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A b s t r a c t

Any free p resen ta tion  for a  finite group  G  m ay be used to  construct an infinite group 

F  having G  as q uo tien t modulo a cen tra l subgroup, having finite co m m u ta to r subgroup F '  

determ ined up to  isom orphism  by G\ an d  having the projective lifting  property  for G over all 

fields. T his thesis is concerned with the  s tu d y  o f those irreducible representations of F  which 

arise as lifts o f irreducible projective represen ta tions of G  over fields o f characteristic  zero.

If k  is such a  field, we obtain  a  bijective correspondence betw een the  set o f prim itive central 

idem potents o f  th e  group algebra k F  an d  the  set o f F -o rb its  o f  irreducible ^-characters of F ' . 

In the case where k  is algebraically closed, th is correspondence ex tends to  the  set o f projective 

equivalence classes o f irreducible projective ^-representations o f  G.

In general the  group  algebra k F  em beds in a  com pletely reducible ring K F  having dim ension 

|Gj \ H2(G,  C* ) | over a purely transcendental field extension K  o f k.  Analysis o f the sim ple 

com ponents o f K F  yields inform ation on the  general s tru c tu re  o f certain  sim ple A--algebras 

which appear as  hom om orphic images o f k F ,  and on possible values of their Schur index and 

degree. These algebras determ ine irreducible projective representa tions o f G  over k,  since they 

also appear as sim ple com ponents of tw isted  group rings of G  over k.

The problem  o f realizability of projective representations over sm all fields is considered in 

the light o f the  close connection between the  equivalence classes o f irreducible projective C- 

representations o f  G  and  the F-orbits o f absolutely  irreducible charac te rs  o f F ' . In particu lar it 

is shown th a t if th e  field k  C C is an o rd in ary  sp litting  field for the  finite group F ',  then every 

complex projective representation o f G  is projectively realizable in k.

Finally a d e ta iled  discussion of the irreducible projective represen ta tions o f finite metacyclic 

groups over subfields o f the field of com plex num bers is included.
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Chapter 1

Introduction

T he projective rep resen ta tio n  theory o f finite g roups was introduced by Schur in 1904, and  

has received considerable a tte n tio n  since, p a rticu la rly  in the case o f rep resen ta tions over alge

braically closed fields. T he su b je c t is a  n a tu ra l b u t no t entirely s tra ig h tfo rw ard  generalization 

o f the theory o f linear represen ta tions - a p ro jective representation of a g ro u p  G  over a  field k  

basically consists of two com ponen ts  : a hom om orphism  of G in to  a p ro jec tive  (not general) 

linear group over k,  and a  cocycle, which is a function ol’G' x G  into k x . ft is the  appearance o f 

this cocycle which leads to  lim ita tio n s  on any far-reaching general analogies between projective 

and linear representations.

T hroughout th is thesis w e will assume th a t all fields under consideration  have characteristic  

zero, although for m any (th o u g h  not all) o f th e  results, the hypothesis th a t  the  characteristic  

o f the field should  not d iv id e  the order of the finite group under discussion would suffice. Also, 

G  will always deno te  a fin ite  group. T he layout o f the thesis is as follows : C hap ter 1 is 

introductory, and  consists m ain ly  of s tandard  definitions which are cen tral to  the subject. In 

C hap ter 2 we in troduce the  id e a  o f a  generic cen tra l extension for a  finite g roup , an  object whose 

linear representation theory will be of fundam en tal im portance. C h ap ters  3 and  4 concern th e  

structu re  o f the g roup  algeb ras of these generic cen tra l extensions, and  in C h a p te r  5 we consider 

the finite dim ensional irreducib le  representations o f  such group algebras. In  C hap ters 6 and  7 

we reach some conclusions a_bout projective represen ta tions of finite groups over fields. T hese 

conclusions, and  the  general theory discussed earlier, are applied in C h ap te r 8 to  the specific

1
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case of m etacyclic groups.

1.1 Projective Representations and Twisted Group Rings

Let G  be a  (finite) group  and  let k  be a field. A linear representation  o f  G  over k  is o f course a 

group hom om orphism  o f G  in to  a general linear group over fc. A projective representation  of G 

over k  is a  m apping  T  : G  — y G L ( n . k ) ,  which is not necessarily  a g roup  hom om orphism , but 

which sends Ig  to lGL(n,k),  and  for which

~ o T : G  — ► P G L ( n ,  k)

is a g roup  hom om orphism , where -  is the usual p ro jec tion  o f G L ( n . k )  on P G L ( n ,  k).  The 

positive in teger n is called the degree of T . T he kernel o f T  is the kernel o f  th e  hom om orphism  

tto  T , an d  T  is said  to  be fa ith fu l if k e rT  is triv ial.

O f course the fact th a t — o T  is a group hom om orphism  m eans th a t

T ( x y )  G k x T ( x ) T ( y ) ,  V x , y  G G.

Thus im plicit in the  definition o f T  is a function /  : G  x G  — y k*  defined for x,  y  G G  by

T ( x y ) = f ( x , y ) T ( x ) T { y ) .  (1.1)

If x , y ,  z G G,  we can use 1.1 to w rite T( xy : )  in two ways

T { x y z ) = f { x y , = ) T ( x y ) T ( = )

T(xy=)  = f ( x , y : ) T ( x ) T ( y z )

Further expansion of the  right hand  sides of these equations leads to the  following condition on 

/  >

f U - , ! / ) f ( * y , : ) = f ( x . y z ) f ( y . : ) .  V x , y , =  e G .  (1.2)

Also, from  the requirem ent th a t  T ( 1 g ) =  lG£(n,*) (w hich is a  sim plify ing  convention and 

imposes no real restric tions), com bined with 1.1 we ob ta in

f ( l G, x )  =  / ( * ,  Ig )  =  1, Vx G G.  (1.3)

2
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Any function /  : G  x G  — r k x sa tisfy ing  1.2 and 1.3 is called a  cocycle o f G  in k.  T h e  set of 

all such cocycles is denoted Z 2[G. k x ) and  forms a group u n d er m ultiplication which is defined 

pointwise:-

h f 2 { x . y ) =  h [ x . y ) h { x . y ) .  for f u  h  €  Z 2(G.  k x ). x . y e G .

T h e iden tity  element of Z 2( G , k x ) is o f course the triv ia l cocycle - the one which sends every 

elem ent of G  x  G  to 1. We note th a t  if T  : G  — y GL{ n ,  k)  is a  projective represen ta tion  of 

G  w ith cocycle /  6  Z 2(G, k x ), th en  T  is in fact a linear represen ta tion  if and only if f  is the 

triv ial cocycle. If /  6  Z 2{ G , k x ) is th e  cocycle associated to  a  projective representation T  of G  

by equation  1.1, T  is often referred to  as an  /-rep resen ta tio n .

Now let y  be any function tak in g  G  into the set of nonzero elem ents o f the field k,  and  let 

T  : G  — y G L ( n , k) be as above. T h en  we m ay define a function  T '  : G  — y G L ( n , k )  by

T ' [ x )  =  y ( x ) T { x ) ,  for x  £  G.

T h a t T '  is again  a  projective represen ta tion  o f G  is clear, since — o T '  =  tt o  T .  For x , y  6  G,  

we have

T' {xy)  = x y ) T ( x y )

=  ^ [ x y ) f { x . y ) T { x ) T { y )

=  l ^ ( xy) f {x .  y ) y { x ) - l T ' { x ) f i { y ) ~ l T ’(y) 

= f ^ { xy ) y ( x ) ~ l y { y ) ~ l f { x ,  y ) T ' [ x )T ' ( y ) .

T hus T ’ : G  — y GL[n.  k)  is a linear representation  of G  if an d  only if

f ( x ,  y) =  n{ x ) f i { y ) y{ xy )~ l V x , y & G .  (1.4)

A cocycle /  which satisfies 1.4 for all x . y  in G  is known as a  coboundacy of G  in k.  T h e  subset 

o f Z 2( G , k x ) consisting of the coboundaries is denoted by B 2( G . k x ) and forms a subgroup  

under m ultip lication. This leads to  th e  definition o f H 2(G,  k x ), the second cohom ology group 

o f G  w ith coefficients in k.  as the q u o tien t group

H 2{G, k x ) :=  Z 2[G. k x ) f  B 2[G. k x ).

T h e nam e 8y  is generally given to th e  coboundary  determ ined  by the function y  : G  — r k x  i.e.

S y{ x . y )  =  y ( x ) y ( y ) y ( x y ) ~ l . V x . y  & G .

3
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If  T '  and  T  are projective representations of G  defined as above, then the  cocycle f  of T '  is 

fS / i ,  and  in p articu la r /  and  / '  belong to  the sam e class in H 2[G.  k x ). For an arb itrary  choice 

o f k  the group H 2( G . k x ) may be infinite, but it is finite in th e  case where k  is algebraically 

closed. T his is a  consequence of the divisibility o f  the m ultip licative group o f an algebraically 

closed k.  which guarantees th a t every coset of B 2{ G , k x ) in Z 2[ G . l x ) includes a representative 

which takes values in the (finite) group of jG jth roots of unity in  k x . T h e  finite abelian group 

FF2(G .C X ) is called the  Schur multiplier of G  and  denoted by M ( G ) .

We now give a  m odule-theoretic description o f  projective representa tions, which is directly  

analogous to  th e  fam iliar in terpretation o f linear representations o f  groups as modules over their 

group rings. A projective representation of a group G  over a  field k  is a  module, not over the 

ord inary  group  ring kG,  b u t over a slightly m ore general ob ject. A tw isted group ring of G  

over k  is a A--algebra Ft having basis £  =  {eg,g  G G}  as a  A*-vector space, and in which the 

m ultip lication  o f the  basis elements does not exactly  replicate th e  m ultip lication  in G  (as in the 

case of o rd inary  group rings), but in which for r ,  y  G G  we have

CjrCy £  k  €jry -

T hus there exists a  function /  : G x G  — j- k x defined by

f- r ' - y  =  / ( * ■ •  !/)exy . v J.-. (/ £  G.

We m ay ex tend  the m ultiplication on £  by Ar-linearity to a m u ltip lication  on R.  Then the 

s tip u la tio n  th a t m ultip lication  in R  should be associative leads to  the requirem ent th a t /  m ust 

satisfy the  re la tion  given by L.2 on G.  T h a t /  also satisfies 1.3 follows if we require th a t the 

identity  elem ent o f R  should be U-eiG. T hus /  G Z 2{ G , k x ). F ina lly  addition  in R  is defined 

in the obvious way

^ 2 ,a geg +  ^ ~^bgeg =  ^ ( a s +  bg)eg , for ag,bg £  k, g £  G.

T he ring R  defined by these conditions is called th e  tw isted g roup  ring of G  over k  determ ined 

by / ,  and  is usually denoted  by k^G . Suppose th e  cocycles / '  an d  /  represent the sam e class 

in H 2(G, K x ), so / '  =  f S p  for some function p : G  — v k x . Let £'  =  {eg ,g  £  G} be a  basis 

for the  tw isted group ring k* G  for which

e'r e'y = f ' { ^ ^ y W x y ’ v * , y € G .

T hen it is easily checked th a t the map o : k*G  — r k l  G  defined on £  by <f>(eg) = e'g and

4
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extended  by t-lin earitv  to  & G  is an  isom orphism  o f  t-a lg e b ras . In particu lar, k* G  is isom orphic 

to  th e  o rd inary  group a lgeb ra  k G  if /  is a coboundary .

Now suppose for som e /  6  Z 2(G,  k x ) th a t  T  is a  projective /-rep resen ta tio n  o f G  of degree 

n.  T h en  we may regard T  as a  m apping from  G  into G L ( V ) ,  where V  is a vec to r space of 

d im ension n over k.  T hen  th e  relation L.l defines th e  s tru c tu re  o f a k-lG'-module on V . O n the 

o th er han d  the  choice of a  Ar-basis for any m odu le  defines a m apping o f G  in to  som e general 

linear g roup  over k,  which is a projective /-re p re se n ta tio n  o f G.  Thus we have an  a lternative  

charac terization  of pro jective representations o f  G  in  term s o f m odules over tw isted  g roup rings.

1.2 Irreducible Projective Representations and Projec

tive Equivalence

N otions such as irreducibility  and  equivalence o f pro jective representations are  defined by direct 

analogy w ith the linear theory . We give these defin itions in th is  section, and also try  to  indicate 

som e o f the lim itations of th is  analogy, in p a rtic u la r  why som e o f the m ost e lem entary  results on 

com pletely  reducible linear representations do n o t really  tra n s la te  sm oothly into th e  projective 

se ttin g , and  why the defin ition  o f projective equivalence is inherently  som ew hat p rob lem atic .

Let T  : G  — ► GL{n,  k)  be a projective / -  rep resen ta tion  o f the  finite group G  over the field 

k.  T h u s T  defines the s tru c tu re  o f a A /G -m odule on a  vector space V  o f d im ension  n over k.  

T hen  T  is said  to be irreducible as a projective rep resen ta tion  of G  if I '  con tains no proper 

kJ  G'-su bm od ule.

If E  is a field extension of k.  we may define a projective representation T E o f  G  over E  

by com posing T  with the inclusion of GL(r i . k )  in GL ( t t , E ). If  T E rem ains irreducible for all 

choices of E,  T  is said to be  absolutely irreducible.

In the case where char A* =  0 or c h a r t  does n o t divide the  order of G', every k^  G '-module 

can be w ritten  as a d irect su m  o f irreducible k * G -m odules. T h is  is a consequence o f  M aschke’s 

theorem  applied to tw isted group rings.

T h e o r e m  1 .2 .1  (M a s c h k e )  Let G  be a fin ite  group, and let k  be a field fo r  which ch a rk  =  0 

or ch a rk  does not divide |G [. Then i f  f  £  Z 2[ G. k x ). the tw isted  group ring k-lG is completely

5

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



reducible. □

A proof o f M aschke’s theorem  for tw isted  group rings can be found in [15].

It is w orth m entioning th a t  while tw isted group rings share th e  property  o f  com plete re- 

ducib ilitv  w ith ord inary  group rings (under the hypothesis of M aschke's theorem ) it is possible 

for a  tw isted group  ring to be sim ple though  th is is not possible for any o rd in ary  group ring o f 

a non triv ial finite group over a field. Let k  and  G  be as in the s ta tem en t o f T heorem  1.2.1. and  

assum e th a t G  is not trivial. It is easy to  see th a t the  ordinary  group ring kG  co n ta in s a t least 

two sim ple com ponents, for

is a  cen tral idem potent of kG  which is equal to  neither 0 nor 1.

However, exam ples of tw isted group rings which are sim ple are easily found. If x  generates 

a  cyclic group C  o f order 2, let /  £  Z 2(C,  G x) be the cocycle given by

T hen  the tw isted group ring is isom orphic to  the quadra tic  field extension Q (\/5 ) o f Q .

T here  also exist exam ples of tw isted  group  rings which are central sim ple o%rer their ground 

fields. T h is m eans th a t it is possible for the  regular representation o f a tw isted group  ring to 

be irreducible, even over a field which is algebraically closed.

For exam ple, let G = C 2 x C 2  and let a and b be generators for G.  Let /  be th e  cocycle in

/ (1 ,1 )  = f ( l , x )  = f ( x A )  =  1: f ( x . x ) =  2.

Z 2(G ,'Q  defined by the table

/ I  a b ab

1 1 1 1 1

a 1 - 1  1 - 1

6 1 - 1 - 1  1

ab 1 1 - 1 - 1

T hen  £ /  G  =  (  c 1- / ) — ^ ( C ) ,  and  the m apping  T  : G — v G L {2 .Q  defined by

6
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is an irreducible projective representa tion  of G  over C. w ith cocycle / .  We observe th a t f  

as defined above cannot be a  coboundary  in Z ~ { G . G X ) since the twisted group  ring C / G  is 

noncom m utative and  cannot therefore be isom orphic to  GG.  Since C is a lgebraically  closed, T  

is an  absolutely irreducible representa tion  of G.  T h u s  Cj> x Cj> has faithful abso lu tely  irreducible 

projective representations, a lthough  all of its abso lu tely  irreducible linear represen ta tions have 

degree L and are certainly not fa ithful.

If Ti  and  To are projective representations o f G  o f degree n over the field k,  they are said 

to  be linearly equivalent if for som e .4 £  GL(n.  k) we have

T2(g) =  A ~ lT l (g)A,  V g e G .

It is easily observed th a t the sam e cocycle /  £  Z ~ { G , k x ) is associated to  b o th  7 \  and  To 

if they are linearly equivalent, and  it is a consequence of Theorem  1.2.1 th a t every projective 

/-rep resen ta tio n  of G  is linearly equivalent to one which can be w ritten  as a sum  o f irreducible / -  

representations. T he irreducible constituen ts which ap p ear in such a  decom position are unique 

up to  linear equivalence.

O ur original definition of projective representations, essentially as hom om orphism s into pro

jective general linear groups, suggests th a t "equivalence classes" o f projective representations 

should perhaps be more inclusive th an  those determ ined  by the  above definition o f linear equiv

alence. As above, suppose T\  and  T2 are projective representations of degree n  o f G  o%rer the 

field k.  We would like to declare T. and  Tj to be “equivalent” if for some .4 £  G L ( n . k )  the 

representation  T f  defined for g £  G  by

T i l g )  =  A-1 Tj.((/).4

satisfies 7roTf1 =  —oT2. where 7r as before denotes the usual projection of GL(n ,  k)  on P G L ( n ,  k).

T h e representations Tj : G  — r GL( n ,  k) and To : G  — > GL( n ,  k) are protectively equivalent 

over k  if there exists a m atrix  ,4 £  G L ( n , k )  and a  function  p. : G  — t k x for which

p(g)A- lTl ig)A =  T2{g), v ff£ G .  (1.5)

It is easily seen th a t if T\  and Tn are as above, th e ir cocycles need not be equal, b u t differ by 

the coboundary 8p.  We rem ark for la ter reference th a t  in the  special case where p. is a group 

hom om orphism  the sam e cocycle is associated to  b o th  Tj and To. Even in this case however, Ti

7
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and To need not be linearly equivalent. T h u s in general the cocycles associated to  p ro jec tiv e ly  

equivalent representations belong to  the  sam e class in H 2(G,  k x ). This is consisten t w ith, 

our com m ents on isom orphism  o f tw isted group rings a t the end o f Section 1.1 : p ro jec tiv e ly  

equivalent representations correspond to  m odules over isom orphic tw isted group rings. S in ce  

H 2( G , k * )  is typically infinite for an a rb itra ry  choice o f G  and  k.  a finite g roup  m ay  h av e  

infinitely m any projective equivalence classes o f projective representations over a  given field.

P rojective equivalence is the analogue in projective representation  theory o f th e  co n cep t 

o f linear equivalence in linear representation theory. T his correspondence is fairly  tenuous in  

som e respects however. G reat caution is required in draw ing any conclusions based on reg a rd in g  

projectively equivalent representations as " the  sam e". For exam ple, as we shall see in C h a p te r  

6, the  Schur index over a  given field of an  abso lu tely  irreducible projective represen ta tion , which, 

is defined exactly  as in the  linear se tting , is not invariant under projective equivalence.

A nother in itia lly  surprising and som ew hat unsatisfactory  fact is th a t a projective represen

ta tio n  is not determ ined up to projective equivalence by the pro jective equivalence classes o f its 

irreducible constituents. For let G — (x ) be a cyclic group of order n, and let £ be an  n th  root 

o f un ity  in C. We m ay define for i =  1 . .  .n  a  (linear) representation  FU of G  by R i { x )  =  £*. 

Each Ri  is o f course triv ial when regarded as a  projective representation o f G, since it sends 

G  in to  C x . Moreover, the same cocvcle in Z 2(G,  Cx ), nam ely the trivial one, is associa ted  to  

each R{.  Now let R  be the linear represen ta tion  o f degree n o f G  defined by

R{x ) =  d ia g ( l .£ .£ 2, • • - -? n-L )-

As a  projective representation of G  over C. R  is not only nontriv ial bu t faithful, a lth o u g h  each 

of its irreducible constituents is projectively triv ia l. T his s itu a tio n  is caused by th e  general 

difficulty th a t if T\  and T> are projectively equivalent irreducible representations o f G  which 

determ ine the  sam e cocycle /  in Z 2(G. k x ), the irreducible & G -m odules determ ined by Ti  and  

Tt need not be isom orphic.

A nother significant difference between the projective and linear representation theories is 

th a t  the sum  of two projective representations need not be a projective representation , unless 

the sam e cocycle is associated to bo th  sum m ands. In addition , projectively equivalent represen

ta tio n s generally do not have the sam e character, which m eans th a t one of the m ost powerful 

and  beautiful aspects of linear representation theory, nam ely charac ter theory, loses m uch o f its 

scope when carried into the  projective s itu a tio n . A lthough there  is a  well-established an d  cohe-

8
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sive theory  of projective charac ters (see [10]. for exam ple), it can necessarily  apply  only to  one 

cocycle a t a  time. Also, the p roduc t o f two projective characters is n o t in general a projective 

charac ter, even if th e  sam e cocvcle is associa ted  to both  of the co rrespond ing  representations.

T hroughout the rem ainder o f th is thesis, if two projective rep resen ta tio n s  o f a group or 

algebra are described sim ply as "equ ivalen t", we shall understand  th a t  they  are projectively 

(and not necessarily linearly) equivalen t.

9

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2

Covering Groups and Generic 

Central Extensions

Let R  : G  — y G L ( n . k )  be a linear representation  of a  finite group G  over a field k.  T hen  

{R .{o )'rJ  €  G}  generates a finite subgroup of G L ( n . k )  which is isom orphic to G/ ker (R) .

Now suppose T  : G  — y GL ( n .  k) is a projective representa tion  of G.  and  consider the group 

G t  generated  in G L ( n , k )  by { T ( g ) . g  £  G}  - T he o rder o f G T  need not be finite; however if 

.4 denotes the  intersection of G T w ith Z ( G L ( n .  k))  =  k x , then G :=  G T / A  is isom orphic to 

the im age o f G  in P G  L[n.  k)  under the hom om orphism  —o T .  where -  is the usual surjection 

of GL { n ,  k) on P G L { n , k ) .  Now G T is of course an extension of its central subgroup ,4 by the 

hom om orphic im age G  of G\  the  abelian  group A  is not in general finite bu t is certainly finitely 

generated  since its index in G T is finite. We rem ark  th a t if k x is identified w ith Z [ G L ( n ,  k))  

then all values assum ed by the  cocycle /  £  Z2(G\ k x ) associated  to T  appear in .4: this follows 

from the  fact th a t T{(jy)T[<j2 ) =  /(<7i, g’j.)T[gign) for all <7 1 , 5 2  in G.

D e f in i t io n  A central extension  for the finite group G  is a  trip le (.4, B,g>) where B  is a group 

having .4 as a  finitely generated subgroup o f its centre, and <p : B  — y G  is a surjective group 

hom om orphism  w ith kernel .4. Associated to the cen tral extension (.4, B)  is the short exact 

sequence

1 — y A  — y B  — y G  — y 1.

10
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It will be convenient som etim es to  refer to this sequence (instead of to (A, B , o ) )  as a  central 

extension for G.  We will also som etimes avoid explicit m ention of o  and refer to  a  central 

extension for G sim ply as { A , B ) .

From  the com m ents preceding the above definitions it is apparent th a t every projective 

representation of G  can be related to a linear representation o f some central extension for the 

im age o f G  under the hom om orphism  ~ o T  which sends G  into a  projective general linear group. 

T hus one approach to the  study  of projective representations of finite groups is to  investigate 

the linear representations o f their central extensions. T his approach has been particu larly  

fruitful in the case o f projective representations over algebraically  closed fields (see. for exam ple 

[4]). One reason for this success is the fact th a t if k  is an  algebraically closed field, then every 

cocycle in Z 2( G , k x ) is cohom ologous to one which takes values in the group o f |G |th  roots of 

unity  in A-x : this is a consequence of the d ivisibility  o f the m ultiplicative group  o f k.  Thus 

if T  : G  — >■ GL ( n . k )  is a  projective representation, T  is projectively equivalent, over k,  to a 

representation Tj for which GTl :=  (Ty(g), g E G)  is a  fin ite  subgroup o f G L ( n . k ) .  In fact the 

s itu a tio n  is som ew hat b e tte r th an  this, as we shall see in th e  next section.

R eturn ing  to the case where the field k is arb itra ry , we cannot necessarily arrange  for the 

group G T =  (T ( g ). g E G)  to be finite for every projective ^--representation T .  b u t GT will 

always contain a subgroup of finite index which is free abelian  of finite rank and cen tral not 

only in GT bu t in GL{n,  k).

2.1 Lifts and Finite Covering Groups

In this section we s ta te  w ithout proof some fundam ental results from the foundations o f the 

theory  o f projective representations. All of these results are due to Schur, who in troduced and 

extensively developed the subject in the early years o f the tw entieth century. We begin with 

an im p o rtan t definition.

D e f in i t io n  Let G  be a finite group and let T  : G  — >■ G L ( n , k )  be a projective representation 

of G  over a field k.  T hen  if H  is a group having G  as a  hom om orphic image under the  m apping

o. T  is said to lift to H  if there exists a linear representation T  : H  — > G L ( n . k )  for which the

11
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following d iag ram  of group hom om orphism s com m utes :-

H -----------   ^  GL [ n ,  k)

<? '

G  ^ r - P G I ( a . i )

In this s i tu a tio n  we will refer to  T  as a  lift o f T  to  H .

On th e  o th er hand, given a  linear ^-rep resen ta tion  T  o f H  which sends k e rb  into k x , we 

can o b ta in  a projective representa tion  T  o f G,  by choosing a  section q for G  in H  and  defining 

T(g)  =  T ( T ] ( g } ) .  for g £  G.  O f course T  then depends on th e  choice of section q. bu t only up 

to cohom ology in Z 2( G , k x ).

In th e  case where T  is a lift to H  o f som e projective ^.'-representation T  o f G,  it is clear th a t  

T  is an  irreducib le  representation o f H  if and only if T  is an irreducible projective represen ta tion  

of G.  T h is  follows for instance from  the  fact th a t  the  im ages o f T  and T  generate the  sam e 

t-su b a lg e b ra  o f GL( n .  k).  if n is th e  degree o f T.

Now le t G m be a group having G  as a  hom om orphic im age. We will say th a t G ‘ has the  

projective liftin g  property for G  over the field k  if every projective ^-representation  o f G  is 

equivalen t (over k) to one which can  be lifted to  G m. T h e  following result o f Schur s ta te s  th a t  

every fin ite  group G  has a finite cen tra l extension having the  projective lifting  p roperty  for G  

over C. A p roo f can be found in C h ap te r 2 o f [11].

T h e o r e m  2 .1 .1  (S c liu r)  Let G  be a fin ite  group. Then there exists a central extension G  o f  

a fin ite  abelian group .1 by G fo r  which the fo llow ing conditions hold ;-

i) A S  M(G’) 

ii)  .4 C  Z { G )  n  G'

Hi) G  h as  the projective lifting  property fo r  G  over  C. □

A g ro u p  G  having properties i), ii) and  iii) of T heorem  2.1.1 will be called a  covering group 

for G.

12
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It is easily  observed th a t if two projective rep resen ta tions o f a  finite group G  over a  field k  

have linearly  equivalent lifts to some central extension H  for G,  then  the original rep resen ta tions 

are projectively  equivalent over k.  For this reason there is no hope of proving a  version of 

T heorem  2.1.1 which would apply w ithout restric tion on th e  field. The group H~(G.  k x ) is 

typically  infinite for a given finite group G  and field k.  and  thus G  may have infin itely  m any 

inequivalent irreducible projective ^-representations, which can n o t be described by th e  finitely 

m any irreducible linear representations o f any proposed fin ite covering group. However, for 

every finite g roup G  there exists a  g roup F  having G  as a  qu o tien t by an  infin ite central 

subgroup, and  having the projective lifting p roperty  for G  over all fields. T he m ain  them e 

o f th is  thesis is the investigation o f central sim ple algeb ras arising  from finite d im ensional 

irreducible linear representations of these “infinite covering g ro u p s" .

2.2 Generic Central Extensions

As usual let G  be a finite group, and let F  l>e a free group o f  finite rank for which o  : F  — r G  

is a  surjective g roup  hom om orphism  w ith  kernel R.  Let

1  A  ^ H  G ------- I

be a  cen tra l extension for G.  Since F  is a  free group, we can find a  hom om orphism  a  : F  >- H

for which cq o a  =  p. Then a(R)  C A since o i 0 0 (F ) =  L. T herefo re  a  m aps R  in to  Z ( H )  and 

so [F , F] C  k e r a .  T hus the map © : F  — > G  induces a  g roup  surjection

o'  : F /[ F ,  F] — ► G;  k e r«?' =  F / [ F ,  R]

T his leads to  the  following lemma, after we define

F = F / [ F . R } ;  R = R / [ F . R ] .

