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ABSTRACT

The simplification resulting from reduction of dimension involved in the
study of invariant manifolds of differential equations is often difficult to achieve
in practice. Appropriate coordinate systems are difficult to find or are essen-
tially local in nature thus complicating analysis of global dynamics. Li and
Muldowney (8] developed an approach that avoids the selection of coordinate
systems on the manifold. Conditions were given for the stability of equilibria
and periodic orbits in terms of stability of compound equations of the lin-
earized systems at the equilibrium or periodic orbit. When the manifold is a
finite dimensional Euclidean space, results in [11] and [7] show that if these
conditions are satisfied by the linearized system at any bounded orbit, then the
omega limit set is respectively an equilibrium or a periodic orbit. The thesis
provides a survey of these topics and develops a new approach that extends
the results on the existence of equilibria and periodic orbits to systems with

invariant manifolds.
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Chapter 1

Introduction

The existence and stability of periodic motions for dynamical systems is an
area of much interest in the sciences. From an applied perspective, nonlinear
ordinary differential equations are routinely used to model physical phenom-
ena. Periodic motions are common for these models especially for electrical
and biological systems. Understanding when stable periodic motions arise pro-
vides insight into these systems. From the perspective of pure mathematics,
generalizing well-known results in the plane such as the Poincaré-Bendixson
theorem is a fruitful path for research.

In Chapter 2, concepts and terminology necessary for the study of dy-
namical systems are discussed. To understand the long-term behavior of a
dynamical system, properties of limit sets are considered. It is seen that sta-
bility of an orbit has strong implications for the stability of its limit sets, as
well as restricting what the limit set can be. Sufficient conditions are then re-
viewed for the existence of an asymptotic equilibrium and a phase asymptotic
periodic orbit.

In Chapter 3, dynamical systems generated by non-linear autonomous sys-
tems of differential equations in R™ are considered. When n = 2, the dynamics
are well understood. Here, the Poincaré-Bendixson theorem characterizes limit
sets of a bounded orbit. This theorem can be used to deduce the existence

of a periodic orbit. However, this theorem is not valid in higher dimensional
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systems. The variational equation at a solution of a differential equation can
be used to study the behavior of this solution. Muldowney showed in [11] that
when the linearized system about a bounded solution is uniformly asymptoti-
cally stable, the flow is asymptotic at this solution and limits to an asymptotic
equilibrium. Li and Muldowney in [7] showed that when the second compound
of the variation equation at a bounded solution is uniformly asymptotically
stable, the flow is phase asymptotic at this solution and it limits to a phase
asymptotic periodic orbit if the orbit does not get close to any equilibrium. At
the end of Chapter 3, we present an alternative proof of this result. It will be
used in Chapter 4 when we extend this result to flows on invariant manifolds.

In Chapter 4, we consider flows on invariant manifolds generated by au-
tonomous differential equations. Invariant manifolds arise, for example, in
physical systems from the existence of conserved quantities. The traditional
approach to dynamical systems with an invariant manifold is to use coordi-
nate systems on the manifold to reduce the dimension of the problem. This
approach is difficult to implement. Li and Muldowney in [8] study the stabil-
ity of periodic orbits and equilibria with respect to the flow on an invariant
manifold. They developed stability criteria for equilibria and periodic orbits
without resorting to special coordinates. Some properties of flows on an invari-
ant manifold are reviewed. The chapter concludes with Theorem 4.9, where we
provide sufficient conditions for the existence of a phase asymptotic periodic
orbit on an invariant manifold in terms of a linear equation associated with
the variational equation.

In Chapter 5, Theorem 4.9 is applied to a series of examples to demonstrate
the existence of a phase asymptotically stable periodic orbit.

In Appendix A, we collect facts on compound matrices and compound
differential equations necessary for the development in this thesis. Appendix

B, contains a technical result used in the proofs of Theorems 3.11 and 4.9.
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Chapter 2
Dynamical Systems

The focus of this thesis is on the existence and stability of periodic orbits
for dynamical systems generated by an autonomous differential equation. A
parallel discussion of similar questions for equilibria is included throughout as
motivation.

Dynamical systems were developed to model physical phenomena. In many
physical applications, an understanding of the long-term behavior of the sys-
tems is of interest. This can be facilitated by finding the invariant sets and
limit sets, and understanding the behavior of neighboring orbits. The simplest
of these invariant sets are periodic orbits and equilibria. These problems can
be explored by studying the stability of an equilibrium or a periodic orbit.

In this chapter, dynamical systems and notions of stability for equilibria
and periodic orbits are defined. A review of known results that can be used to
establish the existence of an equilibrium or a periodic orbit from the attraction

of its neighbors by a bounded orbit is given.

2.1 Definitions

Some terminology for dynamical systems is now reviewed. Let R denote the
real numbers, R™ the nonnegative real numbers, and M, «,, the n x m real

matrices. A metric space (X,d) is a set X with a map d : X x X — R*
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called the metric such that x,y,2z € X implies d(x,y) = d(y,x) and d(x,y) <
d(x,2) + d(z,y).

Definition 2.1. Let (X, d) be a metric space. Suppose the function (¢,x) —
©(t,x) is continuous for ¢ € R and x € X. Then ¢(¢,x) is a flow or a

(continuous) dynamical system if the following occur:
(a) p(t+s,%x) = p(s,9(t,x)) for all x € X and s,t € R.
(b) ¢(0,x) =x, for all x € X.

Let Bs(x) :={y € X : |x—y| <é} and Bs(A) ={ye X:|la—-y| <
d,a € A} for 6 > 0 where x € X and A C X. A set B C X is positively
invariant with respect to the flow on X if p(t, B) C B for t > 0. It is invariant
if o(t,B) C B for t € R, where ¢(t,B) = {¢(t,b) : b€ B}. If BC X and
x € X, the distance from B to x is defined as

d(x, B) := inf d(x,y).

yeB

Important classes of invariant sets are the w-limit and a-limit sets. A point
y € X is defined to be in the w-limit set at x, Q(x), if there exists a sequence
{ts} such that lim, ,.t, = oo and lim, o @(tn,x) =y. A pointy € X is
defined to be in the a-limit set at x, A(x), if there exists a sequence {t, } such

that im,, . t, = —00 and lim,_, p(t,,x) =y.

Definition 2.2. Suppose x € X.
(a) The set I'y (x) := {p(t,x) : t > 0} is the positive semiorbit at x.
(b) A point x is an equilibrium if p(¢,x) = x for all t € R.

(c¢) The positive orbit I (x) is periodic with period w > 0 if p(t + w,x) =
(t,x), for t € R and x is not an equilibrium.

(d) The flow ¢(t,x) is Lagrange Stable at x if ', (x) is compact, where the

bar indicates topological closure.
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(e) The flow @(t,x) is Lyapunov stable at S if for each € > 0 there exists a
6 > 0 such that d(x,S) < ¢ implies d(p(t,x),S) < e for ¢t > 0.

(f) If S C X is not Lyapunov stable then it is unstable.

(g) The flow is asymptotic at S C X if there exists a p > 0 such that xg € S
and d(x,Xp) < p implies lim;_,, d((t,x), p(t, %)) = 0.

(h) The flow ¢(t,x) is phase asymptotic at the set S C X if there exist
p,m > 0 such that, for each xy € S, there is a real valued phase function

x +— h(x) with |h(x)| < n and such that d(x,xp) < p implies
Jim (e -+ R(3), %), (2, %)) = O

The concepts of phase asymptoticity and asymptoticity for a flow will be
important throughout this thesis. A flow may be asymptotic at a set but not
be phase asymptotic. In the definitions of phase asymptotic and asymptotic,
often the set S will be taken to be an orbit or a point.

Note: to apply these notions of stability to a periodic orbit with path I’
one would let S = I'. In this case, if the flow is Lyapunov stable, asymptotic,
or phase asymptotic at I', then it is said that the periodic orbit is orbitally
stable, orbitally asymptotically stable, or orbitally phase asymptotically stable,

respectively.

2.2 Limit Sets and the Existence of Periodic
Orbits

In this section, sufficient conditions are stated for a Lagrange stable orbit to

limit to a phase asymptotically stable closed orbit.

Proposition 2.3. Suppose the flow is Lagrange stable at x € X. Then €2(x)

is nonempty, compact, connected, and invariant.
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The following proposition states that the w-limit set of an orbit attracts
this orbit. However, it is not necessarily the case that an w-limit set attracts

all neighboring orbits.

Proposition 2.4. Suppose that the flow vs Lagrange stable at x. € X. Then
for every open neighborhood V of QU(x,) there exists a T such that p(t,x,) € V
fort>rT.

A proof of Propositions 2.3 and 2.4 can be found in [13] chapter I

Proposition 2.5. Suppose the flow, o(t,x), is Lagrange stable at x,. Then
¢(t,x) 1s Lyapunov stable, asymptotic, or phase asymptotic at 'y (x,) if and
only if it has the same property at Q(x,).

Proof. The proposition is proved only for the “phase asymptotic” statement.
The others are proved similarly.

Suppose @ is phase asymptotic at ', (x.) and x¢ € Q(x.). Let p and n be
as in the definition of phase asymptotic. There exists x; € ', (x,) such that
|x1 —%o| < p/2. If | %o — x| < p/2, then by the triangle inequality |x; — x| < p.

Since the flow is phase asymptotic at ' (x,), the previous inequalities imply

that
Jim d(ip(f, %1), o(t + h(x1, %0), Xo))) = 0, (2.1)
tl—l—glo d(p(t,x1), o(t + h(x1,x),%x))) = 0. (2.2)

From the triangle inequality, (2.1), (2.2), and the properties of a flow,

lim d (p(t,Xo), ¢ (t + h(x1,x) — h(xy1,X0),X))) = 0.

t—00

Let h := h(x1,%) — h(x1,X0). Then
tli)ngo d(@(ta X0)7 QO(t + h7 X))) = 01

where |h| < 2n7. We conclude that the flow is phase asymptotic at Q(x.).
Conversely, suppose the flow is phase asymptotic at €(x.). Let p and 7

be as in the definition of phase asymptotic. Then there exists a ¢; such that

6
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for t > t1, d(p(t, x.), 2(x4)) < p/2. Let yy :== o(t1,%.). If x; € I'1(y1), then
there exists xp in (x.) so that d(xg,x;1) < p/2. By the triangle inequality,
d(x,x;) < p/2 implies that d(x,x¢) < p. Then

tlilélod((p(t,)(()),(p(t + h(x()?xl)’xl))) =0, (23)
lim d((t, %), @l + h(x0,%),%))) = 0. (2.4)

From the triangle inequality, (2.3), (2.4), and the properties of a flow,
lim d(p(t, %), @(t + b)) = 0

where h := h(Xo, X)—h(Xo, X1) with |h] < 2n. It has been shown that ', (y1) C
I',(x.) is phase asymptotic.

We will now show that ¢ is phase asymptotic at 'y (x.). Since y is uni-
formly continuous on [0,¢;] x I';(x.), there exists p1, 0 < p; < p such that if
©o(s1,21) = y1 with s; € [0,¢1], then |z — x| < p; implies |y; — ¢(s1,X%)| < p.

Since the flow is phase asymptotic at y;,
Jim [o(t + h(p(s1,%), ¥1), %) — ¢(t, 21))|

= tl.l_glo l(p(t + 51+ h((P(Sl,X),Y1), X) - (,D(t + s1, Zl)l
= lim Jo(t + h(p(s1,%), y1), (51, %)) — o(t, y1)l
=0

Hence, the flow is phase asymptotic at I'y(x,). ]

The following theorem was first proved in [11]. It can be used to detect an

asymptotic equilibrium.

Theorem 2.6. Suppose (t,x) — @(t,%x) is a flow which is Lagrange stable at

X,. Then the following are equivalent:
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(i) The flow ¢ is asymptotic [and Lyapunov stable] at Ty (x.), the positive

mage of x, under the flow.

