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ABSTRACT
An artificia]‘inte11igénce conceptﬁa]izétion of 1earn$ng has been
posed by Robert Davis, Elizabeth Jockuschl and Curtis McKnight. They
| have Qsed it ta éﬁa]yze students' mathematicaf fhinking. The purpose of
the4présent\study was té.investigate the feasibility of this conteptual-
ization for use by teachers to ana]yie prob]em‘solvin; and to creéte a
remedial program for studgnts based . on this ana]ysisi '

The study employed tﬁelvg grade eight Students_ﬁ:om}two classes
taught by the same teacher. The students were voluhtéérs.:lﬂhe topic
area covered was rate and pertent;

The students were interviewed while théy solved prob]ems and
protocols were made dp from the students' verbalizations and written
work; This work was analyzed Jing the artificial intelligence concep-

' tﬁa]ization. .
It was -found that the concegtualization could be uséd to analyze

the students' work and to make recommendations for remedial work for the .

students based on this analysis. Recommendations were also made for
' ," ,/\ . . v
teaching strategies.
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CHAPTER I
THE PROBLEM
®

Introduction

»

4

Iy

"Use your head", was the advice given by Professor Polya as tﬁe ‘
final statement of a discussion about prioblem so1ying at the 1974 annual
mgéting of the Aﬁerican'Mathém&tica1 Society (Lester, 1978): Professor
Po]ya;s qdvicé should not be taken lightly. But, in what way can beop]e\
learn to,bétter "use their heads"? ', )

The constant problem of mathematics educators is the 1ﬁprovement |
of prob}em solving skills. However, they can not be improved without
first being understood. An assessment or evaluation of problem solving
skills will help one to better understand them. Much evaiuatidn’has an
orientation toward the product, or final answer, rather than the brocessA
involved in gettiﬁg‘the final answer. Both the product and fhe process
are essgntiq1 components of the prbb]em solving experience. . |

Da?is and Mcanght (1979a), Kantowski (1977), and Kilpatrick (1969),
have all noted the product orientétion of‘much research on problem solving.
They comment that little research Has been undertaken in the analysis of
processes iﬁvo]ved in prpbiem so]ving; Krutetskii (1976) says that
"failing to reveal the menté]‘processes 1eéding to a given resuTt...[doeé
not] provide a éomp]ete picture of the phenomenon under scrutinyf (p. 13).
Because of this incomplete picture, teachers are ét a loss 1in offering
- remediation or changing their presentation' to enhahce learning of problem

-,

solving skills.

When looking at processes oné must often use subjective rather than



objective means. Kilpatrick (1978) suggests that a valid way of studying
the dynamics of a process is to have subjects report what they are doing

as they solve problems and "it is no less valuable for being subjective,
[Their] report provides data that can be obtained in-no other way" (p. 13)-

Interview situations are a viable way to have subjects report their
cognitions as they see them. David and McKnight (1979a) have found that
“"the road which childfen travel in-learning mathematics looks very different
when asseésedkby interview procedures from the way it looks when assessed
by commonly-used standardized tests" (p. 15). They also state that on
standardized tests, "not only are the 'measunements' wrong, but they are
derived from incorrect basic conceptua]fzations of the nature of learning”
(op. cit., p. 15).

The following paragraphs discuss what conceptualization Davis and

3

McKnight would consider correct.

One often seeks to measure student
achievement (or "knowledge, or skill")
in mathematics: but in order to measure
something, one needs to know quite a
bit about it. In the case of mathematic
learning and mathematical performance, we
do not know very much about "what the
thing really is" (Davis and McKnight,
1979, p. 1).

What must we find out in order to know "what the thing really is"?
Hatfield (1978a) states that what is missing in studies he reViqyed on
heuristics, "are discussions of the mental operations and cognitive
structures” (p. 13) which are used to assimilate and recall heuristics
and are "'triggered' by the recall or suggestion of an heuristical
statement" (p. 13).

How can we study and discuss.these two phenomena, mental operations

and cognitive structures? Krutetskii (1976) says that Pavlov indicated

rd

A
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“an analytic-synthetic approach to the study of a complex psychologicak
phenomenon requires first of all an analysis of {ts structure, an
isolation ofuits components” (p. 77). g"

However, before an analysis of the components of a phenomenon can
be made, a suitable metaphor or model must be discovered which can be
used to represent the components.

Davis et al. (1978), after discussing the inadequacies of the
metaphors, the "switchboard”, and Tolman's "map", which have previously
been used to represent thinking, offer an alternative.

Today, of course, we are all at least
somewhat conversant with computers,
and they provide an even more sophis-
. ticated, more powerful, more flexible
metaphor to represent thinking.

Computers have led to what is .virtually
a new discipline, so-called artificial
intelligence (or "A.I.") - the study of
information-handling processes as they
are carried out by sophisticated
computer programs, and the search for
parallels between computer information
?and]i?g and human information handling
p. 14).

Radatz (1979) agrees that the mechanisms of information processing

can be useful, particu]ar]j in the analysis of the causes of errors.
Davis "and McKnight (1979) summarize many years work at the task
of description and concepfualization, by saying: "We have in fact
assembled a sizeable collection of instances of mathematical behavior,
and have developed a conceptualization of the relevant cognitive
processes that does allow effective analysis of these instances" (p. 19).
Davis and his colleagues have used these analyses not only to describe

learning but also to offer remediation to students.

2



Need for the Ytudy

The needs of the teacher with regard
to the diagnostic teaching of mathe-
matics make {t necessary to complement
research on error patterns...with
cognitive models of the causes of
errors. The mechanisms of information
processing seem to offer one possible
basis ‘for classifying such causes
(Radatz, 1979, p. 164).

There is a need for teachers to be more analytic in their teaching.
However, in order to be analytic, one needs a model or conceptualization
to represent what one is analyzing. Davis and his colleagues have
provided such a conceptualization and they have found it of much use
in describing learning.

0f interest to this study will be the question: Can a classroom
teacher make use of this conceptualization and methodology in order to

enhance instruction and to provide remediation?

Purpose of the Study and Research Questions

.This study constitutes an application of the conceptualization and
methods depicted in Davis and McKnight (1979a, 1979b), and Davis
Jockusch and McKnight (1978). These will be further described in Review
of the Related Research and Literature. This conceptualization and .
these methods will be used to analyze the problem solving processes used
by grade eight students during task oriented interview situations.

The purpose of this study has been formulated into four research
questions:
1. Can other researchers use the conceptualization posed by Davis

et al. in order to analyze problem solving done by children?
2. If the answer to the question is yes or partly yes, what does this

analysis reveal?
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3. If the answer to question one is no or partly no, what changes or
refinements in the‘ctheptualization would facilitate better use?
4, Using this analysis, can suggestions be made which.mayﬁenhancg

instruction dr‘offer‘guidélines for remedial work?

Signi ficance of thE\Study

1f, on'analysis, 1nappropriate cognitive structures and processes

+sare found, sUggestions could be made to correct these via remediation

or, better yet,'prevent’themgvia changes in instruction. This study
could add to a data base which provides specific infdrmatjbn for
- classroom situations:

‘Definition of Terms

~

. For the purpose of this study, the fo]]owing terms will be used
as defineﬁ: "' | | o i
Prqb]em: : . B . ‘"a situation in which an individual Qf
| group iS‘caTﬁed upen to performia task
for which there is no readily éccessible e
‘ 'a1gOrithm which determines the methd>

of solution" (Lester,‘]978,'p. 54)fv

PEob]ém.Solviﬁé; o . "3 situation in which previous experi- -
| \ | | ~ ences, knowledge, and intuition must be
coordinated in an effort to determine
" the butcome of a situation for which
v ' | | ' a prbcédufe for determiningdthé outcome
‘ s hpt known"_(ép.vc%t., p. 54).

P
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“Artificial Intelligence: v (A.I.) - "the study of,iﬁformation-

0
\

‘handling processes as they are carried
out by sophisticated computer programs ,
and the search for paraﬂ]e]s between
computer information handling and human
infbrmation handling" (Devis.et al.,

. 1978). T

Heuristics: : any resource or strategy which provides
N . - B . - V'x_ .

V4 . .
aid or direction in the solution of a

“problem.

Ana]ysis of Problem Solving: . Problem so]v1ng 1nvest1gated using
analogies w1th sophisticated 1nformat1on

- protessing by computers.

Assumgtfons :
1: 1£ is assumed that ‘the protocols will be*par%%a] reflections of
~ the cogn1t1ve processes students use wh11e so]v1ng rate, rat1o and
percent prob]ems U
é. It is assumed that the requirement of th1nk1ng aloud w111 not
s1gn1f1cant1y distort the prob]em solving procedure. |

. 3. It is assumed that the subjects involved were typ1ca1/grade eight

students.
4. It is assumed that cons1stent patterns of observed behaviour are

caused by stable thought processes.

‘Delimitations
1. The study was confined to grade eight students because the invest-

{gator was best prepared to assess performance at that Jevel.-
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-

The stddy was confined to one currigulum topic (rate, ratio, and

. percent) since patterns\were,more Ttkely to be seen.using_only one .
o : . v-/.f )
topic. '

The study was'réstricted to c1as§es from one junior high school.

]

, Limitations

In traditioné] reséarch. imjtations- are often related to gehera]--
izations from‘the s§mp1e to,allarger population. Genera]izafions

» made;in.this study, however,tpertafn onjy to ihdividua]s. Some
gepera]izétions made regarding indiviﬁya] studenfs would be affected
by the lack of depth to which each individﬁa]'s problem solving

was analyzed.
\\

Jo
{



CHAPTER II
REVIEW OF THE RELATED RESEARCH AND LITERATURE

N

/ , Introduction

This review covers three major topics. Attention will be first
given to the methodology involved in déta collection. The second topic
will be an artificial intelligence (A.I.) conceptualization used to
-represent 1earning; Finally, a review of research on analysis of
problem solving will ge gfveﬁ and compqred to the A.I, conceptua]ization.'

Methodology

The methodology used in the present,study was formulated after

* .

consideration was given to the methods discussed in this section.
Although Piaget enCOUntered success using clinical methodo]ogy in

.which the subJects being studied were encouraged to "think a]oud",‘th1s

-

methodology has not had extensive use by e1ther psychologists or mathe-
matics educator researchers studylng prob]em solving.

One of the few psychologists to
study how complex mathematical
problems are solved was Karl
Dunker...who used the " thinking
aloud" techn1que Thinking aloud,
although out of favor for-years,
has' recently reappeared with the
advent of information- -processing
approaches to the study of problem
solving (Kilpatrick, 1969, p. 526).

' Ki]batrick (1969) suggests that a researcher who chooses‘ﬁto
investigate'problem so]viﬁg in mathematics is. probably best advised to
undertake clinical stud1es of individual subjects...because our ignorance
in this area demands c11n1ca1 stud1es as precursors to larger efforts"\

(p. 532). He says, nine years later, that "too much deve]opmenta] work



-is,needed'before experimentation could be effective" (Ki]patrick 1978,

p. 18). Hatfield (1978) agrees that. exploratory ra?her than exper1menta1
studies might prove more va]uab]e given the present state of our knowledge.
Kantowsk1 (1977) conducted longitudinal observat]ons.us1ng a
c11n1ca1 methodology. Verbal and written protocols of eight ninth gradg
subjects were' collected and looked at in order to‘Search for reguTarities

and Vafjation'of proﬁes;eS'used whiie so]ving geometry problems. cfhe;Study
w;s explofatory and indicated that further clinical exploratory studies
were needed and.suggestedgareés in which expéﬁimenta] studies might prove
fruitful. . R

She out11ned l1imitations of her study ’ The small s;mple Timits
" generalizability. The presence of an observer and’ tape recorde¥r méy.have
put constrain;s on ‘the subjécts. Having to verbalize the process they
were using may have hampgréd'(or helped) the subjects in their problem
so1ving._,Fina11y,.a]though objectivity was at;empfed, the coding was
subjective and was (done by on]y the Toné{inv.esti gator, thus making the
reliability of the study probJematic;

Krut;tskii (1977) confrdntéd the following difficﬁ]ties‘in.using
a. think aloud methodology: ' |
1. There coﬁ]d‘Le'a distor?ion of'tﬁe real picture because of the

unnaturalness of thinking aloud

2. The subject may explain the so1ut1on so it can be understood by

others rather than to think aloud.

P

3. " The subject is dealing with self-observation, and "the very purpose

of observing, as is.knownq'can completely distort the picture of

thought" (Krutetskii, 1977, pp. 92-93).
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He ciaims to have circumvented the above difficulties by:

1.

Telling the subject "that he not tell about how he was thinking

but that he'simply think out loud" (op. cit., p. 93) ‘as if Qe were

. doing the prob]em alone at. home.

Telling the subject that the process'ahd not the product was of
prfme interest, ‘ |

The eubjeet was shown during interviews what was expected of him
or her untii he of she "gredually beceme used to éhinking:aloud"

(op. cit., 93). h ' o N

If verbalizing seemed to be presenting obstacles to the subjects”
train of thought, the experimenter did not persist. Instead,

@ ,‘ -
discussion after solution and a record of the solution was used.

- .

If .the subject appeared indisposed, fatigued; or 1acking°in jnterest-

the experiment was- postponed.

Clement (1979) encouraged a third grader to think aloud during and

after solving a problem. Analysis proceeded "on the essumption that these

- comments [were] partial reflections of the cognitive process used to find

‘the solution" (p. 59).

E}]wangerr(1975) employed a procedure which “involved flexible and

exploratory'observations, discussigns and interviews with each child

extending over a semester's time in orderoto explore each child's ideas,

beliefs and views about mathematics and the procees of learning mathematics"

(p. 157). The interviews were audio-taped and were conducted in such a

.wéy so as not to draw attention to the pupils +n the study. He attempted

to'help the subjects verbalize by initially discussing “current and previous

work withkthem, as well as their opinionsﬂabou; various aspects of school...

It is not clear how effective these attempts were. [Mathemat%cs] was still



)_ | - | : .
someth1ng one did -- i]ent]ylr (op. cit. b 188). |

Erlwanger fou;i\h1mse1f in a role conflict in that he wanted to
d1scover m1sconcept1ons but also felt an ethical respon51b1]1t¥ to
provide remediation5 He prov1ded remedial work when it was deemed
absd]ute1y necessary, "The view adopted dth?rwise was that remedial
work would be more etfective when the child's misconceptinn was better
understbod" (Erlwange¢1A1975, p. 188). He realized, of course, that
when headid not’offer remediatipn when a child committed an Errdr, he
~was running the risk of the student 1nferring adult agreement.

Davis and McKnight (1979a) claim that interview situations in
which subjects think-aloud and not tests "provide us appropriate 'peep-
holes' to look through surfacexphenomena and discern a bedrock foundation
of the kind of cbdnitive‘growthithat must occun if one is to 'learn
mathematics'" (p. 16).: | ‘

They observed students via té“, based interviews. The students
had pens br'pencils and other equip‘i:t if‘necessary; A pen proved more
effective because it was permanent The’interviews were‘usua11y»audio-
taped and somet1mes video-taped. They “found that mo&t students could
verbalize w1th little apparent di fficulty.

The researcher tried to be as undbtrusive as boséib]e unless it
was deemed necessary to.determine exactly how a student was thinking. At
these times the tesearchér might pursue a fairly insistent line of
+ questionning. -
~ This ma%ltake one of several forms: v

(a)\\Askfﬁg "can you explain that to me?";
(b) Asking "how did you (or “"why did
you.,.)tdec1de that...?";
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(c) .Commenting: "Suppose I told you
that I think there is one mistake
on paper...Do you suppose you could
find it?";

(d) Posing a new question that may

"reveal something about how the
student is thinking - e.g.: "How
would you solve this, problem if
that were an x2 term instead of
and x3 term?"

(Davis' and McKnight, 1979a, p. 23).

‘Typed transcripfs were later made from the audio tapes and these
were used in the subsequent analysis. ‘ ;

Davis and his co]]eaéues (pavis, R., 1975a, 1975b), (Davis et.a1.,
1978), (Davis aﬁd McKnight, 1979a, 1979b), and’ (Davis, et al., 1979) did
their ana]ySis‘ahd developed a.conceptualization at the same time. "It
. should be noted fhat‘the‘theoretica1 structure did NOT precede the obser-

vations; both were built up simultaneously, and tﬁe present state of
each influenced the further development of the other.” (Davis and McKnight,
1979a, p. 25). |
 The bresent study uses this conceptﬁa]ization in order to examiné

prob]eﬁ solving. A description of the theoretical structure is the topic

of the next~sectioh) ~

Conceptualization

The work of Davis and his colleagues has resulted in a‘Eonceptual-
ization of mathematics learning mode]ied on artifiqiaﬁainte11igence (A.1.).
‘They have used the concepts involved in sophistiéé%éd computer programming
to analyze information procgssing done by students in v§riousbcontexts.

A detailed sdmmany of the concepts is contained in Appendix C: Summary
' \

of Theoretical Postulates, Observed Behaviors and Conjectures. The

following is a review and explanation of what Davis and his‘colleagues

v
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CQnSEder to be the key concepts in their formalization.

Hypothetical Mechanisms in Mathematical Thought

1. Procedure: a definite sequence of steps, aimed at achieving some

quite specifig/fésu1t. Procedure B is a sub-procedure of procedure A

and A is a sgper-brocédurg if A can call upon B in order to accomplish
bart of the asSignment ofwgrocedure A.

Example: a) Addition and subtraction of positive intggers are sub-
procedures of addition and subtrabtiop of signed integers. b) Buttering
the bread is a sub-procedure of making a sandwich.

v

2. Visually-Moderated Sequences (VMS): a sequence beginning with a

visual (and/or auditory) input which ié‘a'stimulus to which a person
responds by activating some procedure; fo]1owed'by this procedure
producing a new visual input and so on until some final outcome is reached
or the sequénce fs terminatéd in some way.:

‘Example: a) Oné may not be able to exactly describe the route to a new
home but could drive home'bécause once the sequence fs set in motion
visual ?nbuts femind one of the hext stept b) A grade four student may
have t6 execute a Ioﬁg division problem iﬁ'order to describe it.

[N

3. Integrated Sequences: holistic entities which can be contemplated

without executing the entire sequence, step by step.

Example: a) If the route hohe is simple or one has lived there for

e
several years the route could be contemplated and described. b) An

adult can visualize and describe a long division problem without actually
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‘;going through the process.

i

4, Integrative Capabi]itiegz the mechanism which makes possible the

transformation of a VMS sequence, by practice, into an integrated sequence.
This involves the capability to identify similarities between two'portions‘
of procedures, and a "look éhgad" capability to recognize, before hand,

" what is coming neM. This must be inferred from behavior that exhibits

an integrated sequence,

5. Record Keeping Capabilities: the mechanism which makes possible the

recording of procedures actua]Ty used. This must also be inferred from

behavior that exhibits the subject has "remembered" some procedure.

A1

6. Assimi]atioh Paradigms :

This concept is drawn primarily from
the work of Piaget...[It is] an idea
in the subjects's mind that is retrieved
in response to some information-processing
P "trigger', such as a cue in some visual
input, and which then plays a central role
in subsequent information processing...
[Example:] In the Pigetian 'rotating
jar' task, a young child (about age 3
years) may draw a fluid in a jar as if
it were'a frozen block of. ice, when in
fact it is not; this is sometimes analyzed
by assuming that the child retrieved an
‘assimilation paradigm' (AP) based on -
experience with solids rather than fluids.
Since the AP then influences subsequent
processing, the child's drawings are
essentially those of a solid, not a
liquid...'Frames’ [defined below], drawn ‘
from A.I., are relatively precise and
detailed; AP's are vague and general.
(David and McKnight, 1979a, pp. 27-28).



7. Frames, (Scripts, or Schemata: No distinction is made in this con-

ceptualization of learning between "frame", "script", or "schemata" as
usea by Minsky, Schank, and Rumelhart and Ortony respectively. Minsky
(1975) defines frame as:

a data-structure for representing a
stereotyped situation, like being in

a certain kind of living room, or

going to a child's birthday party.
Attached to each frame are several
-kinds of information. Some is about
what one can expect to happen next.

Some is about what to do if these
expectations are not confirmed (p. 212).

_Ex&mp]e: If birthday party is mentioned to children, they assume they

will have to buy presents, get dressed up, be fed cake, the "party person"

will blow out candles, etc. '

1)
“

é. Frame Retrieval Mechanisms: a mechanism for retrieving an appropriate

frame, if one can be found in memory.

9. Frame- Appropriateness Judgements: Jjudgements made after a frame

{s retrieved as to whether it §hould be acceptéd or rejected. "This
corresponds, af 1eas£ roughly, to a part of the 'assimilation' vs. ‘
*accommodation' alternatives of.Piaget" (Davis énd McKnig;t,‘]979a, p. 29).
Example: wﬁen one i invited to a party a frame is retrieved rggarding

dress. If the party is an informal house party a frame with a tuxedo in

it would be rejected.

10. Assigning,Values‘to "Variable Slots" in a Frame:

We can think of a frame as a network
of nodes and relations. The “top-
levels" of a frame are fixed, and ~



represent thipngs that are always
true about the supposed situation.
The lower levels have many terminals-
"slots" that must be filled by specific
instances or data. Each terminal can
specify conditions its assignments must
meet...Simple conditions are specified

. by markers that might require a terminal
assignment to be a person, an object of
sufficient value, or a pointer to a sub-
frame of a certain type. More complex
conditions can specify relations among
things assigned to several terminals...

A frame's terminals are normally already
filled with. "default" assignments...

The default assig&ments are loogely
attached to their terminals, so that
they can be easily displaced by items
that better fit the current situation.
(Minsky, 1975, p. 213)

Thus, on hearing about a dog, readers will probably call to mind
some dog in their‘past, say a black Cocker Spaniel. The fixed part of
the frame would include, aﬁong ofh;r things, four legs, two ears, two
eyes and hair. fhe lower level or variable slot for hair would contain
the condition tHat the color of the hair be one of white, some shade of
brown, or black, or a cqmbination of these. One complex condition would
specify that the eyes be on the head. The default assignment "black"
(asﬁigned becausg of_the'dog in the past) would be Fep]acéd by reddish-;
brown on hearing that the dog is an Irish Setter. Thus, as more informa-
tion comes in about the size, sex, age, etc. of the Irish Setter, this -
would replace the default assignments which describe the Cocker Spaniel.

Davis and McKnight (19795) describe the process by which ftames
are formed:

| Where Do Frames Come From?

Our observations suggest a sequence
generally like this: For novel prob-
lems something resembling VMS seguences

d
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will be learned (from books or teachers),
which -. given sufficient practice - will
become schemata [ frames]. Gfven more
experience (and perhaps additional expli-
cit instruction), a meta-language will be
created. This is the general pattern,
though individual students may not complete

‘ the entire process, and simpler problems

. \ may not require it....

As the VMS procedure is acquiring the
wholeness of an integrated sequence, as
it 1s acquiring appropriate meta-language
descriptors, it is in fact becoming a
frame (pp. 34-35).

Davis and McKnight (1979b) comment on the difference between
Frames and VMS séquences:

1. Frames allow for decisions to be
made early in the process...

2. Because of the preceding property,
frames make possible "top down" vs.
"bottom up" processing. When a frame
is retrieved early, it can guide us in
Tooking for that input data which is
most essential...[In "bottom up" pro-
cessing used by VMS sequences one ‘uses
more minute pieces] of data not yet
related to any specific "larger" sche-
mata...[Followed by other data, it can
lead us to the selection of an 3pprop- \
riate frame.]

3. Frames allow for "random access"
variable binding [see Appendix C,
Th. 3.1B]...whereas procedures are
presumably more sequential...

4. Of course of the greatest importance
is the question of default values for
variables. If I say "Leslie is a
teacher," you can immediately retrieve
one (or more) probably relevant frames
and make default evaluations...and
modi fy them as incoming data may require.

5. People probably display more confi-

dence when their data-processing is based

on frames than when it is based on VMS

sequences or other purely sequential

processes (p. 100). - o .
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11. Meta Lanquage: a set of appropriate descriptors for frames.

Example: given a problem, a subject may have to retrieve one or more
frames and sequence them properly. Possession of an appropriate meta-
language of these frames can help. Given a problem that starts like:
A grocer has two kinds of tea...one automatically thinks 1t is going to
be a "mixture" problem and starts retrieving the mixture frame.

Given the above key concepts in the conceptualization for learning,
the reader is advised to turn to Appendix C, for a summary of the other
concepts. The following section applies the above conceptuali;ation to

research on problem solving.

Analysis

Davis and his colleagues, as mentioned earlier, did not have a
predetermined conceptualization. They built their conceptualization as
they did the analysis. The results are reported in Appendix C and the
key concepfs were discussed in the preceding section.

The conceptualization can be used to analyze both correct and
incorrect procedures and the results of research of others who may not
Have based their studies on an A.I. conceptualization. Examples of
analyses follow. ﬁ '

Erlwanger (1975) found that most visually-moderated-sequence errors
made by fourth, fifth, and sixth grade arithmetic students he studied
were made in super-procedures which were the subject of recent learning,
and not in the sub-procedures. "“A typical example: .3 + .4 = .07. The
sub-procedure that inputs 3 and 4 and outputs 7, performed correctly; the

subprocedure that counted decimal places and added them worked correctly;
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but: of course, this last sub-procedure ought not to have beeri activated

3

for this probiev" (Davis and McKnight, 1979a, p. 103)

Other errors found by Eriwanger were the resu]t of "Binary switches"

im which procedure B is- used when procedure A should be used Th e

resulted when the notation for the two procedures is similar, for| example

+ and X. This error is a result of confusion between two visuai]y—si‘f]ar

“*

“initial inputs. L

4.

Radatz (1979) af§o makes reference to this type of error |n which

there 1s interference from a previously iearned skiii or aigoritim
‘ Another error found by Erlwanger (1975) which often occurs during
a VMS sequence is the subject misreading his own written notatiop. For

example,‘a,careiessly written x may go through a metamorphis and|become
~ Davis and McKnight (]978) refer to the potential ambigu1t§ of a

stimulus and say that "various procedures must be activated at the outset \’

3

to 1nterpret the input Signal" (p. 27). Radatz (1979) refers'to)several

!

investigations and says that "the,iconic representation of mathé atical
51tuat10ns can 1nvo]ve great diffdculties in information process ng and
that perceptua] ana]ySis and syntheSis often make greater demand 0 the
pupil. than does the mathematical prob]em itself" (p. 165)
Parai]ei,to_CL 7.0 A (Natural language ‘statements often iea

»_ students into error, see Appendix c), Radatz (1979) found in the nksearch
| that errors evolved in the “translation from.semantic network in naturai
1anguage to‘a more formai network in mathematical ianguage“ (p. 165) . |

| 'Radateuaiso discusses errors in assimil4tion in which therg dqre

|

mistakes Tn seeing, or reading or hearing. He also makes reference”to

studies that showed insufficient kngwledge of necessary concep's. Skvera]

| . | | |

i
i
i
3
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other studies, mentioned below, refer to this and would relate to the
concept in-A.I. of inadequate or inappropriate- frame retrieval.

_ Kantowéki (1977), addressing the prob]em of prerequisite knowledge,
found that "the theorems committed to memory (as shown by the prerequisite-
knowledge test) were easT]y'actiyated ﬁor use ih 50]utions,'whereaé those
not remembered were most 6ften not used even though fefereﬁte sheets were
available" (p. 177). She concludes that "minima]l'grounding' in confent...
may be necessary before thé use of heuristics can bé'of any va]ue‘fo a
brob]em solver" (p. ]77). 4‘ .

Knifong and Holtan (1976) found théf because students did not knowl
the correct procedure, they committed 5% of their errors on average and
area questions even though these questions congtituted only 10% of a
problem sd]ving‘test. This would indicate, ({Fseems, they did not fully
understand the conéepts of average and area; that is, they had incomple}e.
frames. | ’ |

'Hétfield (1978) Dn‘reviéwing problem-solving research found fhat
several studies indfcated lack of background knowledge hampered students
pﬁob]em solving. 0n§~study he reViewed (by Webb) éhowed that "COﬁceptual
knqw]édge was the variable with the h{ghest relation to prob]em solving
abj1ity in mathematics" (Hatfield, 1978, p;.29);_ Thi§ shoWs'the need
for 51carefu1 building up of mathematical ideas. |

Krutet;kii (1976) describes some stﬁdiés'which do not use arfifié
cial infe]]fgence as a mbde]l but can be eXp]ainqﬂ thfough the use of
frames and frame retrieval mechanisms . “Menchiskaya has shown that both
the features of a problem and the pupil's understanding of‘the concepf
inyo]ved in éhe problem will influence whéther the pupil can discrimin-

ate and abstract the relevant features and thus recognize the problem's



type. '

Kalmykova found that solving problems of a single type helped
students ﬁo.gradually discriminate and'gengralize the relevant features
and guided them to solution. V:L. Yaroshcuk stated that a pupil was a
more successful problem solver if he could classify the problem according
to type. ]

‘Nesher and Teubal (1975) found there is an association betweeﬁ the
choice of addition or subtraction and the verbal cue more or less given
in the formulation of a problem. They suggest that the usual way of
training to so]vé problems misses the target because thé training encour-
ages direct translation from the verbal formulation to a mathematical
expression. Because the same word wi]] sometimes appear as a cue and
sometimes as a distractor, the main goal in a "genuine arithmetic word
problem should be to ggyea] the underlying quantitative relations"
(Nesher and'Teuba1,11975, p. 50). This revealing of the under1ying
quantitative relations shows the student has an internal represehtafion
~ of the physical situation, s mentioned by Paige and Simon.
' | Paige -and Simon (1966) compared the

protocols of subjects asked to think

aloud as- they solved algebra word

problems with the processes used in

a computer program for translating

English sentences into equations and

then solving them. Analysis of the

protocols showed that subjects used -

some kind of internal representation

of the physical situation described

by the problem in framing their -

equations (Kilpatrick, 1969, p. 527).
This internal representdtion could bevthought of as a frame.
Kinsley et al. (1977) showed that appropriate .frames were

»

retrieved by adult sUbjetts doing several word problems.
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1. Subjects do recognize problem cate-
_gories. There are at least 16 problem

categories which our subjects agree

about. Presumably, more could be ident-

ified if we were to search more’ thoroughly.

2. Subjects can in many cases recognize

a problem's category early in reading the
problem. Sometimes reading as little as

the initial noun phrase is sufficient.

3. Subjects have information about the

. problem categories which is useful for
formulating problems for solution. This
information includes knowledge about use-
ful equations and diagrams-and appropr1ate
procedures for making relevance judgements

4, Subjects can and often do use this
information in solving algebra word
problems when their instructions are
simply to solve the problems and do not
in any way call special-attention to
problem classification (p. 104).

Krutetskii's (1976) analysis of his own results lead him to state that
there seems,td be

three basic stages in the process bf -
solving mathematical problems:

1. .Receiving information about the
problem (related to an initial orien-
tation toward its terms, an attempt to
unders tand 1t)

2. Process1ng (transform1ng) the
obtained information for the purpose
of solving the problem, and obtaining
the desired result.

3. Retaining information about the
problem (p. 184). .

‘ - Parallels can be drawn to the work of Davis and colleaques, and the
‘thqee.stages could be described as:
1. Receiving_informétidn would be the beginning of a VMS sequenpe..

Orientation toward its terms would be retrieval of frames using a meta-
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language and frame appropriafeness'judgements.

2. ProceSsing the information-would involve top-down’processing driven

by the frame or bottoh-up processiné, re]ated to é VMS sequence.

3. Retaining infprmatioﬁ about the problem would use record keeping

capabilities and the frame associated with the problem would be refined. -
’Depending on the success the student had in completing the above |

three steps while solving one problem, there would be, according fo Davis

et al. (1978), three possibilities in relation to so1vihg a similar problem.

1. The student is unable to solve the problem.

2. The student uses a VMS sequence to solve the problem but has no ETear

over-all picture of. the process. ’

3. The student has in mind an overall plan of action. Thus a frame for

‘the problem has been activated. To assess the stage at which the student

'is, clinical judgement is required (see Appendix C: CL 3.2, p. 137 ).

