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Abstract

The use of multiple antennas in wireless systems is a key technology to meet the demand
for high-speed data transmission with better quality of service (QoS). Unlike wired envi-
ronments, wireless channels constitute a hostile propagation medium suffering from fading
and interference. Spatial diversity employing independent multiple antennas can combat
fading and interference effectively. However, in practice, the signals at antennas are often
correlated, which influences system performance and cannot be ignored in many situations.
In this dissertation, we provide insights into the effects of antenna correlation on the perfor-
mance of various multiple receiver antenna systems through extensive theoretic analyses.

An exact and unified performance analysis framework for threshold-based hybrid se-
lection/ maximal-ratio combining (T-HS/MRC) over generalized fading channels is pre-
sented. The average symbol error rate (SER) and outage probability in independent fading
are obtained through the total probability theorem and moment generating function (MGF)
method.

The exact SER and outage probability for selection combining (SC), hybrid selection/
maximal-ratio combining (H-S/MRC), and T-HS/MRC in Nakagami-m fading with a spe-
cific correlation structure are studied by transforming the correlated fading amplitudes into
a set of independent Gaussian random variables (RVs).

Based on a Green'’s approximation method, an efficient approximate error rate analysis
of H-S/MRC and T-HS/MRC in arbitrarily correlated Nakagami-m fading is proposed for
positive integer values of fading parameter m. This method allows for different linear
modulation schemes.

The outage and error rate of cellular systems with maximal ratio combining (MRC) in

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



cochannel interference (CCI) and correlated Rayleigh fading are provided when the cor-
relation matrix is equally correlated or has different eigenvalues. The effect of channel
estimation error on the system performance is examined rigorously.

The maximum number of receiver antennas that can be usefully deployed in a MRC
diversity system with CCI and correlated Ricean fading is investigated. Three long-term
output measures and the average bit error rate (BER) are evaluated. A widely applicable
general rule of thumb, that the performance of a fixed-size antenna array containing the
maximum number of independent antennas cannot be significantly improved by adding

more than one additional antenna, is developed.
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Chapter 1

Introduction

1.1 Multiple Antenna Systems

Over one hundred years ago, Guglielmo Marconi invented the radiotelegraphy, and the
radio age began. Today, the rapid progress in radio technology is creating new and im-
proved services at lower cost, which results in increases in air-time usage and the number
of subscribers, and wireless industry has become a dominant force. From broadcast ra-
dio stations to cellular telephones to wireless Internet, there are more wireless applications
than ever before. Wireless revenues are currently growing between 20% and 30% each
year. On the other hand, wireless industry is faced with a number of challenges including
the limited availability of radio frequency spectrum and a complex time varying wireless
environment (fading and interference). In addition, the increasing demand for seamless,
high-speed applications with better quality of service (QoS), such as multimedia wireless
transmission, etc., requires larger capacity, greater user coverage and lower transmission
error rate. This makes higher spectral efficiency and better link reliability become two ma-
jor concerns for future broadband wireless systems. As a break-through technique, the use
of multiple antennas at the receiver and/or the transmitter in the system, namely, multiple
antenna systems, can achieve significant improvements in these measures by employing

spatial multiplexing and diversity schemes [1]. Some aspects of this technology have al-
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ready been incorporated into 3G mobile and fixed wireless standards. As a core technique
for future mobile networks (Beyond 3G or 4G), wireless LANs and WANs, multiple an-
tenna system attracts lots of interest both from academia and industry.

As shown in Fig. 1.1, there are different antenna configurations for multiple antenna
systems. The SISO (single input single output) system is the familiar wireless configu-
ration; SIMO (single input multiple output) has a single transmitter antenna and multiple
receiver antennas; MISO (multiple input single output) has multiple transmitter antennas
and a single receiver antenna; and MIMO (multiple input multiple output) has multiple
transmitter antennas and multiple receiver antennas. The MIMO-MU (MIMO multiuser)
configuration refers to the case where a base-station with multiple antennas communicates

with Ny users each with one or more antennas.

i SISO l ( )
Tx Rx —
——
SIMO Y
/Y ST
Y —
-/ e
MISO
Y N
PR— Tx ..E; Rx
N
i MIMO P
-7 Y-
e/ __J
N
MIMO-MU
. L
Tx/Rx " .
—

Fig. 1.1. Antenna configurations in multiple antenna systems.
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In the field of multiple antenna systems, there are mainly three study areas :

1) the electromagnetic design of the antennas and antenna arrays is involved in de-
signing antennas to meet requirements for gain, polarization, beamwidth, sidelobe level,
efficiency and radiation pattern, etc.;

2) the angle-of-arrival (AOA) estimation focuses on estimating arrival angles of wave-
fronts impinging on the antenna array with minimum error and high resolution;

3) the use of antenna arrays improves spectral efficiency, coverage and quality of wire-
less links [1]. In this dissertation, we mainly focus on the third area. Concretely, we study
the performance of multiple antenna systems with various receiver diversity combining
schemes in the presence of correlated fading and cochannel interference (CCI). The results

will be useful for better system design.

1.2 Wireless Transmission Environment

In this section, we first briefly describe fading and interference, which are two main sources
deteriorating wireless system performance. Then we introduce fading correlation, an im-
portant factor which cannot be ignored in many situations. In Section 1.2.1, three basic
types of fading channels studied in this thesis are presented. In Section 1.2.2, the basic
concepts of cellular systems and cochannel interference are introduced. In Section 1.2.3,

fading correlation among antenna signals in practical systems is emphasized.

1.2.1 Multipath Fading

Radiowave propagation through wireless channels is complicated and characterized by
various effects such as multipath fading and shadowing. Multipath fading is due to the
constructive and destructive combination of randomly delayed, reflected, scattered, and
diffracted signal components. This type of fading is responsible for the short-term signal
variations, where both of the signal envelope and signal phase fluctuate over time.

Depending on the relative relation between the symbol period of the transmitted signal
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and the coherence time of fading channels, fading is classified into slow fading and fast
fading [2], [3]. Coherence time is the period of time over which the fading process is corre-
lated. Coherence time T is approximated by the inverse of the channel Doppler spread f,
namely, T, = 1/f;. When the symbol time duration Ty is smaller than the channel’s coher-
ence time T, the fading is considered as slow fading; otherwise, the fading is fast fading.
Similarly, according to the relative relation between the transmitted signal bandwidth and
the channel coherence bandwidth, fading is classified into frequency-nonselective fading
and frequency-selective fading. Coherence bandwidth measures the frequency range over
which the fading process is correlated. The channel’s coherence bandwidth f; is related to
the maximum delay spread Tyqc by fo & 1/Tgx. When the bandwidth of the transmitter
signal is much smaller than the channel’s coherence bandwidth, the fading is frequency-
nonselective or equivalently frequency-flat; otherwise, the fading is frequency-selective. In
this thesis, we mainly focus on slow and frequency-nonselective fading channels.
Depending on the nature of the radio propagation environment, there are different mod-
els describing the statistical behavior of the multipath fading envelope. In the following,

we introduce three fading envelope models [2] used in our work.

Rayleigh Fading

In mobile radio channels without a direct line-of-sight (LOS) path, the Rayleigh distribution
is commonly used to describe the statistical time varying nature of the received envelope of
a flat fading signal, or the envelope of an individual multipath component. It is well known
that the envelope of the sum of two independent, identically distributed (i. i. d.) Gaussian
signals with zero mean and variance 6 obeys a Rayleigh distribution. The probability

density function (PDF) of Rayleigh distribution is given by

‘ 2
) = Zew(-2;)

2
= gexp (-—x—), x>0 (1.1)
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where Q = E(a?) = 202, is the average power of the received signal envelope. The corre-
sponding squared envelope a2 is exponentially distributed with distribution given by

X

1
for @) = g exp (—5), x>0. (1.2)

Ricean Fading

Where there is a dominant stationary (no fading) signal component, such as a LOS propaga-
tion path, arriving with many weaker random multipath signal components, the small-scale

fading envelope distribution is Ricean given by

2 2
fal®) = = exp (—’CZ—“LA—-) Iy (Ax> , x>0 (1.3)

o? o2
where A denotes the peak amplitude of the dominant signal and I, (x) denotes the vth-order
modified Bessel function of the first kind given at [4, eq. (2-1-120)]. As the strength of the
dominant signal diminishes, the Ricean distribution degenerates to a Rayleigh distribution.
As the strength of the dominant signal becomes large relative to the strength of the scatter-
ing component, the channel does not exhibit any fading at all. The Ricean distribution can
also be rewritten using the Ricean factor as follows

falx) = %{;—;——Qexp (——K— —@(%W) Iy <2x @g—;—l—)> x>0 (1.4)

where K = A2/(26?) is the Ricean factor defined as the ratio of the specular power A to
the scattered power 262, and the average envelope power Q = E(a2) = A% +202. Note
that A2 = KQ/(K + 1) and 262 = Q/(K + 1). The squared envelope has a non-central

chi-square distribution with two degrees of freedom given by

for(x) = (K—g}lexp (—K—— _(]I_{;Sl—zl_)x) Iy (2 &K&—_lk) , x>0. (1.5)

Nakagami-m Fading

Introduced by Nakagami in the early 1940’s [5], the Nakagami-m distribution is frequently
used to characterize the statistics of signals transmitted through multipath fading chan-

nels. Empirical data show that the Nakagami fading model fits observed data better than

5
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Rayleigh, Ricean or log-normal distributions. The Nakagami-m faded signal envelope has

a PDF as
2

fal(x) =%<—g~)mx2m—lexp (—%), x>0, mZ% (1.6)
where Q = E(a2), m is the fading parameter defined as m = Q?/E[(a? — Q)?], and I'(x) is
the gamma function given at [6, eq. (8.310.1)]. The corresponding squared envelope has a
Gamma distribution as

fop(x) = (g)m%exp (—%)5) x>0. a7

The Nakagami-m distribution can be used to model fading conditions more or less severe
than Rayleigh fading. When m = 1, the Nakagami-m distribution becomes the Rayleigh
distribution. When m = 0.5, it becomes a one-sided Gaussian distribution, and when m —
oo, the distribution becomes an impulse (no fading). In addition, the Ricean distribution can
be closely approximated by the Nakagami distribution with K = v/m2 — m/(m —v/m% — m)
andm = (K+1)2/(2K+1), form > 1 [2].

1.2.2 Cochannel Interference

Spectrum resource is limited. To achieve a high spectral efficiency to accommodate more
and more users while maintaining a certain QoS, the cellular concept is introduced in solv-
ing the spectral congestion problem and the user capacity problem [7]. The basic idea of
cellular communications is first to divide the target coverage area into cells. Each cell is
allocated a portion of the total number of channels available to the entire system. Different
sets of channels are assigned to adjacent cells and the same set of channels is reused in
different cells that are separated sufficiently apart, as illustrated in Fig. 1.2, where the cells
labeled with the same letters use the same set of frequencies (channels). These cells are
called cochannel cells. Therefore, the desired mobile user signal is subject to the corrup-
tion of the interference generated by other user signals in the cochannel cells operating at
the same carrier frequency. This kind of interference is called cochannel interference. To

accommodate increasing number of users, the cell sizes are often reduced (a microcellular
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environment) in order to meet this capacity demand. As a result, the radio link performance

in a microcellular system is limited dominantly by CCI rather than thermal noise.

Fig. 1.2. A two-tier cellular system layout with hexagon cell shape.

1.2.3 Fading Correlation

When all of the antennas are independent, using multiple antennas improves system per-
formance greatly [8], [9]. However, in practice, there are often exist applications where
independent antenna signals are not available. For example, in compact antenna systems,
such as small-size mobile handsets [10], the antenna fadings are correlated due to space
limitations. It is indicated that the capacity of a fixed-volume multiple antenna system ap-
proaches a finite limit, which is independent of the number of antennas placed into this
fixed-space antenna array due to antenna correlation [11]. For multipath diversity over
frequency-selective channels, correlation coefficients up to 0.6 between adjacent and sec-
ond adjacent paths in the channel impulse response of frequency-selective channels were

observed in [12] and [13]. These early observations were confirmed by the propagation
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campaign of Patenaude e al. [14], [15]. Based on a thorough statistical analysis of sev-
eral macrocellular, microcellular, and indoor wideband channel impulse response measure-
ments, they reported correlation coefficients sometimes higher than 0.8 with no significant
reduction in the correlation even for large path delay differences. As a result, the maxi-
mum theoretical diversity gain promised by RAKE reception cannot be achieved [3]. On
the other hand, some papers suggest that substantial benefits can be obtained from adding
additional, correlated antennas [16~19]. For example, in the case of space diversity where
the correlation depends on the distance between the antennas, expressed in terms of wave-
length, the results in [16] show that when the separation between two adjacent antennas
is greater than one fifth of the wavelength, most of the diversity gain is still obtained and
the penalty due to the residual correlation is on the order of 1-2 dB. Reference [17] indi-
cates that the spatial diversity gain of combating multipath fading for the desired signal is
reduced due to the correlation of the received signal among the antenna branches. How-
ever, the degradation in performance can be small even for correlations as high as 0.7 [19].
From the foregoing discussions, we note that fading correlation has significant impact on
the system performance and cannot be ignored in many practical systems. Motivated by
this, we explore the effects of antenna correlation on the performance of multiple antenna

systems in this thesis.

1.3 Receiver Diversity

Unlike stationary and more predictable wired environments, a wireless channel constitutes
a hostile propagation medium, which typically suffers from the extremely random fading
and interference from other users. To combat multipath fading and cochannel interference,
many of the current and emerging wireless systems use one form or another of diversity.
The use of multiple receiver antennas for diversity goes back to Marconi and the early radio
pioneers, and leads to a considerable performance gain, both in terms of a better link budget
and in terms of tolerance to CCI [20-22]. In the following, we introduce the basic concept

of diversity and then describe various diversity combining schemes studied in this thesis.
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1.3.1 Diversity Concept

The principle of diversity is that, if a number of copies of the same information bearing
signal are available, and they all experience independent fading, then the probability that all
copies are in deep fades simultaneously, is small. If signal copies are properly combined at
the receiver end, one can reduce the effect of channel fading and improve the performance
of communication systems.

Fig. 1.3 shows a diagram of a linear diversity combiner structure. Assume that there are
N available diversity branches experiencing slow and flat fading. The received baseband

signal at the kth diversity branch, r,(¢), is given by
rit) = hs(t) + 2 (1), k=1,---,N (1.8)

where s(¢) is the baseband transmitted signal with average signal energy per symbol Ej,
hy, is the complex channel gain for the kth diversity branch, and z;(¢) is a zero-mean com-
plex additive white Gaussian noise (AWGN) process with power spectral density (PSD) Ny
Watt/Hz. After match-filtering and sampling at the kth branch receiver, the received branch

signal variable ry is given by
re = sy + 2iy k=1,"-,N (1.9)

where s, is the transmitted signal random variable (RV), and z; is a complex AWGN RV
with zero mean and variance Ny. Then the instantaneous signal-to-noise ratio (SNR) for

the kth diversity branch is given by [23-25]

yk=|hk|2§i, k=1,---,N. (1.10)
No
All of the received variables ry (k= 1,---,N) are then linearly combined as the combiner
output represented by [22]
N
r=2akrk (1-11)
k=1
where the combining coefficient a; (k= 1,---,N) is proportional to the channel gain and

may be allowed to vary with the fluctuating local statistics of r,. In our work, we take a; to

be locally constant or at least approximately so.

9
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Fig. 1.3. A diagram of a linear diversity combiner structure.

There are several known methods to obtain the independent copies of the signal [22],
[26]. Space diversity, most commonly used and preferred for mobile communication engi-
neering, places antennas far enough apart to achieve independent fading signals. Frequency
diversity transmits the same information on two or more carrier frequencies. If these are
sufficiently separated, the fading on the different frequency channels is approximately in-
dependent, as in the case of space diversity. Time diversity transmits the same information
at two or more distinct times to obtain independent fading signals in the time domain.
Multipath diversity, or the RAKE technique, can be achieved in multipath situations when
wideband signals are transmitted. The multipath ray reception is obtained by resolving
multipath components at different delays [4,27,28]. In addition, polarization diversity,
feedback diversity, and diversity reception of signals arriving with different angles, have

also been developed. In this thesis, we mainly focus on space diversity.

10
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1.3.2 Classic Diversity Combining Methods

Various diversity combining schemes have been developed to capitalize on the uncorrelated
fading signals. The following are three classic types of linear combining schemes that have

been widely used in practice.

Maximal Ratio Combining

First proposed by Kahn [21], a maximal ratio combining (MRC) scheme co-phases, weights
and combines the received signals from multiple branches. In the absence of interference,
MRC is the optimum combining scheme to maximize the combiner output SNR when
local noise is Gaussian [22]. However, MRC is also considered as the most complicated
to implement due to the fact that phase-lock and amplitude weighting must be performed.
Assuming the noise components of the input branches are mutually independent, the MRC
combiner output signal is obtained by replacing the combining coefficient a4 in (1.11) with

the conjugate of the complex branch gain Ay,

N N
rMRC = Y Mire=Y || %51+ Mz (1.12)
=1 k=1

where {-}* denotes complex conjugation. Then the instantaneous MRC output SNR, Yumrc,

is given by ) .
[l Es Y % (1.13)

_ (5 ) Es _ _
1 No k

R
where ¥, = |h|*E;s /Ny denotes the instantaneous SNR of the kth diversity branch as defined

™=

YMrc

previously.

Equal Gain Combining

It may not always be convenient or desirable to provide the variable weighting capability
required for true maximal ratio combining. Instead, the weights may all be set equal to a
constant amplitude value resulting in equal gain combining (EGC). Concretely, EGC sets

the weights ay in (1.11) as A} /|h|, namely, just co-phases the branch signals with equal

11
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weights. Assuming equal noise powers in all the branches, the instantaneous output signal

of EGC is given by

ﬁ i i %

rEGe = rp = |hklsk+ 2. (1.14)
it el k=1 |l

The instantaneous EGC output SNR, Yz¢c, is given by

_ (ZkN=1 |hk|)2Es.

N (1.15)

YEGC

Selection Combining

For selection combining (SC), the system just picks the best out of the N noisy signals
ry (k=1,--- N). Let oy (k=1,---,N) represent the received noiseless signal envelope
at the kth branch, and assume all of the N branches have the same noise power spectral

density Ny. Then the output of SC can be expressed as

ISC = Tingex(max{og}Y_ ) (1.16)
where index(x;) denotes the index k corresponding to x;. Then the instantaneous output
SNR of SC is given by

Ysc = max{yk}fc\’:l. (1.17)
Selection combining is the simplest method of all, and can be applied for noncoherent
detection where no phase information is required. However, since SC ignores information

provided by other diversity branches, its performance is poorer than other schemes.

1.3.3 Hybrid Selection/Maximal-Ratio Combining

From the previous discussion, we know that SC is the simplest combining scheme by using
only one of the N available branch signals, and hence does not fully exploit the amount
of diversity offered by the fading channel. MRC is the optimal combining scheme imple-
mented by weighting and combining the received signals to maximize the instantaneous
SNR at the combiner output. However, MRC is complicated and sensitive to channel esti-
mation errors when the instantaneous SNR is low. On the other hand, though a high diver-

sity order is possible in many situations, it may not be feasible to utilize all of the available
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branches. For example, the main limitation for a handset is typically the power consump-
tion and the cost of the radio frequency (RF) electronics in each diversity branch. For
spread spectrum receivers operating in dense multipath environments, such as a wideband
receiver, the available correlator resources limit the number of paths that can be utilized in
a Rake receiver. This has motivated studies of diversity combining techniques that process
only a subset of the available diversity branches with limited resources, less complexity but
good performance close to MRC. Proposed by Eng et al. as SC2 and SC3 in [29], hybrid
selection/maximal-ratio combining (H-S/MRC) is such a combining scheme to achieve a
good compromise between system performance and system complexity by first selecting a
subset of the best branch signals and then combining these branch signals using MRC. Con-
cretely, H-S/MRC chooses from N received branch signals the L. best ones and optimally
weights and sums the L, best signal replicas to produce the receiver decision statistics. The

output instantaneous SNR of a H-S/MRC combiner is given by [23]

L.
Ya-simrc = YY)y  Le=1,---,N (1.18)
k=1

where Y (k=1,--+ N) are the descending-ordered instantaneous branch SNRs, 7 (k =

1,---,N), satisfying Ny2%y 2 2Yw 20

1.3.4 Threshold-Based Hybrid Selection/Maximal-Ratio Combining

Since, in conventional H-S/MRC, the number of selected diversity branches, L., is prede-
termined, this scheme has a fixed complexity; however, at times of deep fade, the combiner
may potentially include branches whose instantaneous SNRs may be small and could be
discarded, or alternatively, discard many branches whose instantaneous SNRs may be close
in value to those of the branches selected and could contribute to the performance improve-
ment in good channel conditions [30]. This makes H-S/MRC not very suitable for use in
a channel that improves or degrades from time to time, as is the case in mobile communi-
cations channels. For example,in ultra-wideband (UWB) systems, the power delay profile
(PDP) depends on the severity of scattering and usually differs from one fading environ-

ment to another [31].
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To alleviate the above-mentioned problem associated with conventional H-S/MRC, a
new diversity combining scheme was proposed in [30]. This new method allows the num-
ber of combined branches to be a variable whose value is determined in accordance with
the instantaneous SNR of each branch and a predetermined normalized threshold. Here
we call this combining scheme threshold-based hybrid selection/maximal-ratio combining
(T-HS/MRC). Concretely, at the front end of a T-HS/MRC receiver, the ratio of the instan-
taneous SNR of each branch to that of the best branch with the largest instantaneous SNR
is first tested against a fixed normalized threshold & whose value is chosen in the interval
[0, 1]. Then, MRC is applied only to those diversity branches whose ratio values equal or
exceed the value of (. Then the instantaneous output SNR of a T-HS/MRC combiner is

given by
Lc
Yr—HS/MRC(L) = Y, Yk)» Le=1,--,N (1.19)
k=1

where L, is an integer RV that represents the number of branches being combined in or-
der of decreasing instantaneous SNR starting with the one having the largest instantaneous
SNR. The event that L. diversity branches are selected, means that the ordered instan-
taneous branch SNRs, at the selection time, satisfy 1) > ¥2) > -+ > Yz = UY1) >
YLe+1) > VLe+2) > - > V). Therefore, a T"THS/MRC combiner can be viewed as a
conventional H-S/MRC combiner whose number of combined diversity branches, L., is
a RV related to the normalized threshold ¢ and the ordered instantaneous branch SNRs
Yy lk=1,---,N ), rather than a fixed number. Particularly, when the value of the normal-
ized threshold ut equals 0 and 1, T-HS/MRC becomes MRC and SC, respectively.

1.4 Thesis Outline and Contributions

In this thesis, we mainly focus on the performance analysis of multiple antenna systems us-
ing various diversity schemes with CCI in various fading channels. The effects of antenna
correlation on system performance and system design are studied. This thesis consists of

five major chapters. Each chapter corresponds to one major contribution. At the begin-
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ning of each chapter, we review, in detail, some background and literature which are most
relevant to the subject of that chapter.

In Chapter 2, we present an exact and unified performance analysis framework for T-
HS/MRC systems over generalized fading channels. We first review the previous works on
T-HS/MRC, which give an inaccurate performance evaluation of this scheme. Then using
the total probability theorem and moment generating function (MGF) method, the exact av-
erage symbol error rate (SER) and outage probability of T-HS/MRC in generalized fading
channels are derived. This theoretical analysis applies for different M-ary linear modula-
tion schemes in various fading models. For the case of independent fading, we simplify
the MGF of T-HS/MRC output SNR and obtain exact expressions for the average SER
and outage probability. Both independent, identically distributed case and independent,
nonidentically distributed (i. n. d.) case are considered. In particular, closed-form SER
and outage probability in independent Rayleigh fading are obtained. In addition, we com-
pare our theory, the previous inaccurate analysis, and Monte Carlo simulations for different
fading models with different numbers of diversity branches. The effect of the normalized
threshold ¢ on the system performance is also investigated.

In Chapter 3, we study the performances of SC, H-S/MRC and T-HS/MRC in corre-
lated Nakagami-m fading when the fading parameter m is a positive integer value. Since
all of the three combining methods are involved in order statistics, we call them here gen-
eralized selection combining (GSC). The exact average SER and outage probability of the
three combining schemes in Nakagami-m fading with a particular correlation structure are
presented. This correlation model though not general, is much more general than the equal
correlation case and includes equal correlation as a special case. Based on a representation
of correlated Nakagami-m fading amplitudes with multivariate Gaussian RVs, we simplify
the performance analysis by first transforming the correlated branch gains into a set of
conditionally independent branch gains, then averaging the conditional SER and outage
probability to obtain the final results. The numerical and simulation results show that our
theory is in excellent agreement with the Monte Carlo simulations.

Due to the very complicated nature of order statistics involved in analyzing GSC, cur-
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rently there are no exactly theoretical works on GSC in arbitrarily correlated fading chan-
nels. In Chapter 4, we propose an approximate SER analysis of H-S/MRC and T-HS/MRC
in arbitrarily correlated Nakagami-m fading with positive integer values of fading param-
eter m. We first approximate the covariance matrix of the channel fadings to a Green’s
matrix, whose inverse is tridiagonal. The elements of the approximate Green’s matrix are
found using nonlinear approximation methods. Then the approximate SER of H-S/MRC
and T-HS/MRC is derived through the MGF method. The approximate analysis allows for
different M-ary linear modulation schemes. The efficiency of this approximate analysis are
examined through different correlation models.

In Chapter 5, explicit expressions for outage probability of MRC with an arbitrary num-
ber of antennas in the presence of an arbitrary number of cochannel interferers and thermal
noise are first derived when the branch gains of the desired user signal and interfering
signals experience correlated Rayleigh fading and have the same correlation matrix. Two
special cases, when the correlation matrix is equi-correlated and when the correlation ma-
trix has different eigenvalues, are considered. The results apply to both the equal-power
cochannel interferers case and the unequal-power cochannel interferers case. We also ob-
tain a closed-form outage probability expression for MRC in CCI-limited environments.
Further, the average bit error rate (BER) of a coherent binary phase-shift keying (BPSK)
modulated cellular system using MRC in the presence of CCI and correlated Rayleigh fad-
ing is presented in closed-form for both of the two correlation structures. Different from
the outage probability, the average BER in Rayleigh fading depends on the total interfering
power instead of the individual interfering user powers. Besides, the case when the channel
estimation is not perfect is also studied. Closed-form BERs of BPSK with a special channel
estimator are provided. The effect of channel estimation error on the BER performance is
examined.

The question of how many receiver antennas to employ effectively in a diversity system
operating in CCI and fading is studied in Chapter 6. Three output measures and the aver-
age BER of a MRC diversity system in the presence of an arbitrary number of cochannel

interferers are evaluated when the desired user signal and the interfering user signals are
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independent, and each of them experiences arbitrarily correlated Ricean fading at the re-
ceiver antennas. Our goal is to investigate the best number of antennas required for a fixed-
size antenna array to achieve a good compromise between system performance and system
cost. To illustrate the problem clearly, we first consider a system model for CCI-limited
environments, then the more practical model including the effect of noise is examined. For
the CCl-limited case, a widely applicable general rule of thumb that the performance of
a fixed-size antenna array containing the maximum number of independent antennas can-
not be significantly improved by adding more than one additional antenna is developed.
Some special cases where particular gains can be achieved by adding additional correlated
antennas are also discussed. Further, the results show that this rule still applies when the in-
terference dominates the noise. In addition, the asymptotic limits for the long-term output
measures are unchanged when noise is neglected.

Finally, we summarize the contributions of this thesis and suggest future work in Chap-

ter 7.
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Chapter 2

Unified Performance Analysis of
T-HS/MRC over Generalized Fading

Channels

2.1 Introduction

As discussed in Chapter 1, H-S/MRC first ranks the instantaneous branch output SNRs,
then selects a subset of these with the largest values, and finally combines them in the fash-
ion of MRC. Since in H-S/MRC, the number of selected branches is predetermined, the
scheme has a fixed processing complexity. However, it suffers from the fact that it poten-
tially discards many branches whose SNRs might be close in value to the ones selected,
or alternatively, includes the branches whose SNRs might be low. In 2000, Sulyman and
Kousa proposed a new combining scheme, namely, T-HS/MRC, to alleviate this problem
associated with H-S/MRC by allowing the number of combined branches to be a variable
whose value is determined in accordance with the instantaneous SNR of each branch and
a predetermined normalized threshold [30]. The average BER of a particular embodiment
of this scheme in a Nakagami-m fading channel was presented and compared with that of

H-S/MRC by simulation in their paper. The results show that T"THS/MRC gives a BER per-
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formance close to the optimum performance at a threshold p around 0.25. This indicates
that other diversity branches left uncombined at this level render no appreciable degradation
compared to the optimum performance regardless of the type of channels involved.

The performance analysis of T-HS/MRC systems was first studied for the case of inde-
pendent Nakagami-m diversity branches in [32,33], and was later extended to generalized
independent fading environments in [34]. In these works, a T-HS/MRC combiner is viewed
as a conventional H-S/MRC combiner whose number of branches being combined, L., is
random rather than fixed. Since the T-HS/MRC combiner outputs corresponding to each
integer value of L, represent disjoint events and form a partition of the probability space,
the average SER and outage probability of T-HS/MRC are calculated using the total prob-
ability theorem [35]. Specifically, the average SER and outage probability conditioned
on the number of combined diversity branches, L., are weighted by the probability of oc-
currence of the corresponding value of L.. However, in the analyses of [32-34] , when
calculating the average SER and outage probability conditioned on L., the corresponding
results for conventional H-S/MRC are directly used by ignoring the fact that in T-HS/MRC
systems, the number of combined branches, L., is actually a function of the ordered instan-
taneous branch SNRs and the normalized threshold. Thus, the joint PDF of the ordered
instantaneous branch SNRs conditioned on L. may change and is not the same as that of
conventional H-S/MRC where the number of selected branches, L., is a fixed number inde-
pendent of the ordered instantaneous branch SNRs. Therefore, the results for T-HS/MRC
in [32-34] are inaccurate except for two special cases, namely, conventional MRC and SC,
corresponding to the value of the normalized threshold equaling O and 1, respectively.

In this chapter, we present an exact and unified analysis framework for T-HS/MRC
over generalized fading environments [36,37]. The average SER and outage probability
with i.i.d. and i.n.d. diversity branches are derived using the total probability theorem and
MGF method. Our analytical method can be applied to generalized slow and frequency-
nonselective fading channels including Rayleigh fading, Nakagami-m fading and Ricean
fading, as well as different M-ary linear modulation schemes. For the purpose of illus-

tration, we consider the performance of coherent M-ary phase-shift keying (MPSK) with

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



T-HS/MRC in Nakagami-m fading as an example.

The remainder chapter is organized as follows. The system model is described in Sec-
tion 2.2. In Section 2.3, a unified analysis of the average SER and outage probability of
T-HS/MRC in generalized fading environments is performed. Explicit expressions for the
two performance measures in the cases of i.i.d. and i.n.d. diversity branches are derived in
Section 2.4. Numerical results and discussion are presented in Section 2.5. In Section 2.6,

we summarize the chapter results.