L e m m a  2 .2 .1  Let  (A, B,  o) be a central extension fo r  the fin ite  group G. Then i f  F  and  R  are

defined as above fo r  G. there exists a group hom om orphism  0 : F  r B  fo r  which the fo llow ing

diagram com m utes

1 -----  R ------- - F — G I

id

1 ------  A B G

13
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N ote th a t  R  is central in F  and  so (R , F )  is a  cen tra l extension having th e  universal property 

described in Lemma 2.2.1 am ongst all cen tra l extensions for G. For th is  reason we shall refer 

to  a  central extension (R , F ) (or ju s t  F) o b ta in ed  as above from a free p resen ta tion  for G  as a 

generic central extension for G.

We now show th a t any generic central ex tension  F  for G  has the p ro jective lifting  property 

for G  over all fields. To do this we need only  show th a t every pro jective representation of G  

lifts (over the field in which it is realized) to  som e  central extension for G.  T h is well-known 

fact is the  content o f the next lem m a.

L e m m a  2 .2 .2  Let T  : G  — t G L ( n . k )  be a projective representation o f  a fin ite  group G over

a field  k,  and let a E Z 2{G, k x ) be the cocycle associated to T . Define a group G a by

Otx — { ( a , u ) \ a  £  €  G } ,

with multiplication given by

{a,y)  (6 , h) — {ab a(g,  h ) , g h )  , for a, b E , and j , l i S G .

Then

i) G a is a central extension o f  k x by G.

ii) The map T  : G a — j- G L { n . k )  defined by T[a,  y) =  aT(g)  is a linear k-representation o f  

G a and is a lift to G a o f T .

□

B oth conclusions of Lem m a 2.2.2 follow im m ed ia te ly  from the various definitions. The group 

G a  is som etim es called an ”a-covering group"' for G  over k. Lem m as 2.2.1 and  2.2.2 have the 

following im portan t consequence.

T h e o r e m  2 .2 .1  Let G be a fin ite  group, and  let (R . F ) be a generic central extension fo r  G.  

Let T  : G  — t G L [ n , k ) be a projective representation o f  G over a fie ld  k . Then there exists a 

lift T  : F  — s- G L ( n , k) o f T  to F.

14

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



P r o o f  Let o £  Z 2(G,  k x ) be the  cocyle associated  to  T ,  and  let G a an d  T  be defined as in 

Lem m a 2.2.2. T h en  by L em m a 2.2.1 we can find a  group hom om orphism  6 : F  — > G a for

which the following d iag ram  com m utes

GL[n,  k) P G L in , k)

T hen T  := T  o 9 is a  lift o f T  to  F . □

Theorem  2.2.1 is the  m otivation  for much of th e  w ork in this thesis : if (R , F )  is a  generic 

cen tral extension for G , then  every projective ^ -rep resen ta tio n  o f G can be described in term s 

o f a  linear representation o f F  which sends R  in to  k  x , where the field k  is en tire ly  arbitrary. 

R ephrasing this s ta tem en t in the  language of sim ple rings, we see th a t every ^-a lgeb ra  arising 

as a sim ple 'o m p o n en t of a  tw isted group algebra o f  G  over k  can be realized as an image 

o f the ordinary g roup  algebra k F  under a  t-a lg eb ra . hom om orphism  which sends k R  into k. 

In the  next section we discuss som e properties of generic  cen tral extensions which will lead to 

conclusions about th e  s tru c tu re  o f their group a lg eb ras  and  the natu re o f th e ir  finite dim ensional 

representations.

2.3 Properties of Generic Central Extensions

T hroughout i his section let (/?, F) be a fixed generic c e n tra l extension for G. T h e  group F  is not 

determ ined Lv G  up to  isom orphism : its isom orphism  type depends on a choice of presentation 

for G. We now describe som e im p o rtan t and useful p ro p e rtie s  which are however shared  by all 

generic central extensions.

We begin with the  sta tem en t o f a celebrated result o f Schur. A proof can be found in Section

2.4 of [11].

T h e o r e m  2 .3 .1  The central subgroup F ' D R  o f  F  is isom orphic to M(G'), the Sch u r multiplier 

o f  G . □

15
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T he isom orphism  m entioned in T heorem  2.3.1 will be o f g reat use la ter, but for now we 

need only the fact th e  F '  D R  is finite. T h is  will enable us to  prove th e  next lem m a, which is 

also due to Schur.

L e m m a  2 .3 .1  Let t ( F )  denote the subset o f  F  consisting o f  a ll the torsion elements. Then  

t { F)  =  F' .

P r o o f  Let j■ £  F ' . T hen , since R  has finite index in F . x n €  F'  C\ R  for som e positive integer

n. T hen x  has finite o rder by Theorem  2.3.1.

O n the o ther h and  the  group F / F '  is free abe lian , since

F / F '  =  S£ F / F ' .
F ' / [ F . K 1

T hen  anv elem ent o f  finite order in F  m ust belong to  F '.  □

Let (.4lr B\ )  and  (T 2 , Bn)  be generic cen tra l extensions for G.  Then by Lem m a 2.2.1, there 

exists a m apping 9  : B \  — > Bn which takes .4i in to  .4t and  whose kernel is contained in .4 i. So 

the im age of (.4 i, B \ )  in (.4 t, Bn)  is again a  generic cen tral ex tension for G.  T h e  hom om orphism s 

defined in this way betw een different generic cen tra l extensions a re  no t in general isom orphism s. 

However they restric t to  isom orphism s on th e  co m m u ta to r subgroups.

L e m m a  2 .3 .2  Let  ( .4 .5 )  and ( R . F )  be generic central ex tensions f o r G .  Then B' =  F ' .

P r o o f  By L em m a 2.2.1, there  exist group hom om orphism s if : B  — r F  and  9 : F  — )• 5 ,  for 

which the following d iag ram  com m utes

1 -------  . 4 ------- ^  5 ------   G ------- ^  1

i d

1 ------^ R ------- - F ------ G ---------^  1

B \ r

1 ------^  .4 ---------5 ------- G --------- 1

Define a m ap 77 : B  — >• .4 by tj( x ) =  x'i’ax ~ l , for x  £  5 .  That. g(x)  £  .4 is clear from  the
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co m m u ta tiv ity  o f the  above d iagram . Now let x .  y  be elem ents of B.  T hen  

q(xy)  =  (x y ) v9y ~ l x ~ l

=  r * V V L*~l
=  since 6 . 4 C  Z ( B )

= n(z)niy)

T hus r] is a  g roup  hom om orphism  of B  in to  the  abelian  group .4. and  so B '  C  ker(/7). It 

then follows from  the definition o f rj that 9 o ip : B  — r B  restric ts to the iden tity  m apping on 

B' .  S im ilarly  tp o 9 : F  — *• F  restric ts on F'  to  th e  iden tity  m apping. O f course ip{B') C F ‘ 

and 6(F' )  C  S ',  so we conclude B '  =  F ' . □

T h e follow ing is an o th er result of Schur, w hich relates generic central extensions to  the finite 

covering g roups o f Section 2.1. A proof can be found in [1 1 ].

T h e o r e m  2 .3 .2  Let  (R,  F)  be an essential generic  central extension fo r  G , and let S  be a 

torsion free com plem ent in R  fo r  its torsion subgroup F ' O R . Then

i) F / S  is a covering group fo r  G.

ii) I f  G  is any covering group fo r  G, then G  =  F / S  fo r  some choice o f  com plem ent S  fo r  

F ' C \ R  in R.  □

It is a  consequence o f Theorem  ‘2.3.2 th a t F ' . and  hence the com m utato r subgroup  of any 

generic cen tra l extension for G,  is isomorphic to  G ' , where G  is any covering g roup  for G.
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Chapter 3

Group Algebras of Generic 

Central Extensions

Let (R , F , 4 >) be a generic central extension for tee  finite group C,  and let k  be a  field. We 

are  interested in finite dim ensional irreducible ^-representations of F  which send R  into k x 

and  thus arise as lifts o f irreducible projective representations o f G  : every such representation 

defines a finite d im ensional sim ple A--algebra, which is the im age of the group  ring k F  under 

th e  Ar-linear extension o f th e  representation.

T he group ring k F  has infinite dimension over k  and  is not com pletely reducible. In this 

ch ap te r however we shall see th a t k F  embeds in a  n a tu ra l way in a ring which is completely 

reducible and has finite rank  as a  m odule over its centre, and in which we have recourse to all 

the  results and m ethods from  the theory of finite dim ensional central sim ple algebras, yet from 

which we will later find we can recover all the relevant inform ation about k F  itself.

3.1 Extending the Centre

T h e  torsion subgroup o f R  is F'  n  R  by Lemma 2.3.1; let S  be a  torsion free com plem ent for 

F '  fl R  in R.  T hen S  is a  free abelian group of rank  r-=rank F,  and k F  contains the central 

subring  kS ,  which is isom orphic to a  ring of Laurent polynom ials in r  com m uting  variables.

18
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T hen k S  is an  in tegral dom ain, and m oreover no elem ent o f k S  can be a  zerodivisor in k F  : th is 

follows fro m  the  cen tra lity  of k S  in k F ,  an d  the fact th a t  any transversal for S  in F  forms a basis 

for k F  as a  righ t m odule over kS .  T hus we can form  from  k F  a  ring  o f quo tien ts  (k S ) ~ i k F , in 

which every  nonzero elem ent of k S  is invertib le. We will denote th is ring  o f quotien ts by K F ,  

where K  d en o tes  th e  field of quotients o f k S .  T h en  K  is a  purely tran scen d en ta l field extension 

of k  o f tran scen d en ce  degree r . Any basis for th e  free abelian  g roup  S  form s an  algebraically 

independen t generating  set for K  over k.

Any tran sv e rsa l for S  in F  is a A '-basis for K F ,  so K F  is a  finite d im ensional A -algebra. 

F u rtherm ore . K F  is com pletely reducible. T his is a  consequence o f th e  following lem m a, o f 

which a m o re  deta iled  proof can be found in Section 1.2 o f [14].

L e m m a  3 .1 .1  K F  A isomorphic to a twisted group ring o f  the f ini te  group G  — F / S  over K ,  

and is completely reducible.

P r o o f  C hoose a  section p  for G in F  : i.e. for each x  (E G. choose a  preim age p{x)  €  F  for 

x .  T hen  T  =  £  G} is a transversal for S  in F,  and thus form s a  A'-basis for K F .

We can define a  m ap  /  : G x G  — y A x by f { x . y ) =  p ( x ) p ( y ) p ( x y ) ~ l , for x ,  y  €  G.  T hen 

/  6  Z~(G,  A 'x ) and  the  bijective correspondence between G and T  defined by x  <— > p(x )  

establishes a  A '-algebra isom orphism  betw een K F  and  K ^ G .  T h e  com plete  reducibility  o f K F  

is now im m e d ia te  from  M aschke’s theorem , if ch a r/: does not divide th e  o rder o f G.  □

3.2 Primitive Idempotents of K F

Since K  F  is a com pletely  reducible ring, it can be w ritten  as a d irect sum  o f sim ple A '-algebras, 

and its id e n tity  elem ent is a sum  of nonzero prim itive central idem po ten ts . T hese idem potents 

are the  p ro jec tio n s  of 1 on the various sim ple com ponents of K F ,  an d  they are pairwise or

thogonal ( i.e . the  product of any pa ir o f them  in K F  is 0). In th is section we show th a t 

the p rim itiv e  cen tra l idem potents of K F  belong not only to k F  b u t to  th e  finite dim ensional 

com pletely reducib le  /--algebra k F ' .

We beg in  by considering the central idem poten ts o f k F .  T he following result is extrem ely 

useful, p a r tic u la rly  in the  light of L em m a 2.3.1. A p roof can be found in [14], Section 4.3.

19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



L e m m a  3 .2 .1  Let  Q be any group, and let F  be any field. Then the support o f  any  central  

idempotent o f  the ordinary group algebra T Q  generates a f in ite normal  subgroup o f  Q. □

Since the set o f  torsion elem ents o f F  is equal to  its co m m u ta to r subgroup  F' ,  it is an 

im m ed ia te  consequence o f Lem m a 3.2.1 th a t  every cen tra l idem potent o f k F  belongs to  k F ' .  

Let I  denote the  set of prim itive central idem poten ts o f  k F ' . O f course a cen tra l elem ent of 

k F '  need not be central in kF:  F  acts on I  by con jugation . For each /  G / ,  th e  sum  in k F  of 

the  F -con jugates o f /  is a central idem potent in k F .  Let I  denote the set o f elem ents o f this 

type

where for each /  G / ,  Tj  is a transversal in F  for C f ( / ) -  We will show th a t I  is th e  full set of 

p rim itive cen tra l idem potents of K F .

T h e o r e m  3 .2 .1  Let e be the sum in k F  o f  an F-orb i t  o f  pr imit ive  central idempotents o f  k F ' .  

Then  /I  :=  K F e  is a simple ring.

P r o o f  :

1 . Let Z  deno te  the centre of .4. T hen Z  is a d irect su n t o f  fields as .4. being a  tw o-sided ideal 

o f K F ,  is a  com pletely reducible ring. To show th a t .4 is sim ple, it suffices to  show  th a t  Z  is a 

field.

Suppose the  contrary, so th a t e =  e' +  e " , where e' an d  e" are nonzero cen tra l idem po ten ts  

o f K F  for w hich e'e" =  0. The ring K F  is ob ta ined  from  k F  by adjoining (to  th e  centre) the  

field o f q u o tien ts  o f kS ,  where S  is a torsion free com plem ent for F 'D  R  in R.  T h en  we can find 

cen tra l elem ents a’ and a" of k F  (of k S  in fact), for which a'e'  and a"e"  are c en tra l elem ents 

o f k F .  T hen
/ / / / / /  / // / // _a e a e =  a a e e =  u.

To com plete  th e  proof of Theorem  3.2.1 then, it is enough to  show th a t the  cen tre  o f k F e  

con tains no zerodivisors. The rem ainder o f this section will be devoted to a  p ro o f o f th is fact.

2 . Let e\  be a  prim itive central idem potent of k F '  for which eei =  ei  (so e i =  e if e is 

prim itive in k F ' ) .  T hen  e is the sum  in k F  of the  d is tin c t F -con jugates o f e*, an d  if  we define
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F i =  CV(e 1 ) we have

k F e  =  M , ( k F y t y )  . (3.1)

where s =  [F  : F i] (see [14], Section 6.1). C ertain ly  F i D Z ( F ) ,  so Fi  has finite index in  F ;  

also Fi D F '  since ei is central in k F ' .  T h e  set of to rsion elements o f Fi  is F' ,  so all cen tral 

idem poten ts of the ring k F ±  have su p p o rt in F '.  Hence e \  is a  prim itive central idem potent o f 

kFy.

3 . We now establish some no tation . Let .4* =  k F y e y ,  B \  =  k F ' e i .  T hen B i  is a sim ple 

com ponen t o f k F ' . so B\  =  Mn (D i)  where D \  is a  finite dim ensional division algebra over k .  

Let £  =  { = 0 ' } i < i  j < n  b e  a  system  o f m a trix  units in B  y .  T hen D y  =  C g ^ F )  and  .4* =  M „(A fc), 

where A* =  CAk (£); D i C  A k obviously.

4 . Let T  be a transversal for F '  in F i. T hen  T  generates .4 ’̂ =  k F i e i as a right m odule over 

B \  =  k F ' e i  (of course ei com m utes w ith each elem ent o f T ,  by definition of Fi).  Furtherm ore, 

since ei €  kF ' ,  T  is right independent over B \ .

T h en  .4* is a crossed product over B y  by the  group F y / F ' .  Since F y / F '  is a subgroup o f 

finite index in F / F ' ,  it is a free abelian  group o f finite rank (equal to the  free rank of F ) . We 

will use this crossed product s tru c tu re  o f A* over B y  to  describe A k as a crossed product over 

D y ,  again  by a free abelian group, and  to  conclude th a t  A fc contains no zerodivisors.

By =  kF'ey  is invariant under con jugation  by elem ents o f Fy, and for each t €  T  the set

£ C =  lEijt, £{j £  £ }

is a  system  o f m atrix  units in S i .  T hen  £  and £ e are conjugate in By (see [6 ], theorem  '2.13) : 

th a t  is, we can find an elem ent b(t) o £ l / (B y )  for which

t ~ 1£i j t =  b{ t )~l Eijb{t), \fEij €  £.

T hen  c{t) :=  b(t )~l t centralizes £ .  T hus each t £  T  can be w ritten in the form

t =  b(t)c(t),

where b{t) e U { B y ) ,  c ( t ) e U { A k ).

5 . Let S  =  {c(<),f £  T } .  Then

'2 1
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i) S' is righ t independent over D i>

Suppose th a t
n

= 0
1=1

for d i . . . .  T cin G D * . 1 1 . . . . ,  / n G T . T hen

n  n

^ = 0.
: =  1 i' =  I

T his contrad icts the right independence o f T  ov-er B i , since d ,6 ( < , ) - 1  £  B i  for each i.

ii) S generates A k as a right D i-m odule:-

D itS ] C  A fc clearly. On the o th er hand , su p p o se  a  £  A fc. Then, since a  G -4*, a  can  be 

w ritten  uniquely in the form
n

a  =
1 = 1

where 6 ,- £  B i , t; £  T  for i =  1 . . .  n.  T h en  since  a  £  A k , for each c £  S  we have

c a =  a c ,
n

5 3  ebiLi
i = l

n

=  ^  ^  * i- = 
i = l

i 2 bi£t~lt
1 = i

= > s b i ■ b i U s t ~ v.

• ; ^ cb{ti =  bitiS, for i =  1 . . .  n.

T hen £  A* for each i. Now and since c(f,-) £  U ( A k ), we have

bib{ti) £  A fc also. Then

A  :=  G A fc n  Bi =  D v,
n

and a  =  ^ ^ 0 { c ( t i ) ,  where /?,- G D,  c(f,) G S'. H ence A k =  T>i[S].
i= i

iii) Suppose t i , t o  G T  and G F' t ,  t £ T .  T hen  c(<i)c(f2 ) G D*c(t )

We require to  show c( ti )c(tn)c( t ) ~ 1 G D\_. By defin ition  o f c(ti) we have

c(li)c(f2)c(0 _1 =  6(Zi) — 1̂ i6(C2) — — — 1

=  b ( t i ) ~ l ( t ib  (ia)- 1 ^ 1) t l t 2 t ~ lb( t )~ l .
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Since 6 (fo) 1 6  8 1  =  k F ' e i ,  and  11 G F\ ,  certain ly  £i6 (fo) l t l 1 €  5 i -  Also, t ^ t  1 G 

F f C  B i ,  so c(£i)c(<2 )c ( £ ) - 1  G B i fl A fc =  D \ . T hen  c (fi)c ( t2 ) €  D\c(J.), as required.

6 . By 5. above, A fc is a  crossed p ro d u c t over D \  by a group isom orph ic  to  F i / F ' .  T hen , by 

th e  following lem m a (see [19]), A fc is a  dom ain.

L e m m a  (Higman) Suppose S  C  Ft are rings f o r  which R  is a crossed product  over S  by a group 

H  having the property that every  f ini tely generated subgroup has an infinite cyclic image. Then  

R  is a domain whenever S  is a domain.

Since A k is a  crossed p ro d u c t over a  division algebra by a free ab e lian  group, the lem m a 

applies and we conclude th a t A k is a  dom ain . Now

k F e  S  M ,(frF i e i ) =  Mjn (A*),

and  Z (k F e )  = Z ( A k ). so k F e  con ta ins no cen tral zerodivisors. T h e  cen tre  o f .4 =  K F e  is then 

also a  dom ain, hence it is a field since K F e  is a com pletely reducible ring. T his com pletes the 

p ro o f o f Theorem  3.2.1. □

We conclude C hap ter 3 w ith  som e observations on the proof o f T h eo rem  3.2.1.

L e m m a  3 .2 .2  In the context and notat ion o f  Theorem 3.2.1, suppose that F q  is a subgroup o f  

Fi,  f o r  which {R, F 1) C F q . Then  To :=  KFoey is a simple K-algebra.

P r o o f  Once we observe th a t  kFoei  is a  crossed p roduct over k F ' e i  by th e  free abelian group 

F q / F ' ,  we may apply steps 4-6 o f the  p roof o f T heorem  3.2.1 to conclude th a t .4o is sim ple. □

It is worth rem arking also th a t  the  p roof o f Theorem  3.2.1 reveals m ore about the struc tu re  

o f the simple com ponents o f K F  th an  sim ply its sta tem en t. T h e  following theorem follows 

d irectly  from steps 4-6 o f th is proof, and  from  Lem m a 3.2.2.
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T h e o r e m  3 .2 .2  Let e be a pr imi t ive  central idempotent o f  K F , and let be a pr imi t ive central 

idempotent o f  k F '  f o r  which eei  =  c l ,  s o  kF'e i  — -V/n (Di)  where D\  is a f inite dimensional  

division algebra over  k.  Let  F q  be a subgroup o f  Fi f o r  which F '  C  F q .  Then K  Foe i =  jV/„(Aq), 

where Ao D D i  is a f inite dimensional  division algebra over  I \ . In part icular any  set o f  n 2 

matr ix  units in k F ' e i  IS a fu l l  set o f  matrix units f o r  K F o e i .  contained in k F ' .  □

24

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 4

Structure of the Simple 

Components of KF

Let K F  be the com pletely reducible ring defined in Section 3.1. T hroughou t this chap ter we 

fix a p rim itive central idem poten t e o f K F ,  and let .4 denote th e  sim ple algebra K F e .  If e is 

no t p rim itive in k F ' ,  let ei be a  prim itive central idem potent o f k F '  for which eei =  e i. Then 

we have seen th a t if has s d is tin c t conjugates under the action o f F , then  .4 is isomorphic 

to  a  ring o f a x  s  m atrices over a  sim ple A'-algebra isomorphic to  KF\_e\,  where Fi =  C r[e i ) .

We now establish some n o ta tio n  which will be used throughout the rem ainder of this work, 

and  define som e objects which will be central to our discussion o f the stru c tu re  of .4.

4.1 Notation and Background

Let .4i =  K F i e i ; .4t is a sim ple subring  of .4 by Lem m a 3.2.2. and .4i contains the finite 

dim ensional sim ple fc-algebra B \  — k F ' e i .  If kF 'e i  — M n(D i) for som e division ring Di  then 

A i  =  Mn {D) where D  is a division ring containing D i . In p articu la r any set of n 2 m atrix  units 

in k F 'e i  is a full set of m atrix  un its for .4 i.

Let Z  denote the centre o f .4 i. and  let A' denote the group F i e i .  O f course A' =  F i / F ei ,
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where F fil is the su b g ro u p  o f F '  defined by

F e‘ =  {x G F  : x e \  =  e^} .

T h a t F fil is norm al in F i  is clear since centralizes e l . Let T x  deno te th e  torsion subgroup  

of X ;  T x  =  F ' e C learly  X '  C  T x ,  b u t this is no t in general an equality  since F{ need not be 

equal to F ' .

Let E  denote the  c e n tre  o f B \  =  k F ' e i  =  k[Tx]-  T hen  E  is a finite field extension o f k.  Let 

Fa =  C'f , ( E ) . A'q =  C’x  ( F )  ■ an d  .4o =  A'[A'oj. It is easily checked th a t A'o =  Foe i . T h en  _4o is 

a sim ple ring by L em m a 3 .2 .2  and  the centre L o f .4q contains E.

4.2 Normal Field Extensions in Z{Aq)

We  will show th a t .4o is p recisely  the centralizer in .4 o f E; hence Z  C .4o- Also A'/A'o ac ts  as 

the full Galois group o f th e  finite field extension Z ( A q ) / Z .

L e m m a  4 .2 .1  C'a (E)  =  -4o

P r o o f  We will show th a t  C x F i { E )  =  A'Fo. T hen (E)  =  A'Fo fl .4i =  A'Foe =  .4o-

T h a t A'Fo C C x f , ( F )  is clear. To prove the o th e r  inclusion we use the  fact th a t  k F i  is a 

crossed product over k F '  by the  free abelian group F-L/ F ' .  Let T  be a transversal for F '  in 

F i. and let a €  CfCFt {F}.  M ultip ly ing  by a su itab le  elem ent o f A' if necessary, we can assum e 

a  G kFi .  T hen a  can be w ritten  uniquely in the form

q =  a t t . 
t e r

where a t G kF ' ,  a t =  0 fo r all bu t finitely many I. Now let 0 G E.  T hen

do  =  a& = >  flact - )  ' n t td =  o t6 ct
t e r  t e r  c e r

= >  = 0 . 
t e r

T hen (0 — 6 t )a t =  0 for e a ch  t, and  since 8  — 9C G E  (a field) we have e ither

9 =  9t , V6  G E,  an d  t G F q
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or

a c =  0

Hence su p p (a ) C F0, V aG  C k f A E ) ,  and  C k f x(E)  =  A‘F 0, C A i (E )  =  A0. □

It follows from Lem m a 4.2.1 th a t Ao con tains Z , the  centre of A i. Let L denote the  algebra 

generated  by Z  and  E.  T hen  L  is a field, since it is contained in the cen tre  o f the sim ple algebra 

A o -  In  fact L is precisely the centre o f A o ,  for

A o  =  C a (E)  =  C a ( Z E )  =  C a (L).

By the  double centralizer theorem , C A (C A (L))  =  L,  since I  is a  s im p le  Z -subalgebra  of the 

cen tral sim ple Z -algebra A i. T hen

C a ( A 0 ) =  C A (CA {L)) =  L

and Z(.-lo) =  L since L C  Ao.

T h u s L is a finite field extension o f Z . since L =  Z E  and  E  =  Z ( k F ' e )  has finite dimension 

o v e r  k.

L e m m a  4 .2 .2  L / Z  is a normal  extension o f  fields, with Galois group isomorphic to X / X q 

(=  F t /F o ) .

P r o o f  T h a t the extension is norm al is easy to  see, since L  is generated  over Z  (as E  is over k) 

by sum s in B i of conjugacy classes from  T x -  These are central in B i  b u t not necessarily in A i- 

If C is such a class sum , then the polynom ial n« — CT), where x  runs th rough  a  transversal
JT

for Cp(C)  in F, has coefficients in Z  an d  sp lits  in L,  hence the n o rm ality  o f L  over Z .

Now .Y acts by conjugation on L  an d  th e  kernel of th is action is C a '(L ) =  -Yq . T he fixed 

field o f  L under the  action of X / X o  is ju s t  2 ( A )  =  Z , hence G a l(£ /Z )  =  A'/A'o- □

4.3 Tensor Product Structure of ,4o

Let B  denote the subalgebra of A 0 generated  over Z  by T x  =  F 'e i .  an d  let C  =  C Aa(B) .  Then 

we will see that B is a  central sim ple L -algebra, whence Ao =  B  ® l  C . Furtherm ore, since
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B i , B ,  A q and  A i all have the  sam e set o f  m atrix  u n its  by T heorem  3.2.2, C  is a  division 

algebra.

To show th a t  B  is central sim ple over L.  we make use of the following lem m a (P roposition  

12.4a in [16])

L e m m a  4 .3 .1  Let A  be a finite d imensional  algebra over  a field T . Let B  and C be T -  

subalgebras o f  A  f o r  which

i) B  is central simple over T . 

ii) C centralizes B.

Hi) A  =  BC.

Then A  =  B  2>r C. □

T h e o r e m  4 .3 .1  B  = Z [ T x ] is a central simple L-algebra.

P r o o f  : F irst we show that B  is sem isim ple. Suppose not, and  let /  be a nonzero n ilpo ten t 

ideal in B .  Let I  denote the two-sided ideal generated by /  in A0. A typical elem ent o f (I ) c 

is a  A.'-linear com bination of elem ents o f th e  form j.‘ia  l i ’oOo . .  . a pjrp+1, where a i , . . . a p are 

elem ents o f / .  x i , . .  are elem ents o f A’o, and p > t.  Suppose q is the nilpotencv class of

I .  We now show th a t [ is also n ilpo ten t. o f class a t m ost q.

