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Abstract
We propose that the credit rating evolution can be described by a Markov 

chain but tha t we do not observe this Markov chain directly. Rather, it  is hidden 

in “noisy" observations represented by the posted credit ratings. We consider the 

discrete time model w ith  a Markov Chain observed in martingale noise (Hidden 

Markov Model). By introducing a new probability measure we are able to obtain 

unnormalized, recursive estimates for the state of the Markov chain governing the 

credit rating evolution. We use the so-called EM (Expectation Maxim ization) algo­

rithm  to estimate the parameters of the model, namely probabilities of migration 

between "true” credit quality states and probabilities of observing a particular ra t­

ing given the “ true" credit worthiness of the issuer. The model is then applied to 

a data set of credit ratings obtained from the Standard and Poor’s COMPUSTAT 

database. We also consider a Kalman filtering model for estimating the dynamics 

of credit quality aimed to overcome some of the challenges posed by the nature of 

available credit rating data.

Finally, we introduce an intensity-based credit m igration model of default risk. 

We take default to be an unpredictable event governed by a hazard process defined 

in terms of intensity. The value of a zero-recovery defaultable zero-coupon bond is 

then its value i f  it were risk-free, adjusted by the probability of no default before
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maturity- This probability is calculated explic itly  in terms o f intensity and the 

issuer’s credit quality. We suppose that the la tte r is governed by a Markov chain 

and distinguish two cases. F irst we take the issuer's credit rating to represent the 

“ true” credit quality and then extend the model to value zero-recovery defaultable 

bonds when “true” credit quality is not observed directly but only through noisy 

observations given by posted ratings. We also consider valuation of defaultable 

bonds when a fraction of face value is paid at the time of default.
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Introduction

I

The market for cred it derivatives has experienced spectacular grow th in  recent 

years, creating for investors many new opportun ities for higher returns and diversi­

fication. C red it derivatives are financial instrum ents whose payoffs depend on the 

cred it characteristics o f a reference asset’s value. Swaps and options on corporate 

debt are but two examples o f credit derivatives. Given the sens itiv ity  of cred it 

derivatives to  the credit qua lity  o f underlying assets, p ric ing  models must make 

good use o f credit risk in form ation.

C red it ratings published in  a tim e ly  manner by ra ting  agencies are an invalu­

able source o f cred it risk in form ation : investors can use the ratings to  assess firm s ’ 

abilities to  meet the ir debt obligations and to  estimate the payoffs from  the corre­

sponding cred it derivatives. For many reasons, however, credit ratings change from  

tim e to tim e and so reflect firm s’ unpredictable cred it risk.

The question o f in form ation  value o f credit ratings is well represented in the 

lite ra tu re  but some o f the earlier works reported mixed results. Tw o recent studies. 

K lige r and Sarig [21], and Dichev and P io troski [8] provide evidence tha t cred it ra t­

ing changes have im pact on returns, and so they contain in form ation  th a t investors
1
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In troduction  2

cannot obta in  from  other sources. K lige r and Sarig find tha t a lthough ra ting  in ­

fo rm ation  does not affect firm  value, announcements o f ra ting  changes have im pact 

on debt and equ ity values. D ichev and P io troski report evidence th a t ra ting  down­

grades are followed by negative abnorm al returns, which the authors a ttr ib u te  to  

underreaction to  the announcement o f downgrades.

The role o f credit ra ting  agencies and the transparency o f the ir ra tin g  policies 

has recently come under scrutiny, especially a fter the collapse o f Enron Corporation. 

The leading cred it ra ting  agencies have long been regarded as the most m ethodi­

cal and independent financia l research firm s, bu t the ir cautious approach to  ra ting  

debt obligations, once the agencies' biggest asset, has been under a ttack as o f late 

as the ir clients voiced concerns over the timeliness o f the ra tin g  reports. The lead­

ing ra ting  agencies, such as M oody's Investor Service and Standard &  Poor's, have 

been accused o f reacting too slowly to  the disaster at Enron: M oody ’s and Standard 

&  Poor's both  continued to  rate Enron's debt as investment grade u n til ju s t days 

before the company went bankrup t. In  response, ra ting  agencies started looking 

at ways to  react more rap id ly  to  changes in  the debt market and possibly to  trade 

some o f the comprehensiveness o f the ir analysis for timeliness. Just a fter the Enron 

collapse. M oody's in  p a rticu la r seems to  have shifted to  "faster and tougher" cov­

erage o f corporate debt by issuing a number o f ra ting  cuts. For example, it sw iftly  

downgraded K m a rt C orporation 's debt to  ju n k  status, a call tha t was vindicated a 

m onth la ter when the company filed for bankruptcy. However, these ra ting  cuts in
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In troduction  3

tu rn  produced accusations o f overreaction to  E nron ’s collapse and fears o f increased 

v o la tility  in  the bond market . Consequently, the re lia b ility  o f ratings as indicators 

o f creditworthiness is o f even greater im portance today and there is an even greater 

need for gaining a bette r understanding o f the credit ra ting  dynamics.

E x is ting  models o f default risk fa ll in to  two broad categories: the structural  

models and the reduced-form models. Structural models are concerned w ith  mod­

elling and p ric ing  default risk specific to  a p a rticu la r corporate borrower. D efau lt is 

triggered by movements o f the firm 's  value re la tive to  some barrier. A  m a jo r issue 

w ith in  th is  fram ework is the evolution o f the firm 's  value and o f the f irm ’s capita l 

structure. In  the reduced-form approach, the firm  value and its  cap ita l sti'ucture 

are not modelled at all. and default is specified exogeneously. W ith in  the class of 

reduced-form m,odels, we find the so-called intensity-based models and credit migra­

t ion models. The la tte r take the evolution o f cred it ra ting  over tim e to  be governed 

by a M arkov chain.

The key assumption behind the M arkov chain representation o f cred it ra ting  

evolution is the M arkov property, which implies that, the ra ting  process should have 

no mem ory o f its  past behaviour. In  other words, predictions o f fu tu re  ra tin g  evo­

lu tion  based on the past ra ting  h is to ry  and a current ra ting  are no be tte r than 

predictions based on the current ra tin g  only. M arkov Chain Models o f credit m i­

gra tion  also assume th a t the dynamics are sta tionary so tha t the p ro ba b ility  o f a 

trans ition  from  one ra ting  category to  the next does not change over tim e. The p i­
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In troduction  4

oneering work in  the d irection o f using M arkov Chain models, not only to  describe 

the dynamics o f a firm 's  credit ra ting  but also to  value credit derivatives, was done 

by Jarrow  and Turnbu ll [18], hereafter JT , and Jarrow, Lando and T u rnbu ll [19], 

hereafter JLT . JT  proposed a model fo r pric ing  and hedging derivative securities 

th a t takes as given a stochastic term  structure  o f default-free interest rates and the 

f irm ’s bankrup tcy process. As a result, financial instrum ents subject to  cred it risk 

can be priced in an arbitrage-free manner using the equivalent m artingale measure 

technology. The JLT  model follows the JT  model in  sp irit and e xp lic itly  incorpo­

rates cred it ra ting  in fo rm ation  in to  the va luation process.

Tw o em pirical studies, C a rty  and Fons [5], and C arty  and Lieberm an [6] sug­

gest th a t the credit ra ting  process may have memory. I t  is reported tha t p rio r ra ting  

changes can have predictive power for the d irection  o f fu tu re  ra ting  changes. These 

studies find in  pa rticu la r th a t a firm  upgraded (downgraded) is more like ly  to  be sub­

sequently upgraded (downgraded). M ore recently, Lando and Skodeberg [24] tested 

the data set provided by Standard and Poor's for the presence o f "m om entum ’' or 

"ra ting  d r if t ."  Using the theory o f M arkov chain modeling, they concluded tha t 

there seem to  be strong non-M arkov effects fo r downgrades in the entire population 

o f rated firms.

The credit ra ting  process has been subject to  many studies aimed at selecting 

an appropriate s ta tis tica l technique for estim ating a function  to  explain and predict 

bond ratings. A lthough  credit ra ting  agencies generally insist tha t they consider
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In troduction  5

factors th a t cannot be quantified, studies have shown tha t approxim ate ly tw o-th irds 

o f ratings can be predicted on the basis o f a fa ir ly  small number o f financial variables. 

One common approach is to  perform  an ordered p ro b it analysis and the rationale 

is as follows (cf. Kap lan and U rw itz  [20], Ederington [10]). I t  is supposed tha t 

the bond ra te r tries to  measure the risk o f default o f bond issues. U nfortunate ly, 

the ra te r can on ly make an ord ina l ranking  o f bond issues, th a t is say fo r example 

tha t A A A  bonds are less risky than A A . A  A  bonds are less risky than  A  bonds 

and so on. The default risk, measured on in terva l scale, is then the dependent 

variable o f interest which i f  observed would satisfy a linear model w ith  financial 

variables as explanatory variables. Instead, only an ord ina l version o f the variable 

o f interest is observed which does not satisfy the linear model. The p ro b it model 

then aims to  estimate intervals corresponding to  each ra ting  category and bond 

issues are classified based on estimated p ro ba b ility  th a t an estimate o f default risk 

as a function  o f the chosen set of financia l variables falls w ith in  a pa rticu la r interval. 

Th is classification technique could be a source o f “memory" in  the cred it ra ting  

process as one can imagine two bond issues w ith  close scores on the explanatory 

variables being assigned to  two different ra ting  categories by v irtue  o f the ir scores 

s tradd ling  an in terval end po in t.

M arkov-type models take the probab ilities computed from  credit ra ting  data as 

elements o f the correct trans ition  m a trix  for the credit ra ting  evolution process rep­

resented as a M arkov chain. The em pirica l findings, however, suggest tha t th is may
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In troduction  6

not be the case. In  other words, the observed ra ting  process is corrupted by what 

we may call "noise." Th is  is precisely the premise behind Hidden Markov Models 

(H M M ). In  the H M M  framework, we assume th a t the credit ra ting  evolution can 

be described by a M arkov chain but tha t we do not observe th is  M arkov chain d i­

rectly. Rather, i t  is hidden in  "no isy" observations represented by the posted credit 

ratings. The H M M  approach allows us to  filte r out the "noise'' from  the obser­

vations by pure ly quan tita tive  means, w ith o u t investigating the ra tin g  assignment 

process or e xp lic itly  looking for factors tha t cause the observed ra tin g  process to  

have memory. I t  thus provides a framework for quan tita tive ly  assessing the cred­

ib il i ty  o f in terna l and external ra ting  systems used by financial ins titu tions . The 

outcome o f the H M M  applied to  the evolution o f credit ratings is a p robab ility  

d is tr ib u tio n  for a ra ting  at some tim e k given the in form ation  (observed ratings) 

up to  tim e k. The technique also allows for reestim ation o f parameters, namely 

the elements o f the trans ition  m a trix  and the probabilities o f observing a pa rticu ­

la r ra ting  given the "true" credit ra ting. The la tte r property is especially valuable 

since credit trans ition  matrices are at. the centre o f credit risk management. The 

reports on ra ting  m igrations published by M oody's and Standard and Poor's are 

studied by credit risk managers everywhere and several o f the most prom inent risk 

management tools, such as JP M organ's C red itM etrics. are b u ilt around estimates 

o f ra ting  m ig ra tion  probabilities. The H M M  fram ework provides a too l for eval­

uating  the re lia b ility  o f these estimates. I t  can also be incorporated in to  pric ing
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In troduction  7

models for risky debt and credit derivatives to  account for “ non-M arkovian" effects 

in  the behaviour o f ra ting  over time. In  other words, prices o f bonds and credit 

derivatives would then be derived conditional on the in form ation  about the issuer’s 

“ true ” ra tin g  im plied by the observed ra ting  history.

H idden M arkov models, when M arkov chains are observed in  Gaussian noise, 

have been subject to  extensive studies. See for example the book by E llio tt .  Aggoun 

and Moore [14] and references therein. Here we consider the discrete tim e model 

w ith  a M arkov chain observed in  m artingale noise. B y in troducing  a new p robab ility  

measure we are able to obta in unnormalized, recursive estimates for the state o f the 

M arkov chain governing the evolution o f the credit ra ting  process. We use the so- 

called E M  (Expecta tion  M axim iza tion) a lgorithm  to  estimate the parameters o f the 

model. The method allows for the parameters to  be revised as new in fo rm ation  is 

obtained. The resulting filte rs are. therefore, adaptive and “se lf-tun ing .”

The thesis is organized as follows. Chapter 1 describes the dynamics of the 

M arkov chain and observations. The reference p robab ility  and the forward filte r for 

the True” credit ra ting  process are also introduced. The chapter concludes w ith  

recursive formulae for updating  the parameters o f the model fo r bo th  the filte ring  

and sm oothing case. The filte ring  results o f Chapter 1 are then applied to  a data 

set o f issuer credit ratings obtained from  the Standard and Poor's C O M P U S TA T 

database. The ratings data and sim ulation results are discussed in  C hapter 2. In 

Chapter 3 we present a Kalm an filte ring  model for estim ating the dynamics o f credit
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In troduction  8

q ua lity  aimed to  overcome some o f the challenges posed by the nature o f available 

cred it ra ting  data. F ina lly , in  Chapter 4 we describe a reduced-form, model o f 

default risk  th a t provides formulae for ca lcu lating the value o f a defaultable bond 

conditional on the issuer's credit quality.
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Chapter 1

Hidden Markov Model

1. IN T R O D U C T IO N

O ur goal is to estimate, from  the published credit ratings, the state o f the

M arkov chain tha t represents the evolution o f a “ true” cred it ra ting  process. We

shall use a procedure known as f i l tering  in  the stochastic processes lite ra tu re  to

obta in  an a lgorithm  to  be la ter used to  assess “ true ” cred it quality. In  general,

filte rin g  concerns op tim a l recursive estim ation o f a noisy signal given a sequence o f

observations. We shall suppose tha t the signal process is a Markov Chain  which we

do not observe directly. We also assume th a t the observation process has zero delay

to  the signal process so tha t the current observation contains in form ation  about

the current signal value. In  our case, a f irm ’s “ true ” credit qua lity  is a signal and

posted cred it labels are the noisy observations. Given the zero-delay assumption,

we shall then use the ra ting  h is tory  up to  and including tim e k to  estimate the state

o f the “ true” credit ra ting  process at tim e k. We also derive formulae for smoothed
9
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Chapter 1 - Hidden M arkov Model 10

estimates, where we use all available observations to  extract in fo rm ation  about the 

signal at tim e k. In  bo th  cases we use the so-called E M  (Expectation M axim iza tion) 

a lgorithm  to  provide recursive formulae for estim ating the parameters o f the model.

2. D Y N A M IC S  O F  T H E  M A R K O V  C H A IN  A N D  O B S E R V A T IO N S

Form ally, a discrete-time, fin ite-state, tim e homogeneous M arkov chain is a 

stochastic process { A j j }  w ith  the state space S =  { 1 . 2 . . . . . N }  and a trans ition  

m a trix  A  =  W ith o u t loss o f generality, we can assume th a t the

elements o f S are identified w ith  the standard u n it vectors {ei ,  . . . .  e ^ } ,  e*

(0 ........0. 1.0.........0 )r  E U.N . T h a t is, w ith o u t loss o f generality we can assume th a t

S =  {e i ,  e2 , . - •, ejy}.  A t each tim e  k E { 0 , 1 . 2 , . . . }  A*. is then one o f the un it 

vectors ei; 1 <  i  <  N .  W rite  T \c =  cr{Ao, X \ , . . . .  X k }  for the a-f ield containing 

a ll the in fo rm ation  about the process X  up to  and including tim e k. Then, To C 

T \  C . . .  J~k- so th a t we learn more and more about the process X  as tim e passes. 

The fam ily  o f er-fields { P k }  is a f i l t ra t ion  tha t models a ll possible histories o f X .  

Note that, the Markov property implies tha t P { X k + i — 0j \T t )  =  P ( X k + \ =  e-j\Xk)- 

In  other words, know ing the current state o f the process X  is sufficient to  make 

inferences about its  fu tu re  behaviour.

Now. an ( i . j ) - th  entry o f A  is defined as a j i  :=  P (X k +  i =  e f iXk  =  fij), the 

p robab ility  o f the process X  moving from  state i to  state j  w ith in  one u n it o f time. 

The re la tionship  between the state process at tim e k and the state o f the process 

at tim e k  +  1 is then as follows:
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Chapter 1 - Hidden M arkov Model 11

L e m m a  1.1. E [ X k+i \ X k] =  A X k.

Proof. See Append ix I.

Define Vk+i =  X k+\ — A X k  £ ■ Then, the semimart ingale representation

o f the chain X  is

X k+\  =  A X k  +  Vfc+i,  fc =  0 . 1 , . . . .

where Vk+\ is a m artingale increment w ith  E[Vk+ \ \ P k] =  0 € 1K'V.

Let p k =  (pi ,  . . • -Pn Y =  E [ X k], Then. p k + 1 =  A p k =  A k+Xp0 € MN . We have: 

L e m m a  1.2. V  arVk =  E [  VkV£] =  d ia g (A p fc - i)  — A  diag (pk- i  ) A ' .

Proof. See A ppend ix I.

Suppose we do not observe X  d irectly. Rather, we observe a process Y  such

tha t

Yk =  c { X k .u)k ). k =  0 . 1 . . . . .

where c is a function  w ith  values in  a fin ite  set and {uJk} is a sequence o f i.i.d . 

random variables independent o f X .  Random variables {o ^ }  represent the noise 

present in  the system. Suppose the range o f c consists o f M  points which are

identified w ith  u n it vectors { f \ . f i . . . . ,  f i \ j  }. f j  =  ( 0 . . . . .  0 . 1 . 0 .........0) € .

Recall T k =  a { X 0. X x. . . . .  X k}. W rite

y k =  a { Y 0.Y l . . . . . Y k }

and gk = a { X 0. . . . . X k .Y0 Yk}.

These increasing families o f (7-fields are then filt-rations representing possible histo­

ries o f the state process X .  the observation process Y  and both  processes ( X . Y ) .
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Chapter 1 - Hidden M arkov Model 12

W rite  Cji =  P {Y k =  f j \ X k =  e*). 1 <  i  <  N,  1 <  j  <  M ,  for the p ro ba b ility  o f

observing a state f j  when the signal process is in  fact in  state t %. Then.

L e m m a  1.3. E[Yk \ X k\ =  C X k, where C  =  ( c j i ) i< i . j< M  is a matr ix  wi th  >  0 

and cj i  =  1-

Proof. In  Append ix I.

Define W k =  Yk — C X k . Then, the sem imartingale representation o f the process

Y  is

Yk =  C X k +  W k , k =  0 . 1 . . . . ,

where W  is a m artingale increment w ith  E [ W k\Gk--i V { A ^ } ]  = 0 6  MA/. Note 

tha t we are assuming zero delay between X k and its  observation Yk . We have the 

fo llow ing result:

L e m m a  1.4.

V a r W k =  E [ W kW k] =  E{(Yk -  C X k)(Yk -  C X k) ' ] =  d ia g (C p ,) -  C d ia g (p ,)  C ' .

Proof. In  Append ix I.

In  summary, our model for the M arkov Chain X  hidden in  m artingale noise is 

as follows:

H id d e n  M a rk o v  M o d e l ( H M M )

Under a probabil i ty measure P.

Xfc+i =  A X k +  Vfc+i (signal equation. Ut rue" credit quality)

Yk =  C X k +  HA- ( observation equation, posted rat ing)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1 - Hidden M arkov Model 13

A  and C  are matrices of  t ransi t ion probabilit ies whose entries satisfy aj i  =  1-

aj i  >  0. Y^ jL l  cj i  =  cj i  ^  °-

Vk and W k are mart ingale increments satisfying

E{Vk+ i \ F k]  =  0. VarVk  =  d ia g (Apk^ )  -  Ad \& g (pk- i ) A ' ,

E [ W k+i \ g k V { X fc+i } ]  =  0. V a r W k =  diag (Cpk) -  C  diag (pk) C ' .

3. R E F E R E N C E  P R O B A B IL IT Y

Suppose tha t under some p robab ility  measure P  on (11. P ) .  { Yk ) is a sequence 

o f i.i.d . un ifo rm  variables, i.e. P (Y k+\  =  f j \G k) =  P(Yk + 1  =  f j )  =  j j - Further.

under P,  X  is M arkov chain independent o f Y , w ith  state space S — { e i ,  e/v}

and trans ition  m a trix  A — (aj i ) .  T h a t is. X k+\ =  A X k +  Vk+ 1 . where E[Vk+ i \Gk] — 

E[Vk+1\Pk] =  0 € R n . Suppose C  =  (Cji). 1 <  i  <  N,  l < j <  M ,  is a m a trix  

w ith  cj i  >  0. and Y l j L i  cj i  =  1- We have the fo llow ing result:

L e m m a  1.5. Define A; =  M  ^T, j jLi(CXi,  f j ) ( Y i ,  f j ) 1 and A k =  n f= i  Define 

a new probabil i ty measure P  by put t ing j p \ g k =  A k . Then, under P ,  X  rem.ains 

a Markov chain with t ransi t ion matr ix  A  and P (Y k =  f j \ X k =  ef) =  Cj7;. That is. 

under P ,  X k+\ =  A X k +  Vk + 1  and Yk — C X k +  W k .

Proof. Append ix I.

N o te . P  represents the "rea l w orld" p robab ility  measure. However, measure P  

is easier to  work w ith  since under P, { Yk } is i.i.d . un ifo rm  and independent o f X .

^ o r  a n y  v e c to r s  a  a n d  b. (a.  b) =  a!b.
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Chapter 1 - H idden M arkov Model 14

Lemma 1.5 provides a useful lin k  between our ’’ real w orld ” p robab ility  measure P  

and a ’’ reference” p robab ility  measure P  which preserves a ll the properties o f the 

process X .

4. R E C U R S IV E  F IL T E R

Suppose we observe Yq. . . .  ,Yk . and we wish to  estimate X(>.. . . .  X k . The best 

(mean-square) estimate o f X k given 34 =  cr{Y j, . . . ,  Yk}  is E [ X k \ y k] £ K A\  How­

ever. P  is a much easier measure under which to  work. Using Bayes’ Theorem, we 

have

M v i v i  E\At x k\yk]

W rite  qk :=  E [ A kX k \y k] £ M.N . qk is then an unnormalized conditional expectation 

o f X k  given the observations 34-

L e m m a  1.6. E [Aa|Ya] =  (Qk-1), where 1 =  ( 1 , 1 . . . . .  1)' £ R N .

Proof. A ppend ix I.

I t  follows th a t E [Xk \yk ]  =  J^TTj- Hence, to  estimate E [ X k \ y k] we need to 

know the dynamics o f q. The follow ing theorem shows how the unnormalized filte r 

is updated w ith  arriva l o f each new observation.

T h e o re m  1.1. Write B (Y k+ i )  f o r  the diagonal matr ix  with entries

M  

3 =  1

Then. qk+ 1 =  B ( Y k + l )Aqk .

Proof. A ppend ix I.
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To summarize, given the parameters o f the model, nam ely matrices A  and 

C.  the d is trib u tio n  o f X k given in form ation  in  y k is E \X k \y k ]  =  w here

qk + 1 =  B {Y k+ i ) A q k .

5. P A R A M E T E R  E S T IM A T E S

To estimate parameters o f the model, matrices A  and C.  we need estimates of 

the fo llow ing processes:

k
4 j  =  1 <  i . j  <  IV,

n=l
k

O i  =  J 2 ( x n - u ei),  1 <  i  <  N.
n—l

k

r k =  £ > ’ 1 ^  ^  N ’ 1 ^  3 <  M .
?t—0

The above processes are in terpreted as follows:

J l J -  the num ber o f jum ps o f X  from  state e* to  state e7 up to  tim e k.

( ) \  - the amount o f tim e the chain has spent in  state e, up to  tim e k — 1.

T l 3 -  the amount o f tim e process X  has spent in  state e, when process Y  was

in  state f 3 up to  tim e k.

R e m a rk  1.1. Note tha t Yl^=\  'Xk =  anc  ̂ S j = i  ^ k3 =  ^ l + r

Consider firs t the ju m p  process { J ]3}. We wish to  estimate given the 

observations To , . . .  .Yk . Using Bayes’ Theorem, the best (mean-square) estimate is

F , E i h X m  _ o ( j< sh  

E [ h  =  B [ A * I3W =
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We wish to  know how a ( J Z3)k is updated as tim e passes and new in form ation  arrives. 

However, there does not exist a recursion form ula fo r a ( J ZJ)k . Instead, we consider 

a vector process o(.JlJ X ) k :=  E { A kJ lkJ X k\yk] fo r which recursive formulae can be 

derived. We then readily obta in  the quan tity  o f interest, namely a ( J l3)k . since 

X ) k : 1)- We have the fo llow ing result:

T h e o re m  1.2.

M

a {J lJX )k+1 =  B{Ykjr l )Aa(J13X ) k + (M caj(Yk+i, /„))(?*, ei)aSiej.
s= i

Proof. A ppend ix I.

S im ilarly, we consider the best (mean square) estimates o f 0 \  and T j f  given

y k :

, E [ \ ko'k \ y k) , c ( & ) k

B [ 0 M  -  B [ A M  '■ w i P

E[AkTjf\yk] _  a ( T i3)k

E[Ak\yk] ' (Qk, 1) '

Recursive formulae fo r processes a ( O l X ) k :=  E [ A kO lkX k \ y k]  and X ) k 

E [ A kl f  X k \y k] are as follows:

T h e o re m  1.3.

(t(O j A :)a.+1 =  B ( Y k+, ) A a ( O i X ) k +  (qk . el )B (Y k+1)Aei . 

a { T i j X ) k+1 =  B ( Y k+1) A a ( T '3X ) k +  M Cji(Yk+u f j ) ( A q k . el )el .

Proof. A ppend ix I.

Note tha t a { O l )k =  (a (O l X ) k . 1) and a ( T zj)k — ( a (T t3X ) k. 1).
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R e m a rk  1.2. Define 0 \ \ .  :=  Y l j L \  T]? — Olk+l . Then.

M

f f (0 1 ’:x ) fc+1 = a (O iX ) k+l +  {MY,Csi(YkJ a))(Aqk- A,ei )ei
S= 1

M

= B(Yk+i)Aa(Ol X ) k +  (Aqk.ei)B{Yk+1)Aei +  (M ^ c si(Yk, f s))(Aqk_-i .ei )ei
S = 1

and
M

a (O l%  = <7(0% +  ( M j 2 c si(Yk+i.fs))(Aqk,el ).
s = 1

Proof. A ppend ix I.

O ur model is determ ined by parameters 9 =  {a j i ,  1 <  i .  j  <  N ;  Cji. 1 <  i  <  

N,  1 <  j  <  M } .  ap >  0. Yl! j=\ aj i  =  1’ cj i  — 0- Y^jL\  cj i  =  ! } •  We want to  

determ ine a new set o f parameters 9 =  { d j i: 1 <  i . j  <  N'.Cj i .  \ < i  <  N.  1 <  j  <  

M } given the arriva l o f new in fo rm ation  embedded in  the values o f the observation 

process Y . Th is requires m axim um  like lihood estim ation. We proceed by using the 

so-called E M  (Expectation M axim iza tion ) a lgorithm .

The E M  a lgorithm  is a broadly applicable m ethod tha t provides an ite ra tive  

procedure fo r com puting M axim um  L ike lihood Estim ators (M LE s) in  situations 

where m axim um  like lihood estim ation would be stra ightfo rw ard  i f  more data  were 

available. The a lgorithm  starts w ith  an in it ia l estimate o f the unknown parame­

te r 9 and ite ra tive ly  replaces th is  estimate w ith  its  conditional expectation given 

the data actua lly  observed. The E M  a lgorithm  is typ ica lly  easily implemented as 

it  required only complete-data com putations. I t  is also num erically stable: each 

ite ra tion  m onotonically increases the log-like lihood and. under fa ir ly  general condi­

tions. s ta rting  from  an a rb itra ry  point 9q in  the parameter space, convergence to  a
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Chapter 1 - H idden M arkov Model 18

local m axim izer is nearly always guaranteed, w ith  the exception o f very bad luck in 

the choice o f Oq or some pathology in  the log-likehood function. The method can 

also be used in  problems th a t are not o f incom plete-data type, bu t where the E M  

a lgorithm  reduces the com plexity o f the m axim um  like lihood com putation, which 

is the case here. The application o f the a lgorithm  to  estim ating parameters o f our 

H idden M arkov M odel is described next.

Suppose {Pq- 9 6 0 }  is a fam ily  o f p robab ility  measures on a measurable space 

(J7, T ) .  Suppose also tha t there is another a-fie ld  y  C T .  The like lihood function  

for com puting an estimate o f 6 based on in form ation  given in  y  is

L(d)  =  E 0[ l o g ^ \ y } .

The m axim um  like lihood estimate (M LE ) o f 0 is then

0 6 a,rg rnaxL(d) .  
oee

However. M L E  is hard to  compute. The expectation m axim ization  (E M ) a lgorithm  

provides an a lternative  approxim ate method:

S te p  1 : Set p  =  0 and choose 90.

S te p  2: (E-step) Set 9* =  9p and compute

Q(9.9* )  =  E 0* [ l o g ^ - \ y ] .

S te p  3: (M -step) F ind

9p+1 G arg maxQ(9.  9*). 
0e©
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S te p  4: Replace p  by p +  1 and repeat from  Step 2 u n til a stopping c rite rion  is 

satisfied.

O ur model is determ ined by the parameters

6 =  { a,ji, 1 <  i , j  <  N :  e.ji. 1 <  i  <  Ab 1 <  j  <  M } .