2.2 System Model

We assume that there are N available diversity branches experiencing slow and frequency-
nonselective fading. The channel gains and the noise processes are assumed independent.
Recall in Chapter 1 that ¥, = |t|*E;/Ny denotes the instantaneous SNR per symbol of the
kth diversity branch defined by (1.10), and ¥ (k= 1,--- ,N) represent the instantaneous
branch SNRs in descending order, that is, ¥1) > ¥2) > -+ > ¥). A T-HS/MRC combiner
coherently combines the branches whose instantaneous SNRs equal or exceed the product
of the normalized threshold p and the largest instantaneous branch SNR 7). Then the
output instantaneous SNR of a T"THS/MRC combiner is given by (1.19) [32-34,36]

Le

Yr—ns/MRC(L) = Y, V) Le=1,---,N 2.1)
k=1

where L. is an integer random variable that represents the number of branches being com-
bined in order of decreasing instantaneous SNR starting with the one having the largest
instantaneous SNR. The event that L. diversity branches are selected, means that the or-
dered instantaneous branch SNRs, at the selection time, satisfy ¥y > ¥2) > - > Yr,) 2
Y1y > Yze+1) > Yiee+2) > =+ > Y- Therefore, a T-HS/MRC combiner can be viewed
as a conventional H-S/MRC combiner whose number of combined diversity branches, L.,
is a RV related to the normalized threshold pt and the ordered instantaneous branch SNRs

Yy lk=1,--,N ), rather than a fixed number. Specifically, when the value of the normal-
ized threshold p equals 0 and 1, T"THS/MRC becomes MRC and SC, respectively.
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2.3 Unified Performance Analysis of T-HS/MRC

2.3.1 Average SER

Since the T-HS/MRC combiner outputs corresponding to each integer value of L. repre-
sent disjoint events [33] and form a partition of probability space, the average SER of

T-HS/MRC, P,, can be calculated using the total probability theorem [35] according to

N
P.=Y Ple,L.=L) (2.2)
L=1

where P(e,L; = L) is the average SER of T-HS/MRC corresponding to the joint event that
L branches are selected and that they satisfy Y1) > ¥%2) > - > %) 2 UY1) > Yev1) >
Yiz+2) > -+ > Y ) The probability, P(e, L, = L), can be calculated using the MGF method
for different linearly modulated signals [38]. Here we just consider coherent MPSK as an
example; results for other modulation formats can be derived similarly. The probability
P(e,L. = L) for coherent MPSK is given by [24]

CMPSK
Ple,Lo=L) = / O ( e ) d6 2.3)

where cypsk = sin?(n/M), © = (M —1)/M, ¢,(s) = E(e*?) is the MGF of the random
variable ¥, and ¥r_gs/mrc(L) = Zk 1 Yx)» is defined by (2.1), where the ordered instanta-

neous branch SNRs satisfy ¥1) > ¥2) > -+ > Yr) 2 BY1) > Yev1) > Ye+2) > 0 > Y-

2.3.2 Outage Probability

Similar to the previous analysis of the average SER of T-HS/MRC, since the T-HS/MRC
combiner outputs corresponding to each integer value of L. represent disjoint events [33]
and form a partition of probability space, the outage probability of T-HS/MRC, P,urage(Yin)-

can be calculated as [3]

Poutage(’}/th) = P(YT——HS/MRC(LC) < Yth)
N

= Y P(Yr-ms/mrc@w) < Yin» Le=L) (2.4)
L=1
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where 73, is the specified threshold of the combiner output instantaneous SNR, Y1 _gs/mrc(L.)»
and P(Yr_gs IMRC(L) < Yeh,Le = L) is the outage probability of T-HS/MRC corresponding
to the joint event that L branches are selected and that they satisfy y(1) > ¥2) > - > Y1) =
HY(1) > Ye+1) > Yi+2) > -+ > Yv)- For notational convenience, denote P(YT—HS/MRC(L) <
Yins Le = L) by P(%p, L = L). According to [3, egs. (1.5), (1.6) and (9B.5)], the probability,
P(%n,Lc = L), can be calculated as

1 [+ by _s
P(Yin,Lc=L) = ﬁj/n_j Orr HS/M;?C(L)( )

— 2eMn /“Re { ¢YT—HS/MRC(L)[_(T’ +jo)]
0

e’

p- N+ } cos(@yn)dw (2.5)

where y; and @y, p0 ) (5) were defined previously, Re{-} denotes the real part of a
complex number, and 7] is chosen in the region of convergence of the integral of (2.5) in

the complex s-plane.

233 MGF
According to (2.1), the MGF of YT; HS/MRC(L) 18 given by

= E( eSYT—HS/MRc(L))

B /ood /Y(l) J /Y(L—l) d /LW(]) d /7’(L+1) J
, 41 ur N2 - "o J, Vet N+2)

Yv-1) sYL
ce X /0 e Ek:]Y(k)f’y(l)’..."y(N)(’y(l),-.. aY(N))d'}’(N) (2.6)

¢YT—HS/MRC(L) (s )

where fy, ..y {(Ya)»***+Yv)) s the joint PDF of the ordered instantaneous branch SNRs.
If the joint PDF, fy(l),---,nN)(ﬁl), “**,%n))» is known, we can obtain the average SER and
outage probability of T-HS/MRC by calculating the MGF of y7_gs/mrc(r) and then sub-
stituting the result into (2.3), (2.2) and (2.5), (2.4) respectively. So far we have developed
a general analysis framework for T-HS/MRC, which can be applied for arbitrary fading

models and various modulation schemes.
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2.4 Independent Fading Channels

When the space among the antennas is large enough, the fadings among the antennas can
be taken as independent. In the following, we analyze the performance of T-HS/MRC for

the cases of i.1.d. diversity branches and i.n.d. diversity branches, respectively.

241 I1.1.D. Case

Assume there are N independent and identically distributed diversity branches available.
LetI'=E(y%) (k= 1,--- ,N) represent the average branch SNR. Then the joint PDF of the
ordered instantaneous branch SNRs is given by [23-25,39]

NI A () Yy > Y > > Y

0 , otherwise

Frye v Yy 5 Yany) = 2.7)

where fy(-) is the common PDF of the instantaneous branch SNR, ¥ (k= 1,---,N).

Substituting (2.7) into (2.6), the MGF of ¥r_gs/mrc(r) becomes

0 ( ) /°°d Y d Y- EYy J
- s) = Y Yo - / dy, / Y
Yr—HS/MRC(L) 0 1) i (2 I-W(l) {€L) (L+1)

Y+t Yv-1) syL
x/o d')/(L+2).../() e Zk:lY(k)N!l—If,y(’Y(k))d’)/(N)
k=1
= N!/ m”fy()’(l))dy(l)/ e fy(Y2))d Y2y -

N1 oy
x/ e (L)fy(Y(L))dY(L)/ Fr(fe+n)d¥een
w10y 0

YLry) Yiv-1)
X /0 Fr(Ve+2))dYes2) - ./o Fr(vvy)dvy- (2.8)

Using [40, eq. (3)], (2.8) can be further simplified as
N\ r= _
O _nsyrcy () = L ( L) /0 e fy(OIF )]V [0y (s, u2) — y(s,2)]" e (2.9

where (¥) = N1/(L!(N — L)1), ¢y(s,x) and Fy(x) are the incomplete MGF and the cumula-

tive distribution function (CDF) of random variable ¥, respectively given by

0y(5,%) = / " £ (1)t (2.10)
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TABLE 2.1
PDF and incomplete MGF of instantaneous SNR for the kth diversity branch
Fading Channel PDF fy(x) (x > 0) incomplete MGF ¢y(s,x) (x > 0)

Raylelgh Il-‘ exp(_..x/l") exp[—x(1/T—s )

1-sI

Nakagami-m s (#)"%" " exp (F%) gy (7257) "Tlm,x(F =)

i 1+K K- (KX _1+K sKC
Ricean T CXP[ K-> KT %P [ %=t

o [y SEEE] o (1SR, A

and
Fy(x) = /0 F0)dr = 1— 9,(0, ). @2.11)

Expressions for the PDF and the incomplete MGF of the instantaneous branch SNR 7, (k =
1,---,N) for various channel fadings, based on the results in [41] are listed in Table 2.1.

Substituting (2.9) into (2.3) and (2.2), the average SER of coherent MPSK with T-
HS/MRC in the case of i.i.d. diversity branches becomes

1N N n(M-1)/M ° _C—M%Kt N-L
! ;L@ /0 46 /0 20 £ (1) [Fy(1er))

L1
CMPSK CMPSK
—— Ut | = —— dt. 2.12
8 [‘Py( sin29’“> ¢Y( sin% @ )] ( )

Similarly, substituting (2.9) into (2.5) and (2.4), the outage probability of T-HS/MRC

P, =
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in the case of i.i.d. diversity branches becomes

Nt N 00 o0
Poutage(Vin) = 2:/ L;1L<IZ>/0 dw/o e £ (6)[Fy(ut)]V L cos(wy)
XRc{e‘””[(j),,(—(q +j0), ut) — ¢y(—(n + jo),t)|L! }dt
n+jo '

(2.13)

To illustrate (2.9), (2.12) and (2.13), let us consider the case that there are N available
diversity branches experiencing i.i.d. Rayleigh fading. Results for other channel fading
can be derived similarly by using corresponding fading statistics. Then for each branch in
Rayleigh fading, the instantaneous branch SNR, ¥ (k= 1,---,N), follows an exponential

distribution with

Laxp(—L
fy(t)={ rexp( F()) ’ tZg (2.14)
, 1<

where I' = E(7) is the average SNR for each diversity branch as defined previously. The
incomplete MGF and CDF of y are given, respectively, by

Oy(s,x) = /xmes’fy(t)dt

= e (F=)x x>0 (2.15)

and

Fy(x) = 1—¢4(0,x)
= 1—e T, x>0 2.16)

Substituting (2.14), (2.15) and (2.16) into (2.9) gives the MGF of ¥r_ps/mrc(1) ¢YT—HS/MRC(L) (s)

in closed-form as

o = £ LB ("5 Yo

q=0 p=0
1

1=sD)L+ (1 - p)p+pu(L—1)] +gu(l —sT)E-1
(2.17)

1
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Substituting (2.17) into (2.3) and (2.2), the average SER of coherent MPSK with T-
HS/MRC in i.i.d. Rayleigh fading, becomes in closed form

399 w1 v) G (G (CE A

sin?L 0

(sin?6 + chSKF)L [1+(1—p)p+pu(L—1)]+qusin®6 (sin? 6 + chSKF)L_
2.18)

-do.

Similarly, the outage probability of T"THS/MRC in i.i.d. Rayleigh fading is obtained by
substituting (2.17) into (2.5) and (2.4) to give

Poutage(%n) = 27 f:NZLLZ L( )(N L) (L;l)(—l)p+q><

T [Z14=0p=0

) 1
/0 cos(@Yn) X Re { CENTI N CE =t
1
[1+n+jo)][1+ (1 —p)p+u(L-1)]+qu }d“’-

Alternatively, the outage probability of T-HS/MRC in i.i.d. Rayleigh fading can be

(2.19)

derived in closed form as follows.

Rewrite (2.4) as

[V]z

Poutage(Vin) = P(Yr_us/mrew) < Yy Le =L)

I

L

Yth
= / Jrr- ~HS/MRC(L) (v)dy (2.20)

1

2

where fy, e, (¥) denotes the PDF of Yr_Hs /MRC(L)> Which can be calculated by [3]

fYT«HS/MRC(L) (Y) = ]L_l {¢YT—HS/MRC(L) (—-s)} (2.21)

where L~!(+) denotes the inverse Laplace transform. Substituting (2.17) into (2.21), the
PDF, fy, s /MRC(L)(}/) (y > 0), ini.i.d. Rayleigh fading, is given by

fYT—Hs/MRC(L) (V)lp=0= PN-1g=7/T (2.22a)

NIV
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Jrr_nsmrcwy (Vlu=1= (2.22b)

N L-1 L_l (_1)P’}/ll_le‘7/r
Frrnsmrcwy(Dlo<p<t = L(L) Z( p ) Ile,(L—1)! +

p=0
(IBECC )

cptg, L*2
e——%-cT“ e Z QN) V:|

X

L=1,---,N (2.22¢)

where cp =[1+(1—pu)p+u(L—-1)].
Substituting (2.22) into (2.20), the outage probability of T-HS/MRC in i.i.d. Rayleigh
fading is obtained in closed form as

Yth’

e (2.232)

Poutage('yth)ll-t —o=1-e /T Z

Poutage(}'th)lAL:l =1~ e—%h/F)N (2.23b)

NN\ (-DPy(L, 1 /T)
Poutage(%h)|0<u<l - 1§1L<L> 1;) p!(L— 1 _p)!cp +

BAEEC() 0

i

R 12 (g
_— : i+1, r 2.23¢
P §=:O e Y(i+1,%/T) (2.23¢)

where ¥(n,x) is the incomplete Gamma function given by

q=0 7"

* n—1 _—t ——xn_l'xq
y(n,x):/or etdi=(n—-1)11-e*Y = |,  x20,n=12,. (224

Egs. (2.23a) and (2.23b) correspond to the outage probability of MRC and SC [3, eq.
(9.322)], respectively, which verifies this special case of T-HS/MRC.
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2.4.2 1.N.D. Case

In some situations, the statistics of the N independent diversity branches are not the same.
For example, based on IMT-2000 channel models [42] and JTC channel models [43], the
channel multipath intensity profile (MIP) is variable, namely, the average SNR of each
diversity branch is different [44]. In this section, the performance of T-HS/MRC with N
independent but nonidentically distributed diversity branches is analyzed.

The joint PDF of the ordered instantaneous branch SNRs of i.n.d. diversity branches is

given by [34], [45]

Teesy [IRo fr (M) 5 ) > Y2y > > Y

f . ('Y s Y ):
Yy Yy V(1) W) 0 , otherwise

(2.25)
where f, (-) is the PDF of the instantaneous SNR of the kth branch, % (k=1,---,N). All
of these PDFs are not necessarily identical; Sy is the set of all permutations of the integers
{1,.-- N} and ¢; € Sy denotes e; = {¢;[1],ei[2],- - ,e:[N]}, one specific permutation of the
integers {1,---,N}.

Substituting (2.25) into (2.6), the MGF of ¥r_gs/mrc(r) for i.n.d. diversity branches,

becomes

_ §) = Y e Y / Y
Yr_HS/MRC(L) = Jo 1) iy 12) ) (L) o (L+1)

Y+1) Tw-1) oyL N
X /0 Y42 /0 ¢* L= 1) [T (Y
k=1

o0 L)
= ) / ew(l)fn,-m(ﬁl))d?’(l)/ 0 fr (1)) V)
0 BYay

e; €Sy

Ye-1)
X e fy o (Vn))dY,
/m) Yol VJANL) |

Ne+1)
X /0 eri[L+2] (’)/(L+2))d’y(L+2) . A

KEYay
er,-[L+1] (7’(L+1))dY(L+1)

Yiv-1)
fVei[N](y(N))dy(N)'

(2.26)
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Using [41, eqgs. (11), (12) and (A.1)], (2.26) can be further simplified as

o0 L
Vrrnspmrey () = X /0 e frep (t kHZ[‘Pn{k s, 1) ¢ye,.[k](5,f)]

eicTyL =
N

x [T Fypyue)dr (2.27)
k=L+1

where ¢y, . (s,x) and F,, " (x) are respectively the incomplete MGF and CDF of g as

(K]
defined at (2.10) and (2.11); and Ty 1, is a subset of Sy, whose element e; satisfies e;[2] <
eil3] <~ <efL]and ¢[L+1] < [L+2] < --- < ¢]N].

Substituting (2.27) into (2.3) and (2.2), the average SER of coherent MPSK with T-
HS/MRC in the case of i. n. d. diversity branches becomes

N

n(M-1)/
y [ e [Ty 0 T P (0

i
L=1le;€Ty,

|L| _MPSK i) — g [ —MESK V| (2.28)
L2 P\~ iz g * Tt \ " sinZQ ' '

The outage probability of T-HS/MRC in the case of i.n.d. diversity branches is obtained by

1
P, = =
[y

substituting (2.27) into (2.5) and (2.4) to give

p LZ Z / a'(x)/o e“ﬂfcos(a)%h)fyeim(t)kgleei[k](ut)

=1e;€Ty L

Poutage(%h) -

jot L
X Re {neﬂw kH[an[k] —(n+jw),ut) = by, 4y (—(n + jo), )]}dt.

(2.29)

Consider the case that N diversity branches experience i.n.d. Rayleigh fading with
different average branch SNRs, I, = E(%) (k= 1,--- ,N). We shall need the following

result given in (2.30):

N N p
[Ta-c)=1+ Y. (-1 Y [lewo (2.30)
k=1 p=1 VES({L'“,N}J) q=1

where Sy, ... 3, p) denotes the set of total combinations of the integers {1,---,N} taken

p(1< p <N)numbers at a time, and v = {v(1),---,v(p)} € §({1,... v}, p) denotes a specific
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combination of the integers {1,--- ,N} taken p (1 < p < N) numbers at a time. Eq. (2.30)
is derived in Appendix A. ‘
Substituting (2.14), (2.15) and (2.16) into (2.27) and using (2.30), the MGF of Yr—HS/MRC(L)

becomes

L 1 X
e€TyL l—‘ei[l] Hk=2(1 - sr@i[k])

(pYT—HS/MRc(L) (S)

1
1 L 1
<f:m—~‘)+“>3k=z(w*~“)

)y
o (

VES({2, N},

N-1
+ ) (-1)x
p=1

1

i —¢) + 1k (el —5) + i e )
2.31)

where 1 is the normalized threshold, Ty 1 and e; were defined previously, and ai(s) (k =

2,-+-,N) is defined by

1 _ - <k<
ar(s) = (reil"l s> (I=p) , 2sksl (2.32)
F‘f[k] , L+1<k<N.

Combining (2.31) with (2.3) and (2.2) gives the average SER of coherent MPSK sub-

jected to i.n.d. Rayleigh fading in closed form as

i Z /”(M /M 1
X
L=1¢;€Ty 70 e,[l]Hk 2(1+ MPSK e,[k])

Sll’l

1
T
1 N-—1
CMPK CMPK + Z (_1)px
F m+ 29 +”Zk 2<F i 29) p=1

sin sin

1
. ” . dae.
CMPSK CMPSK P __CMPSK
VES((2,- N}, ) (nm + m) +HY i (fm + Tfa‘) +Xg-10u0) ( “Ta)
(2.33)

Substituting (2.31) into (2.5) and (2.4) gives the outage probability of T-HS/MRC in
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i.n.d. Rayleigh fading as

ZenYth

N * cos(®
Poutage(')/th = Z Z /0 M X
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1 3 N do.
(1'";[_1] +1 +ja)) + U Y <W +n +ja)> +XP_ ayg (-1 —jo)

(2.34)

2.5 Numerical Results

In this section, some examples of the average symbol error rate and outage probability of
T-HS/MRC for the cases of i.i.d and i.n.d. diversity branches in Nakagami-m fading, are
given. Results computed using our theoretical analysis, the theoretical analysis of [32—
34] and Monte Carlo simulation are compared. In particular, the effect of the normalized
threshold i on the performance of T-HS/MRC is examined. In the following figures, the
notation T-HS/MRC denotes the results of our theory and S-TGSC represents the analytical
results of [32-34].

Fig. 2.1 shows the average SER of coherent QPSK using T-HS/MRC versus the average
branch SNR with N = 5 diversity branches experiencing i.i.d. Nakagami-m fading with
fading parameter m = 3 and normalized threshold p =0.0, 0.25, 0.5, 0.8 and 1.0. The

diamonds denote the average SER obtained using Monte Carlo simulation. As a special
case of T-HS/MRC, MRC and SC correspond to ¢t =0.0 and 1.0 respectively. It is seen

that our analytical results and the simulation results are in excellent agreement, but there
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QPSK, N=5, m=3
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Fig. 2.1. The average SER of coherent QPSK with T-HS/MRC versus the average branch
SNR I'" with N=5 diversity branches in i.i.d. Nakagami-m fading with fading parame-
ter m = 3 and normalized threshold 1=0.0, 0.25, 0.5, 0.8 and 1.0.

are significant differences between the simulation results and the results of [32-34] (except
for MRC and SC) when the average branch SNR, I', becomes large. For example, when
the normalized threshold y = 0.5 and the average branch SNR I' = 8 dB, the difference
between the correct result and the result of [32-34] is about 1.3 dB. The differences show
that the analyses of average SER of T-HS/MRC for the case of i.i.d. diversity branches
in [32--34] are not correct.

Fig. 2.2 shows the average BER of coherent BPSK using T-HS/MRC versus the average
branch SNR per bit with N = 6 diversity branches in i.i.d. Rayleigh fading for various val-
ues of the average number of branches combined, L, = E(L,), defined in [33, eq. (44)]. For
convenience of comparison with the results in [33], the same values of normalized thresh-
old, i, corresponding to the average number of branches combined, L., are used according

to [33, Table II]. The cases of SC and MRC correspond to L. = 1 and L, = 6, respectively.
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BPSK, N=6, m=1
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Fig. 2.2. The average BER of coherent BPSK with T-HS/MRC versus the average branch
SNR per bit I with N=6 diversity branches in i.i.d. Rayleigh fading and average

number of combined branches L, =1, 2, 3, 4, 5 and 6.

From Fig. 2.2, one can observe that for a fixed number of available diversity branches, N,
the gain obtained from increasing L, by decreasing the normalized threshold p, increases,
but the benefit is subject to diminishing returns as L. increases. In addition, one can see
that (except for MRC and SC) there are significant differences between the results of our
analysis and those of [33]. For example, when the average number of branches combined
L. equals 3, for large average branch SNR T, the difference in the results obtained from the
two methods is about 1.1 dB to 1.6 dB.

To examine the effect of the normalized threshold, i, on the performance of T-HS/MRC,
the average BER of coherent BPSK versus the normalized threshold u for i.i.d. Nakagami-
m fading with fading parameter m = 2 and‘average branch SNR per bit I" = 6 dB is shown
in Fig. 2.3. One can see that the BER increases with increasing ( due to fewer diversity
branches satisfying the condition of T-HS/MRC and being excluded from the combining.

Also, the incremental benefit of decreasing the value of (1t decreases as pt decreases. This is
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BPSK, m=2, average branch SNR per bit I'=6 dB
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Fig. 2.3. The average BER of coherent BPSK versus the normalized threshold u for i.i.d.
Nakagami-m fading with fading parameter m = 2, average branch SNR per bit ' = 6
dB and N =1, 2, 3, 4, and 5 available diversity branches.

because the BER of MRC is achieved when ¢t = 0 and represents an ultimate lower bound
below which the BER cannot be reduced.

Fig. 2.4 shows the average SER of coherent QPSK using T-HS/MRC versus the average
branch SNR for i.i.d. Nakagami-m fading with fading parameter m = 2 and normalized
threshold u = 0.3. Different numbers of available diversity branches, N, are considered.
From this figure, we note the substantial benefits of increasing N for fixed normalized
threshold, i, as expected.

Fig. 2.5 shows the outage probability of T-HS/MRC versus the average branch SNR
with N = 4 diversity branches for i.i.d. Nakagami-m fading with fading parameter m = 2
and normalized threshold values, u =0.0, 0.3, 0.6, 0.9 and 1.0. The diamonds denote
the outage probability obtained using Monte Carlo simulation. As a special case of T-
HS/MRC, MRC and SC correspond to 4 =0.0 and 1.0, respectively. It is seen that our

analytical results and the simulation results are in excellent agreement, but there are signif-
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Fig. 2.4. The average SER of coherent QPSK using T-HS/MRC versus the average branch
SNR T for i.i.d. Nakagami-m fading with fading parameter m = 2, normalized thresh-
old u =03and N =1,2,3,4,5, 6,7 and 8 available diversity branches.

icant differences (except for MRC and SC) between the simulation results and the analytical
results of [32-34] when the average branch SNR, I', becomes large . For example, when
the normalized threshold pt = 0.6 and the average branch SNR I"' = 4 dB, the difference
between the correct result and the result of {32-34] is more than 1.0 dB. When ¢t = 0.3 and
I =2 dB, the difference is more than 1.5 dB. Hence, the outage probability of T-HS/MRC
for the case of i.i.d. diversity branches in [32-34] is not correct.

Fig. 2.6 shows the outage probability of T-HS/MRC versus the average branch SNR
with N = 6 diversity branches in i.i.d. Rayleigh fading for different values of average
number of combined branches, L.. The corresponding values of normalized threshold, u,
are the same as those of Fig. 2.2. It is seen that for a fixed number of available diversity
branches, N, the gain obtained from incfeasing L. by decreasing the normalized threshold
U, increases, but the benefit is sﬁbject to diminishing returns as L, increases. Again, one can

see that (except for MRC and SC), the differences between the results of our analysis and

35

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



MPSK, N=4, m=2
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Fig. 2.5. The outage probability of T-HS/MRC versus the average branch SNR I" with
N=4 diversity branches in i.i.d. Nakagami-m fading with fading parameter m = 2 and

normalized threshold u =0.0, 0.3, 0.6, 0.9 and 1.0.

those of [33] are significant. For example, when the average number of branches combined
L. equals 3, for large average branch SNR T, the difference in the results obtained using
the two methods is about 1.6 dB to 1.9 dB.

As two examples of the case of i.n.d. diversity branches, Fig. 2.7 and Fig. 2.8 examine
the performances of T-HS/MRC in Rayleigh fading with exponentially decaying average
branch SNR, namely, I, = E(%) = ' exp[-n(k—1)] (k=1,---,N), as defined in [45,
eq. (23)]. The number of available diversity branches, N, equals 4 for both of the two
figures. Fig. 2.7 shows the average SER of coherent QPSK versus the largest average
branch SNR, I}, with normalized threshold, i =0.25, and the average fading power decay
factor values, 1 =0.0, 0.3, 0.7 and 1.0. Fig. 8 shows the outage probability of T-HS/MRC
versus the largest average branch SNR, I'y, with normalized threshold, 1 =0.2, and the
average fading power decay factor values, 1 =0.0, 0.2, 0.5 and 1.0. The case of i.i.d.

diversity branches corresponds to 7 = 0.0. It is seen that the results obtained using our
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Fig. 2.6. The outage probability of T-HS/MRC versus the average branch SNR I" with
N=6 diversity branches in i.i.d. Rayleigh fading and average number of combined

branches L. =1, 2, 3, 4, 5 and 6.

theory are in excellent agreement with results obtained using Monte Carlo simulation. The
results show, for example, that the performance deteriorates with increasing 7, as expected.
Fig. 2.7 and 2.8 can be used to accurately assess the amount of the degradation. However,
there are significant differences between the correct results and the results obtained using
the analyses in [32-34] when the largest average branch SNR, I'j, becomes large. Thus, the
analyses of T-HS/MRC for the case of i.n.d. diversity branches in [32-34] are not correct.

2.6 Summary

In this chapter, the exact average symbol error rate and outage probability of threshold-
based hybrid selection/maximal-ratio combining in generalized fading environments were
analyzed. Using the total probability theorem and moment generating function method, a

unified analysis framework of T-HS/MRC was developed. Explicit expressions of SER and
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Fig. 2.7. The average SER of coherent QPSK using T-HS/MRC versus the largest aver-
age branch SNR I'; for N=4 diversity branches with exponentially decaying average
branch SNRs in Rayleigh fading, normalized threshold (=0.25 and average fading
power decay factor n=0.0, 0.3, 0.7 and 1.0.

outage probability for the cases of independent, identically distributed and independent,
nonidentically, distributed diversity branches were presented. The derivation accommo-
dates different M-ary linear modulation schemes and various slow and flat fading channels.
For independent Rayleigh fading, closed-form expressions for SER and outage probability

were obtained. The results show that previous published results are inaccurate.
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Fig. 2.8. The outage probability of T-HS/MRC versus the largest average branch SNR
I'; for N=4 diversity branches with exponentially decaying average branch SNRs in
Rayleigh fading, normalized threshold y = 0.2 and average fading power decay factor
n=0.0, 0.2, 0.5 and 1.0.
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Chapter 3

Performance Analysis of Generalized
Selection Combining in Correlated

Nakagami-m Fading

3.1 Introduction

Diversity combining is an effective technique for combatting signal fading in wireless com-
munications. Various combining schemes representing different levels of performance and
different cost are used. As one of the classic combining methods, selection combining has
been widely used in practice due to its simplicity which entails choosing a best branch
signal from N available diversity branches, such as choosing the branch with the largest
instantaneous SNR. However, its performance is poorer than some other schemes since it
ignores the information provided by the remaining branch signals. The performance of
SC in independent fading has been studied in [22], [46]. Most of the available results on
SC in correlated fading focus on two or three branches [47-51]. A general approach for
studying N-branch SC in correlated fading was proposed in [52]. However, it requires N-
dimensional integration and the computation complexity increases exponentially with N.

In [53], an expression for the joint PDF of multivariate Nakagami-m random variables with
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exponential correlation was derived and applied to the theoretical analysis of SC.

Hybrid selection/maximal—ratid combining is considered as an effective combining tech-
nique for achieving a good compromise between system performance and complexity by
coherently combining L, largest signals from N available diversity branches. In the litera-
ture, the performance of H-S/MRC has been extensively studied when the diversity branch
gains are independent. Based on the assumption of independent Rayleigh fading with equal
branch average SNR, Win and Winters analyzed H-S/MRC using a novel technique named
“virtual branch”, which results in a simple derivation and formula for the mean, variance of
the combiner output SNR and SER for arbitrary values of L. and N in [23], [24]. The “vir-
tual branch” method transforms the ordered branch SNRs into a new set of conditionally
independent virtual branches and expresses the ordered branch SNRs as a linear function
of the unordered virtual branch SNRs. This method permits the combiner output SNR to
be represented in terms of the conditional independent virtual branch SNRs. Therefore,
the derivations of the analysis involving in the evaluation of nested L.-fold integrals, es-
sentially reduce to the evaluation of a single integral. Concurrent and independent work
on the performance analysis of H-S/MRC was done in [54]. Starting with the MGF of
the H-S/MRC output SNR, Alouini and Simon provided a general analytical framework
for the performance evaluation of H-S/MRC in terms of the output average SNR, outage
probability and average error probability for a wide variety of modulation schemes over
independent Rayleigh fading. According to their method, a simple closed-form expression
for the MGF of the H-S/MRC output SNR was obtained. By taking inverse Laplace trans-
form on the MGF, one can get the PDF of the H-S/MRC output SNR. In [25, 55, 56], the
performance of H-S/MRC over independent Nakagami-m fading was analyzed. Two differ-
ent methods were developed to derive the MGF expressions for H-S/MRC output SNR in
generalized Nakagami fading channels with distinct and noninteger fading severity param-
eters, as well as different average branch SNRs. More recently, unified approaches were
presented for H-S/MRC over generalized fading channels, where the channel statistics in
different branches are independent but may be nonidentical, or even distributed according

to different distribution families in [40,41,57,58]. All of the previous works of H-S/MRC
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focus on independent fading. There are very few works for the case of correlated fading.
The average SER of H-S/MRC in equally correlated Nakagami-m fading, where the corre-
lation between any pair of the branch powers is the same, was analyzed in [39]. The average
SER of triple H-S/MRC in exponentially correlated Rayleigh fading was given in [59].

As discussed in detail in Chapter 2, since the number of selected branches L. is fixed, H-
S/MRC may potentially discard many branches whose instantaneous SNRs may be close in
value to those of the branches selected, or alternatively, potentially include branches whose
SNRs may be small. To alleviate this problem, threshold-based hybrid selection/maximal-
ratio combining was proposed in [30], which allows the number of the combined branches
to be a variable whose value is determined in accordance with the instantaneous SNR of
each branch and a predetermined normalized threshold g (0 < ¢ < 1). The performance
of TTHS/MRC with independent diversity branches has been studied in [32-34]. An exact
analysis of T-HS/MRC over generalized fading channels was presented in [36]. When the
fading is equally correlated Nakagami-m distributed, the average SER of T-HS/MRC was
given in [60].

Since the performance analyses for SC, H-S/MRC and T-HS/MRC are involved in the
very complicated nature of order statistics, there are very few works that study the three
generalized selection combining schemes with arbitrary number of branches in arbitrarily
correlated fading channels. Recently, a novel approach for deriving the CDFs of the N-
branch SC output in equally correlated fading was proposed in [61], where the problem of
deriving the SC output CDF in equally correlated fading is transformed into the problem
of deriving the SC output CDF in conditionally independent fading by noting that a set
of equally correlated complex Gaussian RVs can be obtained by linearly combining a set
of independent Gaussian RVs. The analysis of SC in equally correlated fading including
Rayleigh, Nakagami-m and Ricean channels is simplified substantially with this method
in [61].

In this chapter, we extend the approach in [61] to a more general correlated case, where
the correlation coefficient matrix is determined by N real numbers whose values are be-

tween 0 and 1. This particular correlation structure is examined in [62, egs. (8.1.5) and
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(8.1.6)], and includes equal correlation studied in [61] as a special case [62, eq. (8.1.4)].
The exact average SER and outage probability of SC, H-S/MRC and T-HS/MRC in Nakagami-
m fading for positive integer values of m, are obtained for this correlation structure [63].

The remainder of this chapter is organized as follows. The system model is described in
Section 3.2. Representations of Rayleigh fading amplitudes and Nakagami-m fading am-
plitudes with the particular correlation structure are presented in Section 3.3.1 and Section
3.3.2, respectively. The performances of SC, H-S/MRC and T-HS/MRC are analyzed in
Section 3.4. Numerical results and discussion are provided in Section 3.5. Finally, we give

our conclusions in Section 3.6.