(i) The w-limit set Q(x,) is an equilibrium at which ¢ is asymptotic [and

Lyapunov stable].
The phrase in square brackets may be included or omitted throughout.

Proof. Suppose the flow is asymptotic at I' (x,). Let p be as in the definition
of asymptotic. Choose x; € I' (x,) and w > 0 so that |x; — ¢(e,x3)| < p for
le]| <w. Then

Jim d(p(t, 1), p(t, p(e,%1))) = him d(o(t, x1), (e, (8, %1))) =0 (2.5)

since @ is asymptotic at T'; (x.). Let xo € Q(x,). Then there exists a sequence

{t,}, tn — 00 as n — oo such that ¢(t,,x1) — X¢ as n — oco. From (2.5),

Tim d(io(tn, %1), (e, 0(tn, x1))) =0, [e] < w. (2.6)
Therefore,

or equivalently xo = ¢(€,xg) for |¢| < w. This implies that xg is an equilibrium.
From Proposition 2.5, the flow is asymptotic at xg since the flow is asymptotic
at I'y (x,). Further, there exists an open neighborhood, N, of x¢ such that
x € N implies that ¢(t,x) limits to xo. This implies that x¢ is the only
equilibrium in N. Since Q(x,) is connected, xo = Q(x,). If the the flow is
Lyapunov stable at Iy (x,), then from Proposition 2.5 the flow is Lyapunov
stable at €(x.). This proves that (i) implies (ii).

Conversely, suppose the flow is asymptotic at xg = Q(x,). Then, from
Proposition 2.5 the flow is asymptotic at I'; (x,). If the flow is Lyapunov
stable at €(x,), then from Proposition 2.5 the flow is Lyapunov stable at
[, (x.). This proves that (ii) implies (i). O

The following theorem was proved by Li and Muldowney in [7]. It is a

8

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



generalization of a theorem in [14] due to Sell. Sell’s result does not assume
boundedness of the phase function and has Lyapunov stability as a requirement
rather then as an option. The boundedness of the phase function is in fact a

consequence of this requirement.

Theorem 2.7. Suppose (t,x) — (t,x) is a flow which is Lagrange stable at

X.. Then the following are equivalent:

(i) The flow ¢ is phase asymptotic [and Lyapunov stable] at I'y(x.), the

positive semiorbit of X..

(ii) The w-limit set Q(x.) s a periodic orbit at which ¢ is phase asymptotic

[and Lyapunov stable].
The phrase in square brackets may be included or omitted throughout.

Proof. Suppose the flow is phase asymptotic at I'; (x,). Let p,n be as in the
definition of phase asymptotic.

Choose x1,x2 € I';(x,) such that |x; — X2| < p and x5 = ¢(t1,%1) with
t; > 7. Since the flow is Lagrange stable at x,, we take ¢; > 7. Since the flow
is phase asymptotic at ', (x,), there exists a phase h = h(x1,X2) with |h| <7
so that

lim d(p(t,x1), p(h, p(t,%x2)))

t—o0

= lim d(p(t,x1), p(h + t1 +t,0(t,%x1))) = 0. (2.8)

t—o00

Let w:= h+t; > 0 and xq € 2(x,). Then, there exists a sequence t,, t, — 00

as n — oo, such that lim, ., ©(t,,X1) = xo. With (2.8) this implies that

Jim d((tn, %1), @(w, 9(tn, %)) = 0

or equivalently xo = ¢(w,Xo). Hence, I'; (xo) is a periodic orbit.
From Proposition 2.5 the flow is phase asymptotic at the orbit 'y (xq) C
(x.). Hence,
lim d(p(t,x.),I'+(x0)) = 0. (2.9)

t—o0
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To obtain a contradiction, suppose that y; € Q(x.)\I'+(%0). Then,

d(y1,I'+(%0)) > 0,
and there exists a sequence t,, t, — 00 as n — oo, such that

lim d(p(tn, %s),y1) = 0. (2.10)

[ 2ande ]

This is a contradiction, since an orbit cannot come arbitrarily close to I' (xg)
as t — oo and be bounded away from it. Hence, 2(x,) = I'; (Xo) is a periodic
orbit, and the flow is phase asymptotic at (x,). If the flow is Lyapunov stable
at I'(x,), then from Proposition 2.5 the flow is Lyapunov stable at Q,(x,).
This proves that (i) implies (ii).

Conversely, suppose the flow is asymptotic at I'y (xg) = 2(x.). Then, from
Proposition 2.5 the flow is asymptotic at Iy (x,). If the flow is Lyapunov stable
at Q(x.), then from Proposition 2.5 the flow is Lyapunov stable at I, (x.).
This proves that (ii) implies (i).

0

10
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Chapter 3

Dynamics of Differential

Equations in R"

In the previous chapter, we reviewed some results that can be used to estab-
lish the existence of an equilibrium or a periodic orbit from the attraction of
its neighbors by a bounded orbit. This chapter presents a similar review of
known results for dynamical systems associated with autonomous differential
equations.

Results in this chapter are all well-known. However, the approach of Sec-
tion 3.6 gives a new proof of the known Theorem 3.11 on the existence of a
phase asymptotically stable periodic orbit. This approach plays an essential
role in extending Theorem 3.11 to flows on invariant manifolds in Chapter 4.

Let C*(D — R™) denote the class of k-differentiable functions from D to
R™, where D is an open subset of R™.

Suppose f € C1(D > R"), and let p(t,x) = x(t) be a solution of

dx(t)

where x € D and t € R, such that ¢(t, x) exists for all ¢ € R and is uniquely
determined by the given initial condition ¢(0,x) = x(0). Then, ¢(¢,x) is a

flow or dynamical system.

11
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3.1 Planar Autonomous Systems

In this section, dynamical systems generated by a system of autonomous differ-
ential equations in the plane R? are considered. In the plane, a periodic orbit
can be detected using the Poincaré-Bendixson theorem, which states that any
bounded solution which does not get close to any equilibria limits to a periodic
orbit.

Suppose P(z,y) and Q(z,y) are continuously differentiable functions from

R? into R. Consider the following system of equations

& = Q(z,y).

Theorem 3.1 (Poincaré-Bendixson Theorem). Suppose (z(t),y(t)) is a
bounded solution to (3.2) with the initial condition (z(0),y(0)) = (x¢,¥0). If
Q(wo, y0) contains no equilibria, then (x(t),y(t)) limits to a periodic orbit. In

particular, Q(xo,yo) is a periodic orbit.

Theorem 3.1 does not provide any information about the stability charac-
teristics of the periodic orbit.

We give a brief outline of the proof. A detailed proof can be found in [12].

e A closed line segment [ is a transversal for (3.2) if it contains no equilibria

and no points where [ is tangential to the corresponding vector field.
e Every non-equilibrium point is an interior point of a transversal.

o A transversal has a neighborhood such that every trajectory that inter-
sects this neighborhood must cross the transversal. All crossing are in

the same sense (see Figure 3.1).

e Choose a transversal [ through a point (z1,y1) € £(xo,y0). The tra-
jectory enters a neighborhood of ! infinitely many times, and so the

trajectory crosses [ infinitely many times.

12
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Figure 3.1: Solutions cross [ in the same sense.

e The Jordan Curve Theorem implies that successive crossings are mono-

tone on [, so it follows that the trajectory spirals to a periodic orbit.

3.2 Definitions of Stability

Definitions of stability are now introduced for solutions of the following non-

autonomous differential equation

dx

— =h(t,x). (3.3)

Definition 3.2. Suppose x(t) and z(t) are solutions of (3.3), where x(t) is
defined for all t > tg, where ¢y is some fixed number.

(a) The solution x(t) is stable with respect to the interval [to, o], if for each
€ > 0 there is a ¢ > 0 such that |x(0) — z(0)| < ¢ implies z(t) exists and
satisfies |x(¢) — z(t)| < € for t > .

(b) The solution x(t) is asymptotically stable if it is stable and

lim |x(t) —z(t)] =0

t—o0
whenever |x(0) — z(0)| is sufficiently small.

(c) The solution x(t) is uniformly stable if for each € > 0 there exists a 6 > 0
such that if |x(¢1) — z(t1)| < d for some t; > to, then |x(¢) —z(¢)| < € for

13
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t> .

(d) The solution x(t) is uniformly asymptotically stable if it is uniformly stable
and there is a dg > 0 such that for every ¢ > 0 there exists a 7" > 0 such
that if |x(t1) — z(t1)] < & for some t; > to then |x(t) — z(t)| < € for
t>t+ 7.

Suppose x(t) and y(t) + x(t) are solutions of (3.1). Then y(¢) satisfies

d};—it) = £(y(t) + x(t)) — £(x(2)). (3.4)

If |y(¢)| is sufficiently small and f € C?, then
of
f —f(x) ~ —
(y +x) —£(x) » = (x)y,

and so (3.4) is approximately

Y Oy (35)

where 2% (x) is the Jacobian matrix of f. We are thus led to believe that under
certain circumstances the stability of x(¢) can be reduced to the stability of
the zero solution of the non-autonomous linear equation (3.5).

Let A € C(R — Myyx,) where My, is the set of n x n real matrices. We
know that each solution of the linear system

Y _ 4

Y = Ay (3.)

is stable, uniformly stable, asymptotically stable, or uniformly asymptotically
stable if and only if the zero solution of (3.6) is stable, uniformly stable, asymp-
totically stable, or uniformly asymptotically stable, respectively. Thus, the
equation (3.6) is said to be stable, uniformly stable, asymptotically stable, or
uniformly asymptotically stable if the zero solution to the equation has the
same property, respectively.

Also, we have the following equivalent conditions for stability.

14
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Proposition 3.3. Let Y(¢) be a fundamental matriz solution of (3.6). Then
the equation (3.6) is

(i) stable if and only if there exists a K > 0 such that

[Y(#)| < K forallt > tg.

(ii) uniformly stable if and only if there exists a K > 0 such that

Y)Y (s)] < K forallty<s<t<oco.
(iii) asymptotically stable if and only if
tlim Y (¢)| = 0.

(iv) uniformly asymptotically stable if and only if there exist positive constants
K and o such that

[Y ()Y ~1(s)] < Ke @) for allty < s <t < oo.

A proof of the above proposition can be found in Chapter 3, {1].

Consider the autonomous time-independent linear system,

dy

where A € M, .

Proposition 3.4. Let Re(\) denote the real part of the eigenvalue A of A.
The equation (3.7) is uniformly asymptotically stable if and only if Re(\) <0
for all X.

For a proof, see [3].

15
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3.3 Stability of Equilibria

The linearization of (3.1) with respect to a solution x(t) is

dy Of
Y = S x(0)y. (3.8)

An equilibrium x¢ of (3.1) is said to be hyperbolic if none of the eigenvalues
of g—g(xo) have zero real parts. It is said to be stable hyperbolic if all the
eigenvalues of %(xo) have negative real parts. As a consequence, we have the

following proposition.

Proposition 3.5. An equilibrium xo of (3.1) is stable hyperbolic if and only if
the linearization (3.8), with respect to x(t) = Xo, is uniformly asymptotically

stable.

In principle, the problem of finding all stable equilibria can be solved by
the following procedure. First, solve f(x) = 0 for all the equilibria, and then
calculate all the eigenvalues of the linearized system. However, in practice,
this can be quite difficult to achieve, since the equations may not be algebraic

or the domain may be unbounded.

3.4 The Existence of Stable Equilibria

By Proposition 3.3(iv), the equation (3.8) is uniformly asymptotically stable

if and only if there exist positive constants K and « such that

o

t
x )

< Ke™o (3.9)

for x € T', (x(0)) and ¢ > 0, since Y (£)Y "1(s) = %‘f(t—s, x) when x = ¢(s,Xo)
and Y'(t) is a fundamental matrix solution of (3.8). The matrix valued function

%ﬁ(t, x(0)) is also fundamental solution of (3.8) with %f(O,X(O)) =1

Proposition 3.6. Suppose the flow is Lagrange stable at x. and (3.9) holds
forx € T (x,) andt > 0. For any L > K and 0 < v < «, there exist an

16
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open neighborhood U of T'1(x) and a § > 0 such thaty € U and |y —z| < ¢
implies that |p(t,y) — ¢(t,2)| < Le |y — z| for allt > 0. In particular, the
flow is asymptotic and Lyapunov stable at U .

