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Abstract

We study lifetime of linear and two-dimensional Wireless Sensor Networks (WSNs)

for the case where wireless sensors are not able to change their transmission power.

In this case, unlike majority of existing works, power control cannot be used to in-

crease network’s lifetime. Instead, other approaches such as adding extra nodes and

careful node placement and routing can be employed to improve network’s lifetime.

For linear WSNs, we consider two scenarios. In the first scenario, every node is re-

quired to periodically send packets to the base station while, in the second scenario,

only a subset of nodes (e.g., a subset that covers the whole network) are required

to do so. For the first scenario, we derive bounds on the maximum lifetime achiev-

able. For the second scenario, we establish a lower bound on the minimum number

of nodes required to achieve any specific lifetime, as in this scenario, lifetime can

be arbitrarily increased by adding enough number of nodes in the network.

Next, we extend our work to two-dimensional WSNs. As before, we do not use

any power control mechanism. Similar to the first application in linear networks,

we assume that all nodes send reports to the base station, periodically. However,

rather than node placement, we focus on routing. Also, we assume that each node

can aggregate all the received packets into a single packet. Our primary objective

here is to improve network’s lifetime. As a secondary objective, we aim at reducing

network’s delay while preserving network’s lifetime.
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Chapter 1

Introduction

A wireless sensor is a typically small and inexpensive hardware deployed in various

applications to measure, for example, temperature, light, humidity, sound, vibra-

tion, pressure, motion, and leakage.

Figure 1.1: Basic components of a wireless sensor node

A Wireless Sensor Network (WSN) is a collection of wireless sensor nodes

placed in an area of interest for a particular application (in WSNs, sensors sense

the environment and send their measurements to one or more base stations directly

or through other nodes). For example, applications of WSNs in military include

monitoring friend and enemy forces, targeting, and nuclear, biological, and chemi-

cal attack detection. Environmental applications include habitat monitoring, animal

tracking, forest-fire detection, and precision farming. In healthcare, WSNs can be
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Figure 1.2: The Mica wireless sensor node used for environmental monitoring ap-

plications [24].

used for monitoring blood sugar levels of persons with diabetes and the patient’s

location and condition, and for improving life quality of the elderly [26]. Fur-

thermore, WSNs have applications in industrial automation such as energy control

systems, security, and wind turbine health monitoring [31].

Figure 1.3: General view of a wireless sensor network

Linear Wireless Sensor Networks (LWSNs) in which nodes are placed along a

straight line, have many applications in the modern industry [34, 16], including:

◦ Oil, gas, and water pipeline monitoring;

◦ Road (e.g., driver-alert), bridge, river, and tunnel monitoring;

◦ Railroad and subway monitoring;

◦ Monitoring of AC Powerlines;
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◦ Border monitoring.
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Figure 1.4: Structural health monitoring of the Golden Gate Bridge for vibration

measurement [18].

Figure 1.5: Using ultrasonic sensors for corrosion monitoring of the Trans-Alaska

oil pipeline.

1.1 Motivation

WSNs have certain constraints that necessitate careful strategies and designing pro-

tocols for managing them. One of the major challenges in deploying WSNs is

related to the network’s lifetime. A wireless sensor device typically has a limited

energy supply, which is normally in the form of a small battery. When sensors

die (e.g., when they run out of battery), the network may become disconnected,
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or stop satisfying the application requirements (such as area coverage). Therefore,

to keep the network alive for as long as possible, it is important to reduce the en-

ergy consumptions of individual sensors. Limited bandwidth, storage capacity, and

processing capabilities are other constraints of sensor nodes.

In this thesis, we study applications in which nodes send their own packets to

a special node called base station using multi-hop routing. Thus, a node not only

sends its own packet, but also has to participate in relaying (reception and sending)

other nodes’ packets. As a result, the traffic of packets in the area near the base

station is more, and nodes located in this area run out of energy faster than nodes far

from the base station. This problem is called energy hole problem in the literature

[20].

To improve lifetime of the network, previous works tried to solve energy hole

problem by deploying various methods such as node placement [5, 13, 10, 12, 3],

careful routing, for example Mixed-routing in [38, 39], sleeping [6, 1, 37], cluster-

ing [11, 22, 4, 19, 33, 29, 17], compression and aggregation [21, 8]. Majority of

existing works use power control to increase network’s lifetime. However, this may

not be an option in all types of wireless sensors as they are typically simple devices.

In this thesis, we study lifetime of linear and two-dimensional WSNs for the case

where wireless sensors are not able to change their transmission power.

In Chapter 2 of this thesis, we study lifetime improvement in LWSNs. We

consider two different scenarios. In the first scenario, all nodes periodically send

packets to the base station, while in the second scenario, only a subset of nodes (e.g.,

a subset that covers the whole network area) does so. We investigate the effect of

node placement on the lifetime when the transmission power of sensors is fixed

and identical. For the first scenario, we derive bounds on the maximum lifetime

achievable. For the second scenario, we establish a lower bound on the minimum

number of nodes required to achieve any specific lifetime.
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In Chapter 3, we extend our study of the lifetime improvement problem to two-

dimensional wireless sensor networks. We consider the case where all nodes are

required to periodically send report packets to the base station, and every node

aggregates the packets it receives from the other nodes into one packet, instead of

relaying the individual packets. For a fixed node placement, we propose a routing

algorithm that prolongs lifetime while trying to reduce the total delay.

Finally, Chapter 4 summarizes our work and concludes the thesis.
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Chapter 2

Linear Wireless Sensor Networks

In this chapter, we study the lifetime of linear wireless sensor networks for two

different scenarios. In the first scenario, every node is required to periodically send

packets to the base station while, in the second scenario, only a subset of nodes (e.g.,

a subset that covers the whole network) are required to do so. First, we explain the

related background in Section 2.1. Then, we review the existing works related to our

problem in Section 2.2. In Section 2.3, we specify our assumptions and define the

problem studied in this chapter. Next, the first and second scenarios are explained

and analyzed in Section 2.4 and 2.5, respectively. We conclude this chapter by

presenting our simulation results in Section 2.6.

2.1 Background

2.1.1 Sources of Energy Consumption

Every wireless sensor node can consume energy for three different functions: trans-

mitting packets, receiving packets, and sensing data from the environment. An en-

ergy model describes how energy is consumed for each of theses functions. The

most widely used energy model in the literature makes the following assumptions:

the energy consumed for sending a bit is α1 + α2d
n, where α1 is the energy per bit

consumed in the transmitter circuit, α2 shows the energy dissipated in the transmit

op-amp circuit, d is the distance between transmitter and receiver, and n is the path
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loss exponent; the energy consumed for receiving or sensing a bit is assumed to be

fixed values α3 and α4, respectively.

Often, it is assumed that 2 ≤ n ≤ 4, although some others consider 6 as the

upper bound for n [19]. A typical value of α1, α3, and α4 is 50× 10−9 J/bit. Also,

α2 is typically set to 100 pJ/bit/m2 when n = 2, or 1000 nJ/bit/m4 when n = 4.

2.1.2 Complexity

In this section, we explain some mathematical notations used in the thesis. Big O

(O), Omega (Ω), and Theta (Θ) notations are mostly used to describe how fast a

function grows asymptotically.

Big O (O) notation is used for upper bounding the growth rate of a function.

Formally, B(t) = O (A(t)) if and only if there exist constant C and t0 such that

|B(t)| ≤ C|A(t)| for all t > t0. For example, if B(t) = 3t2 + 5t+ 2, we will have

B(t) = O (t3) or B(t) = O (t2).

Omega (Ω) notation is used for lower bounding the growth rate of a function.

Formally, B(t) = Ω (A(t)) if and only if there exist constant C and t0 such that

|B(t)| ≥ C|A(t)| for all t > t0. For example, if B(t) =
√
n, we will have B(t) =

Ω (log n).

Theta (Θ) notation is used for tight bounding the growth rate of a function.

Formally, B(t) = Θ (A(t)) if B(t) = O (A(t)) and B(t) = Ω (A(t)). In other

words, B(t) = Θ (A(t)) if and only if there are constant C1, C2, and t0 so that

C1A(t) ≤ B(t) ≤ C2A(t) for all t > t0. As an example, if B(t) = 3t2 + 5t + 2,

we will have B(t) = Θ (t2).

2.2 Related Work

The lifetime improvement problem for linear wireless sensor networks has been

long studied in the literature. Existing strategies for solving this problem are typi-
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cally based on careful node placement, transmission power control, routing, cluster-

ing and compression at intermediate nodes. The majority of the existing solutions

use a combination of the aforementioned strategies. Following, we highlight some

of the existing works on linear networks that use node placement as part of their

strategies, since, in this work, we study the effect of node placement on the lifetime

of this kind of networks.

Node placement plays an important role not only in satisfying the application re-

quirements such as coverage and connectivity, but also in load balancing and energy

consumption of nodes. The aim of node placement could be lifetime maximization

or only minimizing the energy required to deliver a packet to the base station.

In [2], the authors showed that the minimum energy consumption for relaying

packets is achieved when nodes are placed at an equal distance, named characteris-

tics distance, that is equal to n

√

α1+α3

α2(n−1)
, where α1, α2, α3, and n are the parameters

of the energy model, as defined in Section 2.1.1. The transmission power of all

nodes is set to the value required for sending packets to this distance. The same

idea was used in other works [41, 13, 36] to increase lifetime. Using a placement

according to characteristic distance and power control, the authors of [41] proposed

two routing algorithms, MERR (Minimum Energy Relay Routing) and AMERR

(Adaptive Minimum Energy Relay Routing), which achieve a lower bound on the

optimal power consumption of routing in a linear WSN.