3.2 System Model

Assume that there are N available diversity branches experiencing slow and flat Nakagami-
m fading with the same positive integer values of fading parameter m. The instantaneous
SNR of the kth diversity branch, ¥, is defined as (1.10)

2Es

k=1,--- N 3.1
No' , (3.1)

Y = |hy|

where E; is the average symbol energy, Ay is the instantaneous branch gain, and Ny is the
power spectral density of complex white Gaussian noise on the kth branch. Further, we
assume that all of the branches have the same average branch SNR, namely, I' = E(y) =
E(|h|*)Es/No (k=1,---,N).

Let )., denote the branch power covariance coefficient matrix, whose element Zl;’j (k,j=

1,--+,N) satisfies [62, eq. (8.1.5)]

yh - E(ry) —EME(Y) pipj (k#J) kj=1,-,N (32

Y Var(y.)Var(7;) 1 (k=j)
where 0 < pr < 1 (k=1,---,N), and Var(-) is the variance of a random variable. Obvi-
ously, when all of p; (k=1,---,N) are equal to p, the covariance matrix becomes equally

correlated as studied in [61].
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Recall in Chapter 1 that for SC, the branch with the largest instantaneous SNR is se-

lected as the combiner output given by (1.17)

Tse=, nllaXN(Yk)' (3.3)

For H-S/MRC, assume that the L, (1 < L. < N) branches having the largest values of

instantaneous SNR are chosen at the selection time. Then the output instantaneous SNR of

a H-S/MRC combiner is given by (1.18)

L.
Ya-s/mrc = Y, Yi»  Le=1,,N (3.4)
k=1

where ¥ (k=1,--- ,N) are the descending-ordered instantaneous branch SNRs, satisfying
Ty > Yy > > Yy 20,

For T-HS/MRC, denote the predetermined normalized threshold by p (0 < u <1). The
branches whose instantaneous SNRs exceed or equal the multiplication of the normalized
threshold p and the largest instantaneous branch SNR 7¥(y), are combined at the receiver

end. Then the output instantaneous SNR of a T-HS/MRC combiner is given by (1.19)

L,
Yr-ns/MRC(L) = 3, V) Le=1,---,N (3.5)
k=1

where L, is an integer RV that represents the number of branches being combined in order
of decreasing instantaneous SNR starting with the one having the largest SNR. The event

L. diversity branches are selected, means that the ordered instantaneous branch SNRs, at

the selecting time, satisfy Y1) > Y2y > =+ > Yw,) 2 BY1) > YLe+1) > ViL+2) = 0 > V)

3.3 Representation of Correlated Branch Gain Amplitudes

In this section, we extend the representation in [61] of equally correlated Nakagami-m fad-
ing by a set of independent Gaussian RVs to a more general case, where the covariance
coefficient matrix satisfies (3.2). First, we introduce some notations used in the follow-
ing. N(1t, 62) denotes a Gaussian distribution with mean y and variance 62, C(i1, 62) de-

notes a complex Gaussian distribution with mean y = E(z) and variance 62 = (1/2)E[(z—
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1) (z— p)*], xn(0,62) denotes a central chi-square distribution with n degrees of freedom
and the common variance of the corresponding Gaussian components 62 given at [4, eq.
(2-1-110)], xn(s,0?) denotes a noncentral chi-square distribution with # degrees of free-
dom, noncentrality parameter s> and the common variance of the corresponding Gaussian
components 62 given at [4, eq. (2-1-118)], and Q,(a,b) denotes the vth-order Marcum
Q-function given at [4, eq. (2-1-122)]

0(ab) = |

b

2

oox (§>v_l exp <-x2 -;a ) I,y (ax)dx (3.6)

where 1, (+) is the vth-order modified Bessel function of the first kind given at [4, eq. (2-1-
120)]. For brevity, we write Q(a, b) to denote Q1 (a,b).

3.3.1 Correlated Rayleigh Fading Amplitudes

Similar to [61, eq.(2)], the channel gain of the kth branch in Rayleigh fading can be repre-
sented by extending [62, eq. (8.1.6)] to the complex plane

Gk=(\/1~kak+\/[)_kX0)+i(\/l—kak—I—\/p_kYo), k=1,---,N (3.7

where i = v/—1, 0 < py < 1, and X, ¥ (k=0,---,N) are independent Gaussian RVs
with distribution N(0,1/2), and for any k,j € {0,--- ,N}, E(Xi¥;) =0, and E(X;X;) =
E(YY;) = (1/2)0, j, where & ; is the Kronecker delta with

0 (k#))
1 (k= ).

Since Gy, is zero-mean complex Gaussian distributed with distribution C(0,1/2),

O, =

Gyl (k=
1,---,N) is a set of Rayleigh RVs with mean-square value E(]Gx|?) = 1. The correlation
coefficient between any Gy and G (k # j) can be derived as
E(GiG}) - E(Gr)E(G))
/' Var(Gy)Var(G;)
\ /pkij(XOz + YOZ)
VE(IGE(G,)
= VPrPj- (3.8)
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Combining (3.7) and (3.1) with the definition of the branch power covariance coefficient
Zé‘,’j in (3.2), one can show that
Yo = E(IGi*IG*) —E(IGPE(G1?)
4 VVar(|Gi?)Var(|G,[?)
= E{[(VT= X+ vBiXo) + (/T peYe + VPro)*]
[(V1=PiXj+v/PjX0)* + (v/1—p;¥; + /P¥0)?] } — 1
= (1=p)(1=pj) +pe(1—pj) +pj(1 = pi) + pipE[(XG + Y5)?] — 1
=p2. (k£ i
_ ) pwpi=pp; k#)) (3.9)
1 (k= j).

Therefore, the correlated N-branch Rayleigh fadings with power covariance matrix }.,

given by (3.2) can be represented by a set of complex Gaussian RVs given by (3.7). When
px (k=1,--- N) are all equal to p, the branch fadings become equally correlated N-branch
Rayleigh fadings.

3.3.2 Correlated Nakagami-m Fading Amplitudes

Similar to [61, eq. (5)], we can express the N Nakagami-m fading amplitudes with positive

integer values of m by a set of Nm zero-mean complex Gaussian RVs

Gu = (V1—piX +vPeXor) + i(+/1—pi¥u+vpiXor),
k=1, N, l=1,,m (3.10)

where Xy and ¥y (k=0,--- N, [ =1,--- ,m) are independent Gaussian RVs with distribu-
tion N(0,1/2). For any k,j € {0,1,--- ,N}, I,n € {1,--- ,m}, E(XuY}n) = 0, E(Xi, X ) =
E(YiYjn) = (1/2) 8%, j61,». Then the correlation coefficient between any Gy and G, (k # j)
can be derived as
E(GuG3,) —E(Gr)E(G,)

VE(GuP)E(IGnl?)

VPiP; (k# jandl=n)

= { 3.11)
0 (I #n).
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Let Ry denote the summation of the squared magnitudes of Gy, namely,
- 2
Re=) |Gul*. (3.12)
: =1

Then Ry (k= 1,--,N) is the sum of squares of m independent Rayleigh envelopes with
distribution )2,,(0,1/2) [61]. One can show that the cross-covariance coefficient between
Ry and R (k # j) is given by

E(RiR;) — E(R)E(R))

PRoR; = \/Var(Ry)Var(R;)
_ L L E(GuPIG |} —m?
- Vm?
Y E(GuPG ) + Xy ey ot B(1Gu PG jnl?) — m?

m

m(1+pepj) +m(m—1) —m?

m
= PPj, (k# J)- (3.13)

Note that /Ry (k=1,---,N) is a set of correlated Nakagami-m fading amplitudes with
mean-square value E(R;) = m. Combining (3.10) and (3.12) with the definition of the

branch power correlation coefficient in (3.2), we have

3.14
r 1 (k= j). G19

The branch power covariance coefficient ):g‘,’j is the square of the complex gain correla-
tion coefficient py ;, when k # j and I = n in (3.11). Therefore, the correlated N branch
Nakagami-m fading amplitudes with positive integer values of m and power covariance
matrix )., given by (3.2) can be represented by the set of complex Gaussian RVs in (3.10).
Again, when py (k= 1,---,N) are equal, the fadings become equally correlated N-branch
Nakagami-m fadings. Eq. (3.14) specializes to (3.9) when the fading is Rayleigh with

m=1.
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3.4 Performance Analysis

In this section, we analyze the performance of SC, H-S/MRC and T-HS/MRC in correlated
Rayleigh and Nakagami-m fading with the power covariance structure given in (3.2). Using
the representations of Rayleigh and Nakagami-m amplitudes in Section 3.3, our analysis is

simplified greatly.

3.4.1 SER and Outage Probability of SC
CDF of SC Output SNR in Rayleigh Fading

Assume that the branches experience Rayleigh fading with covariance matrix given by
(3.2). Let 7 = Xg +YZ. When Xy = xo and ¥y = yy are fixed, [Gy|? (k= 1,---,N) are
independent with noncentral chi-square distribution X5 (+/px(x3 +¥3), (1 — px)/ 2), whose
CDF is given by [61, eq.(12)]

Fig,p700t) = Pr(|Gil* <ylr)

20yt
( 1-p’ \/I—Pk) G-19)

where Q(+,-) denotes Q) (-, -), the first order Marcum Q-function. Then the CDF of the SC
output for fixed X2 + Y7 =1, can be calculated as [61, eq. (13)]

F)/sc|9(y|t) = Pr(’YI <y7"'7 N <y|t)
= Pr(IG P<L, l6n < )

2pyt 2y
[1— ( 1—Pk,\/r(l_Pk)>]. G-10

Observing that 7 = on + YO2 follows a central chi-square distribution x»(0,1/2), the PDF
of 7 is given by [61, eq.(14)]

1

fo(t)=e", >0 (3.17)
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Averaging the conditional CDF in (3.16) across the PDF of 7 in (3.17), the CDF of the SC
output in correlated Rayleigh fading is given by

Fac) = | Pz 00170

°° N 2pit 2y
1-0 “tdt. 1
[ ( = \/F(l—pk))}e LGl

When py =p (k=1,---,N), (3.18) becomes [61, eq. (15)], corresponding to N-branch

equally correlated Rayleigh fading.

CDF of SC Output SNR in Nakagami-m Fading

For Nakagami-m fading with positive integer values of m, similar derivations can be done.
Let 7 = Y (X3 +Y3). For fixed values of Xo; = xo; and Yoy = yo; (I = 1,---,m), the
branch powers Ry are independent and follow a noncentral chi-square distribution denoted

by xom( \/sz1 1 (3%, +53),(1 — pi)/2). Observing that 7 = Y7 | (X% +YZ3), follows a
central chi-square distribution X2,,(0,1/2), the PDF of 7 is given by

tm—l —t

fa(t)= L t>0. (3.19)

The conditional CDF of the SC output becomes

N 2pxt 2my
F. = 1-0m 3.20
el OF) I!;Ill: ¢ ( I—pi’ \[l—pk )] 320

Averaging the conditional CDF of the SC output over .7, the CDF of the SC output in

correlated Nakagami-m fading, is given by

1 o N 2Pt 2my e
Fysc(Y)—m/() g{l—Qm< T—p¢ \/ T po) )} e’'dt. (321

Again, when pp = p (k=1,---,N), (3.21) becomes [61, eq. (22)], namely the CDF of

N-branch SC output in equally correlated Nakagami-m fading. For numerical computation
in (3.21), we use the function NCX2CDF provided by Matlab to compute the CDF of a
noncentral chi-square distributed RV, which is in form of the mth-order Marcum Q-function

in (3.21) [61].
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Performance Analysis of SC

The outage probability of SC is defined by [3]

Poutage = P(0 < ¥s¢c < Yin) = Fyse (Vin) (3.22)

where 7;, is the threshold of the SC output SNR. When the channel experiences Rayleigh
or Nakagami-m fading with power covariance matrix )., in (3.2), the outage probability of
SC can be calculated by (3.18) and (3.21), respectively.

The average SER of SC for different modulation formats in Nakagami-m fading with
covariance matrix Zy in (3.2), can be obtained by combining [61, eqs. (31)-(42)] with
(3.18) and (3.21), respectively. For example, for BPSK, the average BER of SC in Rayleigh
fading is given by substituting (3.18) and [61, eq. (33)] into [61, eq. (32)] to obtain

e 7! 20t 2y
- didy. 3.23
[ Q( 1—pk’\/r(1—pk)>} S

Similarly, when the branches are subject to Nakagami-m fading, the average BER of

BPSK with SC is given by

pm=leg=r=t N 20kt 2my
P, = / / 1—Om , drdy.
2v/a(m—1)! k=1|: © ( 1-px \/F(l—pk) ’

(3.24)

For noncoherent M-ary frequency-shift keying (MFSK), the average BER using SC in
correlated Nakagami-m fading, is given by substituting (3.21) and [4, eqs. (5-4-46) and
(5-4-48)] into [61, eq. (32)] to obtain

o 2log, M -1 M1 (—1)"n(log, M) (M —1 /m/wtm—le—"('ﬁmy-t
¢ (m—1)1(2oaM 1) &~ (n+1)2 n o Jo

N 20kt 2my
1—-0m dtdy. 3.25
|- (|25 )| 29

For M-ary quadrature-amplitude modulation (MQAM), such as 16-QAM and 64-QAM

adopted in the IEEE 802.11a standard, the average SER using SC in correlated Nakagami-
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m fading, is given by substituting (3.21) and [4, eq. (5-2-79)] into [61, eq. (32)] to obtain

PO = o Vi /°°”“ i (%ol

20kt 2my
xIJ[l——Qm< 1_Pk\/ l_p)ﬂdtdy (3.26)

where (a,b,¢) = (4(vM —1)/vV/M,3log, M/ (M — 1),4(v/M —1)?/M), and Q(-) is the Q
function, denoting the area under the tail of the Gaussian PDF given at [4, eq. (2-1-97)].

3.4.2 SER of H-S/MRC

In this part, we will use the MGF method to study the average SER of H-S/MRC in corre-
lated N-branch Nakagami-m fading for positive integer values of fading parameter m and
the power covariance matrix Y., given by (3.2).

As mentioned previously, for fixed J = } . I(Xgl + Y 1), the branch powers Ry are

independent and follow a noncentral chi-square distribution ¥, \/ Pr Yy (3, +¥3), (1 -
Px)/2). Thus, one can show that the branch SNRs ¥; conditioned on 7, are independent
with distribution X2, (+/pel't/m,T(1 — py)/(2m))

m—1
1 (y)?2 y+e; Ck
fyk|9(}’| ) zo_k (“z) €Xp (_ 20 2 J o_kz y (327)

where ¢Z = piI't /m, 62 = T'(1 — py) /(2m), and L,(-) is the vth-order modified Bessel func-
tion of the first kind. The PDF in (3.27) can be computed using the function NCX2PDF

provided in Matlab.
Since the branch SNRs 7; conditioned on J are independent, the joint PDF of the
ordered branch SNRs ¥ (k=1,---,N) conditioned on . can be calculated according

to [58, eq. (3)]

Frapton 7 Yy Yy = 1 an[m Twlt)s

e, €Sy k=1

where Sy is the set of all permutations of the integers {1,2,--- ,N}, and ¢; € Sy = {ei[1],e:[2],

,€i[N]} denotes the specific permutation of the integers {1,2,---,N}.
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Then the MGF of Yy _g/pmrc conditioned on J is given by

¢7H'S/MRC|<7(Slt) = lE(esYH~S/MRc|<7)

= E (eszlkﬁl 7(k)|9>

e T Yiv-1) Le
= / dy(l)/ d¥) /0 "Lz Moy

f')/(l, Y’y(N|‘7( )’.” |t>dY
- / dYa)/ mdv /Y(N YT
e; GSN
H I, 1l 7 (Yl d ¥ (3.29)

Using [58, eq. (6)], the conditional MGF of Yy _g/prc can be simplified as

L.—1
¢YH—S/MRcW(s|t) = Z / f?’e [Lc]ly(’y't H Py, [k]|‘7(s Yit) H FYei[k]ly(ﬂt)dY
=L+1

e;€Wn L,

(3.30)

where Wy 1 is a subset of Sy, whose element e; satisfies ¢;[1] < ¢;[2] < --- < ¢;[L. — 1] and
eilLe +1] < e[l +2] < - < e[N]. Fy, " |7 (x[r) and @y, 1 (s,x[t), are the CDF and the
incomplete MGF of ¥, conditioned on T , respectively, given by

. 2t [ omx
FYei[k]W(xlt) = /0 f}’ei[k]lﬂ(ﬂt)d'}’: 1-0m ( 1 —epe,.[k] \/ I'(1 ——pel ) (3.31)

and

Py, )7 (8:X]1) = /xe”fyei[k]lg(ylt)dy

2
Ce i)’
(1 _20-2 [k]1 /1—25‘0- e,[k]

e; [k]

= n exp Pe; [k]Fts x
m—Ts(1—p,u) m—Ts(1=pe,y)

2mpe,[k]t 2(m— FS(l—Pe,[k]))
(1- Pe; k] (m—Ts(1— Pe; k]) pe,[k) .

(3.32)
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Substituting (3.31) and (3.32) into (3.30), and averaging (3.30) over .7, the MGF of

Ya—s/mrc becomes

m—1,—t
¢7H-S/MRC(S) = /0 ‘t——)—¢yy s/MRC|=7( s|t)dt

(m

1 Z L1 m "
U X
RV Y U 8 e sy

0 L1 | o ATR) w0
m—1 _—t ei[k] / sY
t
/0 ¢ xexp (1;1 m—Ts(1 —pei[k])> 0 ¢ fni[Lc”y(Ylt) %

Lﬁl 0 2mPe Kt 2(m —Ts(1— peg))7
it AN (U= peg) (m—Ts(1 = i)’ (1 —pe )
N

2Pt 2my
1-0 dvydt (3.33)
k:I;I+1 |: " ( L= pepy’ \[ T(1 = pep) "

where er-[k]i 7(+) is given by (3.27).

When all of oy = p (k=1,---,N), the MGF of ¥y_g/urc in equally correlated Nakagami-

m fading becomes

N 1 m m(L,—1)
aspunc(5) = LC(L) m—l)!(m—Fs(l—P))
“J

(
m—1 _—t (L —1)Tpts /oo 5y
" e XCXp(———m—F(l—p)s dt e Ty (7lt) %

o \/ 2mpt \/Z(m—Fs(l—p))y LC—IX
L (1-p)(m—Ts(1—p))’ r(l-p)

N-L.
1= O <\/ 2pt \/ 2my )] dy (3.34)

where f1 7 (7lt) is given by (3.27) with ¢ = pT't/m and o2 =T(1-p)/(2m). This result

is new and not available in [61].

The average SER can be calculated using the MGF method for different linearly mod-
ulated signals [38]. Here we consider coherent MPSK as an example; results for other
modulation formats can be derived similarly. The average SER of coherent MPSK, P, is

given by
1 /@ CMPSK
- E/O (PYH—S/MRC (_ : }; de (3.35)

sin“ 0
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where cypsg = sin*(x/M), ® = n(M — 1)/M, and Oy _sjmnc($) = E (eszlfil”(@) is the
MGEF of Yy _s/urc as given by (3.33).

3.4.3 SER of T-HS/MRC

Recall in Chapter 2 that since the T-HS/MRC combiner outputs corresponding to each
integer value of L. represent disjoint events and form a partition of probability space, the
average SER of T-HS/MRC can be calculate using the total probability theorem (2.2)
N
P,=Y Ple,Lc=L) (3.36)
L=1

where P(e, L. = L) is the average SER of T-HS/MRC corresponding to the joint event that
L branches are selected and they satisfy ¥1) > Y2) > -+ = UY1) > Yee) > 0 > Yy
The probability P(e, L, = L) can be calculated using the MGF method for different linearly
modulated signals. Here we just consider coherent MPSK as an example. The probability
P(e,L. = L) of coherent MPSK is given by (2.3)

1 /@ CMPSK
P(e,Lc = L) = EA (PYT—HS/MRC(L) <—-—S—m‘ do (337)

where cypsx and © were defined previously, and ¢y, IMRC(L) (s)=E (es Li-i 7(k)) is the
MGF of Yr_ps/mrc() defined by (3.5), where the ordered instantancous branch SNRs
satisfy ¥y > Y2) > -+ 2 BY) > Yes1) > > Yy

Since the branch SNRs conditioned on J = ¥ | (X3 + Y3) are independent, the con-
ditional MGF of ¥r_pg/mrc(r) defined in (3.5) can be calcuated as [36, eqgs. (25) and (26)]

0 o) = X [Cany [a iy [V
_ s = % Y / / "
Yr—HS/MRC(L)| T S o (1) e @ i (L) 0 (L+1)

Ye+) YN-1)  yL N
X /0 dYit2) /0 ¢ Tiel m)lnf%ilmly(?’(k)h)dy(lv)
=1

0 L
= Z /0 eXYeri[IHy(Ylt) 1!12 [‘Pyei[k”ﬁ'(&,u')’lt) — ¢7e,-[k]|~7(s7 ’)/lt):l

eieTN,L
N

x ] Fy, 17 (WYl0dy (3.38)
k=L+1
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where ¢; and Sy were defined previously, Ty 1 is a subset of Sy, whose element ¢; satisfies
eil2) <e3] < <elL] and &[L+1] < &[L+2] < - < &[N]. The functions fy |7 (x]t),
Fy, ) 7{(x|t) and ‘PYe,-[k]l 7 (s5,x[t), are the PDF, CDF and the incomplete MGF of ¥,,j condi-
tioned on .7, respectively, given by (3.27), (3.31) and (3.32).

Averaging (3.38) over ., the MGF of Yr_ys/mrc(r) is given by

1 L m "
Ot usjurcy () = (m—1)! e,»ezT}v,ng (m —Ts(1 —Pe,-[k])>

x/wtm‘le‘texp ZL: Peufs dt/mewf 7(¥lt) %

0 = m—Ts(1 - pey) 0 Yo
ILI 0 2mp, \/2(m—rs(1 — Pei) )Y
i3 | AN (1= peg) (m—Ts(1 = peyg))’ (1 - peu)
0 2mpe,~[k]t 2(m—Fs(1 —Pe,-[k]))Y

"\ (0= pege)(m =Ts(1 = p )’ L(1 = pej)

al 2P,k 2mpy
X l | 1—0n — dy. (3.39)
k=L+1 [ <\/1 =Pefiy” | T(1 = pegi) ’

When all of py = p (k= 1,--+,N), the MGF of ¥r_gs/mrc(z) in equally correlated

Nakgami-m fading becomes

L) e
(PYT—HS/MRC(L)(S) = (m—1)! x (m [s(1 ) /0 t

N-L
(L-1)Tpts s 2pt 2muy
<on (G gy [ et |1-n (/725 \/l—mﬂ
2mpt (m—Ts(1—p))uy
" {Q’" (\/ (1= p)(m=T5(1=p)) \/ r(-p) )

L-1
2mpt 2(m~Ts(1-p))y
_Qm<\/(T_P)(m—FS(1—P))7\/ r(1-p) )] dy. (3.40)

Substituting (3.39) into (3.37) and (3.36), one can obtain the average SER of coherent

MPSK with T"THS/MRC in correlated Nakagami-m fading for positive integer values of m

and power covariance matrix (3.2).
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3.5 Numerical Results

In this section, some numerical examples and simulation results for SC, H-S/MRC and

T-HS/MRC in correlated Nakagami-m fading with positive integer values of m and power

covariance matrix (3.2), are provided. In the examples, we use p = [p1,p2, -+ ,pn] to
denote a vector whose elements 0 < p; < 1 (k= 1,---,N) comprise the covariance matrix
¥, in (3.2)

N=5 Lc =1

| —&—— Numerical results m=1

| g ma2
| ——te— m=3
10'f 0 m=4

i e M8
Simulation results

Outage Probability

20 15 10 5 0
Normalized branch SNR th/ (dB)

Fig. 3.1. The outage probability versus the normalized branch SNR threshold ¥,;,/T" of SC

with N = 5 for different values of fading parameter m.

Fig. 3.1 shows the outage probability of SC in Nakagami-m fading versus the normal-
ized SNR threshold 7;;/T". The number of diversity branches N = 5. The covariance matrix
is constituted by the vector g =[0.90.30.7 0.6 0.1]. The diamonds denote the outage prob-
ability estimated using Monte Carlo simulation. One can see that our theoretical results
are in excellent agreement with the simulation results. Observe that when the normalized
branch SNR threshold %, /T" < 1.1 dB, the outage probability decreases with increasing

fading parameter m; however, when ¥;;,/T" > 1.1 dB, the outage probability increases with

56

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



increasing fading parameter m.

BPSK N=4 Lc =1

................. NSRRI R

| —&—— Numerical results m=1

BER

m N
0 2 4 6 8 10 12 14 16 18 20
Average branch SNR  (dB)

Fig. 3.2. The average BER versus the average branch SNR I'" of coherent BPSK using SC

with N = 4 for different values of fading parameter m.

Fig. 3.2 shows the average BER versus the average branch SNR, I', of a coherent BPSK
system with SC in correlated Nakagami-m fading with N =4 and p = [0.95 0.9 0.950.9].
Different values of fading parameter m are considered. The diamonds denote the aver-
age BER obtained using Monte Carlo simulation. One can again see that the theoretical
results are in excellent agreement with the simulation results. High-order coherent mod-
ulation formats can be accommodated by the analysis. Fig. 3.3 shows the average SER
versus the average branch SNR, I', of a coherent 16-QAM system with SC in correlated
Nakagami-m fading with N =4 and p = [0.745 0.913 0.884 0.721]. The analysis and re-
sults apply equally to noncoherent reception. Fig. 3.4 shows the average BER versus the
average branch SNR per bit, I, of a noncoherent MFSK system with SC in N = 4 correlated
Nakagami fading with m =2 and p = [0.950.90.950.9].

Fig. 3.5 shows an example of a H-S/MRC system, where the average SER versus the av-
erage branch SNR, I, of a coherent QPSK system with H-S/MRC in correlated Nakagami-
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16 QAM N=4 Lc =1
;| =& Numerical results m=1
. o M=
| e m=3
¢ Simulation results

6 8 10 12 14 16 18 20
Average branch SNR  (dB)

Fig. 3.3. The average SER versus the average branch SNR I' of coherent 16-QAM using

SC with N = 4 for different values of fading parameter m.

m fading is considered. The L. = 2 best branch signals out of N = 4 available branches are
selected. The corresponding vector p = [0.745 0.913 0.884 0.721]. Again, the simulation
results denoted by the diamonds support our theoretical results for different values of fad-
ing parameter m. One sees that a more lightly faded environment, represented by m = 3
offers better performance than a Rayleigh faded environment, represented by m = 1, by
about 4.6 dB in SNR at SER=10"%.

The amount of performance gain that can be achieved by adding an additional branch
is of interest. Fig. 3.6 shows the average SER versus the average branch SNR, I, of
a coherent QPSK system with H-S/MRC in correlated Rayleigh fading with N = 4 and
p =10.90.30.7 0.6]. Different numbers of the selected branches L. are considered. As
expected, the SER decreases when more branches are selected. However, the benefit from
choosing one more branch decreases with increasing L.. For example, when the SER is
10~4, about 2 dB gain in SNR is obtained in going from L. = 1 to L, = 2, while only 0.3
dB in SNR is gained in going from L, =3 to L, = 4.
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MFSK N=4 L¢ =1 m=2

| ~——@— Numerical results M=2 |
: ............ T Y— M=4
{ e M=8
< Simulation results

4 6 8 10 12 14 16 18 20
Average branch SNR per bit (dB)

Fig. 3.4. The average BER versus the average branch SNR per bit I" of coherent MFSK

using SC with N = 4 for different values of modulation order M.

The effect of the normalized threshold, i, on the SER of T-HS/MRC in correlated
Nakagami-m fading can be investigated using our theoretical results. Fig. 3.7 shows the av-
erage SER versus the average branch SNR, I, of a coherent QPSK system with T-HS/MRC
in correlated Nakagami-m fading with N =4, m = 2, and p = [0.745 0.913 0.884 0.721].
Different values of normalized threshold u are considered. One can see that our numer-
ical results are in excellent agreement with the simulation results. Observe that the SER
decreases when u decreases, as expected.

To further examine the effect of the normalized threshold ¢ on the performance of
T-HS/MRC, the average BER of coherent BPSK versus the normalized threshold u for
correlated Nakagami-m fading with N =5 and p = [0.90.30.7 0.6 0.1] is shown in Fig. 3.8.
The average branch SNR I" = 10 dB. One can see that the BER increases with increasing u
due to fewer diversity branches satisfying the condition of T-HS/MRC and being excluded
from the combining. Also, the incremental benefit of decreasing the value of it decreases

as i decreases. This is because the BER of MRC is achieved when p = 0, and represents
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QPSK N=4 Lc=2
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Fig. 3.5. The average SER versus the average branch SNR I'" of coherent QPSK using
H-S/MRC with N =4 and L, = 2 for different values of fading parameter m.

an ultimate lower bound below which the BER cannot be reduced.

3.6 Summary

In this chapter, exact performance analyses of selection combining, hybrid selection/maximal-
ratio combining, and threshold-based hybrid selection/maximal-ratio combining operating
in correlated Nakagami-m branch fading with positive integer values of fading parameter
m, were derived for a particular correlation structure. This correlation model includes equal
correlation as a special case. The theoretical analyses are performed possible by transform-
ing the correlated branch gains into a set of conditionally independent complex Gaussian
random variables. Our analyses are simplified compared to other analyses for special cases
of branch correlation and accommodate different M-ary linear modulation schemes. Nu-

merical and simulation results show excellent agreement with theoretical results.
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Fig. 3.6. The average SER versus the average branch SNR I" of coherent QPSK using
H-S/MRC in Rayleigh fading with N = 4 for different values of active branches L..
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Fig. 3.7. The average SER versus the average branch SNR I" of coherent QPSK using
T-HS/MRC with N = 4 and m = 2 for different values of normalized threshold .

61

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



BPSK N=5T=10dB

BER

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized threhsold

Fig. 3.8. The average BER versus the normalized threshold , of coherent BPSK using
T-HS/MRC with N = 5, and the average branch SNR I' = 10 dB for different values

of fading parameter m.
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Chapter 4

Approximate SER of H-S/MRC and
T-HS/MRC in Arbitrarily Correlated
Nakagami-m Fading

4.1 Introduction

The performance analyses of H-S/MRC and T-HS/MRC in independent fading environ-
ments have been extensively studied. However, in practice, there often exist applications
where independent diversity branches are not available. For example, in compact antenna
systems, such as employed in handsets, the diversity branch fadings are correlated due
to space limitations. However, currently, there are no works providing exact theoretical
results of H-S/MRC and T-HS/MRC with arbitrary number of diversity branches in arbi-
trarily correlated fading due to the very complicated nature of the order statistics involved
in performance analysis. Recently, combining the results for the generalized Rayleigh dis-
tribution in [64] and the approximate correlation matrix with a Green’s matrix in [65],
Karagiannidis, et al. proposed a useful approach to evaluate the multivariate Nakagami-m
PDF and CDF using a Green’s approximation method in [66]. The main idea of their work

is as follows. Recall that when the fading parameter m is a positive integer, a Nakagami-m
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random variable can be considered as the square root of the sum of squares of m inde-
pendent Rayleigh or 2m independent Gaussian random variables [5]. When the inverse of
the covariance matrix is a tridiagonal matrix with nonzero elements only on the diagonal
and slots horizontally or vertically adjacent the diagonal (i.e. along the subdiagonal and
superdiagonal), the joint PDF of multivariate Nakagami-m RVs can be derived from the
joint PDF of multivariate Gaussian RVs [64]. However, in general cases, the inverse of the
covariance matrix does not have the tridiagonal property. In this case, [66] approximates
the covariance matrix with a Green’s matrix whose elements are the closest to the entries
of the covariance matrix by observing that the inverse of a Green’s matrix is tridiagonal.
Then the approximate joint PDF and CDF of multivariate Nakagami-m RVs with an arbi-
trary covariance matrix can be obtained by applying the results in [64]. Using this method,
an efficient approximate analysis of SC in arbitrarily correlated Nakagami-m fading with
positive integer values of fading parameter m was given in [66]. The applicability and the
usefulness of the proposed analysis was examined by numerical examples and simulation
results for various correlation models well known in practical diversity systems in [66].

