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Abstract

The thesis consists of two closely related parts: (i) Cesàro summability of the spherical

h-harmonic expansions on the sphere Sd−1, and (ii) Bochner-Riesz summability of the

inverse Dunkl transforms on Rd, both being studied with respect to the weight h2
κ(x) :=∏d

j=1 |xj|2κj , which is invariant under the Abelian group Zd2 in Dunkl analysis.

In the first part, we prove a weak type estimate of the maximal Cesàro operator

of the spherical h-harmonics at the critical index. This estimate allows us to improve

several known results on spherical h-harmonics, including the almost everywhere (a.e.)

convergence of the Cesàro means at the critical index, the sufficient conditions in the

Marcinkiewitcz multiplier theorem, and a Fefferman-Stein type inequality for the Cesàro

operators. In particular, we obtain a new result on a.e. convergence of the Cesàro means

of spherical h-harmonics at the critical index, which is quite surprising as it is well known

that the same result is not true for the ordinary spherical harmonics. We also establish

similar results for weighted orthogonal polynomial expansions on the ball and the simplex.

In the second part, we first prove that the Bochner-Riesz mean of each function in

L1(Rd;h2
κ) converges almost everywhere at the critical index. This result is surprising

due to the celebrated counter-example of Kolmogorov on a.e. convergence of the Fourier

partial sums of integrable functions in one variable, and the counter-example of E.M.

Stein in several variables showing that a.e. convergence does not hold at the critical

index even for H1-functions. Next, we study the critical index for the a.e. convergence

of the Bochner-Riesz means in Lp-spaces with p > 2. We obtain results that are in full

analogy with the classical result of M. Christ (Proc. Amer. Math. Soc. 95 (1985))

on estimates of the maximal Bochner-Riesz means of Fourier integrals and the classical

result of A. Carbery, José L. Rubio De Francia and L. Vega (J. London Math. Soc. 38

(1988), no. 2, 513–524) on a.e. convergence of Fourier integrals. The proofs of these

results for the Dunkl transforms are highly nontrivial since the underlying weighted space
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is not translation invariant. We need to establish several new results in Dunkl analysis,

including: (i) local restriction theorem for the Dunkl transform which is significantly

stronger than the global one, but more difficult to prove; (ii) the weighted Littlewood

Paley inequality with Ap weights in the Dunkl noncommutative setting; (iii) sharp local

pointwise estimates of several important kernel functions.
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Preface

Chapter 3 and Chapter 4 of this thesis has been published as F. Dai, S. Wang and

W. Ye, Maximal Estimates for the Cesáro Means of Weighted Orthogonal Polynomi-

al Expansions on the Unit Sphere,Journal of Functional Analysis, vol. 265, issue 10,

2357-2387.

Chapter 6 of this thesis has been published as F. Dai and W. Ye, Almost Every-

where Convergence of the Bochner-Riesz Means with the Dunkl Transform,Journal of

Approximation Theory, vol. 29, 129-155.

Chapter 5 and Chapter 6-10 of this thesis will be published as a joint paper with Dr.

Feng Dai soon.

All of the proofs in this thesis are joint work of Dr. Feng Dai and me.
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Chapter 1

Summary of the main results

1.1 Spherical h-harmonic analysis on the sphere

The first part of this thesis is to study the pointwise convergence of the Cesáro

means of spherical h-harmonic expansions on the unit sphere. For a class of product

weights that are invariant under the group Zd2 on the sphere, estimates of the maximal

Cesàro operator of the weighted orthogonal polynomial expansions at the critical index

are proved, which allow us to improve several known results in this area, including the

critical index for the almost everywhere convergence of the Cesàro means, the sufficient

conditions in the Marcinkiewitcz multiplier theorem, and a Fefferman-Stein type

inequality for the Cesàro operators. These results on the unit sphere also enable us to

establish similar results on the unit ball and on the simplex.

The main results in this part are contained in my joint paper [10] with Feng Dai

and Sheng Wang.

1



To be more precise, we need to introduce some necessary notations. Let

Sd−1 := {x ∈ Rd : ‖x‖ = 1} denote the unit sphere of Rd equipped with the usual

rotation-invariant measure dσ, where ‖x‖ denotes the Euclidean norm. Let

hκ(x) :=
d∏
j=1

|xj|κj , x = (x1, · · · , xd) ∈ Rd, (1.1.1)

where κ := (κ1, · · · , κd) ∈ Rd and κmin := min16j6d κj ≥ 0. Throughout the thesis, all

functions and sets will be assumed to be Lebesgue measurable.

We denote by Lp(h2
κ; Sd−1), 1 ≤ p ≤ ∞, the Lp-space of functions defined on Sd−1

with respect to the measure h2
κ(x) dσ(x). More precisely, Lp(h2

κ;Sd−1) is the space of

functions on Sd−1 with finite norm

‖f‖κ,p :=

(∫
Sd−1

|f(y)|ph2
κ(y)dσ(y)

) 1
p

, 1 ≤ p <∞.

For p =∞, L∞(h2
κ) is replaced by C(Sd−1), the space of continuous functions on Sd−1

with the usual uniform norm.

A spherical polynomial of degree at most n on Sd−1 is the restriction to Sd−1 of an

algebraic polynomial in d variables of total degree n. We denote by Πd
n the space of all

spherical polynomials of degree at most n on Sd−1.

We denote by Hd
n(h2

κ) the orthogonal complement of Πd
n−1 in Πd

n with respect to the

norm of L2(h2
κ;Sd−1), where it is agreed that Πd

−1 = {0}. Each element in Hd
n(h2

κ) is then

called a spherical h-harmonic polynomial of degree n on Sd−1. In the case of hκ = 1, a

spherical h-harmonic is simply the ordinary spherical harmonic.
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The theory of h-harmonics is developed by Dunkl (see [22, 23, 25]) for a family of

weight functions invariant under a finite reflection group, of which hκ in (1.1.1) is the

example of the group Zd2. Properties of h-harmonics are quite similar to those of

ordinary spherical harmonics. For example, each f ∈ L2(h2
κ;Sd−1) has an orthogonal

expansion in h-harmonics, f =
∑∞

n=0 projn(h2
κ; f), converging in the norm of

L2(h2
κ;Sd−1), where projn(h2

κ; f) denotes the orthogonal projection of f onto Hd
n(h2

κ),

which can be extended to all f ∈ L1(h2
κ;Sd−1).

For δ > −1, the Cesàro (C, δ)- means of the spherical h-harmonic expansions are

defined by

Sδn(h2
κ; f) :=

n∑
j=0

Aδn−j
Aδn

projj(h
2
κ; f), Aδn−j =

(
n− j + δ

n− j

)
, n = 0, 1, · · · ,

whereas the maximal Cesàro operator of order δ is defined by

Sδ∗(h
2
κ; f)(x) := sup

n∈N
|Sδn(h2

κ; f)(x)|, x ∈ Sd−1.

Our main goal in this first part of the thesis is to study the following weak type

estimate of the maximal Cesàro operator: for f ∈ L1(h2
κ;Sd−1),

measκ

{
x ∈ Sd−1 : Sδ∗(h

2
κ; f)(x) > α

}
6 C
‖f‖κ,1
α

, ∀α > 0, (1.1.2)

here, and in what follows, we write measκ(E) :=
∫
E
h2
κ(x) dσ(x) for a measurable subset

E ⊂ Sd−1. Such estimates have been playing crucial roles in spherical harmonic analysis
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on the sphere; for example, they can be used to establish a Marcinkiewicz type

multiplier theorem for the spherical h-harmonic expansions (see [4, 15]).

The background for this problem is as follows. In the case of ordinary spherical

harmonics (i.e., the case of κ = 0), it is known that (1.1.2) holds if and only if δ > d−2
2

.

(See [4, 45]). Indeed, in this case, since the Cesàro operators are rotation-invariant, a

well-known result of Stein [38] implies that for hκ(x) ≡ 1, (1.1.2) holds if and only if

lim
n→∞

Sδn(h2
κ; f)(x) = f(x), a.e. x ∈ Sd−1, ∀f ∈ L1(h2

κ;Sd−1). (1.1.3)

In the case of κ 6= 0 (i.e., the weighted case), while a standard density argument

shows that (1.1.2) implies (1.1.3), the result of Stein [38] is not applicable to deduce the

equivalence of (1.1.2) and (1.1.3), since the measure h2
κdσ is no longer

rotation-invariant. In fact, an estimate much weaker than (1.1.2) was proved and used

to study (1.1.3) for δ > λκ := d−2
2

+
∑d

j=1 κj in [51], whereas (1.1.2) itself was later

proved in [15] for δ > λκ, where the results are also applicable to the case of more

general weights invariant under a reflection group. Finally, for hκ in (1.1.1), it was

shown in [57] that (1.1.3) fails for δ < σκ with

σκ := λκ − κmin =
d− 2

2
+

d∑
j=1

κj − min
16j6d

κj. (1.1.4)

Of related interest is the fact that σκ is the critical index for the summablity of the
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Cesàro means in the space L1(h2
κ;Sd−1). More precisely,

lim
N→∞

‖SδN(h2
κ; f)− f‖κ,1 = 0, ∀f ∈ L1(h2

κ;Sd−1) (1.1.5)

if and only if δ > σκ. (See [30, 16]).

In Chapter 3 of this thesis, we prove that if κ 6= 0, then (1.1.3) holds if and only if

δ ≥ σκ, and moreover, if at most one of the κi is zero, then the weak estimate (1.1.2)

holds if and only if δ ≥ σκ. Of special interest is the case of δ = σκ, where our results

are a little bit surprising in view of the facts that (1.1.5) fails at the critical index

δ = σκ, and the corresponding results in the case of κ = 0 (i.e., the case of ordinary

spherical harmonics) are known to be false at the critical index σ0 := d−2
2

.

Our results on the estimates of the maximal Cesàro operators also allow us to

establish a Fefferman-Stein type inequality for the Cesàro operators and to weaken the

conditions in the Marcinkiewitcz multiplier theorem that was established previously in

[15]. The precise statements of our results on the sphere can be found in Theorem 3.1.1,

and Corollaries 3.7.1-3.7.6 in the third chapter of the thesis.

We will also establish similar results for the weighted orthogonal polynomial

expansions with respect to the weight function

WB
κ (x) :=

( d∏
j=1

|xj|κj
)

(1− ‖x‖2)κd+1−1/2, min
16i6d+1

κi ≥ 0 (1.1.6)

on the unit ball Bd = {x ∈ Rd : ‖x‖ ≤ 1}, as well as for the weighted orthogonal

5



polynomial expansions with respect to the weight function

W T
κ (x) :=

( d∏
i=1

x
κi−1/2
i

)
(1− |x|)κd+1−1/2, min

16i6d+1
κi ≥ 0. (1.1.7)

on the simplex Td = {x ∈ Rd : x1 ≥ 0, . . . , xd ≥ 0, 1− |x| ≥ 0}, here, and in what

follows, |x| :=
∑d

j=1 |xj| for x = (x1, · · · , xd) ∈ Rd. The precise statements of our results

on Bd and Td can be found in Theorem 4.1.1, Corollaries 4.1.2-4.1.5, Theorem 4.2.2, and

Corollaries 4.2.3-4.2.6 in the fourth and the fifth chapters of the thesis.

It turns out that results on the unit ball Bd are normally easier to be deduced

directly from the corresponding results on the unit sphere Sd, whereas in most cases,

results on the simplex are not able to be deduced directly from those on the ball and on

the sphere due to the differences in their orthogonal structures. (See, for instance,

[15, 16, 49, 52]). In the fifth chapter of this thesis, we will develop a new technique

which allows one to deduce results on the Cesàro means on the simplex directly from the

corresponding results on the unit ball.

Our main results on the unit sphere are stated and proved in the third chapter.

After that, in the fourth chapter, similar results are established on the unit ball. These

results are deduced directly from the corresponding results on the unit sphere. Finally,

in the fourth chapter we also discuss how to deduce similar results on the simplex from

the corresponding results on the unit ball. A new technique is developed.
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1.2 Dunkl transforms and analysis on Rd

Given κ = (κ1, · · · , κd) ∈ [0,∞)d, let

hκ(x) :=
d∏
j=1

|xj|κj , x = (x1, x2, · · · , xd) ∈ Rd. (1.2.8)

Denote by Lp(Rd;h2
κ) ≡ Lp(Rd;h2

κdx), 1 6 p 6∞, the Lp-space defined with respect to

the measure h2
κ(x)dx on Rd, and ‖ · ‖κ,p the norm of Lp(Rd;h2

κ). For a set E ⊂ Rd, we

write

measκ(E) :=

∫
E

h2
κ(x) dx. (1.2.9)

Let ‖ · ‖ and 〈·, ·〉 denote the Euclidean norm and the Euclidean inner product on Rd,

respectively.

The Dunkl transform Fκf of f ∈ L1(Rd;h2
κ) is defined by

Fκf(x) = cκ

∫
Rd
f(y)Eκ(−ix, y)h2

κ(y)dy, x ∈ Rd, (1.2.10)

where c−1
κ =

∫
Rd h

2
κ(y)e−‖y‖

2/2 dy, and Eκ(−ix, y) = Vκ

[
e−i〈x,·〉

]
(y) is the weighted

analogue of the character e−i〈x,y〉 on Rd. Here, Vκ : C(Rd)→ C(Rd) is the Dunkl

intertwining operator associated with the weight h2
κ(x) and the reflection group Zd2,

whose precise definition will be given in Section 2. In the case of κ = 0 (i.e., the

unweighted case), Vκ is simply the identity operator on C(Rd), and hence the Dunkl

transform Fκf becomes the classical Fourier transform.

The Dunkl transform has applications in physics for the analysis of quantum many
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body systems of Calogero-Moser-Sutherland type (see, for instance, [24, Section 11.6],

[36] ). From the mathematical analysis point of view, its importance lies in that it

generalizes the classical Fourier transform, and plays the similar role as the Fourier

transform in classical Fourier analysis.

The Dunkl transform enjoys many properties similar to those of the classical

Fourier transform (see, for instance, [29, 47, 46]). For example, each function

f ∈ L1(Rd;h2
κ) is uniquely determined by its Dunkl transform Fκf . A very useful tool to

recover a function f ∈ L1(Rd;h2
κ) from its Dunkl transform is the Bochner-Riesz means

of f , which, in the Dunkl setting, are defined as

Bδ
R(h2

κ; f)(x) = cκ

∫
‖y‖6R

(
1− ‖y‖

2

R2

)δ
Fκf(y)Eκ(ix, y)h2

κ(y) dy, x ∈ Rd,

where R > 0, δ > −1 and f ∈ L1(Rd;h2
κ). As in classical Fourier analysis, Bδ

R(h2
κ; f)(x)

can be expressed as an integral

Bδ
R(h2

κ; f)(x) = cκ

∫
Rd
f(y)Kδ

R(h2
κ;x, y)h2

κ(y) dy, x ∈ Rd, (1.2.11)

which further extends Bδ
R(h2

κ; f) to a bounded operator on Lp(Rd;h2
κ) for all 1 6 p <∞

and R > 0.

Summability of the Bochner-Riesz means Bδ
R(h2

κ; f) in the spaces Lp(Rd;h2
κ),

1 6 p <∞ was studied by Thangavelu and Xu [46, Theorem 5.5], who showed that for

δ > λκ := d−1
2

+ |κ|,

lim
R→∞

‖Bδ
R(h2

κ; f)− f‖κ,p = 0 (1.2.12)

8



holds for all f ∈ Lp(Rd;h2
κ) and 1 6 p <∞, and that this result is no longer true when

p = 1 and δ 6 λκ. Here and throughout the paper, we write |κ| =
∑d

j=1 κj. This, in

particular, means that δ = λκ is the critical index for the summability of the

Bochner-Riesz means Bδ
R(h2

κ; f) in the weighted space L1(Rd;h2
κ). For the critical index

of Bδ
R(h2

κ; f) in the spaces Lp(Rd;h2
κ) with 1 6 p 6∞, we refer to [8, Theorem 4.3].

Thangavelu and Xu [46, Theorem 7.5] also studies almost everywhere convergence

(a.e.) of the Bochner-Riesz means Bδ
R(h2

κ; f), showing that for δ > λκ and

f ∈ Lp(Rd;h2
κ) with 1 6 p <∞,

lim
R→∞

Bδ
R(h2

κ; f)(x) = f(x) a.e. x ∈ Rd. (1.2.13)

Using Stein’s interpolation theorem for analytic families of operators, one can easily

deduce from this result that for f ∈ Lp(Rd;h2
κ) with 1 < p <∞, (1.2.13) holds at the

critical index δ = λκ as well (see, for instance, [42]). A natural question also arises here:

what will happen when δ = λκ and f ∈ L1(Rd;h2
κ)?

In the classical case of Fourier transform (i.e., the case when κ = (0, · · · , 0) and

hκ(x) ≡ 1), the answer to the above question is negative. Indeed, it is well-known that if

δ = λ0 := d−1
2

, then there exists a function f ∈ L1(Rd) whose Bochner-Riesz mean

Bδ
R(f)(x) ≡ B

d−1
2

R (h2
0; f)(x) diverges a.e. on Rd as R→∞, (see, for instance, [41]).

In this thesis, we will show that in contrast to the classical case of Fourier

transform, the above question has an affirmative answer in the weighted case (i.e., the

case when κ 6= 0). More precisely, we have the following result:
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If κ 6= 0, 1 6 p <∞ and f ∈ Lp(Rd;h2
κ), then the Bochner-Riesz mean

Bλκ
R (h2

κ; f)(x) converges a.e. to f(x) on Rd as R→∞.

The conclusion of the above result is a little bit surprising because of the following

two reasons. First, as indicated above, for the classical Fourier transform (i.e., κ = 0),

(1.2.13) fails for some f ∈ L1(Rd) at the critical index δ = λ0 = d−1
2

. Second, in the

general case of κ ∈ [0,∞)d, there exists a function f ∈ L1(Rd;h2
κ) for which the

Bochner-Riesz means Bλκ
R (h2

κ; f)(x) at the critical index diverges in the norm of

L1(Rd;h2
κ), (see, for instance, [8]).

By a standard density argument, the proof of almost everywhere convergence can

be reduced to showing a weak-type estimate of the following maximal Bochner-Riesz

operator:

Bδ
∗(h

2
κ; f)(x) = sup

R>0
|Bδ

R(h2
κ; f)(x)|, x ∈ Rd. (1.2.14)

Indeed, we just need to prove the following result:

Assume that κ 6= 0. If δ = λκ and f ∈ L1(Rd;h2
κ), then for any α > 0,

measκ
({
x ∈ Rd : Bδ

∗(h
2
κ; f)(x) > α

})
6 cκ

‖f‖κ,1
α

, (1.2.15)

where we need to replace ‖f‖κ,1
α

by ‖f‖κ,1
α

∣∣∣log ‖f‖κ,1
α

∣∣∣ when min16j6d κj = 0.

Note that according to Theorem 7.5 of [46], (1.2.15) holds for δ > λκ as well,

whereas by Theorem 4.3 of [8], it does not hold when δ < λκ. We further point out that

similar results for the spherical h-harmonic expansions on the unit sphere were recently

established by the current authors and S. Wang [10].
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One of the key steps in our proof of weak type estimates of the maximal

Bochner-Riesz operator is to show the following sharp pointwise estimate of the integral

kernel Kδ
R(h2

κ;x, y) of Bδ
R(h2

κ; f)(x): for δ > 0, R > 0 and x, y ∈ Rd,

|Kδ
R(h2

κ;x, y)| 6 CRd

∏d
j=1(|xjyj|+R−2 +R−1‖x̄− ȳ‖)−κj

(1 +R‖x̄− ȳ‖) d+1
2

+δ
, (1.2.16)

where we write x̄ = (|x1|, · · · , |xd|) for x = (x1, · · · , xd). In the case when ‖x‖ = ‖y‖,

the estimate (1.2.16) can be deduced directly from Lemma 3.4 of [13]. However, for

general x, y ∈ Rd, this is a fairly nontrivial estimate. Of crucial importance in the proof

of (1.2.16) is the explicit formula of Yuan Xu [50] for the Dunkl intertwining operator

associated with the weight h2
κ(x) and the reflection group Zd2, (see (2.2.3) in Section 2).

The proof of the weak type estimate of the maximal Bochner-Riesz operator will be

given in Chapter 6 of the thesis. And all of the above results in this part were published

in my joint paper [17] with Dr. Feng Dai.

Next, we consider the strong type estimates of the maximal Bochner-Riesz

operator. Our first goal is to establish a result for the Dunkl transform that is analogue

to a classical result of Michael Christ [6] on strong estimates of the maximal

Bochner-Riesz means of the Fourier integrals under the critical index λ = d−1
2

. Our main

result in this direction can be stated as follows:

Let δκ(p) = (2λκ + 1)(1
2
− 1

p
)− 1

2
. If p > 2 + 2

λκ
and δ > max{0, δκ(p)}, then for all

f ∈ Lp(Rd;h2
κ),

‖Bδ
∗(h

2
κ; f)‖κ,p 6 C‖f‖κ,p.
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It is worthwhile to point out that this last inequality is no longer true for δ 6 δκ(p).

The proof of this result will be given in Chapter 9.

One of the most important tools in our proof of the above strong type estimates is

the restriction theorem for Dunkl transforms. Let Sd−1 := {x ∈ Rd : ‖x‖ = 1} be the

unit sphere in Rd, and dσ the Lebesgue measure on Sd−1. We define Rf to be the

restriction to the sphere Sd−1 of the Dunkl transform Fκf of f ∈ L1(Rd;h2
κ). In this

thesis, we shall prove the following global restriction theorem.

If 1 6 p 6 2λκ+2
λκ+2

, then R extends to a bounded operator from Lp(Rd, h2
κ) to

L2(Sd−1, h2
κ), and the dual operator R∗ extends to a bounded operator from L2(Sd−1, h2

κ)

to Lp
′
(Rd, h2

κ).

Since the weight function hk in Dunkl analysis is neither translation invariant nor

rotation invariant, unlike the case of the classical Fourier transform, the global

restriction theorem stated above is not enough for our purpose. The proof of our main

results requires the following local restriction theorem, which is stronger than the global

one but significantly more difficult to prove:

Let c0 ∈ (0, 1) be a constant depending only on d and κ, and B the ball B(ω, θ)

centered at ω ∈ Rd and having radius θ ≥ c0 > 0. If 1 6 p 6 pκ := 2+2λκ
λκ+2

, and

f ∈ Lp(Rd;h2
κ) is supported in the ball B, then

‖f̂‖L2(Sd−1;h2κ) 6 C
( θ2λκ+1∫

B
h2
κ(y) dy

) 1
p
− 1

2‖f‖Lp(Rd;h2κ).

The proof of the restriction theorem will be given in Chapter 7 of the thesis.
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In addition to the restriction theorem, we also need to establish weighted

Littlewood-Paley inequality in the Dunkl setting, which seems to be of independent

interest. This inequality will be proved in Chapter 8 of the thesis.

Finally, we shall study the almost everywhere convergence of the Bochner-Riesz

means of functions in Lp(Rd;h2
κ)-spaces. Our main purpose in this part is to establish a

result for the Dunkl transform that is in full analogy with a classical result of A.

Carbery, Francia and L. Vega [5] on the Fourier transform. Our main result can be

stated as follows.

Let δκ(p) = (2λκ + 1)(1
2
− 1

p
)− 1

2
. If p > 2 and δ > max{0, δκ(p)}, then for all

f ∈ Lp(Rd;h2
κ),

lim
R→∞

Bδ
R(h2

κ; f)(x) = f(x), a.e. x ∈ Rd.

The proof of this result will be given in Chapter 10.

Our results on local restriction theorem and the maximal Bochner-Riesz Means for

the Dunkl transforms will be published in my joint paper [18] with Dr. Feng Dai soon.
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Chapter 2

Preliminaries

In this chapter, we will describe some necessary materials for weighted orthogonal

polynomial expansions on the sphere, the ball and the simplex. Unless otherwise stated,

the main reference for the materials in this chapter is the book [25].

2.1 Notations

In this section, we shall introduce some necessary notations that will be used

frequently in the rest of the thesis. We use the notation C1 ∼ C2 to mean that there

exists a positive universal constant C, called the constant of equivalence, such that

C−1C1 6 C2 6 CC1. And we note C1 . C2(C1 & C2) if there exists a positive universal

constant C such that C1 6 CC2(C1 > CC2).

Let Rd denote the d-dimensional Euclidean space, and for x ∈ Rd, we write

x = (x1, x2, · · · , xd). The norm of x is defined by ‖x‖ :=
√∑d

j=1 x
2
j . The unit sphere
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Sd−1 and the unit ball Bd of Rd are defined by

Sd−1 := {x : ‖x‖ = 1}, and Bd := {x : ‖x‖ 6 1}.

Given x = (x1, · · · , xd) ∈ Rd, and ε = (ε1, · · · , εd) ∈ Zd2 := {±1}d, we write

x̄ := (|x1|, · · · , |xd|), |x| :=
∑d

j=1 |xj|, and xε := (x1ε1, · · · , xdεd). We denote by ρ(x, y)

the geodesic distance, arccosx · y, of x, y ∈ Sd−1.

The simplex Td of Rd is defined by

Td = {x ∈ Rd : x1 ≥ 0, . . . , xd ≥ 0, 1− |x| ≥ 0}

Let Ω denote a compact domain in Rd endowed with the usual Lebesgue measure

dx, where in the case of Ω = Sd−1, we use dσ(x) instead of dx to denote the Lebesgue

measure. Given a nonnegative product weight function W on Ω, we denote by Lp(W ; Ω)

the usual Lp-space defined with respect to the measure Wdx on Ω. For each function

f ∈ Lp(W ; Ω), we define its ‖ · ‖p,W norm as following

‖f‖p,W :=

(∫
Ω

|f(x)|pW (x)dx

) 1
p

, 1 6 p <∞,

and for p =∞, we consider the space of continuous functions with the uniform norm

‖f‖∞ := ess sup
x∈Ω

|f(x)|.
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Let S(Rd) denote the class of all Schwartz functions on Rd, and S ′(Rd) its dual (i.e.,

the class of all tempered distributions on Rd).

Finally, given a sequence of operators Tn, n = 0, 1, · · · on some Lp space, we denote

by T∗ the corresponding maximal operator defined by T∗f(x) = supn |Tnf(x)|.

2.2 Dunkl operators and Dunkl intertwining

operators

Recall that Zd2 is the reflection group generated by the reflections σ1, · · · , σd, where

σj denotes the reflection with respect to the coordinate plane xj = 0; that is,

xσj = (x1, · · · , xj−1,−xj, xj+1, · · · , xd), x ∈ Rd.

Define a family of difference operators Ej, j = 1, · · · , d by

Ejf(x) :=
f(x)− f(xσj)

xj
, x ∈ Rd.

Let ∂j denote the partial derivative with respect to the j-th coordinate xj. The Dunkl

operators Dκ,j, j = 1, · · · , d with respect to the weight h2
κ(x) and the group Zd2 are

defined by

Dκ,j := ∂j + κjEj, j = 1, · · · , d. (2.2.1)

A remarkable property of these operators is that they mutually commute, that is,
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Dκ,iDκ,j = Dκ,jDκ,i for 1 6 i, j 6 d. We denote by Pdn the space of homogeneous

polynomials of degree n in d variables, and by Πd := Π(Rd) the C-algebra of polynomial

functions on Rd. It is clear that the Dunkl operators Dκ,i map Pdn to Pdn−1. A

fundamental result in Dunkl theory states that there exists a linear operator

Vκ : Πd → Πd determined uniquely by

Vκ(Pdn) ⊂ Pdn, Vκ(1) = 1, and Dκ,iVκ = Vκ∂i, 1 6 i 6 d. (2.2.2)

Such an operator is called the intertwining operator.

For the weight function h2
κ(x) given in (1.2.8) and the reflection group Zd2, the

following very useful explicit formula for Vκ was obtained by Xuan Xu [50]:

Vκf(x) = c′κ

∫
[−1,1]d

f(x1t1, · · · , xdtd)
d∏
j=1

(1 + tj)(1− t2j)κj−1dtj, (2.2.3)

where c′κ =
∏d

j=1 c
′
κj

=
∏d

j=1
Γ(κj+1/2)√
πΓ(κj)

, and if any κj is equal to 0, the formula holds

under the limits

lim
µ→0

c′µ

∫ 1

−1

g(t)(1− t2)µ−1dt =
g(1) + g(−1)

2
.

In particular, the formula (2.2.3) extends Vκ to a positive operator on the space of

continuous functions on Rd. This formula will play a crucial role in this thesis. It should

be pointed out that such an explicit formula for Vκ is available only in the case of Zd2. In

the case of a general reflection group, a very deep result on the operator Vκ is due to

Rösler, who, among other things, proved that Vκ extends to a positive operator on
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C(Rd).

2.3 Spherical h-harmonic expansions on the unit

sphere

We restrict our discussion to hκ in (1.1.1), and denote the Lp norm of Lp(h2
κ;Sd−1)

by ‖ · ‖κ,p,

‖f‖κ,p :=
(∫

Sd−1

|f(y)|ph2
κ(y)dσ(y)

)1/p

, 1 6 p <∞

with the usual change when p =∞.

We denote Vdn(h2
κ) the space of orthogonal polynomials of degree n with respect to

the weight function h2
κ on Sd−1. Thus, if we denote by Πn(Sd−1) the space of all

algebraic polynomials in d variables of degree at most n restricted on the domain Sd−1,

then Vdn(h2
κ) is the orthogonal complement of Πn−1(Sd−1) in the space Πn(Sd−1) with

respect to the inner product of L2(h2
κ;Sd−1), where it is agreed that Π−1(Sd−1) = {0}.

Since Sd−1 is compact, each function f ∈ L2(h2
κ;Sd−1) has a weighted orthogonal

polynomial expansion on Sd−1, f =
∑∞

n=0 projn(h2
κ; f), converging in the norm of

L2(h2
κ;Sd−1), where projn(h2

κ; f) denotes the orthogonal projection of f onto the space

Vdn(h2
κ). Let Pn(h2

κ; ·, ·) denote the reproducing kernel of the space Vdn(h2
κ); that is,

Pn(h2
κ;x, y) :=

adn∑
j=1

ϕn,j(x)ϕn,j(y), x, y ∈ Sd−1

for an orthonormal basis {ϕn,j : 1 6 j 6 adn := dimVdn(h2
κ)} of the space Vdn(h2

κ).
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The projection operator projn(h2
κ) : L2(h2

κ;Sd−1) 7→ Vdn(h2
κ) can be expressed as an

integral operator

projn(h2
κ; f, x) =

∫
Sd−1

f(y)Pn(h2
κ;x, y)h2

κ(y)dy, x ∈ Sd−1, (2.3.4)

which also extends the definition of projn(h2
κ; f) to all f ∈ L(h2

κ;Sd−1) since the kernel

Pn(W ;x, y) is a polynomial in both x and y.

Let Sδn(h2
κ; f), n = 0, 1, · · · , denote the Cesàro (C, δ) means of the weighted

orthogonal polynomial expansions of f ∈ L1(h2
k;Sd−1). Each Sδn(h2

κ; f) can be expressed

as an integral against a kernel, Kδ
n(h2

κ;x, y), called the Cesàro (C, δ) kernel,

Sδn(h2
κ; f, x) :=

∫
Sd−1

f(y)Kδ
n(h2

κ;x, y)h2
κ(y)dy, x ∈ Sd−1,

where

Kδ
n(h2

κ;x, y) := (Aδn)−1

n∑
j=0

Aδn−jPj(h
2
κ;x, y), x, y ∈ Sd−1.

An h-harmonic on Rd is a homogeneous polynomial P in d variables that satisfies

the equation ∆hP = 0, where ∆h := D2
κ,1 + . . .+D2

κ,d. The restriction of an h-harmonic

on the sphere is called a spherical h-harmonic. A spherical h-harmonic is an orthogonal

polynomial with respect to the weight function h2
κ(x) on Sd−1, and we denote by Hd

n(h2
κ)

the space of spherical h-harmonics of degree n on Sd−1. Thus, we have Hd
n(h2

κ) ≡ Vdn(h2
κ).

A fundamental result in the study of h-harmonic expansions is the following
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compact expression of the reproducing kernel (see [23, 49, 50]):

Pn(h2
κ;x, y) = cκ

n+ λκ
λκ

∫
[−1,1]d

Cλκ
n (

d∑
j=1

xiyjtj)
d∏
i=1

(1 + ti)(1− t2i )κi−1dt, (2.3.5)

where Cλ
n is the Gegenbauer polynomial of degree n, and cκ is a normalization constant

depending only on κ and d. Here, and in what follows, if some κi = 0, then the formula

holds under the limit relation

lim
λ→0

cλ

∫ 1

−1

f(t)(1− t)λ−1dt =
f(1) + f(−1)

2
.

The following pointwise estimates on the Cesàro (C, δ) kernels were proved in [16].

Theorem 2.3.1. Let x = (x1, · · · , xd) ∈ Sd−1 and y = (y1, · · · , yd) ∈ Sd−1. Then for

δ > −1,

|Kδ
n(h2

κ;x, y)| ≤ cnd−1

[∏d
j=1(|xjyj|+ n−1ρ(x̄, ȳ) + n−2)−κj

(nρ(x̄, ȳ) + 1)δ+d/2

+

∏d
j=1(|xjyj|+ ρ(x̄, ȳ)2 + n−2)−κj

(nρ(x̄, ȳ) + 1)d

]
.
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2.4 Orthogonal polynomial expansions on the unit

ball and simplex

The weight function WB
κ we consider on the unit ball Bd is given in (1.1.6) with

κ := (κ1, · · · , κd+1) ∈ Rd
+. It is related to the hκ on the sphere Sd by

h2
κ(x,

√
1− ‖x‖2) = WB

κ (x)
√

1− ‖x‖2, x ∈ Bd, (2.4.6)

in which hκ is defined in (1.1.1) with Sd in place of Sd−1. Furthermore, under the change

of variables y = φ(x) with

φ : x ∈ Bd 7→ (x,
√

1− ‖x‖2) ∈ Sd+ := {y ∈ Sd : yd+1 ≥ 0}, (2.4.7)

we have

∫
Sd
g(y)dσ(y) =

∫
Bd

[
g(x,

√
1− ‖x‖2 ) + g(x,−

√
1− ‖x‖2 )

] dx√
1− ‖x‖2

. (2.4.8)

The orthogonal structure is preserved under the mapping (2.4.7) and the study of

orthogonal expansions for WB
κ on Bd can be essentially reduced to that of h2

κ on Sd.