Since every elem ent of A' 0  is invertible, the expression

a =  i . . .  x qa qx q+i x,-G A'o, a , - €  / ,  (4-1)

can be w ritten  in the form

a =  x a [  . . .  a'q, (4.2)

where x  €  A’o and  for i =  1 . . . r/ a '  is o f  the  form x ' ~ l ctiX/ for som e x ‘ G A'o- Since T x  <! A’o 

and  A'o centralizes E.  conjugation by x '  induces a cen tral au tom orphism  o f k F ' e i  an d  hence 

o f  B ,  since B  is generated by T x  over the  centre of Ao- Furtherm ore, since k F ' e i  is sim ple,
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th is autom orphism  is inner by the  N oether-Skolem  theorem  (see [7], Section 4.6). T h u s  for 

i — 1 . .  .q, q(- =  cI_ IQtc,- for som e a  & U { h F ' e i) . whence a ] 6  I . ir. then  follows th a t a =  0 in

4.2, since (I ) q =  0. T h u s  /  is n ilpo ten t o f  class at m ost q, which co n trad ic ts  the sim plic ity  of 

Ao- We conclude th a t B  is sem isim ple. S ince £  is a field, it now suffices to  show th a t Z ( B )  =  L.

T he subalgebra of B  generated  by K  acnd E  is a field, since it is con tained  in the cen tre  of 

.4o. Also

K  E  =  K  ®k E,

since A’ is purely transcenden tal over k,  an<l E  is a finite extension o f k.  T h e  algebra B  is finite 

dim ensional over E E .  since K F  has finite dimension over K .

It is apparen t that any  A -basis of Bi  =  kF 'e i  rem ains independen t over the field A 'A, 

whence d im £:(S i) =  d im /v-£(A '[T x]). and  A'[7\-] =  K E  ® e  B i (see [16], Proposition 9.2c). 

T hen A’[7\-] is a central sim ple A 'A -algebra. since K E  is sim ple and S i  is cen tral sim ple over 

E  (see Lem m a 12.4b o f [16]). T hen

Now A [T x] =  K  Gfc B i  is a  sim ple su b a lg eb ra  of B.  and its cent re is K  ®k E  =  K E .  Also, 

B  is generated by L and  A '[7\-], and L certtralizes A '[7\']. T h en  we can apply  Lem m a 4.3.1 to 

conclude

B  =  L  3 k i: A [Tv].

Since A’[Tjc] is a central sim ple A’A -algebxa and L is sim ple. B  is then  a sim ple ring an d  its 

centre is L <3k e  K E  =  L.  □

T hus B  is a central sim ple subalgebra o f  the  finite-dim ensional sim ple £ -a lgebra  Ao, hence 

so also is the division algebra  C  =  C..ia{ B ) , and we reach the following conclusion (see T heorem  

4.7 in [7]):-

T h e o r e m  4 .3 .2  Ao =  B  T x C'. □

T he sim ple ring S L is a  ring o f n x n m. at rices over a division a lgeb ra  and by T heorem

3.2.2, any set S  of n 2 m a trix  un its for B \  ts  a  full set of m atrix  u n its  for Ao and  hence for B , 

since B \  C  B  C Aq. T h u s B  =  M n [D),  wh-ere D  is a division ring  con tain ing  a  copy of D \ .
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Also, since B  =  L •9>k e  A‘[Tx], we have

dim A-£ (B ) =  d i m A- £  (L ) d i m A- £  (A' [T,\- ])

= > d i n u ( S )  =  d im ^ A 'p A :] .

Furtherm ore, since K / k  is a purely transcendental field extension, any  A -basis for B i is a  A'A’- 

basis for A ' [ T \ - ] ,  whence d im A-£A'[T\-] =  d im £ (& F V i). T hen  d im A(F )  =  d im £(A :F 'el ), and 

the degrees o f  the sim ple algebras B  and k F 'e i  coincide. Since these algebras also have the

sam e set o f m a trix  units, their Schur indices also coincide. T hen  the  degree an d  Schur index o f

B  depend o n ly  on the sim ple com ponent (e i) o f k F ' .

We now define T x + =  X  D B .  T he notation , and th e  idea of s tu d y in g  th is  group are both 

suggested by [18]. T hen  T x + contains T x ,  and T x ~  is a  subgroup o f  A 'o  =  C x { E ) ,  since B  

centralizes L.  For x  £  Fi ,  let Cx  denote the sum  in k F  o f  the  (finitely m any) A \-conjugates of 

x.  Define

?> =  { * €  At : C x t i  +  0 }

We note th a t  V  C F q .  For suppose x  £  V  : then 0 9= C'x ei £  Z  =  Z { A i ) .  S ince ei  E kF ' ,  we 

have Cr e\ — xc, where c E k F ' e i  =  B \ .  Then x  m ust centralize E  =  Z { B  1 ), so x  E F q .

L e m m a  4 .3 .2  T x + consists precisely of  elements o f  A'o o f  the f o r m  cxe  1 . where c E F '  and 

x £ V .

P r o o f  : C erta in ly  T x  C  T x  + ■ Suppose x  E V .  T h en  C x =  x9x w here 0X E kF ' .  Since

Cx £  Z x , 0x e 1 is a unit in U { k F 'e  1 ). Then 9x e 1 E U [ B ), and x e x £  B ,  as x9x ei  £  Z .

On the o th e r hand , suppose t £  F q  satisfies tei  £  B.  T hen , since B  — Z { T x ) ,  we can write 

t e l in the form

t e i - ^  ' Qx (Z-x e\ ,  
rS.Vx

where 0 -£■ a x £  K F '  for x  £  V \ ,  V \  C  V.

If S  is a free abelian  subgroup  of R  for which K  is the  field o f q u o tien ts  o f k S ,  we can find

an element 0  o f k S  for which

ate\  — a a x Cx e 1 ,
r£V 1
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and  a a x £  ArF'[S] for each x  £  "Pi- Also, for x  £  F i ,  Cx ei =  xQx , where 6 r  £  U ( k F ' e i ) .  T hen

atei  =  E a a xxdx ei .
re-Pi

W e  now regard each of these expressions as an  element o f the  g ro u p  ring  k F .  Let y  €  s u p p (a fe i). 

T hen  since a £  k S  and ei £  k F ' .  y  =  set  for some s £  S  an d  c £ f ' .  T hen  set m ust ap p ear in 

the su p p o rt o f Yl^eVt  actTxdr e i . where a x 6 r  £  kF '  for each x .  T h en , since ei £  k F '  also, we 

m ust have

set =  s ' c ' x ,

where s'  E 5, c’ £  F ',  and  x  £  V . T h is  com pletes the p ro o f o f the  lem m a since x  £  V  = >

s ' x  £  V . as s'  £  2 ( F ) .  □

We rem ark th a t if x  £  Fo satisfies (Jxe! tfc. 0 where Cx deno tes the  sum  in ArFo o f the  Fo- 

conjugates o f x ,  then xei  £  T x  + - T his follows from the fact th a t  B  contains the  centre of 

Ao-

We will denote the preim age o f T x  + in F  by F '+ , i.e.

F /+ =  { x  E F  : xei E B ) ,  (4.3)

and  we will denote the im age o f  F ' + in G  by G +. Thus G + is a  subgroup  of Go =  <p(Fo), and

G + con tains G ' .

Fix a transversal T  for T x  in A'o. w ith the property T  =  T S ,  where T  and 5  are transversals 

for T\- in T x + and Tx + in A'o respectively. Now let q i  £  C . VVe can  m ultip ly  oq by a  nonzero 

elem ent a o f K  if necessary, to  o b ta in  a =  a a i  £  kF ,  and  using th e  crossed product s tru c tu re  

o f k F  over k F '  we can w rite a  uniquely in the form

oc =  a ct . 
t e  T

where each a t belongs to k F ' .  O f course C A„(B) = C'Ao( T x ) ,  so let c £  T y . Then

ca  =  a c  =>■ ca tt = a ccc t
te T £6 T

= >  c a t = Qttc t- 1 , ' it  £  T  

= >  c a t t =  a tt c , i t  £  T

T hen  for each t £  T , a t t centralizes A '', so a t t £  C.
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Now B i is a  sim ple ring, and A'o centralizes E  =  Z ( B i ) ,  so con jugation  by any elem ent of 

A'o induces an inner autom orphism  o f B i, by the Noether-Skolem  theorem . T hen for each t E T  

we can choose an elem ent 3t of U { B i) for which 0t t E C'a0 { T x ) =  C.  Also 3t is determ ined 

by t up  to  m ultip lication  by elem ents o f E x . From now on we fix for each t E T  an elem ent 

7 1 o f C  for which 7 t =  0t t, 3t E U ( k F ' e i ) .  We rem ark th a t  since B i  C  kF ' ,  ~(t belongs not 

only to  KFo  bu t to kFo- It is clear from the above discussion th a t  C  is generated over L (over 

K ,  in  fact) by B  =  {~/t }£gx- T h is set is linearly  independent over E  b u t not in general over L.  

However a  certain  subset of B  will constitu te  an L-basis of C .

T h e o r e m  4 .3 .3  Let t E T . Then j t £  L i f  and only i f  t E T x  + ■

P r o o f  ( = > )  Suppose -/t E L.  T hen  7 1 =  3t t.  and 3C E B \ . Since t E A'o =  Foei,  we have 

7 t £  E(kF oe i ) ;  in particu lar ~/t belongs to  the centre of the group ring kFo.  Then

7 f — aj-3j^e [, c/j- E k * 
r e . V

where .1' is som e subset of Fo and Cr denotes the sum in Ao o f the d istin c t Fq -conjugates of 

r ;  Cr e i ^  0 for x  E A'. Then Cx =  bTx  where bx E kF'e i  [bx  is a  sum  of sim ple com m utators), 

and we can  w rite

71 = 'y ~ otxxe 1 ,
r£X

where a x E k F 1. F inally  each x  E .V can be w ritten  as x  = cx tx where cx E T x ,  tr  £  T . T hen

I t  =  3tt  =  a 'x ljr, 
r e x

where a'x  E k F '  for each x.  T hen , since the elem ents of T  are independent over k F ' , we m ust 

have tx =  t for each x  E X .  T hen  x  E T x t , Vx E X ,  and in p a r tic u la r  there exists an elem ent c 

of F '  for which Cct^ i  =£■ 0, whence t E T x + by the rem ark following the  proof of Lem m a 4.3.2.

(<S=) Suppose t E T x  + ■ Then, by Lem m a 4.3.2 t = ex.  where c E T x  and x E fo  satisfies 

dj.fi! fr 0 . Now dx ei =  0x x.  where 0X £ U ( k F ' e  1 ).

Cx e 1 =  6 xc ~ l cx =  Qx c ~ lt,

where 0x c~ 1 E Lt(kF'e  1 ). Then 3t l  £  E * 0 x c ~ l t, since 8 x c ~ l t E L  and  in particular 9x c ~ l t 

centralizes B.  Hence 7 1 =  3t t E L.  □
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Recall th a t  T  =  T S ,  where S  is a transversal for T x  + in A'o, and T  a  tran sv ersa l for T x  in 

T x  + ■ The elem ents o f  B  possess the following im p o rta n t p roperties

L e m m a  4 .3 .3  i) Suppose t i . t o  £  T  and le t t  £ T  represent the coset T x t i t n .  Then y t , y t 2 €  

E *  y t .

ii) Suppose s i ,  sn E S  and let t s  £  T  represent the coset T x S i S o. where t £  7”, s  E S .  Then 

t 7-* 2 S. L> y s .

P r o o f : i)

=  St, I V0t2l-2 =  St t  3t * t\t2 
£ - 1

=  CE  where c £ 7 x -

T hen  &,/?£* cf £  C ,  an d  c e U ( k F ' e i ) ,  an d

/?£l/3££f  c £  = >  P t X V c t  e  E*f3t t

It Fit 2 E E x ~if

ii) By i), y s , y S2 G E x ycs. Also by i). 7 , 7 ,  £  E x y t y s . T hen

7ji7»j e  E x y t y s .

However 1 £  T a '+ = >  7 t 6  L * . hence ySly S2 E L x y , .  □

4.4 The Centre of .4q

T h e field L =  2 (.4 o ) is generated  as a vector space over K E  by {7 t } t eT ,  f°r  suppose A £  L x , 

and  choose a £  K  for which aA £  k F  fl L. T hen aA can be w ritten  uniquely in  the  form

aA =  y ]  At t, 
te  t

where Ac £  k F ' ,  Ac =  0 for all bu t finitely m any t £ 7 ”. T h en  it follows easily from  the  cen tra lity  

of aA in .4o th a t Act £  L for each t , i.e. At =  0 o r t G T x + and  At G E x y t . T h en

A =  a ~ l Xt 'y t .
t€Ti
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where T\  is the subset o f  T  upon which Ac f i  0, a n d  A / =  A£.dt- 1  €  , for < £  71-

N ext we determ ine a  transcendence basis for L  over E.

T x * / T x  is a free abe lian  group, of which (R e i , T x ) / T x  is a  subgroup of finite index (since 

R  has finite index in F ) .  T h en  both  are free ab e lian  groups o f the sam e rank. Since

( R e l l T x ) / T x  S  R e . / R d H T x  =  R / F '  n  R,

th is rank  is r . which is th e  rank  of the finite abe lian  group C / C  and  is equal to the transcendence 

degree o f K  over k.  Now we can find a  basis . . . ,  fr } o f T x +/ T x . for which { ^ l , . . . ,  t l r} is 

a basis o f { R e i , T x ) / T x  - Here f, denotes the coset t { T x  • and  €  T  for i =  1 . . .  r.

T h e o r e m  4 .4 .1  L / E  is a purely transcendental f ie ld  extension with transcendence basis

P r o o f : F irst we show th a t K  is contained in £T(r), the  algebra  generated by T over E.  For

th is it suffices to show th a t  f? (r)  contains R e i ,  since A’ is the  field o f quotients o f  a subring of 

k R .  N ote th a t the to rsion subgroup Re 1 fl T x  o f R e  1 is con tained  in E x .

For i = l . . . r w e  have t j '  £  Re^ T x ,  so tfi =  where s, £  Re  1 , c,- £  T x  - H ere s,- and c,- 

are determ ined  uniquely up  to m ultiplication by e lem ents o f f?ei C\Tx-  Then

( R e i , T \ - ) = {siCi,Tx)i=i. . .r =  (s , ,T x ) i= i . . . r -

T hen  since T x  is finite an d  r  is the rank of the free abe lian  group

R / F '  n  R =  R e i / R e i  n  T x -

( s i . . . . .  s r ) must be a torsion-free com plem ent for Re  1 D T x  in Re-L.

Now for i  =  1 . . . r . it follows from Lem m a4.3.3 th a t  {~(t , )J ' : where 6 i £  LCikF'e  1 =  E.

Hence £  ^ ( r )  for i =  1 . . . r .  ^ ( r )  contains R e i ,  and  E(V)  contains K .  In  fact K E  is 

generated  as an IT-algebra by

r i : = { ( 7 t l )J l  (7 tr )Jr } - (4.4)

Now E / k  is an algebraic  field extension, and  K / k  is purely transcendental o f transcendence 

degree /•. T hen  the transcendence degree of K E / E  is also r , and  so IN is a transcendence basis 

for K E / E .  In particu lar T i is an algebraically in dependen t set over E ,  and so also is T.
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T h a t L — E (D  now follows from Lem m a 4.3.3 and  th e  fact th a t  {7 t } teT  generates L 

as a  vector space over K E .  This com pletes th e  proof of T h eo rem  4.4.1 : L / E  is a purely 

transcenden ta l field extension of transcendence degree r. and  T is a transcendence basis of L j E  

for which L = E ( F). □

4.5 The Division Algebra C

Let B  =  {7 j } j€<s- It is apparen t now th a t B  is an  L-basis for C .  It is im m ediate  from Lemma 

4.3.3 th a t C  =  L[B], since C  =  AT[5], and  ~{t G L whenever t  £  7”. T h a t  B  is independent 

over L follows from  the independence of T  over k F ' e i .  For suppose we have {/,} C L for 

which Y i s e s  ^"(s — 0- M ultiplying by a su itab le  elem ent o f K  if  necessary, we can suppose th a t 

/, £  Z(kF o e i )  for each s  £  S .  Then each /, can be w ritten  in the  form

Is — ^  ' t2(^7c i 
t e r

where a t3 £  E,  and  ats =  0 for all but finitely m any  t. T hen

£ / L  “**7*7. = 0 -
te r

Now 7 t 7 ,  =  a't, t s  for som e a'ts E U ( k F ’e 1 ), by Lem m a 4.3.3, an d  so

bt3ts  - 0

where bts =  a't3 ats £  k F ' e i ■ Then bts =  0 V t,s  since T  is independen t over k F ' e i , and so 

ats — 0 V t , s .  T hen  I, = 0 ,  Vs £  <S, and B  is independent over L.

T h e centre o f C  consists only of L, since .4o =  B C  and  L = Z [ A q) =  Z ( B ) .  Also, 

dim /. (C) =  [A'o : T x + ] since B is an L-basis for C.  T hen  o f course [A'o : T x +] is a square. Now 

Tx"*' < A'o, and  the quo tien t A'o/ T x + is abelian  since T x + 3  T x  D A '', and  finite since T x + 

con tains Z [ A') which has finite index in A', hence in A'0.

For s £  S .  let s deno te  the element s T x + of A'o/ T x  + - T h en  we can find elements s i , . . . ,  Sk

o f 5  for which

A'o/Ta-+ =  ( s i )  x - - - x (s fc),

where s,- has order d in X q / T x  + , dk \ d k - i  ■ ■ ■ \ di  for /' =  1 . .  . k .  Let S i  denote the subset of

N consisting of the elem ents s i , . . . ,  .
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Theorem 4.5.1 C  is a twisted group ring o f  the finite abelian group X q/ T x + over L.

P r o o f  : Let H  denote the subgroup o f C'x generated  by {7 j} je .s , and let H  =  H / H  D L x .

Define a m ap  <t> : X q/ T x + — H  on  <f>i by

= % t .

T hen it follows easily from Lem m a 4.3.3 th a t d> extends to an  isom orphism  of groups.

Now th e  assignm ent
- r  i —r~> -rte  . r» p-> r t
Sil s 2 '  — * 7 ,1 7 ,; ■■■1st

where 0 <  r,- <  d,- for i =  I...A*, defines th e  s tru c tu re  o f  a  tw isted group ring on C ■ It is

im m ediate from  Lem nia 4.3.3 th a t for each choice o f r i ......

- r i - rfc ez r x -
I s 1 < ^ 2  - • - < • » *  6  L  i s [ l

and so C  is generated over L by elem ents of th e  form - - -7 r, t -  T h a t these elem ents are

independent over L  for different choices o f r i ,  - . . ,  r t  is clear, since B  is independent over L.

T hen C  =  L* (A o /7 x  + ), where th e  cocycle /  £  Z~ [ X q/ T x + , L x ) is defined by

r r - r t  - r k -<7! -<7k , _  n  r k q i  q k  ( r k +<jk \  “  I
• / * * 1  '  ’ - S k  I ~  f s i  ■ ■ ■ l s k / j ,  • • • t s k I  Is  i ’  -  -  i s k I

O f course a different choice for will yield a cocycle which differs from /  by a coboundary

in Z 2 ( X q / T x  + , L x ). □

It is well known (see [21]), th a t if a  finite abelian g roup  A  has a central sim ple tw isted  

group a lgebra over a field T ,  then > 1  m ust be a  g roup  of sym m etric  type (i.e. the direct p ro d u c t 

o f two isom orphic abelian groups), and  T  m ust contain a roo t o f unity  o f order equal to  the 

exponent o f A .  For clarity we include a  proof of these facts; in the process we ob tain  a  fairly 

explicit descrip tion  of twisted group rings of th is  type as tenso r products of sym bol algebras. 

This (applied  to  C)  will be useful la te r in de term in ing  possible values o f the Schur index and  

degree o f irreducible projective representations of G  over various fields.

L e m m a  4 .5 .1  Let  A  be a finite abelian group, let IF be a field, and let f  6  Z~(A,  J- x ). Then  

the map

<t> ■. A  y. A T x 

3-6
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defined fo r  a ,b  6 A  by

*-.*) = ̂ \
is an an t isymmetr ic  pairing on A .

P r o o f  : We require to  show for a , b , c  £  A  th a t

d>(ab,c) =  0 (a . c ) 6 (b,c),  or f j ^ c)
f i c .a b )  f ( c , a ) f ( c , b )

T his follows easily  from  the usual cocycle law : if x.  y, z a re  elem ents o f a group G,  an d  

a  6  H 2 (G, A) for any  abelian  group .4, we have

a ( x . y ) a { x y , z )  =  a (x ,  y z )a (y ,  z ) .

Note
f j a b . c )  _  f ( a ,  bc)f(b,  c)
/ ( c .  ab) f ( ca .  b) f (r .  a)

so we need only  show f ( a ,  bc)f{c,  6 ) =  f ( c a , b ) f ( a . c ) .  Since A  is abe lian  we have

f { a ,  bc) f(c .  b) = f {a , c b ) f { c ,b )  = f {a ,c ) f {a c ,b )  — f  {a, c) f{ca ,b ) .

T hen  o  is a pairing; th a t  o  is an tisym m etric  is clear. □

T h e o r e m  4 .5 .2  Let  A  be a finite abelian group o f  exponent d, let F  be a f ield o f  characteristic 

zero, and suppose that the twisted group algebra F ^  A  is a central s imple IF-algebra f o r  some  

f e n 2 [ A , F x ). Then

i) T  contains a root o f  unity o f  order d.

ii) A  is o f  sy m m etr ic  type.

iu I f  A  =  (C'dl x  C,iL) x (C’rfj x C'd2) x • - x (Cdn x C"dn), where d n \ arn _ 1 j • - • | d2 | d t =  d, 

then

where fo r  i =  1 . .  .n , .4,-, Bi £E F *  and f i  is a root o f  uni ty o f  order d{ in F .
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P r o o f  : For x £  A  let x  deno te  the basis element o f F *  A  corresponding to  x . C onsider the

an tisy m m etric  pairing o on A  defined as in Lemma 4.5.1. For a,b  £  A .  4>{a,b) h as o rder in F x 

equal to  the  least com m on m ultip le  o f th e  orders of a and  b in A .  Also the restric tion  o f <j> to 

C  x  C  is triv ia l for any cyclic subgroup  C  o f A .  since

o (x ‘. x-7 ) =  (o{x .  x) ) IJ - 1 . Vx £  A .

T h a t T * A  is a  central sim ple over F  m eans that o is nondegenerate, for suppose for som e 

a £  A  th a t  o ( a . x )  = 1 . Vx £  A .  T hen  / ( a . x )  =  f ( x . a )  Vx £  A .  and  a belongs to  th e  centre of

Now let C i denote the o rthogonal com plem ent of (a^ .b i )  in A .  w ith respect to  <p

O i = { x e A  : p (n i,x )  =  <p(bi, x )  =  1 } .

C erta in ly  Oi  is a group, and  since 6 [a .b ) is a  power o f o ( a i . b i )  for all a.b E A ,  it is easily 

checked th a t  A  = ( a i . b i . O i ) .  Also ( a i . 6 i ) n C i  =  {!} . so A  =  ( a i . 6 L) x C i- Let

C =  CjrfA  6 i )) .

T hen  C is generated as a  vector space over F  by {x : x £  C i} ,  for suppose

r f A .

Now choose an elem ent a i o f order d  in A .  There exists an elem ent o f A  (also o f order 

d ) for which d ( a i , 6 i) has o rd e r d in F * , otherwise som e (a )d w ith d' <  d  would be central in 

F ^ A .  (T his proves i)). F ina lly  ( a i , 6 i) =  C'd x Cd, and

T hen

a t € - 4

T h en  for each i , either sx- =  0 o r

/ ( a t ,  a .) =  / ( « . ' , “ i): and © (a ^ a .)  =  1 .

S im ilarly  for hence a  £  F ( O ) ,  and  by Lem m a 4.3.1

F f A  =  F ( d l ,b l ) ® r  F ( O ) .
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3-{0)  is again a cen tra l sim ple ^ -a lg eb ra , and  we can repeat the argum ent to  com plete the  

p roof

dr, , Bn

where

A  =  (ai )  x (bi) x (n2) x ( h )  x • ■•(«-,) x (bn).

(a ,) x ( 6 ,-) =  Cd, x C ^ , .  □

We have proved th e  following

C o r o l la r y  4 .5 .1  We can f ind a subset

S 0  -  { / ’ !  .  S i ,  7- f c ,  S k  }

o f  S  f o r  which

i) X q/ T x + = ( r i )  x ( s i)  x  . . . ( rk)  x (sk ), 

where =  r,-7x + , s, =  S iT \ -  + .

ii) o rd (7v) =  o rd (s ,)  =  dr, dk \ dk - i  \ --- \ dy.

•"'c=(tx) (If)
where Ri  =  (~r, ) d' 6  i x . •S’, =  (~h,)d' 6  £ x an d  <f, ts a root o /  unity o / order di in E .

Since C  is a cen tral division algebra over L,  each sym bol algebra appearing in iii) above is 

a central division a lgeb ra  over L.  The algebra (  *f'~L )  index d,- and exponent d,- over L.  

T he index of C  itself is

d =  d Ld2 . . .  dk =  y / \ X o / T x  + \. 

and its exponent is d\  =  exp(.Y0/T x  + ).
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4.6 Cyclic Division Algebra Extensions

Now ,4o =  B  Q l C,  where B  S  Mn {D)  for som e d iv is io n  algebra  D. T hen .4o =  M „(A o), where 

Ao =  D  ® l C  is a division algebra, and

ind(.40) =  ind (B )in d (C ) =  in d (fl)^ /[A ' 0  : r A-+].

As before, let

£  =  {Sij  : 1 <  i . j  <  n}

be a  system  o f m atrix  units for B.  (So f  C  B i,  an d  by Theorem  3/2.2 £  is also a  system  of 

m a trix  un its for each of the rings k F ' e i ,  A0. an d  .4.i .)

-4i =  KFi&i  =  Mn (A ), where A  =  CAt (£ ), a n d  is ob tained  from .4o by ad jo in ing  the 

elem ents o f a transversal for A'o in A'. Since A'/A'o is a finite abelian group, we can  find elem ents 

x’i , . .  . x i  o f A' for which

X / A'o =  (I-i) x  - - • x  (xi) ,  

where Jrt- =  x,A'o in A’/A'o. and the order o f x,- is m,-: n>i j m ;_ [ | - • - | m i.

By Lem m a 4/2.2, the conjugation action of A' o n  L induces an isom orphism  betw een A'/A'o 

and  G al[ L / Z ) .  For i — 1 . . . / ,  let denote the au to m o rp h ism  of B defined by

O ,(o) =  x ,z 1 a i j ,  for a  £  B.

O f course <z>,- restric ts to a  Z -au tom orph ism  o f L , which we also denote by < p N o w  £ ° ‘ is 

an o th er system  o f m atrix  units for B , and is th e re fo re  con jugate in B  to  £  (see [6 ], theorem  

2.13). T h en  we can find a unit bXt of B \  for which 6 Xt :=  bXtX{ £  C a J Z )  =  A . Now B  =  Z ( T x ) ,  

and  U {B )  is invariant under the action of A', and  so  for r  >  0 we have (8 x , ) r =  bx ’l  £  A , where 

b £  U (B ) ;  also 0Xi9Xj =  6 x,Xj £  A: again b £  U ( B ) .  It then follows, if H  denotes th e  subgroup 

o f A x generated  by 9Xl   9Xt . th a t

A'/A'o =  H / H  n  A  * .

Also, since .4o D B . is generated as an .4o-m odule by

B = { e tx\ . . . O tJl : 0 <  /,- <  m t-} .

Also, since B  C  A x , A is generated by fi as a  m o d u le  over Ao.
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C onsider the a lg eb ra  A i :=  A 0 (9Xl). Since 9Xl = bXlx i and  bXl G U{B),  bXl centralizes 

L and conjugation by 9Xl induces the Z -au tom orph ism  6 \ o f L.  Let L\  denote the fixed field 

o f <t>i- Then, since L j Z  is a  Galois extension w ith G alois g roup A’/.Yo, L /L i is a  cyclic field 

extension of degree m i ,  w ith  Galois group (<?i). Hence A t is a  generalized cyclic extension (see 

[8 ]) o f Ao, and A  i i s a c e n t r a l  division algebra  over L \ . S im ilarlv A o  :=  A i(0 X2) is a generalized 

cyclic algebra over A i . etc: we can build A  up from  Ao by a  series o f cyclic algebra extensions.

Now ,4i =  M „(A ). F inally, since A  =  i l / , ( .4 i) ,  s =  [F  : C f ( e i) ] .  we have .4 =  M 3 „ (A ); .4 

is a  central sim ple Z -a lgeb ra  o f degree sn  in d (A ).

