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Abstract 

In recent years, the application of self-associating block copolymer based drug 

delivery systems has attracted increasing attention as nano-sized carriers for the 

encapsulation and the controlled delivery of water insoluble drugs. Most of the drug 

formulations are based on the “trial and error” method with no specific library of 

polymer and drug combination. This is simply because in the context of drug 

formulation and drug delivery from polymeric micelles, many factors are necessary 

to study such as drug-polymer intermolecular interactions, release kinetics, polymer 

compatibility with human cells, etc. Computer simulation that can help design such 

polymeric drug delivery systems will enable researchers to make educated decisions 

on choosing a particular polymeric carrier for a given drug, avoiding time consuming 

and expensive trial and error based formulation experiments.  

In the present thesis, we reported the use of molecular dynamics (MD) 

simulation to calculate the self-diffusion coefficients of a hydrophobic drug molecule 

in a series of micelle-forming PEO-b-PCL block copolymers with different 

structures and PCL block lengths in the presence of water molecules. MD analysis 

techniques like velocity auto-correlation functions, and squared displacement values 

along x, y and z axis provided useful atomistic details to understand the molecular 

origin of the diffusivity observed for drug molecules. Based on the evidence of 

reported work, intermolecular specific interactions between drug and different 

blocks of block copolymers all play important roles in the self-diffusion of drug 
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molecule (CuB) in block copolymers. Additionally, water concentration, polymer 

swelling and wriggling motion of polymer chains affect the diffusivity of water 

molecules. The computed radius of gyration (Rg) of the PCL block confirmed that 

the PCL block tends to exhibit a higher degree of swelling than the PEO block. The 

understanding of relative contributions of the inter molecular interactions between 

drug and polymer can help us to customize the performance of drug carriers by 

engineering the structure of block copolymers to achieve a desired drug self-

diffusion. 
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1. Cucurbitacins and cancer 

treatment 

1.1. Introduction 

A large number of Cucurbitacins have been isolated from different plant species 

belonging to plant families other than Cucurbitaceae during the last decades. 

Although the roots and the fruits of plant species belonging to Cucurbitaceae are very 

bitter, they have been used as folk medicines in some countries because of their 

pharmacological activities such as anti-inflammation and anticancer effects. 

Cucurbitacins wide range of pharmacological activities first attracted attention in the 

1960s [1]. Natural and semi-synthetic Cucurbitacins show promising anticancer 

activities through several mechanisms [2-4]. Cancer is responsible for 12% of the 

world’s mortality. Several treatments have been used to fight cancer including 

surgery, and radio- and/or chemo-therapy. Side-effects, toxicity and drug resistance 

have been the main concern when chemotherapy is an option [1-5]. Therefore, there 

has been a growing interest in the use of herbs as a promising source of more efficient 

therapeutic anticancer drugs. The most significant mechanisms with regard to the 
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anti-cancer behavior of Cucurbitacins are their ability to modify mitochondrial trans-

membrane potential and transcriptional activities via nuclear factors or genes. 

Although Cucurbitacins sound promising for cancer treatment, they are naturally 

hydrophobic. In other words, once they are administered into a cancer’s patient body, 

they are eliminated due to their low solubility in blood stream [6]. Therefore, in order 

to obtain longer resident times for Cucurbitacins, effective drug carriers are needed 

to carry hydrophobic drugs and increase their solubility and residence time in the 

blood stream. Some polymer micelles have shown promising effects on the poor 

water solubility of Cucurbitacin drugs after administration [7,8].  

1.2. Block copolymer micelles 

Polymer micelles improve the water solubility of Cucurbitacin drugs due to their 

amphiphilic structure. Amphiphilic block copolymers consist of hydrophilic and 

hydrophobic blocks that can spontaneously self-associate in aqueous solutions above 

a threshold concentration, the critical micelle concentration (CMC), and form 

micelles. These nano-sized micelles have a unique core-shell structure that the core 

is made of hydrophobic blocks surrounded by hydrophilic blocks. In general, the 

hydrophobic block interacts with hydrophobic drugs and the hydrophilic shell 

provides stealth properties. Polymeric drug carriers at this scale (˂200 nm) cannot 

be detected by the immune system and escape from renal excretion (elimination by 

kidney) due to their size which is always larger than 10 nm. Polyethylene oxide-b-
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polycaprolactone (PEO-b-PCL) is the most common amphiphilic polymer used as a 

drug carrier. The reason is that the PEO block has stealth property which minimizes 

interactions between drug and cell membrane and polycaprolactone block is 

biodegradable, biocompatible and hydrophobic which can interact with hydrophobic 

drugs and act as a reservoir for hydrophobic drugs as well. 

Polymeric micelles are considered to be one of the most promising drug delivery 

systems in the field of cancer treatment for several reasons: the hydrophobic micelle 

core is considered as an excellent host to incorporate and stabilize anticancer drugs, 

which are mostly hydrophobic. Nano-sized micelles and their stealth properties 

induced by the hydrophilic shell of polymeric micelles could result in efficient 

accumulation of the nano-sized drug carrier at the tumor site due to the enhanced 

permeation and retention (EPR) effect [9]. Penetration of micelle drug carriers into 

the tumor tissue is also facilitated by their small size. In addition, the flexibility of 

the core/ shell structure in polymeric micelles and the attachment of targeting ligands 

[10,11,12] enables us to fine tune these nano-scale drug carriers for optimal 

properties. 

 In recent studies a lot of emphasis has been made on micelles consisting of poly 

ethylene oxide-b-polyesters, polyD,L-lactide and polycaprolactone, polyethylene 

oxide-b-polypropylene oxide and polyethylene oxide-b-polyamino acid block 

copolymers. Higher number of functional groups in the hydrophobic block enable 

stronger drug-polymer interactions. The hydrogen bonds formed between 

hydrophobic anticancer drugs and the functional groups in the micelle-forming block 
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copolymer provide the basis for drug solubilization and stabilization in polymer 

micelles.  

Polymeric micelles based on PEO-b-polypropylene oxide, PEO-b-polyesters and 

PEO-b-polyamino acids have been shown to successfully increase the water 

solubility of a number of clinically important hydrophobic drug molecules such as 

DOX, PTX and amphotericin B. Perhaps one of the most successful examples for 

the application of polymeric micellar formulations to increase drug-water solubility 

is the formulation of PTX in PEO-b-PDLLA micelles, a technique invented by 

Xichen Zhang and later developed by Burt et al., which have increased PTX 

solubility in aqueous solutions up to 5000-fold [13,14,15,16]. 

Another example is the increase in water solubility of DOX up to 12,000-fold with 

the application of PEO-b-PDLLA micelles [17]. Compatibility between the 

hydrophobic core of micelles and the entrapped hydrophobic drug molecule is very 

important and helps us determine the final drug loading capacity of a polymeric 

micellar system for a given anticancer drug. For example, DOX was chemically 

linked to the hydrophobic block of PEO-b-polyAsp in order to entrap more DOX 

molecules inside the hydrophobic core of PEO-b-polyAsp- DOX micelles [18]. 

Other examples on the importance of compatibility between hydrophobic block and 

anticancer drug molecules are provided and shown by Kwon et al. on the 

encapsulation of amphotericin B in polymeric micelles consisting PEO-b-polyAsp 

derivatives, in which the modifications of the hydrophobic core chemical structure 
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resulted in an increase in the level of encapsulated drug and drug loading capacities 

[19].  

Modifications of the chemical structure of the micelle-forming block copolymer and 

the physicochemical properties of the core/shell forming blocks are possible in order 

to obtain instant, sustained, or delayed drug release processes for specific drug 

delivery requirements. If one considers to avoid water penetration into the polymeric 

micelles, the hydrophobicity and crystallinity of the hydrophobic core could be 

enhanced which eventually would lead to a delayed mode of drug release from the 

carrier [20,21,22]. As an example, polymeric micelles that have glassy or crystalline 

cores under body temperature (37°C), micelle core structures that are cross-linked 

polymers or as mentioned before strong hydrogen bonds between drug and 

hydrophobic block in the micelle core can all be used to retard the micelle 

dissociation, drug diffusion and the overall rate of drug release from the micellar 

carrier [23,24,25-27]. 

According to other anti-cancer studies that were conducted on tumor bearing mice, 

PEO-b-P(Asp)-DOX with different molecular weights of PEO chains (12,000 and 

5000 g.mol-1), and free DOX, were used for 24 h after intravenous injection [28]. 

Higher levels of conjugated DOX were, however, required for an equal antitumor 

activity in comparison to free DOX drug molecules used for cancer treatment. 

Administration of higher concentrations of anticancer drug was allowed due to the 

lower toxicity of micelle-forming polymer–DOX conjugates in comparison to free 

drug (almost 20-times increase in maximum tolerable dose), which resulted in a 
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much higher therapeutic index for PEO-b-P(Asp)-DOX in [29] tumor-bearing 

animal models [30]. 

One of the most effective ways to lower the rate of drug release from polymer 

micelles is to increase the number of hydrogen bonds formed between hydrophobic 

drug and core forming block.  Lee et al. studied the loading capacity of functionalized 

hydrophobic blocks of PEO-b- PDLLA (including carboxyl groups) micelles and the 

effect of functionalized hydrophobic block on the release of papaverine [31]. A 

significant increase in drug loading and decrease in drug release rate was shown with 

an increase in the level of free carboxylic groups on the polymeric backbone, which 

was due to the increasing interactions between the loaded drug and the core-forming 

block. 

Polymeric micellar carriers have been considered ideal carriers for drug delivery so 

far due to their unique properties and special architecture. Hydrophilic brush-like 

polymer structures on the micellar surface along with the small size of micelles (10 

– 100 nm) result in better protection for polymeric micellar drug delivery systems 

against recognition and uptake by RES, which will result in longer blood circulation 

times and higher accumulation of the carrier in selective tissues such as tumour or 

inflammation sites. Polymeric micelles offer a higher drug loading capacity and a 

more stable entrapment of hydrophobic drugs in comparison to colloidal delivery 

systems that mostly have not been able to retain their drug content in blood stream. 

Moreover, the stability of the micelles could be enhanced by modifying the core-

shell chemical structure. For example, ester groups present in the structure of 
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polymer backbone could result in surface erosion, a type of degradation that occurs 

at the surface of micelle where excess amount of water is present, which in turn will 

affect micelle stability and residence time in the blood stream. Different approaches 

are taken in literature to address the issue of micelle instability and premature drug 

release such as: Chemical modification of the polymer structure in the micellar core 

(e.g., attachment of hydrophobic structures [32], addition of drug compatible 

moieties [19,33,34], chemical core crosslinking [35,36] and partial crystallisation of 

the micellar core [37]. 

Other hydrophobic drugs have attracted a lot of attention these days in the field of 

selective drug delivery from polymeric micelles and it is only a matter of time before 

other polymeric micellar formulations enter the stage of clinical evaluations. 

However, the therapeutic knowledge necessary for the delivery of different 

hydrophobic anticancer drugs has not been fully explored and limited information 

on the therapeutic efficacy of polymeric micellar formulations for therapeutic agents 

is available [38-40]. 

Research for the development of targeted drug delivery has led studies to the second 

generation of polymeric micellar carriers. Examples of these micelles are: nano-

carriers decorated with different ligands, such as glyco-polymers and peptides or 

micelles covered with bio adhesive polymers on their surface. All the mentioned 

micelles are developed to enhance the targeting efficiency of the micelle carrier 

[41,42,11,12,43-50]. Modification of the surface of polymeric micelles has shown 
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progress in enhancing the recognition of drug carriers by selective tumor cells 

leading to improved drug delivery [43,44,46]. 

pH-responsive polymeric micelles are designed that can respond to changes in pH 

and release their drug content in specific organs or intracellular environments. For 

example, the acidic condition in the environment surrounding the tumor cells could 

trigger micelle degradation and cause drug release in the acidic environment [51-53]. 

1.3. Design of polymeric drug delivery systems 

1.3.1. Polymer-drug compatibility 

The degree of drug- polymer compatibility in polymeric drug delivery micelles can 

affect many things such as: stability of the micelle, drug encapsulation efficiency and 

drug release kinetics [54,55]. The term “compatibility” is related to material having 

comparable structure or intermolecular forces. Usually the term “like dissolves like” 

in chemistry signifies this concept. In order to design effective drug formulations, 

one must have the knowledge of polymer-drug compatibility. The degree of the drug-

polymer compatibility can be quantified using the Flory-Huggins interaction 

parameter (𝜒). The smaller the 𝜒 value, more compatible the drug is with the block 

copolymer made up of the micelle and hence higher the predicted amount of drug 

solubilisation. This interaction parameter has been used to describe the different 

levels of solubilisation of several hydrophobic drugs in polymeric drug delivery 
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systems [55-60]. The Flory-Huggins interaction parameter (𝜒) is calculated based on 

the enthalpy of mixing for all components in the system according to the following 

equation: 

∆𝐇𝐦 =  𝛘 𝐑𝐓𝛗𝟏𝛗𝟐                                                                                                         (1-1) 

 

where ∆𝐻𝑚is the enthalpy change for mixing, 𝜒 is the Flory-Huggins interaction 

parameter, R is the universal gas constant and 𝜑𝑖 is the fractional volume of 

component i. Here, the enthalpy change of mixing can be calculated computationally 

using molecular dynamics simulation as demonstrated by Patel et al. [61]. The effect 

of block-copolymer structure and PCL (polycaprolactone) block length on the Flory-

Huggins interaction parameter (𝜒) was studied.  Longer PCL block contributed to 

more negative interaction parameters which corresponded to higher drug-polymer 

compatibility. The roles of polar and non-polar interactions between hydrophobic 

drugs such as Cucurbitacine B and polyethylene oxide-b-polycaprolactone were 

studied as well.  

1.4. Thesis scope 

In the concept of drug release from block copolymer micelles drug diffusion from 

micelles plays an important role. In micron-sized systems, the relationship between 

diffusion and release kinetics is known and has been extensively studied by many 
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authors mentioned in Chapter 2. However, the mentioned relation in nano-sized 

polymeric micelles is unknown and yet needs to be developed.  

In this thesis, we calculated the diffusion coefficient of drug molecules 

(Cucurbitacine B) in nano-sized systems using molecular dynamics simulation. The 

first objective is to review drug release models in micro-sized drug delivery systems 

and to discuss the shortcomings of these models to predict drug diffusion coefficients 

in nano-sized drug delivery systems (micelles). The second objective is to compute 

the diffusion coefficient of Cucurbitacine B in pseudo-micelle environments using 

molecular dynamics simulation. The effect of block copolymer structure and water 

concentration on drug diffusion coefficient is discussed as well as intermolecular 

interactions between drug and polymer. The third objective is to study the role of 

intermolecular interactions between drug and hydrophobic blocks of polymers as 

well as the effect of hydrophobic block length on drug diffusivity. Finally, the last 

objective is to discuss the drug diffusion mechanism in polymer with different 

structures and block lengths by calculating the drug’s diffusion activation energy. In 

the final chapter, the major conclusion along with future outlook is provided.  
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2. In-vitro Modelling of the 

Release Kinetics of Micron and 

Nano-sized Polymer Drug 

Carriers1 

 

2.1. Introduction 

Polymers have been used as drug carrier systems for several decades. Some polymers 

used in practice are biodegradable [62-66] while others are not. Examples of 

degradable and non-degradable polymers are shown in Figure 2-1. Since non-

degradable polymers cannot be easily eliminated from the patient’s body upon the 

consumption of the drugs, biodegradable polymers are mostly used. However, 

polymers that exhibit long degradation time (longer than the time scale of the drug 

                                                 

1 A version of this chapter has been published. Razavilar, N., Choi, P. In-vitro modelling of the release 

kinetics of micron and nano sized polymer drug carriers, Int. J. Drug Delivery, 2013, (5) 362-378. 
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release) are usually considered as “non-degradable” from the drug kinetics 

perspective as the molecular weights of such polymers do not change during the 

release process. Figure 2-1 and Figure 2-2 show a few “non-biodegradable” and 

biodegradable polymer structures that are commonly used as drug delivery systems.  

Figure 2-3 (a) and (b) show the drug carrier systems in which the drug is encapsulated 

by polymer in a spherical geometry. Different geometries (e.g., cylindrical) can be 

used but they exhibit different release kinetics even though the same polymer is used. 

The effect of the device geometry on drug release kinetics will be discussed later. 

Since such systems are usually micron-sized, continuum models are found suitable 

for describing the corresponding kinetics. Figure 2-3 c) shows a carrier system that 

is made up of polymeric micelles.  In fact, this type of carrier system has become 

quite popular in recent years as such nanometer-size systems offer longer circulation 

times [67-70]. Such micelles are formed from individual amphiphilic polymer chains 

that spontaneously form nano-sized aggregates in selective solvents (water in the 

case of drug delivery systems) above a threshold concentration called the critical 

micelle concentration (CMC). This is due to the good solubility of one and poor 

solubility of the other block of the copolymer in the selected solvent [71]. These 

polymeric micelles are usually tens of nanometers in size. They are characterized by 

their unique core-shell structure, in which the core is composed of hydrophobic 

blocks that are surrounded by a palisade of hydrophilic blocks. Generally, the 

hydrophobic core acts as a micro reservoir for the solubilization of hydrophobic 

drugs while the hydrophilic shell provides stealth properties. However, their release 
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kinetics differs significantly from that of the micron-sized carriers and it is 

conceivable that continuum models may not be applicable.  

 

 

Figure 2-1. Chemical structures of “non-biodegradable” polymers used for 

drug delivery. The first structure from the left is urethane links and the second 

structure is polydimethylsiloxane. 

 

Figure 2-2. Chemical structures of biodegradable polyesters: (a) polylactide, (b) 

polyglycolide and (c) polycaprolactone. 
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a) 

 

 

a) 

 b) 
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b) 

 

 

   c) 
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c) 

Figure 2-3. Schematic representation of a) micron-sized non-biodegradable 

polymer, b) micron-sized biodegradable polymer and c) nano-sized polymeric 

micelle system. 

 

Obviously, the chemical structure of the polymer used in the aforementioned carriers 

will play a significant role in determining the total amount of drug released over a 

given period of time (i.e., release profile) which will in turn affect the in vivo 

pharmacokinetics parameters (e.g., clearance, half-life, etc.).  All of the 

aforementioned polymer carrier systems can be administered via oral or 

intravenously.  Recently, a great deal of attention has focused on the development of 

controlled release drug delivery systems that are administrated intravenously.  It is 

desirable to have the total concentration of drug last longer in the bloodstream so that 

multiple dosages for patients are not required. When comparing single dose to 

multiple dose administration of drugs, a single dose has been proven to be a more 

cost-effective alternative so far.  
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It is worth noting that the decrease in drug concentration in blood is attributed to two 

factors: distribution of the drug to targeted and non-targeted tissues and elimination 

of the drug by kidney or metabolism. The distribution of the drug to the tissues occurs 

at a much faster rate compared to its elimination process.  Figure 2-4 shows a typical 

drug concentration vs. time curve from a pharmacokinetic experiment on micron-

sized polymer drug carriers. During the distribution process, the concentration of the 

drug in bloodstream decreases considerably because a high percentage of the drug 

distributes to different tissues. Later, equilibrium in the drug concentration will then 

be established between the tissues and the blood stream. 

The elimination process occurs to micron-sized carriers.  However, if the polymer 

carrier systems have sizes in the range of 10 nm – 400 nm, the elimination rate can 

be significantly decreased [67-70]. Obviously, the most ideal situation is that the 

carriers are only distributed to the target tissues and there is no elimination. 

Regardless micron-sized or nano-sized carriers, it is obvious that drugs exhibiting 

required diffusivity in the polymer are most desirable.  The intent of this review paper 

is to discuss different in-vitro mathematical models as well as their usages and 

limitations. 
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 Figure 2-4. A typical drug concentration profile in blood after intravenous 

administration of drug. The drug concentration is at the highest level shortly 

after the intravenous injection at t~0 (C0) and decreases during the distribution 

and elimination phases. The distribution phase includes distribution of drug to 

targeted and non-targeted tissues.  

  



19 

 

2.2. Continuum Models for Micron-Sized Carriers  

Continuum models were first developed to describe the release kinetics of drug 

encapsulated in a micron-sized polymer film.  Such models are essentially developed 

for in vitro environment by including various effects such as concentration gradient, 

swelling, and degradation of polymer. Later, researchers developed micron-sized 

continuum models to describe kinetics of drug encapsulated in devices with different 

geometries such as thin films, spheres and cylinders. Three types of micron-sized 

drug carriers will be discussed and they are non-biodegradable, swollen, and 

biodegradable polymers.  

 The advantages and disadvantages of micron-sized continuum models used to 

describe drug delivery kinetics will be discussed respectively for thin films, spheres 

and cylinder geometries for each drug delivery device in the following sections.  

2.2.1. Non-Biodegradable Polymeric Carriers 

As mentioned, mathematical models developed for this type of polymers are 

essentially used for biodegradable polymers exhibiting long times for complete 

degradation. In other words, the degree of degradation is negligible relative to the 

release time scale. With these types of polymers, water molecules tend to diffuse into 

these systems causing swelling which results in diffusion of drug molecules out 

through the swollen polymer matrix. Five decades ago, Professor Higuchi was the 
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first one to lay the foundation for quantitative analysis of drug release from polymer 

matrices. He proposed a simple thin film model based on a pseudo-steady state 

assumption for the release of drug from an ointment using simple mass balance 

concept and Fick’s laws. 