Suppose our model is given by such a set o f parameters and we wish to  derive a 

new set

0 =  {d j i .  1 <  *. j  <  N \  Cji. 1 <  i  <  N,  1 <  j  <  M }

which maximizes the analogs o f the Q  functions.

Consider firs t the parameter a?-,;. Suppose th a t under measure Pq. X  is a 

M arkov chain w ith  trans ition  m a trix  A  =  (a7,;). We define a new p robab ility  mea­

sure Pq such tha t under Pq, X  is a M arkov chain w ith  trans ition  m a trix  A  =  {d j i ) ,  

i.e.

Pg{-^k+l =  6 j \Xk  =  Cj) =  dj i ,

d j i  >  0. t= i dj i  =  1. Define

Ao =  1
k  N

, a

Ci c r
/ =  1 r . s  =  1 s r

dP'
In  case dj i  =  0 take dj i  =  0 and ^  — 1. Define PfJ by setting j ^ \ P k  =  A k- 

L e m m a  1.7. Under Pq, X  is a Markov chain wi th t ransi t ion matr ix  A  =  {d j i ) .  

Proof. A ppend ix I.
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L e m m a  1.8. Given the observations up to t ime k, {Yo. Y j , . . . .  Yk }. and given the 

parameter set 0 =  {a j i .  1 <  *, j  <  iV; Cji, 1 <  i  <  N . l  <  j  <  M } .  the E M  estimates 

h j i  are given by

cr(Ji j )k
Qji <7(0%  ’

Consider now the param eter c] t . Suppose th a t under measure P g.Yk =  C X k +  

W k. where C  =  (cj i )- We define a new p robab ility  measure Pq as follows. P ut

Ao =  1

, , Csr/ = 1  r , s = l

d,P~
In  case Cji =  0 take =  0 and ̂  =  1. Define Pq by setting jp^\Gk =  %■

L e m m a  1.9. Under P~B, Yk ~  C X k +  W k . i.e. Pg(Yk =  f s\ X k -  er ) =  csr .

Proof. A ppend ix I.

L e m m a  1.10. Given the observations up to t ime k. {Yo. Y\ . . . . .  Yk}, and given 

the parameter set 0 =  {c ij,-.l <  i . j  <  N:C j i .  1 <  i  <  N.  1 <  j  <  M } .  the E M  

estimates %  are given by

. = _______________ < r ( T % ________________

31 a (0 * ) fc +  ( M  Y l s l i  csi(Yk: f s) ) (Aqk- i . e*)

Proof. Append ix I.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1 - H idden M arkov Model 21

6. SMOOTHED ESTIMATES

Suppose 0 <  k <  T  and we are given the in form ation  3A .r =  crfYo, Y \ . . . . .  Y r } -  

We wish to  estimate X k given 3 V r -  From  Bayes' Theorem.

E[Ao.T \yo,T}

where A 0. r  =  U k=o^k-. Ak =  M Y JAj L i { C X k , f j ) {Yk , f j ). From Lemma 1.6. the 

denom inator is

F'[Ao.t|A ’o.t] =  {q t  ■ 1) ■

where qT =  E [ A 0.TX r \ y Q,T} and 1 =  ( L L . . . . 1 ) ' 6 1 " .  Now:

E jA o . T A ’fclA ’o . r ]  — E[AQ.kA k+1.TX k\ y 0.T} =  E[Ao_kX kE[Ak+i !T\ y 0,T V  J A ] |A ’o . t ] ,

where Aa-+ i.t =  n r= fc+i A;. Consider F ’[A^+ i , t |T o . t  V T k] =  £ ’[Afc+ i. r |3 ;o .r V A*.] 

using the M arkov property. W rite  vk =  ( v lk. . . . . .  vk )' , where v lk :=  E’fAfc+i //’ jAA.i’ V

{ A fc =  e*}].

L e m m a  1.11. v satisfies the backwards dynamics, dual to q. of  the form

vk =  A 'B ( Y k+ i ) v k+ i.

Proof. A ppend ix I.

L e m m a  1.12. vT =  (1 ........1)' £ M.N .

Proof. Append ix I.

R e m a rk  1.3 . Since vt  =  1- we have vk =  A '  B (Y k+\ ) A '  B ( Y k+2) ■ ■ ■ A ' B ( Y r ) l .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1 - H idden M arkov Model

T h e o re m  1.4. The unnormalized smoothed estimate is

22

E[Ao .TXk \y 0.T} — diag (qk • v'k ).

Proof. A ppend ix I.

I t  follows tha t E [ X k \yo,T\ =  dia( q ^ iy * ' • Hence, to  estimate E [ X k \yo,T] we 

need on ly know the dynamics o f q and v. which are, respectively:

qk =  B (Y k) A B ( Y k. , ) A  • • • B (Y 0)Aq0.

where qo is the in it ia l d is trib u tio n  for Xo.  and

vk =  A 'B ( Y k + l ) A 'B ( Y k+2) ■ • • A 'B ( Y t ) ■ 1.

As described in  deta il in Section 4, the E M  a lgorithm  re-estimates the param­

eters o f the model as

aj i  ~

Cii

a ’ { O i ) T

o { T P ) t  g { T P ) t

»(0 1 <)t <r(0‘ )T + (M E " ,^ (y T .A ) )M < fr - i.e .) '

Given observations Eo.r =  { Eq. E ]  Y r} -  we are interested in  smoothed esti­

mates o f the number o f jum ps, the occupation tim e and the tim e spent. These 

processes were described in  Section 4.

Consider firs t the smoothed estimate E [ J lkJX k \yo.r]- Using Baves' theorem.

Ti j v . _i _  E [A 0.TJ lk3X k \y 0,r}
E [J {3 x k \ y 0.T ]

-E'[Ao.t |Eo.t ]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 1 - Hidden M arkov Model 23

The num erator is E [A 0fk Jk X kA k+ i ,T \yo.T}- Consider the Z-th component:

E [ A Q,kJ i i X kA k + i .T {X k ,e l ) \ y 0.T ] 

=  E [ \ 0ik4 j X kE [ A k+1<T\y 0.T V { X k =  e,}}{Xk,e,)\y0.T}

=  E [A 0,kJ ikj X kv lk { X k ,e l ) \ y 0.T]

=  ^ K 0,kJ iki X k(Xk,el) \ y ^ T}vlk,

Then.

N

E l A 0:TJ lkj X k \y 0,T} =  J 2 e [Ao ,kJ'kj (Xkiei)ei\yo,T]vlk
1=1

N

=  ^  E[A0.kJk (Xk- ei)\yo.T]vlkei
1=1

N

=  Y , ( E [ A o . k J l 3X k \y 0.T] . e M e l -
1=1

Recall cr{Jli X ) k =  E [A kJ lJ X k \ y k}. We then have tha t

iv
E \ A 0.T J lkJX k \y 0.T] =  Y , H J 1JX ) k . e l )v ,ke,

i=i
N

=  £ > ( . / «  v ) P { c,
1 =  1

=  diag X ) k ■ v'k).

Therefore. 1' diag (cr( J i:iX ) k ■ v[.) — (cr( J l^ X ) k . vk) — E IA q.t J ^  I^o .t] is the unnor­

malized. smoothed estimate o f J]:' given To.'/-

Given observations T o .r =  &{Yo- X  Y r } -  we are interested in a ( J l j )T -

T h e o re m  1.5.

T  M

« ( J " ) r  =  < v l > A  ■,-<.)(rk .<J) ( M Y , c>, iYi -JV;)-
k = l  s = l
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Proof. A ppend ix I.

C o ro l la ry  1.1.
T

cr{Ol )T =
k= 1

Proof. A ppend ix I.

R e m a rk  1.4. Again by Bayes’ Theorem.

E [T i j x k\y0,T] =  X k \y °cd
^[Ao.rlD^o.r]

As before, l 'd ia g  ( ( T t j X ) k  ■ v'k) — ^ [ A o . t ^ I ^ o . t ]  — (<j ( T P X ) k - vk). 

T h e o re m  1.6.

T

a ( T i j )T =  Y / M c M Y^ f i ) ( A(l k - i , ei ) ( vk : ei)-

Proof. A ppend ix I.

C o ro l la ry  1.2.

T  M

c j(O T ) t  =  ' j T c s i iY k i  f s ) ) (vk -e i ) (Aqk- } . e?:) .
k = l  k—1

Proof. A ppend ix I.

7. U P D A T IN G  S M O O T H E D  E S T IM A T E S

W rite  Vk+ i . r  =  A 'B ( Y k H ) ■ • • A ’B {Y T ) so tha t

r ’fc =  Uc.r- where 

Vk.T =  Vjt+i.T • 1-
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The methods to  update smoothed estimates from  the previous section have 

required recalculation o f a ll backward estimates v. Below we note results tha t 

provide for more efficient computations.

L e m m a  1.13. vk, r + 1  =  Vfc+i:T + i l ,  where Vk+i ,T+ i  -  Vk+hTA 'B ( Y t + i ) □ - 

From  Theorem 1.5,

T  M

s j {Yk ,  f s ) ) { q k - l : ei ) { v k- ej )
fc= 1 s= 1

T  M

k= 1 s=l
T  M

s j (YkJ s ) ) ( q k - i , e i }e,j A 'B ( Y k + l ) - - - A ,B (Y T ) l
k= 1 s=l

L e m m a  1.14.

T't + i =  T't A 'B ( Y t + 1 ) +  a3i( M Y / Cs j {YT+ i J s ) ) ( q r - e i )e'J .

Proof. Appendix I.

C o ro lla ry  1.3. a (O l ) r  =  K'r  1, where

T

K ' t  =  1 • e i ) e ' i A ' B ( Y k) • • • A ’B (Y t )

Then.

K'T+l  =  K'T A 'B ( Y T + l ) +  ( q r - e M -  □
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From Theorem 1.6 we have

T

a { T l j )T =  ^ T M c j i i Y k ,  f j ) ( A q k- i , e i ) ( v k ,e i )  
k= 1 

T

=  f j ) { A q k- i,e i)e jvfc
k= l 

T

=  Y , M Cjl(Yk , f j ) {Aqk- 1,ei )e'i A 'B ( Y k+1) • • • A 'B ( Y r ) l
k= 1

= h ’t  1,

where =  ]Cfc=i M c j i ( Y k, f j ) ( A q k- i , e i )e,i A lB (Y k+ i ) - -  • A 'B ( Y T ). 

L e m m a  1.15.

H'T+ l  =  +  M c j i ( Y r + i -  f f ) {A q T ,  e ^e '.

Proof. A ppend ix I.

C o ro l la ry  1.4. /n  particular, o - (01 1 ) t  =  A ^ l ,  where 

T  M

A't  =  , e i) (M  £  cs i(y fc; / s))e ' A 'B ( y ,+1) • • ■ A 'B ( Y T ).
fc=1 S=1

r/ien , A ^ +1 =  A ^ A '5 ( y T+1) +  (AqT , ei) { M  {Yt - f s)Wi- □
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Proofs of Results in Chapter 1

Proof  o f L e m m a  1.1.

N

E [ X k + l \ X k] =  Y J E [ X k+x\ Xk  =  e ^ X ^ a )
i =  1 

N  N

=  E  E  E i(x k+u  e i ) \ x k  =  et ] ( X k , e i) ej
i= i j = i
N  N

=  Y 2 Y l P ( X k + l =  £ j \ x k = e l ) { X k l e l ) e j
i —1 j = 1 

W N
—  'y '  ^  '  a , j i ( Xk , e f ) e j  =  A X k . ED

i= i j = l

Proof  o f L e m m a  1.2.

V arV k =  E [VkVf) =  E [(X fc -  A X fc„ 0 ( X fc -  A X ^ ) ' ]

=  E [ X kX'k -  AXk -xX 'k  -  X k X k ^ A '  +  A X k - i X ' ^ A ' ]

=  E \ E \ X kX'k -  A X k- XX'k ~  X kX k^ A '  +  A X ^ X ^  A '|X fc_ 

=  £ [£ [d ia g (X fc) -  A d m g ( X k^ ) A ' \ X k^ } }

=  £ [d ia g (A X fĉ )  -  A d ia g C X t^ M ']

=  d ia g (A p fc_ i)  -  A d ia g (p fc- i ) A ' .  □
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Proof  o f L e m m a  1.3.

N

E[Yk \ X k] =  J ] £ [ Y fc|X fc =  ei]{Xk, ei)
i - 1

N  N

J 2  ( E  P(Yk =  f j \ X k = ei)f j ) {x k, ef>
i=1 j= l  

N  N

' P d L . c» P ( x ^ e > ) = c x i -  D
i=1 j=\

Proof  o f L e m m a  1.4.

V a r W k =  E [ W kW'k] =  E [ (Yk -  C X k)(Yk -  C X fc)']

=  E[YkY f  -  YkX kC '  -  CYkX'k +  C X kX'kC'}

=  E [E [Y kYk -  YkX'kC '  -  CYkX k +  C X kX'kC ' \ X k]\

=  E [E [d m g (Y k) -  C d ia g (X fc)C '|X fc]]

=  f?[diag ( C X k) -  C d m g ( X k)C'}

=  diag (Cpk) -  C diag (pk) C ' . □

Proof  o f L e m m a  1.5. F irs t we show th a t E[Xk \Qk^.i V {X ^.}] =  1. We w ill make 

use o f th is  fact in proofs th a t follow as well.

M

E [ h \ G k -1 V {X ,.} ]  =  E \ M Y , ( C X k J j ) {Yk . f J) \gk^ 1 V {X ,.} ]
3 =  1

M

=  M Y , E [ ( Y k J j ) \ G k - i  V { X k } ] { C X k . f 3)
3 =  1 

M

=  m ] T p ( y ,  =  f i \ g k- i  v  { x k} ) ( c x k. f j )
3  =  1
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M
=  M Y , P ( Y k  =  f i ) ( C X kJ j )

1 =  1

M  N  N  M

=  i .
j  = 1 2 = 1 2 = 1 j  = 1

Then.

P (X fc+ i =  ei\Gk) — E[ (Xk+ i*e i ) \Gk\

_  E [ A k+ i  { X k + i , e j) [Gk]

E[Ak+i\Gk]

_  E [Xk+1 (X fc+i. ej)\Gk]

E[Xk+i\Gk\

=  P fA fe + i^ fc + i.e j) ! ^ ]  using the cla im  proved above 

M

=  E [ ( M  Y , ( C X k+i  • Si) <y fc+i > Si))  (^ fc+ i > e*> l& l  
j= i

IV  M

= ® [ ( a * E ( £  Cji(T fc+ i, f j ) ) { X k + i , e i ) ) ( X k + 1, e j) |{/fc]
2 = 1 j= l  
M

— E [ M ( Cji{Yk+ j,  / j ) )  (A X ^  +  Vfc-j-1. ej)|^fc]
i= i

M

=  E [ M { Y , c j i {Yk + u f j ) ) ( A X k ,ei )\Gk}
i= i

(since VJt+i is a m artingale increment independent o f 3 4 + i)
M

= e,)M £  Cji^[(yfc+] • /j> |& ]
i= i  

M

=  ( A X k : ei ) M ^ 2 c j i P (Y k+1 =  f j \Gk)
1 = 1

M
=  (AXk- &i) ] Cji — ( A X k ■ ef) .

i= i

Hence. P (X fc+ i =  ei\Gk) =  depends only on X k . Therefore.

P ( X k+1 =  e i \Gk) =  P ( X k+l  =  e i \ X k).
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Suppose now tha t X k =  ej. Then. P ( X k+ i  =  e*\X k) =  {Ae j .e f )  =  a ^ . I t  follows 

th a t E [ X k + i  |X^\  =  A X k. Define V/c+i — X k + i  ~~ A X k. Then.

E[Vk+,\Gk] =  E [X k+1 -  A X k\ g k} =  E [X k+1\Xk} - A X k =  0 e R N.

Now. by the tower property.

E[Vk+1\Xk] =  E [ E [ V k+1\gk\ \Ek] =  0 e R N ■

I t  follows tha t, under P. X  remains a M arkov chain w ith  sem imartingale represen­

ta tion

X k+j =  A X k +  , E[Vk + i \Tk] = 0 G K w .

Now,

P (Y k =  f j \ g k- !  V  { X k })  =  E[ {Y k, f j ) \G k- i  V  { X fc}]

_  E [ A k+1(Yk . f j ) \ g k^  V { X f c } ]

E [  A it+ iia fc-1  V {X fc }]

=  E [Xk {Yk : f j )\Qk- 1 V { X k }]

M
=  E [ ( M Y , ( C X kJ j )(YkJ j ))(Yk, f j )\gk- 1 V  { X k } ]

3 =  1

=  E [ M ( C X kJ j ) { Y k. f j ) \ g k. ,  V  { X * } ]

=  M { C X k. f j )E \ (Y k. } 3) | 0 f c_ i  V  { X f c } ]

=  M ( C X k . f j ) P { Y k =  f j \ g k- i  V  { X , } )

= {CXkJ j ) .

Hence. P {Y k =  f j \gk- \  V  { X k })  =  (C X k. f j ). Since th is depends only on X k . we 

have

P(Yk =  f j \ g k^  V { X k}) =  P(Yk =  f j \ X k).
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Suppose tha t X k =  e*. Then.

31

P (Y k =  f 3\ X k =  et ) =  (Ceu f j )  =  Cji. 

I t  follows th a t E\Yk\Xk]  =  C X k ■ Define Wk =  Yk — C X k ■ Then. E [ W k \Gk- i  V 

{ X k}} =  E [Yk -  C X k \ Q k V { X fc}] =  E[Yk\Gk-x  V { X fe}] -  C X k =  0 e K M

Consequently.

£ [W W fc - i]  =  E [ E [ W k \Gk- i  V { X fc} ] | J 4 - i ]  =  0 € R m .

I t  follows tha t Yk has the required sem imartingale representation under P.  □  

Proof  o f L e m m a  1.6.

(at, 1) =  {E[KkX k \ y k}, 1) -  E[ ( AkX k. 1>P>*] =  E[ Ak( X k, l)|Tfc]
N

=  E [ A k Y , { X k . e l ) \ y k] =  E [ A k \y k]. □
i = i

Proof  o f T h e o re m  1.1.

Qk+i — E [ A k+ i X k+i  |34+ i]
M

=  E [ A k ( M Y , ( C X k + i r f j ) {Yk+u f j ) ) X k+1\ y k+ i]
3 =  1

N  M

=  Y ,  E [ A k ( M  J ]  Cji{Yk+ i. f J) ) ( X k^ . e l )ex\ y k+,\
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N  M

= J ]  E[Ak(Xk+1:ei) \yk+1](M  Y  Cji(Yk+1, / ,) )e *
i=l j =1

TV A /

= J](E[AfcXfc+1|^+i], e i ) ( M  Y  C j i i Y k + u f j ^ e i  
2 = 1 j = 1

iV M

=  Y ( E [ h ( A X k + vk+i ) \yk+ib ei){M Y  Cji(Yk+i, f j ) ) ei
i=1 J=1

TV M

=  Y ( AE [^ k X k\yk] ,e i ) (M Y  Cji(Yk+i, f j ) ) ei
2=1 3 = 1

(since Vfc+iis a m artingale increment independent o f (Vfc+i)

N  M

= Y ^ Aqk^ei^ M ^2 cp^Yk+i- ^ ei
2=1 j = 1

=  i?(Yfc+ i)Azfc.

where J3(Yfc+i) is a diagonal m a trix  w ith  entries (M  H j i i  cj i { Y k+\ ,  f j ) ) -  □

Proof  o f T h e o re m  1.2.

a(J l j X )k+, = E[Afc+14 J+]X fc+1|yfc+i]

=  £ [ A fcAfc+1( 4 7' +  ( X fe, ei) ( X fc+1?ej) ) X fc+1|^ fc+1]

= £’[AfcA/;:+i lA’/t+i] + E[AkXk+i ( X k. e i)(Xk+\ , e j ) X k+-[ |34+i]-

Now.

AI
E[AkXk+i Ji?Xk+1\ y k+1] =  E[Ak( M Y ( C X k+1. f s)(Yk+, . f a) ) j kj  X k+i |34+i]

S=1

N  M

=  Y E[Ak(M Y Csr(Yk+i J s ) ) ( X k+ \ ■ e r) J lkj e r \ y k+i
r= l s=l

N  M

=  Y E [ A k ( X k+, . e r ) 4 3\ y k+1) ( M Y ^ r ( Y k+ i . f s))e
r=l s = l
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N  M

=  Y t E \ h ( A X k,e r ) J ^ y k + l ] ( M Y , C s r { Y k+ i , f s ) )e r
r = 1 s=l
N  M

+  Y / E [ h ( V k + i .er ) J l j \ y k+1] ( M Y / Csr(Yk+u f s } ) e r
r = 1 s=l

N  M

=  Y {E [ A k 4 j  A X k \y k+1] , er ) ( M  Y  c*r (Yk+ 1 J s ) ) e r
r = 1 s=l

N  M

=  Y ^ Kk j i k X k \ y ^ er ) { M Y c^ { Y k+i J s ) ) e r
r= l  s = l

N  M

=  Y ( A ° ( J i J X ) k ^ r ) ( M Y Csr(Yk+l . Js ) )e r
r —1 s=l

=  B {Y k+1) A a { J i j X ) k .

Also.

E [ A kXk+ i {X k , ef) { X k+ \ . e j ) X k+ j |34+ i] —

M

=  E [ A k ( M  Y(CXk+' ■ fs ) (Yk+x. f s ) ) ( X k , el ) ( X k + l .eJ) X k+ , \ y k+
s = 1 

M

=  E [ A k ( M  Y j cs j(Yk+ \ ■ f s) ) ( X k , e{) ( X k+i,  e j ) e j \ y k+ i]
s = 1 

M

=  E [ A k ( M  Y  cs.i{Yk+1 ■ f s ) ) ( X k . el ) ( A X k: r > ; | > V  . , |
s =  1 
M

+  E[Ak( M Y ^ i ( Y k +i - f s ) ) {X k :ei ){Vk + u ej )ej \yk+1}
s — 1

M

= (M Y  Csi(Yk+I ■ fs))E[Aki x k.r, \{AXk.eJ)\yk+,}eJ
S =  1

M

+  (A / J ]  cSJ( n + i : /.S» £ [A ,.< X ,.  et-)(Vfc+1;
S=1

M

=  ( M Y ^ i i Y k + i . f s ^ E i A k i X k . e ^ a j i i y k + t j e j
S=1
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M
= (M  cSj {Yk+\. f s))(E{AkX k\yk+i}, efjajjej

S =  1

M

=  ^  ] cs j {Yk+u  f s ) ) ( E [ A k X k \y kl  efja-jjej
S = ]

M

=  {M  'y  ̂csj  (Vfc+l: fs))(Qk■ €i)aj i ej  ■ 
s=l

Therefore.

M

a ( J ^ X ) k+1 = B ( Y k+i) A a ( J ^ X ) k +  ( M j 2 csj(yk+iJs))(qk,ei )aj i ej ,
S =  1

as required. □

Proof  o f T h e o re m  1.3.

a(Ol X ) k+i =  E[Ak+1Olk+1X k+i |T/c+i]

= E[Kkxk+AOl  + (xk,ei))xk+1\yk+1]

— E [ A kXk+ i O kX k+ i \ y k+\} +  E [ A k\ k+i ( X k , e i ) X k+ i \ y k+ i].

Now.

M

E[AkXk+10)cXk+1\yk+i} = E[Ak{ M Y /(CXk+i J j ){Yk+lJ j ))OiXk+1\yk+i}
3 = 1

N  M

=  J 2  E [ A k { M  J 2  C j r i Y k + u W i X k + u  er )0\.er \yk+,}
r= l j = 1

N  M

= E ( " E  cj r {Yk+, . f y))E{Ak(Xk+, .e r)O l \ y k+i}er
r= I j = 1

N  M

- 5 > £  cj r (Yk+1J j ))(E[AkA X kO i \ y k+1}.er )er
r= l j = 1
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N  M

+ E<ME cj r (Yk+i - f j ) ) (E{AkOikVk+\\yk+ i] .e r)er
r =1 j = 1

N  M

= E<mE c'j
r = l  j = l

N M
= E<M E cir(yfc+1;/J))(/la(OiX)fc.er)er

r = l  j = l

=  i ? ( n +1)>ic7(o2x ) fc.

Also.
[̂AfcAfc+i (Xk- ^ i)Xk+i\yk+i]

M

=  E[Ak( M ^ 2 ( C X k+1. f j )(Yk+ i . f j ) ) (X k,el ) X k+, \ y k+1}
.7 =  1

N  M= £  £[Afe(M ]T crr (yfc+1. /,-)){Afc+1; er ) (Afc, ei)er|yfc+]]
r = l  j'  =  l

iV A /

= E<mE CjrO'fr+i • /j))-E,[Afc(A’fe+i. er ) ( X k. ej)|A’fc+i]er
r=l j=l

jv a ;

= E<m E cir(yfc+1./J))E[Afc(AXfc.er)(Afc.eJ)|yfc+i]er
r = l  J = 1

TV A /

+E(«E
r = 1 j = l

jV A /

= E<"E cj r (yA.+j. /j)) £ [Aa- a r* (Afc. e.i) \ y k+1 ] e r
r=l j = 1

iV A /

= E<M E cJr (y,+1. /,))£[Afc( Xk■ e*) Iy k+1}arier
r = 1 j = l

TV M

=  'y (̂A/ ^   ̂Cjr (yfc_j_i. f j ) ) (qk■ ei)arier
r = 1 j = l

= {g/c-ej)S(yfc+i)Aei.
We follow the same procedure to obtain the recursion for the dynamics of the vector

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix I  - Proofs o f Results in  Chapter 1 36

process a ( T li  X ) k '-

< j (T ^ x )k+1 =  E[Ak+1r j + l x k+1\yk+i}

=  E [ A k+1{T lkj  +  (X fc+ l!ei ) ( y fc+1, / J- ) ) ^ fc+1|y fc+i]

= E[Ak+iT^Xk+i \yk+i ]  +  E[Ak+i(Xk+i-ei)(Yk+i. f j ) X k+\ \yk+i}.

Now,

E [A k+ i T lkj X k+1\y k+1) =  E [ A kAk+ iT j?  X k+1\ y k+1]

M

'"k + U=  E [ A k ( M  5 2 ( C X k+1, fs ) (Yk+1, f8))rkjXk+1\yk
s = 1 

N  M

=  E ( « E ^  (yfc+1, / s) )£ [A fcT ^ ( X fc+1.er ) | ^ + i]e
r= l s=l

iV M

=  J > / £ c , r (y,.+1, / s) ) £ [A fcr ^ ( A x fc. er ) | y fc+1]er
r= l s=l
N  M

+  D m E c-  (y fc+1, / , ) ) E [A fc7 f ( ^ . + 1.e r ) | y fc+1]er
r= l s=l

N  A /

=  E ( « E < v  (y fc+1, / s) ) (A £ [A fcT ^ X , | y fc+1].e r )er
r—1 .s — 1

.V  A /

=  E  c- ( n + i  > f s ) ) ( A a ( T i X ) k. er )er
r= 1 s=l

=  B ( Y k+i ) A a ( T ^  X ) k .

Also.

5 [Afc+1( x fc+1.eA(yfc+i . / J) x fc+1| ^ +1] =
A /

E [A fc( M ^ ( c x A:+1. / , ) ( n +1, / , ) ) < ^ + i - e A ( n + i . / J)A 'A.+ ,|yA-+ i]
S=1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix I  - Proofs o f Results in  Chapter 1 37

M

=  E\Ak{ M  ]T (C eJ: f s) {Yk+1J s) ) (X k+ l ;ei){Yk+1, f j )e i \ yk+1]

M

=  E\Ak( M  ^  ]  Cgi ( ^ f c + l > fs)){Xk + l, ei } {Yk+i  : f j ) \ yk+ l \ei
5 = 1

= Mcj i(Yk+1, f j )E [Kk{Xk+\ ,e i ) \yk+i}ei

=  M c j i {Yk+1J j )E[Ak(AXk:ei ) \yk+1}ei +  Mcj i (Yk+1J j )E{Ak(Vk+1,ei ) \yk+l\el 

=  Mc j i {Yk+ i , f j ) {AE[AkX k\yk+i }1ei)ei 

= Mcj i(Yk+\, f j ) (Aqk, e.i)e.i.

The result follows. □

Proof of Remark 1.2.

a ( O Y X )k+1 =  E[Ak+1O l i +1X k+1\y k + 1 ]

= E [ A k + - iO \+ 2x k + 1\ y k + i ]

= E[Ak+1(Oi+l +  (Xk+1.et))Xk+1\yk+l}

=  E [ A k + 1o i + i X k + i \ y k+ i ]

+  E [ A k + i ( X k + i . e j ) X k + 1 \ y k+ i ]

=  a ^ X ) ^ ,  + E{Ak+1{Xk+, . et) X M  |3 4 +i]-

Now.

