is obvious that, with an increasing temperature, more water tends to be dissolved 

in the hydrocarbon-rich phase. Such higher water fraction in the hydrocarbon-rich phase 

can actually help to reduce the viscosity of the hydrocarbon-rich phase.[21] Figure 2-5b 

shows the absolute value of the absolute deviations between the mole fractions calculated 
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by the two three-phase flash packages. The largest absolute deviation is found to be < 

3×10-6, which demonstrates that the free-water flash provides an accurate description of 

the phase equilibria as given by the conventional flash. 

 
(a) 

 
(b) 

Figure 2-5 Comparison between the mole fractions of individual components in the 

hydrocarbon-rich phase obtained by applying the three-phase free-water flash package and 

those obtained by applying the conventional three-phase flash package for the 

water/C4/C20 mixture at 50 bar: (a) variation of the mole fractions of individual 

components in the hydrocarbon-rich phase as a function of temperature; (b) absolute 

deviations in the mole fractions of individual components that are calculated with the two 

three-phase flash packages 
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Figure 2-6 shows the phase fractions obtained from both the conventional three-phase flash 

package and the three-phase free-water flash package for the water/C4/C20 mixture at 50 

bar. Figure 2-6a shows the variation of the phase fractions as a function of temperature. As 

shown in the figure, the three-phase equilibrium occurs at 450.9 K to 523.1 K. Figure 2-6b 

presents the absolute deviations between the calculated phase fractions using these two 

packages in the two-phase liquid-aqueous and three-phase vapour-liquid-aqueous regions. 

The absolute deviations are found to be < 2×10-5, which indicates that the free-water flash 

can provide accurate approximations to the phase fractions obtained by the conventional 

flash. 
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(a) 

 
(b) 

Figure 2-6 Comparison between the phase fractions obtained by applying the three-phase 

free-water flash package and those obtained by applying the conventional three-phase 

flash package for the water/C4/C20 mixture at 50 bar: (a) variation of the phase fractions as 

a function of temperature; (b) absolute deviations in the phase fractions that are calculated 

with the two three-phase flash packages 

 

Figure 2-7 shows the comparison of the number of the outer-loop iterations required by 

the three-phase free-water flash algorithm and the conventional three-phase flash 
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algorithm for the water/C4/C20 mixture at 50 bar. It is shown in Figure 2-7 that the 

iteration times are reduced in the three-phase free-water flash algorithm. In addition to 

the reduced number of outer-loop iterations, less time is needed in the inner loop because 

the objective function in the inner loop of the three-phase flash algorithm contains only 

one unknown. Therefore, these two effects, i.e., reduction of both the number of 

outer-loop iterations and the time needed in the inner loop, contribute to a higher 

computational efficiency of the new algorithm than the conventional approach.  

 
Figure 2-7 Comparison between the number of iterations in the outer loop required by the 

three-phase free-water flash algorithm and those required by the conventional three-phase 

flash algorithm for the water/C4/C20 mixture at 50 bar 

 

Figure 2-8 compares the computational time required by one run of the three-phase 

free-water flash package and one run of the conventional three-phase flash package for 

the water/C4/C20 mixture at 50 bar. The interior-point method is used for solving the 

phase fractions in the three-phase free-water flash as well as in the conventional 
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three-phase flash. As shown in Figure 2-8, the total computational time is significantly 

reduced with the application of the three-phase free-water flash package. The total 

number of runs involved in this exercise is 150. We have saved about 7.6 seconds by 

using the three-phase free-water flash package to complete all the runs, instead of using 

the conventional three-phase flash package. 

 
Figure 2-8 Comparison between the total computational time of one run of the 

three-phase free-water flash package and one run of the conventional three-phase flash 

package for the water/C4/C20 mixture at 50 bar 

 

2.4.2 Water/N2/C10/C20 Mixture 

This water/N2/C10/C20 mixture was also used by Lapene et al..[14] Pressure is varied along 

an isothermal temperature of 450 K during the flash calculations. Figure 2-9 compares the 

phase fractions calculated with the three-phase free-water flash package and the 

conventional three-phase flash package. Figure 2-9a shows the variation of the phase 

fractions as a function of temperature, while Figure 2-9b shows the deviations between the 

phase fractions calculated by using the two three-phase flash algorithms. The deviations 
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are calculated by subtracting the phase fractions calculated by the three-phase free-water 

flash by those obtained by the conventional three-phase flash. The maximum absolute 

deviation is found to be < 2×10-4, again indicating a good agreement between the 

calculation results provided by the two three-phase flash algorithms. 

 
(a) 

 
(b) 

Figure 2-9 Comparison between the phase fractions obtained by applying the three-phase 

free-water flash package and those obtained by applying the conventional three-phase 

flash package for the water/N2/C10/C20 mixture at 450 K: (a) variation of the phase 

fractions as a function of pressure; (b) deviations in the phase fractions that are calculated 

with the two three-phase flash packages 
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Figure 2-10 shows the comparison between the phase fractions obtained by applying the 

standalone three-phase free-water flash algorithm and those obtained by applying the 

conventional three-phase flash package. Temperature is held at 450 K. As indicated in this 

figure, physical phase fractions obtained by the standalone three-phase free-water flash 

algorithm only appear in the three-phase region. The temperatures, at which the calculated 

phase fractions by the standalone three-phase flash algorithm begin to escape from [0, 1], 

are corresponding to the two-phase/three-phase boundary temperature as predicted by the 

conventional three-phase flash package. 

 
Figure 2-10 Comparison between the phase fractions obtained by applying the standalone 

three-phase free-water flash algorithm and those obtained by applying the conventional 

three-phase flash package for the water/N2/C10/C20 mixture at 450 K 

 

2.4.3 Water/Reservoir Fluid Mixture 

This water/reservoir fluid mixture was also used by Lapene et al..[14] Figure 2-11a 
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compares the phase fractions that are obtained by using the three-phase free-water flash 

package and the conventional three-phase flash package at 50 bar, while Figure 2-12a 

compares the phase fractions that are obtained with these two packages at 450 K. Figures 

2-11b and 2-12b describe the absolute deviations between the results obtained by these two 

packages. As indicated by these figures, as for both the isobaric case (shown in Figure 2-11) 

and the isothermal case (shown in Figure 2-12), we can achieve a good agreement 

between the calculated phase fractions by the two flash methods. 
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(a) 

 
(b) 

Figure 2-11 Comparison between the phase fractions obtained by applying the three-phase 

free-water flash package and those obtained by applying the conventional three-phase 

flash package for the water/reservoir fluid mixture at 50 bar: (a) variation of the phase 

fractions as a function of temperature; (b) deviations in the phase fractions that are 

calculated with the two three-phase flash packages 
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(a) 

 
(b) 

Figure 2-12 Comparison between the phase fractions obtained by applying the three-phase 

free-water flash package and those obtained by applying the conventional three-phase 

flash package for the water/reservoir fluid mixture at 450 K: (a) variation of the phase 

fractions as a function of pressure; (b) absolute deviations in the phase fractions that are 

calculated with the two three-phase flash packages 
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Table 2-2 shows the mole fractions of the hydrocarbon-rich phase and the water-rich 

phase obtained by applying the two two-phase flash algorithms at 450 K and 400 bar. 

Rather small deviations are found between the calculated compositions in the 

equilibrating two phases, confirming the good accuracy provided by the two-phase 

free-water flash. Table 2-3 shows the mole fractions in the three phases obtained by 

applying the two three-phase flash algorithms at 450 K and 200 bar. Again, the two 

three-flash algorithms provide very similar mole fractions in the three phases. It can be 

also observed from Tables 2-2 and 2-3 that, the mole fractions of non-water components 

in the water-rich phase, which are calculated with the conventional three-phase flash 

package, are nearly zero, supporting the free-water assumption. 

Table 2-2 Comparison between the mole fractions obtained by applying the two-phase 

free-water flash and those obtained by applying the conventional two-phase flash for the 

water/reservoir fluid mixture at 450 K and 400 bar 

Component 

Conventional Two-Phase 

Flash 

Two-Phase Free-Water 

Flash 
Absolute Deviation 

xi (HC) yi1 (W) xi (HC) yi1 (W) xi (HC) yi1 (W) 

H2O 0.042 445 0.999136 0.042 485 1 4.07E-05 0.000 864 

N2 0.002 490 1.87E-06 0.002 489 0 4.40E-07 1.87E-06 

CO2 0.034 422 0.000367 0.034 416 0 5.90E-06 0.000 367 

C1 0.709 763 0.000489 0.709 637 0 0.000125 0.000 489 

C2 0.076 039 6.08E-06 0.076 026 0 1.35E-05 6.08E-06 

C3 0.031 508 7.09E-08 0.031 502 0 5.58E-06 7.09E-08 

i-C4 0.006 512 1.33E-09 0.006 511 0 1.15E-06 1.33E-09 

n-C4 0.011 875 2.81E-09 0.011 873 0 2.10E-06 2.81E-09 

i-C5 0.005 267 9.51E-11 0.005 266 0 9.33E-07 9.51E-11 

n-C5 0.005 842 5.24E-11 0.005 841 0 1.03E-06 5.24E-11 

C6 0.008 332 9.17E-12 0.008 330 0 1.48E-06 9.17E-12 

C7 0.011 013 1.17E-12 0.011 011 0 1.95E-06 1.17E-12 

C8 0.010 247 5.25E-14 0.010 245 0 1.82E-06 5.25E-14 

C9 0.009 098 2.14E-15 0.009 096 0 1.61E-06 2.14E-15 

C10 0.006 416 7.54E-17 0.006 415 0 1.14E-06 7.54E-17 

HVY1 0.015 802 1.92E-19 0.015 799 0 2.80E-06 1.92E-19 

HVY2 0.010 822 1.68E-29 0.010 820 0 1.92E-06 1.68E-29 

HVY3 0.002 107 1.35E-42 0.002 107 0 3.73E-07 1.35E-42 
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Table 2-3 Comparison between the mole fractions obtained by applying the three-phase 

free-water flash and those obtained by applying the conventional three-phase flash for the 

water/reservoir fluid mixture at 450 K and 200 bar 

Component 
Conventional Three-Phase Flash Three-Phase Free-Water Flash Absolute Deviation 

yiy (V) xi (HC) yi1 (W) yiy (V) xi (HC) yi1 (W) yiy (V) xi (HC) yi1 (W) 

H2O 0.066 206 0.043 191 0.999 447 0.066 247 0.043 221 1 4.13E-05 2.99E-05 0.000 553 

N2 0.002 537 0.000 913 9.81E-07 0.002 536 0.000 913 0 1.27E-07 1.17E-07 9.81E-07 

CO2 0.034 472 0.021 624 0.000 244 0.034 499 0.021 643 0 2.69E-05 1.91E-05 0.000 244 

C1 0.716 787 0.352 059 0.000 303 0.716 750 0.352 094 0 3.64E-05 3.51E-05 0.000 303 

C2 0.075 345 0.058 626 4.86E-06 0.075 337 0.058 627 0 7.99E-06 3.81E-07 4.86E-06 

C3 0.030 472 0.035 128 7.00E-08 0.030 469 0.035 127 0 3.81E-06 1.58E-06 7.00E-08 

i-C4 0.006 191 0.008 811 1.53E-09 0.006 190 0.008 811 0 8.30E-07 5.16E-07 1.53E-09 

n-C4 0.011 188 0.017 537 3.35E-09 0.011 187 0.017 536 0 1.54E-06 1.30E-06 3.35E-09 

i-C5 0.004 830 0.009 700 1.32E-10 0.004 829 0.009 699 0 7.22E-07 9.43E-07 1.32E-10 

n-C5 0.005 335 0.011 071 7.49E-11 0.005 335 0.011 070 0 8.09E-07 1.09E-06 7.49E-11 

C6 0.007 276 0.020 623 1.53E-11 0.007 275 0.020 620 0 1.23E-06 2.83E-06 1.53E-11 

C7 0.009 127 0.034 374 2.26E-12 0.009 125 0.034 368 0 1.71E-06 5.94E-06 2.26E-12 

C8 0.008 022 0.038 785 1.13E-13 0.008 021 0.038 777 0 1.66E-06 7.87E-06 1.13E-13 

C9 0.006 587 0.042 197 5.15E-15 0.006 586 0.042 187 0 1.52E-06 1.01E-05 5.15E-15 

C10 0.004 298 0.034 797 1.95E-16 0.004 297 0.034 788 0 1.08E-06 9.47E-06 1.95E-16 

HVY1 0.008 932 0.109 645 5.71E-19 0.008 929 0.109 609 0 2.64E-06 3.55E-05 5.71E-19 

HVY2 0.002 363 0.129 484 6.09E-29 0.002 362 0.129 422 0 1.01E-06 6.26E-05 6.09E-29 

HVY3 3.06E-05 0.031 434 2.48E-42 3.06E-05 0.031 416 0 1.12E-08 1.79E-05 2.48E-42 

 

Figure 2-13 shows the calculated mole fractions of water in the hydrocarbon-rich phase by 

using the two flash packages at 50 bar. Again, a good agreement is achieved between 

these two flash packages. It is noted that, within the three-phase region, more water can be 

dissolved in the hydrocarbon-rich phase with temperature increasing. In particular, a 

temperature > 350 K leads to a more pronounced increase in the solubility of water in the 

hydrocarbon-rich phase. However, when temperature is > 442 K, the aqueous phase 

disappears, resulting in two-phase vapour-liquid equilibria. In the two-phase region, as 

temperature increases, water starts to evaporate from the hydrocarbon-rich phase into the 

vapour phase, causing a reduction of water fraction in the hydrocarbon-rich phase. In this 

case, the temperature of 442 K corresponds to the temperature point that provides the 

largest solubility of water in the hydrocarbon-rich phase.  
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Figure 2-13 Comparison between the mole fractions of water in the hydrocarbon-rich 

phase obtained by applying the three-phase free-water flash package and those obtained 

by applying the conventional three-phase flash package for the water/reservoir fluid 

mixture at 50 bar 

 

Figure 2-14a compares the phase fractions obtained by applying the standalone 

three-phase free-water flash against those obtained by applying the conventional 

three-phase flash package for the water/reservoir fluid mixture at 50 bar, while Figure 

2-14b shows the same comparison at 450 K. It can be seen from Figure 2-14 that the 

calculation results given by the two algorithms coincide well with each other. Also, the two 

flash packages provide the same two-phase/three-phase boundary temperatures.  
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(a) 

 
(b) 

Figure 2-14 Comparison between the phase fractions obtained by applying the standalone 

three-phase free-water flash algorithm and those obtained by applying the conventional 

three-phase flash package for the water/reservoir fluid mixture: (a) at 50 bar; (b) at 450 K 

 

2.5 Conclusions 

Based on the free-water assumption, we simplify the objective function developed by 
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Okuno et al.[18] for solving the phase fractions in the three-phase vapour-liquid-aqueous 

equilibrium, the two-phase vapour-aqueous equilibrium, or the two-phase liquid-aqueous 

equilibrium. As for the three-phase vapour-liquid-aqueous equilibrium considered in the 

newly developed algorithm, there is only one unknown in the objective function, while, as 

for the two-phase vapour-aqueous or liquid-aqueous equilibrium, the phase fractions can 

be analytically solved. We apply the method developed by Lapene et al.[14] to initialize the 

equilibrium ratios required in both the three-phase free-water flash and the conventional 

two-phase flash, while a newly developed method for initializing the equilibrium ratios is 

applied in the two-phase free-water flash. 

By incorporating these free-water flash algorithms, a free-water flash package is developed 

to enhance the computational efficiency associated with the multiphase flash computations. 

This flash package can be readily used to solve the number of present phases, phase 

fractions, and phase compositions in a multiphase equilibrium, i.e., a single-phase 

equilibrium, a two-phase equilibrium, or a three-phase vapour-liquid-aqueous equilibrium. 

We provide efficient criteria that help to determine how to switch from a three-phase 

equilibrium to a two-phase equilibrium without performing stability tests. Thereby, the 

number of stability tests is reduced in this flash package in comparison to the conventional 

full three-phase flash package; the reduced number of stability tests, together with the 

reduced number of variables in the free-water algorithms, result in a higher computational 

efficiency of the free-water flash package. 

Example calculations demonstrate that the flash results obtained from the new 

two-phase/three-phase free-water flash algorithms are in good agreement with those 

obtained from the conventional flash algorithm. But it should be noted that the free-water 



 

46 

 

flash algorithm cannot be applied to the mixtures containing polar materials, such as 

alcohols, or other substances which tend to have a high solubility in the aqueous phase. 

Nomenclature 

c number of components 

err error 

f11 fugacity of water component in the water-rich liquid phase 

f1x fugacity of water component in the reference phase or hydrocarbon-rich phase 

in the three-phase flash 

fij fugacity of the ith component in the jth phase 

fix fugacity of the ith component in the reference phase or hydrocarbon-rich phase 

in the three-phase flash 

iter iteration number 

K11 equilibrium ratio of water component in the water-rich liquid phase with 

respect to the reference phase 

K1j equilibrium ratio of water component in the jth phase with respect to the 

reference phase 

K1y equilibrium ratio of water component in the vapour phase with respect to the 

reference phase 

Kij equilibrium ratio of the ith component in the jth phase with respect to the 

reference phase 

Kiy equilibrium ratio of ith component in the vapour phase with respect to the 

reference phase 

Mw molecular weight (g/mol) 
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Np number of phases 

P pressure (bar) 

Pc critical pressure (bar) 

Pw
sat saturation pressure of pure water (bar) 

T temperature (K) 

Tc critical temperature (K) 

x1 mole fraction of water component in the reference phase or hydrocarbon-rich 

phase in the three-phase flash 

xi mole fraction of the ith component in the reference phase or hydrocarbon-rich 

phase in the three-phase flash 

y1 mole fraction of water component in the vapour phase 

y1j mole fraction of water component in the jth phase 

y1y mole fraction of water component in the vapour phase 

yi1 mole fraction of the ith component in the water-rich liquid phase 

yij mole fraction of the ith component in the jth phase 

z1 mole fraction of water component in the feed 

zi mole fraction of the ith component in the feed 

 

Greek Letters 

β1 phase fraction of the water-rich liquid phase 

βj phase fraction of the jth phase 

βx phase fraction of the reference phase 

βy phase fraction of the vapour phase 
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ε tolerance 

ɸix fugacity coefficient of the ith component in the reference phase 

ɸij fugacity coefficient of the ith component in the jth phase 

ω acentric factor 

 

Subscripts 

c critical index 

i component index 

j phase index 

x reference phase index or hydrocarbon-rich phase index in the three-phase flash 

y vapour phase index 
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Appendix 2-A: Algorithm for the Two-Phase Free-Water Flash 

For the two-phase free-water flash, the phase fraction can be analytically solved using 

Equation (9). Figure 2-A.1 shows the flow chart of this algorithm. PR EOS[20] is used to 

calculate all thermodynamic properties. The detailed procedure of the algorithm is 

described as follows: 

1) Initialize the compositions of the water-rich phase as follows: 

( )

10

1 10

10 ,  1

1 1 10 ,  1
i

i
y

c i

−

−

 
= 

− −  =
       (2-A.1) 

and the non-water-rich phase, i.e. hydrocarbon-rich phase or vapour phase, as follows: 

1ix c=           (2-A.2) 

2) Calculate the equilibrium ratios as follows: 

 
1

1 ,  1,...,i
i

i

y
K i c

x
= =         (2-A.3) 

3) Set 1iter = , and 
610 −= . iter is the iteration number, and ε is the tolerance. 

4) Solve the Equation (2-9) to obtain the phase fraction of the water-rich phase. 

5) Update the compositions in the two phases as follows:[8] 

( )1 1 1
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6) Calculate the fugacity of each component in each phase using PR EOS.[20] 

7) Update the equilibrium ratios as follows: 

1 1

1

, 1,...,ix
i i

i

f
K K i c

f
= =       (2-A.6) 
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8) Evaluate the fugacity error as follows: 

2

1 1

1
c

ix

i i

f
err

f=

 
= − 

 
         (2-A.7) 

If err   go to Step 9; otherwise, let 1iter iter= +  and go back to Step 4. 

9) Calculate the phase fractions of the non-water-rich phase and output the phase fractions 

and compositions of all the phases. 

 

Figure 2-A.1 Flow chart of the two-phase free-water flash algorithm 
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Appendix 2-B: Algorithm for the Three-Phase Free-Water Flash 

The three-phase free-water flash algorithm is based on the simplified objective function 

and constraints. Figure 2-B.1 shows the flow chart adopted by the algorithm. PR EOS[20] 

is again used in this algorithm. This algorithm is primarily comprised of an outer loop and 

an inner loop. The outer loop is used to update the equilibrium ratios, while the inner loop 

is used to solve βy using the interior-point method. The detailed procedure of the algorithm 

is described as follows: 

1) Initialize the equilibrium ratios in the vapour phase with respect to the 

hydrocarbon-rich phase, Kiy, as follows: 

( )exp 5.37 1 1 , 1ci ci
iy i

P T
K i

P T


  
= + −   

  
    (2-B.1)  

1
1

1

c
y

c

PT
K

T P
=         (2-B.2) 

where P and Pc represent pressure and critical pressure, respectively, bar; T and Tc 

represent temperature and critical temperature, respectively, K; and ω represents 

acentric factor. The initialization method is same as that referred by Lapene et al..[14] 

Wilson equation[22] is applied for the initialization of the equilibrium ratios for the 

non-water components. 

2) Initialize the mole fractions of water in the vapour and hydrocarbon-rich phases as 

follows:[13] 
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where x and y represents the compositions of the hydrocarbon-rich phase and the 
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vapour phase, respectively; K11 can be calculated using the equation
1

11

1

yK
K

y
= ; Pw

sat 

represents the saturation pressure of pure water which can be calculated using the 

empirical formulas[23] developed based on the data by Bridgeman and Aldrich.[24] 

3) Set 1iter = , and 610 −= . 

4) Calculate the feasible region formed by the constraints. If the feasible region is open, 

terminate this algorithm. When this algorithm is coupled in the flash package as shown 

in the Procedure of the Two-Phase and Three-Phase Free-Water Flash Algorithm, a 

two-phase flash will be conducted instead. If the value of iter equals to one, go to Step 

5; otherwise, go to Step 6. 

5) If the left endpoint of the feasible region is smaller than zero, set it as zero. Initialize the 

vapour phase fraction using the average value of the two endpoints of the feasible 

region. 

6) Solve the objective function to obtain the vapour phase fraction using the interior-point 

method. 

7) Update the mole fractions of non-water components in the hydrocarbon-rich and 

vapour phases using Equations (2-B.4) and (2-B.5), respectively: 

( )
,  1i

i

iy wy y wz

z
x i

K K K 
= 

− +
      (2-B.4) 

( )
,  1

iy i

i

iy wy y wz

K z
y i

K K K 
= 

− +
      (2-B.5) 

Update the mole fractions of water component in the hydrocarbon-rich and vapour 

phases using Equations (2-4) and (2-B.6), respectively: 
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1
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yK
y

K
=          (2-B.6) 

8) Calculate the fugacity of each component in each phase using PR EOS. 

9) Update the equilibrium ratios as follows: 
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10) Evaluate the fugacity error as follows: 
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         (2-B.8) 

If err   go to Step 11; otherwise, let 1iter iter= +  and go back to Step 4. 

11) Calculate the phase fraction of the water-rich phase using Equation (2-B.9): 

( )1 1 1 1

1

11

yz x y x

x




+ − −
=

−
        (2-B.9) 

Then calculate the phase fraction of the hydrocarbon-rich phase using Equation (2-7). 

12) Output the phase fractions and compositions of all phases. 
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Figure 2-B.1 Flow chart of the three-phase free-water flash algorithm 
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Appendix 2-C: Component Properties and BIPs 

Table C.1 shows component properties and feed composition for the water/C4/C20 

mixture. The BIPs between water and hydrocarbon components are 0.5, while the BIPs 

between hydrocarbon components are set to zero. In this table, Tc represents critical 

temperature, K; Pc represents critical pressure, bar; ω represents acentric factor; Mw 

represents molecular weight, g/mol; and z represents mole fraction in the feed. Tables C.2 

and C.3 show component properties, feed composition, and BIPs for the 

water/N2/C10/C20 mixture. Tables C.4 and C.5 show component properties, feed 

composition, and BIPs for the water/reservoir fluid mixture. We set all the other BIPs, 

which are absent from Table C.5, to zero. 

