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Abstract

This thesis provides a theoretical discussion of several new phenomena associated with

spin-orbit coupling in systems that lack inversion symmetry. Chapter 1 gives an in-

troduction to the context of spin-orbit coupling in condensed matter physics and the

role of inversion symmetry breaking. The remainder of the thesis is divided into two

parts. Part 1 explores the effects of spin-orbit coupling on low-energy electron-impurity

scattering. First, we study the single-particle scattering problem (Chapters 3 and 4)

and find a host of unusual properties at ultra-low energies, including a quantized cross

section. Chapter 5 extends these results to transport in a many-body system, where

the quantized cross section manifests itself as a quantized conductivity. Part 2 explores

the effect of spin-orbit coupling on superconductivity within BCS theory. In Chapter 7,

we find that the critical temperature can be tuned by this coupling. In Chapter 8 we

discuss the symmetry of the superconducting order parameter in the presence of at-

tractive interactions between nearest-neighbour electrons. There we find that the gap

function symmetry can change as a function of all the material parameters, including

the temperature and spin-orbit coupling.
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Preface

Chapters 3, 4, 5, and 7 of this dissertation are an elaboration and summary, with permis-

sion, of references [1–5], of which I am the first author. Many results are taken directly

from these papers. All figures and tables are my original work. Joseph Maciejko super-

vised the projects outlined in Part 1. Frank Marsiglio supervised the projects outlined

in Part 2. The setup and motivation for Chapter 7 was provided by our collaborator

Jorge Hirsch.
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“The task is, not so much to see what no one has yet seen; but to think what nobody has

yet thought, about that which everybody sees.”

Erwin Schrödinger
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Chapter 1

Introduction

Some of the most poignant insights in physics arise when we are forced to bridge the gap

between seemingly disparate realms of description. For example, the macroscopic world

that surrounds us is usually well described by classical mechanics and electrodynam-

ics, but as any condensed matter physicist will point out, there are many macroscopic

phenomena that require a quantum description to even qualitatively understand, de-

spite the fact that quantum mechanics is a framework built for the atomic world. One

prominent bridge between the quantum and macroscopic worlds is the phenomenon of

superconductivity, where the Meissner effect and the complete lack of electrical resis-

tance are hallmarks of a macroscopic phase-coherent state. Indeed, quantum physics

plays an important role in transport even when the resistance is finite.

Another such bridge was provided in 1928 by Paul Dirac and Ralph Fowler, who con-

nected special relativity and atomic physics to partially explain splittings in the energy

level of a Hydrogen atom [6]. The predominant term in the low-velocity limit of Dirac’s

Hamiltonian is the spin-orbit coupling (SOC). In a sense, this thesis lives between all

of these bridges, where relativistic SOC enters in quantum physics and becomes sub-

sequently amplified in a variety of macroscopic phenomena. One might be tempted to

neglect such effects in the slow-moving ultra-cold world typical of condensed matter ex-

periments, but our aim is to show how spin-orbit coupling can have unique and drastic

consequences both to electron kinematics and interactions within a solid state system.
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1.1 Spin-orbit coupling

To begin, let us first understand exactly what is meant by spin-orbit coupling. Dirac’s

Hamiltonian for an electron in a potential V , expanded to order (v/c)4 (where v is the

electron’s speed and c is the speed of light) is given by

H =
p2

2m
+ V − p4

8m3c2
− [p, · [p, V ]]

8m2c2
− iσ · p× [p, V ]

4m2c2
, (1.1)

Here σ is a vector of Pauli matrices, m is the electron mass, and p is the electron’s

momentum. The first two terms constitute the non-relativistic Hamiltonian, the third

term is a kinetic correction that is negligible for our purposes where the typical kinetic

energy is much smaller than the rest mass energy, and the fourth term is the Darwin

term1, which affects only states of zero angular momentum. It is the last term that

contains the physics we are interested in. This is the spin-orbit coupling. The name

only really makes sense in the context of an atomic potential with atomic number Z,

and V = −Ze2/r, where e is the electron charge and r is the distance to the atomic

center. In that case, the SOC term becomes

HSOC = − Z~e2

4m2c2r3
σ · p× r=

Ze2

2m2c2r3
S ·L, (1.2)

where S = (~/2)σ is the spin (or intrinsic) angular momentum of the electron, while L

is its orbital angular momentum and ~ is the reduced Planck’s constant. That this kind

of coupling should exist, can be understood in a classical picture. In the electron’s rest

frame, the orbiting nucleus forms a current with a magnetic field directed perpendicular

to the orbital plane in accordance with the right-hand rule. This magnetic field couples

to the magnetic moment associated with the electron spin, so that it is energetically

favourable for the spin to be anti-aligned with the field, or equivalently in the frame of

the nucleus, with the vector L.

1.2 Rashba spin-orbit coupling

In this thesis, we are not interested in atomic physics, but rather, solid state systems or

analogues where the potential the electron is in is much more complicated than a simple

1Named after the physicist Charles Darwin, grandson of the infamous biologist Charles Darwin!
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Coulomb potential. Nonetheless, the fifth term in (1.1) exists for any electron in an

external potential, and is always referred to as spin-orbit coupling even as it applies to

itinerant electrons. The important point to keep in mind is that this a ubiquitous term

that couples motional degrees of freedom to spin degrees of freedom. Every electron

is sensitive to electric fields in its environment. These are gradients of a potential for

which [p, V ] 6= 0. The simplest such potential is V = −eEz, for which the spin-orbit

coupling term becomes the so-called continuum Rashba term

HR = λẑ · (σ × k). (1.3)

Much of this thesis will be focused on fleshing out the significance of the Rashba term.

Here k = p/~ is the wavevector and the constant λ is the Rashba coupling, which has

dimensions of velocity. In this simple example, it is given by λ = −~2eE/(4m2c2), but

in a more realistic model, it will be more complicated. It is clear that strong gradients

in the electric potential have significant contributions to SOC, and in a solid material,

these will be dominated by ionic potentials. Strong atomic SOC is required for strong

Rashba SOC; we should understand this statement to mean that λ is related to the

local Coulombic potential and increases with atomic number. For a given material, its

value can be assessed theoretically with ab initio methods or experimentally from Angle

Resolved Photoemission Spectrosocpy (ARPES) or Shubnikov-de Haas oscillations [7].

As will be seen later, HR causes states with opposite spin to split in energy; some

examples of materials whose spectra exhibit large spin-splitting due to HR are given

in Table 1.1 in terms of the energy scale E0 ≡ (1/2)mλ2 corresponding to the Rashba

coupling. For our purposes we will treat λ as a phenomenological parameter. Most

results in this thesis are qualitatively independent of its value.

Given the complex spatial dependence of the electric field in a solid material, one might

wonder why a term like (1.3), derived from such a simple potential, should exist at all.

Yet the fact remains that (1.3) is a real and important term for conduction electrons

in many solid state materials. In section 1.3, we will show why this is true on symme-

try grounds. The result may be derived using perturbation theory as well, providing

a more accurate description of the band structure for specific crystal structures [19].

First, note that unlike the Coulomb potential, the linear potential above breaks inver-

sion symmetry, i.e H(r) 6= H(−r). This is an important point. Spin-splitting of the

spectrum is fundamentally connected to inversion symmetry breaking in the same way
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Material E0 (meV) EF (meV) Ref.

Au(111) surface 2.1 400 [8]
InGaAs/InAlAs heterostructure 0.016 79− 111∗ [9]
Xe/Au(111) doped surface 7.3 487 [10]
HgTe/HgCdTe heterostructure 0.3∗ 220 [11]
Bi(111) surface 14 65 [12]
Ag thin film on Au(111) surface < 0.2 > 100 [13]
Bi/Si(111) doped surface 140 1200 [14]
Bi/Ag(111) doped surface 200 −200 [15]
Ir(111) surface 24 −340 [16]
CH3NH3PbBr3 surface (valence band) −160 1000 [17]
BiTeI surface (also contains bulk splitting) 100 300 [18]

Table 1.1: A sampling of systems with large spin-splitting E0. The EF column
refers to the Fermi level measured with respect to the spin-split band minimum (or
maximum in the case of a valence band). *These values can change significantly with
gate voltage.

that Zeeman splitting is connected to time-reversal symmetry breaking. That such an

asymmetry must have an interesting effect on the band structure is easily seen from

Kramers degeneracy. Every state in a time-reversal invariant system of electrons (we

will exclusively consider systems without an external magnetic field), must be degenerate

with its time-reversed partner

E(k, ↑) = E(−k, ↓). (1.4)

In a system that lacks inversion symmetry (k → −k), the spin degeneracy E(k, ↑) =

E(k, ↓) is no longer protected and is generally lifted. This can only be accomplished

by a Hamiltonian that couples to the spin degrees of freedom, and in the absence of

a magnetic field, this coupling must come from the relativistic corrections due to the

Dirac equation as discussed above.

1.3 Group theory and chronology of spin-orbit coupling

The field of asymmetry-induced spin-orbit coupling can be quite daunting, so it is worth

pausing here to organize its different aspects. A powerful organizing principle in this

regard is group theory. Group theory is the natural language within which to consider

symmetry-imposed restrictions. Each element of a group corresponds to a particular

symmetry transformation, and different objects (scalars, vectors, pseudovectors, etc.)

transform according to different representations of each symmetry element [20]. Since
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inversion is a symmetry element of point groups, we must consider the structure of

different crystallographic point groups, that is, groups of symmetry operations that

leave a point fixed and maintain crystallinity. There are 32 such point groups in three

dimensions. Of these, 21 are noncentrosymmetric, i.e. they lack a point through which

inversion symmetry can be established. Consider one of the simplest (though important)

of these groups, C2v. This group consists of a π rotation (say about the ẑ axis), and two

mirror reflections (in the xz and yz planes). The Hamiltonian must be invariant under

all of these operations, but both the spin σ and momentum k are not. If there exists

a spin-momentum coupling term in the Hamiltonian, then these two quantities must be

combined in an invariant way. In this particular example, the transformations of these

quantities are simple. Under a π rotation




kx

ky

kz


→




−kx
−ky
kz


 ,




σx

σy

σz


→




−σx
−σy
σz


 , (1.5)

while under a mirror reflection in xz,




kx

ky

kz


→




kx

−ky
kz


 ,




σx

σy

σz


→




−σx
σy

−σz


 , (1.6)

and under a mirror reflection in yz,




kx

ky

kz


→




−kx
ky

kz


 ,




σx

σy

σz


→




σx

−σy
−σz


 (1.7)

(recall that σ is an axial or pseudovector). By looking at these transformations, we see

that the sign acquired by transforming kx can always be compensated by the transfor-

mation of σy and similarly with ky and σx. In other words, symmetry only allows the

couplings kxσy and kyσx, and nothing involving the out-of-plane spin.

This was a simple group, but the above reasoning can easily be extended to all the non-

centrosymmetric groups as follows. In second quantization, a generic spin-orbit coupling
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kinetic term can be written as

H =
∑

k

∑

σσ′

c†kσH
σσ′
SOC(k)ckσ′ , (1.8)

where c†kσ and ckσ are electron creation and annihilation operators respectively, while

Hσσ′
SOC(k) comprises all the terms coupling spin and momentum. This term must be

linear in the σi, owing to the identity

σiσj = δijI + iεijkσk, (1.9)

where I is the identity matrix, δij is the Kronecker delta, and εijk is the Levi-Civita

symbol. We choose to write it in the following form. First we break up σ into a

sum of vectors σa of possibly different sizes na that each transform under an irreducible

representation (irrep) of the symmetry group. Generically then, this term may be written

as a sum of matrix products

HSOC(k) =
∑

a

(σa)Tαafa(k), (1.10)

where αa is an na×na matrix and fa(k) is vector of size na consisting of polynomials of

k whose form is to be determined. Let σa transform according to the irrep Ua and fa

transform according to V a. Then for HSOC(k) to be invariant under the group symmetry

operations, we must have

(σa)T (Ua)TαaV afa(k) = (σa)Tαafa(k) (1.11)

for each a, or equivalently,

(Ua)TαaV a = αa. (1.12)

Since the point groups are subgroups of the orthogonal group O(n), their irreps are

orthogonal matrices and we have2

αaV a(αa)−1 = Ua. (1.13)

So V a and Ua are related by a similarity transformation which means they correspond

to the same irrep. The upshot of all this is that for any point group, the SOC terms will

2Note that here we impose the restriction that the unknown αa matrix is invertible.
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consist of any polynomials fa(k) that transform under the same irrep as some subset

σa of the spin vector. The identification of a basis of such polynomials can be found in

any standard character table [21], we provide a selection of these tables in Appendix A.

Let us consider some examples, starting, for historical reasons, with the point group

Td. Td is the full symmetry group of a tetrahedron without inversion. This makes it a

very large group consisting of 24 symmetry operations and therefore provides strict con-

straints on the allowed terms in the Hamiltonian. Nevertheless, this was the first point

group in which spin-orbit coupling was studied. This was done by Gene Dresselhaus in

1955 in the context of the band structure of zinc blende crystals3 [22]. The character ta-

ble for Td (Table A.5) reveals that the full spin pseudovector transforms under the three-

dimensional irrep T1, that is σa = σ. Furthermore, the lowest order polynomial that

transforms under the same irrep is cubic: fa(k) = (kx(k2
z−k2

y), ky(k
2
z−k2

x), kz(k
2
x−k2

y)).

As it turns out, there is only one coupling constant for the components of σ and f(k)

giving rise to the so-called Dresselhaus term

HD = β(σxkx(k2
y − k2

z) + σyky(k
2
z − k2

x) + σzkz(k
2
x − k2

y)). (1.14)

Such a cubic coupling has a relatively weak effect on the low energy band structure.

However, four years later, Emmanuel Rashba derived a different spin-split band struc-

ture, this time examining Wurzite crystals (such as ZnO) consisting of two interpene-

trating hexagonal lattices [23]. Such crystals are not only non-centrosymmetric, they

are also polar, which means there is a well-defined electric field vector within each unit

cell. Wurzite belongs to the point group C6v. Looking at the character table for this

group (Table A.3), we find that σz transforms under the one-dimensional irrep A2, while

(σx, σy) transforms under the two-dimensional (2D) irrep E1. To cubic order, there are

no polynomials that transform under A2, but the linear vector (kx, ky) transforms under

E1. Thus, this point group admits a linear in-plane spin-momentum coupling term. It

should be noted that while the character table can immediately tell us whether an SOC

term of any order is allowed, we must look at the precise transformation of the spin

and momentum under each symmetry element in order to determine the exact form

of the invariant. Fortunately, since in this case we are dealing with two-component

(pseudo)vectors, this task is very simple. Spin and momentum transform the same way

under rotations and with opposite sign under reflections. The corresponding Ua and V a

3A diamond structure with a two-atom basis.
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representations are 2× 2 matrices given in Table 1.2 (in the form of Pauli matrices) for

a few important symmetry operations.

Symmetry Ua (acts on (σx, σy)) V a (acts on (kx, ky))

σd (reflection in xy diagonal) −σx σx
σv (reflection in yz diagonal) −σz σz
Cφ (rotation about z by φ) I cosφ− iσy sinφ I cosφ− iσy sinφ
C ′2 (rotation about x by π) σz σz

Table 1.2: Two-dimensional (E) representations of some important symmetry
elements of Cnv. Note that in the second column the 2 × 2 representations are acting

on the spin vector. e.g. for the first row, −σx
(
σx
σy

)
=

(
0 −1
−1 0

)(
σx
σy

)
=

(
−σy
−σx

)
.

Eq. (1.12) then fixes α as follows. For the 2D representations considered here, α can be

written generically as

α = aI + bσx + cσy + dσz. (1.15)

Invariance under σd (which is present in C6v as well as Td, D2d and C4v) means that

− σxασx = α. (1.16)

Using, Eq. (1.9), we see that a = d = 0, which we would also find by considering the σv

operation. Likewise, for any discrete rotation about the z axis by φ (in C6v this would

be π/3), we have

(I cosφ− iσy sinφ)α(I cosφ− iσy sinφ) = α, (1.17)

which enforces c = 0 for any φ 6= 0. These exhaust all the symmetry constraints of C6v

(as well as C4v and C8v), leaving α ∝ σy, which gives the Rashba invariant as promised.

HR(k) = λ(σxky − σykx). (1.18)

The above result lay mostly dormant for many years after Rashba’s publication. Part

of the reason for this was that the paper was largely inaccessible and not translated to

English until very recently [24], but another reason was that the advent of 2D semi-

conductor quantum wells in the 1970’s was needed to catalyze interest in this area [25].

These are heterostructures with electronic bands that are non-dispersive in the direction

of a confining potential so that electrons within the well are effectively two-dimensional.

In 1984, Rashba pointed out that the bulk Wurtzite spin-splitting he had derived before,

would apply to such systems as well, provided the confining potential imposed a polar
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asymmetry [26]. From the perspective of point groups, we expect that a 2D electron gas

(2DEG) will have in-plane and out-of-plane momentum components that transform un-

der different irreps, and so much of the above reasoning applies. Indeed, most quantum

wells in this category are described by the point group C4v which we have seen contains

exactly the linear Rashba invariant (1.18).

It should be noted that spin-splitting in 2D quantum wells is not exclusively Rashba-

like. Shortly after Rashba’s 1984 paper, a study of zinc blende quantum wells with

a symmetric confining potential came out [27]. These systems typically have a non-

polar point group D2d. While this group also has a σd symmetry, it has an important

distinction from Cnv in that instead of a rotation about z (Cφ), D2d contains a two-fold

rotation about x (C ′2 in Table A.6). Returning to Table 1.2, and repeating the same

analysis as before, we find that

−σxασx = α, (1.19)

σzασz = α, (1.20)

so that a = b = d = 0 and α ∝ σz, which gives the invariant

HD(k) = β(σxkx − σyky). (1.21)

This term is also named Dresselhaus SOC because it can be considered as a projection

of the zincblende bulk splitting (1.14). In the symmetric 2D quantum well, we have

〈kz〉 = 0, while 〈k2
z〉 = constant ≡ β. Projecting (1.14) onto this subspace and retaining

only the linear terms in k gives the Hamiltonian (1.21). Often, Dresselhaus SOC is

referred to as bulk inversion asymmetry, while Rashba SOC is referred to as structural

inversion asymmetry. This terminology is a bit misleading since, as we have seen, Rashba

SOC can occur in bulk systems and Dresselhaus SOC can occur in heterostructures.

Furthermore, there are many systems that mix the two. Returning to our first point

group example C2v, the character table (Table A.1) shows that kx and σy transform

under one irrep while ky and σx transform under another. Such materials would contain a

linear combination of Rashba and Dresselhaus SOC. These combinations are interesting

in their own right, particularly for α = β where there is a persistent spin helix [28].

However, such combinations ruin many of the interesting features of the band structure

that we will discuss below. Indeed, one of the major difficulties in simulating these
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SOC Hamiltonians in ultracold atoms is that the often used Raman scheme inherently

produces a mixture of Rashba and Dresselhaus couplings [29].

To summarize, the distinction between different types and orders of SOC can appear

confusing, particularly with the proliferating terminology. In the end though, the dis-

persion and spin texture are fixed by the symmetry of the system. For a given system,

one only needs to look up the corresponding point group and write down the invariant

combinations of spin and momentum. Lastly, we should mention that the jurisdiction of

SOC expands well beyond the examples discussed here. For one, many of the examples

listed in Table 1.1 are surfaces. Just like the asymmetric quantum wells, surfaces are

polar, and so all surface states have some amount of Rashba SOC. Furthermore, it has

recently been pointed out that Rashba and Dresselhaus SOC even play a role in some

centrosymmetric materials [30]. If the unit cell is large enough, then local inversion

asymmetry within the unit cell can cause detectable spin-splitting.

1.4 Basic properties of the continuum Rashba model

Regardless of its origin, let us consider the band structure implications of the Rashba

model, first in the continuum, then on a lattice. The 2D continuum Rashba Hamiltonian

in momentum-space is

H(k) =
k2

2m
+ λẑ · (σ × k), (1.22)

where k = (kx, ky), σ = (σx, σy). From here on, we will work in natural units unless

otherwise indicated. This hamiltonian is readily diagonalized to produce the spectrum

E±(k) =
k2

2m
± λk, (1.23)

where k = |k|. The corresponding eigenspinors are

η± (θk) =
1√
2


 1

∓ieiθk


 , (1.24)

where θk is the in-plane angle of k with respect to the x-axis. The spectrum consists

of two helicity bands that meet at a Dirac point as shown in Fig. 1.1a). The spin 〈σ〉
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rotates in the plane, in opposite directions for the different helicities. We should note

that the Dresselhaus dispersion is identical but with a different spin texture.

Spin is no longer a good quantum number, but the Z2 helicity index s ≡ sign(ẑ · (k×σ))

is. Here s = 1 for the upper (orange) helicity band and s = −1 for the lower (blue)

helicity band. For a given energy E, the wavenumber corresponding to each helicity

band is

k± = ∓k0 +
√
k2

0 + 2mE, (1.25)

where

k0 ≡ mλ (1.26)

is the wavenumber corresponding to the ground state.

-4 -2 0 2 4
-4

-2

0

2

4

-2 -1 0 1 2
-2

-1

0

1

2

Figure 1.1: a) Rashba dispersion showing helicity bands in blue and orange. b)
Constant energy contour and spin texture above the Dirac point. c) Constant energy
contour and spin texture below the Dirac point.
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Above the Dirac point, where both bands are present, the density of states (DOS) is

given by

g(E > 0) =

∫
d2k

(2π)2
δ (E − E(k)) =

m

2π

(
k−

|k− − k0|
+

k+

|k+ + k0|

)
=
m

π
. (1.27)

As expected for a 2D system, the DOS is constant. However, below the Dirac point

the situation is different. There are still two wavenumbers that intersect with any given

energy E, but their helicity index is the same. They are given by

k≷ = k0 ±
√
k2

0 + 2mE, (1.28)

where k> corresponds to the outer ring in Fig. 1.1c) and k< corresponds to the inner

ring. The density of states in this regime is

g(E < 0) =
m

2π

(
k<

|k< − k0|
+

k>
|k> − k0|

)
=

mk0

π
√
k2

0 + 2mE
. (1.29)

The striking inverse square root dependence on the energy is characteristic of a one-

dimensional system. This apparent dimensional reduction will be a common theme in

the first part of this thesis. We see that the DOS exhibits a singularity at the ground state

energy E = E0 as shown in Fig. 1.2. Singularities in the density of states are referred to

as van Hove singularities [31]. This singularity is responsible for many unusual features

in the scattering properties and interactions of Rashba electrons.

-1.0 -0.5 0.0 0.5 1.0

0.5

1.0

1.5

2.0

Figure 1.2: Density of states for the continuum Rashba model. The dashed line
indicates the singularity at the band bottom.
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1.5 Basic properties of the Rashba model on a square lat-

tice

The discussion so far has exclusively dealt with continuum models. In the second part

of this thesis we switch to models on a square lattice. The symmetry arguments used

to derive the Rashba model apply in this case as well, but must be translated into

the tight-binding language (discussed in detail in Chapter 6). Since SOC modifies the

kinetic energy, it will appear as a hopping term. Restricting to nearest neighbour hops,

the most generic coupling to spin will appear as

HSO =
∑

iαβ

(
c†iαa · σαβci+x̂,β + c†iαb · σαβci+ŷ,β +H.c.

)
, (1.30)

where i is the site index (we work in units where the lattice parameter is unity), α, β

are the spin indices and h.c. stands for hermitian conjugate. The square lattice has a

rotational symmetry of π/2 about the ẑ axis through each site. Applying such a rotation

to this term using Rπ/2cjαR
−1
π/2 = e−iαπ/4cR−1

π/2
j,α (note this rotation is generated by the

total angular momentum Jz, hence the spin-dependent phase) gives

HSO =
∑

iαβ

ei(α−β)π/4
(
c†i+ŷ,α~a · ~σαβci,β + c†iα

~b · ~σαβci+x̂,β
)

+ h.c. (1.31)

Matching this to (1.30) restricts the values of a and b to be

ax = by = 0 (1.32)

−ay = bx ≡ −iVSO. (1.33)

We have introduced a new Rashba coupling VSO to distinguish it from the continuum

model, but we will see that one can identify |VSO| = λ/(2a) in the long-wavelength limit

(where a is the lattice constant). Thus the Rashba hopping term on the lattice is

HSO = −VSO

∑

iαβ

(
ic†iασ

αβ
x ci+ŷ,β − ic†iασαβy ci+x̂,β

)
+ h.c.. (1.34)
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Combining this with the usual nearest-neighbour hopping term

Ht = −t
∑

〈i,j〉
σ

(
c†iσcjσ + c†jσciσ

)
, (1.35)

and Fourier transforming gives,

H =
∑

k,σ

(εk − µ) c†kσckσ+2VSO

∑

k

[
sin ky

(
c†k↑ck↓ + c†k↓ck↑

)
+ i sin kx

(
c†k↑ck↓ − c

†
k↓ck↑

)]
,

(1.36)

where εk ≡ −2t (cos kx + cos ky). Once again we can diagonalize this in the Rashba basis

to produce the spectrum

εks = εk + 2sVSO

√
sin2 kx + sin2 ky, (1.37)

which reduces to the dispersion of the continuum model in the small k limit. The full

spectrum is shown in Fig. 1.3 along with a cut through the Brillouin zone. The DOS

may be determined by numerically integrating

g(E) = 4
∑

s

∫ π

0

dkx
2π

∫ π

0

dky
2π

δ (E − εks) (1.38)

= lim
τ→0

1

π5/2τt

∑

s

∫ π

0
dkx

∫ π

0
dkye

−(E/t−εks/t)2/τ2 , (1.39)

using the Gaussian limit formula for the Dirac delta function δ(x) = limτ→0
1

τ
√
π
e−(x/τ)2 .

The resulting density of states for each helicity band is shown in Fig. 1.4 as well as

the combined DOS. There are now four singularities: two are split apart near E = 0

(these merge together for VSO = 0) and two are near the top and bottom of the band.

Unlike the continuum model, the singularity does not occur precisely at the ground

state energy, but is instead shifted upwards slightly. The ground state consists of four

degenerate minima with energy Eg = −4t
√

1 + V 2
SO/(2t

2), and the singularity occurs at

the saddle point energy just above this Esad = −2t

[
1 +

√
1 + (VSO/t)

2

]
[32, 33]. This

value is extremely close to the ground state energy, so that the difference is imperceptible

in Figs. 1.3 and 1.4, but in Fig. 1.5, we zoom in on the band bottom for large values

of the spin-orbit coupling. For reference, one of the largest spin-splittings in Table 1.1,

BiTeI, has VSO/t ≈ 0.8 [34], for which the singularity is shifted from the band bottom

by about 0.4% of the bandwidth.
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Figure 1.3: a) Rashba dispersion on a square lattice. b) Cut through the high
symmetry points of the first Brillouin zone. Dashed lines indicate the location of Van
Hove singularities. For both plots VSO = 0.4t.
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Figure 1.4: Density of states for the lower (blue) helicity band, upper (orange)
helicity band and the combined DOS (green) for VSO = 0.4t. For comparison, we
include the density of states for VSO = 0 (dashed black).
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Figure 1.5: Low energy density of states for the Rashba model on a square lattice
for different values of the Rashba coupling. The grey and red lines are guides for the
eye indicating the band edges and singularities respectively for each value of VSO.

1.6 How to read this thesis

This thesis reports research advances on various aspects of Rashba SOC physics. The

first study is about how the unusual low energy Rashba spectrum and DOS affect scatter-

ing and transport. It occupies the entirety of Part 1, but is divided into three chapters

following three papers [1, 3, 5] that progress from a simple single-particle scattering

model (Chapter 3), to universal scattering properties (Chapter 4), to a realistic picture

of transport in an SOC material (Chapter 5). Chapter 2 provides an introduction to

the subject. Part 2 is largely independent of Part 1 and addresses different aspects of

Bardeen-Cooper-Schrieffer (BCS) superconductivity. It includes a study about how SOC

can enhance the critical temperature (Chapter 7) [4], as well as an exploration of the

symmetry of the superconducting order parameter in the case of the extended Hubbard

model with and without SOC (Chapter 8). Chapter 6 provides some background and

motivation for both of these studies. In principle, the two parts could be read in any

order. Conclusions are provided in Chapter 9.
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Part I

Rashba scattering and transport
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Chapter 2

Introduction

2.1 Motivation: spintronics

In the previous chapter we mentioned that the ability to reliably create 2D heterostruc-

tures was a catalyst for interest in Rashba SOC. The main reason for this is the impact

that Rashba physics had on spintronics. Spintronics is an extension of ordinary electron-

ics in which circuit elements, often involving 2D heterostructures, are constructed in such

a way that information is encoded or transferred using the spins of electrons. This area

originated from the ability to both transfer and block electrons at the interface between

ferromagnets and normal metals via spin injection and giant magnetoresistance [35–37].

In a ferromagnet, the band structure is Zeeman split so that the majority of spins are

anti-aligned to the magnetic field. The band corresponding to the minority spins (typi-

cally a hybridized spd band) has a much higher density of states, and correspondingly a

higher scattering rate which is observed as giant magnetoresistance [38]. The impact of

the density of states on scattering rate will be a recurring theme in this thesis and will

be addressed in detail in Chapter 5. The inverse of this effect is spin-transfer torque. By

forcing a large current of polarized spins through a junction, with polarization direction

misaligned with the ferromagnet’s magnetization, a spin accumulation layer develops

which can build up enough of a magnetic moment to flip a magnetic domain. Such

phenomena play a promising role in the development of magnetic memories [39].

Where does Rashba SOC enter all this? About a year after the discovery of giant mag-

netoresistance, Supriyo Datta and Biswajit Das put forward a proposal suggesting that
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the effective magnetic field provided by spin-orbit coupling could be used as a spin po-

larizer and filter. The specific device they proposed is known as the Datta-Das spin

transistor or spin field effect transistor (spin FET) [40]. The key insight is that in a

2D heterostructure such as an InGaAs/InAlAs quantum well, the applied potential dif-

ference perpendicular to the confining plane controls the value of the Rashba coupling

λ. That means the SOC can be turned on or off with a gate voltage. Returning to the

setup for giant magnetoresistance, we can imagine a Rashba 2DEG sandwiched between

a ferromagnetic source and drain with aligned moments. Without SOC, the polarized

spins will flow from source to drain with minimal magnetoresistance. When the SOC

is turned on, the spins will precess around the eigenspinor direction in Eq. (1.24). For

example, if one injects a spin polarized in the z direction, travelling in the x direction,

e.g. ψ = eikxx(1, 0)T , with small momentum kx, this state will evolve according to the

approximate time-evolution operator U ≈ cos(λkxt)I + i sin(λkxt)σy. This produces

the time-dependent state ψ(t) = eikxx(cos(λkxt),− sin(λkxt))
T . So indeed, the Rashba

coupling provides an effective magnetic field with a momentum-dependent “Larmor fre-

quency” kλ. Because this frequency is roughly controlled by the current and gate volt-

age, one can arrange for spin to be anti-parallel to the ferromagnets (in this example

ψ ∼ (0, 1)T ) precisely when it reaches the drain as shown in Fig. 2.1.

gate
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Figure 2.1: Schematic of the Datta Das spin transistor proposal. A Rashba 2DEG
(e.g. InAlAs/InGaAs quantum well) is sandwiched between a ferromagnetic source
and drain. A gate voltage controls the SOC.

Unfortunately, this proposal is fraught with practical difficulties. The spin-FET relies on
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the spin coherence of an electric current, and several factors stand in the way of such co-

herence. For one, if a large portion of the Fermi surface is available for the initial states,

then the time-evolved states at the drain will include many undesired spin-orientations

in accordance with the spin texture in Fig. 1.1. Another problem is that finite tempera-

ture can cause the Fermi surface to smear enough that both helicity bands contribute to

the modes in the current. Even if the momentum mode is highly restricted, temperature

could cause pollution of a given spin-polarization with its opposite helicity partner. The

presence of these two helicity bands (see Fig. 1.1b) is at the heart of perhaps the most

significant obstacle, impurity scattering. At low temperatures, impurities can cause sig-

nificant interband scattering, which is the dominant spin decoherence mechanism [41].

As a result, much theoretical effort has been focused on the energy regime above the

Dirac point where both helicity bands are available for elastic scattering processes. In-

deed, this is where the Fermi level sits in the majority of Rashba materials. Thus far,

the approach has been to formulate circular potential scattering problems at energies

E > 0 with an emphasis on spin polarization, interference, and coherence of the resulting

wavefunctions [42–45]. One such study revealed that a near-field region of the scattering

wavefunction exhibits polarization but only in the forward scattering direction [46]. An-

other showed that backscattering was dominated by the inter-helicity channel [47]. This

begs the question: if one helicity band is removed, as is the case for scattering energies

E < 0, are these backscattering events removed with it? The answer is no, and we will

show why this is the case in Chapter 3.

Only very recently (coincident with our work), has a research group paid attention to

impurity scattering at low energies [48–50]. In these references, the authors go beyond

the scattering problem to investigate transport quantities in Rashba systems with Fermi

levels below the Dirac point. While this work reveals some interesting features in the

conductivity, it is based on the first Born approximation (to be discussed in section 2.3),

which, while valid for conventional scattering problems, breaks down in the ultra-low

energy Rashba system. In a sense, Part 1 of this thesis is devoted to understanding this

breakdown in detail.

A thorough understanding of the low-energy Rashba physics is more important now than

ever, due to recent discoveries of materials with very large Rashba splittings (see e.g.

Table 1.1), where this previously ignored low-energy regime is now within experimental

reach. Until now, much of the theoretical literature in spintronics has treated Rashba
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coupling as a small effect, i.e., in perturbation theory (E0 � E), but with the advent

of materials with giant Rashba splittling, it is essential to explore the nonperturbative

regime where Rashba SOC is the largest energy scale (E0 > E).

2.2 Motivation: interacting systems

There is good reason to study the low energy Rashba scattering problem as it fills a

hole in the spintronics scattering literature. However, we should also intuitively expect

this regime to be host to some unusual phenomena simply by looking at Fig. 1.2. The

presence of a singularity in the density of states leads to an increased phase space for

scattering which means that electron-electron interactions become important. In the

presence of attractive interactions, this enhances instabilities for Cooper pairing [51], as

we will see in Part 2, as well as instabilities for Bose-Einstein condensation of tightly

bound fermionic molecules [52]. In the presence of repulsive interactions, there are

several expected symmetry-breaking phases as well. At low densities, electrons typically

form a Wigner crystal: a phase in which electrons form their own crystalline solid due

to interactions [53]. The origin of this crystallization is easily seen from some simple

energetic considerations. At zero temperature, the kinetic energy of a Fermi sea in 2D

is

E ∼ V
∫ kF

0
dkk3 ∼ V k4

F , (2.1)

where V is the system volume. The number of electrons in that Fermi sea is

N ∼ V
∫ kF

0
dkk ∼ V k2

F . (2.2)

So the kinetic energy per electron is

E/N ∼ k2
F ∼ n ∼ r−2, (2.3)

where n is the electron density and r is the average inter-particle spacing. The same

result holds in three dimensions as well. Since the kinetic energy goes like 1/r2 and the

Coulomb interaction goes like 1/r, the Coulomb interaction is dominant at low densities

and the system minimizes its energy by crystallizing. If we repeat the above analysis for
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a low density Rashba system, then we must integrate over a Fermi annulus

E ∼ V
∫ k>

k<

dkk3 ∼ V (k4
> − k4

<) (2.4)

= V (k> − k<)(k> + k<)(k2
> + k2

<) (2.5)

= V k0(k> − k<)3, (2.6)

using Eq. (1.28). Meanwhile, the number of electrons is

N ∼ V
∫ k>

k<

dkk ∼ V (k> − k<), (2.7)

so the energy per electron is

E/N ∼ (k> − k<)2 ∼ n2 ∼ r−4. (2.8)

This means that even interactions of much shorter range than Coulomb will be domi-

nant in the low density limit. Wigner crystals are hard to observe in solid state systems

because the Coulomb interaction is screened. The enhancement provided by the Rashba

DOS circumvents this issue. Moreover, it is believed that these shorter-range interac-

tions produce a competition between many exotic states including anisotropic Wigner

crystals, smectic phases and liquid crystal phases with nematic (invariant under C2)

or ferromagnetic-nematic (invariant under C2 followed by time-reversal) orders [54–56].

With these examples in mind, it is natural to ask whether there is something funda-

mentally anisotropic about scattering in the low density Rashba regime that could lead

to these symmetry-breaking instabilities. In this part of the thesis, we will only study

single-particle (potential) scattering, but much of the formalism we develop could be

extended to two-body scattering by working in the center-of-mass frame, allowing one

to probe the interacting physics in detail.

2.3 Single-particle scattering formalism in 2D

In the next two chapters we will develop a formalism for single-particle scattering in

Rashba systems. Scattering problems in quantum mechanics are full of different quan-

tities: phase shifts, S matrices, T matrices, scattering amplitudes, all expressing the
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same information, so it is worth reviewing some basic features and definitions. Details

of conventional (spin-degenerate) scattering in 2D can be found in Appendix B.

There are two different but complementary ways of describing potential scattering. The

first is a real-space, wavefunction-centered approach. If the potential is simple enough

and short-ranged, one can solve for the eigenfunctions of the full Hamiltonian exactly,

applying matching conditions as needed. Generally, we are interested in the wavefunc-

tion far outside the range of the potential where we can measure observables. In this

region, the wavefunction will always be some linear combination of free particle states.

This combination is organized into two pieces: an incident wave that is a prepared free-

particle eigenstate carrying probability current towards the scattering center, and an

outgoing scattered wave carrying probability current away from the scattering centre. It

is the relation between these two components that contains all the scattering informa-

tion. We exclusively consider circularly symmetric potentials, so it is useful to expand

the wavefunction in a circular harmonic basis (in polar coordinates) so that each eigen-

function acquires a partial-wave index l: ψl(r, θ).1 Each partial-wave component of the

incident wave is connected to the corresponding component of the outgoing wave via a

transformation that encodes the scattering physics. Note that this transformation is di-

agonal (different partial-waves do not scatter amongst each other) for spin-independent

circular potentials, which cannot change the angular momentum. For an elastic scatter-

ing process, the possible transformations that can take place are very limited. If energy

and angular momentum do not change, then each partial-wave component of the wave-

function can only undergo a phase shift δl. As we will see, the Rashba system is more

subtle because there are two elastic scattering channels, so it makes more sense to work

with the partial-wave S-matrix Sl. The S-matrix encodes the same information as the

phase shift, but with a different definition. Specifically, Sl is the unitary transformation

between asymptotic states in the incoming circular basis and the outgoing circular basis.

Unitarity of this transformation is guaranteed by conservation of probability.

Another very important scattering quantity for us is the T -matrix. Again, it encodes

the same information as the other quantities but in a sense is more directly connected to

the potential. The outgoing circular waves referred to in the discussion above regarding

the S-matrix include contributions from the part of the incident wave that passes by

1Note that we do not require the wavefunction to be an eigenfunction of the angular momentum
operator Lz. In a Rashba system only the total angular momentum Jz = Lz + (1/2)σz is conserved.
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the potential without scattering. The T l components remove this portion and may be

thought of as the S-matrix minus the identity matrix. Furthermore, the T -matrix is pro-

portional to the scattering amplitude f(θ), which is essentially the angular dependence

of the scattered wavefunction [57]. The exact relation between these three quantities

will be derived explicitly for the Rashba case in Chapter 4 and Appendix E.

Let us now relate those quantities to physical observables. The two main observables

in a scattering experiment are the total and differential cross sections. One defines the

effective target area dσ for which incident flux is scattered into an angle dθ (or solid

angle dΩ in 3D). If Nin particles pass through an area A in a time dt, then a number of

particles

Nsc = Nin
dσ

A
(2.9)

will pass through the scattering region during dt. In 2D the “area” we are interested in

is an arc subtended by dθ a distance r from the scattering centre. So in terms of flux

current densities j, we have

r
|jsc|
|jin|

=
dσ

dθ
. (2.10)

The differential cross section may be integrated to obtain the total cross section σ.

All of these quantities are defined most naturally from the real-space wavefunction, but it

will prove very useful to have an alternative formalism that does not depend explicitly on

the Hamiltonian eigenfunctions. Such a formalism is naturally given by the interaction

picture where states evolve according to the interaction-picture time-evolution operator

Û(t, t0) that satisfies the Dyson equation [58]

Û(t, t0) = 1− i
∫ t

t0

dt′V̂ (t′)Û(t′, t0). (2.11)

Û is related to the Heisenberg-picture evolution operator U via

U(t, t0) = e−iH0tÛ(t, t0)eiH0t0 . (2.12)

The idea is that if we allow an eigenstate |i〉 of an unperturbed Hamiltonian H0 to

evolve over a time t during which a perturbation (scattering potential) V acts, then the
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probability amplitude of transitioning to a state |f〉 is

〈f |i(t)〉 = 〈f |U(t, t0)|i〉 =

(
δfi − i

∫ t

t0

dt′〈f |V̂ (t′)Û(t′, t0)|i〉
)
e−iEf teiE0t0 . (2.13)

To pose a well-defined scattering problem, we assume that the scattering potential was

turned on adiabatically and asymptotically far in the past. This is done using the

potential V (t′) = V eεt
′
, where 0 < ε < 1/t. The later condition ensures that eεt

′
stays

close to unity throughout t′ > t0. At the end we will take ε → 0. Inserting a complete

set of states |m〉 in Eq. (2.13), we have

〈f |i(t)〉 = δfi − i
∑

m

〈f |V |m〉
∫ t

t0

dt′ei(Ef−Em)t′+εt′〈m|Û(t′, t0)|i〉. (2.14)

If the potential is perturbatively small, we expect the first Born approximation to hold:

〈f |i(t)〉 = δfi − i〈f |V |i〉
∫ t

t0

dt′ei(Ef−Em)t′+εt′ . (2.15)

The first Born approximation is a common approximation which is assumed to be valid

for low scattering energies. We will see that this is not the case for Rashba systems

which diverge from the first Born result as E → 0. We would therefore like to generalize

Eq. (2.15) to the non-perturbative statement

〈f |i(t)〉 = δfi − i〈f |T |i〉
∫ t

t0

dt′ei(Ef−Em)t′+εt′ . (2.16)

The operator T that satisfies this expression is called the T -matrix.