Based on the Green’s matrix approximation approach in [66], an approximate SER
analysis of H-S/MRC and T-HS/MRC in arbitrarily correlated Nakagami-m fading when
the fading parameter m is positive integer, is developed in this chapter [67,68]. Further, an
exact solution for the average SER of T-HS/MRC in correlated Nakagami-m fading when
the inverse of the covariance matrix is tridiagonal, is also given.

The remainder of this chapter is organized as follows. The system model is described
in Section 4.2, In Section 4.3, an approximation to the joint PDF of the branch SNRs is
developed using the Green’s matrix method. The approximate SER analysis of H-S/MRC
and T-HS/MRC is presented in Section 4.4. Some numerical results are shown in Section

4.5 and finally, we conclude this chapter in Section 4.6.
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4.2 System Model

Based on the system model in [66], we assume that there are N diversity branches experi-
encing slow and flat Nakagami-m fading, and the branch fadings are arbitrarily correlated.
The fading parameter, m, is assumed a positive integer. Let ¥ = |h|?E;/No denote the
instantaneous SNR of the kth diversity branch, as defined in (1.10). Further we assume that
the branch SNRs, % (k = 1,---,N), have the same average SNR, i.e., ' = E(7%). Then,
the amplitudes of the branch gains, |A| (k= 1,---,N), can be equivalently obtained from
2m independent Gaussian distributed N-dimensional column vectors ¥; (I = 1,---,2m)
with zero mean and power covariance coefficient matrix .. The entries of the matrix ¥,
Y ;(i,j=1,---,N), are defined by [66]

Zi’j:1E<|Y;‘|2|Y/’|2>—IE(|Y;‘|2>IE<IY/'|2>: pij (i) @)

\/Var([¥12)Var(%/2) 1 (=)

where 0 < p; j < 1, and Y,i denotes the the ith element of the Gaussian vector Y.

4.3 Joint PDF of Branch SNRs

4.3.1 Exact Joint PDF of Branch SNRs

According to [66], let W = Z’l denote the inverse of the power covariance coefficient
matrix of the N-dimensional Gaussian RVs as defined in (4.1). When W is tridiagonal, the

elements of W satisfy

ri1 piz O 0 0 0 0
P21 p22 p23 O 0 0 0
0 0 0 0
W 1.03,2 1.03,3 1.03,4 “2)
0o o0 0 © PN—1N-2 DN—1N-1 PN-1N
0 0 0 0 0 DN N-1 PNN ]
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Then the exact joint PDF of branch SNRs, ¥ (k = 1,---,N) in correlated Nakagami-m

fading with the inverse of the covariance matrix, W, can be derived using [66, eq. (2)] as
2m
\/ TN, r L3579
,’)/N = (43)
<2r/m>”/ ? nk_ Vi
where f(+) is the joint PDF of the N-dimensional Nakagami-m RVs given by [66, eq. (2)]

ley"‘»YN(Yla e

(W~ e P2

flo o) = Ty

N-1
I {lpk,k—l-l =" De PRk 2, (| ppgert ik 1 )] (4.4)
k=1

where |W| is the determinant of W and p; j (i, j=1,- -+ ,N) are the elements of W, and /,(-)
is the vth-order modified Bessel function of the first kind {4], [69].
When m is a positive integer, one can expand the modified Bessel functions in (4.4) into

an infinite series following [69], and (4.3) becomes

1)
f ( w) W™ TS, |Pk1(cr4n-1 Z Z i Hk_l |Prgrr [T
b(ERARY/; 1, 5 IN =
v (m— y=0vp=0 vy_=01I Pt (m -+ v — 1))
. (y —w) » (y;N ! —T”"~~yN>
T\Vi+m C\VN-1tm
() ()

N-1 (YZk~I+Vk+m 1 _.".'_’}Z&’iyk>

X
[\ Ve—1t+Vvgt+in
k=2 ()
S L i y ﬁ (Vk+vk+1+m—1>
Hk 1pkk V1—0 =0 VN—IZO k=1 Vk
___1 N—'l p Vk
X("N 1+m >< H _ Phgrr
N~ =1 \ PkjkPk+1k+1

X

8(?’1 vi+m g
X ( + 1 r )

SWN—1+m—1,

g1 WiVN-1 PN

N-1 r
X V-1t ve+m—1 ) 4.5)

kI;Izg(Y ’ Dk jm
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where g(x;n,a) is given by

x>0, Re{a} > 0. (4.6)

For the purpose of brevity, rewrite (4.5) as

wim had
frew(Ms s Wv) = 1v| | Y Z Z Ang(Yk,lk,ak) (4.7)
[Tz Pri™

vi=0vy=0 vn-1=0 k=1

where ay =T'/(pxxm) (k=1,--- ,N), A and I} are given, respectively, by

N—2 2 Vy
Ao (VN 1+m—1) H (Vq+vq+1+m*1) H Pggr1
VN-1 71 Vg DPg.qPg+1,4+1

and
vi+m—1 |, k=1
hk=¢ wi+w+m-1 |, k=2,---,N—1
w_i1+m—-1 , k=N

4.3.2 Approximate Joint PDF of Branch SNRs

In the general case, the inverse of the covariance matrix }, W, does not have a tridiagonal
structure. In this case, we approximate Y with a Green’s matrix, C, whose elements are
the closest possible values to the entries of Y. Note that the inverse of a Green’s matrix is

tridiagonal. Then the approximate matrix C is in format as [66, eq. (9)]

- -
uiwyr uiwz  uUiwsz Uiwg - UIWN
uiwy  Uyw2  Uw3  Uw4 - UQWN

C= uiwi  uwi  uUzws uUwg4 - Uswy (4-8)
UIWN UIWN UIWN U4WN - UNWN

where u; and w; (i = 1,---,N) are two sequences of real numbers and uw; =1 (i =

1,-+-,N) due to the form of }. Equating ¥ with C, a linear system equation is produced as
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shown in [66, eq. (10)]

Wy =Y, Wi
w3 =Y31w1 w3=Y3,w)

Wa=Y41W1 Wa=Y4oW2 Wa=)43W3 .49

WN=YN1WI WN=YN2W2 WN=YN3W3 *** WN=3YNN_1WN-I

Eq. (4.9) can be rewritten in matrix format as follows

o1 -1 O e 0 0
Y31 O -1 -0 0
0 Y3, -1 - 0 0 le ]
. . . , "
Aw=|Yy; 0 0 - 0 ~11|ws | =0 (4.10)
0 Yy O 0 -1
0 0 vz - O =1 | | wy |
0 0 0 o Xyn-r 1

Note that to satisfy the definitions of the normalized covariance matrix and the Green’s
matrix, all of w; should be non-zero values with the same sign. Therefore, it becomes a
linear system of equations with constraints that either all of w; >0 (i=1,---,N) or all
of w; <0 (i =1,---,N). This constrained system equation can be solved for w; using
well-known methods such as Levenberg-Marquards, quasi-Newton, or conjugate gradient
methods, available in most mathematical software packages such as Mathematica, Matlab,
Maple, etc. [66]. In our examples, we use Levenberg-Marquards method, which finds
the optimal solutions for w; to minimize the Euclidean norm of the vector (Aw), namely
(w>0§1512w<0) f = ||Aw||, where ||v||, denotes the Euclidean norm of the vector v. This
problem is a convex optimization problem and hence the global optimum exists. Since

u; = 1/w;, C can be obtained.

Substituting C for ¥ in (4.7), one can obtain an approximate joint PDF for arbitrarily
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correlated branch SNRs, which can be used to make an approximate analysis of H-S/MRC
and T-HS/MRC in Nakagmi-m fading with arbitrary covariance matrix. In the following,
we will use W to represent a matrix possessing the tridiagonal structure; thus, W represents
the inverse of ) with tridiagonal property, and represents the inverse of the corresponding

Green’s matrix approximation, C, as indicated by the context.

4.4 SER of H-S/MRC and T-HS/MRC

Appendix B gives a general result for expressing the joint PDF of ordered random variables
in terms of the joint PDF of the unordered random variables. From Appendix B, one can

obtain the joint PDF of the ordered branch SNRs ¥y, -, ¥y, s

Frayam %) = Y et Ye))

e;ESN

Wm ) N
= Nl | Y Yoo ¥ A Y 10wl )
H—1Pkk

vi=0v;=0 wvy_1=0 ¢ESyk=1

’)/(1)>Y(2)>"'>Y(N)>O 4.11)

where ¢; € Sy denotes e; = {e;[1],€i[2],-- - ,e;[N]}, one specific permutation of the integers
{1,---,N}, and W, A, ay, Iy and g(-;-,-) were defined previously. With this joint PDF,
the average SER of H-S/MRC and T-HS/MRC can be calculated using the MGF method
for different linearly modulated signals [38] as done in Chapter 3. Here, we take coherent

MPSK as an example; results for other modulation formats can be derived similarly.

4.4.1 Approximate SER of H-S/MRC

Substituting (4.11) into (3.29), one obtains

* Y -1 yle
(PYH—S/MRC(S) = /0 dY(l) ) d}’(z)---/ L1 Yl %

Fry it (Ym’ Y)Yy

Y Y X AY [ el ean) e™dry

Hk 1PKk™ VI Z0v=0  vy_1=0 e €8y
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YLe-1y R
X /0 8 (Yeo)s leifLe)» Geire]) € dy,
YLe)
X /0 8 (Meer 1) leifter1)s Gere+1) Vg1
Yv-1)
X /0 g(Y(N)§le,-[N]7ae,-[N])dY(N)' 4.12)

Using [34, eqs. (11), (12) and (A.1)], (4.12) can be further simplified as

wlm © oo o 00 S
(PYH_S/MRC(S) = #NLL_m Z Z Z A Z / g(’y(Lc);lei[Lc]’aei[Lc])e Tiae)
Hk=1 Dk k v1=0v,=0 vw-1=0 €;€Wn 1, 0
Lc.—1 N
X T e ve) * T Fearg e i) (4.13)
k=1 k=Lot1

where Wy 1, is a subset of Sy, whose element e; satisfies e;{1] < ¢;[2] < --- < ¢;[Lc — 1] and
eilLc+1] < e;[Lc+2] <--- < €[N}, as defined previously. ¢,,qy(s,x) and F,(x) are given
respectively by

Doy (5,%) = /x eg(Vilo, 1> Qo)) Y

) (o)
(1— aei[k]s)lei[k]+1 4=0 q!
r (1 +le,~{k]a (aji ——s) x)

= 4.14)
le,-[k] (1- aei[k]s) +le

and

Fogx) = /0 8(Y Lok Ge;ig)AY
= 1= @g(0;x)
g

= 1 —e aei[k] "
q=0 q'aei[k]q

7(1 + Lok ﬁ)
le,-[k]!

(4.15)

where I'(¢,x) and y(o,x) are incomplete Gamma functions given by [6, eq. (8.352.1)]
and [6, eq. (8.352.2)], respectively.
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Substituting (4.14), (4.15) and (4.12) into (3.35), an approximate average SER of co-
herent MPSK in arbitrarily correlated Nakagami-m fading for positive integer values of m
is obtained as

" & & (vt +m—1\NF (vt v +m—1
P, = W Z Z Z ) )
k=1Pkk vi=0v=0 vy_;=0 N-1 k=1 k

17"
P _M%L
X I—I ( oy > —/ de/ '},(Lc el[LL‘] aez[ c) s )
e,EWNL

Pk kPk+1k+1

Le.—-1 N

C
< [1 ¢e,.[k](—~——s’i‘i’;sg;mc>)x Il Fwe))ave,- (4.16)
k=1 k=Lo+1

Since ¢, (—cmpsk/ sin? 8:ver.)) < 1 and F,jy(¥r,)) < 1, then the SER in (4.16) sat-

isfies

L. (N Wt & o - —1\¥=2 -1
pos 2T p g (g (et
T \Lc/ [lg=1 Prk vi=0v=0  vy_1=0 VN-1 k=1 Vk

N-1 2 Vk
p
x| —=2L ) . @.17)
k=1 \ PkiPk+1k+1
Empirically, using Matlab, we numerically testified the infinite series Y =3° _o--- L7 _o
2 Yk
(o +_r;1—1) <12 (Vk+Vk-Q‘—)ic m=1) - (ﬁgﬁﬁ to converge for all tested values of
N and correlation models we use. Observe that P%,k+1 [ (PkpPrti 1) <1/2(k=1,--- ,N—
1), which aids the convergence of the infinite series. However, the convergence becomes
slow when N is large and/or the values of pl%,k+1 /(PriPr+14+1) (k=1,--- ,N—1) are close
to 1/2. Then, for larger values of N, the convergence of (4.16) is slow and the computa-

tion time of (4.16) is much longer. For the examples in the next section, we truncate each

vk (k=1,---,N —1) at 10 to achieve a relative error tolerance less than 5%.
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4.4.2 SER of T-HS/MRC

Substituting (4.11) into (2.6), the MGF of Yr_ys/mrc(z) can be derived as

— IE{ eSYT—HS/MRc(L)}
W™ &

=W:-—ZZ YAy

1Pkk v=0v=0 vy_1=0 ¢Sy

X/ é’(ﬁ) Lei1)s e ) €70y -

¢7T~HS/MRC(L) (s )

/ Left)s aeiu)) € dY )
/ Y(L+1) lel[L+1]7ae,[L+l])dY(L+l)
Yv-1)
/ oy e @eivl) Y- (4.18)

With [34, egs. (11), (12) and (A. 1)], (4 18) can be further simplified as

LA >
¢ (S) N . A / g y ;lei »aei es’y(l)
it T pa o VNZ;.O GZT;“ | 8 (Hyileu)saen)
N
><H[%[k](s,mf(l))—¢ei[k](s,1’(1))]>< I1 Fuglery)dyyy 419
k=2 k=L+1

where Ty is a subset of Sy, whose element e; satisfies ;2] < ¢;[3] < -+ < ¢;[L] and
eilL+1] <eiL+2] <--- <e[N], as defined previously. @, (s,x) and F,,(x) were given
respectively by (4.14) and (4.15).
Substituting (4.14), (4.15) and (4.19) into (2.3) and (2.2), the average SER of coherent
MPSK using T-HS/MRC in correlated Nakagami-m fading, is given by
o wpm

P = YY ¥ A /de

”Hk lpkk vi=0vp=0 vy—1=0 eETNLL 1

></o 8 (Nl aey) 500 10 x H Foi (Y1)

k=L+1

L CMPSK MPSK
xT1 [%[k] (~ pRoralt(O > ey k] ( 1 ))] dyn — (4.20)
k=2

sin?Q’
where cypsk = sin?(n/M), and ® = (M — 1) /M, as defined previously. When the inverse
of the covariance matrix is tridiagonal, (4.20) gives the exact average SER of coherent

MPSK with T-HS/MRC in correlated Nakagami-m fading.
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4,5 Numerical Results

In this section, some examples of the average SERs of coherent MPSK with H-S/MRC and
T-HS/MRC in Nakagami-m fading with positive integer values of m are given. The accu-
racy of the SER analyses of H-S/MRC and T-HS/MRC using the Green’s matrix approxi-
mation is also examined. In the following examples, we truncate each vy (k=1,--- ,N—1)
at 10 to achieve a relative error tolerance less than 5%.

Fig. 4.1 shows the average SER versus the average branch SNR, I, of a coherent QPSK
system with H-S/MRC in correlated Nakagami-m fading with N = 3 and fading parameter
m = 2. The linearly arbitrary model, } 3 j;, and the corresponding approximate matrix Cs jin
in [66] are used. Different values of the number of the selected diversity branches, L., are
considered. The dashed curves denote exact average SERs obtained using Monte Carlo
simulation. One can see that the approximate SERs using Green’s matrix are very close to

the simulation results.
1.000 0.795 0.605

Y. =|0795 1.000 0.795
0.605 0.795 1.000

1.000 0.786 0.617
C3y, = | 0.786 1.000 0.786
0.617 0.786 1.000

Fig. 4.2 shows the average SER versus the average branch SNR, T, of a coherent QPSK
system with H-S/MRC in correlated Rayleigh fading with N = 4. The linearly arbitrary
model, ¥4 jin in [66] (X41in(3,1) should be 0.617 instead of 0.620.), is considered here.
The dashed curves denote the exact average SER obtained using Monte Carlo simulation.
One can see that the approximate SERs obtained using Green’s matrix are close to the

simulation results. For example, when L, = 3 and I" = 6 dB, the difference between the
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QPSK, N=3, m=2

.| —o— approximation Lc=1 L NG N
..__Q___‘approximationl_(fz EEEETEPER e NN
] | Q- approximation Lc=3 !
1 .~ s - exactsimuiation LC=1f
| - - - exact simulation L =2

exact simulation Lc=3, TR e

-4 1 i L i I i
-4 -2 0 2 4 6 8 10
Average branch SNR per symbol I (dB)

Fig. 4.1. The approximate average SER versus the average branch SNR I" of coher-
ent QPSK with H-S/MRC in a linearly arbitrary model with the number of diversity

branches N = 3 and Nakagami-m fading parameter m = 2,

approximate SER and the exact SER is about 0.22 dB.

i 1.000 0.786 0.617 0.450 ]
0.786 1.000 0.750 0.620
0.617 0.750 1.000 0.750
0.450 0.620 0.750 1.000 |

Z4Iin -

[ 1.000 0.700 0.538 0.377
0.700 1.000 0.769 0.538
0.538 0.769 1.000 0.700
! 0.377 0.538 0.700 1.000 ]

Fig. 4.3 shows the average SER versus the average branch SNR, I', of a coherent

QPSK system with H-S/MRC in correlated Rayleigh fading with N = 5. The linearly
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QPSK, N=4

ELEEEEED T

e @pproximation Lc=1 -
iy BPPIOXimation Lc=2 :

approximation Lc=3 -
.......... 4 Approximation LC=4
H . g — exactsimulation LC=
« .. exact simulation Lc=

- © - exactsimulation L =3/.

— % — exact simufation L =4}
c L

-10 -8 -6 ~4 -2 0 2 4 6 8 10
Average branch SNR per symbol I" (dB)

Fig. 4.2. The approximate average SER versus the average branch SNR I" of coherent
QPSK with H-S/MRC in Rayleigh fading with the linearly arbitrary model when the

number of diversity branches N = 4.

arbitrary model, R, in [70, eq. (40)], is considered here. We approximate R, with Cg, as
given below. The dashed curves denote the exact average SER obtained using Monte Carlo
simulation. One can see that the approximate SERs obtained using the Green’s matrix are
close to the simulation results with the discrepancies being less than 0.48 dB in SNR. For
example, when L. = 2 and I" = 8 dB, the difference between the approximate SER and the
exact SER is about 0.28 dB.

[ 1.000 0.795 0.605 0375 0.283
0795 1.000 0.795 0.605 0.375
Y =| 0605 0795 1.000 0.795 0.605
0.375 0.605 0.795 1.000 0.795
0.283 0375 0.605 0.795 1.000
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( 1.000 0.764 0.587 0.434 0.318
0.764 1.000 0.769 0.568 0.417
Cr,= | 0.587 0.769 1.000 0.740 0.542
0.434 0.568 0.740 1.000 0.733
I 0.318 0.417 0.542 0.733 1.000

QPSK, N=5, m=1

j ——4e—— Approximation Lc=1
« ey @PPrOXimation LC=2
w107 E o approximation L =3 |:

| < approximation LC=4
| — . @pproximation L =5
;... exact simulation Lc=1 """""""""""
il o — exact simulation Lc=é
|-e- exact simulation Lc=§ W
._Q_exact5|mulat|onLc=4,.§ ........... R EEREE SR Al
'___{__exactSImuIatlonLC=5“; ........... ........... ...........

1 0-‘ i i i i i i
-4 -2 0 2 4 6 8 10
Average branch SNR per symbol I" (dB)

Fig. 4.3. The approximate average SER versus the average branch SNR I" of coherent
QPSK with H-S/MRC in Rayleigh fading with the linearly arbitrary model when the

number of diversity branches N = 5.

Similar observations can also be drawn from Fig. 4.4, which shows the average SER
versus the average branch SNR, I, of a coherent QPSK system with H-S/MRC in Nakagami
fading with N = 4 and L. = 2 for different values of fading parameter m. The constant
model Y4 ¢on and the corresponding approximate matrix Cy_con in [66] are considered here.
The dashed curves denote exact average SERs obtained using Monte Carlo simulation.
When I' = 8 dB and m = 1, the difference between the approximate SER and the exact

SER computed with the constant model is less than 0.24 dB. In addition, for the larger
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values of average branch SNR, the approximation with m = 2 and m = 3 is better than the
approximation with m = 1, namely, Rayleigh fading. Therefore, the approximate analysis
with Green’s matrix can be used to effectively evaluate H-S/MRC in arbitrarily correlated

Nakagami-m fading for positive integer values of m.

'1.000 0.500 0.500 0.500 -
0.500 1.000 0.500 0.500
0.500 0.500 1.000 0.500
| 0.500 0.500 0.500 1.000 |

Z4con =

-

[ 1.000 0.641 0.434 0.278
0.641 1.000 0.676 0.434
0.434 0.676 1.000 0.641
0.278 0.434 0.641 1.000

=

Fig. 4.5 shows the exact average SER versus the average branch SNR, I, of a coherent
QPSK system using T-HS/MRC with N = 3 in exponentially correlated Nakagami-m fading
with fading parameter m = 2 and correlation coefficient p = 0.5. The exponential model,
whose inverse of covariance matrix is tridiagonal, is given in [66]. Different values of
normalized threshold, pt, are considered. The diamonds denote the average SERs obtained
using Monte Carlo simulation. As a special case of T"THS/MRC, MRC and SC corresponds
to it =0.0 and 1.0 respectively. From Fig. 4.5, one can see that our analytical results are in
excellent agreement with the simulation results. The performance of T-HS/MRC degrades
with increasing (1 as expected.

To examine the accuracy of the approximate analysis of T-HS/MRC in arbitrarily cor-
related Nakagami-m fading, Fig. 4.6 shows the average SER versus the average branch
SNR, T, of a coherent QPSK system using T-HS/MRC in a linearly arbitrary Nakagami-m
correlation model with fading parameter m = 2 and N = 3. The linearly arbitrary model
Y3 1in Used in Fig. 4.1 is considered here. Different values of normalized threshold p are

considered. The dashed curves with diamonds denote the exact average SERs obtained
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QPSK, N=4, L =2

SER

——&—— approximate constant mode! m=1
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Fig. 4.4. The approximate average SER versus the average branch SNR I" of coherent
QPSK with H-S/MRC in Nakagami fading with fading parameter m = 1, 2 and 3, and

the number of diversity branches N = 4 for the constant model.

using Monte Carlo simulation. One can see that the approximate SERs using the Green’s
matrix are very close to the simulation results.

Fig. 4.7 shows the average SER versus the average branch SNR, I, of a coherent
QPSK system using T-HS/MRC in correlated Nakagami fading with the number of diver-
sity branches N = 4 for different values of Nakagami fading parameter m. The constant
model, ¥4 con, and the circular model, } 4 ¢ in [66], are considered. The dashed curves
denote the exact average SERs obtained using Monte Carlo simulation. It is seen that the
approximate SERs calculated using Green’s matrix are close to the simulation results. For
example, when I = 14 dB and m = 1, the difference between the approximate SER and
the exact SER for the two models is less than 0.45 dB in SNR. The approximation accu-
racy is affected by the approximation accuracy of the closest possible Green’s matrix and
the values of fading parameter m. Further, this apparent greatest discrepancy occurs for

m = 1. When m = 2 and 3, much better accuracy is achieved for both of the two models
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QPSK, N=3, m=2, p=0.5
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S
Fig. 4.5. The average SER versus the average branch SNR I' of coherent QPSK using T-
HS/MRC with the number of diversity branches N = 3, Nakagami-m fading parameter
m = 2, exponential correlation coefficient p = 0.5, and normalized threshold y =0.0,

0.3,0.5,0.7 and 1.0.

as observed in Fig. 4.4. Therefore, this approximation method using the Green’s matrix
is effective in evaluating the performance of T-HS/MRC with diversity branches having

arbitrary Nakagami-m correlations.
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QPSK, N=3, m=2

SER

6 8 10 12 14 16 18 20
Average branch SNR per symbol I (dB)

Fig. 4.6. The approximate average SER versus the average branch SNR I" of coher-
ent QPSK using T-HS/MRC in a linearly arbitrary model with the number of diver-
sity branches N = 3, Nakagami-m fading parameter m = 2, and normalized threshold

u =0.0,0.3,0.5,0.7 and 1.0.

4.6 Summary

In this chapter, an efficient approximate symbol error rate analysis of H-S/MRC and T-
HS/MRC in arbitrarily correlated Nakagami-m fading channels with positive integer values
of fading parameter m was developed using a Green’s matrix approximation. This method
is suitable for arbitrary number of branches and accommodates various linear modulation

schemes.
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QPSK, N=4, p=0.5
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Fig. 4.7. The approximate average SER versus the average branch SNR I" of coherent

QPSK using T-HS/MRC in Nakagami fading with fading parameter m =1, 2 and 3,
the number of diversity branches N = 4, and normalized threshold pt = 0.5 for the

constant model and circular model.
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Chapter 5

Outage and Error Rate of MRC Cellular
Systems in Multiple Interferers and

Correlated Rayleigh Fading

5.1 Introduction

In wireless cellular systems, data transmission is mainly limited by fading and cochannel
interference. Fading is due to multipath propagation and cochannel interference is due
to frequency reuse in different cells. There are several techniques proposed to mitigate
the effects of fading and CCI, and improve the system performance. Among them, diver-
sity reception using multiple antennas at the receiver has been recognized as an effective
method. When the noise is additive white Gaussian, MRC is an optimal combining scheme
that maximizes the output SNR by coherently combining all of the branch signals [22].
However, this combining scheme is suboptimal when non-Gaussian interference is present,
such as CCI [71]. Therefore, it is of interest to analyze the performance of MRC diversity

systems in the presence of fading and CCI.

In the literature, the outage probabilities of cellular systems using SC, EGC and switched

diversity (SW) with CCI in independent Nakagami fading were analyzed in [72]. The out-
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age probability of MRC in CCI for the case of independent fading diversity branches has
been extensively studied in [73-77]. However, in practice, there often exist applications
where fading correlation has significant impact on the system performance and cannot be
ignored. In this area, a performance analysis assuming that either only the desired user di-
versity branch signals, or only the interfering diversity branch signals experience correlated
fading was presented in [78]. Recently, dual-branch MRC in a CCI-limited environment
where both the desired user signal and the interfering user signals experience correlated
Rayleigh fading was considered in [79]. Based on [79] and using a joint characteristic
function method, more general results for an arbitrary number of antennas with equal-
power cochannel interferers and unequal-power cochannel interferers were given in [80]
and [81], respectively. However, these results ignore the effect of noise and only apply for
CClI-limited environments. Moreover, only outage probability is considered in [79-81].

The average error rate of digital modulations in fading and CCI is another important per-
formance measure of cellular systems. In [82], approximations for the average BER of both
coherent BPSK and noncoherent binary frequency-shift keying (BFSK) in an interference-
limited system were derived for i.i.d. Nakagami interferers. Exact solutions for the aver-
age BER of a single branch receiver system with CCI in Nakagami-m fading were given
in [83]. The performance of diversity receiver systems with CCI in independent Nakagami
fading was studied in [84,85]. The average BER of coherent BPSK and binary differential
phase-shift keying (DPSK) in correlated Ricean fading channels with multiple cochannel
interferers was studied by expressing the decision variables as Gaussian quadratic forms
and using the MGF approach in [86]. However, the BER calculation requires recursively
finding the saddle points and no explicit closed-from BER expression was given for the
case of Rayleigh fading. Different from the method used in [86], in our work, an exact
and closed-form BER expression for coherent BPSK in correlated Rayleigh fading and
cochannel interferers is provided [87].

All of the above-mentioned works assume perfect channel estimation for MRC diver-
sity systems. However, in practical systems, the branch gains estimated at the receiver

are often imperfect, which degrades the system performance. The performance of MRC
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with channel estimation error in noise-limited environments has been extensively analyzed
in [88-93]. The effect of interference was taken into account in [94], where a multicarrier
code-division multiple-access (MC-CDMA) BPSK system is studied. In [95], the outage
probability of MRC with Gaussian channel estimation error in independent Rayleigh fad-
ing and equal-power interferers was considered. Their result was extended to the case of
unequal-power cochannel interferers in [96]. Here, we investigate the effect of imperfect
channel estimation on the BER performance when the branch gains of the desired user
signal and interfering signals experience correlated Rayleigh fading.

In this chapter, the outage probability of MRC diversity with an arbitrary number
of branches is presented when the branch gains of the desired user signal and interfer-
ing signals experience correlated Rayleigh fading and have the same correlation matrix.
Two cases, when the correlation matrix is equi-correlated and when the correlation matrix
has different eigenvalues, are considered. Equi-correlation corresponds to the situation of
closely packed and symmetrically placed diversity antennas [39]. The correlation matrix
with different eigenvalues includes more general correlation models, such as the model
used in [18] with different correlation eigenvalues, exponential correlation with different
correlation eigenvalues, etc.. On the other hand, closed-form BER expressions of a coher-
ent BPSK system using MRC with CCI in correlated Rayleigh fading are derived. Further,
the effect of imperfect channel estimation on the BER performance in correlated Rayleigh
fading and CCI is investigated where a special channel estimator is applied.

The remainder of this chapter is organized as follows. The system model is described
in Section 5.2. In Section 5.3, the outage probability of the MRC combiner output is
presented. The average BER of coherent BPSK using MRC with perfect channel estimation
is analyzed in Section 5.4. The effect of imperfect channel estimation on the error rate
of BPSK using MRC in CCI and correlated Rayleigh fading is examined in Section 5.5.

