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Abstract

In this thesis, we study the impact of random times to model and manage
unpredictable risk events in the financial models. First, as a generalization of
the classical Neyman-Pearson lemma, we show how to minimize the probabil-
ity of type-II-error when the null hypothesis, alternative and the significance
level all are revealed to us randomly. This randomness arises some measurabil-
ity requirements that we have dealt with them by using a measurable selection
argument. Then, we consider a regime-switching financial model which is sub-
ject to a default time satisfying the so-called the density hypothesis. For this
model, we present a Girsanov type result and an explicit representation for the
problem of superhedging. In both cases, the desired representation is decom-
posed into an after-default and a global before-default decomposition. Another
problem consists in minimizing the expected shortfall risk for defaultable se-
curities under initial capital constraint. The underlying model is exposed to
multiple independent default times satisfying the intensity hypothesis. We il-
lustrate the results by numerical examples and the applications to Guaranteed
Minimum Maturity Benefit (GMMB) equity-linked life insurance contracts.
Finally, we construct a framework to consider a Guaranteed Minimum Death
Benefit (GMDB) equity-linked life insurance contract as a Bermudan option.
Under an initial capital constraint, we provide closed-form solutions for the
quantile hedging problem of a GMDB contract with a constant guarantee.
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Chapter 1

Introduction

The main focus of this thesis is to study random times and their applications
in modelling and managing the risk induced by unpredictable events in finan-
cial and insurance markets. It is formed of five chapters; the first chapter is
the introduction and the other four chapters investigate rather independent
problems in statistical test theory, default times, shortfall minimization, and

minimum guarantee equity-linked life insurance contracts.

Chapter 1 provides a brief introduction about the main problems and re-
sults presented in Chapters 2, 3, 4, and 5. In this chapter, we outline the
main techniques and ideas utilized in the thesis. This is organized in separate

sections with each section introducing one chapter of the thesis.

In Chapter 2, we want to generalize the classical Neyman-Pearson lemma
to the case that the null hypothesis and alternative are selected randomly by
two random times 7; and 7. Let (Q, (F)eepo,r) € g) be a filtered measur-
able space. The classical Neyman-Pearson lemma evaluates a null hypothesis
corresponding to a probability measure @) on (€2, Fr) against an alternative
hypothesis corresponding to a probability measure P on (€2, Fr). In this case,

both P and () are known at time ¢ = 0 and the testing problem is performed



at t = 0 for P and @ defined on (2, Fr). In contrast, we consider a setting
that P and @) are determined stochastically. To do so, suppose 7 and 75 to be
two random times which are not necessarily F-stopping times. For w € €, let
T(w) =s € [0,T) and 7o(w) =t € (s,T]. The random pair (s,t) reveals the
probability measures *P* and *Q" defined on (€2, ;) where 71 (w) = s indicates
that we evaluate P! against Q' conditioned on F;. To be precise, for a given

z € [0, 1], we solve the following problem:

ess supEsPt[go ‘ }"s}
PpERL

subject to the constraint

E9p| 7] <1,

where R, := {¢ : Q — [0,1] | ¢ is Fi-measurable}.

Chapter 3 deals with a regime-switching financial model which the jump
to a new regime occurs at a random time 7. This random time satisfies the so-
called density hypothesis, i.e. there exists a conditional density process for the
survival process associated to 7. This model was considered by Jiao and Pham
20] to study the utility maximization problem for the case of a CRRA utility
function. To avoid the complexity of the dynamic programming in these types
of problems, we provide explicit representations for the probability martingale
measures and the superhedging problem. Both representations are given in
terms of after-default and before-default decompositions in complete markets.

We decide to investigate the applications of our results in the future research.

In Chapter 4, we work on efficient hedging problem for defaultable securi-
ties with multiple default times and non-zero recovery rates. First, we convert
the efficient hedging problem into a Neyman-Pearson problem with compos-

ite hypothesis against a simple alternative. Then we apply the non-smooth



convex duality to provide a solution in the framework of a defaultable Black-
Scholes model. Moreover, in the case of zero recovery rates, we find a closed
form solution for the problem. The original problem is formulated in a fil-
tration enlarged by geometric Brownian motion and the multiple independent
default times. Our results give us an algorithm to reduce the efficient hedging
problem into a similar optimization problem in the default-free Black-Scholes
model. As an application, it is shown how to use such type of results in pricing
equity-linked life insurance contracts. In addition, we demonstrate the results

by some numerical examples.

In the last chapter, Chapter 5, we study a Guaranteed Minimum Death
Benefit (GMDB) equity-linked life insurance contract. Under an initial capital
constraint, we want to maximize the probability of a successful hedge for a
GMDB contract with a constant guarantee. In other words, we solve the
quantile hedging problem for a GMDB contract. In the first step, we consider
the client’s death time, T'(z), as a random time. Then, using the progressively
enlargement of filtrations, the filtration generated by the underlying equity is
enlarged by 7'(x). This allows us to treat the GMDB contract as an American
option with a finite set of permitted exercise dates. Applying the superhedging
approach from Schweizer [48], we provide a simple method to hedge the GMDB
contract in this framework. Moreover, the max-min problem corresponding
to the quantile hedging problem is converted into a straightforward quantile

hedging problem for a put option in a complete market.



1.1 Neyman-Pearson Lemma for Randomly Se-

lected Hypotheses

In statistical test theory, as a statistical inference method, the main concern
is to evaluate two nonempty complementary classes of hypotheses Hy and Hj.
The statistician, after observing the sample, must test Hy (known as the null
hypothesis) against H; (known as the alternative). In other words, s/he must

decide between the following two options:

e Accepting Hp; the null hypothesis is true for the observed sample (re-
jecting Hy).

e Rejecting Hy; the alternative hypothesis is false for the sample (accepting

Ho).

This decision procedure is called a hypothesis test. In performing a test for

such a problem, two types of errors might occur:
1. Rejecting Hy when it is true (Type-I-error).
2. Accepting Hy when it is false (Type-Il-error).

In general, it is not possible to minimize the probability of these two errors
simultaneously. However, we can fix a threshold & € (0, 1) called the signif-
icance level to control the probability of type-I-error (size) of the acceptable
tests. Then, considering this constraint, the optimal test is defined as a test
with the size less than or equal to o and the minimum probability of type-II-
error. For a given test, one minus the probability of type-II-error is called the
power of the test which is equal to the probability of rejecting Hy when it is

false. If a class of hypothesis (or alternative) consists of only a single element
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it is called simple, otherwise it is called composite. For more details about

this theory, see for instance Ferguson [13] and Lehmann and Romano [32].

Suppose that P and () are two probability measures on the measurable
space (Q,F). Let R = $(P +Q), Hy = % and H, = %. For the testing
problem @) versus P, the randomized tests are given in terms of F-measurable
random variables ¢ : @ — [0,1]. For w € ©Q, p(w) (resp. 1 — p(w)) is the
conditional probability of rejecting (resp. accepting) @ given w. Taking into
account the probability measure @) on (£, F), then the size of randomized test
¢ is E9[p] = [, ¢(w)Q(dw). Similarly the power of ¢ is given by E”[p] =
Jo ¢(w)P(dw). For a fixed significance level & € (0, 1), define the randomized

test ¢ as follows

Q= 1{i>a} +’y1{Q:d} for some constant a > 0,

where 7 := if Q(% = a) # 0, and 7 equal to zero otherwise.
Moreover, the constant @ is computed from the constraint E¢[p] = a. By the
classical Neyman-Pearson lemma, it is well known that ¢ has the maximal

power on the significance level a.

Cvitani¢ and Karatzas [8] and Rudloff and Karatzas [47] studied the above
problem with two families of probability measures {Q;}ic; and {P;};e; con-
sidered as composite null hypothesis and alternative, respectively. In Cvitanié¢
and Karatzas [8], first the set of null hypotheses denisities is enlarged. Then
techniques of non-smooth convex analysis along with a theorem by Kolmés are
applied to find a dual solution and an algorithm for computing the optimal
test. By contrast, Rudloff and Karatzas [47] use Fenchel duality and avoid
enlarging the set of densities. Under some compactness assumptions, strong

duality and existence of a dual solution are obtained simultaneously.
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Follmer and Leukert [14] and Follmer and Leukert [15] take a Neyman-
Pearson lemma approach to minimize the risk of shortfall in a financial model.
In a complete market, to provide explicit solutions, they reduced the origi-
nal problem to a problem of testing a simple null hypothesis against a simple
alternative. Nakano [42] and Melnikov and Nosrati [36] investigated the effi-
cient hedging problem in defaultable markets, this leads to testing a composite
null hypothesis versus a simple alternative. They adapted the techniques of
generalized Neyman-Pearson lemma from Cvitani¢ and Karatzas [8] to obtain

explicit solutions in these types of incomplete financial models.

In Chapter 2, we consider a filtered probability space (Q, (Ft)eepo,n € g)
with two nonnegative G-random variables 7 and 7, known as G-random times.
We assume that probability measures *P* and *Q*, defined on (2, F;), are re-
vealed to us by the random instants 7 = s € [0,7) and 7 = ¢ € (s,7T].
Taking *Q! and *P! as the simple null hypothesis and alternative, respectively,

¢ against *P! conditioned on the

we want to solve the problem of testing ()
o-field F;. In the case of the classical Neyman-Pearson lemma, the only avail-
able information regarding w € () is the fact that w belongs to €2, i.e. the
o-field Fy = {0,Q}. However, in Chapter 2, we make the decisions at time s
and the available information is F;. Thus we take the corresponding condi-
tional expectations E™[¢ | F] and E@p | F,] as the power and the size of
the randomized test ¢. To deal with the arising measurability requirements,
we exploit a measurable selection argument to determine an Fy x B(R,)-
measurable random variable a, similar to the constant a. Combining this with
the classical Neyman-Pearson lemma, we provide a closed form for the opti-
mal test with maximal power on the given significance level. We are mainly

motivated by the application of this result to efficient hedging problems for

regime switching financial models under default density hypothesis. Chapter 2



is structured as follows:

In Section 2.1, we formulate the problem and present the main results
and their proofs. Section 2.2 illustrates the theory with several examples
originated from mathematical finance and insurance. In the appendix, we

recall a measurable selection theorem used in the proof of Theorem 2.1.

1.2 Girsanov Theorem and Superhedging in a

Default Density Framework

Motivated by Jiao and Pham [20] and Karoui et al. [25], in Chapter 3 we
study a Black-Scholes regime switching model where the rate of return and

the volatility of the model jump to a new regime at a random time 7.

7 can be interpreted as the default time of a counterparty which induces

a jump in the price of the underlying risky asset (S;):cp,r. Let (€2,G, P) be a

complete probability space. We assume the following representation for .S on
(Q,G,P):

Sp = S Ljery + ST Lysny,  t€[0,7T), (1.1)

where (57 )iejo.r) and (S{(7))sepo.r] are governed by geometric Brownian motion

models. Before the default occurrence, i.e. on {t < 7} we have S; = S¥ with
dSy = S{(uidt + oy dWy), Sy =S,>0, tel0,T]

After the default, on {t > 7}, the processes p and ¢ switch to (,uf(@))te[@ -

and (of(6)) respectively with § = 7 denoting time of the default. In this

te[0,T]
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case, S; = S(0) with

(

dS4(0) = SA(0) (ud(0)dt + od(0)dW,) , t € (0,7

| 54(6) = S5 = 70)

The process (V¢)icjo,r], satisfying —oo < v < —1 for all ¢ € [0,T], represents

the size of the jumps.

Let F be the filtration generated by (Sf)te[O,T}’ and H := (o (7 A t>)t€[0,T}'
Then by progressive enlargement of the filtrations define G := F v H. We
assume that there exists a family of positive F; x B(IR, )-measurable functions
ay(0) such that

This assumption is well-known as the density hypothesis for the random time

T.

Considering the above framework, Jiao and Pham [20] studied the utility
maximization problem in the enlarged filtration G for the CRRA function
U(x) = x—p, p <1, p=#0, z > 0. They decomposed the problem into
two subprgblems: an after-default utility maximization problem, and a global
before-default optimization problem. The after-default problem can be solved
by a standard duality approach. But the global before-default problem is
more challenging, Jiao and Pham [20] used a dynamic programming approach
to characterize the optimal solution in terms of backward stochastic differential
equations (BSDE). Although their approach is very interesting, it heavily relies
on their choice of utility function. In particular, the global before-default
problem becomes too complicated when the utility function is not a CRRA

function.



To find an easier way to deal with these types of problems for the financial
model (1.1), in Chapter 3, we are looking for an explicit representation for
the Radon-Nikodym density of probability martingale measures of (Si):c(o1]
with respect to (G, P). In fact, by having these representations we can use the
classical techniques of utility maximization in incomplete markets. We point
out that decomposing the problem into after-default and global before-default
problem transfers the complexity of the problem to the second problem. The
global-before default problem turns into a stochastic control problem which
it is in general difficult to find a closed-form solution. In Chapter 3, we only
work on the structure of probability martingale measure and the superhedging
problem as the first step; the application of the results will be investigated in
our future research.

In the case of infinite time horizon, Karoui et al. [25] give a characterization
of G-martingales in terms of F-martingales. We adapt their techniques to find
a similar result for the case of finite time horizon. This result enables us to
determine the desired representation for the probability martingale measures.
As is expected, the after-default part of Radon-Nikodym derivatives is given
by the standard Girsanov theorem. However, the global before-default part
satisfies a different SDE which, in addition to the rate of return and volatility,
incorporates the size of jumps (7):cjo,r) into the equation.

Using our characterization for the probability martingale measures, we
solve the superhedging problem for a general Gr-measurable contingent claim
on the probability space (€2,G, P). Again, we decompose the superhedging

problem into two parts:

1. An after-default perfect hedge by investing in (S{(6)) for 0 € [0, 7.

te(0,T]

2. A global before-default perfect hedge by investing in (SﬂtF ) 0.1’



1.3 Efficient Hedging for Defaultable Securi-

ties and its Applications to Life Insurance

It is known that in a complete market, starting with a large enough initial
capital, there is a perfect hedge for every contingent claim. However, if the
market is incomplete the initial cost of superhedging (see El Karoui and Quenez
[12] or Karatzas [22]) is too high. As we know, defaultable markets usually
turn into incomplete markets. In fact the default time which is represented by
a random time can not be hedged by investing in the available assets in the
market. This issue makes superhedging too expensive in defaultable markets.
Therefore, we are forced to introduce new measures of risk and start investing
with a smaller initial capital than the superhedging cost. But high cost of
superhedging is not the only reason that makes the efficient hedging interesting.
It is true that the perfect hedge or superhedge eliminates risk but it eliminates
opportunities too. There are financial institutions that seek out risk, financial
institutions as insurance companies expose themselves intentionally to risk and

exploit risk to generate value.

In the framework of Black-Scholes models with a differentiable loss function
[, we consider the efficient hedging problem as the following minimization

problem:

min Bl1((H; ~ Vi) (12)

v<u

where H is a default-free contingent claim, Hs = H [] (1{n>T} + 51-1{T,L.§T})
i=1

defaultable with recovery rates d;’s, and 7;’s represent the default times. Also,

@ is the available initial capital, and V" the terminal value of value process

corresponding to the admissible strategy .
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In the context of general incomplete markets, Follmer and Leukert [15]
studied the minimization of the expectation of shortfall risk weighted by a gen-
eral loss function [, problem (1.2), in a general semimartingale setting. They
emphasized the Neyman-Pearson lemma and provided an explicit solution for
differentiable loss functions in complete markets. Nakano [42] adapted the con-
vex duality approach introduced by Cvitani¢ [7] and Cvitani¢ and Karatzas
8] for defaultable claims with a single default time. Then for a linear loss
function I(z) = z, recovery rate 6 = 0 and under some assumptions on the
solution of the dual problem, ¢, it was shown that there exists a solution for

the partial hedging problem in defaultable markets.

In contrast to Nakano [42] that only shows the existence of the solution,
we work with more general loss functions (not necessarily linear) and there
is no restriction on ¢. Moreover, if the recovery rates are zero, our approach
provides an explicit solution for problem (1.2) with multiple default times.
For a given initial capital, we find a relation between the minimum value of
shortfall risk in the defaultable market and its corresponding value in the

default-free market. Chapter 4 is organized as follows:

In Section 4.1, we introduce our financial model. We also recall some
definitions and notations regarding default times and incomplete markets.
Section 4.2 presents the formulation of the problem. The first step to solve
problem (1.2) is to notice that this problem is clearly a dynamic optimization
problem with respect to time. Follmer and Leukert [15] proved that (1.2) is
equivalent to a static optimization problem and there exists a solution to the
static problem. Our idea is to reduce problem (1.2) to this static problem,
then using Gateaux derivative we find a max-min problem for testing a com-
posite hypothesis against a simple alternative. The results of Cvitani¢ and

Karatzas [8] on generalized Neyman-Pearson lemma give us a representation

11



for the solution (@) of the maz-min problem. Then the optional decomposi-
tion of the modified claim ¢ Hs provides the optimal solution to problem (1.2).
Furthermore, we show that, for the zero recovery rates, the efficient hedging
problem in the defaultable market can be reduced to the study of problem in

the default-free market.

To demonstrate our results, in Section 4.3, we apply them to equity-
linked life insurance contract. Equity-linked life insurance contract is a well-
developing area of theory and applications now. We consider these contracts
from point view of their pricing using efficient hedging techniques. See the
book of Hardy [17] as a good reference for such contracts; and Melnikov and
Romaniuk [38] as one of the first papers with insurance applications of efficient
hedging techniques. To our knowledge, the problem of pricing of equity-linked
life insurance contracts has not been studied yet in defaultable markets, and
we are going to adapt these techniques to this case. We know that the equity-
linked life insurance contracts usually are long-term contracts with maturity
T =15, 20 or 25, so it is reasonable to take into account the default possibility
of insurance company during the life of the contract. By solving problem (1.2),
we can find a competitive premium to offer to the insured for the accepted level
of risk by the insurer. Also we are interested to calculate the corresponding
shortfall risk for a given premium as the available initial capital. Finally, we
illustrate our method with numerical results and compare the efficient hedging
problem in a default-free market with the analogous problem in the presence
of default. For the reader’s convenience, the results of Follmer and Leukert

[15]; and Cvitani¢ and Karatzas [8] are summarized in the Appendices.
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1.4 Bermudan Options and their Connections

to GMDB Contracts

To provide both investment opportunities and the mortality protections, in-
surance companies have designed equity-linked life insurance contracts. This
type of life insurance contracts became popular in the United Kingdom in
the late 1960’s through to the late 1970’s. Gradually equity-linked life con-
tracts were introduced in the countries where the UK insurance companies
were influential such as Australia, South Africa, and the United states. In the
late 1990’s, segregated fund contracts as a type of equity-linked life insurance
became available in Canada. Segregated fund structure is usually a complex
combination of guaranteed values upon the death or survival of the client dur-
ing the term of the contract. See Hardy [17], Aase and Persson [1] and Ekern
and Persson [11] for a detailed and comprehensive study of the equity-linked

life insurance contracts.

Two sources of randomness are involved in equity-linked life insurance con-
tracts: the mortality risk of the insurer and the financial risk associated to the
underlying equity. On one hand, the insurer sells a large number of contracts
to different clients, and on the other hand, the survival of the insureds and
the financial risk are highly independent. By these two features, traditionally
the strong law of large numbers is utilized to estimate the total number of
claims at the maturity. Then this mean value of the total claims, which is still
exposed to the financial risk, is hedged by using a dynamic-hedging approach.
This method was introduced by Brennan and Schwartz [5] to price and hedge
guaranteed minimum maturity benefit equity-linked life insurance contracts.
After diversifying the mortality risk by the strong law of large numbers, they

decomposed the benefit into a constant guarantee and a call option. The

13



constant value is hedged by investing in a risk free bond, and Black-Scholes

formula provides a perfect hedge for the embedded call option.

In Chapter 5, we study the Guaranteed Minimum Death Benefit (GMDB)
life insurance contracts where the benefit is paid upon the insured’s death
over the term of the contract. The payoff process of a GMDB contract with a

constant guarantee is given by
Uy = Max(K,S;), forte R:={1,2,..,T}, (1.3)

where K > 0 is the constant amount of guarantee and (S;)cjo,r] is the price
process of the underlying asset. The finite set R is a suitable subset of [0, 77,

for instance months.

Inspired by Schweizer [48] and the techniques of enlargement of filtrations,
we construct a framework which allows us to view the GMDB contract as an
American option with the predetermined finite exercise dates R. These types
of American options are known as Bermudan options. In this setting, one
can also compare the GMDB contract (1.3) with the Option Based Portfolio
Insurance (OBPI) dynamic hedging introduced by Leland and Rubinstein [33].
Let us denote the filtration generated by S by F and the filtration generated
by the client’s lifetime by H. To make the exercise date of the GMDB contract
a stopping time, we progressively enlarge ' with H and denote the enlarged

filtration by G.