Knifong and Holtan (1976), using a standardized word problem test

with sixth-grade children, found that 49% of errors were found to be

solely attributed to faulty computation. They suggested that "improved

cbmputationa] Ski]is could have-e1imiﬁated-near1y half of the word problem
errors and can be strongly recommended as a teaching strategy" (p. 111).
Davis et al. (1978)_wou1d’refer to these computation errors as
Behav. 1.5 (What should be a re]fabié unit éub-procedure may sometimes
malfunction). | | |
| In Hatfield's (1978) review of some research, it was feported that

Webb found that use of a pictorial représentation he]péd students solve

' prob]ems. This use of an,a]teknatjve representation is CL 9.5 in Appendix

C. Webb, as repﬁrted by Hatfie]d, 1so found that those students who

used a wide range of heuristic strategies, on the average, were better

-
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prob]em'splvers.

Hatfield (1978) also reports that McClintock found that students
who verbalized what they recalled having done in solving problems were
better able to transfer their methods to new prob]ems on the same topic
than those students who did ﬁot verbalize. In A.I. terminology this
could be thought of as formfng a meta-Tanguage of the procedures.

Lester (1978) gives an account ofvsome'research done at Indiana
UniQersity‘concerning problem solving processes used by fifth-graders.
It Qas found that:

' | .1. Students often misread or
misinterpreted problems.

2. Students had difficulty
retaining and coordinating
multiple conditions in a problem.
3. Students do not appear to
use any strategies during problem
solving (Lester, 1978, p. 83).
These would be para11e1ed, respectively by:
1. Prob1ems in ass1m11at1on (Behav. 3.0).
2. D1ff1cu1t1es in creat1ng and maintaining a 1ong strategic p]ann1ng
sequence (CL 6 3, 6.4, 6. 5).

3. Problems 1nvo1v1ng heur1stics.

Kantowski (1977) found (in stadies of grade-nine students) that

» the more successful problem solvers (those above the median) made use of

goal-oriented heuristics more often than did those below the median. She

states that "the introduction of a heuristic related to the goal seemed

- to correspond to 'insight'. From that point, the path to the goal was,

in most cases, clear and ‘characterized by regu]ar ana]ys1s -synthesis:

patterns" (p. 166).
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.

This would be explained using artificial intelligence terminology
by saying a frame was called up (the insight, and goal oriented heuristic)
whith direct top-down processing. This top-down processing would stop
at times and bottom-up processing (conducted by a VMS) would be used.
Kantowski (1977) also found that:
Persistence did seem to be affected
by prerequisite knowledge and by
personality factors. When a problem
was repeated, some subjects tried new
techniques if they had been unsuccess ful
previously, whereas others abandoned the
-search for a solution immediately if they
recognized a problem as one they had
tried before without success (p. 169).

The former would be related to the heuristical method of trying
~something new. A$suming they should be ‘able to do the problem, the latter
could be related to a wrong evaluation of knowing the boundaries of what

they should know (CL 8.9).
Looking at the above research using an A.I. conceptualization,
not only givesbone a new perspective on the research but also increases

ones sensitfvfty to what might be "going on" in pupil's minds.



CHAPTER III
RESEARCH PROCEDURES .

{/r o
. . ")
Introduction 3

The purpose of this chapter is to describe the pdet wofk, research

design; the sample used, data collection, and fhe analysis methodology.

Pilot Work

Thirty problems involving rate, ratio br percent were piloted using
grade nines in order to choose questions which seemed most fruitful for
éna]ysis purposes. Three”hetérogeneous classes of grade nines were asked
to do ten problems during a class period and to put all their work on
papef and to write down what they-were thinkfng as they solv;a the
prob]ems;'

Using these protocols, nineteen questions were chosen' for the
study and theAwording of one question was changed for the study. Two
questions were added in order to make three sets of seven parallel
queétidns. Two queSfions, which were not rate, ratio or percent questions,
were later added io each of sets B and C. This was done in order to see
if the students would try to set up a proportion to solve them.4 The
quéstion§ wére typical 8} what one might find in any grade eight text
book on the topic.

Each question was typed at the top of a page with the remainder'
of thé page being 1eft-for the students' work. The questions used in
the study can bé found in Appendix A: Prob1ém Sets. |

Four adult women were .interviewed to practice the interview
technique aqd iron out prob]ems'tﬁatﬂmight occur using a tape recor:
and requir%hg thinking to be done out loud.

26
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Research Desiagn -

This project was a Aescriptive study‘usiﬁg clinical methodology
for data collection. Analysis of the data was done using a conceptual-
jzation of 1eafning based on an Artificial ihfe]]igence‘Metaphbr.
Observations were made 6f twelve suﬁjects anhd neither a control nor a

comparison group was used.

The sample of squects came from two heterogeneous grade ;fght
classes in'a city junior high school. Both clagses were taught by the
same teacher. Students were asked to volunteer. From the vo1uﬁteer iist‘
and a rank ordefing of the sﬁbjects byUIQ§ two low, two average and two
high IQ subjeets were ran&dm]y chosen from eéch'c1ass. Thfs resulted
in twe]ve.subjects taking part in the study. A1l twelve completed the
study. It was decided that problems pertaining to a sha]] unit of

’study would be better than using a large variety of problems.' Thus,
problems involving rate, ratio and percent were ;hoéen. Students sfudy
this topic briefly in grade seven ‘and return to it in the spring of

grade eight. : N

Data Collection .

Observations were madevduring April, May and June in order to
examine Subjects' problem solving before and after instruction in rate,
:ratio and percent.

The data was collected during tape recorded interviews in a .
small room where disturbances weré'un]ike}y to occur. The subjects were

interviewed one at a time during school hours and each interview lasted
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.approximately the léngfh of a class period, thirty-six minutes. The

students were given a pen an& the problem’sheets for the session. Using
a tape recorder and the pen, permanent records of their work &nd- verbal-
jzations were made.

An explanation of thé_purpose of the interview was given to each
subject prior to the interviews.

The subjects were told at the beginning of the interviews that none
of the results would count toward report card marks, and that the fntgr-
viewer was interested only in what they weré thinking while they solved
the problems. They were encouraged to "think out loud". They were told
that questionning by the interviewer did not imply that they were doing
something wrong, it merely meant that the interviewer wanted.a further
explanation of what they were doing.

During the interview, the interviewer was as unobtrusive as

_poSﬁine. If the subject was reluctant to verbalize his or her thoughts,

only the work done on the problem sheet was used for analysis purposes.
The interviews were flexible, however; and if it seemed prudent, the
interviewer asked questions of the subjects in order to further reveal
their thoughts if these weren't made evideﬁt by their verbalizations or
their written work. Typical questidns would be:

1. Does that seem reasonable? (Asked éfter unreasonable or reasonable

answer were given if it seemed of interest to know if the ‘subject had

considered the reasonableness of an answer.

2. Why did you add there?

3. Can you tell me why you have that proportion?
If it seemed necessary, a new question was posed in order to

reveal more of the thinking involved or to try to trace where the
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thinking m;y have originatéd.

If subsécts seemed frustrated with a question at any point they
were asked if they would like to go on to the next queétioh. '

The role conflict of fee]iﬁg guilty for not offering remediation
was resd]ved by offering pointers at the end of the interview if it was
thought such pointers would not interfere.with future interviews. Other-
wise, remediation was not offered. Very apparent di fficulties were
exposed to thé teacher at the end of the interview sessions and the
responsibility for remediation was left to her.

During the first interview session, it became apparent that the
subjects were having difficulty doing division. Therefore, a separate
interview with each subject was set up invorder to, hopefully, divulgé
the cause of these difficulties. fhe questions asked in this séssion
are in Appendix B: Division Questions. Thus, at the end of the inter-
vigy sessions there were four sets of data collected on each individual:
1.?. Problem set A, collected prior to the students being taught the
raté, rafio, percent unit. | A
2. Division Questions.

3. Problem set B, collected within a week of the students finishfng
"the unit.
4. Problem set C, collected three weeks after they finished the unjt{

These sets were transcribed by the interviewer and three compTete
transcripts of protocols are contained in Appendix D: Sample Protocols.

The names of subjects have been changed in order that they remain

anonymous.
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Ané]ysis Methodology

Analysis involved repeated examination 6f all the protocols,
transcripts from the interviews, and the students' written work. of
particular interest was the "fit" of the data to the conceptualization
’posed by Davis and his colleagues and what‘recoﬁmendations could be
made regarding teaching.

To test the fif, each protocol was examined in réIation to the
following three topics.

I. ‘ Eleven hypothetical mechanisms discussed in Chapter II.
;I. | Three possible problem so1vihg stages.

ITI. Other mechanisms of Appendix C not mentioned abovg.

These three topics are discussed below.
I. The ‘general framework on which the co;ceptualization is based as
outlined by the eleven hypofhetica] mechanisms discussed in
chépter II. |
. " Procedures

2. Visua]]y-Moﬁerated Sequences

3. Intégrated Sequences

4. Integratiwve Capabilities

5. Record Keeping Capabilities

‘ 6. Assimilation Paradigms |

7. Framgs

8. Frame Retrieva] Mechanisms

9. Frame Appropriateness Judgements

10. Assigniﬁg Values to Variable Solts in a Frame



IT.

3

-,
,AiﬁqgﬂetAJtanguage

TQ}Mggnge at which the student was on approaching the problem.
1. Stage CL 3.2A Student was unable to soive the problem.

The solution was classified in this cétegory if the student
didn't try to solve the problem or tried but called up én inappro-
priate frame,or‘used an incorrect procesé. 1
2. Stage CL 3.2B Algorithmic stage‘(using VMS sequence which

may have occasional errors).

The so]ut{bn was classified in this category if the student
used an -appropriate method of solution but seemed to use each step
to guide decisions as to what to do next.

3. Stage CL 3.2C The stagé of comprehension, defined in terms
of the student's ability to state an a priqri
“plan of action" for §o1ving the problem. Th
student can discuss how and why nthe pieces fit
together. ‘ |

The solution was c]assified in this category if the processing
séemed to be top-down. That is, if the subject.read'the problem
and without hesitation‘seemed to retrieve a frame for the sélution

of this type of problem, then looked for data in the problem to

- fit into this frame. There may have existed minor sub-procedure

errors after this'but it was still classified here if the subject

had the correct over-all p]an;

~

4. Aspects of the problem which could be classified as supportive
_ v A
‘of any of the theoretical postulates, observed behégiors or

* . B
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conjectures listed in Appendix C and not mentioned above.

Clinical judgement was necessary bdt all decisions were made
‘after careful consideration and repeated assessment of all protocols
.for each subject. ‘

While the 5na1ysis was being done, particular attention was
paid to areas where recommendations could be made regarding teaching

strategies and remedial work.
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|  CHAPTER IV | o

ANALYSIS AND IMPLlcglons

Intrdductibn‘

1
|
The purpose of this chapter is to d1scuss the ana]yses of the -

protocols and the implications of these ana]yses for teach1ng It
1 .
"should be noted that the inclusion of implications in this chapter, f

rather. than in the concluding chapter, is a dev1at1on from the eradX£iOnaL ‘

. format. This has been done for ease in referenc1ng the ]mp11ca,1on§:
i

with the data and analysis. , ' ; !

El
Analysis of Division Protocols and

\\i§; | : Implications for Teaching

.. During the first interview session; when the students were so]v1ng

problems pr1or to be1ng taught rate, rat1o and percent; it becawe ev1dent
that many of -the students had some d1ff1cu;ty with d1v1510n They d1d
not have a method of approx1mat1ng the partial quot1ents and encountered
d1ff1culty'when decimals were involved. .‘ | \
_(d §ince'divisiqn, by grade eight, should be a reliable procedure,
'{£YWas decided to further analyze the students' divisaon‘procegures. A
separate interview wae»set up with each ;tudent'in order to do this. Ihe
questions asked;aré‘in Appendix B and samples of protoco]%yof interviews
are in Appendi x D. | - |
. The fol]oW1ng paragraphs conta1n an: ana]ys1s and discussion of
some of the d1vis1on protocols and 1mp11cat1ons that can be drawn from
these. In the diecuss1on, 51, 52, S3....designate sfatementsﬁl, 2, 3....

in"a protoéol.h;FOr example,"S4 in Kurt's protocol for problem la of

.33
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session 1 is:

4, K: VYeah, I hope I'm not buying it 'cause that's
\ .
,an awful lot of money.

References will be made to the listing in Appendix C which summar-
izes the conceptionalization. In.most cases the Tis#Ed topic will bey
pf@%phrased. If it is not paraphrased, the page number on-whi}h it is

contained will be given, _ i /

o .
et

0f the twelve students discussed here, the first four had little

difficulty with the division questions.

Trina:

kAs can bé inférred from the statements below, Trina has a "cor
frame for the felatiqnship betﬁeen mui;;;R\fation and divisfon.
1 Div. o i
1. I: What is the re]atiohship between multiplication and
division? |
2. T:  Ne]] ]ike you can find out how many of.one number can
go 1ﬁ£o another number.

- 3. I: Can you give me some examples?

4. T: Well you've got 8 times 7 is 56, right? Then you know:

that 7 goes into 56,v8 times. Like jf you know the answer

to one you can almost do the other one.
| 5. I: Almost, but not quite? .
6.. T: Well yeah, if you know times you can do divide.
Trinakcompieted all of the division questions except fdr 3DQ with
no problems. She arrived at theﬁcorrecf answer for 3DQ but was definitely
at a\VMS stage for solving this kind of division question aﬁd, as can be

-

9
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seen by S4 and S10 below, she did not have an appropriate meta-language
with which to talk about the procedure used.

One explanation for S4 is thdt Trina made an incorrect variable
refrieva], Behav. 2.0. She retrieved: "negat1yes" instead of "dec1ma1
numerals". Another exp]anatlon cou]d be that Trina thinks that any d1g1t
after the decimal point represents a negative number. Her frame for the
decimal numeration system would have to be exposed further in other
interview situations QUestions 1{ke- :"what fractiona1 number is
represented by 62?" or "Which is greater 0 or .0037?" would expose where
her frame for decimal numerals would have to go under further accommodat1on.

3 DQ: (32 + 429)°

';1. T: (Writes the question in algorithmic form.)
2. T: Is that right, 32 divided by..... ? ,
3. I: Yes.

4. T: HWell I couldn't do it un]essbl bring down the zeros and
then you'd have to go.into negative numbers.

5. 1: Well put whatever you think the answer might be.

6. 'T: We've never had anything 1ike'this before.

7. T: (Adds two zeros after-the decimal in the 32, puts the
decime] in the answer above the decimal in the 32.)

8. T: You can't use 32, and you can't use 320 so that's zero
(puts the 0 inrthe tenths ptace in the aeswer). _

9; 1: ‘Can you tell me why ng,have'to put that zero there?

0. T Well that decimal 9 lets say‘meens 9 tenths of‘a;hundred
but it might be less than -that like .1 ninth of a fhoﬁsand
or somethﬁ%%’of a hundred so you have_to get it eVer.

1. T: (Tries 3-times 429 out at the side.)
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12. I: Can you tell me why you picked 37

13. T: NeT] I wasn't sure Tike how far it would go, and once I
get a lTow number there (after mu]tip]yiﬁg) I can see
about how much another 429 would be.

14. T: (Gets 2145 for 3 x 429) Let's see it could go up another
2. (Multiplies by 5.) (Multiplies 429 by 7.)

15. T; (Pﬁts 7 in the hundredths place in the answer and gets

a remainder of 197.)

Sue:
Sue was unable t -give the names for divfsor, quotient and dividend
but did answer the other| preliminary questions in a manner that inﬁicated,

she had a "well develope

rame regarding diwision.

when asked to estimate in 6DQ, Sue rounded the divisor down rafher
than up. This indicates that an incorrect sub-procedure has been called
up by the division sap;}—procedure. |

6 DQ a: (8245+85)

6. S: Because I ju;t rounded it off and, 80 would go into 800,
10 times. ' ‘

6 DQ c: (241564 732) o
2. S:  Now I'm just rounding it off to 700 so the first digit

wbu]d be 3.

Dbn:
As can be seen. in Appendix D, where Don's complete protocols are

*given, (pp. 182-191) Don encountered little difficulty with division.
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In the secoﬁd divfsion question, 2DQ, he Qas asked to check his answec;Sahg\ :
usin§ multiplication. He did so easily ($8) and cdrrected his error, an )
example of CL 24.5C, abf]ity to criticize work and make changes where
neéessaky. In 200; a]so,_he gave an informal meta-analysis 6f movement

of decimal points (S1, S3)..

>

Jane:
Jane, also, had little difficulty except for 3DQ. In S1 she
exhibits a negative instancé of CL‘8.9, knowing the boundaries of what
you are suppoﬁed to know. She should know how to handle division qhestions
in which fhg divisor is less than the dividend.' S]lalso is’an instance
of CL 24.5A, retention of earlier restkictions'even after one has learned
they are no Tonger necé;sary. ‘ 
| Following the hint offered in S6 and 58 Jane illustrates CL 9.7C
to solve the problem; she uses an illustrative example to solve an
assigned problem.,
3D0Q: (32 4-429)
1. J:  You can't divide 429 into 32.
2. I: Why?
3. J: Because 32 is too small.

4. I: Are there any sixes in 37

5. J: No.

6. I: Is there halfa6 in 32  _ .
7. J:\ Yes. V \ .

8, I: .5, does that give you a hint what to db?
9. J: (Puts .0 in the divisor.)

10. I: Why did you put the 0. there?

.



38

11. J: Because 429 won't go into 320 so I put the O there and

add another 0. (Finishes and gets .07 remainder 197.)

Liz: o /

Liz answered the preliminary questions with no trouble. The only
division questions she had trouble with involved decisioﬁs about whether -
to put zeros in as place hé]ders in the quotient. This problem also
occufed in question 1c of the problems. Thus, what should be a_reliable
unif sub-procedure is not (Behév. 1.5). Thfs'prob1em coula probably be
‘clarified by discussing with her the structure of the decimal n;meration
sy%tem and>the ﬁurpose of zerb as a-place-holder. This discussion should
take the fbrm of directed duestioning. This coQ]d then be followed by
her doing §6me queétions of this type under supervision.

4 | o | j

-~

EL
L%

The above five students, particularly Don, encountered no real
difficu1ties with division. However, each of the four girls wou]d_brofit
from some help in "ironing out the bugs".in their procedures. 'This would
probably be best done on a oné to one basis and would likely take about
a half-hour per student. 0cca§iona1 drill in division would help them
keép their skills at an apbropriate 1?9e1. This drill should involve
‘decimals, djvisofs greater than dfvid;nds: and quotients with ze}os in
them. ;

The students should beAexpecfed.to appréximate’ the answer pfior to

actually doing the question.

The other seven students did not do as we]]_on'the division

"questigns. Since many of the seven encountered much difficulty the format
: Cox
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for the discussion of the analysis of these seven protocols is different
than the previous five. The data has been collapsed to give a general

impression of the difficulties encountered. Samples of some protocols

-

are included in order to give examples of explicit difficulties.

1 Div. : What is the relationship of mu]tib]ication and division?

39

0f the seven, only Kurt and Nan were unable fb“answer this question

adequately, indicating they had failed to “cross reference" (CL 9.4) the

information they new about multiplication and division.

S12, below indicates that Nan sees multiplication as a sub-procedure

,of division, which it is in this case, but she.is unable to express the

relationship of the two.

Nan: . | .
1 Div. (Re]ationshipiof multiplication and division)

6. N:  Oh, umh they're both multiplying like you Know. . .

7. I: Division is multiplying? (M: Yeah) Can you tell me‘why?'b,

3. 'N: Well umh one number has to go into anbther you know?-

9. 1. Can you give me an examp]é with numbers Nén?

10. N: Like 2 into 20. (I: 2 into 20...Yeah) Goes 10 fimes.
(I} Umhm. ) You.put 20 underneath the 20 and you need
a 0 under there.

11. 1I: ANow hoﬁ 1s that question, that division question related

to multiplication?

12. N: You're multiplying that number times (I: The 2?) -Yeah,

the 2 times the 10. To get that answer, 20.
13. I: 1 see.
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\

Both Kurt and Nan should be given examples like 3'x 2 = 6 then
6+3 =2 and 10 x 3 = 30 then 30+ 10 = 3 and slowly work up to greater
numbers like 18 x 24 = 432 then 432+18 = 24, in order that they could:

b.

generalize that ifa x b =c thenc+ a

2 Div.: Students were asked to name the a, b and c when shown c+a = b,

written in algorithmic form.

Mat was thé'on1y one of the seven who got these all correct, fndi-
éating his "short list" (Th. 5.1) did not yet have too many entries for |
him to remember. For the others, their short lists had become ambiguous
and‘they either confu§ed thé names for divisor, quotient, and dividend
wfth other names like numerator and’sum or were ﬁnab]e to-recall more
than one of them (the divisor) correctly. 4

if the short list has become ambiguous then Behav. 2.0 is exhibite

that is, incorrect or no variables are retrieved.

- b N
3 Div. : Students are shown a J¢ and are asked to write it using "£".

For four of the seven, the "divided by" ﬁign was not émbiguous.
' To the other three, the visual input was ambiguous, as can be seen from
the excerpts of protocols below. ‘

It could be that the visual input was ambiguous because they did
‘not know how to process the syﬁsol string ‘c+a = b, negative instances

b
of CL 6.10. They would, thus, not produce it when given aJc .

d;
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They have also not "cross-referenced" c+a = b with af ¢, negatjve
instances of CL 9.4, cross referencing of materia].

As stated in As. 7.0, natural language statements are not in proper
JEommand" or "procedure" form, additional processing is required to extract
the commahd from any natural language statement. Thus, C divfded by a
is not in "command" form, particularly if the numbers are large. The
processing required would be to put it into algorithmic form.

It could be that these'étudents, when confronted with aj‘%‘ héve
stored in memory a record of what procedures have been used (Conj. 3.7),
rather than the relationship of the a, the b aﬁd the c.

If the two represehtations for d%vision'afe going to_be used,
teéchers must make sure that both are understood. for the studenté io
whom tHis is not clear, practice should be given in switching from one

representation to the other until they can do so with ease.

| Nan:

3 Div.,
6. N: (Nm’tes: a-.h.b = c) .
7. ) I:‘ Now can you read that to me?
8. N: Uh, a divided by b equals c.
9. I:  And that means the same as this | a}‘%‘)? |
10. N: Yeah. | | |

Kurt:'

2. K:  (Writes: a=b = ¢)

3. I: Can you read that?



4, K
5. I
6. K
7. I
8. K

Brett:
3 Div.
2_- B
3. I
4, B
5. I
6 B:

4 Div. :

5 Div. :

6 Div. :

does b do?

- b | »
In.(aJ© , written out) if ¢ is constant and

42

Well a has to go into c to equal b.
Is that what this sign ( + ) means to you, has to go

into?

Well, divide yeah.

. Can you give me an exCTple with small numbers to show

that?

Oh I did that wrong. The a and the c have to be switched

around so that it is ¢ divided by a.

(Writes a+c = b)

~ Could you read that to me please?

a divided by ¢ equals b.
And that means the same (as aJ'B‘y?
Yeah. :

increases, what

jo

~

b
In (ayC, written out) if a is constant and c increases,

what does b do?

b . ‘ ’
In (ayc, wtjtten out) if b is constant and a increases, what

does ¢ do?



43

For questions 4 Div., 5 Div. and 6 Div.; Kurt, Hank and Cathy were
able to give answers which showed they had adequate frames for the relat-
idnship of the divisor, dividend and quotient.

Kurt:

Kurt's comp1eté protocols are in Appendix D; of interest are
statements S12 - S22 of question 6 Div., below:. In these he realizes
that a and ¢ must vary at the same rate but does not possess a meta-language
with which to discuss it. This would be an example of regression under
cognitive stress, CL 6.8; he ha§ regressed to-differences, rather than
using quotients.

6 Div.

1. I: Ifb is constant and a increases what would happen to

RS

c?

2. K: The g_Wou]d increase the same as a.

3. I: Why? |

4. K: Because if you get the same answer it has to go in the
same as before. |

~

5. I: Soif g.wént from 2 to 6, ¢ would have to go from...

6. K: 6 to 10.

ey \

~
—

Can you show me‘that? -
K: (Writes in a]gori;hmié form, 6+2 = 3.)
9. I: So 2 goes into 6, 3 times, and a goes froﬁ 2 to 6 and b
‘fs still the same S0 c would have to go to 107
10. K: Yeah, (1aughs) I doubt that would work out though.

1. I: g_doesn't»go into 10 three times eh? What would ¢ have,

Zto be?



12.
13.
14.

15.
16.

17.
- i8.
19.

20.
21,
22.

Hank:

44
I wouldn't know. '
To get 3 for an answer what would c have to be?
It would have to be the same number apart like it was -
before. Like it would increaée but it would have to be
the same number apart, like before it was 2 and 6.
That's 4 apart.
(Taughs) Oh that's what I had befare. Just say if would
have to divide the same. 2 into 6 would go 3, it would
still have to divide the same.
What would it have to be, then?
18.
So what.is the word for that, you said it had to increase

the same amount but that didn't work out for us. So v

you should say it has to increase...

Uh...
Increase at the same...

Uh...ratio...rdte.

Hank seems to uhderstand the relationship but he does not possess

adequate descriptors with which to express himself. He says "chang‘i&%he

same amount", regression under cognitive stress (CL 6.8) to subtraction,'

rather than changes at the same rate.

4 Div.

6.

Well if a gets bigger it won't go in as many times.
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5 Div.

2. H: Increases because a would go in more times as c gets
bigger.

6 Div.

2. H: It would stay the same, no it wouldn't do that, it would
have to move the same amount as a.

3. I: What do you mean the same amount, can you give me an
‘example?

4. H: Well if a is 10 and ¢ is uh 10 and a went to 100 then

c would have to go to 100 for b to be the same.

Cathy:

Cathy answers the questions adequate]j»but it is difficult to tel
if given numerical examp]es'she would regress to using subtraction rather
than ratio. She dia.not use'numerical examples in her explanation; and,
unfortunately, was not asked to.

4 Div.

1. I: If ¢ is constant -and a increases what does b do?

2. C: Decreases. |

3. It Why?

4. C: Bécause you're dividing a bigger number into another so

less of that number can go into it.

1. I: If a is constant and ¢ increases, what does b do?
2. C: It increases, because as ¢ gets larger this number (a)

is going to go into it more times.
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6 Div.
1. I: Ifb is constant and a increases what does c do?
2. C: It increases because if b is constant and a increases

then ¢ has to increase to make this (b) the same if this
(a) is going to go into it (c) the same amount of times.
The other four students had some difficulty expressing the relation-

; \
ship between the divisor, dividend and the quotient.

Rick:

Rick answered 4 Div. and 5 Div. adequately, using multiplication
in his explanation.

4 Div.

. 23
6. R: To get ¢ you have to multiply a by sometﬁfﬁg; a times

something will get you c.

12.. R: 4
j '
"5 Div. ;
. 7 ' . SN
s 2. R:  The b would have to get bigger. “\\\\\\§~

3. I: Why? a stays the same...
4. ~ R: So to get c you have to hu]tiply higher numbers.
In 6 Div. the interviewer gave numerical examples until Rick said

"It is increasing. Okay I get it."

Brett:
Brett gives an adequate explanation for 4 Div. and 5 Div. but does

not. answer 6 Div. correctly. He seems to think that something is actually
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<>

step.

NS

o
6 Div.
1. 7 1
2 B:
3. I
4. B
5. 1
6. B
7. 1
8. B
9. 1
10. B:
11.. It
12. B:»
13. I
14. B:

15. I:

4

. happening to ¢ when it is divided by a, (see S4, $10-15). He confuses

fhe original dividend with the partia1'dividends or remainder after each

k3

b is constant and a increases, what does ¢ do?

Well,

Can yo
b

u tell me why?

It would decrease.

w o

you'd take the a and divide it into ¢, then ¢

would become sma]lerf

b stays the same.

you'd have an answer 5.

So you div{de, say this (a) is 2 and this (c) was 10 so

IS

" Do you want to write that down?

(Writes 10+2 = 5, in algorithmic form.)

So 2 into 10 goes 5, and b stays the same and a gets

_bigger, what would c have to do?

2 times 5 is 10. (Writes the product under the quotient

and writes in the_zer@ remainder.)

But g_getshbigger than 2.

‘It would become 10 'cause you take two "5's" and get 10

down here.

S
After that it would decrease because it would

come fo zero.

What would decrease?

The c because it would come down to zero.

Oh,,: you're subtracting there;

¥

4 ‘ v‘ 47
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“
Nﬁ ”!’,1 .

Mat:

Mat answered 4 Div. correct]ygxnd gave examples. He answered

-
v

§ Div. correctly but was unable to say why:
5 Div. _ .f : | p
2. M: >It‘wou1d be larger.
3. I: Why?
4, M: Okay, a stays the same, c increases, b...uh...

5. °I: Could you show me with numbers?

6. M: ~ Umh,...no.

Nan:

AN

Nan, e]so, gets’the correct answer but is unable to say wﬁy. of
special interest is S4 which is an exampievo% Behav. 2.0, incor;ect ‘
variable retrieval. She retrieves "denominator".rathef than "divisorﬁ.

In S6 she Says that gihdé to getgefgger or have zeros added on'to

~it. "She may think that adding zeros onto a number‘does not change the

- value'gf the ﬁumber . This, unfortunate]y, was not d1scussed further with
her //E%wever, in 3DQ she adds two zeros onto 32 in order to divide 1t

by 429 but makes no compensat1ng changes 1n the p]acement of the dec1ma1
vwﬁfkhe quotient. She makes,a similar mistake in 20Q, add1ng two zeros
';onto 60 and gets 139 for an answer rather than 13 9. _ .
PR It is poss1b1e that at \omejt1me a teacher said something 11ke,
add1ng zero ngn does not 1ncrease the number because zero is nothing.

The teacher, oﬁ;course,-would have meant adding zeros on after the decimal
point but Nan éeok_this out of context and applied it whenever zeros are

added on. This is an example of CL 7.0A, natural language statements

often lead students into error. Her frame for iero‘as a p]ace;ho1deﬁ
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before and after the decima1’point has to undergo some accommodation.
6 Div. R
1. I: Ifb is constant, now b-is staying the same, and a
“increases whaE does ¢ do? Now a is stayiné‘the same
b is betting.bigger, what does ¢ do?
2. " N:. é_is getting bigger.
3. I: g_i; getting bigger, can you tell me why?
4. N: Because if, if uh the deﬁomihétor is_big;er then this
has to be...(I: If a-is bigger...) Yeah then this
| (I: Then c...) has to be bigger.
5. I: Why? | |
6. N: Because it won't divide into it if it's not bigger.
| Unless youiadd zeros 6h. ’
7.. I Oh if a....a won't divide into....(N: c) up]esé it's
bigger? | ( . A
8. N: VYeah, c has to be bigger. |
9. I: So g_incri%seé. |
o o : / _ :
In order that these fouf students better understand this retation-
ship they could be given examples like 18-?i = ,18%2-= __r;_;
- 18+3 ’=' 186 = -, where one of the three is held cbnstﬂant, one
increases and the students arevasked fb say what is happening to fhe othef;“
Similar gxamp]ésﬁéou]d‘be given holding g_consyﬁﬁt and varying ¢, and
ho]dihg gﬁtqgstagt qna varying a and asking'thé s;udénts what is happening

to the third one. - \

R .
9 P ' \
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Kurt:

~ (Complete protocols for Kurt are in Appendix D, pp. 156 - 170).
, Kurf handled the division questions quite well. His sub-procedures for
division; movement of decimals in divisor and quotient, and mu]tip]fcation
Seem to bé'working efficiently. | c

- In 4DQ (54.2:%26) he, at first, did not put a zero in as a place
holder and got an answer of 2.8 remainder 12’instead of 2.08 remainder 12.

