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ABSTRACT

This thesis pfesents'a study.ofvthe secqnd—order effects
in reinforced concrete frames.

The load-deformation response of reinforced concrete
sway frames was obtained using realistic moment - axial Toad -
curvature diagrams gnd the concepts of column deflectfon cugyes
and sway subassemblage:. The results of this analysis were uséd'
.to>study the' applicability of the moment magnifier and Pa - methods
of analysis. R

| = parameters which have been studied include deflect-
1§ns at u]tﬁmate Joad and service load, sécond—érder momenté,'
stability effects gggféhe effective stiffnesses of reinforced
concrete columns and beams. ™

Both the moment magnifier method and Pa ftmethod were
found to be applicable to material fajlures, but neither 1is sétis—
factory when dealing with stability failures. Approximate
methods have'been established to predict the failure mode.

Def]éctions were found to exc ed current code pres- .

cribed values in most cases. Stability failures exhibited the

largest deflections.
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. CHAPTER 1

INTRODUCTION

In recent years the use of slender buildings and
bu1]d1ng components has become very common, and, from a structural
point of view this trend has made it necessary. to consider certain
aspects of structural behaviour that are not important when
. members and structures have a low height to width ratjo.
Of particular interest in the analysis of bqi]ding

frames are the deflections produced by the Tateral 1oad§. These
deflections can be relatively large when the building has a large
height to width ratio. The axial loads acting in the.coﬁumns will:
produce additional moments and forces in the structure when acting
through the lateral displacement of the ¢o]umns. " When these
effects are taken into account in the structural'ana1ysis of the
building, the analysis is referred to as a "second-order analysis."
Fig. 1.1 (a) shows a simple frame acted upon b& a ]atera} load Q
and vértica] Toads P applied at the‘top of the columns. The de-
formed shape of the frame is shown, 1n F1g 1.1 (b). Fron1 this
figure it 1s seen that when the structure has deflected laterally
~the vertical load P will also contribute to the lateral sway of the‘
frame. When the frame has reached its final deflected position the
axial Toad produces a sway moment _Pxa which is commonly reférred
to as the "Pa-moment".

“jThe purpose of this thesis is to study the effect of the

Pa-moments on the behaviour of reinforced concrete frames. A compu-

ter analysis is used to generate the load-deformation behaviour of the
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~analytical model and the resul*. of this analysis are used to study
the applicability of current design methods and a proposed method

4

of seqond—order analysis.
The general theory which forms the basis of the computer
analysis is presented in Chapter III. Momént—axia] load-curvature
vcurves are generated to establish the 1oad—deformatidn behaviour
of the member cross-sectién and.the concepts of column deflection
curves ' and sway subassemblages are also presented.

Chapter IV presents the analytical model usedxin'the
computer analysis and load-deformation curves of the model.
These curves were_computed using the concepts presented in Chapter
ITI. The significance of the deflection indices obtained in the
analysis is discussed and effective elastic column stiffnesses are
presented. Finally, the use of the sway subassemblage concept in
frame analysis is d- iéed. An éxtensive set of sway subassemblage
charts are present:d in A Jendix A. |

Effective < ast . EI values for reinforced concr o« : beams
are studied‘in\Chapter .nd recommended design values of fIQXUra1
stjffness are presented. - R

Chapter VI is devoted to the discussion of stabi]ity' -
problems in multi-story frameé. Results from currént methods of
second-order analysis are combared to the results obtained in the

computer analysis. An alternate method of analysis is also pro-

posed and its applicability and .Jimitations are discussed.



- CHAPTER I1
REVIEW OF CURRENT METHODS OF SECOND-ORDER ANALYSIS OF BUILDING FRAMES

2.1 Introduction

The importance of a rea]iétic second-order analysis has
become evident'in recent years due to the use of smaller load
factoré and more slender compression members in building frames.
Deflection Timits based on serviceability requirements have
become an important design criterion in current building codes and
inmany casesare a govérhing factor in fhe‘design of tall bui]Jings.

Although Targe deflections frequently do not affect the
strength of beams o? Tow structures, this is not so in frames which
are free to sway under lateral 1oéds. The lateral deflections give
rise to additional moments and may produce a significant reduction
in thé Toad carrying capacity of the structure. It is, therefore,
essential that these second-order effects can @e computed fn order
to establish a rational design procedufe, and considerable research
has been carried out in recent years to improve exXisting methods and
to develop new methods of accounting for second-order effects.

Due to the complexity in carrying out an exact second-
order aha]ysis, approximate methods of various types have been dev-
eloped for design office use. Most building codes suggest design
methods for compression members which are of a semi-empirical

nature or are based on approximate theorectical solutions.

2.2 Approaches to -Frame Stability Problems in Building Codes
There are two main methods of considering the stability

of concrete columns and frames in use to-day. One is the moment

4



(1,2,3)

magnifier method presented in ACI 318-71 and the other 1is

the complementary moment method adopted by the bEB (Comité Européen
du Beton)(ais), \

In the’goment magnifier method the momgnts obtained from
a first-order analysis are multiplied by a magnification factor
which is a function of the ratio of the applied axial Toad to the
critical load of the column. To account for the end restraints on
columns in rigid frames an effective length facter k is introduced.
The restrained column is then replaced by a pin—eeded column of
length k1 which is designed for the applied axial Toad and the .
magnif.ied moment. Nomographs (2) obtaihed from an elastic solution
may be used to determine k for columns which are assumed to be
either free to sway or fully braced. The accuracy of the method
depends to a large extent on the accuracy of the relative values of
column to beam stiffness. The ACI Code provides expressions to
compute the column Stiffness as a function of the stiffness of the
gross concrete section ECIg, and the stiffneSS of the reinforcement
ESIS. The variation in stiffness due to the axial load is not'in{
cluded.

The'CEB method, which has been. adopted in one form or
another by many European countries, accounts for second-order
effects-L  adding a complementary moment to the first order moment..
The CEB Recommendations present a simplified method for computing
the comp]ementary moment which is given as a function of the effect-

ive length and aperoximate expressions for the curvature. The

effect of rotationaT end restraint on the column is accounted for in



~a manner similar to that in the ‘moment mégnifier»method. 'The
actual column is eplaced by an equivalent pin-ended column of
Tength k1 which is then used to determine the complementary moment.
The effective length factor is assumed to be bbtained from a linear
elastic analysis and is therefore subject to fhe same assumptions
as usedlin establishing beam and column stiffnesses. No specific
method is suggested in the CEB recommendations for evaluating k.
The calculation of effective lengths is discussed more

fully in Section 6.3 of this thesis. p

2.3 Iterative Procedures

Several authors have suggested the use of iterative pro-

[}

cedures, often referred to as P-» methods, to carry out second-

(6,7,8,9,10) " 114 pasic idea behind these

order frame analysis
procedures is that the moments produced by the total vertical load
P, acting through a lateral def]ectidn 4 at a certain level in a
building may be replaced by equivalent lateral shears applied at
f]obr Tevels. s

The equivalent shears are computed from the deflections
obtained in a first order analysis and added to the applied
lateral loads. This process-is repeated until the deflections in one
cycle agree, Qithin speciffed 1ﬁmits, with the deflections obtained
in the previous cycle.

A rapjd convergence of the process is essehtia] to make
it feasible for design office use, thus no more than three iterations
shoufd be necessary. When the axial load has a value close to the

critical load the convergence tends to become very slow.



K. Aas—dakobsen(]]) has proposed a finite element approach
to solve for secon-order effects under linear-elastic condftions. The
stiffness matrix [K] is assumed to be the sum of two stiffness matrices
[Kl] and [Kz] where [Kl] is the first order stiffness matrix and [KZ]
is the non-linear second-order stiffness mat;ix. The matrix [Ky] is
obtained through an iteration procedure. whén unit displacements are
applied to the member the axial load required to maintain equilibrium is
unknown and can only be obtained by trial and error. Aas-Jakobsen
suggests that the axial load be set equal to zero in the first cycle.
From the first order forces obtained in the first cyctle aﬁ'equiva1ent
axial Toad can be computed and ugéd in the second cycle. The process
is repeated unti1.the axial load found in one cycle is close
to the value computed in the previous cycle. Aas-Jakobsen
states that the process will usually converge rapidly so

that two cycles are generally sufficient.

2.4 Non - Linear Analysis

The majority of today's structures are designed

using a straight line force - deformation relationship. The

\
\

validity of such an aggumption depénds largely on the degree to
which non—]inegfities affect the distribution of forces. The
moment in continous beams are relatively insensitive to the
value of EI used unless the re]ative EI changes during the
loading history. Building codes usually specify EI values that
will give results on the conservative side. On the other hand, .
in second-order analysis where the actual lateral deflections

are important, a reasonably good approximation to the actual
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load-deformation curve is necessary to proper]y predict the
effect of lateral deflections. |
Structural analysis based on a load-deformation curve ‘
which is approximated‘by é non-linear smooth curve or by several
“straight lines are usually referred to as "non-Tinear analysis".
Due to the difficulty jn representing the load-
deformation curve of reinforced concrete cross-sections by‘an
analytical expression, straight Tine approximations have been

(12). It has been found that three straight lines are’

suggested

sufficient to give results close to test results (13’14’15).

Fig. 2.1 shows some typical straight line moment-curvature dia-

girams for various members and loading conditions. The points

C,YT,YC and F rebresenf cracking of concrete in tension, yielding

07 the tension reinforcement, yielding of . the compression rein-

forcement and failure due to crushing of the concrete, respectively.
The region o-c represents the uncracked state. When

\

cracking has occu.red, region C-YT, there is a loss of stiffness

but ‘the membe: stid behaving.e]astica11y. There is a further
reduction in s~ | ~r yielding of the reinforcement in
YT—F; and the mc v “er behaves elastically.

. A non-1. »=~ s of complex structures fequires
cbnsiderab]e com tats us will w ually not be justified
in practice. t:nce, in the case of reinforced
concrete structures, t- 7, s20 0 o ifne - Lhét lead to
acceptablé results or to “inu . 2ys 7 cerrying out the
structural analysis. Both techni, = are  “lor-d more fully

Tater in this thesis. Section 4.5 in Chapter IV prosents an



investigation into effective EI values for reinforced concrete

columns and in Chapter V the same problem is considered for rein-

forced.concrete beams. Chapter IV also presents the development
of an alternate method of analysis as applied to reinforced con-
crete structures.

Breen (16) used a numericel integration process to
compute fhe re]ationship_between end moment and end rotation for
.reinforced concrete members taking into account the non-linearity
of the moment-axial load-curvature diagram. By plotting the
individual beam and column moment-rotation curves on the‘séme
graph he showed that the moment-rotation curve of a frame joint
could be established and from these curves the loading capacity

of the frame was predicted.

2.5 The Sway Subassemb]age Concept

A semﬁéfaphica] ﬁethod for designing girders and ,
beam columns in r1g1d1y Jointed unbraced frames has been proposed
by Daniels and Lu (17)

The procedure}starts by analyzing a frame whose members
have béen selected in a bre]iminary anaHysis. EAEH story is
subd1v1ded into a number of sway subassemb]ages consisting of a
_co]umn and one or two adjacent beams, depend1ng on whether the
column under cons1deeatTaﬁ\Ts\an -exterior or interior co]umn

"To trace the load- deformation behavior of each sub-
jessemb1age a set of restrained columns design charts is used.
These are non-dimensional plots of 1aterai 1oqd against lateral

deflection of half a column for various vg]ues of end restraint,

slenderness ratio and axial load and include the effect of

10



11
lateral deflections on the foad carrying capaéity.of the column.
" When the 1oéd—def1ection curve has been established
for each of the subassemblagés in a story for a given axial load
Tevel, the curves are combined to give the overall lToad-deflection
curve for that‘story for that axial load level. The lateral
lToad at which the sTope of the curve for the story becomes‘
negative corresponds to instability of the story. In this
manner the load-deflection relationships of a story may be deter-
mined withouf prior design of other parts. of the frame.
In Chapter III the development of sway subassemblage

charts for reinforced concrete columns will be discussed in more

detaijl.



CHAPTER TIII

DEVELOPMENT OF COLUMN DEFLECTION CURVES AND SWAY SUBASSEMBLAGE
CHARTS FOR REINFORCED CONCRETE COLUMNS

. 3.1 Introduction

In the analysis of a building for latéral loads each
story of the frame can bé divided into a series of subassemblages
each consjsting of a half column and adjoining beams. Thevsub—
assemblagesvcan be analyzed separately and their individual
lateral Tload-deflection curves superimposed to obtain an
overall lateral load-deflection curve for the story. Sway
subassemblage charts consisting of a series of resfrqined column
curves for various degrees of end restraint have beeﬁ deve]oped.
to aid in the analysis of structuéa] steel subassemb]agés as.
described in Section 2.6. Thevde9e1opment of such chérts for
reinforced concrete columns will be discussed in this chapter.

The properties. and use of these charts and curves will be dis-
cussed in Chapter 1IV. | |

The sway subassemblage charts and restrained column
curves are developed using Column Deflection Curves, usué]]y
~referred to as CDC cury . A CDC curve is a plot of the deflected
shape of a column subjected to a given axial load with a given
slope at the point where thq‘moment equals zero. Such a curve may
be used to represent the'def]ected shape of a beam-column having the
same axial load, but different end conditions, which may vary from
hinged to fully fixed. _If.a family of such curves exists
for a certain axial Toad it is possible to determine the

‘re1ationship between the applied Tateral load and the corres-

12
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ponding lateral deflection that must exist for the system to
be 1in edui]ibrium under given end restraints.‘

In order to compute a CDC curve it is necessary to
know the response of the column créss section to external
1oads, which, in this case, is conveniently represented by
Moment-Axia] Load-Curvature curves (hereafter referred to as
M—P—¢’purves). The shape of these curves is a function of
matéria1‘properties, geometry and external loads. |

The steps involved in establishing the sway subassem-
blage charts may be Summari;ed as follows:

1. Determine material stress—étréin relationships,

2. Compute the M-P-¢ curve for the cross-section .
for a given axial load,

3. Generate a family of CDC curves for the given
axial load,

4. Compute the sway subassemblage chafts for the
given axial load and'various values of end
restraint. }

Each of these steps will be discussed more fully in the

following sections.

3.2 Material Properties

3.2.1 Stress-Strain Curves for Concrete

The stress-strain relationships assumed for concrete in
compression and tension are shown in Fig. 3.1(a). The compression

curve is similar to the one proposed by Hognestad (18).
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The non-linear part of the compression curve is given

by Equation (3.1) and the stress—strain're]ationship for concrete

in tension is represented by Equati  (3.2) (19):,

f% =2 @.J - F;Jz (3:1)
fc 0 o
th =2 e | \e‘ 3 (3.2)
fy [“utt] [fult
where

2F
e - ¢
© E

c

The value of the modulus of e]aéticity of “concrete has

been taken as

Ee = 18 x 10° + 500 f, psi .

The compressive strength of concrete loaded in flexure,

fca was assumed to be 85 percent of the strength of control cylinders

and under the same loading conditions the ultimate strain was taken

as 0.004.

The split cylinder strength ft is assumed to be equal

to 7.0 /ézhand the ultimate tensile strain, Su1t> May be expressed as

th/Ec.

3.2.2 Reinforcing Steel Stress-Strain Curve

Only reinforcing steel with fy = 60000 psi has been

considered in this study and the assumed stress-strain curve for this

7

15



study and the assumgd'stress~strain curve for this steel is

shown in Fig. 3.1(b). It consists of three parts; the initial
e]aStjc region, a flat yield p]atgau and a strain hardening
’region. The Tength of the flat plateau has been assume: tightly
longer than what is usually indicated by tests. The effect of
~this is to overestimate somewhat fﬁe'def]ections at ultimate.
This in tufn results in an overestimate of the second order
moments and therefore tends to be conservative. The slope of

the ‘ain hardening portion was based’on the average value from

a number of available stress-strain curves.

3.3 Moment-Axial Load-Curvature Relationships

3.3.1 Ca]quatfon of M-P-¢ Curves

The computation of the M-P-¢ curves 1is based on the
following assumptions:
| 'a). Plane sections remain plane.
b) The stress-strain diagram of concrete
is as described in section 3;2.1.
c)' The concrete is assumed tb crush v - the
strain in the extreme compression
fibre reaches 0.004. |
»a) The concrete cracks when the tensile strain
exceeds the ultimate tensile strain.
“e) The stress-strain diagram for steel is as
described in Section 3.2.2 and shown in Fig. 3.1 (b).
For a:given axial. Toad fhe moment-curvature relationship can be-

computed using a trial and error procedure to find the neutral axis.

16



Thfs process is rather tedious for hand calculations and a computer
program (20) was therefore used. .

The program can handle any shape of section provided
there is bendiﬁg about one axis only, and includes the effect of
tensile stresses in tHé concrete and strain hardening fﬁ the rein-
forcement. The basic steps in the computations are as follows:

1. Divide the croés section into a number of elements
of sufficiently small éize sucﬁ that the variations
in straﬁg across the element is relatively small.

2. A§§ume a small value of the curvature and a position
of the neutral axis. ' y4

.3. 'Compute strafns, stresseé-ana forces for each element.

4. Check if the forces acting oh the cross sectfon are in -
equi]ibrihm. If they are not, choose a new position of
the neutral axis and repeat.

When eqdi]ibrium has been established, compute the

[Oai

internal moment.
6. Repeat 1 throughIS for increasing values of curvature
until the ultimate concrete’strain in compression has

been reached.

3.3.2. The Effect of Various Parameters on the M-P-s Curve
| The major variables affecting the shape of the M-P-é curves

) include:

7 a. The axial load ratio Pu/Po (or Pu/Pb)

b. " The steel percentage, ,

Cc. Material strengthéj fc' fy

17
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d. Cover ratio, vy _ g

e. Shape and size of cross-section

. Distribution of reinforcement over the

cross-section.

