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Abstract

This thesis consists of the following two parts:

Part I: Positive definite functions on unit spheres.

Part II: Spherical h-harmonic expansions with negative indices.

In the first part, we study positive definite functions on the unit sphere S? of the
Euclidean space R equipped with the usual geodesic distance p. A continuous function

g : [-1,1] — R is called positive definite on S? if for any N € N and any set of N

N
i,j=1

distinct points Xy := {z1, -+ ,xn} on S the N x N matrix g [Xy] := [g(p(z;, z;))]
is positive definite, and it is said to be positive semi-definite if the matrix ¢[Xy] is
nonnegative positive definite. Our main interest in this part is the following longstanding

conjecture on positive definite functions on spheres:

Conjecture. Let 0 > %. Then for any 6 € (0, ), the function

fos(t) = (0 — 1)}

is isotropic positive definite on S?.

We first confirm this conjecture in the case when the dimension d is odd.
Theorem 0.0.1. Let d be an odd integer > 3. Suppose that g is a continuous function
on [0, 00) with compact support in [0, 7]. If g is isotropic positive definite on R?, then so
it is on S<.

Our next result reveals a close connection between the positive definite functions on

R? and S¢. In this situation, the restriction on dimensions can be removed. We state it

as below.

Theorem 0.0.2. Suppose that g is a continuous function on [0, 00) with compact support

on [0,7]. Let d € N, if g is isotropic positive semi-definite on S, then it is also positive
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semi-definite on RY.

We also partially confirm the conjecture for small parameters # when the dimension d
is even. The method used there works for all higher even dimensions. To give numerical

estimate on error terms, we will present proof when d = 2.

Theorem 0.0.3. Let d = 2 and 6 > 3. The function fy.5(t) = (0 —1)°. is isotropic positive

definite on S* when 0 < 0 < Ca., where Cy p is an absolute constant.

In the second part, we study the spherical h-harmonic expansions with negative indices.
We extend some of the classical results from Chanillo and Muckenhoupt [10] to the Cesaro
means of the weighted orthogonal polynomial expansions (WOPESs) in several variables

with respect to the weight function

d
h(w) o= [ ] il
i=1
on the unit sphere S~! for all parameters s1,--- , kg > —%. It is worth to point out that
when the index is nonnegative, that is Ky, = mini<;<qK; > 0, the problem has been

studied in a series of papers [15-18,30], where the nonnegative assumption is essential
in these works. However, many arguments do not work if one of the parameters k; is
negative, in which case that the above mentioned WOPESs on the sphere S%! is still well
defined if Kk, > —%.

Our aim is to deal with the negative indices. More precisely, we develop a new tech-
nique to establish sharp pointwise estimates for the corresponding Cesaro kernels, which
works for the full range of Ky, > —%. This means we fully settle the problem for the case
when min;<;<4 k; < 0. We believe that this new technique will, in particular, lead to a sim-
pler proof of the estimates of Chanillo and Muckenhoupt |10, Theorem 14.1] on the Cesaro

kernels of the Jacobi polynomial expansions with parameters o, 5 > —1. We also establish

similar results for the corresponding WOPEs on the ball B = {x € R? : ||z| < 1} and

il



the simplex T¢ = {z € RY: 27 >0,...,29 > 0,21+ -+ x4 < 1}, as was observed by Xu

39).
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Preface

Part T of this thesis is contained in a joint paper [23] as H. Feng and Y. Ge, Isotropic

positive definite functions on spheres. (will appear soon)

Part II of this thesis has been published in [14] as F. Dai and Y. Ge, Sharp estimates
of the Cesaro kernels for weighted orthogonal polynomial expansions in several variables,

Journal of Functional Analysis, Volume 280, Issue 4, 15, February 2021.

All of the proofs in this thesis are joint work of Dr. Feng Dai, Dr. Han Feng, and me.
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Part 1

Positive definite functions on the

unit sphere sd-1



Chapter 1

Introduction

Positive definite functions are very important in both theory and applications of approx-
imation theory, probability, and statistics. One major application of positive definite
functions theory is to analyze radial basis functions for interpolating scattered data; see,
for example [22],[29],]9] and [36]. In particular, identifying positive definite functions,
or, more generally, positive definite kernels, is of great interest as interpolation problems
corresponding to these kernels are guaranteed to be well-posed.

We begin with the general definition of (strictly) positive definite function.

Definition 1.0.4. Given a metric space (2, p), a radial real-valued function K is called
(strictly) positive definite on Q) if for any integer N € N and Xy = {z1,...,zx} C Q,

the corresponding N X N symmetric matriz

N

KXn] = {K(paie)) }

1,j=1

1s positive definite, which means

c'K[Xyle >0, for all nonzero c € RY.



Motivations. We consider the problem of interpolating data measured at scattered
locations in general metric space. Let () be a metric space. Given a finite set Xy :=
{z1,--+ ,zn} of distinct points in  and a target function f : Q@ — R, find a continuous

function Sy (depending on f): 2 — R that satisfies the interpolation conditions

Now, assume Sy is a linear combination of certain basis functions K(p(z,z;)), j =

1,2... N, that is
N

Sp(x) = K (p(x, x))),

j=1
for ¢; € R,1 < j < N. Solving the interpolation problem under this assumption leads to

a system of linear equations of the form
K[Xy]-C=f.

The scattered data fitting problem will be feasible, that is a solution to the above problem
will exist and be unique, if and only if the matrix K[Xy] is non-singular. Therefore, the
situation is favourable if we know in advance that the matrix is positive definite. This
is a motivation to investigate whether a function is positive definite in the given metric
space.

Here are some important remarks of positive definite functions:

e Radial (or isotropic, spherically symmetric) function is a function whose value de-

pends only on the distance between the input and some fixed point.

e If K is a real-valued positive definite function on Q, then K(p(z,vy)) = K(p(y,x))

for all x,y € Q.

e Positive definite functions can also be defined for complexed valued functions. We



can also similarly define positive semi-definite functions in the Definition if the

matrix K[Xy] is nonnegative definite.

e By Schur’s theorem for Hadamard products of two positive definite matrices, it

follows that if Ki, Ky : ) x 2 — R are two positive definite functions, so is K7 K.

Since many problems are often generated by real-world applications, we then describe
some results of positive definite functions on both Fuclidean space and the unit sphere in
the following chapters. For an abstract theory of positive definite functions, the readers
are referred to the book [28]. In the next chapter, we will study the characterizations of
positive definite functions on R? and S?!, including two remarkable results: Bochner’s

theorem and Schoenberg’s theorem.



Chapter 2

Preliminaries

2.1 Positive definite functions on R

From the previous definition and the discussion done on introduction, if we denote p be

the Euclidean metric, we have the following definition.

Definition 2.1.1. A function f : R — C is called positive definite on R, if for each

nite subset Xy = {x1,...,zn} C RY, the matriz f[Xy] = [f(z; — x; N
J/714,5=1

1S a positive
definite matriz. It is said to be positive semi-definite if the matriz f[Xy]| is positive

semi-definite.

Comments.

o If f:R?Y — C is positive definite on RY, then f(—z) = f(z) for each z € R?, and

maxgepe | ()| = £(0) > 0.

o If f:R? — C is positive definite on R?, and is continuous at 0, then f is uniformly

continuous on R?.

Examples.



e If ;1 is a probability measure on R?, then its Fourier transform

A(z) = / e () (2.1.1)

is positive semi-definite on R<.

o If g € L'(R?) and g(z) > 0 for a.e. z € R?, then g(z) is a positive definite function

on R?.

2.2 Characterizations of the positive definite func-
tions on R

One of the most celebrated results on positive semi-definite functions is their characteri-
zation in terms of Fourier transforms, which was established by Bochner in 1932 for d = 1
in [5], and 1933 for general d in [6]. If p is a positive Borel measure on R?, then the com-
putation in the example can be extended to see that 1 is a positive semi-definite

function on R?%. Bochner established the converse:

Theorem 2.2.1 (Bochner). In order that a function f : RY — C be positive semi-
definite and continuous, it is necessary and sufficient that it be the Fourier transform of

a nonnegative finite-valued Borel measure on RY.

This gives an important tool to characterize the positive semi-definite functions on

R?. Some examples are worthwhile to list.

e The Gaussian f(z) = e is a positive definite function as f(£) = f(£) > 0.

e f(x) = el is a positive definite function since f(a:) = —*4 _— > 0, where ¢, is
(I+|z?) 2

a positive constant.



e The truncated power function f5(z) = (1 — |z])} is a positive definite function on

R? when § > 41, Indeed,

-~

o€ = [ =g i) ar

2m[¢]
= e [ e e = % 1)

where jo(2) = a2 Ja(2) and Ju(2) = ()" Loy s ()% s the Bessel
function of the first kind for v > 0. The following result was proved by Gasper [26],

which can be stated as follows: for a > —% and x > 0,

/ (z — )22 5 () dt > 0.
0
Setting o = d;22, we conclude that if § > %, then ﬁ;(g) > 0 for all £ € RY, and

hence, f5(z) = (1 — |z|)%. is a positive definite function on R?

2.3 Positive definite functions on S?!

For interpolation of some data, such as geodetic, geological, and meteorological infor-
mation gathered over the Earth’s surface, the data locations are known to lie on the
sphere’s surface. This leads us to consider a specialization of the basis function de-
fined on unit spheres. In this section, we study positive definite functions on the u-
nit sphere S ! = {z € R? : ||z| = 1} equipped with the usual geodesic distance

p(z,y) = arccos(z, y), much of which originated with I. J. Schoenberg [34].

Definition 2.3.1. A continuous function g : [—1,1] — R is called positive definite on
St if for any N € N and any set of N distinct points Xy 1= {1, -+ ,on} on S¥1, the

N x N matriz

g [Xw] = [g(cos pls, ;)5 = lo({@i 2))]0m

7



15 positive definite.

Examples.

e An important result is that zonal spherical harmonics

n+ A
n

d—2
Zn(t) := Cn? (t), tel-1,1], neN,

is positive definite function on S*~!, as can be seen from the fact that the Gegenbauer
d—2
polynomial Cy,? (t) is positive definite on S¥~. Thus, positive definite functions are

closely related to spherical harmonics.

e Positive definite functions on R% can be restricted to S*!. This can be seen from

the norm relation: ||z —y||*> =2 —2(z,y).

2.4 Characterizations of the positive definite func-
tions on S¢!

The importance of (strictly) positive definiteness is its connection with the posedness
of interpolation. Therefore, some easy means of identifying (strictly) positive definite
functions are of great interest as it will enable the assembly of a toolkit of different
kernel-based interpolation methods. Positive semi-definite functions on the sphere have

been studied by Schoenberg |34, Theorem 1], who proved the following theorem of Bochner

type.

Theorem 2.4.1. Let g be a continuous function on [0,7]. The function g is isotropic

positive semi-definite on S*' if and only if g has the Gegenbauer expansion

Zan = (cosb), 6e 0,7, (2.4.1)



in which all of the coefficients
™ d—
Ay = / g(@)C’nTQ(cos 0)(sin0)42df >0, V¥n e N, (2.4.2)
0

d—2
and Y 07 a,Cn? (1) < o0,

The characterization of (strictly) positive definite functions on S¢~! came somewhat
later. A simple sufficient condition [37] states that g is (strictly) positive definite if, in
addition to the conditions of Theorem[2.4.1] all the Gegenbauer coefficients a,, are positive.
Chen, Menegatto and Sun [11] showed that a necessary and sufficient condition for g to
be (strictly) positive definite on S !, d > 3, is that, infinitely many of the Gegenbauer
coefficients with odd indices, and infinitely many of those with even indices, are positive.
This was later established for the case S' in [32]. Dai and Xu also gave a self-contained
proof in [16, Section 14.3].

Schoenberg’s result to characterize positive semi-definite functions is classical. Unfor-
tunately, given a function g, checking the signs of all the Gegenbauer coefficients can be
an impossible task. Therefore, it is natural to seek simpler sufficient conditions that guar-
antee (strictly) positive definiteness. Confronting this difficulty, a Pdlya type of criterion

was established in [4] for d < 8.

Theorem 2.4.2. (Pdlya type criterion) Let d € {3,4,...,8} and k = [452]. Let the

real-valued function g on [0, 7] satisfy the following conditions:
(i) g € C*[0,7],

(ii) supp(g) C [0,7),

(i4i) the derivative, from the right, g*+V(0) ewists, and is finite,

(iv) (—1)kg™*) is conver.



Then g is a positive semi-definite function on S=t. If, in addition to the above properties,
g®), restricted to (0,7), does not reduce to a linear polynomial, then g is a (strictly)

positive definite function on S 1.

In the same reference [4], it showed that the Pdlya type of criterion continues to hold

for all d > 8, if we can prove the function
O—1t)0, t<é,
0, t>0,

where § > 0, 6 € (0, 7], is (strictly) positive definite on S when ¢ > [4].
Our main interest is the following more general longstanding conjecture on positive
definite functions on spheres, stated in [4]. The importance of this conjecture lies in the

fact that it leads to a sharp Pdlya type criterion for any dimensions.

Conjecture 1. Let § > %. Then for any 0 € (0, 7|, the function

fos(t) = (0 —1)

is isotropic positive definite on S¢.

2.5 Some useful formulas

To better describe our results in the following chapters, in this section, we shall introduce
the Jacobi polynomials, some needed preliminaries and standard notions, which will be

used throughout the rest of this part.
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2.5.1 Jacobi and related orthogonal polynomials

For parameters «, 8 € R and n € N, the Jacobi polynomials are defined by

Plad)(y Z n+a+6+k+1)r(a+1+n)<x—1>k
~ ol I'n+a+p+1) Ia+k+1)\ 2 ’

where x € [—1,1]. The Gegenbauer polynomials are defined by

T+ 5T (n+2X0) _a-ia-l

Cale) = TN+ A+1)""

().

We will use R)(z) := gkg as the normalization of Gegenbauer polynomials.

Below, we collect several formulas and properties of the Jacobi polynomials needed in

the proofs. Our main reference is the classical treatise by [35].
(i) [35, (7.32.2)]: For a > —1,8 > —1, and z € [—1,1],

I'n+a+1)

P (1) < plad (1) — .
B @) = P () T(n+ 1)(a+1)

(i) [35, (4.22.2)] For a positive integer 1 < ¢ <n and f € R,

P (z) = (g)ﬁ) (‘”;1) P (@), n>t. (2.5.1)

(i) [35, (4.21.7)] For a, § € R,
%P}f‘ﬂ)( ) = ;(n +a+ B+ )P (), (2.5.2)

(iv) [35} (4.1.3)] For a, 8 € R,
PP (—g) = (=1)"PV) (1), (2.5.3)



Using (2.5.1)) and (2.5.3)), we obtain that for any positive integers n, ¢, m with n >
{+m,

1— l 1\m
Pt = (-1 (50) () PO @), (2.5.4)
In particular,
(-1,-1) 1— 22 (1,1)
Pn 7 (37) = A Pn—2 (ZL‘), (255)
which, by (2.5.2)), also implies
2 (- 1— 22
/ P, () dx = 5135; V() =— o PV (). (2.5.6)
(v) [35, (8.21.18)] For n ™' <0 <7 —n"' and o, f > —3,
(a ﬁ) 1 1 . 0 70[7% 0 7ﬁ7% . -1
PP (cosf) = 2n"z (sm §> (cos 5) [COS(NQ +7)+ O(1)(nsind) ],
where N =n + %ﬁﬂ and 7 = —Z(«+ 3). In particular, in [27, Page 295], we have

for 0 € (0, %),

2 11 NO—-Z
P,(cosf) = — (n)l cos{ : 14) + Pn,1(cos 0)
mz l(n+3) (2sinf)2

where

4T
pascost) < o) L L
r2 (n+3)2(2n + 3) (2sin6)2

Y

and II(n) = T(n+1).