2.2.1.1. Higuchi Model for Non-Reservoir Polymeric Carriers 

Higuchi treated the drug release problem as a steady state, one dimensional diffusion 

process.  Based upon Fick’s first law [72], the rate of diffusion of drug 𝑅𝑡 (mole/s) 

for a non-biodegradable and non-swelling polymer matrices [73] is given by the 

following expression: 

𝐑𝐭 = −𝐒𝐃
𝐝𝐂

𝐝𝐱
                                                                                                                           (2-1) 

 

S is the cross sectional area (m2); D is the diffusion coefficient of the drug in the 

polymer matrix (m2/s); C is the concentration of the drug and x is the distance from 

solvent-matrix interface (Figure 2-5). 
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Figure 2-5. Schematic presentation of the drug concentration-distance-profile 

after exposure to perfect sink conditions. 𝑪𝒊𝒏𝒊(𝑪𝟎 ) is the initial drug 

concentration in the polymer matrix which is much higher than 𝑪𝒔 the solubility 

concentration of the drug in the matrix. X represents the distance from the 

matrix-medium interface, 𝜹 is the thickness of the thin film. 

The boundary conditions are: 

C=𝐂𝐛𝐊 at x=0                                                                                                                (2-2) 

C=𝐂𝐬 at x= X                                                                                                                   (2-3) 

𝐶𝑏 is the drug concentration in the release media and 𝐶𝑠 is the solubility concentration 

of the drug in the matrix. C is the drug concentration in the polymer matrix. Perfect 

sink condition is assumed which implies that the concentration of drug in the polymer 

matrix is much higher than the drug concentration at the matrix-medium interface 

(𝐶𝑏𝐾).  K is the matrix-to-medium partition coefficient. The initial drug 

concentration inside the polymer matrix is much higher than its solubility 
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concentration (by a factor of 10 or more). According to this assumption is takes a 

very long time for the excess amount of the drug concentration to dissolve at a 

distance x from the films surface. Therefore, the drug concentration at a distance “x” 

from the film at any time remains almost constant which results in pseudo steady 

state condition. In order to solve Fick’s law to obtain the diffusion coefficient we 

must know how the concentration profile of the drug looks like. One solution is to 

assume a linear concentration profile for the drug. Therefore we have: 

𝐑𝐭 = 𝐒𝐃
(𝐂𝐒−𝐂𝐛𝐊)

𝐗(𝐭)
                                                                                                                (2-4) 

In order to solve the above equation we have: 

𝐑𝐭 =
𝐝𝐌𝐭

𝐝𝐭
= 

𝐝

𝐝𝐭
{[𝐂𝟎 −

𝟏

𝟐(𝐂𝐬+𝐂𝐛𝐊)
] 𝐒𝐗(𝐭)}                                                                       (2-5) 

where 𝐶0 (𝐶𝑖𝑛𝑖) is the total drug concentration and 𝑀𝑡 is the total amount of drug 

released at any time t. After substituting 𝑅𝑡 in the above equation and the followed 

by a series of integration, the final equation is written as: 

𝐌𝐭 = 𝐒[𝐃(𝐂𝐬 − 𝐂𝐛𝐊)(𝟐𝐂𝟎 − 𝐂𝐬 − 𝐂𝐛𝐊)𝐭]
𝟏/𝟐                                                            (2-6) 

It is assumed that the initial drug concentration is higher than its solubility 

concentration in the polymer matrix. Also, under sink conditions it is assumed that 

the drug concentration in the release medium is almost zero which means that: 𝐶𝑏~0. 

When 𝐶𝑠 ≪ 𝐶0: 

𝐌𝐭 = 𝐒[𝟐𝐃𝐂𝐬𝐂𝟎𝐭]
𝟏/𝟐                                                                                                        (2-7) 
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The above equation can also be further simplified to the following form: 

𝐌𝐭 = 𝐤√𝐭 ,                           𝐰𝐡𝐞𝐫𝐞 𝐤 = 𝐒√𝟐𝐃𝐂𝐬𝐂𝟎                                                  (2-8) 

It is obvious that total mass of drug released follows “square root of time” 

dependence.  

In all the above equations K is the partition function of the drug between the 

membrane and the reservoir.  

For the non-core-shell carriers with different geometries as shown in Figure 2-6, the 

mass of drug released shows much more complicated time dependence.  Roseman 

and Higuchi proposed the following implicit equations.  Here, the term implicit 

signifies that Mt cannot be isolated on the left hand side of the equation [74,75].  

For spherical carriers: 

𝐌𝐭

𝐌∞
−
𝟑

𝟐
[𝟏 − (𝟏 −

𝑴𝒕

𝑴∞
)
𝟐/𝟑

] = −
𝟑𝐃

𝐑𝟐
.
𝐂𝐬

𝐂𝟎
. 𝐭                                                                    (2-9) 

For cylindrical carriers: 

𝑴𝒕

𝑴∞
+ (𝟏 −

𝑴𝒕

𝑴∞
) 𝐥𝐧 (𝟏 −

𝑴𝒕

𝑴∞
) =

𝟒𝑫

𝑹𝟐
.
𝑪𝒔

𝑪𝟎
. 𝒕                                                                (2-10) 
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Figure 2-6. Thin film, spherical and cylindrical geometries used to model drug 

release from non-reservoir devices (devices without a core-shell structure). 

If the initial concentration of the drug in the polymer matrix is homogeneously 

distributed at a value below the solubility concentration of the drug (𝐶0), and the 

perfect sink conditions are still applied at the surface of the thin film, the drug 

concentration at a distance “x” from the surface of the thin film cannot be considered 

constant anymore and will vary with respect to time. In this case, Fick’s second law 

for one dimensional isothermal drug transport should be solved [76]: 
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𝛛𝐂

𝛛𝐭
= 𝐃

𝛛𝟐𝐂

𝛛𝐱𝟐
                                                                                                                         (2-11) 

The solution to Fick’s second law with the above assumptions for thin film is [77,78]: 

𝐌𝐭

𝐌∞
= 𝟒(

𝐃𝐭

𝛅𝟐
)
𝟏

𝟐 {𝛑−
𝟏

𝟐 + 𝟐∑ (−𝟏)𝐧∞
𝐧=𝟏 𝐢𝐞𝐫𝐟𝐜

𝐧𝛅

𝟐√𝐃𝐭
}                                                        (2-12) 

The second term in brackets vanishes at small times therefore: 

𝐌𝐭

𝐌∞
= 𝟒(

𝐃𝐭

𝛅𝟐𝛑
)
𝟏

𝟐                                                                                                                   (2-13) 

The above equation is accurate for 
𝑀𝑡

𝑀∞
≤ 0.6 (short time release). According to the 

above equation which is obtained by using a pure “Fickian diffusion” approach; the 

release of drug again shows 𝑡1/2 dependence. The same relation between fractional 

drug release and time was obtained according to Higuchi’s approach discussed 

earlier. Therefore, the principal result is a square root time dependence of the drug 

transport. For thin films at long times, we have: 

𝐌𝐭

𝐌∞
= 𝟏 −

𝟖

𝛑𝟐
𝐞𝐱𝐩 (−

𝛑𝟐𝐃𝐭

𝐋𝟐
) , 𝐋 = 𝛅                                                                            (2-14) 

In another study, the release rate of an anti-Parkinson drug from degrading polymer 

(PLGA matrix) was studied. During the time of the experiment, which was exactly 

4 days, the changes in the volume of the polymer matrix was negligible; therefore, 

the polymer microspheres were considered as non-biodegradable implants. In their 

study, their experimental results showed a good fit with the following solution of 

Fick’s second law of diffusion: 
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𝐌∞−𝐌𝐭

𝐌∞
=

𝟔

𝛑𝟐
 ∑

𝟏

𝐧𝟐
 𝐞𝐱𝐩 (−

𝐧𝟐𝛑𝟐 

𝐑𝟐
𝐃𝐭)∞

𝐧=𝟏                                                                     (2-15) 

where 𝑀𝑡  and 𝑀∞  are the cumulative amounts of drug at time t and infinity; R is 

the radius of the sphere and D is the diffusion coefficient. This model assumes perfect 

sink condition, the polymer matrix is considered to be a sphere and that the drug is 

distributed homogeneously initially. From the above equation, it is obvious that the 

amount of drug released at any time does not depend on polymer molecular weight 

and volume during the course of experiment. 

For spheres at short times after solving the above equation we have [79]: 

𝑴𝒕

𝑴∞
= 𝟔(

𝑫𝒕

𝝅𝒓𝟐
)
𝟏

𝟐 −
𝟑𝑫𝒕

𝒓𝟐
,       

𝑴𝒕

𝑴∞
< 𝟎. 𝟒                                                                           (2-16) 

For spheres at long times, 

𝑴𝒕

𝑴∞
= 𝟏 −

𝟔

𝝅𝟐
𝐞𝐱𝐩 (−

𝝅𝟐𝑫𝒕

𝒓𝟐
),        

𝑴𝒕

𝑴∞
> 𝟎. 𝟔                                                             (2-17) 

For cylinders at short times, 

𝑴𝒕

𝑴∞
= 𝟒(

𝑫𝒕

𝝅𝒓𝟐
)
𝟏

𝟐 −
𝑫𝒕

𝒓𝟐
,      

𝑴𝒕

𝑴∞
≤ 𝟎. 𝟒                                                                              (2-18) 

For cylinder at long times, 

𝑴𝒕

𝑴∞
= 𝟏 −

𝟒

(𝟐.𝟒𝟎𝟓)𝟐
𝐞𝐱𝐩(−

(𝟐.𝟒𝟎𝟓)𝟐𝑫𝒕

𝒓𝟐
),      

𝑴𝒕

𝑴∞
> 𝟎. 𝟔                                              (2-19) 

Here, only radial diffusion is considered. 
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2.2.1.2. Higuchi’s Model for Reservoir Polymer Carriers 

The reservoir (or core-shell) structure is one that the drug molecules are in the core 

of the structure and are surrounded by a layer of polymer. This structure can also be 

prepared in different geometries as shown in Figure 2-7. 

 

Figure 2-7. Common reservoir (core-shell type) structures encapsulating drug 

molecules for drug delivery. 
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Higuchi’s assumption is used again here; the released drug in the shell is rapidly 

replaced by the excess amount of drug available in the core of the reservoir. This is 

in line with Higuchi’s assumption that initial drug concentration is much higher than 

the solubility concentration of the drug in the polymer which means the drug 

concentration will not change as a function of time within the shell of the reservoir. 

Assuming perfect sink conditions, equations to describe the kinetics of drug release 

have been obtained for different geometries shown in  Figure 2-7 [79].  

For thin films, 

𝑴𝒕 = 
𝑺𝑫𝑲𝑪𝒔

𝑳
. 𝒕                                                                                                               (2-20) 

For spheres, 

𝑴𝒕 =
𝟒𝝅𝑫𝑲𝑪𝒔𝒓𝒐𝒓𝒊

𝒓𝒐−𝒓𝒊
. 𝒕                                                                                                        (2-21) 

For cylinders, 

𝑴𝒕 =
𝟐𝝅𝑯𝑫𝑲𝑪𝒔

𝐥𝐧 (
𝒓𝒐
𝒓𝒊
)
. 𝒕                                                                                                            (2-22) 

Perfect sink conditions are again provided in the surrounding bulk fluid. In the 

following models, 𝐶0 ≪ 𝐶𝑠. Furthermore, there is no drug excess in the core which 

means that the released drug molecules are not replaced and the drug concentration 

at the inner membrane's surface decreases with time. For thin film 

𝑴𝒕

𝑴∞
= 𝟏 − 𝐞𝐱𝐩(−

𝑨𝑫𝑲𝒕

𝑽𝑳
)                                                                                            (2-23) 

For spheres, 



29 

 

𝑴𝒕

𝑴∞
= 𝟏 − 𝐞𝐱𝐩 (−

𝟑𝒓𝟎𝑫𝑲𝒕

(𝒓𝒊)𝟐𝒓𝟎−(𝒓𝒊)𝟑
)                                                                                 (2-24) 

For cylinders, 

𝑴𝒕

𝑴∞
= 𝟏 − 𝐞𝐱𝐩 [−

(𝒓𝒊𝑯+𝒓𝟎𝑯+𝟐𝒓𝒊𝒓𝒐)𝑫𝑲𝒕

(𝒓𝒊)𝟐𝑯(𝒓𝟎−𝒓𝒊)
]                                                                      (2-25) 

 

Applications of the above mentioned models for both non-reservoir and reservoir 

types drug delivery devices to analyze experimental data have been reported by 

Siepmann et al. [79]. 

2.2.2. Analytical Solutions 

Higuchi’s model does have some limitations that are mainly due to the initial 

assumptions made to simplify the mathematical description of the systems. For 

example, the initial concentration of the drug should be at least 10 times higher than 

the solubility concentration of the drug in the matrix to ensure that the pseudo steady 

state condition applies. This assumption is not possible for drugs with high aqueous 

solubility which leads to the failure of Higuchi’s model with an error more than 11% 

compared to the exact solution for the system [75]. In this case in practice we will 

not have a linear concentration profile anymore and the drug concentration at a 

distance “x” from the thin film surface will change with respect to time and will 

dissolve in the medium; therefore, Fick’s second law will apply and the 

concentration profile of drug is a Gaussian function (normal probability distribution) 



30 

 

which could be obtained by solving Fick’s one dimensional law of diffusion for 

unsteady-state conditions: 

𝝏𝒇

𝝏𝒕
= 𝑫

𝝏𝟐𝒇

𝝏𝒙𝟐
                            − ∞ < 𝒙 < +∞, 𝒕 > 𝟎                                                (2-26) 

The only assumption here is that the diffusion coefficient is not a function of the drug 

concentration. Initial condition is specified as: f(x, t=0) =𝑓 0(𝑥). The function “f” is 

“concentration” as a function of x and t. 

The solution for the above equation is: 

𝒇(𝒙, 𝒕) = ∫ 𝒇𝟎(𝒙
′){

𝟏

√𝟒𝝅𝑫𝒕

+∞

−∞
𝒆−

(𝒙′−𝒙)𝟐

𝟒𝑫𝒕 }𝒅𝒙′                                                               (2-27) 

If we use the “Dirac Delta” function for 𝑓0 we obtain: 

𝒇(∆𝒙, ∆𝒕) =
𝟏

√𝟒𝝅𝑫∆𝒕
𝒆−

(∆𝒙)𝟐

𝟒𝑫∆𝒕                                                                                           (2-28) 

Where ∆𝑥 = 𝑥 − 𝑥0. 

As we can see in the above equation, the concentration profile of such a case is a 

Gaussian function that is not linear at all.  

2.3.  Swelling Non-Reservoir Polymeric Carriers 

One major assumption of all of the aforementioned models is that the polymer matrix 

does not swell. However, in reality, swelling does take place in many polymer 
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carriers. Almost all oral drug delivery carriers are non-reservoir, non-biodegradable 

but swell. These carriers are usually prepared by compressing a powder mixture of a 

hydrophilic polymer and drug into tablets.  

2.3.1. Power Law Model 

Peppas et al. modified Higuchi’s model in order to consider the polymer swelling 

kinetics. According to equation (2-14), the first 60% of the fractional drug release 

can be explained by multiplying a constant by the square root of time. A simple and 

comprehensive equation can be used to model such drug release process which is 

called the power law [80]: 

𝐌𝐭

𝐌∞
= 𝐚𝐭𝐧                                                                                                                         (2-29) 

In the above equation “a” is a constant which incorporates the structural and 

geometric characteristics of the drug delivery device and “n” is the release exponent 

which is indicative of the drug delivery mechanism. The power law is a very useful 

equation that was proposed by Ritger and Peppas at 1985. This model is not derived 

from solutions of Fick’s laws and is recognized as a semi-empirical equation.  

Case I and Case II drug release extremes have been studied by Alfrey et al [81]. Here, 

Case I refers to a Fickian diffusion process where the penetrant mobility is much 

slower than the segmental relaxation rate while Case II refers to a case where the 

penetrant mobility is much higher than the segmental relaxation rate. Case II applies 

to polymer matrices that swell.  When the exponent is between 0.5 and 1 for a thin 
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film, the process is called anomalous transport. In order to better understand the 

different mechanisms of drug transport through polymer matrices during swelling, 

the swelling interface number has been used to describe the balance between drug 

release and solvent (water) penetration into the polymer matrix: 

𝑺𝑾 =
𝝑𝜹𝒕

𝑫
                                                                                                                          (2-30) 

Where 𝜗 is the velocity of the polymer-moving front which depends on the solvent 

(water) diffusivity, D is the drug diffusion coefficient and 𝛿𝑡 is the thickness of the 

swollen gel layer. 

According to the above equation if the drug diffusion coefficient is much lower than 

that of the solvent (water) (𝑆𝑊 ≫ 1), solvent penetration will control the release 

pattern (i.e., swelling controlled transport). If the drug diffusion coefficient is much 

higher than the solvent (water) mobility (𝑆𝑊 ≪ 1), drug diffusion will control the 

release pattern. 

In the power law equation, we can see that if the exponent is 0.5 for a thin film the 

process is Fickian or Case I transport as mentioned before. On the other hand, if the 

exponent is 1, for a thin film the process, it is Case II transport that involves swelling 

of the polymer matrix and water uptake. For other geometries different exponent 

values corresponding to different drug release mechanisms and they can be found in 

literature [82,83 81,82]. A list of different values for “n” is shown in Table 2-1 for 

different geometries.  One should be cautious about using the values in Table 2-1 
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because there are several assumptions used in the power law such as: perfect sink 

conditions and drug release at short time (60% of the drug is released) 

Table 2-1 Values of the exponent “n” for the power law equation 

Geometry Case I 

Fickian diffusion 

Anomalous 

transport 

Case II 

swelling controlled 

transport 

Thin film n = 0.5 0.5< n < 1.0 n = 1.0 

cylinder n = 0.45 0.45 < n < 0.89 n = 0.89 

sphere n = 0.43 0.43 < n < 0.89 n = 0.83 

 

The well-known power law expression was used in a study to describe the drug 

release from simple swellable and erosion matrix systems in which degradation is 

confined to a thin surface layer of the polymer matrix [84 83]. In their study, the 

exponent (n) was used for the interpretation of the release mechanism from 

polymeric controlled drug release systems [85 84].  

Swelling and degradation of polymer matrices were studied in chitosan-

polycarbophil complexes and hydroxy propyl methyl cellulose containing a simple 

mixture of chitosan and polycarbophil powders [86 85]. The drugs used in this study 

were hydrochlorothiazide and ketoprofen. According to this study, the chitosan–

polycarbophil complex showed good swelling with low degradation and slower drug 

release compared to the other matrices containing different polymer material. The 

segment mobility in different polymer types affected the drug release kinetics during 
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swelling. The power law was used to explain the drug release kinetics and different 

values for the exponent (n) were obtained.  

Obviously, the power law has its own limitations: 

1. The power law model still requires the model system to be in the perfect sink 

conditions. When a large volume of fluid surrounds a drug carrier, this 

assumption holds. Otherwise, the bulk concentration of drug would not be 

negligible. 

 

2. Although different values for “n” are specified here. For different geometries, 

the power law still lacks the ability to model pharmaceutically relevant 

geometries. As mentioned before, different parameters in the power law are 

used for thin films, spheres and cylinders which are usually not the exact 

geometries used for drug delivery devices in experiments. 

3. An insight to the underlying mechanism for drug release cannot be obtained 

by using the power law equation. 

4. Only one dimensional diffusion behavior is considered in the power law 

model. 
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2.3.2. Other Swelling Models  

Mathematical modeling of swelling controlled polymeric systems presented by Lee 

[87 86] suggested that both swelling and mass erosion could be modeled using the 

same type of diffusion equations. Lee [88 87] considered time-dependent diffusion 

coefficients defined as: 

𝐃𝐭 = 𝑫𝒊 + (𝑫∞ −𝑫𝒊)[𝟏 − 𝐞𝐱𝐩(−𝒌𝒕)]                                                                 (2-31) 

𝐷𝑖 = initial drug diffusion coefficient. 

D∞= drug diffusion coefficient in the swollen polymer after long time. 

The model equation was solved for a Non-reservoir type system where Higuchi’ 

assumption fails; C₀ ≤ Cs: 

𝑴𝒕

𝑴∞
= 𝟏 − ∑

𝟖

(𝟐𝒏+𝟏)𝟐𝝅𝟐
∞
𝒏=𝟎 𝐞𝐱𝐩 {−(𝒏 + 𝟎. 𝟓)𝟐𝝅𝟐(

𝑫∞𝒕

𝒍𝟐
+
𝑫∞

𝒌𝒍𝟐
[𝟏 − 𝐞𝐱𝐩(−𝒌𝒕)])} 

(2-32) 

The analytical solution when Higuchi’s assumption holds; C₀ > Cs: 

𝑴𝒕

𝑴∞
= 

𝟏

(
𝑪𝟎
𝑪𝒔
)𝐞𝐫𝐟 (𝜸)

𝟐

𝝅𝟏/𝟐
[
𝑫∞𝒕

𝒍𝟐
− (𝟏 −

𝑫𝒊

𝑫∞
)
𝑫∞

𝒌𝒍𝟐
[𝟏 − 𝐞𝐱𝐩(−𝒌𝒕)]]

𝟏

𝟐                                (2-33) 

where  

𝛑𝟏/𝟐𝜸𝐞𝐱𝐩(𝜸𝟐) 𝐞𝐫𝐟(𝜸) =
𝑪𝒔

𝑪𝟎−𝑪𝒔
                                                                                   (2-34) 

Siepmann and coworkers [89-92] developed a mathematical model to describe drug 

release from dissolving HPMC matrices. The “sequential layer” model considers 
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diffusion, swelling, and polymer dissolution simultaneously. In the model, they 

considered transport both in the radial and the axial directions. The drug and water 

diffusion is based on Fick’s second law for cylindrical devices with concentration 

dependent diffusivities: 

𝝏𝑪𝒌

𝝏𝒕
=

𝝏

𝝏𝒓
(𝑫𝒌

𝝏𝑪𝒌

𝝏𝒓
) +

𝑫𝑲

𝒓

𝝏𝑪𝒌

𝝏𝒓
+

𝝏

𝝏𝒛
(𝑫𝑲

𝝏𝑪𝒌

𝝏𝒛
)                                                              (2-35) 

where 𝐶𝑘 is the concentration of the diffusion species𝐷𝑘 is the diffusion coefficient 

of the diffusion species. The diffusion coefficients of water and drug are estimated 

according to the free volume theory: 

𝑫𝟏 = 𝑫𝟏𝒆𝒒 𝐞𝐱𝐩(−𝜷𝟏 (𝟏 −
𝑪𝟏

𝑪𝟏𝒆𝒒
))                                                                          (2-36) 

𝑫𝟐 = 𝑫𝟐𝒆𝒒 𝐞𝐱𝐩(−𝜷𝟐 (𝟏 −
𝑪𝟐

𝑪𝟐𝒆𝒒
))                                                                           (2-37) 

where 𝐷1𝑒𝑞and 𝐷2𝑒𝑞 are the diffusion coefficient of water and drug in the equilibrium 

swollen state of the system, 𝛽1and 𝛽2are dimensionless constants and 𝐶1𝑒𝑞is the 

water concentration in the equilibrium-swollen state of the system. 

