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Abstract

This thesis focuses on characterizing the optimal consumption and invest-
ment strategy for an investor, in a simple financial market, when his consump-
tion habit is considered in the utility formulation. We consider a continuous-
time market model for which we maximize the overall utility within an infinite
horizon.

Using the Bellman’s Principle, we derive the associated Hamilton-Jacobi-
Bellman equation (called HJB hereafter). For the case of HARA utility (ex-
ponential, power and logarithmic), the solution to the corresponding HIB is
explicitly described. Furthermore, for the HARA case, the optimal consump-
tion, consumption habit and wealth processes are described by a stochastic
differential equation (called SDE hereafter). We pay particular attention to
the case of exponential utility, where the obtained SDE is solved explicitly.

By applying graphing method, we explain the relationships between the
optimal consumption/wealth/habit and the system’s parameters. This result
is meaningful, since it implies the potential influence to investors when the

system’s parameters are changing.
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Chapter 1

Introduction

Mathematical finance is an area where researchers develop quantitative meth-
ods and analysis for financial problems. It is a multidisciplinary field, which
involves financial and economic theory, the engineering designs and meth-
ods, mathematical and statistical tools, and computer skills. As the pace
of financial innovation increases, commercial banks, investment banks, hedge
funds, insurance companies, corporate treasuries and other financial institu-
tions apply the methods of financial mathematics to problems such as deriva-
tive securities valuation, portfolio structuring, risk management, and scenario
simulation.

Among the most popular topics in this field, the topic of investment opti-
mization draws attention of many financial mathematicians. Under the mod-
ern portfolio theory, we assume that investors try to minimize risk while striv-
ing for the highest return possible. The theory states that investors will act
rationally, always making decisions aimed at maximizing their return for their
acceptable level of risk. The pioneer of this field is Harry Markowitz, who

stated in 1952 that it is possible for different portfolios to have varying levels



of risk and return. Each investor must decide how much risk he or she can
tolerate, and allocate their portfolio according to the efficient frontier which
shows a set of optimal portfolios that offers the highest expected return for a
defined level of risk.

Another popular mathematical finance topic is Asset Pricing Theory, which
has attracted many researchers since the middle of the last century. In finance,
the agents can use a variety of pricing strategies when selling a product or ser-
vice. Finding the right pricing rules is an important element for a successful
business. In 1973, Fisher Black, Robert Merton and Myron Scholes developed
the Black—Scholes Model, which is one of the most important concept in finan-
cial theory. It is widely used in determining fair prices of options, and many
empirical tests have shown that the Black—Scholes price is close to the observed
prices, although this model is often applied with adjustments and corrections.
In addition, CAPM, another capital asset pricing model, describes the rela-
tionship between risk and expected return. CAPM says that the expected
return of a security or a portfolio equals the rate on a risk-free security plus a

risk premium.

1.1 Optimal Portfolio and Optimal Consump-
tion

This optimization topic is an important area of financial economics. For dif-
ferent optimization goals, researchers have developed the optimal strategies in
various directions. The research on this subject was initiated by Yaari (see [20])

in 1965, who raised the problem of consumption optimization for an individual



who might be expected to react to his lifetime uncertainty. In his model, Yaari
concentrated on lifetime uncertainty and ignored other uncertainties by build-
ing a deterministic investment environment. Merton (see [11]) investigated
the optimum consumption and portfolio rules in a continuous-time model. His
work extended these optimal rules for more general cases, and addressed an
optimization problem without any bequest motive. For different specialized
utility formation, he derived the optimal consumption in the feedback form.
Combining the optimality theory with insurance application, Hakansson (see
[7]) put forward an optimization problem allowing the individual to hold in-
surance in case of risk, and he discussed the corresponding optimal strategy
for specialized models. As a specialized case, Bommier (see [2]) explored how
survival uncertainty may affect individual preference under the assumption
of risk aversion with respect to the length of life. In the same spirit, Young
(see [22]) also focused on the reaction to lifetime uncertainty. In this work,
the optimization target is to minimize the probability of lifetime ruin, and
the author derived the optimal investment strategy under the assumption of
constant consumption rate. Cuoco and Cvitani¢ (see [3]) examined the effect
of that "large" investor whose portfolio choices may affect the price process of
traded asset. By martingale and duality techniques, they proved the existence
of optimal policies for large investors. Under the assumption that long-term
macroeconomic conditions will influence investor’s behavior. Sotomayor and
Cadenillas (see [16]) added another stochastic process to represent the regime
switching, then solve the optimization problem for specific HARA utility func-
tion.

Generally speaking, for some certain targets, the corresponding optimality

conditions were obtained in previous works. In this thesis, I will examine an



optimization problem with the target of maximizing expected overall utility.

