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- This thesis is concerned~with several aspects of the role played
/

by spin in general relativity, more specifically, in particle equations of

»

motion and in fleld equations for spinning\matter. These equationsaare ;

derived from variational principles, where the Lagrangian has some depen—"

dence on terms associated with spin, in addition to the usual dependence "

¢
’

" on the metric, external fields, etc. o

Chapter One presents a general discussion of the thesis and

introduces the notation used. A more detailed introduction to notation

appears in Appendices ‘One and Two, which discuss- invariance identities sat-

v

isfied by a scalar Lagrangian, these having important use in Chapters Two

PRV

N

and'Three.f .

-

N : : ' E
! . -t . o t : Yo

In ghapter Two! covariant equations of motjion for a single spin- -

. . - i - ' . . :
- ning particle are derived, and the special case of motion in an external
eiectromagnetic field is discuss%?; -
R Einstein’s gravitationai equations for .a medium with intrinsic
spin are examined in Chapter Three. ~The form'of the-total energy momentum

tensor for ‘'such a medium is found and it is shown how,&he equations of.

Chapter Two may also be recovered from the four dimenéional action integral.

Chapter Four generalises the work of Chapter Three, an action
_ integral depending on any number of derivatives of the fields is considered
and finally,'the derivation of particle equations of motion from the Dirac- .

o

equation {s discussed in Chapter Five. ' s

V)
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! - . CHAPTER ONE

S GENERAL_INTRODUCTION AND NOTATION

| ’ e

, .
The main concern of- this thesis is- an examination, in the -
general relativistic frameWork of the field laws governing fields gen— -
erated by matter, where the matter is assumedfmo possess intrinsic spin.

.By field 1aws ‘we mean the grav1tational field equations and. equations for

\

any other fields present, such as the electromagnetic field

: For a medium with.no internal spin the Einstein equations.
~.G“v = Tu . are the usually adopted gravitational equations, coupling the
Einstein tensor to the total,.symmetric, conserved 1. e..Tu IV =0) ,
.energy momentum tensor 'l?l'l of the medium. In the spinning case one may
: either keep the Einstein equations and examine the constituent parts of ’

the energy momentum tensor, to find what terms attributable to material

-spin.appear-in Tu 5. or one can try to modify or generalize the Einstein

Aeduations themselyes. o ‘ R f g é . S C
- The latter approach has led to several new theories Il] There
jis the generalisation of Einstein s theory, originally due to Elie C tan,.
which ‘takes space ‘time to-be a four dimensional differentiable manifold

with a metric tensor and affine connection compatible with the metric, but
.with the connec%ion no longer taken to be symmetric. The antisymmetric :"h
part of the connection is then related to the density of intrinsic spin.

- Another idea is the’ suggestion of Sciama [2], that the gravitational field

produced by particles with spin should be described byja non—symmetric
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metric tensor: gH , the 'energy momentum tensor’ thus, in general, being
. [ . R i - B - . S

also non—sym&etric.' s /- o . ‘ S . ;o

. i .
‘. © R i . . .
- . . ' -

In contrast 'to the above, the approach taken in this - theais is“

. to retain the" orthodox theory of/a Riemannian space time with a symmetric '

metric tensor and svmmetric con ection. We find the form of the total

l e .

symmetric, conserved energy momentum tensor, a: form containing terms due
. \ L7
- to intrinsic Spin and one that;reduces to the usual energy momentum ten— .

'sor in the absence of spinv‘ Variational principles are adopted the

,contribution ‘from internal spin stemming from the dependence of the Lagran—

c
.

R4

gian‘upon,a tetrad_fieldk{eéa)(x) ;descriping particle spin. "“ C

' . .
. (LI - . -
: .o B S -
N

QSing a statistical approach, Werner Israel [3] has shown that-

.so .
P

the gravitational equations should take the form o Lo

N

(81r) G of _ B 8 4 (s"‘YB +»s3{\/ 0“3Y) 3 ~°(1.1)', )

for a mgdium with internal spin acting as source of electromagnetic and

. L}
'gravitational fields. Here ~S YB is the materiai spin flux and T o8 is

e
[ ,

'the energy momentum ‘tensor for non—spinning media (the sum of a material

s .

f‘and an electromagnetic tensor) aﬁ. is neither symmetric nor conserved
'only the total energy momentum tensor J B .has these properties. It will
P .
be seen that the Lagrangian approach gives exactly the same form for the CA

aB o
total tensor J as found in'[3]. :
: Q

However, the first part of the thesis is concerned with, the

derivation, from an action principle, of equations of motion for a spinning

: particle moving in given external fields. Such. equations are of interest

‘ E . . . ) T .
. . L LS . R - ’



y—for— comparison -with- equations obtained_bv

_*‘“—for~
"other methods, and secondly Because of their close cdhnection with ‘the *

field equations for . spinning media. .The connection can bé seen in [3]

‘where we are- led to. equation (1 l) as., a. consequence of Maxwell 8 equa—

tions and single particle equations of motion.‘ The Jingle particle

oy

equations will in fact be "shown &9 follow from the four dimensional action

‘.integral of the field theory by "variation of world lines -

[
~

It will also be shown ‘that the Dirac equation in general rela—

-‘_tivity leads -to equations of motion and spin having the. saLe form as’ the

'iLagrangian equations, : - f'" ' - . ff .

-
\

It is appropriate ‘at this. point to introduce some notation and ;

useful identities satisfied by a scalar Lagrangian. (For further elabora—"
.\z. i o
| tions see Appendices one. and ‘two. ) We consideryrelative tensor fields

» - ""’ .

B @ (x) Here A denotes both*a labellingfﬁfhthe tensor and its collection .

of contravariant and covariant indiéés. Thus,

\ l...oz'
, "‘.._r_(A >31"'- .

.' .- \\ V“’\'l .. : . _
o \ : .\JQ_V . .

¢ (x) denotes the samﬁxtensor wi%h its covariant indices raised and contra—
G o 1

B>
Rt

;variant indices lowered.» A repeated capital Latin index, such as in §

'o¢ 0] ) denotES summation over both the tensor indices and the set of ten— -

Y .
’

I sors‘ to which A refers. ) Sometimes an index is printed as A whenever

- A anq A denbte different sets of tensors., For example,- QA, nay denote

- . ‘both a‘set of tensor fields ‘¢A’ and ‘the set of covariant derivatives

~



Z (¢ e

A A Ala
Under:aco-'-or”dinatetran.’sformation.;u = x (k}) airelativeftensor @A
oo ' : . n E ' ‘
transformS'as : et e
' L A . | N a /
a8 By e L P =R Ty
' A S0 Mo ¥ » %6~ o : : )( .
- SR . 3x : o
! & ) _4 ’ ) ‘e . : . ' o / ‘
B ' “ ' SN
(AA‘ is ‘set equal &0~zero whenever A and B refer to)different ten-

sors, so that the summation becomes a, summation over the indices of a

-

singlevtenSOr ¢A ). “Define infinitesimal generators by D P
- 30 B P
- «a, )}3 o (xp S Loaasy
. o D ,g o o Ve 2
ooy :

.r_.The (I )_g 's may be constructed explicitly from the recur—v"

: sion formulas (see Appendix one)

N TR : .
j(L)p = -w 6p for a relative scalar. ¢ of weight W _
e 3&) o | ax/axl A € H)

o BBaGi B0 B L gB O B o
(Tyg )9'” <A >p éa_ GA Ga 5 s, LS

aB o B, G- Blaa 0 N v : '.;
R L (IAB) = iIA )Q 68 + GA Gp 681’,h‘5’ . le6?~ ,
= , Coe . .. . '4_ L ‘ ’ . .“.«d}.r".' ._ -

(where 6B = l if A and B - both denote the same tensor and the same

tensor indices, and is zero. otherwise) Useful formulas are ;kﬁ x ‘fu o

B

. ."‘PAIT | gaT Wt UT<~IA o % o .7
R W B JTe: By o4 g
Pl ~ %alweT Now tade B T




o

¢ (X) - ¢ (x) = (IA )p

for the change of ¢ - under infinitesimal co-ordinate trensformation

'§P.~ x + g (x) It follows from (l 9) that the condition thac thé

L

function ﬁ(Q ) bea relative scalar of. weight w is (see Appendix two) J

“\\

A
| . 4 e

oL"

, - _o.': AB o- N d_ ..= o . v . ‘ ‘
A 35, (147, ,% + w.ép L=0 . o . (1.10)
A3 A W~ 5 BT I
- R ~ . 9 “ B ‘“‘ -
hN T B o . D - L ‘_.\. ,:

Specialising (1 10) ‘to the case’ of a rcalar density (w=l) L(¢A)f? E R\g'a

’ depending on a\set of relative tensor fields ¢ and tﬁeir3‘

R0 NP ¢ ¥ D

L(¢ Ala .
vfirst covariant derivatives QAId , defining the variational derivative {
N SL . . Lo
e A Ac ‘ ;
=L ~L ) (1.11).
. 89, . | Iq; s
* where . . . Yo
. R AV . .
. L gy and LT E 5p- T (1.12)
“ -~ . N (A - " ~ Ala - -
- | g . .
and defimring tensor densities ‘ '
(lél3)
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SN EQUATIONS oF MOTION FOR A‘S$NGLE PARTICLE

- <+ L ,“4‘

TR L

8 .
.. ' + Lot N

§2.1 Introduétionu T T
P e S e .'" : ' .

4,
-v‘o S A,

We will be concerned with the derivation of equations of motiOn R

".for the momentum Pu and spin Su - of a single particle moving in given;»;‘l

Y . .
T external fields;: In special relativity theory, the natural definition of;f'

N o~ . 20 YA .
. ) . N . L N Y o- ,,"‘L‘.. Lo “‘
' r . B . A ST . ; A

B N
. \\\ an angular momentum,tensor is o 8

e Mu *u Py - x“ u (fﬂfigl;'éf.' i

o héie’ P
V u

?;}‘-\Asystem of zero three momentum, i é. ,Pl"e,Pz = Py =

\is the particle four momentum. Mﬁ _ is antisymmetric and in a

ES

0 'y has only three

r'inon—vanishing-components,

: © <0) @
L[?xlp ’xz P 3 4 .utfﬂo;l_-j"' EER

This mdy be written as




; o 5 S "ﬁ' o ' | - e
We will consider particles which also possess an intrinsic, or

' internal angular momentum, indspendent of a choice of origin, and this

. spin" will also be. represented by an antisymmetrical tensor, 'Suv' ‘say..

'1iLike the orbital angular momentum, we will assume that the spin is char—f‘
. & .

'acterised by three components-in a system ofpzero three momentum, how-
[ N - - . o R ':. : . ! N ‘ ‘ . . .
' . ever we this time take the: space components to be non-vanishing.

h 0787y . 84 -‘°-l~,, B N
- o | s@ R(OF A e e
U (0) - 512 O 533 S0 R ‘
oo L uv s (O s€0) . . r
R -Sy3° 7Sy 0 . 0 K
- .r;O .0 0 o]

(0) =0 when P. =P, =P, = 0 ;‘P' % 0. i.éﬁ 0= 552) p4(0) _

(0) V(O) = § M, :So thfs condition is written as,
.Euv' : RV ' . .
| L s B=0 _(2.1.2)
v A

Whenever thexfour yelocity_‘ux':is parallel to:the four nomen—:.
: o L ,

um,h(le.Z)‘mayphe_replacedfhy the conditionl.”

Ce
(2.1.3)

However, it is usually assumed nowadays ‘that’ when a particle has intrinsic e

spin, that the four momentum is no longer parallel to the four ve10city.'
This was first suggested by Weyssenhoff and Raabe.