In scattering problems, we are interested in the time-independent physics that occurs

when the observation times are infinitely far apart. In this limit, the amplitude above

is simply the S-matrix

〈f |i(t)〉 → 〈f |S|i〉 ≡ δfi − i〈f |T |i〉
∫ ∞

−∞
dt′ei(Ef−Em)t′ (2.17)

= δfi − 2πiδ(Ef − Ei)〈f |T |i〉, (2.18)

where we have taken the limit ε → 0 to ensure that ε < 1/t holds even at long times.

Eq. (2.18) is the formal relation between the S and T matrices.
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The rate of change of the probability corresponding to this amplitude between different

states is the transition rate

wi→f ≡ lim
t→∞

lim
ε→0

d

dt
|〈f |i(t)〉|2 (2.19)

= lim
t→∞

lim
ε→0

d

dt

(
|〈f |T |i〉|2 e2εt

ε2 + (Ef − Ei)2
)

)
(2.20)

= |〈f |T |i〉|22πδ(Ef − Ei), (2.21)

using

δ(x) = lim
ε→0

1

π

ε

x2 + ε2
. (2.22)

Eq. (2.21) is Fermi’s golden rule. For a continuous dispersion, we have a continuum

of final states and the transition rate must be integrated over a small window of final

states. Furthermore, a scattering experiment may have angular resolution as well, so

the relevant angle-resolved transition rate is

wi→fdθ = 2π|〈f |T |i〉|2g(E)dθ, (2.23)

where g(E)dθ is the density of final states within an angle dθ of θ. This result gives us a

second expression for the differential cross-section. In a time dt, the number of particles

that transition to a final state |f〉 within an angle dθ of θ is wi→fdθdt, which according

to Eq. (2.9) gives
dσ

dθ
=
wi→f
|jin|

. (2.24)

Before ending this chapter, we need to develop the T -matrix a little further. While

Eq. (2.16) defines the T -matrix, that equation is rarely useful for computing it. However,

if we input Eq. (2.16) into the Dyson equation (2.11) (sandwiching between 〈f | and |i〉),
and take the limit t0 → −∞ as before, we get

〈f |T |i〉 = 〈f |V |i〉 − i
∑

m

〈f |V |m〉〈m|T |i〉
i(Em − Ei) + ε

. (2.25)

Now suppose there exists a state |ψ+〉 such that

T |i〉 = V |ψ+〉. (2.26)
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Plugging this into Eq. (2.25), and using the fact that |f〉 is arbitary gives

|ψ+〉 = |i〉+
∑

m

|m〉〈m|V |ψ+〉
Ei − Em + iε

(2.27)

= |i〉+
1

Ei −H0 + iε
V |ψ+〉. (2.28)

This is the Lippmann-Schwinger Equation. If the T -matrix is thought of as the effective

interaction including all virtual scatterings, then |ψ+〉 should be thought of as an effective

state obtained by performing all possible number of scatterings on an incident state |i〉.
This, of course, is just the final outgoing state observed. The fact that it is outgoing is

expressed by the infinitesimal +iε with a positive imaginary part in the denominator,

which defines the retarded unperturbed Green’s function

GR(E) ≡ 1

E −H0 + iε
. (2.29)

Finally, if we multiply the Lippmann-Schwinger equation on the left by V , and use

Eq. (2.26), we are left with the operator equation

T (Ei) = V + V GR(Ei)T (Ei). (2.30)

This is the closed form expression for the Born series. In all but the simplest examples,

it must treated iteratively to obtain an expression for T :

T (Ei) = V + V GR(Ei)V + V GR(Ei)V G
R(Ei)V + . . . . (2.31)

Truncating this series to first order in V reproduces the first Born approximation.

All of this scattering formalism will be used explicitly to derive unique properties of low

energy Rashba systems in the next three chapters.
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Chapter 3

Single-particle Rashba scattering

at low energy: simple potentials

In this chapter, we explore the single-particle scattering of Rashba electrons off of two

simple potentials for energies E < E0, with a focus on the low-energy limit E → 0.

We find peculiar features in the low-energy limit: (1) the S-matrix for a partial wave

of angular momentum l approaches a purely off-diagonal form with both off-diagonal

elements equal to one, independent of l [Eq. (3.27)]; (2) the differential cross section

becomes quasi-1D, with only forward and backward scattering allowed [Eq. (3.37)]; (3)

the total cross section exhibits quantized plateaus [Eq. (3.40)]. Remarkably, these results

hold for both the infinite barrier (Sec. 3.2) and infinitely thin shell (Sec. 3.3) potentials

considered here, with no dependence on the details of the potentials such as range and

amplitude. These features contrast severely with both E > E0 scattering in the Rashba

case and low-energy scattering in the conventional case without spin-orbit coupling; we

conjecture they are universal properties of Rashba scattering in the low-energy limit.

3.1 Low-energy setup

For convenience, we shift the energy spectrum such that the ground state occurs at E = 0

and the Dirac point is at E = E0 = (1/2)mλ2, where λ is the Rashba coupling. The

dispersion in this regime, where only one helicity band is relevant, is shown in Fig 3.1.

This figure highlights the ring of degenerate ground states occurring at the characteristic
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Figure 3.1: Lower helicity dispersion E−(k) (in blue). The plane beneath it shows
the corresponding group velocity vector field which changes from pointing inward to
pointing outward at the band minimum (shown in red). At a generic energy below the
Dirac point (dashed line), there are two available rings of states with wavenumbers k<
and k>.

wavenumber k0 = mλ. As described in Chapter 1, there are two degenerate rings of

states at any given energy with wavenumbers

k≷ = k0 ±
√

2mE. (3.1)

To solve the scattering problem, we require the Hamiltonian in position-space polar

coordinates (r, θ):

H =


−

1
2m(∂2

r + 1
r∂r + 1

r2
∂2
θ ) λe−iθ(∂r − i

r∂θ)

−λeiθ(∂r + i
r∂θ) − 1

2m(∂2
r + 1

r∂r + 1
r2
∂2
θ )


 , (3.2)

whose eigenfunctions can be expanded in partial waves as

ψ(r, θ) =
∞∑

l=−∞
eilθ


 Rl(r)

eiθRl+1(r)


 . (3.3)

The radial functions Rl(r) are linear combinations of incoming and outgoing Hankel

functions H±l (kr), defined as H±l (x) = Jl(x)± iNl(x) where Jl(x) and Nl(x) are Bessel

functions of the first and second kind (Neumann functions), respectively. The Bessel
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functions are regular at the origin while the Neumann functions are singular. We con-

sider elastic scattering where k in the argument of the Hankel functions can take on

either value k≷ satisfying (3.1). There are four independent solutions to the Schrödinger

equation, and an eigenfunction Ψ at energy E for the free-particle problem may be

written as the generic linear combination

Ψ(r, θ) =
∞∑

l=−∞
eilθ
[
al


 H+

l (k<r)

−H+
l+1(k<r)e

iθ


+ bl


 H−l (k<r)

−H−l+1(k<r)e
iθ




+cl


 H+

l (k>r)

−H+
l+1(k>r)e

iθ


+ dl


 H−l (k>r)

−H−l+1(k>r)e
iθ



]
, (3.4)

where al, bl, cl, and dl are arbitrary coefficients.

3.2 Hard-disk scattering

We now add to the free-particle Hamiltonian (3.2) a scattering potential V . We first

consider single-electron scattering off an infinite circular barrier

V =




∞, r ≤ R,

0, r > R,

(3.5)

as shown in Fig. 3.2. Because the potential vanishes identically for r > R, eigenstates of

the full Hamiltonian with energy E obey the free-particle expansion (3.4) in that region.

In that region, the wave function consists of an incident plane wave ψin
≷ with definite

wave vector k≷x̂, as well as outgoing scattered waves with each of the allowed wave

vectors. In a typical scattering problem, the outgoing states consist of H+(kr) radial

functions. In the asymptotic region,

H±l (kr) ≈
√

2

πkr
e±i(kr−lπ/2−π/4). (3.6)

It is the combination of the sign in the exponential and the group velocity that deter-

mines whether the circular wave is outgoing or incoming. In a conventional scattering

problem, the group velocity is always directed radially outwards, which is why H+(kr)

gives the outgoing waves. This is a crucial distinction from the Rashba case. In the

30



Rashba problem the expectation value of the group velocity vg = ∇kH0(k) in states of

negative helicity is 〈vg〉 = (k − k0)k̂/m. This vector field is shown at the bottom of

Fig. 3.1. For energies below the Dirac point, the k< states have group velocity antipar-

allel to the wave vector. Thus the outgoing k< states should be accompanied by H−(kr)

radial functions to carry a probability current directed radially outwards. Ultimately,

this is due to the presence of an additional term in the Rashba probability current, that

is not present in spin-degenerate systems. We will discuss this current in Sec. 3.2.1.

For an incident wave in the k> state, the wave function for r > R can be written as

ψ>(r, θ) = ψin
> (r, θ) +

∞∑

l=−∞
eilθ[ψlc(r, θ) + ψlb(r, θ)], (3.7)

where

ψlc(r, θ) ≡
(
cl −

il

2
√

2

)
 H+

l (k>r)

−H+
l+1(k>r)e

iθ


 , (3.8)

ψlb(r, θ) ≡ bl


 H−l (k<r)

−H−l+1(k<r)e
iθ


 , (3.9)

while for an incident wave in the k< state, we have

ψ<(r, θ) = ψin
< (r, θ) +

∞∑

l=−∞
eilθ[ψlc̃(r, θ) + ψl

b̃
(r, θ)], (3.10)

where

ψlc̃l(r, θ) ≡ c̃l


 H+

l (k>r)

−H+
l+1(k>r)e

iθ


 ,

ψl
b̃l

(r, θ) ≡
(
b̃l −

il

2
√

2

)
 H−l (k<r)

−H−l+1(k<r)e
iθ


 . (3.11)

In these expressions bl, cl, b̃l, and c̃l are coefficients to be determined by a solution of

the scattering problem.
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Figure 3.2: Plane wave scattering off an infinite circular barrier. There are two
circular scattered states (blue and orange) of different wavelengths corresponding to
the k> and k< states, respectively.

The incident plane wave can itself be decomposed into partial waves using the Jacobi-

Anger expansion eikr cos θ =
∑∞

l=−∞ i
lJl(kr)e

ilθ:

ψin
≷ (r, θ) =

1√
2


1

i


 eik≷x

=
∞∑

l=−∞

il

2
√

2
eilθ
[
 H+

l (k≷r)

−H+
l+1(k≷r)e

iθ


+


 H−l (k≷r)

−H−l+1(k≷r)e
iθ



]
. (3.12)

The infinite potential barrier (3.5) forces the wave function to vanish at r = R,

ψ≷(R, θ) =


0

0


 . (3.13)

Imposing this condition in Eq. (3.7) and (3.10) gives four equations from which we obtain

the unknown coefficients bl, b̃l, cl, c̃l:

bl =
1

∆l

(
H+
l (k>R)H−l+1(k>R)−H−l (k>R)H+

l+1(k>R)

)
,

cl =
1

∆l

(
H−l (k>R)H−l+1(k<R)−H−l (k<R)H−l+1(k>R)

)
,

b̃l =
1

∆l

(
H+
l (k>R)H+

l+1(k<R)−H+
l (k<R)H+

l+1(k>R)

)
,

c̃l =
1

∆l

(
H+
l (k<R)H−l+1(k<R)−H−l (k<R)H+

l+1(k<R)

)
,
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where we have defined

∆l ≡
2
√

2

il

(
H−l (k<R)H+

l+1(k>R)−H+
l (k>R)H−l+1(k<R)

)
. (3.14)

3.2.1 S-matrix

The four coefficients above determine the S-matrix for this scattering problem. As

described in Sec. 2.3, the S-matrix may be written in terms of its l-components which are

the unitary transformations that connect asymptotic states in the incoming circular basis

(e∓i(k≷r−lπ/2)/
√
r) to asymptotic states in the outgoing circular basis (e±i(k≷r−lπ/2)/

√
r).

Using the asymptotic form of the Hankel functions for large argument (Eq. (3.6)), we

obtain the S-matrix in angular momentum channel l,

Sl =


S>> S><

S<> S<<


 =

2
√

2

il


 cl bl

√
k>
k<

c̃l

√
k<
k>

b̃l


 . (3.15)

Using the explicit expressions given earlier for the coefficients bl, b̃l, cl, c̃l, as well as the

Wronskian identity

H+
l (z)H−l+1(z)−H+

l+1(z)H−l (z) =
4i

πz
, (3.16)

we find that Sl>< = Sl<>; this is a consequence of time-reversal symmetry combined

with reflection symmetry about the x axis (see Appendix C). In this case, there are two

independent unitarity conditions on the S-matrix,

|cl|2 + |bl|2
k>
k<

=
1

8
, blb̃

∗
l = −clb∗l , (3.17)

which are satisfied by the coefficients given above. Unitarity of the S-matrix should be

equivalent to the continuity equation:

d

dt

∫

A
|ψ(r, t)|2d2r +

∫

A
∇ · j(r, t)d2r = 0, (3.18)

which defines the current density j. A general expression for the current density is found

by taking the above time derivative using the Schrodinger equation to get

∇ · j(r, t) =
(
−iψ(r, t)†Ĥψ(r, t) + iψ(r, t)Ĥψ†(r, t)

)
. (3.19)
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The flux current density is readily found for the Rashba system to be j(r, t) = jK + jR,

where the usual kinetic current density

jK ≡ −
i

2m
(ψ†∇ψ −∇ψ†ψ) (3.20)

is accompanied by a new Rashba current density

jR ≡ −λψ†(σ × ẑ)ψ. (3.21)

Because the scattering potential does not alter the angular momentum, we can replace

ψ in the above definitions with its partial wave component. For our time-independent

scattering problem, the continuity equation becomes

∫

A
d2r∇ · j(r, t) =

∫ 2π

0
dθ r · j(r, θ) = 0. (3.22)

The integral over the ring in the continuity equation (3.22) is then evaluated for each

partial wave. For an incident k> wave, one obtains

∫ 2π

0
dθ r · jK = − 16λ√

k>k<
b∗l dl cos[(k< − k>)r] +

8

m
(−|bl|2 + |cl|2 − 1/8), (3.23)

∫ 2π

0
dθ r · jR =

16λ√
k>k<

b∗l dl cos[(k< − k>)r] + 8λ

( |bl|2
k<
− |cl|

2

k>
+

1/8

k>

)
. (3.24)

The first term in each equation is an interference term between scattered partial wave

components of different wave vectors (k> and k<). Combining the kinetic and Rashba

pieces, we see that the interference terms completely cancel giving

∫ 2π

0
dθ r · j =

√
2mE

( |bl|2
k<

+
|cl|2
k>
− 1/8

k>

)
, (3.25)

so the continuity equation is satisfied by the first unitarity condition in Eq. (3.17).

Repeating the above calculation for an incident k< wave, gives a second continuity

equation:

|b̃l|2 + |c̃l|2
k<
k>

=
1

8
, (3.26)

which may alternatively be obtained using Sl>< = Sl<> in combination with the unitarity

conditions (3.17). Unitarity means that we have correctly identified the scattered and

incident pieces of the wavefunction.
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We may plot transition probabilities from the square modulus of the S-matrix elements

in Eq. (3.15). The second equation in (3.17) ensures that |S>>|2 = |S<<|2, and symme-

try requires |S><|2 = |S<>|2, hence only |S>>|2 and |S><|2 are plotted in Fig. 3.3. The

curves are plotted on a log-linear scale with δ ≡
√
|E|/E0 a dimensionless measure of

the departure of the energy from the band bottom at δ = 0. As the energy approaches

the band bottom, fewer partial waves contribute to the diagonal transition probabili-

ties, while more partial waves contribute to the off-diagonal ones. Exactly at the band

bottom, we have cl = b̃l = 0 and bl = −il/2
√

2, so that the S-matrix becomes

Sl =


 0 −1

−1 0


 , (3.27)

for all l, independent of the radius of the scatterer R. Scattering is entirely off-diagonal

in this limit, and all angular momentum channels contribute equally. As we will see in

Sec. 3.4, this is a consequence of destructive interference between k< and k> states. Near

zero energy, the beating pattern imposed on the wavefunction by these two scattering

channels helps the wavefunction to vanish at r = R in accordance with the matching

condition. Such destructive interference can not occur within the diagonal scattering

channel, hence the off-diagonal form of the S-matrix.

3.2.2 Differential cross section

The differential cross section is the ratio of scattered to incident flux in a particular

incoming (k≷) channel, which may be computed from (2.10). Using the asymptotic

form of the incident and scattered wave functions, the fluxes are given by

|jsc
> | =

k> − k0

mr

(
|Φ>>|2 + |Φ><|2

)
, (3.28)

|jsc
< | =

k> − k0

mr

(
|Φ<>|2 + |Φ<<|2

)
, (3.29)

jin
≷ = ± 1

m
(k> − k0)x̂, (3.30)

so that

(
dσ

dθ

)

>

= |Φ>>|2 + |Φ><|2, (3.31)

(
dσ

dθ

)

<

= |Φ<>|2 + |Φ<<|2. (3.32)
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Figure 3.3: (a) Diagonal and (b) off-diagonal transition probabilities from the
S-matrix elements for partial waves l = 0, 1, 2, 3, 4, as a function of δ =

√
E/E0. In

both plots k0R = 0.1.

We have defined

Φ>> =

√
4

πk>

∑

l

(
cl −

il

2
√

2

)
eil(θ−π/2), (3.33)

Φ>< =

√
4

πk<

∑

l

ble
il(θ+π/2), (3.34)

Φ<> =

√
4

πk>

∑

l

c̃le
il(θ−π/2), (3.35)

Φ<< =

√
4

πk<

∑

l

(
b̃l −

il

2
√

2

)
eil(θ+π/2), (3.36)

where sums over l range from −∞ to ∞.

We plot the differential cross section in units of k−1
0 in Fig. 3.4. From panel (c), we

see that the differential cross section in the incoming k> channel (|Φ>>|2 + |Φ><|2)

becomes increasingly anisotropic with peaks at θ = 0 (forward scattering) and θ = π
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Figure 3.4: Polar plots of differential cross section for scattering between: (a)
helicity bands at energies above the Dirac point (E = 3E0, E = 5E0, E = 7E0), (b)
k≷ states at energies below the Dirac point (E = 0.99E0, E = 0.5E0, E = 0.01E0),
and (c) k≷ states near the band bottom (E = 0.001E0, E = 0.0001E0,
E = 0.00001E0). In each plot, k0R is set to 0.1. The radius of each curve is the
magnitude of k0|Φii|2. In the bottom figure, there is no visible distinction between
|Φ><|2 and |Φ<<|2, as with |Φ>>|2 and |Φ<>|2, so only one of each is plotted.
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(backscattering) as E tends to the band bottom. Using the observation that in this

limit, cl = b̃l = 0 and c̃l = bl = −il/2
√

2, the sums over l in Eq. (3.33) and (3.34) can be

performed analytically and we find that the differential cross section at the band bottom

formally becomes (
dσ

dθ

)

≷

∣∣∣∣
E=0

=
2π

k0

[
δ2(θ) + δ2(θ − π)

]
, (3.37)

where δ(θ) is an angular delta function normalized such that
∫ π
−π dθδ(θ) = 1. At the

band bottom, scattering becomes effectively one-dimensional in that only forward and

backward scattering are allowed. No such feature occurs in the E > E0 regime. The

non-integrability of the differential cross section at threshold is a common feature of

scattering in two dimensions (see Appendix B). Unlike conventional scattering though,

the divergence here arises from the contribution of an infinite number of partial waves

at the threshold energy. Remarkably, Eq. (3.37) has no R dependence, and is therefore

insensitive to the range of the scattering potential. As shown in Appendix B, this is in

contrast with scattering of an electron without spin-orbit coupling where the differential

cross section near the band bottom depends explicitly on the radius R of the scatterer.

In Sec. 3.3 we present further evidence that the details of the impurity potential do not

affect this result.

For reference, we show in Fig. 3.4(a) the differential cross section for the E > E0 regime,

which was previously worked out by Yeh et al. [47]. In this regime ± refers to the helicity

of the band. The anisotropies in the differential cross section can be understood from

the fact that the scattering potential is spin-independent. For example, when starting

from an incident positive-helicity state, the electron can only forward scatter into a state

of the same helicity. Forward scattering to the negative-helicity state would flip the spin.

Likewise, the electron can only backward scatter into the negative-helicity state, since

scattering to the positive-helicity state would flip the spin. This is why the differential

cross sections vanish at θ = π for the blue curves, and θ = 0 for the orange curves. The

same reasoning can be applied to scattering between k≷ states in the negative-energy

regime [Fig. 3.4(b) and (c)]. Here, an incident k> electron cannot backscatter to another

k> state without flipping its spin. For scattering from k> to k<, there is a subtlety to

this argument. Because the group velocity in the k< state is directed oppositely to that

in the k> state, the outgoing flux measured in the k< channel at θ = 0 will correspond to

the wave vector −k<x̂. This is a spin-flipped state and will thus have zero contribution

to the cross section. Hence, the orange lines in Fig. 3.4 go to zero at θ = 0. Likewise, if
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the incident wave vector is k<x̂, then the spin-flipped states would be −k<x̂, detected

at θ = 0, and −k>x̂, detected at θ = π, corresponding to the zeroes of the differential

cross section in those channels (red and green respectively in Fig. 3.4).

3.2.3 Total cross section

Integrating Eq. (3.31) and (3.32) over θ gives the total cross sections σ≷ for an incident

k≷ state,

σ> =
2

k>

∑

l

[
1− 8 Re

(
cl

(−i)l
2
√

2

)]
, (3.38)

σ< =
2

k<

∑

l

[
1− 8 Re

(
b̃l

(−i)l
2
√

2

)]
. (3.39)

These are plotted in Fig. 3.5 as a function of the energy. For any value of the dimension-

less radius of the scatterer k0R, there is a singularity in the cross section at the band

bottom due to the squared delta functions in Eq. (3.37). Equivalently, from Eq. (3.38)

and (3.39) we get the divergent sum σ≷ → (2/k0)
∑

l 1 as E → 0. Threshold singularities

in the cross section are common to scattering problems in 2D (see Appendix B); however,

in the conventional case without spin-orbit coupling such singularities are typically due

to a prefactor of 1/k which diverges as k → 0 at the bottom of a parabolic band [59].

In the Rashba case, it is the sum over partial waves rather than the prefactor 1/k0

that diverges at the band bottom, since in that limit all l channels contribute equally

(Fig. 3.3).

In Fig. 3.5(c), we zoom in on the region near the band bottom, and plot the total cross

section σ> as a function of δ =
√
E/E0 on a log-linear scale. As the energy approaches

the band bottom, the cross section increases in discrete steps and displays a series of

plateaus that are increasingly flat as δ tends to zero on a logarithmic scale, with the onset

of each plateau occurring at the threshold energy where a new l channel contributes to

the off-diagonal S-matrix elements [compare with Fig. 3.3(b)]. A similar behavior is

found for σ<. On these plateaus the total cross section is quantized in units of 4/k0,

σ≷ =
4n

k0
, n = 0, 1, 2, . . . , (3.40)
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independently of the scatterer radius R. The way σ≷ approaches infinity as the energy

nears the band bottom is thus much more complex than the smooth 1/k ∝ 1/
√
E diver-

gence (moderated by a logarithmic factor) found in the case without spin-orbit coupling.

In that case, the l = 0 partial wave (s-wave) dominates the low-energy behavior [59].

An analogy with Landauer quantization of the conductance in 1D [60–62] may lead one

to conjecture that the quantization of the total cross section (3.40) in the low-energy

limit is a direct consequence of the emergent 1D behavior in that limit, observed in the

extreme anisotropy of the differential cross section (3.37).

3.3 Delta-shell scattering

In the low-energy limit, the S-matrix (3.27) and, consequently, the differential cross

section (3.37) as well as the plateau behavior of the total cross section (3.40) were found

to be completely independent of the range R of the scattering potential. While this

result suggests the form (3.27) of the S-matrix is a universal feature of Rashba scattering

in the low-energy limit, at least for spin-independent and rotationally invariant finite-

range potentials V (r), the possibility remains that Eq. (3.27) is a special feature of

the hard-disk potential (3.5). To further support our conjecture of the universality of

the low-energy S-matrix (3.27), we consider the E < 0 scattering problem for another

scattering potential, the delta-shell potential:

V (r) = V0δ(r −R). (3.41)

Compared with the hard-disk potential (3.5), this potential has two tunable parameters,

V0 and R. In the region r > R, the wave function has the same form as Eq. (3.4). For

r < R, the Neumann functions Nl(k≷r) must be eliminated for the solution to be regular

at r = 0. Thus,

Ψr<R(r, θ) =
∞∑

l=−∞
eilθ
[
a′l


 Jl(k>r)

−Jl+1(k>r)e
iθ


+ b′l


 Jl(k<r)

−Jl+1(k<r)e
iθ



]
. (3.42)

Consider an incident k> state. Then al = 0, dl = il

2
√

2
, and there are four unknown

coefficients. Continuity of the wave function at r = R gives two equations (or one spinor
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Figure 3.5: Total cross section for various values of the dimensionless scatterer
radius k0R: (a) total cross section for incoming k> state as a function of energy, (b)
total cross section for incoming k< state as a function of energy, (c) total cross section
for incoming k> state as a function of δ on a log-linear scale. In each of (a) and (b),
the cross section is also calculated in the E > E0 regime. For σ< (σ>), this shows
scattering from an incident positive-helicity (negative-helicity) state. The vertical
dashed line in (a) and (b) at E/E0 = 0 is a guide to the eye, showing the divergent
behavior of all cross sections at the band bottom. The horizontal dashed lines in (c)
show the plateaus at k0σ> = 4n, n = 0, 1, 2, . . .

41



equation),

Ψr>R(R, θ) = Ψr<R(R, θ), (3.43)

and integrating the Schrödinger equation along the radial direction from R− ε to R+ ε

gives two more

∂rΨr>R(R, θ)− ∂rΨr<R(R, θ) = 2mV0Ψ(R, θ). (3.44)

All four coefficients can thus be solved for, but their closed forms are too long to present

here. Instead, we focus on the low-energy limit for now (more results for this potential

will be shown in Chapter 4). At the band bottom, we have k< = k> = k0 and the

matching conditions (3.43)-(3.44) may be written as the matrix equation

M




a′l

b′l

bl + il

2
√

2

cl




=




0

0

0

0



, (3.45)

where M is a 4 × 4 matrix containing Bessel and Hankel functions evaluated at k0R.

One can readily verify that detM 6= 0 for any nonzero value of V0. Thus only the trivial

solution a′l = b′l = cl = 0, bl = − il

2
√

2
satisfies the matching conditions, which is precisely

the result from hard-disk scattering.

The S-matrix (3.27) appears to be a universal feature of low-energy Rashba scattering in

that it applies to both hard-disk and delta-shell potentials of any radius R and magnitude

V0. We conjecture that this extends to any circularly symmetric, spin-independent

potential of finite radius.

3.4 Discussion

In summary, we have studied the scattering of electrons with Rashba spin-orbit coupling

off spin-independent, circularly symmetric potentials in the low-energy regime E < E0,

with a focus on the approach to the band bottom E → 0. We find several features

in this limit that appear to be insensitive to details of the scattering potential: the

S-matrix approaches a purely off-diagonal form with both off-diagonal elements equal

to negative one, and all angular momentum channels contribute equally at the band
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bottom; the differential cross section is increasingly peaked at forward and backward

scattering angles; the total cross section increases by quantized steps as the energy

approaches the band bottom. The quasi-1D character of these features supports and

further expands Ref. [51]’s interpretation of reduction in effective dimensionality in the

low-energy limit of Rashba systems.

Our simple scattering setup results in unusual features in the scattering quantities. The

presence of quantized steps in the cross-section is clearly a consequence of new partial-

wave scattering channels opening up at progressively lower energies as evidenced by

Fig 3.3, but why should these channels contribute at all and what determines the energies

at which each channel turns on? To better understand what is happening, we need

to note two fundamental ways in which Rashba scattering differs from spin-degenerate

scattering. The first is that in the Rashba case there are two distinct scattering channels

k< and k> and their wavefunctions can interfere destructively. The second is that in the

zero-energy limit there is an incident wave of finite wavenumber k = k0 as opposed to

k = 0 in the spin degenerate case. In the spin-degenerate case, the low-energy incident

wave consists of Bessel functions that are vanishingly small at r = R for all l > 0 and

with decreasing magnitude as the energy is lowered (see Appendix B). Meanwhile, the

scattered wave consists of Hankel functions which have a singular part. This too must

vanish at r = R for l > 0, and the only way to do so is if the coefficient (which determines

the phase shift) is vanishingly small. So the low-energy limit of the spin-degenerate case

is very simple. The only significant contributions to the wavefunction are in the l = 0

channel, and forcing this wavefunction to have a node at the potential radius is as

simple as applying a single phase shift. What changes in the Rashba system? First, the

destructive interference of the scattered waves dramatically reduces the singular part of

the Hankel function by an amount that increases as the energy is lowered. This means

that below an l-dependent energy, the singular part no longer affects the wavefunction

and the corresponding coefficients no longer need to vanish. Second, because k remains

finite, higher partial waves contribute significantly at r = R. In the limit E = 0, the

only way for the full wavefunction to vanish at R is if it is extinguished completely:

ψ(r, θ) = 0. In other words the scattered wave becomes a plane wave with all partial

waves contributing equally. Of course, a zero wavefunction is not normalizable, but

this is an artifact of the plane-wave approximation. In a real scattering setup, the

wavefunction would be a linear combination of plane waves with a very small bandwidth,
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containing some weight up to a finite energy where not all partial waves are involved in

the scattering.

The distinction bewteen the spin-degenerate and Rashba wavefunctions is epitomized in

the schematic Fig. 3.6. In the top (spin-degenerate) panel we see the singular part of the
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Figure 3.6: (a) Spin-degenerate system: magnitude of the singular part of the
scattered waveform H+

l (kR) at the potential radius (solid). Magnitude of the incident
waveform Jl(kR) at the potential radius (dashed). (b) Rashba system: magnitude of
the singular part of the scattered waveform H+

l (k>R) +H−l (k<R) at the potential
radius (solid). Magnitude of the incident waveform Jl(k>R) at the potential radius
(dashed).

scattered waveform diverges with increasing l and decreasing energy. These divergences

must be cancelled by a vanishing coefficient. The exception is l = 0 where the incident

(dashed) and scattered parts are similar in magnitude. Contrast this with Rashba

scattering in the lower panel where the singular part is suppressed as the energy is

lowered. The intersection points between solid lines and their dashed counterparts mark

the transition energy where a new partial wave is added (or subtracted) from the S-

matrix, and the cross-section increases by a step.
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This discussion centers on the fact that the wavefunction vanishes at r = R. However, we

saw that the low-energy limit of the S-matrix was the same for the delta-shell potential

where the wavefunction remains finite and is independent of the potential strength and

radius. This suggests that the constraints imposed by any circular potential may be so

restrictive as to cause this destructive interference phenomena and the corresponding

unusual cross-section. Therefore, we conjecture that the features we have found are

indeed universal for spin-independent, circularly symmetric, finite-range potentials. In

fact, the next chapter will be devoted to proving this statement. It would be interesting

to see if these results extend to a broader class of spin-dependent but otherwise time-

reversal-symmetric potentials, but we leave this for future research. We expect some of

the features we have discussed could be observed experimentally in low-density, strongly

spin-orbit coupled 2D electron gases using scanning gate microscopy techniques, which

have been used to image coherent electron flow [63, 64]. Concrete predictions to be

compared directly with experiment such as simulated current maps could in principle be

derived from the results presented in this chapter, for example by the method discussed

in Ref. [43].
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Chapter 4

Universality of low-energy

Rashba scattering

In the present chapter we establish the result that the peculiar scattering features found

in Chapter 3 are a universal property of low-energy scattering in the Rashba system and

should hold for arbitrary spin-independent, circularly symmetric, finite-range potentials.

This is established via a nonperturbative solution of the Lippmann-Schwinger equation

for an arbitrary potential satisfying the requirements listed above. In Sec. 4.1 we formu-

late the Lippmann-Schwinger equation for the Rashba scattering problem, introduce the

T -matrix and establish its relation to the S-matrix, then relate the T and S matrices

to the differential and total scattering cross sections, deriving a new optical theorem for

low-energy Rashba scattering in the process. In Sec. 4.2 we present a nonperturbative

solution of the Lippmann-Schwinger equation, obtaining the T -matrix in the low-energy

limit. Our solution relies on the application of a momentum cutoff around the degener-

ate low-energy Rashba ring of states. As expected, the low-energy T -matrix is universal

and exhibits a distinct 1D character. Using the relation between the S and T matrices

derived earlier, we obtain the universal off-diagonal S-matrix of Eq. (3.27). Our optical

theorem allows us to show that the quantized plateaus seen in the previous chapter for

the hard disk potential are indeed a generic feature of the low-energy total cross section,

independent of the details of the potential. Finally, in Sec. 4.3 we illustrate these results

with a number of example potentials. We conclude in Sec. 4.4, and derive a number of

technical results in Appendices D-F.
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4.1 Scattering quantities

The presence of Rashba SOC causes the effective potential, which includes many virtual

scattering processes, to be altered. We hypothesize that this alteration is universal, for

a class of impurity potentials. The resulting effective potential is the T -matrix, and

we will focus on this quantity throughout the chapter. As described in Sec. 2.3, the

T -matrix is the portion of the S-matrix in which some scattering occurs. Since Rashba

scattering involves new subtleties, it is worth deriving the exact relation between these

objects in the lower helicity band, elucidating various scattering quantities along the

way. The natural starting point is the Lippmann-Schwinger equation (2.28). Written in

terms of the wavevector k and spin σ components, it reads

ψkσ(r;E) = ψin
kσ(r;E) +

∑

σ′

∫
d2r′GRσσ′(r, r

′;E)V (r′)ψkσ′(r
′;E),

(4.1)

where GRσσ′(r, r
′;E) is the retarded position-space Green’s function of the unperturbed

Hamiltonian and V (r) is the scattering potential. Once again, the incident wavefunction

is chosen to be a negative helicity plane wave with wavevector k oriented at an angle θk

with respect to the x-axis,

ψin
kσ(r;E) = eik·rη−σ (θk), (4.2)

where η−σ (θk) is the σ component of the η−(θk) eigenspinor defined in Eq. (1.24). We

can relate this to the T -matrix through the defining relation Eq. (2.26): T |i〉 = V |ψ〉,
where |i〉 is the initial state, and |ψ〉 is the scattering state. In terms of wavefunctions,

we write

V |ψ〉 =
∑

σ′

∫
d2r′T |r′σ′〉ψin

kσ′(r
′;E), (4.3)

or equivalently,

V (r)ψkσ(r;E) =
∑

σ′

∫
d2r′T rr′

σσ′ e
ik·r′η−σ′(θk). (4.4)

We will need to Fourier transform the T -matrix to momentum-space,

T rr′
σσ′ =

∫
d2k′

(2π)2

∫
d2k̃

(2π)2
Tk′k̃
σσ′ e

ik′·re−ik̃·r
′
. (4.5)
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Substituting (4.5) into (4.4) and (4.4) into (4.1), we obtain a modified Lippman-Schwinger

equation,

ψkσ(r;E) = ψin
kσ(r;E) +

∑

σ′σ′′

∫
d2r′

∫
d2k′

(2π)2
GRσσ′(r, r

′;E)Tk′k
σ′σ′′e

ik′·r′η−σ′′(θk).

(4.6)

To proceed any further requires knowing the position-space Green’s function. This is

derived in Appendix D: see Eq. (D.7) for σ = σ′ and Eq. (D.12) for σ 6= σ′. For a

scattering problem, we must consider the asymptotic wavefunction, which for a finite

range potential, amounts to imposing r � r′, |r − r′| ≈ r − r̂ · r′ and θr−r′ ≈ θr in

the Green’s function, where r̂ denotes a unit vector in the direction of r. Using the

asymptotic form of the Hankel function for large argument, Eq. (3.6), we obtain the

asymptotic Green’s function

GRσσ′(r, r
′;E) ≈ − m

k+ + k−

√
i

2πr

∑

j=+,−
gjσσ′(r)e−ikj ·r

′
, (4.7)

where kj ≡ kj r̂ and kj is given in Eq. (D.3) and (D.4). We have also defined the matrix

gj(r) ≡
√
kje

ikjr


 1 ie−iθrj

−ieiθrj 1




= 2
√
kje

ikjrηj(θr)ηj(θr)†. (4.8)

Since the r′ dependence of the Green’s function has been isolated, we can now evaluate

the integrals in (4.6) to get the asymptotic wavefunction,

ψk(r;E) ≈ ψin
k (r;E)− m

(k+ + k−)

√
2i

πr

∑

j=+,−

√
kje

ikjrηj(θr)ηj(θr)†Tkjkη−(θk).

(4.9)

At this point we orient the x-axis along the incident wave direction (θk = 0) and rec-

ognize that for any energy below the Dirac point, the magnitude of the corresponding

wavevector is either k> or k<. We write this as k = kµx̂, where µ =>,<.

We need a sum over wave vector magnitudes ν =>,< in (4.9) rather than helicity index

j = +,−. This is accomplished by noting from k≷ = k0(1± δ) and k± = k0(δ ∓ 1), the
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mathematical relation

k± = ∓k≶, (4.10)

valid for any energy below the Dirac point. Eq. (4.9) then reads

ψµ(r;E) ≈ ψin
µ (r;E)− m

2k0δ

√
2i

πr

(√
k>e

ik>rη−(θr)η−(θr)†Tk>kη−(0)

+i
√
k<e

−ik<rη+(θr)η+(θr)†T−k<kη−(0)

)
, (4.11)

where k≷ ≡ k≷r̂.

From Eq. (4.11), we can establish the relation between the T -matrix and S-matrix as

well as the scattering amplitude. The result is

T
kνkµ
−− =

i

m

k0δ√
kµkν

∞∑

l=−∞
eilθ(Slµν − Iµν), (4.12)

and is derived in App. E.

4.1.1 Cross section and optical theorem

As seen in the previous chapter, it is very useful to examine the differential cross section.

Beginning with Fermi’s golden rule, Eq. (2.23), the transition rate is connected to the

T -matrix via

wµ→νdθ = 2π|Tkµkν
−− |2g(Eν)dθ, (4.13)

where g(Eν)dθ is the density of final states in the channel ν within an angle dθ of θ:

g(Eν) =

∫ ∞

0

dk k

(2π)2
δ(Eν − E(k)) =

m

(2π)2

kν
k0δ

. (4.14)

Furthermore, the differential cross section in this channel is simply the transition rate

divided by the incident flux [see Eq. (2.24)],

dσ

dθ

∣∣∣∣
µν

=
wµ→ν
|jµ|

=
m2

2π

kν
k2

0δ
2
|Tkµkν
−− |2

=
1

2πkµ

∣∣∣∣∣
∞∑

l=−∞
eilθ(Slµν − Iµν)

∣∣∣∣∣

2

, (4.15)
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using Eq. (4.12). This last expression was denoted |φµν |2 in Chapter 3 [see Eqs (3.31),

(3.32)]. Integrating over angles and summing over scattering channels gives the total

cross section for an incident kµ wave,

σµ =

∫ 2π

0
dθ
∑

ν

1

2πkµ

∣∣∣∣∣
∞∑

l=−∞
eilθ(Slµν − δµν)

∣∣∣∣∣

2

(4.16)

=
1

kµ

∞∑

l=−∞

(∣∣∣Slµµ − 1
∣∣∣
2

+
∣∣∣Slµ,−µ

∣∣∣
2
)

(4.17)

=
1

kµ

∞∑

l=−∞
(2− (Slµµ + Sl∗µµ)) (4.18)

=
2

kµ

∞∑

l=−∞
(1− Re(Slµµ)), (4.19)

where Slµ,−µ denotes the off-diagonal component with first index µ, and we used the

unitarity condition of the S-matrix (|Slµ,−µ|2 = 1− |Sµµ|2) in line (4.18). The final form

of this cross section makes it clear that the diagonal part of the T -matrix in (4.12) obeys

an optical theorem, since

ImT
kµkµ
−− (θ = 0) = − k0δ

mkµ

∞∑

l=−∞
(1− Re(Slµµ))

= −k0δ

2m
σµ. (4.20)

Optical theorems are a feature of most scattering problems. They tell us that the cross

section may be determined from the forward scattering part of the scattering amplitude

(or equivalently the T -matrix). This is a property of wave mechanics. The effective size

of a potential is given by the “shadow” cast behind it. For any wave, this shadow is due

to destructive interference between the θ = 0 part of the scattered and incident waves.

4.2 Universal Rashba T -matrix

With this scattering formalism at hand, we may compute any scattering observable in a

Rashba system with E < E0, provided we know the T -matrix T
kµkν
−− . In a conventional

2D system without spin-orbit coupling, the T -matrix takes on a form at low energies

that is dominated by the s-wave term, that decays logarithmically with the energy
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(see Eq. (B.11)). Before doing any calculation, we can already see that the Rashba T -

matrix has a different energy dependence, simply by looking at the Lippmann-Schwinger

equation (4.9) or (E.8). Since the coefficient of the scattered wavefunction goes as 1/δ

for low energies, the T -matrix must at least be linear in δ in order to keep the probability

density finite. We now make this explicit by deriving the low-energy Rashba T -matrix

for any circularly symmetric, spin-independent potential of finite range.

First, we impose a momentum cutoff

k0 − Λ̃ < k < k0 + Λ̃, (4.21)

to avoid ultraviolet divergences. This amounts to keeping only the low-energy modes

in our model, similar to the momentum shell renormalization group approach in the

many-body problem [65, 66]. The appropriate dimensionless quantity corresponding to

this cutoff is Λ ≡ Λ̃/k0, so that we will always enforce the following hierarchy of scales:

δ � Λ� 1. (4.22)

This is indicated in the schematic Fig 4.1.