Proof. Since the flow ¢(t, z) is a C! function with respect to x, (3.9) is satisfied
ift > 0and x € T'; (x,). Choose a constant T > 0 so that Le~ =T < 1. Since
82 (¢, y)e!| is uniformly continuous with respect to t € [0,T], y € By(T+(x0))
if n > 0, it follows that there exists § > 0 such that |y — x| < é implies

3_(,0
Jzx

(¢, y)’ < Le . (3.10)

Let t > 0, x € T'(x4), and x4 := @(kT,x) for k = 0,1,2,.... There exist an
s € [0,7T] and a positive integer k so that ¢ = s + Tk. By the chain rule

Zo(t,x) = (s +kT,x)
L2o(s+ (k — )T, (T, x))
= Qf€5+ k"lT,X%T7X
5z (s + (k = DT\ x1) 52(T, %) (3.11)
— g—i(T + S,Xk——l) Ce %%(T,Xl)g—i(T, X)
= 22(s, %) (T, xk1) - .- (T, x1)32(T, ).
Recall that Le (@7 < 1 therefore from (3.10) and (3.11),
2ot )] < |Zels, x| |2e(T x| | 20T )]
< Le~%(], —aT\k
< Lem*(Le ) (3.12)
< Le~78e="kT
= Le™.

Let U := Bs(T';(x4)) and x¢ € I';1(x.). Suppose |y — %o} < 9, |y — 2| < 4,
and x()) := (1 - A)z+ Ay for 0 < X < 1. Immediately, we have that &x(\) =
y — z. If the line segment x(A), 0 < A <1 is evolved under the flow ¢, then
the curve o(t,x(1)), 0 < XA < 1 will join the two points ¢(t,y) and ¢(t,2).
Further, the length of the this curve, fol | &o(t,x(A))| dA will be no less than

17
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the distance from ¢(t,y) to ¢(t,z). Then

lo(t,y) — ot z)] < /O %w(t,x(/\))ld)\

1 a(p
< _r —
< [ Fexony -2
1
/ Le Pty — z|d)
0
< Le Py —z| fort>0.

dA

IA

where the second last inequality follows from (3.12). This implies that the
flow is asymptotic and Lyapunov stable at U. O

The following theorem allows us to establish the existence of a stable hy-

perbolic equilibrium.

Theorem 3.7. Suppose the flow is Lagrange stable at a solution of (3.1),
x(t). Then limy_, X(t) = Xq, where Xg is a hyperbolic and stable equilibrium,
if and only if the linearization (3.8) of (3.1) with respect to x(t) is uniformly
asymptotically stable.

Proof. (I) Suppose xg is a stable hyperbolic equilibrium. From the proof of
Proposition 3.6, there exist positive constants L and v and an open neighbor-
hood U of xg, such that

amtp( < Le™ (3.13)

for t > 0 and x € U. We now show that (3.13) holds for x € I'; (x(0)) and
t > 0. If limy— o X(¢) = Xo, then x(¢) in U for sufficiently large ¢, which implies

\?— £ x)

constants v and L can be chosen so that (3.13) is valid for x € I'y (x¢) and

t > 0. Thus, the equation (3.8) is uniformly asymptotically stable.
Conversely, suppose the linearization (3.8) of the flow at x(¢) is uniformly

asymptotically stable. Then, from Proposition (3.6), there exist positive con-

stants 6,L,y and an open neighborhood U of I';(x(0)) so that z € U and

18
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|z — y| < § imply that

lo(t,y) — ¢(t,2)| < Le ™y — 2| (3.14)

for t > 0. It follows from Theorem 2.6 that xg is an asymptotic equilibrium.
Since (3.8) is uniformly asymptotically stable, if we replace x(t) with xq, the
equation (3.8) will still be uniformly asymptotically stable. Thus, by Propo-
sition 3.5, xq is stable hyperbolic. |

Remark 1. The alternative proof of Theorem 3.7, given below, is simpler than
the preceding one. However, it does not have an apparent analogue for periodic
orbits. The first proof has been given as motivation of the approach to periodic
orbits based on the analysis developed in Chapter 2 on the consequences of an

orbit attracting its neighbors asymptotically.

Proof. (II) Let y(¢) := dx(t)/dt = £(x(t)). Then y(t) is a solution of (3.8).
Suppose the linearization (3.8) of the flow is uniformly asymptotically stable
at x(¢). Then

lim f(x(t)) = tl_lglo y(t) =0. (3.15)

t—o0

Take xo € (x(0)) (which is nonempty by Lagrange stability of the flow
at Xg). Then there exists a sequence {t,}, t, — o0 as n — o0, such that
lim,, 00 @(tn, X(0)) = Xq, so by (3.15), lim, . f(x(t,,x(0))) = 0. Hence, by
the continuity of f, x¢ is an equilibrium.

Since (3.8) is uniformly asymptotically stable, equation (3.9) is valid for
t > 0 and x € ' (x(0)). Moreover, by continuity of dp/dz, (3.9) is also
valid for x = xy and ¢ > 0. Hence, x¢ is a stable hyperbolic equilibrium. In
particular, lim,_,., x(¢) = xo. Further, x¢ being a stable hyperbolic equilibrium
implies that there exists an open neighborhood V' of x4 such that any solution
of (3.1) with initial condition in V' limits to xg. Consequently, there are no
equilibria different from xg in V. Therefore, Q(x(0)) being a connected set of

only equilibria, is a single equilibrium. O
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3.5 Stability of Periodic Orbits

In this section, we will review sufficient conditions for a periodic orbit to be
stable.
Let p(t) be a non-trivial periodic solution of (3.1). The linearization about

p(t) is given by
dy _of

dt ~ Ox
By Floquet’s Theorem, a fundamental matrix solution Y (¢) of the linear pe-

riodic system (3.16) can be expressed as Y (¢t) = P(t)e’t, where P(t) has the

(p®))y. (3.16)

same period as p(t) and L € M,x,. The eigenvalues of L are called the

characteristic exponents or Floquet exponents of (3.16).

Theorem 3.8. Let p(t) be a non-trivial periodic solution of (3.1). If0 is a
simple characteristic exponent of the linearization (3.16) and the other n — 1
characteristic exponents have real part strictly less than zero, then the periodic

solution p(t) is orbitally phase asymptotically stable.
For a proof of the above result see page 82, [1].

Theorem 3.9 (Poincaré’s Stability Criterion). Suppose p(t) is an w-
periodic solution of (3.] / ) When n = 2, p(t) is orbitally asymptotically stable
if ° )

/ div £(p(t))dt < 0.

0
Poincaré’s Stability Criterion was extended to higher dimensions by Mul-

downey in [10] as follows:
Theorem 3.10. A sufficient condition for p(t) to be orbitally asymptotically

stable is the linear system

flz_ﬁm
dt Oz

being asymptotically stable.

For an n x n matrix A, the (Z) x (2) matrix A? is the second additive

compounded matrix which is defined in Appendix A.
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3.6 The Existence of Stable Periodic Orbits

In this section, we provide an alternative geometric proof to Theorem 4.1(a) in
[7], where it was shown that if the second compound of the variational equation
is uniformly asymptotically stable, then any Lagrange stable orbit, which does
not get close to any equilibria, limits to a phase asymptotically stable periodic
orbit. The proof was carried out by studying an integral equation in a Banach
space. Here, we take a different approach. It will be used extensively in
Chapter 4, where we discuss flows on invariant manifolds.

The linear variational equation of (3.1) at 'y (x¢) is

dy Of

=5 = g P X0))y, (3.17)
and the second compound is

dz ofd

prialew ((t,%0))z, (3.18)

where B denotes the second additive compound of a matrix B (see Appendix

A for properties and definitions of compound matrices).

Theorem 3.11. Suppose that the flow ¢(t,x) of (3.1) is Lagrange stable at
X0, I'+(X0) C D, the w-limit set Q(xg) contains no equilibria, and (3.18) is

uniform asymptotically stable. Then,
(i) there exist positive constants K, p, v and a bounded function h : D +— R
such that for ally € D, t > 0, ly — xo| < p implies

lo(t + h(y),y) — @(t,%0)| < Kly — xole™".

(ii) Q(xo) is a phase asymptotically stable periodic orbit.

For convenience, we introduce the following notations. Define the flow box
F(z,n,6) = {(t,x) : [t < n, [x—2| <6 £(z) (x —z) = 0} and put

II(a) := {x € R": a-x = 0}. The affine plane z + I1(a) is a transverse section
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Figure 3.2: The flow box F(z,n,d) and the affine plane z + II(a(z)).

of the flow box F(z,n,9) if for each x € z + II(f(z)) N F(z,7, ), there exists
an h € [—n,n] such that ¢(h,x) € z + II(a).

To prove Theorem 3.11, we need the following lemma:
Lemma 3.12. Suppose that a : I'y (x9) — R"™ and that

(i) the flow p(t,x) of (3.1) is Lagrange stable at xy;

(ii) the function £(z) # 0 for z € T'y(x¢). By compactness, we put | :=
inf (e o [£(2)] > 0;

(iii) there is a ¢ € (0,1) such that for z € ' (%) and 0 # a(z) € R, we
have

Cla(z)| [£(z)] < a(z) - £(2). (3.19)
Let n: Rt — R* be defined by n(d) = ‘;—g. Then,

(a) there exists a 6, > 0 such that for 0 < § < 4., the affine plane z+I1(a(z))

is a transverse section of F'(z,n(8),d) for each z € T'(xq);

(b) there exists a constant b such that Bs;,(z) C F(z,1(0),6) C Bs1ap)(2).

22
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Proof. (a) By condition (i) we have the uniform continuity of f on I'; (x),

which implies that there exists a constant b > 0 such that
¢bl/2 > |f(2)| (3.20)

for z € I';(xp). Without loss of generality, we assume that z = 0. By condition
(ii), £(z) # 0, so we can choose an orthogonal basis {e;,...,e,} of R® with
e; = £(0)/|£(0)|. Thus, given an x € R" we write x = (z1,%) € R x R?!
where x; and X are the corresponding coordinates with respect to {e;} and
{es,...,e,}, and f(x) = (fi1(x),f2(x)) similarly. Clearly, (0,x2) € Il(e;) =
II(£(0)). In addition,

£(0) = (f1(0),0) and f,(0) = |£(0)] = 1 > 0. (3.21)

By definition of the flow box and uniform continuity of f, we can choose

a sufficiently small &, such that |f(x) — £(0)| is arbitrary small for all x &

F(0,m(d4),04). Also taking into account (3.20) and (3.21), we have a choice of
0. such that

¢l > fi(x) >1/2 (3.22)

and
[f2(x)| < I¢/8. (3.23)

Consequently, for any é € (0,6,) and x € II(f(0)) with |x] < 4, we have

a(0) - v(n(d),x)

{

a1(0)1(n(6), %) + a2(0) - w2(n(6), %)

a1(0)57(6) — la2(0)(6 + 5¢In(9)) (3.24)
2a1(0)8 _ 38

= — |ax(0)] -

v v

In addition, combining (3.19) and (3.21), we obtain 0 < a4(0) and |az(0)] <
a1(0)/¢, so (3.24) implies that

a(0) - o(n(6), x) > %&11(0) > 0. (3.25)
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Similarly,
a(0) - p(-n(6,x) <0 (3.26)

holds for x € II(f(0)) and |x| < J. Therefore, by the intermediate value
theorem, there exists h € (—n(3),7n(d)) such that a(0) - ¢(h,x) = 0, which in
turn implies II(a(0)) is a transverse section of F(0,7(4),d). O

Proof. (b) As in the proof of (a), without loss of generality we assume z = 0.

