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Abstract 

The use of voltage source converter (VSC) has been widely accepted in present 

power systems for interfacing renewable energy generations, high voltage direct 

current (HVDC) transmission, flexible alternating current transmission systems 

(FACTS), and other applications. Due to the converter’s power electronic 

composition, there is a need to evaluate VSC’s harmonic impacts using tools such 

as harmonic power flows and frequency scans. For power system planning, there is 

a significant need for a harmonic model that can represent the harmonic 

characteristics of VSC equipment.  

This thesis first clarifies the harmonic characteristics of the VSC-interfaced 

equipment. The main concern regarding VSC-interfaced equipment is their impact 

on low-order harmonics because such harmonics are more prevalent in current 

power systems. The main objective of this thesis is to develop models of VSC-

interfaced equipment at low-order harmonics based on the response of VSC-

interfaced equipment to such harmonics.  

This thesis then proposes analytical harmonic models for four types of VSC-

interfaced equipment: three-phase VSC, single-phase VSC, doubly-fed induction 

generator (DFIG), and VSC-HVDC. The results show that all these equipment can 

be modeled as harmonically coupled impedance matrices. The only exception is the 

single-phase VSC that has a form of a Thevenin circuit at the 3rd harmonic. Methods 

to determine the model parameters have been developed for each type of equipment. 

The validity of the proposed harmonic models and the impacts of various VSC 



iii 

 

design parameters have been demonstrated using extensive simulation studies and 

lab experiments. Case studies have demonstrated the effectiveness of the proposed 

models for harmonic power flow studies. 
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Chapter 1  

Introduction 

Power electronic equipment has been widely used to meet the evolving 

requirements of modern power systems. While this equipment provides more 

efficient control and energy conversion in power systems, it can also lead to 

concerns about power quality. One of the most significant concerns is harmonic 

distortion. Therefore, it is necessary to assess the harmonic impact of a power 

electronic equipment or facility before it can be connected to a power system.  

The power electronic converters in service can be broadly classified into two 

types [1]: a line-commutated converter (LCC) and a voltage source converter 

(VSC). The LCC is also known as a current source converter (CSC). This type of 

converter is composed of thyristors. Thus, the LCC’s switching process relies on 

the external circuit. The VSC uses more advanced switching cells such as insulated-

gate bipolar transistors (IGBTs) and gate turn-off thyristors (GTOs), for which the 

switching control operates independently of the external circuit. Due to multiple 

excellent features such as bidirectional power flow [2] and independent control of 

the active and reactive power, in recent years, the VSC has become a more attractive 

choice as the basis of power electronic equipment. Consequently, VSC has been 

increasingly employed in many energy conversion applications such as variable 

speed wind turbines (e.g., a doubly-fed induction generator [DFIG] and permanent 

magnet synchronous generator [PMSG]) [3][4], a PV (photovoltaic) [5], a VSC-

based high-voltage direct current (VSC-HVDC) transmission system [6], and a 

VSC-based variable frequency drive (VFD) [7].   

Harmonic analysis of power systems with power electronic equipment requires 

a computer model of the equipment that shows their harmonic characteristics. 

Harmonic models of LCCs for harmonic analysis have been established through 

extensive research conducted from 1990-2010 [8]-[14]. The consensus at present is 
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that the LCC equipment can be modeled adequately using harmonic current sources. 

A more advanced model for LCC equipment is the harmonically coupled Y-matrix 

model [15]. However, harmonic models for VSC equipment are still being 

researched and developed, and few harmonic models of the VSC have been 

proposed. The harmonic characteristics of the VSC are quite different from that of 

the LCC due to the different switching and control schemes, and a new type of 

harmonic model that represents the harmonic features of VSC equipment is needed. 

In response to this need, this thesis will present a mathematical analysis of the 

harmonic characteristics of various types of VSC equipment. And accordingly, 

harmonic models for several types of VSC equipment that can be used to conduct 

harmonic analysis in power systems will be developed.  

In this chapter, the VSC equipment and associated harmonic issues are 

introduced in Section 1.1. Section 1.2 looks at the techniques that can be used to 

conduct harmonic analysis in power systems. In Section 1.3, harmonic studies of 

VSC equipment in existing publications are reviewed, and the challenges for 

modeling VSC equipment are outlined. Finally, Section 1.4 summarizes the scope 

and outline of this thesis. 

1.1 Introduction to VSC Equipment and Associated Harmonic 

Issues 

This section presents a brief introduction to the VSC equipment in power 

systems and the harmonic issues associated with VSC equipment. 

1.1.1  Introduction to VSC Equipment 

In present power systems, VSCs of different topologies, including two-level 

VSCs [16] and multiple-level VSCs [17][18], are applied in power electronic 

equipment. The associated types of harmonics of the two-level VSC and multiple-

level VSC are almost the same if the floating or unclamped dc-link capacitor of the 

multiple-level VSC are well balanced [19]. Hence, the most commonly used two-

level VSC can be studied to reveal the harmonic features of general VSCs. The 
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typical configuration of a two-level, three-phase VSC is presented in Figure 1-1 

[20]-[21]. As the figure shows, a three-phase VSC consists of six GTO or IGBT 

switches, which are turned on and off by the pulse-width modulation (PWM) 

control technique. The control block of the VSC generates the switching function 

that drives the switching activities. A filter in the form of L, LC, or LCL is 

connected on the ac side of the VSC to attenuate the harmonics produced by the 

VSC [22]. The VSC contains a capacitor on the dc side of the VSC to maintain the 

dc-link voltage. Note that a dc system is also connected to the dc-link capacitor of 

the VSC, and the dc system varies for different types of VSC equipment. For 

example, for a PV system or a VSC-based dc motor, the dc system on the other side 

of the dc-link is the PV panel or a dc motor. In other VSC equipment, such as PMSG, 

DFIG, and VSC-HVDC, another VSC is connected to the dc-link capacitor, 

forming the configuration of back-to-back VSCs.  

 

Figure 1-1 Typical structure of two-level three-phase VSC 

1.1.2  Harmonic Issues Associated with the VSC Equipment 

To understand the harmonic characteristics of the VSC, it is essential to 

understand the types of harmonics associated with VSC equipment. There are three 

types of harmonics: 

• Switching harmonics 
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The primary harmonic emission of the VSC is the switching harmonics that are 

introduced by the high-frequency PWM switching. The PWM switching function 

can be established through the double Fourier algorithm [23], as shown in (1.1). 

1 1

1 1

1 1
( )

( ) cos( )

4 ( )
sin cos( ( ) ( ))

2 2

 

 
   



+ =

= =

= +

+   
+    + + +   

   
 

n

n c c

m n
even

S t M t

m M m n
J m t n t

m

  (1.1) 

where M is the modulation index (the ratio of the modulation signal magnitude over 

the carrier signal magnitude); ω1 and ωc are the angular frequencies related to the 

reference signal and carrier signal, respectively; θ1 and θc are the angles related to 

the modulation signal and carrier signal, respectively; and Jn is the Bessel function 

of the first kind. As noted in (1.1), the main harmonic components in the switching 

function are the sidebands of multiples of the switching frequency, as shown in 

Figure 1-2. As a result, the switching harmonics are at very high frequencies (e.g., 

2kHz~150kHz) [24]. Due to the high frequencies, the switching harmonics are 

significantly attenuated by the front-end passive filter, and their propagation to the 

system is significantly impeded due to the large series impedance. Currently, there 

is no consensus on whether the switching harmonics pose a significant concern in 

terms of the power quality [25][26]. 

 

Figure 1-2 Waveform of the switching function and its spectrums (fc is the switching 

frequency and f1 is the fundamental frequency) 
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• Low-order harmonics 

Low order harmonics refer to harmonics produced by conventional nonlinear 

equipment (e.g., 3rd~39th harmonics). They are the most common harmonics 

encountered in present power systems. As shown in (1.1), the primary harmonic 

emission of the VSC is high-frequency switching harmonics. The emission does 

not contain low-order harmonics. To check the low-order harmonics in the 

switching function, the fast Fourier transform (FFT) is applied to the switching 

function for different switching frequencies. The results are shown in Figure 1-3. 

The figure shows that the low-order harmonics are almost negligible, which 

suggests that the VSC does not act as a harmonic source at traditional low-order 

harmonics.  

 

Figure 1-3 Harmonic components of the switching function using different mf (mf =ωc/ω1) 

Although the VSC does not produce low-order harmonics, it may amplify or 

attenuate the low-order harmonics that already exist in the power system by 

interacting with the connected grid. The VSC may even lead to an unexpected 

harmonic resonance by changing the frequency response of the system. Therefore, 

it is essential to understand how the VSC responds to low-order harmonics.   

• Non-characteristic harmonics 

The VSC equipment may also produce some non-characteristic harmonics. A 

typical example is the 3rd harmonics induced by the unbalanced voltage of the 

interconnected grid. The primary mechanism of non-characteristic 3rd harmonics is 

that the unbalanced voltage will cause a double-frequency oscillation power on the 
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ac side, and because of the power balance between the ac side and dc side, there 

will be 2nd harmonics in the dc voltage [27]. The dc voltage is converted to ac 

voltage by  

( ) ( ) ( )= •ac dcV t S t V t                                           (1.2)                                                       

where Vdc(t) is the dc-link voltage. The fundamental frequency components in the 

switching function and the 2nd harmonic in the dc voltage will lead to 3rd harmonics 

in the voltage on the ac side of VSC equipment. The 3rd harmonic induced by 

unbalanced voltages is a positive/negative sequence, which is different from the 

conventional zero-sequence 3rd harmonics [27]. Additionally, the unbalance of 

harmonics in the supplied voltage will lead to other non-characteristic harmonics. 

Generally, the unbalanced level is not very significant, especially in transmission 

systems, so the non-characteristic 3rd harmonic is quite small. Therefore, non-

characteristic harmonics are not a significant concern in most cases.  

In view of the above-mentioned harmonics and industrial needs, this thesis will 

focus on the research about the model of the VSC at traditional low-order 

harmonics because: 1) the low-order harmonics have significant impacts on power 

systems; 2) there are lots of nonlinear loads that produce traditional low-order 

harmonics; and 3) how the VSC equipment interact with the grid to influence the 

harmonic distortions in power systems is a critical concern. Consequently, this 

thesis will investigate the harmonic response of the VSC to external low-order 

harmonics and build a model that can be used for harmonic power flow analysis. 

Unless otherwise specified, the term harmonic refers to conventional low-order 

harmonics in the rest of this thesis. 

1.2 Harmonic Analysis in Power Systems 

Power system harmonic analysis is used to determine the harmonic impact of 

different power equipment on a power system. Harmonic analysis has been widely 

used for system planning, equipment design, troubleshooting, and so on. Mainly, 

the most common applications of power system harmonic analysis are [28]:  
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• Verifying compliance with harmonic limits.  

• Determining harmonic distortion levels for equipment selection.  

• Designing harmonic mitigation measures such as harmonic filters. 

• Checking if dangerous parallel resonance exists for a given network 

configuration. 

 There are two main aspects of concern for harmonic analysis. The first is to 

determine the frequency response of a system, which will verify whether there are 

resonance conditions and what can be changed to avoid the resonance. The second 

is to compute the harmonic voltage and current in a network, to verify if harmonic 

limits are complied with, and to determine the ratings of the equipment to be 

installed. Broadly, the approaches used for power system harmonic analysis can be 

categorized into three types: time-domain techniques, frequency-domain 

techniques, and hybrid time-frequency-domain techniques [14]. 

1.2.1  Time-domain Harmonic Analysis 

Time-domain harmonic analysis has been extensively used in power systems 

for decades. This type of method can be conducted using the conventional Brute 

Force solution [29], which is widely accepted by software tools such as the 

Electromagnetic Transients Program (EMTP) and Electromagnetic Transients 

including DC (EMTDC). The voltage and current waveforms are recorded in the 

time-domain simulations and are used to compute the harmonic contents by the 

FFT or discrete Fourier transform (DFT) algorithm. The main problem for Brute 

Force simulations is that they need to wait for the transient to die out before 

reaching the steady state [30], which is time-consuming, especially for power 

systems without sufficient damping. Some methods that use iterations to obtain the 

periodic steady-state solutions are detailed in other publications, which can achieve 

faster solutions. Typical examples include the Numerical Differentiation Method 

(ND) [31], Direct Approach Method (DA) [32], Enhanced Numerical 

Differentiation Method (END) [33], Discrete Exponential Expansion Method [34], 
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and Sensitivity Circuits [35]. In these techniques, the complete transient is not 

computed; thus, a faster solution can be achieved [36].  

1.2.2  Frequency-domain Harmonic Analysis    

Frequency-domain harmonic analysis is a direct and simple method that gives 

solutions at a specific harmonic or frequency. The main frequency-domain 

harmonic analysis technique is harmonic power flow, which can be carried out 

using both noniterative and iterative methods. The simplest and most commonly 

used noniterative method is the direct approach that presents the harmonic 

penetration to the linear components or systems [14], [37]. In this method, the 

harmonic current source model of the conventional LCC-based power electronic 

equipment, which is determined by the fundamental frequency current and the 

harmonic features of the nonlinear equipment, is applied [37], as shown in Figure 

1-4. Other equipment, such as the generator, the transmission line, the transformer, 

and the linear load, are modeled as impedance. As a result, the nodal harmonic 

voltage can be computed as 

1[ ]−=h hV Y I                                               (1.3) 

where Vh represents the nodal voltage, Ih represents the harmonic current vector, 

and [Y] represents the admittance of the network. A more advanced noniterative 

technique proposed in recent years is to apply the coupled Y matrix for the LCC 

equipment [15]. In this method, the effect of the harmonic voltage on the harmonic 

current of the nonlinear LCC equipment is also included. Consequently, the results 

are more accurate. 



 

 

 

9 

Figure 1-4 Harmonic analysis in an exemplary system containing VSC equipment 

Harmonic analysis can also be conducted using the iterative harmonic analysis 

(IHA) [38][39] or the iterative harmonic power flow (IHPF) methods [40]-[43]. In 

the IHA methods, the voltage-dependent harmonic current sources are approached 

using iterations. In each iteration, the nonlinear loads are represented using a 

constant harmonic current source (same as in Figure 1-4); then the nodal voltage 

can be computed in the same way as that in the noniterative method. The obtained 

harmonic voltage is further used to correct harmonic current sources until the 

changes in harmonic currents are sufficiently small. The main drawback of the IHA 

is its slow convergence characteristic and narrow stability margin [14], which has 

limited its application to solving practical power systems. The IHPF methods, on 

the other hand, take the voltage-dependent nature of the nonlinear components into 

consideration and solve the harmonic voltage and current equations simultaneously 

using linearization approaches. The complete IHPF approach is numerically robust 

and has a good convergence [44]. But the formulation of this method is relatively 

complex, especially in a large-scale system.  

1.2.3  Hybrid Time-Frequency-Domain Harmonic Analysis 

The hybrid time-frequency-domain harmonic analysis takes advantage of both 

the time-domain harmonic analysis and frequency-domain harmonic analysis [14]. 

This method allows the linear components to be modeled in the frequency domain 

and the nonlinear components modeled in the time domain. The harmonic voltages 
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on the buses where the nonlinear loads are connected can be obtained using the 

iterative method. The formulation of the hybrid harmonic analysis is detailed in 

[45][46]. 

Among the above-described methods, the harmonic power flow method is the 

most preferred selection due to its simplicity and rapidity, especially considering 

that the harmonic models of conventional LCC equipment have been established 

for this type of method. Therefore, this thesis aims to propose a harmonic model of 

the VSC equipment that can be integrated into the harmonic power flow tools.  

1.3 Harmonic Studies of VSC and Challenges 

A harmonic model of the VSC that can be integrated into the above-described 

harmonic analysis techniques is required to assess the harmonic impact of the VSC, 

as shown in an exemplary VSC-involved system in Figure 1-4. Once the harmonic 

model of the VSC is obtained, the harmonic distortions at different buses in the 

network can be computed by combining the developed harmonic model of VSC-

based equipment, the harmonic models of LCC-based nonlinear loads, and other 

linear loads. In this section, existing work on the harmonic studies of VSC is first 

presented, and then the challenges on harmonic modeling of VSC equipment are 

outlined. 

1.3.1 Existing Harmonic Studies of VSC Equipment 

To date, modeling the VSC for harmonic studies has been investigated by 

numerous publications. Typical examples are the small-signal impedance model 

and the small-signal state-space model of VSC that are widely accepted for 

harmonic resonance and instability studies [47]-[49]. These methods can hardly be 

directly implemented for steady-state harmonic distortion assessment because of 

their small-signal nature. By omitting the nonlinearities of the VSC, the impedance 

model might be applied for harmonic analysis. For example, an analytical Norton 

model was proposed in [50], and the harmonic current source of the Norton circuit 

was directly omitted, leading to a harmonic impedance model for harmonic analysis. 
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But the justification for ignoring the source was not provided. More importantly, 

the existing harmonic impedance models were primarily established based on the 

assumption that the dc-link voltage is harmonic free (i.e., the dc-link capacitor is 

infinite) [50]-[53]. In practice, the dc-link voltage also experiences harmonic 

ripples which are introduced by the penetration of the ac side harmonics through 

the switching process. The harmonic-distorted dc-link voltage, in turn, affects the 

harmonics on the ac side of the VSC again through the switching process. As a 

result, the harmonic ripples on the dc-link will affect the harmonic impedance of 

the VSC equipment. The problem becomes more complex when there are back-to-

back VSCs. Analytical justifications are needed to determine how the harmonic 

ripples affect the harmonic models of two VSCs.   

 Some methods have also been proposed specifically to model the VSC 

equipment for harmonic distortion assessment in VSC-involved power systems. 

One typical example is the VSC models in the harmonic domain [54]-[56]. This 

type of method combines the three-phase power-flow mismatches and the dc-side 

current mismatches to characterize a PWM converter through the Newton iterative 

formulations. Other representative examples include an iteration-based method to 

include the VSC equipment [55]-[58], a harmonic state-space (HSS) model of VSC 

equipment [59][60], and a frequency coupling matrix (FCM) model [61]-[63]. The 

main problem with the harmonic-domain models, iteration-based methods, and 

HSS methods is that they are very complex and will face computational challenges 

when implemented for large-scale power systems. Moreover, these methods 

provide no insights into the harmonic response of the VSC equipment. For example, 

these methods cannot show the mechanism of the harmonic coupling inside the 

VSC equipment. The harmonic coupling model in [62][63] is closer to what is 

needed for power system harmonic analysis. However, [62][63] just investigated 

the harmonic-coupling effects through measurements, which did not provide an 

analytical explanation for the harmonic coupling.  

In parallel with the above work, an IEC committee suggested using measured 

harmonic current source models to represent the VSC-based wind turbines [64]. 
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However, this method has been reported to be inaccurate [65]. A recent IEC report 

suggested using a Norton equivalent model to improve the accuracy [65]. Doing so 

requires measuring the model parameters. However, the report does not provide 

technical justifications for this recommendation, and as a result, there is no 

assurance that the method will always work. In summary, a model that fully 

represents steady-state harmonic characteristics of the VSC equipment still needs 

to be developed. 

1.3.2  Challenges of Harmonic Modeling of VSC Equipment 

Although, as mentioned above, there are some harmonic models for VSC 

equipment, they haven’t solved every problem. The main challenges preventing a 

complete analytical harmonic model are summarized here:  

• Various functional segments of the VSC determine the harmonic response of 

the VSC equipment to low-order harmonics. The filter, the control block 

including the inner and outer control loops, the dc-link capacitor, and the dc 

system connected to the dc-link capacitor jointly determine the harmonic 

characteristics of the VSC. More importantly, the impacts of these segments 

may affect each other, so combining the effects of all these segments is 

challenging. 

• The PWM switching does not produce any low-order harmonics in the 

connected system, but it may affect the harmonic characteristics of the VSC. 

An issue that needs to be addressed is how to analyze the impacts of the PWM 

on the harmonic model of the VSC. 

• In equipment that contains back-to-back VSCs, the harmonic ripples in the dc-

link voltage may affect the harmonic model of the VSC. Furthermore, because 

two VSCs share the same dc-link, a harmonic coupling effect may exist 

between VSCs. Therefore, it is important to assess the impacts of the dc-link 

capacitor on quantifying the models of VSCs.   

• It can be challenging to determine how to integrate the developed harmonic 
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model into the existing harmonic analysis techniques. What types of harmonic 

analysis techniques can be used depends on the characteristics of the harmonic 

model.   

• The internal parameters of practical VSC equipment may not be attainable. In 

such cases, how to obtain the harmonic model of VSC equipment can be 

challenging. 

In summary, there are many unsolved issues and challenges in the harmonic 

modeling of VSC equipment. Novel methods are needed to overcome the challenges 

and establish a sound harmonic model of VSC equipment. 

1.4 Thesis Scope and Outline 

The purpose of this thesis is to propose harmonic models of VSC equipment. 