It is noteworthy that minimizing the energy consumption to deliver packets can

have positive effect on network’s lifetime but it is not sufficient, as it cannot solve

the energy hole problem. To deal with this, existing works typically use load bal-

ancing, i.e., they try to balance the energy consumption of nodes so all nodes run

out of battery around the same time. In such setting, it is natural to assume that

lifetime nearly ends when a node runs out of battery.

Typical strategies used for load balancing mostly include node placement. The
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authors of [36] proposed two node placement strategies for solving the energy hole

problem. The first strategy uses node placement according to characteristics dis-

tance, followed by putting extra nodes as additional batteries and using data com-

pression. The authors provided simulation results for this strategy when the number

of additional nodes grows linearly as the nodes get closer to the base station. The

second strategy is node placement with variable hop distance such that all nodes

consume the same amount of energy. Both strategies need the ability to control the

transmission power.

All the aforementioned work use transmission power control on top of other

methods such as node placement. In this chapter, we consider a fixed transmission

power for all nodes and aim at maximizing network’s lifetime through adding extra

nodes in the network and careful node placement. The closest existing work to our

settings is [27]. In [27], all nodes periodically generate and send packets to the

base station. This is the same setting we use in the first scenario we study in this

chapter. The authors in [27] used a linearly increasing distribution to place nodes in

the network. Using this distribution, the density of nodes linearly increases as they

become closer to the base station. The analysis of our first scenario generalizes this.

2.3 Problem Statement

In this chapter, we consider two scenarios with different requirements. In both

scenarios, the sensing ranges of the set of alive nodes must cover the whole network.

We define a round as the time during which the base station receives the packet

from all required nodes. We assume that sensors are not capable of adjusting their

transmission power. More specifically, we assume that the transmission power of

all the nodes is identical. We define network’s lifetime as the time during which

application requirements are satisfied.

In the first scenario, the base station has to receive a packet from every alive
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node in each round, while, in the second scenario, the base station only needs to re-

ceive packets from any subset of nodes covering the whole network in every round.

Since we study bounds, we consider an ideal case where nodes sleep during idle

time (that is when they do not transmit or are not reached by any packet), and there

is no packet collision. In practice, however, nodes consume energy for, for example,

retransmitting packets that were collided, and switching to/from sleeping mode. A

node u may be reached by a packet which was transmitted for another node v. In

this case, we say that u overhears the packet. We separate overhearing form re-

ceiving as a node u can consume less energy for overhearing than for receiving

using techniques such as early overhearing avoidance [14, 32, 15], and adaptive

downclocking [40, 23].

In the first scenario, adding extra nodes may not necessarily increase network’s

lifetime as extra nodes also generate packets in every round, increasing the load

of network. However, when the cost of overhearing (i.e., energy consumption of

overhearing) is exponentially smaller than the cost of transmission, in an ideal case,

the network’s lifetime can almost approach the optimum lifetime. Interestingly, we

show that if the cost of overhearing is comparable with that of transmission, we

cannot do much better than going with the trivial approach of putting one node in

each transmission range distance.

In the second scenario, adding extra nodes to the network can always improve

the network’s lifetime as extra nodes can act as extra batteries. For example, con-

sider two nodes next to each other. The second node can sleep until the first node

runs out of battery, at which point the second node can wake up and take the re-

sponsibility of the first one. Clearly, in this scenario, the network’s lifetime can

arbitrarily increase by adding nodes. Therefore, the main question we study for this

scenario is the minimum number of nodes required to achieve a certain lifetime.

We explain the network and energy models used in this chapter in Sections 2.3.1
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and 2.3.2, respectively.

2.3.1 Network Model

We assume that nodes use a fixed and identical transmission power, hence their

transmission range is fixed and identical. Let Rt and Rs denote the transmission

range and sensing range of nodes, respectively. For scenario 1, we assume that

Rs = Ω(Rt), that is Rs is greater than a constant factor of Rt (e.g. Rs ≥ Rt

2
).

Therefore, by dividing the network into intervals of size τ = min{Rt, Rs} = θ(Rt),

and putting at least one node in each interval, we can satisfy both coverage and

connectivity requirements. For simplicity, we assume that l
τ

= m is a natural

number, where l is the length of the network. We define Ii = ((m−i)τ, (m−i+1)τ ],

1 ≤ i ≤ m, to be the half-open intervals splitting the network. We assume that the

base station is located at x-coordinate zero, thus I1 is the farthest interval to the

base station. We divide time into rounds with enough duration such that every

packet generated in a round can be delivered to the base station by the end of that

round. Finally, we assume that each node generates at most one packet/report at the

beginning of each round.

2.3.2 Energy Model

In our problem, since nodes have an identical transmission power, they consume the

same amount of energy to transmit packets. We use A, B, and B′ ≤ B to denote

the energy required to transmit, receive and overhear a packet, respectively.

We assume that B = O (A), that is the energy required for receiving a packet is

at most a constant factor of that needed for transmitting it. Let t = A
B′

. Without loss

of generality, we normalize the parameters such that B′ = 1, A = t. We denote the

normalized initial energy of nodes by Einit, and assume that Einit ≫ mt, where m

is the parameter defined in Section 2.3.1.
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2.4 Scenario 1: Every Node Generates Reports

In this section, we study network’s lifetime for scenarios where, due to the applica-

tion requirement or simplicity of devices, all nodes must periodically send packets

to the base station. This can also be helpful when nodes’ measurements are noisy,

as extra nodes provides redundancy which can be used to obtain a better estimate

of measurements. The analytical results presented in this section are asymptotic.

Later, we use simulation to confirm the results, and estimate the constants hidden

in the asymptotic analysis.

Since the results of this section are asymptotic, we can ignore the cost of re-

ception because i) the energy required for receiving a packet is at most a constant

factor of that needed for transmitting; ii) there are at most one reception per each

transmission. In other words, in the asymptotic results, one can ignore the cost of

reception, and increase the cost of transmission by a constant factor to compensate

for the cost of reception ignored. However, note that we cannot ignore the cost of

overhearing as the number of packets a node overhears can be significantly more

than the number of packets it receives or transmits.

One trivial approach to the problem is to put exactly one node in the middle of

each interval Ii, 1 ≤ i ≤ m, and use a simple routing algorithm in which the node

in interval Ii, 1 ≤ i < m, forwards its packets to the node in interval Ii+1. We

refer to this approach as the basic method. In the basic method, at the beginning

of each round, each node generates one packet and sends it to the node in the next

interval. Therefore, the node in Ii receives i− 1 packets, and transmits i packets, in

every round. In particular, nodes in the intervals close to the base station (i.e., nodes

that are at most a constant number of intervals away from the base station) receive

and transmit θ(m) packets in every round. Note that a node may overhear several

copies of every packet as it can be reached by nodes that are a few intervals away.

12



However, in the basic method, the number of copies of each packet overheard is

O (1) because i) due to the length of intervals, a node can only be reached by nodes

that are at most a constant number of intervals away; ii) a packet moves to the next

interval in each round, thus, it will be out of receiving range of every given node

after a constant number of transmissions.

By the definition of τ , and because Rs = Ω(Rt), we get Rt

τ
= O (1). Therefore,

every node in the interval I = ∪m

i=m−⌊
Rt
τ
⌋
Ii has to receive and transmit θ(m) pack-

ets, in every round. Also, every node in I overhears O (1) copies of every packet.

The network becomes disconnected if all the nodes in I die, since

|I| =
(

⌊Rt

τ
⌋+ 1

)

τ ≥ Rt,

where |I| denotes the length of interval I. Therefore, the lifetime of network using

the basic method is

O
(

Einit

mA+mB′

)

= O
(

Einit

mt

)

.

2.4.1 Beating the Basic Method

An interesting question is whether we can improve the network’s lifetime achieved

by the basic method. Following, we propose a method that, in an ideal case, can

achieve a factor of Ω (min{m, log t}) improvement over the basic method when

t > 1. We further prove that this improvement differs the optimum improvement

by O (log t) factor. In particular, we prove that the maximum improvement possi-

ble over all placements and routing algorithms is O
(

min{m, log2 t}
)

. This implies

that, non-negligible improvements are theoretically possible only when B′ is signif-

icantly smaller than A. Techniques like early overhearing avoidance [14, 32, 15],

and adaptive downclocking [40, 23] can reduce B′ but may have little effect on

increasing the lifetime of network unless they can make A
B′

exponentially large in

terms of the number of intervals. An extreme case is when nodes listen to the chan-

nel only when they have to receive a packet. In this case B′ = 0, and we can
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achieve a factor of θ(m) improvement over the lifetime of the basic method, which

is asymptotically the best we can do in this model.

2.4.2 Proposed Method

Here, we propose a node placement with a simple routing algorithm, and evaluate

the improvement achieved using the proposed method instead of the basic method.

Later, we show that this improvement is close to the maximum improvement possi-

ble.

Let α = min{2, t 1
m}. In our method, we put αi−1 nodes1 in interval Ii, 1 ≤ i ≤

m, and use a simple routing algorithm in which a node in interval Ii, 1 ≤ i < m,

forwards its packet to a node in interval Ii+1, selected uniformly and independently

at random (nodes in interval Im send packets directly to the base station).

