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ABSTRACT-
= B N
Given a mode] which. cons1sts of a system of d1fferen—,
tial equations descr1b1ng a certa1n phys1ca1 phenomenon, a’
sbudy has been made of the prob}em of est1mat1ng thecunknown
parameters in the model froﬁyexper1menta1 data In ‘such
problems, the 1ntegrat1on of the.d1fferent1a1 equations'

’descr1b1ng the procgess and seae1t1v1ty coef$1c1ents is the -

a._most time consum1ng part. An attempt has . been made to reduce

ﬁthe time requ1rements by 1ntroduc1ng 1nto the or1g1na] mode]
“approxnmat1ng functions of some klnd. Therresu1t1ng expres-.
~sions do not require one-step or mu]tiestep integration \
‘methods which are time consuming. J.: -

-1t has been assumed that. the on]y en?ors 1nv01ved are
those in the observat1ons, and no dynam1c d1sturbancessare
present -in the system. |

Three prob]ems have been stu ied;

the’first‘onesisma
by

Y

0 are initial va1ue Lt
1n each v“\\

boundary va]ue prob]em ‘and the ‘Tast
problems. "As ment}oned earlier; the original mode]

problem consists ofva'system 6f different\ial EqUat1ons.‘ Once~

/

@ %

this system has been transformed to a systiem of tntegra]
‘ equations,=functfons approximatjng‘thé observed variables. -
in terms of the 1ndependent variabie have been introduced.
HIn the f1rst two prob]ems, the systems of d1fferent1a1 equa—i

~tions have_been 1ntegrated using the Green S funct1on approach.
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The resulting expreg#sions have been integrated ana]yt1ca]1yﬁ

In the third problem, which repreSents a more general case, s

: Lo ' s LN .
~wherepanalytical integration is not possible, use of simple
:1ntegfat70n scheme,;éuch as the trapezoidal rule has been

“made..

Tﬁe main‘prob1em assotiated with'the’approaqh'emb1oyed,*

as will be segn, lies in.the difficulties encountered in
| Ot é; ne Les 4 | |
esgtablishing proper confidence intervals for the parameter -

estimates.
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o L " CHAPTER I .
. . ' ’ ' N
’ INTRODl,IC oN s
; | ) ':; i ..' A; : @"btizuﬁf‘ ' '
) F1nd1ng a mathemat1ca1 model wh1ch w1]1 descr12§ a ¢
. ) v'.v . S 3 "; .
certa1n process, be/1t separat1on,9chem1caﬂ reactlonsfor
.

‘a transport pro- ss; has been of gvow1ng concerpn1n the

“field of “hemlcal eng1neer1ng¢4 Somet1mes the mechanr@m of;‘ L8

-4

- " the process is part1§11y understood and an emp1r1ca1 re]a-

i

tlonsh1p is used to descr1be it. Sometwmes comp]ete under-

' S

stand1ng of the mechan1sm is- poss1b]e, w1th the resu]tant

mathemat1ca] mode] ava11ab1e In both cases -complete

[

f-'1nformat1on about the modeﬁ is poss1b1e on]y by*%stﬂmat1ng

the unknown parameters 1n it, based on observ1ng the system

4 w
hY .

behav1or The'observat1on5'are usua]]y made atﬂdascrete
p01nts, a]though in the case where time °is the 1ndependent
P o var1ab1e, one has add1t1ona] access to cont1nuous observav*_"“t

: . t1ons. " The est1mat1on schemes to be rev1ewed be]ow Sve
B |
L -non-sequentia] in nature,'ize., they apﬁ]y .to the_gase‘where,\
. 4 o
”est1mdtf%n 8 done subsequent to observat1ons Particular -~

\ \.:‘ ’

reﬁ@rences to k1netic stud1es w111 Elso‘be madé.

P ; ‘ . —_— \

A.'Qtit%rature Survey ;
- Unt#l recently, kinet?c analysi§.of systems linearized
by‘appropriateftransformations have'been-common. T se

N
AN
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|

approacheshsgjfer'two major drawbacks . Finst; they;eannou
) N

. represent real systemssencountered in many situations,

. which:are non-]inear in nature" and second, under trans—

format1ons, there is no guarantee that the 0r1g1na1 error'

: distribution wh1ch has been Judged appropr1ate will be nren j

served. * The avatlability ofsmodern computers, on the othe;

~hand, hgs made the ana]ys1s of non Tinear systems feas‘)le

Examp]@a_for us1ng ana]yt1ca1 1ntegrat1on methods prlor

‘tb«est1mat1qwfare given by'Levensp1e1 (20), Wr1ght (32),

o

and Kittrelj, Mezaki, and Watson (15). For simp]e systems -

\’Q " - , <

R one‘éannot.oﬁsectrto this approach.- However,fit should be
. L R

kept”in mind that;halthough some systems'wt]] lend them;

‘selves to analytical im}egration, the resulting models_to

-

be used for estjmation arecrather,complicated to work with.
The threeFCOmponen{ monome]ecu]ar; reversib1e neaction-
system ana]yzed 1n Chapter IV can be c1ted as an example

| The genera. concept beh1nd the est1mat1on procedures'

is: d1scussed by Ba&d and Lap1dus (1,, Quon: (25), and N1eman,y

EFlsherg and Seborg¢(23)ﬂ They can be CWES%ified'into three

main groups,,]east squares, max1mum 11ke11hood “and Bayesian
Il

Lest1mat1on. The first, mere]y requ1res the assumpt1on of - zero

expected. value of the ob. tion rrors. The second, assumes

;,a distribution for ths: sbservation errors, usually the normal’

distribution. ‘The wei-ats, which express one's confidence in

the'obsenvations of_.iffenent variab]es,'are considered to be

a

Lpart of the system arc estimated together w1th the para—

<

meters. The th1rd method takes" into account the ex1st1fg

- B

-
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information about the parameters prior to the experiment.

<,

It is particularily useﬁg]"fof sequential expe;imentation.'
C L s .
‘' So far, only. the existing criteria for estimation

’

{ : _ X :
have been mentioned. An equally important aspect of esti-

mation is the cémputati nal scheme employed to satismfy the
criteria mentioned-n the preceding.pafégrabh. To this end,

. ! . . .. B Wy } ) :
consider the initial valud problem described by:

- ) - ¢ \
J ~y' o= fly, = _(I;TY
~ y(xg) =¥y (1-2)
. Dy
‘where y = observed depeﬁgent variable, 5
<  x = 1ndependént variable, |
fg = p- ector of unknown péramgt rs.

g .

The prime <tands for the derivative of y with respect to x.

[ 4

One could, as mentioned earlier, integrate Equation,

(I-1) analytically, if possible, and choose the resulting

1

L equat® n jas a model;:

Ny oealcia) 0 (123

:The al%erﬁati?eéwouT@’be to Qork'diréct]y with the model
givenfgy Equation (I—])iK In any tase;'the‘estimatibn pro-
¢edure$,toube ouf]inéd pe]ow are'thé same, regarﬁ]ess of ‘the
modef.bé{ng'Used, The on]y’diffe}ehceifs_that numer:cal

’ /

‘integration‘might be necesSaryiifuone is WOrkirg'with the

o | - T o . | o | \\‘4“*> .
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model given by Equat{on (I-19)- |
| The exfsting'édmputétiona1 ﬁethods can be divided .
into two main classes; direct search methods and gradient
methods . Usua]]y, diréct'search methoés are used to proVide
an appfoximatién éS‘a startihg poiﬁt for the gradient”hethbds
.whjch are’iterétive 7i'nature. | -
| A]]_the gradiént»methods érovide a correction § tq
the,parameter estimates at thé iteration stage under ques-

‘tion, using:

Cona "
"'

where a sca1e} determining séeb ]ength,ﬂg
y. = {g—;; j=1,2,...,p} : o e .
J ) ‘ . . . s - ‘
S = obje%tive function to be,mihimiied; a function
of ¢ ¢, _ . - .'

Iy
I
<
‘|
=
~

k< 2

N vector of obse?ved values of Y

- Yo N vectorfof predicted va]ués of y by the algorithm,

N =‘anber of Qbservétion gpintg;:”
/ The Qifféfent-fofms of'the-grédigq;;method éméh§é §s
a result o}'thejéhoiée'of‘k and R. Tﬁié'poin; hasfﬁéen ﬁfs;
cussed by.Bard.éna Lapidus. (1) in detail. One 6fvthe mosf'
commbn]y uSed approacheé js:to éxpress R in terms of the: "
"sensitiQity tpeffiwients whiéh Aré the parfiai'aerivafi§§;:§“b
< ) _ . .

P ' ' x



of the dependent variables with wespect to th- oxrameters.

In the case where the model given by Eduation (i-") is used,
this requires numerical integration. An alternazive method
is to evaluate them by d#fﬁerentesg_using s]ight]y'perturbed'

parameter values. It should be pointed out that the tom-

_putational requirements are the same in both cases.

/

Quag/d1near1zat1on has received cons1derab1e attent1on

‘(2, 9, 12, ]7) - This method converts the non-linear initia]

or boundary value prob]em 1nto a series of 11near 1n1t1a1
value problems.. Donne]]y and Quon (9) have reduced'the number

of equation- to be integrated by considering thekstructure

of the equation.

technique similar to the on

this case, R =

Hwang and Seinfeld Q]Z) have_shown.that-a gradient -

bsummariied by EqUation (I-4) can
be deve]oped using'the notion

| (ETQ)-], and v = ETE,_in'specific,'where,g o

of quasilinearization: - In

A
!

is the matrix of sensitivity cbefficiénts.

One of the shortcomings, of the guasi]inearization ///v
To

approach is that the convergence canpot be guaranteed.. : /

assu;e convergence, Donne]ly and Quon (9) have perturbed the/
(i 5

observed data to generate a new set of data wh1ch will fa]]

/

}n'the reg1on between the observed. data and that_pred1ctedv‘»

£

byvthe algorithm Se1nfe]d and Gavalas (26) recommend the

“use of po]ynom1a1 f1tt1ng to the first severa] data po1nts

or the use of the. steepest descent algorithm for the -initial
stages of ca1c11at1on |

Invar1ant 1mbedd1ng (8;’17) also appear§ as a powerfu]



.‘ ’ . ' j/ /A “. 6 A '
tool in estimation. Optima]»contro1 concepts are applied - ‘
in the minimization of the objective functién over the
whole trajectory. This method is seqoential in nature,

i.e., after each data point/ié'taken; a new set of states

o

and parameter estymates is obtained.

The use of expans: .n Tu-c T in th 7s01ut10n of
A58 X P n fu-ctions 1 e -

dﬁfferent521 eqdatdons i, au’ce commoh (6, 16). They have,

been also used in the reverse probflem of identification
(27, 28). ., .

The approach 1n this, work w111 ut111ze exp3n51on

functions in est1mat1ng constant parameters 1n systems wh1ch

3

have a]ready been identified and can he represented by a
system o{\ord1nary dxfferent1a1 equat1ons Cresswell and
Quon'(6) have proposed a method. for attack1ng a prob]em which

has a1so been cons1dered in Chapter I11. Lee h18) has used

expans1on functions in determ1n1ng parameters wh1ch ane func-

s
~_ -

L

t1ons of ‘the 1ndependent var1ab1e x. « AL

w1thout a pass1ng reference to the methods stresswng
_the des1gn of sequent1a1 exper1ments the rev1ew wou]d ndﬁ&
"be»comp]ete.f‘A number of papers have-been pub]1shed in this
field (3 L‘ﬂ"‘14 122). It 1s generaiiy recommended that tmg
exper1ment be run under conditions where the determinant of
iG G is max1m1zed where G is the matrix of sens1t1v1ty co- -
Feff1c1ents The parameter\est1mates obta\ned from the last
exper;ment are used in eva1uat1ng the new determ1nant of

"g L over a grid of_exper1menta1 conditions oose the

Ve

'most_favorabge ones. Box and Lucas,(4) have shown that under,



certain assumptions this choice is“&quivalent to minimizing
_ : .

the voTeffle_of the joint confidence region of. the parameters.

]

B. Objectives of the Study

‘Thg)main drawbacks of “the gradient metnods and the
quas111near1zat10n and invariant 1mbedd1ng algor1thms out11ned

in 3ect1on A is the time requ1rements for the numer}q-

~gration of the dqfferent1a1 equations describing the;system

and sensitivity coefficien

As po1nted out in the prev1ous sec‘1on, the ‘use of

f analytical integration melhods , even 1f_ana1ytica1

° ]

‘integration, is possib?e ’ . ‘ ' ‘ NG

The main effort in this work is spent in comb1n1ng ‘the

v
A

features of the grad1ent and ana]yt1ca1 1ntegrat]on methods
in a way which will reduce‘the c0mputation time requirements.

To Fhis end, approXihating fdhctions, depending on the nature

- of the“phoblem»at hand are used.  In some cases, it is neces-

-

sary to spec1fy these functions completely (i. est1mate
the coefficients involved) prior to the estimation o t§e
parametehs‘ot origina] ihterest. Im gther cases_it 1S
pessible t0‘estimate both parameter'sets simulcaneously.
The problems studied .in Chapters IIT and IV enjoy the pro--
perty that the system of d1fferent1a1 equatyﬁhs can be put
>1nt6“a.se1f-ad301nt form. In cases where this does hot prove
app11cab1e (Chapter V) a mefe general ahproach.is tékeh.

In .this work, ,1t is assumedgthat the'mbde] describing

the system is a]ready available. It is further. assumed

L
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that no dynamic noise is present in the systém. Thus, the

errors, are limited to those in the observations.
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CHAPTER I1 -

THEORY

Consider the initial value prob]em]

A
y'(x) + U(X:ny%x) = f(y(x),v(x:g),x) : ; (II—])
o . y(xo) = v ' (‘11-2)
f;’r/: . ' ‘ .
o | y'(xo)’=‘n' L o (II-3)

where the prime denotes the der1vat1ve of y with respect to

X, the 1ndependent varlable, a-is a p- vector Hf urknown

‘parameters. The general soiut1on}of Equations (II-1) to

(11-3) is ’

'ﬁr y“'
Vo ‘ X o ‘ ‘
| {:(X) = F(x,8:a)f(y(&),v(g:a),&)p(£:a)de -
‘ S X o ' B
4 z(v,n,x:g) : ' ' A.. ’._ (II-4):

where"

o

For S1mp11c1ty of notation, only the case with one
dependent variable is considered. The above treatment can
be generalized without any d1ff1cu1ty to handle cases where -
there are more than one dependent var1ab1e
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R=)
—_
>
[}
~
i

exp[? u(£:a)de] | (11-5)
X O : .

In Efuation (II-4) the ferm z(v, ,X:a) accounts for the

,in1t1a1 cbnditjons, so that Eqﬁations (11-2) and (II-3) will

be satisfied. The:procedure for determining F(x,£:a) is

g

given in (31).

.~ Now consider the boundary value problem

/
y'x) + u(xza)y'(x) = - F(y(x),v{x:a),x) (F176)
\ - u]yu(xo)t+ p1¥(xg) = r' " | (11-7)
Uzyl(xf) + QZ.Y(Xf) = S ‘b; (11‘8)

IO
- -

The general solution of EqUations (11-6) to (II—8)\;S{

rXge g | »:T' ,. = " R k/

s G(x,xf:g) (11;9),

where p(x:g) is again given by Equation (II-5). The proce-

PN

dure for determining G(xfg:g) is given'in»(31).

-If‘u FfO;_*ng(x,x :a) should be replaced by
T QGZ(X X -a)‘~ Lf ﬁ = 0, - 6(x,,x,:a) should be replaced
Py 9E TR0 Ty T My 1°%¢°2

[EE . P
. 9 . ke s R el
. a
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11
»by__p_-zi(x’xf,_:-af)f_
The general solution of” ‘ '
yi(x) + u(x:a)y(x) = fly(x),v(x:a),x, (11-10)
y{xq) 7V : (I1-11)
is givea by
.. —_-I x B N ] ' K
Cy(x) = plx:a)” [ oplg:a)fly(g),vlg:z).7)dl + v (I1-12).
: X _ : : -
*" - Now assume that a set of observat1ons {y 1;
i=1,2,...,N} is ava11ab1e On the bas1s of those observat1ons,

Y

the est1mation of a is des1red Suppoge one rep]aces y(x)

.

by us1ng an approx1mat1ng funct1on of»some k1nd

S N
v x'\'..‘.,,..a

(11-13)

1J\
1ng on the prob]em at hanﬁéiby o(&: b) gives: . o

y(x) = p(xzap) 07 (11-14)
e . : . cL . /, |
Replacing y(x) in Equation, (11'14)‘b¥'the_ob5erved VgTues,

_one; obta1ns the f0110w1ng error model:



A

]2|
:a_ag_); 1=102>--‘-3N_ (II']S)

Now the problem has been : .cuced" to the est1mat1on of a and

b .such that the least- squaVcs obJect1ve function:

SN
s= ) &b | (11-16)

“

is minimized. It should be noted that, in some cases, due
.to the structure of the equat1ons, the 1nteract1on hetween

_the components of a and b cannot be avoided, so that their

simultaneous estimation is not possible. One could, then,

define a new error model of the form:

- p(xgig)s -1,2,.. 00 , (11-17)

l': =
n ) o~

L .~

.i

where c “is a vector with a dimensgion sma]]er than p+q, whose
components have ‘been obtained byv]ump1ng the components of

a and b. Depend1ng on the s1tuat1on at hand c cou]d,st111

retain some of the eIements of a. After estimat g c.using.
1east squares,‘app11cat1on of a second 1east squares proce~

dure would give ‘the des1red estlmates of a and b.

. Another approach would be to =st1mate b or1g1na11y,

-

us1ng the fo]]owing error mode]

D

_ﬁ@. - €5 = ¥i - a(xi:g); 1=1,2f..,,N'__ - | »(11-18)

“Using b, the estimaté of‘g, the fo]iowing error mode]hwou]d.

AL
Eia
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<

be g§ed to estimate a:

ca,b); 1.2, N (11-19)

If possib]e; the use of a two-staQE'eetinet{bn-bfbcedUre

should be av01ded, s1nce the est1mates of a will somewhat be,ere
.dependent on the est1mates of b. | L

_Note that the approach d1scussed SO. far has been based _

'_on “the assumpt1ons that. the dnfferent1a1 equatwon can be con-

verted into a se]f—ad301nt form, and’ the ana]yt1ca1 1ntegra1

of

.exists It has also been assumed that an ana]yt1cal,expres-i

sion for F(x £: a) or G(x,g.g) can be found.' When these
assumpt1qns hold, the above approéth is partieu]ar1y~appea1-  ,
Tng; since it lends itself to anelytica].integnation' ‘Nhen
these assumpt1ons do not ho]d, one wou]d have to resort to f

a more general approach. To th1s end, consider the 1n1t1a1

value problem:

L

C\ , - | |
y'(x) = h(y(x),x:a) - ks - KI1-20):
_y(xo):? v o o S (I1-21)



$(E:b) gives:

Again, a set of observations’{yi;x

i i=1,2, N} is avail-.