His confusion about:ﬁow to check his answer, inQicafed by §3 - Si1,

is partially cleared up 1ater,_as indicated by S12 - $28; but further
teaching would be hequired to ensure that the frames for divisor, quotient,
d1v1dend and remqnqﬂﬁ?%' ;??mbedded properly in his frame for d1v1s1on

B ]

- in order that the relationship between them is c1ear to Kurt. This should

’k. -

be done starting witp small numbers like 7+3 and slowly working'up to

larger numbers

Kurt shoulgialso be given questions with zeros in the quot1ents o

£y

and do them under the gu1dance of a teacher. Thus, the sub-procedurg’of

sputting in zeros as p1ace4ho1ders could becomeﬁfirm1y established. | LN
Cathy: |
.(COmp]ete protocols for Cathy are in Abpendix D, pp 171-181).
In 1DQ, Cathy arrived at the correct answer despite the "sloppy" placement
of the digits in the quotient relative to those in thevdividend. However,
,incorrect placement of digits for the qﬁotient in 4DQ caused her to arrive
_at an answe; of 20 rather than g. - ‘ |
| To correct this error Catﬁy should do some questions'under teacher

gu1dance w1th the teacher rem1nd1ng her of correct p]acement after she

has been showg why it is necéssary.
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. Cathy made a minor error in 2DQ. She copied 387 over as 380.

In 3DQ (32{-429), Cathx'originally says "I can't do this" an
instance of CL 23:2, since she is accurate in judging whether she has an
adequate schema (frame) to deal with this type of prob]em She is, in
‘fact gggglg_to solve the problem. _

The subsequent dialogue and that in 4DQ indicates she does not :
have an edequate frameofor decimal nu%era]s and their-relationship to |
fractional numerals.

Remediation of fhis probliem should involve changing examples like
6 to 6/10, then .65 to 65/100 and also to 6/10 +'5/100. Following this,
she should be required to chaege 65/100 to .65. hhen she can do these
easily, Cathy couid be shown how to chaﬁge numerals ]ﬁke 1/5 2/25 and
3/50 to decima] numerals. Thus, a s]ow advancement to changlng\any
fractional numeral to a decimal numeral could be ach1eved

3 DQ: A |

23. C: Then it would be 1/14.

2a. 1: And what would that be as a decimal?

N
SN

25. C: Wouldn't 1/14 be point one four? ' \\
. ° \

4 DQ: | ‘
.3; C: Umh 22 over 26, thataéfabout three fourth% SO it;s about\\\\
point 75? I°don't know if that's right.:
5. C: ' Oh, Qou]dn‘t it be point £bo two?
_ . j
Hank:
Hank solved 1DQ, ZDdxand 5DQ wfth only minor problems caused by
':incorrect variable retrieval when he multiplied 56 by‘8 in 1DQ and, 43 by

C

3:in 20Q.
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Q

In 3DQ (32=429), Hank decided he couldn't do it unless he went
to "negatives"”. This is fhe same_mistake Trina made and could be analyzed
in the saﬁe way. See page 35 for this ana]ysis and suggestiéﬁs for
remediation. o
When asked, he decided that four cookies divided among eight people
‘would reﬁu]t in them each getting 1/2 or .5 of a cookie. Howéver, when
asked to solve ?é—s, w;ittgn in a]gorithMic form, he added .5 to the
4 and put .5 apo;e as the quotient.
. He, clearly, has no subfprocedure to call upon to deal with divi-
sionvquestions in which the divisor is greater than the dividend.
To answer 4DQ, Hank did not use zero as a place holder and got 2.8
rather than 2.08 for an answer. This sub-proceduie:must be clarified .
for him also. |
iThe last two problems could proBab1y be solved by working with
Hank on an individual basis, giving him easy examples to follow andvdo,

and sTowly working up to more difficult ones.

Brett:.

'-Breft arrived at the correct answers for 10Q and 20Q.

30Q: (32+429)

Brett at first writes the queétion as if it were 42932 and is
corrected. However .he has inadequate sub-procedures to call upon to
finisﬁ the questién,torrectly. |

S7 - 513‘indiCate.he doe§ not fully realize he has'changed the
" value of 32 by.adding two zeros, a]thoﬁgh he .says -that fhe nymberGis

larger. It is unfortunate the interviewer did not pursue this further
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by gettihg him to check Hié answer using multiplication.
Brett shodid be shown how to so]vé something 1ike 4--8; have practice
sb]ving examples Tike this and then procede on to more difficult examples
, Qnder teacher guidance. | |
30Q:  (32+429) | .
3. B: (Re-writes it properly.) T don't know how to do this.
Unh, add a zero. It still won't work out.
4. 1: It still won't work out, what if you add another zero?
5. B: (Adds two zeros to the 32, has not put a decimal point
in.)
6. I: When you add those zeros, does it change the number?
7. B: Yeah, it hakes_it larger.
8. I: It makes 32 1akger so_you can dividé eh? (M: Yeah.)
‘4, : Now do you think qu']] get the right answer? i
9. B: Yeahf‘I']] take it and divide it into whatever I get and
pkqbaﬁ]} it will be the right answer.
10. B: (Trys 7 at the»sidé; then 8 x 429 = 3422.) So I'll have
to go back to thié (7) fg get the right answer. n
11. B: (Get§ 7 remainder 397.5 -

12. 1I: So what's your answer?

13. B: - 7 point, no, 7 remainder 397.

4DQ (54.2+ 26)
Brett places the decimal point for the quotient above the decimal
| point in the dividend and gi®es his reason as, "Well probably to get the

© right answer."
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This could be an instance of CL 8.12, the expectation that learning

math consists of building VMS sequences and nothing more.

* Brett should be shown why thé placement of the decimal in the quo-
tient above the decimal in the dividend gives the corfect answer. This
could be‘done by incorrect placement and checking using multiplication.

He has no adequate sub-procedure for estimating partial quotients.

4DQ: (542 26)

12. B: (Multiplies 26 by 9 out‘at the side and gets 234.)

13. I: Why-are you multiplying by 97?

14. B: . To see how cfbse I come to 542. See it isn't close so

I go back and divide 26 into 54.

Mat:

- Mat decides on values for partial quotients by mu1t1p1y1ng the
divisor by two digit numbers out at the(i;de until he comes close to the
dividend. In BDQ, where he is asked to timate the first d1g1t of the
quotient, he can not understand what he is being asked.

| He placgs the d1g1ts of the quot1ent 1nappropr1ate1y in re]at1on
to those of the d1v1dend |

Mat, c1ear1y needs major remedial work in division to ]earn the

sub-praocedures involved.

Rick:

- The only question Rick answered correctiy was 1DQ. His procedures

for answering the other questions were very inadequate.

Both Mat and Rick need drill in the division facts. They would

&
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probably benefit from using manipu]ative materials like dividing plastic
bread ties into egg cqrtonéf _The§ should, under teacher monitoring to
correct faulty procedures and frames, s]dw]y advance from small numbers
to larger numbers and decimal numerals. This would probably be best done
for about 15 minutes bér day until they have achieved success.
‘Nan:

Nan's sub-procedure involving decimal placement in the quotient
indicate she needs remedial work in this area. Al1 of her miétakes
invo]ved.this one problem. Working on several questions under teacher

supervision and direction would probably remedy this problem.

Summary and Implications

of Division Analysis

As can be seen by the preceding discussion, the artificial intell-
igen;e.cbhceptua1ization can be used to help teachers disclose specific
problem areas in division. There are hany sub-procedures called upon by
the division super?proéedﬁre that often requiré remedial work. Assessﬁent \
of each sub-procedure could be done by giving‘seJeral duestidns of one ¢
type’which would require that sub-pfocedurb to be used. For example,
several QUé;tions could be given in which the quotient has zeros as
place holders. Any students getting these questions incorrect could then
be given remedial teaching.' 0f course, further interviews would be
reguired to determine if if is just a faulty unit’sub-procedure that is
causing the problem or an inaccurate frame: for the -functions of zero in
the decimal numera}ion system. Questidns like the following could ber'

asked:
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a) Which is greater 2.08 or 2.8? 7

b) Convert each digit of 306.502 to a fr;ctional number to show‘

1£s value.

c) What has the gféater value, the zero in 206 or the zero in

©3.022

If the questions were incorrectly answered then the teacher would
have to explain to the student what the yarioué places mean in the decimal
numeration sygtem and what function zero plays. Explanation at first
should involve only whole numbers then numbers with digits after the
decimal point could be included. Once the student understood thfs, divi-
sion qusstions with zero in the quotient could be given and worked
thrdugh slowly. Simi]arvtests could be giveﬁ for the othér sub-prbcé;
dures involved, estimation of partial quotients, movement of dgcima]s in
divisor K and quotient and checking the answer using multiplication.

Time, of course, would be involved in constfuction, administration
and correction.of the tests and in provision for hemedfation. It would
.be wrong, though, to teach the curriculum at hand assuming the students
"have an adequate‘knowledgé base with which to handle‘it.

Geﬁera]%zed divisibn drill, With questions involving movement of
 decimals, quotients with zeros, and divisors greater than dividends
.should be givén and corrected by the teacher_in order that a11:bf the
sub-procedures are maintaiﬁed. C]ass-correction to find answers oq]y
would allow important mistakes té bé‘bypasséd unless students were

required to fully ana1yze their mistakes.



ANALYSIS OF PROBLEM PROTOCOLS

Introduction
This-seﬁtion discusses the analyses 6f the problem protocols and
implications of these analyses for teaching.-. Each student's protGCls
have been analyzed separately and recommendations have been made for
remedial work for each student; A summary and general recommendations
follow the individual ana]yses. !
DeCis&ons have been based on clinical judgément fol]owing'repeated

examination of all of the protocols for each subject. A sketch of each
subject's cognitive structure for rate and perceh% has been inferred
from his or her explicit behavior as~rec6rded on the work sheets and
the transcripts of ﬁhe prototols. A few Samples of protocols have bgen
included and references have been made to others in order to i]]ust;:te
procedures used by each subject. This sketch not only 111&strates the
Qiability of the artjficia] intelligence conceptualization for analysis
but is also used to make'récommendations ¢egarding rémediai work for
each student. |

- To give the reader an estimate-qf the students' abilities, the
analysis for each student begins with the anbef of problems falling |
inté each stage of CL 3.2: Clinical judgement as to the stage of a
student's approacﬁ‘to so]ving‘specific problems. These were discussed
in Chapter III and are outlined below. . )
Stage CL 3.2A  Student was unable to solve the prob]em.
,Sfage CL 3.2B A]gorithmic stage using VMS which may have occasioﬁal
errors. N “ |

NN

‘Stage CL 3.2C The stage of comprehension. The student can discuss how
and why the pieces fit together.
| 57 - |
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The problem sets are in Appendix A pages 122-126.

In the following dfscuséion several references will be made to
"quidance" -and "directed questidning". Both of these would exist in a

‘one to one situatiqn.and would be determined by the specific situation.

Guidance refers to watching the student‘as he or she solves a problem

anq pointing out where mistakes have been made and making suggestions ]’,

for corrections. Directed quéstioning refers to asking questions of

the student in order that he or she focuses on the pertinent information,

retrieves appropriate frames and uses procedures and sub-prohedures

correctly.
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Analysfs
Don: . | _
Complete protocols for Don are in Appendix D (pp. 182-‘189).
Don was at stage CL 3.2A for 4 problems, stage CL 3.2B for 5 problems
and stage CL 3.2C for 17 problems.
His typical response to a brob]em after read1n§ it (visual input)
was to pause for a moment (while he searched,foH and retrieved a frame)
and then go into a description (meta-analysis) of his solution. The
commentS'.ebove, in parentheses are artificial intelligence terms 1nferredy
from the behavior. | & |

The so]ut1on process sometimes involved a visually moderated

sequence

Below is an example of a typical response.
§ 6c: Mary read 50 pageé of a novel in 80 minutes. Lorne read 30
| _ Ppages of the same novel ih 40 minutes. Who is the faster
reader?
1. D: If 40 minutes is half of 80 so if. she went 50 pages in
80 minutes and then to make it equal, Lorne to equal

it you times 30 py 2 and get 60 so Lorne read more pages.

Don has clearly retrieved a "comparison" framg,vused dit, and T
% e

described what he was doihg. The descrlptors he has chos

m- B

% e
said, "An easier way. of do1ng it would be 300 s gust three timEs as
“ﬁe

much so you could just times the 35 by 3. ﬁin_ _ he set up the correct .

proportlon but instead of solving it sa1d ?ﬁ@h to take a short cut
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56 is ha]f‘of 100 so then half of 51 is 25.5. instead of going through

all the timsing and stuff so 25 and a half people have brown eyes." He
later decided that either 25 or 26 would be correct. Both of these are
instances of CL 9.11, solving problems using more than one me thod.

He changed methods in 3c also, but probably because he was moni-
toring hfs output. The f{;st frame he called up was inappropriate,
resulting in an incorrect énswer. Calling up the wrong frame is ;;
example of Behav. 3.0. He seems to have monitored his work (CL 9.6),
and decided to use another method. He used a VMS (CL 15.3) in S2 and
solved the problem correctly. Each number he generates in S2 seems to
determ%ne his next step.

3c: The population of a town increased from 7500 to 9000. What

was the percent increase in tﬁe population? A
1. D: (frites 7500/9000 = x/100, cross multiplies) so 9000x =
7500 and you just cross off the three zeros from the
9000 and three from the 750000 so 9x equals 750. It's
83.3 and the 3 will keep on going.

2. D: Oh I could do it another way, if 7500 is: increased

1560 then 7500 is 100% and...and 15Q0 goes into 7500
five timeg*so§5 into 10Q §bes 20 and it's increased once

more so it'$ increased by 20%, the population.

In 3b, also a percentAincrease problem, he monitored his output
S1 but did not monitor his second output S7, getting an incorrect answer.
There is a possibility he was monitor{ng his output but no evidence for
it. It seehs he does not have an adequafe frame for percent increase

with which to monitor.
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Théne is a possibility he was not using 3.6 as the "base" because

of CL 24.5B, critical reliance upon an incorrect 6b¢iﬁappropriate

<3
-assumption.

He

seemébto have beéh'assuming that the base has to be

- greater than the first component; He, therefore; didn't consider’using

3. 6 as the base.

/"\_ Even though he got the wrong answer and d1d not realize it, it seems

in S7 that he was try1ng to show, an instance of cL 8. 6A, that his answer

was correct and unique.

3b:

A baby weighed 3.6 kg at: birth and 10.8 kg at the end of one

year..

D:

What was the percent of increase in weight.

It would be 3.6 over 10.8 equals n over 100 and then you

cro§s multiply and get 10.8x equals.36. So it's 10.8°

into 36 and you have to move the decimal so it's 108 into

360, divide (and gets 3) and it would go‘about 2 times

but then to average there is sti]l just point 1 here so
n would be about 3.3. Oh, percent uh I started this
out wrong. | \;r
You are going to start again?

Yeah, 3.6 over 10.8 and n over 100.

That's the same as ydu'héﬁ‘before.

Yeah, let's see 10.8n e&ha]s 36 uh... »

Let's just leave that as it is.  H¢w much did the baby
intrea#e in weight? ‘ - . .

Oh, now I know what to do.- You d minus 10.8 and N6 so

that would be 7.2. So that would be 7.2 over 10. 8 equals

n_over 180, so that wquld‘be 10.8 into 72. Move the

decimal over, so it's 108 into 720. It goes 6 times

s
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: S ]
(multiplies and subtracts and gets §20 remainder) so it's
about 67% increase. But.then it was 3 &k 33 before so
then you could just minus that from 100 and then you

would have got 67 and the.increase is 67%.

In prob'lem Tc, Don at first retp "'% wrong“frame for conversion
of kilometres to m11es He then mon1‘i- i output and retrieved a
different frame for sb1v1ng the problem one that\part1a1]y matched the
situation (CL 15.5). He failed to monitor the output this time resulting

in a.random error going-unnoticed (Behav. 17A). He said he would doubie

288 "then take;off_afbit" but he forgets to double it.

The use of .6 rather than .625 would be an example of incorrect
variable storage and retriete]. 0f course, for this‘pfob1em 1.6 should
have been used, based on the information given in the problem.

H Tc:  The distance from Calgary to Edmontoﬁ is 288 ki1emetres or
180 miles. The distance from Edmonton to Saskatoon is 350
miles. What is the distance in ki]gmeters fro@ Calgaﬁy to
Saskatooﬁ via Edmonton? |

1. Dt To get'miles to kilometres yeu are supposed te times it
by point 6 so times 350 miles times point 6 and thet's
'210ﬂso 210 ki]bmetres from Edmonton to Saskatoon. Then
you add 288 kilometres that .it takes to get from Edmonton
to Calgary and then the 210 kiTometres that it uh.
N (long pause) oh it can't work out because there are mpfe
| k110metres than miles up here (288 and 180) so it wogld

v have to be uh try a rate pair.. 180 m11es and you Just

‘ double it and ip's 360 so you could Just double the 288

. ¥
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then take off a bitso it wou]d'be 270 (adds 270 and

288) about so 558 k110metres from Calgary to Saskatoon

-

: vis Edmonton.
o W
) S v

In 2¢c Don retr1eved the framemfbr rate problems an 1nstance of

CL 1546, recogn1z1ng a problem as a Spec1f1c instance of some general

' frame ’ Dur1ng division, however, (CL 15.3, use of a VMS sequence for

i

part of the prob]em) he madeQa random error, Behav 1.7A. He waé moni-

toring his output, however, and switched to the use of a VMS sequence

to solve the problem, again CE;15'31_‘ .

In his‘secend so]ution,-§3' Don e;hibits CL 14 2, representing J
R
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quantity 3s’ Some sort of “block" amount that can be treated cogn1t1ve1y\&‘

as a single ent1ty. He has represented 60 minutes as one hour and used

v
A 2

- the dne hour as an entity :
2¢: Dav1d de11vered 60 newspapers in 75 m1nutes LHow many'CEn he
de11ver in an hour and a half? | ‘

1. D: ‘_If‘he delivers 60 in 75 minutes and so you put 60 over
an hour and a half is 90 minutes, no, over 75 and it
eqﬁa]s how ever many paper'in 90 minutes (nas.60/75 =
. x/90) crogg multiply so 75x equals 5400. (divides and

-

gets 61.2, multiplies 75 by 61.2 and gets 4590.0.)

2.. 1:  So you dividedfand got 61.2 and multiplied to check and
'got 4590 so you think you did somethiag“wrong? o

3. D: VYeah, so I'l1 divide again. Kf I take 75 minutes that'

5 querters of an hour se'yqu‘divide 5 into 60 and get 12

sevthen you need one more quarter'of'an»hour'so tnen he'

be able to do 72 papers.

S

4

S
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n 4b, also, he made a random error; but, because he was mon1tor1ng
. his work, he corrected it and got the right answer.
In 4a and 6a, Don dend something he could do and did it (CL 13.3
iv). The "something" was not correct and he was successful in neither
case. {
Don seems to need 1itt1ebremedia1 work. Practice so]ving more
problems is recommended. He should be encouraged to approximate the
answers before starting ‘a problem. This wou]d help h1m monitor h1s work .
He should be encouraged to continue finding other me thods of so]u-
tion but should also be more critical of his mistakes and find 1og1ca1
reasons for the ambiguities arisihg‘from his mistakes. For example, in v
2c,‘hekwas dividing 75 into 5400. His first digit in the quotient was
6 rather than 7 resulting in the remainder for that step be1ng larger N *
than the d1v1sor He checked his d1v1s1on us1ng mu1t1p11cat1on and |
found the quotient to be wrong He d1d the division again, repeating
his earlier mistake. Rather than f1nd1ng the reason for this amb1gu1ty
he switched to an entirely d1fferent method of solution. This was
pract1ca1 in this case; but if he cou]d not- have thought of another
method of solution, he would have failed to so]ve the problem.
| Don should a1so be encouraged to take Just a little more care

~ since he made some trivial errors that easily could have been avo1ded )

Rick: ‘
R1ck was at stage cL 3. 2A for 22 prob]ems and at stage CL 3. 2C for
the remaining 4 problems. T
Rick did not try most of the quest1ons, saying something 11ke,‘

"I don't get this" or, "Th1s;§s tpo comp11cated"

St
4
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In 3c(i) hebarrived at the correct answer but used an incorrect

procedure. An examp]e 1ike this shows that interviewing fis superior .
“‘; .
to merely requ1r1ng wr1tten answers.

It could. be that R1ck, using a VMS noticed that 31 is about ha1f
of 60 so he found something he cou]d do and did. 1t CL 13.3(iv);
found half of 60. .Again, using a VMS, he added 1/2 to 30 1/2 because
the 30 1/2 gidh't seeq reasonable. The numbers he got seem to determine
what he did next | |

3c(1)r 15% Of the students in grade 8 are honor students. If 30

of the 61 students are boys, how many are girls.

1. |R: 31 would be girls. |

2. | I: How did.you get that?

.3. R: Well it says 15%, and if there is 61 people and half of -
{ﬁw{ | ’\ that is 30 1/2 and it says only 15% there and well half
| | of 30, I don't know. I just took half of 61 and‘added

| 1 'cause it ain't even.

4 Si of éb ihdicates he had some framevfbr rate but certainly an
1nadequate one. This 1s an example of CL 24 2,‘vagueness of new material.
This could also. be an instance of CL 8.12, the expectat1on that 1earn1ng
‘ math_cons1sts of bu11d1ng VMS sequences and noth1ng more. é
3b: A baby we1ghed 3.6 kg at birth and 10.8 kg at the end of

one xear. What was the percent of increase in weight?

1. R: Ikdon't understand these because our teacher told us to
- do these we should set up a rate pair to compare two
thlngs and this question- doesn' t have two things. It

just has the baby's weight.
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Rick solved 3b(i) correctly but only after using a VMS to search
for data which might fit a "rate“bassimilation paradigm (assimj]ation .
paradigm, rather than frame because of the vagueness)i
; His descriptor "dividing" used in S1 is inappropriate to describe
tht he actual]ybdid in S3. |
\i\ 3b(i):..In the student union election for bresident; Bétty, Jim
n and Lorne were running. Qf a total of 400 ba116ts cast,
Betty-gpt 110 votes and Jim got 220 votes. How many votes
‘\\Qid Lorne get?
1. "R: This is too comp]icéted, it seems like a'dividing question
instead of rate pair. |
2. I: Well I didn't guarantee that they wolld be rate pair
| questions. Can you solve it some other way?
3. R: MWell if ybu subtract 220 from 400 and 110 from thaf
. answer then that is how many votes Lorne got.
4. . I: What is the answer then.

5.. R: He got 70 votes.

Rick solved Sb(i) by retrieving frames for 50% and "about" and
used them to solve the problem but did not have much confidence in his
solution. -Poor use of language (CL 7.1) is exhibited in $11 wHere he
said "on aﬁ average" rather than approximate.

| 5b(i): Approximately 50% of the students inbgrade 8 have brown
eyes. If there are 51 students in grade 8, about'how’many
have brown eyes? - |
T R: This isn't a rate pair questioh,'l-could do it without

doing a rate pair.- -
"9 ) P e
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Rick
6¢c:

~ Okay. - .

[y 28

Well just divide it by half. 50% is half so if there
are 51 students then divide it by 2 and get 25.5. So

about 25 students have brown eyes. It's eaSy. That

"can't be right though.

Why, because it is so easy?
Yeah;

Does that answer make sense?
Yeah. T

You think it is right then2
Ye§.

Would 26 be just as good?

Yeah, because it is on an average.

’

solved 6¢ with no trouble.

~ 8
Mary read 50 pages of a novel in 80 minutes. Lorne read 30

pages of the same novel in 40 minutes. Who fs the faster

reader?

I:

‘&?} R
N ’

Yéu've\writfen down that Lorne would bg‘the better reader,
can you teH me why, ®Rick? »

We11, if it took Mary 80 m1nutes to read 50 pages and
half of that is 40‘9nd 1f Lorne read 30 pages if he read
40 minutes longer whiéh would be just as long as Mary read
he’hou]d Have doubled his pages which would have made him -

60 and she would have had 50.
Okay.
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4. * R: Good?

5. I: Yes.

i

Rick needs much rem"a] work, certainly more than can be given in
[ . .

a reguTar classroom. A remedial teacher would have to work with him

closely monitoring his work and correcting misconceptions as they are

discovered in further remedial interview situations. Reteaching would

not be sufficient since At would not disclose the misconceptions he may

have.

Jane:

Jane-was at stagetgL 3.2A for 7 brob]ems, stage CL 3.2B for 4
pr§b1ems and stage CL 3.2C for 15 problems. |

Jane profited from ihstrucpion in thisQunit, she used addition
rather fhan'settihé ub proportions for fhree quesfions iﬁ set A. She
did not make this_mistake\after'instrUCtion. | -

Monitoring her output helped Jane correct mistakes in two prob]ems,.
3c ‘and 5b.

" Jane made a mistake in her division to get 106 instead of 16.6.
This could be classified as‘a random error in light of analysis of her
other division questions. Had she got 16.6, however, the frame she had
retrieved originally may have passed the adequacy test (see S3) and ghé
may not have gone back and retrieved. the proper frame. §he failed to put
the equals sign in her propbrtioﬁs{ |

3c:  The -population of a towﬁ_increased: rom‘7500 to 9000. What

was the percent of increase in the population?
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J:  (Writes: 1500/9000 n/100 solves for n and gets 106.)

That's wrong, it can't be 106 out of 100.

Js Why not?

o 1500 increase wouldn't be 106% increase becauée it's

lon1y a small amount out of 9000.

d:  (Writes 1500/7500 n/100)

I: Where did the 1500 come from?

J:  Well that's 7500 to 9000 is 1500.

I: Are you putting it over 7500 just because you didn't
like the answer you gﬁt?

J:  Yeah. |

I:  Well which-one makes more sense?

J: Thé 7500 because 1500 out of the 7500 because fheré

isn't 9000 yet, (Solves and gets 20%).

Had her first solution in 5b been a whole number the frame may,

again, have passed the adéqufﬁ; test.

-

-

Both 3¢ and 5b are 1nstances of CL 13. 3(v), try something even 1f

it's wrong, then try to 1ed¥n from what happens

5b:

‘Mary's mother received 35 cents an hour as a babysitter when

‘She was a teenager. Mary received. 300% of-what her mother

received. How much does Mary earn per hour when baHys1tt1ng?
J:  (Writes: 300/100 '35/n, solves and gets ]1@5& I'L]

start again.

It Why?o

J: Because I've got the n wrong. (Writes 300/100 - n/35,

solves and gets 105.) (wr1te§5’ Mary gets $1.05 per hour.)
(“? v ) -
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Lack of monitoring her output prevented Jane from arriviné at the
correct solution for 1b. She'retrieQed an inappropriate frame Behay.A3.O.
She retrieved a frame fof rate rather than f%r area.

1b: A:rooh is 6 metres by 4 metres. If the owner wants to make :

the area of the room twice as large as it now is, and adds
2 metres to the length, how mucﬁ wf]] he have to add to the ~
width? | |

1. (Writes: 4/6 n/8, solves for g:and gets 5.3.) n equq]s

5.3.
2. 1. So does that answer the question?

3. J: Hewill have to add 5.3 metres.

~

[

Jane's frame for the meaniﬁg of the "equals".sign and when it
should be used seemed to be fncdmp]ete. In only one of 11 instances did
she ﬁse the equals sigﬁ-in a proﬁortion; in 10 it was ommitted. In two
.‘-’instances, she'used the. equals sign when it should not have been used.
Jane's work should be monitored by the teacher and fncorrect use or lack
of use of the equals sign shbulq be éorrected and exp]ained,each time |
it occurs until it becomes habitual for hgr to use it properly.
| Jane should be encouraged to approximate her answers prior to
solutibn to facilitate monitoring output. .

Practice with ratio and percent prob]ems.rather than remedia] work

seems to be what is required for Jane.

Brett:.

?

Brett had 16 solutions at stage CL 3.2A, and 10 at stage CL 3.2C.

Brett's frame for area was not adequate in la. He said that the ¢

-

¢



71

area is thé width times the length times the width times the 1ength.
In 1b he failed to call the ffame for aréa up when it was required. He
probably needs to review area concepts'énd.do some associated problems .

In 4a Brett pickeh a possible‘answer and decided it was reasonable,
a]though it was not. The correct answer was 31.66 and he picked Qé.b In
5a, also, he picked a possible answer and tested .it to see‘if it would
fit the problem. He is exhibiting CL 14.2, representing a quantfty as
‘some.sort of "block" amount that can be treated as a single entit;s' The
"40" is being treated as a single entity in S13. | . A :

Brett needs more exposure to ratio prob1ems and guidance as to how .
to'set up proport1ons for these. Pract1ce in s1mp1y setting up proport1ons
for prob]ems would probab]y be helpful. ‘ )

5a: If John got 80% on a test and had 30 quest1ons correct, how
many questions were on‘the test?
1. B: - If John hqd 80% on a test and had 30 questions right...
| if he hadlzd more perCenf right then he would have 100%
then he'd.have to have more questions correct so I'd
bring it up 20%. | |
‘2. - It Uh hu.
3.  B: That would mean I;d have to add‘another 10.
I: Oh, and... | - ‘

5. B That would add up to 40 questions on...
6. I: Oh, I see, uh hu.
7. B:  But then if I took. I I had 40. ...

8. 1I: Uh hu.

y

9. B: If I took, if I had 40 and then I had to get 100 out of

uh percent to get 80%...
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Out of 40.
Get that and see if I get 30.

Oh, I see, you're sort of picking 40 and seeing if uh

'30 would be 80%.

Yeah, 40 would be 100%.

Uh hu.

And what would equal 80%?
0f 40? ‘

Then every 10 questions Woh]d equal 20%.

Um hm. .

That.woﬁ]dn't be right either.

So you think the answer is about‘40 eh?

Un hm. (divides 80 by 30); _ - N
(after a long pause) Now what are ydu figuring?

Well I'm just seéing what number I could time; this with
80 and get 30.

Um hm.

Get twice remainder 2.

So you're wondering how many timeé 30 goes into 807
Yeah. :

Uh hu._ v |

So get 3b‘times 2’equa1 6, 20 left over be 6 times and

2 left over the 6 wbu]d'just keep on going on.

The 6 would keep on. going. .

Oh 26 remainder 2 (writes: 26.2).

Oh so 26 with remainder 2 is Just 26.2.

Um hm. (looks at pile of problems left to do).

rﬂ’\
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3. I: Are 'youwoxﬁi"f\ﬁ%"ma{)y more ,%oq hay@ to do?
s tﬁ%gf"*a er

36. I: (laughs) Just three. . ,J%_:f |

35. B: Yeah. | L“{

37. B: If you took 26 over 80. If I added26, g to ég 1'd- get
56.2 and times it by.. divfde it into 80 whaf&ver 1' d

get thats how many questions I got. R h%w Niﬁﬂ
QB. I: 56.2 into 80 and that's how many ;gestionsg ) '-,§%§

",

39. B: VYeah.

40. I: About how many times do you think that would go?

41, I: (after a long pause) Would you like to just leave that
one and go on to another one? |

42. B: Yes.

Brett's sub-procedures of putting the percent over 100 ana fgr
solving probortions were both correct, as indicated in 3b. However, he
does not have a frame for percent increase problems. He should be exposed
to illustrations of solutions for this‘type of problem so he could use
them as,exam;lés to follow.

3b: A baby weighed 3.6 kg at birth and 10.8 kg at the end of one

year.. whdt was the percent of increase in weight?

1. B: (Writes: n/100 = 3.6/10.8, solves and -gets 33.3). 33

_repeating itself would be the percent. | ~
2. I: Why did you in your original prqportfon»put n over 100.
3. B: Well whén you have percent it's a number over percent so
it would be 100% and then you'd have 3.6 over 10.8 and
then ybu mu1tip1y these two and then divide.b

4. I: So you cross-multiplied and divided?
5. B: VYeah.
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Brett solved 4c with no problem and used it as an example to help
him solve 5c. This {is an illustration of CL 9.7B, using an illustrative
example and using parts to match the prob]j‘éat hand. The interviewer
‘suggested he do this. Since Brett could use an illustrative example here,
he could probaS%Q'do the same fgy percent increase problems.
Sc:  John eérns $4.00 an hour. John's fathék earns 400% of what |
2 John earns. How much doés John's father earn?

