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Abstract

A discrete flow (.S, X) is a semigroup S acting on a set X where both S, and X are equipped
with the discrete topology. Amenability of semigroups is a topic that explores the existence
of measures that are invariant under the semigroup multiplication. The goal of this thesis is
to generalize these results to a semigroup acting on a set, i.e. a flow, so that the invariance
is with respect to the action.

We start out in Chapter 1 by giving some preliminaries that are important for the results
in this thesis.

Chapter 2 generalizes basic theorems characterizing amenability and gives sufficient and
necessary conditions for the same. We discuss some relevant topics such as the Hahn-Banach
extension theorem and an application of flow amenability - a fixed point theorem.

Next, in Chapter 3, we discuss various Fglner conditions - combinatorial properties that
characterize aspects of amenability.

Finally, in Chapter 4, we discuss the flow stucture of the Stone-Cech compactification of
a flow. We then discuss the concept of density of means and apply some properties of Fglner
nets.

In Chapter 5 we briefly get into reversible invariance - a property that is equivalent to

amenability in groups (and group flows).
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Introduction

Amenability is a theme that has extended from groups to semigroups, algebras and even
quantum groups. A semigroup S is said to be amenable if there exists a finitely additive
measure ;4 on the power set of S, that is invariant under the multiplication of S in some
sense, i.e. for any s € S, and A C S, u(s™*A) = u(A). Let m(S) denote the set of bounded
real-valued functions on S. Then, the existence of an invariant measure is equivalent to the
existence of a “mean” - an averaging linear functional on m(S), with invariance dictating
how the averaging remains unchanged under translation by elements of S. The general gist
of amenability on different structures is the existence of these means or measures that are

“Invariant” in some sense.

According to Paterson [24], The beginnings of amenability lie in Lebesgue’s research in the
1900’s, which dealt with the uniqueness of the Lebesgue integral in the absence of the Mono-
tone convergence theorem. Banach proved that the integral was not unique by giving exam-
ples on the real line, R. Then, in the 1920’s-1930’s, Banach and Tarski set out to generalize
this notion to a general group G acting on a set X. They characterized groups permitting
invariant means, in terms of their actions, finding that GG is amenable if and only if X does
not have a “G-paradoxical decomposition”, i.e. do not permit the famous Banach Tarski
paradox. Von Neumann was the first to introduce general amenability of groups and studied
this class of groups, making further connections with Banach and Tarski’s theorem. In 1950,
M. M. Day coined the term “amenable” for groups permitting invariant means, based on a
pun with the word “mean” and describing the nice behaviour of such groups. He introduced
amenable semigroups and his paper on amenable semigroups from 1970 is widely referenced

(see [4]). Ever since, amenability has been a hot topic in abstract harmonic analysis.

In this thesis, our main goal is to extend the concept of invariant means to a flow (S, X), i.e.
a semigroup acting on an arbitrary set X. The invariance here, is with respect to the action
of S on X. We deal with discrete semigroups and a discrete topology on X, hence touching

on combinatorial topics such as the Fglner conditions for amenability.



We would like to take note, that upon getting close to the completion of this thesis, we
discovered the extensive works on K. Sakai on the topic of amenable transformation semi-
groups. Sakai has written a series of papers on the topic, [31][32][33][34][35][36][30][28][29],
that slipped under our radar. However, due to time constraints, we had no choice but to
proceed with our work unmodified. Our work was done entirely independently of Sakai’s.
Sakai’s work focuses more on extreme amenability and as such, the degree of overlap between
his work and ours is not major. The overlap occurs in chapters 2 and 3 (Theorems 2.1, 2.18,
2.24, Corollary 3.6, Theorem 3.9, Corollary 3.10). Our approach/proofs sometimes differ

from his in these chapters.
Regarding the layout, we first start with some preliminaries for the topic in Chapter 1.

In Chapter 2, we generalize properties of amenable semigroups to semigroup flows and make
some useful characterizations. We also talk about Hahn-Banach extension properties and an

application of flow amenability- Lau’s fixed point theorem [20][19].

In Chapter 3, we generalize the work of Folner [7], Namioka [22] and others on the Fglner
conditions for amenability. We also briefly generalize and discuss the Fglner number intro-

duced by Wong [39].

Chapter 4 deals with introducing flow structure on the Stone-Cech compactification of a
flow, which is essentially generalizing the semigroup structure of 5S for a semigroup S. It
then delves into generalizing the concept of density, as introduced by Hindman and Strauss
[13][14], applying some of the results from chapter 3.

In Chapter 5, we briefly discuss reversible invariance, as introduced by Klawe [17].

Lastly, in Chapter 6, we will list some related open questions and problems for flows.



Chapter 1
Preliminaries

In this chapter, we define amenability, and define and give examples of some of the main
structures we will be dealing with. To see analogous notions and background in specificity for

semigroups, we recommend [4]. We will avoid getting too much into specifics for semigroups.

Throughout this thesis, we will assume all topologies to be Hausdorff unless spec-

ified otherwise.
For any set X, we will denote its cardinality by | X|.

For any set X, let us denote &(X) to be the power set of X and Z7;(X) to be all finite
subsets of X.

If X is a topological space, for each A C X, we will denote the closure of A by cl(A).

Given a topological vector space X, we denote by X*, its continuous dual, i.e. the space of
all continuous real-valued linear functions on X. Recall that if X is a normed vector space
with norm || - ||, the operator norm in X* is given by [|fll,, = sup,ex\ (0} %, for each

f e X*. We will omit the subscript “op” as context will make the connotation clear.

Given a non-empty set X, let m(X) be the space of bounded real-valued functions on
X. Then, m(X) is a Banach space under the supremum norm, i.e. the norm given by:
| flle = supgex |f(z)|, for each f € m(X). Then [;(X) C m(X) is defined to be all
f € m(X) satisfying > . |f(z)] < oo, and the norm on [/;(X) is defined to be given

by [Ifllx = 2ex [f(2)] for all f € 1, (X).



Definition 1.1. A semigroup is a non-empty set S with an associative map - : § xS — 5,
called the semigroup multiplication on S defined on it. Throughout the paper, we will
denote s -t by st for all s,t € S. A set T C S is called a subsemigroup of S if it is a
semigroup under the multiplication on S, i.e. T is closed under the semigroup multiplication

of S between its elements.

Examples of semigroups include:

e The real line R or the complex plane C, under addition or multiplication. Also, N and

N U {0} are both subsemigroups of R under addition or multiplication.

o M,,«n(R), the set of all m-by-n matrices on R, is a semigroup under matrix multipli-

cation or addition.

e Any group in general is a semigroup with its usual multiplication, as is any ring under

its multiplication.

e For any set X, we can define an associative multiplication by setting xy = y, for all
x € X, for each y € X.We can similarly define another associative multiplication by
setting zy = z, for all y € Y and for each x € X. Any semigroup with a multiplication
satisfying the former (latter) property is called a right (left) zero semigroup. If S
is a semigroup and = € S satisfies sz = z (s = z) for all s € S, it is called a right
(left) zero.

e For any non-empty set X, Z(X) is a semigroup under the multiplication given by
A-B=AUBforany A, B € Z(X). It is easy to see that Z;(X) is a subsemigroup
of Z(X).

We will assume X to be an arbitrary non-empty set throughout this chapter.

Definition 1.2. Suppose, and A C X. Then the characteristic function of A is defined
to be for each z € X,

1 ifzeA
X (@) = _
0 otherwise
Definition 1.3. Let F be a linear subspace of m(X) that contains all the constant functions,
equipped with the supremum norm. A mean on F' is a linear functional p : F — R such
that p(x ) =1 and [|[M]| = 1.



We shall denote the set of means on m(X) by . (X). It is a well known fact that .Z(X) is

non-empty, convex and w*-compact as a subset of m(X)*.

The simplest examples of means is given by the point measure or point mass, i.e. each z € X,

we define
d, :m(X) =R
f—= f(z)

It is easy to see that for each z € X, §, is linear, d,(x,) = 1 and d,(f) < [|f]|, for all
f e m(X). It follows that ||0,]| =1 and §, is a mean on m(X).

We will use the following proposition without mention. For a proof, see [12].

*

Proposition 1.4. The following are properties that every mean M € m(S)* satisfies:
1M =1

2. M(x,)=1

3. M(f)>0 i f>0 for each f € m(S)

4. infuex f(z) < M(f) < sup,ex f(a)

In fact, M € m(S)* is a mean if and only if it satisfies any two of the above conditions 1-4
or just 4.

Definition 1.5. Let ® := {f € [;(X) | f > 0, f has finite support and ||f||; = 1}. An

element of @ is called a finite mean on X.

Definition 1.6. Let us define @ : [;(X) — m(X)*, where for each f € [1(X), [Q(f)](g9) =
Y osex f(@)g(x). Q is an isometric embedding of [;(X) into m(X)*.

Remark 1.7. Note that the set of finite means, @, is weak* dense in . (X) via the isometry
Q.



Definition 1.8. A left semigroup flow (or left flow) is a triple (S, X,p) where S is a
semigroup, X is a non-empty set and p : S x X — X is a map that satisfies p(st,z) =
p(s,p(t,x)), for all s,t € S, and € X. Such a function p is called a left action of S on X.
We can similarly define a right semigroup flow, by modifying p to satisfy p(st,z) =
p(t,p(s,z)), for all s,t € S, and z € X.

Furthermore, if X is a vector space, we say a left flow (right flow) (.S, X) is:
1. aleft affine flow (right affine flow) if p(s,-) is affine for each s € S.

2. a left-representation (right-representation) of S on X if p(s,-) is linear for each
seS.

We will use the shorthand notation (S, X) for a flow (S, X,p), denoting p(s,z), for each
se S, xe X, by szif (S,X) is aleft flow and zs if (S, X) is a right flow.

Example 1.9. 1. The simplest example of a flow is of course, a semigroup S acting
on itself via left multiplication, (5,5). We may also consider the action via right

multiplication and make (S5, 5) a right flow.

2. Let E be a topological vector space, with the semigroup structure on it given by ad-
dition. If we take 7 to be the topology on E, E acts on 7 via translation, i.e. for any
Uer,x€ E,z+U € 7. Hence (F,7) is a flow. In fact, due to the commutativity of
addition on F, it is both a left and a right flow.

3. Given any semigroup S, and set X, we can define a trivial flow by taking: sx = x, for
all s € S, x € X. Of course, this just means that every point in X is a fixed point of
S (see Definition 1.11).

4. Any group or semigroup representation constitutes a flow.

5. For any semigroup S, we can consider the action of (N, x) on S, via ns = s" =

s-s-...-s8 foreachneN, seS.

n times

We will assume all flows in this paper are left flows unless stated otherwise. Furthermore, for a
semigroup S, (5, S) will indicate the left flow given by S acting on itself by left multiplication,

unless stated otherwise.



Definition 1.10. Suppose (S, X) is a flow and A C X and s € S. We define
s'A={re€ X |sx e A}

Note that s 'A=g if ANsX = @.

Definition 1.11. Suppose (S, X) is a flow. We say = € X is a fixed point of S if sz =z
for all s € S.

Definition 1.12. Suppose (5, X), (T,Y) are flows. Then, we define the product flow of
these to be given by the flow (S x T, X xY'), where S x T' is a semigroup under (s,t)(s’,t') =
(ss',tt') and (s,t)(x,y) = (sz,ty) for each s, € S, t, ' e T,z € X,y Y.

Remark 1.13. We can define other flows (S x T, X x Y) with a different semigroup mul-
tiplication on S x T" and/or a different action of S x T on the set X x Y. However, in this
thesis, we will freely use these notations to indicate the semigroup multiplication, and action
defined in Definition 1.12.

Definition 1.14. Given a flow (S, X)), we define the following notions:

1. For a subsemigroup 7" of S, and Y C X, we call (T,Y) a subflow if tY C Y, for each
teT.

2. If T=S51in 1, we call (S,Y) an S-ideal

Note that every S-ideal is indeed a subflow of (S, X).

Example 1.15. 1. If S is a semigroup and L is a left ideal of S, (S, L) is an S-ideal of
(S, 5).

2. If (S, X) is a flow, and x € X is a fixed point of S, (S,{z}) is an S-ideal and for any
subsemigroup 7' C S, (7', {z}) is a subflow.

3. Consider a semigroup S, and the flow (N, 5) described in Example 1.9. Fix any n € N.

Define T' = SGS|EItESsuChthats:t”:t-t-...-t}. Then, for each m € N,
—

n times

(mN, T) is a subflow of (N, .S5).



Definition 1.16. Suppose (S, X) is a flow. We say an element s € S is S-cancellable if
the map

X — X

T > ST
is injective. Similarly, we say an element x € X is X-cancellable, if the map

S —X

S +— ST

is injective. If all the elements of S are S-cancellable, we say that (S, X) is a S-cancellative
flow, and if all the elements of X are X-cancellable, we say that (S, X) is X-cancellative.
Note that for a semigroup S, labelling X = S| if (S, X) with the action being left multi-
plication, is S-cancellative, we say that S is left-cancellative, and if it is X-cancellative, we
say S is right-cancellative. The notions of left- and right- cancellable elements are similarly
defined.

Example 1.17. 1. The flow (E, 7) for a topological vector space E with topology 7, from

Example 1.9, is a E-cancellative flow, and a 7-cancellative flow.

2. Let S be a semigroup and X # @ be an arbitrary set. Let us define the action of S on
X to be given by sz = z for each s € S, x € X. Then the flow (5, X) is S-cancellative.

3. Consider the flow (N,R) given by (N, x) acting on R via multiplication. Then, (N, R)

is N-cancellative, and every element in R\{0} is R-cancellable.

Let (S, X) be a flow.

Definition 1.18. For each s € S, we define the S-translation operator L, : m(X) —
m(X) to be given by [L(f)](x) = f(sx), for each x € X and f € m(X). When S acts on
itself via left (right) multiplication, this is called a left-translation (right translation)
operator. We call Ly(f) the S-translate of f by s for each s € S, f € m(X). Again, if
S acts on itself on the left (right), and f € m(95), this is called the left-translate (right
translate) of f by s.

Definition 1.19. We define (5, X) to be amenable if there is a mean M on m(X) that
is S-invariant, i.e. M(f) = M(Lsf), for all s € S, f € m(X). If (S,S5) is amenable under

left multiplication (right multiplication), it is said to be left-amenable (right-amenable)

8



respectively. If it is both left amenable and right amenable, it is simply called amenable

(see [4]). We will label S-invariant means on m(X) and left-invariant means on m(S) by

A (X) and ) (S) respectively.

Example 1.20. 1. Any left amenable semigroup S is an amenable left flow (5, 5). Exam-

ples of left amenable semigroups include abelian semigroups and right-zero semigroups.
2. Any flow (S, X) with S amenable is also amenable. (See Proposition 2.8.)

More examples of amenable flows will follow along the way.

1.1 Action of S on m(X) and .Z(X)

Let (S, X) be a left flow. Then, S has a natural action on m(X), given for each s € S, by
Ls:m(X) — m(X). For each s,t € 9, for all f € m(X),

[Le(Lo ))(2) = [Lsf](tx) = f(stz) = [Lat fl(x), for all z € X

Hence, L;oLs = Lg and the action of S on m(X) is a linear right action, by the linearity of the
S-translation operators Ly, s € S. Thus, (S,m(X)) is a right representation of S on m(X). It
follows that S induces a left linear action on m(X)*, given for each s € S by the adjoint of Ly,
Lr:m(X)* = m(X)*, M — Mo L, acting on m(X)*. If we restrict this to . (X), it is still
a left action. Indeed, if M € .#(X), s € S, then [LiM](x,) = [M o Lg|(x,) = M(x,) =1
and ||LiM| = ||M o Lg|| < ||M]|| = 1 which implies that L*M € .#(X). Since .#(X) is a
convex subset of m(X)*, (S, .# (X)) is a left affine flow.

For any set X # &, for any f € m(X), M € m(X)*, let us denote M (f) by (M, f). Let (S, X)
be a left flow. For each N € m(X)*, define N : m(X) — m(S), [Nf](s) = (N, L.f). We
define ® : m(S)* x m(X)* = m(X)* by (MON, f) = (M, Nf), for M € m(5)*, N € m(X)*
and for all f € m(X). By the linearity of the S-translation operators {L; | s € S} on m(X),
and N and M, and due to M being bounded, it is clear that M ® N € m(X)*.