In the helicity basis denoted by i, j, any central spin-independent potential may be

written as

Vij(k, k
′) =

∫
d2r ei(k−k

′)·rV (r)ηi(θk′)
†ηj(θk)

=
1

2

∞∑

l=−∞
V l(k, k′)eil(θk′−θk)

(
1 + ijei(θk−θk′ )

)

=
1

2

∞∑

l=−∞

(
V l(k, k′) + ijV l+1(k, k′)

)
eilθk′−k ,

(4.23)

where θk′−k ≡ θk′−θk, and in the second line, we introduced the partial wave component

V l(k, k′) =

∫ 2π

0

dθk′−k
2π

∫ ∞

0
dr rV (r)J0(|k − k′|r)eilθk′−k , (4.24)

where J0(|k − k′|r) is the zeroth order Bessel function of the first kind.
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Figure 4.1: (a) Constant energy contours in momentum space and (b) low-energy
spectrum for a single Rashba electron. The shaded region shows the allowed virtual
transitions with |k − k0| < Λ̃ to be incorporated in the T -matrix. The orange lines
show the continuum of negative helicity eigenstates. The blue line in (b) is the
positive helicity branch.

Now the T -matrix is defined by the Born series Eq. (2.30). We write this in the

momentum-helicity basis |k, i〉 in which the Green’s function is diagonal,

T
kνkµ
ji = Vji(kν ,kµ) +

∑

n=+,−

∫
d2q

(2π)2
Vjn(kν , q)GRnn(q)T

qkµ
ni . (4.25)

We want to expand the potential about the ground state wavevector k0. More precisely,

let us examine the V l components given by (4.24). For the on-shell terms Vji(kµ,kν) in
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(4.25), the argument of this Bessel function is

|kµ − kν |r = r
√
k2
µ + k2

ν − 2kµkν cos θk′−k

=
√

2k0r
√

1− cos θk′−k +O(δ). (4.26)

The off-shell components in the integral of (4.25) may also be expanded about δ = 0.

The argument of the Bessel function becomes

|kν − q|r =
√

2k0r
√

(1 + ε)(1− cos θk′−k) +O(δ), (4.27)

where we have changed the integration variable using q ≡ k0(1 + ε). Thus, to order δ in

the potential, we can approximate the on-shell terms as Vji(kν ,kµ) ≈ Vji(k0k̂ν , k0k̂µ),

which describe angular scattering within the ground-state ring, and the off-shell terms

as Vji(kν , q) ≈ Vji(k0k̂ν , q). This is a crucial approximation. Since now the right-hand

side of (4.25) is independent of the magnitude kν , the T -matrix is independent of this

magnitude as well:

T
kνkµ
ij ≈ Tij(k̂ν ,kµ). (4.28)

We argue in Appendix F that the error in this approximation is O(δ2). Writing the

T -matrix in partial wave components just as we did with the potential, the Born series

simplifies to

∞∑

l=−∞
T lji(kµ)eilθ =

∞∑

l=−∞

1

2
[V l(k0, k0) + ijV l+1(k0, k0)]eilθ

+
∑

n=+,−

∞∑

l=−∞

∫ ∞

0

dq q

4π

(
V l(k0, q) + jnV l+1(k0, q)

)
GRnn(q)T lni(kµ)eilθ.

(4.29)

Equation (4.29) may be solved algebraically for each partial wave component. Since the

diagonal parts of the potential are equal, this equation becomes two pairs of coupled

equations. For the lower helicity band, the relevant pair is

T l−−(kµ) ≈ 1

2
[V l(k0, k0) + V l+1(k0, k0)] + I l−T

l
−−(kµ) + J l−T

l
+−(kµ), (4.30)

T l+−(kµ) ≈ 1

2
[V l(k0, k0)− V l+1(k0, k0)] + I l+T

l
−−(kµ) + J l+T

l
+−(kµ), (4.31)
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where we have defined the integrals

I l± =

∫ ∞

0

dq q

4π
[V l(k0, q)∓ V l+1(k0, q)]G

R
−−(q), (4.32)

J l± =

∫ ∞

0

dq q

4π
[V l(k0, q)± V l+1(k0, q)]G

R
++(q). (4.33)

The J± integrals correspond to transitions between different helicity bands, and these

are expected to have a negligible contribution to the low-energy scattering. Indeed, one

can show that J± ∼ Λ� 1 and so we may solve for T l−− to get

T l−− ≈
δ∗l /m

1− I l−
, (4.34)

where we have defined a new dimensionless parameter

δ∗l ≡
m

2

(
V l(k0, k0) + V l+1(k0, k0)

)
. (4.35)

The energy dependence of the T -matrix is entirely determined by the integral I l− of

Eq. (4.32). We claim that to leading order in δ, this integral is approximated by

I l− = −m
2

(
i

δ
− 2

πΛ

)
[V l(k0, k0) + V l+1(k0, k0)] +O(δ) +O(Λ), (4.36)

so that the T -matrix is

T l−− =
1
2 [V l(k0, k0) + V l+1(k0, k0)]

1 + m
2 ( iδ − 2

πΛ)[V l(k0, k0) + V l+1(k0, k0)]
+O(δ2).

(4.37)

The detailed derivation of this result is left for Appendix F. To leading order in δ, we

can then write the T -matrix as

T l−− ≈ 1

m

δ∗l
1 + iδ∗l /δ

(4.38)

= − iδ
m

+O(δ2). (4.39)

To this order, the low-energy limit of the S-matrix from (4.12) is

Sl =


−δ −1

−1 δ


 . (4.40)
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To zeroth order in δ, this is precisely the result that was found for the infinite circular

barrier and delta-shell potentials in Chapter 3. Eqs. (4.38) and (4.40) are the main results

of this chapter. They establish that the low-energy S-matrix for circularly symmetric

potentials in Rashba systems is completely universal, as conjectured in the previous

chapter: it is independent of any details of the potential, provided the latter has finite

range. Thus all the conclusions drawn in Chapter 3 from the particular form (4.40) of

the S-matrix, such as the extreme anisotropy of the differential cross section, are equally

universal.

We now draw our attention to the peculiar energy dependence of the T -matrix in

Eq. (4.39). Firstly, the T -matrix scales as the square root of the scattering energy,

in contrast with the inverse logarithm dependence found in conventional 2D systems

(B.11). Furthermore, it does not depend on the details of the potential (its range or

strength), as already mentioned. Lastly, the partial wave components of the low-energy

T -matrix are independent of partial wave number l. The usual intuition of low-energy

physics being dominated by s-wave scattering does not apply to the Rashba system.

The energy dependence in (4.39) is very telling. Suppose we were to look for the universal

form of a low-energy T -matrix in a 1D scattering problem with a conventional quadratic

dispersion. We could follow the same reasoning used above. A finite-range on-shell

potential in momentum space can be approximated by a constant at low energy where

the particle wavelength is much larger than the potential size,

V (k, k′) ≈ lim
k,k′→0

V (k, k′) =

∫ ∞

−∞
dxV (x) ≡ V. (4.41)

The momentum-space T -matrix must again be independent of k′ in this approximation,

so that

T k
′k ≈ T (k)

= V +

(∫ ∞

−∞
dx

∫ ∞

−∞

dq

2π

eiqxV (x)

E − q2

2m + iη

)
T (k)

= V +

(
mi√
2mE

∫ ∞

−∞
dxV (x)ei

√
2mEx

)
T (k).

(4.42)
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If we only consider the lowest order terms in E, and make use of the fact that the

potential is short-ranged, we get the following approximate solution for T ,

T ≈ V

1− im√
2mE

∫∞
−∞ dxV (x)ei

√
2mEx

=
i

m

√
2mE +O(E). (4.43)

Thus, provided we identify the 1D δ parameter with
√

2mE, we get the same T -matrix

as in the low-energy 2D Rashba case.1 This connection suggests once again that low-

energy Rashba scattering has a fundamental 1D character, independent of the details of

the potential. Indeed, it was shown in Chapter 3 that Eq. (4.40) implies only forward and

backward scattering are allowed at very low energies. In other words, the wavefunction

behaves like that of a particle scattering in a 1D system.

One might notice that (4.43) and (4.39) differ by a minus sign. For the Rashba case,

this sign ensures that the scattering cross section is positive in the optical theorem

(4.20). More importantly, it has interesting implications for the S-matrix. Looking at

Eq. (4.12) or (E.11), we see that this sign guarantees that the diagonal part of the

S-matrix vanishes as δ approaches zero.

The form of the low-energy T -matrix has interesting consequences for the cross section

as well. First note that the total cross section becomes infinite at the threshold energy

E = 0. As mentioned in the previous chapter, this result is typical of 2D scattering,

though the reasons for it are not. Using the optical theorem (4.20), our T -matrix

approximation gives a low-energy cross section of

σ ≈ 2

k0

∞∑

l=−∞

(δ∗l /δ)
2

1 + (δ∗l /δ)
2
. (4.44)

Qualitatively speaking, there is a threshold parameter δ∗l for each partial wave l. As we

lower the energy, and thereby δ, we pass through these points one by one. Each time the

condition δ . δ∗l is satisfied an additional two partial waves (one for l and one for −l)
contribute to the scattering, and the cross section increases by 4/k0, tending to infinity

stepwise as δ → 0. This is unlike the conventional 2D case in which the prefactor 1/k

diverges while the partial wave sum remains finite. Thus there generically is a series of

1Unlike the 2D Rashba case, this 1D δ parameter is not dimensionless. This is simply because in two
dimensions the momentum-space T -matrix must have units of inverse energy, while in one dimension, it
is dimensionless.
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jumps and plateaus in the cross section as a function of δ (see, e.g., Fig. 4.6). However,

because δ∗l decays as |l| increases, these plateaus become narrower and narrower as we

approach the ground state energy. The precise location of the jumps δ∗l depends on the

details of the potential via Eq. (4.35), but the magnitude 4n/k0, n = 1, 2, 3, . . . of the

plateaus in the cross section is universal.

4.3 Example potentials

4.3.1 Delta function potential

The simplest potential we can consider is the delta function

V (r) =
V0

r
δ(r)δ(θ), (4.45)

which has partial wave components V l(k, k′) = V0δl,0, from (4.24). Since this is inde-

pendent of the momenta k and k′, the T matrix is as well, and there is no need for an

approximation at this level. Instead, the T -matrix exactly satisfies the equations

T 0
−− =

V0/2

1− (I0 + J0)
= T+−, (4.46)

where we have made use of the fact that I l+ = I l− ≡ I l, and J l+ = J l− ≡ J l for the delta

potential. As usual, the integral J0 may be ignored since (using q = k0(1 + ε))

J0 = 2mV0

∫ Λ

−Λ

dε

4π

1 + ε

δ2 − 4(ε+ 1)− ε2 ∼ O(Λ). (4.47)

The other integral evaluates to

I0 = 2mV0

∫ Λ

−Λ

dε

4π

1 + ε

δ2 − ε2 + iη

≈ mV0

2π

(
− iπ

δ
+

2

Λ

)
, (4.48)

so that

T 0
−− =

V0/2

1 + m
2 ( iδ − 2

πΛ)V0

≈ 1/m
i
δ − 2

πΛ

, (4.49)

in agreement with (4.37). We emphasize that the lowest-order contributions in δ are

independent of the cutoff scale. This is in stark contrast with the conventional 2D case
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where the contact T -matrix satisfies

T 0 = V0 − V0

∫ Λ

0

dk k
k2

2m − E − iε
T 0

= V0 −
(
mV0 ln

∣∣∣∣
Λ2

2mE

∣∣∣∣+ iπmV0

)
T 0

≈ 1/m

i− 1
π ln |2mE

Λ2 |
. (4.50)

One can understand this difference on dimensional grounds. Since V0 is dimensionless,

the energy must be compared to the only other scale around. In the conventional 2D

case, this is the cutoff scale, which has the physical interpretation of an effective range

of the potential (proportional to the scattering length). The process of acquiring this

extra scale from what started as a scale-invariant problem is known as dimensional

transmutation [67]. In the Rashba system this problem does not exist, since there is

always an inherent scale to compare with, set by the spin-orbit coupling.

Note from the optical theorem (4.20), that the low-energy cross section for the delta

function potential is finite; σµ = 2/k0. This is highly atypical of 2D scattering both with

and without Rashba spin-orbit coupling, where the threshold cross section is generally

divergent. The fact that only l = 0 contributes to the T -matrix for the contact potential

is an artifact of the singular nature this potential. Next we will investigate more typical

examples where all partial wave components become important at low energies.

4.3.2 Circular barrier potential

Consider the finite circular barrier

V (r) =




V0, r < R,

0, r > R.

(4.51)

The partial wave components

V l(k, k′) = V0R

∫ 2π

0

dθk′−k
2π

eilθk′−k

|k − k′|J1(R|k − k′|), (4.52)

are evaluated numerically. When k = k′ = k0, this is most easily done by summing the

first few terms of (F.13). Inserting these components into (4.37) gives the low-energy
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T -matrix which is plotted in Fig. 4.2 for a short barrier. Along with our approximation,

we plot the results for the first Born approximation T l−− = (V l(k, k′) + V l+1(k, k′))/2.
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Figure 4.2: Absolute value of the lower-helicity T -matrix for the circular barrier as a
function of the dimensionless parameter δ, for l = 0, 1, 2, obtained from (4.37) (solid),
and from the first Born approximation (dashed). The dimensionless parameters used
are mV0R

2 = 0.1, k0R = 1, Λ = 0.1. Note that in the first Born approximation, T l
−−

is a 2× 2 matrix in the k≶ basis. However, these four different components are
visually indistinguishable at these energies, so here we just show one of them.

We see that for each l component, there is a threshold energy below which the Born

approximation fails to capture the correct energy dependence. The reason is most quickly

seen from the asymptotic Green’s function in position-space (4.7), which is singular at

δ = 0 (recall that k+ + k− = k> − k< = 2δ). Evidently, it is not enough to require that

the potential be perturbatively small to use the Born approximation. Instead we require

mV0R
2/δ � 1.

We will see below that this qualitative structure of the T -matrix is reproduced in the

delta-shell potential, for which an exact solution is available.

4.3.3 Delta-shell potential

We now consider the potential

V (r) = V0δ(r −R), (4.53)

so that

V l(k, k′) = V0R

∫ 2π

0

dθk′−k
2π

eilθk′−kJ0(|k − k′|). (4.54)
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Again, we plot the corresponding value of the T -matrix approximation (see Fig. 4.3).

With this potential, we are afforded an independent check of our approximation. The

S-matrix for the delta-shell potential was computed directly from matching conditions of

the wavefunction in Chapter 3 (see Eq. (3.45)). With the aid of (4.12) we may translate

this into the corresponding T -matrix (or vice versa using (E.11)) and compare with our

approximation.
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Figure 4.3: Absolute value of the lower-helicity T -matrix (a) and diagonal part of
the S-matrix (b) for the delta-shell potential as a function of the dimensionless
parameter δ for l = 0, 1, 2, 3. Curves are obtained from an exact calculation of the
wavefunction (solid), and from the approximation (4.37) (dashed). The dimensionless
parameters used are mV0R = 1, k0R = 0.1, Λ = 0.1.

Figure 4.4 shows the real and imaginary parts of the T -matrix. Note that the apparent

steps in the imaginary part of the T -matrix translate into quantized steps in the total

cross-section upon adding partial waves and using (4.20). The maxima of −Im(mT l−−)

provide a useful measure of the value of δ (for each l) below which the first Born ap-

proximation fails. From our approximation (4.38), this value turns out to be simply δ∗l

defined in (4.35). In Fig. 4.5, we compare this to the exact value determined from the

solution of d
dδ Im(mT l−−) = 0, computed numerically from the exact T -matrix. Note that
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Figure 4.4: Real (a) and imaginary (b) parts of the lower-helicity T -matrix for the
delta-shell as a function of the dimensionless parameter δ for l = 0, 1, 2, 3. Curves are
obtained from an exact calculation of the wavefunction (solid), and from the
approximation (4.37) (dashed). The dimensionless parameters used are the same as in
Fig. 4.3.

the y-axis in Fig. 4.5 has a logarithmic scale: the absolute accuracy of our approximation

(4.38) increases exponentially with partial wave number. However, it should be noted

that the relative accuracy (δ∗l − δl,exact)/δl,exact saturates at a fixed value as l increases.

Finally, the delta-shell cross section is shown in Fig. 4.6. We see the generic features

discussed in Sec. 4.2, namely the jumps in the cross section corresponding to the points

δ = δ∗l . Note that the x-axis has a logarithmic scale, so the cross section is indeed

divergent at δ = 0. As already mentioned in the previous paragraph, this also implies

that the accuracy of the approximation (4.38) for the T -matrix increases exponentially

as the energy is lowered towards the band bottom δ = 0.
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Figure 4.5: Difference between the value of δ∗l computed from the exact solution of
the delta-shell T -matrix and the value computed from our approximation, for each
partial wave. The dimensionless parameters used are the same as in Fig. 4.3 and 4.4.
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Figure 4.6: Total cross section σ as a function of δ for the delta-shell potential.
Solid curves show the exact result computed from the optical theorem. Dashed curves
are obtained from the approximation (4.44). The dotted black lines are guides to the
eye, showing that the cross section increases in steps of 4/k0. The dimensionless
parameters used are the same as in Fig. 4.3-4.5.

4.4 Discussion

We have shown that in a 2D system with Rashba spin-orbit coupling, the low-energy T -

matrix of a particle scattering off of a circular, finite-range, spin-independent potential

takes on a universal form given by (4.39). A universal form of the S-matrix was extracted

using a complete scattering formalism developed for Rashba scattering below the Dirac

point. These results have several important features that generalize the qualitative

results of Chapter 3 to a large class of impurity potentials. The T -matrix has a square
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root dependence on the difference between the energy of the scattering particle and the

ground state energy, with a subleading dependence on the details of the potential. This is

unlike the conventional inverse logarithm energy dependence seen in regular 2D systems,

but agrees with the energy dependence of a 1D system. Indeed, this feature cannot be

recovered via the Born approximation even with a perturbatively small potential, but

requires a nonperturbative solution of the Lippmann-Schwinger equation. For each

partial wave there exists a threshold energy below which the corresponding component

of the T -matrix takes on this nontrivial square-root dependence on the energy. By

deriving an optical theorem for Rashba systems below the Dirac point, we found that

at these discrete threshold energies the total cross section exhibits quantized jumps of

magnitude 4/k0, resulting in a plateau structure in the cross section.

In the extreme low-energy limit, the T -matrix becomes independent of partial wave

number. This is markedly different from the conventional 2D problem where s-wave

scattering dominates in this limit. Evidently, ultra-low-energy scattering in a Rashba

system is highly anisotropic, a result which may have interesting consequences for the

physics of spontaneous symmetry breaking in interacting 2D Rashba systems described

in Sec. 2.2.

Given the ubiquity of these unusual scattering features in Rashba systems, we expect

that some remnant of them will appear in the transport properties of a Rashba 2DEG,

particularly at low temperatures, where impurity scattering is dominant. Non-magnetic

point defects, arising from vacancies, substitutions or interstitial atoms in the crystal fall

into the class of potentials considered here, though the detailed form of their potentials

may not be known. Fortunately, the T -matrix result derived here is independent of

these details and thus provides an ideal input for the transport problem in this regime.

The precise manner in which these features are expressed in the low-energy transport

properties is the subject of the next chapter.
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Chapter 5

Unconventional transport in

low-density Rashba systems

In this chapter we focus on how the low-energy scattering properties discussed in Chap-

ters 3-4 affect transport in 2D Rashba materials. It has been recognized that the DC

conductivity is a nonlinear function of the density in this regime [48–50]. The purpose

of this chapter is to extend the work of these references to include the non-perturbative

scattering effects that arise at ultra-low densities. In particular, we will show that the

plateaus we found in the scattering cross-section (Fig. 4.6) as a function of the loga-

rithm of the energy are manifest in the conductivity as well. We begin with Sec. 5.1, a

calculation of the linear response conductivity using the semiclassical Boltzmann equa-

tion. The key difference between this and a standard Boltzmann treatment is the use

of the full T -matrix found in Eq. (4.37). We first focus on the zero-temperature DC

and AC conductivities (Sec. 5.1.1), before generalizing to finite temperature (Sec. 5.1.2)

where we allow the chemical potential to vary through and below the conduction band.

Such a treatment describes Rashba semiconductors and allows us to outline a possible

experimental realization of the unique conductivity features we uncover in this section.

Sec. 5.2 goes beyond the semiclassical Boltzmann approach to include quantum correc-

tions within a self-consistent full Born approximation. Again, the difference between

this and previous work is that the self-energy is computed self-consistently from the full

T -matrix. We first focus on the single-particle Green’s function, self-energy and den-

sity of states (Sec. 5.2.1) before employing this approach in a fully quantum-mechanical

calculation of the conductivity using the Kubo formula (Sec. 5.2.2).
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5.1 Semiclassical Boltzmann transport

We start with a review of the semiclassical Boltzmann equation approach to electronic

transport. The initial assumption is that in the absence of an external electric field,

electrons are distributed in energy E according to the Fermi function f(E−µ), where µ

is the chemical potential, and that the presence of a small electric field E (linear response

regime) causes this distribution to deviate, but does not destroy the existence of well-

defined quasi-particles. We denote this deviation by nµ(φk, E), where the subscript µ

indicates the >,< states described in the previous chapters, and φk is the angle between

the corresponding wavevector kµ and the x axis.1 The deviation distribution must

satisfy the translation-invariant Boltzmann equation

iωnkµ + eE ·∇kµn
0
kµ = ni

∑

ν

∫ 2π

0
dφ′k W

φkφ
′
k

µν [nµ(φk, E)− nν(φ′k, E)], (5.1)

where ω is the oscillation frequency of the electric field, and ni is the impurity density.

n0
kµ

is the equilibrium distribution function which is simply the Fermi function:

∇kµn
0
kµ =

∂f

∂E
∇kµξk =

k0δ

m

∂f

∂E
sµk̂, (5.2)

where k̂ = k/|k|, sµ ≡ sgn(kµ − k0) = ±1. Since we are now considering a many-body

system, we introduce a chemical potential and work with the lower helicity dispersion

ξk = k2

2m−λk−µ+E0. Furthermore, we redefine the parameter δ to include the chemical

potential δ ≡
√

(E + µ)/E0, so that the band bottom is still at δ = 0. The matrix

niW
φkφ

′
k

µν is the elastic scattering rate between state |E, ν, φ′k〉 and |E,µ, φk〉 determined

from Fermi’s golden rule. The Boltzmann equation (5.1) is a statement of conservation

of charge, ṅkµ = 0, where the rate of change of the distribution function is due both to

the applied electric field (left-hand-side of Eq. (5.1)) and a collision term that expresses

the rate of change in occupation of a given state due to scattering (right-hand-side of

Eq. (5.1)). In order for the number of quasiparticles in each state to be conserved,

the quasiparticle lifetime must be sufficiently long. We will justify this assumption in

Sec. 5.2.

1The single-particle state is specified either by k, or by {E, µ, φk}, but we will often use the redundant
notation kµ for clarity.
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While the left-hand side of Eq. (5.1) contains only classical terms (the second term is

Newton’s second law), the right-hand side may be made to include quantum effects by

using a scattering rate that contains many virtual scattering processes in W
φkφ

′
k

µν . For

circularly symmetric impurity potentials, this quantity depends only on the difference

φ̃k ≡ φk − φ′k, and may be expressed in terms of the T -matrix derived in Chapter 4.

Starting from Eq. (2.23):

W
φkφ

′
k

µν = |Tkµkν |2gν(E) (5.3)

=
m

2πδ

∣∣∣∣
∞∑

l=−∞
T l(E)eilφ̃k

∣∣∣∣
2

(1 + sνδ), (5.4)

where we have used the density of states in the ν channel,

gν(E) =

∫
d2k

(2π)2
δ(E − ξkν ) =

m

2πδ
(1 + sνδ). (5.5)

In Appendix C, we show that the scattering rate above satisfies detailed balance. Using

our non-perturbative solution for the low-energy T -matrix will allow us to go well beyond

the usual perturbative treatments in the Born approximation.

5.1.1 Zero temperature

We will now study transport in the low-density limit, defined as µ/E0 � 1, i.e., where

the chemical potential is much below the Dirac point.

5.1.1.1 DC Conductivity

First, we consider the DC conductivity by setting ω = 0 and choosing the following

ansatz for the distribution function,

nµ(φk, E) =
∑

ν

Γ−1
µν eE ·∇kνn

0
kν , (5.6)

where Γ is a 2 × 2 matrix to be determined. Substituting this into equation (5.1) and

integrating over φk gives a matrix equation in the >, < basis,

[(
1

τ
Γ−1 − I

)
− (1/τ − 1/τ tr)

2


1 + δ 1− δ

1 + δ 1− δ


Γ−1

]
 1

−1


 = 0. (5.7)
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In analogy with the conventional spin-degenerate system, we define the energy-dependent

lifetime τ and transport time τ tr as

1

τ
≡ nim

πδ

∫ 2π

0
dφ̃k

∣∣∣∣
∞∑

l=−∞
T l(E)eilφ̃k

∣∣∣∣
2

, (5.8)

1

τ tr
≡ nim

πδ

∫ 2π

0
dφ̃k(1− cos φ̃k)

∣∣∣∣
∞∑

l=−∞
T l(E)eilφ̃k

∣∣∣∣
2

.

(5.9)

In Sec. 5.2.1 we will see that Eq. (5.8) is consistent with the lifetime derived from the

self-energy. In a conventional transport problem, it is the transport time that governs

the conductivity since only backscattering degrades the current.

Equation (5.7) is readily solved by the matrix

Γ−1 =


 τ tr (1− δ)(τ tr − τ)

(1 + δ)(τ tr − τ) τ tr


 , (5.10)

from which we get the distribution function,

nµ(φk, E) =
k0δ

m

∂f

∂E
eE · k̂sµ(τ + sµδ(τ

tr − τ)). (5.11)

From this result, and using the group velocity vkµ = ∇kµξk, we calculate the current,

J = −e
∑

µ

∫
dE

∫
dφk
2π

gµ(E)nµ(φk, E)∇kµξk (5.12)

= − e
2k2

0

2πm

∫
dEδ

∂f

∂E
(τ + δ2(τ tr − τ))E . (5.13)

Taking the zero-temperature limit, we extract the DC longitudinal conductivity from

Ohm’s law Ji = σDCEi:
σDC =

e2

2π

k2
0δ

m
(τ + δ2(τ tr − τ)), (5.14)

where it is understood that the energies in this expression are evaluated at the Fermi

level. We may write this in terms of the electron density using

n =
k2

0

π
δ, (5.15)
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which follows from (5.5). Thus,

σDC =
e2

2

n

m

[
τ +

(
n

n0

)2

(τ tr − τ)

]
, (5.16)

where n0 ≡ k2
0/π is the density at the Dirac point. This expression is valid for all

densities n < n0 below the Dirac point, provided the correct lifetimes τ and τ tr are

used.

There are several important features to note about (5.16). First, recall that τ and τ tr

both depend on the density through δ and T l(EF ) in (5.8) and (5.9), so the conduc-

tivity is a highly non-linear function of the density. Second, it reproduces the Drude

conductivity

σDrude =
e2

2

n

m
τ tr, (5.17)

only at the Dirac point where n→ n0, though our low-energy expression for the transport

time (5.9) is not accurate in this regime. What is special for transport about the Dirac

point is that there is only one channel (k>) with a non-vanishing density of states, and a

group velocity parallel to k, just as in a typical parabolic dispersion for a single fermion

species (giving the 1/2 in the Drude conductivity). In the opposite limit, n→ 0, we see

that it is the lifetime, not the transport time that governs the conductivity

σDC(n→ 0) =
e2

2

n

m
τ. (5.18)

This is because in this limit, one has k> ≈ k<, so that these two channels have approx-

imately the same phase space for scattering. But since they have oppositely directed

group velocities, scattering through an angle φ̃k = π is just as likely to result in forward

scattering as scattering through an angle φ̃k = 0 (see the discussion in Sec. 3.2).

We will see shortly that the unusual density dependence of the full T -matrix results in

novel features in the conductivity. However, we first consider the first Born approxi-

mation as was done in Ref. [48], for which the T -matrix is given by a spin-independent

constant potential transformed to the helicity basis:

∣∣∣∣
∞∑

l=−∞
T l(E)eilφ̃k

∣∣∣∣
2

= |v0η
†
−(φk)η−(φk′)|2 (5.19)

=
v2

0

2
(1 + cos φ̃k), (5.20)
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where η−(φk) = 1√
2
(1, ieiφk)T is the negative-helicity eigenspinor of the Rashba Hamil-

tonian. In this case, the lifetime and transport time become

1

τ
= nimv

2
0

n0

n
=

2

τ tr
, (5.21)

and the conductivity is

σ1BA
DC =

e2

2nim2v2
0

n2

n0

[
1 +

(
n

n0

)2]
, (5.22)

in agreement with [48].

In Fig. 5.1, we plot the density dependence of the DC conductivity for the case where the

impurity potentials are modeled by δ-function shells V (r) = v0Rδ(r − R). The single-

impurity Rashba T -matrix is computed from Eqs. (4.38) and (4.35). Recall that the

specific choice of impurity potential makes no qualitative difference at low energies, as

long as rotational symmetry is maintained. The delta-shell potential contains two inde-

pendent parameters, the impurity strength v0 and radius R. Varying these parameters

simply changes the overall scales in Fig. 5.1. Increasing the impurity strength decreases

the conductivity everywhere, and increasing its radius shifts the plateaus of the bottom

panel to higher densities. Indeed, one can find a quantitative estimate of the effect of

these parameters for a given potential. In the long-wavelength limit k0R� 1, we have

δ∗l ≈
mv0R

2

2(|l|!)2

(
(k0R)2

4

)|l|
(delta-shell) (5.23)

δ∗l ≈
mv0R

2

4|l|!|l + 1|!

(
(k0R)2

4

)|l|
(finite barrier). (5.24)

With this in mind, we will maintain the same parameter values throughout this chapter.

Figure 5.1 constitutes the main result of this chapter, so we pause to flesh out the salient

observations contained within. First, as seen in the top panel, the conductivity does not

go smoothly to zero with decreasing density, unlike the prediction from the first Born

approximation.2 In fact, measurements at low densities might lead one to believe there

is a finite residual conductivity as n→ 0. This is not physical, and indeed is not the case

2Note that the full Born T -matrix approaches the first Born T -matrix only in the limit δ � δ∗l for
all l. For the choice of potential plotted in Fig. 5.1, the largest δ∗l is δ∗0 ≈ 0.5, so the two conductivity
results do not converge below the Dirac point.
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Figure 5.1: DC conductivity divided by ∆σ0 ≡ e2

8~
n0

ni
vs electron density on a linear

(top) and log (bottom) scale. The solid lines indicate the Boltzmann result using the
full Born T -matrix. The dashed lines show the corresponding first Born
approximation for the conductivity. A delta-shell impurity potential is used with the
parameters mv0R

2 = 1 and R = 0.1/k0.

as shown in the lower panel, where we see that the conductivity goes through a series of

steps (on a logarithmic scale) to reach zero at n = 0. On such a scale, the conductivity

is quantized, with plateaus given by the values

σDC =

(
n0

ni

)
e2

8~l
, l = 1, 2, 3, . . . , (5.25)

and transitions between plateaus occurring at n/n0 ∼ δ∗l . Although the conductivity

plateaus depend on material parameters such as the impurity concentration and the

spin-orbit coupling strength, the ratio of any two conductivity plateaus is a pure ra-

tional number, independent of all such parameters. The origin of these plateaus is the

energy scale separation of the different circular harmonic contributions to the T -matrix,

discussed in the previous chapter. To recap, the destructive interference between the k<

and k> scattering states causes the scattered wavefunction to become more and more

70



quasi-one-dimensional as the energy is lowered, resembling a plane wave at the band

bottom. This plane wave is composed of equal contributions of all angular momentum

components which are turned on at successively lower scattering energies, essentially

when δ ≈ δ∗l . Each time this happens, a new angular momentum channel contributes to

the scattering and the conductivity drops by a quantized amount.

5.1.1.2 AC Conductivity

Retaining the frequency dependence in (5.1) allows us to compute the AC conductivity

as well. One can readily check that the AC Boltzmann equation is solved by

nµ(φk, E) =
k0δ

m

∂f

∂E
eE · k̂sµ

(
τ(1− iωτ tr) + sµδ(τ

tr − τ)

(1− iωτ tr)(1− iωτ)

)
, (5.26)

from which we get the current

J = − e
2k2

0

2πm

∫
dEδ

∂f

∂E

(
τ(1− iωτ tr) + δ2(τ tr − τ)

(1− iωτ tr)(1− iωτ)

)
E , (5.27)

and the zero-temperature conductivity

σ(ω) =
e2

2

n

m

(
τ(1− iωτ tr) + (n/n0)2(τ tr − τ)

(1− iωτ tr)(1− iωτ)

)
, (5.28)

shown in Fig. 5.2.

As we saw in the DC case, the conductivity takes the Drude form in the two limits

n→ n0 and n→ 0, dependent on τ tr and τ respectively. As n→ n0,

σ(ω)→ e2

2

n

m

τ tr

1− iωτ tr
= σDrude(ω), (5.29)

while in the opposite limit n→ 0,

σ(ω)→ e2

2

n

m

τ

1− iωτ =
τ

τ tr
σDrude(ωτ/τ tr). (5.30)

Thus, as the density is lowered, the width of the Drude peak decreases from 1/τ tr to 1/τ .

At low densities, the height of the peak in the imaginary part of the AC conductivity at
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ω = 1/τ becomes quantized since

Imσ(1/τ) ≈ e2

2

n

m

τ

2
=
σDC

2
, (5.31)

where σDC has the plateaus in (5.25), shown in Fig. 5.3.
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Figure 5.2: Real (top) and imaginary (bottom) parts of the semiclassical Boltzmann
AC conductivity vs frequency for various values of the electron density with impurity
density set to ni = 0.06n0. The dashed line shows the corresponding (n = 0.6n0) first
Born approximation result for the conductivity, found by inserting (5.21) into (5.28).

5.1.2 Finite temperature

We now consider the effect of finite temperature on transport in a Rashba semiconductor.

Several materials exist with large Rashba splitting of order E0 ∼ 0.1eV, including BiTeI

and CH3NH3PbI3 (see Table 1.1). For example, BiTeI possesses 2D surface conduction

and valence bands with a large Rashba splitting; the Fermi level can be adjusted between

these two bands by changing the termination layer [68]. In the following, however, we
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Figure 5.3: Imaginary part of the semiclassical Boltzmann AC conductivity vs
frequency for various values of the electron density on a log scale with impurity
density set to ni = 0.06n0. The dashed lines show the quantization of the peaks given
by n0

ni
( 1
16l ) for l = 1, 2, 3, 4.

ignore material-specific details and consider a simplified model of a semiconductor with

a Fermi level close to the bottom of a 2D Rashba-split conduction band.

Returning to (5.13), we retain the temperature dependence via

∂f

∂E
= − βeβ(E−µ)

(eβ(E−µ) + 1)2
. (5.32)

Furthermore, we assume that |E0−µ| � kBT , so that the upper helicity band contributes

negligibly to the integrand. The DC conductivity,

σDC ≈
e2k2

0β

2πm

∫ E0

0
dE δ

e(E−µ)β

(eβ(E−µ) + 1)2
(τ + δ2(τ tr − τ)), (5.33)

is then computed numerically as a function of the chemical potential. The result is

shown in the top panel of Fig. 5.4, where we see that the sharp zero temperature drop

that occurs at the band bottom (µ = 0) maintains some weight at finite temperatures.

The magnitude of this drop is determined by the impurity density

∆σ(µ = 0) = ∆σ0 ≡
e2

8~
n0

ni
. (5.34)

This is in contrast to the prediction from the first Born approximation shown in the

bottom panel of Fig. 5.4, which produces a conductivity that smoothly goes to zero as

the chemical potential is lowered.
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Figure 5.4: Semiclassical Boltzmann DC conductivity vs chemical potential for
various temperatures, with impurity density set to ni = 0.03n0. The top panel shows
the results computed from the full T -matrix, while the bottom panel shows the first
Born approximation.

The conductivity plateaus seen in the zero temperature case are hidden in the sharp drop

near µ = 0. In a real material, doping offers crude control over the chemical potential,

and one might be skeptical that the quantization seen as a function of the logarithmic

changes in the density (or alternatively, the logarithmic changes in the chemical poten-

tial) could ever be observed. As one possible means of overcoming this, we propose the

use of pump-probe measurements. This technique has been used to study transport

properties of systems with large Rashba splitting before [69]. In such an experiment,

a (typically THz) pump laser pulse is used to excite carriers from the valence to con-

duction band. These carriers quickly establish a quasi-equilibrium and a corresponding

chemical potential µ > 0, on a time scale (∼ 10−15 s) much smaller than the typical

recombination time τn ∼ 10−9 s [70]. The pump pulse is then followed by a probe pulse

that can be used to measure the AC conductivity of the new quasi-equilibrium system.

To illustrate the potential usefulness of this technique for our purposes, consider a simple
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model where the recombination time τn is a constant. After a time dt, the number of

carriers remaining in the conduction band will be nc(t+ dt) = (1− dt
τn

)nc(t),
3 so that

nc(t) = nc(0)e−t/τn . (5.35)

Thus, the delay time t ∼ ln(nc/nc(0)) provides an ideal control parameter for observing

the quantized behaviour of the conductivity. We may compute the conductivity as a

function of delay time using (5.33), where the quasi-equilibrium chemical potential µ(t)

is determined by the number equation

nc(t) =
m

2π

∫ E0

0
dE

√
E0

E

1

eβ(E−µ) + 1
= nc(0)e−t/τn . (5.36)

The result is shown in Fig. 5.5, where the first plateau, now as a function of delay time,

is easily visible at sufficiently low temperatures. This plot is for a fixed impurity density.

For cleaner systems, one would see more plateaus at a given temperature. This is again

in contrast to the first Born approximation result which smoothly decays to zero.
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Figure 5.5: Semiclassical Boltzmann DC conductivity vs delay time in a
pump-probe measurement at various temperatures, with impurity density set to
ni = 0.03n0, and recombination time τn = 1 ns. The dashed line shows the (T = 0)
prediction from the first Born approximation.

3Note that in this very simple picture we have ignored the contribution of the holes to the AC
transport properties, as well as any excitonic effects.
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5.2 Self-consistent full Born approximation

Until now, we have looked exclusively at the semiclassical transport features of low-

density Rashba systems. Given the delicate nature of the dependence of these features

on the density, one might be skeptical that they survive a fully quantum treatment.

The purpose of this section is to address this question. We will focus exclusively on the

zero-temperature limit throughout this section.