Applying the Gautschi’s inequality: z'7* < % < (z+1)7* for s € (0,1), we
have
I(n)  Tn+1) 1,
e < (n —|— —_ 2,
In+3) T(n+32) ( 2)

12



(vi)

and thus

2 1 1
P,(cosf) < Znr——cos (N6 — z) + — p (2.5.7)
2 (2sinf)z 47 (2m)2(2)2 (nh)2
[35, (7.32.5)] For o, € R,
P cosO)] < - - .
nz(n~t 4+ 0)2ts(n=t + 7 — )2
We will need some special cases in the proof:
In 35, (7.3.8)], for a = 8 =0 and 0 € (0, 7],
1
|P(cos )] < ——, (2.5.8)
n2032
and for a = g =1,
C
1PMY (cos )] < —. (2.5.9)
(n—1)262

We can confirm the constant C' of the upper bound in (2.5.9) by using the following

result which can be found in [1, Page 213] and [3]:
Proposition 2.5.1. For every 6 € (0,%], N =n + %ﬁﬂ,

9 1 0 1 1
sin(§)a+§ cos(§)5+§P,(La’6)(cos 9)’ < <n M O‘) N7°72 x 2.821. (2.5.10)
n

Thus using (2.5.10) with o = 8 = 1 and replace n with n — 1, we have

1 23 % 2.821 3 % 2.821
Pé&?(cose)‘g i LIV ) | It tisinial L Kl it
(3)2(sinf)2 (n+3)2 (26)2nz  — (n—1)202

(2.5.11)

13



(vii) [2, p. 302] For A # 0,

" TA+ETA+n—k)

CX(cos ) = 2 in — BITP os[(n — 2k)6]. (2.5.12)

(vii) [35, (4.5.4)]
P (a) = 50— a2—|— B2 o 1)P,§“’ﬁ)1(xl; ot DB, (2.5.13)

(ix) [B5, (4.1.5)]
plea) gy = Lentat DI+ L) peg o0 gy (2.5.14)

Fn+a+ 1)I'2n+1)

2.5.2 An extensional relation about Jacobi polynomials

In this section, we prove an extensional relation Lemma on the Jacobi(Gegenbauer)
polynomials that will be useful in the proof of Theorem [3.1.1] Precisely, we can write
R)(cost)(cos 5)** in terms of the linear combination of the terms Rj;(cos %), with j =
n,...,n+ A, and more importantly, all the coefficients are nonnegative. This relation plays

an important role in our proof.

Lemma 2.5.1. If )\ is a positive integer, then there exists a sequence {a’\ 2"+2’\ of positive
numbers such that for any t € [0, 7|,
n+A
R (cost)( COS Zan]RQJ cos (2.5.15)

Proof. First, applying the formula (2.5.13)), substituting = by cos(%), aby a— 1 and 8

2

14



by B — 1, we get for t € [0, 7

141 o
cos — P(a 2P+3) cost :AO"BPTEO‘ 2A~3) cost —|—Ba'BP( -2 cost), 2.5.16
n n+1

2

where
o n—l—ﬁ—i—% b _ n+1
" mta+ B+ T mda+pB+1

Thus, using (2.5.16)) A times, we obtain

n—+A 1
CX(cos t)( cos Zvj (=2:72) (cost),

-

where «v;,n < j < n 4 A are some nonnegative coefficients.
Next, to complete the proof, we will use the Lemma |2.5.14| by substituting x by cos(%),

a by a — 1, and get for ¢ € [0,7] and a > —1,

Fn+a+HT2n+1) (g1 ,-1 t
(nta 23 (2n )PQ(n 2 2)(008—).
I'(2n+a+3)l(n+1) 2

a—

P(

)(cos t) =

2.5.3 A useful bridge for the connection between Bessel func-

tions and Jacobi polynomials

This section provides the following well-known relation [25] [35, (8.21.17)] on Jacobi poly-

nomial and Bessel function that plays a crucial role in our proofs.

Proposition 2.5.2. For o > —3, we have for t € (0,7),

P (cos t)

. E\erhT |
[T Plat+1)(gr) a0 +0m ™). (2.5.17)

sint

where N =n+a+1, jo(z) = 27*Ju(2), and here and in what follows J,(z) is the Bessel

15



function of the first kind,
1 v )a+2v

ZUF(U+04+ 1)

v=0

The O-term is uniform with respect to t € [0, — €|, € being an arbitrary positive number.

In particular, when a = 8 = 0, 25, (4.37), (4.38)] provides a useful consequence in

Legendre polynomial case: for ¢ € [0, 5],

0.1711
—

Pafeost) — (= ! (2.5.18)

sint

)’ Jo(Nw]

2.5.4 Two asymptotic expansion formulas

The following useful asymptotic formula can be found in the book |12} p. 24, (11.5),(11.6)]:

Proposition 2.5.3. Let ¢(t) be v times continuously differentiable in o < t < (. Let

o(t) and its first v — 1 derivatives vanish when t = . Then, if 0 < A <1, as N — o0,

s — lF(n—i—)\ Iy i 1
\/a GZNt(ZE— n'Nn+>\ zNa+§)\7rz+§n7rz¢(n)(a>+O(N—v)’

n=0

where

g
N = o [0l - e

By a change of variable, we get

Proposition 2.5.4. Let ¢(t) be v times continuously differentiable in o < t < (. Let

o(t) and its first v — 1 derivatives vanish when t = a. Then, if 0 < u <1, as N — oo,

,_.

< F(?’L—’—,u) lNB**,UJT’L+ nmi 4 (n) —v
N © o™ (B) + O(N™").

B
/ N — ()t =

Il
o

n
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Chapter 3

The relationship between positive
definite functions on the unit sphere

S% and the Euclidean space R

3.1 Main results

In this chapter, we study the relationship between positive definite functions on the unit
sphere and the Euclidean space. We first consider odd dimensional cases and shall provide
an approach to show that the positive definite property can be inherited from R to S
which will immediately verify Conjecture 1| when d is odd. Our first main theorem states

as follows.

Theorem 3.1.1. Let d be an odd integer > 3. Suppose that g is a continuous function
on [0, 00) with compact support in [0,7]. If g is positive definite on R?, then so it is on

Se.
Some remarks are worthwhile to list.

Remark 3.1.1. The condition of compact support is necessary. A counter example can
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be g(t) = exp(—t2), which is positive define on all R but not on S*.

Remark 3.1.2. The result was claimed as well by Nie and Ma |33, Theorem 2.1]. Besides,
another related and similar result was obtained due to Ma and Lu [31)], in which the
positive definite was proved to be preserved from FEuclidean spaces to unit spheres when

the dimensions are odd.

Remark 3.1.3. Our work is self-contained. In contrast with the proof of Theorem |3.1.1
in |33], we shall first proceed our proof to functions with high regularity, which allows us
to simplify our problem by applying integration by parts. Then through inducing a proper

identity approximation operator, additional reqular assumptions will be avoided.

Corollary 3.1.4. Let d be odd and g be an isotropic continuous positive semi-definite
function on S* with compact support on [0, 7], then the function

g(t) (y)d_l

t

is an isotropic positive semi-definite function on both R% and S?.

The converse of Theorem will be considered for the positive semi-definite func-
tions. In this situation, the restriction on dimensions can be removed. Precisely, we state

the following theorem.

Theorem 3.1.2. Suppose that g is a continuous function on [0,00) with compact support
on [0,7]. For any dimension d > 1, if g is isotropic positive semi-definite on S, then it

is also positive semi-definite on RY.

We also partially confirm the conjecture for small parameters 8 when the dimension
d is even. Actually, the method used there works for all higher even dimensions. To give
a numerical upper estimate of #, we will focus mainly on the case d = 2. Our main result

can be stated as follow:
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Theorem 3.1.3. Let d =2 and § > % For 0 < 0 < Uy p, the function

fos(t) = (0 —1)%

is isotropic positive definite on S*, where Ca p is an absolute constant.

3.2 Positive definite functions on S? generated from

those on R¢

3.2.1 The case of odd dimensions

We are now in a position to prove Theorem [3.1.1] that is, for an odd integer d and a
continuous function g on [0, 00) with compact support in [0, 7], if ¢ is isotropic positive
definite on R?, so it is on S?. According to Schoenberg’s theorem, we need to prove that

the Gegenbauer coefficients of g

ay, = / g(t)CMcost)sin** tdt > 0, Vn € Ny, (3.2.1)
0
and
> a,Cp(1) < o0, (3.2.2)
n=0
where \ = &1

T.
We first verify the validity of equation ([3.2.2)). The proof follows a standard argument

in [34]. The series > > a,C:(cost) is Abel-summable for every ¢ € [0,7]. Hence, for

t=0,

r—1-

N 00
ZanC,;\(l) < lim ZanC;}(l)r” < 00.
n=0 n=0
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Thus we have Y >° a,Cp(1) < co.

We now embark on proving equation (3.2.1]), which will be carried out in three steps.

3.2.1.1 Step 1: Reduction

Let us begin with a series of reductions. In order to prove equation (3.2.1)), we claim that

it is enough to prove a slightly stronger statement: for any n € Ny, and 6 € (0, 7],

%
/ g(t—ﬂ> O (cost) (sint)? dt > 0, (3.2.3)
0 0

and it is obvious to see equation (3.2.1]) is exactly a particular case when § = 7. We now
continue to deal with the claim . Without loss of generality, in , we may
replace f(§) with (%), i.e. f(t) = g(nt), where f is isotropic continuous positive definite
on R? with compact support in [0,1]. Hence, showing the claim is equivalent to

show for any n € Ny, 6 € (0, 7],

/9 f(%)Cé‘(cos t)(sint)** dt > 0. (3.2.4)

For simplicity in the proof, we will deal the following integral and verify its positivity:

1,(0) = =1 /0 ’ f(%)Rg(cos £)(sint)? dt (3.2.5)

where 6 € (0, 7], and n € Np.

Thus, by the arguments above, the previous claim equation reduces to show
I,(0) > 0 for all n € Ny and every 6 € (0,n]. Furthermore, with the help of Lemma
2.5.1) we would restrict our analysis on the integral on a small range of #. More
precisely, we have if I,(f) > 0, where 6 € (0,g¢), and &g is a sufficiently small positive

parameter, then I,,(6) > 0 for every 6 € (0,7]. Indeed, this claim follows from the fact
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that for every 6 € (0, 7], there exists a 6y € (0,e0), where &y is a sufficiently small positive
parameter, such that I,(f) can be written as a sum of I,,(6y) with positive coefficients,
which establishes the desired claim.

Therefore, in view of the whole reduction arguments above, the proof of the claim

equation (3.2.1)) is finally reduced to show the following Lemma:

Lemma 3.2.1. Let d be an odd integer > 3, f € C|0,00) with supp(f) C [0,1]. If f is

an isotropic positive definite function on R?, then

I,(0) = =1 /O ’ f(%)Rg(cosw(sin H2 dt > 0 (3.2.6)

for all n € Ny and every 0 € (0,gq), where g € (0,1) is a sufficiently small positive

parameter.

Now, we turn to the proof of the Lemma [3.2.1. We will give the proof in the following

step 2 and 3.

3.2.1.2 Step 2: The proof under additional assumptions

In this step, we shall prove Lemma for the functions with high regularity, that is,
under the additional assumptions that f € C*™3[0,00), and f/(0) < 0. We divide the
proof of (3.2.6) into the following three cases: (i) nf > A; (ii) nf < B; (iii) B < nf < A,

where A > 1 and B € (0, 1) are certain parameters depending only on f.

Case (i). In this case, we shall prove that there exists a constant A > 1 depending

only on f such that (3.2.6) holds whenever nfl > A. First, we need a definition.

Definition 3.2.2. Let X be a positive integer. For j =1,--- A\, we define

Fot) = f(07)(sint)® and F(t) = (F”(t))'.

sint
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Clearly, for 0 < j <\, F; € C*7%3(0,00), F;(t) = 0 for ¢t > 0 and

Fi(t) = O(t**) ast — 07,

The functions Fj(t),j = 1,2,..., A we defined in the above Definition have the

following decomposition.

Lemma 3.2.3. For0<t<6@ and{=1,2,--- ]\,

&

¢
Fy(t) = Z 0~ fD(07't) ozzf,z(sm t)2ATHHIT2R (cog t) IR
Jj=0 k=0

where the ozéjlz, are constants,

aly = (2A = 1)(2A = 3) -+ (2A — 20 + 1),

1 0 1 1
aéJr)l 0= ozéyg +2(\ — E)aé’g, ozig =1.

In particular,

w\y

R(t) = [(2A— ! cos™ t + Zaoz)c sint)*(cos )| f(607'1)
k=

A—
25

A
+ Z 6= fU) (611 g\ L(sm £)7+ 2k (cos t) NI,
=1 =0

Proof. The proof uses induction by /.
When ¢ =1, we have

Fo(t)\!

Fi(t) = (

sint

= the right-hand side of ((3.2.7))

22

> = 9_1f’(§)(sin £ 4 (2) — 1)f(§)(sin t)* 2 cost

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)



and 045?()) =(2X1—-1), 04% =1

Suppose that the statement holds for ¢. Applying the Definition [3.2.2] we have

(%54

¢
) = Z (9 31 p(+1) (8)aéjlz(sint)2>\—2€+j+2k—1(cost)z_j_%

Jj=0 k=

; t, (i , .
+ 07 FD(G)agl(2A = 20+ j + 2k — 1)(sint) 2T cos )2
t

Fpa(t) = (

sint

o

07 ( Jaf) (G + 2k — 0)(sin ) 20742 (cog £) T2k 1)

Furthermore, to achieve our decomposition, we can rewrite the

-1 [52]
Fria(t) <9*j71f(j+1)(8) (J)(sm £)2A 722k (og t)e’j’2k>
J=0 k=0
t

+ Q—Z—If(é—i-l)(g)ag?)(sin t)2>\—€—1
¢ 154 4

+) (9 7F0)( ) o) (2N — 20+ j + 2k — 1)(smt>”-2f+ﬂ'+2'f—2(cost)f—j-%H)
j=0 k=0
¢ [54]

+ <9 Jf(j( ) (J)(j+2k E)(smt)” 22+J+2k(cost)e j—2k— 1)
7=0 k=0

(3.2.11)

Observing the power of each terms in (3.2.11)), we can exactly rewrite Fy.(t) by a

double sum in terms of H*jf(”(g) (sint)PA=264+2k=2 " and (cost)* 72+ as j runs from
o+

0 to £+ 1 and k runs from 0 to [“5=2]. It remains to prove the coefficient satisfies ([3.2.8)

and (3.2.9), that is, we need to verify that

Al o= (2 = 1)(2A = 3) -+ (2X — 20 + 1)(2X — 2 — 1), (3.2.12)
04&)10 = a% +2(\ — K)aé,lg, a% =1 (3.2.13)

To show ([3.2.12)), we need to consider the coefficient of the term f(%)(sint)*~2~2(cost)"
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in (3.2.11]), from which we have

(© O x=20—1)=2A=1)(2A=3) - (2A =20+ 1)(2A — 20 — 1).

Qpi10 = Xo

To show ([3.2.13), we need to consider the coefficient of the term 6~ /(%) (sin t)** 2! (cos t)*
in (3.2.11]), from which we have

1 0 1
O‘§+)1,0 = O‘é,o) + 0415,3 (21 —20).

This proves the identity (3.2.7)) holds in the case of £+ 1 and completes the induction. [

Recall the following well-known properties on Gegenbauer polynomials:

(i) = 2= D ), (3:2.14)
,}H& RE(cost) = cos(nt). (3.2.15)

Using (3.2.14)), (3.2.15)) and integration by parts A times on ([3.2.6)), we obtain

O (0) = cn(N) /9 F\(t) cos((n + A\)t)dt (3.2.16)

for some constant ¢, (\) > 0.

Note that (3.2.8) and (3.2.9)) imply that

1 0 1 0
O‘é+)1,o + O‘é+)1,o =2(A 1) (O‘é,o) + 0‘2,8):
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which in turn implies that

Thus, by our assumptions on the function f, it is easily seen that F\ has the following

properties:
(i) F\ € C®[0,00) and F), is supported in [0, 6];
(i)
Fi(0) = (af} + )6 1/(0) = (d = 1)107"£/(0) < 0,
and |FY'(t)| < Cp6~3 for any t € [0, 6].

To this end, setting N = n + A, and using integration by parts three times on the
right-hand side of (3.2.16)), we obtain

[ 6
| 1 |
/0 Fa(t) cos(Nt) dt = 5 F(0) + 13 /0 FI'(t) sin(Nt) dt

> N9 [—(d —)IF(0) — C%} ,

which is positive provided that nf > A and A = Ay is sufficiently large. This proves

(3.2.6)) in the case of nf > A.

Case (ii). In this case, we shall prove that there exists a constant B € (0, 1) depending

only on f such that (3.2.6) is true whenever nf < B.
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To see this, we first note that

[eS) [4 s 2
I,(0) = 6721 [/0 fO7 ) dt +/O f(071) (Rg(cost)% - 1)1&2A dt}
9] 0
> / f)ttdt — Cng=221 / ALt
0 0
>cq [ f(lz])dx — Cnb
R4

> c4fa(0) — CB > 0.

For the first inequality, we used Bernstein’s inequality for trigonometric polynomials.

