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Abstract

This thesis is interested in the topological recursion first introduced in [11] and general-
ized to algebraic curves in [20, 21]. A presentation of the Hermitian matrix model is given
and includes a derivation of this topological recursion. The second part introduces a su-
persymmetric analog of the Hermitian matrix model first derived in [3] and know as the
Supereigenvalue model. The development of the Supereigenvalue model follows in close
parallel with the discussion on the Hermitian matrix model and considers the possibility of

finding a supersymmetric generalization of the recursion.
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CHAPTER 1

Introduction

Those who study matrix models are interested in a subfield of the extensive discipline of
random matrix theory that is related to mathematical models of physical theories. To put it
simply, matrix models are statistical models over fields of matrices. We can classify models
by two types: convergent and formal. Of interest is the formal case, because convergent
integrals occur as concrete evaluations of formal integrals. Formally speaking, we may
interpret these integrals as path-integrals and thereby arrive at zero dimensional quantum
field theory.

Historically, matrix models were ‘solved’ using combinatorial methods to count “fat-graphs”.
The idea behind this is simply perturbation theory about the convergent Gaussian integrals.
However, the fat-graph notion is inherently related to two dimensional surfaces via an injec-
tive imbedding. Furthermore, each non-intersecting graph corresponds to a discretization
of the surface it is imbedded in, and thus we are in the domain of 2D Euclidean quantum
gravity. This brought matrix models to the attention of those engaged in mathematical
physics [12, 30, 15, 13, 14, 28, 25].

Consistent with the interpretation of matrix models as representations of physical dynamics,
the partition function — or vacuum state, to use physics diction — is invariant under infinites-
imal changes in the dynamical variables within the model. In particular, the systems are
invariant under operators that generate the Virasoro algebra. Naturally, this implies that
the systems satisfy a hierarchal series of relations which allow for an iterative method of

solving the model.

Motivated by the relation to Euclidean quantum gravity, the next step was to construct
simple models of supersymmetric quantum gravity. Supermatrix models, completely analo-

gous to matrix models but with supersymmetric matrices, disappointed after investigation
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showed that the models de-couple into standard matrix models. Success in the supersym-
metric pursuit came by generalizing the eigenvalue representation of matrix models that
follows from the symmetry of Hermitian matrices under the unitary group. Alvarez-Gaume
et al. introduced the supereigenvalue model in [3]. In the supereigenvalue model the dy-
namic parameters are both complex and Grassmann numbers and the partition function of
the model was constructed to be invariant under generators of the super-Virasoro algebra.
The hierarchy suggested by the super-Virasoro algebra was explicitly utilized in [29] where
an iterative procedure for solving the supereigenvalue model was presented for the one-cut

case.

A reinvestigation of matrix models by Chekhov, Eynard, and Orantin, specifically the two
Hermitian matrix model (2HMM) in [11], led to a new formulation of the recursive nature
of the resolvents in terms of residues. The idea is to translate the resolvents into multilinear
differential forms on a compact Riemann surface determined by the particular matrix model
under consideration. Moreover, Eynard and Orantin were able to generalize the residue
recursion for arbitrary algebraic curves and found that the recursion is able to compute
numbers that are invariant under symplectomorphisms of the algebraic curve [20, 21]. This
recursion was then applied to Calabi-Yau threefolds in the context of mirror symmetry and
appears to generate some fascinating results — Hurwitz numbers, Gromov-Witten invariants,
etc.[7, 8, 9, 25].

In this paper we are interested in the residue formulation of the topological recursion first
introduced by Chekhov, Eynard, and Orantin. In the first half we introduce the 1 Hermitian
matrix model (IHMM) and thoroughly work our way through to the derivation of the residue
formulation of the recursion. Despite an extensive amount of literature on the topological
recursion, there is no simple derivation that motivates the origin of this ubiquitous recursion.
In the second half we introduce the neglected Supereigenvalue model (SEV) and provide
complete proofs on the relationship between the SEV and 1HMM and on the expansion
of the free energy in terms of the Grassmann coupling constants. After defining all the
necessary objects and deriving the superloop equations, this thesis proves that the structure
of the superloop resolvents is indeed recursive. We conclude by discussing the possibility
of expressing this recursive structure in terms of residues of forms on some (perhaps super)

algebraic curve.
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The Hermitian matrix model

The residue formulation of the topological recursion first presented itself as a solution to the
2 Hermitian matrix model (2HMM) in the work of [11]. This particular formulation of the
recursion was found applicable to a variety of matrix models and was further generalized
to a recursion over differential forms defined on a compact Riemann surface [20, 21]. In
this section we introduce the 1 Hermitian matrix model (1IHMM) and perform a thorough
investigation that arrives at the residue formulation of the recursion. While the statement
of the topological recursion is well known and documented, a simple derivation eludes the

literature. Consequently, we hope the reader will value partaking in an explicit derivation.

2.1 1HMM

The Hermitian matrix model is a statistical model over N x N Hermitian matrices.

Definition 2.1.1 Let N € N. Let V(z) = Y_,+, gk2" be a polynomial of degree d+ 1. The

partition function of the Hermitian matrix model is given by
Zu(N, g, T) z/dMe’¥TTV(M) (2.1)

where dM = dMy1---dMpyn Hiq dR(M,;;)d(M;;) is the Haar measure over the Hermitian
matrices. T is the charge of the model, typically set to unity.

For our purposes it is more convenient to work in terms of eigenvalues (indeed this will
allow us to further generalize to the supereigenvalue model). We can take N orthonormal

eigenvectors of any Hermitian matrix M and write out a unitary matrix U which will allow
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us to diagonalize M = UTAU where A = diagonal(\1,...,Ay). Of course TrM = TrA.
What is dM in terms of A? First note that UTU = Id implies that (dUNU + UtdU = 0
which gives dUT = —UTdUUT.

dM = d(UTAU) = U (dU)UTAU + Ut (dA)U + UTA(dU)
= U dUYUTAU + UT(dANU 4+ UTA(dU)UTU

= U (—(dU)UTA + dA + A(dU)UT)U

= UT(dA + [A, (dU)UT])U.

In particular, around U = Id we have dM = dA + [A,dU] or dM;; = dA;; = d\; and
dM;+; = (Ai — \j)dU;;. See [14, 28, 25]. Now we can express the partition function in terms

of the eigenvalues:

Definition 2.1.2 The eigenvalue representation of the partition function for the Hermitian

matriz model is given by

Zu(N, g, T) = /d)\lmdANH()\i — )% TR VO, (2.2)

i<j

For conciseness we often write A2()\) = [Tic; (N — A;)%. This is this square of the Van-
dermonde determinant. See Appendix A.1. Z and Z are proportional. However, as we
are interested in calculating expectation values relative to the vacuum state defined by the

partition function, i.e.,

(A) = % / dA1 - dANAAZ(N)e™ T 2: V), (2.3)

the (N dependent) constant of proportionality from the integral over the unitary group is

irrelevant.

Definition 2.1.3 The free energy of the Hermitian model, Fy, is defined by

Zy = (7)) Fulon) (2.4)

2.1.1 Observables and the loop insertion operator

Our objective is to be able to calculate all observables in this model, i.e., the expectation

value of any function of \;. The significance of Fy is that it contains all the information of
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the observables. To see this we introduce the loop correlators or resolvents
N N

Wien ) = (1) (s X

. 1 . 2,
i1=1 1 im=1 m

>C (2.5)

where (A), means the connected part of (A). In particular, with m =1 we have

W = (S5 - R ST ) 25)

We see that the loop correlators are generating functionals of all observables in the model.

The loop insertion operator

9 &1 9
ov(z) — Z 2+ 1 D 27)

W(e) = Gy P
9 9
W 2m) = Gres g L (28)
= W(x1,  ,&Tm) = 4 g W (1),

thus solving W (z) effectively solves all correlators. To see (2.8) observe that

B ) T\? T\* 1 9
— Fp=—-—— (=) mZy=(~) ———2Z
V() T oV (xy) (N) nan (N) Z 0V (1)1

T 2 1 N 9 N N (2'9)
==) =— AAZ(Ne— TV 9 (24 ,
a <N) Zy /(il:[ld/\Z)A (M) av(xl)( T ;V()\z)>,
and
T\ 9 N T d
(N> W(wl)(_T;V(Ai)> :_N;awm ng Do Z M)
T AT 1
:N;kzomkﬂ TN i T =N

(2.10)

The infinite series in the definition of the loop insertion operator (2.7) is a formal necessity

that allows the previous (and similar) calculation(s). When applying the loop insertion
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operator we imagine V(z) = 3", ., gxz” and after application set g; = 0 for j > d+ 1. In

anticipation we introduce

_ Nym—2 N Vi(xy) = V' (Niy) Y 1 S 1
P(x1,.. . &m) = (?) <le_:1 o ¢ 1,22::1 22— Ai, Zzzzl m>c
" (2.11)

which will permit us a nicer formulation of the loop equations, a series of differential

equations that W{(...) necessarily satisfies. Note that P(x1,...,z,,) is a polynomial of
degree d — 1 in z; and can be computed by application of the loop insertion operator:
8 d W(an"'vmkay)

7P((£1,...,$k) :P($1,.~.,$k,y)+7

) (2.12)

2.1.2 t’Hooft (%)2 topological expansion

The Hermitian matrix model was initially dealt with by perturbation theory where the
expectation values of non-quadratic-powers were calculated perturbatively in terms of fat-
graph diagrams [15, 14]. The symmetry over the unitary group allows for a perturbative

t’Hooft expansion in 1/N [31]. In particular we have that the free energy has a (%) expan-

Fy = i(ﬁ)QQFg. (2.13)

sion

It follows that W () and P() have topological expansions:

W(z1,...,xz,) = Z(%)%Wg(xl, cey Tp)

920

(2.14)

920

For the remainder of our discussion we set T' = 1 unless otherwise noted.

2.2 Virasoro algebra

The invariance of Zy under infinitesimal changes in A; implies the model obeys a set of

constraints related to the Virasoro algebra. We perform the variation A; — \; + s)\?“ in

(2.2) and find to first order in €
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1.
A + XY d(y + e = dAy - dAy (1 +ed A + 0(52)), (2.15)
j
2.
Vi e =V(N) +e ) kgt 4+ 0(?)
n+1 - (2.16)
— NI VOuteAth e—NZV()\L)(l _ €szkgk)\éc+n n O(€2)>’
i k
3.
D VAR
TTOw + X =y —exrt )2 =TT - a7 (14 22
i<j i<j ¢ J
)\n+1 _ )\n+1 n+1 )\nJrl
MG B 2 2
7111 )2 (1+2¢ O ) = A(1+sz v +0(Y)).
(2.17)
Notice that
n+1
)\”Jrl )\n+1 n (A ) n k)\ k S k/\n—k n
P —— Y =3 N » =3\ Z)\ =D ANTE - (4 DAL
i£] i#] ( ) i#j k=0 i,j k=0
(2.18)

Combining the above, the condition that Zy is invariant to first order in € imposes
(NE S ha+ ST T ) o 219)
k=0 1 j

and is equivalent to

L,Zyg =0, for n> —1 and where

k>0

9 9 (2.20)
+N72Yy .
kZ:O agk agnfk

The operators L£,, generate the Witt algebra. To see this we evaluate the commutator
[La, Lp]. Consider
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b
Laﬁb:(zkg’fa Ita 72289;@89@ k)(z Zai : ) (2.21)

k>0 1>0 =0 Ogv—1

Distributing the operators we have

0 0 0
<Z kgk ) (Z gy ) kz;) kgk( (k+a) O9k+atb ; OGk+a 89l+b)

k>0 1>0 =
(2.22)
from which we subtract (a <> b) giving
-b)>» k .

a kz>0 Ik 89k+a+b (2 23)

2.
(v _QZagkaga I _2Zaglagb ) (aen)=0 2

3.

‘Lo 0 5

(g k‘gk OGk+a )(N ; oqi 3gb_l) ];0; 9k 3gk+a 391 Bones (2.25)

4.