E [ A k + \ ( X k + i ,  e i ) X k + \ |3 4 +i] =

M
= E[Ak( M  '^2 (C X k + 1 . f s){Yk+i . f s) ) {Xk+^.ei )Xk+i \ y k+i ]
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M

=  E [ A k ( M j 2 ( C x k + i J s ) ( Y k+ i J s ) ) ( X k + l : el }ei \ y k+ ,}
S =  1

AI
=  E [ A k ( M Y , ( C X k + 1J a) { Y k + 1J a) ) ( A X k +  Vk + 1, e i )e i \ y k+1]

5 = 1

M

= E[Ak( M j 2 (CXk+1J s)(Yk+1J s))(AXk,el )ei \yk+l\
5 = 1

M

+  E[Ak( M Y / (CXk+1J s)(Yk + u f s))(Vk + u ei )el \yk+1}
S = 1

M

=  ( M Y , ( C X k+1J s){Yk+1J s))E[Ak(AXk,ei )ei \yk+,}
s = l

h i

=  ( M j 2 ( C X k+ i J s ) ( Y k+ i J s ) ) ( A E [ A kX k \y k+, f e l )el 
s — 1 

M

=  { M Y ^ { C X k+ i, f a){Yk+i ,  f a) ) {Aqk ,ei )ei .
S =  1

The result follows. □

Proof  o f L e m m a  1.7. Using Bayes’ Theorem, we have

P § { X k + i =  e j \ E k ) = E ^ [ { X k + i , e j ) \ E k \

_  E g [Afc+i { X k + \ .  e j ) \ E k \

E g [ A k + i \ E k]

  Ep[Xk-\-1( X k± \ , ef)\E]f\
Ee[Xk+i \ E k}

g»[(E,Ui(gt)(W+i,eJ)(W,e.))(W+i.eJ)|^]

Now. the denom inator is

N  „

><**+■ ■e1) ( X k . e , ) \ r t \ =
i j = i  ° J ‘

= E  E< t - ) < ■ ■  e<)
J =  1 T =  1 J
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N  N  „

—  )(Xfc+ i , e j) \Xk  =  ei )(Xk,  ef) (by the M arkov p roperty) 
2=1 j = l  ^

J ^ { Y ^ ( — )E e[(x k + i ,e j )\x k =  ei ] ) ( x k ,ei )
i = l  j = l  J

E(E  ( —  )Po((x k+ i : e j ) \ X k = e i) ) ( X k, e i )
i  =  1 j = l  a *

z=i j = i
N  N  N

= E (E **) <**.*> = E ^ -ei> = L
2 = 1 j = l  2 = 1

The num erator is

JV

E9 [ ( T ( ^ ) ( X k+1,ej ) (Xk,ei ) ) (Xk+1,ej )\Fk] =  
i . j = i  a j i

= s>[ E <  ~^L)(Xk+i-ej){Xk, ei)\Fk)
dj i 

2 = 1  J

IV ,

=  Y , (  —  )E e[(Xk+i.eJ)\Xk}(Xk,ei )
2 =  1 ^
N  „

=  V ( ^ i ) P , ( X fc+1 =  ej- |^ fe) ( X fc>ei)
2 =  1 ^

N

— h j i (X k.efj (AXk. e j} .
2 =  1

This means tha t

P§(Xk+1 — e.j\J~k) — P g(X k± i ej\Xk ei) dji.

I t  follows tha t under Pj.  X  is a M arkov chain w ith  trans ition  m a trix  A  =  (

□
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Proof  o f L e m m a  1.8.

\ ^  =  U (  E( —
so

dPg Mgr
1=1 r , s = 1

j d  ^  N  „dPo v - ^ . , ,a s
l o S 7 7 ?  =  E * ° s (  E  ( — X - X i . O ( * l - i , e r > )

^  i = l  r , s = l  a s r

k N= E E  (X ;. es) ( X i - 1 , er )(log  asr — log asr)
/ = 1  r . s = l

N k

=  I ]  ( ^ 2 <x ^ e s)(Xj_i,er))(log h sr log <2S
r . s = l  ( =  1 

N

=  ^  JfcSlo g a sr +  jR(a),
r ,s  =  l

where l?(a) is independent o f the asr. 

Therefore.

dP~
L{9)  =  E e[ \ o g ^ - \ y k\

N

=  E e[ J 2  J rkS^ g a sr +  R ( a ) \ y k]
r . s = l

N

=  J ]  £;0[J fcrs lo g d sr| ^ ]  +  ^ [ i? ( a ) | y fc]
r . s = l

N

=  ^  lo g a sr£'0[J r |T fc ] +  £ ’0[^ (a )|3 ;fc]
r . s = l

N

=  \ogasrj f s +  R(a).
r . s  =  1

The op tim a l estimate o f aj i  is. therefore, the value which solves the follow ing max-
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im iza tion  problem:
N

log dsrj f s +  R(a)m ax
2 j idji

r . s —1

subject to
N

^   ̂hsr 1-
s = 1

The Lagrangian is

N  N

C ~  ^  J ks log asr +  R(a)  +  A( ^  asr -  l ) .
r ,s  =  l  s = l

D iffe ren tia ting  in  d j i  and A and equating the derivatives to  0 gives:

J - j j ci + X  =  0
Uji

N

^  ] dsr 1 •
3 =  1

Recall J2s= i =  1 and note £ f =1 J rks =  Ork so th a t £ f = i  J rks =  O rk . We then

have A =  —O k so tha t d j i  =  Now, since J lj  =  ant  ̂ ^fe =  °(̂ k i) • we

have

_  a ( J * i ) k 

<7 (0  )k

Proof  o f L e m m a  1.9.

Using Bayes' Theorem, we have

P § ( Y k  =  f j \ G k - i  V { X fc}) =  E § [ ( Y k , f j ) \ g k ^  V { X fc}]

E e j k k i Y k . f j ^ g ^ V  { X k}} 
E e[Ak \Gk^ y { X k}\

_  E 0[Xk (YkJ j )\Gk- 1 V { X k }}

EelXklGk- i  V { X k }} '
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Now. the denom inator is

N  M  .

N  M  „ 
, C

■ -t i u3x1 = 1  J = 1  J

N  A f  „

i  i  3 l1 = 1  J = 1  J

(by the M arkov property)

N  M  -  
.Cl

=  E  ( f j ) \ x k =  ei\) ( x k: e<)
.-=] j = i Cji 

N  M  .

= E ( E ^ M ^ e*>
• i  • i j  *i= i j = i
jV M  JV

= E ( E ' V K * t - e . >  = E < ; f ‘ -e-> = 1-
i = l  j  =  l  2 = 1

The num erator is

A/ A /  „
, C i

& i E E (
1=1 j= l

yv „
E e [ Y J( —  ){Y^ f 3 ) ( x ^ e l ) \Gk- i  V { X fc}]

Cji
i = i  3

N  „ 
.c,-

= £ (^ )£ a [< Y fc;/ j) |& _ i V {X fc} ] (X ^ e,)
' T ^ J *2 =  1 J

V „
=  E (  — =  e* ] ( ^ - e 2)

i ci*2 = 1 J
N  -

=  ] T ( ^ ) P * ( Y a- =  /,-lATfc =  e ^ . e * )
2=1 J 

N

=  Y / £ p ( X k - e l ) =  ( C X k. f J).
i=l
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This means tha t

=  f j \ G k - \  V { X k } )  =  P§{Yk =  f j \ X k =  ej) =  Cji . □

Proof  o f L e m m a  1.10.

7 J-* k  N  M

so

dPg . Cs r
1= 0  r = l  s = l

k  N  M

'OS i d  =  £  >08 ( £  e r M J . ) )a re  f~Z ^ A  csr1 = 0  r = l  s = l

k  N  M

- £ £ £ < * . «  r ) ( £ i ;  / s ) ( l o g  c s r  -  l 0 g c s r ) 

1 = 0  r =  1 s = l  

N  M

=  ^ ^ ^ log csr +  ^
r = l  s = l

where R(c)  is independent o f the csr. Therefore.

dP~
L( 0) =  E g { \ o g - ^ \ y k]

N  M

=  E e [ J 2 J 2 TkSlo^ ^ r  +  R{c)\yk}
r = l  s =  l  

N  M

=  H  5 Z  logcsrE e[T£a\y k] +  Ee [R(c) \ yk]
r = l  s = l  

N  M

=  5ZSl0g CarTkS +  R{c).

The optim al estimate o f c-p is. therefore, the value which solves the follow ing max­

im ization  problem:
N  M

I X  ioSCsrT™ + R { c )max
Ci

r = l  s =  l
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subject to
M

^  ' h-sr =  1- 
s=l

The Lagrangian is

N  M  M

C  =  E  E  10& d * r  + ̂  + A( E  ̂  - !)•
r = l  s =  1 s — 1

D iffe rentia ting  in  d j i  and A and equating the derivatives to  0 gives:

+  A =  0
Cj i

M

^  ' Csr — 1- 
•s = l

Recall tha t ^sr — 1 and S f i i  =  ^ J t+ r  so th a t =  t ) l£ .  We then

have A =  - O V k so th a t Cji =  Now, since f lkJ =  and OVk =  ^yyypy,
k

we have

Cji * { 01 % '

The result follows from  Remark 1.2. □

Proof  o f L e m m a  1.11.

v l- =  E[Ak+i.T\yo.T V { X k =  ei}}

=  E [ A k + 2 . T ^ k + i  I T o . t  V  { X k  =  e i } ]

M

=  E[Ak+2.T{ M j 2 ( C X k+, . f j ){Yk+1. f j ) ) \ y0.T V { X k =  e j ]
1 = 1

TV A /

^  £[A*+2.T(M £  cj7(yfc+1. f j ) ) {X k+1,el ) \y0.T V {X A. = e?:}]
/= i i= i

TV A /

J2 E[Ak+2.T{Xk+,.el )\y0.T y { X k = el } ] ( M j 2 cJ,{Yk+1. f l )) 
1=1  1=1
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M

= X^ E[(Xk+i:ei)E[Ak+2.T\yo,T V {Xk — e7;} V {Xk  = e/}]|^o.r v = e?:}] 
1=1

M

X ^  1 cj l  (̂ fc+1 • f j ) )
7 = 1

JV A /

= ■E'[(-X’*r+l:e«)vi:+ll^O!T V {Xk =  e7}] (M X  Cjl (Yfc+1: / j)  )
Z=1 7 = 1

(by the M arkov property  and the defin ition  o f ir)

TV A /

= X  E[(X*+i ? e,)\y0,T V {X* = e,-}]4+1 (M x :  c,-/(Yfc+i , f j ) )  
i = i  7=i

N  M

=  ^2,E [{AXk +  Vk+i, e i ) \y0,T V { X k =  ei}]vk+ l (M  cj i (Yk+i ■, f j ) )  
i= i  7=i

N  A /

= X ]  E [ { A X k , e,)\y0.T V {X* = ei} ]4 +1 (M X  <Y*+i, f j ) )
i= i  j = i
N  M

+ X  [̂(Vifc+1. e;)|3^o.r V {X/c = ej}]u[.+1 (M y  ̂Cji(Yk+1. / j) )
/= i 7=i

N  A /

= ^  P(Xk-i-i = e / j y 0.TV { X k = ei })v'k+-l (M  X  Cji(Yk+1 . / j) )
/= i 7=>
JV a /

+ X I ( ^ + i l ^ o . r V { X fc = ei }]!ez) 4 +1( M X ;Cj, (n + i! / i) )
/= i 7=i

TV A /

= X  P (X t+1 = C,|X* = ei)4 + i (M X  ci/<n+ i ■ / ,»
f= l 7=1
AT A/

+ y ](P [t4 +1|XA:- e?;]:e/) 4 +1(M y ]c , , (y fc+1./,))
z=i 7=i

jV M

=  ' Z , an v lk+1( M ' £ c j l (Yk+1. f j )) 
l= i  7=1
jV A /

+  X ]< £ [m - + i |P A . ] |X ,  =  e7]. e , ) 4 +1(M  x ;  cj7(n -+ i.  / i ) )
f= i 7=i

JV A /

=  X a" l W M E c* < y *+ 1-£> )-
/=! 7=1
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I t  follows tha t Vk =  A 'B ( Y k+ i ) v k+ as required. □

Proof  o f L e m m a  1.12.

Consider v̂ r _ l :

3vrT_-l = E[AT,T\yo,T V { X T- i  — ej}]

=  E[AT\y<),T v  { X t - i — C j}]
M

= E [ M Y / (CXTJ i)(YTJ i ) \ y 0.T v  { X r - ,  =  ej}]
i= l

M

=  M ^ E \ ( C X T , f i ) \yo .T  V { X t - 1  =  e j} ] {YT J i )
3 = 1

M  N

= M  E ^ iE  c u ( X t - e i ) \y o .T V {Xr-i — e-,}](Yr; /{)
j=i i=i

JV M

— ^ 2  E [ { X t ■ ej.)\yo.T v  { X t - i  =  ej } ] ( - ^  ^  cu(Yt - f i } )
i=i /=i
JV M

=  ^ E [ ( X T !ei ) | { X T - 1 = e J- } ] ( M ^ c I i (yT , / / ) )
2 = 1  { = 1

JV M

=  J 2 p ( X t  =  e i \ X T_! =  e j ) ( M j 2 c u ( Y T j i ) )  
2 = 1  1 = 1  

JV A/

=  ] 2 ch(Y t •

2 = 1  1 =  1

I t  follows tha t I ' r - i  — •'4/- B ( l r ) l .  □

Proof  o f T h e o re m  1.4.

JV JV

£ ’ [ A o . t X , | A ’o . t ]  =  ^ 2  E \ ^ o . T { X k . .  e j ) X k \ y o . T ]  — ^  £ ’ [ A o . r ( A j c . e j ) | y o . i

2 = 1  2 = 1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix I  - Proofs of  Results in  Chapter 1 

Consider the *-th  component:

E[Ao.T{Xk:  ei)\yo.T] =  E[Ao,kAk+i ,T(Xk-  e ^ lT o .r]

= E[A0_kE[Ak+\.T\yo,T v {Xk = ej)|To.r]

=  E [ K ^ kv i { x k . ei) \ y G.T]

=  E[Ao}k (Xk:  e-i)\yo.T\vk

=  (£ [A 0.fcx fc| 3 W U K  

=  4 vk-

where q\  :=  (E [A kX k \ y k], e,).

Therefore. E \ A 0 T̂ X k \y 0^ }  =  Qkvkei =  d ia8 idk • v'k) -  □

Proof  o f T h e o re m  1.5.

( a ( J i j X ) k + u vk + l ) =

M

=  {B {Y k+, ) A a { J ^ X ) k +  { M ^  sj O^k+l ; fs)'){Qk- €i)(kj i€j ■ Vk+\ )
s = l

(by Theorem 2.2)
AI

=  (B (Y k + l ) A a { J i j  X ) k . v k+1) +
S =1

M
=  {B (Y k + ] ) A a { J lJ X ) fc. t ’fr+i)  +  { M  cSJ-(Yit+ i • f s ) ) idk -e i)a 77;(r;/,+ ] , e3)

S =  1

M

=  ( a { J i j X ) k . A ' B { Y k+1)vk+1) +  { M Y , c s j {Yk+1J s ) ) {q k .e i ) { vk + l ,ej )aj
S =  1

M

=  {a ( J lJX ) k . v k) +  ( M  csj (Yk+\- fs)) (qk-ei ) {vk+ 1 . e 7) a .
S = 1
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T h a t is.

M

{ a { J ^  X )k +  l i V k + l )  ~  X ) k - V k )  =  ( M  y  ]('-sj(Yk + \ - f s ) ) ( qk^ei ) ( vk + \ : ej ) aj
s= 1

Since J 1q — 0 and vp =  1 ;

^ 2 [ ( a ( J l j  X ) k+1,v k+ 1 ) -  (cr(Jt j X ) k, v k}\ =  { a ( J l j X ) T: vT ) -  ( o { J t j X ) 0,v  0) 
k=o

=  { a { J i j X ) T ,v T ) =  { a ( J i j X ) T : 1) =  cr{Jl j )T .

Hence,

T  — l M

y  ' c sj  . f s ) ) (c[k. e f )  (t’fc+1  • Cj)
f e = 0  s = l

T  M

— 'y 'j O-ji { M  'y  ̂Cgj (Tfc, / .;)) ( d k -  1T e i )  { V k - e j ) -  ^  
fc=1 s=l

Proof  o f C o ro l la ry  1.1.

Since a (0 ' l ) r  =  X ^ L i v { J l j )T-. we have

N  N T  M

ct( 0 1)t  =  =  y ^ j i  • e-i)(vk• ej ) ( ^ l  X > „ < n , / S»
j= l  j= l  fc=l s=l

T  N  M

=  Y  ('/A- 1 ■ e,-> ( < P  e j ) ( M  Y r >. i ( Y k J s ) )
k = i  j = i -s=i

T  N  M

= Y(qk~X-ei}YlVka3i (M Y  CP (Yk• Is) )
A := l  j = l  s = l

T

=  Y M k- x- ei ) ( A ' B (Yk+ \ )vk-ej) 
k = 1 

T

=  Y ( qk- ’i : e i ')(Vk- i - ei} '  n
k = l
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P roof o f T h e o re m  1.6.

( a ( T ^ ' X ) k+1,v k+1) =

=  (B (Yk+1) A a ( T i^ X ) k +  M c j i (Yk+1: f j ) (Aqk.,ei )et . v k + i )

(by Theorem 2.3)

=  (B {Yk + l ) A ° { T ii X ) k , v k+,)  +  { M c j i {Yk + l ; f j ) (Aqk .e i )ei , v k+,)

=  (B (Yk+1) A a { T i j X ) k )vk+1) +  M c j t {YkJrl, f j ) {Aqk ,e i ) {vkjr l ,ei )

=  (a(Ti j X ) k, A ' B(Yk+1)vk+i) +  Mcj i (Yk+u f j ) { A q k . ei)(vk+1. e?:)

=  (a ( T 3X ) k , v k} +  Mcj i (Yk+i, f j ) ( A q k , ef) {vk^ \ , e,;).

T h a t is,

{ a ( T i j X ) k+ i , v k+i )  -  {a ( T l3X ) k . v k) =  M c 3%{Yk + l , f j ) ) {Aqk .ei) { v k + l .ej  

Since =  0 and oT =  1.

T — 1

^ [ ( a ( T ^ X ) fc+1,n fc+1) -  ( a ( T l3X ) k. v k)} =  (a (T i3 X ) T .vT ) -  ( a (T i3 X ) 0,
k = 0

=  (a(Vj X ) T,vT) =  (a{Ti j X ) T. l )  =  a(Ti j )T.

Hence,

T  — 1

a ( T ^ ) r  =  M c j i {Yk+ , . f j ) ) {Aqk .el ) {vk+, . e i )
k —0

T

=  M  Cji (Yk . f j ) )  (Aqk_ i . ei ) (vk . ef) . □
fc= l
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Proof  o f C o ro l la ry  1.2.

Since < t(0 1 *)t =  Y ^ jL i  a ( T l3)T-, we have

M  M  T

Cj{Oll )T =  Y . < T j )T =  E E  AtCji (Efc- f j ) {Aqk—}. e,;} (t̂ . ef)
j —l j= i  fc=i

T  M

f e = i  j = i

Proof  o f L e m m a  1.14.

<t ( J ' 3)t + i
T + l  M

= “><E(«Ec Sj<n, /«)){%-!, ^s(yT)^5(yT+1)i
f c =  1 S =  1

T M

=  a i < ^ ( M ^ c iJ- ( r fc, / s ) ) ( 9fc_ 1 , e i ) e ^ , B ( r fc+1) - . - > l / 5 ( r T ) l
f c = l  S = 1

M
+ a j i (M  Y  csj(Yt + i • fs))(Qt - ei )e’j  1

s=l
M

=  Y'TA ,B{YT + l ) +  aji { M Y J^j{YT+A..fs)){qT..ei )e,J
S = 1

The result follows. □

Proof  o f L e m m a  1.15.

T +1

a ( T ^ ) r+1 =  Y 2 M c j i {YkJ j ) (Aqk- l ,e i )e'i A ,B (Y k+1) - - - A ' B ( Y T ) A ,B (Y T + i ) l
k= 1 

T

=  Y  A lc j i ( Y k . f j ) {Aqk- 1.e i )e'i A 'B ( Y k+1) - ■ • A ’ B (Y T ) A 'B ( Y T+i  )1
fc=i
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+  M c j i i y r + i ,  f j ) { A q T .i ei )ei 1 

=  H'T A 'B { Y T + l ) l  +  M Cji{YT + l . f ^ i A q r . e f j e ' ,  1 

=  H'T + l i .

The result follows. □
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C hapter 2

HMM Implementation Results

1. INTRODUCTION

A  M arkov Chain M odel is often used to  describe the dynamics o f a f irm ’s

cred it ra ting  as an ind ica to r o f the like lihood o f default. The ra ting  labels, from

the highest ra ting  o f A A A / A a a  to  the lowest ra ting  o f C  and then the default D,

are taken to  be the states o f the process. The trans ition  p robab ility  m a trix  gives

probabilities o f ra ting  m igra tion  from  one state to  another w ith in  a u n it o f tim e,

such as a quarter or a year. The dynamics are s ta tionary so tha t the p robab ility  o f a

trans ition  from  one ra ting  category to  the next does not change over time. Taking

powers o f the trans ition  p robab ility  m a trix  allows for p redicting the p robab ility

o f degradation in cred it qua lity  or even default w ith in  any tim e frame. The key

assumption behind the M arkov chain representation o f credit ra ting  evolution is

the M arkov property, which implies tha t the ra ting  process should have no memory

of its past behaviour so tha t p rio r ra ting  changes should have no predictive power for
52
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the d irection  o f fu tu re  ra ting  changes. As documented in  C arty  and Fons [5]. C arty  

and Lieberm an [6]. and Lando and Skodeberg [24], the credit ra ting  process seems 

to  exh ib it “m om entum ” or “ ra ting  d r if t : ” a firm  recently upgraded (downgraded) 

is more like ly  to  be upgraded (downgraded).

We propose th a t the observed ra tin g  process is corrupted by what we may 

call “ noise.” We assume th a t the credit ra ting  evolution can be described by a 

M arkov chain bu t th a t we do not observe th is  M arkov chain directly. Rather, i t  

is hidden in  “noisy” observations represented by the posted cred it ratings. In  th is  

chapter we implement the H idden M arkov M odel (H M M ) described in  Chapter 1 

to  a data  set o f S tandard &  P oor’s credit ratings. The outcome o f the H M M  is 

a p ro ba b ility  d is tr ib u tio n  for a “ true ” ra ting  at tim e k given the observed ratings 

up to  and inc lud ing  tim e k, and estimates o f the parameters o f the model, namely 

the elements o f the trans ition  m a trix  and the probabilities o f observing a particu la r 

ra ting  given a “ true ” rating.

2. THE RATINGS DATA

Here we describe some o f the aspects o f debt ratings obtained from  the Standard 

&; P oor’s C O M P U S TA T database, as relevant for our subsequent im plem entation 

o f the H idden M arkov Model.

2.1. Basic Properties

O ur analysis takes advantage o f the Standard &  Poor's C O M P U S TA T data­

base. which contains ra tin g  histories for 1,301 obligors over the period 1985-1999.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2 - H M M  Im plem entation Results 54

The universe o f obligors is m a in ly  large U.S. and Canadian corporate ins titu tions . 

The obligors include industria ls, u tilitie s , insurance companies, banks and other 

financial in s titu tions  and real estate companies.

To capture cred it qua lity  dynamics, the creditworthiness o f obligors must be 

assessed, as credit events typ ica lly  concern a firm  as a whole. U nfortunate ly, pub­

lished ra tings typ ica lly  focus on ind iv idua l bond issues. Therefore, Standard &  

P oor’s im plem ent a number o f transform ations. P rio r to  September 1, 1998, the 

company level ra ting  is taken to  be the highest issue level ra ting  th a t the company 

has on its  senior secured debt. W hen a company does not have senior secured 

debt issues, the im plied senior ra tin g  is used.1 The last po in t is w orth  elaborating. 

We in te rp re t credit ra tings as indicators o f the chance of default and like lihood of 

m ig ra tion  to  a different (lower or higher) ra ting  class. However there are clearly 

differences in  ra ting  between senior and subordinated debt in  recognition o f d if­

ferences in  antic ipated recovery rate in  case o f default. I t  is ce rta in ly  true tha t 

senior debt obligations may be satisfied in  fu ll during  bankrup tcy procedures while 

subordinated debt is paid off only partia lly . The anticipated recovery rate for sub­

ordinated debt is lower and th is  type o f debt is given a lower ra ting, which then 

reflects recovery rate differences in  add ition  to  the like lihood o f default. Since we 

are not interested in  recovery rate differences, only the most senior credit ra ting  is 

used as a proxy for the company level ra ting. As o f September 1. 1998. a ll ratings

1 S ta n d a rd  <fc P o o r 's  ass ign  an im p lie d  se n io r r a t in g  w h e n  a c o m p a n y  a p p lie s  fo r  a s u b o rd i­
n a te d  r a t in g  based o n  th e  issuance  o f  s u b o rd in a te d  d e b t o n ly .
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in  the C O M P U S TA T dataset are Standard &  P oor’s issuer cred it ratings.

The C O M P U S TA T database provides annual ratings. Every year each o f the 

rated obligors is assigned to  one o f the Standard and P oor’s 8 ra ting  categories, 

ranging from  A A A  (highest ra ting) to  C C C  (lowest ra ting) as well as D  (payment 

in  default) and the N R  (not rated) state.

We have a to ta l o f 19.515 firm -years in  our sample. However, only 34% of 

those observations are “ non-zero.” i.e. correspond to  a firm  w ith  one o f the 8 ra ting  

labels in  a given year. The rem aining 66% of observations represent transitions to 

the so-called N R  (not rated) status. Transitions to  N R  are discussed in  deta il in  

the next section. A pprox im ate ly  85% of non-zero ratings are range from  B  to  A. 

The median ra ting  is B B .  the highest non investment-grade ra ting. A pprox im ate ly  

1% o f the observed “ non-zero” ratings are A A A  and 2% are defaults. The most 

common ra ting  is B.  two ra ting  categories above default, which accounts fo r 25.5% 

of the “ non-zero” observations.

2.2. Treatment of Transitions to “Not R ated” Status

Not every issuer has been assigned a ra ting  for each o f the 15 years between 

1985 and 1999. As a result, the C O M P U S TA T dataset contains many transitions to 

the N R  (not rated) status. The m a jo rity  o f ra ting  w ithdraw als occur when a f irm ’s 

only outstanding issue is paid off or its  debt issuance program matures. However, 

transitions to  N R  may be due to  o ther reasons as well, such as fa ilu re  to  pay the 

requisite fee to  Standard &  Poor's. U nfortunate ly, the details o f ind iv idua l transi­
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tions to  N R  are not known. In  particu la r, we do not know whether a deterio ra tion  

o f credit qua lity  known only to  the obligor has led the issuer to  decide to  bypass an 

agency ra ting. In  other words, we do not know whether a given trans ition  to  N R  

is “ benign” or “bad.”

The industry  standard calls for removing transitions to  N R  from  the dataset. 

The procedure depends on whether transitions to  N R  are considered “negative in­

fo rm ation” or “ non-in form ation .” Regardless o f how the N R  category is in terpreted, 

p robab ility  transitions to  N R  are d is tribu ted  among other states.

O ur m ain objective is to  u tilize  as many ra ting  transitions as possible. However, 

most firm s experience few ra tin g  changes. Moreover, when cred it ra tings do change, 

they usually stay w ith in  a fa ir ly  narrow range, a few consecutive ra ting  categories. 

T ransitions to  N R  pose a problem as well since only a small subset o f rated obligors 

have been assigned a ra ting  for the same number o f consecutive years (84 firm s rated 

over 1988-1998).

Therefore, contrary to  the industry  standard for the estim ation o f trans ition  

matrices, we re ta in  the N R  category in  our dataset. As a result, we have 15 years 

o f ra ting  h is to ry  for a ll 1,301 obligors.

3. IMPLEMENTATION RESULTS

As mentioned before, firm s generally experience few ra ting  changes w ith in  a 

narrow range. Im plem entation o f the H M M  a lgorithm  based on a ra ting  h is to ry  o f 

one company is then problem atic. To overcome th is  d ifficu lty , we apply the algo­
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r ith m  to  an aggregate o f firm s in  the dataset ra ther than an ind iv idua l company. 

Th is allows for more observed transitions between ra ting  categories which makes 

inference possible. Specifically, instead o f estim ating the d is tr ib u tio n  and param­

eters for the M arkov chain X[. for each firm  I, we estimate the d is tr ib u tio n  and 

parameters fo r X lk given the a d d itiv ity  o f a ll stochastic processes discussed in  

Chapter 1. Th is approach is appealing for other reasons as well. B y  considering 

aggregate ra ting  processes for a p a rticu la r industry, we can estimate parameters o f 

the model, namely matrices A  and C.  specific to  th a t industry. These parameter 

estimates can then be used to  obta in  a d is trib u tio n  for the signal process { X k } fo r a 

p a rticu la r firm  from  the industry  v ia  Theorem 1.1. Th is way we use on ly the most 

relevant in fo rm ation  in  the estimation. Note th a t given the estimates o f A  and C.  

Theorem 1.1 can also be used to  make predictions w ith  regards to  the evolution o f 

a p a rticu la r company's rating.

Each credit ra ting  category, 8 in  to ta l, was identified w ith  a u n it vector in  M8. 