Indeed, for n > 0, we have

int int int int
[ (cos £) (=) = 1] < [R)(cost)(=)™ = (=) + [(5)2 — 1]
int
< (=) R (cost) 1] +2

t
< |R)(cost) — R)(cos0)] + 2

< nt||R)(cost') || + 2nt < Cnd),

where 0 < t' < t. The last inequality is positive under the condition nf < B and B is

sufficiently small.

Case (iii). In this case, we shall prove (3.2.6]) for the remaining case B < nf < A.

Let N =n+ A, and by substitution t = %, we can write

/

1,(0) = N~1g~21 /ONH f(jff—?)Ri(cos %) (sin %)2)\ dt'.

Using the asymptotic formula (2.5.17)), we have that for 0 < ¢ < N < A,

R (cos tﬁ/) = c/\(%)’\ [j/\_%(t/) + O(n—l)]>
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where ¢, = 2’\_%F(/\ + %) Set O4 p term is uniform in n, ¢/, # but may depend on the

constants A and B. By using substitution x = sz_,e and ([2.5.17)), we obtain that

I,(0) = ¢y /01 f(a:)jAfé(NGx)xZ)‘ (Siné—ix)ydx + OAB(n’l)

1
> c’A/ f($)j)\_%(N9£E)$2>\ dr 4+ Oap(nt)

0
> ) B<u{rii]{[19<A/0 f(al:)jk%(wv)yc2A dx + B7'004 (1)

_ : iy N B9
e\ Bg‘lér%Af(\éD Cap :

which is positive if 0 is small enough. This shows (3.2.6)) in this case.

3.2.1.3 Step 3: Additional assumptions avoided

In this step, we will show Lemma holds for a general continuous positive definite
function f defined on R? without high regularity. The proof is based on the previous
step 2. The main task in this proof is using the function f to construct a function f¢
with high regularity, such that the Gegenbauer coefficients of f¢ can approximate to the
Gegenbauer coefficients of f. The construction requires two ingredients.

The first is a finite Borel measure defined on R¢:

g = fd “XBi_. T Mfsm€507

where f; to be the radial function on R? given by fy(z) = f(|z|) for x € R%; B, := {x €
R? : || < r} is the ball of radius r in R% For € € (0,1), My := maxiep—c1 |f(t)], b

denotes the Dirac measure supported at the origin, and

me:=B—B_.=[{zreR: 1-e<|z| < 1}] - d*lygdfly@ —a —5)d) < Ce.
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Note that

15 (§) = /l Fz))e 2™ do + m M.
z|<l—e¢

= F©) + moM,, — / F(Jz) cos(2riz - €)da

1—e<|z|<1

v
=

©+ [ (g~ f(el))dz >0,
1—e<|z|<1

The second ingredient is an approximate identity:

¢x) = ax(1 —|z])}*°, = e RY,

where the constant a, > 0 is chosen so that fRd ¢(z)dxr = 1. It has been known that

~

B(€) > 0 for all £ € RY (See [26]).
Let = §. Note that when [t| < 6, we have 0 < |z| = |§| < 1. Define f5(5) := f3(z)

and

fita) = ocx sla) = [ | 0ule =) du(y) = fa- X 02(o) +mMp0.(a).

where ¢.(x) = e 4¢p(z/e).

Clearly, f5(x) = f¢(|z|) is a radial function on R%, and

f5(6) = (=17 (€) > 0, € eRY

Since ¢. € C2T5(R?) is supported in {z € R?: |z| < e}, and since f;-x5,_. € L*'(RY)
is supported in {x € R?: |z| <1 — ¢}, it follows that f¢ is a (\ + 5)-times continuously

differentiable function on [0, c0) that is supported in [0, 1], In addition,
(f9)'(0) = meMyp. ¢(0) = =~ 'me(fa - xm_)ar(A +6) < 0.
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Applying the conclusion that has already been proven in step 2, we obtain that for

any ¢ € (0,1) and n € Ny,
b ot
“(=)R)(cost)(sint)** dt > 0. 3.2.17
9 n
0
On the other hand, by |R}(cost)| < 1, we have,

[ () - s Reosnismaaf < 155 - et a
t

> e 13 d—

< [ G- rleta
1

= W”ﬁ — fallz:-

Furthermore, by the triangle inequality, we have

\fa = faller < |[fax e — fallor + |[(fa = fa - xBi.) * Gl + || (fa- xBo.) * e — [l

< |\ fa* be — fallor + 1 fa(1 = xB,_)|lpr + CeME

Now, let ¢ — 0+, we then have ||f; * ¢. — fal[zr — O by the norm convergence of
approximation to the identity, and the second and third terms go to 0 evidently.

Hence, we deduce that
bt t
‘/ (£~ 7)) Ri(eos t)sin 1) dt| < = (3.2.18)
0
Thus, letting ¢ — 0+ in (3.2.18)), we obtain for all n € N,
oot
/ f(é)Rg(cost)(sin t)* dt > 0. (3.2.19)
0

Finally, we show that if fAd(ﬁ) > ( for all £ € R?, then (3.2.19)) with strict inequality
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holds. To see this, we need to use the (2.5.15)) to obtain that for every 6 € (0, ),

I,(0) = 0721 /0 f(E)RQ(cos t)(sint)? dt

= 7 122’\/ f(= R’\(Cost)(cos;)”(smt)% dt

2
= (72 122)‘/ f(= "“‘ jR%j(COS E)(Sinf)g’\ dt
" 2 2
ntA 0
_ 2192241 Z ai,jl2j(§)-
j=n

Thus, for a fixed n, if we repeat the same process m-times, we have

n+X 271+X 2j2+A 2jm—1+A

0
]n<0) = (Q_QA_IQQA—H Z Z Z Z nJl 2]102' ‘a;\jmflzjmlgjm(2_m)'

J1=n j2=2j1 j3=2j2 Jm=2Jm—1

(3.2.20)

It follows from (3.2.19) that each term in ([3.2.20]) is nonnegative. We can conclude

that for any m € N,
In(e) Z Cn,m12mn<2im0)7

where ¢, ,,, > 0 for any m € N. Noticing that 2™n - 270 = nf, which satisfies the case
in section [3.2.3.3] letting m — oo and following the same argument in Case (iii), we can

conclude that

t t
m)R;\mn<COS -

¥ )2*dt+0((2m) 1)

n+A27"
Lpmn(270) = N712m(2) + 1)/ o f( )(sin —
0

N

1
> CA/ f(x)jk_%((n + 27"\ )2 dx — C, 27"
0

1
> ¢, min / f(x)j/\fé(ua:)xQ’\d:c—C’nQ’m,

- n<unt Jq
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which is positive for a sufficiently large integer m. This in turn implies the strict inequality

in (3.2.19).

3.2.2 Proof of a corollary

In this section, we will show the Corollary [3.1.4]

Proof of Corollary|[3.1.4 Since g is an isotropic continuous positive semi-definite function
on S% with compact support on [0, 7], by the Schoenberg’s theorem and Lemma it
can be easily seen that for each positive integer ¢, and every nonnegative integer n, the

function
sin(2%t) ) 2

R 2‘t(
n(cos 20 5oy

can be expressed as a convex combination of the polynomials Rg\(cos t), 7 > 0. It follows

that for any ¢ € N,

Sm(%))2A (3.2.21)

sint

9(2‘%)(

is an isotropic continuous positive semi-definite function on S%.

Let x > 0 and ¢ € N. Set n = n,, € N be such that ”2—}1 <z < 5. Then by (3.2.21)

7[7_(_

0< n2)\+12—22)\ /2
N 0
2~ tng : Oy —1
B 0,y /sin(2%nT N2 t o\ o

_ /0 7 ) (M)”Rg (cos(H)) e dt + (1),

1t n

g(2) <sin(2£t)>2)\R2(cos t)dt

-1

where the last step uses the fact that |z71 — 2'n71| < % — 0 as n — o0o. Thus, letting
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n — oo and applying the asymptotic formula (2.5.17]), we get

x~
= [ () 5 et

- C)\é\d(é)u

™ in(z= )\ 22
0 2

where £ € RY, |¢] = z and

By Bochner’s theorem, GG is an isotropic continuous positive semi-definite function on
R?. Furthermore, when d is odd and by Theorem [3.1.1, G is also a positive semi-definite

function on S$¢. m

3.2.3 The case of even dimensions (d = 2)

In this section, we deal with the Conjecture [I| when d = 2. Since the convergence of series
> yanCi(1) < oo can be verified by using the same argument in Theorem [3.1.1} we

only need to consider the following conjecture:

Conjecture 2. Let § > A+ 1 and \ = %. Then for any 0 € (0,7) and n € Ny,

0
/ (0 — )°C?(cost) sin® tdt > 0. (3.2.22)
0

We first deduce that to prove Conjecture 2], it suffices to consider the boundary case

0 = A+ 1. In fact, notice that for a > —1,b > 0, by using the substitution t = u+s(6 —u),
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we have

/09(9 —1)° /Ot(t — u)’g(u)dudt = /09 g(u) /ue(t —w)’(0 — t)*dtdu

/09 g(u) /01(9 — )" (1 = s)"s"dsdu

0
=B(b+1,a+1) / g(u)(0 — uw)* 1 du.
0

where B(z,y) = fol t*=1(1 — t)¥~1dt is the Beta function. Then we have

/0 o) (0 =) = 11 7 /0 0— 1) /O (t — u)g(u)dudt.

Now for &; > &y, let a = 6, — 8y — 1, b = &y, and g(u) = C)(cosu)(sinu)?. It follows
immediately that

0
/ (0 — u)’* O (cos u) (sinu)**du
0 1 ’ 1) 6 1 ‘ ) A 2
N B(dy + 1,61 — d2) /0 (0—1) /0 (t — u)2C:(cosu)(sin u)“*dudt.

Hence, the boundary case § = A + 1 can yield 2

Our main result is to show that Conjecture [2|is true when the dimension d = 2 under

the restriction when 6 small. By the argument above, it suffices to consider the boundary

case 0 = % More precisely, we state the main theorem below.

Theorem 3.2.4. Let d = 2. The function

Jos(t) = (0 —1)

+ ol

is isotropic positive definite on S* when 0 < 6 < Ca.p, where C4 g is an absolute constant.

Remark 3.2.1. In the proof, we give an upper estimate of Cy g and it can be taken at
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most 1.2644 x 10721, We believe this value could be improved.

For the proof of Theorem [3.2.4] by the above analysis of the Schoenberg’s theorem, it

suffices to show that

The proof of the positivity of (3.2.23]) consists of three cases: (i) nf > A (ii) n0 < B

0
/ (0 — t)%Pn(cost) sintdt >0, Vn e Ny.
0

(iii) B < nf < A. Next, we will give detailed proofs of the three cases.

3.2.3.1 Case (i): nf > A

In this case, we shall prove that there exists a constant A > 1 such that (3.2.23)) holds

whenever nf >

A. The proof is long and will be divided into several steps.

Step 1: Decomposition of the integral.

We first give the following decomposition on the integral ([3.2.23)):

Lemma 3.2.5.

dn(n +1

R

3

where

For 6 € (0,5] andn > 1,

o

I,1(0) = Ll) /00 [1 — P,(cos t)} M dt,

sin®t

I intcost
Ror(0) = — /0 Pé&})(cost)% dt,

34
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Proof. Using (2.5.1)) and integration by parts, we obtain that

o 3 : 2 [° 3 ( H(=1,-1) !
A, ::/ (0 —t)2P,(cost)sintdt = ——/ (6 —1t)2 (Pn+17 (cos t)) dt
0 0

n

310 s
= —— / P7(L+17 1)(COS t)(e — t)% dt = — / Pé&i)(cos t) Sin2 t(e _ t)% dt’
v Jo n J,

where we used ([2.5.2)) in the first step, and (2.5.5)) in the third step. Applying integration
by parts to this last integral once again yields

N[

A, = —gm/oe(ﬁ —t) (Pn(cost)>,sintdt

31 ’ sin ¢ 31 o 1
=2~ | P,(cost dt+2——— [ Pu(cost)(6 —t)% cost dt
4n(n—|—1)/0 (cost) T +2n(n+1)/0 (cost)( )2 cos

= An,l + AmQ.

For the term A, o, we use integration by parts to obtain

3 0 (_17_1) ! 1
An,2 = _m/o (Pn—H (COSt)) (9 — t>2 cot tdt

3 o —1-1) 1 1 6 —1t)2
== P t[—@—t_i’ te ]dt
n2(n + 1)/0 w1 (cost) 2( )2 cott + sinZt

3 0 (1,1) sintcost 3 o 1,1) 1
= P> t dt P> t) (0 —t)2dt
8n2(n+1)/0 ni (cost) = di + 4n2(n+1)/0 w1 (cost)(6 — )2 dt,

where the third step uses (2.5.5)). Putting the above together, we then obtian

dn(n +1) /9 sint
— 2A,=— [ P,(cost dt
3 | Daleost) 7=
1 o (1,1) sintcost 1 o (1,1) 1
— P> t)——dt + — P t)(0 —t)2dt
g | Ao & [P cos (0 - 1!
1 6
= —Rua(0) + Run(0) + / P (cost)(0 — t)2 dt.
0
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For the last integral, we apply integration by parts again to obtain

L7 1 2 76 —t): /
ﬁ/o P, (cost) (0 —t)2 dt = TP /0 e (Pn(l) - Pn(cost)> dt

2 o VO —tcost 1 o 1
R 1— P,(cost dt 1 —P,(cost)| ——F——=dt
n(n—i—l)/o [ (cos )} sin? ¢t * n(n+1)/0 [ (cos )] sintve —t

== n,l(e) + Rm?(e)

This completes the proof of the lemma. O

Step 2: Estimates of 1,,;(6), R, 3(0), and R, ;(6)
In this step, we will give the upper bounds for R,,1(f) and R, 3(f) (see Lemma [3.2.6]
and , and the lower bounds for 1, ;(6)(see Lemma |3.2.8)).

Lemma 3.2.6. Ifnf > 5 and 0 € (0, 3], then

sin t cos

1 0 (1,1) t _9,3
- ) - < 2,
|Rn’1(9)| = 2n‘/0 Pn 1 (COS f;) \/—t dt‘ C’(n&) 0

where the constant C' can be taken to be 42.6909.

. 0 . 6 0—n—1
Proof. We break the integral fo into two parts fefnfl + fo . For the first part, we use

the estimate (2.5.11)) to get

1 [° intcost 2.821 x w3 [* L
‘—/ PO (cos 1) 2ECS dt‘ < ”1/ 0 —1) 3t dt
2n Jo-1 VO —t 2n(n —1)7 Jo-1

2.821 x 73 L4\3
< ———2 arctan( n 1)
2n(n —1)2 0—
2.821 X 72 Lo\
< s ()
n(n—1)2 0— =

1
< 2.821 x 78 x (4 o >2n*29*%

< 37.9275 x n"20"2,
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where we use arctan z < x in the third inequality and use the following fact in the fourth

inequality: when nf > 5,

1

5
n(n — 1)% (9

4—7'(') '

[NIES
[NIES

1
n?fz -

)

<(

| |31~

1
n

For the second part, by (2.5.2)), we use integration by parts and the fact (2.5.8) to

obtain

—1

1[0 (1,1) sint cost -5 N
‘%/0 P (cost)—\/m dt’— ‘m/o (0 —1) (COSt)d(Pn(COSt)>‘
11 1

n
< 1 1. cos(d — 1) 11 1
— n? n2gs  2n?

P,(cos(0 — —))

n 1
n

/0(qu P,(cost)(0 — t)_%(cos t)dt‘

1) [0
+—2/ Pu(cost)(0 — 1) (sin 1)
n=1Jo
1 1 1 2(T)2  4.7634
S ﬁ 1 + 1 1 (2)1 S 76'?; )
2 n202  n20z n20z  3n202 n262

where we use the triangle inequality in the first inequality. The second inequality, by

(2.5.8) and n# > 5, is followed by the following estimates:

1 1 60— 1 1 1 1 1 5
— Pn(COS(H — _))M S — 3 - S __ \/_
n n \/I n?na(0— 1)z \/I n2(%0):  2n%02
1 [ox 11 1205 1
—2/ Pn(cost)(H—t)_%(cost)dt < - 1(6’—75)_%dt: - < -
2n*1Jo 2n° Jo  nat2 2nz 9\/1 n?0z
W s 101 , I 2(z)?2
— P,(cost)(0 —t)"2(sint)dt| < — —(0 — t)"ztdt < —n? tdt < —22-.
S| Pteostio =0 b < = [T 0 -0t Sont [ Vi< 2,
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Therefore, combining the above two parts, we get

0 sintcost

PV (cos t) e dt| < (37.9275 + 4.7634) x n=20"2
n— JO—1

1

9) = —
B O] = 5

— 42.6909 x n"20" 3.