T DY (S

9G1+b 37%

+Zlgl a a )
>0

O0Ga—1 Ogitb

—NQZ(L— LJFN—?ik 0 +N22291 4

Ok Ogatv—k 09a—r 59k+b 09k 39a k 09146

8ga+b7k

O

k=0 >0 k=0
a a+b 8 8
=N2 +N72y (k—b -2 )
Z 59k Ogatb—k kzzb( )59 ok 8% ; ,;) T g 59k 8911 k 0gi1p

(2.26)
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Combining (2.25) and (2.26) and subtracting (a <+ b) will result in the final term(s) from
(2.26) canceling with the term(s) in (2.25) and yielding

b a+b
0
-2 s N 2 +N 2 o b
Z 5% 39a+b k kzo 8% 3ga+b k Z 5ga+b r Ogr
a+b a+b
0 0 0
— N2 —a) =N"2(a—-b -
Z 8ga+b k 8976 ( ) kZ:O 8gk 6ga+b—k
(2.27)
Thus we have
a+b P 9
Lo, Lo] = (a=b)> kgpz——+ N 2(a=b) > 7———=(a—b)Layp, (2.28)

59k+ +b = 09k Ogatv—rk

k>0

which shows that the £,, are generators of the Virasoro algebra with zero central charge,

hence the constraint

LaZi(N) = (- NZkngA”+k+ZZZA” EXE) =0 (2.29)

k>0 k=0 1

is referred to as the Virasoro constraint. On the other hand, starting with the Virasoro
algebra we may derive the partition function (2.2) by demanding its invariance under the
generators (2.29) of the algebra. This method uses a correlator function in a conformal field
theory and the fact that the modes of the energy-momentum tensor of a free scalar field
obey the Virasoro algebra [30, 26, 3]. Indeed, working in this direction is exactly how the

supereigenvalue model was derived.

2.3 The loop equations

The loop equations are a sequence of relations between the loop correlators that are a result
of the vanishing of a total derivative. The continual application of the loop insertion operator

(2.7) leads to a recursive hierarchy of equations.

2.3.1 The master equation

We can arrive at the loop equations by considering the following total derivative [24] (re-
member T = 1)
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N

0= ZlH (dA; - dAN);a?\p((x_l)\p)il:[()\i)\j)zeNZiv(/\i))
:§<W>+N<W>_Nvl(m)<z1Ap>+2<xlxp§))\plxi>'

(2.30)
We simplify

L3 {ahe) = —NW/(2),

2. %, N(XREVO) NV (2)(2) = N2P(z) = N2V/ ()W (w),

/\p

3.2 ZP<IJAP Zi;ﬁp Aplxﬂ = Zp,i¢p<mjAp ,\pi,\i - mJAi ,\pi,\) - Zp,i#p<m>
= Lol T ~ Lolanr) = Ledleey) + VW (@)
= <Zp,i m% + <Ep (gg_l)\p)><2i (m_l/\i)> + NW'(x)
=W(z,x) + N?W(x)? + NW'(x).

Combining the above and multiplying by 1/N? we arrive at the master loop equation

+W(x)? = V'(2)W(z) — P(x). (2.31)

Please note that we can derive the master loop equation (2.31) directly from the Virasoro

constraints (2.29) which implies

0= xn+2< NZkngA“MZZZA” EX). (2.32)

n>—1 k>0 k=0 i
We have
Z NzkngAnM N Z Zk%z nt2
n>-17T k>0 n>—1 k r
" Vo (2.33)
and similarly
An k/\k 1 )
;lkzozz e Zx_Ai), (2.34)

thus
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0= <—NZ Z_(AA) + (Z . _1 Ai>2> = —<NZ Z_(AA) > + N2W (2)? + W(z, ) (2.35)

which gives (2.31). Intuitively it makes sense that performing the shift \; — X\; + e\l
Vn > —1 and considering the total derivative Y, 9/0X;(x—\;) ! are equivalent. Regardless,

we now see it explicitly.

2.3.2 The general loop equations

We can use the loop insertion operator to get loop equations for multi-correlators [18], i.e
we operate % on W (z,z) + W(z)? — V'(2)W(z) = —P(z). Looking at each term,

L. 3V?I1)#W($7.T) = %W(xvwilx

2. 8V? W (z)? = 2W ()W (z, 21),

= V(@)W (z,21) — 52 2D

(a: xlz_

3 gyt V@ W) = V@)W (o) -

4. P(z) = P(xz,x1) + 8%1 W) _ Plz,z1) — 9 W(z)

9
oV (z1) (x1—x) Oz (z—z1)?

we arrive at the next loop equation:

%W(Jc,x, x1) + 2W ()W (z,21) + %W =V'(x)W(x,21) — P(z,21).

(2.36)

By continued application of the loop insertion operator [18] on the master loop equation

(2.31) we find that the general equation by number of variables and order in % is

"0 Wy(z, J\x;) — W,(J)
1(x,z, J)+ Wi (z, )Wy_p(z, J\I) + J g
oo };)I;J . Z T2 (2.37)

=V'(2)W,y(x,J) — Py(z,J), where J = {x1,...,2,}.

(2.37) is the foundation of the recursion for the correlators. If 2g +n + 1 > 3 we have

(V’(x) - 2W0(x))Wg(:c, J) =Wy i(z,x,J) + Z_: > Wiz, )Wy (z, J\I)
h=1pg1¢J

F2W, () Wo(, J) +z": 0 Wylw, \zj) = WylJ) |

(2.38)

P J
« Ox; T — o(@J)
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with which we see explicitly the nature of the recursion in 2g + n.

2.4 The planar limit

From (2.38) we are able to solve Wy(z, J) recursively. In order to start building up correla-

tors we must first investigate the planar limit, that is when g = 0.

2.4.1 The spectral curve

To leading order in the 1/N expansion we have Wy(z)? — V' (2)Wy(z) + Po(x) = 0 with

solution
e =V (V0) (230

where the minus sign is needed for this to agree with the asymptotic behavior Wy (z)z— 00 ~

1/z from the definition. If we introduce

y(x) = — Wo(x) (2.40)

we can interpret (2.39) as corresponding to a hyperelliptic Riemann surface ¥ defined so
that Vp e &

E(z(p),y(p)) = y(p)* — <V/(9;(p))> + Py (z(p)) = 0. (2.41)

The algebraic relation (2.41) defines the spectral curve. The Vandermonde term in the

partition function (2.2) can be expressed as an exponential, allowing one to write

Zy(N,gp, T =1) = / dAp - dAye N Zily Vertective (M) (2.42)
where 5
Vetreetive (i) = V(A1) — > Infx; = Al (2.43)
J#i

Thus, in the planar limit, which corresponds to N — oo, we have a statistical distribution
of eigenvalues determined by the potential V. Since deg V = d+ 1, V'(z) has s < d
distinct real roots «;. For finite IV, the eigenvalues experience pair-wise repulsion from
the logarithm term in Vigective that causes them to spread out from each of the s roots of
V. The result is that the eigenvalues will distribute around s < d (distinct) regions on the

real axis surrounding the «;; these regions are referred to as cuts. We define the filling
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fractions ¢; by
g

N

where n; is the number of eigenvalues around «;. Since we have Zle €; = 1, we call them

(2.44)

€ =

filling fractions because they represent the fractional distributions of the eigenvalues around
(Ai—oj)*

the disjoint cuts. By expanding about the oy, W (z) = & > k>0 W> and thus
Resy o, W(2) = ¢, (2.45)
and, seen similarly, for j > 2
Resgy a, W (21, 22,...,2;) =0. (2.46)

Additionally, the filling fractions are assumed to be independent of NV, which gives for g > 1
Resz, o, Wy(z1,22,...,25) = 0. (2.47)

For simplicity, let s = d. Since deg V = d+1, then by (2.40) deg y? = 2d and ¥ corresponds

to a hyperelliptic curve of genus d — 1:

2d

y()? =[] - a). (2.48)

i=1

The surface ¥ is composed of a two-sheeted covering of P1: y, = {p € X|y(p) > 0} and
x— = {p € Z]y(p) < 0}. Thus the two sheets meet at x+ N x— = {a;|i = 1,...,2d}, called
ramification points. The ramification points are the complete solutions of dz = 0. For any
p #a;, 3! p#pe X such that x(p) = z(p) and y(p) = —y(p). We say that p and p are
conjugate: p and p are in different sheets. Additionally, 3 has two poles coy corresponding
to the x projection to oo on each sheet.

V' (z(p))

1
y(p)p—ﬂ)oi ~ iT F @ (2.49)

If s < d we introduce a modified surface defined by §(p)? = ]2, (p — a;) [10].

We chose a homology basis for ¥ (of genus g = s—1 < d—1) by having cycles A; surrounding
the cuts about the o; and dual cycles B; canonically normalized so that .4; N B; = d;; and
.Aiﬂ.Aj :OZBiﬂBj.
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2.4.2 Insertion operator in X

We translate our mathematical objects in C into objects defined over ¥. The following is
motivated by (2.46) and (2.49):

Definition 2.4.1 Let p € ¥ then

1. forp e x4, V'(p) = V' (2(p))
2. forpex_, V'(p)=-V’ (m(p))
In particular, for a; € x4+ N x—, V'(a;) = 0. This shows that the ramification points and

the optimal eigenvalue large N limits agree when paramaterized on ¥. In ¥ consider a

non-ramification point p and its conjugate p. We have

_V'(=(p)

) Wo(e) = ~90) =~ W ()

y(p)
which motivates the following:

Definition 2.4.2 The loop insertion operator on ¥ is defined by

o 9
1. forp € X+, avipy = aviat)

o 9
2. forq € x_, V(g — ~ aV(z(q)

Definition 2.4.3 Let p1,...,pn € X, g € Z with 2g +n > 3.

7] 0

Sylr, o) = () - delon) e e Fy (250)

It follows that wg(p1,...,pi ... Pn) + wg(P1,.. . Pis-..,Pn) = 0 when 2g +n > 3. These

differential forms are the main objects of interest and will be investigated shortly.

2.4.3 The differential y(p)dx(p)

In this section we work with general 7' and mention Y ;_, ¢; =T and that the second term
on the RHS of (2.49) is :Fﬁ' Following (2.45), one observes that

j{ y(p)dz(p) = —€; (2.51)
A;
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fori=1,...,d—1 (note ¢g = —T + Zj;ll €;). From (2.49)

)
2y(p)dz(p) (2.52)
k

which are the charge and the coupling constants respectively. The above show that y(p)dz(p)
gives T, €;, and gj: these are precisely the moduli of the Hermitian matrix model. The least
obvious of the moduli are the filling fractions €;. Recall that the leading order of the master

loop equation depends on the polynomial Py(z) of degree d — 1 in x.

N Y
Po(ohrome ~ VV(@Wola) = 5 Y- (V) 250 (2.53)

k>0

so if we look at leading order and sum ¢ over the number of cuts s we have

Po(@)aroo ~ Y %<V(x)(x—%)> -3 e% (2.54)

The d = s constraints from (2.54) determine Py(z). Indeed, since the location and frac-
tional distribution of the eigenvalues is assumed fixed, the filling fractions are necessarily
independent of the matrix size N. Thus the only relevant term for defining €; comes from
the leading order of P(z) in the T/N expansion. This shows that by picking values of the
filling fractions ¢; is equivalent to defining Py(x) so that the expression of Wy(z) in (2.39)
is defined.

2.5 Special forms

In this section we introduce the three kinds of differential forms and relations between them.

They will be used to derive the residue formulation of the topological recursion later.