']fWith PA no longer parallel to ulh, the conditions Sul ‘A =0
“and fSuX'be=4d have.differeht meanings._ For an extended body (see [4])
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these are defining equations for the world 1line of the centre of mass.
(\

A
However whilst S =0 determines a single world line which under

uA
; 'certain assumpcions will be a time—like geodesic, Sﬁx uA = 0 does not

-

determine a/dhique world line. We therefore take condition (2.1.2) to
E be'valid, this equation determining the velocity uA in terms of P

.and’ Suv . S T Lo ' SN

-

. Different methods have been used to derive equations of motion

for spinning particles. There is the multipole formalism for an extended

e

body which consists of integration of the conservation identities | L w
a ~
0.=T B" for the total energy tensor over space—like sections of the

. |8
particle world tube [5]. Equations obtained from a differential geomet—

ric viewpoint have been found by Hans Kunzle [6], and’ there are generali—
sations of rest-fr%me equations to arbitrary frames [7] Lagrangian ‘
- equations have either been obtained by a special choice of Lagrangian or
'only in the'approximation of special relativity [8] -Before the derivation B

'_of covariant Lagrangian equations it will be useful to discuss the. general

form of a Lagrangian deScribing a spinning particle. - ﬁ"' ~*

-

A particle with intrinsic magnetic moment‘Su and.intrinsic -
/ .

| electric dipole moment d » moving in an external electromagnetic field

o

ihas an ‘additiénal energy ufH - g'g where E magnetic field E =:4. N

_f electric field. 'We:have HeH —'d-E'=J% M“Y Fuv _where.the ‘four tensor" o
, MUV is formed from p  and 'd in ‘the same way thatdthe,electromagnetic“
n'field tensor F is formed from H and E .' So, 1ﬁ"terns-df a Lagran—'-

N
gian L, the magne%ic moment tensor for a particle wbu\d be defined as_

=2 BL/BF . We will also assume that the four vector pot




v

Au appears in the Lagrangian only via a coupling to the electric chargeﬁl

,current Ju', so that Julu 8L/3Au . ; o . )

. . To give the equations for both the trajectory and for the spin,
the Lagrangian must also depend on co-ordinates “or "internal degrees

of freedom corresponding to spin, whose’ variation leads to the spin
-4
‘ equations, just as variation of the space—time co—ordinates leads to the \
- . . . : s : \
equations of motion. ' ' ’ ' . C
» N v

The spin of a particle may be described by the rotation of a
lt.of axes attached to the particle; so we introduce an orthonormal .
tetrad defined at™ each point of ‘the particle world line, eéi? (a)(s)
= proper ‘time along “the world line, (a) gpes from 1 to 4,

’

eéa) e(b)11 = n'b ,'nab =\?1,;,1,—1) . These four four—vectors constitute

‘the "spin co-ordinates" and we consider a Lagrangian that is a functiong
ofwiuk;érdxklds . eéa)-, éﬁa) =8 eéa)/Gs -(absolute derivatiVe),-and :
' externa% lelds ¢, ' - N

@, (5)5[@ 5

L':L( u 3T

: The'naturalgdefinition of spin in terms of L 1is.
s V=, (a)[u L
! NI v]

(see Appendix three,)
- ~ A 7




| < o ' 10.

§2.2 Constrailts. . | C ' | Y, ‘ .

In the dérivation of equations we cannot vary all the co-ordi-
\

nates freely since they are. not all independent and must satisfy con—”

\

straints on variation. To obtain the spin equations ye vary.the vectors_

. _ A\
eﬁa) keeping them orthonormal i.e., we vary e& a) subject to

eég) e(b)u = n ab . The.variations «d e(.) are not all independent-and, ‘
must satisfy deé(a) , (b)) = OL, or equivalently degu) e(a)v) = Q .».‘

The constraints are ten relations etween sixteen variables 80 we have

essentiallynsix independent variables. ', o

’ Introducing scalar Lagrang:\multipliers _uab(a) - ubé(s)

'and AR u

\

: PR
( (a) (b)u - n%% ,‘;ﬁen extremising j L.ds for

arbitrary variations eéa) vanishiné at the-endpoints-gives‘

£ L _ :
o 8L __o , 1.6 St b2 b e® o (2,2.1)
. » @ I R AL T (2:2.1)

Se » _ Ge S\
w0 T
The Lagrange multipliers are therefore’ ' -\\\ . .
T 7
S - Fac . | 2 Ge(a) .‘(c)u ¢

To eliminate ‘uab in (2 2. 1) and obtain spin ‘equatl multiplying

(2.2.1) by eéa) and antisymmetrising gives

sa® V1 2 Ugp (e & T8 © %
. [u ' . | Lo
¢ = -2y e @) 4, T @u (b

.»I | _ ab ; ® ab-

—T ) .
=0 (since Hap = Hba ) .
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~

- ) I
\ . : L 3
¢ :

These are the six spin dynamical equationa.‘\

P
v . .
.

-

Variation of the world line x" (e) y 8 = proper time, to obtain
equations of motion does not lead simply tor 5L/6x =0 where the action
is I = J L(x , dxu/ds) ds _because of the constraiﬂt guv xu f —l.

- GH

tion". Introducing an arbitrary invariant paraneter A, s=s8(), then

dx*/ds) . We remove this constraint by a process of parametrisa-

b

- ('guvdxudxv)l/'z = ("guv s .\))1/2 A = %;' "

. ' R ‘ : L
where X = dxu/dX . We rewrite I as , ‘ : B \\
. . ' : . \

I = I L(xu(a)}dxu/ds) ds; ?i

it

.f L), /ey $3 0 ar

e

J L, ¥, ds/ad) ax

'
L
a

defining a new’Lagrangian' i(x“,i“ ds/dl) . The variables of L. are -

still constrained sinée we .now have gﬁv ;U > 4 —(——) replacing .
QEE,QE;_= =-1v. | We. eliminate the constraint b usin the above equa—
8uv “ds ds ~ ¥ 8

“‘tdon to replace-'ds/dl in L - 'Then

u Vv 1/2) a

f 2.,

5

where: L1 is defined'ae:



The'set QA, consists of the external fieldsb ¢A R éhe~Riemannntensof
r® \ and their covariant derivatives,

(¢A’ BY6’¢AIa BYGI‘J’...) .

12.
B 0 - wi/2, .=
e :.-.Ll(:,c X') = y(x X ,(-gwx x )4y R
.._.:..r . . . \
| 1/2 vy-1/2 L
\ '@-ﬁ(g*xx)/L(x,(jz.m,)t:}1 / ).-‘
- A R 2
o : . A S o :
The Lagrangian L1 is hombgeneous of degree one in'viP , irrespective ‘-'
. - f
‘of ;he dependence of L(x dx” /ds) upon. dx" /ds .
o '
Our action'principle will henceferth be . '11
/ 0=08I=28 J Ll(x“,i“)d'x SN
< B . i S "..‘!’ : \
for arbitrary variations iny x (no constraint) where'.k is any invar-
iant parameter and -L1 is homogeneous of degree one in ;U . :fg
i .. ’ . : !
3 ‘ A2
. . ‘ . - : i . » ¢ g ..
§2.3 Covariant Equations of Motion in Given External Fields. : S F
The equations are obtained from the action principle . °
I = & J Ll dx = 0 for arbitrary variatiLns of x (A) and e( )(A)
‘with fixed endpoints xu(Ai) .8 (a)(x ) » 1=1,2) . A is any invar-
_iant parameter,'»A = A(8) , and. L1 ,is/homogeneods of degree one in l
v o= axM/an . - ;
b . : . : :
L, =L, (V“,e(a),ée(a)/asw ) C - (2.3.1)
1 T T
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N B e a3 ’
J\ . g 5‘,{'\,‘-\. N &
.. l ;/ 1‘f:‘\ ' -
Defining »éﬁa) = Geéa)/é)\ , them ... ¥ ' s ) R
- . . . . . ‘, s EY ‘ﬂ
| (@) )5, - o(a) - (a) (b), (c) o By-1/2
; Geu /8s = e | d?\/ds e, (nbc v ‘ ) .
- so L ,mey.'be Teexpressed as.a ne&v'f_un_ction
] - - . . . : . ¢
LM <a> ia) 4 v o |
SR L AR
We defihe the cahonip'al momentum * f’p , ‘the spin angel'ar momentum’
. . " /
S‘ [p ] and the multipole moments by ' T .
. .f~ . X “ ' ‘1 ,'ﬂ‘ ""A
p =Bk 59 =9¢ (a) Lt b L . (2.3.3)
; - A4 0] . - ~
~'§ 3 : S

K4

: (the derivatives 3L/ 3d>A = MA are defined such that dL = MA d<I> and

- MA has the same algebraic symmet:ries as '(DA . For example, if
E A ®
D L F Xw with F aﬁtisymmetric, then L = Fu [U\)] ~and aL-/aFaB

u i . AN
“_:Ls -..'de.fi_nedb'adﬂ X[&B]‘).ﬁv '

LT ’ S :’.
- In terms of "Ll we have . =~ .
. [ . RS
CanL,. - S
ALl s g0 (3)._______’-59\- (2.3.4
- .MA e S T %% (a) ds ) (2:3-4)
. o 2 3 . I . |
b3 63 . i
. (a) ¢
i aLl aLl 3 Gea .
Pyt @ o s
v Ge'a v .
- ' 9 ds ) ,
3L oL ;= : - |
1. 1 (a) ar 3 .o
e O v, @Y T @)
_f M _Gé(e) H ‘ds .
. A ~ P) a ’
« N . . T e )
u

,S'ince‘_«L.l' 1s hqnioge_nec:ué degree one in Vv we have Sp(J and PIJ’ bpth .
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' the above identity then give

. ‘ o . k ‘ i
independent of parametrisation, and ;;>$Br0p6rtional to ds/dX . 7*’7‘

i

, A variation deu )40 the tetrad keeping the world lire
A N
fixed gives (since g“v and P are unaltered) the variation of
(a) fo be f"
— U U . (a) Av-_ S8 (a),
Cd( 3] =) = d( - Tu A eg v') = X (deu ) .
. Hence 5
qr = 0L 4.(@) (a)
dL ae(a) deu b —— (a) 6A (de,"")
h ]J . u & \‘
- 'BL (a) PCY
: T T .
@ B c's‘ @, d 'a <> c
9oL’ a L. a L a .
a.(a) d .1s a sealar, 8o 5y (ae(a) ) dA ( (a) AR Thel
' eu - . ! \ . v' ] u . .
.spin equations are therefore.v. . L : T 'S
5L @ Lo R Lol
- = - S Yy 2-3.‘6
@ VT @ T @ T C.@ - 239
N (VIR - : o ¥ ¥ I
;I&entity'(l{idi.with W ='03‘fdr the particle Lagrangian is
\ c
v oL (a) _OL (a) ﬁ ' A
- ~1,~ o = . .3.
N <a) - T i@ Iy ’ g =0 (2:3.7)

Rearranging and antisymmetrising, this is o

. p['uv\’] L @u ( ) 8 (e(a)[u .( )) +MA(I N){uv] =0 -.
wle a § : de a - ~-
el . v] . ' :

Spin equations (2.3. 6), together with definition (2 3.3) for Sp ~and .
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185" vl LA BN g [ s

. -
To obtain'momentum equations we make an arbitrary variation in

(a)

. the world line d (A) (dxu ?'0 at éndpoints) keepigg e " COvariéntly"

constant on.variation, (a)(k) . The most elegant approach is a

manifesﬁiy covariant one. -

The change in L is dL = 6L

oA AL g M | 9L ; (a) , 3L (a) aL
: = 6( ) + Se + —— ( ) + 5@
| _ay | aeﬁa)\ L = (a)

wherei §(v") ete. are Ehe-absolute'changeS'in'gaéﬁ dynamical variable.