T h e o r e m  4 .6 .1  The Sch ur  Index o f  A  divides the order o f  G.

P r o o f  : .4 =  M , n (A ) an d  ind(.4) =  in d (A ). C ertain ly  ind(A ) =  [.Y : .Y0] ind(.40), and

ind(.4) =  [X : Xo]yJ[X 0 : T x +} ind (B ) .

Now let G i. Go and  G + denote the im ages o f F\, Fq and F ' + respectively in G. N ote th a t

G" C G + C Go C G'l- Also, since Rei  C Tx ~r C  A'o C A 'l, we have

[A' : A'o] =  [C, : Go] an d  [A' 0  : Tx +] =  [Go : G +].

T h en  [A' : A'0 ]^/[A'o : Tx +] divides [G : G+]. Furtherm ore, in d (5 )  divides | G'  |. To see this,

let 9 denote the irreducible Ar-character o f F '  determ ined by the  com ponent k F ' t i  o f k F ' , and  

let \  be an absolutely  irreducible character o f F'  appearing  in 9. T hen  ind(S ) =  m k ( x ) ,  the  

Schur Index of \  over k.  and so ind(S ) divides the degree y ( l)  o f \ .  Now \;(1 ) divides [F'  : .4], 

where .4 is any abe lian  norm al subgroup o f  F ' . In p articu la r then , since F'  C\ R  =. M [G )  is 

cen tral in F ' , we can  conclude th a t in d (S ) divides [F ' : F ' f l f l ]  = | G' |. Then ind(.4) divides 

|G| since [A' : A'oJy^A'o : T x +] divides [G : G’+], and  G+ D G ' . □
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Chapter 5

Irreducible Projective 

/^-Representations of G

In th is chap ter we consider the  finite dimensional sim ple A--algebras which arise as images o f the  

group ring k F  under A-linear extensions of lifts to  F  o f irreducible projective Ar-representations 

of G.  Much of the s tru c tu re  o f the sim ple com ponents o f  the  com pletely  reducible ring K F ,  

as described in C hapter 4, is reproduced in these algebras. T h is is not really surprising, for let 

A be a  sim ple com ponent o f K F .  T hen A is isom orphic to  a  ring o f m atrices over its sim ple 

subring  A i, and by R elation  3.1, k F  contains a system  o f m a trix  un its  for this extension o f 

rings. Furtherm ore, by th e  discussion in section 4.6. A t is ob ta ined  from its subring Ao by a 

series o f generalized cyclic extensions, each of which en ta ils  the  ad junction  of an element o f k F .  

The algebra Ao is the tensor product over its centre L o f the  central sim ple L-algebras B  and  

C:  here C  is a division algebra  which by Corollary 4.5.1 can be w ritten  as a  tensor product o f 

svm bol algebras of the form

where -/P, £  kF ,  and Q  is a  dth root of unity in Z ( k F ' ) .  T he £ -a lgeb ra  B  is generated

over A by a  subring of k F ' , and  L itself is a purely transcenden tal field extension of a field 

E  C Z ( k F ' )  generated over E  by a transcendence basis contained  in k F  (Theorem  4.4.1). T h e  

central point here is th a t A can be described largely in te rm s o f the  behaviour o f various elem ents 

of k F .  M any of the properties o f these elements (not including algebraic independence over k  o f

4*2
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course) survive under finite dim ensional ^-representations o f kF ,  leading to  a useful resem blance 

between the sim ple com ponents o f K F  described in C h ap te r 4 and the finite dim ensional s im p le  

im ages o f k F .

5.1 Ordinary A ; - Characters of F'

Let I r r t ( F ')  denote the set o f irreducible (ordinary) A-characters o f F ' . T here is a  n a tu ra l  

bijective correspondence between I r r t ( F ')  and  the set /  of prim itive cen tral idem potents o f  the 

group  ring k F '  : for each 0{ 6  Irrfc(F '), let /?,• be an irreducible representation of k F '  affo rd ing  

th e  character (?,- on F ' . and  let e£- be the (unique) prim itive central idem potent o f k F '  w h ich  is 

no t ann ih ilated  by R,-.

T here is a well known relationsh ip  between the coefficients from k appearing  in the  e lem en ts  

o f  I ,  and  the values assum ed by the characters in I r rk (F ') .  We give a  brief descrip tion o f th is 

re la tionsh ip  below: for the deta ils  see Section 14.1 o f [14].

T hroughout the following let k  be a finite field extension of k  which is a sp littin g  field 

for F ' . We can assum e th a t k  is a cyclotom ic extension of k. hence Galois. Let th e  s e t  o f 

p rim itive central idem potents o f kF '  be 7 =  { / i . . . . ,  f t ) . Then 7 is in bijective correspondence 

w ith  the set I r r(F ')  of absolutely  irreducible characters of F'  (all o f which are afforded by 

^-representations). For i =  1 . . . / ,  let y,- £  Ir r(F ')  denote the charac ter of th a t irreducib le  

representa tion  of k F '  which does not ann ih ilate  /,-. T hen the coefficients appearing  in /,- are 

re la ted  to the values assum ed by according to the following form ula :-

(5 .1)
J T g C  1 '

where C is a set of representatives for the conjugacy classes of F ' , and  for x  £  F ' , x  d en o tes  

th e  sum  in k F '  of the d istin c t F '-con juga tes of x.

Now the Galois group Q of k  over k  acts on k F '  by

\ i =  1 /  l=L

for a t . . .  . . a r 6  k, X i  x r €  F ' . and cr 6  (/. Every elem ent o f the subring k F '  o f k F '  is  of

course fixed by this action, and  every prim itive central idem potent of k F '  is the sum  in k F  of

th e  d istinc t t7-conjugates o f som e /,• 6  I.
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W e also  have an action of Q on I r r (F ')  defined for x  E F ' .  x  £  I r r (F ') ,  and  cr E G  by

X*(*) = ( * ( * ) ) ' .

T h e  su m  o f the d istinct (/-conjugates o f y E Ir r(F ')  is an irreducib le  A-character o f F ' ,  and 

every e lem ent o f I r r ^ F ')  is such a  su m  o f absolu tely  irreducible charac ters. Let f \  E I  be the 

p rim itiv e  cen tra l idem potent of k F '  co rrespond ing  to E I r r ( F ') .  T h en  it follows from  5.1 

th a t / CT E /  corresponds to  \ f  E I r r (F ') .  for cr E Q. Consequently, if ei E /  is the su m  o f  the 

d is tin c t ^ -co n ju g ates o f f \ . and 9\ E Irr i-(F ')  is the sum of th e  d is tin c t (/-conjugates o f  \ i ,  we 

have

«. =  £  u - ) - .  ( - 2 )
l :£ C  1 1

w here C an d  x  are defined as in 5.1.

In  th is  s itu a tio n  we have the following resu lt concerning th e  cen tre  o f the sim ple A-algebra 

B i  — k F ' e \ .

T h e o r e m  5 .1 .1  I f  9\ is an irreducible k-character  o f  F '  corresponding to the primi tive central  

idempotent  e t o f  k F ' . and \ i  Is an absolutely irreducible consti tuent o f  9\ ,  then Z { k F ' e  i) is 

i somorphic  to the field A*(\i) obtained by adjoining to k all values assumed by on F ' .

P r o o f  Suppose f i  is the prim itive cen tra l idem poten t of k F '  corresponding  to T h en  the 

p ro jec tio n  <j> o f the sim ple ring k F ' e i  on  k F ' e i f i  =  A F '/i  C k F ' f i  restric ts to an em bedding  

o f th e  cen tre . T his centre is generated over k  by elem ents o f th e  form  i e ^ ,  where i  is th e  sum  

in k F '  o f the  d istinc t F '-conjugates o f  x  E F '.  T h e  formula

which is re la ted  to 5.1. expresses ir as a  A-linear com bination o f  p rim itive  central idem poten ts 

of k F ' , w ith  coefficients involving abso lu tely  irreducible charac te r values o f F '  (see Section 14.1 

of [14]). T h en  <j>(x) has the form a \ i ( x ) f i ,  where a E k x . T h is  com pletes the proof since the 

field Z ( k F ' e i )  =  Z ( k F ' ) e i is isom orphic to  its im age under d.  □

Now for e,- E / ,  let 0,- denote the irreducib le  A-character of F '  corresponding to e,-. W e have 

an ac tio n  o f  F  on the set of A-characters o f F'  defined for x  E F ',  y  E F , and a charac ter 9 by

9y (x)  =  9 { y x y ~ l ).
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T h is  ac tion  restric ts to  an action o f F  on Irrfc(F '), under which Of =  Oj if and only if ef =  ej .

O f course F  also ac ts on I  by conjugation and , as m entioned  in C h ap te r 3, the p rim itive central

id em p o ten ts  o f k F  are the sums in k F  o f the F -o rb its  o f elem ents o f I .  If ei £  I , let T  be a

r ig h t transversa l in F  for C p (e i) . T h en  e =  £  ey is a p rim itive cen tra l idem potent of k F ,
yeT

and

y € T  r € C  

yeTxec  v 1 1

= £ £ i
x € C y £ T  1 1

As x  runs th rough  the set C o f representatives for the conjugacv classes of F ‘. so also does 

x y , and so vve have

« =  ( 5 -4 >
x € C  y £ T  ' 1

=  ^  [ F r C H e O U F ' l ^  (5 '0)

w here 6  =  is a  ^-character o f F'  which is invarian t under the action  o f F  and irreducible

yeTw ith  respect to this property. Thus we ob ta in  a  bijective correspondence between the  set I  o f 

p rim itive  cen tral idem potents of k F  and  the set o f irreducible F -in v arian t ^-characters of F ' .

For e £  I ,  it is clear that Z ( k F e )  n  k F '  is a  field, since it is contained  in the field Z  =  

Z ( K F e ) ;  in fact Z {kF e ) C \k F '  is isom orphic to  a  p a r ticu la r charac te r field for F ' . T h e  following 

resu lt can be established by an argum ent sim ilar to  th e  one given in the proof of T heorem  5.1.1 

where the prim itive central idem potent f i  of k F '  is replaced essentially by the  sum o f its d istinc t 

F -co n ju g ates  - by a prim itive central idem potent /  o f k F  for which e f  =  / .  where k  is as before 

a  G alois extension o f k  which is a sp litting  field for F ' .

T h e o r e m  5 .1 .2  / /  8  is the irreducible F- invariant  character o f  F '  corresponding to e £  I .  let 

X be the sum in I r r (F ')  o f  the distinct F-conjugates o f  some absolutely irreducible character x i  

o f  F '  which is a consti tuent o f  9. Then Z ( k F e )  f~l k F '  is isomorphic to k ( x ) ,  the field obtained 

f r o m  k  by adjoining all values assumed by \  on F ' . □
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Finally, in the situation  where e\ E I  corresponds to  the character 8 1 E Irrfc(F '), we rem ark 

th a t  the inertia  subgroup (i.e. the stabilizer) o f  6 1  in F  is precisely th e  centralizer Fi o f e i, 

which certain ly  has finite index in F.  The following version of C lifford’s theorem  ([1]) then 

asserts th a t every finite dim ensional irreducible k- representation R  o f  F ,  for which 9i is a 

co n stitu en t o f the charac ter o f F |.F 'r is induced from  an irreducible ^ -representation  of F i.

T h e o r e m  5 .1 .3  Let r  be the character o f  a f ini te  dimensional irreducible k-representation of  

F.  and let 8  E Irrfc(F') be an irreducible consti tuent o f  the k-character R e s p .r  o f  F ' . Then

r  =  I n d ^ Q .

where 0  is an irreducible k-character o f  the inert ia group Fi o f  9 in F.  whose restriction to F '  

is an integer multiple o f  9. □

For a  proof of Theorem  5.1.3 see [2], C hap ters 49-50.

5.2 Lifting of Projective Representations

Let T  : G  — > G L ( d , k) be an  irreducible projective representation of G  over k,  and let (R , F . 6 ) 

be a  generic central extension for G.  By T heorem  2.2. L we can find an  o rd inary  irreducible 

representation  T  : F  — > G L ( d . k ) .  for which the following diagram  com m utes :-

F    GL{d. k)

o -
' \

G  ^  GL(d,  k) — ^  PGL[d.  k)

Here — is the usual projection o f G L (d , k )  on P G L { d .  k),  so tt o  T  : G  — > P G L ( d , k )  is a 

hom om orphism  of groups.

O f course T  extends by l--linearity to a ring hom om orphism  of k F  in to  Mrf(l-), which we also 

deno te  by T .  T h e  subring .4r  of M n [k) generated as an algebra over k  e ith er by {T{g),g E G}  

o r by {F (x), x E F}  is sim ple; it is isomorphic as a  Ar-algebra to some sim ple com ponent o f the 

tw isted  group ring k^G,  if /  G Z~(G,  k x ) is the cocycle associated to T .  T hus T  annihilates all 

b u t one of the prim itive central idem potents of k F  and A T = T ( k F e T ) ,  for som e ex G I -  To 

ju s tify  this no tation  we need the following lem m a.
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Lemma 5.2.1 ex depends only on T  and not on the choice o f  lift T.

P r o o f  : Suppose T  and  T '  are lifts o f  T  to  F . T hen  the m a p  4> : F  — > k*  defined for x  £  F  

by

ib{x) = f { x ) T ' { x - 1) 

is a  group hom om orphism , for let x,  y  £  F . T h en

ib(xy) =  f { x y ) T ' ( x y ~ l )

=  T ( x ) f { y ) f ( y - l ) f ' ( . r - 1)

=  f { x ) f ' ( x - l ) f { y ) f ( y - 1)

=  M * M y )

Since i1? is a hom om orphism  from F  in to  the  abe lian  group k * , ij\F'  is triv ial. T h en  T  an d  T ’ 

have the  sam e restric tion  to  F ' , which con tains th e  support o f  every central id em p o ten t o f k F .  

It then  follows th a t  T  and T ' determ ine th e  sam e prim itive id em p o ten t of k F .  □

We say th a t th e  irreducible projective ^-represen tation  T  o f  G belongs to th e  com ponen t 

k F e x  o f k F  (or to  the idem poten t ex ) if T (e-r )  =  1 in Mn (k)  for any lift T  o f T  to F .

If a study o f th e  group ring k F  and  its  com ponents is to  be successful in de term in in g  

inform ation  ab o u t the projective rep resen ta tions of G over k ,  we m ight a t  least hope th a t 

(projectively) equivalent irreducible rep resen ta tions of G should  belong to the  sam e com ponen t 

of k F .  It is easily checked th a t this is indeed th e  case.

L e m m a  5 .2 .2  Let  7 j and T-> be projectively equivalent irreducible projective representations o f  

G over k, o f  degree d. Then  Tj and  To belong to the same component  o f  k F .

P ro o f :  For som e A  £  GL{d, k)  and for som e function p : G  — t k*  , we have

T 2{g) =  p { g ) A ~ l T l {g)A , 1g £  G.

Define Tl, : G — > GL{d ,  k) for g £  G  by

[g) =  p{g)Ti{g).

T hen  Ti  is an o th er projective ^-rep resen ta tion  o f  G,  equivalent to both  Ti  and  To. Let To : 

F  — >• G L ( d , k)  be a  lift o f To to  F,  and  for x  £  F  define

To (a:) =  .4To(a:).4_ l . 
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T h en  TZ is a  lift of TZ to F .  C learly  X> and  TZ are linearly equivalent o rd in ary  represen ta tions 

o f F .  and their restrictions to  F '  are linearly  eq u iv a len t Then T-> and TZ determ in e  the sam e 

com ponent o f kF .  Finally, since TZ(g) = ^{ g )T i (g )  for all g £  G.  any lift o f TZ to F  is also 

a  lift o f T j .  In particu lar if Tj is a  lift o f Tj to  F,  then Ti|f» =  TZ\f ‘ by L em m a 5.2.1. T h is 

com pletes the  proof. □

From  now on vve fix a  p rim itive  central idem poten t e of k F .  an  irreducible projective k-  

represen ta tion  T  of G  of degree d  belonging to  e, and  a  lift T  of T  to  F . T h e  sim p le  Ar-subalgebra 

o f M d [ k ) generated by the im age o f G  under T  will be denoted by A T .

If  e is no t prim itive as a  cen tra l idem poten t o f k F ' ,  let ei £  /  satisfy  eei =  ej.. By T heorem

5.1.3, T  is induced from an  irreducible represen ta tion  T\  of Fi =  C f ( c i )  o f  degree d i =  d / s  

(w here s — [F  : F \]). T he im age .4^ of k F e i  under Xi is a sim ple k -subalgebra o f M dl [k).

T h u s we m ay confine o u r a tten tio n  to  th e  subring  .4* =  Ariqei o f A k =  k F e  and its sim ple 

im ages. If K  is the usual transcenden tal extension o f k.  defined as the field o f quo tien ts o f a  

cen tral subring  of k F .  our knowledge from C h ap te r 4 of the sim ple A '-algebra ^4i =  K F \ e i  will 

lead to  som e conclusions concern ing  possible values o f the Schur index and degree of irreducible 

projective representations o f  G  over k.  a t least in term s of the  corresponding  invariants for 

irreducible linear represen ta tions o f F' .

In the following discussion involving th e  rings .4* and .4j, we use m uch o f the n o ta tio n  

estab lished  in C hapter 4, som e o f which we recall here for convenience. T hus B i  =  k F ' e i ,  E  =  

Z [ B i ) ,  and Fq = C p (E ) ;  .4o denotes the sim ple A '-algebra K F o e i ,  and .4q th e  subring  k F $ e i 

o f A k . T he centre of .4o is d en o ted  L. L = Z E  where Z  is the centre of .4 i. an d  .4o is the tensor 

p roduct over L of B  =  Z { F ' ) e i  and  the division algebra C = C a 0{B).  We define £ j  to be the  

field E  n  Z .

W e will denote by .4^ an d  A q respectively the  im ages of k F ie i  and kFoei  under T\ .  So .4^ 

is a  t-su b a lg eb ra  of .4 ĵ .
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5.3 The Simple k-Algebra A f

Let T* denote the restriction o f 7 \ to  the  subgroup  F ' + o f Fq determ ined  by e i as in 4.3. 

T hen  T^  m ay not be irreducible, but it is certain ly  com pletely reducible since it is a  lift o f a 

projective ^-representation o f G + . Let .4? denote th e  Ar-subalgebra o f A f  generated  over k  by 

the im age of F ,+ under Tb . O f course T\ (hence Te ) restric ts to  an  em bedding o f the  sim ple 

ring Bi  in A f  (or AT).  We let B f  denote the im age of B \  in A f . and by abuse o f  no tation  

we identify th e  fields E  and E \  w ith their im ages under T\ .  It is im m ediate  from L em m a 4.2.2 

and  the injectivity  of jTlIjs th a t the conjugation action  o f F f  :=  T i ( F i )  on E  in A f  induces an 

isom orphism  o f F f  f  F f  and G a l(E /E i)  (where F f  =  l \ (F o ) ) .

T he purpose of the next series o f results is to  describe the  centre o f the  com pletely reducible 

algebra A f  as the tensor product over £ \  of the fields E  =  Z [ B f )  and Z T =  3 ( A f ) .  Som e of 

the  m ethods used are suggested by argum ents appearing  in [9].

L e m m a  5 .3 .1  Z T C A f .

P r o o f : F irst we show th a t  the im age in A f  o f any transversal for Fq in Fi  is right independent 

over A f . If not. let irt be the least positive integer for which there  exists a transversal r  =  

{ a r i , . . . .x j}  for Fq in F\. such th a t for som e nonzero elem ents ori a m of .4 f  we have

o i x f  4------- (- ctm x f m =  0 in A f . (5.6)

Here x j  denotes the image under 7 \ of x j  €  ” . We m ay assum e th a t x , t =  1 , since t '  =

1. . . . ,  xi x ^  } is again a  transversal for F q in E [. and

a t  + a 2 ( r f j _ 1  +  b a m x j m ( x f  ) _ 1  =  0 .

Since the E \-autom orphism s of E  defined as conjugation  by the elem ents x f  x f  generate

the  full Galois group of E  over E\ ,  we can find an  elem ent a o f £  which does not com m ute 

w ith all o f x f , . . . ,  x j ^ . T hen

aa,. +  a a n x f  4  i- a a m x f m — 0 (5.7)

a o i  4- no-sf 4- - - • 4- aa'm xTf  =  0, (5.8)

where for j  =  2 . .  .m , a'- =  a j x f  a ( x j ) ~ l G A f . Since a'- ^  a j  for a t least one j , su b trac tin g  

5.8 from 5.7 leads to a contradiction  to the m in im ality  of m. T his proves th e  right independence 

over A f  o f the image of r .
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T h at Z r  C  A f  is then an im m ediate consequence o f the  rem ark preceding the  statem ent o f

Lem m a 5.3.1 : every elem ent x  o f A j  can be w ritten  in the  form

x  =  ^ a i x j ,
1 =  1

for some a i , . . . .  ai  in .4q\ Since the autom orphism s o f E  defined by con ju g atio n  by x f ,  . . . , x j

generate th e  Galois group o f E  over £ j ,  x  centralizes E  if and only if a,- =  0 for all those i for

which ar,- ^  F q . □

L e m m a  5 .3 .2  Z ( A f ) C  A f

P r o o f  : We begin as w ith Lem m a 5.3. L by showing th a t the im age in .4 o' o f any transversal

for F ' + in F q is right independent over A f .  If no t. again let m  be m in im al for which there 

exists such a  transversal 5  w ith the property th a t for som e nonzero elem ents a i , . . . ,  a m of A f ,

<*iy f  4 l a m ! ifm =  0  in A f .  (5.9)

Here y f  denotes the im age under T\ of y,y £  <5'.

Let So =  { r i . s i  rk .Sk}  be as in C orollary 4.5.1. We recall th a t

Fa/ F ' + S  ( f x) x ( s x) x • • ■ x (rk ) x (sfc),

and (f,) =  (s,-) =  Cd,■ Also, if the units -/ri and  ~(St a re  defined as in Section  4.3, then [7 r , , 7 j,] 

is a djth root o f un ity  in E,  and  7 r , and 7 , ,  com m ute w ith those ~>r an d  ~/S} for which j  ^  i. 

Furtherm ore these co m m u ta to r relations survive in .4^  since 7 \ em beds E  in A f .

It follows front Lem m a 4.3.3 and Corollary 4.5.1 th a t each y,- £  ^  can  be w ritten  in the form

Hi = * ( 7 r l ) ^ (i,(7 , j '* * (,' ) -■ ■ (7 r j 'r‘' (ii( 7 - j , *‘ (,' ) . (5.10)

where <i,- is an invertible elem ent o f kFoei  (<),• is the product of an elem ent o f the group F ' + 

and a unit o f B i ) .  T hus the  expression 5.9 m ay be w ritten  in the form

m
5 3 a ' - o £ = 0 ,  (5-11)
j = 1

where o'- =  QjS{j £  kFo and
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As usual ~(Jt and  - f j  denote respectively th e  images of 7 r , an d  ~/St under 7 \ .

T h ere  is no loss of generality in assum ing  th a t  for som e / e ith e r ~fr< o r ~f3t ap p ears  in some 

but no t all o f the cr^ in 5.9. C ertain ly  m  > 2 and so som e -T  (or 7 ^  - say  7 ^ )  ap p ears  w ith 

different exponents in two different <rf. T h en  we may e lim in a te  7 Jt from  som e, b u t no t all, of 

the oT by m u ltip ly ing  the expression 5.11 on the right by a su itab le  power o f ~-Jc. W h a t we 

obtain  s till has the general form o f 5.9 for some  transversal for F ' + in Fq, since ( i r ,  Y  is the 

product o f 7 jT w ith a unit from B j .

Now som e bu t not all of the a j  com m ute  w ith the u n it o f .-lT. For each a j  we have• j  • & ( u  l j

hT.rWtf,
Here £ is a  ro o t o f unity  in E,  which is equal to  1 for som e b u t no t all i j .  T hen  com paring  

the expression 5.11 to its conjugate by 7 will (as in th e  p roo f o f L em m a 5.3.1) lead to a 

con trad iction  to  the choice of m.  T h is establishes the right independence over AT o f  th e  im age 

under 7 \  o f a  transversal for F ' + in F q .

Finally  A j' is generated as a  right m odule over AT  by th e  im age o f any such transversal. 

T he resu lt th en  follows from the co m m u ta to r relations am ong  the  elem ents and  7 ^ ,  since 

any cen tra l elem ent of Ag m ust centralize every 7 ^  and . □

We will m ake further use of Lem m a 5.3.'2 and  its proof shortly , in a  discussion of th e  s tru c tu re  

of the sim p le  com ponents of AT.  F irst however we investigate th e  Z ^-d im ension  o f A T.

L e m m a  5 .3 .3  The dimension over  E i  o /A T  is equal to d in i£ 7  ( Z T ) d im ^  (B D-

P r o o f  : It follows from the original defin ition  of th a t  A j  is generated  over Z T  by B f :

hence d im e J A g )  <  d im ^  (Z r ) d i rn ^  ( B f ) .

T he sim ple ring B\  is a ring c f  n x  n m atrices over a cen tra l £ -d iv ision  algebra D 1 , an d  if £  

is a system  o f n~ m a trix  units in By,  th en  it is easily checked th a t  the im age £ T  o f £  under the 

k-linear ex tension  o f T\  to kF\e  1 is again  a set of n-  d is tin c t e lem ents satisfying the  identities 

of m a trix  un its . T hus

A% =  M n ( c a t (£ t ))  ;

(see [14], L em m a 6 .1.5).
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C ertain ly  C a t (£ t ) con ta ins D f  =  T i ( D i )  an d  Z T . Let B  be a  basis for Z T over E i  in  .4^ . 

We now show th a t  B  is rig h t independen t over D f . Suppose not. and  let m  be m inim al for 

which we can find elem ents 6 , - , , . . . .  6 lm in B  and  nonzero a i . . . . ,  a m in D f  such th a t

m

J 2  a J b<> =  °- (5 -12)

Since D f  is a division algebra, we m ay m ultip ly  5.12 on the  left by ( a i )  1 - thus there is no 

loss o f generality in assum ing th a t  =  1 . Since B  is linearly  independent over E \ ,  not all o f 

the ctj belong to £ j .  If no t all o f them  belong to  E.  we can find an elem ent d?  o f D f  which 

com m utes with q i  but not w ith  all o f q t ,  - - -, a nl. T hen

+  • ■ ■ +  ctmbim =  0  

b{l +  (dT ) ~ l a 2dT bi:! --------h (dT ) ~ l a m dT bim =  0

m

T h u s a jbi, =  0, where q'- =  a j  — (dT ) ~ l a j d T . T his contrad icts the choice o f m  since each 
j=-

a'j belongs to D j  bu t not all o f them  are  equal to  zero.

In the case where every a j  belongs to  E,  we m ay apply  the sam e argum ent, bu t using 

a  su itab ly  chosen elem ent x T  o f Fy in th e  place of d T . C ertainly E  =  Z ( D j )  is stabilized 

under conjugation by elem ents o f , an d  the fact th a t  the  au tom orphism s defined by such 

conjugations generate all o f G a l( £ '/£ ,1) g uaran tees the existence of a  su itab le  x T .

T hus B  is right independent over , and  the dim ension over £ j  o f C a t {£ t ) is a t least 

equal to  d im e 1{ D J ) [ Z t  : E{\ .  T hen

dim £:l (4.T) >  nr  d im £l ( D j ) [Z T : jETl] =  d im e , (S f ) d im e , [Z T ).

T his com pletes the proof. □

T h e following corollary is an im m edia te  consequence o f Lem m a 5.3.3 (see [16], Proposition  

9.2c).

C o r o l la r y  5 .3 .1  .4^ is the tensor  product over E i  o f  Z T and B f .  □

In  particu lar then, the cen tre  o f  .4 j  is isom orphic to  the  tensor p roduct over E \  of Z T and  

E , which is a direct sum  o f field com posita  o f E  and  Z T . T hus 4.^ is sim ple if and  only if E  and  

Z T a re  linearly disjo int. O therw ise ) is a  d irect sum  o f isom orphic fields, and its centrally
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prim itive idem poten ts are conjugate under the action o f G a l(£ ’/ £ ’i). Hence the com ponents of 

Z ( A 7 ) are all centralized by F 7  and are perm uted  tran sitiv e ly  by F 7 . The tran sitiv ity  o f this 

action  of course follows from the isom orphism  F 7  f  F 7 =  G a l( £ '/£ ’1).