[
Lemma 3.2.7. If nf > 5 and 6 € (0, 5], then
o t 2 in gy s
Rus®)] = | [ Pafcost) e a ] < Y2 n(v0) (2) 03+ € () o,
where N = n + —, and the constant C' can be taken to be 92.1237.
Proof. We first choose a function n € C'(R) where
(
1, i<w
n(x) = lcos(dmx)+ 3, 1<a<i- (3.2.24)
0, T < }l
\
Then,
/gp (cos)8E gt = [ (1 = (010 (cos ) it + 7(1 (0-14)) Py (cos )0 gy
. (cos = - . (cos - . (cos
0 Vo —t 0 Vo Vo —t

MRS

9 .
' /Z O ) Pa(cost) \/Smt - dt + n(e_lt)Pn(cos t) /S;n_t t dt

0 sint

= /2(1 —n(07't)) Py(cos t)\/_ dt + n(é’_lt)Pn(cos t)\/m dt.

0
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For the first integral, by (2.5.6) and integration by parts, we have

/02(1 —n(071)) P, (cos t) dt 02 (1—n(6~11) 01_ td<
= —% 02 P,E )(cos t)(sint)?(0 — t)fgg(t)dt,

sin® ¢
2n

pt 1)(cos t))

where g(t) := 1 —n(0't) — 2071 (6 — t)/(6~'t). Using (2.5.11)) and noting that |g(t)| <
41 + 2, this implies that

| /0 g(1 —p(61)) P (cos ) \/S%dt‘

1 [2 :
- / P cos )5 070 — 1 S0y
n

_2 821 X w% . .
/0 (n—1) 1/2153/2 (sint)*(0 — 1)~ |g(t)|dt

2821 X 2 X (47 + 2) sint\s, . 1 _3
< 7 /0 (T) (sint)%(0 — )~ 3dt
2.821 x w3 x (4m +2) /0\3 [? s
< z _ )
- 4n(n — 1)1/2 (2) /0 U

_ 2821 X 12 X (47 +2) X V/2

where the last inequality follows by n > 2 when 6 small. Next, we estimate the second

integral. We claim that

dt < ig sin(N9) (Sln9)2 +Ox ()72, (3.2.25)

where N =n + % and C will be determined in equation (3.2.28]) below. To see this, we
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use ([2.5.7)) to obtain

o 00—t
4
0
1 1
<2277an7E [ p(07') cos(Nt — =) (sint) (0 — )72 dt + ———— (nf) 203
0/4 271')5(; 2
We then write
12, -1 1 o 1 Ty, . 1 1
2V T an T2 (0 t) cos(Nt — —)(sint)2(0 —t)" 2 dt
6/4 4
0
T / n(0~'t) [e"(m‘%) + e CNHD | (sint)2 (0 — )2 dt
6/4

::I;r—i—fg.

However, using Proposition |2.5.3| and |2.5.4| with ¢(t) = n(%)(sint)%, 0 < (0,5
6—9,)\:%,u:%,andvzl,wehave

1 13.0552

9 i L TY2) e
/n(@‘lt)(sint)mlm(e—t)_2dt§ oz N33 (1) (sin 0) 2 + e (3.2.26)
i 3
and
0 : C o T(1/2) ivertin  13.0552
/ n(O-)(sint) -9 — )b dt < DL oy ) (i ) 4 13:0952
i N2 N
(3.2.27)
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Therefore, we obtain that

0 |
It = 9 ix ip re T / n(0~ t)eZNt(sint)%(Q — t)_% dt
6/4

< 9 ir in 2e [ (N/l ) zJVQ_%é’”T}(H)(Sln 9) +13.0552 x N~ ]
2

nlw

<2 ip N0 3 (sm@)% + 6_51\/2— - 13.0552 x (n@)_%Q
m

3
2

<27 3pleiN0e g(sm@) +€7275.2080 x (nf)~ 20 ,
and

) 0 ‘
]7: = 2_;7]'_271_2@4/ n(e—lt)e—th<Sint)%<0 . t)_% dt
[%

<2 i e e N (sin )7 + e 3'5.2080 x (nf) 267,
It follows that
117+ 7] < 22n sin(N6)(sin )2 + 10.4160 x (nf)~26%.

This proves

+ 10.4160) (n) =32,

(3.2.28)

This completes the proof of the claim (3.2.25)). By the above two arguments, we thus

conclude the desired estimate for R, 3(0):
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0 .
sint
R,3(0)] = P, (cost dt
Raa®) =| [ Puteost) 2
1

g*/—g sin(N6) (Sh;‘)) '

mn
2.821 x w2 x (47 + 2 2
4 (; 10,4160 + 282X X (m F2) X \/—)(ne)‘?’/?eS/?
(2m)2(2)2 4
\/§ sinf\3 s 3
< X7 g 5 ) — /2 3/2'
<7 sm(N@)( 7 ) 02 +92.1237 x (nh) /<0

Lemma 3.2.8. Fornf > 5 and 0 € (0, 5], we have that

0 - 3 .3
2 1)/ [1—Pn(cost)} vb—teost, §2—f—0(n9)292, (3.2.29)
0

0= ST

where
C—§<10 T avm T 2 2)+4)) < 30.1066
1 2 T V2T T, 2 S

Proof. Firstly, we claim the following lower estimate.

32v0 (71— P,(cost) 3 1 4 \/?
> = — 2 - - (3.2
Lna(0) = 5= 2 dt — 507 log(nf) [(W(z +/3)+2 +2] (3.2.30)

0

Indeed, since that

DN |+
—_
[

no
—_

cost 1 — 2sin? % —2sin?
= = + =
sin®t sin’t sin® ¢ t2
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we may rewrite the integral I,, 1(6) to

b 2v/0 — tsin® L
@]M(H) :—/ [1—Pn(cost)}#dt
0
“1-P
+/ :2(cost)\/9—_t[ t? _1 dt+/ \/QT (cost) it
sin
t) 1—P(cost) 25,3
>f/ n(cos / n(0st) gy o2 202
vr+v t )

>f/ 1= Paleost) gy (%(4+ \/;) +2) 6% log(nd) — 2(%)2(5)29% log(n)

>f/ 1= 5 COSt L= Paleost) iy g4 log(no) <%(4+\/§)+4>,

where the first inequality follows that

( - / 1= Pu(cost)] 20— tsin's /09 1= Pufeost) m(ﬁi_it 1) di+

sin? ¢ t2
1 — P,(cost)

e ) R
_’_/[ (cost)]mdt+/oei@w\/m< t22 —1>dt‘

dt‘

sin? ¢ 12 sin®t
—2¢gin? L 1 1
= 1—Pn t}«@-t( 2 ——)dt’
) / (cost) sint * sin®t 2

sin? ¢ SlIl2 t ™

—92sin? 5 1 1 2
<202 / ‘ Z - —‘ dt < 202 (2)2.
t2

And the second inequality follows that

‘_/09\/§+1/m1—P7;(608t dt’ ( 4*\/; 2)0—élog(n9). (3.2.31)

1/n

Indeed, to show (]3.2.31]), we need to split the integral into two parts: + fl/n
the first part, we use representation (2.5.12)). Without loss of generality, we may assume

that n = 2m (The case when n = 2m — 1 can be treated similarly). Then we can obtain
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that

cos(2jt).  (3.2.32)

F(m+%)>2+zir(m—j‘i‘%)r(m‘l'j"‘%)
s r 1

1
Pan(cost) = (m—j+D0(m+j+1)

By the identity

1 Tm+ 3\ 2 T(m—j+3)r +3
1__<M> S (m—j+3) (mﬂ,ﬂ), (3.2.33)
7\I'(m+1 T Fm—-—j7+1D)I'(m+j+1)
we have
1 — Py(cost) 4 Zm: L(m—j+ 3)0(m+ j+ 3)sin?(jt)
t S r S Tm—j+)0m+j+1) ¢
So,

L/n 1 1 — P,(cost)
}/0 \/_+\/— t “

_—Z Lim—j+3 F(m—l—j—i—%)/ sin2(jt)d
T Pm—j+O)m+j+1) Jo Vo+Vi—t t

t

ge—%é'mil ! // sin’(5%) dt+4/5 - / sin’ (mt)
7T‘j=1 m—Jivm-+7Jo
411 J T 14
CEE et [ 1
- TS m2—j2+ 21~ T Jo m?2 — x? o 2
<oy Z]‘
ml 2

This means

L/n 1 1 — P,(cost) 1 4 \/?
- dt| <60 z2log(nb) - —(4+4/=).
‘/0 VO +V0—t t - g(nf) w( 2)
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While for the second part, we have

‘ 0 1 1 — P,(cost) 2 (%1

2
dt| < — —dt = —=log(nbh).
1 VO + V0 —t t ’— 1n b Vo B(n)

Combining the two parts, we prove (3.2.31)).
To show ((3.2.30)), since for a large number A and 6 € (0,3), nff > A > 5 implies

n2%>%>3,wethenhave

I (0) >——— (n—I—l \f/ —mt)dt—e—%log(ne) (%(4+ g)+4>}
f/ COSt L= Paleost) by g3 10g(n) (%(4+ \/§)+4)]
32;2[ O t2(C°St) dt—ie 3 log(n) (i(4+ \/§)+4>.

This proves (3.2.30)).

Next, we will deal with the integral

0
1-PF 13
[ 1Pl
0

tQ

We will apply the representation (2.5.12)) again and assume that n = 2m (The case when
n = 2m — 1 can be treated similarly). We then have the identities (3.2.32)) and (3.2.33).
Thus,

dt =2

2\/5/91—Pn(cost) 8VO~T(m—j+)0(m+j+3) /9 sin?(jt) i@t
n? Jo t2 7 n2 jzlf‘(m—j+1)F(m+j+1) '

t2

(3.2.34)
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Note that for j > 1,

sin”(jt) ,/] sin” ¢ / sin® ¢ 1 / sin(t) 1 7. 1
dt = dt > dt — = = dt— - =24_-Z=
A 2 Tl e =l e 07 ), ¢ 92 "o

where we used the identity |, - Sm9 d) = % in the last step (see , p. 50]). Thus, by

(3.2.34)) and (3.2.35)), we obtain

24/0 P, (cost) o> 4\/§Zm:jF(m—j+%)F(m+j+%)
- I

n? J, t2 n? (m—j+DC(m+7+1)

jﬂ

where the second inequality obtained by the Gautschi’s inequality: z!=* < T

(x+ 1)1~

’4\/§§:jF(m—j+%)F(m+j+
— I‘(m—j+1)F(m+]+1

TL2
1 1 )+ mr(i) 1
Vm WMt /m?— T'(1) (2m)z

— 47;2[”\;2\/_; ﬁ\/gn—é,

and the third inequality follows by the fact 4n 2672 = 4n=2(nf) "2 < % .n~2. Hence,

ot
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we have

>32\/§ 91— P,(cost)
4 n? J, 12

n
320 3 T T 4 5 3 1 4 T
>SS (104/= +2 —+— 2032 - g3 —(4 )44
4 n 4( 0\/;+ \/7?\/;—1—\/5)(719) é 2n20 og(n6) (7‘('( +\/g)+ >

[n,l(e)

Step 3: Estimate of the integral

In this step, we will prove the following estimate:

Lemma 3.2.9. Fornf > 5 and 6 € (0, 3],

dn(n +1)

0
392 / (6 — )7 P,(cost) sint dt > (% —V2)(n) ™! — 164.9212 x (nf)~2.
2 0

In particular, this implies that there exists a determined constant A > 1 such that
0 3
/ (0 — )3 Py (cost) sintdt > 0
0

whenever nf > A.

Proof. By the Lemma |3.2.6[[3.2.7| and |3.2.8], for nf > 5, we have

0
w/ (Q—t)%Pn(cost)sintdt
0
3 3 3 \/§ sinf\ 3 s
> 193 _ 30. —293/2 _ Y gj 2
> 2 2(nf) 0% — 30.1066 x (nf) F9*/% — 2 sm(N9)< : ) 0

— 92.1237 x (nf) %2632 — 42.6909 x (nf)202.
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Thus,

3

/ —t)2P,(cost)sintdt

3 V2 sin 0\ 3

>=(n6)~" = 30.1066 x (nf) % — %sm(N9)< ; )

—92.1237 x (nf) %2 — 42.6909 x (nf)~2

z(g —V2)(nf) "' = 164.9212 x (nf)"% >0
whenever
164.9212 2
nf > <—> > 3.6959 x 10°. (3.2.36)

5-V2

This means there exists a determined positive constant A such that the desired integral

(13.2.23)) is positive when nf > A. n

3.2.3.2 Case (ii): nd < B

In this case, we shall prove that there exists a constant B € (0,1) such that (3.2.23)) is
true whenever nf < B.

To see this, we first note that

e

)

P,(cost)sintdt.

|+

o 0
/ (6 — t)%P (cost)sintdt = 9;’/ (1-—
0 0
Thus, what we need to show is

0

t.s

/ (1— g)iPn(cost) sintdt > 0.
0
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Indeed,

0
0_2/ (1-— g)an(cost) sint dt
0

0 t. 3 0 t.a sint
—2 3 — )3 —
0 [jﬁ 1-2) tdt%—jﬁ 1-2) (zzxcost) t 1)td{
0 t s 0
292/ (1——)2tdt—2n02/ 2 dt
0 0 0
1 3
:/ (1 —x)2zdx —nb
0

4
_ 2 9o
35 W

For the first inequality, we used Bernstein’s inequality for trigonometric polynomials.

Indeed, for n >0, 0 <t < 0 < 7, we have

sint sint sint sint
|Pu(cost)(——) — 1| < [Pu(cost)(——) — | + |
t t t t
sint

< [T Palcost) — 1]+ 1

_1|

< |P.(cost) — P,(cos0)| + 1

< nt||P,(cost’)||oo + nt < 2n8,
where 0 < t' <t < f. The last inequality is positive under the condition

2
0 < —. 3.2.37
nf < 35 ( )

This means there exists a determined positive constant B such that the desired integral

(3.2.23]) is positive when nf < B.

3.2.3.3 Case (iii): B<nf< A

In this case, we shall prove (3.2.23) for the remaining case B < nf < A.
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We write

t

) 0
/ (Q—t)%Pn(cost) sintdtzgg/ (1-2)
0 0 ’

N

P,(cost)sintdt.

It suffices to prove

Njw

/09<1—§>

To simplify our calculation, we will next show

P,(cost)sintdt > 0.

0
0‘2/ (1-— %)an(cost) sint dt > 0.
0

Let N =n + , and by substitution t = &, we have

0—2/00(1 —

By (2.5.18) and the fact

e

)2 P (cost)sintdt—N_IQ_Q/Ne(l_ P, (COSL,)(Sini) o
n = ; No' TN N/

| <+

—1p—2 No t s ’ —1p-2 o th st ’ —1p-2
‘N 0 (1—N9)QSIDN < N6 ( N9)2|Slnﬁ|dt <N 07°-NO-6 =1,
0 0

and taking the substitution x = we have

NO’

N6 tl 3 tl t/
—1p—2 o E o o /
N6 /0 (1 _NH) 2 P, (cos N)(smN> dt

NGO ! ot 1
t 2 /SN 7\ 2
> 1 _ v N -yl '_0. -1
N=l9 / (1 N) ( v )jo(t)dt 0.1711 x n
—/ (1 — )3 jo(N6z)z (Smg(ex)> dr —0.1711 x n~!

\/7/ 1—x)2 jONQx)xdx—Olﬂlxnl

> \/j/ (1 — 2)%jo(uz)x dw — 0.1711 x B9, (3.2.38)
T Jo
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where u := N6. To make the last expression be positive, we will find a positive lower
bound for the integral fol(l — x)2jo(uz)zde when B < u < A. By the reference [24,

Corollary 1.1, Page 551, 552, 556], we have

1 Py |1— 2u?, 0<u<,/2 ~4.0620
0 27| 20963 u > /12 ~ 3.4641

Thus, in our case, for B < u < A, we have to separate two cases to find the positive lower
bound:
(1) When B < u < /12, we have

e < AT 20 TOIG
/0(1—x)2j0(ux)xd:r;:m(l—ﬁ)—mn.
(2) When v12 < u < A, we have

! 5 I'(2)I(2) 2.0963
/0 (1 —2)2jo(ux)zdr > TOTQ) &

Notice that 1—31 > 2‘%%63, thus we will use (2) as the the positive lower bound. Hence, the

last expression (3.2.38)) is positive, if we assume 6 satisfying the following condition:

B 2 T(2)(

1
)— x 2.0963 < 1.2644 x 1072

) A?