1.2 Habit Formulation Utilities

In the last two decades, many researchers believe that the consumption habit
formation plays an important role in optimization theory and utility formu-
lation, and use time-separable utility function to represent the agent’s prefer-
ence. This idea started as early as 1930, when I. Fisher carefully examined
the measurability of the utility function, and emphasized the importance of
nonseparable utility formation. In the literature on habit formation, Pollak
(see [15]) built a model binding a specification of linear habit formation. He
proved the existence of long-run utility functions which depend on the param-
eters of short-run utility function and those of habit formation. Detemple and
Zapatero (see [4]) discussed the asset prices in an general exchange economy
where the preferences of the agents is formed by previous consumption. They
derived closed-form solutions for the interest and the value at risk. Merton
(see [11]) gave a brief discussion on an optimization problem for two-asset
discrete market, and then passed to the case of continuous time within an in-
finite horizon. Sundaresan (see [17]) constructed a model in which consumer’s
utility depends on the consumption history. Applying the Hamilton-Jacobi-
Bellman equation, he gave a feedback form consumption in a simple example.
With simulation method, the consumption paths generated from this model is
formed to be less fluctuating compared with the case of separable utility func-
tion. Hindy, Huang and Zhu (see [8]) explored the interaction between the
durability of consumption goods and habit formation over consumption flow.

Applying numerical techniques, they solved a free-boundary singular control



problem.

1.3 Summary

In this thesis, we study the problem of optimal consumption and investment
rules in a simple financial market within an infinite lifetime horizon for a
investor with habit formation.

The thesis is organized as follows. In Chapter 2, we introduce the financial
concept and the mathematical tools which are applied throughout the thesis.
In Chapter 3, we specify the market model on which the remaining part of
the thesis is based on. Then, we describe the optimal value function as a so-
lution to a partial differential equation (PDE). Afterwards, we solve explicitly
this obtained PDE for the three cases of HARA utility (Exponential, power
and logarithmic). In Chapter 4, we focus on the global solution for optimal
consumption, optimal consumption habit, and optimal wealth processes. Es-
pecially, we discuss the exponential habit formation in details. In Chapter 5,
we apply graphing method to describe the effect of the model’s parameters
on the optimal investment, consumption rate, consumption habit or wealth.
Finally, in Chapter 6, we conclude this thesis by summarizing the main finding

and contribution of the thesis.



Chapter 2

Preliminaries on Stochastic and

Financial Concepts

In this chapter, we introduce some financial concepts, and discuss the mathe-

matical tools used throughout the rest of the thesis.

2.1 Market Structure

We start by describing and introducing the financial market. A financial mar-
ket is a market in which people can trade financial derivatives, commodities,
and other fungible items of value. In the market, everything for trade has a
corresponding price. In ordinary usage, price is the quantity of payment or
compensation given by one party to another in return for goods or services.
The law of the markets determines that a suitable price is the one which can
keep a balance between supply and demand. Usually, there exists low trans-
action costs when trading activities happen in real life.

However, to make the research concise, we need to simplify the market



structure in this thesis. We will focus on a single small investor, which means
that his transaction will not influence the market equilibrium. We also consider
this single-agent economy with frictionless markets and no taxes. It is only
stocks and bonds that are tradeable in our model. Bond is a riskless asset, and
its rate of return is a positive number r(¢). r(¢) is also called interest rate at

time ¢. The price process of the bond is denoted by Fy(t) (t = 0), and follows
dPy(t) = r(t)Py(t)dt. (2.1)
Equivalently, given the initial bond price Fy, for every ¢ € [0, o)
t
Py(t) = Py exp(/ T(s)ds), t>0. (2.2)
0

Different from bonds, usually many kinds of stocks exist in the financial
market. We assume that the market consists of m stocks. We denote by P;(?)
the price of the i'" stock at time t (i = 1,2...,m). The dynamic of the stock

price process is given by:
dP,(t) = b;(t)P;(t)dt + Pi(t Z 0i;(s)dW . (2.3)

Equivalently, given the initial stock price P;, for every t € [0, 00), we have

Py(t) = Piexp {/0 [bi(5> - %ZU?J’(S)

d t
ds+2/ aij(s)de}. (2.4)

In the equations above, the interest rate r(t), the stock appreciation rate
b(t) = (bi(t), ..., bm(t)), the volatility matrix o(t) = {04 (t) }1<icm.1<j<d are the

coefficients/parameters of the model. Precisely, r(¢) : [0,00) x 2 — R and



bi(t) : [0,00) x Q — R are positive scalars, while the volatility of i*" stock
oi(t) : [0,00] x Q@ — R™ describes the price dispersion rate. All these processes
are assumed to be F;-adapted.