Assume ¥y > 0 and a G-predictable S-integrable process (m;)icpo,m to be

given. Define the corresponding value process as follows:

t
VO = g +/ msdSs, P-as., for all t € [0,T].
0

14



We represent the set of all process 7 satisfying
Vfo’7r >0 P-a.s. for all t € [0,T]

by AG (170)
Using the independency assumption, as described above, we provide an

explicit form for the Radon-Nikodym density of the probability martingale

measures of S with respect to the new filtration G.

The superhedging method and the techniques of Schweizer [48] are adapted
to price the embedded Bermudan option in the GMDB contract. From the
independency and the Radon-Nikodym density representation, we show that
superhedging value process of the GMDB contract is equal to the perfect
hedging of the European option Max(K,Sy). In addition, by the separate
account design of GMDB, the actual liability of the insurance company be-
comes (K — Sr)™, i.e. the shortfall in the case that the guarantee K matures

in-the-money.

Our main aim, in Chapter 5, is to solve the quantile hedging problem
for the Bermudan option (Uy);er. More precisely, max-min problem (1.4) is
solved and the optimal trading strategy that achieves the maximal value is
determined. Let Sy (R) be the set of all G-stopping with values in R, then

we investigate the following problem:

su inf  P(Vor > U, ) 1.4
i, (el P72 09 @

We prove that for any 7 € A®(0) the worst scenario always occurs at
T=T,ie.

: 00, _ 0,
Lt (VR 2 Ur) = P(V 2 Uy). (1.5)
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This result simplifies (1.4) significantly, without (1.5) we need to find a saddle
point for the objective function P (Vf“7T > UT). However, the existence of a
saddle point is not always guaranteed, in particular for a stochastic dynamic
problem such as (1.4). Aguilar [2] studied the quantile hedging problem for
American options in a general semimartingale setting. He reformulated the
problem as a hypothesis testing problem and applied a convex duality method
similar to Cvitanié¢ [7] and Cvitani¢ and Karatzas [8], but he only achieved an
upper bound for this problem. In a Black-Scholes framework, we solve (1.4)
for its optimal value with equality.

At the end, we show that the optimal trading strategy 7 belongs to A¥ (%),
this helps us to give an explicit representation for the maximal probability of

success and its optimal trading strategy.
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Chapter 2

Conditional Neyman-Pearson
Lemma for Randomly Selected

Hypothesis and Alternative

2.1 Problem formulation and the main results

For a fixed T" > 0, let (Q,]F = (Fo)iepa) C Q) be a complete measurable
space equipped with the filtration F := (F)¢co,r) such that 7, € G for any
t € [0,T]. We consider the families of probability measures {(SPt)te(s,T] }se[o,T)
and {(SQt)tE(S7T]}sE[O,T) where, for 0 < s < t < T, both *P! and *Q! are
probability measures on the complete measurable space (2, F;).

For any ¢ € [0, 7], let us define R, := {¢ : @ — [0, 1] | ¢ is F-measurable }.
In this chapter, we consider a setting that *P?, *Q* and F; are randomly selected
according to two G-random times (positive G-measurable random variables) 7
and 75 such that 71 = s and 7 = ¢t with s < t. We point out that 7, and

Ty are not necessarily F-stopping times. For a given Z € [0, 1] and these ran-

dom choices of s and ¢, our main goal is to solve the following maximization

17



problem:

ess sup Espt[go | F] (2.1)
PER:
subject to the constraint
Ep|F] <i (2.2)

In the following, Theorem 2.1, Theorem 2.2 and Theorem 2.3 together
fully characterize the solutions to problem (2.1)-(2.2). Consider the G-random
times 71 and 7. At 71 = s and », = ¢, with 0 < s <t < T, let us introduce

R := (*P'+ Q") and

e () o (i #0)

spt
' = (2.3)

ds@t

400 : otherwise.
\

For a given positive F,@B(RR, )-measurable random variable (w, x) — as(w, x)

define:

D = spt ~S spt . t 5 DOy 4
(s, t) 1{jsgt>ds} +7 1{531&:%} R*-a.s (2.4)
where

(

0 QU5 =l | F.) =0
Vs 1= (2.5)

T — Q¢ d:Pi ~s fs
! Qs(de > @] %) : otherwise.

\ SQt(d o :&S"FS)

dth

Theorem 2.1. For any & € [0, 1], there exists a positive Fs@B(R,)-measurable
random variable (w,xr) — as(w,z) such that ¢(s,t), defined by (2.3)-(2.5),

18



satisfies the constraint:

EthW(s,t) | F] =2, 'R°-as. (2.6)

Proof. Our main idea is to extend the proof of the classical Neyman-Pearson
lemma and combine it with a measurable selection argument. For any w € (2

and a € R, let us define:

d Pt
ds@t

dr <alF)w). (2.7

Xs(w,a) = SQt( 0=

>a|F)(w)=1-"Q"(

By the properties of a distribution function, X(w, -) is a non-increasing right

continuous function. Define

spt
iy(w,7) = inf {a > 0] th((‘;Sgt >al F)w) <7}, (2.8)
Since gs(w, ) = th(gf.—gi > a| F,)(w) — &, as a function of (w,Z) € Q x

R, is Fs ® B(R,)-measurable, we can show that Gmph(ds(-, )) e F, X
B(R,). Therefore, there exists an F, ® B(R)-measurable selection as : 2 X
Ry — Ry for ay(-,-) such that ay(w) := a,(w,Z) for all w € Q. For the
reader’s convenience we recall the Aumann’s measurable selection theorem in

Appendix C.

It is easy to see that

dspt
dsQt

Q' (orr = as(w) | Fo) (W) = X(w, ds(w) =) — Xo(w, ds(w)). (2.9)

Now let us consider ¢(s,t), constructed as in (2.4). If

Xo(w, ts(w) =) # Xs(w, as(w))
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then from (2.5) and (2.9) we get

B p(en0) | ) = @' (g > ()| 5) (@)

<:z th<dsg§>as w) | Fs) (w ) t<dspt

QI =) [ F)w) ) AQ

_|_

= Gs(w) |]:S) (w)

I
Sz

In the case that X (w, as(w)—) = Xs(w, as(w)), the function X (w,-) is contin-

uous at as(w). This with X (w, -) being decreasing and definition (2.8) implies

that
sPt
SQt(d ol > ag(w) | Fo) (w) = . (2.10)
From (2.5), in this case, one can see that 7,(w) = 0. This with (2.10) shows
that again
E' (s, t) | Fo](w) = 7. (2.11)
This completes the proof. m

Theorem 2.2. Under the same assumptions as in Theorem 2.1, ¢(s,t) € Ry

defined by (2.4)-(2.5) solves the maximization problem (2.1)-(2.2).

Proof. Using the Lebesgue decomposition of *Q* with respect to *P!, one gets

sPt(A):/;zsgi 40+ SPt<Am{;lzg:0}> (2.12)

for all A € F,, see Follmer and Schied [16]. Notice that L. is defined by

d*Q
(2.3) and *Q' (%% = 0) = 0.

Consider ¢ € R, satisfying the constraint condition

E'9p|F] <i=E9p(s,t) | F], (2.13)
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where @(s,t) is determined from Theorem 2.1. Using decomposition (2.12),

for any A € F; we have:

/ EP[@(s,t)| ] — ET 0| F] d°P' = / E™(3(s,t) — ¢ | Fi] d°P'
A

A
B . dsp* .
—/A(sO(s,t)—sO)dSQt d°Q
+ 5(s,t) — o)1 ooty d°P*
JRCEURET
> [ a(plet) ) 4@
_ / A B [p(s,t) — | F] d°Q" > 0.
! (2.14)
To get the inequality, notice that:
e O(s,t)=1>¢ °R'-a.s. on {jj—gz > ag ) U {Zi—g =0}
o (@(s,t) — ) (j:—gi —a,) =0 “R'-as. on {jj—gtt =a,}
o O(s,t) =0<¢p “Rl-as. on {jj—gtt < ELS}
Therefore, in any case, we can see that
. dspPt 5
(¢(s,t) — o) (dSQt — as> >0, R'-a.s. (2.15)

In the last equality of (2.14), we used the fact that a; € Fs. Now, (2.14)
means that for any arbitrary A € Fy:

/ ETp(s,t) | F] = ET[p| ] d*P' > 0,
A
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which is equivalent to
EP[o|F] < ET(g(s,t)| F],  *Plas. (2.16)

This inequality with (2.13) proves that ¢(s,t) is a solution to problem (2.1)-
(2.2). O

Theorem 2.3. For € [0,1], and s < t given as in Theorem 2.1, suppose

(s, t) € Ry satisfies the condition
EthW(s, )| F] =1, °R'-a.s. (2.17)
and it also solves problem (2.1)-(2.2). Then

(s, t) = @(s, 1), *R'-a.s. (2.18)

where @(s,t) is the random variable given by (2.4)-(2.5).

Proof. Since 1)(s,t) satisfies the constraint (2.2) and @(s,t) is a solution to
problem (2.1)-(2.2), we have

Espt[quj(sa t) ‘Fs] S ESPt[SE(S,t) ‘ ]:5}, SPt-a.S. (219)

With a similar argument, it is easy to see the reverse inequality which together
with (2.19) yields to E[¢(s,t) | F,] = ET[¢(s,1) | Fs], *Pl-as.
Now, by applying the Lebesgue decomposition (2.12) one more time, we
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have

0= / E™(s,t) | Fo) — ET [ (s, t) | F] d°P*
A

~ 7, d-r' st ~ 0 s spt
:/A(gp(s,t)—@/}(s,t))dth d*Q —I—/A(go(s,t) U( ,t))l{dsgt_o} d*P

d SRt —
(2.20)

for all A € F;. From (2.6), (2.17) and a, € Fy:

/ as(@(sat) - &(Sat» dSQt - / dsESQt[QE(&t) - 1;(8775) ‘fs] dSQt - 07
A A

(2.21)
where a; is defined as in Thereom 2.1. By combining(2.20) and (2.21), we can

write
~ T d°P' ~ st ~ T spt
(@(s,t)—1(s,1)) (ﬁ—as)d Q'+ (go(s,t)—w(s,t))l{dth:O}d P = 0.
A d Q A dSRt
(2.22)
Using (2.15) and *Q" < *R', we find that
) . 4P .
(P(s,t) = (s,1)) (dS—Qt —a,) >0 °*Q"as.
A similar argument and P! < *R? imply
(@(s,t) = (5,8)) 1 g yegqe >0 “Plas.
{ dSRY :O}
Therefore, we have (s, t) = @(s,t) *Q'-a.s. on {j:—gt + ZLS}, and
_ st
W(s,t) = @(s,t), °P'-a.s., on {(j{s—gt =0}. (2.23)
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In other words, by the definition of ¢(s,t) we can write

U(s,t) = 1{ aspt >&S} + ’_Ysl{ gspt - }, SQ'-as., (2.24)

dSQt dth—as

for some nonnegative F;-measurable random variable 75. Since F SQt[@ZJ(S, t) |}_5} =
T *Q'-a.s., we can choose 95 such that 7, = 7, *Q'-a.s. This with (2.24) and
the definition of (s, t) prove that

D(s,t) = a(s,t),  *Ql-as. (2.25)

By (2.3), it is clear that *P" < *Q" on {‘flig: # 0}. From this, (2.23) and
(2.25):

P(s,t) = @(s,1), Pl-a.s. (2.26)

Finally, by combining (2.25) and (2.26) with the definition of *R', equation
(2.18) is concluded. O

As a particular case, let us consider the following modification of prob-

lem (2.1)-(2.2):

esssup ‘P4 | Fy) (2.27)
AEF;
under the constraint
QA F,) <& (2.28)

Corollary 2.4. Let a; € Fs be given as in the proof of Theorem 2.1. Also,

assume that there exists an Fr-measurable set A(s,t) such that

. d°P!
A(s,t) = {dS—Qt > a} ‘R'-a.s, (2.29)
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and it satisfies the constraint
*Q'(A(s,t) | Fy) = 1, R'-a.s. (2.30)

Then A(s,t) is a solution to problem (2.27)-(2.28). Moreover, if A(s,t) is any
solution to problem (2.27)-(2.28) satisfying condition (2.30) then

~

A(s,t) = A(s, 1), °R'-a.s. (2.31)

Proof. Similar to the arguments of the proof of Theorem 2.2, we can verify that
A(s,t) given by (2.29) and (2.30) solves problem (2.27)-(2.28). Equation (2.31)
is proved analogous to Theorem 2.3.

O

Notice that, on the contrary to Theorem 2.1, for any & € [0, 1], the existence

of A(s,t) € F; in the form of (2.29) and satisfying (2.30) is not guaranteed.

Remark 2.5. If 1y =0 and 5 = T then our results coincide with the classical
Neyman-Pearson lemma. The case of 71 = 0 and 7 as an F-stopping time
can be used to study the problem of efficient hedging of American contingent
claims in financial models. Similarly, the results of the general case with the G-
random times 7, and T potentially can be explioted to solve the quantile hedging
problem (or risk minimization problem) in financial markets with successive

defaults 1 and 7.

Remark 2.6. We point out that the mazimization problem (2.1)-(2.2) depends
on the random pair s < t, i.e. the optimal set as a measurable random variable
needs to satisfy some measurability requirements depending on both s and t.
For example, assume that 7, represents a default time (with an F-conditional

density process (oc(s,t))st>0 i a financial model. At the default occurrence
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time 71 = s < T, following Follmer and Leukert [14], we can formulate the
quantile hedging problem with the initial time 7, = s and the maturity time
79 = T. The corresponding problem depends on the available initial capital
(significance level), *P* (the physical probability measure) and *Q" (the equiv-
alent martingale probability measure), which all of these components depend on
71 = s (and the default density o(s,T)). Therefore, to determine the optimal
test and the optimal trading strateqy we need to deal with some measurability
requirements depending on both 71 and 5. In the next section, we explain this

point with several examples from mathematical finance and insurance.

2.2 Examples

In this section, we demonstrate the results of Section 2.1 with some explicit
examples for 71, T, {(SPt)te(s,T]}Se[QT) and {(SQt)te(s’T}}SE[O,T)'

Let us consider the probability space (Q,(F;)icpr) C G, P) such that
the filtration F := (F})ico,r) is generated by a P-standard Brownian motion
(Wi)eepo,r- In addition, assume that 7, = 7" and the G-random time 7; admits

an F-density a, i.e.
P(m € ds|F) = ay(s)ds, t € 10,7, (2.32)

where (w,s) — a(s)(w) is a positive F; @ B(R™)-measurable function. For

any s > 0, the process (a(s)) is a (P,F)-martingale, see Karoui et al.

te€[0,7

[25] for more details.

Keeping in mind the Girsanov theorem, we introduce the family of uni-

formly bounded stochastic processes {(@t(s)) s€l0,T ]} where ©4(s)

s<t<T 7’
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is F; ® B(R*)-measurable for all ¢ € [0, T]. Set
t 1 t
Zy(s) = exp (/ Ou(s) dW, — 5/ O2(s) du), for 0 <s<t<T. (2.33)

It is easy to check that, for a fixed s € [0,T], (Zi(s)) ., is & (P, (Fi)s<i<r)-
martingale with Z,(s) = 1. Using the martingale property of «, for each

s € [0,T] we define the following probability measures on (£, Fr):

d Pt _ ar(s) _ ar(s) and dsQ?

dP = Elor(s)|F]  asls) dP

= Z(5). (2.34)

Example 2.1. For a given T € [0, 1] and the probability measures defined as in
(2.34) with 11, 7o as above, we utilize Corollary 3.13 to find an explicit solution
to problem (2.27)-(2.28). By taking into account (2.3), at 1 = s € [0,T) set

A(s,T) introduced by (2.29) is given by

FICR IR (A R

sOHT
Z C(QS) dP dP (2.35)
T .
= > Qg /4 }
{as(s) s Zr(s)
From (2.30), as € Fs can be determined by:
*QT(A(s, T)|F,) = 2. (2.36)
By *PT =~ P and *QT < P, we get
dsQT _ dsQT dP dsPT
dsRT ~ dP dsPT dsRT’
ds T dsPT
this easily implies {% = O} = {W = 0}. In addition, using t;e cieﬁ—
P
nition of conditional expectation, it is straightforward to see that SPT< TRT
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T

0 ‘ ]-") =0 and SQT< BT = =0 | .7:S> = 0. In fact, we have used this argument
to get the second equality in (2.35) and show that this new representation for

A(s,T) satisfies (2.36).

To find a more explicit form for as, in the remainder of this example, let us
consider Ty to be independent of the Brownian motion (Wy)cpr). In addition,

assume that for some X > 0 constant
P(r €ds|F) = P(r €ds) = e *ds, forte|0,T)].

In this case, cu(s) is only a deterministic function of s, i.e. ar(s) = as(s) and
we have P(1y < s|F,) = P(r1 < s) = 1 — e . Therefore, for all s € [0,T],
the probability measure *PT is equal to P and A(s, T) simplifies to

A(s,T) = {ZT(S) < l} (2.37)

Qs

Moreover, we suppose that for any s € [0,T]
(@t(s))sgth =Ks+1,

for some constant K > 0. Recall that, by Girsanov’s theorem, (Wt_@t(s))s<t<T

is a (*QT, (Fi)s<i<r)-standard Brownian motion. Thus (2.36) becomes

—Ina, +5(Ks+1)*(T — s)
Ks+1

F— SQT<WT W, < |J—"5>

- (2.38)

ds 3
\/ﬁ/ exp(—— dy = ®(dy),

—Ina, + 5(Ks+1)*(T — s)
(Ks+1)VT —s

bution function. Now the constant ds, as a priori as, can be determined from

and ® 1s the standard normal distri-

where JS =
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equation (2.38).

Example 2.2. Let (O, Fp,F,P) = (O x Qo, Ff x F2,Fy x Fy, Py x P)
where (Ql,]-"%,IFl, Pl) 1s the probability space described in Example 2.1, and
(QQ,.F%,IFQ, Pz) 18 a probability space as given below.

Suppose that T; : Qy — R, fori =1,....n, is a positive F2-measurable
random variable defined on (Qg, ]:%, Fy:= (]:f)te[oﬂ7 PQ) such that the T;’s are
i.4.d with F? = O'(Ti <t;i=1,.., n) fort € [0,T]. Considering this setting,

define process (Nt) | as the following:

te[0,T

Ne=Y Lz (2.39)
i=1

Let us also introduce p(t) := Po(T; > t), for all t € [0,T], with the convention
that p(0) = 1. Now, take 71 = s for some s € [0,T] and 7 = T. We define
the probability measures *PT and *QT on (Q,}"T) by

) n — NT
B [n — NT’.FSQ} '
(2.40)

spT _ sNHT
ar n = Nr and ﬂ::ZT(s)

dP "~ EP:[n— Ny|F2] dP

where Zr(s) is given by equation (2.33) and E™*[n — Ny|F2] means the con-
ditional expectation of n — Np w.r.t the probability measure Py and the o-field
F2. Notice that *PT and *QT depend on the constant n, but for simplicity of
the notations we omit n in the left side of the definitions of *PT and *QT in
(2.40).
For a given & € (0,1), we find the optimal solution to the corresponding
problem (2.27)-(2.28). Using Corollary 3.13, we get
i) = {5 > )

As. )= {4
5TV =\"3p =% gp

= {ZT(S) < ;},

S

(2.41)
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such that as € Fs is determined from

i=Q"(A(s,T)| Fy)
1 EP:[n — Ny|F2] (2.42)
= QN (Zr(s) < — | F}) - -
Ql( T(S) &3 | 8) EPQI:TL—NT|F82:|,
d*Qf . . _ -
and ip = Zr(s) is defined on (Ql,fT). Therefore, as is given by a similar

calculation as in equation (2.38).
spT
In the above example, 4P is simplified in (2.41)-(2.42) and it does not

have any impact on the size of the optimal test fl(s,T). But the power of
spT

dP
used to study pure endowment life insurance contracts linked to an equity

A(s,T) is weighted by

depending on 7 and 75. This framework is

independent of the clients lifetime, see for instance Melnikov [35].