More precisely, we have

Pn(WB
κ ;x, y) =

1

2

[
Pn(h2

κ; (x, xd+1), (y, yd+1)) (2.4.9)

+ Pn(h2
κ; (x, xd+1), (y,−yd+1))

]
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where x, y ∈ Bd, and xd+1 =
√

1− ‖x‖2, yd+1 =
√

1− ‖y‖2. As a consequence, the

orthogonal projection, projn(WB
κ ; f), of f ∈ L2(WB

κ ;Bd) onto Vdn(WB
κ ) can be expressed

in terms of the orthogonal projection of F (x, xd+1) := f(x) onto Hd+1
n (h2

κ):

projn(WB
κ ; f, x) = projn(h2

κ;F,X), with X := (x,
√

1− ‖x‖2). (2.4.10)

This relation allows us to deduce results on the convergence of orthogonal

expansions with respect to WB
κ on Bd from that of h-harmonic expansions on Sd.

For d = 1 the weight WB
κ in (1.1.6) becomes the weight function

wκ2,κ1(t) = |t|2κ1(1− t2)κ2−1/2, κi ≥ 0, t ∈ [−1, 1], (2.4.11)

whose corresponding orthogonal polynomials, C
(κ2,κ1)
n , are called generalized Gegenbauer

polynomials, and can be expressed in terms of Jacobi polynomials,

C
(λ,µ)
2n (t) =

(λ+ µ)n(
µ+ 1

2

)
n

P (λ−1/2,µ−1/2)
n (2t2 − 1),

C
(λ,µ)
2n+1(t) =

(λ+ µ)n+1(
µ+ 1

2

)
n+1

tP (λ−1/2,µ+1/2)
n (2t2 − 1),

(2.4.12)

where (a)n = a(a+ 1) · · · (a+ n− 1), and P
(α,β)
n denotes the usual Jacobi polynomial of

degree n and index (α, β) defined as in [44].

The weight functions we consider on the simplex Td are defined by (1.1.7), which

are related to WB
κ , hence to h2

κ. In fact, W T
κ is exactly the product of the weight
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function WB
κ under the mapping

ψ : (x1, . . . , xd) ∈ Bd 7→ (x2
1, . . . , x

2
d) ∈ Td (2.4.13)

and the Jacobian of this change of variables. Furthermore, the change of variables shows

∫
Bd
g(x2

1, . . . , x
2
d)dx =

∫
Td
g(x1, . . . , xd)

dx
√
x1 · · · xd

. (2.4.14)

The orthogonal structure is preserved under the mapping (2.4.13). In fact,

R ∈ Vdn(W T
κ ) if and only if R ◦ ψ ∈ Vd2n(WB

κ ). The orthogonal projection, projn(W T
κ ; f),

of f ∈ L2(W T
κ ;Td) onto Vdn(W T

κ ) can be expressed in terms of the orthogonal projection

of f ◦ ψ onto Vd2n(WB
κ ):

projn(W T
κ ; f, ψ(x)) =

1

2d

∑
ε∈Zd2

proj2n(WB
κ ; f ◦ ψ, xε), x ∈ Bd. (2.4.15)

The fact that projn(W T
κ ) of degree n is related to proj2n(WB

κ ) of degree 2n suggests

that some properties of the orthogonal expansions on Bd cannot be transformed directly

to those on Td.

2.5 Dunkl transforms

The classical Fourier transform, initially defined on L1(Rd) extends to an isometry

of L2(Rd) and commutes with the rotation group. For a family of weight functions hκ
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invariant under a reflection group G, there is a similar isometry of L2(Rd;h2
κ), called the

Dunkl transform, which enjoys properties similar to those of the classical Fourier

transform (see [46, 47]).

Given α ∈ C with Re α > −1, let Jα denote the first kind Bessel function of order α:

Jα(t) =
( t

2

)α ∞∑
n=0

(−1)n

n!Γ(n+ α + 1)

( t
2

)2n

, t ∈ R. (2.5.16)

The Dunkl transform Fκf of f ∈ L1(Rd;h2
κ) is defined by

Fκf(x) = f̂(x) = cκ

∫
Rd
f(y)E(−ix, y)h2

κ(y)dy, x ∈ Rd, (2.5.17)

where c−1
κ =

∫
Rd h

2
κ(y)e−‖y‖

2/2 dy, and

Eκ(−ix, y) = Vκ

[
e−i〈x,·〉

]
(y) =

d∏
j=1

cκj

[Jκj− 1
2
(xjyj)

(xjyj)
κj− 1

2

− ixjyj
Jκj+ 1

2
(xjyj)

(xjyj)
κj+

1
2

]
.

We shall also consider the Dunkl transform on the space of finite Borel measures on Rd:

Fκµ(ξ) ≡ µ̂(ξ) := cκ

∫
Rd
E(−iξ, y)h2

κ(y)dµ(y), ξ ∈ Rd.

If κ = 0 then Vκ = id and the Dunkl transform coincides with the usual Fourier

transform.

The Dunkl transform Fκ on the Schwartz class S(Rd) extends uniquely to an

isometric isomorphism on L2(Rd;h2
κ), i.e., ‖f‖κ,2 = ‖Fκf‖κ,2 for each f ∈ L2(Rd;h2

κ).
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Since Lp ⊂ L1 + L2 for 1 6 p 6 2, we can also define the Dunkl transform Fκf for each

f ∈ Lp(Rd;h2
κ) with 1 6 p 6 2.

Many properties of the Euclidean Fourier transform carry over to the Dunkl

transform. The results listed below can be found in [21, 29, 35].

Lemma 2.5.1. [21, 29, 35]

(i) If f ∈ L1(Rd;h2
κ) then Fκf ∈ C(Rd) and lim

‖ξ‖→∞
Fκf(ξ) = 0.

(ii) The Dunkl transform Fκ is an isomorphism of the Schwartz class S(Rd) onto itself,

and F2
κf(x) = f(−x).

(iii) If f and Fκf are both in L1(Rd;h2
κ) then the following inverse formula holds:

f(x) = cκ

∫
Rd
Fκf(y)Eκ(ix, y)h2

κ(y) dy, x ∈ Rd.

(iv) If f, g ∈ L1(Rd;h2
κ) then

∫
Rd
Fκf(x)g(x)h2

κ(x) dx =

∫
Rd
f(x)Fκg(x)h2

κ(x) dx. (2.5.18)

(v) (Haussdorf-Young) If 1 6 p 6 2, then

‖Fκf‖κ,p′ 6 ‖f‖κ,p, (2.5.19)

where 1
p

+ 1
p′

= 1.
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(vi) Given ε > 0, let fε(x) = ε−(2λκ+1)f(ε−1x) with λκ := d−1
2

+ |κ|. Then

Fκfε(ξ) = Fκf(εξ).

(vii) If f is a Schwartz function on Rd, then

Fκ(Dακf)(x) = (−ix)αFκf(x), x ∈ Rd.

where Dακ = Dα1
κ,1 · · · D

αd
κ,d and α = (α1, · · · , αd) ∈ Zd+.

(viii) If f(x) = f0(‖x‖) is a radial function in Lp(Rd;h2
κ) with 1 6 p 6 2, then

Fκf(ξ) = Hλκf0(‖ξ‖) is again a radial function, where Hα denotes the Hankel

transform defined by

Hαg(s) =
1

Γ(α + 1)

∫ ∞
0

g(r)
Jα(rs)

(rs)α
r2α+1 dr, α > −1

2
.

Many identities in this thesis have to be interpreted in a distributional sense. As a

result, throughout the thesis, we identify a function f in Lp(Rd;h2
κ), 1 6 p 6∞ with a

tempered distribution in S ′(Rd) given by

(f, ϕ) :=

∫
Rd
f(x)ϕ(x)h2

κ(x) dx, ∀ϕ ∈ S(Rd).

For f ∈ Lp(Rd, h2
κ) with 2 < p 6∞, by (2.5.18), we may define its distributional Dunkl
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transform Fκf via

(Fκf, ϕ) := (f,Fκϕ) ≡
∫
Rd
f(x)Fκϕ(x)h2

κ(x) dx, ∀ϕ ∈ S(Rd). (2.5.20)

For more information on distributional Dunkl transform, we refer to [2, 9].

For later applications, we also record some useful facts about the Bessel functions

in the following lemma:

Lemma 2.5.2. (i) ([44, (1.71.1), (1.71.5)]) For each α ∈ C with Reα > −1,

z−αJα(z) is an even entire function of z ∈ C and

d

dz

[
z−αJα(z)

]
= −z−αJα+1(z). (2.5.21)

(ii) ([44, (1.71.1), (1.71.11)]) For each α = σ + iτ ∈ C with σ > −1,

|x−αJα(x)| 6 Cec|τ |(1 + |x|)−σ−
1
2 , x ∈ R. (2.5.22)

(iii) ([1, p. 218, (4.11.12)]) If Re α > −1 and Re β > 0, then

Hα(jα+β)(t) =
1

Γ(α + 1)

∫ ∞
0

Jα+β(s)

sα+β

Jα(st)

(st)α
s2α+1 ds

=
1

2β−1Γ(β)Γ(α + 1)
(1− t2)β−1

+ , t ∈ R, (2.5.23)

where jα+β(t) =
Jα+β(t)

tα+β
.
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2.6 Generalized translations and convolutions with

Schwartz functions

We first give the definition of generalized translation on the class of Schwartz

functions:

Definition 2.6.1. Given y ∈ Rd and f ∈ S(Rd), we define its generalized translation

T yf by

T yf(x) := cκ

∫
Rd
f̂(ξ)Eκ(−iy, ξ)Eκ(iξ, x)h2

κ(ξ) dξ, x ∈ Rd. (2.6.24)

By the inverse formula for Dunkl transforms, we have that for f ∈ S(Rd) and

x, y ∈ Rd,

Fκ(T yf)(x) = Eκ(−ix, y)Fκf(x). (2.6.25)

The following lemma collects some useful known results on generalized translations

on S(Rd).

Lemma 2.6.2. (i) ([35, Lemma 2.2]) If f ∈ S(Rd) and y ∈ Rd, then also

T yf ∈ S(Rd). Thus, T y : S(Rd)→ S(Rd) is a linear operator on S(Rd).

(ii) ([46, Theorem 7.1]) For y = (y1, · · · , yd) ∈ Rd and f ∈ S(Rd),

T yf(x) = T1,y1T2,y2 · · ·Td,ydf(x), x = (x1, · · · , xd) ∈ Rd, (2.6.26)
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where

Tj,yjf(x) :=c′κj

∫ 1

−1

fj,e(uj(x, y, t))(1− t2)κj−1(1 + t) dt

+ c′κj

∫ 1

−1

fj,o(uj(x, y, t))
xj − yj√

x2
j + y2

j − 2xjyjt
(1− t2)κj−1(1 + t) dt,

(2.6.27)

uj(x, y, t) =
(
x1, · · · , xj−1,

√
x2
j + y2

j − 2xjyjt, xj+1, · · · xd
)
,

and

fj,e(x) =
1

2

(
f(x) + f(xσj)

)
, fj,o(x) =

1

2

(
f(x)− f(xσj)

)
.

(iii) For f ∈ S(Rd),

∫
Rd
T yf(x)ϕ(x)h2

κ(x) dx =

∫
Rd
f(x)T−yϕ(x)h2

κ(x) dx, ∀ϕ ∈ S(Rd). (2.6.28)

Definition 2.6.3. The generalized convolution of f, g ∈ S(Rd) is defined by

f ∗κ g(x) =

∫
Rd
f(y)T yg(x)h2

κ(y) dy, x ∈ Rd. (2.6.29)

The generalized convolution has the following basic property: for f, g ∈ S(Rd),

Fκ(f ∗κ g)(ξ) = Fκf(ξ)Fκg(ξ), ξ ∈ Rd. (2.6.30)
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Chapter 3

Maximal Cesàro operators for

spherical h-harmonics on the sphere

and their applications

3.1 Main results

Recall that the letter κ denotes a nonzero vector κ := (κ1, · · · , κd) in

Rd
+ :=

{
(x1, · · · , xd) ∈ Rd : xi ≥ 0, i = 1, 2, · · · , d

}
,

and

κmin := min
16j6d

κj, |κ| =
d∑
j=1

κj, σκ :=
d− 2

2
+ |κ| − κmin. (3.1.1)

We will keep these notations throughout this chapter. Some of our results and
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estimates below are not true if κ = 0.

Our main result on the unit sphere can be stated as follows:

Theorem 3.1.1. (i) If δ ≥ σκ, then for f ∈ L1(h2
κ;Sd−1) with ‖f‖κ,1 = 1,

measκ

{
x ∈ Sd−1 : Sδ∗(h

2
κ; f)(x) > α

}
6 C

1

α
, ∀α > 0

with α−1| logα| in place of α−1 in the case when δ = σκ and at least two of the κi

are zero.

(ii) If δ < σκ, then there exists a function f ∈ L1(h2
κ;Sd−1) of the form f(x) = f0(|xj0|)

such that Sδ∗(h
2
κ; f)(x) =∞ for a.e. x ∈ Sd−1, where 1 6 j0 6 d and κj0 = κmin.

3.2 Proof of Theorem 3.1.1: Part(i)

Let us first introduce several necessary notations for the proofs in the next few

subsections. Recall that ρ(x, y) denotes the geodesic distance arccosx · y between two

points x, y ∈ Sd−1. We denote by B(x, θ) the spherical cap {y ∈ Sd−1 : ρ(x, y) 6 θ}

centered at x ∈ Sd−1 of radius θ ∈ (0, π]. It is known that for any x ∈ Sd−1 and θ ∈ (0, π)

Vθ(x) := measκ(B(x, θ)) =

∫
B(x,θ)

h2
κ(y)dσ(y) ∼ θd−1

d∏
j=1

(xj + θ)2κj , (3.2.2)

which, in particular, implies that h2
κ is a doubling weight on Sd−1 (see [7, 5.3]). And we

denote that:

V (x, y) := measκ(B(x, ρ(x, y))).

31



For f ∈ L1(h2
κ;Sd−1), we define

Mκf(x) := sup
0<θ6π

1

measκ(B(x, θ))

∫
{y∈Sd−1: ρ(x̄,ȳ)6θ}

|f(y)|h2
κ(y) dσ(y).

Since the weight h2
κ satisfies the doubling condition and is invariant under the

group Zd2, the usual properties of the Hardy-Littlewood maximal functions imply that

for f ∈ L1(h2
κ;Sd−1),

measκ{x ∈ Sd−1 : Mκf(x) > α} 6 C
‖f‖κ,1
α

, ∀α > 0. (3.2.3)

For the proof of the first assertion in Theorem 3.1.1, we use Theorem 2.3.1 to obtain

|Kδ
n(h2

κ;x, y)| 6 CEδ
n(h2

κ;x, y) + CRn(h2
κ;x, y), (3.2.4)

where

Eδ
n(h2

κ;x, y) : = nd−1

∏d
j=1(|xjyj|+ n−1ρ(x̄, ȳ) + n−2)−κj

(nρ(x̄, ȳ) + 1)δ+d/2
, (3.2.5)

Rn(h2
κ;x, y) : = nd−1

∏d
j=1(|xjyj|+ ρ(x̄, ȳ)2 + n−2)−κj

(nρ(x̄, ȳ) + 1)d
. (3.2.6)

Thus,

|Sδn(h2
κ; f, x)| 6 C|Eδ

n(h2
κ; f, x)|+ C|T δn(h2

κ; f, x)|+ C|Rn(h2
κ; f, x)|,
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where

Eδ
n(h2

κ; f, x) : =

∫
{y∈Sd−1:ρ(x̄,ȳ)6 1

2
√
d
}
Eδ
n(h2

κ;x, y)f(y)h2
κ(y) dσ(y), (3.2.7)

T δn(h2
κ; f, x) : =

∫
{y∈Sd−1: ρ(x̄,ȳ)≥ 1

2
√
d
}
Eδ
n(h2

κ;x, y)f(y)h2
κ(y) dσ(y), (3.2.8)

Rn(h2
κ; f, x) : =

∫
Sd−1

Rn(h2
κ;x, y)f(y)h2

κ(y) dσ(y). (3.2.9)

This implies that

measκ{x ∈ Sd−1 : Sδ∗(h
2
κ; f, x) > α} 6measκ{x ∈ Sd−1 : Eδ

∗(h
2
κ; f, x) >

α

3C
}

+ measκ{x ∈ Sd−1 : T δ∗ (h
2
κ; f, x) >

α

3C
}

+ measκ{x ∈ Sd−1 : R∗(h
2
κ; f, x) >

α

3C
},

where

Eδ
∗(h

2
κ; f, x) := sup

n∈N
|Eδ

n(h2
κ; f, x)|, T δ∗ (h

2
κ; f, x) := sup

n∈N
|T δn(h2

κ; f, x)|

R∗(h
2
κ; f, x) := sup

n∈N
|Rn(h2

κ; f, x)|.

Thus, for the proof of the stated weak estimates of Sδ∗(h
2
κ; f, x) in Theorem 3.1.1, it

will suffice to establish the corresponding weak estimates for the maximal operators Eδ
∗ ,

T δ∗ and R∗. Namely, it suffices to prove the following three propositions:
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Proposition 3.2.1. For δ ≥ σκ and each f ∈ L1(h2
κ; Sd−1), we have that

R∗(h
2
κ; f, x) 6 CMκf(x), x ∈ Sd−1, (3.2.10)

and

measκ({x ∈ Sd−1 : R∗(h
2
κ; f, x) > α}) ≤ C

‖f‖κ,1
α

, ∀α > 0. (3.2.11)

Proposition 3.2.2. For δ ≥ σκ and f ∈ L1(h2
κ;Sd−1),

measκ({x ∈ Sd−1 : T δ∗ (h
2
κ; f, x) > α}) ≤ C

‖f‖κ,1
α

, ∀α > 0.

Proposition 3.2.3. If either δ > σκ or δ = σκ and at most one of the κi is zero, then

measκ

{
x ∈ Sd−1 : Eδ

∗(h
2
κ; f, x) > α

}
6 C
‖f‖κ,1
α

, ∀α > 0. (3.2.12)

Furthermore, if δ = σκ and at least two of the κi are zero, then

measκ

{
x ∈ Sd−1 : Eδ

∗(h
2
κ; f)(x) > α

}
6 C
‖f‖κ,1
α

log
‖f‖κ,1
α

, ∀α > 0.

The proofs of these three propositions will be given in Sections 3.3, 3.4, 3.5

respectively.

34



3.3 Proof of Proposition 3.2.1

For the proof of Proposition 3.2.1, we need the following two simple lemmas.

Lemma 3.3.1. For x, y ∈ Sd−1,

Rn(h2
κ, x, y) ∼ 1

1 + nρ(x̄, ȳ)
· 1

V (x̄, ȳ) + Vn−1(x̄)
(3.3.13)

Proof. By (3.2.6), it is sufficient to show that for each 1 6 j 6 d,

Jj(x, y) := (|xjyj|+ ρ(x̄, ȳ)2 + n−2)−κj ∼ (|xj|+ ρ(x̄, ȳ) + n−1)−2κj . (3.3.14)

In fact, let’t consider the following two cases:

Case 1. If |xj| > 2ρ(x̄, ȳ), since |xj| > 2ρ(x̄, ȳ) > 2||xj| − |yj||, we have that

|xj| ∼ |yj|,

thus

Jj(x, y) ∼ (|xj|2 + n−2 + ρ(x̄, ȳ)2)−κj ∼ (|xj|+ n−1 + ρ(x̄, ȳ))−2κj .

Case 2. If |xj| 6 2ρ(x̄, ȳ), then since |yj| − |xj| 6 ρ(x̄, ȳ),

|yj| 6 ρ(x̄, ȳ) + |xj| < 3ρ(x̄, ȳ),
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thus

Jj(x, y) ∼ (ρ(x̄, ȳ) + n−1)−2κj ∼ (|xj|+ ρ(x̄, ȳ) + n−1)−2κj .

Hence, in either case, we have have proven (3.3.14).

It follows that

d∏
j=1

Jj(x, y) ∼
d∏
j=1

(|xj|+ ρ(x̄, ȳ) + n−1)−2κj

∼ n−(d−1) + ρ(x̄, ȳ)d−1

Vn−1(x̄) + V (x̄, ȳ)

Then

Rn(h2
κ, x, y) = nd−1 ·

d∏
j=1

Jj(x, y)

(nρ(x̄, ȳ) + 1)d
∼ 1

1 + nρ(x̄, ȳ)
· 1

V (x̄, ȳ) + Vn−1(x̄)

Lemma 3.3.2. For x, y ∈ Sd−1 and α ≥ 0, let

Aαn(x, y) :=
nd−1

(1 + nρ(x̄, ȳ))α

d∏
j=1

(|xj|+ ρ(x̄, ȳ) + n−1)−2κj .

If α > d− 1 and f ∈ L1(h2
κ; Sd−1), then

∫
Sd−1

|f(y)|Aαn(x, y)h2
κ(y) dσ(y) 6 CMκf(x),

where the constant C is independent of n, f and x. Furthermore, if α = d− 1 and ε > 0
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then ∫
{y∈Sd−1: ρ(x̄,ȳ)≥ε}

|f(y)|Aαn(x, y)h2
κ(y) dσ(y) 6 C

∣∣∣log
1

ε

∣∣∣Mκf(x).

Proof. For x ∈ Sd−1, by the last Lemma we have

Aαn(x, y) =
Rα
n(x, y)

(1 + nρ(x̄, ȳ))α−d

∼ (1 + nρ(x̄, ȳ))d−α−1

V (x̄, ȳ) + Vn−1(x̄)

Let

Aαn(h2
κ; f, x) :=

∫
Sd−1

Aαn(h2
κ;x, y)f(y)h2

κ(y) dσ(y).

and

Ãαn(h2
κ; f, x) :=

∫
{y∈Sd−1: ρ(x̄,ȳ)≥ε}

Aαn(h2
κ;x, y)f(y)h2

κ(y) dσ(y).
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Then if α > d− 1,

|Aαn(h2
κ; f, x)| 6

∫
Sd−1

|f(y)|h2
κ(y)

V (x̄, ȳ) + Vn−1(x̄)
(1 + nρ(x̄, ȳ))α−d+1dσ(y)

6
∫
B(x̄,n−1)

|f(y)|h2
κ(y)

V (x̄, ȳ) + Vn−1(x̄)
(1 + nρ(x̄, ȳ))α−d+1dσ(y)

+
∞∑
j=0

∫
{y: 2

j

n
<ρ(x̄,ȳ)6 2j+1

n
}

|f(y)|h2
κ(y)

V (x̄, ȳ) + Vn−1(x̄)
(1 + nρ(x̄, ȳ))α−d+1dσ(y)

6
∫
B(x̄,n−1)

|f(y)|
Vn−1(x̄)

h2
κ(y)dσ(y)

+
∞∑
j=0

2(d−α−1)j

∫
{y: 2

j

n
<ρ(x̄,ȳ)6 2j+1

n
}

|f(y)|
V (x̄, ȳ)

h2
κ(y)dσ(y)

.Mκ(f)(x) +
∞∑
j=0

2−j

measκ(B(x̄, 2j

n
))

∫
B(x̄, 2

j+1

n
)

|f(y)|h2
κ(y)dσ(y)

.Mκ(f)(x) +
∞∑
j=0

2−jMκ(f)(x)

.Mκ(f)(x)

If α = d− 1, then

|Ãαn(h2
κ; f, x)| 6

∫
{y∈Sd−1: ρ(x̄,ȳ)≥ε}

|f(y)|
V (x̄, ȳ)

h2
κ(y)dσ(y)

.

dlog2
π
ε
e∑

j=1

1

measκ(B(x̄, 2jε))

∫
B(x̄,2jε)

|f(y)|h2
κ(y)dσ(y)

.
∣∣∣log

1

ε

∣∣∣Mκf(x).

Proof of Proposition 3.2.1. The pointwise (3.2.10) follows directly from (3.2.9),
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Lemma 3.3.1 and Lemma 3.3.2, while the weak estimate (3.2.11) is an immediate

consequence of (3.2.10) and (3.2.3). 2

3.4 Proof of Proposition 3.2.2

Without loss of generality, we may assume that ‖f‖1,κ = 1 and α > 1. Let

Sd−1
j := {x ∈ Sd−1 : |xj| ≥ 1

2
√
d
} for 1 6 j 6 d. Since for each x ∈ Sd−1,

max
16j6d

|xj| ≥
1√
d
‖x‖ =

1√
d
,

it follows that Sd−1 = ∪dj=1Sd−1
j . By (3.2.8), this implies that

|T δn(h2
κ; f, x)| .n

d−2
2
−δ ·

∫
ρ(x̄,ȳ)> 1

2
√
d

y∈Sd−1

|f(y)|
d∏
j=1

(|xjyj|+ n−1ρ(x̄, ȳ) + n−2)−κjh2
κ(y)dσ(y)

6
d∑

m=1

n
d−2
2
−δ ·

∫
ρ(x̄,ȳ)> 1

2
√
d

|ym|> 1√
d

|f(y)|
d∏
j=1

(|xjyj|+ n−1ρ(x̄, ȳ) + n−2)−κjh2
κ(y)dσ(y)

6C
d∑
j=1

T δn,j(h
2
κ; f, x),

where

T δn,j(h
2
κ; f, x) :=

∫
{y∈Sd−1

j :ρ(x̄,ȳ)> 1

2
√
d
}

n
d−2
2
−δ|f(y)|∏d

i=1(|xiyi|+ n−1ρ(x̄, ȳ) + n−2)κi
h2
κ(y)dσ(y).
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Thus, it suffices to establish the weak estimates of

T δ∗,j(h
2
κ; f, x) := sup

n∈N
T δn,j(h

2
κ; f, x)

for each 1 6 j 6 d. By symmetry, we only need to consider the case of j = 1.

Take ε > 0 such that ε−κ1 = cα for some absolute constant c to be specified later.

Set Fε = {x ∈ Sd−1 : |x1| 6 ε}. A straightforward calculation then shows that

measκ(Fε) =

∫ ε

−ε
|x1|2κ1(1− x2

1)
d−3
2

+|κ|−κ1dx1

∫
Sd−2

|y2|2κ2 · · · |yd|κddσ(y)

∼ ε2κ1+1 6 Cεκ1 6 Cα−1.

On the other hand, if x ∈ Sd−1 \ Fε, y ∈ Sd−1
1 and ρ(x̄, ȳ) ≥ 1

2
√
d
, then

d∏
i=1

(|xiyi|+ n−1ρ(x̄, ȳ) + n−2)κi > Cεκ1n−|κ|+κ1 ,

which implies that

|T δn,1(h2
κ; f, x)| 6 Cn

d−2
2
−σκε−κ1n|κ|−κ1‖f‖1,κ

= Cn
d−2
2

+|κ|−κ1−σκε−κ1 6 Cε−κ1 = Ccα.

Therefore, choosing c > 0 so that Cc = 1
2
, we deduce that

measκ

{
x ∈ Sd−1 : T δ∗,1(h2

κ; f, x) > α
}
6 measκ(Fε) 6 C

1

α
,
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which is as desired.

3.5 Proof of Proposition 3.2.3

The proof of Proposition 3.2.3 relies on the following lemma.

Lemma 3.5.1. Let x, y ∈ Sd−1 be such that ρ(x̄, ȳ) 6 1
2
√
d
. If i is a positive integer such

that i 6 d and |xi| ≥ 1√
d
, then

d∏
j=1

Ij(x, y) 6 C(1 + nρ(x̄, ȳ))|κ|−κi
d∏
j=1

(|xj|+ ρ(x̄, ȳ) + n−1)−2κj , (3.5.15)

where

Ij(x, y) := (|xjyj|+ n−1ρ(x̄, ȳ) + n−2)−κj . (3.5.16)

Proof. By symmetry, we may assume that i = 1. Consider the following two cases:

Case 1. ρ(x̄, ȳ) 6 n−1.

In this case, note that Ij(x, y) ∼ (n−2 + |xjyj|)−κj . If |xj| > 2n−1 > 2ρ(x̄, ȳ), then

|xj| ∼ |yj| and

Ij(x, y) ∼ |xj|−2κj ∼ (|xj|+ ρ(x̄, ȳ) + n−1)−2κj .

If |xj| < 2n−1, then |yj| < 3n−1 and

Ij(x, y) ∼ n2κj ∼ (|xj|+ ρ(x̄, ȳ) + n−1)−2κj .
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Thus, we conclude that

d∏
j=1

Ij(x, y) ∼
d∏
j=1

(|xj|+ ρ(x̄, ȳ) + n−1)−2κj ,

which clearly implies (3.5.15).

Case 2. ρ(x̄, ȳ) > n−1.

In this case, note first that if |xj| > 2ρ(x̄, ȳ), then

Ij(x, y) ∼ (|xj|2 + n−1ρ(x̄, ȳ))−κj ∼ |xj|−2κj ∼ (|xj|+ ρ(x̄, ȳ) + n−1)−2κj ;

while if |xj| < 2ρ(x̄, ȳ), then

Ij(x, y) 6 (n−1ρ(x̄, ȳ) + n−2)−κj

∼ (1 + nρ(x̄, ȳ))κj(ρ(x̄, ȳ) + |xj|+ n−1)−2κj

This means that for all 1 6 j 6 d,

Ij(x, y) 6 C(1 + nρ(x̄, ȳ))κj(ρ(x̄, ȳ) + |xj|+ n−1)−2κj .

On the other hand, however, recalling that |x1| > 1√
d
> 2ρ(x̄, ȳ), we have that

|x1| ∼ |y1| ∼ 1, and hence

I1(x, y) ∼ (|x1|+ ρ(x̄, ȳ) + n−1)−2κ1 .
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Therefore, putting the above together, we conclude that

d∏
j=1

Ij(x, y) = I1(x, y)
d∏
j=2

Ij(x, y)

6 C(1 + nρ(x̄, ȳ))|κ|−κ1
d∏
j=1

(|xj|+ ρ(x̄, ȳ) + n−1)−2κj ,

which is as desired.

Now we are in a position to prove Proposition 3.2.3.

Proof of Proposition 3.2.3. Without loss of generality, we may assume that

‖f‖κ,1 = 1 and α > 1. As in the proof of Proposition 3.2.2, we have Sd−1 =
⋃d
i=1 S

d−1
i

with

Sd−1
i := {x ∈ Sd−1 : |xi| ≥

1√
d
}.

Thus, it is enough to prove that for each 1 6 i 6 d,

measκ({x ∈ Sd−1
i : Eδ

∗(h
2
κ; f, x) > α}) 6 Cα−1, (3.5.17)

with α−1 logα−1 in place of α−1 in the case when δ = σκ and at least two of the κi are

zero.

To prove (3.5.17), we consider the following cases:

Case 1. κi > κmin or δ > σκ

In this case, we shall prove that

Eδ
∗(h

2
κ; f, x) 6 CMκf(x), ∀x ∈ Sd−1

i , (3.5.18)
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from which (3.5.17) will follow by (3.2.3).

By Lemma 3.5.1, if x ∈ Sd−1
j , y ∈ Sd−1 and ρ(x̄, ȳ) 6 1

2
√
d
, then

|Eδ
n(h2

κ;x, y)| 6 Cnd−1(1 + nρ(x̄, ȳ))−δ−
d
2

d∏
j=1

Ij(x, y)

6 Cnd−1(1 + nρ(x̄, ȳ))−(d−1−κmin+κi+δ−σκ)

d∏
j=1

(|xj|+ ρ(x̄, ȳ) + n−1)−2κj .

Since κi − κmin + δ − σκ > 0 in this case, the estimate (3.5.18) then follows by

Lemma 3.3.2.

Case 2. κi = κmin and minj 6=i κj > 0.

Without loss of generality, we may assume that i = 1 in this case. Let ε > 0 be

such that εd−1+2|κ|−2κ1 = c−1
1 α−1, where c1 > 0 is an absolute constant to be specified

later. Set

Fε = {x ∈ Sd−1 : 1− ε2 6 |x1| 6 1}.

A straightforward calculation shows that

measκ(Fε) = cκ

∫ 1

1−ε2
x2κ1

1 (1− x2
1)

d−3
2

+|κ|−κ1 dx1 ∼ εd−1+2|κ|−2κ1 ∼ α−1.

Next, for x ∈ Sd−1
1 \ Fε, and y ∈ Sd−1, we set

J : = J(x, y) = {j : 2 6 j 6 d, |xj| < 2ρ(x̄, ȳ)},

J ′ : = J ′(x, y) = {2, 3, · · · , d} \ J.

44



Recall that Ij(x, y) is defined in (3.5.16). From the proof of Lemma 3.5.1, it is

easily seen that if |xj| > 2ρ(x̄, ȳ),

Ij(x, y) ≤ C(|xj|+ ρ(x̄, ȳ) + n−1)−2κj (3.5.19)

and that if |xj| < 2ρ(x̄, ȳ),

Ij(x, y) ≤ C(1 + nρ(x̄, ȳ))κj(ρ(x̄, ȳ) + |xj|+ n−1)−2κj . (3.5.20)

Note also that if x ∈ Sd−1
1 and ρ(x̄, ȳ) 6 1

2
√
d
, then |x1| ≥ 1

2
√
d

and

|y1| ≥ |x1| − ρ(x̄, ȳ) ≥ 1
2
√
d
.

Thus, under the condition x ∈ Sd−1
1 and ρ(x̄, ȳ) 6 1

2
√
d
,

d∏
j=1

Ij(x, y) ≤ C(1 + nρ(x̄, ȳ))

∑
j∈J

κj
d∏
j=1

(|xj|+ ρ(x̄, ȳ) + n−1)−2κj ,

which, in turn, implies that

|Eδ
n(h2

κ;x, y)|

6 Cnd−1(1 + nρ(x̄, ȳ))
−δ− d

2
+

∑
j∈J

κj
d∏
j=1

(|xj|+ ρ(x̄, ȳ) + n−1)−2κj . (3.5.21)

If J $ {2, 3, · · · , d}, then
∑
j∈J

κj 6 |κ| − κ1 −min26j6d κj and

δ +
d

2
−
∑
j∈J

κj ≥ d− 1 + min
26j6d

κj > d− 1.
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On the other hand, however, if J = {2, 3, · · · , d}, and x ∈ Sd−1
1 \ Fε, then

δ +
d

2
−
∑
j∈J

κj = δ +
d

2
− |κ|+ κ1 ≥ d− 1,

and moreover,

ρ(x̄, ȳ) ≥ 1

2
max
26j6d

|xj| ≥
√

1− x2
1

2
√
d− 1

≥ ε

2
√
d− 1

,

where the last step uses the fact that 1− |x1| > ε2 for x /∈ Fε. Thus, using (3.5.21) and

recalling that ε−(d−1+2|κ|−2κ1) = c1α, we conclude that if x ∈ Sd−1
1 \ Fε and ρ(x̄, ȳ) 6 1

2
√
d
,

then

|Eδ
n(h2

κ;x, y)| 6C nd−1

(1 + nρ(x̄, ȳ))
d−1+ min

26j6d
κj ∏d

j=1(|xj|+ ρ(x̄, ȳ) + n−1)2κj

+ Cc1α.