1. B: This is the kind I don't know whether to put the n on
the top or the bottom. I guess I put it on the top.

2. I: Why the top?

3. B: Because I want to find out what ‘John earns, not what his
father earnS so it's on the bottom. Ahis 400% would be
compared to the 4 dollars. Becahse that's how much money
his father earns. |

4. I: Look at 4c and see if it wi]Tahelp you. You were finding
6.5% of 2000, and now ygu“re finding...?

5. B: 4003 -

L 6. I Ofe...?

| 7. B 0f $4.00.

8. It Can.ydn‘use‘4c to help you?

é.x‘ B: . (Writes 400/100 and n/400. )

10. I: Can you tell me why the n goes on the top?

11. B: Bécause this fs perce;t comparing to 2,000 bushels and
this is percent comparing to $4.00: 3

12, I So you're just putting them in the same positions?

13. B:  Yeah, (Solves for n and gets 1600.) ‘Soﬁdohn'ﬁ father

would earn $1,600.00. : '
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$1,600.007

—
.O.

’ 14.. ‘
+15. B:" No that's not right. $16.00 an hour.
16. %; “Why did you change it to $16.00? |

17. - B:  Because those two zeros wpu]dn't matter.

18. L:;.twhy not7 - ¢

19.>1§: . Well: the two zeros in the $4.00 to make it 400¢. J
QZO.UHI: Oh, so ydu Just moved the decimal to make 1t dol]ars

21. .B: Yeah. ‘ |
- In éii Brett seemS.to need‘some more experience setting up propor-
;tions from rate and percent problem. 'Probably encouraging nim to use

iiiustrative’eXamp]es and seeing.paraliels‘wouid be best.‘~0f course he
shOuld be encouraged to“anaiyze the illustrative exampie in Order that
‘his behavior is at ]eaét‘at ievel cL 9. 7C (Attempting to understand the

i]lustrative examp]e, ‘and to use this understanding to solve the assigned,
problem) ‘He. couid then be encouraged to analyze problems given ggjggg
referring to the illustrative example ~ (CL 9.7D)..

Brett 3 work should be monitored in order that correct use of the

equa]s sign is encouraged.

Mat: » . \ ‘
. Mat was at stage CLT3.ZEX?0>\16)probiems, stage CL 3.28 for 4
problems and stage CL 3.2C for 6 problems. o - _?ni
~ Mat, also, fails to use an equa]s sign in his proportions
Mat exhibited CL 24.2, vagueness of new material in most of his
wag He fai]ed to "put the original" across™from the "100" it percent

probiems. In 2b he put "100" in his proportion, a]though it wasn t a
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percent question.

) The teacher wou]d have to go through some illustrative examples
slowly and analyt1ca]1y with him in order to c]ear up any m1sconcept1ons
he may have. This. shou]d be fo]]owed by his setting up proportions for A
problems under teacher guidance and directed question1ng Once Mat had
a proportlon set up, his sub-procedure for solving the proportion‘was
correct. .This sub-procedure even celled up a reducing sub-procgdure; he
reduced 15/100 to 3/20. Therefore, no remedial work ts ihdicated here.

In 3c(1) below he fa11ed to focus on the relevant 1nformation, a
‘negative 1nstance of CL 14.2. This type of behavior, again, could probabiy
be corrected by his reading and interpretingsthe prob]em u&%ereﬁeacher
gu1dance in order that the ambigulties 1n the “natural 1au£’bge” -fn. the ' o
problem are sorted out by d1rected questioning by the teachbr His $ub-
procedure of putt1ng the percent over 100 however, was correct, as shown
in s5. A L o - L

3c(1):v 15% of the students.inqgrede 8 are honor students. If 30

' of the 61'students.are boys, how many are gfr]s?

F M:_ (Sets up several rate pa1rs) » S
2}5- I “0kay, thaﬁ\s _far enough Mat ~-You've set'up-aﬂrate pair »
here%25§over 100 equals 30 over 61 and you reduced 15
over 100 to 3 over 20. and you cross mu1t1p11ed and you
got 183 and 600 and now you're dividi _n§ 183 into 600 and
| you get 3.27. Now does~th§tA3.27 answer the question?
3; M: No | o . o , c | ‘, .
4, | I: It doesn't make. much sense eh? Why did “you put 15 over
100 and 30 over 612
5. M: ‘vaut percent ouer'loo percent.f J @’]
6. I: oOkay. .
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And 30 over 61 because it would be uh out of uh 30 of )

the students are boys this other part I'm tryingsto

Trying to find out how many were girls. Uh usually WHen '
you set up a proport1on, one of. the rate pairs. has an
unknown in it. . Neither of these do.

I should put n over 60.

And what would that n stand for

How many girls.,

4

Would that re]ate back to this f1rst sentence. If you

: had 15 over 100 equals n over 61, this 15% of the‘stddents
“in grade e1ght are honor students does‘the'nnmber of

- girls have someth1ng to do with the number of honor )

students?

(Snakes head.).

“You're shaking ygur. head noe

I don't know. B ‘_ J‘f. ,

Umh , read the quest1on aga1n carefu11y, Mat. v

(Reads the quest1on again. Writes down.]5/61'and n/30+)
Okay, now you've got 15 over %T and n 'over 30. What
does the 15_§tand for? -

bercent. |

Percent, and what does'percentvmean?

Over 100.  _ » - ,

So does that 15‘pyerf61, does that take care of that

percent then?

No. {i_



o
24. I: Ne, SOISOmethtng seems not quité right. ‘
25. I: Cou]d you solve this’proh1em Mat hy just reading the o
- last sentence?» Read the last sentence.
26. M: 3. o
27. I: Does the answer change uSing:this part of it? Will the‘
numher of girls change becauSe‘of this ISihere honor |
students?7 Does this first sentence have anything to do
with the problem? |
28, M: MNo.
29. I:  So what is the answer to the problem?
31, Mt 31. ' | |
32. 1: 31, why did you use rate pairs to solve the problen?
33. 'M: “ 'Quz I qu trying to figure out what percent,was gtrls.

in 4b, be - gat ca]led up, a frame to f1nd 8 5% of 42 000 but it

seems he 1ost 51gU«J.f why he was f1nd1ng it. Th1s is an illustration

of CL 6.128, ]os'

poss1b11qty i

-9 Mat ff/st d1v1ded 8.5 into 42 000 He ca11ed up a frame which

g s1ght of the purpose of some sub- goa] Another

hat he did not have a frame for percent increase problems.

partially Matched the situation, CL 15.5  He knew he wanted a number
smaller than 42,000 for the amé®¥nt of inerease (S]M- S4). Statements
.56 - Sé.e hibit his frame for the're]atipnship between~djvisioh.and.
'subtrattie... | | , |
| After the discuss1on S10 -S]é‘\he\set:Sp a proportion to find
8.5% of 42 000 but didn't seem to have a clea goal in mind, a negat1ve

'instance‘Of,CL 6.12A. His procedures for setting up the proportioniand

solving it were correct, but a sub-procedure fails. He cross mult1p11ed
. g&éﬁa - v : ’ ’
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and correctly got 357,000.0; but on dividing by 100, he crossed off the

last two zeros, the one to:the right df the decimal point being one of

o them. Th1s is an 1nstance to 111ustrate Conjecture 3.7, when a task has

been perfbrmed, it may be that what is stored in memory is the record of

: what procedures have been used.

It seems he remembered mere]y that one

crosses off two zeros\wheh dividing by 100.

With some coaching by the interviewer he monitored his output,

* S28 - S44, and decided his answer was not correct 544 - S49 and gave a

geod approximation of what_thedanswer should be.

4b:

0.

Mr.

1ast year was $42,000.:

M:

Brown's salary increas

ed this year by .8. 5% His salary

what is his salary this year?

(Div1des 85 1nwzooo and gets 495.1.)

Can you tell me why you are d1vid1ng 85 1nto 42 OOQR

} sdlary.

fand will that give. 1t to you Mat, dividing 857

you multiply or ghd

dividihg ratder than...

"To try to get to figure out the salary uh what is his

'»;; )

why are you d1v1d1ng, why are you ,

£ .
d‘a@‘ .

Why didn't

<

&

B

T T o
Because, it divides is like 1t§takes-?% brings the galaﬂ%ﬁ=%é

down to it would increase less.

tracting would also
'Cuz I'd have‘to.keep

Oh, you'd have togkee

you have to subtract?..

Yeah about 495 times.

Oh, 495 times okay.

.Oh, dividing would bring the salary down, I see. &Sdﬁﬁ
,‘so why didn't you'subtract? | \ g

subtractihg.

p -subtracting, how many times wou]d‘w

Quite a few or...?

-

-~

‘On what basis are you dividing, like

£

-



.._“‘Qﬁanw'ZS.' M: Because I'm trying to find his salary.

e

you didn't set up any equat1on there like your teacher
Fhas been teaching you. Okay what type of quest1on is
this Mat? |
M. M It's a rete pair. “¥ _
12. 51 It's a rate pair but what else uh what special type 6f
rate pair.is it? - , . Qﬁuw
43. M:  Percent. 1
14. I: Okay, and your teacher asked you to set up what when you

are do1ng percent quest1ons?

15, M: | Antequation

Okey}ydﬁtve yot'8.5 over IGO, why did you put 8.5 over
100 Mat? ‘ |

21.1 M: BécaUse (can‘t be und-rstood)
E‘.22.' I:  Why is it 8.‘ *?yirv rather than n over 100 or.
l23. 'M:  Because-that's you¥ percentage. |
24. 1: f see; 8.§41s your percentage. Okay why do you have n

_ over 42 000

26. I:. Uh hu. Why don't you have this the other way around?

. 42 hundred over n? ~ :
0 o B 4
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M: (Writes 35.7.)

M: Percent, like salary increase

39.
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o ) & )
M:  Because I'm going to multiply that and then subtract that
and d1v1de”by 100

i: Um hm, okay so you've got 35 700 for an answer Mat?

M: I'm going to move the decimals.

I: Oh you haven't done the decimals yet? ‘

I Okay, now what does that...35. 7 what?

I: Okay, does that answer the question, Mat?”

M:: 'Shagss head no. = ey B ;uﬁﬁ”

I:¢ You don't know or you don't:...I'm not sure if you're -
shaking your head because you don't know or:because...

M:  No, I don't know ' E | v'.

i:j Okay, read the \I&st sentence in the question and tell
Ame what k1nd Q&Tan answer your answer should be. .Should

it be in percent §Rou1d it be in feet, should it be in

pounds;'what,kind of an answer'shou1d you«get?

‘M: (Points to the word salary..-@'lis_-

I:  What is his salary this year?
M:  How much he’ made this year.

I: Okay, would he make it in percent?

M:  No, uh... /e £ ' B . g

, & . .
I: | So if you were doing that question on a test you would

Just put down 35 7% and go on to ‘the next quest1on?

M:  Yeah, probab]y It would be 35,700.
I 35,700,Tokay. Now does that make sénmse. (N: No.)

Why not?
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47. MN: Because 1t increased by 8.5.
48. . I: Why isn't that okay then?

* 49, M: Because it should be higher than 42,000.
S a o
50. I: About how much higher then Mat, can you give me an ',

approximate answer?

51. M:  About 50,000.

» In 1c, Mat seemed to have a partially correct'frame for rates,

CL 15.5, but it was far from adequate. To convert 350 miles to kilo-
metres, he ‘approximat®d by using some {ﬁformatfon given in the problem.

lc: The distance from Calgary to Edmonton 1§ 288 kilometres or
lgé ;{;pff&‘_ 180 mf1es The distance from Edmonton to Saskatoon is 350
- : mi1esi what is the distance in k110metres from Ca]gary to
vSaskatoon via Edmonton? - ;‘ “vﬁ ”i *Jw

23. 'M:  Well the 288 k110metres is.180 m11es, r1ght? So I took

350 andﬁggunded it off to 500 k1]ometres

. Mat seénsbto need some more developmental work setting up propor-
tions é%ier readihg the problem. He,sﬁould work under téacher guidance
just setting ub pﬁoportiOps; the teacher could guide his thought‘proéesses
th}ough directed quesf%oning. ‘ | |

Once ﬁe'had the proportions set up he could so]ve,them;'therefore,‘
" no rémedié] wo%k is required here. He-would.probably’profit from
practice though. |
He -also needs.work with division, discussed earlier.

9
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~ Sue:
Sue was at stage CL 3.2A for 15 problems, stage CL 3.2B for 2
prob]ems and stage CL 3.2C for 9. problems.
In some prob]ems Sue mon1tored her output and made corrections, in
»others she failed to mon1tor her output and got wrong answers. Problem
2c is an example of the former, 4c an example of the latter. Shé should
be encouraged to consistently monitor her output.
~In 2c, below, S1 indicates CL 24.2, vagueness of recently acquira)‘
- information. In S5 she is using CL 9.6,'@9nitoring own output.
LS 2c: David delivered 60 newsbapers‘in 75 minutes. How many cén he
' deliver in an hour and a*half? o
S:  I'mnot sure how to do this:

~w2. . I: 'Can you set up a rate pair to help.

[

3. S (writes:‘ 60/75 = x/90, cross'mu]tip]ies and gets 75x
, divides by 75 and gets 74 remainder 50.)

5. S:  No because you wouldn't deliver half a papef.
i\.‘ 6. f:} bsﬁ.that answer doesn't make.any Sénse? Is it close to
a ‘reasonable answer?'t
$7. St Yeah, if it were 74. |
8. S (Subtracts. 75 from 90(and gets 15.) There is 15_minutes

di fference and there are 14 pa

So something is wrong

9 I Do you think you might have made a mistake in your
C . arithhetic sonf here? .
0. ‘sﬁ” Yeah, probably in the division. . N
v o |

T~

‘that the answer? = : : e
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1. I: Is there a possibility you might have made -a mistaké‘in‘
your multiplication? | ‘

12; S: Oh, yeah. (Writes down 75x = 5400, and solves for x and
gets 72.).He‘de11vers,72 papers.

13. I: So eoes that seem reasonab]e?

14. S: Yes. - ‘ ~

The dié]oguewin 4c indicates CL‘é4.2, vagueness of new material.
Even aften promptingvby the interviewen, she did not immediate1y cﬁenge
the proportion and when she:did;.éhe still didnnot get the correct answer.
She did not question the reasonableness of her answer. ‘Her sub;procedume
fot multiplying by 6.5 was.faulty. She got 130000 and shou]d have gotten
_13000 0. This could be ciassified‘as Behav. 1.7A, a random errdr'
Statements S8 - S13 1]1ustrate the potent1a1 amb1gu1ty of v1sua1
inputs, Th. 1.3A. The percent sign (%) in mathematics is a precise .
- 'symbol . meaning a-rate pair which has a second cdmponent of 100 Unfortunately
ft is. often used w1th Tittle prec1s1on in natural . langpege «
This exemp]1f1es the need for precise language useage at all times
in order to avoid ambiguity. when one uses the word percent one should %““
mean exact]y '‘out of 100“ ' | : s A _
4¢c: A farmer 1ncreased his crop y1e1d'by 6.5% by add1ng fert111zer
If his y1e1d without fertilizer was 2 ,000 bushels per acre,
wnat will his yield be with the fertilizer? |
1. S:  (Writes 1/2000 =’x/6.5 tnﬁn 6.5x = zdoo“)
2;‘ ,I: kay, from that proport1on you get this eh?
3. s: 'prszes 2000x = 6.5.)

4. I: Oh, it should be 2000x equals 6.5
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Yeah I did it backwards.

Cén you tell me about this proportion?

It's ZOQO bushels per one acre and then you want to find
out what the yield is with fertilizer if he increased '

his crop yield by 6.5%. T |

I see. What does percent mean? qwhat does this (%) sign
mean? | o

Like paft of.

Part of what?

Like how much he 1ncfeased hig‘crop yield.

Without refering to the question at all, what does 6.5%
mean? What does that number mean? -

I'm not sure; .

Dées it mean od; of 100?

Yeah. | T

So 6.5% could say 6.5 per 1007

Over 100.

(Writes &, 5/100 .= x/2i

So w1th that little hint you changed your pr0port1on
‘What does this new proport1on mean? '
I want to find out how much his new yield will be like

the 2000 bushels. | .

This x refers’ to what? .

,The increased amount. \ s

(Cross, mu1t1pfes and gets 100x =-130000, divides by 100
and gets 1300 ) The yield with the fertillzer would be.

-~ 1300.
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In 1c Sue monitors her output; in S1 she says "Oh, in kilometres."

She’used the correct procedure to find how many kilometres in,a!mi]e,

S3 and explains why, S7. She again monitors in S4 and switches to a

di ffeMent sub-procedure to find the answer. She seems to know what she

is~doing but analysis of similar problems ng]d-have to be done to be

sure. She is at stage CL 3.2B ‘for this problem since she is relying on

'VMS outputs before she decides what to d nexf.

Tc:

10.
1.

The distance from Calgary to‘Edmonton js 288 kilometres ors

180 miles. The distance_from Edmonton to Saskatoon is 350

miles.

What is the distance in kilometres from Calgary to

Saskatoon via Edmonton?

S:

To get the distance from Calgary to Saskatoon, you'd
have to add the two distances together and it comes out
to 530. miles. Oh in kilometres.

Is there something in the question that will help you?
Well I cou]d divide. (Div1des 180 1nto 288 and gets
1;6);Y

(D1v1des 1.6 into 530, .goes as far as the f1rst digit
in the so]ut1on (3) and stops.)

Mujtip]ies 530 by 1.6 and gets 318. Adds 530 to the 318

and gets 848.

Why did you divide ]80 1nto 5%8 o | —_—
To f1nd how many k110metreszthere are in a mile.

And- then you divided 1.6 into 530. f

| Oh, that's wrong but 1 tried it anyway.

So does this answer make sense, 8487

Yes.-

&

e N e
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N C o
Sue's sub-procedures of cross-mOItipiying and dividing t&“§olve"
proportions seems to work wéll. She should be encouraged to red%fe
before cfoss-mu]tip]ying. _ v/
Practide in setting up proportions under teacher- guidapcé”énd

directed questioning would help her.

Trina: /

Trina was—at stage CL 3.2A for 14 problems, stagg;cf

problems and stage CL 3.2C for 8 problems. :ma

Trina had trouble in probtem Sband 6a because she‘fhiled to limit

the input and focus on what was relevant, a negative 15ptance of CL 14.1A. b
In 5b she used hour and should only have used the 35 cents and the 3008.
'in 6a she.based her‘answer on the price per cpokie rather than the
price per gram.-
In 4a, Trina realizod percent has something to do with 100, out
she i§ not sure what. Inv4c and 5¢, also, Trina exhibits CL 24.2,
vagueness of new material. .The new'mat rial being percent. The dialogue
in 5¢ indicatos more guidance and experience doing problems would probably
clear up this vagueness.
| 4c: oA farmer increased his-cr p yield by Q.S% by“adding fertilizer.
If his yield without fer ilizer was 2,000 bushels per acre,
what will his yield be with the fertilizer?
7. It ,Noulduthat ‘be abou r1ght, if it is an increase of 6. 5% \
| would 13,000 be re sonablo? ‘How much is 6.5% of some-

thing, is 1t very uch, or quite a bit or.

<

8. T: I think that, wou]d e about right because it would be

100% would be about 0,000 or 20,000 ,000 so 6. 5% wouldn t
> &gbg’that much of an inérease



John' earns $4.00 an hour. John's father earns 400% of what
John earns. How much does JoHn'svfather earn? !
T:  If John earns $4.00 an hour, right? John's father earns

400% of what¥John earns, so out of $4.00 he earns 400%

10.
.

12.

13.
14.
15.

16.
17.
- 18.
19.
20.
21.

of it so that would be about .that would be $4.00.

.have to do that by 4.

I:  400% of $4.00 s $4.007

T%f ‘Yeah. ﬁ

I; So they earn the §ame“am6uﬁt“than?

T: Yeah.

I: Does that ﬁake sEnse in-the_question? :

T: Nd, but I don't ﬁo if this means 4 times as much or
just....‘u

I: John's father earns 400% of what John earns. aéan you
repiace this "of what John earns" (underlines it in
problem) with some ndmper? |

T: n. It would be 400 ove; 100.

I:  This 400 over 100, the 400 is the?

T:  400%. (Writes and solves 400/100 n/400, and gets 16.)

" His dad earns $16.00. |

I: Does that make sense? .

T:  Yeah. o

‘I: Is that 16, 400% of what Johnrearﬁs?

T:  Well that is 4 times as much.

I: What is? ' | )

T: That's 400ilpf $4.00 because Sﬁkoomwould}be 100% soVybu

Y
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In 2c Trina exhibited Behav. 1.3B, misreading own notations. She
. A ’ /\ﬂ “
wrote 72%ut said 75.
In 1c7™~Trina does not call up a rate frame to convert kilometres

to miles. Instead, she uses addition. This could be regression under

cognitive stress, CL 6.8. She realizes, in $3, that she does not have

-

~an adequate schema with which to convert miles to kilomgtres. This
realization would be classified as 23.2,‘reasonab1e,accuracyuin judging
whether one has an adequate schema for some prob]emvtype. She thus turns
to Heuristics.and does soﬁething she can do; she adds. Doing something
she can .do would be classified as 13.3(iv). A
Ic: The';istadcé from Calgary to Edmonfon is- 288 kilometres or
180 mi]és.n The distance from Edmonton to Saskatoon is 350
‘miles. What is-the distance Hn\kilometres from Calgary to
Saskatoon via Edmonton?‘ ) | ‘

‘1, T: You have 180 milef and 288 ki]ometres‘so you probably
just add 108 onto that (350). So you take the 350 miles
and add 108 and get 458. 458 and 288 is 746. 746 km.

2. It Caﬁ’you tell _me why you'qddéd those?

3. T: Ne11.We‘didn't learn how fo,convert miles to ki]ometfes
so and up here it says 288 km equals 180 miTes so that's
108 MG$e_than that so I jusf added 108 onto that (350). -

4. 1: Okay, and why did you add this 288 on? )

5. T: When I converted the 350 miles to kilometres and ‘then 1
have to add the two kilometres to see how far it was.
6. 1: Oh the total distance? |

7. T: Yeah.
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Trina, also, did not hse'an equals sign in/her proportions.‘ This
/ ) .

should be watched and corrkcted each time it o#curs

Remedial work for Trina should 1nvo1ve/gu1dance\and directed
questioning by a teacher while Trina reads gnd'1nterprets many pepcent
and ratio'prob1ems. _Practice with problems cohtaining extra "noise"

would probably be beneficial. . ™
_ .

£y

“

Cathysx ' -

_ i
Cathy's'complete protoco]s are in Appendix D. )
Cathy was at stage CL 3.2A for 9 problems, stage 3.2B for 3 prob]ems
"and stage CL 3. 2¢ for 14 problems. o ’

| Cathy exhibited the same faulty sub-procedure twice. _In 1ctand 3c
she multiplied by TOO by addjng only one zero. ‘Another faulty sub-
" procedure that resulted in incorred!‘answer; was her "sloppy" placement
of digits in the quotieﬁtfrelative'to iﬁé dividend digits when dividing.
Both of theseé prob]ems cou]d probabty be remediated\easi1y by the teacher' s
po1nt1ng out the correct procedure and mon1tor1ng Cathy's work until the
correct procedure betomes hab1tua1 7

-For 1c she converted the m11es toﬁk11ometers using the ratio of
60 to 100 rather.than 62.5 to 100. This is an example of CL 15. 5
attacking a prob]em usihg a frame which partially matches the problem.

In 2a below, Cathyhhac trouble interpreting the 2/3. Her frame
for rational numbers has to. undergo some accommodation. She should have
some expTanation ahd drill conyerting fractions to decimal numerals.

In S6 there‘is evidence of ser:regres;ion under cognitive stress,

. CL 6.8. She seems to be temoted to use subtraction bat‘doesn't; she

i

¢

- approximates jnstead.



In S8 she Says 2/3 is around 66% which is correct, but she doesn't

b

‘ 2a(1):

10.

1.
12.

convert it to a dec1ma1 numeral.

Mr. Big is 6 buttons ta11 while Mr. small is on]y 4 buttons'

tall. If Mr.®Big is 4 paperclips tall, what is Mr. Small's

height measured in péperc]ips. '
Okay , 2?3 and Mr. Big is 4 something. Mr. Small is 4/6

the height of Mr. Big so umh the common denominator is

L

28, I mean 24. ,
Py

0F 6 and 42 R

_ v .
Yeah 24 and 6 goes into that 4 times so 4 does jnto it
6 times. Oh it's not working here. . .umh 2/5 (reduces
4/6)" - |
(Trys to find 2/3 of 40) Okay if this is 2/3 then what
is the percentage of the 4?
Okay, so this is 2.bi§ger than this so thig $s 2 smaller
“than would bé‘ .uh that woqun't work...
This would be about 2 1/2 or
Oh 2 and a 11tt§é bit but you're not sure how to get the'
number?
No. Well I'11 just say 3/4 or something, well it's
around 66% or something like that.
Uhhu. Now what is your answqf/io the question?

Okay, Mr. Small's height is }?paperclips, no 2\papercf?ps
(laughs) 2 1/2 paperclips. ‘ : -

Somewhere between 2 and 3 R

Yeah (wr1tes:' 2 - 3) // o

!
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In 5¢c(i) Cathy focused attention at first on only part of the.
input, the table and c]oth‘and their measurenents. She then focused
attention on the fact that thé cloth was centered. This is an example
of CL 14.7, 1nput Timitation or focus.

She also exhibited CL 9. 5, student habit of referring data to an
alternative representation, by drawing the diagram of the table and
cloth. Sheedrew diagrams for la and 2a also.

5¢c(i): A table is 3 metres by 3 metres. How much of a square

tablecloth, which has a side of 4 metres, will hang over

92

‘the edge of the table? The cloth is centered on the table.

1. C: This 4 metres here, does it mean that it is 4 by 4 by 4

by 4?
: “ ° 5 : 4, .
2. 1: Read the second sentence again. (C: Reads it aloud.)
Does somethin§ in that sentence help you?
3. C: It just Says it has a side of 4.
4. - I: A side, and what kind of a tablecloth is it?
5. C: - Oh, yeah.'.umh...(Draws a table with. the cloth on it
but not centefed, the cloth covers the table and just

hangs over two sides, 'she adds a bit on to the other
Ewo sides.) It'ygu1d hangygzer a half a metres. |
ﬁ 6. I: How did you get that.%ev .
7. C: - Because if you Have’a'tab1e and you add on here (one
side) that makes 'that four and here (the other side) .
and here that makes that four and here;‘that makes that
* © four. And if the tablecloth is centered.

8. I: Ch, you don't have it centered?

é

!



‘9.3

9. C€: No, soif you have it centered then half of this would
be over here so half a metre. |

She had a definite frame.for berdentages that a}ermu1tip1es of 100.
In 5b (300%) and 5¢ (400%) éhe mu]tip{{ed by three and four respectivedy.

In both 4b qnd 4c Cathy was aware shg had no adeqﬁate schema for
solving percent increase problems, an }nstanpe of CL 23.2. Some illus- ‘
trative‘examp1es would probably remedy this situétion. |

. Cafhy needs some Qork done with her in division, as discussed

ear]fer:' Practice under teacher guidance of percent and rate problems

would probably cause her.frames for these two»typei of problems to

-
5

‘undergo the required accommodation.

Liz:
. . 8

Liz was at stage CL 3.2A for 5 problems, at stage 3.2B for 9
problems and at stage CL 3.2C for 12 problems. When Liz did not have a
~ frame she could call up immediately she used CL 15.2, heuristic analysis.
She usually used CL}]3.2(iv), try something you can do and do it dr'
cL 13.3(v), try something even if it's wrong and learn from it. She
monitored her work and made adjustments where necessary. 3b is a typical
example of this.

P

Although Liz incorrectly answered the question asked in S13, she
- useddit as ‘an example to help her solve the problem, CL 9.7. It is
difficult to tell at what level of CL 9.7 this would be classified.

Liz exhibits CL 14.1 in $30, she has fixed certain aspects of the

problem firmly in mind.

'ﬁ»c‘.v”‘»l
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\

3b: A baby weighed 3.6 kg at birth and 10.8 ﬁg ét\the end of one

10.
1.
12.
13.

14.
15.

year. What was the percent of increase in weight?

L:

I:

L:

L:
I:

Okay I'm-going to just do this equation that our teacher
taught us. Like n over 100, n means the percentage.
t

Then I'm going to put 3.6 on the bottom and 10.8 on the

‘top.

Nﬁy did you put the 3.6 on the bottom?

"Cause that is what hé weighed originally and yoﬁ are
gofng to have to find the increasg, -

And why is the 10.8 on the top?

Because that is what he weighed ;fter\ (Solves for n

and gets 300, writes 300%) °~ |

This must be wrong..

Why?

Because if the baby weighed 3.6 at first‘and.then weighed

10.8 at the e*d of a year, well that is only abgut 3
1 ‘

" times as much.. Like 30%.

, I: QJQQZ%. N

L:

Well Tike 3 out ofiﬁ;csomething like that.

75%7 “ "

Arohnd there, yeah.

Could something increase 300%? If you started out with
2, what would an increase of 300% take the 2 to?
Okay...it would be 6.

Does that seem reasonable? .

16, That 300% of 2 is 6? Yeah.



17.

18.

19.
20.
21.
22.
23.
24.
25.

26.
27.
28.
29.
30.
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| But\you said this (the answer to the question) isn't

reasonable , you said it should be 30 and then 75%.

I've just got to f\gure something 9ut here. (Subtracts
3.6 from 10.8). i //

~ Wny did you subtrach? e .

-

Okay, that 1s_the amount of 1ncrease
So does that answer the quest1on,',hat is that 7.27.
That is kﬂqgr‘h
So now L@)g%gufgbzlgr he quest1on?

- -
I'vez,)wst“ M-LQ’ k about it a minute.

(Writes n/100 = 7i2/3.6) 3.6 is the original and 100

-"

;

is kind of the or~ana1 and 7.2 is how much it increased
and n is the percen;age it is going to increase.

(Solves for n and gets 200% for an answer.)

So is that the answer?

Yeah either that or the 300%.

Which one would you vote for.

Well the 200 I guess. Because aof the way that equation

is. The 100 is kind of the original and the 3.6 is the
original. The n is the percentage of increase and the |

7.2 is the increase.

Liz's assimilation paradigm for percent was_still undergoing some

accommodation as can be seen in 3b above and in 5c, below.

bc:

John earns $4.00 an hour. John's ‘father earns 400% of what

John earns. How much does John's father earn? \
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1. L: (Writes 400/n = n/4, solves for n and gets 16, puts a
dollar sign in front of the 16.) .
2. I: So $16 is you're answer? (L: Yeah.) Is that reasonable.

AY

3. L: Well, yeah, I don't have any idea, I guess it is kind
of reasoqab]e. ' .

4, 1: Why do you say it.is kind of reasonable?

5. L: Well I thought he would get more than that.

6. I: Why did you think he should get more than that?

7. L: Well because 400% of 4 seems like it should be more than

\ 16. S -
\\\ 8. I: What is 100% of 4? : ~
9. L: 4. g - |
10. I: What's 200% of 42 *ﬁ?#%ééi; - W;M
1. L: It's 81 guess. L LN et

12. I: You're not sure?

13. L: Yeah it's 8:

14. I:.. E;And what's 300% of 4?
15: L: bz. _

16. I: | nd what's 400% of 4?

17L: L: 6, I guess that's (her answer) is right.

Liz got all but one of the rate problems correct. The one she'

failed to get correct was 2a(i) in the first set. Although she had the

\

correct answer in Za(i) she did not realize how to deal with the repeating
decimal in 2.6. She then switched to using subtraction with "sort of"

a ratio, an example of regression under cognitive stress, CL 6.8.
' et e T

N .
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2a(i): Mr. Big is 6 buttons tall while Mr. Small 1s only 4 buttons
tall. If Mr. Big is 4 paperclips tall, what is Mr. Small's

height heasured in paperclips?