0 . “\9)2 )
o171 V7 T

nojo|nolot

This completes the proof of Theorem |3.2.4]

3.3 Positive semi-definite functions on R? generated
from those on S?

In this section, we will give the proof of Theorem |3.1.2
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Proof of Theorem[3.1.2. Fix x > 0. Let n > 2z be an integer and let § = 6, = £. Since

g is an isotropic positive semi-definite function on S? and supported in [0, 7], we have for

6 €(0,1),

o T : -1 2\
0 <p?*! / g0 )R} (cost)(sint)** dt = / g<£>R2(COS i) (M) t2 dt.
0 0 xr

By (2.5.17)), letting n — oo and u = £ | we obtain

, TTEN Ly tosin(nTH)N oy [T sty o)
| o) Bateos ) (5 5 ) e = i 93 )i @
= [ gl (o) du
0

— C}\x2>\+lgzl<§> 2 0’

where £ € R, || = z. By Bochner’s theorem, we prove that ¢ is a positive semi-definite

function on R?. ]
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Part 11

Spherical h-harmonic expansions

with negative indices
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Chapter 4

Introduction

(aa
n

It is well known the n-th Cesiro mean o\ f of order § of the Jacobi polynomial
expansion of f € C[—1,1] with parameters @ > —1 and § > —1 converges uniformly to
fon [=1,1] as n — oo if § > max{max{a + 3, 5+ 3},0}. This result was obtained in [7]

for a, 8 > —%, and in [10, p. 78] for a, 8 > —1 from accurate pointwise estimates of the

Cesaro kernel K™ (s,t) given by
1
o0, 5) = / FOKS (s, 0)(L =¥ (L + )7 dt, s € [-1,1].
-1

Indeed, accurate estimates of the Cesaro kernels have many other important applica-
tions, including the summability results of a,(f"ﬁ )0 f on LP spaces if p lies between the crit-
ical values, the weak type estimates of the maximal Cesaro operators sup,, |0,(1a’6 )0 f|, and
various multiplier theorems for the Jacobi polynomial expansions. (See [7] for o, 5 > —%,

and [10] for a, 8 > —1). An accurate estimate of the kernel K\**?(s, t) was first obtained

by Bonami and Clerc [7, Theorem 2.1] in 1973 for all § > 0 and «, 5 > —%. However,

problem for the remaining case of parameters —1 < min{«, 5} < —% looks much more dif-

ficult. This was finally solved by Chanillo and Muckenhoupt [10] in 1993, who established

an accurate estimate of Kﬁa’ﬂ)’a(s, t) for all parameters o, § > —1.

o4



Recently, some of these results have been extended to the Cesaro means of weighted
orthogonal polynomial expansions (WOPEs) in several variables on the unit sphere S¢~! =
{x € R?: ||z|| = 1}, the unit ball B? = {x € R?: ||z|| < 1}, and the simplex T? = {z €
Re:2; >0,...,04> 0,21+ +x4 <1} in a series of papers ([1518,30]), with weights

being given by

d
h2(z) : = H |z >, © e ST (4.0.1)
i=1
d
= (TT ™) (@ = a2, o € B (4.0.2)
i=1
d
; <H :L‘j_l/2> (1= — - — xq)tei ™12, z €T, (4.0.3)
i=1
and with parameters k1, -+, kg11 € R satisfying
Kmin := min &; > 0. (4.0.4)
1<i<d+1
Here and throughout this part, || - || denotes the Euclidean norm of R, WOPESs on the

sphere S~! turn out to be closely related to WOPESs on the ball B¢ and the simplex T¢,
as was observed by Xu [39).

It should be pointed out that the condition is essential in the works of [15-18,
30], where many arguments do not work if one of the parameters k; is negative. On the
other hand, however, it is easily seen that the weights in f are integrable on

the underlying domain if and only if Ky, > and as a result, the above mentioned

_%7
WOPESs on the sphere S*~!, the ball B¢ and the simplex T? are well defined if fpy > —3

One of the main purposes in this part is to establish accurate estimates of the Cesaro
kernels of the above mentioned WOPEs with less restriction on the parameters x; (i.e.,

Kmin > —%), from which we deduce the Cesaro summability results of the WOPESs for

Fmin < 0. We develop a new technique to establish accurate pointwise estimates of
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the Cesaro kernels, which works for the full range of Ky, > —%. We believe that this
new technique will, in particular, lead to a simper proof of the estimates of Chanillo
and Muckenhoupt [10, Theorem 14.1] on the Cesaro kernels of the Jacobi polynomial
expansions with parameters o, § > —1.

Throughout this part we denote by ¢ a generic constant that may depend on fixed

parameters such as x and d, whose value may change from line to line. Furthermore we

write A ~ B if there exists a constant ¢ > 0 such that A > ¢B and B > cA.
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Chapter 5

Preliminaries

5.1 Weighted orthogonal polynomial expansions (WOPEs)
on the sphere S%!

Let do(x) denote the usual surface Lebesgue measure on S¢~, and p the geodesic distance
on S that is, p(x,y) = arccosz -y for x,y € S¢~L. Denote by B(z,6) the spherical cap
with center z € S¥~1 and radius 6 > 0; that is, B(z,0) := {y € S : p(x,y) < 0}. For

k= (K1, -, kq) € RY we define
d
he(z) o= [ ] lwil™, = es® (5.1.1)
=1

Then h,(z) is a homogeneous function of degree 7, := k1 + - - - + kg, and h? is integrable
on S if and only if Ky = minj<j<qg kj > —%. Unless otherwise stated, we will always
assume that Ky, > —% throughout this part.

Next, we denote by . the probability measure on S~ given by du,(x) := wih?(z) do(x),

where

Ko 20 dor( _1_2F(“1+%)"'F(F&d+%)
Wi = </Sd_1 h2(x) do )) = — . (5.1.2)
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It is easily seen that for 0 < r <, (see [13]),

d
te(B(x, 7)) ~ rdt H(|:BJ| + )2 e ST (5.1.3)

j=1
where the constants of equivalence depend only on d and . This in particular implies

that p,. is a doubling measure on S%! satisfying that for any # € S¢~! and 0 € (0, D,
meas,(B(r,270)) < C27% meas,(B(x,0)), j=1,2,---, (5.1.4)
where C' > 0 is a constant depending only on x and d,

Se =d— 142y —2max{kmm,0} and ~!:= Z Kj. (5.1.5)
ji; >0
It is easily seen that s, is the optimal constant for which holds.

Given 0 < p < oo, we denote by LP(h2) = LP(h2;S%1) the Lebesgue LP-space defined
with respect to the measure du,, on S%!, and || -||,., the LP-norm of the space LP(du,). A
spherical polynomial of degree at most n on S?! is the restriction on S*! of an algebraic
polynomial in d variables of total degree at most n. Denote by I1¢ the space of all spherical
polynomials of degree at most n on the sphere S, Set 1%, = {0}, and let 1% (h?) denote
the orthogonal complement of the space I1¢_; in the Hilbert space I1¢ C L?(h2) (relative
to the norm of L?*(h?)). Then the H4(h%), n = 0,1,--- are mutually orthogonal, finite-
dimensional linear subspaces of L?(h2?). Denote by P,(h?) the reproducing kernel of the

space HZ(h?); that is,

af;
Py(hksa,y) =Y Vi(@)VE(y), =yesT (5.1.6)
=1
where af = dim #¢(h2) and {Y;7; : j =1,2,--- ,al} is an orthonormal basis of the space
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H4(h2) € L?(h2). Then the standard Hilbert space theory shows that each f € L?(h?)

can be represented as an orthogonal series converging in the norm of L?(h?):

f =" proj,(hk; f). (5.1.7)

where proj,, (h?) : L*(h%;S% 1) — H4(h?) is the orthogonal projection operator, which

can be expressed as an integral operator

proj, (hZ; f,z) = wj ) Pu(hZ; z,y)h2(y)do(y), =€ S (5.1.8)

Sd-1

Clearly, in the case of h,(z) = 1, the orthogonal expansion in (5.1.7) coincides with the
ordinary spherical harmonic expansion on S9!,

We define the n-th Cesaro mean of order 6 > 0 of the WOPE of f by
SO (h%; f ZA6 _;proj;(h 2. fx), xS

where Ag = F(I;J(ff;—d?ll for j =0,1,---. According to ((5.1.8]), the Cesaro (C, ) operators

S%(h?) can be represented as

SO(h%; f, o) = W - FONKS(h2;z,9)h2 (y) do(y), =€ ST, (5.1.9)

where
n A6
K)(hlw,y) =

§=0

— Pihay), vy ST (5.1.10)

In the case when Kyin 1= minj<j<qk; > 0, the Cesaro summability of the orthogonal
expansions ([5.1.7) has been well studied in a series of papers (see [17,/18,30]). Indeed,
in this case, each function in HZ(h2) is called a spherical h-harmonic of degree n, and

the general theory of spherical h-harmonic analysis developed by Dunkl (see [19,21]) is
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applicable. More importantly, Xu [41] proved that if kp;, > 0, then the reproducing

kernel P,(h2) of the space H%(h2) can be expressed explicitly as

d d
n—+ A
Pu(hy; v, y) = — /[ e Cr (Z tj%%’) [T avit), (5.1.11)
K -4 ]:1 jil

where z = (1’1, e ,l'd) € Sdilv Yy = (?/1, T 7yd) S Sdil? )\H = % + Ve,

dv;(t;) = 1ﬂj——i_%)(l — )5 1+ t)dt; if k; >0
I\ — F( F(Iij) 7 J J J )

—~
[ Ll i S

and dv; is Dirac measure supported at x = 1 if k; = 0; namely,

! : F(/\ + %) ! 2\ A—1
| attyane) = o) - tm | ama o0 -epa

Here and throughout the paper, C} denotes the usual Gegenbauer polynomial of degree n
with parameter \ > —%. It should be pointed out that this explicit integral representation
of the reproducing kernel P,(h?) plays a crucial role in the previous works [17.[18,30] on
Cesaro summability of the spherical h-harmonic expansions. Unfortunately, this formula

(5.1.11]) is not applicable when Ky, < 0.

5.2 The extended Jacobi polynomials

We denote by Pk(a’ﬁ ) the usual Jacobi polynomial of degree k£ with indices a and f.
According to [35], (4.21.2)], we have

PT(LO"B)(I):%Z<Z)(n+o¢+ﬁ+1)--~(n+oz+ﬁ—|—v)><
" u=0

x(a+v+1)~--(a+n)<$;1>v,
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where the general coefficient
(Z)(n—i—owLﬁ—i-1)---(n+a+ﬁ+v)(a—|—v+1)--~(a+n)

has to be replaced by (a+1)(a+2)---(a+n) forv=0,and by (n+a+F+1)(n+a+
f+2)---(2n+ a+ () for v = n. This formula furnishes the extension of the polynomial
pled (x) to arbitrary complex values of the parameters o and . It is a polynomial in

x,a, and 3 satisfying
pLetLAT (). (5.2.1)

In the case when «, 8 are both real, we have the following well known estimate on the

Jacobi polynomials (35, (7.32.5) and (4.1.3)]):

Lemma 5.2.1. For an arbitrary real number o and t € [0, 1],
|PA) ()| < en™V2(1 —t 4 n72) /22, (5.2.2)

The estimate on [—1,0] follows from the fact that P (t) = (=1)" P> (—¢).

Next, we denote by C the usual Gegenbauer polynomial of degree n with parameter

A > —%. As is well known, for @ > —1

Lla+1) Tn+20+1) paay, (5.2.3)

atgoN
O @) = Foa 1) TntasD) o

For later applications, we introduce the following normalized Jacobi polynomials:

Vr(n+a+H0(n+2a+ 1)

o _ (o, )
B () T e A (5.2.4)
nr Ly 1
:m+@+§(a+ﬁaﬁw@. (5.2.5)

61



We also define E(z) = 0 for j < 0. Since

Ea(t) = A1) = ira+ 2),

it follows that Ef is an analytic function in the parameter o on the domain {a € C :

Rea > —%} for each integer k. Moreover,

9 poe) = B4 (@),

de "
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Chapter 6

Boundedness of projection operators

and Cesaro means in weighted L”

space on the unit sphere

6.1 Main results on the sphere S%!

In this section, we state our main results on the sphere. The proofs of these results will

be given in later sections.

Our first result gives an explicit integral representation of the reproducing kernel

P.(h2;x,y) of the space H2(h?). Our main purpose is to extend the explicit integral

representation ((5.1.11]) of Xu [41] to the case kmin < 0. To be precise, let ex(z1, z9, - - -

k=0,1,---,d be the elementary symmetric polynomials in d variables given by
eo(T1, T, ,xq) = 1,
ex(T1, 2, -+, Ta) = Z Tj%jy -, 1< k<d.

1<1<je<-+<jp<d

In Section [6.2] we prove
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Theorem 6.1.1. Let k = (K1, -+ ,Kq) € R be such that Ky, = mini<j<q kj > —%. Let

- Z;’Zl k; and A, = 2 + .. Then for any x,y € ST,

Po(h2a — (ﬁ )ipng (6.1.1)

Jj=1

where for £ =0,1,--- ,d,

+ )x,.@)l ()\,i + ﬁ)
75( K y) F<)\H 1) [ 1, 1 E : ]y] ( )

d
w1y (14 11) :cdyd(1+td)>< 2\k;
1—t“ﬂdtz>.
Xeé( 21 + 1 Ueg + 1 ],1;[1( 3t

Here and throughout the paper, it is agreed that C’;‘(t) =0 forj <O.
After that, in Section we prove an accurate estimate of a multiple integral that
takes the form on the right hand side of (6.1.2]) with PP i place of C;‘jf. Such an

estimate together with Theorem allows us to deduce the following sharp estimate of

the reproducing kernel P, (h%;z,y):

Theorem 6.1.2. Let k = (ki,--- ,kq) € R be such that ki, > —% . Then for any

z,y € S,
x +n-
Py y)] < On™ max [Tji (2] + " plae y3 o)
ee{£1}4
( + np(ze,y )
Here and elsewhere, for v = (z1,-- ,x4) € R and € = (g1, ,eq) € {£1}7,
xe 1= (X161, Ta€2, -+ , Talq)-

In the case when ki, > 0, Theorem was proved previously in [17, Theorem 2.1].

In Section [6.4], we develop a new technique to deduce the following sharp estimates of
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the Cesaro kernels, which were previously proved in [17, Theorem 2.1] in the case when

> 0:

Rmin

Theorem 6.1.3. If § > 0, then for any v = (v, -+ ,24), y= (y1, - ,vq) € ST,

d -1 —2\—K;
_z;yi| +n T,ye)+n J
!Kﬁ(hi;af,yﬂ < ent! max H]71(| ]y]| p(r,y )d )
sefx1} (14 np(z,ey))**2
IT5— (Jyy] + (ol ye))? +n2)
(np(z,ye) + 1)

(6.1.3)

+

We point out here that it seems very hard to prove Theorem following the method
of [17] or [7]. Indeed, in the case when Ky, > 0, the basic idea behind the proof of these
estimates in |17] is to reduce the problem to estimating certain multiple integrals of Jacobi
polynomials, using the following formula for the Cesaro kernels of the Jacobi polynomial

expansions ( [35, p. 261, (9.4.13)]):

n

K0, 1) = a} (@) PO ) 4 37 8 (0) KO (o 1), (6.1.4)
v=1

where the explicit expression of the coefficients a () and b}, () can be found in [35| p.
261].

In the case when ki, < 0, it seems hard to deduce the desired estimates on Cesaro
kernels from (/6.1.4)), as can be seen in the work of Chanillo and Muckenhoupt [10] on
Cesaro kernels of the Jacobi polynomial expansions with parameter o, 8 > —1.

One of the main difficulties comes from the fact that if k.;, < 0, then the integral
representation of the reproducing kernel P,(h%;z,y) stated in Theorem involves
derivatives of the Gegenbauer polynomials C?, and as a result, an application of
would require accurate estimates of certain multiple integrals involving the derivatives of
the Cesaro kernels KT(LO"O‘)’HU(x, 1) with parameter o < —%, which are very hard to prove.