Example 2.3. Let II = (II;)>¢ be a Poisson process with the intensity A > 0
on the probability space (0, F, P) where the filtration F := (F})i>0 is generated
by I1. The Poisson process (11;);>¢ has jumps of size only +1 and it is constant

between two jumps. For m € N, define

T :=inf{t > 0: 11, = m}. (2.43)

It is easy to see that {T,, < s} = {1l > m} for any s > 0 and m > 1. Thus,

for T >0 fixed and s < T, by the properties of 11, we get

P(T,, <T|F,) = P(Ily > m|Fs)

= P(Ily > m|1L,)

P(Ily — 10, > m — 11, | I1,) (2.44)

X (AT =)
S e >%,

k=(m—IIg)*
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Let m = T, for a fizted m € N, and 7» = T. If s = T,(wo) < T for

some wy € Q we introduce the probability measures *PT and *QT on (Q, Fr)

as follows:
d*PT 1
— -1 2.45
dP "~ P(T, <T|F)(w) =T 2
and
dsQT . N
5 = oxp {(A = A)(T =) + (X"~ InA)(ITy — 1) }, (2.46)

where the constant \* > X is the intensity of (Il;)i>o with respect to °QT.
The probability measure °QT is obtained from (2.46) with s = 0. Using Theo-

rem 2.1, the solution ¢(s,T) € Ry is given by

@(SuT) = 1{dSPT ( dSQT} +73 wo)l{dsPT - ( O) dSQT (247)

s P

for a random wvariable as € Fs, and 7, is determined from:

F— QT (LEL > Gy(wy) - L F,) (wo)

) = @ ajmo 9T ) (wo) 249
if *QT (L = dy(wo) - d;?f | o) (wo) # 0, and 7s(wo) = 0 otherwise.
Again, the optimal solution @(s,T) satisfies the constraint condition
E'Yg(s,T) | Fo] (wo) = . (2.49)
Notice that, henceforth, we drop wy in our calculations. Let
A In (asP(T, < T F)) + (X = A)(T — s)’ (2.50)

In(5)
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with P(T,, < T |Fs) given by (2.44).

Since (11, — ) s<u<r 5 an ((.Fu)sgugT, SQT) -Poisson process with the in-

tensity \* > 0, condition (2.49) becomes

T=Q"({llr — 1L <0} N{T,, < T}| )
+7s QT ({y — T, = b} N{T,, <T}| F)
= Q" ({Ily — 1L, < by} N {Ily > m} | F,)

+ 9, QT ({Ily = by + 1L} N {Ily > m} | Fy)
= QT (m — 1, <y — 11, < b, — 1| F,)

+ 7, QT ({Tly — I, = by} N {m < by + I} | Fy).

(2.51)

By (2.8) and (2.50), and the fact that 11 takes only nonnegative integer values,

we suppose that I;S is a nonnegative integer. In fact, we assume

by = inf {b e 7t U0} : *Q7 <{HT—HS < b} {ly > m}| ]—"s) < :c} (2.52)

Taking into account the distribution of (1L, — Ily)s<u<r under the probability

measure *QT, equation (2.51) simplifies to

bs—1 ) “(T _ k
7= Z oA\ (T=s) (/\ ( - S))
F=(m—IL)* (2.53)
l;s
o a(T—s) ()\*(T—s))
+75€ (T Es' {mSl;s-H_Is},



and s 1s given as follows:

0 : {m > BS + HS}
Ys = 9 b=l . (v -9)" (2.54)
7 — Z 67)\ (T—s) A
L P ;. otherwise
o—A*(T—s) (A*(Tfs))
\ bs!

For the applications of Poisson process and its induced probability measures,
such as (2.46), to modeling and pricing of contingent claims in financial mar-

kets see Melnikov et al. [40].

Example 2.4. Let W be a one-dimensional standard Brownian motion on the
probability space (U, F C G, P) where F := (F;)i>o is the filtration generated by
W. Similar to Example (2.1), we consider G-random time T with the following

[F-conditional density
ap(s) = Aie ™ for some A\ > 0,

for all t > 0. Let (I;);>0 be a Poisson process independent of W with the
intensity Ay > 0. For a # 0, take

7(a) :==inf{fu >0: W, =a} and &:=inf{u>0:1,>1}.  (2.55)

Define G-random time 7o as follows:



From Jiao and Li [19], the F-conditional density of T is given by

%)] (2.56)

a7 (s) = dae " | 1<y Lr(a)>a) + 1{s>t}1{T<a>>t}erf(
: 2 (7 e . .
forall s,t >0, with erf(z) = — e " du. By the independence assumption
T Jo
between T, W and 11, the joint F-conditional density of (11, 72) is the product

of o' and o® and we denote it by ay(sy, s2):
(51, 80) = af(s1)a2(sy),  for all 81,89, > 0. (2.57)

Similar to the « introduced in (2.32), for any fized (s1, s2) € R%, (atl(sl)af(sz))tzo

is an (F, P)-martingale.

Let 7y = s and 75 = t such that s < t, we take the probability measures *P*

and *Q" on (2, F;) as follows

d*P" ay(s,t) [erf( Ws—a

B B 2(t — s)

-1
= 1
AP~ Elay(s,t)|F,] )} {rl@)>th

and *Q" is defined by (2.33) and (2.34) with ©,(s) = o > 0 constant. For
this setting, we find an explicit form for the solution to problem (2.27)-(2.28).

Let & € [0,1] to be given, again we need to determine as € Fs such that

~ dsPt ds t
A(s,t) = { 7P > Qg d—g} satisfies the following equation

7= "Q"(A(s,1) | F,)
= Q' ({Wy =W <b}|F)
— Q' ({Wy = WI < by n{r(a) < t}|F) (2.58)
= Vir(ayss) "Q ({W) = WI < by} | F)
— Q' ({Wy —Wr <bIn{s<7(a) <t}|F),
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Ws—a

2(t —
(t—s) and Wy = W, — ou for
o

u > 0. The first term on the right hand side of (2.58) is easily calculated as

—In (dserf( )) + 30%(t — s)

where ZN)S =

below:
st * * 7 _ 1 b _y2

Now let us calculate the second term in (2.58). Conditioned on Fg, we have

7(a)lir(a)>sy = inf{u > s : W, = a}
=inf{u—s>0:W,—W,=a—W,} (2.60)
=7(a — Ws)l{z(@-w,)>0}-

For the ease of notation, in the following we set 74 == 7(a — W) and t :=

t — s — 7. By taking into account (2.60), one can write
SQt({W; —W: < b} {s<7la) <t}] ]—“S)

(i<t <o),

= Q (@ (Wi, — W2 < 5= W2} Fo) i)

Ws=z

bs—a+Wstou _y2

/0 ) m /OO exp (m) dy*Q' (7 € du)|

(2.61)

We point out that W’ = a — W, — o7, and for a given W, = z, 7, is an

F-stopping time. Thus {1, < t — s} € F., and (Wuﬂs — WTS) is a*Q'-

u>0

Brownian motion.

To proceed, we provide an explicit formula for the probability density func-
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tion of 1oy *Q" (TS € du | .7:5). Foru <t —s, we have

Q' ({re < u}|F) = Q" (e < )|y, _.
= E[exp (O'Wtfs - %O—Q@ - S>) 1{7's§u}] |Ws:Z

— B|Blexp (0(Wesr, = Wy,) + oW, - %cr?(t = 9) | Fo] Lz

Ws=z

/:O exp <Jw +o(a— W) — %02(75 — s))

X exp (2(25 :Z}_ v)> dw ’Ci/;w_ljﬁ’ exp (—(a ;UWS)2> dv

Ws=z

In the last equality, we used the probability density of s, see for instance

Jeanblanc et al. [18]. By taking derivative with respect to u, we obtain

SQt (TS € du | ./—"5) 1{u<t_5}

_ \/27r(t1——s—u) /_:O exp (aw +o(a—Ws) — 502(15 - 5)) (2.62)

- — (g — 2
X exp (M_—Z)_m> dw % exp ( (a 2qu) )

Finally by combining (2.58), (2.59), (2.61), and (2.62), the F; measurable

Ws=z

random variable l~)s can be determined.

Notice that

{dspt ~ dth

— = s s p = W =W = b0 {r() > 1)

(2.63)
C{W; —Wr =b,}.

On the other hand, W} —W} conditioned on Fs is normally distributed. There-
fore, th({Wt* - W = 58} ‘.7:3) = 0 and as an immediate consequence the
assumption of Corollary 3.13 is satisfied.

Example 2.5. Let W = (W, W) to be a two-dimensional standard Brownian
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motion on the probability space (1, F C G, P) with F := (F)i>0 the filtration

generated by W.

Following Karoui et al. [26], we introduce the random times 7 and o such

that

Wi(t) — s
&), for some constant § > 0,

P(ry >S|.7-"t):®< gy
and (2.64)

—sWZ(t)
1+2(T —t)s o <1 +2(T - t)s>

P(ry > s|Fy) =

forall s,t > 0. Using the definition of standard normal distribution function ®
and then differentiating w.r.t s in (2.64), we obtain the F-conditional density

of 71 and T, respectively, as follows:

1 —(oWi(t) — s 2
“ls) = T = ( (202(;)—1?)) )
and (2.65)
P(my > s|F)
(1+2(T —t)s)*

Bils) = [(T = )1+ 2T = t)s) + WE(D)|

Considering o and 3, we assume that Ty and 75 are independent and their joint

Fi-conditional density, denoted by v,(s,t), is given by
Ve(s,1) = au(s)Be(1), for all s,t > 0. (2.66)

Now for s <t we take *P' and *Q" as below

PP als)Al)
IP ' aus)i(t) (2.67)
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and

dsQt 1,
=exp | o1 (Wl(t> - WS(S)) — 501t —s)
dP ( 2 ) ) (2.68)
x exp (o2 (Walt) = Wa(s)) — 503t = 5) ).
for some constant 1,09 > 0. To solve problem (2.27)-(2.28), for a given
dspt ~ dth

i € [0,1], we investigate A(s,t) = { 5 > o } for some a5 € Fy to
be determined from Corollary 3.13. By (2.65) and (2.68) and some tedious

calculations, we can see that

A(s,t) = {01W1*(t) + oW (L)

(Wit) + Wils) +01( — ) - 5)2 t(W(t) + Wals) + oalt - 3))2
2T —1) - 1+ 2(T — 1)t
1 (W3 (0) + Wals) + onlt s)>2 FT 02T —00) <B),

+

where Wi (t) = Wi(t) —Wi(s) —o;(t —s) fori=1,2. Let us define the function
F as the following

F(x1,x9) =0121 4 0222

(:r1+W1(s)+01(t—3)—§>2 t<x2+W2(s)+ag(t—s)>2
2T —1) * 1+ 2T — )t
+In ((:m + Wa(s) + oot — s))2 +(T—t)(1+2(T - t)t)).

+

Using the above calculation, Corollary 3.13 and the Girsanov theorem, we write
i = SQt(A(s,t)\f) =@ ({Fr(wrw. W) <b.}| %)
(2% + 23)
dzy dxs.
t—S // x1x2)<b}exp< 2<t_ ) ) e

Solution to this equation gives us by or equivalently a,.
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2.3 Conclusion

The main objective of this chapter is to generalize the classical Neyman-
Pearson lemma to the case that a simple null hypothesis and alternative are
revealed to the statistician as a surprise. Traditionally, it is supposed that
the hypotheses of a statistical test are determined at time ¢ = 0. We study a
setting that the time, and the hypotheses of the hypothesis test all reveal to
us stochastically. This randomness is modelled by using random times in the
underlying filtered probability space.

Our results have interesting and meaningful applications in insurance and
financial markets in terms of mortality risk and default times. As an example,
we can consider a defaultable financial model which after an unpredictable
default time we want to maximize the probability of a successful hedge with the
available random capital at the time of default. The main point of dealing with
this problem is the measurability requirements which we utilized a measurable

selection argument to deal with.
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Chapter 3

Change of probability measures
and superhedging in a

default-density framework

3.1 A regime switching model

We study a financial model exposed to a counterparty risk, this exogenous
source of risk results in a jump in the price of the underlying asset. After the
default event, the rate of return and volatility switch to a new rate of return
and volatility. In fact, this is the model considered by Jiao and Pham [20] to
study the problem of optimal investment with counterparty risk.

In our model, we denote the price of the underlying asset by (S;):cio,17-
Depending on the default timing, S; is described with different stochastic

differential equations. In the following, we introduce this family of SDEs:
e The before-default asset price:

Let us consider a probability space (€2, G, P) equipped with F = (F;):cjo,77, for
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T < 400, where F is the filtration generated by a standard Brownian motion
W = (Wi)iep,r- The dynamic of before-default asset price (SF )eco,) s given
by

dSy = Sf(uidt + o dW,), Sy =S, >0, te€l0,T], (3.1)

where yf and of are F-adapted process with of > 0 for all ¢ € [0,7], and
Sp is the initial asset price. To guarantee the existence and uniqueness of the

solution to (3.1), we assume that
T F T
/ | = [*dt +/ o] |?dt < +00, P-as. (3.2)
0 Ot 0

At time ¢ € [0, 77, if the default has not occurred yet then S; = S}
o The after-default asset price:

We represent the default time by a nonnegative and finite random variable
7 on (2,G, P) such that P(7 = 0) = 0. At the time of default 7 = 6, the
asset price jumps to a new value S¢(6) := S5 (1 — 1), where v is an F-adapted
process determining the size and direction of this jump. For ¢ € (0, T], process

S2(0) is governed by the following SDE:

;

ASP(8) = SHO) (ud(0)dt + o (6)AW;) , t € (8,1
(3.3)

\53(9) = S5 (1 =)

where (w,0) — pd(0)(w), 0(0)(w) are F; ® B(R,)-measurable functions for
all t € [0, 7] with o(6) > 0 for all € [0,T] and ¢ € [0, T]. Similar to u* and

o, we impose the following condition:

Topf(0) 2 ’
/ | 2(9)‘ dt —i—/ l0?(0)2dt < +o00, P-as., forall@ € [0,7]. (3.4)
0 9 0

t
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In addition, to make SZ(6) > 0 P-a.s., for all § € [0,T] we assume that
T
—00 <9 <1, and / —;|2dt < +oo, P-as., (3.5)
o It

for all § € [0,T].
e The global asset price:

At each moment of time ¢t € [0,7T], we aggeregate information from the
counterparty risk 7 with the information generated by S¥ to include both
sources of randomness in our model. In other words, we enlarge the filtration
F = (Foelo.r) with H = (He)iepp1 = (0(T A1) o0y
is denoted by G := (Gi¢)sejo,r] where Gy := F; V H, for all t € [0,T]. Using
SDEs (3.1) and (3.3), the G-adapted process (S¢):ejo,7] is given by:

the enlarged filtration

Sy = S Ljery + ST Lysny,  t€[0,T). (3.6)

We recall the next proposition without the proof to describe the connection

between measurability in G and F filtrations.
Proposition 3.1. Let G =F V H be introduced as above. Then:

1. For any G-optional process (Yy)iejo.r], we have a decomposition as:
Y =Y 1oy + V(T psry,  t€[0,T],

where (V")) s an F-optional process, Y,*(0) is F,@B(R,)-measurable
for all§ € [0,T] and t € [0,T], and (Y(9))

re6.7] 18 F-optional.

2. For any G-predictable process (Y;)icp,r, we have a decomposition as:

Y =Y 1yery + V() sry, L €[0,T],
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where (Y, )01 s an F-predictable process, Y,*(0) is F,@B(R)-measurable

for all € [0,T] and t € [0,T], and (Y,4(6)) is F-predictable.

te(0,T]
Proof. For a generalization of this result to the case of multiple default times
consult with Pham [44]. O

e Density hypothesis:

We assume that for any ¢ € [0, 7] there exists an F; @ B(R,)-measurable

positive function (w, ) — ay(w, @) such that
P(T € d9|ft) = ozt(ﬁ)de,

We can show that for any fixed & > 0 the process (ozt(@))te[o 7y s an (F, P)-
martingale. Given F, the family «(.) is the conditional density of 7 w.r.t the

Lebesgue measure. This means that for any bounded Borel function f:

+oo
E[f(n)|FR] = f(@)ay(0)dh,  P-as.

0

In particular, we have
+oo
/ a(f)dd =1,  P-as.
0
The survival process of T with respect to JF; is defined as follows:
+o0
G, = P(T > t|.7-"t) = / a(0)do, P-a.s., (3.7)
t

for any t € [0, 7.
For a comprehensive study of the density hypothesis and it applications in

defaultable markets see Karoui et al. [25], Pham [44], and Karoui et al. [27].

43



e Density hypothesis versus the intensity hypothesis:

In comparison to the density hypothesis, a global default rate for 7, it is
possible to consider a local default rate for 7, i.e. a non-negative F-predictable

process (A¢)icpo,r] such that:
P(7 € (t,t + dt)|F;) = \edt, P-as., foranyt € [0,7].

The process (A¢)iejo,r] is called the F-intensity process of 7 and it is well known
TAL
that under this assumption 1y,<; — / Asds follows a (G, P)-martingale. The
0
intensity process can be recovered from the conditional density «;(6). In fact,

we can show that for any ¢ € [0, 7]

However, the intensity A determines a;(6) only partly, more precisely only
for t < 6. For more discussion about this subject, see Karoui et al. [25] and
Jiao and Pham [20].

The main advantage of the density hypothesis is that fact that it provides
more information about the behaviour of the model after the default. The
intensity hypothesis fails to describe 7 after the default. In practice, this
restriction does not allow us to provide explicit solutions for problems in de-
faultable models. For instance, the optimization problems studied by Nakano
[42] under the intensity hypothesis for which explicit solutions are derived only
for the case of zero recovery rate. With a nonzero recovery rate, due to the lack
of information from the intensity hypothesis, he could not solve the underlying
maximization problem explicitly.

Motivated by Karoui et al. [25], Karoui et al. [27], Jiao and Pham [20],

and also the above discussion, we consider the density hypothesis for our fi-
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nancial model in this chapter. In the following, first we provide an explicit
representation for the family of probability martingale measures for (.Sy):ejo.1]
with respect to (2,G C G, P). Then we apply our results to find an explicit
form for the problem of superhedging in the underlying defaultable market.
The main idea is to utilize the density hypothesis to break down the desired
representations into filtration F and the F-Brownian motion W. In fact, to

get simpler representations we want to avoid using a G-Brownian motion.

Definition 3.2. Let m = 7 1<y + 7 (7)Li=my, ¢ € [0,T), be a G-predictable
process where ()i is F-predictable, and for any fized 6 € [0,T) process
(Wf(@))te[gﬂ is F-predictable. In addition, 7(0) defines a family of F; @
B(R,)-measurable functions.

Then 7 is called a G-adapted portfolio process if for all 6 € [0,T):
T T
/ |7l ol |Pdt +/ 1m0 (0)|*dt < +oo, P-a.s.
0 0
Definition 3.3. A nonnegative G-optional process

(¢t)eeor) = (cfl{tq} + Cf(T)l{tzr})te[o,T}

such that
T T
/ cdt —|—/ c(@)dt < +o0, for all§ €10,T], P-a.s.
0 0

is called a consumption process. Notice that (¢} )iepm s a nonnegative F-
optional process, ¢2(0) is nonnegative and F; @ B(R,)-measurable for all 6 €

0,7] and t € [0,T], and (c}(6)) is F-optional.

tel6,T)
Definition 3.4. For an initial wealth xo > 0, a G-adapted portfolio 7 is called

a self-financing portfolio process corresponding to the consumption process c if
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the associated wealth process to (m,c) is defined as follows:
X707 = X{ gpery + X)) 1psry, t€100,77. (3.8)

Processes X* and X(1) are described by the following SDEs:

d F
XX G X —w te0 T 69)
t

Similarly, for any fized 0 € [0,T], and t € (6,T], we have:

dSi(0) _ 4

dX{(0) = X{(0)r (0) i) (O)dt, X5(0) = Xg(1—mg).  (3.10)

The process ; represents the fraction of total wealth invested in SI before
the default, and 7¢(0) denotes the fraction of the total wealth invested in S¢(0)
after the default at time 7 = 6.

Definition 3.5. For a given initial wealth xq > 0, a pair of a G self-financing
portfolio process and consumption process (m,c) is called G-admissible if the

corresponding wealth process satisfies
XfO’F]F’CIF >0 and 7wy <1, P-as. foralltecl0,T),
and for any fized 0 € [0,T]
Xtd’ﬂd’cd(ﬁ) >0, P-as. forallte (0,T).

The set of all G-admissible (m,c) for the initial wealth xy > 0 is denoted by
.AG(.Q?()).

The set of all F-admissible pairs (7, ) is defined similarly, and is denoted
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Notice that in the case of ¢; = 0, conditions zyp > 0 and 73y < 1 along

with (3.9) and (3.10) guarantee that
X" >0, P-as. foralltel0,T].

In other words, the condition 757, < 1 is equivalent to the positivity require-

ment of X in the traditional definition of admissibility of a portfolio.

Remark 3.6. For any t € (0,7, let py = pyLliery + pi(7)1ysry and oy =
0 Lyry + 08 (7)1 sry. Then, from price process representation (3.6), we can

write

dSy = S;- (Mtdt + 0 dWy — %d(l{rgt}))
- (Sfl{tST} + Sgl(T)l{t>T}) [M?l{Kr}dt + Mg<7>1{t27}dt (3.11)

+ 07 Lpery dWy + 0 (T) Lz dWy — 7d(1-<iy)] -

This is reduced to:
dSy = 1perydSy — %S, d(1r<iy) + LysrydSE(7), (3.12)

for all t € [0,T] with Sy = Sg.