-able.  Integrating Equation (II-20) gives:

y(x) = v+ [ h(y(E),E:a)de (11-22)
X0 | | - o

Now assumed that y(x).ié replaced by an epproTimating function
whose parameters ha%e'aTrqady been estimated:\

y(x) = o{x:b) - - ¢ - (11-23)
Rep1a¢ing y(g)'ih the ihtegrand of Eﬁu&fioh'(IIQZZ) by

y() Z v f n(e(g:b),E:a)de . (11-24)

Replacing y{(x) in Equation (II-24) by the bbserved va]QeS’

‘gives. the following error‘modelz L 1 -
- (x) olx: b) = [ n(o(g,b),£ra)dg - (II-25)
. j ol V ) . %,

' | | : S :
..The above error mode] is continuous in x; hence, it can be

--=eva1uated at as- many points as des1red - o 5

“Note the_bas1c d1fference' etween the conventwona]

estimation méthddé and the above approach. In the former, d

" the d1fferent1a] equat1ens descr1b1ng the%system ‘and sens1t1-

vity coeff1c1ents are 1ntegrated us1ng one- step or mu1t1-step

: formu]as : The step s1ze used 1n 1ntegrat1on p]ays an 1mport—;

el



-ant role 1h'thelstabi11tﬁrof thé.golution of ﬁhése différéni’
tial equations. Thus 1nfegration shou1d.be'carf{ed'out:usﬁng
fairly sma}l increments of x. w1th.the”new approach, on tﬁg
other hand, the integrand can be evaluated at a certain
‘number of x points throughout the interval, and'aUquadratdfe‘
fdrmula,‘or-a_simbfer.foth]a such as thé(trapezoida]-rule,
or Simpson's ru1e cah be uséd for integratiOn; The number
.-bf‘points at which the integrands’are evaldated cou]d thus
 bé reduced cons1derab1y, since. the 3ntegra]s wou?d not be;

as'sens1t1ve to the step s1ze used.

tox
o

A br1ef out11ne of the non- ]1near least- squares proce-

dure employed is-given in the Append1x.>

L3
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~CHAPTER ITI

A 10i SEAL FLOW CHEMICAL REACTION PROBLEM

° 6 o

o )  » . L o | | S /
A. ° Statement Of'the'Problem\: : |

»

‘ Cons1der the d1fferent1a] equation descr1b1ng the com-

pos1t1on of a s1ag1e reactant along the length of an 1sother-

n; “

mal, non1dea1 flow chem1ca1 reactor:

) ;L’g_% _ dc _ Da-Q(c) =0 ., 0<x<] & (111-1)
Pe dx™ dx - ' -
with P
o ;L‘gg' D ) - ..
C-i 1 + Pe dx ét° x=0 | . ekl 11-2)
o : | dt i - ‘ —— L . j’ o
o o i 0, »gt x=1. o .({II-3)
; where ¢ = dimensionless meaSure of “he'composition of

_the reactant

x

I
a
-t
3
)
=
w
-
o}
>
—
®
n
-
3
1]
oY)
w
-
=3
A
(o}
-ﬁ.‘
o
=
o
S
-l
wn
(—f—
[s¥)
=
0
rv
ey
-
o
3

S e

the reactor inlet,

/

.Pe

= Pec]e& number, vL/E,;/;;
‘Da = Damkoh]er number, % k 8‘1, for homogeneous.
" Treactors, CRURLY R TR
' ' r& - T .
Nc) = term accoqulng fo e kinetics of the decom--
‘ position, assumed to be of the form cn
v =_superfﬂp1a1 w@ﬂoc1ty, }
A EE‘
N 16
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Rt N ol
K -

D ) "_ ’ ' ‘

n = reactgon order, B . o o
L. = tube 1éngth } - , .v o ﬁ“f‘s

E =,ex1a1 d1spers1on coeff1c1ent, _ d

k =vreact1on rate constant, ¥T~

<o = reactant composition.at. x= o '

The der1vaojon of Equation (111-1) can be found in-
LevenSpieJ (21). The boundary conditions (II1I1-2) and (IIf-B)
have been discussed by ankwertéﬁ(7),'Wehher (29), and
bearson (24) ‘ v | )

' A d1scont1nu1ty at the lTeft endpoint, Equation (III-?)
Kis he mathemat1ca1 approx1mat1on of a given phys1ca] s1tua—_

3 tion. It is for this reason that 11m1ts from the r1ght must
be consﬁderedbnear this end pofnt.. | -

- In Equat1ons (II11-1) ‘and (III-2)'Pe dceounts-fdr the
non1dea11ty in f]ow, Pe -~ 0 corresponds to complete mixing
in the tube, Pe » o corresponds to, plug f]ow behav1or

Tne aim‘of th1s chapterv1s-tm%est1mate Da, Pe, and n,

given.a set of observat1ons {c X3 1;1;2,..¢;N}; wher=: c:

stands for the. observed va]ue of compos1t10n at >’=.x1.

B. Error Model

The so]utlon of Equat1ons (III-]),to (1}1-3)-13'

c(x) =1 Da[fo (c(£))de % fe (x- Eg(cle))de]  (111-4)

N

. &
where £ is a dummy variable introduced in crder to carry out

Y
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~
the integrafﬁons. ‘ ' )

Rep]acfng Q(c) in Equation (III-4) by c" gives:

c(x) = 1 - Da[j c"(g)de + f e /,X e (')dg]» (I111-5)

Let cnix) Qe approximated by ‘a poTynomja]iof.degree‘M:

3

=
=
0
e~z
32

o ™ | *\
Comb..ing Equations {III-5) and (III-6), and re 1ac1ng the.

left-<hand side by Ei; the . observed value of compos1t1on at

gives the fo]]OW1ng_error mode1-1n dyscret1zed form:

~ . *i M ﬂ |
. e. = ¢, - 1;¥-Da[£ 7 a £Mde A T
. . 1 L ‘ B . .m'=0‘x.°m‘ )
~ . \j ‘;i’ : \“ J
' _ 1 Pe(xjfg) M
o + [ e _ y oa £ dg]
x5 ' méQ ¥
\ .
i=1,2, »N (I11-7)
or \
o M X . 1 m.Pe(x%¥£)',_ N
e. = c. -1+ ) b [fgde+ [ g e dg]s 5
% I . L Pp
L R g o i=1,2,... N (111-8)
"where
by = Daraps mfo’l""fM" - ;_u?(IIL@Q?;“'

a x™ . (111-6)

B 0
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. The ana]yt1ca1 integretibn of the terms in Equagion
(III 8) is quite straightforward. With the error model
given by Equation (III-8), the objettive‘functiongto be

Oy

minimized is:

N S | ,
S;.= 1 w.el - (111-10)

&wnere‘wi; i=I;2,I..,H‘afe weights, 1ntroduced to reflect
the precision Bf,each individual observation.
iAIthough the original purpose was the estimation of
Da, Pe, and n,dgiven a set offobservations,~the problem has
ndw been transformed into}onexInonving’the estimation of
| Pe and b ;.n=0 T,...,M. In the related model described. by
Equat1on (III 8).Di,and n do not dppeén exp]icit]y; they have
been lumped into the b I;. This makes it neeessary to use
a two-phase_est1mat1on procedure con51st1ng of:

FEPhase 1: The s1mu1taneous ectimation of:

(a) the effect of the nonI1near1ty in row
. (accounted for by Pe), and

(b) the effect of the decompositidn rate.
% {accounted for by bp; m=0,1, LMY on e
the compos1t1on prof11e ‘ »

Pnése 2:  The subsequent est1mat1on of Da and n.

Phase 1 involves minimization of.the-obaect1Ve function

-SI’ given by Equation (11159); Th1s is accomp]1shed by us-
ing the nonlinear IeastQSquares techn1que.: At. the end of~
Phase 1, est1mates of Pe and bm’ m=0,1, .;M'are available;

s toEse w111 be denoted by.Pe and b | m—O,I,...,M.

- i

P



PR ’ From the inspection of Equations (I11-6) and (I1I1-9)— .

it follows that: - 1%% o B

Moo
Da-c(x) = § b x" . . (I11-11)

v

s - . _ =
The required error model for Phase 2 is obtained by combihing

‘Equations (II1I-8) and (111-11):

X, BN
g Mo M. L
e = Z b_x. - Da{l - Z bm[f g dg
_ m=0 _ m=0 0
1 Pe(x,-£)
+ [ gle T deld
i=1,2,...,N ' (III—]Z)
The obJect1ve funct1on to be m1n1m1zed is:
Sp = 1. wileg)™ C(I11-13)

cu"_

Note that the model given by Equat1on (III—]Z) is
11near with respect to Da and n, when transformed into ]og-
harithmic coordinates. Th1s procedure reduces the computatwon
time requwred for Pl se 2 cohsiderab]y, compared to that for
 Phase 1. However, it is realized that the error d1str1but1on

has also been trqnsformed.



C. Generation of Data

1.

For n=1, the“analytical solution of Equations (IIl-1) -

Generation of’NoiseQFree Data

21

t

to (ITI-3) was used to generate the noise-free observations -

4

~at eleven equally spaced points -along the length of -the reac—A:vui

tor, corresponding to various Da and Pe values. . The numeri-

Y

cal solution for n=2 was taken from Creswell and Quon (6)

For n=1, the analytical.solution is giveh by -

where k]

*

C.-

i

o

exp[Pe(]+5)x1/2]_¥ k2 exp[-Pe(B-i)xi/Zj;

(1 + 4 =

noise-free observation of ¢ at x

@

= \

(I1I1-74)

(I11-15)"

(I11-16)

The various détavsefs’used?are coded in Table III-1.

The noise-free observations corresponding to “hose détaisets

~are shown in Tables III-2 to III-7.

(fli—17)\.



CODING OF THE VARIOUS DATA SETS USED

TABLE III-1

22

Data Set

Pe

Da _h(known) n(unknown)
A 1.500 . 6.000 1.000 --
8 3.000 . 6.000 1.000"" -
C 1.500 ;sb.oo ©1.000° --
D 3.000  50.00 1.000 --
E 2.000 6.000 - 000
2.000 - §.000 L. s .000




TABLE II1-2

- NOISE-FREE OBSERVATIONS

DATA SET A~
X c*(X)
| 0.0 0.82846
E e 0.73168
0.2 0.64625
0.3 0.57088
0.4 0.50448
0.5 - 0.44616
0.6  _  0.39531
0.7 4 0.35179
0.8 0.31620
0.9 0.29062
1.0 0.28012
_

2N
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.73205

58772

47186
.37886
.30427

24051
.19683

.15922
.13056

.11103

.10324

v
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NOISE-FREE OB"SERV‘A‘TIONS

CTABLE II

1-4

DATA SET C
" (x)
0.0 0.97167
0.1 0.83989
0.2 1 0.72597
0.3 © 0.62751
io.4j 0.54240
0.5 0.46884
0.6 0.40525
0.7 0.35029
0.8 0.30278
0.9 0.26175
1.0 10,23272

25
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TABLE II1-5

NOISE-FREE OBSERVATIONS

DATA SET D'

. T et (x)
0.00 . 0.94627
0.1 0.71240
0.2 0.53634
0.3 0.40378
0.4 0.30399

o 0.5 " 0.22886
0.6 10.17230
0.7 0.12971
0.8 0.09765
0:9 10.07353
1.0 0.05832
&

—_

26
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TABLE I11I-6

NOTSE-FREE OBSERVATIONS

.o o ©o ©o ©o©

DATA SET E_

X ' ,.c*(x)
0.0 ©+0.79130
01 0.67550

0.2 0.57668
0,3 | 0.49237

3

4 0.42051

5 0.35942

6 0.30779

7 0.26483
8 0.23054
9 0.20633
.0 . 0.19649

27
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- TABLE III-7

.NOISEJFREE'OBSERVATiONS

PATA SET F .
AT ///f -

X _i’ » c*(x);

.83129

74012
.66559
60372

[\
o o o o o

55172
50764,
47017
43862
.41305

o o o o o

.39476 -

0 0o o o o o o O o o
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\_ -2, Generatiqn‘of Noisy Data®” - - . s
. ) . * . R N N : i ) . . . . .‘
Each so]ution,.ci, corresponding to a,certaln_Da, Pe,
and n was contaminated with the addition of random numbers

to generate twenty 585§ of noisy observations, using:

- *' - . E . X o n-- ~ :
C.s.= C. + €.. 3 i=1,2,...,11; j=1,2,...,20 -~ (IIlI-18
j37 0 F ey 181L2 115 3=1,2 (1 )
. - * - ' " .
where c; = true solution at x = xi,:' . :
- ' 11”? }v ; - _ o
'cij = no1sy observat1on at x = X for the jth run,
eij‘= random number th Gaussian distribgtion, having

zero mean and a standard deV1at1on§/ 0%03,
ive., f(e) = fy(glo, 0.0009). 7
/ T - S .
- Subroutines G;;SS and RANDU, supp1ied-by the'IBM 1130:‘

sc1ent1f1c subrout1ne Package (13) were used for th1s purpose

‘gi D. Treatment of Data . ' ",\f} h@ | | ‘

1. Ne1ghts and In1t1a1 Guesses of Parameters

A]] the computat1ons were done us1ng equal we1ghts

‘This choice was based on the know]edge of the d1str1but1on
of the observat1on errors,'s1nce they wére a]] generated from

the -same parent d1gtr1but1on The-we1ght1ng-matrrx used wask\
B T S C 0 (111-19)

v*(NXN)" 02 —(NXN) - VRRAm R
’uhere'.I(NxN)‘= the 1dentnty,matr1x, n

BT

st o= variance estimate of the measurements.

. \ :
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=4
w
o

For the minimization of S, o was set equal to 0.03.” For

:;'}

III 8 and I1159.

the minimization of §S,, o2 was approximated by

' g. ¢ , .
{, | EL__L |  (11I-20)
L ) ‘ _-N - p .

= ’ T . ‘ ' o ’
where p is the number of parameters estimated in Phase 2.

For .the noise-free observations, second, third, and

o~
A

fourth degree approxtmating polynomials were tried. For the

‘noisy observations, attempts to USe ponhomiaIs“with degrees

hrgher than two resu]ted in parameter est1mates w1th h]gh
variances. The initial guesses of Pe and b ; m=0;1,...,M

for the no1se free and no1sy observat1ons are shown in TabIes

A

°

2. -Treatment ‘'of the Results Obtained from Noisy
Measurements, :

It was noted before that for every set of Da, Pe, and s

n, twenty’Sets.of noisy observations were generated; the

£

resultsof the individha]~ruhs@%ere averaged and statistical

I c

conclusions were drawn{ regarding the means and variances of

)
2

’ Ve . \
: - | 7 S
the parameter estimates g% 7
The nomenclature g1ven %e]ow w111 be ‘used throughout

the rema1nder of this work-
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o3 A
g2 . 3=l 7 - C(111-22)
D "] . f
o J .
P P _
1 p = =t (I11-23)
v Jd.
Pj = least-squares estimate of paremeter P,
obta1ned from the jth run,
§§ i o least- squares est1mate of the varience -

. of p, obtained from the jth-run.
& : ’ - s _ .

In words, §§.is the variance of parameter p, obtained

“from the individual parameter estimates; whereas §§”}s the
;&ariance of p, obtained by averaging the estimates of para—h
‘meter variaqées predicted by individual least-squares runs.

p is the mecﬁ\of the individual est1mates of p

" E. "Results and Discussion-:

'1.“~Nofse-Ffee Observations

In Tables 1II- 10 and 111-11 resu%ts for Da, Pe, and n =~

.

’ere shown for:no1se—free observat1ons )

A etuey of these tables showﬁ that-the estimates of Ln
.are closer to their true va]ues for the case where nis con-,
: sidehed known'than~for the case where_ it is treated as an
unknohn* (The estimate of Pe wou]d not be affected by th1s
Tchoice, since its est1mat1on is carried out in_Phase 7 )

Note also that, better estimates are obtained with i  edging



TABLE III-8

CINITIAL GUESSES OF THE PARAMETERS -
NOISE-FREE OBSERVATIONS

Degree of. , . -
Approximating béo) b%o) béo) bgo) b§0) Pe(o)
Polynomial -
2 50 -5.0 5.0  -- ~ --  20.0
3 5.0 -5.0 10.0 -5.0 - 20.0
4 5.0 -5.0 5.0 -5.0« 5.0  20.0
TABLE I111-9
INITIAL GUESSES OF THE PARAMETERS”
NOISY OBSERVATIONS
Data Set— béo) ' b%o) béo) Pe(o).
RLBLELF 5.0  -5.0 5.03 1200

c,D 5.0 5.0 5.0  100.0
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po1ynomia1 degree. This, however, does not mean that_phe

,‘degree of the approximating polynomial can be 1ncrea§ed

indefinitely; the minimum variance criterion to be discussed

later in this chapter would be the dictating factor in this

choice.

2. Noisy Observations

The resdlts of‘individua] runs from one to twenty for

’ d1fferent parameter sets ‘are shown in Tables II11-13 to I1I- 18§

A]] the resu]ts were obtained us1ng ‘second degree approx1mat—\

‘drawn for the range of. 1nvest1gat1on

1ng_p01ynom1a15.'-The summarized stat1st1ca1_resu1ts are

" given in Tab]e'1i1—12, in aqeordance with the nomenclature

given in Section D.2 of'this.Ehapter.

S Note that in Table III—]Z,FSome of the results for Pe .

pe

\have‘not been shown for Data Sets C and D. Sthdying Tables

I1I-15 and III1-16 shows that the variance estimates for Pe

[}

fluctuate widely. In Table III—]S the éstimates of Pe also
f]uctuate'widely Thus, any stat1st1ca1 conc]us1ons drawn
from these results would not have much significance.

. Stuﬂying.Tab]e III—12 the following conc]us1ons are ¢

k2

(a) The est1mates of Pe are highly sensitive to the
observation errors.
(b) The normalized standard deviation of the estimates

of Da,‘(§Sé)]/2/5a,'is relatively insensitive to the value -

AquDa; but 1nyerse1y prppoftibna] to the value of Pe.

- (c) The normalized standard deviation~of the estimates

1
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TABLE I1I-12
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RESULTS FROM NOISY OBSERVATIONS

‘Data Set A B C D E R
Da 1.507  2.95] 495 2,895 872 1.73g\\t'
Y - - - o 903 1.684 =
Pe 6.791  6.320 -- 46 .60 591  6.566
§Sa 0.0168 0.0572 .0041  0.0148 1579  0.3066
§§' - - - - 0745  0.3957
~§e 4.847  1.790 - 218.0 118 4:844
§§é ’ 0.0110  0.0217  0.0032 0.0107 0946 0.1920
§§ - - .- - 0229  0.1371
' - o
§§e 7.290  2.593 -- -- 889  7.534
C g2 \1/2 . : ,
(32) _ | | | .
a’ 0.086  0.081 .043°  0.042 212 0.319
Da . ) ' _ ' : o . »
~2
(52)1/2 | -
- -- -- - - .302 0.373
~2 ‘. | ’
e 0.212 e 0.317 . 286 0.335
Pe ' .