Only axial Tload, shape of cross-section and distribution
of reinforcement will be considered here.

Fig. 3.2 shows four curves computed for the same columns
with four different values of axial load." 5

- As the axial load is increased the fajilure mode changes
from ductile failure, shown by point 4 in this figure, to brittle
fai]ure,point il. The increase in axial load also delays the opening
of cracks on .the ten: “on side of the column. Initiation of éracking
occurred at points 1,5 and just above 8." The heavily loaded columns
experience little reduction in stiffness until the compression steel
yields at 8 and 10. Yielding of the tension steel oeéurs at 2
- while 6 represents yielding of the compression steel followed by
cracking of the concrete. Points 3,7,9 and 11 represent points of
maximum moment capacity for P/P . equal to 0.2, 0.4, 0.6 and 0.8
respectively.

In Fig. 3.3 the M-P-& relationship has been‘p1otted for
the three different types of column for the same axial load ratio.
The cross-sectianal properties are given in Figure 4.1. All three
columns had the same total steel percentage and the same cover.

ATl sections show praectically the same amount of rotation capacity

at ultimate but the moment capacities are reduced considerably for -

20



type 2 and type 3 due to thé less efficient placing of the
reinforcement. Some of the reduction for type 3 is also due to
less efficient distribution of the concrete.

Distributing the rginforcement over the cross-section is seen
(Fig. 3,3. ) to produce a much smoother transition from the elastic

to the inelastic range.

3.4 Column Deflection Curves

3.4.1 Introduction

In 1910 von Karman used CDC's to determine the strength

of beam-columns with:small eccentricities (21). Chwalla generalized
von Karman's work in 1934 to include other loading conditions (22).
Since tiffen several i - stigators have expanded Chwalla's basic

1deas in various directions (23 to 29).

The basis of the use of CDC's as applied in this thesis

was established by Oja]vo(zz).

3.4.2 Basic Relationships of Column Deflection Curves

A typical beam-column under applied loads is shown in
Fig. 3.4(a). The quTTﬁEqum equations of this member may be
established in the usua] manner from statics, and the éxterna]
moment at any cross section a distance X from the left hand end is:

Mc = M {1+?-(8—1)]+ va | | | (3.3)

where vy i's the deflection at distance x and g8 is the end moment
ratio, positive for double curvature.

The external moment must equal the internal moment. Thus:

Mo = M, = o) = f(-v, ) (3.4)
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FIG. 3.4 FORCES ON A BEAM-COLUMN
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or:

M [1 + ?-(3-1)] s ) (3.5)
where f(¢), etc. means a function of ¢, etc.

However, a different approach may be used to express
equi]ibrfum. The system of forces in Fig. 3.4(a) may be rep]aéed by
a single force F as shown in Fig. 3.4(b).

‘ The direction of the force is defined by the angle y such
that

Fa = Mand h = gM,
and in general

Me = Fvo= f(-v') | (4.6)

Summation of moments about A and B taking counterclockwise
moments as positive yields, fespective]y,

Fl(nt1) sin (-y) = -M (3.7)
and

Fm1{sin (-y)]= aM (3.8)
Combining Eqns. (3.7) and (3.8) gives the point of intersection

between the line of action of F and the line AB, /

~ -8
m= 173 . (3.9)

To satisfy the axial load requirement it is necessary that

p ‘ -(3.10)
COoSy

and by combining Eqns. (3.8),(3.9) and (3.10) the angle v may be

_determinéd from

tan y = (1+g)M _ (3.11)

Pl
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Thus Eqns. (3.9),(3.10) and (3.11) def{ne completely the
magnitude, location and direction of F, and the equilibrium equation
is now Equation (3.6). -

To obtain the deflected shape of the beam-column it is
necessary to integrate Eqﬁation (3.6), and the M-P-4 curves form the
basis for this integration. The process does not have to be co: !
to the section AB, but may be carried beyond these points. This
i]]uétrﬁf@d in Fig; 3.5 where the curve has been extended to inters
the Tine of action of F. The beam-column AB is a part of this half
wavelength whose length and initial angle are LCDC and o fespect—
ively. Just as the portion AB of the CDC represents the equilibrium
of the beam-column under discussion, so another portion of the CDC
is the shape of another beam-column. Thus any one CDC can give
information about an infinite number of beam-columns with various
end conditions. Fig. 3.6 shows some examples of how the CDC may be
used to represent various types of beam-columns. Column AB is hinged
at A and has applied moment at B. CD is bent in double curvature with
end moments of equal magnitude and EF is a column bent in single

curvature with unequal end moments.

3.4.3 Assumptions in the (NC Calculations

Since the M-P-y curves form the basis for CDC calculations
it follows that the CDC's are subject to the same assumptions which
were used in developing the Toad-deformation response of the Cross
section. .

Furthermore, it is common to assume that.the equivalent
axial force E is equal to the actual axial load Pu' From Eqn. (3.10)°

it is clear that this assumption holds for small values of y. However,
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(b) oS

FIG. 3.6 CDC'S REPRESENTING VARIOUS TYPES OF BEAM-COLUMNS
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Eqn{ (3.11) indicates that for a beam-column of length 1 and end
moments M and £M, tan y may become large for small values of axial -
load and non-zero values of (1 + g). If the end moments are equal
and opposite (p= - 1, single curvature) y = 0, F = P and the solution
is always exact. But as thé rativ of end moments increases to a max-
imum of + 1, i.e. perfect double Curvature, tan y increases to a N
maximum of 2M/P1 The worst situation arises for a short column-
with a Tow axial load and a maximum moment equal to the u{timate
moment. Consider the values from Table 4.1 for a load ratio of.
0.2 and a slenderness ratio 1/h =70. From Egns. (3.11) and (3710)
it is found thaf ‘

F=1.04P
Thus by using F = 0.2P in the analysis the column has in fact
been analyzed for an axial Toad which is Tess than the‘actual value.
In this case the discrépancy is only about 4% but for shorter |
columns and for smaller axial load the @vror would be more severe.
For practical purposes, however, this is nof likely to be a serious
problem since most columns will not have a combination of P/PO and

1/h within the critical range.

3.4.4 Calculation of CDC Curves

The basic principles underlying the concept of column
deflection curves were outlined in Section 3.4.2. In this section the
equations required to compute the shape of the CDC curve will be pre-
sented.

To account for the distributior ~ cracking §1ong the
member it is necessary to divide the curve into a numbér;of segments.

The Tength of the segment should be such that the degree of cracking
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is nearly constant within the segment. Ga]ambos(so)has suggested
that a Segment lTength equal to 4r will give good fesu]ts for
steel members. A somewhat shorter length would prebably be appro-
priate for reinforced concrete memberspsince 4r generally exceeds
the thickness of the column. In the calculations reported in this
thesis. the segment length was arbitrarily chosen as 5 inches.

A typ%ca] segment of’a CDC curve is shown in Fig. 3.7.
If the segment is ghbft it may be assumed that the curve is a
circular arc. The raﬁius of the j'th segment is then 1/¢j.

From the geometry of Fig. 3.7 the following relationships

may be estab]ished (ignoring second-order terms such as @ ¢q,

2 2y .
GO and ¢1).
vy = bd ~ cd
bd = a8y '
810
angle dac = é 1
ac=<S1

X 2
cd 61¢1/2
The deflection and the angle of the tangent at the end of the first

segment may“how be written as

_ 2 .
Vi o= a8y - (51¢1/2) . _ : (3.12)
and

oy T - 61¢1 (3.13)

And in general at the end of the j'th segment

V. = v Fa. g6, - =L J | ' (3.14)



FIG. 3.7  SEGMENT OF CO'"™N DEFLECTION CURVE
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43T %51 T S5y (3.15)

The values of v and @; are now used to determine Vi and STk

The first step in the calculations is to dztermine a
value of o and g, .The.length nced not be the same for all segments
but usually is for convenience. The value of ¢ may be determined
from the M-P-¢ diagram when the moment has been determined. This

moment is taken as the mean moment in the segment and the general

expression for the mean moment in the j'th segment is

Mmj = ij~1 + g-é.a. - (3.16)

By entering the M-P-¢ curve with the value of Mmj the
curvature of the j'th segment may be determined.

Due to the difficulty in obtaining a relatively simple
analytical expression for the M-P-¢ diagram, this curve was approxi-

mated by a number of straight lines. A high degree of accuracy may

be obtained by using a sufficient number cf Tines. A typical example

of suéh an approximation .is shown in Fig. 3.8.

If\}t 1S assumed that Mi < Mmj <'M}+i, where the subscript i refers

to the i'th point on the M-P-¢ curve, then the curvature -orres-

ponding to Mmj js given
by :
Mmj_Mi '
P S P - b a=b. (3.17)
mJ i M1+1-Mi i+l 7 a .

%

The value of ¢mj is now substituted for ¢j into Eqns. (3.14) and -
(3.15) to compute the deflection and the slope of the tangent, res-
pectively, at th  nd of the J'th segment.

The computations may be terminated when one quarter of the

curve has. been computed since the curve is symmetrical. When Mmj

30
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reaches the moment capacity of the cross section the above équations
“are no longer valid because they do not account for angular dis-
continuity at the hinge.

3.4.5 Comparison of CDC Calculations with Test Results

!

The theoretical calculations have been compared to tests

(16) (31 1he coc's corresponding

carried out by Breen and Chang
to failure of-the columns are plotted with the test results in

Fig. 3.9 and Fig. 3.10.

: The test specimens had heavy end brackets and hence the
section properties were not uniform along the. length of the member.
To get a meaningful comparison it was necégﬁéry to ignore the end
brackets and measure deflections from thé line joining the ends of
the actual column. This part of the member is fepresented on the

CDC by the distance AB. The test resQQts were plotted using AB as

the horizontal axis allowing for the deflection at the end of the

\

\

bracket. | \
The maximum deflections from th@ CDC calculations are

about four percent below Breen's test resdﬂt and about ten percent

above Chang's result. Thus the deflected Qbape of these columns

was predicted with reasonable accuracy from the column deflection

curve.,
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_ 35 Sway Subassemblage Charts

3.5.1 Basic Equations

The basic ideas behind the subassemblage concept were intro-
duced in Section 2.6, and the tools required to apply tﬁe concept,
i.e. M-P-¢ diagrams and CDC curves, were presented in Sections 3.3
and 3.4, respectively. It is clear from those discussions that
considerable computational work is required if this method is used
from first principles and that it would be quite unsuitable for
hand calculations. A more practical approach is to develop stan-
dard design curves which are app]icab]é to a large number.of cases.
Such curves have been developed to aid in the design of steel
structures(17).

A multi-story frame is shown in Fig., 3.11(a). The sub-
assemblage consisting of the n'th floor girders between column lines B
and D and half of the column in line C between floors n and n+l is shown
in Fig. 3.11(b). A point of contraflexure has been assumed at mid- .
height of the column.

The model is acted upon by a lateral-load

n —_—
Qp = 2z K, v (3.18)
i S b

\f\\ z
Where X is a column shear distribution factor, the axigjf’f*\\\‘~4l
load Pn which is the 'sum of all vertical loads acting on e;1q;;7j1né
C above level n and the moment Mn_1 which is produced by the column
shears above the n'th floor. A further simpfification has been
made in Fig. 3.11(c) where Mr represents the total restraining

action supplied by the girders. The angle ¢ is the rotation of

the joint and y is the angle between the chord and a tangent to the
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upper end of the column curve. ~+ is determined from the CDC curves

and at the end of the j'th element it is given by equation (3.19).

V. '
=

5 63’ (3.19)
The moment at the upper end of the column is given by the

v

equilibrium Equation (3.20).

U Th 4y (3.20)
n 2 n ?

Equilibrium of moments at the upper end requires that

~

Moo= M+ <3.?1)
The moment M__ may be expressed as
1 A
_ n-1 n-1 (3.22)
M1 7 oy T2 Pl
Since Qn—l < Qn and Pn—l < Pn the value of Mn—l will always be
smaller than Mn unless b1 is appreciably greater than b
Normally, by > b1 and Mnll may Re assumed to be equal to Mn'
This assumption will then be conservative.
Equation (3.20) may be rewritten as
Moo= oM | . (3.23)
The relationship between the rotations y, 6 and An/]n
is found from the geometry of Fig. 3.11(c) and is given by
b
T 6 + v (3.24)
n

If the restraining action provided by the beams is assumed to be

Tinear the restraining moment may be expressed as

M. = KeM |  (3.25)

where K is the beam stiffness and Mu is the ultimate moment

capacity of the column.
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3.5.2 Procedure for Computing Subasscmblag® Curves

The computations for a given subassemblage curve start
by specifying a value of the axial load and the restraining functioni»
For various valucs of 6 the restraining moment is calculated from
Equation (3.25) and the moment at the top of the column is deter-
mined from Equation (3.23). When the rotation y has been found,

vusua11y from a CDC analysis, the story deflection is determined
from Equation (3.24). The lateral load which is compatible with
the joint rotation and the forces acting on the column is féund
from Equation (3.20)."

The results can conveniently be plotted in a non-dimen-
sional form of lateral Toad against story deflection. To accomp-
lish this Equation (3.20) is written in the forﬁﬁgiven by Eqn.(3.26)
and Q1 /2M is plotted against i

ol |
M- P T |'n " (3.26)
n n

Qn]n n

2 M
u

u
A computer program was written to generate the reStrained

column curves and a description of this program is presented in

Appendix B. The properties and use of fhese curves are discussed

in Chapter IV.



CHAPTER 1V

RESTRAINED COLUMN CURVES FOR REINFORCED CONCRETE COLUMNS

4.1 Introduction
The Toad deformation response of a sway subassemblage

can be described by means of réstrained column curves which represent
the Toad-deformation characteristics of a column having a given
rotational end restraint. The Toad-deflection relationship of a
subassemblage at any given stage of loading is obtained from the
restrained column curve corresponding to the same end restraint as
that provided by the beams of the subassemblage. Section 4.7
describes in more detail how restrained column curves are used to
obtain the complete ]bad—deformation response of a sway subassemblage.

| The general theory relating to restrained column curves
and sway subassemblages was presented_in Section 3.5. In this chapter
the theory will pe used to generate restrained column curves for

reinforced concrete columns. The series of curves Sﬁ%tained in

Appendix A were generated by the computer program 1ﬂ’Appendix B.

4.2 The Analytical Model and Variables Studijed

To study the general properties ofv§ubassemb1age charts
for reinforced concrete members and to provide comparison with other
design methods, charts were generated for three columns:

«”‘;IXEG 1. square co]umn_wfth reinfo;cement in two faces,
TypgﬁE\ square column with reinforcement distributed in
| / all four faces,
Type 3. circular colun sith reinforcement distributed a]ong

the circumference.

39
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The column cross-sections are shown in Fig. 4.1 aiong with the mater-
ial properties.

The subassemblage considered in.this analysis is shown in
Fig. 4.2(a). The springs at the ends of the beam and the column re-
present the net restraint provided by the frame which the subassemblage
is assumed to be a part of. It will be assumed that the stiffness of
the springs is such that the members are bent in double curvature
with a point of contraflexure in the middle. Thus the model may be
represented by Fig. 4.2(b).

It will be :assumed that no uaper column frames into the
beam-column joint. Henéé, Equation (3.23) may be modified to read

M. =M (4.1)

The equilibrium equation for the column may be written down
from Fig. 4.2(c)

M=24QL + Pa, (4K2)
and in non-dimensional form

A
QL _ M - PITIL (4.3)
M, M _

o

The Tlateral Toad vs. lateral deformation relationship may be
traced by plotting QL/Mu against a/L.

The model was analysed for five values of beam stiffness K
(see Equation (3.25)): 100, 200, 400, 600, and infinity. The values of
K deriVed in Section 5.3 for a representative T-beam and flat plates
are about 500 - 2000 and 50 - 140, respectively, when combined with the
columns shown in Fig. 4.1. ‘

Eight values of the slenderness ratio 1/h wore used, varying

from 5 to 40 in steps of 5.
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FIG. 4.2 ANALYTICAL MODEL FOR DEVELOPMENT OF
RESTRAINED COLUMN CURVES



The complete set of charts obtained from this analysis is presented
in Appendix A. A total of 146 charts are presented for 690 indivi-
dual combinations of length, shape and end restraint.

The coordinates of the linearized M-P-¢ diagrams used

in the analysis are given in Tables 4.1, 4.2 ‘and 4.3.

4.3 Basic Properties of Subassemblage Curves

- Some typical results from the aﬁa]ysis are shown in
Figs. 4.3 and 4.4, and the moment cﬁrvature diagram used in the calcu-
lations of these curves is shown in Fig..4.5.

The line ab in Fig. 4.3 represents the locus of columns
failing és a result of material failure, due to reaching the cross-
sectional capacity af the top of: the column. This Tine slopes pe—
cause the Pa moments redﬁcé the lateral load capacity. Lines parallel
to ab give the capacity of the subassembTage when a p]astic'hhi;Q
forms 1h the beams L. - to the column reaching its capacity,— Thus
the capacity of the subassemblage is Timited By the line cd when
the restraining capacity of the beams is 0.75 Mu.

The pofnt A_in Figs. 4.3 and 4.4 corresponds approximately to
point 1 on the M-P-¢ chve shown in Fig. 3.2. This is the point
where the column starts to crack and there is a loss of stiffness,
but it continues to behave elastically.

While the short column in Fig. 4.3 reaches its ultimate
capacity with a correspondﬁng maximum value of Q1/ Mu the Tonger
column in Fig..4.4 exhibits material failure under a Tateral load
'which is less than its load carrying capacity. The practical Timit

of this column is reached on the line mn. For any increase in load

AN
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Axial load ratio, P /P
- u’ o

Units: moment is inch-kips, curvature is 1/1inch.