Our proof of Theorem [6.1.3| uses neither the formula|6.1.4| nor those estimates of Chanillo

65



and Muckenhoupt [10].
Because of the doubling property ([5.1.4) of the weight function h2(x) on S¥1 in many

applications it is more convenient to write the estimates stated in Theorems [6.1.2] and

in the following form:

Corollary 6.1.1. Let k = (K1, , kq) € R? be such that Ky, > —%. Let

k—1 d—2
0 = s =5 + v+ — max{fmin, 0}, (6.1.5)

where s, is the optimal constant for which (5.1.4)) holds. Then for § >0 and x,y € S,

C ox+1

Pn h2, , < - - (1 , ) , 616

| ( wr T y)| _nwn,,f(%y) Eg{lfﬁd —}-np(x& y) ( )
C 1 1

KO (2| < [ v ] 6.1.7

| K (s 2, )| =Wl y) elen)a L+ nplae, )7+ 1+ np(ae, y) O10

where

W (T, y) = / hi(z)do(z), =yeS™", mneN,
B(z,p(z,y)+n~1)

The proof of Corollary is given in Section [6.5] Corollary together with the
doubling property of the weight h2 implies the following result, which is also proved in
Section [G.5}

Theorem 6.1.4. Let k = (ky, -+ ,kq) € R? be such that ki, > —%. Let o,, = 5“2_1 be
given in (6.1.5), and let 6 > 0. Then
sup [P B,y doty) < O (6.13)
reSd—1 J§d-1
and
sup [ KB )| B(0) doly) < L, (6.1.9)
:pESd_l Sd—1
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where )

nor=°, if 0 <0 < og;
L5 ._ .
n = § logn, if 6 = o,

1, if 0 > 0.

\
In particular, this implies that if f € LP(h%;S%Y) and 1 < p < oo or f € C(S?1) and

p = o0, then for any 6 > oy,

Tim [[S5(h5; f) = fllep = 0.

Since s, is the optimal constant for which holds, which behalves like the di-
mension of the measure-metric space (S, p, h%(x)do(z)), it is very natural to expect
that the stated estimates in Theorem [6.1.4] are sharp in the sense that the corresponding
matching lower estimates of the integrals are also true. In the case when k., > 0, this
was proved in [17, Theorem 2.2]. In the case when K, < 0, we can prove the sharpness

if there exists one and exactly one parameter x; that is negative. The following result is

proved in Section

Theorem 6.1.5. If #{j: 1< j <d,k; <0} =1, then there ezists a constant ¢ > 0

depending only on k and d such that

sup/ |P(h2; 2, y)|h2 (y) do(y) > en” (6.1.10)
zeSd—1 Jsd-1
wax swp [ |KI(n )| @) do(y) 2 el 520, (6.L1)
1<j<n pegd-1 Jgd—1

In particular, this implies that if 0 < 6 < oy, then there exists f € C(S*!) such that

lim 1552 f)oo = o0
n—0o0
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In Sections [7.I] and [7.2] we shall also establish similar results for WOPEs on the unit
ball B¢ with respect to the weight function W2 given in as well as for WOPESs on

the simplex T? with weights given in (4.0.3)), following the approaches developed previously
by Xu [39,40].

6.2 An explicit Integral representation of the repro-
ducing kernels of the space H%(h?)

This section is devoted to the proof of Theorem [6.1.1] the integral representation of the
reproducing kernel P,(h2;x,y) of the space H%(h2). We start with the following lemma,

which will play an important role in the proof of Theorem [6.1.1}

Lemma 6.2.1. Let a := (ay,- -+ ,aq) € R? be such that ||a||; := |a1| + -+ + |ag] < 1.

Assume that T = (7'1, T 7Td) < (07 Oo)d7 fe Od[_]-?l] and —1 + ||aH1 <s<1l- ”aHl
Then

(I~ )/ Fla-t + s)dua(t) (6.2.1)

j:12Tj +1 [_171]d

d
1+1) ag(1+1t4)\ ~
_ ) (g . ¢ (al( 1) ... %l *l )d t
;;/[_M]df O S I S L L)
where t = (t1,-+- ,tq) € [~1,1]? and
d d
dpig(t) H t2 TN+ ty)dt; and dfig(t H t2 Tid

Jj=1 Jj=1

Proof. We use induction on the dimension d. For a positive integer d, set

[d = /[_171}d f(a -t 4+ S)dud<t)

68



We start with the case of d = 1. Write

1 1
L = / flait +8)(1 =) 11 4t)dt = / flagt +s)(1 — )™ dt + L4,
-1 -1
where
1
I, :z/ flagt +s)(1 — )11+ t) dt.
—1
Integration by parts shows that

I, = —2%/11 flaat + s)(1 +t)<(1 - t2)“>/dt

1
:2i7_1 L [f’(alt + S)Cbl(l + t) + f(alt + s)] (1 _ t2)7’1 dt.

Thus,

2 1
_nt /fa1t+s )“dt+—/ Flagt +8)(1+8)(1 =)™ dt, (6.2.2)
27’1 27’1

which implies (6.2.1]) for d = 1.
Next, we assume ((6.2.1)) holds for some positive integer d. In the case of d + 1, we
write t € [—1, 1] in the form t = (t,t441), where t := (t1,--- ,t4) € [-1,1]% Then by

ubini’s theorem, we have
Fubini’s th , h

1
g ;:/ [/ , f(a -t + S)d,ud(t)] (1 — t(21+1)7'd+1—1(]_ + td+1) dtd+1.
—1 -1,

Applying the induction hypothesis to this last integral f[_l 1) that is inside the brackets,

we get

d
[dJrl = <H 27—] i 1) ZId+l £y
=0

J=1
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where

1
farte: = / 1 FO@ e 0 =) (L ) db | x
(-1,1]

-1
<a1(1+t1) ad(1+td)
2 +1 7 7 21,41

) dfig(t).

Using (|6 with f® and 74 in place of f and 7, respectively, we have

1
/ FOla-t+s)(1— 13, )™ N1+ tap) dtgsr =
-1

2Td+1 +1
27441

1
141
+ / FE D@t + S)M(l — 2 ) g
-1

27441

It follows that

Tiv1e=

Thus,

where

Fy(a,t,s) =

2 1 14+t
M/ [f(f)(a-t+s)+f(f+1)(a-t+s)ad“( +tan)]
27401 Jopyen 27411 + 1
a1(1+t1) ad(1+td)> ,\
A S VA I | £).
o o1 o ) Wan(®)
d+1
21, +1
I :( J )/ Fy(a,t,s)dlgq(t),
H 37 ) o T 6 8) (8

d
a 14+t a1 (14t
Z [ K)a t+s)+f(€+1 (a-t+s) a1 d+1):|€g< 12(7 +11)’...
1

/=0 27—d+1 + 1
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Settinguj:%forjzlf-- ,d+ 1, we have

Fyat,s) =f(a-t+s)+ f (@ -t +s)eapr(ur, -, ug, tars)+

d

+ Z f(z)(a t+s) [Gg(uh o ug) + ugpree- (U, e ug)
=1

d+1

- Z f(e)(a t+ S)ee(ub co o, Ug, ud—i—l)'
=0

Thus,

d
2Tj
Iy = E 1,
( 2Tj+1> d+1 par d+1,4

=1
d+1
L+t ) Qaq 1(1 + td 1) .
;/[—171}d+1 f ( ) 4 o + 1 ) s 2Td+1 1 ,ud+1( ),
proving (6.2.1)) for the case of d + 1. This completes the induction. n

Now we are in a position to prove Theorem [6.1.1}

Proof of Theorem|[0.1.1 Let
d L d
Q::{z:(zl,---,zd)e(c : Rezj>—§, j:1,2,---,d}C<C.

For z = (z1,--+,24) € Q and each nonnegative integer n, we define a function H? on

S4=1 x S by

H?(z,y) = g(z) /[1,1]d Eo- (i {L‘jyjtj> (ﬁ(l — t?)zjdtg)"‘

J=1
d d ‘

+g(z)) > /[1,1}61 Bt (Z fj?Jﬂj) (1;[1 %) (ﬁ(l - t?)zjdtj>7

=1 1<i1<io<-<1y<d 7=1
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where z,y € ST, and

d
d—3
Qg = T + Z’Zj7
j=1
2) - —
g T2 (ay + 2) LT 4 1)

Clearly, for each fixed z,y € S¢7!, the function H%(z,y) is analytic in each variable z; on
the domain (2.

With the above notation, it is enough to show that for x = (k1,--- , kq) € (—3,00)%,
H* coincides with the reproducing kernel of P,(h?) of the space H4(h?).

We first consider the case of Ky, > 0. Indeed, by (5.2.5) and (5.1.11), if Ky =

minlgjgd Kj > 0, then

s¥

Po(h?; 2, y) = (k) /[11 Eo( Z:zrjyj H — ) (1 + t)) dt;, (6.2.3)

Jj=1

where o, = A\ — % and

L 2I—[;lil Cr; - QF(’%I"_%)"'F(Hd—l—%)
(k) = T(h.+1) 72T (\, + DD(k1)D(k2) -~ D(a)

together with Lemma implies that for any x € (0, 00)<,
Py(h*;2,y) = H (2, y), =,y € ST (6.2.4)
Next, we prove for the case of —% < Kmin < 0. By definition, clearly,
H%(z,y) = H%(y,z), Yo,y €S VzeQ.

Moreover, for each fixed # € S¥, H%(x,y) is an algebraic polynomial in y of total degree
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at most n; that is,

Hf(z,-) € 1%, Vo e S

d

Y

Thus, to complete the proof, it suffices to verify that for each x € (—%, o0)

H(z,-) € HY(h?), Vo e S, (6.2.5)
and
) =wi | F) Hyy (e, y)hi(y)do(y), VfeHi(hy), VoeS (6.2.6)
where
wi = ( /S ) da(a:))_l _ 2k ?2 ég’“d *3), (6.2.7)

Clearly, by , we can extend wj to an analytic function z — w3 in each variable z;,
j=1,---,d on the domain €.

We first prove . Since HY is the reproducing kernel of the space H%(h?) of
orthogonal polynomials for x € (0,00)¢, it follows that for z = k € (0,00)? and any
f el

n—1

0=wfi [ flyHi(z,y)hi(y)do(y), =S (6.2.8)

Sd—1

Since for each fixed f € 1I¢ and z € S?71, the integral on the right hand side of (6.2.8)
is an analytic function in each z; > —1, it follows that (6.2.8) holds for all z € Q. In

-5
d

Y

particular, this implies that for all x € (—%, o0)

“i F)Hy(w,y)hi(y) do(y) =0, Vf eIl ), VoeS (6.2.9)

Since H%(z,-) € TI¢ for each x € S¥1, we prove (6.2.5)).
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Next, we prove ((6.2.6)). For each z € €2, we define
Gi(z,y) = Hi(z,y), zyes
=0

If k € (0,00)4, then by (6.2.4), G* is the reproducing kernel of the space I1¢ C L2?(h2).

Hence, for z = x € (0,00)¢ and any f € I1¢,

fla):=wi | f@)Gr(x,y)hy(y) do(y), = e ST (6.2.10)

Since the integral on the right hand side of (6.2.10) is analytic in each z; > —%, (6.2.10))
holds for all z € Q2.

Now combining (6.2.10]) with (6.2.5]), and taking into account the fact that H(z,y) =

Hf(y,z), we conclude that for any k € (—3,00)%, f € H(hZ), and z € ST,

flz): = wj )Gz, y)hi(y)do(y) = wj S Hy ()R (y)do (y).

Sd—1 Sd—1

This proves (6.2.6]). m

6.3 Estimates of multiple integrals of Jacobi polyno-
mials
For convenience, we shall write the integral representation in Theorem in the form

Ak
Pa(2ia,y) = SO (@), iy €8T (6.3.1)

where T}, is an operator defined as follows.
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Definition 6.3.1. Given k = (ky,---

where

and

(T f)(,y) == / L1 ijy] (

(T f)(z,y)

_02

7’£d) S (_;7

1

d
ZQZ

£=0

) and f € C¥—

/@Zf x y)

2/@'14—1

Ty (1 + 1) o

(L’dyd 1 + td
2/@1 + 1

Y Y

1,1], define

x,y € Sd_l,

(6.3.2)

@ -y,

One of the main purposes in this section is to prove a sharp estimate of a multiple

integral of Jacobi polynomials defined below.

Definition 6.3.2. Let k = (ky,- -+

PT(LO‘"B) (x,y) ==

With the definition, we have

where o, =

bn(’f) =

P,(h%;x,

d—3
= T Vrs and

(o, +1)

a/id) < (_%700)11‘

Tu(P) (@, y),

For o, € R, define

z,y € ST

y) = bu(k) P (2, ),

(n+ %52 +7)T(n +d — 2+ 27,,)

(o + %)F(20z,i +1)

L(n+ 5t + )
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Recall that for x = (z1,--- ,74) € RY and € = (g1, -+ ,&4) € {£1}9,
xe = (xlglu HIDISH PR 7xd€d>7
and for z,y € S,

p(x,y) = arccos(x - y).

In this section, we will prove the following result, from which the stated estimate of

the reproducing kernel P, (h?, z,y) in Theorem will follow immediately.

Theorem 6.3.3. Let k= (K1, ,kq) € (—35,00)% If a > B, then

15 (] + ntplae, y) +n2) =

a+l_7n
(1 + np(ze, y)) ’

|PB) (2 )| < Cn® 2" max

, 6.3.3
ee{£1}d ( )

where v, = K1 + - + Kq.

6.3.1 Technical lemmas

The following estimate of a multiple integral of Jacobi polynomials play a crucial role in

the proof of Theorem [6.3.3}

Lemma 6.3.4. Assume that 7 = (11,--- ,74) € (0,00)%, and ¢y, ,pq € C°[-1,1]. If

a > B, then for any x,y € S,

d
‘/11]«1 Ph) Zx]y] )Hcp] t2 T dt (6.3.4)

7j=1 =1

a—9lr Hj:1(|xjyj| +n"p(x,ye) +n7%)"7
7l max ,

BN (Lnp(r,ye) T

<cn

where |T| = Z;l LT
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T — % was proved in 17,

Lemma (6.3.4] under the additional assumption o > Z;.lzl

Theorem 3.1].
Here we have to remove this extra condition as it may not be satisfied in the case
when k; = 75 — 1 and Kmin < 0.

The proof of Lemma relies on the following estimates proved in [17].

Lemma 6.3.5. (17, Lemma 3.5] Let a = (a1, -+ ,an) € R™, 2 € R be such that a; # 0
for 1 <j <mand 77 |aj| + |z| < 1. Let &, & € CF(R) be such that supp§; C

R\ [-1,—3] for 1 <j <m. Then for 7 = (11, -+ ,T) € (0,00)* and a > B,

‘/ plas <Zajt +x)H§J (1 —t;)7
[-L1]™ 7j=1
a—2|7| —T; a77+‘7-|
cn (H|aj| J) <1+n\/1—|a1+a2+--~+am+x|> ,
j=1

where || == 37" 7.

Now we are in a position to prove Lemma [6.3.4]

Proof of Lemma[6.3.4 For 1 < j < d, let & denote a C'*°-function on [—1,1] such that

&({t)=0for -1 <t < —%1. By symmetry, it is enough to show that

[ R
1,1

J=1
o 2‘T|H] zjys] + 0o, y) +n72) 77
(1+np(z,y))" 2"

<c

, (6.3.5)

where

ple,y) = |1 - ’ixjyj ~ maX{p(:v,y)jp(w, —y)}~
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Without loss of generality, we may assume that

|5(7jyj| > Co<n_1p(x,y) +n_2) for j =1,2,---,m,

|zy;] < co (n’lp(:c, y) + n’Q) for m < j <d,

where ¢y € (0, 1) is a small constant to be specified later. For each fixed t = (b1, -

[—1,1]4"™, we define

m

P e

j_ :
Using Lemma [6.3.5, we obtain that

fn<$, yv%/) < Cpo=20m (H |mjyj|_7—j> X

=1

—a—3+0m
<1+n 1—|ijyj—|— Z z;y;(t ) 2 )

j=m+1

where 6, = > " | 7.

7j=1

We claim that that for any t = (tyaq,- - - 1) € [—1, 1],

1+n 1—‘Zx]yj+ Z x;y;(t ) ~1+np(x,y).

Jj=m+1

Indeed, by (5:3.7) ,

d
| S el —1)| <2 Y Jayl < 20— m)o(n ) + 7).
Jj=m+l j=m+1
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It follows that

n 1_)2%%"" Z ;5 (t ‘

Jj=m+1

<ny/p(z,y)? + dn 2 (L+np(a,y)) < C(1+ np(z,y)),

which implies the upper estimate of (6.3.9)). To show the lower estimate of (6.3.9)), without

loss of generality, we may assume that p(z,y) > n~'. (The lower estimate holds trivially

if p(z,y) <n ') Using (6.3.10]), we then obtain

1- ‘Z%% + Z ;5 (t ‘ > pla,y)? — Cey <n_lﬁ(%y) + ”_2>

j=m+1

Z Clﬁ($a y)27

provided that the constant ¢ is sufficiently small. This implies the lower estimate of

©3.9).