5.2.1 Single-particle properties

An appropriate quantum treatment of the transport problem requires acknowledging

that the propagation of quasi-particles in the system is modified by a self-energy that

depends on the impurity scattering. We will utilize a self-consistent full Born approx-

imation (SCFBA) in this regard. Note that this is different from the conventional

self-consistent Born approximation (SCBA) used in Ref. [48, 49], in that the self-energy

is determined self-consistently from the full T -matrix, and not simply the T -matrix in

the first Born approximation. The distinction is illustrated by the Feynman diagrams in

Fig. 5.6. In the conventional SCBA, no diagrams in the self-energy have more than two

impurity lines attached to a single vertex. In the SCFBA, one includes all non-crossed

diagrams, that is, all Feynman diagrams where the interaction lines do not cross. We

proceed with standard impurity averaging [71]. We start with Ni uncorrelated impurities

located at random positions Rj , described by the potential

U(r) =

Ni∑

j=1

V (|r −Rj |). (5.37)

The Green’s function and self-energy are averaged over impurity positions. In doing so,

we assume that there is no coherent scattering off of multiple impurities. In the next

section, we will make explicit the conditions for this statement to be true. Since the

impurity positions only enter through phase factors eiq·Rj in the Fourier transform of

(5.37), the averaging induces a factor ni and a momentum-conserving delta function at

each vertex. The series shown in Fig. 5.6 (b) is precisely the Born series for the T -matrix

with the addition of these self-averaging factors. Thus, we take the irreducible retarded
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<latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit>

⌃
<latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit><latexit sha1_base64="xl6gt5zesTVLaQIKxfcD+hK+ntk=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKEI9BLx4jmgckS5idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnwoZyJmnTMstpJ9EUi4jTdjS+mfntJ6oNU/LBThIaCjyULGYEWye1evdsKHC/XPGr/hxolQQ5qUCORr/81RsokgoqLeHYmG7gJzbMsLaMcDot9VJDE0zGeEi7jkosqAmz+bVTdOaUAYqVdiUtmqu/JzIsjJmIyHUKbEdm2ZuJ/3nd1MZXYcZkkloqyWJRnHJkFZq9jgZMU2L5xBFMNHO3IjLCGhPrAiq5EILll1dJ66Ia+NXg7rJSv87jKMIJnMI5BFCDOtxCA5pA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPa1+PAw==</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit>

⇥
<latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

⇥
<latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

⇥
<latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

⇥
<latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

. . .<latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit><latexit sha1_base64="4fajA5Sub0emPp2TPmVj1aHk3ls=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabTbt2kw27E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdgBouRcJbKFDybqo5jQPJO8H4duZ3nrg2QiUPOEm5H9NhIiLBKFqp3ZehQjOo1ty6OwdZJV5BalCgOah+9UPFspgnyCQ1pue5Kfo51SiY5NNKPzM8pWxMh7xnaUJjbvx8fu2UnFklJJHSthIkc/X3RE5jYyZxYDtjiiOz7M3E/7xehtG1n4skzZAnbLEoyiRBRWavk1BozlBOLKFMC3srYSOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNUc6L8+58LFpLTjFzDH/gfP4AvB+POA==</latexit>

| {z }
SCBA

<latexit sha1_base64="d9iUx2KfyZPcCKlmqqWUml6SjIs=">AAACFHicbVDLSgNBEJyNrxhfqx69LAZBEMKuCHqMycVjRPOAJITZSScZMju7zPSKYVn/wYu/4sWDIl49ePNvnDwOmljQUFR1093lR4JrdN1vK7O0vLK6ll3PbWxube/Yu3s1HcaKQZWFIlQNn2oQXEIVOQpoRApo4Auo+8Py2K/fgdI8lLc4iqAd0L7kPc4oGqljn7Ri2QXlK8ogeZhD2klaCPeY3JRLl2nasfNuwZ3AWSTejOTJDJWO/dXqhiwOQCITVOum50bYTqhCzgSkuVasIaJsSPvQNFTSAHQ7mTyVOkdG6Tq9UJmS6EzU3xMJDbQeBb7pDCgO9Lw3Fv/zmjH2LtoJl1GMINl0US8WDobOOCGnyxUwFCNDKFPc3OqwATUBockxZ0Lw5l9eJLXTgucWvOuzfLE0iyNLDsghOSYeOSdFckUqpEoYeSTP5JW8WU/Wi/VufUxbM9ZsZp/8gfX5A+I1oTE=</latexit><latexit sha1_base64="d9iUx2KfyZPcCKlmqqWUml6SjIs=">AAACFHicbVDLSgNBEJyNrxhfqx69LAZBEMKuCHqMycVjRPOAJITZSScZMju7zPSKYVn/wYu/4sWDIl49ePNvnDwOmljQUFR1093lR4JrdN1vK7O0vLK6ll3PbWxube/Yu3s1HcaKQZWFIlQNn2oQXEIVOQpoRApo4Auo+8Py2K/fgdI8lLc4iqAd0L7kPc4oGqljn7Ri2QXlK8ogeZhD2klaCPeY3JRLl2nasfNuwZ3AWSTejOTJDJWO/dXqhiwOQCITVOum50bYTqhCzgSkuVasIaJsSPvQNFTSAHQ7mTyVOkdG6Tq9UJmS6EzU3xMJDbQeBb7pDCgO9Lw3Fv/zmjH2LtoJl1GMINl0US8WDobOOCGnyxUwFCNDKFPc3OqwATUBockxZ0Lw5l9eJLXTgucWvOuzfLE0iyNLDsghOSYeOSdFckUqpEoYeSTP5JW8WU/Wi/VufUxbM9ZsZp/8gfX5A+I1oTE=</latexit><latexit sha1_base64="d9iUx2KfyZPcCKlmqqWUml6SjIs=">AAACFHicbVDLSgNBEJyNrxhfqx69LAZBEMKuCHqMycVjRPOAJITZSScZMju7zPSKYVn/wYu/4sWDIl49ePNvnDwOmljQUFR1093lR4JrdN1vK7O0vLK6ll3PbWxube/Yu3s1HcaKQZWFIlQNn2oQXEIVOQpoRApo4Auo+8Py2K/fgdI8lLc4iqAd0L7kPc4oGqljn7Ri2QXlK8ogeZhD2klaCPeY3JRLl2nasfNuwZ3AWSTejOTJDJWO/dXqhiwOQCITVOum50bYTqhCzgSkuVasIaJsSPvQNFTSAHQ7mTyVOkdG6Tq9UJmS6EzU3xMJDbQeBb7pDCgO9Lw3Fv/zmjH2LtoJl1GMINl0US8WDobOOCGnyxUwFCNDKFPc3OqwATUBockxZ0Lw5l9eJLXTgucWvOuzfLE0iyNLDsghOSYeOSdFckUqpEoYeSTP5JW8WU/Wi/VufUxbM9ZsZp/8gfX5A+I1oTE=</latexit><latexit sha1_base64="d9iUx2KfyZPcCKlmqqWUml6SjIs=">AAACFHicbVDLSgNBEJyNrxhfqx69LAZBEMKuCHqMycVjRPOAJITZSScZMju7zPSKYVn/wYu/4sWDIl49ePNvnDwOmljQUFR1093lR4JrdN1vK7O0vLK6ll3PbWxube/Yu3s1HcaKQZWFIlQNn2oQXEIVOQpoRApo4Auo+8Py2K/fgdI8lLc4iqAd0L7kPc4oGqljn7Ri2QXlK8ogeZhD2klaCPeY3JRLl2nasfNuwZ3AWSTejOTJDJWO/dXqhiwOQCITVOum50bYTqhCzgSkuVasIaJsSPvQNFTSAHQ7mTyVOkdG6Tq9UJmS6EzU3xMJDbQeBb7pDCgO9Lw3Fv/zmjH2LtoJl1GMINl0US8WDobOOCGnyxUwFCNDKFPc3OqwATUBockxZ0Lw5l9eJLXTgucWvOuzfLE0iyNLDsghOSYeOSdFckUqpEoYeSTP5JW8WU/Wi/VufUxbM9ZsZp/8gfX5A+I1oTE=</latexit>| {z }
SCFBA

<latexit sha1_base64="+Au0cBOaXoKwEsNT9vixpesDGsM=">AAACNHiclVDLSgNBEJyNrxhfUY9eFoPgKeyKoMeYgAheIpoHJCHMTjrJkNnZZaZXDMv6T178EC8ieFDEq9/g5HHQxIsFDUVVN91dXii4Rsd5sVILi0vLK+nVzNr6xuZWdnunqoNIMaiwQASq7lENgkuoIEcB9VAB9T0BNW9QGvm1W1CaB/IGhyG0fNqTvMsZRSO1s5fNSHZAeYoyiO//h6QdNxHuML4unRfPkqSdzTl5Zwx7nrhTkiNTlNvZp2YnYJEPEpmgWjdcJ8RWTBVyJiDJNCMNIWUD2oOGoZL6oFvx+OnEPjBKx+4GypREe6z+nIipr/XQ90ynT7GvZ72R+JfXiLB72oq5DCMEySaLupGwMbBHCdodroChGBpCmeLmVpv1qQkQTc4ZE4I7+/I8qR7lXSfvXh3nCsVpHGmyR/bJIXHJCSmQC1ImFcLIA3kmb+TderRerQ/rc9KasqYzu+QXrK9vldSx+Q==</latexit><latexit sha1_base64="+Au0cBOaXoKwEsNT9vixpesDGsM=">AAACNHiclVDLSgNBEJyNrxhfUY9eFoPgKeyKoMeYgAheIpoHJCHMTjrJkNnZZaZXDMv6T178EC8ieFDEq9/g5HHQxIsFDUVVN91dXii4Rsd5sVILi0vLK+nVzNr6xuZWdnunqoNIMaiwQASq7lENgkuoIEcB9VAB9T0BNW9QGvm1W1CaB/IGhyG0fNqTvMsZRSO1s5fNSHZAeYoyiO//h6QdNxHuML4unRfPkqSdzTl5Zwx7nrhTkiNTlNvZp2YnYJEPEpmgWjdcJ8RWTBVyJiDJNCMNIWUD2oOGoZL6oFvx+OnEPjBKx+4GypREe6z+nIipr/XQ90ynT7GvZ72R+JfXiLB72oq5DCMEySaLupGwMbBHCdodroChGBpCmeLmVpv1qQkQTc4ZE4I7+/I8qR7lXSfvXh3nCsVpHGmyR/bJIXHJCSmQC1ImFcLIA3kmb+TderRerQ/rc9KasqYzu+QXrK9vldSx+Q==</latexit><latexit sha1_base64="+Au0cBOaXoKwEsNT9vixpesDGsM=">AAACNHiclVDLSgNBEJyNrxhfUY9eFoPgKeyKoMeYgAheIpoHJCHMTjrJkNnZZaZXDMv6T178EC8ieFDEq9/g5HHQxIsFDUVVN91dXii4Rsd5sVILi0vLK+nVzNr6xuZWdnunqoNIMaiwQASq7lENgkuoIEcB9VAB9T0BNW9QGvm1W1CaB/IGhyG0fNqTvMsZRSO1s5fNSHZAeYoyiO//h6QdNxHuML4unRfPkqSdzTl5Zwx7nrhTkiNTlNvZp2YnYJEPEpmgWjdcJ8RWTBVyJiDJNCMNIWUD2oOGoZL6oFvx+OnEPjBKx+4GypREe6z+nIipr/XQ90ynT7GvZ72R+JfXiLB72oq5DCMEySaLupGwMbBHCdodroChGBpCmeLmVpv1qQkQTc4ZE4I7+/I8qR7lXSfvXh3nCsVpHGmyR/bJIXHJCSmQC1ImFcLIA3kmb+TderRerQ/rc9KasqYzu+QXrK9vldSx+Q==</latexit><latexit sha1_base64="+Au0cBOaXoKwEsNT9vixpesDGsM=">AAACNHiclVDLSgNBEJyNrxhfUY9eFoPgKeyKoMeYgAheIpoHJCHMTjrJkNnZZaZXDMv6T178EC8ieFDEq9/g5HHQxIsFDUVVN91dXii4Rsd5sVILi0vLK+nVzNr6xuZWdnunqoNIMaiwQASq7lENgkuoIEcB9VAB9T0BNW9QGvm1W1CaB/IGhyG0fNqTvMsZRSO1s5fNSHZAeYoyiO//h6QdNxHuML4unRfPkqSdzTl5Zwx7nrhTkiNTlNvZp2YnYJEPEpmgWjdcJ8RWTBVyJiDJNCMNIWUD2oOGoZL6oFvx+OnEPjBKx+4GypREe6z+nIipr/XQ90ynT7GvZ72R+JfXiLB72oq5DCMEySaLupGwMbBHCdodroChGBpCmeLmVpv1qQkQTc4ZE4I7+/I8qR7lXSfvXh3nCsVpHGmyR/bJIXHJCSmQC1ImFcLIA3kmb+TderRerQ/rc9KasqYzu+QXrK9vldSx+Q==</latexit>

(b)
<latexit sha1_base64="mDF3pIt8zg/HJLOYfx4mhcdUPbk=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZpXgbNIrld2qOwNdJl5OyiRHvVf66vZjnkagkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYqlgExs9mF0/oqVX6NIy1LYV0pv6eyFhkzDgKbGfEcGgWvan4n9dJMbzyM6GSFEHx+aIwlRRjOn2f9oUGjnJsCeNa2FspHzLNONqQijYEb/HlZdI8r3pu1bu7KNeu8zgK5JickArxyCWpkVtSJw3CiSLP5JW8OcZ5cd6dj3nripPPHJE/cD5/AFBCkKo=</latexit><latexit sha1_base64="mDF3pIt8zg/HJLOYfx4mhcdUPbk=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZpXgbNIrld2qOwNdJl5OyiRHvVf66vZjnkagkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYqlgExs9mF0/oqVX6NIy1LYV0pv6eyFhkzDgKbGfEcGgWvan4n9dJMbzyM6GSFEHx+aIwlRRjOn2f9oUGjnJsCeNa2FspHzLNONqQijYEb/HlZdI8r3pu1bu7KNeu8zgK5JickArxyCWpkVtSJw3CiSLP5JW8OcZ5cd6dj3nripPPHJE/cD5/AFBCkKo=</latexit><latexit sha1_base64="mDF3pIt8zg/HJLOYfx4mhcdUPbk=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZpXgbNIrld2qOwNdJl5OyiRHvVf66vZjnkagkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYqlgExs9mF0/oqVX6NIy1LYV0pv6eyFhkzDgKbGfEcGgWvan4n9dJMbzyM6GSFEHx+aIwlRRjOn2f9oUGjnJsCeNa2FspHzLNONqQijYEb/HlZdI8r3pu1bu7KNeu8zgK5JickArxyCWpkVtSJw3CiSLP5JW8OcZ5cd6dj3nripPPHJE/cD5/AFBCkKo=</latexit><latexit sha1_base64="mDF3pIt8zg/HJLOYfx4mhcdUPbk=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lE0GPRi8cK9gPbUDbbSbt0swm7E7GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVHBo8lrFuB8yAFAoaKFBCO9HAokBCKxjdTP3WI2gjYnWP4wT8iA2UCAVnaKWHLsITZpXgbNIrld2qOwNdJl5OyiRHvVf66vZjnkagkEtmTMdzE/QzplFwCZNiNzWQMD5iA+hYqlgExs9mF0/oqVX6NIy1LYV0pv6eyFhkzDgKbGfEcGgWvan4n9dJMbzyM6GSFEHx+aIwlRRjOn2f9oUGjnJsCeNa2FspHzLNONqQijYEb/HlZdI8r3pu1bu7KNeu8zgK5JickArxyCWpkVtSJw3CiSLP5JW8OcZ5cd6dj3nripPPHJE/cD5/AFBCkKo=</latexit>

G
<latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit><latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit><latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit><latexit sha1_base64="tUjvE4wkWRlcVIxRgxZQP+zWaG8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRgx5bsB/QhrLZTtq1m03Y3Qgl9Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzCRBP6JDyUPOqLFS465frrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxDHZrAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHm/WMyw==</latexit>

G0
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Figure 5.6: (a) Dyson equation for the full Green’s function G, where G0 is the bare
Green’s function and Σ is the irreducible self-energy; (b) Diagrammatic expansion of
the irreducible self-energy Σ for impurity scattering, showing the truncation made in
SCBA. Each vertex comes with an impurity density ni and dashed lines indicate an
electron-impurity interaction.

self-energy in the helicity basis to be

Σαβ(k, E) = niT
k,k
αβ (E). (5.38)

The T -matrix satisfies the Born series,

Tk,k′

αβ (E) = Vαβ(k,k′) +
∑

λγ

∫
d2q

(2π)2

∫
d2q′

(2π)2
Vαλ(k, q)GRλγ(q, q′;E)T q′,k′

γβ (E),

(5.39)

where Vαβ(k,k′) is the matrix element of V (r) in the momentum-helicity basis. The

difference between this Born series and the one in Eq. (4.25), is that GR now represents

the full retarded Green’s function in this basis, which obeys the Dyson equation,

GRαβ(k, E) = G0
αα(k, E)δαβ +

∑

γ

G0
αα(k, E)Σαγ(k, E)GRγβ(k, E).

(5.40)

Note that the impurity averaging procedure restores translation invariance, so that the

Green’s function is diagonal in momentum. For circularly symmetric potentials, which
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have angular components given by Eq. (4.24), the low-energy T -matrix in the negative-

helicity sector is independent of the magnitude of the momenta:

Tkk′

−− =
∞∑

l=−∞
T l(E)eil(θk−θk′ ). (5.41)

This follows from the arguments made in Chapter 4, which also hold for the SCFBA

Green’s function. This guarantees that the self-energy is independent of momentum in

the same limit: Σ−−(k, E) ≡ Σ(E). By (5.40), this also means that the Green’s function

is independent of θk. The full Born series (5.39) is then solved by

T l(E) =
1

2

(
V l(k0, k0)(1− J l+ + J l−)

1− I l− − J l+ + I l−J
l
+ − I l+J l−

+
V l+1(k0, k0)(1− J l+ − J l−)

1− I l− − J l+ + I l−J
l
+ − I l+J l−

)
,

(5.42)

where I l± and J l± are the integral contributions of the lower and upper helicity Green’s

functions, respectively, defined by Eqs. (4.32), (4.33).

In the low-energy regime of interest to us, the integrand of J l± is far from its poles in

q and we expect J l± to be negligible. More precisely, let us impose a momentum cutoff

k0Λ, as in Fig. 4.1, around the ring of degenerate states such that Λ � 1, and then

integrate from k0(1− Λ) to k0(1 + Λ). In this range, |J l±| ∼ Λ� 1. As in the previous

chapter, the T -matrix is then determined entirely by the integral I l−, and is given by

the expression Eq. (4.34), only now, the integral I l− depends on the Green’s function

component that satisfies the Dyson equation

GR−−(k,E) =

(
G0
−−(k,E)−1 − Σ−−(E)− Σ−+(E)G0

++(k,E)Σ+−(E)

1−G0
++(k,E)Σ++(E)

)−1

.

(5.43)

The last term, containing the off-diagonal parts, is second order in the impurity density

and will be ignored from now on. I l− is derived in Appendix F to be

I l− ≈ −i
δ∗l
z

+
2δ∗l
πΛ

, (5.44)

where

z ≡
√

(E + µ)/E0 − Σ(E)/E0. (5.45)
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We thus have the following self-consistency condition for the self-energy,

Σ(E) =
ni
m

∞∑

l=−∞

δ∗l

1 + iδ∗l /z −
2δ∗l
πΛ

. (5.46)

Note that by expanding to lowest order in ni, we get the self-energy corresponding to

the full Born approximation as expected,

Σ(E) ≈ ni
m

∞∑

l=−∞

δ∗l

1 + iδ∗l [(E + µ)/E0]−1/2 − 2δ∗l
πΛ

. (5.47)

It is conventional to absorb the lowest order self-energy term into the chemical potential.

This amounts to redefining

Σ̃(E) ≡ Σ(E)− niV−−(k0, k0) (5.48)

µ̃ ≡ µ+ niV−−(k0, k0). (5.49)

The resulting self-energy is shown in Fig. 5.7.
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Figure 5.7: Real and imaginary parts of the self-energy for the SCFBA (solid lines)
and the full Born approximation (dashed lines). The two coincide in the clean limit.
Here, the impurity density was chosen to be ni/n0 = 0.016. A cutoff of Λ = 0.5 was
used, although the self-energy in this regime is largely independent of this choice.

From (5.43) we may compute the spectral function A(k, E) = −2 ImG−−(k, E). It is

a Lorentzian, which means our quasi-particle assumption is correct. The width of this

Lorentzian gives the quasi-particle lifetime, which in this case is energy-dependent:

1/τ(E) = −2 Im Σ(E) = ni
∑

l

ImT l(E). (5.50)
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This is equivalent to the definition of the lifetime used in the Boltzmann description

(5.8) due to the optical theorem for the low-energy T -matrix derived in Sec. 4.1.1:

ImTkk′

−− (θ = 0) = −m
2π

∫ 2π

0
dθ |Tkk′

−− |2, (5.51)

where θ is the angle between k and k′.

We integrate the spectral function to obtain the density of states

g(E) = − Im Σ

2π2

∫ k0(1+Λ)

k0(1−Λ)

dk k

(E − ξ−k − Re Σ)2 + (Im Σ)2
,

(5.52)

applying the same cutoff as before. This integral is similar to I l− and is derived in

Appendix F. The result is

g(E) =
m

π
Re

(√
E0

E + µ̃− Σ̃(E)

)
. (5.53)

Note that in the clean limit, Σ̃(E) → 0, µ̃ → µ, and we recover the non-interacting

density of states (5.5). Integrating this up to the Fermi level gives the density, which we

invert to obtain g(n) as shown in Fig. 5.8. As expected, disorder rounds the van Hove

singularity in the density of states.

A similar rounding of the density of states was found in the study of a 2D Rashba

electron gas with delta-function impurities, for which an asymptotically exact solution

is available in the low-energy limit [72]. Here we are considering a more general situation

making use of the universal behaviour of the T -matrix for arbitrary circularly symmetric,

finite-range potentials (4.34).

5.2.2 Kubo conductivity

Using the Green’s function and T -matrix derived in the previous subsection, we now

look at the conductivity within linear response theory. In linear response theory, a per-

turbation H ′(t) due to an external field is added to the Hamiltonian. For any operator

A(t) in the Heisenberg picture, the deviation of its expectation value from equilibrium
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Figure 5.8: Density of states as a function of electron density computed from the
SCFBA for an impurity density of ni/n0 = 0.016, compared to the clean limit.

is then determined by the retarded correlation function −iθ(t− t′)〈[A(t), H ′(t′)]〉0, eval-

uated in equilibrium. To compute the conductivity, we take A(t) to be the current

density operator in the x direction, Jx(t), which also appears in H ′(t), so that the

longitudinal conductivity is determined from the retarded current-current correlator

Πret(t − t′) = −iθ(t − t′)〈[Jx(t), Jx(t′)]〉0. Specifically, the DC conductivity is given by

the Kubo formula

σDC = −e2 lim
ω→0

(
Im Πret(ω)

ω

)
, (5.54)

where Πret(ω) is the Fourier-transformed retarded current-current correlator shown di-

agrammatically in Fig. 5.9(a). This reduces to the standard expression [71]

σDC =
e2

2π

∫ ∞

−∞
dE

(
− ∂f

∂E

)[
PAR(E)− RePRR(E)

]
, (5.55)

where we have defined the advanced-retarded (PAR(E)) and retarded-retarded (PRR(E))

response functions via

PXR(E) ≡
∫

d2p

(2π)2
TrGX(p,E)Γ0(p)GR(p,E)ΓXR(p, E), (5.56)

with X ∈ {R,A}. Here, GR and GA are the retarded and advanced low-energy Green’s

functions:

GR(p,E) =
1

E − ξp − Σ(E)
= GA(p,E)∗. (5.57)

Since we are only interested in energies near the band bottom, we may neglect the

contribution from the upper-helicity component of the Green’s functions as they do not

have any poles near those energies. ΓRR(p, E), and ΓAR(p, E) are the retarded-retarded
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and advanced-retarded vertex parts, which satisfy the integral equation shown in Fig.

5.9(b). Lastly, Γ0(p) ≡ ∂H
∂px

is the bare vertex. In the helicity basis, it is given by

Γ0(p) =
px
m

I− λ cos θpσz − λ sin θpσy. (5.58)

Isotropy of the system allows us to just consider the x-component of the vertex part,

corresponding to the longitudinal conductivity σDC
xx . The integral equation for the vertex

part in this basis is, in matrix notation,

ΓXR(p, E) = Γ0(p) +

∫
d2k

(2π)2
Tpk(E)GX(k,E)ΓXR(k, E)GR(k,E)Tkp(E).

(5.59)

(b)
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=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> +
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

=<latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit><latexit sha1_base64="DmNMk2YXYyTv+zN0rWXYwO/YuLg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxBfsBbSib7aRdu9mE3Y1QQn+BFw+KePUnefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfywUwS9CM6lDzkjBorNW765Ypbdecgq8TLSQVy1Pvlr94gZmmE0jBBte56bmL8jCrDmcBpqZdqTCgb0yF2LZU0Qu1n80On5MwqAxLGypY0ZK7+nshopPUkCmxnRM1IL3sz8T+vm5rw2s+4TFKDki0WhakgJiazr8mAK2RGTCyhTHF7K2EjqigzNpuSDcFbfnmVtC6qnlv1GpeV2m0eRxFO4BTOwYMrqME91KEJDBCe4RXenEfnxXl3PhatBSefOYY/cD5/AIzNjME=</latexit> +
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

⇥
<latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit>
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Figure 5.9: (a) Conductivity bubble; squiggly lines connected to two Green’s
function lines represent the current operator. Shown in the conductivity bubble is the
vertex part that includes all possible interaction lines consistent with the bubble
diagram. (b) Integral equation for the vertex part ΓXR. Here, the upper double line
corresponds the Green’s function GX, and the lower one corresponds to GR, while the
diamond with interaction lines represents a product of T -matrices. (c) Born series for
the T -matrix product. Double lines represent the SCFBA Green’s function.

Eq. (5.59) is a scalar equation in the lower-helicity sector. In this sector, Γ0(p) =

px
m −λ cos θp, which motivates us to use the following ansatz for the renormalized vertex,

ΓXR(p, E) =
px
m
− λ̃XR(E) cos θp. (5.60)
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We have anticipated a renormalized Rashba coupling λ̃XR(E) independent of momen-

tum. The mass cannot be renormalized because the only term on the right-hand side of

(5.59) that depends on the magnitude of p is the bare vertex. Expanding the T -matrix

in circular harmonics again, Eq. (5.59) reads

λ̃XR(E) = λ− ni
2π

∑

ll′

T l(E − iδ)T l′(E + iδ)

∫ 2π

0

dφ

2π
ei(l−l

′)φ(cosφ− sinφ tan θp)

×
∫ k0(1+Λ)

k0(1−Λ)
dk k

(
k

m
− λ̃XR(E)

)
GX(k,E)GR(k,E).

(5.61)

Our ansatz for the vertex part works because the mirror symmetry of the T -matrix [see

Eq.(C.26)] guarantees that

∑

ll′

T l(E − iδ)T l′(E + iδ)

∫ 2π

0

dφ

2π
ei(l−l

′)φ sinφ = 0, (5.62)

so that the θp dependence in (5.61) disappears. Using the lifetimes defined in (5.8) and

(5.9), the renormalized coupling is

λ̃XR(E)

λ
=

1 + δ
4πk0

( 1
τ tr − 1

τ )PXR
2

1 + δ
4πm( 1

τ tr − 1
τ )PXR

1

, (5.63)

where

PXR
1 ≡

∫ k0(1+Λ)

k0(1−Λ)
dp pGX(p,E)GR(p,E), (5.64)

PXR
2 ≡

∫ k0(1+Λ)

k0(1−Λ)
dp

p2

m
GX(p,E)GR(p,E). (5.65)

The integrals for the advanced-retarded part may be computed analytically as shown in

Appendix F [Eqs. (F.37), (F.41)]. The result is shown as a function of density in Fig.

5.10. At low density, the Rashba coupling renormalization is minimal.

Having obtained the renormalized coupling, we may evaluate the response function,

PXR(E) =
1

4π

(∫
dp

p3

m2
GX(p,E)GR(p,E)− (λ+ λ̃(E))

∫
dp

p2

m
GX(p,E)GR(p,E)

+λλ̃(E)

∫
dp pGX(p,E)GR(p,E)

)
. (5.66)
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Figure 5.10: Renormalized Rashba couplings λ̃AR (solid) and λ̃RR (dashed) relative
to the bare coupling for two different impurity densities. The advanced-retarded
coupling is slightly smaller than the bare coupling. The cusp seen in the
retarded-retarded coupling occurs at n ≈ ni and corresponds to a change in sign of
λ̃RR − λ. This coupling is slightly smaller than the bare value at electron densities
below the impurity density, but becomes larger than the bare coupling above the
impurity density.

Once again, the advanced-retarded integrals are evaluated analytically in Appendix F;

we obtain

PAR(E) =
1

π

(
λ̃AR

λ
− 2

)(
2

Λ
+

π

Im Σ̃
Re

√
E0[E + µ̃− Σ̃(E)]

)
.

(5.67)

It should be noted that the retarded-retarded part PRR(E) only becomes important for

electron densities below the impurity density. Above this density, the zero-temperature

conductivity is well-approximated by

σDC ≈ e2

2π
PAR(E). (5.68)

Using (5.67), one can show that this reduces to the Boltzmann result in the limit n0 �
n � ni. This is also clearly seen numerically in Fig. 5.11, where the conductivity is

computed from the full expression (5.55) at zero temperature. We see that the prominent

features of the DC conductivity found in the Boltzmann calculation (the drop near

zero density, and the quantization on a log scale) survive in the fully quantum Kubo

formula calculation as long as ni < n. Note that this regime is consistent with the

implicit assumption in the impurity-averaging process, namely that there is enough

inelastic scattering (e.g., from electron-electron or electron-phonon interactions) to cause

decoherence between impurity-scattering events.
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Figure 5.11: Zero-temperature DC conductivity as a function of electron density
computed numerically from the SCFBA for different impurity densities. We have

normalized each curve by the impurity-density-dependent factor ∆σ0 ≡ e2

8~
n0

ni

[Eq. (5.34)]. For comparison, the Boltzmann result is shown with a dashed line. As
shown in the text, the neglected crossing diagrams may become important for n < ni.
Thus the range of validity of these curves is: n/n0 > 10−2 for the blue curve,
n/n0 > 10−4 for the orange curve, and n/n0 > 10−6 for the green curve. In these
ranges we see good agreement with the Boltzmann result.

One might be skeptical about trusting the SCFBA in such a low-density regime. First,

Fermi liquid theory (validating the quasiparticle assumption in the Boltzmann descrip-

tion) typically breaks down at ultra-low densities [58]. For another, the rapid drop

seen in the conductivity as the density is lowered indicates a diverging scattering rate,

and one might think that this could lead to interimpurity interference effects, such as

weak antilocalization [73]. As it turns out however, this is not the case, provided we

focus on ni � n, which is precisely the Boltzmann limit. To see this, recall that the

only diagrams excluded from the SCFBA are the crossed diagrams, which give rise to

quantum interference effects. An example of such a crossed diagram is shown in Fig.

5.12, compared to a non-crossed diagram of the same order. We know that the SCFBA

spectral function is a Lorentzian with a width 1/τ given in Eq. (5.50). At the Fermi

level EF , this corresponds to a smearing (∆k) in momentum space that satisfies

[kF ± (∆k)]2

2m
− λ[kF ± (∆k)] ∼ EF + 1/τ, (5.69)

where + and − correspond to the > and < states respectively. As shown in Ref. [72],

the condition for crossed diagrams to be negligible is that (∆k) � k0. We include this

argument here for completeness. The result of Eq. (5.69) is that

(∆k) ∼ k0δ

(
− 1 +

√
1 +

2m

(k0δ)2
(1/τ)

)
. (5.70)

85



Returning to the diagrams in Fig. 5.12, we see that the internal momenta in the non-

crossed diagram are independent, so that the phase space for this diagram is

ΩNC = [(2πk< + 2πk>)(∆k)]2 = [4πk0(∆k)]2. (5.71)

On the other hand, crossing diagrams have the restriction |k2 +k−k1| ∈ [k− (∆k), k+

(∆k)], which means that once one momentum is fixed, the other is restricted to the

intersection of four annuli. One possibility is shown in the bottom right of Fig. 5.12 with

two intersections, but there are three other cases with four, six and eight intersections

as well. Regardless, the phase space will be

ΩC ∼ 8πk0(∆k)3. (5.72)

So we can neglect crossing diagrams (at least at this order), provided that

ΩC

ΩNC
∼ (∆k)

2πk0
� 1. (5.73)

In the low-energy regime, this means that

1

E0τ
� 4π2. (5.74)

Let us now see if the SCFBA scattering rate meets this criterion. To be consistent with

impurity averaging and the low-density approximations we have made, we should focus

on
ni
n0
� n

n0
� 1. (5.75)

In this case, we have seen that the scattering rate is well approximated by the low-density

Boltzmann result. From (5.18), we have

1

E0τ
=
e2

π

(
n

n0

)
1

σDC
. (5.76)

If the conductivity drops to zero too rapidly as the electron density is lowered, one is

not able to satisfy (5.74). But using Eq. (5.25), as the index l of the plateau increases,

the conductivity decreases at a rate of

dσDC

dl
∼ −n0

ni

e2

8l2
, (5.77)
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k1 � k2
<latexit sha1_base64="bxlzufgy+6RzeqTkbF3bzSGxxuE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT333/Nen7ttVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGYJdV</latexit><latexit sha1_base64="bxlzufgy+6RzeqTkbF3bzSGxxuE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT333/Nen7ttVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGYJdV</latexit><latexit sha1_base64="bxlzufgy+6RzeqTkbF3bzSGxxuE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT333/Nen7ttVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGYJdV</latexit><latexit sha1_base64="bxlzufgy+6RzeqTkbF3bzSGxxuE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT333/Nen7ttVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGYJdV</latexit>

⇥
<latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit>

⇥
<latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit>

k1 � k
<latexit sha1_base64="D5i72CbS3lKSNy8525mkel5pQpE=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lKYIui25cVrAPaEOZTCft0MkkzEyEErLxV9y4UMStn+HOv3HSZlFbDwycOede7r3HjzlT2nF+rNLa+sbmVnm7srO7t39gHx61VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONP7nK/80SlYpF41NOYeiEeCRYwgrWRBvZJP8R67AfpJBu4lwsfu+rUnBnQKnELUoUCzYH93R9GJAmp0IRjpXquE2svxVIzwmlW6SeKxphM8Ij2DBU4pMpLZwdk6NwoQxRE0jyh0Uxd7EhxqNQ09E1lvqFa9nLxP6+X6ODGS5mIE00FmQ8KEo50hPI00JBJSjSfGoKJZGZXRMZYYqJNZhUTgrt88ipp12uuU3MfrqqN2yKOMpzCGVyAC9fQgHtoQgsIZPACb/BuPVuv1of1OS8tWUXPMfyB9fULDZCWsA==</latexit><latexit sha1_base64="D5i72CbS3lKSNy8525mkel5pQpE=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lKYIui25cVrAPaEOZTCft0MkkzEyEErLxV9y4UMStn+HOv3HSZlFbDwycOede7r3HjzlT2nF+rNLa+sbmVnm7srO7t39gHx61VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONP7nK/80SlYpF41NOYeiEeCRYwgrWRBvZJP8R67AfpJBu4lwsfu+rUnBnQKnELUoUCzYH93R9GJAmp0IRjpXquE2svxVIzwmlW6SeKxphM8Ij2DBU4pMpLZwdk6NwoQxRE0jyh0Uxd7EhxqNQ09E1lvqFa9nLxP6+X6ODGS5mIE00FmQ8KEo50hPI00JBJSjSfGoKJZGZXRMZYYqJNZhUTgrt88ipp12uuU3MfrqqN2yKOMpzCGVyAC9fQgHtoQgsIZPACb/BuPVuv1of1OS8tWUXPMfyB9fULDZCWsA==</latexit><latexit sha1_base64="D5i72CbS3lKSNy8525mkel5pQpE=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lKYIui25cVrAPaEOZTCft0MkkzEyEErLxV9y4UMStn+HOv3HSZlFbDwycOede7r3HjzlT2nF+rNLa+sbmVnm7srO7t39gHx61VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONP7nK/80SlYpF41NOYeiEeCRYwgrWRBvZJP8R67AfpJBu4lwsfu+rUnBnQKnELUoUCzYH93R9GJAmp0IRjpXquE2svxVIzwmlW6SeKxphM8Ij2DBU4pMpLZwdk6NwoQxRE0jyh0Uxd7EhxqNQ09E1lvqFa9nLxP6+X6ODGS5mIE00FmQ8KEo50hPI00JBJSjSfGoKJZGZXRMZYYqJNZhUTgrt88ipp12uuU3MfrqqN2yKOMpzCGVyAC9fQgHtoQgsIZPACb/BuPVuv1of1OS8tWUXPMfyB9fULDZCWsA==</latexit><latexit sha1_base64="D5i72CbS3lKSNy8525mkel5pQpE=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lKYIui25cVrAPaEOZTCft0MkkzEyEErLxV9y4UMStn+HOv3HSZlFbDwycOede7r3HjzlT2nF+rNLa+sbmVnm7srO7t39gHx61VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONP7nK/80SlYpF41NOYeiEeCRYwgrWRBvZJP8R67AfpJBu4lwsfu+rUnBnQKnELUoUCzYH93R9GJAmp0IRjpXquE2svxVIzwmlW6SeKxphM8Ij2DBU4pMpLZwdk6NwoQxRE0jyh0Uxd7EhxqNQ09E1lvqFa9nLxP6+X6ODGS5mIE00FmQ8KEo50hPI00JBJSjSfGoKJZGZXRMZYYqJNZhUTgrt88ipp12uuU3MfrqqN2yKOMpzCGVyAC9fQgHtoQgsIZPACb/BuPVuv1of1OS8tWUXPMfyB9fULDZCWsA==</latexit>

k1
<latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit>

k� k1
<latexit sha1_base64="RKQCqKelLidgF1nKTjBKFSSATRo=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJRFBl0U3LivYWmhDmEwn7dDJJMxMhBKy8VXcuFDErY/hzrdx0gbU1gMDH+fey9x7goQzpR3ny6osLa+srlXXaxubW9s79u5eR8WpJLRNYh7LboAV5UzQtmaa024iKY4CTu+D8XVRv3+gUrFY3OlJQr0IDwULGcHaWL590I+wHgVhNs5Pf9B3fbvuNJyp0CK4JdShVMu3P/uDmKQRFZpwrFTPdRLtZVhqRjjNa/1U0QSTMR7SnkGBI6q8bHpAjo6NM0BhLM0TGk3d3xMZjpSaRIHpLHZU87XC/K/WS3V46WVMJKmmgsw+ClOOdIyKNNCASUo0nxjARDKzKyIjLDHRJrOaCcGdP3kROmcN12m4t+f15lUZRxUO4QhOwIULaMINtKANBHJ4ghd4tR6tZ+vNep+1VqxyZh/+yPr4BhAclrA=</latexit><latexit sha1_base64="RKQCqKelLidgF1nKTjBKFSSATRo=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJRFBl0U3LivYWmhDmEwn7dDJJMxMhBKy8VXcuFDErY/hzrdx0gbU1gMDH+fey9x7goQzpR3ny6osLa+srlXXaxubW9s79u5eR8WpJLRNYh7LboAV5UzQtmaa024iKY4CTu+D8XVRv3+gUrFY3OlJQr0IDwULGcHaWL590I+wHgVhNs5Pf9B3fbvuNJyp0CK4JdShVMu3P/uDmKQRFZpwrFTPdRLtZVhqRjjNa/1U0QSTMR7SnkGBI6q8bHpAjo6NM0BhLM0TGk3d3xMZjpSaRIHpLHZU87XC/K/WS3V46WVMJKmmgsw+ClOOdIyKNNCASUo0nxjARDKzKyIjLDHRJrOaCcGdP3kROmcN12m4t+f15lUZRxUO4QhOwIULaMINtKANBHJ4ghd4tR6tZ+vNep+1VqxyZh/+yPr4BhAclrA=</latexit><latexit sha1_base64="RKQCqKelLidgF1nKTjBKFSSATRo=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJRFBl0U3LivYWmhDmEwn7dDJJMxMhBKy8VXcuFDErY/hzrdx0gbU1gMDH+fey9x7goQzpR3ny6osLa+srlXXaxubW9s79u5eR8WpJLRNYh7LboAV5UzQtmaa024iKY4CTu+D8XVRv3+gUrFY3OlJQr0IDwULGcHaWL590I+wHgVhNs5Pf9B3fbvuNJyp0CK4JdShVMu3P/uDmKQRFZpwrFTPdRLtZVhqRjjNa/1U0QSTMR7SnkGBI6q8bHpAjo6NM0BhLM0TGk3d3xMZjpSaRIHpLHZU87XC/K/WS3V46WVMJKmmgsw+ClOOdIyKNNCASUo0nxjARDKzKyIjLDHRJrOaCcGdP3kROmcN12m4t+f15lUZRxUO4QhOwIULaMINtKANBHJ4ghd4tR6tZ+vNep+1VqxyZh/+yPr4BhAclrA=</latexit><latexit sha1_base64="RKQCqKelLidgF1nKTjBKFSSATRo=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJRFBl0U3LivYWmhDmEwn7dDJJMxMhBKy8VXcuFDErY/hzrdx0gbU1gMDH+fey9x7goQzpR3ny6osLa+srlXXaxubW9s79u5eR8WpJLRNYh7LboAV5UzQtmaa024iKY4CTu+D8XVRv3+gUrFY3OlJQr0IDwULGcHaWL590I+wHgVhNs5Pf9B3fbvuNJyp0CK4JdShVMu3P/uDmKQRFZpwrFTPdRLtZVhqRjjNa/1U0QSTMR7SnkGBI6q8bHpAjo6NM0BhLM0TGk3d3xMZjpSaRIHpLHZU87XC/K/WS3V46WVMJKmmgsw+ClOOdIyKNNCASUo0nxjARDKzKyIjLDHRJrOaCcGdP3kROmcN12m4t+f15lUZRxUO4QhOwIULaMINtKANBHJ4ghd4tR6tZ+vNep+1VqxyZh/+yPr4BhAclrA=</latexit>

k2
<latexit sha1_base64="Vvt+9SKEkQzkobjkkD8zPhCTj1U=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIwm86HjWG15tbdBcg68QpSgwKtYfXLH8UsjbhCJqkxfc9NcJBRjYJJPq/4qeEJZVM65n1LFY24GWSLzHNyYZURCWNtn0KyUH9vZDQyZhYFdjLPaFa9XPzP66cY3gwyoZIUuWLLQ2EqCcYkL4CMhOYM5cwSyrSwWQmbUE0Z2poqtgRv9cvrpNOoe27de7iqNW+LOspwBudwCR5cQxPuoQVtYJDAM7zCm5M6L86787EcLTnFzin8gfP5AxgJkbQ=</latexit><latexit sha1_base64="Vvt+9SKEkQzkobjkkD8zPhCTj1U=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIwm86HjWG15tbdBcg68QpSgwKtYfXLH8UsjbhCJqkxfc9NcJBRjYJJPq/4qeEJZVM65n1LFY24GWSLzHNyYZURCWNtn0KyUH9vZDQyZhYFdjLPaFa9XPzP66cY3gwyoZIUuWLLQ2EqCcYkL4CMhOYM5cwSyrSwWQmbUE0Z2poqtgRv9cvrpNOoe27de7iqNW+LOspwBudwCR5cQxPuoQVtYJDAM7zCm5M6L86787EcLTnFzin8gfP5AxgJkbQ=</latexit><latexit sha1_base64="Vvt+9SKEkQzkobjkkD8zPhCTj1U=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIwm86HjWG15tbdBcg68QpSgwKtYfXLH8UsjbhCJqkxfc9NcJBRjYJJPq/4qeEJZVM65n1LFY24GWSLzHNyYZURCWNtn0KyUH9vZDQyZhYFdjLPaFa9XPzP66cY3gwyoZIUuWLLQ2EqCcYkL4CMhOYM5cwSyrSwWQmbUE0Z2poqtgRv9cvrpNOoe27de7iqNW+LOspwBudwCR5cQxPuoQVtYJDAM7zCm5M6L86787EcLTnFzin8gfP5AxgJkbQ=</latexit><latexit sha1_base64="Vvt+9SKEkQzkobjkkD8zPhCTj1U=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRF0GXRjcsK9gFNKZPppB06mYSZG6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWdOkEhh0HW/ndLG5tb2Tnm3srd/cHhUPT7pmDjVjLdZLGPdC6jhUijeRoGS9xLNaRRI3g2md7nffeLaiFg94izhg4iOlQgFo2gl348oToIwm86HjWG15tbdBcg68QpSgwKtYfXLH8UsjbhCJqkxfc9NcJBRjYJJPq/4qeEJZVM65n1LFY24GWSLzHNyYZURCWNtn0KyUH9vZDQyZhYFdjLPaFa9XPzP66cY3gwyoZIUuWLLQ2EqCcYkL4CMhOYM5cwSyrSwWQmbUE0Z2poqtgRv9cvrpNOoe27de7iqNW+LOspwBudwCR5cQxPuoQVtYJDAM7zCm5M6L86787EcLTnFzin8gfP5AxgJkbQ=</latexit>

k2 � k1
<latexit sha1_base64="T4V1PMhNnKzryiGfxl1vS+UxUUw=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT/36+a+P69tVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGbZdV</latexit><latexit sha1_base64="T4V1PMhNnKzryiGfxl1vS+UxUUw=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT/36+a+P69tVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGbZdV</latexit><latexit sha1_base64="T4V1PMhNnKzryiGfxl1vS+UxUUw=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT/36+a+P69tVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGbZdV</latexit><latexit sha1_base64="T4V1PMhNnKzryiGfxl1vS+UxUUw=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT/36+a+P69tVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGbZdV</latexit>

k1
<latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit>

Non-crossed
<latexit sha1_base64="Q2460Lz7IhH5igfZdBNcqB5RKwU=">AAAB/HicbVBNS8NAEN3Ur1q/qj16CRbBiyURQY9FL56kgv2ANpTNZtou3eyG3YkYQv0rXjwo4tUf4s1/Y9rmoK0PBh7vzTAzz48EN+g431ZhZXVtfaO4Wdra3tndK+8ftIyKNYMmU0Lpjk8NCC6hiRwFdCINNPQFtP3x9dRvP4A2XMl7TCLwQjqUfMAZxUzqlys9hEdMb5U8ZVoZA8Gk1C9XnZozg71M3JxUSY5Gv/zVCxSLQ5DIBDWm6zoReinVyJmASakXG4goG9MhdDMqaQjGS2fHT+zjTAnsgdJZSbRn6u+JlIbGJKGfdYYUR2bRm4r/ed0YB5deymUUI0g2XzSIhY3KniZhB1wDQ5FkhDLNs1ttNqKaMszymobgLr68TFpnNdepuXfn1fpVHkeRHJIjckJcckHq5IY0SJMwkpBn8krerCfrxXq3PuatBSufqZA/sD5/AMsGlNc=</latexit><latexit sha1_base64="Q2460Lz7IhH5igfZdBNcqB5RKwU=">AAAB/HicbVBNS8NAEN3Ur1q/qj16CRbBiyURQY9FL56kgv2ANpTNZtou3eyG3YkYQv0rXjwo4tUf4s1/Y9rmoK0PBh7vzTAzz48EN+g431ZhZXVtfaO4Wdra3tndK+8ftIyKNYMmU0Lpjk8NCC6hiRwFdCINNPQFtP3x9dRvP4A2XMl7TCLwQjqUfMAZxUzqlys9hEdMb5U8ZVoZA8Gk1C9XnZozg71M3JxUSY5Gv/zVCxSLQ5DIBDWm6zoReinVyJmASakXG4goG9MhdDMqaQjGS2fHT+zjTAnsgdJZSbRn6u+JlIbGJKGfdYYUR2bRm4r/ed0YB5deymUUI0g2XzSIhY3KniZhB1wDQ5FkhDLNs1ttNqKaMszymobgLr68TFpnNdepuXfn1fpVHkeRHJIjckJcckHq5IY0SJMwkpBn8krerCfrxXq3PuatBSufqZA/sD5/AMsGlNc=</latexit><latexit sha1_base64="Q2460Lz7IhH5igfZdBNcqB5RKwU=">AAAB/HicbVBNS8NAEN3Ur1q/qj16CRbBiyURQY9FL56kgv2ANpTNZtou3eyG3YkYQv0rXjwo4tUf4s1/Y9rmoK0PBh7vzTAzz48EN+g431ZhZXVtfaO4Wdra3tndK+8ftIyKNYMmU0Lpjk8NCC6hiRwFdCINNPQFtP3x9dRvP4A2XMl7TCLwQjqUfMAZxUzqlys9hEdMb5U8ZVoZA8Gk1C9XnZozg71M3JxUSY5Gv/zVCxSLQ5DIBDWm6zoReinVyJmASakXG4goG9MhdDMqaQjGS2fHT+zjTAnsgdJZSbRn6u+JlIbGJKGfdYYUR2bRm4r/ed0YB5deymUUI0g2XzSIhY3KniZhB1wDQ5FkhDLNs1ttNqKaMszymobgLr68TFpnNdepuXfn1fpVHkeRHJIjckJcckHq5IY0SJMwkpBn8krerCfrxXq3PuatBSufqZA/sD5/AMsGlNc=</latexit><latexit sha1_base64="Q2460Lz7IhH5igfZdBNcqB5RKwU=">AAAB/HicbVBNS8NAEN3Ur1q/qj16CRbBiyURQY9FL56kgv2ANpTNZtou3eyG3YkYQv0rXjwo4tUf4s1/Y9rmoK0PBh7vzTAzz48EN+g431ZhZXVtfaO4Wdra3tndK+8ftIyKNYMmU0Lpjk8NCC6hiRwFdCINNPQFtP3x9dRvP4A2XMl7TCLwQjqUfMAZxUzqlys9hEdMb5U8ZVoZA8Gk1C9XnZozg71M3JxUSY5Gv/zVCxSLQ5DIBDWm6zoReinVyJmASakXG4goG9MhdDMqaQjGS2fHT+zjTAnsgdJZSbRn6u+JlIbGJKGfdYYUR2bRm4r/ed0YB5deymUUI0g2XzSIhY3KniZhB1wDQ5FkhDLNs1ttNqKaMszymobgLr68TFpnNdepuXfn1fpVHkeRHJIjckJcckHq5IY0SJMwkpBn8krerCfrxXq3PuatBSufqZA/sD5/AMsGlNc=</latexit>

