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Abstract

Vector-valued modular forms of the Weil representation are an indispensable
tool in diverse areas of mathematics such as enumerative geometry of Calabi-
Yau manifolds and rational conformal field theory. In this thesis, we study
Hecke operators on vector-valued modular forms of the Weil representation
pr of a lattice L. We first construct Hecke operators 7, that map vector-
valued modular forms of type p; into vector-valued modular forms of type
pL(r), where L(r) is the lattice L with rescaled bilinear form (-,-), = r(-,-),
by lifting standard Hecke operators for scalar-valued modular forms using
Siegel theta functions. We also get a set of algebraic relations satisfied by
the Hecke operators 7, similar to the scalar-valued case. In the particular
case when r = n? for some positive integer n, the Weil representation of the
rescaled lattice pr,n2) carries a subrepresentation of the Weil representation of
the original lattice p;, and we can compose 7,2 with a projection operator to
construct new Hecke operators H,,2 that map vector-valued modular forms
of type pr into vector-valued modular forms of the same type. We study
algebraic relations satisfied by the operators H,2, and compare our operators
with the alternative construction of Bruinier and Stein in [BS, St]. The

original results of this thesis have appeared as a preprint in [BCJ|.
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Chapter 1

Introduction

The subject of modular forms first arose as a way to study elliptic
curves and other arithmetic objects but now spans almost all of pure mathematics
with connections to number theory, algebraic geometry, string theory and
representation theory. In particular, vector-valued modular forms were first
proposed as a tool to better understand properties of classical objects such
as weakly holomorphic modular forms on non-congruence subgroups and
Jacobi forms. Vector-valued forms of the Weil representation of a lattice
L are intimately linked to Jacobi forms of lattice index L. Jacobi forms
make an appearance in diverse areas of mathematical physics such as vertex
operator algebras, mirror symmetry and enumerative geometry of Calabi-Yau
manifolds, for example as denominator identities of BKM Lie superalgebras.
Hence, vector-valued modular forms offer ways to probe into these deep and
inter-connected areas. In addition vector-valued modular forms have also
been a catalyst in the development of other modular objects such as modular
forms for orthogonal groups through the work of Borcherds and harmonic
maass and mock modular forms through the work of Kudla-Milson, Bruinier-
Ono and others (For example see [BrO1] and [BrO]).



An important tool in the theory of classical modular and Jacobi
forms are Hecke operators that preserve spaces of modular forms and cusp
forms of a certain weight. For example, they form a set of commuting
Hermitian operators on the space of cusp forms of the full modular groups
with respect to the Peterson inner product and hence give us a method to
compute basis of spaces of cusp forms. Hecke operators also have geometric
interpretation in many cases and are a link between the geometry and arithmetic
of modular forms. For example, Hecke operators can be thought of as a sum
over isogenies of elliptic curves in the case of classical modular forms. The
main goal of this thesis is to construct Hecke operators for vector-valued
modular forms of the Weil representation using Siegel theta functions and
give their algebraic properties. This is then compared to Hecke operators
for vector-valued modular forms appearing previously in [BS|. In [BS] the
authors first define an extension of the Weil representation to a suitable
double coset of the metaplectic group. However, our construction is simpler
and more general and could have broader applications to other fields such
as enumerative geometry and rational conformal field theories (RCFTS). We
then discuss a few applications in Chapter 4 to other areas of mathematics
including rational vertex operator algebras (VOAs) and Donaldson-Thomas
invariants. The construction of Hecke operators in section 3.2 and the comparison
of section 3.4 form the majority of [BCJ| of which T am one of the co-authors.
We now briefly summarize the original results that will be presented in this
thesis and that appear in [BCJ].



1.1 Summary of original results

We summarize below some of the original results obtained in sections

3.4 and 3.2 and appearing in [BCJ|. Let L be an even non-degenerate integral

lattice of signature (b*,b~) with bilinear form (.,.), and A = L'/L be the

associated discriminant form with Q/Z-valued quadratic form ¢(-) = 3(-,-).

We denote by L(r) the lattice L with the rescaled bilinear form (-, ), = r(, -),

and by A(r) = L'(r)/L(r) its associated discriminant form, with Q/Z-valued
1

rescaled quadratic form ¢,(-) = 5(-, ),

1.1.1 Hecke operators for vector-valued modular forms

Let {ex}rca be the standard basis for the vector space C[A], and
Y(T) = Y ,ear(7) ex be a vector-valued modular of weight (v,v) for the
Weil representation pj, associated to L. Our first result is the construction
of a Hecke operator 7, that maps vector-valued modular forms! of type py,

to vector-valued modular forms of type pr(y. This Hecke operator is defined
by (Definition 3.2.1):

To](7) = rot o Z Z lwiw l_ZlAT(,u, k)e (—%% (M)) Yy (kT;— S)

neA(r) /z,l>0
(1.1)

l=r
!By vector-valued modular forms here and in the rest of the introduction we simply
mean C[A]-valued real analytic functions that transform as vector-valued modular forms
under the Weil representation, see Definition 2.2.22. As explained in Remark 2.2.23, we
do not impose a growth condition, or holomorphicity (meromorphicity) at the cusps, or
some condition involving the Laplacian. We also include "Jacobi-like" variables in the
definition — see Remark 2.2.24.




where (w,w) = (U + %,TJ + %), e(r) = exp(2miz), and

1 if pe A(l) C A(r),
A (p, k) = , (1.2)
0 otherwise.

The idea behind the construction is to pair the components of
the vector-valued modular form v (7) with the components of Siegel theta
functions to construct a scalar-valued modular form, and then apply the
standard Hecke operator for scalar-valued modular forms to define our Hecke
operator on vector-valued modular forms appropriately. More precisely, let
us define an inner product (ey,e,) = dx, where Jy, is the Kronecker delta.
We then prove that (Theorem 3.2.2)

Tr [<¢7 @L>] (T7 a, 5) = <7:"[1/)]7 @L(r)> (7_7 a, ﬂ)a (13)

where O (T, , 5) is the C[A]-valued Siegel theta function of the lattice L,
T, are the usual Hecke operators for scalar-valued modular forms and (., .) is
the inner product on C[A] defined by,

<Z fAeA,Zg5€5> = waf_ly (1.4)

AeA scA vEA

From this relation it follows that, indeed, T.[¢)](7) is a vector-valued modular

form of type pr() and weight (v,v).

Our next step is to study algebraic relations satisfied by the operators
T.. To this end we define a scaling operator U2 on vector-valued modular

forms of type py (Definition 3.2.4):

Up[P)(r 0, B) = Y Apa(v,n) s (7)es. (1.5)

veA(n?)



This is an appropriate scaling operator since (Lemma 3.2.5):

Un2 [<¢7 @L>] (T7 Q, 6) = <Z/{n2 {wL @L(n2)> (7—7 a, 5)7 (16)

where U,:[f|(1,a,8) = f(r,na,npB) is the standard scaling operator for

scalar-valued modular forms. Then we show that (Theorem 3.2.7):

e For m and n such that ged(m,n) =1,

Tmoﬁl :Tmn; (17)

e For [ > 2 and p prime,

7;1 =7T,0 7;171 — pw+w_1up2 0 7;172. (1.8)

Those properties are analogous to the algebraic relations satisfied by the

scalar-valued Hecke operator 7.

1.1.2 The special case when r = n?

We then focus on the special case when r = n? for some integer n.
In this case, we show (Lemma 3.2.8) that p, is a sub-representation of the
Weil representation pr,2y for the rescaled lattice L(n?). This allows us to
define a projection operator P,z (Definition 3.2.9), which takes vector-valued
modular forms of type pr,2) into vector-valued modular forms of type pr of
the same weight. This projection operator acts as a left inverse of the scaling
operator (Lemma 3.2.11):
Po2ol,: =T. (1.9)

This projection operator allows us to define new Hecke operators

5



‘H,2 which map vector-valued modular forms of type pr into vector-valued

modular forms of the same type and weight (Definition 3.2.12):
an = Pnz @) 7;2. (110)

The explicit expression for H,,2 is given by (Lemma 3.2.13):

Ha[)(r) = n* 7Y

—~

-1

k
XZ Z Z lv+v+ Ju+o+1 dim L A”Z (%n)A”Q (fy’ k>e <_%qn2 (7>) wlv ( 7—;— S) Ex.

AeA | veA(n kl>0 S
ny=>\ kl n?

Il
=)

(1.11)

As for 7,2, we study algebraic relations satisfied by the H,2. We
obtain (Theorem 3.2.17):

e For m and n such that ged(m,n) =1,
Honz © Hpz = Honzn2; (1.12)
e Tor [ > 2 and p prime,

Hpz = Ppar—20Hpe 0 Hpp2 oUpa—2 — pw+w717{p2l—2 — p2(w+w71)7‘[p21—4.
(1.13)

The recursion relation is slightly different from the standard one for scalar-
valued Hecke operators. This is due to two reasons: first, H, is only defined
when r» = n?, and second, the projection operator P,2 and Hecke operator

T2 only commute when m and n are coprime (Lemma 3.2.16).



1.1.3 Comparision to Bruinier-Stein

Hecke operators that map vector-valued modular forms of type pr,
into vector-valued modular forms of the same type and weight were also
constructed by Bruinier and Stein in [BS, St|. The approach however is quite
different. In [BS| the authors first construct Hecke operators Tgs) where m
is a positive integer that is coprime with the level N of the lattice L. They
do so by extending the Weil representation of Mpy(Z) to some appropriate
subgroup of (Ei;r (Q). They then extend their construction to Hecke operators
Tn(gs) for all positive integers m. However, explicit formulae are only given
when m is coprime with the level of the lattice. Stein generalizes this in [St]
by providing the explicit action of their Hecke operators T;f % for any odd

prime p and positive number [.

Given that the construction of Bruinier and Stein is a priori quite
different from ours, it is interesting to compare the two and investigate
whether the resulting Hecke operators T;gs
Section 3.4, we prove a precise match between our Hecke operators and

) and H,2 are the same. In

the Bruinier-Stein Hecke operators. There is a mistake in the statement
and proof of Theorem 5.2 of [St] that provides explicit formulae for their
extension of the Weil representation. However we redid the computations in
order to address some of their errors and compared our results to the formulas
thus obtained. These results are presented as Proposition 3.3.3. We get a
precise match between the two constructions if we use the formulae derived

in this proposition.

We note however that our Hecke construction is fairly straightforward
and more general. For instance, our Hecke operators are constructed for
any r. But perhaps more interestingly, our construction should generalize
beyond the Weil representation (for example to sub-representations of the

Weil representation that arise from rational conformal field theories): it



should apply whenever one has a pairing of two vector-valued modular forms
that yield a scalar-valued modular form, to which one can apply standard
Hecke operators. The key is to choose one of the two vector-valued modular
forms carefully so that we know how it transforms under the action of
GL3(Q). In the case of the Weil representation, this was accomplished by

using Siegel theta functions for the pairing.

1.2 Overview of the Thesis

In Chapter 1 we give a brief summary of the original results on Hecke
operators on vector-valued modular forms of the Weil representation. These
results will be worked out in detail in sections 3.2 and 3.4 and form much
of the contents of [BCJ|. In Chapter 2 we give a brief survey of background
on some modular objects including modular forms, Jacobi forms, vector-
valued modular forms and Siegel theta functions and these definitions and
facts will be used in the rest of the thesis. In Chapter 3 we first introduce
Hecke operators for classical modular and Jacobi forms as appearing widely
in classical literature. We then give a construction of Hecke operators for
vector-valued modular forms by lifting Hecke operators on classical modular
forms using the Siegel theta functions of Borcherds and study their algebraic
properties. This new construction is then compared to the Hecke operators
of Bruinier-Stein. In Chapter 4 we discuss some applications of vector-valued
modular forms and Hecke operators to contemporary problems. In particular
we survey the theory of Borcherds’ products, Donaldson-Thomas invariants
and rational VOAs. Finally we comment on Harvey and Wu'’s work in [HW]
where they define Hecke operators acting on vector-valued modular forms

that are characters of rational conformal field theories.



Chapter 2

Scalar and vector-valued modular

forms

In this chapter, we will give a brief survey of the various modular
objects mentioned in Chapter 1. In particular we will first define the classical
modular forms for SLy(Z) and its various congruence subgroups. This will be
followed by an overview of the theory of discriminant forms and vector-valued
modular forms of the Weil representation. These are intimately connected
to the theory of Jacobi forms and this connection will be discussed. Finally,
we will introduce the Siegel theta functions of Borcherds. These are real
analytic functions that transform like vector-valued modular forms and will

be essential to the development of the rest of the thesis.



2.1 Modular forms

2.1.1 Modular forms and their ¢- expansion

Modular forms are (typically holomorphic) functions on the upper
half complex plane that satisfy certain transformation properties with respect
to an action of the group SLy(Z) or its subgroups alongside a growth condition.
However, their major utility lie in the properties of their Fourier coefficients.
Modular forms typically arise as generating functions of counting problems
in number theory, string theory and enumerative geometry or as characters
of representations of vertex operator algebras. The main references used for
this section are [B-Z], [Stw]| and [J].

Let H = {r € C|Im(7) > 0} denote the upper half plane. The
group SLy(R) = {(2Y) : a,b,¢,d € R,ad — bc = 1} has a left group action on
H called the Mobius transformation. For v = (25) € SLy(R) it is given by,

ar +b
cr+d

NiT =T = (2.1)
Remark 2.1.1. The group action (2.1) is a biholomorphic automorphism of
H. In fact it can be shown that the projective linear group SLo(R)/{—1I} is
isomorphic to the group of biholomorphic automorphisms of H denoted by
Aut(H).

It can be seen through a quick computation that the above group

action restricts to a group action of SLy(Z) on H.

Definition 2.1.2. The group I'; := SLy(Z) is called the modular group. It is
generated by S = (9 '), T = (} 1) modulo the relations S* = 1, (ST)? = —1.

10



The group action (2.1) be extended to an action on H* := HUP!(Q)
by setting (¢5)oo = 2. The set of points P'(Q) = QU {oo} are called the
cusps. It can be show that all the cusps are I'y equivalent to co. However
for subgroups I'" of I'y the cusps don’t all lie in the same orbit, but the
number of orbits are bounded by the index of the subgroup. Thus for finite
index subgroups (in particular congruence subgroups) the cusps lie in a finite

number of ['-orbits.

A fundamental domain is an open set § C H such that no two
points lie on the same orbit of I' < I'y, and the closure § has at least one
element from all the orbits on $. It can be shown that (See [DS]|) & = {z €
H| |z] > 1, |Re(2)| < 1} is a fundamental domain for the modular group
I.

We first define the Petersson slash operator in a more general form

than what is required at the moment for convenience.

Definition 2.1.3. Let f be function on H and a = (¢%) € GLy(R). The
slash operator of weight (k, k") is defined by,

' / b
Plieana(r) = det(@) 5 (er + )7 + d) ¥ (2

). (22)

Remark 2.1.4. We will usually deal with slash operators of weight (k,0)

and in this case we omit the second argument in the notation entirely.

Definition 2.1.5. A meromorphic modular form of weight k (and level 1)

is a function f : H — C satisfying the following conditions:

1. It transforms as

FEE) et vehen @y

11



where k is an integer or in terms of the slash operator
flra(T) = f(7) Va e T'. (2.4)

In particular f(7) is periodic with period 1.

2. f(7) is meromorphic in H and has a Fourier expansion
f@) =Y am)g  (g:=e"") (2.5)

for a positive integer m. If this condition is true, f(7) is said to be

meromorphic at {oo}.

We are typically interested in examining functions satisfying stricter

conditions such as holomorphicity and thus we introduce the following notation:

1. If f(7) is holomorphic on HU{oco} then f(7) is bounded as Im(7) — oo

so that the Fourier expansion is truncated to
fir)=> an)g"  (q:=€""), (2.6)
n=0

then f(7) is called a holomorphic modular form. We denote the C-

vector space of holomorphic modular forms by M (T').