Let xg > 0 be a constant, and © = (7%, 7%(7)) € A®(xo) satisfies Defini-
tions 3.2 and 3.4. In addition, choose F-predictable processes (¢f)te[07T} and

(¢§l(7>)te[0,ﬂ such that:

)
or Sy =m X ;1€ [0,7T]
(3.13)

¢i(r)Si(r) = m{(T)X{(7) s tenT]
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Hence, by above we get

X0 = X 1 pery + X (T)1pzny

¢ t

= (20 + / PEASE) Lppary + (XE — 4, 07SE + / Pa(T)dS(T)) Litzry
0 T
TAL

t
=z + GudSy — V7S 1 uzry + / Fu(T)dS;(7). (3.14)
0 T

Combining (3.12) and (3.14), we have shown that
t
X707 =z + / ¢%dS,,  for allt € 0,7, (3.15)
0

where ¢F = ?1{t§7}+¢f(7)1{t>7} can be interpreted as the number of shares of
the defaultable asset S held at time t € [0,T]. In other words, Definitions 3.2
and 3.4 for a portfolio and G-admissible wealth process is consistent with the

classic definition of admussibility using a stochastic integral with respect to

(St)te[o,T} .

3.2 Change of probability measures in filtra-

tion G

In the next theorem, we provide a representation to fully characterize the
Radon-Nikodym density of any change of probability in the setting of Sec-
tion 3.1. This result can be considered as a version of the Girsanov’s theorem

for the model described by (3.1) - (3.6).

Theorem 3.7. For an F-adapted cadlag process (q;)wcp,m and an O(F) ®
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B(R.)-optional process (q;(0))icpo,r, both strictly positive, define:

q q:(7)
pe = ﬁtol{m} - ng{@}, t € 0,7, (3.16)
where My > 0 is a constant value. Then p® is the Radon-Nikodym density
of a change of probability measure on (2,G C G, P) if and only if all of the

following conditions hold:

1. For any 0 > 0, there exists a strictly positive (F, P)-martingale (Bt(9>)te[9 T

such that

a(0) = teo,1]. (3.17)

We set 5,(0) := E[By(0) | F] for any t < 6.

2. There exists a positive Fr-measurable random variable Yr such that g,

satisfies:
T
@Gy = E[YTGT +/ Bs(s)ds | ]-"t}, for any t € (0,71, (3.18)
t

where Gy is the survival process defined by (3.7).

3. Let M == E[Y;Gr | F)+ J; Bu(s)ds. Then E[ s 59(9)d9] < +00, and
My = E[M/] = qo, for all t € [0,T].

Proof. By part 1, process (g:(0)a.(6)) is an (F, P)-martingale. In addi-

te[0,T]
tion, part 2 implies that ¢,G; + f(f qs(8)as(s)ds is an (F, P)-local martingale.
Using Proposition 5.6 of Karoui et al. [25], we can see that (pf)icpr is a

positive (G, P)-local martingale and consequently a supermartingale. By the
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definition of p® we have

1

E[P?] = VOE[‘E[Qtl{T>t} + Qt(T)l{rgt} |]:t]]

— MLOE[%GH_/O G (s)e(s)ds]

N e /0 Bla(s)au(s)| Fo]ds] (3.19)

= —F[¢G, +/0 qs(s)as(s)ds]

1

— EE[YTGT +/0 qs(s)as(s)ds].

From (3.18), similar to (3.19) one can see
T
9 = E[YrGr + / qs(s)as(s)ds] = E[MP], foranyte[0,7]. (3.20)
0

Combining equations (3.19) and (3.20), we conclude that p® is a (G, P)-
supermartingale with constant expectation which proves its martingale prop-
erty. By (3.20) and M, = E[M/] from part 3, we also see that E[p€] = 1.
This proves the sufficiency of conditions 1 — 3 for the theorem.

On the other hand, let us suppose that (pf")icp,r] is the Radon-Nidokym
density of a change of probaility, i.e., it is a positive (G, P)-martingale with
E[p%] = 1. Therefore, by Karoui et al. [25] we have

(i) Bi(0) = ¢(0)a(0), t € [0,T], is a positive (F, P)-martingale.
(i) ¢:Gy + f(f gs(s)as(s)ds, t € (0,77, is a positive (F, P)-martingale.

Now part 1 of the theorem is immediate by (i), and we define §,(6) for t < 0

as described in part 1. By (ii), one can write

E|qrGr —i—/o qs(s)as(s)dﬂ]ﬂ = q;Gy +/0 qs(s)as(s)ds,
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by taking Yr = qr, we get part 2. To verify the last part, we combine (3.19)
and (3.20) with E[p$] = 1, and taking into account positivity of Y7Gr, (3.20)
implies E[fOT 69(9)(19} < qo < +o00. O

Remark 3.8. Let us elaborate more on representations (3.16) and (3.17)
in Theorem 3.7. The main ideas behind these two forms are the fact that
(P )iepo is a (G, P)-martingale and the computation of G-conditional expec-
tations in terms of Fi-conditional expectations.

q Q()

Suppose that pyf = =1y + — 1<y, fort € [0,T]. To determine ¢
do

and q,(7), first we use the (G, P)- martmgale property of (p)ier), and then
Theorem 3.1 of Karoui et al. [25]. This gives us:

1 +oo
i =B 1G] = B[ [ 5(00ar®)ib| ]300
t1 ¢ (3.21)
- E 1
a(0) [pT( |]:t] {r<t}>
where
‘
ar 0 >T
do
p(0) = 4 (3.22)
w® oy
“ Qo
Hence
c 1 T “+00
= B[ [ Elar@ar@) | Flao+ [ wan@)as] 7]
WG L (3.23)
1
= Elqr(0 0 1 .
qoat(e) [QT( )OCT( ){E} o—r {Tgt}

By setting B,(0) = E[qr(0)ar(0) | F] fort € [6,T] and comparing (3.23) with
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(3.16), we get:

qr = _E QTGT +/ ﬁ@ d(g ‘ E fOT’ te [O,T], (3.24)
and
q(0) = gig;, forte[6,T], (3.25)
as desired.

Using the above theorem, now we determine an explicit representation for
those (P;G)te[O,T] where process (p;GSt)te[Qﬂ is a (G, P)-local martingale, i.e.
the family of probability martingale measures for (.S;)icpo, 7 with respect to
(Q,GCg,P).

To proceed, let us define

[ 1 t F
Zy = exp ( — /0 %qu — —/0 (&)Qdu), for any t € [0, 7], (3.26)

F
u 2 Oy

and for any fixed 6 € [0, 7] introduce:

d ! Z@ ' ﬁ@ 2
Z4(0) = exp(—/e ggéeidm—%/g (gdéei) du), (3.27)
for all ¢t € [0,T].

Definition 3.9. Let {59(9); 0 € [0,T]} be a family of positive Fy @ B(R,)-

measurable random variables such that:

(i) E[/OTBO(e)de} < +o0.

(i1) /T (Befgwyd@ < 400,  P-as.
0 0
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(iii) 1+ 7"{;" - 1)d9 >0, P-as.

0

The family of all {59(9); 0 e [O,T]} satisfying the above conditions is denoted
by B.

Keeping in mind the above definition, the next theorem presents an additive
form for the class of probability martingale measures for S on (2, G, P). We
denote the family of all of these probability martingale measures by Q.

Theorem 3.10. Consider positive G-adapted process (pf’)te[gj]. Then Z—?D =
pT defines a probability martingale measure for (Si)iepo,r) with respect to (2, G, P)

if and only if there exists a positive F-adapted process (q¢)icjo,r), and a family

of positive F-adapted processes {(qt(e )te 077 6 €0,7] } such that
pY = i qé )1{795}, for any t € [0,T]. (3.28)
Moreover, there exists {B (0);60 € [0,T]} € B such that( Ly and (ﬂ)
) 0 % t€[0,7] q tEleT]
satisfy the following conditions:
1. For any fized 6 € [0,T], we have
0)  Bo(0)Z(0
do a(0)
for allt € [0,T].
2. Process (ﬁ) is determined from:
’ % te[0,7 ’
-
qt Bu(u)’yu Qu u,u /
-G =1 “ dW u : 3.30
do ' +/o < oy CIOUIF ﬁ du ( )
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Equivalently, we have:

"6, =z, (3.31)
4o
where
t N t 2 F
Bu () yu / Bu(w) [ Yt
U, =1 dw, Y 1)du. .32
el | St | SR (1 )de (332

Proof. Recall that, from Theorem 3.7, @) is a change of probability measure if
and only if p® has a representation as (3.28). Furthermore, by definition, @
is a probability martingale measure for (S)co,r) with respect to (2, G, P) iff
(P St)iepo.r) 1s a (G, P)-local martingale. From the definition of p% and S, we
get

5= - [STalin + SHOaDesn] e 0.7,

where we used the fact that My = q¢ as it was proven in Theorem 3.7.
By Proposition 5.6 of Karoui et al. [25], (G, P)-local martingale property
of pPS; holds true iff:

(i) For any 6 € [0,T1], (S{(0)q.(0)cv(6)) is an (F, P)-local martingale.

tel6,T)

t
(ii) Process (Ni)icor) := (S}ftht—l—/ Sff(u)qu(u)au(u)du) is an (F, P)-
0

te[0,7)
local martingale.

Let (Q be a probability martingale measure. Then, as described in The-
orem 3.7, for any 6 € [0,T] there exists a strictly positive (F, P)-martingale
(ﬁt(e))te[e,T] with 5,(0) := E[Bs(0)|F] for t < 6. Thus, by martingale represen-
tation theorem for Brownian filtrations, there is an (F):cp,r) adapted process
(f:(0))teip,r) such that B.(0) = By(0) + f; fu(0)dW,, with feT f2(0)du < +oo,
P-a.s. We recall that §,(.) is F; ® B(Ry)-measurable, thus by measurable
selection theorem, we can choose f;(0) as a family of F; @ B(R, )-measurable

functions. In addition, from Theorem 3.7 part 3, we have fOT Be(0)dl € L'(P).
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By applying the Ito formula, we obtain

ﬁwmwwﬁmwmm+Lﬁwmﬁ@wn+lﬁuw%@ﬁwwm

+Am@%@@@m+l$@d@n@m

(3.33)
To guarantee the martingale property of S%(8)p;(6), we must have
Bu(0) () 4+ 0%(0) fu(0) = 0,  for all w € [0, T).
This implies
dp(0) _ fi(9) pi (0)
= AW, = — dW,. 3.34
50 80" o™ .
If for any 6 > 0 we set
~ 0
faft) = 229 (3.3)

then (3.17) and the solution to the above SDE give us (3.29). Condition (i)
of Definition 3.9 can be easily seen as a result of (3.20) and (3.35).

t
To show the second part, by Theorem 3.7, one can see that ¢,G;+ / Bu(u)du
0
is an (IF, P)-martingale, thus

t t
Gy + / Bu(u)du = qo + / h,dW,, te€0,T], (3.36)
0 0

for some F-predictable process (hy)cjo,r1-

On the other hand, we apply the Ito formula on Sf(¢;G) to get

AN, = [S{hy + S} 0, q:G] dW,
(3.37)
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Taking into account (ii) and S&(t) = S; (1 — 7;), we can write

St he = Bit)nSt = S/ aG, (3.38)
which implies
t F
ht = 615( Igfn - tht,u—ItF. (339)
0y 0y

Keeping in mind the integrability condition from part (ii) of Definition 3.9,
then equation (3.36) and (3.39) give us

d(%@)z@f@ - th >th Bt(t)dt' (3-40)

t

This is a non-homogeneous SDE and we use Melnikov and Shiryaev [39] to

find its solution:

%Gtzg(_/o~g_§dwu)t[1+/otg_l< /Oggde w] e

u

where &(-) denotes the stochastic exponential and the process v, is defined as

b= 1+ /t B"S;)% AW, +/ (5“<(0_;7>u“u - Bu(u)) du, (3.42)

for all ¢ € [0,7]. Taking into account the definition of £(-), representation
(3.31) is concluded by equations (3.41) and (3.42).

In addition, to satisfy the positivity of process (g¢)icpo,r), we need to intro-
duce appropriate constraints on Bg(@). In part 2 of Theorem 3.7, since both
Be(0) and G, are positive, Y = gr > 0 ensures positivity of ¢, for all ¢ € [0, T].
Using qp > 0 and (3.31), g > 0 if and only if U > 0, P-a.s., i.e. 59(9) must
be chosen such that condition (#4i) of Definition 3.9 holds true.

To complete the proof, suppose that p® satisfies part 1 and 2 of the the-
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orem. Using the above arguments, we can see that p® fulfills the criteria of

Theorem 3.7 and also (pf’St) } is a (G, P)-local martingale. [

tel0,T
Remark 3.11. In fact Theorem 3.10 parametrizes Q by parameter 3 € B. As,
it is expected, it determines infinitely many probability martingale measures for
the incomplete model S on (Q,G, P). For instance, in the case of v = 0 for
n>2let f(t;n) = nZ—} for allt € [0,T]. It is a straightforward calculation to
show that 5(.;n) € B. From the Fubini’s theorem and the martingale property
of (Z4)iepr) with Zy = 1:

T T T
Z 1 1 1
Bl | Ztau] == | E[Z]du=— | du=—<
/OnTu nT/O [ }u nT/O b oo

This corresponds to condition (i) of Definition 3.9, condition (ii) is trivial for

v =0, and to see (iii) in the definition, notice that

Ur =1 /T Zg—1-Ly for alln > 2
=1- =1—-- or atln .
T o nTZ, n_ =

Thus probability measure QQ,, defined by B(, n), as in Theorem 3.10, belongs to
Q, i.e. {Qntn>2 C Q.

We point out that Theorem 3.10 does not use a G-Brownian motion in the
decomposition of p®. Although we study our model in the enlarged filtration
G but the calculations are reduced to the filtration F. In the next section, this
property helps us to determine superhedging trading strategy of a G-contingent

claim in terms of S} and S¢(6) rather than S;.

3.3 Superhedging in the defaultable market

In the remaining of this chapter we investigate the superhedging problem in

the incomplete defaultable market described in Section 3.1.
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Let H = H 1;om + H d(T)l{TST} be a nonnegative Gr-measurable contin-
gent claim such that

sup E9[H] < 400,
QeQ

where HY is a nonnegative Fr-measurable random variable and H4(7) is a
nonnegative Fr ® o(7)-random variable. We are looking for a minimal initial
capital Uy and a G-admissible portfolio process which cover H at the maturity
time 7. Mathematically speaking, this problem is identified by the upper Snell
envelope of H with respect to the set Q, i.e.

Uy :=esssup E¢[H|G], t€][0,T], (3.43)

QeQ
where Uy = supgeg E®[H] determines the initial cost of superhedging H.
From the optional decomposition theorem, we know that there exists a G-
prdictable process (¢¢)icpo,r) and a nonnegative G-optional process (C)icfo1]

with Cy = 0 such that
t
Ut = U() +/ Ps dSs — Ct, te [O,T] (344)
0

See El Karoui and Quenez [12] for more details on pricing in incomplete mar-
kets, and consult with Féllmer and Schied [16] for an excellent demonstration
of the problem in a discrete time setting.

To obtain the superhedging G-admissible portfolio 7 = (7, 7), first we
find a decomposition for Y; in terms of S; and S¢(7). This result, Theorem 3.14,
provides us a tool to characterize G-admissible wealth processes in our model.

The next proposition is a well-known result in complete markets, for reader’s

convenience, we recall this result from Karatzas and Shreve [23].

Proposition 3.12. Let (Y, )wcpor) be a positive F-adapted process. Then
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(ZY )iepo is an (F, P)-local martingale iff

F F ! ]F IFdSF
=Y | g te 0,7, (3.45)

where (1) )iejor s an F-predictable process such that

T
/ (mfo))2dt < +oo, P-a.s. (3.46)
0

In particular, (K]F)te[o,;p] 15 an [F-wealth process corresponding to the F-admaissible

trading strategy ©° and the initial capital Yy .

Proof. If (Z;Y)iepor) is a positive (F, P)-local martingale then, by martin-
gale representation theorem, there exists an F-predictable process (¢¢):c(o1]

T
satisfying / ¢7dt < 400, P-a.s., such that
0

t
ZtY;]F = YOIF + / ¢ dW,, for all t € [0,T]. (3.47)
0
Define
F
= (eF)! (& + 'u—t) 3.48
t ( t) ZtY;F O.]I:F ( )

Then, one can show that

/OT(WtUt) dt <2 [/OT (ng gE dt—i—/T('u—ﬁz) dt]
< /¢tdt+2/ (Z—£)2dt<+oo,

mlnte[o T] Zt

(3.49)

since Z;Y/F is a continuous positive process, and due to assumption (3.2). Since

1 15 \2
az;t = 727t (Braw + (55)ar), (3.50)
Oy Oy



and Y = Z;71(Z,Y]"), using equations (3.47) , (3.48), and (3.50) along with a
straightforward calculation by Ito formula we can prove (3.45).

Conversely, suppose that (3.45) and (3.46) hold true. Having m;, we can
define ¢; using (3.48) which deduces (3.47). In addition, similar to (3.49), we
can see that

T T T
/ rdt < 2 max (Z,Y,")? [/ (of ) )2dt —i—/ (M—F)th} < +00. (3.51)
0 te[0,T] 0 0 ¢

g

The last part of the proposition is an immediate result of (3.2) and Defini-

tion 3.2. O]

As a consequence of Proposition 3.12, we can characterize G-adapted wealth

processes in terms of (F, P)-local martingales:

Corollary 3.13. Let (Y)icjo.r] be a positive G-adapted process. Then Y,
1s the wealth process corresponding to a G-admissible portfolio process m =
(7", 7%) with ¢ = 0 iff there exists an F-adapted process (Y )iepr) and an
O(F) ® B(RT)-optional process Y2(.), both positive, such that Yy = Y1y +
YA(7)1ysry and the following conditions hold:

(i) (ZY)iepor) is a positive (F, P)-local martingale.

(it) For any fized 0 € [0,T), (Z1(0)Y,(9)) is a positive (F, P)-local

telo,T)

martingale.
(iii) For all 6 € [0,T], we have Y{(0) = Y, (1 — w5~y), P-a.s.

F d

Proof. First, let us assume that Y; = X" = X[* 1y +X (7)1, for some
F d

G-admissible portfolio 7 = (7, 7). Set ;¥ = X7 and Y4(0) = X" (0) then

part (i) can be easily seen from Proposition 3.12, and part (ii) is verified
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similar to the proof of this proposition. Part (iiz) comes from Definition 3.4
for X
Keeping in mind Definition 3.4, one can also show the reverse statement

using the arguments of the proof of Proposition 3.12. m

The next theorem can be considered as a counterpart to Proposition 3.12 in
the enlarged filtration G. However, in this case, G-local martingale property
w.r.t probability measures () € Q does not fully characterize the G-wealth
processes. We need to add (I, P)-local martingale property of the before-

default process as well:

Theorem 3.14. A positive G-adapted process Y; = Yfl{KT} + Ytd(T)l{tzT}

is the wealth process associated to some G-admissible porfolio m = (7, 7%) iff

(ZY )iepo is a positive (F, P)-local martingale, and for any Q € Q process
(Yy)tepo,m is a positive (G, Q)-local martingale.

Proof. Taking into account representation (3.28), Proposition (5.6) of Karoui
q:(7)

4o
local martingale iff both of the following conditions are satisfied

Y (7)< is a positive (G, P)-

et al. [25] shows that pCY; = ﬁYt]Fl{Dt}—i—
90

t
(1) (%Yf(}t +/O MYd(u)ozu(u)du) is a positive (F, P)-local mar-

Q0 te[0,1]
tingale.

q:(0)
qo

(2) For any fixed 0 € [0, T1, < Yﬂ(@)a%@)) is a positive (F, P)-local

te[0,T)
martingale.

If Y} is a G-wealth process, condition (2) results from part (i7) of Corollary 3.13
and (3.29). To show (G, P)-local martingale property of (Y;).c(0,77, it is enough

to prove condition (1).
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From (3.30) and (3.31), Y,¥ = X/, and Tto formula we have

qt ! qu(u) d F L d
2YFG, + / LY N w) o (u)du = Z,U, XT + / Bu(u) Y (u)du
4o 0 do 0

t t t
= XI + / Z,V,dXE + / X, d(Z,v,)+ [29, XIF} + / Bu(w) Y4 (w)du
0 0

t
= X + /Z\I/XF o (opdW, +,uqu /XF

/X% du+/X5H F) —Z\I:““d+/ﬁu

u

F
— 7,0, 24y aw,
O'

= XF 4 / X5 (2, 0,755 + 6“(12 v Zu\yu”—;)dwu
u O-U
/ Bu(u Yd —XP(1- wﬁ%))du (3.52)

By the last equality and part (iii) of Corollary 3.13, condition (1) is now
satisfied. The (F, P)-local martingale property of (Z,;Y,")icjo7) is given by part
() of Corollary 3.13.