By (3.22), for 0 < ¢ < 44, x € II(f(0)) with |x| < §, and |¢| < 7(d), we have

lp(t, x)] < Cbin(d) +6
5(1 + 4b)

AN

i.e. F(0,7(6),6) C Bsq+an)(0)-

Put
aF(O7 n((;)/4v 5) = El U E27
where 5
E, = {cp(i%—)—,x) :x € II(£(0)), |x| < 5},
and

By = {cp(t,x) . x € TI(£(0)), [x| =6, —@ <t< @}

Take y € OF(0,7(6)/4,0). If y € Ey, then by 3.22 |y;| > (1/2)n(6)/4 > 6/2.
Otherwise if y € Fp with y = (¢,x) and x € II(f(0)), then by (3.23)
|x2 — yo| < (n(6)/4)(I¢/8) = 6/8, and so

70 0
|Y2—0|Z|X2”0|—IX2—Y2|>—8“>‘2'-

Thus, B%(O) C F(0,7m(8)/4,6). Therefore, B%(O) C F(0,7n(6),0) and the result
follows. O

We are now in a position to prove Theorem 3.11.
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Proof. From Theorem B.3 with m =0,
Y () PY Y (s)] < Ce %) fort > 5> 0, (3.27)

where Y(¢) is the fundamental solution of (3.17) with Y(0) = I, P, is an
(n — 1)-dimensional projection matrix, and «, C are some positive constants.
Notice, Y (t) = %‘f(t,xg). Since Y (t)Y ~!(s) and %f(t — $,X) coincide when

t = s and by uniqueness of solutions, we have

Y)Y () = %f»(t — 5,X)

where x = (s, Xp). Thus,

Y()RY Hs) = Y)Y Hs)Y(s)RY !(s)
g%(t — 5, x)Y(s)PY !(s)

where x = ((s,%p) and Pa(x) = Y (s)P,Y ~(s) is a projection matrix since

(Px))? = Y()BY 1 (s)Y(s)PY ' (5)
= Y(s)P2Y}(s)
= Y(s)RY(s)
= P(x).

Therefore, (3.27) is equivalent to
_Bgo —at
3 (t,x)Py(x)| < Ce for t > 0
z

with ¢ — s replaced by t.
By continuity of Py(x) and compactness of [0,T], B,(I';(xo)), and I'; (xo),

%‘f(t, y) Pe(x)e® is uniformly continuous with respect to ¢ € [0, T}, x € T'y (%),

and y € B,(I'1(x0)). It follows that there exists x > 0 such that |y — x| < &
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implies
a‘p —at
o —(t,y)Pa(x)| < 2Ce™ ™. (3.28)

The range of the projection matrix P,(x) for each x € I, (xp) is a plane.
Take a non-zero normal vector a(x) to this plane. From the proof of The-
orem B.3, the angle between II(f(x)) and II(a(x)) is bounded away from
+7/2, which implies that there exists a constant ¢, 0 < ¢ < 1, such that
¢la(x)||f(x)| < £(x) - a(x). By condition (i), f(x) # 0 for x € ', (%o). Also,
the flow ¢(¢, x) is Lagrange stable at xp. Thus, the conditions of Lemma 3.12
are satisfied. Let 9, the sufficiently small number we chose as in the lemma
and /, b some constants in the corresponding proof.

Let x;, := o(Tk,xo) for k= 0,1,.... Suppose |u—x;| < k and (u—x;) =
Py(xi)(u — xi) € (a(xg))( immediately, (u — xz) = Pa(xx)(u — x)). Define
x(A) == x; + A(u = x) for 0 < A < 1. Then, dx(\)/d\ = u — x;, and

di)ﬁo(tvx(/\)) = %ﬁ(t,X()\))(u—-Xk)

be (3.29)
= 2 (6 X(N)P(xx)(u — xx).
So (3.28) and (3.29) imply that
et ) = ot x|l < fy |d‘§<p (£, x(\)| dA
= fO t X )\))P(xk)(u Xk Id/\ (330)

fo 2Ce“°‘t lu — xg| dA
2Ce M u—x| for0<t<T.

IN A

We choose « sufficiently small so that x < J, and (3.28) holds. Take T
large enough so that 4Ce™T(1+4b) < 1/2. We prove the following statement
by induction:

Statement (S): If |y — x| < p := k/(2 + 8b), then ¢ (kT+ S hi,y>
€ II(a(xy)) +xx, l<p (kT +3F, hi,y> - xk\ < 27*ly —xq|, and |hi| < a—gk—ly—
xo| forall k=0,1,....

Base Step: By choice of k and p, |y — xo| < p implies §g := 2|y — x| < 4..
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H(Cl(ka )) T X

II(a(x,)) +x,

F(x,,,1m(6,,),6,..)
F(x,,m(5,),0,)

Figure 3.3: An induction step.

So, by Lemma 3.12(a) with § = Jy there exists an mg with |mg| < ()
such that @(myg,y) € II(f(x0)) + xo and ¢(my,y) € F(xo,7(d0),d). Further,
Lemma 3.12(a) implies that there exists an & satisfying |mg + &} < 2n(dp) =
16}y — x|/I¢ so that |p(mg + &o,y) — Xo| < 2(1 + 4b)]y — x0| < x and @(mg +
&,y) € (a(xp)) + xo. Then, the Statement (S) holds for k£ = 0 with hg :=
mo + &o-

Inductive Step: Suppose that Statement (S) is true for arbitrary positive
integer k. Then, by (3.30) with t =T, u = ¢ <kT + Zf:o hi,y) combined
with the fact that x441 = o(T(k + 1),%0) = ¢(T, xx), we have the following

k
0 (T,so (kT + Zhi,y» — (T, %)
1=0
k
® <(k + )T+ Zhi,y> — Xkt1
=0

k

2 (kT+Zhi7Y> — X

1=0

< 2Ce°T . (3.31)

We put 61 = 4Ce T |p(kT + Zf:o hi,¥) — Xi|, they by Lemma 3.12 there

exists an hiy; (see Base Step for details) satisfying

|1l < 2n(0k+1) (3.32)
<

4721&—1|y—xo|~
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s0 that

k+1
"P <(k + l)T + Z h'h Y> — Xk+1

i=0
< 4Ce T (1 + 4b) ‘(p (k‘T + Z?:o h,-,y) - Xk! (3.33)
< He (M + Shohoy) - x
< 27D}y —

and ¢ ((k + 1T + Ef:(;l hi,y) € II(a(xg+1)) + Xk41. The Statement (S) is
true for k£ + 1, which concludes the induction proof.
From (3.30),

< 2Ce

k
© (kT+ th +t,y> - w(taxk)

=0

k
7 <kT—I—th,y> — Xk

=0

for 0 <t < T, or equivalently,
k k
o>~ hi +1,5) — (t, %0)| < 2Ce™EFDIG(KT + " hyyy) — (KT, %o)|
i=0 i=0
for kT <t < (k+ 1)T. Combining with (3.33), we have
k
o> hi+ty) = olt, x0)| < 2Ce™ D27 Hy — x| (3.34)

=0

In addition, if kT <t < (k+ 1)T, then
exp(—a(t—kT)) <1 fora>0 (3.35)

and
2—k

f

exp(In(2)) exp(
< exp(in(2)) exp(~222).

_ 1n(2)(k+1)T)
T (3.36)

The above inequalities (3.34), (3.35), and (3.36) yield that

In(2)t
T

(> hi+t,y) — @(t, x0)| < 2C exp(In(2)) exp(— )y — Xol-  (3.37)
i=0
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Let h = 3520 hs, so that by (3.32) |h| < #|y — xo|- Combined with (3.33),

we obtain

16627y — x|

<
< 16bexp(In(2)) exp(—l"(ﬁ)tﬂy — Xp|-

> 1 hil Clb
|21=k+1 l C (338)

Hence, (3.37) and (3.38) imply that

lo(h +t,y) — ¢(t, %o)|
< Jothtty) = ol + Thohiy)| + [t + Thohiy) = eltxo)
< [0 ] CIb + 2C exp(In(2)) exp(—22L )|y — xo|
<

(16b + 2C) exp(In(2)) exp(—22%) |y — x.

Let v := In(2)/T and K := (16b + 2C) exp(In(2)). Then, Theorem 3.11(i)
follows. In turn the statement(i) implies that the flow is phase asymptotic at
[ (x0), so, from Theorem 2.7, the w-limit set {2(x,) is a phase asymptotically

stable periodic orbit, which proves (ii). O
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Chapter 4

Dynamics of Differential

Equations on Invariant

Manifolds

In this chapter, an autonomous differential equation with an invariant manifold
is considered. An invariant manifold is a smooth surface that is invariant with
respect to the dynamical system. The restriction of the dynamical system to
the invariant manifold is also a dynamical system. The presence of an invariant
manifold, in principle, simplifies the study of the dynamics. The traditional
approach to these systems is to use the invariance to reduce the number of
variables of the system. Selecting an appropriate coordinate system on the
invariant manifold can be very difficult. Moreover, sometimes all that is known
is the existence of the invariant manifold, so that a change of coordinates
cannot be considered. Instead, we focus on the implications of the variational
equation and its associated compounded differential equations. Criteria are
developed for the existence of a phase asymptotically stable periodic orbit
with respect to the dynamics on an invariant manifold.

An orbit being phase asymptotically stable with respect to the flow on the
invariant manifold means that solutions on the invariant manifold are attracted

in phase to the orbit. It is possible that solutions off the invariant manifold
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are repelled away from a phase asymptotically stable orbit with respect to the
flow on the invariant manifold. This thesis does not investigate solutions off

the invariant manifold.

4.1 Stability of Equilibria and Periodic Orbits

In this section, we consider the stability of equilibria and periodic orbits as
well as some general facts concerning the flow on an invariant manifold. The
treatment in this section is based on [8]. The proofs of all of the propositions
and theorems in this section can be found there.

In what follows, let D be an open set in R*, f € C'(D — R"), and
g € C%(D — R™) where 0 < m < n. Let ¢(t,x) be the flow defined by the

following autonomous differential equation

%’tf — £(x). (4.1)
Let £ :={x € D : g(x) = 0}. Then, ¥ is a manifold of dimension n —m if
rk(%%(x)) = m for all x € 3, where rk(g—‘;(x)) is the rank of Jacobian matrix of
g at x. The case m = 0 will correspond to the case that ¥ = D. The manifold
- ¥ is an invariant manifold with respect to (4.1) if x € ¥ implies g(p(¢,x)) =0
for any t € R. The function g(x) is a first integral if g(p(t,x)) = g(x) for all
x € Dandt € R. If & := {g(x) — ¢ = 0} is a manifold, then it is also an
invariant manifold for each constant ¢ € R™.
Let v € C?(R™ — R™). Recall, the derivative of v along solutions of (4.1)

at x is the continuously differentiable R™-valued function

ov

Vi) (X) = 5 (x)f(x), (42)

since 4v(x(t)) = & (x(£)x'(t) = Z(x(t))f(x(t)) if x(¢) is a solution of (4.1).

Proposition 4.1. Let ¥ := {x € D : g(x) = 0} be a manifold of dimension

n —m. Then, ¥ is an invariant manifold with respect to (4.1) if and only if
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there is a continuous m x m matriz valued function N(x) such that
81 (x) = N(x)g(x) forxeD. (4.3)

Suppose, in what follows, that ¥ is an invariant manifold with respect to
(4.1). Then, by Proposition 4.1, such N(x) always exists. We denote by v(x)
the trace of the matrix N(x). Additionally, 75 will be used to denote the
tangent space to X at x.