2.5.1 3 differential types

We place ourselves on a Riemann surface of genus g. The set {A;, B;} where 1 <14,j < g,
A;NB; =6;5 and A;NA; =0, B;NB; =0 forms a canonical homology basis of the surface.
We can choose g linearly independent holomorphic forms du; normalized on the A; cycles,
ie., f A, du; = 6;;. Holomorphic forms are sometimes referred to as differentials of the 1st
kind.
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Differential forms of the 2nd kind are meromorphic differentials with poles but no residues,

normalized over the A; cycles. A basis of such differentials is given by

Qu(p) ~ (=) +0()dz(p), =1,

d
2.55
f 492, (p) = 0. 259
Aj

The fundamental bidifferential of the second kind, B(p, ¢), is the unique meromorphic bid-
ifferential with pole only at p = ¢ of order 2, zero residue and normalized over the A;
cycles:

MZ(Q)Z + holomorphic,

B( ) )NP—NJ
o (2(p) — 2(q) (2.56)

]{4 Bipa) =0

If we expand B(p,q) about ¢ we get a generating functional for the differentials d€, (p).
The fundamental bidifferential is symmetric B(p,q) = B(q,p), and on a hyperelliptic curve

we have

dz(p)dz(q)

B(p, B(p,q) = ———2
(p,q) + B(p,q) o) - @)

(2.57)

Differential forms of the third kind are meromorphic differentials that have poles only at
1st order. We introduce a basis of such differentials dS, ,(p) with poles at p = ¢,r with

residues +1, —1 respectively and normalized over the A; cycles:

1

z(p) — z(q)
1

z(p) — 2(r)

dSq,r(p) ~p—q < + O(l))dz(p)7

dSqr(p) ~p—r (

ﬁ dSq,r(p) = 0.

i

+ O(l))dz(p), (2.58)

It follows from Stokes’ theorem that dS, ,(p) = ;,:T B(p',p) and thus for meromophic f,
df(p) = Resq%pB(pa q)f(Q)

2.6 Wy(z,z;) and the fundamental bidifferential

Let us consider g =0 and n =1 in (2.37). Using (2.40) we may write

9 Wo(x) — Wo(z1)

2y(x)Wo(z,21) = o pr—

) -‘rPQ(J?,J?l) (259)
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or

ooy () + Pol, )

W T, 31) = Oz T—T
B 24(2) (2.60)
g (MR L Ry
2y(x) 2(r —x1)?

Think of the points z, y(z), z1,y(z1) € C as being paramaterized by our Riemann surface

%, that is 3 p,q € ¥ with p = (z(p) = z,y(p) = y(z)) and ¢ = (x(q) = 21,y(q) = y(x1))
and write the correlator as a meromorphic bilinear form

0__(Wolz@)-Wolz(@)y 4 p (2(p), x
( ) + Po(x(p) (q))>d$(p)dx(q)

Wo (x(p)7 x(q))dx(p)dx(q) — < 9z (q) z(P)*m(q;y(p)

V@)V @) +29(a) ) 4 P (z(p), 2(q))

_ (2w T e S de(p)da(q)
2y(p) 2(z(p) — x(q))? ’

INIE

(2.61)

The first expression shows there is no pole as p approaches a ramification point because dx
has a simple zero and y has a zero of order 1/2 at such a point, hence lim,_,, dz(p)/y(p) = 0.

Similarly, there is no pole as p approaches ¢ because

W) - W) N L
a(p) —=(e)  @(p) —=(q) <zz: z(p) = A x(q) - )‘i>

However, the second line in (2.61) shows there is a double pole as p — g with no residue;
also, from (2.46) the form vanishes over the A; cycles. The fundamental bidifferential of the

2nd kind is the unique meromorphic form with these properties. Recall
B(p,q) ~ ———————"— + holomorphic, 2.63
P01 (o) ()P (209
and observe from the second expression in (2.61) that

Wo(z(p), 2(q))dx(p)dz(q) + Wo(z(p), x(q))dz(p)dz(q) = —
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and thus

2.7 Correlators to differential forms

Motivated by all we’ve seen so far, we turn the loop correlators into meromorphic forms on
our surface ¥. Our interest is in working with objects that are single valued, and to do this

we update the correlators to forms by defining

wo(p) = —y(x(p))dz(p) (2.65)

wo(p1,p2) = B(p1,p2)
and for 29 +n > 3

8 PR 8
oV(p1)  OV(pn)

Wg(P1s .- 0n) = da(pr)) - - - dz(pn) F, (2.66)

Thus, for (g,n) # (0,2) we have wy(p1,...,Di,--.,Pn) = —wWg(P1,-. ., Pis- .- Pn). Simply
put, wy(p1,...,pn) = EWy(z(p1),...,z(pn))dz(p1) - - - dz(pn) with sign determined by the
sheets to which {p1,...,pn} belong. It is straightforward how one may start with points on

Y and define forms.

Let J = {x1,...,2,} and let 29+ n + 1 > 3. Recall (2.37) which using (2.40) says

g—1
2Wg((E7J)y($) :Wg,1($,$7J)+Z Z Wh(x>I)ngh(x7J\I)
helgIg (2.67)
"0 Wz, J\x;) — Wy(J
+2Wg(:v)Wo(x,J)+j:187j oz ;”iﬂ)gc] o )+Pg(ac,J).

Now consider our form

which has two candidates for poles:

1. when z(p) = z(p;)

2. when y(z(p)) =0, i.e. iff p = a; where dz(a;) = 0.
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However we can disregard the first from (2.62). Thus, the only possible poles come from the
ramification points. Indeed, below we show that wg(p, p1,p2) has poles only at ramification

points.

2.7.1  wo(p,p1,p2)
The recursion gives

2y(x)Wo(x, w1, 22) = 2Wo (2, 21)Wo (2, 22) + Po(, 21, 72)
iWO(LIz)*WO(l”lJz)+iW0(1177$1)*W0(9317I2) (2.68)

0x1 T — 1 0xo T — Ta
Observe that

iWO(x,xQ) - Wo(xl,xg) o Wo(x,xz) . Wo(xl,(EQ) 1 o}

6131 T — Ty (l‘ — 331)2 (l‘ — 331)2 xr— TMWO(CL'MZEQ) (269)

(and similarly for x1 <> x2). As x — z7 (or  — x2) the poles cancel. Therefore
Wo(x,z1,22) — and consequently wo(p,p1,p2) — only has a pole when y(p) = 0, that is,

when p = qa; is a ramification point.

2.7.2  wi(p)

The loop equation for Wi (x) is

V' (2)Wi(x) - Pi(z) = Wolz,z) + > Wi(2)Wion(x) = Wo(z,2) + 2W1(x)Wo(z) (2.70)
h=0

which can be written as
2W1(x)y(x) = Wy(x, x) + Pi(x) (2.71)

and therefore w (p) only has a pole when y(p) = 0.

2.7.3 The pole structure

We have seen that wg(p) has no pole. wo(p, q) has a double pole as p — G. wo(p, p1,p2) and
w1(p) have poles at the ramification points. In general, when 2g +n > 3, wy(z1,...,2x)
has poles only at the ramification points a;. This follows by looking at (2.67) and observing
that the RHS has poles only at the ramification points and therefore the only poles of w,

come from the ramification points.
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We briefly address the polynomials P(z1,...,2,). On ¥ we have P(x(p)) = P(x(p)) since

P(z)dz
Yy

P is independent of y. Furthermore the differential, has no pole as y — 0, which

follows immediately from the work done in 2.6 so it vanishes when we take residues.

2.8 The topological recursion

The majority of the tools are in place for us to derive the residue formulation of the topo-
logical recursion. The hyperelliptic structure allows for some very simple relations. While
some of the steps may appear to be unnecessary, the end result is applicable to a broad
range of algebraic curves, and the method of deriving the recursion in general is provided

below. The recursion was first derived in [11].

Let 2g + n > 3. We will use the Riemann bilinear identity as follows. Let {,n be two
meromorphic forms on a Riemann surface of genus g, let o be a base point in the fundamental

domain, and let ®(p) = [ f ¢. The Riemann bilinear identity gives

g
Resp—>a11 polesq)(p)n(p) = % Z%A Cf;s n— fl; C fA - (272)
j=17A 5 3 j

For instance, let (p) = B(p, q), then

g9
Resp—>all poles dSp,o(Q)w(p) = - Z duj (q) % w. (273)
j=1

J

Now the only pole of dS,, ,(¢) (as a function of p) occurs as p — ¢ with a residue of —1. It
follows that

g
w(g) = ReSp_poles of w Sp,ow(p) + Z duj(q)% w. (2.74)
j=1 A

OI‘, let 77(]5) = wg(ﬁaph s 7pn) and let C(ﬁ) = B(ﬁ? q) Then dSﬁ,O(p)wg(ﬁapla' . apn)
has poles when p approaches ramification points (from w) and when p approaches p (from
dS = [ B). See section 2.5.1.

Resﬁ%pdsﬁ,o(p)wg(ﬁapla e 7pn) + Z Resﬁ%aidsﬁ,o(p)wg(ﬁupla e 7pn)

g

—;iiﬁ B(nﬁ)fwg(ﬁvph.--,pn)—%Zﬁ B(p,ﬁ)]{vwg(ﬁ,pl,...,pn):O

=174 B; j=1"78i A

(2.75)
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Thus

apn) = _Resﬁ%pdsﬁ,o(p)wg(ﬁ7pl> e 7pn) = Z Resﬁ%aidsﬁ,o(p)wg(ﬁapla cee 7pn)
(2.76)

wg(p7p17~'-

Now the first loop equation over ¥ gives

g—1

2y(q)dx(q)wy(q) + 2y(q)dx(q)wy(q) = wg—1(q.q) + Y _ wa(q)wg—n(q)
h=1

Py(q)da(q)da(q) — wg—1(d, q) th Dwg—n(q) + Py(q)dz(q)dz(q).

Of course,
2y(q)d(g)uy (a) + 29(@)da(a)wy (@) = 2(y(a) = y(@) ) dw(g)eoy (q) (2.77)
and
ya(0.0) + 3 nl@)eynla) + Pyfa)da(a)dr(a) — wya( th Deg-1(0) + Py @)dx(a)dr (o)
h=1
= —2w,-1(q,q —Zth Q)wg—n(q) + 2Py(q)dz(q)dz(q).
(2.78)
If we operate ), Resq%ai%% on (2.77) we get 2w, (p):
ZReSq%a / B k p wg ZReSqﬂa (/kq_ B(k7p)wg(q) - kq_ B(kap)wg(Q)>

=2>" Resq_mi dSy.0(p)wy(q) = 2wy (p).
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It follows that wy(p) =

" B(k, 9-1
=—§)%%Méy “q(]ﬁq(w1%@+§2%@M9M®—%@MM®M@O

h=1

1 Jii,Bk,p) < =
=S Resyn I GRS S Ty
Zg: ~ 2(y(q)—>yﬁn)dx(q) ! 2;; !
(2.79)
where P, vanishes when we take the residue.
Definition 2.8.1 The recursion kernel K(p,q) is
1 Ji_ B
K(p,q) =—5 o . (2.80)
2 (y(a) — y(a))dz(q)
The kernel allows (2.79) to be written concisely as
g—1
ZReSq—mz )(wg (D) + D wilg)wy- h(Q)> (2.81)
h=1

which solves wy(p) for all g > 0 starting from wo(p) and wy(p,q). Now to formulate an

expression for higher correlators, recall (2.67) which can be expressed over ¥ as

2y(a)da(a)wy (0, ) — 29(@)dw(a)wy(a. ) = 2(y(a) — y(@) )da(a)eoy (g, J)

= wy1(g, 0,7 +z:z:%% Jwg—n(a,J) + Py(q, J)dz(g)dz(q)
h=10¢1¢.7

g-1 (2.82)
_wg 1 q Q7 Z Z Wh (L wgfh(cb J) + Pg(@u J)dl'(q)d.’l?(q)
h—l@gIgJ

= 2wy 1(q, @ J f2z:§:c%q,wgh@Jy+ﬂM%JMM®M@)
h=10¢1¢ .

where J = (q1,...,¢n) € ™. Again,

= > Resya, K (0.0)2(u() — (@) de(q)esy (0. ) = 2 (p. J) (2.83)
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and therefore

ZResq% >(wg U@ )+ > wnlg Dwg—n (@, J\I) + 2w, (q)wo (4, J))

h=1pg1¢J

() = 3 Resyoa K p)(0-10:0.9)+ 3 nla Dog-ala. D)

h,I

(2.84)

where the notation ZZ, means we sum over all pairs (h,I) excluding (0,0) and (g, J).

2.9 Inverting the loop insertion operator

Recall (2.50) which sends wq(p1,- -, Pm) = Wg(P1, .-+, Pm—1):

0

Wg(ph cee 7pm) = ng(pla ce 7pm—1)-

There is a manner in which we can go from m variables to m — 1 variables.