The reptation model is used to explain polymer dissolution [93-95]. In this model, a 

dissolution rate constant is considered (𝑘𝑑𝑖𝑠𝑠) which quantitatively characterizes a 

constant dissolution velocity per unit area: 

𝑴𝑷𝒕 = 𝑴𝑷𝟎 − 𝒌𝒅𝒊𝒔𝒔𝑨𝒕𝒕                                                                                              (2-38) 
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where 𝑀𝑃𝑡 and 𝑀𝑃0 are the dry matrix masses at times t=t and t=0. 𝐴𝑡 is the system 

surface area at time t. Other models accounting for polymer dissolution have been 

summarized in a review article by Narasimhan [93] . 

Figure 2-8 shows the important parameters one needs to consider before developing 

a mathematical model for in-vitro drug release kinetics. 

 

Figure 2-8. Important steps that are needed to consider before using or 

developing mathematical models to describe in-vitro drug release kinetics. 
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2.4. Biodegradable Non-Reservoir Polymeric 

Carriers 

Modeling degradation processes is obviously more challenging than all of the models 

described in the previous sections simply because such degradation models need to 

take the hydrolysis reaction into account as such reactions change the polymer 

structure, molecular weight and properties. The penetration of water molecules into 

the polymer matrices triggers hydrolysis reaction. As a result, degradation occurs 

which leads to the formation of monomers and oligomers that create pores or holes 

in the bulk structure of polymers. Depending on the type of polymer, two types of 

erosion behavior can happen: surface erosion and bulk erosion. In bulk degradation, 

the volume of the polymer decreases and degradation occurs when enough water 

concentration becomes available for polymer chains by diffusion. On the contrary, 

in surface degradation the volume of the polymer does not change and only polymer 

chains at the surface are broken due to the reaction between water and ester groups. 

This type of degradation happens much faster than bulk degradation and the 

degradation rate does not depend on the water concentration at the surface. 
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Figure 2-9 illustrates both bulk and surface erosions. 

 

Figure 2-9 Illustration of bulk eroding matrix polymer (A) and surface eroding 

matrix polymer (B)  

2.4.1. Models  

In the following paragraphs we will introduce the major mechanistic models 

developed for drug release from degrading polymer matrices. In these models, the 

underlying mechanism of drug release is not clear. However, empirical models have 

been also developed to describe drug release from degrading polymer matrices based 

upon the assumption that the drug release process obeys zero order kinetics. Such 

models somewhat similar to the power law model lack the ability to give the drug 

release mechanisms. 
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Hopfenberg [96] developed an empirical model from drug release from eroding 

polymers by assuming that the overall release process is controlled by a single zero 

order process. This overall process considers a combination of dissolution, swelling, 

and polymer chain scission. A general mathematical equation was derived, which is 

valid for thin films, cylinders, and spheres: 

𝑴𝒕

𝑴∞
= 𝟏 − [𝟏 −

𝑲𝟎𝒕

𝑪𝟎𝒂
]𝒏                                                                                                  (2-39) 

where n = 3, 2 and 1 for spheres, cylinders and thin films, respectively. Here, a is the 

radius of the sphere or cylinder or half thickness of thin film. 𝐶0 is the initial drug 

concentration in the system. K0 is the equilibrium rate constant which has the units 

of concentration per time for a zero order kinetic process. This constant depends on 

the solution temperature, ionic strength and surface area of the matrix. Since in this 

model the drug release kinetics controls the overall kinetics, this model cannot be 

used for bulk eroding surfaces. This model can only be applied to surface eroding 

systems.  

During the course of degradation, the polymer molecular weight and mass change as 

a function of time that in turn causes the drug diffusivity as well. Therefore, in this 

process, the drug diffusion coefficient can no longer be considered as constant. For 

this purpose the following equation was used to determine the diffusion coefficient: 

𝑫𝑴𝒘 = 𝑫𝟎 +
𝒌

𝑴𝒘
                                                                                                           (2-40) 
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If the degradation kinetics is described by a first order process (e.g., PLGA), Mw of 

the polymer at a given time is approximated by: 

𝑴𝒘,𝒕 = 𝑴𝒘,𝟎𝐞𝐱𝐩 (−𝒌𝒅𝒆𝒈t)                                                                                        (2-41) 

where 𝑀𝑤,0is the initial polymer molecular weight, 𝑘𝑑𝑒𝑔is the first order degradation 

rate constant. 

By incorporating the time dependence of molecular weight into Crank’s [77] 

diffusion model and Koizumi’s [97] model, one yields the following kinetics 

equation:  

𝑴𝒕

𝑴∞
= 𝟏 −

𝟔

𝝅𝟐
(∑

𝟏

𝒏𝟐
∞
𝒏=𝟏 𝐞𝐱𝐩(−

𝑫𝒏𝟐𝝅𝟐𝒕

𝒓𝟐
)                                                                     (2-42) 

 

The above model can also be used when the drug initial concentration is smaller than 

its solubility concentration in the system. 

For Koizumi’s model: 

𝐐 = 𝟒𝛑𝐚𝟐 [√𝟐(𝐂𝟎 − 𝐂𝐬)𝐂𝐬𝐃𝐭 +
𝟒𝐂𝐬

𝟗𝐚
{

𝐂𝐬

(𝟐𝐂𝟎−𝐂𝐬)
− 𝟑}𝐃𝐭]                                       (2-43) 

where a is the radius of a spherical particle.  

The above equations can only be used for bulk degradation cases because the 

degradation kinetics controls the overall kinetics. As mentioned before, surface 
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erosion is considered when the drug diffusion controls the overall kinetics of the 

release process. 

One assumption in the models described in the “non-biodegradable polymers” 

sections is that the polymer matrix loaded with drug molecules is considered to be 

homogeneous. When degradation occurs to the polymer matrix, the matrix will 

become heterogeneous in terms of the distribution of the molecular weight of the 

polymer chains and pores created on the surface of matrices.  This obviously will 

affect the diffusivity of drug. If we consider other species such as water and acid 

being released during the course of polymer degradation, this adds complexity to the 

required mathematical models. In particular, the diffusion coefficient of drug 

becomes a function of time and position in the matrix as well. These models are 

called “models of multiple release mechanisms” which were studied by Himmelstein 

and co-workers [98,99]. Others [100] developed a model for thin film geometries to 

describe the drug release from surface erodible polymer matrices. Their model 

assumes perfect sink conditions and no changes in the total volume of the matrix. 

The following expression is used to describe this model: 

𝛛𝐂𝐢

𝛛𝐭
= 

𝛛

𝛛𝐱
[𝐃𝐢(𝐱, 𝐭)

𝛛𝐂𝐢

𝛛𝐱
] + 𝛝𝐢  𝐢 = 𝐀, 𝐁, 𝐂, 𝐄                                                                (2-44) 

𝐶𝑖  and 𝐷𝑖 are the concentration and the diffusivity of species i, and 𝜗𝑖 is the net sum 

of the degradation and synthesis of species i, and x is the space variable. In order to 

consider the effect of the degradation process on the diffusion coefficient, the 
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diffusivity of all species is related to the extent of polymer hydrolysis according to 

the following expression: 

𝐃𝐢 = 𝐃𝐢,𝟎 𝐞𝐱𝐩 [
𝛍(𝐂𝐃,𝟎−𝐂𝐃)

𝐂𝐃,𝟎
] ,    𝐀, 𝐁, 𝐂, 𝐄                                                                    (2-45) 

𝐷𝑖,0 is the diffusion coefficient of species i when the polymer is not hydrolyzed, 

𝐶𝐷,0  and 𝐶𝐷 are the concentration of species i at time zero and t respectively, and 𝜇 

is a constant.  

Charlier et al.[101] also developed a model for bulk eroding PLGA films. Assuming 

first-order polymer chain cleavage kinetics, 

𝐝𝐌

𝐝𝐭
= −𝐤𝐌                                                                                                                      (2-46) 

𝐌 = 𝐌𝟎𝐞
−𝐤𝐭                                                                                                                  (2-47) 

where 𝑀0is the initial polymer molecular weight, k is the degradation rate constant. 

With: 

𝐃

𝐃𝟎
=
𝐌𝟎

𝐌
                                                                                                                            (2-48) 

𝐃 = 𝐃𝟎𝐞
−𝐤𝐭                                                                                                                    (2-49) 

where 𝐷0 is the drug diffusion coefficient before degradation. 

Finally, an expression for drug release is obtained: 

𝐐 = 𝐒√
𝟐𝐂𝟎𝐂𝐬𝐃𝟎(𝐞𝐤𝐭−𝟏)

𝐤

𝟐

                                                                                                   (2-50) 
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where 𝐶0 is the initial drug concentration, 𝐶𝑠 is the drug solubility in the matrix, S is 

the surface area of the film exposed to the medium. At short times, the above 

equation becomes Higuchi’s equation: 

𝐐 = 𝐒√𝐂𝟎𝐂𝐬𝐃𝟎𝐭                                                                                                            (2-51) 

In other words, at short times, drug release is diffusion based and at long times, the 

drug release is affected by polymer degradation. 

Heller and Baker [102] developed a model that applies to bulk eroding polymers that 

undergo hydrolysis and are solubilized by conversion to small, water-soluble 

molecules. The Higuchi model was used as a basis: 

𝐝𝐌𝐭

𝐝𝐭
=
𝐀

𝟐
(
𝟐𝐏𝐂𝟎

𝐭
)
𝟏

𝟐                                                                                                               (2-52) 

where P is the permeability of the polymer to the drug, A is the surface area for both 

sides of the film and 𝐶0 is the initial drug concentration in the polymer. According 

to Higuchi’s model, the drug permeability was assumed to be constant but during 

degradation the drug permeability changes with respect to time: 

𝐏

𝐏𝟎
=

𝐈𝐧𝐢𝐭𝐢𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐛𝐨𝐧𝐝𝐬

𝐍𝐮𝐦𝐛𝐞𝐫 𝐨𝐟 𝐫𝐞𝐦𝐚𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐧𝐝𝐬
=

𝐍

𝐍−𝐙
                                                                          (2-53) 

The bond cleavage order was assumed to be first order as shown in the following 

equation: 

𝐝𝐙

𝐝𝐭
= 𝐊(𝐍− 𝐙)                                                                                                               (2-54) 

where K is the first order rate constant. 
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After integration and substituting back into Higuchi’s equation, it yields: 

𝒅𝑴𝒕

𝒅𝒕
=
𝑨

𝟐
[
𝟐𝑷𝟎 𝐞𝐱𝐩(𝑲𝒕)𝑪𝟎

𝒕
]
𝟏

𝟐                                                                                                 (2-55) 

It should be noted that factors such as polymer crystallinity, pH of the release 

medium, and physical size of the matrix also affect hydrolysis reactions [103,104]. 

2.5. Nano-Sized Polymeric Carriers 

In general, nano-scale (10 – 200 nm) polymer drug carriers are in the form of micelle. 

And they tend to be stable (no degradation and/or dissolution in blood stream) 

relative to the time scale associated with the drug release process. From a modeling 

perspective, such block copolymers can be modeled as non-biodegradable systems 

even though they are biodegradable. In fact, many studies of micellar carriers showed 

that drug encapsulated by micelles releases completely before the degradation of the 

block copolymers takes place [105].  

Owing to the length scale of the micelles, continuum models obviously lack the 

ability to describe the kinetics of drug release as the concentration of the drug in the 

micelle fluctuate significantly and it is not appropriate to assign a concentration 

profile (as what is done for continuum models) to such systems. Nevertheless, there 

are a few authors who have made the attempt to describe drug release from micelles 

using continuum models discussed before. For example, E. Khodaverdi et al. [106] 

have carried out an experimental in-vitro release of naltrexone hydrochloride from 
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block copolymer micelles at 37 °C under perfect sink conditions. They observed that 

the amount of drug released is related to the square root of time. Higuchi’s diffusion 

model was used to describe the release process. Sutton et al., [107] have applied the 

technique of continuum model to study the whole micelle.  In particular, the authors 

treated the micelle as a sphere (see Figure 2-10) and applied Higuchi’s model for 

short time releases from the micelle (less than 75 hours):  

𝑺
𝒅𝑸

𝒅𝒕
= −𝟒𝝅𝒂𝟐𝑫

𝒅𝒄

𝒅𝒂
                                                                                                       (2-56) 

where 

S: surface area 

D: diffusion constant of drug in polymer matrix. 

C: concentration of drug in radial distance. 

A: distance from the center of the sphere. 

Assuming that the release process is pseudo-steady state, they obtained: 

𝐂𝟎(𝐚𝟎
𝟑 + 𝟐𝐚′𝟑 − 𝟑𝐚𝟎𝐚

′𝟐) + 𝐂𝐬 (𝟒𝐚
′𝟐𝐚𝟎 + 𝐚𝟎

𝟑𝐥𝐧
𝐚𝟎

𝐚′
− 𝐚𝟎

𝟑 − 𝐚𝟎
𝟐𝐚′ − 𝟐𝐚′𝟑) =

𝟔𝐃𝐂𝐬𝐚𝟎𝐭                                                                                                                          (2-57) 

where 𝐶𝑠 is the solubility of the drug in the permeating fluid: 

𝑎0: radius of the spherical core of the micelle. 

𝑎′: distance of moving front from the center of the core at time t. 
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𝐶0: drug loading concentration. 

 

 

Figure 2-10. Schematic illustration of DOX loaded in a diblock copolymer 

micelle with the same corona block PEG and two different core blocks polyD,L-

lactide or polycaprolactone. d, hydrodynamic diameter of the micelle; 2Rg, 

PEG, thickness of corona. 
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The fractional drug release is given by: 

𝐌(𝐭)

𝐌∞
= 𝟏 − [(

𝐚′

𝐚𝟎
)𝟑 + 𝟏/𝟐

𝐂𝐬

𝐂𝟎
((
𝐚′

𝐚𝟎
) + (

𝐚′

𝐚𝟎
)𝟐 − 𝟐(

𝐚′

𝐚𝟎
)𝟑)]                                           (2-58) 

where 

M (t): Mass of drug released at time t. 

𝑀∞ = Mass of drug released as the time approaches infinity. 

𝐚𝟎 =
𝐝

𝟐
− 𝐑𝐜𝐨𝐫𝐫𝐨𝐧𝐚 

In the above equation, 𝑎′ is a function of time, t. The dynamic light scattering 

technique was used to measure d, and radius of gyration was used to find 𝑅𝑐𝑜𝑟𝑟𝑜𝑛𝑎. 

After calculating 𝑎0 and knowing the ratio of  
𝐶𝑠

𝐶0
, the value of 𝑎′can be estimated by 

fitting the experimental data (fractions of drug released at each time) into the above 

equation. The diffusion coefficient was obtained by substituting the value for 𝑎′ into 

equation (2-58). As mentioned earlier, the above equations are valid for short time 

drug release from micelles. At long times, polymer degradation happens which 

causes the rest of the drug molecules to be released from the micelle as well. For 

long time release, the following Higuchi model is used: 

𝐌(𝐭)

𝐌(∞)
= 𝐏 [𝟏 −

𝟔

𝛑𝟐
𝐞𝐱𝐩(

−𝛑𝟐𝐃𝐭

𝐚𝟎
𝟐 ) ]                                                                                  (2-59) 
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where P is the fraction of drug released at infinite time which was obtained by the 

extrapolation of the fraction of drugs released at the longest times of the 

measurements.  

If one examines critically what has been done to model the release kinetics from 

micelles, it seems that most of these authors have missed some important points here.  

As mentioned, the first Higuchi model was used for kinetics of short time release 

from the micelle. According to the assumption in Higuchi’s steady-state release 

model the concentration profile for the drug was assumed to change linearly with the 

distance from the solvent-polymer interface. Due to the very small size of the 

micelles (20 – 100 nm in diameter) one cannot assume that the concentration of drug 

at any distance from the core changes. From a practical point of view, such 

concentrations could be considered as constant throughout the micelle at any 

distance from the micelle core.  In addition, according to the authors’ assumption, 

pseudo-steady state conditions apply. Such conditions apply when the initial 

concentration of the drug loaded onto the polymer is much higher than the solubility 

concentration of the drug in solvent. Therefore, the concentration of drug at any 

distance from the solvent-polymer interface should remain almost constant with 

respect to time. Given the size of the micelle core which is very small, the 

concentration of the drug loaded in the core cannot be much higher that the drug 

solubility in the solvent. In other words, an excess amount of drug in the polymer 

core does not exist. Therefore, the pseudo-steady state assumption here fails.   
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Finally, another assumption here is that the micelle is “spherical”.  However, other 

geometries do exist (e.g., rod-like micelles). Therefore, Higuchi’s model for sphere 

would not be valid. 

2.5.1. Molecular Modeling 

As mentioned, use of continuum models for micelles is not suitable.  In this regard, 

molecular dynamics (MD) simulation is probably the most suitable approach for 

studying the dynamics of the drug release process. The essence of MD simulation is 

that every atom in a molecular system is treated as a classical particle and the 

Newton’s equation of motion is solved under certain conditions (e.g., constant 

temperature, constant pressure, etc.). Analysis of the resultant trajectory (e.g., 

positions and velocities of the atoms as a function of time) will yield thermodynamic 

and transport properties of interest.  Since MD is a relatively mature simulation 

technique, there exist many excellent references on the topic [108,109].  In the 

context of drug release studies, MD can be used for two purposes.  One is to simulate 

the micelle environment and calculate the corresponding flux of the drug molecules 

while the other is to calculate the diffusion coefficients of drug molecules diffusing 

in micron thick polymer films.  In terms of simulating micelles at the atomistic level, 

it is very expensive simply because a micelle normally contains more than 100,000 

atoms (it contains tens of block copolymers, tens of drug molecules and tens of 

thousands water molecules). Therefore, certain level of coarse graining is needed to 

reduce the number of atoms in the system, thereby reducing computational costs 
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(Figure 2-11). For example, several scientists [110-112] have developed a coarse-

grain (CG) model for simulating phospholipids. Phospholipids have a hydrophilic 

head due to negatively charged phosphate groups and maybe other groups and their 

tail is hydrophobic due to lipids. Therefore, they have a high tendency to aggregate 

and form micelles in water, somewhat similar to the behavior of block copolymers 

in water. According to Klein and coworkers’ method, one way to simulate the 

micelles is to represent each monomer in a block copolymer as a single spherical 

unit.    

 

Figure 2-11. Schematic presentation of an “all atom” model on the left and a 

coarse-grained model on the right. According to the figure on the right, each 

sphere color represents a specific monomer inside the blocks of a block 

copolymer. These spheres represent larger groups of atoms. In the “all atom” 

model each atom is presented with the same gray color. 
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By using this representation, both non-bonded and bonded interaction potentials are 

defined slightly different from all-atom simulations [113,114]. The Harmonic 

potential used to describe the bonds between monomers is defined as: 

 𝐔𝐛𝐨𝐧𝐝(𝐫𝐢𝐣) = (𝐤𝐛/𝟐)(𝐫𝐢𝐣 − 𝐫𝟎)
𝟐                                                                               (2-60) 

where 𝑟0 is the equilibrium bond distance. Another bonded potential is defined as: 

𝐔𝐛𝐞𝐧𝐝 (𝛉𝐢𝐣𝐤) = 𝐤𝛉[𝟏 − 𝐜𝐨𝐬(𝛑 − 𝛉𝐢𝐣𝐤)]                                                                   (2-61) 

where 𝑘𝜃 is adjusted until the bond angle is correct (comparable with all-atom 

simulation parameters). Regarding the non-bonded interaction potential, the 

approach is slightly different. Obviously, one cannot use the same non-bonded 

interaction parameters obtained from the all-atom models to model interactions 

between larger groups of atoms. The Lennard-Jones potential functions differ from 

those of various atom pairs with wider potential wells in the case of the CG method. 

And such CG non-bonded interaction potentials are usually tested by comparing the 

computed density using such potentials with the corresponding experimental values. 

In addition, the radial distribution function of the block copolymer obtained from the 

all-atom method could be used as a reference. The non-bonded parameters 𝜎 and ∈ 

are adjusted to reproduce the first peak position and height of the radial distribution 

function. The non-bonded interaction potential function for CG atom pairs is 

described as follows: 

𝐔(𝐫𝐢𝐣) = (
𝟏𝟓

𝟒
) ∈ [(

𝛔

𝐫𝐢𝐣
)𝟗 − (

𝛔

𝐫𝐢𝐣
 )𝟔]                                                                               (2-62) 
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Water molecules present in the micelles are considered to be a spherical and 

symmetric site called “W” which has LJ (6-4) interactions with each other and is 

made of “three” water molecules: 

𝐔(𝐫𝐢𝐣) = (
𝟏𝟓

𝟒
) ∈ [(

𝛔

𝐫𝐢𝐣
)𝟔 − (

𝛔

𝐫𝐢𝐣
 )𝟒 ]                                                                              (2-63) 

To determine the diffusivity of drug molecules through the micelle, one method is to 

the Einstein relation. For this purpose, one needs to obtain the mean square 

displacement (MSD) of the center-of-mass of individual drug molecules from the 

MD trajectory [113]. In the long time limit of normal diffusion, where the slope of 

the logarithmic plot of mean square displacement versus time (becomes constant, the 

center of mass diffusion coefficients is calculated from the Einstein relation [115]: 

𝐃 = 
𝟏

𝟔
𝐥𝐢𝐦
𝐭→∞

𝐝

𝐝𝐭
〈|𝐑(𝐭) − 𝐑(𝟎)|𝟐〉                                                                                  (2-64) 

where R(t) and R(0) are vectors of displacement at time t and t=0. 
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Figure 2-12. A schematic plot of mean square displacement vs. time. The slope 

of the plot at long times is related to the diffusion coefficient according to 

Einstein’s relation. 