The process W; = {th, W2 .., Wtd} is a d-dimensional standard Wiener
process. It is assumed that m < d. If m = d and the volatility matrix is
nonsingular, those stocks create a complete market. A financial market where
every payoff can be replicated is called complete. Otherwise, the market is
incomplete such as the case m < d, where an infinite number of risk neutral
probability measures exist.

We further assume that the investors can buy stocks and bonds with
their capital. The investment activity is characterized by portfolio 7(t) =
(mo(t), T (t), ..., T (1)), where 7;(t) = N;(t)Pi(t). No(t) represents the amount
of bond, and N;(t) represents the amount of i** stock at time ¢, i = 1,...,m.

In our model, short-selling is allowed, which means that N; can be any real

number for ¢ =0, ..., m.

2.2 Habit Utility Formation

In this section, we define some mathematical variables that describe the state
of agent. At first, it is assumed that the agents have to make a continuous-
time expense flow in order to live, so we use c¢(t) to represent the consumption
rate of the agent at time ¢. Consequently, the agents will gain happiness from
their consumption, and we call this effect as utility. In economics, utility is a
description of preferences over some set of goods and services. In mathematics,
utility is a function U : (0,00) — R that is increasing and concave. It is a

single variable function with respect to consumption rate. In macroeconomics,



the utility function must satisfy the following condition.

Assumption 1: U(c) is continuously differentiable and satisfies

oU (c)

2
0°U(c) <0, 1 oU (c)
Oc

862 c—+o0 50

> 0,

= 0. (2.5)

This assumption means that the utility function has to be strictly increas-
ing and strictly concave. From a financial view, the marginal utility is strictly
decreasing, and it goes to zero as consumption rate approaches positive infinity.

In our model, we study the problem of optimal consumption and investment
rules for an agent with habit formation. Therefore, we expand the original
utility U(c) to a multi-variable function U(c, z) with respect to consumption
rate ¢(t) and consumption habit level z(¢). The habit index process z(t) is
given by

dz(t) = B(c(t) — 2(t))dt, 2(0) = zo, (2.6)

Equivalently, given the initial consumption habit 2y,

2(t) = zpe Pt + /t BeP=e(s)ds. (2.7)
0

In this formulation, zy is the initial consumption preference level. [ is called
habit formulation factor, and it represents the weight of nearby consumption in
the formulation of habit. As time passes, the preference places less weight on
historical consumption at a given past date. From the differential form, we can
see that the consumption habit will increase if the momentary consumption
rate exceeds the consumption habit. The higher f§ is, the fast z(¢) is adjusted
to current consumption rate. If 5 = 0, the preference index is a constant and

stays at zp.



Similarly, the habit-related utility function has to satisfy the following con-

dition.

Assumption 2: Ul(c, z) is continuously differentiable and satisfies:

1. oU(c,z)

5 > 0. For fized historical consumption rate, an increase in current

consumption will increase utility.

% < 0. For fixed current consumption, an increase in historical

consumption rate will decrease utility.

2 9%U(c,2)

5z < 0. Marginal utility will decreases as current consumption

increases. It indicates that utility function U(c, z) is concave down for c.

4. CEIEOO% = 0. Marginal utility approaches 0 as consumption rate

goes to infinity.

In order to simplify calculations, various formations have been assumed
in utility functions. The utility function can be specialized as follows: (just
examples, not limited to those cases)

1. Exponential utility function: wu(c,z) = —q%e’q’lc*%z, where ®&; >
0,5, > 0. The parameter ®5 describes the strength of intertemporal de-
pendence.

2. Power utility function: u(c, z) = %, A < 1. This utility formation
has the property that as ¢ approaches z, the marginal utility goes to infinity.
Therefore, the agent would never allow his consumption level to be lower than
his consumption habit.

3. Logarithmic utility function: u(c,z) = log{c — z}. Same as power
utility function, as ¢ — z, the marginal utility goes to infinity. Therefore, the

consumption habit determines the lower limit of consumption rate.

”
4. Generalized power utility function: wu(c,z) = 1_77 (%—Wm +77> . The

10



last three kinds of utilities usually referred as HARA utilities. The word HARA
is an abbreviation for "hyperbolic absolute risk aversion". A utility function is
said to exhibit hyperbolic absolute risk aversion if and only if the level of risk
tolerance is a linear function of consumption. HARA function is often applied
in model to characterize the property of risk aversion mathematically.

In chapters 3 and 4, we examine the property of exponential utility function

in depth, and make a brief discussion for the generalized power utility function.