The in it ia l values o f the model parameters were as follows. M a tr ix  A  was taken 

to  be the Ju ly  1998 h istorica l trans ition  m a trix  based on Standard &  P oor’s credit 

ratings obtained from  J.P. M organ’s Cred i t  M e t r i c s ™  dataset. The m a trix  is given 

in  Appendix I IA . Note tha t th is  trans ition  m a trix  does not include transitions to  the 

N R  category. Consequently, the N R  category was treated as “negative in fo rm ation" 

and combined w ith  the default state D.  M a tr ix  C  was a rb itra r ily  taken to  be the 8 x  

8 tri-d iagona l m a trix . The m a trix  is given in  Append ix IIB . Non-zero entries of th is
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m a trix  are in terpreted as follows. The p ro ba b ility  o f the observed ra tin g  agreeing 

w ith  the “ true" ra ting  is assumed to  be 0.5 for a ll ra tin g  categories. The p robab ility  

o f the observed ra ting  being one notch higher than the “ true" ra ting  is 0.3 (0.5 for 

default state D ) .  and the p robab ility  o f the observed ra ting  being one notch lower 

than the “ true" ra ting  is 0.2 (0.5 for A A A ). Note th a t when C =  I ,  processes X  

(the signal) and Y  (the observations) are identica l, i.e. there is no “noise” in  the 

system. Given the re la tive ly short tim e period, parameter estimates were updated 

w ith  the arriva l o f every new observation for the 1,301 firm s in  the data  set using 

the formulae given in  Chapter 1. R epetition  o f the estim ation procedures ensures 

tha t the model and estimates improve w ith  each ite ra tion . S im ulation results are 

presented in  Append ix IIC . We report the estimated parameters o f the model, 

namely matrices A  and C.  as well as the aggregate variance/covariance matrices for 

the two m artingale increments. V  and W .  in  the sem imartingale representation o f 

X  and y ,  respectively.

Consider firs t the aggregate variance estimates for the sem im artingale incre­

ments W  in  the semimartingale representation Y*. =  C X k  +  W )c. The variances are 

generally small and decrease sign ificantly w ith  the arriva l o f each new observation, 

which confirms the “self-tuning” p roperty o f the model. There is an improvement 

in  the qua lity  o f the estimates w ith  each successive pass through the data.

Consider now the estimated trans ition  m a trix  A. Entries above the diagonal 

correspond to  ra ting  upgrades and those below the diagonal to  ra tin g  downgrades.
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We see th a t non-zero trans ition  probabilities are concentrated and highest on the 

diagonal: obligors are most like ly  to  m ain ta in  the ir current ra ting. The second 

largest p ro ba b ility  is usually on the off-diagonal. Th is  confirms the observation tha t 

ra tin g  agencies usually do not change a company's ra ting  by more than one category 

a t a tim e. Downgrades seem to  be more common than upgrades, except for the B B B  

category. For firm s rated B B B .  an upgrade seems more like ly  than a downgrade. 

B B B  firm s therefore tend to  hold on to  the ir investment-grade status. Note th a t 

fo r Enron, m a in ta in ing  an investment-grade ra ting  was one o f the conditions for the 

success o f a proposed merger w ith  Dynergy inc.. which eventually d id  not succeed. 

F ina lly, the lower the in it ia l ra ting, the greater the p robab ility  o f trans ition  to  the 

N R  +  D.  Note also th a t th is p robab ility  is estimated as zero for the two highest 

ra ting  classes, A A A  and A A.  and v ir tu a lly  zero for A. In  other words, once the 

highest-rated firm s enter the data set, the remain rated u n til 1999. Th is p robab ility  

is nearly 15% for B B B  and increases to  38.5% for C C C .  I t  is then the lower-rated 

firm s who disappear from  the data set. Possible reasons are: bankruptcy, m aturing  

debt followed by no new issues possibly because of concerns over credit quality, or 

opting  fo r no ra tin g  in an tic ipa tion  o f unfavourable ra ting  assessment .

Recall tha t in general m a trix  C  describes the re lationship between the signal 

process X  and the observation process Y . In  particu la r, non-zero entries above the 

diagonal ind icate th a t the observed ra ting  may be higher than the “ true" credit 

ra ting. In  th is  case, the estimated m a trix  C  is tri-d iagonal, w ith  the highest proba­
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b ilities  generally on the m ain diagonal. Th is  suggests tha t i f  there is “noise” in  the 

ra ting  system, i t  is m ostly confined to  the neighbouring ra ting  categories. Note also 

th a t fo r A  and N R  +  D.  the p robab ility  on the diagonal is estimated to  be close to  

one, which suggests th a t the observed credi ra ting  may agree w ith  the “ true '5 ra ting. 

For B B B  and B .  the estimates suggest th a t the observed ra ting  may be higher than 

the “ tru e ” ra ting. For A A A .  A A  and C C C .  the observed ra tin g  may be lower than 

the “tru e 55 ra ting. Note th a t for A A A ,  the p robab ility  o f observing A A  is estimated 

as one. which suggests tha t Standard &  Poor's may be re luctant to  upgrade firm s 

to  the highest ra ting  A A A .  O verall however, the results are therefore inconclusive 

w ith  regards to  the overall q ua lity  o f the Standard &  Poor's ra ting  system. Longer 

ra ting  histories may be required to  accurately capture the ra ting  dynamics.

O ur results seem to  suggest tha t the ra ting  process may be influenced by the 

fact th a t i t  is often crucia l fo r a borrower to  m ain ta in  investment-grade ra ting. We 

have therefore reclassified all firm s in  the sample as investment grade, speculative 

grade or d e fa u lt/N R  and then applied the H M M  a lgorithm  to the new data set. The 

results presented in  A ppend ix I ID  confirm  tha t investment-grade firm s do generally 

hold on to  the ir status, but there is an estimated 28% p robab ility  o f downgrade to 

speculative-grade status. However, fo r speculative-grade firms, the p ro ba b ility  o f 

upgrade to  investment-grade status is v ir tu a lly  zero. Speculative-grade firm s tend 

to  m a in ta in  th e ir status or disappear from  the data set because of e ither default 

or w ithd raw n ra ting . Estim ated m a trix  C  suggests tha t ra ting  agencies may be
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re luctant to  upgrade firm s to  investment-grade status, which results in  estimated 

p ro ba b ility  o f 16% tha t the observed ra ting  is speculative-grade when the “ true '’ 

cred it q ua lity  is investment-grade. For speculative-grade firms, the estimated m a trix  

C  confirms our earlier observation tha t these firm s tend to  disappear from  the 

data  set quickly, perhaps because they choose to  have the ir ra ting  w ithd raw n in 

an tic ipa tion  o f unfavourable news. However, we conclude as before th a t longer 

ra tin g  histories and fu rthe r analysis may be required to  verify our results.
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Appendix IIA
Standard & Poor's Historical Transition 
Matrix (July 1998)

A A A A A A B B B B B B C C C D

A A A 0 . 9 0 8 0 . 0 0 6 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0

A A 0 . 0 8 3 0 . 9 0 9 0 . 0 2 4 0 . 0 0 3 0 . 0 0 1 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0

A 0 . 0 0 7 0 . 0 7 7 0 . 9 1 3 0 . 0 5 9 0 . 0 0 6 0 . 0 0 2 0 . 0 0 4 0 . 0 0 0

B B B 0 . 0 0 1 0 . 0 0 6 0 . 0 5 2 0 . 8 7 5 0 . 0 7 7 0 . 0 0 4 0 . 0 1 2 0 . 0 0 0

B B 0 . 0 0 1 0 . 0 0 1 0 . 0 0 7 0 . 0 5 0 0 . 8 1 2 0 . 0 6 9 0 . 0 2 7 0 . 0 0 0

B 0 . 0 0 0 0 . 0 0 1 0 . 0 0 2 0 . 0 1 1 0 . 0 8 4 0 . 8 3 5 0 . 1 1 7 0 . 0 0 0

C C C 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 0 1 0 0 . 0 3 9 0 . 6 4 5 0 . 0 0 0

D 0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 0 0 2 0 . 0 1 0 0 . 0 4 9 0 . 1 9 3 1 . 0 0 0
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Appendix IIB

Initial Matrix C

A A A A A A B B B B B B C C C D

A A A 0 . 5 0 0 0 . 3 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

A A 0 . 5 0 0 0 . 5 0 0 0 . 3 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

A 0 . 0 0 0 0 . 2 0 0 0 . 5 0 0 0 . 3 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

B B B 0 . 0 0 0 0 . 0 0 0 0 . 2 0 0 0 . 5 0 0 0 . 3 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

B B 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 0 0 0 . 5 0 0 0 . 3 0 0 0 . 0 0 0 0 . 0 0 0

B 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 0 0 0 . 5 0 0 0 . 3 0 0 0 . 0 0 0

C C C 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 0 0 0 . 5 0 0 0 . 5 0 0

D 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 0 0 0 . 5 0 0
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Appendix IIC

HMM Implem entation Results

The follow ing pages present the ou tpu t o f a com puter program w ritte n  to 

implement the estim ation procedures from  Chapter 1.

For each o f the passes through the data  set, we are given the estimates for 

matrices A  and C, as well as VarVk  and VarW k-  Recall tha t a j i  =  P (X jc+i — 

e j \Xk  — ei) and Cji — P(Yk =  f j \ X k  =  e^). For m a trix  A , probabilities above 

the diagonal correspond to ra ting  upgrades, and those below the diagonal to ra ting  

downgrades. For m a trix  C , entries above the diagonal correspond to  the p robab ility  

tha t the observed ra ting  is higher than the “ true” ra ting. A  non-zero entry below 

the diagonal means tha t the observed ra ting  is lower than the “ true” rating.
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P a s s  1

E s t i m a t e d  m a t r i x  A

0 . 8 5 5 0 . 0 0 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 1 2 4 0 . 8 7 0 0 . 0 1 6 0 . 0 0 2 0 . 0 0 1 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 1 7 0 . 1 1 5 0 . 9 2 5 0 . 0 6 4 0 . 0 0 7 0 . 0 0 2 0 . 0 0 2 0 . 0 0 0

0 . 0 0 1 0 . 0 0 8 0 . 0 4 9 0 . 8 6 9 0 . 0 8 0 0 . 0 0 4 0 . 0 0 5 0 . 0 0 0

0 . 0 0 2 0 . 0 0 1 0 . 0 0 6 0 . 0 4 5 0 . 7 6 5 0 . 0 5 7 0 . 0 0 9 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 2 0 . 0 0 9 0 . 0 7 1 0 . 6 1 8 0 . 0 3 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 0 3 0 . 0 2 4 0 . 0 8 6 0 . 5 7 7 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 9 0 . 0 5 2 0 . 2 3 2 0 . 3 7 2 1 . 0 0 0

E s t i m a t e d m a t r i x  C

0 . 0 9 5 0 . 0 3 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 9 0 5 0 . 5 6 6 0 . 2 1 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 3 9 9 0 . 6 3 8 0 . 4 1 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 1 4 5 0 . 3 9 6 0 . 2 6 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 1 8 7 0 . 5 1 2 0 . 3 4 5 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 2 8 0 .6 4 1 0 . 1 3 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 1 5 0 . 0 1 2 0 . 0 0 6

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 8 5 8 0 . 9 9 4

A g g r e g a t e v a r i a n c e / c o v a r i a n c e m a t r i x  f o r  V

2 0 . 9 8 1 - 1 7 . 8 4 5 - 2 . 5 4 2 - 0 . 2 1 3 - 0 . 3 2 3 - 0 . 0 0 4 - 0 . 0 3 2 - 0 . 0 2 2

- 1 7 . 8 4 5 3 9 . 1 7 7 - 1 9 . 0 2 3 - 1 . 5 8 2 - 0 . 2 8 1 - 0 . 2 9 4 - 0 . 1 1 0 - 0 . 0 4 1

- 2 . 5 4 2 - 1 9 . 0 2 3 4 2 . 1 0 0 - 1 6 . 5 5 6 - 2 . 2 6 7 - 0 . 7 1 1 - 0 . 2 9 6 - 0 . 7 0 5

- 0 .2 1 .3 - 1 . 5 8 2 - 1 6 . 5 5 6 4 0 . 8 6 8 - 1 6 . 3 5 6 - 2 . 5 9 7 - 1 . 2 0 0 - 2 . 3 6 4

- 0 . 3 2 3 - 0 . 2 8 1 - 2 . 2 6 7 - 1 6 . 3 5 6 4 7 . 8 1 6 - 1 4 . 6 2 1 - 4 . 6 8 5 - 9 . 2 8 3

- 0 . 0 0 4 - 0 . 2 9 4 - 0 . 7 1 1 - 2 . 5 9 7 - 1 4 . 6 2 1 5 6 . 5 2 5 - 1 2 . 2 3 0 - 2 6 . 0 6 7

- 0 . 0 3 2 - 0 . 1 1 0 - 0 . 2 9 6 - 1 . 2 0 0 - 4 . 6 8 5 - 1 2 . 2 3 0 5 6 . 8 9 7 - 3 8 . 3 4 5

- 0 . 0 2 2 - 0 . 0 4 1 - 0 . 7 0 5 - 2 . 3 6 4 - 9 . 2 8 3 - 2 6 . 0 6 7 - 3 8 . 3 4 5 7 6 . 8 2 6

A g g r e g a t e v a r i a n c e / c o v a r i a n c e m a t r i x  f o r w

1 7 . 6 1 3 - 1 5 . 2 8 1 - 2 . 3 3 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 5 . 2 8 1 8 3 . 8 1 8 - 6 2 . 7 3 8 - 5 . 7 9 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 3 3 2 - 6 2 . 7 3 8 1 2 2 . 2 4 9 - 4 4 . 3 0 9 - 1 2 . 8 6 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 5 . 7 9 9 - 4 4 . 3 0 9 8 9 . 9 9 6 - 3 1 . 3 4 6 - 8 . 5 4 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 1 2 . 8 6 9 - 3 1 . 3 4 6 8 8 . 0 4 2 - 4 3 . 2 2 5 - 0 . 6 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 8 . 5 4 1 - 4 3 . 2 2 5 6 5 . 5 9 1 - 1 . 2 9 6 - 1 2 . 5 3 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 6 0 1 - 1 . 2 9 6 4 . 6 2 4 - 2 . 7 2 7

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 2 . 5 3 0 - 2 . 7 2 7 1 5 . 2 5 7
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P a s s  2

E s t i m a t e d

0 . 9 1 1

m a t r i x  A

0 . 0 0 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 8 0 0 . 8 9 2 0 . 0 1 5 0 . 0 0 2 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 7 0 . 0 9 7 0 . 9 4 1 0 . 0 6 9 0 . 0 0 5 0 .0 0 1 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 4 0 . 0 3 7 0 . 8 7 1 0 . 0 6 1 0 . 0 0 2 0 . 0 0 1 0 . 0 0 0

0 . 0 0 1 0 . 0 0 0 0 . 0 0 3 0 . 0 3 6 0 . 7 4 8 0 . 0 3 9 0 . 0 0 3 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 1 0 . 0 0 6 0 . 0 7 0 0 . 5 5 5 0 . 0 1 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 0 3 0 . 0 3 2 0 . 0 9 8 0 . 5 5 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 1 3 0 . 0 8 3 0 . 3 0 5 0 . 4 2 7 1 . 0 0 0

E s t i m a t e d

0 . 0 1 8

m a t r i x  C

0 . 0 0 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 9 8 2 0 . 6 5 2 0 . 1 3 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 3 4 3 0 . 7 9 5 0 . 4 7 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 7 0 0 . 3 9 4 0 . 1 9 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 1 3 0 0 . 6 0 7 0 . 2 6 9 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 1 9 5 0 . 7 2 7 0 . 0 4 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 4 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 5 4 1 . 0 0 0

A g g r e g a t e v a r i a n c e / c o v a r i a n c e m a t r i x  f o r  V

1 2 . 3 7 0 - 2 8 . 9 3 3 - 3 . 6 4 5 - 0 . 2 8 5 - 0 . 3 9 8 - 0 . 0 0 7 - 0 . 0 4 9 - 0 . 0 3 5

- 2 8 . 9 3 3 2 9 . 5 6 0 - 3 6 . 0 9 6 - 2 . 6 0 6 - 0 . 4 1 2 - 0 . 4 1 7 - 0 . 1 9 7 - 0 . 0 7 6

- 3 . 6 4 5 - 3 6 . 0 9 6 3 7 . 2 1 2 - 3 2 . 9 2 3 - 3 . 6 8 7 - 1 . 0 6 1 - 0 . 4 5 8 - 1 . 4 4 2

- 0 . 2 8 5 - 2 . 6 0 6 - 3 2 . 9 2 3 3 4 . 3 9 6 - 2 8 . 0 6 5 - 4 . 2 1 3 - 2 . 0 7 8 - 5 . 0 9 4

- 0 . 3 9 8 - 0 . 4 1 2 - 3 . 6 8 7 - 2 8 . 0 6 5 3 8 . 1 3 9 - 2 4 . 7 6 7 - 8 . 8 1 6 - 1 9 . 8 0 9

- 0 . 0 0 7 - 0 . 4 1 7 - 1 . 0 6 1 - 4 . 2 1 3 - 2 4 . 7 6 7 4 1 . 6 5 8 - 1 9 . 9 1 0 - 4 7 . 8 0 7

- 0 . 0 4 9 - 0 . 1 9 7 - 0 . 4 5 8 - 2 . 0 7 8 - 8 . 8 1 6 - 1 9 . 9 1 0 4 3 . 4 9 3 - 6 8 . 8 8 3

- 0 . 0 3 5 - 0 . 0 7 6 - 1 . 4 4 2 - 5 . 0 9 4 - 1 9 . 8 0 9 - 4 7 . 8 0 7 - 6 8 . 8 8 3 6 6 . 3 2 1

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

3 . 2 2 4 - 1 8 . 1 8 9 - 2 . 6 4 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 1 8 9 6 2 . 6 0 8 - 1 2 0 . 5 1 5 - 7 . 7 2 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 4 8 - 1 2 0 . 5 1 5 1 0 9 . 4 5 6 - 8 5 . 7 6 7 - 2 2 . 7 7 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 7 2 2 - 8 5 . 7 6 7 7 0 . 4 7 3 - 5 3 . 8 4 1 - 1 3 . 1 3 8 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 2 2 . 7 7 6 - 5 3 . 8 4 1 6 2 . 0 9 2 - 7 2 . 8 2 9 - 0 . 6 8 7 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 3 . 1 3 8 - 7 2 . 8 2 9 3 7 . 8 7 8 - 1 . 5 3 1 - 1 5 . 9 7 1

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 6 8 7 - 1 . 5 3 1 0 . 4 3 2 - 2 . 8 3 8

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 5 . 9 7 1 - 2 . 8 3 8 3 . 5 5 2
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P a s s  3

E s t i m a t e d  m a t r i x  A

0 . 9 4 3 0 . 0 0 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 5 4 0 . 8 9 8 0 . 0 1 1 0 . 0 0 2 0 .0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 3 0 . 0 8 9 0 . 9 6 0 0 . 0 9 6 0 . 0 0 5 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 3 0 . 0 2 4 0 . 8 4 0 0 . 0 4 0 0 . 0 0 1 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 0 2 7 0 . 6 7 6 0 . 0 2 2 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 5 0 . 0 6 9 0 . 4 4 3 0 . 0 0 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 0 6 0 . 0 5 6 0 . 1 2 3 0 . 5 4 9 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 2 4 0 . 1 5 2 0 . 4 1 1 0 . 4 4 3 1 . 0 0 0

s t i m a t e d  m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 7 5 9 0 . 0 4 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 2 4 1 0 . 9 3 9 0 . 5 8 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 1 5 0 . 3 5 6 0 . 1 3 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 5 9 0 . 7 1 6 0 . 1 9 3 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 1 5 2 0 . 8 0 6 0 . 0 2 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 7 5 1 . 0 0 0

g g r e g a t e v a r i a n c e / c o v a r i a n c e m a t r i x  f o r  V

8 . 4 9 3 - 3 6 . 7 0 5 - 4 . 2 5 3 - 0 . 3 3 9 - 0 . 4 3 2 - 0 . 0 0 9 - 0 . 0 6 0 - 0 . 0 4 7

- 3 6 . 7 0 5 2 3 . 9 2 8 - 5 1 . 2 8 1 - 3 . 2 9 0 - 0 . 4 8 8 - 0 . 4 8 9 - 0 . 3 0 2 - 0 . 1 1 0

- 4 . 2 5 3 - 5 1 . 2 8 1 3 5 . 9 4 6 - 5 0 . 5 1 8 - 4 . 7 2 3 - 1 . 3 0 8 - 0 . 6 6 2 - 2 . 5 1 4

- 0 . 3 3 9 - 3 . 2 9 0 - 5 0 . 5 1 8 3 1 . 3 9 8 - 3 4 . 9 7 1 - 5 . 2 9 2 - 3 . 1 7 5 - 9 . 0 7 7

- 0 . 4 3 2 - 0 . 4 8 8 - 4 . 7 2 3 - 3 4 . 9 7 1 3 2 . 2 9 7 - 3 1 . 1 1 3 - 1 3 . 6 1 2 - 3 2 . 9 1 3

- 0 . 0 0 9 - 0 . 4 8 9 - 1 . 3 0 8 - 5 . 2 9 2 - 3 1 . 1 1 3 2 8 . 7 0 2 - 2 4 . 9 6 6 - 6 3 . 7 0 7

- 0 . 0 6 0 - 0 . 3 0 2 - 0 . 6 6 2 - 3 . 1 7 5 - 1 3 . 6 1 2 - 2 4 . 9 6 6 3 5 . 5 8 8 - 9 3 . 2 0 2

- 0 . 0 4 7 - 0 . 1 1 0 - 2 . 5 1 4 - 9 . 0 7 7 - 3 2 . 9 1 3 - 6 3 . 7 0 7 - 9 3 . 2 0 2 5 8 . 4 2 2

A g g r e g a t e v a r i a n c e / c o v a r i a n c e m a t r i x  f o r  W

0 . 0 6 1 - 1 8 . 2 4 7 - 2 . 6 5 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 4 7 3 8 . 1 7 1 - 1 5 8 . 4 7 0 - 7 . 8 7 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 1 - 1 5 8 . 4 7 0 7 6 . 3 7 4  ■- 1 1 9 . 1 6 4 - 2 7 . 7 9 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 8 7 9 - 1 1 9 . 1 6 4 4 6 . 5 4 8 - 6 5 . 0 9 6 - 1 4 . 8 7 7 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 2 7 . 7 9 4 - 6 5 . 0 9 6 3 2 . 6 9 9 - 8 9 . 2 3 8 - 0 . 7 0 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 4 . 8 7 7 - 8 9 . 2 3 8 1 9 . 7 0 7 - 1 . 6 0 2 - 1 7 . 4 5 8

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 0 4 - 1 . 6 0 2 0 . 1 1 7 - 2 . 8 6 7

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 7 . 4 5 8 - 2 . 8 6 7 1 . 5 1 6
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P a s s  4  

E s t i m a t e d

0 . 9 5 5

m a t r i x  A

0 . 0 1 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 4 2 0 . 8 8 0 0 . 0 0 6 0 . 0 0 2 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 3 0 . 1 0 6 0 . 9 7 5 0 . 1 4 5 0 . 0 0 6 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 1 6 0 . 7 7 9 0 . 0 2 5 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 2 0 0 . 5 7 2 0 . 0 1 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 6 0 . 0 6 8 0 . 3 4 3 0 . 0 0 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 1 0 0 . 0 8 8 0 . 1 4 7 0 . 5 4 7 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 3 8 0 . 2 4 0 0 . 4 9 6 0 . 4 4 8 1 . 0 0 0

E s t i m a t e d

0 . 0 0 0

m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 2 5 0 . 0 1 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 7 5 0 . 9 8 0 0 . 7 4 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 2 3 3 0 . 0 8 3 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 2 3 0 . 7 9 9 0 . 1 8 3 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 1 1 8 0 . 8 1 5 0 . 0 2 3 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 7 7 1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  V

7 . 1 3 4 - 4 3 . 1 9 1 - 4 . 8 1 5 - 0 . 3 8 4 - 0 . 4 5 3 - 0 . 0 1 2 - 0 . 0 6 8 - 0 . 0 5 7

4 3 . 1 9 1 2 2 . 9 4 9 - 6 7 . 0 0 8 - 3 . 7 7 1 - 0 . 5 2 9 - 0 . 5 4 9 - 0 . 4 2 8 - 0 . 1 3 7

- 4 . 8 1 5 - 6 7 . 0 0 8 3 9 . 0 2 6 - 7 0 . 3 0 5 - 5 . 5 5 8 - 1 . 5 5 0 - 0 . 9 8 2 - 4 . 0 6 6

- 0 . 3 8 4 - 3 . 7 7 1 - 7 0 . 3 0 5 3 0 . 8 5 6 - 3 8 . 5 2 6 - 6 . 1 1 5 - 4 . 4 5 1 - 1 3 . 9 6 5

- 0 . 4 5 3 - 0 . 5 2 9 - 5 . 5 5 8 - 3 8 . 5 2 6 2 4 . 8 5 4 - 3 4 . 7 1 5 - 1 8 . 0 8 4 - 4 5 . 2 4 0

- 0 . 0 1 2 - 0 . 5 4 9 - 1 . 5 5 0 - 6 . 1 1 5 - 3 4 . 7 1 5 1 6 . 8 6 8 - 2 7 . 8 9 6 - 7 2 . 9 1 6

- 0 . 0 6 8 - 0 . 4 2 8 - 0 . 9 8 2 - 4 . 4 5 1 - 1 8 . 0 8 4 - 2 7 . 8 9 6 2 9 . 2 2 3 - 1 1 3 . 2 9 2

- 0 . 0 5 7 - 0 . 1 3 7 - 4 . 0 6 6 - 1 3 . 9 6 5 - 4 5 . 2 4 0 - 7 2 . 9 1 6 - 1 1 3 . 2 9 2 4 8 . 1 0 4

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 9 - 1 8 . 2 5 5 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 5 5 2 4 . 8 5 0 - 1 8 3 . 2 9 8 - 7 . 8 9 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 1 8 3 . 2 9 8 4 8 . 2 7 9 - 1 4 0 . 6 2 5 - 2 9 . 7 8 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 8 9 4 - 1 4 0 . 6 2 5 2 6 . 1 6 3 - 6 9 . 2 5 9 - 1 5 . 4 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 2 9 . 7 8 5 - 6 9 . 2 5 9 1 4 . 5 6 7 - 9 7 . 6 4 4 - 0 . 7 1 2 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 5 . 4 0 1 - 9 7 . 6 4 4 1 0 . 0 6 0 - 1 . 6 3 6 - 1 8 . 5 5 4

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 1 2 - 1 . 6 3 6 0 . 0 6 7 - 2 . 8 9 2

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 8 . 5 5 4 - 2 . 8 9 2 1 .1 2 1
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P a s s  5

E s t i m a t e d

0 . 9 6 4

m a t r i x  A

0 . 0 1 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 3 4 0 . 8 6 9 0 . 0 0 3 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 2 0 . 1 1 4 0 . 9 8 1 0 . 1 8 6 0 . 0 0 7 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 1 2 0 . 7 2 0 0 . 0 1 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 1 8 0 . 4 6 3 0 . 0 0 8 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 0 8 0 . 0 7 9 0 . 3 1 2 0 . 0 0 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 1 3 0 . 1 1 6 0 . 1 5 5 0 . 5 4 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 5 4 0 . 3 1 7 0 . 5 2 4 0 . 4 4 9 1 . 0 0 0

E s t i m a t e d

0 . 0 0 0

m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 6 9 0 . 0 1 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 3 1 0 . 9 8 7 0 . 8 7 3 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 1 1 3 0 . 0 7 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 1 4 0 . 7 8 5 0 . 2 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 1 3 9 0 . 7 9 8 0 . 0 2 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 7 6 1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  V

6 . 2 7 0 - 4 8 . 8 5 1 - 5 . 3 5 7 - 0 . 4 2 2 - 0 . 4 6 6 - 0 . 0 1 4 - 0 . 0 7 5 - 0 . 0 6 5

4 8 . 8 5 1 2 1 . 2 9 1 - 8 2 . 0 5 0 - 4 . 1 1 6 - 0 . 5 5 1 - 0 . 6 1 1 - 0 . 5 6 8 - 0 . 1 5 7

- 5 . 3 5 7 - 8 2 . 0 5 0 3 7 . 8 9 6 - 8 9 . 3 1 2 - 6 . 1 8 8 - 1 . 8 2 8 - 1 . 3 9 2 - 6 . 0 5 2

- 0 . 4 2 2 - 4 . 1 1 6 - 8 9 . 3 1 2 2 8 . 2 5 1 - 4 0 . 4 8 7 - 6 . 8 5 5 - 5 . 7 0 3 - 1 8 . 8 7 3

- 0 . 4 6 6 - 0 . 5 5 1 - 6 . 1 8 8 - 4 0 . 4 8 7 1 5 . 6 2 6 - 3 6 . 7 3 8 - 2 1 . 0 0 7 - 5 3 . 2 9 5

- 0 . 0 1 4 - 0 . 6 1 1 - 1 . 8 2 8 - 6 . 8 5 5 - 3 6 . 7 3 8 9 . 9 5 7 - 2 9 . 5 9 3 - 7 8 . 0 7 1

- 0 . 0 7 5 - 0 . 5 6 8 - 1 . 3 9 2 - 5 . 7 0 3 - 2 1 . 0 0 7 - 2 9 . 5 9 3 2 2 . 3 5 0 - 1 2 9 . 2 1 4

- 0 . 0 6 5 - 0 . 1 5 7 - 6 . 0 5 2 - 1 8 . 8 7 3 - 5 3 . 2 9 5 - 7 8 . 0 7 1 - 1 2 9 . 2 1 4 3 6 . 0 5 5

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 9 - 1 8 . 2 6 4 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 4 1 7 . 9 3 9 - 2 0 1 . 2 2 0 - 7 . 9 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 0 1 . 2 2 0 2 8 . 5 5 4 - 1 5 0 . 1 8 4 - 3 0 . 8 5 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 0 1 - 1 5 0 . 1 8 4 1 1 . 6 2 2 - 7 1 . 0 2 7 - 1 5 . 6 8 9 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 0 . 8 5 7 - 7 1 . 0 2 7 7 . 7 8 7 - 1 0 2 . 5 8 6 - 0 . 7 1 7 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 5 . 6 8 9 - 1 0 2 . 5 8 6 6 . 1 4 4 - 1 . 6 5 6 - 1 9 . 4 4 9