If, furthermore, M € .#(S), N € .#(X),

° [NXX](S) = N(Lsx ) = N(x,)=1foralls€ S, and (M ©N,x,)= (M, Nx
(M,xq) =1

x)



« (MON,f)| = (M N < IMIINAL< IMINYIF] = £l for all f € m(X)

It follows that .Z(S) ® #(X) C A (X).

One can observe that . (S) and m(S)* are semigroups under “©” applied with X = S (See
[4]). For simplicity, we will use the same notation for this operation defined on m(.S)* xm(S)*

versus m(S)* x m(X)*, context making the connotation clear.
Let M, K € m(S)*, N € m(X)*. Foreach s € S, f € m(X), and all t € S,

[K(Nf))(s) = (K, L[N f]), where, {L,[Nf]}(t) = [N f](st) = N(Lq.f)

while
[K O Nf](s) = (K ® N, L,f) = (K, N(L,f)), where, [N(L,f)}(t) = N(LL,f) = N(Lf)
and thus, by N(Lsf) = Ls(ﬁf), we end up with I?(Nf) = [??D/Nf, and,
(MOK)ON,f)= (MoK Nf)= (M,ENf) = (M,KoNf) = (Mo (Ko N),f)

Thus, “®@” on m(S)* x m(X)* is an associative action and (m(S)*, m(X)*), (A (S), # (X))

are flows. In fact, one can easily check that these are affine flows.

10



Chapter 2

Amenability of Discrete Semigroup

Flows

The goal of this chapter is to establish some of the characterizations, necessary and sufficient
conditions for amenability in flows, such as Dixmier’s condition. We also discuss the concept
of a homomorphism of flows. Lastly, we discuss Hahn-Banach extension properties and the
Fixed point characterization introduced by Lau [19][20]. In essence, we generalize some of

the basic theorems for semigroups amenability to flows. References for this chapter include

(4], [12], [24] and [9].

In his papers, Sakai has covered Theorem 2.1, Theorem 2.19 and Theorem 2.26. For Theo-
rem 2.26, our definition of a homomorphism of flows is more general and matches Lau’s in
[19]. Sakai also has done work on some fixed point properties like in Section 2.4. However,

our theorem is a result from [19].

2.1 Sufficient and Necessary Conditions

Let (S, X) be a flow. Let us define J4(X) to be the space of all functions on X of the form
Sow o fi — Ls, fi, where each f; € m(X), s; € S and n € N. The following is a generalization

of Dixmier’s theorem.

Theorem 2.1 (Dixmier’s condition). There is a S-invariant mean on m(X), if and only
if for all g € A, sup,cx g(x) > 0.

Proof. Suppose M is a S-invariant mean on m(X). Then, M (g) < sup,x g(x) for all g € 4.
Given g = > " | fi — Lo, fi, for a; € S, fi € m(X) and n € N, M is left invariant implies

11



M(Z:L:l fz - Laifi) = Z:Lzl M(fz) - M(Lazfz) = 0. ThU.S, M(Q) =0 S SUPgex g(as)

Conversely, suppose for all g € 7, it is the case that sup,cy g(x) > 0. Then, define a mean
N on ¢, N = 0. Let P be the sublinear functional on m(X) given by P(g) = sup,cy g(z).
Since 0 = N(g) < sup,cx g(x) = P(g), by the Hahn-Banach extension theorem, N can be
extended to a linear functional M on m(X) while being dominated by P. Thus, M(—g) <
P(—g) = sup,cx —g(z), which gives us M(g) > —sup,cx —¢g(x) = inf,ex g(z) and

inf g(z) < M(g) < supg(x)
zeX reX

which implies that M is a mean on m(X). M is clearly S-invariant as M = 0 on 7. &

Definition 2.2. We define a flow (.5, X') to be commutative if it satisfies stx = tsz, for all

s,teSzeX.

The following is a well known theorem. A proof can be found in [24].

Theorem 2.3 (Markov-Kakutani Fixed Point Theorem). Suppose K is a compact
convex subset of a locally convex space. Then, if S is a commutative semigroup of continuous,

affine transforms from K to K, S has a common fized point in K.

We will use this theorem to prove the following:
Theorem 2.4. If (S, X) is commutative, it is amenable.

Proof. Let us consider for each s € S, the map L : . #(X) — #(X) given by L;"(M) =
MoLg. Recall that each L," is affine and that .# is a weak™® compact convex subset of m (X)*.

Observe that for each s,t € S,

[(Ls © Ly) fl(x) = f(stx) = f(tsz) = [(Le o L) f(x)

for all f € m(X), z € X, by the commutativity of the action. Thus, {L! | s € S} is a
commutative semigroup under composition, i.e. for the left affine flow (5, .# (X)), we can

consider each s € S as an affine operator on . (X), where the order of action of elements of
S on . (X) does not matter.

12



If {M,} C A converges to M € .4 in the weak™ topology of m(.S)*, then for each f € m(S),
se s,

LMy — L M(f) = [My 0 Ly — Mo L](f) = Ma(Lof) — M(Lf) = 0 in a

It follows that LM, — Ls*M in the weak™® topology on .4 (X). Thus, L,* is weak*-weak*

continuous for each s € S.

{Ls" | s € S} is a commutative semigroup of affine transforms from .#(X) to .#(X) and

must have a common fixed point by the Markov-Kakutani fixed point theorem. If we let
M € #(X) be this fixed point, M is a S-invariant mean, due to M o Ly = LM = M for
each s € S, and (5, X) is amenable. §

Remark 2.5. When we consider {L;" | s € S} as a semigroup of operators on .Z (X), this
is the same as considering S acting on .Z(X). In other words, we showed that the flow
(S, A (X)) is weak*-weak* continuous in the second variable, i.e. for each s € S, the map

M(X) — M (X), M — L*M = sM is weak*-weak* continuous.

Corollary 2.6. Every commutative semigroup S is left and right amenable.

Note that in Theorem 2.4, we do not require S to be commutative, we only require that
action is invariant under the order in which elements of S are applied to elements of X. To

observe this, consider the first part of the following example:

Example 2.7. 1. Let S = Mxn(R), X = R™ for any n,m € N, where S is a semigroup
under matrix multiplication. We define the action of S on X by M - v = det(M )v, for
M, N € S. Note that for any M,N € S, v e X,

M- (N -v)=M -det(N)v = det(M)det(N)v = det(MN)v = (MN) -v
and
(MN) -v=det(MN)v = det(M)det(N)v = det(N)det(M)v = det(NM)v = (NM) - v

The associativity of the action is confirmed, as well as (S, X)) being commutative, even

though S is not commutative. Furthermore, if we consider n = 2, F5, the free semigroup

13



on two generators, is a subsemigroup of S. It is well known that Fs is a non-amenable
semigroup (see [24]). Thus, setting T' = Fy, (T, X) is an example of a flow, where T is

non-commutative, non-amenable, but (7', X) is still commutative, amenable.

2. For a commutative semigroup S, any flow (.5, X) is amenable. As an example, if F is a
topological vector space with topology 7, the flow (E, 7) from Example 1.9 is amenable,
since F is commutative under addition. Similarly, (N, S) is amenable for any semigroup

S, with the flow action as defined in Example 1.9.

Proposition 2.8. The following are equivalent:

1. S is left amenable

2. Every left flow (S, X) is amenable

Proof. Suppose 1 holds and 2 does not hold. Then Dixmier’s condition fails for (S, X). There
exist f; € m(X), s; € S, 1 < i < n, for some n € N such that ||>°7 | fi — L, fil| , < 0. Fix
xz € X. We construct g; € m(S) by taking g;(s) = fi(sx), for all s € S, for each i, 1 <7 < n.
Then we have

Zfz sa) = [Ls, fi)(s2) Zfz — Lo fil(x

which means Dixmier’s condition fails for S, which contradicts the amenability of S. Hence,
(S, X) must be amenable.

< sup
zeX

= sup
seS

— L fz

On the other hand if 2 holds, 1 is clear by the amenability of (.S,.5) via left multiplication. &

Remark 2.9. Note that by 1 of Example 2.7, it is clear that if (S, X) is a left flow that
is amenable, it does not necessarily imply that S is amenable. In fact, Proposition 2.8

emphasizes how much weaker the amenability of (S, X) is compared to the amenability of S.

Proposition 2.10. Suppose (S, X) is a flow and X has an element that is fixed by S. Then,
(S, X) is amenable.

Proof. Suppose z € X is fixed by S. Define M : m(X) — R by M(f) = f(x), for all
f e mX),z € X. M is clearly linear. Furthermore, |M(f)| = |f(z)] < ||f|lc, for all
f€m(X), and M(x,) = x,(z) =1and thus M is a mean. Lastly, M(L,f) = Lsf(x) =
f(sx) = f(x) = M(f), for all f € m(X),s € S. Thus, (S, X) is amenable. §
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Theorem 2.11. Suppose (S, X) is amenable. Then for any two cosets sX, tX, s,t € S,
sX NtX # 2.

Proof. Suppose sX NtX = &, for some s,t € S. Then, if M is a S-invariant mean on m(X),
we have M(x )= M(Lsx )= M(XS_I(SX)) = M(x ,) = 1. Similarly, M(x,, ) = 1. Since
tX, sX are disjoint, we have, 1 = M(XX) > M(Xixusx) = M(Xix) + M(Xsx) = 2, which
is a contradiction. Hence, sX NtX # &, for every s,t € S. 1

Proposition 2.12. Suppose (S, X) is an amenable flow. Then if M is a S-invariant mean
on m(X), and (T,Y) is a subflow such that M(x ) >0, (T.Y) is amenable.

Proof. Let us define a mean N on m(Y) by f +— M) where

M(x )’
~ flz) ifzxeY
f(x) = _
0 otherwise
= ot M(x,,)
Indeed, [N(f)| = |M(f)] < [[M|[[fllsc = [[ flloo: and N(x ) = Mo = L

Now consider the following for all s € T', x € X:

- - ST ifres!
L)) = Fs) = 4107 TTr ety

0 otherwise
— Lyf(z) ifzxeY f(sx) ifxeY
[Lsf](z) = . = '
0 otherwise 0 otherwise

Thus,
f(sz) ifxesY\Y

[Lsf - Lsf](x) =

0 otherwise

Note that Y\s™'Y = &, since sY C Y.
Now for any n € NU {0}, and = € X, if [L,f — Z:?](s"a:) # 0, then, s"z € s7'Y\Y =

s"ly € Y, and s"z € Y. Then for any j > n, s’z = s/~ gty ¢ -y © YV and

thus, s’z ¢ s71Y\Y.
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It follows that for any n € N, Z?Zl[Lsf— Z:f](slx) < 1 and, if we notate Lyo0 Ls0...0 Ly

n times

by Ly,

1> M (Z Li[L.f - ZJ‘]) =M (L~ Tf1) = S M (10T A1) = it (£~ T

=1 =1 =1

Thus, sending n — oo, M ([Lsf— [E]) =01ie N(Lgf) = M[[Z/f] = M[L,f] = M(f) =
N(f). It follows that N is a T-invariant mean on m(Y') and it follows that (7,Y") is

amenable. g

To see why the condition M(x ) > 0 is important, consider the following example:

Example 2.13. Suppose S is a left-zero semigroup, so that by Theorem 2.11, S is not left-
amenable (and Proposition 2.8 does not apply). Take any set X with |X| > |S|. Then, there
exists an injective map ¢ from S into X. Take for each s € S, z, = ¢(s) € X. Let us define
the flow (S, X) by the action sx = z, for allz € X, s € S. Indeed, to check associativity, note
that for s,t € S, (st)r = sx = x5 = s(x;) = s(tx). Now if we adjoin an additional element z,
to S, where ¢ is fixed under S, i.e. sxg =z for all s € S, (S, X U{xo}) is a flow containing
(S, X) as an S-ideal. By Proposition 2.10, (S, X U {z¢}) is an amenable flow, but (5, X) is
not amenable by Theorem 2.11, since sX NtX = {z }N{x:} = @, for s # t (by the injectivity
of ¢). By the proof of Theorem 2.11, an S-invariant mean on m(X U {x}) is given by M,
where M(f) = f(zo) for each f € m(X U {zo}). However, note that M(x ) = x , (z0) =0,

as expected.

Proposition 2.14. Let (S,Y) be a S-ideal of (S,X). If (S,Y) is amenable, so is (S, X).

Proof. Suppose M is an S-invariant mean on m(Y). Let us define for each f € m(X),
f=fly, and define N : m(X) = R, f — M(f). It is clear that N is a linear functional.

Furthermore, we have:

e For each f € m(X), IN(f)| = M| < M| flloe < IMIIIflloc = 1F]l

e N(x,)=M(Kx,)=Mkx,) =1
It follows that M is a mean.

Lastly, since Y is closed under the action of S, for any s € S, f € m(X), and for all y € Y/,
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Lof(y) = f(sy) = [ Iy (sy) = flsy) = L()(v)
and E\J = Ls(f), which gives us

N(L,f) = M(L,f)) = M(Ly(f)) = M(f) = N()

Thus N is an S-invariant mean on m(X) and (S, X) is amenable. §

Corollary 2.15. Suppose {Xy}rea is a family of subsets of a set X, and (S, X)) is an
amenable flow for each X\ € A. Then, (S,Uren X)) is amenable.

Let (S, X) be a flow.

Definition 2.16. For every element f € [;(X), and s € S, we define f - s to be given by
0 if s¥lx =@

P > sy=s f(y)  otherwise

Remark 2.17. We note that f-s € [;(X) since:

DAfs@I=d (D FW <D D Fwl= > Ifwl=Y_If@=Ifl,

zeX zeX |sy=x reX sy=x zeX yes—H{z} zeX

Note that this is because, firstly, for each z € X, z € s7'{sx}, and secondly, if z € s~'a and

x € s71b, for a,b,x € X, we get st = a = b, i.e. s7'{z} are pairwise disjoint sets for r € X.
Definition 2.18. We say a net {M,}4ca of means on m(X) is w*-convergent (norm-
convergent) to S-invariance if

w* lim[M, o Ly — M,] =0 (lim || M, o Ly — M,|| = 0)

for each s € S.

Theorem 2.19. There exists an S-invariant mean M on m(X) if and only if there exists
a net {¢, taca of finite means such that the net {Q¢, }aca is w*-convergent to S-invariance
and M is a limit point of {Qd, }aca-

17



Proof. Suppose M is an S-invariant mean on m(X). Since Q® is dense in .Z(X), there

exists a net {@,},c 4 of finite means on X, such that {Q¢,}, ., is w*-convergent to M.
w*lirr}‘[QanoLs—Qcﬁa] =MoL,—M=0
ac
due to M being S-invariant.

Conversely, suppose {¢,},c4 is a net of finite means such that the net {Q¢,}, o is w*-
convergent to S-invariance. Since Q® is w*-dense in #(X) and .#(X) is compact, there

exists a subnet {Qd)ﬁ}ﬁeB of {Q¢é,}.c4 that is convergent to some mean M. Now:

= w" i L, — =MoL;,—M
0=w 61513[629%0 s — Qg o Ls

implying that M is S-invariant. §
Remark 2.20. For any f € [1(S), g € m(S) and s € S,

Qlfsl(g) =D fsl@)glx)=> | D fwgle)| =D f(@)g(sz) = flx)Leg(x) = [QfoLs](g)

reX reX |yes~lz xeX reX

Recall that convergence of a sequence in the weak topology in [;(X) is equivalent to weak*

convergence in m(X)* upon applying () to the sequence.

The following theorem is a generalization of Namioka’s elegant proof in [22]:
Theorem 2.21. The following are equivalent:

1. (S,X) is amenable

2. H{,taea C P such that limyea ||Q oy, 0 L — Qo || =0,

3. H{ b, taca C P such that w*limyea[@ o ¢, 0 Ls — Qo ¢,| =0,

4. Hbytaca C @ such that limaey [0, - s —0,]l, =0,

5. Hootaca C @ such that wlimaealp, - s — ¢,] =0

Proof. We know by Theorem 2.19 that X has an S-invariant mean if and only if there ex-

ists a net {¢,}aca C P of finite means such that the net {Q¢,}aca is w*-convergent to
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S-invariance. This gives us the equivalence of 1, 3 and 5.
We define the operator P : [(X) — 1;(X)® by [P(f)](s) = fo L, — f.