Considering that the harmonic characteristics of VSC equipment might be different, 

various harmonic models may need to be established. A number of tasks need to be 

accomplished in this thesis:  

1) The first task is to develop an analytical harmonic model for three-phase VSC 

equipment and integrate the harmonic model to conduct harmonic power flow 

studies. The proposed harmonic model is expected to be suitable for equipment 

that only contains one VSC terminal or back-to-back VSCs, but only one VSC 

is exposed to grid harmonic sources (i.e., only one VSC is connected to the 

grid), as shown in Figure 1-5. This type of harmonic model can be suitable for 

the three-phase PV system, PMSG, as well as VSC-VFD. 

 

Figure 1-5 Equipment that only contains one VSC tied to the grid 
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2) The second task is to develop an analytical harmonic model for single-phase 

VSC equipment and integrate the harmonic model to conduct harmonic power 

flow studies. The unique harmonic features of the single-phase VSC need to be 

characterized. The main application of such a model will be to assess the 

harmonic impacts of the single-phase PV in distribution systems. 

3) The third task is to develop an analytical harmonic model for equipment 

containing back-to-back VSCs and integrate the harmonic model to conduct 

harmonic power flow studies. This type of equipment includes the back-to-

back VSCs, both of which are exposed to the grid harmonic sources, as shown 

in Figure 1-6. The proposed harmonic model is expected to be applied in DFIG 

and VSC-HVDC. 

 

Figure 1-6 Equipment that contains back-to-back VSCs tied to the grid 

The following paragraphs summarize the organization of the thesis and describe 

the main topics and research in each chapter.  

Chapter 2 investigates the characteristics of the harmonic response of a two-

level, three-phase VSC, and an analytical harmonic model of the three-phase VSC 

is developed accordingly. In this harmonic model, both the impacts of the control 

loop and the power loop (i.e., the effect of the dc-link) are established through 

mathematical derivations. The impacts of the dc system connected to the dc-link 

capacitor are also discussed. The final results have shown that the three-phase VSC 

can be represented using a harmonically coupled impedance matrix. The robustness 

of the proposed model for different PWM switching frequencies is validated in this 
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chapter. Based on the obtained model, the characteristics of the independent 

converter impedances are featured.    

In Chapter 3, the proposed harmonic model of the three-phase VSC in Chapter 

2 is verified through time-domain simulations. The time-domain simulation results 

show that the proposed model is very accurate. The impact of the power loop has 

been extensively investigated; it shows that a larger dc-link capacitor will lead to a 

less noticeable impact on the harmonic impedance of the VSC. The main finding 

that the three-phase VSC can be modeled using a harmonic impedance is validated 

using lab experiments. The application of the proposed model for harmonic power 

flow studies in a VSC-involved power system is also verified via time-domain 

simulations. Based on extensive studies of the proposed model, the chapter includes 

a proposal for a practical approach to constructing the developed model. 

Chapter 4 extends the proposed model of the three-phase VSC to a single-phase 

VSC. The single-phase VSC acts as a harmonic source for the 3rd harmonic, and it 

can be modeled as a Thevenin circuit for the 3rd harmonic. For other harmonics, the 

single-phase VSC acts as a harmonically coupled impedance matrix. The proposed 

model is validated using time-domain simulations. The 3rd harmonic distortion 

caused by a practical single-phase VSC is detailed and compared with other 

appliances. 

Chapter 5 and Chapter 6 focus on the harmonic modeling of the DFIG and VSC-

HVDC, which contain back-to-back VSCs. In Chapter 5, the harmonic model of 

the back-to-back converters is modeled through rigorous mathematical derivations. 

The back-to-back VSCs can be represented using a coupled impedance matrix 

which includes the coupling effect between two VSCs and the coupling effect 

between different harmonics. Further studies show that the coupling effect between 

different harmonics can be omitted, and the back-to-back VSCs can be represented 

using a 2×2 impedance matrix. This model applies to the rotor side converter (RSC) 

and grid side converter (GSC) in the DFIG. After integrating the model of RSC and 

GSC with the linear harmonic model of the induction generator, an impedance 

model of DFIG at harmonics is obtained. Chapter 6 extends the harmonic model of 
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the back-to-back VSCs to the VSC-HVDC. The harmonic characteristics of the 

VSC-HVDC are different from that of the back-to-back RSC and GSC due to the 

dc transmission line. A long transmission line is usually used, which makes the 

harmonic coupling between two VSC terminals of the VSC-HVDC very weak. 

Therefore, two VSC terminals can be decoupled from the dc link. Consequently, 

the developed harmonic model of the three-phase VSC can be applied for the VSC 

terminal of VSC-HVDC with confidence. 

Chapter 7 contains the main conclusions and suggestions for future research in 

this field. 
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Chapter 2  

Modeling Voltage Source Converters for Power 

System Harmonic Analysis: Model Development 

 A dramatic penetration of voltage source converter (VSC) equipment into the 

present power system has resulted in concerns about the harmonic impact of the 

equipment. To evaluate VSC’s effects on low-order harmonics, a model for 

harmonic analysis is needed. Since the VSC does not produce low-order harmonics, 

the model is needed to reveal the VSC’s response to external harmonics. In this 

regard, the harmonic model of the VSC can be developed based on the harmonic 

response mechanism of a VSC, which includes the impacts of both the control 

function and the ac/dc harmonic interaction (power loop). In this chapter, the 

mechanism of the harmonic response of a VSC will be explained. The existing 

harmonic models of VSC are also reviewed. The latter part of the chapter describes 

a new analytical harmonic model of the VSC developed through mathematical 

derivations.  

This chapter is organized as follows. Section 2.1 describes the problem of 

harmonic modeling of a VSC. Section 2.2 presents the existing harmonic models 

of VSC for harmonic analysis. Section 2.3 details the mathematical derivation of 

the harmonic model. The impact of the PWM on the proposed harmonic model is 

investigated in Section 2.4. Some technical discussions on the proposed harmonic 

model are discussed in Section 2.5. Section 2.6 is the chapter summary.  

2.1 Defining the Problem of Harmonic Modeling of VSC 

The VSC’s response to external harmonics can be described using Figure 2-1. 

The VSC responds to power system harmonics in the form of two feedback loops: 

the control loop and the power loop. The control loop establishes the modulation 
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signal for (pulse-width modulation) PWM switching. Since this loop takes the 

voltage and current at the point of common coupling (PCC) as inputs (i.e., vg and 

ig), the modulation signal (m) and the resulting switching function will be affected 

by the ac side harmonics. The power loop represents the harmonic interaction 

between the dc-link voltage (Vdc) and the ac-side voltage of the converter (vc, “c” 

stands for the converter). The harmonic current on the ac side can propagate into 

the dc side through the power electronic switches via the switching function, 

leading to harmonic ripples in the dc-side current. The dc-side harmonic current 

leads to harmonic ripples in the dc-link voltage. This distorted dc-link voltage, in 

turn, can affect the harmonic voltage on the ac side of the VSC. Both the control 

loop and power loop must be taken into account to develop an accurate VSC 

harmonic model, i.e., ig1&igh=f(vg1&vgh), where subscript “1” and “h” stand for 

components at the fundamental frequency and the harmonic frequency, respectively. 

vgh and igh represent all harmonic voltage and current from the grid side.  

 

Figure 2-1 Response mechanism of the VSC to power system harmonics 

2.2 Existing Harmonic Models of VSC 

The harmonic model of VSC equipment can be established based on the 

harmonic response in Figure 2-1. Currently, there are analytical harmonic models 

and measurement-determined harmonic models of VSC equipment proposed for 

harmonic analysis. Representative analytical models include the Norton circuit 
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model and the impedance model, and representative measurement-determined 

harmonic models include the frequency coupling matrix (FCM) model and the 

Norton model by the International Electrotechnical Commission (IEC). These 

methods are introduced in the following. 

2.2.1  Analytical Norton Circuit Model 

Based on the control loop in the VSC’s harmonic response to the external 

harmonics, an analytical Norton circuit model of the VSC that can be used to 

conduct harmonic analysis in VSC-interfaced systems is proposed in [50]. The 

basic idea of this model can be explained in Figure 2-2. As shown, the outer control 

loop yields the reference current for the inner current control loop, and the harmonic 

component in the reference current is taken as a current source. In contrast, the 

inner control loop defines an impedance that correlates the harmonic current and 

voltage on the ac side of the VSC. As a result, the VSC seen from the ac side can 

be represented as a Norton circuit. This Norton model is a linear harmonic model 

that can be easily integrated into the harmonic analysis techniques. But there are a 

few drawbacks. The first is that the model does not take the power loop into 

consideration and, as a result, fails to reveal the complete harmonic characteristics. 

The second is that the outer control loop is taken as a harmonic current source but 

is directly ignored without further justifications. In fact, the current source of the 

Norton circuit (iref) is not independent of the voltage and current (vc, ic) on the ac 

side of the VSC. Therefore, the assumption that the outer control loop behaves as a 

harmonic current source might be inaccurate.   

 

Figure 2-2 Norton circuit of the VSC  
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2.2.2  Analytical Impedance Model 

The impedance model has been widely accepted as representing the VSC for 

harmonic studies in existing publications. Two types of impedance models have 

been used for harmonic studies of VSC. The first is the small-signal impedance 

model [47]-[52]. It can be established upon the small-signal representation of the 

control loop, as shown in Figure 2-3 (a). The main advantage of this method is that 

it can include the impact of the outer control loop and take the phase-lock loop 

(PLL) impact into consideration to accurately show the VSC’s response to small-

signal disturbance. Still, this impedance method overlooks the effect of the power 

loop and, as a result, the model fails to reveal the impact of the VSC’s dc-link on 

the harmonic response. Another problem with this small-signal method is that it 

cannot be integrated into harmonic power flow tools, especially for those non-

iterative methods that need a linear model. 

The second type of impedance model is the linear model that only considers the 

inner current control loop of the VSC while the outer control loop is omitted [53], 

as shown in Figure 2-3 (b). The outer control loop of this model has a much slower 

response, which means it is not involved with the harmonic analysis. The harmonic 

voltage and current on the ac side of the VSC have a linear relationship through the 

inner current control loop. Consequently, the VSC has a linear impedance. This 

linear impedance model can be used to conduct the harmonic analysis of the VSC-

interfaced systems. However, this model may be insufficient since the impacts of 

the outer control loop and the power loop are not included.   

 

(a) small-signal impedance model of VSC 
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(b) linear impedance model 

Figure 2-3 Small-signal impedance model of VSC 

2.2.3  Frequency Coupling Matrix (FCM) Model  

The frequency coupling matrix is a harmonic coupling matrix that models the 

admittance of a VSC at harmonic frequencies and the cross-coupling of different 

frequencies. The frequency coupling matrix can generally be represented as (2.1) 

*[ ] [ ]= +th th thI M V W V                                         (2.1) 

where Ith represents the harmonic current at the terminal of equipment and Vth 

represents the background harmonic voltage at the terminal of equipment; M and 

W are the frequency coupling impedance matrix; superscript “*” means the 

operation of the complex conjugate. In [61], the computation of the FCM model 

has been proposed. But this method mainly addresses the impact of the switching 

function for low switching frequency (e.g., 9f1). Furthermore, the frequency 

coupling effect induced by other parts such as the control loop and power loop has 

not been fully revealed.  

The computation of the FCM model requires the detailed internal parameters of 

the VSC and the precise switching function, which may not be attainable for 

practical VSC equipment. Therefore, in [62][63], the determination of the 

parameters of the FCM model using measurements has also been described. This 

method does not require detailed internal parameters, which makes it a practical 

method for commercial VSC equipment. The test can be conducted as shown in 
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Figure 2-4, in which the ac supply imposes harmonics to the VSC, and the harmonic 

impedance can be computed. The test results show that inverter-based PV behaves 

as an impedance at harmonic frequencies. However, the main shortcoming of this 

method is that this measurement-determined model does not provide analytical 

justifications on the mechanism of the FCM model. Consequently, the model cannot 

show all the harmonic characteristics of the VSC. For example, it cannot disclose 

the contributions of each operating segment of the VSC, and as a result, the impacts 

of the parameters of the VSC cannot be fully understood.   

 

Figure 2-4 FCM model determination using measurements 

2.2.4  Norton Model of VSC (Wind Turbine) in IEC Report 

In addition to the above methods, an IEC committee has also proposed the 

determination of the harmonic model of VSC-based wind turbines. Previously, the 

IEC committee suggested using measured harmonic current source models to 

represent the VSC-based wind turbines [64]. This current source can be easily used 

for harmonic power flow analysis. But the method has been reported to be 

inaccurate [65] since the harmonic current emission of a wind turbine is affected 

by the background harmonic voltage. A recent IEC report [65] has suggested a 

Norton equivalent model to improve the accuracy. Model parameters need to be 

measured. The main procedures for determining the model parameters using 

measurements can be illustrated using Figure 2-5. First, conduct a measurement 

when the wind turbine is connected to a standard source (no harmonics in the ac 

supply system). Measuring the harmonic current and voltage of the wind turbine 

gives the harmonic emission of the wind turbine. Second, conduct a measurement 
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when the wind turbine is connected to the ac supply system with harmonics, and 

the harmonic voltage and current of the wind turbine are measured. Third, 

disconnect the wind turbine from the ac supply and immediately measure the 

harmonic voltage. The harmonic emission from the VSC and the response of the 

wind turbine to background harmonics can be obtained by combining these 

measurements.  

The main problem with this method is that the report does not provide technical 

justifications why this method is reliable. As a result, there is no assurance that the 

method will always work. Also, this method does not provide detailed insights into 

the harmonic features of the wind turbine. 

 

Figure 2-5 Norton circuit model determination using measurements  

2.3 Harmonic Modeling of the VSC 

The typical two-level, three-phase VSC equipment shown in Figure 2-6 is often 

used to derive the harmonic model of VSC equipment since this is the most 

common type of VSC [2]. The control strategy of the VSC is also shown in the 

figure where the active power and reactive power (P, Q) ejected into the system by 

the VSC are maintained to specific values (Pref, Qref) through the outer control loop 

[66]. The constant power control of the VSC can be achieved by maintaining the 

current at the point of common coupling (PCC), which is the inner control loop. PI 

regulators are used for both the outer and inner loops. The current control is 
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designed in the synchronously rotating dq frame. Thus, a PLL is used to track the 

angle of the fundamental frequency voltage at the PCC, which will be used for 

abc/dq and dq/abc conversions. An LCL filter is connected at the front of the VSC 

to attenuate the switching harmonics. A capacitor on the dc side of the VSC contains 

the dc-link voltage. The system on the other side of the dc-link capacitor varies 

depending on the type of VSC equipment, which can be a source that transfers dc 

power to the VSC or can be a load that absorbs dc power from the VSC. 

 

Figure 2-6 Structure of a typical two-level, three-phase VSC 

 

Figure 2-7 The flow of the derivation of the harmonic model for VSC 
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According to the above analysis of the harmonic response of VSC, the flow of 

the derivation of VSC’s harmonic model is shown in Figure 2-7. As one can see, 

the flow of the derivation of the harmonic model can give a close-loop 

representation of the harmonic response of the VSC, which can lead to an equation 

that contains the harmonic voltage and current at the PCC. Solving this equation 

can lead to the relationship between the harmonic voltage and current at the PCC, 

which is the final harmonic model of the VSC. The detailed steps to establish the 

harmonic model are summarized as below: 

• The power system has harmonic voltage and current at the PCC (vgh, igh). The 

harmonic voltage and current affect the modulation signal (m) through the control 

loop. The spectrum components in the modulation signal (m1 and mh) and the 

resulting switching function, as functions of vgh, igh, can be derived analytically.  

• The low-order harmonic components in the dc-side current (Idch) can be computed 

using the above switching function and the ac-side current of the converter (ic). 

The harmonic components in the dc-link voltage (Vdch) can be derived 

analytically as well based on the dc-side current. The product of the 

aforementioned switching function and dc-link voltage gives the voltage on the 

ac side of the VSC (vch).  

• Accordingly, one equation is established in which the voltage on the ac side of 

the VSC (vch) can be represented as a function of the harmonic voltage and current 

at the PCC (vgh, igh).  

• Since the voltage on the ac side of the VSC relates to the harmonic voltage and 

current at the PCC through the LCL filter, another equation can be established 

relating the voltage on the ac side of the VSC, the current at the PCC, and the 

voltage at the PCC.  

• The above two sets of equations can lead to an equation that contains the 

harmonic voltage and current at the PCC, i.e., f(vgh, igh)=0. Solving this equation 

results in the harmonic model of the VSC. 
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2.3.1  Modeling the Impact of the Control Loop 

In the steady-state, the voltage and current at the PCC of a balanced three-phase 

system that contains positive-sequence and negative-sequence harmonics can be 

expressed as  

1 1 1

1 1 1

cos( ) cos( ) cos( )

cos( ) cos( ) cos( )

     

     

+ + + − − −

+ + + − − −

= + + + + +

= + + + + +

 

 

ga g g gh h gh gh h gh

ga g g gh h gh gh h gh

v V t V t V t

i I t I t I t
   (2.2) 

and phase-B and phase-C voltages and currents are a 120° shift from phase-A 

voltage and current. In (2.2), “1” represents the components relating to the 

fundamental frequency, θ is the angle of voltage, δ is the angle of current, ω is the 

angular frequency, and “h+” and “h-” stand for positive-sequence and negative-

sequence harmonic order. The zero-sequence harmonic is zero in the dq frame, so 

there is no need to include this type of harmonic in the analysis of the control loop. 

The control is designed in the synchronously rotating dq frame, and the d-axis 

voltage is aligned with the space vector of voltage; thus, voltage and current are 

converted into dq frame as follows: 

   

   

=

=

dq abc

dq abc

V T V

I T I
                                          (2.3) 

where 

0 0

1 g1 1 1 1 1
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1 1 1 1 1 1
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sin( ) sin( 120 ) sin( 120 )

     

     

 + + − + +
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g g

g g g

t t t
T

t t t
        (2.4) 

The transformation in (2.4) is obtained by the phase-lock loop (PLL) in Figure 

2-6. Because we focused on the steady-state harmonic analysis and the bandwidth 

of the PLL is generally very low (e.g., 100Hz), the steady-state harmonic 

components do not affect the PLL [2]. Substituting (2.2) to (2.3) leads to 
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1 1 1 1 1
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To represent the outer control loop in Figure 2-6, the active power and reactive 

power for the outer control loop are computed based on the voltage and current in 

(2.5) and (2.6). The results are shown as (2.7) and (2.8) 

 

1 1 1 1

1 1 1

1 1 1 1 1 1

1

3
( )

2

cos( ) cos( )

cos( ) cos( )

cos( ) cos( )

3
cos(

2

   

     

       

 

+ + + +

− − − − + + +

− − − + + +

− −

= + =

− + −

+ − + + − −

+ + + + + + − −

+ +



 

 

gd gd gq gq

g g g g gh gh gh gh

gh gh gh gh g gh h gh g

g gh h gh g g gh h gh g

g gh h g

P v i v i

V I V I

V I V I t t

V I t t I V t t

I V t 1 1

,

, ,

,

) cos( )

cos( ) cos( )

cos( )

     

       

   

−

 +

 −  +  −

 −  +

 
 
 
 
 
 

+ + + + − − 
 
 + + − − + + + +
 
 
+ + + + 
 

 

 



h g gm gn x gx y gy

x y h

gx gy x gx y gy gx gy x gx y gy

x y h x h y h

gx gy x gx y gy

m h n h

t V I t t

V I t t V I t t

V I t t

 

(2.7) 

1 1 1 1

1 1 1 1 1 1

1 1 1 1

3
( )

2

sin( ) sin( ) sin( )

sin( ) sin( )

sin( ) sin(

3

2

     

       

     

+ + + + − − − −

+ + + − − −

+ + + − −

= − +

− + − + −

+ + − − + + + +

+ + − − − +

=

 

 



gd gq gq gd

g g g g gh gh gh gh gh gh gh gh

g gh g h gh g gh g h gh

gh g h gh g gh g h

Q v i v i

V I V I V I

V I t t V I t t

V I t t V I t 1 1

, ,

,

,

)

sin( ) sin( )

sin( )

sin( )

 

       

   

   

−

 +  −

 +  −

 −  +

 
 
 
 

+ + 
 
+ + − − + + − − 
 
 + + + +
 
 
− + + + 
 



 





gh g

gx gy x gx y gy gx gy x gx y gy

x y h x y h

gx gy x gx y gy

x h y h

gx gy x gx y gy

x h ys h

t

V I t t V I t t

V I t t

V I t t

     

(2.8) 

The active power and reactive power are fed into the outer control loop and yield 

a reference current of 
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1

1

( )( )

( )( )

dref ref

qref ref

I H s P P

I H s Q Q

= −

= −
                                        (2.9) 

Substituting (2.7) and (2.8) to (2.9) can lead to the reference current for the inner 

current control loop. The three types of power in the active power and reactive 

power are: 1) fundamental frequency power determined only by the fundamental 

frequency voltage and current; 2) harmonic power determined only by the voltage 

and current of the same harmonic order; 3) interaction power determined by the 

voltage and current of different frequencies. Among these three types of powers, 

fundamental frequency power and harmonic power are dc quantities. The difference 

between these dc quantities and the Pref and Qref through the PI regulator leads to 

the dc components in the reference current. These components are only related to 

the fundamental current in the abc frame. As a result, only the ac components 

(interaction power) in P and Q can lead to harmonics in the reference currents. The 

expressions are given in (2.10) and (2.11) 
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where lower subscript “F” represents the frequency domain. Accordingly, the 

output signal of the inner control loop can be written as 

_ 2 _ 1 1 2

_ 2 _ 1 1 2

( )( ( )[ ] ( ) )

( )( ( )[ ] ( ) )
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             (2.12) 

Converting the above dq voltage back to the abc frame leads to 
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(2.13) 

and the phase-B and phase-C voltages can be given similarly. Since we consider a 

balanced system, only phase-A is discussed. It has to be noted that the harmonic 

components in (2.13) that are introduced by the interaction between different 

harmonics can be ignored due to the small magnitudes. The modulation signal is 

related to the above voltage via the following equation 

0 _( 2/3 / )=ah nom dc ta harmonicm V V u                            (2.14) 

where Vnom is the nominal line-line voltage, and Vdc0 is the desired dc voltage. 
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2.3.2  Modeling the Impact of the Power Loop 

The above analysis has shown that due to the existence of the harmonic 

components in the ac-side voltage and current, there will also be harmonic 

components in the modulation signal. The modulation signal of VSC can thus be 

written as 

1 1 1 + + + - - -cos( ) cos( ) cos( )     = + + + + + a h h h h h hm m t m t m t     (2.15) 

and the modulation signals for phases B and C have a 120-degree angle shift from 

the voltage and current in (2.15). In (2.15), γ is the angle of the modulation signal. 