 

Molecular dynamics simulation can also be used to calculate the drug diffusivity in 

micron thick polymer films.  This is useful, as the drug release profile requires 

knowledge of the drug diffusivity.  This is true for all the continuum models 

previously discussed. The challenge here is to obtain reliable diffusivity. The 

situation becomes more complicated when the polymer matrix degrades.  This is 

because when degradation takes place, the diffusion at short times is considered to 

be Fickian diffusion and at long times, it is time dependent.  

Recently, Berhane et al., [116] applied the MD technique to calculate diffusion 

coefficient of a drug namely 5-aminosalicyclic acid in a polymer thin film and found 

that the resultant value (5.7× 10−6𝑐𝑚2/𝑠) yielded an accurate prediction of the drug 
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release from the delivery system (root mean square error of 5%).  The release profile 

was validated using experimental data from in vitro dissolution experiments.  One 

noteworthy point here is that the computation only used 3 hours of computational 

times.  In another study, the diffusion coefficient of Nifedipine in phospholipid 

bilayer was calculated using an all atom molecular dynamics simulation [117]. In 

addition to the diffusion coefficient, the authors were able to gain insight into the 

detailed interactions between the drug molecule and the membrane.  Experimental 

permeability values and computed diffusion coefficients were compared in literature 

[118] to investigate the diffusion coefficient of Theophylline and Aspirin molecules 

in PVA membranes. Both experimental and simulation data showed that Aspirin 

exhibited lower diffusivity than Theophylline due to stronger intermolecular 

interactions between Aspirin and PVA membrane. Many researchers have 

emphasized on the advantages of using molecular dynamics simulations to avoid 

experimental estimation of diffusivity that is usually time-consuming and expensive. 

For example, to design a gel for a specific drug delivery application, Dutta et al., 

[119] used molecular dynamics simulations to calculate the cross-linking density of 

polymers which affect swelling and release of drug molecules. The authors 

specifically emphasized the advantage of molecular dynamics simulation over 

continuum modeling and experimental methods as molecular dynamics directly 

addresses the intermolecular interactions between drug and polymers which are 

crucial for designing the gels of interest.   
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2.6. Summary 

Continuum in vitro drug release models such as Higuchi’s model, various variations 

of it and other complex mathematical models were discussed.  When the initial drug 

concentration in a polymer carrier is lower than its solubility concentration, 

Higuchi’s model tends to fail with an error of about 11% compared to the exact 

solution of the diffusion equations.  This occurs when drug is highly soluble in the 

aqueous solution. Although the power law is a more comprehensive model for 

describing drug release kinetics, it still has its own limitations and one of them is not 

able to provide the release mechanism. 

Improvements to the continuum models in fact have been very useful for obtaining 

the fractional drug release profile vs. time that is commonly done in experimental 

studies. These models are normally used to investigate a proper “fit” for the 

experimental measurements of drug release. In all the major in vitro drug release 

models, knowledge of the drug diffusivity in the polymer carrier is important to 

determine the fractional drug release profile. In this regard, molecular dynamics 

simulation is a powerful tool for estimating the required diffusivity.  The molecular 

level simulation can provide information about the underlying mechanism for drug 

release from polymer matrices.  

If drug release occurs in a nano-sized micelle, none of the discussed continuum 

models could describe the kinetics of drug release accurately. For such small 
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systems, molecular dynamics simulation is a powerful tool to study the motion of 

molecules under certain conditions of temperature, pressure and system size. 

Measurement of drug diffusivity in the micelle environment is obviously not a trivial 

task.  The microscopic diffusivity of drug molecules can be calculated using 

Einstein’s equation.   
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3. Foundations of Molecular 

Dynamics Simulation 

 

As mentioned in Chapter 2, continuum models are not suitable for describing the 

drug release kinetics of a nano-sized system and molecular dynamics (MD) 

simulation should be used. However, there are some limitations of the method. And 

that is the size of the systems that the technique can handle. Since MD generates 

position and velocity of each atom in a system as a function of time, it requires a 

significant amount of computation and memory.  Such simulations can take up days 

to weeks depending on the size of the system. Therefore, the practical limit on such 

simulations is systems that contain only a few thousands atoms.   

In this chapter, we will discuss the MD method used in the thesis to study polymeric 

drug delivery systems under constant temperature and pressure conditions. A 

complete discussion about molecular dynamics method could be found in [120-123]. 
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3.1. Introduction 

Molecular dynamics simulation is a popular method used to study the motion of 

atoms and molecules under a particular set of conditions. State variables are used to 

determine conditions in a molecular dynamics simulation such as: 

N= number of atoms 

P= pressure 

T= temperature 

And the method can be used for systems having the following boundary 

characteristics: 

1. Open systems 

2. Closed systems 

3. Periodic systems 

The third type of boundaries (periodic) is used to simulate bulk systems which will 

be discussed later. We are always interested in obtaining information about the 

macroscopic information of a system. The macroscopic information is based on 

averaging microscopic properties over many microstates over a long period of time. 

Microstates are obtained by either a classical approach where Newtonian mechanics 

applies or a quantum approach where quantum mechanics applies. In the classical 

mechanics approach, the total energy of the system is presented as: 
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𝐇 (𝐩, 𝐪) = 𝐊(𝐩) + 𝐕(𝐪)                                                                                                (3-1) 

where H, the Hamiltonian (i.e., the total energy of a system) is a function of position 

and velocity of the particles made up of the system. K is the kinetic energy and V is 

the potential energy of system. The microstates of the system are specified by 

positions and velocities of all atoms. A “phase space” is created by the collection of 

positions and velocities of atoms in a classical mechanic approach. However 

according to the quantum mechanics approach, an operator �̂� is used to obtain the 

“phase space”: 

�̂� =  ∑
−ħ𝟐

𝟐𝐦𝐢

𝐍
𝐢=𝟏  (

𝛛𝟐

𝛛𝐱𝐢
𝟐 +

𝛛𝟐

𝛛𝐲𝐢
𝟐 +

𝛛𝟐

𝛛𝐳𝐢
𝟐) + �̂�                                                                        (3-2) 

The term in the parenthesis is called the Laplacian. The time independent 

Schrödinger equation for wave function: 

�̂�𝛗𝐧 = 𝐄𝛗𝐧                                                                                                                      (3-3) 

Here, 𝜑𝑛 is called the wave function which describes the phase space on a quantum 

mechanics approach. When the operator �̂� acts on a certain wave function 𝜑, and the 

result is proportional to the same wave function 𝜑 and the proportionality constant, 

E, is the energy of the state 𝑛. It is too complex and time consuming to solve the 

above equation for Avogadro number of particles in the system; therefore, we use 

statistical mechanics [120-123]. Statistical mechanics is the application of 

probability theory to study behavior of a large number of particles at thermodynamic 
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equilibrium. It provides a framework for relating the microscopic properties of 

individual atoms and molecules to the macroscopic or bulk properties of materials.  

Microscopic information
   

 
𝑠𝑡𝑎𝑡𝑖𝑠𝑡𝑖𝑐𝑎𝑙 𝑚𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑠
→                

   Macroscopic information 

  Classical, quantum                                                        thermodynamic properties 

 

Molecular dynamics simulation (MD) is a method that uses classical mechanics to 

generate microstates or phase spaces. Molecular dynamics allows the study of all 

kinds of properties such as time dependent properties. In statistical mechanics, an 

average value is defined as an average taken over large number of microstates of 

systems considered simultaneously. An experimentally observable quantity 

corresponds to this average. Suppose that we have a large system and each microstate 

is visited with equal probability.  The observed property A is given by the following 

equation: 

𝑨𝒐𝒃𝒔𝒆𝒓𝒗𝒂𝒃𝒍𝒆 = 
𝟏

𝑵
 ∑ 𝑨𝝂
𝑵
𝝂=𝟏                                                                                              (3-4) 

where N is the number of measurements of A. 𝐴𝜈 is the value of A during 𝜈th 

measurement.  

𝑨 =  ∑ [
𝟏

𝝂𝝂
 (# 𝒐𝒇 𝒕𝒊𝒎𝒆𝒔 𝒔𝒕𝒂𝒕𝒆 𝝂 𝒊𝒔 𝒐𝒃𝒔𝒆𝒓𝒗𝒆𝒅)] 𝑨𝝂 = ∑ 𝑷𝝂𝑨𝝂𝝂 = 〈𝑨〉         (3-5) 
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where 〈𝐴〉, is the ensemble average, a collection of microstates that are consistent 

with the thermodynamic state of the system. According to the ergodic hypothesis, 

the ensemble average mentioned above should be equal to the time average obtained 

from a MD simulation if the simulation is carried out for a long time [122]. This 

hypothesis simply states that if one allows the system to evolve in infinite time so 

that the system passes through all possible states, the time average should not depend 

on the initial configuration of atoms. The following equation describes the time 

average �̅� for a thermodynamic property A: 

�̅� =  𝐥𝐢𝐦
𝝉→∞

𝟏

𝝉
∫ 𝑨(𝒕)𝒅𝒕
∞

𝟎
                                                                                                    (3-6) 

3.2. Equations of Motion 

The dynamic behavior of molecules in a MD simulation is based on classical 

Newton’s second law of motion: 

𝐅 = 𝐦𝐚 = 𝐦
𝐝𝐯

𝐝𝐭
= 𝐦

𝛛𝟐𝐫

𝛛𝐭𝟐
                                                                                                (3-7) 

where in the above equation r is the position; F is the force acting on each atom; m 

is the mass of an atom; and a is acceleration. The force can be obtained from the 

potential energy, U(r), which is also a function of position of atoms in the system. 

The force is defined as: 

𝑭 = −
𝝏𝑼(𝒓)

𝝏𝒓
                                                                                                                       (3-8) 
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The collection of all potential energy equations is called “force field” which is a 

combination of functions describing two types of interactions between atoms: 

bonded interactions and non-bonded interactions. 

 

3.3. Force Field 

The function which describes the potential energy uses a set of parameters which is 

referred to as the “force field” [124]. The force field function can be generated based 

on either experimental work or on assumptions and approximations to solve the 

Schrodinger equation theoretically. The most common assumption is the “Born-

Oppenheimer” approximation that ignores the electronic motions and describes the 

energy of the system as a function of the nuclear coordinates only.  This assumption 

is based on the fact that the nuclear mass is much greater than the electronic mass. 

Based on the mentioned approximation we should solve the Schrodinger equation to 

obtain the potential energy surfaces which correspond to the potential energy of the 

system. Another method to obtain the potential energy is to rely on experimental 

work which describes the energy in terms of functions including several parameters. 

An example of a force field representing non-bonded and bonded interactions is the 

following: 
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𝑽(𝑹) =  ∑ 𝒌𝒓(𝒓 − 𝒓𝟎𝒃𝒐𝒏𝒅𝒔 )𝟐 + ∑ 𝒌𝜽𝒃𝒐𝒏𝒅𝒔 (𝜽 − 𝜽𝟎)
𝟐 + ∑

𝑽𝒏

𝟐𝒅𝒊𝒉𝒆𝒅𝒓𝒂𝒍𝒔 [𝟏 +

𝐜𝐨𝐬(𝒏𝝋 − 𝜸)] + ∑ (
𝑨𝒊𝒋

𝑹𝒊𝒋
𝟏𝟐𝒊>𝒋 −

𝑩𝒊𝒋

𝑹𝒊𝒋
𝟔 ) + ∑

𝒒𝒊𝒒𝒋

𝟒𝝅𝜺𝑹𝒊𝒋
𝒊>𝒋                                                        (3-9) 

The first term in the above equation is referred to as the bonds stretching term; the 

second term is the bond bending term and the third term is the torsions. The fourth 

term is the Van der Waals interactions between two atoms and the last term is 

referred to as the Coulomb potential. A great deal of research has been done to 

modify the force fields to represent systems closer to reality. For example, in the 

CFF force field, parameters were modified to extend its applicability in the field of 

zeolites and organic polymers. The result was called the PCFF force field [125,126]. 

The COMPASS (Condensed-phase Optimized Molecular Potentials for Atomistic 

Simulation Studies) [127] force field was developed later to extend the applicability 

of PCFF force field to condensed phase applications. The non-bond parameters were 

re-parameterized and optimized to fit the condensed-phase properties. It has been 

shown that the COMPASS force field is able to predict accurate structural, 

conformational, cohesive, and other physical properties for a wide range of polymers 

and molecules [127]. Rigby has demonstrated that liquid density for a variety of 

substances with complex molecular structures could be reproduced by COMPASS 

force field [128]. In this thesis, we are studying the effect of polymer dynamics on 

drug and water diffusivity; therefore, the COMPASS force field was suitable. The 

COMPASS force field describes the total potential energy of the system according 

to the following equation: 
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𝑬𝒕𝒐𝒕𝒂𝒍 = 𝑬𝒃 + 𝑬𝜽 + 𝑬𝝋 + 𝑬𝝉 + 𝑬𝒄𝒓𝒐𝒔𝒔 + 𝑬𝒗𝒅𝒘 + 𝑬𝑸                                         (3-10) 

The first five terms in the above equation describe the short-range intra-molecular 

interactions which correspond to bond stretching (b), bond bending angle (θ), torsion 

angle (φ), Wilson-out of plane-angle (τ), and cross coupling terms (𝐸𝑐𝑟𝑜𝑠𝑠). These 

cross-coupling terms help us achieve higher accuracy. They include combinations of 

two or more short-range interaction terms (e.g., bond-bond, bond-angle and bond-

torsion) that would predict vibration frequencies and structural variations associated 

with the conformational changes. The last two terms of the above equation describe 

the non-bonded interactions which correspond to the Lennard Jones (LJ) 9-6 function 

for the dispersive interactions and Coulombic function for electrostatic interactions. 

Quadratic polynomials are used in the COMPASS force field to describe the bond 

stretching and bond bending angle terms: 

𝑬𝒃 = ∑ [𝒌𝟐𝒃 (𝒃 − 𝒃𝟎)
𝟐 + 𝒌𝟑(𝒃 − 𝒃𝟎)

𝟑 + 𝒌𝟒(𝒃 − 𝒃𝟎)
𝟒]                                    (3-11) 

𝑬𝜽 = ∑ [𝒌𝟐𝜽 (𝜽 − 𝜽𝟎)
𝟐 + 𝒌𝟑(𝜽 − 𝜽𝟎)

𝟑 + 𝒌𝟒(𝜽 − 𝜽𝟎)
𝟒]                                   (3-12) 

where 𝑏0 and 𝜃0 are equilibrium bond lengths and bond bending angles respectively. 

Torsion angle between four atoms is described by a three term Fourier expansion as 

following: 

𝑬𝝋 = ∑ [𝒌𝟏𝝋 (𝟏 − 𝒄𝒐𝒔𝝋) + 𝒌𝟐(𝟏 − 𝒄𝒐𝒔𝟐𝝋) + 𝒌𝟑(𝟏 − 𝒄𝒐𝒔𝟑𝝋)]                  (3-13) 

According to Wilson et al. [129] an out-of-plane angle or improper torsion coordinate 

arises when the local molecular structure is made of four atoms with three valence 
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bonds formed to one center atom. The expression describing improper torsion angle 

(τ) is shown in the equation (78): 

𝑬𝝉 = ∑ 𝒌𝟐𝝉 𝝉𝟐                                                                                                                 (3-14) 

The 𝐸𝑐𝑟𝑜𝑠𝑠is made of six terms which is a combination of the four types of 

intramolecular interactions mentioned above: 

𝑬𝒄𝒓𝒐𝒔𝒔 = ∑ 𝒌(𝒃 − 𝒃𝟎)(𝒃
′

𝒃,𝒃′ − 𝒃𝟎
′ ) + ∑ 𝒌(𝜽 − 𝜽𝟎𝜽,𝜽′ )(𝜽′ − 𝜽𝟎

′ ) + ∑ 𝒌(𝜽 −𝒃,𝜽

𝜽𝟎)(𝒃 − 𝒃𝟎) + ∑ (𝒃 − 𝒃𝟎𝒃,𝝋 )[𝒌𝟏(𝟏 − 𝒄𝒐𝒔𝝋) + 𝒌𝟐(𝟏 − 𝒄𝒐𝒔𝟐𝝋) + 𝒌𝟑(𝟏 −

𝒄𝒐𝒔𝟑𝝋)] + ∑ (𝜽 − 𝜽𝟎𝜽,𝝋 )[𝒌𝟏(𝟏 − 𝒄𝒐𝒔𝝋) + 𝒌𝟐(𝟏 − 𝒄𝒐𝒔𝟐𝝋) + 𝒌𝟑(𝟏 −

𝒄𝒐𝒔𝟑𝝋)] + ∑ 𝒌(𝜽 − 𝜽𝟎𝜽,𝜽,𝝋 )(𝜽′ − 𝜽𝟎
′ )𝒄𝒐𝒔𝝋                                                       (3-15) 

Dispersion interactions in a molecule are described by LJ-9-6 function along with 

repulsion interactions caused by the overlapping electron clouds (Pauli repulsion), 

which is also referred to as Van der Waals (VdW) interactions: 

𝑬𝒗𝒅𝒘 = ∑ 𝝐𝒊𝒋[𝟐(
𝝈

𝒓𝒊𝒋
𝒊,𝒋 )𝟗 − 𝟑(

𝝈

𝒓𝒊𝒋
)𝟔]                                                                             (3-16) 

where σ is the intermolecular distance at equilibrium and 𝜖𝑖𝑗 is the interaction 

strength. A 6th-order combination rule [130] is used for unlike atom pairs to calculate 

the off-diagonal parameters: 

𝝈 = (
(𝒓𝒊
𝟎)𝟔+(𝒓𝒋

𝟎)𝟔

𝟐
)
𝟏

𝟔                                                                                                           (3-17) 

𝝐𝒊𝒋 = 𝟐√𝝐𝒊. 𝝐𝒋 (
(𝒓𝒊
𝟎)𝟑.(𝒓𝒋

𝟎)𝟑

(𝒓𝒊
𝟎)𝟔.(𝒓𝒋

𝟎)𝟔
)                                                                                           (3-18) 
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The Coulombic function is used to describe the electrostatic interaction energy (EQ) 

as shown in the following equation: 

𝐄𝐐 = ∑
𝐪𝐢𝐪𝐣

𝐫𝐢𝐣
𝐢,𝐣                                                                                                                  (3-19) 

Here 𝑞𝑖and 𝑞𝑗 are the partial atomic charges on atoms i and j. The partial atomic 

charges of a molecule are calculated from the charge bond increment, 𝜎𝑖𝑗 which 

describes the charge separation between two valence-bonded atoms i and j [127]. 

Therefore, the net partial atomic charge on atom i is considered to be the sum of all 

the charge bond increments as the following: 

𝐪𝐢 = ∑ 𝛔𝐢𝐣𝐣                                                                                                                      (3-20) 

Here, j represents all the atoms that are valence bonded with atom i.  

3.4. Molecular Dynamics Algorithms 

The goal of MD simulation as mentioned before is to generate microstates which are 

made of positions and velocities of all atoms in each time step. These microstates are 

obtained by integrating Newton’s Second law of motion in time steps (𝛥t). For this 

purpose, the finite difference schemes are used. Given a set of initial positions (ri) 

and velocities (vi) at time t, the positions and velocities at time t+𝛥t are calculated. 

All atoms are assigned initial velocities according to the Maxwell-Boltzmann 

distribution at the temperature of interest. Forces on atoms are calculated by the 

distance-derivative of potential energy function as mentioned before. This force 
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calculation is the most time-consuming step in the process of obtaining microstates. 

Usually when integrating the equations of motion we would like to use the largest 

possible time step. At larger time steps we need to solve fewer equations of motions 

and use less memory. Obviously, shorter time steps would give us more accurate 

trajectories but we need more memory to solve the equations of motions. For systems 

with high temperatures where higher frequency of motion is obtained, we need to 

consider small time steps. The highest vibration frequency is considered to be around 

10-14 s (10 femtosecond). If we are interested in creating up to 10 segments for each 

frequency we should have a time step with a size of about 1 femtosecond. We have 

used a time step of 1 femtosecond in this thesis.  

Velocity Verlet algorithm along with Materials Studio software in this thesis was 

used to integrate equations of motion as explained in the next section. The Verlet 

algorithms [131] are the most widely used integration algorithms in the MD 

simulation. The Verlet algorithm uses positions, accelerations at previous time step 

to determine new positions. In the velocity Verlet algorithm, for given positions, 

velocities and accelerations at time t, we can compute: 

𝐫𝐢(𝐭 + ∆𝐭) = 𝐫𝐢(𝐭) + 𝐯𝐢(𝐭)∆𝐭 +
𝐟𝐢(𝐭)

𝟐𝐦𝐢
(∆𝐭)𝟐                                                                 (3-21) 

𝐚𝐢(𝐭 + ∆𝐭) =  
𝐟𝐢(𝐭+∆𝐭)

𝐦𝐢
                                                                                                     (3-22) 

𝐯𝐢(𝐭 + ∆𝐭) = 𝐯𝐢(𝐭) +
[𝐟𝐢(𝐭)+𝐟𝐢(𝐭+∆𝐭)]

𝟐𝐦𝐢
∆𝐭                                                                        (3-23) 
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Generally speaking every integration algorithm should have the following 

specifications: 

1. Fast and require little memory 

2. Allow use of a long time step 

3. Duplicate classical trajectory as closely as possible 

4. Obey energy and momentum conservation 

5. Time-reversible 

6. Require simple information and should be easy to program 

Energy and momentum conservation are described as the following: 

1. Conservation of Energy: 

𝐝𝐇 = ∑ (
𝐝𝐇

𝐝𝐩𝐢
𝐢 𝐝𝐩𝐢 +

𝐝𝐇

𝐝𝐪𝐢
𝐝𝐪𝐢)                                                                                         (3-24) 

Where H is the Hamiltonian, P is momentum and q is position. 