Table 2-C.1 Component properties and feed composition for the water/C4/C20 mixture 

Component Tc (K) Pc (bar) ω z (mol%) Mw (g/mol) 

Water 647.0 220.5 0.3440 0.80 18 

C4 425.2 38.0 0.1928 0.16 58 

C20 782.0 14.6 0.8160 0.04 275 

 

Table 2-C.2 Component properties and feed composition for the water/N2/C10/C20 

mixture by Lapene et al.[14] 

Component Tc (K) Pc (bar) ω z (mol%) Mw (g/mol) 

Water 647.0 220.5 0.344 0.55 18 

N2 126.2 34.0 0.040 0.10 28 

C10 622.0 25.3 0.443 0.10 134 

C20 782.0 14.6 0.816 0.25 275 

 

Table 2-C.3 BIPs between the components in the water/N2/C10/C20 mixture by Lapene et 

al.[14] 

Component Water N2 C10 C20 

Water 0 0.4778 0.5000 0.5000 

N2 0.4778 0 0.1000 0.1000 

C10 0.5000 0.1000 0 0 

C20 0.5000 0.1000 0 0 
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Table 2-C.4 Component properties and feed composition for the water/reservoir fluid 

mixture by Lapene et al.[14] 

Component Tc (K) Pc (bar) ω z (mol%) Mw (g/mol) 

Water 647.37 221.20 0.3440 0.166 667 18.02 

N2 126.20 33.94 0.0400 0.002 167 28.01 

CO2 304.21 73.77 0.2250 0.030 000 44.01 

C1 190.60 46.00 0.0115 0.617 667 16.04 

C2 305.40 48.84 0.0908 0.066 167 30.07 

C3 369.80 42.46 0.1454 0.027 417 44.10 

i-C4 408.10 36.48 0.1760 0.005 667 58.12 

n-C4 425.20 38.00 0.1928 0.010 333 58.12 

i-C5 464.74 34.77 0.2235 0.004 583 71.94 

n-C5 469.60 33.74 0.2273 0.005 083 72.15 

C6 515.28 32.57 0.2637 0.007 250 84.99 

C7 553.84 31.00 0.2897 0.009 583 97.87 

C8 581.28 28.50 0.3245 0.008 917 111.54 

C9 609.35 26.50 0.3791 0.007 917 126.10 

C10 626.97 24.60 0.4363 0.005 583 140.14 

HVY1 658.15 21.20 0.5200 0.013 750 179.30 

HVY2 778.15 15.70 0.6500 0.009 417 290.60 

HVY3 998.15 13.50 0.7200 0.001 833 450.00 

 

Table 2-C.5 BIPs between the components in the water/reservoir fluid mixture by Lapene 

et al.[14] 

Component Water N2 CO2 C1 C2 

Water 0 0.4778 0.1896 0.4850 0.4920 

N2 0.4778 0 0.1000 0.1000 0.1000 

CO2 0.1896 0.1000 0 0.1200 0.1200 

C1 0.4850 0.1000 0.1200 0 0 

C2 0.4920 0.1000 0.1200 0 0 

C3 0.5525 0.1000 0.1200 0 0 

i-C4 0.5000 0.1000 0.1200 0 0 

n-C4 0.5000 0.1000 0.1200 0 0 

i-C5 0.5000 0.1000 0.1200 0 0 

n-C5 0.5000 0.1000 0.1200 0 0 

C6 0.5000 0.1000 0.1200 0 0 

C7 0.5000 0.1000 0.1200 0 0 

C8 0.5000 0.1000 0.1200 0.0200 0 

C9 0.5000 0.1000 0.1200 0.0300 0 

C10 0.5000 0.1000 0.1200 0.0500 0.0200 

HVY1 0.5000 0.1000 0.1200 0.0700 0.0400 

HVY2 0.5000 0.1000 0.1200 0.0850 0.0500 

HVY3 0.5000 0.1000 0.1200 0.0700 0.0400 
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CHAPTER 3 A ROBUST THREE-PHASE ISENTHALPIC FLASH 

ALGORITHM BASED ON FREE-WATER ASSUMPTION 

 

 

            A version of this chapter was presented at the ASME 2017 36th International 
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Abstract 

Isenthalpic flash is a type of flash calculation conducted at given pressure and enthalpy for a feed 

mixture. Multiphase isenthalpic flash calculations are often required in compositional 

simulations of steam-based enhanced oil recovery methods. Based on a free-water assumption 

that the aqueous phase is pure water, a robust and efficient algorithm is developed to perform 

isenthalpic three-phase flashes. Assuming the feed is stable, we first determine the temperature 

by solving the energy conservation equation. Then the stability test on the feed mixture is 

conducted at the calculated temperature and the given pressure. If the mixture is found unstable, 

two-phase and three-phase vapor-liquid-aqueous isenthalpic flash can be simultaneously initiated 

without resorting to stability tests. The outer loop is used to update the temperature by solving 

the energy conservation equation. The inner loop determines the phase fractions and 

compositions through a three-phase free-water isothermal flash. A two-phase isothermal flash 

will be initiated if an open feasible region in the phase fractions appears in any iteration during 

the three-phase flash or any of the ultimately calculated phase fractions from the three-phase 

flash do not belong to [0,1]. A number of example calculations for water/hydrocarbon mixtures 

are carried out, demonstrating that the proposed algorithm is accurate, efficient and robust. 
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3.1 Introduction 

More efforts are required to recover heavy oil than light oil due to the high viscosity of the heavy 

oil [1]. To recover heavy oil, the main method relies on reducing the viscosity of heavy oil 

through heating or solvent dilution [1]. As one heating method, steam injection (such as 

steam-assisted gravity drainage (SAGD) is widely implemented to enhance the oil recovery from 

heavy oil reservoirs [2-5]. One of the recovery mechanisms of steam injection is steam 

distillation which vaporizes/condensates light components in the heavy oil [6]. 

Vaporization/condensation of light components changes the compositions of the reservoir fluids 

and affects the oil recovery efficiency. Recently, the co-injection of solvent and steam has been 

proved to be a promising technology improving oil recovery. Three-phase vapor-liquid-aqueous 

equilibria of water/solvent/heavy-oil mixtures can readily occur when these mixtures are flowing 

in the reservoir and the production tubing [7, 8]. Accurate simulation of either steam injection or 

steam/solvent co-injection process requires detailed understanding of the in-situ phase behavior 

of water/solvent/heavy-oil mixtures throughout the heavy-oil reservoir and production tubing [9]. 

Experimental and modeling data of water/solvent/heavy-oil mixtures are recently provided by 

Zirrahi et al. [10-13]. 

Some thermal-compositional simulators use the K-values calculated by semi-empirical models to 

simulate the in-situ phase behavior in the reservoir [14, 15]. A more general thermal compositional 

simulator resorts to the use of a cubic equation of state (EOS) [9, 16-17]. Phase behavior and 

thermodynamic properties of the mixture at each grid and each time step can be well captured in 
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the EOS-based thermal simulators. As for the flash computation happening in each grid, the input 

variables used for conducting flash calculation in each grid of the reservoir model are usually feed 

composition, pressure, and enthalpy [9]. 

The calculation of phase behavior at the given feed composition, pressure, and enthalpy is the 

so-called isenthalpic flash [18]. One of the challenges in the multiphase isenthalpic flash is the 

absence of prior knowledge about the number of existing phases under flash conditions. Since the 

temperature is not known in advance in the isenthalpic flash [19], it is more complicated to 

determine the number of existing phases in the isenthalpic flash than the isothermal flash. Another 

challenge is caused by the appearance of the narrow-boiling region in which the total enthalpy is 

much sensitive to the change in the temperature [20]. The existence of the water-rich phase 

associated with the three-phase equilibria always tends to induce a narrow-boiling behavior [20]. 

Sometimes, the energy conservation equation is not converging in the narrow-boiling region. For 

the latter problem, Zhu and Okuno [21] modified the direct-substitution algorithm and developed a 

new isenthalpic flash algorithm that can avoid the convergence problem in the narrow-boiling 

region. In their algorithm, they first evaluate the condition number of the Jacobian matrix for the 

Rachford-Rice equation [22] and the energy conservation equation, and proposed a proper scheme 

to switch between the bisection method and the Newton method based on the condition number of 

the Jacobian matrix. 

Michelsen [18] provided a stage-wise procedure for multiphase isenthalpic flash. The outer loop is 
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used to satisfy the energy conservation and feed temperature into the inner loop. The inner loop 

performs the stage-wise isothermal flash [23], which alternatingly implements the stability test and 

flash calculations. Agarwal et al. [20] proposed three schemes for the multiphase isenthalpic flash 

which are integrated with the conventional stability test as well. Scheme 1 is similar to the 

procedure provided by Michelsen [18]. Agarwal et al. [20] modified the method provided by 

Michelsen [18] by introducing a quasi-Newton successive substitution (QNSS) for updating 

K-values [24, 25] instead of the sole use of Newton iteration. The scheme 1 is considered to be 

robust and can handle the narrow-boiling behavior except for the mixture with one degree of 

freedom. However, due to the uncertain temperature in the isenthalpic flash, the stability test, 

which is time-consuming, needs be conducted with a considerable number of times. Scheme 2 

solves the Rachford-Rice equation [22] and the energy conservation equation simultaneously. The 

number of phases is pre-assumed and needs to be added by one when the results obtained by the 

conventional stability test at the given pressure and solved temperature show the system is 

unstable. This scheme is considered to be three times faster than Scheme 1, but may fail in the 

narrow-boiling region due to the non-convergence of the energy conservation equation. Scheme 3 

is a hybrid scheme involving 5 iterations of Scheme 2 after every iteration of Scheme 1. 

Besides the stage-wise procedures for the multiphase isenthalpic flash, efforts are also devoted to 

proposing methods to reintegrate stability test and the isenthalpic flash. Gupta et al. [26] presented 

a method to simultaneously solve the Rachford-Rice equation, energy conservation equation, and 

stability equation in the inner loop, and use the outer loop to update K-values. Zhu and Okuno [27] 
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provided a formulation for multiphase isenthalpic flash with a rearranged design for integrating 

flash-stability calculations. Prior to every iteration for solving the Rachford-Rice equation and 

energy conservation equation, the number of existing phases is updated based on the stability test 

that performs a global minimization of the Gibbs free energy. The modified direct-substitution 

algorithm for multiphase isenthalpic flash provided by Zhu and Okuno [28] is applied in this 

formulation to solve the Rachford-Rice equation and energy conservation equation. 

Heidari et al. [29] proposed a multiphase isenthalpic flash that combined the Scheme 3 of Agarwal 

et al. [20] and the free-water isothermal flash provided by Lapene et al. [30]. The free-water 

isothermal flash by Lapene et al. [30] can determine whether the existing phases are 

water-inclusive two phases or three phases without conducting stability test. The runs of 

conventional stability test are reduced, leading to an enhanced computational efficiency. However, 

when the two-phase equilibrium contains a water-rich phase, the initialization method for K-values 

in Lapene et al.’s method [30] may sometimes fail to give correct phase equilibrium results. Li and 

Li [31] developed a three-phase flash package based on the free-water assumption which assumes 

the water-rich phase is pure water [32]. This flash package can handle single-phase equilibrium, 

two-phase equilibrium, and three-phase vapor-liquid-aqueous equilibrium. This flash package 

provides an alternative method for switching between the two-phase and three-phase 

vapor-liquid-aqueous equilibria without resorting to stability test. An initialization method for the 

K-values, which is independent of the results of the stability test, is developed to ensure the 

efficiency and robustness of the isothermal flashes for two-phase equilibria involving a water-rich 
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phase. 

The objective of this work is to develop an accurate, robust, and efficient three-phase isenthalpic 

flash algorithm for water/hydrocarbon mixtures based on the free-water assumption for the 

aqueous phase. We also aim to ensure that this scheme performs well for the three-phase 

vapor-liquid-aqueous equilibria where the narrow-boiling behavior appears. This multiphase 

isenthalpic flash can handle single-phase, two-phase, and three-phase vapor-liquid-aqueous 

equilibria that are frequently encountered in the thermal oil recovery processes. Phase appearances 

and disappearances can be readily handled by the new algorithm. We demonstrate the performance 

of the three-phase free-water isenthalpic flash via several example calculations. 

3.2 Mathematical Formulation 

The objective of isenthalpic flash is to find the T, βj, and xij which give the maximum total entropy 

at the given P, zi, and Hspec [18], 

 
1

pN

t j j

j

S S
=

=         (3-1) 

where the subscript i is the component index, and Nc is the number of components; The subscript j 

is the phase index, and Np is the number of phases; T is temperature; βj is the phase mole fraction of 

phase j; xij is the mole fraction of component i in phase j; P is pressure; zi is mole fraction of 

component i in the feed; Hspec is the specified molar enthalpy; St is the total molar entropy; and Sj is 

the molar entropy of phase j. In our scheme, βj and xij are solved in the inner loop by isothermal 

flash. For the isothermal flash, xij is updated in the outer loop until satisfying the chemical 
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potential,  

1 2 ... ,  1,..., ,  1,...,i i ij c pf f f i N j N= = = = =      (3-2) 

where fij represents the fugacity of component i in the phase j. βj is solved in the inner loop based 

on the material balance,  
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In our case, based on the free-water assumption, we modify the objective function by Okuno et al. 

for performing three-phase vapor-liquid-aqueous isothermal flash calculations [31, 32], 
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Equation (3-6) refers to the “effective” equilibrium constants as defined by Tang and Saha [33]. 

The subscript x and y represent the hydrocarbon-rich phase and the vapor phase, respectively. We 

set the component 1 to be the water component. Kiy is the equilibrium ratios for the vaper phase 

with respect to the hydrocarbon-rich phase, i.e., the reference phase. Kiy is defined by
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= = = , where ɸ represents the fugacity coefficient. βw can be solved based on 

βy [30, 31], 
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where the subscript w represents the water-rich phase. As for the two-phase isothermal flash 

calculations, a modified objective function for flash computation provided by Okuno et al. [32] is 

applied, 
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where Ki1 is defined by 
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= = = . The subscript 1 represents the non-reference 

phase, while the subscript 2 represents the reference phase. T is updated by solving the energy 

conservation equation in the outer loop of the isenthalpic flash, 
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where Ht is the total molar enthalpy, while Hj is the molar enthalpy of phase j. Ht is calculated by 

the method as proposed by Zhu and Okuno [21]. All of the thermodynamic properties are 

calculated by the Peng-Robinson EOS [34]. 

3.3 Algorithm 

The algorithm discussed in this section is a modified three-phase isenthalpic flash based on the 

free-water assumption. This algorithm is developed to handle the multiphase equilibria including 
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single-phase, two-phase, and three-phase vapor-liquid-aqueous equilibria. The primary purpose of 

developing the three-phase isenthalpic flash algorithm is to enhance the computational efficiency 

of the algorithm by replacing the conventional stability test with an alternative analytical method 

for determining the number of existing phases. 

Due to the narrow-boiling behavior in the three-phase vapor-liquid-aqueous zone which will cause 

convergence problem for the energy conservation equation, we need to avoid solving the 

Rachford-Rice equation and the energy conservation equation simultaneously. Therefore, we opt 

to use the outer loop to update temperature, while use inner loop to perform multiphase isothermal 

flash. However, if we perform the conventional multiphase isothermal flash in the inner loop, this 

scheme will be time-consuming; this is because in the conventional isothermal flash we need to 

conduct two times of the stability test in order to determine whether the number of existing phases 

is two or three. With the temperature updated in the outer loop, several runs of conventional 

isothermal flash are needed to achieve the convergence of the energy conservation equation. This 

will lead to a considerable number of stability tests. 

In our scheme, we can efficiently identify the existence or non-existence of a one-phase 

equilibrium with the aid of the conventional stability test. (Nc + 4) initial guesses of K-values are 

applied in the stability test to ensure the correctness of single-phase stability test [19]. Then, for the 

two-phase and three-phase vapor-liquid-aqueous equilibria, the inner loop of the isenthalpic flash 

implements parts of two-phase and three-phase equilibria calculations included in the isothermal 
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flash package proposed by Li and Li [31]. We can properly switch between the two-phase and 

three-phase equilibria in this isothermal flash package without resorting to the conventional 

stability test. Therefore, only one stability-test run needs to be executed in one run of the 

multiphase isenthalpic flash, which significantly reduces the number of stability test. This flash 

package also provides an efficient and robust method for initializing the K-values in both the 

two-phase and three-phase equilibria without using the results obtained by the stability test. The 

method of updating temperature in the outer loop is similar to that as proposed by Agarwal et al. 

[20]. Presented below is the stepwise procedure for implementing the new three-phase free-water 

isenthalpic flash algorithm. Figure 3-1 shows the flow chart of this algorithm. 

(1) Input P, zi, Hspec, and component properties (such as critical temperature, Tc, critical pressure, 

Pc, acentric factor, ω, and binary interaction parameters (BIPs)). Set the upper temperature, TU, 

the lower temperature, TL, and the iteration number iter=1. Guess an initial temperature, T1. 

(2) Assume the mixture is in a single phase, and solve T1 using the energy conservation equation, 

Equation (3-15). The procedure for solving the energy conservation equation is similar to that 

as discussed in Steps (7) to (10). 

(3) Perform the conventional stability test by calculating the tangent plane distance at P and T1. If 

the mixture is stable, output one-phase equilibrium and T1. Otherwise, enter the inner loop to 

conduct isothermal flash for two-phase and three-phase vapor-liquid-aqueous equilibria [31]. 

The inner loop is covered in Steps (4) to (6). 
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(4) Conduct three-phase free-water isothermal flash algorithm [31] at P and Titer to solve for phase 

mole fractions and phase compositions. The initialization method of the three-phase free-water 

flash algorithm [31] is the same as that proposed by Lapene et al. [30]. The negative flash is 

allowed in this case [35]. 

(5) If an open feasible region appears in any iteration or any of the ultimately calculated phase 

fractions do not belong to [0, 1], go to Step (6). Otherwise, three-phase vapor-liquid-aqueous 

equilibrium will appear at P and Titer and go to Step (7). 

(6) Conduct conventional two-phase isothermal flash and the mixture will split into two phases at 

P and Titer. If the two-phase equilibrium does not contain a water-rich phase based on the 

criteria proposed by Li and Li [31], the Wilson equation [36] can be used to initialize 

K-values for the non-water component in the two-phase flash, 
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The Wilson equation can provide a satisfying initialization of the K-values between the vapor 

and hydrocarbon-rich phases for the non-water components, while the initialization given by 

Equation (3-11) for the water component proposed by Lapene et al. [30] can give a better 

initial value than the value provided by the Wilson equation based on our extensive testing, 
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Otherwise, the K-values are initialized by, 
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where the subscript 1 represents the non-reference phase which represents the water-rich 

phase in our case, while the subscript 2 represents the non-water-rich phase which is chosen 

as the reference phase in our case. This initialization method is based on the fact that little 

hydrocarbons can dissolve in the water-rich phase.  

(7) Calculate the residual of the energy conservation equation, 
2

iterg , as follows, 

2

iter

t specg H H= −         (3-15) 

(8) Update Titer. If iter=1, calculate the molar heat capacity of each phase, Cpj, and the total molar 

heat capacity, Cpt, 
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Update the temperature by [20], 

 2 1 1

2 ptT T g C= +         (3-17)  

Otherwise, update the temperature by [20], 
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(9) Check if 
1L iter UT T T+  . If so, iter=iter+1 and go to Step (10). Otherwise, re-calculate 

Titer+1 by [20], 
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where 
2

Lg and 
2

Ug  are the residual of the energy conservation equation at the lower 
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boundary temperature and the upper boundary temperature, respectively.  

(10) If ( )1 6

2 10iterabs g − − , output Titer-1, phase mole fractions, and phase compositions. 

Otherwise, go back to Step (4). 
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Figure 3-1 Flow chart of the multiphase isenthalpic flash algorithm based on the free-water assumption 
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3.4 Example Applications 

We implement the newly developed three-phase isenthalpic flash algorithm to several 

water/hydrocarbon mixtures to test the robustness of this algorithm, especially, in the 

narrow-boiling regions. Each case is tested under a great number of pressure/enthalpy conditions. 

The details with regard to the calculations of the thermodynamic properties can refer to the 

formulations provided by Zhu and Okuno [21]. Appendix A provides all the values of the 

parameters needed in the calculations, including feed compositions, component properties, and 

BIPs. In the following text and figures, V represents the vapor phase, HC represents the 

hydrocarbon-rich phase, and W represents the water-rich phase. 

3.4.1 Case 1 (Water/C3/C16 Mixture) 

The water/C3/C16 mixture was also used by Zhu and Okuno [28]. This mixture is tested under 80 

bar and different specified enthalpies. Figure 3-2 shows the comparison between temperatures 

obtained by the free-water isenthalpic flash algorithm in this work and those obtained by the Zhu 

and Okuno [28]. As shown in Figure 3-2, the calculated temperatures by these two works are in an 

excellent agreement. In the three-phase vapor-liquid-aqueous equilibrium zone, especially near the 

phase boundary between the three-phase and two-phase vapor-liquid equilibrium, the enthalpy is 

highly sensitive to the temperature change. This phenomenon is referred to as the narrow-boiling 

behavior. An extensive testing shows that our algorithm performs well in the narrow-boiling 

region. 
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Figure 3-2 Case study 1 (water/C3/C16 mixture): comparison between temperatures obtained by 

the new isenthalpic flash algorithm and those obtained by the Zhu and Okuno [28] at 80 bar 

 

As for this mixture at 80 bar and different temperatures, Figure 3-3 (a) shows the absolute 

deviations between the total molar enthalpies calculated by the conventional three-phase 

isothermal flash and those obtained by the three-phase free-water isothermal flash. Note that the 

absolute deviations tend to decrease first as a function of temperature below about 518 K, followed 

by a sharp increase as temperature further goes up towards the temperature that differentiates the 

two-phase vapor-liquid equilibrium and the three-phase equilibrium. Figure 3-3 (b) shows the 

variation in the mole fraction of C3 in the water-rich phase as calculated by the conventional 

three-phase isothermal flash. As shown in Figure 3-3 (b), the dissolution of C3 in the water-rich 

phase increases with an increase in temperature, which explains why the absolute deviations as 

shown in Figure 3-3 (a) shows a sharp increasing trend as temperatures goes beyond about 518 K. 
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(a) 

 

(b) 

Figure 3-3 Case study 1 (water/C3/C16 mixture): (a) absolute deviations between the calculated 

total molar enthalpies obtained by the conventional three-phase isothermal flash and those 

obtained by the three-phase free-water isothermal flash at 80 bar and different temperatures; (b) 

mole fraction of C3 in the water-rich phase as calculated by the conventional three-phase 
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isothermal flash at 80 bar and different temperatures. 

 

Figure 3-4 describes the evolution of the number of phases and temperatures as a function of the 

iteration number of the outer loop for the water/C3/C16 mixture at 80 bar and four different 

specified enthalpy values. These specified enthalpies are selected from the narrow-boiling region 

to illustrate the phase appearance and disappearance during the multiphase isenthalpic flash 

calculations. As shown in Figure 3-4, our multiphase isenthalpic flash algorithm can readily 

handle the phase appearance and disappearance as temperature varies since no convergence issue 

is encountered. 

 

(a) 
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(b) 

 

(c) 
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(d) 

Figure 3-4 Case study 1 (water/C3/C16 mixture): evolution of the number of phases and 

temperatures as a function of the iteration number of the outer loop at 80 bar and four different 

values of the specified enthalpy: (a) Hspec = -15000 J/mol; (b) Hspec = -8000 J/mol; (c) Hspec = 0 

J/mol; (d) Hspec = 8000 J/mol. 

 

3.4.2 Case 2 (Water/Pseudo-Components Mixture)  

This case study focuses on a water/hydrocarbon mixture that is comprised of water and four 

pseudo-components, which was also tested by Zhu and Okuno [28]. During the calculations, the 

pressure is set at 30 bar. Figure 3-5 shows the comparison between temperatures at different 

specified enthalpies obtained by the algorithm in this work and those obtained by Zhu and Okuno 

[28]. Again, a good agreement is observed between the calculated temperatures by these two 

methods.  
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Figure 3-5 Case study 2 (water/pseudo-components mixture): comparison between temperatures 

obtained by the new isenthalpic flash algorithm and those obtained by the Zhu and Okuno [28] at 

30 bar 

 

Figure 3-6 presents the number of iterations at different calculated temperatures obtained by our 

multiphase isenthalpic flash algorithm. During the calculations, we set the TU as 800 K, TL as 200 

K, and T1 as 300 K.  Based on our extensive testing results, the initial temperature has little effect 

on the number of iterations required for the outer loop before convergence, while the upper and 

lower boundary temperatures have a relatively larger impact. As shown in Figure 3-6, the most 

obvious tendency is that the number of iterations becomes much larger when we are approaching 

the phase boundary between the three-phase and two-phase vapor-liquid equilibrium where the 

enthalpy is most sensitive to the temperature. 
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Figure 3-6 Case study 2 (water/pseudo-components mixture): variation in the number of iterations 

as a function of the calculated temperatures experienced by the new isenthalpic flash algorithm at 

30 bar 

 

Figure 3-7 shows the evolution of number of phases and temperatures as a function of the iteration 

number of the outer loop for this mixture at 30 bar and four different specified enthalpy values. 

These specified enthalpies are selected from the narrow-boiling region as well. From Figure 3-7, 

we can clearly observe how the phases appear or disappear during the isenthalpic flash 

calculations in the narrow-boiling region. As the specific enthalpy curve shown in Figure 3-5 

moves closer to the narrow boiling region, we can see from Figure 3-7 that the number of the 

phases tend to be bouncing between 2 and 3. This instability raises the difficulty in performing the 

multiphase isenthalpic flash calculations, which translates to an increasing iteration number of the 
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outer loop. 

 

(a) 

 

(b) 
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(c) 

 

(d) 

Figure 3-7 Case study 2 (water/pseudo-components mixture): evolution of the number of phases 

and temperatures as a function of the iteration number of the outer loop at 30 bar and four different 

values of the specified enthalpy: (a) Hspec = -49000 J/mol; (b) Hspec = -45000 J/mol; (c) Hspec = 

-28000 J/mol; (d) Hspec = -24000 J/mol. 
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3.4.3 Case 3 (Water/C1/C7/CD Mixture) 

This case study focuses on a water/hydrocarbon mixture containing 75% water, 8% C1, 15% n-C7, 

and 2% Athabasca (GCOS) dead bitumen (CD). Zhu and Okuno [37] also used this mixture as an 

example. We conduct the multiphase isenthalpic flash calculations at several specified enthalpies 

at 20 bar and 210 bar, respectively. Figure 3-8 (a) shows the comparison between temperatures 

obtained by the new algorithm and those obtained by Zhu and Okuno [37] for this mixture at 20 bar 

and different specified enthalpies. Figure 3-8 (b) shows a similar comparison at 210 bar. A good 

agreement concurs between the calculated temperatures by these two algorithms at 20 bar. 