Theorem 2.9.1 Let ®(q) satisfy dP(q) = y(q)dx(q). Then for 2g +n > 3 we have

1

wg(p1, .-, Pn) = 2 -2 —-n Z Resqa, P(q)wy(p1;- - -, Pn, q)- (2.85)
i

For a fixed g, this allows us to go backwards in the sequence of forms and turn the linear
form in a complex number. For a proof of 2.9.1 see [20]. The RHS of 2.9.1 is the inverse of

the insertion operator satisfying %@FQ = wy(p). Thus

Corollary 2.9.2 Let ¢ > 2 and, for q near a branch-point, let ®(q) satisfy d®(q) =
y(q)dz(q). One may compute the free energy

F, = 725 Z Resq—a, P(q)wg(q). (2.86)

2.9.1 The topological recursion in general

Theorem 2.9.1 gives a way of computing the F; from the correlators defined as forms over
the surface. In [20, 21], 2.9.1 is used as a way of defining a class of invariants from a sequence

of differential forms that satisfy the recursion shown in the Hermitian matrix model. The
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procedure goes as follows. The recursive expression in (2.84) can be used to define a doubly-
infinite sequence of meromophic forms over a surface defined by an algebraic curve. From
here, one is able to use 2.9.2 as a way to define the F; of the curve, corresponding to the
free energy of a (possibly theoretical) statistical model from which to derive the algebraic

curve.

1. Begin with a algebraic curve E(z,y), x,y,€ C and use this to define a (compact)

Riemann surface X by
2= {p: B(z(p),y(p)) = 0}.

We assume z has simple branch points. If the curve is of genus g then we choose
a canonical homology basis for ¥ by picking 2¢g cycles A;,B;, i = 1,...,g such that
AZ'Q.A]' :BiOBj =0 and AiﬂBj :(51]

2. Introduce the form y(p)dz(p) and identify the fundamental bidifferential. Then we

can define the recursion kernel

1 Ji—; B(k,p)

K(p,q) = —= — . 2.87
D=3 - y(@))dx(q) (257)
3. Use the recursion in (2.84) as a way to define forms:
wo(p) = —y(x(p))dz(p)
wo(p1,p2) = B(p1,p2) , and for 29 +n >3 (2.88)

(01 T) = 32 R K 0) (w1 (0:007) + D (01?1

hI
where and we exclude (0,() and (g, J) from the sum over (h,I).

4. Use 2.9.1 to define complex numbers. Let g > 2, and, for g near a ramification point,
let ®(q) satisty d®(q) = y(¢)dz(q).

1
Fg=5—
2—-2g

> Resgra, P(q)w?(g) (2.89)
For the definitions of Fy, F, see [20, 21].

The fascinating property of the Fy; as defined by (2.89) via (2.88) is that they are invariant
under the action of the group of symplectomorphisms on z,y in the algebraic curve E(z,y)
[20, 21, 19] and are thereby referred to as the symplectic invariants of the algebraic curve.

Another fact worth mentioning is that in the case of matrix models, the F, computed agree
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with the 1/N expansion of the free energy. However, the significance is that we can compute

the invariants Fj for more general algebraic curves without need of any matrix models.

There are two applications to topological string theory which we briefly mention. The first is
the Dijkgraaf-Vafa correspondence for type B topological strings. The second is the BKMP

conjecture.

The Dijkgraaf-Vafa correspondence is for a particular class of non-compact Calabi-Yau man-
ifolds described by a? + b2 + ¢ = V'(x)? — P(z) where both V and P are polynomials with
deg(V) = deg(P) +2. This space has a holomorphic 3-form which we integrate over each of
the deg(V) —1 A; cycles (around the cuts defined by V') which gives the so-called inhomoge-
nous coordinates tZ related to deformations of the complex structure of the B model. The
Dijkgraaf-Vafa correspondence states that F,(t7) is given by the free energy from the matrix
model Z « [ dM e~ s Tr(V(M )), which we know is equivalant to the free energy computed by
the topological recursion applied to the spectral curve given by Y (x)? = V’(x)? — P(x). This
correspondence has been explicitly proven for g = 0,1 and there exist heuristic arguments
for why it ought to work for g > 2 [16, 17, 1].

A similar correspondence occurs with toric Calabi-Yau manifolds X on the A model side.
These occur in mirror pairs to manifolds X on the B side whose topological B theory is
equivalent to the topological A theory on X. The geometry of X on the B side is of the
form a? + b?> = P(x,y) where P is a polynomial in x and y. We can define an algebraic
curve ¥ from the variety P = 0. The inhomogenous coordinates here are t; = ¢ s yi—m
where A; surrounds the ith cut as defined by P. The BKMP conjecture says that the free
energy of the topological B theory can be computed from the topological recursion on the
spectral curve defined by P. Using mirror symmetry gives the free energy of the topological
A theory which has an expansion where the coefficients are the Gromov-Witten invariants;
hence, one can likely use the topological recursion to compute Gromov-Witten invariants
[7, 8, 9]

In conclusion, the topological recursion is a immensely powerful computational tool that

extends well beyond matrix models.
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Supereigenvalue model

The supereigenvalue model was constructed to describe two dimensional supersymmetric
quantum gravity. The partition function was derived in [3] by imposing a set of constraints
from the super-Virasoro algebra. Thus, the supereigenvalue model is effectively the non-
trivial supersymmetric analog of the Hermitian matrix model. In addition to complex
parameters, the model introduces a collection of Grassmann variables §; and parameters &;.

See Appendix B for details on Grassmann numbers.

Theorems 3.2.1 and 2.2 are of profound importance for studying the supereigenvalue model,
and so we give special attention to providing proofs. The proof of 3.2.1 is motivated by the
original work in [5] but is independent and complete. The proof of 2.2 closely follows and

expands upon that found in [27].

Our motivation for the rigorous investigation of the supereigenaluve model is the question
as to whether or not one can generalize the topological recursion to calculate the free en-
ergy of this model. This thesis investigates the viability of working with the meromorphic
coefficients from the & expansion of the superloop equations. Unfortunately, it appears that
this is an unreasonable approach, and future work will explore a method that involves the

Grassmann parameters, perhaps on a supermanifold.

3.1 The partition function

Let N € N. Consider a supersymmetric field extension of C?V by adding Grassmann
variables 61, ...,02n. We introduce an arbitrary polynomial potential with a complex (alt.

even, bosonic) component given by V(X;) = 3", geAF for \;, gx € C and a Grassmann (alt.

26
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odd, fermionic) component given by U(\;) = Zk21 &N with Grassmann numbers &. We
let deg (V) = D+1. and deg(V)=d+1. For convenience we define

AN = ] =X —0:0;) (3.1)

1<i<j<2N

which will be refered to as the Vandermonde term by analogy with the Vandermonde deter-
minant. The partition function and free energy are defined in complete analogy with matrix

(and general statistical) models.
Definition 3.1.1 The supereigenvalue partition function Zg is given as

Zg = / (dXadbs - - - Do dian ) AN, B)e 2N Ti(VOD-0:900) (3.2)

Definition 3.1.2 The free energy of the supereigenvalue model is defined by

Zg = e(N)*Fs, (3.3)

In fact, later we will see that superloop correlators are defined in terms of the free energy
in a manner that is parallel to the THMM.

3.1.1 Super-Virasoro algebra

As noted, the supereigenvalue model is defined by the super-Virasoro algebra. The super

algebra is generated by

1 n
Gn = Z kgr0e,.., + Z§k89k+n+l + N2 Zaf’cag"*’” and
k=0

E>0 k>0
1 n n+ 1 1 n—1
Ln = Z kgk69k+n + IN2 Z agkagn—k + Z(k + 9 )gkafwrn + IN2 Z kafn—kagk'
k>0 k=0 k>0 k=0

(3.4)

It is straightforward (though tedious and thus omitted here) to show that the generators

satisfy the following (anti-) commutation relations:
1. [ﬁa, ﬁb} =(a—b)Lats

2. [‘Ca;gb] - (% - b)ga—i-b

3. {ga7 gb} = 2£a+b
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1. follows directly from the commutation relation of the (non-super) Virasoro operators
shown earlier. Most importantly, 3 implies that the super-Virasoro algebra can be generated
by the G, alone. Indeed, the supereigenvalue model partition function Zg was originally
constructed by requiring

GnZs =0, n>—1. (3.5)

For the derivation of the partition function we refer the reader to [3, 2, 30].

3.2 Expansion in Grassmann coupling constants

Our method of analyzing the supereigenvalue model will be to work in terms of the &-
expansion. It was observed in [5] that there is a direct relation between the free energy of
the THMM and the non-Grassmann component of the free energy of the supereigenvalue
model. Further analysis of genus 0 behavior motivated a conjecture regarding the £ expan-
sion of Fs — namely Fg is at most quadratic in £ [5]. This was verified in [27]. In this
section we show explicitly the relation between Fs and Fy and compute the & expansion.

We follow and expand upon the path presented in [27].

Note the Vandermonde term in (3.2) is

A 0) =TT = A0+ Afi_e&i) =AW [+ y ’_'Ai)7 (3.6)

i<j 1<j

where we introduced the notation A(\) = (—1)2NCN-DA(N) = (=1)NA()) (see Appendix
A.1). Furthermore, because of the anti-commutation relation {6;,6;} = 0 we can always

expand Grassmann exponentials as e’ = 1 + 6;. Thus we may write (3.2) as

2N ) 0.0, 2N
Zs = /(H d/\ideie_sz(MOA(/\) H 1+ ﬁ (H 1+ 2N9i\1}(>\i>> '
i=1

i=1 1<i<j<2N

(3.7)

The product [[1+2N6;,T()\;) allows Zg to be expanded in terms of the Grassmann coupling
constants

N N D41
2%k TR
ZS(Q’g):ZZt(S ) :Z Z ZS17 7Zkgil"'gimc (38)
k=0 k=011, .iz5=1

where the Vandermonde term forces all terms with a product of an odd number of Grassmann
coupling constants to vanish. Please note that if D41 > 2N then the expansion terms Zé%)
are not trivially zero for k < N; however, if 2N > D + 1 then ng) =0 for 2k > D+ 1. Of

course, it should be clear that the largest possible order of Zg in terms of £ is the degree
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of U (= D +1). In the following proofs we always assume D +1 > 2N (if D+ 1 < 2N we
simply set & =0 fori=D +2,...2N).

3.2.1 0Oth order in ¢

We now evaluate Z éo) and relate it to Zg. To compute Z éo) we look at the the term with

no ¥, namely

Zg”:/Hd/\doe*QNV“ IR H1+

1<j 1<j

(3.9)

The only terms that contribute to the integral over the Grassmann numbers come from the

0102--02,_10
(>\2_>1\1§...()2\2N1_>\25N_ 1+ )\ ) See Appendix
B for our convention of Grassmann integration. Thus

/HMHHAJ e S

1<J g€San k=1

rearrangements of

3 in multiplying out (], ;

3.10
As(2k) = Aa(2k—1) (3.10)

where the coefficient of N! is present because the product over i < j fixes the order of the
N collection of pairs (4, ) and the 2% is because the order of each pair (of which there are

N) is determined by i < j. Now we can write

2N

1
70 _ / dXe=2NV D)
o 2N N1 H ; kl—[l)\ (2k) — Ao(2k—1)
7Ry (3.11)
(=X ANV (M) o AT() '
— d\e™
Wm/HAe D I 1 ] e
T,0€SaN i=1k=1

where the second line follows by expanding Vandermonde determinant (see Appendix A.1).

Since the As are integrated, it matters not how we name them so we rewrite A; — Ay(;):

o _ (D AT P
0 — — T o o(2k— g
%:wm/nwwwm>z«wvnn

i i Ao(2k) — A(2k-1)

N \7(2k=1)=17(2k) -1

(_1)N —2N 2k—1 2k
= NN / Hd)\ VO S (=N ]

Aok — Aop_
TESaN k=1 2k 2k—1

\0(2i=1)=1y0(2i)~1

(-1)N(2N)! / ZONV(Agi1) - ) A2i-1 2i
N ) \=) —1)° d\ i d\ ’ (A2i—1) 2NV (X2i) [ 7
2N NI Z (=1) H 2i-10A2i¢ ‘ A2i — A2i—1

ocE€San =1



CHAPTER 3. SUPEREIGENVALUE MODEL 30

If we introduce the skew-symmetric matrix

Ai—l)\j—l
A=Ay = / dAdge 2NV ) g=2NV(A2) L 72 (3.12)
AL — Ao

then we can express Zéo) in terms of a Pfaffian (see Appendix A.3):

1)V (2N)! N

ZéO) = ( N o 0(21 1)o(24)
|

2N N1 GEZSQN 11211 (3.13)

= (2N)!Pfaffian(A).