TABLE 4.1

Coordinates for Tinearized M-P-g diagrams for Type 1 column.

N\

[ =]
;g;; 0.1 0.2 0.3 |o.4 J 0.5 10.6 |0.7 |o0.8
Moment | 226.5 [315.0 [360.0 [410.0 |410.0 |290.0 | 210.0 | 1550
x10® | 0,071 0,100 |0.120 [0.147 10.158 [0.123 | 0.093 | 0 08
Moment | 616.0 |555.0 |392.5 |453.0 1490.0 |450.0 | 330.0 | 203 0
ZJ 0x10° | 0,124 10.310 [0.136 | 0.163 |0.193 | 0.197 | 0.162 | 0.114
Moment | 630.0 |667.0 [496.0 | 490.0 |589.0 |530.0 | 387.0 | 259.0
’1 010 | 0.790 |0.416 |0.218 | 0.186 10.270 | 0.246 | 0.197 [ 0.153
- Moment | 643.0 (740.0 1587.0 |563.0 | 652.0 | 562.0 | 434.0 | 296.0
a0’ | 1,190 [0.491 | 0.205 | 0.245 | 0.329 | 0.269 | 0.288 | 0.182
Moment | 671.0 |749.0 |663.0 | 663.0 | 665.0 |574.0 | 447.0 | 299 0
P10 | 1880 10557 | 0.365 | 0.347 | 0.377 | 0.326 | 0.296 | 0.200
Moment 759.0 | 784.0(735.0 | 672.0 300.0
61 sx103 0.710 10.500 | 0.424 | 0.464 0.212
Momen t '{768.0 801.0 | 754.0
7. ! JE]93 10876 | 0.525 | 0.533
Momerrt 1828.0 | 766.0
L 8| ax103 | ) | 0.502 | 0.647
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fé Axial Toad ratio, PU/Po
Qe ] 0.1 ] 0.2 | 03] 04| 05| 067 0.7] o.8
1 | Moment | 270.0 | 210.0 | 290.0 | 250.0 210.0{170.0({120.0| 80.0
| ex10’ | 0.063 /1 0.069 | 0.102 | 0.094 | 0.086 | 0.077 | 0.063 | 0.050
o | Moment | 234.0 | 290.0 | 380.0 | 330.0 | 330.0 290.0 %O0.0 140.0
_;x103 Lﬁbj08 0.098 1 0.148 ] 0.126 | 0.139 | 0.137 | 0.107 0.090
3 | Moment 271.0 | 423.0 445.0 1'415.0] 410.0( 370.0 | 280.0 | 180.0
¢x103 0.155 10.24310.214 | 0.166 | 0.177 1 0.180 1 0.155 ] 0.119
g | Moment | 416.0 | 479,0 | 516.0 | 440.0 | 468.0 410.0 | 338.0 | 200.0
) ¢x103 10.318 0.308 | 0.293 1 0.188 | 0.208 | 0.203 | 0.196 0.162
5 | Moment I508.OA 557.0 1 572.0 | 504.0 |'500.0 /450.0 382.0 | 254.0
- ¢x103 0.422 1 0.404 | 0.365 | 0.245 | 0.237 1 0.230 10.232 | 0.185
g | Moment 522.0 | 618.0 [668.0 538.0 | 532.0 [495.0 403.0 | 262.0
&x]O3 0.546 1 0.489 1 0.513 | 0.285 1 0.277.10.268 | 0.288 | 0.204
7 Moment | 556.0 | "39.0 | 693.0 578.0 1571.0 | 509.0 {410.0 | 267.0
bx103 0.610 | 0.5871 | 0.580 | 0.342 | 0.333 | 0.317 0.332 | 0.235
- g | Moment | 562.0 | 666.0 628.0 | 588.0 | 517.0 270.0
L dx103 0.677 10.733 0.420 1 0.414 | 0.447 0.269
. g |Moment | 592.0 556.0 | 600.0
:x10° 1,077 0.553 | 0.543
]d Momeq;w 594 .0 664.0
¢x107 201,136 0.668
R Mome?; 597.0
; +x107 11.470
moment is inch-kips, curvature is 1/inch.

Units:

Coordinates for linearized M-P-¢

TABLE 4.2

diagrams for Type 2 column.
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Axial load ratio, P /P

2 |0 [ 0. I Jo 3 ‘ 0.5 ,J 0.8
1 Momen§ 135.0 130.0_,223 0 (4 87.0
$+x10 0.072 [0.069 |0.129 ]O 079 740.057
2 Moment [168.0 [184.0 |303.0 |220.0 111.0
_ex10% J0.118 [0.103 |0.220 10.134 0.086
3 }MOmeng 236.0 J237.0 337.0 }273.0 136.0
¢x107 10.227 10.166 |0.258 |0.172 |0.183 . 0.118
4 Moment |280.0 |260.0 |369.0 J364.0 301.0 [290.0 |210.0 [155.0
L ¢X]03_ 0.300 j0.196 10.323 10.292 |0.212 0.228 10.174 [0.144 ]
5 Moment 38310 ]316.0 ]414.0 4001?]320.0 319.0 1240.0 {175.0
1210° 10468 10.285 [0.411 |0.356 |0.236 |0 267 0.219 }0.174
{ oment ]4]6.0 ]362.0 460.0 | 428.0 341.0 ]334.0 257.0 [181.0
X]O 0.579 10.363 |0.516 |0.420 |0.268 0.285 10.232 10.190
7¥[Moment ]439.0 }4]6.0 /497.0 442.0 J388.0 )340.0 267.0 1190.0
AX]O 0.731 |0.467 10.637 |0.470 0.348 |0.300 |0.250 {0.213
3 4omen§ 452.0 !453.0 507.0 ,463.0 405.0 {356.0 |283.0 [195.0
| _#x107 10.862 | 0.707 |0.557 10.396 [0.356 1 0.285 |0.260
9 Momen§ 458.0 [477.0 ]508.0 478.0 [ 420.0 367.0-[290.0 ,198'0
¢x10” 10.947 [0.630 [0.772 10.670 0.463 [0.467 ~ad. 0,304
10 Moment | 460.0 | 487.0 T 428.0 [368.C 26: N
¢x10% [ 1.089 |0.691 ’ 0.572 |0.532 n ~r-
17 | Moment ]500.0 I ’ ( 290.0 |
+x10° 0.908 0.436 ‘
Units: moment is inch-kips, curvature is 1/inch.

TABLE 4.3

Coordinates for linearized M-P-¢ diagrams for Type 3 column.
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beyond this Tine the éolumn and beam structures represented become
unstable in a sidesway mode.The Tine mn will therefore be considered
én instability failure condition. The line of instability corresponds
to a point stightly above point 2 on the M-P-4 curve. This type of
instability occurs because equilibrium between external and internal
forces is no Tonger possible due to the P-a moments and the reduction
in member stiffness. with increasing moments.

In the balance of this report the type of failure described
by Fig. 4.3 will be referred to as a "material failure" while that
corresponding to Fig. 4.4 Qi]] be called a "stability failure".
Because the distinction between the two is difficult in some cases,
the name stability fajlure has been reserved in this report for
structures in which the moment at which the structure becomes un-
stable is more than five percent below the moment capacity of the
G}oss—section.

The effect of slenderness and second-order effects is
evident from fhe comparison of Figs. 4.3 and 4.4. For K=100

the P-a moments account for about two percent of the failure

moment for the short column and about 31 percent for the long column.

For infinite beam restraint the values are 0.6 and 21 percent

respectively.

4.4 Normalized Subassemblage Charts -

One of the major difficulties in any attempt to develop a
standard set of sway subassemblage charts for reinforced“concrete

columns. is the wide variation in the M-P-4 curves due to varijations

- in geometrical properties, steel perc atage, axial load and material

properties. As a result, each particular cross-section has a unique
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set of charts which cannot be applied to any other cross-section.
This puts severe limitations on the use of the subassemblage concept
for reinforced concrete structureé since extensive calculations would
have to be carried out for each case.

An attempt was made to develop a normalized version of the
M-P-¢ curves which would apply to a wide range of columns, but

insufficient aCCuracy was attained for the methods tried.

4.5  Deflections

| Few building codes specify 1imits on the deflection index
a/1. In North America the National Building Code of Canada(32)

is the only one to do so and the Timit is set at 1/500 at service
loads both for the story rotation and for the buildings as a whole.
The same Timit has been suggested by ACI Committee 435 "Allowable

33). When code prescribed values do not exist, values

Def]ections”(
ranging from 1/300 to 1/1000 have been used in practice, depending
on the type of building and the judgement of the engineer,

A rigorous deflection analysis for concrete structures
requires a considerable amount of computation and as a result approx-
imate methods are usually preferred.b

However, the subassemblage analysis provides é better esti-
mate if a realistic M-P-¢ curve is used. The deflections obtained
from the subassemblage charts have been used for comparison with the
deflection limits accepted in practice and to study the relationship
between loading, def]éctions, geometry and mode of failure.

Service load conditions were considered for two cases based

on Equations (4.4) and (4.5)

A
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U=1.4D + 1.7L (4.4)

1

U=10.75 (1.4D + 1.7L + 1.7W) (4.5)

where D,L and W are dead loads, live loads and wind loads, respect-
ively. These equations are identical to Equations (9.1) and
(9.2) in ACI 318-71.

The two cdases conside-:d were:

“1. Maximum service load based on Equation (4.4)

with L/D=5.0
and 2. Minimum service load based on Equation (4.5)
with L/D=0.2

The service load was assumed to be given by Equation (4.6)

Ps =D+ L . (4.6)

From these relationships the axial service loads are
equal to O.61Pu and O.92Pu for case 1 and 2, respectively.
corresponding lToad factors for Tateral loads are 1.7 and 1.275.
Thus the service lateral loads were taken as 1/1.7 and 1/1.275 times
the maximum QL/Mu value for the ultimate load case.

In figs. 4.5 fhrough 4.14 the lateral load-deflection
curves for ultimate loading conditidns have been plotted for
10 cases in addition to similar curves for the two axial loads
corresponding to.the maximum and minimum service load conditions.
The service lateral loads have been obtained by d{viding the Tateral
load by the appropriate 1.ad factors and the service load deflections
were obtained from the appropriate load-deflection curve. The results
are presented numerically in Table 4.4. The curves p]dttéd in Figs.
4.5 throﬁgh 4.14 were chosen to study the effect that the shape of the

cross-section, the slenderness and the beam restraint have on deflect-
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— v____ﬁﬁ__a_‘!‘_* n
Type of v | W;‘/Lm
loading| e 5 1/h=10 1/h=30"
o~ — _ e}
>3 k=100 | k= - K=100 | K= =
1 0.0161 0.0061 0.0157 | 0.0126
UTtimate! 20 0.0157] 0.0058 unstable 0.0106
v
[ 3| 0.01M| 0.0071] unstable| 0.0097
| 0.0115( 0.0041 0.0056 | 0.0066
Service
lToad, 2| 0.0110] 0.0037| unstable 0.0061
case 2
31 0.0176| 0.0044| unstable| 0.0058
- -
b 0.0078| 0.0027| 0.0017 | 0.0034
Service
load, . 2] 0.0072 0.0023 | unstable
case 1 I
L¥ | 31 0.0076| 0.0029] unstable
S

TABLE 4.4

Deflection index for u]timate‘andAservice Toad
conditions for loads corresponding to PU/PO:O.4
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ions. '

It can be seen from these figures that the shape of the cross-
section has little effect on the deflections. *he slenderness ratio
is important for service load deflections and is also significant for
ultimate deflections for strong beam-weak column combinations. As
expected the deflections increase with reductions of the beam stiff-
ness. This effect is more pronouhé§§%¥o¥ﬁﬁateria1 failures than for
stability failures.

ATl the deflection indices.obtained in the analysis are
shown graphically in Figs. 4.15 thfdugh 4.22. A total of 690 cases
were studied, 217 of which were stability failures. A stability
failure was assumed to occur when the moment at which the structure
became unstable was more than five percent below the moment capacity
of the cé]uﬁ%.

Deflection indices at ultimate ¢Fig. 4.15, 4.18) showed .,
wide variation with results ranging from about 1/700 to 1/30. '
The results for the two sérvice Toad conditions

(Fig. 4.16, 4.17) gave a somewhat more narrow.distribution'with
vé]ues between 1/760 and 1/50 for case 2 and 1/820 to 1/70 for
ch;é'l. The service load deflections may vafy rrom about 10 to 80 e
‘peruehpipg the‘u1timate deflections depending on the shape of the .
Toad ge;1éction di§§?q¢{and the service load condition. If the
cufvgfﬁé vely steep thegsér&jce‘load deflettibns will reach the
upper‘1imit; in the case o% ]argé'ultimate deflections the value o
will be cioser fo the'1owé?“i§%}t? Material failures will norma]]j : «’////

“have relatively small deflections while stability failures exhibit

much Targer deformations at ultimate. Typical examples are shown

N
‘
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FIG. 4.15 DISTRIBUTION OF DEFLECTION'INDICES AT
LTIMATE LOAD
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in Figs. 4.5 through 4.14,

Structures failing as a result of material failure were
found to have service Toad deflections of about 1/3 to 2/3 of the

' ultimate deflection. If the 1dading condition corresponds to mini-
mum service Toad the values will be in the lower range, say 1/3
to 1/2, with weak beam—strong column combinations giving the higher
values. For maximum service loads the values range from 1/2 to 2/3
of the ultimate deflection.

In Figs. 4.20 through 4.22 the computed values have Leen
compared to allowable values of a/L of 1/500 and 1/250 for service
load ahd ultimate load, respectively. For all three cases only a
small percentage of the reéu]ts falls below the specified limits.
Thus, for the columns considered, deflections would Tikely be the
‘governing deéign criterion rather than strength.

"éi Stability failures usually occur at relatively large
deflections. Fig. 4.19 shows that no stability failures occurred
for a/L Tess than 1/200. For allowable values below this figure
the design would Be governed by deflections or strength. This
Timit is used to set limits on the app]icabi]ify of the Pa type
of analysis in Section 6.43.

To investigate a possible relationship between deflection,
loading and slenderness ratio the deflection index at ultimate was
plotted against slenderness ratio for various values of axial Toad,

r Fig. 4.23 through 4.25. These plots show that £he relationship bet-
ween slenderness ratio and deflection index is close to being a
straighf Tine for re]ativeiy small values of k1/r. For higher

values of k1/r the results become more scattered and the deflection
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index reaehes values which would normally be unacceptab]e in design.
!~‘5

A %txa1ght Tine re]at1onsh1p between ll/r and (f/l) wag therefare
,{%
1% would q1ve~a reasonab]y good estimate of small

def:ectlon 18
lﬂﬁ‘
The foT?ow1ng emp1r1ca1 equation was taken to represent

)

the do* 1 E&;éh index at ultimate as a funct1on of the s]enderness
Lxt % . .

ratio of th coiumn and the axial load* v

T - e PO
3.4- 2.75 " R .,
R e L (1.7)
o U 10 > ,‘ r ’
Th1s equation has been p1otted in F1gg 4 23 throuen 4 25
forp; P equal to 0.1, 0.4 and 0.7. . e
- . ) . . E .‘-:?}' "\{"‘5"
.- 4.6 Column Stiffress Aha]ysis f} o . .
. 3 “’ i p;: " ] -

&
‘J .

3

It uas prevwous]y p01nted ouéf{hat the mrm)er st1ffne:s

’ Nk
1& erobabTy the most ﬁmportant paramgig? fh any secdhd- order. ana]ys1s

4&11near elastic analtysis w111 y1e1d good re<u1ts if th; agsumal stiff-

hess is c]ose to the effect1ve e]ast1c st1ftness fo? ‘the part1cu]ar

” » \'
podnt in the‘1oad—def1ect1on dmagram be1ng cons1dered1 Y ) -
’ o . ) ’ - ' LA " ”

Before determining an equivalent 1ingar—e1getic“valhe of

N

El a desicision must be made as 'to what point on-the Toad-deflection .
diagram should be used since the stiffnessVdegéndé-gh the magnitude -
of the 1oad and the 1oad1ng h1story of the structu eq, -

. c
If the coord1nates of a pdint on the ?oad def1eet1on curve

are known, the equ1v§1ent st1ffness may be compuged;from ..e following

equatiaons, derived from F° 4.2 using standard elastic formulae.

The equivalent culumn ‘stiffness is given by
: i T S

-

1) : 4
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e
(E1)g = g . (4.8)
3a - 5 9)
3K,
where K, = - (4.9)
b L
b
. i
From Equation (3.25) A
M = KM, = — 2 g A : (4.10) P
r u Lb . o ’ v
| KMu : | ) "’J‘ R | ,“l
‘KB,F LA T v L (41) s
The moment M is given by Equét1on (4.2)1 ¥
F1g 4.26 shows a typ1ca] toad- def]ect1on diagram. If .
th1s structure’ had been i ed up “to poxnt B the e]ast1c 1oad deforma- Rt
:t1on re]atwonsh1p Lonrespond1ng to fail dbu]d be q1ven by the Tine
: [
OB.. If, on the_other hand the allowable or u1t1mate def1ect1ons
Timit the ultimate load on the st  .re to that correspond1ng to
point A the ultimate deflection would %e 89 rather than Ap given by the
EIbased on line OB. This overestimate will resulg in a corresponding
overestimate of the P-» moments, in this idealized ca<e of about 60 ’
percent. Similarly, if a point be1ow A s chosen for. comp~t1ng the
. 1 .
equ1va1ent st1ffness an uns@fe estimate of deflections ¢ U second-order
.moments w111 result. ‘

Pl

. 9

The discrepancies . po1nted out above w1]1 normally bD sevete

n]y for structures exh1b1t1ng a very duct11e behav1our For .a Toad- "_
p '?lv‘ T o 0.“ -
adeformaf?on character1st1c such as that shown in Fig. 4.6 onlv minor .

errors wokx]dt)c ur.