⇥
<latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit>

⇥
<latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit><latexit sha1_base64="EKJy6rjXhiAKrBUXGSg3J2VqHFQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOZpMxszPLTK8QQv7BiwdFvPo/3vwbJ8keNLGgoajqprsrSqWw6PvfXmFtfWNzq7hd2tnd2z8oHx41rc4M4w2mpTbtiFouheINFCh5OzWcJpHkrWh0O/NbT9xYodUDjlMeJnSgRCwYRSc1uygSbnvlil/15yCrJMhJBXLUe+Wvbl+zLOEKmaTWdgI/xXBCDQom+bTUzSxPKRvRAe84qqhbEk7m107JmVP6JNbGlUIyV39PTGhi7TiJXGdCcWiXvZn4n9fJML4OJ0KlGXLFFoviTBLUZPY66QvDGcqxI5QZ4W4lbEgNZegCKrkQguWXV0nzohr41eD+slK7yeMowgmcwjkEcAU1uIM6NIDBIzzDK7x52nvx3r2PRWvBy2eO4Q+8zx+2K480</latexit>

k1
<latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit>

k1 � k
<latexit sha1_base64="D5i72CbS3lKSNy8525mkel5pQpE=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lKYIui25cVrAPaEOZTCft0MkkzEyEErLxV9y4UMStn+HOv3HSZlFbDwycOede7r3HjzlT2nF+rNLa+sbmVnm7srO7t39gHx61VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONP7nK/80SlYpF41NOYeiEeCRYwgrWRBvZJP8R67AfpJBu4lwsfu+rUnBnQKnELUoUCzYH93R9GJAmp0IRjpXquE2svxVIzwmlW6SeKxphM8Ij2DBU4pMpLZwdk6NwoQxRE0jyh0Uxd7EhxqNQ09E1lvqFa9nLxP6+X6ODGS5mIE00FmQ8KEo50hPI00JBJSjSfGoKJZGZXRMZYYqJNZhUTgrt88ipp12uuU3MfrqqN2yKOMpzCGVyAC9fQgHtoQgsIZPACb/BuPVuv1of1OS8tWUXPMfyB9fULDZCWsA==</latexit><latexit sha1_base64="D5i72CbS3lKSNy8525mkel5pQpE=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lKYIui25cVrAPaEOZTCft0MkkzEyEErLxV9y4UMStn+HOv3HSZlFbDwycOede7r3HjzlT2nF+rNLa+sbmVnm7srO7t39gHx61VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONP7nK/80SlYpF41NOYeiEeCRYwgrWRBvZJP8R67AfpJBu4lwsfu+rUnBnQKnELUoUCzYH93R9GJAmp0IRjpXquE2svxVIzwmlW6SeKxphM8Ij2DBU4pMpLZwdk6NwoQxRE0jyh0Uxd7EhxqNQ09E1lvqFa9nLxP6+X6ODGS5mIE00FmQ8KEo50hPI00JBJSjSfGoKJZGZXRMZYYqJNZhUTgrt88ipp12uuU3MfrqqN2yKOMpzCGVyAC9fQgHtoQgsIZPACb/BuPVuv1of1OS8tWUXPMfyB9fULDZCWsA==</latexit><latexit sha1_base64="D5i72CbS3lKSNy8525mkel5pQpE=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lKYIui25cVrAPaEOZTCft0MkkzEyEErLxV9y4UMStn+HOv3HSZlFbDwycOede7r3HjzlT2nF+rNLa+sbmVnm7srO7t39gHx61VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONP7nK/80SlYpF41NOYeiEeCRYwgrWRBvZJP8R67AfpJBu4lwsfu+rUnBnQKnELUoUCzYH93R9GJAmp0IRjpXquE2svxVIzwmlW6SeKxphM8Ij2DBU4pMpLZwdk6NwoQxRE0jyh0Uxd7EhxqNQ09E1lvqFa9nLxP6+X6ODGS5mIE00FmQ8KEo50hPI00JBJSjSfGoKJZGZXRMZYYqJNZhUTgrt88ipp12uuU3MfrqqN2yKOMpzCGVyAC9fQgHtoQgsIZPACb/BuPVuv1of1OS8tWUXPMfyB9fULDZCWsA==</latexit><latexit sha1_base64="D5i72CbS3lKSNy8525mkel5pQpE=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWwY0lKYIui25cVrAPaEOZTCft0MkkzEyEErLxV9y4UMStn+HOv3HSZlFbDwycOede7r3HjzlT2nF+rNLa+sbmVnm7srO7t39gHx61VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONP7nK/80SlYpF41NOYeiEeCRYwgrWRBvZJP8R67AfpJBu4lwsfu+rUnBnQKnELUoUCzYH93R9GJAmp0IRjpXquE2svxVIzwmlW6SeKxphM8Ij2DBU4pMpLZwdk6NwoQxRE0jyh0Uxd7EhxqNQ09E1lvqFa9nLxP6+X6ODGS5mIE00FmQ8KEo50hPI00JBJSjSfGoKJZGZXRMZYYqJNZhUTgrt88ipp12uuU3MfrqqN2yKOMpzCGVyAC9fQgHtoQgsIZPACb/BuPVuv1of1OS8tWUXPMfyB9fULDZCWsA==</latexit>

Crossed
<latexit sha1_base64="FET/cYAz78FZNpWeX6O9dVQosj8=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoJVgETyURQY/FXjxWsK3QhrLZTNqlm03YnYg19Jd48aCIV3+KN/+NmzYHbX0w8Hhvhpl5fiK4Rsf5tkpr6xubW+Xtys7u3n61dnDY1XGqGHRYLGJ171MNgkvoIEcB94kCGvkCev6klfu9B1Cax/IOpwl4ER1JHnJG0UjDWnWA8IhZS8VaQzCrDGt1p+HMYa8StyB1UqA9rH0NgpilEUhkgmrdd50EvYwq5EzArDJINSSUTegI+oZKGoH2svnhM/vUKIEdxsqURHuu/p7IaKT1NPJNZ0RxrJe9XPzP66cYXnkZl0mKINliUZgKG2M7T8EOuAKGYmoIZYqbW202pooyNFnlIbjLL6+S7nnDdRru7UW9eV3EUSbH5IScEZdckia5IW3SIYyk5Jm8kjfryXqx3q2PRWvJKmaOyB9Ynz/is5M3</latexit><latexit sha1_base64="FET/cYAz78FZNpWeX6O9dVQosj8=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoJVgETyURQY/FXjxWsK3QhrLZTNqlm03YnYg19Jd48aCIV3+KN/+NmzYHbX0w8Hhvhpl5fiK4Rsf5tkpr6xubW+Xtys7u3n61dnDY1XGqGHRYLGJ171MNgkvoIEcB94kCGvkCev6klfu9B1Cax/IOpwl4ER1JHnJG0UjDWnWA8IhZS8VaQzCrDGt1p+HMYa8StyB1UqA9rH0NgpilEUhkgmrdd50EvYwq5EzArDJINSSUTegI+oZKGoH2svnhM/vUKIEdxsqURHuu/p7IaKT1NPJNZ0RxrJe9XPzP66cYXnkZl0mKINliUZgKG2M7T8EOuAKGYmoIZYqbW202pooyNFnlIbjLL6+S7nnDdRru7UW9eV3EUSbH5IScEZdckia5IW3SIYyk5Jm8kjfryXqx3q2PRWvJKmaOyB9Ynz/is5M3</latexit><latexit sha1_base64="FET/cYAz78FZNpWeX6O9dVQosj8=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoJVgETyURQY/FXjxWsK3QhrLZTNqlm03YnYg19Jd48aCIV3+KN/+NmzYHbX0w8Hhvhpl5fiK4Rsf5tkpr6xubW+Xtys7u3n61dnDY1XGqGHRYLGJ171MNgkvoIEcB94kCGvkCev6klfu9B1Cax/IOpwl4ER1JHnJG0UjDWnWA8IhZS8VaQzCrDGt1p+HMYa8StyB1UqA9rH0NgpilEUhkgmrdd50EvYwq5EzArDJINSSUTegI+oZKGoH2svnhM/vUKIEdxsqURHuu/p7IaKT1NPJNZ0RxrJe9XPzP66cYXnkZl0mKINliUZgKG2M7T8EOuAKGYmoIZYqbW202pooyNFnlIbjLL6+S7nnDdRru7UW9eV3EUSbH5IScEZdckia5IW3SIYyk5Jm8kjfryXqx3q2PRWvJKmaOyB9Ynz/is5M3</latexit><latexit sha1_base64="FET/cYAz78FZNpWeX6O9dVQosj8=">AAAB+HicbVBNS8NAEN3Ur1o/WvXoJVgETyURQY/FXjxWsK3QhrLZTNqlm03YnYg19Jd48aCIV3+KN/+NmzYHbX0w8Hhvhpl5fiK4Rsf5tkpr6xubW+Xtys7u3n61dnDY1XGqGHRYLGJ171MNgkvoIEcB94kCGvkCev6klfu9B1Cax/IOpwl4ER1JHnJG0UjDWnWA8IhZS8VaQzCrDGt1p+HMYa8StyB1UqA9rH0NgpilEUhkgmrdd50EvYwq5EzArDJINSSUTegI+oZKGoH2svnhM/vUKIEdxsqURHuu/p7IaKT1NPJNZ0RxrJe9XPzP66cYXnkZl0mKINliUZgKG2M7T8EOuAKGYmoIZYqbW202pooyNFnlIbjLL6+S7nnDdRru7UW9eV3EUSbH5IScEZdckia5IW3SIYyk5Jm8kjfryXqx3q2PRWvJKmaOyB9Ynz/is5M3</latexit>

k2 � k1
<latexit sha1_base64="T4V1PMhNnKzryiGfxl1vS+UxUUw=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT/36+a+P69tVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGbZdV</latexit><latexit sha1_base64="T4V1PMhNnKzryiGfxl1vS+UxUUw=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT/36+a+P69tVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGbZdV</latexit><latexit sha1_base64="T4V1PMhNnKzryiGfxl1vS+UxUUw=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT/36+a+P69tVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGbZdV</latexit><latexit sha1_base64="T4V1PMhNnKzryiGfxl1vS+UxUUw=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT/36+a+P69tVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGbZdV</latexit>

k� k1
<latexit sha1_base64="RKQCqKelLidgF1nKTjBKFSSATRo=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJRFBl0U3LivYWmhDmEwn7dDJJMxMhBKy8VXcuFDErY/hzrdx0gbU1gMDH+fey9x7goQzpR3ny6osLa+srlXXaxubW9s79u5eR8WpJLRNYh7LboAV5UzQtmaa024iKY4CTu+D8XVRv3+gUrFY3OlJQr0IDwULGcHaWL590I+wHgVhNs5Pf9B3fbvuNJyp0CK4JdShVMu3P/uDmKQRFZpwrFTPdRLtZVhqRjjNa/1U0QSTMR7SnkGBI6q8bHpAjo6NM0BhLM0TGk3d3xMZjpSaRIHpLHZU87XC/K/WS3V46WVMJKmmgsw+ClOOdIyKNNCASUo0nxjARDKzKyIjLDHRJrOaCcGdP3kROmcN12m4t+f15lUZRxUO4QhOwIULaMINtKANBHJ4ghd4tR6tZ+vNep+1VqxyZh/+yPr4BhAclrA=</latexit><latexit sha1_base64="RKQCqKelLidgF1nKTjBKFSSATRo=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJRFBl0U3LivYWmhDmEwn7dDJJMxMhBKy8VXcuFDErY/hzrdx0gbU1gMDH+fey9x7goQzpR3ny6osLa+srlXXaxubW9s79u5eR8WpJLRNYh7LboAV5UzQtmaa024iKY4CTu+D8XVRv3+gUrFY3OlJQr0IDwULGcHaWL590I+wHgVhNs5Pf9B3fbvuNJyp0CK4JdShVMu3P/uDmKQRFZpwrFTPdRLtZVhqRjjNa/1U0QSTMR7SnkGBI6q8bHpAjo6NM0BhLM0TGk3d3xMZjpSaRIHpLHZU87XC/K/WS3V46WVMJKmmgsw+ClOOdIyKNNCASUo0nxjARDKzKyIjLDHRJrOaCcGdP3kROmcN12m4t+f15lUZRxUO4QhOwIULaMINtKANBHJ4ghd4tR6tZ+vNep+1VqxyZh/+yPr4BhAclrA=</latexit><latexit sha1_base64="RKQCqKelLidgF1nKTjBKFSSATRo=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJRFBl0U3LivYWmhDmEwn7dDJJMxMhBKy8VXcuFDErY/hzrdx0gbU1gMDH+fey9x7goQzpR3ny6osLa+srlXXaxubW9s79u5eR8WpJLRNYh7LboAV5UzQtmaa024iKY4CTu+D8XVRv3+gUrFY3OlJQr0IDwULGcHaWL590I+wHgVhNs5Pf9B3fbvuNJyp0CK4JdShVMu3P/uDmKQRFZpwrFTPdRLtZVhqRjjNa/1U0QSTMR7SnkGBI6q8bHpAjo6NM0BhLM0TGk3d3xMZjpSaRIHpLHZU87XC/K/WS3V46WVMJKmmgsw+ClOOdIyKNNCASUo0nxjARDKzKyIjLDHRJrOaCcGdP3kROmcN12m4t+f15lUZRxUO4QhOwIULaMINtKANBHJ4ghd4tR6tZ+vNep+1VqxyZh/+yPr4BhAclrA=</latexit><latexit sha1_base64="RKQCqKelLidgF1nKTjBKFSSATRo=">AAACAHicbZDNSsNAFIVv6l+tf1EXLtwMFsGNJRFBl0U3LivYWmhDmEwn7dDJJMxMhBKy8VXcuFDErY/hzrdx0gbU1gMDH+fey9x7goQzpR3ny6osLa+srlXXaxubW9s79u5eR8WpJLRNYh7LboAV5UzQtmaa024iKY4CTu+D8XVRv3+gUrFY3OlJQr0IDwULGcHaWL590I+wHgVhNs5Pf9B3fbvuNJyp0CK4JdShVMu3P/uDmKQRFZpwrFTPdRLtZVhqRjjNa/1U0QSTMR7SnkGBI6q8bHpAjo6NM0BhLM0TGk3d3xMZjpSaRIHpLHZU87XC/K/WS3V46WVMJKmmgsw+ClOOdIyKNNCASUo0nxjARDKzKyIjLDHRJrOaCcGdP3kROmcN12m4t+f15lUZRxUO4QhOwIULaMINtKANBHJ4ghd4tR6tZ+vNep+1VqxyZh/+yPr4BhAclrA=</latexit>

k1 � k2
<latexit sha1_base64="bxlzufgy+6RzeqTkbF3bzSGxxuE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT333/Nen7ttVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGYJdV</latexit><latexit sha1_base64="bxlzufgy+6RzeqTkbF3bzSGxxuE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT333/Nen7ttVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGYJdV</latexit><latexit sha1_base64="bxlzufgy+6RzeqTkbF3bzSGxxuE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT333/Nen7ttVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGYJdV</latexit><latexit sha1_base64="bxlzufgy+6RzeqTkbF3bzSGxxuE=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIbixJEXRZdOOygn1AG8JkOmmHTiZhZiKUUNz4K25cKOLWr3Dn3zhps9DWAwNnzrmXe+8JEs6Udpxvq7Syura+Ud6sbG3v7O7Z+wdtFaeS0BaJeSy7AVaUM0FbmmlOu4mkOAo47QTjm9zvPFCpWCzu9SShXoSHgoWMYG0k3z7qR1iPgjAbT333/Nen7ttVp+bMgJaJW5AqFGj69ld/EJM0okITjpXquU6ivQxLzQin00o/VTTBZIyHtGeowBFVXjY7YYpOjTJAYSzNExrN1N8dGY6UmkSBqcx3VIteLv7n9VIdXnkZE0mqqSDzQWHKkY5RngcaMEmJ5hNDMJHM7IrICEtMtEmtYkJwF09eJu16zXVq7t1FtXFdxFGGYziBM3DhEhpwC01oAYFHeIZXeLOerBfr3fqYl5asoucQ/sD6/AFGYJdV</latexit>

�k
<latexit sha1_base64="ahLOqDgbPUtCkv4iXUqhNrF/mPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegHjxGMDGQLGF20kmGzD6c6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEiUNue63U1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtatgBtUMsIGSVLYSjTyMFD4EIyup/7DE2oj4+iexgn6IR9Esi8FJyu1OjeoiLNRt1xxq+4MbJl4OalAjnq3/NXpxSINMSKhuDFtz03Iz7gmKRROSp3UYMLFiA+wbWnEQzR+Nrt3wk6s0mP9WNuKiM3U3xMZD40Zh4HtDDkNzaI3Ff/z2in1L/1MRklKGIn5on6qGMVs+jzrSY2C1NgSLrS0tzIx5JoLshGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0aIEDBM7zCm/PovDjvzse8teDkM4fwB87nD4HRj5s=</latexit><latexit sha1_base64="ahLOqDgbPUtCkv4iXUqhNrF/mPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegHjxGMDGQLGF20kmGzD6c6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEiUNue63U1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtatgBtUMsIGSVLYSjTyMFD4EIyup/7DE2oj4+iexgn6IR9Esi8FJyu1OjeoiLNRt1xxq+4MbJl4OalAjnq3/NXpxSINMSKhuDFtz03Iz7gmKRROSp3UYMLFiA+wbWnEQzR+Nrt3wk6s0mP9WNuKiM3U3xMZD40Zh4HtDDkNzaI3Ff/z2in1L/1MRklKGIn5on6qGMVs+jzrSY2C1NgSLrS0tzIx5JoLshGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0aIEDBM7zCm/PovDjvzse8teDkM4fwB87nD4HRj5s=</latexit><latexit sha1_base64="ahLOqDgbPUtCkv4iXUqhNrF/mPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegHjxGMDGQLGF20kmGzD6c6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEiUNue63U1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtatgBtUMsIGSVLYSjTyMFD4EIyup/7DE2oj4+iexgn6IR9Esi8FJyu1OjeoiLNRt1xxq+4MbJl4OalAjnq3/NXpxSINMSKhuDFtz03Iz7gmKRROSp3UYMLFiA+wbWnEQzR+Nrt3wk6s0mP9WNuKiM3U3xMZD40Zh4HtDDkNzaI3Ff/z2in1L/1MRklKGIn5on6qGMVs+jzrSY2C1NgSLrS0tzIx5JoLshGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0aIEDBM7zCm/PovDjvzse8teDkM4fwB87nD4HRj5s=</latexit><latexit sha1_base64="ahLOqDgbPUtCkv4iXUqhNrF/mPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegHjxGMDGQLGF20kmGzD6c6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEiUNue63U1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtatgBtUMsIGSVLYSjTyMFD4EIyup/7DE2oj4+iexgn6IR9Esi8FJyu1OjeoiLNRt1xxq+4MbJl4OalAjnq3/NXpxSINMSKhuDFtz03Iz7gmKRROSp3UYMLFiA+wbWnEQzR+Nrt3wk6s0mP9WNuKiM3U3xMZD40Zh4HtDDkNzaI3Ff/z2in1L/1MRklKGIn5on6qGMVs+jzrSY2C1NgSLrS0tzIx5JoLshGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0aIEDBM7zCm/PovDjvzse8teDkM4fwB87nD4HRj5s=</latexit>

�k
<latexit sha1_base64="ahLOqDgbPUtCkv4iXUqhNrF/mPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegHjxGMDGQLGF20kmGzD6c6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEiUNue63U1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtatgBtUMsIGSVLYSjTyMFD4EIyup/7DE2oj4+iexgn6IR9Esi8FJyu1OjeoiLNRt1xxq+4MbJl4OalAjnq3/NXpxSINMSKhuDFtz03Iz7gmKRROSp3UYMLFiA+wbWnEQzR+Nrt3wk6s0mP9WNuKiM3U3xMZD40Zh4HtDDkNzaI3Ff/z2in1L/1MRklKGIn5on6qGMVs+jzrSY2C1NgSLrS0tzIx5JoLshGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0aIEDBM7zCm/PovDjvzse8teDkM4fwB87nD4HRj5s=</latexit><latexit sha1_base64="ahLOqDgbPUtCkv4iXUqhNrF/mPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegHjxGMDGQLGF20kmGzD6c6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEiUNue63U1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtatgBtUMsIGSVLYSjTyMFD4EIyup/7DE2oj4+iexgn6IR9Esi8FJyu1OjeoiLNRt1xxq+4MbJl4OalAjnq3/NXpxSINMSKhuDFtz03Iz7gmKRROSp3UYMLFiA+wbWnEQzR+Nrt3wk6s0mP9WNuKiM3U3xMZD40Zh4HtDDkNzaI3Ff/z2in1L/1MRklKGIn5on6qGMVs+jzrSY2C1NgSLrS0tzIx5JoLshGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0aIEDBM7zCm/PovDjvzse8teDkM4fwB87nD4HRj5s=</latexit><latexit sha1_base64="ahLOqDgbPUtCkv4iXUqhNrF/mPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegHjxGMDGQLGF20kmGzD6c6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEiUNue63U1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtatgBtUMsIGSVLYSjTyMFD4EIyup/7DE2oj4+iexgn6IR9Esi8FJyu1OjeoiLNRt1xxq+4MbJl4OalAjnq3/NXpxSINMSKhuDFtz03Iz7gmKRROSp3UYMLFiA+wbWnEQzR+Nrt3wk6s0mP9WNuKiM3U3xMZD40Zh4HtDDkNzaI3Ff/z2in1L/1MRklKGIn5on6qGMVs+jzrSY2C1NgSLrS0tzIx5JoLshGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0aIEDBM7zCm/PovDjvzse8teDkM4fwB87nD4HRj5s=</latexit><latexit sha1_base64="ahLOqDgbPUtCkv4iXUqhNrF/mPI=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegHjxGMDGQLGF20kmGzD6c6RXCkp/w4kERr/6ON//GSbIHTSxoKKq66e4KEiUNue63U1hZXVvfKG6WtrZ3dvfK+wdNE6daYEPEKtatgBtUMsIGSVLYSjTyMFD4EIyup/7DE2oj4+iexgn6IR9Esi8FJyu1OjeoiLNRt1xxq+4MbJl4OalAjnq3/NXpxSINMSKhuDFtz03Iz7gmKRROSp3UYMLFiA+wbWnEQzR+Nrt3wk6s0mP9WNuKiM3U3xMZD40Zh4HtDDkNzaI3Ff/z2in1L/1MRklKGIn5on6qGMVs+jzrSY2C1NgSLrS0tzIx5JoLshGVbAje4svLpHlW9dyqd3deqV3lcRThCI7hFDy4gBrcQh0aIEDBM7zCm/PovDjvzse8teDkM4fwB87nD4HRj5s=</latexit>

k1
<latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit><latexit sha1_base64="Qm7mkoGO98EJ0f/pWEpXnu4W3zA=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIoMeiF48VbC00oWy2m3bpZhN2X4QS+je8eFDEq3/Gm//GTZuDtg4sDDPv8WYnTKUw6LrfTmVtfWNzq7pd29nd2z+oHx51TZJpxjsskYnuhdRwKRTvoEDJe6nmNA4lfwwnt4X/+MS1EYl6wGnKg5iOlIgEo2gl348pjsMon8wG3qDecJvuHGSVeCVpQIn2oP7lDxOWxVwhk9SYvuemGORUo2CSz2p+ZnhK2YSOeN9SRWNugnyeeUbOrDIkUaLtU0jm6u+NnMbGTOPQThYZzbJXiP95/Qyj6yAXKs2QK7Y4FGWSYEKKAshQaM5QTi2hTAublbAx1ZShralmS/CWv7xKuhdNz21695eN1k1ZRxVO4BTOwYMraMEdtKEDDFJ4hld4czLnxXl3PhajFafcOYY/cD5/ABaFkbM=</latexit>
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Figure 5.12: Top: example of a non-crossed Feynman diagram that contributes to
the irreducible part of the SCFBA self-energy and the corresponding phase space for
internal momenta. Both k1 and k2 can lie anywhere within the two black annuli
defined by the Fermi surface. Bottom: a crossed diagram of the same order (second
order in ni, fourth order in the interaction), and one example of the corresponding
phase space. Once k2 is fixed, −k1 is restricted to lie within the black diamonds.

treating l as a continuous variable and ignoring the detailed non-linear behaviour. Like-

wise, the density at each plateau transition is given by n/n0 ≈ δ∗l , which for δ-shell

impurities (5.23) means

ln(n/n0) = ln

(
(k0R)2

4

)
l − 2 ln(|l|!) + c, (5.78)

and
d(n/n0)

dl
=

n

n0

[
ln

(
(k0R)2

4

)
− 2ψ(|l|+ 1)

]
, (5.79)

where c = ln(mv0R
2/2) and ψ(x) is the digamma function. Now if l is large, the

conductivity will decay slowly according to (5.77), and the n/n0 pre-factor in (5.76) will

ensure that the crossed diagrams are negligible. The only concern therefore is when l

is small. But in this case, ψ(|l| + 1) ≈ −γ, and ln(|l|!) ≈ −γl, where γ is the Euler-

Mascheroni constant. The result is

l2 =

(
ln(n/n0)− c

ln[ (k0R)2

4 ] + 2γ

)2

, (5.80)
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and
dσDC

d(n/n0)
=
dσDC

dl

dl

d(n/n0)
∼ n0/ni
n/n0[ln(n/n0)− c]2 . (5.81)

Integrating with respect to n/n0, we see that, roughly speaking, the conductivity changes

with the density according to

σDC ∼
n0/ni

ln(n/n0)
, (5.82)

so that

1

E0τ
∼ (n/n0)(ni/n0) ln(n/n0) (5.83)

� (n/n0)2 ln(n/n0) (5.84)

� 1. (5.85)

Thus we can trust the SCFBA result in the regime where the conductivity quantization

is observed.

5.3 Discussion

This chapter demonstrated that the low-density conductivity due to impurity scatter-

ing in a 2D Rashba system takes a highly non-linear form that exhibits quantization

as a function of the logarithm of the electron density. This unusual behaviour arises

from the full non-perturbative low-energy T -matrix discussed in Chapter 4, which de-

scribes electron-impurity scattering near the ring minimum at the bottom of the Rashba

conduction band.

It is clear that this highly degenerate band minimum is responsible for many unusual

characteristics of low-energy transport. For one thing, the Fermi surface consists of two

concentric circles with group velocities in opposite directions. At zero temperature, in

the low-density limit, this produces an unconventional Drude-like expression for the con-

ductivity that is controlled by the electron lifetime, as opposed to the usual transport

time that appears in the conventional Drude formula. The transition from conventional

to unconventional Drude transport as the density is lowered results in a non-linear con-

ductivity as a function of density. This behaviour was first pointed out in Ref. [48]. The

focus of this chapter has been on the ultra-low density regime, where the unconventional
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Drude conductivity becomes quantized. We showed this quantization within a semiclas-

sical Boltzmann treatment (provided the full T -matrix is used in the scattering rate), as

well as a fully quantum Kubo formula treatment, provided the electron density remains

larger than the impurity density.

The most important distinction between our research and previous work is the use of

the non-perturbative T -matrix in calculations. A T -matrix limited to the first Born

approximation (or even a self-consistent first Born approximation) leads to qualitatively

different transport phenomena. In particular, the first Born conductivity goes smoothly

to zero with decreasing electron density, while the full T -matrix leads to a seemingly

abrupt drop at zero density. For a Rashba semiconductor, we showed that this translates

to a sharp drop in conductivity as the chemical potential passes through the band

bottom, and that this drop retains significant weight at finite temperature.

We recognize that experimentally it is difficult to control the electron density with

enough precision to access these ultra-low-density features. We have outlined a brief

proposal of one way to overcome this difficulty in Rashba semiconductors. Namely, one

could use a pump-probe approach in which the conductivity is measured as function of

delay time between the two pulses. Such an approach allows one to use the logarithm

of the carrier density as a control parameter. Of course, many technical issues would

need to be addressed for such an experiment. One would need to carefully choose a 2D

Rashba system with large splitting and Fermi level in the gap. The experiment would

have to be done at very low (. 10K) temperatures. Furthermore, the effects of hole

carriers and excitons have not been addressed.

Our analysis is restricted to non-interacting systems. We recognize that at the low

densities we are considering here, the effect of electron-electron interactions is enhanced;

as a result, one might expect Wigner crystallization to occur. The electron-electron

scattering process is dependent on a T -matrix that would likely contain unusual features

similar to the impurity-scattering T -matrix considered here. Such a T -matrix may

enhance or suppress the transport properties described in this chapter or produce unique

signals of its own. To say more would require explicit calculations that are beyond the

scope of this thesis. Instead, we can look for cases where we expect Fermi liquid theory

to hold, outside the Wigner crystal regime. For one, it should be noted that many

examples of Rashba 2D electron gases occur within gated samples. The presence of a
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metallic gate is expected to screen the Coulomb interaction, and the resulting short-

range interaction may be insufficient to cause crystallization. Without knowing the

details of the interaction it is hard to say more, though the unique low-energy density

of states of the Rashba system may allow liquid crystal or anisotropic Wigner crystal

phases to exist even for short-range interactions as described in Sec. 2.2. However, the

stability of these phases to disorder must be considered as well. Perhaps the simplest

way to avoid the crystalline phase is to focus on temperatures above the melting point

of the Wigner crystal. This occurs at a critical value of the dimensionless parameter

Γ = e2√πn/(4πε0kBT ), the ratio of potential and kinetic energies of a classical gas of

electrons. In two dimensions, the melting point occurs around Γ ≈ 130 [74, 75]. Using

this number, we see that at the ultra-low densities considered in this paper, the Wigner

crystal should melt at very low temperatures. For example, the density corresponding

to the first plateau in Fig. 5.11 at n/n0 ∼ 10−2 would be within the Fermi liquid phase

for T & 2K. The second plateau at n/n0 ∼ 10−5 corresponds to a melting temperature

of T ∼ 0.07K. Now of course our SCFBA analysis was performed at zero temperature,

but given the robustness of the non-perturbative transport effects to finite temperature

in the Boltzmann treatment (Figs. 5.4, 5.5), it is reasonable to assume that at least

the first plateau would be observable at temperatures above the Wigner crystal melting

point.

It is likely that these unusual transport features are not unique to Rashba systems. It

would be interesting to determine exactly what aspects of this Hamiltonian are respon-

sible for such non-linear behaviour. If the key aspect is the degenerate ring minimum

in the band structure, then such features could also be observed in materials with pure

Dresselhaus spin-orbit coupling [22]. If the key aspect is the topology of the Fermi sea,

then these features could appear in higher dimensional systems as well. Indeed, if the

same quantization occurs in three-dimensional systems, then the group of candidate

materials for experimental observation would be enlarged significantly.
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Part II

BCS superconductivity
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Chapter 6

Introduction

In Part 1 of this thesis, we considered a non-interacting gas of electrons, and showed how

changing the single-particle dispersion, by breaking inversion symmetry, can drastically

affect the propagation of electrons in a disordered system. Yet even these drastic changes

were captured by Fermi liquid theory. Part 2 of this thesis focuses on a different regime

where the electron-electron interaction destabilizes the Fermi liquid. In particular, we

exclusively consider interactions that lead to Cooper pairing, resulting in a supercon-

ducting state. We probe the thermodynamics of this state for different variations of the

Hubbard model. Many other fascinating ordered phases such as charge and spin density

waves exist with and without spin-orbit coupling [76], but these will not be considered

here.

6.1 BCS theory and tight-binding

From its discovery in 1911 [77], until 1957, the theory of superconductivity consisted of

several phenomenological models that lacked a microscopic basis. A few of the require-

ments for such a microscopic theory were clear. Both the complete lack of electrical

resistance, and the Meissner-Ochsenfeld effect [78] could be explained by a thermody-

namic transition at a critical temperature Tc to a phase where electrons formed a macro-

scopic phase-coherent state. Phase coherence is a crucial property since the presence

of current in zero field requires a macroscopic gradient in the phase of the many-body

wavefunction, not its amplitude, which can be understood from Eq. (3.20). Such a
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state can be considered as a superfluid condensate of paired electrons [79], much like a

Bose-Einstein condensate in momentum-space. One roadblock in progressing the theory

was to understand why two electrons obeying Pauli exclusion with a repulsive Coulomb

interaction should pair together. Two-body bound states in three dimensions do not

exist unless the attraction exceeds a critical value [80].1 Thus even a weak attraction

would not be enough for electrons to pair in real space. A major insight in this regard

was provided by Leon Cooper in 1956 who pointed out that an arbitrarily weak attrac-

tion amongst electrons would cause pairing in momentum-space, precisely because of the

presence of a Fermi sea [81]. In other words, the Femi sea is unstable to electron-electron

attraction. The origin of this attractive interaction in most conventional superconduc-

tors is a phonon-mediated electron-electron interaction. A word of caution is needed

here. The distinction between conventional and unconventional superconductivity is

not universally defined [82]. In some of the literature, the term conventional is taken

to mean superconductors that are well described by BCS theory. In other cases, it

means superconductors with a phonon origin of pairing. In this thesis, we will define

conventional superconductors as ones whose order parameter has the highest symmetry

consistent with the normal state (above Tc). This distinction only became important in

the 1980’s with the discovery of heavy fermion [83], and high-Tc cuprate (CuO) super-

conductors [84], whose order-parameter symmetry and underlying pairing mechanism

are much more elusive than those of conventional superconductors. Indeed, for many of

these materials, both the symmetry and pairing mechanism are still under debate [85].

We will have more to say on this in Sec. 6.3.

Fortunately, knowledge of the origin of the interaction was not necessary to formulate

a detailed theory of superconductivity. For Cooper, it was taken to be an attractive

constant −V < 0 within a small window of the Fermi energy and zero elsewhere. In

Chapter 7 we will see how superconductivity can arise from repulsive interactions. A

year after Cooper’s discovery, Bardeen, Cooper and Schrieffer published a complete

theory (BCS theory) of the superconducting state including the ground state many-body

wavefunction [86]. This theory, expressed as a mean-field theory, will be our primary

tool for understanding the superconducting phase of a variety of models in this thesis.

Mean-field theory allows us to decouple electron-electron interactions by treating the

electrons as if they interact with an effective mean field whose form is chosen based in the

1This is not true in one and two dimensions where attractive potentials always produce at least one
bound state.
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instability we are interested in probing (in this case a superconducting instability), and

whose value is determined self-consistently. The key component of BCS theory that we

retain throughout this work is that the only important interactions for superconductivity

are interactions in the Cooper channel, and furthermore, that electron pairs have zero

total momentum. The absence of a center-of-mass momentum is due to a phase-space

argument. Cooper pairs scatter within a narrow shell around the Fermi surface. If they

have a finite center-of-mass momentum, then conservation of momentum will severely

restrict the available scattering states within this shell. However, if the two electrons

in the pair have opposite momenta k and −k they may scatter to states all over the

shell.2 In addition, BCS theory consists of spin singlet pairs; an electron with spin

up is paired with an electron with spin down. This is a consequence of the choice of

isotropic interaction which is reflected in the symmetry of the pair wavefunction. Since

the wavefunction is symmetric in k → −k, it must be antisymmetric in spin indices

to preserve the right exchange statistics. In the following chapters, we will relax this

condition by allowing more general interactions for which there may be spin triplet

pairing.

In this part of the thesis will will consider superconductivity in several tight-binding

models related to the Hubbard model [89]. The tight-binding paradigm is one in which

models describe electrons hopping between ionic sites on a lattice [31]. More formally,

we begin with a Bloch wavefunction of an electron in a lattice potential ψkσ(x) =
∑

i e
ik·xiφiσ(x) where i is a site index, σ is a spin index, and φiσ(x) is a Wannier

function centered at site i. In the atomic limit, the Wannier functions correspond to

localized electronic wavefunctions on the atom located at site i. In the tight-binding

approximation, we imagine starting from this limit, bringing N atoms closer together

until a small overlap between neighbouring wavefunctions forms. As this overlap grows,

the N -fold degeneracy of a single atomic level is split, forming a band. The tight-binding

approximation therefore best describes narrow-band materials. In such materials, the

Wannier functions may be approximated by linear combinations of atomic orbitals. For

now, it will suffice to consider a single orbital. The second-quantized field operators

expanded on the basis of these Wannier functions are ψ̂†σ(x) =
∑

i φ
∗
iσ(x)c†iσ. The

many-body Hamiltonian (without phonons) consists of a Bloch Hamiltonian term, which

includes the kinetic and electron-ion interaction terms as well as an electron-electron

2The exception to this is the Fulde-Ferrell-Larkin-Ovchinnikov phase which is predicted to occur at
strong magnetic fields and low temperatures [87, 88].