Nonetheless, we can observe some discrepancies between the calculated temperatures by these 

two algorithms at 210 bar. Such discrepancy is caused by the increasing dissolution of C1 in the 

water-rich phase at a higher pressure. 
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(a) 

 

(b) 

Figure 3-8 Case study 3 (Water/C1/C7/CD mixture): comparison between temperatures obtained 

by the multiphase isenthalpic flash algorithm provided in this work and those obtained by the Zhu 

and Okuno [37], (a) at 20 bar and (b) at 210 bar. 
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As shown in Figure 3-9 (a), the mole fraction of C1 in the water-rich phase calculated by the 

conventional three-phase isothermal flash is larger than 0.0016. As temperature increases, the 

mole fraction of C1 in the water-rich phase becomes even larger, approaching 0.0020. Therefore, 

the C1 dissolved in the water-rich phase cannot be neglected at such high pressures, implying that 

the application of free-water assumption will lead to a larger approximation error. It is seen from 

Figure 3-9 (b) that a small discrepancy exists between the phase fractions obtained by the 

three-phase free-water isothermal flash and those obtained by the conventional three-phase 

isothermal flash. Fortunately, thermal recovery projects in Canadian heavy oil reservoirs are 

normally conducted under relatively low pressures, e.g., 20-40 bar. This means that our free-water 

isenthalpic algorithm can be potentially applicable to the thermal-recovery simulations for the 

majority of Canadian heavy oil reservoirs.  
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(a) 

 

(b) 

Figure 3-9 Case study 3 (Water/C1/C7/CD mixture): (a) mole fraction of C1 in the water-rich 

phase calculated by the conventional three-phase isothermal flash at 210 bar and different 

temperatures; (b) comparison between the phase fractions obtained by the three-phase free-water 

isothermal flash and those obtained by the conventional three-phase isothermal flash at 210 bar 

and different temperatures. 
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Figure 3-10 describes the evolution of the number of iterations as a function of the calculated 

temperatures at 210 bar experienced by our new isenthalpic flash algorithm. During the 

calculations, we set TU to be 800 K, TL to be 200 K, and T1 to be 300 K. Similarly, we can see from 

Figure 3-10 that the number of iterations increases significantly when we are approaching the 

phase boundary between the three-phase and two-phase vapor-liquid equilibrium. 

 

Figure 3-10 Case study 3 (Water/C1/C7/CD mixture): evolution of the number of iterations as a 

function of the calculated temperatures at 210 bar as experienced by the new isenthalpic flash 

algorithm 

 

3.5 Conclusions 

In this paper, we present a robust and efficient three-phase isenthalpic flash algorithm based on the 
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free-water assumption for the aqueous phase if the aqueous phase exists. This isenthalpic flash 

algorithm can consider single-phase equilibria, two-phase equilibria, and three-phase 

vapor-liquid-aqueous equilibria. As demonstrated by the challenging case studies, this algorithm 

performs well in the narrow-boiling region except for the mixture with one degree of freedom and 

can readily handle the phase appearances and disappearances as temperature updates to satisfy the 

energy conservation equation. At low to medium pressures under which the thermal recovery 

processes are normally conducted, a good agreement can be observed between the flash results 

obtained by the new algorithm and those obtained by the conventional algorithm without imposing 

the free-water assumption. But it is worthwhile mentioning that this algorithm may cause 

intolerable errors if applied to the mixtures containing polar materials, such as alcohols, or the 

mixtures at given conditions under which the free-water assumption is not valid. 

Nomenclature 

Cpj molar heat capacity of phase j 

Cpt total molar heat capacity 

fij fugacity of component i in phase j 

2

iterg  residual of the energy equation at a given temperature in each iteration 

2

Lg  residual of the energy equation at the lower boundary temperature 

2

Ug  residual of the energy equation at the upper boundary temperature 
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Hj molar enthalpy of phase j 

Hspec specified molar enthalpy 

Ht total molar enthalpy 

iter number of iterations 

Kiy 

equilibrium ratio of component i for the vapor phase with respect to the 

reference phase 

Nc number of components 

Np number of phases 

P pressure 

Pc critical pressure 

Sj molar entropy of phase j 

St total molar entropy 

T temperature 

T1 

temperature calculated by the energy conservation equation assuming 

the feed is stable 

Tc critical temperature 
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Titer temperature in each iteration 

TL the lower boundary temperature 

TU the upper boundary temperature 

xij mole fraction of component i in phase j 

zi mole fraction of component i in the feed 

βj phase fraction of phase j 

βw phase fraction of the water-rich phase 

βx phase fraction of the hydrocarbon-rich phase 

βy phase fraction of the vapor phase 

ɸ fugacity coefficient 

ω acentric factor 

Subscripts  

1 water component or non-reference phase 

2 reference phase 

c critical property 

i component index 



 

91 

 

j phase index 

spec specified value 

t total property 

w water-rich phase 

x hydrocarbon-rich phase 

y vapor phase 

Superscripts  

iter iteration index 

L lower bound 

U upper bound 
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Appendix 3-A: Component Properties and BIPs 

Table 3-A.1, 3-A.3, and 3-A.5 show the component properties for the water/C3/C16 mixture used in 

Case 1, water/pseudo-components mixture used in Case 2, and water/C1/C7/CD mixture used in 

Case 3, respectively. In these tables, z represents the mole fraction in the feed; Tc represents the 

critical temperature; Pc represents the critical pressure; ω represents the acentric factor; and 0

1PC , 

0

2PC , 0

3PC , and 0

4PC  are the coefficients used for calculating the molar enthalpy. Tables 3-A.2, 

3-A.4, and 3-A.6 provide BIPs for the water/C3/C16 mixture used in Case 1, 

water/pseudo-components mixture used in Case 2, and water/C1/C7/CD mixture used in Case 3, 

respectively. 

Table 3-A.1 Component properties for the water/C3/C16 mixture [28] 

Component z (mol%) Tc (K) Pc (bar) ω 

H2O 0.75 647.3 220.89 0.344 

C3 0.15 369.8 42.46 0.152 

C16 0.10 717.0 14.19 0.742 

Component ( )0

1  PC J mol K  ( )0 2

2  PC J mol K  ( )0 3

3  PC J mol K  ( )0 4

4  PC J mol K  

H2O 32.20 0.001907 1.06E-05 -3.596E-09 

C3 -4.22 0.306300 -1.60E-04 3.215E-08 

C16 -13.00 1.529000 -8.50E-04 1.850E-07 

 

Table 3-A.2 BIPs between the components in the water/C3/C16 mixture [28] 

Component H2O C3 C16 

H2O 0 0.6841 0.3583 

C3 0.6841 0 0 

C16 0.3583 0 0 
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Table 3-A.3 Component properties for the water/pseudo-components mixture [28] 

Component z (mol%) Tc (K) Pc (bar) ω 

H2O 0.50 647.300 220.89 0.344 

PC1 0.15 305.556 48.82 0.098 

PC2 0.10 638.889 19.65 0.535 

PC3 0.10 788.889 10.20 0.891 

PC4 0.15 838.889 7.72 1.085 

Component ( )0

1  PC J mol K  ( )0 2

2  PC J mol K  ( )0 3

3  PC J mol K  ( )0 4

4  PC J mol K  

H2O 32.200 0.001907 1.06E-05 -3.596E-09 

PC1 -3.500 0.005764 5.09E-07 0 

PC2 -0.404 0.000657 5.41E-08 0 

PC3 -6.100 0.010930 1.41E-06 0 

PC4 -4.500 0.008049 1.04E-06 0 

 

Table 3-A.4 BIPs between the components in the water/pseudo-components mixture [28] 

Component H2O PC1 PC2 PC3 PC4 

H2O 0 0.71918 0.45996 0.26773 0.24166 

PC1 0.71918 0 0 0 0 

PC2 0.45996 0 0 0 0 

PC3 0.26773 0 0 0 0 

PC4 0.24166 0 0 0 0 

 

Table 3-A.5 Component properties for the water/C1/C7/CD mixture [37] 

Component z (mol%) Tc (K) Pc (bar) ω 

H2O 0.75 647.3 220.89 0.344 

C1 0.08 190.6 46.00 0.008 

C7 0.15 540.2 27.36 0.351 

CD 0.02 1090.9 7.86 1.361 

Component ( )0

1  PC J mol K  ( )0 2

2  PC J mol K  ( )0 3

3  PC J mol K  ( )0 4

4  PC J mol K  

H2O 32.20 0.001907 1.06E-05 -3.596E-09 

C1 19.30 0.052120 1.20E-05 -1.132E-08 

C7 -5.15 0.676100 -3.70E-04 7.657E-08 

CD -34.60 3.801000 -2.15E-03 0 
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Table 3-A.6 BIPs between the components in the water/C1/C7/CD mixture [37] 

Component H2O C1 C7 CD 

H2O 0 0.7560 0.5610 0.1000 

C1 0.7560 0 0.0352 0 

C7 0.5610 0.0325 0 0 

CD 0.1000 0 0 0 
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Abstract 

Three-phase vapor-liquid-aqueous (VLA) equilibria can frequently appear in hydrocarbon 

reservoirs. The presence of the aqueous phase, which can commonly exist as a pure water phase, 

can dramatically increase the probability of encountering convergence issues in the three-phase 

equilibrium calculation algorithms. The primary reason is that there is a lack of good initial 

estimates of equilibrium ratios in both stability tests and flash calculations. In this research, we 

improve the three-phase VLA equilibrium calculation algorithm for water/hydrocarbon mixtures 

by developing a new scheme for initializing equilibrium ratios and also developing a new 

procedure for stability test. By applying this new initialization scheme, one can securely identify 

the aqueous-like stationary point on the tangent plane distance function. In our algorithm, 

convergence problems, which can frequently appear in the flash calculations of three-phase VLA 

equilibrium calculations, are avoided. We demonstrate the robustness and efficiency of the newly 

developed algorithm by showing a number of example calculations.  

Keywords: Three-phase equilibrium, Stability test, Flash calculation, Initialization method, 

Robustness 
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4.1 Introduction  

Three-phase vapor-liquid-aqueous (VLA) equilibria are frequently encountered in many 

hydrocarbon reservoirs. When one is conducting numerical simulations for such reservoirs with 

the aid of a compositional reservoir simulator, three-phase VLA equilibrium calculations should 

be conducted in each grid at each time step. A robust and efficient three-phase VLA equilibrium 

calculation algorithm is thereby becoming a prerequisite for accurately capturing the multiphase 

flow of water/hydrocarbon mixtures in hydrocarbon reservoirs [1, 2]. Three-phase VLA 

equilibrium calculation can be simplified as free-water three-phase equilibrium calculation if the 

aqueous phase can be considered as a pure water phase [3]; in most cases, this is a valid practice. 

But the free-water three-phase equilibrium calculation is not applicable to some reservoirs 

containing acid gases (such as CO2 and H2S). In such cases, the aqueous phase cannot be 

considered as a pure phase as the dissolution of the acid gases can be significant, especially at 

high pressure conditions [4, 5]; thus, a full three-phase equilibrium calculation is warranted. 

Isothermal-isobaric phase equilibrium calculations aim to find a state at which the mixture has 

the lowest Gibbs free energy at the given feed composition, temperature, and pressure [6, 7]. In a 

multiphase equilibrium calculation, several kinds of phase equilibria may appear. For example, 

in a three-phase equilibrium calculation, the possible number of equilibrium phase can be one, 

two, or three. When the number of equilibrium phases is two, there will be three kinds of 

two-phase equilibria. However, we do not have a prior knowledge of the number of phases that 

are actually present. To determine the actual phase equilibrium, multiphase equilibrium 
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calculations are normally conducted in a stage-wise manner [6-8]. The most extensively adopted 

approach is to first perform stability test to determine if the number of phases needs to be 

increased by locating the stationary points of the tangent plane distance (TPD) function [6]; if 

any of the stationary points gives a negative TPD, we proceed with flash calculation with an 

increased number of phases to determine the phase fractions and phase compositions [7]. In this 

approach, the equilibrium ratios at the negative stationary point(s) yielded from the stability test 

are used to initialize the subsequent flash [7]. 

The aforementioned approach performs well when the largest number of present phases in the 

given system is two, while convergence problems are frequently encountered when that increases 

to three. This is partly because more stationary points can appear on the TPD function in 

three-phase equilibrium calculations than two-phase equilibrium calculations, leading to a higher 

chance of the negative stationary point(s) being hidden by positive ones. Thus, it is becoming 

more difficult for the stability tests to successfully detect the negative stationary point(s) in 

three-phase equilibrium calculations. To increase the chance of detecting the negative stationary 

points during stability test, multiple initial estimates of equilibrium ratios are required [6, 8-9]. 

Michelsen [6] suggested that the trial phase considered in the stability test can be initialized as a 

pure phase. Li and Firoozabadi [8] suggested that this method should be modified, since the pure 

phase may be largely distinct from the trial phase. For hydrocarbon fluids mixed with CO2, they 

proposed to use (c+4) initial estimates of equilibrium ratios for stability tests (where c represents 

the number of components) [8]. The initialization method proposed by Li and Firoozabadi [8] 



 

104 

 

works well in three-phase equilibrium calculations which do not involve the presence of an 

aqueous phase, but it may not perform well in three-phase VLA equilibrium calculations. This is 

because the presence of the aqueous phase skews the topography of the TPD function, leading to 

that the aqueous-like stationary point can frequently appears near the boundaries of the TPD 

surface. To find such aqueous-like stationary point near the boundaries of the TPD surface, 

Connolly [9] suggested that one should assign 99.9 mol% to water in the initial estimate of the 

trial phase, and let others equally share the remaining 0.1 mol%. When the pure water phase 

gives a local minimum value of the TPD function, this initialization method cannot detect the 

aqueous-like minimum point. 

Another factor complicating the three-phase VLA calculation is that, in a three-phase VLA 

equilibrium calculation, multiple two-phase equilibria could be resulted from the two-phase flash 

calculations with different initial equilibrium-ratio estimates [10]. The true two-phase 

equilibrium should be the one having the minimum Gibbs free energy. Thereby, Gorucu and 

Johns [11] recommended that, to increase the chance of finding the true two-phase equilibrium 

or provide a better input for a subsequent three-phase flash, two-phase flash calculations should 

be performed several times with different initial estimates of equilibrium ratios, even if the 

results yielded by the first flash calculation seem physical; then the two-phase equilibrium, 

yielding the minimum Gibbs free energy, will be chosen to be applied in the subsequent 

calculations. To initialize the two-phase flashes, Gorucu and Johns [11] adopted the (c+4) initial 

estimates of equilibrium ratios as proposed by Li and Firoozabadi [8] for initializing the stability 
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tests. However, this initialization method does not perform well in three-phase VLA equilibrium 

calculations, due to its possible failure in identifying the aqueous phase in two-phase flash 

calculations. It is also quite time-consuming to perform two-phase flash calculations in an 

exhaustive manner like this. 

Many efforts have been invested in the past to develop a robust and efficient algorithm for 

performing three-phase VLA equilibrium calculations [2, 12-13]. Li and Nghiem [12] proposed a 

detailed three-phase VLA equilibrium calculation algorithm. Sabet and Gahrooei [13] modified 

this algorithm by adding a vapor-liquid (VL) stability test on the water-excluded feed. In these 

algorithms [12, 13], the vapor and oleic phases are modeled using the cubic equation of state 

(EOS), while the gas solubility in the aqueous phase is calculated by Henry’s law [14]. This will 

result in an inconsistency of the thermodynamic properties among the aqueous phase and the 

vapor/liquid phases. Mortezazadeh and Rasaeiuse [2] proposed a modified three-phase VLA 

equilibrium calculation algorithm. In their algorithm, all the thermodynamic properties are 

calculated by the Peng-Robinson (PR) EOS [15]. To have a precise description of the gas 

dissolution in the aqueous phase, the binary interaction parameters (BIPs) and  -function 

modified by Søreide and Whitson [16] are used to calculate the thermodynamic properties of the 

aqueous phase. In this algorithm, the presence of the aqueous phase is firstly checked by 

single-phase stability test; when conducting this single-phase stability test, the initial estimate of 

the trial phase, which is the same as that used by Connolly [9], is applied in an attempt to 

identify the aqueous-like stationary point on the TPD surface. But again, such initialization 
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method may fail to identify an aqueous-like stationary point in some cases. In addition, a 

negative aqueous-like stationary point may exist on the TPD surface, even if the aqueous phase 

will not appear in the actual phase equilibrium. Therefore, one cannot determine whether the 

aqueous phase will appear or not just based on the single-phase stability test. To ensure the 

robustness of their algorithm, Mortezazadeh and Rasaeiuse [2] suggested that several initial 

estimates of equilibrium ratios should be used in the two-phase VL flash calculations, which is 

similar to the recommendation made by Gorucu and Johns [11]. 

In this work, we improve the three-phase VLA equilibrium calculation algorithm with a new 

scheme to initialize equilibrium ratios in both stability tests and flash calculations. By applying 

this new initialization scheme, we can securely detect the aqueous-like stationary point on the TPD 

function. Moreover, convergence problems in flash calculations can be avoided with this new 

initialization scheme. By applying our improved algorithm, one can obtain correct phase equilibria 

in a more efficient way. The performance of the newly developed algorithm is demonstrated by 

using a large number of example calculations. 

4.2 Theoretical Background 

4.2.1 Phase Stability Test 

Phase stability tests are applied to determine whether a mixture will reach a lower Gibbs free 

energy by splitting into two or more phases at a given temperature/pressure condition. A TPD 

function of the reduced molar Gibbs free energy is implemented in stability tests. The expression 
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of the TPD function is shown as follows [6], 

( ) ( ) ( )
1

ln ln ln ln
c

i i i i i

i

g y y z 
=

= + − −  y y z       (4-1) 

where y and z represent the compositions of the trial phase and the test phase, respectively; 

( )i y  and ( )i z  represent the fugacity coefficients of component i in the trial phase and the 

test phase, respectively; c is the number of components in the mixture; and the subscript i is the 

component index. In the single-phase stability test, z represents the feed composition; while, in 

the two-phase stability test, z represents the composition of either of the two phases yielded by 

the two-phase flash calculation (excluding the aqueous phase). If all the values of the TPD 

function are non-negative, the mixture will be considered to be stable. However, it is 

time-consuming to test all the possible compositions of the trial phase. Therefore, Michelsen [6] 

proposed that the mixture can be considered to be stable if all the values of stationary points on 

the TPD function are non-negative. The stationary points of the TPD function can be solved by 

the following equation [6], 

( ) ( )ln ln ln ln ,  1,...,i i i iy z k i c + − − = =y z      (4-2) 

where k is a constant representing the value of the stationary point. By introducing k

i iY y e−= , 

the following equation can be obtained [6], 

( ) ( )ln ln ln ln 0,  1,...,i i i iY z i c + − − = =Y z      (4-3) 

The composition of the trial phase can be determined by 
1

c

i i i

i

y Y Y
=

=  . Based on the new 

variables Yi, Michelsen [6] formulated an alternative version of the TPD function which was 
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unconstraint on Yi (except Yi>0). The revised function is shown as follows [6], 

( ) ( ) ( )*

1

1 ln ln ln ln 1
c

i i i i i

i

g Y Y z 
=

= + + − − −  y Y z     (4-4) 

4.2.2 Flash Calculation 

The convergence of flash calculations is subject to the material balance constraint and the 

constraint that the fugacities of each component in all phases present are equivalent [7]. In 

general, there are two iteration loops in the flash calculation algorithm. The outer loop is used to 

update equilibrium ratios in order to satisfy the equal-fugacity constraint, while the inner loop is 

used to calculate phase mole fractions by satisfying the material balance constraint (with 

equilibrium ratios provided by the outer loop). The successive substitution iteration (SSI) is 

applied in the outer loop, while either the bisection or the Newton method can be adopted in the 

inner loop [17, 18]. Rachford and Rice [19] developed the Rachford-Rice (RR) equation to solve 

phase mole fractions based on the material balance. The RR equation used for the two-phase 

flash calculation is provided as follows [19], 

( )
( )
( )1 1

1
0

1 1

c c
i iy

y i i

i i y iy

z K
RR y x

K= =

−
= − = =

+ −
         (4-5) 

where xi, yi, and zi represent the mole fraction of component i in the phase x, phase y, and feed, 

respectively; 
y  represents the phase mole fraction of the phase y; and Kiy represents the 

equilibrium ratio of component i in the phase y with respect to the phase x. Kiy can be described by 

the following equation,  

 ,  1,...,i ix
iy

i iy

y
K i c

x




= = =         (4-6) 
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where 
ix  and 

iy  represent the fugacity coefficient of component i in the phase x and phase y, 

respectively. Phase compositions can be calculated by the following equations based on the 

material balance, 

( )
;  

1 1

i
i i i iy

y iy

z
x y z K

K
= =

+ −
       (4-7) 

The RR equation can be also solved by minimizing a convex function [20-22]. For our 

three-phase VLA flash calculations, a modified RR equation proposed by Okuno et al. [22] is 

applied to solve phase mole fractions. The expression of the objective function and constraints is 

shown below [22], 

 
( ) ( ) ( )

1

min : ln 1 1 1

Subjec  tot : ,  1,...,

c

i iy y iw w

i

f z K K

b i c

 
=


= − − − − −


  =


T

i i

β

a β

   (4-8) 

where a
i
= 1- K

iy
;  1- K

iw
é
ë

ù
û

; ;  y w  =  β ;  min 1 ,  1 ,  1i iy i iw ib z K z K z= − − −i ; wi represents 

the mole fraction of component i in the phase w; w  represents the phase mole fraction of the 

phase w; and Kiw represents the equilibrium ratio of component i in the phase w with respect to the 

phase x. Kiw is defined as follows, 

,  1,...,i ix
iw

i iw

w
K i c

x




= = =        (4-9) 

where iw  represents the fugacity coefficient of component i in the phase w. Phase compositions 

can be calculated as follows, 

( ) ( )
;  ;  

1 1 1

i
i i i iy i i iw

y iy w iw

z
x y z K w z K

K K 
= = =

+ − + −
    (4-10) 

4.2.3 Conventional Three-Phase Equilibrium Calculation Algorithm 
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The conventional three-phase equilibrium calculation algorithm refers to the most widely used 

stage-wise algorithm as described in [6-8]. The single-phase stability test is firstly performed in 

this conventional algorithm. If any of the stationary points gives a negative TPD, the two-phase 

flash calculation will be conducted. As suggested by Gorucu and Johns [11], two-phase flash 

calculations should be performed several times with multiple initial estimates of equilibrium 

ratios, even if the results yielded by the first two-phase flash calculation seem physical. The 

two-phase equilibrium with the minimum Gibbs free energy will be chosen for the subsequent 

calculations. Then, the two-phase stability test should be conducted. If the two-phase stability 

test shows the two-phase equilibrium is unstable, three-phase flash calculation should be 

performed. The equilibrium ratios at the negative stationary point(s) yielded from the stability 

test are used to initialize the subsequent flash [7]. In order to yield the correct phase equilibrium, 

it is essential to choose proper initial estimates of equilibrium ratios in both stability tests and 

flash calculations for different kind of mixtures, e.g. water/hydrocarbon mixtures. 

4.3 Improved Three-Phase VLA equilibrium Calculation Algorithm with a New 

Initialization Scheme 

In this section, a new initialization scheme and an improved three-phase VLA equilibrium 

calculation algorithm will be introduced. This new initialization scheme contains initialization 

methods for the single-phase stability test, two-phase flash calculation, and two-phase stability 

test, respectively. Possible phases considered in this algorithm are a vapor phase, a 

hydrocarbon-rich liquid phase, and an aqueous phase. In stability tests, the quasi-Newton 
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successive-substitution method [23] is implemented to detect the local stationary points of the 

TPD function. To increase the possibility of detecting the global minimum value of the TPD 

function, multiple initial estimates are required. We modify the equilibrium-ratios initialization 

methods proposed by Li and Firoozabadi [8] as follows,   

 21 3 3,1/ , ,1/ ,
H OST Wilson Wilson Wilson Wilson

i i i i i iK K K K K K− =     (4-11) 

where 1 ST

iK −  is the initial equilibrium ratio of component i used for the single-phase stability 

test, 
( )

2

15

2

15

2

1 10 / ,  H O

10 / 1 / ,  H O

iH O

i

i

z i
K

c z i

−

−

  − =  
= 

 −  

, and Wilson

iK  represents the equilibrium ratio of 

component i calculated by Wilson equation [24], 

( )exp 5.37 1 1Wilson ci ci
i i

P T
K

P T


  
= + −  

  
      (4-12) 

where P and Pci represent pressure and critical pressure of component i, respectively, bar; T and Tci 

represent temperature and critical temperature of component i, respectively, K; and i  represents 

acentric factor of component i. This method is similar to the method proposed by Li and 

Firoozabadi [8], but the difference lies in the value of 2H O

iK that is used to detect the 

aqueous-like stationary point. The new initialization method as expressed by Equation (4-11) 

performs well in most cases. However, it fails when the pure water phase gives the local 

minimum value, which will be graphically illustrated in Section 4.4. Therefore, when an 

aqueous-like stationary point cannot be found by using the aforementioned initial estimates, the 

value of the TPD function at 2H O

iK can be regarded as the value of the aqueous-like stationary 

point; this step is an essential part of this new initialization method that helps to detect the 
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aqueous-like stationary point. For mixtures containing less or no acid gases, we can directly 

check the value of the TPD function at 2H O

iK  instead of using 2H O

iK  as an initial estimate to 

find the stationary point; this helps further simplify the stability tests. In addition, to avoid trivial 

computation, Nichita et al. [25] proposed that the solution can be considered trivial when the 

number of iterations is larger than 1000. Therefore, in our stability test algorithm, we will switch 

to the next initial estimate when the local minimum is found or the number of iterations is larger 

than 1000. 

The two-phase stability test will be divided into two categories: (1) two-phase vapor/liquid 

stability test, which is used to test the existence of the vapor/liquid phase; and (2) two-phase 

aqueous stability test, which is used to test the existence of the aqueous phase.

 3 3,  1/ ,  ,  1/Wilson Wilson Wilson Wilson

i i i iK K K K  [8] are applied to initialize the two-phase 

vapor/liquid stability test, while 2H O

iK is applied to initialize the two-phase aqueous stability test. 

Moreover, if an aqueous-like stationary point cannot be found by using 2H O

iK in the two-phase 

aqueous stability test, the value of the TPD function at 2H O

iK can be considered as the value of 

the aqueous-like stationary point and hence can be used to determine the stability of the tested 

phase. Same as mentioned above, for mixtures containing less or no acid gases, the value of the 

TPD function at 2H O

iK  can be directly considered as the value of the aqueous-like stationary 

point. 