1. L: Okay, I'm going to divide 4 into 6. I get 1 point 5.

2. L: Then I'm going to times 1.5 by 4. And I get...6 umh
(Taughs).

3. I: Lo and behold (laughs).

4. L: VYeah. I don't think that was‘right. Okay .

5. L: Oh’yeah, okay, now I'm going to divide 1.5 into 4. (gets

| 2.66) Oh goody (sarcastically) this is going to be fun.

6. I: You don't like the 2,6,6?

7. L: *I don't 1ike that thing over there. (the bar over the
6).

8. I: Oh I see the repeating decimal. VYou think there is
something wrong when you've got that.

9. L: Well no but I don't know how to figure out when I've

. got that. I don't know how to figure out the answer.

10. 1I: Oh, I see, What else do you have to figure out now?

17. L: I was going to find the difference between 4 and 6 in
this one (points to 6 divided by 4).

12. L: Then;.with that difference between them...I was going
to times it by 4....

]37 L: Now I'm going to subtract them (gets 2.5). Okay 2.5 so
that means that he was 2.5.(Eefers to the quesfion agaiﬁ)
paperclips.

14. I: And that's your answer, 2.5?

15. L:_ (reads the question again) Okay.



Liz requires little remedial work. The accommodation required of
her frames for rate and percent‘would probably be facilitated by just
doing more problems.

Her work, of qou)!e should be monitored by the teacher in order

that any misconceptions are detected and corrected early.

Hank:

Hank was at stage CL 3.2A for 16 problems, stage CL 3.2B for 2
problemsvaﬁd stage 3.2C for 8 problems. |

In 6a Hank 'did not exhibit CL 14.1, input fgcus, he\tried to solve
the problem using the cost of the cookies and the number of cookies
rather than the weight of the cookies. Possibly directed questioning
would alert Hank to be more aware of what is relevant in prob1ehs.

His frame for percent was still undergoing accommodation. In 5b
and 5b(i), reSpective]y, he correctly said 300% is three times as much -
and 50% is half. However in 5c he said 400% of $4.00 is $4.00 and in
3C he said 1;506 equals 15%. 1In 2a(i) he said four is 75% of 6.

- Hank's sub-procedure for éetting up proportions for percent

98

problems was faulty. He did not put the "100" across from the "original"

in 4c and 5b. He should have practice doing thi¥ under direct guidance.
In 5b, below, he monitored his work, changed his strategy and got
the correct answer.
55: Mary's mother received 35 cents an hour as a babysitter when
she was a teenager. Ma#y received 300% of what her mother
received. How much does Mary earn per hour when babysitting?

1. H: (Writes 300/100 = 35/x, solves for x and gets 11.6)
(Multiplies 35 by 3 and gets 105.)
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2. l: Why did you multiply by 37

3. H: Well to get 300% more like 100% more would be another
35 50 300% more would be 3 times 35,

4, l: So what is your answer then?

5. H: $1.05.

In 1b, below, he did not call up the correct frame for area Behav. 3.0.
Unfortunately the interviewer did not ask him what the 6rfgina] area was.
[t is, therefore, difficult to tell if he had a frame for finding the
area of a rectangle or not. Assuming he had a frame for finding the area
of a rectangle, S7 - S11 could be interpreted as regfession under cogni-
tive stress CL 6.8. He regressed to finding the perimeter. [t could
a]sd be that he just had difficulty processing the natural ianguage state-
ment, thg problem, and interpreting it into a mathematical context (As.
7.O,Aadditiona1 processing is required to extract the command information
from any natural language statement).
Ib: A room s 6 meters by 4 meters. If the owner wants to make
the area of the room twice as large as it now is, and adds 2
meters to the length, how much will he have. to add to the
width?
1. H: [ don't understand what they're trying to say.
2. I: Try drawing a picture it might help. -
3. H: (Draws a rectangle and indicates it is 6 by 4...) He'd
* keep the width the same.
4. I: Would he?
5. H: Well he wants to make ft longer not wider.

6. [: He wants to make the area twice as big.
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/. H: Oh. .. (re-reads question).  Yeah. He'd have to add wmore
than two then ft he wants to make 1t twice as big.

8. l: What would he have to add?

9. H: Well he'd have to add 6 and 4 on, 6 to the length and 4
to the width.

0. 1: Oh, and he only added two on to the length. Well can you
do that question then?

11. H: Well the only way he can make it twice as big 15 by adding
6 and 4 om I[f it's only 8 how can it be twice as big?

12. I So what would you say for that problem then?

13. H: I don't know, [ quess [ can't do it.

In S7 of 1c below, Hank displays regression under cognitive stress.
He wants to take the difference rather than the quotient.

However, by S11 he is calling up a partially correct frame, CL 15.5.
He is using a "sort of" ratio.

He has the aspects of the problem fixed firmly in mind, CL 14.18B.
He realizes that he must triple the 288 to get an approximate answer.
He also realizes that 288 was a little high because 180 is more than
half of 350. Use could be made here of his partially correct frame by
asking him to solve the problem his way and then suggesting that he sez‘\\\
up é,proportion to solve it. If he failed to set up a proportion by
following directed questions like, "What ratio could you write in the
first sentence?" and "What ratio could you write for the second sentence
if the distance in kilometers is x?" then the teacher could set up the
proportion for him. This could then be used as an example for him to

follow.
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10.
11.

12.

13.
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The distance from Calygary to tdmonton to JHE hilometres or 1RO
miles.  The distance from bdmonton to Saskatoon 1y 150 mides .
What {4 the distance tn kilometre, trom Calgary to “askatoon
via Edmonton?

H: Al I can figure out 14 that 1t i< 480 miles, | can't

P figure 1L out in kilometres

i:  Where dfd you get the 480 miles trom? \¢j

H: The distance from Calgary to btdmonton 1. 180 miles and
the distance from tdmonton to Saskatoon is 350 miles and
[ just added up the two.

[: And got 480.

H: Yeah, no (adds again.) Its 530 miles.

I: It's 530 miles, and you don't know how to switch it to
kilometres. Is there anything in the question that would
help you switch it to kilometres?

H: Yeah you could kind of take the difference between uh. ..
it would be 108.

I: Oh, the difference between miles and kilometres.

H: Yeah, 108.

I: But you're not sure what to do with it?

H: It would be pretty close to double that because 180 plus
180 is 360 so it would be pretty close to triple that
so it would be 288 and 288 and 288 would be pretty clo:e
to triple that but it would be a little less though
because 180 is just about half of 350.

I: Why would it be triple then? -

H: Because there are two of them in here (in the distance
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o

from Edmonton to Saskatoon) plus 288 for Edmonton to
Calgary. 5 .

14. I: So it would be about triple 2887
‘ ]

15.  H:  Yeah. . .

Hank's remedial work should make use of what partially correct ,
franes he hrings to situations. Guidance and directed questibning would
faciTitate accommodation of his frames.

: .
Nan: _ ‘

. Nan was at,stage CL 3.2A for 19 orob1ems, stage CL 3.2B for 2
problems and stage CL.3.2C for 3 problems.
. As can be seen, Nan wes not very success ful .’ It was not, howev
for 1ack of trying. Her typical response to a.problem was to find |
something she could do and do 1t CL 13. 3(1v) Unlike Liz, howeverf
she was seldom successful.

‘She d%d not seem to question the reasonableness of her answers.

In 4a she sa1d "The customer had to pay 40%" In 4b she said, "His salary
'1s 432.5%". In 5b Nan said that a babys1tter would get 11.3 dollarg

»per hour even though she only” gets one dollar per hour. In-5b(i) she

sa1d that 102 students have brown eyes even though there were only 51

~ students under consideration. Nan should be encouraged to re-read the |
problem to make sure her answergmakes "sense” end is reasonab]e

In 3b she ea]]ed up a frame for a rate prob]em rather than for *
‘percent and did not have enough numbers to comp]ete the proport1on Her

f)r -
reaction to quest1on 3b is typ1ca1 of the fﬁhstrat1on she seemed to-

A

_ exper11nce in most of the prob1ems;

/

J] ) o -
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16.
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3b: A baby weighed 3.6 kg at birth and 10.8 kg at Eyﬁ“ghd of one

L

year. What was the percent of increase in weidﬂt?

Ni
N :;’
4

I:

N:

=

Okay, I put Tet x equal the pércent of increase iﬁ weight.
Umhm. | -
. Okay, now I Eompare time and kilogram. (Writes Time/kg)
Umhm. |
'Okay, now you said you'd compare time to ki]dgrams and
now you've got n over 3.6, can, you tell me about that?
Well I don't wnderstand I‘uh Tike it says fha;‘a Baby
~weighed 3.6 at Eirth énd I_don't know how much at birth
stgnds for;p
Oh so it is the n is it?
Yeah....(She has written down sdlfar: n/3.6 /10.8)
I'm not too sufe how to put it over. (I: Umhm.);... .
I kﬁbw this (the blank over the 16.8) hag to be somethf;g.
You mean something other than the n or the n is okay?
7No it should be something. other than the n.
Oh. Well maybevread the question'again and seegff you
can get some more information.
(Reads ' the question again) ‘I think it's nof.time it's
weight I think...weight over ki]qgrams. '(Crosses out
Time /sée.number 3/ and writes down weight.)
What is kilograms what does tnat meggure?....Like what
does seconds measure?
*Time.
What doesipounds measura?
Weight.
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17. 1: What does kilograms measure?

18. N: ~HWeight, so maybe it should be Q?ight over kilograms then.
19. 1I: Umh. | 3

20. I: (After a pause) You don't know how to do it?

21. N: (Shakes her head no) |

22. I: Okay do you just want to go on to another one? You gave

o g it a good try!

Nan commented to her teacher after the sessions that the problems
;wére very difficult.

Nan experienced many difficu]ties; She should be given extensive
remedial work, starting ét a vény Tow level. - More 1nterviéws would be
necessary in order to- assess her present abilities. Certainly, it seems
unfair that a student/should experience such little success in problem
so]viné. She should be given manipu]atfve experiences and éimp]e problems

that she could solve in order to build up her confidence.

R T b

' 4 : ' ¢ . \‘;* -:":-,"‘ ., ’
Kurt: L 4

!

Complete protocols for Kurt are in Appendix D (pp.b]55_]7o ).
Kurt was at stage CL 3.2A fof 18 prob]emé, staQe”CL 3.2B for 3

: pfob]ems and at .stage CL 3.2C for 5 bfob]emgf

7 At times Kurt monitored his work, CL 9.6, énd questioned the reéson-»
ableness of aﬁswers and- changed fhem; at other times he didn't. Questidns
3a, 3c(i)”and 4a are examples of the former. Questions 3c énd 4c ére

| examples of’tﬁe‘lattef.

In 6b he called up a frame for percent, set up and solved the

proportion getting the correct answer. The sub-procedure for solving

\
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proportions functioned properly on other occasions also. He, however,

\

should not have called up a frame for percent. This is an-example of how

interviewing discloses more than does just examining final answers.

&

6b: - Mrs. Kane cam reach a shopping centre from her home. by driving

8 km east and 15 km north. Would she be speeding if the speed

limit is 50 km/hr~and she gets to the shopping centre in half

an hour?

1. K:

) 2 K:
3T
4 K:

Umh, this is a tough one. They're not going to fool me

on this one, I've got it. (Nrites: 23/50 n/100, solves

for n and gets 46). So I get 46 for an answer.

So wbu]d she be speeding if she were going.46 and the
speed limit is 50? No she would not be speeding.

Why did you pick 100. | o |

Well it's percent, I don't know it's just always done

like that.

7b: ‘A family had ah increase of 10% in the cost.of rent, but a

10% decréase in the cost of food. Explain why (or why ﬁot)

the family expenses are the same as before.

1. K:

Well they got first off 10% more and then second off they

got 10% Tess so that equals off, 10% minus 10% is zero.

KUrt enjoyed little more success than did Nan. He did not seem

to take it quite so seriously, though. He should however receive further

assessment—ang extensive remedial work.
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_ SUMMARY AND GENERAL IMPLICATIONS

Shmméry: |

Examples of many of the theoretical entities, behaviors, Qbserva- ‘
tions and conjecturés 1istéd in Appendix C could be infeﬁred from the
behavior exhibited in the protocols.

The use: of the-artificial 1nte1]1gence conceptua]1zat1on was used
to discover specific problem areas quickly and the use of descriptors
for concepts in the conceptua]ization facilitated finding parallel prob-
Tems’ in other contexts. |

The stages, CL 3.2A - C were found useful in giving approximate
descriptioris of the students' abilities. They éan not be considered
prec1se though, because there were often qualitative d1fferences in
so]ut1ons that were c]ass1f1ed the same.

There were some instances where classifications could not bé found
to describe certain observations. These instances are listed below with
suggestions for classifications. '

1. Poor use of mathematical symbb]s could poss{b1y be classified as
Behav. 7.1B(i) while changing "poor use of language" to 7-1A from

7.1,

2. No use ‘made of mathematical symbols at appropriate tfmes could be
classified as 7.1B(ii). |

3. Poor written work, “sfoppiness“, could be classified as 7.1C.

4, Assessing the "reasonableness" of answers could be c!assffied under

CL 9.6,‘stUdent habit of monitoring work, but the descriptfon‘of

_CL 9.6 would have to be expanded to include this. This coﬁ]d‘poss-

1b]y also be classified under CL 8 4, the ability to justify a

mathematical statement by reference to the real world.
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There were several observations made which were common to many of

the students. These are listed below and references made to the listing

in Appendix C where appropriate.

1.
2.

10.
11.

12.

Equals signs weren't uéed‘in proportions.
The‘wofds "timsing" was used instead of mu]tip]}ing, cL 7.1, poor
use of language.

Fractions weren't reduced before cross multiplying.

~The reasonableness of the final answer was not assessed.

Written work was ;ften "sloppy" and unorganized.

Proportions, once.set up were usually solved correctly.
Diagrams were used as an alternative representation, CL 9.5 use
of an alternative representation. They;often, though, did not

seem to help. s

Many students, when unable to call up an appropriate frame, exhibited

CL 13.3(iv), find something you can do.and do it. This ocassionally

proved successful, depending on how they monitored their results.

Many had problems with dividing, Behav. 1.5, what should be a

reliable unit sub-proeedure ma1?unctions.

Many students hed inadequate frames for percent and rate problems,
CL 24;2, vagueness in new information. '
Unit sub;ﬁeocedures involving multiplication, addition and sub-

traction functioned well.

The level of generality at which many of the students seemed to be

operating indicates that their processing was based on assimilation

paradigms rather than frames.
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Implications:
The gathering of qualitative data
‘35 but one step in progress toward
nderstanding the processes of
mathematical thinking. Methods of
analyzing the data are needed, and
4 more importantly methods for
: communicating the results to other
researchers, and to classroom
teachers must be explored. Finally,
the ultimate goal is to, find ways
- .to use the data to 1mpr8ve class-
room instruction and to positively
- affect mathematics learning and,
problem solving in the classroom.
(Kantowski, 1978, p. 50)
The purpose-of this section is to draw from the analysis general
implications for teaching. -
I. Perhéps te;3hers should break down a procedure to be taught into
sub-procedures and make sure the sub-procedures are a&equate before
' attempting to teach the super-procedure. "It is possible the basic
/ﬁki1ls have not been learned sufficiently automatically; it may be
" .that they still require too much conscijous thought, thus taking~
attention away from the decision-maki‘& of the super-prbcedure, which
résu]ts in super-procedure errors." (Davis, et al. 1978, p. 25).
The adequacy of“thé sub-pfocedures; of course, will depend on the
‘ 4

adequacy of the frames for concepts involved in them.

The sub-procedures involved in rate and percent problems are:
A. Interpreting the problem into mathematical context
B. Sgtting up proportibns

1. Getting the "original" across from the "100" .

2.. Having the same units across from each other; fqr‘éxample,

hours across from hours
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C. Solving the propdrtion | v
1. Reducing before cross multiplying
2. Cross multiplying
a. Cross multiplying the proper terms with each other
b. Multiplication of whole numbers, fractions and
decimal fractions
3. Division
a. Estimation partial quotients
b. Moving decimal points
c. Multiplying
d. Subtracting
e. Dealing with repeating decimals
f. Dealing with remainders
D. " Interpreting the answer[iﬁ the context of what is asked
Certainly none of the above should be assumed to be“known. Pretests
should be given for B and C. A énd D woulg be specific to the new

super-procedure.

Of particular importance is the frame each student has for ratios
and percent. This unit is the last unit taught in the late spring
~of Grade 5 and Grade 6. It is possible, then that it receives oniy

superficial treatment.

Because of limited resources: materiaTs, preparation time, money
and instructional time; subject matter is often not developed in

a way that is most beneficial to learning. Students are often
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given exercises that merely require a VMS sequence to be . followed
and nothing more. It is little wonder, then, that their perception

of what mathematics involves is not correct.

The first introduction to ratio in grade five should probably‘not
involve number manipulation at all but simple "hands on" experfence
drawing patterns, dividing construction paper off and making compar-
isons, dividing colored codﬁters up and wfiting ratios for the
different éituations, measuring body parts and finding ratios

between the various parts.

The students should be made aware of ratios in real jife. For.
example: the faster the speéd the longer the distance travelled, .
the more men working the greater the amount of work done, and the
taller the object the longer the shadow. They shou]d'be encouréged

to think of examples themselves.

In grade six the students could make scale drawings and models
invo]ying simple ratios. They cou]d cdnduct experiments with.
colored water like: which mixture is "more green”, the one with
3 parts. clear water and 2 parts green water, or the one with 5
parts clear water and 3 parts green water? Why?

Using this deVe]opmenta] process,hthe students should céme.to
realize that comparisons can be made between two things using
ratios -rather than just subfraction or addition. They should also

come to realize when each type of Comparison is appropriate.
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By grade seven, the students should be able to deal with simple
problems involving small whole numbers. They should be able to
do group projects like p]anning a cross country bike trip based

on how far they can bicycle each day.

The setfing up and solving of proportions should be developed
sTowly with the students getting much experience in setting up
propoﬂ!io;s for problem situations. This could be done as a class
with them justifying their proportions which requires analytical
thought. The students should give reasons for cross multip]yfng‘

and should be encouraged to reduce before they cross multiply.

Percents should be introduced ag special kinds of ratios in which
the second -components are.loo. Care must be taken introducing the
percent sign in order that this visual stimulus not become amb{g-
uous. The students should realize that 37 percent,.37%, 37/100,
.37 and even 74/200 are all alternative representations of the
same thing. They should be given eXémples of percents greater

/

than 100.

In order to emphasize the usefulness of percent, a simple sciéntific
or social studies report could be written using ratios with

different bases and a paraliel report/written using percent.

Care must be taken in teaching the setting up of proportions for
percent problems in order that the sub-procedure of putting the

“original" across from the "100" is learned.
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The students should be able to convert fractions to percent and
should know some without having to convert, like 1/2, 1/4, 3/4,

1/3 and 2/3.

By grade 8 the students should be able to handle more complex ratio
and percent problems.and be introduced to percent increase and

decrease.

None of the preceding should be assumed though and the teacher,
must continually monitor the studénts’Work in,order to spot faulty
sub~procedures and evidence of inadequate frames. |
' .

Any remedial work done must take advantage of what the student knows
but must also provide for aééommodatibn of frames that are incorrect
or fnadequate. v

II.  Perhaps teachefﬁ should "think aloud" while solving prob]éms rather
than telling studenfs how to do them. It would be more likely,
then, that the students would file away procedures for solving the
problem. L

IIT. Perhaps students should be encouraged to approximate the solution
before they actually solve a problem in order to facilitate moni-
toring the outcome. 0 |

Iv. Perhaps teachers should correct stuqents' Writtén work rather than
just read out the final answer for the stﬁdents. This would
facilitate early detection of where rémedia] work is reqhired,

V. Perhaps teachers should supply Tots of experience to the students

'in dffferent contexts in order that'the students' f}ames for



VI.

VII.
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concepts can go through the necessary accommodation.

"Perhaps far more effort should be expended in teaching beginning
students a useful set of descriptors capab]é of,deséribing mathe-
matical formula, concepts and other entities" (Davis and McKnight,
1979a, p. 81).

Perhapsyteachers should be more careful to make precise use of
language and symbo]s and be ever alert for careless use of 1anguage

and symbols by their students.
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CONCLUSION

The artificial intelligence conceptualization discussed in this
study is a valuable tool for analysis of problem solving. Such analysfis
can be used to make juggestions which may enhance instruction or offer
guidelines for remedial work. "We can claim no direct access to another
person's thoughts through language. The best we can do in talking about
someone else's cognitive processes is to try to model those processes.
This involves making an educated guess, but it is possible to become more
and more 'educated' ds one becomes more familiar with the particular
person's behavior" (Clement, 1979, p. 65).

It was found in this study that repeated analysis of several
protocols of students' problem solving facilitated the making of recomm-
endations for remedial work for these students. It was also found that
recommendations based on the analyses could be made for teaching strate-
gies.

It was evident that students could not solve problems on a topic
unless they had adequate frames (schemas) for the concepts covered by
the topic. Skemp, 1971, commehts on this:

The central importaﬁce of the
schema as a tool of learning
means that inappropriate early
schemas make the assimilation
of later ideas much more dif-
ficult, perhaps impossible....
An appropriate schema means one
which takes into account the
long-term learning task and not

just the immediate one (Skemp,
1971, p. 51). |
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It was found that those studenty who had a meta-tanquage tor the
topic were more successful.  Skemp (1971) comments on thiy, saying:

Once we have become able to reflect,
to some degree, on our own schemas,
important further ¢teps can be taken.
We can communicate them...We can set
up new schemas...We can replace old
schemas by new ones. We can correct
errors in existing schemas (p. 57).

Recommendations for Future Research

The present study investigated the possibility of using an artifi-
cial intelligence conceptualization for analysis of problem solving.
Suggestions were made for remedial work following the analysis.

The following recommendatio&s have been made for future research:
1. It is recommended that studies similar to this one be conducted

using various mathematics topics to determine if changing the

topic will produce differing results regarding the viability of
the conceptualization for analysis and-remedia] work recommendations.

2. It is recommended that a study be done to determine what thought
processes are going on in the minds of successful problem solvers
during the initial stages of interpreting the "natural language"
of the problem statement to a mathematical context.

3. It is recommended that a study be done to see if "monitoring one's
work" and "having a plan" can be taught or if they are related to
maturation.

4, It is recommended that a study be done with mathematiseducation
students to see.if awareness of this conceptualization enhances

teaching strategies.

[ 4
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5. v It fs'ﬁétommended.tﬁéi a‘longitudinal study be made in which ana]ysis
based on the Srtificia1 intelligence cohcqptuglizatioh'is followed
- by recommendatiéﬁ. The results of foliéﬁing up on these recommen-
dati;hs‘c001d'then be assessed, T
6. It is recommended that a study be done in which students are gfven

“guidance" and "directed questioning" in order to assess‘if this

improvés pfob]em solving abi]ity.-

",

" The above recommended studies would further advance the field of
‘artificial intelligence as applied to tﬁé 1earniﬁg‘énd teaching of

- mathematics. ' e
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- In the following problem sets there are parallel questions. By
"paraliel" 1tvis meant they require approxfmately the same solution
process. | |

Other than questions 3b(i), 3c(i), 5b(i) and 5¢c(i), questions\
with the sahe numbers are para]]é]) Thus, question; la, 1b and 1c¢
are parallel to each other, 2a, 2a(i), 2b and 2c are parallel to each
other and sd on. |

Questions 3b(i),‘3c(i) and 5c(i) were included because they
were not rate problems but cdu]d be confused with rate problems because -
there were 3 numbers given and one unknown.

Question,Sb(i)~was put in to assess the subjects idea of

"approximation".



la.

2a.

2a(i).

3a.

4a.

5a.

ba.

7a.
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PROBLEM SET A
If a éarpet‘costs $5.95 a square metre. How much will it cost to
put it in a room which measures 4 metres by 5 metres?

If the Tength and width 6f a rectangular photograph are 12mm by
5mm respectively, what is the width of the enlarged photograph

“if its length is 18mm?

Mr. Big is 6 buttons tall while Mr. Small is only 4 buttons: tall.
If Mr. Big is 4 paperclips: tall, what is Mr. Small's height
measured in paper clips?

~

- Bill had $50 on Friday and earned $25 over the weekend. The amount

he had on Monday is what percent of the amount he had on Friday?

A store bought an4item-for $28 and marked the price up by 12%
before selling it. What does the customer have to pay for the
item? :

1

If John got 80% on a test and had 30 questions correct, how many
questions were on the test?

. N
Which is the better buy, a 450 gm package of 24 cookies that costs
$1.50 or a 300 gm package of 24 cookies that costs $1.10?

Mary got 75 questions correct on a Social Studies test and only
30 questions correct on a Science test. Explain why and if she
should get a higher percent mark in Social than in Science.

3



1b.

2b.

3b.

3b(1).

4b.

5b.

5b(i).

6b.

"~ 7b.
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PROBLEM SET B

A room is 6 metres by 4 metres. _If the owner wants to make the
area of the room twice as Tlarge as it now is, and ad@s 2 metres
to the length, how much will he have to add to the width?

A calculating machine gives the answer to a multiplication example
in .02 second. At that rate, how many multiplications could the
machine do in 2 seconds.

A baby weighed 3.6 kg at birth and 10.8 kg at the end of one
year. What was the percent of increase in weight? I

]

In the student union elections for president, Betty, Jim and
Lorne were running. Of a total of 400 ballots cast, Betty got
110 votes, Jim got 220 votes. How many votes did Lorne get?

Mr. Brown's sa]aky increased this year by 8.5%. His salary last
year'was $42,000.. What is his salary this year? .

Mary's mother received 35 cents an hour as a babysitter when she
was a teenager. Mary receives 300% of what her mother received,
How ‘much does Mary earn per hour when babysitting?

&

Approximately 50% of the students in grade 8 have brown eyes. If
there are 51 students in grade 8, about how many have brown eyes?

Mrs. Kane can reach a shopping centre from her home by driving

8 km east and 15.km north. Would she be speeding if the speed
limit is 50 km /hr and she gets to the shopping centre in half
an hour?

A family had an increase of 10% in the cost of rent, but a 10%
decrease in the cost of food. Explain why (or why not) the family
expenses are the same as before. '
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2c.

3c.
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PROBLEM SET C

-

14
The distance from Calgary to Edmonton is 288 kilometres or 180
miles. The distance from Edmonton to Saskatodbn is 350 miles.
What is the distance in kilometres from Calgary to Saskatoon via
Edmonton? ‘

David -delivered 60 newspapers in 75 minutes. How many can he
deliver in an hour and a half?

The population of a town increased from 7500 to 9000. What was

the percent of increase in the population?

3c(i).

4c.

5c.

5¢(i).

15% of the students in grade 8 are honor students. If 30 of the
61 students are boys, how many are gir]s?_

A farmer increaéed‘his cfop yield by 6.5% by adding fertilizer.
If his yield without fertilizer was 2,000 bushels per acre, what
will his yield be with the fertilizer?

John earns $4.00 an hour. John's father earns 400% of what John
earns. How much does iJohn's father earn?

‘r“\j
r’

A table is 3 metres by 3 metres. How much of a square tablecloth,

‘which has a side of 4 meters, will hang over the edge of the table?

6C.

7c.

The cloth is centered on the table.

Mary read 50 pages of a novel in 80 minuteé. Lorne read 30 pages
of the same novel in 40 minutes. Who is the faster reader?

Each of two empjoyees of a company received a monthly increase in
salary of $200. Was the percent increase in salary the same?
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The preliminary questions were asked to assess the degree to
which the sfudent'possessed a meta-language with which to discuss
division. The "comé]eteness" of the students' frames for division
was also determined by these questions along with the actual division
questions they were asked to solve.

The division questions that required solution also tested the

accuracy of various super- and sub-procedures.
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DIVISION QUESTIONS
PRELIMINARY QUESTIONS

The following questions were asked orally. Depending on the
B
degree to which the answer was supported by explanation, the interviewer

went on to the next question or asked for an explanation.

1. Div. Can you tell me the relationship between multiplication and
division?
2. Div.- Can you tell me what the a, the b and the c are called in

this? (Interviewer writes c+a = b in algorithmic form.)

3. Div. Can you write that (from question 2) using this (<) sign?

4. Div. If (in c+a = b) a increases and ¢ stays constant, what does
b do?

5. Div. If (inc+a =b) a stays constant and c increases, what does
b do?

6. Div. If (in c+a

b) b stays constant and g_increasés, what does

‘The questions on the following page were given as shown on the page. A
further explanation was givgn for number 6 if the student did not seem
to understand the question. The students were asked to try to do number

7 in their heads.

129 .
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1.° 1008+ 56 |2 .e0+=4.3
1 ﬁ! P
3. 32 4+ 429 4. 54.2 4 26
5. 8.71 = .37
"o
A
6. Estimate the number.of digits to the left of the decimal point
there will be in the quotient and estimate what the first digit
will be. S |
a) 8245+8 b)) 9356 <+ 54 c) 24156 + 732
§
d) 143115 <+ 145
7. Divide 4328by a) 10 . b) 100 ¢) 1000.
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”This éppendix is taken' from Davis, Jockusch and McKnighf (1978),
pages 295-310. The‘pages in parentheses after each item are proviﬁed
by Davis et al. (1978) for ease of reference to the body of their
paper. . .
In order to make the summary more comprehensible to the reader.

of this study, some comments, gxamples or quotétions (from the text of

Davis et al. (1978) have been added.

Davis et -al. (1978) numbered the various entries in this summary

after the section in whi ch that entry was discussed. Thus , those
entries with numbers close to each other are closely connected concep-

tua11y.
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SUMMARY

Explanation of abbreviations Used in the §ummary:

Th. : "indicates a theoretical entity (akin to 'electron' or 'ion')
as opposed to, for example, an observed behavior (akin, say,
to producing a black sediment at the bottom of a test tube).
(Davis et al, 1978, P. 24)

Behav.: An observed behavior.

CL. : C]fhica] observations.
Conj. : Explicit conjectures. o | N
As. Assu%ption.
I. Commands and Procedures
Th. 1.0 A Copwmands - - : s

A command is a basic step in information processing, such as
"Add 3 + 5". When we speak of a "command" we are treating
the process as a single unitary entity. (Of course, earlier

_ in the person's life this "command" was, presumably, built
up- from even more.elementary processes; but at the present
stage, it functions mainly as a single unit, and is not
thought of in terms gf jts smaller component parts.) (page 24)

. Th. 1.0 B Procedures

A procedure 1s a def1n1te sequé of commands, intended to
accomplish some definite goal. cedures are often given
names; a procedure may thus come to function as a single unified
entity, in which case it has metamorphosed into a command.