]
‘o -

-

L A VI S T : :
_ USPNY: - SRR SN Wodxl Y
.§(v}) G(udk) df dk) + Fv Y dA dx : (dx ) . -
@ g . : =% uo !
de =0, -/Mé/-q)élu st
- . . . 6e(a) - o o (?'i
cec(@y “ - (a)Y dx g . T
§(eu ) = 6( ) - UYQO e | ~ax ’dx
. v . .a |
A st = ‘i ( af; o). - & I o
vt . v v
s &P ' u N o
' é— (P axt) - —3§ ax¥ since Pu d is a scalar

QBW o aé (a

| S R EEPRRY AT L . o
A | 3L ‘A . :
J dL dA = J (- 75—‘{— _r .. @B = v»Y_‘+ M~ @A,u)bdxu .

: By, definition (2.3.3) for Spc , the momentum equations are therefore

L

S ew
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: ’ \\' AR
N sp ¢ - S o
_p_-.l; : SOLB Y ~ Lo 2.
Kk Rogyw S V' * Yl M L @)
L-

In the first'tefm;we'See the interagtiOn between the spin and ‘the gravi-
_tational-field. '

- Together with (2 3 8) and (2 3 9) we need an equation determin—

N
\-

ing VA 'which we take to be Su P o,;f In’ the simplest case with

N A= {0} . using (2 3. 8) and (z 3. 9) giVes

50"‘ A ($ 'B) = zPFa B]PB.; s“B (_ %IléYé# e Spu)
f'é; ' ( ) = (;BP 5 ;-‘; Bk, | v/ spu" 0" f.n:;f‘(é.s.id)" N
L B B 27 BYpu , R N g
, o
- éi (S Suv) Suv SgiT‘. Shv‘ré§.;f E Vu) f o f;'

. ’ ‘ ST C S N
§2.4 -Motion in an External Electromagnetic Field. .
As a speciai'caée of §2.3, take 9, = {Aa A’lB,Rﬁ} where Ry
-'denotes R BYS and A is the four vector potential. -Assume thatatAa[B ST
appears in the Lagrangian only‘through F = A . - A . We define . o
| B “afg  TBla T . v
. the magnetic moment as ,.f ‘ )
CU L e :
S ey '
B LB, L :
COA_, .. T.9F ., > ,
Bla “of -



3 ‘ S ; S ey
and the quadrupole gravitational moment tensor as_ _QA = QaBY =

’

BL/BR BY6 and we assume the dependence of L upon A 1s given.by'

'BL/BA = e va (e = elthric charge)

MQ(I B)

PP : ‘ B Bf B t v
L OBy OB 8, 16 6 . 60 § 15 %A, + Q (1 B
oA, @ 9'ABY faédllaz..' 10 P oy p 0T AL AP RB

) BL e, L A B o
=3 Ao A -a—A +Q(1,), R
3, TP T dAy 1o Sagle T % a, “pla, TR A B,
- % Y
gw ByS .o . - . oys .o

g a
e v AL MU F fegp::_,g BYS " ?VQav R oy

L R L L L SV

'»§?. , _ o

-

' .Substitution of the above into (2 3. 8) and definiqg a ‘new "kinetic" mom—
. @l ,"'

.'entum, pu;f'P - e Au , gives spin equations

A~
SN

B e Y TS
2 GAfif_?i'v- - F a¥ » T4 R aBYQ :

The,moﬁentum‘equations*(Z.B;Q)iafeftherefcre.

| & | g T, ‘ .
A VY =_; : aB oY ;_ vk
1 GA > RGBYU > + e Fu v + 2 M7F. Al

ByS{u |

v]a ' [ ' v]aBY i}_;- ?. F(Z;z.i)e";_L 

", Q eyd g% f4(2,452) : 5



" and “dJPv/dA 0 where Ju “~(onbital angular momentum) is JMV

> .

.aervation equation (S SaB) 0 from (2 4 1)

;simplicity). -We‘obtain._ ‘

“(m = —pv'V')f : Notice that p

| 6 4

In the absence of __1 fields,“; GBYG.Q 0 = 'B s 6A dx

,.-(2 4. 1) and (Z_Q%Q) reduce to 'dSv /dk = H - p vur and dp /dl =0 -

B and (2 3. 10) gives upu parallel to’ vu ;‘ This implies /dA ='0 ,f'

ol

\ B v . ’ Lo

Now choosing A to be proper time,l A=s, vu Vu = -1 we ,’.

- can multiply (2.4. 1) by vv< and solve for pu (set Q By 6;=:0*,£erg

AR RS | S | [U V]d 55 . IO (9 ‘.
O o po= moj(; 2 FA 15 vv 65 $3 Sy (2&'?)- :
H is not parallel to JtP,,f'p“,‘is

-

[oB

i-.expressed'adkthe above equation as a: sum of a term parallel to vIJ '(;;e,"

My

"gfm v ) and a term orthogonal to{ v f A satisfactory feature is that the-f.ﬁigff

‘1

'“;}energy momentqmnveetor p_ should ‘also. depénd on’ the spin.

. "Now replacing i_p’“' by the right hand side of @. 4 3) in (2 41 ), gives S

,Au-v"'j [uA o
§stv. GS v] ZVAF[U M)\a \)]

- [uoz \)] [u v]a
T6s TR ss R

ﬁ ZVAF

. ’>

sy -G—M— "]\ = ZvAMAaF [“ "] + 2v}\F"°‘M[“ "] 2F[uaM\’]°° B

In the case M B" K(s) SOLB . Q B [O.’ we have the spin con—»-;: g
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N X ‘ [ W\ . .. 19, - . ’
- : L b ‘ i R
. N . : . . »’ . : . R v N .“.
N . - ’ o ~:.. - .
P
.

.‘ . : s . . .
, 1 . R A

’:

In summary, sectionshfg 3) and (2 4) contain covariant Lagran-

w,

gian equations of motion for Spinning particles in gravitational and any
other external fields The ease of derivation and their generality are ;juf
features of equations (2 3 8) and (2 3 9). They are general in the sense -

'that no, explicit dependence upon its variables is assumed for the Lagran-‘x

' . 0
-‘gian,‘ L vis a any . function of v ; e(a) etc. The Only possibility for»‘~"”

B 4.“ -

‘obtaining different equations might be by use of different definitions of.

. _spin,lfour momentum etc. .(though the content of the equations would not ffﬂ

change)- For example one may wish to define a new momentum in (2 4 1)

o f:and (2 4 2) by Pu p. + Fuk qA where qk is the elect}dc dipole‘“tf'iéﬁq'jﬁ,:
'qmoment. (2 4 1) and (2 4 2) then become (with Qd = 0) v A
gffl;;ig”,asy+ Fa};iﬁnpzs+£«;ﬂXf?q
ST T2 Twyes ey VT2 e TR Y
~ '”égi—fé'ZP[pvvlre.ZFIPd(Mv]a +Avv1!qa) o e e

bIheSelareithe'equations{obtained,byqsuttorp and,de_Groot;[Qlfin__. :;,

the special relativistic cdsei
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CHAPTER THREE:- .

RELATIVISTIC FIELD EQUATIONS FOﬁfPUﬁKRiZEDmMEDLA'

o

bA.',

.§3.1 We consider a polarised dustlike medium interacting with the grav—
‘ . A
A

itational field and any other fields present. Theumedium is taken to

,consist of'coherently moving, spinning particles which interact only

. \

through the external fields. The particle world lines are the integral
_curves of a numerical flux vector field n u (x) a‘a‘= —l s describing
the medium, w hich is assumed to satisfy (nu )Ia (conservation of

.1number) . The internal spin of the medium is described by an - orthonormal

fntetrad field .eéa)(x) which also serves to specify the metric field -h.q

t
._1" ?

Variation of a four dimensional action integral 1eads to gravi—
tational equations and equations for the spin, by variation of the tetrad
field qe(a)(x) k The resultant. spin (field) equations ‘are’ equivalent to.*iv
the single particle spin equations of motion, and by\a variation of world
lines, the four dimensional action principle also gives the single particlegf
;translational equations of motion. Non—gravitational fields pre nt will

‘of course have field equations obtained by variation W.T. to their compo— n"

.nents. The outcome is thus a: complete set of field,equationsrelating the *

a

iifields to their sources and also the single particle equations obtained in .
chapter-two.,.’ i L ;- e -

e

The equations are obtained from the action principle 61'5“0
: for arbitrary variations in the dynamical varﬂables,h I- being a four

-fdimensional action integral

Diw

Foad
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1/2 ))d x . (3.1;i)’“

R + L((b AIG

-

I ="f‘v(.—(lmr) (-g)

o
SR _ . 2. o L | —
We have taken ;f(16ﬂ), (-8)"""R , where R is the curvature scalar, for

e

. the gravitational free'fieldilagrangian, ’The:scalar.densityd L is a.’

fnnction'of‘the fieldsi:: o ‘._ o T SRR v

: N {N , é_ Wy YG} e
. a_ o . L i l"(a) ) ) i . ,
‘ where N = —g nu is the numerical flux, ey is the tetrad~field,

5 is the Riemann tensor and w Can arbitrary set of fields. We are

c

BY
_assuming, for simplicity, that L does not d@pend on second and higher

covariant derivatives of the @ (the general case with dependence on.

N

' higher derivatives is discussed in Chapter Four) ,We also assume.that‘nob‘

| vdgﬁijatives of r Byd. and E : aPpear in. L St

Before proceeding, a few comments on the role of the

_field is. in order. Firstly, the components e( )(x) are the gra itational

bvariables just as any orthononmal tetrad field describes the metric

g.=T (a) (b) ' Secondly, as-a set of spin axes. for each world Iine ;'

uv . ab u ' v .'. N
vthey are spin variables that will be dynasically determined along each

..-e‘.

- world line in accordancéLWith the particle spin equations of motion. 5Be?ﬂ
lcause of this second role the Lagrangian has an explicit dependence upon ’
" the (a) in. addition to its dependence via the metric guv (so that we

J‘-could not replace e( a). bY Sﬁ in.(3 1 l) and (3.1 2)) and hence L INEIEAN:

':-;would not be expected to be invariant under an arbitrary field of tetrad

d.‘ rotations. One could have considered a Lagrangian density depending upon .

‘zboth gu and e( a) (and then varied g]J to obtain the ten gravitation-

g al equations and varied six independent components of the tetrad to obtain ff

’
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spin equations) However, since'the-orthonormality COnditions' guv =

[N

\ R \
f““““_—‘n—““(al ( l"_ are~ ten—relations between—the twent%rsix*variables_ guv_,

ab i €y
eéé) y We have sixteen'independent variables and it is much simpler to
(a )_ aS‘our sixteen We take, therefore, arbitrary indegend—

take the ey

ent variations in the !e( 2. to obtain ten gravitational equations and

'six'spinvequations, ' . ) ‘ S ," _i o -
’Much guidance for the following-calculation'iS'duento'ROSenfeld

(see [10]) (!nd also Belinfante [11]) The difference between their work
-and’ the present is that spin is considered in their scheme only in the
‘;sense that the fields wA are ailowed to be spinor fields.~' |

-

§3.2 Tetrad'Variation.F,

(3

We make an arbitrary variation deﬁa) ’in-the tetrad field -.The o

» o

'resultant variations in functions of eﬁ a) .are (see Appendix four for

‘details) . o / S

o g . @ 30 or e merete . G2D)
o g mangel) e fordesame 02D
o oap . o _L |p e gy
dr ot ,.ég (GIT) dgor | for the Christoffel symbols, -“(3’?.%?*'
i 2 sy for the Riemam tensor T (Q.2.3)

It follows from (3 2 3) that for an arbitrary tensor density A BYG 'that‘



T : ‘23,
]
- Y
L BYS BIYS] o y L
Ay | ~ar” BYG o -2 A, Ty dr 35‘+ (div? . , ,(3f2’42 -

where ‘(div) represents a divergence term (which by Gauss s theorem,

will play no parb in the derivation) From (3.2.2) it:follows‘that for

an arbitrary tensor densicy .B 0 that .
810 4rP plot] clprd T(po) Y (3.2.5)
B s dar ot 2 (B + B | )I dgp +ﬁ(div) : (3. .5).