𝐝𝐇

𝐝𝐭
= ∑ (

𝐝𝐇

𝐝𝐩𝐢
𝐢 𝐩𝐢̇ +

𝐝𝐇

𝐝𝐪𝐢
𝐪𝐢̇ ) = ∑ (𝐪𝐢̇𝐢 𝐩𝐢̇ − 𝐩𝐢̇ 𝐪𝐢̇ ) = 𝟎                                                  (3-25) 

2. Conservation of total linear momentum: 

𝐏 = ∑ 𝐩𝐢𝐢                                                                                                                          (3-26) 

In equations of motion: 
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𝐪𝐢 =̇  
𝐩𝐢

𝐦𝐢
 , 𝐩𝐢̇ = −𝒎𝒊

𝐝𝒗𝒊

𝐝𝐭
= 𝐅𝐢                                                                                      (3-27)                                                                       

Therefore, we have: 

𝐝𝒑𝒊

𝐝𝐭
= 𝒑𝒊̇ = 𝑭𝒊                                                                                                                  (3-28)                                                                                                    

In an isolated system, all forces cancel out; therefore, the total linear momentum is 

conserved. A MD global algorithm is shown in Figure 3-1. 
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Figure 3-1 MD global algorithm 
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3.5. Molecular Dynamics in Various 

Thermodynamic Ensembles 

An “ensemble” is the collection of all possible microstates that are consistent with 

the thermodynamic state of the system. Some examples of ensembles are: 

“microcanonical” and “canonical” ensembles. The “microcanonical” ensemble is the 

collection of all microstates with fixed N, V, and E; appropriate for a closed, 

adiabatic system. The “canonical” ensemble is the collection of all microstates with 

fixed N,V, and T; in this ensemble, the energy of the microstates can fluctuate; 

appropriate for a closed system in contact with a heat bath. The canonical ensemble 

better represents experimental systems where energy of the system changes due to 

heat exchange with its surroundings. Most common thermodynamic ensembles that 

represent the experimental conditions are canonical (NVT) or isothermal-isobaric 

(NPT) ensembles. In such systems, we are able to control either the temperature or 

pressure of the systems which is what is usually done in experiments. However, to 

fulfill this goal one would need to reformulate the Newton’s equations of motion. 

This will be discussed in the following sections. 

3.5.1. Thermal Coupling 

The temperature in MD simulation can be controlled using one of the three options: 

Velocity re-scaling (Berendsen thermostat), Andersen thermostat, and the extended 
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Lagrangian form (Nose-Hoover thermostat). We can control a system’s temperature 

by bringing it into contact with a heat bath. By doing so, the system and the bath 

particles collide with each other and exchange energy, and eventually come into 

thermal equilibrium with each other. In this situation, the probability of finding the 

system in a given momentum (p) state is given by the Maxwell-Boltzmann (M-B) 

distribution: 

𝐏(𝐩) = (
𝛃

𝟐𝛑𝐦
)
𝟑

𝟐 𝐞𝐱𝐩 [(−
𝛃𝐩𝟐

𝟐𝐦
)]                                                                                    (3-29) 

Thus, we see that the temperature of this system is the variance of this distribution, 

which is equal to mkBT. 

One way of mimicking the “thermalizing” effect of coupling the system to a heat 

bath is called the Anderson thermostat [132]. In this approach the coupling is 

modelled by stochastic thermal forces that act occasionally on randomly chosen 

particles, taking the system from one constant energy state to another. Between 

collisions, the dynamics of the system is microcanonical; in other words the total 

energy of the system between collisions remains constant. The number of collisions 

in each time interval or time step is decided by the following Poisson distribution: 

𝐏(𝐭) = 𝛎𝐞−𝛎𝐭                                                                                                                  (3-30) 

where, 𝜈, is the collision frequency between the heat bath and atoms. After collision 

occurs the new momentum for the atom or molecule is chosen randomly from a 
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Maxwell-Boltzmann distribution at temperature T. In principal 𝜈 can be chosen 

however there is an optimal choice: 

𝛎 =
𝟐𝐚𝛋𝐕𝟏/𝟑

𝟑𝐤𝐁𝐍
                                                                                                                      (3-31) 

where a, is a dimensionless constant, V is the volume, N is the number of particles, 

kB is the Boltzmann constant and 𝜿 is thermal conductivity. 

Another method to control the temperature of system is the Velocity-scaling 

procedure. This scheme works by scaling the velocities of particles at each time step 

in order to keep the system temperature constant. However, the natural fluctuations 

of kinetic energy of the system are suppressed by this method and hence realistic 

canonical trajectories are not produced. The stochastic methods work by adding a 

friction term to the Newton’s equation of motion. This scheme generates an exactly 

defined canonical ensemble which is discussed here.  

The extended system (ES) method (Nosé-Hoover thermostat) was introduced by 

Nosé [133,134] and subsequently reformulated by Hoover [135] to eliminate the time 

scaling so that the trajectories in real time and with evenly spaced time points can be 

obtained. This is one of the most widely used methods for performing canonical 

simulations that produces true canonical ensembles. Since this thermostat was used 

to control temperature in all the simulations described in the present thesis, we briefly 

review this thermostat algorithm. In this method, an additional (fictitious) degree of 

freedom to the real physical system is introduced to represent interaction of the 

system with heat bath. The heat bath mass is considered to be Q, and the magnitude 
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of this variable determines the coupling between the reservoir and the real system 

and hence influences the temperature fluctuations. The Lagrangian expression for 

the total system (heat bath+ real system) is given by: 

𝐋𝐍𝐨𝐬𝐞 = ∑
𝐦𝐢𝐬

𝟐𝐫�̇�

𝟐
− 𝐔(𝐫𝐍) +

𝐐

𝟐

𝐍
𝐢=𝟏 𝐬�̇� − (𝐟 + 𝟏)𝐤𝐁𝐓𝐥𝐧𝐬                                       (3-32) 

Where f+1 = 3N+1 is the degrees of freedom for the extended systems and T is the 

desired temperature. The parameter s represents an extra degree of freedom for the 

system. The third and fourth terms in the above equation represent the kinetic and 

potential energy for the heat bath. It is worth noting that when s=1 the original 

Lagrangian equation is recovered. Introducing the thermodynamic friction 

coefficient the equations of motion with an extra degree of freedom are recovered as 

the following: 

𝛏 = 𝐬. 𝐬̇ =
𝐬𝟐 𝐩𝐬

𝐐
                                                                                                                (3-33) 

𝑝𝑠 in the virtual system as a virtual variable is equivalent to the variable “𝑝𝑖” in the 

real system. 

𝐫�̇� =
𝐩𝐢
𝐦𝐢
 ,      𝐐 =

𝛕𝐓
𝟐 . 𝐓𝟎
𝟒𝛑𝟐

 

where 𝜏𝑇 is the period of kinetic oscillations between reservoir and system and is 

directly related to the reference temperature. 

𝐩𝐢̇ =  −
𝛛𝐔(𝐫𝐍)

𝛛𝐫𝐢
− 𝛏𝐩𝐢                                                                                                      (3-34) 
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�̇� =
𝟏

𝐐
(∑

𝐩𝐢
𝟐

𝐦𝐢

𝐍
𝐢=𝟏 − (𝐟 + 𝟏)𝐤𝐁𝐓)                                                                                   (3-35) 

If Q is high, the flow of energy between the physical system and the heat bath will 

be too slow and consequently, infinite Q corresponds to a NVE MD system where 

no energy exchange between the heat bath and physical system occurs. On the other 

hand, if Q is too low, then the energy fluctuations would be too high, causing 

equilibration problems. If the energy of the extended system is conserved, then the 

Nosé-Hoover thermostat reproduces the canonical ensemble of the real physical 

system in every respect.  

3.5.2. Pressure Coupling 

The physical meaning of pressure can be defined only when the system of interest is 

inside a container with a specific volume. The container in computer simulations is 

the unit cell which is subjected to periodic boundary conditions in order to reproduce 

the bulk system. This type of boundary conditions will be explained in the next 

section. In MD simulation, in order to control the pressure, the unit cell volume will 

become a variable which will change during the course of simulation. Constant 

pressure in an NPT simulation is achieved by the Parrinello-Rahman method. In the 

same spirit as the temperature coupling, the system can also be coupled to a “pressure 

bath.” 

GROMACS supports constant-pressure simulations using the Parrinello-Rahman 

approach [136], which is similar to the Nose-Hoover temperature coupling. With the 
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Parrinello-Rahman barostat, the box vectors as represented by the matrix b obey the 

matrix equation of motion: 

 

𝒅𝒃𝟐

𝒅𝒕𝟐
= 𝑽𝑾−𝟏𝒃−𝟏́ (𝑷 − 𝑷𝒓𝒆𝒇)                                                                                       (3-36) 

V is the volume of the box and W determines the strength of coupling. The matrix P 

and 𝑃𝑟𝑒𝑓are the current and reference pressure respectively. The equations of motion 

for the particles are also changed, just as for the Nose-Hoover coupling. We only 

show the Parrinello-Rahman modification here: 

𝐝𝟐𝐫𝐢

𝐝𝐭𝟐
=

𝐅𝐢

𝐦𝐢
−𝐌

𝐝𝐫𝐢

𝐝𝐭
                                                                                                            (3-37) 

𝐌 = 𝐛−𝟏[𝐛
𝐝𝐛′

𝐝𝐭
+ 𝐛′

𝐝𝐛

𝐝𝐭
] 𝐛′

−𝟏
                                                                                       (3-38) 

The (inverse) mass parameter matrix (𝑊−1) determines the strength of the coupling, 

and how the box can be deformed. The size of the box also determines the coupling 

strength, and it is calculated automatically in GROMACS by obtaining the 

approximate isothermal compressibility β and the pressure time constant 𝜏𝑝  in the 

input file (L is the largest box matrix element): 

(𝐖−𝟏)𝐢𝐣 =
𝟒𝛑𝟐𝛃𝐢𝐣

𝟑𝛕𝐩
𝟐𝐋
                                                                                                            (3-39) 
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3.6. Periodic Boundary Conditions 

Periodic boundary conditions are necessary to minimize edge effects in a finite 

system. The atoms of the system to be simulated are put into a space-filling box, 

which is surrounded by translated copies of itself (Figure 3-2). Thus there are no 

boundaries of the system; the artifact caused by unwanted boundaries in an isolated 

cluster is now replaced by the artifact of periodic conditions. In a crystalline system 

this type of boundary condition is desired (although motions are naturally restricted 

to periodic motions with wavelengths fitting into the box). However, if we are 

interested to simulate non-periodic systems, such as polymer melts, liquids or 

solutions, this type of boundary condition causes errors.  

 

Figure 3-2 Periodic boundary conditions in two dimensions 
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The particles in the unit cell and the mirror images surrounding the unit cell are free 

to move in and out of each image cell. The number of particles per cell should remain 

constant in other words the number of particles moving out of one cell should be 

equal to the number of particles entering the same cell. The unit cell is defined by 

the three box vectors a, b, and c which should satisfy the following equations: 

𝐚𝐲 = 𝐚𝐳 = 𝐛𝐳 = 𝟎                                                                                                         (3-40) 

𝒂𝒙 > 𝟎,    𝒃𝒚 > 𝟎,    𝒄𝒛 > 𝟎                                                                                         (3-41) 

|𝐛𝐱| ≤
𝟏

𝟐
𝐚𝐱, |𝐜𝐱| ≤

𝟏

𝟐
𝐚𝐱,   |𝐜𝐲| ≤

𝟏

𝟐
𝐛𝐲                                                                       (3-42) 

For the calculation of the non-bonded interactions between two neighbor atoms the 

distance within a spherical volume around one atom in the unit cell is considered for 

calculations (short-range calculations). Sometimes this assumption causes errors due 

to neglecting important longer range electrostatic interactions between two atoms. In 

order to correct this problem the Ewald summation method is often used which will 

be discussed in the next section. 

3.7. Ewald Summation 

The Ewald summation method [137] was introduced in 1921 to consider the long-

range electrostatic interactions between charged particles and their infinite periodic 

images surrounding the unit cell. In this method the distance between the charged 

particles in two periodic images are considered to be greater than the distance 
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considered for short-range calculations (in a cubic box with length L the distance is 

considered to be greater than half the box length, so the equation for N charged 

particles would be the following: 

𝐔𝐞𝐥𝐞𝐜𝐭𝐫𝐨𝐬𝐭𝐚𝐭𝐢𝐜 = 
𝟏

𝟐
∑ ∑ |

𝐪𝐢𝐪𝐣

𝐧𝐋+𝐫𝐢𝐣
|𝐍

𝐢=𝐣=𝟏
′
𝐧                                                                             (3-43) 

The prime indicates that the self-interaction between particles i and j should not be 

considered when they are in the same periodic image. The equation mentioned here 

is convergent therefore we can transform the above equation into two convergent 

equations; the first one is the sum of short-ranged interactions which is treated with 

a simple cut-off and the second term is periodic which could be described as Fourier 

series. Therefore we have: 

𝐔𝐞𝐰𝐚𝐥𝐝 = 𝐔𝐫 + 𝐔𝐦 + 𝐔𝟎                                                                                             (3-44) 

The second term is obtained by surrounding each point charge with a Gaussian 

distribution having an opposite sign and the same charge magnitude. Finally a 

compensating charge density is added to the second term to obtain the original value 

of potential which ends up forming the above equation. An interaction potential 

could be written as the sum over k vectors in space: 

𝐔𝐦 = 
𝟏

𝟐
∑

𝟒𝛑

𝐤𝟐𝐤≠𝟎 𝐞
−𝐤𝟐

𝟒𝛂 |𝛒(𝐤)|𝟐                                                                                      (3-45) 

Where α is the inverse length and ρ(k) is given by: 

𝛒(𝐤) = ∑ 𝐪𝐢𝐞
𝐢𝐤𝐫𝐍

𝐢=𝟏                                                                                                        (3-46) 
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The first term in the Ewald summation equation is calculated based on simple 

calculation of the Coulomb function except for the fact that the Gaussian distribution 

(erf|𝛼(𝑟𝑖𝑗 + 𝑛𝐿)|)considered in the second term should be subtracted from this term 

(Coulomb function): 

𝐔𝐫 =
𝟏

𝟐
∑

𝐪𝐢𝐪𝐣

𝐫𝐢𝐣

𝐍
𝐢≠𝐣

𝐞𝐫𝐟𝐜(𝛂|𝐫𝐢𝐣+𝐧𝐋|)

|𝐫𝐢𝐣+𝐧𝐋|
                                                                                       (3-47) 

where erfc (x) = 1-erf(x) and erf (x) is defined as the following: 

𝐞𝐫𝐟(𝒙) =
𝟐

√𝝅
∫ 𝒆−𝒓

𝟐𝒙

𝟎
𝒅𝒓                                                                                               (3-48) 

And finally a self-interaction correction form is introduced: 

𝐔𝟎 = −
𝜶

√𝝅
∑ 𝒒𝒊

𝟐𝑵
𝒊=𝟏                                                                                                        (3-49) 
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4. Molecular dynamics study of 

the diffusivity of a hydrophobic 

drug Cucurbitacin B in pseudo 

polyethylene oxide-b-

polycaprolactone micelle 

environments2 

 

4.1. INTRODUCTION 

In recent years, nano-sized block-copolymer micelles have been used extensively for 

the controlled delivery of hydrophobic drugs [138-153]. One major advantage of 

these nano-sized delivery systems is that they exhibit a long circulation time in the 

                                                 

2 A version of this chapter has been published. Razavilar, N.; Choi, P. Molecular Dynamics Study of 

the Diffusivity of a Hydrophobic Drug Cucurbitacin B in Pseudo-poly(ethylene oxide-b-caprolactone) 

Micelle Environments. Langmuir. 2014, (30) 7798-7803. 
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blood stream.  This is because their size makes it difficult for the liver and the kidney 

to remove them.  Once polymer micelle is injected and exposed to water in the blood 

stream, water molecules start to diffuse into the micelle followed by the drug 

molecules diffusing out of the micelles until all drug molecules are exhausted.  

During this process, micelles are slightly swollen by the water but the structure is 

more or less intact because the critical micelle concentrations of the block 

copolymers used in practice are generally very low [154-156]. In the context of 

designing block copolymer from the drug release kinetics point of view, study of the 

in-vivo release kinetics (i.e., monitoring of the drug concentration in the blood stream 

upon delivery of the micelles) does not yield local release kinetics of the micelles.  

In fact, many concurrent physiological processes overshadow the local release 

kinetics.  Therefore, in-vitro studies are frequently used for the block copolymer 

design purpose.  Obviously, the effectiveness of a newly designed block copolymer 

still needs to be confirmed by in-vivo studies.  In in-vitro studies, the amount of drug 

released from micelles to water over a period of time is monitored.  In the case of the 

drug being encapsulated by a polymer thin film with micron thickness, continuum 

kinetic models are typically used to fit such experimental data to understand the 

underlying diffusion mechanism [157-159]. Such approach has also been used for 

nano-sized micelles despite the fact that continuum models are obviously not 

suitable.  For example, concentration gradients are difficult to be defined as a result 

of the inherent concentration fluctuations existing in such small systems 

[160].Regardless of the geometry of the delivery systems (micron-sized thin film or 

nano-sized micelles), such continuum models require the knowledge of the 
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diffusivity of the drug in the presence of water.  Measurement of the mutual 

diffusivity of such systems, especially in the case of micelles, is not a trivial task.  

For instance, to measure diffusion coefficients of small molecules in polymers, the 

technique of pulsed-field gradient nuclear magnetic resonance (PFG-NMR) 

technique is commonly used [161]. However, the technique cannot be readily 

extended to micelles.  Given the limitation of the current experimental techniques, 

molecular dynamics simulation offers a valuable alternative to study the dynamics 

of such nano-sized systems. Nonetheless, in order to simulate micelles at the 

atomistic level, it is computationally very expensive simply because a micelle 

normally contains more than hundred thousands of atoms (it contains tens of block 

copolymers, tens of drug molecules and tens of thousands of water molecules). 

Therefore, in the current study, instead of simulating the entire micelle, we 

considered only a small part of a micelle to mimic the micelle environment in the 

presence of water at various concentrations (i.e., different degrees of swelling).  

Figure 4-1illustrates such a system in which concentration of the drug is about 10 

wt%, a concentration comparable to that of the corresponding experimental system.  
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Figure 4-1 A schematic representation of a portion of a micelle using a 

simulation unit cell subjected to three-dimensional periodic boundary 

conditions.  

In this work, we will study the diffusivity of a cancer drug namely Cucurbitacin B 

(CuB) in two pseudo micelle environments formed by two model block copolymers 

made up of blocks of polyethylene oxide (PEO) and polycaprolactone (PCL) but 

with different architectures.  Different amounts of water were used to mimic different 

degrees of swelling induced by water. 
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4.2. Models and simulation method 

As mentioned, two model block copolymers made up of PEO and PCL blocks were 

used.  As shown in Figure 4-2, the first model contained a PEO block and a PCL 

block with each block having a molecular weight of 2,500 g/mol while the second 

one had a branched configuration in which three PCL blocks with approximately 

equal chain length were connected to one end of the PEO block, hereafter referred to 

as PEO-b-3PCL.  In the case of PEO-b-3PCL, the PEO block had a molecular weight 

of 2,500 g/mol and the three PCL blocks had a total molecular weight of 2,500 g/mol.  

Cucurbitacin B (CuB), a hydrophobic cancer drug with a molecular weight of 558 

g/mol, was used (see Figure 4-2). 
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(A) 

 

(B) 

 

(C) 

Figure 4-2 Chemical structures of PEO-b-PCL (A), PEO-b-3PCL (B), and 

Cucurbitacin B (CuB) (C) 
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The rationale for studying the CuB release kinetics in PEO-b-PCL and PEO-b-3PCL 

with the same total molecular weight was that our previous work showed that the 

branched configuration exhibits more favourable interactions with CuB (hydrogen 

bonds in particular) than the linear one, thereby encapsulating more CuB [160]. It is 

of interest to determine whether CuB would exhibit difference in its diffusivity in 

the two configurations.   

As mentioned, simulation of the entire micelle is prohibitively expensive with the 

currently available computer resources.  Therefore, we only modeled a portion of a 

micelle.  In particular, we constructed an amorphous unit cell containing one block 

copolymer molecule and one CuB molecule and the unit cell was subjected to three-

dimensional periodic boundary conditions.  We constructed such models using 

commercial software (Materials Studio) according to the procedure described by 

Theodorou and Suter [162]. The method is particularly designed to generate bulk 

amorphous structure.  However, owing to the amphiphilic nature of the copolymer, 

the resultant structure resembled somewhat the conformation of a block copolymer 

in a micelle.  We refer this structure to as a pseudo micelle environment that would 

give us insight into how intermolecular interactions between various molecules 

affect the drug diffusivity.  It is worth noting that there is experimental evidence 

showing that the PEO block is amorphous in the corona while the PCL block is 

crystalline in the core [163]. Given the procedure we used to generate the pseudo 

micelle environment, it was impossible to construct a crystalline core.  As a result, 

the PCL block was also in the amorphous phase.  However, as one can imagine, when 
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the water and drug molecules diffusing in and out of the core, respectively, some of 

the crystalline phase would turn into the amorphous phase to allow the penetrants to 

diffuse, as diffusion does not occur in the crystalline phase.  Lack of crystallinity in 

our models might lead to the overestimation of the diffusivity of CuB and water.  To 

introduce swelling to the systems, different amounts of water molecules were added.   