In flash calculations, SSI is used in the outer loop. In the inner loop, the Newton method is 
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applied for the function-solving problem in two-phase flash calculations, while the interior-point 

method is applied for the minimization problem with constraints in three-phase flash calculations. 

Negative flash is allowed in flash calculations in order to ensure the robustness of this algorithm 

[20, 26]. The phase mole fractions are initialized by using the equally weighted mean of the 

vertices yielded by the constraints, as suggested by Okuno et al. [22]. In general, equilibrium 

ratios at stationary points yielded by the single-phase stability test will be used to initialize 

two-phase flash calculations. In our algorithm, when multiple stationary points are yielded by the 

single-phase stability test, we propose an approach to select which stationary point should be 

used to initialize the subsequent two-phase flash calculation. The selection approach is shown in 

the detailed procedures of our algorithm below. Only one stationary point is selected in our 

algorithm, avoiding running an unnecessarily high number of two-phase flash calculations in one 

run of the three-phase equilibrium calculation. For three-phase flash calculations, the initial 

values of equilibrium ratios are calculated based on the compositions of the two phases yielded 

by the two-phase flash calculation and the composition of the trial phase at the stationary point 

yielded by the two-phase stability test. When more than one real root are yielded by the cubic 

EOS, Evelein et al. [27] suggested that the compressibility factor, which gives the lowest Gibbs 

free energy, should be selected.  

Figure 4-1 depicts the flow chart of the improved three-phase equilibrium calculation algorithm. 

The detailed procedures are listed below, 
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(1) Conduct the single-phase stability test to detect the negative stationary points. Record the 

compositions of the trial phase at stationary points and the TPD values of stationary points. If 

any of the values of stationary points is negative, continue to Step (2). Otherwise, output the 

single-phase equilibrium. 

(2) Remove the stationary point with a composition where the mole fraction of the heaviest or the 

second heaviest hydrocarbon is larger than 0.5. Based on our extensive tests, the stationary 

point, which has a large fraction of the heaviest or the second heaviest hydrocarbon, is not a 

good initial estimate for the subsequent two-phase flash calculation in three-phase VLA 

equilibrium calculations. For the remaining stationary points, equilibrium ratios at the 

stationary point with the smallest TPD value are selected as the initial estimates for the 

two-phase flash calculation. 

(3) Conduct two-phase flash calculation. 

(4) If an aqueous phase is yielded from the two-phase flash calculation, conduct the two-phase 

vapor/liquid stability test and continue to Step (5). Otherwise, check if the single-phase 

stability test has a negative aqueous-like stationary point. If a negative aqueous-like stationary 

point appears, conduct the two-phase aqueous stability test and continue to Step (5). Otherwise, 

output the two-phase equilibrium calculation results.  

(5) If the two-phase stability test (as mentioned above) shows the two-phase equilibrium is 

unstable, conduct the three-phase VLA flash calculation and output the three-phase 
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equilibrium calculation results. Otherwise, output the two-phase equilibrium calculation 

results. 

 

Figure 4-1 Flow chart of the improved three-phase VLA equilibrium calculation algorithm 

developed in this work 

Table 4-1 compares the number of initial estimates of equilibrium ratios used in the newly 

developed algorithm and the conventional three-phase equilibrium calculation algorithm. To 
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apply the conventional three-phase equilibrium calculation algorithm to the water/hydrocarbon 

mixtures, 1 ST

iK −  are applied to initialize the single-phase and two-phase stability tests. 

Moreover, the multiple initial estimates used in the two-phase flash calculation are the 

equilibrium ratios at all the negative stationary points calculated by the single-phase stability test. 

As shown in this table, the numbers of initial estimates of equilibrium ratios used in the 

two-phase flash calculation and the two-phase stability test are reduced in our algorithm than in 

the conventional algorithm. 

Table 4-1 Comparison between the number of initial estimates of equilibrium ratios used in the 

newly developed algorithm and the conventional three-phase equilibrium calculation algorithm 

 
Number of initial estimates of equilibrium ratios 

Our algorithm Conventional algorithm 

Single-phase stability test 5 5 

Two-phase flash calculation 1 

Depends on how many 

negative stationary points are 

found in the single-phase 

stability test (≥1) 

Two-phase stability test 

4 (for the two-phase 

vapor/liquid stability 

test) or 1 (for the 

two-phase aqueous 

stability test) 

5 

Three-phase flash calculation 1 1 

 

4.4 Example Calculations 

We implement the improved three-phase VLA equilibrium calculation algorithm for multiple 

water/hydrocarbon mixtures to test its robustness. The equilibrium calculation algorithm is run 

hundreds of thousands of times for a given mixture at different temperature/pressure conditions. 
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But it is noted that although our algorithm has been validated by hundreds of thousands of example 

calculations, we cannot guarantee it can always converge to the correct equilibrium for all 

water/hydrocarbon mixtures at different temperature/pressure conditions. Appendix 4-A provides 

the critical properties, feed compositions, and BIPs needed in these calculations. PR EOS [15] 

combined with the van der Waals mixing rule is used to calculate all the thermodynamic properties. 

In addition, to accurately describe the gas solubility in the aqueous phase, the α-function and 

BIPs modified by Søreide and Whitson [16] are used for the calculations made to the aqueous 

phase. In the following figures, V represents the vapor phase, L represents the hydrocarbon-rich 

liquid phase, and A represents the aqueous phase. 

4.4.1 Case 1 (Water/C3/C16 Mixture) 

Figure 4-2 graphically shows the number of equilibrium phases in a pressure-temperature (PT) 

diagram for the water/C3/C16 mixture. The tested pressures are from 1 bar to 140 bar with a step 

size of 1 bar, while the tested temperatures are from 300 K to 650 K with a step size of 1 K. The 

total number of running the three-phase VLA equilibrium calculation algorithm is 49,140. As 

shown in this figure, this algorithm performs well in correctly identifying the phase equilibria. 
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Figure 4-2 Number of equilibrium phases in a PT phase diagram for the water/C3/C16 mixture 

 

The critical point of the water/C3/C16 mixture is at 130.37 bar and 569.89 K. Figure 4-3 

graphically shows the number of equilibrium phases in a PT phase diagram for the water/C3/C16 

mixture at the near critical region. The tested pressures are from 125 bar to 135 bar with a step size 

of 0.1 bar, while the tested temperatures are from 565 K to 575 K with a step size of 0.1 K. The 

total number of running the three-phase VLA equilibrium calculation algorithm is 10,201. As 

shown in this figure, this algorithm performs well in the near critical region. 
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Figure 4-3 Number of equilibrium phases in a PT phase diagram for the water/C3/C16 mixture at 

the near critical region 

 

As mentioned in Section 4.2.3, Gorucu and Johns [11] recommend using multiple initial 

estimates of equilibrium ratios in the two-phase flash calculation. Then, the two-phase 

equilibrium with the minimum Gibbs free energy will be chosen for the subsequent calculations 

in order to increase the chance of finding the true two-phase equilibrium or provide a better input 

for a subsequent three-phase flash. Here, we call the initial estimate, with which the two-phase 

flash calculation can yield a two-phase equilibrium with the minimum Gibbs free energy, as the 

“correct” initial estimate. It is obvious that the computational time will be reduced if one can 

know the “correct” initial estimate before conducting the two-phase flash calculation. In our 
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initialization scheme, this initial estimate can be almost detected prior to the two-phase flash 

based on the analytical method as shown in Section 4.3. Figure 4-4 shows the distribution of the 

initial estimates of equilibrium ratios used in two-phase flash calculations for the water/C3/C16 

mixture. The initial estimates of equilibrium ratios can be classified into two categories: 

equilibrium ratios at the aqueous-like stationary point calculated by the single-phase stability test 

and equilibrium ratios at the non-aqueous-like stationary point calculated by the single-phase 

stability test. Figure 4-4a depicts the “correct” initial estimate of equilibrium ratios selected by 

applying the approach proposed by Gorucu and Johns [11]. The approach proposed by Gorucu 

and Johns [11] is used in the conventional three-phase equilibrium calculation algorithm. To 

apply this conventional algorithm to water/hydrocarbon mixtures, 1 ST

iK −  are applied to initialize 

both single-phase and two-phase stability tests. Moreover, the equilibrium ratios at all the 

negative stationary points calculated by the single-phase stability test are used to initialize the 

two-phase flash calculation. Figure 4-4b shows the initial estimate of equilibrium ratios selected 

by applying the approach developed in this algorithm; in this approach, only one set of the initial 

equilibrium-ratio estimates is needed. Figure 4-4c compares the boundary lines of different kinds 

of initial equilibrium-ratio estimates selected by the approach proposed by Gorucu and Johns [11] 

and those selected by our approach. As shown in Figure 4-4c, a similar distribution can be seen 

between the results shown in Figures 4a and 4b, indicating that a good initial estimate can be 

provided for the two-phase flash calculation by our method. Moreover, since only one set of 

equilibrium ratios is used to initialize the two-phase flash calculation in our algorithm, our 
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algorithm is more efficient compared with the algorithm proposed by Gorucu and Johns [11] 

where multiple initial estimates are used. 

 

(a) 

 
(b) 
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(c) 

Figure 4-4 Distribution of the initial estimates of the equilibrium ratios used in two-phase flash 

calculations for the water/C3/C16 mixture by applying: (a) approach proposed by Gorucu and 

Johns [11]; (b) approach developed in this paper; and (c) comparison between the boundary lines 

of different kinds of initial equilibrium-ratio estimates selected by the approach proposed by 

Gorucu and Johns [11] and those selected by our approach. 

 

Figure 4-5 illustrates the value of the TPD function for the water/C3/C16 mixture at 500 K and 80 

bar At 500 K and 80 bar, the mixture will split into three phases. As shown in Figure 4-5, there are 

three local minimum points. Two of them are stationary points, while the other one cannot be 

identified as a stationary point as the derivatives of TPD at this point are not zero. This minimum 

point is the global minimum point in this example calculation and appears when the trial phase is 

a pure water phase. It implies that when an aqueous-like stationary point cannot be found by 

using 2H O

iK  as an initial estimate, it is necessary to check the value of the TPD function at 
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2H O

iK . Moreover, the convex region near the aqueous-like stationary point is very small, requiring 

that a large enough mole fraction of water in the trial phase should be set in 2H O

iK .  

 

(a) 

 
(b) 

Figure 4-5 Value of the TPD function for the water/C3/C16 mixture at 500 K and 80 bar: (a) top 

view; and (b) 3D diagram. 
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4.4.2 Case 2 (Water/C4/C20 Mixture) 

Figure 4-6 graphically shows the number of equilibrium phases in a PT phase diagram for the 

water/C4/C20 mixture. The tested pressures are from 1 bar to 220 bar with a step size of 1 bar, 

while the tested temperatures are from 300 K to 650 K with a step size of 1 K. The three-phase 

VLA equilibrium calculation algorithm is conducted for 77,220 times. This algorithm performs 

well at most of temperature/pressure conditions. However, it fails in the red region shown in the 

Figure 4-6, due to the non-convergence of two-phase or three-phase flash calculations. This is 

because that the equality between the component fugacities of the aqueous phase and the 

non-aqueous phases cannot be established, which happens owing to the inconsistent BIPs used in 

the aqueous phase and non-aqueous phases. Future work is needed to address this issue. For this 

case, which contains three components with a large discrepancy of their properties,  
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Figure 4-6 Number of equilibrium phases in a PT phase diagram for the water/C4/C20 mixture  

 

Figure 4-7 shows a top view and a 3D view of the values of the TPD function for the 

water/C4/C20 mixture at 490 K and 100 bar. This mixture will split into a liquid phase and an 

aqueous phase at 490 K and 100 bar. Two local minima appear in Figure 4-7. One of the minimum 

points appears when the trial phase is a pure water phase. Therefore, this minimum point is not a 

stationary point. To obtain the value of the aqueous-like minimum point, we need to calculate the 

value of the TPD function at 2H O

iK . 
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(a) 

 
(b) 

Figure 4-7 Value of the TPD function for the water/C4/C20 mixture at 490 K and 100 bar: (a) a 

top view; and (b) a 3D view. 
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4.4.3 Case 3 (Water/Pseudo-Components Mixture) 

Figure 4-8 graphically describes the number of equilibrium phases in a PT phase diagram for the 

water/pseudo-components mixture. The pressures are set from 1 bar to 120 bar with a step size of 1 

bar, while the temperature is set from 300 K to 800 K with a step size of 1 K. In total, we have run 

60,120 equilibrium calculations to generate Figure 4-8. Again, this figure shows that this 

algorithm is very robust on identifying the correct phase equilibrium behavior. 

 
Figure 4-8 Number of equilibrium phases in a PT phase diagram for the 

water/pseudo-components mixture 

 

Figure 4-9 depicts the comparison between the phase boundaries calculated by this study and those 

calculated by Zhu and Okuno [28] for the water/pseudo-components mixture. The phase 
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boundaries calculated in this paper is based on Figure 4-8. Therefore, the accuracy of the phase 

boundaries is within ±1 bar and ±1 K. As shown in this figure, similar phase boundaries can be 

yielded by our algorithm and by Zhu and Okuno [28]. The slight discrepancies between phase 

boundaries calculated by this study and those calculated by Zhu and Okuno [28] are caused by the 

different BIPs used in the aqueous phase. 

 

Figure 4-9 Comparison between the phase boundaries calculated by this study and those 

calculated by Zhu and Okuno [28] for the water/pseudo-components mixture 

 

Figure 4-10 demonstrates the distribution of the initial estimates of equilibrium ratios used in 

two-phase flash calculations for the water/pseudo-components mixture. Figures 4-10a shows the 

initial estimate of equilibrium ratios selected by applying the approach proposed by Gorucu and 
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Johns [11], while Figure 4-10b shows the initial estimates of equilibrium ratios selected by 

applying the approach developed in this paper, respectively. The colors used in these figures 

have the same meaning as those in Figure 4-4. Figure 10c compares the boundary lines of 

different kinds of initial equilibrium-ratio estimate selected by the approach proposed by Gorucu 

and Johns [11] and those selected by our approach. Again, a similar distribution can be seen in 

Figure 4-10c, concluding that our approach can provide good initial estimates for two-phase 

flash calculations.  

 
(a) 
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(b) 

 

(c) 

Figure 4-10 Distribution of the initial estimates of equilibrium ratios used in two-phase flash 

calculations for the water/pseudo-components mixture by applying: (a) approach proposed by 

Gorucu and Johns [11]; (b) approach developed in this paper; and (c) comparison between the 

boundary lines of different kinds of initial equilibrium-ratio estimates selected by the approach 

proposed by Gorucu and Johns [11] and those selected by our approach. 
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4.4.4 Case 4 (Water/C1/C7/CD Mixture) 

Figure 4-11 graphically describes the number of equilibrium phases in a PT phase diagram for the 

water/C1/C7/CD mixture. CD represents the Athabasca (GCOS) dead bitumen [29]. The tested 

pressures are varied from 1 bar to 240 bar with a step size of 1 bar, while the tested temperatures 

are varied from 300 K to 900 K with a step size of 1 K. The newly developed algorithm is run 

144,240 times. As shown in Figure 4-11, our algorithm can converge to the correct phase 

equilibria in most cases. However, the algorithm fails in part of the two-phase LA equilibrium 

region as well as in part of the three-phase VLA equilibrium region. This is again caused by the 

inconsistency of the BIPs used in the aqueous phase and the non-aqueous phases. 

 

Figure 4-11 Number of equilibrium phases in a PT phase diagram for the water/C1/C7/CD mixture  
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4.5 Conclusions 

An improved three-phase VLA equilibrium calculation algorithm is proposed in this paper. A new 

scheme for initializing the equilibrium ratios is applied in this algorithm. The aqueous-like 

stationary point on the TPD function can be securely detected by using this new initialization 

scheme. Convergence problems are avoided in flash calculations with the application of our 

algorithm. Moreover, one can obtain a correct phase equilibrium in a more efficient way by using 

our algorithm with the new initialization scheme compared to the method documented in the 

literature [11]. The performance of the newly developed algorithm is validated by hundreds of 

thousands of example calculations. This algorithm performs well in most cases. However, it fails 

in part of the two-phase LA equilibrium region and in part of the three-phase VLA equilibrium 

region at high temperature/pressure conditions. The reason is that no equivalent fugacities between 

the aqueous phase and the non-aqueous phases can be found due to the inconsistency of the BIPs 

calculated by the Søreide and Wilson correlation [16] for the aqueous phase and the non-aqueous 

phases.  

Nomenclature 

c number of components in the mixture 

Kiw equilibrium ratio of component i in the phase y with respect to the phase w 

Kiy equilibrium ratio of component i in the phase y with respect to the phase x 

1 ST

iK −  

initial equilibrium ratio of component i used in the single-phase stability 

test 
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P pressure, bar 

Pci critical pressure of component i, bar 

T temperature, K 

Tci critical temperature of component i, K 

wi mole fraction of component i in the phase w 

xi mole fraction of component i in the phase x 

y compositions of the trial phase 

yi mole fraction of component i in the trial phase or in the phase y 

z compositions of the test phase 

zi mole fraction of component i in the test phase or in the feed 

Greek Letters  

w  phase mole fraction of the phase w 

y  phase mole fraction of the phase y 

i  acentric factor of component i 

iw  fugacity coefficient of component i in the phase w 

ix  fugacity coefficient of component i in the phase x 

iy  fugacity coefficient of component i in the phase y 

( )i y  fugacity coefficients of component i in the trial phase 

( )i z  fugacity coefficients of component i in the test phase 

Subscripts  
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c critical index 

i component index 

w phase w 

x phase x 

Y phase y 
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Appendix 4-A: Component Properties and BIPs 

Tables 4-A.1, 4-A.3, 4-A.5, and 4-A.7 shows the component properties and feed compositions for 

the water/C3/C16 mixture used in Case 1, the water/C4/C20 mixture used in Case 2, 

water/pseudo-components mixture used in Case 3, and water/C1/C7/CD mixture used in Case 4, 

respectively. Tables 4-A.2, 4-A.4, 4-A.6, and 4-A.8 provide BIPs used in the non-aqueous phases 

for the water/C3/C16 mixture used in Case 1, the water/C4/C20 mixture used in Case 2, 

water/pseudo-components mixture used in Case 3, and water/C1/C7/CD mixture used in Case 4, 

respectively.  

 

Table 4-A.1 Component properties and feed composition for the water/C3/C16 mixture [28] 

Component z (mol%) Tc (K) Pc (bar) ω  

H2O 0.75 647.3 220.89 0.344 

C3 0.15 369.8 42.46 0.152 

C16 0.10 717.0 14.19 0.742 

 

Table 4-A.2 BIPs between the components in the water/C3/C16 mixture [28] 

Component H2O C3 C16 

H2O 0 0.6841 0.3583 

C3 0.6841 0 0 

C16 0.3583 0 0 

 

Table 4-A.3 Component properties and feed composition for the water/C4/C20 mixture [30] 

Component  z (mol%)  Tc (K)  Pc (bar) ω  

Water 0.80 647.0 220.5 0.3440 

C4 0.16 425.2 38.0 0.1928 

C20 0.04 782.0 14.6 0.8160 
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Table 4-A.4 BIPs between the components in the water/C4/C20 mixture [30] 

Component H2O C4 C20 

H2O 0 0.5 0.5 

C4 0.5 0 0 

C20 0.5 0 0 

 

Table 4-A.5 Component properties and feed composition for the water/pseudo-components 

mixture [28] 

Component z (mol%) Tc (K) Pc (bar) ω  

H2O 0.50 647.300 220.89 0.344 

PC1 0.15 305.556 48.82 0.098 

PC2 0.10 638.889 19.65 0.535 

PC3 0.10 788.889 10.20 0.891 

PC4 0.15 838.889 7.72 1.085 

 

Table 4-A.6 BIPs between the components in the water/pseudo-components mixture [28] 

Component H2O PC1 PC2 PC3 PC4 

H2O 0 0.71918 0.45996 0.26773 0.24166 

PC1 0.71918 0 0 0 0 

PC2 0.45996 0 0 0 0 

PC3 0.26773 0 0 0 0 

PC4 0.24166 0 0 0 0 

 

Table 4-A.7 Component properties and feed composition for the water/C1/C7/CD mixture [29] 

Component z (mol%) Tc (K) Pc (bar) ω  

H2O 0.75 647.3 220.89 0.344 

C1 0.08 190.6 46.00 0.008 

C7 0.15 540.2 27.36 0.351 

CD 0.02 1090.9 7.86 1.361 

 

Table 4-A.8 BIPs between the components in the water/C1/C7/CD mixture [29] 

Component H2O C1 C7 CD 

H2O 0 0.7560 0.5610 0.1000 

C1 0.7560 0 0.0352 0 

C7 0.5610 0.0325 0 0 

CD 0.1000 0 0 0 
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CHAPTER 5 ROBUST THREE-PHASE VAPOR-LIQUID-ASPHALTENE 

EQUILIBRIUM CALCULATION ALGORITHM FOR ISOTHERMAL CO2 

FLOODING APPLICATIONS 

 

 

            A version of this chapter has been submitted to Industrial & Engineering 

Chemistry Research for publication. 
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Abstract 

CO2 flooding is an effective enhanced oil recovery process for light oil reservoirs. Asphaltenes can 

easily precipitate during CO2 flooding, leading to the appearance of three-phase 

vapor-liquid-asphaltene (VLS) equilibria. A prerequisite for accurately simulating the CO2 

flooding process is developing a robust three-phase VLS equilibrium calculation algorithm. In this 

study, we develop a robust and efficient three-phase VLS equilibrium calculation algorithm with 

the use of asphaltene-precipitation model proposed by Nghiem et al. [1]. To develop this algorithm, 

a two-phase flash calculation algorithm is first developed to split the mixture into an asphaltene 

phase and a non-asphaltene phase. Moreover, two different three-phase VLS flash calculation 

algorithms are developed and incorporated into our three-phase equilibrium calculation algorithm. 

New initialization approaches for both stability test and flash calculations are proposed. The 

performance of this three-phase VLS equilibrium calculation algorithm is tested by generating 

pressure-composition (P-X) diagrams for several reservoir fluids mixed with pure or impure CO2. 
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5.1 Introduction 

Carbon dioxide (CO2) flooding is one of the most effective enhanced oil recovery processes for 

light oil reservoirs [2]. During CO2 flooding, asphaltenes can easily precipitate due to the change 

in the composition of reservoir fluids or the change in pressure/temperature conditions [3, 4]. 

Therefore, three-phase vapor-liquid-asphaltene (VLS) equilibria can frequently appear in light oil 

reservoirs where CO2 flooding is implemented. To have a better understanding of the CO2 flooding 

process in light oil reservoirs, it is necessary to have a compositional simulator that is capable of 

handling three-phase VLS equilibria. In compositional simulations, phase equilibrium calculation 

will be conducted in each grid at each time step, implying that phase equilibrium calculations will 

be conducted at varying conditions. In a CO2 flooding where reservoir temperature can be 

considered as constant, the varying conditions correspond to varying pressures and gas 

concentrations. Therefore, a prerequisite for building a robust compositional simulator is having 

an efficient and robust three-phase VLS equilibrium calculation algorithm, which performs well at 

varying pressures, varying gas concentrations and the given reservoir temperature.  

To build such three-phase VLS equilibrium calculation algorithm, we first need to select a 

thermodynamic model that can describe the asphaltene-precipitation phenomenon. Over the last 

30 years, there are many asphaltene-precipitation models proposed in the literature based on either 

colloidal theory or solubility theory [5]. In the colloidal theory, asphaltenes are regarded as 

colloidal particles with resins adsorbed onto their surfaces [6]. If enough resin desorbs, asphaltenes 

will deposit [7]. In the solubility theory, asphaltenes are assumed to be dissolved in crude oil [8]. If 
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the solubility falls below a certain value, asphaltenes begin to deposit. There are two main 

approaches in the solubility theory, i.e., regular solution model and equation of state (EOS) [5]. 

Since a large number of three-phase equilibrium calculations are required to be conducted in 

compositional simulations, we would like to select an asphaltene-precipitation model with 

relatively low mathematical complexity that can be readily incorporated into the three-phase VLS 

equilibrium calculation algorithm. In 1993, Nghiem et al. [1] developed an efficient 

thermodynamic model for asphaltene precipitation. In their model, vapor and liquid phases are 

modeled using a cubic EOS, while the precipitated asphaltenes are regarded as a pure dense phase. 

Moreover, they assumed that the heaviest component in crude oil can be divided into a 

precipitating component and a non-precipitating component. These two components have 

identical critical properties and acentric factors, but different binary interaction parameters (BIPs) 

with respect to light components. A good agreement can be seen between the experimental results 

and the results yielded by the model with some parameters estimated from experimental data. 

One challenge in multiphase equilibrium calculations is how to determine the number of present 

phases in the system. Multiphase equilibrium calculations consist of phase stability test and flash 

calculations, which are normally conducted in a stage-wise manner [9-11]. Phase stability tests are 

conducted to determine whether the tested mixture is stable or will split into two or more phases 

[9], while flash calculations are performed at the given number of phases to calculate the phase 

mole fractions and phase compositions [10]. The most widely applied stage-wise method is 

alternately conducting phase stability tests and flash calculations [9]. For example, in a three-phase 
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equilibrium calculation, stability test is first conducted on the feed to check if a new phase needs to 

be introduced by locating the stationary points on the tangent plane distance (TPD) function [9]. If 

a negative value of the TPD function is found at any of the stationary points (implying that the feed 

is unstable), a two-phase flash calculation needs to be conducted; otherwise, the given mixture is 

considered to be stable as one phase. Then, stability test is again conducted on the phases yielded 

by the two-phase flash calculation. If those phases are unstable, a three-phase flash calculation is 

required to split the mixture into three phases; otherwise, the given mixture is considered to split 

into two phases. 