TABLE II1-13

 INDIVIDUAL ESTIMATES

DATA/SET A
. I’l, ‘
Run!Nof” . Pe | Da . ) §§é §gax]o
1 6.967  1.424  10.823  0.062
2 s.271 1.224  7.801 0.552
3 8.129  1.684 8.347  0.054
4 .01 1.468 . 474 0.027
5 _‘_,7.]98 1.620 4.459 0,031
6 4.258  1.396 4.327.  0.088
7 .5.369  1.329 7.973  .0.119
8  6.703  1.515  6.046 0.160
9  6.584 1.593  5.109  0.186
10 C6.841 14710 7.546  0.025
1 5.322  1.414  6.954 0.108
2 4.345  1.366  4.551°  0.165
13 7.964  1.621  6.750 0.200
14 5.706  1.553  5.497  0.035
15 5.040  1.404 5.562  0.024
16 - 9.882  1.626 -14.706  0.005
17 6.403  1.597  5.430°  0.054
18 12.659  1.701  18.511 - ‘b;ngs
19 7.655  1.528 8457  0.028
20 10.106 - 1.674  12.454  0.080 |




. O
TABLE 111-14
INDIVIDUAL ESTIMATES
’ DATA SET B
o Run Nb. | Ilse Da §2 ' §2 x10
’ . . : Pe “Da
L 6.396 "2.745, 3.568 .  0.160
s w2 4.810  2.433 2.929 0.884
o 3 7.098  3.223  3.011 0.044
6 S 4 - 4.761 © 2.951.  1.950 0.100
! s 6.606  3.084  2.846 0.174
| 6 4.692  2.777 ’i2§oo7 0.108
A 7 5.457  2.595  2.978  0.220
: 55&’*:‘ 8  6.353 - 2.924. 2511 : 0.422
' B 9 6.338 - 3.133 . 2.268  0.452
e N R 2.926  2.875  0.051
E ST 5.410 2,750 } 2.729 0.259
. ; 12 2.7¢5  2.677 . 2.074 0.237.
b 13 738 3.210  2.687  0.435
| 14 5.681  3.008  2.360 05139
. s s.229 2,787 ° 2.370 0.041
” 16 §.124  3.087  4.239 . 0.036
17 6.108  3.149°  2.324  0.105
A 18 9.753  ©3.313  4.804 01323
| 19 6.928% '3.008°  3.096  0.045
s .20 8.343 . 3.247  3.855 © 0.109
L —— \
: ~
5 ™ “



" TABLE III-15

__INDIVIDUAL ESTIMATES
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DATA SET C .
Run Ndl. Pe Da §§e gg%xlbzg
1 6.212x10°  1.454 = 6.02x10 0.45
2 135.51 1.459 1.86x10° 0.72
3 119.40 614 5.34x10% 0.27
4 18.28 1.438  : 1..7x10° 0.35
5 83.7) 1.578  1.75x10° 0.25
6 23.15 1.421 2.50x10% 0.23.
7 101.50 1.409 5.80x10% 0,36
8 4928 1.841 2.63x103 ’;.OQSL
9 27.68 1,477 3.21x10° 7 0.33
10 90.01 1.472 2.31x10% 0.10
7 45.90 "1.460  2.90x10° 0.50 -
12 32.53 1.412  7.35x10% 0.48
13 51.39 1,525 2.32x10° 0.51 .
14 33.08 1.514 7.23x10° 0.20
5 45.13 1.460 . 2.08x10% 0.02
16 124.12 . 1.550 8.67x10" 0.04
17 45,88’ 1.557 1.62x10% ° 0.31
18 180.67 1.596* 2.50x10° 0.56
19 94.53 1.480 2.88x10% .04
85.20  1.579 1.63x10% 12

20

{1 o
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e TABLE III-16 ;‘
INDIVIDUAL*&STIMATES
’ - ',. ; DATA SET D
Run No . _ | Pe | .Da * | ggex10'3 ggax10
1 82.29 2.781 - 6.598
2 58.24 ‘§.733 ©2.016
3 61.84  © 3.103 1.632
4 24.03  2.918. © g.082
5 55.75 2.966 1,277
6 28.06, 2.798 ©0.138
7 56.63  2.709 1.744
8 43.17 . 2,779 0.533
9 '32.66 ?;ﬁﬁi'- 0.191
1077 54,45 2.892  °  1.186
1 4449 2.814 0.707
12 32.85 2.725 0.232
13 45.13 2.996 0.528
14 35.27 2.912 0.279
15 - 39.75 2.843 0.419 -
16 124.60  2.958  26.235
17 39.80 . 3.023  0.353
18 . 138.47 °-31094 RIS
19 . 57.79 ' 2.893 1.487
20 97.61 . 3.060 9.085
{




" TABLE II1-17

INDIVIDUAL  ESTIMATES
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DATA SET E
Run No. Ee% Ba B, gge §Dax]0 52410
1 6.717  2.096 1.110  6.591 1.972  0.357
2 . 4.584 1.327  0.598 5.068  1.926 = 0.768
3 7.643  2.456 1.216 5.311  0.309 0.041
4 4.606  2.281 1.197  3.020  1.430 0.232
5. .. 6.944  1.679 . 0.687 4.893  0.297 0.074
6. 4.498 1.397 0.569 3.121  0.017. 0.007
' 7 % .5.454 1.600 0.787 5.173 ~ 0.601 0.191
8 6.575 1.385 0.572 4.142  0.993  0.451
9 6.510° 1.619 0.761 3.617  1.879  0.622
10 6.651 2.424 1.329 4.947  0.119  0.019
1 '5.407 1.707 0.797. 4.624  0.602  0.153
12 4.659  1.191 0.383 3:255  0.088  0.052
13 7.631 2.021 1.067 4.528  3.127 0.694
14 5.731 1.617 0.665 3.824  0.124 -0.034
15 5.167 1.726 0.852 "3.851  0.059 0.017
16 9.028 2.089 0.981 8.362  0.064 0.01]
17 6.293 1.953 0.948 3.768  0.819 0.178
18 . 11.205 2.381  1.241 9.964  3.241  0.484
91 7.341 '2.209, 1.168, 5.441  0.206 “0.037
20 9.259  2.292 1 '7.348  1.042- 0.158

.135




TABLE I1I-18

| !
"'INDIVIDUAL.ESTIMATES v e
| DATA SET F
Run‘N?.' be . Da n gse §gax1o gnxld
1 6.715 1.918 .065  10.958 3. -'1.904
2 3.999 0.813 0.683  7.935, 1.655 4.707
03 ,7.904  2.579 2.411  8.390  1.316 0.404
4 4.224  2.365 2.361  4.210 . .2.953 1.128
5 6:970  1.504 1.296  7.483  0.492 ' 0.406
6 . 4.050 1.109 0.925  4.356  0.065 0.114
7 5.105  1.269 1.294  8.056  0.645  0.855
8 . 6.491 1.148 1.039  6.051 1.538  2.666
9 6.389  1.471 1.500  5.114  3.771  3.904
10  6.615 . 2.492 .599 7.598: 0.429 0.161
11 ETTes— 1423 1.3737.027 _ 0.695 - 0:669
12 4118 0.882  0.525  4.572 0.159 0.450
13 7.765  2.033 2171 6.767  7.897 4.412
14 5.497  1.413 220 5.528 | 0.248  0.238
15:  4.804 1.497 1.527  .5.600  0.043  0.043
16 5.537 1.966 - 1.857 14.837 . 0.156 0.077
17 6.195 1.921 1.887 5,446  2.066 1.188
18 12.430  2.436  2.460 18.667  7.769  2.835
19 7.435 2.183  2.261  8.510  0.673 0.319 .
20 - 9.877. 2.308. 2.228 12.530 . 2.458 0.8




'”_r unknown the same. estimate of Pe. W171 be obtained in both

’s1on characterwst1c term (1 e. Pe);3whereasvit.iSFnatural

. - T—
~ . B

: S e e . —
a : ;

.”qf_Pe, (§§e)]/2/Pe, is d1re¢t1y proport1ona1 to the va]ue of

Pe, and 1nverse1y proport1ona1 to the ya]ue of Da
(d) The norma11zed standard dev1at1on of a1¥%three

'parameter estimates are d1rect1y proport1ona] to the value

of n.

(e) (S )]/Z/Da is h1gher for the case where n is

unknown than for the case. where n is known.

The last observat1on suggests that the estimate of the#
effect of the comb1ned reaction ‘par ers (i.e., Dé-Q(c))
would be more reliable than the 1ndyniaual estimate of Da
end'n themselves. This”11mitation is not surpfising when
one keeps in mind the set up\of the est1mat1on procedure in

wh1ch ‘a po]ynom1a1 1s 1ntroduced to approx1mate the combtned

- effect of Da and n.

‘Note also that the estimate,of Pe does not depend*gn' - 5-

ft/f\> ygne s knowledge about nj; regard]ess of whether n is knownJ

5 -
way the est1mat1on proge-

Oa*‘.s .

of two phases It a]so

. . Q . . N ] ‘
makes sense physically; it cannot befexpected that the know-

S

'1edge about a'kinetie term (i.e;, n),Shquld.affect a_d1sper-

\
for 1t to ¢ - another k1net1c term, i;ee,'Da;

F. Comments on Lhe Error Model )f,' SR o

; (a) Note that the right- hand s1de of Equat1on_(1fii12)

is a cont1nuousjfunct1on oi‘x.~ Th1s suggests that the eva]ua—

td
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tion of the model error is not restricted to the use.of the
orjgina] x values at which data was taken. "Thus,, the number

ofvpoiﬁts used - PhgéeLZ could be increased indefinitely.
o

In the limit, the objective functﬁon'Sé'wou1d be'expressed"
as an integral of the model error over the interval-(0,1)%

Equations (111412) and (III-13) 1in continuous form become:

et . g -

v

. M ,\/m V M A~ X m _..1
e(x)-= ] b-x" - Dall - ] b [ £"dE -
m=0 m=0 " 0
' ' N
1 i~ - 7 -
w ] gmePelx=Blgenyns (111-24)
T X em ' ’ :
S = [ w(x)e(x)dx : , - (1II-25)
b .

The use of the above model is restricted to the case
where n is a Know:= %nteger; jn:this case, a quadratic expreQF
sidn;in termﬁldf Na (as the® only unknown) would be obtained.
The phdfée 6f*f%e reasdnabie rpotfonld'be‘sﬁbjeEt to inspécj
tion. Note that the =21gebra TnQOiVed would gef more_and more

complicated with increesing n

*  Equations (.:I-24) and \III1-25) could be used to
express Da as an a: tic-1 fuhction of Pe and bm; m=0,1,...;M;
« "~ Da'=Flre,b) S o (111-26)

¢

- bl ' - Lot ' .
. The i$t1mates of the expected velues, var1ances,,and'covar1—-
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M
Ve

uances of.Pé and'bm; m=0,,1, M wou]d readily be available
from Phase 1. ‘The f0110w1ng re]at1¢nsh1ps would give an

estimate of the expected value and variance of Da:

~ ~ M 2 ~ | 2"‘ ~n
E(Da) = F(Pe,b) + -;- j AE sg + ;— aF, sg»e (111-27)
‘ m=0 abm_. m ‘9Pe
. ' Mo aF (2 22 O3F (2 (2 !
v(pa) = ] (557 Sy * (5p5) ¢
m=0 m m
8F \/(3F L
+ 2(&—) (3=)cov(b,,b,) -
850 ] 1 0°71 L _///
CBF yBF
wiere E{Da) = eXpectéd vélue of Da,
V(Da) - - = variance ot Da,
gZ R - ria ‘ed f Pe, R g
Spe = variance of Pe,
2 L ouaps ‘
Sbv, = variance of b -
o N . ) m

cov(bj,Pe) = govariaﬁce~of bj ahd Pe,
o _ ! - : ‘ \\-’P
cov(bj,bk) — c0var1anceuqf bj,and bk %k

S . .
. L
A]{ the terms on the right- hand sides of Equat1ons (III;27)

év o

‘@nd.(III-ZB) shou]d be evaluated at thg~eXpected va]ues of . .
‘: .- /. . - ,’,

Pe and b, that TS, Pe anq g. The second and third terms on .

the-right-hand,side(ofitquation (III;27) cou]d preferent1a1]y

| «)'»'.
B ERE)

. s SRR
. ) Sl L e . S

» : : : : R - TN
. . 4 . . e sy - S

- e a
5 . .
" Ly i KRN
i . & S C [N
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. :
be omitted withduf any serious 1bss ef accuracy.. Thus, only
the calculation of the first derivatives wou]d be necessary
(b) One could also cons1der solving the fo]]ow1ng

equation for Da:
T - . . - '
[ wx)e(x)dx = 0 ‘ (I11-29)
0 v ,

Although the computat1ons 1nvo1ved in solving Equat1on

‘-”f(III-29) for Da would be ‘wuch s1mp1er compared to the com-

i py£ations_1nvo1ved in solving Equation (1I1-25), it shou]d

be'kept in mind that the former sets the integral of the

_ wejghtedfmpde1 errors equal to zero, whereas the latter
© minimizes the integr?] of .the weighted squares of the model

o errors,'undoubted]y; a. sounder criterion.

G. ﬁomparisdn with3a.New Model

| In order to)test the effect1veness of the method the

'-sresu]ts were compared with thosé obta1ned by est1mat1ng ‘the

?coeff1c1ents of the approx1mat1ng po1ynom1a1 prior to the

est1mat1on of the parameters of intere ¢, using the same old

data. : S

yf?wA1z Error Model .
?or convenience, Equation (II1-5) is reproduced below:

-

Te(x) =1 - Da[[ <" (5)dE + f ePe(x-8)cn )del g111-30>

Lo~



Y'S“ppbse this time c(x), instead of cn(x),%{s'apPrOKﬁmated
by g po1ynom1a1 of degree K@#i . :
l - R ' A «
= K z m . o N
C(X) = Z a_ x o - (II_I-‘3])_
- =( m o . s ‘ i ) .‘

Comb1n1ng Equat1ons (IIT-30) and (III—3J);-and'rep1agjngbthewm :
vleft hand side by c1, the ohserved_ya1oe of compositionﬂot i
t”x = X5, ‘gives the fo]Towing error'model'inzdjscrettied
'form:] o - ! |

[ X .
-

. S N K . .
Ly | myn
€507 ¢ 1 +'?a[£ (mZO emg ) dg

1 Pelx;-E) K -

+ [ e 1 (] a ™" de]
Xs o, - m=0 o
1 : 4
qe1,2,0..,8 0 (f11-32)

2

Suppose that the coeff1c1ents of tha approx1mat1ng po]ynom1a]
have been est1mated beforehand ca]] these est1mates am
m=0,1,...,K. Note ‘that K now - represents the opt1mum po]y—
nomﬁal deéree,'the est1mat1on of which will be descr1bed in

the next se%t1on ' Rep]ac1ng the unknown coeff1c1ents in’

] ei has been used in denot1ng both mode] errors def1ned
by Equat1ons (I1I-8) and (III-32), although they arg: different;
this has been done for notat1ona1 s1mp11c1ty Throughout the
. remainder of this work, the e's and 'S's should be 1nterpreted

_onTy in the context of the mode] by wh1ch they are defined

- 5
B . . . i A
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Equation (I1II1-32) by their estimates, the error model

becomes :

. N R K men:
e; = Ccoo- 1+ Da[é»,<m§0 a g ) dE
1 Pe(x.-&) K . °
Joe ot (] a ™" dels
X, -m=0.
1 rd
Ci=1,2,...,N o (111-33)

_ The aboyéumode] can be used to éstfmate Da and Pe
simu]tanebusly proVided‘h is.a'knoWn,infeger, since, other-
Wise thé anajytica1 ihtegration of the terms in Eduation
(I1I-33) is not possible. ffhose terms.wi1l phoéressively
get rore comp]jcated w%th’increaging n. Note a]sb that Ei"
could héve beénbrep1aceq by its épprokimating pdlynomial. -

The above model was tested for n = 1. In this case, \‘

Equation (III-33) simplifies to:

K | X | Pe(x.7E)

' ~ n .j”-m [ m i '
g;= ¢y -1 + Da z a L] gidg + [ £'e degls
m=0 0 xi
i=1,2,... N ' (I111-34)

R T
S'= ] wilel) C . (111-35)
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2. Treatment of Data

) ' .
w &? : Forsythe s method (10) was used in generating poly-
0
Wn0m1als in x to approx1mate the compos1t1on measurement@’7
,The'bgﬁt—f1t polynomial for the jth data set was chosen after

observing the variance Si i for different k yalues, ranging

3

from two to five: : 7
(-3
. N 3
S ~ N2
HE "(I11-36)
> N - (k1) | ‘
where Eij -~ = observation at x = X for the jth .run,
.I LT

Note that the method itself is based on the approx1-'
mation of a set of measurements by '

I

k : v
Lot (x) )

where dm( Y; m=0,T, »k. are functions of x._ Using the
appropriate re]at1onsh1ps, the above expression can be trans-
- formed to-a po]ynom1a1 in x:

ko v R
yooa x™ . ' - L (i)

The motivation behind using Forsythe's method stems from the
fact that ill-conditioning encountered with high polynomial
degrees can be avoided due to the orthogonality of ¢p(x);
"m=0,1, ,k. Once they and their coefficients have been
ca];u]ated, the transformation to (ii). is trivial.



represent the.data. In cases where S

run, the polynomial with minimum variance 52

9.
u;r

Ek“§.'= corresponding value obta1ned by eva]uat1ng
»T1J the jth approx1mat1&gmgolynom1a] of .degree
k at~xn .g..

J

..

A f]ex%bTe-variance criterion was defined; for the jth

. was chosen to
k,J ,

2 kept decreasing

Tk,
slowly with increasing k, that value of k for which the next
higher” order po]ynom1a] caused less than about 10% reduction
jn Si ;5 was p1cked

The we1ght1ng matrix used is again given by Equation
(ITI-19) with ¢ = 0.03.

-, . =
A RN i

3.. Results and Discussion

(a) Noise-Free Observations
The resd]ts for noise-free observations are given 1in
Table III-19. Again, note the improvement in the accuracy"

of the estimates'with increaéing polynomial degree.

v , (b) Noisy Observations

With data sets C and D, the original model see@‘

super1or as far as the est1mates of Pe are concerned

' ,dependence of the est1mates of Pe on the coeff1c1ents of the ..

'approx1mat1ng po]ynom1a1 cannot be overlooked, as was shown

x

by.agfew runs with the same dataTset,*but po]ynomials of
different degrees, The results for Da, on the other.hand,
were quite good~ even for.ii]-conditioned cases Qhere Pe

12

Jumped to a va]ue in the order 10 ", the correspondjhg Da
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&

was fair]y ;Iose to the true value. | This suggests that in

cases’ whe an accurate est1mate %f Pe is not ava11ab1e,

the assumptr&g of - 335§if "beha

ir in the system will

B are shown in Table III .20. Thg 1nd1v1dua1 resuIts are

shown in.TabIes III—ZJIand I11-22.