The Variat;on‘ih'the free field'gravitgtional,Lagtangian'ié-

L o
. <d1v> + 26m 7 acen ) - klsﬁj‘l(fg>?/2 ™ dgyg
- - . '. 1/2 aB | -. de(a) d;ij(;;Z.G)

n
(8 ) ( g) "G (a)a B |
_ . . ‘ o L L IR ‘ N—
.Care must be tdken in calculating the change dL in L since L depends

.g&a?

foy

'dpbn'the ~in threedyeys;
'Ki)’ L hes-anﬂexplieit'dépehdepeeion. eéa? ‘and é&T& SR

. -~ C ey
‘ii)-:L ‘depepde one.R Bys G
'f(iii) ‘L ’depends onithev.FaB}'s 'hidden in4c0veriadt'derivatives»
Qélaf(i.?f IB and wAla e |
ST P < . (@ 'a) |
;Thevchange ih ~L(¢ I ) due to (iii) is (BL/B la) —-Er—-—“\drp o
. p h ._'a_.’»'d't S
»which by (l 7) is” (BL/BQ I )(I )p_ég 4ar CT""Dgsinipg-';
L L= 3L/3¢Af,} _Né@ = BL/BQ I
- :WGL- e :f; S R
._:= [ w To = rAvT g o
By, T T E e B B0, 0



as in Chapter One, and~c‘1efining'-,QO‘B‘Y6 ='3L/3R93Y5 , then the change in

24,

l§

LisT ,

8L . . 3L,
d&l E:sz eu + U -t ga + (ae( 2 )iu (3 7)
T ' , ,1 cla
5¢éa) e :' ,,::34 SR |t “®po -
.o S ' = s o S \] o
gaB[Y ]IY ar® B' + (div) (3.2.8)
"using (3. 2'4)'and (3.2. 5) Antisymmetry of Qa ‘ih:the first two and
last two indicesmand another use of (3 2. 5) gives L
CBYS o ,r(pc)y S
: r* = - 0
% ly d gs = 8 Sy dgpo + (div)
U81ng (3 2. 1), (3 2. 6) and (3. 2. 8) the action principle 51 0 for any'r‘
( ) therefore giveg e '
_(31;) ( )1/2 Got\) N _GL_.,. l(U p[\)'r] V[DT-i _ |
_ T (a)a '6e(a) . R
SV .
- RN T(DV)Y R
o TR T et
'or'qu1valént1y, ‘

1/2 u\) = Sk e(a);l + ‘(Uu[Qf] '_*_U\?[ur]

—(SW) ( ) —
R

‘~v$he~abdve are the gfavitatiohel'ahd“the:spin eqﬁapions.,.Sinceieyery te?m f"

(3.2.10)

A
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\\ ' TN .. :
< \\is symmetric in M,V , except for e ] @ y the gix-spin equations :
' of motion are R \\\\‘3 e : '

- P T BT
@I =0 ! . . (3.2.11)
vl :
. . . ~<A)ﬁ % Y o ter :
" The next step is to replace e “ - @ in (3.2.10).by terms having
‘ o SR Ge' ' L co
v : o

'possible physical interpretation and this is achieved by means of the
v

identity of the type (1. 14) that L , as a scalar density, nust satlsfy..-‘

‘Recalling (1 14) which reais

L GL o ".‘ 2 ) : ' . e
T0 o, B, 0. _ . . . ;
ol ¥ 5 * N (Iéry)p ¢§ o .. .(3.2;;2)

o | g .~. J-Yo N o f. o .
- (t =L 6 ~9¢ I~ : ‘ S 3.2.13) -
(~p =250 " "Ale < )*. \\ . (‘ . )',_

in the present context w1th L= L(¢ A[a) ,

- (a) | .(a) SR R
'Qé {~ a w BYG} P Ala eaIB, Ia} . ',, : _(3.2-14)-
-, , _
, . |
we have:
Lk L B e E @ - T
80, AT R T oy® e ée(a)“p T S
~ : ~ » O" : T Ce y
6L ' o
o B c o ;
5“’A (I, ) w +g (I Ry (3'2'1;5)

(RB is short for R B 5 ;'and wfitten out,explieitly thezlast term'isw"‘

616 5 sovsa e
p RB g BY5 .éga : R‘p’.YG e ‘(3f-3316?




The non-gravitational field equations are : "

N L R R
: Za0 ... - (3.2.17)
Sy, -
A
(3 2. 15) now gives (modulo the non—gravitational field equations (3.2. 17))

the identity (3 2. 12) in the form

4

(a) =~ .0 a0 -+ _TQg g _ . .
— =—N -—N6 +U"" . %+ Q (I ) .. (3.2.18)
s @ s e P~ ool * 5 alp B oo O2F
8L

Repiacing ' ?a) e(a)u in (3.2.10) by the above expression gives the
e s AR » | LT .

gravitational equations in the form

. ' oL 3L
- 1/2 uv . ~ .V ~ o O HY Vv
~em P Ve = g e o Y
| - S N »
\ £ @V gy, UL .
" gr(uv)vl +g (1 ) RB o (3.2.19)

753,3; Lagfangiah Decompesitibn.

\ . ‘ o |
’ We ndw drite?,L 'of (3'2 14) as a sum L= kl + L, where L,

is the free field Lagrangian for wA and Ll represents the'maeter end;.'

o

0 M o a 4
its interaction with the applied fields.v"
L=k (N“,e(a’,.e(a) w ) +1 <wA,wA|a, ae) o G



(3.3.2)

(@) u. oM = a1, N

“(a) =

a T %

L
{wA’wAfd’Rhsyd},;;

" where LI(u“,'..) 18 obtained %rom L (Nu,.;.) " by simply replacingH N

 equal to proper time- s . We have

e

kl is assumed to be homogeneous of ‘degree one in’its firét argument

e /g Wt so that

- LG Le® Wy RERERY

ot

u

with Mo This assumption will be clearly satisfied since for dustlike

24

material the flux of material four momentum, and of spin, (defined as

°

derivatives of L (N sese) ) will be proportional to the particle density

no‘

Ll tisva single patticle Lagrangian as ih_(2.3.1) with parameter A set

5 - o R R SR
By R Y st o _ _BY$S N
AL/ gy s = n/-g BL;/?R Bys = 9/;§ Q" '(3'3'4?,

- Qav

S

o
Bys is thevduadrupole moment per’patticle.t_Define.ax"spim flﬁx"

where Q,

R s

~

( )} . oe\have

Then,‘with; ¢éla'='{wAla )

tguiv_;lngv[urj_= i(ak/3¢ oo )(1 )[ru]

s ,

§Tv: (a) (a)T]
S(W) Z(BL /Be[ )



—~————»{defining__s

. 28,

HTY = 5 u”[“T] 2(3L/3Y, ; ) (T B)[T“] by » the spin flux of

Alv

(111)“ (‘P)

. the field).

’

The spin'flux therefore consists of a field and'e matter part,'

7~

wtv u'cv wtv | '
A R
where ‘ .
T @ (@1 . 3
] ~( t) Z(BL /Be[u|v) IR _
r W ' L
= (a) y _(a)T 3| * (a) (@1l
= -2/——g n(aL /ae[ulv) | = _2,/_—g n(aL /ae[u yu’ | |
= /g n s ™o’ = n/lg suT L € X R

- ..

SUT being the spin angular momentum per particle (see definition (2 3 41'
 with X =s). Equations (3. 3 4), (3.3. 5) and (3 3u6) describe the 1ast
three terms in the gravitational equations (3 2. 19) All &hat remains is

,'ito examine the" content of the other terms forming the right hand 31de of r

3.2 19) o
. Fixst, noting thaE L is a function: of 'eéj% (see (3 2 14)) whilst
kl is expressed as a function of e( ) since‘ ' ' v '
(@) = e(a),.uB _ (a) NB / (- N N )l/2 .
o C alB _”"‘ a] :
. . . » . Q N . L . .- .
we have -~ . .. - 2 ‘ '
. - ’ - . . ‘ ‘DJ )
91, 9L - 9L ' o B
= _ =1 ~1 (a) 1/2 B . : :
= e - . - + . 3.3.8
@ e |8 ( N N ? (6 u’ u ) L ( 3 )
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] ,J .
L oL,
1 1 (a) B- B : .
= —= + e (67 +uu) ~ (3.3.9)
P gs(a) a8 P . | B
a N ., .
(by the h.o;no.geniety of L, = (—g}\g)‘) 1/2"L1‘ )
: B T T .
ALy Ly o - o ‘ ‘
. =N =N L | (3310
o~ 8 Sl
N N ‘ _ .
SRR ‘. \ L NG
Ly e v T @l Ly @y
P N g =7 N -8 + *(a) "o N + =y ( )" a u N
o’ ~ A T ae %e o~
Y . . V ) o S L a
My +""(‘:J eo(La)lu v L@
: . , g
o
where _PH is the canonical momentum. per particle‘defined‘by‘(2.3.5)
(wiﬁh‘.X' set equal‘tb' s ). SUV' defined by (3.2.13) is
TR TV |u
: t. =L'g aL/3¢
~ -7 o f ‘ Alv
- (L )g“" - w i 8L/3\DAI\) (a)l“ aL/a (a)
' alv
: - | - .. - l"-
' MV 1/2 uv (a)lu v e e
- + (- - S 3.3.12
L &+ 69 W 3;(@) o @.3.1

" . .where the canonical enetgy.tensor'for the fields :wg ' 4s defined by
Y2 v e v W e
- »' / Ew) wp, 8 -y, o B3

Eqﬁatibns-(3.3;lo,’il; 12) together give

2
@ .
W

Rt i p“ IR R S L (—_‘g,).ll2 MV L (3.3.14)0
o’ T ) S TR W
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Substitution of (3.3. 4), (3.3. 5) and (3 3 14) into (3.2. 19)

T

v;y:(2;3.6): First, since L2 dependsﬂon_ ev

" glves the final form of ‘the gravitational field equations for polarised

dustlike material:

VoL . . ) X . | v

n'PuuY uv +-l( g) 1/2(S ™ SVTN+SVHT)

() Nl It '

SCO N i

4(n QT(“v)Y)IY BW R L @318

T+

T + n Q (IA

HY , coupled above to the Einstein tensor Gu .; is the symmetric, covar— .

iantly constant, total energy momeritum tensor for material and fields. It

.

. h '
.1s written as a sum of a material energy momentum tensor (1.e. a momentumf.

'flux) n Pu uv ’ a canonical energy tensorv't¥$)‘ for the fields- wA

defined by (3 3.13), a spin term where the spin flux Su

Ll’l'\)

is a,sum of a

.field and a matter part SuTY = S(w) + (—g) 1/2 VSPT'uY. (see 3. 3.6, 7)

'and a contribution from gravitational quadrupole moments

.