2.3 The Consumer Optimization Problem

In our economy, the agent starts with an initial capital xy, and no endowment
will be added at any time ¢ € (0,00). We use x(t) to represent the wealth of
the agent at time ¢. At any time ¢, the consumer must decide his consumption

rate ¢(t) and investment strategy 7(¢). Then, the wealth process is determined

by
dx(t) = |r(t)z(t) + il (bi(t) — r(t)) m(t) — c(t) | dt + il im(t)aij(t)dwg,
I(O) =Xy

11



Equivalently, for every t € [0, 00),

t s

() = exp /r(s)ds xg—i-/otexp —/r(u)du (n(s)(b(s) — r(s) - 1)

— ¢ ds+Z / exp {— /0 Sr(u)du] 7(s)o;(s)dW?

7j=1

(2.9)

For a given utility function U, a given initial capital xy, and a given initial

consumption preference z, we consider the following target function

T(20, 203 ¢(-), 7(-)) = Ey {/OOO et (c(t), z(t))dt} . (2.10)

J (g, z0; ¢(+), w(+)) represents the overall expected utility within an infinite hori-
zon. Here, Fj is the expectation operator, and ¢ is the subjective discount rate,
which describes the level of investor’s impatience.

The initial condition includes the initial wealth zy and initial consump-
tion habit zy, and the variables for control are consumption flow ¢(-) and
investment flow 7(-). Our objective is to maximize the overall expected util-
ity J(xo, 20;¢(+), m(+)) over the set of pairs (c(:),n(:)). Mathematically, the

problem can be expressed as follows,

max J(zo,zo;c(-), 7(-)) = max E Ooe_&Uct,Zt dt}- 2.11

This stochastic control problem is the main focus of this thesis.

12



2.4 Itd’s Formula

In this section, we introduce 1t6’s Formula for an n-dimensional It6 process

having the form of
t m t
0 =170

Theorem 1: (1t6’s Formula) Let f : [0,00) x R" — R be a CY*-function.
That is, f is continuous, continuously differentiable with respect to the first
variable (time), and twice continuously differentiable with respect to the last

n variables (space).

Then, for everyt > 0,

Ft, Xq(t), ..., Xu(t))

=£(0, X1(0), ..., X,,(0))

+/0 ft(s,Xl(s),...,Xn(s))ds—l—Z/O fui (8, X1(8), ...y Xin(5))dX;(s)

+%ZZ/O Jriw; (8, X1(5), .. Xn(s))d(Xi, Xj)s.

i=1 j=1

2.5 Optimization Tools

This section provides mathematical results and arguments useful for solving
our main target defined in (2.11). To this end, we consider (Q,F,F;~o,P) as
a given filtered probability space which satisfies the usual condition, on which

is defined an m-dimensional standard Brownian motion W (t). We set up the

13



following stochastic framework for dynamic programming:

dr(t) = b (t, 2(t), 2(t), c(t), 7 (t)) dt + o (¢, (t), 2(t), c(t), w(t)) AW (¢),

d=(t) = Bt o(t), 2(), c(t), w(t))dt,

\x(s) =z, 2(s) = 2.

(2.12)

along with a target function

J(s,2,2z¢(),7() = B {/Oo e~Stu(c(t), z(t))dt} . (2.13)

We emphasize that in (2.12) the initial state z, 2z is a deterministic (almost
surely) variable under (2,F,P), and the mathematical expectation E is with
respect to the probability P.

Under the framework (2.12), we maximize J(s,z, z;¢(:), m(-)), and find the

optimal strategy (c*(-),7*(+)) such that

J(s,x,z;¢" (), (")) = max J(s,x,z;¢(v), m(+)). (2.14)
{c()m()}

Then, we define the following functions

V(s,z,2) = {0{371%)} J(s,x,z;e(+), m(+)), (2.15)
J(@,zi¢(),7(-)) £ J(0, 2, 21¢(), (), (2.16)

and
Vz,z) = {Cg7i§)} J(z, z;e(-), m(+)). (2.17)

14



If we put &(s) = c(t+ s), 7(s) = 7w(t + s), for s > 0, then we have

It 2,25 0(),7(-)) = E {/too e Sule(s), z(s))ds}
= e E { /O h e u(E(s), E(s))ds} (2.18)

As a result, we obtain

V(t,z,2) = eV (x,2), (2.19)

and get

Vi(t,z, 2) = —56_&‘/(.1', z),

‘/a::r(t> x, Z) = eigtv;m(l'a Z)v
(2.20)

Vet x, z) = e";t‘/}c(:c, z),

Vot x, 2) = eV, (, 2).
The following theorem is the stochastic version of Bellman’s Principle of
Optimality.