Since ‖f‖κ,1 = 1 and κmin > 0, using Lemma 3.3.2, and choosing c1 = (2C)−1, we

deduce that for x ∈ Sd−1
1 \ Eε,

Eδ
∗(h

2
κ; f, x) 6 CMκf(x) +

1

2
α.
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It follows that

measκ({x ∈ Sd−1
1 : Eδ

∗(h
2
κ; f, x) > α})

6 measκ(Fε) + measκ({x ∈ Sd−1
1 \ Fε : Eδ

∗(h
2
κ; f, x) > α})

≤ C
1

α
+ measκ({x ∈ Sd−1 : Mκf(x) ≥ α

2C
}) ≤ C

1

α
.

Case 3. κi = 0, minj 6=i κj = 0 and δ = σκ.

Since κ 6= 0, we may assume, without loss of generality, that i = 2 and κ1 > 0. In

this case, using (3.5.19) and (3.5.20), we have that for x, y ∈ Sd−1,

|Eδ
n(h2

κ;x, y)|

6Cnd−1

∏d
j=1(|xj|+ ρ(x̄, ȳ) + n−1)−2κj

(1 + nρ(x̄, ȳ))d−1
χ{y∈Sd−1: |x1|62ρ(x̄,ȳ)}(y)

+ Cnd−1

∏d
j=1(|xj|+ ρ(x̄, ȳ) + n−1)−2κj

(1 + nρ(x̄, ȳ))d−1+κ1
,

where χF denotes the characteristic function of the set F . Thus, using Lemma 3.3.2, we

conclude that

Eσκ
∗ (h2

κ; f, x) 6 C
(

log
1

|x1|

)
Mκf(x).
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Therefore, for ‖f‖κ,1 = 1 and α > 0,

measκ{x ∈ Sd−1 : Eσκ
∗ (h2

κ; f, x) > α}

6measκ{x ∈ Sd−1 : |x1| 6 α−1}

+ measκ{x ∈ Sd−1 : Mκf(x) > α(logα)−1}

6Cα−1| logα|.

3.6 Proof of Theorem 3.1.1: Part (ii)

The proof of Theorem 3.1.1 (ii) follows along the same idea as that of [32], where

the Cantor-Lebesgue Theorem is combined with the Uniform Boundedness Principle to

deduce a divergence result for the Cesàro means of spherical harmonic expansions. The

result of [32] was later extended to the case of h-harmonic expansions in [57]. Our proof

below is different from that of [57], and it leads to more information on the

counterexample f , from which the corresponding results for weighted orthogonal

polynomial expansions on the ball Bd and on the simplex Td can be easily deduced.

The proof of Theorem 3.1.1 (ii) relies on several lemmas. The first lemma is a well

known result on Cesàro means of general sequences (see, for instance, [58, Theorem

3.1.22, p. 78] and [58, Theorem 3.1.23, p. 78]).

Lemma 3.6.1. Let sδn := (Aδn)−1
∑n

j=0 A
δ
n−jaj denote the Cesàro (C, δ)-means of a
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sequence {aj}∞j=0 of real numbers. Then for δ ≥ 0

|an| 6 Cδn
δ max

06j6n
|sδj |, n = 0, 1, · · · , (3.6.22)

and for 0 6 δ1 < δ2,

|sδ1n | 6 Cδ1,δ2n
δ2−δ1 max

16j6n
|sδ2j |, n = 0, 1, · · · . (3.6.23)

The second lemma was proved in [32, Section 3.3]. It follows from the asymptotics

of the Jacobi polynomials and the Riemann-Lebesgue theorem.

Lemma 3.6.2. Let α, β ≥ −1
2
, and let F be a subset of [−1, 1] with positive Lebesgue

measure. Then there exists a positive integer N depending on the set F for which

sup
t∈F
|P (α,β)
n (t)| ≥ Cn−

1
2 , ∀n ≥ N,

where the constant C depends on the set F , but is independent of n.

To state our next lemma, recall that the generalized Gegenbauer polynomial C
(λ,µ)
n

is the weighted orthogonal polynomial of degree n with respect to the weight

|t|2µ(1− t2)λ−
1
2 on [−1, 1].

Lemma 3.6.3. Let f ∈ L(wκ; [0, 1]) with wκ(t) = |t|2κ1(1− t2)λκ−κ1−
1
2 . Let f̃ : Sd−1 → R

be given by f̃(x) = f(|x1|). Then f̃ ∈ L1(h2
κ;Sd−1) and

proj2n(h2
κ; f̃ , x) = d2n(f)C

(λκ−κ1,κ1)
2n (x1), x ∈ Sd−1, (3.6.24)
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where

d2n(f) :=
1∥∥C(λκ−κ1,κ1)

2n

∥∥2

L2(wκ;[0,1])

∫ 1

0

f(t)C
(λκ−κ1,κ1)
2n (t)wκ(t) dt. (3.6.25)

Proof. We need the following formula for the reproducing kernel Pn(h2
κ; ·, e1) of the

space Hd
n(h2

κ) (see [16, proof of Theorem 2.2 (lower bound)]):

Pn(h2
κ;x, e1) =

n+ λκ
λκ

C(λκ−κ1,κ1)
n (x1), x ∈ Sd−1, n = 0, 1, · · · , (3.6.26)

where e1 = (1, 0, · · · , 0) ∈ Sd−1.

By (2.4.12), it follows that {C(λκ−κ1,κ1)
2n }∞n=0 is an orthogonal polynomial basis with

respect to the weight wκ(t) on [0, 1]. Thus, each function f ∈ L(wκ; [0, 1]) has a

weighted orthogonal polynomial expansion
∑∞

n=0 d2n(f)C
(λκ−κ1,κ1)
2n (t) on [0, 1], which

particularly implies that for each polynomial g of degree at most 2n on [−1, 1],

∫ 1

−1

f(|t|)g(t)wκ(t) dt =
n∑
j=0

d2j(f)

∫ 1

−1

C
(λκ−κ1,κ1)
2j (t)g(t)wκ(t) dt. (3.6.27)

Next, we note that (3.6.26) implies that the term on the right hand side of (3.6.24)

is an h-harmonic in Hd
2n(h2

κ). Thus, for the proof of (3.6.24), it is sufficient to verify that

for each P ∈ Hd
2n(h2

κ),

∫
Sd−1

f̃(x)P (x)h2
κ(x) dσ(x)

=d2n(f)

∫
Sd−1

C
(λκ−κ1,κ1)
2n (x1)P (x)h2

κ(x) dσ(x). (3.6.28)
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Indeed, for P ∈ Hd
2n(h2

κ),

∫
Sd−1

f̃(x)P (x)h2
κ(x) dσ(x)

=

∫ 1

−1

f(|x1|)wκ(x1)
[∫

Sd−2

P (x1,
√

1− x2
1y)h2

k̃
(y) dσ(y)

]
dx1,

where hk̃(y) =
∏d−1

j=1 |yj|κj+1 for y = (y1, · · · , yd−1) ∈ Rd−1. Since the weight h2
k̃
(y) is even

in each yj, it is easily seen that the integral over Sd−2 of the last equation is an algebraic

polynomial in x1 of degree at most 2n. Thus, it follows by (3.6.27) that

∫
Sd−1

f̃(x)P (x)h2
κ(x) dσ(x)

=
n∑
j=0

d2j(f)

∫ 1

−1

C
(λκ−κ1,κ1)
2j (x1)wκ(x1)

[∫
Sd−2

P (x1,
√

1− x2
1y)h2

k̃
(y) dσ(y)

]
dx1

=
n∑
j=0

d2j(f)

∫
Sd−1

C
(λκ−κ1,κ1)
2j (x1)P (x)h2

κ(x) dσ(x).

Since, by (3.6.26), C
(λκ−κ1,κ1)
j (x1) ∈ Hd

j (h
2
κ), the desired equation (3.6.28) follows by

the orthogonality of the spherical h-harmonics.

Now we are in a position to prove Theorem 3.1.1(ii).

Proof of Theorem 3.1.1(ii). Without loss of generality, we may assume that

κ1 = κmin. Assume that the stated conclusion were not true. This would mean that

Sδ∗(h
2
κ; f̃ , x) is finite on a set Ef ⊂ Sd−1 of positive measure for all f ∈ L1(wκ; [0, 1]) and

some δ < σκ, where f̃(x) = f(|x1|) for x ∈ Sd−1, and wκ(t) = |t|2κ1(1− t2)σκ−
1
2 . By
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Lemma 3.6.1, this implies that

sup
n∈N

n−δ| proj2n(h2
κ; f̃ , x)| <∞, ∀x ∈ Ef ,∀f ∈ L(wκ; [0, 1]). (3.6.29)

We will show that (3.6.29) is impossible unless δ ≥ σκ.

In fact, by(3.6.29),

Ef =
∞⋃
N=1

{
x ∈ Ef : sup

n∈N
n−δ| proj2n(h2

κ; f̃ , x)| 6 N
}
,

hence, there must exist a subset E ′f of Ef with positive Lebesgue measure such that

sup
x∈E′f

sup
n∈N

n−δ| proj2n(h2
κ; f̃ , x)| 6 Nf <∞.

By Lemma 3.6.3, this in turn implies that

sup
x∈E′f

sup
n∈N

n−δ|d2n(f)||C(σκ,κ1)
2n (x1)| 6 Nf , (3.6.30)

where d2n(f) is defined in (3.6.25). Note that by (2.4.12),

C
(λκ−κ1,κ1)
2n (x1) =

Γ(λκ + n)Γ(κ1 + 1
2
)

Γ(λκ)Γ(κ1 + 1
2

+ n)
P

(σκ− 1
2
,κ1− 1

2
)

n (2x2
1 − 1).

Hence, using [44, (4.3.3)], we can rewrite (3.6.30) as

sup
n∈N

n1−δ|`n(f)| sup
t∈If
|P (σκ− 1

2
,κ1− 1

2
)

n (t)| 6 Nf , (3.6.31)
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where If := {2x2
1 − 1 : x ∈ E ′f}, and

`n(f) :=

∫ 1

0

f(t)P
(σκ− 1

2
,κ1− 1

2
)

n (2t2 − 1)wκ(t) dt. (3.6.32)

Since E ′f ⊂ Sd−1 has a positive Lebesgue measure, it is easily seen that If ⊂ [−1, 1]

has a positive Lebesgue measure as well. Thus, (3.6.31) together with Lemma 3.6.3

implies that

sup
n∈N

n
1
2
−δ|`n(f)| <∞, ∀f ∈ L(wκ; [0, 1]). (3.6.33)

Since {n 1
2
−δ`n(f)}∞n=0 is a sequence of bounded linear functionals on the Banach

space L(wκ; [0, 1]), it follows by (3.6.33) and the uniform boundedness theorem that

sup
n
n

1
2
−δ sup
‖f‖L(wκ;[0,1])61

|`n(f)| <∞. (3.6.34)

On the other hand, however, using (3.6.32) and [44, (7.32.2), p. 168], we have

sup
‖f‖L(wκ;[0,1])61

|`n(f)| = max
t∈[0,1]

|P (σκ− 1
2
,κ1− 1

2
)

2n (2t2 − 1)| = P
(σκ− 1

2
,κ1− 1

2
)

2n (1) ∼ nσκ−
1
2 .

Thus, (3.6.34) implies that

sup
n∈N

n
1
2
−δnσk−

1
2 = sup

n∈N
nσκ−δ <∞,

which can not be true unless δ ≥ σκ. This completes the proof. 2
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3.7 Corollaries

3.7.1 The pointwise convergence

In this subsection, we devote to the investigation of almost everywhere convergence

of Cesàro (C, δ)-mean Sδn of weighted orthogonal expansions on the unit sphere Sd−1 by

our weak-type estimation. What we have already known is for δ > d−2
2

+ |κ|,

lim
n→∞

Sδn(h2
κ; f, x) = f(x), a.e.x ∈ Sd−1,

And for δ < d−2
2

+ |κ| − min
16i6d

κi, there exists a function f ∈ L1(h2
κ;Sd−1) such that

lim sup
n→∞

|Sδn(h2
κ; f, x)| =∞, a.e.x ∈ Sd.

At here, we proved the critical index for the a.e. convergence of Cesàro (C, δ)-mean

means, that is, for f ∈ L1(h2
κ;Sd), if δ > d−2

2
+ |κ| − κmin, and κmin > 0, then

Sδn(h2
κ; f, x) = f(x), a.e.x ∈ Sd−1,

Corollary 3.7.1. In order that

lim
n→∞

Sδn(h2
κ; f)(x) = f(x)

holds almost everywhere on Sd−1 for all f ∈ L1(h2
κ;Sd−1), it is sufficient and necessary

that δ ≥ σκ.
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Proof. For all f ∈ L1(h2
κ; Sd−1) we can write

f(x) = gm(x) + bm(x),

where gm(x) ∈ Hd
n, and lim

m→∞
‖bm‖1,κ = 0. Set

Λδ(f)(x) := lim sup
n→∞

Sδn(h2
κ; f, x)− lim inf

n→∞
Sδn(h2

κ; f, x),

Then by Theorem 3.1.1 (i), ∀ε > 0

measκ({x ∈ Sd−1 : Λδ(f)(x) > ε}) = measκ({x ∈ Sd−1 : Λδ(bm)(x) > ε})

6measκ({x ∈ Sd−1 : Sδ∗(h
2
κ; |bm|, x) & ε})

.
‖bm‖1,κ

ε
→ 0, as m→∞.

This implies that lim
n→∞

Sδn(h2
κ; f, x) exists.

Then since gm(x) ∈ Hd
n,

measκ({x ∈ Sd−1 : | lim
n→∞

Sδn(h2
κ; f, x)− f(x)| > ε})

6measκ({x ∈ Sd−1 : Sδ∗(h
2
κ; |bm|, x) >

ε

2
})

+ measκ({x ∈ Sd−1 : |bm(x)| > ε

2
})

.
‖bm‖1,κ

ε
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Let m→∞, we get

measκ({x ∈ Sd−1 : | lim
n→∞

Sδn(h2
κ; f, x)− f(x)| > ε}) = 0

lim
n→∞

Sδn(h2
κ; f, x) = f(x), a.e. x ∈ Sd−1.

Then we finish the proof of sufficiency, whereas the necessity follows directly from

Theorem 3.1.1 (ii).

3.7.2 Strong estimates on Lp

Using Stein’s interpolation theorem for analytic families of operators ([39]), we can

deduce the following strong estimates for the maximal Cesàro operators:

Corollary 3.7.2. If 1 < p <∞ and δ > 2σκ|12 −
1
p
|, then

‖Sδ∗(h2
κ; f)‖κ,p 6 Cp‖f‖κ,p. (3.7.35)

In particular,

‖Sσκ∗ (h2
κ; f)‖κ,p 6 Cp‖f‖κ,p, 1 < p <∞.

We first show Sδ∗ is strong-type (2, 2) for δ > 0. It is sufficient to show the following

lemmas. The idea of the proof is directly from the proof of Lemma 3.5 of [4].
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Lemma 3.7.3. If there exists a δ0 > 0 such that for all f ∈ L2(h2
κ;Sd−1),

‖Sδ0∗ (h2
κ; f, x)‖κ,2 .p ‖f‖κ,2.

Then for all δ > 0 and for all f ∈ L2(h2
κ;Sd−1), we have

‖Sδ∗(h2
κ; f, x)‖κ,2 .p ‖f‖κ,2.

Proof. Firstly, since for any α > 0, and β > 1
2
,

n∑
k=0

(
AδkA

β−1
n−k

Aδ+βn

)2

∼
n∑
k=0

(
kδ(n− k)β−1

nδ+β

)2

∼ n−1

Then

|Sδ+βn (h2
κ; f, x)| =

∣∣∣∣∣
n∑
k=0

AδkA
β−1
n−k

Aδ+βn

Sδk(h
2
κ; f, x)

∣∣∣∣∣
6

n∑
k=0

∣∣∣∣∣AδkAβ−1
n−k

Aδ+βn

∣∣∣∣∣ · |Sδk(h2
κ; f, x)|

6

 n∑
k=0

∣∣∣∣∣AδkAβ−1
n−k

Aδ+βn

∣∣∣∣∣
2
 1

2

·

(
n∑
k=0

|Sδk(h2
κ; f, x)|2

) 1
2

.

(
n∑
k=0

|Sδk(h2
κ; f, x)|2 · n−1

) 1
2

Hence

Sδ+β∗ (h2
κ; f, x) 6 sup

n

(
n∑
k=0

|Sδk(h2
κ; f, x)|2 · n−1

) 1
2
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Therefore, we just need to show that for all δ > −1
2
, and for all f ∈ L2(h2

κ;Sd−1),

‖ sup
n

(
n∑
k=0

|Sδk(h2
κ; f, x)|2 · n−1)

1
2‖κ,2 . ‖f‖κ,2

In fact, on one side, we know that for all f ∈ L2(h2
κ;Sd−1),

‖ sup
n

(
n∑
k=0

|Sδ0k (h2
κ; f, x)|2 · n−1)

1
2‖κ,2 6 ‖Sδ0∗ (h2

κ; f, x)‖κ,2 . ‖f‖κ,2

On the other side, since (Aδn−k)(A
δ
n)−1 =

k∏
j=0

(n− j + δ)−1 is a decreasing function of

δ,

n∑
k=0

|Sδk(h2
κ; f, x)− Sδ0k (h2

κ; f, x)|2k−1 6
n∑
k=0

1

n
|Sδk(h2

κ; f, x)− Sδ0k (h2
κ; f, x)|2

6
∞∑
n=0

1

n
|Sδn(h2

κ; f, x)− Sδ0n (h2
κ; f, x)|2

∼
∞∑
n=0

1

n

∣∣∣∣∣
n∑
k=0

(
Aδ+1
n−k

Aδ+1
n

−
Aδn−k
Aδn

)
projk(h

2
κ; f, x)

∣∣∣∣∣
2

=
∞∑
n=0

(Aδ+1
n )−2

n(δ + 1)2
|

n∑
k=0

kAδn−k projk(h
2
κ; f, x)|2
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we can get

‖ sup
n

(
n∑
k=0

|Sδk(h2
κ; f, x)− Sδ0k (h2

κ; f, x)|2k−1)
1
2‖2

κ,2

.‖(δ + 1)−1(
∞∑
n=0

n−1(Aδ+1
n )−2|

n∑
k=0

kAδn−k projk(h
2
κ; f, x)|2)

1
2‖2

κ,2

=(δ + 1)−2

∞∑
n=0

n−1(Aδ+1
n )−2

n∑
k=0

k2(Aδn−k)
2‖ projk(h

2
κ; f, x)‖2

κ,2

=(δ + 1)−2

∞∑
k=0

‖ projk(h
2
κ; f, x)‖2

κ,2 · k2

∞∑
n=k

n−1(Aδn−k)
2(Aδ+1

n )−2

Since

k2

∞∑
n=k

n−1(Aδn−k)
2(Aδ+1

n )−2 ∼ k2

∞∑
n=k

n−1n−2(δ+1)(n− k)2δ ∼ 1,

we have

‖ sup
n

(
n∑
k=0

|Sδk(h2
κ; f, x)− Sδ0k (h2

κ; f, x)|2k−1)
1
2‖2

κ,2 . ‖f‖κ,2

Then by using triangle inequality,

‖ sup
n

(
n∑
k=0

|Sδk(h2
κ; f, x)|2 · n−1)

1
2‖κ,2

6‖ sup
n

(
n∑
k=0

|Sδ0k (h2
κ; f, x)|2 · n−1)

1
2‖κ,2

+ ‖ sup
n

(
n∑
k=0

|Sδk(h2
κ; f, x)− Sδ0k (h2

κ; f, x)|2k−1)
1
2‖2

κ,2

.‖f‖κ,2
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By this lemma, we can get the following Lemma.

Lemma 3.7.4. For δ > 0 and f(x) ∈ L2(h2
κ;Sd−1), ‖Sδ∗(h2

κ; f, x)‖κ,2 . ‖f‖κ,2.

Proof of Theorem 3.7.2. Firstly, recalling that ([30])

‖Sδ∗(h2
κ; f)‖∞ 6 C‖f‖∞, δ > σκ,

we deduce from Theorem 3.1.1 and the Marcinkiewitcz interpolation theorem that

‖Sδ∗(h2
κ; f)‖κ,p 6 Cp‖f‖κ,p, 1 < p <∞, δ > σκ. (3.7.36)

Secondly, in Lemma 3.7.4, we have already get

‖Sδ∗(h2
κ; f)‖κ,2 6 C‖f‖κ,2, δ > 0. (3.7.37)

Thirdly, the index δ of the Cesàro (C, δ)-means can be extended analytically to

δ ∈ C with Re δ > −1, as can be easily seen from the definition. Furthermore, it is well

known (see [4]) that for δ > 0, ε > 0 and y ∈ R,

Sδ+ε+iyn (h2
κ; f) = (Aδ+ε+iyn )−1

n∑
j=0

Aε−1+iy
n−j AδjS

δ
j (h

2
κ; f), (3.7.38)

and

|Aδ+ε+iyn |−1

n∑
j=0

|Aε−1+iy
n−j |Aδj 6 C(ε)ecy

2

. (3.7.39)
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It follows that for δ > 0, ε > 0 and y ∈ R,

Sδ+ε+iy∗ (h2
κ; f, x) 6 C(ε)ec(ε)y

2

Sδ∗(h
2
κ; f, x). (3.7.40)

Finally, for each measurable function N : Sd−1 → {0, 1, · · · }, define

Qα
Nf(x) := SαN(x)(h

2
κ; f, x) for α ∈ C with Reα > 0. It can be easily verified that

{Qα
N : α ∈ C, Reα > 0} is a sequence of analytic operators in the sense of [39]. On

one hand, since 2|1
p
− 1

2
| ∈ (0, 1) for p 6= 2, it follows that for any δ > 2σκ|1p −

1
2
|, we can

always find θ ∈ [0, 1] such that 2|1
p
− 1

2
| < 1− θ < δ

σκ
, and two numbers ε, ε′ > 0

satisfying δ = θε+ (1− θ)(σκ + ε), and 1
p

= θ
2

+ 1−θ
pε′
, where pε′ = 1 + ε′ if p < 2, and

pε′ = 2 + (ε′)−1 if p > 2. On the other hand, however, using (3.7.36),(3.7.37), (3.7.40),

we have that for any y ∈ R,

‖Qε+iy
N f‖κ,2 6 C(ε)ecy

2‖f‖κ,2,

‖Qσκ+ε+iy
N f‖κ,pε′ 6 C(ε)ecy

2‖f‖κ,pε′ .

Thus, applying Stein’s interpolation theorem [39], we conclude that

‖Qδ
Nf‖κ,p 6 C‖f‖κ,p, δ > 2σκ|

1

p
− 1

2
|.

Since the constant C in this last equation is independent of the function N , the

stated estimate (3.7.35) follows. 2
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3.7.3 Marcinkiewitcz multiplier theorem

We can also deduce the following vector-valued inequalities for the Cesàro operators.

Corollary 3.7.5. For 1 < p <∞, δ > 2σκ|1p −
1
2
| and any sequence {nj} of positive

integers, ∥∥∥∥∥
( ∞∑

j=0

∣∣Sδnj(h2
κ; fj)

∣∣2)1/2
∥∥∥∥∥
κ,p

≤ c

∥∥∥∥∥
( ∞∑

j=0

∣∣fj∣∣2)1/2
∥∥∥∥∥
κ,p

. (3.7.41)

Proof. Note first that (3.7.41) for δ > 0 and p = 2 is a direct consequence of Corollary

3.7.2. Next, we prove (3.7.41) for δ > σκ and 1 < p <∞. Define the following positive

operators:

S̃δn(h2
κ; f, x) :=

∫
Sd−1

f(y)
∣∣Kδ

n(h2
κ;x, y)

∣∣h2
κ(y) dσ(y), x ∈ Sd−1, n = 0, 1, · · · .

It is easily seen from the proofs of Theorem 3.1.1 and Corollary 3.7.2 that

‖S̃δ∗(h2
κ; f)‖κ,p 6 C‖f‖κ,p, 1 < p 6∞, δ > σκ. (3.7.42)

We shall follow the approach of [41, p.104-105] that uses a generalization of the

Riesz convexity theorem for sequences of functions. Let Lp(`q) denote the space of all

sequences {fk} of functions for which

‖(fk)‖Lp(`q) :=

(∫
Sd−1

( ∞∑
j=0

|fj(x)|q
)p/q

h2
κ(x)dσ(x)

)1/p

<∞.

If T is a bounded operator on both Lp0(`q0) and Lp1(`q1) for some
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1 6 p0, q0, p1, q1 6∞, then the generalized Riesz convexity theorem (see [3]) states that

T is also bounded on Lpt(`qt), where

1

pt
=

1− t
p0

+
t

p1

,
1

qt
=

1− t
q0

+
t

q1

, 0 ≤ t ≤ 1.

We apply this theorem to the operator T that maps the sequence {fj} to the

sequence {Sδnj(h
2
κ; fj)}. By Corollary 3.7.2, T is bounded on Lp(`p). By (3.7.42), it is

also bounded on Lp(`∞) as

∥∥∥∥ sup
j≥0

∣∣Sδnj(h2
κ; fj)

∣∣∥∥∥∥
κ,p

≤
∥∥∥∥S̃δ∗(h2

κ; sup
j≥0
|fj|
)∥∥∥∥

κ,p

≤ c

∥∥∥∥ sup
j≥0
|fj|
∥∥∥∥
κ,p

.

Thus, the Riesz convexity theorem shows that T is bounded on Lp(`q) if

1 < p ≤ q ≤ ∞. In particular, T is bounded on Lp(`2) if 1 < p 6 2. The case 2 < p <∞

follows by the standard duality argument, since the dual space of Lp(`2) is Lp
′
(`2),

where 1/p+ 1/p′ = 1, under the paring

〈(fj), (gj)〉 :=

∫
Sd−1

∑
j

fj(x)gj(x)h2
κ(x)dσ(x)

and T is self-adjoint under this paring.

Finally, we prove that (3.7.41) for the general case follows by the Stein

interpolation theorem ([39]). Without loss of generality, we may assume that there are

only finitely many nonzero functions fj in (3.7.41). Using (3.7.38), (3.7.39), the

Cauchy-Schwartz inequality, and applying the above already proven case of (3.7.41), we
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obtain that for δ > 0 and p = 2 or δ > σκ and 1 < p <∞,

∥∥∥∥∥
( ∞∑

j=0

∣∣Sδ+ε+iynj
(h2

κ; fj)
∣∣2)1/2

∥∥∥∥∥
κ,p

≤ C(ε)ecy
2

∥∥∥∥∥
( ∞∑

j=0

∣∣fj∣∣2)1/2
∥∥∥∥∥
κ,p

, (3.7.43)

where y ∈ R and ε > 0. (3.7.41) then follows from (3.7.43) via applying Stein’s

interpolation theorem to the family of analytic operators,

Tαf :=
∞∑
j=0

Sαnj(h
2
κ; f)gj, Reα > 0,

where (gj) is a sequence of functions on Sd−1 with
∑

j |gj(x)|2 = 1 for x ∈ Sd−1.

Corollary 3.7.5 allows us to weaken the condition of the Marcinkiewitcz multiplier

theorem established in [15].

Corollary 3.7.6. Let {µj}∞j=0 be a sequence of complex numbers that satisfies

(i) supj |µj| ≤ c <∞,

(ii) supj 2j(n0−1)
∑2j+1

l=2j |∆n0ul| ≤ c <∞,

where n0 is the smallest integer ≥ σκ + 1, ∆µj = µj − µj+1, and ∆`+1 = ∆`∆.

Then {µj} defines an Lp(h2
κ; Sd−1), 1 < p <∞, multiplier; that is,

∥∥∥∥∥
∞∑
j=0

µj projj(h
2
κ; f)

∥∥∥∥∥
κ,p

≤ c‖f‖κ,p, 1 < p <∞,

where c is independent of µj.
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In the case when the weights are invariant under a general reflection group,

Corollary 3.7.6 was proved in [15] under a stronger assumption that n0 is the smallest

integer ≥ σκ + 2 + κmin. The proof of Corollary 3.7.6 is based on Corollary 3.7.5 and

runs along the same line as that of [4].
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Chapter 4

Maximal Cesàro estimates for

weighted orthogonal polynomial

expansions on the unit ball and

simplex

4.1 Maximal estimates on the unit ball

Analysis in weighted spaces on the unit ball Bd = {x ∈ Rd : ‖x‖ 6 1} can often be

deduced from the corresponding results on the unit sphere Sd, due to the close

connection between the weighted orthogonal polynomial expansions on Bd and Sd, as

described in Section 2.3, see [25, 51, 52, 54] and the reference therein. In this section, we

shall develop results on Bd that are analogous to those on Sd.
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Throughout this section, we will use a slight abuse of notations. The letter κ

denotes a fixed, nonzero vector κ := (κ1, · · · , κd+1) in Rd+1
+ rather than in Rd

+, and hκ

denotes the weight function hκ(x) :=
∏d+1

j=1 |xj|κj on Sd rather than the weight on Sd−1.

Accordingly, we write

κmin := min
16j6d+1

κj, |κ| =
d+1∑
j=1

κj, σκ :=
d− 1

2
+ |κ| − κmin. (4.1.1)

For a set E ⊂ Bd, we write measBκ (E) :=
∫
E
WB
κ (x) dx. Finally, recall that

Sδn(WB
κ ; f) denotes the (C, δ)-means for the orthogonal polynomial expansions with

respect to the weight function WB
κ on Bd that is given in (1.1.6).

Theorem 4.1.1. (i) If δ ≥ σκ := d−1
2

+ |κ| − κmin, then for f ∈ L(WB
κ ;Bd) with

‖f‖L(WB
κ ;Bd) = 1,

measBκ

{
x ∈ Bd : Sδ∗(W

B
κ ; f)(x) > α

}
6 C

1

α
, ∀α > 0,

with α−1| logα| in place of α−1 in the case when δ = σκ and at least two of the κi

are zero.

(ii) If δ < σκ, then there exists a function f ∈ L(WB
κ ;Bd) of the form f(x) = f0(|xj0|)

such that Sδ∗(W
B
κ ; f)(x) =∞ for a.e. x ∈ Bd, where 1 6 j0 6 d+ 1 is the integer

such that κj0 = κmin, and xd+1 =
√

1− ‖x‖2.

Proof. Given f ∈ Lp(WB
κ ;Bd), define f̃ : Sd → R by f̃(X) = f(x) for

X = (x, xd+1) ∈ Sd. Clearly, f̃ ◦ φ = f , where φ : Bd → Sd+ is defined in (2.4.7), which,
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using (2.4.8), is measure-preserving in the sense that for each

measκ(E) = cκ measBκ (φ−1(E)) for each E ⊂ Sd+. Using (2.4.8), we also have that

f̃ ∈ Lp(h2
κ;Sd) and ‖f̃‖Lp(h2κ;Sd) = c‖f‖Lp(WB

κ ;Bd). Furthermore, by (2.4.10),

Sδn(h2
κ; f̃ , X) = Sδn(WB

κ ; f, x), X = (x, xd+1) ∈ Sd, n = 0, 1, · · · .

Thus, we may identify each function f ∈ Lp(WB
κ ;Bd) with a function f̃ ∈ Lp(h2

κ;Sd)

under the measure-preserving mapping φ, and such an identification preserves the

Cesàro means of the corresponding weighted orthogonal polynomial expansions.

Consequently, the stated conclusions of Theorem 4.1.1 follow directly from the

corresponding results on the sphere Sd that are stated in Theorem 3.1.1.

We can also deduce the following corollaries from the corresponding results on the

sphere Sd, using a similar approach.

Corollary 4.1.2. In order that

lim
n→∞

Sδn(WB
κ ; f)(x) = f(x)

holds almost everywhere on Bd for all f ∈ L(WB
κ ;Bd), it is sufficient and necessary that

δ ≥ σκ.

Corollary 4.1.3. If 1 < p <∞ and δ > 2σκ|12 −
1
p
|, then

‖Sδ∗(WB
κ ; f)‖Lp(WB

κ ;Bd) 6 Cp‖f‖Lp(WB
κ ;Bd). (4.1.2)
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In particular,

‖Sσκ∗ (WB
κ ; f)‖Lp(WB

κ ;Bd) 6 Cp‖f‖Lp(WB
κ ;Bd), 1 < p <∞.

Corollary 4.1.4. For 1 < p <∞, δ > 2σκ|1p −
1
2
| and any sequence {nj} of positive

integers,

∥∥∥∥∥
( ∞∑

j=0

∣∣Sδnj(WB
κ ; fj)

∣∣2)1/2
∥∥∥∥∥
Lp(WB

κ ;Bd)

≤ c

∥∥∥∥∥
( ∞∑

j=0

∣∣fj∣∣2)1/2
∥∥∥∥∥
Lp(WB

κ ;Bd)

. (4.1.3)

Corollary 4.1.5. Let {µj}∞j=0 be a sequence of complex numbers that satisfies

(i) supj |µj| ≤ c <∞,

(ii) supj 2j(n0−1)
∑2j+1

l=2j |∆n0ul| ≤ c <∞,

where n0 is the smallest integer ≥ σκ + 1. Then {µj} defines an Lp(WB
κ ;Bd),

1 < p <∞, multiplier; that is,

∥∥∥∥∥
∞∑
j=0

µj projj(W
B
κ ; f)

∥∥∥∥∥
Lp(WB

κ ;Bd)

≤ c‖f‖Lp(WB
κ ;Bd), 1 < p <∞,

where c is independent of µj.

In the case when the weights are invariant under a general reflection group,

Corollary 4.1.5 was proved in [15] under a stronger assumption that n0 is the smallest

integer ≥ σκ + 2 + κmin.

69



4.2 Maximal estimates on the simplex

In this section, we will show how to deduce similar results on the simplex Td from

those on the ball Bd. Recall that Sδn(W T
κ ; f) denotes the (C, δ)-means of the orthogonal

polynomial expansions with respect to the weight function W T
κ on Td that is given in

(1.1.7). Our argument in this section is based on the following proposition.

Proposition 4.2.1. Let ψ : Bd → Td be the mapping defined in (2.4.13). Then for each

f ∈ L(W T
κ ;Td) and δ ≥ 0,

Sδ∗(W
B
κ ; f ◦ ψ, x) ∼ Sδ∗(W

T
κ ; f, ψ(x)), x ∈ Bd.