It wilbsbe apprgciated from the ahove discussion thet choos-

—

ing the cshrect point on the load-deflection diagran to define EI will///;,//'
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depend on several factors and becomFs a complex matter. The hoint corr-
esponding to the maxjmum value of dL/Mu was Lherefore chosen to be used
in"thecalculations. This will always give conservative estimates of
bBth first and second-order deflections.

The computed effective linear-clastic stiffness values have

been plotted against slenderness ratio in the form of scatter diagrams

,in Figs. 4.27 throughv4.32. A comparison with values computed from ACI

318-71 equations (10-7) éna (10-8) shows that only a small number of the
Eomputed\resu]ts are.below the ACI values, and that for a large number of
cases the code eqﬁations give extremely conservative resu]fs. The few
cases where fhe effective EI is smaller thqn that cbmputed from the ACI
equatibﬁs corresponded to low values of'Pu}ﬁéu' For Pu/Po < 0.2 the mos;
¢0nservative of the ACI equations g%ves the bést estimate of EI.

; In the case of stability fa11ures the columns tend to have ra-
’ther high stiffness becausé the curvature at failure is re]at1ve1y small

and thus the effect of cracking is Tess severe. High EI values were also

found to occur for material failures when the axial load was fairly ¢ hse

“to the balanced load.

It should be noted that the ACI Moment Magnifier procedure treats
stability faﬁ]ures as material f:i] =2s. To do this it is necessary for
the EI value for use in the ACI procedure to be based on the point of "in-
tersection of the 1pad deflection curves with the sloping curve represent-
ing the cross-sectional strength. Thus, in the case shown in Fig. 4.4,
the effective EI corresponding to the maximum value of QL/Mu (points a-
‘long 1ine mn) will be considerably larder than the EI corresponding to

the eventual faijlure of the section (points along line ab).

4.7 Use of SQay Subassemblage Dfagrams in_Frame Analysis

7
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The rosbonse of a story subjected to Tateral loads and gravi—”
ty loads can be determined by superposition of the respon of DJL..in-
dividual column in the story. 1In order to establish th
onse the story is subdivided into a number of subassemble ~o as o .-
Tined in Section 2.0 and the load-deformation characteristics of each '
subassemblage is determined using the restﬁained column curves.

A typical subassemblage of an interior column in a single
stury frame is shown in Fig. 4.33(a). The restraining action provided
by the beams is KIOMu for beam AB and KZUMu for beam BC. The restrained
column curves relevant to this subassemblage are shown in Fig. 4.33(b).

Line o-d  is the restrained column curve fo} a column restrained by
both beams. Tine o-f ‘ and o-e ' are for the same column restrained -
only by beam AB or on]y'be beam BC, respectively. The lines m-n and
p-q correspond to the formation of plastic hinges in “eam BC and beam
AB respectively. | '
The Toad-deflection curve for the szassemb1age has been con-
. structed in Fig. 4.33(c). Initially, tﬁe‘1oad—deformation response is

¢ by the line Oa which is parallel to Oa in Fig. 4.33(b). At 'g

a plastic hinge forms in beam AB and a'fugther increase in load is re-
sisted only by the beam BC. The line ab is parallel to the line blc'
in Fig. 4.33(b). At ‘bl a plastic hinge is formed in the beam BC as
well and the structure becomes unstable. Thus the uitimate foad capa-
city of this subassemblage is given by point b.

If either one or doth of the beams had a moment capacity equal
to or greater fhan that of the column the load-deflection curve would
reach the upper inc]jnedlline. If peither beam deve]oped hinges the load

deflection curve would be given by ca d , and if only the weaker beam



! .
]

dove]obed a hinge the Tine ab would be replaced by b'c'e .

When the load-deflection curve has been corn tructed for all
subassemblag- 5 1 a story the total shear resistance may be determined
by a graphical super-position of the individual load-deflection
curves. ’ |

In a'mu1t1—story frame the overturning moment produced by the
column above must be considered (see Section 3.5.1 and Fig.'3.li).
If restrained column curves based on thé model in Fig. 4.2 are to be
used for a multi-story frame a modification must be made to the beam
stiffness K. From Equations (3.23), (3.?5) and (4.1) the following
twolexpressionS’for the joint rotatiop 6 are obtained for 5 single-

p .

story and a multi-story frame respectively:

M : .

- _
0 = TN (4.12)
u
oM M ‘
2 u

Thus, for a mu]fi—story structure the sway subassemblage load-deflect-
ion curves should be based on restrained column curves corresponding
to a beam stiffness of one half of.the actual beam stiffness.
References 17,34 and 35 present desigﬁ exampTes and design
aids for the design of multi;story steel structures by the subass-
emblage method. These design curves dif%ér from thqse'presented here
in that they are based on the assumption that an upper cqlumq frames
into the joint and thus, if the curves are used for a single story

frame the curve corresponding to a beam twice as stiff as the actual

beam should be used to determine the Toad-deflection response.



CHAPTER V

CFFECTIVE STIFFNESS OF REINFORCLD CON@RETE BLAMS

5.1 Introduction

No tiruily establi-hed motiou ~xrste for éomputing the effective
stiffness of reinforced concrete beams. Various approximate methods
are used in practice, some of which sacrifice accuracy for simplicity.

However, a reasonable accuracy in the estimate of the restrain-
'ng action of the beams is essential in any second-order analysis and
some guidelines are therefore required for its computation.

In this chapter the effeclive stiffness of reinforced concrete
beams will be studied for various loading conditions and loading in -
tensities. An at! 't will be made to establish some simple rules

which may be used in second-order analysis.

5.2 Method of Analysis

A cracked reinforced concrete beam behaves as a beam having a
varying moment of inertia along its length. The effective moment of

inertie at any section of the beam is a function of the bending moment

at the section and may ajsg depend on the loading histary of the struct-

-~

ure.
To account for the effect of the change in bending moment along the

beam the beam was divided into a number of small segmehts such that

the bendind moment in each segment is approximately constant. Thus it

is assumed that the distribution of cracks is uniform throughout each
{ .

segmert.

{  If the moment-curvature relationship of the cross-section is



90

known the stiffness of a segment having a certain bending‘mOMGnt is
casily obtained as the slope of the moment-curvature diagram at fhe
point being considered. To simplify the computation of the slope, the
M-u curve was aﬁpéoximated by a number of straight lines as prev-
iously outlined in Section 3.4.4.

The moment capacity of the cross-section was assumed to
be reached when the tension steel yielded, thus ignoring the effect
of strain hardening.u This assumption gave failure moments in close
agréement with values obtained from standard design formulae for
computing ultimate moments.

fhe moment in each segment was aséumed to be the mean of
the moments at the ends of the segment and from tiie M-4 curve the
| stiffness, EI, corresponding to the mean moment was de@ermined. The
flexibility coefficenﬁs were obtained by loading the beam with the
M/ET diagram corresponding to unit end moments and applying the con-
Jugate beam theorems to compute the resulting end rotations. The
rotational stiffness coefficients were then established by inverting
the flexibility matrix.

It should be noted that the distribution of moments was a,
function of the distribution of stiffresses which in turn were a
function of the distribution of mor=..is.  An iteration procedure was -
 required to reach a distribution o mciments and stiffnesses which
were compatible with the applied Toads. The rotational stiffnesses
were calculated based -on the final distribution of sfiffnesses.

It was found that the redistribution of moments did not
cause significghk_changes in the stiffness values. This cauld also

be anticipated by considering the idealized shape of the M-4 curve



since only clements which initially had a moment value close to

points of discontinuity would have its stiffness affected by a

change in momeﬁt. The idealized M-y curves have only one or' two

poi.ts of discontinuity and as a result only the stiffnesses of a “

few elements are affected by the redistribution of-moments. |
Effective stiffness values were computed for threb

Toading conditions:

1. gravity load only.

2. lateral Toad only.’

3. gravity‘1oad and lateral load combined.

Each case was fnvestigated for various values of load intensity.

The Toad intensity may conveniently be expressed as a

function of the end segment moment capacity. In-the case of gravity

load the beam was assumed to have fixed ends and the nominal

fixed-end moment MGM may be expressed as

M :__._.an (5.1)

where w is the uniformly distributed load on the beam, ]b is the

length of " the beam, Mu is the mngnt capaﬁity of the end segment

and n is a coefficient which may have“vélues between zero and one.
The end moments, MSM’ caused by Tlateral loads can -be

written as ' .

M T Mu (5.2)

where yu is a coefficient varying between zero and one.

For combjned loads the applied end moment at the most

heavily loaded end is given by

M Moy) = - (n +0 M, (5.3)

ou + Moy)
and at the other end

91
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(MGM —"MSM) = (n - )Muy - ' | (5.4)
assuming counterc]ockw1Je moments to be pos1t1ve and the 1atera]

’

load to be app11ed from Teft to r1ght ‘ . _ ' )

5.3 Effect1ve Stiffness of T-Beams and Rectangular Slabs

Two different shapes of cross-section were considered in
the ana1ys1s,:a T-section and a rectangu]ar flat slab section
(F1gs 5.1 and 5.2).

! : The T-section had a tota] depth of 22.5 inches and a web
width~of‘13 inches. The flange was 4.5 inches deep'and /8 -inches
wfde: The effective span wés 25 feet. "The slab was 12 1nches wide,
7.5 inches deep and had én effective span of 18 feet. |

| Both members were symmetrically reinforced about the
.centre line and were divided into two end sections and.a middle
section. AT]Athree sections_had edua] amounts of top and bottom.
reinforcement' the ends being more heaviTy reinforced than the
middle. The details of “the cross-sections are shown in F1g 5.1
and Fig. 5.2.

Typical M-¢ diagrams obtainqd for the T-section and the
slab are shown in Figs. 5.3 through 5.5. Fig. 5.3 shows the response
of the T-section when roaded such that the flange is in compress1on
wh11e in Fig. 5.4 the flange is loaded in tension. The latter case
shows a large and sudden drop in moment capacity as cracks develop in
the flange. However, this is an artificial equilibriun condition
which shows up in the computations because the moment capacify is
computed from predetermined increments in the curvature. The transi-

tion line from the point of cracking to the point TY was used in the
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|
computations. Fig. 5.3 shows a sihilar decreaso in st1ffne55 after
the 1n1t1at10n Bf crack1ng but the transfer is much smoother The
M—¢ response of the sTab shovin in Fig. 5.5 is similar to thot or
the T-section with the flange in compression.’ ‘

A fewétrial ca1cu]ations were carried out to investigate
what ]ength of segments should be used to attdtn, suffTC1ent accuracy
It was found that for a given length of segment the accuracy was

_ dependent Upon the type of 1oading, and‘the 1argest 1naceyracies

e

seemed to occur for combwned gravity and Tateral ]oads If high

@t ]ength shou]d be used,

In these calculations’ 40'3egments were used for the .

~accuracy s sought a fairly short segme

T-beam and 72 segments for the slab.
‘The ‘resuits of_the"ca1cu1ations have been plotted in
, _

Fig. 5.6 for the T beam section and Fig. 5.7 for the slab section.

Considering the members under pure gravity load (Figs. 5.6a and

5.7a) shows clearly the reduction in stiffness as the load intensity,-

1s increased and the cracked zones extend. s

The T-heam 1s seen ‘to keep 95 percent of its uncracked, untranstormed -

stiffness E Ig for values of n be]ow 0.5. For hmgher loads the-
st1ffness is reduced rapidly and for n = 0.9 it has dropped to 46
percent of the uncracked st1ffness |

;\\\\ The effects of cracking become‘evident at fajr1y Tow Toad
levels for the slab and once the first cracks have opened up there

is a rapid decrease in stiffness. However, as the load intensity is
increased the rate of stiffness reduction is reduced. When the moment

at the ends has reached 90 percent of the capacity of the end segment

the st1ffness has dropped to 53 percent of the uncracked stiffness.

J7
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In a second-order analysis the beam will be loaded
according fo 103& case 3. The variation in stiffness for various
combiqations of fixed end moment-and sway moment 1is shown.in Fig.
5.6(c),(d) and Figq. 5.7(c),(d) for two values of lead intensity.
The plots show only small variations‘in stiffness with variations
in the ratio n/u. For very small values of n/u, say below 1.0,
corresponding to high lateral load moments and small gravity load
moments it would be more appropriate to use value from 1oad case 2,
l.e. sway moments only, as shown in Fig. 5.6(b) and Fig. 5.7(b).

As one would expect, reducing the load intensity (n+u) reéults in
higher stiffness-va]ues, although for the slab this increase is
negligible. 1In practice one would expect to find values of (n+u)
in the range 0.75 to 0.90 and the results presented herein suggestf
that vé]ues of (EI)b between O.5vand 0.6 times ECIg may be used for
this type of 1oadfng condition if n/u is greater than 1.0.

The steel percentage will of course affect the Stiffnéss
of the member to some extent. This maybe taken into account by
expressing (EI)b as

(E1), = E, (aIg+nIS) | (5.5)
where a is a coefficient, n is the modular ratio of steel and con-
&rete and IS is the moment of inertia of the reinforcement_about the
neutral axis of the gross concrete section.

For Toaa .ase 3 and n/u greater than 1.0 the value of the
coefficient la' may be taken as 0.2 for the T-beam and 0.15 for the
slab. For a modular ratio of 8 this gives the stiffness values

O.496ECIg for the T-beam and O.53ECIg for the slab.

The effective moment of inertia of T-sections is often
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expressed in terms of the moment of inertia of the web alone, Iw
In this case'th9“rat76"TEVTQ“Té”éaUéT;fE"ZTU‘Hﬁ&”fh@“éf%ééfﬁ&é“(ET)g'”
is therefore between 1.0 and 1.2 times ECIW. This is somewhat

)

and higher than a method assuming the effective flange width equal

Tower than a commonly accepted (36) assumption that (EI)b:Z(ECIw

to twice the web width(37). 2(ECIW) is equivalent to an effective
flange width of about three times the web width.

The stiffness parameter K, used in the sway subassemblage
analysis, may be computed for these beams by using Equation (4.11).
The moment capacity of the column, Mu will be assumed to vary between
828 k-in and 300 k-in (Type 1 column, see Fig. 4.1 and Table 4.1).
The T-section will then have K values varying from about 500 to
about 2000 bgfore ¢racking and only about one half of these values
after crackiﬁg. For the slab the values vary between 50 and

140 before cracking and again about one half of‘these values after

cracking.



CHAPTER VI

ANALYSIS OF MULTI-STORY FRAMES FOR STABILITY EFFECTS

6.1 Introduction

There are two types of stability failures that may be
encountered in a frame analysis. One is known as "bifurcation of
equilibrium,” or buckling, ahd occurs when the applied axial
lToad reaches the critical buckling Toad. The other type is referred
to as "instability through disturbance of equilibrium" aﬁd occurs
because equiiibrium between external and internal forces cannot be
achieved due to such things as impe}féctions and reduction in stiff-.
ness. This type of f;stabi1ity occurs for an axial load smaller
than the bifurcation Toad of the member. In sway frames where the
members exhibit a 1oad—deformatioq response as shown in Fig. 6.13(a).
sidesway instability will occur before the ultimate moment has been
reached. When instabi]fty occurs, a small increment in the lateral
load produces additional Pa moments, which in turn cause additional
deflections. Because the applied moment is a function of the Tateral
deflection and because the\stiffness decreases with increasing
moments, the required 1nterﬁa1 moment resistance is not achjeved.

The Pa effect is, therefore, a key parameter which must be considered
in the analysis of sway permitted frames. |

o Modern building codes attempt to predict stability failures
by means of simple approximate methods. The accuracy of these methods
may be auite good in some cases, while in others thgyuare highly in-

Iy .

accurate but generally conservative.

A rigorous stability analysis of reinforceégconcrete frames

»

103



104

is a rather complicated matter due to such things as the non-linear
toad-deformation relationships of concrete columns and beams and the
| effect of the steel percentage and axial loads on the member stiffness.
A general method which would give good accg}acy in all cases wou]d
have to consider the effect of these variébles, resulting -in a very
complicated procedure.

The subassemb]age procedure pfovides a good method for
predicting instability and the results from such an analysis will be
" used as a basis for comparison when investigating the applicability of

current procedures for second-order analysis.

6.2 Sway Preventing Action in Frames

Prior to embarking on the design of columns in a frame
by tra%itiona] means it is necessary to detérmine whether the frame
is braced or unbraced since the behaviour of these two types of frames
differs greatly. The problem is how much lateral restraint is re-
quired to allow a frame to be designed as-a braced frame.

The ACI Code Commentary(z) states that the bracing elements
(shear walls, trusse; etc.) shou]d have a Tateral stiffness of at 1east
six times the 1atera1 st1ffnesses of.all the columns in the story being
considered. This requ1rement may not apply equally well to all struct-
ures, however. /

A more rational evaluation of the sway preventing action in

’ 38,39)

frames has been p}esented by Lay ( The analytical model used by

Lay is shown in fig. 6.1. The end conditions of the column are repres-
ented by the roﬁationa] stiffness coefficients kA and kB’ and the trans-

/
/

Tational stiffﬁess coefficient ks. The restraining actions at the end
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of the member can be written as

m
—

My = ka7
S

Mg = kg =L 0
- EI A

Qg = kg B (0

The equilibrium equation is

Pa = MA+MB+QBL

106

(6.4)

MA and MB may be determined from the slope-deflection equations

and substituted into Equation 6.4.