2. Holomorphic modular forms that satisfy a(0) = 0 are called cusp forms

and we denote this subspace by Si(I'y).

3. If f(7) is holomorphic in the open upper half plane H but the growth
condition is weakened to f(7) = O(¢™"), then f(7) has a g-expansion
with a(n) = 0 for n < —N. Such functions are called weakly holomorphic
modular forms and denoted by M (T';).

12



Remark 2.1.6. There is a weaker notion of modular forms and functions
with character. Let x be a character of the modular group I';. Then f(7) is

a modular form of integer weight k and character xy with respect to I'y if,

()~ et v esiez) @D

and we can impose conditions on the Fourier expansion as above.

Two important examples of modular forms are the Eisenstein series,

and the discriminant function, which we describe below.

Example 2.1.7. The Eisenstein series For(7) given by,

Bar)=3 ¥ 2.9

2k
mT n
m,neZ ( - )
ged(m,n)=1

is a cusp form of weight 2k. This series converges absolutely only for k > 2.

However Ey(7) is not a modular form and transforms as

ar +b 6 ¢
=k —
CT+d) 2<T)+7rc7‘+d

(er +d) "2 Ey(

where (29) € SLy(Z) and such functions are said to quasi-modular.

An alternate way to define the Eisenstein series is:

Ga(r) = > _ (2.9)

s (mT + n)?
(m,n)#(0,0)

and the two are related by Gax(7) = 2((2k)Eor(7), where ( is the Riemann

zeta function evaluated at k. The Eisenstein series Goi generates the divisor

13



function o9,_1(n) and has the following Fourier expansion:

(22(;% Z oor—1(n) - q", (2.10)

!
n=1

Gop(2) = 2C(2k) +

where
oin) == d. (2.11)
0<d|n
Example 2.1.8. The generating function of Ramanujan’s 7-function (called
the modular discriminant) A(7) is a modular form of weight 12 and has a

product formula given by

A(r) =) r(n)g"=q J] 1 -q¢H* (2.12)

n>1 n=-—1

The 24-th root of A(7) called the Dedekind eta function is a modular form
of weight 1/2 with a multiplier ¢y = et the primitive 24-th root of unity,

n(t) := A(r)2. (2.13)

It satisfies the transformation law,

n(T+1) = Gun(r) (2.14)
n(=2) = V=irn(r) (215)

Modular forms are very powerful tools for doing computations because
the spaces My (') have small dimensions and are generated by the Eisenstein
series of weight 4 and 6. Hence, it is often possible to compute modular forms
satisfying certain constraints easily. The following two theorems are taken
from [B-Z].

Theorem 2.1.9. The dimension of My(I'y) is 0 for k < 0 or k odd, and for

14



even k>0

k/12 1 if k=2 d 12
dim ey < J /2041 ik 2 (mod 12)
|k/12] if k=2 (mod 12)
Denote M,(I't) = €, My(I'1) the space of modular forms of all

integral weights.

Theorem 2.1.10. The ring M,(I'y) is freely generated by the modular forms
Ey and Eg, i.e. any modular form of weight k can be written as sum of
monomials EXE] with 4o + 65 = k. In addition we also have, M (T;) =
C-E,® Sk(T1) and Sp(T') = A+ My_15(I"1), where S,(T'1) is the space of cusp
forms of weight k for the modular group.

2.1.2 Modular forms for congruence subgroups

Modular forms for congruence subgroups are a natural generalization
of the modular forms for SLy(Z) discussed in the last section. Moreover
these are also very important in arithmetic geometry. Riemann surfaces
constructed from I'\H or their compactifications are called modular curves
and modular curves for congruence subgroups have algebraic interpretations
as moduli spaces of certain elliptic curves over various rational number fields.
For example the moduli space of elliptic curves over C is isomorphic to the
fundamental domain X (1) = PSLy(Z)\H and its function field is generated
by the j-invariant of 4.1.

Definition 2.1.11. A congruence subgroup I' is any subgroup of SL(2,7Z)
that contains
['(N) := ker(f : SLa(Z) — SLo(Z/NZ))

for some positive integer N called the level of I' and the map f is just

entrywise reduction modulo N. T'(N) is called the principal congruence

15



subgroup of level N.

Example 2.1.12. Two important examples of congruence subgroups are,
Iy(N) ={(24) € SLa(Z] (2 3) = (57) mod N}

Po(N) ={(24) € SL2(Z] (23) = (5%) mod N},

where * stands for any entry.

Modular forms for congruence groups are defined in the same way

as for the modular group.

Definition 2.1.13. Let I' < SLy(Z) be a congruence subgroup. A (meromorphic)
modular form for I' integer weight & for a congruence subgroup I' is a function

f + H — C satisfying the following conditions:

ar +b Wb
f(c7'+d> =(cr+d)*f(r) V() el (2.16)

2. Tt is meromorphic in H and at the cusps P'(Q). Meromorphicity at

{00} means that f(7) has a Fourier expansion
f(r) = Z anqh, q:=e*, (2.17)

for some positive integers m and h.

If f(7) is holomorphic in H it is called a weakly modular form, and if it is
holomorphic in H and at all the cusps it is called a holomorphic modular

form.

Remark 2.1.14. We clarify here what it means to be holomorphic/meromorphic

at the cusps. Let a € P! U {00} be a cusp. As I'; acts transitively on

16



P! U {oo} there exists a v € T’y such that y(a) = oco. We say that f
is holomorphic/meromorphic at a cusp « if the modular function (c7 +
d)~*f(y(7)) is holomorphic/meromorphic at co. In fact a weakly modular
function f is holomorphic/meromorphic at all the cups if it is holomorphic/meromorphic

at representative elements of each of the finite number of I'-orbits.

Example 2.1.15. If L is an even positive definite lattice of even rank m and

level N with a bilinear form (.) then the theta function,

() = 30" = 3 Ry 215

el

is a modular form of weight m/2 for I'o(N) and character y : (¢%) —
<(_D%%(G)> where (:) is an extension of the Legendre symbol called the
Kronecker symbol (See [Str], [CS]) and det(G) is the determinant of the Gram
matrix and will be defined in 2.2 (See [O, Chapter 6]). Here R(n) denotes
the number of vectors v in L such that Q(v) = n. Theta functions are some
of the most important examples of modular forms and will be essential to
the rest of the thesis. The second equality is just the statement that 61(q)
is the generating function of the number of representations of an integer by
Q(.). It is useful to note the following transformation proved in [CS| as an
application of the Poisson resummation formula,
1 —1T
O(—2) = Y=L gy, (7). (2.19)

T Vv LI'/L

Example 2.1.16. A special case of Example 2.1.15 is the theta function

given by

[e.e]

0r k) = (D2 ¢™)F =D rn,k)g", (2:20)

n=-—00 n=0

where r(n, k) is the number of ways of writing n as a sum of k squares. It

17



can be shown that

T

Tk =t 1)*20(7, k). (2.21)

o(

Thus 6(7,4k) is a modular form of weight 2k and trivial character for the

congruence subgroup I'g(4) .

We make a couple of remarks here before proceeding to the next
section. Firstly, modular forms for congruence subgroups have dimension
formulae and and their algebra is generated by a small set of generators
similar to Theorem 2.1.9 and 2.1.10 (See for example |[DS, Theorem 3.5.1,
Theorem 3.6.1]). Secondly, modular forms for discrete subgroups of SLy(Z)
that are not congruent subgroups exist but haven’t been studied as much

due to their weaker links to arithmetic and geometry.

2.2 Vector-valued modular forms

The study of vector-valued modular forms was initiated by Selberg
as a way to study growth of Fourier coefficients of scalar-valued modular
forms for congruence and non-congruence subgroups (See for example [S]). In
this section, we define vector-valued modular forms for the Weil representation
in particular and then study the connections of these with classical objects
such as modular forms for congruence subgroups and the Jacobi forms of |[EZ].
The references used for this section are [Sch], [Ni], [Schl], [Sch2], [Sch3], [Sk],
[Str], [CS| and the interested reader should refer to these for further details.

18



2.2.1 Lattices and discriminant forms

In this section we introduce the two closely related notions of a
quadratic module and a discriminant form. We also briefly explain, how a

quadratic module can be decomposed into its Jordan components.

Definition 2.2.1. A finite quadratic module is a finite abelian group A
equipped with a Q/Z-valued quadratic form ¢(.) : A — Q/Z so that q(rx) =

r?q(z) for any r € Z,x € A . The associated bilinear form is given by,

(,.): AXA—=Q/Z: (z,y) = qlx +y) —q(x) — q(y). (2.22)

Let A be generated freely by (e, es,...,en), then the symmetric matrix
G = ((e;,ej)) is called the Gram matrix. The bilinear form is called non-
degenerate if det(G) # 0 and we will assume this to be the case from now.
The quadratic form ¢(.,.) is said to be of type (b",07) if G has b™ and b~

positive and negative eigenvalues respectively.

It is important to define the notion of isomorphic and indecomposible

quadratic modules in order to classify them.

Definition 2.2.2. Two quadratic modules (A, g4(.)) and (B, ¢p(.)) are isomorphic
if and only if there exists a group isomorphism ¢ : A — B such that
qa(.) = g o ¢(.). A is said to be indecomposable if it cannot be written

as an orthogonal direct sum of two smaller quadratic modules.

From the fundamental theorem of abelian groups it follows that
every quadratic module A is an orthogonal sum of its p-components A, =
A®yZ,. Nikulin classified all the indecomposible quadratic modules which we
list below. In addition he also showed that every finite quadratic module (and

hence its p-components) can be written as a direct sum of the indecomposable
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modules listed below. Such a orthogonal decomposition is called the Jordan

decomposition.

Theorem 2.2.3 (Proposition 1.8.1, [Ni|). Fvery indecomposible finite quadratic

module is isomorphic to one of the following modules:

Ay = <Z/ka, %:) p>2 (2.23)

o = <Z/2kZ, ;,ii) (2.24)
By = (Z/zkz ®7/22, W) (2.25)
Cor = (Z/2kz ®7/2"Z, %) (2.26)

where p is a prime and t an integer not dividing p.

Remark 2.2.4. Not all the quadratic modules defined by A;k,/lgk above for
different values of ¢ are non-isomorphic. Isomorphic indecomposible modules
can be classified by comparing their "Jacobi-Legendre" symbol. See [Ni],
|CS], [Sch] for more details regarding this.

An important way of getting quadratic modules is through the

discriminant group of lattices.

Definition 2.2.5. A lattice is a free, finitely-generated Z-module equipped
with a symmetric bilinear form (-,-) : L x L — Z. We denote the dimension
or rank of the lattice L by dim L. It is integral if (z,x) € Z for all z € L. In
particular it is also said to be even if (z,x) € 2Z for all x € L. We denote
by (b%,b7) the signature of L, and let

sgn(L) =b" — b, dim(L) =b" +b™. (2.27)

Remark 2.2.6. From now on we will assume that all our lattices L are even

and non-degenerate.
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We can extend (-,-) Q-linearly to L ®z Q. We then define the dual
lattice L' of L as

L'={relL®;Q| (z,y) €Zforall ye L}. (2.28)

Since L is integral we have L C L'. The discriminant group of L is
the finite abelian group A = L'/L. If L' = L then A = {0} and L is said to
be unimodular or self-dual. When L is even we define the discriminant form
of L as A equipped with the the Q/Z-valued quadratic form

q: A= Q/Z (2.29)

1
r+ L §(m,x) mod Z. (2.30)

The associated bilinear form A x A — Q/Z is of course (v + L,y + L) —
(z,y) mod Z. The level N of L is the smallest positive integer N such that
N(z,y) € Z for all z,y € L'. The discriminant group has size |L'/L| =

det(G) where G is the Gram matrix of pairing for a chosen basis.

Example 2.2.7. 1. The rank 2 lattice (Z?,(.,.)) with the Gram matrix
(2 3') is the Ay root lattice and has type (2,0) and level 3. The
discriminant group A,/A; = Z/3Z.

2. The Leech lattice Agy is the unique unimodular (i.e. self-dual) even
lattice in R?* such that (z,z) > 2 for all x € Ay,.

Clearly by definition the pair (L'/L, q(.)) is a finite quadratic module.
In fact it was shown in [Ni] that every finite quadratic module can be obtained

as a discriminant form of an even non-degenerate lattice.

Theorem 2.2.8 (Theorem 1.3.2 of [Ni]). Let (A, q(.)) be a finite quadratic
module. Then there is an even lattice (L,q(.)) such that L'/L = A as

quadratic modules.
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Remark 2.2.9. It is important to note that this correspondence is not
bijective. Multiple lattices of a given type can give rise to the same quadratic
module. For a quadratic module A, the set of all even lattices of type (b*,b7)
such that L'/L = A is denoted by I+ - (A) and are said to be of the same
genus. The above theorem states that for every finite quadratic module A,

I1y+ - (A) is non-empty.

Example 2.2.10. The discriminant form of the lattice (Z,, %) is isomorphic

to the indecomposable module A;k defined in Theorem 2.2.3. Similarly

k—1,.2 . . “ . . .
(ZQ, 2Tx> gives rise to A%, and the discriminant forms associated to Bax

and Cyr are (Zg X L, 28 (22 + xy + y2)) and (Zg X Lo, 2kxy) respectively.

Let r be a positive number. We denote by L(r) the lattice L with
rescaled bilinear form (-, -), := r(-,-). Its dual lattice L(r)’ is defined as usual
by

Liry={xeL®Q| (z,y), € Z for all y € L}. (2.31)

We remark here that by definition, L(r)’ = 1L/, and thus L' C L(r)’. We

denote the rescaled discriminant group by A(r) = L(r)//L(r) = 1L'/L. If
L is even, then L(r) is also even, and we can make A(r) into a discriminant

form as above:
1
q : A(r) — Q/Z, r+ L §(x,x)r mod Z.

Rescaled lattices will play an important role in section 3.2 in the construction

of Hecke operators for vector-valued modular forms.

2.2.2 Vector-valued modular forms for the Weil representation

In this section we define the Weil representation and vector-valued

forms for the Weil representation. The Weil representation is a representation
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of the double cover of SLy(Z) acting on the group algebra C[A] of a discriminant
form (or a quadratic module) (A, ¢(.)). The double cover of SLy(R) also
called the metaplectic group is denoted by Mp,(R) and consist of the pairs
(M, ¢(7)) where M = (¢b) € SLy(R) and ¢ is a holomorphic function on
H = {7 € C|Im(z) > 0} such that ¢(7)?> = ¢7 + d. The group multiplication

law is given by,

(My, ¢1(7)) - (Ma, 2(7)) = (M1 My, ¢1 (Ma7)a(T)).

Let p be the covering map p : Mpy(R) — SLy(R). Then Mp,(Z) =
p~1(SLy(Z)) is generated by,

T=((1).1)  S=(3)v7),

and has the relations S? = (ST)? = Z, where Z is the generator of the center
of Mps(Z) given by,

Z=((3"2%),9).
Every discriminant form (A, ¢q(.)) defines a unitary representation of the
metaplectic group Mpy(Z) on the group algebra C[A]. Let {e,},ca be the

standard basis for the vector space C[A] with e,ey = e,4\. We define an

inner product on C[A] by

<Z fx\eA,295€5> = fogx (2.32)

A€A 6€A A€A

that is linear in the first and anti-linear in the second argument.

Definition 2.2.11. The Weil representation p on the generators S and 7T is
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defined by,

pr(T)(ex) = e(g(X)) ex (2.33)

O e teD D SO DR CEY

Here, we have used the abbreviation e(r) = exp(2miz) which will be used
throughout the thesis. In addition the representation on the center Z is given
by,

pr(Z) = e(—sgn(L)/4) e,. (2.35)

Remark 2.2.12. The Weil representation is a unitary representation on
C[A] so that,
(pL(M)eq, pL(M)eg) = (ea, €s) - (2.36)

This can be checked easily for the generators 7" and S and that is sufficient.
This implies that the dual representation pj is isomorphic to the complex
conjugate representation p. In other words the dual representation pj is the
Weil representation for the discriminant form (L'/L, —q(.)) where ¢(.) is the

quadratic form defining py.