Let g(x) be a first integral. Choose ¢ € R™ and suppose Yi={xeR":
g(x) = ¢} is a manifold. Then, for a solution x(¢) of (4.1) with g(x(0)) = c,

98

B (x(0) = 2 (x(e)E(x(t)
= % (t) & (x(t)
S-0)
I

This implies gzm)(x) = 0 for x € D. Then, by Proposition 4.1 with g = g —¢,
N(x) = 0. Consequently, v(x) = Tr(N(x) = 0.
Take x € £. Let Y(¢) == %f(t,x). Then, Y (¢) is the fundamental matrix

for the linearization of (4.1) with respect to the solution ¢(t,x):

B ol )y, (24)

such that Y (0) = [I.

The m-dimensional equation,

du

— = —N"(p(t 4.
g7 (i0(t,%))u (4.5)
is the adjoint of the equation
d
== N(p(t,x)v.
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Let U(t) be an m x m solution matrix of (4.5). Then, it can be shown (see
page 301 in [8] ) that W (t) = (28)*((t,x))U(t) is an n x m solution matrix
to the adjoint of (4.4).

Proposition 4.2. Let wi(t) = (2)*(p(t,x))U(t)e, where x € £, {e' : i =
1,...,m} is the canonical basis on R™, and U(t) is a solution matriz of (4.5)

with U(0) = Lxm. Then,

(i) each w'(t) is orthogonal to Ty x) and {W'(t) : i =1,...,m} spans a m-
dimensional solution subspace of the adjoint equation of (4.4), which 1s

orthogonal to Ty x).

(ii) If y(t) is a solution of (4.4) and y(0) € Ty, then y(t) € Tyux) for all
teR".

Remark 2. Statements (i) and (ii) in Proposition 4.2 are equivalent. If y(¢)
and w(t) are solutions of (4.4) and the adjoint of (4.4), respectively, then
y(t) - w(t) = y(0) - w(0) for all ¢ € R. Hence, if y(0) € 7, and w(0) is
orthogonal to 7y, then y(t)-w(t) = 0 for t > 0. This implies that y(t) € Zj,.x)
for t > 0 if and only if w(t) is orthogonal to 7% for t > 0.

Remark 3. The differential %‘f(t, x) of the map x — ¢(¢, x) satisfies the prop-
erty g—f(t, X) T = To(x)-

Proposition 4.3. Let U(t), wi(t), i = 1,...,m, be as defined in Proposition
4.2. Then,

[wit) AL AW™(t)| < Cexp (—/0 V(go(s,x))ds> |wi(t) A... AW™(t)]|

where C' = sup {| A" (2 (9)] / |\" ()| : y € To(x)}.

Let A € My, and T be a subspace of R". The restriction of A to 7 is
denoted by A|,. In addition,

| Al;|= sup |Ax].

xe7, [x|=1
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Proposition 4.4. Under the assumptions of Proposition 4.3. We have

< /\ Qf(t X) e~ Jo v(o(s)ds

x

The following proposition indicates a close relation between the function

v(x) = Tr(N(x)) and the spectrum of &£ (x).

Proposition 4.5. Let A\((X),..., A\, (X) be the eigenvalues of %(x). IfxeX
and Apy1(X), ..., \n(X) are the eigenvalues which correspond to the (n —m)-

dimensional tangent space T, then
v(x) = A(x) - An(x).

Suppose Xg € X is an equilibrium of (4.1). Recall, xq is stable hyperbolic
with respect to the dynamics on %, if the (n — m) the eigenvalues A; of 2£(x)
corresponding to the invariant subspace 7, satisfy Re()\;) < 0. Let ¢(¢,%o)
be an w-periodic orbit for some w > 0. By Proposition 4.2, the tangent space
to X at xg, 7y, is mapped to T, x,) by %—z‘e(w, Xp). Further, by the periodicity
of (¢, Xo), %f(w,xo)’l;o = Towxo) = Ix,- That is, 7y, is invariant under

%f(w, Xp). The eigenvalue, p,, of %f(w, Xo associated with the eigenvector

Iz, .
(0, z) satisfies u, = 1. Recall, we call the periodic orbit ¢(t,xq) stable
hyperbolic with respect to the dynamics on X, if the (n — m — 1) remaining

eigenvalues p; of %f(w,xo)iq_ satisfy |u;| < 1.
Qg
Theorem 4.6. Let xo € X be an equilibrium of (4.1).

(i) A sufficient condition for x¢ to be a stable hyperbolic equilibrium with

respect to the dynamics of (4.1) on X is that

dz |ortm*l
'd—t = E’L‘—. (Xo) — II/(X()) z (46)

n

m+1) X (m'il) identity matriz.

1s asymptotically stable, where I is the (
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(ii) The sufficient condition in (i) is also necessary if the system

du .
=N (x0)u

15 stable.

For a w-periodic orbit, we have the following analog of Theorem 4.6. It
is also an analog of Poincaré’s Stability Criterion for stability of a periodic

solution of a 2-dimensional autonomous differential equation.

Theorem 4.7. Take ©(0) € ¥, and suppose p(t) is a non-trivial w-periodic
solution of (4.1) where w > 0.

(i) A sufficient condition for I'.(p(0)) to be a stable hyperbolic with respect

to the dynamics on ¥ is that

. fr-+2]
B 12 o)~ Tttt | = (47)

is asymptotically stable, where I is the (mj—?) X (m'_"_Q) identity matriz.
(ii) The sufficient condition in (i) is also necessary if the system

= N(p(®)u

1s stable.

4.2 The Existence of Equilibria

The following is an analog of Theorem 3.7 for a flow on an invariant manifold.

Theorem 4.8. Suppose that the flow p(t,x) is Lagrange stable at x(t) a so-
lution of (4.1) on L. Then lim;_, x(t) = Xq is a stable hyperbolic equilibrium

with respect to the dynamics on Y if

dz | oftm+
== |as (x(t) - Iv(x() | 2 (4.8)

35

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



s uniformly asymptotically stable.

Proof. Let Y(t) be a fundamental solution of the following

dy  of

Y (x(®)y- (4.9)

Suppose (4.8) is uniformly asymptotically stable. Then, there exist positive
constants o, K so that Y™+ (¢)e~ Jov((s)ds 5 fundamental solution of (4.8),

satisfies
[y (D () e Jo DS < Fremet for ¢ > 0.

As a result, from Proposition 4.4 with &£ = 1, we have

Y (t)lz,| = YO @), | [Y (1), | e J§ v(x(s))ds

<

= (4.10)
< Ke @ fort>0.

Let y1(t) = £(x(¢)). Then y1(¢) is a solution of (4.9), and since f(x(0)) € Tx(o),
we have y1(t) = Y (¢)|7(0)¥(0). This implies with (4.10) that

lim y(t) = 0. (4.11)

{—00

Let x, € Q(x(0)). Then, there exists a sequence {t,}, t, — oo as
n — oo, such that x(¢,) — %X, as n — oo. This implies with (4.11) that
limy, oo Y1(tn) = lim, o £(x(¢,)) = f(x4) = 0. Consequently, x, is an equi-
librium. By continuity, (4.8) is uniformly asymptotically stable when x(t) is
replaced by x,. Therefore, from Theorem 4.6(i), x, is a stable hyperbolic

equilibrium. O

4.3 The Existence of Periodic Orbits

In this section, a similar result to Theorem 3.11 is proved for a flow on an
invariant manifold. That is, sufficient conditions are given for the existence of
a periodic orbit which is phase asymptotically stable with respect to the flow

on an invariant manifold.
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For the system of differential equations (4.1), the variational equation at

w(t, %) is
fl_y_ B of

) (+12)

Recall, we suppose that ¥ = {x € R" : g(x) = 0} is an (n — m)-dimensional
invariant manifold where 0 < m < n and g € C?(R" ~ R™). The linear

equation
dz | of m+2

T s (eltx) - Inlelt %) | 2, (4.13)

plays an important role in the analysis that follows.

Theorem 4.9. Suppose that I'1.(x0) C D and that

(i) the flow p(t,x) generated by (4.1) is Lagrange stable at xg € ;
(ii) the w-limit set 2(xg) contains no equilibria;

(iii) equation (4.13) is uniformly asymptotically stable.

Then, the following holds,

(a) there exist positive constants K, p, v and a bounded function h : £ — R

such that for all y € 3, ly — xo} < p implies

lo(t + h(y),y) — @(t, %0)| < K|y —%ole™  fort > 0;

(b) Q(x0) is a non-trivial periodic orbit.

Proof. Under the assumptions (i)-(iii), the conditions of Theorem B.3 are

satisfied. Hence, there exist positive constants C' and « so that
-1 C —a(t—s)
Y () PY ' (s)] < 3¢ for0<s<t, (4.14)

where P, is a projection matrix of rank (n —m — 1) and Y'(¢) := %f(t, Xp) is
the fundamental solution of (4.12), such that Y(0) = I. As shown in Theorem

311, ;
R

<

ge“at for t >0,
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where Py(z) := Y (s)P2Y "Ys) for z = ¢(s,%p) is a projection matrix.

Take z € ', (xp). Let the set {vy,...,V,,} be a basis of the normal space
to ¥ at z, and let {vy,,...,Vnp_1} be a basis for the subspace P(z)R", a
subset of the tangent space to ¥ at z. Then, {vy,...,v,_1} is a basis for
an (n — 1)-dimensional plane. Let a(z) be a normal vector to this plane at
z. We shall show that the angle between the two planes II(f(z)) and II(a(z))
is uniformly bounded away from 7/2 for z € ' (xo) where II(a(z)) is the
plane with normal vector a(z). Recall that the conditions of Theorem B.3 are
satisfied. Let Z; and 2, be as defined in Theorem B.3 i.e. Z; := span{y:(-)},
with y1(t) := £(p(t, %)) and Z, is the set of all solutions of (4.12) such that
y(0) € P,R™ which is the (n — m — 1)-dimensional subspace of all solutions
going to zero as t — oo. Also, Z; and Z, are uniformly bounded away from
each other by (B.28). By definition of Py(z) and the fact that Y(s) has full

rank, we have

Py(z)R" = Y(s)PY !(s,x0)R"
= Y(s)RR"
= {y(®):y() € 22, 2= (s, %0)}.

Thus, the angle between the vector f(z) and any nonzero vector in Py(z)R™
is bounded away from 0. Since the normal space to ¥ at z is orthogonal to
f(z), the angle between the vector f(z) and any nonzero vector in II(a(z)) is
bounded away from 0. Therefore, the angle between the planes II(a(z)) and
II(f(z)) is uniformly bounded away from 7/2, which implies that there exists

a constant ¢, 0 < ¢ < 1, such that

(la(2)[[f(z)| < a(z) - £(2).

Moreover, by the uniform boundedness of the angle, such a choice of ¢ does
not depend on z € I' (xo).

Since I%f(t, y)Pz(x)e"‘tl is uniformly continuous on any compact subset of
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Figure 4.1: The existence of the vector w

a finite-dimensional space, we can choose T' > 0 and 7 > 0 such that for all

t € [0,T], y € By(T+(x0)), and x € T';(xg), there exists a £ > 0 such that
|x —y| < k implies that

)P0

< Ce (4.15)

Since [0, T] x B,(I'+(x0)) is compact, there exists a constant M such that
|%2(t,y)| < M when t € [0,T] and y € B,(T4(xo)). Further, (4.15) yields
that for ¢ € [0,T], x € T'1(x0), W € Po(x)R™ with |w| = 1, |x —y| < s implies
%(t,y)w| < Ce . In addition, for w such that |W — w| < Ce™°T /M, we

have

|i9_f(t,y)w| + W% — wl ’g—i(t,y)i

oz
Ce—ozT
ety M
Ce ™ + i

< 2Ce . (4.16)

IN

'-g%(t, y)ﬁfi

IA

The compactness of ¥.N B, (', (x0)) and the continuity of ¥ imply that we
can chose x > 0 small enough such that for all x € I';.(xg), y € £ N II(a(x))
with 0 < |[x — y| < &, there exists a w € Po(x)R™ (see Figure 4.1) such that

Ce—aT

7 (4.17)

l(y—X)~

w[ <
ly — x|
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For k=0,1..., we put xx = o(T - k,x0). Take y € X NII(a(x)) such that

(y—=xx)
Jy x|

Qg_}\}f_ Consequently, (4.16) applies with W = (y — x¢)/|y — Xx. On the other
hand, let x(A\) = x; + A(y — xx) for 0 < A < 1. Then, as showed in the proof
of Theorem 3.11,

|y —xx| < k. In particular, by (4.17), there exists a w such that ’ - w! <

lo(t,y) — ot xi)] < fy |&eolt,x A) | dA
< fo %o(t,x(N)(y — x&)| dX (4.18)
< ly -l fy 3 X (X)) L2 G

for 0 <t < T. Therefore, we have

ly — %l fol 2Ce~*d\
2Ce™ |y — x|

lo(t,y) — o(t, %)l (4.19)

IA A

for0<et<T.