H. Time‘Requirements - ' -

A1l the calcutations for this. and the next two pro-

blems were done using.the IBM 1800 computer, with double

»

precision.  The time needed for computation was ca]cu]ated
by taking the: d1fference between the time when computat1on

ended and execut1on started Th1s included the-time for

“bu1Id1ng the core]oad,'read1ng the data, and pr1nt1ng

These, however, did not have an appreC1ab1eveffect on the
computing time,,eompared to the length of time spent on
estimation. NS \

(a) Approx1mat1ng ponn0m1a1 W1th unknown - coeff1-

‘cients: average time required 4 seconds/1terat1on

‘average number of\iterations: 6-7;(per:run)
(b),‘Approximating’ponnomiaI with‘known'toefficients:
As ment1oned ear11er, coeff1c1ents of the approx1mat1ng

polynomials were estimated pr1or ‘to the est1mat1on of the

, parameters of interest. “For this purpose, a program was. .
- used_Which calculated the coefficients and their variances,

E for second, third, fourth, and fifth degree polynomials
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TABLE III-%0

STATISTICAL RESULTS FOR NOISY OBSERVATIONS .
. COMPARISON MODEL

Data Set A ) B -
Da ‘ 1.509  ° 3.004
Pe 6.705 . 6.578
’ 2 0.0036 . 0.0154
Da ] ’ . -' " N} ’
gge 2.082 1.813
uo.Pe _ ' . » M
2 . 0.0010 0.0021
52 0. .
52 1123 - 0.651
Pe " e : T
(331172 | | -
a 0.040 0.041
. |
(35,)1/2 ' T )
e 0.215 0.205 |
Pe : V- ‘
“



"TABLE I11-21

INDIVIDUAL E.iIMATES USING THE COMPARISON MODEL

674

DATA SET A
5 .

Run No. Be ' 'I,Sa‘ gge §Sax1o3
1 8.437 532 1.9996  1.026
2 10.242 .594  3.5335 1.047 .
g 5.786. 1.542  0.6329  1.038 ‘-
i 4.629 510 0.3379 1.005
5 7.807 .605°  1.4700  1.054

6 5.980 483 0.6925  0.977
7 8.373 .493 1.9734 0.994
8 6.640  1.423  0.9750 0-.939
9 5.292 455 0.4882 _  0.957

10 5.529 431 0.5856 0.966
1 7.772 574 1.4949  1.047
12 6.790  1.452  1.0182  0.951
13 4.982 431 0.4290 . 0.358
14 6.856 586 0.9845 1.039
15 611 1.471  0.7518 ~ 0.978
16 8.668 600 2.1013  1.070
17 5.317 © 1.500  0.4933  0.995
18 6.191  1.500 0.7949  1.025
19 6,029 457 . 0.7425  50.983
20 6. 5437 0.9630  “1.038
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"TABLE III1-22

INDIVIDUAL ESTIMATES USING THE COMPARISON MODEL

o DATA SET B

Run No. Pe Da ,S‘ge‘ _gga#103
1 8,288 3.006 - 1.1352 2.026

2 19,591 3.112 51}§£75 2,013

3 6.069  3.119  0.4909  2.268 -

4 4.857  3.092. 0.2679  2.256
5 7.767 . 3.190  0.8915 2.156
6 5.848  2.943  0.4256  2.016

7 7780 2.916  0.9480  1.948
8 5.953  2.787  0.4569 1.896
) 9 5.078  2.913  0.2936 2.041
10 5.439  2.860  0.3782 2.062
R 7.869  3.115 - 0.9396 2.095

: 12 6.218  2.836  0.4974 1.884
13 Nale3e’ 2.884  0.2697  2.082
e  6.886  3.171  0.6323  2.160
o 1s 6.025  2.917  0.4696 2.011
4 16 ° 8.722  3.172  1.2771 - 2.153
17 5.357  3.021  0.3455  2.164

18 6.239  3.021 - 0.5365  2.198
19 5.937 2.904 .40.4712 2,071

20 6.800 ° 3.097 ° 0.6661 2.215..
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simu]taneously.’,Time spent was about 8 seconds‘per run.
For the estimation of Da and Pe:
average time required ’ . 4 seconds/iteration
. & , . '

'average‘number of iterations: 8 (per run).

~ch~*s_\ﬁpproaches S

‘ Lee'(19) has attacked tne same prob]em, w1th n=2 (known) ,.

‘using a differ ent approach 1m th1s cas% Equat1on (III-])

RN

is reduced to two first order ord1nary differential equatqons
Da and Pe are also treated as var1ab1es 4in X whd%e der1va—.

tives are equa] to zero. The quas111near1zat1on techn1oue

1s app11ed to the resu1t1ng system of four ord1nary d1ffer-

"2, ent1a1 equatlons, th1s techn1que'“equ1res the 51mu1taneous

grat1on of four homogeneous d1fferent1a1 equat1ons W1th

four dtfferent 1n1t1a1 cond1t1on sets, to generate four ‘homo-

geneous solut1ons ' A]so a part1cu]ar solution 1s generated

»by the 1ntegrat1on of the system of four non- homogeneous

%

.-d1fferent1a1 equat1ons " The 1n1t1a1 cond1t1ons for the homo-

geneous “and part1cu1ar so]ut10ns are chosen such that two of

BRNN

the four unknown constants appearing in the express1on for
the genera] so]utaon vector co1nc1de with- Da and Pe. The

other two can’ be expressed 1n terms of Da and Pe Least-

' squares proceduretas carr1ed out t6e find the va]ues of Da

and Pe which m1nrmdze a part1cu1ar obJect1ve funct1on wh1ch

is non—¥1near in Pe Ln th1s en&» a random search techn1que
_has been used Note that in Lee S approach non- 11near1ty

\W1th respect,totc(x) 1sﬁdea1t w1th.byrthe use of quas1]1nea-

v X
-



v
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/ .
rization. ' Non-}4nearity“with respect to the parameters
(i.e}; Pe) 1is taken. care of by the use of a random search
‘technique. In the present work however the only non -

-

11near1ty to be cons1dered is the non- 11near1ty w1th respect

@’to the parameters Note,va]so, that the cumbersome inte-=

grat1ons have been avo1ded by the use of a po]ynom1a1
Cresswe]] and Quon' s approach (6) has been to f1t

orthogona] Forsythe po]ynom1a1 to the compos1t10n measure- -

ments, and obta1n ana]yt1ca] expre551ons for Da and Pe in

terms of the coeff1c1ents of the po]ynom1a1 using moment
I

re]at1ons It shou]d be noted that the ava11ab1]1ty of ‘the
ana]yt1ca] express1ons 1s restr1cted to the. case where n'ié
a know&htnteger. “In th1s»case, numer1ca1 exper1mentat10n

is poss1b1e by us1ng a random number generating rout1ne into
wh1ch the est1mates of the means and variances of the co-

eff1c1ent§ of’ the Forsythe po]ynom1a]s are fed; using theg

- ana]ytica1 exbresSions-?or Da and 'n, estimates of their .

means and var1ances are obta1ned For n being~a non-integer{
ana]vt1ca1 express1ons for Da and n are not ava1]ab1e

Thus the procedpre descr1bed.abqveffor.statlst1ca1 analysis

cannat.beﬁused in this case.



A THREE-COMPONENT MONOMOLEEULAR-REVERSIBLE

CHAPTER IV

A. Statement of the Problem

" REACTION SYSTEM

Constder the monomolecular reversible reaction.system

represented

X1 x2, and” x

by :

3
positions of reactants -A, B, anq'cq

~ay

are dimensionless measures of the ‘com-

‘respectively.

i,i=

'],2,3, i#j, are the individual reaction rate cohstants. The -

-differential

‘equations describing the system are:

+ ,k3/)/x‘l_ _+‘4 k12,5 + k]3x

7‘;
= ..(k’)

[

1

: 58 .

MERPELE
K23)%3

3

(1¥-1)
y .

C(1v-z)

(1v-3)



e
v s
subject to the initial conditions: ”@ﬁy s 3
!X] ( O ) i G
e ’
x.(0) = % < (1v-5)
2 2,0 7 :
G x5(0) = X3,0 (1V-6)
In the notation above, primé‘denbtes the time derivative of
the variable 1in question; Since the'compositions have been
normalized, i.ef, l .
' N - O
A ; N
Xyt X, Xy F 1; t > Q _(IV—Z) E
then it follows that: /
- : | |
o o
SIRED +'xf =05 t>20 . (IV-8)

Thus any two of the'Equatifhs (IVQT) to (IV-3) are sufficient

j ) N
[Eliminating X, in Equation (IV-1).

'{——_\‘ff’“\tp regfqggﬁ%.the.System.
I énd:(fm5§)gdsing fduation/(IV—7) gives: Yoo e
. : s 4 - SN .
- o o g o L N
0 xp = kg Tk kgpdxg b kg kyplxg + kg 0 (1V-9)
. ) . ‘ T e
x3 = Uhgy o kgplxy - kg * Koy +kgp)xg F kg 1o (1V-10)
“Let
& 7 ‘
: k . k k . o s .
21 32 13 | ~
) ——. ="K 5 T T K M — = K, 5 s ( IV-11 )
/ € Kyg 17 kpg o 27 kg 3T 0
| g « B
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Ky» K,, and K, are equilibrium c0n§tanfs, whose values are
)asgumed to_be known for the purposes of this problem. With

) o . ,
the help of*Equations (IV-11) and (IV-12), Equations (1V-9)

~

and (IV—]Q)‘take the following form: -

t
©

v

xyo= LOT+K )k k3]x1 o (Kgky - kydxg * Ky (1v-13)

J R
subject to the initial conditions:

Vx](O) = X s o (iV515)

X3(O) = X3¢ . : (Iv-16)
The aim in this chapter is to estimate k1, kz,_and>k3,'

given the measurements of x; and x; at different values of

t, starting from t=0.

A\

B. Péssible Err@r Models

| L |
The solution of Equaticns (IV-13) and (IV-14) in dis-

‘.

cretized form ig: e . .
o s | o o e
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St }i_ et ST
X = Xq a8 i e _ ¥ x. (& ;o -
. -
. . |
: _ * v—a3t-i ‘1 a3(€-ti) ‘ : » ] : ‘
*3,1 7 *3,0° Pl U LKk, + byxy(£)1des (1V-18)

i=1,2,...,N

where X] j and Xg 5 are the d1mens1on1ess measures of ‘the
compositiohs of the reactants A and C respect1ve]y, at

t = t.. The rema1n1ng terms are def1ned be]ow

j
.ar'=&§[+K]}E]atlﬁ§  v- -
L e L L Lo (Iv-19)
b
| b3—~’ﬂ( - sz y e
=N o

Note that a]though the or1g1na1 set of d1fferent1a]

‘Equat1ons (IV 13) and (IV 14) are 11near th respect to the
: ~ :
parameters,_th1s s no longer the case for the so]ut1ons

s,

w

g1ven by Equat1ons (IV 17) and (IV 18) ,
Ba e way to attack the prob]em would be %o approx1mate

X4 and X3 by po]ynom1a]s in t, the coeff1C1ents of wh1ch are

®

~to be ‘estimated s1mu1taneous]y, with the original parameters

iof‘1nterest. TQ this ‘end, let 2 . o -
. . ‘} B E : "
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. . “
xy(th = P(t) = zb A (1V-20)
AEE P ” )
L L '
x3(e) = Q) =} G, t" (1v-21).
. m= .

CQQbﬁniﬂﬁ Equations (IV-17) and (IV-18) with Equations (IV-20)

.“ﬂfi"p Vi

?ﬁﬂ@f?lﬁﬁ?l) gives: . ‘
SRR | -
L ) N
A _ -a,t, :
el . = X - x, e V3 ’
-l)-i ],-i ],0 .
t.‘ a'l(g"'t.]) M m -~ ‘
- [ e Tlky + by ] g e 1dEs © (1v-22)
0 . m=0 ' . " |
e=-a, €. o Vﬁ .
= ' 174 v
X3 g€
| Kk, + by ] po£1dE; (1vV-23)
- 22 3. &4..7m : :
ST om=0_ -
5‘ .
¢ i=1,2, N
t ' n
wheqe €1;ﬁ’€3;1 = que] errors . at t=tiy
A\ SIREEER =“9bservgd va1u§s_of.x] and xg at' t = t;.

»Reafrénging Ehé intégrandS‘in~Equatiohs (1v-22) and (IV-23)"

gives:

h]
(S



L
E"1,1 - X],]
- M .

- by Z
m_

E3,1 - X3,1
L
- b3 Z
. .m__

fdrward.v_The'objective'function to be minimized is:

X3 measurements.

63

t. ' (
-~a,t i a.(&-t.)
174 i i
x],oe - k] é e d
t. §
i a(e-ty) |
q Yo" 17 T dg;s (1V-24)
m
0
£,
-ast. i an(E-ty)
371 3 i
X3 0@ - Kok, é e dg
t.
i a,(E-t.)
p. [ €Me 3 Tldes dsl,2,..N (1V-25)
0 PO

R

‘The-4ntegration of the above expressions is- quite straight-

2,1 2 |
(5 e1,i * =7 ®3,4) (1vV-26).
% - 93 o

' wheré-o% and cg are estimates of the.variances of the X]“and

o

»_Attemﬁts to minimize (1v-26) for the s1muLtaneous"

‘estimation of~k], k2, k3 and Ppe G m=0,1,...,L3 n=O,1,..,,M

»,,uéing-the mp&%]s defined by EquatiOns.(IV—24)”and_(IVf25)

would prove unsuccessful, due-to the interacticn between

3,

“various parameters. In . the following sectioi, some approcaches

'which wil]icircqmvent this-situation are'déscribed.



1. Nonlinear Ponnom1aI Mode] I '

Suppose the observat1ons x]_i and x3 i” 1—1 2 ,N
are approx1mated by po]ynom1als nn t so that f_2d1137' fj:
(_.3 ) ) X L , ) *<..3‘, ks : ‘{: : N ! .‘.- .
. . ‘:: » .3/. . I.‘.’- . _’;‘ : .
xq(t) = B e e (TV-27)
- S ru ':‘:-17 b3 “!;{“L . ;'...'l ‘;rl’ .
x5(t) = (1 -28)

Compar1ng Equat1ons (IV 20) (IV 21) and (IV 27) (IV 28)

that in the former L and M represent arb1trary pon—
nom1a1 degrees, whereas 1n the Iatter they represent the~
optimum degrees chosendaccord1ng to the. m1n1mum var1ance
cr1ter1on descrnbed 1n Section G. 2 of Chapter III Note also
fhat p and q ; m=0,1,...,L; n=0,1,...,M are the Yeast-squares
est1mates of p ““and S - ; . o | 'A
Comb1n1ng ﬁquat1ons (IV;I7)'and (Ivel8),nfinitqﬁetiens

(IV 27) and (IV-ZB) gives: T '

o : /
. gt tiag(E-ty)
©1,1 T %11 7 M0t sk foe &
Mo j a.(g-t.) .
: 11 B
- by °Z a, [ &e odEs (IV-29)
m=0 0 : ‘
-agt b oag(e-t.)
€ = X Cx, e STk, [ e £
3, 3,1 °3,0 272 4
) _ LA\$t1 Cage-ty) . | R
-cby 1 P [ & Ten dg;  i=1,2,...,N (IV-30)
m—of 0 < ,) ‘ s R -

PETL RS
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The model defined by Equations 'IV—29) and (IVXQO)

will be ca]]ed,”Non]ihear Polynomial Mouel I" due to its

nonlinearity with respect to parameters k. k., and k

1, "2 37

2. Linear Polynomial Mode1

‘Introduéing Equations (IV-27) and (IV-28) into Equa-
tions (IV-13) and (IV-14) gives the following discretized

model -after integration:

A t.
X oo ea
€ = X - X3 - k,t. + a p '
1,1 1,1 1,0 171 1 m=0 mq
Lo o e (e
- b, q eMdey IV-31) -
'mso ™o | . _
R LY
€3 5 T X3 o = Xy o= Kokt - b, Y p [ gM
3,1 73,1 3,0 27271 3 hEg M )
P E Mo t1 m . ~ o T
f a, Z qm'f £ d&;  i=1,2,...,N BN (1v-32)
- m=0 0 e : _
R ol . m m+]
S1,007 X T X0 Tkt Tyt
. . -m—O‘ 
S LS L (1V-33)
C e -
Ly
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L po .
-3 m - Gmtl
3,1 7 X3,i " *3,0 " Kokgty - by LomT oty
m=0 , .
/’.} sty
M q_. A o ) .
m- m+ 1 s . L .
+ a3‘ Z m+].‘t'i > 1"~]'32:-~'-;N X ) (IV‘34)
“m=0 ™Y o /
This model will be caT]ed‘?tinéér Polyriomial Model"
due to fts-]inearity w1th[re§bect to the p@f&meters:of.
interest.. | . '
3. Nonlinear Exponéhtfa] Model I
7 So far:oniy/po1ynomﬂ5js have béen considered as candi-
' dqte$ for approximating the meaéuremeht§'of X4 and x3.7
[/Inépectibn of the‘combOSitiohaphbfi1es.éou]d suggest that:
the measurements be:appkoxfmated by exponential functions:
v’.‘\ w ’ ‘. - v 1 ‘t. . ) . . -
xl(t)It R(t) = ro * rpe ) ' (Iv-35)
gt
x3(F)v= S(t) = SQ5+ sq€ B (IV-3§)
If it s required that those functionswushould satisfy the
ihitialhand‘equilibrium values exactly, ro- r],_so, and Sy
éhou]d be chosen so that: : B ._f IR .
o f xT;e |
(IY-37)
3 r -

LA
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where X1 e and X4 elare the equilibrium compositions of react-
antsrA.and C respectively. With this choice Equations (IV-35)
and (IV-36) becomei

1 . (1V-39)

>
j—)
—
o+
~—
ite
>
—
+
—
x
t
pad

>
w
——~
+
g
Ite
=
(%]
~
(93]
+
L~
=
w
L
(an]
)
=
W
<
14
g
[g0]

(IV—40)

1,47 X1,oe“aifi
iag(e-t) e
+ é e ’ [k] + b]x3,é + b](x3,0—x3’e)e »]dg; ~-‘
'151,2,.}.;N | | (IV;41)
Kéeping\ih mind that:
.k, b X367 AX7 e =0 5 ’;, ”CIV-42)

since the 1ef;—hand side of Equation (IV-42) is equal to tne

rate of change of Xy at equi]ibrium, Equation (IV—42)v



reduces to:

'@&3

68 4w

t
. ' i ; - o
= Xy g® - 81X o é e dg ‘ i

t
. . g
+ b](x3;0/— X3,e) é ? e dg (IV-43)

-
A
Eaws

“IAfter performing the necessary integrations and rearranging,

the following error model is obtained:

" This

Sty . s

17 X1,e 7 Xy 7 Xyl , o
. SR AT L R ~
tby(xg g - X3 ) TR . (1V-44)
4 3
-a t;
-5 _ _ 371
= X34 T *3,e (XB,O X3,e)e
v | e—aBti e-v]ti -
tbylxy g 7 k8! v (1V-45)
| | 3 1
¢
i=152,...,N f

model will be ca]]ed'“Nohlinan Exponential

PN,
e

4‘ -,
: ;Q""Q"s «
R
¥
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L ot . .
NE . wl

‘ Model,}ﬁ: The least- squares ob3ect1ve function should be

minimized - to estimate, k]\ k2, k3, v], and v3 s1mu1taneous]y

The origina’ cho1ce of X1 and x3 to be approx1mated
5& exponential functions followed the 1nspect1on of the com-
position prof1]e generated with certa1n 1n1t1a1 conditions

and k values wh1ch Will sbe g1ven 1ater dwth ather numerical
values, -the resu1t1ng composition prof1]es could d1ctate -/
that other reactant sets be approx1mated by exponent1a1 func-:
S

tions. In “dny case, it shou]d be kept in m1nd that th1s

approach is strictly dependent on the. exper1menta] observa-
tions.