Theorem 2.1. The network’s lifetime using the proposed method is Ω
(

Einit·logα
t+αm

)

,

with high probability.

Proof. First we establish an upper bound on the expected energy consumption of

nodes per round. Then, we show that the actual energy consumption of a node

over L rounds is the same order as L times the upper bound on its expected energy

consumption per round. Then we find a number L such that over the first L rounds,

the maximum energy consumption by any node is not more than Einit. We show

that L = Ω
(

Einit·logα
t+αm

)

, which yields the result as the network’s lifetime is at least

L rounds.

Since our results are asymptotic, and Rs = Ω(Rt), without loss of generality,

we assume that τ = Rt, that is the length of intervals Ii, 1 ≤ i ≤ m, is Rt. Let fix

an interval Ii and a node u in Ii. The number of packets that enter Ii in any round is

i−1
∑

j=1

αj−1 =
αi−1 − 1

(α− 1)
,

1In general, αi−1 is not a natural number. We show later how to convert these numbers into

natural numbers without affecting the final result.

14



which is the number of nodes in intervals with index less than i. It is because every

packet generated by those nodes should be relayed by a node in Ii. Since nodes

are selected uniformly at random to relay packets and there are αi−1 nodes in Ii,

the expected number of packets that u relays in any round is αi−1−1
(α−1)αi−1 . In addition

to this, u transmits its own packet in every round and overhears O (1) copies of

every packet generated by nodes in intervals j, 1 ≤ j ≤ i + O (1). Therefore, the

expected energy consumption of u in each round is

O
((

αi−1 − 1

(α− 1)αi−1
+ 1

)

· t+ αi−1+O(1) − 1

(α− 1)

)

, (2.1)

which is

O (t+ αm) (2.2)

if α = 2. Otherwise, if α = t
1
m , (2.1) becomes

O
(

αi−1 − 1

(α− 1)αi−1
· t+ αi−1 − 1

(α− 1)

)

= O
(

αi−1

(α− 1)αi−1
· t+ αm

(α− 1)

)

= O
(

1

(α− 1)
· t+ t

(α− 1)

)

= O
(

t

α− 1

)

= O
(

mt

log t

)

(2.3)

where the last equality is by the fact that (1 + log t
m

)m ≤ e
log t

m
·m = t, hence α =

t
1
m ≥ 1 + log t

m
. By (2.2) and (2.3), we get that the expected energy consumption of

u in every round is

O
(

t+ αm

logα

)

.

Therefore, the expected energy consumption of u over L rounds is O
(

L · t+αm

logα

)

.

Note that nodes are selected uniformly and independently at random. Therefore,

when Einit is large enough, the actual energy consumption of u over L rounds is

still O
(

L · t+αm

logα

)

. Formally speaking, if Einit ≫ log(1
ǫ
) · L · t+αm

logα
, then by a
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Chernoff bound we get that the actual energy consumption of u is O
(

L · t+αm

logα

)

,

with probability at least 1 − ǫ. Consequently, u will have enough energy for L

rounds with high probability if L = θ
(

Einit·logα
t+αm

)

and Einit is large enough.

The following corollary is a direct result of Theorem 2.1.

Corollary 2.2. Suppose t ≤ 2m. Then, replacing the basic method with the pro-

posed method improves the lifetime of network by an order of log t, w.h.p.

Proof. Replacing α with t
1
m in Theorem 2.1, we get that the lifetime of network

is Ω
(

Einit·log t
mt

)

w.h.p., an order of log t better than the network’s lifetime using the

basic method, which is O
(

Einit

mt

)

.

Corollary 2.3. The proposed method is asymptotically optimum when t ≥ 2m.

Proof. When t ≥ 2m, we get that α = 2. Therefore by Theorem 2.1, the network’s

lifetime will be

Ω

(

Einit

t+ 2m

)

= Ω

(

Einit

t

)

.

This is the maximum lifetime of network as lifetime of every node is O
(

Einit

t

)

,

since, in every round, each node has to transmit at least a packet, which requires t

units of energy.

The proposed method puts αi−1 nodes in interval Ii. Since αi−1 is not an integer

in general, we use the following simple algorithm to round it. The main property

of the algorithm stated in Lemma 2.4 is that it does not change i) the order of

the number nodes in an interval and ii) the order of the total number of nodes in

intervals with index at most i, for every 1 ≤ i ≤ m. Therefore, the order of the

expected number of transmissions, relaying and overhearing that each node has to

do remains the same as before.
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Algorithm 1

Input: A (array of real numbers), m (size of array)

Output: B (array of natural numbers)

B[0] = Round A[0]
diff = B[0]− A[0]
for i = 1 to m− 1 do

if diff > 0 then

B[i] = Round down A[i]
else

B[i] = Round up A[i]
end if

diff = diff +(B[i]− A[i])
end for

Return B

Lemma 2.4. In Algorithm 1, let A be an array of positive real numbers of length

m . Then, for every j, 0 ≤ j ≤ m− 1, we have

∣

∣

∣

∣

∣

(

j
∑

i=0

A[i]

)

−
(

j
∑

i=0

B[i]

)∣

∣

∣

∣

∣

≤ 1

2

Proof. Note that the variable diff in Algorithm 1 is equal to

(

j
∑

i=0

A[i]

)

−
(

j
∑

i=0

B[i]

)

by the end of jth iteration of the loop. Therefore, to prove the lemma, it suffices to

show that

|diff | ≤ 1

2
(2.4)

We do this by induction on j. Since diff is initially set to Round(A[0]) − A[0],

Inequality (2.4) holds for j = 0. Suppose (2.4) holds for j = k. If diff > 0 at the

beginning of (k + 1)th iteration, then A[k + 1] is rounded down to get B[k + 1].

Therefore, we have −1
2
≤ B[k+1]−A[k+1] ≤ 0, hence the absolute value of diff

by the end of (k + 1)th iteration will be at most 1
2
. Similarly, we can show that the

absolute value of diff by the end of (k + 1) iteration will be at most 1
2

for the case

where diff ≤ 0 at the beginning of (k + 1)th iteration.

It should be mentioned that the proposed algorithm is not suitable for applica-

tions with short rounds. It is because, the proposed algorithm adds extra nodes to

17



the network. When rounds are short, adding extra nodes can increase the network

contention at the MAC layer, increasing the number collisions, hence the number

of transmissions. The proposed method can be viewed as a theoretical result show-

ing that, in ideal cases, the upper bound proven in the next section can be almost

matched.

2.4.3 Upper Bound on Lifetime Improvement

Earlier, we showed that our proposed method is asymptotically optimum when

t ≥ 2m, i.e., when α = 2. Similarly, we can show that the proposed method is

asymptotically optimum when t ≥ 2Ω(m). Here, we study the case where t < 2o(m),

which is the more practical case. In this case, we show that the maximum improve-

ment possible (with respect to the basic method) over all possible placements and

routing algorithms is O
(

log2 t
)

. This is an interesting result which roughly states

that there is not much improvement possible in this model if the cost of overhearing

is not significantly smaller than the cost of transmission.

We say a node is alive in a round if it transmits its own packet in that round.

Recall that, in the model used for the first scenario, every node transmits its packet

in every round if it has enough energy for that. The network is called alive in a round

if there is at least one alive node in every interval, and the base station receives the

packets of all the alive nodes in that round. We use L to denote the lifetime of

network, that is the number of rounds in which the network is alive. We define the

energy of an interval in a round as the sum of the energies of its alive nodes in that

round. The following lemma is used in Theorem 2.7 which proves the upper bound

on the lifetime of network using any solution, which is determined by the initial

node placement and the routing algorithm used.

Lemma 2.5. Let l ≥ 1 be an integer, 2 ≤ s ≤ 2l be a real number, and ri ≥ 1,

18



1 ≤ i ≤ l, be an arbitrary sequence of real numbers. Then

∃ri, 1 ≤ i ≤ l s.t. (1 +
s

ri
)

i
∑

j=1

rj ≥
s

e
· ⌊ l

log2 s
⌋,

where e is the base of natural logarithm.

Proof. Let g = ⌊ l
log2 s

⌋. since 2 ≤ s ≤ 2l, we have 1 ≤ g ≤ l. Lemma’s statement

holds for g = l (i.e., s = 2) because, setting i = l, we get

(1 +
s

rl
)

l
∑

j=1

rj ≥
l
∑

j=1

rj ≥ l ≥ 2l

e
=

s

e
· ⌊ l

log2 s
⌋

Therefore, in the following, we assume that g < l.

By the lemma’s assumption, ri ≥ 1, for 1 ≤ i ≤ g. Let k be the smallest integer

such that g < k ≤ l, and rk < (1 + 1
g
)k−g−1. Later, we cover the case where there

is not such an integer k. If there exists such an integer k, we get

(1 +
s

rk
)

k
∑

j=1

rj

≥ s

rk

k
∑

j=1

rj

≥ s

rk

(

g + rk +
k−1
∑

j=g+1

(1 +
1

g
)j−g−1

)

= s+
s

rk

(

g +
k−1
∑

j=g+1

(1 +
1

g
)j−g−1

)

≥ s+
s

(1 + 1
g
)k−g−1

(

g +
k−1
∑

j=g+1

(1 +
1

g
)j−g−1

)

≥ s

(1 + 1
g
)k−g−1

(

g +
k
∑

j=g+1

(1 +
1

g
)j−g−1

)

=
s

(1 + 1
g
)k−g−1

(

g +
(1 + 1

g
)k−g − 1

(1 + 1
g
)− 1

)

=
s

(1 + 1
g
)k−g−1

(

g(1 +
1

g
)k−g

)

= sg(1 +
1

g
)
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= s(g + 1)

≥ s⌊ l

log2 s
⌋

≥ s

e
· ⌊ l

log2 s
⌋.