Similarly, the steady-state current on the ac side of the converter can be expressed 

as 

1 1 c1 + + + - - -cos( ) cos( ) cos( )     = + + + + + ca c ch h ch ch h chI I t I t I t      (2.16) 

and currents for phases B and C have a 120-degree angle shift from (2.16), and δc 

is the angle of the converter side current. The dc side current can be computed using 

the switching function and the ac side current. The switching function, i.e., the 

output signal of the PWM, can reproduce the modulation signal but it also 

introduces additional high-frequency harmonics. The switching harmonics are 

omitted here. The validation for doing this will be discussed in Section 2.4. 

Accordingly, the current on the dc side of the converter can be written as 
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In (2.17), the harmonic components in the dc-side current that are introduced by 

the interaction between two different harmonics can be omitted due to the small 

magnitude. Note that the dc components in the dc-side current will pass to the other 

side of the dc-link capacitor while the harmonic components in the dc-side current 

can pass through the dc-link capacitor, leading to the voltage on the dc-link 

capacitor as 

0
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1 1 )
2


 − + + − h t

      (2.18) 

The above equation is obtained by assuming all harmonic components in the dc-

side current pass through the dc-link capacitor. However, in practice, the other side 

of the dc-link may consist of a dc source or load, and the associated equivalent 

impedance is Zload(h±1) (the impedance feature will be further justified in Section 

2.4). Under such a condition, all harmonic components in (2.18) need to be 

multiplied by a coefficient of Zload(h±1)/(Zload(h±1)+ZCdc(h±1)). To simplify the 

illustration, this coefficient is not included in the following derivations, but it can 

be easily included when Zload(h±1) exists. The voltage in (2.18) is related to the ac-

side voltage through the switching process, and the expression is given as 
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(2.19)

 

where Pnom is the nominal power, and |x is used to mark the number of terms (x=1~9), 

which can be used to identify the terms that impact the power loop. The voltage and 

current in (2.19) have been converted to per unit values to be consistent with the 

variables used in the above derivation of the control loop. The first term in (2.19) 

describes the relationship between the ac-side voltage of the VSC and the 

modulation signal when the impact of the dc-link capacitor is not included (i.e., an 

infinite capacitance). The rest of the terms in (2.19) indicate the impact of the dc-

link capacitor. Equation (2.19) shows that a smaller dc-link capacitance will have a 

more noticeable impact on low-order harmonics. Equation (2.19) can be illustrated 

using Figure 2-8, where the red paths specify the impacts of the power loop. The 

dc-link capacitor has two main impacts. The first is that it makes the harmonic 

components in the ac-side voltage of the VSC deviate from those in the output 

signal of the inner current control ( 03 / 2dc h nomV m V , i.e., the first term of (2.19)). 

When the impact of the dc-link capacitor is not considered, the harmonic 

components in the modulation signal will be the same as those in the ac-side voltage 
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(black path in Figure 2-8). An additional linear relationship between the modulation 

signal and the ac-side voltage (the 2nd~5th terms of (2.19)) will be introduced with 

the power loop. The second impact of the power loop is that it introduces an 

additional capacitive impedance (the 6th~9th terms of (2.19)). This capacitive 

impedance appears because the capacitor will be connected to the ac system when 

the switches are on. 

 

Figure 2-8 Illustration of the impact of the dc-link capacitor 

2.3.3  Overall Harmonic Model of the VSC 

The above analysis establishes the harmonic voltage on the ac side of the VSC 

as a function of the voltage and current at the PCC. The harmonic components in 

the voltage on the ac side of the converter can also be related to the harmonic 

voltage and current at the PCC through the front-end LCL filter, which is given as  

1 1 2 1 2L Cf L L L Cf L Cf

ch gh gh

Cf C

Z Z Z Z Z Z Z Z
V V I

Z Z
  

+ + +
− =               (2.20) 

where ZL1, ZL2, and ZCf represent the harmonic impedance of L1, L2, and Cf, 

respectively. Thus, combining (2.13), (2.14), (2.19), and (2.20) can lead to an 

equation that represents the relationship between the steady-state phase voltage and 

current at the PCC. This equation gives the harmonic model of phase A as follows: 
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The above equations show that the VSC can be represented using a harmonically 

coupled frequency-dependent impedance matrix. Chapter 3 will prove that the 

degree of the coupling between different harmonics can be negligible so that the 

model can be further simplified as (2.31). 
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The following are findings from the model in (2.31): 

• The VSC does not impact the power system by injecting harmonic current like 

conventional LCC equipment. Instead, the VSC only responds to the external 

harmonics by behaving as a frequency-dependent and fundamental frequency 

operating point-dependent impedance. 

• The VSC’s impedances at the positive-sequence and negative-sequence 

harmonics are different.   

• The model is not affected by the distortion levels experienced by the VSC (i.e., 

vgh), which means that it is a linear model and can be easily integrated into 

existing noniterative harmonic power flow tools.  

• The computation of the proposed model requires the internal information of the 

VSC, which includes the filter parameters, control transfer functions, 
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fundamental frequency components. This also means the proposed model can be 

determined at an operating point before it is connected to an ac system. 

Since the proposed impedance model is dependent on the fundamental 

frequency operating point, the fundamental frequency power flow analysis is first 

required to obtain the fundamental frequency voltage and current to compute the 

model parameters. Then the harmonic model of the VSC can be computed. 

Although the above model is derived based on a specific control scheme in Figure 

2-6, it is possible to derive the model of the VSC with different configurations and 

control schemes using the same method. Developing an analytical generalized 

harmonic model of the VSC is challenging since the control strategy of the VSC 

could be diversified. In practice, it is crucial to find the harmonic nature of the VSC. 

For example, if the VSC can be proved to be an impedance under harmonic 

frequencies, the measurement-based method can be used to obtain the model 

regardless of the complexity of the control schemes. 

2.4 Impact of the PWM on the Developed Model 

In previous derivations of the harmonic model of the VSC, the PWM is assumed 

to be ideal. This is only valid when two criteria are satisfied: 1) the modulated 

output signal of the PWM can reproduce the modulation waveform perfectly; 2) the 

PWM does not introduce additional harmonics that overlap with low-order 

harmonics in the modulation signal. In the following, these two aspects are 

analyzed. 

2.4.1  Reproduction of the Modulation Signal 

Reproducing the modulation signal for the PWM is always justified if the 

switching frequency of the carrier signal is much higher than the frequency of the 

modulation signal. However, harmonic power flow study requires computing the 

harmonic distortions for harmonic power flow studies for up to the 29th harmonic. 

On the other hand, in many high-power VSC equipment, the switching frequency 

can be low (e.g., a switching frequency of 2 kHz is close to the 33rd harmonic). 
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Therefore, it is necessary to investigate how the switching frequency of the PWM 

affects the reproduction of the modulation signal.  

To investigate how the PWM switching frequency impacts the harmonic 

components in the modulation signal, a bipolar double-edge PWM with a triangle 

carrier was analyzed numerically [23]. In this study, the modulation signal consisted 

of the fundamental frequency signal and a 10% harmonic. Figure 2.8 shows the 

results of the harmonics in the output signal of a PWM with different switching 

frequencies. The PWM is based on the widely used asymmetrical sampling 

technique [67]. Based on the results of Figure 2-9 and using a 5% difference as the 

threshold, we can conclude that if the switching frequency is 2 kHz, the proposed 

model is reasonably accurate for up to the 13th harmonic. If the switching frequency 

is 3 kHz, the proposed model is reasonably accurate for up to the 23rd harmonic. If 

the switching frequency is 4 kHz, the proposed model is reasonably accurate for up 

to the 29th harmonic.  

 

Figure 2-9 Results of the output harmonics for PWM with asymmetrical sampling 

technique 

The above conclusions were obtained by assuming that the control loop (i.e., the 

modulation signal) always has a considerable impact on the impedance, that is, the 

modulation signal always contains considerable harmonics regardless of the 

harmonic frequencies. However, in practice, the high-frequency harmonics in the 

modulation signal can be very limited due to the control loop's limited bandwidth. 

Under such conditions, the PWM's reproduction limit does not affect impedances 
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at these harmonics. The impact of the control loop on the harmonic impedance of 

the VSC can be determined by comparing the calculated impedance using the 

proposed model and the calculated impedance without the impact of the control 

loop (mh=0). By applying a threshold of ±5%, the range of harmonics for which the 

control loop has negligible impacts on the harmonic impedance can be obtained. 

According to the above analyses, the applicable harmonics for the proposed 

model need to be determined by combining the impact of the switching frequency 

of the PWM and the impact of the control loop on the harmonic impedance of the 

VSC. As analyzed previously, for a specific switching frequency, the proposed 

model is only reasonably accurate for harmonics up to hlimit_PWM. However, if the 

control loop makes a negligible contribution to the harmonic impedance for 

hlimit_PWM  and higher harmonics, the applicable harmonics for the proposed model 

can be extended. The process to determine applicable harmonics for the proposed 

model is summarized as: 

1) Determine the highest harmonic for which a PWM has input/output error within 

±5% (hlimit_PWM) 

2) Plot the impedances of the VSC with and without the control loop (mh=0). Find 

the range of harmonics, for which the control has a contribution less than ±5% 

(hlimit_control) 

3) Compare the hlimit_PWM and hlimit_control. If the hlimit_PWM > hlimit_control, the proposed 

model is reasonably accurate for all harmonics. If the hlimit_PWM > hlimit_control, the 

proposed model is valid for (0, hlimit_PWM) and (hlimit_control, ∞) (except in the case of 

switching harmonics). 

2.4.2  Additional Harmonics Introduced by the PWM 

In addition to its impacts on the reproduction capability of the modulation signal, 

the PWM may also introduce additional low-order harmonics when the modulation 

signal contains harmonic components. When the modulation signal contains 

harmonic components, the harmonics associated with the PWM can also be given 

based on the double Fourier series method [23]. According to this method, when 
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there is a harmonic ωh in the modulation signal, the switching harmonics will have 

harmonics ωh, ωc±2ω1, ωc-ωh±ω1 (only the lowest switching harmonics are 

considered). With this understanding, and according to the mathematical 

derivations in Section 2.2, the harmonics in different voltages and currents can be 

illustrated using Figure 2-10. One can see from Figure 2-10 that, in addition to the 

original harmonics in the connected grid (ωh), there are additional harmonics of 

ωc±2ω1, ωc±2ω1±ω1±ωh, ωc-ωh±ω1, and ωc-ωh±ωh appearing on the ac side of the 

VSC. Other harmonics may also exist but are much smaller. When the switching 

frequency is a multiple of three times the fundamental frequency (21ω1, for 

example), these harmonics might overlap with the other low-order harmonics. 

However, the bandwidth of the current control loop must be much lower than the 

switching frequency, and as a result, ωh<<ωc [2], which means the above-

mentioned harmonics are close to the switching frequency, and thus can be 

significantly attenuated by the front-end passive filter. Furthermore, if the switching 

frequency is not a multiple of the fundamental frequency, all the above harmonics 

are interharmonics that do not overlap with other low-order harmonics. Although 

only cases with one harmonic in the system are analyzed, the above theory can be 

adopted when multiple harmonics exist. In summary, the harmonics associated with 

the PWM are not a concern for low-order harmonic studies.  

 

Figure 2-10 Harmonic information in VSC considering switching harmonics 
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2.5 Technical Discussions of the Proposed Harmonic model 

This section examines technical discussions of the proposed harmonic model, 

including the applicable VSC equipment for the proposed model for VSC 

equipment and the characteristics of the converter impedance.  

2.5.1  Applicable VSC Equipment for the Proposed Model 

The above-proposed harmonic model of the three-phase VSC is established with 

the assumption that the dc system connected to the dc-link of the VSC can be 

represented as an equivalent impedance (Zload) at harmonic frequencies. Therefore, 

the proposed model can only be suitable for VSC equipment that satisfies this 

criterion. For equipment such as the Photovoltaic (PV) system and the VSC-based 

dc motor, the dc system can surely be modeled as an impedance [76], so the model 

can be applied for such equipment. On the other hand, for equipment such as 

Permanent Magnetic Synchronous Generator (PMSG) and VSC-based Variable 

Frequency Drive (VFD), another VSC is connected to the dc-link capacitor (i.e., 

back-to-back VSCs), as shown in Figure 2-11. It needs to be proved that the other 

VSC can be modeled as an impedance seen from the dc-link, i.e., Vdch/Idch is an 

impedance.   

 

Figure 2-11 The equivalent circuit of a VSC seen from the dc-link capacitor 

The basic strategy to demonstrate the impedance nature of the VSC seen from 

the dc-link capacitor is to assume a harmonic voltage on the dc-link capacitor (Vdch). 

Then, based on the analytical representations of the control loop and power loop, 

the corresponding harmonic current (Idch) can be derived. By checking the 
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relationship between the Idch and Vdch, the impedance feature can be verified. 

 Suppose there is a harmonic voltage on the dc-link that will induce a harmonic 

voltage on the ac side of the VSC. Note that the (h-1)-th harmonic on the dc side of 

the VSC corresponds to the h-th harmonic on the ac side of the VSC (here we only 

discuss positive-sequence harmonics, although negative-sequence harmonics can 

be addressed the same way), so the dc-link voltage and ac voltage of the VSC can 

be written as  

0 -1 -1 -1cos( ) = + +dc dc dch h hV V V t                                (2.32) 

1 1 1cos( ) cos( )   = + + +a a ah h hV V t V t                        (2.33) 

The harmonic voltage on the ac side of the VSC will introduce a harmonic 

current on the ac side of the VSC, which can be expressed as 

1 1 1cos( ) cos( )   = + + +a a ah h hI I t I t                       (2.34) 

And the harmonic voltage and current on the ac side of the VSC have the 

following frequency-domain relationship  

•

•
= ah

s

ah

V
Z

I

                                                 (2.35) 

where Zs represents the harmonic impedance on the ac side of the other VSC (e.g., 

a generator in PMSG and the motor in a VFD). According to the analysis of the 

control loop, the modulation signal can also be written as 

1 1 1cos( ) cos( )   = + + +a h h hm m t m t                  (2.36) 

It has been demonstrated that the harmonic components in the modulation signal 

are proportional to the harmonic components in the ac side current in the frequency 

domain, which can be expressed as 
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h
control

h

m
Z

I

•

•
=                                              (2.37) 

According to the power loop analysis, the dc-side current can be written as 

0 1 1 1 1 1 1

3 3
cos( ) cos( )

2 2
       

= + +

= + + − + + + − +

dc a a b b c c

dc ah h h h a h h

I m I m I m I

I m I t t m I t t
 (2.38) 

So, the harmonic components in (2.38) represent the dc current’s response (Idch) 

to the harmonic components in the dc-link voltage. Combining the above equations, 

the harmonic voltage and current on the dc side have the following relationship  
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(2.39) 

And the above equation can be expressed in the frequency domain as 
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               (2.40) 

The above result shows that the VSC seen from the dc-link capacitor exhibits an 

impedance nature, so for the PMSG and VSC-VFD, the assumption that the dc 

system can always be regarded as an equivalent impedance is reasonable. Note that 

the assumption of an equivalent impedance for the VSC seen from the dc-link 

capacitor is only valid when the ac side of this VSC is not connected to the grid. 

When the other VSC is also connected to the grid, which means the ac side of the 
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other VSC contains harmonic sources, the impedance nature of the VSC seen from 

the dc-link capacitor is not valid. The equipment containing back-to-back VSCs 

exposed to grid harmonics will be studied in Chapter 5 (DFIG) and Chapter 6 

(VSC-HVDC). 

2.5.2  Characteristics of Converter Impedance 

The above-developed harmonic impedance of the VSC is obtained at the PCC, 

which comprises the front-end passive filter and the converter. The main interest 

for the developed VSC model is the converter impedance since the impedance of 

the front-end passive filter can be easily established. In particular, the concern is 

whether the converter seen from its ac side is an impedance that is independent of 

the front-end passive filter. Answers to this question can determine whether the 

converter impedance can be independently obtained or whether the converter and 

front-end passive filter should take as a whole to determine the impedance. To test 

the above problem, we assume that the converter acts as an independent impedance, 

and the overall VSC can thus be represented using the equivalent circuit in Figure 

2-12. According to this circuit, the following equation can be established as 

2

1

2

( )+
= +

+ +

f

f

conv L C

VSC L

conv L C

Z Z Z
Z Z

Z Z Z
                                  (2.40) 

where ZVSC is the overall impedance of the VSC given in (2.23), and Zconv is the 

converter impedance. Figure 2-13 shows an exemplary result of the overall 

impedance of the VSC and corresponding converter impedance as described in 

(2.40). However, it is interesting to find that when the computed converter 

impedance is submitted back to (2.40) to calculate the overall impedance of the 

VSC, the new result of ZVSC does not match well with the initial results, as shown 

in Figure 2-13. This means the equivalent circuit in Figure 2-12 is not correct, and 

the converter cannot be represented as an impedance that is independent of the 

front-end passive filter. This is because the feedback current of the control is from 

the PCC, and as a result, the harmonic voltage on the ac side of the converter is a 

function of the harmonic current at the PCC, as shown in Figure 2-14 (a). 
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Consequently, the converter is not an independent impedance. Therefore, the 

converter and filter must be considered as a unit for the harmonic model 

development of the VSC. 

Figure 2-12 The equivalent circuit of VSC by assuming the converter is an independent 

impedance 

 

Figure 2-13 Calculated converter impedance and corresponding VSC impedance 

However, it is noteworthy that different control schemes may lead to different 

characteristics of the converter impedance. For example, suppose the feedback 

current is from the ac side of the converter (or the front-end filter is only an inductor, 

which makes the current in the PCC the same as the current on the ac side of the 

converter). In that case, the harmonic voltage on the ac side of the converter will be 

a function of the harmonic current on the ac side of the converter, as shown in 

Figure 2-14 (b). Therefore, the converter can be a harmonic impedance independent 

of the front-end passive filter. As a result, the equivalent circuit in Figure 2-12 might 

be applicable. To summarize the above analysis, to ensure the harmonic model can 

always be correct for VSCs with different control schemes, the converter and the 
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filter should be considered as a unit for VSC’s harmonic development. 

 

(a) Grid-current controlled VSC and its equivalent circuit 

 

(b) Converter-current controlled VSC and its equivalent circuit 

Figure 2-14 Equivalent impedance of VSC with the different current control schemes 

2.6 Summary 

Based on the above analysis, the main findings and contributions of this chapter 

can be summarized as follows: 

• The response mechanism of the VSC to power system harmonics was 

revealed. The impacts of both the control loop and power loop on the 

harmonic model of the VSC were mathematically analyzed.  

• A harmonic model of VSC that can be used for harmonic analysis was 

developed. The result shows that the VSC can be represented by a coupled 

frequency-domain impedance matrix at low-order harmonics. This model is 

not affected by the distortion levels experienced by the VSC, so it is a linear 
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model. The equations to compute the new model were established. 

• A comprehensive analysis of the impact of the PWM was presented in this 

chapter. The research defined the range of the harmonics to which that the 

proposed model can be applied. It also demonstrated that the interaction 

between the harmonics on the modulation signal and switching harmonics 

did not affect the proposed harmonic model. 

• The applicable VSC equipment for the proposed model were discussed. The 

proposed model will be suitable for equipment containing only one VSC or 

equipment containing back-to-back VSCs but only one VSC connected to 

the grid. Typical examples of such VSC equipment include three-phase PV, 

VSC-VFD, and PMSG. The research work also showed that the harmonic 

model of VSC equipment would be developed by considering the converter 

and the front-end passive filter to function as a single unit.  
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Chapter 3  

Modeling Voltage Source Converters for Power 

System Harmonic Analysis: Model Verification and 

Application 

In this chapter, the proposed harmonic model of the voltage source converter (VSC) 

in Chapter 2 will be verified and analyzed via time-domain simulations and lab 

experiments. The correctness of the proposed model will be verified through time-

domain simulations, and the frequency-dependent impedance nature of the VSC 

model be validated using lab experiments. Practical considerations, including the 

relative contribution of different operating segments of the VSC, the impact of the 

power loop, the impact of the control loop, the strength of coupling effect, as well 

as the measurement-based model determination, will be investigated to show the 

characteristics of the proposed model. According to the model characteristics, a 

practical procedure to construct the developed model will be proposed. 