On the other hand, if (pFY;)iepo,7] is a positive (G, P)-local martingale then
conditions (1) and (2) are immediate as discussed above. From (2), it is easy
to drive part (i7) of Corollary 3.13. Keeping in mind equation (3.52), condition
(1) is fulfilled iff we have part (7i7) of Corollary 3.13. Therefore, by combing
these with the (F, P)-local martingale property of (Z;Y,");e(0.7], Corollary 3.13
finishes the proof. m

Now, we turn back to the superhedging problem (3.43) and finding Y; and
Cy in the optional decomposition (3.44). The next proposition reduces the
underlying ()-conditional expectations in G to P-conditional expectations in

the original filtration F.

Proposition 3.15. Let H = H]Fl{7—>T} + Hd(T)l{TST} be a nonnegative G-
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measurable contingent claim such that

sup E9[H] < 400,
QeQ

where HY is a nonnegative Fp-measurable random variable and H(T) is a

nonnegative Fr @ o(1)-random variable. Then for any QQ € Q we obtain:

1 T
EC[H|G) = 1{t<7}mE[ZT\DTHF - / @(&E[Z%(H)H%\fe]de\ft}

B|zi0)H'0)| 7| _

1
Flenzi)

(3.53)
for all t € [0,T].
Proof. Using Theorem 3.10, for an arbitrary @) € Q we can write Z—g = % =
—1{T<T} —|— ar(T )1{T>T} with £ and M as described therein. Hence:
do do do 4o
Q _ L F qr(7) ;74
EC[H|G,] = GE H HYT) 1>y |Gt
Pt do
E[ T/QOH]Fl . g] [M}ﬂ Liper g} 3.54
t/QO {T<r}|Yt Qt/QO ( ) {t<r<T} |t ( )
qr( /QO
+E[ Lozr) |G
q:(7 /QO (P Lz |G

In the following, we simplify these three conditional expectations to reduce
them into conditional expectations with respect to the F filtration. To do so,

we utilize (3.31) and Corollary 5.1.1 of Bielecki and Rutkowski [3] to get

G
qt/q (Qt/QO Gt (3 55)
7\ '
= 1{t<T}E[ 7 7]
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To compute the second term in (3.54), we apply Theorem 3.1 of Karoui et al.

[25]. By approximating MH‘Z(T)L{KT} by (MHd(T)l{T<T}> An
Gt/ 90 B Gt/ 0 B
and then using monotone convergence theorem, we have

E [%Hd(T)l{TST}l{t<T} gt]
1 qr(0) .4
= o a B | T T HO)ar(0)d0| Fi | i<
(%/(Jo) [/ ) (0)ar(0) ‘}_}1{ }
thpt / (@ (6)|Fo] do E}l{m}, (3.56)

to obtain the last equality, we used (3.29) and the property of conditional
expectation w.r.t Fy and F; for t < 6.

Finally, let us focus on the third term in (3.54). This is done with a
similar argument as used in (3.56), i.e. Theorem 3.1 of Karoui et al. [25],

approximating by a bounded sequence and monotone convergence theorem:

(T)/C]o d
ey

(gr(0)/q0)ar(0) . 4
— 1o E HY0)|F, 3.57
e G@mmed O (350
Z3(0)
= lyon B| 22 HYO) | F, :
{e27} [ztdw) )‘ t}
where again we applied (3.29) in the second equality. ]

The following theorem and its proof provide an algorithm how to determine
the superhedging trading strategy and the consumption process for an arbi-

trary G-measurable contingent claim H. The strategy consists of two parts:

(1) A before-default trading strategy in the original filtration (F)¢cpo,r) with

investing in (Sf)te[o,T]-

(2) An after-default trading strategy in the filtration (F);cjp, 7 with investing
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n (S¢(9)) sepprp Where 0 = 7 is the default occurrence time.

Theorem 3.16. Let H = H]F].{T<7-} + Hd<T>1{TZ7—} € Gr be as in Proposi-

tion 3.15. Then, the superhedging value process of H is given by:

1 T
esssup B¢ [H}Qt} = lf<ry esSSUP 70 E [ZT\I/THF + / ﬁg(@)E[Z%(@)Hd(Q)‘fg]dQ ‘ ]-",5}
¢

QeQ BeB t¥t
1
Lizr) e B | 200 HY(0 ‘]—'] 3.58
+ {t> }th(e) T( ) ( ) t o ( )
In particular, we have
sup E9[H] —supE ZpUpHT + / Ba(0 }]:g}dg} (3.59)
QeQ BeB

Proof. Let us define

1

YE .=
t AR

E[ZT\I/tHFJr / ' ZQ\TIQE[Z%(H)H‘Z(Q)}J%MQ‘]—"t}, (3.60)

for any ¢ € [0,7]. In addition, for any fixed § € [0, 7], we introduce Y;%(0) as

follows

E[z;é(e)Hd(e) ‘ J-"t] for all t € [0, 7). (3.61)

Let V; = Y 1y + Y(0)L1sry, for t € [0,T]. By the definition of Y,*(6), it is

clear that (Z{(0)Y(9)) is a nonnegative (F, P)-local martingale. Hence

telo,T)
there is an F-predictable process (7f(6)), cio.r) Such that
Yi(0) = X7 (0) = / X7 ()74(9) 2 a(0) (3.62)
. S a(0) :

By applying a measurable selection argument, we can choose the family of

7d(0) such that they are F; ® R -measurable functions for all ¢ € [0, 7.
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To obtain (3.58) it is enough to combine (3.43) and (3.53) with (3.62). O

3.4 Conclusion

In this chapter, we study a regime-switching model exposed to a counterparty
risk where the associated default time satisfies the so-called density hypothesis.

Our main goal is to provide closed form representations for the class of
probability martingale measures and the superhedging problem for this model.
This framework is an interesting case with potential applications in stochastic
volatility models, defaultable markets, risk minimization and utility maxi-
mization problems. Our explicit solutions facilitate the studying of pricing
and optimization problems in defaultable markets which lack concrete exam-
ples with explicit representations. Another importance of our results is the
fact that our techniques introduce a method to reduce the calculations in the

enlarged filtration G to the Brownian filtration F.
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Chapter 4

Efficient Hedging for
Defaultable Securities and its
Application to Equity-Linked

Life Insurance Contracts

4.1 Model Setting

In this Chapter we consider a financial model consisting of two assets B and
S, defined by their prices processes (By)o<i<r and (S;)o<i<r. Let us call this

model (B, S)-market and assume its price evolution as follows

dSt = St (mtdt + O'tth), S(] € (0, OO) ( )
4.1

dBt = Btrtdt, BO =1

for t € [0,T]. (ri)o<i<r is the risk free interest rate of our bank account B,

volatility and appreciation rate of S as the risky asset are given by ¢ > 0 and
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m respectively, and (W;)o<¢<r is a standard Brownian motion on the complete
probability space (Q,F = (F;)o<t<r € G, P). For the sake of simplicity, we
assume r = 0.

We postulate that (B, .S) is a complete market. In other words, there exists

a unique equivalent martingale measure P* defined by

P
ap T

such that
1 M)
Pt = exp ( - dW / (= (4.2)

2 0'5
for ¢t € [0, 7). In addition, (p} )ogth satisfies the following integrability condi-

tions

(1) [ (Z)2ds < +00, P-as.

(2) Elpy] =1

The default times are represented by 7; for ¢ = 1,...,n. They are some
positive G-measurable random variables (G-random times) with P(7; =0) =0
such that P(r; > t) > 0foralli=1,...,n and ¢t € [0,T]. For J C {1,...,n},

by progressively enlargement of the filtrations, define
G/ =FRVH and G’ :=(G])o<i<r

where H; = O'(TZ' ANt;i € J), for t € [0,T]. If J ={1,...,n}, we simply write
G, Hi, and G.

We make the following assumptions on the default times:

Assumption 4.1. The default times {r; : i = 1,...,n} and (Wy)o<i<r are

mutually independent.
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Assumption 4.2. P(1; =1;) =0, foralli,j=1,...,n and i # j.

In fact, Assumption 4.1 with the help of Bielecki and Rutkowski [3] (Lemma
6.1.2) imply that any F-martingale remains a G-martingale. This guarantees
no arbitrage condition in the defaultable (B, .S, T)-market.

There are some crucial processes associated to each random time 7; for

1=1,..,n
e The F-supermatingale

is called the Azéma supermatingale or the survival process of 1; with
respect to F. We assume that G} > 0 for all ¢ € [0,T]. Due to Assump-
tion 4.1, in our model (4.3) is simplified to G} = P(7; > t).

e Fori = 1,...,n, if there exists a nonnegative F-predictable process (11!)o<i<7

such that
t
Gl = exp ( — / ,uids), te[0,T] (4.4)
0

then (ui)o<i<r is called F-intensity of the random time 7;. This assump-
tion on the default time is well known as intensity hypothesis. Since
Gl = P(Ti > t) by Assumption 4.1, for all 4 = 1, ..., n the intensity s} is

only a nonnegative function of the variable ¢ € [0, 7).
o If (Mé)OStST exists then
] Ti N\t )
M} = 1{r<n —/ pads, te 0,77
0

is a G-martingale.
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We can interpret the intensity process as a local default rate, i.e.
P(7; € (t,t + dt]|F) = pdt. (4.5)

For more details regarding the above processes, see for example Bielecki

and Rutkowski [3] or Nikeghbali [43].

Let us define
D= {(Kt)OStST : bounded, G-predictable and x; > —1 dt x dP a.e.}.

Keeping in mind the above assumptions and notations, we can show that the

class of equivalent martingale measures for our defaultable model is given by:
Q = {QK | R = (/‘itl, ...,li?)ogtST € Dn} (46)

where the set D" consists of all n-tuples of the elements of D, and

dQR * K n
ap = PrPr keD
with
n t _ .
=Y [wptars ten),
i=1 70

for more details, see Bielecki and Rutkowski [3] or Kusuoka [31].

Due to Assumption 4.2, it is not difficult to see that the jumps of 7; and
7; for i # j do not coincide. Thus we can use the definition of stochastic

exponential to prove that

ﬁz(

n n
1=

(1+ /{:_i].{Tigt})> exp ( — Z/ /{i,uids>, tel0,7]. (4.7)
1 O

1 =
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Based on the available information (G) to the traders in the defaultable

market, we have the following definition for admissible strategies.

Definition 4.3.

0 -1

1. A G-trading strategy is a G-predictable process 7 := (7rt,7rt such

)te[O,T]
that

T T
/ |7P|dt < 0o, and / (W,}Stydt <oo P-as.
0 0

2. At time t € [0,T], the value process associated to (m), ;) is defined

te[0,7
by
Vi =) + m} Sh.

(Since we assume that r = 0.)

3. For a giwen initial value vy = 0, the trading strategy 7 is called self-

financing if its corresponding value process satisfies
t
V, = voJr/ W;dSS, P-a.s.
0
for all t € [0,T].

4. A self-financing strategy (Uo,?‘(‘t> 1s called G-admissible, if for its

te[0,T

corresponding value process (V"™ )iepo,r) we have
V,'oT >0, P-a.s. Vte[0,T].

The set of all G-admissible strategies with initial value vy is denoted
by A®(vy). In a similar way to above, we can define A% (vy), the F-

admissible strategies with initial value vy.
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In this chapter we investigate the efficient hedging problem of the default-

able contingent claims defined as

Hy o= H [ [ (Lror) + 0ilir<ry) (4.8)

=1

where H is a nonnegative Fp-measurable random variable and §; € [0,1] is
called the i-recovery rate, for i =1,...,n.
To formulate the problem of minimizing the shortfall risk weighted by a

loss function I we recall the following definition from Follmer and Leukert [15].

Definition 4.4. A loss function [ is an increasing convex function on [0, 4+00)

with
(i) 1(0) =0
(i) E[l(H)] < +o0
Additionally, we make some differentiability assumptions about [.
Assumption 4.5. [ has the following properties:
e [ €CY0,+00)
o [' is strictly increasing on (0, +00)
e '(0+) =0 and I'(+00) = 00

By above, the inverse function of I’ exists and is denoted by I, I := (I')~'.

In this framework, we apply the superhedging techniques to hedge Hs in

the incomplete market (B, S, 7). The initial cost of superhedging is defined by
Up :=inf {u>0: V;" > Hj, for some € A%(u)}.
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Equivalently, we can show that

Uy = sup E9[Hj] (4.9)
QeQ

where Q is the class of all martingale measures for S with respect to (2, G, P).

If we define

X, := ess sup E9 [H5|Qt} (4.10)
QeQ

for t € [0,T], then it is known that for some 7 € A®(U;) and an increasing

optional process C' with Cy = 0 we have
— t —
X, =U, +/ mdSs — C;. (4.11)
0

This decomposition is called the optional decomposition of Hs, see El Karoui

and Quenez [12] or Karatzas [22].

Using the structure of Q we provide a useful representation for Uy. Nakano
[42] has a similar result for the case n =1 and § € [0,1]. In the following, the
expectation E[p4H]| is denoted by E*[H].

Lemma 4.6. If E*[H| < 400 then Uy = E*[H].

Proof. For simplicity of notations, we suppose that n = 2, 9; # 0 and d = 0,
other cases can be treated similarly. In this case, {Hs > 0} = {H > 0}N{m >
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T} and
Uy = sup E[p}p%[—[(g]

keD?2

= sup {E PP H >y (1)

KkED?
+ 0 E [ ppprHrory (1= 1 smy)] } (4.12)
= sup {51E[PE?P5}H1{TQ>T}}

KED?

+ (1= 0)E|prpr H1 >y >1y] }

Now, let us consider k = (k!,x?) € D? with k' € D arbitrary but x* € D
constant such that x? \, —1. Then we have
Uy > ;i\rgl {&E[p*Tp%lp?fH Linsmy]
* I{l ﬁ:2
+(1—=61)FE [prT Pr H1{72>T}0{T1>T}} }

1 T (4.13)

= 6 E[pypy exp (/ ,uids)Hl{TpT}}
0
. T
+ (1 - 51)E[p;“p§1 exp </ NgdS)Hl{TQ>T}n{T1>T}} .
0
We work on each term of the right-hand side of (4.13), separately:

Blpips Hlpmory] = E [p;lE[p*Tﬂl{mT}yfT v H%]] L (414)

However, by Kusuoka [31], (p’fl) and (E[p%Hl{TpT}]}}\/H?]) are

te[0,7
two orthogonal (G, P)-local martingales. This implies that their product is a

te[0,T]

(G, P)-local martingale as well. By considering (H A m),,>1 and then using

the monotone convergence theorem as m — 400, Eq. (4.14) becomes

E| 05 Blpy Hmory | Fr V 13 |Go| = " B[p3 H1romy | Fo v HE)

= exp < - /OTuids)E*[H].
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On the other hand, if we first apply (4.15) in (4.13), and then choose k' € D

constant such that k' N\, —1 in the second term. Then
Up > 61 E*[H] + (1 — &) E*[H] = E"[H], (4.16)

2
where we used the fact that Fr and {7;},—1 2 are independent and P ( N{r >
i=1

T}> :exp<—i:il/0T,uids>.

To prove the reverse inequality in (4.16), notice that since k > —1, we have

T
K Kzl
prlir>Ty = pr €xp ( - / “§N§d3> Lizy>1y
0

b (4.17)
S pgi exp (/ uids) 1{72>T},
0
and
2 T
Prlin>Tingr>1) < €Xp (Z/ Mid8> m>Tyn{n>T} (4.18)
i=1 70

for any k = (k!, k?) € D% By (4.12) and inequalities (4.17) and (4.18), we get

Up < 61 Elpppy H] + (1 — 61)E°[H]
(4.19)
— 5. E*[H] + (1 — 6,)E*[H] = E*[H].

To get the first equality in (4.19), we need to repeat the arguments applied to
E[p*Tpg’:lHl{TpT}} in (4.14) and (4.15) for the case of E[p}pf H]. O

4.2 Formulation of the Problem and Main Re-
sults

Clearly, the client is not willing to pay E*[H] for buying Hs. S/he can buy H

in the default-free market for this price and receive H, P-a.s., without the risk
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of default. To offer a competitive price which is reasonable for the client, the
premium charged by the company should be less than E*[H]. However, if the
premium is less than E*[H]| there is a possibility of shortfall for the company
(still there is the possibility of payment H). This naturally leads us to the
problem of minimizing the shortfall risk with an initial capital © < E*[H].
In this case, we consider the problem of minimizing the expectation of the
shortfall risk weighted by a loss function. More precisely, we want to solve the

following problem

min B[I((Hs = Vi)")]. (4.20)

v<u

Due to Proposition 3.1 and Theorem 3.2 of Follmer and Leukert [15], there

exists a solution for (4.20). We recall these results in A.

In the next lemma, we show that the solution to the minimization prob-
lem (1.1) solves a maximization problem. Then applying this lemma and the
results of Cvitani¢ and Karatzas [8], we can find a closed form expression for

the solution, ¢.

Lemma 4.7. Let us define R := {¢ : Q@ — [0,1] ‘ 9 €Gr}, and g € R to
be determined from Theorem 1. Then the random variable ¢ is a solution to

the following mazimization problem

EP 421
s B¢ (1.21)
subject to the constraint

sup B [ppoieHs] <, (4.22)

KED™
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where

( U((1— ¢)Hs)Hs
P E[l'((1 — ¢)Hs) Hs]

; on {H5>O}ﬂ{g57é1}

(4.23)
0 ; otherwise

Proof. Let us define the function F : L'(P) — Ras F(¢) := E[I((1—v)Hs)]
for ¢» € L*(P). Then Theorem 1 indicates that ¢ minimizes F over the convex
set

R(a):={peR | sup E|pppieHs|) < a} C L'(P).
reD™
As a consequence, above and Theorem 7.4.2 of Luenberger [34] imply that

the following inequality holds for the Gateaux derivative of F' at ¢ with the
increment ¢ — @

dF (¢ +t(e — 9))
dt

|t:0 = DF(@;(p — (,5) > 0, for all p € R(a).

Using monotone convergence theorem we have

— E[I'(1 - ¢)Hs)(p — 9)Hs] >0, (4.24)
for all ¢ € R(u). Equation (4.24) implies the following crucial inequality

E[I'((1—¢)Hs)pHs| > E[I'((1 — ¢)Hs)pHs).

This inequality proves the optimality of ¢ to the desired problem.

Remark 4.8. Lemma 4.7 can also be proved by the method of Karlin (see
Karlin [24]) that was used by Follmer and Leukert [15] in the proof of Theo-
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rem 5.1, therein. In fact, both ideas reduce to the same calculation analogous

to Eq. (4.24).

Let £ be the closed convex hull of {p%}.cpn under P-a.s. convergence. It

is clear that £ is a convex, bounded set in L'(P) such that

{p;}KED" g E

Now notice that

dP

EPl¢l = B¢ (5 — 207 LHs)] + E[2p} Lo H,)
5 (4.25)
<B[(gp — 2prLHs)"] + =,
and
E|pyLpHs| < (4.26)

for all ¢ € R(u), L € £ and z > 0. To get inequality (4.26), we applied
Fatou’s lemma and (4.22).

By (4.25) and (4.26), we introduce the dual problem of primal problem
(4.21)—(4.22) as follows:

Va(@) = inf {az + E[(g — 2y LH5) "] }. (4.27)
LeLl

Cvitani¢ and Karatzas [8] adapted the techniques of nonsmooth convex anal-
ysis along with a theorem of Komlés (Komlds [28]) to prove that there exists
a solution (2, L) € Rt x £ to this dual problem. Using inequality (4.25), they
showed that ¢ has the following representation
p=1; .. .\ +DBl1 P-as. 4.2
Y {2p}LH5<%} + { & (4.28)

5% T dp |
ZppLHs =15
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where B is a Gp-measurable random variable with values in [0, 1]. In addition,

@, L, and Z satisfy the following conditions

ElpyLpHs| = a, (4.29)
and if we introduce
s P _, +
V(z) := FQEE[(E — ZpyLHy) ], (4.30)

then V() = E[(g - épi}f/H(g)Jr]

In B, for the convenience of reader, we summarize the algorithm of finding

(2,L). In the next lemma, we provide a more explicit description of L.

Lemma 4.9. Consider the dual problem (4.27). For @ < Uy, let V(3), Z and
L to be defined as above. Then

1. V wanishes, more precisely:
V(2) = B[(55 - ZpiLH;) ] =0, (4.31)

and

EP[p] = Vi(0) = az. (4.32)

2. Moreover, we have:
N n n n T .
L[ ton = (T[ o) ew (3 [ wids). sy
i=1 i=1 i=1 70

Proof. (1) First, notice that by {(0) = 0 we can assume ¢ = 1 on the set
{Hs = 0}. Now taking into account (4.28), we describe ¢ on {H; > 0}.
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(2)

From representation (4.28), we have ¢ = 1 on

dP

Ay = {ZpyLH; < B

(4.34)

and » = B on
Ay = {ZpyLHs = —} {azppL =1'((1— @)Hs) }, (4.35)
where & := E[I'((1 — ¢)Hs)Hs|. Furthermore, it is clear that ¢ =0 on
Az = (A4 UA,)" (4.36)

Let us recall that we defined 3713 =0 on ¢ = 1. On the other hand, we
know all z, p}, L and Hy are nonnegative. This implies that A; = 0,

and consequently V() = 0. Equation (4.32) is now obvious from (4.31)
and (2.1).