This proves the result. Therefore, it remains to cover the case where rk ≥

(1 + 1
g
)k−g−1 for every g < k ≤ l. In this case, we have

(1 +
s

rl
)

l
∑

j=1

rj ≥
l
∑

j=1

rj

≥ g +
l
∑

j=g+1

(1 +
1

g
)j−g−1

= g +
(1 + 1

g
)l−g − 1

(1 + 1
g
)− 1

= g(1 +
1

g
)l−g = g(1 +

1

g
)l/(1 +

1

g
)g

(2.5)

Note that

(1 +
1

x
)x ≤ e

for every positive real number x. Also,

(1 + x)y ≥ 2xy

for real numbers 0 ≤ x ≤ 1 and y ≥ 0, because

(1 + x) ≥ 2x

for 0 ≤ x ≤ 1. Therefore, by (2.5) and using the fact that g ≥ 1 (hence 1
g
≤ 1), we

get

(1 +
s

rl
)

l
∑

j=1

rj ≥ g(1 +
1

g
)l/(1 +

1

g
)g

≥ g2
l
g /e

≥ ⌊ l

log2 s
⌋2log2 s/e

=
s

e
· ⌊ l

log2 s
⌋,
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which completes the proof.

Corollary 2.6. Let l′ = ⌊ l
2
⌋ + 1. Let l ≥ 1 be an integer, 2 ≤ s ≤ 2l−l′ be a real

number, and ri ≥ 1, 1 ≤ i ≤ l, be an arbitrary sequence of real numbers.

Then, there exist l′ distinct numbers 1 ≤ i1, i2, . . . , il′ ≤ l such that

∀i ∈ {i1, i2, . . . il′} (1 +
s

ri
)

i
∑

j=1

rj = Ω

(

ls

log2 s

)

.

Note that l′ > l
2
.

Proof. By Lemma 2.5, there exists a number ri1 for which we have

(1 +
s

ri1
)

i1
∑

j=1

rj ≥
s

e
· ⌊ l

log2 s
⌋ = Ω

(

ls

log2 s

)

.

Removing ri1 from the sequence and applying Lemma 2.5 on the remaining

sequence of size l − 1, we get that there exists a number ri2

(1 +
s

ri2
)

∑

j=1...,i2,j 6=i1

rj ≥
s

e
· ⌊ l − 1

log2 s
⌋.

Therefore,

(1 +
s

ri2
)

i2
∑

j=1

rj ≥ (1 +
s

ri2
)

∑

j=1...,i2,j 6=i1

rj

≥ s

e
· ⌊ l − 1

log2 s
⌋ = Ω

(

ls

log2 s

)

Again, we can remove ri1 , ri2 and apply Lemma 2.5 on the remaining sequence.

Note that for ril′ we get

(1 +
s

ril′
)

il′
∑

j=1

rj ≥
s

e
· ⌊ l − l′

log2 s
⌋ = Ω

(

ls

log2 s

)

.

Theorem 2.7. Network’s lifetime is O
(

Einit·log
2 t

mt

)

, irrespective of the number of

nodes, the node placement, and the routing algorithm used.
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Proof. The theorem holds when t = 2Ω(m), because lifetime of every node is

O
(

Einit

t

)

. Therefore, in the following, we assume that t = 2o(m). We implicitly

use this assumption when we apply Corollary 2.6.

Let us divide the network into m′ half-open intervals I ′i = ((m′ − i)Rt, (m
′ −

i + 1)Rt], 1 ≤ i ≤ m′, of size Rt. Since Rs = Ω(Rt), by definition of m, we get

m′ = θ(m), where m is the parameter defined in Section 2.3.1. Without loss of

generality, we assume that m′ = 8k for some positive integer k. Note that for any

1 ≤ i ≤ m′, irrespective of the routing algorithm used, every packet generated by a

node in an interval I ′j , j < i, is relayed by at least one node in I ′i, and overheard by

all the nodes in I ′i. Let n̄i denote the average number of alive nodes in the ith interval

during the network’s lifetime. Suppose
∑8k

i=1 n̄i ≥ m′t = 8kt. Consider a node u

in interval I ′8k, which has been alive during the whole network’s lifetime. Node u

overhears at least
∑8k

i=1 n̄i − 1 packets at each round during the network’s lifetime

as every packet reached by the base station will be reached by u at least once.

Therefore u will die in O
(

Einit

m′t

)

, hence the network’s lifetime will be O
(

Einit

m′t

)

in

this case, which proves the theorem. Therefore, in the remainder of the proof, we

assume that
8k
∑

i=1

n̄i < 8kt. (2.6)

Consider the set of 4k intervals whose indices are larger than 4k. This set must

have a subset I of size 2k such that the average number of alive nodes during the

network’s lifetime for any interval in I is at most 4t. It is because, by (2.6), the

number of intervals in I with average number of alive nodes higher than 4t cannot

be more than 2k.

Consider the second half of the network’s lifetime. Note that the number of

alive nodes in an interval does not increase over time. Therefore, if the average

number of nodes in an interval during the whole network’s lifetime is at most 4t,

then the actual number of alive nodes of that interval at the beginning of the second
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half of network’s life time cannot be more than 8t. We say an interval I ′ ∈ I is

“under pressure” in a round in the second half of network’s lifetime if the average

energy consumption of nodes in I ′ in that round is Ω( kt
log t

).

Let I = {Î1, Î2, . . . Î2k}. The average energy consumption of nodes in an inter-

val Îi, 1 ≤ i ≤ 2k, is at least (1+ t

|Îi|
)
∑i

j=1 |Îj|. Therefore, by Corollary 2.6, more

than half of the intervals in I are under pressure in every round. Note that the set of

nodes in I that are under pressure can change from one round to another. However,

since more than half are under pressure in every round, there must be an interval

I∗ ∈ I which is under pressure in at least half of the rounds during the second half

of network’s lifetime.

Suppose that the number of alive nodes of an interval I ′ in a round is a. If I ′ is

under pressure in that round, then the fraction of the total energy that I ′ looses by

the end of that round will be β =
Ω( kt

log t
)·a

O(Einit·a)
= Ω( kt

Einit log t
).

The total energy of I∗ at the beginning of the second half of network’s lifetime

is at most 8t · Einit. If I∗ is under pressure for 1
β
· log(8t) rounds, then its total

energy will reduce to

(1− β)
1
β
·log(8t) (8t · Einit) ≤ e− log(8t) (8t · Einit) = Einit.

If the total energy of I∗ becomes at most Einit, it will be reduce by Ω(4k · 2t) every

round, since all the packets generated by nodes in intervals I ′1, I
′
2, . . . , I

′
4k will be

relayed by at least one node in I∗ (recall that a relay requires at least t units of

energy). Therefore, all the nodes in I∗ will die in at most Einit

Ω(m′t)
= O

(

Einit

m′t

)

rounds

after the total energy of I∗ becomes at most Einit. Since I∗ is under pressure for at
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least L
4

rounds in the second half of network’s lifetime, we get that

L

4
≤ 1

β
· log(8t) +O

(

Einit

mt

)

=
1

Ω( kt
Einit log t

)
· log(8t) +O

(

Einit

mt

)

= O
(

Einit log
2 t

kt

)

+O
(

Einit

mt

)

= O
(

Einit · log2 t
mt

)

,

which completes the proof.

2.5 Scenario 2: A Subset of Nodes Generates Reports

In this section, we study the case where only a subset of nodes covering the network

(rather than all the nodes) are required to send report packets to the base station in

every round. Note that the subset of nodes sending reports can change from one

round to another.

In this model, adding extra nodes can increase the network’s lifetime as extra

nodes can act as extra batteries. For example, if we put two nodes next to each

other, the second node can sleep until the first node dies, upon which it will wake up

and take the responsibility of the first node. Therefore, we can arbitrarily increase

the network’s lifetime by adding extra nodes to the network. The question that

we investigate here is the minimum number of nodes required to achieve a certain

lifetime.

Definition 1 (L-operational network). We call a network L-operational if there are

L rounds such that in every round the base station receives reports from a subset of

nodes covering the whole network.

As before, we denote the energy required for transmission, reception and over-

hearing by A, B, and B′. Without loss of generality, we assume that every node is
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located on the x-axis from coordinate 0 (where the base station is located) to coor-

dinate l, where l is the size of network. For simplicity, we assume that l
2Rs

= m is a

natural number. Following, we first establish a lower bound on the number of nodes

required for the network to be L-operational. We then, propose a setting to create

an L-operational network with at most a constant factor of the minimum number of

nodes in the optimum solution. Note that, we do not make any assumption on the

relationship between Rs and Rt.

To analyze the lower bound, we construct a 2-layer network. Nodes in the

first layer are only responsible for generating and transmitting reports (not relaying

other nodes’ reports), and those in the second layer are only responsible for relaying

reports of the nodes in the first layer. Therefore, nodes in the second layer do not

generate reports. In the first layer, we put minimum number of nodes to cover

the whole network for L rounds, and we use minimum number of nodes to satisfy

connectivity for L rounds, in the second layer.