P is clearly linear. First, we note that the topology on [;(X)° given by the product of
weak topologies on [1(X), is equivalent to the weak topology on [;(X)°. As a result of this,
(S, X) is amenable if and only if there exists a net {¢,}aca C P of finite means such that
wlimaea[P(¢,)](s) = wlimaeap, © Ls — Q¢,| = 0 for each s € S, if and only if P(¢,) — 0
in o € A in the weak topology on I;(X)°. It follows that X has an S-invariant mean if and
only if 0 is in the weak closure of P(®) in I;(X)®.

Now, as ® is a convex subset of I;(X), P(®) is convex. Since I;(X)” is a locally convex space,
it follows that the weak closure of P(®) in I;(X)” is equivalent to its norm closure. Thus, 0
is in the weak closure of P(®) <= it is in the norm closure of P(®). It follows that, (S, X)
is amenable <= 0 is in the weak closure of P(®) <= 0 is in the norm closure of P(®).
Hence, the equivalence of 4 and 5 follows. Lastly, the equivalence of 4 and 2 follows from @

being a continuous isometry. §

Definition 2.22. We say a flow (S, X) is transitive, if for each z,y € X, there exists some
s € S, such that sz = y.

Theorem 2.23. Suppose (S, X) is a flow that is transitive (or satisfies Sy = X for an
element y € X ) and X -cancellative. Then (S, X) is amenable = S is amenable.

Proof. Suppose S is not amenable. Then Dixmier’s condition does not hold and 3h; € m(S5),
s; € 5,1 <1i<n,such that sup Y ., hi(s;t) — h;(t) <O0.
tes

Fix y € X if (S, X) is transitive (or take y € X to be the hypothesized element satisfying
Sy = X). We define a map ¢ : X — S by ¢(z) € S such that ¢(z)y = z. Note that since
the action is transitive, ¢(x) exists and due to X-cancellativity, it is unique. Furthermore,

for any s € S, x € X,

o)y =2 = sé(x)y = sz = ¢(sx)y = sp(x) = ¢(sx)

by X-cancellativity.
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Then we define g; : X — R, g;(x) = hi(¢(z)), for all x € X. Clearly, g; € m(X).

Now note that
su i(si) =su hi( x
ot x@eZ 9(e)
< sup Z hi(sit) — hi(t) <0

Thus, Dixmier’s condition does not hold for (S, X') which is a contradiction to its amenability.

It follows that S must be amenable. §

Proposition 2.24. Suppose (S, X) is a S-cancellative flow with X being a finite set. Then
(S, X) is amenable.

Proof. Let us take M : m(X) - R, f — LI A1 is clearly linear, and for each f € m(X),

X1
||f|!1 |/ £l
M(f 00
i) = 1 = - < 5 Uk <

X Il
and M(x ) = X‘# =1.

It follows that M is a mean on m(X). Now, if s € S and f € m(X),

MLl < fsz o
MEH =5 = 2 % Zm‘ )

where (k) follows from the fact that the injectivity of the map X — X, z — sz, (due to
X-cancellativity) implies its bijectivity. M is thus an S-invariant mean on m(X) and (S, X)

is amenable. §

2.2 Relation between amenable flows

Definition 2.25. Given semigroups S, 7', with a surjective semigroup homomorphism ¢ :
S — T. We define a homomorphism of flows between flows (S, X) and (T,Y) to be a
map T, : X — Y that satisfies Ty(sx) = ¢(s)Ty(z), for all x € X, s € S. We call this an

isomorphism if T, is bijective.
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The notation “Iy” will be used to denote the underlying semigroup homomorphism ¢ be-

tween semigroups.

Note that for any semigroup .S since the identity map idg for S is a semigroup homomorphism
to itself, any homomorphism of flows T;4, : X — Y for flows (S, X), (S,Y") is an isomorphism
if T;4 is bijective. Given such a flow, we will omit the subscript “id,” unless further context

is required.

Theorem 2.26. Suppose ¢ : S — T is a surjective semigroup homomorphism and T, : X —
Y is a homomorphism of flows (S, X), (T,Y), then (S, X) amenable — (T,Y") amenable.

Furthermore, if Ty is an isomorphism, then the converse holds.

Proof. Suppose (S, X) is amenable. Then there exists an S-invariant mean M on m(X). We
define N on m(Y’) to be the map given by g — M(goTy). N is a mean due to the following:

e By the linearity of M, clearly, N is linear.
e N is bounded as [N(g)| = |[M(goTy)| < [[M|l[lgoTo|l < [[M]ll|gl] = llgll = N[} <1
o N(x,)=M(x,oTy)=M(x,) =1

Now for any t € T', g € m(Y), let s € ¢~ '{t} be arbitrarily fixed. Then,

[(Leg) © Tol(x) = (Leg)(Ts(x)) = g(tTs(x)) = 9(Ty(s)) = [La(g © To)](2)

for all * € X.Thus, (Lig) o Ty = Ls(g o Ty) and we have N(L,g) = M((Lig) o Ty) =
M(Ls(goTy)) =M(goTy) = N(g). N is thus an T-invariant mean on m(Y").

On the other hand, assume that T} is bijective and that (7,Y") is amenable. Suppose N is
an T-invariant mean on m(Y’). Then, we define a mean M on m(X) by M(f) = N(foT,;"),
for all f € m(X). M being a mean is easily checked in the same way as above. Now for any
se S, forally ey,

Ty (0(s)y) = Ty (d()T{ T ()}) = Tp (Te{sTy (y)}) = 5T (y)

and (Lyf) o Ty~ = Li(f o TQ;I), for all f € m(X). Then, M is an S-invariant mean follows

similarly to the proof of the converse.
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Corollary 2.27. Suppose T': (S, X) — (S,Y) is a homomorphism of flows. Then, (S, X) is

amenable = (S,Y) is amenable. If T is bijective, then the converse holds as well.

Theorem 2.28. Suppose (S,X), (T,Y) are flows. The product flow (S x T, X xY) is
amenable if and only if (S, X) and (T,Y) are amenable.

Proof. Suppose M is a S-invariant mean on m(X) and N is a T-invariant mean on m(Y").
We definea K : m(X xY) — Rby f+— N(M(f)) where we set M(f) 1Y — R to be given

by M(f)(y) = M(f(.,y)), forall y € Y.

K is clearly linear aS,{Y and M are linear. Furthermore, K(x, ) = N(M(x, ,)) =
N(x,) = 1, due to M(x, J)y) = M(x, () = M(x,) = 1. Lastly, [K(f)] =
INCM U< INITIM (Nl < INTHIM oo = 1flloe due to [|M[] =1 = [[N]|. Thus, K is

a Imear.

Now for any (s,t) € S x T and any f € m(X xY), we have, forally € Y,

M(Lsy(f))(y) = M(Lsy (-, y)) = M(f(s. ty)) = M(f(., ty)) = M(f)(y)

by the S-invariance of M.

Thus, K (L (f)) = N(M(Les, t)(f)) = N(L(M(f))) = N(M(f)) = K(f) and K is -
invariant. It follows that (S x T, X x Y') is amenable.

Conversely, let K be an S-invariant mean on m(X X Y'). Then for every f € m(X), define
fem(X xY) to be the map f(z,y) = f(x), for all (z,y) € X x Y. [ is clearly bounded.
We define M : m(X) - Rby f— K (f) M is clearly linear due to the linearity of K.
Furthermore, M(x ) = K(x) = K(x, ,) =1 and for all f € m(X), [M(f)| = K (f)] <
NE N flloe = 1fle < N1 fllo (due to [[K|| = 1). Thus, M is a mean.

Fix any t € T. Now for any s € S, and f € m(X), m(x,y) = L,f(z) = f(sz) = f(sz, ty) =
L(s,t)f<x7y)7 for all (.I‘,y) e X xY. ThIlS, M(L8f> = K(LSf) = K(L(s,t) ~> = K(f) = M(f)
M is hence an S-invariant mean and it follows that (S, X) is amenable. (7,Y") being amenable

follows similarly. n

22



Definition 2.29. Suppose {S;}ics is a family of semigroups. Then, we define the direct
product of {S;}icr, |1
pointwise multiplication, i.e for s,t € [[,.; Si, st(i) = s(i)t(i) for all i € 1.

ser i to be the semigroup with semigroup multiplication given by

Definition 2.30. Given a family {S;};cr of semigroups with identity (denoted by e; for each
i € I), their weak direct product S = [];,S; is the subsemigroup of [],; S; given by all

elements s = {s;};c; that satisfy s; = e; for all but finitely many ¢ € I.

Proposition 2.31. Suppose {(S;, X;) }ier is a family of amenable flows, where for eachi € I,
S; has an identity element e;. Then so is (S, X) = (I[;c; S, [ Lics Xi)-

Proof. First, note that if I is a finite set, we are done by Theorem 2.28. We may thus assume,

without loss of generality, that I is an infinite set.

Suppose (S, X) is not amenable. By Dixmier’s condition, there exist s, € S, fr € m(X),
1 <k < nsuch that infex Y ;_; fr(zx) — fu(spz) > 0.

For each s, we have that s (i) = e; for all but finitely many ¢ € I. We define A = U}_,{i €
I'| sg(i) # e;}. Ais clearly a finite set. Fix ¢; € X, for all i € I\ A (Note I\ A # &, since [
is infinite and A is finite). Let us label elements of A as ay, ..., a,, where p = |A|. We define

the following maps:

vk:HXa—>R

a€A

Yy = (xalv "'7$ap) = fk(wy)

where we define
(i) = o
ifi =aq; € A.

Tq,

Since f, € m(X), v € m(X), for all 1 <k < n.

Furthermore, define ¢, € [][..4S. to be the element tx(a) = si(a), for all a € A, ie.

acA
tk = Sk‘ rHaeA Xa+

23



Now we have:

n

inf ka(y) —up(try) = Z fi(@y) — fulzay)

Y€l laca Xa k=1 [Toca Xa 1

inf ka zy) — fr(skzy)

yeHaEA Xa

> inf Z fil@) = frlspz) >0

where at (x), we used the fact that s (i) = e;, for all i € A gives us, for all i € I,

, Ci ifieI\A Ci ifie I\A ,
Ty (1) = = = sy (1)
tyl(ay) ifi=a €A sp(a)y(ay) ifi=a €A

i.e 2,, = spr,. This means that Dixmier’s condition fails for (HaeA Sas [ Laea Xa) and it is

not amenable. This is a contradiction to Theorem 2.28. Thus, (5, X) has to be amenable. §

Proposition 2.32. Suppose {S\}aea is a directed family of sub-semigroups of a semigroup
S, and (Sx, X) are amenable flows for all A € A. Then, (UyeaSy, X) is an amenable flow.

Proof. Assume (UyepSy, X) is not amenable. Then there exist functions h; € m(Uyep X))
and s; € Uyepa Sy, with 1 < i < n, for some n € N such that

sup Z hi(x) — hi(s;x) <0

TEUxeA XA reX

But since, there exists some S),, \g € A, such that s; € Sy, for all i, 1 < i < n (due to the
union being directed), Dixmier’s condition fails for (S),, X), which is a contradiction to its

amenabilility. Hence, (Uyep Sy, X) must be amenable. §

2.3 Hahn-Banach Extension Property

Definition 2.33. If (S, X) is a flow and f : X — R, f is said to be S-invariant if L,f = f
for all s € S.

Definition 2.34. Suppose (S, X) is a left or right representation. We say that a subspace
Y C X is S-invariant if (S,Y) is an S-ideal.
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Definition 2.35. Suppose (S, X) is a left-representation. We say that (S, X) has the Hahn-
Banach Extension property (HBEP) if the following holds:

If Y is a S-invariant subspace of X, and
1. ¢ : Y — R is a S-invariant linear functional;
2. p: X — R is a sublinear functional,
3. p(sz) < p(zx) forall s € S, z € X;

4. ¢(y) < ply) for all y € Y;

hold, then there exists a S-invariant linear functional ¢ : X — R such that ¢(z) < p(x) for
all z € X, and ¢ [y= ¢.
The following theorem was proven by Lau in [20]:
Theorem 2.36. Let S be a semigroup. The following are equivalent:
1. S is left amenable
2. Every right linear representation (S, X) has the HBEP.

Proof. Suppose S is amenable and M is a left-invariant mean on m(S). Let us denote the

left translation operator on m(S) by A4 for each s € S.

Let Y be a S-invariant subspace of X and f : Y — R be a linear map bounded by a sublinear
functional p : X — R. By the Hahn-Banach extension theorem, there exists an extension F
of f to X, that is still bounded by p. For each z € X, define

ge: S — R

s+ F(xs)

Note that g,(s) = sup,cg F'(zs) < p(zs) < p(z), for each x € X, s € S, which gives us that
gz € m(S). Then, define

G: X—=R
x> M(g,)

Consider the following;:
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e For each z,y € X, a € R and for all s € 5,
92 + agy](s) = F(xs) + aF(ys) = F(xs + ays) = F((x + ay)s) = garay(s)

and M is linear, thus, G is linear.

o IfycY, g,(s) = F(ys) = f(ys) = f(y), for all s € S, which gives us G(y) = M(g,) =
M(f(y)x¢) = f(y), ie. G ly=[.

e For each v € X, G(x) = M(g,) < sup,cg 9.(s) < p(x).

e Foreacht € S, x € X, [\g.](s) = g.(ts) = F(xts) = gut(s), so that \ig. = gut, and

Thus, G is an extension of f that is bounded by p and the HBEP is satisfied.

On the contrary, suppose every right linear representation of S satisfies the HBEP. We know
that (S,m(S)) is a right linear representation. Consider Y = {Constant functions on S},
which is a S-invariant subspace of m(5). Let us define a mean IV on this space by N(ax ) =
a, for each a € R. It is clear that N is an left-invariant mean by default. Let us take
p:m(S) - R, f — ||fllw p is clearly a sublinear functional and M(f) < p(f), for all
f € Y. By our hypothesis, N can be extended to a left-invariant linear function M on
m(S) while still being bounded by p. Thus, M(f) < p(f) = || f]le, for all f € m(S) and
M(x4) = N(xg) = 1, which gives us that M is a mean on m(S) that is left-invariant. It
follows that S is left amenable. &

Proposition 2.37. If T, : (S, X) — (T.Y) is a linear isomorphism of flows (isomorphism
of representations), then (S, X) has the HBEP if and only if (T,Y') has the HBEP.

Proof. Suppose A C Y is a T-invariant linear subspace of Y and f is a T-invariant linear
functional on A, that is dominated by a sublinear functional p : ¥ — R on A, satisfy-
ing p(ty) < p(y) for each t € T, and all y € Y. Then, T(;l(A) is a linear subspace of
X by the linearity of Ty, f, fo T, : T, (A) — R is linear and f o Ty(z) < p o Ty(x),
for all x € X. Note that poT, : X — R is a sublinear functional and for any s € S,
p o Ty(sw) = p(6(s)Ty(x)) < p(Ty(x)) = p o Ty(x), for all & € X

For each s € S, for all x € X,

Ly(f o Tp)(x) = [ o Ty(sz) = f(d(s)Tp(x)) = f(Te(x)) = f 0 Ty(x)
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so that f o7} is a S-invariant linear functional on 7 L(A).

Then, since (.S, X) satisfies the HBEP, it follows that there exists S-invariant functional g on
X, such that g extends foTy, and g < poTy on X. Then, consider gqujl :Y — R. Since g,
T, are linear, it follows that gon)_1 : Y — Ris linear. Furthermore, goTQS_1 < poT¢oT¢_1 =p,
and for all @ € A,

go T, (a) = g(T; (a)) = f o Ty(T; " (a)) = f(a)

Lastly, for any t € T, if s € ¢ *{t]}, then, for all y € Y,

so that go T d)_l is T-invariant.

It follows that g o T .Y — R is a T-invariant linear extension of f that is dominated by
p. Thus, (T,Y) satisfies the HBEP.