From this result, it was noticed in [5] how to relate Zéo) to Zgy. We provide a complete

proof of the following theorem.

Theorem 3.2.1 The supersymmetric partition function with vanishing fermionic coupling

constants can be expressed in terms of the Hermitian matrix model partition function as

Z$ (2N, gi) = QLN (iﬁ;f) (Zu(N,2g1)). (3.14)

Proof: First note

Zu(n,2g;) /Hd)\ S | BYEPYE

1<J
n n
= e S e [(Tave VO O[T - A
o—1leS, i=1 i=1 1<j
n(n— ot . —2nV (Ao (s < i—
= e S 0 [[[avege = eI TT Ao
o-1eS, i=1 i=1 o(i)<o(j)
:< 1)n(n 1) /2 /Hd)‘ e—QnV(z\ H}\ _)\ H)\z 1
i=1 i<j
(3.15)
Thus we have
1 /2n 2n —on i
Tl(n>ZH(n,29k)2=(2n) /Hd)\ VAN C T M=)
1<i<j<n (3 16)

2n
x/( [T dneVeox—hHe [ x—x)

i=n+1 n+1<i<j<2n

As(s))
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Recall we may write

n —QnV()\gi,l)e—QnV()\gi)

2n e )\
2§ (2n) = (2 ! / (dem e )A<19§2n>

n

(2n)! 1 -
= onp (E dﬂQi—ldﬂ2im)A(1S)\§2n)7

(3.17)

—2nV (

where we introduced dpu; = d\e i) to simplify notation. To prove theorem 3.2.1 we

proceed by induction. For n = 1 we have

YA — /\2
M=y

- /d/\ld)\ge’QV(Al)e’W()Q = (/ dX e2VW>> (3.18)
2 1 2
= (ZH(TL = 1, QQk)) = 5 (1> (ZH(]., 2gk)) .

We assume that for £ < n, Zéo)(2k) ik( k) (Zu(k))? . We start with the equality between

z9 2n =2, g1) / dAdAge™2V M)V 212

1 _
/Qn ! Hd/JJQz 1dM217/\)A(1g,\g2n) and (3.19)
2i—1 = A2
(2n)! i—1 s i-n—1
on (Hdlh% )OIT M=20CTT deadi™ e TI x—=N), (3:20)
i=1 1<i<j<n i=n+1 n+1<i<j<2n

multiply the integrands of both (3.19) and (3.20) by

2n

2n +2)(2n + 1

( n—;(n)i 711)+ )dAdBe(—2n—2)V(A)e(—2n—2)V(B)H()\i ~ A — B)e V00 (3.91)
i=1

and integrate over the As and A, B. Letting dji; = d\;e 2" TDV(}) equation (3.19) becomes

2n

(2n + 2)! 1 . o
ot dpadps ([ dsio1dizi—————)Aqcacan [ [ — A — B) = 22 (2n + 2),
/2n+1(n+ 1) paapB Z1—[1 H2i—1@H2 )\ i1 — )\2 ) 1<A<2 )11_‘[1 ( ) S ( n + )
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and equation (3.20) becomes

2n + 2 i
/TEH())dﬂAdﬂB HdﬂM ) H Ai — Aj)

i=1 1<i<j<n
2n ) 2n
(T dmrHC II  »=-2) ][ —40-B)
i=n+1 n+1<i<j<2n i=1
2n 4 2 i -
/TEW))dﬂAduB Hduz)\ Y1CTT A= w(x -4 (3.22)
1<i<j<n j=1

(I s (¢ TT M-I A= B)| TCien — A - B).

i=n+1 n+1<i<j<2n j=n+1 i=1

The terms in [brackets] in (3.22) are A in our notation:

(2n + 2)! =
equation (3.22) = 2n+? + /du H AN AN, A, A) H(/\i+" —A)

i=1
2n n
xdip( [[ dmr ™ ANt dan, B) [[(Ni = B).
i=n+1 i=1
(3.23)
Now it will make things nicer if we re-label
1. A— )\n+17
2. A = Aip1 whenn+1 <17 < 2n,
3. B— )\2n+2
so that (3.22) is
n+1 2n+1
(2n + 2)! a B
m ]‘_[d/,l,Z HA A(}\l,,)\n+1)H (>\1_)\n+1)
e 3.24)
2n+2 4l - n (3.
x( H dpi)( H NP A g2, - -+ A2nga) H Xi = Aany2).
1=n+2 i=n+2 =1
We'll proceed by expressing our objects in terms of determinants (see Appendix A.1):
_ n+1
A, Angt) = (—1)"+det (AJ 1)
=t (3.25)

n+1

AMngz -5 dong2) = (-1 )" det <)‘3+711+1) i =1



CHAPTER 3. SUPEREIGENVALUE MODEL 33

hence
n noo n+1
TN AR - At = (TN (1) det (AJ 1) L= (1) e ()t
i=1 i=1 ’
(3.26)
where
M;; = )\j+i_2 when 1 <7 <n and
i1 (3.27)
Mi—ni1,; = )‘n+1'
Similarly we have
(H )\;+1Z+1)A()\n+27 cy Aong2) = (—1)"+1det (N)?j; (3.28)

i=1
where

N; i = A7772 when 1 <i <n and
2V 1+n+1 (329)

Niznt1j = )‘2n+2'

Thus (3.22) becomes

(QTL + 2 n+1 2n+2 2n+1 n
27 (n 1 1) / Hd:“l )det(M) x ( H2dﬁi)det(N) H2 i — Angl 11 — Aon+2)
i=n-+ i=n+ i=
= (i?i Z Z (_1)\J\+|K\
2 (n + 1) JCA{1,..n} KC{n+2,...,2n+1}
n+1 2n-+2
x /(H dii)det MN Ny < ([T dias) det (N)AG, 13 Ak,
i= i=n-+2

(3.30)

which allows us to observe how the integral splits into two integrals over n + 1 variables.

Consider

n+1

/(H dji;)det(M)ATLFIN . (3.31)

The only non-vanishing terms come from )\m_l)\n_| J| -+ - An. For all other terms, the matrix
MMy will have two rows of identical form and after integrating will vanish (see Appendix
A.2). For instance, the term A}, +1)‘ where i # n will not contribute because then we could

multiply the ith row by A; so that the ¢th and (i 4+ 1)st row are of the same form (in \; and
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Ait1 respectively):

row ¢ = )\zﬂ;l (3.32)
row i+ 1= M '

and the integral will vanish. But if we multiply by A%, ﬁ)\ then each row is of a different form
and the integral does not vanish. This continues to apply when |J| > 1. Hence |J| = |K|, and
for the same reason we only have contributions from (A,11 )\2n+2)k)\n_k AR A2k - A2pp -

Consequently we have

n n+1

(2n +2)! n—k
ZQanH /Hdﬂzdet AL Ak An
k=0
2n+2
< (I dns)det (N)AS s dans1—k - Aongn
i=n+2
n n+1
(2n+2 e i— 1 n—k
=2 T Hduz H)\ A At DA T N A
k=0
2n+2 2n+1 )
CTT dr)C TT M)Az, Aans2) Ao dan st - - Aanta
i=n—+2 i=n—+2
n+1

(2n + 2)! i n
o /Hdul H)\i DA, - Ans) AR
2n+2 2n+1

<( I dna)( JT M)Az, Aang2) A5, s
i=n+2 i=n+2

(3.33)

where the last equality comes from re-labeling the variables in each of the n+ 1 terms in the
summation and re-arranging the Vandermonde determinantes (in pairs the signs cancel).

This final expression is exactly

1 (2(n +1)

A 1,295)2.
2n+1 n-+1 ) H(TL—F P gk)

(3.34)
0

We have just proved the precise relation between Z éo) and (Z H)2. This is a very important

result for the supereigenvalue model that returns us in the familiar THMM.
Corollary 3.2.2 Ignoring an additive constant, we have

F (2N, gi) = 2F (N, 2g1). (3.35)
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Now we have Féo) within our grasp. In the following section we will compute higher orders
of the ¢ expansion of Zg and then we will discover that the free energy has two components,
Fg = Féo) + ng), the former of which is now familiar.

3.2.2 Higher orders in ¢

Recall that the Vandermonde term in the partition function forces all terms with an odd
number of Grassmann coupling constants to vanish. Second order terms (in §) come from
Doic (2N)26,¥(X;)0;¥();) and the integral over the Grassmann variables gives

/Hd&k 1‘[1+A _A )" @N)20,5 ()0, 0 ()

< = (3.36)
_ 1 S el (—1)”‘1’0\0(1))\1’(/\0(2)).
21(N — 1)12N-1 S s Ao(2k) — Ao(zk-1)
Indeed, the 2k order term comes from
Z (ZN)2k9i1\IJ()‘i1) s eizk‘ll()‘izk)
1< <<t <2N
and the Grassmann integration gives
/ H dbe)(J] 1+ — /\ - A > @N)0, TN 00y T (N,
1<j 1 < - <tggk (337)
1 <T 1))\11(>‘<7(2k))
(2k)12N k(N — k)! UEESEN j IZIH 0(23) >\o(2j71)
So the 2kth term in the partition function is
2N)2F @) - Y(Ao2r))
Z(2k) _ ( / A 2NV (N ) (1) a
5 (2k)12N (N — H UEXS;NJ 11_1 Ao(2j) — Ao (2j-1)
2N N y7(i)—1
()N (2N)%* / Hd/\ SNVO) Y (- ol H V(Ag1)) - V(Ao(2n))
~ 2k)12NF(N — k) e palc et Ao (25) — Ao(2j-1)
1)— T(2N)—1
_ (=DM @N)*(2N)! /<H De N0y 3 (M PO AR T L WO
(2k)12N k(N — k)! palet ol (A2kt2 — Aagt1) - (Day — Aan—1)

(3.38)
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We explicitly introduce the &s through ¥(\;) = ZDH Py

)\T(J))\ T(25)—1
(11 [ g VO SR

H/d)‘ 672NV)\))\T() 1\1,

TESzN k41 A2j-1
D+1
H/d)‘ —2NV>\)Z§p (i)— 1+p H A (2) 7 (25— 1))
TGSQN j=k+1
(3.39)
If we let
D+1 4

G=2N> & / dhe 2NV \i—1+p (3.40)

we have concisely

2 —1)N(2N)! A
25" = (2l<:§!2N)’“<(N)k) 2 - HC"(Z [T Avteiotas-) -

. ocEeSaNn j=k+1

Now that there is an explicit form of the supereigenvalue model partition function, we direct

our attention to the free energy.

Theorem 3.2.3 Let ¢ = ((1,...,Cn)T be the column vector of (s defined above. The full

partition function may be written as

Zg =703 AT (3.42)

A direct consequence of Theorem 3.2.3 is of profound significance and merits theorem status.

Theorem 3.2.4 The free energy depends on the fermionic coupling constants & only up to

quadratic order, that is

Fg = Féo) + Féz) where
3.43
F¢ = > Fiiéh. (343)

To show these we use the following relations for Grassmann integrations. See Appendix B

for the conventions adopted in this paper.

Lemma 3.2.5 If A is a skew-symmetric 2N x 2N matriz with complex entries and 0 is the

column vector (01, ..., 92N)T of Grassmann variables, then
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2N
/(H dei)e_%eTAe = (—1)VPfaffian(A). (3.44)

Proof: We encourage the reader to see Appendix A.3 for information on Pfaffians.