1

4. L1near Exponent1a] Mode]

Comb1n1ng Equat1ons (IV—39) and (IV}49)“with Equation

(I11-13) g1yes, after integration:

e T k e 371
m Ayl g =%y ) R - bylxg e - .xs’,Q.? vy
i=1.72, >N .(IV 46)
vNeting again thae:‘
‘ k +‘5>x



¢

‘Equation (IV-46) reduces:to:

i
= X ] e -1
g 1,47 %10 T M0 T XLl T
N ‘ i ,
g R .
‘. - bilx3 o - %30 7 ; (1V-47)
_In the same manner: o T e
o ' e—v]t1 o
3,1 7 73,1 7 73,0 b3(x1,0 - X1,e) Vi
. o i
L R 1S RO
+aglxg o = %30 Vs 5 i=1,2,...,N  (IV-48)

The above model represented by Equat1ons (iV-47) ahd-
(1v-48) will be ca]]ed “L1near Exponent1a1 Mode]“ because
| .
of 1ts 11near1ty w1th respect to the parameters of interest.
Aga1n,_k1j k?’ 33, V1f and Vg are to be estimated. simultane-

ously.

. 5. Non11near Po]ynom1a1 Model II _' ‘_”‘ R
The mode]s d1scussed 50 far, fa11 to take into account’
the effect of a]] ‘three parameters s1$§1taneous]y The

o

. error model for x] 1s expressed as a funct1on of- k] and k3 .

whereas the error mode] for x5 is expressed as a ‘function of

) .

5 and kj: In additioh-tb.tﬁat, the decoupling of vy and vg



!Q’h . ' - .- i -

B | -
(\,/x::J, . Cy T

x
J

‘1n the “Non]1near Exponent1a1 Model - 11m1ts the usefulness
of this model since one*wou]d not expect to obta1n a un1que
set of parameters wh1ch wh11 m1n1m1ze the 1ease squares
objective: funct1on in the reg1on of- 1nterest

ipforder to express the error mode]s for X3 and Xq

~as functions of k], k2, and k3 the fo]]ow1ng approach 1s\

taken ' ’, . | . .,. ) . . Lo .':-,»
For convenience, Equat1ons (Iv- 13 ahd (iV—]4)'are*
./reproduced be]ow , h - . , o '!fﬁu
) ; ( : o
-‘  ‘.| i o . .-.--—?;-,mn . . & ]_. | .
x4 —5b3x] - agxy Kok, ¢ (1v-50)
. | e L | ‘ !
Differenfiating Equation (1V-49) with reSpect to t.yie]dé:
o .' . . [ i . - ' ’ 5
x]hf_alx] * byx3. o _ (IV-51)
' o o . : < o
Replacing xé in Equatiod (IV-51) by Equation (1vV-50) yields:

xj'# agxg = bylbgxy - agxg *Kpkp) = Fylxik) oo (1v-s2)

1 1
In the same manner:
x3' + agxg = Us(-alx] + b]x3 +-k1) = Fg(izg) 1 (iV-53)



The inf%ia]-conQilions of (IV-52) and (IV-53)

X(0) = xivg =smagXy g F Pyxg g * Ky
"ﬂ\v - = b — Loy
X L3 T a0 T a0 T %8Rs,0 Tt

‘The so1utjoné'of Equations (IV-52)

‘%ﬁftia] pond;}ions giyén bv ‘Equation (IV-54) a

>
{
4
>
—
P
i
¢
—sd
. N
+
|~
O&\ ct

a&;g t)

<

: . \ v - ;:__. _L k -
*3. 7 %350 T *3,00 T E ) f 3 é [1

o

hY
L )
P2

P

.1'490mbtntﬁ§>5quatiéﬁs,(IVZSB)r-ﬁlv-se) and"avﬁz
,f_gives.the;foTTEGdng erlqr model in d1sc;e 1zed

are:

and (;V—53)

re:

7)!

form:;

N . t T } g 1
€ =X - X - X. oA (- - — [K, I
T,i T % 1,0 7 % ol _a1 ) ke
“ ' ) . e \\ .
, N
. w !
~ ) N o
J pad >v
: e |
a A ? - o 7 .
, o :
A ; 6 - I
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(1V-54)

with

(1¥-28)

, G



'_RepTécing'xL

q / ’ ' RS
T { .
% NS a - -
+ b e [ I0- Jede
3 pEg T 0 ( .
E_{I ~ t__1 _ a1(€_t1‘) m ‘ o, .
- agy L Gy [ [i-e” 1£7dey; . a\IV=57)'
=0 "9 - o
\‘
- o 1ee (3% by o ag(eety)
?3,1 RS IR “3,0 T x3,0(*ig§§*f—) "‘*g {k, é [1-e 1dg
‘ L. -}i S
- a . - dg
1 meg. Mg . -
'Q\ X » ‘ ,
t b, )oaq [ [i-e o dders i=1,2. , N (IV-58)
L m
m=0 -0
Mote, that in the ennvz model, both Eguatioh (IV-57) and -
(1V-58) contain.ky, k,, &nd ky. This model will be {a11ed
“Non1inéar_Poiynomﬁal Modé]{ . ' ;v o \ _ J
6. MNonlineay ddel 11 u
: ’ \

A
. € 1,0 ,\1 PN co RN
P, ;
e K
SalT¥. oF (% - oxa
3-73,e. ~73,0 3,

;:h) by, Equations (IV435)_éhd-

Y

."‘.
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FS'\K:!‘): = - ?_3[;31(}{],0 - ),/f],e ot ‘,13,é..\; x3\90 :

S

N ! . C ,

B . . . ! s
- . . . . JEINE o et P cns
- N . ’ LN - oy RS '
L . IOURETRY SIS . S ) o L LT

e A L . , LI ‘i‘b R
. s . . R - o ,,“ o K [ . B : . .y ka ) ‘ . . ‘ .
"C@mbjn"ﬂ*lcj,i’-‘quétj)ans"(1\/-6(3) and (IV-61} with Equ»atio'n"s .

and (IV-56).yields, after integration: -

-2, t, '
N . 171
_ ~ v _ - ! / ,"e'
1,1 T i T M0 T o““*“E;ﬂf‘)i
U . r



e

v

c _ . -V 5T -a,t. -v,t.
o : . o1 371 S 1 R
R N ORI SRS ¥ L : )15
' 1 3,e 3.0 % i Y] - P
¢ . ¢ v 3 — 3 (o)
. " s .
. . . .38
, . (L o
x \ > . ’ RS S DU R (1v-63)
2 o - - . .
K - N .
. » Note that in-the above model, both Eguation (IV-82) and
‘f(Evfﬁf) cpntaﬁn.k3?,k2, k3, Voo and;¥3¢;,Thi§ mocdel will be
LS ’ : . '
. ’ = P~ 2t T, ' o . /‘\
¢ calleds"Nontinar E®ponential Model 11", o) R
: ’ . < s @ B S - .
. S N S s — T O
s The~apprda§heg'takgn in developing the wvarious. evror .
I S~ AL o R
- .., -models above .can be gerierali-2d.to an n-component mofiomole-
~cular reversible reaction system; in this case, the e. ovr.
L me-de wouldfConéist of n-7 eguations.
1 -}‘- e —r\"‘l-s\-w z\-y‘:‘;»g\i
g '
R 3 ¥ “
\\ -
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C. Generation of Data T
. . |
1. Generation of Noise-Free Data
)
& ']
2ata was genevated by using iLhe Touritn-vrdey RKunye-
Ku integration scheme, with initial conditions:
X = 1.0 L
1,0 '
A . = 0.0 ‘
2,0
X =0, .
3,0 = 0.0 :
A !

The k wvalues were,taken from.Wei and Prater (30) who. have
cons1derﬂd the react1on bmtwea h.'uLene cis-2-butene, and
trans-2-buTene in spgcific: ) _

kyo = 10.344" 5 k., = 4.6 )

W 21 S s Kyp = 4623 )

. - \’ . f\\
N 9 V )

- ] k32_;. 5.616 k23 = 3.371 :
: ) A ’
. - 1;’ R - : - ’ » '
. [y » {
Fi .lA . s ‘ . I Q 3 |_’ \‘.
- o K \ 1 ' v N \.‘
- e . . ¢ NI PR
Hta Lhe Le.m1nuldg¥ given b/ Equauron (1v- ]2}"the true s
.‘?»)" ! ) &\ - { ¢ N )
values of pdramet rs of interest are those ones g1“;n on .the
» seConaﬂcolumn*aD@ve,.’f‘ N

¢
N

=

Lﬂtegr ‘tion was continued untdl equ ]lbmxum cor41t1ons

‘were met, although only- the first twenty obsehvations

ing-

¢

the initial conditions) were picked for estimation

~ S

Caxeluds

:)UY‘-— .

o

;’.:")
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‘

,poses. Those are’Given in Table IV-1.

Hith the initial conditions and parameter values giv

~above, the generated composition profile for x; is mono-

tonically decreasing, whe-eas that for X3

1ncreﬁsing. The compos1t1on prof11e for X4 passes through

a maxnmum before reach1ng equ111br1um.:‘This is the reason
for CHUOSW“Q xq and x5 to be cpprOY1mated by exponential

functions, rather™fhan x

é@é. , Generatiod

¥ ~ R 28

‘Twenty sets of

£

the add1t1on of random numbers with . Gauss1an d1str1but1on

015/ observat1ons were obtained by

to the true solutions for xq and X4 using: ‘ S !

_‘.

tf

true observations at t = t%

noisy- observations at t = t., for the
Jik run,,” b LT

>
.l
.‘\‘
Lx
1

[ FURIRN N o O .
- " =y . .
Ko - -

e L E. . . = random numbers with’ Gau<s1~n d1st:1bu

oY *»p0th. having zero means. anc - a,vt rda
T kd8V1ation of c.o1. B '

The initiai and’ equ1]1ol1um uond1t10n§ wer ‘not sub-

ad noise. k Thus the re“mt X X , X L oand x.
jected to noise. 5,07 ¥1,e X3 g5 819 X3

encountered in ‘the eerlier sections should bz interpretes

.
-

en

is monotonica]]y.

ttO."l

.e



TABLE IV-1

NOISE-FREE OBSERVATIONS

.t x]’ X3
1 0.000 1.000008 .~~~ 0.000000
6;025 0.715513 0.089021
o;oéo 0.531162 0.167940
10.075 0.410354 0:235654
6. 100 6.330171, 0.292515
0.125 *  0.276195 0.339559
0.150 0.239304 0.378070
0.175 0.213688 0.409355
0.200 01836117 0.434626
07225 0.182652° 0.45495]
70;250 0173223 . 0.477246 n
0.275 - 0.166265 0,484279 -
. 0,300 _4Q.i6106§ 0.494683 -
10.325 1'0.j57143~, 0.502977
" 0.350 0.15415] 0.50958]7
0.375 . 00151853 0.574835 .
c.a00 ® 0.150048 < 0.519014
“0.125 .0;158592;‘4 0.522234
0.450. - - 00147616 524971
0,475 C0.148771 91337565\
‘;o,éoo 0.176107 - 0.528729

78
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as noise-free - initial -and eqUTJfbri&m“cohditiQns.j

‘D, Treatment of Data

.

Fo.sythe S method was used to f1t polynom1a1s in t to

~all the observation sets ~The besL—f1t po1ynom1a1 for each
 fset was chosen accord1ng to the variance cr1ter10n descr1bed

ﬂijn Sectign G.2 -0f Chapter III. When eva]u Led at t= O vthose'

1vnmm1a]© did not yield the initial cond1t10ns (x1 nbf-T}O,
LR
'7,3 0 7. .0.0) exactly. In Qrder to énsure that the initial

"_'cond1t10*s were satisfied to an accuracy of fiv. digits, a

'Ax we1qhu,o¢ 10,000 was given ‘to both X. . and X3 g jn the

N ’ ST 1,0

’,Forsythémfitting procedure. Unit weights were assigned to

Lhe remaining twﬁnLy points

The init#Fal parameter guesses are shown n Table 1v-

The Wcigﬁting matrix used'was: : - )
| . B =
1 - RN B
- AT N |
Wieny =00 B (1V-66)
n A fr‘f}. o
}, 9', UJCNxN)i : ;
L SN . . .
A
here oo = Loy N e 0 e e LR
- . - () : . - . I .
, ‘ : 5 _
Y (‘ (‘:\\\ /'.‘
o ~. ./ |
,,,,, S 2 P \é~g//, (1v=68)
‘J:g ‘
I(Qym> S the ddentity mat~i.o. T o {1v=69)



e | ~ TABLE 1Iv-2 | . T

s
F

;;;‘):. . ' .
INITIAL GgﬁSSES OF THE PARAMETERS

XL,

*Pa1ynom1aj@Mode1s ; Exponential Models:

‘vép>‘ - - 10.0 -
".‘:q\:,_ . b
vé“d - , 7.0
TG LoD - e
: o
. /
g I s X - -
L o e - Y ¢ ©s
‘ : ¢ i -
é [
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o
ha

For the no1sy measurements, both o and‘o3 were set equal to

1
0.0]. With these values, Equat1on (1V-66). reduc%s to:
v . R L ‘ . : e 4 .;n -
T “ -G Sy -
Uoanxany n deBo 100 Lionyon) ( - (1v-70)

In other Qord§;‘equa1\wefghts were[péedrin the minimization
" -1 re |
of the objective function, sinceujt was knownlfhat bo@h
jobservations had the same error .distribution. J
For the hoise-free measqfehentsuo]‘and gé'wére set
L ;

equal to 1.0 x 11U - somewhat arbitrarily.’
E. Results and Discusplion
1. No1se Free Observatwons
" AEor'convenience, the .true Values of the parameuers are
. reproduced below:
» ) & !
o o ) - 2 327 ' = - ; h

“ kT 4, 62 ] I<2 _J.q7] , k3 _ 3:724

(&

§>' Mith‘uhe po]ynom1a1 mode]s,_fifth,_sixthgvand spvenrhfv¢qf
dogrée aﬁp ox1mat1ng po]/n0m1a1s for Xy and“x3 Qe£@ triQd

. »«'J",,T i w_;,,k%w
Tne resu]ts are- presenLed in- labTe Iv-4.. Astudy 01 x esé.

V_‘; oot

shows the efrect of. 1ncreas1ng the poljxomlal demree on tna\ﬁﬁﬁ_

observatlors - f ' ’ T s_7 .

Attempts to estimate *he parumeters us;ng the Monlindshr



-coup]ed:

W

P o . e,

Exponential Model 1 failed: ' This could be atrributed to ihe
fact that Equation (IV-44) contains only ky,
and v

3’ 3

Equation (IV-45) contains only k,, kg, 10 .

N

The' Linear Exponential Model converged to a unidue

~det of parameter estimates, but these were somewhdt far from:

the true values.

Among the,éxponentia1 models the most successful one

was the Nonlinear Exponential Model I1: In this model hoth n

Equation (IY-62) and Equation (IV-63) are functions of all

z five parameters. Thus, the parameteyrs are comp]etélt

One can conzlude that the‘exﬁénentia} mode1s.ike not

as <ucce°sfu1 as fhe po]ynomiaﬂ ﬁdde]s Thfs can be attri-
buted to the lower T1ex1b117ty of an exponent1a] function of
the forw given by Equation (IV-39) or (IV-40) in approxi-
m:ting a given set ofgdata.‘ OnQe'the initial and equilibrium
édﬁditioné have been %ixedo there is. just oneiexponentiai

parameter left to be estimated. In the case where a poly-

nomial is used as an approximating function, the number of

a

[#2]

parameteys Lo be detérmined is equal to the cegree of.the

i

~polypomial if the dinitial condition 1s-fjxed.

S

' ‘ N P
The results for no1se-1r@ 1easurementg witn the
v : (?

-expGnentiai models zre presented in.Table IV-3.

/

R

P
Eaty by
Wy

k and v.,, and a



TABLE 1V-3

\

PARAMETER ESTIMAT

m

S FROM NOISE-FREE OBSERVATIONS

Model:

Linear Exponentidh Nonlinear Exponential II

b.aGhn . 45

8.306 | 3.094

B

3.599 . 3842

R

[y
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2. Noisy Observations . ‘:szﬂ\\
Cons1der1ng the relatively inferior resu]ts obta1ne :

'W1th the eyponent1a1 mode]s, espec1a1]y“the linear exponen-

t1a1 model, using the noise- free observav1ons, it was fe1t

‘that further testing of these mode]s with no1sy 0bservat1ons

- Was unnecessary For the po]ynom1a1 mode]s, the'resu]ts of

the 1nd1v1dua] runs from one to twenty are shown in Tab1es

'IV-6 and 1v-8, 3Jhe summar1zed stat1st1ca1,resu1ts’are shown

draWn. - T B

> . Y
po1nts suggest that 1t is qu1te reason;;]e ao assume ‘that - /
the parameter e5L1mates obtalned with tﬂe three d1 ferent .

in Table

e~

-5, using the nOmenc1Eture'given in Section'D:Z‘

of;Chapter I11.