The converse follows similarly. 1

Let X, Y be non-empty sets. Suppose T : X — Y is an arbitrary map. Let us define the map
S :m(Y) = m(X), f— foT. Sris clearly linear. Hence, we define Sp* : m(X)* — m(Y)*
to be the adjoint of S.

Lemma 2.38. IfT : X — Y is surjective, then St is a linear isometry and St* is a surjective
linear map of norm 1 that maps A (X) onto A (Y').

Proof. Suppose T : X — Y is surjective. For any f € m(Y), since T is onto, ||[Srf|| =
Sup,ex |97 f ()] = SUp, ey |f(w)| = ||f]l, and hence, St is an isometry.

Now suppose M € m(Y)*. Define N on Sr(m(Y)) which is a subspace of m(X), by
N(f) = M(Sp~*f). The map is well defined due to Sy being injective and is linear by the lin-
earity of Sr and M. Since Sy is an isometry, we have |N(f)| < |M||||Sz™" fll = M| f]l .,
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which means | N|| < ||[M]] and N € Sp(m(Y))*. We may extend N to a map N € m(Y)* by
the Hahn-Banach extension theorem, with |[N|| = |[N||. Then, we have, for all f € m(Y),
[S:N](f) = N(Spf) = N(Spf) = M(Sp~'Spf) = M(f). Thus, S;N = M and S;* is

surjective.

Si. being of norm one follows from Sy being of norm one and ||Sr| = ||Sr*|| due to m(X),
m(Y') being Banach spaces. Suppose M € .Z(X). [St"M](x ) = M(Stx ) = M(x oT) =
M(x,) =1and [|Sr"M| < |[Sr*||[[M]| = 1; thus, S7"M € #(Y). St" hence maps .#(X)
into A (Y).

Now suppose M € .#(Y). Then, taking N as before, N(x ) = N(Sr(x,)) = M(x,)
M(x,) = 1. It follows that || N]| = 1 and by the Hahn-Banach theorem, we can extend N to
a function N € m(X)*, with |[N|| = |N| and thus N € .#(X). Then, again, S;*(N) = M

and this concludes the proof. &

Theorem 2.39. Let (S,X) and (T,Y) be flows and Ty : X — Y be a surjective homomor-
phism of flows. Then, if S is amenable, St,” maps M1 (X) onto ML(Y).

Proof. Now suppose M € .#;(X). Then, for any t € T, and f € m(Y), taking any s €
¢~ ({t}), we have for all z € X,

[St, (L)) = [(Lef)oT](x) = Lo f (T (x)) = f(T(2)) = f(T(sx)) = St f(sx) = [Ls(St, f)](x)

and it follows that

St,(Lef) = Ls(Sr, f) (%)
Thus, (7, M)(Lef) = M(Sz,(Lef)) = M(L.(S5,0)) = M(St,f) = [S5,"MI(f), ie Sz,"
maps Z1(X) into AL(Y).

Now suppose M € .#.,(Y). Let us define again, N : Sy, (m(Y)) — R by g — M(St,”'g).
First note that Sz, (m(Y’)) is an S-invariant subspace of m(X) by () and for every t € T,
gem(X),if s € o~ ({t}),

St,(L(St,”'9)) = Ls(S1,57, 7" 9) = Lsg = Sr,(S1,” ' (Lsg))

by (x). It follows by the injectivity of S7, (Lemma 2.38) that L, o STdfl = ST¢’1 oLy, for all

s € S,ie. Sr,~!is a homomorphism of flows on S, (m(Y)), where S acts on Sz, (m(Y)) via
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the right action S x Im(St,) — Im(St,), (s, f) = Lsf. Hence, N is a S-invariant mean on
St,(m(Y)) since, for any s € S, No Ly =M o Sy, o Ly=Mo Ly0 Sy, = Mo Sy, ~" by

the S-invariance of M.

Now we refer back to Theorem 2.36, and since S is amenable, we extend can N to an invariant

linear functional on N on m(Y’) that is invariant under L7, for all ¢ € T" and has the same

norm. Clearly, N is a T-invariant mean. 1

2.3.1 An application - Generalized Banach Limits for Bounded
Nets

Suppose (X, <) is a directed set, and (S, X) is a flow that satisfies sz > x, for each s € S,
r € X. Let us denote m.(X) to be all elements of m(X) that are convergent in X, i.e. for
each f € m.(X), the limit lim,cx f(x) exists.

Proposition 2.40. If S is left amenable, there exists a S-invariant mean M on m(X), that
satisfies M(f) = lirg f(z) for all f € m.(X).
Te

Proof. m.(X) is a subspace of X since for any f,g € m.(X) and a € R, f + ag is also

convergent and bounded.

For each f € m.(X), since sz > x for all s € S, x € X, {f(sx)}sex is a subnet of {f(x)};

thus, limex f(sz) = lim,ex f(x). Thus, m.(X) is also an S-invariant subspace of m(X).

Now we define a function [ : m.(X) — R by I(f) = limgex f(z). [ is clearly linear and
loLs =1, for each s € S. We also have for each f € m.(X), |I(f)] = |limzex f(z)| < [|f]]
and I(x ) = 1, which gives us ||I|| = 1.

Note that || - ||, : m(X) — R is a sublinear functional and I(f) < || f]|~, for all f € m(X).

By Theorem 2.36, there exists a linear functional M : m(X) — R such that:
e )M is S-invariant, i.e. M(f) = M(Lsf), forall s € S, f € m(X)
o M [, x)=1 ie. forall fem.(X), M(f)=Ilimzex f(x)

o M(f) < |fllo, for all f € m(X)
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Since M(f) < [[flloc and M(x ) =l(x ) =1, [[M]| =1 and M is a S-invariant mean. §

Now if we set S = (N,+) and X = (N, <), where “<” is the usual order on N, so that
N acts on itself via addition, the requirement n +m > m, for all n,m € N. Moreover,
me(N) = {All convergent sequences in R} since all convergent sequences in R are bounded.
As (N, +) is a commutative semigroup, by Theorem 2.4 it is amenable and all the conditions

in Proposition 2.40 are satisfied. We end up with the following corollary:

Corollary 2.41. Let ¢(N) be the set of all convergent sequences in R. Then, there ezists a
linear functional M : m(N) — R, such that

o [M]=1
o M(z) =lim, o x(n), for each x € ¢(N)

e For each x € m(N), n € N, M(z) = M(L,x), where L,z is the sequence given by
(x(n+1),z(n+2),...)

2.4 Fixed Point Characterization

For any topological space X, let C(X) denote the continuous real-valued functions on X and
let .7 (X) denote the set of affine continuous real-valued functions on X. If X is compact,

C(X) is a Banach space with the supremum norm || - || ..

The following is a lemma from [25]:

Lemma 2.42. Suppose X is a locally conver space and Y 1is a compact conver subset of
X. Then, The subspace of C(Y) given by X* [y +R = {f |y +exy, | f € X*ceR}is

uniformly (i.e. || - ||-norm) dense in </ (Y'). Any mean on </(Y) is a point measure.

The following theorem is a slightly modified version of Lau’s [19]:

Theorem 2.43. Suppose Y is a compact convex subset of a locally convex space X and (S,Y)
is an affine flow. Then, (S,Y) is amenable (as a discrete flow) if and only if Y has a fizved
point for S.
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Proof. Suppose (S,Y) is amenable and M is an S-invariant mean on m(Y). Let us define
T : oY) — m(Y) to be the inclusion map. Then if T* : m(Y)* — &/(Y)" is the adjoint
map of T, T*(K) = K [u(v), for each K € m(Y)*, and it can be easily checked that T*
carries means on m(Y') to means on &7 (Y') and 7*M is a mean on <7 (Y"). Furthermore, T*M
is S-invariant since M is S-invariant and T*M is simply the restriction of M to &/ (Y)*. By
Lemma 2.42 however, T*M = §,, for some y € Y. Thus, for any f € &/(Y), and s € S,

f(sy) = 0y(Lsf) = T"M(Lsf) = T"M(f) = f(y)

However, since «7(Y') D Y*, we have that &/ (Y") separates points of Y and it must be that
sy =1y, for all s € S. Thus, y is a fixed point of S.

On the other hand, if Y has a fixed point for S, by Proposition 2.10, (S,Y) is amenable. §
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Chapter 3

Folner Conditions and the Fglner

Number

The Folner conditions are combinatorial properties that were initially introduced by Fglner
[7] for characterizing group amenability. Namioka [22] generalized these to semigroups, giving
different types of Fglner type conditions that act as sufficient and necessary conditions for
semigroup amenability. We generalize some of Namioka’s theorems and Wong’s [39] concept
of the Fglner number to flows. However, just as Folner conditions get difficult to generalize
from groups to semigroups, they get more difficult to generalize from semigroups to flows. we
are unsure if some of the theorems of Namioka [22] and Yang [40] generalize to flows. Open

questions regarding this are listed in chapter 6.

Sakai has covered Corollary 3.6, Theorem 3.8 and Corollary 3.9. We believe that our proof for
Corollary 3.6 is a bit different from Sakai’s, while the proofs for Theorem 3.8 and Corollary 3.9

are the same generalizations of Namioka’s proof from [22].

Definition 3.1. We define the different Fglner conditions for (5, X) as follows:

e (S,X) is said to satisfy the Weak Fglner condition (WFC) if 3k, 0 < k <
1, such that for any n € N, sy,...,s, € S, there exists A C X finite such that
Y [ A\sAl < kAL

e (S,X) is said to satisfy the Strong Fglner condition (SFC) if for any ¢ > 0,and
F C S finite, there exists A C X finite such that |A\sA| < ¢|A| for each s € F.

e (5, X) is said to satisfy the Fglner condition (FC) if for any € > 0, and F' C S finite,
there exists A C X finite such that [sA\A| < e|A| for each s € F.
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e (5, X) is said to satisfy the Weak Namioka-Fglner condition (WNFC) if 3k,
0 < k < 1, such that for any sy, ..., s,, t1, ..., t, € S, there exists A C X finite such that
n‘l Z?:l |tzA N 81A| Z k’|A’

e (S,X) is said to satisfy the Strong Namioka-Fglner condition (SNFC) if 3k,
0 < k < 1/2, such that for any si,...,s, € 9, there exists A C X finite such that
Y [A\sAl < BIAL

We say that S satisfies a particular left or right Fglner condition, if (S,.5) satisfies it with

left or right multiplication respectively.
The following is the relation between the Fglner conditions:

SFC = SNFC = WNFC = WFC

We also introduce the notion of a Fglner net:

Definition 3.2. Suppose (S, X) is a semigroup flow and {F,}aea C P¢(x) is a net. Then

we call {F,},ca a Fglner net, if for every s € 5,

lim |sF,AF,| _9
acd  |F,|

Proposition 3.3. (S, X) has a Folner net if and only if it satisfies the SFC.

Proof. Suppose (S,X) has Folner net {F,}aca C P¢(x). Let F € P¢(S), and ¢ > 0 be

given. Since

F,AF,
lim —\s oAk =0
acd | Fy|
for each s € S, consider for each s € F, a, € A, that satisfy % < ¢ for all a > as.
Then, take = max a,,cp, where Fp satisfies bﬂ‘}—ifﬂﬁ' < g, for all s € F. SFC thus holds.

On the contrary, if (S, X) satisfies the SFC, we define a net { Fi, ) }nx 2,5y C P5(X), where
for each (n, A) € N x P4(S),F, a) satisfies

| Fln,4)\8F(n,4)] _ 1
|F(n,A)’ 2n

Note than the existence of Fin, A) for each n € N, A € Z2(S) is guaranteed by the SFC.
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Then, for any F' € Z¢(S), m € N, if we take A D F, i.e. for any (A,n) > (F,m)

[sEn A Fma| _ [(8Fm4\Fna) UFna\sFna)|
[Fln,a)] [ Fin, )]
< [5Fna)\Fn)| N | Eln, ) \8F(n, )]
T |Faal | Fin.a)]
_ 3Fwn| = [Foa) O sFnal | [Fon)\sFina
| Fn.a)] | Fin.a)]
< Fonl = Fna O sFan| | [Fon)\sFnal
- | Fin,a)] | Fn,))
| En.4)\$F{n.)|

|}quﬂ

2n71

Taking n € N to be arbitrarily large, it follows that

|8 Fn, )\ F(n,a)]

im =0
(n,A)eENXZ;(S) |F(n,A)’

and that {F(mA)} is a Folner net in X.

(n,A)ENX 2;(S)

X

Definition 3.4. Let X be a non-empty set. Then, for ecach A € Z¢(X), we define py = 75t

Theorem 3.5. Let (S,X) be a flow. If F = {F}oea C P¢(X) is a Folner net, every weak*™

limit point of {Qup, Yaca in m(X)" is a S-invariant mean.

Proof. For each f € m(X), and s € S, we have, for all a € A:

|[Qug, © LJ(f)(x) = Qup, (f)(@)| = |Qup, (Lsf)(2) = Qug, (f)(2)]
= Z tip, (@) Ls f(z) — Z tr, (@) f(2)

= Z pr, () f(sx) — Z pip, () f(x)
B S () - f(x))‘ 1)

<2/ TN (|Ful = [Fa N sFQ))I fllo
= Z‘Fa‘_l‘Fa\SFaH’JCHm < QHfHOO‘FaASFaHFa‘_I
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Here, at (1), we note that if z € F,, N sF,, then = sz for some z € F, and f(sz) cancels
out —f(x). Thus a total of 2|F, N sF,| terms cancel out of 2|F,| terms.

Since F is a Folner net, |FoAsF,||Fy| ™" — 0 in a, and hence, [[Qup, o La)(f)(@) — Qup, (f)(x)| —
0in «, i.e. {Quy}taca w*-converges to S-invariance. By Theorem 2.19, every weak™® limit

point of {Qfir, }aca is a S-invariant mean. g

Corollary 3.6. If (S, X) satisfies the SFC, it is amenable.

Proof. By Proposition 3.3, (S, X) has a Folner net F = {F,}aca. Now {QF,}aea C A (X)
has a weak™ convergent subnet in .# (X), since .# (X)) is weak™® compact i.e. a w*-limit point

exists in A (X) for {QF,}aca C A4 (X) and the rest follows from Theorem 3.5. 1

Lemma 3.7. Any member f of ®(X) can be written as f =", /\i|Ai|71XA, where: each
A; is non empty and finite and A; O Aip1, N\ > 0 and Y N = 1. Furthermore, in this
case, for each s € S, ||f-s— fll, > >0, )\i%

Proof. Let f take on the distinct values 0 < a; < ay < ... < a,. Then, we define 4; = {z €
X |a; < f(z)}, for 1 <i <mn. It is clear that A; D A;41 and that

f = CL1XA1 + (CL2 — al)XA2 + ...+ (an — a/nil)XAn = Z}\z‘Al|*1XAZ
i=1

with and A\; = a1, and \; = (a; — a;-1)]|A;|, for all 2 < i < n; and along with A\; > 0 for all

1 <i < n, we have

L= 3 @) = 2o Yo x, @) =3 A

zeX rzeX =1

This concludes the proof to our first statement.
Now for any finite subset A € Z;(X), and any s € S, we have:

_ 7 AI"HAN sz} ifzesA
pass@) = Y uale) = IAFAN S (o) = _
yes—H{z} 0 if € sA

and
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A7 ifre A
0 ifreg A

pa(z) =
Then, we have

)

|A|7HAN sz} if v € sA\A
—|A|™? if z € A\sA
(*) g s — paz) = )
A7 (|[AnsH{a} —1) ifxesAnA

0 otherwise

\
> A7 ifr e sA\A
<0 if z € A\sA
>0 HfrxesAnNA

=0 otherwise
\

> AN if € sA\A

<0 if z € A\sA
\2 0 otherwise
Since
f‘S_f:Z/\AAirl (XAi.S_XAi) - Z)‘i ('LLAi 'S_/LAi)
i=1 i=1
we have

Hf'S—fH1 = ZZ)‘Z ‘:UAi - s(x) _ﬂAi(x)’

zeX 1=1

= Z/\i Z |14, - 5(2) = g, ()|

j= rzeX
n

>3 N ) pa,s(@) = g (2)]

> ) NlAil T s ANA
=1

1=

where we used (x) at the last step. This completes the proof. §
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Theorem 3.8. If (S, X) is amenable, it satisfies the FC.