2N . 2N 2N 1
/<H d;)e= 30740 _ /(H a6) [T 11— 56545460)
i=1 i j=1k=1

1 1 1
= /(H do;) (1 — 591141,292)(1 - 591141,393) (1= 591A1,2N92N)

1 1 1
X (1 — 5021427191)(1 - 592142,303) e (1 - 502A272N92N)

1 1 1
X x (1= 592NA2N,191)(1 - 502NA2N,303) (1= 592NA2N,2N—192N—1)

(—pN af

" 0E€San i=1

(3.45)

where the N! is because the product fixes the orderings of the A;;, hence when we sum over

the symmetric group we over-count the N! rearrangements. [

Lemma 3.2.6 Let ¢ = ((1,...,Cn)T be the column vector of (s and let § be the column

vector (01,...,0on)T of Grassmann variables. Then
T 1 2N T T
(—=1)NPfaffian(A)ez¢ A ¢ = / (J] dosye=27" 20+07¢. (3.46)
i=1

Proof: First let N =1 and A9 = —Ag; = a = Pfaffian(A) € C. In this case
/d91d92e—%9TA9+9T( — /d91d62€—91a92+91(1+92@

— [ db1dsa( ~ 610621+ 1) (1 + 2Ge) = —a + 1o = (~Da(1 — £2) B4
= (fl)Pfaﬂian(A)e%CTA_lg.
Now let N be arbitrary. We write A = OTBO where O is orthogonal and B is a block-

diagonal skew-symmetric matrix. Let & = Of. Since O is orthogonal dz = df ( simply a

rotation). Then
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2N 2N
/ (T dboye 30" 46+0"¢ = / (I davi)e 3" Batatoc
i=1 1=1
N
— /Hdw2i71dm2ie(_$2i—1B2i—1,21‘,x2i+$2i—1(O<)2i—1+x21(0<)2i)
i=1
N 1
= (-)¥ H(B%—L% - (OC)%—l(OC)zz‘) = (—1)"Pfaffian(B) H(l t Boroit (04)21—1(0021)
=1 i=1 1,241—

(3.48)

where the + comes from switching the indices of B in the product. Since Pfaffian(A) =
Pfaffian(B), we have

1

Bo;2i—1

(—1)NPfaffian(A) exp(z (OC)2i—1(OC)2i)

=(—1)NPfaffian(4)e? (OB (00 (3.49)
=(—1)VPfafian(A)ez¢ A<,
O

Proof: of Theorem 2.2. Our previous results allow us to express

2N

Zk(go)eégT’Lrlc = (QN)!Pfafﬁan(A)e%CTAflﬁ = (-1)N(2N)! /(H d9¢)67%9TA9+9T<
=1
2N 2N 2N 1 (350)
= (—1)\V ! (1—Z0.A. e
(—1) (QN)./EEEMQ 50 43400) (1 +0:C,).

The only relevant parts of the integrand are the coefficients of the rearrangements 67 - - - o
which we get by taking 2J terms from the product over the ;s and N — J terms from the
product over the A;;s with each ¢; distinct. For example, looking at the terms with J =0
)

gives Z§0 . The term from J = N gives

(CDNEN)G - Gon = (DY D (1)) Coany = 25, (3.51)

o€San

which can be seen by comparing with (3.41). Now consider all terms with 2J ¢;s, which are
of the form

N 27
(—=1/2)"( H 921‘—11421'71,21'92@')(1_[ O C), (3.52)

i=J4+1 k=1
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and after integrating give

2N J H Azizi-1) HCk (3.53)

1=J+1

where the factor of (—1)V~7 cancelled with transposing A in the product. Summing over
all terms with exactly 2J (;s is summing over all rearrangements which leave the ordering

of the location of the pairs from A;; and the ordering of the (js fixed:

N 2J
1 1
@NIN =) Z 21\’7—J( H Ao(2i),a(2i—1))(H Co(k)) (3.54)
’ " o€San i=J+1 k=1

where the coefficient comes from the fixed ordering. Hence

2N 2N
_ 1
ZQer AT = (1) /Hd9 [T1Ia §9jAj,k9k)(1 +0:G:)
j=1k=1
N
N (2N)!
Z N T)aN—7 H Ag(2i),0(2i-1)) HCa(k)
J:O (TESQN i=J+1
(3.55)
which by (3.41) is Y3 287 = 5. O
Theorem 3.2.4 follows immediately,
Fs = —In(Zs) = — In(Zee3<"47%)
BN Ny ’ (3.56)
1 1 ’
_ 1 Z T —1 F(O) F(2)
e )+(2N)22C ¢= S

and is critical in classifying the observables of the supereigenvalue model.

3.3 Superloop correlators etc.

Now we introduce objects generalized from those found in the Hermitian matrix model that
will lead to a infinite sequence of loop equations. The observables come in two categories,

odd and even. The one variable superloop correlators are

W) = 2§V<ng_> ; W(|x)££v<zi:xin>. (3.57)
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Additionally, we have two superloop operators

1 0 0 1 0
ov(z) ];) oF 1 dg T OV (x) l§ 1 g, (3:58)

that allow us to generalize the correlators as follows:

'Ym) = V() OU(xn) V(1) OV (ym)

= (2N)" 2<Zm—/\i"'an—AiZw—Asz >

5 i 4 i Ym = Ai

W(ml’ e 7xn|y1’ e

F
(3.59)

where (A). means the connected part of (A). For convenience, we define

Pl(ml’_”’xnwh_._’ym)E(QN)n+m72<ZeiV’(I1)—V’(Az‘)Z 0; Z 0;

3 r1— N 3 Ta — N 3 Tn — A
1 1
X
zi:yl_)\i zi:ym_/\i>5
(3.60)

Polss o nlyns o ym) = N33 -5 D D DD

: ! (3.61)
Vi{y) = V'(Ai) 1 1
Xzi: Y1 — A zi:yZ_)\i”'zi:ym_)\i>C
v — U\ 0; 0;
L (@1, @nlyr, - Ym) = (QN)n+m2<;9i (x;f _)\i( ) ; To — \; ; T — A
1 1
nglAi”.;ymAi>C
(3.62)
i) _ anyrm2 (5 g, Y1) = W) 0i 0i
11, Tyt - ym) = (2N) <;z Py ;Iz—ki.-.gxm—)\i
1 1
Xzi:yl—/\imzi:ym—k)c
(3.63)

and Iy and ®( similarly. The subscript denotes the placement of the potential term. Each
of these functions can be gotten by repeated application of the insertion operators. They

are polynomials in y; or x; depending on whether the subscript is 0 or 1 respectively.
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3.3.1 t’Hooft expansion

When working with the supereigenvalue model it is standard to assume that the free energy

and correlators (and related objects defined from Zg or Fg) have a genus expansion:

Fs = Y (2N)F,

g

W(xlv"' ;zn‘ylv"' ,ym) = Z(2N)729W9(x17"' 7In|y17"' 7ym)~
g

However, we reiterate that the expansion is an assumption. It seems worthwhile to provide
a formal proof of the expansion for the quadratic component although such a proof eludes
this author.

3.3.2 ¢ expansion

Recall theorem 3.2.4 which says the free energy is quadratic in £&. From the definitions

involving the insertion operators we have the following.

Corollary 3.3.1 Forn >3, W(z1, -+ ,&n|y1, -+ sYm) = 0.

Corollary 3.3.2 The super-loop correlators can be expanded in terms of the fermionic cou-

pling constants & as

W(..)=WO(..)+ W)=Y (2N)% (Wg@(. L)+ WL ..))
W(zl...)=WH(...)=> 2N)Wh(z...)
Wz, z...) =WO(x,2]...) =Y _@N)W (x,2]...)

g

where the superscript denotes the order of & in the term.

Also observe that P;(z|) is the same order in & as W(x|) and similarly with Py(|x) and

Corollary 3.3.3 Fori=0,1

Po(l..) =R )+ RP(. ),
Py(z]...) =P"(2]...),
Pyx,z]...) =PV x,z2...).

?
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Additionally, the II and ® polynomials are one order higher in £ then the correlators.

Corollary 3.3.4 For A=11,®, and i = 0,1

Al =AM ) AP,
Az ) =AM )+ AP ),
Ag(a, 2.y =A@ 2.,

3.4 Superloop equations

As in any field theory, we have that Z; is invariant under infinitesimal changes in A; and
f;. We can use the invariance to derive a pair of differential equations that, in complete
analogy to the Euler-Lagrange equations, capture all the dynamics of our model. The pair
of loop equations follow from the invariance of Z, under infinitesimal changes in {);,6;}.
To simplify some writing, in the following we work with N As and N 6s where N = 0 mod
2 (instead of explicitly working with 2V of each type of parameter as was done previously).

We compute total derivatives

N
0=2, / (T[T dnid0) K, (ry, 6) (H(AZ— — - %)e—NE*VW-WM») (3.64)
p=1 A

1<j

where K, is a differential operator that represents an infinitesimal variation of A, or 6,,. Of

course, it immediately follows that

N
= ! =N (V(XNi)—0: ¥ (N
0= ,,; Z /(H dXidb;) K, (H()\i —\j — 0,0;)e N il ). (3.65)

i<j

In order to express equations in terms of our superloop correlators, we use particular choices
for the operators K. Just like with the IHMM, there are conventional shifts that are used to
derive the SEV superloop equations. Additionally, we note that the total derivative method
has not been used elsewhere to determine the superloop equations: the literature always
works with direct shifts of A\; and ;. Of course we arrive at the same superloop equations
[29], although they are expressed in a manner unique to us that is more convenient for our

interests.
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3.4.1 0Odd loop equation

To get the odd-loop equation we take an odd total derivative of <ﬁ>

0 0 1
Ky = (9% B ae) <Hp)

and find (see 2.3.1)

() SN () S () ()
which we rewrite using connected pieces as
ZN<9;C > Z N<x & > — N2W ()W (o) + Wale),  (3.66)

and after dividing by N2 becomes

V@)W (2]) = Pi(]) + ()W (|z) — o(|z) = W(z)W(|x) +

(3.67)

3.4.2 Even loop equation

To get the even-loop equation we let K} = [% (:13771)\)] and K2 = [ 82 @ 9;’\ )2] and apply
P P

K; — Kg. The operation of K; gives (see 2.3.1 which is nearly 1dentlca1)

o Eltis) T (2 ()

D,i#D
(3.68)

and the operation of Kg gives

0= 3 (S T T (%) (=tas))

Pi#ED
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Applying the operator K = K; — K]f, from (3.68) and (3.69) we re-group terms and find
V'(\) 0,0 (\)\ 1 0,0()\,)
§N<x_fp>—§p3N<H> ‘2§N<(5_A:)z>
1 1 1 1
:2zpj<(:cw>+p%;p<(xxp> (Apxiepei» (3.70)
0;
Z<< )(Ap—Ai—epei»'

p i#p

We Taylor-expand and (anti-)symmetrize the penultimate term:

> () G = 26) G

P,iF#p p,i#p
1 1 1 1 1 0 0;
= 2p§p<<x— Ap) (a: - )\i>> * 2p§p<(Ap - /\i) (m—p)\p> (a: - )\>>

and re-write the last term

Z<< )(A —Aai—99)> ;Z<<(JU—/\3§?E\,;—)\¢)>> (3.72)

Di#ED

(3.71)

and combining these and using connected components gives

% Z <(>\pi/\i> (l’ fp>\p> (I fi/\z‘)>_ ;p;p<<(x—>\5§f;p—>\i)>>

PIFED
0,0: 0,0,
= ;p;p< (= Ap)(Ap — Ni) <:c _1 Nioow _1)\p>> - _;p;p< (x — M\p)2(x — )\i)> (3.73)
- % 2 <<x - A?(ef— A >2> - % (—N2W<xl>;iW<x> - C{‘;maym_z) .
D,i#D v P

Putting everything together we arrive at the even loop equation:
V' (Ap) 0,9 ( 0,0 (A
;N<x—/\p>_;N< > ZN<JC— >

(Nzw(|x)2 +W(|z,z) — NQW(xD%W(xD — ij(m,y|)|y_m)>,

(3.74)

1
)
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and after dividing by N2

V@)W (1) Folle) + @) + W @)W (el + 5 () + B ) )

(lz,2)  d W(z,yl) )
ly=a )-

1 (3.75)
= L (Wt W)+ Wne) AW

3.4.3 The general loop equations

By applying the two insertion operators to equations (3.67) and (3.75) we can get loop
equations in multiple variables x4, ..., z. Lets first apply 9/0V () an arbitrary number of
times. Applying 9/90V (1) ---9/0V (xr) to the odd loop equation gives

k
Z d W@l \ei) = WEAIND) o (o0 — Pr(ald) + (@)W (1, ) — To(l2, J)

~ dz; T; — X
W(x|z,J
=Y W DW(|a, J\I) + % , where J = {z1,..., 21},
IcJ
(3.76)
and to the even equation gives
V' (x)W (|2, J) — Po(|x, J) + @1 (x| J) + ¥ (2)W (x| J)
d W(|x, J\xl) w((J) 1d
Z o — + 5o (Maal)) + U (@)W (] )

(3.77)

. ;(Z Wl W (0, \1) = W (alD) W (al\D) )
IcJ
+1<W(|x,x7J) d W(x,z|J)

2 N2 _Cl2;]\72|z—z>’ WhereJ:{x17...7xk}.

We can organize the loop equations by order in 1/N so that the odd equation is

k
> i & Wl hre) = Waltld) vy ov, ) — Py al) + W)Wyl ) — T 1, )

dx; T; — T

S W Wy D) + Wy (el ),
ICJ h=0
(3.78)
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and the even equation is

V(@)Wy(|2,J) = Pog(|2, J) + @1 g(x|]) + W' (2)Wy(x]])

#30 gyRr  (Meh) + w Wi e
(3.79)
= 3 (3 S W D, D) WD), a1\
ICJ h=0
5 (Wil ) = LW, z|J>|z:x).