Proof. For simplicity, we set F = f ◦ ψ. Clearly, F ∈ L(WB
κ ;Bd) and F (xε) = F (x) for

all ε ∈ Zd2, and x ∈ Bd. In particular, this implies that

proj2n+1(WB
κ ;F ) = 0, n = 0, 1, · · · . (4.2.4)

We further claim that

projn(W T
κ ; f, ψ(x)) = proj2n(WB

κ ;F, x). (4.2.5)

Indeed, using (2.3.5) and (2.4.9), we have

Pn(WB
κ ;xε, yε) = Pn(WB

κ ;x, y), x, y ∈ Bd, ε ∈ Zd2, (4.2.6)
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and hence, for each ε ∈ Zd2,

proj2n(WB
κ ;F, xε) =

∫
Bd
F (y)P2n(WB

κ ;xε, y)WB
κ (y) dy

=

∫
Bd
F (yε)P2n(WB

κ ;xε, yε)WB
κ (y) dy

=

∫
Bd
F (y)P2n(WB

κ ;x, y)WB
κ (y) dy

= proj2n(WB
κ ;F, x),

where we used the Zd2-invariance of the measure WB
κ (x)dx in the second step, (4.2.6)

and the fact that F (·ε) = F (·) in the third step. (4.2.5) then follows by (2.4.15).

Next, we prove the inequality

Sδ∗(W
T
κ ; f, ψ(x)) 6 CSδ∗(W

B
κ ;F, x), x ∈ Bd. (4.2.7)

To this end, we set

Aδx :=
Γ(x+ δ + 1)

Γ(x+ 1)

1

Γ(δ + 1)
, x ≥ 0.

Using asymptotic expansions for ratios of gamma functions (see [1, p.616]), we have

that for ` = 0, 1, · · · ,

( d
dx

)`
Aδx =

Γ(δ + `)

δ(Γ(δ))2
(x+ 1)δ−` +O

(
(x+ 1)δ−`−1

)
, x ≥ 0. (4.2.8)
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Define the operator

τ δ2n(WB
κ ; g, x) =

2n∑
j=0

Φn(j) projj(W
B
κ ; g, x), g ∈ L(WB

κ ;Bd),

where

Φn(x) =


Aδ
n−x/2
Aδn

− Aδ2n−x
Aδ2n

, 0 6 x 6 2n,

0, x > 2n.

Let ` be an integer such that δ − 1 < ` 6 δ. It is easily seen from (7.2.22) that for

0 < x < 2n,

|Φ(m)
n (x)| 6 Cn−δ(n− x

2
+ 1)δ−m−1, m = 0, 1, · · · , `+ 1,

which, in turn, implies that

|4`+1Φn(j)| 6 Cn−δ(n− x

2
+ 1)δ−`−2, 0 6 j 6 2n− 1, (4.2.9)

and 4mΦn(2n) = 0 for m = 0, 1, · · · , `− 1. Thus, using summation by parts ` times, we

obtain

|τ δ2n(WB
κ ; g)| 6 C

2n−1∑
j=0

|∆`+1Φn(j)|j`|S`j(WB
κ ; g)|+ C|∆`Φn(2n)|n`|S`2n(WB

κ ; g)|,
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which, using Lemma 3.6.1, is controlled by

Cn−δ
2n∑
j=0

(2n− j + 1)δ−`−2j`jδ−`Sδ∗(W
B
κ ; g) 6 CSδ∗(W

B
κ ; g). (4.2.10)

On the other hand, however, using (4.2.4) and (4.2.5), we have

Sδn(W T
κ ; f, ψ(x)) = (Aδn)−1

n∑
j=0

Aδn−j proj2j(W
B
κ ;F, x) (4.2.11)

= (Aδn)−1

2n∑
j=0

Aδn−j/2 projj(W
B
κ ;F, x)

=
2n∑
j=0

[Aδn−j/2
Aδn

−
Aδ2n−j
Aδ2n

]
projj(W

B
κ ;F, x) + Sδ2n(WB

κ ;F, x)

= τ δ2n(WB
κ ;F, x) + Sδ2n(WB

κ ;F, x). (4.2.12)

Thus, combing (4.2.9) with (4.2.12), we deduce the estimate (4.2.7).

Finally, we show the converse inequality

Sδ∗(W
B
κ ;F, x) 6 CSδ∗(W

T
κ ; f, ψ(x)), x ∈ Bd. (4.2.13)

The proof is similar to that of (4.2.7), and we sketch it as follows.

Let m be the integer such that 2m 6 n < 2m+ 1. Then by (4.2.4) and (4.2.5),

Sδn(WB
κ ;F, x) =

m∑
j=0

Aδn−2j

Aδn
proj2j(W

B
κ ;F, x) =

m∑
j=0

Aδn−2j

Aδn
projj(W

T
κ ; f, ψ(x))

=
m∑
j=0

µj projj(W
T
κ ; f, ψ(x)) + Sδm(W T

κ ; f, ψ(x)),
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where

µj =


Aδn−2j

Aδn
− Aδm−j

Aδm
, 0 6 j 6 m,

0, j > m.

Using (4.2.8) and similar to the proof of (4.2.9), one can easily verify that for

0 6 j 6 m,

|∆iµj| 6 Cm−δ(m− j + 1)δ−i−1, i = 0, 1, · · · . (4.2.14)

Let ` be an integer such that δ − 1 < ` 6 δ. Summation by parts ` times shows that

∣∣∣ m∑
j=0

µj projj(W
T
κ ; f, ψ(x))

∣∣∣ 6C m−∑̀
j=0

|∆`+1µj|(j + 1)`|S`j(W T
κ ; f, ψ(x))|

+ Cm` max
06i6`

|∆iµm−i||S`m−i(W T
κ ; f, ψ(x))|,

which, using Lemma 3.6.1, and (4.2.14), is controlled by CSδ∗(W
T
κ ; f, ψ(x)). The desired

inequality (4.2.13) then follows.

Recall that κmin, |κ| and σκ are defined in (4.1.1). For a set E ⊂ Td, we write

measTκ (E) :=
∫
E
W T
κ (x) dx. The following result is a simple consequence of Proposition

4.2.1, Theorem 4.1.1, and (2.4.14).

Theorem 4.2.2. (i) If δ ≥ σκ := d−1
2

+ |κ| − κmin, then for f ∈ L(W T
κ ;Td) with

‖f‖L(WT
κ ;Td) = 1,

measTκ

{
x ∈ Td : Sδ∗(W

T
κ ; f)(x) > α

}
6 C

1

α
, ∀α > 0,

with α−1| logα| in place of α−1 in the case when δ = σκ and at least two of the κi
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are zero.

(ii) If δ < σκ, then there exists a function f ∈ L(W T
κ ;Td) of the form f(x) = f0(|xj0 |)

such that Sδ∗(W
T
κ ; f)(x) =∞ for a.e. x ∈ Td, where 1 6 j0 6 d+ 1 is the integer

such that κj0 = κmin, and xd+1 =
√

1− |x|.

As a consequence of Theorem 4.2.2, we obtain

Corollary 4.2.3. In order that

lim
n→∞

Sδn(W T
κ ; f)(x) = f(x)

holds almost everywhere on Td for all f ∈ L(W T
κ ;Td), it is sufficient and necessary that

δ ≥ σκ.

Corollary 4.2.4. If 1 < p <∞ and δ > 2σκ|12 −
1
p
|, then

‖Sδ∗(W T
κ ; f)‖Lp(WT

κ ;Td) 6 Cp‖f‖Lp(WT
κ ;Td). (4.2.15)

In particular,

‖Sσκ∗ (W T
κ ; f)‖Lp(WT

κ ;Td) 6 Cp‖f‖Lp(WT
κ ;Td), 1 < p <∞.

Corollary 4.2.5. For 1 < p <∞, δ > 2σκ|1p −
1
2
| and any sequence {nj} of positive
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integers,

∥∥∥∥∥
( ∞∑

j=0

∣∣Sδnj(W T
κ ; fj)

∣∣2)1/2
∥∥∥∥∥
Lp(WT

κ ;Td)

≤ c

∥∥∥∥∥
( ∞∑

j=0

∣∣fj∣∣2)1/2
∥∥∥∥∥
Lp(WT

κ ;Td)

. (4.2.16)

Using Corollary 4.1.4, and following the approach of [4], we have

Corollary 4.2.6. Let {µj}∞j=0 be a sequence of complex numbers that satisfies

(i) supj |µj| ≤ c <∞,

(ii) supj 2j(n0−1)
∑2j+1

l=2j |∆n0ul| ≤ c <∞,

where n0 is the smallest integer ≥ σκ + 1. Then {µj} defines an Lp(W T
κ ;Td),

1 < p <∞, multiplier; that is,

∥∥∥∥∥
∞∑
j=0

µj projj(W
T
κ ; f)

∥∥∥∥∥
Lp(WT

κ ;Td)

≤ c‖f‖Lp(WT
κ ;Td), 1 < p <∞,

where c is independent of µj.

Corollary 4.2.6 was proved in [15] under a stronger assumption that n0 is the

smallest integer ≥ σκ + 2 + κmin.
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Chapter 5

Generalized translations for Dunkl

transforms on Rd

5.1 Integral representation of generalized

translations

The generalized translation T y, initially defined on the space of Schwartz functions,

extends to a bounded operator on the space L2(Rd;h2
κ), as can be easily seen from

(2.6.25). On the other hand, Thangavelu and Xu [46] proved that the integral

representation (2.6.26) of T y defines a bounded operator on L∞(Rd;h2
κ). It is, therefore,

very natural to ask whether the generalized translation T y given by (2.6.25) has the

integral representation (2.6.26) on the space L∞ ∩ L2(Rd;h2
κ). This question is fairly

nontrivial as S(Rd) is not dense in L∞, but is important for the extension of T y to

general Lp(Rd;h2
κ)-spaces with 1 6 p 6∞.
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Our main purpose in this section is to clarify the definition of generalized

translations on Lp-spaces and some related facts, which will be needed in later sections.

We will show that the expression on the right hand side of the integral representation

(2.6.26) defines a bounded operator on Lp(Rd;h2
κ) for all 1 6 p 6∞, which, in

particular, implies that the formula (2.6.26) is applicable to all f ∈ L2(Rd;h2
κ). More

precisely, we have

Theorem 5.1.1. The integral representation (2.6.26) extends T y to a bounded operator

on the spaces Lp(Rd;h2
κ) for all 1 6 p 6∞ with

sup
y∈Rd
‖T yf‖κ,p 6 Cd‖f‖κ,p, 1 6 p 6∞. (5.1.1)

In other words, for each 1 6 j 6 d and a.e. x ∈ Rd, the expression on the right hand

side of (2.6.27) is well defined for all f ∈ Lp(Rd;h2
κ) with 1 6 p 6∞, and moreover, it

defines a bounded operator Tj,yj on Lp(Rd;h2
κ) which satisfies

‖Tj,yjf‖κ,p 6 Cd‖f‖κ,p, 1 6 p 6∞. (5.1.2)

Note that we may rewrite the integral representation (2.6.26) in the form

T yf(x) :=

∫
Rd
f(z) dµx,y(z), x, y ∈ Rd, (5.1.3)
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where dµx,y is a signed Borel measure supported on

{
z = (z1, · · · , zd) ∈ Rd :

∣∣|xi| − |yi|∣∣ 6 |zi| 6 |xi|+ |yi|, i = 1, 2, · · · , d
}
.

As a direct consequence of Theorem 5.1.1, we obtain the following integral

representation of generalized translations for radial functions, which will play a crucial

role in this paper:

Corollary 5.1.2. If f(x) = f0(‖x‖) is a radial function in Lp(Rd;h2
κ) with 1 6 p 6∞,

then for each y ∈ Rd and a.e. x ∈ Rd,

T yf(x) = cκ

∫
[−1,1]d

f0

(
z(x, y, t)

) d∏
j=1

(1 + tj)(1− t2j)κj−1 dtj, (5.1.4)

where z(x, y, t) =
√
‖x‖2 + ‖y‖2 − 2

∑
d
j=1xjyjtj.

In the case when f is a radial Schwartz function, (5.1.4) is a direct consequence of a

more general formula of Rösler [35] and the explicit expression (2.2.3) of Vκ. That

(5.1.4) holds under the relaxed condition f = f0(‖ · ‖) ∈ Lp(Rd;h2
κ) is very important in

the proofs of the main results of this thesis. A standard limit argument doesn’t seem to

give this result.

Now we are in a position to show Theorem 5.1.1.

Proof of Theorem 5.1.1. By Fubini’s theorem, it is enough to show the result for d = 1.

Assume that x, y ∈ R, κ ≥ 0 and f ∈ Lp(R; |x|2κ). Without loss of generality, we may
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assume that κ > 0 and xy 6= 0. Note that for t ∈ [−1, 1],

√
x2 + y2 − 2xyt ≥ max{|x− yt|, |xt− y|} ≥ 1

2
|x− y|(1 + t). (5.1.5)

It then follows from (2.6.27) that

|T yf(x)| 6 C

∫ 1

−1

[
|fe(u(x, y, t))|+ |fo(u(x, y, t))|

]
(1− t2)κ−1 dt,

where u(x, y, t) =
√
x2 + y2 − 2xyt. Thus, we reduce to showing that the integral

T̃ yf(x) :=

∫ 1

−1

f(
√
x2 + y2 − 2xyt)(1− t2)κ−1 dt, f ∈ Lp(R; |x|2κ), (5.1.6)

defines a bounded operator on Lp(R; |x|2κ):

‖T̃ yf‖Lp(R;|x|2κdx) 6 Cκ‖f‖Lp(R;|x|2κdx), 1 6 p 6∞. (5.1.7)

Performing a change of variable z =
√
x2 + y2 − 2xyt in (5.1.6), we obtain that

T̃ yf(x) =

∫ |x|+|y|∣∣|x|−|y|∣∣ f(z)
[
1−

(x2 + y2 − z2

2xy

)2]κ−1 z

|xy|
dz

=

∫
R
f(z)W (x, y, z)|z|2κ dz, (5.1.8)

where
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W (x, y, z) =


(

∆(x, y, z)
)κ−1

22κ−2|xyz|2κ−1
, if

∣∣|x| − |y|∣∣ 6 z 6 |x|+ |y|,

0, otherwise,

(5.1.9)

∆(x, y, z) = (|x|+ |y|+ z)(|x|+ |y| − z)(z + |x| − |y|)(z − |x|+ |y|). (5.1.10)

We claim that

sup
y,z∈R\{0}

∫
R
W (x, y, z)|x|2κ dx 6 C <∞, (5.1.11)

from which the assertion (5.1.7) will follow by Hölder’s inequality.

To show (5.1.11), we first note that

∣∣|x| − |y|∣∣ 6 z 6 |x|+ |y| ⇔
∣∣|y| − z∣∣ 6 |x| 6 |y|+ z, z ≥ 0.

Also, it is easily seen from (5.1.9) and (5.1.10) that

W (x, y, z) = W (|x|, |y|, z) = W (|x|, z, |y|), ∀x, y ∈ R, ∀z ≥ 0.

Thus,

sup
y,z∈R\{0}

∫
R
W (x, y, z)|x|2κ dx = sup

y≥z>0

∫ y+z

y−z
W (x, y, z)x2κ dx.

81



A straightforward calculation shows that for y ≥ z > 0 and x ∈ [y − z, y + z],

W (x, y, z) ∼
[
xy
(
x− (y − z)

)
(y + z − x)

]κ−1

(xyz)1−2κ

6 Cκ(xyz)−κ
[(
x− (y − z)

)κ−1
+ (y + z − x)κ−1

]
.

It follows that for y ≥ z > 0

sup
y≥z>0

∫ y+z

y−z
W (x, y, z)x2κ dx

6 Cκ(yz)−κ(y + z)κ
∫ y+z

y−z

[(
x− (y − z)

)κ−1
+ (y + z − x)κ−1

]
dx

6 Cκ,

which completes the proof of Theorem 5.1.1.

The multiplier property (2.6.25) of the generalized translation operators plays a

crucial role in our argument. This property carries over to Lp spaces:

Proposition 5.1.3. Let y ∈ Rd and f ∈ Lp(Rd;h2
κ) with 1 6 p 6∞. (2.6.25) holds a.e.

on Rd for 1 6 p 6 2, and in a distributional sense for p > 2; that is,

(
Fκ(T yf), ϕ

)
=
(
f̂ , Eκ(−iy, ·)ϕ

)
, ∀ϕ ∈ S(Rd). (5.1.12)

Proof. That (2.6.25) holds a.e. on Rd for 1 6 p 6 2 follows by the Hausdorff-Young

inequality (2.5.19) and a standard density argument. For p > 2, and any ϕ ∈ S(Rd), we
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have

(FκT yf, ϕ) = (T yf,Fκϕ) =

∫
Rd
f(x)T−yFκϕ(x)h2

κ(x) dx

=

∫
Rd
f(x)Fκ

(
Eκ(−iy, ·)ϕ

)
(x)h2

κ(x) dx =
(
f̂ , Eκ(−iy, ·)ϕ

)
,

where we used (2.6.28) and (5.1.1) in the second step, the identity

T yϕ̂(x) = Fκ
(
ϕEκ(iy, ·)

)
(x), ϕ ∈ S(Rd)

in the third step. This proves (5.1.12).

5.2 Generalized convolution

Finally, we give a few comments on generalized convolutions on Lp-spaces. Recall

that the generalized convolution f ∗κ g is defined in (2.6.29) for f, g ∈ S(Rd). Since the

generalized translation operators are uniformly bounded on Lp-spaces with 1 6 p 6∞,

the following Young’s inequality for the generalized convolution can be established (see

[46, Proposition 7.2]):

‖f ∗κ g‖κ,r 6 ‖f‖κ,p‖g‖κ,q, (5.2.13)

where 1 6 p, q, r 6∞ and 1 + 1
r

= 1
p

+ 1
q
. This, in particular, implies that the

generalized convolution f ∗κ g can be defined for f ∈ Lp(Rd;h2
κ) and g ∈ Lq(Rd;h2

κ) with

1 6 p, q 6∞ and 1
p

+ 1
q
≥ 1.

The generalized convolution has the following basic property:
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Corollary 5.2.1. Let f ∈ Lp(Rd;h2
κ), 1 6 p 6∞ and g ∈ S(Rd). Then

Fκ(f ∗κ g)(ξ) = Fκf(ξ)Fκg(ξ) (5.2.14)

holds in a distributional sense.

Proof. A straightforward calculation shows that for any ϕ ∈ S(Rd),

(f ∗κ g, ϕ̂) = (f, ϕ̂ ∗κ g̃) = (f, (ϕĝ)∧) = (f̂ , ĝϕ) = (f̂ ĝ, ϕ).
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Chapter 6

Almost everywhere convergence of

the Bochner-Riesz means of the

inverse Dunkl transforms of L1-

functions at the critical index

6.1 Sharp Pointwise estimates of the Bochner-Riesz

kernels

Recall that the Bochner-Riesz means of order δ of f ∈ L1(Rd;h2
κ) are defined by

Bδ
R(h2

κ; f)(x) = c

∫
Rd
Fκf(ξ)Eκ(ix, ξ)Φ

δ
(
R−1ξ

)
h2
κ(ξ) dξ, R > 0,
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where Φδ(x) := (1− ‖x‖2)δ+. It is known ( see [46, p. 44]) that Φδ(x) = Fκφδ(x), where

φδ(x) = 2λκ‖x‖−λκ−δ−
1
2Jλκ+δ+ 1

2
(‖x‖) =: φδ,0(‖x‖). (6.1.1)

Setting φδR(x) := R2λκ+1φδ(Rx) for R > 0, we obtain from Lemma 2.5.1 (vi) that

φ̂δR(ξ) = φ̂δ(R−1ξ) = Φδ(ξ/R), and hence, f̂(ξ)Φδ
(
ξ/R

)
=
(
f ∗κ φδR

)∧
(ξ). By (5.2.14),

this implies that Bδ
R(h2

κ; f)(x) = f ∗κ φδR(x). Thus, using (2.6.29) and (5.1.4), we obtain

Bδ
R(h2

κ; f)(x) = cκ

∫
Rd
f(y)Kδ

R(h2
κ;x, y)h2

κ(y) dy, (6.1.2)

where

Kδ
R(h2

κ;x, y) : = T xφδR(y) = Vκ

(
φδ,0R
(√
‖x‖2 + ‖y‖2 − 2‖x‖〈y, ·〉

))
(x/‖x‖), (6.1.3)

φδ,0(t) = 2λκt−λκ−δ−
1
2Jλκ+δ+ 1

2
(t), φδ,0R (t) = R−2λκ−1φδ,0(R−1t). (6.1.4)

The main goal in this section is to show the following pointwise estimate of the

kernel Kδ
R(h2

κ;x, y):

Theorem 6.1.1. For δ > 0, R > 0 and x, y ∈ Rd,

|Kδ
R(h2

κ;x, y)| 6 C
Rd
∏d

j=1(|xjyj|+R−2 +R−1‖x̄− ȳ‖)−κj

(1 +R‖x̄− ȳ‖) d+1
2

+δ
, (6.1.5)

where we write x̄ = (|x1|, · · · , |xd|) for x = (x1, · · · , xd) ∈ Rd.

As pointed out in the introduction, this is a fairly nontrivial estimate since an
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application of Lemma 3.4 of [13] would only give the estimate for the case of ‖x‖ = ‖y‖.

The idea of our proof is from the paper [12].

Proof. By (2.2.3) and (6.1.3), it is easily seen that

Kδ
R(h2

κ;x, y) = R2λκ+1Kδ
1(h2

κ;Rx,Ry), x, y ∈ Rd, R > 0. (6.1.6)

Thus, it suffices to show (6.1.5) for R = 1. For simplicity, we write

K(x, y) = Kδ
1(h2

κ;x, y). Using (2.2.3), we have

K(x, y) = cκ

∫
[−1,1]d

φδ,0
(
z(x, y, t)

) d∏
j=1

(1− t2j)κj−1(1 + tj) dtj, (6.1.7)

where z(x, y, t) =
√
‖x‖2 + ‖y‖2 − 2

∑d
j=1 xjyjtj and t = (t1, · · · , td).

Let ξ0 ∈ C∞(R) be such that ξ0(s) = 1 for |s| 6 1/4 and ξ0(s) = 0 for |s| ≥ 1, and

let ξ(s) = ξ0(s/4)− ξ0(s). Clearly, supp ξ ⊂ {s : 1
4
6 |s| 6 4}, and

∑∞
n=0 ξ(s/4

n) = 1 for

s ≥ 1. Thus, by (6.1.7), we may decompose K(x, y) as K(x, y) =
∑∞

n=0 Kn(x, y), where

Kn(x, y) : =

∫
[−1,1]d

φδ,0
(
z(x, y, t)

)
ξ

(
1 + z(x, y, t)2

4n

)
× (6.1.8)

×
d∏
j=1

(1− t2j)κj−1(1 + tj) dtj.

Next, fix x, y ∈ Rd and let n0 = n0(x, y) ∈ Z+ be such that

22n0 6 1 + ‖x̄− ȳ‖2 6 22n0+2. (6.1.9)
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Note that for t = (t1, · · · , td) ∈ [−1, 1]d,

z(x, y, t)2 = ‖x‖2 + ‖y‖2 − 2
d∑
j=1

xjyjtj ≥ ‖x̄− ȳ‖2,

hence, ξ
(

1+z(x,y,t)2

4n

)
is zero unless

4 >
1 + z(x, y, t)2

4n
≥ 1 + ‖x̄− ȳ‖2

4n
≥ 4n0−n.

This means that

K(x, y) =
∞∑

n=n0

Kn(x, y). (6.1.10)

The following lemma gives an estimate of the kernel Kn(x, y):

Lemma 6.1.2. For n ≥ n0 = n0(x, y),

|Kn(x, y)| 6 C2−n( d+1
2

+δ)

d∏
j=1

(|xjyj|+ 2n)−κj , (6.1.11)

where C > 0 is independent of n, x and y.

For the moment, we take Lemma 6.1.2 for granted and proceed with the proof of

Theorem 6.1.1. Indeed, once Lemma 6.1.2 is proved, then using (6.1.10) and (6.1.11), we
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have that

|K(x, y)| 6
∞∑

n=n0

|Kn(x, y)| 6 C
∞∑

n=n0

2−n( d+1
2

+δ)

d∏
j=1

(|xjyj|+ 2n)−κj

6 C
( d∏
j=1

(|xjyj|+ 2n0)−κj
) ∞∑
n=n0

2−n( d+1
2

+δ) 6 C
( d∏
j=1

(|xjyj|+ 2n0)−κj
)

2−n0( d+1
2

+δ)

∼ (1 + ‖x̄− ȳ‖)−( d+1
2

+δ)

d∏
j=1

(|xjyj|+ 1 + ‖x̄− ȳ‖)−κj ,

which proves the desired estimate (6.1.5) for R = 1.

To complete the proof of Theorem 6.1.1, it remains to prove Lemma 6.1.2.

Proof of Lemma 6.1.2. Let Gα(u) = (
√
u)−αJα(

√
u) and Fα(t) = Gα

(
u(x, y, t)

)
,

where

u(x, y, t) = ‖x‖2 + ‖y‖2 − 2
d∑
j=1

xjyjtj = z(x, y, t)2.

By (2.5.21) and (2.5.22), it is easily seen that for α ∈ R,

∂

∂tj
Fα−1(t) = xjyjFα(t), t = (t1, · · · , td) ∈ [−1, 1]d, (6.1.12)

and

|Fα(t)| 6 C(1 + u(x, y, t))−
α
2
− 1

4 , t ∈ [−1, 1]d. (6.1.13)
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Also, note that

φδ,0
(
z(x, y, t)

)
= 2λκ

(√
u(x, y, t)

)−λκ−δ− 1
2Jλκ+δ+ 1

2

(√
u(x, y, t)

)
= CκFλκ+δ+ 1

2
(t).

Thus, by (6.1.8), we may write

Kn(x, y) = cκ

∫
[−1,1]d

Fλκ+δ+ 1
2
(t)ξ

(
1 + u(x, y, t)

4n

) d∏
j=1

(1− t2j)κj−1(1 + tj) dtj.

Without loss of generality, we may assume that |xjyj| ≥ 2n, j = 1, · · · ,m and

|xjyj| < 2n, j = m+ 1, · · · , d for some 1 6 m 6 d (otherwise, we re-index the sequence

{xjyj}dj=1). Fix temporarily tm+1, · · · , td ∈ [−1, 1], and set

I(tm+1, · · · , td)

:= cκ

∫
[−1,1]m

Fλκ+δ+ 1
2
(t)ξ

(
1 + u(x, y, t)

4n

) m∏
j=1

(1− t2j)κj−1(1 + tj) dtj. (6.1.14)

By Fubini’s theorem, we then have

Kn(x, y) =

∫
[−1,1]d−m

I(tm+1, · · · , td)
d∏

j=m+1

(1− t2j)κj−1(1 + tj) dtj. (6.1.15)

Thus, for the proof of (6.1.11), it suffices to show that for each tm+1, · · · , td ∈ [−1, 1],

|I(tm+1, · · · , td)| 6 C2−n(
∑d
j=m+1 κj+

d+1
2

+δ)

m∏
j=1

|xjyj|−κj . (6.1.16)

To show (6.1.16), let η0 ∈ C∞(R) be such that η0(s) = 1 for |s| 6 1
2

and η0(s) = 0
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for |s| ≥ 1, and let η1(s) = 1− η0(s). Set Bj := 2n

|xjyj | for j = 1, · · · ,m. Given

ε := (ε1, · · · , εm) ∈ {0, 1}m, we define ψε : [−1, 1]m → R by

ψε(t) := ξ

(
1 + u(x, y, t)

4n

) m∏
j=1

ηεj

(1− t2j
Bj

)
(1 + tj)(1− t2j)κj−1,

where t = (t1, · · · , tm). We then split the integral in (6.1.14) into a finite sum to obtain

I(tm+1, · · · , td) =
∑

ε∈{0,1}m

∫
[−1,1]m

Fλκ+δ+ 1
2
(t)ψε(t) dt1 · · · dtm =:

∑
ε∈{0,1}m

Jε,

where

Jε ≡ Jε(tm+1, · · · , td) :=

∫
[−1,1]m

Fλκ+δ+ 1
2
(t)ψε(t) dt1 · · · dtm. (6.1.17)

Thus, it suffices to prove the estimate (6.1.16) with I(tm+1, · · · , td) replaced by Jε for

each ε ∈ {0, 1}m, namely,

|Jε(tm+1, · · · , td)| 6 C2−n(
∑d
j=m+1 κj+

d+1
2

+δ)

m∏
j=1

|xjyj|−κj . (6.1.18)

By symmetry and Fubini’s theorem, we need only to prove (6.1.18) for the case of

ε1 = · · · = εm1 = 0 and εm1+1 = · · · = εm = 1 with m1 being an integer in [0,m]. Write

ψε(t) = ϕ(t)

m1∏
j=1

η0

(1− t2j
Bj

)
(1 + tj)(1− t2j)κj−1 (6.1.19)

with

ϕ(t) := ξ

(
1 + u(x, y, t)

4n

) m∏
j=m1+1

η1

(1− t2j
Bj

)
(1 + tj)(1− t2j)κj−1.
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Since the support set of each η1

(
1−t2j
Bj

)
is a subset of {tj : |tj| 6 1− 1

4
Bj}, we can use

(6.1.12) and integration by parts |l| =
∑m

j=m1+1 `j times to obtain

∣∣∣∫
[−1,1]m−m1

Fλκ+δ+ 1
2
(t)ϕ(t) dtm1+1 · · · dtm

∣∣∣
= c

m∏
j=m1+1

|xjyj|−`j
∣∣∣∫

[−1,1]m−m1

Fλκ+δ+ 1
2
−|l|(t)

∂|l|ϕ(t)

∂`m1+1tm1+1 · · · ∂`mtm
dt
∣∣∣

6 c
m∏

j=m1+1

|xjyj|−`j
∫

[−1,1]m−m1

∣∣∣Fλκ+δ+ 1
2
−|l|(t)

∣∣∣∣∣∣ ∂|l|ϕ(t)

∂`m1+1tm1+1 · · · ∂`mtm

∣∣∣ dt,
where l = (`m1+1, · · · , `m) ∈ Nm−m1 satisfies `j > κj for all m1 < j 6 m. Since ξ is

supported in [1
4
, 1], ϕ(t) is zero unless

4n+1 ≥ 1 + ‖x‖2 + ‖y‖2 − 2
d∑
j=1

|xjyjtj| (6.1.20)

≥ 1 + ‖x̄− ȳ‖2 + 2|xjyj|(1− |tj|) ≥ 2|xjyj|(1− |tj|),

for all m1 + 1 6 j 6 m; that is,
|xjyj |

4n
6 2(1− |tj|)−1 for j = m1 + 1, · · · ,m. On the other

hand, note that the derivative of the function η1

(
1−t2j
Bj

)
in the variable tj is supported in

{tj : 1
2
Bj 6 1− t2j 6 Bj}.

Consequently, by the Leibniz rule, we conclude

∣∣∣ ∂|l|ϕ(t)

∂`m1+1tm1+1 · · · ∂`mtm

∣∣∣ 6 c

m∏
j=m1+1

(1− |tj|)κj−`j−1.
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Finally, note that in the support of ϕ(t), 1 + u(x, y, t) ∼ 4n, and hence by (6.1.13),

∣∣∣Fλκ+δ+ 1
2
−|l|(t)

∣∣∣ 6 c(1 + u(x, y, t))−
λκ+δ−|l|

2
− 1

2 ∼ 2n(−λκ−δ+|l|−1).

It follows that

∫
[−1,1]m−m1

∣∣∣Fλκ+δ+ 1
2
−|l|(t)

∣∣∣∣∣∣ ∂|l|ϕ(t)

∂`m1+1tm1+1 · · · ∂`mtm

∣∣∣ dtm1+1 · · · dtm

6 c2n(−λκ−δ−1+|l|)
m∏

j=m1+1

∫ 1−
Bj
4

0

(1− tj)κj−`j−1 dtj

6 c2n(−λκ−δ−1+|l|)
m∏

j=m1+1

B
κj−`j
j

6 c2n(α−λκ−1−δ)
m∏

j=m1+1

|xjyj|`j−κj , (6.1.21)

where α =
∑m

j=m1+1 κj. Thus, using (6.1.17) and Fubini’s theorem, we obtain that

|Jε| 6
∫

[−1,1]m1

∣∣∣∫
[−1,1]m−m1

Fλκ+δ+ 1
2
(t)ϕ(t) dtm1+1 · · · dtm

∣∣∣
×

m1∏
j=1

η0

(
1− t2j
Bj

)
(1 + tj)(1− t2j)κj−1dtj

6 c2n(α−λκ−1−δ)
m∏

j=m1+1

|xjyj|−κj
m1∏
j=1

∫
1−Bj6|tj |61

(1− |tj|)κj−1 dtj

6 c2n(
∑m
j=1 κj−λκ−1−δ)

m∏
j=1

|xjyj|−κj ,

where we used (6.1.21) and the fact that η0

(
1−t2j
Bj

)
is supported in

{tj : 1−Bj 6 |tj| 6 1} for 1 6 j 6 m1 in the second step. This yields the desired

estimate (6.1.18) and hence completes the proof of Lemma 6.1.2. 2

93



6.2 Proof of the main results

As mentioned in the introduction, we want to prove the almost everywhere

convergence of Bochner-Riesz mean.

Theorem 6.2.1. If κ 6= 0, 1 6 p <∞ and f ∈ Lp(Rd;h2
κ), then the Bochner-Riesz mean

Bλκ
R (h2

κ; f)(x) converges a.e. to f(x) on Rd as R→∞.

However, Theorem 6.2.1 follows directly from weak type estimates of the maximal

Bochner-Riesz operator. Thus, we only need to prove the following theorem in this

section.

Theorem 6.2.2. Assume that κ 6= 0. If δ = λκ and f ∈ L1(Rd;h2
κ), then for any α > 0,

measκ
({
x ∈ Rd : Bδ

∗(h
2
κ; f)(x) > α

})
6 cκ

‖f‖κ,1
α

, (6.2.22)

where we need to replace ‖f‖κ,1
α

by ‖f‖κ,1
α

∣∣∣log ‖f‖κ,1
α

∣∣∣ when min16j6d κj = 0.