Moreover, since (i)-(ii) and (4.3) holds, the conditions of Lemma 3.12 ap-
plies. Therefore, by using the induction argument as in the proof of Theorem
3.11 with y € X, the result follows.

O
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Chapter 5

Examples

We consider three examples where Theorem 4.9 is used to find a phase asymp-
totically stable periodic orbit with respect to the flow on an invariant manifold.
In the first example (cf. Section 5.2), a system with an invariant sphere cor-
responding to a first integral is considered. Then, we discuss a general system
with an invariant manifold in Section 5.3. Two examples are given for the
system in Sections 5.4 and 5.5. The first is a 3-dimensional system with a
2-dimensional invariant cylinder, where we show there exists a unique phase
asymptotic periodic orbit. The other example considers a 4-dimensional sys-

tem which has a 3-dimensional invariant cylinder.

5.1 A Review of First Integrals

For convenience we summarize properties of first integrals which were discussed
in Section 4.1.

First integrals commonly arise from the existence of conservation principle
in dynamical systems. They are functions along which solutions to a differen-
tial equation are constant.

Suppose f € C}R" +— R") and g € C*(R" — R™) where (m < n).
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Consider the following differential equation

(2—}: = f(x). (5.1)
Let (¢, x) be the flow generated by (5.1). Recall, the function g(x) is called
a first integral for (5.1) if g(p(¢,x)) = g(x) for all x € R™ and t € R. The set
Y = {x € R*: g(x) = c} is an (n — m)-dimensional invariant manifold for
each given constant c, if the matrix %g(x) is of rank m for x € £. Moreover, by
Proposition 4.1 for an invariant manifold, there always exists a corresponding

function N : R" + M, defined by (4.3) with g = § — ¢. In the case of a
first integral, N = 0, so we have v(x) := Tr(N(x) = 0.

5.2 An Invariant Sphere

Consider a system in R3 as follows

-—d—t— = —T2 + $1x3
— = I+ ZoX

dt 1 243

dxg 2 2
. —z3(zy + 73),

where z; € R, 1 = 1,2,3. We write it concisely as

dx
@~ (5.2)
If x(t) is a solution of (5.2), then
%(w?(t) +25(t) + 23(t) = 2x1(t)%(t) + 205(t) % (t) + 22, (t)% "

Hence, (2% + 2 + z2) is a first integral. Let g(x) := 2% + 22 + 22 — 1 and let

¥ :={x € R": g(x) = 0}. Then, ¥ is an invariant manifold and v(x) = 0.
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Using the cylindrical coordinates, z; = rcosf, zo = rsinf, and 3 = x3

where r = (2% + 23)(/2), the system is

dr

@~ T

do

¥ - b

dx

d_t?’ = —[L‘37"2. (53)

It is evident from (5.3) that the only equilibria on ¥ are (0,0, 1) and (0, 0, —1).
Take x(t) to be a solution of (5.2) on ¥ with |z3(0)] < 1/3. If 0 < x3(0) <
1/3, then dzs/dt < —8x3/9, and hence z3(t) < 1/3 for t > 0. Otherwise if
—1/3 < z3(0) < 0, then dxs/dt > —8z3/9, and hence z3(t) > —1/3 for ¢t > 0.
Therefore, the w-limit set of an orbit in ¥ with |z3(0)| < 1/3 does not contain
any equilibria.

Since the sphere is bounded, to apply Theorem 4.9 to the solution x(¢), it
remains to show that the linear 1-dimensional equation

3
= 2% o) (5.4

is uniformly asymptotically stable, where 9ff! /0z is the third additive com-
pound of the Jacobian matrix of f. Take z(¢) to be a solution of (5.4). Then
|2(t)] < |z(s)|exp( ;%[3](x('r))d7 for t > s > 0. This implies that if there
exists a constant ¢ > 0 such that %[3] (x(t)) £ —c < 0, then by Proposition
3.3(iv) the equation (5.4) will be uniformly asymptotically stable. Since

3] 2
g—; (x) = div f(x) = 222 — 2% — 22 < g - % < —3 for x € I'; (x(0)),

we have that (5.4) is uniformly asymptotically stable.
The conditions of Theorem 4.9 are satisfied for the solution x(¢). Hence x(t)
limits to a phase asymptotic periodic orbit in the region |z3| < 1/3 contained

in ¥. From (5.3), the only nontrivial periodic orbit must be in the plane
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defined by z3 = 0. This periodic orbit is given by

(x1(2), z2(t), 23(t)) = (cos(t — ), sin(t — ¢p), 0)

where ¢y, a constant, is the phase shift.

5.3 A System with an Invariant Manifold

In this section, a system of differential equations with an invariant manifold
is considered. Suppose F € C*(R" — R"), and suppose H is a n X n constant

nonzero real matrix. Consider the autonomous differential equation

dx

= = (%) :=F(x) - )" H"HF(x)]x, (5.5)

where the asterisk denotes the transpose.

Proposition 5.1. Let & := {x € R* : |Hx|? = 1}, where |Hx|* = x*H*Hx.

Then % 1s an invariant manifold for (5.5).

Proof. For g € CY(R™ — R), V g will be used to denote the gradient of g. Let
g(x) := |Hx|* —1 = x*H*Hx — 1. The set ¥ is a manifold of dimension n — 1
if g € CHR" — R) and 1k(V g(x)) = 1 for any x € . This is equivalent
to showing that Vg(x) # 0 for x € X. Since (Vg)* = 2x*H*H = 0, we
have x*H*Hx = 0. This contradicts the fact that x*H*Hx = 1 for x € %.
Therefore, ¥ is a manifold of dimension n — 1.

The manifold ¥ is an invariant with respect to (5.5) if for all x € %, f(x) is
tangent to ¥ at x, that is if vV g(x) - f(x) =0 for x € £. In fact for all x € %,

Vg(x) f(x) = 2x*H*HF(x) — 2[x*H*HF (x)][x*H* Hx]
= 2[x*H*HF(x)](1 — x"H*Hx)
— 0,

and so ¥ is an invariant manifold. O
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Let v(x) = Tr(N(x)) where N(x) is the matrix valued function that satis-

fies
Vg(x) - £(x) = N(x)g(x)-
Such a function always exists (see Section 4.1).

In this case, v(x) = N(x). We obtain,

Vg(x)-f(x) = vg(x)- (F(x) - x"HHF(x)]x)
= —2x"H"HF(x)g(x).

Therefore,
v(x) = —2x*H*HF(x). (5.6)

5.4 An Invariant 2-Dimensional Cylinder

Proposition 5.1 will now be used as an example of Theorem 4.9 on an invariant
cylinder.
Let F(x) := (F1(x), F2(x), F3(x)) where

2

T
F; = nt §
1(X) To + 10
2
— L2
FQ(X) . I + 10,
Fg(x) = —I3+ Q(l'l, 132) -+ $3($1F1(X) + SUQFQ(X)),

and ¢ € C'(R? — R). From Proposition 5.1 with H := Diagonal[l, 1, 0],

= {x : |Hx|? = 22 + 3 = 1} is an invariant manifold for the following

45

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



System

%1. = (%) — 21 (21 Fi(X) + 22 Fy(x))
T T )
%th = Fy(x) — wa(@1 Fi(x) + 22Fa(x))
- - %(—IQ + 3 + 23) = fa(x),
% = F3(x) — a3(21 Fi(x) + 22F3(x))

= —z3+q(z1,12) = f3(x).

We Write concisely as
dx/dt = f(x). (5.7)

Suppose that x € ¥ and fi(x) = fo(x) = 0. Then,

0 = 10zof1(x) — 10z, fo(x) = 10(z? + 22) + zox? — 2122
> 10-2=8,

which contradicts fi(x) = fo(x) = 0. Hence, there are no equilibria on X.
Next, we show that any solution on the cylinder is bounded. By con-
tinuity of ¢ and compactness of the set {(z1,z2) : 22 + 22 = 1} we let
M := maxyey q(z1,25). If z3 > M, then dz3/dt < 0, and hence a solution is
bounded from above. Similarly, if z3 < —M, then dz3/dt > 0, and hence any
solution is bounded from below. Therefore, all solutions are bounded.

Finally, we show that the 1-dimensional linear equation

; 3
%{ - <.§£ (p(t)) - V(w(t))) z

is uniformly asymptotically stable, where ¢(t) is any solution of (5.7) on X.
As in Section 5.2, it is sufficient to show that there exists a constant ¢ so that
divf(x) —v(x) < —c¢ < 0 for x € ¥. From (5.6), v(x) = —2x*H*HF(x) =
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—(z3 + x3)/5. Thus,

—10 + 2z + 323 + 222 + 323
10
—10+ 4 + 3(z? + 23)
10

3
< T for x € X.

divf(x) —v(x) =

As established in the previous three paragraphs, the conditions of Theorem
4.9 are satisfied for any solution of (5.7) on ¥. Hence, all these solutions are
phase asymptotically stable with respect to the flow on ¥, and they limit to
a phase asymptotically stable periodic orbit on ¥. Further, we show that this
periodic orbit is unique on ¥. In this case, any solution on ¥ will be attracted
in phase with iespect to the dynamics on ¥ to a single periodic orbit.

Suppose that a periodic orbit on ¥ is homotopic to a point on X. Then,
it must contain an equilibrium in Y, clearly this is impossible since there are
no equilibria in ¥. As a consequence, any periodic solution goes around the
cylinder exactly once.

By continuous differentiability of any solution of (5.7) and since %’i #0
if |z3] > M, all periodic orbits on ¥ must be contained in the region |z3| <
M Suppose there are infinitely many periodic orbits on ¥. Since they are
contained in a finite region, there exists a periodic orbit I'(x.) where every open
neighborhood of I'(x,) contains at least two periodic orbits. This contradicts
I'(x,) being phase asymptotically stable with respect to the dynamics on .
We conclude that there are a finite number of periodic orbits on .

Let x, € ¥ be some point between the two periodic orbits. We can adapt
Theorem 3.1, the Poincaré-Bendixson theorem, to ¥ bounded between the
periodic orbits. As a result the a-limit set, A(x.), contains either a periodic
orbit or an equilibrium. Since there are no equilibria on 3, A(x,) contains
a periodic orbit. This periodic orbit cannot be phase asymptotically stable.

Hence there is at most one periodic orbit on .
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5.5 An Invariant 3-Dimensional Cylinder

Proposition 5.1 is used as an example of Theorem 4.9 on a 3-dimensional

invariant cylinder. Let

2

T
Fi(x) = x2+ 5—(15,
2
x
F = — =2
2(x) 1+ 50’
Fg(X) = —I3 +$1/10,
F4(X) = —T4+ £L'2/10.