Without loss of generality, we suppose that 6 = (01, ...,d,) € [0,1)". In
addition, let 7 € {1,...,n} to be chosen such that ¢y,...,d; € (0,1) and
d; =0foralli=j+1,...,n (up to a rearrangement of 7;’s). If §; = 0 for
all 2 =1,...,n we take 7 = 0. For the case that § = 1 see Remark 4.12.

Now, we split the proof into two cases:

(i) 9; = 0 for all i = 1,...,n. We already proved that A; = () and
@ = 0 on Az. In this case, we only need to investigate (4.35) on

{Hs >0} ={H >0}n( ﬂ {ri > T}). Since for all K € D" we have

i=1
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k > —1, then

n n n T
Pt H Lipsmy < L= <H 1{n>T}> exp (Z/O M§d5>
=1 =1 =1

" (4.37)
= lim ph H Lirsty € L.
RN o
R consatnt =1
In particular, this implies
L] 1psmy < L. (4.38)
i=1
This inequality gives us
P _ .. i -
0= E[(@ — ZprLH;) ZHl 1{n->T}} < V(2). (4.39)

Combining with part (1), L is, in fact, a solution to V().

(11) For some j € {1,...,n}, 01,...,0; € (0,1) and ¢; = 0 for all 1 =
J+1,...,n. In this case, we have
{Hs >0}y ={H>0}n( () {m>T}).

i=j+1

By (4.37) and (4.38), similar to (4.39) we can show that:

dP . -
0< E[(55 — 200 LHs) " [ [ L))
=1
7 - (4.40)
P _ , - (=
< B[4 gy lt) [[1eom] < 76
i=1

Using this and a similar argument as in case (i), (4.33) is proved.
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]

Remark 4.10. Let us point out that if the recovery rate § # 0, L does not
necessarily coincide with <H 1{n>T}> exp(Z fOT ,uéds) on {Hs > 0}. In
i=1 i=1

this case, inequality (4.38) does not hold on (rj] {r, > T} n ( ﬁ {m >
T}) N{H >0} C {H(; > O}. For instance, for nZi:1 1 and § # 0, thi&i};m'ly of
Gr-measurable random variables pfli<ry = (14K, ) exp (— fOT fis,usds) Lir<t},
for k > —1, does not possess an upper bound. However the modified option
QHy, with ¢ given by (4.28), still provides an implicit solution for the efficient
hedging problem (4.20).

In the case of 6 = 0, (4.33) fully describes L on ‘ﬁl{ﬁ > T} D {Hs; > 0}.

Considering this discussion, we will find an explicit representation for ¢ when

the recovery rate 6 = 0.

Henceforth, in this chapter, we assume that the recovery rate ¢; = 0 for all

1 =1,...,n. In particular, let us define

Hy = H [[ 11y, (4.41)

i=1
where H is a nonnegative Fp-measurable random variable.

Theorem 4.11. Under assumption 4.5 on the loss function [, the optimal

randomized test © described in Theorem 1 is given by

1— (I(Apy)/Ho) N1 5 {H, > 0}

p= (4.42)
1 ; {Ho =0}
where the constant \ can be determined by the constraint
E*[H — I(\ph) A H] = @ (4.43)
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Moreover, (u, ) obtained from the optional decomposition of the modified claim

QHy gives us the the optimal strategy for the efficient hedging problem (4.20).

Proof. From (4.28) and Lemma 4.9 we can see that

5= DBl, . ]
¥ {Zp}LHoz% ’

on {Hy > 0} and ¢ = 1 on {Hy = 0}. Since § = 0, recall that L = L by (4.37)
and Remark 4.10. By some straightforward calculations, this becomes

;

1—I(A\pp)/Ho {¢=1—1(0p})/Ho} N{Hy> 0}

0 {$ > 11— 10\7)/ Ho} (4.44)

Ayl
Il

1 {Ho = 0}

\

n [T
where A := &Z exp ( > u’sds) is a constant. (4.44) is still an implicit form
i=1Jo

for ¢. To find an explicit representation, we exploit a similar idea to Follmer

and Leukert [15]. To do so, for A > 0, let us define

. 1— (I(\p})/Ho) N1 ;{Hy > 0} (.45
1 ;{Hy = 0}

Because {7;};=1., and Fr are independent, we get

E[pyLoaHo| = E*[H — I(A\p}) A H. (4.46)

By dominated convergence theorem, it is easy to see that £* [H —I(A\pr)NH }

decreases continuously from E*[H| to zero as A increases from 0 to +oo. Thus,
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for @ € (0, E*[H]), there exists A > 0 such that
E[p;yLesHo| = . (4.47)

Let us consider g5 defined by (4.45) and A chosen by (4.47). In the following,

we show that ¢y, in fact, satisfies (4.44).

On the set {5 =1 — I(S\p*T)/HO} N{Hy > 0}, it is clear that
1) /Ho =1 -3 < 1.

This implies p5; = 1 — (I(S\p*T)/HO) A1 =1—I(\pt)/Hy, same as (4.44).
Similarly, if 5 > 1 — I(Ap4)/Hy then one can see that

(I(\o7)/Ho) A1 =1— 5 < I(Ap})/Ho, (4.48)

where the equality comes from the definition of ¢5, Eq. (4.44). This means
(I(S\p*T)/HO) A1l =1, and again by the definition of ¢y, it gives us 5 = 0.
Finally, if we suppose that {¢5 < 1 — I(S\p*T)/HO} # () we get the following

contradiction

(I(Ap3)/Ho) A1 > I(Ap7)/Ho.

The last statement of the theorem is an immediate consequence of Theorem 1

part (2). O

Remark 4.12. 6 = 1 implies that Hy = H is default free in a complete

market. In other words, for all 7;’s we have l¢,~7y = 1. By repeating the
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same arguments as above on {H > 0} and {H = 0} we get

. 1— (I(\py)/H) A1 {H >0} (.49
1 {H =0}

such that E*[pH| = u. In this case, our result is consistent with Theorem 5.1

of Follmer and Leukert [15].

Corollary 4.13. For § =0 and given @ € (0, E*[H]), the following conclusion
holds:

p
Consider l(x) = % for some p > 1 and let ¢, to be the corresponding ¢

represented in Theorem 4.11. Then there exists ¢ > 0 such that

(1= @&p) Holyaysoy — (e A H) [ [ Lmsry Lasop (4.50)

i=1

almost sure and also w.r.t L'(P*)-norm, as p — +oo. The constant ¢ is

determined by E*[c N H| = E*[H| — a.

Proof. Let us consider 5\p as the corresponding A in Theorem 4.11. First of
all, similar to Follmer and Leukert [15], Proposition 5.3, we can show that for
some ¢ > ()

1

lim A7 =ec
p——+00

Due to Theorem 4.11, we have

1 1

(1 — @, Holimysop = (A5 " (p3)71 A H) H LrsmyLgmsoy,
i=1
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and in addition by (4.29)

i = B [LgpHol(y>0y]

— exp Z / pids ) E* | (H ~ A“(pTWAH)Hl{T»T}]

=1

Since hm (pT) = =1, P-a.s., the above equations together with dominated

Convergence theorem prove the corollary. [

Now, let ESR(u) to be the minimum of the expectation of the shortfall
risk for the default free contingent claim H and initial capital v < Uy =
E*[H], defined as (4.20) . Similarly, define ESR™ (@) as the minimum of the
expectation of shortfall risk for Hy and the available initial capital %. The

next theorem provides a useful relation between ESR(u) and ESRT(w).

Theorem 4.14. Let u € (0, E*[H]) to be given, then the following properties
hold:

1. We have
n T
ESR™(u) = exp < — Z/ uids) ESR(u). (4.51)
i=1 Y0

2. Suppose that # € A¥(u) is the optimal trading strategy that attains
ESR(a) in the default-free market (4.1). Then the optimal trading strat-

egy associated to ESR™(u) is given by

(Fe)eepo (wtnl{n>t}) o €A, (4.52)
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Proof. 1. By the results of Theorem 4.11 and Theorem 1:

ESR™(a) = E[1((1— ¢)H,)]

E [z((l (M) A H) Loy [ | 1{n>T})] (4.53)

i=1

A 1)) A

From (4.43), the constant A can be determined from

i=E* [(H — I(\py) A H) 1{H>0}] , (4.54)
keeping in mind this equation, Remark 4.12 implies

ESR(@) = E[I(T(\o5) A H) Lipsoy]- (4.55)

Now, comparing (4.55) with (4.53) verifies equation (4.51).

2. Since 7 € A"(@) is a solution to ESR(1), by Theorem 1 and Remark 4.12
VT = H —1(\p}) A H, (4.56)

where ) satisfies (4.54). On the other hand, from Theorem 4.11 we know
that the optional decomposition of @ Hy gives us the the optimal solution

corresponding to ESR7(@). It is easy to see that

GHy = (H = 10p7) A H) [T Loy

i=1

= VYT:M} H Lz>my-

i=1
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Keeping in mind Assumptions (4.1) and (4.2), we apply the multidimen-
sional Ito formula for (Vf’ﬁ I1 1{n>t}> o’ Then the optional decom-
i=1 tel0,T

position of @Hj is given as follows:

T n n
pHo =1u+ / Ty H 1{T¢Zt}d5t - VT?WI{HST} H Lir>1y
0 i=1

i=2
n—1 Tit1 i n

SN | TRy T | E
i=1 70 j=1 k=it2

where we set [[ 1>y =1 for i =n — 1. We used the fact that the
k=i+2

continuity of S allows us to write /T e H Lir>0dSy = /T e H Lir,>dS;.
Using the decomposition of G—pre?iicta{):lé processes in tzzrms Z.0:1“1 7;’s and
the F-predictable processes, see Pham [44] Remark 2.1, clearly (frt ﬁ 1{nzt}) 0]
is a G-predictable process. In addition, we recall that ]F-admissibzizlilty of

T implies

)
U +/ m,dSs > 0, P-a.s.
0

for all § € [0, T]. Now, since (A, ;) At € [0,T] almost sure we have
t " (Niza )Nt
i+ / o [ [ LimzspdSs = i+ / 4dSs > 0, P-as.

for all t € [0, T]. This argument proves that, in fact, © € A®(a).
[

In fact, Theorem 4.14 reduces the efficient hedging problem in the default-
able market to the corresponding problem in the default-free market. The
advantage of this result is to avoid the complication of working with the op-
tional decomposition of ¢Hj in the enlarged filtration G. By equations (4.51)
and (4.52), for 6 = 0 we only need to find the perfect hedging strategy of
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H(l - (I(S\pi})/H) A 1) € Fr to solve problem (4.20).
In the next lemma, we investigate smoothness of the minimum of shortfall

risk as a function of initial capital.

Lemma 4.15. Let us consider ESR™ : (0, E*[H]) — (E[l(Ho)],0) as a
function of available initial capital i. Then ESR™ € C! ((0, E* [H])) and

dEdiRT (@) = —ZE[l'((1 — ¢)Ho) Ho (4.57)

for alla € (0, E*[H]).

Proof. Define U : ¥ — R as
U(y) := E*[LyHy] for o € ¥,

where ¥ := {¢ € L'(P) | E*[LH,| < +o00}. Consider ¢ defined as (4.42),
then by equation (4.29) we get

ESR™(i)) = ESR™(U($)). (4.58)

To proceed, our idea is to exploit Frechet derivative of FSR”™, and Gateaux
derivative of U and ESR"™ o u. By equation (4.51), it is clear that ESR™ €
C'((0, E*[H])) iff ESR € C'((0,E*[H])). We can apply Theorem 7.1 of
Follmer and Leukert [15] to see that for 6 = 1 (a complete market) ESR €
C((0, E*[H])). It is also known that ESR™ € C*((0, E*[H])) implies Frechet
differentiability of ESR™. Moreover, we can compute Gateaux derivative of
function U at ¢ with the increment ¢ as follows
DU(p;¢) = Wh:o
i (4.59)
= E*[LpHy| = a.
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By the above arguments, the Frechet derivative of ESR™ exists and U

is Gateaux differentiable. Thus we can apply the chain rule to evaluate the

Gateaux derivative of ESR™ o U

D(ESR™ o U)(¢; ) = DESR(U($); DU(%;9)),

see for instance Kurdila and Zabarankin [30]. On one hand, we have

dE[I((1 — ¢ —tp)Ho)]

D(ESRT o U)(g;¢) =

= —E[I'((1 — ¢)Ho)@Hy|

= —aV,(d) = —aus,

dt =0

(4.60)

(4.61)

we used Eq. (4.32) and also recall that & = E[I'((1 — ¢)Hy) Ho]. On the other

hand
DESR™(U(p); DU(¢;¢)) = DESR™ (a; @)
_ dESR (i + ta)
- dt =0

dESR™ ()
du )

Finally, combining (4.60), (4.61) and (4.62) together, we have

=

dESRT
du

(@) = —az < 0

for all @ € (0, E*[H]).

(4.62)

(4.63)

]

With the help of the above lemma, we can provide more qualitative features

of ¢ and Z corresponding to maximization problem (4.21) and its dual problem

(4.27), for § = 0.

Lemma 4.16. Let us consider %, \, &, and @ (defined above) as functions
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ofu € (0,E*[H]). Assume that {iy}m=o C (0, E*[H]) and @, — o as

m — o0o. Then liIE Atim) = i), moreover
m—r—+0Q

P(Up) — p(To) P-a.s. and w.r.t L'(P)-norm (4.64)

as m —» oco. In particular, we have lim Z(d,,) = Z(uo).
m—+00

T _dESRK”

Proof. By Mu) = a(u)Z(u) exp <zzn:1 i ,uids) and a(u)z(u) = T (u) €

C’((O, E*[H])), it is clear that

ml_i}l};@ AMy) = AMtp).
Using the representation of ¢ in Theorem 4.11, continuity of I and the domi-
nated convergence theorem, we can prove (4.64).

Since E*[f)gb(ﬂm)Hg] = U, € (0, E*[H]) for all m > 0, it is easy to see
that ¢(u,,) # 1 P-a.s and as a result &(u,,) # 0 . Therefore, continuity of
Z(.) on (0, E*[H]) can be deduced from the same property for a(.) and 2.
The following inequality, (4.64) and dominated convergence theorem together

establish the continuity of a(.):

0< E[l’((l - @(am))HO)HO] < E[l’([(ﬂ(am)p;))f[} — i) E*[H].

x
To demonstrate our results, we consider the power function /(z) = — for
p
some p > 0. In this case, problem (4.20) turns into problem of minimizing the

lower partial moments with the random target H,.

Example 4.1. Assumen =1, =0, and H = (S — K)* for some K > 0
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as the strike price of the call option H. Hence

Hy = H1{7>T}-

Working in the framework of Black-Scholes model with constant parameters o

and m > 0, we get

fort € [0,T]. Clearly, by Girsanov’s theorem, (W} )o<i<r := (W + 2t)

P+

m 1 m.2
R
= m? 1 -2 '
= 567 exp (@T — 5mT> STU

0<t<T

is an (F, P*) standard Brownian motion.

Now, by our results, problem (4.20) can be solved in two ways:

1. Directly, using our result for defaultable markets (i.e., Theorem 4.11).

In this case, we need to find the optional decomposition of pHy in the
enlarged filtration G. However, this method demands some tedious cal-

culations and finally gives us a complicated hedging strategy.

Suppose i < E*[(Sp — K)*], then Theorem 4.11 implies

~ H—QOpo)r T AH {H >0 n{r>T}
OpHo =
0 AH=0tu{r <T}

By Follmer and Leukert [15], Theorem 3.2, we know that (u,7) obtained
from the optional decomposition of the modified claim ¢,H, solves the
efficient hedging problem (4.20). Similar to (4.10) and (4.11), for t €
0, T] define

Xt = esssup B¢ [@H()]gt].

reED
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For k € D and t € [0,T], first we simplify the underlying conditional

expectation:

. 1 !
E° [(ﬁpHo‘Qt] = e exp ( —/0 /is/LSdS)

t Mt

T
X E[p} exp ( - / "fs,usd3> (H - (/\P})"%l A H)1{7>T}‘gt}'
t

Let H = H — (S\p*T)PlTl N H. Then Corollary 5.1.1 of Bielecki and

Rutkowski [3] and some calculations give us

T
E[p;’ exXp < - / Hs,usd5> H1{7—>T} ‘gt] =
t

t T
1{T>t}E|:p;—’H €xp (/ ,Usds - / Hs,usd5> 1{T>T}"Ft] .
0 t

Therefore, by above

EY [¢PH0|gt] - ( )
4.66

1 e : !
El{T>t}E[pTH exp (/ psds — / /isusds> 1{7—>T}“7:;€].
t 0 t

Now, if k is constant in (4.66) and k \, —1 then by Fatou’s lemma and

the definition of X, we get

.1 - T
X > E1{7>t}E[PTH exp (/ /J/Sd5>1{T>T}‘E:|
t 0

1 T ~
— El{T>t} exp (/ usds>E[pi}HE[1{T>T}‘]:T] |th] (4.67)
t 0

= 1{T>t}E* [ﬁ‘ft] .

On the other hand, due to (4.66) and k > —1 ds x dP-a.e. it can be
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seen that

. 1 N T
X; < —*1{T>t}E[P;H exXp (/ ,usds)l{7'>T}‘E}
Pt 0 (4.68)
- 1{T>t}E* []:‘I‘ft] .
The inequalities (4.67) and (4.68) show that
Xy = U EF[H|F,
(>0 B [H| ] (469

— B Y] - 1oen B[] 7]
fort €10,T).

By martingale representation theorem for Brownian filtrations, we have
5 N t
E*[H|F] =E*[H] + / m,dS,
0

for some F-predictable process '.

Applying Ito formula on the second term of (4.69) (in the second equal-
ity) and using the above representation along with the continuity of the

process S, we get

t
;= ﬂ—l—/o W;l{TZu}dSu

_ <a+ /0 ' n;dsu> N,

where Ny := 1(;<y. Furthermore, notice that similar to (4.54)

(4.70)

i = E*[H— (\py)7T A H.

We can interpret the optional decomposition (4.70) as follows: Starting

with U as the initial capital, if we hold ;11> number of shares of the
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stock at time t € [0,T], and withdraw the amount (ﬂ + Jy W;dSu)>Nt

then we can guarantee to generate ¢,Hy at time t =T

2. In contrast to above, we can apply Theorem 4.14 and Remark 4.12.
In other words, instead of solving the efficient hedging problem in the
defaultable market, we first solve our problem in the complete market.
Then, we apply (4.51) and (4.52) to determine the minimum of shortfall

risk and the optimal strategy in the defaultable market.

Keeping in mind the second approach, let us fir r =0, m = 0.02, 0 = 0.2,
So=1, K =038, and T =15 (years), thus Uy = E*[(Sr — K)] = 0.3819. In
addition, assume p = 0.01 which implies P(t > T) = 0.8607 (a probability of
P(r < T) = 0.1393 default before the maturity time T = 15).

Consider l(z) = %2 and the available initial capital © = 0.17 < Uy to hedge
Hy. Applying Remark 4.12, we have

ESR() = 0.0971.

In the next section, for an analogous claim H = (Sp — K)* 4+ K, we provide
the details how to compute ESR(t) = ]%E[((l —¢(a))H)"] and the associated
optimal trading strategy .

By Theorem 4.1/ and above, starting with u = 0.17, the minimum of the

expectation of shortfall risk weighted by | for Hy becomes
ESR™(u) = P(t > T)ESR(u) = 0.8607 x 0.0971 = 0.0836.

For some fized values of initial capital, Table 4.1 presents the associated min-

imum shortfall risk versus . For a given u, since Hy < H, as it is expected

ESR™(a) is less than ESR(1).
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Table 4.1: ESR"(u) vs. ESR(u) for a defaultable call option.