Let .4+ be a  sim ple com ponent o f A 7  and  let T+ be the irreducible representation of F ' + (or 

k F ' +) defined as the  com position of TL w ith  the pro jection  o f A 7  on .4+. T hen  by C liffo rds 

theorem

7 \  =  I n d f i  ( f I +)  .

where [+ is th e  inertia  subgroup of T+ in Fi and T t+ is an  irreducible representation o f I + 

whose restric tion  to  F ' + is a  sum  o f irreducible constituen ts  each equivalent to  T+. F rom  the 

fact th a t F q centralizes E,  and  hence every prim itive cen tra l idem poten t of .4^, it follows th a t 

I +  2  F q .

Before investigating the irreducible representation T ,+ , we digress briefly to consider the 

field Z 7  and  how it arises as a  finite extension of k.  By Lem m as 5.3.1 and 5.3.2. the algebras 

.4q and A 7  have the  sam e centre E Z T  : from the p roo f o f Lem m a 5.3.1 we know th a t .4^ 

is ob ta ined  from  .4T by the ad junction  o f elem ents which are centralized by A 7  bu t do not 

centralize each o th er. It follows from Lem m a 5.3.3 th a t th e  T i-im age GT of any £4-basis for 

B i  is right independent over Z 7 ; a dim ension count ensures th a t  if B'  is an f?-basis for B i, 

then  the im age of B'  under Ti  is independent over E Z 7 =  Z { A 7 ). Recall from the rem arks 

following T heorem  4.3.1 th a t

d im ^(B ) =  d im e (B i) ,

where B  and L are defined as in Section 4.3; i.e. K  is the purely  transcendental extension o f k  

o f Section 3.1, B  is the sim ple ring generated  over Z  =  3 ( K F i e i )  by F ' , and L =  Z ( B )  =  Z E .  

I t  follows th a t any is-basis for B \  is an  L-basis for B  and  hence a  basis for k F ' +e\ as a  right 

m odule over its  centre. We conclude th a t Z T E  is precisely the  im age under T\  of the  centre 

L n k F a e i  of kFoey.  By analogy with the no ta tion  o f C h ap te r 4, we will denote this algebra by 

L T . Recall from  Theorem  4.4.1 th a t Z (kF o e i )  is generated  as an  iF-algebra by

r =  {7 r, l t r] c  -4q .

where ~/t , has the  form yti =  for som e t,- £  F ' +e i and  (3t, ElU ( B \ ) .  Thus LT is generated  

as an  £ ’-a lgebra by TT :=  T i ( r ) .

Now let L^  be the  centre o f A 7 : then  L7  is the im age o f L T under the projection o f .4^ 

on A 7 , and  is o f  course a  field com positum  of Z T and E.
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We have from  4.4 a  sequence j \ . j r o f  positive integers for w hich

r ‘ =

is a  transcendence basis for K E / E , and  K E  =  F ( r : ) .  Moreover, fo r each i, =  s , a tt , where 

Sj G Re i, a t , E E x . and  ( s i , . . .  , s r ) is a  torsion-free com plem ent fo r  ( F '  fl R ) e \  in H ei. In fact 

K E  =  E ( s i , . . s r) and { s i , . . . .  s r } is an o th er transcendence basis  for K E  over E.

Since S{ £  Rei  for i =  1 . . . / - .  and  T  is a lift to  F  of a p ro jec tive  ^-representation o f G,  

we have T+(si) £  k x for each i. Let T+ (s,) =  s f  £  k x : since { s i , . . . , s r } is an algebraically 

independent set over E.  we are free to  choose each s j  £  k x com pletely  arb itra rily . T his am ounts 

to a  choice of g roup hom om orphism  T \ r  ■ R  — r k x . We will see la te r  th a t  the  choice o f T [ r  

does not fully determ ine the irreducible projective represen ta tion  T  o f G,  b u t th a t it does 

determ ine (up to  a coboundary) th e  cocycle in Z2( G , k x ) assoc ia ted  to  T .  Furtherm ore it is 

the choice of { s f i . . . r which determ ines th e  field L ^ . which is a  finite field extension o f E, 

obtained  by adjo in ing  for i =  I . . .  r  a roo t o f a  polynom ial o f th e  form

Pi (X)  =  X J' -  a t ts j  £  E[X}.

T his m ay not necessarily determ ine L+ up to  isom orphism : for a  given i, adjoining roots of 

different irreducible factors ofp,-(.Y) in EfA'] m ay no t lead to the sam e  field extension. However 

we can say th a t the degree o f the field extension L^_/ E  is a t m ost equal to

j \  .. . j r =  [F ,+ : H F '] =  [G’+ : C ]  . (5.13)

It is easily seen th a t the action  o f / + on (v ia  its im age u n d er T,+ ) has kernel Fo and  

leads to the isom orphism  f +/ Fo =  Ga. l (L+/Z£) .

T he restriction T0+ to  F q of the  irreducible representation T r+ is also irreducible : th is 

follows from the  fact th a t the com pletely  reducible algebras .4^ a n d  _4T have the same centre 

and therefore have the  sam e set o f cen trally  prim itive idem potents. Let ,4^+ denote tha t sim ple 

com ponent of Xq which contains as a  cen tra l sim ple su b alg eb ra . T h e  role o f A^+ in the 

following description o f the s tru c tu re  o f A j  is s im ilar to th a t o f Ao in th e  descrip tion of Ai in 

C hap ter 4.

In fact the s tru c tu re  of A^+ as an  extension o f A ^ is fairly easily  discerned in the light of 

Lem m a o.3.‘2 and  the results o f Section 4.5. T he projection o f AT on A ^ certa in ly  restricts to
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an em bedding  o f E .  and  the  argum ent given in the  p ro o f o f Lem m a 5.3.2 can be reproduced 

to  show th a t th e  im age under T 0+ of any  transversal for F ' + in Fo is right independent over 

.4+. Let C l  d en o te  the  im age under Ta+ of the su b a lg eb ra  o f A* F ie i generated  over F (T ) by 

the  elem ents ~/r i , ~(3 l , - - • , 7 r * , ~/sk  of Corollary 4.5.1 an d  Lem m a 5.3.2.

In .4o th e  algebra  C  generated  over L by {7 r i , ~(S l. .  - . ,  ~<Tk, 7 »t } is precisely equal to the 

centralizer o f  F '  in .4(), and  by C orollary 4.5.1 it decom poses as a tensor p ro d u c t o f symbol 

algebras

where:-

i) Each {~r ,)d' and  {~/s , ) d' belongs to  F (T ).

ii) For i =  1 . .  . k .  £,■ is a  roo t o f unity  of order d,- in  E.  Also c / f c 1 1 - - - |d i.

If for each i we now define R =  (~/r, ) d' and Si  =  (7 j . ) d' ,  then /?, and  Si  belong to  F(T)

and  their im ages r J + and S j + respectively in -4^+ have been determ ined by th e  choice of 
-  T  T

T \ r  : R  — > k x . Now the im ages 7 r ,+ and ~f3l+ o f  ~/r, an d  y , t are roots o f the  polynom ials 

X d' — r J + a n d  X d‘ — S f + respectively in LT [A*]. S ince E  contains a  root o f u n ity  of order 

d  1 and  d ,|d i for each /. th is determ ines the image o f th e  ring  F ( F , 7 r i , 7 5i) up to  isom orphism . 

Since £, is a  ro o t o f un ity  in E,  we have

„  _  f t
b . L T

and C l  is a  tenso r product over o f sym bol algebras

r ^ T  _  ( R T , & i \  _  f R l . S T \  _ ^  , n

T his tensor p ro d u c t decom position of is a consequence of Lem m a 4.3.1. In p a rticu la r C j  

is a central s im p le  £+ algebra, and since T+ em beds By in -4^+ . it is easily seen th a t  C’l  is 

precisely the  cen tra lizer in .4^+ o f BJ+ =  T+(B i) .  T h en  by Lemma 4.3.1, .4^+ has a  tensor 

product decom position  sim ilar to  th a t o f .4o described in Section 4.3. Here B J  denotes the 

a lgebra g enerated  over L l  by B l +

A^+ = B \  C l -  (5.15)
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T he cen tra l sim ple Z f-a lg e b ra  .4f+ =  T,+ ( k I + ) m ay  now be built up from .4f+ by m eans 

o f a series o f cyclic extensions. Unlike the corresponding subalgebra  C  o f .4o, the ring C f  m ay 

not be a division algebra : its index depends on the values o f , S ' f , . . . ,  R%, S f  in L f . In any 

case .4f+ is a  sim ple ring, and for som e division algebra and  som e t >  1 we have

A Ta+ =  ).

Let £ T be a  system  of t 2 m a trix  un its in -4f+ , so D f  is th e  centralizer in Aq of £ T . T h e  group 

f + / F q is abelian : suppose I + f  F q =  (y£) x - - - x (yp), w here y,- =  y,Fo and  the order o f  y,- is /,•; 

/p|/p_x | —  [ / 1 - For i =  1 . .  .p.  let y j r denote the im age o f y,- under T r+ : the  conjugation  action 

° f  (yi)  °n  kFoei  defines an  action of (y fr ) on -4f+ by

(y f ')  1f 0+ ( a ) y l l = f 0+{yY1a y i ) .  t o r a e k F 0ei .

This action is well-defined since Ta+ m aps kF0ei onto -4f+ . Let <pi deno te  the au tom orph ism  of 

.4J  defined as conjugation by y f ' (note <pi is not an  L f-a lg e b ra  au tom orphism , its restric tion  

to L f  is a  Z j-a u to m o rp h ism  o f order / i ). Then ( £ T ) <?1 is an o th er system  o f m atrix  u n its  for 

-4^+ , and so by T heorem  ‘2.13 in [6 ] (£ T ) ° l is the im age o f £ T  under an inner au tom orph ism  of 

A*+: i.e. there exists a un it b f  of _4f+ for which

for each e,y €  £ T ■ so 0yi := y[ r bi centralizes £ T . Now

(yt )tl € F 0 = > { y ? ) 1' € .4 f + . 

and {6y i )‘l =  T0+ ( (y i) / l ) a. for som e a €E2/(.4f+ ). T hen

{oyi)11 e c Ar {£t ) = di .
O'**

So (0y i )tl centralizes L f ,  and since bi centralizes L f .  the  au tom orph ism  of L f  defined as 

conjugation by 6yi is the restriction to L f  of ©L. Since [ + / Fq =  G al ( i f / Z f ) ,  the  order of 

this au tom orph ism  is / t . Let L f  C  L f  denote the fixed field o f L f  under 0 \ .  Then F f / L f  is a 

cyclic field extension of degree l \ ,  and the algebra generated  over by 9yi is a cyclic algebra 

extension o f of degree / l ind(D ^) over its centre L j .  T hen

S M t l (AT)

where A f  is a  central F f-division algebra and

U in d (A f) =  U in d fD j) ,

Af+ (y [ ')  =  -40T+ ( ^ 1) 2  M £tl(A [ )  =  M£i(A [) .
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Sim ilarly, A^+ (y^7 . y \ ’ ) =  M cJA o ), where t j i n d ^ T )  =  /o fjin d fA ^) etc., a n d  we m ay build 

-4^+ up from .4T+ by adjoining the y j 1 one by one for i  =  1 . . If after z — 1 steps we have

for a  division algebra A f ^  with centre L f _ l for which L + / L j _ l is an abelian  ex tension  of degree 

/i/o - - -U- 1  then

-<+{y[r  i n ’ ) =  (5.16)

where

i) M: ,(A ^) is a  cyclic extension of A f _ L.

ii) t,-ind(A f) =  / ,in d (A f_ l ).

iii) If 2 ( A J ) =  LJ,  then LJ_l f  LJ  is a cyclic field ex tension  of degree

Hence AJ+ = A j +(yJ‘  . 2/pr ) =  T,+ (k F0) has the form

A j + =  M A  A r ). 

where A T is a Z +-centra l division algebra and

F in d (A r ) =  It in d (D ^ ).

where I =  lil-> . .  , lp = [f+ : Fo].

T he irreducible representation 7\ of Fi is induced from  T,+ and .4^ is isom orphic to a  ring 

of m  x m  m atrices over .4^+. where m  =  [Fi : / + ], F in a lly  .4T . the im age o f k F  under T,  

is isom orphic to  a  ring of ms  x m s  m atrices over AJ+. We conclude this ch a p te r with some 

observations on the  degree and Schur index of d r .

L e m m a  5 .3 .4  The Schur index o f  A T divides in d (£ i) [ /’+  : Fo]yJ[Fo : F '+ ].

P r o o f  : Since A T  is a  ring of m atrices over -4^+ , w hich is itself a ring o f m atrices over the

division ring A 7-. in d (.4 T ) =  in d (A T ). T he sim ple ring .4]"+ is obtained from  .4^,. through a 

series of cyclic extensions, and so its index is of the form  F in d ( .4 ^ ) where F |/  (for a detailed
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discussion o f cyclic extensions o f division algebras see [8 ], Section 1.4). By 5.15, th e  index o f 

A*+ d iv ides in d (B i )d,  where d  =  d 1d2 - - .dk  =  \J[Fq - F /+ ]. O f course in d ]# !)  is th e  Schur 

index over k  o f any  absolutely irreducible constituen t o f  the irreducible ^-representation  o f F '  

determ ined  by th e  centrally p rim itive idem potent ei o f  k F ' . □

For la te r reference we now g a th er together some in fo rm ation  on the  degree of the  irreducible 

^ -rep resen ta tion  T  of F .

T h e o r e m  5 .3 .1  The degree o f  the irreducible k-representat ion T  is given by 

deg f =  [G : C o W l G o  :G + ] d e g { B l ) [ Z l  : k] ind(.4^+ ).

P r o o f : T h e  degree of T  is equal to deg(.4:r ){ ZT : !•], where degl.-l7') denotes th e  degree

of the cen tra l sim ple Z T-algebra ,4r  i.e. deg(.4r ) =  ^ /d im ^ r( .4 T ). Since A T is isom orphic to 

.V/m i(.-1^+) where m s  =  [F  : / + ], we have deg(.4r ) =  m s  deg(.4^+ ). T he central sim ple Z j -  

algebra A f + is an  extension o f .4^+ o f degree [ /+ : Fo], an d  by 5.15 deg(.4^+ ) =  d eg (£?i)deg (C ^). 

T hus since deg(C ’J )  =  \J[Fq : F /+ ].

deg(F) =  [F  : /+ ][ /+  : Fa]y/[F0 : F '+ ] in d ( .4 ^ .) [Z j  : k],

whence th e  resu lt. □

In C h ap te r 7 we will consider the case in which the  ^-represen ta tion  T  o f F  is abso lu tely  

irreducible, which will lead to  considerable sim plification o f the  s itu a tio n  described here in 

Section 5.3 - in particu lar the centre o f .4r  will be precisely k,  so th a t  the centre of Aq  will be 

sim ply k  Q k  E  =  E .  and 7 \  will restric t to  an irreducible represen ta tion  of F q .
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Chapter 6

Projective Equivalence and 

Projective Schur Index

Suppose T\  an d  7% are projectively equivalent irreducible projective rep resen ta tions o f G  over 

a field k.  T hen  by Lem m a 5.2.2, Tj and To belong to  the sam e com ponent o f  k F ,  where F  is 

a generic cen tral extension for G.  However since k F  has only a  finite nu m b er o f com ponents, 

and  G  generally has infinitely m any m utually  inequivalent irreducible pro jective representations 

over k, a t least in a  case where H 2( G , k x ) is infinite, we cannot hope th a t com ponents of k F  

should always d istingu ish  projectively inequivalent irreducible projective ^ -represen ta tions o fC . 

In th is  chap ter we show th a t in the case where k  is algebraically  closed, th e  com ponents o f k F  

correspond precisely to  projective equivalence classes o f irreducible pro jective representations 

of G  over k.

For an a rb itra ry  field k,  the equivalence relation  on the  set of irreducib le projective k-  

representations o f  G  defined by belonging to  a  p a rticu la r com ponent o f k F  is obviously som e

th in g  weaker th a n  pro jective equivalence over k.  However we shall see th a t  th is relation does 

have an in te rp re ta tio n  in term s of equivalence over extensions of k.  We should  bear in m ind  

th a t, as m entioned in C h ap te r I, two representa tions which are projectively inequivalent over 

a  given field m ay becom e equivalent over som e o f its extensions.
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6.1 Co cycles

Let T  be an irreducible projective representa tion  of G  over a  field k,  and  let /  €  Z 2( G , k x ) 

denote the  cocycle associated to T , so for x . y  E G ,

T { x y )  =  f { x , y ) T ( x ) T { y ) .

Let /  denote th e  class o f /  in H2 (G'. k x ). If (ft. F, o) is a generic cen tra l extension for G  and 

T  is a lift of T  to  F.  then T  sends every elem ent of A to a  sca la r m a trix  in G L [ n ,k ) ,  so 

f i *  €  Horn( R . k x ).

Associated to  the  central extension

1 — ¥ R  — ¥ F  — ¥ G  — ¥ I

we have the transgression m ap tra  : Hom( ft. A*x ) — * H2 (G\ k x ) defined as follows for tj £ 

H om (ft. k x ) an d  x,  y  £  G':-

F irst define q' £  Z 2{G. k x ) for any section y  of G  in F  by

q' (x ,y )  =  q ( y ( x ) y { y ) y { x y ) ~ l )

Then tra  q is the class of q' in H2 (G\ k x ). and  is independent o f the choice of section.

We also have the Hochschild-Serre exact sequence (see [11]):-

-^  H o m { G . k x ) —— H om (F ,  k x ) —— ^ Ho m {R.  k x ) H 2{G. k x ) -------

Here inf is the  inflation m ap : if 6 £  Hom (G\ k x ) then in f#  £  H om (F, k x ) is defined by 

in f#  =  # o <j>. T h e  m apping  denoted by res is the usual restriction m apping.

L e m m a  6 . 1 . 1  Let  T  be any lift o f  T  to F ,  let f  £  l l 2 ( G , t x ) denote the cohomology class 

corresponding to T ,  and let q £  Hom(ft.A:x ) denote the restriction to f t o f T .  Then f  =  tra?;.

P r o o f : Let y  : G  — ¥ F  be a  section o f  G  in F,  and use it to  define q'  £  Z 2(G, k x ) as above.

We will show q'  ~  /  in H 2 (G,& X), where /  is the cocycle corresponding to  the projective
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representation  T .  For g, h £  G  we have

g' (g ,h)  = q ( f i (g}p(h )p{gh)~ l )

= T  (pi{g)p{h)p{gh)~l )

= f ( M{ g ) ) f ( p ( h ) ) T ( p ( g h ) - 1) .

f ( g , h )  = T { g ) T ( h ) ( T ( g h ) ) - 1

Define a m ap  tb : G  — r k x by

rl-(g) =  T ( g ) - l f ( g ( g ) )  ( =  f

for g £  G.  T h en

f ~ l ( g , h W ( g , h )  =  T ( g h ) T ( h r lT ( g r l f ( g ( g ) ) f ( g ( h ) ) f ( g ( g h ) ) - 1 

=  4’( g ) y ( h ) t b ( g h ) -1.

So f ~ l i f  is a coboundary  in Z 2( G . k x ), an d  /  =  t r a g  in H2( G , k x ) □

N o te  : tra  q is independent o f the choice of T.  for suppose T\  and  T-> a re  bo th  lifts of T  to

F .  Then we have already seen th a t the  m ap r  o f F  into k x defined for x  G F  by tp(x) =

rTi{x)T?(x ) ~ 1 is a group hom om orphism . T h en  if rji and 772 denote respectively the  restrictions

o f Ti  and 2% to  R,  we have =  b\R-  S o  is the restric tion  to  R  o f an elem ent

of Hom (fr, k x ); i.e. ry 1 J7-T1 is in the kernel of the transgression m ap and  t r a  771 =  t r a 772, by 

exactness o f th e  Hochschild-Serre sequence.

6.2 Algebraically Closed Fields

From now on we replace the  field k  by C, th e  field o f com plex num bers (or by any algebraically 

closed field o f charac teristic  zero). In th is section we will prove the following theorem

T h e o r e m  6 . 2 . 1  Let  7 \ and  To be irreducible projective C -representations o f  a f inite group

G.  Then Ti and  To are projectively equivalent over  C  i f  and only i f  they belong to the same  

component o f  C F .

We require to  show th a t  if T \ and  Ti  belong to  th e  sam e com ponent o f  C F ,  then  they are 

projectively equivalent (we already know th e  other d irection). F irst we show  th a t  the cocycles
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associated to  Xj an d  To belong to the  same cohom ology class in M [G )  =  H 2[G,  C* ).

Let T  be any irreducible projective C -representation o f G,  and as before let 77 denote the 

restriction to  R  o f a  lift T  o f T  to  F.  We will show  th a t tra  77 depends o n ly  on 77|F'n«, which 

is a  linear C -charac ter o f F '  D R  and  is independent o f the choice o f T .  F irst suppose th a t 

v If 'hr  is triv ia l. T hen  77 factors through F'  D R  and  can be regarded as a  hom om orphism  of

R / F '  D R  in to  C x . B u t R / F '  fl R  =  R F ' / F so we have a  m ap i f  o f R F ' / F '  in to  C x for

which i f ( r F ' )  =  n (r )- Finally, since C x is divisible, 77'  extends to  a  hom om orphism

o f F / F ' in to  C x . which can be inflated to F.  Hence 77 is the restriction to  R  o f an  element of 

Hom(F.<Cx ). and  tra? / =  1 in M { G ) .

Suppose th a t Xj and  X2 are com plex projective representations of G  hav ing  lifts Xj and Ti  

respectively to  F ,  for which 771|F/nB =  772[F<nB, where =  Tjjii for i =  1 ,2 . T h en  has

triv ial restric tion  to  F '  (“I R  and  so 7717771 £  k e r(tra ) , whence tra  771 =  t r a  770. T hus tra  77 in 

general depends only on the restric tion  of 77 to  F '  n  R. Moreover, if 77|F/nB is no t triv ial, then 

77 is certain ly  no t in the kernel o f th e  transgression m ap . since no hom om orphism  o f F  into the 

abelian group k x can have non triv ial restriction to  F ' .

Now if Xj and  Ti  are irreducible projective C -representations of G  belonging to  the same 

com ponent o f C F  and  having lifts XL and Ti  respectively to  F .  then the o rd in ary  representations 

Ty\pi and  T - > a f f o r d  the sam e com plex charac te r o f F '.  Hence

Ti If-nfl : F ' n f J  — >■ C x =  f i \ F'nn  : F '  fl F  — j- C x 

and the cocycles associated to  Xj and T> represent the  sam e class in M ( G ) .

We now fix som e no tation . If a  €  M{G).  let 77 £  H o tn(F . Cx ) satisfy a  =  t r a 77, and  define

=  77!F'nn- We have seen th a t  0a determ ines a  and does not depend on the  choice of ©. 

Also, since AI(G)  — F ' fl R =  H o m (F ' fl R.  C x ) (as F ' n  f l  is a  finite abe lian  g roup  and  hence 

isom orphic to  its  d u a l), we have

{0a , a  £  M{ G)}  =  H o rn (F ' n  F ,C X ).

If T  is an  irreducible projective C -representation o f G  whose cocycle belongs to  the  class or £  

M ( G ) ,  and  X is a  lift o f X to F ,  then  it follows from  L em m a 6.1.1 th a t

i f  |F 'n *  = 6 a e  H o m (F ' n  R,  <CX ).
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We will show by a counting  argum ent th a t  the  num ber of cen trally  p rim itive  idem potents 

o f C F  is equal to the num ber o f pairwise inequivalent irreducible pro jective representations o f 

G  over C. YVe need som e definitions and  background.

D e f in it io n  : Let /  £  Z2(G,  C x ). Then an  elem ent x  of G  is called f - regular  if

f ( x , h )  =  f ( h , x ) ,  v h e c G ( x ) .

T hus x  £  G  is /- re g u la r  if whenever x  and h com m ute in G.  the basis elem ents corresponding 

to  x  and h com m ute in the twisted group ring G.  It is easily checked th a t if x  £  G  is / -  

regular. it is also / '- r e g u la r  whenever / '  £  7r{G.  Cx ) is cohom ologous to  / ,  and th a t any 

G -conjugate o f x  is /-re g u la r. Thus for a  £  M { G )  we can define an a -reg u la r conjugacy class 

o f G.  YVe will m ake use o f the following (see [20]) :

T h e o r e m  6 .2 .2  (T a p p e .  1977) I f  a  £  M [ G ) .  the number n a o f  mutual ly  inequivalent irre

ducible a-representations o f  G over C  is equal to the number o f  a-regular conjugacy classes o f  

G contained in G ' .

Let I  denote the set o f centrally prim itive idem potents of C F . an d  let S f  and S G denote 

respectively the set of conjugacy classes o f F  contained in F ' and the set o f conjugacy classes 

o f G  contained in G ' . W e  require to show th a t

iri= YI n-
f(G)

For each C £  S f - let C =  Y Y  x  l̂ r - T hen  |2j =  |<1>f|. since X  and {C, C £  5 f }  are bases for
■re c

the sam e vector space over C, nam ely Z ( C F )  fl C F '.

Let C  £  S G and let C £  S f  satisfy o(C) =  C.  In this situation we will say th a t C lies over  

C.  Choose some .V £  C and  define

Z c  ~  { Z  £  F'  O R  : Z X  £  £}.

Z G is a subgroup o f F '  n  Ft, for suppose Z \ , Zo £  Z G; say A'a =  Z \ X .  X b =  Z n X ,  for som e 

a,b  £  F . Then A'ab =  Z i X b = Z \ Z i X ,  and ZyZ-i £  Z G- since Z \  £  F ' n  R  C  Z ( F ) .  It is easily 

checked th a t Z G does n o t depend on the  choice o f A' £  C. It does n o t depend  on the choice
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o f C either; for suppose C  G S f  is an o th e r conjugacy class ly ing over C.  If X  G C th en  som e 

elem ent A'' o f C' has the same im age in G  as A'. Then A'' =  r X . where r  G F '  H R.  Since 

F ' H R  C Z { F ) .  X ,a = rA '°, Va G F,  and  rC C C'. S im ilarly r ~ lC' C C. and C  =  rC.  T hen 

if Z X  G C for some Z  G F'  fl R.  we have Z r X  G C . and so th e  subgroup Z c  o f F '  D R  is 

well-defined for each C  G S g -

Furtherm ore, if Z  G F '  fl R  and C G S f  lies over C  G S g , th en  either ZC =  C an d  Z  G Z c ,  

o r ZC  is ano ther elem ent of Sp  lying over C . T hus the num ber o f conjugacy classes o f  F which 

are contained in F'  and lie over C' G S g  is [F'  f~l R  : Zc}-  Hence

\SF \ =  Y I  [ F ' F R - . Z c ]- (6 -1 )
c e s a

For a  G M(G’), we define the subgroup  !a o f F'  fl R  as th e  kernel of the hom om orphism  

6a : F '  fl R  — ► C x .

L e m m a  6 .2 . 1  Let C  G S g , and let a  G M ( G ) .  Then C  is a-regular  i f  and only i f  Z c  C  Ia .

P r o o f  : An elem ent x  o f G  is a -regu lar if and  only if f ( x .  y) =  f { y .  x)  whenever /  G Z2{G,  Cx ) 

is a  cocycle representing a.  and y  G C’g (x ) .  T his can be resta ted  as follows : x  G G  is a -reg u la r 

if and only if T ( x ) T ( y )  =  T(y)T{x )  for all y  G C'c[x) and all irreducible a -rep resen ta tio n s

T  : G  — >• GL(nC ).  Let T  be such a  representation, let y  E C ' g ( x ) ,  and let A' an d  Y  be

preim ages in F  for x  and y  respectively. Let T  be a lift to F  o f T .  Then r (A ')  =  c x T ( X )  and 

T [ Y )  =  ci'T (V ') for som e c x  and cy in C x : so

T { Y X Y - l X ~ l ) =  c y T M c x T i x y r i y r ' c y ' T i x r ' c x 1 

=  T ( y ) T ( x ) T ( y ) - l T ( x ) - 1

So we have the following characterization of a-regu larity  : x  G G  is a-regular if an d  only  if for 

each A' G 4>~l {x ) we have T(yA 'Y ' - 1  A '- 1 ) =  1, VY' G o _ 1 ( C c ( r ) ) ,  whenever T  is a  lift to  F  

o f an irreducible a-representation T  : G  — > G L (n ,  Q  of G.