We first describe several necessary notations. Let Br(x) := {y ∈ Rd : ‖x− y‖ 6 r}

denote the ball centered at x ∈ Rd and having radius r > 0. Define

Vr(x) := measκ
(
Br(x)

)
=

∫
Br(x)

h2
κ(z) dz, r > 0, x ∈ Rd,

and

V (x, y) = V‖x̄−ȳ‖(x) =

∫
‖z−x‖6‖x̄−ȳ‖

h2
κ(z) dz, x, y ∈ Rd.

Since the measure h2
κ(x)dx is Zd2-invariant, it is easily seen that V (x, y) = V (x̄, ȳ) and
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Vr(x) = Vr(x̄). Furthermore, a straightforward calculation shows that

Vr(x) ∼ rd
d∏
j=1

(|xj|+ r)2κj , V (x, y) ∼ ‖x̄− ȳ‖d
d∏
j=1

(|xj|+ ‖x̄− ȳ‖)2κj . (6.2.23)

Here and elsewhere in the paper, the notation A ∼ B means that c−1A 6 B 6 cB for

some positive constant c depending only on κ and d.

The proof of Theorem 6.2.2 relies on a series of lemmas.

Lemma 6.2.3. For x, y ∈ Rd, set

Ij(x, y) := (|xjyj|+R−1‖x̄− ȳ‖+R−2)−κj , j = 1, · · · , d.

Then

Rd

d∏
j=1

Ij(x, y) 6 C
(1 +R‖x̄− ȳ‖)d+|κ|J

VR−1(x) + V (x, y)
, (6.2.24)

where |κ|J =
∑
j∈J

κj and J = J(x, y) :=
{
j ∈ {1, · · · , d} : |xj| < 2‖x̄− ȳ‖

}
.

Proof. If j /∈ J = J(x, y), then |xj| ≥ 2‖x̄− ȳ‖, |xj| ∼ |yj| and hence

Ij(x, y) ∼ (|xj|2 +R−1‖x̄− ȳ‖+R−2)−κj ∼ (|xj|2 +R−2)−κj

∼ (|xj|+ ‖x̄− ȳ‖+R−1)−2κj .
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If j ∈ J(x, y), then |xj| < 2‖x̄− ȳ‖, and

Ij(x, y) 6 (R−2 +R−1‖x̄− ȳ‖)−κj = (1 +R‖x̄− ȳ‖)κj(R−1 + ‖x̄− ȳ‖)−2κj

∼ (1 +R‖x̄− ȳ‖)κj(‖x̄− ȳ‖+ |xj|+R−1)−2κj .

Thus, using (6.2.23), we obtain

Rd

d∏
j=1

Ij(x, y) 6 C(1 +R‖x̄− ȳ‖)
∑
j∈J

κj
Rd

d∏
j=1

(|xj|+ ‖x̄− ȳ‖+R−1)−2κj

∼ (1 +R‖x̄− ȳ‖)|κ|J 1 +Rd‖x̄− ȳ‖d

VR−1(x̄) + V (x̄, ȳ)
,

where the last step can be obtained by considering the cases ‖x̄− ȳ‖ 6 R−1 and

‖x̄− ȳ‖ ≥ R−1 separately. This yields the desired estimate (6.2.24).

A combination of Lemma 6.2.3 and Theorem 6.1.1 yields the following estimate of

the Bochner-Riesz kernels Kδ
R(h2

κ;x, y):

Lemma 6.2.4. For δ > 0, x, y ∈ Rd and R > 0,

|Kδ
R(h2

κ;x, y)| 6 C
(1 +R‖x̄− ȳ‖) d−1

2
+|κ|J−δ

VR−1(x) + V (x, y)
, x, y ∈ Rd, R > 0, (6.2.25)

where

|κ|J :=
∑

j∈J(x,y)

κj =
∑

j: |xj |62‖x̄−ȳ‖

κj.

Next, recall that the weighted Hardy-Littlewood maximal function is defined for
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f ∈ L1
loc(Rd;h2

κ) by

Mκf(x) := sup
r>0

1

Vr(x)

∫
Br(x)

|f(y)|h2
κ(y)dy, x ∈ Rd.

Our proof will also use a modified weighted Hardy-Littlewood maximal function, defined

as follows:

M̃κf(x) := sup
r>0

1

Vr(x)

∫
‖x̄−ȳ‖6r

|f(y)|h2
κ(y)dy, x ∈ Rd.

Since ‖x̄− ȳ‖ = ‖xσ − y‖ 6 ‖x− y‖ for some σ ∈ Zd2 that depends on x, y and since the

measure h2
κ(x) dx is Zd2-invariant, it follows that

Mκf(x) 6 M̃κf(x) 6
∑
σ∈Zd2

Mκf(xσ), x ∈ Rd.

Since h2
κ is a doubling weight on Rd, this implies that

measκ{x ∈ Rd : M̃κf(x) ≥ α} 6 C
‖f‖κ,1
α

, ∀α > 0, (6.2.26)

and

‖M̃κf‖κ,p 6 Cp‖f‖κ,p, 1 < p 6∞. (6.2.27)

Finally, the following lemma can be verified straightforwardly:

Lemma 6.2.5. Let β > 0 and f ∈ L1
loc(Rd;h2

κ). Then for x ∈ Rd and R > 0,

∫
Rd
|f(y)| (1 +R‖x̄− ȳ‖)−β

VR−1(x) + V (x, y)
h2
κ(y) dy 6 CM̃κf(x), (6.2.28)
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where C depends only on β, κ and d.

We are now in a position to show Theorem 6.2.2.

Proof of Theorem 6.2.2 . First, we prove Theorem 6.2.2 for the case of κmin > 0; namely,

we prove that if κmin > 0, then for any f ∈ L1(Rd;h2
κ),

measκ
({
x ∈ Rd : Bλκ

∗ (h2
κ; f)(x) > α

})
6 cκ

‖f‖κ,1
α

, ∀α > 0.

To this end, without loss of generality, we may assume that ‖f‖κ,1 = 1. Given

α > 0, let ε > 0 be such that ε2|κ|+d =: C1

α
, where C1 > 0 is a large constant to be

specified later. Setting Fε = [−ε, ε]d, we have

measκ(Fε) =

∫
Fε

h2
κ(y)dy ∼ ε2|κ|+d =

C1

α
. (6.2.29)

Next, we split the integral in (1.2.11) into two parts
∫
Eε
· · ·+

∫
Rd\Eε · · · , where

Eε = Eε(x) := {y ∈ Rd : ‖x̄− ȳ‖ > ε/2}. We then write

Bλκ
R (h2

κ; f)(x) = T λκR,ε(h
2
κ; f)(x) + SλκR,ε(h

2
κ; f)(x), (6.2.30)

where

T λκR,ε(h
2
κ; f)(x) = cκ

∫
Eε

f(y)Kλκ
R (h2

κ;x, y)h2
κ(y) dy,

SλκR,ε(h
2
κ; f)(x) = cκ

∫
Rd\Eε

f(y)Kλκ
R (h2

κ;x, y)h2
κ(y) dy.
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To estimate T λκR,ε(h
2
κ; f)(x), we note that by Theorem 6.1.1, for y ∈ Eε(x),

|Kλκ
R (h2

κ;x, y)| 6 CRd(Rε)−( d+1
2

+λκ)(R−1ε)−|κ| = Cε−2|κ|−d =
Cα

C1

.

Thus, choosing C1 such that C1 = 2cκC, we get that

|T λκR,ε(h
2
κ; f)(x)| 6 Ccκα

C1

‖f‖1,κ =
α

2
. (6.2.31)

Next, we estimate SλκR,ε(h
2
κ; f)(x) for x /∈ Fε. If x ∈ Rd \ Fε and y ∈ Rd \ Eε, then

|xj0| := max
16j6d

|xj| > ε > 2‖x̄− ȳ‖,

and hence

|κ|J :=
∑

j:|xj |62‖x̄−ȳ‖

κj 6 |κ| − κj0 6 |κ| − κmin.

It then follows by Lemma 6.2.4 that for x ∈ Rd \ Fε and y ∈ Rd \ Eε,

|Kλκ
R (h2

κ;x, y)| 6 C
(1 +R‖x̄− ȳ‖)|κ|J−|κ|

VR−1(x) + V (x, y)
6 C

(1 +R‖x̄− ȳ‖)−κmin

VR−1(x) + V (x, y)
.

Since κmin > 0, by Lemma 6.2.5, this implies that

SλκR,ε(h
2
κ; f)(x) 6 CM̃κf(x), x ∈ Rd \ Fε. (6.2.32)
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Now combining (6.2.30), (6.2.31) with (6.2.32), we obtain that for x ∈ Rd \ Fε,

Bλκ
∗ (h2

κ; f)(x) 6 CM̃κ(f)(x) +
α

2
, x ∈ Rd \ Fε. (6.2.33)

Finally, using (6.2.26), (6.2.29) and (6.2.33), we obtain

measκ{x ∈ Rd : Bλκ
∗ (h2

κ; f)(x) ≥ α}

6measκ(Fε) + measκ{x ∈ Rd \ Fε : Bλκ
∗ (h2

κ; f)(x) ≥ α}

6
C

α
+ measκ{x ∈ Rd : M̃κf(x) ≥ α

2C
} 6 C

α
.

This completes the proof of Theorem 6.2.2 for the case of κmin > 0.

Next, we show Theorem 6.2.2 for the case of κmin = 0, namely, we show that if

|κ| > 0, κmin = 0 and ‖f‖1,κ = 1, then for all α > 0,

measκ
({
x ∈ Rd : Bλκ

∗ (h2
κ; f)(x) > α

})
6 cκ

1 + | lnα|
α

. (6.2.34)

For the proof of (6.2.34), we claim that it is enough to show that for f ∈ L1(Rd;h2
κ)

with ‖f‖1,κ = 1,

measκ
({
x ∈ [−1, 1]d : Bλκ

∗ (h2
κ; f)(x) > α

})
6 cκ

1 + | lnα|
α

. (6.2.35)

To see this, set ft(x) = f(tx) for each t > 0, and observe that
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‖f‖κ,1 = t2λκ+1‖ft‖κ,1. Furthermore, using (6.1.6), we obtain that for t > 0,

Bλκ
R (h2

κ; f)(x) = cκt
−2λκ−1

∫
Rd
f(y)Kλκ

tR (h2
κ;
x

t
,
y

t
)h2

κ(y)dy

= cκ

∫
Rd
f(tv)Kλκ

tR (h2
κ;x/t, v)h2

κ(v)dv = Bλκ
tR (h2

κ; ft)(x/t),

which implies that

Bλκ
∗ (h2

κ; f)(x) = Bλκ
∗ (h2

κ; ft)(x/t), t > 0, x ∈ Rd. (6.2.36)

Next, set

DN,α(f) =
{
x ∈ [−N,N ]d : Bλκ

∗ (h2
κ; f)(x)| > α

}
, α > 0, N > 1.

It’s easily seen from (6.2.36) that x ∈ DN,α(f) if and only if x/N ∈ [−1, 1]d and

Bδ
∗(h

2
κ; fN)(x/N) > α, namely, x/N ∈ D1,α(fN). Thus, once (6.2.35) is proved, then

measκ
(
DN,α(f)

)
=

∫
Rd
χ
D1,α(fN )

(N−1x)h2
κ(x)dx = Nd

∫
D1,α(fN )

h2
κ(Ny)dy

= Nd+2|κ|measκ

({
x ∈ [−1, 1]d : sup

R>0
|Bδ

R(h2
κ; fN)(x)| > α

})
6 cκ

1 + | lnα|
α

Nd+2|κ|‖fN‖κ,1 = cκ
1 + | lnα|

α
.

The desired estimate (6.2.34) will then follow by Levi’s monotone convergence theorem.

It remains to prove the estimate (6.2.35). Without loss of generality, we may

assume that α > 2C2, where C2 is a sufficiently large constant. Denote by G(x) the set
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of all y ∈ Rd for which there exists i ∈ {1, · · · , d} such that κi > 0 and |xi| > 2‖x̄− ȳ‖.

We then write Bλκ
R (h2

κ; f)(x) = Gλκ
1,R(h2

κ; f)(x) +Gλκ
2,R(h2

κ; f)(x), where

Gλκ
1,R(h2

κ; f)(x) = cκ

∫
G(x)

f(y)Kλκ
R (h2

κ;x, y)h2
κ(y) dy,

Gλκ
2,R(h2

κ; f)(x) = cκ

∫
Rd\G(x)

f(y)Kλκ
R (h2

κ;x, y)h2
κ(y) dy.

By Lemma 6.2.4 and Lemma 6.2.5, it is easily seen that

|Gλκ
1,R(h2

κ; f)(x)| 6 CM̃κf(x).

To estimate Gλκ
2,R(h2

κ; f)(x), assume that κl > 0 for some l ∈ {1, · · · , d}. By the

definition of G(x), we conclude that for each y ∈ Rd \G(x), |xl| 6 2‖x̄− ȳ‖. Thus, by

Lemma 6.2.4, for 0 < |xl| 6 1,

|Gλκ
2,R(h2

κ; f)(x)| 6 C

∫
|xl|62‖x̄−ȳ‖61

|f(y)|
V (x̄, ȳ)

h2
κ(y)dy + C

∫
‖x̄−ȳ‖≥ 1

2

|f(y)|h2
κ(y) dy

6 C

dlog2
1
|xl|
e∑

j=1

1

measκ
(
B(x̄, 2j|xl|)

) ∫
B(x̄,2j |xl|)

|f(y)|h2
κ(y)dy + C2

6 C
(

1 + ln
1

|xl|

)
M̃κf(x) +

α

2
,

where the last step uses the assumption that α > 2C2.

Putting the above together, we conclude that for x ∈ [−1, 1]d,

Bλκ
∗ (h2

κ; f)(x) 6 C
(

1 + ln
1

|xl|

)
M̃κf(x) +

α

2
.
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Recalling that α > 2, we deduce

measκ

{
x ∈ [−1, 1]d : |Bλκ

∗ (hλκκ ; f)(x)| > α
}

6measκ

{
x ∈ [−1, 1]d :

(
1 + lnα

)
M̃κf(x) >

α

2C

}
+ measκ{x ∈ [−1, 1]d : |xl| 6 α−1}

6Cα−1 lnα + Cα−2κl−1 6 Cα−1(1 + lnα).

This shows the estimate (6.2.35). The proof of Theorem 6.2.2 is then completed.
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Chapter 7

Restriction theorem for the Dunkl

transform

7.1 Global restriction theorem

Let dσ denote the Lebesgue measure on the unit sphere Sd−1 := {x ∈ Rd : ‖x‖ = 1}

of Rd. Recall that for f ∈ L1(Sd−1, h2
κdσ), we write

Fκ(fdσ)(ξ) ≡ f̂dσ(ξ) :=

∫
Sd−1

f(y)Eκ(−iξ, y)h2
κ(y) dσ(y), ξ ∈ Rd. (7.1.1)

In particular,

Fκ(dσ)(ξ) ≡ d̂σ(ξ) :=

∫
Sd−1

Eκ(−iξ, y)h2
κ(y) dσ(y), ξ ∈ Rd. (7.1.2)
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It is known that (see, for instance, [11, Proposition 6.1.9] and [46, Proposition 2.3]))

d̂σ(ξ) = cκ,d‖ξ‖−( d−2
2

+|κ|)J d−2
2

+|κ|(‖ξ‖) = cjλκ− 1
2
(‖ξ‖), (7.1.3)

where λκ = d−1
2

+ |κ|.

Our main result in this section can be stated as follows:

Theorem 7.1.1. Let pκ = 2λκ+2
λκ+2

. Then for 1 6 p 6 pκ,

‖f ∗κ d̂σ‖κ,p′ 6 C‖f‖κ,p.

Proof. By (2.5.16), the function,

Kz(x) := jλκ− 1
2

+z(‖x‖) =
Jλκ− 1

2
+z(‖x‖)

‖x‖λκ− 1
2

+z
, x ∈ Rd,

is analytic in z on the domain {z ∈ C : Re z > −1
2
− λκ}, whereas by (2.5.22),

|Kσ+iτ (x)| 6 Cσe
c|τ |(1 + ‖x‖)−(λκ+σ), x ∈ Rd, λκ + σ ≥ 0. (7.1.4)

Furthermore, according to (2.6.24), and by analytic continuation, the function Kz has

the following distributional Dunkl transform:

K̂z(ξ) =
cκ

2zΓ(z + 1)
(1− ‖ξ‖2)z−1

+ , Re z > 0, ξ ∈ Rd. (7.1.5)
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Namely, the following holds for all z ∈ C with Rez > 0 and ϕ ∈ S(Rd).

∫
Rd
Kz(x)ϕ̂(x)h2

κ(x) dx =
cκ

2zΓ(z + 1)

∫
‖x‖61

(1− ‖x‖2)z−1ϕ(x)h2
κ(x) dx.

Define

Rzf(x) := f ∗κ Kz(x) = c

∫
Rd
f(y)T yKz(x)h2

κ(y) dy, ∀f ∈ S(Rd).

It is easily seen that Rzf is analytic in z on the domain {z ∈ C : Re z > −1
2
− λκ}.

On the one hand, by (7.1.4) and Young’s inequality (5.2.13) , we have that

‖R−λκ+iτf‖∞ 6 ‖Kz‖∞‖f‖κ,1 6 Cec|τ |‖f‖κ,1. (7.1.6)

On the other hand, by (7.1.5) and (5.2.14), it follows that

‖R1+iτf‖κ,2 6 ‖K̂1+iτ‖∞‖f‖κ,2 6 Cec|τ |‖f‖κ,2.

Thus, by Stein’s interpolation theorem of analytic families of operators, we conclude that

‖f ∗κ d̂σ‖κ,p′κ = c‖R0f‖κ,p′κ 6 C‖f‖κ,pκ . (7.1.7)

Finally, by (7.1.3) and Young’s inequality (5.2.13),

‖f ∗κ d̂σ‖∞ 6 C‖f‖κ,1‖d̂σ‖∞ 6 C‖f‖κ,1.
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Theorem 7.1.1 then follows by the Riesz-Thorin theorem.

Next, we define Rf to be the the restriction to the sphere Sd−1 of the Dunkl

transform Fκf of f ∈ L1(Rd;h2
κ), and R∗g to be the inverse Dunkl transform of the

measure gdσ for a function g ∈ L1(Sd−1, h2
κdσ). Thus, Rf = Fκf

∣∣∣
Sd−1

, and

R∗g(x) =

∫
Sd−1

g(ξ)Eκ(ix, ξ)h
2
κ(ξ) dσ(ξ), x ∈ Rd.

A straightforward calculation shows that for f ∈ S(Rd)

R∗Rf(x) = c

∫
Rd
f(z)T xFκ(dσ)(z)h2

κ(z) dz = c′κf ∗κ d̂σ(x). (7.1.8)

By Theorem 7.1.1, R∗R extends to a bounded operator from Lp(Rd;h2
κ) to Lp

′
(Rd;h2

κ)

with 1 6 p 6 pκ. On the other hand, it is easy to verify that

〈Rf, g〉L2(Sd−1,h2κ) = 〈f,R∗g〉L2(Rd,h2κ), ∀f ∈ S(Rd), ∀g ∈ C(Sd−1),

where the notation 〈·, ·〉H denotes the inner product of a given Hilbert space H. Thus,

observing that

‖R‖2
Lp(Rd,h2κ)→L2(Sd−1,h2κ) = ‖R∗‖2

L2(Sd−1,h2κ)→Lp′ (Rd,h2κ)

= ‖R∗R‖Lp(Rd,h2κ)→Lp′ (Rd,h2κ).

we conclude
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Corollary 7.1.2. If 1 6 p 6 pκ, then R extends to a bounded operator from Lp(Rd, h2
κ)

to L2(Sd−1, h2
κ), and R∗ extends to a bounded operator from L2(Sd−1, h2

κ) to Lp
′
(Rd, h2

κ).

7.2 Local restriction theorem

The global restriction theorem proved in Section 7.1 will not be enough for our

purpose. In order to show the main results in this thesis, we need the following local

restriction theorem.

Theorem 7.2.1. Let c0 ∈ (0, 1) be a parameter depending only on d and κ, and let B

denote a ball B(ω, θ) centered at ω ∈ Rd and having radius θ ≥ c0. If f ∈ Lp(Rd;h2
κ) is

supported in the ball B, d > 2 and 1 6 p 6 pκ := 2+2λκ
λκ+2

, then

(∫
B

|f ∗κ d̂σ(x)|p′h2
κ(x) dx

) 1
p′
6 C

( 1

θ2λκ+1

∫
B

h2
κ(y) dy

)1− 2
p‖f‖κ,p, (7.2.9)

where 1
p

+ 1
p′

= 1.

The local estimate (7.2.9) is, in general, stronger than the global estimate in

Theorem 7.1.1. To see this, we write ω = (ω1, · · · , ωd) and observe that

( 1

θ2λκ+1

∫
B

h2
κ(y) dy

)−1

∼
d∏
j=1

(
|ωj|
θ

+ 1)−2κj 6 Cκ.

The proof of Theorem 7.2.1 is much more involved than that of the global

restriction theorem. Indeed, a direct application of Stein’s interpolation theorem for

analytic families of operators or the real technique used in the proof of the Stein-Tomas
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restriction theorem would yield (7.2.9) for a smaller p only.

The proof of Theorem 7.2.1 will be given in the next few subsections. For the

moment, we take it for granted and deduce a useful corollary from it.

Corollary 7.2.2. Let c0 ∈ (0, 1) be a constant depending only on d and κ, and B the

ball B(ω, θ) centered at ω ∈ Rd and having radius θ ≥ c0 > 0.

(i) If 1 6 p 6 pκ := 2+2λκ
λκ+2

, and f ∈ Lp(Rd;h2
κ) is supported in the ball B, then

‖f̂‖L2(Sd−1;h2κ) 6 C
( θ2λκ+1∫

B
h2
κ(y) dy

) 1
p
− 1

2‖f‖Lp(Rd;h2κ). (7.2.10)

(ii) If 2 + 2
λκ

6 q 6∞, and f ∈ L2(Sd−1;h2
κ), then

∥∥∥∫
Sd−1

f(ξ)Eκ(iξ, ·)h2
κ(ξ) dσ(ξ)

∥∥∥
Lq(B;h2κ)

6 C
( θ2λκ+1∫

B
h2
κ(y) dy

) 1
2
− 1
q ‖f‖L2(Sd−1;h2κ),

(7.2.11)

where Lq(B;h2
κ) denotes the Lq-space defined with respect to the measure h2

κ(x)dx

on the ball B.

Proof. Consider the operator Tf :=
(

(fχB) ∗κ d̂σ
)
χB. According to Theorem 7.2.1, T is

a bounded operator from Lp(Rd;h2
κ) to Lp

′
(Rd;h2

κ) satisfying

‖Tf‖κ,p′ 6 C
( 1

θ2λκ+1

∫
B

h2
κ(y) dy

)1− 2
p‖f‖κ,p (7.2.12)
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for 1 6 p 6 pκ. Next, define

Rf(x) := cκ

∫
B

f(y)Eκ(−ix, y)h2
κ(y) dy, x ∈ Sd−1, f ∈ L1(B;h2

κ),

and

R∗f(x) = cκ

∫
Sd−1

f(y)Eκ(ix, y)h2
κ(y) dσ(y), x ∈ B, f ∈ L1(h2

κ;Sd−1).

Namely, Rf = Fκ(fχB)
∣∣∣
Sd−1

and R∗f = (fdσ)∨
∣∣∣
B

. A straightforward calculation shows

that

〈Rf, g〉L2(Sd−1;h2κ) = 〈f,R∗g〉L2(B;h2κ), ∀f ∈ L
1(B;h2

κ), g ∈ L1(Sd−1;h2
κ). (7.2.13)

We further claim that

R∗Rf(x) = c′κTf(x), x ∈ B, f ∈ L1(B;h2
κ), (7.2.14)

where c′κ is a positive constant depending only on d and κ. Indeed, for f ∈ L1(B;h2
κ)

and x ∈ B,

R∗Rf(x) = cκ

∫
Sd−1

Rf(z)Eκ(ix, z)h2
κ(z) dσ(z)

= c2
κ

∫
B

f(y)h2
κ(y)

[∫
Sd−1

Eκ(x, iz)Eκ(−y, iz)h2
κ(z) dσ(z)

]
dy.
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However, it is known that ( see, for instance, [11, p.77])

∫
Sd−1

Eκ(x, iz)Eκ(−y, iz)h2
κ(z) dσ(z)

= c′′κVκ

[
jλκ− 1

2
(
√
‖x‖2 + ‖y‖2 − 2〈x, ·〉)

]
(y) = c′′κT

y(d̂σ)(x), x, y ∈ Rd.

Thus, it follows that

R∗Rf(x) = c′κ

∫
B

f(y)T y(d̂σ)(x)h2
κ(y) dy = c′κTf(x), x ∈ B,

which proves the claim (7.2.14).

Now using (7.2.12),(7.2.13), (7.2.14) and a standard duality argument, we obtain

that for 1 6 p 6 pκ,

‖R‖2
Lp(B;h2κ)→L2(Sd−1;h2κ) = ‖R∗‖2

L2(Sd−1;h2κ)→Lp′ (B;h2κ)

= c′κ‖T‖Lp(B;h2κ)→Lp′ (B;h2κ) <∞,

which yields the assertions stated in the corollary.

7.2.1 Proof of Theorem 7.2.1

We write ω = (ω1, · · · , ωd). Set I = {j : |ωj| 6 4θ} and I ′ = {1, · · · , d} \ I. Let

γ = γB :=
∑

j∈I κj. We consider the following two cases:

Case 1: γ = |κ|
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In this case, κj = 0 whenever |ωj| > 4θ. Thus,

∫
B

h2
κ(y) dy ∼ θd

d∏
j=1

(|ωj|+ θ)2κj ∼ θ2λκ+1.

which implies that ( 1

θ2λκ+1

∫
B

h2
κ(y) dy

)1− 2
p ∼ 1.

Thus, the stated estimate in this case follows directly from Theorem 7.1.1, the global

restriction theorem, which is proved in the last section.

Case 2: γ < |κ|.

In this case, there exists 1 6 j 6 d such that |ωj| ≥ 4θ and κj > 0. The proof in

this case is more involved. Our goal is to show the estimate (7.2.12) with

Tf :=
(

(fχB) ∗κ d̂σ
)
χB.

Let ξ0 be an even C∞-function on R that equals 1 on [−1, 1] and equals zero

outside the interval [−2, 2]. Let ξ(x) = ξ0(x)− ξ0(2x). Define

ξj(x) = ξ(2−jx) = ξ0(2−jx)− ξ0(2−j+1x) for j ≥ 1 and x ∈ R. Then
∑∞

j=0 ξj(x) = 1 for

all x ∈ R.

Recall that

Tf(x) = cκ

∫
B

f(y)K(x, y)h2
κ(y) dy, x ∈ B,

where

K(x, y) = T y(Fκ(dσ))(x) = c′κT
y
[
jλκ− 1

2
(‖ · ‖)

]
(x).
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Thus, we may decompose the operator T as T =
∑∞

n=0 Tn, where

Tnf(x) =
[∫

B

f(y)Kn(x, y)h2
κ(y) dy

]
χB(x), (7.2.15)

and

Kn(x, y) = T y
[
(jλκ− 1

2
ξn)(‖ · ‖)

]
(x). (7.2.16)

First, we show that

‖Tnf‖∞ 6 C2−n( d−1
2

+γ)θ2γ+d
(∫

B

h2
κ(y) dy

)−1

‖f‖κ,1. (7.2.17)

To this end, we need the following kernel estimates:

Lemma 7.2.3. For α > −1 and n = 0, 1, · · · , set

Kα,n(x, y) := T y
[
(jαξn)(‖ · ‖)

]
(x), x, y ∈ Rd.

Then for x, y ∈ Rd,

|Kα,n(x, y)| 6 C2−n(α+ 1
2
−|κ|)

d∏
j=1

(|xjyj|+ 2n)−κj . (7.2.18)

The proof of Lemma 7.2.3 is long, so we postpone it until the next subsection. For

the moment, we take it for granted and proceed with the proof of (7.2.17).

To show (7.2.17), we note that |yj| ∼ |ωj| for j ∈ I ′ whenever y ∈ B. Thus, using
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Lemma 7.2.3 with α = λκ − 1
2
, we obtain that for x, y ∈ B,

|Kn(x, y)| 6 C2−n( d−1
2

)

d∏
j=1

(|xjyj|+ 2n)−κj 6 C2−n
d−1
2

[∏
j∈I′

(|ωj|2 + θ2)−κj
](∏

j∈I

2−nκj
)

6 C2−n( d−1
2

+γ)θ2γ+d
(∫

B

h2
κ(z) dz

)−1

.

(7.2.17) then follows by (7.2.15).

Next, we show that for n ≥ 0,

‖Tnf‖κ,2 6 C2n‖f‖κ,2. (7.2.19)

To this end, we write

Tnf(x) =
[
(fχB) ∗κ Gn

]
χB,

where

Gn(x) = cjλκ− 1
2
(‖x‖)ξn(‖x‖) = d̂σ(x)ξn(‖x‖).

Let ψ be a radial Schwartz function on Rd such that ψ̂2−n(x) = ξn(x), where

ψ2−n(x) := 2n(2λκ+1)ψ(2nx). Then

FκGn(x) = cκ

∫
Sd−1

T y(ψ2−n)(x)h2
κ(y) dσ(y). (7.2.20)

The proof of (7.2.19) relies the following lemma, which gives an estimate of this last

integral.

Lemma 7.2.4. Assume that ϕ(x) = ϕ0(‖x‖) is a radial Schwartz function on Rd, and
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let ϕ2−n(x) = 2n(2λκ+1)ϕ(2nx) for n ∈ N. Then for a.e. x ∈ Rd,

∣∣∣∫
Sd−1

[
T yϕ2−n(x)

]
h2
κ(y) dσ(y)

∣∣∣ 6 C2n.

The proof of Lemma 7.2.4 will be given in Section.

By (7.2.20) and Lemma 7.2.4, it follows that for a.e. x ∈ Rd,

|FκGn(x)| = cκ

∣∣∣∫
Sd−1

T yψ2−n(x)h2
κ(y) dσ(y)

∣∣∣ 6 C2n.

Thus,

‖Tnf‖κ,2 6 ‖f̂χBĜn‖κ,2 6 C2n‖f‖κ,2.

On one hand, using (7.2.17), (7.2.19) and the Riesz-Thorin interpolation theorem,

we obtain that

‖Tnf‖κ,p′ 6 C2−n
(

( d+1
2

+γ)t−1
)
θ(2γ+d)tA−t‖f‖κ,p, (7.2.21)

where A =
∫
B
h2
κ(y) dy, t = 1

1+λκ
= 2

p
− 1 and p = pκ = 2+2λκ

λκ+2
.

On the other hand, using (7.2.17) and Hölder’s inequality, we obtain that

‖Tnf‖κ,p′ 6 A
1
p′ ‖Tnf‖∞ 6 C2−n( d−1

2
+γ)θ2γ+dA−

1
p‖f‖κ,1

6 C2−n( d−1
2

+γ)θ2γ+dA1− 2
p‖f‖κ,p. (7.2.22)
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Finally, recalling that Tf =
∑∞

n=0 Tnf , we obtain

‖Tf‖κ,p′ 6
∞∑
n=0

‖Tnf‖κ,p′ =
∑

2n6θ2

· · ·+
∑

2n>θ2

· · ·

=: Σ1 + Σ2.

For the first sum Σ1, noticing that

1− (
d+ 1

2
+ γ)t =

1

1 + λκ
(|κ| − γ) > 0,

we use (7.2.21) to obtain

Σ1 6 Cθ(2γ+d)tA−t‖f‖κ,p
∑

2n6θ2

2n
(
−( d+1

2
+γ)t+1

)

6 Cθ
2

1+λκ
(|κ|−γ)θ

2γ+d
1+λκA−

1
1+λκ ‖f‖κ,p = Cθ

2λκ+1
1+λκ A1− 2

p‖f‖κ,p.

For the second sum Σ2, we use (7.2.22) and obtain

Σ2 6 C
∑

2n>θ2

2−n( d−1
2

+γ)θ2γ+dA1− 2
p‖f‖κ,p

6 CθA1− 2
p‖f‖κ,p 6 Cθ

2λκ+1
1+λκ A1− 2

p‖f‖κ,p,

where the last step uses the assumption θ ≥ c0 > 0. This completes the proof of

Theorem 7.2.1.
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7.2.2 Proof of Lemma 7.2.3

Let η denote either the function ξ0 or the function ξ on R depending on whether

n = 0 or n ≥ 1. Then η is an even C∞c -function on R which is constant near the origin.

According to (2.2.3) and (5.1.4), we have

Kα,n(x, y) = c

∫
[−1,1]d

jα(z(x, y, t))η(2−nz(x, y, t))
d∏
j=1

(1− t2j)κj−1(1 + tj) dtj, (7.2.23)

where

z(x, y, t) =

√√√√‖x‖2 + ‖y‖2 − 2
d∑
j=1

xjyjtj.

Next, let Gα(u) = (
√
u)−αJα(

√
u) = jα(

√
u). Fix x, y ∈ Rd and set

Fα(t) = Gα

(
u(x, y, t)

)
= jα(z(x, y, t)), where u(x, y, t) = z(x, y, t)2 and

t = (t1, · · · , td) ∈ [−1, 1]d. By (2.5.21) and (2.5.22), it is easily seen that for α ∈ R,

∂

∂tj
Fα−1(t) = xjyjFα(t), t = (t1, · · · , td) ∈ [−1, 1]d, (7.2.24)

and

|Fα(t)| 6 C(1 + u(x, y, t))−
α
2
− 1

4 , t ∈ [−1, 1]d. (7.2.25)

By (7.2.23), we may write

Kα,n(x, y) = cκ

∫
[−1,1]d

Fα(t)η̃

(
u(x, y, t)

4n

) d∏
j=1

(1− t2j)κj−1(1 + tj) dtj,
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where η̃(z) = η(
√
|z|) for z ∈ R. Since η is constant near the origin, it is easily seen that

η̃ ∈ C∞c (R). Without loss of generality, we may assume that |xjyj| ≥ 2n, j = 1, · · · ,m

and |xjyj| < 2n, j = m+ 1, · · · , d for some 1 6 m 6 d (otherwise, we re-index the

sequence {xjyj}dj=1). Fix temporarily tm+1, · · · , td ∈ [−1, 1], and set

I(tm+1, · · · , td)

:= cκ

∫
[−1,1]m

Fα(t)η̃

(
u(x, y, t)

4n

) m∏
j=1

(1− t2j)κj−1(1 + tj) dtj. (7.2.26)

By Fubini’s theorem, we then have

Kα,n(x, y) =

∫
[−1,1]d−m

I(tm+1, · · · , td)
d∏

j=m+1

(1− t2j)κj−1(1 + tj) dtj.