Furthermore, the application of the proposed model for harmonic power flow 

studies will be demonstrated via time-domain simulations.  

This chapter is organized as follows: Section 3.1 shows the verification of the 

proposed harmonic model of VSC via time-domain simulations and lab 

experiments. In Section 3.2, some practical considerations for the developed model 

are investigated. Section 3.3 presents a practical approach to constructing the 

developed model. The verification of the effectiveness of the proposed model for 

the harmonic power flow studies is presented in Section 3.4. Section 3.5 contains 

the chapter summary.  
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3.1 Verification of the Proposed Model Via Time-domain 

Simulations and Lab experiments 

The proposed impedance model was verified using time-domain simulations, 

and the frequency-dependent impedance nature of the VSC model was validated 

using lab experiments. The simulations and experiments will be described in this 

section.  

3.1.1  Verification of the Proposed Model Via Time-domain Simulations 

Figure 3.1 shows the system in which the proposed model was verified in 

Simulink/MATLAB. The control of the VSC is the same as the control scheme in 

Figure 2-6. The dc-link was a capacitor powered by a series connection of an ideal 

dc source and a resistor (to mimic a dc source). Table 3.1 shows the design 

parameters of the studied system, referring to the design method in [21].  

 

Figure 3-1 Studied system for verifying the proposed harmonic model 

Table 3-1 Source of data 

fswitch 3kHz L2, R2 2.5mL, 0.01 Ω 

L1, R1 2.5mL, 0.01 Ω Cf, Rc 50μF, 1Ω 

H1 kp=0.033, ki=2.46 H2 kp=0.3467, ki=517 

Vs 380V Rating 20kW 

Vdc 760V Rdc 100Ω 

In power systems, odd harmonics constitute a significant concern. Thus, only 

these harmonics were investigated, and a set of positive-sequence and negative-

sequence odd harmonics up to the 29th order were added in the ac source in Figure 

3-1 to conduct the simulations. For the simulation, the voltage and current at the 



 

 

 

49 

PCC were measured, and a fast Fourier transform (FFT) was conducted to obtain 

the harmonic voltage and current (Vh and Ih in Figure 3-1), which were used to 

compute the harmonic impedance (Vh/Ih). The simulated harmonic impedance of 

the VSC was compared with the calculated impedance using (2.23) in Figure 3-2. 

Figure 3-2 shows that the calculated harmonic impedance using the proposed model 

matched well with the simulated harmonic impedance. This verifies the correctness 

of the proposed model. Also, the positive-sequence impedance differed from the 

negative-sequence impedance. Thus, the positive-sequence and negative-sequence 

impedances had to be used separately for harmonic power flow studies. In the 

simulations, IHD for different harmonics in the ac source was increased up to 20%, 

and the same results were obtained, which means the model was linear.  

 

Figure 3-2 Comparison between the phase-A harmonic impedances calculated using the 

proposed model and impedances using time-domain simulations 

3.1.2  Verification of the Proposed Model Via Lab Experiments 

The main finding of this work is that the VSC can be modeled as a frequency-

dependent impedance at a specific harmonic. In this section, this impedance feature 

was verified by lab experiments in a 2kW VSC with the same control configurations 

as shown in Figure 2-6. The internal parameters were unknown and thus are 

represented by a black box seen from the grid side. The lab experiments were set 
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up following the schematical diagram in Figure 3-3 (a). There were two types of 

setups: 1) the dc-link was supplied by an ideal dc voltage source (300V), 2) the dc-

link was a capacitor (80μF) powered by a series connection of an ideal dc voltage 

source (300V), and a resistor (30Ω). The first setup could be used to measure the 

harmonic impedance of the VSC with an infinite dc-link capacitor, while the second 

setup was to show the impact of the dc-link capacitor. The VSC inverter is operated 

at its nominal power, i.e., 2kW. The physical experimental setups are presented in 

Figure 3-3 (b). 

In the lab experiments, multiple harmonics, including the 5th, 7th, and 11th 

harmonics of different IHDs (2%, 5%, 10%) were added to the voltage source of 

the ac supply. The FFT algorithm was applied to the voltage and current waveforms 

measured at the PCC of the VSC. The exemplary waveforms of the voltage and 

current when the ac source contained 5% of the 5th, 7th, and 11th harmonics for setup 

1 and setup 2 are shown in Figure 3-4. The FFT results of the voltage and current 

were used to compute the harmonic impedances. Table 3-1 shows the experimental 

impedance results for all of the investigated cases. The results revealed the 

following key information: 

• The impedance at one harmonic was almost constant regardless of the 

background harmonic distortion levels. This finding confirms that the VSC 

equipment can indeed be modeled as an impedance at each harmonic frequency 

for a specific operating point. The coupling effect was negligible since the results 

were not affected when multiple harmonics were added. 

• The impedance for the VSC with a dc-link capacitance of 80μF was different 

from the impedance of the VSC with a constant dc source, verifying the impact 

of the dc-link capacitor. The differences were not significant for the 5th and 11th 

harmonic impedance, while the difference was more obvious for the 7th harmonic 

impedance. 
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(a) Schematic diagram of the experimental setup 

 

(b) Experimental setup for VSC impedance measurement 

Figure 3-3 Experimental test of the harmonic impedance of a VSC 

 

(a) experimental waveforms for setup1 
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(b) experimental waveforms for setup2 

Figure 3-4 Recorded experimental waveforms of phase-A voltage and current at the PCC 

of VSC when 5% of the 5th, 7th, and 11th harmonics were added 

Table 3-2 Measured phase-A impedance of a 2kW VSC under different background 

harmonics 

  IHD 5th 7th 11th 

Setup1 

Single harmonic 5% 27.77Ω 21.14Ω 14.41Ω 

10% 27.35Ω 21.51Ω 14.44Ω 

Multiple harmonic 5% 27.45Ω 21.05Ω 14.71Ω 

10% 27.73Ω 21.26Ω 14.85Ω 

Setup2 

Single harmonic 5% 28.10Ω 23.46Ω 14.64Ω 

10% 28.71Ω 23.10Ω 14.72Ω 

Multiple harmonic 5% 28.62Ω 23.51Ω 15.06Ω 

10% 28.11Ω 24.11Ω 15.10Ω 

3.2 Practical Considerations and Simplifications 

This section includes the analysis of the relative contribution of different VSC 

operating segments, the impact of the power loop, the impact of the control loop, 

the strength of the coupling, as well as the measurement-based approach are 

analyzed. 
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3.2.1 Relative Contribution of VSC Operating Segments 

A VSC harmonic model consists of the contributions from three operating 

segments of the VSC equipment: (1) the front-end passive filter, (2) the control loop, 

and (3) the power loop. It is helpful to understand the relative impact of these 

segments to facilitate model construction. In Figure 3-5, the computed impedance 

using the proposed model of the system in Figure 3-1 (dc-link capacitance is 20μF) 

is compared with the computed impedance without the impact of the power loop 

(i.e., an infinite dc-link capacitance), the computed impedance without the impact 

of control (mh=0), and the filter impedance (i.e., both the control loop and power 

loop are omitted). The results show that the filter impedance contributes most to 

the VSC impedance, while the control loop and the power loop also have noticeable 

impacts. Therefore, it is suggested to include all operating segments of the VSC to 

obtain an accurate impedance. The impacts of the dc-link capacitor and control loop 

are only obvious for relatively low-order harmonics. The control only impacts the 

impedance for harmonics lower than the 13th while the power loop only impacts the 

harmonics lower than the 10th.   

 

Figure 3-5 Impact of each operating segment on harmonic impedance 

The switching frequency of the VSC was set at 3kHz. According to the analysis 

of the impact of the PWM, the PWM can only reasonably reproduce the harmonic 

components in the modulation signal for up to the 23rd harmonics. But as shown in 

Figure 3-5, the control loop did not have any impact on the impedance of the VSC 

for the 13th or higher harmonics. So as shown in Figure 3-2, the proposed model is 
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accurate for all harmonics. 

3.2.2  The Impact of the Dc-link Capacitor 

The simulation results are compared with two types calculated results to show 

the impact of the dc-link capacitor. The first calculated results are based on the 

proposed model for different dc-link capacitances (50μF, 100μF, 200μF). The 

second calculated results are based on the proposed model but the impact of the dc-

link capacitor is not included (i.e., an infinite dc-link capacitance). The comparison 

results are shown in Figure 3-6. As Figure 3-6 shows, the results using the proposed 

model matched perfectly with the simulation results, while there were discrepancies 

with the calculated results for the infinite dc-link capacitor. This demonstrates that 

the power loop did affect the impedance of the VSC. Figure 3-6 also shows that the 

impact of the dc-link capacitor became less noticeable, which is consistent with the 

analytical model in (2.23). For comparisons, see Table 3-2, which shows the errors 

between the computed 7th harmonic impedance with an infinite dc-link capacitor 

and the simulation results. The error reached 12.86% for a dc-link capacitance of 

50μF, and the difference declined to 3.2% when the dc-link capacitance was 

increased to 200μF.  

 

(a) Harmonic impedance for a dc-link capacitance of 50μF 
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(b) Harmonic impedance for a dc-link capacitance of 100μF 

 

(c) Harmonic impedance for a dc-link capacitance of 200μF 

Figure 3-6 Comparison between the calculated harmonic impedances and simulated 

harmonic impedances for different dc-link capacitances 

Table 3-3 Impact of the dc-link capacitance on the 7th harmonic impedance of the VSC 

under different dc-link capacitances  

 dc-link 

capacitance  

Simulated 

impedance 

Calculated impedance with 

Cdc=∞ 

Error 

(%) 

50μF 0.6276+0.9741i 0.6260 + 1.1482i 12.86% 

100μF 0.6484+1.047i 0.6260 + 1.1482i 6.19% 

200μF 0.663+1.08i 0.6260 + 1.1482i 3.2% 

Although the above results show that the impact of the dc-link capacitor was not 

very significant, this research has quantified and clarified the degree of impact of 

the power loop on the VSC harmonic responses. The findings will enable users to 
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confidently model VSC with or without the inclusion of the power loop.  

To determine whether the impact of the dc-link capacitor can be omitted in a 

VSC, a sensitivity study can be conducted before the harmonic impedance is given. 

As mentioned previously, the dc-link capacitor mainly impacted two aspects: the 

first was the variation of the control part effect represented by k1 in (2.28), the 

second was an additional impedance (series connected with L2) represented by k2 

in (2.29). With this understanding, the impact of the dc-link on this part can be 

examined by comparing k1 to 1, and k2/ZL2 to 0. The analytical results of k1 and 

k2/ZL2 in the simulated VSC system with different dc-link capacitances are depicted 

in Figure 3-7, where k1 is closer to 1 and k2/ZL2 is closer to 0 with a capacitance of 

100μF compared with a capacitance of 20μF, which is consistent with the results in 

Figure 3-6. Accordingly, a pre-calculation of k1 and k2/ZL2 can be conducted first to 

check the impact of the dc-link capacitance before computing the harmonic 

impedance. Using a 5% difference as a threshold, if k1 is smaller than 1.05 and 

k2/ZL2 is smaller than 0.05, then the impact of the dc-link capacitor can be omitted. 

And the criteria are given as follow  

2

2
1 1 5% 5%−   

L

k
k

Z
                                     (3.1) 

If (3.1) is satisfied, the power loop does not need to be included. 

 

Figure 3-7 Numerical assessment of the impact of the dc-link capacitor  
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In practice, it is concerned whether the criteria in (3.1) are needed for a 

commercial VSC since the dc-link capacitor is designed within a specific range. 

The rating of the dc-link capacitor for a practical VSC can be given by the following 

equation [21] 

0 02






d LMAX
dc

dc dc

T P
C

V V
                                               (3.2) 

where, Td is the delay caused by the voltage and current control, ∆PLMAX is the 

maximum known variation of the power on dc bus, Vdc0 is the desired dc-link 

voltage, and ∆Vdc0 is the tolerable dc-link voltage variation. In addition, the rating 

of the dc-link capacitor is also designed to guarantee desired load ride-through 

capability. For the studied three-phase VSC (refer to parameters in Table 3-1), a dc-

link capacitor of 50μF is enough to meet (3.2). If the dc-link capacitor is selected 

as 50μF, according to the results in Figure 3-6, the power loop must be included. 

But a larger dc-link capacitor may be adopted to increase the ride-through capability 

of the VSC. If the dc-link capacitor is selected to be larger than 200μF, the power 

loop can be omitted. Therefore, the power loop may impact the harmonic 

impedance of a practical VSC, and the criteria in (3.1) need to be checked. 

3.2.3  The Impact of the Control Loop 

The above analysis shows that the control loop has a considerable impact on the 

VSC harmonic impedance. The control loop consists of the outer and inner control 

loops. A further investigation was conducted to show the individual impact of the 

outer and inner control loops. Figure 3.8 shows a comparison between the 

impedance with the outer control loop and the impedance without the outer control 

loop. The impact of the outer control loop is not obvious for most harmonics, so the 

impact of the outer loop is not comparable with that of the inner loop. Yet, there are 

large errors for harmonics near the peak point of the impedance curve. For example, 

the impedance error reached 10% at the 11th harmonic. The reason was that the filter 

contributed to the impedance. For the peak value of the impedance, the filter 

experienced series resonance between L1 and Cf. As a result, the filter’s contribution 
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to the impedance was reduced, and the cascaded outer control loop and inner 

control loop became more dominant in the overall impedance. Therefore, the outer 

control loop cannot be ignored near the peak value of the impedance. Also, the 

resonance impedance was affected by the damping of the filter, and the smaller 

damping led to the filter having less significance. Figure 3-8 shows a comparison 

between the different damping in the capacitor. The impedance error for the 11th 

harmonic increased to 27% when the resistance was reduced from 1Ω to 0.5Ω. In 

summary, although the outer control loop is not as significant as the inner control 

loop, it affects the impedance to some degree for some harmonics and needs to be 

taken into account for better accuracy.  

 

Figure 3-8 Impact of the outer control loop 

3.2.4 Strength of the Coupling Effect 

The proposed impedance matrix showed that there were coupling effects 

between different harmonics, which originated from the outer control loop and the 

power loop. There are two types of coupling effects: the coupling between h-th and 

(h+2)-th harmonics and the coupling between h-th and (h+4)-th harmonics. In both 

time-domain simulations and lab experiments, multiple harmonics were added at 
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the same time, but results remain almost the same. This meant the interaction 

between different harmonics was very limited. To verify the analytical nondiagonal 

impedance of the positive-sequence impedance matrix in (2.21) was compared with 

the diagonal impedance with a dc-link capacitance of 50μF. The results are shown 

in Figure 3-9, where the coupling impedance is almost negligible compared to the 

diagonal impedance. The reason for this phenomenon is that both the outer control 

loop and dc-link make fewer contributions compared with the filter and inner 

current control that determine the diagonal impedance. Thus, the coupling effect 

can be omitted in most cases, resulting in a simplified diagonal impedance matrix.  

 

Figure 3-9 Comparison between the diagonal components and nondiagonal impedance in 

the impedance matrix 

The results of time-domain simulations further support the above analysis. 

Figure 3-10 shows the coupling effect when a negative 5th harmonic or positive 7th 

harmonic is added in the ac system in Figure 3-10. The negative 5th harmonic indeed 

introduces a 7th harmonic, while the positive sequence 7th harmonic introduces a 5th 

harmonic, which matches the theoretical analysis in Section II. However, the 

coupled voltage is almost negligible compared to the injected harmonics. Therefore, 

the coupling effect can be omitted in this case. 
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Figure 3-10 Coupling effect in simulations 

3.2.5  Determination of Model Parameters Using Measurements 

Computing the analytical harmonic model requires internal details of VSC 

equipment. In practice, the manufacturers might be reluctant to provide the control 

parameters or even the detailed control configurations. In such a situation, a 

measurement-based method can be used to determine the model parameters. The 

measurement-based method takes into account the finding that the VSC equipment 

behaves essentially as impedances at the traditional low-order harmonic 

frequencies at the operating points of interest. Thus, the impedance can be 

determined by simply using Vh/Ih at the connection point (PCC) of the VSC 

equipment at the operating points of interest. The measurement method can be the 

lab experiments as described in Section 3.1.2 or the field data after VSC equipment 

is connected to a power system, taking advantage of the natural harmonic voltage 

and current at the PCC of VSC equipment. Note that the field-data-based procedure 

may require long-term monitoring of the harmonics since it needs abundant 

harmonics observed at the PCC, and the fundamental frequency operating points of 

the VSC equipment can change in a day.  

3.3 An Overall Procedure to Construct the Harmonic Model 

Based on the impact and data availability of the three operating segments of VSC 
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equipment, the ideal procedure for constructing the harmonic model is:  

• First, the harmonic model of the VSC must include the front-end passive filter 

since the front-end passive filter has the most contributions to the harmonic 

model of the VSC. In this model, the VSC impedance can be obtained by 

assuming that the converter is a short circuit and the VSC is behaving as the front-

end filter. This approach, which is easiest to take, may lead to a large error for 

some harmonics (e.g., the error can reach 32.5% for 7th harmonic impedance for 

the studied system with a 100μF dc-link capacitor). 

• Second, the inner current control loop of the VSC is included to improve the 

accuracy of the harmonic model. This requires knowing the H2(s) transfer 

function in addition to the filter parameters. Including the inner current control 

will make the VSC impedance model acceptable for many cases. For example, 

the error of the 7th harmonic impedance of the studied system is only 7%. 

• Third, the outer control loop and the power loop can be included for further 

refinement of the model. This step requires knowing more internal parameters of 

the VSC equipment.  

• If no data is available at all, a measurement-based approach explained in section 

3.2.5 can be used to determine the VSC impedance model at operating points of 

interest. 

3.4 Application of the Proposed Model for Harmonic Power Flow 

Studies 

The main application of the proposed harmonic model of the VSC, i.e., 

integrating the proposed model into harmonic power flow studies, is investigated 

in this section.   

A 13-bus IEEE test system [68] was used to show the usefulness of the proposed 

model for harmonic power flow studies in power systems containing VSC 

equipment, as shown in Figure 3-11. In this system, there are two VSC-based loads 

at bus 5 and bus 11 and one LCC-based load at bus 7. The harmonic distortion was 
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computed using both time-domain simulations and analytical harmonic power flow. 

For the time domain simulations, the system in Figure 3-11 was modeled in 

Simulink/MATLAB. The VSC-based loads were modeled on the configuration of 

the VSC in Figure 2-6. The parameters of the VSC loads are shown in Table 3-4. 

The LCC-based load is a 6-pulse rectifier.  

 

Figure 3-11 An industrial system for harmonic power flow studies 

Table 3-4 Parameters of VSC loads 

fswitch 2kHz L2, R2 5mL, 0.02 Ω 

L1, R1 5mL, 0.02 Ω C, Rc 100μF, 1Ω 

H1 kp=0.033, ki=2.46 H2 kp=0.693, ki=1034 

Vs 380V Rating 800kW 

Taking advantage of the developed VSC model, a non-iterative harmonic power 

flow is proposed with the following steps: 

1) Conduct the fundamental frequency power flow in the power system by treating 

LCC equipment and VSC equipment as constant power loads (PQ nodes). The 

harmonic impedance of the VSC loads can be obtained using equations (2.23). 

Accordingly, the matrix model of the VSC can be established as equations (2.31). 
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2) The LCC rectifier is modeled as a harmonic current source (I7(H)). The nodal 

harmonic current injection is expressed as Ibus(H)=[0,0,0,0,0,0,I7(H),0,0,0,0,0]; 

3) The rest of the system is linear and can be modeled as a harmonically decoupled 

admittance matrix as follows:  

3 3 3

5 5 5

[ ] [ ] 0 ... 0 [ ]

[ ] 0 [ ] ... 0 [ ]

... ... ... ... ... ...

[ ] 0 0 ... [ ] [ ]H H H

I Y V

I Y V

I Y V

     
     
     =
     
     
     

                     (3.1) 

(4) Finally, the above equations are integrated to compute the harmonic voltage as 

1( ) ( )bus H busV H Y I H−=                                       (3.2) 

where Vbus is the nodal harmonic voltage, H is the harmonic order interested.  