Proof. Let sq,...,s, € S, and € > 0 be given. By Theorem 2.21, there exists ¢ € ®, such that
|p-s— | <e/n, forall s € S. Since ¢ € &, by Lemma 3.7, ¢ = 22:1 )\i|A,~|’1XAZ_, for some
A € R and A; C X satisfying the properties in Lemma 3.7. We claim that dig, 1 < ig < k,
such that |s;A;,\A4;,| < €]A;,|, for all j with 1 < j <n.

For each 1 < j < n, define K; = {1 <7 <n||s;A\A| < e|A;|}, so that for all i & K, we
have ISJAz\AA > €|AZ|

Then, by Lemma 3.7, we have for each s;, 1 < j <n,

> los—ol 2 o aies > 3 G REAA )
i=1 1 . .

so that oo o h<1l/n
Define the weighted counting measure g on ({1, ...,n}) given by

0 it K =090
Y icx Ni 70 otherwise

n(K) =

for every K C {1,...,n}.

Then,

I (m KJ) = :U’({L 7n}\ m?:1 KJ) =H (U{17 7n}\KJ>
< ZM({lv""n}\Kj)

Thus, p(Nj-, K;) >1—1/n> 0, and we have that ()_, K; # @. Taking any i, € (;_, K,
by the definition of K, for each 1 < j < n, A, satisfies the required properties.

Corollary 3.9. If (S, X) is S-cancellative, it is amenable if and only if it satisfies the SFC.
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We conclude with the following diagram, which has been adapted from [40]:

SFC SNFC WNFC ——= WFC
Scancellativell  Amenability Amenability in special cases
FC

Figure 3.1: Relations between Fglner conditions and Amenability for a flow (S5, X)

Definition 3.10. A subsemigroup 7" of a semigroup S is said to be finitely generated if
there exists F' € 2;(S), such that for any ¢t € T, there exists n € N, ¢; € F such that
t=11-1g-... ty.

Theorem 3.11. Suppose (S, X) is an S-cancellative flow. Then, (S, X) is amenable if every
subflow (T,Y") of (S, X) with a finitely generated semigroup T is amenable.

Proof. Suppose every finitely generated subflow of (.S, X) is amenable. Then, let F' € 224(5),
and consider the subsemigroup T generated by F. Since (Tr, X) is amenable, for any fixed
e > 0, there exists a finite subset A of X such that |sA\A| < ¢|A|, for all s € F. Since (S, X)
is S-cancellative, the FC and SFC are equivalent and (S, X) is amenable. §

Proposition 3.12. Let (S,X) and (T,Y) be left flows that satisfy the SFC. Then, (S X
T, X xY) also satisfies the SFC.

Proof. Let F = {F,}aca C Z5(X), G ={Gs}lpes C Z;(Y) be Folner nets. Then, consider
the product net {F,, x Gg}(a,pcaxn- Let (s,t) € S x T, and € > 0 be given.

Choose £ € A, such that for all a > &, |[Fahska] \/g, and ¢ € B such that for all § > (,

[Flal
% < /5. Then, for any (a,3) > (£,¢),

38



[(Fa X Ga)A(s, t)(Fo X Gg)| _ [(Fa X Ga)\(s, 1) (Fa X Gp)| | [(s,1)(Fa X Gp)\(Fa X Gj)|
|Fa X G5| |Fa X G5| |Fa X Gﬂl
_ EN\SFL||Ga\tGsl| | [sFu\Ful[tGs\G|

[FallGl | Fal|Gl

oI Fa\sFo U Fa\sEa|[Gp\tGs U tGp\ G|
[FallGl
‘FaAsFaHGﬂAtGﬁ‘
|FaHG,B|

|FL,AsE,| |GaAtGg|

|Fa| |G,3|

<2

3V27°¢

It follows that for each (s,t) € ST, lim KF&XGB)FA(S’t)(Fax%)l
(a,B)EAXB |FaxGpl

Pr(X xY) is a Folner net. It follows from Proposition 3.3, (S x T, X x Y) satisfies the
SFC. 1

= 0 and {FaXGﬁ}(a,B)eAxB C

Definition 3.13. We say that (S5, X) has the property P, for a > 0, if for any finite subset
{s1,....sn} C S, we can find a finite set E C X, such that =" | |E\s;E| < a|E|,

Definition 3.14. We define the Fglner number of (S, X) to be given by

F(S,X) =inf{a > 0| S has the property P,}

Proposition 3.15.
|E\sE]

F(S,X)= sup in
( ) KeZ:(S EE«ff ’K’Z |E|

Proof. Suppose (S, X) has the property P, for some a > F(S,X). Then, for any F' € Z;(95),
there exists some E € Z;(X) such that |—}w| Y ooer |E\sE| < of|E|. It follows that for any

F e yf(S), |E\ E|
S
pelc rmz B <o

and hence G(S, X) > «. Taking a — F(S,X), G(S,X) > F(S, X).
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Now suppose G(S,X) > F(S,X). Then, consider any a@ € R such that G(S,X) < a <
F(S,X). Then, for any F' € Z(S5),

Z|E\5E|
Ee}f |F| Bl

which means that F'(S, X) satisfies property P,. But this gives us F'(S, X) < «, which is a
contradiction. It follows that G(S,X) = F(S,X). 1

Theorem 3.16. Suppose (S, X) is a flow. Then,
1. F(S,X)=0 = (5,X) is amenable
2. (S,X) is amenable and S-cancellative = F(S,X) =10

Proof. 1. Let € > 0 be arbitrary. Then, for any finite number of elements s1, ..., s, € S,
since F/(S,X) =0 < £, there exists £ C X finite such that £ Y%  |F\s;F| < £. This
implies that > | |E\s;E| < ¢ which gives us |E\s;E| < ¢, for all 1 < i < n. Hence,
(S, X) satisfies the SFC and by Corollary 3.6, it is amenable.

2. This follows from the fact that the FC and SFC are equivalent if (.S, X) is S-cancellative
and by Theorem 3.8. 1

Proposition 3.17. Suppose (S, X) hasn pairwise disjoint cosets $1X, ..., $,X. Then F(S, X) >
1-1

Proof. Suppose F is a finite subset of X. Then, s1F, ..., s, F are pairwise disjoint give at (x),

1 & 1 .

=~ IB\siE|= > |B|-|ENsi Bl = — ZIEI ZlEﬂszEl >o 1 Z|E|—|E| (1—_> IE|
i=1 i=1

It follows by Proposition 3.15, that F'(S, X) > 1 — % |

In Theorem 2.26, amenability is preserved by a homomorphism of flows. We may want to
ask if, similarly, a homomorphism of flows preserves the Fglner number of a flow. Yang [40]
showed that this is not the case. He showed that there exists a semigroup S with F'(S,5) =0
and a surjective semigroup homomorphism ¢ from S to a semigroup 7', where F(T,T) = 1.
Note that since ¢ is a semigroup homomorphism, the map T}, : (5,5) — (7,7T) given by
Ty(s) = ¢(s) for each s € S, is a homomorphism a flows. We can conclude that the SFC is

not in general preserved by a homomorphism of flows.
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Chapter 4

The Stone-Cech Compactification and
Density of Means

We begin with some preliminaries on the theory of ultrafilters. We will skip the proofs as
these can be found on any textbook on ultrafilters - one we recommend is - [15]. We however,
used [18] to study the structure of ultrafilters in the setting of semigroups. In the second
section, we discuss the flow structure of the Stone-Cech compactification of a flow (S, X)
and how this is a flow, analogous to 35S being a semigroup for a semigroup S. In the second
section, we discuss density of means for flows. Hindman and Strauss [13][14] generalized
the existing concept of upper and lower asymptotic densities on N to semigroups, showing
interesting properties that exist for densities defined using Fglner nets. We generalize the

results of Hindman and Strauss to flows.

4.1 Some Preliminaries

Let X be a non-empty set.

Definition 4.1. A filter on X is a subset w of Z(X) that satisfies the following:
e Scwand @ w
e fAc F,and AC BC X, then Bew

e Forany A, Bew, ANB cw

Example 4.2. Examples of filters include:
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e For any topological space X, and x € X, the set of all neighbourhoods of x forms a
filter on X called the neighbourhood filter of x.

e In general, for any non-empty set A C X, we can define the filter, F4 to be the filter
that contains all supersets of A, i.e. wy = {B C S | A C B}. This is called the
principal filter generated by A. For singletons x € X, let us denote the principal
filter generated by {x} by .

e Lastly, for any non-empty set, define F to be the collection of all co-finite subsets of
X. This is called the Fréchet filter on X.

Remark 4.3. A family &/ C Z?(X) of subsets for X # & can be extended to a filter if
and only if it has the finite intersection property. Clearly, this can be done by considering

supersets of all sets in 7.

Definition 4.4. A filter w on X is said to be an ultrafilter if it is maximal, i.e. if w C v,

for some filter v on X, v = w.

By an application of Zorn’s lemma, one can easily see that:

Proposition 4.5. Every filter on X is contained in some ultrafilter.

Definition 4.6. A filter w on X is said to be a prime filter if AU B € w implies A € w or
B € w, for each A, B € 2(X).

Theorem 4.7. The following are equivalent for a filter w on X.
1. w is an ultrafilter

2. For each A € P (X), either A € w or S\A € w

3. w 1§ prime

Example 4.8. e For each x € X, the principal filter Z is an ultrafilter. In fact, this
ultrafilter is the unique ultrafilter containing {z}. Furthermore, a principal filter is an

ultrafilter if and only if it is generated by a singleton.
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e For a topological space X, if x € X, the neighbourhood filter of x is an ultrafilter if

and only if {x} is open, i.e. x is an isolated point of X.

e The Fréchet filter on a space X is an ultrafilter if and only if X is finite.

Definition 4.9. A filter w on X is said to be fixed if [Jw # @, and free otherwise.

Note that a filter is fixed if and only if it is a principal filter generated by some set:

Proposition 4.10. An ultrafilter w on X is fized if and only if it contains a finite subset of
X, or equivalently if and only if, for some x € X, T C w.

By default, this means that every free ultrafilter on X contains only infinite sets, and if X
is finite, every ultrafilter on X is fixed. Furthermore by 2 of Theorem 4.7, this means that

every free ultrafilter on X contains the Fréchet filter on X.

Definition 4.11. Let Y be a topological space and X be a non-empty set. Consider a
sequence {y;}zex C Y, and an ultrafilter p on X. Then, y € Y is said to be a w-limit
of {y.}zex if and only if, for each neighbourhood U of y, there exists A € w, such that
{y. | x € A} C U, or equivalently, {z € X |y, € U} € w.

Observe that if v D w is a filter, then, every w-limit is a v-limit.

Example 4.12. 1. If we consider the principal ultrafilter w,,, for zo € X, then w,,-limit

of {y:v}aceX is Yz -

2. For a metric space Y, consider a sequence {y, }nen. Then, if w is the Fréchet filter on

Y, a w-limit of {y, }nen is just the usual limit of {y, },en in the metric topology.

Like usual limits in topological spaces, for an arbitrary topological space, the limit in Defi-

nition 4.11 need not exist or be unique if it does. To this end, we have:

Theorem 4.13. Suppose Y is a topological space and {y,}zex C Y is a sequence and w is
a filter on X.

1. If Y is Hausdorff, and a w-limit of {y.}.ex exists, it is unique.
2. If A € w, every w-limit of {y,}sex is in cl{y, | v € A}. If w is an ultrafilter, every

point in (| cl{y. | x € A} is a w-limit of {ys}rex.

Acw
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3. If X is compact and w is an ultrafilter, a w-limit always exists for {yz }rex-

In some situations, continuity preserves ultrafilter limits like in the usual case:

Theorem 4.14. Suppose Y and Z are compact hausdorff topological spaces, and w is an
ultrafilter on a non-empty set X. Then, if f 1Y — Z is a continuous function and {y, }.ex C

Y s a sequence,

w = lim f(y,) = f(w - limy,)

Since we assume all topologies are Hausdorff (unless indicated otherwise), we may assume

ultrafilter limits are unique.

Now let us denote 55X to be the set of all ultrafilters on X.

Definition 4.15. For each A € 2(X), we define A = {F e BX|Ac F}. Aisknown as the
Stone set corresponding to A. Note that Z is the unique ultrafilter in {/x\} (from Exam-
ple 4.2), and hence, we will shorten and refer to {Z} by Z, with context making connotation
clear. Note that S = fX and @ = @.

It is easy to make the following observation using Theorem 4.7:
Proposition 4.16. For any A, B € Z(X), the following hold,
1. AnNB=ANnB
2. AUB=AUB

3. X\A = BX\A

Then, we define the following:

Definition 4.17. We define the Stone topology on X to be the topology generated by
B={A|Aec 2(X)} as a base of open sets. B is called the Stone base of 5X.

It follows that a subset of X is open if and only if it is a union of a family of stone sets
1/47 for some A; € #(X), i € I. Furthermore, note that by 3 of Proposition 4.16, for any
Ae Z(X), Alis closed, and that B is a family of clopen sets in the Stone topology.
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Definition 4.18. A topological space is called a Boolean space if it is Hausdorff, compact

and has a base of clopen sets.
Definition 4.19. Let us define the canonical embedding map:

¢ X = BX

=T

If X is given the discrete topology, ¢ is a continuous injective map, and hence, X is embedded
in fX. If X is finite, by Proposition 4.10, ¢ is a bijection.

From now on, we will identify X as a subset of 5X and denote for each x € X, ¥ € X by

x € fX. We may use the hat notation for enhancing clarity when using ¥ as a set.

Definition 4.20. For X # @, X along with the Stone topology is known as the Stone-

Cech compactification of X.

This is due to the following theorems:

Theorem 4.21. X with the Stone topology is a Boolean space. Moreover, ¢p(X) is dense
in BX in the Stone topology.

The Stone-Cech compactification satisfies an important universal property:

Theorem 4.22 (Universal property of X). Suppose Y is a compact Hausdorff space
and f: X —'Y is any arbitrary function. Then, there exists a unique function f:BX =Y
that is continuous with respect to the stone topology on 8X and satisfies foe = f, given

pointwise by f(w) = w — limgex f(x)

In other words, if we consider X to be a topological subspace of 5.X, f is the extension of f
to AX. We call f the Stone-Cech extension of f.

Theorem 4.23. The following is true for any set X # &:

1. For each A C X, cl(¢(A)) = A.

2. Ais topologically isomorphic to BA

Recall the following:
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Definition 4.24. A family F of subsets of X is said to be partition regular, if for any
finite partition {U;}1<i<, of X, there exists some 1 < j <n, F' € F such that F' C Uj.

Theorem 4.25. Let X be a non-empty set. Suppose € C P (X), is nonempty and & & € .
Then, if we take B ={Y € P(X)|Y C Z, for some Z € €}, the following statements are
equivalent:

1. € is partition reqular.

2. If o C P(X) has the property: for anyn € N and of; € o/, 1 < i < n,N o € B;
then, there is an ultrafilter w on X, such that &/ C w C % .

3. Whenever A € €, there exists an ultrafilter w on X, such that A € w C €.

4.2 The Stone-Cech compactification of a Flow

Let (S, X) be a discrete flow. It is well known that 35 is a right topological semigroup with the
multiplication defined by: if p,q € 85, A C S, A € pgifand only if {s € S | {s™'A € ¢}} € p.
For each s € S, let us define the map

A : BS — BS

D= sp

and for each ¢ € 85, let us define the map

Yyt BS — BS
p— pq

We recall that these maps are continuous with respect to the Stone topology on 5.

Like the semigroup structure on 4S5, we wish to define a flow structure for (85, X). Let us
denote the stone topology on £S5 and X by ts and Tx respectively.

For each s € S, let us define

L. X — BX

T +— ST
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Since (X, Tx) is a compact Hausdorff space, by the universal property Theorem 4.22, there
exists a unique continuous map L, : (X, Tx) — (8X,Tx) that extends L.

Then, we can define, for each w € X, the map

R, :S— BX

s — Ly(w)

Again, by the universal property Theorem 4.22, there exists a unique continuous extension
R, : (BS,ts) = (BX,Tx).