Now suppose x  G O'  and let C  G S g  denote the conjugacy class o f x  in G.  N ote th a t

Y  G o - l (C c(* )) <=> Y'A'Y'- t A' _ 1  G F '  n  R

<f=> Y'A'Y' - 1  G ( F ' D R ) X

<=> Y'A'Y' - 1  A' - 1  G Z c -
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Hence Z c  =  { Y  X Y ~ l X ~ l \ Y  e  4>~1{Cg {x ) ) } 1 and  x  is a -reg u la r if and only if Z c  C  ker(T ). 

However, by L em m a 6.1.1, the restric tio n  to  F'C\R  o f T , regarded as a hom om orph ism  of F'C\R  

in to  C x , is sim ply  Ba . T h is proves th e  lem m a; C  is a -reg u la r if and only if Z c  C  ker(d?Q) =  I a .

a

P r o o f  o f  T h e o r e m  6 .2 .1 : T he n u m b er o f com ponents o f CF  is

|5 f [  =  no. o f  conjugacy classes o f F  in F'

Let a  £  M (G ). By Theorem  6.2.2 th e  num ber n a o f inequivalent irreducible a -rep resen ta tions 

of G  over (C is equal to  the  num ber o f  a -reg u la r  conjugacy classes of G  contained  in G ' . For 

each C  £  S g - let

M e  =  {or £  M { G )  : C  is a —regular}

T hen E I M e  I =  £  na , and
C€Sc  ag.Vf(G)

M c  =  { a  £  M [ G )  : Z c C I a }

=  { a  £  M [ G ) : 6a factors th rough  Z c } .

T hen (since {0a}<»eA/fG) =  H om (F ' fl R ,  C x ) ), we have

I M e  | =  | Horn ( ^ , C X)  | =  [F'  n  R  : Z c \.

and by 6 . 1

H  IM cl =  Y l i F ' n R : Z c} =  |6> |  =  n°-

Hence the  num ber o f prim itive cen tra l idem potents o f C F  is equal to the num ber o f inequiv

alent irreducible projective C -representa tions of G.  □

It is in teresting  to  note th a t the  finite covering groups o f Section 2.1 do no t share the 

property  o f  generic cen tral extensions described in T heorem  6.2.1. Let G  be a  finite covering 

group for G.  T hen  G  is an extension by G  o f a  subgroup .4 o f G'  f l  Z[G),  for which .4 =  M (G ), 

and every com plex projective represen ta tion  o f G  lifts to  a  com plex linear represen ta tion  of G.  

However, p ro jective equivalence o f irreducib le  projective representations of G  does n o t im ply 

linear equivalence o f th e ir lifts to  G; th u s  an absolutely  irreducible projective represen ta tion  o f 

G  does n o t “belong to ” a  unique co m ponen t o f the group ring  CG.  For exam ple, in  the case
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where G  is cyclic o f order d, M (G) is triv ia l and G  is its  own covering group. In this case the 

d  d is tin c t abso lu tely  irreducible linear characters o f G  all correspond to the sam e projective 

equivalence class o f  irreducible pro jective represen ta tions o f G  (nam ely  the triv ia l one). In this 

case if F  is a  generic central extension for G  (arising from  a one-generator presen tation), then 

F  is infinite cyclic and  C F  has only one com ponent.

In general let p  be an absolutely  irreducible ch a rac te r o f G  afforded by the representation 

R  : G  — > G L ( n ,  Q .  Then R  sends .4 in to  C x and th e  choice o f a  section p  for G  in G defines 

an  irreducible projective represen ta tion  R p  of G  by

Rp{g)  =  R  (m(<7)) . for g e  G.

Suppose now th a t it’ G Hom(G, C x ). T hen  R 0 : G  — > G L ( n .Q  defined for g 6  G  by R 0 {g) =  

R(g)d'[g) is an o th er irreducible represen ta tion  of G  which is linearly  equivalent to R  if and only 

if ib{g) =  1 whenever p(g) ^  0 on G. However since ~ o R  — — o R 0 , where ir : G L ( n , C ) — ~r 

PGL(rt .G)  is the  usual p ro jection , the projective rep resen ta tions of G  determ ined by R  and  

R 0 are projectively equivalent. T h e  num ber of ad d itio n a l absolutely  irreducible characters o f 

G  (or o f sim ple com ponents o f CG ) which determ ine the  sam e projective equivalence class of 

irreducible pro jective representations o f G  as p is at letist equal to  the  num ber o f hom om orphism s 

of G into C whose restriction to G p is not the  identity, where Cip is the subgroup o f G generated 

by those conjugacy classes upon which p is nonzero. Since C x is divisible every elem ent of 

Hom(G'p, Cx ) which restricts to  th e  iden tity  on G ' n  G P ex tends to  an element of Hom(G, C x ), 

hence

1 +  |{t> G H om (G ,C x ) : ip{Gp) £  1 }| =  |H om (G p/ G #> n  G", C x ) | =  [Gp : G p fl G'].

6.3 Projective Schur Index and Projective Characters

In this section we use Theorem  6.2.1 and  the  results o f  Section 5.3 to  reach som e conclusions 

concerning possible values of the Schur index of abso lu tely  irreducible projective representa

tions. We begin w ith some general background in fo rm ation  and term inology. T hroughout the 

following discussion, if R  is a (linear or projective) represen ta tion  o f a group G, and E  is a 

field con tain ing  all entries appearing  in th e  m atrices T (g ) ,  g G G.  we will denote by R e  the 

E -representai ion of G defined by

Re {9) =  R(g), v 7  G G .
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Now let T  be an absolutely irreducible com plex projective represen ta tion  o f degree d  o f G,  and

let t  : G  ----> C  be the character o f T .  If E  is a  subfield of (C, then  T  is said to  be (linearly)

realizable over E  if there exists a  m a trix  A  £  GL(d,  Q  for which th e  pro jective representation 

T '  of G  defined for g E G by

T'[g)  -  A ~ l T (g )A  

sends every elem ent of G  into G L [ d . E ) .

In th is case it is clear th a t th e  represen ta tions T  and T '  have the  sam e character, and also 

th a t the  sam e cocycle /  £  Z ' ( G .  Cx ) is associated to each of th em . T h u s any field E  C C 

over w hich T  is realizable m ust con ta in  all values assum ed by the c h a rac te r  t , and all values 

assum ed by the cocycle / .

Now let k  be a  subfield of C. T h e  projective Schur  index  of T  over k  is defined as

m k [T)  =  m in ( E  : k ( r . f ) )  ,

where k ( r . f )  is the  field ob ta ined  from k  by adjoining all character and  cocycle values o f T,  

and the m in im um  is taken over all extensions E  o f k  over which T  is realizable. It is clear from 

the definition th a t  m k (T) = m k r̂ j ) ( T ) .

T here  is an o th er characterization  o f the  projective Schur index, in te rm s o f the index of divi

sion rings associated to irreducible representations. T his is described in the  following theorem , 

of which a  proof can be found in [10], Section 8.3.

T h e o r e m  6 .3 .1  Let k be a subfield o fC .  and let P  be an irreducible projective k-representation 

o f  G, with cocycle h  £  Z 2(G, k x ). The image o f  k-lG under the k- l inear  extension o f  P  is a 

simple k-algebra; let m  be its index. Final ly let T  be an irreducible const i tuent o f  the complex 

projective representation Pr  o f  G .  Then m k (T) =  m.  □

We observe th a t in Theorem  6.3.1, there is no loss of generality in assum ing at the outset 

th a t k  con tains the  character and  cocycle values of every absolutely irreducible constituent of 

T .  T his is equivalent to the assum ption  th a t the centre o f the sim ple a lg eb ra  is ju s t k.

T he next theorem  establishes a  connection between absolutely irreducible projective charac

ters o f G  and  a particu la r subgroup o f G  which was encountered in C h a p te r  4. Recall th a t if e is 

the p rim itive cen tral idem potent o f  C F  to  which the irreducible p ro jec tive  representation T  of
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G  belongs, then  the choice o f a prinuitive central idem po ten t ej o f C F 'e  determ ines subgroups 

Fi,  Fo, and  F ' + o f F .  Here F i =  C & (e i), F0 = C F{ Z ( k  F ' e i)) ,  and  F ,+  is th e  subgroup  o f F  

consisting o f  those x  £  F  for which xcei belongs to th e  ring  generated  b y  F '  over the  centre of 

kFoe i . Let G + deno te the  im age o f ' F ' + in G.  We will arrive sho rtly  a t  an  in te rp re ta tio n  of 

G + in term s o f th e  charac te r o f T .  W e  begin w ith a  p a ir o f  lem m as, b o th  o f  which follow from 

Lem m a 4.3.2.

L e m m a  6 .3 .1  G'+ is independent oj f  the choice o f  e j .

P r o o f  Suppose ei  and  e2 are prim irtive central idem po ten ts  o f kF 'e ,  a n d  let

F} =  0 ( e L). F 0l =  C F{ Z C k F t e i )), F ' t  =  {*  €  F tl : x ei £  Z { k F e v)[F']}

F? =  C F (e , ) .  F 02 =  C F { Z ^ k F ' e 2)). F ' t  =  {x  E  F? : x e 2 E  Z ( k F ? e 2)[F']}

We will show th a t F ' t  =  F ' t ■ By L em m a 4.3.2. F t+ is generated  by F '  an d  th e  set

P i  =  {x  €  F{  : C ie : #  0},

where CJ denotes the sum  in k F  of" the F / -  conjugates o f  x. C hoose y  £  F  for which e2 =  

y ~ le\y.  T h en  it is clear th a t  F f  =  y ~ l F{y.  F urtherm ore, if  we define

V 2 =  {z €  F t  : C Je 2 #  0},

where Cf. is the sum  in k F  o f the  F f-conjugates o f x, then V 2 =  y ~ lV\.y.  In particu lar 

V 2 C (Vi .  F ' ) .  S im ilarly  V\  C  {V2. F u ). hence F ’f  =  F '.T. and  the re su lt. □

L e m m a  6 .3 .2  Let  T  be an irreducible complex projective representation o f  G  belonging to the

primitive central idempotent e o f  C F  , and let k  be a subfield o f  C f o r  which e £  k F .  Let f  be 

a primitive central idempotent  o f  k F  'e. and let ei be a pr imi t ive central  idempotent  o f  CF'  f .  

Define

F i = C F (el ) F f  =  f > ( / )

Fo =  C X Z C T F 'c-O ) F0k = C F { Z ( k F ’f ) )

F ' c  =  { x  E  F  : x e ,  £  2 (C F '0 ei)[F ']}  F '+  =  {x  £  F  : x f  £  Z ( * F * / ) [ F /]}

Then

i) Fi C F t

6 8
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ii) Fo =  Fq'

Hi) F' t .  =  F ' t

P r o o f  Let k i be th e  field obtained from k  by ad jo in ing  all coefficients o f e i .  Then by Section

5.1, /  is th e  sum  o f the  d istinct G alois conjugates o f ei under the  action of G a l(k i/k ). Any 

elem ent o f  F  which centralizes ei also centralizes each o f these conjugates, hence i).

Now suppose x  E F q , and for c E F '  let c deno te  the sum  in k F  o f the F '-conjugates of c. 

T hen  x  centralizes c f  for all c E F '.  Since ei is cen tra l in C F ' . it is a  C-linear com bination o f 

elem ents o f th e  form  c, c E F ';  say ei =  w here each a,- is a  nonzero complex num ber

and  each a  is an  elem ent of F '.  T hen ei =  e \ f  =  an d  ei is a  C-linear com bination

o f cen tra l e lem ents o f k F ' f .  T hen  x  centralizes ei ,  and  Fq' C F i-  However Fi = F q  since the 

centre o f C F 'e i  is ju s t  C.

To com plete  the p roof of ii). let x  E F q . So x  centralizes ce i for all c  E F '.  T hen  x  also 

centralizes c f  which is the sum  of the d istin c t conjugates of cej under the  action o f G a l ( k i / k ) . 

T hus x  E F q and  F q =  Fq".

To prove iii), let x  E F0, and let Cx and  C f  den o te  respectively the sum in k F  o f the 

d is tin c t F i-  con jugates of x  and the sum  in k F  o f the  d is tin c t F f -  conjugates o f x .  First 

suppose Cx f  ^  0. T hen  Cxf  ^  0 , since Cx /  is a  sum  of F f-co n ju g a te s  of C r f .  as /  is 

centralized  by F f .  T h en  Cxei  ^  0. since Cx f  is a sum  o f Gal(A’i/A-)-conjugates of Cx e±.

On th e  o th e r h and  suppose Cxe^ 0. T hen  Cr f  7^ 0 since C xei =  Cx f e  1 . By ii) then, the 

sum  of the  Fo-conjugates of 2; has nonzero p ro jection  011 k F o f ,  hence x  E F t -

T h a t  F ' t  — F ' t  is now im m ediate from  L em m a 4.3 .2 . □

T h u s the  subgroup  F ' + of F  and  its im age G + in  G  depend on ly  on the  choice o f a  prim itive 

central id em p o ten t e o f C F  and  not on the subsequent choice o f  sim ple com ponent o f C F e , or 

on the  choice o f underlying field k  (provided th a t  e E k F ) .  W e  now re tu rn  to the absolutely 

irreducible com plex projective representation T  o f G  belonging to  e, an d  show th a t G + can be 

related  to  the  ch a rac te r r  of T .  F irst we briefly discuss som e general properties o f projective 

characters.

P ro jective  charac te rs  differ g reatly  from  linear characters, even in their most fundam ental
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properties. For exam ple a  projective character is generally n o t a  class function, since a  projective 

represen ta tion  is generally not a  hom om orphism  into a general linear group. Also, projectively  

equivalent representations norm ally do not have the sam e charac ter, since they are  no t m erely 

conjugate bu t m ay also differ by any function o f the group  in to  the set o f nonzero field elem ents. 

However, if  p is the  character o f a projective represen ta tion  P  o f G,  we can define a  function 

p* : G  — )• {0.1} by

f 0  if p{g) =  0
P (*) =  < ■ for g G G.

[ 1 if p{g) ±  0

It is easily seen th a t p ' is a  class function on G.  and th a t if pi is the character o f a  projective 

represen ta tion  Pi o f P  which is projectively equivalent to  P ,  then p\  =  p “. We also rem ark  th a t  

if P  is a lift o f P  to a  generic central extension (P . F.o )  o f G.  and if p denotes the ch a rac te r of 

P , we m ay  define a  function p~ : F  — >• {0, 1} by

f 0  if p(x) =  0
p"(x) =  < . for x G P.

[ 1 P(x) #  0

T hen  p" =  p* o <p.

T h e o r e m  6 .3 .2  Let T  be an absolutely irreducible projective representation o f  G belonging to 

the pr imi t ive  central idempotent e o /C P . and let r  be the character o f  T .  Let G + be the image 

in G  o f  the subgroup F ' + o f  F  defined by e as in Section 4-3. Then G + D (G ', ( r ‘ ) - 1 ( l ) ) .

P r o o f  For x  G P . let Cx denote the sum in C P  of all th e  P -conjugates of x .  Let T  denote 

bo th  a  lift o f T  to F  and  its extension to C P , and  let f  be the  character of T .  T hen

( P ) - l ( l )  =  {ar G F : C x e ^ 0 } .

T his follows from the  fact th a t T  maps C P  onto  a full m a trix  ring over C. For suppose Cx e ^  0. 

T hen  T(CX) is a  nonzero scalar m atrix, hence f ( x )  0 since r  is a class function on P .  S im ilarly  

r ( x )  =  0 if  Cx e =  0.

Let ei  be a  p rim itive central idem potent o fC  F ' e ,  and as usual let P L =  C f ( e  i) .  T h en  F i < F ;

th is follows from  the  fact th a t F '  centralizes ei- T hus ( r ' ) - 1 ( l )  C  P i since by T heorem  5.1.3,

T  is induced from an  irreducible representation Ty o f P i.

For x  G P i,  let C x denote the sum in C P  o f the P i-con jugates of x, and let

V  =  {x G P i : Cxei  5= 0}.
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We now show th a t {V. F ' )  D ( ( f )  1 (1), F ') .

Let x  E  ( r ’ )- 1 ( l ) .  T hen  CTe ^  0, and Cx e i ^  0, since Cx  is centralized by F  and  e is a sum

o f F -con jugates of e\ .  Let S  be a transversal for Fi  in F . Then

Cx =  ^  s - 1 C r s,
ses

and

s - 1 Cxse! ^  0 ==> 3 s i €  F  for which s f l Cx s  t ei ^  0.

Finally s f l C'j-si =  Cs- i r s i ; hence s~[1x s i  =  [si, j : - 1 ] x  E V ,  and x  E (P .  F ' ) .  T hus x  E F ,Jr, by

Lem m a 4.3.2. □

The following theorem  is the result of com bining Lem m a 5.2.1, Lem m a-5.3.4, T heorem  6.3.2, 

and Theorem  6.3.1.

T h e o r e m  6 .3 .3  Let T  be an irreducible complex projective representation o f  G with character 

r ,  and let T  be a lift o f T  to a generic central extension F  f o r G .  Let k be a subfield o f C ,  and 

let rrik[T') be the Schur  index over k o f  some irreducible constituent T '  o f  the representation 

T \ f > o f  F ' . Then the Schur  index m ^ iT )  o f  T  over k  has the form

m k [T)  =  m ' d ,

where m'  divides m/c[T') and d  divides [G  : (Gr. ( r " ) ~ 1 ( L))]. □

If /  is th e  prim itive central idem potent of C F  to  which T  belongs, and  e is the p rim itive 

central idem potent of k F  for which e f  =  / ,  then e defines the usual subgroups F\ ,  Fo and F ,+ 

o f F .  Then th e  factor d which appears in the  s ta tem en t o f Theorem  6.3.3 has the  form d  =  d \ d o 

where t/i d ivides [Fi : Fo] and di  divides [Fo : F ,+].

It is well known th a t the Schur index over a given field of an absolutely irreducible projective 

representation o fG  is not invariant under pro jective equivalence. T he reasons for th is som ew hat 

unsatisfactory s itu a tio n  are explained by T heorem s 6.2.1 and  6.3.1. To see this let T  be an 

irreducible com plex projective representation of G,  and  let (R , F ) be a  generic cen tral extension 

for G.  If e is th e  prim itive central idem potent o f C F  to  which T  belongs, let k  be a subfield of 

C  for which e E k F .  From the discussion in Section 5.3 it is apparent th a t  there m ay be m any 

possibilities for the value of the index of a  sim ple A*-aIgebra arising as an  im age o f k F e  under
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an  irreducible represen ta tion  sending R  in to  k x . However, by T heorem  6.3.1, each o f these is 

th e  Schur index over k  o f som e absolu tely  irreducible representation Tj o f G  belonging to  e. 

F ina lly  7 \ is projectively equivalent to  T  by Theorem  (5.2.1.

A theorem  o f Fein [53] s ta te s  th a t every irreducible com plex projective rep resen ta tion  o f G  is 

pro jectively  equivalent to  one having Schur index 1 over Q>. T his representa tion  is then  linearly  

realizable, no t over Q . b u t over an extension o f Q  obtained by adjoining the  relevant cocycle 

an d  ch a rac te r values. Fein 's theorem  is re la ted  to the fact th a t every cocycle in Z~(G,  C x ) is 

cohom ologous to  one tak in g  values in the  group of |Gjtli roots o f un ity  in Cx , and  to  questions 

concerning realizibility  over cyclotom ic fields, which will be discussed in C h ap te r 7.
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Chapter 7

Projective Splitting Fields

In th is chapter we investigate som e questions on  the  subject of realizability  o f p rojective rep

resen tations over different fields. If k  is an algebraically  closed field w ith  a  subfield ko, and

every elem ent of G  to  a m a tr ix  in G L (n ,  ko).  W e say th a t ko is a projective spl it t ing field for G  

if every projective ^--representation o f G  is pro jectively  realizable over ko.

T h e  problem of determ in ing  projective sp litt in g  fields for a given finite g roup G  bears some 

resem blance to the corresponding problem  in th e  theory o f linear represen ta tions, b u t the two 

are far from being entirely analogous. T he differences arise mainly from  the differing notions 

o f projective and linear equivalence o f represen ta tions, as outlined in C h ap ter 1.

If  T\ and To are projectively  inequivalent p ro jec tive  representations o f G  over the  field k0, 

they  m ay become projectively equivalent over an  extension k  of ko. E xam ples are extrem ely 

easy to  find, even for cyclic g roups of very sm all order. For instance, let G =  (a )  be cyclic of 

o rder 2. and consider the ra tio n a l projective rep resen ta tions Tj and Tj> o f G  defined by

O f course both  Tj and To m ust send the  identity  elem ent o f G  to  the identity  m a tr ix  in G L (2 ,Q ).

T  : G  — *- G L ( n , k) is a p ro jective represen ta tion  o f  a  finite group G  over k , th en  we say th a t  T  

is projectively realizable over ko if T  is p rojectively  equivalent over k  to  a rep resen ta tio n  sending

T h e representation Tj is linear so its cocycle is th e  iden tity  elem ent o f Z~{G, Q x ), an d  th e  cocycle
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/  £  Z 2(G, iy x) corresponding to  T2 is given by

/ ( a , a )  =  -2: / ( a .  L) =  / ( I . a )  =  / ( l ,  1) =  1.

T he tw isted group ring <QTG of course has dim ension 2 over Q  and is isom orphic to  th e  field 

<Q(\/5). T he representations T j an d  T2 are certa in ly  not equivalent over Q ,  since T2 is irreducible 

as a  projective © -representation  o f G  and  Tj is no t. However, over the field Q (\/2 ) we have

T '(a) =  A -1 r 2(a).4  = : where .4 =

Thus T% is equivalent over Q (\/5 )  to  the  represen ta tion  To defined above. It is ap p a ren t th a t  TA 

is projectively equivalent over Q (v ^ )  to T j. T h e  cocycle /  is a coboundary  in Z 2{G,  Q ( V ^ ) x ) 

bu t not in Z 2 (G.'Q>*). In fact for g. h £  G  we have

i =  ---- 7-7 , .

where p : G  — >■ Q>(V^) is defined by ^ i(l) =  1. n(cc) =  \/2.  A lthough th e  exam ple G  =  Co is 

a particularly  sim ple one, it d em o n stra tes the  general point : to discuss projective equivalence 

o f representations, we need to  specify a  field over which to work.

The sam e is not true  in the  linear case, for suppose now th a t R i  and  R 2 are o rd inary  

representations o f degree n o f a  finite group G  over a field Ar0. T hen  if k  is an  extension o f k0l 

R i  and R 2 are equivalent over k  if an d  only if there exists a m atrix  A  £  G L (n ,  k) for which

R i  iff) =  -4_ l /?i.(<7),4. V g £  G.

It turns o u t th a t  if such a m a trix  .4 exists in G L (n ,  k),  one also exists in G L (n ,  ko). In  the  case 

where Ri  and R 2 are irreducible, th is is a  consequence of the N oether-Skolem  theorem , and 

the  general case follows. T hus R i  and  R 2 are linearly equivalent over an  extension o f ko if and  

only if they are linearly equivalent over ko itself.

Let k  denote the algebraic closure o f  k 0. T hen  Ar() is an o rd inary  sp littin g  field for G  if 

and  only if every k-representation o f G  is linearly equivalent to  a A-0-representation  o f G.  T h is 

m eans t hat  every absolutely irreducible representation  of G  can be realized over k0, an d  th a t 

every irreducible A’o-representaion o f G  is absolu tely  irreducible (i.e. rem ains irreducible when 

regarded as a  representation over any extension o f ko). This last rem ark follows from  th e  fact 

th a t every ord inary  character o f G  can be afforded by a A0 -represen tation , and th a t a  linear
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representation of G  i s  determ ined  up to linear equivalence by its character. I f  ko is an  ordinary 

sp littin g  field for G.  th e n  th e  group ring koG is a  d irec t sum  o f m atrix  rin g s over  ko, and the 

representations o f G  o v er k  are essentially identical to  its representations o v er ko.

In the search for p ro jec tiv e  sp littin g  fields, th e  s itu a tio n  is not quite so rig id . Again let k be 

the algebraic closure o f  a  field ko.  and  now suppose th a t ko is a projective s p l i tt in g  field for G.  

T h is  m eans th a t every projective ^-representation o f G  is projectively eq u iv a len t over k  to one 

which sends every e lem en t o f G  to  a  m atrix  having en tries in ko. However th is  does no t require 

th a t  every irreducib le  projective 1-Q-representation o f  G  rem ain irreducible o v er extensions of 

ko,  o r th a t all sim ple com ponents o f twisted group rings o f G  over k 0 have S ch u r index 1. The 

Q -representation  To o f  Co m entioned earlier provides an  exam ple : Q  is c e r ta in ly  a  projective 

sp littin g  field for Co, since all absolutely  irreducible p ro jective rep resen ta tions o f cyclic groups 

are triv ial: however is a non-triv ial irreducible p ro jec tive  representation o f  Co over Q .

7.1 Necessary Conditions for Projective Splitting Fields

Suppose k  is an a lg eb ra ica lly  closed field, contain ing  k  as a  subfield. T h eo rem  6.2.1, which 

establishes the one-to -one  correspondence between (pro jective) equivalence classes o f absolutely 

irreducible projective representations of G and p rim itiv e  central id em p o ten ts  o f k F ,  will be 

extrem ely  useful in d e te rm in in g  conditions under which k  m ay be a pro jective sp littin g  field for

G.

Let T  be an irreducib le  projective representation o f  G  over k, belonging to  th e  com ponent 

(e) o f k F .  Suppose T  is projectively equivalent (over k)  to  the  ^ -rep resen ta tion  T '  o f G.  Then 

T '  is absolutely irreducib le , and  the central idem po ten t o f k F  to which it belongs m ust remain 

p rim itive in kF .  T h e n  e £  k F ,  and  if k is a p ro jective sp littin g  field for G, k F  an d  k F  m ust 

have the same set o f  p rim itiv e  cen tral idem potents. T h e  following lem m a is now  an  im m ediate 

consequence of T h eo rem  5.1.2.

L e m m a  7.1 .1  Suppose  k is a projective splitting f ield f o r  a finite group G .  Then i f  F  is a 

generic central ex tens ion f o r G ,  k must  contain all F - i nvar ian t  character values  o f  F ' . □

If k  is a projective sp littin g  field for G, Z 1 (G , k x ) m ust o f course contain  a  represen ta tive  for
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every elem ent o f  M ( G ) .  We rem ark  th a t  th is is tru e  o f any field k  which contains all F -in v arian t 

ch arac te r values o f F '  : this follows from  the cen tra lity  o f F'  fl R  in F.  If 9 is a ch a rac te r of 

F '  D R,  then  som e integer m ultip le o f 9 arises as th e  restric tion  to  F '  fl R  of an  F -in v a rian t 

ch a rac te r o f  F ' . To see this note th a t  6 can  certa in ly  be ex tended  to  a  character O' o f  R ,  since 

F '  fl f l  is a  d irec t fac to r of R.  T hen  the induced ch a rac te r In d ^fl' o f  F  restricts on F f to  an  F -  

invarian t ch arac te r, each of whose irreducible co n stitu en ts  restric ts to  9 on F 'f l /2 .  T h a t  9 itself 

is F -in v a rian t is obvious since F ' n  R G  Z ( F ) .  T h en  any field k  which satisfies the  cond ition  of 

Lem m a 7.1.1 m ust contain all charac ter values o f F ' fl fl and  m ust in particu lar con ta in  a  root 

o f un ity  o f o rder exp(.V/(G’)). T hen  since every elem ent of Z 2( G . k x ) is cohom ologous to  one 

tak ing  values in the group of exp(.V /(G ))th roots o f unity. Z 2( G , k x ) contains a  representa tive 

from  every cohom ology'class in Z 2{ G , k x ).

As we m igh t guess by looking a t the corresponding s itu a tio n  in the theory o f linear represen

ta tio n s. the cond ition  o f Lemma 7.1.1 is not sufficient to guaran tee  th a t k  will be a  projective 

sp littin g  field for G . Suppose th a t  k  is any field, and  th a t  T  is an irreducible pro jective repre

sen ta tio n  o f G  over k,  belonging to  the com ponent (e) o f k F :  as usual let T  be a  lift o f  T  to  F . 

T hen  by' T heorem  5.1.2, we have

Z ( k F e )  n  k F ' e  =  k {X),

where \  *s the su m  o f an F -o rb it o f absolutely irreducible characters o f F ' appearing  in T \ f .  

T hus k  and  k ( \ )  m ust be equal if T  is absolutely' irreducible.