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 1 7 - 1 . 6 5 6 0 . 0 4 8 - 2 . 9 1 5

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 9 . 4 4 9 - 2 . 9 1 5 0 . 9 1 8
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P a s s  6  

E s t i m a t e d

0 . 9 7 0

m a t r i x  A

0 . 0 1 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 2 8 0 . 8 7 1 0 . 0 0 3 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 2 0 . 1 0 8 0 . 9 8 2 0 . 1 9 6 0 . 0 0 5 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 1 1 0 . 6 8 0 0 . 0 1 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 1 9 0 . 3 9 0 0 . 0 0 7 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 1 0 0 . 0 8 8 0 . 3 0 6 0 . 0 0 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 1 8 0 . 1 3 4 0 . 1 5 6 0 . 5 4 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 7 5 0 . 3 6 9 0 . 5 2 9 0 . 4 5 0 1 . 0 0 0

E s t i m a t e d

0 . 0 0 0

m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 9 8 0 . 0 1 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 0 2 0 . 9 8 7 0 . 9 0 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 8 2 0 . 0 8 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 1 4 0 . 7 3 5 0 . 2 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 1 7 7 0 . 7 9 6 0 . 0 2 3 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 7 6 1 . 0 0 0

A g g r e g a t e v a r i a n c e / c o v a r i a n c e m a t r i x  f o r V

5 . 6 7 1 - 5 3 . 9 7 0 - 5 . 8 5 6 - 0 . 4 5 2 - 0 . 4 7 4 - 0 . 0 1 6 - 0 . 0 8 1 - 0 . 0 7 1

- 5 3 . 9 7 0 1 8 . 5 5 8 - 9 4 . 9 7 1 - 4 . 3 7 1 - 0 . 5 6 6 - 0 . 6 8 0 - 0 . 7 3 3 - 0 . 1 7 2

- 5 . 8 5 6 - 9 4 . 9 7 1 3 2 . 0 7 2 - 1 0 4 . 4 3 3 - 6 . 6 7 0 - 2 . 1 2 2 - 1 . 8 3 0 - 8 . 3 7 0

- 0 . 4 5 2 - 4 . 3 7 1 - 1 0 4 . 4 3 3 2 3 . 2 8 5 - 4 1 . 8 0 8 - 7 . 5 2 3 - 6 . 8 8 1 - 2 3 . 5 8 6

- 0 . 4 7 4 - 0 . 5 6 6 - 6 . 6 7 0 - 4 1 . 8 0 8 8 . 3 4 6 - 3 7 . 7 1 2 - 2 2 . 4 7 4 - 5 7 . 3 7 5

- 0 . 0 1 6 - 0 . 6 8 0 - 2 . 1 2 2 - 7 . 5 2 3 - 3 7 . 7 1 2 6 . 0 6 2 - 3 0 . 6 0 8 - 8 1 . 1 1 1

- 0 . 0 8 1 - 0 . 7 3 3 - 1 . 8 3 0 - 6 . 8 8 1 - 2 2 . 4 7 4 - 3 0 . 6 0 8 1 6 . 1 6 6 - 1 4 1 . 1 0 9

- 0 . 0 7 1 - 0 . 1 7 2 - 8 . 3 7 0 - 2 3 . 5 8 6 - 5 7 . 3 7 5 - 8 1 . 1 1 1 - 1 4 1 . 1 0 9 2 6 . 0 6 7

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 1 - 1 8 . 2 6 5 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 5 1 3 . 8 9 6 - 2 1 5 . 1 0 6 - 7 . 9 1 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 1 5 . 1 0 6 2 0 . 3 7 0 - 1 5 5 . 8 5 8 - 3 1 . 6 6 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 1 0 - 1 5 5 . 8 5 8 6 . 7 6 6 - 7 1 . 9 1 5 - 1 5 . 8 8 4 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 1 . 6 6 7 - 7 1 . 9 1 5 4 . 5 1 9 - 1 0 5 . 4 0 4 - 0 . 7 2 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 5 . 8 8 4 - 1 0 5 . 4 0 4 3 . 6 7 5 - 1 . 6 6 8 - 2 0 . 0 9 8

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 0 - 1 . 6 6 8 0 . 0 3 4 - 2 . 9 3 4

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 0 . 0 9 8 - 2 . 9 3 4 0 . 6 6 7
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P a s s  7

E s t i m a t e d  m a t r i x  A

0 . 9 7 4 0 . 0 1 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 2 5 0 . 8 5 6 0 . 0 0 2 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 2 0 . 1 2 0 0 . 9 8 4 0 . 2 0 7 0 . 0 0 5 0 .0 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 1 0 0 . 6 5 8 0 . 0 1 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 2 0 0 . 3 6 2 0 . 0 0 7 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 1 2 0 . 0 9 3 0 . 3 1 0 0 . 0 0 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 2 0 0 . 1 4 1 0 . 1 5 6 0 . 5 4 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 8 2 0 . 3 8 7 0 . 5 2 7 0 .4 5 1 1 . 0 0 0

E s t i m a t e d m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 9 5 0 . 0 0 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 0 5 0 . 9 8 9 0 . 9 0 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 7 8 0 . 0 9 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 1 5 0 . 7 0 4 0 . 2 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 0 0 0 . 7 9 6 0 . 0 2 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 7 6 1 . 0 0 0

A g g r e g a t e v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  V

5 . 2 6 3 - 5 8 . 6 7 7 - 6 . 3 7 4 - 0 . 4 7 2 - 0 . 4 8 2 - 0 . 0 1 8 - 0 . 0 8 7 - 0 . 0 7 5

- 5 8 . 6 7 7 1 7 . 8 1 7 - 1 0 7 . 5 9 8 - 4 . 5 7 9 - 0 . 5 7 7 - 0 . 7 5 5 - 0 . 9 1 4 - 0 . 1 8 1

- 6 . 3 7 4 - 1 0 7 . 5 9 8 2 8 . 2 2 1  ■- 1 1 6 . 3 5 8 - 7 . 0 5 0 - 2 . 3 8 9 - 2 . 2 1 2 - 1 0 . 4 9 3

- 0 . 4 7 2 - 4 . 5 7 9 - 1 1 6 . 3 5 8 1 8 . 0 5 2 - 4 2 . 7 1 9 - 8 . 0 3 6 - 7 . 7 7 2 - 2 7 . 1 7 1

- 0 . 4 8 2 - 0 . 5 7 7 - 7 . 0 5 0 - 4 2 . 7 1 9 4 . 3 2 7 - 3 8 . 1 6 4 - 2 3 . 1 4 8 - 5 9 . 2 6 3

- 0 . 0 1 8 - 0 . 7 5 5 - 2 . 3 8 9 - 8 . 0 3 6 - 3 8 . 1 6 4 3 . 6 9 2 - 3 1 . 2 0 9 - 8 2 . 8 9 2

- 0 . 0 8 7 - 0 . 9 1 4 - 2 . 2 1 2 - 7 . 7 7 2 - 2 3 . 1 4 8 - 3 1 . 2 0 9 1 1 . 0 9 8 - 1 4 9 . 4 7 4

- 0 . 0 7 5 - 0 . 1 8 1 - 1 0 . 4 9 3 - 2 7 . 1 7 1 - 5 9 . 2 6 3 - 8 2 . 8 9 2 - 1 4 9 . 4 7 4 1 7 . 7 5 4

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 0 - 1 8 . 2 6 5 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 5 1 2 . 7 7 0 - 2 2 7 . 8 6 8 - 7 . 9 1 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 2 7 . 8 6 8 1 7 . 5 4 0 - 1 6 0 . 0 1 2 - 3 2 . 2 9 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 1 8 - 1 6 0 . 0 1 2 4 . 7 3 6 - 7 2 . 3 7 4 - 1 5 . 9 9 9 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 2 . 2 9 1 - 7 2 . 3 7 4 2 . 6 5 5 - 1 0 6 . 9 7 3 - 0 . 7 2 2 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 5 . 9 9 9 - 1 0 6 . 9 7 3 2 . 1 5 9 - 1 . 6 7 6 - 2 0 . 5 6 5

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 2 - 1 . 6 7 6 0 . 0 2 6 - 2 . 9 5 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 0 . 5 6 5 - 2 . 9 5 0 0 . 4 8 3
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P a s s  8  

E s t i m a t e d

0 . 9 7 7

m a t r i x  A

0 . 0 2 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 2 1 0 . 8 5 0 0 . 0 0 2 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 2 0 . 1 2 3 0 . 9 8 5 0 . 2 1 3 0 . 0 0 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 9 0 . 6 3 5 0 . 0 1 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 2 3 0 . 3 5 9 0 . 0 0 7 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 1 4 0 . 0 9 8 0 . 3 2 2 0 . 0 0 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 2 3 0 . 1 4 1 0 . 1 5 4 0 . 5 4 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 9 1 0 . 3 8 7 0 . 5 1 7 0 . 4 5 0 1 . 0 0 0

E s t i m a t e d

0 . 0 0 0

m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 9 8 0 . 0 0 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 0 2 0 . 9 8 9 0 . 9 1 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 7 2 0 . 1 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 1 8 0 . 6 8 8 0 .2 0 1 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 1 2 0 . 7 9 7 0 . 0 2 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 7 4 1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  V

4 . 8 8 2 - 6 3 . 0 2 1 - 6 . 8 7 8 - 0 . 4 8 8 - 0 . 4 8 9 - 0 . 0 2 0 - 0 . 0 9 2 - 0 . 0 7 7

6 3 . 0 2 1 1 6 . 1 2 3 - 1 1 8 . 9 3 9 - 4 . 7 4 7 - 0 . 5 8 8 - 0 . 8 3 2 - 1 . 0 8 8 - 0 . 1 8 7

- 6 . 8 7 8 - 1 1 8 . 9 3 9 2 4 . 0 2 4 - 1 2 5 . 6 7 2 - 7 . 3 8 1 - 2 . 6 4 1 - 2 . 5 4 2 - 1 2 . 4 4 5

- 0 . 4 8 8 - 4 . 7 4 7  •- 1 2 5 . 6 7 2 1 3 . 9 8 0 - 4 3 . 4 1 0 - 8 . 4 4 2 - 8 . 4 4 5 - 2 9 . 8 8 2

- 0 . 4 8 9 - 0 . 5 8 8 - 7 . 3 8 1 - 4 3 . 4 1 0 2 . 5 5 6 - 3 8 . 3 9 9 - 2 3 . 4 8 3 - 6 0 . 2 1 0

- 0 . 0 2 0 - 0 . 8 3 2 - 2 . 6 4 1 - 8 . 4 4 2 - 3 8 . 3 9 9 2 . 4 1 6 - 3 1 . 5 7 6 - 8 3 . 9 6 9

- 0 . 0 9 2 - 1 . 0 8 8 - 2 . 5 4 2 - 8 . 4 4 5 - 2 3 . 4 8 3 - 3 1 . 5 7 6 7 . 5 6 8 - 1 5 5 . 1 5 7

- 0 . 0 7 7 - 0 . 1 8 7 - 1 2 . 4 4 5 - 2 9 . 8 8 2 - 6 0 . 2 1 0 - 8 3 . 9 6 9 - 1 5 5 . 1 5 7 1 2 . 3 7 8

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 0 - 1 8 . 2 6 5 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 5 1 1 . 4 2 9 - 2 3 9 . 2 8 9 - 7 . 9 2 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 3 9 . 2 8 9 1 4 . 9 3 8 - 1 6 3 . 0 0 4 - 3 2 . 8 1 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 2 6 - 1 6 3 . 0 0 4 3 . 3 4 4 - 7 2 . 6 4 7 - 1 6 . 0 7 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 2 . 8 1 5 - 7 2 . 6 4 7 1 . 7 6 0 - 1 0 7 . 9 3 5 - 0 . 7 2 3 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 6 . 0 7 0 - 1 0 7 . 9 3 5 1 .3 8 2 - 1 . 6 8 1 - 2 0 . 9 0 9

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 3 - 1 . 6 8 1 0 . 0 2 1 - 2 . 9 6 5

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 0 . 9 0 9 - 2 . 9 6 5 0 . 3 5 9
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P a s s  9  

E s t i m a t e d

0 . 9 8 1

m a t r i x  A

0 . 0 2 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 1 8 0 . 8 4 9 0 . 0 0 1 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 1 0 . 1 2 0 0 . 9 8 7 0 . 2 1 7 0 . 0 0 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 8 0 . 6 2 3 0 . 0 1 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 2 5 0 . 3 7 4 0 . 0 0 7 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 1 5 0 . 1 0 4 0 . 3 4 6 0 . 0 0 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 2 4 0 . 1 3 7 0 . 1 4 9 0 . 5 4 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 0 9 4 0 . 3 7 1 0 . 4 9 7 0 . 4 4 9 1 . 0 0 0

E s t i m a t e d

0 . 0 0 0

m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 9 0 2 0 . 0 0 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 9 8 0 . 9 9 2 0 . 9 0 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 0 7 2 0 . 1 0 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 2 0 0 . 6 7 6 0 . 1 9 7 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 1 8 0 . 8 0 1 0 . 0 3 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 7 0 1 . 0 0 0

A g g r e g a t e v a r i a n c e / c o v a r i a n c e m a t r i x  f o r V

4 . 5 5 6 - 6 7 . 0 6 8 - 7 . 3 5 7 - 0 . 5 0 0 - 0 . 4 9 5 - 0 . 0 2 3 - 0 . 0 9 8 - 0 . 0 7 9

- 6 7 . 0 6 8 1 4 . 1 4 2 - 1 2 8 . 6 5 4 - 4 . 8 8 2 - 0 . 5 9 8 - 0 . 9 0 8 - 1 . 2 4 3 - 0 . 1 9 2

- 7 . 3 5 7 - 1 2 8 . 6 5 4 2 0 . 0 8 7  •- 1 3 3 . 0 9 2 - 7 . 6 6 8 - 2 . 8 7 1 - 2 . 8 1 0 - 1 4 . 1 3 2

- 0 . 5 0 0 - 4 . 8 8 2 - 1 3 3 . 0 9 2 1 0 . 8 3 4 - 4 3 . 9 4 0 - 8 . 7 5 8 - 8 . 9 2 8 - 3 1 . 8 1 9

- 0 . 4 9 5 - 0 . 5 9 8 - 7 . 6 6 8 - 4 3 . 9 4 0 1 . 7 3 7 - 3 8 . 5 5 0 - 2 3 . 6 7 9 - 6 0 . 7 6 6

- 0 . 0 2 3 - 0 . 9 0 8 - 2 . 8 7 1 - 8 . 7 5 8 - 3 8 . 5 5 0 1 .7 4 1 - 3 1 . 8 2 6 - 8 4 . 6 8 4

- 0 . 0 9 8 - 1 . 2 4 3 - 2 . 8 1 0 - 8 . 9 2 8 - 2 3 . 6 7 9 - 3 1 . 8 2 6 5 . 1 8 5 - 1 5 8 . 9 8 4

- 0 . 0 7 9 - 0 . 1 9 2 - 1 4 . 1 3 2 - 3 1 . 8 1 9 - 6 0 . 7 6 6 - 8 4 . 6 8 4 - 1 5 8 . 9 8 4 8 . 7 2 9

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 0 - 1 8 . 2 6 6 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 6 9 . 8 0 2 - 2 4 9 . 0 8 8 - 7 . 9 2 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 4 9 . 0 8 8 1 2 . 0 9 9 - 1 6 4 . 8 8 5 - 3 3 . 2 3 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 2 9 - 1 6 4 . 8 8 5 2 . 1 2 9 - 7 2 . 8 4 1 - 1 6 . 1 2 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 3 . 2 3 5 - 7 2 . 8 4 1 1 . 2 7 9 - 1 0 8 . 6 0 0 - 0 . 7 2 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 6 . 1 2 2 - 1 0 8 . 6 0 0 0 . 9 9 5 - 1 . 6 8 5 - 2 1 . 1 8 3

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 4 - 1 . 6 8 5 0 .0 2 1 - 2 . 9 8 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 1 . 1 8 3 - 2 . 9 8 0 0 . 2 9 0
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P a s s  1 0  

E s t i m a t e d

0 . 9 8 4

m a t r i x  A

0 . 0 3 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 1 5 0 . 8 4 9 0 . 0 0 1 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 1 0 . 1 1 5 0 . 9 8 7 0 . 2 1 5 0 . 0 0 3 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 8 0 . 6 0 2 0 . 0 0 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 3 1 0 . 3 9 2 0 . 0 0 8 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 0 0 . 0 1 9 0 . 1 0 9 0 . 3 6 8 0 . 0 0 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 2 6 0 . 1 3 2 0 . 1 4 6 0 . 5 4 7 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 1 0 5 0 . 3 5 5 0 . 4 7 8 0 . 4 4 7 1 . 0 0 0

E s t i m a t e d

0 . 0 0 0

m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 9 0 8 0 . 0 0 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 9 2 0 . 9 9 1 0 . 9 1 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 0 6 4 0 . 1 0 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 2 5 0 . 6 7 6 0 . 1 9 7 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 1 8 0 .8 0 1 0 . 0 3 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 6 5 1 . 0 0 0

A g g r e g a t e

4 . 3 0 3

v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  V

- 7 0 . 8 9 2  - 7 . 8 1 0  - 0 . 5 1 1  - 0 . 5 0 2 - 0 . 0 2 6 - 0 . 1 0 4 - 0 . 0 8 0

- 7 0 . 8 9 2 1 2 . 3 6 2 - 1 3 6 . 8 5 5 - 4 . 9 9 2 - 0 . 6 0 8 - 0 . 9 8 4 - 1 . 3 8 2 - 0 . 1 9 5

- 7 . 8 1 0 - 1 3 6 . 8 5 5 1 7 . 0 0 0  •- 1 3 9 . 0 7 2 - 7 . 9 4 6 - 3 . 1 0 4 - 3 . 0 4 6 - 1 5 . 7 5 3

- 0 . 5 1 1 - 4 . 9 9 2 - 1 3 9 . 0 7 2 8 . 7 0 4 - 4 4 . 3 8 8 - 9 . 0 2 8 - 9 . 3 0 6 - 3 3 . 3 2 7

- 0 . 5 0 2 - 0 . 6 0 8 - 7 . 9 4 6 - 4 4 . 3 8 8 1 .3 9 3 - 3 8 . 6 6 5 - 2 3 . 8 1 8 - 6 1 . 1 6 3

- 0 . 0 2 6 - 0 . 9 8 4 - 3 . 1 0 4 - 9 . 0 2 8 - 3 8 . 6 6 5 1 . 4 1 9 - 3 2 . 0 1 5 - 8 5 . 2 1 8

- 0 . 1 0 4 - 1 . 3 8 2 - 3 . 0 4 6 - 9 . 3 0 6 - 2 3 . 8 1 8 - 3 2 . 0 1 5 3 . 7 0 8 - 1 6 1 . 6 0 5

- 0 . 0 8 0 - 0 . 1 9 5 - 1 5 . 7 5 3 - 3 3 . 3 2 7 - 6 1 . 1 6 3 - 8 5 . 2 1 8 - 1 6 1 . 6 0 5 6 . 6 8 6

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 0 - 1 8 . 2 6 6 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 6 8 . 8 6 6 - 2 5 7 . 9 5 3 - 7 . 9 3 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 5 7 . 9 5 3 1 0 . 4 6 8 - 1 6 6 . 1 0 1 - 3 3 . 6 2 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 3 0 - 1 6 6 . 1 0 1 1 .4 1 1 - 7 2 . 9 9 4 - 1 6 . 1 6 3 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 3 . 6 2 2 - 7 2 . 9 9 4 1 . 0 7 6 - 1 0 9 . 1 3 5 - 0 . 7 2 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 6 . 1 6 3 - 1 0 9 . 1 3 5 0 . 7 9 9 - 1 . 6 8 8 - 2 1 . 4 0 5

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 5 - 1 . 6 8 8 0 . 0 2 0 - 2 . 9 9 7

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 1 . 4 0 5 - 2 . 9 9 7 0 . 2 3 7
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P a s s  1 1  

E s t i m a t e d

0 . 9 8 4

m a t r i x  A

0 . 0 3 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 1 5 0 . 8 2 8 0 . 0 0 1 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 1 0 . 1 3 6 0 . 9 8 8 0 . 2 1 1 0 . 0 0 3 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 8 0 . 5 9 6 0 . 0 0 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 3 7 0 . 4 2 2 0 . 0 0 9 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 2 2 0 . 1 1 8 0 . 4 0 6 0 . 0 0 8 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 2 7 0 . 1 2 3 0 . 1 3 9 0 . 5 4 9 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 1 0 6 0 . 3 2 6 0 . 4 4 7 0 . 4 4 2 1 . 0 0 0

E s t i m a t e d

0 . 0 0 0

m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 9 4 0 . 0 0 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 0 6 0 . 9 9 1 0 . 8 9 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 0 7 6 0 . 1 0 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 3 0 0 . 6 7 6 0 . 1 9 7 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 1 8 0 . 8 0 1 0 . 0 4 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 5 5 1 . 0 0 0

A g g r e g a t e

3 . 9 8 0

v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  V

- 7 4 . 3 6 9  - 8 . 2 8 5  - 0 . 5 2 0  - 0 . 5 1 0 - 0 . 0 2 9 - 0 . 1 0 9 - 0 . 0 8 1

- 7 4 . 3 6 9 1 2 . 0 2 7 - 1 4 5 . 0 6 6 - 5 . 0 9 8 - 0 . 6 1 8 - 1 . 0 7 0 - 1 . 5 1 5 - 0 . 1 9 8

- 8 . 2 8 5 - 1 4 5 . 0 6 6 1 5 . 9 0 8 - 1 4 4 . 1 2 4 - 8 . 2 1 6 - 3 . 3 4 4 - 3 . 2 4 9 - 1 7 . 2 0 9

- 0 . 5 2 0 - 5 . 0 9 8 - 1 4 4 . 1 2 4 7 . 1 6 9 - 4 4 . 7 7 2 - 9 . 2 5 9 - 9 . 5 8 7 - 3 4 . 4 3 3

- 0 . 5 1 0 - 0 . 6 1 8 - 8 . 2 1 6 - 4 4 . 7 7 2 1 .2 1 1 - 3 8 . 7 7 2 - 2 3 . 9 3 1 - 6 1 . 4 8 1

- 0 . 0 2 9 - 1 . 0 7 0 - 3 . 3 4 4 - 9 . 2 5 9 - 3 8 . 7 7 2 1 . 2 7 6 - 3 2 . 1 7 7 - 8 5 . 6 6 5

- 0 . 1 0 9 - 1 . 5 1 5 - 3 . 2 4 9 - 9 . 5 8 7 - 2 3 . 9 3 1 - 3 2 . 1 7 7 2 . 7 3 6 - 1 6 3 . 4 4 4

- 0 . 0 8 1 - 0 . 1 9 8 - 1 7 . 2 0 9 - 3 4 . 4 3 3 - 6 1 . 4 8 1 - 8 5 . 6 6 5 - 1 6 3 . 4 4 4 5 . 1 7 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 0 - 1 8 . 2 6 6 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 6 9 . 0 1 6 - 2 6 6 . 9 6 7 - 7 . 9 3 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 6 6 . 9 6 7 1 0 . 5 0 0 - 1 6 7 . 2 3 6 - 3 3 . 9 7 3 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 3 2 - 1 6 7 . 2 3 6 1 .3 1 3 - 7 3 . 1 3 4 - 1 6 . 1 9 8 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 3 . 9 7 3 - 7 3 . 1 3 4 0 . 9 7 2 - 1 0 9 . 6 1 5 - 0 . 7 2 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 6 . 1 9 8 - 1 0 9 . 6 1 5 0 . 7 2 3 - 1 . 6 9 1 - 2 1 . 6 0 9

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 5 - 1 . 6 9 1 0 . 0 2 3 - 3 . 0 1 6

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 1 . 6 0 9 - 3 . 0 1 6 0 . 2 2 4
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P a s s  1 2

E s t i m a t e d  m a t r i x  A

0 . 9 8 5  0 . 0 3 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 1 3 0 . 8 1 0 0 . 0 0 1 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 1 0 . 1 5 0 0 . 9 8 8 0 . 2 0 2 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 7 0 . 5 9 2 0 . 0 0 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 4 4 0 . 4 5 9 0 . 0 1 0 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 0 0 . 0 2 6 0 . 1 2 6 0 . 4 5 4 0 . 0 1 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 3 0 . 0 0 0 0 . 0 2 8 0 . 1 1 3 0 . 1 3 0 0 . 5 5 4 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 1 0 7 0 . 2 9 2 0 . 4 0 6 0 . 4 3 4 1 . 0 0 0

E s t i m a t e d  m a t r i x  C

0 . 0 0 0  0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 8 8 0 . 0 1 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 1 2 0 . 9 9 0 0 . 8 7 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 0 9 2 0 . 1 0 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 3 6 0 . 6 7 9 0 . 2 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 1 5 0 . 7 9 8 0 . 0 6 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 3 9 1 . 0 0 0

A g g r e g a t e

3 . 6 6 9

v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  V

- 7 7 . 5 2 7  - 8 . 7 6 8  - 0 . 5 2 8  - 0 . 5 2 0 - 0 . 0 3 3 - 0 . 1 1 4 - 0 . 0 8 2

- 7 7 . 5 2 7 1 1 . 0 6 3 - 1 5 2 . 6 4 8 - 5 . 1 9 4 - 0 . 6 3 0 - 1 . 1 6 3 - 1 . 6 3 5 - 0 . 2 0 0

- 8 . 7 6 8 - 1 5 2 . 6 4 8 1 4 . 6 0 7  ■- 1 4 8 . 5 7 9 - 8 . 4 9 6 - 3 . 5 9 9 - 3 . 4 3 0 - 1 8 . 5 7 9

- 0 . 5 2 8 - 5 . 1 9 4 - 1 4 8 . 5 7 9 6 . 2 0 0 - 4 5 . 1 2 8 - 9 . 4 6 9 - 9 . 8 0 8 - 3 5 . 2 8 7

- 0 . 5 2 0 - 0 . 6 3 0 - 8 . 4 9 6 - 4 5 . 1 2 8 1 . 1 4 8 - 3 8 . 8 8 4 - 2 4 . 0 3 1 - 6 1 . 7 5 9

- 0 . 0 3 3 - 1 . 1 6 3 - 3 . 5 9 9 - 9 . 4 6 9 - 3 8 . 8 8 4 1 . 2 4 4 - 3 2 . 3 3 3 - 8 6 . 0 7 8

- 0 . 1 1 4 - 1 . 6 3 5 - 3 . 4 3 0 - 9 . 8 0 8 - 2 4 . 0 3 1 - 3 2 . 3 3 3 2 . 1 1 3 - 1 6 4 . 7 7 4

- 0 . 0 8 2 - 0 . 2 0 0 - 1 8 . 5 7 9 - 3 5 . 2 8 7 - 6 1 . 7 5 9 - 8 6 . 0 7 8 - 1 6 4 . 7 7 4 4 . 2 4 8

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 0 - 1 8 . 2 6 6 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 6 8 . 8 2 1 - 2 7 5 . 7 8 6 - 7 . 9 3 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 7 5 . 7 8 6 1 0 . 2 9 4 - 1 6 8 . 3 7 1 - 3 4 . 3 1 3 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 3 5 - 1 6 8 . 3 7 1 1 . 3 1 6 - 7 3 . 2 7 8 - 1 6 . 2 3 3 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 4 . 3 1 3 - 7 3 . 2 7 8 0 . 9 6 0 - 1 1 0 . 0 9 1 - 0 . 7 2 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 6 . 2 3 3 - 1 1 0 . 0 9 1 0 . 7 2 0 - 1 . 6 9 4 - 2 1 . 8 1 7

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 6 - 1 . 6 9 4 0 . 0 3 1 - 3 . 0 4 3

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 1 . 8 1 7 - 3 . 0 4 3 0 . 2 3 5
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P a s s  1 3

E s t i m a t e d  m a t r i x  A

0 . 9 8 7  0 . 0 3 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 1 1 0 . 7 9 2 0 . 0 0 1 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 1 0 . 1 6 1 0 . 9 8 8 0 . 1 9 8 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 2 0 . 0 0 7 0 . 5 9 1 0 . 0 0 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 4 9 0 . 4 7 8 0 . 0 1 0 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 3 0 . 0 0 1 0 . 0 2 9 0 . 1 3 1 0 . 4 8 1 0 . 0 1 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 3 0 . 0 0 0 0 . 0 2 8 0 . 1 0 7 0 . 1 2 5 0 . 5 5 9 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 1 0 6 0 . 2 7 4 0 . 3 8 3 0 . 4 2 6 1 . 0 0 0

E s t i m a t e d  m a t r i x  C

0 . 0 0 0  0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 6 2 0 . 0 0 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 3 8 0 . 9 9 4 0 . 8 5 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 1 0 1 0 . 1 0 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 4 0 0 . 6 7 9 0 . 2 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 1 5 0 . 7 9 7 0 . 0 7 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 .0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 9 2 4 1 . 0 0 0

A g g r e g a t e

3 . 3 2 2

v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  V

- 8 0 . 3 4 9  - 9 . 2 3 5  - 0 . 5 3 7  - 0 . 5 3 2 - 0 . 0 3 9 - 0 . 1 2 1 - 0 . 0 8 2