Another important fact is that the principal congruence subgroup
['(N) is in the kernel of the Weil representation when the signature is even.
As a consequence the Weil representation factors through SLo(Z/NZ) for
lattices of level N when the signature is even. For odd signature the Weil
representation factors through a double cover of SLy(Z/NZ). This fact will
be important in Section 3.3 where we survey the construction of the Hecke

operators for vector-valued modular forms of Bruinier-Stein.

We are now ready to define vector-valued modular forms of the Weil

representation. We first extend the definition of the slash operator in (2.2)
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to the metaplectic group.

Definition 2.2.13. Let f(7,7) be a scalar-valued function on H. The
Peterson slash operator of weight (v,v) defined by

Flos(M, 0)(7,7) = 6(7)26(r) " f(MT, M7), (2.37)

gives a right action for (M, ¢(7)) € Mpy(Z) on scalar-valued functions.
Similarly let (7,7) = > ,c4¥a(7,7)ex be a C[A]-valued function on H.
We refer to ¢, (7,7) as the components of ¢)(7). Then the Peterson slash

operator on vector-valued functions is,

Uha(M, 6)(.7) = 6(r) 0] pi! (M. ) f (Mr, M)
=D Wloa(M,0)p1 (M, ¢) ey

A€A

Definition 2.2.14. For v € Z/2, a holomorphic function ¢ : H — C[A4]

is called a weakly holomorphic vector-valued modular form of weight k& and
type pr, if,
V(M) () = (1) V(M,¢) € Mpy(Z) (2.38)

and ¢(7) has a Fourier expansion of the form

(1) = Ze(—Tq()\)) Z ex(n)e(nt) ey

for some non-negative integers my. Note that e(7q()\))y\(7) is periodic with
period 1. In particular, 1(7) is called holomorphic if ¢y(n) = 0 for n < 0 and
all A € A.

Remark 2.2.15. This definition can be easily generalized to vector-valued
modular forms of any representation. Let p : SLy(Z) — GL,(C) be a
representation of the modular group such that p(7") is a diagonal matrix.

Then a holomorphic function ¢ : H — C” is called a weakly holomorphic
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vector-valued modular form of weight k& and type p if,
VM (1) = (1) VM € SLy(Z) (2.39)

and each component has a Fourier expansion,

e}

Uir) =q¢" > ang" (q:=e") (2.40)
for some real numbers h; and positive integers m;. We will only be concerned
with vector-valued modular forms of the Weil representation in the rest of

the thesis except for a brief mention in section 4.3.3.

Example 2.2.16. Let L be a positive definite even lattice of even rank 2k

and quadratic form ¢(.) and we define,
6,(r) = > elq(a)). (2.41)

Then
0(r)= Y e, (2.42)
~yeL'/L

is a holormorphic vector-valued modular form for p; of weight k.

Example 2.2.17. A natural way to construct vector-valued modular forms
is by lifting modular forms for congruence subgroups. In [Sch| and [Sch2|,
the author constructs vector-valued modular forms of py from modular forms
of the congruence subgroup I'1(N),I'g(N) and I'(N). We state here one of
the results as an example. Let L be an even lattice with even signature and
level dividing N with v € A and f(7) be a scalar-valued modular form for
[ (N) of weight k and character x.,(2Y) = e(bg(7y)). Then,

Fri(vypny = Z f|MpL(M_1)€7 (2.43)

MeD; (N)\I
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is a vector-valued modular form for py of weight k.

Conversely given a vector-valued modular form, it is easy to obtain
examples of scalar-valued modular forms from its components. As mentioned
earlier for a lattice of level N and even signature, the principal congruence
subgroup I'(V) acts trivially on C[A] so that p.(M)e, = e,. Hence, if we
have a vector-valued modular form F(7) = >_ _, f,(7)e, then each of the
components f,(7) is a scalar-valued modular form for I'(V). We also have

the following fact from [Sch].

Theorem 2.2.18 ([Sch]). Let L be an even lattice with even signature and
level diving N with v € A, M € T'\(N). Then for M = (%) € I';(N)

pr(M)e, = e(—bg(y))e,. (2.44)

From the theorem above it follows that if F(r) = >___, f,(7)e,
is a vector-valued modular form of type pz, then the components f, are

scalar-valued modular forms for I'; (V) and character x,(2%) = e(bq(7)).

The above examples hints at a connection between vector-valued
modular forms and modular forms for congruence subgroups through the
Weil representation. The exact relation between the two can be summarized
by the following conjecture due to Atkin, Swinnerton and Dyer. As stated
by Mason it reads:

Conjecture 2.2.19. [M| The following two statements are equivalent:

1. F(1) = {f:(1)}is a vector-valued modular form associated to a representation

p with rational Fourier coefficients and bounded denominators.

2. Each f;(7) is a modular form for a congruence subgroup of I'y.
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Another way to get scalar-valued modular forms is by pairing two

vector-valued modular forms,

Lemma 2.2.20. Let F(1) = >\ 4 \(T)ex and G(7) = Y o4 9x(T)ex be
weakly holomorphic vector-valued modular forms of type pr, and weight k and

k' respectively. Then,

(F(7),G(7)) ==Y Hr(r)aa(r) (2.45)

A€A

is a scalar-valued weakly holomorphic modular form of weight k + k'.

Proof. This follows directly from the unitarity of p;, for the pairing (e,, eg) =
da+p and it can be checked by a direct computation that the pairing has the

correct g-expansion. O

The Lemma above will be used in section 3.2 to lift Hecke operators

of scalar-valued modular forms to vector-valued ones.

Example 2.2.21. Characters of rational vertex operator algebras (VOAs)
are vector-valued modular forms for some representation p of SLy(Z) with a
congruence subgroup as a kernel as discussed in [HW]. This will be outlined

in detail in section 4.3.3.

Vector-valued modular forms as defined in definition 2.2.14 commonly
appear in the literature. However in section 3.2 we will work with modular
forms that are just real analytic and non necessarily holomorphic. We
will also need a slightly more general definition that includes "Jacobi-like"

variables.

Let p be a representation of Mp,(Z) on some vector space V, and

let W be a R-vector space.
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Definition 2.2.22. For v,v € %Z, we say that a V-valued real analytic
function (7, o, 5) on H x W x W is wvector-valued modular of weight (v, v)
and type p if:

W(Mr,ac +bB, ca + dB) = ou (1) du(7) p(M, $)i(7, 0, 8),  (2.46)

for all (M, ¢nr) € Mpy(Z). We say that it is scalar-valued modular if V is
one-dimensional, v,v € Z and p is trivial. We denote by M, 5, the space
of V-valued real analytic functions on H x W x W that are vector-valued

modular of weight (v,7) and type p.

Remark 2.2.23. In Definition 2.2.22 we do not impose a growth condition,
or holomorphicity (meromorphicity) at the cusps, or that the functions satisfy

a condition involving the Laplacian.

Remark 2.2.24. Note that in Definition 2.2.22 we include “Jacobi-like”
variables; these are needed for our construction. But for « = 3 = 0 we recover
the standard transformation property of vector-valued modular forms. For
clarity we will drop the dependence on a and  when we consider objects

that transform as vector-valued modular forms.

An important example of these are the Siegel Theta functions of

Borcherds and we dedicate section 2.4 to describe them in detail.

2.3 Jacobi forms

In this section, we give a brief introduction to Jacobi forms and their
connection to vector-valued modular forms of the Weil representation. Jacobi
forms of rank 1 were introduced by Eichler and Zagier in |[EZ| and have since

found applications to diverse areas such as elliptic genera, moonshine, and
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construction of BKM Lie super-algebras. We now define their generalization
to Jacobi forms of lattice index. The main references for these are [AJ]
and [Mo|. Let (L, ¢(.)) be an even lattice as before. The Heisenberg group
associated to L is,

Hi(Z) :={(z,y) : z,y € L}, (2.47)

with the group composition law as component-wise addition. The Jacobi
group is the semi-direct product,

Ji(Z) = SLo(Z)  Hy(Z). (2.48)

Let A, A" = (: §) € SLy(Z) and h,h' € Hy(Z). Then the group composition

is given by,
(A, (z, ) (A, (2", ) = (A4, (e + vy + 2, B + Sy + y)). (2.49)

Definition 2.3.1 ([AJ]). If k£ € Z and (L,q(.)) a positive-definite even
lattice, a Jacobi form of weight k£ and index L is a holomorphic function

¢ H x (L ®z C) — C with the following properties,

atr+b =z calz
v <m, m+d> = (c7 + d)*e(L2)p(r,z) VY (2}) € SLa(Z)(2.50)

o(r,z+ 21 +y) =e(—1q(x) — (z,2)p(r,2) V(r,y) € H (Z)2.51)

We denote this space of functions by Jj 1,

Jacobi forms have a Fourier expansion of the form,

(T, 2) = Z c(n,r)e(nt + (r, 2)). (2.52)
"

By letting (L, q(.)) = (Z,q(x) = mx?) where m € N, we get the space of

Jacobi forms of [EZ| of rank 1 with index an integer m.
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Example 2.3.2. An example of a Jacobi form of rank 1 is the unique Jacobi

form of weight 0 and index 1,

V3(r,2) | 93(r,2) | Wi(7,2)
_ 4 o\ T, 3\ 4\ 2.53
$01(T, 2) (19%(7_? 0) + 92(7,0) + V3(r, 0)) ) (2.53)
where
Oa(r,z) = Y R el (2.54)
Us(7,2) = Z qn2€(2n7riz) (2.55)
Dalr2) = D (1) e (2:56)

are the "auxiliary" Jacobi theta functions. We remark here that 2¢(7) is

in fact the elliptic genus of a K3 surface.

A rather remarkable property of Jacobi forms is their connection
to vector-valued modular forms of the Weil representation through Jacobi’s
theta functions. For v € A = L'/L, the Jacobi theta function is given by

Ipn(T2) = > e(rg(N) + (A 2)). (2.57)

AEL+y

This is a generalization of the classical "unary” theta functions introduced

by Jacobi,

‘s m , T m mn
Oma(1,2) = Y gy = g Y gi=e(7)y = e(2).

reZ,r=lmod 2m nez

(2.58)
We state below the following important theorem from [AJ, Section 2.4].

Theorem 2.3.3. Let ©(7,2) is a Jacobi form of weight k, then o(1,2) can
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be written as,

o(1,2) = Zl/}%)\(T)ﬁL’)\(T, 2) (2.59)
A€A
where {1, ) }rca is a vector-valued modular form of weight k — % and type

PL-

In fact this correspondence goes both ways,so that if (1) = > .4 ¥a(7)ex

is a vector-valued modular form of type p; and weight k, then the pairing,

o(1,2) = Z¢A(T)0L7A(T, z) (2.60)

A€A

dim L
2
theta functions transform as "vector-valued Jacobi forms". Let

is a Jacobi form of weight £k + and index L. This is because the Jacobi

V(7. 2) = ZﬁL,/\(T, z)ex (2.61)
AeA
and ((2%),¢(7)) € Mp,(Z), then Boylan proved in [Boy| that ¥ (7, z) satisfies

the following transformation law,

ar+b 2

T e
“er+d P(T)?

o(r)?

Hence, the correspondence of theorem 2.3.3 is bijective, and Jacobi forms of

) = o(r) " re(— )pe((8q), o(T))0L(T, 2).  (2.62)

lattice index are in one-to-one correspondence with vector-valued modular

forms of the Weil representation and vice-versa.

2.4 Siegel Theta functions

In this section we introduce the Siegel theta functions introduced

by Borcherds in [Bol|. These are generalizations of the vector-valued theta
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functions defined in Example 2.2.16. In particular Borcherds proved that the

Siegel theta function O (7,v) for a lattice L of type (b%,b) transforms as
bt b

7 7)

This property allows us to pair it with a vector-valued modular form and

a vector-valued modular form for the Weil representation of weight (

generate a scalar-valued modular form of weight 0. Such a pairing gives the
'singular theta correspondence’ through the theta integral in (4.6) and this

will be discussed in section 4.1.

Let L be an even non-degenerate lattice of signature (b*,b7) and A
the associated discriminant form with quadratic form ¢(x) : A — Q/Z. The
bilinear form on L induces a bilinear form on V' := L ® R. Let Gr(L) denote
the Grassmannian of L that is the set of b™ positive definite subspaces of V.
For a chosen v € Gr(L) we denote the orthogonal complement of v in V' by
v~ and thus we have a decomposition V = v @&+ v~. For A € L'/L C V, let
A+ and \,- be the projection onto the chosen spaces v and v~ respectively.
In particular, note that ¢(\) = qg(A,+) + qg(A,-)

The Siegel theta function (following Borcherd [Bo]) of a coset L+~

of A is a real analytic function in 7 and defined by

Orn(m0) = Y e(rqhue) +7q(A-)). (2.63)

AEL+y

Note that this definition is valid for any discriminant form, not just A = L'/L.
For instance, for the rescaled discriminant form A(r) = L(r)’/L(r) = 1L'/L,
the Siegel theta function of a coset L(r) + v of A(r) is given by

Oy (T 0) = 3 e (rq. () + 70 (). (2.64)

AeL+y

where v € %L’/L. If we let {e,}, v € A be a basis for the group algebra
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C[A], define
Or(r,v) = Z 01+~ (T,0)e, (2.65)

YEA

and this is vector-valued modular of weight (b™,b7) of type pr. As in [Bo],

we define the more general Siegel theta function 0 (7, o, 5,v) on Hx V x V|

brn(riafio) = 3 e (ralO4 9 70+ 5) - (4 5,a)).

2
AEL+y
(2.66)

and

OL(r,a,B,v) = ZQL+,Y(T,(){,5,U) €. (2.67)

YEA

Theorem 2.4.1 (Theorem 4.1 of [Bo]). The function © (T, «, B,v) is vector-
valued modular of weight (b™,b7) for the Weil representation pr,. Thus, it has
the following transformation law for (M, $) € Mpy(Z), M = (¢ 4),

Op(MT,ac + bB, ca + df,v) = ¢(T)b+%bipL(M, »)OL(T,a, B,v) (2.68)

In the rest of the thesis we suppress the argument v while writing

theta functions for simplicity. So we will write,

brn(ria8) = 3 e (ralO+ 810+ 7a(+ ) - (34 5.0 )

NEL+y

and

Or(r,a,B) = ZQLJFV(T,oz,ﬁ) ey, (2.70)

YEA

where it is assumed that A, and A_ are projections onto v and v~ for some
fixed choice of v € Gr(L).

In the following we will often make use of the following result.
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Lemma 2.4.2. (1) is a vector-valued modular form of type pr and weight
(v,0) if and only if

<w>@L> (7—?0‘75) = Zw)\@_)m(ﬂaaﬁ) (271)

A€A

is a scalar-valued modular form of weight (w, @) = (v + $b%, 04 $b7).

Proof. On the one hand, if ¢(7) is vector-valued of type p;, and weight
(v, D), then it follows directly that (¢, ©p) (7, o, () is scalar-valued of weight
(v + %b*,@ + %b‘), since O (T, a, ) is vector-valued of type p; and weight
(%bﬂ %b‘) and the Weil representation is unitary with respect to the inner
product.

On the other hand, if (¢, 0.) (7,, 5) is scalar-valued of weight
(w,w), then (1) must be vector-valued of type p; and weight (v,v) =
(w — %b*, w — %b*). This follows again from unitary of the Weil representation,
but also from the fact that the components 6, (7, a, 3) of the Siegel theta
functions are non-zero and linearly independent, which is crucial. This is why
we need to include Jacobi-like variables o and [3; otherwise the components
of the Siegel theta functions would not be linearly independent in general,
and we would not be able to deduce vector-valued modularity for (1)
directly. O

We also introduce the following notation, which will be useful later

on:

Definition 2.4.3. For any p € A(r), and positive integers k and [ such that
kl = r, we define A, (u, k) by:

1 ifpe A(l) C A(r),
Ay =t AU EAD (2.72)
0 otherwise.
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We now prove a lemma relating Siegel theta functions of L and
L(r). This Lemma will be essential in the next section for formulating Hecke

operators for vector-valued modular forms.