The solution is then:

= 4
k. = ﬂz(ﬁg—) - s(l+c) ky kg
cr 2
1 1 S 2
14 = + = & — (1-¢“)
kn kg kpkg

(6.5)

where Pcr is the buckling load, s and ¢ are the standard slope-deflect-

ion coefficients modified for axial load and are given by Equations

(6.6) and (6.7)

(6.9)

s 1-u Eot 3 (%)
tan z - =
2 2
c=ucscu -1
1 -cotu
u "ﬂ/_P/PE
7 E]
p. = L =2
£ ]2
(39) ., ) .
Lay suggested three ways to use Equation (6.5) to investi-

gate the sway stiffness necessary to ensure sway prevented action in
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frames:

1. An exact evaluation of kS using Equation (6.5)

2. If the numerator of Equation (6.5) is positive and
kA.and kB ére both -positive, which is always the case
if P/Pp < 1.0, the lateral stiffness necessary to allow
the column to reach its no-sway buckling load-may be

approximated by:

ko> 2P | , (6.10)

cr

This will give a conservative value bf the critical kS provided the
rotational end restraints are positivé. _Negative end restraints will
rarely occur in orgindry building frames due to the low axial load
usually carried by the beams. Thus, thié will be conservative provided
that the numerator is positfve, i.e.

L

6.11)
kA (

v
o

2+ s(1-c) (= + Eé—)
If the required lateral restraint exists according to Equa-
tion {6.5) or .Equations (6.10) and (6.11) the effective Tength factor may
be determiﬁed from the nomograph for braced %rames. When doing so,
Trahair's method(4q) (Equation (6.21), Section 6.3.2) should be used to
Jetermiﬁe fhe parametef Y. Because the frame is braced the effective
Tengths will be less than the actual lengths. _
3. The buckling Toad may beAapproximated by Equation (6.10)
without any further che;ks if the effective length is not
taken Tess than the actual Tength.

The derivation of these stiffness criteria was based on a

Tinear-elastic load-deformation relationship.
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Telwar and Cohn(41) have sugaested four bracing criteria
for tall buildings containing shear walls:

1. To Timit the deflections at service load to a value'
of 1/500th of the story height they proposed that:

p
cr 700 Q :
P P +1 (6.12)

where Pop 18 the critical Joad for the entire structure and Q and P

1

are lateral and vertical service loads.
2.- A stability criterion to ensure that the frame could

ke designed for gravity loads only was the basis of Equafion (6.13):

P
cr
p

Hwv

20 | (6.13)

3. They also proposeq that -

20,5 . (6.14)

where Pc? is the critical load for the wall standing on its own.
4. The fourth criterion was intended to prevent excessijve
‘moments due to unsymmetrical loading and for a pseudoe]astié frame

was expressed by Equation (6.15)

12kC
h

W dl
e = Max | (3)(

)(Q—)J _ (6.15)

where 1 is the story under consideration (counting from the top)ii
h is the story height, kC is the EI/h for the co]umn in the story _
qarrying-the greatest shear and Qf and QC are the shears on the
frame and the column, resbective]y. THe third and fourth criteria

are based on assumptions about desirable behaviour and may fail to
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recogn1ze the entire spectrum from fu]]y braced StFULtUFeS through

structures free to sway.

¢

*Sb ) One or more of the chiteria presehted in this section may
be used to evaluate the sway preventing actton of the bracing
e]emehts in a frame hefore a method of analysis is decided upon.

A further study of the sway preVenting attion in frames

is presented in Section 6.4.2.

6.3 Effective Length Factor Method

6.3.1 Introduction

Traditionally the effect of frame action‘has been
accounted for in column design by means of effective length factors.
This method has been described in Section 2.2. In this section the
resu]ts‘obtained from this method will be compared to those obtained
in the subassemblage analysis. Three factors are of prime intehest;
the effective length factor itself, the magnitude of the amplified
moment and the mode of failure.

. 6.3.2 Some Remarks on the Effective Length Concept

In both the ACI column design method( )and'the CEB column
des1gn me thod (4) there are two very important pérameters,invo]ved in
determining the second- order effects, name]y the stiffness, EI (or
'curvature in CEB), and the effective Tength factor k. The ]atter is
a function of EI sincé it depends on the ratio of the sum of the
stiffnesses of the cofumns framing into a jointAto the sum of stiff-
nesses of all the beams framing into the same joint. AThis may be

expressed as

(E1/1),
v TEI/])"

(6.16)
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This expression is an approximation to enable the effective Tength
nomographs to be used for irregular frame lay-outs.

Lay(39) has investigated thc validity of this approximation
and from an elastic slope-deflection analysis he developed the follow-

ing expression for the relative stiffness parameter

. (EI/1) '
d
VoS T JLCI El (6.17)
1(—70 R Jo C“T) ’ ' ‘
b b
where'(EI/])dC is the stiffness of the column being designed,
Ju _ s(1=c) | | (6.18a)
To - ~—§——*-for braced frames | | 4
gg—= §i%i£l-for sway frames ' (6.18b)

s and ¢ are the slope-deflection stiffness coefficients including
axial load effects as defined in Section 6.2.

Once the end stiffness ratios are combuted the effective
length factor, k, can be obtained from nomographs presented in
Reference 2 or from approximate equations such as“those given by
Fur]ong(42) or in the British Standard Code of P -ctice CP110(43).

An examination of the nomographs shows that thé value of k is
reduced-as the value of v is reduced, which in turn implies that the
critical load of the column is increased. Thus ﬁt follows that the
discrepancy between Equation (6.16) and Equation (6.17) will result

in an unsafe estimate'on1y'when
S . .

v o< P k (6.19)
which will occur when '

{j—gﬁ—l) J/ (L . '  (6.20)
mc mc @/ ‘ ) N



111

where the subscript mc refers to the upper column framing into the
joint.

From Equation (6.18) it can be on that this can only occur
for braced frames and substitution of Fquation (6.6.) into Equation
(6.18a) shows that a second conditien is that u.(Equation 6.8) must
be greateu than n. Thus, Equation (6.16) will Tead to a safe estimate
of k in braced frames if P < PE' |

To simplify the use of Equation (6.17) Lay suggests that an
approximate method developed by Trahair(41) may be used. This method
approximates Equation (6.17) by the following expression
(*H

T/ column being designed (6.21)

Y=
(1———)(§l0 all other members
PE 1 .

The term (1-P/P ) approximates the effect of axial load on the member

stiffness and will normally be significant only for t - ~ciumns since

the beams usua]ly have neg11g1b1e axial load.
L 2

Although Equation (6.16) will give conservative results
for sway frames Lay(39) suggests that the modified Equation (6.21)
be used since there are considerable economic advantages to be gained

from it.

44), MacGregor, Breen and Pfrang(3)and, Spring-

. . £ R
field and Adams ®) have pointed out shortcomings.in the effective

Rosenb]ueth(

Tength concept in dealing with sway frames where the columns in a'parti-
’ cu]ar story have wwde]y varying effect1ve ]ength factors. The exffeme
case of a pin-ended column supported by a sway frame occurs frequently.
The nqmographs suggest that the pin-ended column will noc be able to
earry any vertical 1oad‘since k = = because Swayvcen\occur: and there-

N

fore'Pck =0 for the hinged member. 'Some'mod?fication of the method

P
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must theréfore beAconsidered where ¢ is very 1argg for both ends of
thevmember or where y varies widely between columns in a frame.

The 1971 ACI Code attempts to treat this case by replacing
the P/PCr term in the moment magnifier equation by the term XP/XPcr.
whose variations in effective length is récognized by treating tne

entire story as a unit(1’3).

6.3.3 Comparison of Results from the Moment Magnifier Method and the

Subassemblage Analysis

T'  ccepted practical procedure for determining the effect-

ive length tactor, k, is to use the nomogréphs (2’49’16’34)mentioned

in Section 6.3.2. The magnified moment, according to ACI 318-71,

is then given by

M, "
2 m
M. = (6.22)
C 1- > P (k1)2
Ve m (EI)C

where MC is the magnified moment, M2 is the first-order moment and
Cm is an equivalent moment factor. .

Equation (6.22) may be rearranged to give an expression for
the effective length factor k, and using the subassemblage model

in Fig. 4.2 it can be written as:

2 -WZ(EI)C Q1
e Thus; the results from the subassemblage analysis may be

T

used to compute the.effective Tength factor which would have to be
used in Equation™ (6.22) to give the correct second-order moment.

The quantity-¢ needed to find the value of k from the nomo-
graphs is defined by Equation (6.16) with the denominator of the

equation determined from Equation (4.10). The parameter (EI)C was
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calculated.according to Section 4.5.

UIn this case there 1is no upper column framing into the
joint and thus Equatioﬁ (6.16) is 1in agreement with Trahair's
méthod, Equation (6.21).

The quantity Cm wi]] be taken as 1.0 in this derivation
according to ACI 318-71 rather than the value of 0.85 as given by an
elastic analysis for the sway case. . This gives values of k somewhat
below the correct value. Cm is a-function of the first-order deflec-
tion and since this is not known due to the non-linearity of the load-

deflection curve, a precise Va]ue of Cm is difficult to obtain for

/4einforced concrete columns.

In Fig. 6.2 the effective length factors obtained from the

‘nomographs and from the subassemblage analysis have been plotted againét

relative stiffness; The two curves show fairiytﬁbdd\agréémént, with
the nomographs giving the higher_values. The»ﬁ;ximum percentage dis-
crepancy bétween the two curves is about seven percent and.occurs for -
ow values of k. This percentage decreases with increasing k and for
values of k about 3.5 the error is only one percent. If the torrggghﬁm___
value of Lm héd‘been used, the effect would have been to bring thé‘
two curves closer together, which indicates thatvthe nomographs
predict qdite well the Tength of the equivalent pin-ended column.

Figures 6.3 through 6.10 show the re]afion;hip between the
short coiumn interaction diagram (1/h=0), an interaction djagram
for material or stability failure, taken as Point 1 in Fig. 6.13 (a)
or (b) and a design interaction diagram basedlon the moment-magnifier | S;\{
procedure using‘Eqn.(G.ZZ)and either the effective EI from Edn(4.8) or -

the ET from ACI Eqn.(10-7). Results are plotted for values of end




3.5
_ Nomographs
~
o
Ez Analysis, Cm = 1.0
o 30 |
<L
(T
I
p—
O
Z
5
g" Ml
> 4
— - —
O 2.5 Q
wi
w
T
w
20 { 1 ‘ | ]
' 1 2 3 4
RELATIVE STIFFNESS, K, /K|,
1.8

FIG. 6.2 COMPARISON OF EFFECTIVE LENGTH FACTORS
OBTAINED FROM NOMOGRAPHS AND SUBASSEMBLAGE ANALYSIS

o

114



ol

0.6 -

Failure and

i e A E I
Eaqn. 6.22 - Effective EI \ fr- -9 ip 1

/ :
=10

h

Ky = @

FIG.

200 400 600 800
MOMENT,. kip-inches

6.3 LOAD-MOMENT RELATIONSHIP AT ULTIMATE
OBTAINED FROM THE SUBASSEMBLAGE AND

MOMENT MAGNIFIER METHODS OF ANALYSIS

1000



A
0.8 |-
Eqn. 6.22-Effective EI
0.6 Failure —> /
[ 2 &
, /
—f?i 04} :
: /
Lo /
0.2 - /—“Eqn.é.QQ-
] I
i Kp = ® EI= CSQ *Eslse
0 ! ] i ! ! L | ! ! | >
0 200 400 600 800 1000

MOMENT, kip - inches

FIG. 6.4 LOAD-MOMENT RELATIONSHIP AT ULTIMATE
OBTAINED FROM THE SUBASSEMBLAGE AND

MOMENT MAGNIFIER-METHODS OF ANALYSIS



117

A
0.8 -
06}
p Eqn. 6.22-
_u 04 , Failure —»\ Effective EI
Po \
' \
£
R0 -
0.2 ,1<jf"
Ky = @ "\ Eqn.622-
- 4 ECI
) g
EI: —— +E g
0 ] i 1 D ] ! 1 ] >
0 200 400 . 600 800 1000

MOMENT, kip - inches

FIG. 6.5 LOAD-MOMENT RELATIONSHIP AT ULT IMATE
OBTAINED FROM THE SUBASSEMBLAGE AND

MOMENT MAGNIFIER METHODS OF ANALYSIS



A
0.8 |-
0.6 |-
: Egn. 6.22-
p Effective EI
L 0.4 / |
PO
Failure—>f
' ~
%=35 ~
0.2 ' :
-/-’
Ky =@ AEqn 6.22-
B E.I
EI- ng +Eglgq
0 ] l 1 l gl [ v 1 . I l >
0 200 400 600 800 1000

- MOMENT, kip -inches

FIG. 6.6 LOAD-MOMENT RELATIONSHIP AT ULTIMATE
OBTAINED FROM THE SUB/—\SSEMBLAGE AND
MOMENT MAGNIFIER METHODS OF ANALYSIS

118



119

A
0.8
- —é= ’ Egn. 6.22 -
Ech
0.6 T *EsIge
i Failure and L
p Eqn.6.22 - Effective EI
U
—-— 04
PO
>
L,
0.2 |-
Ky =1.0x107 Ib -in
0 l ! I l ! ] t | l ! -
0 200 400 600 800 1000

MOMENT, kip -inches

FIG. 6.7 LOAD-MOMENT RELATIONSHIP AT ULTIMATE
<OBTAINED FROM THE SUBASSEMBLAGE AND

oo MOMENT MAGNIFIER METHODS OF ANALYSIS



120

A
0.8 |-
0.6 |-
| .A"\\
\.‘.
. Eqn.6.22 - \\
0.4 Effective EI )
i / PR
T-‘-QO /
0.2 ///4i¥-
Ky =1.0%107 Ib-in e jan ez
- ET=—> + E,Iq
0 L | 1 1 ! 1 ! ! L 1 1 —
0 200 400 600 800 1000
- MOMENT, kip -inches

FIG. 6.8 LOAD-MOMENT RELATIONSHIP AT ULTIMATE
OBTAINED FROM THE SUBASSEMBLAGE AND

MOMENT MAGNIFIER METHODS OF ANALYSIS



. 121
A
0.8 -
0.6 I
P
Yo ooal
Po .
ariure Egn. 6.22-
a ;;7 Effective EI
r’l=25
0.2"‘ ‘ /_/
Ky = 1.0x107 Ib-in " NEan. 6.22-
B EcI
EI- ng +Elq
0 1 ! | ! ! L1 I [ [ >
0 200 400 600 800 1000

MOMENT,  kip-inches B

FIG. 6.9 LOAD-MOMENT RELATIONSHIP AT ULTIMATE
e

OBTAINED FROM THE SUBASSEMBLAGE AND

MOMENT MAGNIFIER METHODS OF ANALYSIS



0.8

0.6

0.2

122

£ .30

h
Ky =1.0x107 |b-in

Egqn. 622 - Effective E1
—/—_‘_—"

\\
-~ Eqn. 622 -
Failure J \\ an
Ech

5
1 [ l I 1 I ! l ] l >

tEsIgq

200 400 600 800 1000 o
MOMENT,  kip -inches

/

“FIG. 6.10 LOAD-MOMENT RELATIONSHIP AT ULTIMATE
OBTAINED FROM THE SUBASSEMBLAGE AND

MOMENT MAGNIFIER ‘METHODS OF ANALYSIS



restraint Kb = o and Kb =1 x 107 k-in, a value close to the Towest

practical 1imit>for beam Stiffness, and various slenderness ratios.

- A1l plots are for a tied column with bérs in.two faces (Type 1 column).
For 1/h greater than about 20 the failure line lies inside

the interaction diagram indicating stability failures. Interaction

diagrams based on the momeﬁt magnifier equation using the effective

EI correspond reasonably well to the failure interaction diagram as

they should,since the effective EI values were derived from Point 1

in Fig. 6.13(a) or (b). If design were based on the use of this

interaction diagram, the design wbu]d require less steel than

actually necessary. If, on the other hand, deSign were based on the

moment magnifier and the ACI EI value, the design interaction diagram

lies outside the cross-sectional interaction diagram indicating that

more reinforcement is required than actually needed. Thus the ACI

Code procedure predicts the second order moments well for short

columns (Figs. 6.3 and 6.7) but tends to overestimate the moments for

slender columns.

6.4 Iterative P-a Procedure

6.4.1 General Principles

The basic principles of the P-A method were outlined in
section 2.4. This section will be devoted to a more detailed investi-
gation of the method and its application in the design of building
frames <47).

Fig. 6.11 shows a diagram of a column in the i'th
stofy of a frame carrying both lateral and vertical loads. The deflec-
tion 4 is computed ignoring the effect of P . From equilibrium

requ1rements the additional shears produced by the axial load act1ng
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through a deflection A may be written as

r P : . | ‘ '
- 4a) ' . (6.24)

- where Vn = additional shear in-story n due to axial loads,

EPn = sum of column axial load in story n, ]n = height

of story n, ) ’ . . ' )
An+1, b= de%]ection of floor level n + 1 and n resbective]y.
The net additional sway %orce at level n due to axial, Toads is given by

Q =V .-y o - (6.25)

\

\

This force is now éddéd to the applied Tateral load at Tevel n and a
first order analysis is again carried out. The deflections obtained
in that analysis are substituted into Eqn. (6.24) to give a new set
of story shears which in turn are used to compute a new set of addi-
tional sway forces. The process is repeated until the moments or
deflections in one cylce are only slightly 1aéger than those of the
previous cycle.