- I . . - «

§3.4‘.Single ParticlevKuations From the Four DimenSional Action Integral. -

| It is easy to show that the spixlequations of motion (3 2. ll)

8L R ‘ .
@) = 0 are equivalent to the single particle spin equations N

(a)[u

Se T B
(a?r only via the metric,

6L, . 9L ~ oL . L

2 % By 2e e
Se(a) ae(a) Bg B (a)(a B) Bg " v(a)a
v -V )
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which is symmetric in U,V . . The spin equations are therefore

¢

. | _ | -‘ " (a) [u L ) 0. .

\ (a)',
o %) o
5L 5L aL L L. .
~1 ~1 =l 9 : ; Az
@ a@ T G T @ (/=g 1)) = (/=g o7y W)
v v vl S v .
R _ R 3L S 'v"~aL“ 'aL S
=g T 1L o 46 1 =k
v - V- , Co
i.e.,
I ;" oL, ""“éL- | RN
R R v--1'_.6 Ay a/—g

9v~.“

" The- last term gives a term symmetric in u and v and disappearing on

s .
' antisymmetrisation.; So, assuming that the number of particles is con—:

ﬁserved i e. that N | = (/—— n u )l = 0 > then it follows that (3 2. ll)

':-”and (2.3. 6) are: equivalent. _"

-agj : : ‘ PR e o : Sy

Since the Einstein tensor satisfies the contracted Bianchi o

';identity Guvlv}? 0‘; the total energy ‘tensor. must also satisfy

,TPY[v'= 0 if the gravitational field equations (3 3. 15) are to be consis— o o

. tent. One may simplify equations Tu IV O using the Spin equations and [1‘3

'}fnon-gravitational field equations to obtain equations of. motion for Pu
o (efL the derivation of the geodesic equation for pure" dust from ;f‘"-
“‘TP“|§1= 0 with T L R | “

B - _.. S 5._1:
7i However, a much easier approach is to "vary the world lines inﬂl

", the: action integral the problem reducing to a variation of a one parameter

£

- action integral of the single particle type._ ‘The integral curves of Ny
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4

~m~f——-*—given~by equations-3x (a~—k)/3k ——VE———u—_ds/dlw—,mdefine the partlcle_r_;;_m;f

»”world lines__xyf—- u(a A) where ai i = l 2 3 , are constant along
’.Tthe,worid 1ine (u 8 al'= 0) and A is an: arbitrary parameter along ;'

- ‘the curves.,

/;'_g;d»*i.-'/_'.—g'aa,a)',.““a.‘.-“}* '

=_ VRN U ‘3 d)\ ] - v

=z Bx /8a¥-; P Bx /BA 5 eUGBY is the Levi—Civita permutatidn
i) are tangential to the A _constant surface. ’If’ nu‘;f,
s the. unit normal to this surface and / g is the square root of the B

[

@ (i)
'tsymbol ) The E(

' surﬁace.threefmetric then‘

Ca

’/‘— “uo: ey <1) <2) (3) g “u

. /— at x .-% v“ / d a’ d)\ -n, N dZ a - (.3._44:.2)" e
'*: where dE///;* d a - is the 3—area of section l constant of the Lf ;.: f‘_'ﬁ
inflnitesimal tube {a d a} The numerical flux across" dZ SR

'3f—n u” nu dz is constant along ‘the tube since (n u’ )l 0 . Denoting:hj'

?-this, the number of particles in the tube d3a 5 by N(a ) d3a s

R RSN . e . - . . - .

;gff@ﬁ@ﬁﬁaw%gg¢ﬂVsﬂgQAWT%

..‘anhen bY_(3<4$2);_(314{3),.andnthefhemcgenietysof',Li,;'

L% 0d% = L %) ot
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= .L-l,_('g?i,vf._) (=n u)dz ar =1 (v ,...)n(—n u“) dE o

o Lf;i“LIqu,.;;)*N‘d3a dxr . | . '

Jigl a4x=_J_N(ai)q3afJ'Li(vP,,;})adA N Y O

.
.

T Keeping the applied fields wA s g fixed, we extremise the action inte—

v;~gra1 I for arbitrary variations in the flux field g (a variation in

;N / inducing a corresponding variation in the integral curves of .Epi)"

L»ﬂ'ﬂsubject to Ge(a) = O and dN = 0 . The condition that N is constant

i"gsimply requires that the number of particleé\ N d3a' in a: tube d3a

';remains fixed on variation. Since L2 “and R are not varied we have
'ijby (3 4oh) -
a1 = -N(a™)d"a __d‘Ll(v_,:,.)‘dk‘v ST (3.4.5)

-

e

‘:,f‘andfresultant»equationé‘arefexactlpﬁae\infchapter'rwo: §2.3.7

83,5 Special“Case: :Makwellfﬁinateianield; S

Specialising the results of this chapter to the media in inter—

\

'rﬁaction with an electromagnetic field we take the fields wA to be the

-four vector potential A

Making the same asaumptions for the dependence of L upon A

‘as in §2 4 for the particle Lagrangian, we take L. to depend on A onlyu'p .
' through a term e A N : and to depend upon A IB. only via. FBd = A ls”f” ‘

y -

- Hale
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~

We have at once -the electroﬁagnetic field equatibns"

i.e., . . : L . ] - @

wam 43.5.1)

; defining current J% and,antiSymmefrie»tensbif'H@bey"?;A‘“'

. g 5& R g B L

L e /g1 =g T eN'=v-genu 7 (3.5.2)
R CRA, M T o . _

1

“v=g H = -8 <= 4m '
U g TS

Antisymmetry of H BH and equations (3 5.1) imply the conservation equa—f.
oo L
- tion J l 0 for charge, and & = e n. ua "J=|a 0 and (nu )Ia 0
_together imply de/ds = The canonical energy tensor t%w)g,for the

' field, given py'(3.3;13),;13”-e.;F;*_ N

N\

N = (-g) 1/2 ‘*g“v (4n) I“ o é-}'ﬁ" ' (3.5.4)
(w) n.:*; Do T
. o R S o o ,\*‘”J R o |
and: the fiel& Sﬁin flnx (see definitionfet tpﬁ;df page'28) isn"f'

AR ..: : ) \ : S o
,~%$¥f,=;:/f" (Aﬂ) L - gB[ngl) Asf}e_ffiA;.-'; o

&

vtreman et

L P emenT Hf’.'[“ /-‘5 (zm I R

1

‘This implies =

N

L ey



S UtV . vy ! vur 1 u Tv
- L g(w) + s(w) + s(w . / -g (Zﬂ)

. (3.5.6)
(3.5.4) and (3 5.6),together‘give, using (3.5.1),

uv

. / - VTU vuT
= sty * 8 + 8
O e | @ <w> OB )IT :
- ;-A“ &+ wm R A +‘<—g)’,’ V2, g% . @S
Now defining a new,.gauge invariant, "kinetic" momentum Rh aalin'sﬁwé, o
‘ ..=' .~ : e ’ = H \)' . o .
Py .P : Matter tensor’ T(mat) =n p ‘u- is then - L
S - f"ug-V‘__ v .8> =
m(mat) a2’ - AT (3.5:8)
- Define a gauge invariant electromagneticitensor by
uv .
I (e m. )

i

(4n) T“ B+ (- )'1/2 L, VL (3.5.9)
Equations (3 5 7), (3 5. 8) and (3 5. 9) now give the. final form of the
igravitational field equations (3 3 15) as

A -~
)

: R VoL v
RO ‘é =%

N
it

u\) ' UT\) \’Tu VUT : “ N RS
?( -m. ) (S(mat) + S<mat> +=S(m?t)?JTf
4(‘ T(UV)Y)I + nQ (I B)uv Rﬁ; .

"E+'ﬂ

T(mat) n p s and

( t)

SuT v are, respectively, the material
spin. .' ; ,: o

Lo |

fluxes of momentum and

2

,‘ .

.35.d
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If we choose for 52 the usualifrée‘field eledtromagnétichagpanf

gian f(lﬁﬂ) % /:E FuQ F“V , and define a polarisation temsor M 3 by

RN g <

'theﬁ (3.5,3) gives o

| HéBT? FGB _i4ﬂ qu 4::_. ; . a; D f(3;5;llf 

s

I N RS T N L esan

18

' .are the éledtromagnEticVfieldfequatibns:'

A
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* - CHAPTER FOUR |

g

A

'HIGHER DERIVATIVE COUPLING

'§4.1 Generalisation of the Rosenfeld—Belinfante'Identity (l.lﬁl;b
. , |
In Chapter Three we' considered a Lagrangian L depending only

©+ oon variables <¢AF and first covariant derivatives A| . We now discuss_

~

_ the more general situation where L is’ allowed to depend on higher deri— o

vatives)of: QAﬁ;

L~

Since any derivative ¢A|a d '_can’be rewritten;’making'use

of the Ricci commutation relations (l 8), in terms of the zmgetrised ,“

derivatives QA .2 Ala"f' A|(a ,..a‘) Byd 3 e Yo|(a ce el ) el

o we. can assume that ‘our Lagrangian is dependent only on symmetriSed deriva— S
.' " = d '
‘tives, L L(@Ala(n)) , n 0 1,2, > a(O) denoting the empty set an |

' 'a(n) . I > 1 denoting a symmetrised set of indices a(n) = (a «osO ) o
A repeated set of indices a(n) will “in the usual way, imply summation
'70ver the respective indices The use of symmetrised sets enables one to

'ideal with indices without any worry abOut their ordering.._7l

The first step is to generalise the identity (1 14), the condi—'

‘tion_that.;g- be.a.scalar,density;' We consider a scalar density
L fag(QAlg(n))."’:f.p 519;}32;.3._ R (4';';2f:

- and make'thekfollowingvdefinitions:f_v

'h-.37‘-¥‘y'v>‘ B
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Aoc...‘ I
1T A 8L/8<I>

et

4.1.2)

Ao c.ean
B
. o -~ o .m=0

Aa(n)é(m)

*
1]

g S

1]
~
=~

SENT RN ' S

biml

N . !‘«
':'Thé‘CQnditiqn7(l.10) thatffL(QA) béva scaiar densit& is

;atb é P B .

o
l

Y

" For a;Lagrangian (4}1,1),' ¢A = {@Ala(n)-; nuf‘O,l;z;.s.}; ;'this is.'
L

"nA=0, N L A(l(n)

Ag(n) (I

~18

Blg(n)

 Rgpea;ed uSé“on(IJs) gives - .

‘Substitution of (4.1.8) into (4.1.7) gives identity (4.1.7) in the form

3@ L
" ngo;'" _ (IA )p Bla(n) t

X ( n° L Ié(m)" ‘“'..(4.1;3).

(4.1.4)

Aoe® sy

ByOg s =0 . . @G1e

Bﬁ(n)) & L'—'o_;_'.:’ [ (417)

n = 1,2,00. 0 L (A8

o Ly



‘——,‘“_'——“From"’('l&..—_lr3‘)’, — '_ s - 'E
Therefore the divergenee of (4.1.4) ‘gives B ' e
= S, TO » Ao(n) _ Aa(n) o A'roc(n)
. . = : ~ +
R AeY (IA >p_ Zo (@="7 ala L. "Blm<n>’
i.e., .
St B o . Aoc( ) o ‘B, @ A o
. n ’ . . Y . .
' $ (T, L ¢ . 4,1.11).
o pIT (s )p HEO ~ Bla(n) ( A ?p KBS (4.1. j :

“_Finally, the insertion ogbthe above into (4 l 9) gives the generalised form‘i'

CaN

“of identity (1. 14)

: .‘%& - 'A ' '.' Cy v_- »,M:_”  ?.' . “_  "v‘_ﬁ
ool ¥ £*°(;A Yo tptp =0 - T (4.1.12)
§4.2 Tetrad Variation. - e g

vj'lﬁe'action iﬁtegral:is ﬁ;@f

1s J.'-("(v'lfﬁ") o'/t RrLG I @ )” a*x RGO
(a)

{~ ’(X ,IPA, B'Ya

vnow allowed to appear in L, but we assume again that no. derivatives of

@

' with ¢ } oo Symmetrised derivatives of any order are o

1

- Ea_ occur and only first derivatives of ‘are’ allowed i.e.,:;v-



Y
B 4

- @, p - :
MW“%&O>'“Mw%w*eme (4:202)- e

. and.