Lemma 2.4.4. Let k,l,r be positive integers such that kl = r, and let s €
{0,1,...,1—1}. Let L+ be a coset of L in L', with v € A. Then:

kT +s
em( l ,ka+s6,l@)=z

veA(r
lv=~

Ac(vk)e (£ () Ouiryn (7. B),
)
(2.73)

where v+ L(r) is a coset of L(r) in L(r)', withv € A(r), and A,(u, k) defined
in Definition 2.4.3.

Proof. Let A € L 4 v, with v € A. First we compute that

kT +
0L+’7 <:7 ko + 867 lﬁ)

z
_mzﬂe (’”;Sq((ﬁwm + kT;qu((AHﬂ)_) - <A+ %,ka—k 55))
:mzﬂe ($q ((+18),) + g (A +18) )~k ()\ + g,a>) e(Fa0).

(2.74)

Now there is a bijection between elements A of the coset L +~ and elements
d of the cosets L + v, with v € A(l) and such that v = . The bijection is
given by lattice rescaling, that is, A — § = %)\. We use this to rewrite the
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sum as follows:

k
Orrn < Tl+ ko + s, 15)

=T Y e(ra @m0 G+ - (04 5.0) Jeba )

veA(l) S€L+v

lv=y

Z e (sq ( Z e(Tqr(((S—i-ﬂ)Jr)—i-?qr((&—l—ﬁ))— (5+§,0¢) ) :
VleA(l §€L+v r
v=y

(2.75)

where in the last line we used the fact that ¢(6) = ¢(v) mod Z, since v €
A(D).

We now extend the sum over v € A(l) C A(r) to a sum over all

elements v € A(r), using the Delta function from Definition 2.4.3. We get:

o (kT + s Jka + 803, lﬁ) Z A, (v k)e ( (1/)) Oy (T, @, B),

l
veA(r
lv= 'y

(2.76)

where we introduced the Siegel theta functions of the rescaled lattice L(r):

buiplre ) = 3 e (70 (@40 + 70,6+ 5)) = (54 5.0 ) ).

6eL+v
(2.77)

O
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Chapter 3

Hecke operators

Hecke operators for classical modular forms were first introduced by
Mordell and Hecke to study arithmetic properties of modular forms such as
the multiplicativity of the Ramanujan 7 function. These are operators that
map spaces of modular forms My(I';) and cusp forms Si(I';) of a certain
weight k& to modular forms and cusp forms of the same weight. Hecke
operators for Jacobi forms of rank 1 lattices were developed and Eicher and
Zagier in [EZ| and generalizations to higher rank have been given in [AJ].
In this chapter, we first give a quick review of Hecke operators for modular
forms of the full modular group I';. In section 3.2 we give Hecke operators
for vector-valued modular forms of the Weil representation obtained as lifts
of Hecke operators on scalar-valued modular forms using various properties
of the Siegel theta functions as presented in [BCJ|. Subsequently Hecke
operators of Bruinier-Stein are introduced in section 3.3 as a sum over double
coset representatives. Finally we compare the two different constructions of

Hecke operators in section 3.4.
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3.1 Hecke operators for classical modular forms

Hecke operators for the full modular group are operators defined on

the space of modular forms,
and these satisfy nice algebraic relations such as,

TmoTl, =Ty, gcdim,n)=1 (3.2)
T, 0 Tyn = Tynsr + p" ' Tpu-1  p prime. (3.3)

In addition 7, also preserves the decomposition M; = S, & CE} ie. it
preserves the space of cusp forms and all £}, are eigenvectors of T},. The Hecke

operators T), are Hermitian operators on S(I'1). Thus for f, g € Si(I'1),

(Tnf,9)p = ([, Tng)p (3.4)

where (., .)p is the Petersson inner product on the space of cusp forms defined

as,

(., )p: Sp(T'1) x Sk(I'y) = C, (f.g)p = //Ff gy dady  (3.5)

where 7 = z+iy and F is any fundamental domain. As a consequence of the
spectral theorem, this means that the space of cusp forms of weight k£ have a

basis of simultaneous eigenvectors for the set of commuting Hecke operators.

Example 3.1.1. An example of the effectiveness of Hecke operators is the
multiplicativity of the Ramanujan 7-function. The discriminant modular
form is the unique cusp form of weight 12 and hence the multiplicativity of

its Fourier coefficient 7(n) follows directly from (3.2).
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Hecke operators can be defined through several different but equivalent
ways each of which has its own merits. Below, we present some of the
definitions. These definitions have generalizations to Hecke operators on
modular forms of level greater than 1. We will not discuss them here, but
the interested reader could refer to [DS| for generalizations to higher level.

We will closely follow [Stw| and [Mil] as references for this section.

3.1.1 Lattice interpretation

There is a one-to-one correspondence between modular forms f on
H of weight £ and homogeneous functions F' on the set of all latices £ of
weight k. Let L € £ with integral generators w;/wy such that wy/w, € H.
We denote this by L(wq,ws). This correspondence is given by,

f = Fy() =t (36)

F — fr(r) = F(L(1,7)). (3.7)

Remark 3.1.2. Hecke operators preserve growth conditions on modular
forms. In the following formulation, the set of functions F' should be appropriately
restricted so that the correspondence F' — fr(7) gives the correct growth

conditions for fr(7).

Definition 3.1.3. The Hecke operator T;, acting on the space of homogeneous

functions of weight k on L is defined by:

(T,F)(L)=n*" " F(L). (3.8)
L

This gives rise to the following definition for Hecke operators on

modular forms.
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Definition 3.1.4. Let f(7) be a modular form of weight & and Fy the
corresponding homogeneous function on £. The Hecke transformed modular

form T,, f(7) is defined through the following equation:
Fr,;=T,Fy. (3.9)
More explicitly,

T.f(r) = (T, - Fr)(L(1,7)). (3.10)

The set of all sublattices of index n is in one-to-one correspondence

with the set of matrices,
X, ={(8%),a,b,d€Z,ad=n,a>1,0<b<d—1} (3.11)

and is given by L(aw; + bws, dws) where a,b, d are as above. In addition X,
give a complete set of representatives of the orbits of I';\ M,,(Z) where M,,(Z)
is the set of matrices of determinant n with integer-valued entries. This gives

us an explicit formula for the Hecke operator on modular forms of weight k,

T.f(r)=n*""" " fly(7) (3.12)
yEL1\Mn(Z)
B . .ar+b
=nft Y AR ) (3.13)
a,b,deZ,ad=n

a>1,0<b<d—1

where |, is the Petersson slash operator as defined in (2.2).

3.1.2 Action of double cosets

There is another more abstract definition of Hecke operators using

an action of double cosets. This generalizes easily to congruence subgroups,
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and will also be used in section 3.3 to define Hecke operators on vector-
valued modular forms. Let I be a congruence subgroup of I'y and let A be
a set of real matrices with positive determinant closed under multiplication
(usually taken to be rational valued). The Hecke algebra H (L', A) is the free
abelian group generated by the double cosets I'al’, & € A and we abbreviate
[a] = T'al". In addition we assume that each double coset has a decomposition

into finite disjoint unions,

Tol' = | |Toy (3.14)

=1

as is the case when A = GLJ (Q).

Definition 3.1.5. Multiplication on H(I', A) is defined as

[ [8]=) g1l (3.15)
where the sum is over v € A such that I'y[' C Tal'5I" = U” ;85 and CZy,,B

is the number of pairs (7, j) with I'a;8; = I'y.

We now define Hecke operators as an action of the Hecke algebra
H(I', A) on modular forms. In the case of modular forms of the full modular
group, take I' = T'; and A = GLJ (Z). For [a] = J,I'1 - a;, the action of the
Hecke algebra on f € M (T'y) is defined by,

[a] - f(7) = flecu(7). (3.16)
The Hecke operator can now be defined.

Definition 3.1.6. For n > 1,

T )= > (5] (). (3.17)



It can be shown that the definition 3.1.6 is equivalent to the definition
of the Hecke operator in the previous section. Every term of the sum above is
a disjoint union of right cosets. Hence the sum above can be also be written

as a sum over right coset actions given by,

T.f(r) =" Y d‘%f(mTer) (3.18)

a,b,d€Z,ad=n
a>1,0<b<d—1

and this is exactly (3.12).

3.1.3 Hecke operators for modular forms with Jacobi-

like variables

We defined a slight generalization of modular forms in Definition
2.2.22 to real analytic functions that also have two extra arguments in the
form of vectors of L ® R. Hecke operators on modular forms have natural
generalizations to these generalized functions that also include scaling of the
vector-valued arguments. Such operators will prove useful in the rest of the

section while dealing with Siegel theta functions.

Definition 3.1.7. Let r be a positive integer and f(7, a, 3) a scalar-valued
function on H x W x W of weight (w.w), as defined in Definition 2.2.22. We
define the Hecke operator on f(7, «, 3) by:

-1
iAo m) =t Y ey (T ke s5) . (a10)
s=0

k>0
kl=r

Lemma 3.1.8. T,[f](7,«, 8) is scalar-valued modular on H x W x W of
weight (w.w).
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Proof. The argument is word by word the same as for scalar-valued modular

forms (see for example [Stw, Proposition 2.28|). O

To study algebraic relations satisfied by Hecke operators, we define

a scaling operator:

Definition 3.1.9. Let r be a positive integer and f(7, «, 3) be a scalar-valued

modular of weight (w,w). We define the scaling operator U,z by:

Uez[fl(1,a, B) = f(7,ra, 7). (3.20)

It is clear that:

Lemma 3.1.10. U,:[f]|(7, «, 5) is scalar-valued modular of weight (w,w).

Hecke operators satisfy algebraic relations summarized in the following

lemma.

Lemma 3.1.11. For m and n such that gcd(m,n) =1,
T, 0Ty = Tooms (3.21)
and for | > 2 and p prime,

Tpl =T,0 szf1 — pw+w71Up2 o Tp172. (3.22)

Note that (3.21) and (3.22) can be proved following the exact same
steps as the proof of the respective relations for scalar-valued modular forms

presented for instance in Propositions 2.28 and 2.29 of [Stw].
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3.2 Hecke operators on vector-valued modular

forms

Let L be an even lattice of type (b™,b7) and py, the associated Weil
representation. In this section we define Hecke operators on functions that
are vector-valued modular of type py, as defined in Definition 2.2.22 and derive
some algebraic relations between them. The content of this section is much
of the same as [BCJ]. We first define a Hecke operator that takes a function
that is vector-valued modular of type p;, to a a function that is vector-valued
modular for the Weil representation of the rescaled lattice pr). Later on
we state an important theorem on the relation between the representations
pr and pr,2) and also give a Hecke operator that maps functions that are
vector-valued modular of type py to functions of the same type. All that we
impose in this section is the vector-valued modular transformation property.
However, our construction could potentially restrict to various classes of
modular objects, such as holomorphic modular forms, weakly holomorphic

modular forms, Mass forms, etc.

Definition 3.2.1. Let (1) = >, ¥x(7) ex be vector-valued modular of
weight (v,v) and type pr. Let (w,w) = <v+ %,T}—I— %) We define the
operator 7, by:

Tl =t 3 [T lwiw ZZ:I:AT(/J, ke (—%qr (M)) Vi (kT;L 8)

neA(r) \ k,I>0
k

l=r

(3.23)
with A,.(u, k) defined in Definition 2.4.3.

The main result is:
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Theorem 3.2.2. For any positive integer r,

T [, 0] (7, 0, 8) = (T:[¥), Or) (7, @, B). (3.24)

In other words, the standard Hecke transform of the scalar-valued (1, O) (T, o, )
is equal to the scalar-valued <7;[1/)], @L(r)> (1, v, B) obtained by pairing T, [V](T)
with the Siegel theta functions of the rescaled lattice L(r).

An immediate corollary, using Lemmas 2.4.2 and 3.1.8, is:

Corollary 3.2.3. If () is vector-valued modular of weight (v,v) and type
pr, then T.[W)(T) is vector-valued modular of type pry of the same weight.
In other words, Definition 3.2.1 gives a Hecke operator

Tt Mys,, — M, (3.25)

767pL('r) :

This is the main reason for Definition 3.2.1. Let us now prove
Theorem 3.2.2.

Proof. We have:

Tr [W, @L>](7_7 a, 5) = Tr

Z w/\(T)gL-i-)\(Tv a, /8)]

A€A
-1
_ 1 kT4 s\ = kT + s

_ wtw—1
=Y D ;w( : )em( l ,ka+w,w).

k,[>0 s=0 \eA

kl=r

(3.26)
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By Lemma 2.4.4, we know that

O (’“j S,kam,w) = Y Awke (24 1) upyn(r.a.6).

lv=A
(3.27)

Substituting, we get
T, [(¥, O1)] (7, a, B)

et S LSS S Atbte (<0 0) v (1 gt ).

k,1>0 s=0 A€ AveA(r)
kl r lv=\
pote=t Z Z ZA v, ke <—i (V)>¢ b7+ s 0 (1,0, )
Jw+ k?QT v I L(r)+v\1, &,
veEA(r) k’ l>0
= (T:[¥], L(r)> (T, a, ), (3.28)
where we used Definition 3.2.1. O

3.2.1 Algebraic relations satisfied by the operators 7,

In this section we study algebraic relations satisfied by the operators
T.. Those trickle down from the corresponding relations stated in Lemma
3.1.11 for the standard Hecke operators T;.

Recall the scaling operator U,:> for scalar-valued functions from

Definition 3.1.9. We now define a scaling operator for M, ; 1,
Definition 3.2.4. Let (1) = > .4 ¥x(7) ex be vector-valued modular of
type pr. We define the scaling operator U,z by:

Up[P)(r, 0, 8) = Y Ape(v,n) s (T)es. (3.29)

veA(n?)
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Then we have:

Lemma 3.2.5. For any positive integer n,
Un2 [<¢7 ®L>] (7-7 «, 6) - <un2 [w]a ®L(n2)> (7-7 «, 6) (330)

Proof. We have:

Up2 [(,00)] (1,0, 8) =Up2 | > tha(T)84a(7, @, B)

A€EA

:Zwk(T)éL-H\(Tv na,nﬁ). (331)

A€EA

But Lemma 2.4.4, with kK =n, [ =n and s = 0, states that

Or (T, n0,nB) = Z A2 (v, n)0pm2)10 (T, 0, B) - (3.32)

veA(n?)
nrv=A\

Thus

Un2 [<¢a 6)L 7— Q, ﬁ Z w)\ Z An2 (Vv n)éL(nz)-i—l/ (7—? Q, ﬁ)

A€A veA(n?)
nr=>\
= Z An2 (V7 n)wnu(T)éL(nQ)JrV (7—7 Q, 6)
veA(n?)
= (Up2[Y], Orn2y) (7., B). (3.33)

It immediately follows from Lemmas 2.4.2 and 3.1.8 that:

Corollary 3.2.6. Let ¢(7) be vector-valued modular of type pr,. Then U2 [V)(T, , 5)

is vector-valued modular of type prm2) of the same weight. In other words,
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Definition 3.2.4 gives a scaling operator

Z/[nQ : MUKL—HPL — qu’@ (334)

WPL(n2)"
With this definition, we obtain the following theorem, analogous to
Lemma 3.1.11.