The rate of convergence of the iteration process could
be used as an indication as to the bégsibi1ity of a stability
failure occurring. ‘Soﬁe resu]ts.froﬁéthe P-a analysis are shown in
Tables 6.1 and 6.2, Qﬁere t; is the deflection in the i'th cyclé
and be is the final second-order def]ectfon as‘obtained in the sub-
assemb]age analysis. The short column interac- n diagrams and the
failure curves for these columns are shown in Figs. 6.3 through 6.10.
The iteration process is seen to converge slowly-for stability failures

and 1t appears that if the process converges within five iterations

™
ther;\?§wn0~dﬁﬁ§g;/;;/a stability failure occurring.



Effective (EI) ACI Eqn. (10-7)
] P p S
; EE‘ ﬁﬂ ﬁi_ ﬁj_ No.of fi_ _ﬂf No.of
cr Y by Aj- :yCM]GS 5y 9 Ay lcycles

0.106 | 0.1 1.010 {1.003 3 1.009 |1.063 3
0.189 1] 0.2 1.031 |1.008 3 1.235 [0.954 3
0.270] 0.3} 1.018 |1.007 4 1.020 (0.872 4
0.360] 0.4} 1.035 |1.019 4 1.043 [0.891 4

10 0.451 1 0.5] 1.025 [ 1.022 5 1.035 [0.853 5
0.542} 0.6 1.047 |1.057 5 1.037 {0.839 6
0.652 | 0.7 1.049 [1.095 6 1.045 |0.868 7
0.777) 0.8 1.047 {1.175 8 1.045 [0.986 9
0.2681 0.1 1.049 [ 1.014 3 1.014 |0.949
0.506| 0.2 1.029 | 1.028 5 1.037 [0.908

20 0.764 0.3 1.042 | 1.097 7 1.045 [0.813
0.848] 0.4 1.044 {1.235] 10 1.050 |0.105 32
(E1/1), = 107 Tb-in®

TABLE 6.1

Results from the PA iteration procedure.
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TABLE 6.2

Results from the Pa iteration procedure.

: Effective (L) ACI Eqn. (10-7)
P]T ;ﬁ »Pp—u— A_i f\i No. of | "1 ﬁf No. of
cr 0 o A; jeycles,i o A | cycles,i
0.054 | 0.1 ] 1.047 [1.000] 2 |1.042 |1.137] 3
0.081|0.2|1.006 |[1.0000 3 |1.006 |0.885 3
0.117 | 0.3 |1.005 |1.040] 3 [1.007 |0.876| 3
0.143 | 0.4 | 14016 [1.0000 3 |1.024 |0.767] 3
000173 0.5 | 1.023 [1.006 3 [1.036 lo.731] 3
0.205|0.61.033 |1.007 3 [1.050 |0.733] 3
0.255 0.7 | 1.045 |[1.021 3 |1.019 |o.776| 4.
0.324 | 0.8 |1.019 [1.008 4 |1.027 |0.880| 4
0.200 | 0.1 1.025 |1.004 3 |1.016 |1.288] 3
0.266 | 0.2 1.046 |1.0120 3 |1.015 |o0.841| 4
0.379 | 0.3 ]1.028 [1.015| 4 [1.043 [0.778] 4 -«
0.480 | 0.4 | 1.050 |1.039 4 |1.044 |0.667| 5
0 10.567 [ 0.5 1.034 [1.037 5 |1.036 |0.508] 7
0.709 { 0.6 | 1.039 |1.064 6 |1.046 |0.436] 9 -
0.713 0.7 |1.042 |1.165 9 {1.050 |0.386] 15
(E1/1), = 5.0x107 Tb-in?
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Tables 6.1 and 6.2 o - show how the deflections and the
rate of convergence is affected by using EI values computed from ACI
Equation (10-7). Because the Code equation underestimates the stiff-
ness in most cases the deflections arc overestimated and the ratio
Af/Ai is therefore less than one. The rate of convergence is seen
to decrease with increasing Pu/Pcr,_and as a result, using a smaller
value of EI will reduce thé rate of convergence.

24
6.4.2 Direct Solution

The process described in Section 6.4.1 may be expressed in
a more convenient form. Let Q1 and Ay represent the apé]ied lateral
Toad and the corresponding first order‘def]ectipn, respectively.
Also, Tet the appropriate axial Toad be P, the deflection caused
by a unit lateral Tload be kS and let Qi (i=2,3,--») be the sum of
the applied and additional Tateral loads in the 1Ith cycle.

Then the iteration process may be expressed in the follow-

ing manner:
Ist iteration: Al=kSQ1 : _ _ (6.26)
. T p
2nd iteration: AZ—kSQZ—kSQ (1+Tks) (6.27)
. . p P2, 2
3rd iteration: =k Q3 k <Q (1+Tks+(T) ks) : (6.28)

and the general term for the i th 1terat1on is -

i-2 " i-1

8ok 0, T+ (1) A on(D) ks1‘2+(]3) k1 (6.29)

-

This is a geometric series which converges if ] k <1 0, and 1in that ﬂ

case the sum of the infinite series is

1L . _ 1 v (6.30)
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b

And since kSQl=A the process converges to the final second-order

1
deflection A2.
b
A2 :——W (6.31)
1-
0T )

Equation (6.31) is identical to the equations proposed by
Fey(g), Parme(lo) and Go]dberg(7) and shows that the second-order
deflections may be computed directly from the results of a first-
order analysis in the case of a straight line moment-curvature
relationship. If a non-linear M-P-¢ curve is approximated by a number
of straight Tines, Equation (6.31) may still be used if the lateral
foad is applied in increments to allow for appropriate adjustments
of the EI value with increasing moment.

The obvious advantage of using Equation (6.31) rather than
the actual iteration process is that only two first order analyses
are required to obtain the second-order moménts and forces in an
elastic structure.

The accuracy of Equation (6.31) may be studied b considering

‘\‘ -
Fig. 6.12. This figure shows interaction diagrams obtaine) from:
b

a) the actual iteration process, b) using Equation (6.31),énd c) the

\ subassemblage analysis. The iteration process was carried out using

both the effective EI and ACI equation (10-7). The results from
Equation (6.31) were obtained using the effective EI.

[t can be seen that the use of Equation (6.31), with the
correct EI, gives results identical to those obtajned in the sub-
assemblage analysis while the iteration procedure gives smaller

moments. The moments from the P-a analysis were lower because the
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P-a calculation converges on the correct answer from below and
the convergence criterion normally used in the jteration process
was that the deflections obtained from two successive iterations
should agree to within a certain Timit, in this case five percent.
When the iteration process is slow, the deflections obtained from two
successive cycles do not differ very much, but they may still be
Tnaccurate compared to the correct final deflection. This is shown in
Table 6.1 where, for Pu/PO:0.4 and 1/h=20, the error is-about 23 per-
cent. However, this type of inaccuracy will not occur when the process
convergés rapidly. |

In Section 6.4.1 it was suggested that the rate of convergence
could be used as a check on whether a stability failure is imminent.
To enable this criterion to be used with Equation (6.31) it is nece-
ssary to express the convergence check in a different form. If the
iteration process is considered to have converged when the deflection
in the 1|th cycle is within five perceht of the final deflectjon,

this condition\ifn be expressed by Equation (6.32),

)

>

1
PAl
o < (6.52)
T3 = 1.05 ’
p P, 77 i-1
i T kgt () kT
Equation (6.32) may be rearranged to read
p ii < |
(7) kg = 0.05 ‘ (6.33)

Thus, the number of iterations required to achieve five percent

accuracy is given by
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. 1.30 '
. 30 (6.34)

For the particular case where i is not to exceed five, Equation (6.35)

must be satisfied.

150,55 (6.35)

Equation (6.35) shows that the deflections obtained in the first-
order analysis may be used to check on stability failures, and if
Equation (6.35) is not satisfied, the member stiffnesses may be
:modified until the first-order analysis ;1ves acceptable results
before proceeding with the calculation of the final second-order
def]ections and stress resultants.

Alternately, the check on the iteration process may also

be based on the convergence of the moments rather than the def]ectipns,

and the convergence criterion may be expressed as

Q,1 + Pa
1 2 <
AT 1.05 (6.36)

By substituting for b, and b, from Equations (6.31) and (6.29) in
Equation (6.36) it reduces to
A i+l

(-Q—l—]l~) £ 0.05 | (6.37)

B

When i = 0, Equation (6.37) is.identical to Equation (6.13), and
thus defines the values of pAl/Ql] for which a second-order ana-

lysis may be ommitted. With i = 1 it becomes



-
g
—
1A

0.22 (6.38)

-

In this case sufficiently accurate moments will be obtained by
adding PA1 to the first-order moments and the second-order deflect-
ion 4, need not be computed. For values of PA1/011 greater than
0.22 the second-order deflections must be computed and are easily
obtained from Equation (6.31).

6.4.3 The Effect of Sidesway Instability on the Accuracy of The

Pa Analysis

Methods currently used to predict stability failures
only.consider the bifurcation Toad which is independent of the
lateral load. However, when stability failure may occur as a
result of a reduction in member stiffness, the magnitude of
the lateral load becomes an important parameter.

A typical load-deflection diagram for.a slender cé]umn
whose load carrying capacity has been sharply reduced due to a red-
uction in member stiffness is shown in Fig. 6.13(a). This column is
stable if the lateral load is less than Qi. If the applied lateral
load is between Q1 and Q2 the design may be unsafe. This will always
be the case in a P4 analysis since the second-order mdment will be
less than Mu but greater than the actual failure moment. For the
typical case of a stability failure shown in Fig. 6.5 this would hean
that the second-order moment lies between the failure curve and the
short column interaction diagram, and s1nce 1t is less-than M the
column would normally be considered adequate.-

Fig. 6.13(b) shows‘a typical load-deflection diagram for

a material failure. In this case the lateral load carrying capacity

7
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is governed by fhelmoment capacity of the cross-section and cannot
be overestimated unless the lateral stiffness is assumed greater
than the slope of the Tine 0-1. The same conclusion can be drawn
from Fig. 6.3 where the fai]ufe«curve and the short column inter-
action diagram coincide. |

An unsafe design does not necessarily arise for stability
failures in the moment magnifier method, even if the lateral load is
between Q1 and 02 in Fig. 6.13(a), since the moment magnifier is a
function of Pu/Pcr' If Pu/Pcr is large enough the magnified moment
will be greater than Mu and a column with a Targer moment capacity
is requiréd. This may help in two ways to produce a safe design;
firstly, the new column may change the failure mode from a stability
failure to a material failure; secondly, the new lateral load carry-
ing capacity Q1 may be greater than the applied load. However, there
is at present no simple mothdd to investigate this type of stability
failure and the correct failure mode is normally not known to the
designer.

If the lateral load carrying capacity could be predicted
by the use of subassemblage charts, for example, the mode of failure
would also be known. This will normally involve rather extensive
computations which makes this method unsuitable for design. This is
doubly true because the 1ate%a1 load carrying capacity depends on
many variables which makes it difficult to establish simple emp1r1ca1
express1ons or general charts. i

6.4.4 Deflection Limits to Prevent Sway Stability Failures

Rather than attempting to predict accurately the lateral

load at which instability occurs, it is simpler to define certain



Timits which will indicate when a sidesway instability failure is
1ikely to occur. Such criteﬁia may be established as a relationship
between slenderness ratio, axial load and deflection index.

Fig. 6.14 is a plot of slenderness ratio against the
deflection index for stability failure for all the columns studied
in this thesis. It includes data for 217 separate cases involving
three column cross sections, five slenderness ratios and five differ-
ent end restraints. The a/L values plotted correspond to the value
By in Fig. 6.13(a){ This was divided by the real length L of the
column rather théﬁ the effective length kL since sway indices for
buildings are generally expressed as A/L. Data for columns dev-
eloping material failure, as shown in Fig. 6.1§(b), have not been
included in this figure. It is seen that the following relationships

may be used to define values of slenderness ratio and deflection

index for which stability failures did not occur:

Ay < kL kL >
(f)u = Tg00or o o © 90 (6.39)
and (£) £ 0.005 for i}fL < 90  (6.40)
u

Equations (6.39) and (6.40) have been plotted in Fig. 6.14. The
scatter diagram also indicates that for a given slenderness ratio
there is an upper 1imit of ~/L above which no stability failures
occurred. However, in these cases the deflections would by far exceed
acceptable Timits and they have therefore not been included.

Equations (6.39) and (6.40) are based on the efact”

stiffness values computed from the subassemblage analysis. In practice

the correct effective stiffneés is seldom known and thus the effective
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length factor k is subject to errors. Also, difficulties may arise
in defining k if it is not obvious whether the frame is free to
sway or 1is braced.

An alternate approach is to express s]enderneés by the
ratio 1/h rather than kl/r. Values of (A/L)u for which stabjlity
failures were not abserved may in this case be established from
Fig. 6.15, which is a p]ot'of ultimate deflections against 1/h for
217 stability failures and is expressed analytically by Equation

(6.41).

(b < 1 eor Lz (6.41)

‘Similar criteria may also be based on service load
deflections. Figs. 6.16 and 6.17 show plots of minimum and maximum
service load deflections, respectively, plotted against 1/h for
the 217 cases of Stabi]ity failures. These plots show that no stabi-
Tit, railures were observ ? with deflection indices below 1/300
for minimum service loads and 1/250 for maximum service ]oads}

~To consider, the effect of the axial load, Pu/Po wag
plot® ' against the smallest value of slenderness ratio and |
deflec 1 index at which a stability failure occurred. These plots
are shown in Fig. 6.18 and Fig. 6.19, respectively.

Based on these plots the following empirical expressions
were chosen to define regions where no stability failures were ob-
served:

. p
kL < u
= 30 - 50 ﬁ;- (6.42)
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~0.00095

S g () £ 000095 — + 0.0035 | (6.43)
! Rjgﬁk u

o

These equations have also been plotted in Figs. 6.18 and 6.19. Eor the
columns studied, columns having kL/r or (/\/L)u fa]]ihg below these
curves developed material failure rather than stability failure.

" Equations (6.42) and (6.43) may be combined to give a plot of
slenderness ratjo égainst deflection index as shown in Fig. 6.20. The

condition that will have t. be satisfied to ensure a material failure may

then be expressed as e
() £ —-0-00095 +0.0035 - (6.44)

1.765 - o.oz(%k)

A column with a given kL/r and Pu/PO value will be stable if jts
(A/L)u is restricted to less than the value given by Equation (6.44).
Within the;range covered by Eqn. (6.44), Equation (6.44) is less conser-
vative than Equa?ions (6.39) and (6.40). If Equation (6.44) is not satis-
fied Equations (gi42) and (6.43) may be checked to see if one of them is
satisfied.

The results on which Equation (6.44) is baséd do not include

values of Pu/Po Tess than 0.1 or ‘greater than 0.8. It is particularly

important that the equation is not used for PU/PO<O.1 due to the asympto-

’
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tic nature of ' curve. _
'[‘ v~ 2l significance of Equations (6.39) to (6.44) is that
the P-p ap 1 to th “nd-order frame analysis can be used for
’ . O)\
frames having o/L valu k- 2 which are less than the values given ™

by these equations. Ba :d o ;- -14 and Equations (6.39) and (6.40),
the P-4 -analysis can be used saf-  for frame- having sway-deflection in-

dices A/L Tess than 0.005, or 1/200, at ultimate or swayAinBices less than

eV,

2
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1/300 at service loads. While this conclusion has only been checked
for three particular column cross-sections in sway frames, the prop-
erties of sway subassemblage curves suggest that similar limits could

be used for the design of all practical column cross-sections.

6.5 Determining the Maximum Moment in Beam-Columns in

Sway Frames

The methods of second-order analysis of sway frames dis-
cussed in previous sections will give the values of the end moments
gcting on the columns. These moments are not always the maximum
moments in the columns and it is necessary to investigate when the
end moment is the maximum moment. To do so the moment produced by
the axial load as a result of the column not being straight must be
included. This can be done by considering the standard differential
eqUétion foroa beam-column.

Referring to Fig. 6.21(a) the equation for the moment in

the column can be written as

2
M =M. +p =.p1dY (6.45)
X i y dx2

where M. is the moment at the section ignoring the axial load.

By putting q2 = P/EI the equation can be written *
C 2 M.
dy , 2, = - 1
w24 i (6.46)

Differentiating Equation (6.46) twice and substituting dZMx/dx2 for

’

(d%y/dx)ET and M for (¢y/dx?)EL it takes the form

d2MX ) dZMi
dx )

dx
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and the final solution for the moment at any cross-section is

sinqx +(M1/M2) sin (g1 - gx)

Mo =M, sin ql J (6.48)

Ml and M2 are the numerically smaller and larger end moments, resp-
tively. The ratio MI/MZ is negativé”for double curvature and- posi-
tive for single curvature.

Fig. 6.21(b) through 6.21(e) shows various éhapes of
the momerft diagram that may.occur in a beam-column. From these
diagrams it is clear that if the maximumlmoment occurs at the end

of the member the slope of the mo@ent diagram must be positive at

the end. Thus

dﬂg”ﬁ‘”’>
(a;—d F 0 (6.49)
x=1
x=0
Differentiating Equation (6.48) and putting x=1 gives
oM
cos ql = &= (6.50)
2
for x=0 Equation (6.49) becomes
<M2
cos ql = o= (6.51)
1

Equation (6.51) is c]eaf]y satisfied for positive MZ/MI' In the case
of double curvature the equation may be satisfied for MZ/MI = - 1 but
cannot be satisfied for MZ/Ml <-1. This 1s true mathematica]]y,
because the cosine is always greater than minus one and.physica11y
because the axial load would exceed the critical] buckling load.

Thus, if Equation (6.50) is satisfied the maximum moment will occur
at one end of the member.

If the maximum moment occurs between the ends of the beam-
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column its location is obtained by setting ktquation (6.49) equal to
zero, which yields M

2
MI—— cos ql

tan ax = ‘—S—_'n—-(ﬁ*—- (652)

The solution of Equation (6.52) should always be an angle between
zero and w, and may be substituted into Equation (6.48) to obtain
the maximum moment.