- 8 0 . 3 4 9 9 . 8 5 8 - 1 5 9 . 3 3 0 - 5 . 2 8 9 - 0 . 6 4 4 - 1 . 2 7 6 - 1 . 7 6 5 - 0 . 2 0 1

- 9 . 2 3 5 - 1 5 9 . 3 3 0 1 3 . 3 0 2  ■- 1 5 2 . 6 9 0 - 8 . 7 7 8 - 3 . 8 7 0 - 3 . 6 0 1 - 1 9 . 8 9 7

- 0 . 5 3 7 - 5 . 2 8 9 - 1 5 2 . 6 9 0 5 . 5 9 3 - 4 5 . 4 4 8 - 9 . 6 5 8 - 9 . 9 8 8 - 3 5 . 9 7 8

- 0 . 5 3 2 - 0 . 6 4 4 - 8 . 7 7 8 - 4 5 . 4 4 8 1 . 1 0 2 - 3 9 . 0 0 2 - 2 4 . 1 2 6 - 6 2 . 0 2 0

- 0 . 0 3 9 - 1 . 2 7 6 - 3 . 8 7 0 - 9 . 6 5 8 - 3 9 . 0 0 2 1 . 2 6 0 - 3 2 . 4 9 0 - 8 6 . 4 8 5

- 0 . 1 2 1 - 1 . 7 6 5 - 3 . 6 0 1 - 9 . 9 8 8 - 2 4 . 1 2 6 - 3 2 . 4 9 0 1 . 7 6 0 - 1 6 5 . 7 9 4

- 0 . 0 8 2 - 0 . 2 0 1 - 1 9 . 8 9 7 - 3 5 . 9 7 8 - 6 2 . 0 2 0 - 8 6 . 4 8 5 - 1 6 5 . 7 9 4 3 . 6 9 7

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 0 - 1 8 . 2 6 6 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 6 6 . 9 4 1 - 2 8 2 . 7 2 5 - 7 . 9 3 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 8 2 . 7 2 5 8 . 3 7 3 - 1 6 9 . 4 8 3 - 3 4 . 6 3 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 3 6 - 1 6 9 . 4 8 3 1 .2 9 1 - 7 3 . 4 2 2 - 1 6 . 2 6 6 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 4 . 6 3 4 - 7 3 . 4 2 2 0 . 9 4 6 - 1 1 0 . 5 7 1 - 0 . 7 2 7 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 6 . 2 6 6 - 1 1 0 . 5 7 1 0 . 7 2 3 - 1 . 6 9 7 - 2 2 . 0 2 2

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 7 - 1 . 6 9 7 0 . 0 3 8 - 3 . 0 7 7

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 2 . 0 2 2 - 3 . 0 7 7 0 . 2 3 9
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P a s s  1 4  

E s t i m a t e d

0 . 9 8 8

m a t r i x  A

0 . 0 4 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 1 0 0 . 7 6 7 0 . 0 0 1 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 1 0 . 1 8 3 0 . 9 8 9 0 . 1 9 6 0 . 0 0 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 3 0 . 0 0 7 0 . 5 9 1 0 . 0 0 8 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 0 5 4 0 . 5 0 3 0 . 0 1 1 0 . 0 0 2 0 . 0 0 0

0 . 0 0 0 0 . 0 0 4 0 . 0 0 1 0 . 0 3 2 0 . 1 4 1 0 . 5 2 4 0 . 0 2 5 0 . 0 0 0

0 . 0 0 0 0 . 0 0 3 0 . 0 0 0 0 . 0 2 7 0 . 0 9 9 0 . 1 1 8 0 . 5 7 3 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 3 0 . 1 0 0 0 . 2 4 7 0 . 3 4 7 0 . 4 0 0 1 . 0 0 0

E s t i m a t e d

0 . 0 0 0

m a t r i x  C

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 4 0 0 . 0 0 5 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 6 0 0 . 9 9 5 0 . 8 5 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 9 7 0 . 1 0 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 4 4 0 . 6 7 3 0 . 1 9 9 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 1 9 0 . 7 9 9 0 . 1 1 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 8 8 3 1 . 0 0 0

A g g r e g a t e

2 . 9 6 9

v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r

- 8 2 . 8 1 4  - 9 . 7 0 4  - 0 . 5 4 5

V

- 0 . 5 4 7 - 0 . 0 4 5 - 0 . 1 2 6 - 0 . 0 8 3

- 8 2 . 8 1 4 8 . 8 3 8 - 1 6 5 . 3 7 8 - 5 . 3 7 7 - 0 . 6 5 8 - 1 . 3 9 1 - 1 . 8 7 3 - 0 . 2 0 2

- 9 . 7 0 4 - 1 6 5 . 3 7 8 1 2 . 2 5 8  •- 1 5 6 . 5 3 7 - 9 . 0 6 4 - 4 . 1 5 4 - 3 . 7 5 5 - 2 1 . 0 6 7

- 0 . 5 4 5 - 5 . 3 7 7 - 1 5 6 . 5 3 7 5 . 1 4 6 - 4 5 . 7 5 3 - 9 . 8 4 1 - 1 0 . 1 3 8 - 3 6 . 5 4 1

- 0 . 5 4 7 - 0 . 6 5 8 - 9 . 0 6 4 - 4 5 . 7 5 3 1 . 0 8 4 - 3 9 . 1 3 2 - 2 4 . 2 1 8 - 6 2 . 2 6 2

- 0 . 0 4 5 - 1 . 3 9 1 - 4 . 1 5 4 - 9 . 8 4 1 - 3 9 . 1 3 2 1 . 3 0 6 - 3 2 . 6 6 4 - 8 6 . 8 9 9

- 0 . 1 2 6 - 1 . 8 7 3 - 3 . 7 5 5 - 1 0 . 1 3 8 - 2 4 . 2 1 8 - 3 2 . 6 6 4 1 . 4 8 8 - 1 6 6 . 5 9 9

- 0 . 0 8 3 - 0 . 2 0 2 - 2 1 . 0 6 7 - 3 6 . 5 4 1 - 6 2 . 2 6 2 - 8 6 . 8 9 9 - 1 6 6 . 5 9 9 3 . 1 9 7

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 0 - 1 8 . 2 6 6 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 6 6 . 5 4 9 - 2 8 9 . 2 7 4 - 7 . 9 3 7 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 8 9 . 2 7 4 7 . 7 2 6 - 1 7 0 . 3 4 2 - 3 4 . 9 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 3 7 - 1 7 0 . 3 4 2 1 . 0 4 0 - 7 3 . 5 6 6 - 1 6 . 3 0 2 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 4 . 9 5 2 - 7 3 . 5 6 6 0 . 9 6 9 - 1 1 1 . 0 7 7 - 0 . 7 2 7 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 6 . 3 0 2 - 1 1 1 . 0 7 7 0 . 7 9 9 - 1 . 7 0 0 - 2 2 . 2 7 8

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 7 - 1 . 7 0 0 0 . 0 6 3 - 3 . 1 3 7

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 2 . 2 7 8 - 3 . 1 3 7 0 . 3 1 6
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P a s s  1 5

E s t i m a t e d  m a t r i x  A

0 . 9 8 9  0 . 0 4 4 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 9 0 . 7 4 9 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 1 0 . 1 8 9 0 . 9 8 4 0 . 1 2 7 0 . 0 0 1 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 4 0 . 0 0 8 0 . 5 5 0 0 . 0 0 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 1 0 . 0 0 1 0 . 0 8 4 0 . 5 1 4 0 .0 1 1 0 . 0 0 2 0 . 0 0 0

0 . 0 0 0 0 . 0 0 8 0 . 0 0 1 0 . 0 5 1 0 . 1 4 4 0 . 5 3 8 0 . 0 3 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 7 0 . 0 0 0 0 . 0 4 0 0 . 0 9 7 0 . 1 1 5 0 . 5 8 2 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 5 0 . 1 4 8 0 . 2 3 9 0 . 3 3 6 0 . 3 8 5 1 . 0 0 0

E s t i m a t e d  m a t r i x  C

0 . 0 0 0  0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

1 . 0 0 0 0 . 8 4 5 0 . 0 0 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 1 5 5 0 .9 9 1 0 . 7 6 3 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 1 0 . 1 6 2 0 . 1 0 9 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 7 5 0 . 6 7 3 0 . 1 9 9 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 2 1 9 0 . 7 9 9 0 . 1 3 6 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 2 0 . 0 0 1 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 8 6 3 1 . 0 0 0

A g g r e g a t e

2 . 6 5 0

v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  V

- 8 4 . 9 6 3  - 1 0 . 1 4 6  - 0 . 5 5 4  - 0 . 5 7 5 - 0 . 0 5 6 - 0 . 1 3 6 - 0 . 0 8 3

- 8 4 . 9 6 3 7 . 5 6 1 - 1 7 0 . 3 1 3 - 5 . 4 7 1 - 0 . 6 8 1 - 1 . 5 8 2 - 2 . 0 4 0 - 0 . 2 0 4

- 1 0 . 1 4 6 - 1 7 0 . 3 1 3 1 2 . 7 9 6  •- 1 6 0 . 3 9 8 - 9 . 5 6 0 - 4 . 6 8 6 - 4 . 0 0 8 - 2 3 . 3 4 4

- 0 . 5 5 4 - 5 . 4 7 1 - 1 6 0 . 3 9 8 5 .5 0 1 - 4 6 . 1 5 0 - 1 0 . 0 8 1 - 1 0 . 3 2 7 - 3 7 . 2 5 1

- 0 . 5 7 5 - 0 . 6 8 1 - 9 . 5 6 0 - 4 6 . 1 5 0 1 . 5 0 7 - 3 9 . 2 8 9 - 2 4 . 3 2 6 - 6 2 . 5 6 0

- 0 . 0 5 6 - 1 . 5 8 2 - 4 . 6 8 6 - 1 0 . 0 8 1 - 3 9 . 2 8 9 1 . 8 0 0 - 3 2 . 8 6 0 - 8 7 . 3 7 2

- 0 . 1 3 6 - 2 . 0 4 0 - 4 . 0 0 8 - 1 0 . 3 2 7 - 2 4 . 3 2 6 - 3 2 . 8 6 0 1 . 6 3 9 - 1 6 7 . 3 1 4

- 0 . 0 8 3 - 0 . 2 0 4 - 2 3 . 3 4 4 - 3 7 . 2 5 1 - 6 2 . 5 6 0 - 8 7 . 3 7 2 - 1 6 7 . 3 1 4 4 . 4 7 4

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  m a t r i x  f o r  W

0 . 0 0 0 - 1 8 . 2 6 6 - 2 . 6 5 2 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 1 8 . 2 6 6 6 . 9 9 4 - 2 9 6 . 2 6 5 - 7 . 9 4 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

- 2 . 6 5 2 - 2 9 6 . 2 6 5 8 . 7 3 1 - 1 7 1 . 6 1 7 - 3 5 . 4 1 6 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 - 7 . 9 4 0 - 1 7 1 . 6 1 7 1 .5 6 5 - 7 3 . 8 0 8 - 1 6 . 3 4 8 0 . 0 0 0 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 - 3 5 . 4 1 6 - 7 3 . 8 0 8 1 . 3 7 4 - 1 1 1 . 7 4 4 - 0 . 7 2 8 0 . 0 0 0

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 1 6 . 3 4 8 - 1 1 1 . 7 4 4 1 .0 1 5 - 1 . 7 0 3 - 2 2 . 5 7 6

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 0 . 7 2 8 - 1 . 7 0 3 0 . 0 8 0 - 3 . 2 1 3

0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 - 2 2 . 5 7 6 - 3 . 2 1 3 0 . 3 7 3
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Appendix IID

H M M  Im p lem en ta tion  Results fo r the 
M o d ifie d  Sample

The follow ing pages present the im plem entation results for the modified Stan­

dard &  Poor’s ra ting  sample, where a ll firms were reclassified as investment-grade, 

speculative grade or de fau lt/N R . As in Appendix IIC , for each o f the passes through 

the data  set, we are given the estimates for matrices A  and C,  as well as VarVk  

and V a r W k .
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I n i t i a l  m a t r i x  A

0 . 9 0 0  0 . 0 2 0  0 . 0 0 0

0 . 1 0 0  0 . 9 0 0  0 . 0 0 0

0 . 0 0 0  0 . 0 8 0  1 . 0 0 0

P a s s  1

E s t i m a t e d  m a t r i x  A

0 . 8 5 2 0 . 0 1 2 0 . 0 0 0

0 . 1 4 8 0 . 8 6 9 0 . 0 0 0

0 . 0 0 0 0 . 1 1 9 1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

6 0 . 0 5 0  - 5 9 . 4 1 3  - 0 . 6 3 6

- 5 9 . 4 1 3  1 0 4 . 2 8 0  - 4 4 . 8 6 6

- 0 . 6 3 6  - 4 4 . 8 6 6  4 5 . 5 0 2

P a s s  2

E s t i m a t e d  m a t r i x  A

0 . 8 8 7  0 . 0 1 1  0 . 0 0 0

0 . 1 1 3  0 . 8 3 1  0 . 0 0 0

0 . 0 0 0  0 . 1 5 7  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

4 2 . 5 0 6  - 1 0 1 . 1 3 7  - 1 . 4 1 9

- 1 0 1 . 1 3 7  9 9 . 4 2 6  - 1 0 2 . 5 6 8

- 1 . 4 1 9  - 1 0 2 . 5 6 8  5 8 . 4 8 5

P a s s  3

E s t i m a t e d  m a t r i x  A

0 . 9 0 2  0 . 0 0 8  0 . 0 0 0

0 . 0 9 8  0 . 7 8 4  0 . 0 0 0

0 . 0 0 0  0 . 2 0 8  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

3 3 . 0 8 0  - 1 3 3 . 5 5 2  - 2 . 0 8 4

- 1 3 3 . 5 5 2  9 9 . 2 1 9  - 1 6 9 . 3 7 3

- 2 . 0 8 4  - 1 6 9 . 3 7 3  6 7 . 4 7 0

I n i t i a l  m a t r i x  C

0 . 5 0 0 0 . 3 0 0 0 . 0 0 0

0 . 5 0 0 0 . 5 0 0 0 . 5 0 0

0 . 0 0 0 0 . 2 0 0 0 . 5 0 0

E s t i m a t e d  m a t r i x  C

0 . 6 0 1 0 . 2 3 0 0 . 0 0 0

0 . 3 9 9 0 . 2 5 5 0 . 1 6 5

0 . 0 0 0 0 . 5 1 5 0 . 8 3 5

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 6 7 . 9 7 6  - 1 1 5 . 6 9 7  - 5 2 . 2 7 9

- 1 1 5 . 6 9 7  2 4 0 . 4 4 7  - 1 2 4 . 7 5 1  

- 5 2 . 2 7 9  - 1 2 4 . 7 5 1  1 7 7 . 0 3 0

E s t i m a t e d  m a t r i x  C

0 . 6 5 4 0 . 1 4 9 0 . 0 0 0

0 . 3 4 6 0 . 1 8 9 0 . 0 7 9

0 . 0 0 0 0 . 6 6 2 0 . 9 2 1

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 2 8 . 2 7 4  - 2 0 3 . 5 4 2  - 9 2 . 7 0 7

- 2 0 3 . 5 4 2  1 7 9 . 2 9 7  - 2 1 6 . 2 0 2  

- 9 2 . 7 0 7  - 2 1 6 . 2 0 2  1 3 1 . 8 7 9

E s t i m a t e d  m a t r i x  C

0 . 7 4 6  0 . 0 7 3  0 . 0 0 0

0 . 2 5 4  0 . 1 2 4  0 . 0 3 5

0 . 0 0 0  0 . 8 0 3  0 . 9 6 5

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

8 2 . 2 2 7  - 2 6 4 . 9 6 4  - 1 1 3 . 5 1 3  

- 2 6 4 . 9 6 4  1 1 8 . 1 6 7  - 2 7 2 . 9 4 7  

- 1 1 3 . 5 1 3  - 2 7 2 . 9 4 7  7 7 . 5 5 1
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P a s s  4

E s t i m a t e d  m a t r i x  A

0 . 8 9 9 0 . 0 0 5 0 . 0 0 0

0 . 1 0 1 0 . 7 5 6 0 . 0 0 0

0 . 0 0 0 0 . 2 3 9 1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

2 9 . 5 8 3  - 1 6 2 . 7 5 2  - 2 . 4 6 7

- 1 6 2 . 7 5 2  9 3 . 1 6 3  - 2 3 3 . 3 3 6

- 2 . 4 6 7  - 2 3 3 . 3 3 6  6 4 . 3 4 7

P a s s  5

E s t i m a t e d  m a t r i x  A

0 . 8 9 0  0 . 0 0 3  0 . 0 0 0

0 . 1 1 0  0 . 7 4 7  0 . 0 0 0

0 . 0 0 0  0 . 2 5 0  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

2 8 . 1 3 5  - 1 9 0 . 6 6 0  - 2 . 6 9 4

- 1 9 0 . 6 6 0  8 3 . 7 0 8  - 2 8 9 . 1 3 5

- 2 . 6 9 4  - 2 8 9 . 1 3 5  5 6 . 0 2 6

P a s s  6

E s t i m a t e d  m a t r i x  A

0 . 8 8 4  0 . 0 0 2  0 . 0 0 0

0 . 1 1 6  0 . 7 4 1  0 . 0 0 0

0 . 0 0 0  0 . 2 5 7  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

2 5 . 9 8 2  - 2 1 6 . 4 9 1  - 2 . 8 4 5

- 2 1 6 . 4 9 1  7 4 . 1 3 4  - 3 3 7 . 4 3 8

- 2 . 8 4 5  - 3 3 7 . 4 3 8  4 8 . 4 5 3

P a s s  7

E s t i m a t e d  m a t r i x  A

0 . 8 8 0  0 . 0 0 2  0 . 0 0 0

0 . 1 2 1  0 . 7 3 6  0 . 0 0 0

0 . 0 0 0  0 . 2 6 2  1 . 0 0 0

E s t i m a t e d  m a t r i x  C

0 . 8 6 7 0 . 0 3 4 0 . 0 0 0

0 . 1 3 3 0 . 0 8 0 0 . 0 2 2

0 . 0 0 0 0 . 8 8 6 0 . 9 7 8

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

4 1 . 8 0 5  - 2 9 7 . 8 0 8  - 1 2 2 . 4 7 4  

- 2 9 7 . 8 0 8  6 9 . 4 8 5  - 3 0 9 . 5 8 8

- 1 2 2 . 4 7 4  - 3 0 9 . 5 8 8  4 5 . 6 0 2

E s t i m a t e d  m a t r i x  C

0 . 9 3 6 0 . 0 2 5 0 . 0 0 0

0 . 0 6 5 0 . 0 6 7 0 . 0 1 8

0 . 0 0 0 0 . 9 0 8 0 . 9 8 2

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

2 1 . 2 2 7  - 3 1 3 . 2 1 2  - 1 2 8 . 2 9 6  

- 3 1 3 . 2 1 2  4 4 . 7 4 8  - 3 3 8 . 9 3 2

- 1 2 8 . 2 9 6  - 3 3 8 . 9 3 2  3 5 . 1 6 6

E s t i m a t e d  m a t r i x  C

0 . 9 5 3  0 . 0 2 3  0 . 0 0 0

0 . 0 4 8  0 . 0 6 1  0 . 0 1 4

0 . 0 0 0  0 . 9 1 6  0 . 9 8 6

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 4 . 8 9 6  - 3 2 3 . 4 7 8  - 1 3 2 . 9 2 6  

- 3 2 3 . 4 7 8  3 4 . 6 6 5  - 3 6 3 . 3 3 1

- 1 3 2 . 9 2 6  - 3 6 3 . 3 3 1  2 9 . 0 2 9

E s t i m a t e d  m a t r i x  C

0 . 9 5 5  0 . 0 2 3  0 . 0 0 0

0 . 0 4 5  0 . 0 6 0  0 . 0 1 3

0 . 0 0 0  0 . 9 1 8  0 . 9 8 8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix I ID  - H M M  Implementation Results fo r  the M odified Sample 83

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

2 3 . 7 1 5  - 2 4 0 . 0 9 9  - 2 . 9 5 2

- 2 4 0 . 0 9 9  6 5 . 3 7 0  - 3 7 9 . 2 0 0

- 2 . 9 5 2  - 3 7 9 . 2 0 0  4 1 . 8 7 0

P a s s  8

E s t i m a t e d  m a t r i x  A

0 . 8 7 5 0 . 0 0 2 0 . 0 0 0

0 . 1 2 5 0 . 7 3 4 0 . 0 0 0

0 . 0 0 0 0 . 2 6 5 1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

2 1 . 4 7 5  - 2 6 1 . 4 9 2  - 3 . 0 3 4

- 2 6 1 . 4 9 2  5 7 . 4 9 4  - 4 1 5 . 3 0 1

- 3 . 0 3 4  - 4 1 5 . 3 0 1  3 6 . 1 8 3

P a s s  9

E s t i m a t e d  m a t r i x  A

0 . 8 7 0  0 . 0 0 2  0 . 0 0 0

0 . 1 3 0  0 . 7 3 4  0 . 0 0 0

0 . 0 0 0  0 . 2 6 4  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

1 9 . 4 5 9  - 2 8 0 . 8 8 5  - 3 . 1 0 1

- 2 8 0 . 8 8 5  5 0 . 5 6 8  - 4 4 6 . 4 7 6

- 3 . 1 0 1  - 4 4 6 . 4 7 6  3 1 . 2 4 2

P a s s  1 0

E s t i m a t e d  m a t r i x  A

0 . 8 5 9  0 . 0 0 2  0 . 0 0 0

0 . 1 4 1  0 . 7 3 4  0 . 0 0 0

0 . 0 0 0  0 . 2 6 5  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

1 8 . 1 1 8  - 2 9 8 . 9 4 9  - 3 . 1 5 5

- 2 9 8 . 9 4 9  4 5 . 2 4 5  - 4 7 3 . 6 5 7

- 3 . 1 5 5  - 4 7 3 . 6 5 7  2 7 . 2 3 5

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 2 . 4 7 9  - 3 3 2 . 1 0 3  - 1 3 6 . 7 8 0  

- 3 3 2 . 1 0 3  3 0 . 1 6 2  - 3 8 4 . 8 6 8

- 1 3 6 . 7 8 0  - 3 8 4 . 8 6 8  2 5 . 3 9 1

E s t i m a t e d  m a t r i x  C

0 . 9 5 3 0 . 0 2 3 0 . 0 0 0

0 . 0 4 7 0 .0 6 1 0 . 0 1 2

0 . 0 0 0 0 . 9 1 6 0 . 9 8 8

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 1 . 2 3 4  - 3 3 9 . 9 4 0  - 1 4 0 . 1 7 7  

- 3 3 9 . 9 4 0  2 8 . 0 5 1  - 4 0 5 . 0 8 3

- 1 4 0 . 1 7 7  - 4 0 5 . 0 8 3  2 3 . 6 1 2

E s t i m a t e d  m a t r i x  C

0 . 9 5 0 0 . 0 2 6 0 . 0 0 0

0 . 0 5 0 0 . 0 6 7 0 . 0 1 2

0 . 0 0 0 0 . 9 0 7 0 . 9 8 8

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 0 . 5 9 9  - 3 4 7 . 2 1 3  - 1 4 3 . 5 0 3  

- 3 4 7 . 2 1 3  2 8 . 0 4 6  - 4 2 5 . 8 5 6

- 1 4 3 . 5 0 3  - 4 2 5 . 8 5 6  2 4 . 0 9 8

E s t i m a t e d  m a t r i x  C

0 . 9 4 3  0 . 0 2 8  0 . 0 0 0

0 . 0 5 7  0 . 0 7 2  0 . 0 1 3

0 . 0 0 0  0 . 8 9 9  0 . 9 8 7

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 0 . 2 3 1  - 3 5 4 . 2 9 2  - 1 4 6 . 6 5 5  

- 3 5 4 . 2 9 2  2 8 . 2 0 1  - 4 4 6 . 9 7 8

- 1 4 6 . 6 5 5  - 4 4 6 . 9 7 8  2 4 . 2 7 4
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P a s s  1 1

E s t i m a t e d  m a t r i x  A

0 . 8 4 9  0 . 0 0 2  0 . 0 0 0

0 . 1 5 1  0 . 7 3 7  0 . 0 0 0

0 . 0 0 0  0 . 2 6 2  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

1 6 . 5 5 0  - 3 1 5 . 4 5 2  - 3 . 2 0 2

- 3 1 5 . 4 5 2  4 0 . 3 3 6  - 4 9 7 . 4 9 0

- 3 . 2 0 2  - 4 9 7 . 4 9 0  2 3 . 8 8 0

P a s s  1 2

E s t i m a t e d  m a t r i x  A

0 . 8 2 7  0 . 0 0 2  0 . 0 0 0

0 . 1 7 3  0 . 7 4 2  0 . 0 0 0

0 . 0 0 0  0 . 2 5 6  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

1 5 . 6 9 4  - 3 3 1 . 1 0 3  - 3 . 2 4 4

- 3 3 1 . 1 0 3  3 6 . 6 4 0  - 5 1 8 . 4 7 8

- 3 . 2 4 4  - 5 1 8 . 4 7 8  2 1 . 0 3 1

P a s s  1 3

E s t i m a t e d  m a t r i x  A

0 . 7 9 8  0 . 0 0 2  0 . 0 0 0

0 . 2 0 2  0 . 7 4 5  0 . 0 0 0

0 . 0 0 0  0 . 2 5 3  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

1 4 . 6 1 0  - 3 4 5 . 6 7 6  - 3 . 2 8 1

- 3 4 5 . 6 7 6  3 3 . 5 8 3  - 5 3 7 . 4 8 8

- 3 . 2 8 1  - 5 3 7 . 4 8 8  1 9 . 0 4 7

P a s s  1 4

E s t i m a t e d  m a t r i x  A

0 . 7 7 4  0 . 0 0 2  0 . 0 0 0

0 . 2 2 6  0 . 7 5 3  0 . 0 0 0

0 . 0 0 0  0 . 2 4 6  1 . 0 0 0

E s t i m a t e d  m a t r i x  C

0 . 9 3 4  0 . 0 3 3  0 . 0 0 0

0 . 0 6 6  0 . 0 8 3  0 . 0 1 5

0 . 0 0 0  0 . 8 8 4  0 . 9 8 6

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W  

1 0 . 1 4 6  - 3 6 1 . 2 5 7  - 1 4 9 . 8 3 5  

- 3 6 1 . 2 5 7  3 0 . 6 1 8  - 4 7 0 . 6 3 0

- 1 4 9 . 8 3 5  - 4 7 0 . 6 3 0  2 6 . 8 3 3

E s t i m a t e d  m a t r i x  C

0 . 9 1 7 0 . 0 3 9 0 . 0 0 0

0 . 0 8 3 0 . 0 9 9 0 . 0 1 8

0 . 0 0 0 0 . 8 6 2 0 . 9 8 2

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 0 . 6 0 9  - 3 6 8 . 4 8 5  - 1 5 3 . 2 1 7  

- 3 6 8 . 4 8 5  3 5 . 9 1 6  - 4 9 9 . 3 1 9

- 1 5 3 . 2 1 7  - 4 9 9 . 3 1 9  3 2 . 0 7 0

E s t i m a t e d  m a t r i x  C

0 . 8 9 7 0 . 0 4 3 0 . 0 0 0

0 . 1 0 4 0 . 1 0 9 0 . 0 2 1

0 . 0 0 0 0 . 8 4 8 0 . 9 7 9

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 0 . 4 9 5  - 3 7 5 . 5 8 5  - 1 5 6 . 6 1 2  

- 3 7 5 . 5 8 5  3 8 . 6 5 1  - 5 3 0 . 8 7 0

- 1 5 6 . 6 1 2  - 5 3 0 . 8 7 0  3 4 . 9 4 5

E s t i m a t e d  m a t r i x  C

0 . 8 7 4  0 . 0 5 0  0 . 0 0 0

0 . 1 2 6  0 . 1 2 6  0 . 0 2 8

0 . 0 0 0  0 . 8 2 4  0 . 9 7 2
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A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

1 2 . 7 1 9  - 3 5 8 . 3 6 0  - 3 . 3 1 7

- 3 5 8 . 3 6 0  2 9 . 9 3 3  - 5 5 4 . 7 3 8

- 3 . 3 1 7  - 5 5 4 . 7 3 8  1 7 . 2 8 5

P a s s  1 5

E s t i m a t e d  m a t r i x  A

0 . 7 1 8  0 . 0 0 2  0 . 0 0 0

0 . 2 8 2  0 . 7 5 5  0 . 0 0 0

0 . 0 0 0  0 . 2 4 4  1 . 0 0 0

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  V

1 1 . 3 9 9  - 3 6 9 . 7 2 8  - 3 . 3 4 8

- 3 6 9 . 7 2 8  2 7 . 2 7 8  - 5 7 0 . 6 4 9

- 3 . 3 4 8  - 5 7 0 . 6 4 9  1 5 . 9 4 2

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

1 0 . 2 3 1  - 3 8 2 . 2 5 8  - 1 6 0 . 1 6 9  

- 3 8 2 . 2 5 8  4 6 . 8 9 0  - 5 7 1 . 0 8 7

- 1 6 0 . 1 6 9  - 5 7 1 . 0 8 7  4 3 . 7 7 5

E s t i m a t e d  m a t r i x  C

0 . 8 3 0 0 . 0 5 2 0 . 0 0 0

0 . 1 7 0 0 . 1 3 2 0 . 0 2 9

0 . 0 0 0 0 . 8 1 6 0 . 9 7 1

A g g r e g a t e  v a r i a n c e / c o v a r i a n c e  f o r  W

9 . 6 6 3  - 3 8 8 . 4 7 0  - 1 6 3 . 6 2 0  

- 3 8 8 . 4 7 0  4 8 . 5 2 2  - 6 1 3 . 3 9 8

- 1 6 3 . 6 2 0  - 6 1 3 . 3 9 8  4 5 . 7 6 1
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C hapte r 3

Kalman Filtering Model

1. INTRODUCTION

One o f the challenges in im plem enting the H idden M arkov M odel o f cred it 

ra ting  evolution over tim e is the nature o f the ra ting  data. In  general, the model re­

quires many observed transitions between ra ting  categories. Since ind iv idua l firm s 

experience few ra ting  changes w ith in  a narrow range, i t  is necessary to consider 

an aggregate o f firm s in  the data set ra ther than an ind iv idua l company. A nother 

characteristic o f the ra ting  data is tha t the dataset contains many transitions to  the 

N R  (not rated) status. Accounting for the in form ation  content o f transitions to  and 

from  N R  poses a challenge, as the specific reasons behind the “ missing” ratings are 

not known. A potentia l solution to this problem comes in the form  o f a continuous 

tim e approxim ation to  the ra ting  dynamics. B y considering a Gaussian approxi­

m ation to  the evolution of an average company ra ting  over tim e, we transform  the

discrete tim e model w ith  a M arkov Chain observed in  m artingale noise to  a linear
86
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Kalm an filte ring  problem. In  th is  context, the “ true ” average cred it ra ting  is a 

noisy signal observed through Gaussian noise. There are benefits to  th is  approach. 