Thus, the list of ¢smmands in one person's reporto1re s
continually being extended. (page 24)

Th.»1;T Sub -procedures and Super-procedures -

Sometimes one procedure (call it Py) activates another procedure
(call it P,) to accomplish some definite task. We describe

this relationship between Py and P, by saying that Py i§ a
super-procedure, and that P, is a sub-procedure of Pj. (page 25).
"When a super-procedure calls upon a sub-procedure, it is
-often necessary for the super-procedure to give the sub-
procedure certain specific 1nstruct1ons For example: " Find
only gos1t1ve values for the so1ut1on (Davis et al, 1978,

p. 25 : »
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Th. 1.2 "Refinement" Procedures

The procedure P, is called a "ref1nement" of procedure Py if
it was created as a result of tr1als of P , and is intended
to improve the performance of Py. (page "Refinement
procedures come into play during complex procedures For
exampte a boy beginning piano studies reported a conscious
correction procedure for some specific relocation of his hand
which he usually underestimated.: He would, as he come to
this point in playing, say to himself 'Remember, now, go a
little bit further!'™ (Davis et al, 1978, p. 26)

Th. 1.3 A Visda] or Auditory Inputs

- Visual or auditory inputs may be the stimulus to which a
~ person responds by act1vat1ng some procedure. (page 28)

Behav. 1.3 A

I[f two visual inputs are visually similar the more recently
learned input will sometimes elicit the procedure which was
learned first. (Thus, "4 x 4 = " will sometimes elicit the
response "8", because addition is, usually, learned before
multiplication.) (page 28)

Th. 1.3 B

Visual inputs that feed into an information-processing activity
during the course of the act1v1ty/(and not at the beginning).
(page 28) [the partial products in 78 times 26 would be
inputs of this kind]

Behav. 1.3 B _
Mfsreading your own written notations. (page 29)

Th. 1.4 Basic Visually-Moderated Sequence -("VMS")

This is a sequence initiated by some triggering mechanism,
that has something of a per1od1c character: after a visual
input Iy some internal processing P yields some written
output' 12, this written output then becomes the visual 1nput
for the initiation (or shaping) of the next internal processing
episode Py, which then yields some new written output. The
usual algorithm for long division would be a familiar example.
(page 29)
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Th. 1.5 "Unit" Sub-Procedures’

This refers to some procedure that a student learned earlier
in life, and now uses reliably. The importance of "unit
sub-procedures" is that they allow us to terminate the dis-
section of a complex procedure at the level of reasonably
complex, but reliable, components, without needing to trace
our way back to the very primitive, very basic unitary proce-
dures of (say) an infant. Thus we may accept "Add 3 + 4" as

a unit, needing no analytical decomposition into its component
parts. (page 30)

Behav. 1.5

What should be a reliable unit sub-procedure may, for some
particular student, on some particular occasion, malfunction.
(This has important diagnostic implications when it is
observed to occur.) (page 31)

Th. 1.6

Let P be a procedure whose functioning has been judged unsat--
isfactory. To modify the performance of P, cues can be inserted
at appropriate points, in order to call up sub-procedures S1»
© . S2,...5y, and thus to modify the functioning of procedure P. ’/g
. Tﬁus, a new procedure, P*, has been created: P/ results from
inserting these correction cues into procedure P. (page 31) -

Behav. 1.7 A

An observed behavior on non-systematic ("intermittent" or
“random") errors. -(page 32) :

Th. 1.7 B

New]y inserted cues may not function correct]y until after a
period of de-bugging. (page 32) .

Behav. 1.7 B \

Observed student errors where the timing, in relation to
instruction, suggests that the student is going through a
period of de-bugging newly-inserted cues that are intended
to transform some defective procedure P into an improved

- procedure P/. (page 28)
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A. I. Variables
Th. 2.0

Any symbol string may include variables - that is, spaces that
will be filled in by the contents of some memory register.
[ The 'top' of a fraction is called the” -] (page 34)

Behav. 2.0

Observable outputs of symbol strings (usually spoken or written)
that contain errors apparently related to an incorrect variable
entry, or to an incorrect variable retrieval. {Ihe 'top' of

" a fraction is called the denominator.] (page 34)

The Representation of Knowledge in the Mind

Th. 3.0

It is often the case that some entity, stored in memory, can
be retrieved and in some way made to correspond to some visual
(or auditor%% input. We call such an entity an assimilation
paradigm. ee definition of assimilation paradigm in this

papery] (page 40)

Behav. 3.0

Selection of an incorrect or inappropriate assimilation
paradigm [Or schema (or frame). Example: 3 x 4 matched to
assimilation paradigm for 3 + 4] (page 40, 44)

CTh. 3.1 A

A

At least some of the knowledge stored in a person's mind may

be thought of as organized in the form of schemata in the sense
of Rumelhart and Ortony. [Or of frames in the sense of Minsky
~(Minsky, 1975), (Davis and McKnight, 1979 b, 96] (page 43)

Th. 3.1 B

Visual or other infofmationa] 5nputs may be thought of as
mapping into schemata by "variable binding" in the sense of
Rumelhart and Ortony. (page 51)

“The procéss of 'mappihg‘rea1ity into schemata' consists of
three parts: ‘ .
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First, a memory search must lead to the identification and -
retrieval of some schema that is at least a plausible candi- '
date to be the 'image' or 'range' inte which the data might
be mapped. '

Second, the variables in this schema must be replaced by
appropriate items from the input data or from elsewhere in

memory (this is called 'binding the variables')....'Variable'
always means something essentially similar to our idea of a
memory-space that has a name....and contents....Basically,

in its technical sense, a variable is a place where you store
information.

Third, some process of evaluation must confirm the (at least
reasonable) appropriateness of the resulting mapping."

(Davis et al, 1978, p. 43-44)

Th. 3.2

Schemata may be related by embedding as described by Rumelhart
and Ortony. (page 55) ‘UJhe schema for pupil is embedded in
the schema for eye, the schema for eye is embedded in the
schema for face, etc. Thus, the feet of a person are connected
to that person rather than to the feet of a person standing
beside him when the person schema is used]

CL. 3.2 !

Clinical judgement as to the stage of a student's approach to
solving some specific problem:

Stage CL 3.2 A - Student unable to solve problem

Stage CL 3.2 B - "Algorithmic" stage (using VMS sequence)
[may have occasional errors]

Stage CL 3.2 C - The stage of "comprehension," defined in
terms of the student's ability to state an

a_priori "plan of action" for solving the.

problem. he student can discuss how and
why the pieces fit together]  (page 58)

Conj. 3.7

When a task has been performed, it may be that what is stored
in memory is the record of what procedures have been used.
(page 69)

Th. 3.9 A
%
There exist "observer" procedures in one’s repertoire that
make it possible, as it were, to stand aside and observe the
execution of a sequence of operations at the same time that
the execution is taking place. (page 78)
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"This can lead to correct predictions as to what is coming
next, to "meta" descriptions, to planned variations in the

. procedure, to various forms of "chunking", and to names for
the various chunks." (Davis et al, 1978, p. 78)

Th. 3.9 B

A particular sub-set of Th. 3.9 A "observeri procedures play
~a_"predictor" or "look ahead" role. Given 'an input of the
nt stage of a sequence, they come - after repeated uses of
the sequence - to be able to predict the (n + 1)st stage.
 (page 78) [for example, a person knows the way home and can
describe it]

CL 5.1 Binary confusions.

Answering "4 x 4 =" with the answer "8", or 123" with the
answer "6". In general, suppose that stimulus S7 should
‘activate procedure Py, and that stimulus 5; sh0u1d activate
procedure P,. Then the CT 5.1 phenomenon occurs when a
student, faced with stimulus Sp, responds with procedure Py.
In every case that we have observed, :

i) Sy is visually similar to So.

ii) Sy and Py were apparently learned earlier in the student's
T1fe than S, and Py were.
(page 85)

Assumption AS 5.1

Humans do not ordinarily "recognize" perceptual information,
or match up items stored in memory, by an exhaustive s tudy

of every last attribute. On the contrary, relatively littTe
information is ordinarily used; in reading, as soon ‘as we

have enough clues to make possible a plausible recognition

of a word, we jump to the conclusion that we have identified
the word. Clues may include overall word profile, initial
letter, presence of "striking" sequences such as "ing" or

“ph", presence of certain letters, word length, etc. (page 85)

Th. 5.1 The "Short List"

This refers to an assumed use of a short "lTook-up” list that
becomes ambﬁguous as the number of items listed is increased. \

(page 86) or example, one can remembey only so many phone
numbers]

~~.

LN
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CL 5.2

[Eai]ing to make necessary distinctions (as between 0 vs. 8,
for example), unless some additional mechanism (such as
binary confusion appears to be invo1ve&] (page 87)

SIMILARITY OF FORM: This is one of the fundamental information-
processing questions in "thinking mathematically." It has several
aspects, which we code separately:

CL 6.1 A

Obtaining Form A from Form B by using U.V., (réplacement of
variables). -(page 88) '
Category CL 6.1 A is further sub-divided

CL 6.1 A-1
‘/ .

Obtaining Form A from Form B (via formal or informal use of
U.V.), when visual-similarity serves as a helpful guide.
(page 90) [For example: FormB is a=b =0 a =0 or
b=0, FormAis (X-3) (Xx-2)=0 = X-3=0 or
x- 2= 0]
"The negative instances of 'Similarity of form' contribute to
some of the most common and persistent student errors. By
any count, ‘one of the most common and most persistent' errors
had to-include incorrect cancellation of fractions." (Davis
et al, 1978, p. 92) ’

CL 6.1 A-2

Obtaining Form A.from Form B (via formal or informal use of
U.V.), when there is no obvious visual similarity to help
guide the selection of a suitable correspondence. (page 90)

CL 6.1 8B

Recognizing that Form A cannot be obtained from Form B by
using U.V. (page 88) [For example: Form B is (a-b =0 S

a=0orb=0, FormAis (x-3) (X-2) =8 and it does not
follow that X ; 3.= 8 or X- 2 = §] T

CL 6.2 A
This refers to observing a pattern such as

al + 6a + 9
= a% +8a+ 16

e
=Y Q
4+ o+
W
N M
NN
I il
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and "generalize" so as to be able to complete

(a +'5)2
(page 93)

CL6.2 B
. This refers to observing a pattern,lsuch as

(a +3)2=a+6a+9
(a +4)2 = a2 + 8a + 16,

and writing it in standard "variable" notation, perhaps as

(a +n)2 = a2 + (2n)a + n2.
‘(page 93)

cLe6.2 C-

Similar to CL 6.2 B, except that the "variation" has not been
explicitly indicated in the actual stimulus material.. Hence,
it is necessary for the student to recognize the "general".
and to separate it from the "specific", by imagining variation
where no actual variation has been presented. (page 95)

"In such a case, it becomes necessary to generate variation
yourself. One must look, say, at O+ 3 = 3 + OO and ask is
that '3' necessarily a '3'?" (Davis et al, 1978, p. 92)

(A special aspect of this task we'c0de separately:

CL 6.2 C~-1 Recognition of the appropr1ate attribute for some
classification task.) (page 96)

CL6.2D

Given two mathematical instances A and B, devising semething

.more general, C, such that both A and B are special cases of
C. (Thus, if A were "addition", and B were “mu1t1p11cat1on",
C might_be "binary operation.") (page 95)

CL 6.2 E. "Seeing the &eneral in the Particular"

Given one specific example, being able to interpret it .
correctly as a pattern for dealing with the general case (or
"a more general case"). (page 97) [Specifica11y: 25 x 3 =
20 x 3+ 5 x3.=60+ 15 =75, Generally: When multiplying
a two digit number, one must multiply the digit in the one's
place and the digit in the ten's place, then add the products}]
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.3

Creating a long strategic planning sequence. (page 98)

.4

Executing a long sequence. (page 99)

.5

Maintaining correct "sense of direction" in a long execution
sequence. (page 99)

6 A

Recognizing ambiquities. (page 100) [Ehen two students are
asked to add the integers from 3 to 6, one may get 18 and the
other may get 6. They must realize they did not make an

"arithmetic,mistake but that they interpreted the question

differently ]

.6 B

Resolving ambiquities. (page 100) [The two ‘students above,
should realize there is a need to be more specific as to which
numbers are to be added?]

.7

Coping with the dual nature of mathematical notations:
"x + 2" is both an_instruction to do something, and also
a _name ,for the answer. (page 100)

L—\u‘ i -

.8 .

Regression under cognitive stress. (page 101) [E student may
make an-incorrect cancellation when given a fraction involving
many terms]

.9

The ability to match up vertices of similar triangles.

(page 101)

.10

Correct sequential order in processing a symbol sf)ing - "the
ability to know which thing to lTook at next." (page 102)

e
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11 A

Decision trees that are incomplete. There may be possibilities
the student has not thought of. (page 103)

118

Decision trees with vaguely-defined alternatives. (page 103)
11 ¢

Premature pruning of the "possibilities" tree. (page 103)

"It is as if one said: Why, if I move my queen there she will
be captured! Hence, cross out that idea immediately. But
with such reasoning one could never recognize a queen sacrifice
leading to checkmate." (Davis et al, 1978, p. 104)

12 A

Decomposing an initial task into a heirarchy of goals and
sub-goals. (page 105)

12 8

Losing sight of the purpose of some éub-goal, in a CL 6.12 A-
type hierarchy. (page 105)

Assumption AS 7.0

cL 7.

cL 7

Humans possess a rather sizeable collection of procedures
designed specifically for the task of processing natural-
language statements. (Perhaps the point here is to,emphasize
that a natural-language statement will presumably MOT be in
proper "command" or "procedure" form, and hence will not be
directly executable in the way that ordinary commands and
procedures are. Hence, additional processing is required to

.extract the command information from any natural language

statement.) (page 107)
0A

Natural language statements often lead students into error.
(page 107) [For example: 2, and 20 are the same because
zero means nothing.]

.08

Nonetheless, experienced teachers do in fact make extensive
use of natural-language statements in attempts to clarify
mathematical ideas. (Perhaps the main point here is to find
out just how such statements can be used successfully, given
the known dangers of error.) (page 107)
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7.1

Poor use of language (as.in reading x3 as "x three"). (page 113)

1A

The realization that the abstract idealizations of mathematics
are "perfect" objects, and are quite distinct from anything
that can ever be found in “reality". (pa-e 114)

.18

The realization that, despite CL 8.1 A, there can be great
simplicity and efficiency in studying "“perfect" abstractions.
(page 114) X -

.1C

The realization that one does not deal with these "perfect"
abstractions by attempting to make imperfect measurements on
imperfect instances of them, but that, on the contrary, one
deals with them by careful logical reasoning [as, for example,
in proving (via the Theorem of Pythagoras) that sin 45° = 1.]
(page 114) JZ

(3

.1.D

The realization, that, despite CL 8.1 A, these "perfect"

abstrac s are entirely appropriate too]s to use in solving
real proffl (page 114)

on that every step in o2 proof (or in the solution
of an equation) requires an explilit logical justification.
(page '115)

.2 B

The rea11zat1on that there exists an explicit 1ist of citable
logical justifications. (page 115)

2C

The realization that the CL 8.2 B list is based upon ,agreements
between people. (page 115)
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3

i

The @bility to identify explicit logical errors (as, for example,

" in recognizing the precise rule violation made by Speedy Sam

' CL.8.

- CL 8.

[who, on solving (x- 4) (X- 3) = 2 concluded X- 4 = 2 or

X- 3 =2.] (page 116) - :
4

Ability to identify errors that are NOT Togical errors.
‘(page 116) . o - _

5 ' b v T

" The ability to JUstify a~mathematical statement by reference

CL 8.

CL 8.

to the real world (together with a conscious awareness that
that is what ybu are doing) (page 117)

6 A

Recognition of the need to prove that answers are correct and
complete (or un1que) (page 1]8) .

6 B

~skill n making CL 8.6 A-type proofs. (page 118)

CL 8.

CL 8

Recognition of boundaries of defined entities - e. g., the

6C. i

-.Recognition of the need for methods that are guaranteed to

work. (page 118)
6D

Skill in devising'CL'8.6 C-typewmethods. (page 118)
T A |

realization that 0! has NOT been defined by def1n1ng nI for
pos1t1ve integers n. (page 118)

.7 B

. Recognition that, despite CL 8.7 A, there may be "value" or

“strategic" or purposefml" reasons for preferring some
speci fic extension of a definition - even thdgugh no direct
logical implication exists. (page 118) ¥\
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‘ft‘m*, ’

8 .
8

‘Analytical evaluative judgement in extending systems beyond "

defined boundaries [as in se1ect1ng definitions for 2° 0!,
etc. ] (page 119) —

9

Knowing the boundaries of what you know (i.e., of "what you
are supposed to know") (page 120)

10

Use of plausible, but inéorrect, re-writing rules.

Eg., AssumingA[(x - a) +\‘y2 can be written as A/ (x - a)2 +

nJyz and thus, ultimately, as x - a +y. (page 120)

14

Inappropriate disbelief in the meaningful truth of various
mathematical statements. (In s1mp1er language, this refers®
to students' suspicions that "this is all nonsense," "none of
it makes sense.") (page 121) ‘

12

' 4
The expectation that ‘learning math consists of bu11d1ng VMS
sequences (or S-algorithms) in the mind of the learner - and
nothing more! (page 121) -

13

Understand1ng that "the equation of a p]ane (or other geometric -
configuration)" refers to an algebraic statement about the
coordinates (x, y, z) or a "moving" of "generic" point P

(x, ¥, 2), such that th¢ truth of the algebraic statement is

» necessary and sufficient for the point P (x, y, z) to lie on

the\plane (or other confjguration).

.+ (This has several component parts: recognition of the role of

the point P (x, y, z); recognition that the "x,y,z" in the final
answer shoyld refer to P (x, y, z) (and not to some of the other
points that may be dealing with during the course of the problem);

. #and so on.) (page 125)

ey

CL 8.

14 A

. Recognition of the correct role of variables to describe some

"moving" point, or "the general case." (page 125)
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CL 8.14 8

Recognition of the specificity of "general points" in relation
to’specific geometric figures. (E.g., the "r" of a circle need
not equal the "r" of a sphere, if the circle is less than a
great circle on the sphere.) (page 125)

L, 8.14 ¢C

Understanding the correct rules for rep]acemént of variables
(especially in troublesome questions, asgin using "n + 1" as a
replacement for the variable "n"). (page 126) ‘

cL 9.1 ‘ 4 ,
The student strategy of "checking with numbers” ;-checking by
‘making one or more numerical replacements for the variables.
(page 127) .

cL 9.2 |
The student strateqy of fhinkingﬁin terms of the meanings of

the various symbols. (page 127) LFor example: @ should be
thought of as x times X.]

LEVELS OF PERFORMANCE IN "LOOKING FOR PATTERNS"

“Note that, in Section 9.3, we are rea11y concerned with habits of
thinking, and only indirectly with the information-handling capabilities
which may be .required." (Davis et al, 1978, p. 129) A ‘

o CL 9.3A (Level.1) -
No search'fbr patterns. (page 128)
CL 8.3 B (Level 2),

Looking for patterns within<a single problem, but}NOT looking
for patterns by making comparisons across problems (not -
ccomparing or contrasting different problems). (page 129)
i

CL 9.3 C (Level 3)

I

thompgying,and qohtrasting across prob]ems; and hénce finding
pattérns at this level. This depends upon the cognitive
abilities we have coded as\E} 6.2°A. (page 129)

CLo9.3 D (Level 4) -

RNV _ Gofng beyond CL 9.3 C, in the sense of recognizing the patterns
and writing it in correct "variable" notation. (page 129)
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.3 E (Level 5)

Writing the general case, and dea11ng with it ana]yt1ca11y
(page 130)

.3 F (Level 6) ' .

Sub1t1z1ng, subsuming CL 9.3 D and CL 9.3 E in an "1nstant-
aneous" recognition. (This seems to match Krutetsk11 s
concept of "curtailment".) . (page 131)

.4

The student habit of "cross-referencing" current information
with ideas (even remote 'ones) that are already known. (page 134)
"Like the rich getting richer, the student with the best :
deve]oped associations could do a better job of cross-refer- -
encing each new piece of information he encounters, thus

: 1ncrea$1ng even more his advantage in the future (Davis et

. 134)

-The student habit of referring input data to an alternative

representation, ds in drawing a graph, or rewriting small
numbers in scientific notation, etc. (page 134)

)

The student habit of mon%toring one's own output. (page 134)

&

Deals with student behavior when confronted by an illustrative
example, and a problem to be solved:

JA

)

“Attempting the assigned probiem with no evidence of serious

analytical thought, and with no reference to the illustrative
example. (page 135)

7B

Attempting to solve the assigned problem by step-by-step
imitation of the illustrative example; matching parts of the
problem with seemingly similar parts of the illustrative
example; to be a CL 9.7 B response, there must be no evidence
of any serious attempt at problem analysis beyond this level
of "rote" matching by apparent similarities. (page 135)
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7°C

Attempt1ng to understand the illustrative example, and to use
this understanding to solve the assigned problem. (page 135)

7D

Attempting to analyze the assigned problem before referring to

. the illustrative. examp]e. (CL 9.7 D can be distinguished from

CL 9.

CL 9.

C’L 9.

~CL 9

CL 9.7 A by assess1ng the amount and relevance of analytical
thinking that is applied to the assigned problem. In s1mp1e
language, CL 9.7 A°is the level of "careless indifference"
whereas CL 9.7 D is the level of testing yourself as a serxous
autonomeus-mathematics student.) (page 135) ‘

g -

The student behavior of posing and solving the general case.
(page 140) " ‘

9

“

The student habit of responding to something novel or surprising
by thinking about it afterwards, often outside of class.
(page 141) o y

10

The student habit of making frequent use of mathematical ideas

in seeming]y'"noh-mathematica]" settings - e.g., while watching
"private eye" show on TV, computing how much money the private

detect1ve seems to earn per week, per month or per year.

(page 143)
L1

The student habit of asking: "Is fhere another way to solve
this problem?" Trying to solve problems several times, by

several different me®hods. (page 145) }

Conj.

1.1 - :

Assuming that humans find "méaning" in perceptions by matching

~them up with assimilation paradigms, then the phenomenon

described by Minsky and Papert - where the key chess pieces,
say, stand out, set apart from their background, "as if they
had suddenly changed color" - may mark the point at which the
appropriate assimilatien paradigm has been retrieved from

memory and the key p1eces on the board have been matched up

correctly with the "variables" in the assimilation paradigm

(that is to say, "variable binding" has taken place, in Elcock's
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sense). At this point the key pieces should be perceived
di fferently; they now have a dual existence: they are the
specifics of this actual situation, but they also are the
general actors. in a known general script (i.e., the schema
or assimilation paradigm), and they consequently enjoy both
the advantages of tangible, concrete specificity, and also
all the known general properties for the characters in th
script. (page 156) S

CL 12.2

Student mastery of N ways of looking ét a problem, when M ways
are desired [N<M] (page 161)

CL 13.1

The use of explicit, ad hoc heuristics in algebra. (page 163)
[We have to be aware we are using it.] ‘ :

CL 13.2

The use of explicit, ad hoc heuristics in Euclidean synthetic
geometry. (page 163) . ,

cL 13.3

The use of general heuristics, such as:

“i) Try to break the problem up into pieces sub-goals, deal
separately with the pieces, and then assemble the results
into .an appropriate whole.... o Y

i1) Try to make up (or to find) a similar, but easier example.
See if you can solve the easier problem. Then see if you
can learn enough-from the way that you solved the easier
problem so that you will be able to solve the original

~ problem. ° ’
iii) Try to find exactly where the main obstacles are. Then
- see if you can eliminate them, circumvent them, or other-
© wise deal with them. . :

iv) Find something you CAN do,‘and do it. (This is the most

' dangerous heuristic, since after all it could lead you in
ANY direction, including away from your goal; but it also
seems to be the one that helps students the most. It is
NOT as obvious as it seems: most students do not automa-
tically use it.) '

v)  Try something even if it's wrong. Then try to learn from

what happens." (Davis et al, 1978, pp. 164-165)

CL 13.4
The use of nbn-exp]icit “intuitive" heuristics. Kn”explicit

heuristic will become implicit if we use it so often it becomes
an unconcious habit. (page 165)
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CL 13.5

The use of "backward reaching" heuristics: work backward from
the desired result. (page 165)

CL 13.6

To prove .that A # B, find some attribute of A wh1ch is NOT
an attribute of B. (page 166)

CL 14.1 A f

Input 11m1tat1on or "focus" - rejection of part of the available
informational input, in order to focus attention of ‘what is,
hopefully, most relevant at the moment. ({page 169)

CL14.1 B
Fixing certain aspects of a problem firmly in mind. (page 169)
CL14.1 ¢C

Separating "identified" aspects of a problem from the rest of
the possible input data, and treat1ng the rest of this data,
v for a moment, as "background noise". (page 169)

CL 14}*'0

The strategy, in geometry, of carryihg out CL 14.1 C by looking
“lTocalTy" at some restricted portion of a total diagram, rather
as in a "tight close-up" of this part of the figure. (page 169)

CL 14.2

Representing a quantity as some sort of "b]ock" amount, that
can be treated cognitively as a single entity. (We do th1s,
for example, when we take the abstract quantity "36 inches"
and think of it as "1 wooden yardstick". We can then-use
information-processing procedures appropriate to the multip-
1lication of the more tangible yardstick.) (page 171)

Ct 14.3
Use by a student of highly original, and unorthodox, methods.

(CL 14.3 implies some rather insistent .reluctance to adopt
more conventional methods.) (page 178)

3
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CL 14.4

The heuristic strateqgy of picking a "possible" solution, and
then studying it. In most cases, the "possible" solution will
NOT turn out to be a solution - but in the process of studying
it, you may learn how to modify it so that it is more nearly -
a solution. (page 179)

SIX POSSIBLE GENERAL MECHANISMS FOR PROBLEM SOLVING

CL 15.1 "Forward-moving" steps. (page 180)

The use of some obvious tactical step that transforms the
problem, and may bring you nearer to your goal.

CL 15.2
Heuristic analysis of the problem situation. (page 181)
CL 15.3 |

:Use of VMS sequences to solve the problem, or some part of
it. (page 181)

CL 15.4 \
Attacking a problem by means of some "meta" Jevel ana]y%is.‘
(page J81) "The defining characteriftic of 'meta' analysis
is that we talk about procedures (or{ischemata), without necess-
arily using them.™ (Davis et al, 1978, p. 181)

CL 15.5 ‘
Partially matching schema. "When we use a schema, we are on
known, familiar territory. We can use a partially-matching
~ schema in either of two ways: ' : v

ay ’The schema may accomplish part, but not all, of what we

~ " “have in mind; - ,

b) The schema may'not match our problem situation correctly,
and may require some modi fication before we can use it.
(This second use may represent part of Piaget's concept of
accommodation.) ’

(Davis et al, 1978, pp. 181-182)"

CL 15.6 7

Recognizing the problem as a specific instance of some general
schema, and then solving the problem. (page 182)
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22.1

Goal distinctions: the extent to which a student is attempting
to complete a problem or assignment (so as to satisfy immediate
external requirements, such as "pleasing the teacher" or
"getting it in on time"), vs. the extent to which the student
is "trying to learn mathematics" (as indicated by building up
his cognitive structure, testing its adequacy, examining impli-
cations or apparent inconsistencies, preparing for problems
that may be met in the more distant future, etc.). (page 276)

23.1
Recognition of the value of "understanding". (page 281)
23.2

Reasonable accuracy in judging whether you have an adequate
schema for some situation, phenomenon or problem type.
(page 283)

23.3 5

Reasonable accuracy in judging whether you have filed away
some information so that you are likely to be able to retrieve
it later on when it is needed. (page 283)

23.4

Reasonable accuracy in judging whether you have related new
information to enough knowledge that you already possess (for
example: ‘have you visualized the graph of a function; do you
see how to prove some new statement; and so on). (page 283)

23.5

Reasonable accuracy in judging whether you have been alert to
recognize important patterns in the new information, or in its
relation to things already known. (page 283) .

24.2

Vagueness in recently-acquired information. (page 284)
24.5 A

" Retention of earlier restrictions even after one. has learned
(in some intellectual sense) that they are no 1onger necessary.
(page 286) [For example: Maintaining that one can't subtract
a greater number from a-lesser number even after 1earn1ng
abdut negative numbers.] ,
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CL 24.5 B

Critical reliance upon an incorrect or-inappropriate assumption.
"(Presumably the theoretical formulation of this would be Th.
24.5 B: use of an assimilation paradigm which has a critical
failure in the sense of not matching the present instance
faithfully enough.) (page 286)

CL 24.5C

The ability to criticize your own work when you go over it
again (and to see with reasonable -accuracy just where changes
need to be made). (page 286) »

CL 24.8

Repetition of an earlier CL 24.5 B type error, even after the
error had been recognized and corrected earlier. (page 293) .

CL 24.9

Believing in the value of sharp delineation of [the key] ideas,
~ [in order to make sense of what is being done and so as not to
be overwhelmed by "hazy" ideas.]; (page 293)
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The following transcripts are of three complete audio-taped
protocols. They are representative of low, average, and high success

rates on the problems.
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PROTOCOL I  LOW SUCCESS RATE

KURT SESSION 1

la

A wh

P

x =~ x -~

—

—t

7(*-‘7(0—-!

(Draws two sides of a rectangle) (Multiplies 5.95 by 4 and gets
23.80, and 5.95 by 5 and gets 27.75) Across 5 at 5.95 a square
metre times 5 that times the square metres.

(Adds $27.75 and $23.80 and gets $51.55) . So all together....

I hope it costs $51.55.

: You hope it costs?
: Yeah, I hope I'm not buying it,cause that's an awful lot of
it

money .

: So that's your answer?
: I guess so.

: Okay if you've got 12 metres. 1ehgth .width 5....5 metres.

So then you'd have 18 metres across in 1ength 12...umh....
(reads the question again) ‘

: Oh an enlarged photograph. Oh. This is the same photograph

except it's enlarged?

-

: Yeah.

So the length would be 18mm. Enlarged about 5 times cause this
was 12 and if it's enlarged about 5 times it wou]d be....if it
was enlarged 6 times it would be 18 mm so you've got to en]arge
this 6 times. It would be about 11mm.

: Okay

So it would be 11mm width.

: Mr. Big (sighs and reads remainder of the question aloud)

Another trick question?

: That would be 2 right? How simple. I'vye got 6 buttons for

Mr. Big and had 4 for Mr. Small, that's a difference of 2.

: Oh, this is too simple.. someth1ng wrong....I think it would

be 2 but it's too simp]e. I've got to. read this again. (reads

- the question again) Yeah, I' 11 say 2, It‘s”anqther trick - -

question. d B
. - s £ “‘L lv’

: $50 on Friday, $25 over the weekend ..So 50
$75 altogether. He had 50 and got an extra 25,us 4
had 75 altogether right? -And he didn"t%pend. any’ '
I don't think so, he was work1ng to hard. - 5 N
(Laughs) Okay he had 75. I m trying fb&flhd out the peroent ‘f
Yeah, o
On Friday he had 50.. Okay iTry uh try 25 (divmdes 25, 1ntg

75 and gets 3, divides 50 into 75 and gets 55 1ooks at the °.
3 and the 15). It's about 5¢°5ia' .
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3a (con't)

6. I: Okay. '

7. K: I don't know, it's a tough one, so I'11 say about 5%.
8 I: Okay

4a

1. K: 12%...(multiplies 28 by 12 and gets 336, divides 336 by 12 and
gets 28) (laughs) I got $28. (knocks on table) I got stuck.

2. I: Got stuck on 28 eh?

3. K: Yeah I did everything and then I got 28 again. Maybe I multiplied
wrong (checks :his multiplication). No.

4. K: Okay. (divides 28 into 336 and gets 12) 12 oh great! I got $28
and 12%. -

5. I: (laughs) Won't let you get out of that one eh?

6. K: It's the only waigg can figure out how to do it...Maybe 12 into
28 ah ha! (divide® 12 into 28 and gets 2.3) Oh great'

7. K: Oh well. (multiplies 28 by 2) I'm stumped. I'11 just make a

: guess here....40.

8. I: That's good enough, there is no point in suffering. At least
you've .got a sense of humor. .

9. K: (laughs) I just can't take this no more.

1. K: Okay 30 questions correct, 80%
Great! (sarcastically)

2. K: (Divides 5 into 80 and gets 12) I don't know why I did that,
useless completely. A11 I got was 12 I don't know what I'm
going to do with 12.

3 K: Maybe there's 12 questions and he got 30 right. No that doesn't
sound too good.

4. I (laughs) :

5. K: (Divides 30 into 80 and gets 11) (knocks on table)

6. I: This isn't a test remember, don't worry about it.

7. K: Oh yeah I'm going to have a nervous breakdown pretty soon.

8. K: Oh, here? (laughs) .

9. K: Yes...30 ahh...hold.it, just a minute. If there's 30 ques tions#

I got it, yeah You get a mark. It must go up every number up‘d__f
Like one question it would go up 4 then 8, then 12, then 16,
something like that.

10. : Each quest1on wou&@ be worth so much?

11. K: So try 3. 75, 20, 25...1 lost count, great! 5, 10, 15,
20, 25, 30, 35 40 45 50. There you'd have 50 questions, easy.
I went by 2's. So each question is worth 2.

12. I: Uh hu.

13. K: Hold it. 30 questions and he had 30 right (knocks on the table).
That means he had to get...Okay 50 questions.

14, : Makes you sweat eh?