Thus, for the proof of (7.2.18), it suffices to show that for each tm+1, · · · , td ∈ [−1, 1],

|I(tm+1, · · · , td)| 6 C2−n(α+ 1
2
−
∑m
j=1 κj)

m∏
j=1

|xjyj|−κj . (7.2.27)

To show (7.2.27), let η0 ∈ C∞(R) be such that η0(s) = 1 for |s| 6 1
2

and η0(s) = 0

for |s| ≥ 1, and let η1(s) = 1− η0(s). Set Bj := 2n

|xjyj | for j = 1, · · · ,m. Given

ε := (ε1, · · · , εm) ∈ {0, 1}m, we define ψε : [−1, 1]m → R by

ψε(t) := η̃

(
u(x, y, t)

4n

) m∏
j=1

ηεj

(1− t2j
Bj

)
(1 + tj)(1− t2j)κj−1,
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where t = (t1, · · · , tm). We then split the integral in (7.2.26) into a finite sum to obtain

I(tm+1, · · · , td) =
∑

ε∈{0,1}m

∫
[−1,1]m

Fα(t)ψε(t) dt1 · · · dtm =:
∑

ε∈{0,1}m
Jε,

where

Jε ≡ Jε(tm+1, · · · , td) :=

∫
[−1,1]m

Fα(t)ψε(t) dt1 · · · dtm. (7.2.28)

Thus, it suffices to prove the estimate (7.2.27) with I(tm+1, · · · , td) replaced by Jε for

each ε ∈ {0, 1}m, namely,

|Jε(tm+1, · · · , td)| 6 C2−n(α+ 1
2
−
∑m
j=1 κj)

m∏
j=1

|xjyj|−κj . (7.2.29)

By symmetry and Fubini’s theorem, we need only to prove (7.2.29) for the case of

ε1 = · · · = εm1 = 0 and εm1+1 = · · · = εm = 1 with m1 being an integer in [0,m]. Write

ψε(t) = ϕ(t)

m1∏
j=1

η0

(1− t2j
Bj

)
(1 + tj)(1− t2j)κj−1 (7.2.30)

with

ϕ(t) := η̃

(
u(x, y, t)

4n

) m∏
j=m1+1

η1

(1− t2j
Bj

)
(1 + tj)(1− t2j)κj−1.

Since the support set of each η1

(
1−t2j
Bj

)
is a subset of {tj : |tj| 6 1− 1

4
Bj}, we can use
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(7.2.24) and integration by parts |l| =
∑m

j=m1+1 `j times to obtain

∣∣∣∫
[−1,1]m−m1

Fα(t)ϕ(t) dtm1+1 · · · dtm
∣∣∣

= c
m∏

j=m1+1

|xjyj|−`j
∣∣∣∫

[−1,1]m−m1

Fα−|l|(t)
∂|l|ϕ(t)

∂`m1+1tm1+1 · · · ∂`mtm
dt
∣∣∣

6 c
m∏

j=m1+1

|xjyj|−`j
∫

[−1,1]m−m1

∣∣∣Fα−|l|(t)∣∣∣∣∣∣ ∂|l|ϕ(t)

∂`m1+1tm1+1 · · · ∂`mtm

∣∣∣ dt,
where l = (`m1+1, · · · , `m) ∈ Nm−m1 satisfies `j > κj for all m1 < j 6 m. Since η̃ is

supported in (−4, 4), ϕ(t) is zero unless

4n+1 ≥ ‖x‖2 + ‖y‖2 − 2
d∑
j=1

|xjyjtj| (7.2.31)

≥ ‖x̄− ȳ‖2 + 2|xjyj|(1− |tj|) ≥ 2|xjyj|(1− |tj|),

for all m1 + 1 6 j 6 m; that is,
|xjyj |

4n
6 2(1− |tj|)−1 for j = m1 + 1, · · · ,m. On the other

hand, note that the derivative of the function η1

(
1−t2j
Bj

)
in the variable tj is supported in

{tj : 1
2
Bj 6 1− t2j 6 Bj}. Consequently, by the Lebnitz rule, we conclude

∣∣∣ ∂|l|ϕ(t)

∂`m1+1tm1+1 · · · ∂`mtm

∣∣∣ 6 c
m∏

j=m1+1

(1− |tj|)κj−`j−1.

Finally, recall that η̃ ∈ C∞c (R) for all n ≥ 0, and that η̃ is zero near the origin for n ≥ 1.

This implies that for all n ≥ 0, η̃
(
u(x,y,t)

4n

)
= 0 unless c14n < 1 + u(x, y, t) < c24n for
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some absolute constants c1, c2 > 0. It then follows by (7.2.25) that

∣∣∣Fα−|l|(t)∣∣∣ 6 c(1 + u(x, y, t))−
α−|l|

2
− 1

4 ∼ 2−n(α−|l|+ 1
2

).

Thus,

∫
[−1,1]m−m1

∣∣∣Fα−|l|(t)∣∣∣∣∣∣ ∂|l|ϕ(t)

∂`m1+1tm1+1 · · · ∂`mtm

∣∣∣ dtm1+1 · · · dtm

6 c2−n(α−|l|+ 1
2

)

m∏
j=m1+1

∫ 1−
Bj
4

0

(1− tj)κj−`j−1 dtj

6 c2−n(α−|l|+ 1
2

)

m∏
j=m1+1

B
κj−`j
j

6 c2−n(α+ 1
2
−
∑m
j=m1+1 κj)

m∏
j=m1+1

|xjyj|`j−κj . (7.2.32)

Thus, using (7.2.28) and Fubini’s theorem, we obtain that

|Jε| 6
∫

[−1,1]m1

∣∣∣∫
[−1,1]m−m1

Fα(t)ϕ(t) dtm1+1 · · · dtm
∣∣∣

×
m1∏
j=1

η0

(
1− t2j
Bj

)
(1 + tj)(1− t2j)κj−1dtj

6 c2−n(α+ 1
2
−
∑m
j=m1+1 κj)

m∏
j=m1+1

|xjyj|−κj
m1∏
j=1

∫
1−Bj6|tj |61

(1− |tj|)κj−1 dtj

6 c2−n(α+ 1
2
−
∑m
j=1 κj)

m∏
j=1

|xjyj|−κj ,

where we used (7.2.32) and the fact that η0

(
1−t2j
Bj

)
is supported in

{tj : 1−Bj 6 |tj| 6 1} for 1 6 j 6 m1 in the second step. This yields the desired

estimate (7.2.29) and hence completes the proof of Lemma 7.2.3.
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We conclude this subsection with the following useful corollary.

Corollary 7.2.5. For α > |κ| − 1
2

and a.e. x, y ∈ Rd,

∣∣∣T y(jα(‖ · ‖)
)
(x)
∣∣∣ 6 C

∏d
j=1(|xjyj|+ 1 + ‖x̄− ȳ‖)−κj

(1 + ‖x̄− ȳ‖)α+ 1
2
−|κ|

.

Proof. Set Kα(x, y) = T y
[
jα(‖ · ‖)

]
(x). We then write

Kα(x, y) =
∞∑
n=0

T y
[
(jαξn)(‖ · ‖)

]
(x) =:

∞∑
n=0

Kα,n(x, y). (7.2.33)

It is easily seen that Kα,n(x, y) is supported in {(x, y) : ‖x̄− ȳ‖ 6 2n+1}. Thus, by

(7.2.33) and (7.2.18), it follows that

|Kα(x, y)| 6 C
∑

2n+1≥max{‖x̄−ȳ‖,1}

2−n(α+ 1
2
−|κ|)

d∏
j=1

(|xjyj|+ 2n)−κj

6 C(1 + ‖x̄− ȳ‖)−(α+ 1
2
−|κ|)

d∏
j=1

(1 + ‖x̄− ȳ‖+ |xjyj|)−κj ,

where the last step uses the assumption that α > |κ| − 1
2
.

7.2.3 Proof of Lemma 7.2.4

For the proof of Lemma 7.2.4, we need an additional lemma:

Lemma 7.2.6. Assume that ϕ(x) = ϕ0(‖x‖) is a radial Schwartz function on Rd, and
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let ϕt(x) = t−2λκ−1ϕ(t−1x) for t > 0. Then for a.e. x, y ∈ Rd, any t > 0 and ` > 0,

|T yϕt(x)| 6 C(
1 + t−1

∥∥x̄− ȳ∥∥)` measκ(B(y, t))
.

Proof. Clearly, it is enough to show that for any ` > 0,

|T yϕt(x)| 6 C
t−d
∏d

j=1(|yj|+ t)−2κj(
1 + t−1

∥∥x̄− ȳ∥∥)` , (7.2.34)

where ϕ(x) = ϕ0(‖x‖) is a radial Schwartz function on Rd, ϕt(x) = t−2λκ−1ϕ(t−1x) for

t > 0.

Note that for t > 0,

(T yϕt)(x) = t−2λκ−1Vκ

[
ϕ
(√
‖t−1x‖2 + ‖t−1y‖2 − 2〈t−1y, ·〉

)]
(t−1x)

= t−2λκ−1
(
T t
−1yϕ

)
(t−1x). (7.2.35)

Thus, it suffices to show (7.2.34) for t = 1.

We claim that for any ` > 0,

|T yϕ(x)| 6 C(1 + ‖x̄− ȳ‖)−`
d∏
j=1

(1 + ‖x̄− ȳ‖2 + |xjyj|)−κj , (7.2.36)
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which will imply (7.2.34) for t = 1. Indeed,

|T yϕ(x)| =
∣∣∣Vκ[ϕ(

√
‖x‖2 + ‖y‖2 − 2〈y, ·〉)

]
(x)
∣∣∣

= cκ

∣∣∣∫
[−1,1]d

ϕ
(√√√√‖x‖2 + ‖y‖2 − 2

d∑
j=1

xjyjtj

) d∏
j=1

(1− t2j)κj−1(1 + tj) dtj

∣∣∣.
And if any κj is equal to 0, the above formula holds under the limits

lim
µ→0

cµ

∫ 1

−1

g(t)(1− t2)µ−1dt =
g(1) + g(−1)

2
.

Since ϕ(x) is a radial Schwartz function on Rd, there exists `′ > |κ| such that

|T yϕ(x)| 6 C

∫
[−1,1]d

(
1 + ‖x‖2 + ‖y‖2 − 2

d∑
j=1

xjyjtj

)−2`′
d∏
j=1

(1− t2j)κj−1(1 + tj) dtj.

Since for each fixed t = (t1, · · · , td) ∈ [−1, 1]d,

‖x‖2 + ‖y‖2 − 2
d∑
j=1

xjyjtj ≥ ‖x‖2 + ‖y‖2 − 2
d∑
j=1

|xjyj||tj| = ‖x̄− ȳ‖2 + 2
d∑
j=1

(1− |tj|)|xjyj|

≥ ‖x̄− ȳ‖2 + 2 max
16j6d

|xjyj|(1− |tj|),

it follows that

(
1 + ‖x‖2 + ‖y‖2 − 2

d∑
j=1

xjyjtj

)−2`′

6 C(1 + ‖x̄− ȳ‖2)−`
′
d∏
j=1

(
1 + ‖x̄− ȳ‖2 + 2|xjyj|(1− |tj|)

)−`′
.

124



This implies that

|T yϕ(x)| 6 C(1 + ‖x̄− ȳ‖2)−`
′
d∏
j=1

∫ 1

−1

[
1 + ‖x̄− ȳ‖2 + 2|xjyj|(1− |tj|)

]−`′
(1− t2j)κj−1(1 + tj)dtj.

If there are some κj = 0, then

lim
κj→0

∫ 1

−1

[
1+‖x̄−ȳ‖2+2|xjyj|(1−|tj|)

]−`′
(1−t2j)κj−1(1+tj)dtj = Cκ(1+‖x̄−ȳ‖2)−`

′
6 Cκ.

If κj 6= 0, letting s = 1− |tj|, we get that

|T yϕ(x)| 6 C(1 + ‖x̄− ȳ‖2)−`
′
d∏
j=1

∫ 1

0

(1 + ‖x̄− ȳ‖2 + 2|xjyj|s)−`
′
sκj−1 ds.

It is easy to see

∫ 1

0

(1 + ‖x̄− ȳ‖2 + 2|xjyj|s)−`
′
sκj−1 ds = c|xjyj|−κj

∫ |xjyj |
0

(1 + ‖x̄− ȳ‖2 + 2s)−`
′
sκj−1 ds.

Case 1. If |xjyj|−κj > 1, then |xjyj| < 1. And

∫ |xjyj |
0

(1 + ‖x̄− ȳ‖2 + 2s)−`
′
sκj−1 ds 6

∫ |xjyj |
0

sκj−1 ds = Cκ|xjyj|κj .

Case 2. If |xjyj|−κj < 1, then |xjyj| > 1. And

∫ |xjyj |
0

(1 + ‖x̄− ȳ‖2 + 2s)−`
′
sκj−1 ds 6

∫ ∞
0

(1 + s)−`
′
sκj−1 ds = Cκ.
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Hence

∫ 1

0

(1 + ‖x̄− ȳ‖2 + 2|xjyj|s)−`
′
sκj−1 ds = c|xjyj|−κj

∫ |xjyj |
0

(1 + ‖x̄− ȳ‖2 + 2s)−`
′
sκj−1 ds

6 C min
{

1, |xjyj|−κj
}
6 C(1 + |xjyj|)−κj .

And letting ` = `′ − |κ| > 0, we get that

|T yϕ(x)| 6 C(1 + ‖x̄− ȳ‖2)−`
′
d∏
j=1

(1 + |xjyj|−κj)

= C(1 + ‖x̄− ȳ‖2)−`
d∏
j=1

(1 + ‖x̄− ȳ‖2)−κj(1 + |xjyj|−κj)

6 C(1 + ‖x̄− ȳ‖2)−`
d∏
j=1

(1 + ‖x̄− ȳ‖2 + |xjyj|)−κj .

This completes the proof of the inequality (7.2.36).

Then let us prove the inequality (7.2.34) for t = 1.

Case 1. If ‖x̄− ȳ‖ 6 2|yj|, then |xj| ∼ |yj|. And

1 + ‖x̄− ȳ‖2 + |xjyj| ∼ 1 + |yj|2 ∼ (1 + |yj|)2.

Case 2. If ‖x̄− ȳ‖ > 2|yj|, then

1 + ‖x̄− ȳ‖2 + |xjyj| > C(1 + |yj|2) ∼ (1 + |yj|)2.
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Therefore, for all ` > 0,

|T yϕ(x)| 6 C(1 + ‖x̄− ȳ‖2)−`
d∏
j=1

(1 + |yj|)−2κj .

We got the inequality that we desired.

We are now in a position to show Lemma 7.2.4.

Proof of Lemma 7.2.4. By Lemma 7.2.6, for any ` ∈ N and x ∈ Rd,

∣∣∣∫
Sd−1

[
T yϕ2−n(x)

]
h2
κ(y) dσ(y)

∣∣∣
6 C

∑
σ∈Zd2

∫
Sd−1

(
1 + 2n‖xσ − y‖

)−`
2nd
( d∏
j=1

(|yj|+ 2−n)−2κj
)
h2
κ(y) dσ(y)

6 C
∑
σ∈Zd2

2nd
∫
Sd−1

(
1 + 2n‖xσ − y‖

)−`
dσ(y).

Thus, it is sufficient to show that for a sufficiently large `, (say, ` ≥ d+ 1), and any

x ∈ Rd,

2nd
∫
Sd−1

(
1 + 2n‖x− y‖

)−`
dσ(y) 6 C2n. (7.2.37)

Without loss of generality, we may assume that 1
2
6 ‖x‖ 6 2, since otherwise the

desired estimate (7.2.37) holds trivially. Writing x = ‖x‖x′, we have that for y ∈ Sd−1,

‖x− y‖2 = (‖x‖ − 1)2 + 2‖x‖(1− 〈x′, y〉) ≥ 1− 〈x′, y〉.
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Thus,

2nd
∫
Sd−1

(
1 + 2n‖x− y‖

)−`
dσ(y) 6 C2nd

∫
Sd−1

(
1 + 4n(1− 〈x′, y〉)

)−`/2
dσ(y)

6 C2n.
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Chapter 8

Weighted Littlewood-Paley theory in

Dunkl analysis

8.1 Weighted Littlewood-Paley inequality

Given a ball B = B(x, r), we write

B̃ = {y ∈ Rd : ‖x̄− ȳ‖ 6 r}.

Recall that

Mκf(x) := sup
B

1

measκ(B)

∫
B̃

|f(y)|h2
κ(y) dy,

where the supremum is taken over all balls B such that x ∈ B̃.

Definition 8.1.1. Let Ψ be a radial Schwartz function such that

suppΨ̂ ⊆ {ξ ∈ Rd : 1
16

6 ‖ξ‖ 6 16}. Let Ψj(x) = 2j(2λκ+1)Ψ(2jx) for j ∈ Z. Define the
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square function L(f) by

L(f)(x) :=
(∑
j∈Z

|f ∗κ Ψj(x)|2
) 1

2
. (8.1.1)

The operator L(f) can be viewed as a vector-valued convolution operator

Tf(x) = {Ψj ∗κ f(x)}∞j=−∞ =
{∫

Rd
f(y)T yΨj(x)h2

κ(y) dy
}∞
j=−∞

.

The norm of L(f) is ‖Tf‖`2 .

Lemma 8.1.2. (i) For x 6= y ∈ Rd,

∥∥∥{T y(Ψj)(x)}∞j=−∞
∥∥∥
`2
6

C

measκ(B(x, ‖x̄− ȳ‖))
. (8.1.2)

(ii) If x 6= y and ‖x− z‖ 6 1
2
‖x̄− ȳ‖, then

∥∥∥{T y(Ψj)(z)− T y(Ψj)(x)}∞j=−∞
∥∥∥
`2
6
‖x− z‖
‖x̄− ȳ‖

· C

measκ(B(x, ‖x̄− ȳ‖))
. (8.1.3)

Proof. (i) By the Lemma 7.2.6,

|T yΨj(x)| = |T−xΨj(−y)| 6 C ·
2dj

d∏
i=1

(|xi|+ 2−j)−2κi

(1 + 2j‖x̄− ȳ‖)l
.
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If ρ := ‖x̄− ȳ‖ < 2−j, then

∑
2jρ<1

2dj
d∏
i=1

(|xi|+ 2−j)−2κi

(1 + 2j‖x̄− ȳ‖)l
6 ρ−d

d∏
i=1

(|xi|+ ρ)−2κi
∑

2jρ<1

(1 + 2jρ)l ∼ C

measκ(B(x, ‖x̄− ȳ‖))
.

If ρ := ‖x̄− ȳ‖ > 2−j, let J = {j : 1 6 j 6 d, |xj| > ρ} and J c = {1, 2, · · · , d} \ J .

Then

∑
2jρ>1

2dj
d∏
i=1

(|xi|+ 2−j)−2κi

(1 + 2j‖x̄− ȳ‖)l
6
∑

2jρ>1

2dj(2jρ)l

(∏
i∈J

|xi|−2κi

)(∏
i∈J

(2−j)−2κi

)

6 Cρ−d · ρ2|κ|Jc
∏
i∈J

(|xi|+ ρ)−2κi

6 Cρ−d
d∏
i=1

(|xi|+ ρ)−2κi ∼ C

measκ(B(x, ‖x̄− ȳ‖))
.

Therefore,

∥∥∥{T y(Ψj)(x)}∞j=−∞
∥∥∥
`2
6 C

∥∥∥{T y(Ψj)(x)}∞j=−∞
∥∥∥
`1
6

C

measκ(B(x, ‖x̄− ȳ‖))
.

(ii) Let Φ(x) = Ψ(‖x‖), then Φ ∈ S(R). Let u(x, y, t) =
√
‖x‖2 + ‖y‖2 − 2xjyjtj,

then for 1 6 n 6 d,

∂

∂xn
T y(Ψ0)(x) = cκ

∫
[−1,1]d

Φ′
(
u(x, y, t)

)
· xn − yntn

u

d∏
j=1

(1− t2j)κj−1(1 + tj)dtj.
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Since for each fixed t = (t1, · · · , td) ∈ [−1, 1]d,

u2(x, y, t) =
d∑
j=1

(x2
j + y2

j − 2xjyjtj) > x2
n + y2

n − 2xnyntn > (xn − yntn)2,

we get |xn − yntn| 6 |u(x, y, t)|. And by Lemma 7.2.6, for all l > 0,

∣∣∣∣ ∂∂xnT y(Ψ0)(x)

∣∣∣∣ 6 cκ

∫
[−1,1]d

|Φ′
(
u(x, y, t)

)
|
d∏
j=1

(1− t2j)κj−1(1 + tj)dtj

6 C(1 + ‖x̄− ȳ‖)−l
d∏
i=1

(|yi|+ 1)−2κi .

And by (7.2.35), we get

∣∣∣∣ ∂∂xnT y(Ψj)(x)

∣∣∣∣ 6 C · 2−j(d+1)

(
1 +
‖x̄− ȳ‖

2j

)−l d∏
i=1

(|yi|+ 2j)−2κi .

Then by the mean value theorem, there exist θ ∈ (0, 1) such that

|T y(Ψj)(z)− T y(Ψj)(x)| 6 ‖x− z‖ · |∇T y(Ψj)(ξ)|

6 C · 2−j(d+1)‖x− z‖
(
1 + 2−j‖ξ̄ − ȳ‖

)−l d∏
i=1

(|yi|+ 2j)−2κi ,

where ξ = θx+ (1− θ)z.

Since ‖x− z‖ 6 1
2
‖x̄− ȳ‖,

‖ξ̄ − ȳ‖ > ‖x̄− ȳ‖ − ‖x̄− ξ̄‖ > ‖x̄− ȳ‖ − ‖x− ξ‖ > ‖x̄− ȳ‖ − ‖x− z‖ > 1

2
‖x̄− ȳ‖.
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Then

|T y(Ψj)(z)− T y(Ψj)(x)| 6 C‖x− z‖ · 2−j(d+1)
(
1 + 2−j‖x̄− ȳ‖

)−l d∏
i=1

(|yi|+ 2j)−2κi .

Let ρ = ‖x̄− ȳ‖ and Ij(x, y) = 2−j(d+1) (1 + 2−jρ)
−l∏d

i=1(|yi|+ 2j)−2κi .

If ρ < 2j, then

∑
2j<ρ

Ij(x, y) 6 ρ−d−1

d∏
i=1

(|yi|+ ρ)−2κi ∼ C

‖x̄− ȳ‖
· 1

measκ(B(y, ‖x̄− ȳ‖))
.

If ρ > 2j, let J = {j : 1 6 j 6 d, |yj| > ρ} and J c = {1, 2, · · · , d} \ J . Then

∑
2j>ρ

Ij(x, y) 6
∑
2j>ρ

2−j(d+1)(2−jρ)−l

(∏
i∈J

|yi|−2κi

)(∏
i∈Jc

2−2jκi

)

6 Cρ−d−1

(∏
i∈J

|yi|−2κi

)(∏
i∈Jc

ρ−2κi

)
6 Cρ−d−1

d∏
i=1

(|yi|+ ρ)−2κi

∼ C

‖x̄− ȳ‖
· 1

measκ(B(y, ‖x̄− ȳ‖))
.

Since B(x̄, ‖x̄− ȳ‖) ⊆ B(ȳ, 2‖x̄− ȳ‖),

measκ(B(y, ‖x̄− ȳ‖)) = measκ(B(ȳ, ‖x̄− ȳ‖)) = Cκ measκ(B(ȳ, 2‖x̄− ȳ‖))

> Cκ measκ(B(x̄, ‖x̄− ȳ‖)).
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Therefore,

∥∥∥{T y(Ψj)(z)− T y(Ψj)(x)}∞j=−∞
∥∥∥
`2
6 C

∥∥∥{T y(Ψj)(z)− T y(Ψj)(x)}∞j=−∞
∥∥∥
`1

6
‖x− z‖
‖x̄− ȳ‖

· C

measκ(B(x, ‖x̄− ȳ‖))
.

Definition 8.1.3. Let w(x) be a non-negative, locally integrable function on Rd. We

say w is an Ap weight for some 1 < p <∞, if

sup
B⊆Rd

(
1

measκ(B)

∫
B

w(x)dµκ(x)

)(
1

measκ(B)

∫
B

w(x)
1

1−pdµκ(x)

)p−1

6 C,

where dµκ = h2
κ(x)dx and the supremum is taken over all balls B ⊆ Rd. We say that w

is an A1 weight, if

sup
B⊆Rd

(
1

measκ(B)

∫
B

w(x)dµκ(x)

)
6 w(x), a.e. x ∈ B.

Theorem 8.1.4. Suppose L(f) is the square function defined by (8.1.1), and w is an Ap

weight for some 1 < p <∞. If w(σx) = w(x) for all σ ∈ Zd2, then

‖L(f)‖Lp(w) 6 C‖f‖Lp(w).

Proof. Let εj be independent and identically distributed random variables with
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P (εj = ±1) = 1
2

for every |j| 6 n. We define

Tnf(x) =

∫
Rd
Kn(x, y)f(y)w(y)dµκ(y),

where Kn(x, y) =
n∑

j=−n
T yΨj(x) · εj.

Let Rσ ⊆ Rd be the subspace such that σRσ = Rd
+ for some σ ∈ Zd2. Then

Tnf(x) =
∑
σ′∈Zd2

∑
σ∈Zd2

∫
Rσ

Kn(x, y)f(y)w(y)dµκ(y) · χRσ′ (x)

=
∑
σ′∈Zd2

∑
σ∈Zd2

∫
Rd+
Kn(x, σy)f(σy)w(σy)dµκ(y) · χRσ′ (x).

Let fσ(y) = f(σy), then

Tnf(x) =
∑
σ′∈Zd2

∑
σ∈Zd2

∫
Rd+
Kn(σ′x, σy)fσ(y)w(y)dµκ(y) · χRd+(x).

For x ∈ Rd
+, set

Tn,σ,σ′f(x) =

∫
Rd+
Kn(σ′x, σy)fσ(y)w(y)dµκ(y).

By Plancherel’s Theorem,

‖Tn,σ,σ′fσ‖L2(w,Rd+) 6 C‖fσ‖L2(w,Rd+).
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Thus, the Lemma 8.1.2 implies that Tn,σ,σ′ are Calderón-Zygmund operators. Hence

‖Tn,σ,σ′fσ‖Lp(w,Rd+) 6 C‖fσ‖Lp(w,Rd+).

Then the Minkowski’s inequality gives that

‖Tnf‖Lp(w,Rd) 6 C‖fσ‖Lp(w,Rd).

And by Khintchine’s inequality and the dominated convergence theorem, we get

‖L(f)‖Lp(w,Rd) 6 C‖f‖Lp(w,Rd).

8.2 An important corollary

Lemma 8.2.1. Let f ∈ L1
loc(Rd;h2

κ) be such that Mκf(x) <∞ for a.e. x ∈ Rd. If

0 < δ < 1, then for every ball B ⊂ Rd,

1

measκ(B)

∫
B̃

Mκf(y)δh2
κ(y) dy 6 CMκf(x)δ, ∀x ∈ B̃.

Proof. Fix a ball B and decompose f as f = f1 + f2, where f1 = fχ2̃B. Then for

0 < δ < 1,

Mκf(y)δ 6Mκf1(y)δ +Mκf2(y)δ.
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Since Mκ is weak (1, 1), it follows by Kolmogorov’s inequality that

1

measκ(B)

∫
B̃

(Mκf1(z))δh2
κ(z) dz 6 Cδ

( 1

measκ(2B)

∫
2̃B

|f(z)|h2
κ(z) dz

)δ
6 CMκf(x)δ, ∀x ∈ B̃.

Next, we claim that

Mκf2(y) 6 CMκf(x), ∀x, y ∈ B̃. (8.2.4)

Indeed, fix x ∈ B̃ and y ∈ B̃, and let B1 be a ball such that y ∈ B̃1. Since f2 is

supported in Rd \ 2̃B, in order that
∫
B̃1
|f2(z)|h2

κ(z) dz > 0, one must have that

2rad(B1) ≥ rad(B), which implies that x ∈ B̃ ⊂ 5̃B1. Thus,

1

measκ(B1)

∫
B1

|f2(z)|h2
κ(z) dz 6

C

measκ(5B1)

∫
5̃B1

|f(z)|h2
κ(z) dz 6 CMκf(x).

This shows the claim.

Now using (8.2.4), we obtain that

1

measκ(B)

∫
B̃

Mκf2(y)δh2
κ(y) dy 6 CMκf(x)δ.

Lemma 8.2.1 implies that (Mκ)
δdµκ satisfy the A1−condition for all δ ∈ (0, 1). And

it follows that (Mκ)
δdµκ are Ap weights for all δ ∈ (0, 1) and p ∈ (1,∞). Thus, by the
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Theorem 8.1.4, we can get the following corollary.

Corollary 8.2.2. Let g ∈ L1
loc(Rd;h2

κ) be such that Mκg(x) <∞ for a.e. x ∈ Rd, and

L(f) be the square function defined by (8.1.1). If 0 < δ < 1 and 1 < p <∞, then

‖L(f)‖Lp(Mκgdµκ) 6 C‖f‖Lp(Mκgdµκ).
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Chapter 9

Strong estimates of the maximal

Bochner-Riesz means of the Dunkl

transforms

9.1 Main results

The Bochner-Riesz means of f of order δ > −1 in the Dunkl setting are defined by

Bδ
R(h2

κ; f)(x) = cκ

∫
‖y‖6R

(
1− ‖y‖

2

R2

)δ
Fκf(y)Eκ(ix, y)h2

κ(y) dy, x ∈ Rd, R > 0,

whereas the maximal Bochner-Riesz operators are defined by

Bδ
∗(h

2
κ; f)(x) = sup

R>0
|Bδ

R(h2
κ; f)(x)|, x ∈ Rd. (9.1.1)
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Theorem 9.1.1. Let δκ(p) = (2λκ + 1)(1
2
− 1

p
)− 1

2
. If p > 2 + 2

λκ
and δ > max{0, δκ(p)},

then for all f ∈ Lp(Rd;h2
κ),

‖Bδ
∗(h

2
κ; f)‖κ,p 6 C‖f‖κ,p.

Let δ > ε > 0. Since

(
1− |ξ|

2

R2

)δ
=

2Γ(δ)

Γ(ε+ 1
2
)Γ(δ − ε+ 1

2
)
·R−2δ

∫ R

|ξ|
(R2 − t2)δ−ε−

1
2 t2ε

(
1− |ξ|

2

t2

)ε− 1
2
dt,

we get that

Bδ
R(h2

κ; f)(x) = Cε,δR
−2δ

∫ R

0

(R2 − t2)δ−ε−
1
2 t2ε B

ε− 1
2

t (h2
κ; f)(x) dt.

By Cauchy-Schwartz inequality,

|Bδ
R(h2

κ; f)(x)| 6 Cε,δ

(∫ 1

0

[(1− t2)δ−ε−
1
2 t2ε]2 dt

) 1
2
(

1

R

∫ R

0

|Bε− 1
2

t (h2
κ; f)(x)|2 dt

) 1
2

(9.1.2)

and the first integral above is bounded under the condition δ > ε > 0.

Let γ be a C∞c function supported in [0, 1
2
] such that

∞∑
k=1

γk(t) = 1, t ∈ [0,
1

2
],

where γk(t) = γ(2kt). And define γ0(t) = 1−
∑∞

k=1 γk(t) for 1
2
< t 6 1 and γ0(t) = 0
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otherwise. Then

(1− |ξ|2)δ+ =
∞∑
k=0

(1− |ξ|2)δγk(1− |ξ|2)

= (1− |ξ|2)γ0(1− |ξ|2) +
∞∑
k=1

2−kδ
[(

2k(1− |ξ|2)
)δ
γ
(

2k(1− |ξ|2)
)]

.

Define φ0(ξ) = (1− |ξ|2)γ0(1− |ξ|2). And for λ ∈ (0, 1/2], define

φλ(ξ) =
(1− |ξ|2

λ

)δ
γ
(1− |ξ|2

λ

)
, ξ ∈ Rd.

Clearly,

suppφλ ⊂ {ξ : 1− λ

2
6 ‖ξ‖ 6 1 +

λ

2
},

and

|∇`φλ(ξ)| 6 C`λ
−`, ξ ∈ Rd, ` = 0, 1, · · · . (9.1.3)

Set φλt (ξ) = φλ(ξ/t) for t > 0, then

(
1− |ξ|

2

t2

)δ
+

= φ0
t (ξ) +

∞∑
k=1

2−kδφ2−k

t (ξ). (9.1.4)

It follows that

B
ε− 1

2
t (h2

κ; f)(x) = f ∗κ φ̂0
t (x) +

∞∑
k=1

2−k(ε− 1
2

)f ∗κ φ̂2−k
t (x).
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By triangle inequality and (9.1.2),

|Bδ
R(h2

κ; f)(x)| 6 C

(
1

R

∫ R

0

|f ∗κ φ̂0
t (x)|2 dt

) 1
2

+ C

∞∑
k=1

2−k(ε− 1
2

)

(
1

R

∫ R

0

|f ∗κ φ̂2−k
t (x)|2 dt

) 1
2

.

Define

Gλf(x) =
(∫ ∞

0

|f ∗κ φ̂λt (x)|2dt
t

)1/2

.

Then

Bδ
∗(h

2
κ; f)(x) = sup

R>0
|Bδ

R(h2
κ; f)(x)| 6 CMκf(x) + C

∞∑
k=1

2−k(ε− 1
2

)G2−kf(x).

Therefore, to show Theorem 9.1.1, we just need to prove for all p > p0 := 2 + 2
λκ

,

‖Gλf‖κ,p 6 Cλ
1

2λκ+2‖f‖κ,p

which is a consequence of the following theorem.

Theorem 9.1.2. Let p0 = 2 + 2
λκ

and r = (1
2
p0)′ = λκ + 1. Then for any nonnegative

function g on Rd,

∫
Rd
|Gλf(x)|2g(x)h2

κ(x) dx 6 Cλ
1

λκ+1

∫
Rd
|f(x)|2Mκ,r(g)(x)h2

κ(x) dx,

where Mκ,rg = (Mκ(g
r))1/r.
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9.2 A locality lemma

Denote by Dj the collection of all dyadic cubes in Rd with side length 2j. Let T be

a sublinear operator with the following local property: for any function f supported in a

cube Q ∈ Dj, Tf is supported in a fixed dilate Q∗ = cQ̃ of Q̃ =
⋃
ε∈Zd2

Qε. By (5.1.3), it

is easily seen that if K is a kernel supported in B(0, c2j), then Tf = f ∗κ K has the

above local property.