SR e U
T Bl = Wpa@ R evslaw’ o "22 0 A
YT e

For a variation deéa)r,in;the tetradvfiéld, the chenge in Elf”

is - ! o

8

[P
RISk

il
1 £~

,'p 0

. . e _ ‘ ,
: From (1 7) the variation d(@Ala( )) for n>1 is given by

: Cog o BG@D) At
: d(°ALa( ). (d(°A|a(n 1)))|a +a Am(n—l)'“E o )p QBlﬁ(n 1)

t (where ;d ' here is "symmetrised" along with’the other 'g(n—l)) (4.1.8)

'fi"theh'gives (for n.> 1 ) ‘g"1  e- .'v;.‘f

<

Aa(n)
. (IA ) Bla(n-l)

ard e

RIS 1>LA°“(“ 2)“n @Al(pu(n—Z)) arf oL 2w

;:Substitetiénpfffhevabdvefinto (4,2.3)fand.an "integ£a£ian5y parts" gives
s e (n) T e .
g; ¥ d¢ (div) nZO L e |31vd(¢é|%xn)¥'



oA,

“:’ ’f‘;Zg* == B|a-<n> e

. ) w.’ . ! . | . ‘
- .nzo (n+l) ‘DAI(pa(n)) E o d rO’T“ - ‘ (4..2.5).
_ Repetition of the above procedure (we now have L .-IB “Ieplacing

-

A“(“) in _(4.2-.3), (4.2.’4)) {aili -give

i .

(div) + L% as, + (1 ~)

. AO'TOL(n) o~ .70 o V-To'.,. T .
= + ; i) 4.2.7
z*.p: _0 (n l)@Al(pa(n)) ~* - ..? | »g*'p_ = D . ( )

;then'compe:iéon with (4.1,4)'yields. 5

. - ‘ . . . . v .
d,I\.l‘ y a%, +UTU dI'p + (div) i (4.2.8)°
A Ay

Deflne the gravitational multipole moments Q T and associated
&

' quantities Q* as". special cases of general definitions (4. 1 2), (4 1. 3)

~

S _BYa_ _ A :.. - — . )\ . _. . .b

Aa ;..a'

iQFNU f= Q.‘ 'A BLIB Ia(n)_'ﬁ T i’ :.<4;2.10)";l

“A BYG Ag(m) N e o ; RS
| -n" . (4h2.11)
SR " B mgo__:- 8- _|ﬁ(m),y SR



/l” . ’ o . o . ) » L. X I ‘l ] . . ¢
. . .\ . " . . . - . . - . .
“:. : . . : . " . . .

Wl % ka 06 o ?7
. k#.dQ ; 6 ( ) e + ga*

ana'therequeh(h.Z.B).as

o ¢ f g o f Qu ar® Covs F@v) . (4.2.12)

u _
» ~4 ' _ ;
. : BYS
This equation is identical to (3 2. 7) except that U *p. and Qux

replace U and ga ', and a calculation identical to that of Page
' ,24.giyé§, as the generalisation of (3 2 10), the gravitational and spin

_equatiohs; v o - o, o ‘ ;,‘ S ", .- - '

S . ; o
f(sﬂ)—l )1/2 uv - __?27 (a)u ¥ (Uu[vT] + Uv[ur] :(uv?) -

o o Ty SR L
L w2y

~ Since oniy.one.term is not symmetric in" M and v.,‘es in.ChaﬁtetiThree;
fithe'epin.eQUatignéiafe.
s L e CENIP R (4:2.18) <
o o | ' % (a)
Again the Belinfante-Rosenfeld identity is used to eliminate ——?;7
o N L e }

; T
‘_in (4;2.13)._ For -
N / ' - . O M N

L(¢

| _-"‘u.f%é)”?' a ',T"‘ . ST
Ala(n)) B, = W6, YR }:-\3 L %29

‘o V,.» E v T - . )



}‘ o n22 u (4;2.16)

!
-

L R
e alaer ™t Brslac
we’ have (Sge (4.3,3)) .
L 9L . . oL 8L
A B, O ~ . N (o} ~
12 I~ b, =——N '-—N 8§ -
~k 5-9 B ~8§p D

a)"

of
e
seg”

A . Bio . AL B oo,
N O R e R T 4.2.17

. where {ki(¢) _dethgs the‘specia1 case of4definitiqn (4.1.3) with ‘QA’
set equal.pp UNE 1i.e. ' -

.00 .

S

A

The non-gravitational field equaﬁions  s

-,IE*<w) %‘O e ;(4.2.19)

_and (4.2.17) give the-RbsenfeldrBeIinfaﬁté.idgntity: o

Ww . _A B 6. o
. ~ ~ +- =
R _plT * 5*‘(15')0 ;¢B 'Epff>“0“

i

- iﬁ.thé form

8L, - ) R T

- (a) =0 > . a0 TO g A, B, O .

D@ T L Ean % g0 g T+ qu(r) Ry (4:2.20)
Geéa)'.p ‘ BEp T R o h,_MQJT_ o o A f? R o

‘”vSubgtitution:ofi(4L2.20) into (4,2.13).givés’the gfavitationéllgquatiqns‘_‘

/
.
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) 3L, . oL o
1/2 V ~ .V ~ Vv
=(em ™ ) 1261 =~———m§f—393f—:f7;—§§~g” g
- oN . oN.- .
\\‘ VT \) T s lvl, T
. + (@l ui ; [u ] *[ HJ)|T'+'X »uIT
| uv)v . A, B iy
+4Q* ['r“‘+g*(;IA-)~‘RB R ,(4.2.21)“,
§4.3 Lagrangian Decomposition.i e
We continue in similar fashion to the derivation of- §3 3, =

writing L as'a sum L = L1 + L2 'of a free field Lagrangian Ly, for ;

va“ and an"kl(g.,...) homogeneous in Nu ;_gl(g ,..,'_= n/:g_Ll(u ,7,3)‘.

° -

L=EL R ".aoc Cu 2 Ala(n)’ ch( ) Tt Walam) B’ . T
(4.2.9), (4;2.16) anq.(a.z.ll) beeome ,":~#
R R L S @3

SRR DT S

Aa(n) § | Au(n) : A°‘1 %

n/rg aL /8R Al (n) = n/—_ = nJLg Q. B (4:303)

G- QABY5, E Z (-1> (a ¢ B(m))|3(m) s
. Aa'..;a' » -

where Q ;n are the gravitational multipole moments per particle.v

‘

We* continue by examining the definitione of the other terms appearing in .

(4. 2. 21) keeping in mind (4. 2.15, 16) which imply

N

e



' aL,‘f 3L

f >.'45;.

o <a) N

' aL aL

{3 @
ala

’ alpAlocl

GL ‘ A

_3L, o ,Aai_

Ad(n
- ~* )

- { Aa(n)
*?w>
;Définitibnf(4;2.7):and (4;3,10) giveé‘- o
0 . '§
.Q‘ 2=0

AUTa(n)
(“+l)wA|(pa(n)>k*<w>

* Z

I YR
]

TG +

70 _
(w)o X

Yoo -

_Frbﬁx(4.3;9);»(4.3.1o)iwe5ob¢ainjf

TC Ata(n) ¢

~*

(B O

S p=0

i

TU

(w)p * U

(R)p f

llfé ; o
Ee T 20 L*<w>

n=

-~<w> ' BR

% (a) > beqy Q =8
R BN

, Q* (“)} <n>2)

Bla(n)

(- GB 8%y

ATa(n)

BYS -

H‘Ad"»' R
Q .

AOTa(n)
‘“*1’R l(pa(n))Q*

- - 4

o
(a)

aIT

(a) |

wBla(n)

R

© O .3:6)
‘Jj,a._ 

{(4;3;7) o

4.3.8)

4.3.9)

'-‘f‘f(4.3;1;)

C(43.12)



. 'rcr T2 -3 Ta‘(n) EE T .:'
. ~(R)p (IA )p X Q* o gBlg(p) T N ‘4.%‘%3?3”f

- Sinéé

( )
(a) ep
BeGIT .

”(413i1?) giﬁééf_ l : ‘_ .g‘ . 'f",i{'}.\

T[Op] r[co] T[op] ,1 vpcf.i D . 'w‘*"f‘fﬁ
‘:,. g oPl - ”<w> + U(R) 2 _31;,._»£  » 3;_‘§§53,%425"

‘where gPo yis the spin angular momentum p§f particle;"Definin%;iff;fpin R

RS

flux

g vl e as)

SUTv _'2 Uv[UT] + 2 Uv[ur] 2 Yv[“T] s“T NV '; ; -. {4#3.£63 .
- (w) . (R) | o B

‘\'. .. o
5

a0

ﬁefining; f.f.i 

- §%$§) =2 H¥$§T] + 2 U?;gT] "2 Zv[PT1'ﬁ %ii ; :§J14:3;i7)"'

,gives.the é?in'fiux in thg'foim' '
o S“TV L g 3+ sHT W w38y
BT ] TS T R

ca

- a-sum ofﬂa'ﬁatfer:pért:-SPTjE and a: field part S(ij' wg}ch coﬁtaiﬁéJ*f;.’“
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' contributioné“from the curvature.

| Since L is a function of éT%:iand L1 is a function -7

ééa)', a. calculation identical to (3 3 8 9 10 11) %f Chapter Three -

g‘will give A "”.‘}Ai-,,f - ‘.1 R "F ‘f @Hh_y_s »

=i e v’(4,3.19)1;'

Lt g DH‘_ Pu E\) —_(_aT O(La)lu Ev o * ' (4.3..‘20’)“1"

L3

i where Pu is the canonical momentum per particle The final term of

v:: (4 2. 21) to examine is .~U + Y uIT Using (4 l 10), (4 3 9 10)

PERRARNY s _ v Ava(n) .l e
TR T L (432D
BT L TR T Al(ua(n)).kI Y o 32h

Ava(n) - Ava(n) R
2 "’AI(ua(n)) @ X I(ua(n)) il o 322

RN ST __-_(a) (a) Vo h.3.23)
o v.‘WiFh;lti?f:”'?dlu'se(a),=, 0tlu 22 ) ¥ i (320

;f'Define a canonical energy tensor for the fields wA XS:[IA]).{
Z 5 A"“‘“> N (% £ 15 R

"’Al <uu<n))~*<w>

¥ . \v.

- ¢‘~

Y- U E Ly S
. /Tg tu(W)ﬁ»;ﬁZ'“u
,(4;3;19,.20;522,,23fandfzaj;theﬁ;yielal'.'



N % M aga‘ uv uv,+ g
oo R
u\ﬂ 7 ;*n ( y |
=P §) + /- e Ve ‘_‘ ‘
8 (w) X__g “al g @)
/ : . :
< U . .