Now using and (| -, we obtain

a— T >~ 7&71 m
fule,,8) < Cno20n GIMWAJ) + npla,y)

[T (o + 072+ 0 Y(ay))

< COn®~ 2|7|
(14 np(a,y))e+=—1

Y

where the last step uses and - The estimate m then follows by in-

tegrating both sides of this last inequality with respect to the measure H iem (1=

t3)7 71 (t)dt; on [—1,1]
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6.3.2 Proof of Theorem |6.3.3

By definition, we have

d
’,PY(la,B) (x, y)’ < C, Z Z le’,ﬂ i (T,y),

=0 1<i1<io<<ip<d

where

Bi’é-,ie (l’, y) = né|xi1yi1xi2yi2 e 7xizyiz|x
14 d
" ‘/ plotesto) Zx]% (H )(H (1— 2yt )‘
(114 j=1 j=1 7=1

Invoking Lemma with 7 = (k1 +1,--+ kg + 1), we obtain that for 1 <i; < --- <

igﬁd,

—rj—1

T (lgws| + 0 pl,ye) +n7?)

‘
Bzﬂw (I, y) < C’(H |g;i]_yz,j|>na+2Z—2%—2d max

i T (L mpla,ge))
k;
Hdzl <|xjyj| +np(x,ye) + ) e
< COpot22r=2d ax ’ (nflp(af; ye) + n*2>
i (Lt nple, ye)) R
d _ —K;
Hj=1(’$jyj! +n"p(x,ye) + )

< On® 2" max
ST (ol ye)

6.4 Estimates of the Cesaro kernels

The main purpose in this section is to prove Theorem [6.1.3] which we restate as follows:
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Theorem 6.4.1. If§ >0, and x = (21, -+ ,xq), y= (Y1, ,ya) € S¥L, then

d -1 —2\—kK;
Tyl +n T, Ye)+n J
n K ) d
el (1+ np(a, ey))**
d N e
[T=: (295 + (p(2, ye))* +n=2) 7"

(np(z,ye) + 1)1

For any § > 0, let

n

A (2 + 204+ DT+ 20+ 1)
Kle@)9(t 1 n—j plaa) 11
D=2 A) 2o+ 3) T(i+a+1) (), tel-11]

j=0

For each fixed « € [—1, 1], this last equation extends K,(la’a)’é(t, 1) to an analytic function

of o on the domain G :={z € C: Rez > —2}. For z,y € S*"!, we have

K (s Z A”JP ) = T Km0 8 1)] (2,9)

B z": A (25 + 20, + DVTT(G + 20+ 1) (0 an)
=Y

22a“+1P(Oé,{ + 2) F(] +a, + 1) J ($a y)7

where a,, = A\, — %
We break the proof of Theorem [6.4.1] into several steps, which will be given in the

next few subsections.

6.4.1 Decomposition

Let ¢y € C*°[0,00) be such that xp1 < ¢o < X2, and let o(t) = @o(t) — po(2t).
Clearly, ¢ is a C*°-function supported in (1, 2) and satisfying Y o, p(2°t) = ¢(t) for all

t > 0. We set

20(n — )\ AS_
(n ‘7)) i =01, ,m, (6.4.2)

5
n A?

S8 (7)== w(
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and define
f —Z j)proj;(h 2 ), v=0,1,---,|logyn| + 2.

Since ZUng nl+2 ¢<M> =1for 0 < j <n—1, it follows that

n

[logy 1] +2

SR P = D Shuf + g proj, (B ). (6:43)

v=0

Since S'\fw(j) = 0 whenever n — j > 5% or n — j < 54, it is easy to verify by the

Leibniz rule that

~ U\ 4
(Af(sgw(j))‘ < 02—”5<%> ., WeN 0<j<n (6.4.4)
Let
- Ae
Dy (1) =) S, ()=5—=C (1)
j=0 "
Then
S (1) = - FW) K, (2, y)hi(y) do(y), (6.4.5)
where
K3, () =T D3, ] (. ). (6.4.6)

Using (6.4.3)), we obtain
Lemma 6.4.2. For § > 0 and z,y € S™1,

[logy n]+2

Ktny = Y Klfew)+ P, (647)

v=0
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6.4.2 Estimates of the kernels K} (z,y)
We start with the case of v > 2.
Lemma 6.4.3. If 2 < v < |logyn| + 2, then for any given positive integer £, and any

x,y € S,

d -1 —2\—k;
d=19v(f=1-8) 1o [[ii (lziyil +n " plze,y) +n~?) .

ce{+1} (1+ np(ae, y)) T+

K2 (z,y)] < en

Proof. We follow the proof of Lemma 3.3 of [8, p.413-414]. We shall use the following

formula for Jacobi polynomials ( see [Sz, (4.5.3) p.71]):

PtiB)(¢) (6.4.8)

Zk:(Qn—i—a—i—B-I—j—i—1)F(n—|—a+6+j+1)
I'n+B8+1)

_ F(k+a+6+j+2)P(a+j+1,ﬁ)
D(k+5+1) F

n=0

(1),

where 7 =0,1,---.

Define a sequence of functions {a, . (-)}72, recursively by

tnoo(5) = 205+ A) S, (5),

an,v,é(j) . an,v,f(j + 1)
27+ 2 .+ 2§+ 2\ + L+ 2

Qp v 0+1 (]) -

Using (6.4.8) and summation by parts finite times, we have for any integer ¢ > 0,

2M\,. + £ _1y 1
cﬂzamz ” i )P.(**‘“ 234, (6.4.9)

Jj=

where A, = %2 + 39 | k. Tt follows by (6.4.6) that

= T( 42X + €) (et t-Eae—1)
) = cx o 77 2z, y). 6.4.10
S DRy T (9) (64.10)
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Note that a,,.(j) =0if j+ £ < (1 )n or j > (1 — 54)n, so that the sum is

_2v1

over j ~ n. Furthermore, it follows from the definition, (6.4.4)) and Leibniz rule that

. OV i+t
‘A’an,v,g(j)‘ <@ ()T =01, (6.4.11)
n

Consequently, using the pointwise estimates , and (| m we obtain

d oy -1 —2\—kK;
|K6 (:C,y)|§cnd*3+2e max Hi:1(|xzyz|+n p(xs,y)+n ) Z ’anvf(j”

el (1 + np(ze, y) =+

Jon

N n
n—j~sv

d - 2\ —r;
< oty o (sl +ntplae,y) +n72)

ce{£1} (1 +np(ze,y)) 7

Next, we deal with the cases of v =0, 1.

Lemma 6.4.4. Ifv = 0,1, then for any x,y € S !,

d s 2 4 p=2)ki
|wa(l’,y)| Scnd_l max Hi:1(|$zy2|+p(x57y) +n7?) '

ee{£1}d (14 np(ze,y))?

Proof. The proof is very similar to that of Lemma [6.4.3] The difference here comes from
the fact that the coefficients :S’\fl’v(j) for v = 0,1 are supported in 0 < j < 3n rather than

5 < j < n. Indeed, for the case of v = 0,1, we have to replace the estimates m 6.4.11]) by

enF L, if £ =1,
‘Akan,vvg(j)’ < (6.4.12)

enTl(j 4+ 1)k i 0 > 2.

Using ((6.4.10f), and (|6.4.12)), we then obtain that for v = 0,1 and any ¢ > 2,

1 ZI_L sy + 57 (e, y) +572) Z(.

|sz(x,y)| <ecnT' max = j+ 1)d_1
’ (1+ jip(ze,y)) T+
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Thus, to complete the proof, it is enough to show that if £ > £ +1 + Z;l:l k5|, then

for each z,y € S,

Lo T (] + 5 (e, y) +j_2)_”"jd,1
- a2
ey (1+jp(z,y)= ™
aor I (il + play)? + 072
(14 np(z,y))?

n

<cn (6.4.13)

To this end, we write
I := {1,2, 7d}211U[2U[37
where

IL:={iel: k; <0},

12::{i€I: ki >0, |I¢|Z4P(l‘,y)+n_l}, Iy =1\ (L UD).
We also define

wl@y, ) = <|xiyl‘| +j—2+j‘1p(rv,y)> , i€l j>1.
If’L - Il, then
wta <l 7 i) ]

Ifv e [2, then
d

Ui(%%j) < ‘xlyz

If i € I, then

ui(z,y, ) < 52 (L4 jp(x,y)) ™.
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Thus, setting
k(J) = Z/@j for J C I,

JjeJ
we obtain
d
[Tty ) < €201+ pta,)) 0 (TT byt ) TT (feawl = + 721+ ol ) ™)

= i€l el

1
= Z( H |$iyi|_ﬁi>j2ﬁ(l3u‘])(1 +jp(:c7y))—ﬁ(13uJ)’

JCI iE(I1UIQ)\J

where the sum is taken over all finite subsets J of I;. Note that the index sets I, I5, I3
are independent of j.
Since d + 2k(I;) > 0 and £ > ¢+ 1+ Z?Zl |k;|, a straightforward calculation shows

that for each fixed J C I,

n jd—1+2m(13UJ) o ( ) 1 —d—2k(I3UJ) ( 4 4)
— < (p T, y)+n" ) . 6.4.1
. da—2 K — )
= (L+ jp(z,y)) = THHed0))
This implies that
LHS of (6.4.13])
—d—2k(T5U.J)
< On”tmae | ) ( ) 4
<Cn max plx,y)+n H |z (6.4.15)

1e(UI2)\J

Set

vi(z,y) = (|zays| + p(x,y)2 + n*Q)*”i, i=1,---,d.

If 7 € I, then —k; > 0, and hence

‘xiyi|_ni < Ui(xay) and (p(‘rvy>2 +n—2>—ﬂi < Ui(xay)‘
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Ifi e IQ, then

|ziyil ~ |il* > (dp(a,y) + 07" = Joy ™ ~ iz, y).

Finally, if © € I3, then

il <B5p+n~t = |y < C(P*+n7?)

= vi(z,y) ~ (p(z,y)* +n72) 7"

Putting the above together, we obtain that for each J C I,

1 —2k(I3UJ) T
p(x,y) +n 1T Izl

iE(IlUIQ)\J
= (TI (e + 0 >) (TT bl ™) (TT bl ™)
1€l3UJ i€l \J i€l
< C( 11 v@-(fc,y))< IT vitz.y )(Hvz T,y ) = C[Jviz.v).
icelsUJ iEIl\J i€ly iel
Thus, using ((6.4.15]), we obtain
nd—1 d
LHS of (6.4.13) < C i
of 310 < O [Tty
This proves ((6.4.13)), and hence completes the proof of Lemma m m

6.4.3 Proof of Theorem (6.4.1

Let
d

An(w.y) = [ [zl + 07 o, y) +072) 7.

i=1
Let ¢y be a smallest integer > 0 + 4. Using ((6.4.7), Lemma |6.4.3, Lemma and

Theorem [6.1.2 we obtain
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A, (xe,
|K2(hi;x,y)| < Cn%' max Z min 2v(¢—=1-9) (ze,y) _
SN om0 (1+np(ze,y)) =

Ay L (s Y)? +n?)
+ Ommiti (529 it e D]+ plae o) +n7?)7
ce{+1}d o cc{+1}d (1 +np(ze,y))?
(14 otaen)
However, for each fixed e € {£1}¢,
Sd— 1 _ 146 ni=t
p0td=2 = (n ! —I—,O(a:s,y)) s
<1 + np(xe, y)) ’ (1+np(ze,y))
d—1
¢ : o+g "
(1+np(ae,y)"
Thus, it suffices to prove that for each z,y € S,
21}([7176) C

> (6.4.16)

12%13 =240 — 5+4°
s<votomynia == (1+np(z,y)) 2 (1+np(z,y))" ">

If 0 < p(z,y) < n !, then setting £ = 1, we get

C

LHSof (416) < > 27" <C~

d
2<v<log, n+2 (1 + np(x, y))6+ :

If p(z,y) > n~', then we break the sum on the left hand side of (6.4.16]) into two parts,
ZQ”Snp(w,y) + 22”>np(w,y)’ and set ¢ = ¢, for the first part and ¢ = 1 for the second part,

we then obtain

LHS of GLI6) < Clnp(w,y)) 70 37 2070 (ap(ay)) ™2 3 27

2v<np(z,y) 2v>np(z,y)
C
= 5+g°
(1 +mnp(z,y))""*
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6.5 Cesaro summability of the WOPEs on S7!

In this section, we prove Corollary and Theorem [6.1.4, We start with the proof of
Corollary

Proof of Corollary|6.1.1,. It is enough to consider the case Ky, < 0 as the case Ky > 0
was treated in [1§].

Using Theorem [6.1.3] we have

|K2(h%;2,y)| < C max [Ei(hi;a:s,y) + Rn(hi;wg,y)], (6.5.1)

ee{£1}4
where

d _ DN
_nd_1Hj=1(‘wj?/j’ +n l,o(x,y) +n 2) !
(1+np(z,y))*+2

T (g + (e, y)? +n2)
2.0 —pd-122J
Ry(hy;z,y) CHCRESL

ES(h%2,y) -

)

Using ((5.1.3)), one can easily show that for x,y € S,

< T nple, g wnn(@ )’ (6:5.2)

Indeed, (6.5.2)) for £y, > 0 was proved in |15, Lemma 3.9]. The proof there works equally
well for the case Ky, < 0.

To complete the proof of (6.1.7)), it remains to show

ES(h%;2,y) < ¢

S T oo ) o wnney) (6:5:3)
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To this end, let

Kj

uj(z,y) = (lzjy| +n plz,y) +n2) "%, j=1,--- ,d.

If |z;| > 4p(x,y), then

uj(z,y) ~ (Jzj| + p+ nil)_%’.

If |z;] < 4p(x,y) and k; > 0, then

—2K;

wi(z,y) < (n7'p(z,y) + 0727 ~ (1 +np(z, y))™ (Ile + plz,y) + n‘l)

If |z;] < 4p(x,y) and k; < 0, then

—2K;

uj(, ) < (i + p(w,9)* + 0~ () + 0727 ~ (Jag| + pla,y) +0 ")

Putting the above together, and using ([5.1.3)), we obtain

Cn—d+1(1 4 np(a:, y))n(J)—s—d—l

Wy, (T, Y)

Y

d
H Uj(l‘, y) <
j=1

where x(J) = >, ; K, and

Since
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we conclude that

Cn= (1 + np(a, y)) "+

W (T, Y)

Y

d
H Uj(l'7 y) S
j=1

which implies the desired estimate ((6.5.3)). This shows the desired estimate (6.1.7]) of the
Cesaro kernel K?(h?;x,y).

Finally, the above proof with a slight modification also gives the desired estimate

(6.2.2) of the reproducing kernel P,(h%;z,y).

Proof of Theorem[6.1.4. For simplicity, we write, for E C S,

measﬂ(E):/Ehi(x) do(x).

Then
Wy, (T, y) = meas, (B(x,p(x, y) + n_1)>, z,y € S
Let
a = as :=min{d — o, 1},
and define

(1 + np(z, y)) ™

.,y e St
Wy (2, )

Ad(z,y) =
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By Corollary [6.1.1], we then have

m/mmmmwm
sd—1

zeSd-1

<Cmax Y / Ay (w2, y) I (y) do(y) < C max /S AL, 9)hi(y) do(y)

xeSd-1
ae{il}d

hi(y)do(y)
< 1 —]
- CCEI;IS%}_(I |: + Z /] L<np(z,y)<2 2‘7 meaSR<B(£U, 2‘771/_1)

1<5<log(Cn)

<Cc Y o 2iv<cr.

0<j<log(Cn)

This proves (6.1.9)).
Finally, the estimate (6.1.8) can be proved in a similar way.

6.6 Proof of Theorem [6.1.5

Given an operator 17" on spaces of functions on S, we shall use the notation ||T|| to

denote the operator norm of T from C(S%!) to C'(S¢1); that is,

|7 = sup{[|Tflloo = feCE), [fle <1}

Then

Iproin ()] =i sup [ P05 lb o) doty).

zeSd-1

ISS0 = sup [ IR )R doto)

zeSd-1

92



As is well known (see, for instance, [42, Theorem 3.1.22, p. 78] and |42, Theorem 3.1.23,

p. 78]), for any 6 > 0, there exists a constant Cs > 0,
I ros, ()] < Con® s (1552 (6:6.1)

Without loss of generality, we may assume that x; < 0 and x; > 0 for 1 < 57 < d.

Then

First, we show that there exists a constant C' > 0 independent of n such that
| proja, (h2)]| > Cn™, (6.6.2)

which together with (6.6.1)) will imply that for 0 < 6 < oy,

0(1,2 0r—0
nax 155 (h)]| = Cn=~°. (6.6.3)
To show ((6.6.2)), let
d
d—3 1
Ui 1= —5— + ]E2 kj and [ =K1 — 3

Let

we(t) =t (1 — )™, te[0,1].