94



interaction term:

H =
∑

ijσ

∫
dxφ∗i (x)HBlochφj(x)c†iσcjσ

+
∑

ijmnσσ′

∫
dx

∫
dx′φ∗i (x)φ∗j (x

′)Ve−eφm(x′)φn(x)c†iσc
†
jσ′cmσ′cnσ. (6.1)

We define the hopping amplitude tij from the (negative of the) first integral and the

interaction Uijmn from the second double integral so that

H = −
∑

ijσ

tijc
†
iσcjσ +

∑

ijmnσσ′

Uijmnc
†
iσc
†
jσ′cmσ′cnσ. (6.2)

This Hamiltonian is still far from tractable; in any tight-binding model we can only

retain the most important terms in these summations. In most cases, these are interac-

tions involving two nearest-neighbour sites i and j. From now on we will only consider

hopping between nearest neighbours with tij = t. If we enumerate all interaction terms

that involve these two sites, neglecting spin-flip hopping terms (which contribute to

the Heisenberg interaction), we get Table 6.1, where we have made use of the number

operator niσ and 〈ij〉 indicates nearest neighbour sites. Note, for example, that Pauli

exclusion prevents terms like c†iσcjσniσ. Similarly, a term like niσniσ is the same as a

one-body term since n2
iσ = niσ.

Name Coupling Interaction term

Hubbard U Uiiii ≡ U/2 U
∑

i ni↑ni↓
Correlated hopping Uiiij ≡ ∆t ∆t

∑
〈ij〉σ(c†iσcjσ + c†jσciσ)(ni−σ + nj−σ)

Extended term Uijij ≡ V V
∑
〈ij〉σ niσnjσ

Exchange term Uijji ≡ −J J
∑
〈ij〉σ niσnj−σ

Table 6.1: Non-trivial couplings for nearest-neighbour tight-binding models. Here
−σ means the spin opposite of σ.

Including just the first term in Table 6.1 gives us the Hubbard model. It has a super-

conducting instability for all negative values of U , with an isotropic order parameter

in momentum-space. Half filling (average density n = 1) is an exceptional case. Here

particle-hole symmetry ensures that superconductivity can coexist with charge-density-

wave order, potentially forming a supersolid phase [90].

The attractive local interaction between electrons may originate from a variety of differ-

ent sources, including electron-phonon coupling (attraction between polarons), density
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oscillations of itinerant electrons (plasmons), or even spin fluctuations [91, 92]. The sec-

ond term in Table 6.1 stands out. Unlike the others, it is not a diagonal density-density

interaction but looks rather like the hopping term, only modulated by the number of

electrons on the sites involved in each hop. This term will be discussed in detail in Chap-

ter 7. The third term will be discussed in Chapter 8. For the same reasons as U , this

extended term may also be attractive, leading to superconductivity as well. We will not

consider the exchange coupling in this thesis, though it is important for understanding

the magnetic properties of many materials.

These interactions are more complicated than the simple potential considered in BCS

theory, and can lead to momentum-dependent interactions V (k,k′) and therefore order

parameters that are also momentum-dependent. Nonetheless, we may still follow the

same framework as BCS theory, namely, deleting components of the interaction that

do not connect Cooper pairs, and doing mean-field theory on the resulting Hamiltonian

for the superconducting order parameter. For example, in this procedure, the order

parameter for singlet pairing takes the form

∆k ≡ −
1

N

∑

k′

V (k,k′)
〈
c−k′↓ck′↑

〉
. (6.3)

This quantity is also known as the gap function because its magnitude is half the energy

gap for excitations. The details of the mean-field approach are found in Appendix G.

6.2 Spin-orbit coupling and superconductivity

In the years following its publication, BCS theory succeeded in a myriad of experimental

tests, but failed with regards to the so-called Knight shift. Due to hyperfine coupling,

the nuclear spins in a crystal are sensitive to the spin magnetic moments of conduction

electrons. In a nuclear magnetic resonance measurement, the nuclear spin precesses

at a Larmor frequency that is shifted by the presence of these conduction electrons.

This shift is the Knight shift. In BCS theory, the singlet pairing ensures that the zero-

temperature electronic spin susceptibility is zero, unless the applied magnetic field is

strong enough to break Cooper pairs. Thus the low field Knight shift in a supercon-

ductor was expected to be zero. However, many superconductors that were otherwise

well-described by conventional BCS theory (e.g. Mercury, Tin), exhibited a Knight shift
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similar to their normal state value [93, 94]. Shortly after, Anderson, Abrikosov, and

Gor’kov suggested that since these Knight shift measurements were carried out on very

small samples, spin-orbit coupling at the surface was important, and that this could

partially restore the Knight shift [95, 96]. This discussion was revived as superconduc-

tors with crystal structure that lacked a centre of inversion became more common [97].

In 2001, Rashba and Gor’kov computed the spin susceptibility for continuum Rashba

pairs [98], motivated by observed superconductivity on the surface of WO3, which has

strong near-surface electric fields (and therefore strong Rashba SOC). In the Rashba

dispersion, zero center-of-mass momentum pairing near the Fermi surface requires both

electrons to be in the same helicity band, and therefore not in a singlet state like a

Cooper pair. The result is that each pair is a mixture of singlet and triplet, and the

triplet part prevents the spin-susceptibility from vanishing at zero temperature.

Superconductivity has been observed in many other non-centrosymmetric materials in-

cluding CePt3Si, SrAuSi3, LaNiC2, and UIr, as well as the LaAlO3/SrTiO3 interface

with strong Rashba SOC [99–103]. Much effort has gone into understanding the nature

of the pairing in these unconventional superconductors. It should be noted that Rashba

superconductivity may be more pervasive than the specialized examples above. One

has to remember that Rashba spin-splitting is due to inversion asymmetry in the local

environment of an electron [30], and thus is present in quasi-2D materials where there

is polar asymmetry within each plane. This is particularly relevant for some cuprate

superconductors, where pairing occurs entirely within copper-oxide planes that have a

local inversion asymmetry. Indeed YBa2Cu3O7 was the motivation for some of the early

theoretical work on non-centrosymmetric superconductivity [97].

While the above references identified the mixed singlet-triplet state, which was implicit

all along since spin had been identified in the early work as not a good quantum number,

the impact on thermodynamic properties (including the superconducting critical tem-

perature, Tc) was not really considered. In principle a large enhancement in Tc could

occur [51], because of the enhancement in the electronic density of states in the low

density region, due to the effective “dimensionality reduction” evidenced in Part 1 of

this thesis. However, as we saw earlier, this region is a rather narrow window of electron

densities, and the corresponding Tc enhancement is not likely to be found in a typical

Rashba superconductor. We will demonstrate this explicitly in Chapter 7, and also see

that the overall scale of Tc is low for a weakly coupled system.
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An interesting general question remains, which is the impact of the Rashba spin-orbit

interaction on superconducting Tc in the presence of different types of pairing interac-

tions. Some calculations have been recently performed in Ref. [104] for the extended

Hubbard model (including the first and third terms in Table 6.1) and will be verified

in Chapters 7 and 8. The generic short-range attractive interaction (e.g., the attractive

Hubbard model) already results in a mixed singlet-triplet state due to the spin-orbit

interaction. However, as we will show (and also found in Ref. [104]), in that case the

spin-orbit interaction suppresses superconductivity. In Chapter 7 we will see how this is

drastically modified when we include correlated hopping in the interaction, previously

considered in the context of cuprate superconductivity [105].

6.3 Symmetry of the gap function

Symmetry breaking is a crucial part of superconductivity. The existence of a non-zero

superconducting order parameter is a hallmark of broken U(1) symmetry. But the order

parameter is also a function of momentum (see e.g. Eq. (6.3)). If the interaction is a

constant, as in standard BCS theory and the attractive Hubbard model, then the gap

function is a constant, having the same magnitude all over the Fermi surface. Such a

gap is referred as an (isotropic) s-wave gap. If the gap function is non-trivial, it may

indicate breaking of the point-group symmetry inherited by the lattice. In this part of

the thesis, we exclusively consider the square lattice, whose point group D4 is shown in

Table A.7. The gap functions that transform under the irreps A1, B1, B2, and E are

labelled in the same manner as atomic orbitals: s, dx2−y2 , dxy and p-wave respectively.

The appearance of these additional functions in the order parameter is allowed by the

presence of an extended interaction (e.g. extended term in Table 6.1). Some important

physical distinctions between these types include the fact that d-wave gaps have nodes

and p-wave gaps are antisymmetric under inversion, corresponding to triplet pairing.

The presence of Rashba spin-orbit coupling makes this even richer. As discussed in the

previous section, when spin is not a good quantum number, pairing generally includes a

mixture of singlet and triplet. The argument for zero center-of-mass momentum pairing

in this case leads to pairing within a Rashba helicity band s. As shown in Chapter 7

and Appendix G, intra-band Rashba pairing induces a complex k-dependent phase, so
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that the gap function may be written as

∆ks = se−iθ(k)∆̄ks, (6.4)

where

eiθ(k) ≡ sin ky − i sin kx√
sin2 kx + sin2 ky

. (6.5)

The function ∆̄ks transforms under the irreps of D4. In the presence of both extended

interactions and Rashba SOC, we are left with three possible symmetries of the gap

function shown in Fig. 6.1. We see that, ∆̄ks can have s-wave, dx2−y2 , and dxy symmetry.
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Figure 6.1: Polar plots of the intra-band gap function with Rashba SOC at fixed
|k| = π/2, where ∆̄ks has s-wave symmetry (left), dx2−y2 symmetry (center), and dxy
symmetry (right). The hue indicates the complex phase of the gap.

Knowledge of the symmetry of the gap function produces constraints on the possible

pair-interactions and therefore constraints on the underlying microscopic model; an in-

valuable asset for so many superconductors where the pairing mechanism is still under

debate. Thus as more and more unconventional superconductors are discovered, the

question of the symmetry of the superconducting order parameter has moved to the

forefront as one of the most immediate and important questions to answer about any

new material. Experimentally, it is a difficult question to answer, as the arduous history

of the cuprates provides testament for, which, through several years of experimental ef-

fort, settled on d-wave superconductivity [106]. The resolution of this question has been

aided, in part, by phase-sensitive tunnelling measurements, which have been particularly

useful in uncovering the gap symmetry of the heavy-fermion compound UPt3 [107]. Like

3He, UPt3 has an A and a B phase over different temperature ranges differentiated by

different symmetries of the order parameter [108]. A variety of models have been pro-

posed to describe the nature of this gap and its symmetry transition [109]. It is possible
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that the separation of these phases is due to magnetic moments lowering the symmetry of

the hexagonal lattice, but this is not the only explanation. As we point out in Chapter 8,

many exotic superconducting symmetries can emerge from a normal state that retains

the point group symmetry of the lattice. Irrespective of its origin, the lesson to take

from UPt3 is that in general, the superconducting order parameter does not necessarily

retain a fixed symmetry below Tc. Similarly, recent observations in LaAlO3/SrTiO3

suggest that a second component of the gap function develops below Tc [110]. One

might consider these to be unusual circumstances. Indeed, LaAlO3/SrTiO3 has strong

Rashba coupling; UPt3 has time-reversal symmetry breaking, with significant spin-orbit

coupling and a complex order parameter in the B phase. However, we will point out

that such exotic conditions are not a requirement for a superconductor to have a rich

phase diagram below Tc. In fact, in Chapter 8 we illustrate that symmetry transitions

occur as a function of temperature in one of the simplest and most studied models for

superconductivity, the extended Hubbard model.

With this expanding collection of unconventional superconductors, one might ask what

symmetries can exist in a generic superconductor. The answer is well established within

Landau-Ginzburg theory. In Landau-Ginzburg theory, the free energy is expanded in

powers of the unknown order parameter which develops from zero at Tc [31]. The

gap function is segmented into pieces that transform under irreps of the normal state

symmetry group. Any of these individual pieces could form the superconducting state

at Tc, but cannot be mixed at this temperature. However, at lower temperatures, when

the magnitude of the order parameter is no longer small, higher order terms in the

Landau free energy become important, and mixing can occur [111]. As we will see, the

phases below Tc can be described by bifurcations of critical points of the free energy.

Such mixing and bifurcations have been predicted before in the context of anisotropic

tight-binding models [112–114]. We will illustrate these ideas within a case study of

the simplest model that has competing symmetry phases: the two-dimensional (2D)

extended Hubbard model on a square lattice, relevant for some layered high-temperature

superconductors. We will then examine the symmetry phases that occur at the onset of

superconductivity when SOC is included.
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Chapter 7

Enhancement of superconducting

Tc due to the spin-orbit

interaction

In this chapter we will introduce a tight-binding model with both Rashba spin-orbit

coupling and correlated hopping. Working within the Rashba helicity basis, we follow

the usual BCS description for the pairing state; this leads to a simple parameterization of

the wavevector dependence of the order parameter, in the presence of spin-orbit coupling.

We then present results for Tc as a function of the various interaction strengths and as

a function of the electron density. In general, with the correlated hopping interaction

present, spin-orbit coupling leads to a significant enhancement of superconducting Tc.

7.1 Correlated hopping

In principle, the Coulomb interaction, being long range, contains all elements of Ta-

ble 6.1, including the correlated hopping. Typically, this term is ignored because in the

tight-binding limit, where ions are well separated, the on-site Hubbard U interaction

is dominant. However, the correlated hopping term can also originate from another

phenomenon that should not be ignored. This is the modification of the on-site elec-

tron wavefunction when a second electron occupies a site, due to Coulomb repulsion.

Essentially, this is a failure of single-band (or even few-band) models. When there are
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few electrons in a system, such models are appropriate; the picture of itinerant electrons

hopping between valence orbitals works. However, when the electron density is high, this

picture breaks down. When two electrons occupy the same site, the minimal description

of this configuration is as a three-body system (two electrons, one ion), which does not

have hydrogenic-like eigenstates, yet we are attempting to describe this configuration

with a single hydrogenic band. Hydrogenic eigenstates (including the continuum states)

form a complete basis, so an infinite number of them would be required to capture the

electron configuration. A quantitative estimate of the importance of these additional

states is given for the case of a helium atom in Ref. [115], where it was found that the

ground state of helium contains significant contributions from all excited hydrogenic

orbitals as well as ionized states. On the other hand, we do not wish to give up the

computational simplicity of a single band model. The compromise is to include the

effect of higher orbitals in a phenomenological term. Note that this effect is not cap-

tured by the on-site Hubbard U term which penalizes double occupation (for U > 0).

In fact, the effect we wish to account for reduces this penalty by allowing an effective

orbital expansion for doubly occupied sites which is described by the ‘dynamic Hubbard

model’ [116]. In a many-electron system, this orbital expansion is a dynamic quantity.

The dynamic Hubbard model describes this via a harmonic oscillator coordinate qi. One

could think of this coordinate in terms of the effective on-site electron separation, but

it is convenient to take it to be the displacement of the effective Hubbard U value

U(qi) = U + αqi. (7.1)

The oscillator part of the Hamiltonian

Hi =
p2
i

2M
+

1

2
Kq2

i + (U + αqi)ni↑ni↓, (7.2)

produces the occupation-dependent equilibrium value of this coordinate:

qi =





0 ni = 0, 1

−α/K ni = 2.

(7.3)

In second quantization, the oscillator coordinate is upgraded to a bosonic field ai, and

Eq. (7.2) becomes

Hi = ωa†iai +
[
U + gω

(
a†i + ai

)]
ni↑ni↓, (7.4)
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where ω =
√
K/M , and g = α/

√
2Kω.

A generalized Lang-Firsov transformation [116, 117]

ciσ = eg(a
†
i−ai)ñi,−σ c̃iσ ≡ Xiσ c̃iσ (7.5)

relates the original fermion operators ciσ to new fermion quasiparticle operators c̃iσ that

both destroy the electron at the site and change the state of the boson so that the boson

field follows the fermion motion. Since X†iσ = X−1
iσ , the transformation preserves fermion

anticommutation relations. To obtain a low-energy effective Hamiltonian we replace

the boson field with its ground state expectation value, and in this approximation the

relation Eq. (7.5) becomes [116]

c†iσ = [1− (1− S)ñi,−σ]c̃†iσ, (7.6)

where S = e−g
2/2 increases with the ionic charge. The on-site repulsion U is lowered to

Ueff = U − ωg2, and bilinear terms in fermion operators at different sites transform as

follows:

c†iσcjσ′ = c̃†iσ c̃jσ′ [1− (1− S)(ñi,−σ + ñj,−σ′) + (1− S)2ñi,−σñj,−σ′ ]. (7.7)

We will be interested in the regime where the band is close to full for which terms like

(1− ñi,−σ)(1 − ñj,−σ) are negligible. In this case, the coefficient in the square brackets

above becomes

S(2− S) + S(S − 1)(ñi,−σ + ñj,−σ). (7.8)

Replacing the bare operators ciσ by the quasiparticle operators c̃iσ in the hopping term

−t0
∑
〈ij〉
σ

(c†iσcjσ + c†jσciσ), and renaming the quasiparticle operators c̃iσ → ciσ gives the

correlated hopping Hamiltonian

HCorr = −t′
∑

〈ij〉
σ

(c†iσcjσ + c†jσciσ) + U
∑

i

ni↑ni↓ + ∆t
∑

〈ij〉
σ

(
c†iσcjσ + c†jσciσ

)(
ni−σ + nj−σ

)
,

(7.9)

where t′ ≡ t0S(2−S) and ∆t ≡ −t0S(S− 1). The t′ term is renormalized by a Hartree-

Fock contribution coming from the new correlated hopping term: t′ → t ≡ t′ − n∆t,

where n is the density of electrons. In the high electron density regime, we have t ≈ 0.1t′.

All energies in this chapter will be measured with respect to the renormalized value t.
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We now add spin-orbit coupling to this tight-binding model. Recall that the Rashba

term on a lattice is given by Eq. (1.34). The bilinears in this term are modified by

the transformation (7.7) just as the regular hopping term was. The resulting spin-orbit

coupling term is

HSO = −iVSO

∑

i,αβ

(
c†i,ασ

αβ
x ci+ŷ,β [1− ∆t

t
(ni,β + ni+ŷ,α)]

−c†i,ασαβy ci+x̂,β [1− ∆t

t
(ni,β + ni+x̂,α)]

)
+ h.c.,

(7.10)

so that the full Hamiltonian of our model is H = HCorr +HSO − µ
∑

i,σ niσ, where µ is

the chemical potential.

The non-interacting part of this Hamiltonian is diagonalized in the s = ±1 helicity basis

to produce the dispersion Eq. (1.37), with corresponding eigenvectors

c†ks =
1√
2

(c†k↑ + seiθ(k)c†k↓). (7.11)

Here we have made use of the phase factor defined in Eq. (6.5), which governs the mixing

of spin-up and spin-down components for eigenstates of the non-interacting Hamiltonian.

This mixing ensures that pairs are always formed in a mixed singlet-triplet state.

In the conventional BCS programme, the next step would be to restrict the Hamiltonian

to interactions between singlet pairs. In view of the Rashba spin-mixing, however, it

is clear that this would not capture the right pairing physics and that it is natural to

consider pairs within the same helicity band at zero total momentum. At zero mag-

netic field, the pairing is expected to be intraband [118, 119]. This is in line with the

prescription of time-reversed pairing due to Anderson [120], who suggested that even in

non-magnetic disordered systems with broken translation symmetry, one can carry out

BCS theory using pairs formed from time-reversed eigenstates. In our case, it is spin

rather than momentum that is not a good quantum number, but the same reasoning

applies such that cks should be matched with its time-reversed partner −seiθ(k)c−ks.

We then carry out BCS theory on the corresponding mean field bks ≡ seiθ(k)〈c−kscks〉

104



in Appendix G.2, which results in the gap equation

∆ks = − 1

2N

∑

k′s′

Vss′(k,k
′)∆k′s′gks, (7.12)

where gks ≡ 1
2Eks

(1−f(Eks)), f(E) is the Fermi function, and the interaction Vss′(k,k
′)

is given in Eq. (G.32).

7.2 Gap equations

The self-consistency condition (7.12) determines the ansatz for ∆̄ks ≡ seiθ(k)∆ks:

∆̄ks = ∆0 + ∆ssk + ∆x−ys
√

sin2 kx + sin2 ky, (7.13)

where sk ≡ 1
2(cos kx + cos ky) denotes the extended s-wave part of the gap. Note that

while the gap parameter definitively has the full s-wave symmetry of the lattice, it will

always be mixed singlet-triplet, unlike in conventional BCS theory. With this ansatz,

the self-consistency condition yields three coupled equations:

∆0 = − 1

2N

∑

k′s′

(
U + 8∆tsk′ − 4

∆t

t
VSOs

′
√

sin2 k′x + sin2 k′y

)
gk′s′∆̄k′s′

(7.14)

∆s = − 1

2N

∑

k′s′

8∆tgk′s′∆̄k′s′ (7.15)

∆x−y =
1

2N

∑

k′s′

4
∆t

t
VSOgk′s′∆̄k′s′ . (7.16)

Equations (7.15) and (7.16) reveal that there are in fact only two independent parameters

since

∆x−y = −VSO

2t
∆s. (7.17)

This also means that the gap function is a linear function of the kinetic energy, since

∆̄ks = ∆0 + ∆s

(
sk −

sVSO

2t

√
sin2 kx + sin2 ky

)
(7.18)

= ∆0 −∆sεks/(4t), (7.19)
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where εks ≡ −2t(cos kx+cos ky)+2sVSO

√
sin2 kx + sin2 ky is the single-particle energy in

the normal state. This energy dependence is in stark contrast with that of the constant

gap found in conventional BCS theory. In the context of electron tunnelling, it will

cause an energy dependence in the conductance, independent of the density of states.

This is seen as an asymmetry in the tunnelling current for bias voltages of different

sign [105, 121]. This asymmetry would be slightly enhanced by spin-orbit coupling,

though the enhancement should diminish with increasing U , according to Fig. 7.1. We

can check this prediction through a simple model of tunnelling from a normal Rashba

metal (N) to Rashba superconductor (SC) through an insulating barrier. Assuming a

constant tunnelling probability |T |2, the tunnelling current as a function of bias voltage

V (defined by the difference between the chemical potential of the metal and that of the

superconductor) is given by

I = −e
∑

ks

∑

k′s′

|T |2
∫ ∞

−∞

dω

2π
AN
s (k, ω)ASC

s′ (k′, ω + eV )[f(ω + eV )− f(ω)], (7.20)

where AN
s (k, ω) is the spectral function of the normal Rashba metal and ASC

s (k, ω) is

the spectral function of the superconductor. Let us assume that the density of states

has an approximately constant value g at the Fermi level of the metal, which is a good

approximation away from half-filling and the band edges (see Fig. 1.4). In that case, the

tunneling current is

I = −2πe|T |2g2VNVSC

∫ ∞

−∞
dω
NSC(ω)

g
[f(ω + eV )− f(ω)], (7.21)

where VN and VSC are the volumes of the metal and superconductor respectively. The

superconducting density of states NSC(ω), is derived in Appendix G. This gives the

differential conductance

dI

dV
∝ e2

~

∫ ∞

−∞
dω
NSC(ω)

g

df(ω + eV )

d(eV )
, (7.22)

where we have ignored the dimensionless proportionality constant −2π|T |2g2VNVSC,

and restored ~. The integral may be computed numerically.

The linearized version (small gap function) of the self-consistency equations is a 3 × 3

determinant equation that determines the critical temperature. Due to the presence of

the chemical potential in the Fermi function we fix the density and simultaneously solve
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Figure 7.1: Low temperature gap dependence on kinetic energy for various values of
U . Recall that U is measured with respect to the renormalized hopping (t ∼ 0.1t′ in
the high electron density regime), which is why we consider such large values. Here we
have set ∆t = 4.5t, n = 1.875, kBT = 0.01t. The solid lines correspond to VSO = 0.5t.
The dashed lines show the result for VSO = 0. A slightly larger value for the absolute
value of the slope indicates that VSO increases the asymmetry around the Fermi level.

the number equation

n = 1− 1

2N

∑

k′s′

(εk′s′ − µ)

Ek′s′
tanh(βEk′s′/2). (7.23)

Note that in the absence of spin-orbit coupling, ∆x−y vanishes, and this problem reduces

to three coupled equations which have been solved in Ref. [105]. The determinant and

number equations are solved together iteratively. That is, we iterate over temperatures

until the determinant equation is satisfied, and for each temperature, the chemical po-

tential is found from the number equation. The same strategy can be used to solve for

the gap function below Tc.

7.3 Results

Fig. 7.2 shows the critical temperature Tc as a function of electron density for the

attractive Hubbard model with correlated hopping turned off (U < 0, ∆t = 0). We see

that except at very low (n→ 0) and high (n→ 2) densities where the singular density of

states becomes important, increasing the spin-orbit coupling has the effect of decreasing

the critical temperature. This is understood by noting that the available phase space for

intra-band pairs is reduced by the presence of spin-orbit coupling except at the bottom
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and top of the band where all states are of the same helicity and the density of states

becomes singular. Recall that the density of states is lower for the s = − (s = +) band

in the electron (hole) doped part of the band. Indeed, half-filling, which would have the

highest Tc in the absence of spin-orbit coupling, shows a dip due to the minimum (see

Fig. 1.4) in the density of states.
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Figure 7.2: Critical temperature as a function of electron density for various values
of the spin-orbit coupling measured in units of t with ∆t = 0. U = −t (top left),
U = −2t (top right), U = −3t (bottom left), and U = −4t (bottom right). By
particle-hole symmetry, the plot above half-filling is a reflection of this plot, i.e.
Tc(2− n) = Tc(n) for 0 < n < 1.
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Figure 7.3: Critical temperature as a function of electron density for various values
of the spin-orbit coupling measured in units of t with ∆t = 4.5t. U = 90t (left),
U = 115t (right).

Figs. 7.3 and 7.4 show a very different effect. Here correlated hopping has been turned on

108



1.2 1.4 1.6 1.8 2.0

0.05
0.10
0.15
0.20
0.25

1.2 1.4 1.6 1.8 2.0

0.1

0.2

0.3

0.4

0.5

Figure 7.4: Critical temperature as a function of electron density for various values
of the spin-orbit coupling with U = 75t. ∆t = 3.5t (left), ∆t = 4t (right).

and we now consider repulsive interactions (U > 0, ∆t 6= 0). The presence of correlated

hopping is crucial to get superconductivity with a repulsive U . The superconducting in-

stability in this case is primarily driven by kinetic energy instead of local attraction since

the order parameter increases with kinetic energy. A non-zero ∆t breaks particle-hole

symmetry, and we see that the Rashba spin-orbit coupling and correlated hopping coop-

erate to enhance the critical temperature in the high electron (low hole) density regime.

This too follows from the single-particle density of states. The spin-orbit coupling and

correlated hopping couple to produce an effective interaction whose sign is opposite the

sign of the helicity band [see the last line of Eq. (G.32)]. At high electron densities, the

s = − density of states is suppressed, and the s = + density of states increases towards

the singularity at the top of the band. Thus, the pair interaction becomes dominantly

attractive and its magnitude increases with VSO and ∆t. In fact the maximum value

of the critical temperature shows a quadratic dependence on the spin-orbit coupling as

seen in Fig. 7.5.

The gap and number equations are solved at finite temperature as well. Temperature

profiles of the gap components are shown in Figs. 7.6, 7.7 without and with correlated

hopping respectively. We can check the ratio of the quasiparticle energy gap to the

critical temperature as well. Due to the energy dependence of the gap, it is more

appropriate to use the minimum value of the excitation energy. This occurs when

εks =
µ+ ∆0 ∆s

4t

1 + (∆s

4t )2
, (7.24)
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Figure 7.5: Maximum critical temperature as a function of spin-orbit coupling with
U = 90t, ∆t = 4.5t.
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Figure 7.6: Gap function vs temperature for different values of the Rashba coupling.
Here U = −2t, ∆t = 0, and n = 0.8.

Recall that the chemical potential is renormalized by the gap via Eq. (7.23). Here we

consider weak coupling where µ remains within the band. For strong coupling, µ can

move outside the band. In that case one should take εks to be the value at the band

edge.

The excitation energy evaluated at (7.24) is

Emin =
|∆0 − µ∆s

4t |√
1 + (∆s

4t )2
. (7.25)

This value is plotted in Fig. 7.8 along with the gap ratio. We see that for these parameter

values, the spin-orbit coupling introduces very little deviation from the BCS gap ratio

value of 3.52 [86].
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Figure 7.7: ∆0 (top) and ∆s (bottom) components of the gap function vs
temperature for different values of the Rashba coupling in units of t. Here U = 115t,
∆t = 4.3t, and n = 1.85.
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Figure 7.8: Critical temperature, Emin, and the corresponding gap ratio at low
temperature as a function of spin-orbit coupling. Here we have set U = 90t, ∆t = 4.5t,
n = 1.875, kBT = 0.01t. The dashed line shows the conventional BCS value.

111



Finally, we compute the voltage-dependence of the differential conductance, i.e., the

right-hand-side of Eq. (7.22), approximating the normal-state density of states as a

constant g within the band : g(ω) = g[Θ(ω + 4t) − Θ(ω − 4t)], where Θ(ω) is the

Heaviside-theta function. The full energy-dependent density of states will induce addi-

tional asymmetries, but here we just wish to see the effect of the kinetic-energy dependent

gap function, so we focus on the regime away from the van Hove singularities, where this

approximation is valid. The result is shown in Fig. 7.9 as a function of bias voltage V .

We see a significant asymmetry, both in the magnitude of the energy gap on either side

of V = 0 and in the coherence peaks. These asymmetries increase with the spin-orbit

coupling as predicted.
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Figure 7.9: Dependence of the differential conductance (normalized as in Eq. (7.22))
on bias voltage for a metal-superconductor junction for different values of the Rashba
coupling in units of t. Here U = 105t, ∆t = 4.3t, n = 1.7, and the temperature is
kBT = 0.02t. At small Rashba coupling, the conductance does not appear to reach
zero. This is simply because the fixed temperature used in this plot becomes a
significant fraction of Tc at low Rashba coupling.

7.4 Discussion

We have shown that within a 2D tight-binding model on a square lattice, correlated

hopping and Rashba spin-orbit coupling work together to enhance the critical tempera-

ture of superconductivity even with significant repulsive on-site interactions. This may

explain the experimental findings of Ref. [110, 122] where the authors report that the

strength of the spin-orbit interaction in the LaAlO3/SrTiO3 interface tracks the mag-

nitude of Tc across the superconducting dome. This behaviour is in contrast to the

Rashba model with attractive on-site interactions and no correlated hopping, where the
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spin-orbit coupling inhibits superconductivity. Thus, correlated hopping may play an

important role in this system. Our analysis was done within a mean-field treatment

of the model assuming Cooper pairs to form within the same helicity band of the non-

interacting Rashba spectrum.

The enhancement is strongest in the high electron-density regime. This is relevant for

the cuprates at low hole doping, where the oxygen p-band is nearly full. Rashba spin-

splitting is expected to be present in many cuprates, though its magnitude is likely much

smaller than the values considered in this chapter.

The superconducting gap for this model is thermodynamically similar to the gap in

conventional BCS theory in the sense that the ratio of the minimum quasiparticle energy

to Tc is very close to the BCS value. However, the broken particle-hole symmetry of our

model will produce a spin-orbit-coupling dependent tunnelling asymmetry in a metal-

superconductor junction not seen in conventional BCS theory [105, 121].

In this chapter, we have focused on the magnitude of the superconducting gap, as this

correlates with the critical temperature. However, it is interesting to look at the sym-

metry of the gap function as well. This will be the focus of the next chapter. The gap

in the model presented here has an extended s-wave symmetry, but if one considers a

model with nearest-neighbour interaction, the gap symmetries will be enriched by the

presence of additional d-wave phases (see Fig. 6.1). These are not the symmetries of the

full gap function, but rather the part that transforms under irreps of the lattice point

group (∆̄ks). In particular, the gap carries an additional complex phase (se−iθ(k)) due

to the spin-orbit coupling. It is an important open question as to whether this phase

is observable, though it has been shown that it will not contribute to the Josephson

effect [123].
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Chapter 8

Superconducting order parameter

symmetry

In this chapter, we focus on superconductivity within tight-binding models that include a

nearest-neighbour interaction (third term in Table 6.1). In reality, the Coulomb interac-

tion is long-range (though this range is reduced by screening). As a result, the Hubbard

model with only on-site interaction may not be a qualitatively accurate description of

most materials. For example, the addition of an interaction that is not on-site has

important consequences because it allows the gap function to have symmetries beyond

s-wave, such as d-wave and triplet p-wave. Indeed, the fact that so many unconventional

superconductors have been observed is an indication that we need to understand the im-

pact of electron-electron interactions that go beyond the on-site model [82]. As we will

see, the landscape below Tc becomes even more rich as a result, with order parameters

that include mixtures of different symmetries.

8.1 Extended Hubbard model critical temperature

In this chapter we drop the correlated hopping term and study the extended Hubbard

model:

H = −t
∑

〈i,j〉
σ

(
c†iσcjσ + c†jσciσ

)
+ U

∑

i

ni↑ni↓ + V
∑

〈ij〉
σ,σ′

niσnjσ′ − µ
∑

i,σ

niσ. (8.1)
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Pairing can occur within any spin channel, so the order parameter is a 2 × 2 matrix

∆αβ , which we will express in terms of singlet and triplet components (see Eqs. (G.23),

(G.24), (G.25), (G.26)). Within mean-field theory, this model produces the following

self-consistent gap equations derived in Appendix G:

∆sing
k = − 1

N

∑

k′

[U + 4V (sksk′ + dkdk′)]∆
sing
k′

gk′ , (8.2)

∆λ
k = − 1

N

∑

k′

2V (sin kx sin k′x + sin ky sin k′y)∆
λ
k′gk′ . (8.3)

Here ∆sing
k represents the gap function involving pairing in the singlet channel, ∆λ

k

(with λ = x, y, z) involve pairing in the triplet channels, and we have used the s-wave

and d-wave basis functions sk ≡ 1
2(cos kx + cos ky), dk ≡ 1

2(cos kx − cos ky). As in the

previous chapter, we have defined gk ≡ 1
2Ek

(1−2f(Ek)) and the quasi-particle spectrum

is Ek =
√
ξ2
k + |∆k|2, where |∆k|2 = |∆sing

k |2 +
∑

λ |∆λ
k|2.

The k-dependence of Eqs. (8.2) and (8.3) determines the appropriate ansatz for the gap

functions:

∆sing
k = ∆0 + ∆ssk + ∆ddk, (8.4)

∆λ
k = ∆λ

x sin kx + ∆λ
y sin ky. (8.5)

These components satisfy the following gap equations:

∆0 = −U
N

∑

k′

gk′(∆0 + ∆ssk′ + ∆ddk′), (8.6)

∆s = −4V

N

∑

k′

sk′gk′(∆0 + ∆ssk′ + ∆ddk′), (8.7)

∆d = −4V

N

∑

k′

dk′gk′(∆0 + ∆ssk′ + ∆ddk′), (8.8)

∆λ
x = −2V

N

∑

k′

sin k′x(∆λ
x sin k′x + ∆λ

y sin k′y)gk′ , (8.9)

∆λ
y = −2V

N

∑

k′

sin k′y(∆
λ
x sin k′x + ∆λ

y sin k′y)gk′ . (8.10)
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First we consider the situation near Tc where all gap components are small. If we

linearize the above equations about ∆ = 0, then the function gk′ no longer depends on

the gap, and the symmetry of the lattice ensures that most of these equations decouple

∆0 = −U
N

∑

k′

gk′(∆0 + ∆ssk′), (8.11)

∆s = −4V

N

∑

k′

sk′gk′(∆0 + ∆ssk′), (8.12)

1 = −4V

N

∑

k′

d2
k′gk′ , (8.13)

1 = −2V

N

∑

k′

sin2 k′xgk′ = −2V

N

∑

k′

sin2 k′ygk′ . (8.14)

We see that the gap equations decouple into three different sets of equations that cor-

respond to the s-wave, d-wave and p-wave phases (Eqs. (8.11) + (8.12), Eq. (8.13), and

Eq. (8.14) respectively). In general, each irrep of the lattice point group will have a

corresponding Tc equation provided there is a part of the interaction that transforms

under this irrep.

Unlike the d-wave case, the linearized s-wave gap equations can have two eigenvalues in

some parts of the parameter space and therefore two critical temperatures. In Fig. 8.1,

we show the phase diagram in the U -V plane based solely on the critical temperatures

determined by solving the linearized gap equations. In the positive U regime, there

is competing spin-density wave order that we do not consider here [91]. The p-wave

(triplet) portion of the phase diagram only exists at small |V | and this region diminishes

with increasing electron density, vanishing at half-filling. Often, this diagram is taken to

give the symmetry of the order parameter below Tc. However, we will see that the true

phase diagram is much richer when we take into account the temperature dependence

of the gap.

For the sake of generality, we may rewrite the gap function as

∆sing
k =

∑

i∈{0,s,d}

∆ix
i
k; ∆λ

k =
∑

i∈{x,y}

∆λ
i x

i
k (8.15)

where the basis functions xik are: x0
k = 1, xsk = sk, xdk = dk, xxk = sin kx, xyk =

sin ky. Such a decomposition can be made for any separable interaction and makes the

expressions in the next section valid for many models beyond the extended Hubbard
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Figure 8.1: Phase diagram based on Tc for electron density n = 0.5. There are two
s-wave solutions to the lower left of the dashed purple line, and one s-wave solution to
the upper right.

model. From Table A.7, note that x0
k and xsk belong to one irrep of the square lattice

point group (A1), while xdk belongs to B1 and (xxk, xyk) belong to E. For the singlet

part, this means that Eqs. (8.6) and (8.7) decouple from (8.8) whenever ∆d = 0 or

∆0 = ∆s = 0. We refer to such solutions as pure solutions, and reserve “mixed solutions”

for any case where components from multiple different irreps are non-zero.

8.2 Free energy

This model has several components of the gap function with different symmetries. The

natural question to ask is which of these symmetries would be observed for a given value

of the parameters U , V 1 and electron density n? The answer is whatever minimizes

the Helmholtz free energy density. Note that we defined the Hamiltonian in the grand

canonical ensemble, but we will work exclusively at fixed electron density. Therefore

it is the free energy density f = Ω/N + µn and not the grand potential density Ω/N

that must be minimized. Within mean-field theory, this value is easily determined.

Combining the quasi-particle energy density with the ground state energy density (see

1Originally, we had imagined altering the values of U and V as a function of temperature, so that
the symmetry choice at Tc would almost certainly be overturned as the temperature was lowered. Such
temperature-dependent coupling parameters could be argued to occur for a variety of physical reasons.
In any event, as we discovered, these transitions occur even if U and V are held constant as a function
of temperature.
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Eqs. (G.17), (G.19)) yields the internal energy density:

u =
2

N

∑

k

Ekf(Ek) +
1

N

∑

k

(
ξk − Ek +

|∆k|2
2Ek

(1− 2f (Ek))

)
+ µn. (8.16)

In mean field theory, the entropy density is that of a free Fermi gas:

s = −2kB
N

∑

k

[(1− f(Ek)) ln (1− f(Ek)) + f(Ek) ln f(Ek)] . (8.17)

Combining these produces the mean-field free energy density fMF = u− Ts:

fMF =
1

N

∑

k

(
ξk − Ek + |∆k|2gk

)
+

2kBT

N

∑

k

ln(1− f(Ek)) + µn. (8.18)

fMF gives the correct value of the free energy at the solutions to the gap equation, i.e.

its critical points, but it is not the correct functional to minimize in order to obtain

these critical points. That functional comes from the finite temperature variational

theorem [124]

f ≤ f [∆k] ≡ fMF + 〈H −HMF〉MF, (8.19)

where the mean-field Hamiltonian HMF is given in Eq. (G.7). Of course, if we know

the solutions to the gap equation, we can simply plug them into fMF and compare the

resulting free energies, but it will prove fruitful to work with the variational free energy

f [∆k]. Here, the mean-field expectation of an operator X is given by

〈X〉MF ≡
1

ZMF
Tr e−βHMFX. (8.20)

We must compute

〈H −HMF〉MF =
1

2N

∑

kk′

∑

αβγδ

Vαβγδ(k,k
′)〈c†kαc

†
−kβc−k′γck′δ〉MF +

1

N

∑

k

|∆k|2gk.

(8.21)

The trace of the quartic term is readily evaluated in the eigenbasis of HMF. Using Wick’s

theorem and the fact that the occupation number distribution of the quasi-particles

〈γ†kαγkα〉 is the Fermi function f(Ek), we obtain the identity

〈γ†kαγkβγ
†
k′γ
γk′δ〉MF = δαβδγδf(Ek)f(Ek′), (8.22)
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Applying the Bogoliubov transformation (G.20), (G.21) and using this identity, we can

evaluate the quartic term

〈c†kαc
†
−kβc−k′γck′δ〉MF = ∆∗kαβ∆k′δγgkgk′ . (8.23)

The free energy functional follows from this,

f [∆k] =
2kBT

N

∑

k

ln(1− f(Ek)) +
1

N2

∑

kk′

V sing(k,k′)∆sing∗
k ∆sing

k′
gkgk′

+
1

N2

∑

kk′

∑

λ

V trip(k,k′)∆λ∗
k ∆λ

k′gkgk′ +
1

N

∑

k

(ξk − Ek + 2|∆k|2gk) + µn,

(8.24)

where we have separated the interaction into its parity-even and odd parts:

V sing(k,k′) = U + 4V (sksk′ + dkdk′), (8.25)

V trip(k,k′) = 2V (sin kx sin k′x + sin ky sin k′y). (8.26)

Minimization of the free energy is an important problem that requires strict numerical

control. The free energy is a nonlinear function of the gap components in a large-

dimensional parameter space.2 Ensuring that one has obtained the global minimum of

this function is numerically difficult in a brute-force approach. In this regard, we have

made use of the theory of Morse functions [125, 126, 126] to aid our numerical search

for the global minimum. These details are included in Appendix H.