We used the simplest water model namely rigid simple point charge (SPC) model 

for the water molecules, as the concentration of water of interest was low [164]. 

The pseudo micelle unit cell was constructed in the following procedure.  First, a 

cubic unit cell containing the block copolymer of interest that was subjected to three-

dimensional periodic conditions was constructed. A single Cucurbitacin B molecule 

was then inserted into the unit cell at a random location.  Sizes of the unit cells of 

PEO-b-PCL and PEO-b-3PCL were 1.95 nm × 1.95 nm ×1.95 nm and 2.17 nm × 

2.17 nm × 2.17 nm, respectively, corresponding to the same density value of 1,000 

kg/m3.  Once the pseudo micelle models were set up, energy minimization was 

carried out using the steepest descent method to remove high-energy overlaps.  We 

then carried out isobaric-isothermal (NPT) molecular dynamics (MD) simulations at 

310 K (body temperature) and 1 bar using GROMACS along with its GROMOS96 

force field for about 5 ns to equilibrate the systems to the corrected density. 

GROMOS96 was chosen, as it is a condensed-phase force field and suitable for 

systems with organic liquids, solutions and crystals (more details below). The 

simulation temperature used was significantly higher than the glass transition 

temperatures of the PEO and PCL blocks (-60 ᵒC).  We used Nose-Hoover coupling 



90 

 

[165,166] to control the temperature and the Parrinello-Rahman [167] approach to 

control the pressure, respectively. The leap-frog Verlet algorithm along with a time 

step of 1 femtosecond (fs) was used to integrate the Newtonian equations of motion 

[168,169]. The data was stored every picosecond (ps).  After the 5 ns NPT MD 

annealing, various amounts of water molecules were inserted into the system to 

create 6 systems for each block copolymer. The corresponding water concentrations 

were 0.32, 1.63, 3.26, 4.89, 6.53 and 8.16 wt%.  Once again, energy minimization 

was carried out on the systems after the water insertion.  

For each system, a total of 10 NPT MD simulations with different initial positions of 

CuB and water molecules were carried out to obtain better statistics.  Each MD 

simulation, once again, was carried out at 310 K (body temperature) and 1 bar over 

a period of 100 ns, which should be long enough to obtain reliable diffusion data (see 

Results and Discussion).  The simulation box size increased, on average, from 3.1 × 

3.1 × 3.1 nm3 (0.32 wt% water) to 4.5 × 4.5 × 4.5 nm3 (8.16 wt% water).   

In the GROMOS96 force field, there are two types of potentials describing the 

interaction between atoms.  One is the bonded potential and the other is the non-

bonded potential.  The bonded potential is described by the following equation: 

𝑽(𝒓) =  ∑
𝟏

𝟒
𝑲𝟏[𝒃𝒏

𝟐 − 𝒃𝒏𝟎
𝟐 ]𝟐 + ∑

𝟏

𝟐
𝑲𝟐[𝐜𝐨𝐬 𝜽𝒏 − 𝒄𝒐𝒔𝜽𝒏𝟎]

𝟐 + ∑
𝟏

𝟐
𝑲𝟑[𝝃𝒏 − 𝝃𝒏𝟎]

𝟐 +

 ∑𝑲𝟒 [𝟏 + 𝒄𝒐𝒔(𝜹𝒏) 𝐜𝐨𝐬(𝒎𝒏𝝋𝒏)]                                                                               (4-1) 
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The bonded potential has four terms and K1 to K4 are the four force constants.  The 

first term signifies the force associated with the change of the covalent bond length.  

The second term originates from the angle between two neighbouring bonds.  The 

third term corresponds to the potential change of the dihedral angles while the fourth 

term improper dihedral angles.  The non-bonded potential can be specified by the 

following equation: 

𝐕(𝐫) =  ∑{[
𝐂𝟏𝟐𝐢𝐣

𝐫𝐢𝐣
𝟔 − 𝐂𝟔𝐢𝐣]

𝟏

𝐫𝐢𝐣
𝟔 +

𝐪𝐢𝐪𝐣

𝟒𝛑𝛆𝟎𝛆𝟏

𝟏

𝐫𝐢𝐣
+ 𝐕𝐑𝐅(𝐫𝐢𝐣, 𝐪𝐢, 𝐪𝐣, 𝐑𝐑𝐅, 𝛆𝟏, 𝛆𝟐, 𝐤)}             (4-2) 

The non-bonded potential includes three terms.  The first term denotes the van der 

Waals interaction. And 𝐶12𝑖𝑗 and 𝐶6𝑖𝑗are the van der Waals interaction constants. 

The second term corresponds to the electrostatic potential and 𝑞𝑖 and 𝑞𝑗 are the 

partial atomic charges. The third term is the electrostatic interactions by Poisson-

Boltzmann generalized reaction field term.  For all types of interactions, a cut off 

distance of 1 nm was used to reduce computational efforts.  

To quantify the diffusivity of CuB and water molecules in the pseudo micelle 

environment, we used the well-known Einstein’s equation as shown below to 

calculate their self-diffusion coefficients. 

𝐃 =
𝟏

𝟔

𝐝(〈
𝟏

𝐍
∑(𝐫𝐢⃗⃗ (𝐭)−𝐫𝐢⃗⃗ (𝟎))

𝟐〉)

𝐝𝐭
                                                                                                  (4-3) 

Here 〈
1

𝑁
∑(𝑟𝑖⃗⃗ (𝑡) − 𝑟𝑖⃗⃗ (0))

2〉 is the mean square displacement (MSD) of the penetrant 

molecules. 
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4.3. Results and discussion 

Diffusion coefficients of CuB and water were calculated based on the slope of the 

regressing lines fitted through the portion of the MSD plots in which the slope of log 

(MSD) vs. log t was equal to 1 (i.e., Einstein diffusion).  The Einstein region started 

at around 60 ns for CuB.  Obviously, the MSD values signify the distances that CuB 

and water molecules travel through the free volume holes formed by the block 

copolymers. 

Table 4-1summarize the computed self-diffusion coefficients of CuB and water in 

PEO-b-PCL and PEO-b-3PCL, respectively, at various water concentrations.  All 

data reported in the tables correspond to means of 10 MD simulations using different 

initial positions of CuB and water molecules.  In Table 4-2 and Table 4-3, we also 

show the data on the mean numbers of hops per ns and mean hopping distances for 

the water molecules.  This is because the water molecules were observed to exhibit 

a “hopping” diffusion mechanism while CuB did not.   
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Table 4-1 Computed self-diffusion coefficients of CuB in PEO-b-PCL and PEO-

b-3PCL at 310 K at different water concentrations. 

 

System 

Water 

concentration  

wt% 

self-diffusion coefficient 

of CuB in  

PEO-b-PCL 

×108 cm2/s 

self-diffusion Coefficient of 

CuB in  

PEO-b-3PCL  

× 108 cm2/s 

1 0.32 2.5 ± 0.3 1.3 ± 0.3 

2 1.63 2.0 ± 0.5 0.8 ± 0.1 

3 3.26 2.2 ± 0.4 1.0 ± 0.5 

4 4.89 2.3 ± 0.2 1.0 ± 0.1 

5 6.53 2.0 ± 0.3 0.9 ± 0.1 

6 8.16 2.4 ± 0.4 1.1 ± 0.3 

 

Table 4-2 Computed self-diffusion coefficients, mean numbers of hops per 1 ns 

and mean hopping distances of water in PEO-b-PCL at 310 K at various water 

concentrations.  

System 

Water 

concentration 

wt% 

self-diffusion coefficient 

of water in  

PEO-b-PCL 

× 105 cm2/s 

Mean number 

of hops 

per 1 ns 

Mean 

hopping 

distance 

Nm 

1 0.32 3.2 ± 0.7 18.0 ± 0.3 1.5 ± 0.1 

2 1.63 1.5 ± 0.8 10.0 ± 0.5 1.3 ± 0.3 

3 3.26 1.2 ± 0.8 11.0 ± 0.5 1.3 ± 0.2 

4 4.89 1.0 ± 0.6 10.0 ± 0.4 1.0 ± 0.1 

5 6.53 1.0 ± 0.5   9.0 ± 0.5 1.4 ± 0.3 

6 8.16 0.8 ± 0.3   9.0 ± 0.3 1.0 ± 0.1 
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Table 4-3 Computed self-diffusion coefficients, mean numbers of hops per 1 ns 

and mean hopping distances of water in PEO-b-3PCL at 310 K at various water 

concentrations. 

System 

Water 

concentration 

wt% 

self-diffusion coefficient 

of water in  

PEO-b-3PCL 

× 105 cm2/s 

Mean number 

of hops 

per 1 ns 

Mean 

hopping 

distance 

Nm 

1 0.32 1.5 ± 0.6 10 ± 0.3 1.5 ± 0.5 

2 1.63 0.8 ± 0.5 7.0 ± 0.5 1.3 ± 0.2 

3 3.26 0.8 ± 0.4 7.0 ± 0.7 1.3 ± 0.1 

4 4.89 0.7 ± 0.4 6.0 ± 0.5 1.2 ± 0.1 

5 6.53 0.7 ± 0.5 6.0 ± 0.5 1.3 ± 0.2 

6 8.16 0.7 ± 0.3 5.0 ± 0.3 1.3 ± 0.1 

 

In fact the diffusion of CuB depended on the wriggling motion of the block 

copolymer chains.  This explains why the self-diffusion coefficients of CuB (10-8 

cm2/s) are three orders of magnitude lower than those of water (10-5 cm2/s).  The 

simulation results showed two obvious trends.  First, diffusivity of CuB and water in 

PEO-b-3PCL is about 50% of that in PEO-b-PCL.  Secondly, diffusivity of CuB is 

more or less independent of water concentration while that of water decreases with 

increasing water concentration.  The above observation is probably attributed to a 

well-known fact in the polymer literature that a branched polymer diffuses through 

an arm retraction mechanism (slow) while their linear counterpart diffuses through 

a reptation mechanism (relatively faster) [170].  Therefore, mobility of the branched 

polymer is lower than that of the linear polymer with the same molecular weight.  In 
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the context of the present work, the lower mobility of PEO-b-3PCL, compared to 

PEO-b-PCL, would slow down the rate of free volume redistribution, thereby 

decreasing the diffusivity of CuB and water (lowering the number of hops in the case 

of water).  In fact, Table 4-2 and Table 4-3 show that the mean numbers of hops per 

ns for water in PEO-b-PCL are much higher than those of PEO-b-3PCL.  

The above results on the water diffusivity are also consistent with those of Zhou and 

Choi [171]. In particular, they studied the effect of water concentration on its 

diffusivity in two types of polyurethanes of which one is swollen by water while the 

other is not.  They found that the diffusivity of water in the polyurethane that can be 

swollen by water decreased with increasing water concentration and suggested that 

the observed trend was attributed to the intermolecular hydrogen bonds formed 

between water molecules and the polymer (higher activation energy for hopping).  It 

seems that the intermolecular hydrogen bonds (see hydrogen bond data shown in 

Table 4-4 and Table 4-5) may be one of the factors contributing to the observed 

difference in the water diffusivity of the two block copolymers.  

To quantify the effect of hydrogen bonds, we calculated mean numbers of 

hydrogen bonds that CuB and water formed with respective blocks of the two 

copolymers.  Table 4-4 and Table 4-5 show the corresponding data.  Here, the 

hydrogen bond is defined based upon a geometric criterion in which a hydrogen bond 

exists if the hydrogen bond donor-acceptor angel is greater than 135˚ and distance 

between the donor and acceptor is below 3Å.  The results were obtained using the 

average of the last 5 ns of each simulation and that of the 10 MD simulations of the 
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same system.  Table 4-4 shows that mean numbers of hydrogen bonds between CuB 

and the PCL block(s) are 
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Table 4-4 Computed mean numbers of hydrogen bonds per ns formed between 

CuB and PEO-b-PCL and PEO-b-3PCL, respectively, at various water 

concentrations at 310 K. 

System 

Water 

concentration 

wt% 

Mean number of 

hydrogen bonds 

between CuB and  

PEO-b-PCL  

PCL block (top) 

PEO block (bottom)  

Mean number of 

hydrogen bonds 

between CuB and  

PEO-b-3PCL 

PCL blocks (top)  

PEO block (bottom)  

1 0.32 
0.05 ± 0.005 

0.02 ± 0.004 

0.06 ± 0.003 

0.03 ± 0.006 

2 1.63 
0.04 ± 0.005 

0.03 ± 0.005 

0.07 ± 0.006 

0.04 ± 0.005 

3 3.26 
0.04 ± 0.003 

0.02 ± 0.003 

0.06 ± 0.004 

0.04 ± 0.005 

4 4.89 
0.05 ± 0.006 

0.04 ± 0.004 

0.06 ± 0.005 

0.04 ± 0.003 

5 6.53 
0.05 ± 0.005 

0.04 ± 0.003 

0.06 ± 0.005 

0.05 ± 0.004 

6 8.16 
0.04 ± 0.004 

0.04 ± 0.004 

0.06 ± 0.005 

0.05 ± 0.005 
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Table 4-5 Computed mean numbers of hydrogen bonds per ns formed between 

water and PEO-b-PCL and PEO-b-3PCL, respectively, at various water 

concentrations at 310 K. 

System 

Water 

concentration 

wt% 

Mean number of 

hydrogen bonds between 

water and   

PEO-b-PCL 

PCL block (top) 

PEO block (bottom) 

Mean number of 

hydrogen bonds 

between water and 

PEO-b-3PCL 

PCL blocks (top)  

PEO block (bottom) 

1 0.32 
0.01 ± 0.003 

0.03 ± 0.003 

0.02 ± 0.007 

0.04 ± 0.003 

2 1.63 
0.03 ± 0.005 

0.09 ± 0.005 

0.06 ± 0.006 

0.12 ± 0.05 

3 3.26 
0.04 ± 0.004 

0.13 ± 0.05 

0.07 ± 0.005 

0.14 ± 0.02 

4 4.89 
0.04 ± 0.006 

0.13 ± 0.05 

0.07 ± 0.004 

0.15 ± 0.03 

5 6.53 
0.05 ± 0.006 

0.13 ± 0.04 

0.08 ± 0.004 

0.15 ± 0.02 

6 8.16 
0.05 ± 0.006 

0.14 ± 0.04 

0.08 ± 0.005 

0.15 ± 0.02 

 

higher than those between CuB and PEO block at all water concentrations, indicating 

that CuB preferred the PCL block(s).  The total number of hydrogen bonds in the 

case of PEO-b-3PCL is higher than that of PEO-b-PCL which is consistent with the 

observation that diffusivity of CuB in PEO-b-PCL is higher.  As Table 4-6 shows, 

the PEO block in both block copolymers was probably fully hydrated when water 

concentration was above 3.26 wt%, as the mean number of hydrogen bonds between 
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water and the PEO block leveled off at the aforementioned water concentration.  

Nevertheless, there were still water molecules hydrating the PCL block(s) even at 

water concentrations below 3.26 wt%, indicating that water molecules moved 

through both PEO and PCL phases.  As mentioned earlier, the self-diffusion 

coefficients of CuB and water in PEO-b-3PCL are about 50% of those of PEO-b-

PCL at the same water concentration.  The data in Table 4-4 and Table 4-5 show, 

mean numbers of hydrogen bonds in the case of PEO-b-PCL are not 50% of those of 

PEO-b-3PCL.  This confirms that the chain mobility, as discussed before, plays an 

important role in influencing the diffusivity of CuB and water.  

In addition to the chain mobility and hydrogen bond effect, we further analyzed the 

data to check there were differences in the degrees of swelling of the block 

copolymers.  In particular, we calculated their swelling factor that is defined as the 

ratio of the fractional volume change over the fractional mass change at a given water 

concentration.  Table 4-6 shows the corresponding results.  It is clear that both PEO-

b-PCL and PEO-b-3PCL swell even at very low water concentrations and the 

swelling factor levels off at about 2 wt% water.  Nevertheless, PEO-b-PCL swells 

about 20% more than PEO-b-3PCL.  It seems that difference in the swelling factors 

also contribute to the difference in the diffusivity of CuB in PEO-b-PCL and PEO-

b-3PCL.   
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Table 4-6 Degrees of swelling of PEO-b-PCL and PEO-b-3PCL at 310 K. 

System 
Water concentration 

wt% 

Swelling factor of 

PEO-b-PCL 

Swelling factor of 

PEO-b-3PCL 

1 0.32% 2.5 2 

2 1.63% 2 1.5 

3 3.26% 1.6 1.4 

4 4.89% 1.5 1.3 

5 6.53% 1.5 1.2 

6 8.16% 1.5 1.2 

 

The radius of gyration (Rg) data of the PEO and PCL blocks as a function of time 

support the swelling data.  Such data are shown in the Additional Information 

section.  For clarity, we only provide data of two water concentrations (3.26 and 8.16 

wt%) for both block co-polymer configurations (Figure A 1- Figure A 8).  It is 

obvious from the figures that at both water concentrations, the PEO block of PEO-

b-PCL exhibits a larger Rg than that of PEO-b-3PCL even though the PEO block is 

linear.  This is consistent with the expectation that Rg of a branched polymer is 

smaller than that of a linear polymer with the same total molecular weight.  At higher 

water concentration, the PEO block tends to have higher mobility.  This is because 

water acts like a plasticizer helping the rotation of the skeletal bonds of the PEO 

block [172]. As expected, the Rg fluctuations of PEO-b-3PCL are smaller than those 

of PEO-b-PCL.  The trend of the Rg of the PCL block is similar to that of the PEO 

block.   
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We also analyzed the normalized velocity autocorrelation functions (VACF) of CuB 

and water molecules, respectively, in PEO-b-PCL and PEO-b-3PCL over the last 1 

ns of the 100 ns MD simulation.  They are shown in the Additional Information 

Section (Figure A 9- Figure A 12).  The reason that we only examine the VACF over 

a period of 1 ns out of a 100 ns MD simulation is that most of the time, velocities of 

CuB and water de-correlate (to approximately 0) within 1 ns.  This is an indication 

that 100 ns MD simulation is long enough for the present systems.  Also, at 

equilibrium, any 1 ns VACF within the 100 ns MD simulation, except those in the 

first few ns, resemble each other.  Before analyzing the figures, it is worth noting 

that the fluctuations of the VACF (velocity sign reversal) signify the collision motion 

of the penetrant in the free volume holes (i.e., cages) formed by the block 

copolymers.  According to the VACF results, CuB exhibited a much higher 

frequency collision motion in PEO-b-3PCL than in PEO-b-PCL suggesting that the 

cages formed by PEO-b-3PCL are more rigid than those by PEO-b-PCL.  And the 

difference in the frequencies is rather insensitive to the water concentration. This is 

consistent to the diffusivity data discussed earlier.  However, water concentration 

(i.e., degree of swelling) seems to affect the de-correlation time (longer de-

correlation time in PEO-b-PCL).  However, there exists somewhat opposite behavior 

for water.  In particular, water at low concentrations exhibited higher frequency 

collision motion. This may be due to the fact that there exist higher numbers of 

hydrogen bonds at higher water concentrations as shown in previous tables. 
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One final comment is that swelling encountered in a block copolymer micelle is 

different from that of a polymer thin film.  As one can conceive, correlating the 

diffusivity of a drug in a swelling micelle (such as the results obtained in the present 

work) to the macroscopically observed drug fractional release profile is not trivial.  

And such a correlation is yet to develop.  Nevertheless, Mirzazadeh et al [173]. have 

carried out in-vitro release studies for naltrexone hydrochloride from block-

copolymer micelles at 37 °C under perfect sink conditions and they observed that the 

fractional drug release is related to the square root of time and concluded that drug 

release from their system was “Fickian”.  On the other hand, Wang et al [174] 

observed another form of time dependency of the fractional drug release for micelles.  

Obviously, further research work is needed to determine the time dependence of drug 

release for micelles.   

4.4. Conclusions 

We used isobaric-isothermal molecular dynamics simulation to study the diffusivity 

of a hydrophobic drug namely Cucurbitacin B (CuB) in pseudo micelle environments 

that were made up of individual block copolymers containing PEO and PCL blocks 

with different configurations swollen by different amounts of water.  Regardless of 

the configuration of the block copolymer, it was found that the diffusivity of CuB 

was insensitive to the water concentration while the water diffusivity decreased with 

increasing water concentration.  However, the diffusivity of both CuB and water in 
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PEO-b-PCL is about twice of that in PEO-b-3PCL.  The combined effect of slower 

chain dynamics, more intermolecular hydrogen bonds and lower degree of swelling 

explains the slower dynamics in PEO-b-3PCL.  Velocity auto-correlation functions 

of CuB and water are consistent with the above findings.  However, it is interesting 

to note that CuB exhibited higher frequency collision motion in PEO-b-3PCL than 

in PEO-b-PCL while water showed similar behavior at lower water concentrations.  

Finally, it should be pointed out that the diffusivity obtained from the present work 

is not suitable to be used for conventional continuum drug release models to 

determine the in-vitro fractional drug release curve.   