Theorem 3.2.7. For m and n such that ged(m,n) =1,
while for | > 2 and p prime,

7;)1 = ’7; () ’7;l—1 — pw+w71up2 @) ’7;[-2. (336)

Proof. These two statements follow directly by applying the analogous statements
from Lemma 3.1.11 to the scalar-valued (¢, ©.) (7, , ) and then using the

definition of our operators 7, and U,,. n

3.2.2 The r = n? case

We now specialize to Hecke operators 7, with r = n? for some
positive integer n. What is special in this case is the existence of a sub-
representation py of the Weil representation pr,2) for the rescaled lattice
L(n?). This allows us to define a projection operator P,2, which is a left
inverse of the scaling operator U,2. We can use this projection operator to
define a new Hecke operator H,2 = P,2 o 7,2, which takes functions that are

vector-valued modular type p; to functions of the same type.

49



3.2.3 Weil sub-representation

Let us start by proving the existence of a sub-representation pj,
of the Weil representation pr(,2) for the rescaled lattice L(n®). The Weil
representation was defined in (2.33) by its action on the basis elements of
the group algebra C[L'/L]. The Weil representation py,2y for the rescaled
lattice is a representation of Mp,(Z) on C[A(n?)] and is defined by

prm2y(T)e, = e(q,2(v)) ey, (3.37)
e(—sgn(L)/8)

Lm2)(S)e, = —————= e(—(v, ft)n2) ey, 3.38

PLn2)(5) T ue%(;ﬂ) (=¥, t)n2) (3.38)

where {e,},ca(2) is the standard basis for the vector space C[A(n?)], and S
and T are the generators of Mp,(Z).

Consider the subspace C[A] C C[A(n?)] spanned by the basis vectors
{fa}rea defined by

1

vEA(n)CA(n?)
nv=\

The {f\}rca form the standard basis for C[A]. Indeed, one sees that fyfs =
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fA+51

1
InJs :m Z Z €nly

veA(n) ueA(n)
nv=X\ np=94

1
T p2dimL Z Z Cutv

veA(n) peA(n)

nv=\ npu=4§
1
T p2dimL Z €a Z 1
a€A(n) nEA(n)
na=A\+0 nu=a0
ndlmL Z €a
acA(n)
na= >\+(5
=fa+s; (3.40)
since .
> 1= —L/L' = pdimL, (3.41)
HEA(N) n
nu=a4

We prove the following important lemma.

Lemma 3.2.8. The restriction of prpm2) to the subspace C[A] is the Weil

representation pr:

pL(n2) ‘(C[A] = PL- (342)
In other words,

pre2)(T)fx = €(a(N)fx = po(T)(f2), (3.43)

e(—sgn(L)/8)
Lo (S) fr = ~ o BINT o () — 0.(S)(F)). 3.44
PLm2)(5) fr TAT WEGA (=) = pr(S)(H) (3.44)

ol



Proof. Let us begin with the T transformation:

P2 (T) fr = ndlm 7 Z Prn?)(

veA(n
nyv= )\
nd1mL Z an €y
veA(n
nyv= )\
dlmL Z Cv
veA(n)
nrv=>\
=e(q(A)) fx. (3.45)

As for the S transformation,

PrLmn2) (S)fr = ndlmL Z PLn2) (S

veA(n
nv= )\
1 —sgn(L)/8)
= Y > e e, (346)
n VIA(n?) vEA(n A) )
Now consider the sum Z (v, pt)n2). We can do a shift v — v+

veA(n)

nv=>X
for any 8 € %L/L. It should not change the sum, since if nv = A, then
n(v+ B) = A, and hence it only amounts to relabeling the summands. Thus

for all 5 € +L/L, we must have:

Yo el—wme) = e(=(B,m)n2) Y e(—(v,m)n2). (3.47)

veA(n) veA(n)

TLV:>\ ny:>\

This implies that either the summation over v is zero, or e (—(8, pt),2) = 1
for all § € L/L, which will be the case if u € A(n) € A(n?). Thus we

conclude that the summation over v is zero whenever u ¢ A(n) C A(n?). As
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a result, we get

1
PL(n?) (S)f)\ =

—sgn(L)/8)

ndim L

1

\/|A (n?)|

—sgn(L)/8)

~pdimL

1

\/|A (n?)]

e(—sgn(L)/8)

~ pdimL

1

| A(n?)]

e(—sgn(L)/8)

~ pdimL

_e(—sgn(L)/8)
|A]

V1Al

d0cA

3.2.4 Projection operator

S e,
Vsi(z)uefl(n)
Z Z (nv,nu))

VEA(n) peA(n)
nrv=>\

L Y e,
LEA(n)
D e(=(A0) Y e
d€EA HEA(N)
nu=9

Z 8(—()\’ 5))f5

(3.48)

The existence of the sub-representation given in Lemma 3.2.8 allows

us to define a projection operator P,,2

Definition 3.2.9. Let ¢(7) =

23

 Pup,L(n?) —7 Pow,L-

> veamz) ¥u(T) €, be vector-valued modular



of type prm2). We define the projection operator P, by:

Peltl(r) = S| 32 i) | e

A€A | ~v€A(n)
ny=X\

:nTlmLZ Z Az (7, n) 1, (T) | e, (3.49)

)\GA 76A(n2)
ny=X\

with A,2(7y,n) defined in Definition 2.4.3.

As a direct corollary of Lemma 3.2.8 we get:

Corollary 3.2.10. Let ¢)(7) = >, c 4(n2) ¥v(T) €, be vector-valued modular of
type prm2). Then Pp2p](T) is vector-valued modular of type pr, of the same

weight. In other words, Definition 3.2.9 gives a projection operator

P2 Mv,ﬁ,L(nQ) — Mv,f),L- (350)

We now show that the projection operator P,z is a left inverse of

the scaling operator U,,:.

Lemma 3.2.11.
Pp2old, =1, (3.51)

where L s the identity operator.
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Proof. Let (1) be vector-valued modular of type py. We have:

Prz 0 Un2[Y)(T) =Pp2 Z Apz (v, )0, (T)e,

veA(n?)
1
~dimL Z Z Yy (7) | ex
A€A | veA(n)
ny=X\

A€A | ~v€A(n)
ny=X\

The sum in bracket was evaluated in (3.41), and is equal to n¥™~, Thus we

get
P2 o Un2[Y](7) = ) s (7)en. (3.53)

AEA
O

3.2.5 New Hecke operator H,,

We can now compose our Hecke operator 7,2 with the projection
operator P,z to get a new Hecke operator H,2 which maps functions of type

pr to functions of the same type.

Definition 3.2.12. We define the Hecke operator:

'Hn2 = 'Pn2 o [p2: MU@L — MW;’L. (3.54)

We can give an explicit formula for the components of H,2[¢](7).

Lemma 3.2.13. Let 1(7) = Y4 ¥a(T) ex be vector-valued modular of type
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pr and weight (v,0). Then H,2[Y](T) is also vector-valued of type pr, and

can be written as:

Hpz[V](1) = R

XZ Z Z lv+v+ dlmL

—~

-1

k

AeA | heA(n?) k1>0 5=0
ny=>\ kl n?
(3.55)
Proof. This follows directly from Definitions 3.2.1 and 3.2.9. O]

3.2.6 Algebraic relations satisfied by the Hecke operators
H,2

In the previous section, we proved Theorem 3.2.7 for the Hecke

operators T,.. We now study the analogous result for the operators H,,2
We first need the following lemmas.

Lemma 3.2.14. For any positive integers m and n,

e} Tmz = Tmz O un2- (356)

Proof. This follows directly by applying the analogous statement for U,
and T,z on the scalar-valued function (¢, ©p) (7, ¢, 5) and then using the

definition of our operators 7,2 and U,,. O

Lemma 3.2.15. For any positive integers m and n,

PoooPo=P o (3.57)
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Proof. Let (1) = 3 capme2n2) ¥v(T)es be vector-valued modular of type
PL(m2n2)- Then

'Pm2 O PnQ [1/}](7’) _nTlmLsz Z Z Amznz (")/, )Qﬂ,y( )

ac€A(m?2) ye A(m?n?)
ny= a

dlmL Z Z Z Amz ﬁ’ m2n2 (7771)1/}"/(7—)6)\

AEA BeA(m?) yeA(m?n?)
mpB=\ ny= B

(3.58)

The two delta conditions imply that v € A(mn). We can then rewrite the

sums as
Pm2 © PTLQ WJ](T dlmL Z Z Z 7707
AEA BeA(m) yEA(mn)
mB=A  ny=PB
dlmL Z Z w'y
AEA yeA(mn)
mny=A>A
=Fm2n2 WJ](T) (359)
O]
However, the projection and Hecke operators only commute when
ged(m,n) = 1:

Lemma 3.2.16. For m and n such that ged(m,n) =1,

0 Tz = Tz 0 Pya. (3.60)

Proof. We start with the left-hand-side. Let ¢)(7) be vector-valued modular
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of weight (v,v) and type pr(n2). We have:

Prz 0 T2 [](1) = m2@o=D

k
Pn2 Z Z [w+D ZAm2”2 'u’ < kaQnQ ( )) wl/i ( T S) €u

nEA(mM?n?) \ k, l>0

kl=m?
(3.61)
(w+w—1) 1 -1
m S
~ pdimL Z Jw+ € <_Eq7n2 O‘))
AeA(m?2) \ k, >02 s=0
kl=m

kTt +s
X Z Am2n2 (77 n)Am2n2 (’77 )wlv < ) EX-

yEA(mM?n?)
ny=X\
(3.62)
On the right-hand-side, we get:
1
Tmz2 © Pr2[Y](7) :WTW Z Z Apz2(p,n)Y(7) | ex
)\EA uEA(n2)
nu=A
m2(w+d—1) 1 &t s
— T dimL Z Z joto 24 € (_Equ ()‘)>
A€A(m?2) \ k>0 5=0
kl=m?
k
< S M) k;)Anz(,u,n)l/zu( Tl+8> er.  (3.63)
peA(n?)
nu=IlA
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To prove equality between the two sides we need to show that

Z AanQ (77 TL) AanQ (77 k)@% (@)

~EA(m?n?)
ny=A>\

= 3 AN R)A (), (leH) (3.64)

uEA(n?)
nu=IlA

for all k,1 > 0 such that kl =m? s € {0,...,l— 1}, and A € A(m?).

On the right-hand-side, the two delta functions impose that u €
A(n) and A € A(l), so we can write the right-hand-side as

> (?) (3.65)

HEA(n)
nu=IA

when A € A(l) and zero otherwise.

On the left-hand-side, the first delta function imposes that ~+ €
A(m?*n), while the second imposes that v € A(In?). Together those impose
that v € A(s), where s = ged(m?n, In?). Assuming that ged(m,n) = 1, we
have s = In, hence v € A(In). Since ny = A, this imposes that A € A(l) C
A(m?). So the left-hand-side can be written as

> (@) , (3.66)

~yeA(In)
ny=X\

when A € A(l) and zero otherwise. We note that knowing nvy and Iy
completely fixes v € A(In) by the Euclidean algorithm. Thus if we define
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i = l7y, we can rewrite the sum as

> (M;r S) , (3.67)

neA(n)
nu=IA

and (3.64) is satisfied. O

We then prove the following algebraic relations.
Theorem 3.2.17. For m and n such that gcd(m,n) = 1,

Hoo0Hy2 = Hypoe, (3.68)

while for | > 2 and p prime,

Hpm = Ppmfz o Hp2 o 7‘[]32172 Oup2172 —pw+w_1'Hp2172 —p2<w+w_1)7‘[p2174. (369)
Proof. To prove the first statement, we start with
Tz © T2 = Trp2n2, (3.70)

and apply the projection operator P,,2,2 = P2 0 P,z (using Lemma 3.2.15)
on both sides of the equation. The right-hand-side becomes H,,,,2,,2, while the
left-hand-side becomes H,,2 o H,2 after using Lemma 3.2.16.

For the second statement, we start with
T = Tp o Tym—1 — p“ T U2 0 Tym-2, (3.71)

for m > 2 and p prime. Consider the three cases m = 2, m = 2l — 1 and
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m =2l —2, with [ > 2:

7;,21 :7;, o 7;2171 — pwHD*lUpQ o 7;,2172, (3.72)
7;2171 :7; o 7;2172 — pw+w_1up2 o 7;2173, (3.73)
7;2172 =T,0 7;2173 — pw+u_)_1up2 o 7;2174. (3.74)

Inserting the second equation into the first, and using Lemma 3.2.14, we get
7;21 = 7; o 7; o 7;2172 — pw+u_}_lup2 o 7;, o 7;2173 — pw+u_}_1up2 o 7;2172. (375)
Then inserting the third equation, using Lemma 3.2.14 again, we get

7;21 = 7;07;07;2172 —pw+u_j_lup2 07;2172 —p2(w+u_}_1)up2 ol 07;2174 —pw+w_1up2 07;2172 .
(3.76)
But

TpoTp=Tpe + 0" " Uy, (3.77)

hence we get
7;)21 = 7;,2 o 7;2172 — pw+m_lup2 o 7;2172 — p2<w+w_1)up2 ol 0 7;2174. (3.78)

We now apply the projection operator P,z on both sides of the equation. The
left-hand-side becomes H,2, and the last two terms on the right-hand-side
become

_ pw+w71pr2l_2 _ p2(w+w71)7{p21_4, (3.79)

using Lemma 3.2.11. For the first term on the right-hand-side, we get:

Ppm ¢] 7;)2 o} 7;21—2 :szl—z e} HPQ e} (Ppm—z e} Z/{pzz—z) o 7;21—2

:szl—z o HPQ o %pm—z o L{pzz—z, (380)

where we used Lemmas 3.2.11 and 3.2.14. O
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3.3 Hecke operators of Bruinier-Stein

Let L be an even non-degenerate lattice of level N as before. Bruinier-

Stein in [St] and [BS] define Hecke operators 7,

y2 on holomorphic vector-

valued modular forms of type pr where p is an odd prime and [ > 1 and
give formulas for the action of these operators on the basis elements {e, }, for
A € A. In |BS], Hecke operators T,, on modular forms of type p; are defined
for ged(n, N) =1 and n = m? mod n by extending the Weil representation
of SLy(Z) and Mp,(Z) to subgroups of GL3 (Q) for even and odd signature
respectively, where GL3 (Q) denotes matrices in Q with positive determinant.
They use this definition to give an explicit formula for the action of T)2 on
the Fourier coefficients of a modular form of type pr. The case of Hecke
operators for powers of all odd primes T2 is dealt separately in [St]. These
operators are defined as a sum over left coset representatives of the double
coset MpQ(Z)(pgl ?)MpQ(Z). An explicit action on C[A] is computed through
an application of Shintani’s formula for the Weil representation of [Shin].
Below, we review the definition of operators 7,2 of [BS]| for the odd and even
signature cases respectively, and the more general case of [St]. In this section
we adopt the notation I'y = SLy(Z) and I'; = Mp,(Z). We remark here that
Bruinier-Stein only consider holomorphic vector-valued modular forms and
hence only consider weights of the form (v,v) = (k,0). A good reference for

a detailed study of this construction and related issues can be found in [W].

3.3.1 Hecke operators T, for (gcd(n,N)) =1

In this subsection, we review the formulation of Hecke operators in
|BS] by an action of a Hecke algebra that is an extension of I'; used in classical
modular forms. This Hecke algebra depends on the parity of the signature,

and we will outline the two cases separately. This is a more abstract definition
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for the Hecke operators, and an alternate and more general formulation will
be given in Section 3.3.2 and for comparison with our results. While defining

the operator T,, we assume that ged(n, N) = 1 and furthermore,

n=7r? mod N, if sgn(L) is even

n=m? if sgn(L) is odd. (3.81)

The Hecke operator T, is defined in [St] in terms of the Hecke algebra given
by the pair of groups (Q(N),I") for even signature and (Qs(N),I") for odd

signature where I' are the following subgroups,

_ Fli{l} C Q(N), ifsgn(L) is even (3.82)
L(T';) € Qy(N), if sgn(L) is odd.

We will now define the group Q(N), Qy(NV) and L(f‘vl) and the unitary Weil

representations of these groups for the even and odd signatures respectively.