Finally, we give our conclusions in Section 5.6.
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5.2 System Model

Assume that a receiver with an N-element antenna array operates in N; cochannel interfer-
ing users [79]. Further, assume that the desired user signal and the interfering user signals
are independent and experience slow and flat Rayleigh fading. However, the fadings for
each user at the N receiver antennas are assumed correlated with the same correlation co-
efficient matrix. Then the received signal vector consists of components from the desired

user and the Ny interfering users, and is given by [3, eq. (11.1)], [96]

N
r=/Pocodo+ Y vPrendn+2 5.1
n=1
where Py and P, (n = 1,---,Nj) represent the powers of the desired user and the nth in-

terfering user, respectively. The powers of the Ny interfering users may not be equal. The
symbols dy and d, (n = 1,---,Nj), denote the information bits of the desired user signal
and the nth interfering user signal, respectively, and have zero mean and unit variance.
The normalized circularly complex Gaussian vectors ¢y and ¢p (n=1,---,Nj) represent
the channel gains experiencing Rayleigh fading for the desired user and the nth interfer-
ing user, respectively. Further, the fadings fdr each user are assumed correlated with the
same covariance matrix E(cyep) =¥ (n=0,---,Ny), where [A] denotes the transpose
and conjugate of matrix A. The noise vector zq is complex white (both temporally and spa-
tially) Gaussian with zero mean and variance matrix Ny, where I is the identity matrix.
Then the output of a MRC combiner with weighting vector wy is given by

Ny
= WoHI‘ = \/Pv()(W()HCO)dO -+ Z \/ITn(WoHCn)dn + (W()HZ()). (52)

n=1

When the channel estimation is perfect, namely, wg = ¢y, (5.2) becomes

N
r=cor=/Py(ca”co)do+ Y, VPu(co™ en)dn + (co”zp). (5.3)

n=1

The interference plus noise covariance of the MRC output conditioned on the fading gains

is given by [3]
H
Z, <Z\/_Co cn)dn + (€o™z9) > (Z\/—Co Cn)dn -+ (co Zo)) . (54
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The instantaneous output signal-to-interference-plus-noise ratio (SINR) after the MRC

combiner, Ysivr, 1s defined as the ratio of the signal power to the interference plus noise

covariance conditioned on fading gains ¢, (n =0, 1,--- ,Ny) given by [3,73,79]
Po(coco)do|?
o~ A o) 55
Ly

Since the information bits of the users are assumed independent with zero mean and

unit variance, and are independent of noise, (5.4) becomes

Ny
ZIN {ZP|C0 cn|?|d, |2+Z Z \/PPdd o encq e+

n=1g=1,g5#n

Ny H
<Z \/Fn(coHCn)dn> (co™zo) (Z VP (co"en) )(COHZO)H
n=1

+eoTzgzo™ ¢ }

Ny
= Y Pueo™enl* + No(eo™eo) (5.6)

n=1

where the terms E{/ P,,qu,,df coencqflco} =0 forn# q, E{\/P, (co en)dn(cofzg)} =
0, and E{\/P,(cnfco)d? (cofz9)} = 0.
Substituting (5.6) into (5.5), the instantaneous SINR becomes

2
Polco™ e
YsiNg = . (5.7
Lol Palcoen|* + No(co o)

5.3 Outage Probability

Then the outage probability of the SINR, Ysivg, is defined by [3]

FYSINR(%h) = Pr('YSINR < ')’th), Yin >0 (5.8)

where ¥, is the output SINR threshold. Substituting (5.7) into (5.8) and combining with

¢o ¥.cp > 0, one obtains

2
Bylegf o)
12 (vn) = Pr < Y
18 t 2
YO, Paleot en|” + No(cof co)

Po1. H, |2 H
—-|cocol” — Nol(co” cp
= Pr(y’h‘ | ( )§K> (5.9)

cofl Y co
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where

35| L) [

K=Y P, (5.10)
n=1 V cOH X¢o

Since ¢y (n=0,1,---,Nj) are independent zero-mean complex Gaussian random vectors,

conditioned on ¢y, the random variable (cg™cq)/~/Co¥ ¥ ¢o is complex Gaussian with zero
mean and unit variance, and hence is independent of the fading vector ¢g. Therefore, the
summation of the squares of these RVs, K, is independent of ¢g [79]. Assume that the
Ny interferers can be divided into p groups, each of them having the same power P, and

Z,’;zl t, = Nj. Then the PDF of K can be represented by [77, eqs. (13), (14)]

p Iy o, kl,,—le—k/P,,
r®=Y Y . _lnl)' o k>0 (5.11)
: n

n=11l,=1

where 1, denotes the number of interfering users with the same power By, and o, is given

> CcY AN
Oy, = (=1)" Y e (i)q (5.12)
t(n ) i=1,i#n (1 — %) o
where Clr = n!/(1,(n — 1,)") and 7(n,l,) denotes a set of p-tuples such that t(n,l,) =
{(q1,-",9p) : i € No, gn =0, qi = tn — I}, with Ny signifying the set of nonnegative
integers [77].
Let A denote a diagonal matrix composed of the eigenvalues of the correlation matrix
Y, (i=1,--- N)suchthatY = UAU¥, where U is the corresponding eigenvector matrix
with UHU = UUH = I. Further, let u = v Av, and w = vF A%v, where v = A~1/2U ¢y is a

N x 1 complex Gaussian vector with zero mean and unit variance matrix I. Then (5.9) can

%uz — Nou
FYSINR(%h) = Pr{ ——<K

be rewritten as

w
Py , No)
= Priw> uw——uj. (5.13)
( K'Yth K

Since K is independent of ¢y, and hence independent of v, the CDF of the SINR, vs;nvg,

conditioned on K can be expressed as

Py Ny
FYs1NR|K(%h‘k) =Pr (W > @uz _ 7ulk> . .14
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If the conditional CDF in (5.14) is known, the outage probability of SINR can be obtained
by averaging (5.14) over K.

5.3.1 Joint PDF of u and w

Note that due to the fading correlation, the random variables u and w are correlated. To
obtain the conditional outage probability given in (5.14), one has to get the joint PDF of

. 2
u and w first. Since u = Y, 4,|v;|%, and w = YN 4,%|vi|", where 2{v;|* (i=1,--- ,N) are

i.i.d. chi-square distributed with two degrees of freedom [79], the joint CF of u and w is

given by [35]

¢u,w(j601,ja)2) = E{ejw1u+ja)zw}
= E{eZﬁl(jwlli-l-jwzliZ)MF}

N
_ E. { cUeditima?)vil*
[T {e J

N 1
- ; - . (5.15)
L1 - jAe — jAta,

1

According to the relation between the CF and the Fourier transform, one has ¢,(—jw) =
F(x), where ¢y(jw) denotes the CF of x, and F(x) denotes taking Fourier transform on
x [35]. Then, the joint PDF of u# and w can be derived by taking the two-dimensional
inverse Fourier transform on ¢, ,,(—jw;, —jwz) [97]. In the following, the joint PDF of u
and w will be considered for the case that the correlation matrix has different eigenvalues

and the case that the correlation matrix is equi-correlated, respectively.

Case I: Correlation Matrix With Different Eigenvalues

Assume all of the eigenvalues A; are not equal, and satisfy A; > A; > --- > Ay > 0. Then,

the joint PDF of u and w can be derived by taking the two-dimensional inverse Fourier
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transform on ¢y, (— jw;, — j@,) resulting in

w

1 1
Aid,j N-3 “(fﬂ;)"ﬂixj
funlaw) = ¥ = (AiA))
i,j€{1,~-,N},i<j( '_l')nz 117,&;,('1 A)(Aj—A)
X [U(Au—w) —U(Aju—w) + 8(Aju—w)],

uz>0 (5.16)
where & (x) is the Kronecker delta function, and U (x) is defined by

1, x>0
0, x<O.

Ulx) =
The detailed derivation from (5.15) to (5.16) is given in Appendix C.

Case II: Equi-Correlated Correlation Matrix

When all of the users experience equi-correlated Rayleigh fading with correlation coeffi-
cient p (0 < p < 1), the elements of correlation matrix satisfy }; ;=p (i,j=1,---N, i # j)
andY,;; =1 (i=1,---,N). Since the eigenvalues of matrix }_ are A; =1+ (N —1)p and
Ai=1—p (i=2,---,N)[3,eq.09.172)], (5.15) becomes

1 1
(1—jhon — jAZan) ' (1= jApan — jA2an)Y

Quw(j@1,j0) = —. (517

According to the definitions of the two-dimensional Fourier transform and two-dimensional
convolution [97], for N > 2, we have

uN“ze—%”S(w—Au) 1
—_— > . .
F{ (N =2pa (1+ jAon + jA2ap)" 7V 20 19

Taking the two-dimensional inverse Fourier transform of ¢y ,,(—jw;,—j@,) given in
(5.17) and combining with (5.18) and (C.3), the joint PDF of « and w in equi-correlated
Rayleigh fading is derived as

(llu - W)N—zeﬁﬁ_(l%—i—l%)u
(N =2 (A =)V

flu,w) = 0< hu<w< Au. (5.19)
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In the following, we use the joint PDF of « and w obtained for the case that the correla-
tion matrix has different eigenvalues and for the case that the correlation matrix is equi-
correlated to derive the outage probability of MRC in the presence of CCI and correlated

Rayleigh fading.

5.3.2 Case I: Correlation Matrix With Different Eigenvalues

When the correlation matrix has different eigenvalues, substituting (5.16) into (5.14) and
combining with (C.6) in Appendix C, the conditional CDF of the SINR, 7¥syyr, can be
derived as
(A A )N 3
Fyonrlk (Halk) =
| ets B 1) O T g O 20y

e Ok .‘“.—u(‘.+%)
/( )Odu e \F TR gy
0 Aju

Ky
[ s )]
('?v A3 ) ‘%h L7 "2_
Z (Ailj)N_z ~
i,je{l, N}, i<j H?/:I, l;éi,j(li - Al)(lj - )vl)
(A, )N‘Z(l e—Notn/(AiFo) _ }l-e‘NO')/th/(A"PO))
et ici A= APTIL s (A~ A1) (A5 = A1)
Z (llA)N 2 y
el i< (i = A TT= 2t (A= M) (A = )
/(kli+No)%h/Po ( Pyu? ( 1 1 No >> .
ex u
(kA +No)¥in/Po /’L A k']/th ;L, l A A, ik
(Kikj)N_z(Ae"No%h/(APO) AjeNoYin/ (A;Fo))
i,je{l, N}y i<j (Ai— 41T 1 1,044, ,(/1 A)(Aj—Ar)
Z (2, A )N 2
i,je{l, N}, i<j (A’ —4; )Hl 1,141, ](A' A’l)(z’ A'l)
/(kli+No)%h/P0 ( Pou? < 1 s 1 . No )) 4
ex u,
(kA j+No)¥in/ Fo d Aidjkyn  \Ai Aj o Aidjk

% > 0. (5.20)

oK/ Po

= 1—e km/P
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Averaging (5.20) on K, the outage probability of the SINR becomes

Fyone(in) =
1=y Y ()T (e /070 — e W/ 0)
n=11l—=1 (1 + %}4) " ije{l,+ N}, i<j (A'l - AJ) Hl:l,l#i,j(ki - l1)(AJ - A'l)
- ¥ (Aaap)" 2 2”: y:
ety 0,1 (i = ) iz g (= A1) (A = A0) (= 1)!

n=11[,=1

(& r5 )Y IMu? 1 1 %
dk/ K lex ( u(——+—+ L >~k)du
/ —ﬁ%+1=‘— T P AidjkYin A Aj o AAjkTg

0
(5.21)

In

—~

where I'} = Py/P, (n =1,---,Ny), is the ratio of the desired user signal power to the nth
interfering user signal power, and I'g = Py /Ny is the ratio of the desired user signal power
to the noise power, namely, the average power SNR. Eq. (5.21) is a new result for outage
probability of MRC with unequal-power CCI and thermal noise in correlated Rayleigh
fading, and requires a double numerical integration.

When [y = o, namely, the noise is negligible, (5.21) becomes the outage probability

of the signal-to-interference ratio (SIR) in CCl-limited correlated Rayleigh fading given
by [81, eq. (8)]

FYSIR(%h) =
Lol oy (AN 2

n;zn:l (1+%;;.)l" ue{lzzv}m@ AN T 1 g (i = ) (A= A)
I

©0 kA% /Fn YARL , ,
dk/ ' ’k’n—lexp( wlj it Ay —k) du.
KA /T AidjkYen Aidj

(5.22)

Letting u = kx, using [98, eq. (1) and (3)], (5.22) can be further simplified in closed form
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as

!
P I O%M

Fr(n) = 1-) Y —2—— Y (ity) "
R
. n=1l=1 (1+_¥_g)l" ety ici M= AN THL 1 (M= X) (A — M)

Pt Qo JLy,h/l'“ kxzrn (l'-}-l')kX
X n K ex ( ¥t e k) dk
n;l 1,;1 (In — / AjYin/T} / P AidjYin AiAj

SRRC Cni, (A)N 2

= 1-— I
ngll,,=1 (1 4 I_Zrlﬁ)l" ,-,je{1,..z,'1v},i<, (A = AP THL g gz ;A = Aa) (A — M)
P I AL j in 2\~
xZZan!nz,,/Aj, <1+A’x A” ) dx
n=11[,=1 3
P In a ()WL_)N—Z
= 1— e S J
"; l'; (1 + rl> ’ i,je{l,--z;zv}, i<j i = M) T s (R = M) (R = &)
P in . .
XY Y b0y, [S1,(A") — S1,(A5™)] (5.23)

n=11[,=1

where A" = T7/(MAjpn), Ay = (1/Ai+1/4)), A" = Ay /T, AX" = Aigp /T, and

1
S, (x) = / T A,jnxz)lqux. (5.24)

S, (x) can be calculated in closed form by [6, eq. (2.171.4) and (2.172)]

dx / 1 dx
RFL ) (a+bx+cx?)rt]
2cx+b"§ 2k(2n+1)(2n—1)(2n—3)---(2n—2k+1)c*

2n+1 &, n(n—1)---(n—k)A*+1Rn—k
p(2n—1)Nc" i’f 595
12 n!Ar R (5.25)
and
1 —A—(b+2cx)
dx ﬁln (b+2cx)+v -4 A<O
/—Ez m_:ch_x, A=0 (5.26)
ﬁarctan%@—‘ A>0
where A = 4ac — b2
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When all interfering signals have equal powers, that is, P, = P;/N; (n = 1,--- |Nj),
where P; = Zn . Pn is the total interfering power, one has I'; = NIy, and I'; = Py /P is the
ratio of the desired user signal power to the total interference power. Then (5.21) becomes

(Aidj)N =2 (Aol (MiT0) _ 3 =¥/ (T0))
¢ » + I
hiE(l N i< (1 + 3y ) (A = A T ot j i = M) (A = )

(Aadp)V 2
- dk
JE{I,Z}N} icj N =DM = M) T g (i — M) (A~ A1)/

(N,r,+r=6)%h NiTru 1 1 NT
: KN~ lex (—LI— < S L )—k) du.
(o P\ 2k A Aj o AAjKT

FYSINR(%h) = 1-

(5.27)

Further, when I'g = oo, (5.27) becomes the outage probability corresponding to the case of
equal-power CCl-limited correlated Rayleigh fading given by [80, eq. (10)], and can be

further calculated in closed form as

FYSIR(%h) =
M N=2
1 (Aidj)
1= ——— _ ]
(% + 1) ',je{l,mZ,N}, i) NE =DM = AP T o (A = M) (A = A)

/ /kﬂt Yth/(NIFI)kNI__l exp ( u*N,T; (At Aj)u —k) du

K29/ (NIT) Aid iKY Aidj
_ ( ! )”’ _ ¥ Ny(Ai2y)"
Yth/(NIFI) +1 i,je{l,~ N}, i<j (Ai ‘lj) Hz 1,154, ]()L /'l,l)(ﬂ, ll)
Y/ (NITT) 1
X / dx

A%/ (NiTY) (1 + (% n %)x_ N,F,;Z)NI-H
i j j[ij{j th
NI(A-JL-)N_Z

1 N
)

Ai A
o ) ()]

where Sy, (x) can be calculated in closed form as done in (5.24). Eq. (5.28) is a new

result for the outage probability in CCI-limited correlated Rayleigh fading with different

eigenvalues for the correlation matrix when the interfering users have equal signal powers.
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5.3.3 Case II: Equi-Correlated Correlation Matrix

When all of the users experience equi-correlated Rayleigh fading with correlation coeffi-

cient p (0 < p < 1), the CDF of the SINR conditioned on K becomes by substituting (5.19)

into (5.14)
Mo\ kYin  NoYin N2
k) = 1- - e
—a </11 _/12> eXP< ( % T IR, )) 7 ngl_,;)
N—-1—¢q l
() 3R ((5432)
1— A I\ P AP Py MR
B MN—Z 1\/2-:2—1_ @ﬂm}%im i_,_ Nou P \?
M-V S Gatgtotn \Jp Mok Aok
P()u2 1 1 No
X exp (Mlzk%h (1_1 -+ 712 + ll/lzk> u) du. (5.29)

Averaging (5.29) over K, the outage probability of the SINR is given by

Mo\ =%/ (A1T0) zp ztn Oy
Fyone(n) = 1- A=A ¢ —1/= _——Y:;—T"—l_
n=11l,=1 (1 + r,7)
1

Ape~ 1/ (R2To) N=2 4 < M )N—l—q Pt
T Ot
M qg’O l;) M=t nyz':l 1,,z=:1

ZI:C’"‘? L ) ()’ 14 2 e
& (- i)\ Ae Iy IV
2 oo

k’"‘1><<l+ ul} 3 l"?u2 )q
Ay MAIok A Azkyin

u? 11 I
X eXp (—————Mbk%h <Al + 7 + Al/bkro) u k) du. (5.30)
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Similarly, when I'g = oo, namely the noise is negligible, (5.30) becomes [81, eq. (13)]

/‘L] N-1p 1, Oy
. (M M
YsIR (%) <ll — lz) ngl l,,z::l (1 + ’Lﬁ’)ln

2NZ—:2 q ll N—-l-g p f: -
FER (k) L Ee
M q=01=0 M =22 n;z,,_l =1
() (1o my SR
7 I7 A=)
Lo oy e F7u2 1,1
IR Y g .
nii U — ﬁnﬁ‘ Mdokyn  \ M 12
u F?uZ ) L1
X\ o — g ) kT du (5.31)
Ay Mk

Letting u = kx, (5.31) can be further simplified in closed form as

ll N-1p 1, anl,,
F’YSIR(’ylh) = 1- (Al AQ) Z Z —_7;
n=11,=1 (1 + I“Y_t_n)
1

N-2 g N—l-q P I !
Z Z ( ) Zl Zl C1"+l 1%nl,
: : n= "_

7L
() (1em) A
™ (ll _AZ)N—I = q|
£ 3 Goraen, i a-mpn
B (1 +Bzx—B’1’x2)l ntq+1

n=11,=1 (l “1)!

)'1 >N 1 (o Oy
A —A ~ = bn
1= n=11l,=1 (1+%ﬁ)

2, N=2 4 A N-l-q p t, _
+A_2 ) (I{——L@) Z ) l"+11 1 Oni,

1 4=01=0 n=11l,=1
(.Y_)’ 1+ztﬁ>"""_ ML
I7 I7 (M =)V = g
In+9g)lo
3. 3 ot (B2) Yoo ) 532

n=11l,=1 In—1)!

where Brll = F;’/(lﬁlz%h), By=(1/A + 1/A2), Bg = bYn/I7, B} = )Llyth/l“;l, and B; =
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1/2;. The integration term Y, j,4(x) = [(Bsx — Bx*)7/(1 + Byx — B"x?)!n+4+14dx can be
calculated by [6, egs. (2.171.3), (2.172), (2.18.3)].

When all interfering signals have equal powers, namely I} = N;I'y, (5.30) becomes

Fyowe(Yn) =
() e (o )
ok (HN%)NI Mo S\ A

N 7 . _ -
iCNll-H L m N T 14 en N AN 2
=0 l“l AT NIy NIy (ll N 1 _0‘1 N[-l

/mdk/%g%%ex NTpe (1 1 N
0 ko +_h P A Ak A Ay MAkD

NiTy

u ulN Ty N1F1u2 )q 1
x| — + — x KN 1dy. (5.33)
(12 MA Lok A Ak

Further, when 'y = o, (5.33) becomes [81, eq. (14)] corresponding to the equal-power

CCl-limited case, which can be further simplified in closed form as

A\ 1 Ay N2
Frow (Yin) = l—</h—7tz> —<———N,+;TIZ
y M N_l—qCN,—l ( YVin >l<1+ Yin )_I‘Nl
2\M-% Nt =1\ Ny NiT;
AIN—Z N-2 1 /
— dk
(A — )1 qu(M*l)! 0

NiTru 1 1 u NIFIM2 )q -1
EA/LELat. k) x (L T iy
exp (/lvlzk%h (M + /12) " ) 8 (12 M Arkin 8 N

(1+ 4 4=
~1- -
i A\ Tt [ : L4 Yon N
1=0 Al—AZ Ni+i-1 N]F] N]F]
2\ 9
MY NZZ ALYn/ (NTy) <7LxE - IVIFZ')x’th) d
B NG+ Nrvqr1 4%
—A N-1 ! q/l NT, 1 1 N2 NV d
(M —42) 2%/ (NiT7) <1+<7LT+7L_2)X_ 11 21;6/”)
(5.34)
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5.3.4 Numerical Results

In this section, some numerical examples of the outage probability of MRC in CCI and
correlated Rayleigh fading are given. In our examples, we assume that the channel gain
Vector €y = [Xp,1 + j¥n1 -~-xn,N+jyn,N]T (n=0,---,Np) satisfies E[x, ixs j| = Elyn iyn,j]
and E[x, ;yn j| = Elynixn ;] =0 (i, j=1,--- ,N) where [A]T denotes the transpose of matrix
A. For the outage probability, a wireless cellular system in which the desired signal is
corrupted by Ny = 6 cochannel interferers in correlated Rayleigh fading with outage SINR
threshold 73, = 12 dB, is considered. Given the total interference power P; = Zﬁ’ L Pn, the
average power SIR is defined as SIR= Py/P;, and the average power SNR is defined as
SNR= Py/Ny. Two cases are considered: 1) all interfering users have the same powers; 2)
the powers of the interfering users are unequal with P, =P (n=1,---,5) and P; = 5P.

Fig. 5.1 shows the outage probability of MRC with unequal-power interferers as a func-
tion of the power SIR using the channel model from [18] with A = 7, where E[x, ;x, ;| =
E[yn,iyn,j] = 0.5Jo(27(i — j)d), and d is the ratio of the spacing to the wavelength between
two adjacent antennas. Here, we consider d = 0.382, which represents the minimum nor-
malized spacing between any two adjacent antenna elements yielding zero correlation. Dif-
ferent values of average power SNR are considered, among which, average power SNR= o
corresponds to the CCI-limited case. In this figure, the diamond markers denote the outage
probability obtained using Monte Carlo simulation. It is seen that the analytical results and
the simulation results are in excellent agreement. Observe that an outage floor appears for
a fixed value of SNR when the power SIR is large. This is because the outage probability
at large values of average power SIR is mainly affected by the fixed value of average power
SNR when the noise dominates the cochannel interference. As expected, the outage floor
decreases with increasing average power SNR.

Fig. 5.2 shows the outage probability of MRC as a function of the average SNR in equi-
correlated Rayleigh fading with N; = 6 unequal-power interferers, N = 4 receiver antennas
and correlation coefficient p = 0.5. Different values of average power SIR are considered.

In this figure, one sees that when the interference dominates the noise, an outage floor is
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d=0.382, N=4, N|=6 and ym=12 dB

Outage Probability
=)

—+— SNR=10 dB
1075 T SNR=20 dB
—r-— SNR=30 dB

O simulation resultg -+ EETTRRRRREE e NN

10‘5 I 1 ] X
0 5 15 20 25 30
Average SIR (dB)

Fig. 5.1. The outage probability of MRC versus the average power SIR with N = 4,
d =0.382, y,, = 12 dB, and N; = 6 unequal-power interferers for different values of

average power SNR.

established by the value of the SIR. The floor can be reduced by increasing the power SIR,
as expected.

The effect of the normalized spacing between two adjacent antennas, d, on the outage
probability is examined in Fig. 5.3. The channel model from [18] with A = 7 is considered
for N; = 6 equal-power interferers with average power SIR=20 dB. From this figure, one
can see that the outage probabilities when d = 0.382 and d = 0.4 are close to the globally
minimum outage probability at d = 0.9. From the viewpoint of system design, Fig. 5.3
indicates that one may set d = 0.382 or 0.4 to achieve a good compromise between outage
performance and space limitations.

Fig. 5.4 shows the outage probability versus the average power SNR in equi-correlated
Rayleigh fading with N = 4 receiver antennas, and Ny = 6 equal-power interferers. Dif-
ferent values of correlation coefficient p are considered. It is seen that the outage floors

when the SIR= 10 dB are much greater than those when the SIR= 20 dB. Further, while
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OQutage Probability
>

—+— SIR=10 dB
10-5| —*— sIR=20 0B

—6&— SIR=30 dB
et SIR=A0 GBI NN

& simulation resultd: : : N

T i

0 5 10 15 20 25 30
Average SNR (dB)

Fig. 5.2. The outage probability of MRC versus the average power SNR in equi-correlated
Rayleigh fading with N =4, p = 0.5, %5, = 12 dB, and Ny = 6 unequal-power inter-

ferers for different values of average power SIR.

the performance generally improves with decreasing correlation coefficient p, as expected,
it is seen that a large value of correlation coefficient causes significantly more performance

degradation at large values of SIR than at small values of SIR.

5.4 BER of BPSK with Perfect Channel Estimation

In this section, the average BER of a coherent BPSK system using MRC diversity in the
presence of multiple interferers and correlated Rayleigh fading is studied. We assume that
all of the user signals are BPSK modulated, namely, the information bits of the desired user
signal,dg, and the nth interfering user signal, d, (n = 1,- - ,N), take values from {+1, -1}

with equal probability. Then the decision variable after the MRC combiner is given by

Ni
D = Re{r} = /Po(eoeo)do+ Y VPiRe{(co" cn)}dn+ Re{(co"2)}. (5.35)
n=1
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N=4, N|=6, ym=12 dB and SIR=20 dB

Outage Probability

N

BN
et SNR=10 dB}
- SNR=20 dB| :
| —e&— SNR=30dB| " : : :
1 SN ]

T T i "l
0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1
Normalized spacing between two adjacent antennas d

Fig. 5.3. The outage probability of MRC versus the normalized spacing between two
adjacent antennas, d, with N = 4, ¥, = 12 dB, Ny = 6 equal-power interferers, and

average power SIR=20 dB for different values of average power SNR.

Without loss of generality, assume that dy = +1 is transmitted, then the average BER con-

ditioned on ¢y for the desired user, is given by

Pe|c0 = Pr(D< Oldo =+1,¢p)
Ni
= Pr <\/7’(;(C()HC()) -+ Z \/ERe{(CoHCn)}dn +Re{(con0)} < 0](:0) .
n=1
(5.36)

Since the quadratic form ¢ ¥ cg > 0, the error probability of (5.36) can be rewritten as

P H N;
Pyjey =Pr VR ) | Y. VPugndn+no < 0lco (5.37)
vV cf¥co o1

where &n = Re { (CoHCn)/\/ C()H Z(;} (n = 1, e ,N]) and np = Re {(COHZO)/\/ COH ZCO}.
Since ¢y (n =0,---,Nj) are independent zero-mean complex Gaussian vectors, one can

show that (cofcn)/v/€oH Lcg (n =1, ,Nj) are independent complex Gaussian distributed
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N=4, N|=6 and ym=1 2dB

Qutage Probability

— p=0.8 : : : R

Average SNR (dB)

Fig. 5.4. The outage probability of MRC versus the average power SNR in equi-correlated
Rayleigh fading with N = 4, v, = 12 dB, and N; = 6 equal-power interferers for

different values of correlation coefficient p = 0.3, 0.5 and 0.8.

with zero mean and unit variance [79], and independent of ¢g. Therefore, g, (n=1,--- ,Ny)
are independent Gaussian distributed with zero mean and variance O'S?n = 1/2, and indepen-
dent of ¢q¢. In addition, ng conditioned on ¢ can be shown to be Gaussian distributed with
zero mean and variance 62 = No (co™eg)/ (2(co Leo)).

LetY = ):2/; 1 VPugndn +ng. Since g, (n = 1,---,Nj) and ng conditioned on ¢y are
independent, the CF of Y conditioned on ¢ is calculated by [35]

oy (jo) =E(e/®") = ¢a (jo) b (j) (5.38)

where 2" = Z,Q”: I = ):1,:”:1 V/Pugndy, and ¢y(j) denotes the CF of the random variable
y. Noting the fact that g, and d, (n = 1,---,Nj) are independent, one obtains the CF of 2
by

Ny
0o (jo) = [[onGio). (5.39)
n=1
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Since dj, is independent of g, and takes values from {+1,—1} with equal probability, the

CF of I, conditioned on g,, is given by

. ejCO\/F,; n e‘jw\/}Tn n
10, (JO) = 5 + 5 = cos(vPrgn®). (5.40)

Averaging (5.40) over g, and combining with [6, eq. (3.896.2)], the CF of I,, becomes

o, (jow) = % /_ ZCOS(\/annw)e—g%dgn

2
= exp (—Pn:o ) (5.41)

Substituting (5.41) into (5.39), one can obtain the CF of 2" by

Ny N 2 2
= [ dn(jo) =exp (— y ) = exp (——P’j’ ) (542)
n=1

n=1

where Py = Z;V’: 1 P 1s the total interference power, as defined previously. Note that the
interference term 2 is actually a Gaussian RV with zero mean and variance P;/2 [35],
and is determined by only the total interfering power and is independent of the number of
interfering users Ny and the individual interfering user powers.

Since ng conditioned on ¢g is Gaussian with zero mean and variance o, no’ the CF of ng

is given by [35]

w2 No(co"co)

Then the CF of Y conditioned on ¢ is given by

Prie,(JO) = eXp( <% N(;o(’:?ZcCOo))>)

2
- exp( 2°Y> (5.44)

where 67 = P;/2+ No(cofcg)/(2(co™ Y.cp)). Again, the random variable Y conditioned

on ¢ is a Gaussian RV with zero mean and variance 0'3 [35].
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Thus, the conditional error probability Ppe, in (5.37) can be calculated by

Pr ( V(e eq)
Vel Leg

_ p<yﬂ__>,>

F,

leg

+Y<M%>

cof Y co

= 0(v/Z¥er) (5.45)
where Q(x) = (1/v/2n) ff’e“’z/ 2dt is the Q function, and Yggg is given by
wl
Py(coo)?
Po(co™ep)?
Pr(co” L eo) +No(cofcp)

a

YBER (5.46)

Averaging (5.45) over Ypgg, the average BER of coherent BPSK using MRC in the presence

of interferers and correlated Rayleigh fading is given by

Fe

/OOQ(V Zt)f')’BER(t)dt

0

_ 1 * -1/2 ,—t

N /0 1= e Fyppp(t)dt (5.47)

where fy,..(t) and Fy,..(¢) are the PDF and CDF of Ypgr, respectively. If the PDF or the
CDF of ygeg is known, the BER of coherent BPSK can be obtained using (5.47).
Rewrite Yggr in (5.46) as
P0u2

= 5.4
YBER Prw+ Nou (5.48)

where u = VFAv, w = viIA%v, v = A~1/2UH¢y, and A is the diagonal matrix composed
of the eigenvalues of the correlation matrix ¥, A; (i = 1,--+,N), as defined in Section 5.3.

Then, the CDF of yggg is given by

Frpr(y) = Pr(¥8er <)

P 2
= Pr| —2 <y
Prw -+ Nou

P , N )
Pr{ —u"——u<sw
(PI)’ P

= m(ﬂf—f%gw) (5.49)
y I'o
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where I'g = Py/Ny is the average power SNR and I'y = Py /P, is the average power SIR as
defined in Section 5.3. In the following, the CDF of yggg for the two cases that the correla-
tion matrix has different eigenvalues and that the correlation matrix is equi-correlated will

be studied respectively.

5.4.1 CaseI: Correlation Matrix With Different Eigenvalues

Substituting the joint PDF of u and w in (5.16) into (5.49) and combining with (C.6) in

Appendix C, the CDF of yggr becomes
(Al )N 3
Frpe(y) =
ToER i,jE{l,;N}, i<j (l Aj )Hl 1, I#i, j(;\’ A1)(;{’ A’1)

A 1 X w_ 1 l)
[/(ﬁm)ydu/;uem u("#‘? dw+
0

U

Ao

(Ferds)y ﬁf*"(%ﬂl‘-)
N PN dw
]

(ﬁ+ra)y 5T

(Aad)V 2 (;L.e—(y/l“ﬂry/(lifo)) - lje—(y/l“ﬁy/(ljl“o)))
(A= AT, 1, (i = M) (A — Aa)

= 1- Z

i’je{l,"'vN}v i<j
(Rarp)" /(r‘a+%>y
ije{l,- N}, i<j (A Aj ) l 1, I, J(A’i—a’l)()’j - A’l) (1‘%4‘%))’
T? Iy 11
— du. 5.50
e"p(mjy (mrﬁﬂx)) “ -9
Substituting (5.50) into (5.47), the average BER of BPSK in correlated Rayleigh fading
and CCl is derived as
p = 1.1 Y ()N 2 A
’ 2 2y, i (i Aj) H;V=1, 1A= M)A —A) \ 14 I"l_, + 1,_11“5
B Aj 1 v (AAj N2
1+T’17+1711:6 2\/—116{1 i< i = A TIL) 1 (R — X)) (A — )

o (i) Tyu? L1 1
d / N (—’—— ( + ot )— )d. 551
/o Y (#g)yy P\ 2hy AATo A ) Y ) (551
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Letting u = yx, (5.51) can be further simplified in closed form as

po= 1.1 y (Ridy)"2 A
2 2 ije{l,~ N}, i<j (Ai - Aj) ?Ll,l;éi,j(li - ll)()‘j - Al) W14 FLI + k_ill"_o
_ Aj oy ()"
Ci
L s (5.52)
o (14+Cy/x—Cplx2)3/2

where G/ = T1/(Aid), €3/ = (1/Xi+1/2;+T1/(AAT0)), €f = (1/To+ A;/T}), and
" = (1/To+A;/T7), and the integration term fg‘ 1/(1+ Cé’j x— Ci’j x2)3/2dx can be calcu-
lated by [6, eq. (2.264.5)]

/ dx _/ dx _ 2(2cx+D)
VR3 V0a+bx+cx?)?  AvVa+bx+cx?

(5.53)

where A = 4ac — b%. Eq. (5.52) is a new closed-form expression for the BER of coherent
BPSK using MRC in CCI and correlated Rayleigh fading for the case when the correlation
matrix has different eigenvalues.