In the first layer, the number of nodes sending reports in each round is at least

m, as this is the minimum number of nodes that can cover the network. Therefore,

the total number of transmissions in L rounds in the first layer is at least mL. Since

each node has enough energy for up to T = ⌊Einit

A
⌋ transmissions, we get that the

number of nodes in the first layer is at least ⌈mL
T
⌉. Next Lemma, improves this

lower bound to m⌈L
T
⌉. It also provides a lower bound for the number of nodes

required in the second layer, irrespective of the number of nodes used in the first

layer.

Definition 2 (Rnd(r), where r is a real number).

Rnd(r) =

{

⌊r⌋ if r − ⌊r⌋ ≤ 0.5

⌈r⌉ otherwise

Let L1(m,L, T ) = m ·
⌈

L
T

⌉

, L2(l, L, T
′, Rs, Rt) =

∑⌊ l
Rt

⌋

i=1

⌈

Rnd
(

l−iRt

2Rs

)

· L
T ′

⌉

,

where T ′ = ⌊Einit

A+B
⌋ is the maximum number of packets a node can relay.
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Lemma 2.8. The minimum number of nodes required in layer 1 and layer 2 are

L1(m,L, T ), and L2(l, L, T
′, Rs, Rt), respectively.

Proof. Let 0 < ǫ < Rs

m−1
be a real number. Consider the set of points pi, 1 ≤ i ≤ m,

at locations (2i − 1)Rs + (i − 1)ǫ. Note that for every 1 ≤ i ≤ m, 0 < xpi < l,

that is every point pi is in the network. Let C(pi) be the set of nodes covering

pi. Since each node has enough power for only T transmissions, we must have

|C(pi)| × T ≥ L, or equivalently

|C(pi)| ≥ ⌈L
T
⌉. (2.7)

It is because, otherwise, there will be a round in which no alive node covers pi.

The distance between two distinct points pi and pj is more than 2Rs. Therefore,

different points pi and pj are covered by different nodes as each node can cover an

interval of size at most 2Rs. Hence,

i 6= j =⇒ C(pi) ∩ C(pj) = ∅

Consequently, the number of nodes in the first layer is at least

| ∪m
i=1 C(pi)| =

m
∑

i=1

|C(pi)|

by (2.7)

≥ m⌈L
T
⌉

Next, we investigate the minimum number of nodes required to relay all the

reports transmitted by the nodes in the first layer. Consider the half open intervals

Ii = ((i− 1)Rt, iRt], 1 ≤ i ≤ ⌊ l
Rt
⌋. We refer to these intervals as relaying inter-

vals. For any relaying interval Ii, 1 ≤ i ≤ ⌊ l
Rt
⌋, and any given round t, let R(Ii, t)

denote the set of nodes in the first layer that i) send reports at round t, and ii) are

located at x-coordinates larger than iRt. All the reports sent by the first layer nodes

in R(Ii, t) have to be relayed by at least one node in the relaying interval Ii, since

the transmission range is Rt. Therefore, the number of nodes required in a relaying
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interval I is at least ⌈
∑L

t=1 |R(I,t)|

T ′
⌉. Note that the interval (iRt + Rs, l], can only be

covered by the nodes in first layer that are in the interval (iRt, l]. Therefore,

|R (Ii, t) | ≥ ⌈ l − iRt −Rs

2Rs

⌉

= Rnd

(

l − iRt

2Rs

)

.

Consequently, in the relaying interval Ii, we need at least

⌈

1

T ′
·

L
∑

j=1

|R (Ii, t) |
⌉

≥
⌈

L

T ′
·Rnd

(

l − iRt

2Rs

)⌉

Thus, the minimum number of relaying nodes required is at least

∑⌊ l
Rt

⌋

i=1

⌈

L
T ′

·Rnd
(

l−iRt

2Rs

)⌉

.

Lemma 2.9. The minimum number of nodes required to have an L-operation linear

network of size l is:

max {L1(m,L, T ),L2(l, L, T, Rs, Rt)}

Proof. This is by Lemma 2.8 and the fact that the number of nodes in each layer is

a lower bound for the network to be L-operational.

In this model, one may ignore the cost of overhearing, because i) the cost of

overhearing does not increase as extra nodes are added, since extra nodes act as

extra batteries, ii) if nodes are loosely synchronized and each round is large enough,

one can use a simple time division multiple access scenario to avoid overhearing at

nodes in the second layer. Note that nodes in the first layer do not overhear as

they are not required to receive any packet. If we ignore the cost of overhearing,

the following theorem shows that an L-operation network with at most twice the

number of nodes required in the optimum solution can be theoretically achieved.

Theorem 2.10. There is an L-operational line network with at most L1(m,L, T )+

L2(l, L, T
′, Rs, Rt) nodes.
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Proof. We do this by putting ⌈L
T
⌉ reporting nodes at each x-coordinate (2i− 1)Rs,

1 ≤ i ≤ m, and
⌈

L
T ′

·Rnd
(

l−iRt

2Rs

)⌉

, at the highest coordinate of each relaying

interval Ii, 1 ≤ i ≤ ⌊ l
Rt
⌋.

It is somewhat straightforward to verify that, in the first layer, there will be at

least one alive node in all L rounds, so the network satisfies the coverage condition.

Also, the number of reports sent by reporting nodes at one side (the side where the

base station is not located) of a relaying intervals I divided by T ′ is not more than

the number of relaying nodes placed in I , thus we will have at least one alive in

each relaying interval for at least L rounds.

When the cost of overhearing cannot be ignored, more nodes are required to be

added to the network to compensate the energy consumption due to overhearing.

Note that the nodes distribution in layer 1 can remain the same as before since

nodes in the first layer do not require to receive/overhear other nodes’ packets.

However, the nodes in layer 2 placed in equal Rt distances can consume energy

for overhearing. In particular, nodes placed in x-coordinate iRt are required to

receive and relay all packets from nodes located at x-coordinates larger than iRt,

and also can overhear the packets sent by nodes located at x-coordinates from iRt

to (i − 1)Rt. Thus, the number of packets a node in the second layer can overhear

is O
(

Rt

Rs

)

which is in the order of the number of packets that these nodes have to

relay. Therefore, assuming that the cost of overhearing is not more than the cost

of receiving, we only need to increase the number of nodes in layer 2 by at most a

constant factor. Therefore, the proposed method is asymptotically optimum even if

we take the cost of overhearing into account.

Special Case: Rt = 2Rs

In this case, we can divide the network into intervals of size 2Rs, and put one

node in the centre of each interval. This basic method provides a ⌊T ′

m
⌋-operational
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network. If we have 2m nodes, i.e., twice as many nodes used in the basic method,

we can put two nodes in each interval constructing two networks (each with m

nodes). This way, the lifetime increases by a factor of two since the second network

can replace the first one when it becomes disconnected. However, we can increase

the lifetime by a factor of two with less than 2m nodes. Next theorem is about the

minimum number of nodes needed to set the lifetime of network to L.

Lemma 2.11. Suppose Rt = 2Rs. To make a line network L-operational, it is

necessary and sufficient to have
∑m

i=1

⌈

i×L
T ′

⌉

nodes.

Proof. To prove the theorem, let us divide the the network into intervals of size Rt.

Let m be the number of intervals and assume that the first interval is the farthest one

from the base station (and the mth interval is the closest one to the base station).

Since the nodes in the ith interval, 1 ≤ i ≤ m, have to receive i − 1 and transmit

i packets in each round, and each node has enough energy for relaying at most T ′

packets, the ith interval should contain at least
⌈

i×L
T ′

⌉

nodes; otherwise all the nodes

in the ith interval will die in less than L rounds making the network disconnected.

For the sufficient condition, note that if, for every 1 ≤ i ≤ m, we put
⌈

i×L
T ′

⌉

nodes

in the centre of ith interval, there will be at least one alive node in each interval for

L rounds as the nodes in each interval have enough energy to transmit/relay all the

messages during the L rounds.

Corollary 2.12. To make a line network T ′-operational, we need exactly
m(m+1)

2

nodes.

Proof. By Lemma 2.11, we have

m
∑

i=1

⌈

i× L

T ′

⌉

=
m
∑

i=1

⌈

i× T ′

T ′

⌉

=
m
∑

i=1

i

=
m(m+ 1)

2
.
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Corollary 2.13. The lifetime of the basic method can be increased by a factor of F ,

F = a×m where a ∈ N , if we have
am(m+1)

2
nodes.

Proof. By Lemma 2.11, we get

m
∑

i=1

⌈

i× L

T ′

⌉

=
m
∑

i=1

⌈

i× am⌊T ′

m
⌋

T ′

⌉

≤
m
∑

i=1

⌈

am× i

m

⌉

=
m
∑

i=1

⌈a× i⌉

= a

m
∑

i=1

i

=
am(m+ 1)

2
.

Theorem 2.14. The lifetime of the basic method can be increased by a factor of F ,

F = a×m+ b where a ∈ N and 0 < b < m, if we have less than
m(F+a+1)

2
+ b−

1− ⌊−m
b
⌋ (⌈b⌉ − b) nodes.