F irs t, we can draw from  a large body o f existing research in to  Kalm an filte rin g  and 

its  applications. Second, we are able to  use a ll available ra tings and account for 

transitions to  and from  the N R  status im p lic it ly  by considering the dynamics o f the 

average ra ting. As before, we use the E M  a lgorithm  to  estimate parameters o f the 

model.

2. GAUSSIAN APPROXIM ATION TO CREDIT RATING D Y N A M ­

ICS

Recall from  Chapter 1 th a t X  a discrete-time, fin ite-state, tim e homogeneous 

M arkov chain w ith  the state space {e i,  e2 , . . . ,  e # } ,  e* =  ( 0 , . . . ,  0 , 1 , 0 , . . . ,  0 )T G 

WLN . Its  sem imartingale representation is

Xfc+i =  A X k  +  Vfc+i: k =  0 , 1 , . . . ,

where 1 4 + 1  is a m artingale increment w ith  E[Vk+ i |Kk\ — 0 G M'v . Recall th a t T k =  

cr{Xo, X i , . . . ,  X k }  is the a-f ield  contain ing a ll the in form ation  about the process X  

up to  and including tim e k. Let pk =  (pi .  ■.. ■Pn Y =  E[Xk\-  Then. Pk+i  =  Apk  =  

A k+1p0 G R n  and V a r V k =  E[VkV{\ =  d ia g (A p fc_ i)  -  Ad iag(p fc_ i )A ' .

We suppose tha t we do not observe X  d irectly. Rather, we observe a pro­

cess Y  w ith  state space { / i , / 2 —• • • /a / } -  f j  =  ( 0 , . . . . 0 . 1 , 0 , . . . .  0) G R A/. The 

sem imartingale representation o f Y  is

Yk =  C X k +  W k. h — 0. 1........
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where W  is a m artingale increment w ith  E [ W k\Gk-\  V {A j t } ]  =  0 6  K A/ and

V a r W k =  E [ W kW'k) =  E [ (Yk -  C X k)(Yk -  C X k)') =  d ia g (C p fc) -  C d ia g  (pk ) C ' .

Recall tha t we take the process X  to  represent a f irm ’s “ true ” cred it qua lity  

and Y  to  be the noisy observations given by the posted cred it labels. However, 

in d iv idua l firm s generally experience few ra ting  changes and w ith in  a narrow range, 

and so we consider an aggregate o f firm s in  our data set, described in  Chapter 

2, ra ther than  an ind iv idua l company. The num ber o f observed ra ting  changes is 

fu rthe r lim ited  by many transitions to  the N R  (not rated) status, precise reasons 

for which are generally not known. We shall therefore consider an average “ true ” 

ra ting  and an average observed ra ting  label and then apply Kalm an filte rin g  to  the 

Gaussian analogs o f these averaged processes. Specifically, suppose th a t we have 

ra ting  data fo r L  firms, and so we consider L  independent signal processes X . w ith  

L  independent observation processes Y  such th a t for I — 1, 2 , . . . .  L.

Qk =  o-{2 fo , . . . .  X k, Y q , . . . ,  Yk}

represents possible histories o f bo th  processes X  and Y.  We have

V l+ 1  =  A X l  +  14+ 1

Y ‘ =  CX't  +  <

W rite
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and

y > - z ± n .  ^  =
1=1 i= i

Then, the dynamics o f the averaged X  and Y  are X]c+l =  A X k  +  Yk+i-. and =

CXfr +  W k , respectively.

Follow ing Krichagina, L ips te r and Rubinovich [22] we note th a t an op tim a l 

linear filte r  fo r a non-Gaussian process is the op tim a l linear filte r for a Gaussian 

analog o f the orig ina l process, i.e. for a Gaussian process w ith  the same m athem at­

ical expectation and correlation. The Gaussian analog of the averaged process X  is 

then the vector process

•Efc+i — Axfc T  Vk-\-ii

where Vk- k  =  1, 2 , . . . ,  is the sequence o f independent Gaussian vectors w ith  E[vk]  =  

0 and covariance m a trix  Qk =  diag ( A p k - i )  — A  d iag (pk - 1  ) A ' . and xq is a Gaussian 

vector independent o f Vk w ith  T[x'o] =  po, and covariance Qo such th a t Qo{i- i )  =  

Po( l  — pJ0), Q o ( i - j )  =  —PoPo f ° r  i  3- S im ilarly, the Gaussian analog o f the 

averaged process Y  is

yk =  C x k +  w k ,

where Wk■ k =  1 . 2 , . . . ,  is the sequence o f independent Gaussian vectors w ith  

E[wk] =  0 and covariance m a trix  Rk =  diag ( A p k - i ) — v4diag ( p k - i  ) A ' . independent 

o f X .  The Kalm an filte r  for th is  dynam ical system is described next.
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3. SQUARE-ROOT KALM AN FILTERING ALGORITHM

Assume th a t state and observation processes are given by the linear dynamics

Xfc+i =  A x k +  Vfc+i € MN , 

yk =  C x k +  w k E R m ,

where A  and C  are matrices o f appropria te  dimensions. vk and w k are norm a lly  

d is tribu ted  w ith  means zero and respective covariance matrices Q k and R k, assumed 

nonsingular.

W rite

y k  =  cr{?/o,yi, • • • ,2/fc}

and define

Xk.k- i  — (a p r io r i  state estimate)

£fc.fc-i =  E [ ( x k -  x k.k- i ) ( x k -  £ fc ./c - i) '|3 4 -i] (a p r io r i  error covariance)

Xfc.fc =  E[xk\yk] (a posteriori  state estimate)

Y,k.k — E [ ( x k — x k,k ) { x k — xktky \yk\ (a posteriori  error covariance)

The Kalm an filte r uses a form  o f feedback control: the f ilte r  estimates the

process state at some tim e and then obtains feedback in  the form  of noisy mea­

surements. The equations for the Kalm an filte r therefore fa ll in to  two groups: time 

update equations and measurement update equations. The tim e update equations 

are responsible for p ro jecting  forward in  tim e the current state and error covariance
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estimates to  obta in  a p r io r i  estimates for the next tim e step. The measurement 

update equations are responsible fo r the feedback, i.e. for incorpora ting  a new mea­

surement in to  the a p r io r i  estimate to  obta in  an improved a posteriori  estimate. 

A fte r each tim e and measurement update pair, the process is repeated w ith  the 

previous a posteriori  estimates used to  pred ict the new a p r io r i  estimates. Kalm an 

filte r is therefore recursive, which is one o f its  very appealing features.

The tim e  update equations are, k =  1 , 2 , :

% k , k  — 1 =  \ , k — 1

-̂‘k . k —i - T H / c — i , k — i A  -f- Q k -

The measurement update equations are, k =  1 , 2 , . . . :

K k =  £ A, fc- i C ' ( C E fc.fc_ 1C / +  R k) ~ x 

d'k.k — d-k k— i “b K k(yk 

Sfc.fc =  { I  ~  -KfcC)£fc,fc_i

Note th a t the only tim e-consum ing operation in  the Kalm an filte rin g  process 

is the com putation o f the Kalman gain matr ix  K k . In  the actual im plem entation o f 

the filte r, it  is im po rtan t to  be able to  compute K k efficiently, preferably w ith o u t 

d irec tly  inve rting  the m a trix  (C T,k. k - i C ' + R k) at each tim e step. We therefore tu rn  

to  the so called square-root algorithm, which only requires inversion o f triangu la r 

matrices and improves the com putationa l accuracy by working w ith  the square root 

o f possibly very large or very small numbers.
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F irs t we note w ith o u t p roo f the fo llow ing result from  linear algebra:

L e m m a  3 .1 . For any positive definite symmetric mar ix  A,  there is a unique lower 

t rangular matr i x  A 1/ 2 such that A  =  A 1̂ 2( A 1̂ 2) ' . More generally, f o r  any n x ( n + p )  

matr ix  A ,  there is an n  x n  mat r ix  A  such that A A !  =  A A ! . □

A 1/ 2 has the p roperty  o f being a “square ro o t” o f A.  and since i t  is lower

triangu la r, its  inverse can be computed more efficiently. The factoriza tion  o f a 

m a trix  in to  the p roduct o f a lower triangu la r m a trix  and its  transpose is usually 

done by a scheme known as Cholesky decomposition, described in  A ppend ix  I I I  A .

Define H k :=  ( C E ^ - i C '  +  R k) 1̂ 2- Let. So.o =  Q q 2 and Sk,k- 1  be the square

1/ 2  1 /2  
root, o f the m a trix  ( A S k - i , k - i Q k_ i ) { A S k - i , k - i Q k_ i ) ' , and

Sk,k =  Sk.k^ ( I  -  Sk k _ 1C ' ( H k) ~ 1( H k +  R l i2 ) - l C S k.k^ )

for k =  1. 2 . . . . .  The a ux ilia ry  matrices Sk_k- \  and Sk.k are also square roots,

although they are not necessarily lower trangu la r nor positive definite:

T h e o re m  3 .1 . S'o,o*S'o.o =  S 0.o, and f o r  k =  1 , 2 , ,

Sk.k—i S k.k_\ — FT./;—i

Sk.kSk k — Ylk.k-

Proof  See Append ix I I IB .

The square-root Kalman f i l ter ing algori thm can then be stated as follows:

(i) Com pute S0.o =  Qo/2 ■

(ii) For k =  1 .2 , . . . .  compute Sk.k- 1 , a square root o f the m a trix

(A 5 fc_ i. fc_ iQ j /_21) (A 5 fc_ 1.fc_ 1Qj[/_21) ' ;
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and the m a trix

H k =  { C S k.k. l S'krk_ , C '  +  R k) ^ 2.

and then compute

( ii i)  Com pute x 0 =  p0. and fo r k =  1 . 2 , . . . ,  using the in form ation  from  ( ii) , com­

pute

djk .k — i F  K k { y k C x k'k — i ) .

We again rem ark tha t we only have to  invert triangu la r matrices, and in  ad­

d itio n , these matrices are square roots o f ones tha t m ight have very small or 

very large entries. The a lgorithm  is illus tra ted  in  the fo llow ing figure:

F ig u re  3 .1 .

Then compute

•f'fe.fc—i — A x k—i,fc—i

and

i I
& k — 1 .k— 1
I
%k,k— 1
I
■̂ k.k
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In  some cases state constraints may have to  be incorporated in to  the s tructure  

o f the Kalm an filte r. W hen x k is taken to  represent the average ra ting, its  compo­

nents should add up to  one. The required state constra int is then l ' x k =  1 and we 

have the following:

P ro p o s it io n  3 .1 . Given the unconstrained state estimate x k± ,  the constrained 

state estimate is x k.k — x k,k ~  -  1).

Proof. See Simon and Chia [30].

4. P A R A M E T E R  E S T IM A T IO N

Consider the fo llow ing tim e-invarian t Gaussian state-space model:

x k+x =  A x k +  vk+ i  <E K n : vk ~  N { 0. Q)

yk =  C x k + w k , w k ~ N ( 0 . R ) ,

w ith  in it ia l state mean p. and in it ia l state covariance E. We are interested in  com­

pu ting  the M L E  o f the parameter 9 =  (p. E. A. C. R. Q: 1 'A  — 1'. l 'C  =  1'. 1 ' p  — 1)

given the observation sequence y \ . . . . .  y r -  Note tha t we require matrices A  and C

to  have columns th a t add up to  one. We use the E M  a lgorithm  described in  Chapter 

1 to  compute the M LE .

S te p  1 (E-step): The jo in t log like lihood o f the complete data x 'o ..ti. . . .  . x t , and
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y i . . . . .  y r  can be w ritte n  in  the form

95

log L  =

T

2
log |Q| -  ^ ^ 2 ( x k  ~  A x k_ i ) 'Q  1{x k -  A x k- i )

k - l  

T

^  lo g \R\ -  ^  Y ^ ( y k ~  C x k) 'R T l {yk -  C x k)
k= 1

SO tha t

Q ( 9 , §j )  =  -  1  log |E| -  i  E q_ [ (x 0 -  l ( x 0 -  n ) \ y T ]

-  \  lo g \Q\ -  ^ E§j

-  \  l o g \R\  ~  ^  E § .

-  Axk- \ ) 'Q~ l (xk -  Axk- i ) \ y T
k = 1 

T

J 2 ( y k - C x k Y R ^ ( y k - C x k ) \ y T
k —1

where 9j  denotes the parameter estimate a t the j - t h  ite ra tion  and the term  R ( 9 j )  

does not involve 6. Define:

xk.r  =  E^ [xk\yr\

S/c.r =  E^ , [ { xk — x k_r){xk ~

£ I . k - i  =  E ej [(x k ~  x km ) ( x k- \  ~  X k - i . r Y \ y r ] -

Note tha t the random  vector x k k is the usual Kalm an filte r estim ator, whereas x k.T 

is the m in im um  mean square error smoothed estim ator o f x k based on a ll o f the 

observed data.
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Set also

96

r

E  =  +  x k - i . r x ' k - i , r )
fc=i

T

G  =  1 +  Xk,Tx'k_\,T )
k= 1 

T

U  =  +  Xfc.r^fc.r)-
/ c = l

Taking the expectations, we can rew rite  Q(9,9j)  as

<2(0,0,- -  i  log |E| -  [E  ^ S o .r  +  (*o .r  -  ^ ) ( * o :r  -  //) ' ) ]

-  ^  log |<31 -   ̂fr [<3_1(t/ -  Gb4' -  4G' + AFA')]

-  |  log |F| -  ^  t r
T

R ~ 1 E ( ( y f c  -  C x fc.T )(yfc -  Cxfc.T)' +  CS fc . rC ' )
fc=1

In  order to  calculate a^.'T and E ^ r :  one performs the set o f backward recursions 

for A: =  T. T  — I . . . .  A  (cf. Shumway and Stoffer [29]):

X k - i . T  =  £ k - \ , k - i  +  -  A x k - i . k - i )

S fc - i,r  =  5Dfc— l.fc—i +  -  E/c.fc_i)(E/c_ 1̂ . „ iy l/ E fc }.._1)/.

The covariance E ^ fc_ j can be calculated using the backwards recursions (cf. Shum­

way and Stoffer [29])

^k-l .k-2 —̂ k- l .k - lCFk- l .k - iA  Efc_ 1_jt_2) T.k- i .k - \A  Efr fc_j 

x (Y,'k_k_^ -  AT,k- \ .k- i )CEk-2 .k -2A 'Y ,kf uk_.2y
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fo r k =  T. T  — 1........2. where

^T .T - 1 =  { I  -  K t C )A Y , t - i .t -  1.

S te p  2 (M-step)  To im plem ent the M-step. i.e. to  compute

9j + 1 =  argmax0e©Q(0. d3). 

we set the derivatives d Q /d 9  =  0.

P ro p o s it io n  3 .2 . Define Z  — Y lk= i  Vk^'k.T- The E M  parameter estimates are 

given by

A  =  G F -1 +  Q 1(1 /Q 1 )_1(1 / — l 'G F - 1 ) State t ransi t ion matr i x

Q  =  7p { U  — G A '  — A G '  +  A F A ' )  State noise covariance

C  =  Z U  1 +  i? l(l'i? l) 1( l '  — l ' Z U  *) Observation matr ix

1 T
R  =  -  ^ 2 \ ( y k  — C x k . rA v k  — C x k . rY  +  C  E jc.rC '] Observation noise covariance

fc=l

ft — xq.t  — — 1) In i t i a l  state mean

E =  E o .t — xq,t &o t  In i t ia l  state covariance.

Proof. In  A ppend ix  I I IB .

5. A P P L IC A T IO N

The Kalm an filte ring  model described above was applied in  an example as 

follows. We assumed tha t the state and observation processes are given by linear
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dynamics

Xk+i  =  A x k +  Vk+\ 6 R 2- 

yk =  C x k +  w k € R 2,

where A  and C  are matrices o f dimension two. vk and w k are norm a lly  d is tribu ted  

w ith  means zero and covariance matrices Q  and R.  respectively. We generated 100 

observations, namely 100 “ true ” state vectors and 100 observations o f the “ true ” 

state. The firs t 50 observations were used to  estimate the parameters o f the model: 

state m a trix  A,  observation m a trix  C.  state error covariance Q and state error 

covariance R.  Recall th a t the E M  a lgorithm  is se lf-tuning and guarantees tha t log- 

like lihood increase m onotonically w ith  every ite ra tion . In  th is case, log-likelihood 

converged after on ly seven passes through the data. The true  and estimated param ­

eters for th is  H M M  are shown in  A ppend ix  I I IC . Note th a t estimated parameters 

are very close to  true  parameters. In  order to  illus tra te  the predictive performance 

o f the a lgorithm , we used the Kalm an filte rin g  model w ith  estimated parameters 

to  predict the state given the second h a lf o f the observations. We then p lo tted  

predicted versus actual state. The p lo t is given in  Appendix I I IC  and shows tha t 

predictions are quite  accurate.
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Appendix IIIA

Lower-Triangular Cholesky Decomposi­
tio n

Let A =  (a . i j ) i< i j< n be a symmetric, positive-definite matrix. A lower-triangular 

m atrix L =  (h j ) i < i . j< n such that A =  L L '  is obtain through the following algo­

rithm :

i. l \ i =  y/aTi-

ii. For i  — 2 n.

l j l = a j  l / I  ii ■

iii. For i  =  2 . . . . .  n. j  — i +  1 . . . . .  n,
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Appendix IIIB

Proofs o f Results in  Chapter 3

Proof of T heo re m  3.1.

The first statement is tr iv ia l since E0.o =  Qo■ The other relationships can be 

proved by induction. Suppose that Sk_, A. , _ _ l A._ j =  Then it  follows

immediately that Sk k_ l S'k k_ l — T.k.k~i  using the relation between "Ek.k-i and 

in the Kalman filtering process. We verify that the second relationship 

holds for k using the first relationship for the same k. Since CY.k,k^ \ C '  =  H kH ’k -  

Rk so that

(.wkr \ H k +  r 1/ 2) - 1 +  [ (Hk +  R f y r 1^ 1

-  (H'kr \ H k +  R lJ 2)~ l C 'Lk.k - iC ' [ {Hk +  R l ' 2) r l H k l 

=  {H'k) ' / 2(H k +  R l /2) - l \Hk(H ,  + R l /2)f +  (H k +  R lJ 2)H'k

-  H kH'k +  Rk}\{Hk +  R ] / 2) ' ] - 1 H k ' 

=  {H'ky \ H k +  R \ /2) - x[HkH'k +  H k(R lk/2Y 

+  R lk/2H'k +  Rk}{(Hk +  R l /2Y } - l H l: 1
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=  +  R \ r2Y \ H k +  R \ ' 2) { H k +  R l r2) ' l (Hk +  R 1k/2y }~ 1H ^

=  ( H ’k) - 1H ^  =  (H kH ’k) - ' .

it  follows from the first relationship that

Sk.kS i k =  S ^ l l  -  +  R 1k/2) - ' C S k.k- 1]

x [ I  -  S i k_ 1C ' [ (H k +  R l /2) T ' H j f 1C S k.k- 1]S’k'k_ 1 

=  Sk.k- 1[ I - S ' k'k_ 1C'{H' lr) - 1( H k +  R l /2) - 1C S k. *_ !

-  s ' ^ c ' m  +  R l / ^ H ^ C S , . ^

+  S’k'k_ l C'(H'k) - 1( H k +  R l /2) - 1C S k.k- i S'k.k_ 1C'  

x \ (Hk +

=  SA,*_ ,  -  +  R lk,2r l +  [ {Hk. 4- B.l/2) r 1H ^

-  ( H ’k) - l (H k +  7?|,/2) - 1C E a, a- 1C , [ ( / /a. +  f?A/2) ,] - 1t f A“ 1] C £ A, A- i  

=  E a, a- i  -  E k.k- \C ' (H k H 'k)~ xC E k.k-\

— E k.k- D

Proof  of P ro p o s it io n  3.2. The problem to solve is 

maximize -  ^  log |£| -  i  t r  [E _1(E 0.r  +  (*o .r -  /0 (*o .r  -  /O')]
1. C- • - a  . / i . Z  Z

-  |  lo g \Q\ ~ \ t r  [Q~l {U -  GA'  -  AG'  +  A F A ')]

-  ^  log \R\ -  ^ t r R _1 -  C x k.T)(yk -  C-H.t Y +  C E k, r C')
k=i
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where

F  =  ^ ( E / c - i . r  +  x k- \ : r x ' k_ xn
k= 1 

T

G — 1 +  Xk. r i -k - i . r )
k= 1 

T

U =  +  Xk.TXk.r)-
k= 1

subject to

l 'A  =  1' 

l 'C  = 1' 

iV  =  i-

The Lagraugian is

£  ==  -  I  log |E| - \ t r  [E _1(E0.r  +  (*o .t -  aO(*o.t -  A 0 ' ) ]

-  |  l o g \Q\ ~ \  t r  [ Q - 1 (U -  GA'  -  AG'  +  A F A ')]

~ \  log 1̂ 1 -  \  t r R £((?/*■ -  c >PT)(yk -  C■>■,,, )' + C Z k.TC')
k-1

+ E6j [R(ej)\yT]

+ t n \ \ { l 'A  -  1') + trh'2( l 'C  -  1') + A3( lV  -  1).

Differentiating in A and A t and setting the derivatives to zero gives

Q - ' G - Q - ' A F  + lRx = 0  ( 1)

and

1'A =  T. (2)
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From equation (1) we have A — G F ~ 5 +  Q l A  i F ~ l • Substituting into (2) we obtain 

A j F " 1 =  ( l ' Q l ) - 1^ '  -  1 ’G F ~ l ). I t  follows that

>1 =  G F ~ l +  Q l ( l /Q l ) - 1( l '  -  \ ' G F ~ l ).

Differentiating in Q and setting the derivative to zero gives

|  Q ~ ~ {U -  GA '  -  AG'  +  A F A ' )  =  0

and

q  =  1 ( 1 / - G A ' ~  AG'  +  AFA ') .

Differentiating in C  and A 2  and setting the derivatives to zero gives

R ~ l Z  -  C R ~ l U  +  1A2 =  0 (3)

and

l ' C  =  1'. (4)

From equation (3) we have C =  (R ~ 1Z  - f IA 2 ) U ~ ]R. Substituting in to  (4) we 

obtain A2 =  (1' -  V R ~ ' Z U ~ y R ) R ~ ' U . I t  follows that

1 7;r - l  d 1 1 ( - \ <  i 'd -1  7 r r - lC =  R~ ZU~ R  +  1(1' -  1 ’R - ' Z U ~ l R)

Differentiating in R  and setting the derivative to zero gives

T  1 T
2 R ~ 2  ~ r -l 'k r ) { j n  ~ C : h -T) ' +  =  0 

k= 1
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and

1 T
R =  — ^[(Vfc -  Cxk.r){yk ~ Cxk.T)' + CT.k.rC'}.

k= 1

Differentiating in p and setting the derivatives to zero gives

E ~ 5 (.To T — p) +  A 3 I  =  0

and

l ' p  =  1 .

so tha t p =  x q .t  -  E l ^ l 'E l ) - 1  { 1 ' x o .t  ~  ! ) •

Differentiating in E and setting the derivative to zero gives

2 E ~ 2  (S°-r  “  %0-t Xo.t ) =  0 

so tha t E =  Eo.r — ^ q.t x 'o.t -
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Appendix IIIC  - Results f o r  Kalman Filtering Example
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x2
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1
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C hapter 4

Modelling Default Risk

1. INTRO DUCTIO N

A  varie ty o f approaches to valuation o f default risk have been presented in  the

lite ra tu re  and implemented by practitioners. In  th is  chapter we follow the so-called

reduced-form approach, where default is an unpredict able event governed by a hazard

process defined in  terms o f intensity A. I f  a bondholder receives a payoff only i f  there

is no default before m aturity , the bond is priced as i f  it  were default-free by replacing

the risk-free short rate r  w ith  r  +  A (See for example Duffie and Singleton [9] or

Lando [23]). Follow ing E llio tt. Jeanblanc and Yor [16]. and Bielecki. Rutkow ski [3].

we make precise the technical conditions under which default acts as a change of

interest rate. F irs t we consider the case o f only one source o f in form ation , namely

the tim e when the default appears, and then discuss valuation o f defaultable bonds

for investors who also observe the issuer's credit qua lity  represented by the ir rating.

We show th a t i f  the default tim e adm its an in tensity  A. the value o f a zero-recovery
106
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defaultable bond is its  value as i f  it were risk-free adjusted by the p ro ba b ility  of 

no default before m a tu r ity  given in  terms o f A. Th is  p robab ility  is also calculated 

e xp lic itly  in  terms o f the issuer’s credit qua lity  when the credit qua lity  is added to 

the investo rs  in form ation  set. We extend our model to  allow for a rebate payment 

a t default cond itiona l on the issuer's credit quality. F inally, we discuss valuation of 

defaultable bonds when ''true" credit qua lity  is not observed d irec tly  bu t through 

noisy cred it ratings.

2. THE M ARKOV CHAIN MODEL OF CREDIT QUALITY EVOLU­

TION

Consider a p robab ility  space ( f i.  Q. Q)  where, for pric ing  purposes. Q is an 

equivalent mart ingale measure.

Suppose { X t } .  t >  0. is a fin ite-sta te  Markov Chain on ( f l .Q .Q ) .  w ith  state 

space S  =  { s i ,  s2 - ■ ■ ■ ■ s ^ } -  W ith o u t loss o f generality, we iden tify  the points in S 

w ith  the u n it vectors {e i.e -2 - . . .  . e ^ } .  where =  ( 0 ........0 . 1 . 0 . . . . .  0 ) e Rjy.

Denote by E q the expectation under the measure Q. The d is tr ib u tio n  o f X t 

is then p t :=  E [ X t] =  (pj . p j . . .  . p ? ) : where p) =  Q{X ,  =  e*) =  E [ ( X t . e?:)]. We 

suppose th is  dis- tr ib u tio n  evolves according to  the Kolm ogorov equation

dPt ,
- d t = A n ■

where A  is the "Q -m a trix ." such tha t A  =  (Oj,;). 1 <  i . j  <  N .  a.ji >  0 for a ll i ^  j .  

aj i  — 0- The default state e,v is assumed to  be absorbing, so the last column of
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A  has a ll zeros. Denote by { T t } the right-continuous, complete f iltra tio n  generated 

by the process X .  For s <  t, w rite  3>(s. f)  =  exp (A ( t  -  s)) for the trans ition  m a trix  

associated w ith  A.  so tha t

d $ {s . t )
at,

and

E [ X t \F 8) =  E [ X i \ X s] =  * ( s A ) X a.

<f>(s. t)  is then a N  x N  m a trix  whose ( j .  ?')-th entry specifies the p robab ility  of X  

being in  state j  at tim e t  given th a t the chain is in  state i  at tim e s.

Lemma 4.1.

14 : = X t - X o -  I  A X r dr  
Jo

is a (vector) jFr m artingale  under Q.

Proof. See A ppend ix IV .

The sem i-m artingale representation o f the M arkov Chain X  is. therefore.

/Jo
X t =  X 0 +  I  A X r dr  +  Vt 

or. in  d iffe rentia l form .

d X t =  A X t dt +  dVt .