When [y = o, namely the noise is negligible, (5.52) becomes

[ T, __l Z (Adlj)N—Z

1+I7 4 ije{l, N}, i<j (A'l - A’J) H?j—.l,[;&i’j(li - A’l)(z’] - A'l)
o 1
A

When I'; = oo, namely the interference is negligible, (5.52) becomes the average BER

P, =

N

1
2

(5.54)

e

)3/2dx.

for coherent BPSK using MRC in additive white Gaussian noise and correlated Rayleigh

fading, namely,

N2
=11 ¥y G0)
22, e,y i) i A T2y, 10, (A = M) (A — M)
I Ao . / )le“o
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Eq. (5.55) is a new closed-form expression for the average BER of coherent BPSK us-
ing MRC in correlated Rayleigh fading valid for the case when the correlation matrix has

different eigenvalues.

5.4.2 Case Il: Equi-Correlated Correlation Matrix

Substituting (5.19) into (5.49), the CDF of ypgg is given by

1 (1}%+T‘]6)y AMu w _( 1 +L)u
F, = d / Th \hTh
Yo () (N—2)!X1LZN_1(M—12)N—1 [/0 u o et 1 X
h . Au w
(Au—w)N"2dw+ (FI+FO)y 1 em_(ﬁﬁlé)"(llu—w)lv 2dw}

N—1 — N-1- !
N e—(r—‘,+w‘1)y+&”2fl< M My, v
M—-2A M D\ A —2A Iy Tl

MR (r‘a+%)Y(u Ly I‘mz)q

_+ —
Ay My AAyy

yu? (1 1 Iy )
X e —_— —_—t — 4 — du. 5.56
"p(mzy “\ & "% T Tkt (5:20)

Substituting (5.56) into (5.47) and combining with [6, eqs. (3.381.4), (8.339.2)], the
average BER of coherent BPSK in equi-correlated Rayleigh fading and CCI is derived as

b _ 1_( ll >N—1 1 +A’2Ni_:2il( A'l )N—l—q
= A
N = 1= LG bt
"

x<l+ 1 )’ (21 —1)!! B AN-2 1"):21
I Do) 04 1 Y2 2ym(A = AN 2
2

LS VRl +5
A
x/wdy (Fla+ﬁ)yy_% <l+ Tju u? )"
0 (r%—{—%)y Ay MAo AAyy
Ty 1 1 Iy ) )
ak LY (ST S ) 5.57
xexP(MM)’ u(7L1+/12+M7LzFo o 627

where (21 — 1)1 =1-3-... (21— 1) [6].
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Similarly, letting u = yx, eq. (5.57) can be further simplified in closed form as

1 o\t 1 L2417/ A \V1e
Fo= 3~ (x lx) +7[2'ZZZT<;L IA)
1= 21/1+F17+ﬁ)171 1g=0i=0" \M—M

x(i+ 1 )’ (20— 1)1 A
It Tgd 21+1( 1 ] )l+1/2 4()\,1—-12)1‘/—1

1+ I + Tola
—* (2q+1) H/ (Dsx — Dyx%)4
d 5.58
; q'24 Dy (1+4Dyx— Dx2)4+3/2 ¥ (5-59)

where D1 =T/ (AMAz), Dy = (1/A+1/A+ Dy /Ty), D3 = (1/To+ A /T), Da = (1/To+
A1/T1), and Ds = (1/A2 + D1 /Tp). The integration term f,?34(D5x —D1x*)1/(1 + Dpx —
Dlx2)4+3/ 2dx can be iteratively calculated in closed form by [6, egs. (2.263) and (2.264)].
Eq. (5.58) is a new closed-form expression for BER of coherent BPSK using MRC in CCI
and equi-correlated Rayleigh fading.

When [y = oo, namely the noise is negligible, (5.58) becomes

b _ 11 2\ ZZ
2 2\ -4 \/1+F, ~ &l

)N—l—q

y @I-iyT, A 2(2q+1)!!
2+1 (1 +FI)[+1/2 4(A — N1 4=0 q'24
27
o (£-5)

(5.59)
r 2 q+3/2
® (k-5

When I'; = oo, (5.58) becomes the average BER for coherent BPSK using MRC in

additive Gaussian noise and equi-correlated Rayleigh fading given by

e L S R (e o L
© T 272\ M~ 1+ oA M =0i=0 !t \ A1~
(21— 1)"\/Toky (5.60)

2L (1 4 Todp) /2
Eq. (5.60) is a new closed-form expression for BER of coherent BPSK using MRC in
equi-correlated Rayleigh fading.
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5.4.3 Numerical Results

In this section, some numerical examples of the average BER of coherent BPSK in CCI and
correlated Rayleigh fading are given. In our examples, we assume that the channel gain
vector ¢p = [Xp,1 + jyn1 - -xn,N+jyn,N]T (n=0,---,Ny) satisfies E[x, xn ;| = E[yn,iyn,j]
and E{x, iyn, ;] = Elynixnj] =0 (i,j = 1,--- ,N), as used previously. The average power
SIR I'; = Py/Py, and the average power SNR I'g = Py/Ny, as defined previously. Since the
average BER depends only on the total interference power P;, and is independent of the
number of interfering users, N; = 6 interfering users with equal powers are used for the

average BER examples.

BPSK, d=0.382, N=4, N =6

- SNR=5 dB
105 e SNR=10 dB
g SNR=20 dB
''''' =~ SNR=w

& simulation results
-6 I T 1
-10 5 0 5 10 1 20
Average SIR (dB)

Fig. 5.5. The BER versus the average power SIR of BPSK using MRC diversity with
N =4, d =0.382, and N; = 6 equal-power interferers for different values of average

power SNR.

Fig. 5.5 shows the average BER versus the average power SIR, I';, of coherent BPSK
using MRC for the channel model from [18] with A = &, N = 4, for normalized spacing

between any two adjacent antenna elements, d = 0.382. Different values of average power
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SNR are considered, among which average power SNR= oo corresponds to the CCI-limited
case. It is seen that the analytical results and the simulation results denoted by the diamond
markers are in excellent agreement. Observe that an error rate floor appears for a fixed
value of SNR when the average power SIR is large. This is because the average BER at
large values of SIR is mainly affected by the fixed value of average power SNR when the
noise dominates the cochannel interference. As expected, the error rate floor decreases with

increasing average power SNR.

BPSK, p=0.5, N=4, N =6

simulation results

L i
-10 -5 0 5 10 15 20
Average SNR (dB)

Fig. 5.6. The BER versus the average power SNR of BPSK using MRC diversity in equi-
correlated Rayleigh fading with N =4, p = 0.5, and Ny = 6 equal-power interferers

for different values of average power SIR.

Fig. 5.6 shows the average BER as a function of the average power SNR of BPSK
using MRC in equi-correlated Rayleigh fading with N = 4 receiver antennas and correlation
coefficient p = 0.5 for different values of average power SIR, where average power SIR= o
corresponds to the noise-limited case. In this figure, one sees that when the interference
dominates the noise, an error rate floor is established by the value of the SIR. The floor can

be reduced by increasing the SIR, as expected.
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BPSK, N=4, Nl=6 and SIR=10 dB

) ! ) i ] i ]
0.1 0.2 0.3 04 0.5 0.6 0.7 08 0.9 1
Normalized spacing between any two adjacent antennas d

107 i

Fig. 5.7. The BER versus the normalized spacing between two adjacent antennas, d, of
BPSK using MRC diversity with N = 4, N; = 6 equal-power interferers, and average
power SIR=10 dB for different values of average power SNR.

The effect of the normalized spacing between two adjacent antennas, d, on the average
BER of BPSK is examined in Fig. 5.7. The channel model from [18] with A = 7 is
considered for Ny = 6 equal-power interferers with average power SIR=10 dB. It is seen
that the BERs when d = 0.382 and 0.4 are very close to the globally minimum BER at
d =0.9. Combining with the result from Fig. 5.3, d = 0.382 or 0.4 is an optimal choice to
achieve a good compromise between the system performance and space limitations.

Fig. 5.8 shows the average BER versus the number of antennas, N, for BPSK with MRC
when the total length of the antenna array is fixed to one-wavelength. Different values of
average power SNR are considered. From this figure, one can see that the BER decreases
with N. However the incremental benefit from increasing N decreases, especially when
the average power SNR is large. Fig. 5.8 indicates a suitable number of antennas for the
system design. For example, when SNR=20 dB, one may set N = 6 or 7 to achieve a good

compromise between system performance and system cost for an antenna array of length
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BPSK, N|=6, and SIR=10 dB

....... T T T
———— SNR=0 dB
——— SNR=5 dB
s SNR=10 0B
e SNR=20 dB

Number of antennas in one-wavelength fong antenna array N

Fig. 5.8. The BER versus the total number of antennas, N, of BPSK using MRC diversity
for a one-wavelength antenna array, with Ny = 6 equal-power interferers, and average

power SIR=10 dB for different values of average power SNR.

one wavelength.

Fig. 5.9 shows the average BER versus the correlation coefficient, p, for coherent
BPSK in equi-correlated Rayleigh fading with the average power SNR=10 dB for different
values of average power SIR. It is seen that the BER generally increases with correlation
coefficient p, as expected. Further, the performance degrades more significantly at large

values of correlation coefficient p.

5.5 BER of BPSK with Imperfect Channel Estimation

In the following, we examine the effect of imperfect channel estimation on the BER perfor-
mance. First we describe the channel estimation model. Then two cases that the correlation
matrix has different eigenvalues and that the correlation matrix is equi-correlated, are stud-

ied and presented with some numerical results.
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BPSK, N=4, Nl=6’ and SNR=10 dB

—+—— §IR=0 dB
- G§|R=5 dB
............... @ SIR=10 dB
e S|R=20 dB .

BER

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Equi-correlated coefficient p

Fig. 5.9. The BER versus the correlation coefficient, p, of BPSK using MRC in equi-
correlated Rayleigh fading with N = 4 and N; = 6 equal-power interferers for different

values of average power SIR.

5.5.1 Channel Estimation Model

Let &y denote the estimate of the branch gain vector for the desired user ¢g, assumed to be
zero-mean complex Gaussian with covariance matrix }.¢,. Then the output after the MRC
combiner is obtained by replacing wy in (5.2) with ¢
Ny
r=¢&r=/Po(&eo)do+ Y VEu(€ en)dn+ (6T 0). (5.61)
n=1
We assume that even in the presence of interferers, the Gaussian approximation of the
channel estimation error is still valid as discussed in [96] and that the relationship between

the branch gain vector ¢y and its estimate ¢y satisfies [92], [99]
co = 0y +e (5.62)

where ¢ and e are independent complex Gaussian vectors with zero mean and covariance

matrices Y, and Y, respectively. « is a complex number representing the normalized
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correlation between the elements of ¢g and ¢. Note that the analysis in this paper can
be easily extended to the situation where the covariance matrices ¥, and Y, satisfy ¥ =
aY ¢, +bl for non-negative real values of a and b. For simplicity, we assume here that the
branch gain vector ¢g and its estimate ¢g have the same covariance matrix, namely, Y, = Y.

Then, the covariance matrix of e is given by

Y. ==Y, o<t (5.63)

From (5.62) and (5.63), one can see that |¢¢| = 1 corresponds to the case that the channel
estimation error is a phase error on the channel gain, and there is no Gaussian error, namely,
co = ¢/9¢;, where 0 is a phase difference between ¢q and ¢p. Specially, & = 1 corresponds

to perfect channel estimation.

5.5.2 Average BER of BPSK

At the receiver, the decision variable after the MRC combiner is given by
Ny
D =Re{r} = \/PiRe{(& co)}do + Y VP.Re{(&en) }d + Re{(&"20)}.  (5.64)
n=1

Without loss of generality, assume that dy = +1 is transmitted. Since ¢, (n=1,--- | Nj)
and zy are independent zero-mean Gaussian distributed, and independent of ¢g and ¢, the
average BER for the desired user conditioned on ¢o, €p, and the interfering information bits

dy (n=1,--- ,Nj) denoted by Dy, = {d},d2, - ,dn,}, is given by
Pe|c07€0)DN1 = Pr(D < OICO,C’.('),DNI)
Ny
= Pr (s/PoRe{(c"oHco)} +Y VP.Re{ (6" en)}dy +Re{ (61 29)} < 0)
n=1

V2BRe{Gy ¢y} (5.65)

0
VP& £6&) +No(@ &)

where Py = ZZV’: | P is the total interference power, as defined previously. From (5.65),

one can sec that the conditional BER is independent of the interfering information bits
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dy (n=1,--- ,Nj) as well as the individual interference powers, P, (n = 1,--- ,Ny), and
only depends on the total interference power P;.

Substituting (5.62) into (5.65), the conditional BER becomes
4/ 2P0 (Re{a} (€0H€0) + Re{c])He})
VMG &) + P& £.6)

Since e is a zero-mean complex Gaussian vector with covariance matrix (1 —|a|?)Y, and is

(5.66)

Pe|(f'0,e = Q@

independent of ¢, averaging (5.66) over e and combining with [91, eq. (18)], one obtains

Pe]c'o = IEe(Pe|c'0,e)

2(Re{a})2P0(€oH€o)2
0" ¢0) + (Pr+ Po(1— |e|2)) (&7 L&)

3, /—27,@) (5.67)

where B = Re{a}, B = sign{B} denotes the signum function of the real number f, and

[
o
/-\/?
oo
=
—~—
=
o
—~
Q
—
—
&
2
)

= 0

Yice is given by
By (& &)*
No(6™ &) + (Pr+Po(1— |e]?)) (%" Léo)

Let i = V7 A¥, and w = ¥7A%¥, where A is the diagonal matrix composed of the eigen-

YicE (5.68)

values of covariance matrix Y, as defined in Section 5.3, and ¥V = AV2yH ¢p is a complex

Gaussian vector with zero mean and unit variance /. Then (5.68) becomes

‘ BZPOﬂZ
Yice = = W
Noit + (P + Py(1—|ax]?))w
Py
= o (5.69)
where Py = B2Py, and P, = P + (1 - |a|?) Ry.
Averaging (5.67) over ¥icg, the BER of BPSK is given by
po= [ oBVEfena
Q(B x o) + ——B /mt_l/ze_tF (t)dt
2\/& 0 Yice
_ Z_Iﬁf(;ot_l/ze—tFWCE(t)dt ) ﬁ = +1 (5 70)
L shm 5 e Py ()t B =1
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where the functions fy,..(-) and Fy,(-) represent the PDF and the CDF of the random
variable ¥;cg, respectively.

Since (5.69) has a similar expression as (5.48), one can use the results in Section 5.4 to
calculate the CDF of yicE in (5.69) by replacing Py and P; in Section 5.4 with P(l) and PII for
the two cases that the correlation matrix has different eigenvalues and that the correlation

matrix is equi-correlated.

5.5.3 CaseI: Correlation Matrix With Different Eigenvalues

Assume all of the eigenvalues A; are not equal, and satisfy Ay > A, > --- > Ay > 0. The
CDF of yjcE can be obtained from (5.50)

— 2
Frec) = 1-oxp (LI

(AiAj)V 2 ( Ase¥/ (RiB*To) _ 3, je—y/a,ﬂZro))
i,je{1,~ N}, i<j (A‘l - Aj) Hﬁ—_h l#i,j(ki - ll)(a’] - A'l)
) (Air))"?
ije{l,~ N}, i<j (A’l - 2']) Hllvzl, l#i,j(li - ll) (lj - ll)

/(flo-+li‘;+x.-(1—|a|2)),%zex ( B2Tu?
(d+rti-lom) 2 P\ 2+ (1 =Ta)T)

X

u ( . Ly i)) du
7(«,'/1]'1_‘0(1—*‘(1—‘042)1_‘1) A Aj
(5.71)

where Iy = Py/Ny is the average power SNR, and I'; = Py/P; is the average power SIR as
defined previously.
Substituting (5.71) into (5.70), the average BER of BPSK in correlated Rayleigh fading
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and cochannel interference is derived as

y (Aadp)" 2
piell oy i<y M= AN TIL 0 1 (A = M) (A — )

| =
|

P, =

A; B A
1 1 1-]a|? T
i+ +agm + \/1+Fz1r—,+mlzﬁ+—f—3“'

~n

__B y (Ady)"?
2V 'je{l, vy, icj (B = AT 1 j (R = M) (A = A)
T—+,-L+1(1 la ))blz N Bl
/ y Eexp< 5 —_
b+ (1-l0)) 2 A2 (1+ (1= [a)T7)y

Iy 1 1
"(/”L,-xjro(1+(1—|a|2)r,) +7G+7L_j) _y> du. (5.72)

Using [98, eq. (3)], (5.72) is further simplified in closed-form as

(l,-%)N'Z

P =
ijel1, ,N},l<j( ANTIL) i j (R = ) (A — A1)

N | —
N|‘®>

A’J
\/1+ ! +-———2—+—7—""'2 L1 l-jap
P T 2B TP Ll i it v
3 (AA,)N—Z
4

,]E{l,Z,N} icj i = ADTHL 1o j (i = A0) (A — Ay)

1
x / : dx (573)
5] (1+ELx—Elx2)?

where E}/ = BT/ [AAi(1+ (1= |a)T)], ESY = 1/ + 1/A; + T/ (LA To(1 + (1 -
la®)T1)), ES = (1/To+ A;/Tr + A;(1 = |t[?)) /B2, and Ef = (1/To + A/ T + M1 —|af?)) /B2
When o = 1, (5.73) becomes (5.52) corresponding to the case of perfect channel estima-

tion.
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When I'y = o0, namely the noise is negligible, (5.73) becomes

1 B By B
fo = 5_5\/1+(ﬂ2+1—la|2)ﬂ—Zi,je{l,;N},iq
(2"
(A= ATy 1 (= M) (A — M)
Fi 1 1 -3/2
GGt e e

where Fj = 4; (1/T1+1—|)?) /B% and F} = A; (1/T7+1— |at|%) /B2
When I'; = oo, namely the interference is negligible, (5.73) becomes the average BER
for coherent BPSK using MRC in AWGN and correlated Rayleigh fading

(Aid))N

1 B
p = -_2
2 2 i,je{l,-z-,"N}, i<j (i = AT 1 (R = M) (A = Ao
li . ;Lj
! 1-jof? -
\/1+liﬁ21"o+_ﬁr 1+F1312_ﬂ+1_ﬁ|_2a_|2_
by (2idp)"
4 ey i<y (li— 4) iy 1, (A = M) (Aj — Ag)
GQ 1

% (1+Gyx-Gle)
where G2/ = B2/(AA;(1— |)), G5/ = 1/(Ad;To(1 — |@)?) + 1/A; + 1/}, and G} =

(1/To+A4;(1—|al?) /B2 and G} = (1/To + A(1—|a?)) /B2
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5.5.4 Case II: Equi-Correlated Correlation Matrix

When all of the users experience equi-correlated Rayleigh fading with correlation coeffi-

cient p (0 < p < 1), the CDF of yj¢g is derived from (5.56)

vl N-2 Nel—
amw=1—(*1) e%%ﬁvkww%iz f1< M ) .

M= 401 Ol' M—A
l l N-2 N=-2
YN ( Ly 1 ) e (Bt A !
<w>( +MM+1'M>3 ° T 5
. /(m+ﬁ+xl(x—1a|2>)ﬁ (1+ T ~ B2 u? )q
(+i2+h0-10) % \ A2 Mblo(1+(1—[a)T7)  Aidoy(1+(1-|al*)I7))

X ex ( Lif —u<i+i+ L ))du
P\l (1 —1aPT)  “\ 4 " &% " Mkl + (1= oIy '
(5.76)

Substituting (5.76) into (5.70) and combining with {6, eqs. (3.381.4) and (8.339.2)], the
average BER of coherent BPSK in equi-correlated Rayleigh fading and CCI is derived as
( M )”‘1 1 ﬁ/lzNZZZ(Zl—l)”

A—A 1 1 a2 A &= [121+1

e \/1+ﬁ21"1+l321"011 T L as0is
« ( M )N—l—q \/ ﬁzr‘ol—‘[lz(/lzro + (1 — |(X|2)F0F112 -+ F[)l

M—2 ([52F0F112+F012+F0F1)Lz (1—|af?) +F1)l+1/2

31{‘1’2 / 1-—+1-l+11 (1-|a )) 2 0
- y
2V - )V & q' (+ B +2a(1-la))

% ( Tju ﬁZFILt )q
A /11121“0(1+(1—|a| )F[) lllzy(1+(1—|oc|2)l“1)

[

X ex ( B —u(———l +—1 + I )*)’>du
P\t (1+ (1= [a2)I) M A MATo(1+(1—[a))
(5.77)

where (21 — 1)1 =1-3---- (21— 1) [6].
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Eq. (5.77) is further simplified in closed-form as
1 B A N—-1 1 [”Lz l — 1) 1

X( A )N—l—q ,/ﬁZI‘OFI/‘tZ(/'LzF0+(1—|oc| )1"01“1124-1“1)1 _
M =2 (B2ToT A, +Fo7tz + Dol (1 - af2) + 1) /2

/3111\1—2 (Hsx — Hx% )4

(2g+ 1)1
dx 5.78
4(A = )N Z q'29  Jn (l—I—Hzx Hp2)a+3/2 (5.78)

where Hy = BT/ (MA(1+ (1 = |a|)TT)), Hy = 1/A1 +1/A2 + T1/(MAaTo(1 + (1 -
|a[")7)), Hs = (1/To+A2/T1+ A (1—|at]?)) /B% Ha = (1/To+ M /T + M (1= |af?)) /B>,
Hs = (H,—1 / A1). Similarly, when o = 1, (5.78) becomes (5.58) for the case of perfect
channel estimation.
When [y = oo, namely the noise is negligible, (5.78) becomes
- ) et B
\/ 1+ 595 + ﬁ%— 4=01=
M\ \/32—1“1(1 +(1 - |y
(ﬁ) (1+ 20 +T5(1 = |a2) 72
BAN-2 NZZ 2+ 1) /14 (x/ 2y — H1x*)1 ix
RIS a2 I (o (L ) e me)

(5.79)

where s = A, (1/F1—|— 1— |OC|2) /BZ and Iy = A; (1/F1—|— 1-— 1a|2) /Bz
When I'; = o0, (5.78) becomes the average BER for coherent BPSK using MRC in
additive Gaussian noise and equi-correlated Rayleigh fading given by
1 l§ ;Ll N-1 1 312N 2 q (21_1)H
Fe=32\a% Y Zg”;, 1121+
Vit g+ =0

< & >N—1_q VB oA (1= o) oAz +1)!
)

1— A2 (ﬁ2F0)»2+F012(1 —|a|?) + 1)l+1/2 _

RaN-2 N-2 1
Bll o (2!]+ 1) / (J5x Jlx ) +3/2d (580)
AM =MV 927 Ji (14 Jpx— J1x?)?
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where J1 = B2/ (MA(1 = |a|?)), Jo = 1/A +1/A2+1/(MATo(1 — |a?)), J3 = (1/To+
A(1—1a?) /B> Js = (1/To+ A (1 —|a|?)) /B? and Js = (/o — 1/A1).

5.5.5 Numerical Results

In this section, some numerical examples of the average BER of coherent BPSK using
MRC with imperfect MMSE channel estimation in CCI and correlated Rayleigh fading are
given. Noting that the average BER depends only on the total interference power Py, and
is independent of the number of interfering users, the examples use Ny = 6 equal-power

interfering users for the average BER examples.

d=0.382, N=4, N|=6, r =15dB8

............ TR
—f— 0=0.9

— & 0=0.95

—— 0=0.98

et =10 §
O simulation results:

5
Average SIR (dB)

Fig. 5.10. The BER versus the average power SIR of BPSK using MRC diversity with
N=4,d =0.382, Iy = 15 dB, and N; = 6 equal-power interferers for different real

values of «.

Fig. 5.10 shows the average BER versus the average power SIR, I';, of coherent BPSK
using MRC for the channel model from [18] with A =7, N =4, and I'( = 15 dB, for

normalized spacing between any two adjacent antenna elements, d = 0.382. Different real
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values of o are considered, among which o = 1.0 corresponds to the perfect channel esti-
mation case. It is seen that the analytical results and the simulation results denoted by the
diamond markers are in excellent agreement. In a combined CCI plus AWGN environment,
an error rate floor must occur for large values of SIR due to the AWGN. However, the chan-
nel estimation error also contributes to the error floor. Observe that the error rate floor with
imperfect channel estimation is much greater than that for the case with perfect channel
estimation. As expected, the error rate floor decreases as the magnitude of o increases.

N=4, N =6, r=10 dB

BER

—— 0=0.2 0=0.95 ]
e «=0.981:

e 0=1.0 | o

G p=0.5 0m0,95) T R R g T T g

Sl @=0.98 | NG T R
10 Fe o=1.0

0 p=0.80=0.95:
Sed 0098 e
ol EE S Lo e -

-10 -5 1] 5 10 15 20
Average SNR (dB)

Fig. 5.11. The BER versus the average power SNR of BPSK using MRC diversity in
equi-correlated Rayleigh fading with N = 4, I'; = 10 dB, and N; = 6 equal-power

interferers for different values of & and p.

Fig. 5.11 shows the average BER as a function of the average power SNR, I'g, of BPSK
using MRC in equi-correlated Rayleigh fading with N = 4 receiver antennas, and I'; = 10
dB, for different values of o and correlation coefficient p. In this figure, one sees that
the error rate floor can be reduced by increasing the magnitude of & or decreasing p, as
expected.

Fig. 5.12 shows the average BER versus the number of antennas, N, for BPSK with
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N|=6, F0=1 0dB, and I‘|=1 0dB

BER

Number of antennas in one-wavelength long antenna array N

Fig. 5.12. The BER versus the total number of antennas, N, of BPSK using MRC diversity
for a one-wavelength antenna array, with Ny = 6 equal-power interferers, ['lo = 10 dB,

and I'y = 10 dB for different complex values of «.

MRC using the channel model from [18] when the total length of the antenna array is fixed
at one-wavelength. Different complex values of o, where o = |a|ej9, are considered.
From this figure, one can see that the BER decreases with N. However the incremental
benefit from increasing N decreases, especially when || is small. In addition, for a fixed
value of \oc] , the BER increases with 0. Further, the degradation of BER from increasing 0

increases with 0, as well.

5.6 Summary

In this chapter, explicit expressions for the outage probability of MRC output and closed-
form expressions for the average BER of a coherent BPSK system with CCI and thermal
noise in correlated Rayleigh fading were derived through the CDF of the MRC output

SINR. Correlation matrices with different eigenvalues and with equi-correlated coefficients
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were studied respectively. Further, closed-form expressions for the average BER of a coher-
ent BPSK system with imperfect channel estimation in the presence of CCI and correlated
Rayleigh fading were obtained. The effect of channel estimation error on the BER perfor-
mance was examined for a special channel estimator. In contrast to previous results, these
expressions do not require iterative numerical procedures for evaluation, although some
well-behaved numerical integrations are required in the general cases for outage probabil-
ity. The effects of average power SIR and average power SNR on the performances were
examined through the numerical examples. In addition, new closed-form results for the

BER of coherent BPSK in AWGN and correlated Rayleigh fading were also presented.
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Chapter 6

Maximum Effective Number of MRC
Receiver Antennas in Cochannel
Interference and Correlated Ricean

Fading

6.1 Introduction

Wireless antenna systems using multiple antennas at the receiver and/or the transmitter have
attracted significant interest in recent years. Fundamental works [8], [9] show that the ca-
pacity of multiple antenna systems in independent Rayleigh fading grows linearly with the
minimum number of transmitter antennas and receiver antennas. However, in practice, the
assumption of independent fading can often be violated due to either insufficient spacing
of antennas or the absence of a rich scattering environment around the transmitter and/or
the receiver. In such situations, the correlation among the antennas influences the system
capacity greatly [100], [101]. Several works suggest that there are fundamental physical
limits to the capacity growth for fixed-size multiple antenna systems, independent of the

number of antennas [11,102-108]. These works touch on an interesting and practical ques-
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tion; that is, from the viewpoint of system design, given a multiple antenna system with
size constraints, how many antennas are needed to achieve a good compromise between
system performance and system cost. All of the previous works except [104] [105] assume
noise-limited environments. However, in cellular systems, cochannel interference is an im-
portant factor and cannot be ignored. Therefore, it is interesting to study the performance
limits of a fixed-size multiple antenna system in the presence of interference. The study
gives invaluable insights into the theory and practice of multiple antenna systems for CCI
environments. For example, an important question is, how many antennas can be used in a
given space (area or volume) before diminishing returns vitiate any worthwhile additional
benefits to be achieved by adding additional antennas.

In this chapter, we examine how many receiver antennas should be employed in a given
region of space in a receiver diversity system; in particular, we seek the performance limits
and the optimal number of antennas. Our focus here is on the performance of economi-
cal MRC receiver diversity systems operating with a fixed-size antenna array in correlated
Rayleigh and Ricean fading corrupted by cochannel interference. We do not consider the
application of adaptive antenna arrays and interference nulling receivers, for which the
reader is referred to references [18, 109, 110]. To illustrate this research topic clearly, we
first consider the CCI-limited case. To conduct the investigations, we must find perfor-
mance measures that will both be analytically tractable and meaningful practically. In
order to test the consistency of the results and obtain broad perspectives, we employ four
different measures, the long term output signal-power-to-interference-power ratio (SIRP),
the long term signal amplitude to the square root of the interference power ratio (SAPR),
the average instantaneous output signal-to-interference ratio (AISIR), and the average bit
error rate. The use of SIRP and SAPR measures is motivated by analytical tractability,
which permits obtaining analytical solutions for the present problems. The AISIR and the
average BER measures are of greater interest in wireless system study and design, but do
not lend themselves to tractable analytical solutions for the problems examined in our work,
especially when the number of cochannel interferers in Ricean fading is large. Results in

the sequel indicate that the tractable alternative measures can be used with small inaccuracy
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in place of the clearly-motivated metrics to find the optimal number of antennas. Exam-
ples of linear antenna arrays [26] and circular antenna arrays [111] show that, in general,
the four performance criteria when used to study the choice of the number of antennas for
correlated Ricean fading have similar behaviors under the assumptions that the fadings of
the desired user signal and the interfering signals have the same covariance matrix, and
that the thermal noise is negligible. This means that one can use the easily obtained SIRP
and SAPR measures to determine the optimal number of antennas for a fixed-size MRC
diversity system, or as an excellent starting point for a search for the optimal number. Al-
ternatively, the optimal number of antennas in the SIRP or SAPR sense can be used to
achieve good BER and SIR performance at the same time, while being somewhat subop-
timal in the average BER sense. Importantly, the results show that the performance of a
fixed-size antenna array containing the maximum number of independent antennas in CCI-
limited correlated Ricean fading cannot be significantly improved by adding more than one
additional antenna [112], [113].

Then we extend our CCl-limited theory to a more practical system model in the pres-
ence of noise. We investigate the effect of noise on the determination of the maximum
number of receiver antennas that can be usefully deployed in a MRC receiver diversity
system with a fixed-size antenna array operating in correlated Ricean fading corrupted by
CCI. Similar to the CCI-limited case, four different measures, the long term output signal-
power-to-interference-plus-noise-power ratio (SINRP), the long term signal amplitude to
the square root of interference plus noise power ratio (SAINPR), the average instantaneous
output signal-to-interference-plus-noise ratio (AISINR), and the average BER are evaluated
here. Examples in the sequel of linear antenna arrays and circular antenna arrays indicate
that, in general, the four performance criteria have similar behaviors when used to study the
choice of the number of antennas under the assumptions that the fadings of the desired user
signal and the interfering signals have the same covariance matrix. This means that one can
use the easily obtained SINRP and SAINPR measures to determine the maximum effective
number of antennas for a fixed-size MRC diversity system, or as an excellent starting point

for a search for the maximum effective number. Importantly, the results show that the previ-
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ous design rule discovered for the case of CCI-limited environments that the performance
of a fixed-size antenna array containing the maximum number of independent antennas
cannot be significantly improved by adding more than one additional antenna, still applies
for moderate and large values of interference-power-to-noise-power ratio (INRP). Further,
for Rayleigh fading, the performance limits in the presence of noise when the number of
antennas grows without bound are the same as the limits derived for the case of CCI-limited
operation in Rayleigh fading without noise [112], [113].