Theorem 2: For any (s,x,2) € [0,00) x R x R, the function V defined in

(2.15) satisfies the following equation:

= max ée_&uc z 5,2(5),2(5
Vi) = mux £{ [ e uleto), 50)d + V600,60 |

0<s<s§< @

Based on this equation, we can derive the following HJB equation associ-
ated to the control problem (2.17).

Proposition 1: If the function V(x, z) defined in (2.17) is continuously twice

15



differentiable, then it is the solution of following HJB equation:

OV (x,2z) + { (i)nf( ) G(t,z,z,c,m,Vy, V., Vi) = 0. (2.21)

Here

G<t7x7 Z,C, T, ‘/a:a ‘/Za ‘/J:x) = VZE(ZE, Z) ' b(t7$72707 7T) - ‘/;,(I',Z) : B(t,[L‘7Z,C, 7T)

1
— EVM(L 2) o (t,x, 2, ¢, ﬂ)}z —u(c, 2),

and

A oV (z, 2)
- ox

N oV (z,2)
N 0z

2 0?V (x, 2)

’ ‘/mc(x7z) o2

Ve(z, 2) , Vo(z, 2)

Proof. Fix (s,z,z) € [0,00) x R* x R™ and {c(-),7(-)}. Then assume § which

satisfies 0 < s < § < co. By Bellman’s Principle (see Theorem 2), we have

= max ge_‘s’tuc z S,x(5),2(5)) ¢ -
Vi) = e B { [ e mulelt) s + V620,560 |

This implies that

V(s,z,2) > E {/ e u(c(t), z(t))dt + V (8, 2(8), z(§))} .
After simplification, we write

o< EVG.2().26) = Visz 2} B fleule(t), 2(0)dt

S§— S s— S

16



Thus, using 1t6’s Formula and taking s | s afterwards, we obtain

0<—=Vi(s,z,2) = Vi(s,x,2) - b(s,x,z,¢,m) = V,(s,2,2) - B(s,x,z,¢,7)
1
— §Vm(s,x, 2) o (s,z,2,¢,m)]* — e *%u(c, 2).

(2.22)

Then, by plugging (2.20) in the above equality, we get

0<—(=0V(x,z2)) = Vilz,2) - b(s,x,z,¢,m) = V(x,2) B(s,z,2,¢,m)

2

L(e2) o e,

Further simplifications imply that, for any c, 7

0 <oV (x,2)+{=Vi(x,2) - b(s,x,z,e,m) — V,(x,2) B(s,z,2,¢,)

1 2
—5‘/;1(1'7 Z) : [U (S,QJ,Z,C, ﬂ-)] - u(c,z)} )

Therefore, we deduce that

0 <6V (z,2) —1—{ (i)nf( ) G(s,x,z,e,m, Vi, Vo, Vi ). (2.23)

Then, for any € > 0,0 < s < § < oo with § — s > 0 small enough, there exists

a pair (c(-),m(-)) such that

V(s,2,2) —e(5—s) < E { / § e~tu(e(t), 2(1))dt + V (5, 2(3), z(§))}

After a simple transformation, we get

o _E{VG3).28) ~ V(s o)} E IN e_&zf(c(t),z(t))dt

s— S S— S
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Again, using Ito’s formula and let § | s, we obtain

e > 6V (z,2) + G(s,x, 2,¢,m, Vy, Vi, Vi)

>o0V(x,z)+ inf G(s,x,z,¢,m, Ve, Vo, V).

{e()m()}

Therefore, we conclude that

0>0V(x,z2) +{ (i)nf( ) G(s,x,z,e,m, Ve, Vo, Vi ). (2.24)

By combining (2.23) and (2.24), our conclusion (2.21) follows immediately.

This ends the proof of the proposition. n

Applying the HJB equation, we may get a partial differential equation for
V. In most cases, the explicit form of V is difficult to find. However, if we
the function V' is smooth enough, then we can apply the following theorem to
test whether a given admissible pair of (¢(-), 7(-)) is optimal. It is also called

Verification Theorem.

Theorem 3: (Verification Theorem) Let v be a solution of the HIB equation
(2.21). For any (s,x,z) € [0,00) x R x R, the function v satisfies the

following equation:

v(s,x,z) = J(s,x, z;¢(+), m(+))

Furthermore, a given admissible pair (x*(-), z*(-),c*(:),7*(-)) is optimal for

18



the control problem given in (2.11) if and only if

v (t, 2% (), 2% (1))

=H(t, 2" (1), 2°(t), " (1), 7 (1), va (8, 27 (), 27 (1)), va(t, 27 (1), 27 (1)), Vo (1, 27(1), 27(2)))

where

H(t,x,z,e,m,v.(t, @, 2),0,(t, @, 2), Ve (L, 2, 2))
£ v, (t,w,2) - b(t,x,z,¢,m) —v.(t,m, 2) - B(t,x,2,¢,7)