We can thus define pw = R, (p), for each p € 8S, w € X. However, is (55, 5X) a flow with
this definition?

Theorem 4.26. (3S,8X) is a flow with the action map (p,w) — Ry(p), for each p € S,

w € BX. Furthermore, this action map is continuous in the first variable.
Proof. We need to show that the map defines an action, i.e. associativity. First, note that

for any s,t € S C S,z € X C X, st(x) = (st)r in [X.

For any fixed s,t € S, the functions

X — X 4 X — pX
w s (st)w = Ly (w) an w s s(tw) = [Ly o Ly](w)

are both continuous and coincide on X. Since X is dense in X, it follows that these
functions also coincide on SX. Hence, for each s,t € S, w € X, (st)w = s(tw), i.e.
[ 0 AJ(8) = [As © Ry](2).

Now suppose s € S, and w € X are fixed. Consider the continuous maps

BS — X BS — BX

~ and .
p = (sp)w = [Ry 0 Ag(p) p = s(pw) = [As o Ry](p)

Again, these maps coincide on S, and by the density of S in 35, it follows that they coincide
on (5. It follows that, for each p € S, w € BX, (sp)w = s(pw), or [Ry, o Y,)(8) = Rpw(s).

For the last step, let us fix ¢ € 55, w € fX. Consider the following continuous maps:
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3S — BX . BS — BX
- al -
p = (pq)w = [Ry 0 7v,](p) p = plqw) = Ryu(p)

As goes the pattern, these functions coincide on S, and as S is dense in 4S5, must coincide
on 3S.

It follows that for any p,q € 55, w € X, (pg)w = p(qw), and (BS, X) is a flow.

Continuity in the first variable of the action map follows from the definition of R, for each

w € X and the discussion above. 1

It is a natural question to ask what the sets in pw, for p € 55, w € X look like. To this

end, we introduce the following:
Corollary 4.27. Let (S, X) be a flow. For any s € S, p € BS, w € X, the following hold.

e sw=w— limsx
reX

o= p -l - I @)

Proof. The proof follows directly from the definition of the flow (85, X ) and Theorem 4.22. 1

Furthermore, we have the following:

Theorem 4.28. Let (S, X) be a flow. For any x € X, p € pS, w € X, A C X, the
following hold:

1. A€EST < s1€A < r€s'A < s'AeT < {z}estA
2. Acsw — s'A={reX|sxecAlcw
3. A€ pw <~ {SES‘{$EX|SI€A}€UJ}EP

Proof. 1. This simply follows from the definition of 57 in SX.

2. By Corollary 4.27 A € sw if and only if A € w — lim,¢cx ST.
Suppose s A = {z € X | sv € A} € w. Then, by Theorem 4.13, Theorem 4.23,
sw e c{sz | v € sTA} = cd{sX NA} = SYQ\A, ie sX NA € sw, and since
sXNACA, Aecsw. On the other hand, if A € sw, A € w — lim,ex 5z. Then, since
A is a neighbourhood of Sw, {z € X | sz € A} € w by definition of the limit.
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3. By Corollary 4.27, A € pw if and only if A € p — ling(w — lirgl( sr). Suppose A € pw.
peE S
Then, since A is a neighbourhood of pw, by Theorem 4.13, {s € S'| w—lirgl(ﬁ € A} ep.
e

However by 2, for any s € S, w — lir?(?f € A if and onlyif {r € X |szx € A} e w. It
BAS

follows that {SES‘{x€X|sx€A}€w}€p.|

Proposition 4.29. Let (S, X), (T,Y) be flows. If Ty : X — Y is a homomorphism of flows,
then its Stone-Cech extension T(% : BX — BY s also a homomorphism of flows.

Proof. We first observe that for the semigroup homomorphism ¢ : S — ST can be extended

continuously to the semigroup homomorphism ¢ : S — BT, given by ¢(p) = p — linb} o(s),
sE

for each p € S5, by Theorem 4.22.

Again, by Theorem 4.22, we can extend T}, : X — Y to 8X by considering for each w € 58X,
f&(w) = w — lirgl( Ty(x). Thus, for any p € S, w € X, by Corollary 4.27, we have the
xe

iterated limits:

%MWOzpw—ﬁgTMw

— i gt  lmT }
p—lim jw — lim (sz — lim T(y))

=p—lim w — lim T¢(8£L‘)}

sesS L z€X
= p—tim [w ~ lim {9(5)Ty(x))]
:p_mnw—hm{@@ﬂwwﬂ}

sesS L rzeX

=p—lim | Ly (w — lim Ty())

=p—lim _z(z)(s) (T&(’LU))]

sesS L

=p—lim _Rff%(w) (¢(S))]

seS L

where we used the continuity theorem, Theorem 4.14.

Thus, T& is indeed a homomorphism of flows.
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4.3 Density of Means

The concept of density for semigroups was inspired by the existing concept for the natural

numbers, N.

Definition 4.30. The two notions of density on N are defined as follows, for each A C N:
1. Upper asymptotic density: d(A) = limsup M

n—oo
2. Lower asymptotic density: d(A) = li1£r_1>iorolf M
The upper asymptotic density has many nice properties. It is partition regular, i.e. for each
A, B C N, d(AUB) > 0 implies d(A) > 0 or d(B) > 0. It is also translation invariant, where
for each n € N, ACN, d(n + A) = d(A) = d(—n + A). Lastly, it is additive for translations
of sets, i.e. for each m,n € N, and A C N, d(m+ AUn+ A) =d(m + A) +d(n+ A). The
lower asymptotic density does not in general such nice properties. However, under certain

conditions, there exist sets whose upper and lower asymptotic densities are equal.

One might question as to why density is a useful concept. Consider the intrinsic sizes of N
versus A = {n? | n € R}. Both these sets have the same cardinality, however, this is a bit
counterintuitive, considering how consecutive elements of N are evenly spaced apart, while
the consecutive elements of A get sparser and sparser. As such, one might want a notion
of size that distinguishes between the sizes of these two sets. Density is one such example.
Indeed, d(N) = 1 while d(A) = 0.

Hindman and Strauss generalized these concepts of density to a general semigroup S in [13].
However, unlike the N case, these use nets in their definition, i.e. the upper and lower density
is defined with respect to a specific net (or a sequence if S is countable). Not all nets give
nice properties for their corresponding upper density. This is where the SFC comes in. It
turns out that Fglner nets in particular give the nice properties that we have in the case of

N. In fact, seeing as N is amenable, for each m € N, if we take n > m, we have:

{1 n\om 4 {1 ]| {1 i)\ {1+ m, .+ m))

{1,...,n}| n

n—(n—m)

n

m
— —0asn— o
n
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In other words, {1,...,n}nen is a Fglner net and the “niceness” of the upper asymptotic

density is not unfounded.

There is a third notion of density, which we will not be dealing with, as it does not make sense
in our case (unless our flow (S, X) is both a left flow and a right flow in a nice associative

manner). To learn about this density, see [13].

Let X be a non-empty set.

Definition 4.31. Let F = {F,}aea C Z¢(X) be a net. We define the notions of upper
and lower density corresponding to F, for each A € Z(X) as follows:

1. d(Y) =sup {)\ > 0’ There exists a € A, such that, for all > a,|Y N Fp| > )\’F,B’}

2. dx(Y) =sup {/\ > 0’ For each v € A, there exists 5 > « such that |Y N Fpg| > /\|F5|}
Observe that dz(A) > dr(A) for every A C X.

Definition 4.32. Given a flow (S, X) and a net F C Zf(X),
Dr(X) = {w € BX | For each C € w,dz(C) > 0}
We will shorten this to Dr for the purpose of this paper. Let us also define Xt = {B €

2(X) | dr(B) > 0}.

Lemma 4.33. Let (S,X) be a flow and F C P¢(X) be a net. Then, for every Y C X, we

have: ~ F0Y]
) = el T,
Proof. Let us label for every Y C X, N(Y) = élelg 21;2 lngT/"
Now suppose dz(Y) > X. Then, given o € A, there exists 3 > « such that ‘Y‘;gm > A It

[FpNY]
[Fgl

follows that sup > ), and since @ € A was arbitrary, N(Y) > \. Sending A to d(Y),
Bzo

we have that N(Y) > A.
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On the other hand, if N(Y) > A. Then, for every a € A, there exists some § > a such that

|F|’§:2T| > . Thus, d=(Y') > . Sending A to N(Y), we have that d=(Y) > N(Y).

Thus, N(Y) =dz(Y). n

Proposition 4.34. Let (S, X) be a flow and F C P¢(X) be a net. Then, for any B,C €
P(X), dr(BUC) < dr(B)+dz(C). It follows that the set X* = {B € P(X) | dr(B) > 0}
is partition reqular, and for any B € X, DrNcl(B) # .

Proof. Suppose B,C C X. Note that if dz(C) + dx(B) = 0, the inequality is trivial, since
by Lemma 4.33, there is some «a, & € A such that for any 5 > o, &,

_ 0Bl +[FnCl [N (BUC)

0 =
| Fg] |

and we have dx(BUC) = 0.

So taking dr(C)+dz(B) > 0, assume the converse, i.e. suppose dz(BUC) > dx(B)+dz(C).
Then, by Lemma 4.33, we have
- |FsN (BUCO)| |FBmB|.f |FsNC| -

d-(BUC) = inf su > inf su + in
# ) aEAﬁzg | aeAﬁzg |[Fg|  acdpsq | Fj

Now, suppose dr(BUC) — (dz(B)+dr(C)) = A > 0. Then, dr(BUC)—3 > dr(B)+dz(C).

Let ¢ > 0. By Lemma 4.33, using the approximation to the infimum, and totality of A, there

exists some £ € A, such that
FsNB FsnCl = _

Sup! 5N B [FsNC
o> |Fsl  p2e  |FB

so that we have

. BN BUC)
dr(BUC) = inf su
ABUC) = R g
FsnB FsnC
< inf <supw+su M)
o€A \g>a | Fpl s>a | Fpl
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This is clearly a contradiction. It hence follows that dx(B U C) < dx(B) + dr(C).

Now for any partition {U;}1<i<n, of X, 1 = dz(X) < SI, d#(U;), implies that for some
1<j<n,drs(U;) >0and U; € X*. Thus, X+ is partition regular. For any B € X, by
Theorem 4.25, there exists p € 395, such that A € p, and p € X*. Thus, p € AN Dr =
cl(A)NDz. 1

Definition 4.35. Let (S, X) be a left flow. We say (S5, X) is b-weakly S-cancellative,
for b € N, if for each s € S, and z € X, |s7{z}| < b. We say that (S, X) is weakly
S-cancellative if for each s € S, and z € X, |s7 ' {z}| < .

Definition 4.36. Given a flow (S, X), and F = {F,}aca C Z#(X), let us define the

following properties for F:

(P1) For each e > 0, s € S, there exist n € N, a € A, such that for each 5 > «, there exists
€ > [ that satisfies |sFj3\F¢| < | Fj| and |F¢| < n|Fjp|

(P2) For each T' € 4(S), there exists n € N, a € A, such that for all 5 > «, |Fs| <

N 5_1F6’

seT

n

Theorem 4.37. Let (S, X) be a flow and F = {F,}aca C P¢(X) be a net. If (S,X) is
b-weakly S-cancellative for some b € N, and F satisfies (P1), then for any Y C X, s € S,
dr(s7'Y) > 0 implies dz(Y) > 0, i.e. (S,Dx) is a subflow of (35, 5X).

Proof. Suppose (5, X) is b-weakly S-cancellative, for some b € N and F satisfies (P1). Let
Y C X, and s € S satisfy dx(s7'Y) > 0. Let us fix some ¢ > 0 such that dz(s7'Y") > ¢, and
define € = (dr(s™'Y) —¢)(2b)"". Using (P1), let n € N, o € A satisfy: for each 8 > a, there
exists & > [ that satisfies |sF\Fe| < ¢|F| and |F¢| < n|Fj|.

Suppose T € A.

Take some 3 > a, T, so that there exists £ > 3 (by the definition of dr(s~'Y) such that

dr(s7Y) +c

[s7Y N F| > = | Fel (4.1)
Then, there exists ( € A, such that ( > £ and
|sFe\Fe| < el Fel (4.2)
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and

|[Fe| < nl|Fel (4.3)
For each x € Y N sk, |sH{a}| <b,and sT'Y NEF C s (Y NsFy) = |J s Ha}, gives
Z‘EYQSFE
us |sTIY N F| <|s7H (Y NsEy)| < ZzGYﬂng |s7H{z}| <b|Y NsEy, ie.
L
Y NsF > 4157y N Ry (4.4)

By
|Yﬂ8F§| == (Y N SF& N Fc) U(Y N SFg\Fc) S |Yﬂ8F§ﬂFc|+‘Yﬂ8F£\FC| S |YﬂFg|+|SF§\Fc|
it follows that,

Y O Fe| > [Y N sFe| — [sFe\ It

1
> 5|s—1Y N Fe| — e| F| by Equation (4.4) and Equation (4.2)
dr(s7Y
> W'Fd — e|Fy| by Equation (4.1)
dr(s7Y) +c dr(s7YY) —c
= Fe| - 22— IR,
55 | Fe| 5 | Fe|
&
— —|F,
o5l Fel

Thus, for an arbitrary 7 € A, we found ¢ > 7, such that |Y N F¢| > &|F¢|, giving us
dx(Y) > 0.

Suppose w € Dr, p € 3S. Then, by Theorem 4.28, if A € pw, {s es ’ sT1A € w} Ep
which means that there exists s € S, such that there exists s7'A € w. Then, since w € Dx,

dr(s7'A) > 0, it follows that dz(A) > 0, by our first claim. Hence, pw € Dx. i

Definition 4.38. Let (S5, X) be a flow. We define a A C X to be syndetic if there exists
T € P¢(S) such that X =J,.,s'A.

Theorem 4.39. Suppose (S, X) is a b-weakly S-cancellative flow, for some b € N, and
F ={Fotaca C P#(X) is a net. Then the following hold for anyY C X:

1. If F satisfies (P2) and Y is syndetic, then dz(Y) >0
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2. If F satisfies (P1) and Y is syndetic, then dz(Y) >0

Proof. 1. Suppose F satisfies (P2) and Y C X is syndetic, with X = (J,.,s7'Y for
T € Z4(S). By (P2), there exist n € N, and a € A, such that for any 8 > «,
[Fg| <n ‘ﬂseTS_lFB"

Since X = U,cr
that tx € Y, and to € t((,op s ' F3) C Fp, i.e tv € Y N Fs. Let us define a function
¢ Nyer s ' Fs — (Y N Fg) x T, given by « +— (tx,t), where for each z € (o 57" Fj,
t € T is chosen as discussed. Now, for each (tx,t) € ¢((,ep s 'Fp), by b-weak S-
cancellativity, |¢ "' (tz,t)| = |(t7{tz}) N (Nsers ' F5)| < b and thus,

t=1Y, for any given x € Nser s 1Fg, there exists, some ¢ € T, such

" (Y N Ep) x T)| = | () 57" Fsl < bI(Y N Fg) x T)| = b]Y N Fp||T]|

seT
It follows that, given ( € A, choosing any £ > (, «, for all § > &,
|Fs| < n|Neers™ Fg| < nb|Y N Fy||T)|

ie. |V N Fy| > i | Fyl and dr(Y) > iz > 0.

2. Suppose F satisfies (P1), and Y C X is syndetic. Suppose X = [J, .1 s for T €
P¢(S). Then, 1 = E;(XX) = dr(U,er s71Y) > 0, implies by the regularity of X+ (see
Proposition 4.34), that for some ¢t € T', dz(t~'Y") > 0, which by Theorem 4.37, implies
that dz(Y) > 0. u

So far, we have considered densities with respect to arbitrary nets F C Z;(X). However, as
mentioned earlier, there are some nice properties to be found if we restrict F to be a Fglner
net, in the case that S satisfies the SFC (see Proposition 3.3).