Proof. By Lemma 2.11, the number of nodes needed to have L = F ⌊T ′

m
⌋ (i.e., F

times the lifetime of the basic method) is at most

m
∑

i=1

⌈

i× L

T ′

⌉

=
m
∑

i=1

⌈

i× F ⌊T ′

m
⌋

T ′

⌉

≤
m
∑

i=1

⌈

F × i

m

⌉

=
m
∑

i=1

⌈

(a×m+ b)× i

m

⌉

= a

m
∑

i=1

i+
m
∑

i=1

⌈

b× i

m

⌉

=
am(m+ 1)

2
+

m
∑

i=1

⌈

b× i

m

⌉

.
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Now, we calculate the second part, we have

m
∑

i=1

⌈

b× i

m

⌉

=

⌊m
b
⌋

∑

i=1

1 +

⌊ 2m
b
⌋

∑

i=⌊m
b
⌋+1

2 + ...+
m
∑

i=⌊
(b−1)m

b
⌋+1

⌈b⌉

=

⌊m
b
⌋

∑

i=1

1 +

⌊ 2m
b
⌋

∑

i=⌊m
b
⌋+1

2 + ...+
m
∑

i=⌊
(b−1)m

b
⌋+1

b

+
m
∑

i=⌊
(b−1)m

b
⌋+1

(⌈b⌉ − b)

= ⌊m
b
⌋+ 2

(

⌊2m
b
⌋ − ⌊m

b
⌋
)

+ ...

+ b

(

m− ⌊(b− 1)m

b
⌋
)

+
m
∑

i=⌊
(b−1)m

b
⌋+1

(⌈b⌉ − b)

=
b
∑

i=1

i

(

⌊ im
b
⌋ − ⌊(i− 1)m

b
⌋
)

+
m
∑

i=⌊
(b−1)m

b
⌋+1

(⌈b⌉ − b)

=
b
∑

i=1

i⌊ im
b
⌋ −

b−1
∑

i=1

(i+ 1)⌊ im
b
⌋

+
m
∑

i=⌊
(b−1)m

b
⌋+1

(⌈b⌉ − b)

=
b
∑

i=1

i⌊ im
b
⌋ −

b−1
∑

i=1

i⌊ im
b
⌋

−
b−1
∑

i=1

⌊ im
b
⌋+

m
∑

i=⌊
(b−1)m

b
⌋+1

(⌈b⌉ − b)

= b×m−
b−1
∑

i=1

⌊ im
b
⌋+

m
∑

i=⌊
(b−1)m

b
⌋+1

(⌈b⌉ − b)

< b×m−
b−1
∑

i=1

(

im

b
− 1

)

+

(

m− ⌊(b− 1)m

b
⌋
)

(⌈b⌉ − b)
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= b×m+ b− 1−
b−1
∑

i=1

im

b
− ⌊−m

b
⌋ (⌈b⌉ − b)

= b×m+ b− 1− m

b

b−1
∑

i=1

i− ⌊−m

b
⌋ (⌈b⌉ − b)

= b×m+ b− 1− m

b
× b(b− 1)

2

− ⌊−m

b
⌋ (⌈b⌉ − b)

= b×m+ b− 1−m× (b− 1)

2

− ⌊−m

b
⌋ (⌈b⌉ − b)

=
m(b+ 1)

2
+ b− 1− ⌊−m

b
⌋ (⌈b⌉ − b) .

(2.8)

As a result, the total number of nodes is
m
∑

i=1

⌈

i× L

T ′

⌉

≤ am(m+ 1)

2
+

m
∑

i=1

⌈

b× i

m

⌉

<
am(m+ 1)

2
+

m(b+ 1)

2
+ b

− 1− ⌊−m

b
⌋ (⌈b⌉ − b)

=
m(F + a+ 1)

2
+ b− 1− ⌊−m

b
⌋ (⌈b⌉ − b) .

Corollary 2.15. The lifetime of the basic method can be increased by a factor of F ,

F = a×m+b where a, b ∈ N and 0 < b < m, if we have less than
m(F+a+1)

2
+b−1

nodes.

Corollary 2.16. The lifetime of the basic method can be increased by a factor of

two if we increase the number of nodes by about 50%.

Proof. By Theorem 2.14, we have

m
∑

i=1

⌈

i× L

T ′

⌉

=
m
∑

i=1

⌈

i× 2⌊T ′

m
⌋

T ′

⌉

< 1.5m+ 1.
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2.6 Simulation Results

The analysis of our proposed method for the first scenario is asymptotic. Specif-

ically, we showed that our proposed method can gain Ω(log t) improvement over

the basic method, where t = A
B′

. To understand the range of constants missed in

the asymptotic analysis we performed a simulation using a code written in JAVA.

We divided network into intervals of size equal to the transmission range. For the

basic method we put one node in each interval (the end with higher coordinate).

The number of nodes in each interval for the proposed method was determined by

Algorithm 1. The routing algorithm for both methods selects a node from the next

interval uniformly at random to relay a packet.

In both cases, we assume that network’s lifetime ends as soon as a node dies.

Note that, although this holds for the basic method, in our method, the network can

still satisfy the coverage and connectivity requirements after a few nodes die. How-

ever, when a node dies, we require some coordinations between nodes to inform

others to avoid further transmissions to that node. Also, the packets in the buffer of

the node that runs out of battery have to be discovered and relayed by other nodes,

which is challenging in a distributed setting. We used two different values for m,

namely m = 10 and m = 15. We set Einit = 1J , Rt = d = 70m, and n = 2. Thus,

A = 99nJ , B = 50nJ , and B′ = A
t

as defined in Section 2.1.1.

In Figure 2.1 part (a), the logarithmic diagram of lifetime improvement of our

proposed method to the basic method is shown for m = 10. Since the improvement

of our solution is optimum for t > 2m according to analytical results, Figure 2.1

part (a) only shows the improvement for t < 210 or log(t) < 10. The slope of

the curve indicates about 1
3
log(t) improvement, which is in line with the analytical

results. To obtain Figure 2.1 part (b), we set m = 15. Similar to Figure 2.1 part (a)

we observe about 1
3
log(t) improvement.
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2.7 Conclusion

In this chapter, for the first scenario, we showed that, for large networks, there is no

practical solution to the energy hole problem through adding extra nodes, and care-

ful node placement and routing. On one hand, we proved that to increase network’s

lifetime, the cost of overhearing must be reduced significantly. On the other hand,

we showed that, even when there is no overhearing, to achieve optimum lifetime,

the number of nodes required (hence the delay) grows exponentially. However, we

proposed a simple node placement and routing algorithm that can almost optimize

network’s lifetime in an ideal situation. Our main objective in introducing the pro-

posed method is to show that it is theoretically possible to almost match the upper

bound proven. Nevertheless, the proposed method may be used in small networks,

or within clusters in a large network, particularly when network is delay tolerant.

For the second scenario, we derived a lower bound on the minimum number of

nodes needed to achieve a certain lifetime, as in this case, network’s lifetime can

unboundedly grow with the number of nodes in the network.
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Figure 2.1: Logarithmic diagram of lifetime improvement for (a) m = 10 and (b)

m = 15
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Chapter 3

Two-dimensional Wireless Sensor

Networks

In this chapter, we study the lifetime of two-dimensional networks in convergecast

applications, where every node sends packets to a base station, periodically. The

main focus of this chapter is to study the effect of multi-hop routing algorithms on

network’s lifetime, and to propose new ones. We also consider packet delay as our

secondary objective when designing routing algorithms.

We explain the related background in Section 3.1. Then, we review the ex-

isting literature related to our problem in Section 3.2. In Section 3.3, we specify

our assumptions and define the problem studied in this chapter. Next, we propose

our routing algorithm in Section 3.4. We conclude the chapter by presenting our

simulation results in Section 3.5.

3.1 Background

3.1.1 Perfect Aggregation Convergecast

In aggregation convergecast applications, each node in the network aggregates all

the packets it has received and its own packet into one packet, and sends it to its

next hop according to the routing algorithm. The goal of the routing is to deliver

every packet to the base station. The case where the aggregated packets have the
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same size as each received packet is called perfect aggregation in the literature [30].

Examples of perfect aggregation include applications in which the sum, minimum,

maximum, average, or count needs to be calculated. Data aggregation prevents

transmitting redundant data that impose heavier traffic on the final nodes that are

close to the base station.

For a wireless sensor network, we define a communication graph G(V,E) where

V represents the set of nodes, and for every pair of nodes u, v ∈ V , there is an edge

in E if and only if u and v are both in the communication range of each other.

A spanning tree of G is simply a tree T (V,E ′) with E ′ ⊆ E. In aggregation

convergecast applications, a routing algorithm can be represented by a spanning

tree of the communication graph, rooted at the base station. Given the spanning

tree, each node can send its packet to its parent, who in turn aggregates all the

received packets from its children into one and sends it to its own parent.

Another component important in convergecast applications is scheduling, which

determines the sets of nodes that can transmit simultaneously. Collision free schedul-

ing is a spacial kind of scheduling in which the set of nodes transmitting simulta-

neously do not cause any collision at any of the transmitters’ parents. Next, we

explain collision free scheduling in more details, and briefly describe some of the

existing collision free scheduling methods that we will use in this work.

3.1.2 Centralized Collision Free Scheduling

In wireless sensor networks, when a node transmits a packet, the packet reaches all

its neighbours, i.e. nodes that are within the sender’s transmission range. If a node

is simultaneously reached by more than one packet, a collision occurs. We assume

that collided packets are not received.