T h e  analogous result in the the theory' o f linear represen ta tions of finite groups says th a t  if R  

is an  irreducible linear representation o f G  over a  field k.  then th e  centre of the sim ple algebra 

generated  over k by {R[g),g  6  G } is isom orphic to  the ch arac te r field k(9),  where 9 is the 

ch arac te r o f any  absolutely' irreducible constituen t o f  R.  T hus R  can be absolutely irreducible 

only  if k  =  k{9) for all such 9. O f course a  field k  which contains all character values o f  G  need 

not be a sp littin g  field; the group ring k G  m ay s till have sim ple com ponents o f Schur index 

exceeding 1.

T h e  following exam ple shows th a t the sam e s itu a tio n  arises in the  projective case : even 

over a  field k  which contains all F -in v arian t ch a rac te r values o f F ' , where F  is a  generic 

cen tra l extension for the  finite group G,  division algebras apearing  in the  sim ple com ponents of 

k F '  can som etim es (though not always) obstruct th e  realizab ility  over k  of certain  pro jective 

represen ta tions o f G.
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E x a m p le  : Let S 4 be the group o f perm utations of the se t {a, 6 . c. d}. The Schur m u ltip lie r o f 

S 4  has o rder 2 , and  the group S 4  defined by-

S t =  ( = , t i , t 2 , t 3 \= 2 =  l , t j  =  -,[*»,-] =  l . ( t i t i+l f  =  ] =  r  for | j -  j |  >  1 )

is a  covering group for S 4  (see [4]). T he m ap <p defined on generators by

o{z)  =  1 , <?(*i) =  (a b). p (f2) =  (b c), <p(£3) =  (c d),

ex tends to  a  surjection  of S 4  on £3 4 . T he subgroup A 4  =  p - l (.4 .4 ) o f 5 4  is a covering group 

for A4 , and  it includes the elem ent r  in its com m utator subgroup , for it follows easily from  the 

above p resen tation  for S 4  th a t

- =  [°  j d] s  . 4 4 .

where a =  t i t ^ . fd  =  £i£2 £ o , , J  £  A4 . T hen A4 is a  cen tral extension of C 2  by Co x Co 

(which is isom orphic to the co m m u ta to r subgroup of A4 . F urtherm ore X /  is not abe lian , for 

th e  elem ents 0 (0 ) and p (d) are pairs of disjoint transpositions in S 4  and therefore belong to
— f  f  „ /

hence z £  ( A 4 ) . Then A4  is isom orphic to either to the  d ihedral group Ds o f o rder 8  or 

th e  quatern io n  group Q& of order S. and is generated by a  and  ,d. It is easily checked th a t  both 

a  an d  3  have order 4 in A*; hence A4  =  Qs  as it is generated  by two non-com m uting elem ents 

o f  o rder 4.

Now let F  be a  generic central extension for A4 . Then F '  =  Qs- and  Q  contains all charac te r 

values o f F ' . However <Q is not an  ord inary  sp litting  field for F ’ since the group ring O F ' has 

a  q u atern ion  division algebra as one of its sim ple com ponents. Let e be the prim itive cen tral 

idem p o ten t o f Q F ' corresponding to  this com ponent: of course Q F ' and  C F ' have the  sam e set 

o f  p rim itive central idem potents. T h e  idem potent e rem ains cen tral in Q F , since the charac ter 

o f  F ' corresponding to e is non-zero only on the subgroup ( r ) ,  which is central in F .  W e now 

show, by considering the s truc tu re  o f the sim ple rings Q F e  an d  C Fe in the context and  n o ta tio n  

o f C h ap te r 4. th a t  no absolutely irreducible complex projective representation of A4  belonging 

to  e can be realized over Q .

C ertain ly  C f (e) =  F  and so F l =  F  in Q F e , and in C F e .  Also, since Q F 'e  and  C F 'e  are 

cen tra l sim ple algebras over Q  and  C  respectively. Fq = F  for each o f these rings. M oreover, in 

each case F /‘r =  F  also, since [Fo : F /+ ] m ust be a square d iv id ing  [.44  : .4(,] =  3.

By T heorem  5.3.1. the degree o f the absolutely irreducible representation T  is 2, since the 

m in im al F -in v arian t character o f F ' determ ined by e has degree 2, and  [F  : F '+ ] =  1. T hen
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T  cannot be realized over Q , since Q F 'e  is a  quatern ion  d iv ision  algebra over Q , and the 

Q -representation  o f F '  corresponding to e has degree 4.

This exam ple dem onstrates the type o f problem  th a t can arise  in a ttem p ts  a t realizing 

representations over various fields. In general however the ex istence of m atrix  rings over non- 

com m utative division algebras as sim ple com ponents o f k F '  need n o t always preclude the  realiz

ability of pro jective representations o f G  over k.  If as usual (R , F )  is a generic cent ral extension 

for a finite group G.  let \ i  be an absolutely  irreducible charac te r of F'  having Schur index m  

over a field k  which contains all F -in v arian t charac ter values o f F ' .  Let \  denote the sum  of 

the F -con jugates o f \ i ,  so \  is a m inim al F -invarian t ch arac te r o f  F '.  T hen \  determ ines a 

prim itive cen tra l idem potent e of k F ,  and  e rem ains p rim itive in k F  for all field extensions k  

o f k.  Each sim ple com ponent o f the ring k F ' e  is a  m atrix  ring  over a division algebra of index 

m,  having a  field isom orphic to k ( x t) as the centre.

Now let T  be an (absolutely) irreducible projective represen ta tion  of G  belonging to e, 

and let k  D k  be an  algebraically closed field contain ing  all en trie s  appearing in all m atrices 

T{g). <J €  G.  Let /  be a prim itive cen tral idem potent in th e  com pletely  reducible ring kF'e.  

Then if F t =  C p ( f ) ,  let Z  denote the centre o f the ring k F \ f ,  an d  define

F /+ =  ( x e A k / G ^ F ' ) } .

Then by T heorem  5.3.1, the degree o f the  representation T  is given by

deg(F) =  [ F :  A ]  ^ [ > 1  : F '+ ] X l( l ) .

Now let be the sum  of the conjugates o f /  under the action o f G al [ k / k ) .  Then e\ is a  prim itive 

central idem poten t o f kF'e .  Let Fi =  C f (ei ), F q =  C V (~ (^ "F 'e i) ) . and Z  =  Z ( k F o e i ) . Define 

the subgroup F '"1" of F q as in 4.3 :

F /+ =  {* G F \ x e i  e  Z ( F ' ) } .

Then Fo =  F j and F '+ =  F /+ by Lem m a 6.3.2. Let To be a n  irreducible projective k- 

representation o f G  belonging to e. having a lift T o  to F . If  T o  is  absolutely irreducible as a 

projective represen tation  of G,  then T o  m ust m ap k F e  onto  a  m a tr ix  ring over k .  By Theorem  

5.3.1, the degree o f T o  is given by

deg(T2) =  [F  : F0]div / [ F 0 : F ' +] d 2 X i ( l ) ,
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where di  is a d iv isor o f [F i : Fo] and d2 is the Schur index o f the sim p le  fc(xi)-algebra .4 j2 =  

T->(AFq). T h u s T]> is absolu tely  irreducible (and projectively  equivalent over k  to  T)  if and only 

if di  =  do =  L. in which case

deg(F 2) =  [F  : F 0 ]^ /[F 0  : F ,+] d eg (;u ) =  [F  : F i ] ^ [ F t : F /+ ] degfxq) =  deg(F).

T h is requires (a t least) th a t  A q2 be a ring o f m atrices o f degree y [ F o  - F /+ ] d e g ( ,\ i ) over a  field 

isom orphic to  k ( \  1 )- Since the character of T->|f' is a  m ultiple o f  th e  Schur index m  o f \  

over k  m ust div ide y^[Fo : F ,+], if T  is realizable over k.

W e o b ta in  the  following necessary (bu t generally insufficient) co n d itio n s for a field k  to  be 

a  pro jective sp littin g  field for G

T h e o r e m  7 .1 .1  Let G  be a f inite group with generic i:entral extens ion  ( R, F ) and suppose k 

is a projective spli tt ing f ield f o r  G. Then

i) k  contains all F- invariant  character values o f  F ' .

ii) I f  m  is the Schur  index over k o f  some absolutely irreducible (ordinary) character o f  F ' , 

then some subgroup o f  G / G '  has a homomorphic  image o f  s y m m e t r i c  type, whose order 

is divisible by m ~ . □

7.2 A Sufficient Condition for Projective Splitting Fields

Suppose k is a  field satisfy ing the conditions o f T heorem  7.1.1 for the  finite group G  w ith 

generic cen tral extension F .  Then k is a projective sp litting  field for G  if and  only if every 

(projective) equivalence class of absolutely irreducible projective rep resen ta tio n s of G includes 

a  rep resen ta tive  T  lifting to  an ordinary represen ta tion  T  of F  which m aps k F  onto a full 

m a trix  ring over k.  O f course this is equivalent to  th e  sta tem en t th a t  T{g)  should  have entries 

in k  for all g €  G.  bu t our approach to the realizability  problem will be to  use the  results from  

C h ap te rs  4 and  5 to  investigate the structure of sim ple A-algebras which arise as images o f k F  

under A--Iinear extensions o f ordinary representat ions o f F  which send  R  in to  k x .

L et e be a  cen trally  prim itive idem potent o f k F .  an d  let e i, and subsequen tly  Fo. F lt ,4o and 

.4i be defined as in Section 4.1 for the com ponent (e) o f kF .  T hen  L  =  2 ( A o ) ,  and it follows
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from  Theorem  4.4.1 a n d  th e  discussion in Section 5.3 th a t  there  exists a transcendence basis 

T =  {7 1 , 7 2 , . . . ,  7 r}  fo r L  over Z ( k F ' e i ) ,  for which irreducib le projective ^-rep resen ta tions of 

G  are determ ined up to  equivalence by the choice o f  im ages for 7 1 , . . . , 7 > in th e ir  lifts to F.  

T hese im ages m ust alw ays be algebraic over k.  an d  in cases where the associa ted  projective 

representations o f G  a re  to  be absolutely irreducible, they  m ust be inside k * .

If  now T  is an ab so lu te ly  irreducible projective rep resen ta tio n  o f G  belonging to  e (which is 

a cen trally  prim itive id em p o ten t of k  for all ex tensions k  o f k),  then T  is p ro jectively  realizable 

over k  if and only if so m e choice of ~ f [ , . . . ,  in k x defines an  irreducible linear representation  

o f F  which sends e to  1, f l  in to  k x , and  under w hich the im age o f kFie i  is a  m a tr ix  ring over 

k.

T here is one s itu a tio n  in which we can guaran tee th e  existence o f such choices for 7 ^ , . . . ,  ~fj 

: nam ely  when k  is an  o rd in ary  sp littin g  field for F ' .  In th is case the problem  sim plifies in two 

ways. Firstly, if k  is a  sp littin g  field for F ' . then  every sim ple com ponent o f  k F '  is a m atrix  

ring over k,  and so th e re  is no danger of difficulties aris ing  from  division algebras appearing  a t 

the level o f kF ' ,  as in th e  exam ple o f A* over <Q>. Secondly, in the case where k  is a  sp litting  

field for F '  the cen tre o f every sim ple com ponent o f  k F '  is ju s t  k.  whence F\  =  Fo for each

com ponen t of k F .  T h u s  we need only show th a t a  su itab le  choice o f 7 ^ ___ , 7 J  w ill ensure th a t

every sym bol algebra ap p ea rin g  in the tensor p roduct descrip tion  of A q (see 5.14) is a  m atrix  

ring over k.  The p ro o f o f the following theorem  ind icates how such a sp littin g  can  always be 

arranged .

T l ie o r e m  7 .2 .1  Let G  be a f inite group with gener ic central extension F,  ancl let k be an 

algebraic number field contained in C. Then i f  k  is an ordinary splitting f ield f o r  F ' . k is a 

projective splitting f ield f o r  G.

P r o o f  Choose a cen tra lly  prim itive idem potent e o f CF. T hen  e 6  k F  o f course, since k 

con tains all character values o f F ' , hence all coefficients ap p earin g  in central idem po ten ts  of 

C F .  T he rings k F e  a n d  C F e  resem ble each o ther closely; th is  is a  consequence o f  th e  fact th a t 

the field k  splits F' .  In  p articu la r, if ei is a  cen tra lly  p rim itive  idem potent o f  C F '  for which 

e^e =  e, then  et 6  k F '  also, and the subgroup Fo o f  F  defined as in C h ap te r 4 is the same 

for the  rings kF e  and C F e  - in each case this is ju s t  C p (e  1 ). Also, by Lem m a 6.3.2, the rings 

k F e  1 and C Fe! define th e  sam e subgroup F ' + o f F  ( F ' + is the  intersection of F  w ith  the ring

80

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



generated  by F ' over the cen tre  o f k F i e i  o r 'CFie i ).

Now let s =  [F  : Fo] an d  let d  be the degree o f the  absolutely irreducible linear character 

o f F'  determ ined  by e i . L et A'c deno te the  usual purely transcendental field ex tension o f C, 

ob ta ined  by adjoining to C  all quo tien ts from  C[S]. where S’ is a torsion-free com plem ent for 

F '  n  R  in R.  Let Kk denote th e  corresponding purely transcendental extension o f k,  (i.e. K k  is 

th e  field o f quotients of Ar[5’] ); and let Z c  and  Zk  denote the centres o f th e  sim ple rings K ^ F i e i  

an d  K k F i d  respectively. T hese  sim ple rings are sim ilar in structu re  : by the  results o f C h ap ter 

4, each is a  ring of d  x d  m atrices over a division algebra of index m.  where m 2 =  [Fo : F /+ ].

By T heorem  (5.2.1. all abso lu tely  irreducible projective representations of G  belonging to  e 

are projectively equivalent (over C). Let T  : G  — J- G L{n ,C )  be one of these. T hen  n  =  sd m  

and  any lift T  o f T  to  F  m aps C F  onto a  ring o f n x . i i  m atrices over C  (of course all sym bol 

algebras over C  are split).

On the o th er hand, any irreducible linear /--representation T '  o f F  belonging to  (e), sending 

R  in to  k x and  having degree n , defines (by restric tion  to a section for G  in F ) a realization  of 

T  over k.  In w hat follows we show how to construct an  absolutely irreducible represen ta tion  

Ti  o f Fo for which we m ay define such a  T '  by

T '  =  Ind£o(T \).

Since k  is a sp litting  field for F ' . we m ay assum e th a t  Ti  | f '  is a /.--representation o f F '  o f degree 

md,  which we need to su itab ly  extend to  Fo. T h e  free abelian group F ,+ / F / has finite index 

in F o /F ',  and  the quotient F o /F /_r is o f sym m etric  type, by Theorem s 4.5.1 and 4.5.2. Then 

we can invoke the fundam ental theorem  o f finitely generated abelian groups to  find a  basis

B  =  {d i .b i ,  . .  . , d r, ,bq, c i  ,Cj},

o f F u/ F ' ,  for which

is a  basis for F /+ / F ' ,  and  dg |d 9 _ i | . . .  |tf i. Here 2q +  s =  r  is the rank of the free group F ,  and 

we have

F o /F  =  Cd t x C d 1 x . .  .Cdq x Cdq -

For z =  1 . .  .q and /  =  1 . .  . s ,  choose representatives a,-,6 t- and cj for the  F '-cose ts  a t- , 6 ,- and 

Cj respectively in Fo. T hen as in Section 4.3 we can find units and cSj in k F ' e \  for which
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everv

~ f a t —  GEjQfT ~ f b x —  b i r ^ i *  3-H.ci ~ fC j  —  C j  

centralizes F* in kFoei.  T hen  by T heorem  4.4.1

r  : =  { ( 7 a ,  ) d l  • ( 7 6 ,  ) d l , . . . ,  ( 7 a ,  ) d * • h t ; ) ,  7 c „  . . . • 7 c ,  }

is a  transcendence basis for Zk  over A-. F urtherm ore , a fte r applying the p ro ced u re  o f T heorem

4.5.1 if necessary, we can assum e th a t

RkF0ei =  Md ( 7 a , ) ‘\ ( 7 6 , ) ‘f ‘
©  - -  -

' ( 7 a , ) d" . ( 7 6 , ) rf’ '

Zk-Xdi J y Zfc.Q,,

where for i =  1 . . . 7 , Crf, is a foot o f unity  o f o rd e r d,- in Zk  (hence in A-, since Zk  is purely 

transcenden tal over A).

We can now extend T\ to Fo by choosing im ages .4 i . B y , ___.4 ,. B q, C j , . .  . C ,  in A-x for the

elem ents (-/„, )d l . {-,bl )d l  )‘f*. (7 6 ,  )d‘‘ . 7 Cl , 7 c. of T. as in Section 5.3 . T h e  im age A*'1

of L-FqCi under 7*1 is a ring of d  x d  m atrices over a  tensor product of sym bol algebras

A i . B i  \  ^  ^  ( -4? , B q
A i ' = M d

k. ©
*• Crf,

S u itab le  choices of .4 i, B \ , . . . ,  .4 ,. B q will g u aran tee  th a t each of these sy m b o l algebras sp lits  

over A- : for instance we m ay choose each B t from  th e  group of d ,th  powers in  A-x to  ensure for 

i =  1 . . .  q th a t

Bi e  A* VST/* (* ( V ^ ) x )  . and  =  A/rf.(*)-

U nder such a choice, T) sends A-Foej onto a sim ple ring  which is isom orphic to  M md{k).

Finally, T ’ :=  Ind£oTi is a linear represen ta tion  o f F  whose restric tion  to  any  section for 

G  in F  defines as in Section 2.1 an irreducible represen ta tion  of G  which is realizable over A* 

and  which belongs to e and is therefore projectively  equivalent to the o rig inal T  by T heorem  

ti.2.1. T his completes the proof o f T heorem  7.2.1: given an irreducible co m p lex  pro jective 

representa tion  T  of G  belonging to the com ponent (e) o f C F , the a ssu m p tio n  th a t  k F '  is a  

d irect sum  o f m atrix  rings over A- for a  field A- C C  is enough to guarantee th e  existence o f an  

absolutely  irreducible projective A--representation T\ o f G  belonging to th e  co m p o n en t (e) o f 

A-F. □

T h e following result, due to  H. O polka (see [13]), is an easy consequence o f  T heorem  7.2.1, 

in view of the  fact th a t a field T  which contains a  roo t of unity  of order equa l to  the exponent
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o f the finite g roup  Q is an o rd inary  sp littin g  field for Q. T h is  well-known resu lt is originally due 

to  B rauer, w ho o b ta in ed  it as a  consequence o f his celebrated theorem  on induced  characters. 

Details can be found in [5].

C o ro l la ry  7 .2 .1  Suppose G  is a f inite group, and k is a field containing a root o f  unity o f  

order exp(G ) e x p (M ( G ) ). Then k  is a projective spli tt ing field f o r G .

P r o o f  Let F  be a  generic cen tral extension for G.  T hen  since F '  is a cen tra l extension of M{G)  

by G ' . its exponen t is a  d iv isor o f exp(G’) ex p (M (G )). T hen  k contains a  ro o t o f un ity  of order 

ex p (F ')  and is therefore an  o rd inary  sp litting  field for F ' . T hen k  is a  p ro jective sp litting  field 

for G  by T heorem  7.2.1. □
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Chapter 8

Metacyclic Groups

In th is chap te r we apply the m ethods developed so far to  the  case where G  is a  fin ite m etacyclic 

group. In this case ii is possible to  describe a generic central extension (R,  F )  for G  quite 

explicitly, m ainly due to  the  fact th a t F'  is cyclic and  k F '  is a d irect sum  of cyclotom ic field 

extensions o f k.  We ob tain  a  deta iled  description o f th e  irreducible projective ’̂-rep resen tations 

o f G.  where k  is a subfield o f C. T he m ain results are

i) D eterm ination  of m in im al projective sp litting  fields for m etacyclic groups, an d

ii) D eterm ination of those m etacyclic groups which have faithful irreducible pro jective rep

resentations over C. T h is result is originally due to Ng (see [1‘2]). We give an  alternative  

proof.

8.1 Generic Central Extensions of Metacyclic Groups

T hro u g h o u t this chapter we let G  deno te the m etacyclic group defined by:-

G  =  (x.  y \ x m =  L, y3 =  x ‘ . y ~ l x y  =  a;r ). (8 . 1 )

Here gcd(r, m) =  1, m\ t{ r  — 1), and  r s =  1 mod m . Also, we m ay assum e (by su itab le  choice 

of the  generato r r )  th a t t \m .
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Let F  be a  free group o f  rank  2, w ith  generators A  and Y ,  and  let R  be the kernel o f  the

hom om orphism  of F  onto G  defined by

A* — t x,  Y  — y ;/.

T h en  F  :=  F / [ F ,  fl] is a  generic central extension of f l :=  R / [ F ,  fl] by G.  Let A' and Y  denote

th e  images of A  and Y  respectively in F.  Then fl C Z [ F ) ,  and

fl =  (A'm , ?'* A -1 . Y ~ 1A  V A “ r ).

M oreover, f l =  fl x (F '  fl fl) where fl is a  free abelian g roup of rank  2, and  F'  fl fl, the torsion 

subgroup of fl, is isom orphic to  the Schur m ultiplier o f  G.

We will use the following no ta tio n  in the description o f F:-

i
a(z) =  1 +  r +  r~ +  . . .  j-‘~ l =  ------- —, for i > 0

j  =  gcd(m , r  — 1 )

n  =  gcd (a ( s ) ,f )

Let c denote the elem ent [V'_ 1 ,A'] =  >'- 1 A'VA ' _ 1  o f F.  T hen  c =  aA' r _ 1  where a =

V'- 1 A'V’A'_ r €  fl. In p articu la r then [A", c] =  I in F.  Also, since A '^ =  cA', we have

cr  =  (aA 'r - l )r  =  a(cA ' ) ' - 1  =  oc 1- 1 A r“ l =  cr .

T h u s (c) < F.  Also. A r ‘ =  co(f)A , for i e  Z >0.

L e m m a  8 .1 .1  (c) =  F'

P r o o f  : Since Y X  = X Y c  we can w rite every elem ent of F  in the form A ' f o r  some

integers i, j  and k.  Then we need only check that

[A' 1 1 V'J l ck 1. A'12Y J 2 ] €  (c),

for all choices of i i . j i . k i  and  In fact by th e  norm ality  o f (c) in F,  it is enough to

check

[A , i y J ‘ , A ‘'3 y ^ ]  6 (c), V / l jV /o . jV  

For any i 6  23, (A'*)r  -- c‘ A *, and since Y  normalizes (c) we have (A'1) ' 1 6  (c)A ‘, V i,j. Thus

[A ‘l Y J l , A'1 2 y J=] 6  A 1' 1 A"-’A ~‘l X ~ ‘2(c).
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i.e. [A', l YJ l , A',3YJ"3] G (c) , proving the lem m a. □

T he c o m m u ta to r subgroup  G '  =  (x r l ) o f G  has order m / j ,  and so F '  fl R  == (cm^J ). Also, 

since [A', c] =  1 in F ,  we have

S im ilarlv  we find th a t

in general. T hen

=  Y ~ l X  V  X  - 1 V' - 1 A' V  X  ~ L 

_  A— i y— i A- y ' ( y - 1 A 'V'.V- 1 )

=  A' ~ 1 Y ~ 1 A' 2 Y  A' ~ 1 

=  Y - l A'2 YA - 2 

=  [Y- 1 . A'2]

L-'-lc* =  [ Y - l I A'*] (8.2)

c£ =  [ Y - 1, A'£] =  [ Y " 1, X ‘ Y - ]  =  1, 

since A'£Y —5 €  R.  Also, since A_> =  c“ ,̂^A' for all positive integers i, we find th a t

ca(s) =  [Y-5 , A'] =  [A'£Y - \  A'] =  1.

T hen  the o rder o f  c in F  divides n =  g cd (a(s). t) .  In fact t  his order is exactly  n,  since by theorem

2.3.1 F ' D R  is isom orphic to  th e  Schur m ultip lier o f G.  which is cyclic o f order n j / m .  In general

if G  is the m etacvclic g roup o f 8.1, then M(G’) is cvclic o f order o.cc^(a (g) ’ 0  -------11. p0 r
m

a  proof o f th is  fact see [1 2 ] (for exam ple).

Finally we rem ark  th a t it is not difficult to  find a pair of generators for a  free abelian 

com plem ent S' for F '  n  R  in R .  We have

R  =  ( X m , Y sX ~ ’ , Y -  l .Y Y X ~ r)

Also,

R B i  { R / F ' n R )  X ( F 1 fl R);  R / F '  n  R  = R F ' / F ' .

T his la tte r  g roup  is o f course free abelian o f ran k  2, since it has finite index in F / F ' .  Under 

the  usual su rjec tion  o f R / F '  fl R  on R F ' / F ' ,  we o b ta in

.Ym  >. A"m , Y s X ~ c  > V sX ~ c, Y ~ l X Y X ~ r  >■ \ ' ( - r+ l )
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T hen  R F ' / F '  =  (A J ) x { Y 3 X  £). where j  =  gcd(m , r  — 1 ). I f  j  =  S i m  — s2( r  — 1), the elem ents

ai :=  Y 3 X ~ c and  a 2 :=  (A m)5 l (V '- 1 A T 'A ' - r ) 52 

generate  a  free abelian  com plem ent S  for F '  PI R  in R.

8.2 Primitive Idempotents for Metacyclic G

As usual let k  be a  field o f c h a ra c te r is t ic  zero; we will assum e A: C C, and  let G  be the 

m etacyclic group w ith the p resen ta tio n  o f 8.1. Then the g ro u p  ring  k F  con tains the  central 

subring  k S .  Let I\ denote the  field of quo tien ts of k S : A" =  k ( a i ,  a 2) is a  purely transcendental 

field extension o f k  of transcendence degree 2. The ring K F  is com pletely reducible.

Now let £ deno te  a p rim itive  n th  root of unity in Z, a n d  for each d\n let denote the 

p rim itive d th  root o f  unity f n! d . O f course

Q C „ s ® Q ( ^ ) .
d[n

and

k F '  =  kC'n S  k  © 2  QC’n

— ( J )  *•'© c ' C ( G r )
d\n

k  Q{£d) =  [k n  <Q(0 ) : Q]fc(&) 

k F '  =  0 [ A - n O ( f , , ) : Q ] t f o )
d\n

T h e  group ring k F '  is a d irect sum  of cyclotom ic field ex tensions o f k  by n th  roots o f unity.

It is possible to  fully describe the prim itive central id em p o ten ts  o f k F ' , and  hence o f k F .
ri

For i =  0 , 1 . . . . ,  n — 1 , let <f‘c d eno te  the  elem ent o f C F ' , and let =  ^-£‘c. It is
j =i

rou tine to  check th a t  T  =  { f o , . . . ,  f n } is the full set of p rim itiv e  idem potents o f  C F ' , which 

is o f course isom orphic to  th e  d irec t sum  o f n copies of C. In the  com ponent (/,-) of C F ' , c 

is identified w ith  £ ~ ‘, since £ ~ ‘f i  =  cf , .  Given a  field au to m o rp h ism  t  of C, we can define a  

Q -a igeb ra  au tom orphism  of r '  o f  C F '  by

(n  —i  \  T ‘ n - l

^ a , - c ‘ ) = ^ a [ c ' .  a , - G C

1 = 0  /  >'=0
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[a p articu la r th is defines a  faithful action of G a l(Q (£ )/Q ) on T .  For <f|n, let Td  denote the 

subset o f T  consisting o f those /,- for which gcd(/\ n) =  n / d ,  so has order d. T h en  the subsets 

T d  are the  o rb its  of T  under the action o f GaI(Q(£)/Q>). T h is  action restric ts to  an  action 

o f Q :=  Gal(Q(£)/A: H Q>(£)). under which Td  sp lits in to  fu r th e r orbits. Since each elem ent of 

Td  has the  form  where is a  prim itive d th  roo t o f u n ity  in C, each of these o rb its  has

[Q(s</) : QiCt) Fl k] elem ents. and the num ber o f them  is

 ^  ̂  ---- = [<r ,i n t  • 'H)]

Mote th a t th is is also the num ber o f copies o f 'Q(^d) which ap p e a r as sim ple com ponents o f kF ' .  

Each p rim itive  idem potent o f k F '  is the sum  in C F '  o f  an o rb it o f T  under the ac tion  o f Q.

Let I  deno te the  set of prim itive central idem poten ts o f k F ', and  for each d |n  let Id denote 

the  subset o f I  com prising those e' for which ce! is a  roo t o f  un ity  o f order d  in th e  field kF'e .