Even signature

In Section 2.2 it was mentioned that the Weil representation factors
through the group S(NV) := SLy(Z) =T'1/I'(N), where I'(IV) is the principal
congruence group of level N. Let s be a section s : S(N) — I'y so that
Ty o s = idg(y) where my is the entry-wise reduction modulo N, then one

can define the Weil representation on S(NV),

pr(A)ex = pr(s(A))ex, A e S(N). (3.83)
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Let Q(N) be the group,

Q(N) ={(M,r) € GLy(Z/NZ) x (Z/NZ)* : det(M) =r* (mod N)},
(3.84)
with the the point-wise group multiplication. Note that we have an embedding
of S(N) into Q(N), M — (M,1),M € S(N). We also have a converse
correspondence through the map (M,r) — (M(} 2)_1,7”) that defines an
isomorphism Q(N) = S(N) x (Z/NZ)*. To extend the Weil representation
to Q(N), we make the following definition for (Z/NZ)*,

9:1(L) e
97"<L) v

pr((§7),71) ex = (3.85)

where

g:(L) = e(rg(), (3.86)

AeA
is a character of (Z/NZ)*. We now define the Weil representation of Q(N)
by the composition of the actions for Q(N) and (Z/NZ)*,

pr(M,r)ex = pr (M(5°) 7 1) 0 pi ((50),7) en. (3.87)

We are now ready to define Q(NN) appearing in equation ((3.82)). In order

to get a factorization via QQ(N) we make the following definitions,

G(N)={M € GL; (Q),3In € Z with ged(n, N) = 1 such that nM € My(Z)
(3.88)

and ged(det(nM),n) =1}

Q(N) = {(M,r) € G(N) x (Z/NZ)" : det(M) =+ (mod N)}. (3.89)

Note that we have an embedding of the modular group v € SLy(Z) :=T'y —
(7,1) € Q(N). Now we extend the Weil representation to Q(/N) by noting
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that the entry-wise reduction 7y maps the group Q(N) to Q(NV),
pr: QIN) = GL(C[A]), (M,r) = pr(an(M),r), (3.90)

where py, is the Weil representation on Q(N) as defined in equation (3.87).
Finally, we have the following action of Q(N) on a vector-valued modular
form f(7) =3 ,c4 fa(7) ex of weight k by an extension of the Petersson slash

operator,

Fli(M,r) =" (AlM)pp (M, 1) e, (3.91)
A€EA

where fy[xM is the usual Petersson slash operation on the scalar-valued

components f(7) as defined in (2.2).

Odd signature

In the case of odd signature, we have half integer-weights and (3.90)

defines only a projective representation of the group Q(V),
pr = QN) — GL(C[A])/{£1}, g+ pr(g)- (3.92)

To get an honest representation, we need to make a two-fold central extension
of Q(N). We get two 2-cocycles, one from the choice of a section s :
GL(C[A])/{£1} and another one determined by the sign of the square root
of the automorphy factor. These two cocycles are not cohomologous on the
whole group Q(N), however they are identical on I'y. We define a twofold
central group extension of Q(N) by Zs,

Qo(N) = {(M,p(M,7),7,t): M € G(N),r € (Z/NZ)*,det(M) =r* mod N,t € {£1}.
(3.93)
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There is a natural embedding of ﬁ with the sign of the automorphy factor

being defined by the cocycle t,
L:Ti— Qu(N), (n&j(ym) = (1. £i(,7). LED,  (3.94)

where j(((¢%),7)) = Vet + dis the automorphy factor. For (M, ¢(M,1),r,t) €
Qy(N) the Weil representation of Qy(N) can be defined as,

pL(M>¢(M7 T)>T7 t) = tpL(M> T)» (395)

as an extension of the Weil representation pr(M,r) given in equation (3.90).
This is a natural extension of the Weil representation of I'; through the
embedding L,

p(L(7,0(7,7))) = pr(7, 6(7,1))- (3.96)
Finally, the action of Q3(NN) on a modular form f(7) = > ., fa(7) ey of
weight £ is given by,

f|k7L(M7 ¢7 T, t) = Z (f)\|k(M7 ¢)) p_l(Mv r, t) €x, (397)

A€A

with the Petersson slash operator on the scalar-valued components f, for
(M, o) € &Q(R) is given by

k
2

Flk(M, ¢) = det(M)2 (M, 1) fr(MT). (3.98)

Definition of Hecke operators

We now define the Hecke operator T,, for ged(n, N) = 1 and satisfying
the conditions in equation (3.81). We denote by I' the following subgroups
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as in equation (3.82)

r_ Fli{l} C Q(N), ifsgn(L) is even (3.99)
L(T'1) € Qy(N), if sgn(L) is odd.

and let n satisfying the conditions of (3.81), we define double cosets

M(n) = rqe9),rr, if sgn(L) is even (3.100)
r((z9),1,m,1)r, if sgn(L) is odd.

The Hecke operator is then defined as a sum over left coset representatives
of this double coset M(n), that is

k ~
flecTu=n2"t 3" flesM, (3.101)
MeT\M(n)

where the slash operator is given by equation (3.91) or equation (3.97) in the

case of even or odd signature respectively.

3.3.2 Generalized Hecke operators

The case of T, for ged(n, N) > 1 needs to be dealt separately
because the reduction modulo N of a matrix M € My(Z) doesn’t belong
to GLo(Z/NZ). Hence the factorization of the Weil representation through
SLy(Z/NZ) or its double cover cannot be used. The action via the Weil

representation is denoted by,

exltM = p;H(M)ey. (3.102)
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Like the ged(n, N) = 1 case, we make the following definition

el ((7%'9)) = enn. (3.103)

Let « = (7 9) and § = yay' € Tjali. An action of the double coset is

defined by an extension of this action,

eA‘Ldze)\‘L’Y’LOC‘L’}/- (3104)

Finally, the Hecke operator 7},2 can be defined in the following manner,

Definition 3.3.1. Let n € Z-y and a = ((762 (1)), 1) € évL;(Q) be the left

coset decomposition given by,

For a vector-valued modular form f(7) of weight k£ and type pr, the Hecke
operator T,z on f(7) is defined by

T [f1(7) = 0" 72> 0> " (falkdi) (eal ), (3.105)

i A€A

where f)|r0; is the Petersson slash operator as defined in (3.98).

Consider the following left coset decomposition of fvlozFNl,

2011

Tl =Tweu ) J TBsU | Tin (3.106)

s=1 he(Z/p°Z)* beZ/p?Z

where

Boa = <<p2;a pba> aﬁ) = ((é pl;) ,pl) : (3.107)



Shintani’s formula [Shin, Proposition 1.6] and some Gauss sum computations
were used in [St] to get explicit formulas for the extension of Weil representation
for these left coset representatives. First, we get the following result for the

a and 7, cosets:

Proposition 3.3.2 (Proposition 5.1 of [St]). Let p be an odd prime, a,l
positive integers with a < 2l and b € (Z/p*Z)*. Then

pr()en =€y, (3.108)
P (wles =Y e(=bg(v))e,. (3.109)
veA
plu=X

We also need the extension of the Weil representation for the 3,
cosets. Theorem 5.2 of [St| presents explicit formulae for the cases | > a
and [ < a separately. However, we claim that there is a mistake in the
calculation leading to the formula for the case [ < a presented in Theorem
5.2 of [St]. As such, we provide here new formulae for the extension of the
Weil representation studied in |BS, St|.

Proposition 3.3.3. Let p be an odd prime, a,l positive integers with a < 21
and b € (Z/p*Z)*. Then

( ) .
p_EdImL Z e (—bqpa (5)) eplfu.A Zfl 2 a’7
66%(19;)
1 pro=
pr (Boa)er = o gi
L psdmL Z Z e (=bp"qu(0)) e, ifl<a.
HEA  ScA(ph)
p* =2 po=p

(3.110)

Proof. Our starting point is the beginning of the proof of Theorem 5.2 in
|St]. Note that h and s in [St] are denoted by b and a respectively in this
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thesis. Stein notes that 3, , has the following decomposition,

Bra= ((7 %), VIt + %) <(_p2117a(1)),\/—p21_“t7'+1) (3.111)

where rp® — bt =1 and a = ((p;l (1)), 1) as before. The action of 3, on the

group algebra as defined by (3.104) is given by,

exlg,. = el ((7p0), VI +p°) Lalp ((_p%lfa 0, V/—pi-atr + 1) (3.112)

An application of Shintani’s formula [Shin, Prop 1.6] and a reciprocity

relation is used to obtain the following formula:

Zl(ﬁb a)er =

N \/7 S e (bralN) — 2 ta(v) — (v,p) = b N) + 71 v)) ¢,

v,p,uEA
XY e(tque(8) = (0, Npe + (11, 0)pe) . (3.113)

dEA(p®)

Since

VA o
VAL same (3.114)

|A(p*)]

we can rewrite this equation as

p_l(ﬁb a)e)\ —
- yi4|l;n > e(brg(\) = p* " tq(v) = (v, p) = b(i, ) + P (1, v)) €,

v,p,uEA

XY e (tge(8) = (0, Npe + (1, 0)pe) . (3.115)

dEA(p®)
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Note that the integers r, p*, b and t are related by
rp® — bt = 1. (3.116)

In particular, b and p® are coprime.

We first consider the case [ > a. Let us do a shift § — § — p!~v.
Since p'~%v € A C A(p?), the shift does not change the sum over § since it is
just relabeling. We get:

—2dim L
_ b 2
L (Bra)er = W Z € (brq(k) — (v, p) = b(p, ) + 7' (v, A)) €p
v,p,uEA
X Z e (tgu () — (p*6,tp" v +rA —p)). (3.117)
0€A(p®)

Let us do a further shift p — g+ r\ + tp!~%v, which also does not change

the sum:
—%&mL

;(ﬁb,a)eA:p‘A—P ST e (=bra(\) = () = bl A) + P V) ey

v,p,WEA

X Z e (tgy (8) + (p6, 1)) . (3.118)

d€A(p

The sum over v € A is non-zero and equal to |A| if and only if p = p=2\
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mod L. Thus we get:

—5dim L

1 P
PrL (ﬁb,a)e)\ - |A’

X Z —brq(X) —b(p, X)) epi-ay Z e (tgpe(0) + (p*o, 1)) . (3.119)

HEA dEA(p®)

The sum over p is then non-zero and equal to |A| if and only if bA = p®J mod
L. Thus we get:

2 (Bra)er =p 2 e (<brg(N)) epay Y e (tgye (S (3.120)

S€A(p™)
p3=bA

Now let S be the set of 6 € A(p®) such that p®d = bA for some fixed
A € A, and S’ be the set of &' € A(p”) such that p*é = A\. We claim that
there is a bijection f :S" — S given by f:§ — § = bd'.

First, let us show that it is injective. Any two 41, 0}, € S” must differ
by an element of }%L/L C A(p), that is, §] = 0} + p for some p € #L/L.
But then, b0] = bd, + b, and b = 0 mod L if and only if ¢ = 0 mod L,
since b and p” are coprime. Therefore bd] = bd} if and only if ] = ¢, mod L.

Second, we show that f is surjective. We need to show that any
0 € S can be written as § = bd’ for some ¢’ € S’. Pick a ¢’ € §’. § can be
written as § = b’ + u for some p € A(p®). But then

bA = p®d = bp®d’ + p*u = bA + pp. (3.121)

and hence p®u = 0 mod L, that is, u € #L/L C A(p*). Now, since b is
coprime with p®, we can always write pu = bv for some v € Z%L/L. Thus we
get

§ =08+ bv =" +v) =bd", (3.122)
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where §" = 0 + v € A(p*), and p*d” = p*y + p*v = p*d = A. Thus we
conclude that § = hd”, with 6" € S'.

As a result, the bijection f : S” — S allows us to substitute 6 = b’
in (3.120) and replace the sum over 6 € A(p”) such that p*0 = bA by a sum
over 0’ € A(p®) such that p*é’ = . We get:

L (Bra)er =p 2 e (—brq(N)) epay > e (thqe(0)) . (3.123)

8 eA(p®)
pa(S/:A

Now using bt = rp® — 1,

L (Boa)er = p 2 e (<org(N) eyan D e(—bape (&) € (bra(p*d"))

§'€A(p®)
pré'=\
(3.124)
=p 2L N e (—bgpe(8)) epan. (3.125)
6'€A(p®)
pry' =X
Let us start again with
—%¢dim L
-1 b2
pr (Bra)er = W
x Y e (bra(\) = p" " ta(v) = (v, p) = blp, A) + 0! (1,v)) €,
v,p,uEA

XY e(tgye(5) = (0, Npe + (1, 0)pe) . (3.126)

d€A(p®)
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Let us rewrite the sum over v € A as a sum over v € A(p*), with p*y = v.
This map is not one-to-one; its kernel is given by I%L/ L C A(p®). Thus we

need to divide by %L/L‘ = prdiml We get:

. p—?’?‘l dim L
pr (Bra)er = W
x Y e (brg(N) = pM g (7) — (07, p) = b, A) + P (11, 9"7)) €,

pHEA yEA(P®)

XY e(tge(8) — (p"6,rA — ). (3.127)

deA(p)

We then do a shift § — § — ply. Since ply € A(p*~!) C A(p®), the shift does
not change the sum. We get

—32 dim I,
-1 b 2
L (ﬁb,a)ex = W
x> > e(bra(\) = (v, p) = b, N) + 1 (07, ) €,
PEA YEA(P?)
x D e (g (0) = (0*0.rA — )~ 19'(0.7)) . (3.128)
SEA(P®)

We now do a shift p+— p+rX to get

—32dim L
— p 2
Ll(ﬁb,a)e)\ = W
<D Z (=bra(A) = (v, p)pe = b1t A) + 19 (7, Ao ) €
P HEA yEA(p
x> e (tge(6) + (%0, 1) — tp'(6,7)pe) - (3.129)
Se€A(p®)

The sum over p € A is non-zero and equal to |A| if and only if p®0 = bA mod
L. Moreover, as we have seen in the calculation for the [ > a case, we can
substitute 0 = bd’ and replace the sum over § € A(p®) such that p*d = b\ by

74



a sum over ¢’ € A(p®) such that p®0’ = A. Thus we can write

—3edqim[
_l) 2
Zl(ﬁb,a>€k -

T Z Z e (_bTQ()‘) - (77 p)p“ + Tplm/’ A)Pa) €p

pEA yEA(p?)

X Z (102 (8) — Dtp (8, 7)pe) - (3.130)
§'eA(p
(15/
Using bt = rp® — 1,
) -3¢ dim L
pr (Bra)er = ———
t IAI
> Z hder S e (b (d) + (8, 7)) . (3131)
pEA ~veA(p '€ A(p*)
pé’ =)

The sum over v € A(p?) is non-zero and equal to | A(p®)| if and only if p = p'd’
mod L. In particular, since p € A, this implies that the sum can be non-zero
only for &' € A(p') C A(p®). Thus we get:

—3aqimL a
- P2 A(p Z .
le(ﬁb@)e)\ = ’A|‘ ( )| e <_bp lqpl(él)) 6p15/
§'eA(ph)
aé/_

pAmENT N e (<bpt (') ey (3.132)

MGA 6'€A p)
pa l 15/

]

In the next section we will compare the Hecke operators of Bruinier-
Stein with the Hecke operators constructed in section 3.2. The formula for
the case [ > a that we obtain is equivalent to the one presented in Theorem
5.2 of [St], but our formula for the case | < a is not. However, we get a

precise match after incorporating the fix of Proposition 3.3.3.
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3.4 Comparison of new Hecke operators to Bruinier-

Stein

Let us now compare the Bruinier-Stein construction with our Hecke
operators H,. Since the Bruinier-Stein operators are defined for holomorphic
vector-valued modular forms, we also restrict our construction to holomorphic
vector-valued modular forms. In particular, we only consider weights of the
form (v,v) = (k,0). Recall that the Hecke operators T,z of Bruinier-Stein

are given by,

TEOWI(r) = p" 037N 65, (1) un(@im)pr (6:)en, (3.133)
i AeA
where the first sum is over the left coset representatives J; in (3.106) and we

use the subscript BS to distinguish them from the Hecke operators of [BCJ].