4.5. Supporting Information for Publication 

 

Figure A 1 Radius of gyration of the PEO block of PEO-b-PCL (3.26 wt% 

water). 
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Figure A 2 Radius of gyration of the PEO block of PEO-b-PCL (8.16 wt% 

water) 
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Figure A 3 Radius of gyration of the PEO block of PEO-b-3PCL (3.26 wt% 

water). 
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Figure A 4 Radius of gyration of the PEO block of PEO-b-3PCL (8.16 wt% 

water) 
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Figure A 5 Radius of gyration of the PCL block of PEO-b-PCL (3.26 wt% 

water). 
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Figure A 6 Radius of gyration of the PCL block of PEO-b-PCL (8.16 wt% 

water). 
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Figure A 7 Radius of gyration of the PCL blocks of PEO-b-3PCL (3.26 wt% 

water). 
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Figure A 8 Radius of gyration of the PCL blocks of PEO-b-3PCL (8.16 wt% 

water). 
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a) 

 

b) 

Figure A 9 Velocity autocorrelation functions of CuB in PEO-b-PCL a) 1.63 

wt% water b) 8.16 wt% water.   
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a) 

 

b) 

Figure A 10 Velocity autocorrelation functions of CuB in PEO-b-3PCL a) 1.63 

wt% water b) 8.16 wt% water.  
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a) 

 

b) 

Figure A 11 Velocity autocorrelation functions of water in PEO-b-PCL a) 1.63 

wt% water b) 8.16 wt% water.  
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a) 

 

b) 

Figure A 12 Velocity autocorrelation functions of water in PEO-b-3PCL a) 1.63 

wt% water b) 8.16 wt% water.  
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5. Diffusivity of Cucurbitacin B 

in Water Swollen poly ethylene 

oxide-b-polycaprolactone 

Matrix with Different 

PCL/PEO Weight Ratios3 

 

5.1. Introduction 

In recent years, micelles made up of block copolymers have become the choice of 

nano-scale drug carriers. One major design criterion of such block copolymers is to 

balance their hydrophobicity and hydrophilicity for the drugs of interest so that 

maximum drug loadings and desired release kinetics are obtained.  In fact, this has 

been the focus of many researchers over the past couple decades [175-184].  One 

                                                 

3 A version of this chapter is being considered for publication. 
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approach to enhance drug loadings is to introduce chemical moieties that exhibit 

specific interactions (e.g., hydrogen bonds) into the block copolymers.  However, 

many studies have shown that specific interactions would slow down the drug release 

kinetics, which may or may not be desirable [184-187].  In particular, Lee et al. [188] 

reported that the release rate of a drug papaverine encapsulated by micelles formed 

by polyethylene oxide-b-polylactic acid (PEO-b-PLA) was retarded when it was 

chemically modified with substituted carboxylic acid moieties.  Interestingly, Molavi 

et al. observed that the cumulative release, expressed in terms of the percentage of 

encapsulated drug, of a hydrophobic drug Cucurbitacin B (CuB) encapsulated by 

polyethylene oxide-b-polycaprolactone) (PEO-b-PCL) micelles decreases by 37.5% 

when the PCL/PEO weight ratio increases from 1 to 4.8 [189].  In their work, the 

molecular weights of the two block copolymers used were PEO(5000)-b-PCL(5000) 

and PEO(5000)-b-PCL(24000).  Here, the number in the bracket signifies the 

molecular weight of the block in g/mol.  It is not clear that the decrease in the 

cumulative release is simply due to the increase in molecular weight of the block 

copolymer or its hydrophobicity or to both.  If hydrophobicity does contribute to 

slowing down the release rate, why would hydrophobicity, mainly involving non-

directional dispersion forces, increase the activation energy of the diffusion of CuB?  

In a recent study, Sarthak et al. [190] used molecular dynamics simulation to clearly 

demonstrate that increasing the PCL/PEO weight ratio of PEO-b-PCL from 0.5 to 2 

(i.e., 4 times increase) decreases the corresponding Flory-Huggins interaction 

parameter significantly, thereby increasing the ability of the block copolymer to 

encapsulate more CuB.  They found that molecular origin of the observation stems 
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from the hydrogen bonds formed between the oxygen atoms on CuB and the 

activated hydrogen atoms on the PCL block.  The above finding explains the fact 

that increasing PCL/PEO weight ratio of PEO-b-PCL decreases the CuB release rate.  

However, in the experimental systems, water was present while this was not the case 

in the simulation models that Sarthak et al. used. According to Sw ratio (equation 2-

30) introduced in chapter 2, swelling controls drug release in polymer micelles when 

Sw is greater than 1 which means micelle swelling will affect drug diffusion until all 

drug molecules diffuse out of the micelle. Therefore, in this work, we carried out 

molecular dynamics simulation to calculate the self-diffusion coefficients of CuB in 

PEO-b-PCL with PCL/PEO weight ratios at 0.5, 1 and 2 swollen by different 

amounts of water at body temperature (310 K) and ambient pressure (1 bar).  We 

also studied a PEO-b-PCL model with a PCL/PEO weight ratio of 1 but with higher 

molecular weight to study the molecular weight effect.  To compute the self-diffusion 

coefficients, we used an approach that was used in our recent work [191].    

5.2. Molecular Models and Simulation Methodology 

Figure 5-1 and Figure 5-2 show the ethylene oxide and caprolactone repeating units 

of the block copolymer PEO-b-PCL and the molecular structure of the anti-cancer 

drug Cucurbitacin B (CuB), respectively.  Four models of PEO-b-PCL were used in 

which three models had the same total molecular weight of 3,750 g/mol but with 

three different PCL/PEO weight ratios of 1,250/2,500 (i.e., 0.5), 1,875/1,875 (i.e., 1) 
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and 2,500/1,250 (i.e., 2).  The fourth model had a PCL/PEO weight ratio of 1 but the 

molecular weights of the PEO and PCL blocks are 2,500 g/mol, respectively.  The 

molecular weight of CuB is 558 g/mol.   

 

 

Figure 5-1 Chemical structure of polyethylene oxide-b-polycaprolactone (PEO-

b-PCL) 

 

Figure 5-2 Chemical structure of the anti-cancer drug Cucurbitacin B (CuB) 

 

Simulation of an entire micelle is computationally expensive with the currently 

available computer resources.  Therefore, we modeled a small part of the micelle 

referred to as a pseudo micelle environment following a strategy that we used in our 
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previous work and the limitation of such an approach was discussed in reference 

[191].  In particular, we constructed an amorphous unit cell containing one block 

copolymer molecule and one CuB molecule.  The weight ratios of CuB to the block 

copolymers were about 12-15% that are the drug loadings that can be achieved in 

practice.  The unit cell was subjected to three-dimensional periodic boundary 

conditions.  The procedure of Theodorou and Suter [192] was used to construct the 

unit cell.   An initial density value of 1000 kg/m3 was used.  It is worth noting that 

after the addition of CuB and water molecules, each system was annealed using 

isobaric-isothermal molecular dynamics simulation to obtain the correct density.  

The initial edge length of the cubic unit cell was about 3.0 nm.  Then, a CuB molecule 

was inserted randomly into the cubic cell.  Energy minimization was carried out with 

the steepest descent method to remove high-energy overlaps.  After energy 

minimization, different numbers of water molecules were added to generate systems 

with different concentrations of water.  Energy minimization was performed again 

on such systems and the resulting structures were then used for subsequent MD 

simulations.  The corresponding water concentrations are shown in Table 5-1. 
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Table 5-1 Water concentrations of systems (1 – 12) containing various numbers 

of water molecules, one CuB molecule and one PEO-b-PCL block polymer with 

a total molecular weight of (a) 3,750 g/mol and (b) 5,000 g/mol.   

(a) 

System Number of water 

molecules 

Water concentration, 

wt% 

1 1 0.40 

2 5 2.35 

3 10 4.70 

4 15 7.05 

5 20 9.40 

6 25 11.75 

 

(b) 

System Number of water 

molecules 

Water concentration, 

wt% 

7 1 0.32 

8 5 1.63 

9 10 3.26 

10 15 4.89 

11 20 6.53 

12 25 8.16 
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The force field that we used for the energy minimization and the subsequent MD 

simulations was GROMOS96 and the detail of the force field used was given in our 

previous work [192].  The SPC water model was used, as the water concentrations 

considered in this work were low [192]. 

GROMACS version 3.3.1 was used to carry out isobaric-isothermal (NPT) molecular 

dynamics (MD) simulations at 310 K (body temperature) and 1 bar pressure.  The 

simulation temperature used was significantly higher than the glass transition 

temperature of the PEO and PCL blocks (both at -60ᵒC). The simulation temperature 

was controlled by the Nose-Hoover thermostat [165,166] and the pressure was 

controlled by the Parrinello-Rahman [167] approach.  The leap-frog Verlet algorithm 

with a time step of 1 femtosecond (fs) was used to obtain positions of atoms at every 

time step [169].  The sampling time used was 1 picosecond (ps). For each system, a 

5 ns NPT MD equilibration was performed before the 100 ns production simulation.  

The NPT MD simulation was repeated 10 times using different initial positions of 

CuB and water molecules.  In other words, the results reported for each system 

correspond to the average of 10 simulations. 

GROMACS software was also used to analyze the simulations results in order to 

obtain the self-diffusion coefficient for CuB. The well-known Einstein’s equation as 

shown below was used for this purpose: 

𝐃 =
𝟏

𝟔

𝐝(〈
𝟏

𝐍
∑(𝐫𝐢⃗⃗ (𝐭)−𝐫𝐢⃗⃗ (𝟎))

𝟐〉)

𝐝𝐭
                                                                                                  (5-1) 
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Here 〈
1

𝑁
∑(𝑟𝑖⃗⃗ (𝑡) − 𝑟𝑖⃗⃗ (0))

2〉 is the mean square displacement (MSD) of the penetrant 

molecules of interest. 

5.3. Results and Discussion 

Figure 5-3 shows typical MSD plots for CuB in PEO(2500)-b-PCL(2500).  Note that 

this system has a PCL/PEO weight ratio of 1.  The corresponding self-diffusion 

coefficients of CuB in all systems were then calculated based on the slope of the 

regressing lines fitted through the portion of the MSD plots between the first and last 

10% of the whole region. The diffusion coefficient for this system was then validated 

by obtaining the intercept of the line fitted through the linear portion of log (MSD) 

versus log (t) (i.e., Einstein diffusion) where the slope of this line was almost 1.0.                                                                                                                                    
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Figure 5-3 Mean square displacement versus time of CuB in PEO(2500)-b-

PCL(2500) swollen by 25 numbers of water molecules at 310 K 

                                                                                                                               

Figure 5-4 shows the computed self-diffusion coefficients of CuB in the block 

copolymer models at six different water concentrations.  Once again, each self-

diffusion coefficient reported in the figure corresponds to an average of 10 MD 

simulations with different initial positions of CuB and water molecules.  The 

uncertainties signify the corresponding standard errors.  The simulation results show 

that the diffusivity of CuB is independent of the water concentration and that 

decreases with increasing PCL/PEO weight ratio for the block copolymers with the 

same total molecular weight of 3,750 g/mol.  According to the classical free volume 



124 

 

theory for the diffusion of small molecules in a polymer matrix, the first observation 

suggests that the presence of water up to a concentration of about 12 wt% does not 

alter the free volume characteristics (i.e., the amount of free volume and its 

redistribution rate).  In the following, we will have further discussion about this 

point.  The second observation means that increasing hydrophobicity of the block 

copolymer significantly decreases the diffusivity of CuB.  As mentioned in the 

introduction, decrease in the diffusivity of a penetrant is expected when the penetrant 

and the block copolymer interact favourably with each other through specific 

interaction.  In this case, increasing the PCL/PEO weight ratio should decrease the 

ability of the block copolymer (i.e., decrease in the number of ethylene oxide units) 

to form hydrogen bonds with CuB.  However, Patel et al. [193] showed that hydrogen 

atoms on the PCL block are activated due to the presence of the nearby carbonyl 

groups.  As a result, such hydrogen atoms are able to form hydrogen bonds with the 

oxygen atoms present on the CuB molecules, thereby leading to the observed 

decrease in CuB diffusivity with increasing PCL/PEO weight ratio.  According to 

the work of Patel et al. [193], the chance of the hydroxyl moieties on CuB to form 

hydrogen bonds is low.  Comparing the results of PEO(1875)-b-PCL(1875) to those 

of PEO(2500)-b-PCL(2500) clearly shows the expected molecular weight effect as 

both systems have the PCL/PEO weight ratio of 1.  

To show that increasing the PCL/PEO weight ratio would increase the number of 

hydrogen bonds formed between the PCL block and CuB, we determined the 

corresponding mean numbers of hydrogen bonds in all 12 systems. Table 5-2 
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summarizes the results.  Here, the presence of a hydrogen bond is determined based 

upon a geometric criterion in which a hydrogen bond exists if the hydrogen donor-

acceptor angle is greater than 135° and distance between the hydrogen donor and 

acceptor is below 3 Å.  The number of H-bonds obtained for every nano second in 

Gromacs were summed over 100 ns and finally divided by 100 to obtain the average 

number of hydrogen bonds per 1 ns. The reproducibility of the results were then 

checked in 10 simulations with different initial conformations of the drug molecule 

in simulation box.  

 

Figure 5-4 Computed self-diffusion coefficients of CuB in the four PEO-b-PCL 

models swollen by different amounts of water at 310 K 
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Table 5-2 Computed mean numbers of hydrogen bonds per ns formed between 

CuB and the PCL block in PEO-b-PCL with three different PCL/PEO ratios 

swollen by various amounts of water at 310 K (a) a total molecular weight of 

3750 g/mol and (b) a total molecular weight of 5000. 

(a) 

 

System 

Water 

concentration, 

wt% 

Mean number of 

H-bonds between 

CuB and PCL in 

PEO(2500)-b-

PCL(1250) 

Mean number 

of H-bonds 

between CuB 

and PCL in 

PEO(1875)-b-

PCL(1875) 

Mean number of 

H-bonds between 

CuB and PCL in 

PEO(1250)-b-

PCL(2500) 

1 0.40 0.02 ± 0.005 0.03 ± 0.004 0.08 ± 0.003 

2 2.35 0.02 ± 0.005 0.03 ± 0.005 0.07 ± 0.005 

3 4.70 0.02 ± 0.007 0.04 ± 0.003 0.09 ± 0.005 

4 7.05 0.03 ± 0.003 0.04 ± 0.005 0.07 ± 0.002 

5 9.40 0.02 ± 0.005 0.04 ± 0.004 0.09 ± 0.002 

6 11.75 0.03 ± 0.005 0.04 ± 0.006 0.09 ± 0.005 
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(b) 

 

System 

Water 

concentration, 

wt% 

Mean number of H-

bonds between CuB and 

PCL in PEO(2500)-b- 

PCL(2500) 

7 0.32 0.04 ± 0.005 

8 1.63 0.03 ± 0.003 

9 3.26 0.04 ± 0.003 

10 4.89 0.04 ± 0.003 

11 6.53 0.05 ± 0.005 

12 8.16 0.04 ± 0.002 

 

It is obvious from Table 5-2 that the mean number of hydrogen bonds per ns between 

CuB and the PCL block increases almost 4 times when the PCL/PEO ratio in the 

polymer with a molecular weight of 3750 g/gmol increases 4 times.  It is also 

interesting to note that the mean numbers of hydrogen bonds of two systems with the 

same PCL/PEO ratio but different molecular weights are comparable confirming that 

the difference in the CuB diffusivity in the two models are mainly attributed to their 

molecular weight difference, not the difference in the intermolecular interactions.  

Also, the mean number of hydrogen bonds seems to be insensitive to the water 

concentration.  The amount of water does not affect the number of hydrogen bonds 
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formed between the PCL block and CuB.  This may explain that the diffusivity of 

CuB is independent of water concentration.  

It is expected that increasing water concentration would increase the swelling of the 

block polymer, thereby increasing the diffusivity of CuB.  However, this was not 

observed (Figure 5-4). To determine whether there was swelling in the systems under 

constant temperature and pressure conditions, we calculated the polymer swelling 

factor that is defined as the ratio of the fractional volume change to the fractional 

mass change at a given water concentration.  Results are shown in Figure 5-5 and it 

is clear from the table that all block copolymer models swell significantly even at 

very low water concentrations.  However, the swelling factor decreases as the 

number of water molecules increases from 1 to 5 and levels off at about 5 water 

molecules.  It is noteworthy that the swelling factor is insensitive to the PCL/PEO 

weight ratio from 0.5 to 1 but increases significantly from 1 to 2. The plots of radius 

of gyrations for the PCL block in all three polymers with PCL/PEO ratios of 0.5,1 

and 2 all confirm the swelling factor plots shown in Figure 5-5. The radius of 

gyration for PCL block does not change significantly in polymers with PCL/PEO 

ratios from 0.5 to 1 as shown in Figure 5-6. As the PCL/PEO ratio increases from 1 

to 2, the radius of gyration for the PCL block changes significantly as shown in 

Figure 5-6. 

 Given that systems with the highest PCL/PEO weight ratio exhibited the highest 

swelling factor but lowest diffusivity of CuB, the data suggest that hydrogen bonds 

dominate the diffusion process in these systems.    
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Figure 5-5 Swelling factors of different PEO-b-PCL block copolymers swollen 

by various amounts of water at 310 K  

 

To determine the effect of the segmental mobility of the block copolymers on the 

diffusivity of CuB, we calculated the radii of gyration (Rgs) of the PEO and PCL 

blocks in the systems with the lowest and highest PCL/PEO weight ratios (0.5 and 

2) as a function of time.  We only show the results at the highest water concentration 

(i.e., 11.75 wt% and 8.16 wt%) as the PCL/PEO weight ratio is of main interest.  

Figure 5-6 to Figure 5-8 summarize the results.  It is evident from the figures that the 

system with the highest PCL/PEO weight ratio exhibits larger amplitudes of the 

fluctuation of Rg, with those of the PCL block more pronounced than that of the PEO 

block, indicating that the mobility of the block copolymer increases with increasing 
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PCL/PEO weight ratio and that that of the PCL block is higher than that of the PEO 

block.  This observation suggests that the increasing degree of the wriggling motion 

of the block copolymers (i.e., increasing the free volume redistribution rate) is not 

sufficient to increase the diffusion of CuB.  Here, the radius of gyration of CuB at 

310 K is about 0.45 nm which is insensitive to the water concentration. 
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Figure 5-6 Radius of gyration of the PCL block of (from top to bottom) 

PEO(2500)-b-PCL(1250), PEO(2500)-b-PCL(2500) and PEO(1250)-b-

PCL(2500) containing 11.75 wt%, 8.16 wt% and 11.75 wt% of water at 310 K. 

Second figure from top is taken from chapter 4. 
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Figure 5-7 Radius of gyration of the PEO block of PEO(2500)-b-PCL(1250) 

containing 11.75 wt% of water at 310 K 

 

Figure 5-8 Radius of gyration of the PEO block of PEO(1250)-b-PCL(2500) 

containing 11.75 wt% of water at 310 K 
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5.4. Conclusions 

Isobaric-isothermal (NPT) molecular dynamics (MD) simulation was used to study 

the self-diffusion of a hydrophobic drug namely Cucurbitacin B (CuB) in pseudo 

micelle environments made up of polyethylene oxide-b-polycaprolactone (PEO-b-

PCL) and water at different concentrations up to about 12 wt%.  PEO-b-PCL models 

with 3 different PCL/PEO weight ratios (0.5, 1 and 2) but with the same total 

molecular weight (3750 g/mol) were used.  An additional model with a PCL/PEO 

weight ratio of 1 but with a total molecular weight of 5000 g/mol was used.  It was 

found that the diffusivity of CuB decreased with increasing PCL/PEO weight ratio 

and that such observation was attributed to the increase in the number of hydrogen 

bonds formed between the oxygen atoms on CuB and the activated hydrogen atoms 

on the PCL block as its chain length increased.  In addition, the swelling factor and 

mobility of both PEO and PCL blocks as quantified by their time variations of the 

radius of gyration increased with increasing PCL/PEO weight ratio.  Since increase 

in the degree of swelling and mobility of the blocks should increase the diffusivity 

of CuB but the results show the opposite, it suggests that hydrogen bonds formed 

between CuB and the PCL block dominate the diffusion process.  As a result, 

regardless of the PCL/PEO weight ratio, diffusivity of CuB was insensitive to the 

water concentration.  The results of the two models with the same PCL/PEO weight 

ratio but different total molecular weights show that CuB in the higher molecular 

weight model exhibited lower diffusivity, as expected.  
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6. Calculation of CuB Activation 

Energies in Water Swollen 

polyethylene oxide-b-

Polycaprolactone Matrix with 

Different PCL/PEO Ratios 

 

6.1. Introduction 

Self-diffusion of small and large molecules in polymers has been of interest for many 

years [194].  Diffusion in polymers is a complex process. It depends strongly on the 

thermal motion of the solvent molecules and on the structure of the polymer which 

dictates different polymer-solvent interactions. It remains a challenge to understand 

and predict the diffusion of small and large molecules in polymer systems. Some 

theories are available for the diffusion of small molecules with size comparable to 

that of polymer monomers diffusing in polymers.  In some models, the polymer is 
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considered to be stationary compared to the solvent molecules [195-198]. However, 

these theories tend to estimate the diffusion coefficient inaccurately when the 

diffusing molecule size is large. For example, such models are not able to predict the 

diffusion of protein in gel or the diffusion of polystyrene in polyvinyl methyl ether 

gels [199-202].  In these cases, the interaction between the polymer and the 

penetrating molecules is even more important than the free volume or holes 

available. The importance of the polymer-solvent interaction on solvent diffusivity 

while the polymer is swollen by the solvent has been demonstrated in the literature 

before [203]. In order to better understand the effect of polymer-solvent interactions 

on the self-diffusion coefficient, we decided to calculate the drug molecule’s 

activation energy in this chapter. 

 

The Arrhenius activation energy model is the most popular one for obtaining the 

temperature dependence of diffusion coefficient [204-206] as shown in the following 

equation: 

𝐃 = 𝐃𝟎 𝐞𝐱𝐩(−
𝐄𝐚

𝐑𝐓
)                                                                                                      (6-1) 

where 𝐷0 is a constant, R is the universal gas constant and 𝐸𝑎 is the activation energy 

for the diffusion process. In some studies, it was shown that the drug release over the 

temperature range of 25ºC-60ºC showed an Arrhenius behaviour and the activation 

energy was about 14 kJ/mol [207]. An interesting observation in the aforementioned 

studies was that for a Fickian diffusion mechanism where the polymer relaxation rate 
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is much higher than the drug diffusion rate, very low activation energy is required 

for the drug to move into adjacent free volumes in the polymer network. Moreover, 

it was shown that much higher activation energy is required for diffusion of particles 

in polymer networks when the diffusion mechanism was “non-Fickian” or swelling 

controlled. The mentioned results are interesting and can help us better understand 

the effect of the polymer structure, chain rigidity, etc. on the diffusion of small 

molecules.  