It has been-suggested (35) that when the column end moments
include the Pa moments the moment magnifier concept based on a sway
prevented condition may be used to determine the maximum moment,

If the moment magnifier turns out to be less than one the maximum
~moment is assumed to.occur-at’the end:

According to ACI 318-71 the maximum moment is given by

Equation (6.53), omitting the capacity reduction factor:

m (6.53)

M=M
2 5
;- U
| cr
My (6.54)
where Cm = 0.6+ 0.4 == 0.4 .
. 2

In a sway frame, with similar columns .which are equally loaded, 7

the value of the applied axial load must be ]ess than the cfitica]

load based on a sway permitted condition and if Pcr is evaluated on
the basis of a sway prevented situation the maximum value of the

magnifier (for a given Cm) occurs when
p
P _ cr
5= = (6.55

where Pci and Pc& are critical loads computed on the basis of sway
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permitted and sway prevented conditions, respectively. For a given
column with given end restraints the right hand side of Equation
(6.55) depends only on the effective length factors, and by using the
nomographs to determine the effective length factors for various
values of end restraint it was found that the maximum value
Pci /PCE can Have is about 0.35. If this value is substituted {nto
Equation (6.53) it is found that the magnifier is less than one for all
Ml/MZ Tess than 0.125, thus indicating that the maximum moment occurs
at the end for smaller values of Ml/MZ' If the applied axial load is
only one half of the critical load Pci, no magnification would be
required for MI/MZ lTess than®about 0.55.

| A comparison between Equations (6.48) and (6.53) may be
obtained by assuming vd]ues of end restraint and the ratio of applied

axial load to the actual critical load.- Then the parameter ql may

be computed as follows:

2 P )
9% = 0 (6.56)
2
IR EI2 . (6.57)
(k1)
] i Pu -
ql = % - ‘ (6.58)
PCY‘

The range of M;/M2 values for which the maximum moment occurs at the
end is determined from Equation (6.50), and the magnification factor
is calculated from Equations (6.52) and (6.48) for cases where the
maximum‘moment occurs between fhe ends of the column.

Figs. 6.22 and 6.23 show how the moment magﬁifier varies

with the moment ratio MI/MZ for various values of end restraint and
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the ratio “/Pci In all cases the restraint has been assumed to be
the same at both ends of the column. The ratio,Pu/Pcr in Equation

- b

(6.53) was computed in two different ways: a) Pcr = P ‘and b)

écr Pps where Pr is the Euler load. The plots show clearly that.
the use of PC P E in Equation (6.52) underestimates the momen t
magnifier considerably compared to the more accurate solution ob-
tained from Equationb(6.48). This is due to the fact pointed out
before, that the ratio P /P b will always be low in sway frames.

A much better appr0x1mat1on is obta1neq\when P or - PE; except when

the cgﬁump to beam stiffness ratio is very 1owqfnd P/P > s very high,
in wh1chxéa;e it tends to give results on the h;gh\s1de A typical
example of this is shown for.Pu/PC: 0.9 in F1g é 22(a whére
Equation (6.53) ig‘seen to overestimate the moment magnificatidn‘by

a large anount.

An alternate approximate method may be used to give a'bették‘
estimate of the moment magnifier. First, Equatioﬁ (6.50) is used to
determine whef¥er thé maximum moment occurs at the end of the column.
If a magnification is required. the straight line approximation shownk
in Fig. 6.24 may be used. This approach will always give reasonably
conservative values of the magnification factor.

The coordinates of points A and B are easily tomputed for a
given value of ql. The abscissa of point A is simply, from Equation
(6.50), equal to cos ql, and the odp nﬁte of point B can be shown
from Equations (6.52) and (6.48) to be sec(g%). Thus the maximum

‘x

moment may be expressed by Equation (6.59).
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co gl- M, ~
Miax N My 1 -\cos q] (ME'" cos G1) + 1 (6.59)

In pract1ce tho md\snt magn1f1er equation with Pcr = PE

-

w1]1 yield good rQSJlts in most cases. Oualy when the effective"

poy

1onqth factor in the sway permitted cond1t1on is close to one say

less than about 1.15, will it be:preferable to use Equation (6.59).

The discussion of this section has been based on the assump-

tion that the frame is free to sway such that the columns bend in

double curvature. If there 1s'signif1cant Tateral rec’ int provided

. {
by bracing elements the deflected shape of the co s v '1 approach

,singte curvature. Thus it is appropriate to eval ite PC; in Equatioq

(6.53) on the basis of the sway prevented nomograp:: ince, in
practice, '' i is no such thing as a completely braced or unbraced
frame som-. 'wdc“ent must -be ‘exercised in each case as to which nomo-

“graph should be used to 9va1uate the effect1ve 1ength factor The

brac1ng cr1ter1a of Sect1ons 6 2 and 6.4.2 may be of some assistance

. in determjn1ng the degree of-bracwng present.

155

:



CHAPTER VII \

SUMMARY AND CONCLUSIONS

7.1 Summary
. In this thesis the soecond-order analysis of reinforced
S
R W
ALL Lon\*‘t~ frames has been 17vo,kqgafmJ‘ ,:

./ t' ‘ .
- An analytical model based on the sway subassemblage
‘\"\'{-'l . ’ § ' . . ﬁ . a ,
concept wis used to stidy.the load deformation response for 690
' SR DU '
Lombinat1ons of “nlumn Tahgth column cross-sections, éight column
1ungths and five buam ut1ffnesses were lnc1uded in the investigation.

The main Darameters studied were dof]ect1on 1nd1ces,
. It
Aember stiffnesses, stabi]ity parameters and svcond-order moments.
A computer analysis base on the concepts of column

deflectidon curves and sway subassemblages was carried out using

realistic stress-strain diagrams  steel and concrete and taking
into account the variation in stifincss along the member caused by
cracking. -

The cur:ent method of second-order analysis prescribed
in ACI Code (ol8 71) and an iterative Pi-analysis_ have been compared
to the computer ana1ysis to dectermine their app]icab%iity and
Timitations. |

.The‘def]éctions thaiﬁcqffrom the cemputer ana]&sis were
used to estab]igh criteria %or predicting stability failures. These
criteria are also .the.practical limits for the use of the §fmp]ified

~desian procedures currently in use.



G

7.2 Conc]us1ons

This study has only considered threec . lumn cross-sections
and only one value of concrete and st -] Sst: ngth. However, since a
fairly wic nge of shapes of M-P-y was used, the results

should apply to a wide range of column cross-sections and ma terial
strengths.

The analysis showed that the column deflection curve and
sway subassemblage concepts may be used to obtain the load-
deformation response of reinforced concrete fraucs. However, the
amount of work involved in this kind of anlysis would in most cases
make 1t unsuitable from a pract1ca] point of view.

The def]ection)anafﬁ%is of Section 4.5 showed that the
ultimate def]ections corresponding to sway failures are relatively
large and that in all but a very few cases exceeded current code
deflection Timits. Stability failures experienced the largest
deflections ane ine of the 217 cases occurred at a def}%ﬁxion
index sma]]er Gt 1/20@. This indicates that if currently accepted
deflection Timits are satisfied the structure will evh1b1t a
mater1a1 failure. Sect1on 6.4.3 presents some apprc:imats methods
which can'be used to predict the failure mode.

Service load deflections were also found to exceed values
specified in most building codes. For high Toad factors (minimum
se?vice 1oad) service 1oad def]eétions varied between one third and
one half of ‘the ultimate deflectien and for small load facuors
(maximum éervice load) they varied between one half and two thirds.
Equation (-.7) méy be uség to estimate the ultimate deflection.

The moment magnifier and P2 methods of analysis were both
5o ’ :
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found to be applicable for material failures, but in the case of
stability failures they may produce unsafe designs if the value of
EL 1s greater than that corresponding to line 0-3 in Fig. 6.13(a).
In Section 6.4.2 some criteria were established for the use of the
Pa-method, and if they are satisfied the structure will exhibit

a material failure. By expressing the Pa iteration progedure in

the form of a geometric series it was found that if PA:/Q11 is less
than 0.05 the effect of the axial load may be ignored altogether
and if Pa;/Qy1 is between 0.05 and .22 only the effect of thé first
order deflections need be included. For values greater than 0.22 a
second-order analysis is required.

The stiffness analysis of reinforced concrete heamns showed
that the effectjve stiffness may be assumed teﬁbe between 0.5 and
0.6 times‘ECIg. When, in the case of T-sections, tlhe stiffness was |
expressed in terms of the moment of inertia of the web, values of tgﬁﬁb

effective stiffness were found to be between 1.0 and 1.2 times ECIW.
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APPENDIX A

RESTRATINED COLUMN CURVES

A.1 Introduction

The restrained column curves presented in this section
Have been prepared for five different values of the beam stiffness
parameter K. From Teft to right the curves are for K = w, K = 600,
K =400, K = 200 and K = 100, fespective]y. Where there are fewer
than five curves on the chart, those corresponding to low values
of beam stiffness are missing, indicating an unstable structure
for those cases. Thus, if a chart contains three curves they
correspond to values of K of «, 600 and 400. For K equal to 200

and 100 the structure bacame unstable at a vefy small value of

]aterajkloag.
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APPENDIX B
COMPUTER PROGRAMS

B.1 Beam Stiffness Program

B.1.1 General Description

This program is written in FORTRAN and
computes the effective elastic stiffness of reinforced
concrete beams under gravity load, Latera] load and a
combination&of the two. The variation in stiffness
along the member is taken into account by dividing the\,
beam into a number of short segments which are all’of the
same length. The moment in each ségment is taken as the
mean of the moments at the ends of the seghentt The EI
value of the segment is then determined from the momenf-
curvéture diagram of the cross-section. ‘

When this process has Been carried @ut

for uii segments the beam is loaded by the M/EI,diégram

and the conjugate beam theorem is used to compute the

7

flexibility coefficients. The Fotationa] stiffness
coefficients are then defermined by inverting the

flexibility matrix. | .
Thé Beam is assumed to bg(divided into

three sections, two end sections and a middle section,

and the cross-sectional Properties are assumed to be the

308
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same within any one section.
When the beam carries gravity load the
moments produced by these loads are computed assuming’

fixed ends;

B.1.2 Input Data
The program can handle any type of

moment-curvature diagram with a positive slope. However,
non-Tinear curves must be approximated by a series of
straight 1in¢s and the coordinates at all points where a
change ﬂn slope occurs must be read in. The number of
points mLst not exceed 99. The coordinates of the origin

are not read 1in.

The load intensity is specified as a
fraction of the moment capacity of the end segment. For
gravity loads this fraction is given by the ratio w]g/]ZMu
where W is the uniformly distributed load, 1, is the
length of the beam and Mu is the momentvcapacity of the
end segment. For lateral loads it is given by the ratio
of the sway moment to tﬁe ultimate. moment of the end
segment. When the beam is carry1ng both grav1ty load
and lateral load the sum of the two rat1os must not exceed
1.0.

AT1 units.are in pounds and inches.

309
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The following input parameters are required:

9.
10.
11.

Type of loading.

Number of 1oa§ cases

Gravity Toad.

Lateral Toad"

Number of segments. A]j segments
are of the slme length.

Number gf segments in left hand

end section. :
Number of segiments 1n;midd]e section.
Number of segments ih'right hand
end section. | ;
Number of points on M-4 curves.

EI for gross concrete sectian.

Moment and curvature coordinates

of M-¢ curves.

A detailed description of the input data required

starts on the next page.
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Card Namé used DATA DESCRIPTION FORTRAN

Column in Program Format
CASE Type of Toading. for gravity I

load only, 2 for lateral
lToad only and 3 for combined

loading.
2-80 ., -- Blank
1-2 -~ NBETA Number of Toad cases. NBETA 12
10. '
3-80 -- Blank
1.80 ALPHA(TI) Ratio of fixed end momént 8F 10.0

capacity of end segment.

Omit if CASE=2. Number of
entries equals NBETA. Combine
on new card if NBETA »>8.

1-80 “BETA(I) Ratio of sway moment to 8F 10.0
nmoment capacity of end
segment. Number of entries
equals NBETA. Omit if —
LCASE=1 . Continue on new
card if NBETA>8.

1-5 NSEG Number of segments which the I5
: beam has been divided into.
6-10 NSEGI1 umber of segments in left I5
N d end section.
,
11-15 NSEG? Number of segments in middle 115
section.
16-20  NSEG3 Number of segments in right 15

hand end section.

21-80 -~ Blank

£
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Name used DATA DESCRIPTION - FORTRAN
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Cérd

Column 1in Program Format

1-5 NP(IJ) Number of points on M-¢ I5
curve for positive bending
in left hand end section.

6-10 NP(IJ) Same as above; but for I5
negative bending.

11-80 -- Blank

1-5 NP (1J) Number of points on M-¢ 15
curve for positive bending
.in middle section.

6-10 NP(IJ) Same as above, but for I5
negative bending.

11-80 -- Blank

1-5 NP(I,Jd) Number of" points on M-¢ I5
curve for positive bending
in right hand end section.

6-10 NP(I,J) Same as above, but for I5
negative bending.

11-80  -- Blank

1-15 ECIG EI for gross concrete F15.5
section. p

. |

16-80 -- Blank ’

i—]O EM Moment coordinate of point F10.0

' on M-¢ curve for positive
bending. Left hand end
section.

11-20  PHI Curvature coordinate for F10.0

21-80

“ same Number of cards=
number of points on curve.

C-- Blank
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B.1.3 Output
The program prints out the stiffness matrix

and the stiffness coefficients. It also prints out the eff-

ective elastic EI value for each end of the beam. The units

are pounds and inches.

B.1.4 Listing of Program

A listing of the computer program starts on the

next page.
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5 DIMENRSTON 003300 e METACTO ol MU el 1 H) aPHLY 242 51%),
6 TSHEI) 03 2) o Tt TALT 02 ) ¥MEGQ 0,00 0t TUQD 400 ) oS00 o) o312
7 LIt LA ON s L N3 s AL AL 16
TTTTTATTTTT T T T ODIMEKRATC N T, In) e CoTmoTmTTTT T
9 C vew .
[ C »e0 LCASE=1I GPAVITY LOAD uNLY,
1t C o woa LCAS 0D LATENAL LUAD ONLY -
1< C ®ee L CAGC 23D GRAVITY LOAD ANNO 1| ATE ZAL L UAD CUMUINFD
13 C *es
CTUIATTTTTTT T T PRAGINYAIGIILCASD - h T T T Tt
1% PORD( e 703 NILT A
K HLCALL o8 Yad) G 1
17 C ees .
13 C eve £ A0 PATIO LF Fal aMe T ULTIMATL MOMENT Gr CEND SEGMUNT
19 C o sew ’ .
TTZT T T AL TG TUA U AR (T L 1 VNBETAY T T T s T T -
21 ‘ [FILCASLL0-1) 6D T 2 . !
2 C ose .
z3 C ove READ PATIO OF SwAY MOMLNT TO ULTIMATL MUMENT (OF THD S GMENT
24 C sew .
e C oover 1UTE THAT ALPHALIL )¢t L TACL) UST B0 LESS UR EOQUAL TO 1.0
TTTTL T T T T ®3w "= -, o - - - T N Tt T - STt TTTTTET T r T s e e
P4 1 WKCADES e rua) (I TACT Y o1-) ot 2 TAY
21 D OHUADIS IO NOU GehGE G W ISLG2 o NSEGS
<7 C #s0 .
A C o wee B AD Ie GF POERTS OF M=PHT CUNVES. NP(1.J).
EX] C oo | IS Trr O-OMENY HUMSER,
TS TS UCTeer 30 RPFERA 1O THD M-PHTCCUNVE 0RO PASTYIVE ArNDTHG. T T e s e
38 C oeoe Ju2 pef b5 TO Tre M-Pul CURNVY FOR NEGATIVE YINDING.
RES C osa
35 ¥ ounT="
16 G AT S 050) (NP1 ed) euzl W2
37 L S R B SN N S R S NN R EAVEN I |
e gy .. ; O R - - -
10 FLAGIS s 00 ) (WP (NJI) v u=142)
42 [CRIEN RPN BRIV §
4l HP({I,1)=tP{1.1)
“z 39 D01, -0 (1. 2)
43 [T ARLARCR I g
B T T T T T T e NN T G NGOG T T e e e TTTm T e T
45 . DO 4N [ =reNN
a0 - BT 1) TN IN=141)
AT | A0 N2 =NE-1,2)
43 AN TN
a0 VI AT [ ThNSONSHG .
B £ L A O A N R B il -
51 41 NLT )R (NNETL L 2)
z FEAD(S.913) ECIG
s3 '
5a PLAD HM=7u] COORDINATES (MOMENTS IN LO-IN)
°S
1] g SOUTI ISt — It ST eI e e e
57 N =2 (1 0 3) ’ ' !
b DO 3 K=1.NP)
=3 - 3 ALAD(S,90a8) LHM{1eJeK}PHI(1:dex)
60 DU 42 [=2.N5EG1H