8.3 Extended Hubbard model at finite temperature

In this section, we focus on real, singlet order parameters to get an idea of the temperature-

dependent behaviour of solutions to the gap equation. Coincident with this work, the

authors of Ref. [127] studied the low-temperature phase diagram of this model includ-

ing complex and triplet order parameters, and found significant regions in which either

px + ipy (where the phase of ∆λ
x and ∆λ

y differ by π/2) dominates or s+ id (where the

phase of ∆s and ∆d differ by π/2) dominates. It appears that only relative phases of 0

and π/2 between different gap components play any significant role. Indeed, looking at

2By “parameter space” we refer to the vector space spanned by the ∆i components, not to be confused
with the material parameters {U, V, n, T}.
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Eqs. (8.6)-(8.8), we see that the ∆0, ∆s equations decouple from the ∆d equation if the

relative phase between these two sets of components is π/2. Likewise, Eqs. (8.9) and

(8.10) decouple for px+ ipy. The advantage of our formulation is that we do not need to

discretize the parameter space in order to find the global minimum of the free energy.

Regardless of which order parameters are considered, the most important feature one

finds upon minimizing Eq. (8.24) is that there are regions of the phase diagram where

a mixed solution takes over below Tc. An example of such a point is shown in Fig. 8.2.

We find that for these parameters, the system starts as a d-wave superconductor at T dc ,

but attains a lower free energy upon the emergence of s-wave components at a lower

temperature.
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Figure 8.2: (a) Temperature dependence of the gap components for solutions at
U = −1.5, V = −6, n = 0.5. The solid red line shows |∆d|/t for the d-wave solution.
The s-wave solution (green) and the mixed solution (purple) have multiple
components. In both cases, the solid lines show |∆0|/t, the dashed lines show |∆s|/t
and the dotted line shows |∆d|/t. The label mixd denotes the fact that the mixed
solution (∆0 + ∆ssk + ∆ddk) emerges from the d-wave solution. (b) Free energy
density computed from (8.18) for the same parameters and solutions.
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Figure 8.3: (a) Temperature dependence of the gap components for solutions at
U = −4.5, V = −5.85, n = 0.5. The solid red line shows |∆d|/t for the d-wave
solution. The s-wave solution (green) and the mixed solutions (purple and blue) have
multiple components. In each case, the solid lines show |∆0|/t, the dashed lines show
|∆s|/t and the dot-dashed line shows |∆d|/t. The label mixd denotes the fact that the
mixed solution (∆0 + ∆ssk + ∆ddk) emerges from the d-wave solution, while mixs

means that mixed solution emerges from the s-wave solution. (b) Free energy density
for the same parameters and solutions. The dashed line indicates the transition
temperature between mixd and pure s-wave phases. The insets are polar plots of the
gap on the fermi surface (defined by ξk = 0) before and after the transition. (c) Free
energy density measured with respect to the d-wave free energy density.
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Fig. 8.3 shows a more unusual situation near the T sc = T dc line. Here we see the devel-

opment of two mixed solutions below Tc (purple and blue). The second mixed solution

(mixs) is a saddle point. Its emergence from the s-wave critical point allows the pure

s-wave solution to become a minimum in accordance with the bifurcation rules discussed

in Appendix H. Ultimately, this minimum has a lower free energy than the mixd min-

imum at zero temperature. The inset of Fig. 8.3 (b) shows the angular dependence of

the gap evaluated on the Fermi surface. In general, mixed gap functions can have zero,

two, or four nodes depending on the Fermi level and the relative magnitude of the ∆i’s.

In the particular case shown here, the mixed state appears p-wave like in that there

are two nodes on the Fermi surface. However it is actually predominantly of extended

s-wave type because there is no sign change around the Fermi surface. Note that the

mixed state is four-fold degenerate, corresponding to the parameters ±(∆0 + ∆s)±∆d,

while here we only show one of the four possible states (the other polar plots are found

by rotating this by π/2 and multiplying by a sign).

If these symmetry transitions occur in superconductors, they will have observable con-

sequences. The specific heat per unit volume, cv = −T ∂2fmin

∂T 2 , will have an additional

discontinuity below Tc due to the development of a mixed minimum in the free energy.

In the case of a transition to a new pure state, as in Fig. 8.3, the specific heat would ex-

hibit a singularity consistent with a first-order phase transition. This is shown in Fig. 8.4

with the parameter values corresponding to Fig. 8.3. The singularity is infinitesimally

thin, but may be broadened by fluctuations and impurities [128].

With these examples, we see that the full temperature-dependent phase diagram is

quite complicated. In general, there will be a large region in the U − V plane where the

superconductor starts with one pure symmetry at its critical temperature and undergoes

a transition to a different symmetry at a lower temperature.

The density-dependence of these transitions is interesting as well. Half-filling is a special

case. For n = 1, µ = 0, the number equation (H.3) ensures that 1
N

∑
k skgk = 0. As

a result, the ∆0 and ∆s gap equations (8.6), (8.7) decouple for pure solutions, and

the s-wave critical points move to the ∆0 and ∆s axes. There are then three pure

solutions: on-site s-wave, nodal extended s-wave, and d-wave, while the mixed solutions

are confined to the ∆0-∆d and ∆s-∆d planes.
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Figure 8.4: Temperature dependence of the specific heat at U = −4.5, V = −5.85,
n = 0.5. There is a discontinuity (second-order transition) when the mixed state takes
over from the d-wave state, and a singularity (first-order transition) when the s-wave
state takes over from the mixed state. The singularity is a discontinuity in the
entropy. Intriguingly, the derivative of the entropy is the same for both states at this
temperature, so the singularity appears as a cusp in the specific heat.

8.4 Extended Rashba-Hubbard model critical temperature

Let us consider what happens when SOC is added to the extended Hubbard model:

H = −t
∑

〈i,j〉
σ

(
c†iσcjσ + c†jσciσ

)
+ U

∑

i

ni↑ni↓ + V
∑

〈ij〉
σ,σ′

niσnjσ′ − µ
∑

i,σ

niσ

−
[
iVSO

∑

i,αβ

(c†i,ασ
αβ
x ci+ŷ,β − c†i,ασαβy ci+x̂,β) + h.c.

]
.

(8.27)

As in Chapter 7, we will work in the Rashba basis and consider only intraband pairing,

so that the order parameter is labeled by a single helicity index s. The derivation of

the gap equation in mean-field theory proceeds exactly as in Appendix G, only with a

modified interaction. We once again obtain the gap equation

∆ks = − 1

2N

∑

s′k′

Vss′(k,k
′)∆k′s′gk′s′ , (8.28)
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but now with

Vss′(k,k
′) ≡ ss′eiθ(k

′)e−iθ(k)

[
U + 4V (sksk′ + dkdk′)

+2V ss′
(

(sin kx sin k′x + sin ky sin k′y)
2

√
sin2 kx + sin2 ky

√
sin2 k′x + sin2 k′y

)]
. (8.29)

The dependence on k and s determine the ansatz for the gap function:

∆ks ≡ se−iθ(k)∆̄ks, (8.30)

∆̄ks =
∑

i

∆ix
i
ks, (8.31)

with the basis functions

x0
ks ≡ 1, (8.32)

xsks ≡ sk, (8.33)

xx−yks ≡ s
√

sin2 kx + sin2 ky, (8.34)

xdks ≡ dk, (8.35)

xx+y
ks ≡ s

(sin2 kx − sin2 ky)√
sin2 kx + sin2 ky

, (8.36)

xxyks ≡ s
sin kx sin ky√

sin2 kx + sin2 ky

. (8.37)

The first three basis functions are invariant under all operations of the square lattice

point group D4 and so represent the s-wave portion of the gap. The next two transform

under the B1 irrep and represent the dx2−y2 portion. The last one, which was not seen

in the absence of SOC transforms under B2 and represents the dxy portion of the gap.
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The corresponding six gap equations are

∆0 = − 1

2N

∑

k′s′

U∆k′s′gk′s′ , (8.38)

∆s = − 1

2N

∑

k′s′

4V sk′∆k′s′gk′s′ , (8.39)

∆x−y = − 1

2N

∑

k′s′

V s′
√

sin2 k′x + sin2 k′y∆k′s′gk′s′ , (8.40)

∆d = − 1

2N

∑

k′s′

4V dk′∆k′s′gk′s′ , (8.41)

∆x+y = − 1

2N

∑

k′s′

V s′
(

sin2 k′x − sin2 k′y√
sin2 k′x + sin2 k′y

)
∆k′s′gk′s′ , (8.42)

∆xy = − 1

2N

∑

k′s′

4V s′
(

sin k′x sin k′y√
sin2 k′x + sin2 k′y

)
∆k′s′gk′s′ . (8.43)

(8.44)

The linearized versions of these equations decouple into s, dx2−y2 and dxy eigenvalue

equations for Tc. Defining Ii,j ≡ 1
2N

∑
k′s′ x

i
k′s′

xj
k′s′

gk′s′ , we have for the s-wave sector,

det




1 + UI0,0 UI0,s UI0,x−y

4V I0s 1 + 4V Iss 4V Is,x−y

V I0,x−y V Is,x−y 1 + V Ix−y,x−y


 = 0, (8.45)

while for the dx2−y2 sector,

det


1 + 4V Id,d 4V Id,x+y

V Id,x+y 1 + V Ix+y,x+y


 = 0, (8.46)

and for the dxy sector,

1 + 4V Ixy,xy = 0. (8.47)

Note that if we take the zero SOC limit, gks becomes independent of s, and the sums

I0,x−y, Is,x−y, Id,x+y all vanish. In this case, the Tc equations further decouple into

singlet and triplet sectors. The singlet s and d-wave Tc equations are exactly what

we found for the extended Hubbard model without SOC (Eqs. (8.11), (8.12), (8.13)).
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However, the triplet equations are no longer degenerate. They are given by

1 + V Ix−y,x−y = 0 (8.48)

1 + V Ix+y,x+y = 0 (8.49)

1 + V Ixy,xy = 0. (8.50)

The first equation is formally the same as Eq. (8.14), while the second two are new. The

situation at VSO = 0 is summarized in Fig. 8.5, which is representative of the Tc’s for all

weak SOC strengths (i.e. this plot looks the same for all VSO . 0.2). Note that the new
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Figure 8.5: Critical temperatures as a function of nearest-neighbour attraction V
for electron density n = 0.5, U/t = −1, VSO = 0. Here the “Rashba” Tc’s are
computed in the helicity basis and have been separated into their singlet and triplet
contributions. For comparison, we show the triplet Tc computed in the spin basis
from Eq. (8.14) (dashed).

triplet Tc’s (coming from the d-wave parts) are lower than all the other Tc’s. Evidently,

we do not lose anything by restricting to intraband pairing, since even in the limit of no

spin splitting, we accurately capture the phases of the extended Hubbard model (at least

near the onset of superconductivity). In this limit, the linear combination of intraband

pairs (c†k+c
†
−k+|0〉 + c†k−c

†
−k−|0〉) corresponds to a triplet pair in the spin basis, while

(c†k+c
†
−k+|0〉 − c

†
k−c

†
−k−|0〉) corresponds to a singlet pair in the spin basis.

If we increase the SOC, the phase diagram will change. Fig. 8.6 shows the SOC de-

pendence of Tc for each phase. As in the attractive Hubbard model without correlated

hopping, studied in Chapter 7 and in agreement with Ref. [104], Tc decreases with VSO

for all phases. However, the high s-wave Tc decreases more gradually and eventually

displaces the dx2−y2 solution as the highest Tc. Fig. 8.7 shows the phases as determined
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Figure 8.6: Critical temperatures as a function of spin-orbit coupling for electron
density n = 0.5, U/t = −2, V/t = −3.5. Note that for these parameters, s and dx2−y2

phases have two critical temperatures. The lower s-wave Tc is given by the dashed
blue line. The lower dx2−y2 Tc is not shown because it is visibly indistinguishable
from zero.

by the highest Tc for various values of VSO. Recall that for non-zero SOC, the s-wave

phase includes a component that reduces to the p-wave triplet part as VSO → 0. We see

that as VSO increases, the stability of the dx2−y2 phase is pushed to lower V and higher

U . In this parameter range the dxy phase never has the highest Tc. The situation is

different close to half filling. For n = 0.7, the range of the dx2−y2 phase is much larger.
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Figure 8.7: Phase diagram based on critical temperatures for different values of the
spin-orbit coupling. The black curves show the transition for n = 0.5. The solid blue
curve shows the transition for n = 0.7, which is qualitatively independent of the
spin-orbit coupling (here we chose VSO = 0.2t). To the upper-left of each curve the
s-wave Tc is the highest. To the lower right, dx2−y2 -wave Tc is the highest.
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8.5 Discussion

In this chapter, we have studied the symmetry of the superconducting gap in the 2D

extended Hubbard and extended Rashba-Hubbard models, focusing on the regime of

attractive nearest neighbour interaction (V < 0). We used a mean-field approach to

determine the gap equations that set the allowed symmetries of the gap.

The precise symmetry of the gap for given material parameters (U, V, n, T ) is determined

by the minimum of the free energy. This can be considered as a critical point of a Morse

function in a multi-dimensional parameter space of order-parameter components. This

perspective, outlined in Appendix H, has conceptual and technical advantages that scale

well to other models where the gap function can have a more complicated k-dependence.

We discovered that even within the simple extended Hubbard model, there is a rich

variety of symmetry phase transitions that occur as a function of temperature; these

are observable through the specific heat. In particular, we expect there is a significant

portion of the phase diagram where there is a different symmetry at T = Tc and T = 0,

with a first or second-order transition at some finite temperature in-between. This may

explain the experimental difficulty in determining the symmetry of some superconduct-

ing materials. Recent observations of very underdoped cuprates indicate precisely this

kind of transition, with a gap opening at the dx2−y2-wave nodes as the temperature is

lowered [129]. The cuprates are often described by the extended Hubbard model. Thus,

it is entirely possible that this is an observation of an s-wave gap component turning

on below Tc. Our results show that such a scenario is more common than not in the

extended Hubbard model.

A word about the interaction parameter ranges in this chapter is warranted. We fo-

cused mainly on strong coupling, and found that in this regime, the range of symmetry

transitions is significant. Such transitions may also occur at weak coupling, but in this

regime the free energies of different phases are so similar that it is difficult to discern the

transition. Therefore it would be easiest to observe this phenomenon for large |U/t| and

|V/t|. One promising avenue to explore this is in the context of ultra-cold atoms, where

U/t is controlled via the optical lattice potential, n and T are controlled via evaporative

cooling, and V can be included through dipolar interactions [130, 131].
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We also point out that the phase diagram is highly dependent on the symmetries of the

normal state. The addition of particle-hole symmetry (half-filling) alters the allowed

symmetry phases and transitions below Tc. In the same regard, we expect models

with more exotic symmetries of the normal state to have different symmetry transitions

below Tc. One example is a model in which a Rashba term breaks inversion symmetry.

Motivated by this, we studied the critical temperature of the extended Rashba-Hubbard

model, and showed that SOC alters the allowed symmetry phases. All phases are a

mixture of spin-singlet and spin-triplet and may be classified into s, dx2−y2 , and dxy

symmetries in momentum-space. The robustness of the s phase increases with spin-

orbit coupling. At weak coupling, the phases map onto those of the extended Hubbard

model without SOC. This is surprising because the assumption underlying this result is

that pairs form in the same helicity band. For kBT & VSO the two helicity bands are

effectively degenerate. Nonetheless, we still need only consider intraband pairing. The

reason is that in the helicity basis, the one singlet and three triplet pairing types are

divided such that intraband pairing contains the singlet and one triplet, while interband

pairing contains the other two triplets. This can be seen by representing the intra and

inter-band pairs in the spin basis:

c−kscks =
seiθ(k)

2
[s(eiθ(k)c−k↑ck↑ − e−iθ(k)c−k↓ck↓) + (c−k↑ck↓ − c−k↓ck↑)],

(8.51)

c−ksck−s =
seiθ(k)

2
[s(eiθ(k)c−k↑ck↑ + e−iθ(k)c−k↓ck↓)− (c−k↑ck↓ + c−k↓ck↑)].

(8.52)

Since all triplet phases are degenerate at Tc, it suffices to consider just intraband pairing.

With this in mind, the interband pairing may become important at low temperatures

(but not lower than the spin splitting). Indeed, we expect the full temperature-dependent

phase diagram to be quite rich. It would be interesting to see what happens to the

symmetry transitions we found in Section 8.3 when the SOC is turned on. The free

energy minimization method developed in this chapter can be applied to this case as

well, with the advantage that the computation time scales, albeit exponentially, with the

dimension of the largest pure subspace of parameters (three), rather than the dimension

of the full parameter space (six) as in previously used methods [127].
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Chapter 9

Conclusion

In this thesis, we have endeavoured to provide theoretical descriptions for a variety of

phenomena associated with electronic systems where spin-orbit coupling plays an im-

portant role. In particular, we have focused on systems with broken inversion symmetry

in two dimensions where the spin-orbit coupling takes the Rashba form. The class of

materials with some amount of inversion asymmetry is vast, and the Rashba term must

be accounted for in all of these cases. The primary consequence of this, is that the

dispersion is dramatically altered from the conventional parabolic (in continuum) or co-

sine (on a square lattice) band structure. Throughout this dissertation, we have shown

that the effects of this drastic alteration can be amplified in a many-electron system

and cause observable consequences on a macrosopic scale. In Part 1, this amplification

occurred because we focused on a range of electron densities for which the assumptions

of Fermi liquid theory held and therefore the relevant excitations qualitatively followed

the single-particle properties of the system. In Part 2, this amplification occurred be-

cause we focused on situations where the pairing instability occurred within channels

demarcated by the single-particle bands.

In Chapter 3 we exactly solved the low-energy single-particle impurity scattering problem

for a set of simple impurity potentials and showed that the S-matrix and cross section

exhibited unconventional behaviour. Recognizing that these features were independent

of the details of the impurity, we derived a universal expression for the T -matrix (and

therefore all scattering quantities) of a low-energy Rashba system in Chapter 4. This

equipped us with the necessary tools to compute non-perturbative transport quantities
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in the many-body system in Chapter 5. The most striking result of these calculations was

the existence of quantized steps in the DC conductivity as a function of the logarithm of

the electron density, a feature we predict to be observable in a pump-probe experiment.

Several open questions remain on this topic. One is whether or not this phenomenon

appears outside the context of Rashba spin-orbit coupling. In other words, is it a

consequence of the spin dynamics of these systems, or is it present for all dispersions

with highly degenerate minima? Steps towards answering this question would include

determining if 2D Dresselhaus systems (same dispersion, different spin texture) exhibit

similar phenomena, and whether there is a generalization of these results to 3D Rashba

dispersions that have a toroidal ground state manifold [51]. Perhaps it is only the

topology of the low-energy Fermi sea that matters in this regard. The other question

is how these scattering properties manifest themselves in two-particle scattering. We

carefully avoided electron-electron interactions in the first part of this thesis, but it is

predicted that these interactions cause liquid and Wigner crystal phases with unusual

symmetries in the Rashba system [54–56]. We expect that one could elucidate the origin

of these phases by applying the low-energy scattering theory developed here to two or

few-body problems.

In the second part of the thesis, we studied superconductivity within the BCS mean-

field formalism. Here too, we follow the consequences of the altered Rashba dispersion

to the many-body problem by considering the thermodynamics of Cooper pairs formed

within the same helicity band of this dispersion. Chapter 7 revealed that while Rashba

coupling suppresses the superconducting instability in the Hubbard model, it enhances

this instability upon the addition of correlated hopping, and furthermore causes an

increased asymmetry in the gap and coherence peaks with respect to the bias voltage of

a tunnelling setup. In Chapter 8 we discussed the symmetry of the superconducting order

parameter in the extended Hubbard model both with and without spin-orbit coupling.

We pointed out that even in the simple extended Hubbard model, the phase diagram

is very exotic, particularly if one considers temperatures below Tc, where the order

parameter can have components from multiple irreps of the lattice point group. We

developed an algorithm to find these phases via global minimization of the free energy.

In the case with a Rashba term, our discussion was limited to the phases near Tc,

but there we saw that spin-orbit coupling caused a suppression in states with d-wave

symmetry.
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The natural next step would be to complete a finite temperature analysis of the phases of

the extended Rashba-Hubbard model. While the techniques we developed in Chapter 7

are suitable for this, one may need to reformulate the mean-field problem to account for

interband pairing. Furthermore, it is known that phases with complex order parameters

exist in the extended Hubbard model, such as s+ id [127]. In the Rashba case, it is not

clear what the relative phase between order-parameter components should be. One can

also speculate about the extended Rashba-Hubbard model with correlated hopping. Our

results from Chapter 7 revealed that in the presence of correlated hopping, spin-orbit

coupling causes an enhancement in the (extended) s-wave part of the gap. Thus, we

expect that in the extended Rashba-Hubbard model, a finite ∆t would cause a further

preference of s over d-wave symmetry.

It is truly striking that spin-orbit coupling, a small relativistic correction to atomic spec-

tra, could produce such dramatic and diverse consequences as quantized conductivity,

tunable superconducting Tc, or even a spin transistor. What began as an effort to more

accurately compute the band structure of zinc blende and Wurtzite crystals over 60 years

ago has formed the basis of a rich set of phenomenology. This has been aided by the

discovery of metals, semiconductors, and superconductors with ever larger spin split-

tings. As this trend continues, more materials are found where spin-orbit coupling plays

a dominant role in macroscopic thermodynamic and transport features. It is therefore

vital for theorists and experimentalists to continue to map out the possible phenomena

associated with this effect. We believe that such investigations will build new bridges

between the atomic and macroscopic worlds in future discoveries and technologies.
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Appendix A

Character tables of some relevant

point groups

For convenience, we reproduce a selection of character tables for some important point

groups in this thesis. The last few columns in each table indicate the low order polyno-

mials and pseudovectors R that transform under the corresponding irrep.

C2v E C2(z) σv(xz) σv(yz) linear quadratic

A1 +1 +1 +1 +1 z x2, y2, z2

A2 +1 +1 −1 −1 Rz xy

B1 +1 −1 +1 −1 x,Ry xz

B2 +1 −1 −1 +1 y,Rx yz

Table A.1: Character table for C2v

C4v E 2C4(z) C2 2σv 2σd linear quadratic

A1 +1 +1 +1 +1 +1 z x2 + y2, z2

A2 +1 +1 +1 −1 −1 Rz
B1 +1 −1 +1 +1 −1 x2 − y2

B2 +1 −1 +1 −1 +1 xy

E +2 0 −2 0 0 (x, y), (Rx, Ry) (xz, yz)

Table A.2: Character table for C4v.

147



C6v E 2C6(z) 2C3(z) C2(z) 3σv 3σd linear quadratic

A1 +1 +1 +1 +1 +1 +1 z x2 + y2, z2

A2 +1 +1 +1 +1 −1 −1 Rz
B1 +1 −1 +1 −1 +1 −1

B2 +1 −1 +1 −1 −1 +1

E1 +2 +1 −1 −2 0 0 (x, y), (Rx, Ry) (xz, yz)

E2 +2 −1 −1 +2 0 0 (x2 − y2, xy)

Table A.3: Character table for C6v.

C8v E 2C8 2C4 2(C8)3 C2 4σv 4σd linear quadratic

A1 +1 +1 +1 +1 +1 +1 1 z x2 + y2, z2

A2 +1 +1 +1 +1 +1 −1 −1 Rz
B1 +1 −1 +1 −1 +1 +1 −1

B2 +1 −1 +1 −1 +1 −1 +1

E1 +2 +
√

2 0 −
√

2 −2 0 0 (x, y), (Rx, Ry) (xz, yz)

E2 +2 0 −2 0 +2 0 0 (x2 − y2, xy)

E3 +2 −
√

2 0 +
√

2 −2 0 0

Table A.4: Character table for C8v.

Td E 8C3 3C2 6S4 6σd linear quadratic cubic

A1 +1 +1 +1 +1 +1 x2 + y2 + z2 xyz

A2 +1 +1 +1 −1 −1

E +2 −1 +2 0 0 g(x)

T1 +3 0 −1 +1 −1 (Rx, Ry, Rz) f1(x)

T2 +3 0 −1 −1 +1 (x, y, z) (xy, xz, yz) f2a(x), f2b(x)

Table A.5: Character table for Td. The quadratic polynomial is
g(x) = (2z2 − x2 − y2, x2 − y2). Here we have included cubic order polynomials in
order to see the SOC terms relevant for bulk Dresselhaus systems:
f1(x) ≡ (x[z2 − y2], y[z2 − x2], z[x2 − y2]), f2a ≡ (x3, y3, z3) and
f2b(x) ≡ (x[z2 + y2], y[z2 + x2], z[x2 + y2]).

D2d E 2S4 C2(z) 2C′2(z) 2σd linear quadratic

A1 +1 +1 +1 +1 +1 x2 + y2, z2

A2 +1 +1 +1 −1 −1 Rz
B1 +1 −1 +1 +1 −1 x2 − y2

B2 +1 −1 +1 −1 +1 z xy

E +2 0 −2 0 0 (x, y), (Rx, Ry) (xz, yz)

Table A.6: Character table for D2d.

D4 E 2C4(z) C2(z) 2C′2(z) 2C
′′
2 linear quadratic

A1 +1 +1 +1 +1 +1 x2 + y2, z2

A2 +1 +1 +1 −1 −1 z, Rz
B1 +1 −1 +1 +1 −1 x2 − y2

B2 +1 −1 +1 −1 +1 xy

E +2 0 −2 0 0 (x, y), (Rx, Ry) (xz, yz)

Table A.7: Character table for D4, the point group of a square lattice. Here C′2 and
C

′′

2 are reflections in the axes and diagonals respectively.
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Appendix B

Spin-degenerate scattering

It is useful to explicitly compare the Rashba hard disk scattering results in Chapter 3

to that a spin-degenerate system. Once again we consider the potential

V (r) =




∞ r < R

0 r > R

(B.1)

in 2D but without spin-orbit coupling. In this case, the wave function in the scattering

region r > R may be written as a linear combination of an incident plane wave and

outgoing Hankel functions

Ψ(r, θ) =

(
1√
2
eikx +

∞∑

l=−∞
ale

ilθH+
l (kr)

)
η, (B.2)

where η is an arbitrary spinor, and there is only a single wave vector k =
√

2mE for each

incident energy E. The matching condition Ψ(R, θ) = 0 gives two degenerate equations

(due to the two spinor components) that determine the only unknown coefficient

al = − il√
2

Jl(kR)

H+
l (kR)

. (B.3)

The incident and scattered current densities have magnitudes |~jin| = k
2m and |~jsc| =

2
πmr |

∑∞
l=−∞ ale

i(θ−π/2)l|2 respectively. Equation (2.10) then gives the differential cross

section
dσ

dθ
=

4

πk

∣∣∣∣
∞∑

l=−∞
ale

i(θ−π/2)l

∣∣∣∣
2

, (B.4)
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Figure B.1: Polar plot of differential cross section for the spin-degenerate problem
with various values of kR. The radius of each curve represents the magnitude of
dσ/dθ in units of 1/k.

which is plotted in Fig. B.1. The cross section is isotropic in the long-wavelength limit,

and forward scattering is enhanced as the wavelength is decreased.

In the long-wavelength limit, one may use the small-argument form of the Bessel func-

tions,

Jl(kr) ≈
εl
|l|!

(
kr

2

)|l|
, (B.5)

Nl(kr) ≈





−εl(|l| − 1)!

π

(
2

kr

)|l|
, l 6= 0,

2

π

[
ln

(
kr

2

)
+ γ

]
, l = 0,

(B.6)

where γ is Euler’s constant and

εl =





1, l > 0,

(−1)l, l < 0.

(B.7)

In this limit, the coefficient (B.3) is

al ≈





− il√
2

[
1− i

π
(|l| − 1)!|l|! (kR/2)2|l|

]−1

, l 6= 0,

− 1√
2

(
1 + i

2

π
[ln (kR/2) + γ]

)−1

, l = 0.

(B.8)
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The S-matrix partial-wave components are found by dividing the outgoing H+(kr) co-

efficients of the wavefunction by the ingoing H−(kr) coefficients:

Sl = 1 +
al

il/(2
√

2)
. (B.9)

From this, we may also write down the T -matrix:

T l =
i

m
(Sl − 1) =

ial

mil/(2
√

2)
. (B.10)

In the low energy k → 0 limit, the l = 0 part of Eq. (B.8) dominates and we have

Tkk′ ≈ T 0 ∼ 1/m

i− 1
π ln(E/Ea)

, (B.11)

where in this case Ea = mR2

2e2γ
is a parameter related to the scattering length (see, e.g.,

Ref. [59, 132]).

It is more common to write scattering quantities in terms of the phase shift δl (which is

more ambiguous in the Rashba case where there are multiple scattering channels) [59].

In terms of the phase shift, the differential cross section (B.4) is written as

dσ

dθ
=

2

πk

∣∣∣∣
∞∑

l=−∞
sin δle

i(lθ+δl)

∣∣∣∣
2

. (B.12)

Comparison with Eq. (B.4) and (B.8) gives the phase shifts

cot δl =





− 1

π
(|l| − 1)!|l|!

(
2

kR

)2|l|
, l 6= 0,

2

π

[
ln

(
kR

2

)
+ γ

]
, l = 0.

(B.13)

Note that even in the low-energy limit, the differential cross section and phase shift

retain a dependence on R in contrast to the case with spin-orbit coupling. However, the

singularity in the cross section at threshold due to the 1/k pre-factor in Eq. (B.12) is a

common feature of scattering in 2D [59].
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Appendix C

Symmetries of the Rashba S and

T matrices

C.1 Symmetry of the S-matrix

Here we show that the symmetry of the S-matrix Sl = (Sl)T for each angular momen-

tum component l is a consequence of the combination of two symmetries: time-reversal

symmetry, and a symmetry under reflection about the x axis, i.e., symmetry under

y → −y.

The action of the time-reversal operator T on an arbitrary spinor ψ(r) = ψ↑(r)|↑〉 +

ψ↓(r)|↓〉 (with |↑〉 = (1, 0) and |↓〉 = (0, 1) the eigenvectors of σz) is given by

Tψ(r) = ψ∗↑(r)|↓〉 − ψ∗↓(r)|↑〉 = −iσyψ∗(r). (C.1)

One can check by explicit calculation that the Hamiltonian (3.2) obeys the relation

σyH(r, θ)σy = H∗(r, θ), (C.2)

which is a statement of time-reversal symmetry. Thus if ψE(r, θ) is an eigenstate of

H(r, θ) with energy E, the state TψE(r, θ) = −iσyψ∗E(r, θ) is also an eigenstate of

H(r, θ) at the same energy. Likewise, the Hamiltonian obeys the relation

σyH(r, θ)σy = H(r,−θ), (C.3)
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which is a statement of reflection symmetry about the x axis (i.e., y → −y or θ → −θ).
Indeed, because the incident plane wave propagates in the x direction and the scatter-

ing potential is rotationally symmetric, this is a symmetry of the scattering geometry

(Fig. 3.2). If ψE(r, θ) is an eigenstate of H(r, θ) with energy E, the state σyψE(r,−θ) is

also an eigenstate of H(r, θ) at the same energy [47]. Combining these two symmetries,

we find that ψ∗E(r,−θ) is an eigenstate of H(r, θ) with energy E if ψE(r, θ) is.

We can use the fact we have just derived to constrain the form of the S-matrix. Because

the scattering states (3.7) and (3.10) described by the S-matrix Sl are eigenstates of

the Hamiltonian with energy E, the states ψ∗>(r,−θ) and ψ∗<(r,−θ) are also eigenstates

of the Hamiltonian with the same energy, and should thus be described by the same

S-matrix. We first introduce the notation

φin
≷ (r, θ) =

√
k≷


 H∓l (k≷r)

−H∓l+1(k≷r)e
iθ


 , (C.4)

φout
≷ (r, θ) =

√
k≷


 H±l (k≷r)

−H±l+1(k≷r)e
iθ


 . (C.5)

Because the combined action of complex conjugation and reversing the sign of θ leaves

the angular factor eilθ invariant, we can consider one l component at a time. Ignoring a

constant multiplicative factor, for a given l and in the asymptotic region k≷r � 1 one

has

ψ>(r, θ) ∼ φin
> + Sl>>φ

out
> + Sl><φ

out
< , (C.6)

ψ<(r, θ) ∼ φin
< + Sl<>φ

out
> + Sl<<φ

out
< . (C.7)

The combined action of complex conjugation and reversing the sign of θ interchanges

incoming and outgoing circular waves,

φin
≷ (r,−θ)∗ = φout

≷ (r, θ), (C.8)

such that for a given l one has

ψ∗>(r,−θ) ∼ φout
> + (Sl>>)∗φin

> + (Sl><)∗φin
< , (C.9)

ψ∗<(r,−θ) ∼ φout
< + (Sl<>)∗φin

> + (Sl<<)∗φin
< . (C.10)
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Because the scattering states (C.9) and (C.10) are degenerate, an arbitrary linear su-

perposition of those two states is also a valid scattering state at the same energy. In

particular, we can construct linear superpositions ψ̃>(r, θ) and ψ̃<(r, θ) that take the

standard form (C.6)-(C.7) of an incoming circular wave φin
≷ plus outgoing circular waves

φout
≷ multiplied by appropriate coefficients,

ψ̃>(r, θ) ∼ φin
> +

(
Sl<<

detSl

)∗
φout
> −

(
Sl><

detSl

)∗
φout
< , (C.11)

ψ̃<(r, θ) ∼ φin
< −

(
Sl<>

detSl

)∗
φout
> +

(
Sl>>

detSl

)∗
φout
< . (C.12)

Comparing with Eq. (C.6)-(C.7), we obtain the relations

Sl>> =

(
Sl<<

detSl

)∗
, Sl>< = −

(
Sl><

detSl

)∗
,

Sl<> = −
(
Sl<>

detSl

)∗
, Sl<< =

(
Sl>>

detSl

)∗
. (C.13)

Using the inverse of the S-matrix

(Sl)−1 =
1

detSl


 Sl<< −Sl><
−Sl<> Sl>>


 , (C.14)

as well as its unitarity (Sl)−1
αβ = S∗βα, the first and fourth relations in (C.13) are trivial

and the second and third give

Sl>< = Sl<>, (C.15)

i.e., Sl = (Sl)T .

C.2 Symmetry of the T -matrix

Besides rotation symmetry, which allows us to expand the T -matrix in circular harmonics

with coefficients T l(E), the Rashba T -matrix for circular impurity potentials is also

symmetric under reflections in the y − z plane. In the spin basis, this means

σxT (Mx(k,k′))σx = T (k,k′), (C.16)
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where Mx maps kx to −kx. Transforming to the helicity basis, this condition becomes

(−ie−iφkσz)T (Mx(k,k′))(ieiφk′σz) = T (k,k′), (C.17)

where φk is the in-plane angle associated with k. Both sides may be expanded in circular

harmonics,
∑

l

e−i(l+1)(φk−φk′ )σzT
l(E)σz =

∑

l

eil(φk−φk′ )T l(E). (C.18)

Shifting l→ −l − 1 on the left side, we get

σzT
−l−1(E)σz = T−l(E). (C.19)

For the lower helicity component T−−, this means

T l−1(E) = T−l(E). (C.20)

Note that this condition guarantees detailed balance in the Boltzmann scattering rate

(5.3), since

|Tk′k|2 =

∣∣∣∣
∑

l

T l(E)eil(φk′−φk)

∣∣∣∣
2

(C.21)

=

∣∣∣∣
∑

l

T−l(E)eil(φk−φk′ )
∣∣∣∣
2

(C.22)

=

∣∣∣∣
∑

l

T l−1(E)eil(φk−φk′ )
∣∣∣∣
2

(C.23)

=

∣∣∣∣
∑

l

T l(E)eil(φk−φk′ )
∣∣∣∣
2

|ei(φk−φk′ )|2 (C.24)

= |Tkk′ |2. (C.25)

Another important consequence of this symmetry is the identity

∫ 2π

0

dφ

2π
sinφ|Tkk′ |2 = 0, (C.26)
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where φ is the angle between k and k′. This follows from expanding the left-hand side

in circular harmonics to get

1

2i

∑

l

(
T l(E)∗T l−1(E)− T l(E)∗T l+1(E)

)

=
1

2i

∑

l

(
T−l(E)∗T l(E)− T−l(E)∗T l(E)

)
(C.27)

= 0, (C.28)

where we used mirror symmetry and shifted the summation index in each term.
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Appendix D

Rashba Green’s function

Here we derive the retarded position-space Green’s function. A similar derivation can

be found in Ref. [43], but we include it here for completeness and to standardize the

notation.

We may write the Green’s function as a 2 × 2 matrix in spin-space,

GR(r, r′;E) =

∫
d2k

4π2

eik·(r−r
′)

(E − E0 − k2

2m)2 − (λk)2 + iε


E − E0 − k2

2m iλke−iθk

−iλkeiθk E − E0 − k2

2m


 .

(D.1)

The angular integral is easily evaluated in terms of Bessel functions. For the diagonal

part, one finds

GRσσ(r, r′;E) = −m
2π

∫ ∞

0
dk J0(k|r − r′|)

×
(

k

(k + k0)2 − 2mE − iε +
k

(k − k0)2 − 2mE − iε

)
. (D.2)

For any energy E, we designate the on-shell upper and lower helicity wave vectors by

k± = ∓mλ+
√

2mE (D.3)

= k0(δ ∓ 1). (D.4)
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These determine the poles of the Green’s function, which are seen from (D.2) by partial

fraction decomposition,

GRσσ(r, r′;E) = −m
2π

∫ ∞

0
dk
J0(k|r − r′|)
k− + k+

×
(

k+

k − k+ − iε
+

k−
k + k− + iε

+
k−

k − k− − iε
+

k+

k + k+ + iε

)
.

The first and last terms may be combined, as well as the second and third to give

GRσσ(r, r′;E) = − m

π(k− + k+)

(
k+

∫ ∞

0
dk

kJ0(k|r − r′|)
k2 − (k+ + iε)2

+k−

∫ ∞

0
dk

kJ0(k|r − r′|)
k2 − (k− + iε)2

)
.

(D.5)

These last integrals may be evaluated with a useful identity,

∫ ∞

0
dt Jν(at)

t

t2 − z2
=
πi

2
H+
ν (az), (D.6)

valid for a > 0, Im z > 0. Thus,

GRσσ(r, r′;E) = − im

2(k− + k+)

(
k+H

+
0 (k+|r − r′|) + k−H

+
0 (k−|r − r′|)

)
. (D.7)

Next we evaluate the off-diagonal components. The angular integral again gives a Bessel

function

GRσσ′(r, r
′;E) = ∓ 1

2π

∫ ∞

0
dk

λk2J1(k|r − r′|)e∓iθr−r′

(E − E0 − k2

2m)2 − (λk)2 + iε
. (D.8)

Here the top sign is for σ =↑, σ′ =↓, and the bottom is for σ =↓, σ′ =↑. Proceeding with

the radial integral as before, we obtain

GRσσ′(r, r
′;E) = ±m

2π
e∓iθr−r′

∫ ∞

0
dk k

J1(k|r − r′|)
k− + k+

×
(

1

k − k+ − iε
− 1

k + k− + iε
− 1

k − k− − iε
+

1

k + k+ + iε

)
.

(D.9)
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Both Bessel and Hankel functions satisfy the differential relation

∂

∂a
f0(ax) = −xf1(ax), (D.10)

so upon combining the first and last terms as well as the second and third terms in

(D.9), we may write

GRσσ′(r, r
′;E) = ∓ m

π(k+ + k−)
e∓iθr−r′

× ∂

∂|r − r′|

∫ ∞

0
dk J0(k|r − r′|)

( −k
k2 − (k− + iε)2

+
k

k2 − (k+ + iε)2

)
.

(D.11)

Using (D.6), we arrive at

GRσσ′(r, r
′;E) = ∓ im

2(k− + k+)

(
k−H

+
1 (k−|r − r′|)− k+H

+
1 (k+|r − r′|)

)
e∓iθr−r′ .

(D.12)
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Appendix E

Derivation of the Rashba S and T

matrix relation

In this appendix we derive the relation between the Rashba S and T matrices for energies

E < E0 using two different approaches.

E.1 First derivation

Our first approach will be to write down the Lippmann-Schwinger equation in terms of

the S-matrix, then in terms of the T -matrix (as done in Chapter 4), and then compare

the two to read off the relation between S and T .

We start by using the definition of the S-matrix as the unitary transformation from

asymptotic incoming to asymptotic outgoing states. Schematically, in the k≷ basis,

ψ>(r;E) ∼ ψin
> + S>>φ

out
> + S<>φ

out
< , (E.1)

ψ<(r;E) ∼ ψin
< + S><φ

out
> + S<<φ

out
< . (E.2)

In Eqs. (3.7), (3.10), the form of the S-matrix for lower-helicity scattering off of a

finite range, circularly symmetric potential was obtained. Using a slightly modified

notation, we summarize these results by writing the asymptotic wavefunction outside
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such a potential as

ψµ(r;E) ≈ ψin
µ (r;E) + 2m

√
i

kµ

∑

ν=>,<

fµν(θr)
eisνkνr√

r
ηsν (θr).

(E.3)

Here, the indices µ, ν indicate the magnitude of the wavevector k≷ as discussed above,

sµ ≡ sgn(kµ − k0), and ψµ(r;E) ≡ ψk(r)|k=kµx̂. The common spinor factor ηsµ(θ) is

formally equivalent to the definition (1.24) due to the fact that the group velocity for

the < and > states are oppositely directed as discussed in Chapter 3. The factor of

2m
√
i/kµ in front of the sum is chosen to make fµν consistent with the conventional

scattering amplitude in two dimensions [57]. With these conventions, the scattering

amplitude has the following relation to the S-matrix expanded in partial waves,

fµν(θr) =
e−

iπ
4

(1+sν)

4m

√
2

π

∞∑

l=−∞
eil(θr+π

2
(1−sν))(Slµν − Iµν). (E.4)

The strategy now is to simply equate (4.11) and (E.3). For the k> term in Eq. (4.11),

we note that since θk> = θr and θk = 0,

η−(θr)†Tk>kη−(0) = Tk>k
−− , (E.5)

which is the component of the helicity transform of T involving only transitions within

the negative helicity state. For the k< term, we use the fact that θ−k< = θr +π to write

the eigenspinors as

η+(θr) =
1√
2


 1

−ieiθr


 =

1√
2


 1

iei(θr+π)


 = η−(θ−k<), (E.6)

which makes it clear that

η+(θr)†T−k<kη−(0) = T−k<k
−− . (E.7)

The Lippman-Schwinger equation finally reads

ψµ(r;E) ≈ ψin
µ (r;E) +

me−
iπ
4

k< − k>

√
2i

πr

∑

ν

√
kνe

isν(kνr+1)T
sνkνkµ
−− ηsν (θr)e−

iπ
4
sν .