Lemma 4.40. Let (S, X) be a S-cancellative flow. Then, for any F € Z¢(X), Y € P(X)
and s € S,
[YNF|—|s'YNF|| <|s'F\F|+ |sF\F| = |s 'FAF|

Proof. Suppose F' € Z4(X),Y € #(X) and s € S. Then, by S-cancellativity,
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sTY NF|=|s(s 'Y NF)=|YNsF|=[(YNFNsF) U(Y N sF\F)(
<|YNFNsF|+|YNsF\F|
<|YNF|+|sF\F|

and

YNF|=|s'(YNF)|=[s'Yns'Fl=|(s"'Yns'FnF) Js7'Yns'F\F)
<|sT'YNsT'EFNE|+|sT'Y Ns T F\F)|
<|sT'YNF|+|sT'F\F|

so that,
YNF|—|s'YNF|| < |[s'F\F|+|sF\F| = |s 'F\F| + |sF| — |[F N sF|
= |sT'F\F|+|F| - |s Y (F NsF)|
= s F\F|+|F|—|s"'FNF|
= |[s'F\F| + |F\s 'F|
= [sT'FAF)|

as desired. g

Theorem 4.41. Suppose (S,X) is a S-cancellative flow and F = {Fo}aca C P#(X) is a
Folner net. Then, for each’Y C X and s € S, the following holds:

1 dyp(s7'Y) = dp(Y) = ds(sY)
2. dr(s7YY) =dz(Y) = dz(sY)
Proof. Suppose Y C X and s € S.

1. Let A > 0 such that 0 < A < dx(Y). Then, suppose o € A is such that for all 5 > «,
|Y N Fj| > A\|F3|. Fix any € > 0, and since F is a Folner net, choose £ € A such that
for all B > ¢, |F,AsF,| = |s7'F,AF,| < ¢|F,|. Then, letting ¢ > £, a, for all 8 > (,
by Lemma 4.40,

|s7'Y N Eg| > |Y N Fg| — |s7 ' FgAFg| > (A —¢)|Fy
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Taking the supremum over all € > 0, and then over A > d,(Y), of
{)x —e> 0’ There exists a € A, such that, for all > a,|Y N Fz| > X\ — €|Fg|},

it follows that dz(s7'Y) > d(Y).

Similarly, using Lemma 4.40, we can show that d-(Y) > d(s7'Y), so that d-(Y) =
dr(s71Y).

To show that dr(sY) = dx(Y), we simply note that s7'sY = Y, and use the above
result with sY in place of Y.

2. The proof for this is very similar to the first part and will hence be omitted. i

For each Y C X, we can use density with respect to a Fglner net to obtain a countably

additive S-invariant measure on the Borel subsets C of X, as follows:

Theorem 4.42. Suppose (S, X) be a S-cancellative flow with a Folner net F = {Fy}aeca C
Pr(X). For each’Y C X, there exists a probability measure p on C such that:

2. For each Z C X, y(Z) < dr(Z)
3. For each P€C, s €S, u(s™'P) = p(P) = u(sP)

Proof. Let Y C X. We start out by giving the set N x A the product order. Then, for each
n €N, and o € A, there exists # € A, B > «, such that |Y N Fy| > (dr(Y) — 5)|F5|. Let us
define Fi,, o) = F, and do this analogously for each (n,«) € N x A. Note that

. |Y M F(n a)| —
lim @ ——— =dzY
(n,a)eNx A ’F(n’a) ’ ]:< )

Now, let C(X) C m(BX) be the set of all continuous functions on X with the supremum

norm. For each (n,a) € N x A, we define a linear functional:

T(n@) : C(BX) — R

o 3 f@)

| (n,a)| $€F(n7a)
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For each f € C(5X), let us define the closed interval Iy = [—|/f]|., || fll.] € R. Since for
(na) € Nx A, f € C(BX), |Tina)(f) < [[fllo, it follows that Tia) C [Tiec@px Iy C
REBX) " where ] FEC(BX) Iy is a compact space under the product topology on R, by Ty-
chanoff’s theorem. Hence, the net {T(n,a)}(n,a)eNX A has a pointwise-convergent subsequence

{Ttns8) } (k,8)enx 3, Which converges pointwise to some 7" € erC(BX) Iy

Since each element of the net {7{, )} n.a)cnxa is a positive linear functional, 7" is a positive
linear functional, clearly bounded due to its range. Then, as X is a compact Hausdorff

space, by the Reisz Representation theorem, there exists a unique regular measure p on B
such that u(8X) = T(X,BX> and T'(f) = [ fdu for each f € C(BX).

Observe that for each Z C X, Xz € C(BX), since we have that, for any U C R open, X 5 is
either Z , @, or X, all of which are open. Hence,

= 1 120 Fin)|

2)=T(y-)= lim T, )= lim ()= lim ———2
M2 =Tz = Jm  Townliz) = o, | Fns.0)] xe%,mXZ( )7 s | Flns.9)]
This gives us the following properties:

. o . |YﬁF(nk’£)| o . ‘YQF(n,a)l :_
)= 8 Tl = aiien Tt~ 7 )
2. For any Z C X,
=~ ZNFy, -
w(Z) = lim 120 Fin,. )] < dr(2)

(k,B)ENx A |F(n,m3)|

3. Let s € S be arbitrary. By Lemma 4.40, for any Z C X,

w(Z) = (s 2)| = [T ) = T(x )|

o [0 Fwsl 15720 Fas)|
kB)eNxA| | Fnp 5l | Fln.)|

_ o AsFs| _

= (k,B)ENxA | Fln.5)]

~ ~

gives us p(2) = pu(s—1Z) = u(s2)

Let A= {>_ aix, | Z C S;n € Nya; € R}. Ais a subalgebra of C(3X) that
contains the constant function 1, and separates points of X, and satisfies 3. Hence,
by the Stone-Weierstrass theorem, it is uniformly dense in C'(X). By the continuity of
T, and of L, it follows that u(P) = u(s~'P) = u(sﬁ), for each p € C.
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Finally, 1(8X) = u(S) = T(x 4x) = 1 since
D D PO EE
|F(n,oz)| 2E€F ) 0 px |F(n,a)| 2E€F ()

for each (n,a) e Nx A. g

Corollary 4.43. Suppose (S, X) is a S-cancellative flow, and F C P;(X) is a Folner net.
Then, the following hold for each Y C X.

1. If T € 24(S) satisfies dr(s P ANt™1A) = 0 for each s # t,s,t € T, then, dr(U,or s A)) =
|T]d(A)

2. If T € P4(S) satisfies dr(sANtA) =0 for each s #t, s,t € T, then, dr(U, o sA)) =
| T]d(A)

This proof of this is a straightforward generalization of Corollary 4.8 in [13].

Proposition 4.44. Let (S, X) is a flow. If F = {F,}aca C P¢(X) is a Folner net, it
satisfies (P1) and (P2)

Proof. Note that to show that F satisfies (P1), it is enough to observe that for each € > 0,
s € S, taking n = 1, there exists a € A, such that for any g > «,
|sFs\Fp| < |sFp\Fp| + [Fs\sFs| = [sFAFp| < e| F]

and |F5| S n\FB\

To show that F satisfies (P2), suppose T' € &Z¢(S). For any F' € Z;(X),

F| = (FﬂsOTs‘lF> 9 (Fﬂ {F\SOTS_IFD‘
Fn()s'F|+|F\()s'F

seT seT

ﬂs‘lF + UF\S_lF

seT seT

ﬂ sTUF| + Z |[F\s'F|

seT seT

IN

+

IN

IN
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However, we also have for each s € T'
| = ‘(Fn sF)U(F\sF)’ < |FNsF|+|F\sF| < |s ' FOF|+| F\sF| = | F|—|F\s ' F|+| F\sF]|
so that |[F\s™'F| < |F\sF|, and |F| < |Nger s 'F| + |T||F\sF|

Let ¢ = ﬁ , and choose a € A, such that for all # > a and s € T, |FgAsFps| < ¢|Fp| so
that |F\sFjs| < €|Fp| (see Proposition 3.3).

It follows that for any 8 > a, |F3| < | Neer s~ Fa| 4 |T||Fs\sFp| < | Nser s~ Fa| + 5| Fp), so
that |F5| < 2| Nser 871F5|. ]

We conclude that Theorem 4.37, Theorem 4.39 hold without the additional requirements
(P1), (P2) being imposed, for Fglner nets. We now generalize the notion of Fglner density:

Definition 4.45. Suppose (S, X) is a left flow that satisfies SFC. Then, for any ¥ C X,

define Fglner density as follows:

d(Y') = sup {)\ >0

For each T' € Z;(X), and € > 0, there exists F' € Z¢(X)
such that |T'N F| > A|F| and for all s € T, |sFAF| < ¢|F|

Theorem 4.46. Suppose (S, X) is a flow that satisfies SFC. Then, for any Y C X,
d(Y) = sup{dz(Y) | F is a Folner net in X}

Moreover, for each Y C X, there exists a Folner net F such that d(Y) = dz(Y).

Proof. Let Y C X and consider N x &;(X) with the product ordering. For each (n,T") € Nx
P4(X), define Fi, 1y € (X)) to be a set that satisfies | TN Fn 1| > (d(Y) — 1) [Flm| and
for all s € T, [sF ) AFq | < % ‘F(n’T)|. Then, it is clear that F = {Fin1) } (n1)enx 2, (x) 18
a Fglner net. It follows that sup{dz(Y) | F is a Fglner net in X} > d(Y).

Let A > 0 be any real number that satisfies A\ < sup{dz(Y) | F is a Fglner net in X}.
Pick a Fglner net F = {F,}aea, such that dz(Y) > X. Since F is a Fglner net, choose
¢ € A be such that for any g > &, and s € T, |FgAsFs| < €|Fj3|. Then, using the def-
inition of dz(Y), take 8 > & such that |Y N Fs| > A Fjs|. Now we have that for 8 € A,
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|FsAsFg| < ¢|F| and |Y'NFg| > A|Fp| are true, so that d(Y') > A. Taking the supremum over
all A < sup{dz(Y) | F is a Folner net in X}, d(Y) > sup{dz(Y) | F is a Fglner net in X}.

Hence, the first claim is true. To see that second claim, we simply observe that

d(Y> - C_Z{F(n,T)}(n,T)GNX-@f(X)<Y) i

Corollary 4.47. If (S, X) is a flow that satisfies the SFC, then for anyY C X, there exists
a Folner net F = {Fp}aca C Ps(X) such that

. YN F|
Y) = lim = Yal
diY) =l =7

Proof. By Theorem 4.46, we have that d(Y) = dg(Y') for some Folner net G = {G4}aca C
Zr(X). Recall that

dg(Y') = sup {)\ > 0’ For each a € B, there exists § > « such that |[Y N Gg| > )\\G5|}

Forany A < dg(Y),and a € A, § > a such that ‘Y‘gj‘?' > \. Let usorder [0,d(Y))xA C RxA
with the product order and take F{(y.) = Gjg, as discussed for each (A, &) € [0,d(Y)) x A.
Then, we have
YN Fia
im0 ol d(Y)
Ma)edY)xA | Fiyal (A a)€0,d(Y))x A

However, since F = {F(xa)}ra)cl0.d(v))xa is a subnet of G, it follows that F is a Fglner net.
Hence, by Theorem 4.46,

lim —|Y i F(A’O‘)|

=d(Y
(A)€el0,d(Y))x A |F(/\70¢)| v

and our claim is true. &

Corollary 4.48. If (S, X) is a flow that satisfies SFC and is S-cancellative, then, for each
YCX,andseS,
d(s7'Y) =d(Y) = d(sY)
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Proof. By Theorem 4.46, there exists Folner nets F = {F, }aca, G = {G}pen, H = {H}rea C
P;(X) such that d(Y) = dz(F), d(s71Y) = dg(s7'Y), d(sY) = du(sY).

By Theorem 4.41, for M = F,G, H,

dp(s7Y) = dm(Y) = dpm(sY)
and we have by Theorem 4.46

dY)=dr(Y) =dr(s7'Y) <d(s7'Y) = dg(s7'Y) = dg(sY) < d(sY) = dg(sY)

and similarly, d(sY) < d(s7'Y) < d(Y) so that d(sY) =d(s7'Y) =d(Y). n

Definition 4.49. Let us define
Mo(X) ={N € m(X)" | There exists a Folner net {F,}oea C Z;(X) such that w* lirrj Qup, = N}
[e7S]

Note that by Theorem 3.5, #y(X) C .#,(X).

Theorem 4.50. If (S, X) satisfies the SFC, then, for each Y C X,

d(Y)< sup M(x,)
Me(X)

Furthermore, if 4 (X) is the weak™ closure of the convex hull of My(X), equality holds.

Proof. Suppose (S, X) satisfies the SFC and Y C X. Then, by Corollary 4.47, there exists a
Folner net F = {F,}aca C &¢(X), such that
. Y NFE,]

d(Y) = lim

acA |Fa| = lalé];} QMF@ (Xy)

Since . (X) is weak™® compact, {Quy, }aca has a limit point N in .#,(X) by Theorem 3.5.
Then, if {QMF[, }sen is a subnet of {Qpf }aca that weak™ converges to NV,

=i =N < s M *
i lim Qpr, (x y) (xy)_m%x) (xy) (%)

Now suppose . (X) is the weak™ closure of the convex hull of .#,(X). Then, consider the set
C={Me Z(X)| M(x,) <dY)}. C contains .#y(X) by Theorem 4.46. Furthermore, it
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is easily checked that C' is convex and weak™ closed. It follows that if .Z(X) is the weak*
closure of the convex hull of .#,(X), it is equal to C, and equality holds in (x). &

Lemma 4.51. Supose (S, X) and (T,Y) are flows that satisfy the SFC. If C x D C X xY,
then d(C' x D) > d(C)d(D).

Proof. By Corollary 4.47, there exist Folner nets F = {F,}aca, G = {Gs}pen, such that

e |CNFa| . |DNG4|
d(C) = (lllglq s D) = gglg |G5\ﬁ :

Then, equipping A x B with the product ordering,

. |CNF,| .. |DNGg
d(C)d(D) =1
AP =8RGl
= lim lim (€N FallD N G|
acA peB |Fa||G3|
— lim (C'x D)N (F, x Gg)
(a,8)€AXB |F, x G|

< d(C x D)

where at the last step, we used the fact that {F, X Gg}(a,gcaxp is a Fglner net by Proposi-
tion 3.12, and Theorem 4.46. 1

Suppose we label the set of characteristic functions on X by char(X) and set Y to be the

S-invariant subspace of m(X) consisting of linear combinations of elements of char(X).

Lemma 4.52. Suppose (S, X) is a flow and T : char(X) — [0,1], such that
1. T(x,)=1
2. T(x . ,5) =T(x ) +T(xp) if A, B C X are disjoint
5. T(x,.,)=T(x,) foreach s €S, and A C X
Then, T can be extended to a S-invariant mean on m(X).
Proof. 1t is easy to see that T" can be extended to a linear functional N on Y by taking for

anyn € N, a; € R, Ay C X, Nl aix ) = >0 aT(x , )-

Also, without loss of generality, taking {A;}1<;<, to be pairwise disjoint, by 2,

‘N (Z aixAi>‘ =Y aT(x,)| < (151;1371!%\) > T(x,)
i=1 i=1 == i=1
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- (o) (Us)
(i ) r )

= sup |a]
1<j<n

IN

n

Z WX 4,

i=1

o0

where we use the fact that for each A C X, 1=T(x ) = T(XX\AUA) = T(XX\A) +T(x ),
which gives us T'(x ,) < 1. Hence |[[N| <1, and further by 1, [[N| = 1.

Now, by 3, and the linearity of the L, operator for each s € S, it follows that N is S-invariant
on Y. Then, by the Hahn-Banach extension theorem, we can extend N to a continuous
functional M on m(X) of norm 1. Then, since M is S-invariant on Y, and Y is dense in
m(X), it follows by the continuity of M and Lg, for each s € S, that M is S-invariant on all

of X. Hence, M is an S-invariant mean on m(X) that is an extension of 7. &

In the following special case, we achieve equality in Lemma 4.51:

Theorem 4.53. Let (S,X) and (T,Y) be flows that satisfy the SFC. If the closed convex
hulls of Mo(X) and Mo(Y') are #(X) and A,(Y') respectively, then for any C C X, D C Y,

d(C x D) =d(C)d(D)
Proof. One side of the inequality is given by Lemma 4.51. To see the other side, first we note
that by Theorem 4.50, d(C' x D) < sup  M( We wish to show that for each

Me(XXY)
M e . #(X xY), M(x,, ) <d(C)d(D).