«and finally, substituting the above expression into: (4 2. 21) gives the
Q

-

innal form of the gravitational field equations

A earym1av uv‘= TR ";1"‘ L2, ST IHTy
K (8m) lG, T n PMu (\D) + ( g) (s S, + Sk )li‘,', 4
S 1/2 | °°i \Ja(n) A
B Lo +,(_g) ( ’n-}-::'o '(_2* N AI (ua(n)) Sy
+ 4 QT(vu}YIY + Q (I ) RB) o (4;3.25)_

[N

In summary, the above equations generalise the equations (3 3 15) of'

o
A

Chapter Three, the total energy tensor Tu is found to contain

o

NEE

(i) ‘A material energy momentum tensor T%mat) = n Pu ' where-i~;
SR Pu is the canonical momentum per particle given by 2 3 5),

(ii) A.canonical energy tensor for the fields wA given by (4 3 24), -

N . e #h
(iii;\"k contribution from spin, the spin flux SuTv being the sum of =

matter part Sutv = -g n Su't Y: and a. field part SuTv
; ~(mat) . :

(wR)
that includes contributions from curvature

ntributionslfrom‘gravitstional}multipole”moments.;*; S
PR i, ! U ’ :_:.;4 [ ..L.‘».; . . N : . B Co . o -
“uy R | -

-



' CHAPTER FIVE

\ © .+ . DIRAC EQUATION

§5.1 .DiScussion.‘ o o .5:” T i“,;u'

' The possibility of obtaining classical relativistic equations a
for spinning particles starting from the Dirac equation has been explored
hin papers by several authors. The main attempts have been directed at d
;fderiving the Bargmann, Michel and Telegdi equations [7], by making suit— _
o able definitions for spin, four momentum, etc., either directly in terms
of spinor entities; or as expectation values. More recently, Suttorp and
de Groot [9] derived from the” Dirac equation operator equations having

'the;same form as their classical equations for a composite particle.,~‘

f:-: . .
The two main approaches have been. e
. . . :\

o %& (i) to derive operator equations (see [12], and_also Ny

(ii) “to apply the W K. B. approximation to the Dirac equation (or_thel -

I

:,squared Dirac equation) [13]

”fIn (ii):the~1ovest;order eQuations have similar form to the Bargmann, :
"Michel_and Telegdi-éQQations} E

None of the references really seems to answer the question of
':’how one should define relatiyistic objects, such as tensors descrihing spin‘
‘and momentum, in terms of quantum mechanical entities. This same~diffi—

“culty arises in 85. 3 where exact equations are quite easily obtained from .

: ‘fthe general relativistic Dirac equation,l quations<having the same formal

*
o

- -



oA,

describe. the necessary notation and four-spinor calculua.,"“

oy
4 P

¢

“,

_'appearance as equations (2. 4. 1) and (2 4 2) . Section §5.2 will briefly

i
|

. then-

satisfying

‘Define »_:_.

§5.2 Four—Spinof-Caiculus.g'.

Let Y (a i ) 1depote’a‘fixed'set of Dirac mae:ieegi o
Y(aYb) =‘v.na‘b = diag (—‘1,—.37,—1‘,1)." .« | R | (5-2.1)

-

_if] Y+"denotes the hermitian coﬁjugate'of_,Y‘;‘then'

S p - ;e T 4 . ;ﬁ_ 5+x.i-a‘<>’; e o SIS
; Ya“— “Ya ‘ajl?...?B) > Yy = Yz‘_%»Y4YaY4.— Y, _(a—;,f..,4) _(572.2)1

Y[a'Yb] | (2.273)},

o

Y 0O *-:6v

Ta “be echa = 4ina[bYc];.Af ]}.5 (ngié?,\*u”

1

ab._ ..’ ba

-4If'“m = - w? is én‘erﬁitfaryeset 65 55515;sf“(Ik1”.@A;ficés)'chén,f

(5.2.4) dmplies ...

Sty t o, -0 y) w25

For an o.n field of tetrads e(a)(x)-: ‘ : #7:-~_ PRI

Lo Helfobetrads § Wi L gt ™



(a) (b) - L l%77:
nab ' €y gu\)(x)‘ R

. esl

(5.2.6)

- the Ricci qotationféoéfficiehﬁé«are-

Do " a  _ (a) OL B
- Ype' ™ alB (b) (c)h
 Note ¢

-

~ Yabe T Y[ab]é -

Eé'

e @ A PETE T
. . ‘ G-IB | ch (1 .‘eB . o N

© Field of -yﬁ(x)z; © For fixed numerical matrices -y, ‘defime . -

Y (x>‘5 ;a:¢§é)(?)1" '
| (5.2.1 and 6) imply
"Yﬂiv) ﬁw . o

-(5.2.9 and 10) tmply

[}
1%
-2
(2]
1]
<

Write“this,és e R

(b) * ] dx_:?.7Ya,”;bf?_“'b e bc v

v - a'a _.a - (c):dxv'ﬁ

. o(5.2.8)

(5.2.9)

(5;2?10};,*'

'ﬂ_(s.z;ili'
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- then by (5.2.5)

\(5nz.1g)'
“ed ve f &y .- o (5.2.13)
‘Define,_i

‘thén -

'.1(5'.' 2 .'1'5,)
The covariant derivative of a spinor RE is defined 80 that

uV w + kw 0 is invariant under co—ordinate transformations,'and also

C invariant under arbitrary tetrad rotations

T A (x) e(b?

- W R

- (5.2:16)

which can Varyffreh.pdint te'point;ifFrom_(5;2:i6)aand;(5.2;10),.

(X) A (X) Ty (X) ’(5;_2'._>17) g
".:-nhere':Auy. za) Aa‘ (b) . Since y(u v) ng tyiPauliSe:thepren?
.fl<there exists a 4x4 matrix S(A) such that o



% 9

sy s oo (5.2.;8’)

o o > : - s o o ‘ . S
Postulate that under tetrad rotatiod (5.2.16) V¥ transforms as .
. . R _

V'), = SGer TS R o '(5',.?'.19)‘

bfi.(This enaureS'that‘for constant—tetrad fotafions‘(e.g.nspeciai relativity)

‘:i-Y 9 w + kw 0 is invariant ) Then

|
w0

| ;ui'- B
o= s T aEn

T

R T T UL
seage Pnom

Sy (3 ¥+ (53 8
- N S VRS SN

-

,ﬁow,”tnejtfaneformation>law-fonf'Tu.‘under_(5;2.16)_is’ :

; _This can be computed from (5 2 16 13 and 7), or, more easily, from

) ULV = —[Y v] and‘(5,2.18). Hence, defining

1

;'Vﬁ¢‘ o - Ty wre<¢*4*1'?Pin°?’ ;iyf;;ifi'l'-.‘5f?f?i5ff‘i

;"Q'

l we: achieve invariance of YuV w + kw ,.’ For the Pauli conjugate spinor :'if

[

.ita w Y, define V acting on Pauli conjugate w by V (w) (V W)
4 :

) Ili

F 2R

i.Then'(S,Z.Zl) givesf e

: Vuw;';apw, v ?u-Yat,: S {_;,?15

Lo . - : "
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Q
<

1
<
T~
- =
g
3

=
2
B~
A
©

1]
Q
=
+
- €
—

-

,By'(5.2.2;r3_and 13);a~Henqe,ffOr‘ 1X4'Tspinors -
ngmdgrern, @eaeien oo G

"For reﬁsor-spinors (4*4)'sucﬁ as Y! ,,OUV; etc.,

KA KA KA s L7 ‘
T T3 T (5.2.23)
2 '[i?"'“ i f?vlr__. e

A11 these COVariant derivati%es transform as tensors under co—ordinate

7transformations, and are covariant under tetrad rotations in the sense

TR

'A(V'w)' = SKV V) (V ¢)':

(V ¢) 3 ! etc. ‘The rule (5 2. 23) is dictated

by ‘the requirements .
.(i)::tﬂétithe-pr6d§CtiruiedhdldjfersvVﬁ}}
" (41)- “any spin temsor T = v . T or sum-of 'such terms;
B P o . = . (4)(4) ?— s (4x1)(1x4) (1xl) . . ] L ) I

' Q-(iii)-1for,plaiﬁdtensor-vTKA ;'VﬁTfa = TKklh.-‘i R

- Identity (5 2. 15) is unaltered by replacing r ,~vu']by;.ru';»vu.,

where T = I +i.A i-I
kR TR TR
LU ‘ (lxl) o AL }
7-]Y4 F Y4 A.rﬁ."(Ap real vector) ) The Ricci commutation,rela:ibns:téke_:,»

(Factor i is included to preserve identity

'the form
SR A L Gl

FEV
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m:where' ,:" .- . & ?.zla[urV]"- [r FVJ o ’ - :;‘ . (5.2.25) .

K -11‘-».,R" oo™ 013 A L (5.2.28) 7,

§5.3 Dirac Eduation in Ceneral'Relativitx,

The general relativistic Dirac equation, including an anomalous

*fmagnetic moment term is

-1-_Y“Vu4f'-+'(m/,ix')w-+ji"gﬂFu\,Yqu V=0 . s

LW

The hermitian'ebnjugate,equationiis

.“‘. 4 . + .. . . + \)+ + .
3 ;i(Vuw):Yu +_(m/h)¢ 1 g F w YoM =0 .
Multiplication on the rightby _Y4 __‘and"insertion of Y4Y4= l i‘n
 appropriate places gives . ' TR

- : _ . D e
_+i(V w) Y4Y4Y Y4 (m/h)w+1gp uway Yayay?‘ Y4-=°

' and use: of (5 2., l) and (5 2 2) simplifies this to the Pauli conjugate ‘of

-6 3.1
,'_-.:'1(\711?)'7.“, -:.'(mzl,i)_'uj 1 .g £ ?Y\_).Yu - 0o . | (5_'._;,._2)"‘»_1\-4.., |

: ‘Defir_ie' .

v

2
.-1:. "
L

]



/ . : o . . )
. . N . . . s : " : o
: . . . . : B .
. P b . . . A A
. . . N LM

. . ) g R

‘ Tuv_tis a tensor glil matrix) so Vu TUV =‘Tuv|u. Using (S 3 1), (5 3 2)
. . i .au‘.“

~and (5.2.24; 25, 26) gives. T R -_" L -

} —p\} '
,v\,(wva

<

G
EE
-
I

<v w)V“v“w + w<v V“v w>-

I

CT e(va)Y (V_y} + 9 Vvv+ LA S
s i L ’ _ o

((m/ih)w ~g F, w Y )(V“w

+ wV“(-(m/ih)w - g F, s* Y w>

Y ‘ s . L \)~

8 4 1_' F“\,)Y"w T

Cancellation of terms gives -

@ vw>+F <wiw>—gFaB

_ I W~ aB. . e R
y TV == g vaB (wo w) L (534
“Equation (5.3;4) has tﬁe same'fdrm_es (2.4,2),1‘Defining i;"

.. : . . ~

{1
Ce
il
e
<
B
!

= .1-2',8'[550"‘%‘

" and

,gives the R H. S of (5 3 4) identical to the R H. S of (2 4 2) Fo: spin .
San S ' E

-»equationS' we take the divergence of

e

R ° el ..
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L]
Nli—": .

| Y\ saB Y\ (ﬁoaBYAW) )
- %._ (V)‘-—joas A wgaB A )\lp
, :%(5%0% ”““w %ﬁc ax3
EE TR R “’YY)"

- 2(V[ wa]w -;—Woas(- if'-‘];tp -g Fw' yf%y“l;,)_:

Cancelling the J'Qqsw' terms, ‘and noticing that

Fv I,YvY“‘o“?i +FW .C,;%#Yv: - 8 Fu[éqB]u*'i , |
g}Qes' c '-'1vi 3“55;= —2(v[ w)YB]w A‘g r | woB]“w .
bDefi,_nj_‘-n'g‘ " eg_B‘ by - .PdB“: = - '(V%)st ‘_"g":vaesy the _asbvéfdekq'g;t‘;ogs “ae o
| . %‘?v‘xs‘aﬁl_; - ploB] '_:' F[auMBJu N ‘(5.}3";.5)‘._

e
<L -

. which ma; be compared with spin equation (2 43 1) ’ The question"of inter— ;

: fpretation of (5 3 4) and (5 3. 5) will not be pursued further, except for'

'{remarking that a quantum theorist might demand definitions of ‘uk\ Muv
A .