Substituting the formulae in Propositions (3.3.2) and (3.3.3) in
(3.105) and simplifying, we can write

20—-1

TOIW)(r) =CPN ) +> Y ) Z(ﬂBS) ), (3.134)

a=1 be(Z/p*Z)*
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with

CPI(r) =p DN " (0™ 7)epn, (3.135)
A€A
(zz a)k— 2l—9d1mLZ Z T +b )
(=bpe(8)) hr | ———— ) €pi—ax if { > a,
A€A S€A(p p
s () = A TR
b.a I—a)k—21—2 dim L prT + )
P 2 Z Z Gyt (0)) Vpat, (p—a) e, ifl<a,
pEA SeA(pY)
\ pté=p
(3.136)
+b
P~ e(—bg(N)y (T ) ¢ (3.137)
A A .
NeA p*

3.4.1 Comparison

Let us now compare the Bruinier-Stein construction with our Hecke
operators H,z

From Lemma 3.2.13, we can write:

Hp)(r) = p?E 053" [ % Z eTam)

AEA WEA( 21y a= Op

ply=A
pe—1 2l—a
. b P> T+ b
X > A (v, ) A (v, 9" e (—mqul (7)) Upay <— )> €x:
b=0 b P
(3.138)

We will consider a slightly different definition of the Hecke transform in this
section. We use a double coset definition as in Bruinier and Stein, such that

sum over left coset representatives is restricted to the sum over b to those
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that are in (Z/p°Z)*.

To compare with the Hecke operator of Bruinier and Stein, we

define:
20-1 p2—1
Hpon [4](7) ) + Z Z Cﬁb A7)+ Z Cy, (1),
a=1 be(Z/paZ)* b=0
with

Ca('r) = pzl(k_l) Z Z A]ﬂl (77pl)Ap21 (%pzl)wv (pZZT) EXs

A€A yeA(p?)
ply=A

(3.139)

(3.140)

C%(T) :p_Ql_ldimL Z Z Apm (77pl) p2l (77 ) ( bqul ( )) ¢p217 (7— il b) ex,

A€A yeA(p?)

p?

ply=A
(3.141)
and
Clg, (1) = pB 25 dmEN "Gy (A T)en, (3.142)
A€A
where
C/Bb,a<)\7 7-) =
DY Ay A" e (—qum (v)) Upey (—> :
AEA yeA(P*)
ply=A
(3.143)

We need to compare these three expressions with the corresponding

expressions obtained by Bruinier and Stein in equations (3.135), (3.136) and

(3.137).
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The « coset

We have:

Ca(T) = pQZ(k_l) Z Z ApQZ(val)Ap2l (%pm)% (leT) Ex- (3'144)
A€A yeA(p?)
ply=A

The Ajz(v,p*) implies that v € A, in which case the condition Az (v, p')

becomes trivial. So we can rewrite this expression as

Ca(7) =P " by (07'7) epin, (3.145)

A€EA

which is precisely CC(YBS)(T) in (3.135).

The , cosets

Let us move on to the =, cosets. We have:

C’yb (7_> — p72l7ldimL
T+b
X Z Z Ap2l (f}/,pl)Apzz (’}/, ].)e (—bqp2l (’Y)) Qﬂpm,y (7) €N (3146)

AEA Y ARp™)
ply=A
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The A,a(7,1) condition is trivial, while the A (v, p") condition imposes
that v € A(p') C A(p?). So we can write

91—l dim T+b
C.,(r) =p 214 LZ Z (—bg ( ply )Qﬂpzl,y( el )«epz7

AEAyEA(D!)
ply=X

:p—Ql—ldimLZe(_bq (\) s (T—IQ—lb) . Z )

AeA
T+0b
=p —21 Z ¢pZA ( p ) €, (3147)

where we evaluated the summation as in (3.41). This is precisely C{7%(7)
n (3.137).

The 3, cosets

The remaining cases correspond to the 3, cosets. We have:

C,Bb,a (7_> — p(QZfa)kaIf% dim L)

! 2N—a b pA=ar + b
XZ Z Apﬂ(%p)Apzl(’y,p e —qupgl (7) Ppar p—a e.
)‘GA’YGA(pQZ)
ply=A

(3.148)
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The A (7, p') condition imposes that v € A(p) C A(p*). We rewrite

Cﬁb,a (7_) _ p(Ql—a)k—Ql—% dim L

By b pir 4+ b
XD Y Bl e (—qum (7)) Upary (—> Ex

AEAyeA(p) b
ply=A
—a)k—2l—2 dim —a b p2l—a7_ +b
= p(Ql k=21 g dim L Z Apm (")@pm )e (—mqpm (’Y)) wp“’y <—a epl’y'
l p p
YeA(P')
(3.149)
[>a
Let us consider first the case when [ > a. The Az (7, p?~*) condition

then imposes that v € A(p?). Since I > a, A(p®) C A(p'), hence we can write

2l—a
a) o dim Pt 4+ b
Oﬁb,a( 7) _p(zz Jh=2i=g dimL E (=bgpe (7)) Vpay ( ) Eply

a
~yEA(p p

(20—a)k—21— & dim L P £ b
=p 2 Z Z e (—=bgy (7)) | ¥a p— Epl—a)-

AeA \ veA(p?)
prY=A

(3.150)
- . (BS) . .
This is precisely Cj"~'(7) with [ > a in (3.136).
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We start with

Cﬁb (7_) _ p(QZ—a)k—QZ—g dim L
a b PP 40
<3 Ml e~z () v (P ) 3150
AEA ve A(ph)
’Yplq/:p)\

The Az (y, p* ) condition imposes that v € A(p®), but since I < a, A(p') C

A(p®), hence this condition is vacuous. Thus we get:

Cﬂb,a (T) _ p(QZfa)kfﬂf% dim L

x> 1D e (= g (1) | Ypein (M) ex. (3.152)

pa
AEA | yeA(pY)
ply=A

This is precisely C’éff)(r) with [ < a in (3.136).
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Chapter 4

Discussion and applications

In this thesis, Hecke operators acting on vector-valued modular
forms of the Weil representation were constructed and some of their algebraic
relations were computed. As discussed in Chapter 1, vector-valued modular
forms offer a deeper insight into the theory of modular forms and Jacobi
forms. They have also found applications in diverse areas such as enumerative
geometry and VOAs. In this chapter we give a brief survey of some applications
of the theory of vector-valued modular forms. We also list some possible

directions for further research.

4.1 Borcherds products

Product formulae are relations between formal power series and
infinite product expansions of functions and offer insights into the algebra and
geometry of automorphic forms. In physics, product formulae for automorphic
forms arise from generating functions of elliptic genera of symmetric product
orbifolds (see [DMVYV]). Borcherds found a set of product formulae for
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modular forms for orthogonal groups O(2,n) through a correspondence with
classical modular forms by using vector-valued modular forms of the Weil
representation as a tool for computation. The product formula for O(2,2)
for example gives the product formula of j-invariant discovered by Koike-
Norton-Zagier as the denominator identity of the Monster Lie algebra and
used by Borcherds ([BOR92]) in his proof of Monstrous moonshine,

j(r) = () = (e = ey T (1= emimmom e ()

m,n=1

where j(q) = 744 + ¢t + > 07 ¢(n)q" is the g-expansion of j(7) and 7
and 7’ are in the upper half plane. The Borcherds lift or the singular theta
correspondence gives a map from the space of (almost holomorphic) vector-
valued modular forms of the Weil representation to automorphic forms for
orthogonal subgroups. This construction is beyond the scope of this thesis
but we urge the interested reader to refer to |Br|, [Bol| and |[Ker| for further
details. We give a brief sketch of the correspondence below where we have
made extensive use of the references mentioned above. Let (L, (.,.)) be an
even lattice of type (n,2) and (., .) its bilinear form. The associated quadratic
form is denoted by ¢(.) = (T) The quadratic and bilinear forms can be
linearly extended to V = L ®z C and the corresponding projective space
V(C). We now define automorphic/modular forms for orthogonal groups in

the spirit of [Br|. We are interested in the complex manifold,
K={[Z] e P(VerC):qZ)=0,(Z,%) > 0}. (4.2)

This space has two connected components related to each other by complex
conjugation. We denote the pre-image of one of these components under
projection by K. This acts as a model of the upper half plane for the
complex manifold IC. We denote the orthogonal group on L by O(L) and the
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component preserving subgroup by
OL) ={oeO(L): a(K*) = K*}. (4.3)

If T is a subgroup of O(L)™, an automorphic form of weight &k with character

Y is a meromorphic function ¢ : K+ — C if,

U(tZ) =t (2) (4.4)
U(o(Z)) = x(0)¥(s) VZeK' teC* oel. (4.5)

Other models exist for the Grassmannian submanifold KX*. For example,
Borcherds in [Bol] shows that the space of maximal positive definite subspaces

of V' denoted by Gr(L) can be given the complex structure of K.

Let F(7) be a weakly holomorphic vector-valued modular form of
type pr and weight 1 — 5 with Fourier expansion
F(T) =3 e/ 2ome—q(y)i2 & (m)g" ey and cy(m) € Z and ¢(0) € 2Z. The
Borcherds or theta lift of the vector-valued modular form F'(7) is obtained by
integrating F'(7) alongside the Siegel theta function © (7, «, 5, v, p) that was
studied in Section 2.4 where 7 € H, o, € L® R,v € K+ and p is a certain
homogenous polynomial. In the current context we set a, 3 = 0,p = 0. The

theta lift is given by an integral over a fundamental domain SLo(Z)/H ,

o0 F) = [ (F(0). 010y (16)

where v € KT and 7 = z + iy. In the above equation (F,©) is the standard
pairing on C[L'/L] as defined in (2.32). The integral above diverges but it
can be "regularized" through a procedure first introduced by Harvey and
Moore in [HM98| and formalized by Borcherds. We denote the regularized
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integral by ®, and let W(F') = exp(®,(., F)). The subgroup stabilizing F'
O(L,F)Yr ={ceO(L)": F" = F}, (4.7)

is a finite index subgroup of O(L)*. We state below the following important
theorem of Borcherds (See [Bol|[Theorem 13.3] for the complete statement).

Theorem 4.1.1. Let L be an even, non-degenerate lattice of type (n,2) and
F(7),U(F) be as above. Then V(F) is an automorphic form of weight ¢y(0)/2
for O(L, F)* with some unitary character of O(L, F)*.

Theorem 13.3 of Borcherds also gives a convergent product expansion
for ®(F') and such product expansions are thus called Borcherds products.
Automorphic forms in several areas of mathematics arise as theta lifts with

convergent product expansions.

Example 4.1.2. The Igusa cusp form ®,¢ of bosonic string theory can be
obtained as a lift of the elliptic genus of K3 surfaces. See |Ka| for further
details.

This theta lift can be used to obtain new examples of generalized
Kac-Moody algebras with denominator functions that are automorphic forms
(See [Sch], [Schl], [Sch2]).

Example 4.1.3. The Borcherds function @15 (See [Bo2|) is an automophic
form for O(II2)% where Is5 is an even unimodular lattice of signature
(26,2). This is the theta lift of the inverse of the discriminant form 1/A and
the singular theta correspondence recovers the denominator identity of the

fake monster Lie algebra.

The techniques of this thesis could be applied in the study of the

singular theta correspondence. One could ask the following question:
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Problem 4.1.4. How does the singular theta correspondence of Theorem
4.1.1 behave under the action of Hecke operators? Are the Hecke operators
of this thesis compatible with the singular theta correspondence? (See [Bo,

Problem 16.5] for further details and related questions.)

4.2 Donaldson-Thomas invariants

Vector-valued modular forms and Jacobi forms are ubiquitous in
quantum field theory, string theory and algebraic geometry. For example,
the elliptic genus of a Calabi-Yau manifold of dimension d is a Jacobi form
with integral coefficients of weight 0 and index d/2. Counting problems in
string theory and gauge theory (such as counting of degeneracies of BPS
states) correspond to counting of topological invariants such as the Euler
characteristic of moduli spaces, and partition functions in string theory and
gauge theory thus gives us a way to write down generating functions of
these topological or enumerative geometric invariants. In addition, these
generating functions satisfy modularity properties thanks to dualities such
as the S and T duality in gauge theory and string theory. Two physical
theories are said to be dual if the correlation functions or observables of the
two theories are mapped to each other by a transformation of a parameter.
The topic of this thesis is inspired from the counting of vertical D4 — D2— D0
states in type I A string theory or generalized Donaldson-Thomas invariants
on a smooth projective Calabi-Yau threefold X satisfying certain technical
conditions (See [B-S, Section 2|). In mathematical terms a supersymmetric
D4 — D2— D0 configuration is a "Gieseker semistable torsion coherent sheaf"
with respect to a certain Kahler class w on X. Such a sheaf has numerical
invariants v = (r,d,n) € Z,>1 x L' x Z where L' is a dual lattice of an
even lattice L with quadratic form ¢(.) that we will describe below. In

|B-S| a formula for the partition function of these generalized Donaldson-
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Thomas invariants {Zpr(X,r,d;7)}scar) Was obtained using the Gromov-
Witten /stable-pair correspondence where A(r) is a rescaled discriminant
form. The construction of [B-S| starts with a vector-valued modular form
¥(7) of type pr, and weight (v,9) = (=1 — 42£ 0) and then the partition
functions (Zpr(X,r,d;7)) are obtained in terms of a Hecke-like transform.
This is precisely the Hecke operator that we constructed in section 3.2. Then
it is proved that {Zpr(X,r,0;7)}scaw) is a vector-valued modular form
of weight (=1 — dim L/2) of the Weil representation pr(y through direct
calculations based on Shintani’s formula of [Shin| for the matrix elements of
the Weil representation. With the construction proposed in this thesis and
the paper [BCJ], such a modularity statement follows directly from Corollary
3.2.3.

We briefly state below the setup and results of [B-S]. The interested

reader is urged to refer to [B—S| and the references within for further details.

4.2.1 Generalized Donaldson-Thomas invariants

We begin by giving a non-technical overview of the definition of the
integral Donaldson-Thomas (DT) invariants and the generalization by Joyce

and Song to rational DT invariants.

Definition 4.2.1. Let X be a Calabi-Yau(CY) 3-fold. A holomorphic vector
bundle 7 : £ — X of rank r is a complex manifold £ with a holomorphic
map 7 : E — X whose fibres are complex vector spaces C". These have
topological invariants given by the Chern character ch.(E) € H"(X,Q)
with chy(F) = r.

However, we are more interested in the larger category of coherent

sheaves as their moduli space is better behaved. We do not give here a formal
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definition of coherent sheaves and Geiseker semistable coherent sheaves as it
is outside the scope of this thesis. However, we will attempt to give a more
intuitive understanding of these terms to paint a rough picture. Roughly
speaking, coherent sheaves can be understood as possibly singular vector

bundles £ — Y on complex submanifolds Y in X.