Mow each elem ent o f Id is the sum  in k F '  o f (/-conjugates o f som e /,• G Td\ C  is a prim itive 

d th  root o f unity. Observe th a t every such /,- has the  sam e coefficient set - nam ely  th e  set of 

d th  roots o f unity  in C

/ , - 4 x ; W .
j = a

T hen every elem ent of Id also has the sam e coefficient set, consisting  of some ra tiona l m ultiples 

of elem ents o f k  o f the form

J =  I • • • d. (8-3)

where 6  C  has order d.

It follows from  the prim itive elem ent theorem  th a t the set o f  coefficients appearing  in any 

e' 6  Id generates Q (G ) Fl k  over Q , for let a  be a p rim itive elem ent for this extension. T hen  a  

can be w ritten  in the form

<* =  a<t>{d)-î d ] + ----- ai£u +  °a, S Q .

T hen  a CT is an  integer m ultiple of a  and  clearly belongs to  the  field generated  over Q  by 

elem ents o f the  type o f 8.3.

In general I  is not a central subset of k F ;  con jugation  by elem ents of F  induces /•’-actions 

on T  and  / ,  under which the subsets Td  and Id are stab ilized  for all divisors d  of n.  T he action
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o f F  on T  can t>e described in term s o f th e  G alois group o f Q (£ ) over Q  in  the following sense 

: X  o f  course cen tralizes F '  and hence F ,  so every F -conjugate o f  f  £  F  h as the form  f Y " for 

som e a £ 2 .  N ow  c* =  cr and so for z =  1 . . .  n — 1 we have

f v  =  I (^Tc)r  =  I (^ ) _
n  n

C erta in ly  cr has order n  in F  since g cd (r, n) =  1. Let r' be an  inverse for r  in Z„, so crr> =  c. 

T h en  the  coefficient o f c in f -  is ^-£'r > an d

f t  =  yl ( ^ ' c )  =  f ir..

Since g c d ( r '.  n) =  L. £ ir has the sam e order as £‘-

Let p deno te the autom orphism  o f Q (£) defined by £p =  £r . T hen  p  extends in the  usual 

way to  a Q -a lg e b ra  autom orphism  of <Q (£ )F ' ,  under which

f t = f t  v / ,  e  T .

T h e  sam e ap p lies  to  elem ents of / .  since each o f them  is a  su m  o f  e lem ents of T . It is easily 

seen th a t  the su b se ts  Fd and Id o f F  an d  I respectively are stab ilized  by (p),  for each divisor 

d  o f  n.

Each p rim itiv e  cen tra l idem potent o f k F  is the  sum  o f all e lem ents o f  a  (p)-orbit o f I. Fix 

d\n.  T h en  all e lem en ts of Id have the sam e coefficient set, and  so all have th e  same num ber o f 

(/>)-conjugates. S ince this coefficient set generates Q (£t<) n  k  as a  field over Q,  the num ber o f 

con jugates of e' €E Id is the order o f the restric tion  of p to Q(£d) f~l k.  For exam ple Id is central 

in k F  if and o n ly  if the  fixed field o f p con ta ins f i  k.  Let E  denote th is  fixed field

E  =  {x- 6  Q>(£) : E '  =  x } .

In general the  n u m b er o f elem ents in a  (p )-o rb it of I i  is [Q(£u) n  k : Q(£u) f~l k  (~l E ] ,  T h e 

p rim itive  cent ral idem poten ts of k F  corresponding  to  com ponen ts upon which the projection 

o f F ‘ has order d  are o f course the sum s o f  the  elem ents of these o rb its . T h e  num ber o f sim ple 

com ponen ts o f IC F  of this type is

DQ(fr) n  k  ■. Q] _  .
[Q(&) n k : Q(&) n k n e ] [* {"d) ’ '

obviously a  d iv iso r of o{d).  In the case w here k  =  Q  this is 1; in the case where £  k  it is 

[Q(£rf) n  & ■ (Q)]- vv‘h denote by I  the full set o f prim itive cen tra l idem po ten ts  of k F ,  and by 

T d  the  subset of2T consisting of those elem ents e for which F'e  h as  o rder d, d\n.  The coefficient 

se t o f any e lem en t o f  T d  of course generates Q(^d) H E  as a  field ex tension  o f  Q.
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8.3 Cyclic Algebras in K F

T h ro u g h o u t this section let e<f £  Td- We will investigate the  simple algebra K F e d  in th e  context 

o f  the discussion in C h ap te r 4. If k F '  ed is not sim ple, let eid be a centrally  p rim itiv e  idem potent 

o f  k F '  for which eid^-d =  d- T hen

K F e d S£ M la( K F ? e ld),

where F f  =  C'p(eid) an d  [F  : F i] =  Id is the num ber o f  conjugates o f eid under th e  action of 

F .  From  th e  description in  Section 8/2 of the p rim itive idem potents o f k F  we have

Id =  [Q (& ) n  k  : Q(Zd) n  A-n F ],

Since A' centralizes c an d  hence k F ' .  we observe th a t  F f  =  (X.  V ld, F ' ) .  For th e  rem ainder 

o f th is section we assum e th a t  ed behaves as the m u ltip lica tiv e  identity elem ent, an d  by reference 

to  an  elem ent, subset, o r subgroup  o f F f  we shall u n d e rs tan d  its projection on th e  sim ple ring 

A f  :=  K F ? e d.

Now k F ' e i d  is a field isom orphic to  &(£,<) and so F j! :=  C f(2 (A -F ')) is ju s t  th e  centralizer 

in F f  o f c. T h e  elem ent Y ‘ centralizes c in A f  if and  o n ly  if

Y - ic Y i =  cr ‘ =  c.

i.e. if and  only if d |r ‘ — 1 . Let b =  o rd ^ (r). Then Fq =  (A', Y b,c). and F ^ /  Fq , which is cyclic 

o f order b/ld- is isom orphic to the Galois group of th e  field extension k(£d)/k{£d)  <~l F ,  since

Z ( A t )  C\ k F ' e ld ^  k(^d) r\ E .

Let .4q be th e  centralizer in  A f  o f kF'ed-  By T heorem  4.3.2  we know th a t

A t  =  B C,

where D is the  sim ple a lg eb ra  generated  by F ' over th e  centre L of .4$, and  C  =  C Ad(B).  In 

th is case B  =  L, since F'  is central in Aq.  Then F '+ :=  F o flB  is ju st the  centre o f  Fo- It follows 

from  the cen trality  of c in  F 0 th a t F '+ is generated by c, {A') fl Z(Fq),  and ( T 6) H Z(Fq) .  We 

need to find generators for each o f the  la tte r  cyclic g ro u p s : suppose A'* generates (A ')D 2 (F o ). 

T hen

Y ~ bX i Y b =  c‘a{b)X ! =  A '1' = >  d\ia(b).  
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O n the  o ther hand, suppose ( i ^ 6 ) 1 £  Z(Fo) .  T hen Y bt centralizes A', and

y -b ix y bi _  ca(ib)x  _  _Y ^  d\a(ib).

C la im  8 .3 .1  d\a(ib) i f  and only i f  d\ia(b).

P r o o f  Let y  =  d /  gcd(d, q ( 6 )). N ote th a t 6  =  ord^(r) so d\rb — 1, d\a(b)(r  — 1). T hen g\i—  1, 

and  /• =  1 m od g. A lso no te th a t

a{ib) =  ( 1  +  rb +  r 26 +  - - - +  r ^ ~ ^ b)a{b)

- th is is im m ediate from  the  definition o f a ( / 6 ).

d\a(ib) ^  d \ (l  + rb + r 2b+ - - - - t - r {i- l)h)a(b) 

g \ l  + rb + . . -  + r ' ‘~ l)b

a\i-

T h is  proves the claim , since g divides i if and  only if g gcd(d , a[b))  divides igcd(d ,a(b )) .  i.e. if 

and  only if d  divides ia(b).  □

T hus (A') n  B  =  ( X 9), and ( Y b) =  ((V 6)5'). where g  =  d /g c d (d , a ( 6 )). We observe th a t 

gb =  ord<ijd(r) where jd =  gcd(d. r  — I), since d\a(gb) <*=>■ djd\{rab — 1 ).

T hen X 9 and Y 9b generate L as a  purely transcendental field extension of kF 'e id ,  which is 

isom orphic to &(&f). Now B  =  L =  Z[Ao)  and so C  = C a 0 ( B )  =  -40. Then .40  is a sym bol 

algebra o f degree g over L
f X 9 . { Y b)9

-4q —
C,L

Here f  =  [V'6 .A'] is a  prim itive root o f unity  of order g in L.

Let Z  denote the cen tre of ,4i. a  subfield of L. T hen . by Lem m a 4.2.2. the Galois group of 

L / Z  is cyclic of order b/ld.  generated by the au tom orphism  a  defined as the restriction to L  of

<r : Ai — >■ Ai

6a :=  0yU (8.4)

T h a t <x restricts to  th e  identity  m apping  on Z  is clear, since Y ld £  .4 i. The central sim ple 

Z -a lg eb ra  .4i is cyclic o f degree d' =  gb / l j .

.4t =  (L (A ')/Z ,<r, (? ''■ ')* ')
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.4i is a  sym bol algebra if and  only if the dth roots o f unity  in k F ' e 1(f are centralized by F\ .  In 

th is case Fi =  Fq and .4[ =  .4o. The field Z  is purely transcendental o f transcendence degree 

2  over

Z  D kF 'e  id 2= * (£ ,) n  E.

Now L =  k F ' ( X 3 , Y ba), and Y bs £  Z  since it is centralized by A'. By L em m a 4.3.2, there exists 

som e d  £  F'  for which the sum  of F i-conjugates o f X 9 d  has nonzero p ro jec tion  on ( e u ) ;  thus 

we ob tain  an elem ent Cx*  — A’9d  of Z  : d  £  k F ' .  Finally, Z  is generated  as a  field over 

Z  fl k F '  by the set {C ' x V'ff6}. To see this note th a t L is generated over ( Z  fl kF ') (C'x i ,  Y 9b) 

by c. and th a t c is a  root of a polynom ial of degree b/ld over Z  fl kF' .

8.4 Irreducible k-Representations

T h e  construction o f an  irreducible projective ^-represen tation  T  of G  belonging to ej  now 

entails the determ ina tion  o f images under a lift T  o f T  to F  for the elem ents C'a'j and Y 3b, 

which generate Z  over k F '  D Z  in A’F je i. T he im ages of C x Q and Y ° b need not belong to  k, 

bu t are certainly algebraic over k ; for exam ple since ( Y )  fl R  =  (V'5). j 6 |s  and  the image of 

Y'ab under T  satisfies ^T,(4 's6)^ £  k x . S im ilarly ^T(.V3)^ £  k x , and  C x j  =  X 9d  where

d  £  k F '  and the im age of d  is determ ined (up to a choice of basis) by e\d-

Let ,4t  be the  ^-algebra generated by {T{tj ),g  £  G'}, or {T (i-),x  £  F }  : then AT is a 

central simple algebra over a  field Z T which is a  finite extension of k.  and  by Theorem 5.1/2 

Z T C\T[kF') = k ( x )  where \  *s a  sum  of the F -con jugates of any absolutely irreducible (linear) 

charac ter of F'  appearing  in T \ f .  From the results o f Section 5.3 we know th a t  .4g :=  T(kFo)  

is a direct sum  o f sim ple com ponents each of which is a  sym bol algebra of degree g over a field 

which is generated by Z T and a copy of k F ' e i d . T he num ber o f such com ponents depends upon 

the  field Z T and  in particu la r on the tensor product Z T ® z Tnt{kF') T ( k F ' ) .  If [ T C T[F\)  is 

the stabilizer o f the sim ple com ponent .4^+ o f .4 "̂ under the conjugation action  o f T{F\)  on 

.4q\ then the subalgebra Aj~ of A T generated by I  over .4F_ is simple, and is a  sym bol algebra 

of degree gb/l<i over a  field Z j  which is isom orphic to  Z T . In this s itu a tio n  .4T is isomorphic 

to  a  ring of m atrices of degree [F  : /] over A f ,  where /  =  T ~ 1{[t ).

We are interested in particu lar in absolutely irreducible projective representations of G.  i.e. 

representations which rem ain irreducible when regarded as m aps into general linear groups over
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C. T h e  represen ta tion  T  described above is absolutely irreducible if and  only  if Ar  is a  full 

m atrix  ring over k: this requires firstly th a t ZT =  k, so the  im ages P  an d  Q  respectively o f 

C'xa and Y ° b are elem ents o f  k x . Also, by Theorem  5.1.2, we m u st have k =  k(x) ,  whenever \  

is the sum  o f the  F -co n ju g ates  o f  an  absolutely irreducible ch a rac te r o f F '  ap p ea rin g  in T \ f .  

Finally, in order for T  to be abso lu te ly  irreducible we require th a t  ind(A T ) =  in d (A ^) =  1.

T h e  s tip u la tio n  th a t Z T — k of course means th a t .4^ is a  sim ple ring  and  m uch of the 

com plexity of Section 5.3 is avoided. In th is  case

T  -  , r  -  p  —
where c' =  T (c ') .  and L ‘ =  T ( k F ' ) .  Furtherm ore if { Y ld) denotes the  im age under T  of 

Y l*, then

A j  =  A j  ( ( Y ld)T) S  ( k ( X T ) / k , a T ,Q)

is a cyclic algebra of degree d' =  gb/ld over k. Here X T — T ( X)  and  a T is th e  au tom orph ism  

induced in A j  by the au to m o rp h ism  a  of kF defined in 8.4 as con jugation  by Y ld. Now 

.4^ =  Md'(k) if an d  only if Q =  -'v\ ( x 7')/fc(Q) f°r som e a  G k { X T ). T his can easily  be arranged  

by the  choice o f P  and Q in k x : for exam ple we m ay choose Q  G (kx )d . T h e n  A7” =  Mgb{k) 

and T  is an  absolutely  irreducible projective representation o f  G.

T h e o r e m  8 .4 .1  Let  G be the metacycl ic group o f  S . I .  and let  n =  \G ' \ \M (G )\ .  Let  k  be a 

subfield o f  the f ield C  o f  complex numbers, and let £ G C  6 e a pr imi t ive  n th  root o f  unity.  Then  

k is a projective splitt ing f ield f o r  G  i f  and only i f  k contains the f ixed field o f  Q(<f) under  the 

automorphism cr which sends £ to £r .

P r o o f  : Suppose th a t k C C is a projective sp litting  field for G.  T hen  by T heorem  7.1.1 k

contains Q (£ )<7, since this is precisely th e  field obtained  from  Q  by ad jo in ing  all F -in v arian t 

character values o f F ' . where F  as usual is a generic central ex tension  for G.

On the o ther hand , suppose k  D (Q?(£)CT. Then k F  and C F  have the  sam e se t X  o f prim itive 

central idem poten ts. Let e E X ,  and  let x  denote the F -in v arian t charac te r o f F '  corresponding 

to e. T hen  k  =  k ( x ) , and as above we m ay construct ^ re p re se n ta tio n s  o f F  which behave as 

lifts of absolutely ireducible p ro jec tive  representations o f G  belonging  to  e. T h e  result is then  

a consequence o f T heorem  6.2.1. □
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E x a m p le  : Let G, k and  a  be as above. T hen  Q  is a projective sp littin g  field for G  if  and

only if cr generates the full Galois group of Q (£ ) /Q -  This G alo is  g roup , which is o f course 

isom orphic to  U(1L„), is cyclic if and only  if n =  p a or 2pa for an o d d  prim e p,  o r if n =  2 o r  4. 

T he m etacyclic groups for which 0  is a  pro jective sp littin g  field a re  described by the following 

theorem .

T h e o r e m  8 .4 .2  Suppose Q is a projective spli tt ing field f o r  the metacycl ic group G  o f  8.1.  

Then one o f  the follo wing holds

i) n =  p a or  2pa, where p is an odd pr ime,  a > 0. and  ordr (n) =  p[n) .

ii) n=4 and \G'\ =  4, M [ G )  trivial, r  =  3 m od  4.

i ii) n=4 and \G'\ =  2, M ( G ) — Co, r  =  3 m od  4.

iv) n=2  and \G'\ =  2 , M [ G )  trivial.

v) n=2  and \G'\ =  1 . \1 {G )  =  C2: G  2  C’2 x  Q ,  2 |/.

vi J G is cyclic.

8.5 Faithful Projective Representations

Let T  : G  — ¥ G L ( n ,  kj be a projective represen ta tion  of the finite m etacyclic group G  over a 

field k.  We  recall from section l . l  th a t the kernel  o f T  is defined as the  kernel of the g roup  

hom om orphism

T = t toT : G  J- P G L ( n ,  k).

i.e. ker(!T) =  {g 6  G : T(g)  £  A-*}. T he represen ta tion  T  is said to  be fa i th fu l  if ker(T) =  {1}; 

in th is  case T  em beds G  in th e  projective general linear group over k. W e  will determ ine th e  

m etacyclic groups which have faithful absolutely  irreducible pro jective representations, and  th e  

sm allest fields over which these representations can  be realized. A re la ted  question  asks which 

m etacyclic groups have cen tral simple tw isted g roup  rings over a  given field k .  We will give an  

answ er to th is question  also.

L e m m a  8 .5 .1  Suppose the metacyclic group o f  8.1 has a faithful  absolutely irreducible repre

sentat ion T  over  the field k  C  C. Then g c d ( f ,a (s ) )  =  rn.
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P r o o f  : Let T  be a lift o f T  to  F ,  extending to  a  surjective ring hom om orphism  T  : k F  — >- 

M i(k ) .  Since T  is absolutely  irreducible, T  sends the centre o f k F  in to  k .  Let (e) be the 

com ponent o f k F  to  which T  belongs (e as usual being a  prim itive central id em p o ten t o f  kF)  

and  let d be the order o f  the g roup F'e.  T hen X d E Z ( k F e )  since Y ~ l X dY  =  cdX d. Thus 

T ( X d) E k x and T ( x d) E Arx , so x d E kerT.  C erta in ly  d |m  since g c d ( t,a (s ) )  =  |F ' |  divides m  

(as f |m ). T hen  d m ust be equal to  m  since T  is fa ith fu l. □

VVe observe th a t the condition  m |/ in Lemma 8.5.1 im plies im m ediately th a t  y3 =  1, i.e. G 

is a sem idirect product o f (x)  by (y).

Now if A r =  T ( k F )  where T  is a lift to F  o f  the  representation T  o f L em m a 8.5.1, then 

from Section 5.3 we know th a t T ( k F e )  =  Mi(k)  is isom orphic to  a ring o f lm x  lm m atrices over 

the cyclic algebra

.4 f  =  ( k ( X T )/ k ,  er, (y ^ jo rd ^ C r) j  t

where X T and  Y T denote respectively the images o f .V and  Y  under T .  T h e  degree o f .4^ is 

o rd mj ( r ) / /m . and since

(V')nZ(F) = ( r ord-<( r)>

it follows th a t

(y)  D ker(T) D (y°rd- (r)) .

T h e  reverse inclusion also holds, since T  embeds F '  in  Mi[k)  as |F 'e | =  |F '| .  T h en  if ]Y*, A'] ^  1 

for som e i, T [ Y l) ^  k.  T h u s T  sends no element o f {Y)  which is not central in  F  in to  Ar, and

(y )n k e r (T )  =  (yord- ( r ) ) .

Since T  is faithful, we conclude th a t  s =  ordmj-(r).

C ertain ly  o rdmj-(r) |s  as

m  =  g c d (a (s ) , m)  = ^ - m|cv(s)

==> m j \ a ( s ) ( r  — I)

= >  m j \ r 3 -  I 

= >  o rdm j( r ) |s .

O f course this is not tru e  for all m etacyclic groups: it uses the  condition m  =  n  =  |G '||M (G )|. 

We require th a t s be m inim al w ith  the  property th a t m |or(s) in order to  ensure th a t  the
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projective representation T  of G  be faithful. T his condition  is sufficient, for suppose now th a t

T ( X ‘Y l) £  A-x .

T hen , since the  action o f ( Y )  on A" survives under T ,  ) '  m ust cen tra lize  A' 1 in Fe.  T hen m\ i  

and  T '(A ') £  k x , hence T ( Y l ) £  k x also, so s|Z, and  x ‘ if =  1 in G.

Then T  is a  faithful projective representation o f G.  o f degree s  =  o rd mj (r), where j  =

gcd(m , r — 1 ). We sum m arize these results in the following theorem  :

T h e o r e m  8 .5 .1  The metacyclic group G  o f  8.1 has faithful  absolutely irreducible representa

tions i f  and only i f  the follo wing conditions hold

i) m |i; G =  (x> x) ((/}.

ii) h i | q ( s ) .  and s  is minimal  with this properly.  □

This theorem  is originally due to  H.N. Xg -see [L2]. The next co ro llary  is an im m ediate

consequence o f Theorem  8.5.1. for suppose th a t for som e /  £  Z2[G. ‘C* ) the  twisted group ring

0  (G) is central sim ple o f degree s  over C. Then \G\ =  dimc('C^(G')) =  s 2  and  the isom orphism

0  (G ) --------    M ,(C )

restricts to a  faithful absolutely irreducible /-rep resen ta tio n  of G  o f degree s.

C o ro lla ry  8 .5 .1  The metacyclic group G o f  8.1 has a central simple twis ted  group algebra over  

C  i f  and only i f  G  satisfies both conditions o f  Theorem 8.5.1 and in addi tion m  =  s. □

If G  is a  m etacyclic group satisfy ing  the conditions o f C orollary 8.5.1, we have m  =  s, 

j  =  g cd (s ,/• — 1 ). and o rda j(7*) =  s, whence s\<f>(sj). T he order o f G'  is s / j ,  and the order of 

M(G') is j .

Now let G  be the rnetacylic g roup  w ith presentation

( x .y |x 5 =  1 , y s =  1 , y ~ l x y  =  x r ),

and  suppose k  is a subfield o f C  over which G has a  central sim ple tw isted  group ring. Let T  

be the associated faithful irreducible projective ^-representation  o f G , an d  let /  £  Z2( G , k x )
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be th e  associated  cocycle. T h e  degree o f T  is s' = sTs,  w here sT denotes th e  Schur index o f T ,  

which is equal to  the  Schur index  o f the  sim ple algebra k ^ G .  Let T  : F  — >- G L ( s ' , k )  be a  lift 

o f T  to  F,  ex tending  to a ring hom om orph ism  T  : k F  — >- M ,'(A ). Then, by T heorem  5.1.2, the 

centre o f T ( k F )  contains the values assum ed by the sum  o f  th e  F -conjugates o f any absolutely 

irreducible charac te r of F'  ap p earin g  in T |f - -  Then the id em p o ten t e of k F  to  which T  belongs 

rem ains p rim itive in C F .

Now if is a  prim itive s th  ro o t o f un ity  in C, k  co n ta in s  the  fixed field o f Q ( f s ) under the 

au tom orph ism  sending £s to which is generated over ©  by the coefficients appearing  in e. 

T hen  k  is a  projective sp litting  field for G  by Theorem  8 .4 .1 . We ob tain  the following result

T h e o r e m  8 .5 .2  I f  G  is a metacycl ic group possessing central  simple twisted group algebras 

over  a field k,  then k  is a projective splitting field f o r  G.  Q

In the above se tting  K F e  is a  cyclic algebra o f degree s =  ordjj-(r) over its centre Z .  

Moreover, K F e  is a  ring of m atrices over the central s im p le  Z -algebra A i generated  over Z  by 

A" and  Y l ■, where

l, =  [©(©) n  k  G (F )ct]>

.-li is a  cyclic algebra of degree s / l s given by

.4t =  {Z{X)/Z.<t . Y * )  :

a- is as usual defined as con jugation  by Y .  Now if T  is a lift to  k F  of an irreducible projective 

^•-representation T  o f G  belonging to e, we have

f(A -F ) S  Mi.

\
(k{</P)/k.CTT , Q )

V /

where P, Q  €  A* satisfy F (A 'i ) =  P,  T { Y *) =  T ( ( Y l )s l̂‘ ) =  Q.  The degree o f the  A-algebra 

T ( k F )  is s; its index is in d (A ^), a  divisor of s / l 3. By d ifferent choices o f P  and  Q we can 

arrange for ind(T (A F)) to be a n y  d ivisor of s / l 3. In p a r tic u la r  choosing

will yield an irreducible A-re p resen ta tion  T\ of G  for which {T i( g ) ,g  €  G } generates the  ring 

o f s  x  s m atrices over A. T he represen ta tion  7 \ of G  is o f  course absolutely  irreducible and
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corresponds to  a  tw isted  group algebra o f G  over k  which is isom orphic to M,(A*). Also, if  d  

divides s / l ,  G  has a  cen tral sim ple tw isted group algebra over k  which is isom orphic to  M ,/d (D )  

where D  is som e central A-division algebra o f degree d.  We have proved the following theorem .

T h e o r e m  8 .5 .3  Let G  be a metacyclic group and let k  be a f ield o f  characteristic 0. Then  

i f  G has a central simple twisted k-group algebra o f  index s. it also has central simple twisted  

k-group algebras o f  index d, f o r  any  divisor d  o f  s.  □
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Chapter 9

Conclusion

We conclude w ith som e general remarks, and by m entioning some possibilities for further work, 

arising from or suggested by the m aterial included in this thesis.

T h e  study  in C h ap te r 8  of the projective representations o f metacyclic groups was obviously 

exped ited  by the fact th a t a generic central extension of a metacyclic group has cyclic com m u

ta to r  subgroup . In particu la r the fact that k F '  is a  direct sum  of fields when G  is a m etacyclic 

group facilitates the search for absolutely irreducible representations and sp litting  fields, since 

no com plications arise from a requirement to sp lit division algebras appearing in k F ' . It is likely 

th a t the approach o f C h ap ter 8  may be extended to  yield specific inform ation on the projective 

represen ta tions of a  broader class of groups, perhaps some or all finite groups having m etabelian  

generic cen tral extensions. This class does not include all m etabelian groups; however it does 

include all groups which are nilpotent of class 2. I f  F  is a generic central extension for a  group 

G  which is n ilpo ten t of class 2, then 7 4 (F ) is triv ia l, whence F '  is abelian (see [17]). T h e  class 

also includes all abelian  groups, whose generic cen tra l extensions are n ilpotent of class 2 , and 

whose projective representations have been extensively studied.

A lthough there is very little  explicit reference to cocycles, and cocycle com putations are 

avoided com pletely in the approach taken here to  the study  of projective representations, it 

is perhaps w orth m entioning the implicit role o f  a  particu la r cocycle, nam ely the one which 

is defined by Lem m a 3.1.1. T he simple A '-algebras which are investigated in C hapter 4 arise 

as sim ple com ponents of tw isted group rings o f (finite) covering groups for G,  not over k  bu t
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over purely  transcendental extensions A' o f  k .  T hese projective A '-representations o f G  =  

F [ S  m igh t be described as "generic” pro jective ^-rep resen ta tions o f G,  since all projective k-  

represen ta tions o f G  arise from "specializing” elem ents o f ce rta in  transcendence bases for K / k  

to  values in k. Over algebraically closed fields. T heorem  2.1.1 relates linear representations 

o f G  to  projective representations o f G ; over m ore general fields, Lem m a 3.1.1 relates certain  

projective  representations of G  to  projective representar ions o f G.  It is easily seen th a t  these 

represen ta tions are in general genuinely p ro jec tive  - tin cocycle in Z J(G. K x ) de term ined  by 

Lem m a 3.1.1 can be a coboundary only in a case where G  is perfect.

It m ay be possible to im prove som e o f the  resu lts o f C h ap te r 7 on projective sp littin g  fields. 

For exam ple  it would be o f in terest to  know u n d er w hat conditions on the group G  a  field k  

satisfy ing  the  first conclusion of T heorem  7.1.1 is a  pro jective sp litting  field for G.  T his is 

ce rta in ly  no t always the case : however in co n stru c tin g  ^-representations o f F  arising as lifts 

o f pro jective ^-representations of G,  and belonging to  a  p a rticu la r com ponent o f k F ,  we have 

som e freedom  in choosing images for certain  cen tra l elem ents o f k F  which are transcendental 

over k.  It m ay be possible, perhaps under som e assum ptions on G.  to  investigate the  existence 

o f choices which might split not only the sym bo l algebras appearing  in the im age o f k F ' + , bu t 

also any division algebras appearing  in k F '  as well as the fu rth e r cyclic extensions which arise 

from  th e  action  o f F \ / F q as a  Galois group, as described in C h ap te r 5. It would also be of 

in terest to  know for which groups the converse o f T heorem  7.2.1 is true.
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