'etc., as expectation values rather than 1X1 spinors. Tu : is a (canon—

‘ical) energy tensor, and ‘one may notice that, in geodesic co-ordinates, -
-A&Z‘ .

” integration of - (5. 3. 4)--over -3-space (i e, . taking expectation values of

‘the operators g BYV , i-Y 1, G‘B)~gives‘for'the LHS of”(5.3.4)
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:V~
. j é x + j T“5’4-d3g | (1'# i,z;ﬁ)
“ I TH4/at) d.x ' ‘;kgnyauss'éFfHéoiemj
| =£*u-d" é“ IT“Z’ d x) -

it . ’ ) "  . G

]

This is’ valid in special relativity and may be &Eumed in general relativity

3 for small d3x - . - .:, ; o .



. APPENDIX ONE

S CQ-ORDINATE TRANSFORMATIONS . RN

~

Consider a general co—ordinate transforﬁation x ='-p(xk)

" .Define Xpd axI78x . Since

a® ax . "

~ the inverse matrix is‘_“x-l o= axg/aEQI;

R

A relative'tensor"QA(i) will transform according to

8, (X) (xp XN (AL
" Here A denotes the collection of indices, contravariant and covariant,’
B (\

. of @A ,:and repeated capital indices indicates summation over each

index of A . All indices will run from one, to four, unless otherwise fi

inditated. For a sealar :_n ?'y' _ ',; Lot
- E . . . R - - ,
ST 5 = 0 vehave AB=1 ¢

¢ wehave A" = X%,

A B /
"y
‘ .. B__~lb :
'¢'aw_, we nave Ay = X5,

"and{generally for a relatibe-tensor of weight W

A 7’59_"-'



4,7 s given by

L L adn

F‘Definé infihiteSiﬁai‘géﬁeratarsA fIAB)p0 by

A(I,7) T = —— - (evaluated at X _ =& ") . Co (AVLL3)
AP P R I
S X ST T NP v B ;

gt SR e e e
e .(IAB)p<'S<'may be constructed explicitly from recursion. formulae:-
‘For é,reiétive'invafianf” ¢' bf'Weighﬁ',wf; ﬂ“

j i;‘é,.‘ ¢< ) = la" l“ <x>>, we have | ¢ lxl‘wcb = A¢

— .
‘o U

It

—~

>4

1

T @

IR  _2 Hifya Ah%lS:;_f'qlilt  : 3»Ep_f:Aa :“*f f'
Piﬁf?réng;éFiﬁg-:X'Bﬁ¥' fy~7j67.;wff?thfofoj_giv?§.~“:

a“a X B' x> '3 B)';”o.:-"

 .Multiplying by X ll gives 2




6.

oy

h_ For a- relatlve tensor @ ‘ transforming’ag ¢ (x) —‘A B (x) ».8 rela—r
AN . ) .

~vtive.tensor,_®» with an additional covariant indeXW”a~-will transform——m_n;

;s

| ;' 1By oy
5 AA;"?_, gl -

BB D
A>p e ,<_A.4;.;x : ,a>; W sy

PRI S At Caoes T T PR IE L v
»3?)-°je*(1'3)-q;65';t53 6869 L ALe@)

Myl R AR B T S

:‘;:kAf;;é(biyjb

From the group property of transformations,3;AA§(YTPX90)ié;],fh{infv

(Y) (X) by differentiation we have

) I

.:4

(IA )a (I )A g ‘I )x co@e D

’ ‘?4‘

The main usefulness of ( A?)ggi

K

is that covariant differentia—i?fﬁ~

“ftions, and variations on co—ordinate transfo :tion,'of a. relative tensor

“:_¢A»vcan be succinctly written down ;i P RN 3.,5 _ _;‘_ e :“ s
"Jf'ff-J?;xgﬁﬂ:f"»ﬁfrriklﬁ,:”” i $)-_ﬂ;




g

For an. infinitesimal_ transfbrmation xp = x + Ep(x) p. Bxpﬂax =

6p + Ep ;.‘ Thergforewaﬁrelarive tensor, Q‘ will transform according

B SR S

%%

.

9, (x) (\A .(6\0+ E,;’c,)? (X),\ P AL B
B . | .
BAA d{“’- - o <£°“) 0,

. ,.axp < :

<<S°

B

L : . -'.r_ :

\
' F]

: ?'céﬁ bgfwfﬁiten down explicitly

3
h

' B
Lo 3 S
‘» “-:'.k b Ag = ( g\ XB L, XB
ey ael Pt

(5 6 )xB
: \ii ;

-1 iflf‘ e e R s Y

R i" d. o

"a‘er

-
..

o o b, -

ot x Byt 1-.'.'. x )(—w) |x| -1 81X IR
1 _ S X g o

ome T - n

1e <x> = é@+ (e B) vgz@") 87 ﬁ"" '~ @ i'f' ;<?}.'?.1,-8>",“

—1 l 1 j l(- -1 jx—lG )X—l ha! '.!:X—lan)leryrf
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w7

, on " a_ b ' 'y " b : s
S z\.cB‘l‘ b gh st a Py (6 jd 6 3L s @y
IR T R T 85 1 P8y %541 - L

B ) B\ ~0 . . » »I ‘ “ . N B X ",.
w6 s

vWe can w#ite ¢A|I .cgnvenigntlyﬁ;n te?ms of '(IA')Q I 0 .

o m a ;l‘d eq, B0,
ny §opd g bttt

apeedy i BT ‘?"1':'" & '_'_"f‘n_

. n | d S S RIS
L -z, T ?T o L 3 B.;V; | ap_. S |
I £ S s R jel 1541

CLae, 4T (] 153;"" Bi 1(5 156 )5 ‘e ,'6 T I
Coma de bt b, b B ... B
e) sgh et 6 T L (s 353 )6 3“ s Mol o
. 1 ;ff.”mf% 1 : J l‘ e H.J aj+1 ’, A:nfw‘l A‘i_q 3 s
e ,%~a- o 4

S VTP e s%B

S Tfrxn (w§fA?§B

ey L.}'. N . . 0 . . s C—- RN . ) . . - A X . . L PR

“Hftéﬁpafi§%n~wi;h_(A;1.9) tHeﬁlgivgsf'-fﬁ»

. p K
.@Ali_a @%F (1)
" In geodesit co-ordinates, with ;PBY_; 0, ' '
'A[Vv.v Alu ,v ( du(
L o

+ v v ‘o
. =3, %% r ou,v(I )Qj‘§B; SR Lo
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. APPENDIX TWO -

- CO-ORDINATE .INVARIANCE- . "~ "l -eu; |

We write down the i&entities reSulting'from'the feletiVeviﬁvar_‘

_iance, under arbitmary co-ordinate transformatioﬁs;-effsealer densities

o

dependenteupon tensor arguemeﬁte. , T . e '

Basic Identity. Suppose "L{Q’) -is.aﬂrelasive inveiieéﬁﬁof;geight_'wf; R
| L. 'i f x A(é @) . a2
. N A ___ A . .. - i . b M ..
~ x ~ : - N o Lo
" Making an arbitrary infinitesimal transformation -x~ = X BT (x) , to

" first order we have =

S I e A L LR TS

-

f}g;&ing (A;Q.l)‘as ‘
Gp L (2.

U Notiein (£.1.8), O, (x)

~

B N N

e N . -
i .( g

,"L therefore satisfies the basic ideﬁtity

v . ¢




[4

.p- : . R ‘ o
As a special case of the above, take ¢ to CQnsist of a set ofvtensors
) : ) ' { i
———”“Q“—‘and—their—firs!’%ovariant—derivatives—— Af“"_rw If——L——iS 8- scalar_m_____"
v .

.density,-‘w =. ,,(A,2,3) is_then

T T o i
S A Te B oA e BIB -

'Using\jA.l.S(a}),lV'
ICNY T AP A e

5 G 4

.:Rééfrangihg'té;mé,;
“ .éL"‘ aL oL e -
Gz -V ) (T 2o ® +
».aQA ) ’a aQAlG p "B Py

aL - ' S
P +6 = 0
BQAIU Ip B -

e <

Blo s el e
= @ =0 w2

EA

21 where.we défiﬁe




. APPENDIX THREE -

__DEFINITION-OF-_SPIN-.
T ON. PIN

-

Consider the simple example in classical mechanics of a sphere ?

rotating about its centre, with kinetic energy of | rotation ‘%jl wzﬂfand

.angular momentum Iy (I = moment of inertia, E = angular velocity)

nLet e(i) ; i=1, 2 3 ). be an - orthonormal triad rigidly attached to- the

sphere with origin at the centre. Since

:diéi}: dééi,— (> e(i)) G e(i)) <f§232§i?o§“ﬁ§Z§iﬁZ;e
o ‘e<i>"<""e<i>” T ‘“‘em (b’ __e'(i’)(e(i)' & )”T}
- 3” o s<i> ’ (Mm 4

e *f’?{? ol o

. S S R
L et :

”‘The kinétic energy of rotation iS»therefore';f:fpzA.‘

2 Ngs :

g R ‘ o
12 1%L Ba AT
o 2T TRl Ta " Tar &30 %
Since (P u: e
ST e ¢
“de .y - ; ' e . :
LS oy = e, ix o ey L e -
SRR Te) (1) (eu) ), S Cw™® " uew)eyy’ .
: s R ‘ T ----";;,7? B i
i = Wi T 3w =.g:— 3w =- 2w 'ﬁ?



‘ .. ‘ '!,A 3 o - S . . . ] )
' - The angular momentum Iy is therefore -
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(i)/dt 0) i

"in:(A;B,l) the fotational7energy can be,written;as a scalar . .
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APPENDIX FOUR

Equation (3.2.2). . oo

Lot i Y ‘ 0 ) " T o R
oy . = - 11 . .
e _gorlp gor ol I‘cp ™ Boo

. E”L(rqﬁ + dF )(g

vSubtfactién'giveslz

[~
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'j-\
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: _Notlng the similarity of this equation to the first equatlon (which 1mp11es "
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A'E‘quation (3.2.3). ) )
0 e o a o
- RY =T -, . +T P
U BYS B8,y TBY,S-T Tty 86 18 BY .
o ' o
In geodesic -coror‘din_ate_s, _ Pgd = , ) .
o o 0
L. . . d i I‘ -— 1" i
PR :."RB'Ya."dB_G,_Y: Tey,s ~
o | , .
= 2dr“ - 2dP |
4 s[a,w B[GIY]
I} Q‘J o
'd g({ is a tensor, and t:his equation holding in geodesic co-ordinates
implies that it is true generally . - "
, §
: ‘Equat.iori' (3.2.5)% ~ B .
o _ o, o 1 .
pdrm _ B p(dg (1) ™ 2 dgy; _,) o : >
S 11w o .; p 1.t lp -
=..(4iv) - .2',‘-B" D,ng o 2 OIU + 2 B p d aT
[ et ) . o
%(div) +3 (B“’" 'B L °"T),
: ..I'T;;,{—v.“‘ s ) . ) ’ "
o T(Op) (otp) : (Op)r :
o (div) + ( B o +'B )IT qud‘
(éir_u;e dgbd 'is symmetric). . .Thergfdre,j R
) o : Tcp '“gggl_ ™ "pid cpr POTy =
| deOT } (div) + = ( B :B__n BY B B “-2'T,quoﬁ
A ' | | p[or] o['oT] : 'r”(po) |
: = (div) + (B o )., dgp :
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