However, convergence problems are frequently encountered in phase equilibrium calculations for 

three or more than three phases, even when one rigorously applies the aforementioned stage-wise 

procedure. One reason causing the convergence issue is that there may be several stationary points 

on the TPD surface in three-phase equilibrium calculations. Thus, in three-phase equilibrium 

calculations, there is a high chance that the stability test fails to detect the negative stationary 

point(s), since the negative stationary point(s) may be hidden by the non-negative one(s). To 

increase the possibility of detecting the negative stationary point(s), stability tests are required to 

be conducted with multiple sets of initial equilibrium ratios [9, 11]. For different types of fluids, 

different initialization methods might be required. For hydrocarbon fluids mixed with CO2, Li and 

Firoozabadi [11] suggested that (c+4) initial estimates of equilibrium ratios should be applied for 

stability tests (where c represents the number of components).  
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Another reason leading to the convergence problems encountered in three-phase equilibrium 

calculations is that multiple two-phase equilibria may be yielded by two-phase flash calculations 

that are conducted with different initial equilibrium ratios [12]. This requires one to first determine 

if the calculated two-phase equilibrium can be used for the subsequent calculations. Gorucu and 

Johns [13] recommended that the one with the minimum Gibbs free energy should be applied to 

the subsequent calculations. To yield the two-phase equilibrium with the minimum Gibbs free 

energy, Gorucu and Johns [13] suggested that two-phase flash calculations should be conducted 

several times with the use of different initial equilibrium ratios. However, it is time-consuming to 

repeat two-phase flash calculations for several times.  

Another way to prevent yielding the trivial two-phase equilibrium and thereby having a chance of 

yielding a trivial three-phase equilibrium is to perform three-phase equilibrium calculations with 

an alternative stage-wise method. In this alternative stage-wise method, a three-phase flash 

calculation is first conducted. If any calculated phase fractions is negative, a two-phase flash 

calculation needs to be conducted [14, 15]. If any phase fractions calculated by the two-phase flash 

calculation is negative, the feed is considered to be stable as one phase. Li and Li [16] proposed 

that the results yielded by the three-phase flash calculation can provide a knowledge of the present 

phases in the two-phase equilibrium. Negative flash [14, 15, 17] should be allowed in this method. 

However, it is difficult to provide good initial estimates for equilibrium ratios in three-phase flash 

calculations [11]. Lapene et al. [18] developed a three-phase vapor-liquid-aqueous (VLA) flash 

calculation algorithm by assuming that the aqueous phase is pure water phase, i.e., the so-called 
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free-water assumption [19]. With this assumption, the equilibrium ratios of the aqueous phase with 

respect to the reference phase for all the non-aqueous components are zero. Therefore, the number 

of equilibrium ratio sets (which need to be initialized in the three-phase VLA flash calculation) is 

reduced, making it possible and easy to provide good initial estimates for equilibrium ratios. They 

provided efficient initialization method for equilibrium ratios in their three-phase VLA flash 

calculation algorithm. Li and Li [16] modified this three-phase flash calculation algorithm as well 

as the alternative stage-wise procedure. By integrating the modified three-phase flash calculation 

algorithm into the modified alternative stage-wise procedure, they developed an efficient and 

robust three-phase free-water vapor-liquid-aqueous (VLA) equilibrium calculation algorithm [16]. 

Since the assumption made on the asphaltene phase in the asphaltene-precipitation model 

proposed by Nghiem et al. [1] is similar to the free-water assumption, the number of equilibrium 

ratio sets in the three-phase VLS flash calculation can be also reduced when implementing the 

asphaltene-precipitation model proposed by Nghiem et al. [1]. Thus, it is possible for us to develop 

a robust three-phase VLS equilibrium calculation algorithm by taking advantage of the free-solid 

assumption. To our knowledge, such robust algorithm has not been reported in the literature. 

In this work, we develop a robust three-phase VLS equilibrium calculation algorithm that is 

coupled with the asphaltene-precipitation model proposed by Nghiem et al. [1]. The key 

parameters used in this model are first adjusted based on experimental data. As previously 

mentioned, such asphaltene-precipitation model assumes that asphaltene phase only contains pure 

asphaltene. This assumption enables the appearance of the asphaltene phase to be checked simply 
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by comparing the fugacity of asphaltene component in the non-asphaltene phase against that in the 

asphaltene phase. The appearance of the non-asphaltene phase (i.e., vapor or liquid phase in this 

study) is determined by the phase stability test. New initialization methods for equilibrium ratios 

are provided for both stability test and flash calculations. To develop this three-phase VLS 

equilibrium calculation algorithm, we first develop a two-phase flash calculation algorithm used to 

split the mixture into an asphaltene phase and a non-asphaltene phase. Moreover, in order to 

enhance the robustness and efficiency of our three-phase VLS equilibrium calculation algorithm, 

two different three-phase VLS flash calculations algorithms are developed and incorporated into 

our three-phase VLS equilibrium calculation algorithm. The performance of the newly developed 

algorithm is tested by generating pressure-composition (P-X) diagrams for several real reservoir 

fluids mixed with pure or impure CO2.  

5.2 Mathematical Formulations 

5.2.1 Thermodynamic Model 

Nghiem et al. [1] proposed a thermodynamic model in which vapor and liquid phases are modeled 

using a cubic EOS, while asphaltene phase is considered as a pure dense phase only containing 

asphaltene. The fugacity of asphaltene in the asphaltene phase is calculated by the following 

equation [1], 

( )*

*ln ln
s

s s

V P P
f f

RT

−
= +         (5-1) 

where P and P* represent the actual pressure and the reference pressure, respectively; fs and fs
* 
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represent the fugacities of asphaltene in the asphaltene phase at P and P*, respectively; Vs 

represents the asphaltene molar volume; R represents the universal gas constant; T represents 

temperature; and the subscript s represents asphaltene phase. In this work, the Peng-Robinson (PR) 

EOS [20] is applied to model vapor and liquid phases. 

5.2.2 Phase Stability Test 

In this study, asphaltene precipitation can be simply checked by the following inequality [21], 

,  asphaltene phase does not exist

,  asphaltene phase exists             

cx cs

cx cs

f f

f f





     (5-2) 

where fcx and fcs represent the fugacity of asphaltene component in the non-asphaltene phase 

calculated by PR EOS [20] and that in the asphaltene phase calculated by Equation (5-1), 

respectively, and the subscripts c, x, and s represent asphaltene component, non-asphaltene phase, 

and asphaltene phase, respectively. The appearance of vapor or liquid phase is checked by phase 

stability test [9]. The expression of the TPD function used in the stability analysis is shown as 

follows [9], 

( ) ( ) ( )
1

ln ln ln ln
c

i i i i i

i

g y y z 
=

= + − −  y y z       (5-3) 

where y and z represent the compositions of the trial phase and the tested phase, respectively; 

( )i y  and ( )i z  represent the fugacity coefficients of component i in the trial phase and the test 

phase, respectively; c is the number of components in the mixture; and the subscript i is component 

index. If the values of the TPD function are non-negative at any composition of the trial phase, the 

tested phase is considered to be stable. Michelsen proposed a stability test algorithm [9], 
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suggesting finding all stationary points on the TPD surface. If the values of all stationary points are 

non-negative, the tested phase can be considered to be stable. The stationary points on the TPD 

function can be detected by the following equation [9], 

( ) ( )ln ln ln ln ,  1,...,i i i iy z k i c + − − = =y z      (5-4) 

where k is the value of the stationary point (which is a constant). The detailed procedure for 

conducting stability test is provided by Michelsen [9]. In this work, the quasi-Newton 

successive-substitution method [22] is used in the stability test to search for the local stationary 

points. Moreover, multiple estimates of equilibrium ratios are used to initialize the stability test. 

Section 5.3 will provide the detailed initialization method used in our stability tests. 

5.2.3 Flash Calculation 

Flash calculations aim to obtain phase fractions and phase compositions for a given mixture 

equilibrating at a given pressure/temperature condition and a given number of present phases [10]. 

The convergence of flash calculations is subject to the material balance constraint and the 

equal-fugacity constraint (i.e., the fugacities of each component in all present phases should be 

equivalent) [10]. 

5.2.3.1 Two-Phase Vapor-Liquid VL Flash Calculation 

The equal-fugacity constraint for the two-phase VL flash calculation is shown as follows [10], 

,  1,...,ix iyf f i c= =          (5-5) 

where fix and fiy represent the fugacities of component i in liquid phase and vapor phase, 
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respectively, and the subscripts x and y represent liquid phase and vapor phase, respectively. 

Rachford-Rice (RR) equation is developed to solve phase mole fractions based on the material 

balance [23]. RR equation used for the two-phase VL flash calculation is provided as follows [23], 

( )
( )
( )1 1

1
0

1 1

c c
i iy

i i

i i y iy

z K
RR y x

K= =

−
= − = =

+ −
          (5-6) 

where xi, yi, and zi represent the mole fractions of component i in liquid phase, vapor phase, and 

feed, respectively; βy represents the mole fraction of vapor phase; and Kiy represents the 

equilibrium ratio of component i in vapor phase with respect to liquid phase. Kiy can be calculated 

by,  

 ,  1,...,i ix
iy

i iy

y
K i c

x




= = =         (5-7) 

where ix  and 
iy  represent the fugacity coefficients of component i in liquid phase and vapor 

phase, respectively. Based on material balance, phase compositions can be calculated by [23], 

( )
;  

1 1

i
i i i iy

y iy

z
x y z K

K
= =

+ −
       (5-8) 

The two-phase VL flash calculation algorithm used in this research is the same as that provided by 

Michelsen [10]. The two-phase VL flash calculation algorithm is composed of two iteration loops. 

The outer loop aims to satisfy the equal-fugacity constraint by updating equilibrium ratios, while 

the inner loop solves RR equation to yield phase mole fractions and phase compositions. In this 

work, successive substitution iteration (SSI) is used in the outer loop, while Newton method is 

applied in the inner loop [24, 25]. 

https://www.youdao.com/w/superscript/#keyfrom=E2Ctranslation
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5.2.3.2 Two-Phase Vapor/Liquid-Asphaltene V/L-S Flash Calculation 

In two-phase V/L-S flash calculation, one of the present phases is the asphaltene phase. Based on 

the assumption that the asphaltene phase only contains asphaltene, the two-phase V/L-S flash 

calculation can be much simpler than the two-phase VL flash calculation. The equal-fugacity 

constraint for the two-phase V/L-S flash calculation can be simplified to one equation, 

cx csf f=          (5-9) 

where fcx and fcs represent the fugacities of asphaltene in non-asphaltene phase and asphaltene 

phase, respectively, and the subscripts c, x, and s represent asphaltene component, non-asphaltene 

phase, and asphaltene phase, respectively. fcs can be calculated based on Equation (5-1), while fcx 

can be calculated based on PR EOS with a given composition of non-asphaltene phase. Based on 

the material balance, composition of non-asphaltene phase can be calculated by the following 

equation, 

( )

( ) ( )

/ 1 ,  1,..., 1

/ 1 ,  

i s

i

i s s

z i c
x

z i c



 

− = −
= 

− − =
       (5-10) 

where xi and zi represent the mole fractions of component i in non-asphaltene phase and feed, 

respectively, and βs represents mole fraction of asphaltene phase. Therefore, the equal-fugacity 

constraint can be satisfied by updating βs. Appendix 5-A provides the detailed procedure of the 

two-phase V/L-S flash calculation algorithm. 

5.2.3.3 Three-Phase VLS Flash Calculation 

The equal-fugacity constraints for the three-phase VLS flash calculation are given by [1], 
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,  1,...,ix iyf f i c= =          (5-11) 

cx cy csf f f= =          (5-12) 

In this work, two algorithms are developed to conduct the three-phase VLS flash calculations. 

Both of them are incorporated into the three-phase VLS equilibrium calculation algorithm to 

enhance the robustness and efficiency of the new three-phase VLS equilibrium calculation 

algorithm. Section 5.3 will provide the details about how to incorporate these two algorithms. The 

difference in these two algorithms lies in the method used for solving the phase compositions and 

phase fractions. 

Li and Li [16] derived the objective function and constraints (used to solve phase mole fractions) 

for three-phase free-water VLA flash calculation by simplifying the objective function and 

constraints developed by Okuno et al. [26] based on the free-water assumption [19]. The objective 

function and constraints used in Algorithm #1 for three-phase VLS flash calculations is similar to 

that used in the three-phase free-water VLA flash calculation algorithm developed by Li and Li 

[16]. The objective function and constraints for three-phase VLS flash calculations can be 

expressed as follows [16], 

( ) ( )
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where 
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where xc, yc, and zc represent the mole fractions of asphaltene component in liquid phase, vapor 

phase, and feed, respectively. As noted by Li and Li [16], there is only one unknown in the above 

objective function, i.e., phase mole fraction of vapor phase (βy). Moreover, the constraints in 

Equation (5-14) form a reliable feasible region of βy [16, 26]. The mole fractions of asphaltene 

phase and liquid phase can be solved by the following equations [16], 

( )
; 1

1

c c c y c

s x y s

c

z x y x

x


   

+ − −
= = − −

−
    (5-15) 

where βx represents the mole fraction of liquid phase. The compositions of liquid and vapor phases 

can be calculated based on the following equations [16], 
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where 

, 1,...,i ix
is

i is

s
K i c

x




= = =        (5-17) 

where si represents the mole fraction of component i in asphaltene phase and is  represents the 

fugacity coefficient of component i in asphaltene phase. Based on the assumption that asphaltene 

phase only contains asphaltene, we can have, 

1,

0,
i

i c
s

i c

=
= 


         (5-18) 
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The procedures adopted by Algorithm #1 is similar to that of the three-phase free-water VLA flash 

calculation algorithm developed by Li and Li [16]. This algorithm can be simply summarized as 

two iteration loops (which is similar to the two-phase VL flash calculation algorithm). The outer 

loop is used to update equilibrium ratios for satisfying the equal-fugacity constraint by SSI, while 

the inner loop is used to calculate phase mole fractions and phase compositions by minimizing 

Equation (5-13) using the interior-point method. This algorithm is efficient; but the performance 

of Algorithm #1 relies on the quality of initial equilibrium ratios. In Section 5.3, we provide 

detailed initialization method for equilibrium ratios in Algorithm #1.  

Algorithm #2 for three-phase VLS flash calculations is motivated by two-phase V/L-A flash 

calculation algorithm. In Algorithm #2, we perform two-phase VL flash calculations in the inner 

loop to satisfy Equation (5-11) in the equal-fugacity constraint, while the outer loop is used to 

update βs to give a new feed used in the inner loop. Equation (5-12) in the equal-fugacity constraint 

should be satisfied in the outer loop. The feed used in the inner loop can be updated by, 

( )

( ) ( )2
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/ 1 ,  

i s
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− = −
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− − =
       (5-19) 

where zi2 represents the mole fraction of component i in the feed used in the inner loop. Algorithm 

#2 is reliable when three-phase equilibrium actually appears; but it is time-consuming since 

several times of two-phase VL flash calculations are conducted in the inner loop. The detailed 

procedure of Algorithm #2 is summarized in Appendix 5-B. 
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5.3 Three-Phase VLS Equilibrium Calculation Algorithm 

In this section, we will introduce the robust three-phase VLS equilibrium calculation algorithm. In 

order to ensure the robustness of the three-phase VLS equilibrium calculation algorithm, it is 

essential to have good initial values for both stability tests and flash calculations. In general, for 

different types of fluids, different initialization methods are required. To apply our algorithm to 

simulate CO2 flooding in light oil reservoirs, we provide new initialization methods for 

equilibrium ratios in both stability tests and flash calculations.  

The new initialization method for equilibrium ratios in stability tests is a modification of that 

proposed by Li and Firoozabadi [11]. This new method is shown as follows,  

 2 23 3,1/ , ,1/ , ,
CO NS CO SST Wilson Wilson Wilson Wilson

i i i i i i iK K K K K K K− −
=    (5-20) 

where ST

iK  represents the initial equilibrium ratio of component i used for stability tests. The first 

four terms are the same as those proposed by Li and Firoozabadi [11]. Wilson

iK  represents the 

equilibrium ratio of component i calculated by Wilson equation [27], 

( )exp 5.37 1 1Wilson ci ci
i i

P T
K

P T


  
= + −  

  
     (5-21) 

where P and Pci represent pressure and the critical pressure of component i, respectively; T and 

Tci represent temperature and the critical temperature of component i, respectively; and ωi 

represents acentric factor of component i. 
2CO NS

iK −
 and 

2CO S

iK
−

 can be calculated by the 

following equations, respectively, 
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where 2 and c represent components CO2 and asphaltene, respectively. The new initialization 

method for equilibrium ratios in flash calculations will be introduced in the detailed procedure of 

the three-phase VLS equilibrium calculation algorithm. Figure 5-1 depicts the flow chart of this 

algorithm. The detailed procedure is listed below, 

(1) Using the new initialization method for equilibrium ratios as shown in Equation (5-20), 

conduct the stability test on the feed (zi) to detect the negative stationary points. Record the 

compositions of the trial phases at all stationary points with negative TPD values as x_0i. x_01i, 

x_02i, etc. Note that x_0i corresponds to the smallest TPD value, while the last trial phase 

composition corresponds to the largest TPD value.  

(2) If negative stationary point exists, vapor or liquid phase may appear. If so, go to Step (5). 

Otherwise, continue to Step (3).  

(3) Check Inequality (5-2). If asphaltene phase exists, continue to Step (4); otherwise, output 

single-phase equilibrium. 

(4) Conduct two-phase V/L-S flash calculation and output two-phase V/L-S equilibrium. 

(5) Check Inequality (5-2). If asphaltene phase exists, go to Step (8); otherwise, continue to Step 

(6). 

(6) Conduct two-phase VL flash calculation to yield liquid-phase and vapor-phase compositions 
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(xi
2-VL and yi

2-VL) and mole fractions of liquid phase and vapor phase (βx
2-VL and βy

2-VL). The 

initial equilibrium ratios used in the two-phase VL flash calculation can be generated by the 

following equation, 

/ _ 0 ,  1,...,iy i iK z x i c= =         (5-24) 

(7) Check Inequality (5-2) again. If asphaltene phase does not exist, output two-phase VL 

equilibrium; otherwise, conduct three-phase VLS flash calculation Algorithm #1 and output 

three-phase VLS equilibrium. The initial equilibrium ratios used in the three-phase VLS flash 

calculation are given by, 

2 / ,  1,...,VL

iy i iK y x i c−= =         (5-25) 

where  
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      (5-26) 

(8) Conduct three-phase VLS flash calculation Algorithm #1 to yield liquid-phase, vapor-phase, 

and asphaltene-phase compositions (xi
3-1, yi

3-1, and si
3-1) and phase mole fractions of liquid 

phase, vapor phase, and asphaltene phase (βx
3-1, βy

3-1, and βs
3-1). Ki

Wilson are used as the initial 

equilibrium ratios. 

(9) If the results calculated by the three-phase VLS flash are physical, output three-phase VLS 

equilibrium; otherwise, continue to Step (10). This judging criterion is the same as that 

proposed by Li and Li [16]. As mentioned by Li and Li [16], the results of a three-phase flash 

calculation can be considered to be unphysical if an open feasible region (i.e., a region where 
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any of the endpoints is a pole) appears in any iteration or any of the ultimately calculated phase 

mole fractions do not fall into [0, 1]. 

(10)  If βs
3-1 can be calculated and βs

3-1<0, conduct two-phase VL flash with the initial equilibrium 

ratios calculated by the following equation, 

3 1 3 1/ ,  1,...,iy i iK y x i c− −= =        (5-27) 

Otherwise, conduct the two-phase VL flash with multiple initial equilibrium ratios calculated 

by the following equations, 

/ _ 0 , / _ 01 , . 1,...,iy i i iy i iK z x K z x etc i c= = =     (5-28) 

If multiple two-phase equilibria are yielded, select the one with the lowest Gibbs free energy. 

The aforementioned two-phase VL flash will yield the liquid-phase and vapor-phase 

compositions (xi
2-VL and yi

2-VL) and mole fractions of liquid phase and vapor phase (βx
2-VL and 

βy
2-VL). 

(11)  Conduct stability test and check Inequality (5-2) on the two phases yielded by the two-phase 

VL flash calculation. If both of these two phases are stable, output two-phase VL equilibrium; 

otherwise, conduct three-phase VLS flash calculation Algorithm #1 to yield liquid-phase, 

vapor-phase, and asphaltene-phase compositions (xi
3-2, yi

3-2, and si
3-2) and mole fractions of 

liquid phase, vapor phase, and asphaltene phase (βx
3-2, βy

3-2, and βs
3-2). The initial equilibrium 

ratios used in the three-phase VLS flash calculation are the same as those expressed by 

Equation (5-25). 

(12)  If the results calculated by the three-phase VLS flash are physical, output three-phase VLS 
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equilibrium; otherwise, conduct two-phase V/L-S flash calculation to yield 

non-asphaltene-phase and asphaltene-phase compositions (xi
2-V/L-S and si

2-V/L-S) and phase mole 

fractions of non-asphaltene phase and asphaltene phase (βx
2-V/L-S and βs

2-V/L-S). 

(13)  Conduct stability test on non-asphaltene phase obtained by the two-phase V/L-S flash 

calculation. If vapor or liquid phase will not appear, output two-phase V/L-S equilibrium; 

otherwise, conduct three-phase VLS flash calculation Algorithm #2 and output three-phase 

VLS equilibrium. 
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Figure 5-1 Flow chart of three-phase VLS equilibrium calculation algorithm. V: vapor phase; L: liquid 

phase; and S: solid asphaltene phase. 

 

5.4 Results and Discussion 

Two crude oil samples from Weyburn reservoir in Saskatchewan, Canada, are used to test the 

performance of the newly developed three-phase VLS equilibrium calculation algorithm. These 
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two oil samples are mixed with pure or impure CO2. Srivastava et al. [4] provided detailed 

physical properties and compositions of these two oil samples. They also conducted experiments 

to obtain the asphaltene-precipitation data. In this work, we first use the asphaltene-precipitation 

data to adjust the key model parameters. Then, with the adjusted parameters, the three-phase VLS 

equilibrium calculation algorithm is applied to generate P-X phase diagrams for each oil sample 

mixed with pure or impure CO2. 

5.4.1 Oil Sample 1 

Table 5-1 shows the compositions of oil sample 1 and injection gas [4]. Oil sample 1 is named as 

fluid W2 by Srivastava et al. [4]. Oil sample 1 has a gravity of 36ºAPI [4]. Asphaltene content of 

oil sample 1 is measured to be 4 wt% [4]. 

 

Table 5-1 Compositions of oil sample 1 and injection gas [4]  

Component Oil sample 1 Gas (impure CO2) 

N2 1.59 2.68 

CO2 0.23 94.45 

C1 4.54 2.87 

C2 2.07 0 

C3 4.41 0 

i-C4 1.23 0 

n-C4 2.59 0 

i-C5 4.53 0 

n-C5 4.96 0 

C6+ 73.85 0 

5.4.1.1 Oil Characterization 

The exponential distribution function proposed by Pedersen et al. [28] is applied to split the plus 

fraction. The lumping method is the same as that used by Srivastava et al. [4]. To get a 
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composition of oil sample 1 similar to that proposed by Srivastava et al. [4], the molecular weight 

of C6+ of oil sample 1 is set to be 195 g/mol. Kesler-Lee correlations [29, 30] are used to calculate 

the critical temperatures, critical pressures, and acentric factors of single carbon numbers (SCNs), 

while Riazi-Daubert correlation [31] is used to calculate the critical volumes of SCNs. The 

heaviest component is split into two components: a non-asphaltene component (i.e., C28A+ for oil 

sample 1) and an asphaltene component (i.e., C28B+ for oil sample 1). As mentioned by Nghiem 

et al. [1], these two components have identical critical properties and acentric factors, while the 

BIPs between C28B+ and other components are larger than the BIPs between C28A+ and other 

components. The mole fraction of asphaltene component can be calculated by the equation 

developed by Nghiem et al. [1], 

z
C28B+

=
w

C28B+
´MW

oil

MW
C28B+

          (5-29)  

where zC28B+ represents the mole fraction of asphaltene component; wC28B+ represents the 

asphaltene content; and MWoil and MWC28B+ represent the molecular weight of oil and C28B+, 

respectively. Table 5-2 summarizes the composition and component properties of oil sample 1. 

The critical properties and acentric factors of the first nine components are taken from the 

literature [32, 33], while the mole fractions and component properties of pseudo-components are 

calculated by this work. 
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Table 5-2 Composition and component properties of oil sample 1 [32, 33] 

Component 

Mole 

fraction 

(mol%) 

Molecular 

weight 

(g/mol) 

Critical 

temperature 

(K) 

Critical 

pressure 

(bar) 

Critical 

volume 

(m3/kmol) 

Acentric 

factor 

N2 1.59 28.01 126.20 34.40 0.0901 0.04 

CO2 0.23 44.01 304.70 74.80 0.0940 0.23 

C1 4.54 16.04 190.60 46.70 0.0993 0.01 

C2 2.07 30.07 305.43 49.50 0.1479 0.10 

C3 4.41 44.10 369.80 43.00 0.2029 0.15 

i-C4 1.23 58.12 408.10 37.00 0.2627 0.18 

n-C4 2.59 58.12 419.50 38.00 0.2547 0.20 

i-C5 4.53 72.15 460.40 34.30 0.3058 0.23 

n-C5 4.96 72.15 465.90 34.00 0.3040 0.24 

C6-9 27.56 100.96 582.49 34.80 0.3869 0.32 

C10-17 28.11 178.54 720.86 24.13 0.6475 0.54 

C18-27 12.53 299.81 846.90 18.16 0.9254 0.75 

C28A+ 3.78 503.00 963.69 15.02 1.1550 0.93 

C28B+ 1.87 503.00 963.69 15.02 1.1550 0.93 

 

5.4.1.2 Tuning of Key Model Parameters 

Table 5-3 lists the adjustable parameters and their values used in our algorithm for oil sample 1 

mixed with impure CO2. In the thermodynamic model of asphaltene phase developed by Nghiem 

et al. [1], there are two adjustable parameters: fs
* and Vs. In this work, we desire to match the 

experimental data of asphalthene precipitation for oil sample 1 under different gas concentrations 

at given temperature/pressure condition. Based on Equation (5-1), it is obvious that the changing 

of Vs will not affect the fugacity of asphaltene in the asphaltene phase when the pressure is fixed. 