15.  K: These are tough, I can't handle these percents.

-

—
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6a ;

1. K: 450 well I don't even know what "gm"‘heans

2. I: Grams.

3. K: Grams, I knew that. A package of 24 cookies that cost $1.50 or
ah...300 gm ...well its an easy one. Cause it costs, it.costs
a little extra., Ah. . This is a trick question. They both have
24 cookies. I mean what difference.does it make if they both
have 24 cookies you go for the lower price, r1ght? Right.

- I: I don't know. What would you do?
K~I'11 taKe 450 gm -, then I'11 take 300. (writes: 300 under

(5,

7  450) No I won't do that. I'11 take 450 and 24. (writes: 24
* under 450) No, I won't do that, I take 450 and 150 (multiplies
450 by 150) that's a lot. Forget about that. I'll try 450 and
24 (multiplies 450 by 24) Okay that's 108. Okay, then I'T1
take 300 and 24 (writes down 300 and 24) we]] it has-to be less
of course it has to be less.
6. K The 300 gm one. I made my decis1on it's a trick question.
7. (laughs) So are you just guessing 300 then?
. 8. K Nope. If they both have 24 cookies, what difference does it
' make? Cause this costs less. It's grams, I mean who cares if
they both have 24 cookies. ‘
-9, i Okay. Then you would go out and buy ‘the 300 gm. one?
‘10, K: Yes. '

1. . K: (reads the question aloud) ‘I got it. You dan't get a higher
percent in Social because...There are more questions in the

. social test than are in the Science test. VYeah.  (taps desk)

2. K: So you had 75 questions correct only 30 questions on the science
test. So that means if there were more questions on the Social
Studies test...that means...and less on the Science test it
would make a differempa rea]]y of what you got correct It's
of how much.

3. K: If you got 200 questions on the Social test and only 60 on the

. Science test then you could fail the Social test with 75 and
’ ' pass the science test with 30.
4. K: Another trick question. So I'l1l say.. .(taps desk) (looks at =~
. question again) Explain why, oh I've just said that, it's hard
to put it all in writing though.

I: Well try one sentence, two words or less (laughs)

K: (laughs) *

I: If you were wr1t1ng it on a test what would you write down for

a sentence answer?

8. K: It would make a difference on how many questions. That would be
good. (writes, while saying) If the Social test, this’ is a long,
sentence, if the Social test had more questions than the Science
test then it would not matter. (laughs) Oh, I don't know if I'm

» right or not. I said it better than what I'm writing it here.

9, B I: That's okay. B

<o
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: But you haven't told me hovwg§
: Well they both have two il

: For instance? S _
: Well like 4 and 2, or you cou]d have the same number. In some

: (Tells him.)

159

: What is the re]afionship between multiplication and division?
: When you multiply you times two numbers. Like 6 times 4 you

have 4, 6 times or 6, -4 times. Well division, you try to put
a number into another number. Like 2 into 6 wou]d be 3.
¥ey are related. o
Not nécessarily but that is

the least you could havggy

cases you could have the same number.

: For division and multiplication? A N
: Yeah, they won't be the same answer but you could st111 have

the same numbers.

: Okay, give me a division question.-
: Okay, 4 into 8....so to get 4 into 8 you'd have to -times like

{ times 2 is 8.

: In this: a into ¢ goes b (writes it down in algorithmic form.)

what is the a, the b and the c called.

: Uh, I can't remember. The divisor and the d1v1dend but I don't

know which is which.

: Can you write that (number 2) with that sign (% ) so that the

a, the b and the c mean the same?
TWritest a+c =b.)

Can you read that? . _
Well a has .to go into ¢ to equal b.
Is that what this sign T' means to you, has to go into?

Well, divide yeah.

Can you give me an example with sma]] numbers to show that.

Oh I did that wrong. The a and the ¢ have to be switched-around
so that it is ¢ 'divided by a. b

/
/

In this question a goes 1nto C, b times or ¢ divided by
b, if ¢ stays the same and a increases what | happens to b?

a equals
>

K: The b would get smaller.

Why?

K: Because it means it wouldn't take as big a number to gdt 1nto c.

1 Div.
1. I
2. K
3. I
4. K
5., 1
6. K
7. I
8. K
9. 1
10, K
2 Div.
1. I
2. K
3. I

3 Div.
1. I
K

I:

K:

1:

K

I:

K:

4 Div.
1. I:
I:
5 Div.
1. 1

: If a is constant and g_is‘increasing, what is Q'doing?"
< .
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10.
1.
12.
13.
14.

15.
16.

17.

18.
19.

- 20.
21.
22.

— o

. K

I:
K:

R e
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(con't)
: Getting bigger.
: Why?
. Because it would take a lot more to get into”C, so that means

b would have to get bigger.
R ,

L)
¥

If b is constant and a .increases what would happen to c?

The ¢ would increase’the same as a.

Wh y? ' a PR :
Because if you get the same answer it has to 9o in, the same as
before.

Al

: So if a went from 2 to 6, ¢ would have to go from. .

60 to 10.

Can you show that?

(Writes in algorithmic form, 6+2 = 3.)

So 2 goes into 6, 3 times, and a goes from 2 to 6 and b is still
the same sp ¢ wou]d have to go to 107

Yeah, (1aughs) & doubt that would work out though.

6 doesn't go into 10 threé times eh? What would ¢ have to be?
T wouldn't Know.

To get.3 for an answer what ‘would c have to be?

It would“liave to be the same number apart like it was before.
Like it would increase but it would have to be the same number,
apart, like before it was 2 and 6.

: That's 4 apart. : (

(Taughs) Oh that's what I had before. Just say it would have
to divide the same. 2 into 6 would go 3, it would still have
to divide the same. . L

: What would 1t have to be then?
: 18.
: So what is the word for that, you said it had to 1ncrease the

same amount but that didn't work out for us. So you should.say .
it has to increase. , ‘

Uh . Tl

Increase_at the same... '

Uh.. ratio .rate.

D1v1s1on Quest1ons 4%

1 DQ 1008 56 ! ’
1. X (Writes 1008+ 56 é]gor1thm1c form and puts a 1 above the
~”  second 0.) :
2. I: Why did you put the 1 there? :
3. k: Because I'm dividing into 100 so I have to show I'm using the
. whole number.
4, [: Is there some other place you could put it or do you have to put
it there?
5. k: Well it works better, you're better able to understand what you re

doing. It doesn't have to though
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K: Let's see (He has multiplied, subtracted and is now dec1d1ng
how many t1mes 56 goes into 448. About 8.
I: Why 87 .
K: Well I'm th1nk1ng of a round number 50 so you go 50, 100, 150...
(Multiplies 56 by 8 at the side and is pleased it is "448. )
(Finishes the question.)
DQ 60+ 4.3
K: It would be 600 because you can't divide by a decimal so you
have to move the decimal here (in 4.3) so you have to move the -
"decimal here one (change 60 to 600.) -
I: Why? : _
K: Well if this (divisor) increases this (dividend) has to increase,
something like that.
K: (Finishes the question by multiplying out at the side before
putting the answer down and gets 13.9) 10 no that's 9.
I: What if it would have gone 10 times. Where would have you put
that 107 _ '
K: Here (where the 9 is)...no I would need another zero here (in
dividend) for it to go 10 times.
DQ 32+429 :
K: Oh (Writes the quest1on correct]y in algorithmic form.) (Puts
the decimal point in the correct place in the quot1ent
K: Lets see it will go (429 into 3200) about 17 no, I'11 try 27
times. :
I: Okay, if it goes 27 times where will you put the 27?
K: Right here (after the decimal point).
I: Wouldn't it be better to put the 2 first and multiply?
- K: No it.depends on what the person does the best.
K: - (Writes 429 times 27) No I'n try 7. Because 400 times 7
(Is close to 3200).
K: (Puts the 7 above the second zero.) We need a zero here. (As
a place holder after the decimal point.)
K:”So the answer is point zero seven.
DQ 54,226
K: (Writes the question down in algorithmic form, writes .the mu1t1p-
lications out at the side and gets 2.8 rema1nder 12) .
I: Now if I asked you to correct ‘that using mu1t1p11cation could
. you?
Ko I'T try this, 26 times 2.8. (Multiplies and gets- 72.8)
That won't wor ' IR
K I'11 multiply by 12 (the remainder) but that won't work.
K: 1'd have to do this. (Multiply 54.2 by 26 writes it ‘down.)
I: Will you get 2.8 when you multiply 54.2 by 267 :
K: No. (Mu1t1p11es 2 by 2.8 again.) : '
I: Since you re not get¥ing anywhere, do you think you made a

161

(con't).

mistake 1n Yyou're, division somewhere?
]
<
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AY

(con't) ‘

No I don't th1nk so. It's hard to wake a mistake in division.
You made a mistake in the division.» ‘

I made a mistake! - _ )
Okay, 26 into 54, that goes 2 remainder 2 so that is 22 (after

"Bring down the other 2) Oh! I used 2 of these (he had also

brought down, a zero) so that means I have to have a double
,answer then.

) So what should go up here then?

A zero (as a place holder).

Okay could you check it using mu1t1p11catlon now?

(Writes 54.2 times 26)

What do you want to get for an answer?

2.08.

Will you get 2.087 :

No. There's got to be some catch.

At the begining of this interview we said how m11t1p]1cat1on
and division are related and we said 4 goes into 8 twice because
2 times 4 is 8. So how would you check this?

(Multiplies 2.08 by 26 and gets 54.08)

You get 54.08, it doesn't work out quite right. It's close
isn't it, why didn't it work out? :
Maybe because of the remainder. .

Do 3 into 7 and check it using mu]t1p11cat1on

3 times 2'is 6 plus the one remainder is 7.

So how can that example he]p you7

2.08 times 26 p]us the 12 is....54.20 but you don't need the
zero at the end.

5 DQ 8.71+ .37
Not done.

6a DQ 824585

1.
2.
3.
4.

\5.

K:

The first digit will be 9 and that's it there is just one digit
before the decimal.

I: Can you tell me why it is 9°?
K: _
I: So you are dividing 85 into 824 and you get 9. and it isn't going

K

I was thinking 8 and then 16 then 24 and all that.

to be 90 or 900 or someth1ng Tike that? <
Yeah 1t s 9. v

N
o)

6b DQ 935654

);/U_'I-Dw N —

K
I

K
I:
K

~left.

The first digit will be 1.

: And where will that 1 be, how many p]aces to the left of the

decimal will it be?

3. .

Why ?

Well I was thinking 54 into 93 and there are two extra numbers



6c DQ 24156 732 )

1.

O £ W N
« s s .

LR

Tz

KHKH‘XHKH

IR Rk Rl

N =R 7~

43281000

The first number will be 3 because 700 as a round number into

24000.

There will ‘be two digits.

Why?

Because there will be one 1eft after the f1rst

143115+ 145

: 10, no it can't be, yeah it can, ten.

So ten is the first digit.

(laughs) 10 is two d1g1ts so it's 9.

Just about 10, but it's 9 eh, where will-that 9 go?
Right here so there will be 3 digits. !
432810

Can you divide 4328 by 10 in your head7

430, something like that.

Okay, write it down and do it. :

(Writes it in algorithmic form and gets 432.8)

4328 +100

: Using the answer for 10, divide 4328 by 100 in your head.

Four, three, two eight with a decimal.
Where is the decimal, write it down.
(Writes 4328.)

How do you read that number?

Four thousand two hundred and twenty-eight.
So 4328 d1v1ded by 100 is 43287

No it isn't. Forty three point two e1ght.
\

I got it, 4.328.

. What about by 10,0007

.4328.
And 100,000?
.04328.

SESSION 3

Fosl

(Writes 6/4 n/2, solves for n and gets 3.) The answer for n

is 3.

Okay does that make sense? - ‘

I hope so, that is the answer I got, I hope it's right.
Why did you put 6 over 4?

Because it's being compared, the 6 and the 4, at least I hope

it is.

' )

163
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(Writes: n/2 ) Oh no....

: What's the problem?

Because I'm stuck.

Why did you put n over 2?

Because you're try1ng to find the answer for the 2 seconds.
I see, and you don't know what else you've got?

Yeah I should have another number.

: Read the question out loud.

(Reads it out loud.)

: What does "at that rate mean".o

Well the same rate as it does it.

: What is that rate.
: Umh, ...well every .02 seconds just well you know .02 then .04

and 06 JUSt keep adding on.

: Instead of adding on can you multiply or divide or something;

to find the answer?

K: That's what I'm confused about.

I[: Is that n go1ng to be seconds or what.

K: Well I don't know because that's what I'm trying to find out.

I: What would you do if that were on a test.

K: I'd faint. - Well I'd d1v1de .02 into 2.

I: Okay, do that.

K: (Divides and it goes 100 times.) Well 100 seconds could be 'the
answer.

I: Does that make sense for an answer to that question, 100 seconds?

K: No, I don't think seconds, I don't know what. I hope the answer
is 100 but I don't know what. : :

I: But you're not sure what. 100 bananas? .

K: No something to do with time. '

I: What does the question ask you to find? '

K: How many multiplications can the machine do 1n 2 sec. Oh yeah,
100 multiplications. '

I: Does that seem reasonab]e?

K: Yeah.

K: (wr1tes 3.6/10.8 n/]OO, Cross mu1t1p11es and solves for n and
gets 305 with the 5 repeating. )

I: So what is the answer?

K: 305%, ohhh.

I: Why are you groa_m'ng?!,1 ' { .

K: Well that's kind of 1ike a lot, 305%. I'm sure I did this

- right, I'm almost certaih. : '
I: What would seem reasonable. Are you- familiar with kilograms or

are you more familiar with pounds?

I'm not familiar with either, ‘

How much should a baby weigh when it is born, in pounds?
About 6 or 7. ‘

And about how much does a year old weigh?
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: About 25. .
: Okay, just to make it eas1er let's say it weighed 7 pounds at /
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4

birth and 21 pounds at one year, what would the per cent increase
in weight be? :

About 3%. Because 7 into 21 goes 3. Maybe my decimal (in this
division) i ong. Yeah, my decimal is wrong.

Is 21, 3% o

Uh, yeah.

What is 300% of 7?

: You'd have to divide 7 into 300 (divides and gets 47.8).

(Writes 1107400 220/400) That 400 is the total, and I th1nk
this (220.) .goes over 400. I'm not sure.

(Multiplies 400 by 220 and gets 88000 and 400 by 110 and gets
44,000.) I'm definitely not sure. I did something wrong there.

I'm really confused. So you get 44,000 into 88,000 and you'd '
get 2.

(Reads the quest1on again.) Oh all I'd have to do is plus 220

and 110. (Adds 220 and 110 and gets 330) Oh so 70 is the answer.

The answer when you add 220 and 110 is 330 so you have to. subtract
it from 400 because there are 400 a1together

(Writes 8.5%/100) This is th!\sifficu1t part (deciding where.
the n and the 42,000 go).

: (Writes n/42000) (Cross multiplies the 8.5 and the 42, 000 and

gets 3,570,000.) Oh, 3,570,000, that's a lot! Oh d1v1de 100
into 3,570,000 and it.goes, oh this cancels so it goes 35,700.
So what is the answer then?

$35,700, that's his salary for this year.

Is that reasonable?

Yeah, I hope so.

«

(wr1tes n/35 300%/100, cross multiplies 35 by 300 and gets
10,500.) 0Oh, 10,500 (D1v1des by 100 and gets 105.)

That s the answer, 105.

105 what? . ‘

Umh, 105 uh a dollar five.

Is that reasonable, do you babysit?

Yeah for my rich brother.

What do you get.

$10.00

How long do you babysit?

About 6 hours so that's about a dollar and a half an hour.

v
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k: (Writes n/51 and 50%/100, cross multiplies and divides and gets
25.5.) (As he is solving it says:) Igis will be an easy one.

K: I think 25.5 is the answer. &

I: What would your sentence answer be?

K: Uhm...yeah it's 25.5, so 25.5 students have brown eyes.

I: Does that make sense? What does that point 5 mean?

K: A half, a half a person, I don't know. That's just what I got.

I could go 100 into (without cancelling the zero in the 100 and
the 2550) but I'd probab1y get the same answer. Yeah, I'd get
the same answer. ' '

[: Well what does that 25.5 mean for an answer to this question?

K: 25.5 have brown eyes, that's 50% of the class. That's right you
know because that point 5 and another point 5 would make it 51,
you can't fool me.

K: Umh, this is a tough one. They're not going to fool me on this
one, I've got it. (Writes: 23/50 n/100, solves for n and gets
46) So I get 46 for an answer. _ '

- K: So would she be speeding i'f she were going 46 and the speed limtt
is 50? No, she would not be speeding. : -

I: Why did you pick 100. . :

K: Well it's per cent, I don't know 1t s just always done like that.

K: Well they got fiest off 10% more and then second off they-éot
10% less so that equals off. 10% minus 10% is zero.

SESSION 4

K: Umh. Ca1gar to - Saskatoon...through Edmonton? .
I: Yes, that s What that via means.
Okay, Calgary 288 and Saskatoon to Edmonton is 350 So 350 plus .

~
.o

288 is 638. 638 miles.

I: Miles?

K: .0h,-538 miles. '

I: Okay, but the question asks in kilometres.

K: Oh, so I have to find out what that miles would be 1n k1]ometres.
I wouldn't know. ‘

K: (Subtracts 180 from 288 and gets 108, and subﬁrﬁcts the 108 from
350 and gets 242, then adds 350 and 180 and gets 530.) -

K I gquess that's it 530. I don't know.

I: You subtracted 180 from 288, can you tell me why?

K: So I would know what to subtract 350 from.
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: What to subtract from 350? (K: VYeah.) And then you subtracted

that 108 from 350 and you got 242, what does that 242 mean?

: I think that's the kilometres for Edmonton to Saskatoon. Then

that plus the 288 is 530..

: An hour and a half is 90 minutes so 60 into 75 goes (works it

out) 1.25. I don't know what that has to do with the answer.
(Adds 90 and 75 and gets 165 and gets 2.75) 2.75, umhm ahh 2.75
has to mean something. So how many can he deliver.

: (Divides 3 into 75 and gets 25.)
: Why are you dividing 3 into 75?
: So I can see how many newspapers he can deliver every minute.

So if every 3 minutes he delivered...oh....

: Where did the 3 come from?

Well, that's just a number out of my head. I tried to think of
a number that would go.

If he delivers 60 newspapers in 75 minutes. '
So it would be 25 newspapers in 3 minutes, no that isn t right.

3 newspapers in 25 minutes, no that wouldn't be right either.

: What does that 3 have to do with the problem?
: It would make a difference between the 90 minutes and how many

minutes it would go into 60. Like it would find out how many
minutes it would take for each newspaper.

: Oh.

1'11 divide 5 into 75 (gets 15).

: Where did the 5 come from?

Just a number I can work with I guess And 1ike every...I'11
try 15 into 60. (Works it out and gets 4.) Oh yeah! 15 into
60 that's 4 and like 4 papers, 4 minutes every 15. Now I think
I got something. 10 into 60 goes 6, so that's 6 papers every
10 minutes. Umh, I'm not doing too good. 5 into 60 uh 12...

:-I'm going to work with 20, so 20 every 3 minutes. Every 20 seconds

3 papers. Uh, it looks so easy. Maybe I'11 try a rate pair.
Okay, just draw a line across the paper to separate it.

60. Uh I don't know (what goes on the bottom)

60 papers is it?

Yeah. An hour and a half is 90 minutes so I guess it would be
75 over ‘90. * (Puts 100 under the 60.)

: Where did the 100 come from Kurt?

It's kind of uh, you're just supp to use 100 I guess

(Cross mu1t1p11es and writes d 5400 - 7500, then decides to
subtract 5400 from 7500 and gets 2100.) Ah! That looks better.
(Than the 2.75) It's hard to deliver 2.75, but it's hard to
deliver 2100 papers.

: This 75 is minutes and the 90 1s m1nutes and the 60 is papers

and the 100 is what?

:.Well, it's Tike uh...I could have used X.
: You could have used X
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: I should have used x.
: (Writes: 75/60 90/x) 75, 90 let's see where would the x go...

the 60 would go here. So it's 75x and 5400.
(Divides 75 into 5400 and gets 72.) Ha! Ha! 72 papers.

: Is athat your answer, then, 72 papers?
: Yeah 72.

K: (Writes 9000/7500 x/100, cross multiplies, cancels the final

T

P

A —

R K K e

two zeros in 900000 and 7500 and divides 75 into 9000 and gets
120.) That's it 120%..

: 12097

..Yeah. J . ‘

3T,
You're sure?

: Yeah I'm sure.
: What does the 15% have to do with it.
: Well...{Reads the question aloud.) I don't know what this 15%

is.

: But you're sure there are 31 girls?
: 31, yeah.

: (Writes 6.5/100 x/2000, cross multiplies to get 100x and 13000,

divides the 13000 by 100 and gets 130) 130 I don't know.
"What will his yield be?" 130. Well that's the answer I got,
130 I don't know.. ‘

: 130 what, bananas or what?
: I don't know exactly what this means, what the yield will be?
: Yield is what he gets off the land, like his yield is 2000

bushels.

:. Oh, then 130 bushels.
: And does that make sense in the quest1on7 g
: (Considers for a moment.) I don't know, if I had more zeros...

Tike 100 into this 13000...

: Well 100 goes into 13000, 130 times.
: So I'd get 130. .

: (D1v1dés 400 into 4 and gets .01.)
: 1 guess he would have to have .01 of everything that John has.

I don't know if that makes sense or not.

: He would have to have 1% of everything that John has , 11ke 1 cent

of everything.. .01,

: Can you tell me why you divided 400 into $4. 00?
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(coh't)

: 400%, that will give me how much I think John's father would

make. Like every time John would get a cent he would get .0l
of that.

: S0 your answer is .01, then?

Not really, cause that s what John's father makes so if he earns
$4.00 an hour, he would have to earn 400% more...could be 400%
times. ,

(Multiplies 400 by 400 and gets 1600.) So 1600.

What if you set up a rate pair for that.

(Writes 4.00/400 x/100, cross multiplies, cancels the two zeros
and divides 400 by 4 and gets 100.) 100.

100 what?-

$100.00

: Every week or.

An hour, but that s got to be a lot, though, $100.00 an hour.
This wou]d be...hold it...it could be $1.00 too. It's either
$100.00 or $1. 00 but if John's father earns 400% of what John
earns...it doesn't tell you if he earns more or if he earns less.

: Oh, I see, that question doesn't tell you if John's father earns

more or less?

No. It says John's father earns 400% more.

It says John's father earns 400% of what John earns.

I guess $100.00 is a lot so it is probably $1.00. But the father
would earn a lot more than the son would, so I'11l say .$100.00.

: (Writes: 3/3 x/4, solves for x and géts.4) 4 metres will

hang over.

: Could you draw a picture of that to show what it would 1ook

like? _

(Draws a table 3 x 3) Let's see, this would be 4 metres cause
4 metres hang over. No this would be 1 cm because this is 3
metres and this is 4 metres so 1 metre would hang over.

(Adds 50 and 30 and gets 80.)

Why did you add 50 and 30?

Well because that's the pages and that's the minutes.-

Oh, I see.

(Divides 80 into 120, cancels the zeros and gets 1.5. ) 1.5,
that doesn't answer my question.

Okay, 50 over 80 and 30 over 40. (Cross multiplies and gets
2000 and 2400. Divides 2000 into 2400 and gets 12.)

Who is.the faster reader? Ohhh, it's the differences. I th1nk
Lorne would be the faster reader because of this difference here
is 10 and“this is 30. >

: A difference between 30 and 40 of 10 and a di fference between

50 and 80 of 307?
Yeah, Lorne would be the faster reader

]
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SESSION 1

(Draws a rectanglé with width 4 and length 5) Okay, if the room
me&snures 4 metres bé’s metres then you times 4 by 5 to get 20,
Umhitie

Then you times 20 by the amount it cost of a metre for the carpet.

: Umhm.

(Talks while multiplying 5.95 by 20 and gets 119.00) So...get
119 dollars to carpet the room.

: Could you write that down.
: (Writes: 119.00 to carpet the room.’)

(Draws a rectangle 5 by 12 and draws a larger one with the small
one in the corner of the large one) Do I have to enlarge this
(the length) to 18 mm?

: Umhm.
: Okay, to enlarge that it would be 6 more, there so then you would

have to enlarge this (the width) to 6 more so that would be 6
more there. ’ ~ o

: Okay, so that's your answer then? :
: You mean what's the answer to the question?
: Yeah.

1.

: Okay, 2/3 and Mr. Big 4s 4 something. Mr. Small is 4/6 the

height of Mr. Big so umh the common denominator is 28, I mean
24, _ T

: 0f 6 and 47

: Yeah 24 and 6 goes into that 4 times so 4 goes into it 6 times.
Oh it's not working here...umh 2/3 (reduces 4/6)

: (Trys to find 2/3 of 40) Okay if this is 2/3 then what is the

percentage of the 4?

: Okay, so this is 2 bigger than this so this is 2 smaller tham

would be...uh that wouldn't work...

: This would be about 2 1/2 or... :

: Oh 2 and a little bit but you're not sure how to get the number?

: No. Well I'1l just say 3/4 or something, well it's around 66%
~or something like that. ~

: Uhhu. Now what is your answer to the question?

: Okay, Mr. Small's height is-3 paper clips, no 2 paper c]iﬂs (1aughs)

2 1/2 paper clips.

: Somewhere between 2 and 3?
: Yeah (Writes: 2 - 3).

1>

7N
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If he had $50 then he had 75 on Monday.
Umhm. | '

Oh...?27....25% (Writes: 25%).

25%, can you tell me why 25%7?

‘Hell he had 50 and made 25 more so thats: 25% umh he earned $75 -

and so had 50 on Friday and 75 on Monday, so he had 25% more
than he had earned.
!

: (Talking wh11e dividing 100 into 280 and gets 28). Oh it comes
out to $28. (laughs) ‘

: Oh- I know. (Writes down 50-14, 25-7, 12 1/2 - 3 1/2)

" Can you Tell me what you're doing there?

: I'm trying to figure out how much each percent would be.

: Oh I see, so.

: 14 is 50%, 7 is 25%, and 3 1/2 1s 12 1/2%....0h so, let' s see.

that would be about...I don't know how to do it..

: Oh now I know. (Hrites 12 x 3 and gets 36)

v (Writes: 28.35¢) 1It's probably wrong though, $28.36.
: I see, because every percent is...? .

3 or someting.

: (Divides 30 1nto 80 and gets 2 2/3).

: (Hr?tes 40 questions on the test)

: Can you tell me where that 40 came from?

: Okay if he had-80%-and 30 into 80 goes 2 2/3 times and 80 quest1ons

is 2 2/3, no 30 questions is 2 2/3 of the test so if there is 3/3.

- -Oh hang on, wait a minute, that would mean 30 questions.. .2/3...
" oh that would be 45 (changes the 40 to 45)

:'0Oh I see. ‘

: 30 into well if 2/3 of the questions were 30 then you wou]d have

to divide that into half 'cause there is a 2 there (in the 2/3)
and that would be 15 and we are missing 1/3 so that would be 15
more.

: Oh.

: (Divides 150 into 450 and gets 3) -

: (Divides 110 into 300 and gets 2 rema1nder 80)-

: (Reduces 8/110 to 40/55)

: The 300 gm package that cost $1.10: cause for every, hold it, -

- hang on, for every....it's 2 and 40/55 and here it's.-3 so 1t s

- .the 300 gm package that cost $1.10.

: Is the cheaper one?

: Yeah. :

: Okay \

: Now I'm not sure why you deci&ed that N =
: Neither am I. '

[
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(con' t)

: Oh you're not. You Just did this.

: Yeah ‘that's what I think.

: Do you think that's (the answer) from what you did here?

: Yeah (laughs)...Well we know how many of these we got right
-and that? , : ‘

: When we. are finished all of.the interviewing I could tell you.

) ’ : <

: In this question right here how much was it out of like...cause
‘there would be...Like she got 75 questions correct on socia] aryd

30 on science but the social could be out of 100?

: Okay. If that question were on a test what would. you wr1te down.

Would you write down what you just told me?

: Yeah. It depends on what the two tests were out of.

SESSION 2 DIVISION e om
R . ) 9’:’- - ‘}“v A'Q;“ . .

L

: What is the relat1onsh1p;between multiplicatjon and division, can

you tell me something about mu1t1p11cat1on and divis1on that
ties them together?

: Well when you times a number by another number and if you take
‘whatever you get, your sum or- whatever you ¢all it. (I: Product.).
Yeah, product, if you take that number and you divided it by one

of the numbers you'd get the other number.

:'Could you give me an example using numbers?
: Say 7 times 9 is 63 and 63 into (means divided: by) equals 7.

(Nr1t§s 7 x9 = 63, and 63 divided by 9 equals 7 in algorithmic
form ‘

o

¢ What are. the a, the b and thes'c called in a in¥h ¢ equa]s b?

(Writes £ in a]gor1thm1c form—)

: Can you write th1s (as in 2) so it means the same, usihgwthis ‘
sign (+)? o
: (Writes c+ a = b) That s ¢ divided by a equals b.

?

: If ¢ is constant and a increases what does b ‘do?
: Decreases . ‘ . :

: Why? v

: Because you're d1v1d1ng a bigggr number into another S0 1ess of

that ‘number can ge - -into it.

%

PO . . o
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: If a is constant and ¢ increases, what does b do? o
: It Tncreases, because as ¢ gets larger thlS number (a) is going

to go into it more times.

: If b is constant and a increases what does c do? !
: It TRcreases because if b is constant and a “increases then c has

to increase to make this (b) the same if this (a) is going to
go into it (g) the same amount of times.

Division Questions

10
1. C:

— N
-

OGOH

O

OH

1008 =56

(DIv1des while talking out loud, “and tests 8 X 56 out at the
side, gets 18 remainder 0.)

DQ 60+ 4 3
C:

Q
You have fo move the decimal here (1n 4, 3) so you have to move
it here (1n 60) so you add-a zero.

: Why? ‘ : '
: Because what you do to one you have to do to the other. I don't

know, I learned it somewhere.

: Why d1d you have to move it in the 4.37.

: Because you can't divide by decimals, it makes it easier, I guess.
: (Divides 43 into 60, gets -1 remainder 17, brings down the zero.)

: (Tests 4 x 43 (begause 4 x 4 = 16), flnds it too big, and uses

3 and gets 41 remainder.) So it's 13 remainder 41 over 30.

: Could you take it to-one decimal p]ace? .
: (Tests 9 x 43 at the side and gets 387, puts 380 rather than 387

under the 410, subtracts, and gets 30 rema1nder ) So it's 13.9
“remainder 30. . Co

N

DQ 32 429

: (Writes question as if it were 429 divided by 32 )

: You've written that down wrong

: (Rewrites it properly). I can't do this.
You don't know how to do it? . A
we11 I could add some zeros.

: Would it change that number if you added zeros? ’ ,

Yeah, there's no decimal points.
Can you divide 6 into 37
Yeah, it's 1/2. -

: What's that as a decimal?

.5.
Does that he]p you?

: Nope, I have an idea, but I wouldn't do it right.
: Try it. ~
: I'1 d1§%de 32 1nto 429 to see 1f it's-a fraction.
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: And then what will you do? | o
: I don't know.
: Well let's just say that 32 goes into 429 uh 14.2 times. Then

what would you say?

: I'd say that 429 goes into 32, 1/14 times.

: And what would you do with that decimal 27

: I don't know.-

: And if it went exactly 14 times,. s
: Then it would be 1/14. ) -
: And what would that be as a decimal?

: About point 1, _

: Does that he]p you?

: ‘Wouldn't 1/14 be point one four?

: So can you do the gquestion now?

! That's the only way I know how to do it, (divide 32 1nto 429).

{Multiplies 32 by 14 and gets 448, and dec1des 14 is too big.
Multiplies 13. by 32 and gets 416. ) That would be about right.

: (Divides 13 into 429 and gets 33) So I'm one off.
: So what is the answer to the or1g1na1 quest1on7

: Point 13. Point one three.

: How would you check that?

: By timsing dividing 429 by 13 and see.

: Could you do that?

HES | a]ready did that and it came out to- 33

0h, so .13 isn't quite r1ght

: (Div‘-es 26 into-54 and places the 2 of the quotient above -and
sTightly to the left«of the 5, rather than above the 4, gets 22

refiginder and decides .the answer is 20 remainder 22.)
0G1d you take that to a couple decimal places?