As in  the previous chapters, we shall suppose tha t the M arkov Chain X  de­

scribed above represents the evolution o f credit qua lity  over time, so tha t N  states 

o f X  correspond to  N  credit ra tin g  categories. 4>(s.f) is then the trans ition  m a trix  

and A  is its  generator m a trix .
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3. THE DEFAULT TIME

We are interested in  m odelling how a default tim e m ight depend on credit 

quality. Let r  be an R +-va lu e d  random variable on ( f l .Q .Q )  representing the 

default time, such tha t Q ( r  =  0) — 0 and Q (t  <  r )  >  0 fo r a ll t >  0. Denote by 

{r)t } the increasing default process defined as r]t :=  1T<<- Each sample path is then 

equal to  0 before random  tim e r .  and it  equals 1 fo r t  >  r .  Le t {Tit} denote the 

natu ra l f iltra tio n  of  rj. w ith  Tit '■= u <  t )  generated by the sets [t. <  r }  and 

{ t  <  s} for s <  t. and set Hoc — <r{jlu : u  S M+). Note th a t { H t }  is the smallest 

f iltra tio n  such th a t r  is an { H t  } - stopping tim e. H t  represents in fo rm ation  whether 

default has occurred at or before tim e t. In  other words, we observe default as it 

occurs. We note the fo llow ing im po rtan t result:

Proposition 4 .1 . (Dellacherie) I f  Y  is any integrable. Q - measurable random, 

variable, then

E Q[ Y \H t ] =  l T<tEQ[Y \nx } + h,<T Eq ™ 1̂  '

In  particular.

and i f Y  is a ( r )-measurable -  that is, Y  =  h ( r )  -  then

EQ{Y\Ht] =  l T<th{T) +  l t<T
E q [ I i { t )  a i < T ] 

Q{t  <  t )
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Let F ( t )  =  Q(t  <  t) be the right-continuous d is tribu tion  function  o f r .  I f  F  is 

d ifferentiable, then r  adm its a density f  — F '  and we have the follow ing:

Let A(s) =  ■ Then, solving the O DE F ' ( s )  =  (1 — F ( s ) ) \ ( s ) .  we obta in

A n  increasing function  T : R + —> R + given by the form ula 1  — F ( t )  =  

exp(—r ( f ) )  is called a hazard funct ion  o f r .  In  the present setting we have T( t)  =

t  adm its the determ in istic in tens ity  A(t.) =

R e m a rk  Note tha t i f  r  is exponentia lly d is tribu ted  w ith  param eter 7 . F(s )  — 

1 — exp(—y f )  and the in tensity  o f t  is constant: A(t) =  7  for a ll t  G R+.

C o ro l la ry  4 .1 . For an agent with inform,ation J i t .  the probabil i ty of  no default 

before t ime T  >  t is

{Ji 't }- Consider the enlarged f iltra tio n  { £ t } =  {J i t  V Ji't }. w ith  £0c =  <t ( t )  V Ji'x .

L e m m a  4 .2 . The process r)t -  f g M y r ^ y  du =  V t~  fo ^u<TT^F{u} ^ u is an

martingale.

Proof. See A ppend ix IV .

J q \ ( u ) du and A is called the {J i t } - in tens i t y  or the hazard rate o f r .  In  fact, the 

in tens ity  o f the random tim e  t  is often defined as an { J i t }-adapted. non-negative 

process A for which ry — A(.s) ds is a {7df }-m artinga le . In  the present setting.

Proof. A ppend ix IV .

Suppose th a t there is another source o f in form ation  represented by a f iltra tio n
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As before, r  is a random default tim e defined on the f iltra tio n  ( f l .G -Q) -  For any 

t e M+ . we now w rite  F ( t )  =  Q(t  <  t\Ti't ). We define the {T t [ }  -hazard process of 

r  under Q th rough the form ula 1 — F ( t )  =  exp(—T(t)) .

We have the fo llow ing generalization o f P roposition 4.1:

Proposition 4.2. Let Y  be any integrable, Ex-measurable random variable, then 

f o r  any t <  T

E Q{ l t<TY \£ t ]  =  1 t < r E^ r / T ^ ] =  ^ t < r E Q{ l t<TYexV( T ( t ) ) \ K }Q{ t  <  T\nt)

and i f Y  is a ( r )-measurable -  that is, Y  =  h ( r )  ~ then

T
E Q[ l t<T<T h ( r ) I £t] =  11 t < r  Eq[J^ h (u )exp ( r ( t )  -  T (u )) dT(u) \H' t] .

Proof. A ppend ix  IV .

Corollary 4.2.

E q [ 11 t <t | £t ] =  1 t< r E Q[exp ( r ( t )  -  T (T ) ) \n [ } .

Proof. A ppend ix  IV .

Assume tha t the {74 '}-hazard process T is absolutely continuous and tha t 

T(t)  — Jq A( u ) du. for some {H j }-measurablc process A. referred to  as the stochastic 

intensity o f the random tim e r .

Corollary 4.3. For an agent with in format ion £t = ' H t V the probabil i ty of  no 

default before t ime T  >  t  is

Q(T < r\£t) =  EQ[ l T<T\£t} =  l t<rE{Q exp [ — I  X(s) ds ] \H[ □
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We also have the follow ing generalization o f Lemma 4.2:

L e m m a  4 .3 . The process r j t — f g AT A(w.) du — — A t )  fol lows an £ t -martingale.

Proof. A ppend ix IV .

4. D E F A U L T A B L E  C L A IM S

Suppose th a t there exists a riskless zero-coupon w ith  a determ in istic spot rate 

r (s) .  Assume tha t th is  bond pays $1 at its  m a tu rity  T . The value o f th is  bond at 

tim e t <  T  is then given by

As in  the previous section, let r  be a default tim e w ith  in tensity  A. Suppose tha t

amount is received at m a tu rity  T  only i f  default has not occurred. Note th a t we 

assume zero recovery o f face value in  case o f default. Hence, for such a defaultable 

zero-coupon bond the payoff is H r< r- We shall show in Section 5 how the model 

can be extended to account for a rebate payment at the tim e of default.

L e m m a  4 .4 . The t ime-t expected value of a defaultable zero-coupon bond which pays 

I r c r  at t ime T .  f o r  an agent who has in format ion Tit regarding the occurrence of

and its  y ie ld to  m a tu rity  is

there also is a defaultable zero-coupon bond whose face value is $1 , but th a t th is
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default is

B d( t . T )  =  E Q exp

=  l t<T exp I { r {s)  +  \ { s ) )  ds

Proof. A ppend ix IV .

Note tha t the above form ula indicates tha t the default acts as a change o f 

interest rate. We have thus shown tha t w ith in  the present setting a defaultable 

zero-coupon bond may be valued as i f  i t  were default-free by replacing the risk-free 

short rate r  w ith  the default-adjusted rate r +  A . 1 Through th is  adjustm ent to  the 

short ra te we account fo r bo th  the p robab ility  and tim ing  o f default, as well as for 

losses on default.

using C oro lla ry 4.1. The tim e -f value o f a defaultable zero-coupon bond is then 

equal to  the value o f a risk-free zero-coupon bond w ith  the same m a tu r ity  adjusted 

by the p ro ba b ility  o f no default before m aturity .

For an a rb itra ry  defaultable claim  K  w ith  m a tu rity  T.  its  value is

Note tha t

B d{ t . T ) =  l t<TB ( t : T ) e x  p B ( t . T ) Q ( T  <  r \ H t ).

1T h is  is n o t  a lw a ys  th e  case in  a m o re  g e n e ra l s e t t in g ,  as sh o w n  in  E l l io t t ,  J e a n b la n c  an d  
Y o r  [16] a n d  B ie le c k i, R u tk o w s k i [3].
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From Lemma 4.4. i f  K  is independent of the default time r .  the tim e-f value is

l t<T exp j \ r { s )  +  A(s)) ds^j EQ[K) =  B d(t, T ) E Q[K).

We can then w rite  the tim e-t value of a defaultable coupon bond m aturing at time 

T  as the tim e-f value o f a portfo lio  of defaultable claims K,.  i  — 1 .. . .  . n. maturing 

at times t < T \  < T? <  ■ - - <  Tn — T  and corresponding to the remaining payments 

o f expected coupon and m aturity  value:

n

B dc {UT) =  Y J EQ[K *\Bd(
i=l

which becomes

B dc { t ,T )  =  C ^ B d{t ,T i )  +  F B d(t. T)
i  =  1

i f  bond cash flows, namely coupon payments C  and m aturity  value F,  are known 

w ith certainty.

We now assume tha t the probability of default depends on the issuer’s credit 

quality represented by the process { X t }. Hence we consider two sources o f in for­

mation. filtra tion  {T i t }  representing default information, and filtra tion  { F t } repre­

senting ‘"true” credit quality information.

Lem m a  4.5. The time-t expected value of a defaultable zero-coupon bond which 

pays 1 t <t at t ime T,  fo r  an agent who has information £t =  Til 'd T t regarding the 

occurrence of default and the issuer's credit quality is

exp I -  I r(s) ds HT< r|£tB d{t, T)  =  E q

l t < T i t  + X(Ŝ dsJ\Xt
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Proof. A ppend ix  IV .

Recall th a t at any tim e the state X t o f the M arkov Chain is one o f the un it 

vectors ei: 1 <  i  <  N .  Consequently, any function  o f X t . say h ( X t ), is given by 

a vector ( /q . t i2 : . . . ; h ^ ) ' . so th a t h ( X t ) =  (h. X t ). Let L  =  (A i. A2 , •. • ; Aw) be a 

vector o f default intensities, each component fo r a different credit category. We thus 

suppose tha t default in tens ity  is a function  o f X t . th a t is A ft) =  L ( X t )  — ( L , X t ). 

Using Lemma 4.5. the tim e -t expected value o f a zero-coupon defaultable bond is 

then

B d{t. T )  — U(<T E q

H i< r E q

exp

exp \ - J  ( r (s)  4- (L,  X s} )ds  J  \X t

l t< T exp r { s ) d s j E Q exp ( L . X s) d s ^ \ X t

exp ( - J  ( L . X s) d s ) \ X t=  l t<T B{ t .  T )  E,

We are interested in  E,Q [ exP ( “  / tT (L - X g ) ds)  \X t  

Define r t .u ■— exp ( — Jt {L, X s) ds),  so th a t dTt .u =  — (L, X u)Tt .u du. We shall 

work w ith  a vector process Z t .v :=  X uT t .u- Clearly. Vt.u — (Zt .w  ! ) •  D iffe rentia ting  

Z Lu, we have the follow ing Ito  representation:

dZt.v — X  > (d 

-t- d X ud

exp

exp

(L. X s) ds

/V*.)

exp )  : I, X ,) ds j  dX

ds
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Now.
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exp (L . X s) ds =  —exp ( — j  (L. X s) ds ] (L. X u) du.

and

exp JV (L,  X s) ds^j d X u =  exp J (L. X s} ds^j (A X udu +  dVu) 

=  AZt .udu -f- r t.udVu-

Therefore, w ritin g  \I> =  [.4 — d ia gL ], we have

dZt.i i — ~ Zf,.u{L. X v )du A Z t ,vdu - \-TtMdVu 

=  [A — (L,  X u) I ] Z t .vd,u+ T tALdVu 

=  [A -  d ia g L \ Z t .udu +  T t .udVu

AZt.udu  +  Tt.udVu.

and in  integrated form.

Zt.r — Zt.t + J \fr Zt.udu +  j  Tt.udVu.

The expected value o f th is  vector process given the state o f the “ true" cred it qua lity  

process X  is then

E Q[Zt .T \ X t ] =  E Q Zt.t +  /  * z Uudu+ r t.udvu\x t

Zt.t +  E q

J r V Z t .udu +  j

^  Z t .ud u \X t

T

=  Zt.t +  J  E Q[ V Z t,u \ X t du

=  X t  +  J  * E Q[Zt .u \ X t}du.
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W rite  Z tM for EQ[Z t ,u \ X t \. The dynamics o f Z t ,u are then Z t . r  =  X , -l-’F JfT Z t .u du. 

Solving th is equation we obta in

Z t .T =  E Q[ZuT \X t ] =  e xp (® (T  -  t ) ) X t .

Since T t . T  — { Z t . r - 1): we have tha t

E Q[Tt .T \ X t ] =  (exp (tf (T  -  t ) ) X u 1).

The tim e -t expected value o f a defaultable zero-coupon bond w ith  m a tu r ity  T  can 

then be w ritte n  as

B d(t, T )  =  l t<TB ( t ,  T ) ( e x p ( * ( T  -  t ) ) X t , 1).

From C oro lla ry 4.3 and M arkov property, the p robab ility  o f no default before 

m a tu r ity  given default in fo rm ation  up to tim e t and the issuer 's “ true ” credit qua lity  

at tim e t is

Q ( T  <  r \ H t V l ( ) =  Ht< t E q  exp A(s) \X t

=  l t < r E Q[ r t . r \ X t ] =  l t<T (exp (tf (T  -  t ) ) X t . 1 ).

I t  follows tha t

B d(t. T )  =  B { t ,  T ) Q ( T  <  T \H t V X t ),

and so the tim e-f expected value o f a defaultable zero-coupon bond is again equal to  

the expected value o f a default-free zero-coupon bond adjusted by the p robab ility
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o f no default before m a turity . The yie ld to  m a tu rity  for such a defaultable bond is

5. FRACTIONAL RECOVERY

Suppose again tha t there exists a riskless zero-coupon w ith  a determ in istic 

spot rate r (s )  and a defaultable zero-coupon bond w ith  the same m a tu r ity  T.  As in

Suppose also tha t the defaultable bond pays its  face value in  fu ll at m a tu r ity  i f  there 

is no default and a rebate at the default tim e i f  default appears before m a tu rity . We 

assume tha t the fraction  o f face value paid at default also depends on the issuer's 

credit q ua lity  represented by the process { V j } .  i.e. we have 8(t) =  D ( X t ) — {D . X t ). 

We are again working under the f iltra tio n  { £t } =  {TLt V tFt }- In  the case when the 

default lias not appeared at tim e t. the tim e-t value o f the defaultable zero-coupon 

bond is

yd( L T )  =

=  V(t- T ) -  ^ l n ( e x p ( v k ( T  -  t ) ) X t . 1).

the previous section, let r  be a default tim e w ith  in tensity A(t) =  L ( X t ) — ( L . X t )-
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In view of Proposition 4.2 and Markov property.

I t e r  E q  Jexp r ( s )d s^  ( D . X T) l1t < t |£ i

=  TL1<t E q \J^ exp A(s) d s j  exp r(s) d s j  (D, X u) {L, X u) du\X t

j  ̂ exp \ ( s )  d s j  exp r(s) d s j  (A , X u) du \X t

where A  =  (Aj<5]. . . . .  An $n )-

Define Q_v :=  / " e x p  ( -  f ^ ( r ( s )  +  ( L . X S) ds) X u du. Then.

(Ct.v, X ) = j ^  exp (r(s) +  (L, X s)) d s j  (A , X u) du,

and we are interested in

rT

B«<r E q

'-'Q J exp A(s) ds'j exp r(s) d s j  (A . X u) du \X t

=  E Q[(Ct,v, A ) \ X t].

Now.

dCyt.V
dv

exp ( -  /  (r(s) +  (L, X s))ds  I X v

and w riting  0  =  [A — d iagL  — r(n ) / ] .  we have

dZlrV =  ~ ( r (v )  +  (L, X V) )Z ^ V dv +  exp (r(s)  +  (L, X s)) d s j  d X v

— ~ { r (v )  +  (L, X v) )Z t ,v dv +  exp (r ( s ) +  (L. X s}) ds' j ( A X V dv +  dVv)

=  - ( r ( v )  +  ( L , X v) )Z t_v dv +  A Z t v dv +  exp j  (r(s)  +  (L, X s) )ds  ) dVv 

=  [A — (L, X V) I  — r ( v ) I ] Z i v dv +  exp (r(s ) +  (L, X s)) ds'j  dVv

— [A — diag L -  r { v ) I \ Z t v dv +  exp f -  f  (r(s ) +  {L , X s)) d s \  dVv

=  Q Z t:V dv +  exp ( -  j  (r(s ) +  {L, X s))ds  J dVv,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4 - Model l ing Default Time  

arid in  integrated form.

120

Z t .T =  X t +  J t ® Z t .v dv +  exp ( r {s)  + { L . X s))ds^j  dVv.

The expected value of th is vector process given the state o f the credit qua lity  process 

X  is then

E Q[Zt ,T \ X t ] =  X t +  E q Q Z Uv d v \X t =  X t +  J *  Q E Q[Zt ,v \ X t dv .

W rite  Z t .v for E q [ Z t .v |X t]. Then Z t . r  =  X t +  0  f ( Z t .v dv. Solving th is  equation 

we obta in

Z UT =  E Q[Zt.T \Xt\  =  e x p (0 (T  -  t ) ) X t .

I t  follows tha t

T  T

E q I C . t I X , }  =  j  Zt.v d v  =  j  exp(0(i.' -  t ) ) X t dv.

The t im e-t expected value o f a defaultable zero-coupon bond w ith  m a tu rity  T  can 

then be w ritte n  as

B j { t . T )  =  B d{ t . T )  +  l f< r i?Q[<Ct .,. A ) \ X t] 

=  B d( t . T )  +  l t<T(E Q{Ct.v \ X t} .A )

=  B  (t. T )  +  U « T{ J  exp(0(i,' -  t ) ) X t dv. A ).

B$(t.  T )  is then the tim e -/ value o f a zero-recovery defaultable zero-coupon bond 

plus the tim e -/ value o f a rebate paid in  case o f default before m aturity .
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6. THE DEFAULT TIME A ND  THE H IDDEN MARKOV MODEL

We have shown th a t the t im e -i value o f a defaultable zero-coupon bond tha t 

expires at tim e T  >  t is

where B ( t , T )  is the tirne-f value o f a default-free zero-coupon bond. $  =  [A — 

d ia gL ] and L  =  (A i, A2 ; . . . ,  X n )  is a vector o f default intensities, one for each 

ra ting  category.

Suppose now th a t the “ true" credit qua lity  { A , }  is not observed directly. 

Rather, i t  is hidden in  noisy observations { Yt } represented by the posted credit 

ratings. The q uan tity  B d( t , T )  can therefore be observed only in an “ideal" world 

where the “ true"' credit qua lity  o f a bond issue is readily available.

We shall suppose th a t ra tin g  observations are equally spaced, say annually or 

quarterly, as is the case w ith  ratings posted by Standard &  Poors or M oody's. Recall 

from  Section 1  the continuous-tim e sem i-m artingale representation o f the process

However, in  Chapter 1 we have developed a filte ring  a lgorithm , where both the 

state and observation processes have discrete dynamics. We shall therefore w rite

B d(t, T )  =  l t<TB ( L T ) { e x p ( * ( T  -  t ) ) X t . 1).

$  :=  eAs. where s is the length o f tim e between ra ting  updates, such as a year or a

quarter, and consider a discrete tim e version o f the state process X .

X t =  $ X t - 1 +  Vt ,
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where Vt is an (JC. Q )-m artinga le  increment . We also suppose, as in  Chapter 1, 

tha t the observation process {Y f}  has dynamics

Yt = C X t +  W t .

Let B d(t. T ) be the time-/, value of a defaultable zero-coupon bond for an agent 

who has in form ation  H t V y t regarding the occurrence o f default and the issuer's 

credit ra ting. As in  Chapter 1. we denote by Yt the (7 -algebra generated by a ll 

possible histories o f the observation process Y  up to  and inc lud ing  tim e t. In  other 

words, the agent knows whether default has occurred and observes the issuer's credit 

ra ting  h is to ry  bu t not the issuer’s “ true” credit quality.

Using C oro lla ry 4.3,

B d(t, T )  =  E q
r T

l t < T exp -  /  ( r (s )  +  A(s)) ds \£t

=  I t e r  E q

=  U t<r exp

,- T

exp (r (s)  +  { L : X s ) ) d s \  \ y t

T

r (s)  ds E q exp ( L . x s ) d s ) \ y t

=  l t< T B ( t . T ) E Q exp {.L . x s ) d s  |y t

We are interested in E,Q exP (L. X s) d s j  \ y t -

Recall from  Section 4 th a t r t u :=  exp ( — (L. X s) d,s) and the dynamics o f

the process Z t .u '•= X uT tAl are

T  T

Zt.T =  %t.t +  J  i&Zt.udu +  J  r t.udVu.
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The expected value o f th is  vector process given the possible ra ting  histories y t is 

then

EQ[Zt.T\yt) = E q

T  T

Zt.t +  J tyZt.vdu + J Tt,udVu\yt

=  Zt.t +  Eq

rT

J  * z t.udu\yt

= Zt,t + J  EQ\mzUu\yt}du 

— X t +  J  ^ E Q [ Z t_u\ y t} du.

W rite  Z t ,u f ° r  EQ[Z t ,u \yt\- The dynamics o f Z t .u are then Z t. r  =  X t JfT Z Lu du. 

Solving th is equation we obta in

Z t . r  =  E q l Z t . r i y t ]  =  exp(4>(T — t ) ) E Q [ X t \ y t \.

Since T t .T =  (Z t . r , 1): we have tha t

E Q[Tt .T \ y t} =  (exp( y ( T  -  t ) )EQ[Xt\ y t]. 1).

The tim e -f expected value o f a defaultable zero-coupon bond w ith  m a tu r ity  T  can 

then be w ritte n  as

B d(t ,T)  =  l t<TB ( L T ) ( e x p ( * ( T - t ) ) E Q[Xt \ y t ] . l ) .

From  C oro lla ry 4.3. the p robab ility  o f no default before m a tu r ity  given default 

in fo rm ation  up to  tim e t. and the issuer's credit ra ting  h istory y t is

Q{T < r \ H t  V y t) — TLk t Eq exp A(s) ds |y t

= l t< rE Q[Tt.T\yt) =  flf<r (exp(4'(T -  t))EQ\Xt\ y t). 1>.
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I t  follows tha t

Bd{t. T) = B{L T)Q(T < r \H t V y t),

and so the tim e-t expected value o f a defaultable zero-coupon bond is again equal to 

the expected value o f a default-free zero-coupon bond adjusted by the p ro ba b ility  of 

no default before m aturity . The la tte r is conditioned on the observed cred it ra ting  

history. The yie ld to  m a tu r ity  for such a defaultable bond is

yi (UT)  =  - ~ \ nB d( t ,T )

1  ln (B ( t ,T ) (e x p (& (T  -  t )EQ[Xt \y,\. 1))
T - t

=  y ( t , T )  -  ^ l n ( e x p ( * ( T  -  t))EQ[Xt\yt], 1)

We can now use the filte rin g  and param eter estim ation a lgorithm s from  Chapter 

1 to  estimate X t :=  EQ[Xt\yt] and then calculate the tim e -t expected value o f a 

defaultable zero-coupon bond as

B d(L T)  =  l t<rB(t,  T ){e x p (4 '(T  -  t ) ) Xt . 1>.

We have thus developed a model for calculating the value o f a defaultable 

bond based on the best mean-square estimate o f "true" cred it qua lity  given noisy 

observations represented by posted credit ratings.
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Appendix IV

Proofs of Results in Chapter 4

Proof  o f L e m m a  4 .1 . For s <  t.

E [V t -  VS\TS} =  E [ X t -  Xs ~  J  A X r d r \ X s]

=  * ( s , t ) X s - X s - J *  A $ ( s , r ) X .

since 4>(s, t) =  ^4$(s, r )  dr. □

Proof  o f L e m m a  4 .2 . From Proposition 4.1, fo r s <  t

Eq \vt -  Vsl'Hs] =  EQ\ l a<T<t\Ha]

=  1\.t < s E q  [ l s < r < t | ^ f o o ]  +  l s < r

  E q  [ l s < T < t ]
— ^-s<r

^Q [ls<T < i-fts< r] 
Q{s <  t )

Q(s <  t ) 

F ( t )  -  F(s)  
S<T 1 -  F(s)  '
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I f  we denote

126

rT/\ l

i  - * ■ ( « ) " "  Jo i  -  F ( « ) =  yrAS r - F ( « >

f«/ 5I n / ( u )  j . .— / 1 u < t - / \ du.1 -  F(u)

then clearly Z  =  t s<TZ.  From Proposition 4.1 and then F u b in i’s Theorem we 

obta in

E q {Z \H s] =  E q {1s<t Z \ H s\

£ q [Z] ^ ^ Q [/s  1 u<t 1~F(u) ^
s<TQ(s<r)  “  S<T l - F ( s )

^ Is i - f (u) E q [ ^ u<t] du _  Jg f { u ) d u  

~  S<T l - F ( s )  “  S<T1-F(s)

The result follows. □

Proof  o f C o ro l la r y  4 .1 . From Proposition 4.1.

Q ( T  <  t|W ,)  =  E q \T  <  t | H, \  =  l , < r ■ □

Proof  o f P ro p o s it io n  4 .2 . The result follows i f  we show tha t

E Q[ l t<TY Q ( t  <  r \H ' t ) \ £ t } =  E Q[ l t<TE Q[ l t < r Y \ H [ } \ £ t }.

Now. it is easy to  see th a t for any A  C £t- 3B  6  'H[ such tha t A  f l  { t  <  t } =
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B  f l  { t  <  t } .  Then,

E Q[ l t<TY Q ( t < T \ n [ ) \ £ t } =  [  t t< r Y Q ( t < T \ n [ ) d Q
J A

=  f  Y Q { t  < r \ H ' t )dQ
J A n { t < r }

=  [  Y Q { t < r \ n ' t )dQ
J B n {« r }

=  [  ^ t < TY Q ( t  <  t \H[)  dQ 
J b

=  /  E Q[ l t<TY\H' t ] Q ( t < T \ H ' t )d Q
JB

=  [  E Q[ l t<TEQ[ l t<TY\H ' t]\H't }dQ  
J b

= f  \ t<TE Q[ l t<TY\H ' t ]d Q  
J b

= f  E Q[ t t<TY \ H [ } d Q
J B n { t < r }

=  f  E Q[ l t<TY\H ' t] d Q
J A n { t < r }

=  f  l t<TE Q[ t t<TY\H ' t }dQ  
J A 

=  E Q[ l t<TE Q[ t t<TY \ H !t }\St}.

as required. Now,

E Q [ l t < r < T h ( r )  \S t] =  \ t <Tex v {T { t ) )E Q [K t< T < T h {T ) \H ' t ).

To prove the last result i t  is enough to  check tha t

T
E Q[ l t<T<T h(T ) \n [ ]  =  E q J  h {u )dF{u ) \H ' t
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fo r a piecewise constant function  h(u)  =  X ^=o + i : where to =  t <  t i  <

• • • <  t n+\  =  T.  We have

n

E Q[Kt<T<T h(T ) \H ’t} =  Y , E QlE Q ^ < ^ i \ K  + M t ]
2 —  0

n

=  E Ql Y / hi ( F ( t w ) - F ( t i ) ) \H ,t }
i=0

=  E q ] T  t '  + ' h ( u ) d F ( u ) \H [  
.*=0 J ti

’  r T
=  E q J  h (u )d F {u ) \n ' t

r T

=  E q J  h(u )exp(—T(u))  dT(u ) \H[ . □

Proof  o f C o ro l la ry  4 .2 . Since l f< r l l 7 ’<T.

-E,q [ 1 t < t |  £ ( ]  =  £ ,Q [ l t < r l T < r |  £ t ]

=  l t <T£ lQ [ lt< Tl l 7 ’< r e x p ( r ( i) ) |H [ ]  by P roposition 4.2

=  l t<r £ ,(3[ l T<T|W t]exp (r(t))

=  l t<TS o [S Q[ l r <r | ^ ] | H ; ]  e x p (r(0 )

= l t<TE Q[Q(T < t \TC't ) exp(r(t))|'H(]

= at<r £,Q[exp(-r(T))exp(r(t))|?t:J]

= i t<T£o[exp(r(0-r(r))|K]- □

Proof  o f L e m m a  4 .3 . F irs t we show th a t lb < r e x p (r( t) )  is an {£* {-m artinga le . i.e. 

tha t for s < t .  £ ,Q [ I t<Te x p (r ( i) ) |£ s] =  l s<Te x p (r(s )).
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Using P roposition 4.2 and noting  tha t f ls < r l t < T =  l t < T; we have

U Q [ l4<Te x p (r( t) ) |£ :s] =  l s<TE Q[ t t<Texp(Y{t))\n's}exp(T{s))

=  Hs<Te x p (r(s ))U Q[£'Q[ l i t<Te x p (r( t) ) | 'H /(] | ^ ]  

=  l s<Te x p (r(s ) )£ ’Q [£,Q [a « T|7i:/t ]e x p (r(t)) |7 i: ']

=  l s<Te x p ( r (s ) )£ ,(3[ ( l  -  F( t ) )exp (T { t ) ) \H 's}

=  f ls<Te x p (r(s ) )£ ’Q[e x p ( - r ( t ) ) e x p ( r ( t ) ) | ^ ]  

=  a s<Te x p (r(s )),

as required. W ith  L t =  (1 — rft) exp(T(t ) )  =  l t<Te x p (r( t) ) .

exp(—r ( u ) ) d L „  =  ( 1  -  r]u)dT(u) -  dpu.

and Jo e x p (r(u ))  d L u =  f *  dr)u -  f * ( l  -  r]u)dT (u )  =  jjt -  f *  t n<TX{u)d.u =  r)t -

C  X(u) du. which is an {£*}-m artinga le . □

Proof  o f L e m m a  4 .4 . From Proposition 4.1.
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exp f (T r ( s ) ds'j Q ( T  <  r )
t < T

a t < T

Q{t  <  T)

exP ( ~  I t '  r (s) ds)  exP ( “  lo  A(s) ds)  

exP ( -  Jo x ( s ) d s ]

a 4< T e x p l - y  ( r {s)  +  X{s)) ds j  . □

Proof  o f L e m m a  4 .5 . Using C oro lla ry 4.3. we have

E q exp \ ~ J  r (S) ds j  &T<r\£t exp r (s)  ds ' j  E q [ 1 t < t

=  exp r (s)  ds^j l t< rEQ  exp ^ \ ( s ) d s ) \ F t

— ^ t < r E i exp I - j  ( r (s)  +  A(s)) ds J \T t

The result follows using M arkov property. □
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