Initial capital | ESR"() ESR(1)
i | 0=0 §=1
$0.32 0.0051 0.0059
$0.27 0.0183 0.0213
$0.22 0.0429 0.0498
$0.17 0.0836 0.0971

4.3 Application to Equity-Linked Life Insur-

ance Contracts

In this section, we want to study equity-linked life insurance contracts in the
framework of Section 4.1. Although there are different types of equity-linked
life insurance contracts, we concentrate on the contracts called “pure endow-
ment”. Mathematically speaking, a pure endowment equity-linked insurance

is defined as

Hl{T(x)>T} (4.71)

where H is a nonnegative Fr-measurable random variable and T'(z) is a pos-
itive random variable defined on the probability space (€2,G, P). In fact, H
is a future payment at time t = T which its size depends on the evolution of
the risky asset S during the contract period [0,T], and T'(x) represents the
remaining lifetime (or the future lifetime) of a client who is currently at age
x. The quantity

P = P(T(x) > T) (4.72)

is called the survival probability of the client. Using “Life Tables” (see for
instance Bowers et al. [4]) we can find 7p, of each client for our pricing and

hedging purposes. Clearly, rp, depends on some factors such as age, race,
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sex, etc. We do not touch a mortality modeling in this chapter, while an
appropriate stochastic mortality modeling can bring reasonable advantages
in such pricings (see, Melnikov and Romaniuk [37]). For a pure endowment
contract (4.71), if the insured is still alive at maturity of the contract the
payment is H otherwise zero.

Similarly, we can define a defaultable (pure endowment) equity-linked life
insurance contract with recovery rate d as a contract with the following payoff
function

H; (T, T(Jj‘)) = (H1{7_>T} + 5H1{7—<T}) 1{T(m)>T} (473)

where 7 is a default time for insurance company. Therefore, to receive the
payment H the client must be alive at time 7" and also the insurance company
should not default up to this time. In the following, to provide explicit solu-

tions (by applying Theorem 4.11), we let § = 0. In this case, (4.73) is denoted
by Ho(r, T(x)).

Assumption 4.17. We postulate that S, T(x), and T are mutually indepen-
dent.

The three elements of our model, S, T'(z) and 7, generate two types of
risks. There is an uncertainty associated to the asset price and the default
time. This risk depends on the behaviour of the financial market, and it is
known as financial/credit risk from financial literature. Another source of
risk is the so-called mortality risk from insurance terminology, and it is the
risk caused by the mortality time of the client, T'(x), which is independent of
the financial market. There are different approaches to hedge and price the
contingent claim Hy(7,7'(z)), we focus on superhedging approach (El Karoui
and Quenez [12]) and Brennan-Schwartz approach (Brennan and Schwartz

[5]) to deal with these two sources of risk (respectively) in this chapter. See
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Moller [41] for a survey on different financial and insurance principles to hedge

equity-linked life insurance contracts.

4.3.1 Brennan-Schwartz Approach

By Brennan-Schwartz approach, size of the life insurance contracts is consid-
ered to be large enough to use the strong law of large numbers. In other words,

if the insurer sells the insurance contract (4.73) to N clients then we have

N
Y Limwsr) = Nops. (4.74)

i=1

This means that by applying strong law of large numbers, the mortality
risk is managed (diversified) by the size of the contracts. Hence, hedging
Hy, (7', T(m)) reduces to hedging the modified claim 7p, H1¢~7y.

Keeping in mind that G, = F;VH; and H; = o(7At) for t € [0, 7). To hedge
the credit risk associated to Hy (T, T (x)), we apply superhedging techniques for
H1g~7y in the incomplete market (B, S, 7) equipped with the filtration G =
(Gi)o<t<r. In fact, for a single contract Hy(7,T(x)) the insurance company

should superhedge 7p, short positions of H1,~7} in the defaultable market.

As a particular case, we study equity-linked life insurance contracts with

constant guarantee K, i.e.,
H =max(Sp, K) = (Sp — K)" + K

in (4.73). Using Brennan-Schwartz argument and Lemma 4.6, we consider the
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following amount as the premium of insurance contract (4.73)

U= rp. Uy = 7p E* | max(St, K
TPzY0 = TP [ ( T )] (4‘75)
= 1P B*[(Sr — K)*] + rp. K

obviously, @ < Uy = E*| max(Sy, K)|.

Same as Example 4.1, we take {(z) = o for some p > 1. Starting with
the premium u = 7p,Uy as the initial Capiizzjal, we want to solve the efficient
hedging problem (4.20) for the insurance contract Ho(7, T(x)). Let ¢, to be
the optimal solution corresponding to the initial capital @ and the problem
introduced in Remark 4.12. Then Theorem 4.11 and 4.14 show that the per-
fect hedging of the modified claim ¢,. max(Sy, K') solves our efficient hedging
problem. We follow a similar argument to Follmer and Leukert [15] to find the

explicit solution. By Remark 4.12:

¢p. max(St, K) = max(Sy, K) — (cp%lSTp_fﬁl) A max(St, K), (4.76)

m
where § := —, and constant ¢ comes from the constants involving Theo-
o
rem 4.11 and Eq. (4.65). By u = E* [gﬁp. max(Sy, K)}, depending on the value
1 =B .
of @, the decreasing convex function crTsr T intersects with max(s, K) at

s= K, < K ors= Ky > K. More precisely, we have:

(i) It > E*[(Sr — K(%T)%)I{ST%(}} then (4.76) becomes

St B
= Kl <sp<iy + 571l{s,>K) — K(?T)lfpl{sﬂm}. (4.77)
1
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(it) If a < E*[(Sr — K(%T)l%)l{sﬂ;(}} then, in this case, (4.76) is equal to

_B_
= Stl{s;>K,) — Kz(é) s> k) - (4.78)

Now, applying Theorems 1 and 4.11, we provide an analytic expression
for the minimum value of shortfall risk. Additionally, the optimal strategy is
derived by using replication principle in complete markets. We only provide
the details for the first case, (4.77), the corresponding results for the second

case can be obtained by some straightforward modifications. Let us define

Vi 1= B[y maxe (Syexp [o (W5 = W;) - %02(T - )], K)|7] .

— Fp(t, St)

for t € [0,7]. In the case of (4.77), the Markov property and log-normal
distribution of S; imply that

Fy(t,s) = K® (d,(t, s, K1)> _K® (d,(t, s, K))

+sd <d+(t, s, K))

§ B m(T—t), B
~ R peXp[2<p—1> (p—l“)}

myT —t
o(l1—rp) )’

(4.80)

X cp(d,(t, s, K1) +
where @ is the standard normal distribution function and

Ins—InK 1
dj:(tys7K) = OT\/—_t:t§U\/T_t

The constant K7, and a priori ¢, can be determined from

@ = E*[pp. max(Sy, K)| = F,(0, Sp).
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After finding K5, by Theorem 4.14 the minimum shortfall risk can be cal-

culated as follows

ESR™(@) = P(r > T)ESR(@) = %P(r > T)E[<(1 - %(ﬂ))H)p}

= %p(f > T){l ~ (d- (0,50 K1) + mTﬁ>

() exp [20 (3L 1) - )]
VT VT )}

o o(l—p)

(4.81)

x @(d,(o,so, K))

Moreover, the optimal strategy corresponding to ESR(1) is given by

R 0

T s

:{ B oy (- 2T
sor/2m(T —t) 2

d*(t, s, K) s di (t,s, K)
LA0) 2 (- £

Fp(t7 S>|5:St

—exp(— 9 Kexp 5

+ <I><d+(t, s, K)) (4.82)

- S es [ (A )]
=

l—p
(d_(t, 5. ) + ’;‘(ﬁ,;f)Z)] }

1
+ —F——ex (—
o/ 2n(T —t) P

Therefore, by (4.52) and (4.82), the trading strategy (;1{r>¢})icpo,r] is a solu-
tion to ESR™(@).
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4.3.2 Superhedging Approach

Alternative to above discussion (Brennan-Schwartz method), it is possible to
treat both 7 and T'(x) as independent default times. In this case, we work in

the filtration enlarged by both 7 and T'(z), i.e.,
G =FVH,

where Hy = o(1 At) Vo(T(x) At) for t € [0,T]. We know that there exists a

nonnegative function f such that for all ¢ > 0

Py = P(T(m) > t) = exp ( — /Ot,&(x - s)ds). (4.83)

[t is known as the force of mortality or the hazard rate function, see for example
Bowers et al. [4].
Then considering 7 = 7, 79 = T'(z), and 6; = d2 = 0 in (4.8), we can use

Theorem 4.14, Eq. (4.51), to get
ESR™T@(@) = pp, P(t > T)ESR(). (4.84)

Notice that ESR(w) can be computed as presented in Subsection 4.3.1. Eq. (4.84)
means that if we add the information regarding the survival of clients at each
t € [0, 7] to the filtration G, then the minimum of shortfall risk is reduced by

the ratio of rp,.

2
Example 4.2. Let us consider [(X) = > and the parameters of our model

same as Fxample 4.1. In this example, we suppose that the client is at age
x =30. For T =15 and x = 30, using the life table in Bowers et al. [4], the
client will survive to the maturity time of the contract with the probability of

P = 0.949. Moreover, it is easy to see that Uy = E* [maX(ST, K)} = 1.182.
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Taking the Brennan-Schwartz approach into consideration and starting with
the premium u = 1p, Uy = 1.122 as the initial capital, we can employ (4.81)
to see that

ESR(@) = 0.0014

for 6§ =0, and ESR(u) = 0.0016 (0 =1).
In the case of superhedging approach, with the same u = 1.122, we apply
(4.84) this time to obtain

ESRTT@ (%) = 0.0013

for 6, = 6, =0, and ESRT@® (&) = 0.0015 where 6, = 1 and 6, = 0.

In Table 4.2, we compare Brennan-Schwartz and superhedging methods for
some given values of u. Similar to Table 4.1, from the insurer’s point of view,
ESR™(.) is still a decreasing function of the initial capital, and for a fized @ it
decreases with a higher possibility of the default event.

Obviously, using superhedging approach generates smaller values for ESR™ (@),
and this is consistent with our intuition. In the case of Brennan-Schwartz
method, we eliminate the mortality risk of the clients by the constant number
TPz, but in the superhedging method, more accurate information is available.
In the latter case, by the enlargement of the filtrations and adding the new
source of randomness to our model, we can provide a better approximation of

the risk.

4.4 Conclusion

In the framework of a defaultable Black-scholes model subject to a capital

constraint, this chapter studies the problem of minimizing the expectation of
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Table 4.2: A comparison of the minimum shortfall risk for equity-linked life in-
surance contracts with guarantee: Brennan-Schwartz approach vs. superhedging
approach.

Initial capital Brennan-Schwartz approach ‘ Superhedging approach

ESR™ (1) ESR(@) | ESR™T®(a)  ESRT@(q)

i 5=0 6=1 | G1=0=0 6 =1,6=0
$1.122 0.0014 0.0016 0.0013 0.0015
$1.066 0.0050 0.0058 0.0048 0.0055
$1.010 0.0110 0.0128 0.0105 0.0121
$0.954 0.0193 0.0225 0.0184 0.0213

shortfall risk weighted by a loss function. The underlying defaultable contin-
gent claim, with nonzero recovery rates, is exposed to multiple independent
default times satisfying the intensity hypothesis. We convert the considered
dynamic optimization problem with respect to time into a max-min problem
for testing a composite hypothesis against a simple alternative. The latter
problem is solved by the techniques of non-smooth convex duality studied by
Cvitani¢ and Karatzas [8]. In the case of the zero recovery rates, we provide
an explicit solution for the optimal solution to the desired efficient hedging
problem. Moreover, it has been proved that the efficient hedging problem in
the defaultable market (the enlarged filtration) can be reduced to a similar
problem in the reference default-free market. The results are demonstrated
by their application to equity-linked life insurance contracts with guaranteed

minimum maturity benefit.

We decide to analyze further measures to quantify and reduce risk in de-
faultable models. In particular, VaR, CVaR and CaR minimization prob-
lems (see, e.g., Rockafellar and Uryasev [45], Rockafellar and Uryasev [46] and
Dmitrasinovic-Vidovic et al. [10]) in models with dependent defaults, mod-

els subject to default times satisfying the density hypothesis, and the case of
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American contingent claims are some of our future research plans.
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Chapter 5

Bermudan Options and
Connections to Equity-Linked

Life Insurance Contracts

5.1 An investment bridge between mortality

protection and equity benefits

In Chapter 4 we studied the guaranteed minimum maturity benefit (GMMB)
equity-linked life insurance which guarantees the policyholder the maximum
between a predetermined amount (the guarantee) and an underlying stock
index at the maturity time. If the guarantee matures in-the-money then the
insurer is liable for the shortfall, otherwise the policyholder receives the stock

index and the insurer’s liability is zero.

The equity participation of the contract exposes the insurer to the market
risk in terms of a European call/put option. By traditional actuarial approach,

the mortality risk of the contract is usually managed by the client’s survival
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probability over the term of the contract. In contrast to this approch, we
used the concept of random times and the enlargement of the filtrations to
determine a hedging strategy which takes into account both financial risk and
mortality risk dynamically.

In this chapter, we investigate another type of investment guarantee that
resembles an American option. Using this connection and enlargement of
filtration techniques, from the insurer’s point of view, we study the problem

of maximizing probability of a successful hedge under a capital constraint.

Definition 5.1. The guaranteed minimum death benefit (GMDB) is a type
of equity-linked life insurance contract with two main characteristic features,
tmvestment opportunity and protection guarantee. Upon the insured’s death
during the term of the contract; if the underlying asset price rises then the
insured enjoys the benefits of the equity investment, and in the case of a down-
side risk investment the insurer guarantees a minimum payment to protect the

insured against the market risk.

We consider contracts designed with a separate account format. This means
that the insurer manages the fund available (from the premium) in the account
by investing in the underlying equity, but the actual owner of the account is
still the insured. Let F; be the market value of the separate account and S;

be the price of the underlying equity investment at time ¢. Then

S,
F, = Fyp=(1 —m)*, (5.1)
So
fort=0,1,2,...,T, where T is the maturity time and m denotes the manage-
ment charge rate deducted from the account at the end of each month.

If the insured dies in the time interval (¢ — 1,¢], for t = 1,2,..., T, the pol-

icyholder receives Max(K, F;). Mathematically speaking, a GMDB contract
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with guarantee K > 0 and the maturity time T has the following payoft:

T
Z e "t MaX(K, E)l{t—1<T(a:)§t}7 (52)

=1
where r is the risk free interest rate, and 7'(z) represents the life time of a
client who is currently at age x. For a comprehensive study of the investment
guarantees and their valuations approaches consult with Hardy [17], Aase and
Persson [1] and Ekern and Persson [11].

We suppose that the dynamic of the underlying asset price (Si)o<i<r is
governed by the following Black-Scholes model:

dSt = St (,Utdt + Otth) ,So >0
(5.3)

dBt = Btrtdt ,BO =1

fort € [0,T). (Wi)o<t<r is a standard Brownian motion on the complete prob-
ability space (Q,]F = (Ft)o<t<r C Q,P), (tt)o<t<r and the positive process
(01)o<t<r are F-adapted processes representing the appreciation rate and the
volatility of S respectively. The nonnegative deterministic process (7)o<i<r
denotes the risk free interest rate.

On the probability space (Q, g, P), the equivalent martingale measure P*
for (5.3) is defined as:

ap*
ap T
where
t t 2
* MS_TS 1 MS_TS )
= — dW, — — d A4
o exp(/oasw/ﬂ(%)s (5.4)
for t € [0,77].

To satisfy the no-arbitrage condition and make the above model complete,
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we impose the following integrability conditions:

T J—
(1)/ (u)2d8<+oo, P-a.s.
0

(2) Elpr] =1

Assumption 5.2. For the sake of simplicity, we assume that ry = 0 with
w = € R and o, = 0 > 0 constant. In addition, we take the management

rate m =0 and Fy = Sy in (5.1).

In this setting, the GMDB contract (5.2) is simplified to:

T
H(D) =Y Max(K, $)1{ 1<r@)<n (5.5)

t=1
In general, the mortality risk and the financial risk are not correlated. Hence

it is natural to assume that:

Assumption 5.3. T'(x) is a G-measurable random variable which is indepen-

dent of the risky asset S.

5.2 GMDB contract and Bermudan option

Minimum guarantee equity-linked life insurance contracts are traditionally
priced and hedged by a combination of actuarial methods and modern tech-
niques of mathematical finance. By the law of large numbers, the mortality
risk of the client is replaced by its expected value; and the financial risk associ-
ated to the underlying equity is managed by the methods of Black and Scholes.
See Brennan and Schwartz [5] and Hardy [17] for more details on pricing and

hedging principles of these types of contracts. In the setting of Section 5.1, by
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the aforementioned method, instead of (5.5) the following modified version of

H(D) is analyzed:

T
H:=) P(t—1<T(z) <t)Max(K,S,). (5.6)
t=1
Let P* be the unique probability martingale measure of the model (5.3). Then
initial price of the modified payoff H is given by
T
H(0):=) P(t—1<T(x) <t)E*[Max(K,S)], (5.7)
t=1
where E* denotes the expectation with respect to the probability measure P*.
In this chapter, rather than using the law of large numbers, through con-
structing a new filtration we consider H(D) as an American option with only

finitely many permitted exercise dates {1, 2, 3, ...., T} in an incomplete market.

To do so, by progressively enlargement of filtrations, let us define
gt = Ft V Ht, forall t € [O, T], (58)

where H; := o (T'(z) < t) is the o-field generated by T'(z) up to time ¢ € [0, 7.
We denote the enlarged filtration (G;)scor) by G :=F v H.

The financial model (5.3) equipped with the probability space (€2, G, P) and
the new filtration G = (Gt )sejo,r7 is an incomplete market because, for instance,
Li7(z)>1} is not attainable in this model. Assumption 5.3 combined with
Lemma 6.1.2 of Bielecki and Rutkowski [3] imply that any (F, P)-martingale
remains a (G, P)-martingale. This guarantees the no arbitrage condition in
the new model.

From Bowers et al. [4], we know that there exists a nonnegative function

i1, known as the force of mortality or the hazard rate function, such that for
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allt > 0 ,
o P(T(x) > t) = exp ( — /o f(x + s)ds). (5.9)

We do not touch a mortality modelling in this chapter, while an appropriate
stochastic mortality modelling can bring reasonable advantages in such pricing

methods (see, Melnikov and Romaniuk [37]).

Let us introduce

D .= {(K}t)ogtST : bounded, G-predictable and k; > —1 dt x dP a.e.}.

For any x € D, define

t
pr =1 +/ Ksps_dMs, t e [0,7T],
0

T(z)At
with M, = 1ip@)<iy — / fi(z + s)ds which is a (G, P)-martingale.
0
Using the definition of stochastic exponential, the unique solution to the

above SDE is given by

T(z)At
Pt = (14 fr@) Lr@s<n ) exp ( - / Rsfi(2 + S)d8> (5.10)
0

Keeping in mind the above notations, by Bielecki and Rutkowski [3], Kusuoka
[31], or Nakano [42], we can provide an explicit representation for the Radon-
Nikodym density of the probability martingale measures of (S;)sco,r) on (Q, G=
(Gi)o<t<r C G, P) as follows:

dQ*
dP

Q= {Q” | = ppph for some K € D} (5.11)

To see the GMDB life insurance H(D) defined in (5.5) as a Bermudan
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option, we recall the next definition from Schweizer [48]:

Definition 5.4. A Bermudan option is a particular type of American option
which can be exercised only at a predetermined region of permitted exercise
dates R C [0,T]. The payoff process is a nonnegative adapted RCLL process
denoted by U = (Uy)iepo,r) such that Uy = 0 for t € R. The option is exercised

by choosing a G-stopping time T with values in R.

In this chapter, we consider R = {1,2,3,...., T}, a suitable finite subset of

[0, 7. The underlying Bermudan option with the payoff process

U= (Ut)te[O,T] = (MaX(K7 St))

te[0,7)
and the region of permitted exercise dates R is represented by the pair (U, R).

Remark 5.5. The exercise date of the GMDB contract H(D) is not exactly
T(z). In fact, it is the smallest integer greater than or equal to T(x). Let
us denote this positive discrete time Gr-random variable by 7, we can use the

ceiling function to represent 7, i.e.
7 :=|T(z)[ (5.12)

To view H(D) as a Bermudan option, first we need to prove that the

random exercise time 7 is a G-stopping time.
Lemma 5.6. Let 7 be defined as in (5.12), then 7 is a G-stopping time.

Proof. For any t € [0,T], we have

(F<ty={F <[} ={T(z) <[]} € Gy € G:.
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where [t] is the floor function of t, the largest integer less than or equal to

S. O]

We consider the superhedging approach to price and hedge the Bermudan
option (U, R) = ((MaX(K, St))te[O,T]’R>' By using optional decomposition
of supermartingales, Kramkov [29] investigated this approach for the general
case of American options . Schweizer [48] utilized a backward argument to find
an analytic formula for the superhedging value process of a Bermudan option.
In the next section, the Schweizer’s techniques are adapted to price H(D) on

the probability space (Q, G = (G)o<t<r € G, P)-

The superhedging value process of (U, R) at time ¢ € [0,7] is defined as
follows:

X, := esssup E9" [UT\Qt], (5.13)
TE:;S;Z“)(R)

where S;r(R) is the set of all G-stopping times with values in RN [t,T], and

E@7[] denotes expectation w.r.t probability Q".