The remainder of this chapter is organized as follows. The system model is described
in Section 6.2. In Section 6.3, the long-term MRC output measures are presented. The
average BER of coherent BPSK in the presence of arbitrary number of interfering users
and arbitrarily correlated Ricean fading is analyzed in Section 6.4. Numerical results and

discussion are given in Section 6.5. Finally, we give our conclusions in Section 6.6.

6.2 System Model

Assume that there are N antennas and N; cochannel interfering user signals at the receiver
with a fixed-size antenna array. Assume that the desired user signal and the interfering user
signals are independent and experience slow and flat Ricean fadings. However, the fadings
for each user at the N receiver antennas are correlated. Then, the received signal vector, r,
of length N consisting of components from the desired user and the Ny interfering users,

has a baseband model representation given by

Ny
r=/Pocodo+ Y VPrndn+12y 6.1)
n=1
where P, (n=0,1,---,Nj) represents the transmitter power of the nth user signal, and the

index O corresponds to the desired user signal. The symbol d,, denotes the information
bit of the nth user signal, and has zero mean and unit variance. The complex vector ¢,
of length N represents the channel gains experienced by the nth user signal. Further, the
fadings for each user are assumed to be correlated Ricean fadings with mean vector i,

and covariance matrix Yo, = E{(cn — te,)(n — Hheo)? }. In this work, we assume that

127

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



all of the interfering signals have the same mean vector (i, = L, and covariance matrix
Ye, =Y (n=1,---,Ni). The noise vector zy is complex white (both temporally and
spatially) Gaussian with zero mean and variance matrix N/, where I is a N X N identity

matrix. Then the output signal after the MRC combiner is given by

N;
r= coHr = \/PT)(C()HC())dQ + Z \/I_),;(C()ch)dn + (CoHZO). 6.2)

n=1

In this study, uniform linear arrays and uniform circular arrays with a two-dimensional
(2D) omnidirectional scattering channel model and a three-dimensional (3D) omnidirec-
tional scattering channel model are examined in the examples. In a 2D omnidirectional
scattering environment, the correlation between two antennas is Jo(27l/A,,) [26], where [
is the distance between the two antennas, A,, is the wavelength, and Jy(-) is the zeroth-
order Bessel function of the first kind [26], [18]. For the case of 3D omnidirectional
scattering environments, the correlation between two antennas is sinc(2nl/A,,), where
sinc(x) = sin(x)/x, | is the distance between the two antennas and A,, is the wavelength

[114], [115].

6.3 Output Measures

In this section, we study three simple long-term MRC output measures. First we consider

the CCI-limited case. Then we extend the results to include the effect of noise.

6.3.1 CCI-Limited Output Measures
SIRP

The long term output signal-power-to-interference-power ratio or SIRP is defined as the
ratio of the average received desired signal power to the average received interfering signal

power at the MRC combiner output given by

E{Py|coco|?d3}
IE{| er:/lzl \/I'Tn(COHCn)an}.
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Note that the expectations in (6.3) are over the data symbols, d,, as well as the fading gains,
cn. In the case where the data symbols and the fading gains are uncorrelated and all of the

data symbols are uncorrelated with zero mean and unit variance, (6.3) becomes

PE{|co"eo|*} E{(co” )’}
¥SIRP = N, Iy oM 1 D (6.4)
Yol PiE{[coen*} XL r—:;E{|C0 cnl’}
where I'} = By/P, (n =1,--- ,Nj) is the ratio of the desired user transmitter signal power

to the nth interfering user transmitter signal power, as defined in Chapter 5.
The long term SIRP in (6.4) can be calculated by
tr(Le,) +2(He" Ley bey) + 17 (Rey)

Ysirp = 6.5)
21,2]1:1 I—},,;tr(Rcoch)

where R, = E{cnan }. is the correlation matrix of the fading vector for the nth user signal
cn(n=0,1,---,Np), and tr(-) denotes the trace of a matrix. The detailed derivation of (6.5)
from (6.4) is given in Appendix D.1. From (6.5), one can see that the SIRP depends only on
the user signal powers and the statistics of the user channel fadings, that is, the covariance
matrices Y., and the mean vectors pe, (n=0,---,N).

Since we assume that o, = Y, and U, = U, for the interfering user signals, (6.5)

becomes

T7[tr(X2,) + 2(Hey™ Loy bhey) +17*(Rey )]

= 6.6
YsIRP 17(RegRey) (6.6)

where R, is the correlation matrix for the interfering signals, and I'y = Py/ P is the ratio of
the desired user signal power to the total interference power with Py = Zf:": | Pr, as defined
previously.

When Rey = Re; = Ro and ¥, = Y., = Yo, namely, all of the user signals have the same

fading statistics, (6.6) becomes

Ty[tr(RE) — (Bey™ Hey) +17*(Ro))]

Ysirp = tr(R%)
— __(nucoHuco)z trz(RO))
it @) k) ) ©7
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When the channel experiences Rayleigh fading with pe, =0 (n =0,--- ,N;), (6.7) can be
further simplified to

2
Ysirp =17 (1 + trz(()%:o))) Iy (1 + ;r(/(\th (6.8)
tr 0 r

where Ay is the diagonal matrix composed of the eigenvalues of ¥ with Yo = QAoQY, as

is defined in Appendix D. For correlated Rayleigh fading, one can see that the SIRP only

depends on the eigenvalues of the correlation matrix Y and the SIR power ratio I';.

SAPR

Another useful and interesting measure is called here the long term average signal ampli-

tude to the square root of interference power ratio or SAPR defined by
E{|vPo(co™co)do} _ E{coco}
YSAPR = D)
VE(EL, VB @ endn?)  +/Enl: fE(leoeal?)

The use of the SAPR measure is motivated by the fact that in a BPSK system disturbed by

(6.9)

additive Gaussian noise, the probability of error is given by Q(A/c) where A is the signal
amplitude, o is the square root of the noise power and Q(x) = [ e 124t /\/2m; that is,
the argument of the Q-function is the SAPR.

From Appendix D.1, we have that E{u} = E{co"cp} = tr(R¢,) and E{|co/cn|?} =
tr(Re,Re, ). Thus the SAPR in (6.9) becomes

tr(Rey) Itr?(Re,)
\/ A rntr(Rq)Rcl) 1r(ReyRey)

Compared with the SIRP in (6.6), the expression for Ysapgr in (6.10) is simpler. When
R¢y = Re; = Ry, (6.10) becomes

Ysapr = (6.10)

tr2(Ry)
= I——. 6.11
YSAPR 1 &) (6.11)

Comparing the expression for the SAPR in (6.11) with the expression for the SIRP in (6.8),
one sees that they are very similar in the case of Rayleigh fading; we will see in the sequel

that these two measures give consistent results.
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AISIR

The instantaneous output signal-to-interference ratio or SIR is defined by

Poleocol*  eo

N, — N .
IV, Falealleal® | TaL; feleofica

Ysir = (6.12)

The average instantaneous output SIR or AISIR is calculated by averaging (6.12) over

cn (n=0,---,Nj) to give

coeol?
Yarsik = E{ysir} =E Nll ¢ o

15 (6.13)
Yol ~1?|‘30 Cn|

From (6.13), the AISIR measure is an expectation averaging over all of the user fadings.
Owing to the correlation between the numerator and the denominator in the expression
for ys7r, we were unable to derive an analytical result for the AISIR in generally correlated
Ricean fading. In the sequel, we will use Monte Carlo simulation to assess the AISIR when

both the desired user and the CCI are subjected to correlated Rayleigh and Ricean fading.

Limits of SIRP and SAPR in Correlated Rayleigh Fading

In this subsection, we will show that the SIRP and the SAPR reach a limit asymptotically
as the number of antennas N increases without bound for the fixed-length uniform linear
antenna array and the fixed-radius uniform circular antenna array when both the desired
user signal and the interfering signals experience correlated Rayleigh fading with the same
covariance matrix ).

We consider linear antenna arrays first. Assume that the antennas are uniformly placed
in a linear array with length L. Further assume that the correlation between the ith antenna
and the jth antenna, p; j = y(|i — j|d), where d is the distance between two adjacent anten-
nas, and y/(+) represents a correlation function. Then, the limits of the SIRP and the SAPR

for a linear antenna array are given, respectively, by

L2
li =071+ 6.14
Mm ¥srP 1< -2 dx) (6.14)
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and

. I
lim =L . 6.15
e A \/ 2=V @1

The detailed derivations of (6.14) and (6.15) are given in Appendix D.2. Egs. (6.14)
and (6.15) indicate that there exist limits for the SIRP and the SAPR for linear antenna
arrays, and hence the performance improves little by adding more antennas when N is large
enough. Examples discussed in the sequel indicate that little performance enhancement is
achieved by using more than the maximum number of independent antennas that can be
accommodated in a region of space.

For example, for a linear antenna array in 2D omnidirectional scattering, the limits of

the SIRP and the SAPR are given, respectively, by

1 = Tr{1+
Nl_r& Ysirp ! ( fo (L— x)JO (2nx/ M)dx)
_ o, 5/2 6.16
( i é"(Lo—x)Jé(znx)dx) o

and

) I';
lim = L
N, TSAPR \/2 JE(L - X)J3(27x/ Ayy)dx

Iy
= Ly (6.17)
\/ 2 [0 (Lo — x)J3(2mx)dx
where Ly is the ratio of the array length L to the wavelength A,,.
Similar results can be derived for circular antenna arrays with a fixed radius L. Assume

that the correlation between the ith antenna and the jth antenna, p; j = y(d; ;) = @(li— j|6),

where d;; = L/2 — 2cos(]i — j|0) is the distance between the ith and the jth antennas, 0 is
the angle between two adjacent antennas, and () represents a correlation function. Then

the limits of the SIRP and the SAPR for a circular antenna array are given, respectively, by

2m?
li =I7]1 6.18
Jim Yorp 1( + 02”(271:—9)<p2(9)d9> (6.18)
and
11m 1 YSAPR = (6.19)
\/f "(2m — 9)<P2( )do
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For example, the limits of the SIRP and the SAPR for a circular antenna array in 3D

omnidirectional scattering are given by

272
lim ysirp =17 1+ 6.20
N ( FF (27 — 0)sinc?(2mLyy/2 — 2cos 9)d6> ©.20

and

217

n\/ JE (27 — 0)sinc2(2Lyy/2 — 2¢0s 0)dO

We will see in the sequel that the SIRP and the SAPR approach their limiting values very

Jim Ysapr = (6.21)

quickly as N increases beyond the maximum number of independent antennas.

6.3.2 The Effect of Noise

Now let us consider the effect of noise on the long-term MRC output measures.

SINRP

The long term output signal-power-to-interference-plus-noise-power ratio or SINRP is de-
fined as the ratio of the average received desired signal power to the average received
interference-power-plus-noise-power at the combiner output given by

E{Py|coco|?d3}
E{| L), vPa(co" en)dn + (co"20) %}

PyE{(co"cp)?} _
Yo PE{|co en|2} + E{|eo 20| 2}

YSINRP =

(6.22)

The long term SINRP of the MRC system in correlated Ricean fading can be derived
from Appendix D as

"(Zzo) + Z(I'LCOH Yo ey ) +tr2(RCo)
Loy ﬁl,f"(RCoch) + 15r(Rey)

YSINRP (6.23)

where ['p = Py/Np, denotes the ratio of the desired signal power to the noise power as

defined previously. Since we assume that Yo = Y., and ¢, = M, for the interfering user
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signals, (6.23) becomes

tr(X2) 4+ 2(te,? Yoo Mey) +172(R
VSINRP = °"2 (oo Lo 1°°) (Rey) (6.24)
ﬁtr(RcoRcl) + F—Otr(Rco)

where R, is the correlation matrix for the interfering signals, and I'; = By/P; is the ratio of
the desired user signal power to the total interfering power as defined previously.
When Rey = Re; = Ro and Y, = Y., = Y0, namely, all of the user signals have the same

fading statistics, (6.24) becomes

tr(R) — (Hey™ Hey)> +17* (Ro)
YsiNrp = . (6.25)
r;tr(R3) + r51r(Ro)

When the channel experiences Rayleigh fading with ue, =0 (n =0,---,Ny), (6.25) can be
further simplified to

tr(Z5) +1r2(Fo)  _ tr(Af) +1r*(Ao)
I%tr(Z%) + 1‘%"(20) Flltr(A%) + rlotr(Ao)

where A is the diagonal matrix composed of the eigenvalues of Y, as defined in Appendix

YSINRP = (6.26)

D. For correlated Rayleigh fading, one can see that the SINRP only depends on the eigen-
values of the correlation matrix Y, the average power SIR I';, and the average power SNR

Io.

SAINPR

The long term average signal amplitude to the square root of interference power plus noise

power ratio or SAINPR is defined by

_ E{|v/Fileo” co)do]}
YSAINPR =
VR, V(o en)ds + (eom) )
_ VRE{eo" o} . (6.27)

VIM RE{lco cal?} +E{lco 20}

The SAINPR in (6.27) can be calculated by

tr2(R
YSAINPR = J (Reo) . (6.28)

ZNI 1 rntr(RC()RCI) l—-Lotr(Rco)
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When Re, = Re¢; = Ry, (6.28) becomes

" tr2(Ro) (6.29)
SAINPR = : :
I%tr(R%) + rlatr(Ro)

Comparing the expression for the SAINPR in (6.29) with the expression for the SINRP in

(6.26), one sees that they are very similar in the case of Rayleigh fading.

AISINR

The instantaneous output signal-to-interference-plus-noise ratio or SINR is given by

Poleo co)?
YSINR = . (6.30)
Zilv’:1 Pn|C0ch|2 + |COHZO|2

Averaging (6.30) over ¢, (n = 0,--- ,Nj) gives the average instantaneous output SINR or

AISINR as
Poleyeo|?
Yarsive = E{Ysive} =E . (6.31)
EnLi Paleoten|2 + feot 202

From (6.31), the AISINR measure is an expectation averaging over all of the user fadings.
Owing to the correlation between the numerator and the denominator in the expression for
YsINR, We were unable to derive an analytical result for the AISINR in generally correlated
Ricean fading. In the sequel, we will use Monte Carlo simulation to assess the AISINR

when both the desired user and the CCI are subjected to correlated Ricean fading.

Limits of SINRP and SAINPR in Correlated Rayleigh Fading

In Section 6.3.1, it was shown that the SIRP and the SAPR attain limits asymptotically as
the number of correlated antennas grows without bound. These results were derived there,
however, under a noiseless assumption. It may not be clear whether the limits exist, or if the
limits exist whether the limits are the same for the noiseless case and when noise is present.
In this part, we will show that when additive noise is present, the SINRP and the SAINPR
reach a limit asymptotically as the number of antennas N increases without bound for the

fixed-length linear antenna array and the fixed-radius circular antenna array when both the
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desired user signal and the interfering signals experience correlated Rayleigh fading with
the same covariance matrix Y.

We consider linear antenna arrays first. Assume that the antennas are uniformly placed
in a linear array with length L. Then, the SINRP in (6.26) can be rewritten as
(L+d)* +d(L+d) +2d):L/d 2(id) +2X X4 (L — id) 2 (id)d
d(L+d)(&+E)+ Z”ddw (id) + & £/ (L~ id) y?(id)d

where L = (N — 1)d. When N — oo, and d — 0, the limit of ys;ygp for a linear antenna

YSINRP = (6.32)

array is given by

L?.
lim =I7| 1+ . (6.33)
N YSINRP = 11 ( 2] oL (L2 () dx>
Similarly, the limit of ysasypg for a linear antenna array is given by
Iy
lim =L . 6.34)
sim YsaInPR \/ 2 =0 v () (

Note that the limits of the long term SINRP and SAINPR in (6.33) and (6.34) are indepen-
dent of the noise power, and are the same as the limits of Ys;rp and Ysapr for fixed-length
linear antenna arrays in CCl-limited Rayleigh fading given in (6.14) and (6.15) in Section
6.3.1. That is, the effect of noise on the SINRP and the SAINPR in Rayleigh fading can be
ignored when the number of antennas N is large enough.

Similar results can be derived for circular antenna arrays with a fixed radius L. The
limits of the SINRP and the SAINPR for a circular antenna array are given, respectively,

by

212
lim =Iy{1+ (6.35)
N_MYSINRP 1 ( fOZ”(Zn— 0)(p2(9)d9>

and

hm 1 YSAINPR = (6.36)

\/ (27: e 2(e)de'
Again, the limits of the long term SINRP and SAINPR for fixed-radius circular antenna
arrays in (6.35) and (6.36) are the same as the limits of Ys;rp and Ysapr derived for fixed-

radius circular antenna arrays in CCI-limited Rayleigh fading given in (6.18) and (6.19) in
Section 6.3.1.
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6.4 Average BER of BPSK in Correlated Ricean Fading

In this section, we assume that all of the user signals are BPSK modulated, namely, the
information bit of the nth user signél, d, (n=0,---,Nj), takes values from {+1, —1} with
equal probabilities. Further, we assume that both the covariance matrix of the desired
signal, }¢,, and that of the interfering signals, }.,, have the same eigenvector matrix Q,
namely, the covariance matrices satisfy }.c, = QAoQ" and Yo = QA1Q", where QQF =
QH"Q =1, and Ag and A; are the diagonal matrices composed of the eigenvalues of the
corresponding covariance matrices. Then the decision variable after the MRC combiner is

given by
N
D = Re{r} = \/Py(co" co)do + Z VP.Re{(co cy)}dy + Re{co 2y} (6.37)
n=1

where Re{z} denotes the real part operation on the complex number z. Without loss of
generality, assume that dy = +1 is transmitted, then the average BER conditioned on ¢

and the data set Dy, = {d,--- ,dn, } for the desired user, is given by

Pe|c0)DN, = PI'(D < Old() = +l,Co,DN,)

Noog 1
= Pr{ (cocy) + "_Re{(cofen)} + ——=Re{cofze} <0 ). (6.38)
(( 0" Co) L {(co”cn)} NG {co"zo}

One can show that ¥ = (cofco) + L., duRe{(co™en)}/+/TT + Re{eo" 29}/ /Py condi-

tioned on ¢ and Dy,, is a Gaussian RV with mean gty = (co% cp) +):§'=1 dnRe{co™ tie; }/ /T

and variance 07 = (co L¢,€0)/(2T7) + (co¢o)/(2T0). Then the MGF of ¥ conditioned

on ¢p and Dy, is given by [35]

Pricy.y, (8) = Etho,DNI{eSY} — SHr+(sPop)/2

= exp (S (co”co) +sb(co™ pey -+ ey c0) +57ar (co™ Y co) +5%a (coHCo))
(6.39)

where aj = 1/(4T}), ay = 1/(4Ty), and b = Y\, d,,/(2+/T7). Note that the random vari-

able b is a function of the data set Dy,; therefore, the MGF of Y conditioned on Dy, is
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equivalent to the MGF of ¥ conditioned on b. Substituting vo = Ag /20" ¢ into (6.39),
the conditional MGF of Y becomes

Prico,on, (5) = Priey,n(s)

= exp ((S + azsz) (VoHAQV()) +sb(V0H[,L[ + /.LIHV()) + a1S2(V0HA0A1V0))
N » . . . . . . s .
= [Texp (A9 +a1s*AGA; + ans®A8) v |* + bs(wf (vh)™ + (1))"v5))
i=1

(6.40)

where iy = A(l)/ 20H e, vl and p denote the ith elements of the vectors vo and i re-
spectively, and Aé and l} denote the eigenvalues of the covariance matrix Yo, and Y,
respectively.
Averaging @yic, 5(s) over ¢y, namely, over vy, and setting s = j@, the CF of ¥ condi-
tioned on b is obtained as
. d 1
mobi0) = N e rany

exp NP (jord — o (a1 AiA} —l—gMé)) - 192.(0.2|/.L}'|2 + jo2bRe{ud ()"}
= 1 — jod§+ (a1 AjA] + azAf) '

(6.41)

The detailed derivation of (6.41) from (6.40) is given in Appendix D.3. Then the average
BER conditioned on b can be calculated according to [116, eq. (9)]

Pe|b = PI'{Y < Olb}
|1 i),
0

— 42
2 7 0] (6.42)

where Im{z} denotes the imaginary part operation on the complex number z. Averaging
(6.42) on b for the whole data set Dy, the average BER of BPSK in the presence of CCI

and noise over correlated Ricean fading is given by

P,=Y P, xP b—lNl i 6.43
e =Y Pup X Pr =5 L T (6.43)
b I

n=1
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where Pr(b = ZnN’= 19n/(24/T}) is the probability for b = Zanz 19n/(2+/T}) over the whole
data set Dy, .
When all of the interfering users have the same transmitter power, namely, I'} = NI,

the probability mass function of the random variable b is given by [113, eq. (29)]

(2k—N;)\ _ Ck,
Pr|b= = — k=0,1,--- Nj. 44
I'( Zm 2N1 sy y4V] (6 )

Then the average BER for equal-power cochannel interferers and AWGN becomes
N[ Ck
N
P, = —L xX P (2~Ny) - (645)
€ ];) Ny elb= T/%Nr,
Particularly, when the fading is Rayleigh, namely, te, =0 (n = 0,---,Ny), the condi-
tional CF of Y in (6.41) can be further simplified to
N 1

drplio) = 1= A+ 02 (AGAL/Tr + A fTo) /4

(6.46)

Since (6.46) is independent of b and the number of interfering users, the average BER in

correlated Rayleigh fading becomes

oo N :
P = % - -71; /0 %Im {E jenl wZ(Ag,'lA}/F, AT/ } do. (6.47)
When the AWGN is ignorable, I'g = oo, namely, a; = 0 in (6.41). Then the CF of Y in
CCl-limited correlated Ricean fading is obtained from (6.41) as
N 1
briplje) H 1= oA+ 0Pai Al

oxp [ 32 WS U0R ~ 0Penhgh) PPl + joromeli 1))
P =1 1— joAd + w?a1AjAf

(6.48)

When the fading is Rayleigh,the conditional CF of Y in (6.48) can be further simplified to
N 1

orp(jo) = ,IJ 1— joAj+w2A5A;/(4T7)

(6.49)
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Since (6.49) is independent of b and the number of interfering users, the average BER in

correlated Rayleigh fading becomes

1 1 /=1 N 1
Po=—-—— —I : — do. 6.50
‘"2 = /0 o {E 1— jor+ @AM}/ (4T7) } (6:30)

Eq. (6.50) can be further derived in closed form as follows. The MGF of Y in CCI-

limited Rayleigh fading is obtained from (6.49) as

N
Prls) = I_I(l Vs (1+w,s)

i=1
N

==

where vi = (A4 + /()2 + AdA] /r,) /2 and wi = (=A+1/ (A2 + 24A/T) /2. As-
suming that there are P, different non-zero values of v; and P, different non-zero values of

w;, namely, Zf-);l tv; =N, and Zgl tw; = N, (6.51) becomes

B
or(s)= [H(T_i_sﬁ} [H(l—i—w] tw,}' (6.52)

i=1

Using [77, eq. (11)], one has

[[——s = ; y b (6.53)

and
joi (Lrwgs)™r = = (s+w%->lw |

where «;;, and f3;, are respectively given by

1 tv; P, qi
0, = (_V_z) Z I_I Ctvk+‘Ik lz—ﬁ)jm (6.55)

(i 1) k=13k#i 1-%
and .
1 w (—wk)qk
ﬁf,lw:._zw,- Z H Cf»'ékJqu 17 Nt (6.56)
Wi () k=Tt (1-;:&_)
J
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where 7(i, l,) = {(q1,"** ,qp,) 1k €No, gi =0, Ls" ; qe=1vi— by} and ©(j, lw) = {(q1," " ,qp,)
qr € No, qj = O,Zfil gk =twj—ly}.
Then (6.52) becomes

i , P, tw;
o) = (DL || L L e

Pty By W o
_ Y Y Yy e 657
i=1h=1j=11,=1 ( L) (s+ L)
Vi wj
Taking the inverse Laplace transform on (6.57), the PDF of Y can be calculated by

P, tv; P, twj

FO=Y Y Y Y (@) Bjs) s, (6) x5, ()] (6.58)

i=1l=1 j=1l,=1

where x;;,(¢) and y; , (¢) are given by

and
. = (__1)2 Lo=1t/w;
Vi () = e £ <0. (6.60)

Then the BER of BPSK in (6.38) can be calculated as

0
P, = /_Oofy(t)dt

Py oty By Wi ( )lv lW Ly—1 1
= Z Z Z Z i1, (B] lw lv X Z CZ"‘Q 17 o NT° (661)
i=10=1j=11,=1 (_+ ) <1+v_()
Vi Wj 3

Eq. (6.61) is a closed-form expression for the BER of BPSK using MRC in CCI and
correlated Rayleigh fading. When all of v; and w; are not equal, (6.61) can be further

simplified as

NNy 1 1
P, = Y BN . (6.62)
,2211—2_:1 (vi+w;) Hszl;k7éi(Vi—'vk) Hk lk;é]( — W)

Observe that the BER in (6.61) and (6.62) depends, through the v;, w;, ¢, and B;;,, only

on the eigenvalues of the correlation matrix and not on the elements of the correlation ma-

trix. This is a consequence of the fact that the same MRC diversity structure with the same
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branch weights is an optimal, maximum likelihood (ML) structure, both for independent

branches and for correlated branches [117].

6.5 Numerical Results

In this section, some examples using linear antenna arrays and circular antenna arrays with
a 2D omnidirectional scattering channel model and a 3D omnidirectional scattering chan-
nel model are given. We assume that the antennas are uniformly placed in a fixed-length
linear antenna array or a fixed-radius circular antenna array. The length of the linear an-
tenna array is assumed the minimum required to accommodate 7" independent antennas.
That is, the ratio of the linear antenna array length to the wavelength, Lo, is only deter-
mined by the number of independent antennas 7. Observe from Fig 6.1 that for the 3D
case, one can neatly place the antennas at the zero-crossings of the correlation function,
which are uniformly spaced, and the antennas will be independent. In contrast, for the
2D case, the zero-crossings of the correlation function are not uniformly spaced. Mo-
tivated by practical considerations, we space the T antennas uniformly across the total
length of the array. The correlation between the T antennas, while not zero, is extremely
small, so small that the antennas are virtually independent. The independent and vir-
tually independent antennas will be referred to as the “primary” antennas, as shown in
Fig. 6.2, where the diagrams of uniform linear antenna array and uniform circular an-
tenna array are given. The normalized array length Lo for the 2D channel model is de-
termined by the (T — 1) zero-crossing of Jo(27x) [6, eq. (8.548)] and Ly = (T —1)/2
for the 3D channel model. For the case of circular antenna arrays, we assume that the

normalized radius, Ly, is determined by the minimum distance between two adjacent pri-

mary antennas, namely, Lo = 0.382//2— 2cos(27/T) for the 2D channel model, and

Lo =0.5/+/2 —2cos(2m/T) for the 3D channel model. Further, we assume that the chan-
nel gains cnp = Xu,p + jynp + Meyp (B =0,---,N;,p = 1,--- ,N) at the receiver satisfy
Elxn,p¥n,q) = Elyn,pynql, and Elxn pyng] = ElynpXng] =0 (p,g = 1,---,N). For our ex-

amples, we assume that the covariance matrix for the desired user signal and that of the
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interfering signals are equal, that is, Yo, = Y.c,, and all of the interfering signals in corre-

lated Ricean fading have the same average power.
2D and 3D Antenna Correlation Function

1') T T T T T
' 3 [ —_— 2D channel model J (27x)

| —%—- 3D channel model sin(ax)/(x X

Correlation Coefficient

0.5 1 1.5 2 25 3
Normalized space between two antennas x

Fig. 6.1. The correlation coefficient of two antennas versus the normalized antenna spac-

ing.

6.5.1 CCI-Limited Case

Let us first consider the CCI-limited case. Fig. 6.3 shows the SIRP, the SAPR, the AISIR,
and the average BER versus the number of antennas, N, in correlated Rayleigh fading with
N; =2 equal-power interferers and I'; = 5 dB for a linear antenna array using the channel
model in [18] with A = 7. Different numbers of primary antennas T are considered. In
Figs. 6.3(a) to 6.3(c), one can see that for all the values of T except T = 2, the values of
Ysirp, Ysapr and Yarsir reach the maximum at N = T 4 1 and the curves become flat or even
deteriorate when N is larger than T + 1, which indicates that adding more antennas cannot

always increase the values of Ysirp, Ysapr and Yasszr; namely, there exists a saturation point
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@ Primary Antenna

. Correlated Antenna

Normalized Length LO |

@ @ @

(@)

* —&—0 6 & &

(b)
Uniform Linear Antenna Array

~ Normalized Radius LO

(© (d)
Uniform Circular Antenna Array

Fig. 6.2. The diagram of uniform linear antenna array and uniform circular antenna array.

at N =T + 1, beyond which little benefit can be achieved from adding more antennas.
Similar observations can be drawn from Fig. 6.3(d). In Fig. 6.3(d), the diamond markers
denote the BERs obtained using Monte Carlo simulation. It is seen that the analytical
results are in excellent agreement with the simulation results. Importantly and usefully, for
all of the values of T, the average BER becomes best at N = T + 1. In addition, the SIRP
and the SAPR are very close to the corresponding limits denoted by the dashed curves in
Figs. 6.3(a) and 6.3(b), when N > 10.

Fig. 6.4 shows the SIRP, the SAPR, the AISIR, and the average BER versus N with Ny =
2 equal-power interferers and I'; = 5 dB for a linear antenna array in correlated Rayleigh

fading. A 3D channel model is considered for different numbers of primary antennas 7.
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Fig. 6.3. The ysirp, the Ysapr, the Yarsir, and the average BER of a linear antenna array
versus the number of antennas, N, in correlated Rayleigh fading described by the 2D

omnidirectional scattering model with Ny = 2 equal-power interferers and ['; = 5 dB

for different values of T'.

Observe that except for the case of T = 2, ¥s;gp and Ysapg indicate an optimal number of
antennas at N = T + 1 for the system design that is the same as the number indicated by
the AISIR and the average BER performance measures.

The case that both the desired user signal and the interfering user signals experience
correlated Ricean fading is presented in Figs. 6.5 and 6.6, where all of the branches of
the nth user signal have the same LOS component denoted by VK,ei% (n=0,.-- |Np),
where K, = |l |*/var(ci,) and 6, is the phase of the LOS component. In the examples,
the LOS component for the desired user signal is Ko = 10 dB and 6y = /4, and the LOS
component for each of the interfering user signals is K; =3 dB and 6; = ©/6. The 2D and

3D channel model with I'y = 0 dB and N; = 2 equal-power interfering signals are used for
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Fig. 6.4. The Ysirp, the Ysapr, the Yarsir, and the average BER of a linear antenna array
versus the number of antennas, N, in correlated Rayleigh fading described by the 3D

omnidirectional scattering model with N; = 2 equal-power interferers and I'; = 5 dB

for different values of T'.

different values of T in Fig. 6.5 and Fig. 6.6, respectively. The diamond markers in Fig.
6.5(d) and 6.6(d) denote the BERs obtained using Monte Carlo simulation. It is seen that
the theoretical results are in good agreement with the simulation results. Observe in Fig.
6.5 that all of the four measures improve little, or even become worse, when N is larger than
T. This means that the saturation point of N predicted by the SIRP and the SAPR indicates
a threshold in the number of antennas beyond which the AISIR and the BER performance
gain little by adding more antennas. Furthermore, the performance for T = 4 becomes best

at N = 3, although the performance at N = 4 is close to the best performance. Similar

observations are made from Fig. 6.6, where all of the four measures improve little, or even

become worse, when N is larger than 7.
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Fig. 6.5. The ¥sirp, the Ysapr, the Yarsir, and the average BER of a linear antenna array
versus the number of antennas, N, in correlated Ricean fading described by the 2D
omnidirectional scattering model with N; = 2 equal-power interferers and I'r = 0 dB

for different values of T'.

Fig. 6.7 examines the effect of the number of equal-power interfering signals on the
average BER for a fixed value of I'; = 0 dB. A linear antenna array with a 2D scattering
model with T = 6, Kg = 10 dB, 6 = n/4, Ky =3 dB and 6; = 7/6 is used here. It is
seen that the BERs at N = 6 are very close to the minimum BERs at N = 7. Further the
BER increases with the number of interferers although there is no difference for the ys/rp
measure. Significantly, from the viewpoint of system design, the SIRP measure indicates
that N = 6 is a good choice to achieve a good compromise between the BER performance
and the system cost for all values of Ny examined.