To verify the usefulness of the developed model, the simulated phase-A 

harmonic voltage and current at the PCC (bus 2) were compared with the calculated 

phase-A harmonic voltage and current at the PCC using harmonic power flow with 

the proposed harmonic model. The results of the waveforms of the voltage and 

current are presented since they provide not only the magnitudes of the harmonics 

but also the angle information of these harmonics. The results are shown in Figure 

3-12, where the calculated voltage and current at the PCC match perfectly with the 

simulated voltage and current at the PCC. The voltage and current at bus 5, where 

a VSC load is connected, are also presented in Figure 3-13, and the calculated 

results also match the simulated results. The above results show that the model can 

be used to accurately assess the harmonic distortion in VSC-involved power 

systems. 
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(a) Current waveform 

 

(b)  Voltage waveform 

Figure 3-12 Calculated and simulated phase-A voltage and current at the PCC 

 

(a) Current waveform 
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 (b) Voltage waveform 

Figure 3-13 Calculated and simulated phase-A voltage and current at bus 5 

In the studied system in Figure 3-11, the switching frequency of the VSC was as 

2 kHz. For comparison, the switching frequency of the VSC is changed to 3 kHz 

and 4 kHz while other parameters are unchanged. Figure 3-14 compares the 

spectrums of the voltage and current at bus 5 obtained using time-domain 

simulations with the spectrums calculated using the proposed model. The simulated 

spectrums of phase-A voltage and current match the results calculated using the 

proposed method. The reason is that, according to the designed parameters, the 

control makes a very limited contribution to the harmonic impedance for harmonics 

higher than the 10th. Therefore, according to the analyses in Section 2.4, the 

harmonic model of the VSC is not affected by switching frequencies.   

 

(a) Voltage spectrum 
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(b) Current spectrum 

Figure 3-14 Comparison between the voltage and current spectrum obtained through 

simulations and the spectrum calculated using the proposed method. 

To show the importance of including the impedance model of the VSC, an 

additional case was conducted. In this case, the harmonic power flow was run 

without the VSC load at the bus 5 VSC at harmonic frequencies (i.e., ZVSC(h)=∞). 

The spectrum of the phase-A current at the PCC was compared with the original 

harmonic power flow results in Figure 3-15. If the impedance model of the VSC at 

bus 5 was ignored, there was a 28% error for the 11th harmonic current. This case 

illustrates that the impedance model of the VSC must be included in harmonic 

power flow studies.   

 

Figure 3-15 Errors of the spectrum of phase-A current at the PCC when assuming the bus 

5 load is open 
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3.5 Summary 

In this chapter, the proposed harmonic model of the VSC was verified. The 

chapter’s main contributions are: 

• The correctness of the proposed harmonic model was verified by time-

domain simulations. The impacts of different operating segments on the 

harmonic model of the VSC were analyzed. The results showed that the 

control had a significant impact while the dc-link capacitor did not impact 

the harmonic impedances when the dc-link capacitor was sufficiently large. 

The chapter also included a proposal for a criterion to help determine 

whether the power loop needs to be considered. 

• Lab experiments verified the main finding that a frequency-dependent 

impedance could represent the VSC at a specific operating point. 

Experiments also demonstrated that the dc-link capacitor did not 

significantly impact the model. 

• A practical procedure to construct the developed impedance was presented 

according to the characteristics of the proposed model. 

• The effectiveness of the proposed model for harmonic power flow systems 

in a complex power system was verified. The results show that the new 

model can be easily integrated into the harmonic power flow tools. 
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Chapter 4  

Extension of the Harmonic Model for Single-phase 

Voltage Source Converters 

Single-phase voltage source converters (VSCs) are widely employed for interfacing 

solar energy and battery energy storage (BES) in distribution power systems 

[69][70]. It is essential to understand how the single-phase photovoltaic (PV) 

affects the harmonics in the single-phase distribution system [71], and a harmonic 

model is needed for this purpose. Similar to the three-phase VSC, the harmonic 

model of the single-phase VSC can be established based on its harmonic response 

mechanism that is determined by the control loop and the power loop. However, 

the resulting harmonic characteristics of the single-phase VSC are different from 

those of the three-phase VSC. In particular, the single-phase VSC will inject the 3rd 

harmonic into the connected ac system [72]. As a result, the developed model for 

the three-phase VSC in Chapter 2 cannot be directly applied to the single-phase 

VSC. To this end, in this chapter, the harmonic characteristics of the single-phase 

PV system are analyzed, then an analytical harmonic model of the single-phase PV 

system is developed through mathematical derivations.  

This chapter is organized as follows: Section 4.1 illustrates the harmonic 

response of a single-phase PV system and reviews existing relevant publications. 

Section 4.2 looks at the mathematical derivations of the harmonic model for the 

single-phase PV system. Section 4.3 details the time-domain simulations used to 

verify the proposed harmonic model. Section 4.4 is a discussion of the 3rd harmonic 

produced by the single-phase VSC in practical residential systems. Section 4.5 

contains the chapter summary. 
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4.1 Harmonic Characteristics of a Single-phase PV system 

This section presents the characteristics of the harmonic response of single-

phase PV systems and the current work on harmonic studies of the single-phase 

VSC. 

4.1.1  Harmonic Response of a Single-phase PV System 

A typical single-phase PV system shown in Figure 4-1 (a) is used to illustrate 

the harmonic modeling of the single-phase VSC. In this system, the PV panel is 

connected to the dc-link capacitor through a boost converter, and then the dc power 

is transferred to the ac grid through a single-phase inverter. The control scheme of 

the single-phase inverter is shown in Figure 4-1 (b). The inverter maintains the dc-

link voltage and the reactive power that it injected into the grid (usually set as 0). 

The reactive power and dc-link voltage can be realized by controlling the current 

at the PCC of the inverter (ig in Figure 4-1).   

 

(a) structure of the PV system 

 

(b) the control diagram of the inverter 

Figure 4-1  Typical single-phase PV system and the control diagram 
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The harmonic response of a single-phase VSC is similar to that of a three-phase 

VSC, as shown in Figure 4-2. The harmonic model of the single-phase VSC can be 

established by the combined analytical representations of the impacts of the control 

loop and the power loop. However, the dc side current also contains a 2nd harmonic 

component (Idc2) that originates from the interaction between the fundamental 

frequency components in the modulation signal (m1) and the fundamental 

frequency components in the ac side current (Ic1). Further, this 2nd harmonic current 

leads to a 2nd harmonic voltage on the dc-link capacitor, which along with the 

fundamental frequency component in the modulation signal (m1), gives a 3rd 

harmonic voltage on the ac side of the VSC through the switching process. Note 

that this 3rd harmonic voltage exists regardless of the external 3rd harmonic 

distortion, so the single-phase VSC also impacts the system as a voltage source at 

the 3rd harmonic. As to other harmonics, the single-phase does not act as a source, 

and the combined control loop and power loop will still lead to an impedance model.  

 

Figure 4-2 Harmonic response of a single-phase VSC 

4.1.2  Review of Existing Publications 

Existing studies about the harmonic modeling problem of the single-phase VSC 

are similar to that of the three-phase VSC; they mainly focus on the harmonic 

resonance problems of the single-phase PV system using the impedance model. The 

impedance model is established through the analytical representation of the control 

loop [73][74] or by using only the LCL filter of the single-phase PV and ignoring 

the control impacts [75]. But these studies do not include the impact of the power 

loop, so the 3rd harmonic is overlooked. Some other publications study the 2nd 
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harmonic on the dc side of the single-phase VSC. But most of these studies focus 

on the mitigation of the 2nd harmonics on the dc-link [76]-[78]. Only [72] presents 

the computation of the 3rd harmonic using the closed-form solutions, but the 

computation method is indirect and relatively complex. Therefore, a sound model 

that fully represents the harmonic characteristics of the single-phase VSC is still 

needed.   

4.2 Harmonic Modeling of Single-phase VSC 

The harmonic model of the single-phase VSC can be established similar to that 

used for the three-phase VSC. The control loop can be analyzed to establish the 

analytical representation of the modulation signal. The resulting modulation signal 

can be used to establish the analytical expression of the power loop. Combining 

analytical expressions of the control loop and power loop can get the harmonic 

model of the single-phase VSC. 

4.2.1  abc/dq Conversion in Single-phase VSC 

The steady-state voltage and current at the PCC that contain harmonics can be 

expressed as 

g1 1 1

1 1 1

cos( ) cos( )

cos( ) cos( )

   

   

= + + +

= + + +





g g gh h gh

g g g gh h gh

v V t V t

i I t I t
                       (4.1) 

where V and I stand for voltage and current, ω is the angular frequency, h is the 

harmonic order, “1” represents the fundamental frequency, and θ and δ are the 

angles of voltage and current, respectively. Since the control is implemented in the 

dq frame, the above voltage and current have to be converted into dq-frame 

quantities. However, no transformation can be used for direct abc/dq conversion 

for single-phase voltage and current. So, the ac voltage and current are first 

converted into the αβ frame by taking the original voltage and current as the α-axis 

voltage/current and creating the β-axis voltage/current by adding a 1/4 

fundamental-frequency period delay in the original voltage and current (i.e., a 90° 
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delay for the fundamental frequency voltage and current). Accordingly, the αβ-

frame voltage and current can be expressed as 
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The αβ-frame voltage and current are converted to the dq frame using (4.3) 
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where f stands for voltage or current. Accordingly, the voltage and current in the dq 

frame can be obtained as 
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The above dq-frame voltage and current show that, in the single-phase VSC, the 

harmonic ωh on the ac side of the VSC could be either ωh-ω1 or ωh+ω1 in the dq 

frame depending on the h value. For example, a 5th harmonic on the ac side of the 

VSC leads to a 4th harmonic in the dq frame, while a 7th harmonic leads to an 8th 

harmonic in the dq frame.  

4.2.2  Modulation Signal of PWM Switching 

With the above obtained dq-frame voltage and current, the modulation signal 

can be computed. The dc-link voltage control is established through the outer 

control loop. The impact of this type of outer control loop is very limited (the reason 

will be explained in Section 4.3). Consequently, it is reasonable to assume that the 

outer control loop does not produce any low-order harmonics in the reference 

current of the inner current control loop (i.e., Igdref and Igqref are harmonic free). 

Therefore, only the inner control loop is considered. Accordingly, the output of the 

inner control can be written as  
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The above dq-frame signal is converted back to the αβ frame, and the harmonic 

components of the α-axis signal can be written as 
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(4.9) 

And the harmonic components in the modulation signal can be given as 

0( 2 / ) =h nom dc hm V V v                                           (4.10) 

where Vnom is the nominal voltage. (4.9) and (4.10) show that the harmonic 

components in the modulation signal exhibit a linear relationship with the harmonic 

components in the steady-state current at the PCC.  

4.2.3  Modeling of the Impact of the Power Loop  

Based on the above analysis, with the presence of the harmonic components in 
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the steady-state current at the PCC, the modulation signal can include that harmonic 

as well. The steady-state current on the ac side of the VSC can also include that 

harmonic. Therefore, the modulation signal and the current on the ac side of the 

converter can be expressed as 

1 1 1cos( ) cos( )   = + + + h h hm m t m t                           (4.11) 

1 1 1cos( ) cos( )   = + + +c c c ch h chI I t I t                          (4.12) 

where c stands for the converter and α is the angle of the modulation signal. The 

current on the dc side of the converter can be expressed as 
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In the above current, the components that are introduced by the interaction 

between different harmonics can be omitted due to the small magnitudes. When 

passing through the dc-link capacitor, the harmonic components in the above 

current result in the dc-link voltage as 
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The above equation is obtained by assuming all harmonic components in the dc-

side current pass through the dc-link capacitor. Notably, the dc-side PV panel can 



 

 

 

76 

also be regarded as an equivalent impedance and can be addressed as described in 

the three-phase VSC. The above dc-link voltage is related to the voltage on the ac 

side of the VSC through the switching process, and the expression is 
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Substituting the modulation signal in (4.10) into (4.15) and extracting the 

harmonic components from the ac voltage, the harmonic components in the voltage 

on the ac side of the converter can be expressed as 



 

 

 

77 

1 1 1 1

0
1

( ) ( )

1 1 1 1
12 2

1 1

2 2

1 1

2 2

1

( ) cos( )
2

( ) cos( )
4 ( ) 4 ( )

4 ( ) 4 (

   

  

  
   

  

− − +

  
=  + + 
  

 − −
+  + 

+ − 

− −
+ +

+

c c

dc
ach gh h gh

nom

j j

nom c nom c
gh h gh

nom dc h nom dc h

nom nom

nom dc h nom dc

V
V H s j I t

V

jm P I e jm P I e
H s j I t

V C V C

jm P jm P

V C V C 1

2

1
1 12

1

2

1
1 12

1

1 1
1 1 12

1

1 1

cos( )
)

cos( 2 2 )
4 ( ) 2

cos( 2 2 )
4 ( ) 2

cos( 2 )
4 ( ) 2

4

 



   

 


   

 


    

 

 
+ 

− 

+ + + + −
+

+ + − − −
−

+ + + + + −
+

+

ch h ch

h

ch nom
h ch

dc nom h

ch nom
h ch

dc nom h

nom c
h h h c

dc nom h

nom c

dc nom

I t

I P m
t t

C V

I P m
t t

C V

m P I
m t t

C V

m P I

C V
1 1 12

1

2

1 1
1 1 12

cos( 2 )
( ) 2

+ cos(3 2 )
8 2


    

 


  

+ − − − −
−

+ + −

h h h c

h

nom c
c

dc nom

m t t

m P I
t

C V

(4.16)

 

4.2.4  Overall Harmonic Model of the Single-phase VSC 

The obtained harmonic voltage in (4.16) can be related to the harmonic voltage 

and current at the PCC through the front-end LCL filter. The expression can be 

written as 
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Combining (4.16) and (4.17), we can have the following model: 
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And the impedances in (4.18) can be written as 
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The equation (4.24) validates the analysis in Section 4.1.1, which says that the 

single-phase VSC will produce a 3rd harmonic voltage on the ac side of the VSC. 

The 3rd harmonic voltage source will lead to a 3rd harmonic current at the PCC, 

which will also introduce a 5th (and 7th, 9th , and so on) harmonic voltage source 

because of the coupling mechanism. But the 5th harmonic voltage introduced by the 

coupling mechanism was quite small (0.69% of the 3rd voltage source in the studied 

system in Section 4.3), and other coupling-introduced harmonics were even smaller. 
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Therefore, the coupling-induced harmonic voltage sources can be omitted, and the 

final model can be written as 
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The following critical findings can be extrapolated from the above equations:  

• There is a 3rd harmonic voltage source on the ac side of the converter, which is 

determined by the fundamental frequency voltage and current. Thus, the 

single-phase VSC acts as a harmonic source to the system. The 3rd harmonic 

voltage on the ac side of the VSC can also be affected by the external 3rd 

harmonic from the grid side. Overall, the single-phase VSC can be represented 

as a Thevenin circuit, as shown in Figure 4-3 (a). 

• For harmonics higher than the 3rd (e.g., 5th~29th), the harmonic components on 

the ac side voltage are a response to the external harmonics. Like the three-

phase VSC, the coupling effect between different harmonics is negligible so 

that the single-phase VSC acts as an impedance for 5th~29th harmonics, as 

shown in Figure 4-3 (b). 

                                

(a) Thevenin circuit at 3rd harmonic          (b) Impedance model at 5th~29th harmonic 

Figure 4-3 Harmonic model of single-phase VSC 
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4.3 Verification of the Proposed Model Via Time-domain 

Simulations 

The proposed harmonic model of the single-phase PV was tested by time-

domain simulations using the system in Figure 2-6. The system parameters are 

presented in Table 4-1. The system is modeled in MATLAB/Simulink. The 

impedances for 5th~29th harmonics were verified first, and then the Thevenin circuit 

for the 3rd harmonic was validated. 

Table 4-1 Parameters of the studied single-phase PV system 

Vs 120V ZL1 0.008+0.823i (Ω) 

Zs 0.008+0.823i (Ω) ZL2 0.008+0.823i (Ω) 

ZCf 2.19+109i (Ω) Cdc 3000μF 

Power 3500W Switching  3780Hz 

4.3.1  Verification of Harmonic Impedances at 5th~29th Harmonics 

A. Verification of the Correctness of the Harmonic Impedance 

The impedances of the single-phase PV at the 5th~29th harmonics were verified 

via time-domain simulations in the studied single-phase PV system. For the 

simulations, various odd harmonics of different distortions were added to the 

voltage source of the system (Vs). The simulated impedances were obtained through 

the harmonic voltage and current (vgh/igh). The calculated impedance using the 

proposed model was compared with the simulated impedance via time-domain 

simulations for a dc-link of 3000μF. The results are shown in Figure 4-4. The 

calculated impedances match perfectly with the simulated impedances, which 

verifies the correctness of the proposed model. In the simulations, the IHD of one 

harmonic voltage was up to 20% but the results were the same, indicating that the 

proposed impedance model is linear.  
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(a) a dc-link capacitor of 3000μF 

 

(a) a dc-link capacitor of 300μF 

 Figure 4-4 Comparison between the calculated impedances and simulated impedances 

B. Impact of the DC-link Capacitor 

To show the impact of the dc-link capacitor, the calculated impedances for the 

dc-link capacitor of 3000μF and 300μF, as well as the harmonic impedance for an 

infinite dc-link capacitor, are compared in Figure 4-5. The dc-link does not have a 

significant impact on the harmonic impedance even when the dc-link capacitor is 

reduced to 300μF. Therefore, in most cases, the impacts of the dc-link capacitor are 

almost negligible. 
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Figure 4-5 Comparison between the calculated impedances for different dc-link 

capacitors 

C.  Strength of the Coupling Effect 

The final model has also shown that the dc-link capacitor leads to harmonic 

coupling effects between different harmonics, but the coupling can be demonstrated 

to be negligible. Fig. 4-5 shows the simulated voltage and current at the PCC when 

20% of the 7th harmonic voltage is added to the ac source. The 7th harmonic 

introduces the 5th and 9th harmonics, which is consistent with the theoretical 

analysis in Section 4.2. But the coupling-introduced voltage and current are very 

small, so the coupling can be omitted in practice. 

 

(a) coupled voltage 
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(b) coupled current 

Figure 4-6 Harmonic coupling effect in the VSC 

4.3.2  Verification of the Thevenin Circuit for the 3rd harmonic 

The verification of the Thevenin circuit of single-phase PV at the 3rd harmonic 

can be conducted using two sets of simulations, which are shown in Figure 4-7. For 

Setup1, there is no harmonic source in the ac system, and the relationship between 

the measured 3rd harmonic current at the PCC (Ipcc1) and the 3rd harmonic voltage 

source of the Thevenin circuit can be written as (4.26). For Setup2, a 3rd harmonic 

voltage source is added to the system source (Vs), and the relationship between the 

measured 3rd harmonic current at the PCC (Ipcc2) and the 3rd harmonic voltage 

source of the Thevenin circuit can be written as (4.27). Therefore, we have two 

equations and two unknowns (Vgs3, and Z3,3). Solving these two equations can give 

the harmonic voltage source (Vgs3) and the impedance of the Thevenin circuit (Z3,3).   

3
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The results were compared with the calculated results using the proposed model 

in Table II for the VSC with a capacitor of 300uF. The theoretical Thevenin circuit 

parameters match well with the Thevenin circuit parameters obtained by the time-
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domain simulations. Therefore, the Thevenin circuit for the 3rd harmonic is correct. 

 

Figure 4-7 Setups for computing the Thevenin circuit 

Table 4-2 3rd harmonic voltage at the PCC obtained using time-domain simulations and 

the proposed model 

 Simulated results Calculated results 

Vgs3 (pu) 0.0003 - 0.0212i 0.0027 - 0.0210i 

Z3,3 (pu) 0.1759 + 0.6150i 0.1789 + 0.6444i 

The above analyses show that the single-phase VSC produces the 3rd harmonic 

voltage and current, and the Thevenin model can be used to predict the 3rd harmonic 

distortion caused by the single-phase VSC. It is noteworthy that the source of the 

3rd harmonic is influenced by the dc-link capacitance. A smaller dc-link capacitance 

will lead to a larger 3rd harmonic voltage source. Figure 4-8 shows the current and 

voltage waveforms at the PCC with different dc-link capacitances. The IHDs of the 

3rd harmonic current and voltage are shown in Table 4-3. The 3rd harmonic 

distortion is inversely proportional to the dc-link capacitance, which is consistent 

with (4.24). Section 4.5 will look at the degree of the impact of the 3rd harmonic 

distortion caused by the single-phase VSC within practical system parameters.   
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(a) Current waveforms 

 

(b) Voltage waveforms 

Figure 4-8 Voltage and current waveforms at the PCC involving different dc-link 

capacitors 
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Table 4-3 IHDs of the 3rd harmonic voltage and current involving different dc-link 

capacitors 

Capacitor 150μF 300μF 600μF 1200μF 

Voltage IHD (%) 3.36% 1.7% 0.86% 0.43% 

Current IHD (%) 7.65% 3.8% 1.86% 0.92% 

4.3.3  Impact of the Outer Control Loop 

The impact of the outer control loop of the single-phase VSC was not included 

in the proposed model, but the calculated harmonic model is still accurate, which 

means the outer control loop has a negligible impact. As noted from the control 

diagram of the single-phase VSC in Figure 2-6, the outer control loop regulates the 

dc-link voltage on the d axis and the reactive power injected to the grid by the VSC 

on the q axis. Since the reactive power is generally set as 0, the reference current 

on the q axis is also zero (Iqref=0). Therefore, only the dc-link voltage control loop 

affects the harmonic response of the VSC by affecting the reference current of the 

inner current control loop (Idref). According to (4.14), the harmonic components in 

the dc-link voltage can be expressed as a function of the ac side harmonic current, 

as shown below: 
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The corresponding reference current (on d axis) for the inner current control loop 

can be written as 
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( 1) 1 1( ) ( )− = − −dref h th th gh ghI H s Z I H s Z I                            (4.30) 

( 1) 1 1( ) ( )+ = − −dref h th th gh ghI H s Z I H s Z I                            (4.31) 

It is noted that the impedance Zch in (4.30) and Zch in (4.31) determine the 

relationship between the harmonic components in the dc-link voltage and the 

harmonic components in the ac side current. For the studied system (the dc-link 

capacitor is set as 300μF), the results of Zch1 and Zgh1 (Zch2 and Zgh2 are even smaller) 

under different harmonics are illustrated in Figure 4-9. Zch1 and Zgh1 are very small, 

which means the harmonic current on the ac side of the VSC leads to only very 

limited harmonic components in the dc-link voltage. This is because the power loop 

of the VSC induces the harmonic components in the dc-link voltage, and, as 

demonstrated previously, the impact of the power loop is not significant. 