- %vm(t, 2.2 [0 (62, 2 e, )2 — e Ptu(e(t), 2(1))

Proof. By 1t6 formula, we get

%v(t,x,z)
=v(t, z,2) + (v (t, 2, 2),b (t,x, 2, e, 7)) + (v (t,x, 2), B (t,x, 2, ¢,7))
=v(t,x,2) +v.(t,z,2) - b(t,z,z,c,7) +v.(t, 2, 2) - B(t,x, 2, ¢, )
+ %Um(t,x, 2)-lo(t, @, z, ¢, 7))
= — e "u(c(t), 2(1))
+{v(t,x,2) — H(t,x, z,¢,m, 0. (t, x, 2), 0, (8, @, 2), 0 (E, 2, 2)) }

— e %tu(c(t), 2()), (2.25)

N

where the last inequality has been proved in equation (2.22). Integrating both

sides from s to oo, we get

U(S,SU, Z) P U(OO,.%’,Z) + J(S,:L‘,Z; C(')77T('))

= J(s,x, z;¢(-), ()
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Next, applying the second equality in (2.25) to (¢*(-),7*(-)), and integrating

from s to oo:

v(s,z,2z) =J(s,x,z;c" / {vg(t, 2" (t), 2*(t)) — H(t,x*(t), 2" (),
(), (t), vg(t, 2™ (1), 27(t)), v, (t, x*(t), 2"(t)), vau (t, 2 (t), 2% (¢))) }dt

Combined with (2.22), we get:

v (t, 2% (), 2" (1))

=H(t,z"(t), 2"(t), c"(t), 7" (), va (£, 27 (1), 27 (F)), v (t, 2" (8), 27 (¢)), v (£, 27 (), 27 (1))
This ends the proof of the theorem. n

In conclusion, thanks to the HJB equation, we can deduce a partial differen-
tial equation in the form of (2.21). Then, we can apply dynamic programming
principle to find the optimal controls ¢*(-) and 7*(-).

In mathematics, dynamic programming is a method for solving complex
multi-variable problems by breaking then down into simpler subproblems.
Many problems reflect a need to choose among multiple alternatives. We

now generalize the following techniques.

Theorem 4: If f(xy,xo,...,2,) is differentiable with respect to each of its
arguments and reaches a maximum or a minimum ot the stationary point
(xf, 23, ...,2%), then each of the partial derivatives evaluated at that point

equals zero, i,e.
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folzl,ah, . xr) =0

For a continuously differentiable multi-variable real function, a point P is
critical if all of the partial derivatives of the function are zero at P. In calculus,
the second derivative test is a criterion for determining whether a given critical
point of a real function is a local maximum or a local minimum using the value
of the second derivative at the point. For a function of more than one variable,
the second derivative test generalizes to a test based on the eigenvalues of the
function’s Hessian matrix at the critical point.

The Hessian matrix is a square matrix of second-order partial derivatives
of a function. It describes the local curvature of a function of many variables.

Given a real function

f(xlax% "'7‘1.71)7

If all second partial derivatives of f exist and are continuous over the domain

of the function, then the Hessian matrix of f is defined by

H(f)ij(x) = DiD; f(x),

where x = (x1, %9, ...,2,) and D; is the differential operator with respect to

the 7th argument. Thus, the Hessian matrix of f can be written as
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2 2% f 02 f
81’% Ox10xe ~ " Ox10Tn
2%f o2f 2%f
i Ox20x1 Ox2 ° Oxodxzn
H(f) = . B
02 f 02 f 9% f
| 0z 0z1 Ozndzo " Oz2 |

A non-degenerate critical point is a local maximum if and only if the Hes-
sian matrix is negative definite; it is a local minimum if and only if the Hessian

matrix is positive definite; otherwise, it is a saddle point.

2.6 Second Order Linear Differential Equations

In this subsection, we introduce the method in solving the second order non-

homogeneous linear differential equations, which can be expressed as:

Y +py 4+ qu = f(x), (2.26)

where p and ¢ are two constants and f(z) is any continuous function.

Theorem 5: let A\, and Xy are the complex roots of \2 4+ p\ +q = 0. Then,
the particular solution to (2.26) is given as follows.

1. If A\ and Ao are distinct real roots, then

y(z) = " i N [6’\2x/f(x)e_k2‘”dx — e’\lm/f(x)e_)‘l"”dx] .