XCXD)'

XC><D

Suppose M € (X xY). WLOG, M(C x D) > 0. We define:

N : char(X) — [0, 1]

X, M, )
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and

P : char(Y) —[0,1]

M(X oy )
Y )
<XC’xY)
M
Note that N(x ) =M(x, ,)=1 P(x,) = Mgz::; = 1. For any disjoint sets A, A’ C X,
NX y0) = M(X(AUA’)XY) = M(x (AXY)U(A’XY)) - M<X(A><Y) + X(A’XY))
= MX (yyy) T MX gy

=N(x,)+N(x )

Similarly for disjoint sets B, B' C'Y, P(x , ) = P(x 5) + P(x 5,)-

Lastly, for any s € S, A C X, taking any fixed t € T, we have, by the S x T-invariance of
M,

NX10) = M yy) = MIX 1 y) = MX (s,t)’l(AxY)) = M(LnX 4,y) = MX ) = Nx )
and similarly, for any ¢ € T', B C X, taking any fixed s € S, t € T,

P(X ) _ M(XC’xq—lB) _ M<L(s,t)XC><q—1B> _ M(Xs—let—lq—lB) _ M<Xs—10><(qt)—13)
nr MX o) MX oy) M(X gy) M(X g,y
M(Lis )X oy )

M(XC’XY)

M(XCXB) _ P(

M(x,.y) X5)

By Lemma 4.52, we can extend N, P to S- and T-invariant means, N and P, on m(X) and

m(Y') respectively.

Then, by Theorem 4.50,

M(XC’XD) N7

M(X o) = MX ¢ y) (M(X )

It follows that d(C x D) = d(C)d(D). n
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Chapter 5
Reversible Invariance

Reversible invariance, called “left/right-measurability” for semigroups, was initially intro-
duced by Klawe in [17]. For a group G, the existence of a mean satisfying ]\/[(XA) = M(XgA),
for each ¢ € G, A C G, is equivalent to the existence of a mean satisfying M (x A) =
M(x,

not necessarily exist for semigroups, amenability is defined using the nicer, latter condition.

) A), for each g € G, A C G, and both define amenability. However, since inverses do

Reversible invariance defines the first condition, and was explored by Klawe in comparison
to amenability. We generalize some of Klawe’s results to flows. However, Klawe showed that
reversible invariance interestingly implies SFC. We have been unable to generalize this and

it remains an open question.

Definition 5.1. A semigroup S is said to be left-measurable if there exists a mean M €
m(S)" such that M(x,,) = M(x ), for all A € Z(5),t € S. M is called left-reversible

invariant.

Definition 5.2. Let (S, X) be a flow. A mean M € .#(X) is said to be S-reversible
invariant if it satisfies M(x ,) = M(x_,) for all s € S and all A C X. We say (S, X) is

reversible invariant if it has a reversible invariant mean.

Theorem 5.3. A mean M on (S, X) is S-reversible invariant if and only if it is S-invariant
and for all s € S, M(x , ) =1 where Z; = {x € X | s7'(sz) = {x}}.

Proof. Suppose M is reversible invariant. Clearly it is S-invariant since for all s € S, A C X,

mX,ay) =M paay) = mO,):

Suppose s € S. Using the axiom of choice, we can write X\ Z; = A; U As, where A;N Ay = &
and sA; = sAs = s(X\Z,) (This is because, for each z € X, for each distinct element in
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s '{sx}, we can choose one fixed element y, and set A; to be the set of all these elements

and set Ay to be the union of the sets of all elements s™'x\{y,}.)

Now, we have that

MOX o z0) = MOX ) = Mx ) = MO, )FMOx ) = MO, )M (x ) =2M (X p0)

Thus, M ( =0 = M(x,)=1

X xz,)
On the other hand, suppose M is an S-invariant mean and M (x P ) = 1 for each s € S,

Suppose A C X, M(x ) = M(x ) =M(x )+ M(x )

sT1(sA))\A

However, s~ (sA)\A C X\Z, and p(

S-reversible invariant. §

XX\ZS) = 0, thus, we have M(XSA) = M(XA) and M is

Corollary 5.4. If (S, X) is an S-cancellative amenable flow, it is reversible invariant.

Proof. For each s € S, Z, = {z € X | s7'z = {z}} = X, since sa = sz, gives us, by S-

cancellativity, « = z. Hence, for any S-invariant mean M on m(X), M(x , )= M(x ) =1

)
X
for each s € S. The rest follows from Theorem 5.3. 1

Example 5.5. 1. Consider the flow (N, R) where the action of (N, +) on R is via addition.
Then, since N is abelian, it follows that the flow is amenable. However, it is also N-

cancellative, and thus reversible invariant.
2. Any group flow is reversible invariant.

3. For a vector space E with topology 7, the aforementioned flow (E,7) is E-cancellative

and amenable, and thus reversible invariant.

4. Consider the flow, (S, X) from 3 of Example 1.9. Fix any = € X; the S-invariant mean
M, given by f + f(x) is reversible invariant, since, for any A C X, sA = A, gives

M(x ,) = M(x

A) sA)'

Proposition 5.6. Suppose (S, X), (T,Y). Then (S x T, X x Y) is reversible invariant if
and only if (S, X) and (T,Y) are reversible invariant.
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Proof. Suppose M is a reversible invariant mean on m(X x Y). By Theorem 5.3, M is S-

invariant. Let us define the N : m(X) — R, f+— M(f), where f(x,y) = f(x). By the proof

of Theorem 2.28, we know that N is a S-invariant mean on m(X).

Now, let us consider X, for each s € S. For any t € T, we have, if (z,y) € Z(4), then,
x € Z,, for otherwise there exists z € X such that z # x and sx = sz, which means

(s,t)(z,y) = (s,t)(2,y) and (x,y) € Z(sy) which would be a contradiction.

Suppose (x,y) € Z(sy). Then, since z € Z,, S(\Z/(x,y) =X, (x) = 1. Thus S(\Z/ > Xz and
£l s El s,t)
we have:
1=M(x

) < M(T,) € Mx ) =1

Z(s,t) XXXY

where the first equality follows from Theorem 5.3. It follows that N(x , ) = 1. Since s € S
was arbitrary, by Theorem 5.3, (S, X) is reversible invariant. The proof for (7,Y") follows

similarly.

Conversely, suppose now that (S, X) and (7', Y") are reversible invariant flows. Let M, N be

reversible invariant means on m(X) and m(Y’) respectively. Again, by Theorem 5.3, these

are S and T invariant means respectively. Let us define K : m(X xY) = R, f+— N(M(f))
where we set M(f) : Y — R to be given by M(f)(y) = M(f(.,y)). By Theorem 2.28, K is

an (S x T')-invariant mean.

Suppose (s,t) € SXT. lfx € Z;, y € Zy, then (x,y) € Zsy since if (s, t)(x,y) = (s, 1) (2, y'),
for (2/,y) # (z,y), either x & Z, or y & Z; which would be a contradiction. It follows that

>
X 2o = Xzoxz

Now, for all y € Y,

M(x , ) y) =M(x, () =M, x, W) =x,wMx,)=x, )

where we used M(x , ) = 1 by Theorem 5.3, and we end up with M(XZ
Then, K(

><Zt) =Xy,

XstZt) = N(M(Xzsxzt)) = N(th) = 1 by Theorem 5.3.

Since K is a mean, we conclude 1 = K(x, ,) > K<XZ( t)) > K(Xzsxzt) = 1 and
K(x, ) =1

i)

Since (s,t) € S x T was arbitrary and we showed that K is a S x T-invariant mean; by

68



Theorem 5.3 (S x T, X x Y) is a reversible invariant flow. n

Proposition 5.7. Suppose S transitively acts on itself on the right and the action (S, X) is

S-cancellative, then, S is reversible invariant —> (S, X)) is reversible invariant.

Proof. Fix x € X. Suppose M is a left-reversible mean on S. Define N on m(X) by

N(f)= M(f), where f(s) = f(sz), for all s € S.

M is a mean:

e Suppose f,g € m(X) and a € R. Then,

F+ag(s) = (f +ag)(sz) = f(sz) + ag(sz) = f(s) + ag(s)

—_— ~

Thus, N(f +ag) = M(f + ag) = M(f) + aM(g) = N(f) + aN(g)
o N(x,)=My)=Mx,) =1
o For all f € m(S), [IN(f)| = IM(H| < IMIIFlle < IMFloe = 11l

Now suppose A C X. Then, m = X > Where B = {s €S |sxetA} and )?; = X » Where
C={seS|sreA}. Clearly tC C B as sx € A = (ts)x € tA.

Suppose s € t~'B which is non-empty due to the transitivity of the action. Then, ts €
B = tsx € tA = sz € A (by S-cancellativity) which gives us s € C. Thus, t !B C C.
This implies that B C ¢tC' which gives us tC' = B. Thus, N(x,,) = M(x ;) = M(x,,) =
M(x,) = M(x,) = N(x,), and we conclude that N is S-reversible. We conclude that

(S, X) is reversible invariant. §

Consider Theorem 2.26; it is natural to ask if a similar property is satisfied by reversible
invariant flows. The answer, in general, is no. This was shown by Sorenson [38], as he
proved that the homomorphic image of a left measurable semigroup is not necessarily left
measurable. If we consider semigroups S, T, with ¢ : S — T being a surjective semigroup
homomorphism, the map T} : (5,5) — (T, T) given by T'(s) = ¢(s), for each s € S, is a sur-
jective homomorphism of flows. However, as Sorenson showed, (7', T") need not be reversible

invariant if (S, 9) is.

As such, reversible invariance, not in general as nicely behaved as amenability.
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Chapter 6

Conclusion, Open Questions and
Future Work

The results obtained in Chapters 2, 3 and 4 show that amenability generalizes quite nicely
from semigroups to flows. Important characterizations, such as Dixmier’s condition (Theo-
rem 2.1), existence of an invariant net of finite means (Theorem 2.19) and Fglner’s conditions
(Corollary 3.9) in the left-cancellative case, are well generalized. Moreover, one has the con-
cept of a homomorphism of flows (Definition 2.25), similar to the concept of a semigroup
homomorphism that preserves expected properties, such as amenability (Theorem 2.26) and
HBEP (Proposition 2.37). However, not everything works smoothly in generalizing the con-

cepts involved.

6.1 Lack of a semigroup structure on X

Firstly, generalizing X to be an arbitrary set, with no multiplication defined on it, restricts
us a lot. Namioka [22] showed that any semigroup S satisfying the SNFC is amenable. It
is still an open question as to whether this holds for general flows. Namioka’s proof took

advantage of the multiplicative structure on S which we cannot use for a general set X.

Suppose S is a semigroup that is amenable. Then, one can define a relation on S as follows:
for s,t € S, s ~ t if and only if there exists x € S, such that sx = tx. The relation satisfies
reflexivity and symmetry, and by Theorem 2.11, satisfies transitivity. Consider S quotiented
by this relation, which we will denote by S’. S’ is a well defined semigroup with the natural

semigroup multiplication defined. Using this quotiented semigroup, Argabright and Wilde [2]
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proved that commutative semigroups satisfy SFC. Furthermore, Klawe [17] proved a variety

of results including the following progression:

1. A left amenable right cancellative semigroup satisfies SFC if and only if it is left-

cancellative.
2. If S is left measurable and right cancellative, it is left cancellative.

3. Every left measurable semigroup satisfies the SFC.

We question if it is possible to generalize this to a left flow (S, X):

1. An amenable X-cancellative flow (S, X) satisfies SFC if and only if it is S-cancellative.
2. If (S, X) is reversible invariant and X-cancellative, it is S-cancellative.
3. Every reversible invariant flow (S, X) satisfies the SFC.

4. Every commutative flow satisfies SFC.

Since the main tool used here was the quotienting of the semigroup, it is hard to generalize
this to an arbitrary flow. This is because, in general, transitivity fails when considering the

analogous relation on (S, X), due to the lack of a multiplication on X.

Yang [40] used Klawe’s [17] work to obtain results on the Fglner number. He used the quo-
tient structured of S’ to show that if the Fglner number F(S,S) # 0, then F(S,S) > 1/6.
We wish to see if we can generalize this to general flows. The hurdle again, is that a similar
relation between elements of flows is not in general, an equivalence relation, and it is not

possible to quotient the flow as a result.

We also wonder if we can remove the transitive condition on the action in Proposition 5.7,

like we have for Proposition 2.8.

6.2 Inability to easily generalize fundamental concepts on S

We do not know how well we can generalize some of the fundamental concepts existing on
semigroups to flows. Numakura [23] showed the existence of a unique minimal two-sided

ideal for a compact semigroup (finite semigroup in our discrete case). Using this, Rosen
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[26] proved that a finite discrete semigroup is left amenable if and only if it has exactly one
minimal left ideal. Yang used this result to obtain equality in Proposition 3.17 for finite
semigroups, and to show that if S is a semigroup with a semigroup homomorphism mapping
S onto a finite semigroup, the Fglner number of S is greater than the Fglner number of the
finite semigroup. We do not know whether it is possible to get a “kernel-like” structure for a
flow. Since this allows characterization of amenability in the compact semigroup case using
minimal ideals, we want to know if it is possible to obtain a similar result for flows. We also

want to know if Yang’s results can be generalized.

6.3 Lack of embeddability in groups

Another tool that is missing with flows (that is essentially due to the lack of a semigroup
structure on X), is being able to take advantage of the additional structure on a group by
embedding a semigroup in a group. A result of Yang [40] that we are interested in generaliz-
ing is: If S is a cancellative semigroup, then its Fglner number is either 0 or 1 according to
whether S is amenable or not. Is it true, that for a S- and X-cancellative flow (S, X), then
F(S, X) is either 0 or 1 according to whether (S, X) is amenable or not? The proof of Yang’s
result uses Dubriel’s theorem, which allows a cancellative semigroup S to be embedded into

a group if every two right ideals of S have a non-empty intersection.

Another interesting result, is that of Luthar [21], who showed that a commutative semigroup
has a unique invariant mean if and only if it contains a finite ideal. This was done by using the
fact that the finite ideal is actually a group and using its group structure. Granirer [10][11]
used this to show that, for any semigroup S, there is a connection between the dimension of
M(S) and the number of left ideals in S that are groups. We wish to be able to obtain some
of these connections for flows, i.e. - what kind of structures in a flow influence the dimension
of the set of means on it? Can we relate finite S-ideals or finite subflows of a flow to the

uniqueness of means?

6.4 What is the advantage of working with a flow?

The main advantage of working with flows is that we no longer need to restrict ourselves to
one set (a semigroup S). Even natural examples, such as the action of (N, +) on R, (N,R)

via multiplication or addition, is not taken into consideration by the concept of amenability
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of a semigroup. Seeing structures such as (S, m(X)), (S, M(X)), (S, M;(X)), in terms of
flows allows a cleaner approach and better understanding of results, and the theorems from
Chapter 2, such as the Hahn-Banach extension property (Proposition 2.37) can be applied to
these structures. Moreover, the concept of a homomorphism of flow can be used to transfer

the nice properties of one flow to another, such as Theorem 2.26.

Given a flow (S, X), Proposition 2.8 really highlights how much stronger the amenability of
S is in relation to the amenability of (S, X). As a result, it is not unexpected that diffi-
culties occur in obtaining results for (S, X) from its amenability, that usually follow in the
case of (5,S5) when S is amenable. However, on the contrary, it is much easier to achieve
the amenability of (S, X) (see Example 2.7). As a result, perhaps a nice property that may
follow from the amenability of (S, X), (such as Theorem 2.43) may be overlooked when only
considering the amenability of S. Hence, when we consider for example, applications of
amenability in topological dynamics and differential equations, looking at flows as a whole

instead of only the semigroup, may be more wholesome and useful.

We have yet to fully discover how much we can obtain from the concept of the amenability
of flows, in terms of applications. For our future work, we would like to develop the theory
further, solve the aforementioned open problems, and state some applications of the theory

in practicality.
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