3.5 ¢ expansion

Furthermore, we may organize the loop equations by their order in the £ expansion so that
the even equation (3.77) splits into components of order 0 and order 2 in ¢ and the odd

equation (3.76) splits into components of order 1 and 3.

Order 0

0) (0)
1e,) e d wg (I, \as) = WS (1)

T; — X

V(@)W (|2, J) —

; (3.80)
(Z ZW (|2, DWW, (|, NI + WO, (|2, 2, T) — (hwfi)l(x,zwz_gﬂ)
ICJ h=0
Order 1
k W(z|J\z; Wz | J\x;
Zdj LA i _xg( & )+V’(x)W;(w|J)—Pf,g(:clJ)JrW(x)Wﬁ(\x,J)—Hé,g(lruJ)
i=1
= Wil DW, (Ja, N + W,y (]2, J)
ICJ h=0

(3.81)
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Order 2

V! (@)Wg(lz, J) = P y(Jz, J) + @] 4(a]]) — W' ()W (x| )

Zdiw ) W30 14 (i, |J)_w(x>wg<x|J>)

= ZZ2W;‘3(I$J)W§%(I$,J\1) —Wﬁ(l‘lf)i _n(@ N + W (o, 2, J)
2 dx

ICJ h=0

(3.82)

Order 3

U(2)W2(|z, J) =105 (=, J) ZZWh (@ DWZ_ (|2, J\I) (3.83)

ICJ h=0

Our reason for splitting the two superloop equations into 4 equations determined by the
order in £ is so that later we may investigate the possibility of finding a residue formulation
for the meromormphic coefficients of the £. But before we can get there we must see if these

4 equations allow for a recursion.



CHAPTER 4

The Recursive Nature of the Superloop Equations

In this section we lay the foundation for the recursive relations between the four superloop
equations. The supercorrelators can be divided into four categories: W0 (|.J), W™ (z|J),
W®(|J) and WO (z,z1].J). We show these superloop equations are sufficient to obtain all
correlators and demonstrate how these four correlator types can be recursively derived. It
turns out that we only need to use 3 of the equations. However, we are assuming that the

functions P;, II;, ®; are understood if not ultimately irrelevant.

4.1 The planar limit

We demonstrate the recursive relations between the superloop equations when g = 0.

4.1.1 Order 0 equation

When g = 0, (3.80) involves only the Wq(i)oﬂx, J) terms. Letting J = () in (3.80) allows us

to solve for

WO (|z) = V'(@) =/ (V!(2)) — 2R (Jo). (4.1)

Motivated by our work with the Hermitian matrix model, let us introduce
Y(2) = V() = W (). (42)

Then we find

o (W Um) =Wy (121)y | pO) (.
0, ? 1>> (4 3)

Wy (j, 1) = (6 Y -

48
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Observe the similarity with the Hermitian matrix model. Now relation (3.80) at g = 0

provides a recursion for VV0 (|a: J):

d W( o, I\ai) — W (|T
Y(I’)WO(O)OI, ) P(EOO) + Z | ;_)x 0 (| )
(4.4)
+ 2< > Wg°>(|x,f)wgo>(|x, J\I)).
0gIgT
As we progress keep in mind that we are now familiar with all terms Wéo)(| S
4.1.2 Order 1 equation
From (3.81) we have
W L (p o ©
(o) = gy (PO @D + 1802) — @)W (1))
(4.5)
_ 1 o pm (D) (1) /
=y (PO @D + T — w@)V'(@)) + 0(e),

and

d W) -w (@) | o .
T dxy T —xlo +P1(’0)(x|x1) +H§),()](|T/,$1) (4.6)

+ W @)W (|2, 1) — O (@)W (|2, 21).

Using Y (z), we may write the recursion as

Y (2)WeP (2] J) = P (|]) — U (@)W (|2, J) + T (|, )
Wo (el \ei) = W (@il N\as) | (A7)

xr —x;

k
d
+ 2 W @)W (e, N+

i¢J i=1 "

Hence we are able to compute all W(l)( |...) terms recursively.
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Order O from order 1

To determine WO(O)(x, x1]...) we apply the odd loop operator to (3.81) to eliminate the s
and which gives

zj: d W (x, 2| \ai) — W (s, 2| J\as)

dz; T;— T

+ V' (@)W O (2, 2|0) — P (2, 2|J) — o (2|, J)

WO (|2, J) = W (|2, J)

g
=3NS WO AW, (j, N + W (x, 2]z, T).

r—z

ICJ h=0
(4.8)
For g =0, J = ) equation (4.8) becomes
(0) (0)
W, W, (|z
Y (@)W (x,21]) = P (2, 21]) — =2 ( ;_ xlo (z1) | 11°) (21 |2), (4.9)
and when J = {z}
d W) —_w©
Y(x)W(O)(x,x1|z) - Pl(o)(ﬂ?,xﬂz) + 4 (z,21]) (z,71])
w0 W(O)dz o (4.10)
+ Héo)(xﬂx, z) — (lz, 2 - (1, 2) + WO (2, 2 YWO (|2, 2)
We can express VV(EO) (z, z|J) through
YW (2,21 5 Ld WO (2 \ai) — W (i, 2] J\a)
@)Wz, 20) = P (a2 +Zd% .
(4.11)
J J)
) el ) - WD) WG T) S0y g, ).
I¢J

4.1.3 Order 3

To determine W0(2)(\ ...) we may use either the order 2 or order 3 equation. For simplicity

we work with the order 3 equation which gives

(w) - Wé”(xD)Wé”ux) 1) () (1.12)



CHAPTER 4. THE RECURSIVE NATURE OF THE SUPERLOOP EQUATIONS 51

and

(wx) ~ Wé“m)) W2 (J, 21) = DY (|2, 21) + WP (ala) Wi (|2) (4.13)

and the recursion

(@) = Wi @) Wi (12, 0) = 155 (12, 1) + > WD (o, DWSV @l | (4.14)
I¢J

At this point we have a method that determines all planar super-correlators.

4.2 g =1 recursion

We assume all planar correlators are known and demonstrate how to theoretically evaluate
all ¢ = 1 superloop correlators. The process is exactly the same, hence this section is

exceedingly terse.

4.2.1 order 0
Plugging g = 1 into (3.80) gives
YW (o) = P ) + 5 (Wi () = W0 aDens ) (419
and
d Wi () = W{* (1)

0 O
Y(@Wi (2, 01) = P2 (1 2) + 5= z— 11

1
+35 (Wg°>(|x, e)W ) (|2) + WO (l2)W (2, 21)  (4.16)

d
+ WO (|2, 2, 1) — EWéO)(% Z|$1)|2$>

and the recursion
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w©
Y (@)W (jz,.7) = Pz, ) +Z d W1 (2, J\ai) = W (1)

T — x;

1/ d 4.17
+5(X (Wff”ax, W0 I\D) + Wi (o2,0) = F Wl )ems ) | (417
Ih

where * means (I, h) # (J,g), (0,0).

4.2.2 Order 1
From (3.81) we find

Y ()W) (z]) = WP (@YW (1) + Wi (ale) + P{Y (2]) — 0 (@)W (|z) + 15 (|z)
(4.18)

and

) d W () = WP (1))

Y (@)W, (alar) = + P (aler) = U (@)W (| 21)

T T — T

4.19
1Y) (jz, 1) + W (@) WO () + WO @y WO () 1Y)

+ W @ DW (j2, 1) + WD (2], 21)

with recursion

V(e N\ai) — Wi (i) \a:)

xr —Z;

Y (2)WV (2] ]) = + P (2| T) — 0 (@)W |z, J)

H(()li(\x J) JFZW(1 @ DWW, (jz, \I) + W, (a2, ),
I.h

where ** means (I, h) # (J,9).

(4.20)

Order 0 from order 1

Again we use (4.8) now with g = 1 and find

W (|lz) - wi9(|2)

r—Zz

Y (@)W (2, 2]) = P (@, 2]) + 1§} (2]) + + W (w, 2|z)  (4:21)
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and

d W, z)) = W2y, 2
L @) = W@ 2) L pO) ay) 4 (2l )

Y(a:)Wl(O) (x,z|x1) =

dxl T — T
(0) _ 1i7(0)
_Wl (‘,I,Il) Wl (|25I1) +W(§0)(.I‘,Z‘$,.T1)
xr—z
+ W (2, 2z )W (|12) + W (@, 2DW (Jz, 1) + W (2, 2 YW (|, 1)

(4.22)

and the recursion

i d W1 (x, z|J\z;) — Wl(o)(xi,zU\xi)

dx; r—x;

Y ()W (z, 2| J) = +P1(f)1)(x7z|J)—|—H0(z|x, J)

+ Z W (@, 2 WO (12, NI + W (x, 2]z, )

IcJ
(0) (0)
+ WO W o, 1) - W) = Wz T)
i r—z
(4.23)
4.2.3 Order 3
(wx) - Wé”(xb) W (jz) = 1) (12) + W2 ()W (a]) (4.24)
(wm) ~ Wé”(ﬂ))wﬁﬂx,xl) 0§ (|12, 1) + W2 (|2, 21) WP (x]) )
+ W (l) WiV (1) + WP (l2) WD (2] 1)
Recursion:
(w) - Wé”(xb) W (2, 7) = )z, J) + (Z W (o, I)Wf”(xU\I))
IcJ
(4.26)

+ (Z Wf”(|xJ>Wé”<x|J\f>> .

g
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4.2.4 Recursion for arbitrary g

Assuming we know the supercorrelators at g — 1, we are able to determine all correlators at
g following the same procedure.

1. The order 0 equation allows us to solve for all Wq(o)(| S

2. The order 1 equation with the previous results gives us all Wg(l) (z]...).

3. Using the odd operator on the order 1 equation then gives Wg(o)(x, x1]...).

4. Finally, using either the order 2 or order 3 equation gives Wéz)( [...).
Please note that the first 3 steps are enough to solve the order 0 and order 1 equations
for W,](O)(| ) Wq(o) (x,z1]...), and W,gl)(;v| ...). See (3.80) and (3.81). Furthermore,
we have confirmed that the two (master) superloop equations are enough to permit us to

theoretically determine all superloop correlators and that the superloop correlators can be

built up recursively.

4.3 A residue formulation?

This section is primarily a discussion on how one may be able to describe these recursive
relations with a residue formulation similar to that found for the ITHMM and generalized in
[20, 21].

One thought is to work with the complex coefficients of the £s: thus we completely dis-

regard the Grassmann parameters. Our notation will be as follows. For each order i in

£, 1=0,...,3, we introduce an oriented basis of the Grassmann algebra G; from the set
{&1,...,&p+1}- We will use a bar to denote the coeflicients when the order in & is non-zero,
that is
D41
AW =3 AP (4.27)
i=1
D
(1
AD =% 3 Aeg (4.28)
i=1 j=i+1
A® = N A&l (4.29)
i<j<k

We use this notation to extract the meromorphic coefficients of the superloop equations.

With matrix models the equations are typically such that the recursion over g can be found
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first and then by repeated use of the loop insertion operator one gets a recursion over (g, n).
However, the supereigenvalue model involves three inter-related functions and consequently
our approach will be to attempt to first construct the recursion over n and order by order

in £ before we add to that the recursion over g.