2. If \y = Ay are equal roots, then
y(a) = eM? [x/f(:r)e‘md:r — /xf(z)e‘mda:] .
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3. If Ay and Xy are two complex conjugate roots (i.e. Ny = u+ vi and

Ao =p—vi, v>0), then

14

y(z) = Sem {sin(l/x) / e~ f(2) cos(v)dz — cos(va) / e~ f(z) sin(vz)dz | .

Theorem 6: Using the same notations of Theorem 5, The general solution to
(2.26) is given as follows:

1. If \y and Xy are distinct real roots, then

y(z) :C'1€A1I+C'2€A2I+—)\ 1)\ {e’\”/f(:c)e_’\”d:v—eAlx/f(m)e_’\lxdx}.
2 — A1

2. If \y and Xy are equal roots, then

Y(2) = (C1 + Con)eh™ + e [ [ s | xf(a:)e—mdz] |
3. If \y and Xy are two complex conjugate roots, then

y(x) =e"*[Cy cos(vz) + Cysin(vr)]

Lo {sin(yx) / e~ £(2) cos(va)dx — cos(va) / e 1 f () sin(yx)dx} .

2.7 Gaussian White Noise Process

Tn mathematics, Gaussian white noise is a real-valued process W (t) such that
W (t) ~ N(0,0?), for all t > 0, and W(t) is independent of (W (u),u < t).

The relationship between Wiener process (or Brownian Motion) and Gaus-
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sian white noise Process is
t .
W, —W, = / W(u)du, fort > s.

In this thesis, by white noise we mean the generalized Gaussian process
which is informally given by the time derivative of the Wiener process. We will
apply this concept as a key idea in solving the obtained stochastic differential

equation.
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Chapter 3

HARA Habit Utilities:
Description of the Optimal Value

Function

In this chapter, we solve an optimization problem of an agent who begins
with an initial endowment, and optimally consume and invest in a standard
simple market. The objective of this agent is to maximize the overall utility of
consumption in an infinite horizon. For this problem, we calculate the optimal

value function, and give the feedback-form solutions for the optimal controls.

3.1 Introduction of Optimization Problem

At first, we describe mathematically the simple financial market model that
will be investigated. We consider a continuous-time economy on an infinite
time span. The agents in this market are assumed to be "small investor",

which means his actions have no influence on the market prices. In addition,
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the transaction is smooth, which indicates all transaction costs are ignored.

This market consists of a riskless bond and one stock. The stock price

is driven by a one dimension Brownian motion W(t) (m = d = 1), which

indicates the completeness of the market. The interest rate r(t), the expected

return of stock b(¢) and the volatility matrix o(¢) are assumed to be constants,

i.e.

r(t) =71, bt)=b, o(t)=o.

Thus, the bond price at time ¢ is denoted by po(t) and follows

dpo(t) = rpo(t)dt, po(0) = po.

Equivalently, for every ¢ € [0, c0)

po(t) = poexp(rt).

The stock price at time ¢ is denoted by p;(¢) and satisfies

dp1(t) = b(t)pr(t)dt + opi(t)dWr, p1(0) = p1.

Equivalently, for every ¢ € [0, c0)

1
p1(t) = p1exp {(b — 502)15 + O'Wt} )

(3.1)

(3.2)

(3.3)

(3.5)

Since in this economy m = d = 1, then o is a real number that we assume to

be positive.

Now, we consider the wealth process z(t) of an investor. We assume that

the investor starts with an initial wealth zo and no endowment will be added
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to his asset. For any t € [0,00), the investor consumes and/or invests only

throughout the investment period. The consumption activities are character-

ized by its consumption rate c(t), t > 0. Since there is only one stock in this
A

market, then the portfolio m(t) = m(t) = Ny(t)p1(t) is a real number. Thus,

the wealth process can be rewritten as
dz(t) = [rz(t) + (b —r)w(t) — c(t)] dt + w(t)odWs, 2(0) = . (3.6)
Equivalently,
t t
z(t) = e +/ e [n(s) (b — 1) — c(s)] ds+/ e " (s)odW,. (3.7)
0 0

To define the utility maximization problem faced by the investor, we first
introduce the utility function. In economics, utility is a representation of pref-
erences over some set of goods and services, while mathematically speaking,
the utility is a function satisfying some conditions. For details, we refers the
reader to Assumption 2. The agent in our model has a utility function Ul(c)
corresponding to his consumption rate U : R? — R.

For a given utility function U, a given initial capital x(, and a given initial

consumption preference z, we consider the following target function.