Consequently, the harmonic components in the reference current are negligible.  

 

Figure 4-9 Impedance that connects the harmonic voltage on the dc-link and the 

harmonic current on the ac side of the VSC with the harmonic current at the PCC 

To further illustrate the problem, the impact of the outer control loop that 

regulates the dc-link voltage is compared with the effect of the outer control loop 

that regulates active (or reactive) power. The harmonic components in the active 

power can be written as 
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The corresponding reference current for the inner current control loop can be 

written as 

( 1) 1 ( 1)( )− −= −dref h hI H s P                                    (4.34) 

( 1) 1 ( 1)( )+ += −dref h hI H s P                                    (4.35) 

As shown in (4.30) and (4.31), the harmonic components in the reference current 

are determined by both the harmonic voltage and current at the PCC. Here we 

compared the harmonic components in the active power that are induced by the ac 

side harmonic current with the harmonic components in the dc-link voltage that are 

induced by the ac side harmonic current. In practice, the fundamental frequency 

voltage at the PCC is regulated to be 1 pu (Vg1=1), so the harmonic component in 

the reference current is Idrefh=-3/4Vg1H1(s)= -0.75H1(s)Ih. Therefore, according to 

the results in Figure 4-9, for the same ac side harmonic current, the harmonic 

components in the reference current that are induced by the dc-link voltage control 

are much less than those caused by the active power control. Chapter 3 showed that 

the active power outer control loop is not significant for most harmonics, so the dc-

link voltage control has an even more negligible impact. In summary, for harmonic 

modeling, the dc-link voltage control can be omitted with confidence.  
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4.4 Investigation of 3rd Harmonics Produced by VSC in Practical 

Systems  

The concern about the Thevenin circuit developed at the 3rd harmonic is how the 

harmonic source affected the distribution system. The degree of the 3rd harmonic 

distortion caused by the single-phase VSC in practical distribution systems was 

investigated to determine whether the 3rd harmonic source needed to be considered. 

According to the established equations, the equivalent impedance and the 3rd 

harmonic voltage source of the Thevenin circuit can be computed using (4.19) and 

(4.24) with a set of parameters. For practical, single-phase PV systems, the range 

of parameters are listed in Table 4-4. Table 4-5 shows the resulting range of the 3rd 

harmonic voltage source and the equivalent impedance of the Thevenin circuit.  

Table 4-4 Parameters of practical single-phase PV systems 

Vnom 120V or 240V Pnom 1kW ~ 3kW 

L2 2mL ~ 5mL L1 2mL ~ 5mL 

Cf 5μF~20μF RCf 1Ω ~ 2Ω 

m1 0.6~1.0 Ic1 8.33A~50A 

Kp 0.15 Ki 6.6 

Vdc0 120V ~ 400V Cdc 1000μF~3000μF 

  Table 4-5 Range of the voltage source and impedance of the Thevenin circuit 

Vgs3 0.84% ~ 2.64% Z3,3 0.3418 pu ~ 0.6437 pu 

Based on the results in Table 4-5, the equivalent circuit in Figure 4-10 can be 

used to estimate the 3rd harmonic voltage and current in the system. Notably, the 

equivalent impedance of the connected distribution system is also needed to 

evaluate the 3rd harmonic distortion. Table 4-6 shows a survey of the equivalent 

impedance of the practical, single-phase distribution systems. According to the data 

in Table 4-5, Table 4-6, and Figure 4-10, the practical 3rd harmonic voltage and 

current can be written as shown in Table 4-7. Although the 3rd harmonic voltage 

source of the Thevenin circuit is not very small, the 3rd harmonic voltage and 

current at the PCC are limited because the equivalent impedance of the Thevenin 
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circuit is very large. Therefore, practically speaking, the 3rd harmonic produced by 

the single-phase VSC is not a significant concern for the system.  

Table 4-6 Single-phase impedance data collected from various sources 

Region Country R+jX (1ϕΩ) Z(1ϕΩ) Comments 

Europe 

IEC-TR-60275 0.400+j0.250 0.4717 

L-N,230V, 

recommended 

value 

Europe (95%) 0.400+j0.270 0.5420 

L-N, 230V 

(IEC-725 

survey results) 

Asia 

Korean (95%) 0.670+j0.370 0.7654 
220V 2-wire 

for 1ϕ 

Japan 
0.231+j0.089 0.2461 L-N, 100V 

0.257+j0.117 0.2824 L-L, 200V 

North 

America 

United states 

(95%) 
0.102+j0.059 0.1178 L-L, 240V 

Hydro Quebec 

(high-end) 

0.190+j0.062 0.1999 

L-N, 120V, 

calculated 

value 

0.200+j0.080 0.2122 

L-L, 120V, 

calculated 

value 

Collected data 

(Urban and 

suburban) 

Field 

measurement 

(95%) 

0.090+j0.055 0.1055 L-N, 120V 

Site calculation  0.0900 L-N, 120V 

Survey (typical)  0.0660 L-N, 120V 

Based on ΔV 

limit (high-end) 
 0.1~0.2 L-N, 120V 

Table 4-7 3rd harmonic voltage and current at the PCC in practical, single-phase 

distribution systems  

System parameters 3rd harmonic voltage at PCC 3rd harmonic current at PCC 

Vgs3 0.84% ~ 2.64% 

0.08% ~ 0.1% 0% ~ 2.51% Z3,3 0.95 pu ~ 2.52 pu 

Zs3 0.01pu ~ 0.1pu 



 

 

 

91 

 

Figure 4-10 Equivalent circuit to compute the 3rd harmonic distortion 

The 3rd harmonic distortion caused by the single-phase VSC was further 

compared with the 3rd harmonic distortions caused by other appliances, such as 

desktops, laptops, TVs, and washers. These harmonic-producing appliances are 

harmonic current sources. Therefore, the 3rd harmonic current induced by the 

single-phase PV was compared with the 3rd harmonic currents induced by the 

appliances mentioned above, as shown in Table 4-8. The 3rd harmonic produced by 

the single-phase VSC was much lower than that for the other appliances. Therefore, 

the 3rd harmonic produced by the single-phase VSC can be omitted. 

Table 4-8 Comparisons between the 3rd harmonic currents produced by single-phase and 

other appliances 

Appliance Single-phase VSC Desktop Laptop TV Washer 

3rd current IHD 0~2.51% 85.49% 80.4% 3.33% 66.57% 

4.5 Summary 

Based on the above analysis, the main findings and contributions of this chapter 

can be summarized as follows: 

• The response mechanism of the single-phase VSC to power system harmonics 

was explained, and a harmonic model of the single-phase VSC was established. 

The results showed that the single-phase VSC can be represented using a 

Thevenin circuit for the 3rd harmonic and an impedance model for other 
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harmonics. The equations that can compute the developed model were also 

established.   

• Time-domain simulations verified the correctness of the proposed harmonic 

model for the single-phase VSC. In addition, the impacts of the dc-link 

capacitor and outer control loop were analyzed. 

• The 3rd harmonic voltage and current produced by the single-phase VSC in 

practical systems was investigated. The 3rd harmonic voltage source did not 

impact the connected distribution significantly due to the large equivalent 

impedance of the Thevenin circuit. 
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Chapter 5  

Modeling Doubly-fed Induction Generators for Power 

System Harmonic Analysis 

The doubly-fed induction generator (DFIG) is predominantly used in power 

systems because it operates at a constant frequency under variable wind speeds, 

provides independent regulation for active and reactive power, loses power very 

infrequently, and has low converter costs [79]. A DFIG generally consists of three 

sections: an induction generator (IG), a rotor side converter (RSC), and a grid side 

converter (GSC). The harmonic features of the DFIG are determined by these three 

parts. The harmonic model of an IG has already been maturely developed [80], and 

the validity of its equivalence in DFIG has also been investigated in [81]. 

Consequently, the key to developing the harmonic model of DFIG is the harmonic 

models of the RSC and the GSC as well as their integration with the harmonic 

model of the IG. Note that the RSC and GSC are back-to-back connected (i.e., they 

share the dc-link), so the harmonics entering the RSC can propagate into the GSC 

and vice versa, which leads to mutual harmonic coupling between the RSC and 

GSC. As a result, the harmonic model of a three-phase VSC developed in Chapter 

2 cannot be directly applied to the RSC and GSC. In this chapter, a new harmonic 

model of the combined RSC and GSC unit will be presented first. Based on the 

model, a full harmonic model of the DFIG will be presented.  

This chapter is organized as follows. Section 5.1 provides a brief review of the 

harmonic modeling of the DFIG for harmonic analysis. Section 5.2 describes the 

operating characteristics of the DFIG. Section 5.3 shows the derivations of the 

harmonic model of the DFIG. Section 5.4 and Section 5.5 present the verifications 

of the proposed model via time-domain simulations and lab experiments, 

respectively. The application of the proposed model for power system harmonic 
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power flow studies is validated in Section 5.6. Section 5.7 contains the chapter 

summary. 

5.1 Review of Harmonic Modeling of the DFIG 

DFIG models for the purpose of harmonic studies have been investigated and 

published. For example, some harmonic current source models were proposed for 

harmonic analysis in DFIG-based wind power systems [82]-[84]. In these papers, 

the RSC and GSC[82], or the whole DFIG [83][84] were modeled as harmonic 

current sources that are determined using measurement results. This model was also 

proposed by IEC 61400-21: 2008 in which the wind turbines were suggested to be 

represented using harmonic current source models established by measurements 

[64]. But such a harmonic current source model has been reported to be inaccurate 

[65]. In a most recent IEC report [65],  a Norton equivalent model was suggested 

to replace the harmonic current source model for better accuracy. Nevertheless, this 

report did not present the technical justifications for this recommendation, and, as 

a result, the recommended measurement-based Norton model is not always 

guaranteed to be accurate.  

There are also some analytical harmonic models of DFIG proposed for harmonic 

studies. Typical examples are the extended harmonic domain model [85][86], the 

impedance-based model [87]-[91], or the more accurate impedance matrix, which 

includes the frequency coupling effect [92][94]. Among them, the impedance or the 

impedance matrix model is favored for harmonic analysis since it can be easily 

integrated into the existing harmonic power flow tools. In the impedance model of 

[87]-[91], the RSC and GSC are decoupled from the dc-link capacitor by assuming 

a constant dc-link voltage, and the RSC and GSC are both modeled as impedances. 

However, no rigorous analytical justifications have been provided for such an 

assumption. In practice, the dc-link capacitor may also experience harmonic ripples 

because of the ac/dc harmonic interaction, especially when the dc-link capacitance 

is not sufficiently large. Because harmonic ripples in the dc-link voltage that come 

from the RSC can propagate into the GSC and vice versa, there exists a harmonic 
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coupling between the RSC and GSC. As a result, the obtained impedance model 

based on a constant dc-link voltage could be inaccurate. In [95], the impact of the 

dc-link capacitor is investigated but does not show the mechanism of harmonic 

penetration between RSC and GSC. 

5.2 Operating Characteristics of DFIG 

Figure 5-1 (a) shows the typical structure of a DFIG, which contains an IG, a 

GSC, and an RSC [82]. An inductor (Lg) is connected to the GSC to attenuate the 

switching harmonics. An RC branch on the entrance of the DFIG is used for power 

factor correction and could also attenuate the switching harmonics. The power 

generated by the wind turbine flows into the grid mainly through the stator winding. 

However, when the rotor speed is greater than the synchronous speed, the rotor also 

delivers power to the grid through the RSC and GSC link. If the rotor speed is lower 

than the synchronous speed, the grid will transfer power to the rotor through the 

GSC and RSC link. In this way, the GSC and RSC unit transfers power in both 

directions [96]. 

The RSC supplies an adjustable frequency ac voltage (ω1-ωm, ω1 is the grid 

frequency and ωm is the rotor speed) to the rotor of the IG through the RSC controls. 

Figure 5-1 (b) shows the control scheme. The active power and reactive power from 

the stator circuit (Ps, Qs in Figure 5-1 (a)) to the grid are maintained to specific 

values established through the outer control loop. The constant power control is 

achieved by controlling the rotor side current (Ir in Figure 5-1(a)) [97] through 

varying the rotor voltage imposed by the RSC and its modulation signal, as shown 

in the inner control loop. The GSC is connected to the grid, so the ac voltage is 

synchronized with the grid voltage, and its control is shown in Figure 5-1 (c). The 

GSC maintains the dc-link voltage and the reactive power of the GSC (usually set 

as 0, igqref=0), which is realized by controlling the current on the ac side of the GSC 

(Ig in Figure 5-1(a)). A phase-lock loop (PLL) is used to synchronize with the grid 

voltage (θ1) for the GSC control. The angle result can also be used to track the 

frequency of the RSC’s ac voltage (θ1-θm). 
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Figure 5-2 shows the RSC and GSC’s responses to external low-order harmonics. 

When there is a harmonic in the grid (ωh), both the RSC and GSC are exposed to 

that harmonic (ωh for GSC and ωh±ωm for RSC). Since the control loop takes the 

converter ac-side current (ir and ig, where subscript r and g stand for RSC and GSC) 

as the input, the harmonics are present in the control loop and thus affect the 

modulation signal (m) and the resulting switching function. The harmonics on the 

ac side of the RSC and GSC can also propagate into the dc-link through power 

electronic switching, leading to harmonic ripples in the dc-link voltage. This dc-

link voltage, in turn, can affect the harmonic voltage on the ac side of the RSC and 

GSC. Note that the ripples in the dc-link voltage are jointly determined by the RSC 

and GSC, there will be a harmonic coupling between the RSC and GSC. To ensure 

a harmonic model,  the RSC and GSC unit needs to be developed by analyzing both 

the control loop and the ac/dc harmonic interaction. 

  

(a) Typical DFIG system 

 

(b) Control block of the RSC 
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(c) Control block of the GSC 

Figure 5-1 Typical DFIG system and the control diagrams of the RSC and GSC 

 

Figure 5-2 RSC and GSC response mechanism to the external harmonics   

5.3 Harmonic Model of the DFIG 

The main challenge to developing a harmonic model for the DFIG is to find a 

method to model the combined RSC and GSC unit, a two-terminal “equipment”, as 

shown in Figure 5-3. A model of this unit represents the harmonic voltage and 

current relationships between the two terminals, “r” and “g,” i.e., 

( , ) ( , )=rh rh gh ghv i f v i                                           (5.1) 

Once the above model is made available, it can be connected to the linear model 

of the induction generator, which is shown in  Figure 5-4 (the detailed derivation of 

this equivalent circuit will be presented in Section 5.3.1). Then a harmonic model 

for the entire DFIG equipment can be developed. 
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Figure 5-3 Combined RSC and GSC unit to be modeled. 

 

Figure 5-4 Equivalent harmonic model of the DFIG system  

5.3.1  Harmonic Coupling Model of RSC and GSC 

The harmonic model of the combined RSC and GSC unit can be developed using 

the flow in Figure 5-5. The detailed procedure to get the harmonic model is 

summarized as follow: 

• Assume that the steady-state currents entering the ac sides of the RSC (vrh, irh) 

and GSC (vgh, igh) contain harmonics.  

• Through the control loop, the modulation signal for RSC and GSC can be 

expressed analytically (mrh, mgh).  

• The steady-state current (ir, ig), through the PWM switching via the modulation 

signal m, results in the dc-side current. The dc-link voltage can be determined 

by integrating the dc currents from both the RSC and GSC, thus establishing a 

relationship between the dc-link voltage and the input currents of the RSC and 

GSC.  

• On the other hand, the dc-link voltage is related to the ac voltages of the RSC 

and GSC through the PWM switching. Thus, another equation can be 
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established relating to the dc-link voltage, the ac side voltages of the RSC and 

GSC, and the modulation function.  

• The combined solution of the above two sets of equations results in a harmonic 

model for the RSC and GSC unit.  

 

Figure 5-5 Flow of the derivation of the harmonic model of RSC&GSC 

A. Modulation Function of PWM switching 

The modulation signal for the GSC and RSC is produced by their control loops 

(only the modulation signal of the GSC is derived. The RSC can be addressed in 

the same manner). The steady-state current on the ac side of GSC can be expressed 

as 

1 1 1cos( ) cos( ) cos( )     + + + − − −= + + + + + ga g g g gh gh gh gh gh ghi I t I t I t   (5.2) 

and phase-B and phase-C currents have a 120-degree shift from (5.2). In (5.2), 

subscript “1” represents the fundamental frequency; “h+” and “h-” represent the 

positive-sequence and negative-sequence harmonic order; and δ is the angle of the 

current. Since the zero-sequence harmonic is zero in the dq frame, there is no need 

to include this type of harmonics. The control is designed in the synchronously 

rotating dq frame, and the d-axis voltage is aligned with the space vector of voltage.  

Thus, the current is converted into the dq frame as follows: 
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   =
dq abc

I T I                                            (5.3) 

where 

0 0

g1 1 1 1 1 1

0 0

1 1 1 1 1 1

cos( ) cos( 120 ) cos( 120 )

sin( ) sin( 120 ) sin( 120 )

g g g g g

g g g g g g

t t t
T

t t t

     

     

 + + − + +
=  

− + − + − − + +  
  (5.4) 

and θg1 is the synchronized angle for the abc/dq conversion. The transformation in 

(5.4) is obtained with the phase-lock loop (PLL). Substituting (5.2) to (5.3) leads to 

1 1 1 1 1

1 1

cos( ) cos( )

cos( )

     

   

+ + +

− − −

= − + + − −

+ + + +





gd g g g gh gh gh g g

gh gh gh g g

i I I t t

I t t
           (5.5) 

1 1 1 1 1

1 1

sin( ) sin( )

sin( )

gq g g g gh gh gh g g

gh gh gh g g

i I I t t

I t t

     

   

+ + +

− − −

= − + + − −

− + + +




            (5.6) 

Since we focused on the steady-state, low-order harmonics, the outer control 

loop and PLL of the GSC were omitted because of their low bandwidths (e.g., lower 

than 120Hz). Therefore, only the inner control loop was considered here. As a result, 

the above current passing through the inner current control gives the output signal 

as 

2 1

2 1

( )( ( )[ ] )

( )( ( )[ ] )





= − −

= − +

gd d g gdref gd g g gq

gq d g gqref gq g g gd

u H s H s I i L i

u H s H s I i L i
                       (5.7) 

where Hd(s) represents the 1.5-sample delay introduced by the digital 

implementation of the control and PWM modulation and Hg2 is the inner PI 

regulator of GSC. The expression in (5.7) gives the harmonic components in the 

above voltage signal as 

_ 2 _ 1 _

_ 2 _ 1 _

( ) ( )

( ) ( )





= − −

= − +

gd harmonic d g gd harmonic g gsc gq harmonic

gq harmonic d g gq harmonic g gsc gd harmonic

u H s H s i L i

u H s H s i L i
          (5.8) 

Converting the dq voltage in (5.8) back to the abc frame (for PWM) gives 
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_ 1 2 1 1

1 2 1 1

( ) ( )

( ) ( )

ga harmonic d g g g ph g gsc gh

d g g g gh g gsc gh

u H s j H s j i j L i

H s j H s j i j L i

  

  

+ +

− +

= − − − −

+ + − + +
      (5.9) 

and phase-B and phase-C modulation signals have a 120-degree shift from (5.9). 

The result in (5.9) is scaled to the modulation signal as 

0 _( 2/3 / )=gah nom gdc ga harmonicm V V u                            (5.10) 

where Vnom is the nominal line voltage and Vdc0 is the desired dc voltage. As shown 

in (5.10), in addition to the fundamental frequency component, there are harmonic 

components in the modulation signal. To illustrate the ac/dc harmonic interaction, 

the phase-A modulation signal can be written as 

_ 1 1 1cos( )

cos( ) cos( )

 

   + + + − − −

= +

+ + + + 

ga harmonic g g g

gh gh gh gh gh gh

m m t

m t m t
        (5.11) 

where ϕ is the angle of the modulation signal. The ac-side harmonics would 

propagate into the dc side of the converter and induce harmonic ripples on the dc 

side.  