:/dmh 22 over 26, that's about three fourths, so it! s about point

75?2 I don't know if that's right.

: Could you find the answer without using that»remalnder like that?
: Oh, wouldn't it be point two two?

: And how would you check it?

: Umh, times 20. 22Q$1mes 26. (Gets 525.72)

: Is it the right answer? . '

: No, oh maybe this (the decimal point) would be there. (Moves the
»decimal so it is 52.572). VYeah it's close to ‘the right answer.

I moved the decimal the wrong way, I moved it this way (from the
left) and should have moved it this way (from the right).

: I see, you moved it over from-the 2 and you should have moved \

it from the 5.. Can you tell me § reason for moving it over two
places either way? : .

: Because that's. the way you multiply decimals, if the 26 were

2.6 then you'd have to move it over three places beca%§e of the
one in the 2.6 and the two 1n the 20.22.
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4 DQ (con't) ' ‘ o
12. I: If you didn't have a pen to do this multiplication, could you
‘ approximate what 20.22 times 26 would be?

13. C: Umh...20 times 26 would be about 400 and uh...oh yeah.

14. I: So 1t wou]d be in the hundreds then? ~

15. C: Yeah. '

16. I: So is your answer to your division quest1on right?

17. C: No!

18. I: Do you think you could f1x up your division answer without
actually dividing again, using the information you got from

, your multiplication?

19. .C: No. ’

20. I: Could you do something to that 20 22 so that when you multiplied

- by 26 you got closer to 54.27?
21. C: I don't think so.
'22. I: Okay let's just'go on to number 5.

5pQ 8.71+37 o ] » T
1. C: (Moves the decimal in .37 and iin 8.71 so they become 37 and 871,
. puts decimal for quotient above ‘decimal of dividend.) 37 goes
~into 87 twice so that's 2 (puts the 2 above and between the 8
.and the 7, contipyes and gets 23 remainder 20.)

—

2. I: Could you divid into 35 and check it?
‘3. C: (Divides and gets 6 rema1nder 5, multiplies 6 by 5 and adds the
‘5 remainder to get 35.
6 DQ 8245 85
1. fwe “There would be two. . ‘
2.7 TxWhy? g '
3. . C: Because the 85 doesn t go Into 82 S0 you qihave to go to the 824.
S 14 wpuld be 8 times because 10 is too big and 9 would probab1y be
- a b1t too b1g becgyse 9 times 5 is 45 and you'd have to carry L
. the 4. | o B
4. T: What if it wepe 81 Ynstead oﬁ%85? _ '. R
5. C: 9 would proba ly be dkay then®i, : ®
- - ) & . N &"? "\ “\ié"g B q. ‘X)
6b DQ 935654 ’ & :

1. C: There would be 3 digits because 54 goes into 93, and the f1rst
-digit would be 1. - ‘B

6c DQ 24156+ 732 5.

1. C: There would be two d1§1ts because 732 won't go into 2411.?* would
have to go 1nto 2415 and the f1rst number would be 3. B - &

¢

6d DQ 143115<145
1. C: There would be 3 di'gits because it would have to go into- 1431
and the first dig1t‘wou1d probably be 9.

7a DQ 4328<+10 '
1. I: If you can, do them in your head
2. C: Umh, 10 won't go into 4 so 10 into 43 goes 4.

'
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“7¢ DQ 4328+ 4000
- 1.  T: That's 4.328.

CATHY SESSION 3

(S0 - w N

(con' t) s : Lok
So you're imagining that it is written down.

Can you estimate 1t°

: Yeah.

: Four, three, two....432 and 1/8.

: 1/8 for that 8 there ehg

 Or 8/10. )

“Which is it, 1/8 or 8/10? ' N
 8/10. &

: What would that be as a dec1ma1? . :

: Point 8, I think or point zero eight, one or the other.

o -
i X

(‘)H(‘)HOHOH

7b DQ 43282100

C: That's 43.28.

5 e .) If he adds 2_to the
o add 2 to the width. '

Me does here (to the length) he has to do here

atisfy the quest1on?
sq, yes you have.to add 2 to the width.

C: (Divides .02 into 2 and gets 100.) So in 2 seconds the ‘machine
could do 100, yowee, that's wrong -

I: Why?

C: Because if it can
could do 100.

I: What made you decideyto divide .02 into 2? .

C: Because you have to find out how .many times .02 goes into 2 to
find out h_gswwny times it could do it. If it does this once in

m. oh yeah,-that's mght “In 2 seconds it

177

.02 seconds“then you have to f1nd how many .02 seconds there are ;

in 2 seconds to find how many it could do in 2 sec.

N
C: You Have to minus this (10.8 - 3. 6) and you get 7.2 then sadd

this (7.2 and 7.2) to find out what the total is and you get '
14.4 and 7.2 'is half of 14.4 so it's 50%.

¢ It's 50% of what?

: Of his weight. , N :

I: Qg&which weight? Lv~ ‘ /

O =

&

. ,-\L#;.’rjm 3?1 .
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10.
12.
13.

14=

w N

¥
(con't)
C: Uh of the we1ght he was when he was born, he ga1ned 50 more
per cent of that we1ght :
I: Of 3.6, what would 50% of 3.6 be?
.C:‘(Divides 3.6 by 2.) It's 1.8.
I: Did he gain that much, 1.8?7
C: No he gained 7.2. - L
C: (Divides 1.8 into 7.2 and gets 4. ) Umh? ’
I: You dividéd but. you're not sure why?
C: No. Ve
I: If 1.8 is 50% what is 7.27
C: 200%. :
I: Why? ' '
C: Because 1.8 is 50%.and 1.8 goes into 7 2 four times and 4 times
50 is 200. ,
1: Does that seem like a reasonable answer. ~ ' )
C: Yeah, I guess so. (Writes 7.2/3.6 2/0.) VYeah it's 200, because %
. that'é {7.2) is twice as much as that (3.6) so it's 200%}
(i) ' ' sxﬁ
C: There were 400 altogether so you add these two (110 and 220) and®
get 330 and minus it from 400, so he got 70.
C: I don't know ho to do this so I' 11 Just guess at it. That's
. about 10 more pgg‘%ent so 10 goes into this (42000) 42 times.
-So 10% more-of his salary, okay, I'll just s ay 10% more of hjs
salary would ben(bout 47,000 this year, I don't know. %
I: Why 47,000% ' ?
C: Because 42 is. a]mosthha1f of one hundred so uh there's, oh I
don't even know.
I: Why did you say 10%? N . o
C: Because 8.5 is almost 10. . :
I: So now you're finding 10% of-@2Wp0? (C: Yeah.) Can you set up
a rate pairsup to solve that? &
- C: (Writes n/100.) I don't know if I'm do1ng this right.
I: Why did you put n over 1007
"C: Because I don't know what the number is so I have to put n.
I: What did your teacher say to put over the 100?
C: She said the n. ’
I: You put n over if you don't know the what? ST G
C: The number. %"} 5 R @g
I:. I see, let's go on to the next quéstion.
C: This is 390% and this (35) is 100% so*that would be 3 more of .
what she's earning so it's 3 times 35 so it! S $1.05. A
I: Is that reasonable? '
o

. Yeah, I get $1.00, $1.25.- ~ -y

~ . 178
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5b (1)
1. c
2. I
3. C
6b -
1. C:
2. 1
3. ¢
7b
1. C
2. I
3. C:
w4, I
5. C
6. I
7. C

CATHY
1c

1. C
2. I
3. C
4, I
5. C

~N o
,fh-'!-o

8. 1
9. C
10. I
1. C

&

: 25.5 per cent have brown/eyes, uh-25.5 students have brown eyes

so it would be 25 or 26.

: Would 24 be just as good? . ’
: Well, it's approximate (it woyld be pretty c]ose) but 25 and 26

would be the two best answeérs.

#
»

(Adds 15 and 8) Add 8 km and 15 km to find out how far she has
to go and if it's 50 km an hour then, uh let's see, in an hour
she should go 50 km so in half an hour she should go.25 km so
she was not speeding. ™ _ ‘

: What would she have to go ‘to be speeding?
: 26 km or anything above that.

: Iidon't undeﬁstand this.
: Well, mead 1t out Toud.

(Reads it out loud.) Well, I don't think the expenses would be
the same because the food m1ght cost more or less than the cost
of the rent. p

: Would they ever be the same?

: I'f they paid 250 dollars for food and 250 dollars for rent

: When would the expenses be more?

: If the food or the rent cost.more than the money, oh, hang on

here, if the rent cost more than the food

k3

SESSION 4%%

: Okay, it's 180 miles from Calgary to Edmonton and.350 miles from

Edmonton to Saskatoon, so add those two and get 530 miles from
Calgary to Saskatoon. .

: Does that answer the question?

: Oh, it's in kilometres. So I'l11 divide 60 into 530.

:, How come? '

:"Because there are 60 km to oh no, there are 60 miles to every

100 k110metres
: Coyld you set up a rate pair for that, 60 miles for every 100
kilometres or is it 60 kilometres for every 100 miles.

: Yeah, it's 60 miles for every 100 kilometres so it would be 530
‘over x and 60 over-100. (Solves for x and gets 88 1/3.) (She

had 530. X 100 = 5300.)

: So what is the answer?

: Eighty uh no that's not right, it doesn't look r1ght

: ‘What should it be about?

: Eight hundred.. Oh the decimal should be here (moves the. déc1mal

so it is 883 1/3.) 883 1/3 m11es

179
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1c (con't)

12. 1: How did you make a m1stake?

13. C: I guess I din't need to bring down that extra zero (after the
decimal point in 5300). I don't know. (Realizes she did do the
division correctly but doesn't realize she made the mistake in
the mu1t1plicat1on ) It just doesn't seem right.

14, I: So what's your answer? o ®

15, C: 883 1/3 miles.

2c

1. C: (Writes 75/60 = 90/x, solves and gets 72.) No that isn't right
either. ' :

2. I: 72 isn't right, why?

3. C: Because if he delivered 60 newspapers in, oh yes that's

' I thought he delivered 75 but he delivered 60.

3c ,

1. C: (Writes 7500/100 = 1500/x, cross multiplies and gets 7500 and.
15000, divides and gets 2.) I got 2 but I'm not sure why.

' ~don't know where to put all these.

2. I: You don't know where to put all these nugpers? Why have you
got 7500 over 100?

Frag §. C:.I don't know, because that's the populat1on over 100,
A, I: Nhy over 1007 ' o
" 5% C: I'm not sure. ;
6. I: Okay let's go on to the next question.
Y 3¢ (1)

1. - C: e they have that 15% in the quest1on? y

2. 1Y F know, what does it have to do with the question?

3. C: NOtWERY

4, I: Can you answer the question without it then?

5. C: Umhm, 31.

v obde B , :

1. C:-(Writes 2000/100 x/6.5, multiplies 2000 by 6.5 and gets 130000

. - 7 _.and puts the decimal between the 1 and the 3, writes 13.000 over
£ at the side then scratches 1t out.) I don't know how to do- these
per cent questions.

2. I: Okay, let's go on.

5¢ o . P o

1. C: John's father makes $16.00 an pbur:

2. I: Where did the 16 come from? .

3. C: Because he makes four times ks much as him.

4. I: How do you know he makes fouf times as much?

c 5. C: Because he makesi 400% of what' John earns.
5¢ (i) , : o _ " .
1. C: This 4 métres here, does it mean that it is 4 by 4 by 4 by 4?

R



5¢ (i)
2. I
3. ¢
4, I
5. C
6. I
7. C
8. I
9. C
6¢

1. €
2. 1
3. ¢
7C'

1. ¢C
2. 1
3. C

: It depends on how much each of them make.

: I see. )

: If one made $1, 000 and the other made $900 a month then uh.. .l
o guess uh...if he made more it would be less of a percent increase
~and if he made less it would be more of a percent increase.

’ : : - 181

(con't)

: Read the second sentence again. (C: Reads it aloud.) Does

something in that sentence help you?

: It just says it has a side of 4.
: A side, and.what kind -of a tablecloth is it?
: Oh, yeah...umh...{Draws a table with the cloth on it but not

centred the c]oth covers the table and just hangs over two
sides, she adds a bit on to the other two s1des ) It would
hang over a half a metre.

: How did you get that. . ~
: Because if you have a table and you add on here (oné side) that

makes that four and here (the other side) and here that makes
that four and here, that makes that four. And if the tablecloth
is centred.

<

: Oh, you don't have it centred?
: No, so if you have it centred then half of th1s would be over

here, so half a metre,

: It doesn't have to be an exact answer does 1t?
: Well I want to know why you picked your answer.
: Okay, Lorne is the faster reader because in 40 minutes he read

30 pages and she-read 50 pages in 80 minutes,-so if you double
this he would have read 60 pages, so Lorne is the faster reader.

" —
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PROTOCOL III HIGH SUCCESS RATE

SESSION 1

: Uh, okay if it's $5.95 a square metre and it's 4 metres by 5
metres so then that makes it...you times 4 by 5 and get 20 by
$5.95. (Multiplies 5.95 by 20 and gets 119.00.)

: Then you get $119.

: Are you finished, that's your answer?

. Yeah.

. .Okay.

D:\Okay you put 12 if you put...let's see, 12 over 5 (Writes: 12/5)
if.the 12 would become 18 then like the same number that goes
into each so this is 8 to 6 so you add another 6 (to the 12)

and that gives 18, so half of 5, so it would be 7.5 mm.

: Umhm, and that's your answer? .

(Hands the paper to I.) P

f N :
: So you'd get 6 over 4 and then this group is 4 then you'd have .
* to get another fraction that equals it so that means that must
have been divided by...I don't know. probably be...oh...s0 he
would be 2.5 paper c11ps tall cause you 'd cross mu1t1p1y and
put them equal. (Has written down 6/4 = 4/2.5.)
: Cross multiply? '
(Indicates to multiply 6 by 2.5 and 4 by 4.) ' N
: Oh, I see and then the al when you cross mu1t1p1y
: Yeah, so Mr. Small wod 5 paper clips tall.
: Okay. o : o
o9 \ \
:* Okay you've got to uh divide $25 into $50 and which gives you
2 so $25 is half of 50,.50 it would be...it would~“be 150% because
if you add the 50, so you double it and then double the 25, so
it's...I think...(To this point all he has written down is 150%)
: Oh you double the 50.
: Yeah, you double the 50 then double the 25.
:.0h, I see. : o

: Okay, uh (a 1ong pause then he divi des 12 into 2800). ,

. I think 'you add 2 zeros to the 28 and divide by 12.. .and the 3
keeps on repeatjing so it's 2 hundred and 33 with the 3 repeat1ng,
so then-you would put decimal places so it's $2.33, so you add '
$28.00 with the $2.33 and get $30.33,
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. (Writes: It all depends on hoWmany questions.)

183

(con't)
: For your answer?
: Yeah.
(Knocks on desk, long pause,) ) .

You're not telling me what you're thinking.

I'm trying to figure out how you do it.

I think this time you add two zeros to the 30 and then divide by
80 (talks while dividing 80 into 3000 and gets 375). I think
there would be...I_don't know how it worked out but...37 1/2
questions.

¢ Is that your answer then? -
: Yeah, it's wrong though cause they wouldn' t have a question for

half a mark. . y

: Oh, half a question? '

¢ Yeah.

: Okay.

: Okay, you'd divide the $1.50 into 450, so can't have two zeros
there, so move the zeros and add®two zeros to the end of the
other one so that would be 3, 3000 and then you'd take off from
the end so that in the first one each cookie would be 30 grams,

: And the second one you'd divide $1.10 into the 300 grams then
you'd switch the zeros over and add them so that would be twice
and (remainder) 8000, so that would be 7000...700....that would
leave you with 300 and 110 that would keep on going, it would be
272.7 and keep on repeating the 27. -

: Umhm.

¢ So the answer for that would be 27. 27 repeating and gee...then
you'd divide the 30 into the $1.50 which would gi ve you 5 cents

- and the 27 into $1.10 so...and that would be about (approximates
it in his head) 3.7 cents or something like that.

: Umhm, R

: Hm...So let's say...I'm not sure but probably the first one would

be better.

: A better_buy?
: Yeah.
. Okay.

Can you tell me the relationship between mu]tib]ication and__
division?
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(con't) A _ ¢

2. D: Well, if you have two numbers say 7 and 6, 7 times 6 is 42 and
then if you had 42 and just one of the numbers say 7 then it's
6, they're all the same three numbers that you yse

.

—

2

1. I:'If you have a into c equals b (writes it in algor1thm1c form)
what are the a, b, and the ¢ “called?

2. D: Uh, a is the divisor, b is the quotient and c 1s the dividend

3 N .

1. I: Could you write that using this s1gn (=)? v '

2. D: It would be ¢ divided by g_equa]s (Nrites g‘.|~= b

4 i

1. I: If c is constant and a increases, what happe b? .

2. D: Uh...it decreases. gﬂ* :

3. I: Nhy7

4. D: If a gets bigger b has to get smaller to nakt c the same.

5 ( .

1. I: If a is constant and ¢ increases, what &8 b do?

2. D: Uh...b would get bigger too because ife gets bigger then if
a stays the same then you have to times it by a bigger number.
So it would increase.

6

1. I: If b is constant and a increases what does ¢ do?

2. . D: Uh..c would increase too because if a gets bigger then that would
mean a bigger number if you times the two (a and b).

Division Questions

1 DQ 1008+56

1. D: It's 56 into 1008 so 56 doesn't go into 10, so 56 goes into 100
‘6Kce, so it's 44 remainder and bring down the 8 and 56 into 44
and 56 is closer to 6 so 6 into 44 aboqt 8 times (tests 8 out at
the side). So it is 8 and the answer is 18.

2 DQ 60+4.3

1.. D: You can't have the decimal here in the divisor so I move it
(4.3 becomes' 43) and I'11 just add another to the dividend.

I: Why do you have to add the zero in the dividend.

D: What you do to the divisor you have to do to the dividend so 1t
will equal out. '

D: 43 goes into 60 once (puts the 1 in the tens place multiplies

- and subtracts and gets 17 remainder). So 43 into 178 would go
about 4 times and I'1T just multiply it to check (multiplies

A wN
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2 DQ (con't) ‘
» out at the side and gets 172). It's 2 over so it will go 3
times and 43 times 3 is uh 129 and 41 remainder.
I: Could you work that question out to one decimal place?
¢ You have 41 remainder and I put the decimal down so it's 41.0,
and 43 goes into it (checks 9 out at the side) uh 9 times and
(multiplies, sybtracts and gets 3.3 remainder). So it's 13.9
and 3.3 remainder. '
: Could you .check that without dividing again?
8. D: It will be 43 times 13.9 (multiplies and gets 597.70, he describes
what he is doﬁgg as he is doing it) and then you add the remainder
3.3 and oh I Je ‘a mistake, the remainder is 2.3 so I add 2.3
" and get what I divided into. (Changes the remainder to 2.3.)

o
o

~3
=

3 DQ 32 429

1. D: 429 into 32 and that doesn't go into it so you have to use
dec1mals so 429 goes into you can kind of like say 3200.

2, I: Oh, you're just ignoring the decimals.

3. D Yeah, uh 429 into 3200 goes (tests 7 and gets 3003) 7 times
(puts a decimal zero, then the 7.)

4, I: Why did you put that zero there?

5. D: Well, 429 doesn't go into 320 so you have to put the zero there

| to s?ow it is two places over. (Finishes and gets .07 remainder
1.97 .

4DQ 54.2=26

1. D: That's 26 into 54.2, so 26 into 54 goes twice (multiplies, subtract

and gets 2.2 remainder) so that's 2.2 left over if you go to
decimal places and 26 won't go into 22, so I put a zero up at
the top and bring down the zero and now it's 26 into 220, so it's
8 times, I'11 times it at the side.

2. I: What made you try 87

3. D: Well, I rounded 26 off to 30 and I thought 3 into 22 and 8 times

.3 is 24 but it is a little bit less. (Mu1tip11es 26 by 8 and

gets 208 finishes and gets 2.08 and .12 remainder.) :

DQ 8.71+37 . , ' /

D: Okay it's .37 into 8.71 and you can't have the decimal so.. '

I: Do you think you could do it and then place the decimal?

D: Yes, but it would take too long. You move it two to the right
and move it in the dividend over two so it's 37 into 871. 37
goes into 87 twice, so it's 74 and subtract and get 13 remainder.
So it's 37 into 131 and it goes 3 times and .that's 111 and
subtract and get 20 remainder and you have to go another decimal
point over, so it's 37 into 200 and it would go 6 times (starts

5mu]tip]ying the 6 and realizes it is too big and changes it to

W=

I: Where did you get the 6 from?
D: Well, I was thinking 37 but 37 4s closer to 40 so 1t S 4 1nto
20, so it should be 5. Decimal-6 times 37 is (multiplies and

14

(S, 8 -3
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gets 175 rather than 185, subtracts and gets 25 remainder). So
it's 23.5 and 25 remainder.

~

There would be 2 d1g1ts because 85 ca ~go .into 82, so you'df
have to use the next one and the f1r number would probably be
dabout uh...I'd say 8 or 9. '

: Which wou]d you try first?
: The 9fbut.9 times 9 wou]d be 81 and 9 times 5 1t wou]d be over

then.

935654

There would be 3 because r1ght away ‘54 goes into 93 and the
f1rst one would-be 1.

24156-732 : : ,
‘There hou]d be two digits in front because 732 wou1dn t go 1nto
241,;50 you'd have to go. to the 5. The f1rst digit would be 3.
Why 37 -

7 times 3 is 21.and that wou]d be- c]ose to 24 but 1f it was 4
1t would go into 28 and be too big.

(143115+145

It would be 3 because 145 a]most goes into 143 but not qu1te, SO
you'd have to ‘go to the next one and the first: number wou]d be

9 because 145 is so close to 143.

4328+10

D: I think it would be 432.8.
I

You think? ‘
Well 10 you- Just take off the zero from there and. take away one
of the. va]ues from there (from 4328)

4328+100

It would be two decimal points over for the 100 so it woqu be
‘43,28, . . A

43281000

: It would be three over so it would be 4. 328
: Could you explain that?
: Well, if your dividing with a number with zeros 11ke 10 or 100 .

then the answer will be the same number as the dividend but w1th
the decimal point moved over unless the divisor is 1.

: Could you justify this one using mulitiplication?
: (Multiplies 4.328 times 1000 and gets 4328.%

{
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SESSION 3

e

D: 6 metres by 4 metres SO that is 6 over 4 and if he adds 2 metres
to the 1ength, so. ¥hat wouldbe 8 over x. 6x equals 32 uh.
I think it's 6 ‘over 4 and x over 8 so that would be about“6. 4 ‘
so you'd have to add about 1.4 metres to the width.

. I: Would that dguble the area? ok . )
D: N6, uh. uld be 6 over 4 egquals X over 8. It would be 4x -
‘equals 48 <so then x equa]s 12. So then it would double the
area. '
I

: What-would? - . :
D: It would be wider by 6 metres. o

we returned to quest1on 1b after doing 7b, the protecal follows:
_ _ 2 e ,
. ~ ™ .
I: Let's go back to number 1 and you draw a p1cture for it. You
. got the wrong answer before, so try again.
D: (Draws a rectangle 4 by 6.) It's 4 metres here and here and
6 metrés here and here. And he wants to make the area twice
as large and he adds 2.metres to the 1end!h so that would mean
(it's 8 on the sides, so\to make,it, it would be let's see.
over 6 and n over 4...oh that's the same'way as I had before.
Oh, he added one th1rd of 6 to give it 8 so he added/T7%§7§>\d
1/3 of 4 would be about 1 1/3 then across he would have ta ad

.more, so it wou]d be 4 and 1-and about point 3 it would be)

~ about 5 1/3 across“to double it. 5@

I+ Does ‘that double the area?: oS ' /’

D: Let's see....(writes down 24 below the f1rst rectangle and 48
below. the second rectangle) so this! (width ofﬂ%he second rectangle).
would have to be 6 then. A .

I: So the area of the first rectang]e is. 5

D: 24 and you have to add: 2 to this so it's 8 and then 24 twice cause -

" doubled is 48 and 8 into 48 is 6, so this 51de would have to be 6.

: So what is the answer to the question?

D: He would have tp add 2 metres. ,

: Does this: proportion you set up have someth1ng to do with the
question?

D: Uh, yeah but I' m not’sure what. (

— —

P4

'D: In .02 seconds there would .be (d1V1des .02 1nto T and gets 50)

so then if that's for 1 then for 2. seconds you'd times it by 2 .
‘ and get 100 so it ¢tould do. 100 in 2 seconds. -

.D: It would be 3.6 over 10.8 equa]s n over 100 and then you cross

-mu]t1p1y and get 10.8x equa]s 36.. So it's 10.8 into 36 and you

3
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3b (con' t) , ' : «

have to'move the decimal 50 it's-108 into 360, divide (and gets
3) and it gould go about 2 times but then to average there is
still just point 1 here so n would be about 3.3. Oh, per cent,
uh I started this out wrong. C
¢ You are going,to start again?
: Yeah,'3.6 over 10.8 and n over 100.
: That's the same as you had before.
: Yeah, let's see 10.8n equals 36 uh.
: Let s just leave that as it is. How much did the baby 1ncrease
~in weight?
: Oh, now I know what to do. You'd minus,10.8 and 3.6 so that
would be 7.2. So that would.be 7.2;0ver 10.8 equals n aver 100,
so. that would be 10,8 into 72. Move the decimal over, so it's
108 into 720. It goes 6 times (multiplies and subtracts and
gets 820 remainder) so it's about 67% increase. But then it was
3 uh ;33 before, so then you could just minus that from 100 and
then you would have got 67 and the increase is 67%.
S ‘ .

AN wN
— D O —

~
o

B (i) ~ - | : '
1. D: Add 110 and 220 and get 330, then minus 330 from 400, so.Lorne
got %p votes.

‘1. D: You have the per cent for both because 8.5 goes over 100, because
use 100 for the base, and then you want to know what the increase
'is so it would be over 42,000, n over 42,000. So that would pe
(cross multipties and gets” 100n = 357,000) and then if you divide
100 into it you could Just knock off the two zeros off the 100
and the 357,000, so it's 3570. So if that was his increase you
would. add 42909 and 3570 (writes them down and subtracts). So
that would be, oh ugh, this is adding, I was minusing. (Adds
42,000 and 3570 and gets 45, 570 ) So his pay this year is
45,570. ) “ =

: Is that a reasonable answer?

D: Yes, because it has gone up but not that mych.

w N
—

5\b . .
1. D: Uh, let's see, he got 300%, so that goes over 100 and if her
’ mom got 35 cents then that would go withg the 100 (on the bottom)
and then n would be over 35 (writes it n and solves it and
gets 105) so n equals 105 so then she got or Mary got $1.05.
An easier way of doing it would be, 300 jis just 3 times as much
so you could just times the 35 by 3.

1. D: You know-that 50%, so 50 over 100 and then n over 51 and then to

e - "fake a short cut 50 is half of 100, so then half of 51 is.25.5
instead of going through all the timsing and stuff,.so 25 and a
half peop]e have brown eyes. _
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Is that a reasonable answer, 25 and a ha]f peop]e have brown
eyes? '

Well, it could be Tike and a ha]f so -then if you rounded it
off so it could be 26 then.

Would 25 be just as good for an answer?

Yes. '

What about 247 '

It would be getting off more but then if ha1f of them have it
then it would be good because 24 and 24 is '48 and there's 51
students, so that would be about half. .

: Okay, so you'd add 8 and 15 so that would give you 23 k1]ometres

and the speed 1imit is 50 and she gets to the shopping centre
in half an hour, so that means she would have to be travelling
half of...1ike if it's 50 kilometres per hour then in half an
hour it wou]d be 25 so if she was travellting 23 and then if
half is 25 then she wouldn't be speeding, she would be going

2 km under.
<

: Umh, they could e1ther be more or...let's see...it could either

be the same or less but then if the rent was 100 dollars it
would be 110 dollars but then if the food cost 50 dollars it
would go up to 55, so it would be the same then because they.
would both equal out to the same amount. They'd have to spend .

-more then, oh decrease, so if the rent is 100 dollars and it -

went up 10% it would be 110 dollars and if food was 50 dollars,
then 10% of 50 would equal out to 45 dollars -so...they would

have before 105 dollars total for both rent and food and now they
pay 155 dollars for both rent-and food, so now it would 'be more.

: Would it necessarily have to be more?
: Well, if it*was 100 dollars each, then it would be the same,

And if the rent was 1ess than what the food cost tfien it would
be less.

¢

\
To get miles to kilometres you are supposed to times 1tﬂby point
6, so times 350 miles times point 6 and that's 210, so é]o kilo-
metres from Edmonton to Saskatoon. . Then you add 288 kiTometres
that it takes to get from Edmonton to Calgary and then the 210
kilometres that it uh...(long pause) oh, it can't work out ;
because there are more k1lometres than miles up here (288 and
180) so it would have to be uh, try a rate pair. .180 miTes and-_

you Just double it and it's 360, so you could Just double the
288 then take off a bit so it would be...270 about, 250 558
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kilometres from Ca]gary to Saskatoon v1a Edmonton

: If he delivers 60 in 75 minutes and so you put 60 over an hour

and a half is 90 minutes, no, 6ver 75 and it equals how ever’
many paper in 90 minutes (has 60/75 = x/90) cross multiply so

- 75x equals 5400, (Divides and gets 61.2, multiplies 75 by 61.2

and gets 4590.0.)

: So you divided and got 61.2 and mu1t1p11ed to check and got

4590, so you think you did some¥h1ng wrong?

Yeah, so I'11 divide’again. If I take 75 minutes, that's 5
quarters of an hour, so you divide 5 into 60 and get 12, so then
you need one more quarter of an hour, so then he'd be able to do
72 papers P

: (Writes 7500/9000 = x/100, cross hu]tip]ies) So 9000x = 75000 and

you just cross off the three zeros from the 9000 and three from
the 750000, so 9x equals 750. It's 83.3 and the 3 will keep on
going.

: Oh, I could do it another way, if 75000 is 1ncreased 1500 then_

75000 is 100% and...and 1500 goes into 75000 five t1nms so 5
into 100 goes 20 and it's increased once more so it's increased
by 20%, the population.

: It's one more 1500, you mean?
: Yeah, it's 20%.

: Does this question ask how many girls there are or how‘many honor

students?

: Just how many girls.
: If there were 61 students you take 30 from 61, so there were

31 girls.

: If it increased by 6.5%, then that goes over 100 and uh try the

2000 on the bottom (writes x/2000 = 6.5/100) (cross multiplies
but multiplies 2000 by 6.2 rather than 6.5 and gets 12400.0, -
divides by 100 and gets 124). So x equals 124 and that wou]d be
the'6.5% and you add that to the 2000 bushels, so it's 2124
altogether.

: The easiest way to do it would be to.just times 400% over 4 just

times by 400, no because if $4.00 is 100% then 4 times 4 is 16,
so. his .dad earns $16.00 an hour.

: Why did you- mu1t1p1y the 4 by 4? '
: Becauser if $4. 00 is 100% ahd he gets 400% more that's 4 times

as much.
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(Draws a square and indicates that it is 3 metres and draws the
tablecloth hanging over one side.) It's 3 metres by 3 metres

and the tablecloth is 4 metres on eithér side then the tablecloth
would be 1 metre farther gut but if it's even on the table it will
be half a metre so half a metre will hang. down.

If 40 minutes is half of 80, so if she went 50 pages in 80 minutes
and then to make it equal, Lorne to equal it you times 40 by 2

to give you 80 and the 30 by 2 and get 60, so Lorne read more
pages.

I don't know what this question is asking®

:.Read it out loud.

(Reads it out loud.)

: -They each had a salary and they each received $200 more and Ifmu

asking if the percent increase is the same for each of them?

It depends if who has the more money, like if one has $100.00
and one has $200.00, then if the guy with $100.00 has $200.00
added on to his, then his increase will be twice as much but
the guy that has $200 00 gets $200.00, his w111 only be doubled
and the other guy's.will be tripled.