In a centralized collision free scheduling, time is divided into slots. In each slot,

a subset of nodes are scheduled to transmit. Every node scheduled to transmit in
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any given slot has the following properties: 1) it is a leaf node in the routing tree,

or it has already received the packets from all its children; 2) its transmission does

not cause collision at parent of any other node scheduled in that slot.

A scheduling round is defined as a sequence of consecutive time slots in which

every node is scheduled exactly in one slot. If a scheduling has both of the afore-

mentioned properties, the base station will receive all the packets in one scheduling

round. Note that in a centralized scheduling, every node only needs to wake up in

the slots when it is supposed to receive or transmit a packet. Therefore, the num-

ber of slots in which a node is required to be awake is equal to the number of its

children plus one (the extra slot is for the node to transmit its own packet).

In this work, we use two existing collision free scheduling algorithms, First-

fit [28] and WIRES [25], to evaluate the delay of our proposed routing algorithms

against some of the existing routing algorithms.

First-fit Scheduling

First-fit scheduling maintains an eligible set, E, that contains all the nodes that are

ready to be scheduled, i.e., that have not been scheduled yet but all their children

have been scheduled before. It iteratively assigns a collision free group of nodes

from E to each time slot, and updates E for the next iteration. Initially, the eligible

set contains only the leaf nodes. In each iteration, the algorithm builds a set X of

the nodes to be scheduled in the next time slot. Initially X is empty. In each step,

the algorithm selects a node from E that does not cause collision at parents of the

nodes already in X , and moves to X . This process is repeated until all the nodes

that remain in E cause collision with the parent of at least one node in X . Then,

the algorithm assigns all the nodes in X to the next available time slot, updates E

by adding any new nodes that become ready to be scheduled, and proceeds to the

next iteration.
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WIRES

Another collision free scheduling method that we use is Weighted Incremental

Ranking for convergEcast with aggregation Scheduling (WIRES). WIRES works

similar to the First-fit algorithm. However, it tries to reduce the delay by selecting

the nodes from the eligible set in an order that helps reducing the number of slots in

a scheduling round. To achieve this, before starting each iteration, the nodes in E

are sorted in decreasing order by their number of unscheduled neighbours that are

not in E. Then nodes form E are considered to be moved to X starting from the

first node of E (i.e., the node with the maximum number of unscheduled neighbours

that are not in E). The authors showed that WIRES outperforms several existing

scheduling methods through extensive simulations.

3.2 Related Work

Both lifetime improvement and delay reduction problems have been studied exten-

sively for two-dimensional WSNs. However, for aggregation convergecast, only

a small subset of the existing works try to address both problems simultaneously.

In this section, we review the literature on lifetime improvement, and then look at

some works that try to address both lifetime improvement and delay reduction.

The authors of [30] studied lifetime improvement problem for the perfect ag-

gregation convergecast problem and proposed a distributed and dynamic routing

approach, which they call localized power-efficient data aggregation protocol (L-

PEDAP). They assume that nodes can adjust their transmission range to save en-

ergy. Each edge (u,v) in the communication graph is assigned a cost that is the total

energy consumed in u (sender) and v (receiver), so each node can build a localized

sparse topology based on these costs and its local information. Then these local-

ized sparse topologies are used to build a routing tree in a distributed manner. The

authors investigated three different criteria by which a node selects its parent: 1)
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the first neighbouring node; 2) the nearest neighbour with minimum hop path to the

base station; 3) the neighbour that minimized the total energy consumption through

the path to the base station. Through simulations, the authors study the performance

of using different combinations of localized topologies and parent selection criteria.

In [35], the lifetime maximization problem was studied for the setting in which

all nodes have a fixed and identical transmission power, but possibly different initial

energy. The authors proposed an approximation algorithm to find a near-optimal

spanning tree, but did not consider delay in their solution.

The algorithm proposed in [9] considers both throughput and delay by simulta-

neously optimizing the maximum degree and the radius of the routing tree. Their

(α, β) approximation algorithm builds a Bounded-Degree Minimum-Radius span-

ning tree in which for a given degree bound ∆∗, the radius of the resulting tree is

at most β times the minimum possible radius, and the maximum degree of nodes is

at most ∆∗ + α, where α and β are positive constants. To further reduce the delay,

they also used multiple frequency channels.

Balanced Shortest Path Tree (BSPT), proposed in [25] is another algorithm to

reduce delay and improve lifetime. The setting studied in [25] is the closest to

the setting considered in this chapter. The algorithm starts with a shortest path

tree (SPT) of the network’s communication graph. It then iteratively balances the

load on the nodes at each level of the tree by redistributing their children among

themselves so that the maximum degree of the nodes is minimized. Note that this

operation does not change the shortest path property of the tree.

3.3 Problem Statement

In this chapter, similar to scenario 1 in Chapter 2, we assume that all nodes are

required to send report packets periodically to the base station with the help of a

multihop routing. Also, we do not use any power control mechanism, and we as-
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sume that all nodes have an identical and fixed transmission power. However, unlike

scenario 1 in Chapter 2, we assume that the number of nodes and their positions are

fixed. Therefore, our solution here is based on routing rather than node placement.

Furthermore, we assume that nodes use perfect aggregation and send only one

packet per convergecast round, which is the time needed for receiving all packets by

the base station. However, the number of packets that different nodes receive can

be different. The routing is represented as a spanning tree of the communication

graph of the network. We assume that the communication graph is connected at

the beginning, i.e., each node has a path to the base station. Lifetime is defined

as the number of convergecast rounds during which the packets of all nodes are

successfully received by the base station. To improve lifetime, we try to reduce the

maximum degree of our spanning tree. This is because the node with maximum

degree receives the most number of packets per convergecast round and its energy

is depleted sooner than others, ending the lifetime of the network.

Improving lifetime by decreasing the degree of nodes can produce long paths in

the network, potentially increasing the overall delay defined as the number of slots

used in the scheduling round. Our proposed algorithm aims to improve lifetime

while accounting for the delay. To evaluate the delay of our generated routing tree,

we use two scheduling methods, namely WIRES and First-fit.

3.4 Proposed Centralized Routing Algorithm

Our routing algorithm is centralized. Note that for WSNs, distributed algorithms

are more practical. We construct our routing tree in two phases. In the first phase,

given any spanning tree of the communication graph, we try to reduce its maximum

degree. In the second phase, we aim at reducing the overall delay while preserving

the lifetime. Since these phases work independently, each of them can be replaced

by any other algorithm sharing the same objective. The next two sections explain
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these two phases.

3.4.1 Phase 1: Lifetime Improvement

Since the network’s lifetime ends by the first node’s death, the maximum degree

of nodes in the routing tree determines the whole lifetime. In general, finding a

Minimum Degree Spanning Tree (MDST) of a graph, G, in which the maximum

degree of nodes is minimum among all spanning trees of G, is shown to be NP-

hard [7]. Therefore, to reduce the maximum degree we use an approximation al-

gorithm proposed in [7], which constructs a tree with maximum degree of at most

O (∆∗ + log n), where ∆∗ is the maximum degree of the optimal solution, and n is

the number of nodes.

The algorithm proposed in [7] starts from any spanning tree T of a graph G,

and iteratively replaces some edges of T with some edges of G. Let d(k) denote the

degree of vertex k in T , and C denote the unique cycle generated by adding an edge

(u, v) to T . Suppose there is a vertex z in C that d(z) ≥ max{d(u), d(v)}+2. The

operation of adding (u, v) to T and removing one of the edges in C incident to z is

called an “improvement”. By this improvement, d(z) decreases by one and neither

d(u) nor d(v) will be equal to or greater than d(z). The algorithm continues these

improvements until there is no edge in G that causes an improvement in T .

In the next section, we propose an algorithm that iteratively refines the resulting

tree of this phase to decrease its delay.

3.4.2 Phase 2: Delay Reduction

The basic idea of our delay reduction algorithm is to reduce the height of the leaf

nodes while preserving the maximum degree. While we use single channel schedul-

ing in this chapter, having a tree with smaller height is potentially useful for decreas-

ing delay in the settings that deploy multichannel scheduling (e.g., the setting used

in [9]).
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Given a spanning tree T of the communication graph, our algorithm iteratively

tries to reduce the height of a leaf node l in the tree by finding a new parent with

smaller height, either for l or one of its ancestors in T . We call this process a height

reduction. A height reduction operation is called eligible if it does not increase the

maximum degree of T . By only applying eligible height reductions, our algorithm

guarantees that we do not sacrifice the lifetime to reduce the delay. Note that in

general, the degree of the base station does not affect the lifetime, since it typically

has access to an unlimited source of energy. However, the degree of the base station

can become a bottle-neck for the delay, since its children must be scheduled in

different time slots to avoid collisions. Hence, our algorithm iteratively checks the

degree of the base station against the height of the tree (which is a lower bound on

the number of required time slots). In particular, in each round of our algorithm,

we apply eligible height reduction operations that increase the degree of the base

station at most by one. Then, at the end of the round, we check the degree of the

base station, and the algorithm continues only if this degree is less than the height

of the tree. The psudo code of this algorithm is presented in Algorithm 2.

Algorithm 2 Delay Reduction

1: Input: G (communication graph), T (any spanning tree of G).

2: repeat

3: Let d denote the current degree of the base station.