Lemma 9.2.1. Suppose T has the above local property, p0 > 2 and r = (p0/2)′ = p0
p0−2

.

Suppose further that for any Q ∈ Dj, and any function f supported in Q,

‖Tf‖κ,p0 6 A
( 2j(2λκ+1)

measκ(Q)

) 1
2
− 1
p0 ‖f‖κ,2.

Then for any f defined on Rd and any testing function g ≥ 0,

∫
Rd
|Tf(x)|2g(x)h2

κ(x) dx 6 CA22j(2λκ+1)/r

∫
Rd
|f(x)|2Mκ,rg(x)h2

κ(x) dx. (9.2.5)

Proof. First, we show (9.2.5) for f supported in a cube Q ∈ Dj. Indeed, by the local
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property of T ,

∫
Rd
|Tf(x)|2g(x)h2

κ(x) dx =

∫
Q∗
|Tf(x)|2g(x)h2

κ(x) dx

6
∥∥∥|Tf |2∥∥∥

κ,
p0
2

(∫
Q∗
|g(x)|rh2

κ(x) dx
)1/r

6 C(measκ(Q))
1
r ‖Tf‖2

κ,p0
inf
x∈Q

Mκ,rg(x)

6 CA22j(2λκ+1)/r
(∫

Q

|f(x)|2 h2
κ(x)dx

)
inf
x∈Q

Mκ,rg(x)

6 CA22j(2λκ+1)/r

∫
Q

|f(x)|2Mκ,rg(x)h2
κ(x) dx.

Next, we show (9.2.5) for a general f . Write

f =
∑
Q∈Dj

fχQ =
∑
Q∈Dj

fQ.

Since T is sublinear, we have, by the local property of T ,

|Tf | 6
∑
Q∈Dj

|T (fQ)|χQ∗ ,

which implies

|Tf |2 6 C
∑
Q∈Dj

|T (fQ)|2.
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Thus,

∫
Rd
|Tf(x)|2g(x)h2

κ(x) dx 6 C
∑
Q∈Dj

∫
Rd
|T (fQ)|2g(x)h2

κ(x) dx

6 CA22j(2λκ+1)/r
∑
Q∈Dj

∫
Rd
|fQ|2Mκ,rg(x)h2

κ(x) dx

= CA22j(2λκ+1)/r

∫
Rd
|f |2Mκ,r(g)(x)h2

κ(x) dx.

Remark 9.2.2. Note that (9.2.5) implies that for 2 < p < p0, and r̃ = (p/2)′ > r,

‖Tf‖2
κ,p = ‖|Tf |2‖κ,p/2 = sup

‖g‖κ,r̃61

∫
Rd
|Tf(x)|2g(x)h2

κ(x) dx

6 CA22j(2λκ+1)/r sup
‖g‖κ,r̃61

∫
Rd
|f(x)|2Mκ,rg(x)h2

κ(x) dx

6 CA22j(2λκ+1)/r‖|f |2‖κ,p/2 sup
‖g‖κ,r̃61

‖Mκ,rg‖κ,r̃

6 CA22j(2λκ+1)/r‖f‖2
κ,p.

9.3 A pointwise kernel estimate

Assume that 2−i−1 6 λ < 2−i for some i ∈ N. Let η ∈ C∞c (Rd) be a radial function

such that η(x) = 1 for ‖x‖ 6 1, and η(x) = 0 for ‖x‖ ≥ 2. Set ηi(x) = η(2−ix) and

ηj(x) = η(2−jx)− η(2−j+1x) for j > i. Then

∞∑
j=i

ηj(ξ) = lim
j→∞

η(2−jξ) = 1, ξ ∈ Rd \ {0}. (9.3.6)
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Lemma 9.3.1. For 1
2
6 t 6 4, j ≥ i and any N ∈ N,

|η̂j ∗κ φλt (x)| 6


CN2(i−j)N(1 + 2i

∣∣‖x‖ − t∣∣)−N , if 1
4
6 ‖x‖ 6 8;

CN2(i−j)N2−iN(1 + ‖x‖)−N , otherwise,

(9.3.7)

where φλt (x) = φλ(t−1x).

The proof of Lemma 9.3.1 is long and technical, so we postpone it until Section 9.5.

9.4 Proof of Theorem 9.1.2

For 2−1 6 t 6 4, write

Tf(x, t) = f ∗κ φ̂λt(x) =
∞∑
j=i

f ∗κ (φ̂λtηj)(x) =:
∞∑
j=i

Tjf(x, t), x ∈ Rd, (9.4.8)

where Tjf(x, t) = f ∗κ (ηjφ̂λt)(x). Each Tj will be considered as a vector-valued operator

Tj : L2(Rd;h2
κ)→ Lp0(L2[2−1, 4]) with

‖Tjf‖Lp0 (L2[2−1,4]) :=
(∫

Rd
‖Tjf(x, ·)‖p0L2[2−1,4]h

2
κ(x) dx

)1/p0
,

and

‖Tjf(x, ·)‖L2[2−1,4] :=
(∫ 4

2−1

|Tjf(x, t)|2 dt
) 1

2
.
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Note that

(
Tjf(·, t)

)∧
(ξ) = f̂(ξ)(ηjφ̂λt )

∧(ξ) = f̂(ξ)(η̂j ∗κ φλt )(ξ). (9.4.9)

Thus, by the Fourier inverse formula, we have that for f ∈ S(Rd),

Tjf(x, t) = cκ

∫
Rd
f̂(ξ)(η̂j ∗κ φλt )(ξ)Eκ(iξ, x)h2

κ(ξ) dξ

= c

∫ ∞
0

∫
Sd−1

f̂(ρξ)(η̂j ∗κ φλt )(ρξ)Eκ(iρξ, x)h2
κ(ξ) dσ(ξ)ρ2λκ dρ. (9.4.10)

Recall that p0 = 2 + 2
λκ

.

Lemma 9.4.1. Let B = B(ω, c2j) denote a ball centered at ω ∈ Rd having radius c2j for

some c > 0, and let B̃ =
⋃
σ∈Zd2

B(σ(ω), c2j). Then for j ≥ i ≥ 1,

∥∥∥(∫ 4

2−1

|Tjf(·, t)|2 dt
)1/2∥∥∥

Lp0 (B̃,h2κ)
6 C2−j

( 2j(2λκ+1)

measκ(B)

) 1
2
− 1
p0 ‖f‖κ,2.

Proof. Write f = f1 + f2, where f̂1(ξ) = f̂(ξ)χ4−16‖ξ‖68(ξ), f̂2(ξ) = f̂(ξ)χI(ξ) and

I := [0, 1
4
)
⋃

(8,∞). We then reduce to showing that for k = 1, 2,

∥∥∥(∫ 4

2−1

|Tjfk(·, t)|2 dt
)1/2∥∥∥

Lp0 (B̃,h2κ)
6 C2−j

( 2j(2λκ+1)

measκ(B)

) 1
2
− 1
p0 ‖fk‖κ,2. (9.4.11)

First, we show (9.4.11) for k = 1. Using (9.4.10) and Minkowski’s inequality, we
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obtain that for t ∈ [2−1, 4],

‖Tjf1(·, t)‖2
Lp0 (B̃,h2κ)

6 C
∥∥∥∫ 8

4−1

∫
Sd−1

f̂(ρξ)(η̂j ∗κ φλt )(ρξ)Eκ(iρ·, ξ)h2
κ(ξ) dσ(ξ) dρ

∥∥∥2

Lp0 (B̃,h2κ)

6 C
(∫ 8

4−1

∥∥∥∫
Sd−1

f̂(ρξ)(η̂j ∗κ φλt )(ρξ)Eκ(i·, ξ)h2
κ(ξ) dσ(ξ)

∥∥∥
Lp0 (B̃ρ,h2κ)

dρ
)2

,

where B̃ρ =
⋃
σ∈Zd2

B(ρσ(ω)ω, 2jρ). By the Cauchy-Schwartz inequality, the term on the

right hand side of this last inequality is controlled by a constant multiple of

2−i
(∫ 8

4−1

∥∥∥∫
Sd−1

f̂(ρξ)(η̂j ∗κ φλt )(ρξ)Eκ(i·, ξ)h2
κ(ξ) dσ(ξ)

∥∥∥2

Lp0 (B̃ρ,h2κ)
(1 + 2i|ρ− t|)2 dρ

)
,

which, using the restriction theorem (Corollary 7.2.2 (ii)), is bounded above by

C2−i
( 2(2λκ+1)j

measκ(B)

)1− 2
p0

∫ 8

4−1

(1 + 2i|ρ− t|)2

∫
Sd−1

|η̂j ∗κ φλt (ρξ)|2|f̂(ρξ)|2h2
κ(ξ) dσ(ξ) dρ.

Here we used the fact that for Bρ = B(ρω, c2jρ) and any ρ > 0,

(2jρ)2λκ+1

measκ(B̃ρ)
∼ (2jρ)2λκ+1

measκ(Bρ)
∼ 2j(2λκ+1)

measκ(B)
∼ 22j|κ|∏d

n=1(|ωn|+ 2j)2κn
(9.4.12)

Thus, by Lemma 9.3.1, it follows that for any t ∈ [2−1, 4],

‖Tjf1(·, t)‖2
Lp0 (B̃,h2κ)

6 C2−i4i−j
( 2(2λκ+1)j

measκ(B)

)1− 2
p0

∫ 8

4−1

(1 + 2i|ρ− t|)−N
∫
Sd−1

|f̂(ρξ)|2h2
κ(ξ) dσ(ξ) dρ.
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Here and throughout the proof, N denotes a sufficiently large number depending only on

κ and d. Now using Minkowski’s inequality again, we deduce

∥∥∥(∫ 4

2−1

|Tjf1(·, t)|2 dt
) 1

2
∥∥∥2

Lp0 (B̃,h2κ)
6
∫ 4

2−1

∥∥∥Tjf1(·, t)
∥∥∥2

Lp0 (B̃,h2κ)
dt

6 C2−i4i−j
( 2(2λκ+1)j

measκ(B)

)1− 2
p0

∫ 8

4−1

∫
Sd−1

|f̂(ρξ)|2h2
κ(ξ) dσ(ξ)

∫ 4

2−1

(1 + 2i|ρ− t|)−N dt dρ

6 C4−j
( 2(2λκ+1)j

measκ(B)

)1− 2
p0

∫ 8

4−1

ρ2λκ

∫
Sd−1

|f̂(ρξ)|2h2
κ(ξ) dσ(ξ) dρ

6 C4−j
( 2(2λκ+1)j

measκ(B)

)1− 2
p0 ‖f‖2

κ,2.

This shows (9.4.11) for k = 1.

Next, we show (9.4.11) for k = 2. By Minkowski’s inequality, it suffices to show

that for any t ∈ [2−1, 4] and p = p0,

‖Tjf2(·, t)‖Lp(B̃,h2κ) 6 C2−iN2i−j
( 2(2λκ+1)j

measκ(B)

) 1
2
− 1
p‖f2‖κ,2. (9.4.13)

Note that the log-convexity of the Lp-norm implies

‖Tjf2(·, t)‖Lp0 (B̃,h2κ) 6 ‖Tjf2(·, t)‖
1− 2

p0

L∞(B̃,h2κ)
‖Tjf2(·, t)‖

2
p0

L2(B̃,h2κ)
.

Thus, it suffices to show (9.4.13) for p =∞ and p = 2.
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To show (9.4.13) for p =∞, we observe that by (9.4.10), for t ∈ [2−1, 4] and x ∈ B̃,

|Tjf2(x, t)| =
∣∣∣∫
I

ρ2λκ

∫
Sd−1

f̂(ρξ)(η̂j ∗κ φλt )(ρξ)Eκ(iρx, ξ)h2
κ(ξ) dσ(ξ) dρ

∣∣∣
6
∫
I

ρ2λκ sup
y∈B̃ρ

∣∣∣∫
Sd−1

f̂(ρξ)(η̂j ∗κ φλt )(ρξ)Eκ(iy, ξ)h2
κ(ξ) dσ(ξ)

∣∣∣ dρ,
which, using the fact (9.4.12) and Corollary 7.2.2 (ii) with q =∞, is estimated above by

C
( 2j(2λκ+1)

measκ(B)

) 1
2

∫
I

ρ2λκ
(∫

Sd−1

|η̂j ∗κ φλt (ρξ)|2|f̂(ρξ)|2h2
κ(ξ) dσ(ξ)

) 1
2
dρ.

Thus, by Lemma 9.3.1, it follows that

sup
x∈B̃
|Tjf2(x, t)| 6 C2−iN2i−j

( 2(2λκ+1)j

measκ(B)

) 1
2

∫
I

(1 + |ρ|)−Nρ2λκ
(∫

Sd−1

|f̂(ρξ)|2h2
κ(ξ) dσ(ξ)

) 1
2
dρ

6 C2−iN2i−j
( 2(2λκ+1)j

measκ(B)

) 1
2
(∫

I

ρ2λκ

∫
Sd−1

|f̂(ρξ)|2h2
κ(ξ) dσ(ξ) dρ

) 1
2

6 C2−iN2i−j
( 2(2λκ+1)j

measκ(B)

) 1
2‖f‖κ,2,

where the second step uses the Cauchy-Schwartz inequality. This shows (9.4.13) for

p =∞.

Finally, we show (9.4.13) for p = 2. Indeed, by Plancherel’s theorem and Lemma

9.3.1,

‖Tjf2(·, t)‖2
κ,2 = c

∫
Rd
|f̂2(ξ)|2|η̂j ∗κ φλt (ξ)|2h2

κ(ξ) dξ

6 c4−iN4i−j
∫
Rd
|f̂2(ξ)|2(1 + ‖ξ‖)−2Nh2

κ(ξ) dξ 6 C4−iN4i−j‖f2‖2
κ,2.
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This completes the proof of the lemma.

Lemma 9.4.2. For any g ≥ 0,

∫ 4

2−1

∫
Rd
|f ∗κ φ̂λt (x)|2g(x)h2

κ(x) dx dt 6 Cλ
1

λκ+1

∫
Rd
|f(x)|2Mκ,rg(x)h2

κ(x) dx.

Proof. Recall that Tj : L2(Rd;h2
κ)→ Lp0(L2[2−1, 4]) is a vector-valued operator given

by

Tjf(x, t) = f ∗κ (ηjφ̂λt)(x) = cκ

∫
Rd
f(y)T y(φ̂λtηj)(x)h2

κ(y) dy, t ∈ [2−1, 4].

Since ηj is supported in the ball B2j+2(0), we conclude from (5.1.3) that T y(ηjφ̂λt )(x) = 0

unless
∣∣|xn| − |yn|∣∣ 6 2j+2 for n = 1, 2, · · · , d. This means that for each fixed y ∈ Rd, the

function T y(ηjφ̂λt ) is supported in the set
⋃
σ∈Zd2

B(σy,
√
d2j+2). Thus, for any function f

supported in a ball B = B(ω, c2j), Tjf(·, t) is supported in the set

B̃ =
⋃
σ∈Zd2

B(σω, (c+
√
d)2j).

Thus, the operator Tj has the locality property stated before Lemma 9.2.1. On the other

hand, however, by Lemma 9.4.1,

(∫
Rd
‖Tjf(x, ·)‖p0L2([2−1,4])h

2
κ(x) dx

) 1
p0 =

(∫
B̃

‖Tjf(x, ·)‖p0L2([2−1,4])h
2
κ(x) dx

) 1
p0

6 C2−j
( 2j(2λκ+1)

measκ(B)

) 1
2
− 1
p0 ‖f‖κ,2.
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Thus, using Lemma 9.2.1, we conclude that for j = i, i+ 1, · · · ,

∫
Rd
‖Tjf(x, ·)‖2

L2([2−1,4])g(x)h2
κ(x) dx

6 C4−j2j(2λκ+1)/r

∫
Rd
|f(x)|2Mκ,rg(x)h2

κ(x) dx, (9.4.14)

where r = (p0/2)′ = λκ + 1. Now let ε ∈ (0, 1) be such that 0 < ε < 2− 2λκ+1
r

= 1
λκ+1

.

We obtain from (9.4.8) that

‖Tf(x, ·)‖2
L2([2−1,4]) 6

( ∞∑
j=i

‖Tjf(x, ·)‖L2([2−1,4])

)2

6 C2−iε
∞∑
j=i

2jε‖Tjf(x, ·)‖2
L2([2−1,4]).

Thus, by (9.4.14),

∫
Rd
‖Tf(x, ·)‖2

L2([2−1,4])g(x)h2
κ(x) dx 6 C2−iε

∞∑
j=i

2jε
∫
Rd
‖Tjf(x, ·)‖2

L2([2−1,4])g(x)h2
κ(x) dx

6 C2−iε
∞∑
j=i

2jε2−2j2j(2λκ+1)/r

∫
Rd
|f(x)|2Mκ,rg(x)h2(x) dx

6 Cλ
1

1+λκ

∫
Rd
|f(x)|2Mκ,rg(x)h2

κ(x) dx.

Lemma 9.4.3. For k ∈ Z and any function g ≥ 0,

∫ 2k+2

2k−1

∫
Rd
|f ∗κ φ̂λt(x)|2g(x)h2

κ(x) dx
dt

t
6 Cλ

1
1+λκ

∫
Rd
|f(x)|2Mκ,rg(x)h2

κ(x) dx,

where φλt (x) = φλ(x/t).
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Proof. For 1 6 p 6∞, set

Dilpuf(x) = u−(2λκ+1)/pf(x/u), u > 0, x ∈ Rd.

Note that for any u > 0,

(f ∗κ φ̂λt )∧(ξ) = f̂(ξ)φλ(t−1ξ) = Dil∞u−1

[
(Dil∞u f̂)(Dil∞utφ

λ)
]
(ξ)

= Fκ
[
Dil1u(Dil1u−1f ∗κ φ̂λut)

]
(ξ).

It follows that for any x ∈ Rd and any u > 0,

f ∗κ φ̂λt (x) = Dil1u(Dil1u−1f) ∗κ (Fκφλut)(x) = (Dil∞u−1f) ∗κ (Fκφλut)(u−1x)

= fu−1 ∗κ φ̂λut(u−1x),

where, for convenience, we set fu(y) = f(u−1y) = Dil∞u f(y). It follows by Lemma 9.4.2

that

∫ 2k+2

2k−1

∫
Rd
|f ∗κ φ̂λt (x)|2g(x)h2

κ(x) dx
dt

t
=

∫ 4

2−1

∫
Rd
|f ∗κ φ̂λ2kt(x)|2g(x)h2

κ(x) dx
dt

t

=

∫ 4

2−1

∫
Rd
|f2k ∗κ φ̂λ2−k2kt

(2kx)|2g(x)h2
κ(x) dx

dt

t

= 2−k(2λκ+1)

∫ 4

2−1

∫
Rd
|f2k ∗κ φ̂λt (x)|2g(2−kx)h2

κ(x) dx
dt

t

6 Cλ
1

1+λκ 2−k(2λκ+1)

∫
Rd
|f(2−kx)|2Mκ,rg(2−kx)h2

κ(x) dx

= Cλ
1

1+λκ

∫
Rd
|f(x)|2Mκ,rg(x)h2

κ(x) dx,
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where we used the fact that Mκ,r(g(u·))(x) = Mκ,rg(ux) for any u > 0 in the fourth

step.

Now we are in a position to prove Theorem 9.1.2.

Proof of Theorem 9.1.2. Let ϕ be a C∞-radial function on Rd with the properties that

supp ϕ ⊂ {ξ ∈ Rd : 1 6 |ξ| 6 2} and
∑

j∈Z ϕ(2jξ) = 1 for all ξ ∈ Rd \ {0}. Define the

operators Lj by

(Ljf)∧(ξ) = ϕ(2jξ)f̂(ξ), j ∈ Z.

Thus,

f ∗κ φ̂λt (x) =
∑
j∈Z

(Ljf) ∗κ φ̂λt (x).

Note that

((Ljf) ∗κ φ̂λt )∧(ξ) = ϕ(2jξ)f̂(ξ)φλ(t−1ξ),

which is zero unless

2−1−j 6
4

5
· 2−j 6 4

5
‖ξ‖ 6 t 6

4

3
‖ξ‖ 6 4

3
· 21−j 6 22−j.

This implies that

f ∗κ φ̂λt (x) =
∑

j∈Z: 2−1−j6t622−j

(Ljf) ∗κ φ̂λt (x),

and hence

|f ∗κ φ̂λt (x)|2 6 C
∑

j∈Z: 2−1−j6t622−j

|(Ljf) ∗κ φ̂λt (x)|2.
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It follows that

∫
Rd

(∫ ∞
0

|f ∗κ φ̂λt (x)|2dt
t

)
g(x)dµκ(x) 6 C

∑
j∈Z

∫
Rd

∫ 22−j

2−1−j
|(Ljf) ∗κ φ̂λt (x)|2dt

t
g(x)dµκ(x)

6 Cλ
1

1+λκ

∑
j∈Z

∫
Rd
|Ljf |2Mκ,rg(x)dµκ(x) = λ

1
1+λκ

∥∥∥(∑
j∈Z

|Ljf |2
)1/2
∥∥∥2

L2(Rd,Mκ,rgdµκ)
,

where dµκ(x) = h2
κ(x) dx. Without loss of generality, we may assume that

Mκ(g
r)(x) <∞ a.e.. Since r > 1, this implies that the weight Mκ,rg = (Mκ(g

r))1/r

satisfies the A2-condition with respect to the measure dµκ. It then follows by the

weighted Paley-Littlewood inequality that

∥∥∥(∑
j∈Z

|Ljf |2
)1/2
∥∥∥2

L2(Mκ,rgdµκ)
6 C‖f‖2

L2(Mκ,rgdµκ) = C

∫
Rd
|f(x)|2Mκ,rg(x) dµκ(x).

This completes the proof.

9.5 Proof of Lemma 9.3.1

Denote by ψ the radial Schwartz function on Rd whose Dunkl transform is either

the function η or the function η(ξ)− η(2ξ) depending on whether j = i or j > i. Then

η̂j(x) = 2j(2λκ+1)ψ(2jx) =: ψj(x) and

η̂j ∗κ φλt (x) = ψj ∗κ φλt = c2j(2λκ+1)

∫
Rd
ψ(2jy)T yφλt (x)h2

κ(y) dy.

155



Since T yφλt (x) = T y/tφλ(x/t), we have

η̂j ∗κ φλt (x) = c(2jt)(2λκ+1)

∫
Rd
ψ(2jty)T yφλ(x/t)h2

κ(y) dy = (ψm ∗κ φλ)(x/t),

where 2m = 2jt. Thus, it suffices to prove the stated estimates for t = 1 (for the cases

‖x‖ ∈ [1
4
, 8] and ‖x‖ /∈ [1

4
, 8]).

Firstly, by Lemma 7.2.6, we have that

|T yφλ(x)| 6 C
d∏
j=1

(1 + |xj|)−2κj ∼ 1

measκ(B(x, 1))
, x ∈ Rd. (9.5.15)

Then we turn to the proof of the estimates (9.3.7) with t = 1. Assume that

T yφλ(x) 6= 0. As stated before, we need to consider the following cases:

Case 1. ‖x‖ 6 1
4
.

Recall first that

1− 2−i−1 6 ‖x̄+ ȳ‖ and ‖x̄− ȳ‖ 6 1 + 2−i−1, (9.5.16)

which in turn implies that ∣∣∣‖y‖ − 1
∣∣∣ 6 ‖x‖+ 2−i−1. (9.5.17)

Hence, if ‖x‖ 6 1
4
, then

‖y‖ = ‖x‖+ ‖y‖ − ‖x‖ ≥ 1− 2−i−1 − 1

4
≥ 1

4
.
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It follows that

|ψj ∗κ φλ(x)| 6 c2j(2λκ+1)

∫
Rd
|ψ(2jy)||T yφλ(x)|h2

κ(y) dy

6 C2j(2λκ+1)

∫
‖y‖≥ 1

4

(2j‖y‖)−2λκ−1−Nh2
κ(y) dy

6 C2−jN
∫
Rd

(1 + ‖y‖)−2λκ−1−Nh2
κ(y) dy

6 C2−jN ∼ 2(i−j)N2−iN(1 + ‖x‖)−N .

Case 2. ‖x‖ ≥ 8.

Note that by (9.5.16), ‖x̄− ȳ‖ 6 3
2
6 ‖x‖

2
, which implies

‖x‖
2

6 ‖y‖ 6 3

2
‖x‖.

It follows by (9.5.15) that

|ψj ∗κ φλ(x)| 6 C2j(2λκ+1)

∫
‖y‖∼‖x‖

(2j‖y‖)−2λκ−2−Nh2
κ(y) dy

6 C(2j‖x‖)−N
∫
Rd

(1 + ‖y‖)−2λκ−2h2
κ(y) dy 6 C2(i−j)N2−iN(1 + ‖x‖)−N .

Case 3. 1
4
6 ‖x‖ 6 8.

In this case, we will show that for any N ∈ Z+,

|ψj ∗κ φλ(x)| 6 C2(i−j)N
(

1 + 2i
∣∣∣1− ‖x‖∣∣∣)−N . (9.5.18)
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First, we show

|ψj ∗κ φλ(x)| 6 C2(i−j)N , (9.5.19)

which will yield (9.5.18) for |1− ‖x‖| 6 2−i+5.

If j = i, then (9.5.19) holds trivially since

|ψj ∗κ φλ(x)| 6 C‖ψj‖1,κ = c′ <∞.

Now assume that j > i. Since ψ̂ is zero near the origin when j > i, it follows from

(2.2.1) that Dακ ψ̂(0) = 0 for any α ∈ Zd+. Thus,

0 = Dακ ψ̂(0) = cx̂αψ(0) = c

∫
Rd
xαψ(x)h2

κ(x) dx, ∀α ∈ Zd+.

This implies that for every polynomial P on Rd,

∫
Rd
ψj(x)P (x)h2

κ(x) dx =

∫
Rd
ψ(x)P (2−jx)h2

κ(x) dx = 0. (9.5.20)

Fix temporarily x ∈ {z ∈ Rd : 1
32

6 ‖z‖ 6 16} and t = (t1, · · · , td) ∈ [−1, 1]d. Set

Fx,t(y) = φλ(u(x, y, t)), where u(x, y, t) :=
√
‖x‖2 + ‖y‖2 − 2

∑d
j=1 xjyjtj. It is easy to

see

u(x, y, t)2 ≥ ‖x‖2 + ‖y‖2 − 2
d∑
j=1

|xjyj||tj| = ‖x̄− ȳ‖2 + 2
d∑
j=1

|xjyj|(1− |tj|) (9.5.21)

≥ ‖x̄− ȳ‖2 + 2 max
16j6d

|xjyj|(1− |tj|).
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Since φλ(u(x, y, t)) = 0 unless 1− 2−i−1 6 u(x, y, t) 6 1 + 2−i−1, (9.5.17) and (9.5.21)

give that Fx,t(y) is a C∞- function of y supported in the set where

d∑
j=1

|xj||yj|(1− |tj|) < 2,
∣∣‖x‖ − 1

∣∣ < ‖y‖+ 2−iand
∣∣‖y‖ − 1

∣∣ < ‖x‖+ 2−i, (9.5.22)

Furthermore, by (9.1.3),

‖∇nFx,t‖∞ 6 C2in, ∀n = 0, 1, · · · . (9.5.23)

Now using Taylor’s theorem, we obtain that given any N ∈ Z+,

φλ(u(x, y, t)) =
∑

|α|6N−1

∂αFx,t(0)

α!
yα +

∑
|α|=N

∂αFx,t(θy)

α!
yα,

for some θ = θ(x, y, t) ∈ [0, 1]. It then follows by (5.1.4) that

T yφ(x) = c
∑

|α|6N−1

yα

α!

∫
[−1,1]d

∂αFx,t(0)
d∏
j=1

(1− t2j)κj−1(1 + tj) dtj (9.5.24)

+ c
∑
|α|=N

yα

α!

∫
[−1,1]d

∂αFx,t(θ(x, y, t)y)
d∏
j=1

(1− t2j)κj−1(1 + tj) dtj.
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Thus, using (9.5.20) and (9.5.23), we conclude that

|ψj ∗κ φλ(x)| =
∣∣∣∫

Rd
ψj(y)T yφλ(x)h2

κ(y) dy
∣∣∣ 6 C

∫
Rd
|ψj(y)|‖y‖N×

×
[∫

[−1,1]d
‖∇NFx,t(θ(x, y, t)y)‖

d∏
j=1

(1− t2j)κj−1(1 + tj)dtj

]
h2
κ(y)dy (9.5.25)

6 C2iN2j(2λκ+1)

∫
Rd

(1 + 2j‖y‖)−N−2λκ−2‖y‖Nh2
κ(y) dy 6 C2(i−j)N .

This proves (9.5.19), and hence (9.5.18) for
∣∣∣1− ‖x‖∣∣∣ 6 2−i+5.

Finally, we begin to prove (9.5.18) under the assumption
∣∣∣‖x‖ − 1

∣∣∣ ≥ 2−i+5. First,

we observe that if
∣∣∣‖x‖ − 1

∣∣∣ ≥ 2−i+5, then by (9.5.22), ∂αFx,t(0) = 0 for all α ∈ Zd+, and

hence by (9.5.24), (9.5.25) holds for all j ≥ i. Second, observe that if ‖y‖ 6 1
2

∣∣∣1− ‖x‖∣∣∣,
then ∣∣∣‖x‖ − 1

∣∣∣ > ‖y‖+ 2−i ≥ ‖θ(x, y, t)y‖+ 2−i,

which, by (9.5.22), implies that ∂αFx,t(θ(x, y, t)y) = 0 for all α ∈ Zd+. Thus, (9.5.25)

implies that for all j ≥ i,

|ψj ∗κ φλ(x)| 6 C

∫
‖y‖≥ 1

2

∣∣1−‖x‖∣∣ |ψj(y)|‖y‖N×

×
[∫

[−1,1]d
‖∇NFx,t(θ(x, y, t)y)‖

d∏
j=1

(1− t2j)κj−1(1 + tj)dtj

]
h2
κ(y)dy

6 C2iN2j(2λκ+1)

∫
‖y‖≥ 1

2

∣∣1−‖x‖∣∣(2j‖y‖)−2N−2λκ−1‖y‖Nh2
κ(y) dy

6 C2iN2j(2λκ+1)2−j(2N+2λκ+1)
(

2−i +
∣∣1− ‖x‖∣∣)−N

6 C2(i−j)N
(

1 + 2i
∣∣1− ‖x‖∣∣)−N .
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Chapter 10

Almost everywhere convergence of

Bochner-Riesz means for the Dunkl

transforms of functions in Lp-spaces

10.1 Main results

In this section, we want to prove the almost everywhere convergence of

Bochner-Riesz means of functions in Lp(Rd;h2
κ) which is stated in the following theorem.

For convenience, we do not distinguish |x| and ‖x‖ in this chapter. Namely,

|x| = ‖x‖ =
√
x2

1 + x2
2 + · · ·+ x2

d, ∀ x = (x1, x2, · · · , xd) ∈ Rd.

Theorem 10.1.1. Let δκ(p) = (2λκ + 1)(1
2
− 1

p
)− 1

2
. If p > 2 and δ > max{0, δκ(p)},
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then for all f ∈ Lp(Rd;h2
κ),

lim
R→∞

Bδ
R(h2

κ; f)(x) = f(x), a.e. x ∈ Rd.

Recall the definition of Bochner-Riesz means of f ∈ Lp(Rd;h2
κ) in the last chapter,

we know that

B̂δ
R(h2

κ; f)(x) =
(
1− |ξ|

2

R2

)δ
+
f̂(ξ).

Then by (9.1.4),

Bδ
R(h2

κ; f)(x) =
∞∑
k=0

2−kδf ∗κ φ̂2−k
R (x).

Definition 10.1.2. For t > 0, define Sλt f(x) = f ∗κ φ̂λt (x), and

Sλ∗ f(x) = supt>0 |Sλt f(x)|.

By definition, we get that Ŝλt f(ξ) = f̂(ξ)φλt (ξ). And

Bδ
R(h2

κ; f)(x) =
∑∞

k=0 2−kδS2−k
R f(x). Thus,

Bδ
∗(h

2
κ; f)(x) 6

∞∑
k=0

2−kδS2−k

∗ f(x). (10.1.1)

To prove Theorem 10.1.1, let us first show the following theorem.

Theorem 10.1.3. For 0 6 λ < 2λκ + 1,

∫
Rd
|Sλ∗ f(x)|2h2

κ(x)
dx

|x|α
6 CαAα(λ)

∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α
,
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where

Aα(t) =


1, if 0 6 α < 1,

| ln t|, if α = 1,

t1−α, if 1 < α < 2λκ + 1.

The proof of Theorem 10.1.3 is long and technical, so we postpone it until Section

10.2.

Proof of Theorem 10.1.3 Suppose f ∈ Lp(Rd;h2
κ) with 2 6 p < 2λκ+1

λκ−δ . Then we

get that δ 6 λκ and

(2λκ + 1)(1− 2

p
) < 1 + 2δ. (10.1.2)

Choose α ∈
(

(2λκ + 1)(1− 2
p
), 1 + 2δ

)
, and let f1(x) = f(x)χ|x|61,

f2(x) = f(x)χ|x|>1. Then by Hölder inequality, ‖f1‖L2(Rd;h2κ) 6 C‖f‖Lp(Rd;h2κ), which

implies that f1 ∈ L2(Rd;h2
κ). Thus, (10.3.13) and Theorem 10.1.3 give that

‖Bδ
∗(h

2
κ; f1)‖L2(Rd;h2κ) 6

∞∑
k=0

2−kδ‖S2−k

∗ f1‖L2(Rd;h2κ)

6 Cα

∞∑
k=0

2−kδ‖f1‖L2(Rd;h2κ) 6 C‖f1‖L2(Rd;h2κ).

This implies that

lim
R→∞

Bδ
R(h2

κ; f1)(x) = f1(x), a.e. x ∈ Rd.
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Since α > (2λκ + 1)(1− 2
p
), 2λκ + αp

2−p < −1. Thus, by Hölder inequality,

∫
|x|>1

|f2(x)|2h2
κ(x)

dx

|x|α
6

(∫
Rd
|f(x)|ph2

κ(x)dx

) 2
p
(∫
|x|>1

|x|
αp
2−ph2

κ(x)dx

)1− 2
p

6 ‖f2‖2
Lp(Rd;h2κ)

(∫ ∞
1

r2λκ+ αp
2−p

∫
Sd−1

h2
κ(x
′)dσ(x′)dr

)1− 2
p

6 C‖f‖2
Lp(Rd;h2κ).

This means that f2 ∈ L2(Rd; |x|−αh2
κ(x)).