61 0 42 U=1,.,2
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60 NOL=NP(].g)
3 DO a2 K= ,.400
G EMITledam}z0M(1,4,K)
[o8=3 A2 EHI(I vJexI=PHI(TleJuan)
(21 BU a3 J=1.2
(34 N DU (NST L0, J)
B Pl S A 6 - S 1 XT] v T T e - ;_—"—-'-*‘"A
6o L) READLL,004) !V(N‘SlG\OX-J.K).PV4I(NSE&IOI.J-K! ’
Ty D0 a4 [oti.NN
71 . nn o4a Jg=1.0
<& NOT =P (T o)
T2 DY aa <=1 NIt
Ty T T Lol Sy LM INGEG I Ty J Ky T e . T T TTT e
75 CA PRI Uan) - ONIINGE Gl 4Le4K)
74 [SERINESVERVES RN
77 ~ NOLCRDUIRSEGENGSEGA S L)
Td A R Tl : ~
) ' Q! Lol L9080 lV(N‘!G-NSEGJOY.J-V).f‘HllN‘_.LG-NerG_“X.J-K) N
AT T T T ACTAIE PR CAAN S BN AP ] Loy - - Tt T DA - T - T T T T T T T e e
=1 [ s NSEG
A2 0O e g1, -
33 NOL=ND(L . Y)
0a OO an w=1.npP1
as LMOL ek st VIR T ANSEGE 41 o J oK)
- St 34 T“HY‘[-J-()TF"P‘I(N'?':GX”\"_»IE?'I.J.‘(Y_’“h—"*“""’ R
ar C see
R C o8 ROAD CONGIM GF DL AM (1LY IN INCHES
12 C wws -
EN} FLAOM D000 oL
! WELITE(ne21)
A o ARTTEIH .92 - T o : T N - - Tt T e
R "l T {0 +Y0H5ILCASE
VA FEALTART o) GO TU 31
o= WY, ATy .
P WETTL (0a027) (ALPHACTI) a1 oNJLTA)
ERd TP CATL LY D0ty GO T an
A § S S S S AP L B R - T T T T T T T e e e e e e
v WAL T e T (PETALLY L] oNHETA Y R
1200 38 AR ITiCas223)3L ,
1T1 "I TL(0ea%T V) N3EG hd
1ce WRITE (o w13 )ECIG
101 WU T (he912)
f et o T RS T 103y - T — ——
105 WOLTECC . 405
100 WRITF LG 91 L)
107 SL L =L /NSEG
10a ‘. X=5 .
1C9 TFILCATH (£ Q.2) GO TO 4
Ty T T TR Tk T A T T T e e
111 Xx=0.0 B
12 MNPLaND ] 2) '
113 CHAIR IO EM( T, 0.1/ (O es2)
1a Gyl==GlL e we /10, .
1> X=X+ S0l
1s TUTTTOME N L S ANTGE Gt miememmes s e L L -
17 GUI Gl st )il ex—lLeel—n, aXe02) /12,
15 CGMUTLR) T (GMI AL /D.0
1o XTX SO GL
22 S Gulzgun
21 DO 21 L=1.NIETA
’
"
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122 B WY (ha931) GUEL L ) GMINSEG, L)
123 T4 IHELCASE L D.l ) GU TO 6
12a K= () 42)
2y 00 7 L=1,NBETA
126 - Xzt GL .
127 5.‘41?'(1»‘.(L)'l'|(l-?.x)
T3 TGO T bl T T T T T e e LT T T T T e
129 SMUY T TALL ) ® MU 0 K)o (2.0%(HL-X)/00L)~1.0)
130 SMELLL): (L1 e9MP2) /2,0
131 o GMITGM2
132 7 X=xenEGL
133 TFALCALE o GTad . LU Ty 9
Tl Ty, Jo1n L.:l.'-'ﬂrT!' o - T U mee - T T T T T e e e e =
13% D0 19 1=21.n8506 .
136 10 TMUT L)=GMIT. L) ’ ‘
137 GO TO 1a
138 9 IF (LCASE.£0.3) GO 1O L1
139 DO 12 I:=1,N5CG
TIAOT T 00 T I NOETA S T e T T T T T e e
141 12 THOT . J)=SM(T,4) . ¢
142 GO TN 1w
1A3 11 DO 13 1=1,NSLG
l1as DO 1Y Jz1,0ETA
145 I3 TMEL L, D) mGMIT v U)ehM(]) 4 J)
~1a5 - TC wew - Tt T T = . T T T T T e
1a7 C %se COMPUTE £1 FOW [ACH LLEMENT ,i:)
144 C vee ’
149 61 Mz0 . . e
150 14 1F (LCASULGT WD) GU Ty 1o
1o . D 16 Lz lNneTA v
T2 ITTTTTUTTTODN IR TS .NGEG T Tt T meem e e - ST T e "
193 FER
154 TF T L) euTe0.0) gzt
gR T AN LTMOT L)) L GT i E g, 1)) GO TR 17 :
[T HLENP (T, ) .
17 FECOTRET e =i MIT e duanI D) eGTL1D40) GU TO 200
TGy T ey o Tt T T T s e e e Tt ot I —
149 CICT ol =t MiT o ded ) /70T (h sy, L)
160 GO TO 16
161 200 F1(1.,0):0.0000CAG000GN01 . ' . 3
162 WELTE (602330 1 HLTA(L) wALPHA(L)
lol ' 6L T 1A
B = B £ i U T = . -
\ | 3% 19 T LAUSITINETILL)) o GTatM(Teu,N)) GU TO 18
106 CLUT Ly =Ml e 30 M) = MU 0N~ 1)/ PHT (L d o N) =PHI{ TsJaN=1))
167 - GO TO 16
log ~ 18 N=t+d .
169 [F{tie3TuNI) GU TO 203
-7y TTTTGE T T —— -
171 203 C101.L)=0.300000000001
172 1o CONTINGE . o . .
173 Gl TN 3a .
1T 15 03 21 L=1,N3CTA
1rs 03 21 1=1,.KN3FG
NTIT7OT T R s e e T T T T T e e e e e "
177 LFOTMUT L )aGTo0,.) J=)
178 NI=NP (T, J)
179 TECETHELal) —EMUT 4 JuNL D) «GTL10.0) GO TO 201
190 ML - .
_ 181 [FCABSITMITLL)) -GTeTM{l vu, 1)) GO TO 22
L3
-
.
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1108 201
1an
130
147 22
TIRITT Ty
189
192
191 24
122
193
B 28 S g v
195 Pl }
196 Ja
127
1v43
199
TR0 T
201 71
202 vz
20
2Ca
05 1
TR T s
207
PORKY T
tce
<19 C ses
PO C dee
TRITTTTTC wvw
213 C »ws
Sla C vse
35 C eee
P
a7
TTIRTTTT T —
S19
el
g |
Je
Z83
R B i
Ea) 20
2¢s C 4
Padr 4 C wre
C «aw
27
Sl Ja

o

CIUIW L) =EMIl o Ua 1 )/PHI(T 4 U W)

GO T 21

C101.L)~0.2000C000000001

WRITE (693 3) LauiTACL PuALDHALL)
GC YO 1

Nz D

T ARG I T U Yo GT eI, DN Y G0 1O 8 - —— T -
Lx(1.L)f(rW(x.J.mJ-Lu(l.J.N-x)y/(nnx|l.J.N)-onl(x. JeN-1))
60 TH 21

Nz=N+1 »

[FIN.GTOND) 6D T 202
GO 19 ~n
Cili.1):n,T33000000000]1 "~ T -
CONT INUE

CuTINUE

IF(rGUNTLE0.C) GO TO 72

CC 71 Lol oNIETA !
00 T 1:1.NAEG
1rrrn:.L7Lr.tntrtcn*trrrmﬁztnrraﬂ‘““"-~~“~**-~-“*-~—-——'—“—-~*——-—<——~—~‘
ceyiNur N

CCNT INLY

KAULTTKOUNT #1
[y A\coL(stcL.Ex.NUETA.NstG.1~.LCA5L.GL.su.oM.uL.ALuuA.Np.

[
DT TN LTI INTIETA T S e -

00TV L=1.NSTG
DIyt L)

TF{nUNT LT .50 GO TO o1
CUMPUTE OVERALL HEAM STIFENUSS USING CONJUGATE (L Aw METHCD

X=$rGLs2,
DC o 171.N5%6G
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THe TR a1 =THETACT )’(((l\L-l)/:!L)“,.‘)'v(bFuL/l‘l( TeL 1))

T T

X=X+ G0

UNIT NMUMUNT AT Q1 GHT END

2.C

TNSIOG T

CoY=T0 1
SUT el ) sTHETAL 2 ) /DETY

BB S AR AP PEIT-S S

S 1)2=THLTA(2 1) /00 Y
ST TACLL /00T

O A

MR o=y, 2

SHOLe st e/ RCLG

i -‘):TNI’TA(C‘.")‘((x/il_)'h,’)‘(‘.lLG_/FX( Lot Y)
STETHLTACT v =0 (X 3L ) 2 LX)} /BL Y ROLEGLZ T} )
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750
lo7
268
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271
<73
2Ta

279

2717
s
279
240
2431
2h2
23
a4
285
2ar
2n7
238
2439
-z
291
292
273
2/«
275
e
297
293
299
300
301

*OLTECO Im)
IFlLeaseseeat) U TO 37

IFLLCASE .t 0.3) GG TO 36

*RLTE(O 1)L TAIL)

GJ TO 30 ~ ]
AT ALDPHAIL) ZBFTA(L )

B R e R b L S T T T T e
GU O 30 '
Wil T (692D ) ALI-HA(L ) .

29

vils
Q19
ERes]
he
922
923
92a
920
w26
wer
was
992G
930
231
Q32

SHITEEO090 ) (4SUT40) edz142)00=21.2)
WRLTE (6]

ARITE MO, 16) (S (Haddedal )
ALY .97 ’ T
SLOVA=S(1,1)%31./440
nv{rr(«.uz«)nan« -
SLOVE=S(2,2)04L /4.0

®2L0 {6,937) SLOvVaS

DY 10 L= N3 TaA

WRITELOL Y12 e e e T T T
#PITE(L,907) BETA(L)
PEITOLC 1) (GMUT L) al=1 oNSLG)
LS RENEARDS hEY
SPLTE e 31) (CI0Tel ) ol=1 . NSEG)
CUNT LUy
L DX T T T e e e L T
WOTTEAG 1T Y Ly OETA(L ) Wy
[F(MeGTV1) GO TO 3a
FOrvaTt(lels)
FOHMAT (1) U
FORMAT(FI0.0)
Fuesat (]2} T T e
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FOTRAT (1HD S T SWAY MOMINT BATTOS 70 =« =~ ——m e T T T T T e e
FOMIATLIHD W HX s " BUT AT IUNAL STIFFNESS COFFICITNTS: o)
F(‘,'VAY(lnl) n
FUEMAT(FIG.5) 1
R L L ol N W T SV
FLEVAT LAl o x o P STIFFNESS COeFFICIenTS LXOHESSEL AS K=SL/(1:0)
R AN PR —_—

FoAMAT (1% 5X . IP2CTISak] — -
FUVMAT G115 THE MOWENT TN SEGHMLNT NUL* o134 1S GREATER THEN THE
VLTTHMATE MDAENT OF THE SEGMLNT. BETA=' ,Fa.2,'BENDING capL=*,12)
FUHVAT (100,52 s *H5ETA =0,F5.2)

FOYMATOIHO LX o F 4 WMo /SwaY MMENT =% F5_2)

FOPMAT (10 1A s " ALPIA 29 ,F5.2)
FOUYATLIMO.5X vt P Yy Try— -
FUSMAT(OR g  mm e *)

FURMAT (IHOVOR W THE LENGTH OF THIS HEAM IS ¢ Fo.1,0 v
FUP“YaT(LX,'0 U T Py T

—— e ———

FUMMAT (X ¢80 e vy
FUSYAT (1m0 )
TOPHAT [IH0 SR WY T aE oMy RAT A5 1oy — e om o - T T e e

FORMATLIHOWIOX P LEFT ENDLY v 1PELS.5)

FOEmAT (1M 9%, *LFE{CT [VFi ELASTIC E1 vALurS: )
FOOMAT (13, 10K, RIGHT ENR'SIPE]D.5)
Fl“r«'N&Y(an-lP&EIO.Q)

FCoaMAY(//277)
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PEUTYATLIA0 3k o STIFFNESS OF CLEMENT® W 13.¢ 18 ZLRU fCn SLTA =0,
e AN ALDHATY L F G0 .

STOP

ENO

SUMTUUTING ANCULUSESL oC T o NIETALN PTMOLCASE sGL s SMaG M. UL L ALFPHA NP
(IR} .

DTS TUN  ACPHA IO T 709039, 207, 0 (99, 251 57 T Tt e
Diws Loy SM(1’-10).Y”(OU-\O)-L[(QO.ZO’vQ”(qoilo)

FEMILW )
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A YU (O
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S LEUL,NIFTARS T - T T T T e e
O/ R

SN \
R R S R O ) I 31 s R B, T B
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B.2 Restrained Column Curv -~ and CDC Program

B.2.1 General Description:

The program is written in the FORTRAN//\\
programming language. |
C/ The first part of the program generates
a set of éb]umn Deflection Curves for a given axial load
and all the geometrical data of the curves are stored.

In the second part of the program the data
of the Column Deflection Curves are used to compute restrain-
ed column curves for-five values of beam restraint.

When the first two.pafts have been carried
out for all values of axial load specified, the program
goes on to compute effecfive elastic EI va]ues,'effebtive

Tength factors and the ratio of the total end moment and the

Pa-moment.

B.2:2 Ingﬁt Data =
4 ' '"Thevprogram can handle any type of M-P-¢
diagram.Wﬁth a positive slope,. Howevgn, non-linear curves
must be approximated by @ series of stfaight lines and the
: coordinates of all points where a change in slope occurs |
~must be read in. The last point on M-P-¢ curves terminating-
with a negative slope is taken as the point of zerovs1ope.
The numbe} of such points must not exceed 24 per curve. The
coardinates of éhe origin are not read in.
| Two‘servicé load conditions may be analysed

with each ultimate load case. The load rafios are read in

usjng”ﬁn implied DO-loop and the sequence must be as follows:



ultimate :

load case 1 maximum service load

minimum service load

ultimate

load case 2 maximum service load
. /
/

m;piﬁum service load

and so on. fhus,fie]ds 1,4,7 etc. are reserved for ult-

imate loads, 2,5,8\etc. are reserved fcrdmaximum service

lToad and minimum service load are entered in fields 3,6,9
etc. The subscripts for ultimate load are then (1+3n), for
maximum service loads the subscripts aré (2+3n) and for min-
imum servicé lToad (3+3n) where n is an Tnteger ranging f}om
one to theAnumber of 1oad cases entered. If, for a particular
Toad case, values for one or two of the three 1oad~rafios are
not to be entered the appropriate fields should be left blank
and the fnput parameters START,END,and STEP should be given
values such that the program does not use these load ratios
during execution. START, END and STEP specify -the subscripts
.of the load fatios to be used during execution of the prog-
ram. If eight load cases are to be investigated there can be
as many as 24 load ratios. To get the results for ultimate
load for load casés’one through four START must be eqha] to
one, END must Bé equal to (1+3x4)-3=10, and STEP equals
three. The program w11] then use the load ratios given the
subscr1pts 1,4,7 and 10. If qn]y mimimum service loads were
to be investigated the values would be 3,(3+3x4)-3=12 and 3,

respectively.
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If the load factors are different from 1.70

and 1.275 lines 115 and 113 ‘must be changed accordingly.

Listed below is an outline of the input

data required.

1.

10.

Parameters to specify for which axial lToads the
computations are to be carried out.
CDC parémeters: ﬁnitia] angle, angle increment

and segment length.

Column properties: type of column, material prop-

erties, steel pbercentage and cover.

Number of M-P-¢ curves.

Number of points on M-P-¢ curves.

Axial load ratios.

Moment coordinates of all M-P-¢ curves.’
Curvature coordinates of all M-P-¢ curves.
G;oss area of concrete cross-section.

”

Values of beam restraints.

A detailed descr1pt1on of the input data

required begins on the next page
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Card - Name used FORTRAN
Column in Program DATA DESCRIPTION Format
1-5 START The number of the load 15
ratio at which the comp-
utations are to start.
6-10 END The number of the load I5
ratio at which the comp-
utations are to end.
11-15 STEP Determines which load I5
. ratios are to be excluded
from the computations.
16-80 - Blank
1-10 ALPHAP Initial angle of CDC, radians F10.7
11-14 - Blank
15-25 ALPHIN Angle increment, radians. F10.7
25-35 RHP Segment length in inches. Flo.7
36-80 - Blank
1 - Blank
2 TYPE Type of column. ‘1=tied, I
2=spiral, 3=other '
3-12 FPC Compressive strength of F10.0
' concrete, psi.
13-22 FY Yield strength of steel, psi. F10.0
23-32 PT Steel ratio F10.0
33-42  COV Ratio of cover to overall F10.0
depth.
43-80 - Blank
1 - Blank
2-5 ND Number of M-P-4¢ curves 14

6-80 .

Blank
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Card Name used o FORTRAN
Column in program DATA DE§CRIPTION Format
1-80 NP1 Number of. points on 1615

M-P-4 curves. Continue _

on next card if NP>16. N
1-80 PRAT Values of axijal Toad, 8F10.3

ratios. Continue on next
card if NP>8.

-
1-80 EM ) Moment coordinates of 8F10.3
M-P-¢ curves. Continue on
next card if NP1>8. Repeat
for all curves.

1-80 PHI Curvature coordinates of 8F10.3
M-P-¢ curves. Continue on
next card if NP1>8. Repeat
for all curves.

1 - Blank

2-9 AG Gross area of concrete F8.5
' Cross-section. 4
\:";}
10-80 - Blank
] - Blank
2-51 CAY Beam restraints : 5F10.0
B.2.3 Output ' Am\

The program prints out the coordinates of the
restrained column curves for ultimate loads on output unit
6. Servicé load parameters are printed on output unit 2.
Effective EI va]ue;, effective length chtors, deflection
index, ultimate lateral load etc. are printed on output

unit 3. The coordinates of the column deflection curves



are not printed out.

B.2.4 Listing of Program

A listing of the computer pragram starts on the

next page.
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