Y

Study1rg Table IV-5 the f0110w1ng conc1us1ons are.
v . i R ) A . /\

~

(a)' The varidnce estimates. of the parameters are

oy

“nearly the same wfth:the-th?ee models = vBase¢ on “this obse?—

| B

yation;>theinulleHYﬁothesis that the.varianci est1mates 0if

o X K | peh !
“gach parameter,/obt-aineH with dlfferen,_”wdeﬁs come from popu-

o : ‘ ¥ /'
lations with the'same van1ance was tested The resu]ts,

[N

cobtained Lsing an- F- tESL for the homogene?ty of varianc%, o

/

' e s et L L / =
showed that this hypothesis can be accepted quite reasgnab’v.

v

From the nosie-free me33urements; At ise a]sa known that the

t | °

meanfva]ues of each garameterf'obta1ned vith deférEIt mode]

‘ —

'cOmeIfrom pObU]aL1OHS~W!th the same mean,' The above two»i

’

mode]s come from the same oopu1atwon ',B ’ d.on this

[N

“assumbption, the use of the Tinear polyn om1g1 mtde] is “f

strongly reconmended, due to tne s1mp11c1ty or computatwun

-
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. I Y ’\ \ l
U o o
.éﬁ < - " TABLE IV-5 Sl
_‘ o s . - v
<, STATISTICAL RESULTS FRQM HOISY OBSERVATIONS .
- \"S"-"’ ) ' ' v N —
- , _ - . ;
- . Model » .
«“%@ ] . T t Y
Nonlindar Linear Nonlinear .
c Polynomial I Polynomial Po]‘ynomia\l II
K, o 4.592." 4.502 " |
_ o
K, Ei{/f 3¢325 3.268
k. g \\\;3 748 3.812 ~
N /.. ) ) / ’
—\-2 ¥ . ' ‘> V‘ \.
S 0.0911 0.0654 70.0734
]" - . .
| §i 0 233@5\ 0.2323 0.1975 ~
2 B . e
52 0.1858 0.1766 0.1629
3 . . .
. S - :
¢ 0.0374 0.0102 0.0284
Ky . , _
5 e ‘
Sy 0.0992 0.0406 0.0983
2 o
i 0.0752 0.0297 0.0643
3. v ‘
| .
g b
2172
(3 ) | |
~ 0.066 0.057 10.059
% - | ® "
Cz2 172 -
— 0.145 " 0.147 0.135
- v.k2 » ‘ . .
<2°\1/2
K:(Sk3) o , - |
-2 0.115 0.110 0.107
_p . ps
R r./ . : T
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TABLE IV-6 . = y é
INDIVIDUAL ESTIMATES A
) - NONLINEAR POLYNOMIAL MODEL I o
£y : ~ ,
Y o '
a 4 .. .
Run No. lg] k2 . k3 Sk13<10 Sk x10 k3x]O
4 , s )
1 4.801 ~ 3.80%_ 3.479 0.375 1.097 0.824
2" 4.336  '3.180  3.969  0.300°  0.914 0.647
3 4.295 2.897 4.124  0.289° . 0.874  0.604
4 4.548 _ 3.397 ° 3.825  0.349. - 1.067  0.766
"5 4:562  3.232 3.969  0.315 - 0.802  0.635
6  5.085 4.10], 2.928 0.464  1.399 1.093
7 4.533 7 3.377  8.622 01339 - 1.023 0.757
8 4.459 3.025 3.985  0.323 . 0.895 . 0.685
9 4.624' 3.381 3.720 - 0.353 1,021  0.763
10 ‘5.01; 3.833  3.540 . +0.387  0.913 _ 0.793
11 4.624 - %.818 4.217 0.296  0.741 © 0.585.
. 5 A [C ) . . ’
12 4.411  2.830 3.975  0.300  0.735  0.599
13 4.512 3.348 3.612 -0.330 - 0.962 721
& . y ;- : e N
14 4.489 3.370 3.808 (%349  1.138  0.795
| J o : . : , ) .
“as /0 5327 4.744 2,618 _ 0.s59  1.912  1.389
L 4.183° 2.993 4.206 . 0.275  0.839  0.577
\_ 17 4.177  2.650  4.432  0.270. 0.750 0.545
| 18 47508 ©3.021 3.943  0.318  0.831  0.662
|19 4.721 . 3.417 3495 0.357  0.946. 0.766
| 20 4.891 3.592° 3.550 = 0.388  1.036  0.835
\ . . .
\ M - v
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TAQLE 1v~7

INDIVIDUAL ESTIMATES |
LINEAR POLYNOMIAL MODEL

L 0t :
Run No. &, o _§3 Eﬁ]xyo §sz10 ‘-§i3f10
1 s 4711 3.675  3.520 :0.109  0.432 0.317
2 L 4.273 3f028 4.087  0.088  0.383  0.262
3 4.236  2.881 4.157 .0.087 ' 0.368  0.257
4 2.459  3.291 3.858 7 0.107  0.446  0.315
5°  4.545  3.041 4.151  0.089  0.327  0.254 ..
6 4.894  4.073 3)019  0.129 . 0.501  0.375
7. . 4.423  3.427  3.815  5.18%  0£.430  0.293
8 54.408f‘ 3.077° 3.953  T.099" 0,396 0 289
f 4576/ 3.463 3.628  0.111  0.444 . 0.324
10///\#§§.905 3.465  3.677  0.107  0.355°  0.298.
1. - 4.310  2.627 4.341  0.090 ' 0.332  0.256
12 4.444 2,983  3.789 - 0.103 - 0.375 0.295
13 4.448  3.201  3.643 - 0.100  0.400 0.297
\:\ilfv; ! 4.412 3.475  3.749  0.106 [%gf79 5 0.318
15 - . 51080 4.628 2.802 | 0.146  0.618  .434
16 74I}61 © 2.859° 4.308°  0.081  0.361 0.240°
17 '_ 4.068 2.515 4.559 0.081 0.353 0.235
18 ' 4.414  2.981  3.993  0.093  0.350 - 0.266
19 4.607  3.296 3.587 - 0.106° %.389  0.304
.20 4.664 3.280 3.809  0.106  0.390 0.304
S
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] TABLE v-g -
| INDIVIDUAL ESTIMATES “
* NONLINEAR POLYNOMIAL MODEL 11 X
. | s
Run No. k k)~ . 5200 $2 40 52 xi0
» 1 2 2k "0 kg
y 4.780  3.803 .3.404  0.311 - 1.488.  0.920
2 4.293° 2.226. 3.972 0.316 1157 0.692
O 4.301  2.895 © 4.124  0.289 . 0.665 10.490
4% 4.483 3,808 3.845  0.288 1.153 0.699
5. 7 4.507 3.184 4.083  0.363 - 0.983 0.703
6 4.965 . 3.784 3.091  0.209  1.200  0.717
N asss 3.140  3.679 0.215  0.649" 0.456
8 '4.475 _3.025 3.967 0.262 0.651 0.478
g 4.616  3.318 3.700. 0.248  0.926  0.608
10 5.041 $.408  3.623 - 0.249.  0.754  0.603
1 4.306 - 2.925 4.186  0.322  0.813 1 0.567
12 . 4.397 2.834  3.942  0.287  0.660 0
13 4.495  3.318 , 3.604 0,257 1.010 0.635:
14 4.486 - 3.188 .3;§6<Kf 0.226 = 0.713 0.471
15 5.157. 4.712  2.693  0.342 2.151 . 1.188"
16 4.147 . 2.976  4.250 0:328' 0.980  0.613
17 4.210  2.778  4.369  0.298 '0ﬂ588. ©0.441
18 4.543  2.958  3.947  0.268  0.558 0.456
19 4.6587.-3.4s7fa53.456, 0.283 1.222" 10,765
20. 4.787 3.588 3.564  0.318  1.343 . 0.856
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involved, 'since no iteratﬁon is requ1red

(b) “The sens1t1v1ty of the parameters to observat1on 77],:

e | e

errors goes®1n decreas1ng order from k to k 1°

4

genera]]y .

3

znd koo It
shou]d be noted that th1s observat1on wou]d no

: %e va]1d 1f 1n1t1a1 cond1t1ons d1fferent than the ones in
-

.

this ana]ys1s Were used As po1nted out by We1 and Prater

(30) and Donne]]y %ﬁg Quon (9), d1fferent tn1t1a] c\nd1t1ons'
¢ T '
would’ 1e§d to different. parameter sens1t1v1t1es, and certa1n

1n1t1a1 cond1t1ons wou]d rot lead to any estlmates at a]]

A

"Therefore, the dependence of the parameter est1mates to the

exper1menta] cond1t1ons shou]d a]ways be. 1nvest1gated 1n order

to obta1n a reasonab1e degree of re]1ab111ty |

B (o) The actua] vartances of the: parameter est1mates,\‘7

§i.; 1=1,2,31 are larger than the averages. of the 1nd1V1dua]
i

‘parameter e§t1mat;s, SE y 1=1,2, 3 °Th1s is a resu]t of the

o i
fact that the xe ficients of the approx1mat1ng polynomia]s

are not cons1dered a! random numbers dur1ng the est1mat1on

~of the parameters Thus the[conf1dence obta1ﬁ%d in the para—ijh

m\ter est1mates appears to be h1gher than it actua]ly shou]d_

be. A suggest1on to bbta1n more rea11st1c conf1dence 1nter~

“va1s will be made 1n Sect1on G of this chapter

F. ‘Time Requirements | ERRREN ‘ ”_x' .;' :

].'*NohlinearTPolynomial Mode]'f
Y T - ' ; v .
Average time required 12 seconds/iteration.
¥ - ¢ . 0 ) .
'Average number of iterations : 5 (per run). 4

« . i . .’ ..\\

e
@ A

7
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Linear-Po1§n0m1a1 Mode]

Comput1ng time was very short in th1s case due ‘to the

]1near1ty of the mode] w.ith respect to the parameters

3.

.. Average time required’

Average number of iterationSj: v 5 (per run)A

" The

Nonlinear Polynomial Model II - ‘ff o

~

P

21 seconds/iteratioh.

3

o

time requ1red for, the estimation of the coeff1c1ents

;'of'the!approx1mat1ng polynomial wa$ -about 10 secondsvper run.

.“ .
K

6. jCommehts on the Pd]ynomia] Models

~used

mdde]s.

l(a)

in the est1matton of k k.

Both the nonlinear and 11near po]ynom1c1 models

10 Koo and k3_are discrete error

If x] and x3 are rep]aced by their approx1mat1ng

'po]ynomia]s, the resu1t1ng models will be cont1nuous in t.

With this

'va1Tow1ngi

"/

cho1ce, ‘the ]1near po]ynom1a1 mode]l takes the

f orm: ) : - . :b ."’__. ‘ . ‘(
) % ; o f&k L % R ;541
m=0 ™ 1.0 1 1 m=0 m+ ’
Mogq.
m mt+ 1
—’b] hZO E¥T~t R (IV-71)
Moo o Lop a1 F
m m m+ 1
= z . q t - X . - K k t - b Z . -t
“ms0 M 350 22 .3_m=0 m+1
N ' ~
e dm . mt] - . :
tay Logm b LT )
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- S ! . .4 ¢ .-

“After rearrang1ng,‘the above equat1ons can be wr1tten asf rf_

oo

. ¢ | . _— J
- Scf b ef(n) ¥ S eSler T (1yers). -
LB . ] 3.
S G T
A natural/cho1ce for tf WOu]d“be tN i.e., the t1me<at wh1chﬁ‘4 L8
G

the 1ast1measurements of xliand x3 were taken L o

Nd@“one can set the der1yat1ve of S with respect to

. ok k2" nd . k3 equa] to. zero and can so]ve the resulting

1° .
e express1?ns for(}hese parameters only as . funct1ons of the

coeff1c1ents of the approx1mat1ng po]ynom1a]s An

- of the e pected va]ues and variances of these coeff1c1ents
wou]d read11y beaava11ab1e from the or1g1na] f1tt1ng proce—

dure. One can then use re]at1onsh1ps s1m11ar to those given

v '
S
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o
by tquat1ons (III-27)€and (III 28) in Section F of Chapagr
III to: obta1n conf1dence 1nterva1$ for the parameters, wh1ch‘
_wou]d be more rel1abIe than those g1ven by the linear poly-

’nom1a1 modeI 1tseIf

-~

fi_(b) The d1s<uss1on wouId nOt be compIete w1thout a

paSSTng reference 10 the-moment method.  For conven]ence,

Equatwons (IM—L;) anav(IV:]Aj are rzproduced below:

~

. a . B . ’ . . : o . ~ N
. xl.— - agx, f h1x3 * ok o . (Iv-76)
Ix3 =‘h3x] - agx, + K k.'mr‘lh o -(IY-77)

iRépIaethQIXT‘and X, by their approximating polynomials, the

following,error model is obtained:

L. Moo o
e (t) = xy +a; J pt"-pb. 7 g t" -k (1V-78)
1 1 T 50 M T2 vm, 1
) P op e D oatt -k, (
e (t) = xa - D pt + a g to - K,k (Iv-79)
3 3 3 &g 3 m=0 m :}2 2 .
) y - S i
-Sincezthe’estimation of th}eelparameters_is_deSired:fﬁheﬁ
: moment cond{tion34requirevthat: 0
R ; : . : o
N
o
. tf T a . : )
1 2 1 2{ Ja. _ AP : v
f [—§ e](t)’f -5 e3( y1tYdt = 0, j=0,1,2 (Iv-80) -
L - N
y v

~N1th‘this method too, the senSitiVity'of the parameters to
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~observation no1se can be estimated as ergga1ned in Part (a).

s

Note that by express1ng the error m&de] in continuous

~form, one puts his whole confidence on the"expected values . b
g .of-the polyn_. ,j coefficients, and does not worry,abo t tne |
A experimental ,bsarVatjons any longer. Thus, one might con- ‘
sider_the discrete,erronbmode]s“which are éxoressed jn‘terms
\ of experimental observatibns‘to-be more realistic.ﬁ The | N
N . .

advantage of the continuous,mode]s is that they lend them-
selves to subsequent statistical analysis Concerning the

estimates of the parameters. It should be noted that this
—TT— :

~is restricted to systems of linear d1fferent1a] equat\ons,
or non11near differential equat1ons-wh1ch can'be expressed
inrself;adjojnt form, as encountered‘in Chapter III. ' R

H. Others' Approaché% - -

rd
Wei and Prater (30) have studied the problem considered'/;f '
in this chapter and a fam11y of related prob]ems in cons1der-.

of the “straight—]ine reaction path". Ihey construct exambies

X

/\“ﬁﬂ\\“\wable depth, and have come up_w1;F a method which makes use

in wh1ch the set of parameters est1ma‘ed from a s1ng]e reac- -,'“ﬁﬁ
tion curve w11n reproduce the or1g1na] data adequate] , but
w111vg1ve qu1te d1fferent curves than those expected-when’
ddfferentvin{tia] conditions.are used. ,Theirvsuggestion for
U | .dVercomingAthts intonsistency is either to run the oriQina]

| experiments with widely differjng 1nit1a1'condﬁtions so that

' most of‘the reaction simp]ex will be covered; or to lTocate

.. .o the straight-line reaction paths, which, they consider easier.

’



~

\ more than one exponential term-‘is invoTved in

R L < ‘- - 95
It sth]d be noted that tﬁis éppfeaeﬁ a]so‘necessitate{/;he‘
runn1ng ofl more than, one exper1ment to- locate the stra1ght— l n\
’11ne reac?ﬁop path once this has been done, @0 use is made
-of the data Ebta1ned pr1or to that. stage In-shert, their
»approach'1s Qne of a deglgn of an experiment, rather {han e
beﬁhgvahlapproach to, the treakment of‘a epecif1C'set of;data‘e % jf

In their work, attention has also been drawn to the =~

_haZards of qung-curvé-fitting teChniques_fbr‘ca s “in which

the expression

;e,fonwthe general solution., The mode] ‘criticized 1s one

obta1ned from the generé? so]ut1on to a set of 11near differ-

@y
ential equations, which., in the case of a three component
system redqces to:

) . ALt ALt '
~ . : R IR 379 .
€ = X -c - C,y.q8 - C e > ¢ (IV-81)
1,1 1,1 1,0 1,1 1,2 :
| o oAt gt
3,17 %307 S0 TSP 0 ezt o (1V-82)
! ? /_’\J
4 . :
: - i=1,2, »N
\\\/ 4 3

Assum1ng that the 1n1t1a\ cond1t1ons are known exact ly, as
: N\
_has _zen done before, the fo]]ow1ng re]at1onsh1ps ho]d

) L B - . SRR

X]A’O F C.I ,0 + C.] ’._l~ :"IVC],Z,' (IV~_83‘)‘

%30 T30 Y 1t Gy (1V-84)
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Ei.

'Natura]]y, the best resu]ts were obta1ned whe

so’that{

™
—
"
)
0"

‘Note the close resemb]ance between thﬁs°mode15and the
L1ne§¥ Exponent1a1 Mode] descr1bed by Equat1ons (fve42)'andﬁ
(1v 48). . |

H .
/-; .

We"and Prater have a]so g1ven the ana]yt1ca1 so]ut1on

N

for the three component reaction system descr1bed by Ewi‘

tions (IV-])'to (IV 6) as a function of k s.. In view of

thgt]fa:t, one m1ght be tempted to use th1s ana]yt1ca1 mode]-'

| for, fhe purpose. f est1mat1ng the parameters Exam1nat1on
~of the solution, though leads one to conc]ude that it depends
‘on the parameters in a rather comp]icated manner, the p0551b1-.-

_11ty of us1ng this analytical mode] is, thus, d1scarded.

Donne]]y and'Quon.(Q) have attacked the,Same prob]em

,using quasi]inearization. They have used d1fferent comb1na-

11 the seven:

" “tions of data ootatned»with seven d1fferent 12W;1a1 cond1t1ons

'data set were used s1mu1taneOUS1y ' They report that us1ng

8



\ : ! 'f*\ T ) ' ’ 97 -
only .one data sdt generateéd with-the initial conditions uSed
. e . A R ' L B
. N this.chapter Teads to accéptable rést;]ts. -0 , b

I , - L
o . s N § s & -
- . N C. .
y .
‘¢
5
a '
~ ¢
> I
-
R -
6 - "
k3
&
' ‘

v N .

(9’ . ) ¢

» \

\
- .
‘.
‘“‘
'




‘to 1700°' is represented b& '_p_ .

fcan be 1gnored SEETE o _ ‘_»> AN

- and no m1x1ng!1n the ax1a1 d1rect1on (4 e., the flow is_—

~direction, , . Co

, v : A . ‘ BTN
‘A NON-ISOTHERMAL DECOMPOSI™ION PROBLEM .
@ ) ; A ) . S ) ! o E( b‘. . & o B R

a .
B .

A. Statement of the Prob]em.‘ L ”T7'w'u'_ - ‘L e

-

-~ . -~

The pyrd]ysxs of ethane in the temperature rﬁnge 1%@0"

Callg 7 Caltg T My L (V ])

',\. o

The react1on 1s carr1ed out in a steel tube w1th no 1nterna1
‘ﬁ'
obstruct1ons (e. 9., cata1yst), conta1ne$ iR & furnace 'ln
- - R
the deve]opment of the re]evant d1fferent1a] equat1on des-
' L

—cr1b1ng the comp051t1on and temperature prof11es a]ong the

5 Vool

']ength of the reactor the fo]]ow1ng assumpt1ons wild be':

.made - o e _ '.' ;\

F
d

(a) Any pressure drop a]ong the 1ength of the tube

L — 4 .

-
\

‘(b) There is comp]ete m1x1ng in the pad1a] d1rect1on

governed by p]ug f]ow behav1or)
L

r B

S P
- - (). No temperature.grad1ent exists in the radial

(d)- Ideal gas Taw holds.,, .
With the abouehassumptibns, thevditferentia] equations
H B '.o | | - '

L | ,; CHAPTER vV . o ,$ b
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\f
% . . C / ) AN
obtained by se§ting<;p,materia1,and energyﬁba]anceaequafiens

over a differential_volume element of the reactor are (5):

N . dz _ 3600 A'P k 173/ o - (V-2)

/ | d>‘( i -n.OR | ’ TR 1z o »
Con » 9 5 ap 4z :
CdT, T g MR ax 5
dx ~ (1-z)e_ * z(c_+*c_ ) (V=3)
| Pp — Pg P
Ty
'1whef¢f'A'_ = Cross sectional. area of tube, sq. ff., | R

c ., = specifi}bﬂeﬁi of C,He, C,H, and<H, correspond-

p L 26> *2 espon
' ing to the subscgipts A, B,:and C, BTU/Tbmole-?R
ko é‘féacijon rate constant, set-}; 

n, = feed rate Qf.éthane;,fbmo1es/hr,

P = meén pressure inside the reactor, psid;
q‘ = heat input from fd}ﬁace, BTU/hr-ft. of tube,
-~ R = ide61 gas,constant{fT0.73 psia-cu. fi./1bmole-°R,

’TR = measure of cabsolute temperatd?e, °R,
'x = measure of the distance from the reactor inlet,
_ft'.,‘ _ L . & .._ﬁ : .

s .z = meéﬁure-of;thé fra -~ -of e"hane converted to
ethylene and hydrcce : e

-

AHp = heat of reactic:, BTU/Tbmole.
The purpose of the or ginal problem given in (5) is to

_'gehérate the conversion and temperature profiles along the



.b
reactor, given the following information: -
D w - #l
G : ’ , ;241,3]o/~~
> o _ fR32 .
[ k = 5.764 x 10' be Ko sec™!
and o N\
‘cp, cal/gmole-°K
, . -3 6.2
CoHe @ 3.75 + 35.7 x 107°T, - ]O'Qf x 107°T
' S .
. : A -6.2
CoHy .‘5.25 +24.2 x 1079 - 6.88 x 107°T)
- | -5 o -6.2
Hp o+ 7.00 - 38.5 x 10 \TK - 0.60 x 107°T,
- G .
. > 4 j T .
MM = 1.8[32,732 + 8.50(T,-298) - 5.942 x 107 (7%
| 6,13 ,qa3y7 .
+ 1,28 x 10 (TK-298 )], BTU/1bmole

-298

o %

2y

(v-6)

L 4

where TK is the measure of_the‘absoTute temperature in °K.