Let H := Diagonal[l,1,0,0]. Then, Proposition 5.1 implies that ¥ := {x :

|Hx|? = 22 + 22 = 1} is an invariant manifold for the differential equation

dz, z? (z3 + 3

I T TR TR

dzs 2 (23 + x3)

7 R T B

dzs 2 (z3 + x3)

e T R T N

dry Z (23 + 23

St T ™ Ty

written concisely as

X f(x) (5.8)
dt ' '

Let E :={x € ¥ : |z1|, |z2| < 1}. We show that all solutions to (5.8) on &
will eventually enter and stay in E. Take x(¢) to be a solution of (5.8) on .
Suppose z3(0) > 0. Then,

das o (:1::1i + x%)
hatad A I S T
i = BTt T T g

< —z3+ L + 23

= 3770 7 50

1
< = .
< —24ws/25+ 1
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and so z3(t) < 5/48 + C exp(—24t/25). Hence, x3(t) is eventually less than 1.
Similarly, if 23(0) < 0, then z3(¢) is eventually greater than —1. Therefore, all
solutions are bounded in the x5 direction. Likewise, all solutions are eventually
enter and remain in the region |z4] < 1. Therefore the region E is positively
invariant under the flow generated by (5.8). In particular, all solutions are
bounded.

Suppose for x € ¥ that f(x) = 0. Then,

0 = zfi(x) = 21fa(x)
= 50(2? + ) + 2izy — 2123

> 50 —2=48.

Clearly this is impossible, which implies that are no equilibria in 3.
Take x(t) to be a solution of (5.8) in E. We show that

dz of Bl
pri (% (x(t)) —v(x(t) s ) 2 (5.9)
is uniformly asymptotically stable. By the definition of compound matrices
Yy asy
of BBl
. (x) — v(x)1s =
9:1—29:?—6-;;—2:0%—25 0 0 0
0 a:1—21'?+926;—2xg—25 0 0
—5+3x423 _ 3a3z 2x) —4x3 —23-100 50—3z 123
50 50 50 50
3zqx} 5+3zaz? ~50—3zax2 2z) —z3+2z2—4a3 —100
) T 50 50 50

Let a;;(x) be the components of this matrix. For z € R*, consider the Lya-

punov function for the system (5.9), V(z) = ||2]|co = max{|z1], |22|, |23, |24]}
From [1] page 58,

d

CV(5) < p(x(D)V (), (5.10)
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where

4

p(x) = max{p(x)} and (%) = {aa(x) + Y lay)l}-
== i=1, %]
By the theory of Lyapunov functions (see [5] page 305), if V/(z) is positive def-
inite and £V (z) is negative definite, then (5.9) will be uniformly asymptoti-
cally stable. Since the norm is positive definite, V' (z) is positive definite. From
(5.10), £V (z) will be negative definite if for some constant ¢, u(x(t)) < —¢ <0
for t > 0.

For x € E, we have

~25 + 71 — 223 + 7o — 273 - -25+1+2+1+2 - 19

p(x) = o5 . -
~254+ @ — 228 + @y — 22} 19
alx) = % S5
p3(x) = M _3x%w3 50 — 3$1$% n —100 + 2z, — 4‘7;% _ :L'%
’ 50 50 50 50
_54+3+3+5043-100+2+4+1 _ —29
50 =50’
(o) = |BTact] | |54 3waad | | 150 + Bugaf) ~100 — &3 + 2z, — 4a
%0 50 50 50
< 3+5+3+50+3-100+1+2+4 < —29

Consequently, Since F is positively invariant set for system (5.8), u(x(t)) <
—29/50 for t > 0. We conclude that (5.9) is uniformly asymptotically stable.
Thus, the conditions of Theorem 4.9 are satistied. Hence, there exists a phase

asymptotically stable periodic orbit with respect to the dynamics on X.

o0
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Appendix A

Compound Equations

In this appendix, compound matrices and compound equations are considered.

A.1 Compound Matrices

Suppose X is an n x m real or complex matrix. Let wfllf: denote the minor of
X determined by the rows (¢4, ..., %) and the columns (j1, ..., jk) of X where

1<yi<ia<... <y <nand 1 <j1<ja<... < <m.

Definition A.1. The k-th multiplicative compound, X¥), of X is the (Z) X (’,?)

J1---Jk

matrix whose entries written in lexicographical order are z;; 7;¥.

Theorem A.2 (Binet-Cauchy Theorem). Let A and B be n x1 and ! xm

real or complex matrices, respectively. Then
(AB)®) = AR gk), (A.1)

A proof can be found in [9] page 17.

Definition A.3. Suppose X is a real or complex n X n-matrix, and let £ be
an integer such that 1 < k < n. The k-th additive compound matrix of X is
defined by XK = D(I + hX)®)|,_,.

Proposition A.4. Suppose A and B are real or complex n x n matrices. Then
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(1) (A~H®) = (AR~ 4f A 45 nonsingular.
(i) I, = Inxn where N = (7).
(iii) (A + B)Fl = Al Blk}

The components of the k-th additive compound matrix can be computed
as follows. For the integers i =1,...,(}), let (¢) = (1, .. .,%) be the 5" index
in the lexicographic ordering of all k-tuples of integers such that 1 < i; < iy <
o<t <n Y = XK then

wh + o r s i () = (),
—1)rtaglr if exactly one entry i, in (2) does not occur
in (j) and 7, does not occur in(z),

0 if (i) differs from (j) in two or more entries.

When n = 3, the additive compound matrices are

ai ai af
LRIt
a3 a3 aj
al + a3 a3 —a}
Al = a3 ai+ay af ,
—a3 ay a3 +aj

AP = ql + o + dd = Tx[A].
When n = 4, the additive compound matrices are

1 .2 .3 .4
ay ay a1 4
1 — A4 — 1 .2 .3 .4
AV =A= | a) af a3 a3 |,

1 .2 .3 .4
az az az ag
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1 2 3 4 3 4
ay + a3 as as; —aj3 —aj 0
2 1 3 4 2 4
(13 a:] + a/3 a3 al 0 "_al
A a2 a al+ai O a? a3
1 1 2, .3 4 4 ’
—a} 0 al a aj+ai
1 1 2 2 3, .4
L 0 “'a4 a3 _a4 a3 0,3 + a4 n
al + a2+ a3 a3 —a$ al
A a3 a} + a3 + aj a3 —a3
?
—a? a? al + a + aj a?
1 1 1 24 3 o4
L a4 _a3 a,2 a2 + 013 + a4

AW = 6} 1 a2 4 @} + af = Tr[A].

In addition, the additive and multiplicative matrices can be defined in a
more general setting. Let T : R™ — R" be a bounded linear operator. Define

two linear operators 7" and T® from the wedge product space A*R" to R

for uy,...,u; € R" as
T(k)(ul /\.../\uk) =Tu  A...NTug (A2)
and
THu A Aw) =) WA AT WA Ay, (A.3)

respectively. If we identify T, T¥! and T with their matrix representation
with respect to the canonical basis on R”, then T and T will be the k-th
additive compound and k-th multiplicative compound matrices of T', respec-
tively. In this definition, the space R may be replaced with C, the complex

numbers.
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Proposition A.5. Suppose that Ay, ..., A, are the eigenvalues of a n X n

matriz A. Then

(i) the eigenvalues of A®) | counting multiplicities, are given the (Z) possible

products of the form:

)\il...)\i“ 1<y <... <. <n.

(ii) the eigenvalues of AW, counting multiplicities, are the (2) possible sums

of the form:
)‘i1+"'+/\ik7 1< <... <1 £n.
(iii) suppose that Xy, ...,Xy are independent eigenvectors of A corresponding
to the eigenvalues Xy, ..., A, Then X1 A...AXy 15 an eigenvector of A®)

and A® corresponding to the eigenvalue Aiy - i and A, + oo+ Ay,

respectively.

A.2 Linear Differential Equations and Com-

pound Differential Equations

Suppose A € C(R — M,,x,). Consider the linear non-autonomous differential

equation
dx
— = A(¢ A4
2 = Al (A4)
and its k-th compound
dy
— = AM( A5
Y~ AM()y (A5)

where k€ N, 1 <k < n.

Theorem A.6. Suppose X (t) is a fundamental solution of (A.4). Then X®(t)

is a fundamental solution of (A.5).
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If kK = n, then X (t) = det(X (t)) and A" (t) = Tr(A(t)). In this case the

above theorem reduces to the Abel-Jacobi-Liouville formula:

d% det(X (t)) = Tr(A(t)) det(X (¢))

which implies

det(X () = det(X(0)) exp (/Ot Tr(A(s))ds) .

Let x be a subspace of C([0, co] — R™) and let x* denote its k-th exterior
power, 1 <k <mn:

xF =span{x' A...AX":x € x}.
Further, define
X():{XEX:tllrglox(t)=0}
Theorem A.7. Suppose for x(t) € x that
(1) limsup, ., |x(t)] < oo.
(ii) liminf, . |x(¢)| = O implies that lim; ., x(t) = 0.

Then
codim(xo) < k < xF = x®), (A.6)

This theorem is proved in [10].

Corollary A.8. Suppose the system (A.4) is uniformly stable. Then a neces-
sary and sufficient condition that (A.4) have an (n — k + 1)-dimensional set
of solutions satisfying limy o, X(t) = 0 is that the system (A.5) be uniformly
asymptotically stable.
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Appendix B

A Linear Result

In this section, sufficient conditions are provided for the existence of a di-
chotomy of the solutions to the variational equation of a differential equation
on the tangent space to an invariant manifold. Theorem B.3 is similar to
Proposition 3.1 in [7]. In their result, the invariant manifold is all of R*. A
few adjustments to the proof in [7] are required for the proof in the more

general setting.

Let D C R*, f € CY(D — R"), and g € C%(D — R™) where m is an

integer and 0 < m < n. Consider the autonomous differential equation

dx

Let ¢(t,x) be the flow generated by (B.1). The linear variational equation of
(B.1) at a solution (¢, Xg) is

B ity B2)

where —gg(x) is the Jacobian matrix of f at x. An equation that will be impor-

tant in what follows is the second compound:

dw of

o 9% (p(t, %0))W, (B.3)
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where %[2]()() is the second additive compound of the Jacobian matrix of f at
x. See Appendix A for the definitions of additive and multiplicative compound
matrices. Let ¥ := {x € R" : g(x) = 0} be a (n — m)-dimensional invariant
manifold and let v(x) be the corresponding function defined in Section 4.1. A

linear equation associated with the linear variational equation is

m+2

% = ‘g—i‘[ ](go(t,xo))—v(go(t,xo)) z (B.4)
where BI™*2 is the (m + 2)-th additive compound matrix of the matrix B.

The matrix B® is the second multiplicative compound of the matrix B.

If A\q,..., A\, are the eigenvalues of the n x n real matrix A. Then, \;A; and

A+ A, 1 < < j < n, are the eigenvalues of A® and AP respectively.

The numbers o2 > ... > 62 > 0 are the singular values of A if 02,...,02

are the eigenvalues of the symmetric matrix A*A. For the [2>-norm on R",
Ix| = (x*x)'/? and the matrix norm it induces, |A| = 0y and |A®| = 7109.

The following two propositions are used in the proof of Theorem B.3 below.

Proposition B.1. Let V' be a subspace of R™. Suppose that V decomposes
into a direct sum V = V) + Vs of subspaces of V', and Py and Py = I|y — P,
are the corresponding projections onto these subspaces. Then, the following

estimate s valid:
1/|Pg] < 2sin(0/2) < 2/|Py| fork=1,2 (B.5)

where 8 is the angle between the two subspaces Vi and V.

The above proposition is proved in [4] page 156. There, V is a Banach

space and Vi, V, are closed subspaces of V.

Proposition B.2. Suppose that there exist positive constants o, M, N, J and

supplementary projection matrices Py, P, on Ty, such that P + P> = I|¢,,

|V () P&] < Me® 9| X (s)Py&] for 0 < s < t, (B.6)
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Y () P2€| < N|X(s)PaE| for 0 <t < s, (B.7)
Y () PY Yt)| < J fort >0, (B.8)

for any & € R™. Then, there exist positive constants M' and N’ such that
[Y()PY 1(s)| < M'e @t~ for0 < s <t, (B.9)

IY(O)PY~Y(s)| < N, for 0 <t < s. (B.10)

Proof. Let the columns of Y™1(¢) be e1(t), ..., e,(t). Then

Y (t)PY™(s)|

IA

Z [Y'(t) Prei(s)]

n

< > |Y(s)Prei(s)| Me)
i=1

< nJMe =5

for t > s > 0. Thus, (B.9) holds with M’ = nJM. Equation (B.10) likewise
holds. O

The result above can be found in [2].
Theorem B.3. Suppose
(i) the flow ws Lagrange stable at xg € ¥;
(ii) the w-limit set, QX(Xo), contains no equilibria;
(iii) the equation (B.4) is uniformly asymptotically stable.