For 1 < p < oo, we denote by || - ||p.a..5. the Lebesgue LP-norm defined with respect to the
measure w(t)dt on [0, 1]. Clearly, {Pj(a“’ﬁ“) (2t —1)}52, is an orthogonal basis of the space

L*(]0,1],w,(t) dt), and hence, each f € L?([0, 1], w,(t)dt) has an orthogonal polynomial
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expansion converging to f in the norm of | - 2.4, 5,
o
F£) = proj;(ws: f.t),
=0

where

pro.]](wka f? t) = f(])ﬂ(amﬂﬁ)(2t - 1)7 ] - 07 ]-7 T

and

1
FG) = P52, / FYPE) (28 — 1)t (1 — £)° dt.
0

For each nonnegative integer n, we define a spherical polynomial % : St — R of
degree 2n by
O (x) = Plewh) (202 — 1), 2 = (zy, 29, ,24) € ST

n

We claim that
o € Hy,(h2); (6.6.4)

Since o € 114, for the proof of (6.6.4)), it suffices to show that for each o = (g, -+, q) €

74, with |a| = ay + -+ + a4 < 2n,

/Sd_l @ (2)x*h2(x) do(x) = 0. (6.6.5)

By symmetry, (6.6.5)) holds trivially if one of the «; is odd. Thus, without loss of generality,

we may assume that o = (aq, - ,qq) € Z‘éo, la] < 2n — 2 and each «a; is even. A
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straightforward calculation shows that for any g € L([0, 1], w,(t)dt),

/Sd_l 9(%?)’&(%) do(r) = ¢, /01 g()t% (1 — )= dt, (6.6.6)

where ¢, > 0. Since each ¢; is even, 2% = Hj:1 |z;]% and 2*h2(x) = h2_, ,(z). It follows

Kta/2

that

| @@ = [ e o dote),

which, using , equals a constant multiple of

d

1
/ Péa”’ﬁ'“)(% _ 1)25041/2 <H(1 — t)o‘f/2> tﬁ'“(l —t)*dt = 0.

This proves (6.6.5)) and hence the claim (6.6.4)).

Now we define an operator E : C[0,1] — C(S*"!) by
Ef(x) = f(2?), z€S*, feC|,1].
From the claim (6.6.4)), it is easily seen that for each f € C[0,1],
pr0j2j+1(hi§ Ef)=0, j=0,1,--- (6.6.7)
and

pI'Oij(hi; Ef)(l’) = projj(wﬁ; f’ "L‘%)7 ] = 07 1a T (668)
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Thus,

| projy, (h2)| > Sup{llprOjgn(hi;Ef)llesdfl) c feC01], fllcoy = 1}
= 1P oosup{|Fm)] < £ € €01, [1f ety =1

1
= IIPéa“’B“)IlooHPéa“ﬂ“)||z,i,€,/3~/ [P (2t = 1)]tP (1 — )~ dt.
0

We need the following facts on Jacobi polynomials for &« > —1 and § > —1, which can be

found in 35, (7.32.2)], |35 p.391], [35, (4.3.3)] respectively:

1P| ~ mextod=sd, (6.6.9)
1 1
/ (1+2)°(1 — )PP ()| de ~n~72, (6.6.10)
~1
1 2
/ (-2 (12 (PEP@)) da o, (6.6.11)
~1

Since —1 < B, < —% < a,, it follows that

| projy, (h2)]| > Cn+3 = O,

This proves (6.6.2)), and ([6.6.3]) as well.
Finally, we prove (6.1.11)) for § > 0. Since S2(h2,1) = 1, (6.1.11]) holds trivially if
0 > 0,. Thus, it remains to prove (6.1.11)) for 6 = o, or equivalently,

max ||S;"‘(hi)|| > C'logn, (6.6.12)

1<j<n

where C' > 0 is independent of n.
To prove (6.6.12), we denote by S°(w; f) the n-th Cesaro mean of order § of the

WOPE of f € C|0, 1] with respect to the weight w, on [0,1]. Let m be the integer such
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that 2m < n < 2m+2. Using (6.6.7)) and (6.6.8)), we have that for z = (xq,- -+ ,z4) € S¥,

m E) m

Ao
Sgl<wl"i7f7 x%) = Z A pro‘]] wl"v'?f xl Z

j=0 m =0 m

pro.]?] hm Ef I)

=Y piproj;(hl; Ef,x) + S (h2; Ef, x),

where
A'(rsz J m—j/2 .
Hj =
0, 7 >2m
and
T 0+1
LI Gl BV

TTUTE+ DI (x4 1)

According to [15], (5.10)], we have that for 0 < j < 2m,
A < Cm™(m — /2 + 1) i=0,1,---. (6.6.13)

Let ¢ be an integer such that 6 — 1 < ¢ <. Summation by parts ¢ times shows that
for any f € C[0,1] with || f]|e = 1,

2m 2m—{
|2 wiproi, (2 ED)|| <€ D7 18 51+ DA IS )l
j=0 =0

+ Om’ st | Al | S50 EF) o

which, using (6.6.13), is bounded by a constant multiple of max;<;<y, |S?(h2)|. It follows
that

s 1571 = Csup{ [ 185 (wni foad) @) dote) s f € Cl0.1) fl =1},
Sd—1
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which, using (6.6.6)), equals

1
C’sup{/ |57 (wy; fot)|we(t)dt - f € Cl0,1], ||fllec = 1} > C'logn.
0
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Chapter 7

Boundedness of projection operators
and Cesaro means in weighted L”

space on the unit ball and simplex

7.1 Weighted orthogonal polynomial expansions (WOPEs)
on the ball and the simplex

In this section, we shall describe briefly some necessary notations and results for WOPEs
on the unit ball B? and the simplex T¢. Unless otherwise stated, most of the results

described in this section can be found in the paper [39] and the books [16,21].

7.1.1 WOPEs in several variables

Let © denote a compact domain in R? endowed with the usual Lebesgue measure dz.
Given a weight function W on 2, we denote by LP(W;(2) the usual LP-space defined with
respect to the measure Wdz on €, and V¥(W) the space of orthogonal polynomials of

degree n with respect to the weight function W on Q. Thus, if we denote by II¢ the
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space of all algebraic polynomials in d variables of total degree at most n, then V(W) is
the orthogonal complement of I1¢_, in the space I1¢ with respect to the inner product of
L*(W; ), where it is agreed that 11¢, = {0}.

Since (2 is compact, each function f € L*(W; Q) has a weighted orthogonal polynomial
expansion on Q, f = > > proj,(W; f), converging in the norm of L*(W;Q), where
proj, (W; f) denotes the orthogonal projection of f onto the space V4(W). Let P,(W;-,-)

denote the reproducing kernel of the space V4(W); that is,

Py (Wi,y) : Zs&m 2)ens(y), T,y € Q

for an orthonormal basis {¢,;: 1< j <al:=dimV¥(W)} of the space VI(W).
The orthogonal projection operator proj, (W) : L*(W; Q) — V(W) can be expressed

as an integral operator

proj,, (W f, x) /f (Wi, )W (y)dy, z € 9, (7.1.1)

which also extends the definition of proj,(W; f) to all f € L'(W;Q) since the kernel
P,(W;z,y) is a polynomial in both z and y.

Let SS(W; f), n = 0,1,---, denote the Cesaro (C,§)-means of the WOPEs of f €
LY W;Q). Each SS(W; f) can be expressed as an integral against a kernel, K3(W;x,y),
called the Cesaro (C,J)- kernel,

SE(W: f, ) = / F@ KWz, )W(y)dy, =€ Q.

where

KX(W;z,y) = ZA P,(W;x,y), x,ye€ll
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7.1.2 WOPEs on the unit ball B?

The weight function W2 we consider on the unit ball B¢ is given in ([4.0.2) with s :=

(K1, s Kap1) € (—1,00)% It is related to the h, on the sphere S* of R*™ by

B2, /1= [2lP) = W2 (x)y/T— [P, = € B, (7.1.2)

in which h,, is defined in ((5.1.1]) with S% in place of S%~!. Furthermore, under the change

of variables y = ¢(x) with

p:x B (z,4/1—|z|2) €St :={yeS*: yar1 >0}, (7.1.3)

we have

[ st = [ Jotr. VTR + e,V T=TIP)] 25 (T

The orthogonal structure is preserved under the mapping (7.1.3) and the study of
orthogonal expansions for W2 on B¢ can be essentially reduced to that of h2 on S¢. More

precisely, we have

1
Pn(W,fv xay) :é [Pn(hia ($, xd—i—l)v (y7yd+1)) (715)

+ Pn<hi7 (JI, xd—&-l)v (ya _yd—i-l))}

where z,y € B and 2401 = /1 — 2|2, yar1 = /1 —|[yl|>. As a consequence, the
orthogonal projection, proj, (WZ; f), of f € L>(WE;B%) onto V{(WP5) can be expressed

in terms of the orthogonal projection of F(x,z4,1) := f(x) onto HI(h2):
proj, (W,'s f,2) = proj, (his F, X),  with X := (2, /1 — ||z]|?). (7.1.6)

101



This relation allows us to deduce results on the convergence of orthogonal expansions

with respect to W2 on B? from those of h-harmonic expansions on S%.

7.1.3 WOPEs on the simplex

The weight functions we consider on the simplex T? are defined by (4.0.3)), which are
related to W2, hence to h%. In fact, W is exactly the product of the weight function

W5 under the mapping
Vi (wy,... 1) €BY s (22,...,22) € T (7.1.7)

and the Jacobian of this change of variables. Furthermore, the change of variables shows

dx
/IBd g(a?, ... x%)dr = /ﬂ‘d g(x1, ..., Tq) ——. (7.1.8)

xl.--xd

The orthogonal structure is preserved under the mapping (7.1.7). In fact, R € V4(WT)
if and only if Ro € V¢ (W5B). The orthogonal projection, proj,(WT;f), of f €
L2(WT;T4) onto VE(WT) can be expressed in terms of the orthogonal projection of f o

onto V& (WB):

proj, (W1 f, v (x)) = 2—1d > projy, (W2 fot,xe), xeB” (7.1.9)

cezd

7.2 Results for Cesaro means of WOPEs on the unit
ball and the simplex

It was observed by Xu [39,40] that WOPEs on B? and T¢ are closely related to WOPEs

on the sphere S C R%*! and results on WOPEs on B? and T? can often be deduced from
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the corresponding results on the unit sphere S¢.
The main purpose in this section is to establish similar results for WOPEs on B? and

T<. Throughout this section, we will use a slight abuse of notations. The letter x denotes

a fixed, nonzero vector K := (K1, ,Kgp1) € (—%, 00)4*L. Accordingly, we define
d+1
R i ) — . + . )
Komin 1SIJ;1£1£1+1 Kjy, Vr ZFJJ, v Z Ky, (7.2.1)
7=1 Jiki>0
(7.2.2)
7.2.1 Results on the ball
For x € B%, we set 2411 := /1 — ||z||%2. Let pp : B? x B¢ — [0, 7] denote the metric on

B¢ given by

pe(x,y) = arccos(x "y + Id+1yd+1), T,y € B?.

For z € B¢ and # > 0, define
BP(2,60) == {y € BY: pp(u,y) < 0).
We write
meas? (E) := / WE(z)dz, E C B,
E

where WP is the weight function on B¢ given in (4.0.2)) with Ay, > —%. It is easily seen

that for x € BY and 0 € (0, ],
dt1

meas” (B”(z,0)) ~ 0* ] [ (|z;| + 0)*.

J=1
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B

B is a doubling measure on B? satisfying that for any

This in particular implies that meas

x € B? and 6 € (0,7,

meas? (B?(z,270)) < C27** meas?(B®(x,0)), j=1,2,---, (7.2.3)

where C' > 0 is a constant depending only on x and d, and

S = d + 2y — 2max{ Ky, 0}. (7.2.4)

It is easily seen that s, is the optimal constant for which holds.

Recall that P(W?2, z,y) denotes the reproducing kernel of the space V¢(W 5) of orthog-
onal polynomials of degree n with respect to the weight W5 on B, S2(W?2; f) denotes the
n-th Cesaro mean of order d > 0 of the WOPE of f with respect to the weight function

W5 on BY, and K2(W2Z;2,y) is the Cesaro kernel of the operator S° (W?F).

Theorem 7.2.1. Let k = (ky, -+ , kqy1) € R be such that Ky > —%. Let

w— 1 d—1
Or ‘= 5 5 = 5 +’Y: - max{/ﬁ;minao}' (725)

Then for 6 > 0 and =,y € B?,

C ox+1
P,(WEB:z y)| < ——— (1 ; ) ;
P00 < g gy At rentesy)

C 1 1
KS(W5E: x, <——  max [ =+ ]7
K (W y>|_w§,,{(x,y) ee{xz1yal(1 +npp(ve,y))°=o= = 14+ npp(re,y)

where

wﬁ,{(l’,y) = / W2(2)dz, z,y€B? neN
BB (z,pp(z,y)+n~")

and xe = (w161, ,x48q) for v = (w1, -+ ,24) € B and e = (g1, -+ ,g4) € {F1}%.
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Given an operator T on spaces of functions on B¢, we set

|7 :==sup{||Tfllo : fECB), |fllo=1}.

Theorem 7.2.2. Let k = (ky,- -+, kqy1) € R be such that Ky, > —%. Let o, be given

in ((7.2.5)). Then there exists a constant C' > 0 independent of n such that

(
1, 0> o0,

1SS W < C qlogn, 6 =0,

n“”"“, 0< 5 < O
and
|| proj, (W,.7)|| < Cn~.
In particular, if § > o, and f € C(B?), then SS(WZE; f) converges uniformly to f on B.

In the case when Ky, > 0, Theorem and Theorem [7.2.2| were previously proved
in [17]. These results can be deduced directly from the corresponding results on the sphere

S?. Since the proofs are almost identical to those in [17], we skip the details here.

7.2.2 Results on the simplex

For @ = (z1,--,24) € T let |z| = 21 + 22 + -+ + 24 and zq4 = 1 — |z|. Let

pr - T4 x T¢ — [0, 7] be the metric on T¢ given by

d+1

pr(z,y) = arccos(z ,/xjyj), z,y € T
j=1
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For z € B¢ and # > 0, define
BY(2,0) = [y € T pr(a.y) < 6.

We write

meas_. (E) := / W (x)dz, EcCTY
E

where W' is the weight function on T given in (4.0.3) with kpim > —3. It is easily seen

that for x € T¢ and 6 € (0, 7],

dt1
meas’ (BT (z,0)) ~ 6 H(\/x_] + 6)%".
=1

This in particular implies that meas? is a doubling measure on T¢ satisfying that for any

z €T and 6 € (0, 7],

meas’ (B” (z,270)) < C27** meas’ (B” (z,0)), j=1,2,---, (7.2.6)

where C' > 0 is a constant depending only on x and d,

Se = d + 2y — 2max{ Ky, 0}. (7.2.7)

It is easily seen that s, is the optimal constant for which holds.

Recall that P(WI x,y) denotes the reproducing kernel of the space V4(WT) of orthog-
onal polynomials of degree n with respect to the weight WZ on T¢, S°(WT; f) denotes
the n-th Cesaro mean of the WOPE of f with respect to the weight function W1 on T,

and KS(WT;x,y) is the Cesaro kernel of the operator S2(W7T).
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Theorem 7.2.3. Let k = (ky, -+, kqy1) € RTL be such that ki > —%. Let

=1 d—1
O 1= i 5 =% + F — max{Kmin, 0}. (7.2.8)

Then for 6 > 0 and x,y € TY,

P, (WEsz,y)| <

1 1

KS(WTs 2, y)| < [ + :
Wz < S T @ g = | 1o mpr(e)

where

wp (,y) = / Wl(z)dz, z,yeT! neN
BT(mva(xzy)+n_1)

Given an operator T on spaces of functions on T¢, we set

|7 == sup{||Tflloc : f€CT), [fllo=1}.

Theorem 7.2.4. Let k = (K1, ,kgi1) € R be such that ki > —%. Let o,, be given

in (7.2.8)). Then there exists a constant C' > 0 independent of n such that

(

1, 0> o,

||52(WHT)|| < C{ logn, 0 =04

ntos 0 <6 <oy,

and

| proj, (W.I)| < Cn=.
In particular, if § > o, and f € C(TY), then SS(WT; f) converges uniformly to f on T¢.

In the case when Ky > 0, Theorem [7.2.3] and Theorem were previously proved
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in [17]. These results can be deduced largely from the corresponding results on the ball

B<. Since the proofs are similar to those in [17], we skip the details here.
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