Therefore, Vs cannot be adjusted based on the experimental data that are obtained at a fixed 

pressure. However, as mentioned by Nghiem and Coombe [21], Vs can be estimated based on the 

measured amounts of asphaltenes precipitated under different pressures. In our example 
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calculations, we do not tune Vs; but the effect of this parameter on asphaltene precipitation is 

discussed in Section 5.4.1.3. Moreover, at the given temperature/pressure condition, fs
* can be 

determined based on the critical gas concentration above which asphaltenes start to precipitate [1]. 

Therefore, in our case, we tune this parameter instead of fs
*. 

The BIPs between asphaltene component (C28B+) and other components should be adjusted as 

well. These BIPs can be calculated by the Chueh and Prausnitz model [34], 

1/6 1/6

1/3 1/3

2
1

ci cj

ij

ci cj

v v
k

v v


 

= −  
+  

              (5-30) 

where kij represents the BIP between component i and j; vci and vcj represent the critical volumes of 

component i and j, respectively; θ represents the exponential parameter; and the subscripts i and j 

represent components i and j, respectively. The same value of θ is used to calculate BIPs between 

asphaltene component (C28B+) and other components. This value can be tuned based on the 

experimental data. Based on our tests, the BIPs between CO2 and hydrocarbon components (HCs) 

also need to be tuned to match the experimental data. Table 5-4 summarizes the BIPs used for oil 

sample 1. The BIPs between N2 and other components except C28B+ are taken from the literature 

[33]. Moreover, during our tests, we find that the experimental data cannot be matched with the 

measured asphaltene content for oil sample 1. Nghiem and Coombe [21] also mentioned the effect 

of asphaltene content on asphaltene precipitation. Therefore, we tune the asphaltene content as 

well.  
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Table 5-3 Adjustable parameters and their values used in our algorithm for oil sample 1 mixed with 

impure CO2 

 

Parameter Adjusted value 

Critical gas concentration above which 

asphaltenes start to precipitate (mol%) 
47 

θ 3.8 

BIP between CO2 and HCs 0.05 

Asphaltene content (wt%) 6 

 

Table 5-4 BIPs used for oil sample 1 calculations [33] 

 N2 CO2 C28B+ 

N2 0 -0.0170 0.2836 

CO2 -0.0170 0 0.2760 

C1 0.0311 0.0500 0.2660 

C2 0.0515 0.0500 0.1965 

C3 0.0852 0.0500 0.1457 

i-C4 0.1033 0.0500 0.1083 

n-C4 0.0800 0.0500 0.1125 

i-C5 0.0922 0.0500 0.0883 

n-C5 0.1000 0.0500 0.0891 

C6-9 0.1000 0.0500 0.0609 

C10-17 0.1000 0.0500 0.0175 

C18-27 0.1000 0.0500 0.0026 

C28A+ 0.1000 0.0500 0 

C28B+ 0.2836 0.2760 0 

 

Figure 5-2 shows the comparison between the weight fractions of the precipitated asphaltenes as a 

function of gas concentration calculated by our algorithm with the adjusted parameters and those 

measured by Srivastava et al. [4]. The injection gas is an impure CO2 stream, whose composition is 

shown in Table 1. The tested temperature and pressure are 61ºC and 160 bar, respectively. As seen 

from Figure 5-2, a good agreement can be seen between the calculated weight fractions of the 
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precipitated asphaltenes and the measured counterparts, leading to the conclusion that our 

algorithm with the adjusted parameters can have a good description of the asphaltene precipitation 

phenomenon.  

   

Figure 5-2 Comparison between the weight fractions of the precipitated asphaltenes as a function 

of gas concentration calculated by our algorithm with the adjusted parameters and those measured 

by Srivastava et al. [4] for oil sample 1 at 61ºC and 160 bar 

 

Figure 5-3 shows the effect of changing asphaltene content in oil sample 1 on the asphaltene 

precipitation under different gas concentrations. The three curves drawn in Figure 5-3 are 

generated by running the new three-phase VLS equilibrium algorithm under three different levels 

of asphaltene contents; other parameter values are the adjusted ones shown in Table 5-3. The 

asphaltene contents used to generate these three curves are 4 wt%, 5 wt%, and 6 wt%, respectively. 
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As shown in Figure 5-3, a change in the asphaltene content has a large effect on the asphaltene 

precipitation trends. A decrease in the asphaltene content will decrease the weight fractions of the 

precipitated asphaltenes, flattening the precipitation curve. As previously mentioned, the 

asphaltene content is measured to be 4 wt% by Srivastava et al. [4] However, the weight fractions 

of the precipitated asphaltenes calculated by our algorithm using 4 wt% asphalthene content are 

much smaller than the measured ones under a given gas loading. Therefore, to match the 

experimental data, we increase the asphaltene content in oil sample 1. As can be seen from Figure 

5-3, using 6 wt% of asphaltene content in our calculations gives the best match with the 

experimental data. 

   

Figure 5-3 Effect of asphaltene content in oil sample 1 on asphaltene precipitation under different 

gas concentrations 
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Figure 5-4 shows the effect of the critical gas concentration, above which asphaltenes start to 

precipitate, on asphaltene precipitation under different gas concentrations. The three curves drawn 

in Figure 5-4 are calculated by our three-phase VLS equilibrium algorithm; we use the parameter 

values shown in Table 5-3 except the critical gas concentration (above which asphaltenes start to 

precipitate). The critical gas concentrations used to generate these three curves are 43 mol%, 47 

mol%, and 50 mol%, respectively. As shown in Figure 5-4, an increase in the critical gas 

concentration tends to shift the left slope of the asphaltene precipitation curve to the right, but has 

negligible impact on the right slope of the asphaltene precipitation curve. In addition, an increase 

in the critical gas concentration tends to suppress the peak amount of the precipitated asphaltenes. 

   

Figure 5-4 Effect of the critical gas concentration (above which asphaltenes start to precipitate) 

on asphaltene precipitation under different gas concentrations 
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Figure 5-5 depicts the effect of the exponential parameter (θ) on asphaltene precipitation under 

different gas concentrations. The three curves drawn in Figure 5-5 are calculated by our 

three-phase VLS equilibrium algorithm with the adjusted values of the parameters shown in Table 

5-3 except the exponential parameter. The exponential parameter values used to generate these 

three curves are 3, 3.8, and 4.5, respectively. As seen from Figure 5-5, an increase in the 

exponential parameter value increases the amount of precipitated asphaltenes. Moreover, it tends 

to exert a larger effect on asphaltene precipitation in the region where the weight fractions of the 

precipitated asphaltenes increase with an increasing gas concentration, while it has smaller effect 

on asphaltene precipitation in the region where the weight fractions of the precipitated asphaltenes 

decrease with an increasing gas concentration.  
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Figure 5-5 Effect of the exponential parameter (θ) on asphaltene precipitation under different gas 

concentrations 

 

Figure 5-6 depicts the effect of the BIP between CO2 and HCs on the asphaltene precipitation 

under different gas concentrations. The three curves drawn in Figure 5-6 are calculated by our 

three-phase VLS equilibrium algorithm with the adjusted values of the parameters shown in Table 

5-3 except the BIP between CO2 and HCs. The BIP between CO2 and HCs used to generate these 

three curves are 0.02, 0.05, and 0.08, respectively. As Figure 5-6 shows, a decrease in the BIP 

between CO2 and HCs increases the amount of the precipitated asphaltenes. 
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Figure 5-6 Effect of the BIP between CO2 and HCs on the asphaltene precipitation under 

different gas concentrations 

 

5.4.1.3 P-X Phase Diagram 

In order to test the performance of the newly developed three-phase VLS equilibrium calculation 

algorithm, we apply this algorithm with the adjusted parameters to generate a P-X phase diagram 

for oil sample 1 mixed with impure CO2. The composition of this impure CO2 is shown in Table 

5-1. Figure 5-7 depicts the calculation results. The temperature is set to be 61ºC. Vs is calculated to 

be 0.4323 m3/kmol by PR EOS [20]. Pressure is varied from 1 bar to 250 bar with a step size of 

0.25 bar, while the gas concentration is varied from 0 mol% to 99 mol% with a step size of 0.25 

mol%. Our algorithm is run a total of 395,809 times to generate this P-X phase diagram. As shown 
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in Figure 5-7, this algorithm converges at all the tested points. The generated P-X phase diagram 

has smooth and continuous phase boundaries. Note that the line at the gas concentration of 99 mol% 

is not phase boundaries, since we do not conduct phase equilibrium calculations at gas 

concentrations larger than 99 mol%. 

   

Figure 5-7 P-X phase diagram calculated by the three-phase VLS equilibrium calculation 

algorithm with the adjusted parameters for oil sample 1 mixed with impure CO2 at 61ºC. V: vapor 

phase; L: liquid phase; and S: solid asphaltene phase. 

 

To show the effect of Vs on the resulting phase equilibria, we run our three-phase VLS equilibrium 

calculation algorithm with different Vs values to generate several P-X phase diagrams for oil 

sample 1 mixed with impure CO2. Figure 5-8 shows the calculated P-X phase diagrams for oil 

sample 1 mixed with impure CO2 at 61ºC. Figures 5-8(a) and 5-8(b) depict the P-X phase diagram 
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generated by our algorithm with Vs set as 0.5000 m3/kmol and 0.5500 m3/kmol, respectively. For 

both phase diagrams, pressure is varied from 1 bar to 250 bar with a step size of 0.25 bar, while gas 

concentration is varied from 0 mol% to 99 mol% with a step size of 0.25 mol%. Again, Figures 

5-8(a) and 5-8(b) show that our algorithm converges at all the tested points. Figure 5-8(c) shows 

the comparison of the different P-X phase boundaries yielded by our algorithm with different Vs 

values. As shown in Figure 5-8(c), if Vs increases, asphaltenes start to precipitate at a lower 

pressure and a smaller gas concentration. Moreover, under a constant pressure that is larger than 

the reference pressure P*, the critical gas concentration (above which asphaltenes start to 

precipitate) increases as Vs increases. 

  
(a) 
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(b) 

  

(c) 

Figure 5-8 P-X phase diagrams for oil sample 1 mixed with impure CO2 at 61ºC yielded by our 

three-phase VLS equilibrium calculation algorithm with different Vs: (a) Vs is set to be 0.5000 

m3/kmol; (b) Vs is set to be 0.5500 m3/kmol; and (c) comparison of the different P-X phase 

boundaries yielded by our algorithm with different Vs. V: vapor phase; L: liquid phase; and S: solid 

asphaltene phase. 
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Figure 5-9 shows the weight fractions of the precipitated asphaltenes calculated by our algorithm 

with different Vs as a function of pressure and gas concentration at 61ºC. Figures 5-9(a), 5-9(b), 

and 5-9(c) are generated with Vs set as 0.4323 m3/kmol, 0.5000 m3/kmol, and 0.5500 m3/kmol, 

respectively. These figures show that Vs can significantly affect how much asphaltenes will get 

precipitated in the mixture. The weight fractions of the precipitated asphaltenes shown in the three 

figures in Figure 5-9 are continuous everywhere, which proves that our algorithm performs well at 

all the tested conditions. 

  
(a) 
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(b) 

  
(c) 

Figure 5-9 Weight fractions (in wt%) of the precipitated asphaltenes calculated by our algorithm 

with different Vs as a function of pressure and gas concentration at 61ºC: (a) Vs is set to be 0.4323 

m3/kmol; (b) Vs is set to be 0.5000 m3/kmol; and (c) Vs is set to be 0.5500 m3/kmol. 
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5.4.2 Oil Sample 2 

Table 5-5 depicts the compositions of oil sample 2 and three injection gas [4, 35]. Oil sample 2 is 

named as fluid W1 by Srivastava et al. [4]. Oil sample 2 has a gravity of 29ºAPI [4]. The molecular 

weight of C6+ in oil sample 2 is measured to be 205 g/mol [35], while its asphaltene content is 

measured to be 4.9 wt% [4]. 

  

Table 5-5 Compositions of oil sample 2 and three injection gases [4, 35]  

Component Oil sample 2 
Gas 1 (pure 

CO2) 

Gas 2 (impure 

CO2) 

Gas 3 (impure 

CO2) 

N2 0.96 0 0 5.1 

CO2 0.58 100 90.1 89.8 

H2S 0.3 0 0 0 

C1 4.49 0 9.9 5.1 

C2 2.99 0 0 0 

C3 4.75 0 0 0 

i-C4 0.81 0 0 0 

n-C4 1.92 0 0 0 

i-C5 1.27 0 0 0 

n-C5 2.19 0 0 0 

C6+ 79.74 0 0 0 

5.4.2.1 Oil Characterization 

Table 5-6 summarizes the composition and component properties of oil sample 2. The critical 

properties and acentric factors of the first ten components are taken from the literature [32, 33], 

while the mole fractions and component properties of the pseudo-components are calculated by 

this work. The method used to determine the mole fractions and component properties of the 

pseudo-components for oil sample 2 are the same as that used for oil sample 1. 
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Table 5-6 Composition and component properties of oil sample 2 [32, 33] 

Component 

Mole 

fraction 

(mol%) 

Molecular 

weight 

(g/mol) 

Critical 

temperature 

(K) 

Critical 

pressure 

(bar) 

Critical 

volume 

(m3/kmol) 

Acentric 

factor 

N2 0.96 28.01 126.20 34.40 0.0901 0.04 

CO2 0.58 44.01 304.70 74.80 0.0940 0.23 

H2S 0.30 34.08 373.60 90.60 0.0976 0.10 

C1 4.49 16.04 190.60 46.70 0.0993 0.01 

C2 2.99 30.07 305.43 49.50 0.1479 0.10 

C3 4.75 44.10 369.80 43.00 0.2029 0.15 

i-C4 0.81 58.12 408.10 37.00 0.2627 0.18 

n-C4 1.92 58.12 419.50 38.00 0.2547 0.20 

i-C5 1.27 72.15 460.40 34.30 0.3058 0.23 

n-C5 2.19 72.15 465.90 34.00 0.3040 0.24 

C6-9 27.93 101.12 579.68 34.34 0.3897 0.32 

C10-17 29.94 179.18 717.68 23.72 0.6536 0.54 

C18-27 14.43 300.79 843.53 17.74 0.9369 0.77 

C28A+ 5.80 513.00 963.33 14.39 1.1924 0.96 

C28B+ 1.64 513.00 963.33 14.39 1.1924 0.96 

5.4.2.2 Tuning of Key Model Parameters 

Table 5-7 lists the adjustable parameters and their values used in our algorithm for oil sample 2 

mixed with pure CO2. For oil sample 2, we find that the weight fractions of the precipitated 

asphaltenes measured by the experiments conducted by Srivastava et al. [4] can be well matched 

by those calculated by our algorithm using the asphaltene content measured by experiments and 

the adjusted parameter values given in Table 5-7. Therefore, we do not tune the asphaltene content 

in this case study. Table 5-8 summarizes the BIPs used for oil sample 2 calculations. The BIPs 

between N2 and other components (except C28B+) and the BIPs between H2S and other 

components (except C28B+) are taken from the literature [33]. 
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Table 5-7 Adjustable parameters and their values used in our algorithm for oil sample 2 mixed with 

pure CO2 

Parameter Adjusted value 

Critical gas concentration above which 

asphaltenes start to precipitate (mol%) 
46 

θ 4.7 

BIP between CO2 and HCs 0.07 

 

Table 5-8 BIPs used for oil sample 2 calculations [33] 

 N2 CO2 H2S C28B+ 

N2 0 -0.0170 0.1767 0.3447 

CO2 -0.0170 0 0.0974 0.3359 

H2S 0.1767 0.0974 0 0.3280 

C1 0.0311 0.0700 0.080 0.3245 

C2 0.0515 0.0700 0.0833 0.2433 

C3 0.0852 0.0700 0.0878 0.1828 

i-C4 0.1033 0.0700 0.0474 0.1374 

n-C4 0.0800 0.0700 0.0600 0.1426 

i-C5 0.0922 0.0700 0.0600 0.1129 

n-C5 0.1000 0.0700 0.0600 0.1139 

C6-9 0.1000 0.0700 0.0600 0.0780 

C10-17 0.1000 0.0700 0.0600 0.0233 

C18-27 0.1000 0.0700 0.0600 0.0038 

C28A+ 0.1000 0.0700 0.0600 0 

C28B+ 0.3447 0.3359 0.3280 0 

 

Figure 5-10 shows the comparison between the weight fractions of the precipitated asphaltenes as 

a function of gas concentration calculated by our algorithm with the adjusted parameters and those 

obtained by experiments conducted by Srivastava et al. [4]. The injection gas is Gas 1 (pure CO2) 

in Table 5-1. The tested temperature and pressure are 59ºC and 160 bar. As shown in Figure 5-10, 

a good agreement can be seen between the calculated weight fractions of the precipitated 

asphaltenes and those measured by experiments, except one point which corresponds to the 
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highest precipitation amount. As mentioned in Section 5.4.1.2, this discrepancy may be caused by 

the improper value of the asphaltene content assumed in the calculations. Since the calculated 

results only fail to match one experimental data point, we regard the measured asphaltene content 

is reliable and do not tune it in this case study. From Figure 5-10, we can again conclude that our 

algorithm with the adjusted parameters can have a good description of the asphaltene precipitation 

phenomenon.  

  

Figure 5-10 Comparison between the weight fractions of the precipitated asphaltenes as a function 

of gas concentration calculated by our algorithm with the adjusted parameters and those obtained 

by experiments conducted by Srivastava et al. [4] for oil sample 2 at 59ºC and 160 bar 
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5.4.2.3 P-X Phase Diagram 

Figure 5-11 depicts the P-X phase diagram calculated by the three-phase VLS equilibrium 

calculation algorithm with the adjusted parameters for oil sample 2 mixed with Gas 1 (pure CO2). 

The temperature is set to be 59ºC. Vs is calculated by the PR EOS to be 0.4505 m3/kmol [20]. The 

tested pressure is varied from 1 bar to 300 bar with a step size of 0.25 bar, while the tested gas 

concentration is varied from 0 mol% to 99 mol% with a step size of 0.25 mol%. This algorithm is 

run 475,209 times to generate the P-X phase diagram. Figure 5-11 shows that our three-phase VLS 

equilibrium calculation algorithm performs well at all the tested points. Note that there is a red 

region, named as Region 1, in Figure 5-11. This region is a three-phase VLS region. However, the 

liquid phase in this region is found to be very dense and more like an asphaltene phase. We think 

the reason underlying the appearance of this three-phase region is that the liquid phase cannot 

merge with the asphaltene phase due to the assumption that asphaltene phase is a pure asphaltene 

phase.  
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Figure 5-11 P-X phase diagram calculated by the three-phase VLS equilibrium calculation 

algorithm with the adjusted parameters for Oil sample 2 mixed with Gas 1 (pure CO2) at 59ºC. V: 

vapor phase; L: liquid phase; and S: solid asphaltene phase. 

 

Figure 5-12 shows the P-X phase diagrams calculated by the three-phase VLS equilibrium 

calculation algorithm with the adjusted parameters for oil sample 2 mixed with impure CO2. The 

temperature is set to be 59ºC. Vs is calculated by the PR EOS to be 0.4505 m3/kmol [20]. The 

adjusted parameters used for modeling the phase behavior of oil sample 2 mixed with pure CO2 are 

also applied for modeling the phase behavior of oil sample 2 mixed with impure CO2. Figures 

5-12(a) and 5-12(b) show the P-X phase diagrams generated for oil sample 2 mixed with Gas 2 and 

Gas 3, respectively. The tested pressure in Figure 5-12(a) is varied from 1 bar to 300 bar, while the 
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tested pressure in Figure 5-12(b) is varied from 1 bar to 360 bar. In both figures, a step size of 0.25 

bar is used. Moreover, in both figures, the tested gas concentration is varied from 0 mol% to 99 

mol% with a step size of 0.25 mol%. Our algorithm is run 475,209 times to generate Figures 

5-12(a), while it is run 570,489 times to generate Figure 5-12(b). As shown in Figure 5-12, this 

algorithm performs well at all the tested points. Again, a special region (Region 1) appears in both 

figures.  

 

 

 

 

 



 

184 

 

 
(a) 

 

(b) 

Figure 5-12 P-X phase diagrams calculated by the three-phase VLS equilibrium calculation 

algorithm with the adjusted parameters for Oil sample 2 mixed with impure CO2 at 59ºC: (a) Gas 2 

and (b) Gas 3. V: vapor phase; L: liquid phase; and S: solid asphaltene phase. 
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5.5 Conclusions 

Based on the asphaltene-precipitation model proposed by Nghiem et al. [1], we develop a robust 

three-phase VLS equilibrium calculation algorithm. In this algorithm, new initialization methods 

for equilibrium ratios are provided for both stability test and flash calculation. To develop this 

three-phase VLS equilibrium calculation algorithm, a simple two-phase V/L-S flash calculation 

algorithm is first developed. Moreover, two three-phase VLS flash calculation algorithms are 

simultaneously developed to greatly ensure the robustness and efficiency of the three-phase VLS 

equilibrium calculation algorithm. Algorithm #1 is similar to the three-phase free-water VLA flash 

calculation algorithm developed by Li and Li [16]. It is more efficient but relies on the proper 

assignment of the initial equilibrium ratios. Algorithm #2 uses an outer loop to update the mole 

fraction of asphaltene phase and an inner loop to perform the two-phase VL flash calculation. This 

algorithm is more robust; but it is more time-consuming since several two-phase VL flash 

calculations are required to be conducted in the inner loop. Moreover, the prerequisite for 

conducting Algorithm #2 is that a three-phase VLS equilibrium actually appears.  

We test the performance of this newly developed algorithm by several real reservoir fluids mixed 

with pure or impure CO2. The parameters used in the asphaltene-precipitation model are first tuned 

to match the experimental asphalthene-precipitation data. With the adjusted parameters, our 

three-phase VLS equilibrium calculation algorithm is run hundreds of thousands of times to 

generate P-X phase diagrams for two crude oils mixed with pure or impure CO2. Our algorithm 

performs well at all the test points. In general, four types of phase equilibria can be observed when 
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the crude oil is mixed with pure or impure CO2: L equilibrium, LV equilibrium, LS equilibrium, 

and VLS equilibrium. When the gas concentration is very high, a small three-phase equilibrium 

region shows up between the two-phase VL equilibrium region and the two-phase LS equilibrium 

region. In this region, the three-phase equilibrium contains a vapor phase, an asphaltene phase, and 

a liquid phase which is very dense and more like an asphaltene phase. The appearance of this 

three-phase region can be attributed to the immiscibility of the dense liquid phase and the 

pure-asphaltene phase and the assumption that the asphaltene phase is assumed to be a pure phase. 

Nomenclature 

c number of components or asphaltene component 

f fugacity 

k value of the stationary point (which is a constant) or BIP 

K equilibrium ratio 

MW molecular weight 

P pressure 

R universal gas constant 

s composition of the asphaltene phase 

T temperature 

v molar volume 



 

187 

 

V molar volume 

w component weight fraction  

x composition of the liquid phase or non-asphaltene phase 

x_0, x_01, x_02, … compositions of the trial phase at negative stationary points 

y composition of the trial phase or vapor phase 

z composition of the tested phase or feed 

  

Greek Letters  

β phase mole fraction 

θ exponential parameter 

ω acentric factor 

Φ fugacity coefficients 

  

Subscript  

2 component CO2 

c asphaltene component or critical properties 

i component index 
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j component index 

s asphaltene phase 

x non-asphaltene phase or liquid phase 

y vapor phase 
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Appendix 5-A: Two-Phase V/L-S Flash Calculation Algorithm 

Figure 5-A.1 depicts the flow chart of the two-phase V/L-S flash calculation algorithm. The 

detailed procedure of this algorithm is given below, 

(1) Input the pressure (P), temperature (T), feed (zi), and thermodynamic properties of each 

component (Tci, Pci, and ωi). 

(2) Initialize phase mole fraction of asphaltene phase (βs) and set its tolerance (tol) to be 10-6. 

(3) Calculate the composition of non-asphaltene phase (xi) using Equation (5-10) and calculate 

the fugacity of each component in non-asphaltene phase (fix) based on PR EOS. 

(4) Calculate the absolute relative error (err) between the fugacities of asphaltene component in 

the non-asphaltene phase (fcx) and the asphaltene phase (fcs) using the following equation, 

cs cx

cs

f f
err

f

−
=           (5-A.1) 

(5) If err>tol, update mole fraction of asphaltene phase (βs) and go back to Step (3); otherwise, 

output the calculated phase mole fractions and phase compositions. 
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Figure 5-A.1 Flow chart of the two-phase V/L-S flash calculation algorithm 
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Appendix 5-B: Three-Phase VLS Flash Calculation Algorithm #2 

Figure 5-B.1 depicts the flow chart of the three-phase VLS flash calculation Algorithm #2. The 

detailed procedure of this algorithms is summarized below, 

(1) Input the pressure (P), temperature (T), feed (zi), and thermodynamic properties of each 

component (Tci, Pci, and ωi). 

(2) Initialize mole fraction of asphaltene phase (βs) and set its tolerance (tol) to be 10-6. 

(3) Calculate the composition of non-asphaltene phase (zi2) using Equation (5-19). 

(4) Conduct two-phase VL flash calculation to calculate phase mole fractions of liquid phase and 

vapor phase (βx and βy) and compositions of liquid and vapor phases (xi and yi).  

(5) Calculate the fugacities of each component in liquid and vapor phases (fix and fiy) based on 

PR EOS. 

(6) Calculate the absolute relative error (err) between the fugacities of asphaltene component in 

the non-asphaltene phase (fcx) and asphaltene phase (fcs) using Equation (5-A.1). 