Then, there exist positive constants N,M and supplementary matriz projec-
tions P,Py on R™, where Pi+ Py = I|, , tk(P1) = (n—m—1) and tk(F%) = 1
such that

Y (t)PY™ (s)] < Me ) for0< s <t,

Y (t)PY™ ()|<N for0<t<s.
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Proof. Let yi(t) := %(t,%o). Then, yi(t) is a solution of (B.2). We now

show that there exists a L > 1 such that
ly1(®)] < Lly:(s)| for 5,2 > 0. (B.11)
Condition (ii) implies that there exists a b such that
0 <b<|yi(s)| (B.12)

for s > 0. If not, then either I', (x¢) contains an equilibrium or there exists
a sequence {t,}, t, — 00 as n — o0, such that f(¢(t,)) = y1(tn) — 0 as
n — oo. This implies, from continuity and condition (i), that Q(xo) contains
an equilibrium. In either case, there is a contradiction to condition (ii). By
the continuous differentiability of ¢(¢,%g) in ¢ and condition (i), there exists a
constant a such that

ly1(t)] <a fort>0. (B.13)

Then, (B.12) and (B.13) imply |y:(¢)|/ly1(s)| < a/b for t,s > 0. Suppose a
had be chosen large enough so that 1 < a/b. Then, the assertion is proved
with L := a/b.

Suppose y(t) is a solution of (B.2). Condition (i) and the continuity of
91 (x) implies that there exists a constant 3 such that [ZL(p(t,%o))| < 8 for

t > 0. Thus,
t
iy (s)] + /

t
< Iy + / Bly(r)ldr fort>s>0.

o (o())

IA

ly (t)] ly(m)ldr

Then, by Gronwall’s inequality
ly@®)] < ly(s)[e?2 for0< s <t (B.14)

Recall from Appendix A, if A(t) is a continuous n x m-matrix valued
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function and X(t) is a fundamental solution of the linear differential equa-
tion dx/dt = A(t)x, then X*® is fundamental solution of the linear equation
dw/dt = AFw.

Suppose Y (t) is a fundamental solution of (B.2) such that Y'(0) = I. This
implies that Y (t) = %‘f(t,xo). By direct substitution,

Z(t) = Y (£)mm+D e Jo viw(s))ds
is a matrix solution of (B.4). Since Z(0) = I, Z(t) is a fundamental solution
of (B.4). From condition (iii), there exist positive constants «, C such that
(m+2)
/\ Y ()| = |Y(m+2)(t)| < Ce*atefot v(p(s,x0))ds
By Proposition 4.4 with & = 2 and the previous equation,
2

AY () < [y M2 (1)| e o Helomds < O et (B.15)

To(t,zg)

for t > 0.
The tangent space to X at ¢(s,%o), 7 |(sxo), iS mapped under the trans-
formation Y (t)Y ~'(s) to the tangent space 7 |y—sx)- The map

(Y ()Y (Y ()Y 7 (s)
leaves the space 7|5 o) invariant. Let
o1(s,t) > ... > 0p_m(s,t) 20

be the singular values of the values of this map associated with the invari-

ant subspace. Then, o1(s,t) = |Y(£)Y ~1(5)|7,(sss0)|> and hence from (B.14),
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o1(s,t) < P9 if 0 < s < t. Similarly, from (B.11)
1/L < oy(s,t) fort,s>0. (B.16)
Further, (B.15) implies
(Y(t)Y‘l(s)h—w(s,xo))m = 0109(5,t) < CKe ™9 for0<s <t. (B.17)
It follows from (B.16) and (B.17) that
o9(s,t) < LCKe =% for 0 < s < t. (B.18)

Let 6 > 0. From (B.17) and (B.18), T > 0 can be chosen sufficiently large
so that if £t = s + T, then

o102(s,t) <4, and oa(s,t) <. (B.19)

For a fixed s, let Y := span{y:(-)} and }o := span{y2(-),...,¥n-m(-)},
where y;(s) is an eigenvector of (Y ~!(5))*Y*(#)Y (¢)Y ~!(s) corresponding to
the eigenvalues 62(t, s) for i = 2,...,n —m and y;(-) is a solution of (B.2) for

i=1,...,n—m. Then, since y(t) = Y (#)Y ! (s)y(s), y(-) € V> implies

[y (@) < ly(s)]oa(s, t). (B.20)

The subspaces )y and ), are supplementary, that is Y3 N Y, = {0} and }y &
Y2 = T|y(s,20), since a solution in V; is bounded away from zero and solutions
in ), decay to zero. Let ¢t := s + T. Suppose T had been chosen sufficiently
large so that 0 < 1/L — 4. Let y(-) € V,. From (B.16), (B.19), and (B.20),

yi(t

3 ) y(®)
0< VL=< |y<s)|F‘

(B.21)
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yi(t) y(t)

Since is a solution of (B.2) tangent to the invariant manifold,

lyi(s)]  ly(s)i
yvi(t)  y(®) yis)  y(s) -
’}’1(8)| |y(5)| S |Y1(8)| |y(s)l 1( ,t)

This implies with (B.21) that the angular separation, inf|(y:i(s)/ly1(s)|) —
(y(s)/ly(s))], over y(-) € Vs, between spaces of initial values {y(s) : y(-) €
Yi},i=1,2,is at least (1—Lé&)/Loy(s,t). Therefore, projections Pi(s), 7 = 1,2
with Pi(s) + Pa(s) = I|z,,,,, from 7 |y(sxo) onto these initial value subspaces
satisfy

|Pi(s)| < voi(s,t) fori=1,2 (B.22)

where v = 2L /(1 — Lé), from Proposition B.1.

The space YV is independent of (s, t), while }; is not necessarily so, since the
span of the eigenvectors y;(s) is not necessarily so. Let sg > 0, s := so+kT for
k=0,1,..., and ), denote the space ), corresponding to (s,t) = (sk, Sk+1)-
If y(-) is a solution of (B.2) with y(0) € Ty,, then for k =0, 1,2, ... there exist
Yix(-) € Vi and yo () € Yoy such that y(-) = y14(-) + y2x(-). Then,

yir(sk) = Pi(sk)y(sk) = Pi(sk)y1,.-1(sk) + Fi(st)yzr-1(s1)
for 7 = 1,2. Simplifying,
Yi£(8%) = Y1k-1(8%) + Pi(sk)y2x-1(sk), (B.23)
for k=1,2,..., since Y, is independent of k, and
y2x(8k) = Pa(sk)y2k-1(5k)-
From (B.20) and (B.22),

| Py(sk)yok-1(sk)]

IA

Y01 (Sk, Sk+1)1Y2,6-1(5%)]

IN

vo1(Sk, 8k+1)02(8k—1, Sk) |YZ,k—l (8k-1)]
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fori=1,2and k = 1,2.... By the same reasoning |y2o(so)| = |P2(s0)¥(s0)| <
vyo1(s0, $1)|y(s0)|. Hence, by induction, (B.20), and (B.22)

| P;(sk)y2,6~1(5k)] Yo (sk, Ske1) H§=1{U102(8j-1, si)lly(so)l

<
= (B.24)
< 4FRe Ty (o).

Let constants c; be defined so that y; x(-) = cxyi(-). Then, (B.23) is equiv-
alent to cp = cp—1 + Ay where Ay (sk) = Pi(sk)y2x-1(sx) for k =1,2,....
Thus, by (B.24), |Ax| < v**16%e*T |y (s0)l/|y1(sk)]. Additionally, [collys(so)| <
|Pi(s0)|ly(s0)|- This implies that |co| < ve?T|y(s0)|/ly1(s0)|- Therefore, if &
had been chosen small enough so that v§ < 1, then

’)/MleﬁT

m@(%)l (B.25)

k
el < leol + ) 144] <
j=1
where my = infs>0 |y1(s)| and My := sup,5q |y1(s)|. Further,
V2 (sk)|l = [Pa(sk)yzu-1(sk)| < ¥*'85 e |y (s0)] < ve™ly(s0)l.  (B.26)
Together (B.25) and (B.26) imply that

M,
4 1} y(s0)l.

Y (s0)| S [y1a(se)] + [yau(se)l < ve” [m

From (B.14), [y(t)| < eTly(s)| for s <t < sgy1, and so
ly(t)] < Hly(so)l for 0 <so <t (B.27)

where H := 6e?’T[M}/m;(1—~8) +1]. We conclude that (B.2) has a uniformly
stable subspace.

Let x be this uniformly stable subspace. Then, (B.27) implies that all
solutions are bounded. Hence, condition (i) of Theorem (A.7 is satisfied..
Suppose y(t) € x and liminf, ., |y(¢)] = 0. Then, there exists a sequence
t; — 00 as 1 — oo, such that lim; .o, [y(¢;)] = 0. Additionally, (B.27) implies
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that |y(t)| < Hl|y(t;)| if 0 < ¢; < t, and hence lim;_,, y(t) = 0. Therefore,
condition (ii) of Theorem A.7 is satisfied. From equation (B.15), x@ = x{?.
This implies from Theorem A.7 that codimyo < 2, and therefore n —m —1 <
dim(xo) < n —m. Since y;(t) is bounded from below, dim(xo) =n —m — 1.

Let Zy = span{y1(:)} and Z5 = xo. Then, to apply Proposition B.2 to
prove the theorem we need to show that there exist positive constants o, M,
N, and J and supplementary projection matrices P, Py, Py + Py = I|1(s),
so that (B.6), (B.7), and (B.8) are satisfied. Equation (B.7) is equivalent to
(B.11), for suppose yi(t) = Y(¢)v, Y(0) = I for some vector v € R*. Then,
|Y(t)v| < |Y(s)v|L. Let P, be a 1-dimensional projection matrix such that
Pyv =v. Then |Y(¢)P&] < LY (s)Pi| for t,s > 0 and £ € R”. Similarly, if
we can show Zs is uniformly asymptotically stable (B.6) will be satisfied, where
P> a (n — m — 1)-dimensional projection matrix defined such that Pyy(0) =
y(0) for y(-) € Z;. Equation (B.8) is equivalent to subspaces being bounded
away from each other from Proposition B.1. The theorem will, therefore, be

established if we can show that,
(a) the subspace Z; is uniformly asymptotically stable.

(b) if y(-) € Z, is nonzero, the angle 8(t) between y,(t) and y(¢) is bounded

away from 0 uniformly with respect to ¢ > 0.

We show that (b) implies (a). If y; and y are vectors in R and if 6 is the
angle between them, then |y; A y| = sin(8)|y:1lly|. Since w(-) =y1(:) Ay(*) is
a solution of & = %[2](go(t))w with w(0) € T1,,, (B.15) implies that

|sin 8(t)||y1(t)||y ®)] < | sin 8(s)||y1(s)||y(s)|CKe ¢

if 0 < s <t. Further, (B.11) implies

CKL|y(s)|e”°'(t“"')
<
YOl s —— G0

Thus, proving condition (a).
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Condition (b) is equivalent to showing 2|sin(8(t)/2)| = [(y1(t)/|y1(s)]) —
(y(t)/ly(s)])| is bounded away from zero. Choose t > s sufficiently large that
ly(t)] < 1/2L}y(s)|. Then, (B.27) implies

ly:(8)] \ i) _ y(®) yi(s) _ y(s)
0<1/2L < L — < — < — . (B.28
/ vl = el ve1 = mer el 2
Therefore, 0 < L/(2H) < 2|sinf(s)|, and hence 6(s) is bounded away from
zero for s > 0. O
67

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