In particular we are interested in Geiseker (semi)stable coherent
sheaves. A coherent sheaf E is Geiseker semi(stable) if all subsheaves F' C E
satisfy some numerical conditions (See [B—S, Section 2.3|) depending on the
Kahler class [w] € H*(X,R). In the setup of [B-S] X is assumed to be
projective and F to be set theoretically supported on a finite union of K3
fibers. Then, such a sheaf has numerical invariants v = (r,d,n) € Z,>1 X
L' xZ where L' is a dual lattice of an even lattice L C Hy(X,Z). The bilinear
form on L' is given by the restriction of the intersection form on H?*(X,,Z)
for a smooth K3 fibre X, to L (See [B-S, Section 3| for more details). The
lattice L depends on the even integral homology of X. For example we have
the relation Hy(X,Z) = Z & L'. The set of all isomorphism classes of the
Geiseker-semistable sheaves defined above can be encoded in a coarse moduli
scheme denoted by M (vy). In the absense of semistable objects, the DT
invariants were defined by Richard Thomas. In this case there is a Z—valued
constructible function on M, () called the "Behrend function" that counts

the the number of points with multiplicity. In terms of this function we have,

DT, (v) = /M ( )I/dX. (4.8)

Thomas showed that the DT, (v)s are unchanged under deformations of
the complex structure w and thus this label can be omitted. These were
generalized to the case of semistable objects by Joyce and Song in [JS]
through a very technical procedure and are called generalized DT invariants
DT,(v) € Q that are independent of w as well. They also conjectured the

existence of integral invariants () € Z related to rational DT invariants
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via the multicover formula,

DT,(7) = Y 15%0). (4.9

keZ
=k’
The Q(v) := Q,(7) count the BPS degeneracies of the D4 — D2 — D0 bound

states in the string theory picture.

4.2.2 Partition function and modularity

Now we define the relevant partition function and discuss its modularity.
In this section L is the lattice described above with a bilinear form of type
(1,dim L — 1) that comes from the restriction of an intersection form. In
addition we also have the discriminant group A = L’/L and the rescaled
discriminant group A(r) = L(r)'/L defined in Section 2.2. Let () be the
conjectured integral invariants in (4.9). For a fixed r of the triples v = (r, d, n)

the partition function for the integral DT invariants is given by

d
Zpps(X,r,6;7) = Q) Jexmirnte (-0 Z 54 el (4.10)
T

neL

where 0 is a coset representative of g in A(r). We pair these with the complex

conjugate of the Siegel theta functions

QL(T)JF% (7_’ 7—_) _ Z 6727ri7'qr(g+a)_727ri7"qT(%+a)+ (411)
acl

and studied in section 2.4 (See (2.64)). We are more interested in the
partition function for rational invariants defined through the multicover formula.

For r = kr’ and r,r € N we note that we have the following injective
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homomorphism between lattices that acts by multiplication
fr’,k : A(’/’/) — A(’/’), fr’,k(a) = ka. (412)

The rank r partition function for the rational invariants is defined as,

Zpr(X,rm,7) = > Zpr(X,7,6;7)000)45(7, 7) (4.13)
JEA(r)
where
1
Zpr(X,r,6;7) = > 5 Zpps (X, 1,01 kT). (4.14)

kEZk>1
(r,0)=(kr’ . fpr 1, (6"))
Remark 4.2.2. The formulae in [B-S| look slightly different from the formulae
above and in the rest of the section. We have rephrased the formulas in [B-S]
in terms of rescaled lattices through the isomorphism,
q(z)

61 (L)rL,T2) = (A(r)rq()),  ¢:a+rl— % YL (415)

In [B-S| the authors provide an explicit formula for the coefficients
of the rational partition function Zpy(X,r;7,7) in terms of a holomorphic
vector-valued modular form ® for the Weil representation of A and weight
11 —dim L/2. The modular form ® has a geometrical interpretation in terms
of Noether-Lefschetz numbers but we will not discuss that here. This formula
for the "theta expansion coeflicients" (4.14) of the rational partition function

is given by,

Zor(X.7.5:7) = T% 3 zliAr(a, ke (—2a. (9)) (A7@), (k:rl+ 3>

k>0 s=0
kl=r

(4.16)
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where A, (4, k) is a non-vanishing condition defined as in (2.72) and A(7) =

()%
functions enjoy a modularity property and this was proved in [B-S|.

is the discriminant cusp form. As mentioned before these partition

Theorem 4.2.3. [B-S, Section 6] For any r € Z,r > 1

ZT(T) = Z ZDT(Xa T,é;T) €5 (417)
d€A(r)

is a holomorphic vector-valued modular form for pruy and weight (—1 —
dim L/2).

As mentioned before this statement was proved in [B—S| through
rather long and tedious calculations. However, this is now a direct consequence
of the construction of Hecke operators in Section 3.2 and Corollary 3.2.3 of
this thesis.

Physical constraints such as those coming from S-duality often hint
that generating functions of moduli space invariants are related to modular

forms. The results surveyed in this section then prompt the following questions:

Problem 4.2.4. Are there other examples of partition functions of Donaldson-
Thomas invariants or other moduli space invariants that can be obtained as

Hecke transforms of vector-valued modular forms?

4.3 Vertex Operator Algebras

As discussed in the previous sections, the j-invariant appears as a
trace function of the Moonshine module V* which is a vertex operator algebra
(VOA). This is one of the many inter-connections between the subjects

of VOAs and modular forms. VOAs have proved to be a rich source of
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modular forms due to Zhu’s modular invariance theorem and we will now
discuss this here. Modular invariance of partition functions on a torus is
a natural consequence of the partition function being independent of the
choice of period of the torus in the worldsheet interpretation of bosonic string
theory. Similarly, properties of rational conformal field theories (RCFTs)
from physics have inspired various results on modular invariance of characters
of Cy-cofinite rational VOAs of CFT-type such as the theorem of Zhu proved
in [Zhu]. We just give a sketch of the definitions and theorems and the

interested reader should refer to [Zhu| for further details.

4.3.1 Rational VOAs

Definition 4.3.1 (Definition 2.24, [MT|). A vertex operator algebra (VOA)

is a quadruple (V,Y,1,w) where V. = @, _\ V, is a Z-graded linear space

and we have two distinguished elements 1,w € V,1 # 0. The map Y
is called the state-operator correspondence map and gives operator-valued

formal Laurent series,
YV = EndV[z,2z7"],v—=Y(v,2) = Zvnz’”’l. (4.18)

The fields Y (v, z) are mutually local that is for all v, vy € V, there exists a
k € Z>q such that

(21 — 22)F[Y (v1, 21), Y (va, 22)] = 0. (4.19)
The fields are creative so that all non-negative modes kill 1,

v,1=0,n2>0, v_1l = . (4.20)
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In addition the following axioms hold:

1. Let Y(w,2) = > L,27""2 and c a constant called the central charge.

Then )
m® —m
2. The graded components
Vo, ={v € V,|Lov = nv} (4.22)
are finite-dimensional i.e. dimV,, < cc.
3.
Y(L_yu,z) = 0Y (u, z). (4.23)

Remark 4.3.2. In the rest of this chapter, we will restrict attention to CFT’s
that are CFT-type which means that V has Ly-grading V = @, V,, and
Vo =C1.

The representation theory of V' can be described by the so-called

weak modules of a VOA. These are defined as follows:

Definition 4.3.3 (Definition 6.1, [MT]). A weak V-module is a pair (V,Y))

where,

Yy : V= End M[[z, 27 Y], v = Ya(v,2) = Y oMzt (4.24)

n

n

is a linear map satisfying the following conditions for u,v € V:

Yar(1, 2) = Idys (4.25)
(21 — 2)*[Y (1, 2), Y (v,2)] =0 (4.26)
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for some k € Z>¢. In addition we have the associativity axiom which states

that there exists a large enough k&
(20 4+ 22) Yar(u, 21 + 22)Yar (v, 2)w = (21 + 22)"Yar(Yar(u, 21)v, 2)w (4.27)

where w € M.

In this section we are interested in special types of modules called

admissible modules.

Definition 4.3.4. An admissible V-module is a weak V-module M which
carries a N-grading M = @nzo M, such that

veVy = oM M, — Myipn1. (4.28)

We note here that the graded subspaces M,, are not required to be
finite but this condition will need to be composed when we consider characters

in the next section. This allows us to finally define rational and Cs-cofinite
VOAs.

Definition 4.3.5. 1. V issaid to be rational if every admissible V-module
is completely reducible, i.e. a direct sum of irreducible, admissible V-

modules.

2. V is Cy-cofinite if the graded subspace Cy(V') = (u_sv|u,v € v) is of

finite codimension in V.

We remark here on the relation between Cs-cofinite and rational
VOASs. There are lots of examples of Cs-cofinite VOASs that are not rational
VOAs, but it has been conjectured that every rational VOA is Cs-cofinite.
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4.3.2 Characters of VOAs

We now introduce characters of V-modules and discuss their modular
properties. Let M be an admissible V-module such that each of the graded
subspaces are finite-dimensional. If v € V}, be a homogenous state of degree
k then from (4.28),

veEVy = M M, — My p . (4.29)

The zero mode o(v) of the state v is defined to be v}’ and this is a zero
weight operator so that,
o(v) : My, = My, (4.30)

Definition 4.3.6. The character of M denoted by Z(.,q) : V — ¢ 21C[[q, ¢ ']]

is a graded trace and defined as,
Zn(v,q) = Trypo(v)gho31 = g3 Z Traz, 0(v)g™® (4.31)
where c is the central charge.

In particular, the character associated to the vacuum 1 is simply,
Zy(1) = q~¢/* Z dim V,,¢" (4.32)

and is called the graded dimension of V. Strictly speaking characters are
formal Laurent series in ¢. But in most cases we can interpret these as
convergent Fourier expansions for holomorphic functions on the upper half
plane H through the substitution ¢ = ¢*™™ and 7 € H.

All characters as defined in (4.31) can be shown to satisfy the

properties of the one-point function on the torus as described in |[Mil, Definition
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5. Let M be a rational Cy-cofinite VOA with we denote its irreducible
V-modules by {M;}ic;. In this case, it can be shown that the characters

L(0)

a — trys,0(a)g* @21 are a basis of the space of one-point functions. However,

we are most interested in the modularity invariance theorem of the characters
of a VOA. This can be stated as follows.

Theorem 4.3.7 ([Zhu]|). Let V' be a rational Cy-cofinite vertex operator
algebra of C'F'T-type. Then for every homogeneous a € V' with respect to
L[0], the expressions {trys,0(a)q"O~¢/**},c; span a holomorphic vector-valued

modular form of weight deg(a).

An important example of rational Cs-cofinite VOAs are lattice VOAs.
Let L be an even non-degenerate lattice of rank dim L with quadratic form
q(.). Then one can construct a vertex operator algebra V, associated to the
lattice L with |L'/L| number of irreducible V-modules denoted by V7, for
every A € L'/L. The characters of V7, are given by,

> verrr€q(7)) _ 0L (7)
P e

Zy (1) = (4.39)
where 7 is the Dedekind eta function of (2.13). By Zhu’s theorem this is a
vector-valued modular form for some representation of SLy(Z). In particular
if L is self-dual so that L' = L due to modularity of the theta function and
n(7) the character is a modular form of weight dim L but with a multiplier.
This multiplier disappears if dim L is a multiple of 24 due to (2.14) and the
character is a modular function in this case. Similarly it is easy to see that
in the non self-dual case when dim L is a multiple of 24 the character is a
vector-valued modular form of the Weil representation. Mason and Krauel
obtained a similiar result in [KrM| for vector-valued weak Jacobi forms that
arise as graded trace functions of VOAs with a Jacobi variable. These are

closely related to the ellptic genera appearing in Mathieu moonshine.
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4.3.3 Harvey and Wu’s construction

In this section V denotes a simple, rational, Cs-cofinite,
self-contragredient vertex operator algebra of CF'T-type. A simple, rational,
Cs-cofinite, self-contragradient VOA of CFT-type is also called strongly rational
and we will use this terminology for brevity. In [HW]|, Hecke operators on
characters of rational conformal field theory (RCFTs) are discussed. Let V, V’
be strongly rational VOAs. A rational conformal field theory in mathematical
terms is a representation H of V@V satisfying certain additional constraints.
Thus V and V' have a finite number of non-isomorphic irreducible modules
which we denote by {4;};e; and {B;};c; for some finite index sets I and .J
respectively. The "Hilbert space" H of an RCFT has a decomposition,

H = @ NijA; @ B; (4.34)

iel,jedJ

where N;; € Zx,.

As discussed in section 4.3 characters of a rational Cy-cofinite VOA
V' with irreducible modules A; defined by

Xi(7) = q_iTrAiqLo (4.35)

are vector-valued modular forms for some representation p of SLy(Z). In
addition, each of the components x;(7) are weight 0 modular functions for
a congruence subgroup I'(N) with positive integer Fourier coefficients (See
IBG|). In other words, the principal congruence subgroup I'(N) lies in
the kernel of p. Conversely, a vector-valued modular form with individual
components modular functions of I'(V) can be characters of a rational VOA
only if it satisfies the Verlinde formula for the fusion coefficients. (See

[HW, Section 2.1]) . A rich source of vector-valued modular forms that are
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characters of strongly rational VOAs are modular linear differential equations
(MLDEs). Characters of VOAs such as the Yang-Lee model and various
models can be obtained as solutions of MLDEs. Another important notion
is that of Galois symmetry of a VOA. Adjoining matrix elements of the
representation p to Q gives a finite abelian extension K C Q[(x] where (y
is the primitive N-th root of unity. The integer N is called the conductor
and is the same as the order of p(7T") and hence the level of the principal
congruence subgroup I'(N). The Galois symmetry acts on the matrix p by

entry-wise Frobenius automorphisms,
fuiilv = Cy, L€ (Z/NZ) (4.36)
Action of the Galois symmetries on the representation p is given by,

fxa:p(T) = p(T)' (4.37)
fng :p(S) — Gip(9) (4.38)

for a matrix G; defined in [HW, Section 2.2]. In [HW], the authors construct
Hecke operators 7}, for prime p such that ged(p, N) = 1 that map a vector-
valued modular form of type p to a vector-valued modular form of type p®).

The representation p is defined by its action on the generators,

pPN(T) = p(T7) (4.39)
PP (S) = p(0,9) (4.40)

where p is the multiplicative inverse of p in (Z/NZ)* and o, is a choice of an
PO
0p

SLy(Z) to SLo(Z/NZ). The action of Hecke operators T, of Harvey and Wu
on a vector-valued modular form f(7) = {f;(7)} is computed by applying

element in the preimage of ( ) under the reduction mod N map between

the standard Hecke operators for I'(/V) on each of the scalar-valued modular

functions f;(7). The important result is that these Hecke operators Tj extend
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the Galois symmetries fy; to characters of RCFT. In other words,

fra(p(T)) = pPN(T) (4.41)

fN,z(P(S)) = P(p)(S)- (4.42)

Finally, in [HW] the authors apply the Hecke operator thus defined to some
example of RCF'Ts with two and three independent characters. In particular,
for the examples considered they find that some of the Hecke operators
considered transform characters of known RCFTs into characters of other

known RCFTs or vector-valued modular forms that are solutions to MLDEs.

Harvey and Wu’s work on Hecke transforms of RCFT characters
opens up the possibility of using Hecke operators to probe Galois symmetry

or other VOA symmetries.

Problem 4.3.8. Do the Hecke operators of section 3.2 match with the Hecke
operators considered in Harvery and Wu’s paper? Can Hecke operators
provide information about VOAs that are (Galois associates of each other
or more broadly can it be used to connect VOAs related by other types of

morphisms?

4.4 Jacobi forms and mock modular forms

As outlined in Theorem 2.3.3 there is a bijective correspondence
between the space of Jacobi forms and vector-valued modular forms of the
Weil representation. In [EZ] and [DMZ], Eichler and Zagier give "Hecke-like"
operators that act on rank 1 Jacobi forms. In particular they define operators
T that sends Ji, to Ji, and operators Vi, (t > 1) that send Ji,, t0 Ji tm-

One can ask the following question:
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Problem 4.4.1. How do the Hecke operators 7, and H,2 compare with the
operators 1), and Vj,, of Eichler-Zagier under the isomorphism of Theorem
2.3.37

Secondly, as the techniques developed in this thesis also work for
more general automorphic objects such as Harmonic Mass forms, one can ask
if the results of this thesis can be extended to vector-valued mock modular

forms.

Problem 4.4.2. Do the results of this thesis extend to vector-valued mock
modular forms and can they be used to obtain interesting mock modular

form relations and identities?
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