. .. .As seen
&
%. _k2 o
. T
- _ K
k —_kje -
cLet . ' . . e v
_ PR
f] = a, x»]Q
k, £ a, X 103/

rom. (V-4), k in general can be expressed as:
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Lo 01

.Combining Equations (V-2), (0—7), (v<8), and (V-9) gives:

1800
T e -
dz _ .. e -7 . |
ax - DAy T T+z : (V-10)
ST,
“where D = EQ%QEA—B x 10'° v : A o (v-11)

0

J

In the derivation of.Equation (V—]O); use has,also been made

of th: following re]atibhshipt

. !’ . . ) T " M | . . ) .
VAR T, = R L | (V-12)

The initial cond1t1ons for the d1fferent1a1 equat1ons des-

cr1bed by (V 10) and (V-3) are. L

2=z o ;(v-13)

To = Tp o3 at x=0. . (v-14)

The est1mat1on prob]em can_now be posed as;one df'esti-

'tmating ay and a, g1ven the’ thermodynam1c ﬂnformat1on supp]1ed

‘by’(V—S) and (v-6), together w1th the convers1on and tempera-

ture measurements a]ong the 1ength of the reactor -In other

‘words, g]ven»the thermodynam1c 1nformat1on,'the estimation

" of the parameters related:to kinetic effetts is desired.

4
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. E.r.nqr._f!’,o;d_e_l . L
“The.general approach in the previous problem: .ias to
introduce some approximating.functioh into the differential
equations and try'to estimate pofh the coeff%cients involved "
in:the approximating'functions and the origina] parameters +:
.simu]taneous]y Specifically, when ord1nary po]ynom1a]s in
.mx -are cons1dered’as approx1mat1ng funct1ons, the approach
mentioned above w1]1 ‘not be pract1ca] due. to the resu1t1ng

express1ons for wh1ch the ana]yt1ca1 integrals do not exist.

Th1s is the most genera] case encountered 1n the est1matﬁon

PRAURSLEL A

of parameters from systems of ord1nary d1fferent1a1¢equat1ons
Below, a new approach to deal‘with this case will be described.
Suppose'the noisy conversion and temperature measure-

ments have been smoothed by:

) L A‘. ‘ ’ v o ) ’ o .
P(x) = ) pmxm R - {Vv-15)
m=0 - - ' .
'>and
, g ~m :
R(x) = YV r. x ", ‘ (V-16
: m=0 mv ‘A /
3P - : ' ' o ~ . '/
afj . . ) o R N R /-

‘respect1ve1y - L and M .are the optimum polynomial degrees’
~ chosen in accordance~with the minimum variance criterion
described preV1ous]y v : o o

Now, 1ntegrat1on of Equat1ons (V-10). and (V413) gives:
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(V-17)

= Ei - Z5 .- Da L' f(T:z:az)dx;
- v )
. j— _ N . .
) | ;i o _AHR&a]f(T,z.az) : . }
£ =T, - T. -.[ dx; -18
T,id L1070 T (1-z27c +z(c. + c_ ) ’
. SR 4 Py Pg P¢’ |
~— .
. . i=1,2,...,N
whe ¢ TR has been feb]aced by-T-for no t1ona1 s1mp11c1ty
E{ pnd ? are the observed values of z and T at x = X. ,J
Subst1tut1on of Equat1ons (V-15) and (V-}6) into Equg-
tions® (v~q7) and (V-18) yields: e
W ‘,Q ﬁ i z\ B ‘ . 4
= X 1800 . - o
-3 _ 1, R{x) %2 1-P{x):
€z2,i 7 % 20 Da, é R(x) © '””“7Tﬁ$T§5§Ef
) : ' ‘ ! \\\
. \\\\
X.i R
=2z, -z - Da] é ¢ (x a2)dx, (YS]Q)
_ g ;._ o .
| ) ;1 ' g AHRDa]¢(x.a2)
€r 5 =T, - T, - - - dx
i %0 [1-P(x)Je, + P(x)(c, + c )
o A . pB’ pc
X : A -
= Ti -'T0 - é. w(x:a1,a2)dx; jﬁ]{Z;...,N (v-20)
’ “v .hv"7 ' - \\\\ o | *

'=¥-1n interpreting—Equgtion;(V-ZO) it should be kept Tnimi

that AHp, o« ,and ¢ ~are now functions of R(x),
. R Py Pg Pc , ; , ,
‘though this dependence has not been shown explicitly, f

nd

al-.

or .

Ve
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notational simplicity.

The ledst-squares objective function to be minimized is:

1.2 q 2 ' :
(;‘E‘ EZ‘,'i + ?ET,i) (V—Z])
z T

~

\ ‘y

where czsgnd o% a estimates of the variances of the conver-.
3! measurements |

‘sion and temperatu

Note that the 1ntegrat1ons required for eva]uat1ng the

o€ :
model errors and the sensitiyityicoeffjcients 335 x=x‘;’.
dEq )« - - o - N J ! -
SE;‘ i=1,2,..:,N3 j=1,2, cannot be evaluated analytically.
J ' ~ » '

x;xi;
\ Instead; the jntégrands can‘be evaluated at a certain number
of potnts, with the subseqUent application of a quadrature
formula or\a s1mp1e formu]a such.as Simpson's ru]e or the
trapezoiddl ru]e The app11cat1on of a quadrature formu]a

usua]]y requ1res the eva]uat1on of the 1ntegrands at p01nts

oy

“other/ than those at which data was taken In order to apply
_such a formu]a, 7 and T shou]d be rep]aced by P( ) and R(x ),
so that the'error;mode1 and the sensitivity coefftcients‘are‘
~now continuousqin‘Xt Ajmuch,sfmpler brocedﬁre'weuld be to
~evaluate the integrands at the-points atAwhich data was taken,’

ST e

Pie., Xe3 121,25 . oMo SRR the subsequent app]1cat1on of -

i’
{‘ : - Simpson's ruTe or the trapezo1da1 rule. Obv18§§¢§jfthe 1nte—
| | grat1on formu]ae used- and the number of po1nts at which the |
‘1ntegrands are eva]uated have an/effect on the accuracies
.of the numer1ca1'1ntegra1s pbta1ned.'4Neverthe1ess, 1toshoufd

be kept in mind that, no matter how accurate the integrals
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are, the parameter est1mates w111 be depEndent on the co-
“

veff1c1ents of the approx1mat1ng po]ynom1;{s used. Thus, too

much accuracy L&h1ntegrat1on, which -in turn means an increase .
hd 1 : ) ) § v 5t .

in computing time, would not be justified.

— . A

C. Generation of Data

<
1. Generat1on of- No1se Free Data

3 For the g\ﬂerat1on of the numer1ca] so]ut10n the ir7or-

o

jmatwon g1ven 1n the prev1ous pages was used TheArema1n1ng'

operatlng var1ab]es are 11sted be]ow

£

= 0

ZO -
Ty = 1460°R
D = 4.026 in (inside diameter of tube)
" - - 5000 BTU/hr-sq-ft. (of the inside of “tube) -
'i . ‘;l
P = 30 psia B
‘ ° / : , T
n0 = 60 ]bmo]es/hr o : | ' o *

,t W1th those va]ues and” 1n1t1a1 cond1t1ons Equations
(V-2) and (V- 3) were 1ntegrated numer1ca11y, using step sizes
cof 1. O 0.5,_and 0.1 ft. For each step size near]y identical
resU1ts'were dbtained'ur1ch were pr1nted out at 25 ft inter-

_ uals« Sma]]er step sizes "were not trwed due to - t1me 11m1ta-

~.. tions and poss1b1e round off errors wh1ch m1ght become s1gn1—

-~

lf1cant ‘Wwith the 1ncreas1ng number of ca]cu]at1ons The first

e 4
35 p01nts nbta1ned us1ng a step size of 0.1 ft were taken to = .

@ :
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" represent the noise-free measurements. Th-se arespresented
- in Table V-1. . P

2: Generat1on of. No1sx Data

[y

Twenty sets of noisy observat1ans were obta1ned by the
addition of‘random numbers withveaUSsian distribution to the

solution generated by numerical’integration, using:

SN : e . . 3 ' . - f
- \“qy* - , R N : .
= . . 1 = . - K -
255 2y v, g0 nj 1,2?..3,34, i=1,2, ,20 (v-22)
- br ' . o : - -
. - bl N . * ~ . _. v
- T1.j = Ti +(€T,ij’ _1-9,1,...,34, 3—1,2,.f.,20 (v-23)
no :
. ’ ’ *. %k o - ; - . . ‘ .
v where z.,T. = true observations of z &and T at. x = Xz,
S . ‘ 1 1 @ . ‘ . 1
Ei"?i' = noisy. observat1ons of z and T at X {»
J J for the- Jth run.
52415’5T i = ,random numbers: with Gaussian distribu-
S _— U RERE ~ tion, zero mean, and standard deviations
e , S : ‘v'of.0.0l and 5.0, respectively.

~As seen from Equat1on (V 22), the 1n1t1a1 va]ue of z~

was not subJected to noise.

D. Treatment of Data

<

‘; Forsythe s method was used in f1tt1ng po]ynomlals in

X go =11 the observat1on sets. Cmmpar1son of var1ances

- ,
1

'correspond1ng to dlfferent polynmm1a1 degrees, ‘led to the
cho1ce of f1fth degree approx1mat1ng polynomials for both z

\\V,;;f: and T. 'In order 'to ‘ensure that z0 = O’to an accuracy of f1ve

R
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dﬁgits, a weight of 10,000 was given to z. in the fitting

0
procedure. Unit weights were assignqd to the remaiping
pdihts. In fitting po]ynouﬁ%]s to th temperatu?ebmeasure-

k|

ments, unit weights were assigned to all the 35 data points.

4,

The mogel ‘errors and sensitivity coefficients were
evaluated at the 35 original points ét which data was téken,

using the trapezoidal rule for integration.

¢ .
The-¥nitial parameter guesses were: A
: : | )
‘ —~
" (0) 2 (0)
Say ' =40.0, "a, ’ = 40.0
1 2 .
The‘weighting matrix used was: o ' ﬁ§%'
o ’ ; . ’ f . . . \;1; L_“J:""
: » R ’ . T ' . Y
* ¢ ' ) ‘ W‘Z(NXN) Q‘(NXN)
. Honxan) | . ({-24)
Onx)  Hr(nxn)
’ ~- : _
.. - _'L )
where W, vy T 7 Lonan) (v-25)
.o
Z B
> LT | |
e v ' : )
Wronsn) = =7 Lewxn) S (v-26)
. T ‘ ’ )
l(NxN)\_z the 1dgnt1ty matrjxi | v_' .,;(V'?7)
BN ' ‘ ' ~

For the noisy observations o, and o were set equal to 0.01

"if:‘ _andZS.O, kesbeciiye]y. For thélnoise-free observations, they

t’wefejset,eqdaT'tb.TeO k'10f4 andioi], somewhat arbitfa}ii}. o

T P
» !
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TABEE V-1

NOISE-FREE OBSERVATIONS

T,°R' g zA

825.
850.

x,ft.

0. 1660.000 0.000000 -
25. 1734.292 0.001368
500 1795.394 - 0.008165
75.0 1830.223 "~ 0.026991

100.0 1843.615 0.055922
125.0 1849.211 0.088562
150.0 1852.936 0.122C93
-175.0 - 1856.285 0.155€02
200.0 1859.587 0.18953]
225.0 1862.919 '0.223243
250.0 1866.303 0.256927
275.0 1869.753 0.290577
300.0 1873.280 0.324188
325.0 1876.895 0.357753
_350.0 1880.612 0.391266
375.0 1884 .445 0.424720 .
400.0 1888.412 0.458106
425.0 1892.532 0.487415
©450.0 1896.828 0.624635
475.0 . 557754
500.0 7590754
525.0 aaselsz
550.0 .656317
575.0 .688827
600.0 .721106
. 625.0 .753107
650.0 .784764
675.0 .815986
700.0 .846647
725.0 .876564
- 775.0 .932849
800.0 .957957
0
o

2088.804 1994154
e )

0

0

0
0.905451.
0

0 _
0.979297°
0

108
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L. Resu]tS'and_Di§§y§§ighi

Y 1. Nojse-Free Observat:ons

— B j
For converiience, the true vaiues of the parameters_

are reproduced below:

ay = 57.64, a, = 4].31

s -

FTfth .sixth and seventh degrék‘polynom1als were tr1ed -
as approx1mat1ng funct1ons ‘The results are«presented in

“Table V-2.

o3

Studying. Table V- 2 shows that the est1mates of a] are
'somewhat dependent on the degree of the approx1mat1ng po]y-

nom1a1 used, whereas the est1mates of a2 are re]at1ve]y 1h—

LR

sens1t1ve to the degree of the approx1mat1ng po]ynom1a]
' ¢ s .

- . S
2. No1sy Observat1ons M

oG

The results of the 1nd1v1dua1 runs from one to twenty
‘are‘shown in Table V-4.k The summarized resu]ts are shown in
:‘Table v-3. o | -
Studying Tab]es V-3 and V—4,-the'fo]]owing conc?usions_}
are drawn: SR ,‘ - o
‘(a)v The estimates of a, are qu1te sens1t1ve to observa:'
tion errors, whereas the est1mates of a, are reasonab]y stabﬂe.‘

~

(b) For each run, an 1ncrease in 2y is accomngnled by
“an 1ncﬁggse in a

(t) The var1ance est1mates of a, are qu?te sens1t1ve
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to the gbservation errors, and vary in proportion to a]_(and

- ot

a2) from run to run, whereas the variance estimates of a

2
are.quite stab]é - o
e N
(d). The actual variances of the’ parameter est1mates

Sg and Sz » are larger than the averages of the 1nd1v1dua1
9 az

- ‘parameter estimates, §§ and Sz..

' T g a2

'ConcTusion (b) was d1rect1y supported by the h1gh pos1-'
tlve va]ues of the corre1a%76n coeff1c1ent p(a ],az) observed
dur1ng Th//1nd1v1dua1 1east squares runs» The correlat1on
coeff1c1ent 1s defined by:

J ' A

__— : .toV(aT,az) T -
plagsap) = ——p™— : (V-28)
) _ o _ - o

g
RS By

“ where cov(ay,a,) is the estimate of the covariance of a, and

taéﬁ ’ o
It should be noted that the trends po1nted out in
Conc]us1ons ( ) to (c) emerge as a result of the characteris-"
“tics. of the,sys’tem2 i.e., the structure of the equat1bns»’
descrihiyg thetsystem' Once the system is f1xed by these
equations, th;re is noth1ng that can be done to 1mprove the )
results, no matter what k1nd of est1na\qon techn1que w5 used, A
‘unless new. exper1ments are run under @ore favorab1e cond1s~' :
'N;ttons , Conc]us10n (d) on the other hand can be. attr1buted
'to the use of the approx1mat1ng po]ynom1als whose coeff1c1ent§

. are treated as gonstants, rather than random var1ab1es

\\
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TABLE V-2

.
o
=

PARAMETER ESTIMATES FROM NOISE-FREE OBSERVATIONS
| E M BOISE . OBSERVATIO!

Degree of. S n ,' .
Approximating LAy S a
Polynomial .« -" .

> 48.18 41,12
6 -, 60.28  41.36
... sg.05 - - a1.32 -
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TABLE V-3

»

STATISTICAL RESULTS FROM NOISY OBSERVATIONS

\

a, Y 40.39
{‘41 _ R i
a, - K 4o;§f /
~2 ” . .
"561 8§8yﬁ
52 " 0.676%
2 | _ -
2 \1/ o
, (Sa]), .
— 0.725.
a4 '
a. : )
2 0.020
a, ]
e e e "' :

et ST R
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TABLE V-4 ™~
| 'DIVIDUAL ESTIMATES
g ) -
CoRunNo Ay A, \§§] :§§2x}0
T 29.40 - 40.60 7.24°  0.918
2 6.53  38.99° 0.33 0.851
3 19.76 - 40.20 3.18 . 0.894
? 4 17.83  40.05 é.ﬁlu 0.897
5 76.41 . 41.60 - 49.59  0.930
6 - 22.89  40.33 4,24 0.884
7 61.93  41.38 . 31.54  0.901
g 29.76  40.62  7.75 0959
9 53.11 ii.zz  22.96 10.892
10 22.46  40.33 ' 4.13  0.894
17021 3950 - 0.42.  0.881
"1g 37.82 40.91  11.75 0.901
51§v _95.15 © 41.82  81.85 0.990
A 40.91 - 40.92  13.65  0.892
) 15 81.22 41;00 . 13.62 '0.880
6 72.77 41.57 - 43.60 .~ 0.903
a7 111.46- 42,02 100%89 ~© 0.890
18 "15.58  39.90.~""1.87 . 0.840
19 20.65 40.42 4,67  0.84]
20 . 20.91°  /40.23 -3}32 '0.8311
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F. Time Requirements ’ . '
e ' ©N

Convergence was reéched in 4 to 5 1terat1ons per runy

on the average “The. comput1ng t1me required as 19 seconds

per 1terat1on. Po1ynom1aJ f1tt1ng to the observat1ons to}(

]
about 13 seconds per data set. -

o
"

G. Comments on the Error Model

Y

8

,wtth the error modeT,diSCUssed%jn previous pa&tslon
hand one has various options in carrying out the integra-
zt1ons necessary to evaluate the model errors and’ sen51t1v1ty '
coeff1C1ents . As noted prev1ous1y, the model errors and
, %gsensnt1v£}y ooeff1c1ents were eva]uatgd at 35 eqUa]]y spaced
_points along the length &f the reactor ' Integrat1on at a
_certa1n po1nt was carr1ed out mak1ng use of ‘the 1ntegrand
'va]ues at the previous po1nts already ca]cu]ated By study-
1ng the prof11e of these 1ntegrands a]ong the X ax1s_(d1stance
"from the reattor 1n1et), one cou]ﬁ dec1de to red1str1bute the
points at wh1ch the 1ntegrands should be eva]uated Thus,
more evaluations would be made 1n reg1ons where -the s}opes
of the 1ntegrands are re]at1ve1y ]arge St11] another'
-poss1b1]1ty wou]d be to evaluate the mode] errors and sensi-
t1v1ty coeff1C1ents at points other than those at wh1ch the
'observat1ons were made, in addition to these. -Th1s wou]dj'
‘seem to be especially useful when the number,oF observat%onst
s small. However, one shou]d'nOt:oVerTookitheffact that,
in_this,case;vthose‘Values predicted*by_the'approximating;r
polynomial,'rathenvthan those actualTy'obseryed, are useddin

3
[

ok TNy
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‘the evaluation of\%he model errors. Since the number of

'observatiOns is small, one's confidence in the coefficients

of the approx1mat1ng po]ynom1als would be re]at1ve1y small,

with the consequence that one's confidence in the values of

~

“the resultlng 1ntegra]s wou]d,be small, no matter how exact

the {Htegnatipniﬁtheme is. Thisv1imitation shou]d'a]ways be

At

kept in mind while estimating the re11ab1]1ty of the para-

)

meter estimates: i , RN

o

X



CHAPTER VI

CONCLUSIONS AND RECOMMENDATIONS FdR FUTURE WORK
In.this study, semieempirica1 hode]sfhave been deve-
’1oped by 1ntroduc1ng approx1mat1ng funct1ons into the 1ntegra1
transforms of the d1fferent1a1 equat1ons describing the
system under study- In specific, ord1nary power po]yn0m1a1s
and exponent1a1 funct1ons, expressed in terms of~the independ-
ent var1ab1e, have been cons1dered The former have been
found to be more f]ekﬂb]e in approx1mat1ng 2, g1ven set of
observatlons Moreover, they possess the des1rab1e property
that they can be used in approx1mat1ng any kind of observa-
ft1on set, regard]ess of the theoretical pred1ct1ons about the‘
~shape of the profile of observat1ons versus the 1ndependent
variable. In some cases/ however, it wou1d\be advantageous
| to»use the_know]edge about the theoret1ca1 pred1ct1ons;‘1f
say, theory pred1cts observat1ons wh1ch will vary per1od1ca]]y
with. changes in the 1ndependent var1ab]e, then per1od1c func-
tlons of some kind shou]d be cons1dered as candIdates for
’/rﬂapprox1mat1ng‘functvons “For cases where such teepds are :
\th expected ‘as was the case w1th the prob]ems stud1ed in
- ‘this work, the use of ordinary power polynomials wou]d prove

' of great advantage

&‘, A]most no numer1ca1 d1ff1cu1t1es were encountered with

~

-
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the 1n1t1a1 parameter guesses picked prior to est1mat1on*

CIf ‘the initial guesses do not lead to convergg@; resu]ts,

the data perturbat1on scheme proposed by Donn

ly and Quon
(9)/can be 1ncorporated into the est1mat1on a]gor1thm

‘ The ma1n goal of reduc1ng the computat1on t1me due to
1nt€grat1ons 1nvo1ved has been reached, not w1thout a cost,
however; theemajn problem now, is'the d1ff1cu1ty encountered

in establishing proper confidence 1nterva15 for‘the paramet&r-»
. . R 5 .

festimates,_ Once the observations have been approximated by

! . : v ,
some functions, the parameters in these functions are con-

- sidered to be .constants: for the rest of the computation.