(7) If err>tol, update mole fraction of asphaltene phase (βs) and go back to Step (3); otherwise, 

update phase mole fractions of liquid phase and vapor phase (βx and βy) by the following 

equation and output the calculated phase fractions and phase compositions, 

( ) ( )1 ; 1x x s y y s     =  − =  −       (5-B.1) 
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Figure 5-B.1 Flow chart of the three-phase VLS flash calculation Algorithm #2 
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CHAPTER 6 A MODIFIED MULTIPLE-MIXING-CELL ALGORITHM 

FOR MINIMUM MISCIBILITY PRESSURE PREDICTION WITH THE 

CONSIDERATION OF ASPHALTENE-PRECIPITATION EFFECT 
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Abstract 

Minimum miscibility pressure (MMP) is one of the most important design parameters in CO2 

flooding. Recent experimental studies show that the precipitation of asphaltenes in light oils can 

increase the MMP between injection gas and crude oil. To model the asphaltene-precipitation 

effect on MMP calculations, we develop a three-phase multiple-mixing-cell (MMC) algorithm by 

considering three-phase vapor-liquid-asphaltene (VLS) equilibria. This algorithm is developed by 

modifying the MMC method proposed by Ahmadi and Johns (2011). The three-phase VLS 

equilibrium calculation algorithm developed by Li and Li (2019) is integrated into the two-phase 

MMC algorithm. In the modified three-phase MMC algorithm, the first contact is conducted on 

two cells containing injection gas and reservoir oil. A three-phase equilibrium calculation is first 

conducted. If asphaltene phase appears, the mixture composition needs to be updated by excluding 

the precipitated asphaltenes. Then, negative two-phase flash will be conducted on the mixture with 

the updated composition. Considering that gas moves faster than liquid, the equilibrium vapor 

phase is always put ahead of the equilibrium liquid phase. A number of contacts are performed by 

mixing the neighbouring cells until all key tie lines are obtained. MMP is the pressure where the 

minimum key tie line length becomes zero. The modified algorithm provides a simple way to 

model the effect of asphaltene precipitation on MMP, since it is independent of relative 

permeability, volume of cells, and volume of injected gas, but only relies on the three-phase 

equilibrium calculations. Several example calculations are carried out to demonstrate the 

performance of our algorithm. The MMPs predicted by our algorithm and those predicted by the 
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two-phase MMC algorithm are both compared with the MMPs measured by experiments. For all 

tested examples, the MMPs predicted by our algorithm are larger than those predicted by the 

MMC algorithm without considering asphaltene-precipitation effect. 
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6.1 Introduction 

Carbon dioxide (CO2) flooding is a widely applied enhanced oil recovery process in light oil 

reservoirs [1]. In the design of CO2 flooding, it is essential to precisely predict the minimum 

miscibility pressure (MMP) between CO2 and reservoir fluid. At MMP, we can theoretically 

achieve 100% oil recovery from the reservoir. Asphaltene precipitation is common during CO2 

flooding due to the dynamic variations in the composition of reservoir fluids [2, 3]. Recent 

experimental studies reveal that the asphaltene deposition can increase the measured MMPs 

between the reservoir fluid and the injection gas [4]. Therefore, in order to obtain an accurate 

MMP between CO2 and reservoir fluid, an MMP prediction method considering 

asphaltene-precipitation effect is required. 

There are many experimental or computational methods that have been developed to determine 

MMPs. The most common experimental method for determining MMP is slim tube test [5]. It is 

considered to be reliable for MMP determination, since it can capture the dynamic flow 

interactions in porous media by considering the phase behavior of reservoir fluids. However, it is 

an expensive and time-consuming test. Moreover, Johns et al. [6] pointed out that slim tube 

experiments may fail to give an accurate MMP due to the limited number of experimental data 

points and the existence of dispersion phenomenon. Another common experimental method for 

determining MMP is multi-contact experiment. For miscibility achieved via a vaporizing or 

condensing drive during gas flooding, the multi-contact experiment can provide a precise MMP. 

However, the miscibility of most gas flooding processes is achieved via a combined condensing 
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and vaporizing drive, making the MMP measured by the multi-contact experiment less accurate [7, 

8]. 

Since the experimental method for MMP determination is expensive and time-consuming, many 

attempts are made to develop computational methods for MMP determination based on equation 

of state (EOS). There are three main computational methods for MMP determination: slim tube 

compositional simulation, method of characteristics (MOC), and multiple mixing cell (MMC) 

method. Slim tube compositional simulation models the slim tube experiment in a numerical 

manner. The MMP can be developed at the inflection point on the recovery factor curve as a 

function of pressure [9]. Compared with other computational methods, one of the drawbacks of 

this computational method is its high computational demand. The MOC method is developed to 

analytically solve the c-1 key tie lines (where c represents the number of the component in the 

given mixture) [8, 10-12]. MMP is the minimum pressure where any of the key tie lines has a 

length of zero. However, the MOC method is complex and could easily converge to a wrong key 

tie line [13]. 

There are several published MMC approaches. Two MMC approaches are widely used. The first 

approach is a simplification of the slim tube compositional simulation by ignoring the flow 

equations [14, 15]. In this approach, a series of cells initially filled with oil are connected with each 

other. Then, a specified volume of gas is injected into the first cell. A two-phase equilibrium 

calculation is required to be conducted on the mixture in the first cell at the given 
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temperature/pressure condition. The excess volume will be moved to the second cell and mixed 

with the initial oil in the second cell. The same transfer is made on the following cells. After 

finishing the first injection, another injection will be conducted until a given volume of gas is 

injected. The aforementioned calculations will be conducted at different pressures. The oil 

recovery factor at each pressure should be recorded. Jaubert et al. [14] regarded the pressure, 

where 97% oil recovery is achieved, to be MMP. To model asphaltene-precipitation effect on 

MMPs, Moghaddam and Dehaghani [16] developed an MMP determination algorithm by 

extending the MMC method proposed by Jaubert et al. [14]. 

Another MMC approach is proposed by Ahmadi and Johns [17]. In this method, the first contact is 

conducted between two cells that are filled with injection gas and oil. By applying the negative 

two-phase flash calculation [18, 19], additional two cells will be obtained. The equilibrium gas 

phase is always put ahead of the equilibrium liquid phase considering that the gas phase moves 

faster than the liquid phase. A number of contacts are conducted by mixing the neighbouring cells 

until all c-1 key tie lines are obtained. The aforementioned calculations should be conducted at 

different pressures. The minimum tie line length is required to be recorded at each pressure. The 

MMP is the pressure where the minimum tie line length becomes zero. This MMC method 

provides a simple way to predict MMP, since it is independent of relative permeability, volume of 

cells, and volume of injected gas. The performance of this method only relies on the robustness of 

two-phase flash calculation algorithm. But currently the original MMC algorithm developed by 

Ahmadi and Johns [17] cannot accommodate the asphaltene precipitation phenomenon, and 
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thereby cannot model the effect of asphaltene precipitation on the MMP. 

In this study, we develop an MMC algorithm considering asphaltene-precipitation effect by 

modifying the MMC method proposed by Ahmadi and Johns [17]. In the revised MMC algorithm, 

before each contact, we first perform a three-phase VLS equilibrium calculation to check if the 

asphaltene phase will appear. The three-phase VLS equilibrium calculation algorithm used in our 

algorithm is the one recently developed by Li and Li [20] with the application of the 

asphaltene-precipitation model proposed by Nghiem et al. [21]. If asphaltene phase appears, the 

asphaltenephase is considered to be deposited in the cell containing the liquid phase. Then, the 

composition of the mixture of the fluids in two neighbouring cells will be updated by excluding the 

asphaltene phase. Afterwards, a two-phase flash calculation is conducted on the mixture with the 

updated composition. Example calculations are conducted for several real fluid mixtures to test the 

performance of the newly developed algorithm. The MMPs predicted by our algorithm, together 

with those predicted by the MMC algorithm without considering asphaltene-precipitation effect, 

are both compared with the MMPs measured by slim tube experiments. 

6.2 Thermodynamic Model 

For two-phase flash calculations, Peng-Robinson (PR) EOS [22] is applied. PR EOS can be 

expressed as [22], 

( ) ( )
RT a

P
V b V V b b V b

= −
− + + −

       (6-1) 

where P represents pressure; T represents temperature; V represents molar volume; R represents 
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the universal gas constant; and a and b represent the attraction parameter and repulsion parameter, 

respectively. a and b can be calculated by [22], 

( )
2 2

0.45724 ,c
r

c

R T
a T

P
 =         (6-2) 

0.07780
c

RT
b

P
=          (6-3) 

where Pc represents critical pressure; Tc represents critical temperature; ω represents acentric 

factor; and Tr represents reduced temperature (which can be calculated by r

c

T
T

T
= ). The 

α-function in Equation (6-2) can be expressed as [23], 

( )( )

( )( )

2
2 0.5

2
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1 0.379642 1.48503 0.164423 0.016666 1 ,  0.49
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= 
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  (6-4) 

For a mixture, the van der Waals mixing rule is used, 

( )
1 1

1
c c

i j ij i j

i j

a x x k a a
= =

= −         (6-5) 

1

c

i i

i

b x b
=

=          (6-6) 

where c represents the number of components in the mixture; x represents component mole 

fraction; kij represent the binary interaction parameter (BIP) between components i and j; and the 

subscripts i and j represent components i and j, respectively. The detailed procedure for conducting 

two-phase flash calculation is proposed by Michelsen [24]. 

For the three-phase VLS equilibrium calculation algorithm proposed by Li and Li [20], the 
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asphaltene-precipitation model developed by Nghiem et al. [21] is applied. In this model, 

asphaltene phase is considered as a pure dense phase only containing asphaltene. The fugacity of 

asphaltene in the asphaltene phase is calculated by [21], 

( )*

*ln ln
s

s s

V P P
f f

RT

−
= +         (6-7) 

where P and P* represent the actual pressure and the reference pressure, respectively; fs and fs
* 

represent the fugacities of asphaltene in the asphaltene phase at P and P*, respectively; Vs 

represents the asphaltene molar volume; and the subscript s represents asphaltene phase. As 

mentioned above, for vapor and liquid phases, PR EOS [22] is applied.  

Li and Li [20] provided the details of the three-phase VLS equilibrium calculation algorithm. In 

their three-phase VLS equilibrium calculation algorithm, the appearance of asphaltene phase is 

checked by comparing the fugacity of asphaltene component in the non-asphaltene phase against 

that in the asphaltene phase, while the appearance of non-asphaltene phase (i.e., vapor or liquid 

phase) is determined by stability test. The detailed procedure of stability test is proposed by 

Michelsen [25]. If neither of these two cases appears, the tested mixture is stable. If only 

asplathene phase appears, a two-phase vapor/liquid-asphaltene flash calculation is required. If 

only non-asphaltene phase appears, a two-phase vapor-liquid flash calculation needs to be 

conducted. After that, the results yielded by the two-phase flash calculation should be again 

checked if the asphaltene phase will appear. If it appears, a three-phase flash calculation needs to 

be conducted. If both asphaltene and non-asphaltene phases may appear, a three-phase flash 



 

206 

 

calculation is first conducted. If the results yielded by the three-phase flash calculation are 

unphysical, a two-phase flash calculation is then conducted. Moreover, the stability of the results 

yielded by the two-phase flash calculation should be checked. If it is unstable, a three-phase flash 

calculation should be again conducted. Two different three-phase VLS flash calculation 

algorithms are developed and incorporated into the three-phase equilibrium calculation algorithm 

to ensure its robustness and efficiency. To simulate CO2 flooding in light oil reservoirs, new 

initialization approaches for both stability tests and flash calculations are proposed in their work 

[20]. 

6.3 MMC Algorithm Considering Asphaltene-Precipitation Effect 

Figure 6-1 depicts the schematic of the contact method adopted by the MMC method that 

considers the asphaltene-precipitation effect. This MMC algorithm is a modification of the MMC 

algorithm developed by Ahmadi and Johns [17]. The detailed procedure for conducting this 

modified MMC algorithm is summarized as follows, 

(1) Fill two cells with the injection gas (G) and reservoir oil (O), respectively. Put the cell filled 

with the injection gas in the upstream, while put the cell filled with the reservoir oil in the 

downstream. 

(2) Mix the injection gas and the reservoir oil. The composition of the mixture can be calculated 

by the following equation, 

( ),  1,...,i i i iZ O G O i c= + − =        (6-8) 

where Zi, Gi, and Oi represent the mole fractions of component i in the gas-oil mixture, 
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injection gas, and oil, respectively; α represents the mole fraction of gas phase; c represents the 

number of components; and the subscript i represents the component index. As mentioned by 

Ahmadi and Johns [17], the value of α will not affect the final results. In our test, α is set to be 

0.5. 

(3) Conduct three-phase VLS equilibrium calculation on the gas-oil mixture at the given 

temperature/pressure condition. The three-phase VLS equilibrium calculation algorithm 

developed by Li and Li [20] is applied in this MMC algorithm. The asphaltene-precipitation 

model used in their algorithm is the one developed by Nghiem et al. [21]. In that model, 

Nghiem et al. [21] assumed that the asphaltene phase only contain asphaltene component. 

Based on such assumption, the composition of asphaltene phase can be simply expressed as 

follows, 

1,  

0,  
i

i c
S

i c

=
= 


        (6-9) 

where Si represents the mole fraction of component i in the asphaltene phase and component c 

represents the asphaltene component. The possible phases yielded by the three-phase 

equilibrium calculation will be an equilibrium liquid phase (X), an equilibrium vapor phase 

(Y), and an asphaltene phase (S). If asphaltene phase appears based on the three-phase 

equilibrium calculations, we assume that it will deposit and not participate in the subsequent 

calculations. Therefore, the composition of the mixture can be updated by the following 

equation, 
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where βs represents the mole fraction of asphaltene phase calculated by the three-phase VLS 

equilibrium calculation algorithm. If the asphaltene phase does not appear, the composition of 

the mixture will not change. 

(4) Conduct two-phase flash calculation on the gas-oil mixture with the updated composition at 

the given temperature/pressure condition. The negative flash [18, 19] is allowed in this MMC 

algorithm. PR EOS is used in two-phase flash calculations [22]. The two-phase flash 

calculation will give us an equilibrium liquid phase (X) and an equilibrium vapor phase (Y). 

Based on the fact that gas moves faster than the liquid, the equilibrium vapor phase will be put 

ahead of the equilibrium liquid phase. The aforementioned steps show the procedure of the 

first contact. The tie line length between the equilibrium liquid phase and the equilibrium 

vapor phase requires to be recorded for each contact. It can be calculated by the following 

equation, 

( )
2

1

c

i i

i

TL X Y
=

= −         (6-11) 

where TL represents the tie line length and Xi and Yi represent the mole fractions of component 

i in the equilibrium liquid phase and equilibrium vapor phase, respectively. 

(5) There are two contacts in the second contact. One is conducted on the mixture of the injection 

gas and the equilibrium liquid phase, while the other is conducted on the mixture of the fresh 

oil and the equilibrium vapor phase. Similar to the first contact, the three-phase VLS 
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equilibrium calculation is first conducted on the mixture to check whether the asphaltene phase 

will appear or not. If the asphasltene phase appears, the composition of the mixture needs to be 

updated by excluding the precipitated asphaltene. Two-phase flash calculation is subsequently 

conducted on the updated mixture. Both of these two contacts will give us an equilibrium 

liquid phase and an equilibrium vapor phase. Together with the injection gas and the fresh oil, 

there will be six cells. These cells are schematically shown in Figure 6-1. 

(6) Additional contacts between the neighbouring cells are required until all c-1 key tie lines are 

developed. Note that, in the Nth contact, the contacts will be conducted N times. These contacts 

will be numbered from 1 to N in a left-to-right order as shown in Figure 6-1. As mentioned by 

Ahmadi and Johns [17], the key tie line is considered to be fully developed if the same values 

of tie line lengths are yielded by three neighbouring contacts. The minimum tie lie length 

should be recorded.  

 



 

210 

 

  

Figure 6-1 Schematic of the contact method adopted by the MMC method considering 

asphaltene-precipitation effect. G: injection gas; O: oil; X: equilibrium liquid phase; Y: 

equilibrium vapor phase; S: solid asphaltene phase; and 1st contact, 2nd contact, 3rd contact, …, and 

Nth contact: contact times. 

 

This MMC algorithm is performed to develop the minimum tie line length at the given 

temperature/pressure conditions. As shown in Figure 6-1, in this MMC algorithm, the condensing 

drive occurs at the downstream, while the vaporizing drive occurs at the upstream. In the middle of 

this development, the miscibility is developed by a combined condensing and vaporizing drive. To 

obtain the MMP, the MMC algorithm is required to be conducted at different pressures. As 

pressure increases, the developed minimum tie line length will decrease. In this work, MMP is 

estimated by the power-law extrapolation using the minimum tie line lengths at the last several 
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pressures by [17], 

nTL aP b= +          (6-12) 

where n represents the exponential parameter; P represents pressure; and a and b are constants 

representing the slope and the intercept of y-axis, respectively. The values of a, b, and n can be 

finalized when the correlation coefficient exceeds 0.999. The MMP is the pressure at which the 

minimum tie line length becomes zero. This MMC algorithm only relies on the performance of 

three-phase VLS equilibrium calculations and two-phase flash calculations. In comparison with 

other methods used to estimate MMP which also relies on relative permeability, volume of cells, 

and volume of injected gas, the revised MMC algorithm provides a simple way for modeling the 

effect of asphaltene precipitation on MMP. 

6.4 Results and Discussion 

In this work, three oil and gas samples from Weyburn reservoir in Saskatchewan, Canada, are used 

to test the performance of the newly developed MMC algorithm that couples the 

asphaltene-precipitation effect. Both of the MMPs predicted by our algorithm and those predicted 

by the MMC algorithm proposed by Ahmadi and Johns [17] without considering 

asphaltene-precipitation effect are compared with the MMPs measured by slim tube experiments 

conducted by Dong et al. [26]. Table 6-1 lists the compositions of Fluid W1 and three injection 

gases [3, 26]. Fluid W1 has a gravity of 29ºAPI [3] and a molecular weight of C6+ of 205 g/mol 

[26]. The asphaltene content of Fluid W1 is measured to be 4.9 wt% [3]. 
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Table 6-1 Compositions of Fluid W1 and three injection gases [3, 26] 

Component Fluid W1 
Gas 1 (pure 

CO2) 

Gas 2 (impure 

CO2) 

Gas 3 (impure 

CO2) 

N2 0.96 0 0 5.1 

CO2 0.58 100 90.1 89.8 

H2S 0.30 0 0 0 

C1 4.49 0 9.9 5.1 

C2 2.99 0 0 0 

C3 4.75 0 0 0 

i-C4 0.81 0 0 0 

n-C4 1.92 0 0 0 

i-C5 1.27 0 0 0 

n-C5 2.19 0 0 0 

C6+ 79.74 0 0 0 

 

Table 6-2 depicts the composition and component properties of Fluid W1. The critical properties 

and acentric factor of the first ten components are cited from literatures [16, 27], while the mole 

fractions and component properties of pseudo-components are calculated by Li and Li [20].  
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Table 6-2 Composition and component properties of Fluid W1 [16, 20, 27] 

Component 

Mole 

fraction 

(mol%) 

Molecular 

weight 

(g/mol) 

Critical 

temperature 

(K) 

Critical 

pressure 

(bar) 

Critical 

volume 

(m3/kmol) 

Acentric 

factor 

N2 0.96 28.01 126.20 34.40 0.0901 0.04 

CO2 0.58 44.01 304.70 74.80 0.0940 0.23 

H2S 0.30 34.08 373.60 90.60 0.0976 0.10 

C1 4.49 16.04 190.60 46.70 0.0993 0.01 

C2 2.99 30.07 305.43 49.50 0.1479 0.10 

C3 4.75 44.10 369.80 43.00 0.2029 0.15 

i-C4 0.81 58.12 408.10 37.00 0.2627 0.18 

n-C4 1.92 58.12 419.50 38.00 0.2547 0.20 

i-C5 1.27 72.15 460.40 34.30 0.3058 0.23 

n-C5 2.19 72.15 465.90 34.00 0.3040 0.24 

C6-9 27.93 101.12 579.68 34.34 0.3897 0.32 

C10-17 29.94 179.18 717.68 23.72 0.6536 0.54 

C18-27 14.43 300.79 843.53 17.74 0.9369 0.77 

C28A+ 5.80 513.00 963.33 14.39 1.1924 0.96 

C28B+ 1.64 513.00 963.33 14.39 1.1924 0.96 

 

To apply the asphaltene-precipitation model developed by Nghiem et al. [21] in the three-phase 

VLS equilibrium calculations, Li and Li [20] tuned some key model parameters in the 

asphaltene-precipitation model by matching the asphaltene precipitation data measured by 

Srivastava et al. [3] for Fluid W1. Table 6-3 summarizes the adjustable parameters and their values 

adjusted by Li and Li [20] for Fluid W1 mixed with pure CO2.  
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Table 6-3 Adjustable parameters and their adjusted values used in three-phase VLS equilibrium 

calculation algorithm for Fluid W1 mixed with pure CO2 [20] 

Parameter Adjusted value 

Critical gas concentration above which 

asphaltenes start to precipitate (mol%) 
46 

θ (exponential parameter in Equation (13)) 4.7 

BIP between CO2 and HCs 0.07 

 

Table 6-4 shows the BIPs used by Li and Li [20] for Fluid W1. The BIPs between N2 and other 

components (except C28B+) and that between H2S and other components (except C28B+) are 

taken from literature [27]. The BIPs between asphaltene component (C28B+) and other 

components are calculated by the Chueh and Prausnitz model [28], 

1/6 1/6

1/3 1/3

2
1

ci cj

ij

ci cj

v v
k

v v


 

= −  
+  

              (6-13) 

where vc represents critical molar volume; θ represents the exponential parameter; and the 

subscripts i and j represent components i and j, respectively. BIPs between asphaltene component 

(C28B+) and other components are calculated by the same value of θ. 
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Table 6-4 BIPs used for Fluid W1 [20, 27] 

 N2 CO2 H2S C28B+ 

N2 0 -0.0170 0.1767 0.3447 

CO2 -0.0170 0 0.0974 0.3359 

H2S 0.1767 0.0974 0 0.3280 

C1 0.0311 0.0700 0.080 0.3245 

C2 0.0515 0.0700 0.0833 0.2433 

C3 0.0852 0.0700 0.0878 0.1828 

i-C4 0.1033 0.0700 0.0474 0.1374 

n-C4 0.0800 0.0700 0.0600 0.1426 

i-C5 0.0922 0.0700 0.0600 0.1129 

n-C5 0.1000 0.0700 0.0600 0.1139 

C6-9 0.1000 0.0700 0.0600 0.0780 

C10-17 0.1000 0.0700 0.0600 0.0233 

C18-27 0.1000 0.0700 0.0600 0.0038 

C28A+ 0.1000 0.0700 0.0600 0 

C28B+ 0.3447 0.3359 0.3280 0 

 

Figure 6-2 shows the pressure-composition (P-X) diagram generated by Li and Li [20] for Fluid 

W1 mixed with Gas 1 at 59ºC. As mentioned by Li and Li [20], this P-X phase diagram is 

generated by running the three-phase VLS equilibrium calculation algorithm (proposed in their 

work) a total of 475,209 times at different pressures and gas concentrations. As shown in Figure 

6-1, their algorithm performs well at all the tested conditions. Note that no asphaltene precipitates 

at lower pressures. For Fluid W1 mixed with Gas 2 and 3, similar P-X phase diagrams are 

generated by Li and Li [20]. 
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Figure 6-2 P-X phase diagram generated by Li and Li [20] for Fluid W1 mixed with Gas 1 (pure 

CO2) at 59ºC. V: vapor phase; L: liquid phase; S: solid asphaltene phase; and Region 1: 

three-phase VLS equilibrium region where the liquid phase is very dense and more like an 

asphaltene phase. 

 

6.4.1 Case Study 1: Fluid W1 Displaced by Gas 1 (Pure CO2) 

Figure 6-3 shows the variation of the minimum tie lie lengths at different pressures for Fluid W1 

displaced by Gas 1 at 59ºC. Figure 6-3(a) depicts the comparison of the minimum tie lie lengths 

with and without considering the asphaltene-precipitation effect. In Figure 6-3(a), the black line 

represents the results calculated by the MMC method developed by Ahmadi and Johns [17] 

without considering asphaltene-precipitation effect, while the red line presents the results yielded 

by our MMC algorithm considering asphaltene-precipitation effect. As shown in Figure 6-3(a), at 
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lower pressures (where no asphaltene precipitates), the minimum tie line lengths calculated by our 

algorithm are the same as those calculated by the MMC method proposed by Ahmadi and Johns 

[17]; while at higher pressures (where asphaltene precipitates), the minimum tie line lengths 

calculated by our algorithm are smaller than those calculated by the MMC method proposed by 

Ahmadi and Johns [17]. Moreover, MMP yielded by our MMC algorithm (which is 145.4 bar) is 

larger than that yielded by the algorithm proposed by Ahmadi and Johns [17] (which is 132.8 bar). 

These MMPs are estimated by the power-law extrapolation as shown in Equation (6-12). Figures 

6-3(b) and 6-3(c) present the extrapolation of the minimum tie lie lengths yielded by the MMC 

method proposed by Ahmadi and Johns [17] and that yielded by the MMC method proposed by 

this work, respectively. The exponential parameter (n) used in Figure 6-3(b) is 4.3, while that used 

in Figure 6-3(c) is 3.5. 
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(a) 

 
(b) 
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(c) 

Figure 6-3 Variation of the minimum tie lie lengths as a function of pressure for Fluid W1 

displaced by Gas 1 at 59ºC: (a) comparison of the minimum tie lie lengths yielded by the MMC 

method proposed by Ahmadi and Johns [17] and those yielded by the MMC method proposed by 

this work; (b) extrapolation of the minimum tie lie lengths yielded by the MMC method proposed 

by Ahmadi and Johns [17]; and (c) extrapolation of the minimum tie lie lengths yielded by the 

MMC method proposed by this work. 