Since α < 1 + 2δ < 1 + 2λκ, (10.3.13) and Theorem 10.1.3 give that

‖Bδ
∗(h

2
κ; f2)‖L2(Rd;|x|−αh2κ) 6

∞∑
k=0

2−kδ‖S2−k

∗ f2‖L2(Rd;|x|−αh2κ(x))

6 Cα

∞∑
k=0

√
Aα(2−n)

2kδ
‖f2‖L2(Rd;|x|−αh2κ(x))

6 C‖f2‖L2(Rd;|x|−αh2κ(x)).

This implies that

lim
R→∞

Bδ
R(h2

κ; f2)(x) = f2(x), a.e. x ∈ Rd.

Since f = f1 + f2, we get that

lim
R→∞

Bδ
R(h2

κ; f)(x) = f(x), a.e. x ∈ Rd.

164



10.2 Proof of Theorem 10.1.3

To proof Theorem 10.1.3, we need to first get an estimate of |Sλ1 f(x)|.

Lemma 10.2.1. For f ∈ L2(|x|−αh2
κ(x)) and 0 < α < d,

∫
Rd
|Sλ1 f(x)|2h2

κ(x)
dx

|x|α
6 CαAα(λ)

∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α
.

Remark 10.2.2. Lemma 10.2.1 and a duality argument imply that for 0 6 α < 2λκ + 1

and t > 0,

∫
Rd
|Sλt f(x)|2|x|αh2

κ(x) dx 6 CαAα(λ)

∫
Rd
|f(x)|2|x|αh2

κ(x) dx. (10.2.3)

Here, we first assume that Lemma 10.2.1 is true. The proof of this lemma will be

given in the next section.

Definition 10.2.3. Let ` ∈ N and 0 < α < `. Define

Dαf(x) :=
(∫

Rd

|4`
yf(x)|2

|y|2λκ+1+2α
h2
κ(y) dy

) 1
2
,

where

4`
yf(x) =

∑̀
j=0

(
`

j

)
(−1)jT jyf(x).

By (5.1.3),

4`
yf(x) =

∫
Rd
f(z)dµx,y,`(z), (10.2.4)
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where dµx,y,` is a signed Borel measure supported in

{z ∈ Rd : |z̄ − x̄| 6 `|y|}.

Lemma 10.2.4. For ` ∈ N and 0 < α < `,

‖∆α/2
κ f‖κ,2 ∼ ‖Dαf‖κ,2.

Proof. By definition, we have

(4`
yf)∧(x) = A`(x, y)f̂(x),

where

A`(x, y) =
∑̀
j=0

(
`

j

)
(−1)jVκ

[
e−ij〈y,·〉

]
(x) = Vκ

[∑̀
j=0

(
`

j

)
(−1)j(e−i〈y,·〉)j

]
(x)

= Vκ

[
(1− e−i〈y,·〉)`

]
(x)

= cκ

∫
[−1,1]d

(
1− exp

(
−i

d∑
j=1

tjxjyj
))` d∏

j=1

(1− t2j)κj−1(1 + tj) dtj.

It is easily seen that the function A`(x, y) has the following properties:

(i) For x, y ∈ Rd,

|A`(x, y)| 6 2`.
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(ii) As |y| → 0,

A`(x, y) = q`(x, y) +O(|y|`+1) (10.2.5)

holds uniformly in x ∈ Sd−1, where

q`(x, y) = i`Vκ

[
(〈y, ·〉)`

]
(x)

= cκi
`

∫
[−1,1]d

( d∑
j=1

tjxjyj

)` d∏
j=1

(1− t2j)κj−1(1 + tj) dtj.

(iii) For any r > 0 and any x, y ∈ Rd, A`(rx, y) = A`(x, ry).

On the other hand, using Plancherel’s formula, we obtain

‖Dαf‖2
κ,2 =

∫
Rd

h2
κ(y)

|y|2λκ+1+2α

∫
Rd

∣∣∣A`( ξ|ξ| , |ξ|y)
∣∣∣2|f̂(ξ)|2h2

κ(ξ) dξ dy

=

∫
Rd
|f̂(ξ)|2|ξ|2αh2

κ(ξ)B(ξ/|ξ|) dξ,

where

B(x) =

∫
Rd

|A`(x, y)|2

|y|2λκ+1+2α
h2
κ(y) dy.

Thus, it suffices to show that

B(x) ∼κ,d 1, ∀x ∈ Sd−1. (10.2.6)
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To this end, let ε = εd,κ ∈ (0, 1) be a small constant depending only on d and κ,

and set

B(x, ε) :=

∫
|y|6ε

|A`(x, y)|2

|y|2λκ+1+2α
h2
κ(y) dy.

Clearly,

B(x, ε) 6 B(x) 6 B(x, ε) +Oε,`(1). ∀x ∈ Sd−1.

Thus, for the proof of (10.2.6), it is sufficient to show that

B(x, ε) ∼ε 1, ∀x ∈ Sd−1. (10.2.7)

Indeed, using (10.2.5), we obtain that for x ∈ Sd−1,

B(x, ε) =

∫
|y|6ε

|q`(x, y)|2

|y|2λκ+1+2α
h2
κ(y) dy +O(1)

∫
|y|6ε

|y|2`+1

|y|2λκ+1+2α
h2
κ(y) dy

=

∫ ε

0

r2`−2α

∫
Sd−1

|q`(x, y′)|2h2
κ(y
′) dσ(y′)dr +O(1)ε2`+2−2α

=
M`(x)

2`− 2α + 1
ε2`−2α+1 +O(1)ε2`+2−2α,

where

M`(x) :=

∫
Sd−1

|q`(x, y)|2h2
κ(y) dσ(y).

Thus, (10.2.7) is a consequence of the following estimate:

M`(x) ∼` 1, ∀x ∈ Sd−1.
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Since M` is a homogeneous polynomial of degree 2` on Sd−1 and Sd−1 is compact, it is

enough to show that

M`(x) :=

∫
Sd−1

|q`(x, y)|2h2
κ(y) dσ(y) > 0, ∀x ∈ Sd−1. (10.2.8)

Assume (10.2.8) were not true, that is, there exists x = (x1, · · · , xd) ∈ Sd−1 such

that M`(x) = 0. This would imply that q`(x, y) = 0 for all y ∈ Sd−1. However, this is

impossible because for y = ej0 with j0 ∈ {1, · · · , d} satisfying |xj0| = max16j6d |xj|, we

have

|q`(x, y)| = cκj0

∣∣∣∫ 1

−1

(txj0)
`(1− t2)κj0−1(1 + t) dt

∣∣∣
≥ cκj0d

`/2

∫ 1

−1

t`(1− t2)κj0−1(1 + t) dt > 0.

Note that by Lemma 10.2.4,

∫
Rd
|f(x)||x|α dx ∼ ‖Dα/2f̂‖2

κ,2 =

∫
Rd

∫
Rd

|4r
yf(x)|2

|y|2λκ+1+α
h2
κ(y) dyh2

κ(x) dx, (10.2.9)

where

4r
yf(x) =

r∑
j=0

(
r

j

)
(−1)jT jyf(x)

and r is the smallest integer bigger than α/2. Note that if f is supported in a set

B̃(x0, t) =
⋃
σ∈Zd2

B(σx0, t), then 4r
yf(x) is supported in the domain B̃(x0, t+ r|y|).
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Lemma 10.2.5. For 0 6 α < 2λκ + 1 and k ∈ Z,

∫ 2k+1

2k

∫
Rd
|Sλt f(x)|2h2

κ(x)
dxdt

t|x|α
6 CαλAα(λ)

∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α
. (10.2.10)

Proof. It suffices to prove the asserted conclusion for k = 0. For simplicity, we denote by

L2
x,t the Hilbert L2-space defined with respect to the measure t−1|x|−αh2

κ(x)dtdx on

Rd × [1, 2]. Consider the operator T : L2(|x|−αh2
κ(x))→ L2

x,t given by f 7→ Sλt f(x). Its

dual T ∗ : L2
x,t → L2(|x|−αh2

κ(x)) can be obtained as follows: for {gt}16t62 ∈ L2
x,t,

〈Sλt f, gt〉L2
x,t

=

∫
Rd

∫ 2

1

Sλt f(x)gt(x)h2
κ(x)

dtdx

t|x|α

=

∫ 2

1

∫
Rd
f(x)

[
|x|αSλt

(
| · |−αgt(·)

)
(x)
]
h2
κ(x)

dxdt

t|x|α

=

〈
f(x),

∫ 2

1

[
|x|αSλt

(
| · |−αgt(·)

)
(x)
] dt
t

〉
L2(|x|−αh2κ(x))

.

Thus,

T ∗(gt)(x) =

∫ 2

1

[
|x|αSλt

(
| · |−αgt(·)

)
(x)
] dt
t
,

and it is sufficient to show that

(∫
Rd

∣∣∣∫ 2

1

Sλt
(
| · |−αgt(·)

)
(x)dt

∣∣∣2|x|αh2
κ(x)dx

) 1
2
6 Cλ

1
2Aα(λ)

1
2

(∫ 2

1

∫
Rd
|gt(x)|2h2

κ(x)
dxdt

|x|α
) 1

2
.

Setting ft(x) = |x|−αgt(x), we then conclude that (10.2.10) is a consequence of the
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following estimate:

∫
Rd

∣∣∣∫ 2

1

Sλt ft(x)dt
∣∣∣2|x|αh2

κ(x) dx 6 CλAα(λ)

∫ 2

1

∫
Rd
|ft(x)|2|x|αh2

κ(x) dxdt. (10.2.11)

Note that by (10.2.9),

∫
Rd

∣∣∣∫ 2

1

Sλt ft(x)dt
∣∣∣2|x|αh2

κ(x) dx = C

∫
Rd

∣∣∣Dα/2

∫ 2

1

φλt (x)f̂t(x)dt
∣∣∣2h2

κ(x)dx

= C

∫
Rd

∫
Rd
|y|−2λκ−1−α

∣∣∣∫ 2

1

4r
y(φtf̂)(x) dt

∣∣∣2h2
κ(y)h2

κ(x) dydx

Since for t ∈ [1, 2], φλt is supported in {z ∈ Rd : (1− λ
2
)t 6 |z| 6 (1 + λ

2
)t},

4r
y(φ

λ
t f̂t)(x) = 0 unless

{z ∈ Rd : |x| − r|y| 6 |z| 6 |x|+ r|y|} ∩ {z : (1− λ

2
)t 6 |z| 6 (1 +

λ

2
)t} 6= ∅,

which holds either

(1− λ

2
)t 6 |x| − r|y| 6 (1 +

λ

2
)t

or

(1− λ

2
)t 6

∣∣|x|+ r|y|
∣∣ 6 (1 +

λ

2
)t

In the first case, setting ax,y = |x|−r|y|
1+λ

2

, we have that

0 6 t− ax,y 6
∣∣|x| − r|y|∣∣( 1

1− λ
2

− 1

1 + λ
2

)
6 (1 +

λ

2
)tλ(1− 1

4
λ2)−1

6 2(1 +
λ

2
)λ(1− 1

4
λ2)−1 6 cλ.
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Similarly, in the second case, 0 6 t− a′x,y 6 cλ, where a′x,y = |x|+r|y|
1+λ

2

. Thus, for fixed

x, y ∈ Rd, the function Ax,y(t) := 4r
y(φ

λ
t f̂t)(x) is supported in the set

Ix,y =
(

[ax,y, ax,y + cλ]
⋃

[a′x,y, a
′
x,y + cλ]

)⋂
[1, 2].

Using Hölder’s inequality, we then deduce that

∣∣∣∫ 2

1

4r
y(φ

λ
t f̂t)(x) dt

∣∣∣2 6 Cλ

∫ 2

1

|4r
y(φ

λ
t f̂t)(x)|2 dt.

This implies that

∫
Rd

∣∣∣∫ 2

1

Sλt ft(x)dt
∣∣∣2|x|αh2

κ(x) dx

6 Cλ

∫
Rd

∫
Rd
|y|−2λκ−1−α

∫ 2

1

∣∣4r
y(φ

λ
t f̂t)(x)

∣∣2 dth2
κ(x)h2

κ(y) dydx

= Cλ

∫ 2

1

∫
Rd
|Dα/2(φλt f̂t)(x)|2 h2

κ(x)dxdt

= Cλ

∫ 2

1

∫
Rd
|Sλt ft(x)|2|x|αh2

κ(x)dxdt,

which, by (10.2.3), is estimated above by

CλAα(λ)

∫ 2

1

∫
Rd
|ft(x)|2|x|αh2

κ(x)dxdt.

This shows the asserted estimate (10.2.11).
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Lemma 10.2.6. For 0 6 α < 2λκ + 1,

∫ ∞
0

∫
Rd
|Sλt f(x)|2h2

κ(x)
dx

|x|α
dt

t
6 CαλAα(λ)

∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α
.

Proof. Recall that (Ljf)∧(ξ) = f̂(ξ)ϕ(2jξ), where ϕ ∈ C∞c (Rd) is supported in [1, 2] and

satisfies that
∑

j∈Z ϕ(2jξ) = 1 for all ξ ∈ Rd \ {0}. Thus,

Sλt f(x) = f ∗κ φ̂λt (x) =
∑
j∈Z

(Ljf) ∗κ φ̂λt (x),

where

((Ljf) ∗κ φ̂λt )∧(ξ) = ϕ(2jξ)f̂(ξ)φλ(t−1ξ).

Note that ϕ(2jξ)φλ(t−1ξ) is identically zero unless

2−j 6 ‖ξ‖ 6 2 · 2−j, and
5

4
‖ξ‖ 6 t 6

4

3
‖ξ‖,

which also implies that

2−j−1 6
4

5
· 2−j 6 t 6

8

3
· 2−j 6 22−j.

This means that

Sλt f(x) = f ∗κ φ̂λt (x) =
∑

j∈Z: 2−j−16t622−j

(Ljf) ∗κ φ̂λt (x),
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and hence

|Sλt f(x)|2 6 C
∑

j∈Z: 2−j−16t622−j

|(Ljf) ∗κ φ̂λt (x)|2.

It follows by Lemma 10.2.5 that

∫
Rd

(∫ ∞
0

|Sλt f(x)|2dt
t

)
h2
κ(x)

dx

|x|α
6 C

∑
j∈Z

∫
Rd

∫ 2j−2

2−j−1

|Sλt Ljf(x)|2dt
t
h2
κ(x)

dx

|x|α

6 CAα(λ)
∑
j∈Z

∫
Rd
|Ljf |2h2

κ(x)
dx

|x|α
= CAα(λ)

∥∥∥(∑
j∈Z

|Ljf |2
)1/2
∥∥∥2

L2(|x|−αh2κ(x))
.

Since for 0 6 α < 2λκ + 1, w(x) = |x|−α ∈ A1, it follows by the weighted

Paley-Littlewood inequality that

∥∥∥(∑
j∈Z

|Ljf |2
)1/2
∥∥∥2

L2(|x|−αh2κ(x))
6 C‖f‖2

L2(|x|−α) = C

∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α
.

This completes the proof.

Let φ̂(u) = λφ′(u)u for u ≥ 0. Define S̃λt f(x) by

(
S̃λt f

)∧
(ξ) = φ̃t(|ξ|)f̂(ξ), t > 0,

where φ̃λt (|ξ|) = φ̃λ(t−1|ξ|). It is easily seen that

d

dt
Sλt f(x) = − 1

tλ
S̃λt f(x). (10.2.12)
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Lemma 10.2.7. For 0 6 α < 2λκ + 1,

∫ ∞
0

∫
Rd
|S̃λt f(x)|2h2

κ(x)
dx

|x|α
dt

t
6 CαλAα(λ)

∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α
.

Now, we are in a position to proof Theorem 10.1.3.

Proof of Theorem 10.1.3

Proof. For t > 0,

∣∣∣|Sλt f(x)|2 − |Sλ1 f(x)|2
∣∣∣ = 2

∣∣∣∫ t

1

(Sλuf(x))
( d
du
Sλuf(x)

)
dx
∣∣∣ =

2

λ

∣∣∣∫ t

1

(Sλuf(x))(S̃λuf(x))
du

u

∣∣∣
6

2

λ

∫ ∞
0

|Sλuf(x)||S̃λuf(x)|du
u

6
2

λ

(∫ ∞
0

|Sλuf(x)|2du
u

) 1
2
(∫ ∞

0

|S̃λuf(x)|2du
u

) 1
2

=:
2

λ
Gλf(x)G̃λf(x),

where

Gλf(x) =
(∫ ∞

0

|Sλt f(x)|2dt
t

) 1
2
,

G̃λf(x) =
(∫ ∞

0

|S̃λt f(x)|2dt
t

) 1
2
.
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It follows that

∫
Rd
|Sλ∗ f(x)|2h2

κ(x)
dx

|x|α
6 C

∫
Rd
|Sλ1 f(x)|2h2

κ(x)
dx

|x|α
+ Cλ−1

∫
Rd
Gλf(x)G̃λf(x)h2

κ(x)
dx

|x|α

6 CAα(λ)

∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α

+ Cλ−1
(∫

Rd
|Gλf(x)|2h2

κ(x)
dx

|x|α
) 1

2
(∫

Rd
|G̃λf(x)|2h2

κ(x)
dx

|x|α
) 1

2

6 CAα(λ)

∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α
.

10.3 Proof of Lemma 10.2.1

To prove Lemma 10.2.1, we need the following Lemma.

Lemma 10.3.1. For 0 < ε < 100d and 0 6 α < 2λκ + 1, we have

∫∣∣1−|ξ|∣∣6ε |f̂(ξ)|2h2
κ(ξ) dξ 6 CαAα(ε)εα

∫
Rd
|f(x)|2|x|αh2

κ(x)dx. (10.3.13)

Furthermore, for any M > 2λκ + 1 and α > 0,

∫
Rd
|f̂(ξ)|2(1 + |ξ|)−Mh2

κ(ξ) dξ 6 CM,d,α

∫
Rd
|f(x)|2|x|αh2

κ(x) dx. (10.3.14)

The proof of Lemma 10.3.1 is technical, we postpone it in Section 10.4. Now, let us

prove Lemma 10.2.1 by using Lemma 10.3.1.

Proof of Lemma 10.2.1
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Proof. We follow the notations of Section 9.4. According to (9.4.8), we have

Sλ1 f(x) :=
∞∑
j=i

f ∗κ (φ̂ληj)(x) =
∞∑
j=i

f ∗κ Kj(x), (10.3.15)

where Kj(x) = φ̂λ(x)ηj(x) and 2−i ∼ δ. By Lemma 9.3.1, for any N ≥ 1,

|K̂j(x)| = |φλ ∗ η̂j(x)| 6


C2−(j−i)N(1 + λ−1

∣∣1− |x|∣∣)−N , 1
4
6 |x| 6 8,

C2−(j−i)NλN(1 + |x|)−N , otherwise.

In particular, this implies that

|K̂j(x)| 6


C2−(j−i)N , for all x ∈ Rd,

C2−(j−i)N2−kN , if
∣∣1− |x|∣∣ ≥ 2kλ and k ≥ 4,

C2−(j−i)NλN(1 + |x|)−N , if |x| 6 1
4

or |x| ≥ 8.

(10.3.16)

For j ≥ i, we set Tjf = f ∗κ Kj, and claim that

∫
Rd
|Tjf(x)|2h2

κ(x) dx 6 C2−N(j−i)λαAα(λ)

∫
Rd
|f(x)|2|x|αh2

κ(x) dx. (10.3.17)

Here and throughout the proof, N is a large positive integer whose exact value is not
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important. Indeed,

∫
Rd
|Tjf(x)|2h2

κ(x) dx =

∫
Rd
|f̂(x)|2|K̂j(x)|2h2

κ(x) dx

=

∫∣∣1−|x|∣∣616λ

· · ·+
∫

16λ<

∣∣1−|x|∣∣69

· · ·+
∫∣∣1−|x|∣∣>9

· · ·

=: I1 + I2 + I3.

For the first integral I1, using (10.3.16) and Lemma 10.3.1, we have

I1 6 C2−N(j−i)
∫∣∣1−|x|∣∣616λ

|f̂(x)|2h2
κ(x) dx

6 CλαAα(λ)2−N(j−i)
∫
Rd
|f(x)|2|x|αh2

κ(x) dx.

For I2, using (10.3.16) and Lemma 10.3.1 again, we obtain

I2 =
∑

16λ62kλ69

∫
2kλ6

∣∣1−|x|∣∣62k+1λ

|f̂(x)|2|K̂j(x)|2h2
κ(x) dx

6 C2−N(j−i)
∑

1662k69/λ

2−kN
∫∣∣1−|x|∣∣62k+1λ

|f̂(x)|2h2
κ(x) dx

6 C2−N(j−i)
∑

1662k69/λ

2−kNAα(2k+1λ)(2k+1λ)α
∫
Rd
|f(x)|2|x|αh2

κ(x) dx

6 C2−N(j−i)λαAα(λ)

∫
Rd
|f(x)|2|x|αh2

κ(x) dx
∞∑
k=1

2−kN2k(α+1)

6 C2−N(j−i)λαAα(λ)

∫
Rd
|f(x)|2h2

κ(x)|x|α dx.
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For I3, we have

I3 6 CλN2−(j−i)N
∫∣∣1−|x|∣∣≥9

|f̂(x)|2(1 + |x|)−Nh2
κ(x) dx

6 CλN2−(j−i)N
∫
Rd
|f(x)|2|x|αh2

κ(x) dx

6 C2−(j−i)NλαAα(λ)

∫
Rd
|f(x)|2|x|αh2

κ(x) dx.

Now combining the above estimates of I1, I2, I3, we deduce the estimate (10.3.17).

Second, we show that (10.3.17) implies that for j ≥ i,

∫
Rd
|Tjf(x)|2h2

κ(x)
dx

|x|α
6 C2−N(j−i)λαAα(λ)

∫
Rd
|f(x)|2h2

κ(x) dx. (10.3.18)

Indeed, the dual operator T ∗j : L2(h2
κ)→ L2(|x|αh2

κ(x)) of the operator

Tj : L2(|x|αh2
κ(x))→ L2(h2

κ) can be obtained as follows:

〈Tjf, g〉L2(h2κ) = 〈f, Tjg〉L2(h2κ) = 〈f, T ∗j g〉L2(|x|αh2κ(x)),

where T ∗j g(x) = |x|−αTjg(x). The asserted estimate (10.3.18) then follows by (10.3.17)

and duality.

Third, we show that for j ≥ i,

∫
Rd
|Tjf(x)|2h2

κ(x)
dx

|x|α
6 C2−N(j−i)Aα(λ)

∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α
. (10.3.19)

To this end, we recall the following local property of the operator Tj: If f is
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supported in a cube Q of side length c2j, then Tjf is supported in the set

Q∗ =
⋃
σ∈Zd2

σ
(
cdQ

)
.

We decompose Rd as an almost pairwise disjoint union of cubes Qk, k ∈ Z, where Q0 is

a cube centered at the origin of side length 2`2j, and the Qk, k 6= 0 are cubes of side

length 2j. We choose ` ∈ N large enough so that Q∗k ∩ 1
2
Q0 = ∅ for all k 6= 0. With this

decomposition, we have

|x| 6 C2j, for all x ∈ Q∗0,

|x| ∼ |x′| for all x, x′ ∈ Q∗k and k 6= 0.

Set fk = fχQk for k ∈ Z. Then f =
∑

k∈Z fk. For k = 0, we use (10.3.18) to obtain

∫
Rd
|Tjf0(x)|2|x|−αh2

κ(x) dx 6 C2−N(j−i)λαAα(λ)

∫
Q0

|f(x)|2h2
κ(x) dx

6 C2−N(j−i)λαAα(λ)2jα
∫
Q0

|f(x)|2h2
κ(x)

dx

|x|α

6 C2−(j−i)(N−α)Aα(λ)

∫
Q0

|f(x)|2h2
κ(x)

dx

|x|α
.

For k 6= 0, we use Plancerel’s theorem to obtain

∫
Q∗k

|Tjfk(x)|2h2
κ(x) dx =

∫
Rd
|f̂k(x)|2|K̂j(x)|2h2

κ(x) dx 6 C2−(j−i)N
∫
Qk

|f(x)|2h2
κ(x) dx.
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Since |x| ∼ |x′| for all x, x′ ∈ Q∗k, it follows that for k 6= 0,

∫
Q∗k

|Tjfk(x)|2h2
κ(x)

dx

|x|α
6 C2−(j−i)N

∫
Qk

|f(x)|2h2
κ(x)

dx

|x|α

6 C2−(j−i)NAα(λ)

∫
Qk

|f(x)|2h2
κ(x)

dx

|x|α
.

On the other hand, since supp Tjfk ⊂ Q∗k for all k ∈ Z and
∑

k∈Z χQ∗k(x) 6 Cd, we have

|Tjf(x)|2 6
(∑
k∈Z

|Tjfk(x)|χQ∗k(x)|
)2

6 C2
d

∑
k∈Z

|Tjfk(x)|2χQ∗k(x).

It follows that

∫
Rd
|Tjf(x)|2h2

κ(x)
dx

|x|α
6 C

∑
k∈Z

∫
Q∗k

|Tjfk(x)|2h2
κ(x)

dx

|x|α

6 CAα(λ)2−(j−i)N
∑
k∈Z

∫
Qk

|fk(x)|2h2
κ(x)

dx

|x|α

= CAα(λ)2−(j−i)N
∫
Rd
|f(x)|2h2

κ(x)
dx

|x|α
.

This proves (10.3.19).

Finally, using (10.3.15) and Minkowski’s inequality, we obtain

‖Sλ1 f‖L2(|x|−αh2κ(x)) 6
∞∑
j=i

‖Tjf‖L2(|x|−αh2κ(x)) 6 C
√
Aα(λ)

∞∑
j=i

2−(j−i)‖f‖L2(|x|−αh2κ(x))

6 C
√
Aα(λ)‖f‖L2(|x|−αh2κ(x)).
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10.4 Proof of Lemma 10.3.1

Definition 10.4.1. For 0 < α < 2λκ + 1, define

Iακ f(x) = c(κ, α)−1

∫
Rd
T yf(x)|y|α−2λκ−1h2

κ(y) dy,

where

c(κ, α) := 2α−λκ−
1
2

Γ(α/2)

Γ(λκ + 1
2
− α

2
)
.

Remark 10.4.2. For 0 < α < 2λκ + 1, the identity [47, Proposition 4.1]

Îακ f(x) = |x|−αf̂(x)

holds in a distributional sense. We also define the operator (−∆κ)
α in a distributional

sense by (
(−∆κ)

αf
)∧

(ξ) = |ξ|2αf̂(ξ).

Then Iακ (−∆κ)
α/2f = f .

Lemma 10.4.3. [47, Lemma 4.1] If 0 < α < 2λκ + 1, then

Fκ
(
| · |α−2λκ−1

)
(ξ) = c(κ, α)|ξ|−α

holds in a distributional sense.

Lemma 10.4.4. [47, Theorem 4.3] Let 1 < p < q <∞ and 0 < α < 2λκ + 1 be such
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that α = (2λκ + 1)(1
p
− 1

q
). Then

‖Iακ f‖κ,q 6 C‖f‖κ,p, ∀f ∈ Lp(h2
κ).

Lemma 10.4.5. Let 0 < α < 2λκ + 1 and 0 < ε < 100d. Set uα(x) = |x|α−2λκ−1 and

E = {x ∈ Rd : ||x| − 1| 6 ε. Then for x, y ∈ E,

h2
κ(x)|T yuα(x)| 6


C|x̄− ȳ|α−d, if 0 < α < d,

C
∣∣∣ln |x̄− ȳ|∣∣∣, if α = d,

C, if d < α < 2λκ + 1.

Proof. Let ψ ∈ C∞c (Rd) be a radial function supported in [1
2
, 4] such that∑

k∈Z ψ(2kx) = 1, ∀x 6= 0. Then setting ϕ(x) = |x|α−2λκ−1ψ(x), we obtain that for

x 6= 0,

uα(x) =
∑
k∈Z

|x|α−2λκ−1ψ(2kx) =
∑
k∈Z

2k(2λκ+1−α)ϕ(2kx) =
∑
k∈Z

2−kαϕ2−k(x),

where ϕt(x) = t−2λκ−1ϕ(x/t). It follows by Lemma 7.2.6 that for ` > 2λκ + 3,

|T yuα(x)| = |
∑
k∈Z

2−kαT yϕ2−k(x)| 6 C
∑
k∈Z

2−kα
1(

1 + 2k
∥∥x̄− ȳ∥∥)` ∫

B(x,2−k)
h2
κ(z) dz

6 C
∑
k∈Z

2k(d−α)
(
1 + 2k

∥∥x̄− ȳ∥∥)−` d∏
j=1

(|xj|+ 2−k)−2κj .
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For simplicity, we set ρ = |x̄− ȳ|. If 0 < α < d, then

h2
κ(x)|T yuα(x)| 6 C

∑
2kρ61

2k(d−α) + C
∑

2kρ>1

2k(d−α)(2kρ)−` 6 Cρα−d.

If α = d, then

h2
κ(x)|T yuα(x)| 6 C

∑
2kρ61

1 + C
∑

2kρ>1

(2kρ)−` 6 C| ln ρ|.

Finally, if d < α < 2λκ + 1, then

h2
κ(x)|T yuα(x)|

6 Ch2
κ(x)

∑
k60

2k(2λκ+1−α) + C
∑

2kρ61
k≥0

2k(d−α) + C
∑

2kρ≥1

2k(d−α)(2kρ)−`

6 Ch2
κ(x) + C + Cρα−d 6 C.

Now, we are in a position to proof Lemma 10.3.1.

Proof of Lemma 10.3.1

Proof. We start with the proof of (10.3.13). Without loss of generality, we may assume

α > 0. Set E := {x ∈ Rd :
∣∣1− |x|∣∣ 6 ε}, and denote by L2(E;h2

κ) the subspace of

L2(h2
κ) consisting of all functions supported in the set E. We first claim that (10.3.13),
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is a consequence of the following estimate: for any function g ∈ L2(E;h2
κ),

∫
Rd
|ĝ(x)|2|x|−αh2

κ(x) dx 6 CαAα(ε)εα
∫
E

|g(x)|2h2
κ(x) dx. (10.4.20)

To see this, consider the operator T : L2(|x|αh2
κ(x))→ L2(E;h2

κ) given by Tf = f̂
∣∣∣
E

,

and note that for any g ∈ L2(E;h2
κ),

〈Tf, ḡ〉L2(E;h2κ) =

∫
E

f̂(ξ)g(ξ)h2
κ(ξ) dξ =

∫
Rd
f(x)

(
|x|−αĝ(x)

)
|x|αh2

κ(x)dx.

This means that T ∗ḡ(x) = |x|−αĝ(x) where T ∗ : L2(E;h2
κ)→ L2(|x|αh2

κ(x)) denotes the

dual operator of T . The claim then follows.

By the standard density argument, it suffices to show (10.4.20) for

g ∈ L2(E;h2
κ) ∩ C∞c (Rd). Indeed, invoking Lemma 10.4.3, we obtain that for

g ∈ L2(E;h2
κ) ∩ C∞c (Rd),

∫
Rd
|ĝ(x)|2|x|−αh2

κ(x) dx

=

∫
Rd

(g ∗κ g̃)∧(ξ)|ξ|−αh2
κ(ξ) dξ =

∫
Rd

(g ∗κ g̃)(ξ)Fκ(| · |−α)(ξ)h2
κ(ξ) dξ

= c(κ, α)

∫
Rd
g ∗κ g̃(x)|x|α−2λκ−1h2

κ(x) dx = c(κ, α)

∫
E

g(y)g ∗κ uα(y)h2
κ(y)dy

= c(κ, α)〈g, Lg〉L2(E;h2κ) 6 C‖Lg‖L2(E;h2κ)‖g‖L2(E;h2κ),

where

Lg(x) :=

∫
E

g(y)T yuα(x) dy, x ∈ E.

185



Clearly,

‖Lg‖L2(E;h2κ) 6 Bα‖g‖L2(E;h2κ),

where Bα is the Lebesgue constant of the operator L; that is,

Bα = sup
x∈E

∫
E

T yuα(x)h2
κ(y) dy.

According to Lemma 10.4.5, if 0 < α < d, then

Bα 6 C sup
x∈E

∫
E

|x̄− ȳ|α−d dy 6 C
∑
σ∈Zd2

sup
x∈E

∫
E

|σx− y|α−d dy

6 C sup
x∈E

∫
E

|x− y|α−d dy 6 Cαε
αAα(ε);

if α = d, then

Bα 6 C sup
x∈E

∫
E

∣∣∣ln |x̄− ȳ|∣∣∣ dy 6 C sup
x∈E

∫
E

∣∣∣ln |x− y|∣∣∣ dy
6 C sup

x∈E

∫
{y∈E: |y−x|64ε}

∣∣∣ln |x− y|∣∣∣ dy + C sup
x∈E

∫
{y∈E: |y−x|>4ε}

∣∣∣ln |x− y|∣∣∣ dy
6 C

∫ 4ε

0

rd−1 ln r dr + C

∫ 1+ε

1−ε
rd−1dr max

x′∈Sd−1

∫
{y′∈Sd−1: |x′−y′|≥2ε}

∣∣∣ln |x′ − y′|∣∣∣
6 Cε

∫ π

2ε

| ln θ| sind−2 θ dθ 6 Cε;

and finally, if d < α < 2λκ + 1, then

Bα 6 C sup
x∈E

∫
E

dy 6 Cε.
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Now we turn to the proof of (10.3.14). Note that

∫
Rd
|f(x)|2|x|αh2

κ(x) dx = C

∫
Rd

∣∣(−∆κ,0)α/2f̂(ξ)
∣∣2h2

κ(ξ) dξ =
∥∥∥(−∆κ,0)α/2f̂‖2

κ,2.

Thus, it suffices to show that

∫
Rd
|f(x)|2(1 + |x|)−Mh2

κ(x) dx 6 C‖(−∆κ)
α/2f‖2

κ,2. (10.4.21)

(10.4.21) is an easy consequence of Lemma 10.4.4. Indeed, let q ≥ 2 be such that

(2λκ + 1)(1
2
− 1

q
) = α

2
. Then using Hölder’s inequality and Lemma 10.4.4, we obtain

∫
Rd
|f(x)|2(1 + |x|)−Mh2

κ(x) dx 6 C‖f‖2
κ,q = C

∥∥∥Iακ (−∆κ)
α/2f

∥∥∥2

κ,q
6 C

∥∥∥(−∆κ)
α/2f

∥∥∥2

κ,2
.
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