B. Current and Voltage on the DC side 

According to the above current and modulation signal (the switching harmonics 

are omitted since we focused on the low-order harmonics), the current on the dc 

side of the GSC can be written as (5.12).  

 

1 1 1 1

1 + + 1 + 1 1 1

1 1 1

,

3
= cos( )

2

3
cos( ) cos( )

2

3 3
cos( ) cos( )

2 2

3
cos(

2

gdc ga ga gb gb gc gc g g g g

g gh gh g gh g gh gh g gh g

g gh gh gh g g gi gj gi gj gi gj

i j h
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,

, ,

3
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3 3
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− − −

 −  +
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                                        (5.12) 
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In (5.12), the terms introduced by the interaction between two harmonics can be 

omitted due to their small magnitudes. Similarly, the harmonic current on the dc 

side introduced by the RSC can be written as 

 

1 1 1 1

1 + + 1 + 1 1 1

1 1 1

,

3
= cos( )

2

3
cos( ) cos( )

2

3 3
cos( ) cos( )

2 2

3
cos(

2

rdc ra ra rb rb rc rc r r r r

r rh rh r rh r rh rh r rh r

r rh rh rh r r ri rj ri rj ri rj
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I m t t m t t

m I t t m I t t

m I
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1 1 1

,
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3
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2

3 3
cos( ) cos( )

2 2

rj ri rj r rh rh rh r r

i h j h
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t t m I t t

m I t t m I t t

      

       

− − −

 −  +

 +  −  −  −

+ + + + + + +
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(5.13) 

In (5.12) and (5.13), the harmonic components in the current will both pass 

through the dc-link capacitor, leading to the harmonic components in the dc-link 

voltage, as shown in Figure 5-3. As a response to the external harmonic ωgh, the 

harmonic on the ac side of the RSC is ωrh±=ωgh±∓ωm. Consequently, the harmonics 

penetrating the dc side from the RSC become ωrh± ωr1, which is equal to ωgh±∓ωg1. 

As a result, the harmonics on the dc-link from both the RSC and GSC overlap with 

each other. Accordingly, the harmonic components in the dc-link voltage can be 

computed using (5.14), and the ac side voltage of the GSC can be computed using 

(5.15).  

0

1 1
( ) += + dc dc rdch gdch

dc dc

V t V i dt i dt
C C

                             (5.14) 

0

1 1
( )( + )

 
= + 
 

 gah ga dc rdch gdch

dc dc h

V m t V i dt i dt
C C

                     (5.15) 

C. Harmonic Model for the Combined RSC and GSC Unit 

Substituting (5.12) and (5.13) for (5.15) can lead to the harmonic model of the 
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combined RSC and GSC unit. Overall, the relationship between the harmonic 

voltage and current of the RSC and GSC can be expressed as (5.16). The equivalent 

circuit is shown in Figure 5-4. 

, ,

, ,

    
=     

    

gh gh gh rhGSCh GSCh

rh gh rh rhRSCh RSCh

Z ZV I

Z ZV I
                         (5.16) 

The impedance matrix can be written as (5.17) 
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where 

1 12 2
1 2 11 1 1
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1 1 1 1( ) ( )
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(5.21) 

A similar impedance matrix for the RSC can be established in the same manner 

as (5.17), and the impedances can be written as  

1 12 2
1 2 11 1 1
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(5.25) 

The model developed above shows that a coupled impedance matrix can 

represent the combined RSC and GSC unit. The coupling effect includes the 

coupling between the RSC and GSC and the coupling between different harmonics. 

The dc-link capacitor introduces both. The above-developed harmonic model of the 
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combined RSC and GSC unit is a generalized harmonic model for any back-to-back 

VSCs. This harmonic model can also be applied for other equipment containing 

back-to-back VSCs.  

5.3.2  Equivalent Harmonic Model of the DFIG 

The developed equations in (5.16) define the relationship between the harmonic 

voltage and current on the ac side of the GSC and RSC. The above model can be 

integrated with the impedance model of the induction generator to form the 

harmonic model of the DFIG. The coupling between different harmonics is very 

limited (will show in Section 5.4.4), so here we focus on the harmonic impedance 

correlating the voltage and current of the same harmonic. According to the 

developed harmonic model in (5.16), the DFIG can be modeled as Figure 5-4, and 

the model of the RSC and GSC unit in Figure 5-4 can be further equivalently 

represented as a harmonic impedance using the conducting circuit analysis as 

shown in Figure 5-6, which can result in the following equations 

1 1 , ,

1 , ,

1

( ) ( )

( ) ( )

h h Ls h rh M gh Lgsc gh gh rh gh rh

h rh M rh Lr rh rh gh rh gh

h h gh

V I Z I I Z I Z Z I Z

I I Z I Z Z I Z

I I I

= + − = + +

− = + +

= +

      (5.26) 

Solving (5.26) gives the equivalent impedance of the DFIG. The expression of 

the impedance is shown in (5.27). 
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(5.27) 

In (5.27), the rotor-side quantities are converted to the stator side. ZLg is the 

impedance of the inductor connected to the GSC. ZLr=jhXlr´+ Rr´/slip and Rr´ and 
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Xlr´ are the rotor resistance and inductance that refer to the stator side, respectively. 

ZLs=Rs+jhXLs and Rs and Xls are the resistance and reactance of the stator side, 

respectively. ZM=jhXM, XM is the magnetizing reactance.  The slip is defined as 

h m

h

slip
 






=                                                (5.28) 

 

Figure 5-6 Equivalent impedance of the whole DFIG 

Generally, the harmonic model of the DFIG includes the front-end RC filter as 

well, so ultimately the harmonic impedance of the DFIG can be written as 

h RC
DFIG

h RC

Z Z
Z

Z Z
=

+
                                            (5.29) 

The final model in (5.29) reveals that the DFIG can be simply represented using 

an impedance, and the impedance can be calculated using (5.27) and (5.29). 

5.4 Verification of the Proposed Model Via Time-domain 

Simulations 

In this section, the proposed model is validated via time-domain simulations. 

The impact of the dc-link capacitor, the significance of the GSC and RSC 

impedance, and the coupling impedance between different harmonics in GSC are 

also analyzed. 
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5.4.1  Validation of the Proposed Model 

The proposed impedance model was tested via time-domain simulations in the 

system of Figure 5-1 in MATLAB/Simulink. The parameters of the studied system 

are shown in Table 5-1. In power systems, odd harmonics are a significant concern. 

Thus, only these kinds of harmonics were investigated, and a set of positive-

sequence and negative-sequence odd harmonics up to the 29th order were added in 

the ac source to conduct the simulations. The voltage and current at the point of 

common coupling (PCC) were measured, and a fast Fourier transform (FFT) was 

conducted to obtain the harmonic voltage and current (Vh and Ih at the PCC), which 

were used to compute the impedance (Vh/Ih). The impedances based on simulations 

were compared to the calculated impedance in (5.29), which is shown in Figure 5-7. 

It is clear from Figure 5-7 that both the positive-sequence and negative-sequence 

harmonic impedances calculated using the proposed model have good agreement 

with the impedances obtained through time-domain simulations, which verifies the 

correctness of the proposed harmonic impedance model. In the calculation, the 

coupling between GSC and RSC is omitted, and the calculated results still match 

well with the simulation results, which verifies the analysis in Section III. In the 

simulations, IHDs for different harmonics in the ac source were increased up to 

20%, and the same result was obtained, which means the model is linear.   

Table 5-1 Parameters of studied DFIG system 

Vs (kV) 35 Rls (p.u.) 0.023 HRSC_outer Ki=0.2, Kp=5 

Zs (Ω) 0.3+j2 Xls (p.u.) 0.18 HRSC_inner Ki=0.6, Kp=8 

Rf (Ω) 0.0159 Rr´(p.u.) 0.016 HGSC_outer Ki=0.1, Kp=5 

Cf(μF) 330 Xlr´(p.u.) 0.16 HGSC_inner Ki=0.83, Kp=5 

Lg(mH) 0.04 XM (p.u.) 2.9 Cdc 5000μF 

Wind(m/s) 12 ωm (p.u.) 1.11 Vdc0 1150 

Pnom(MW) 10 Vnom(V) 575 rotor/stator 1:1 
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Figure 5-7 Comparison between the impedances calculated using the proposed model and 

impedances using time-domain simulations 

5.4.2  Verification of the Impact of the Dc-link Capacitance 

The dc-link capacitor has been shown to affect the impedance of the DFIG by 

changing the impedance of the GSC and RSC as well as inducing a coupling 

between the GSC and RSC. In Figure 5-8, the calculated harmonic impedance of 

the DFIG, which assumed an infinite dc-link capacitance (i.e., the impact of the dc-

link capacitor is omitted), was compared to the originally calculated impedance and 

simulation results. The calculated impedances with an infinite dc-link capacitance 

deviated from the simulation results with errors of 6%~7% for the positive-

sequence impedances and 4%~5% for the negative-sequence impedances under 

5th~9th harmonics, respectively. For the harmonics higher than the 11th, the impact 

of the dc-link capacitance was very limited.  
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(a) Positive-sequence harmonic impedance of the DFIG 

 

(b) Negative-sequence harmonic impedance of the DFIG 

Figure 5-8 Comparison between the impedances calculated using the proposed model and 

the impedances calculated with an infinite dc-link capacitance 

To show whether the dc-link capacitor has a more noticeable impact on the 

coupling between the GSC and RSC or the impedance of the GSC and RSC, further 

investigations were conducted. In Table 5-2, the simulated impedance of the GSC 

and RSC for 3rd~7th harmonics were compared with the calculated impedance 

(Zgh,gh and Zrh,rh). In the simulation, the harmonic voltage and current at the ac side 

of the GSC/RSC were used to obtain the harmonic impedance (Vh/Ih). It can be seen 

that the coupling impedance has limited impacts since the calculated impedances 

of the GSC and RSC without the coupling impedance did not deviate significantly 

from the simulated impedances. This is especially true for higher harmonics since 

a larger dc-link capacitor will lead to a decreased coupling effect according to the 

equations in (5.20) and (5.24). Compared with the impact on the coupling effect, 
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the dc-link capacitor has a noticeable impact on Zrh,rh and Zgh,gh. The results for 

Zgh,gh are shown in Table 5-3. In this table, the calculated impedance with an infinite 

dc-link capacitance is compared to the simulated impedance of the GSC. Note that 

the coupling between RSC and GSC also disappears when the dc-link capacitance 

is infinite. There are large discrepancies between the simulated impedances and 

calculated impedances of the GSC. Therefore, the main impact of the dc-link is on 

the harmonic impedance of the GSC and RSC rather than the coupling between the 

GSC and RSC. But the impact of the dc-link capacitor will decrease when the dc-

link capacitance increases. As shown in Table 5-4, the discrepancies between the 

simulated harmonic impedances and calculated impedances with an infinite dc-link 

capacitance are significantly decreased when the dc-link capacitor is increased to 

10000μF. Although the above results show that the impact of the dc-link capacitor 

is not very significant, this research has quantified and clarified the degree of the 

impact of the dc-link on the DFIG harmonic responses. The findings will enable 

users to confidently model the DFIG with or without the inclusion of the dc-link 

capacitor. 

Table 5-2 Comparison between the simulated impedances and calculated impedances of 

the GSC and RSC (Zgh,gh and Zrh,rh) 

GSC 

Harmonic  Simulated impedance Calculated impedance  

3 0.8754 – 0.4792i 0.8327 – 0.5564i 

5 0.8470 – 0.2630i 0.8328 –0.2359i 

7 0.8249 – 0.1991i 0.8327 – 0.1653i 

RSC 

3 0.6798-0.0200i 0.5961 - 0.1108i 

5 0.6617 - 0.0130i 0.5927 - 0.0145i 

7 0.6666 - 0.0089i 0.5871 - 0.0079i 
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Table 5-3  Impact of the dc-link capacitance on the harmonic impedance of the GSC with 

a dc-link capacitance of 2000μF 

 Harmonic  Simulated impedance Calculated impedance with Cdc=∞ 

3 0.8754 – 0.4792i 0.8329 – 0.0137i 

5 0.8470 – 0.2630i 0.8329 – 0.0150i 

7 0.8249 – 0.1991i 0.8328 – 0.0186i 

Table 5-4  Impact of the dc-link capacitance on the harmonic impedance of GSC with a 

dc-link capacitance of 10000μF 

 Harmonic  Simulated impedance Calculated impedance with Cdc=∞ 

3 0.8388 – 0.0542i 0.8329 – 0.0137i 

5 0.8368 – 0.0432i 0.8329 – 0.0150i 

7 0.8357 – 0.0400i 0.8328 – 0.0186i 

5.4.3  Significance of the GSC and RSC Block 

The main contribution of this research is the harmonic model of the RSC and 

GSC unit. One of the most interesting findings is how significant is the RSC and 

GSC for the overall impedance of the DFIG. In Figure 5-9, the calculated 

impedances of the DFIG that exclude the GSC (Zgh,gh=0) or RSC (Zrh,rh=0) are 

compared with the full DFIG impedance. The difference is relatively small when 

RSC is excluded from the DFIG impedance, while the difference is more noticeable 

when GSC is excluded from the DFIG impedance. The reason is that, as shown in 

the final equivalent model in Figure 5-4, the RSC impedance is series-connected 

with the IG impedance. Since the IG impedance is much larger than the RSC 

impedance, the impact of the RSC is not obvious. However, the GSC is series-

connected with the inductor Lg, and because Lg is not as large as the IG impedance, 

the GSC has a more obvious impact on the overall impedance. In summary, it is 

suggested that the GSC must be included in the harmonic model of the DFIG while 

the RSC might be omitted. 
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Figure 5-9 The degree of significance of the GSC and RSC impedances  

5.4.4  Strength of the Coupling Effect Between Different Harmonics 

The results in Figure 5-7 were obtained when multiple harmonics were added to 

the ac source, but the simulated harmonic impedances match well with the 

theoretical results. This means that the coupling effect can be omitted. There are 

two reasons for this phenomenon. The first is that the coupling impedance is not 

significant inside the GSC and RSC. The second is that the induction generator and 

Lg do not have coupling effects that would reduce the coupling effect in the overall 

model of the DFIG. Figure 5-9 shows the harmonic spectra of the voltage and 

current at the entrance of the GSC branch when positive-sequence 5th and 7th 

harmonics existed in the connected system, which verifies the above analysis. The 

positive-sequence 5th and 7th harmonic did introduce coupled 3rd and 5th harmonics, 

respectively. This is consistent with the analysis in Section 5.3. Yet, the coupling 

effect is almost negligible inside the GSC, and the coupling effect for the overall 

DFIG is much smaller than that in the GSC. Therefore, the coupling effect can be 

omitted in most cases. 
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(a) harmonic spectrum when positive 5th harmonic is added 

 

(b) harmonic spectrum when negative 7th harmonic is added 

Figure 5-10 Coupling effect in the GSC 

5.5 Model Verification Based on Lab Experiments 

The main finding of this research, that the DFIG can be modeled using an 

impedance at low order harmonics, has also been verified using the lab experiments 

shown in Figure 5-11. In this test, a 3kW DFIG operating at its full rating was used. 

The internal parameters are unknown, so the DFIG is a black box seen from the 

grid side. Two types of tests were conducted: 1) Single 5th, 7th, or 11th harmonics of 

different IHDs were added to the AC source; 2) Multiple harmonics including 5th, 

7th, and 11th harmonics of different IHDs were added to the AC source. The IHDs 

of different harmonics were up to 10%. The FFT algorithm was applied to the 

voltage and current waveforms measured at the PCC of the DFIG. Figure 5-11 

showed the exemplary waveforms of the voltage and current at the PCC when the 

AC source contained 10% of the 5th, 7th, and 11th harmonics. The Fast Fourier 
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Transform (FFT) results of the voltage and current were used to compute the 

harmonic impedances. The experimental impedance results for all investigated 

cases are presented in Table 5-5. The results reveal the following key information: 

• The impedance at one harmonic was almost constant regardless of the 

background harmonic distortion levels. This finding confirms that the DFIG 

equipment can indeed be modeled as an impedance at each harmonic frequency. 

• The coupling effect between different harmonics was negligible. As shown in 

Table 5-5, the impedance at one harmonic was not affected when multiple 

harmonics were added.  

 

(a) Schematic diagram of the experimental setup 

 

(b) Experimental setup for the DFIG impedance measurement 

Figure 5-11 Experimental test of the harmonic impedance of a VSC 
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Figure 5-12 Recorded experimental waveforms of phase-A voltage and current at the 

PCC of the VSC inverter when the 10% 5th, 7th and 11th harmonics were added 

Table 5-5 Measured phase-A impedance of a 3kW DFIG under different background 

harmonics 

 IHD 5th 7th 11th 

Single harmonic 5% 54.8Ω  56.4Ω 69.1Ω 

10% 53.7Ω 56.8Ω 70Ω 

Multiple harmonics 5% 54.1Ω 58Ω 69.4Ω 

10% 52.8Ω 55.2Ω 68.4Ω 

The above lab experiments provide a practical approach to determine the 

harmonic model of the DFIG. In practice, the manufacturers might be reluctant to 

provide the control parameters or even the detailed control configurations. In such 

a situation, a measurement-based method can be used to determine the impedance. 

The measurement-based method takes into account the finding that the DFIG 

equipment behaves essentially as an impedance at the traditional harmonic 

frequencies. Thus, the impedance can be determined by simply using Vh/Ih at the 

PCC of the DFIG. The measurement method can be the lab experiments as 

described above or the field data after the DFIG is connected to a power system, 

taking advantage of the natural harmonic voltage and current at the PCC of the 

DFIG. Note that the field data-based procedure may require long-term monitoring 

of the harmonics since it needs abundant harmonics observed at the PCC. 
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5.6 Application of the Proposed Model of DFIG for Harmonic 

Power Flow Analysis  

For this section, a 13-bus IEEE test system [68] was used to show the usefulness 

of the proposed model for harmonic power flow studies in power systems 

containing a DFIG, as shown in Figure 5-13. In this system, there is one DFIG at 

bus 4 and one LCC-based load at bus 7. The harmonic distortion was computed 

using both time-domain simulations and analytical harmonic power flow. For the 

time-domain simulations, the system in Figure 5-13 was modeled in 

Simulink/MATLAB. The DFIG was modeled following the configuration of the 

DFIG in Figure 5-1. The LCC-based load was a 6-pulse rectifier.  

 

Figure 5-13 Studied system for harmonic power flow  

Taking advantage of the developed DFIG model, a non-iterative harmonic power 

flow was proposed with the following steps: 

1) Conduct fundamental frequency power flow in the power system by treating the 

line commutated converter (LCC)-equipment and the DFIG as constant power 

loads (PQ nodes). Based on the results, the harmonic model of all the components, 

as well as the harmonic models of the GSC and RSC, were computed. The DFIG 

and other components were linear and were represented by a harmonically 
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decoupled matrix as follows:  

3 3 3

5 5 5

[ ] [ ] 0 ... 0 [ ]

[ ] 0 [ ] ... 0 [ ]

... ... ... ... ... ...

[ ] 0 0 ... [ ] [ ]H H H

I Y V

I Y V

I Y V

     
     
     =
     
     
     

                  (5.30) 

2) The LCC rectifier was modeled as a harmonic current source (I7(H)). The nodal 

harmonic current injection was expressed as Ibus(H)=[0,0,0,0,0,0,I7(H),0,0,0,0,0]; 

3) Finally, the above equations were integrated to compute the harmonic voltage as 

1( ) ( )bus H busV H Y I H−=                                       (5.31) 

where Vbus was the nodal harmonic voltage and H was the harmonic order of interest. 

Compared with the iteration-based harmonic power flow method, the harmonic 

power flow using the proposed model was easier to use. 

To verify the usefulness of the developed model, the simulated harmonic voltage 

and current at the PCC (bus 2) were compared to the voltage and current at the PCC 

calculated using harmonic power flow. The results of the waveforms of the voltage 

and current were presented, as they simultaneously provided the magnitudes and 

angle information of the harmonics. The results are presented in Figure 5-14. The 

voltage and current at bus 4 where a DFIG is connected, are also presented in Figure 

5-15, and the calculated results match with the simulated results as well. The 

calculated voltage and current at the PCC match perfectly with the simulated 

voltage and current at the PCC. To show the importance of the developed model, 

another harmonic power flow was conducted, but in this case, the GSC and RSC 

were excluded (i.e., only the IG and the inductor connected to the GSC were 

considered). The calculated spectrum of the current at the PCC was compared to 

the simulated results in Figure 5-16. When the GSC and RSC were not included, 

the error for the 5th harmonic current at the PCC reached 11%. This shows that the 

developed model is a meaningful tool to analyze harmonics accurately. 
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(a) Current waveform 

 

(b)  Voltage waveform 

Figure 5-14 Calculated and simulated phase-A voltage and current at the PCC 

 

(a) Current waveform 
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 (b) Voltage waveform 

Figure 5-15 Calculated and simulated phase-A voltage and current at bus 5 

 

Figure 5-16 Comparison between the simulated current spectrum and the calculated 

spectrum ignoring the GSC and RSC 

5.7 An Overall Procedure to Construct a Harmonic Model of the 

DFIG 

Based on the impact and data availability of the three operating segments of a 

DFIG, the ideal procedure for constructing the harmonic model of the equipment 

is: 

• First, the harmonic model must include the induction generator impedance and 

the front-end passive filter impedance. These two sections have the most 

contributions to the overall impedance of the DFIG. In this step, the model can 

be obtained by assuming the GSC and RSC as short circuits. This approach is 

very simple, but it may lead to a significant error for some harmonics. 
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• Second, the GSC and RSC impedance can be included by including the inner 

current control loop of the GSC and RSC. This requires knowing the H2(s) 

transfer function in addition to the induction generator and the passive-filter 

parameters. Including the inner current control will make the VSC impedance 

model acceptable for many cases.  