 

Figure 6-4 depicts the variation of the tie line length calculated by our MMC algorithm as a 

function of contact number for Fluid W1 displaced by Gas 1 at 59ºC and 110 bar. Profiles of tie 

line lengths yielded at different contact times are shown in Figure 6-4. As seen in Figure 6-4, the 

key tie lines are gradually developed as contact time increases, demonstrating that our algorithm 

preforms well in detecting the key tie lines. The shortest key tie line is nearly developed after the 
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25th contact, whereas it is considered to be fully developed after the 100th contact. As shown in 

Figure 6-4, the shortest key tie line is the crossover tie line in the middle of the contacts, indicating 

that the miscibility of Fluid W1 and Gas 1 will be generated by a combined condensing and 

vaporizing drive.  

  

Figure 6-4 Variation of the tie line length calculated by our MMC algorithm as a function of 

contact number for Fluid W1 displaced by Gas 1 at 59ºC and 110 bar  

 

6.4.2 Case Study 2: Fluid W1 Displaced by Gas 2 (Impure CO2) 

Figure 6-5 shows the variation of the minimum tie lie lengths as a function of pressure for Fluid 

W1 displaced by Gas 2 at 59ºC. Figure 6-5(a) depicts the comparison of the minimum tie lie 
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lengths with and without considering the asphaltene-precipitation effect. Similar to Figure 6-3(a), 

the same minimum tie line lengths are calculated by these two algorithms at lower pressures 

(where no asphaltene precipitates); while at higher pressures (where asphaltenes precipitate), 

smaller minimum tie line lengths are calculated by our algorithm compared with those calculated 

by the MMC method proposed by Ahmadi and Johns [17]. Again, our MMC algorithm predicts a 

larger MMP (i.e., 177.9 bar) than that predicted by the algorithm proposed by Ahmadi and Johns 

[17] (i.e.,166.9 bar). The power-law extrapolation as shown in Equation (6-12) is adopted to 

predict these MMPs. Figures 5(b) and 5(c) present the extrapolation of the minimum tie lie lengths 

yielded by the MMC method proposed by Ahmadi and Johns [17] and that yielded by the MMC 

method proposed by this work, respectively. The exponential parameters (n) used in Figures 6-5(b) 

and 6-5 (c) are 3.8 and 2.5, respectively. 

 

(a) 
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(b) 

 

(c) 

Figure 6-5 Variation of the minimum tie lie lengths as a function of pressure for Fluid W1 

displaced by Gas 2 at 59ºC: (a) comparison of the minimum tie lie lengths yielded by the MMC 

method proposed by Ahmadi and Johns [17] and those yielded by the MMC method proposed by 

this work; (b) extrapolation of the minimum tie lie lengths yielded by the MMC method proposed 

by Ahmadi and Johns [17]; and (c) extrapolation of the minimum tie lie lengths yielded by the 

MMC method proposed by this work. 



 

223 

 

Figure 6-6 presents the variation of the tie line length calculated by our MMC algorithm as a 

function of contact number for Fluid W1 displaced by Gas 2 at 59ºC and 110 bar. Figure 6-6 

contains profiles of tie line lengths generated at different contact times. As contact time increases, 

the key tie lines are gradually detected. As shown in Figure 6-6, at the 25th contact, the shortest key 

tie line is almost developed. In this calculation, we consider the shortest key tie line to be fully 

developed at the 100th contact. Same as shown in Figure 6-4, the shortest key tie line appears at the 

middle of this development, indicating that a combined condensing and vaporizing drive 

dominates the gas flooding process.  

  
Figure 6-6 Variation of the tie line length calculated by our MMC algorithm as a function of 

contact number for Fluid W1 displaced by Gas 2 at 59ºC and 110 bar  
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Figure 6-7(a) shows the variation of the weight fractions of precipitated asphaltene calculated by 

our MMC algorithm as a function of contact number for Fluid W1 displaced by Gas 2 at 59ºC and 

110 bar. Profiles of the weight fractions of precipitated asphaltene yielded by different contact 

times are presented in Figure 6-7(a). Figure 6-7(b) depicts the weight fractions of precipitated 

asphaltene and the tie line lengths calculated by our MMC algorithm as a function of contact 

number when the total contact number is 100. The weight fraction of precipitated asphaltene 

shown in Figure 7 is calculated by dividing the weight of precipitated asphaltene by the weight of 

the mixture (obtained after mixing the neighbouring cells). As seen in Figure 6-7(a), asphaltene 

only precipitates in the middle of the displacement. Moreover, as shown in Figure 6-7(b), 

asphaltene precipitation occurs near the contact number where the shortest tie line is developed. 

Thus, the asphaltene precipitation will have an obvious effect on the minimum tie line length. 
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(a) 

  

(b) 

Figure 6-7 Fluid W1 displaced by Gas 2 at 59ºC and 110 bar: (a) Variation of the weight fractions 

of precipitated asphaltene calculated by our MMC algorithm as a function of contact number in 

different contact times. (b) Weight fractions of precipitated asphaltene and tie line lengths 

calculated by our MMC algorithm as a function of contact number when the total contact number 

is 100. 
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6.4.3 Case Study 3: Fluid W1 Displaced by Gas 3 (Impure CO2) 

Figure 6-8 shows the variation of the minimum tie lie lengths as a function of pressure for Fluid 

W1 displaced by Gas 3 at 59ºC. Figure 6-8(a) depicts the comparison of the minimum tie lie 

lengths with and without considering the asphaltene-precipitation effect. Again, at lower pressures 

(where no asphaltene precipitates), the same minimum tie line lengths are calculated by these two 

algorithms, while at higher pressures (where asphaltene precipitates), smaller minimum tie line 

lengths are calculated by our algorithm compared with those calculated by the MMC method 

proposed by Ahmadi and Johns [17]. Similar to the findings made in case studies 1 and 2, MMP 

yielded by our MMC algorithm (which is 216.7 bar) is larger than that yielded by the algorithm 

proposed by Ahmadi and Johns [17] (which is 189.3 bar). Equation (6-12) is applied to estimate 

the MMPs. Figures 6-8(b) and 6-8(c) shows the extrapolation of the minimum tie lie lengths 

yielded by the MMC method proposed by Ahmadi and Johns [17] and that yielded by the MMC 

method proposed by this work, respectively. The exponential parameter (n) used in Figures 6-8(b) 

and 6-8(c) are 3.5 and 1.5, respectively. 
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(a) 

 

(b) 
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(c) 

Figure 6-8 Variation of minimum tie lie lengths as a function of pressure for Fluid W1 displaced 

by Gas 3 at 59ºC: (a) comparison of the minimum tie lie lengths yielded by the MMC method 

proposed by Ahmadi and Johns [17] and those yielded by the MMC method proposed by this work; 

(b) extrapolation of the minimum tie lie lengths yielded by the MMC method proposed by Ahmadi 

and Johns [17]; and (c) extrapolation of the minimum tie lie lengths yielded by the MMC method 

proposed by this work. 

 

Figure 6-9 depicts the variation of the tie line length calculated by our MMC algorithm as a 

function of contact number for Fluid W1 displaced by Gas 3 at 59ºC and 110 bar. Profiles of the tie 

line lengths developed by different contact times are summarized in Figure 6-9. Figure 6-9 shows 

the gradual development of the key tie lines as contact times increases. The shortest key tie line 

almost appears after the 25th contact, whereas the fully development of the shortest key tie line is 

considered to occur after the 100th contact. As shown in Figure 6-9, the development of the shortest 
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key tie line occurs in the middle of the displacement. Again, this indicates that the miscibility 

between Fluid W1 and Gas 3 is developed by a combined condensing and vaporizing drive.  

  
Figure 6-9 Variation of the tie line length calculated by our MMC algorithm as a function of 

contact number for Fluid W1 displaced by Gas 3 at 59ºC and 110 bar  

 

Figure 6-10 depicts the variation of the vapor-liquid equilibrium ratios of each component 

calculated by the two-phase flash calculation in our MMC algorithm as a function of contact 

number for Fluid W1 displaced by Gas 3 at 59ºC at different pressures. The tested pressures for 

Figures 6-10(a), 6-10(b), 6-10(c), and 6-10(d) are 90 bar, 110 bar, 170 bar, and 193 bar, 

respectively. These four figures in Figure 6-10 are all generated at the 100th contact. As seen from 

Figure 6-10, the values of the equilibrium ratios move closer to 1 as pressure increases. The 
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equilibrium ratios are clustering towards 1 at the contact number where the shortest tie line is 

developed. 

   

(a) 
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(d) 

Figure 6-10 Variation of the vapor-liquid equilibrium ratios calculated by the two-phase flash 

calculation in our MMC algorithm as a function of contact number for Fluid W1 displaced by Gas 

3 at 59ºC: (a) 90 bar; (b) 110 bar; (c) 170 bar; and (d) 193 bar. 

 

6.4.4 Comparison of Measured and Predicted MMPs  

Table 6-5 compares the measured and predicted MMPs for Fluid W1 displaced by three gases at 

59ºC. The absolute relative error shown in Table 6-5 is calculated by, 

ARE =
MMP

measured
-MMP

predicted

MMP
measured

´100%       (6-14) 
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where ARE represents absolute relative error between the measured and predicted MMPs, 

MMPmeasured and MMPpredicted represent the measured and predicted MMPs, respectively. The 

experimental data are measured by Dong et al. [26] through slim tube experiments. As shown in 

Table 5, for Fluid W1 displaced by Gas 2 and Gas 3, the MMPs predicted by the algorithm 

proposed by this work are larger than the measured ones, while the MMPs predicted by the 

algorithm proposed by Ahmadi and Johns [17] are smaller than the measured ones. For these two 

cases, the MMPs predicted by our algorithm are closer to the measured ones compared with 

those predicted by the algorithm proposed by Ahmadi and Johns [17], indicating that our 

algorithm can provide a more accurate predicted MMP when asphaltene precipitates during the 

CO2 flooding process. However, for Fluid W1 displaced by Gas 1, both of the predicted MMPs 

are larger than the measured one. Moreover, for this case, the ARE between the MMP predicted 

by Ahmadi and Johns [17] and the measured one is smaller than that between the MMP predicted 

by this work and the measured one. This may be caused by several factors, e.g., the values of the 

key parameters used in the three-phase VLS equilibrium calculation algorithm, the 

characterization of the undefined cut, the BIPs used, etc. Note that, as seen in Table 6-5, all MMPs 

predicted by our algorithm considering the asphaltene-precipitation effect are larger than those 

predicted by the algorithm proposed by Ahmadi and Johns [17] without considering the 

asphaltene-precipitation effect. This is consistent with the experimental study that asphaltene 

precipitation tends to increase MMP [4]. As previously mentioned, Kariman Moghaddam and 

Saeedi Dehaghani [16] proposed an algorithm to predict MMPs with the consideration of 
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asphaltene-precipitation effect by extending the MMC method developed by Jaubert et al. [14]. 

Table 6-5 summarizes the MMPs predicted by Kariman Moghaddam and Saeedi Dehaghani [16] 

as well. As shown in Table 6-5, all the MMPs predicted by Kariman Moghaddam and Saeedi 

Dehaghani [16] are smaller than those predicted by our algorithm. The ARE yielded by the 

algorithm developed by Kariman Moghaddam and Saeedi Dehaghani [16] is smaller than that by 

our algorithm for Fluid W1 displaced by Gas 1, while the AREs yielded by the algorithm 

developed by Kariman Moghaddam and Saeedi Dehaghani [16] are larger than those by our 

algorithm for Fluid W1 displaced by Gas 2 and 3. 

Table 6-5 Comparison of measured and predicted MMPs for Fluid W1 displaced by three gases at 

59ºC 

Injection 

gas 

Measured 

MMP 

(bar) [26] 

 

Predicted MMP (bar) 

 

ARE (%) 

Slim tube 

 

Algorithm 

proposed 

by this 

work 

Algorithm 

proposed 

by Ahmadi 

and Johns 

[17] 

Algorithm 

proposed by 

Kariman 

Moghaddam 

and Saeedi 

Dehaghani 

[16]  

 

Algorithm 

proposed 

by this 

work 

Algorithm 

proposed by 

Ahmadi and 

Johns [17] 

Algorithm 

proposed by 

Kariman 

Moghaddam 

and Saeedi 

Dehaghani 

[16] 

Gas 1 128  145.4 132.8 128.2  13.59 3.75 0.16 

Gas 2 175  177.9 166.9 159.1  1.66 4.63 9.09 

Gas 3 212  216.7 189.3 192.8  2.22 10.71 9.06 

 

6.5 Conclusions 

In this study, we develop an MMC algorithm considering asphaltene-precipitation effect by 

modifying the MMC method proposed by Ahmadi and Johns [17]. The main modification is that 
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the three-phase VLS equilibrium calculation algorithm developed by Li and Li [20] is conducted 

before each contact to check if the asphaltene phase will appear. If asphaltene phase appears, the 

composition of the mixture of the fluids in two neighbouring cells needs to be updated by 

excluding the asphaltene phase. The two-phase flash calculation should be conducted on the 

mixture with the updated composition. Both the MMPs predicted by our algorithm and those 

predicted by the MMC algorithm without considering asphaltene-precipitation effect are 

compared with the MMPs measured by slim tube experiments conducted by Dong et al. [26] for 

three real reservoir fluids. The comparison results show that the MMPs predicted by our algorithm 

are larger than those predicted by the MMC algorithm without considering 

asphaltene-precipitation effect for all tested examples, which is the same as the experimental 

results that the asphaltene precipitation will increase MMPs [4]. Moreover, for Fluid W1 

displaced by Gas 2 and Gas 3, the MMPs predicted by our algorithm are closer to the MMPs 

measured by experiments compared with the MMPs predicted by the MMC algorithm without 

considering asphaltene-precipitation effect. For Fluid W1 displaced by Gas 1, the MMP predicted 

by the original MMC algorithm without considering the asphaltene-precipitation effect is closer to 

the measured one compared to the MMP predicted by our new MMC algorithm; and both of the 

predicted MMPs by the original MMC algorithm and our new MMC algorithm are larger than the 

measured one.  

Nomenclature 
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a attraction parameter in PR EOS or slope 

b repulsion parameter in PR EOS or intercept of y-axis 

c number of components or asphaltene component 

error absolute relative error between measured and predicted MMPS 

f fugacity 

Gi mole fraction of component i in the injection gas 

k BIP 

MMP MMP 

n exponential parameter 

Oi component mole fraction in oil 

R universal gas constant 

S component mole fraction in asphaltene phase 

TL tie line length 

v molar volume 

V molar volume 

x component mole fraction in mixture 

X component mole fraction in equilibrium liquid phase 

Y component mole fraction in equilibrium vapor phase 

Z component mole fraction in gas-oil mixture 

  



 

238 

 

Greek Letters  

α gas phase mole fraction or α-function 

β phase mole fraction 

ω acentric factor 

θ exponential parameter 

  

Superscript  

* reference parameter 

  

Subscript  

c critical property 

i component index 

j component index 

measured measured value 

predicted predicted value 

r reduced parameter 

s asphaltene phase 
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CHAPTER 7 CONCLUSIONS, CONTRIBUTIONS AND 

RECOMMENDATIONS 

7.1 Conclusions and Scientific Contributions to the Literature 

In this dissertation, we develop robust and efficient three-phase equilibrium calculation 

algorithms for the three-phase vapor-liquid-aqueous (VLA) and vapor-liquid-asphaltene (VLS) 

equilibria. Moreover, the three-phase VLS equilibrium calculation algorithm is applied to predict 

minimum miscibility pressure (MMP) with the consideration of asphaltene-precipitation effect. 

The main conclusions of this thesis are summarized as follows: 

Chapter 2: 

Based on the free-water assumption (Tang and Saha 2003), we simplify the objective function 

(used to solve the phase fractions) developed by Okuno et al. (2010) for the three-phase VLA flash 

calculation and the two-phase vapor/liquid-aqueous flash calculation. Note that, in our three-phase 

free-water VLA flash calculation algorithm, there is only one unknown in the objective function; 

while, in the two-phase free-water vapor/liquid-aqueous (V/L-A) flash calculation algorithm, the 

phase fractions can be analytically solved. The initialization method developed by Lapene et al. 

(2010) is applied to initialize the equilibrium ratios required in both the three-phase free-water 

flash calculation and the two-phase vapor-liquid (VL) flash calculation, while a new initialization 

method is developed to initialize the equilibrium ratios for the two-phase free-water V/L-A flash 

calculation. 
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By incorporating these two aforementioned free-water flash calculation algorithms, a three-phase 

free-water VLA equilibrium calculation algorithm is developed to enhance the computational 

efficiency. In this algorithm, we provide efficient criteria that help to determine how to switch 

from a three-phase equilibrium to a two-phase equilibrium without performing stability tests. 

Thereby, the number of stability tests is reduced in this three-phase free-water VLA equilibrium 

calculation algorithm comparing to the conventional full three-phase equilibrium calculation 

algorithm; the reduced number of stability tests, together with the reduced number of variables in 

the flash calculations, result in a higher computational efficiency of our algorithm. 

Example calculations demonstrate that the calculation results yielded by the newly developed 

algorithm are in good agreement with those yielded by the conventional three-phase equilibrium 

calculation algorithm. But it should be noted that our algorithm may fail to give an accurate result 

when it is applied to the mixtures containing polar materials, such as alcohols, or other substances 

which tend to have a high solubility in the aqueous phase. 

Chapter 3: 

In this chapter, we present a robust and efficient three-phase isenthalpic equilibrium calculation 

algorithm based on the free-water assumption. This three-phase isenthalpic equilibrium 

calculation algorithm can consider single-phase equilibria, two-phase equilibria, and three-phase 

VLA equilibria. As demonstrated by the challenging case studies, this algorithm performs well in 

the narrow-boiling region except for the mixture with one degree of freedom and can readily 
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handle the phase appearances and disappearances as temperature updates to satisfy the energy 

conservation equation. At low to medium pressures under which the thermal recovery processes 

are normally conducted, a good agreement can be observed between the flash results obtained by 

the new algorithm and those obtained by the conventional algorithm without imposing the 

free-water assumption. Moreover, this algorithm is more efficient than the existing three-phase 

isenthalpic equilibrium calculation algorithms. Because this algorithm is robust and efficient, it is 

possible to be incorporated into thermal/compositional simulators. However, it is worthwhile 

mentioning that this algorithm may cause intolerable errors if applied to the mixtures containing 

polar materials, such as alcohols, or the mixtures at given conditions under which the free-water 

assumption is not valid. 

Chapter 4: 

An improved three-phase VLA equilibrium calculation algorithm is proposed in this paper. A new 

scheme used to initialize the equilibrium ratios is applied in this algorithm. The aqueous-like 

stationary point on the TPD surface can be securely detected by using this new initialization 

scheme. Convergence problems are avoided in the flash calculations with the application of our 

algorithm. Moreover, one can obtain a correct phase equilibrium in a more efficient way by using 

our algorithm with the new initialization scheme compared to the method proposed by Gorucu and 

Johns (2016). This algorithm is applicable to scenarios where the three-phase free-water VLA 

equilibrium calculation algorithm cannot work. The performance of the newly developed 

algorithm is validated by hundreds of thousands of example calculations. Pressure-temperature 
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(P-T) phase diagrams are generated by this algorithm. The computational results show that our 

algorithm performs well in most cases. However, it fails in part of the two-phase liquid-aqueous 

(LA) equilibrium region and in part of the three-phase VLA equilibrium region at high 

temperature/pressure conditions. The reason is that no equivalent fugacities between the aqueous 

phase and the non-aqueous phases can be found due to the inconsistency of the BIPs set for the 

non-aqueous phases and those calculated by the Søreide and Wilson correlation (Søreide and 

Wilson 1992) for the aqueous phase.  

Chapter 5: 

By adopting the asphaltene-precipitation model proposed by Nghiem et al. (1993), we develop a 

robust three-phase VLS equilibrium calculation algorithm. In this algorithm, new initialization 

methods of equilibrium ratios are provided for both stability test and flash calculation. To develop 

this three-phase VLS equilibrium calculation algorithm, a simple two-phase 

vapor/liquid-asphaltene (V/L-S) flash calculation algorithm is first developed. Moreover, two 

three-phase VLS flash calculation algorithms are developed to ensure the robustness and 

efficiency of the three-phase VLS equilibrium calculation algorithm. Algorithm #1 is similar to the 

three-phase free-water VLA flash calculation algorithm developed by Li and Li (2018). It is more 

efficient; but relies on the initial equilibrium ratios. Algorithm #2 uses the outer loop to update the 

asphaltene-phase mole fraction, while it uses inner loop to perform the two-phase VL flash 

calculation. This algorithm is more robust; but it is more time-consuming since several two-phase 
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VL flash calculations are required to be conducted in the inner loop. Moreover, the prerequisite of 

conducting this algorithm is that the three-phase VLS equilibrium actually appears.  

The performance of this newly developed algorithm is tested by several real reservoir fluids mixed 

with pure or impure CO2. The key model parameters of the asphaltene-precipitation model are first 

adjusted by experimental data of asphalthene precipitation. The effects of these parameters on the 

asphalthene precipitation phenomenon with the change of gas concentration are discussed. With 

the adjusted key model parameters, our three-phase VLS equilibrium calculation algorithm is 

conducted hundreds of thousands of times at different pressures and gas concentrations to generate 

a pressure-composition (P-X) diagram. It performs well at all test points. Note that, there is a small 

three-phase equilibrium region between the two-phase VL equilibrium region and the two-phase 

liquid-asphaltene (LS) equilibrium region when the gas concentration is very high. In this region, 

the three-phase equilibrium contains a vapor phase, an asphaltene phase, and a liquid phase which 

is very dense and more like an asphaltene phase. The reason of the appearance of this three-phase 

region may be that the liquid phase cannot merge with the asphaltene phase due to the assumption 

made on the asphaltene phase (i.e., asphaltene phase is a pure dense phase).  

Chapter 6: 

In this chapter, we develop a multiple-mixing-cell (MMC) algorithm considering 

asphaltene-precipitation effect by modifying the MMC method proposed by Ahmadi and Johns 

(2011). The main modification is that the three-phase VLS equilibrium calculation algorithm 
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developed by Li and Li (2019) is conducted before each contact to check if the asphaltene phase 

will appear. If asphaltene phase appears, the composition of the mixture of the fluids in two 

neighbouring cells needs be updated by excluding the asphaltene phase. The two-phase flash 

calculation should be conducted on the mixture with the updated composition. Both the MMPs 

predicted by our algorithm and those predicted by the MMC algorithm without considering 

asphaltene-precipitation effect are compared with the MMPs measured by slim tube experiments 

conducted by Dong et al. (2001) for three real reservoir fluids. The comparison results show that 

the MMPs predicted by our algorithm are larger than those predicted by the MMC algorithm 

without considering asphaltene-precipitation effect for all tested examples, which is the same as 

the experimental results that the asphaltene precipitation will increase MMPs. Moreover, for Fluid 

W1 displaced by Gas 2 and Gas 3, the MMPs predicted by our algorithm are closer to the MMPs 

measured by experiments compared with the MMPs predicted by the MMC algorithm without 

considering asphaltene-precipitation effect. For Fluid W1 displaced by Gas 1, the MMP predicted 

by the original MMC algorithm without considering the asphaltene-precipitation effect is closer to 

the measured one compared to the MMP predicted by our new MMC algorithm; and both of the 

predicted MMPs by the original MMC algorithm and our new MMC algorithm are larger than the 

measured one. 

7.2 Suggested Future Work 

• In this thesis, we develop robust and efficient three-phase equilibrium calculation 

algorithms for the three-phase vapor-liquid-aqueous (VLA) and vapor-liquid-asphaltene 
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(VLS) equilibria. In the future, we would like to apply them to compositional simulators 

for simulating the fluid flow in both wellbores and reservoirs. 

• As mentioned in Chapter 4, at the high pressure and temperature conditions, our 

algorithm fails to detect the actual phase equilibria. The possible reason is that no 

equivalent fugacities between the aqueous phase and the non-aqueous phases can be 

found due to the inconsistency of the BIP set used for the non-aqueous phases and those 

calculated by the Søreide and Wilson correlation for the aqueous phase (Søreide and 

Wilson 1992). The objective of using the BIPs calculated by the Søreide and Wilson 

correlation (Søreide and Wilson 1992) is to precisely describe the gas dissolution in the 

aqueous phase, since the original Peng-Robinson equation of state (PR EOS) (Peng and 

Robinson 1976) cannot precisely capture it. Therefore, we recommend incorporating 

other EOS models, which can precisely describe the gas dissolution in the aqueous phase 

(e.g. perturbed-chain statistical associating fluid theory (PC-SAFT) (Gross and Sadowski 

2001) and cubic-plus-association (CPA) EOS (Li and Firoozabadi 2009)), into our 

improved three-phase VLA equilibrium calculation algorithm in order to have an accurate 

description of the gas dissolution in aqueous phase as well as have a consistent 

thermodynamic model for all the three phases. 

• In Chapter 5, the asphaltene-precipitation model proposed by Nghiem et al. (1993) is 

applied in our three-phase VLS equilibrium calculation algorithm. However, this 

algorithm assumes that the asphaltene phase is a pure dense phase containing only 
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asphaltene component. There are many other asphaltene-precipitation models which can 

have a more accurate description of the asphaltene precipitation phenomenon (e.g. 

PC-SAFT (Gross and Sadowski 2001) and CPA EOS (Li and Firoozabadi 2009)). 

Therefore, in the future, we can combine other more accurate asphaltene-precipitation 

models into our algorithm to have a more precise description of the VLS equilibria 

together with the asphaltene precipitation phenomenon. 

• Moreover, four-phase vapor-liquid-aqueous-asphaltene equilibria can commonly appear 

in reservoirs containing water and asphaltenic oil. It is worthwhile of developing a robust 

and efficient four-phase vapor-liquid-aqueous-asphaltene equilibrium calculation 

algorithm, which is, however, much more complex and requires a much more careful 

design of the algorithm configuration. 
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