Brandt et al. [207] described a complete model to explain this energy activated 

motion of particles in different polymer chains. According to their model, once the 

density or the length of the whole chain or the length of a part of the polymer chain 

changes, the chain motion is affected which in turn could affect the motion of 

particles and their activation energy. Er. et al. [208], have shown that as the PEG 

content in the PEG-liposome incorporated polymer increases, the diffusion of the 

drug molecule was restricted in the lipid layer causing the activation energy to 

increase, thereby making it more difficult for the particle to move in the polymer 

network. In their work, structural differences between polymers were reflected in the 

differences obtained for the drug diffusion and activation energies. 

In this study, five models of PEO-b-PCL were used in which three models had the 

same total molecular weight of 3,750 g/mol but with three different PCL/PEO weight 

ratios of 1,250/2,500 1,875/1,875 and 2,500/1,250 [209]. The fourth and fifth models 

had a PCL/PEO weight ratio of 1 but the molecular weights of the PEO and PCL 

blocks were 2,500 g/mol Table 6-1. One of the last two models was a linear block 
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copolymer while the other one was a branched one. The last 2 models were identical 

to the ones used in chapter 4 in which it was shown that the drug diffusion does not 

depend on water concentration. As the polymer total molecular weight increased 

from 3750 g/mol to 5000 g/mol, the drug diffusion coefficient decreased at fixed 

water concentrations. Also, as the PCL/PEO weight ratio increased from 0.5 to 2 for 

polymers with the same molecular weight of 3750 g/mol, the drug diffusion 

decreased by 60% at the same water concentrations. 

In this Chapter, we calculated activation energies of diffusion of CuB in the 

aforementioned polymers at 4 different temperatures (27ºC, 37ºC, 47ºC and 57ºC) 

and at the same water concentration (25 water molecules). 

6.2. Models and simulation methods 

The model construction followed the procedures described in chapters 4 and 5. The 

isothermal-isobaric molecular dynamics simulation (NPT) was used at temperatures 

27ᵒC, 37ᵒC, 47ᵒC, 57ºC and 1 bar pressure along with the force field described in 

chapter 4 and 5. 
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Table 6-1 Water concentrations of systems (1 – 12) containing various numbers 

of water molecules, one CuB molecule and one PEO-b-PCL block polymer with 

a total molecular weight of (a) 3,750 g/mol and (b) 5,000 g/mol.   

a) 

System Number of water 

molecules 

Water concentration, 

wt% 

1 1 0.40 

2 5 2.35 

3 10 4.70 

4 15 7.05 

5 20 9.40 

6 25 11.75 

b) 

System Number of water 

molecules 

Water concentration, 

wt% 

7 1 0.32 

8 5 1.63 

9 10 3.26 

10 15 4.89 

11 20 6.53 

12 25 8.16 
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6.3. Results and Discussion 

The diffusion coefficients for CuB in all polymers at temperatures 27ºC, 37ºC, 47ºC 

and 57ºC were calculated based on the method described in chapters 4 and 5. The 

calculated self-diffusion values for the drug in all polymers with 25 water molecules 

in each system are shown in Table 6-2. 

Table 6-2 Calculated self-diffusion coefficients of CuB diffusing in PEO-b-PCL 

models over the temperature range of 298 to 330 K.  Each model contained 25 

water molecules. 

T, K self-

diffusion of 

CuB in 

PEO(1250)

-b-

PCL(2500)

×108 cm2/s 

self-diffusion 

of CuB in 

PEO(2500)-

b-

PCL(1250)×

108 cm2/s 

self-diffusion  

of CuB in 

PEO(1875)-

b-

PCL(1875)×

108 cm2/s 

self-diffusion 

of CuB in 

PEO(2500)-

b-

PCL(2500)×

108 cm2/s 

self-diffusion 

of CuB in 

PEO(2500)-

b-

3PCL(2500)

×108 cm2/s 

298 1.0±0.5 3.2±0.5 2.0±0.5 1.5±0.6 0.6±0.04 

310 1.5±0.3 4.0±0.3 3.3±0.4 2.4 ± 0.4 1.1 ± 0.3 

320 2.5±0.4 4.6±0.4 4.0±0.3 3.5±0.5 2.0±0.5 

330 3.8±0.4 6.0±0.5 5.5±0.3 4.8±0.5 3.0±0.3 
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Figure 6-1 Plots of ln D vs. 1/T for CuB diffusing in the PEO-b-PCL models 

depicted in Table 6-2.  Each model contained 25 water molecules.  

The activation energy for the self-diffusion of CuB in the five PEO-b-PCL models 

depicted in Table 6-2 was directly calculated from the slope of the plot of ln D vs. 

1/T. The values of the activation energy are shown in Table 6-3. Both Table 6-3 and 

Figure 6-2 clearly show that at a fixed molecular weight (3,750 g/mol) activation 

energy (i.e., slope) increases with increasing PCL/PEO weight ratio. This is expected 

as the self-diffusion coefficient decreases with increasing PCL/PEO weight ratio. As 

shown in Chapter 5, low self-diffusion coefficients of CuB in PEO-b-PCL models 

with high PCL/PEO weight ratios are attributed to higher numbers of hydrogen 

bonds formed between CuB and the PCL block of the block copolymer. And such 

short-range interactions increase the activation energy. A similar effect of 
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intermolecular interaction on polymer chain motion has been observed by Er et al. 

[208] which cause the drug’s activation energy to increase. The same authors have 

also observed the effect of PEG molar ratio in liposomes on the drug’s activation 

energy. They showed that the activation energy for guanosine release from liposomes 

is in the range 14–22 kJ/mol and increases with PEG coverage. 

Table 6-3 Calculated activation energy of CuB diffusing in the block copolymer 

models depicted in Table 6-1. Each model contained 25 water molecules. 

Block Copolymer Model Activation Energy Ea (kJ/mol) 

PEO(2500)-b-PCL(1250) 15.46 

PEO(1875)-b-PCL(1875) 24.94 

PEO(2500)-b-PCL(2500) 29.93 

PEO(1250)-b-PCL(2500) 33.26 

PEO(2500)-b-3PCL(2500) 41.57  
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Figure 6-2 The PCL/PEO weight ration dependence of activation energy of CuB 

at a fixed molecular weight of 3,750 g/mol. Each model contained 25 water 

molecules. 

 

At a fixed total molecular weight (5,000 g/mol), the activation energy for the 

branched structure is higher than the linear one. As mentioned in Chapter 4, this is 

because PEO-b-3PCL formed more hydrogen bonds with CuB than PEO-b-PCL. 

Given the finding in Chapter 4 that the self-diffusion coefficient is insensitive to 

water concentration, we did not expect that the calculated activation energy would 

depend on water concentration.  
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6.4. Conclusion 

The diffusion coefficients for CuB in five PEO-b-PCL models at temperatures 27ºC, 

37ºC, 47ºC and 57ºC were calculated. Three models had the same total molecular 

weight of 3,750 g/mol but with three different PCL/PEO weight ratios of 0.5, 1 and 

2. The remaining two models had a PCL/PEO weight ratio of 1 but the molecular 

weights of the PEO and PCL blocks are 2,500 g/mol. One of such models had a linear 

architecture while the other with a linear PEO block connected to 3 PCL blocks. The 

diffusion coefficients for CuB in all block polymers increased as temperature 

increased from 298 K to 330 K. However, the block copolymers exhibit different 

temperature dependence on the diffusion coefficient.  In particular, the diffusion 

coefficient for CuB in PEO(1250)-b-PCL(2500) is four times larger as the 

temperature increases from 298 K to 300 K while that in PEO(2500)-b-PCL(1250) 

is only two times larger over the same temperature range. As a result, the activation 

energy obtained for the branched block copolymer is higher than the linear one with 

the same molecular weight. The PCL block in the linear polymer interacts with the 

drug less than the PCL block in the branched polymer causing the drug to move 

easier and needing lower energy of activation. Finally, it was showed that the same 

activation energy was obtained for CuB in linear PEO-b-PCL at two different water 

concentrations.  This means that diffusion of CuB is insensitive to the degree of 

swelling of the polymer and that the free volume redistribution does not affect the 

diffusion of CuB. 
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7. Conclusions 

 

In this thesis, the MD approach was used to predict the hydrophobic drug self-

diffusion coefficients at different water concentrations in drug-polymer systems. 

Different polymer structures were used to measure the drug (CuB) self-diffusion in 

polymer models. The effect of different polymer structures on drug-polymer 

interactions and drug self-diffusion in polymers was also studied by applying 

molecular dynamics simulations. Once the structures were designed and built the 

interaction effects on drug self-diffusion was measured which was a faster method 

than experimental methods. In addition to saving time, the molecular dynamics 

simulation approach provides very useful atomistic details to estimate the 

intermolecular interactions between drug and polymers as well as detailed 

understanding of the diffusion mechanism. This type of molecular information 

cannot be obtained in experiments and are even necessary to analyse experimental 

results. In Chapter 3, major drug release models in polymeric systems were 

discussed. The mechanism of drug release from non-degradable, swelling and 

degrading polymer matrices were explained. Drawbacks of different kinetic drug 

release models were discussed.  It was evident from Chapter 3 that drug release 
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kinetics used for micron-sized drug delivery systems lacks the ability to correctly 

predict the drug release kinetics in nano-sized drug delivery systems and the 

usefulness of molecular dynamics simulation was discussed as well. In Chapters 4 

and 5, molecular dynamics simulations effectively predicted the intermolecular 

interactions between drug and polymers at different water concentrations and 

different polymer structures. In our studies, it was confirmed that the intermolecular 

interactions or H- Bonds formed between the PCL block of copolymers and 

hydrophobic drug at different water concentrations play an important role in the 

calculation and prediction of drug diffusivity in different systems. It was shown 

however that the different water concentrations and polymer swelling do not affect 

the drug’s diffusivity in the same polymer as discussed in Chapter 4. In other words, 

the interactions between polymer and drug molecules were more important than the 

free volumes available to drug during polymer swelling at different water 

concentrations. This could be due to the size of our drug molecule which is 

comparable to polymer’s monomer or repeating unit. If the drug’s size was small 

according to the free volume theory formation of larger vacant holes during polymer 

swelling would lead to faster motion and change drug diffusivity. Also, it was shown 

that the PCL block in the branched structure of PEO-b-PCL forms more hydrogen 

bonds with hydrophobic drug and water in comparison to the PCL block in the linear 

structure of PEO-b-PCL which affected both water and drug’s diffusion in swelling 

polymers. The plots of radius of gyration for PCL block in different systems 

confirmed slower chain motions for the PCL block in branched polymer and 

therefore explained the different water diffusivities in linear and branched structures 
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of polymers. In other words, the diffusion of water molecules in the swelling 

polymers was affected by polymer- water interactions. Larger vacant holes created 

during swelling did not increase water diffusivity. Again as in the case for drug 

molecules, water-polymer interactions played a more important role in water 

diffusivity than the size of the vacant holes available for water molecules. Water 

molecules demonstrated a hopping mechanism whereas drug molecule (CuB) did not 

perform any hops in different systems. The hops were defined as jumps to neighbour 

holes or free volumes that are greater than the diffusant’s size.  

We extended this study in Chapter 5 and we used different PCL block lengths or 

different PCL/PEO ratios in polymers with the same molecular weight. The swelling 

factor was calculated based on the ratio of fractional volume changes over the 

fractional mass change at a given water concentration. Polymer swelling increased 

with increasing the hydrophobic block length, PCL, in polymers with the same 

molecular weight. However, the diffusion coefficient of drug molecule decreased as 

the PCL block length increased. The reason behind this was the larger inter molecular 

interactions between PCL block of polymers and hydrophobic drug due to more 

hydrogen bonds formed. The system with the highest PCL/PEO ratio exhibited the 

lowest diffusivity but highest swelling factor.  It was suggested that hydrogen bonds 

dominate the diffusion process in these systems. Another interesting point was that 

the PCL block is considered a hydrophobic block which has low water solubility, 

however this block demonstrated higher number of H- Bonds with drug molecule 

(CuB) in comparison to the PEO block in the same polymer.  
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Finally, we calculated the activation energy of CuB diffusing in block copolymers 

with different PCL/PEO weight ratios. The activation energy of the drug molecule 

was calculated by estimating the slope of the semi-log plot of diffusion vs. absolute 

temperature of the systems. As the temperature increased, the self-diffusion of the 

drug molecule increased according to the Arrhenius equation. As the PCL/PEO 

weight ratio increased, the drug’s activation energy increased due to stronger 

intermolecular interactions between polymer block and drug molecule or higher 

number of H-Bonds formed between drug and polymer.  

7.1. Limitations  

The molecular models used throughout the thesis were in a pseudo-micelle 

environment and are thermodynamically different from real micelles formed in 

human blood stream. Hence, ideally one would like to simulate di-block copolymer 

micelles to determine how block copolymer structures and its block lengths affect 

drug loadings and encapsulation efficiency for the drug of interest. Nevertheless, 

simulating such systems at the atomistic level is computationally expensive at the 

time being. Therefore, in the present work, we have focussed on investigating binary 

interactions between drugs and di-block copolymers of interest in their liquid state 

and in a pseudo-micelle environment. Additionally, simulating di-block copolymers, 

in amorphous state is relevant as such molecules have hydrophobic tails and 
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hydrophilic heads and would form micelles above critical micelle concentrations in 

the presence of water.  

7.2. Implications and future work 

The contributions of the analysis provided in this thesis can benefit both industrial 

and academic parties. The analysis of intermolecular interactions between drug and 

polymers provided in this thesis can provide an alternative to the time-consuming 

trial and error approach in experimental formulation studies. Based on the studies 

provided in this thesis we could extend this approach to other block copolymer and 

drug systems and choose the most suitable polymer candidates among a library of 

the synthetic polymers which already have been tested for drug loading capacity. In 

other words, we can discuss which polymer for a specific anti-cancer drug results in 

slower drug release to the target tissue based on the effect of inter-molecular 

interaction analysis on drug diffusion.  

In the future, one could study polymeric micelles encapsulating anticancer 

hydrophobic drug molecules in the presence of much higher water concentrations. 

In such systems, we would have tens of drug molecules, tens of polymer chains and 

tens of thousands of water molecules which would result in system sizes much larger 

than the ones we have studied and explained in this thesis. Regarding the simulation 

of such systems, if we consider a coarse-grain model and treat several molecules as 
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one particle, an accurate force field which could describe the intra-molecular 

interactions, non-bonded and bonded potentials should be applied.  

It would be interesting to study block copolymer micelles above their critical micelle 

concentrations (CMC) in water solutions. . When micelles are injected into the blood 

stream, they are subjected to perfect sink conditions and if they are kinetically stable, 

they could avoid dissociation in the blood stream for longer times. In this case, they 

would have a better chance to reach tumor sites without losing drug concentrations 

in the blood stream.  

As mentioned in the introduction of this thesis, the thermodynamic stability of a 

polymeric micelle could be modified by changing the shell or core dimensions. Large 

molecular dimensions of the hydrophobic micelle core could lead to a higher 

tendency for aggregation in aqueous solutions and could in turn increase the 

thermodynamic stability of a polymeric micelle. The larger the hydrophobic core is, 

the stronger inter- molecular interactions in the core of polymer micelles would be 

which would result in much slower dissociation rates in water solutions. Therefore, 

larger hydrophobic core dimensions would also result in kinetic stability of the 

micelle.  

Once the micelle is exposed to water two different degradation kinetics could occur. 

Bulk degradation and surface degradation. The PEO-b-PCL polymeric micelle core 

is made of crystalline PCL blocks while the corona is mainly hydrophilic and 

amorphous. When such micelles are present in biological systems, water molecules 
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diffuse much faster into the corona (shell) in comparison to hydrophobic drug 

molecules that are entrapped in the hydrophobic core. Depending on the distribution 

of the hydrolysing groups in the PEO block two types of degradation processes could 

take place: 

1. The presence of Ester groups (hydrolysing groups) at the surface of the 

micelle results in surface degradation. Since the surface of the micelle is 

saturated with water molecules the hydrolysis reaction taking place on the 

surface of the micelle does not depend on the concentration of water 

molecules. In this type of degradation, surface erosion occurs before water 

diffuses completely into the micelle core. Water diffusion into the micelle 

core could affect and change the PCL crystalline structure which in turn could 

affect and facilitate drug diffusion out of the micelle core. 

2. Bulk degradation occurs if water diffusion is much faster than polymer 

degradation rate. In tis case, the hydrolysis reaction depends on the 

concentration of water. Wherever enough water concentration is provided for 

hydrolysis reactions inside the micelle volume, degradation occurs. In this 

case degradation can take up to several weeks. This type of degradation could 

result in a heterogeneous micelle due to the existing amorphous and 

crystalline structures of PEO and PCL. The crystalline PCL degrades much 

slower than the amorphous phase. The micelle mass change during 

degradation could affect water and drug diffusivities in the micelle which 

would result in diffusion changes as a function of time. Understanding the 
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mechanism of drug release from polymeric micelles would enable us to better 

simulate such drug delivery systems.  

One could study the kinetic and thermodynamic stability of polymer micelle drug 

delivery systems as a function of many parameters such as the dimensions of the 

hydrophobic or hydrophilic core and the space distribution of the hydrolysing groups 

(hydroxyl groups) in the hydrophilic shell of polymer micelles using molecular 

dynamics simulations. In such systems the effect of hydrolysing group distribution 

in the corona on drug and water diffusion coefficient would be very interesting.  

It would also be interesting to study the effect of the pH in the aqueous solution 

surrounding the polymeric micelle on water and drug diffusion in the micelle. As 

mentioned before, lower pH in the aqueous environment could trigger micelle 

degradation and result in faster degradation and drug release kinetics. 

Another interesting study would be combining the thermodynamic information about 

the polymer-drug-water systems in micelle environments with the kinetic data (self-

diffusion coefficients of drug molecule in polymer micelles) in order to measure the 

diffusion of drug molecules in drug-polymer-water systems. The mentioned 

diffusion would also be a function of concentration gradient or the chemical potential 

gradient in the system under isobaric-isothermal conditions. The kinetics of drug 

release from degrading polymeric micelles as discussed in chapter 3 were only valid 

for micron-sized systems and as a result cannot be used for bulk or surface degrading 

polymeric micelles. Therefore, obtaining the concentration profile for anticancer 
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hydrophobic drugs in such systems is not possible using the current drug release 

models. For the purpose of estimating water and drug diffusivities in ternary systems, 

other thermodynamic parameters should be studied in order to determine and 

measure the diffusion coefficients of drug and water molecules in a ternary system 

(water+drug+polymer).Another challenge in this study would be constructing the 

structure files which give us information about the conformation of water, drug and 

polymer atoms along with their charges, bonded and non-bonded information 

between the atoms and molecules in the system. Finding an accurate force field that 

could predict the total potential of the system correctly could also be challenging 

task. 

In order to obtain a density of the system that is very close to the experimental density 

of the polymeric micelle, one might need to modify the existing force fields in 

literature. In most cases the non-bonded potentials are very important and can affect 

the accuracy of the obtained density of the system after simulations. Therefore one 

might need to change the parameters in the Lenard-jones (LJ) potential term in order 

to achieve an accurate density and force field that could predict the system correctly. 

This step would involve several iterations to correctly predict the micelle and could 

take up to several months. 

 Once this stage is done, the thermodynamic and kinetic information of the systems 

could be obtained relatively quickly avoiding the long experimental kinetic studies. 

In addition, a molecular level understanding could be provided very quickly by 

molecular dynamics simulations of such systems. 
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Appendix A: Velocity 

Autocorrelation Function 

 

Let us consider a series of measurements of a quantity of a random nature at different 

times as depicted in Figure A1.  

 

Figure A1 Fluctuation of property A as a function of time 
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For two measurements taken at times t’ and t” that are close to each other, there are 

good chances that properties A(t’) and A(t”) have similar values which means that 

their values are correlated. 

If two measurements taken at times t’ and t” that are far apart, there is no relationship 

between values of properties A(t’) and A(t”) which means that the values are 

uncorrelated. According to the two scenarios mentioned here, the “level of 

correlation” plotted against time would start at some value and then decay to a low 

value. 

If we shift the data by time t corr and multiply the values in new data set to the values 

of the original data set, after averaging over the whole time range, we obtain a single 

number G (t corr) Figure A2. 

 

Figure A2 Curve of the fluctuation of property A is shifted by the correlation time 
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At small correlation times the peaks and troughs are aligned and we will obtain a big 

value from this operation. As we increase the correlation time value, the G (t corr) 

declines to a constant value. The operation of multiplying two curves together and 

integrating them over the x-axis is called an overlap integral, since it gives a big 

value if the curves both have high and low values in the same places. 

The overlap integral is also called the Auto Correlation Function where: 

𝑮(𝒕𝒄𝒐𝒓𝒓) = 〈𝑨(𝒕𝟎). 𝑨(𝒕𝟎 + 𝒕𝒄𝒐𝒓𝒓)〉                                                                               (A-1) 

The value of the overlap integral is not a function of time (since we already integrated 

over time), this is function of the shift in time or correlation time.  

For an ensemble of N particles we can calculate velocity auto correlation function is 

as the following: 

𝐆(𝛕) =  〈𝐯𝐢⃗⃗  (𝐭𝟎). 𝐯𝐢⃗⃗  (𝐭𝟎 + 𝛕)〉 =  
𝟏
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(𝐭𝟎 + 𝛕)                   (A-2) 

In the liquid phase atoms “lose memory” of their past within one/several periods of 

vibration. This “short memory” is reflected in the velocity autocorrelation function 

and therefore their auto correlation plots vs. time would decay much faster than the 

velocity auto correlation plots vs. time obtained for crystals or solid material. 

 