The performance of circular antenna arrays with a fixed radius in correlated Ricean

fading using a 3D channel model is presented in Fig. 6.8 and using a 2D channel model
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Fig. 6.6. The vsirp, the ¥sapr, the Yassir, and the average BER of a linear antenna array
versus the number of antennas, N, in correlated Ricean fading described by the 3D

omnidirectional scattering model with N; = 2 equal-power interferers and I'; = 0 dB

for different values of 7'.

in Fig. 6.9, respectively. In both of the figures, the desired user signal with Ko = 10 dB
and 6y = 0 is disturbed by N; = 4 equal-power interferers with K; =2 dB and 6; = 0. The
average SIR power ratio I'; is 0 dB for different values of T'. It is seen that the SIRP and
the SAPR indicate a saturation point of the number of antennas around N =T + 1, beyond
which, the average BER and the AISIR become very flat.

Fig. 6.10 shows the SIRP and the average BER versus the number of antennas N for a
circular antenna array in correlated Rayleigh fading using a 3D channel model withI'y =5
dB and N; = 7 interferers. The dashed curves in Fig. 6.10(a) represent the limits of the
SIRP for different values of T. It is seen that the SIRP is very close to the corresponding

limit for N > 8. In addition, the SIRP indicates a saturation point around N = T + 3, beyond
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Fig. 6.7. The ¥s/rp and the average BER of a linear antenna array versus the number of an-
tennas, NV, in correlated Ricean fading described by the 2D omnidirectional scattering

model with T = 6 and I'; = 0 dB for different values of N;.

which, the average BER decreases little by adding more antennas.

The effect of the LOS component in the Ricean fading on the BER performance is ex-
amined in Fig. 6.11, where different values of K; for the interfering signals are considered
for a circular antenna array using a 2D scattering model with T = 5, Ny = 5 equal-power
interferers, I'; = 3 dB, Ko = 10 dB, 6y = 0, and 6; = 0. Observe that the two performance
measures improve with decreasing K;. Further, the performance measures becomes flat
after N = 6, and the performance at N = 5 nearly equals that at N = 6.

The examples indicate that addition of more than one antenna beyond the number of
independent antennas is not always worthwhile. This rule of thumb appears to be widely
applicable, and is intuitive. If one considers the antennas as sampling points of the spatial

signal field shown in Fig. 6.12, one expects from a sampling theorem viewpoint that using
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Fig. 6.8. The Ysirp, the Ysapr, the Yassir, and the average BER of a circular antenna array
versus the number of antennas, N, in correlated Ricean fading described by the 3D

omnidirectional scattering model with N; = 4 equal-power interferers and I'; = 0 dB

for different values of T'.

more than the maximum number of independent antennas should be unnecessary.

6.5.2 The Effect of Noise

In this part, the effect of noise on the maximum effective number of antennas is investi-
gated. Fig. 6.13 shows the SINRP, the SAINPR, the AISINR, and the average BER versus
the number of antennas, N, in correlated Ricean fading with Ny = 2 equal-power interfer-
ers, 'y = 0 dB, and I'o = 5 dB for a linear antenna array using the channel model in [18]
with A = 7. All of the branches of the nth user signal have the same LOS component
VK€% (n=0,---,Np). In the example, the LOS component for the desired user signal
is Ko = 10 dB and 6y = m/4, and the LOS component for each of the interfering user
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Fig. 6.9. The Ysirp, the Ysapr, the Yarsir, and the average BER of a circular antenna array
versus the number of antennas, N, in correlated Ricean fading described by the 2D

omnidirectional scattering model with Ny = 4 equal-power interferers and I'; = 0 dB

for different values of T.

signals is K; = 3 dB and 6; = /6. Different numbers of primary antennas 7 are consid-
ered. In Fig. 6.13(d), the diamond markers denote the BERs obtained using Monte Carlo
simulation. It is seen that the analytical results are in excellent agreement with the simu-
lation results. Further, one can see that for all the values of T except T = 2, the curves of
the Ysinrp, the Ysaiver, the Yarsivr. and the average BER behavior similarly with N, and
become flat when N is large enough, which indicates that adding more antennas cannot
always increase the system performance usefully.

Similar observations can be drawn from Fig. 6.14, where a fixed-radius circular antenna
array in correlated Ricean fading using a 3D channel model withI'; =0dB and I'o =5 dB

is considered for different values of T'. Here, the desired user signal with Ky = 10 dB and
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Fig. 6.10. The ysrp and the average BER of a circular antenna array versus the number
of antennas, N, in correlated Rayleigh fading described by the 3D omnidirectional

scattering model with Ny = 7 equal-power interferers and I'; = 5 dB for different

values of T,

6o = 0 is disturbed by N; = 4 equal-power interferers with K; =2 dB and 6; = 0. It is
seen that the SINRP and the SAINPR indicate a saturation point of the number of antennas
beyond which, the average BER and the AISINR improve very little. Comparing Fig. 6.13
and Fig. 6.14 with Fig. 6.5 and Fig. 6.8, respectively, where the noise is ignored, one can
see that the saturation point of the number of antennas when noise is present in addition to
CCl is no longer closest to 7" or T + 1, but rather shifts to larger values.

To further investigate the effect of noise on the maximum effective number of antennas,
the SINRP, the SAINPR, the AISINR, and the average BER versus the number of antennas,
N, in correlated Ricean fading with T = 5, N; = 2 equal-power interferers and I'; = 0 dB is

considered in Fig. 6.15. The channel model in Fig. 6.13 is used for different values of SNR
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Fig. 6.11. The 7ysgp and the average BER of a circular antenna array versus the number
of antennas, N, in correlated Ricean fading described by the 2D omnidirectional scat-

tering model with T = 5, N; = 5 equal-power interferers and I'; = 3 dB for different

values of K;.

power ratio [y with I'g = oo corresponding to the CCI-limited case. It is seen that the system
performances improve with increasing I'g, as expected. Further, the curves converge when
I'p becomes large. For example, the performances with I'g = 10 dB and I'p = 15 dB are
very close to the performance with I'g = o, the CCI-limited case. In other words, one can
still apply the design rule for the CCI-limited case to determine the maximum effective

number of antennas for a fixed-size antenna array when the SNR power ratio I'g is large

enough, say 5 dB or greater.

Fig. 6.16 shows the SINRP and the average BER versus the number of antennas N
for a circular antenna array in correlated Rayleigh fading using a 3D channel model with

T = 4 and N; = 7 interferers. Different values of the interference power to noise power
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Fig. 6.12. The diagram of CCI-sampling space

ratio I';ygrp = Pr/Ny are considered. The dash-dot curves in Fig. 6.16(a) represent the
limits of the SINRP for different values of I';. It is seen that the SINRP is very close to the

corresponding limit when I'jygp is equal to or larger than 10 dB for N > 8.

6.6 Summary

In this chapter, the performances of MRC receiver diversity systems with a fixed-length
linear antenna array and a fixed-radius circular antenna array were analyzed. For the case
of CCI-limited environment, examples show that, in general, the long term output SIRP,
the long term SAPR, the average instantaneous output SIR, and the average BER versus
the number of antennas for a fixed-size antenna array have similar behaviors in correlated
Ricean fading. The optimal number of antennas predicted by the SIRP or the SAPR can
be used, or as an excellent starting search point, to achieve a good compromise between

the system performance, such as the AISIR and the average BER, and system cost. A
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Fig. 6.13. The Ysinrp, the Ysainpr, the Yarsivg, and the average BER of a linear antenna
array versus the number of antennas, N, in correlated Ricean fading described by the
2D omnidirectional scattering model with N; = 2 equal-power interferers, I'; = 0 dB,

and I'g = 5 dB for different values.of T.

widely applicable general rule of thumb emerges which is that the performance of a fixed-
size antenna array containing the maximum number of independent antennas cannot be
significantly improved by adding more than one additional antenna. Special cases where
particular performance gains can be achieved by adding additional correlated antennas were
also discussed. When the noise is present, the results show that the design rule for the CCI-
limited case, still applies for moderate and large values of interference-to-noise power ratio.
In addition, for Rayleigh fading, the limits of the long term SINRP and the SAINPR in the

presence of noise are the same as the limits for the CCI-limited case.
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Fig. 6.14. The Ys;vrp, the Ysainpr, the Yazsivg, and the average BER of a circular antenna
array versus the number of antennas, N, in correlated Ricean fading described by the

3D omnidirectional scattering model with N; = 4 equal-power interferers, I'; = 0 dB,

and [’y = 5 dB for different values of T.
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Fig. 6.15. The Ysinrp, the Ysarnver, the Yarsivgr, and the average BER of a linear antenna
array versus the number of antennas, N, in correlated Ricean fading described by
the 2D omnidirectional scattering model with T = 5, N; = 2 equal-power interferers,

I'; = 0 dB for different values of I'y.
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Fig. 6.16. The ys;ygrp and the average BER of a circular antenna array versus the number
of antennas, N, in correlated Rayleigh fading described by the 3D omnidirectional
scattering model with 7 = 4 and Ny = 7 equal-power interferers for different values

of the INRP ratio I'yypp = P[/N().
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Chapter 7

Conclusions and Suggestions for Future

Work

In this chapter, we first summarize the major contributions of this thesis and then suggest

several topics for future research.

7.1 Conclusions

1. An exact and unified analysis framework for T-HS/MRC over generalized fading
channels was developed using the total probability theorem and MGF method. This

theory allows various fading models and different modulation schemes.

2. The previous published analytical results on T-HS/MRC were shown to be inaccu-

rate.

3. Explicit expressions for the average SER and outage probability of T-HS/MRC in

i.i.d. diversity branches and i.n.d. diversity branches were obtained.

4. Closed-form expressions for SER and outage probability of T-HS/MRC in i.i.d. and

i.n.d. Rayleigh fadings were obtained.
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5. The performances of SC, H-S/MRC and T-HS/MRC in correlated Nakagami-m fad-
ing with a special correlation structure were analyzed when the fading parameter m
is a positive integer. This correlation structure is more general than equal correlation

and includes equal correlation as a special case.

6. New representations of Rayleigh fading amplitudes and Nakagami-m fading ampli-
tudes with the special correlation structure were provided by linearly combining a
set of independent Gaussian RVs. These representations greatly simplify the perfor-

mance analyses of SC, H-S/MRC, and T-HS/MRC in correlated Nakagami-m fading.

7. An approximate SER analysis of H-S/MRC and T-HS/MRC in arbitrarily correlated
Nakagami-m fading with positive integer values of fading parameter m was proposed
using a Green’s matrix method. Various correlation models in diversity systems were

used to examine the efficiency of this approximate analysis.

8. The exact SER of T-HS/MRC in correlated Nakagami-m fading when the inverse of

the covariance matrix is tridiagonal, was obtained.

9. The outage probabilities of MRC diversity systems with an arbitrary number of an-
tennas in the presence of an arbitrary number of cochannel interferers and noise were
derived when the branch gains of the desired user signal and interfering signals ex-
perience Rayleigh fading and have the same correlation matrix. Two cases that the
correlation matrix has different eigenvalues and that the correlation matrix is equally
correlated are considered. The results apply for both equal-power and unequal-power

cochannel interferers.

10. Closed-form outage probabilities of MRC in CCI-limited Rayleigh fading were ob-

tained for the two correlation structures.

11. Closed-form SERs of BPSK modulated cellular systems using MRC in the presence
of CCI and correlated Rayleigh fading were derived for both the equi-correlated co-

variance matrix and the covariance matrix with different eigenvalues.

160

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12.

13.

14.

15.

16.

17.

18.

Closed-form BERs of BPSK using MRC with a special channel estimator were ob-
tained in the presence of CCI and correlated Rayleigh fading. The effect of imperfect

channel estimation on the BER performance was examined.

The question of how many receiver antennas to employ in a diversity system oper-
ating in CCI and fading was investigated. Three long-term output measures and the
average BER of a MRC diversity system with CCI and noise in arbitrarily correlated

Ricean fading were analyzed.

For the CCI-limited case, a widely applicable general rule of thumb that the perfor-
mance of a fixed-size antenna array containing the maximum number of independent
antennas cannot be significantly improved by adding more than one additional an-

tenna was developed.

Some special cases where particular gains can be achieved by adding additional cor-

related antennas were discussed.

When noise is present, results show that the rule for the CCI-limited case still applies

when the interference dominates the noise.

It was shown that the long-term SINRP and SAINPR reach a limit asymptotically
as the number of antennas increases without bound for the fixed-length uniform lin-
ear antenna array and the fixed-radius uniform circular antenna array when both the
desired user signal and the interfering signals experience correlated Rayleigh fading
with the same correlation matrix. Further, the asymptotic limits are unchanged when

noise is neglected.

A closed-form BER expression for BPSK using MRC in CCI and arbitrarily corre-
lated Rayleigh fading was obtained.
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7.2 Future Work

1. In Chapter 3, we studied the performance of generalized selection combining in cor-
related Nakagami-m fading with a special correlation structure. However, an exact
performance analysis of SC, EGC, H-S/MRC and T-HS/MRC in arbitrarily corre-
lated fadings is still an open problem. Further, the performance of diversity sys-
tems with unequal power branch signals over correlated fading channels has not been

solved.

2. In general, diversity techniques rely, to a large extent, on accurate channel estima-
tion. In Chapters 2, 3 and 4, perfect channel estimation for H-S/MRC and T-HS/MRC
systems are assumed. However, in practice, these estimates are obtained in the pres-
ence of noise and time delay. In the literature, the performance of H-S/MRC in i.i.d.
Rayleigh fading with channel estimation error was analyzed in [118], [119]. It is
of interest to study the effects of channel estimation error on the performance of

H-S/MRC and T-HS/MRC in correlated fading channels.

3. In this thesis, we consider the performance of H-S/MRC and T-HS/MRC in slow
and flat fading. However, in wideband systems, such as an UWB system, the fading
is frequency-selective. Therefore, it is useful to extend the results and analyze the
performance of a wideband receiver with H-S/MRC and T-HS/MRC in frequency-

selective and correlated fading channels.

4. In Chapter 5, we assumed that the fadings of the desired user signal and the inter-
fering user signals were Rayleigh distributed and had the same correlation matrix.
Two correlation structures were studied. The results may be extended to study the
outage probability of MRC with CCI in arbitrarily correlated fading channels. Fur-

ther a more general case that the desired user signal and the interfering user signals
experience different fadings with different correlation matrices may be considered in

future work.
5. In Chapter 6, we studied the maximum number of antennas that can be usefully
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employed in a MRC receiver diversity system over correlated Ricean fading. The
case of Nakagami-m fading may be considered. Further, it is of interest to study
the case of various antenna arrays in addition to uniform linear antenna arrays and

circular antenna arrays.

6. In Chapter 6, MRC receiver diversity systems were studied. It is of interest to in-
vestigate the maximum effective number of antennas at the both of the transmitter
end and the receiver end for MIMO systems. One can first consider the case that
the transmitter has no knowledge of the channel status but the receiver has perfect
knowledge of the channel information, and the total transmit power is constrained
and divided equally among the transmitter antennas. Different correlation models
can be examined. For example, only the fadings at the transmitter end, or at the re-
ceiver end, are correlated. That is, only the elements in each column or each row of
the MIMO fading channel matrix, are correlated with the same correlation matrix,
and all of the columns or the rows are independent. A more general case that the

correlation of the MIMO fading channel is arbitrary may be also studied.
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Appendix A

A Useful Expression for the Product
?’:1“ —¢i)

In this appendix, we derive a useful expression for the product H?’Zl (1 —¢;), namely

N N

H(l—cl-)=1+21(—1)" Y IBIcv@ (A1)
=

i= VES({1, N}, p) =1
where S ... v}, ) denotes the set of total combinations of the integers {1,---,N} taken
p(1 < p <N) numbers at a time, and v = {v(1), - ,v(p)} € S(1,... n}, ) denotes a spe-
cific combination of the integers {1,---,N} taken p (1 < p < N) numbers at a time. The
following proof of eq. (A.1) is by induction.

Before the induction proof for (A.1), we first state and prove a lemma required for the
induction proof of (A.1). The lemma is as follows:

Lemma: For positive integer p (2 < p <L),

p

4 p—1
Z ICV(Q) = Z H Cv(q) + Z CL+1 IIl Cv(q)s (A.2)
q:

VES({1,,L+1},p) 9= VES({1,,1),p) 11 VES({1,- L}, p-1)
where the set S((; ... 1}, p)» v @and ¢; (1 < i < N) were defined in (A.1).
Lemma Proof: The set of total combinations of the integers {1,---,L+ 1} taken p (2 <
p <L) numbers at a time, S((;.... 141}, p)» can be divided into two complementary subsets.

One is the set, S({1.... 1}, p) the other is the corresponding complementary set of S(y ... 1}, )
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denoted by 5({1’...,1‘}, p)- Specifically, the complementary set, S‘({l,...,L}, p)» 18 the set of the
combinations, in each of which, the integer L + 1 is taken and the other p — 1 numbers are
taken together from the integers {1,---,L} [120, eq. (20)].
Then the left side of (A.2) becomes
p p
Y Jlew= X Hcv(q) + X H%) (A3)
VES({1, L+1},p) 9=1 veS((1,-,L},p) 4=1 €81, 1}, p) 9=}

For each combination in the complementary set, S({l,.‘.yL}, p)» the product, TI7_; ¢\(q)
CL+1H5;11 Cy(q) (ve S({l,---,L},p-1))- Thus, the second term on the right side of (A.3),

- P
L1, 13, Hg=16v(g) DECOmES

4 p—1
¥ HC @= X an]]e (A.4)
q=1

VES((1, 1), p) 171 VES({1,,L},p-1)

Substituting (A.4) into (A.3), (A.3) becomes (A.2).

Now consider the induction proof for the product expression given in (A.1).

Proof: First, when N = 1 and p = 1, the set, S((1},1) = {[1]}, then the right side of (A.1)
becomes 1+ (—1)c;, which equals the left side of (A.1).

When N = 2, the product [T, (1 —¢;) becomes 1 —cj — ¢y +cjcp. The right side
of (A.1) becomes 1 +Y2_, (—1)? Lvesua, p)H 16v(g)- When p =1, the set S((; 2}, 1)
{[1],[2]}; when p = 2, the set ({1 23,2) = {[1,2]}. Then the right side of (A.1) becomes
1 —c¢1 — ¢ + ¢, which equals the left side of (A.1).

Now assume that when N = L, eq. (A.1) is valid. Then when N = L+ 1, the product,
151 (1 - ¢;) becomes using [121, eq. (1.5)]

L+1 L

H(l -¢) = (1 -CL+1)H(1 —ci)

i=1 i=1

L
= (1"CL+1){1+21("1)1) Z Hcv q)}
p=

VES ({1, L}, p)

L
= 1—CL+1+Z(_1)1) Z HCV(q)+

p=1 VES({1,-.),p) 71

Y Y an chv(cn
q=

p=1 VGS({I,“-,L},[J)

t~
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L L
= 1—ZC,'—‘CL+1+Z(—IP Z Hcv(q
i=1 p=2 veS((1,...L}, p)
L—1 L+1
Z(_l)p+l Z CL+1 Hcv(q)+(_l)L+1 Hci
p=1 VGS({I L}, p) g=1 i=1

L+1 L+1

= I—Zc,-i-( 1L+1Hc,+2( DD ﬁ%)

VES((1,-,1},p) =1

+ Z D" Y  an Hcv@. (A.5)
p=2 veS({ly...,L},,,_l) g=1
Using the lemma, one can combine the two terms in (A.5) into one term, namely,

L 14 L p—1
Y0P Y [leg+X 07 Y CL+1qf=IICv<q>

p=2 VES((1,.1},p) =1 p=2 VES({1,- L}, p-1)

L
=Z DY H%) (A.6)

veS((1,. L+1},p) =1

Thus (A.5) becomes

L+1 L+1 L+1
[o-e) = =Yoo [lar Lo T lag
i=1 i=1 VES({1, 141}, p) 4=
L+1
= 1+Y (-1 Y nc (A7)
p=1 VES((15 L+1},p) 4

Hence, (A.1) is valid for N = L+ 1 when it is valid for N = L. Therefore by induction, eq.
(A.1) is proved. Eq. (A.1) is used to derive the MGF of Yr_pg/mrc(s) for in.d. Rayleigh
fading in Section 2.4.2.
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Appendix B

Joint PDF of the Ordered Random

Variables

Let fi .. r,(ri, - ,rs) denote the joint PDF of the random variables, r,ry,:-- ,r,. Let
r(1):7(2), " +7(n) denote the order statistics of r¢ (k=1,---,n) with ray > re) > > ry)
Then the joint PDF of the order statistics, f’(1)r",r(n) (r(l), F(2)s"" " +T(n))» 18 given by

Fryerm Ty @y w) = Y, Frimaeom (et Pal2l)s > Teinl)

;€S
ray > r@)y > > Fyy (B.1)

where ¢; € S, denotes e; = {e;[1], - - ,e;[n]}, one specific permutation of the integers {1, - - ,n}.

Proof: The ordered statistics, r(y (k = 1,---,n), are actually functions of ry,---,ry
expressed by rgy = " {1, ,ra} , where ™" {-} denotes the kth maximal value of the
set {r1,---,rn}. The whole space of ry,- - -, rp, S, can be divided into n! disjoint sub-spaces,
Se;» each with S¢, = {ry (1] > 1rgp) >+ > 1)}, Where ¢; = {e;[1], -, &;[n]}, one specific
permutation of the integers {1,---,n}. Since all of the RVs, ry,---,r,, are assumed not to
be equal, one can show that for each sub-space S,,, there is one and only one solution to the

functions r) (k=1,---,n), namely, rgy = rox) (k= 1,---,n). Then, the joint PDF of the
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ordered r(y),- -, r() can be derived using the Jacobian method [35] as

Jrvra i (Peyi])s T2l 5 Teiln)))

Friayrr s Q@) @) 7)) = X

€;ESy |Je,-(rlar27"’7rn)|
(1) > F(2) > > T(n) (B.2)
where J,(r1,r2,- -+ ,74) is the Jacobian of the corresponding sub-space, S,, and the absolute

value of Jo,(r1,72, -+ ,1n), [Je; (1,72, -+ ,rn)| = 1. Therefore (B.2) becomes (B.1).
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Appendix C

Two-Dimensional Inverse Fourier

N 1
Transform of T],, - A+ jA2a

Let F(u,w) denote the two-dimensional Fourier transform of u and w given by

N 1

Fuw(jon, jan) = , ,
wn ) ,IJ 1+ jAion + jAtan

C.1

where all of A; (i =1, ,N) have unequal values.

Using [77, egs. (10), (11)], (C.1) can be represented by
1 Y 1

Fu,w(jwlaij> N Z
| Hszl’k# {(li —A) (A—fﬂ - jwz)]
><‘ 1
(%,. +jhwz) +jen
1 i 1
T A S TR s (i — )]
1 1
T e 1
(;ri +]3:i(02) + jan Hk=1,k7éi (m —Jw2>
_ g" i (A"
i=1k=1k#i (Ai— lk) H;V:Lq;éi,k(a'i - lq) (A — lq)
1
X

(= jo2) x (£ + jhion + jon )
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(Ad )N 3

i,ke{l,;N}, i<k Hl;:l,qyéi,k()\’i - Aq) ()Lk - Aq)
1 1

- X
(7{; + jAion -I-J'O)l) (%k + jA +J'(D1>

According to the definitions of the two-dimensional Fourier transform and two-dimensional

X (C2)

convolution [97], and assuming A; > A; > 0, we have

L 1
]F{e ) 5(w—7Lu)U(u)}: TRy (C.3)
A

and

Pl 1 . 1

(;LL, + jAion +j0)1) (%k + jA 0 +jw1)
— (e'i“a(w—z,-u)u(u)> . <e‘i“5(w—zku)u(u)>
o)y
= , 0< u<w<Au (C.4)
i

where 8 (x) is Kronecker delta function and U (x) is given by

1, x>0
0, x<0.

Ux) =

F{-} and F~!{-} denotes the two-dimensional Fourier transform and inverse Fourier trans-
form, respectively, and xx denotes the two-dimensional convolution.
Then, taking the two-dimensional inverse Fourier transform in (C.2) and combining

with (C.3) and (C.4), the two-dimensional inverse Fourier transform of (C.1) becomes
(aaagV -3¢ G )weaty

ke (1 ick = AT iR — Ag) (A — Ag)
X [U(Au~w) —U (Mt —w) + 6 (Leu — w)], u>0. (CJ5)

fu,W(ua W) =

In the following, we prove a equality used in Section 5.3. Assume that A; (i=1,---,N)
satisfy A} > Ap > -+ > Ay > 0, then
Z ()N 2
ike{l, N}, i<k Hizvzl, q#ik (Ai - ;Lq) (lk - Aq)

=1. (C.6)
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Proof: From (C.1) and (C.2), one obtains

N N-3
11 _ y (Aidy)
i=1 1+ ]l o + ]lz ike{l, N}, i<k ngl,q;éi,k(li - lq) (Ak - A’Q)
X 1 X ! . (C7)

(li, +jhAie, +j(01) (%k + JjA o, +J'w1>

Let w; = 0 and @ = 0, then the left side of eq. (C.7) equals 1. And the right side of eq.

(C.7) becomes
(Aid)N 3 1 1
) N X X
ike{l, N}, i<k Hq=1,q#i,k(l" . )”‘1) (A — lq) (71%) (i)
B Z (Afisz)N—z
ike{l,- N}, i<k n{qul, q;éi,k(z’i - lq)()”k - 7‘4)
= 1. (C.8)
Thus (C.6) is proved.
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Appendix D

Some Derivations for Chapter 6

D.1 Expectation Derivations

In this part, we derive solutions for the expectations in the numerator and the denominator
of (6.4). Consider the numerator first. Let the matrix Ao denote a diagonal matrix composed
of the eigenvalues of the covariance matrix for the desired user signal fadings Y, lé (i=
1,--+,N) such that Yoy = QAo Qf, where Q is the corresponding eigenvector matrix with
070 = Q0" =1, and where I denotes the unit matrix. Further, let vo = A, V20He,,
which is a N x 1 complex Gaussian vector with mean vector g = Ay 1/ 2QH e, and unit
variance matrix I. Let u = cofeg = v Agvo = LN A§|[V§|?, where v} (i=1,---,N) are
the elements of the vector vy and are independent complex Gaussian random variables.

Since |v}|? follows a noncentral chi-square distribution, ¥,(s%, 6%) with n = 2 degrees of

freedom, noncentrality parameter s> = |E{v}}|?, and Gaussian variance 62 = 1/2 [4], the
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expectation E{u?} is derived as

E{u?*} = Var{u} + (E{u})?
N

= Y (A)PVar{l2) + (Eftries"ea)})’

i=1

= tr{A%} + 2/.10HA%;10 - (z‘r(IE{cOcoH}))2
= {0 32000 0 ey AR (g 20 beg) +172(Rey)

(Y e) + 2(tteg™ L, Heo) + 17 (Rey) (D.1)

where Var{-} is the variance operator, and R, = E{coco™} = L, +(teoltc,), is the

correlation matrix of ¢g, and tr(-) denotes the trace of a matrix and has the property

tr(AB) =tr(BA) [122] and E{tr(-)} = tr(E{-}) because the trace is a linear operation.
Since (cgfcy) is a scalar, (cofey,) = tr(cofey). Then, the expectation terms in the sum

of the denominator of (6.4) can be rewritten as

E{[cocnl?} = E{rr(cocacalco)} = E{tr(co” (cncal o)}
= E{rr((coco™)(caca™))}
= tr(E{(coco™)(enea")})
= 1r(ReyRe,) n=1,--- /Ny (D.2)

where R¢, (n=1,---,Nj) is the fading correlation matrix for the nth interfering user sig-

nal, and where E{(coco)(cnen”)} = E{coco™ }E{cncn?} because ¢y and ¢y, are assumed

independent. Substituting (D.1) and (D.2) into (6.4), the SIRP in (6.4) becomes (6.5).
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D.2 Limits of SIRP and SAPR in Rayleigh Fading

For linear antenna arrays, since the covariance matrix Y g is a real symmetric toeplitz matrix

with element Y/ = w([i — j|d) and tr(X}g) = N, the SIRP in (6.8) becomes

Iy 1 N?
Ysire = ly| 1+ —
Z?Izlzljyzﬂlfz(h“ﬂd)

N2
= b (1+N+229;;1(N—i)w2(id))
= Ty(1+f(N)). (D.3)

Since the number of antennas N and the array length L satisfy L = (N — 1)d, one has

) - (d+L)?
fIN)=f(1+L/d) = &2+ Ld+ 2Y (L - id+d) y2(id)d
(d+L)>

_ .(D4)
A2+ Ld +2YH (L — id) w2 (id)d + 2d X~/ w2 (id)d

As N becomes large, N — o0, and d becomes very close to zero, d — 0. Then the limit of
f(N) is given by

12/2
Jo L=x)y*(x)dx
Combining (D.5) with (D.3) and (6.11), the limits of SIRP and SAPR for linear antenna

Jim f(N) = lim f(1+L/d) = (D.3)

arrays in correlated Rayleigh fading are obtained as (6.14) and (6.15), respectively.

Similarly, for circular antenna arrays, the SIRP in (6.8) becomes

N2
= = . D.
YSIRP r’<1+N+2):?’:_11(N—i)(p2(i9)> Ii(1+ f(N)) (D.6)
Since N = 27/6, one has
(2m)?
N)= f(27/0) = . D.7
fiN) = f(2/8) 210 + 2" (21— i6) 92(i6) 0 )

As N becomes large, N — oo, and 6 becomes very close to zero, @ — 0. Then the limit of

f(N) is given by

272
i = lim f(2 = . D.
dim_ f(N) lim f(27/6) o (3 0)¢%(6)6 (D.8)
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Combining (D.8) with (D.3) and (6.11), the limits of SIRP and SAPR for circular antenna
arrays in correlated Rayleigh fading are obtained as (6.18) and (6.19), respectively.

D.3 CF of Y Conditioned on b

Averaging @y, n(s) in (6.40) over vy, the conditional MGF on b is given by

N
Or1v(s) UIE”B {exp (529 +a15°A6A; + azs®Ag) Vo | + bs(p (v0)™ + (1) 1v0)) }

lN
= 1%y (D.9)
=1

Rewrite vl = xi + jy} + p§ where ui = E{v}}, then xi, and y} are independent zero-mean

Gaussian RVs with variance 1/2. Then ¢Vf) can be calculated as

(P" - E., {e(sl(’;—i—alszlt’;/l,"-kazszl(’;)(x6)2+2(Re{[.L(i]}(M{;—}-alszl(’;ll"—l—azszl[’;)—l—bsRe{u;'})xf)}
Yo %o
<. {e(sl(‘ﬂ-a]s2k61}+a2s216)(y6)2+2(1m{u(")}(sl(’;+a1sz/l(’;l,"+a2s2/l(§)+bs1m{uf})y6}
Yo

s o (5 +ars AA[+ars? A) | g *+-2bsRe{ (uf)H pf}
= (pr) X (Pyb Xfﬂlivﬂé (D.10)

where Im{z} is the imaginary part operation on the complex number z, and ‘Px;‘, and ¢YE) are

given, respectively, by
1
Ou = ; ~— ;
\/1 —sAy — arsPA[A} — axs?A))

oo ((ReU} (A + ars”AA] +aas” &) + bsRe{uf})’
P 1 —sA} — a1s2A{A} — ars? Al

X

) (D.11)

and

1
V1= 5K —a12A4A] — ars?2f

(Im{pd}(sAd + ars?AA + aps*Ad) + bslm{u}'})2>
exXp i 27191 291 ’
1 —sA§ —a152AgA[ — asrs?Aj

X

by

(D.12)
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Substituting (D.11) and (D.12) into (D.10), ¢"6 can be simplified as

1
Py

(R SAS — a1s?A A} — aps?Ad X
ex |32 (sA + a152AA 4 aps?Ad) + b2s?| )| + 2bsRe{ i (1))}
P 1 —sA — a1s2AA} — aps? Al

(D.13)

where p and p} are the ith elements of the mean vector Uy = A, 12oH e, and py =
A(l)/ 2QH Me;p» respectively. Then the conditional CF of Y on b is obtained as (6.41) by sub-
stituting (D.13) into (D.9) and setting s = j@.
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