First, Schweizer [48] shows that X;, at t; € R is equal to the Q-uniform
snell envelope of all the finite possible payoffs Uy, for j =4,2+1,...,n, i.e. he
drops the stopping times 7 € S;, r(R) from the calculation of X;,. Then X;
between two possible exercise dates ¢; and ¢;;; is determined by the price of a
European option initiated at time ¢;, maturity time #;;; and the payoft X;,
at time ¢;41.

For the reader’s convenience, we summarize the Schweizer’s method in

Appendix D.
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5.3 A stochastic game between the death time
and financial decisions

Let vy > 0 be a given initial capital, and (7;):c(0,r] a G-predictable S-integrable

process. Then the self-financing value process (Vtvo’”) corresponding to

te[0,7)

(vg, ) is defined as:
t
VO =y +/ TsdSs, P-as., forall t € [0,T].
0

If V" >0 P-as. for any t € [0,7T], then the self-financing strategy (vg, )
is called G-admissible. The set of all G-admissible trading strategies with the
initial capital vy is denoted by A (vp).

Assume that the available initial capital to superhedge the Bermudan op-

tion (U, R) is U9 > 0 which is subject to the constraint:

o< sup EY[U]. (5.14)
k€D
TESO,T(R)

Since 7 is strictly less than the initial cost of superhedging (U, R), for any

choice of ™ € A®(7y), always there is a possibility of shortfall risk, i.e.
v e A%(3o) 3j € {1,...n} sdt. P(Max(K, ) > mj@ﬂ) >0, (5.15)

In this chapter, we are looking for an optimal trading strategy 7@ € A% (%) such
that it minimizes the worst possible scenario of a shortfall risk as described
in (5.15). Equivalently, we formulate the quantile hedging problem for the

Bermudan option (U, R) with the available initial capital 0y as follows:

sup ( inf P(Vf’o’”ZUT)) (5.16)

WGAG(fJo) T€So,7(R)
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This max-min problem is a stochastic game between the death time of the
insured and the insurer’s trading strategy to hedge (U, R). From the insurer’s
point of view, by problem (5.16) we want to maximize the worst probability

of a successful hedge over all permitted exercise dates in R.

As the first step to deal with problem (5.16), we exploit the Schweizer’s
method to determine the superhedging value process X; introduced in (5.13).
The next proposition gives us a tool to compute the underlying G;-conditional
expectations in the definition of B;’s, in (4.2), in terms of F;-conditional ex-

pectations.

Proposition 5.7. Let H be an Fr-measurable random variable. Then, for

any k € D and t € [0,T], we have

E?"[H|G,] = E*[H|F]. (5.17)

Proof. Using Bayes formula, one can write

E?"[H|G,] = Hlp*E[p:’}pi}H‘ﬂ}, for any xk € D. (5.18)
t Py

(E [p*TH’}"u} )0<U<T is an (F, P)-martingale which, due to Assumption 5.3, fol-
lows a (G, P)-martingale too. In addition, (p%)o<u<r is a (G, P)-martingale

orthogonal to (E [,o;H }]—"UD since their quadratic covariation is equal to

0<u<T’
zero. This implies their product (pfE [phH |F, ] )o<y<q 18 @ (G, P)-local mar-
tingale. By passing through (H A m),,>; and using the monotone convergence

theorem, we get

E[piEppH|Fr]|G] = pi E[prH|F]. (5.19)
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Hence

Kk 1 *
—EpypyH|G| = —E[pyH|F] (5.20)
t Pt Pt
from this equation, we can easily derive (5.17). O

Keeping in mind Appendix D, in the following theorem we now compute

process (X¢)ie(o.17:

Proposition 5.8. Let (X;).co,1] be the superhedging value process of the Bermu-
dan option (U, R) = ((MaX(K, St))te[o ot R). Then we have

X, =S+ E*[(K — S7)"| R, for all t € [0, 7). (5.21)
In particular, the initial cost of superhedging is given by
Xo= S0+ E*[(K — Sr)*]. (5.22)
Proof. By the definition of B, in (4.1):
B, =U,;, = Max(K, S;,).
From this and (4.2), we obtain

B,,_1 = Max (Utn_l,ess sup B9 [Bn|gtn_1]>
KED (523)
= Max ( Max(K, Stn71>7 E* [MaX(K, Stn) “Enfl} ) )

where to get the second equality we have used Proposition 5.7. On the other

hand, it is easy to see that

E*[Max(K, Sy,)| Fiy] = K (5.24)
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and

E*[Max(K, Sp,)| Fey] = E*[St,|Fon] = Sty (5.25)

Hence (5.23) becomes

B,—1 = E*[Max(K, S;,)|F._. ]
= E*[S,, + (K — S,) | Fi 1] (5.26)

= Sty + E (K = S,) | L] -

n—1

By induction, we can show that for all i =0,1,....n —1

B; = Max (Uti, esssup B9 [Bi-l—l’gti})

rED

= Max (MaX(K, Sy.), esssup B9 [E*[Max(K, S;,) !ftm} }gti})

K€D

— Max (Max(K, S,.), B* [ Max(K, Stn)]]-“ti]) (5.27)

= E*[S,, + (K — S.,) | R
=S, + E*[(K = 8,,)"|F,]

In this case, we applied Proposition 5.7 on H = E*[Max(K, S;,)|F,.,] with
the fact that 7, C F;, .. In particular, as a side product of (5.27), we can see
that (B;)i—01...n is an (F, P*)-martingale.

Having B;’s determined, by Appendix D and Proposition 5.7 we now cal-

culate X; for t € (t;,t;11] for each i =0,1,2,...,n — 1 as follows:

X, = esssup E?" [St“rl + E” [(K - Stn)+’]:ti+J |gt]

k€D
- B [Stm + B [(K = S)" | Fi,] \ft} (5.28)

=S+ E*[(K — Stn)+|]-}}
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Since (St + E*[(K - Stn)ﬂ]:t]) o is a continuous process and consump-
telo,T

tion process C! = 0 on each subinterval (;,¢;1], it is clear that the overall

consumption process (Cy)icpo,r) defined by (4.6) is zero.

Combining above with equations (4.5)-(4.7) completes the proof. [

Let us come back to the main problem of this chapter, the quantile hedging
problem (5.16). Aguilar [2] also studied this problem for a general American
option but he only established an upper bound for this max-min problem.

In the setting of this chapter, we solve problem (5.16) for its precise optimal
value. In addition, explicit form solutions will be provided for the maximal

probability and the optimal hedge which achieves this value.

Theorem 5.9. For the quantile hedging problem (5.16), we have

sup ( inf P(VT%”TEUTD = sup P(VTﬁO’ﬂzUT) (5.29)

rEAC (5g) \ TE€S0,7(R) TEAC (%)

Proof. For an arbitrary m € A®(9), let Ay 1= {V;:’O’” > Ur} € Gr. Then
E? [V 14,|G,] = B9 [Urla,|G.], (5.30)

forallk € Dandi=0,1,2,...,n. Since (Vf’o’”) is a (G, Q")-supermartingale,

te[0,77

we get

Vor > B9 VRG] > B9 VR4, |G (5.31)

On the other hand, Proposition 5.7 implies

E?" [Urla, |G| + E9" [Urlag,

G| = B [Ur]G,]

(5.32)
= B'[Ur|F] = E*[B.|F.] = B > U,
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where we used the martingale property of (B;);=o.1,..» from the proof of Propo-
sition 5.8, and also the fact that by the definition B; dominates U;. Combing
(5.30) - (5.32), we can see that

Vor > U, — B9 [Urlag,

Gr, |- (5.33)

Multiplying both sides of the above inequality by 14, and then applying
Lemma 1 to E9" [UTlAcT

Qti} 14,, we have shown that
Vo™ ay > Uy lag. (5.34)

Therefore, on Ay = {V;:’O’7r > Ur} € Gr, one can write

Vo rmiy > Uplg=tyy,  for any 7 € Sor(R). (5.35)
This leads to
VIOr =NV g =Y ULy = Uy (5.36)
1=0 =0

Hence we obtain
{le:)o,ﬂ’ > UT} C {Vfoﬂf > UT}, for any 7 € So,T(R), (537)

which this concludes that

inf PV >U,)=PVP" > U 5.38
oot PV 2 Ur) = P(Vp'T 2 Ur) (5.38)
and the proof is complete. O]

Theorem 5.9, in fact, reduces quantile hedging problem of the Bermu-
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dan option (U, R) to the corresponding problem for the European option
Ur = Max(K, Sr) at the maturity time 7. We recall that GMDB contract
is managed in a separate account format. This means the underlying asset
(St)te[O,T] is reserved and available at the maturity to be paid to the insurer,
and the actual liability of the insurer to fulfill his financial obligation is the
put option (K — S7)* not Max(K, Sr) = Sy + (K — Sr)™.

By Theorem 5.9 and the above discussion, problem 5.16 simplifies to

sup P(Vyo" > (K — Sp)*). (5.39)
TI'E.AG(’TI())
Notice that the above maximization problem runs over trading strategies
7 € A%(7). We will exploit a Neyman-Pearson lemma argument from Follmer
and Leukert [14], Assumption 5.3 and the decomposition of G-adapted pro-

cesses in terms of F-adapted processes to replace A% (%) with A ().

Theorem 5.10. Let Y be a nonnegative Fr-measurable random variable and

vo > 0. Then we have

sup P(VTf)Wr >Y)= sup P(VTf’O’7r >Y). (5.40)

7€AC (7o) 7€AF (39)

Proof. Let Ac Gr be a solution to the problem

Max P(A A1
Mo PO (41
subject to the constraint
sup B9 [Y14] < 1. (5.42)
KED

Then the trading strategy 7 € A®(7,) obtained from the optional decomposi-
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tion of

esssup B¢ [YlA | Qt}
kED

solves the problem

sup P(Vzﬁ’o’7r > Y) . (5.43)

T€AC (v0)

Moreover, the maximal probability of success is given by:
P(VT >Y) = P(A). (5.44)

Similarly, suppose A € Fr is a solution to the following problem:

%g}; P(A) (5.45)
subject to the constraint
E*[Y14] < 0. (5.46)

Then 7 € A"(7y) the perfect hedge of the modified claim Y1; solves the
problem

sup P(VTﬁO’7r >Y), (5.47)

TEAF (v0)

and the maximum probability is equal to:
P(VRT >Y) = P(A). (5.48)
Since A (%) C A®(Dy), it is easy to see that

P(A) < P(A). (5.49)

To finish the proof, we establish the reverse inequality. By Pham [44], there ex-
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ists an F-predictable process (@, )seo,r] and a family of F;, x B(R,.)-measurable

functions

{(ﬁf(@))egtg : for 0 € (0,71}

where for any fixed 6 € [0, T the process (7 (6)) is F-predictable. More-

O<t<T
over, the G-predictable process (;)seio.r] € A®(0) admits the following de-
composition:

T = ﬁfl{gﬂm} + ﬁf(@)l{DT(x)}, (5.50)

for any fixed 6 € [0,7] and ¢ € [0, T].

This, in particular, implies

VIO = VI iy + Vj?ovfrd(e)l{w} N (5.51)
By (5.47) and (5.48), we get
P(V"™ >v) < P(A). (5.52)
With a similar argument, for any 6 € [0, T]
PV™ 0 > v) < P(A). (5.53)

Using the results of Dellacherie and Meyer [9] and Coculescu and Nikeghbali

6] for computing expectation involving random times, we write
PV ™ > Y)P(T(x) = 6) < P(A)P(T(x) = 6)
T . T
/ P(veo™ D > Y)Y P(T(x) = 6)dd < / P(A)P(T(x) = 6)db
" T ’ T
] /0 1 ety PT(E) = 6)ds] < P(A) /0 P(T(x) = 0)do
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P({VTﬁO’ﬁF(TW >VIn{T(z) < T}> < P(A)P(T(z) < T) (5.54)
By multiplying both sides of (5.52) by P(T'(z) > T') and then combining with
(5.54) and (5.44), we can see that
P(A) = P(V;*T >Y)

= P({V™ 2 v} {T(@) > T}) + P({Vi"" ) 2 v} n{T(2) < T})
P

Therefore the reverse inequality of (5.49) is proved, and this means A =
{VTf’O’7~T > Y} solves problem (5.41)-(5.42). As an immediate consequence,
7 € AF(7y) is a solution to problem (5.39) and the proof is finished.

[

Finally, we utilize the techniques of Follmer and Leukert [14] to provide an

explicit form solution:

Theorem 5.11. For a given initial capital vy > 0 consider the optimization

problem (5.39). Define the European option H as follows
H:= (K = Sp)" = (K = S1)* = (K — K)ljs,<xy,

where K € (0, K) is a constant subject to the constraint

E[H] = 7.

Then the perfect hedge (7y)iepor) € A" (o) for H solves problem (5.39), and

the maximal probability of success is given by:

P72 (K = 5r)7) =1~ q)(% +50vT),

123



where ® is the standard normal distribution function.

Proof. Keeping in mind Theorem 5.10, define

A= {% > const. (K — ST)+}.

By Follmer and Leukert [14], the replicating strategy (7¢)icjor) € A" (2g) for

the modified claim (K — S7)%1; is an optimal solution to the problem

sup P(VT{’O’Tr > (K —S1)%) (5.55)

rEAF ()
with the maximal probability of success

P(Vp"" > (K — Sp)*) = P(A).

By the definition of P* from (5.4) and the unique solution to SDE (5.3),

we can rewrite A as follows
A— {s; > MK = $1)t}, (5.56)
where \ is a positive constant that can be determined from
E*[(K — Sp)*1;] =1 (5.57)

Regardless of ?‘% < 1or f—z > 1, the increasing function s22 intersects with

MK — s)* at exactly one point K € (0, K). Hence, from (5.56), we obtain

A={Sy> K} ={Syexp (oWr + (- %OQ)T) > K}
. ) ’ (5.58)
= {Soexp (cW; — §O'ZT) > K} = {W; > K},
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where K > 0 is again a constant to be determined, and

“ H
(W; )te[O,T] =W+ Et)te[o,ﬂ’

by Girsanov’s theorem, is a standard (F, P*)-Brownian motion.

To exploit the Black-Scholes formula, we represent the modified claim (K —

Sr)*1; as follows
(K = Sr) 1= (K= Sp)" = (K = 57)" = (K = K)ls,<x
By this and (5.57), constant K can be computed from

B0 = E'[(K - S1)"1;] = K®(~d_(K)) — So(—d (K))
— RO(—d_(K)) + So®(~d4(K)) — (K — K)®(~d_(K))

— Sb(=d, () = KO(=d_(K)) = So®(—d; (K)) + K(—d_(K),
(5.59)

where for any z > 0

InSy—1 1
ds(2) ::n;—\/j_flziﬁaﬁ.

After finding K from (5.57) and (5.58), the maximal probability of success is

given by ) . )
P(A) = P(SO exp (oWr + (1 = 50°)T) > K> -
=1-&(—d_(K)).

]
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5.4 Conclusion

Considering a Black-Scholes model, we define a Guaranteed minimum Death
Benefit (GMDB) life insurance contract in this market. The main aim of
this chapter is to solve the quantile hedging problem (5.16) under an initial
capital constraint. To do so, we progressively enlarge the filtration generated
by the underlying asset with the filtration generated by the survival process
of the insured. Then the GMDB contract is considered as a Bermudan option
on the probability space equipped with the enlarged filtration. Independency
assumption between the mortality risk and the financial risk combined with
the minimum guarantee structure of the payment simplifies the superhedging
method into a perfect hedge in the original complete market. Moreover, the
max-min problem corresponding to the quantile hedging problem of the GMDB
contract in the enlarged filtration is converted into a straightforward quantile
hedging problem for a European put option in the filtration generated by the
Black-Sholes model.

Our approach has the potential to be generalized to the case of any Ameri-
can style contingent claim exercised at random times independent of the under-
lying risky asset. The results of this chapter show how to deal with conditional
expectations and value processes in the enlarged filtration, these results can

be applied in a similar framework.
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Appendix A

An Equivalent Static
Optimization Problem

The following theorem by Follmer and Leukert [15] guarantees a solution for
the minimization problem (4.20).

Theorem 1. Let R = {cp : Q — [0, 1] | Y e QT}, defined as in Lemma 4.7,
then

1. There exists p € R that solves the problem

min E[1((1 — ¢)Hs)] (1.1)

PpER

under the constraint

sup E[p}p’%cp]:ﬂ;] < .
kED™

Since I > 0 then any two solutions are equal P-a.s. on {Hs > 0}.
Moreover we can assume that $ =1 on {Hs; = 0}.

2. The hedging strategy (@, ) of the modified claim ¢Hs (obtained from the
optional decomposition theorem) solves minimization problem (4.20).
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Appendix B

The Algorithm of Solving the
Dual Problem

By Cvitani¢ and Karatzas [8], the solution to the dual problem (4.27), (2, L),
is determined by the following method:

(1) For any z > 0, there exists L(z) € £ that solves

- dP
V(z) := inf E[(ﬁ - zpi}LH(;)Jr}

(2) For any given @ € (0, E*[H]), let V.(@) to be defined as (4.27) then we
have )
Vi(a) = inf {az + V(2)}.

z>0

In addition, there exists Z(a) > 0 that attains this infimum.

(3) For any given @ € (0, B*[H]), there exists (Z,L) := (z(a),i(z(a})) €
R* x £ such that

V(@) = @i+ E [(% - zp;£H5)+] . (2.1)

(4) By above, (%, L) is given by

Z = arg Izn>1(1)1 [az + V(2)]

and

L= L(3).

After finding (2, L) by the above algorithm, the optimal randomized test
© is given by
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Q= 1{5,;;,LH5<%} +Bl{gp;JiH§=%}’ P-a.s.
where B is a Gr-random variable with values in [0,1], and ¢ satisfies the
constraint )

E[P}L¢H5} = 1u.

Moreover, we have

EP[¢] = Vi(a). (2.2)
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Appendix C

Measurable Selection

Suppose that (2, F, P) is a complete probability space and (M, B(M),d) is a
complete separable metric space with the Borel o-field B(M) and the metric
d.

Theorem 1 (Aumann’s Measurable Selection Theorem). LetI': Q —
2M be a nonempty set-valued F @ B(M )-measurable function. In other words,
for allw € Q, T'(w) is a nonempty subset of M and

Graph(T) == {(w,m) : m e T(w)} € F @ B(M).
Then there exists a measurable function f : Q) — M such that
flw) € I'(w), for all w € Q.

The function f is known as a measurable selection for the set-valued function

r.

See, for instance, Wagner [49] and Kabanov and Pergamenshchikov [21] for
more details on this topic.
In the proof of Theorem 2.1, we have applied the above theorem for the

set-valued function
I':Q xR, — 2%+

with I'(w, ) = as(w, ) defined as in equation (2.8).
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Appendix D

Bermudan Option Hedging

In the following, we recall the superhedging strategy of a Bermudan option
from Schweizer [48]:

Assume (U, R) be a Bermudan option with R = {t;,ts,.....,t,} C [0,T] for
somen € Nand 0 =:tg <t; <ty <..<t,="1T such that

Xo= sup E [U,,] < +o0.
i:fg?.,n

Using a backward induction argument, let us define process (B;)i—0.12...n
as follows

B, =1, (4.1)

n

and
B; := Max (Uti, esssup B9 [By,,, ]gﬂ) (4.2)

KED
fori=0,1,2,....,.n — 1.
Then for the superhedging value process (X¢):ejo,r] introduced in (5.13) we

have
X

(3

=B, P-as., foralli=0,1,2,...,n. (4.3)
Moreover, process (X;)iepo,r) has an RCLL version on each subinterval (;,%;11)
such that .
Xt = XtH_ + / Wgz)dss - CZ fort € (t” ti—l—l}; (44)
t;

for some S-integrable R-valued G-predictable process (wf))te(tm ., and a non-
negative increasing G-optional process (Ct(i))te(tm 1] With Ct(:) = 0. We set
Xor = Xop.

By attaching all the above n trading strategies 7* and the consumption
processes C, for all ¢t € [0,T] we now define:

n—1
U Z 7_{_151) 1]]tiyti+l]] (45)
i=0
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and

Z Cl +Z C 1Ht tim[ T Z Xt Xt+ (46)

t <t tl<t
7

Combining (4.5) and (4.6), we obtain
t
Xt = X() + / WSdSS — Ct for ¢ € [O, T] (47)
0

We used the next lemma in the proof of Theorem 5.9.

Lemma 1. Let s <t and A € G;. Then for any nonnegative G,-measurable
random variable Y, we have

E[Y14

Gs|14 =0, P-a.s. (4.8)

Proof. We prove this lemma by contradiction. Let

B:={weA: E[Y1s|G] #0}.
Then, by B € G,, we get
0< / E[Y14e|Gs|dP = / Y1pedP = / YdpP (4.9)
B B BNA¢

On the other hand, B C A implies / YdP = 0. Therefore B must be P
BnAe
almost sure empty and (4.8) is satisfied. O
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