4: while there exists an eligible height reduction operation in T such that after

applying it, the degree of base station is at most d+ 1 do

5: Update T by applying that eligible height reduction.

6: end while

7: until no eligible height reduction operations remain, or the degree of the base

station gets larger than the height of T .

Time Complexity of the Delay Reduction Algorithm

In our algorithm, the total number of height reduction operations is O (n2), since

i) the number of leaf nodes is O(n), ii) the height of every leaf is O(n), and iii)
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the high of a leaf is decremented in each operation. Now, we calculate the time

complexity of each height reduction operation. For each heigh reduction operation,

the algorithm iterates through all the leaves to find a leaf node whose heigh can be

decreased. To know that the height of a leaf node can be decreased, the algorithm

does O (n2) iterations, since, in the worst case, for each leaf, the algorithm checks

the possibility of height reduction by visiting all the neighbours of every ancestor of

the leaf node. As a result, the time complexity of our algorithm is O (n2)×O (n3)

or O (n5).

3.5 Simulation Results

In this section, we present simulation results to demonstrate the effectiveness of

our method. We call the routing tree generated by our method Height-reduced

approximated minimum Degree Spanning Tree (HDST), and compare its lifetime

(i.e., the maximum degree of all nodes except the base station), and its delay to four

different routing trees: the Breath First Search (BFS) tree, the BSPT proposed in

[25], a refined version of BSPT (referred to as BSPTref) which has a smaller delay,

and the tree generated by a modified version of the algorithm of Section 3.4, which

attempts to increase the lifetime in the first phase more aggressively (HDSTref).

Recall that in BSPT, explained in Section 3.2, nodes in each level of the tree are

spreaded among the nodes in the proceeding level, i.e., the level closer to the root.

In the BSPTref algorithm, we restrict BSPT to spread only to the non-leaf nodes.

This way, the leaf nodes are not assigned any child, and can therefore be scheduled

earlier, which results in a better delay compared to BSPT.

To construct the HDSTref, we follow the algorithm of Section 3.4. However,

in the first phase, we ignore improvement operations that reduce the degree of the

base station, giving other nodes the chance to have smaller degrees. This way, it is

possible to achieve a better lifetime than the initial algorithm. Note that the base
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station has access to an unlimited source of energy so the number of its children

does not affect the lifetime of the network.

We generated connected communication graphs with 400, 500, . . . , and 1000

nodes. We placed nodes in a 1 × 1 square, uniformly and independently at ran-

dom. Finally, we simulated three different transmission ranges, i.e., 0.125, 0.15,

and 0.175. The base station is placed at (0.5,0.5). We report the average lifetime

and delay of the algorithms over a set of 50 randomly generated graphs.

Figure 3.1 shows the trees generated by the aforementioned routing algorithms

when the number of nodes is 150, and the transmission range is 0.175. BFS tree

has the largest maximum degree (11), while in BSPT, where the load in each level

is balanced, the maximum degree is 6. BSPTref algorithm does not assign a child

to leaf nodes (in an attempt to reduce delay), and achieves the maximum degree of

9. HDSTref algorithm does not try to reduce the degree of root (the base station),

so the degree of root in this case goes up to 15. However, the maximum degree of

other nodes reduces to 2. HDST algorithm reduces the tree height at the expense of

increasing the degree of root, but only as long as the degree of root does not become

a bottle-neck in the delay itself. Hence, although HDST has a maximum degree of 3,

its root degree is 6, smaller than its height (7). Also, it is worth mentioning that the

optimal height is 6, attained by the shortest path tree algorithms (BFS, BSPT, and

BSPTref).

Figure 3.2, 3.3, and 3.4 show the maximum degree of the five routing trees

as a function of the number of nodes, for three different transmission ranges. In

these three figures, HDST and HDSTref have smaller maximum degrees compared to

others. As expected, HDSTref achieves a smaller maximum degree than HDST. As

the transmission range increases, this difference becomes larger, since the increased

number of neighbours of the base station in the communication graph gives HDSTref

algorithm more room to decrease the degree of other nodes. The refinement in
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BFS BSPT

BSPTref HDSTref

HDST

Figure 3.1: The trees generated by the five routing algorithms when the number of

nodes and the transmission range are 150 and 0.175, respectively.

BSPTref algorithm aimed at decreasing the delay increases the maximum degree.

That is because BSPTref algorithm cannot use the leaf nodes to decrease the max
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Figure 3.2: Maximum degree of the five routing trees as a function of the number

of nodes. The transmission range is fixed at 0.125.

degree.

Figure 3.5, 3.6, and 3.7 show the number of slots of one scheduling round for

the five routing trees, using two scheduling methods (WIRES and First-fit), for three

different transmission ranges. BSPTref has smaller delay than BSPT. Although HDST

is not a shortest path tree, its delay is close or better than the other three SPTs (BFS,

BSPT, and BSPTref) especially when using First-fit, which does not try to reduce

delays itself. Also, as the transmission range or the number of nodes increases,

this improvement becomes larger, since the number of neighbours of each node

increases, giving HDST algorithm more chance to decrease the tree height in its

second phase of construction. Besides lifetime, reducing the degree of nodes in the

first phase of HDST algorithm helps in reducing the delay as well. This is because

a node with fewer children has to wait a smaller number of slots before it can be

scheduled. Results of HDSTref show that keeping the degree of the base station

47



400 500 600 700 800 900 1000
# of nodes

0

5

10

15

20

25

30

35

40

M
ax

im
um

 d
eg

re
e

BFS

BSPT

BSPTref

HDSTref

HDST

Figure 3.3: Maximum degree of the five routing trees as a function of the number

of nodes. The transmission range is fixed at 0.15.

small is also important in reducing the delay.

3.5.1 Conclusion

In this chapter, we studied aggregation convergecast applications and proposed a

routing algorithm to improve lifetime of the network while also taking the delay

into account. The algorithm consists of two independent phases. In the first phase,

to increase lifetime, we try to reduce the maximum degree of the routing tree of the

network. To that end, we find an approximate minimum degree spanning tree of the

communication graph of the network using an existing algorithm from the graph

theory literature. Then, in the second phase, we refine the tree generated in the first

phase to reduce its delay. This is achieved by iteratively decreasing the hight of leaf

nodes in the tree. We call the tree generated by this algorithm HDST. While HDST

takes the degree of the base station into account when building the routing tree, this
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Figure 3.4: Maximum degree of the five routing trees as a function of the number

of nodes. The transmission range is fixed at 0.175.

degree is usually not important from a lifetime perspective, since the base station

usually has access to unlimited power. Therefore, we also created a refined version

of HDST, called HDSTref, which tries to further improve the lifetime by ignoring

the degree of the base station. Our simulations show that although HDSTref has a

better lifetime compared to HDST, it suffers from a larger delay. Thus, HDSTref can

be useful in applications where the lifetime is the most important constraint, while

HDST is a better choice when shorter delays are required.
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Figure 3.5: The number of slots in one scheduling round for the five routing trees,

using two different scheduling algorithms. The transmission range is fixed at 0.125.
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Figure 3.6: The number of slots in one scheduling round for the five routing trees,

using two different scheduling algorithms. The transmission range is fixed at 0.15.
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Figure 3.7: The number of slots in one scheduling round for the five routing trees,

using two different scheduling algorithms. The transmission range is fixed at 0.175.
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Chapter 4

Conclusion

In this thesis, we studied the lifetime of linear and two-dimensional wireless net-

works. For linear networks, we studied two different scenarios using methods based

on node placement. In the first scenario, where every node has to periodically send

reports to the base station, we showed that the network’s lifetime reduces almost

linearly with the size of network unless the cost of overhearing approaches zero.

We also showed that, even when we can ignore the cost of overhearing, to get close

the maximum lifetime possible, we have to use exponentially (in terms of the length

of network) many nodes in the network. This is clearly impractical when the net-

work is long (for example, to cover a long pipeline). However, the idea of using

exponentially many nodes may be useful over small segments of network, e.g., for

delivering packets generated in a segment to a local relay in a hierarchical solution.

In the second scenario, we considered the case where only a subset of nodes cover-

ing the network are required to send packets to the base station. We derived a lower

bound on the number of nodes required to achieve a given lifetime, and proposed a

general method which is asymptotically optimal.

For two-dimensional networks with fixed node placement, we proposed a rout-

ing algorithm that improves lifetime, while accounts for network’s delay. Our pro-

posed routing algorithm works in two phases: in phase 1, we used an existing min-

imum degree spanning tree approximation algorithm to improve lifetime; in phase
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2, we reduced the tree height to get smaller delay, while preserving the lifetime of

the tree.

4.1 Future work

For linear wireless sensor networks, another interesting question is how different

initial energies for the nodes influence the network’s lifetime. In particular, we

might assign larger initial energies to the nodes close to the base station instead of

adding extra nodes to solve the energy hole problem. This method has the additional

advantage of avoiding the traffic generated by the extra nodes, which is itself an

energy drain. Another mechanism that might be useful for solving the energy hole

problem is energy harvesting, by which nodes gain power from natural sources such

as solar, wind, or thermal power.

For two-dimensional wireless sensor networks, our proposed routing algorithm

works in a centralized manner. An interesting question is designing a distributed

version of our routing algorithm with desirable lifetime and delay. Another di-

rection for improving our algorithm is to use an adaptive routing scheme, which

considers the residual energy of nodes when choosing the next hop at each round.
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