• Third, the harmonic model can include the impact of the power loop. This will 

lead to further refinement since the coupling between the GSC and RSC will be 

included. But this model requires knowing more internal parameters of the VSC 

equipment, and the final expression will be relatively complex.  

• If no data is available, the measurement-based approach explained in 5.5 can be 

used to determine the parameters of the impedance model of a DFIG at the 

operating point of interest. 

5.8 Summary 

This chapter presents two contributions to the development of a harmonic model 

for DFIG units. The first is a proposal for a harmonic model of the combined RSC 

and GSC unit based on a rigorous analytical approach. The second is an actual 

DFIG model based on the proposal and sensitivity studies. 

The combined RSC and GSC unit can be represented using a 2×2 coupled 

impedance matrix. The results prove that the coupling between the RSC and GSC 

can be omitted under certain practical conditions if the dc-link capacitor is 

sufficiently large. The degree of coupling and the need to model it has been 

quantified using the proposed model.  

The harmonic model of the DFIG unit is in the form of an impedance because 

the harmonic currents produced from various coupling mechanisms can be omitted. 

Equations to compute the model parameters have been established. The research 

shows that the RSC and GSC unit must be included in the harmonic model of the 

DFIG to maintain reasonable accuracy, and the GSC has a more noticeable impact 

than the RSC on the overall impedance. The proposed model is accurate and 



 

 

 

121 

effective for harmonic power flow studies, as verified using time-domain 

simulations. The impedance nature of the DFIG under harmonics was validated in 

lab experiments. 

The proposed model fills in a gap in the modeling of renewable energy sources 

for harmonic studies. It establishes a technical foundation to upgrade the IEC report 

on the DFIG harmonic model.  
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Chapter 6  

Harmonic Modeling of the VSC-HVDC for Power 

System Harmonic Analysis 

The voltage source converter (VSC) is now also used to construct a type of high-

voltage DC (HVDC) transmission system called the VSC-HVDC [6]. This type of 

HVDC system has a number of advantages, including independent control of active 

and reactive power, fast control response speeds, and low filtering requirements. It 

is widely used in power systems. The VSC-HVDC contains two back-to-back VSCs: 

an inverter and a rectifier. The dc-link capacitors of these two VSCs are connected 

through a dc transmission line (or cable) [98]. The characteristics of the harmonic 

response of the VSC-HVDC are similar to those of the combined RSC and GSC 

unit analyzed in Chapter 5. There is a harmonic coupling effect between the back-

to-back VSCs as well. Nevertheless, instead of sharing the same dc-link capacitor, 

the VSC terminal’s dc-link capacitors are connected through the dc transmission 

line. As a result, the coupling characteristics are different from those of the back-

to-back RSC and GSC. In this chapter, the harmonic characteristics of the VSC-

HVDC, particularly the harmonic coupling characteristics on the dc-link, are 

analyzed in order to develop a model that can be used for harmonic analysis. 

 This chapter is organized as follows: Section 6.1 analyzes the harmonic 

response of the VSC-HVDC. Section 6.2 presents the derivation of the harmonic 

model of the VSC-HVDC. Section 6.3 shows the verification of the proposed model 

via time-domain simulations. Section 6.4 contains the chapter summary. 

6.1 Harmonic Response of the VSC-HVDC 

The typical VSC-HVDC that contains two VSC terminals is shown in Figure 6-1 

(a). One VSC terminal acts as the rectifier, controlling the active power and reactive 
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power on the ac side of the VSC established by controlling the VSC’s ac side 

current, as shown in Figure 6-1 (b). The other VSC acts as the inverter, regulating 

the dc-link voltage and reactive power injected into the grid by the VSC by 

controlling the ac side current of the VSC, as shown in Figure 6-1 (c). The inner 

controllers of these two VSCs take the current on the ac side of the converter as the 

feedback current (Ir and Ii in Figure 6-1). On the ac side of each VSC, an LC filter 

is connected to attenuate the switching harmonics. But a transformer exists between 

the filter and the PCC, leading to an equivalent LCL filter between the converter 

and the PCC.  

 

(a) Configuration of the VSC-HVDC 

 

(b) Control of the VSC1 
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(c) Control of the VSC2 

Figure 6-1 Structure of VSC-HVDC and the control diagram 

The harmonic response of the VSC-HVDC is similar to that of the combined 

RSC and GSC unit studied in Chapter 5. But there are two major differences: 1) 

The two VSCs are connected through the dc transmission line, so the coupling 

feature is different; 2) The two VSC terminals are exposed to different grid 

harmonic sources, so the “two-terminal” equipment cannot be represented as a one-

terminal impedance. Here, we will focus on the harmonic characteristics on the dc-

link, which is shown in Figure 6-2. As seen in the figure, the harmonic on the ac 

side of both VSCs entering the dc side leads to harmonics on the ac side of the VSC 

(Irdch and Iidch). Instead of all of the current passing through the dc-link capacitor, 

the harmonic current will also pass through the dc transmission line, and the dc side 

harmonic currents from the two VSCs will be distributed as shown in Figure 6-2. 

The critical information is the harmonic ripple in the dc-link voltage, which is 

determined by the harmonic currents passing through the dc-link capacitor. 

According to this figure, a set of equations as (6.1) can be established to compute 

the harmonic currents of the dc-link capacitor. 
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Figure 6-2 Harmonic characteristics on the dc side of the VSC-HVDC 
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where “r” and “i” stand for rectifier and inverter, respectively; ZC is the impedance 

of the dc-link capacitor; Zline is the impedance of the dc transmission line. Solving 

the above equations results in harmonic current passing through the dc line as 

follows: 
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Accordingly, the harmonic current passing through the dc-link capacitor of the VSC 

can be written as 
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I I I

Z Z Z Z
                        (6.4) 

As shown in (6.3) and (6.4), the harmonic current passing through the dc-link 

capacitor comes from both the dc side of the inverter and the rectifier, leading to a 

coupling between two VSCs. Further, the coupling strength can be defined using 

the second term of (6.3) and (6.4), which is denoted as the coupling index shown 
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in (6.5) 

2 2
=

+

C
ri

C line

Z
K

Z Z
                                            (6.5) 

A larger Kri means stronger coupling between the rectifier and the inverter.  

6.2 Derivation of the Harmonic Model of VSC-HVDC 

A full harmonic model of the VSC-HVDC is first presented in this section. Then 

the model is simplified based on practical considerations. 

6.2.1  Harmonic Model of the VSC-HVDC 

The harmonic model of the VSC-HVDC can be derived in the same way as that 

of the RSC and GSC unit in Chapter 5. The detailed derivations are not repeated 

here, and only the harmonics on the dc-link are illustrated. The current entering the 

dc side of the rectifier and the inverter can be written as (6.6) and (6.7), respectively. 
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In (6.6) and (6.7), the terms that are induced by different harmonics can be 

omitted due to the small magnitudes. Based on the results in (6.6) and (6.7), the 

harmonic currents passing through the dc-link capacitors can be computed based 

on (6.3) and (6.4). Here we present only the derivation of the harmonic model of 

the rectifier. The derivation of the inverter can be addressed similarly. Substituting 

(6.6) and (6.7) into (6.3), the harmonic current passing through the dc-link capacitor 

of the inverter can be written as  
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where 
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“mag” and “angle” represent the magnitude and the angle. Based on the harmonic 

current passing through the dc-link capacitor, the corresponding dc-link voltage of 

the rectifier can be written as 
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The above dc-link voltage is related to the ac-side voltage through the switching 

process of the rectifier, which is written as 

   0( )[ ]= = +rah ra rdc ra dc rdchh h
V m V m t V V                        (6.10) 

Substituting (6.9) for (6.10) can lead to the following model: 
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And the first row of (6.11) can be written as 
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where LT1 and LT2 represent the equivalent inductances of the transformers, and 

Hr(s) is the PI regulator of the rectifier side. A similar equation can be developed 

for the inverter side. The above model has proved that the VSCs of the HVDC can 

be represented by a coupled impedance matrix, which includes coupling between 

two VSC terminals and coupling between different harmonics.  

According to the above equations, the equivalent harmonic model of the VSC-

HVDC can be represented using the circuit in Figure 6-3. 

 

 

Figure 6-3 Equivalent circuit of VSC-HVDC 

6.2.2  Simplified Model 

Chapters 2 and 3 showed that the coupling between different harmonics in a 

VSC could be omitted, and in such cases, only the diagonal impedances in (6.12) 

need to be considered. Further, in practice, the control parameters of the rectifier 

and the inverter are identical and, as a result, Zrh,ih=Zih,rh. Consequently, the 

harmonic model in (6.11) can be further changed to (6.17), and the VSC-HVDC 

can be represented using the circuit in Figure 6-4. 
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Figure 6-4 Equivalent impedance model of the VSC-HVDC 

The circuit in Figure 6-4 presents the full harmonic model of the VSC-HVDC, 

which can be used for harmonic power flow analysis in the combined two ac 

systems connected to the VSC terminals. Yet, it is relatively complex to conduct 

harmonic power flow studies in the two ac systems when the coupling is included. 

Note that the coupling between the two VSCs is determined by the harmonic 

current passing through the dc transmission line, i.e., how the coupling impedance 

Zrh,ih is compared with (ZLfr+Zrh,rh-Zrh,ih). If Zrh,ih<<(ZLfr+Zrh,rh-Zrh,ih), then the 

coupling strength can be omitted, and the two VSCs can be decoupled from the 

dc-link. Otherwise, the coupling should be included. As seen in (6.13) and (6.15) 

the coupling can be evaluated using the index Kri (Zrh,ih≈Kri×Zrh,rh). Assuming that 

the harmonic current is the same on the ac sides of both the VSC terminals of the 

VSC-HVDC, the coupling effect will lead to a harmonic voltage of IhZrh,ih. This 

coupling-introduced harmonic voltage can be ignored if it is smaller than 5%. If 

the criterion Kri<5% is satisfied, the coupling effect between two VSC terminals 

can be omitted. 

In practice, a long transmission line (or cable) is used, and the dc-link capacitor 

is selected as a relatively large value. Consequently, the impedance of the dc line 

(Zline) is usually much larger than the impedance of the dc-link (ZC), i.e., Zline>>ZC, 

K11≈1, K12≈0, and Zrh,ih≈0. This means the harmonic current entering the dc side 

will mainly pass through the dc-link capacitor, and the harmonic current passing 

through the dc transmission line will be very limited. Under these conditions, the 

VSC-HVDC’s rectifier and inverter can be decoupled from the dc-link (the dc 

transmission line can be regarded as an open circuit). As a result, the developed 

harmonic model for the three-phase VSC can be used for each terminal of the 

VSC-HVDC, i.e., the harmonic impedance of the rectifier can be written as 
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= +

+ +

Lfr rh rh Cfr

Rec Tr
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Z Z

Z Z Z
                                (6.18) 

The harmonic impedance of the inverter can be written similarly. Therefore, the 

harmonic model of the VSC-HVDC can be drawn, as shown in Figure 6-5. 

 

Figure 6-5 Simplified decoupled impedance model of the VSC-HVDC 

6.3 Verification of the Proposed Model Via Time-Domain 

Simulations 

This section describes how the above-simplified impedance model was verified 

using time-domain simulations.  

6.3.1  Verification of the Harmonic Impedance 

The proposed harmonic model for the VSC-HVDC was verified using time-

domain simulations in the system, as shown in Figure 6-6. The parameters are listed 

in Table 6-1. The calculated impedances using the model in (6.18) were compared 

to the simulated impedance. For the simulation, harmonics were added to the ac 

voltage source of the ac system connected to the rectifier, and the simulated 

impedance was obtained at the PCC of the rectifier. The comparison results are 

presented in Figure 6-7. The calculated results match well with the simulated results, 

which verifies that the proposed model can be used for the VSC-HVDC.  
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Figure 6-6 VSC-HVDC system for model verification 

Table 6-1 Parameters of the VSC-HVDC 

H1 kp=3, ki=3 H2 kp=0.6, ki=6 

Transformer 230kV:100kV ZL 0.0015+0.15i (pu) 

ZT 0.005+0.15i (pu) Filter1 Reactive power=14MW, ht=33, Q=15 

dc cable 0.0139+0.0599i (pu) Filter2 Reactive power=22MW, ht=66, Q=15 

 

Figure 6-7 Comparisons between the calculated impedances and simulated impedances 

for the VSC-HVDC 

6.3.2  Coupling Effect Between Two VSC Terminals 

In the above calculation of the harmonic impedances, the coupling effect 

between these two VSCs was not included, and the simplified harmonic model was 

used. But the results show that the computed impedances still matched well with 

the simulated impedances. This means that the coupling between the two VSCs was 

very limited. To further validate the results, the impedance of the dc-link capacitor 

was compared with the impedance of the dc cable, as shown in Figure 6-8. The 

impedance of the dc cable is much larger than the impedance of the dc-link 

capacitor. The coupling index Kri is also shown in this figure. The coupling index 
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is very small, so, the coupling between VSCs in the studied VSC-HVDC system 

can be omitted with confidence.  

 

Figure 6-8 Comparison between the impedance of the dc cable and the impedance of the 

dc-link capacitor 

6.4 An Overall Procedure to Construct the Harmonic Impedance 

Model of the VSC-HVDC 

The VSC terminals of the VSC-HVDC can be constructed in the same way as 

those of the three-phase VSC. The detailed procedure can be summarized as follows: 

• First, check if the criterion Kri<5% is satisfied. If the criterion is satisfied, the two VSC 

terminals should be decoupled from the dc-link capacitor. If this criterion is not 

satisfied, the coupling needs to be included.  

• Second, make sure to first include the front-end passive filter in the harmonic 

model of each VSC terminal of the VSC-HVDC. 

• Third, to improve upon the above model, include the VSC’s inner current control 

loop.  

• To further refine the model, include the outer control loop and the power loop. 

This step requires knowing more internal parameters of the VSC equipment.  

• If no data is available at all, determine the VSC impedance model using the 

measurement-based approach. 
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6.5 Summary 

In this chapter, a harmonic model of the VSC-HVDC was proposed using 

mathematical derivations. The analysis of the harmonic response of the VSC-

HVDC shows a coupling effect between two VSCs, which is determined by the 

impedances of the dc transmission line and the dc-link capacitor. According to the 

harmonic characteristics of the VSC-HVDC, a harmonic model of the VSC-HVDC 

was developed. 

A practical approach was used to determine whether the coupling strength 

between two VSCs needed to be included: a long dc transmission line was used to 

connect two VSC terminals and a large dc-link capacitor was used to maintain the 

dc-link voltage. The harmonic current passing through the dc transmission line was 

quite small, which means that the coupling effect could be omitted with confidence, 

leading to a decoupled simplified harmonic model for each VSC terminal. The 

correctness of the simplified model for the VSC terminal was verified through time-

domain simulations. 
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Chapter 7  

Conclusions and Future Work 

This chapter summarizes the main findings of the thesis and provides suggestions 

for future work. 

7.1 Thesis Conclusions and Contributions 

This thesis has presented new analytical harmonic models of various types of 

VSC equipment that can be used for power system harmonic analysis. First, a 

harmonic model of a three-phase VSC was proposed for harmonic power flow 

studies. Then, the harmonic model of the three-phase VSC was extended to the 

single-phase VSC. Finally, harmonic models for the DFIG and VSC-HVDC for 

harmonic power flow studies were proposed.  

The main conclusions and contributions of this thesis are summarized as follows. 

• This thesis presents the analysis of the harmonic characteristics of the three-

phase VSC at low-order harmonics. The harmonic features of the VSC were 

jointly determined by the control loop and power loop of the VSC. An analytical 

harmonic model of the three-phase VSC was then proposed through rigorous 

mathematical derivations. The final result showed that the three-phase VSC 

could be represented using a coupled impedance matrix at low-order harmonics. 

The coupling effect between different harmonics was induced by the outer 

control loop and power loop, which is not significant and can be omitted in 

practice. The three-phase VSC can be represented using an impedance at low-

order harmonic frequencies. Time-domain simulations and lab experiments 

have demonstrated the correctness of the proposed model. Further, comparative 

studies show that the power loop (i.e., dc-link capacitor) has a more noticeable 

impact with a smaller dc-link capacitance. The application of the proposed 

model for harmonic power flow studies has also been validated using time-
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domain simulations.   

• This thesis also proposed an analytical harmonic model for a single-phase VSC 

at low-order harmonics. The harmonic model of the single-phase VSC for 

harmonics higher than the 3rd is similar to that of a three-phase VSC, which is 

in the form of a coupled impedance matrix. But the single-phase VSC also 

injects the 3rd harmonic into the grid, so it can be modeled as a Thevenin circuit 

at the 3rd harmonic. The degree of the 3rd harmonic depends on the size of the 

dc-link capacitor: a smaller dc-link capacitor yields a more noticeable 3rd 

harmonic. The correctness of the proposed model of the single-phase VSC was 

validated using extensive time-domain simulations and lab experiments. 

Additionally, considering the practical parameters of the single-phase VSC and 

the single-phase distribution systems, the 3rd harmonic produced in a practical 

single-phase PV system is proved to be quite limited.  

• This thesis proposed the analytical models for the DFIG at low-order harmonics. 

For the harmonic modeling of the DFIG, the harmonic characteristics of the 

back-to-back RSC and GSC were analyzed using rigorous mathematical 

derivations. In addition to the harmonic characteristics of a three-phase VSC, 

there was a harmonic coupling between the back-to-back RSC and GSC. As a 

result, the back-to-back RSC and GSC were modeled using a coupled 

impedance matrix, which contained coupling between the RSC and GSC as well 

as coupling between different harmonics. The coupling between different 

harmonics was negligible, so a 2×2 impedance matrix was used with 

confidence to represent the RSC and GSC unit. After integrating this new model 

with the linear harmonic model of the induction generator, an impedance model 

was obtained to represent the DFIG. The correctness of the proposed model was 

verified using time-domain simulations and lab experiments. Furthermore, 

extensive analyses have shown that the dc-link capacitor was critical to 

determining the coupling strength between the RSC and GSC. A larger dc-link 

capacitor led to a smaller coupling strength between the RSC and GSC. The 

application of the proposed model of the DFIG for harmonic power flow studies 
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was also validated.   

• This thesis proposed a harmonic model for the VSC-HVDC at low-order 

harmonics. The results showed that there was also coupling between the two 

VSC terminals of the VSC-HVDC. However, due to the long-distance dc 

transmission line or cable, the coupling between the two VSC terminals was 

quite limited. As a result, the VSC terminals were decoupled in practice, and 

the harmonic model of the three-phase VSC was applied for each terminal of 

the VSC-HVDC. 

7.2 Suggestions for Future Work 

As with any study, something can always be done to extend the research. Several 

extensions and modifications of this thesis can be explored as follows: 

• In Chapter 2 ~ Chapter 4, the research looked at the harmonic model of the VSC 

equipment with an outer control loop that regulates the active power, reactive 

power, and dc-link voltage. The results showed that these outer control loops 

were linear for harmonic studies. However, some VSC equipment may also 

apply the ac voltage (magnitude) regulation as the outer control loop, which 

might be nonlinear for harmonics. For this reason, effort should be made to 

extend the proposed harmonic model to the VSC equipment with ac voltage 

control.  

• The harmonic modeling approaches for the VSC equipment can also potentially 

be used to model the VSC equipment under unbalanced conditions, which can 

be used to compute the noncharacteristic 3rd harmonic. In this research, both 

positive-sequence and negative-sequence fundamental frequency voltage and 

current were used to compute the 3rd harmonic. The main challenge was to 

compute the negative-sequence fundamental-frequency voltage and current 

using load flow studies. This research could be more meaningful for distribution 

systems where the unbalanced degree is generally more significant. 
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• The proposed harmonic models of different types of VSC equipment were 

developed with the assumption that the switching harmonics were not a concern. 

In practice, the switching frequency may be close to some low-order harmonics 

(e.g., 2kHz close to the 33rd harmonic). How the proposed model will be 

affected in such cases needs further investigation. And also, the switching 

frequency of VSC could be low when selective harmonic elimination (SHE) is 

used, how to model this type of VSC equipment is also interesting. Also, the 

superharmonics (2kHz~150kHz) introduced by PWM switching could also be 

investigated. 

• The research work in this thesis focuses on harmonic models of VSC equipment. 

The harmonic model of VSC equipment can be further extended to the hybrid 

ac/dc systems where the diode-bridge rectifier, LCC converter, and VSC 

converter are jointly employed. For such research, more investigation is needed 

into how the connection of different types of converters affects the harmonic 

model. 
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