(E.8)
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Comparing (E.8) to (E.3), we may simply read off the relation between the T -matrix

and scattering amplitude:

T
sνkνkµ
−− =

√
2π

(k< − k>)√
kµkν

e−
iπ
4

(1+sν)fµν(θr), (E.9)

or, in terms of the S-matrix written in (E.4),

T
kνkµ
−− =

i

m

k0δ√
kµkν

∞∑

l=−∞
eilθ(Slµν − Iµν), (E.10)

using k> − k< = 2k0δ, and letting θ ≡ θr = θkν − θkµ . We may expand the T -matrix in

partial wave components as well, which allows us to invert (E.10) to get

Slµν = Iµν −
im

k0δ

√
kµkνT

l(kν , kµ), (E.11)

where T
kνkµ
−− =

∑∞
l=−∞ T

l(kν , kµ)eilθ.

E.2 Second derivation

The above approach was based on an expression for the wavefunction, but we know

that scattering quantities can be derived independent of the wavefunction. Our second

approach will be to express the formal relation between S and T , Eq. (2.18), in the

low-energy Rashba basis.

Any state with energy E < E0 in this system is completely characterized by three

quantum numbers: energy, angular momentum, and channel index sµ = sgn(kµ − k0);

|ψ〉 = |E, l, sµ〉. (E.12)

Since these are eigenstates of the unperturbed Hamiltonian, we must have

0 = (H0 − E)|E, l, sµ〉

=

(
k2

2m
− λk − E

)
〈k,−|E, l, sµ〉, (E.13)
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where we have used the fact that H0 is diagonal in the helicity basis |k,±〉. The overlap

above is nontrivial only if

〈k,−|E, l, sµ〉 ∝ δ
(
k2

2m
− λk − E

)
. (E.14)

The constant of proportionality is chosen to satisfy the orthonormality conditions

〈E′, l′, sν |E, l, sµ〉 = δll′δµνδ(E − E′), (E.15)

〈k′,−|k,−〉 = (2π)2δ(k − k′). (E.16)

One can check that the appropriate change of basis is given by

〈k,−|E, l, sµ〉 =

√
2π|k0 − k|

mk
eilθkδsµ,s(k)δ

(
k2

2m
− λk − E

)
, (E.17)

where s(k) ≡ sgn(k − k0).

This conversion allows us to write the momentum-space T -matrix starting with the

S-matrix in the E, l, sµ basis. From (2.18),

Tkk′

−− δ(E(k)− E′(k′)) =
i

2π
(S − I)kk′ (E.18)

= i
∑

sν ,sρ

∞∑

l=−∞

∫
dE

√
|k0 − k|
mk

δ

(
k2

2m
− λk − E

)
eilθkδs(k),sν

×(Slνρ(E)− δνρ)
√
|k0 − k′|
mk′

δ

(
k′2

2m
− λk′ − E

)
e−ilθk′ δsρ,s(k′),

(E.19)

where we used the fact that the S-matrix is diagonal in l and E. Thus we finally have

Tkk′

−− (E) =
i

m

√
|k0 − k||k0 − k′|

kk′

∞∑

l=−∞
eilθ
(
Sls(k)s(k′) − δs(k)s(k′)

)
. (E.20)

Letting k = kν , k′ = kµ, and noting that |k0 − kν | = |k0 − kµ| = k0δ, we recover (E.10).
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Appendix F

Derivations of important integrals

In this appendix we go through the technical derivations of all the important integrals

that enter the low-energy Rashba scattering and transport quantities of Part 1.

F.1 The full Born integral I−l

We start with the proof of (4.36). Beginning from the definition of the integral I−l

(4.32), we proceed by making the following substitutions: first, recall that q = k0(1 + ε),

so that

I l− =
m

2π

∫ Λ

−Λ
dε

(1 + ε)[V l(k0, q) + V l+1(k0, q)]

δ2 − ε2 + iη
. (F.1)

Then, let x = δ2−ε2. This requires splitting the integration region into ε =
√
δ2 − x > 0

and ε = −
√
δ2 − x < 0:

I l− =
m

4π

∫ δ2

δ2−Λ2

dx
(1 +

√
δ2 − x)[V l

+ + V l+1
+ ]

(x+ iη)
√
δ2 − x

+
m

4π

∫ δ2

δ2−Λ2

dx
(1−

√
δ2 − x)[V l

− + V l+1
− ]

(x+ iη)
√
δ2 − x

,

(F.2)

where we have defined V l
± ≡ V l(k0, k0(1 ±

√
δ2 − x)). We separate these integrals into

a principal part and an imaginary part using limε→0

∫ b
a
f(x)
x±iεdx = P

∫ b
a
f(x)
x dx ∓ iπf(0)

(where a < 0 < b and P indicates the principal value). The imaginary part of these
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integrals is then simply,

Im I l− = −m
4δ

(
(1 + δ)[V l

+ + V l+1
+ ] +(1− δ)[V l

− + V l+1
− ]

)∣∣∣∣
x=0

. (F.3)

Expanding about δ = 0 gives

Im I l− = −m
2δ

[V l(k0, k0) + V l+1(k0, k0)] +O(δ). (F.4)

Note that the interference between virtual states with q < k0 and q > k0 causes the

cancellation of the O(1) term in (F.4).

The only thing left is to consider the real (or principal) part of (F.2). We will show

that this term gives the cutoff-dependent corrections to the T -matrix (4.37). The trick

is to isolate the momentum dependence of the potential by making use of the following

multiplication theorem for Bessel functions [133],

Jν(λz) = λν
∞∑

k=0

(−1)k(λ2 − 1)k(z/2)k

k!
Jν+k(z). (F.5)

We may apply this to (4.24) to first isolate the angular dependence,

V l(k0, q) =
∞∑

k=0

1

k!

∫ 2π

0

dθ

2π
2−k(eiθ + e−iθ)keilθ

×
∫ ∞

0
dr rV (r)

(
k0r√

2

√
1 + ε

)k
Jk(
√

2k0r
√

1 + ε),

(F.6)

where convergence of the infinite series allows us to take it outside the integral. The θ

integral is easily evaluated with the binomial theorem,

V l(k0, q) =

∞∑

k=0

2−k

k!

k∑

n=0

(
k

n

)
δn, k+l

2

∫ ∞

0
dr rV (r)

(
k0r√

2

√
1 + ε

)k
Jk(
√

2k0r
√

1 + ε).

(F.7)
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Making a change of summation variables k → |l|+ 2k, and applying the same multipli-

cation theorem to the remaining Bessel function, we get

V l(k0, q) =

∞∑

k=0

2−
3
2

(|l|+2k)

(k + |l|)!k!
(1 + ε)|l|+2k

∞∑

n=0

(−1)nεn

n!

×
∫ ∞

0
dr rV (r)

(k0r)
|l|+2k+n

2n/2
J|l|+2k+n(

√
2k0r),

(F.8)

or equivalently,

V l
± =

∞∑

n=0

∞∑

k=0

fnk|l|

(
1±

√
δ2 − x

)|l|+2k (
±
√
δ2 − x

)n
,

(F.9)

where he have defined

fnk|l| ≡
2−

3
2

(|l|+2k+n/3)

(k + |l|)!k!

(−1)n

n!

∫ ∞

0
dr rV (r)(k0r)

|l|+2k+nJ|l|+2k+n(
√

2k0r).

(F.10)

Inserting this into (F.2) gives

Re I l− =
m

4π

∞∑

n=0

∞∑

k=0

fnk|l|P
∫ δ2

δ2−Λ2

dx

x
√
δ2 − x

[
(
√
δ2 − x)n(1 +

√
δ2 − x)|l|+2k+1

+(−1)n(
√
δ2 − x)n(1−

√
δ2 − x)|l|+2k+1

]
+ (l→ l + 1), (F.11)

where the last line means we add the previous lines with l replaced by l + 1. These

integrals may be solved exactly, but here we only consider the lowest-order terms in

the small parameter
√
δ2 − x < Λ � 1. The square brackets above may be expanded

in this parameter to give δn,0 + O(δ2 − x). The fact that no terms of order
√
δ2 − x

appear in these brackets is due to the interference between q < k0 and q > k0 states.

It is these absent terms that would have yielded the logarithmic dependence ln(δ/Λ)

were this conventional 2D scattering. With this approximation, the integrals are readily

evaluated as

Re I l− ≈ m

2π

∞∑

k=0

2

Λ

(
f0k|l| + f0k|l+1|

)
,

(F.12)
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where the terms neglected in this approximation are O(Λ). Noting that

∞∑

k=0

f0k|l| = V l(k0, k0), (F.13)

we summarize this result as

Re I l− ≈
m

πΛ

(
V l(k0, k0) + V l+1(k0, k0)

)
. (F.14)

Thus we can approximate the T -matrix by

T l−− ≈
1
2 [V l(k0, k0) + V l+1(k0, k0)]

1 + m
2 ( iδ − 2

πΛ)[V l(k0, k0) + V l+1(k0, k0)]
, (F.15)

which is linear in δ to leading order, with a O(δ2) correction to subleading order. The

correction to the approximation I l− contributes to O(δ3). Now one might make the

following objection. The first approximation we made in Sec. 4.2 was Vji(kν ,kµ) =

Vji(k0k̂ν , k0k̂µ) + O(δ) and Vji(kν , q) = Vji(k0k̂ν , q) + O(δ). A glance at the Born

series (4.25) suggests that there will be corrections to the T -matrix of order δ as well.

However, this is not the case because of the nonperturbative nature of the Born series.

To be specific, let T ′ be the corrections in the T -matrix due to the O(δ) corrections in

the potential,

T = T 0 + T ′, V = V 0 + δV ′, (F.16)

where T 0 is the leading-order T -matrix approximation that was just derived. In terms

of operators, the Born series now reads

T ′ = δV ′(1 +G+T 0) + (V 0 + δV ′)G+T ′. (F.17)

We can then apply the same arguments as before. In terms of helicity and momentum-

space components, the right-hand side of this equation is independent of kν , and so T ′

is as well. Expanding in partial waves and ignoring interband scattering gives

∞∑

l=−∞
T ′l−−(kµ)eilθ =

∞∑

l=−∞
eilθ
{
δ

2

(
[V ′l(k0, k0) + V ′l+1(k0, k0)] + 2I l−T

0l
−−(kµ)

)

+ T ′l−−(kµ)

[
I l− + δ

∫
dq

2π
q

(
V ′l(k0, q) + V ′l+1(k0, q)

)
G+
−−(q)

]}
.

(F.18)
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Defining

I ′l− ≡
∫
dq q

4π
(V ′l(k0, q) + V ′l+1(k0, q))G

+
−−(q), (F.19)

and solving for T ′l−− gives

T ′l−− = δ
1
2(V ′l(k0, k0) + V ′l+1(k0, k0)) + T 0l

−−I
l
−

1− I l− − δI ′l−
. (F.20)

However, we know that to lowest order, I l− ∼ 1/δ and T 0l
−− ∼ δ, so the numerator

above is constant. Meanwhile, the derivation of I l− did not depend on the details of

the potential components V l(k0, q) and so applies equally to I ′l−, giving I ′l− ∼ 1/δ. The

denominator is therefore dominated by the I l− term so that

T ′l−− ∼ δ2. (F.21)

Hence our approximation T 0l
−− is valid to order δ2 (with an additional O(Λ) coming from

the real part).

F.2 The self-consistent full Born integral I l−

We now derive the low-energy form of I l− [equation (4.32)], where G+
−− is the full self-

consistent Green’s function used in Chapter 5. Since the Green’s function now depends

on an unknown self-energy, we must take a different tactic than was used in the previous

section. This integral governs the energy dependence of the T -matrix and therefore the

self-energy via

Σ(E) =
ni
m

∞∑

l=−∞

δ∗l
1− I l−

(F.22)

(see Eqs. (5.38) and (4.34)). We use the same cutoff scheme as before: k0(1−Λ) < k <

k0(1 + Λ) with Λ� 1. Letting ε = (q − k0)/k0, we have

I l− =
m

2π

∫ Λ

−Λ
dεf(ε;E), (F.23)

where

f(ε;E) ≡ (1 + ε)[V l(k0, k0(1 + ε)) + V l+1(k0, k0(1 + ε))]

(E + µ)/E0 − ε2 − Σ(E)/E0
. (F.24)
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The integrand f(ε;E) has two poles located at ε = ±z, where

z ≡
√

(E + µ)/E0 − Σ(E)/E0. (F.25)

The presence of the unknown function Σ(E) in the denominator of Eq. (F.24) is what

makes this integral more complicated than the one computed in Appendix F.1. Nonethe-

less, we can proceed by considering a semicircular contour of radius Λ through the upper

half-plane, so that

I l− = mi Res
ε=z

f(ε;E)− miΛ

2π

∫ π

0
dφ eiφf(Λeiφ;E). (F.26)

Keeping terms in the numerator of f(Λeiφ;E) at lowest order in Λ, we have

I l− = mi Res
ε=z

f(ε;E)− iΛδ∗l
π

∫ π

0

dφ eiφ

z2 − Λ2e2iφ
, (F.27)

where we have discarded the O(Λ) terms in the expansion of V l(k0, k0(1 + Λeiφ)) since

these are suppressed by an additional factor of k0R that we take to be small. Each

pole is located a distance z from the origin. We choose our cutoff to be sufficiently

large such that |z| < Λ, which ensures that the self-energy has no cutoff dependence to

leading order. Of course, we must also make sure that Λ� 1 so that the lower-helicity-

band approximation holds. Whether these two statements are consistent depends on

the low-energy behaviour of Σ(E) to be derived. Note that the prefactor in Eq. (F.22)

must satisfy ni/m � Λ2E0 so that the average impurity spacing is much larger than

the inverse of the momentum cutoff scale. So as long as the T -matrix does not diverge

at low energy, we may safely choose |z| < Λ � 1. Thus, z lies within our semicircular

contour and contributes a residue to the integral.

We will make use of the following identity:

∫ π

0

dφ eiφ

z2 − Λ2e2iφ
=

2i

zΛ
Arctanh

(
z

Λ

)
, (F.28)

valid for Λ > |z|, with Arctanh(x) being the principal value of arctanh(x). This gives

I l− ≈ − iδ
∗
l

z
− iΛδ∗l

π

(
2i

zΛ
Arctanh(z/Λ)

)

= −iδ
∗
l

z
+

2δ∗l
πΛ

+O(|z|2/Λ3). (F.29)
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This results in the self-energy (5.46), which indeed satisfies |z| < Λ� 1.

F.3 Density of states

We may apply the same semicircle contour from the previous section to evaluate the

integral in the density of states. From (5.52),

g(E) = −m
π2

Im Σ̃/E0

∫ Λ

−Λ

dε(ε+ 1)

[(E + µ̃− Re Σ̃)/E0 − ε2]2 + (Im Σ̃/E0)2
.

(F.30)

The ε term in the numerator is odd, so we need only evaluate the integral

g(E) = −m
π2

Im Σ̃

E0

∫ Λ

−Λ

dε

(a− ε2)2 + b2
, (F.31)

where a ≡ (E + µ̃ − Re Σ̃)/E0 and b ≡ Im Σ̃/E0. The integrand now has two poles in

the upper half-plane, ε = ∓z± ≡ ∓
√
a± ib, both with magnitude (a2 + b2)1/4. By the

same reasoning as before, these poles are contained within the semicircle of radius Λ and

therefore contribute residues to the integral. The integral over the semicircle is given by

iΛ

∫ π

0

dφ eiφ

(a− Λ2e2iφ)2 + b2

=
−Λ

2b

(∫ π

0

dφ eiφ

z2
+ − Λ2e2iφ

−
∫ π

0

dφ eiφ

z2
− − Λ2e2iφ

)
(F.32)

= − i
b

[
1

z+
Arctanh(z+/Λ)− 1

z−
Arctanh(z−/Λ)

]
,

(F.33)

using (F.28) again. The result is zero to order |z|2/Λ3. Thus we are just left with the

residue contribution,

g(E) =
m

π2

Im Σ̃

E0

π

2b

(
1√
a+ ib

+
1√
a− ib

)
(F.34)

=
m

π
Re

(√
E0

E + µ̃− Σ̃(E)

)
. (F.35)
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F.4 Advanced-retarded integrals

It turns out that all the integrals that enter the advanced-retarded part of the conduc-

tivity are simply higher moments of the density of states integral and can be solved

analogously. We will look at the first three moments, denoted P1, P2, P3. From (5.52)

and (5.57), we immediately see that

P1 ≡
∫ k0(1+Λ)

k0(1−Λ)
dp pGA(p,E)GR(p,E) (F.36)

=
−2π2

E0 Im Σ̃
g(E). (F.37)

Likewise,

P2 ≡
∫ k0(1+Λ)

k0(1−Λ)
dp

p2

m
GA(p,E)GR(p,E) (F.38)

=
k3

0

mE2
0

∫ Λ

−Λ

dεε2

(a− ε2)2 + b2
+ λP1.

(F.39)

This time the integration over the semicircle gives

iΛ3

∫ π

0

dφ e3iφ

(a− Λ2e2iφ)2 + b2

=
i

b
[z−Arctanh(z−/Λ)− z+ Arctanh(z+/Λ)]

≈ 2/Λ. (F.40)

Adding the residue contribution gives

P2 = λP1 −
4

λ

(
2

Λ
+

π

Im Σ̃
Re(

√
(E + µ̃)/E0 − Σ̃(E))

)
.

(F.41)

Lastly, the third moment can be obtained from the first two:

P3 ≡
∫ k0(1+Λ)

k0(1−Λ)
dp

p3

m2
GA(p,E)GR(p,E) (F.42)

= 4

∫ Λ

−Λ

dε(ε+ 1)3

(1− ε2)2 + b2
(F.43)

= λ(3P2 − 2λP1). (F.44)
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Appendix G

Mean-field theory for

superconductivity in

tight-binding models

Here we derive the BCS gap equations for the models discussed in Chapters 7 and 8.

G.1 Extended Hubbard model without spin-orbit coupling

The Fourier transform of the extended Hubbard model reads

H =
∑

k,σ

ξkc
†
kσckσ +

1

N

∑

kk′q

Uc†k↑c
†
q↓ck′↓ck−k′+q↑

− 1

N

∑

σσ′

∑

kk′q

V [cos(kx − k′x) + cos(ky − k′y)]c†kσc
†
qσ′ck′σck−k′+qσ′ , (G.1)

where ξk = −2t(cos kx + cos ky)− µ, and N is the total number of sites in the lattice.

A reduced Hamiltonian containing only interactions between pairs of opposite momenta

may be written as

H =
∑

k,σ

ξkc
†
kσckσ +

1

2N

∑

kk′

∑

αβγδ

Vαβγδ(k,k
′)c†kαc

†
−kβc−k′γck′δ, (G.2)

172



where the non-zero components of the interaction are

V↑↓↓↑ = V↓↑↑↓ =
1

2
[U + 4V (sksk′ + dkdk′) + 2V (sin kx sin k′x + sin ky sin k′y)]

(G.3)

V↑↓↑↓ = V↓↑↓↑ =
1

2
[−U − 4V (sksk′ + dkdk′) + 2V (sin kx sin k′x + sin ky sin k′y)]

(G.4)

V↑↑↑↑ = V↓↓↓↓ = 4V (sksk′ + dkdk′) + 2V (sin kx sin k′x + sin ky sin k′y)],

(G.5)

here sk ≡ 1
2(cos kx + cos ky), and dk ≡ 1

2(cos kx − cos ky).

We now use mean-field theory, following Ref. [134]. Including all anomalous pairing

mean fields,1 the generic four-fermion interaction (suppressing momentum labels for

now) becomes

c†νc
†
µcµ′cν′ ≈ 〈c†νc†µ〉cµ′cν′ + c†νc

†
µ〈cµ′cν′〉 − 〈c†νc†µ〉〈cµ′cν′〉, (G.6)

where we have removed terms of order (cσcσ′−〈cσcσ′〉)2 and their hermitian conjugates.

The result is a Hamiltonian with only fermion bilinears:

HMF =
∑

k,σ

ξkc
†
kσckσ −

1

2

∑

kσσ′

∆kσσ′c
†
kσc
†
−kσ′ −

1

2

∑

kσσ′

∆∗kσσ′ckσc−kσ′ + EMF, (G.7)

where we have defined the gap function

∆kσσ′ ≡ −
1

N

∑

k′ττ ′

Vσσ′ττ ′(k,k
′)〈c−k′τ ck′τ ′〉, (G.8)

and the energy due to the product of mean fields

EMF ≡ −
1

2N

∑

kk′

∑

σσ′ττ ′

Vσσ′ττ ′(k,k
′)〈c†kσc

†
−kσ′〉〈c−k′τ ck′τ ′〉. (G.9)

1We ignore Hartree-Fock terms here. These terms will renormalize the bandwidth and the chemical
potential, but will not qualitatively change our results [91].
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This may be compactly written as

HMF =
∑

k

(ψ†khkψk + ξk) + EMF, (G.10)

where

ψk ≡




ck↑

ck↓

c†−k↑

c†−k↓




; hk =
1

2


ξkI ∆k

∆†k −ξkI


 . (G.11)

Here I is the 2×2 identity matrix, and ∆k is the 2×2 matrix with components ∆k′σσ′ . We

will exclusively consider gap functions that are unitary: ∆†k∆k = |∆k|2I, where |∆k|2 ≡
1
2 Tr ∆†k∆k. A non-unitary gap allows for spin-polarized mean fields (∆↑↑ and ∆↓↓) to

be arbitrary, and are only warranted in proximity to a ferromagnetic instability [134].

In particular, all superconductors that preserve time-reversal symmetry are unitary, as

seen by the operation of time-reversal on the gap function ∆k → σy∆
∗
kσy. Moreover,

some time-reversal symmetry-broken phases are unitary, including the so-called s + id

phase mentioned in Chapter 8.

hk is diagonalized by the Bogoliubov transformation

Uk =


 uk vk

v∗−k u∗−k


 , (G.12)

where

uk ≡ Ek + ξk√
2Ek(Ek + ξk)

I (G.13)

vk ≡ −1√
2Ek(Ek + ξk)

∆k (G.14)

Ek ≡
√
ξ2
k + |∆k|2. (G.15)

The Hamiltonian transforms to

HMF =
∑

k

Γ†kU
†
khkUkΓk + Eg (G.16)

=
1

2

∑

k

Γ†k


EkI 0

0 −EkI


Γk + Eg. (G.17)
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Here we have used the fact that antisymmetry of ∆k requires that vT−k = −vk and

v∗−k = −v†k and we have defined the quasi-particle spinors

Γk =




γk↑

γk↓

γ†−k↑

γ†−k↓




(G.18)

via ψk = UkΓk. We have also identified the ground state energy

Eg = EMF +
∑

k

(ξk − Ek). (G.19)

In terms of these quasi-particle operators, we have

ckσ = ukσσγkσ +
∑

σ′

vkσσ′γ
†
−kσ′ (G.20)

c−kσ = ukσσγ−kσ −
∑

σ′

vkσ′σγ
†
kσ′ . (G.21)

This allows us to evaluate the mean-field expectation value 〈c−kτ ckτ 〉 since the γk oper-

ators satisfy the fermion anticommutation relations and therefore have the occupation

number distribution 〈γ†kσγkσ〉 = f(Ek), where f(E) is the Fermi function. The defining

gap equation (G.8) then becomes the self-consistency condition

∆kσσ′ = − 1

N

∑

kττ ′

Vσσ′ττ ′(k,k
′)∆k′τ ′τgk′ , (G.22)

where we have defined gk ≡ 1
2Ek

(1− 2f(Ek)).

It is conventional to separate the gap matrix into its singlet and triplet contributions:

∆sing
k ≡ 1

2
(∆k↑↓ −∆k↓↑) (G.23)

∆x
k ≡ 1

2
(∆k↓↓ −∆k↑↑) (G.24)

∆y
k ≡ −i

2
(∆k↓↓ + ∆k↑↑) (G.25)

∆z
k ≡ 1

2
(∆k↑↓ + ∆k↓↑) (G.26)
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Since ∆−k = −∆T
k , and gk = g−k, the singlet gap equation only contains contributions

from the part of the interaction that is parity-even.

∆sing
k = − 1

2N

∑

k′

[(V↑↓↓↑ − V↓↑↓↑)∆k′↑↓ + (V↑↓↑↓ − V↓↑↑↓)∆k′↓↑]gk′ (G.27)

= − 1

N

∑

k′

[U + 4V (sksk′ + dkdk′)]∆
sing
k′

gk′ . (G.28)

Likewise, the triplet parts only contain contributions from the part of the interaction

that is parity-odd. In fact, in this model all triplet components satisfy the same gap

equation

∆λ
k = − 1

N

∑

k′

2V (sin kx sin k′x + sin ky sin k′y)∆
λ
k′gk′ , (G.29)

for λ = x, y, z.

G.2 Rashba model with correlated hopping

In the spin basis, we Fourier transform the model considered in Chapter 7, keeping only

interactions between pairs of zero total momentum:

H =
∑

k,σ

(εk − µ)c†kσckσ

+2VSO

∑

k

(
sin ky(c

†
k↑ck↓ + c†k↓ck↑) + i sin kx(c†k↑ck↓ − c

†
k↓ck↑)

)

+
1

N

∑

k

V 0(k,k′)c†k↑c
†
−k↓c−k′↓ck′↑

+
1

N

∑

kk′

∑

αβ

(
V R
αβ(k′)c†kαc

†
−kβck′αc−k′α + V R

αβ(k)c†kβc
†
−kβck′βc−k′α

)
,

(G.30)

where εk ≡ −2t(cos kx+cos ky) and V 0(k,k′) ≡ U−2∆t
t (εk +εk′) are the dispersion and

interaction in the absence of spin-orbit coupling. The correlated hopping and Rashba

terms are coupled via the interaction V R
αβ(k) ≡ −2VSO

∆t
t (sin kxσ

y
αβ + sin kyσ

x
αβ).

Next, we transform the Hamiltonian to the Rashba helicity basis, with band index

s = ±1 and dispersion εks = εk + 2sVSO

√
sin2 kx + sin2 ky. We retain only interaction
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terms involving intra-band pairs, leaving the effective Hamiltonian

H =
∑

ks

(εks − µ)c†kscks +
1

4N

∑

kk′

∑

ss′

Vss′(k,k
′)c†ksc

†
−ksc−k′s′ck′s′ , (G.31)

where

Vss′(k,k
′) = s′eiθ(k

′)se−iθ(k)

(
U + 8∆t(sk + sk′)

−4VSO
∆t

t
[s′
√

sin2 k′x + sin2 k′y + s
√

sin2 kx + sin2 ky]

)
. (G.32)

We have defined sk ≡ 1
2(cos kx + cos ky), as in Appendix G.1.

This time, we choose a pairing mean field of time-reversed electron pairs. As discussed

in Chapter 7, this is represented in the helicity basis as bks ≡ seiθ(k)〈c−kscks〉. Writing

c−kscks = se−iθ(k)bks+ δcks and neglecting terms of order (δcks)
2, we get the mean field

Hamiltonian

HMF =
∑

ks

(εks − µ)c†kscks −
1

2

∑

ks

∆∗ksc−kscks

−1

2

∑

ks

∆ksc
†
ksc
†
−ks +

1

2

∑

ks

∆ksse
iθ(k)b∗ks,

(G.33)

where we have defined the gap parameter as

∆ks ≡ −
1

2N

∑

k′s′

Vss′(k,k
′)s′e−iθ(k

′)bk′s′ . (G.34)

Note that this gap function may be written as ∆ks = se−iθ(k)∆̄ks, where ∆̄ks transforms

under an irreducible representation of the lattice point group. The unusual phase factor

se−iθ(k) that is local in k-space is a feature of spin-orbit coupling and is discussed in

Ref. [123].

The mean-field Hamiltonian may be diagonalized by means of a new Bogoliubov trans-

formation

cks = u∗ksα̂ks − se−iθ(k)vksα̂
†
−ks, (G.35)

where the coefficients uks, vks are chosen to satisfy uks = u−ks, vks = v−ks, and |uks|2 +

|vks|2 = 1. It is readily found that the values of these parameters that diagonalize the
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Hamiltonian are given by the equations

|vks|2 =
1

2
(1− (εks − µ)/Eks) (G.36)

|uks|2 =
1

2
(1 + (εks − µ)/Eks) (G.37)

uksv
∗
ks = − ∆̄∗ks

2Eks
, (G.38)

where

Eks ≡
√

(εks − µ)2 + |∆ks|2. (G.39)

The final mean-field Hamiltonian then reads

HMF =
∑

ks

Eksα̂
†
ksα̂ks + Eg, (G.40)

where the ground state energy is given by

Eg =
1

2

∑

ks

[
(εks − µ)− Eks + ∆̄ksb

∗
ks

]
. (G.41)

In terms of the new fermionic quasiparticle operators, we have

bks = u∗ksvks(2〈α̂†ksα̂ks〉 − 1), (G.42)

which means the gap function must satisfy the finite temperature self-consistency con-

dition

∆ks = − 1

2N

∑

k′s′

Vss′(k,k
′)∆k′s′gks, (G.43)

where gks ≡ 1
2Eks

(1− 2f(Eks)) and f(E) is the Fermi function.

G.3 Rashba superconducting density of states

Here we derive the superconducting density of states for the Rashba-Hubbard model

with correlated hopping. Analogous derivations can be found in e.g. Ref. [121, 135].

The many-body theory of superconductivity requires knowledge of both the Green’s

function

Gs(k, τ) = −〈Tcks(τ)c†ks(0)〉, (G.44)
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and the anomalous Green’s function

Fs(k, τ) ≡ −〈Tc†−ks(τ)c†ks(0)〉, (G.45)

for each helicity band s (in the absence of interband pairing, the Green’s function only

has one band index). We work in imaginary time τ and T represents the imaginary-

time-ordered product. Each Green’s function satisfies an equation of motion:

∂τGs(k, τ) = −δ(τ)− 〈T [H(τ), cks(τ)]c†ks(0)〉 (G.46)

∂τFs(k, τ) = −〈T [H(τ), c†−ks(τ)]c†ks(0)〉. (G.47)

The Hamiltonian H is given by Eq. (G.33), and may be split into an unperturbed part

H0 and an interaction part Vint given by the ∆ks-dependent terms. Making use of the

commutators

[H0, cks] = −(εks − µ)cks (G.48)
[
H0, c

†
−ks

]
= (εks − µ)c†−ks (G.49)

[Vint, cks] = ∆ksc
†
−ks (G.50)

[
Vint, c

†
−ks

]
= ∆∗kscks, (G.51)

we obtain the coupled equations of motion

∂τGs(k, τ) = −δ(τ)− (εks − µ)Gs(k, τ) + ∆ksFs(k, τ) (G.52)

∂τFs(k, τ) = (εks − µ)Fs(k, τ) + ∆∗ksGs(k, τ). (G.53)

Introducing the Matsubara frequencies kn = (2n+1)π/β, n ∈ Z, and Fourier transform-

ing gives

iknGs(k, ikn) = 1 + (εks − µ)Gs(k, ikn)−∆ksFs(k, ikn) (G.54)

iknFs(k, ikn) = −(εks − µ)Fs(k, ikn)−∆∗ksGs(k, ikn), (G.55)

as found in Ref. [98]. The solution to these equations for the Matsubara Green’s function

is

Gs(k, ikn) =
ikn + εks − µ

(ikn)2 − (εks − µ)2 − |∆ks|2
, (G.56)
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whose poles give the excitation energies Eks (G.39).

The analytic continuation ikn → ω+ iη gives the retarded Green’s function, from which

we extract the imaginary part to get the spectral function

ImGRs (k, ω) = lim
η→0

Im

(
u2
ks

ω + iη − Eks
+

v2
ks

ω + iη + Eks

)
(G.57)

= −π
[
u2
ksδ(ω − Eks) + v2

ksδ(ω + Eks)
]
, (G.58)

using the identity (2.22).

The superconducting density of states is then simply

NSC(ω) = − 1

N

∑

ks

ImGRs (k, ω)

π
(G.59)

=
1

N

∑

ks

[
u2
ksδ(ω − Eks) + v2

ksδ(ω + Eks)
]
. (G.60)

We may replace the sum over k with an integral over the single-particle normal state

energies ε:

NSC(ω) =
1

2

∫
dεg(ε)

[(
1 +

ε− µ
E(ε)

)
δ(ω − E(ε)) +

(
1− ε− µ

E(ε)

)
δ(ω + E(ε))

]
, (G.61)

where g(ε) is the normal state density of states. We define ε± as the solution to ω ±
E(ε±) = 0, and note that the only non-zero contributions to the delta-functions occur

when ω is outside the energy gap defined by Eq. (7.25) (ω > Emin for the first term

above, and ω < −Emin for the second term). The resulting density of states is

NSC(ω) =
1

2

∑

ν=±1

(
g(εν)(ω + εν − µ)

|εν − µ−∆s∆(εν)/(4t)|θ(ω − Emin)

+
g(εν)(−ω − εν + µ)

|εν − µ−∆s∆(εν)/(4t)|θ(−ω − Emin)

)
. (G.62)

This expression is used to compute tunneling currents as in Fig. 7.9.
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Appendix H

Critical points of the free energy

The gap equations for the extended Hubbard model (8.6)-(8.10) can be reproduced from

the solutions to the functional minimization problem:

δf

δ∆sing
q

= 0;
δf

δ∆λ
q

= 0 (H.1)

while the chemical potential is fixed by the number equation

∂f

∂µ
= 0, (H.2)

which upon using (H.1) becomes,

n = 1− 2

N

∑

k

ξkgk. (H.3)

The functional minimization of f can be thought of as a minimization with respect to

the N terms of ∆k (one for each value of k). However, we can alternatively think of

this as a minimization over a lower-dimensional parameter space (∆0, ∆s, ∆d, ∆λ
x, ∆λ

y)

along with the constraint (8.15), so that we need only solve

∂f

∂∆i
=

∂f

∂∆λ
i

=
∂f

∂µ
= 0 (H.4)
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for the all the components ∆i ∈ {∆0,∆s,∆d} and ∆λ
i ∈ {∆λ

x,∆
λ
y}. The first derivative

is given by

∂f

∂∆i
=

2

N

∑

k

xikGk

[
∆sing∗

k +
1

N

∑

k′

V sing
kk′

∆sing∗
k′

gk′

]
(H.5)

∂f

∂∆λ
i

=
2

N

∑

k

xikGk

[
∆λ∗

k +
1

N

∑

k′

V trip
kk′

∆λ∗
k′ gk′

]
, (H.6)

where we have defined Gk ≡ gk+ |∆k|2
Ek

∂gk
∂Ek

. Since Gk is positive definite, these equations

simply restate what we already know; the critical points of f occur at the values of ∆i

that satisfy the gap equation. One conceptual advantage of this formulation is that we

can now compute a simple Hessian in a low-dimensional parameter space. For simplicity,

let us focus now on real singlet order parameters to better understand these critical

points. In that case, the Hessian elements evaluated at the critical points are

Hij ≡
∂2f

∂∆i∂∆j

∣∣∣∣
c.p.

=
2

N

∑

k

xikGk

(
xjk +

1

N

∑

k′

Vkk′Gk′x
j
k′

)
, (H.7)

where Gk is evaluated at the solutions to the gap equation.

It is important to note that the critical points have two symmetries apparent from

the gap equation. First, there is inversion symmetry; if (∆0,∆s,∆d) is a critical point,

then so is (−∆0,−∆s,−∆d). This is required by antisymmetry of the pair wavefunction.

Second, there is mirror symmetry under reflection in the ∆0-∆s plane, since any solution

(∆0,∆s,∆d) has a corresponding solution (∆0,∆s,−∆d) upon replacing kx ↔ ky, k
′
x ↔

k′y. Moreover, the curvature (H.7) is a rank-2 tensor under these transformations. That

is, under inversion,

Hij →
∑

pq

δipδjqHpq, (H.8)

and under reflection in the ∆0-∆s plane,

Hij →
∑

pq

(δip − 2δidδpd)(δjq − 2δjdδqd)Hpq. (H.9)

This means that the gradient flow of f near the critical points respects these symmetries,

and the index of any critical points related by these symmetries is the same. The index

γi of a critical point i is defined as the number of orthogonal directions along which
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i is a maxima of the corresponding function (in this case the free energy). The index

plays a large role in the theory of Morse functions [125]. A Morse function is a smooth

real function that has no degenerate critical points. For our purposes, the free energy

is a Morse function, since the curvature can only vanish on a set of measure zero in the

{T, U, V, n} parameter space. As a consequence, the free energy satisfies the following

Morse condition (valid for functions f({∆i}) that increase without bound as each |∆i|
goes to infinity):

∑

i∈{critical points}

(−1)γi = χ(M), (H.10)

where χ(M) is the Euler characteristic of the domain manifold of f [126]. We may

choose M to be the three-dimensional space {∆0,∆s,∆d}, or any of the pure subsets

{∆0,∆s} or {∆d}, because any extrema of f on a pure subset is guaranteed to be a

solution to the full gap equation. All of these cases correspond to flat manifolds with

χ(M) = 1. The combination of symmetries of f and the Morse condition restrict the

possible minima of the free energy in this parameter space.

H.1 Corollaries of the Morse condition

The simplest question to ask is what can happen at Tc according to these restrictions.

Above Tc we know the system is in the normal state, there is one critical point, and on

any of the above manifolds, Eq. (H.10) reads

(−1)0 = 1. (H.11)

We immediately see that no mixed solution can emerge from this state. This is because

mixed solutions are four-fold degenerate by inversion and mirror symmetry, so that the

Morse condition reads

(−1)γN + 4(−1)γm = 1, (H.12)

denoting the normal index by γN and the mixed index by γm. This equation has no

integer solutions. Thus the condition expressed in Ref. [111] that mixed solutions cannot

emerge at Tc is an immediate consequence of the symmetry of the gap equation.

We may also prove the uniqueness (modulo sign) of the pure d-wave solution. In fact, the

following will hold for any single-parameter gap function, including the Hubbard model
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with only on-site attraction. Existing proofs of the uniqueness the BCS gap solution are

quite nontrivial [136]. Here we will see that it is a simple consequence of symmetry and

the Morse condition.

Proof. For a single component gap ∆k = ∆, with a separable interaction Vkk′ = V xkxk′ ,

the Hessian reads

H =
2

N

∑

k

x2
kGk

(
1 +

V

N

∑

k′

Gk′x
2
k′

)
(H.13)

=
2

N

∑

k

x2
kGk

(
1 +

V

N

∑

k′

x2
k′

[
gk′ +

|∆k′ |2
Ek′

∂gk′

∂Ek′

])
.

(H.14)

The single-component gap equation reads

1 = −V
N

∑

k

x2
kgk, (H.15)

so that at a critical point

H =
2V

N2

∑

kk′

x2
kGkx

2
k′
|∆k′ |2
Ek′

∂gk′

∂Ek′
.

∂gk′
∂Ek′

is negative definite, while Gk is positive definite, so for any attractive interaction

V < 0, the curvature is positive and all solutions must be minima of the free energy.

Since, the solutions are symmetric under inversion ∆ → −∆, they must come in pairs.

For n such pairs, the Morse condition reads

(−1)γN + 2n(−1)0 = 1, (H.16)

whose only solutions are {γN = 0, n = 0} and {γN = 1, n = 1}.1 Thus, the single-

component BCS gap equation admits one solution modulo sign.

Returning to the extended Hubbard model, this result applies to solutions that are pure

d-wave (in this case, xk → dk and V → 4V in the arguments above), guaranteeing their

uniqueness. In addition, this reasoning guarantees that as long as the d-wave solution

exists, the normal state must be unstable. At a critical d-wave temperature T dc , two

1Since this is a one-dimensional problem, this last statement is just Rolle’s theorem.
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d-wave critical points emerge from the normal state critical point as the temperature is

lowered. We now show that this kind of bifurcation of solutions is generic.

The solutions to the gap equation are continuous functions of T , so critical points cannot

appear in pairs at arbitrary points in the parameter space but must grow from the normal

state or an existing superconducting state as the temperature is lowered. The Morse

condition then provides a conservation of indices. For example, a pure state with index

γp that grows from the normal state at a temperature T pc is two-fold degenerate (barring

pathological accidental degeneracies) and therefore must satisfy

(−1)γN1 = (−1)γN2 + 2(−1)γp , (H.17)

where γN1 is the index of the normal state at T > T pc , and γN2 is the index of the normal

state at T < T pc . The solution is

± 1 = ∓1 + 2(±1). (H.18)

So the normal state bifurcates into two pure states passing its index to the new solutions.

The same thing occurs with mixed states which grow out of pure states according to

2(−1)γp1 = 2(−1)γp2 + 4(−1)γm , (H.19)

which is also solved by (H.18). A typical evolution of critical points as the temperature

is lowered is shown in Fig. H.1.

Knowledge of these bifurcations provides an important numerical advantage for identi-

fying the symmetry of the order parameter at a given temperature. This identification

requires the global minimization of a multidimensional function that, as we have seen,

is quite nonlinear. Without making use of these bifurcations, one would have to pro-

ceed by brute force search of a discretized parameter space in order to find all local

minima [127]. Instead, we can leverage our knowledge by doing minimization within

the lower-dimensional pure subspaces of the parameter space. The set of local min-

ima found in this way might not contain the global minimum, but one of them will lie

within the basin of attraction of the global minimum and can be used to initiate a local

minimization procedure.
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Figure H.1: Illustration of an evolution of solutions to the gap equation from high
temperature (a), to low temperature (d). Inwards green arrows indicate minima of the
free energy along those directions and outward red arrows indicate maxima along
those directions. Note that in this example, the s-wave solution changes from a saddle
point in (c) to a minimum in (d) by emitting a mixed critical point.
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