.

When the differentia] equations invo]ved are 1inear; it is

poss1ble to express some parameters as funct1ons of the para-

“meters whrch ‘appear in the approx1mat1ng funct1ons Subseh
' qdent]y, confidence limits for the former can be established

‘from‘aiknowtedge of the stat1st1cs of tha 1atter " For. hon;\

linear differentia]jequat1ons, wh1ch represent more rea11st1c'

s1tuat1ons,vth1s k1nd of analysis 1s not poss1b1e Therefore,_
the deve]opment of a genera] approach wh1ch wou]d cons1der

the parameters 1n the approx1mat1ng funct1ons as random

var1ab1es w1th known stat1stics, and carry out the subsequent

<

est1mat1on accord1ng1y, wou]d be very des1rab1e
In the approach deve.oped 1n‘thJs work_ systems cons1st—

ing of only two simultaneous differentia] equat1ons at the‘

maximum have beeh'considered Another po1nt of 1nterest wou]d

be the 1nvest1gat1on of the app11cab111ty of this approach to

_]arger systems of,d1fferent]a1 equat1ons.

T
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Alphabetic

'f(‘y,x':g)

Gréek

'\IO_’

R

NOMENCLATURE

CHAPTER 1

EQVector of unkhown‘parameiers in the model

 function, defined by Equation (I-1)

Nxp matrix of sensitivity coefficients

- function, defined By:Equation"(I¥3)‘

number of {ata points per run
number of unknown parameters in the model
pxp, matrix, defined by Equation (I-4)

objective function to be m1n1g1zed a func.tigjn

-of eTe o SRR /

e

p-vecfor, {%5 y J=1,2,...,p}
independent variable and its initial value

dependent variable and its initial value

- N-vector of observed values of y

N-Vectof of predicted values of,y by the
algorithm . '

o L ' : ~

p-vector of corréctions to the current va]ues
of the parameters ' .

~ A

N- d1mens1ona1 vector of mode] errors (= Y -_l)l

|
i
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k=1
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u(x:a)

v(x:a)

Koo Xg
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a scaler determining step ‘length

CHAPTER 11

p- vector of unknown parameters in” the originai
model .

g-vectors of coefficients of the approximating

-function and their least-squares estimates

Vector with dimension smaller than p+q, ob-

"tained by combining the components of a and
~b.in a manner determined by the spec1fic pro-

blem on hand . »

Green s function for the in1t1a1 va]ue problem .

;! function
Green's function for the_boundary value prob]em'\

a function

number of data points ber run

function, defined by Equation (II- 5)

number of unknown parameters in zhe origina]
model = y ,

number of coeff1c1ents of the approx1mating
function X . v \VJ(

- constant. appearing in the firsg boundary

condition

‘objective function to be minimized

‘constant appearing in the second boundary

condition

a function s S /}
a fuhctiOn.

i”erendent‘variab]é""

initial and final values of x
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dependent variable and its observed va]ue at

X=X

i

"3

function, defined by Equation (II1-4)

value of y‘({) at x=x4

constants appearing in the boundary“conditions

'va1ue of y(x) at X-QO

‘\.‘

discrete and continuous model errors

dummy‘var1ab1e, used for 1ntegrat1on

g cohétants appear1ng in the boundary cond1t1ons

function approximating the observations of y-

function -obtained by §ub$t1tut1ng y(g) in the
solution of the differential equation by the

approx1mat1ng function ¢(x b)

CHAPTER 111

R

mth coefficient of the po]ynom1a] approximat-

ing cN(x) and its least-squares est1mate

Da-

qn

1nitia1.gue§s of“b-

?

and its 1east-squares estimate

dimensionless measure of the compos1t1on of
the npactant ~ : :

n01se free observat1on Of C at X=X

noisy Observation‘of c at x-x1
.~ run and for the jth run in spec1f1c

1.

for a certa1n

\



“Walue:of c at X=X fog

by evaluat1ng the corresp“‘f
po]ynom1a] of degnee k R

t\l,,

‘average of the. ?ﬁd1vrdua1 1east squad
mates of Da - DN {; ”ﬁ§

certa1n data ée

;ﬁ'vs.‘"v' .

opt1mum:degree

o

po]ynom1a] approx1mat1ng

K]

c(x)

_g:g

number ofusdata points per‘ruﬁ'

reaction order and its least-squares estimate -

K

average .of the’ 1nd1v1dua] least squares esti-

mates of n

number of parameters est1mated in Phase 2

Peclet number and its least-squares estimate

tion

 initia1 guess of Pe

)

7

1east-squares ijective functions

‘ average of the 1nd1v1dua1 1east squares esti-
-mates of Pe

4

‘term account1ng for the k1net1cs of decompos1-

1nd1v1dua1 least- squares estimates of the

variances of Da,

Pe

, and n

varlance estimates of Da,

from their least-squares est1mates Da, Pe, and n,
u51ng a11 runs :

A

‘averages of 5%5’ Sge, Sn’

Cap

Pe, and n,

obta1ned

using all runs

~

meqsure of the performance of po]ynom1a1 of

degree Xk,

.éﬁﬁfyr

in approx1mat1ng the observat1ons
in the Jth run
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w(x),w. . continuous ‘and discrete weighting factors,
e reflecting one's confidence in each indivi-
dual observation
o

Fylxik)  ° function, defingd

Kj’Ké’K3‘ , 4equ111?r1um constants def1ned by Equat1on
| e ( 1 , | S

Greek
&m : 1eastfsquanes estimate of the mth_coefficiént
' of the Forsythe polynomial of degree m
E(x)a8i7€; continuous and discrete model errofs o
Eij random number with Gaussian distribution and
zero mean, used for generating noisy observaef/
t1ons : v
g - ' dummy variable, used for integration
o - - standard deviation of the noise in the compos1-
' tion measurements '
'¢m(x) : L Forsytheupo1ynom1a1lof degree m
TN S x -7
| CHAPTER IV
Alphabetﬁc' : ' S o ’
A B, C neaCtants'* .
],a3 3 . fuinctions of the unknown parameters, k]; Ky
: and k3, defined by Equat1on (IVv-19) =
'T’b3. | ////tunct1ons of the unknown parameters k] k2, and
R k3, defined by equation (IV-19) ‘

R

¢y, O’C] 1°%1, é 1ineér c0efficientsfin’Equation (1v-81)
3 0,c3 ],c3 2 11near coeff1c1ents in Equatwon (IV?BZ)

Fy(x:k) ~ _ function, defined

-xEquation'(IV—SZY

by Equat1on (IV-53)T. ey

N "/ AR

IV-1




k..
1]

po]ynomia] approximating the observations of «x

‘reaction rate constant for the decompos1t1on“

of species i to species j; i,j=1,2,3, i#j,

time 1

a

0 ' o 2T

'reactlon rate constants defined by Equation
(Iv-12), time '

-1

initial guesses of k]5 k23 and\k3

a

1east—squares eStimates'of ko k and k

1, 72° 3

~'averages of tng 1nd1v1dua1 least-squares esti-
-~ mates of Ky kf- and: k

3

optimum degree of polynomial P(t)

~optimum degree of.polynomiaﬂ Q(t)

‘number of data points per run

T

mth coeff1c1ent of P(t) and "its least-squares
' est1mate _ ., '
polynémial apprbximating the obsefvatipnsbof X

mth coefficient of Q(t) and its least-squares
estimate T

“exponential function approx1mat1ng the observa-«

t1ons of x]

. linear’ coeff1c1ents of R(t)

~variances of k

fgpm their least squares est1mates k k

"
L F

- exponential function approxjmating the observa-

tions of x3 .
\ R o _

11near‘coéfficiénts of S(t)
Jeast-squares-objectjve functidn )

1nd1v1dua1 least- squares estimates of the
1 k2, and k3

vdriance'estimates of kq. k2, anc .. obta{neq
5, and.
k 2>

using all runs
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- 2 2\s 2 ‘ ‘ ' ”~ ‘/\\J).‘ ~ . ’ v -
'Sk"sk ’§k averages of Si , Si ,'and.S§ using @1l runs -
o 2 3 2 .. 3 ’~/ﬁ o
t _ ‘ v'heasure df time . o b o
(0) | s L ,
],V]'L T exponent1a1 coeff1c1ent of - R(t) and its initial -
guess : ’ o .. Sy s g
‘ o " - (d‘
WM A N
- V3aVao o }exponent1a1 coeff1c1ent of S(t) and its initial ;
o guess - . : ~ -
W . . 2N X 2N d1agona1 weighting matr1x for the ,,"
- E . observat1ons of X3 and X3 ) -,
s . P '
: ET ,«-.NxN d1agona] we1ght1ng matr1x for the observa—
- tion of X3 : . - .
ﬂ3 . _ v NxN diagonal We1ght1ng matr1x for the observa-
. tion of x S :
\//\ ] 3 .‘ o ) .
X],xz,xév ‘norma11zed measures of the composit1ons of s
. v 'A, B, and C : R "\ l'm . !
s X s Xo A values of &x, X ,-ahd X, at t=6 - .
1 0 2, 0 3 0 _ 1 2 3" L E N
, v . o o 5 L
_x]’e,x3’.e | equ111br1um va]ues of Xy and X3

_:"_\\hf\;

, C
* * o . L . ' : Sy
X1,1°%3,3 ﬁ‘no1s;ffree observatjoes.of Xy and x4 éti?ftini\
xj i;x3-14- using observations of Xq and x3'%t t=ti, for a N
2T 'Certa1n run' - .
Xq s xsXa oo ;'using observatidds-of'x and x., at t;t{j,fbr the -
]’1% 3,13 Jth run in specific -1 3 , L ’

Greek S ‘ . o C i . \
t),eg(t) .continuous model errors, o S
€9 isEn 2 discrete model errors . o v
1,i°73,1 - S S . o B
“1.,E!uv' .~ random numbers with Gauss1an d1str1but1on and
Jd° 17 » .zero mean, used for generating no1sy observa—
t1ons . . . o -~ p

;:,’_/(
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. : f . 4
Aysdg ., . . exponential coeff1c1ents in Equations (IV-81) |
: ‘and (IV 82) T o ‘ e
£ : ,. dummy var1ab1e, used for 1ntegrat1on
o]Q03' o standard deviations of the noise in the obser-
L vations of x; and x; ~ :
/ ’ 0- . . _ :
‘ .CHAPTER V o : |
Alphabetic® / o \\‘*
A o ‘, heactant
AT l: : ' crqss-sectioha]_anee qf tube, sq. ft.
. -. R . N \‘ ) “_ ) B
ay,a, . .. unknown pargmeters oo - o
-‘ago);aéo) o initﬁaT QEESse§ of-a]‘ahd e2 I ‘
31,32 ' »; ]eaét-sqdakes esiimates of'a1'aﬁdja2'
5];32, o Aaverages of the 1nd1v1dua1 1east squar%s est1—
.. . mates of ays and a, . .
. o '
] Ty .
B,C - products
o C. s€_.,c”.. - heat. capac1t1es of the reactant and prod cts,
. Pa  Pg PC - BTU/1bmole-°R ,_ L
v,D'y,. AR -,_constant def1ned\a¥_Equat1on (V 11).d'.dv
D, RN -1nside dhameter of tube, fto gy ”f_.y DR
i N R P ; :
- : S T
,f(T,z:aZ)wv~wj7function,'defined by Equatioh (Vf17)
' Jk)‘d o overall react1on rate term, sec” = 1
ﬁ];k£‘7' © linear .and exponent1a] coeff1c1ents in the
; ' overall react1on rate term. |
,'L" 1' o v'o%§1mum degree of polyﬂom1a1 P(x) .
M ﬁ'e' d d'fopt1mum degree of po]ynom1a1 h(x
N ,: o number of data po1nts per run,*my
\ -

o
LN
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P
pm
R
R(x)
L\\- Y’m
s .
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a77e,
. .
S S~§ "‘,Si
Jooh %
L.
%\ ‘
T
1. %2
T;Tég .
To2TR.0
kel
T,
. T oo
COTLLT.
ERSER N
,:\' _"i
.A/_.VZ
;
v /

variances of 2y and a.

fayérages*offgg ~and Si , - usif

~measure of temperature, °R
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feed rate of A ]bde%s/hr"

mean pressure 1ns1de the reactor, ps1a

‘mth cpeff1c1ent of P{x).

heat ﬁnputvfra% furnace, BTU/hr-ft of tube ~

1dea] gas constant; 10.73 peia-cug_ft/lbmole;‘
°R o _ _— R .

po]ynom1a1 approx1mat1ng the temperature )
observat1on . . :

mth coeff1c1ent of R( )

2 RV

1east sqwgres obgect1ve funct1on

1nd1v1dua1 least- sé'lres est1mates of thf

1

variance esﬁ\mates of a]:and a,, ebtafned from
their least-squares est1mates 3i andFazs us1ngh

\

all runs = o ST

~

all runs, . .-

measure:of temperature, °K

Y
. e

. value of T_ai x=0 o - oo

./

T .‘ ) ' . N . L
moise-free observation of T at X=X,

1

¢ "

'“_ndigy observation of“Tﬁat x—x{,'fdr a certain. =

run and for the Jth fun in spec1f1c

2N X 2N d1agona] we1ght1ng matr1x for the

‘temperature and conversion. observat1ons

"NxN d1agona] we1ght1ng matrix- for the conver-
sion observat10ns - , Lo ,

)
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' {
NxN diagonal weighting matr1x for the tempera—

* ture. observations

measure of tﬁe distance from the reactor in-
let, ft. o ,

measure of .the fractional conversion of A to

B and C

value of z at x=0

noise-free observation of z at x=x, o

noisyvobservatidn'of z at X—x~ for a certa1n
run and for the jth run in spec1f1c

heat of reaction, BTU/ibmole
discrete model errors

random numbers w1th Gauss1an distribution and

‘zero . méans, used for generating noisy conver-

sion and temperature observations

standard deviatioﬁs$of the noisc in the conver-
sion and temperature observations

function, defined by Equation (V-19)

function, defined by'ﬁguatfon (v-20)
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APPENDIX

4

A BRIEF OUTLINE OF THE NONLINEAR LEAST-SQUARES
AN '-METHQDwFOR PARAMETER ESTIMATION
\ ; s . .

“Given a ﬁﬁﬁéT?ﬂfﬁthé form: -

y = elxia) e

. [4
and .a set of observations {y.,x,

; i=1,2,...,N}, the estimation
of the p-dimensional parameter Vector,g,is desired. "Thig, 1is
accomplishedvby minimizing:

[

, N, N . , o v _
.S = Z, ey = 121 Ly; - 9(x;:2)] - - (A-2)
| é |
Stafting,With an initial set o%ﬁ%arameter gﬁesses; ags
'thé solution for the vector of. corrections to the parameter:

guesses is given by:

8o = (85 8)7! Bg £g = Ryl vy (A-3)
: o ¢ , v R
where 8q = .Nxp matrix of sensitivity coefficients,
g = XL - Xpe
.Qb = N-vectdr'Of prédiéted values of y by the algorithm
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-~

Q0.= p-vector of corrections to the parameter guesses.

In Equation (A-3), T stands for transpose. The improved set
of parameters is obtained using: : ' '
€ . . | // : g

“ §, =

8 T 3 *

éo_ (A-4)
The above’ procedure 1€Arepeated unt11 every e]ement of § 1is
sma]1er than a predeterm1ned error cr1ter1on After this
obJectlve has been reached the var1ance -covariance matr1x

<9 - ,'-:_‘7, ) “w
of parameters, Q,}1s obta1ned from

R . < (A-5)
where,og is the»variance'of)the observation errors. In cases
where an estimate of its value is not available, it can be.

approximated by:

. (A-6)
N-'pA _ ~ .
.where a is the vector of the ]east squares est1mates of a,
obta1ned w1th the a1gor1thm out11ned above |
CIn cases where more. than one depenaent variable 1s'
observed, we1ghts shou]d be 1nc]uded in the analysis in order‘

to express one's confidence in the observed values of the

dlfferent var1ab1es. This 1s done in the fo]]ow1ng‘manner;



\3—4/ .

4
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T T

We)le we . | (A-7)

|0
I}

(G

where, this time G = Mxp matrix_of sensitivity coefficient,

€ = M-vector'residué]s, ’ T
M o= NxK, | \\\g\
-K = number'of~dependent variables observed,
W, 0 0 i
0 W, o
W = (A-8)
o iy
M =—].—I-'k=]'2" K S (A-9)
oK 2= 2Ere e ‘ D
" 1 = NxN fdentity matrix,u,

oi =.var1ance of the observat10n errars- for the -kth
. dependent variable. , :

'The-diagona]ity of W follows from the assumption that observa- .

tions ‘of different variables are uncorrelated.
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