4.3.1 The planar limit

We know that the free energy at order 0 in £ is proportional to the free energy of the
Hermitian matrix model. Furthermore, looking at (3.80), the planar limit involves only the
correlators Wéo)(u). It turns out that we can express Wéo)(|J) recursively in |J| using the

standard residue topological recursion.

Order 0 equation

Recall that
2
2V (@)W () — 253 () = (W5 (1)) (4.30)

with solution

W (a) = V' (@) =/ (V!(2))? — 2RO (|x) (4.31)

where the minus sign is needed because Wéo)(|m)mﬁm ~ 1. Note that Pé?()) is a polynomial

in z. Previously we defined
Y(z) = V'(z) - WV (|z) (4.32)

which from now on is known. From here we define the spectral curve X
E(2,Y) = {(z,Y): Y2 = (V'(2))" + 2P{{) (jx) = 0} (4.33)

which parameterizes a hyper-elliptic surface Yg corresponding to solutions of Wéo)( |x). We
introduce a homology basis, and define and identify ramification points in the same manner
as was done for the THMM.

WO(O)(\:U, z1) and fundamental bidifferential

We have seen that

d W (|z) = W (|z
VW (o) = - LD = R0 o)y (131
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and we noted that this is of the same form as the two point correlator in the IHMM model,
hence is related to the Bergmann bidifferential. Over C, there is no residue. However,
we can turn this into a form W(O)(\m(p),x(q))dm(p)dm(q) over g > p,q. We can ana-

lyze this in the same manner as was done with Wy(x,z1) for the THMM. The result is
WO (|z(p), 2(q))dz(p)dz(q) = —B(p, )

Moving forward,

d WO (|2, x2) — W (Jz1, 22)
dz; xr— T

Y ()W (jo, 21, 22) =Py (&, 21, 22) +

d WO (lz,21) = WO (Jz1, 20)
dzo T — To

+ W (|, 20 )W (|, 22),
(4.35)

which, as we already saw, has no pole on the RHS. Thus W()(O)(|x(p), z(p1),x(p2)) only has
a pole as p approaches a ramification point. The pole structure is clearly the same as in the
1HMM, and therefore for |J| > 2, W(|x(p), X (J)) has poles only at the ramification points
of Xy. Note we introduced the notation for J € (X9)¥, X (J) = 2(p1), .., 2(px)-

If we define on X

w (Ip) = —y(p)da(p)
(I, q) = B(p,q)
GO (lpr,...) = da(pr) - - =

av(pl) .

.. FO(O)

where 8V‘9(p) = iav(z(p)) for x € x+ C ¥ then we have

O (|p, J) ZRebq% (Z w9 (¢, HW (g, J\I)) (4.36)
0gI1¢J

where K(p, q) is the same as in (2.80).
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Higher Order

The equation for Wg(o)(|x, J) (3.80) involves W;g)l(x,z|J) which leads to difficulty. If we
work with ¢ = 1 we have

0.1 T; — T

(Z WO (o, DW O (|2, INT) + W (|2, WO (|, J\T) (4.37)
IcJ

d
+ W (|, J) = =W (a, z|J)|Z_$>.

Using (4.38) at g=0 gives

J (0) (0)

d W z,z|J\x;) — W x;, 2| JJ\x;

y(gp)wréo)(ac,zu):Pl(?())(m7z|J)+H0(z|x,J)+ngxl 0 (@, 2[J\ i_mo (i, 2|J\ws)
i=1 " '

o
(|, J;_ZVO (2 ) S W (@, AW (fe, J\I).
i¢J

(4.38)
Observe that

w0
< T
Y(x)wéo)(ﬂf,ml)sz%)(w,xlD_ 5 (|2) = W5 (1)

xr — T

+ I (1 |2), (4.39)

implies Wéo)(x, z1]) has poles only at the zeroes of Y. However, if we attempt to parameter-
ize this on X there is a pole as p — p;. Hence its existence in the expression for Wg(o)(|x, J)
where its derivative is computed gives another fundamental bidifferential. How can we have
two fundamental bidifferentials, because clearly the two classes of correlators W(zx, z|...)
and W(|...) are different?

Furthermore, upon analyzing the equations in higher orders in £ we find the presence of the
fundamental bidifferential again. Consequently, it is ambiguous how to interpret different

classes of correlators as existing on the same algebraic surface.
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4.3.2 No end in sight

Another example of the ambiguous nature comes from the order 1 equation. First we extract

the coefficient of £ in the order 1 equation:

Y (@)W, (2]7) = P (@l J) — "W (e, J) + T o (|, )

L 7 (1)
I d Wyo (@l J\z;:) — Wy o (i J\a;)
£ 3 WRADWE (o )+ 3 R o .

dx; T — T;
g
(4.40)
where kaéO)(h}, J) = \ilk(as)Wo(O)ﬂx, J). In one parameter we have
= (1 5(1 0 =(1
Y (@)W (l) = PLY o(al) — "W () + T o () = U(a), (4.41)

If by complete analogy we define a surface corresponding to the solutions of W,glo) (z|), we
would have
S1={p=(2,Y): YW (z]) - Ulx) = 0}. (4.42)

But this relation involves both Y and Wéo) (Jz) which have a relation that defines ¥y. So it
would appear that an element of 31 is a point in X that satisfies the additional relationship
(4.41). Of course, this can be interpreted as intersecting the two relationships (4.41) and
(4.33). However, both these objects are zero-sets, and therefore we have an infinite number
of ways to combine them. Additionally, we really have D+ 1 different expressions from each

coeflicient corresponding to D + 1 curves and it is unclear how to unify them all.

If we continue introducing higher order equations and extracting the coefficients, the basic
integrated analytic structure makes identifying the poles very challenging. Furthermore, in
the end it is not obvious how we could define an algebraic curve upon which could exist
all four equations and the relationships between them. While we were hoping that working
with the coefficients would provide clarity, the more we calculate and the further we journey,

the more convinced we are that this approach is certainly not ideal.
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Conclusion

When first addressing the possibility of generalizing the topological recursion to calculate
the free energy of the supereigenvalue model, one of the earliest thoughts was to work on
a supermanifold. Maybe this seems like a daunting task, one characterized by little and
non-uniform information regarding a supermanifold. However, there are many problems of
interest related to supersymmetry, for example superstring theory. String theory is inher-
ently related to the study of the moduli-space of curves, so perhaps superstring theory is

related to the moduli superspace of supercurves, whatever they may be'!

With regard to the supereigenvalue model, we have seen explicitly the direct relationship
between the free energy of the model with that from the 1THMM. In general, the non-
Grassmann component of the partition function is so closely related to the THMM that there
is strong reason to expect the topological recursion, or some variation of the recursion, ought
to be applicable to the supereigenvalue model. Indeed, corollary 3.2.2 following theorem
3.2.1 gives I éo) = 2Fy from which we expect that the non-Grassmann correlators ought to
be directly identified with the correlators from the THMM. This simple observation which
suggests a simple relation is evidence that our approach of disregarding the Grassmann
numbers is faulty. Somehow it seems that W(...) in the IHMM ought to match up with the
two classes W(x,z|...) and W(]...) in the SEV model. While our work has demonstrated
a vague relationship with the correlators, the difficulty stems from the fact that the class

W (z,z|...) ultimately comes from the odd loop equation.

The topological recursion requires the universe of an algebraic curve defined by whichever
equation is sufficient to define the dynamics of the model under consideration. For the

supereigenvalue model we would need some universe defined by our two superloop equations,

1Dr. Bouchard recently attended a conference on string theory where Dr. Witten gave a talk discussing
his interest in defining these objects.

59
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and it is natural to imagine that such a space would take the form of a supersymmetric
surface. The objects generated by the recursion are differential forms, so the next step is to
understand thoroughly what supersymmetric differential forms are and how they behave.
Furthermore, the essential criteria of the recursion is the simple pole structure of these

forms, but how can one generalize the notion of the pole of a Grassmann function?

In conclusion, in order to pursue a purely supersymmetric generalization of the topological
recursion, one ought make well-defined the notions of integrability, differential forms, poles
and residues of supersymmetric objects. While the formalism that would go into making
these notions precise may be tedious at first, perhaps the end result would be a simple and
elegant expression of some more general recursion that could collapse to the powerful, and

now more familiar, topological recursion.



APPENDIX A

Matrix Theory

A.1 The Vandermonde matrix

The standard Vandermonde matrix X is given by

X=X = (mzil)ﬁ]j:l (A1)
and its determinant is
j—1 o o(i)—1
det(X) = det(a} )Ny = Y (177
7N (A2)
= JI @-=z):=4@
1<i<j<N
where the sum is over the symmetry group Sy and (—1)? = sign(o). The eigenvalue

representation of the ITHMM model includes the square of the Vandermonde determinant:

II =22 =TI =2 =20 (A3)

1<i<j<N i<j

A.2 Vanishing integral

We know that the determinant of a matrix with repeated row (or columns) vanishes. Some-
thing similar happens when we integrate over the determinant of a matrix. Let X be an

n X n matrix such that for some k,i # k, X, j = fj(x;), and Xy ; = fj(xg) for j=1,...,n.
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To visualize this, without loss of generality let ¢ = 1 and k = 2 so that
f1(5131) f2(331) fnfl(‘rl) fn(xl)
f1($2) f2($2) fn—l(xz) fn(fﬂz)
X X3 X3 X3 1 X3
B X4 X Xan—1 Xan
Xn,l Xn,Q Xn,n—l Xn,n
For such an X, we have
/da:l ... dx, det(X) = 0. (A.4)

This follows immediately from the familiar Laplace’s cofactor algorithm for computing a
determinant. Let M;; the the minor matrix created by removing the ith row and jth

column from X.

n

det(X) = (1) fi(w) My = > (1) fi(ws) Mo,

i=1

n

n

i=1

(A.5)

= det(X) = % z:(—l)iJrl (fi(xl)MLi - fi<x2)M27i)

i=1

Of course, f;(x1)M; ; and f;(x2) Mo ,; only differ by exchanging 1 <+ x2. Therefore integrat-
ing det(X) over x; and x5 yields zero. We make use of this result in our proof of Theorem
3.2.1.

A.3 Pfaffians

The Pfaffian is defined for a skew-symmetric 2N x 2N matrix A.

1 N

Pfafﬁan(A) = 2NN' Z (—l)a HAG'(2i71),0'(2i)' (A6)
oESaN =1
The Pfaffian is related to the determinant through
det(A) = Pfaffian(A)?. (A7)

The proof of theorem 2.2 makes use of some properties of Pfaffians. For any 2N x 2N matrix
M,
Pfaffian(M AM™) = det(M)Pfaffian(A). (A.8)
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Let B be a block diagonal skew-symmetric matrix, i.e., Ba;—192; = —Ba;2-1 # 0 and
B;; = 0 for all other 7, j. It is easy to compute the Pfaffian of a block diagonal matrix. This

is analogous to calculating the determinant of a diagonal matrix.

0 a 0
—a 0
0 0 0 b 0
Pfaffian(B) = Pfaffian 0O 0 —=b 0 =ab...z.
0 =z
-z 0

One result of the spectral theorem is that for a given skew-symmetric matrix A, there is a

block diagonal skew-symmetric matrix B and an orthogonal matrix O such that
A=0BOT. (A.9)

By (A.8), it follows that Pfaffian(A) = Pfaffian(B).



APPENDIX B

Grassmann Numbers

Grassmann numbers anti-commute amongst themselves and commute with complex num-
bers. Following [23] , the Grassmann algebra has as basis (61, ...,02n) with {6;,6,} =0
and [z,0;] = 0 for € C. We adopt the following convention for Grassman integration.

With one Grassmann parameter we have

For higher dimensional integrals:

/(d91 .d8,) (0:...0,) =1, (B.2)

that is we think of df; ...d#, as df and, similarly, think of 6, ...6,, as . Thus, for ¢ € S,,,

/ (d6y .. d0,) (ot .- Ouiy) = (—1)° (B.3)

Another way of looking at it is that we write [df;...d0,, A 616, as a convenient form of

f db, ...d0; A0 ...0, so that in the supereigenvalue model we have

/ﬁd&d&i F(A)by ... 0, = /Hd/\if(/\i). (B.4)
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