T(0, 205 ¢(-), 7(-)) = Eo {/OO et (e(t), z(t))dt} . (3.8)

0

J (0, 205 ¢(+), m(+)) represents the overall expected utility within a infinite hori-
zon. Here, Ej is the expectation operator, and ¢ is the subjective discount
rate, which describes the level of investor’s impatience. Our objective is to

maximize the overall expected utility J(zg, zo; (), 7(-)) under ¢(-) and 7(-).
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It can be mathematically expressed as

V(xg, 20) := max J(xg,z20;¢(+),7(-)) = max F / e tU (e(t), 2(t dt}.
(3.9)

This function V is called the optimal value function that we will describe in

the forthcoming section.

3.2 The Optimal Value Function

In this section, we characterize the optimal value function.

Theorem 7: For the optimization problem constructed in Section 3.1, for any
x>0,z >0, the optimal value function V(z,z) defined in equation (3.9) is

the solution for the following partial differential equation.

oV =UI(V, —pV,,2),2)+ [rx — [(V, — BV, 2)|V,
(b—r)*V?2
202V,

(3.10)
+[BUV, = BV, 2) = 2)]V —

where I(-,z) = Ud(-,2)"'. To be concise, from here we use V., Vi, V., Vi
instead of V(x,2), Vi(x, 2), V(x,2), Vieue(z, 2).

Proof. Thanks to (2.21), the corresponding HJB equation for the optimization

problem in (3.9) is given by

1
oV = Ena%( {u(c, 2)+[re+(b—r)mr = Ve + Blc—2)V. + §7T202Vm} :
(3.11)
In order to calculate the optimal controls ¢* and 7* in the above equation,

we calculate the corresponding first derivatives and put them equal to zero.
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The derivative with respect to ¢ leads to

Ju(c, z)
Oc

—Vi(z, 2) + pV.(2z,2) =0, (3.12)
while the derivative with respect to 7 implies that:
(b— 1)z, 2) + 70 Ve (z, 2) = 0. (3.13)

On the one hand, by solving both equations above, the optimal controls c*

and 7" are given by

" =c(x,z) = [(Vy(z,2) — BV, (2, 2), 2),

(b—1)Vu(x, 2)
02Vyp(, 2)

(3.14)

*

=" (z,2) = —

On the other hand, (3.11) becomes

1
SV = ule',2) + (1 (b= )" = Wt B = )V + 5 (n°)20%Va. (315)

Hence by inserting (3.14) into (3.15), (3.10) follows immediately. This ends

the proof of the theorem. O

3.3 Exponential Habit Utility Formation

In the previous sections, the utility function considered is general. Here, we

focus on the interesting and particular case of exponential utility function.
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Precisely, we consider the case where Ul(c, z) is given by

1
u(c, z) = ——e 9otz (3.16)
1

In economics, the parameter ¢, represents the level of intertemporal depen-
dence. According to Assumption 2, to make this utility formation reasonable,
we assume that

o1 >0 and ¢9 = 0. (317)

For this case, we will calculate the function V' explicitly.

Proposition 2: For the utility U(c, z) defined in (3.16), the solution to (3.10)
15 gen by:

V(x,2) = —bje 2o ths, (3.18)

where

(

by == # exp (1 - —260222(217;7”)2) > 0,

L _ +
b 5 = A - 2), 319
b3 = % 2 0.

Proof. Firstly, we assume that the solution to (3.10), denoted by V', takes the
form of

V(x,2) = —be 27 rhsz, (3.20)
Then, thanks to (3.14), we calculate ¢* and 7* in this case as follows.

c(x,z) = @z - —

6,7 g n(Velw, 2) = BV(z, 2))

by ¢o — b 1
=+ z — — In(by1bs + b1 Bb3),
L
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and
(b—7)Vo(z,2) b—r
02Vy(z,2)  boo?’

™ (z,2) = — (3.22)

Hence 7*(x, z) is constant in (x, z) and as a result the optimal portfolio does
not depend on time nor on randomness.
A combination of (3.10) and (3.16) leads to
1 ¢y W(V,—BV)

oV = (V; — BV2) (—— == +—)—Bzvz—

B (b—r)*V2
o1 P 1

2V L +raV,.

Using (3.20), we calculate V, V, and plugging them afterwards in the above

equation, this latter becomes

==z [ibg(bg + 6()3) — bQT:|
b1

+z Lbi(—lb — Bbs)(bs — ¢2) — 553]

1

—by — Bb b—r)?
+ {%[ln(blbg+5blb3) _qp 20? } .

Since x and z are arbitrary elements of (0, 00), this equation is equivalent to

.

ﬁbz(bQ + Bbs) — bar = 0,

%(_b2 — Bb3)(bs — ¢2) — Bbs = 0,

2

=B [In(byby + Bbibs) — 1] — G- = 6.

\

Then, (3.19) follows from solving the above system. This ends the proof of

the proposition. O
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3.4 General Power and Log Habit Utility

In this section, we examine another form of HARA habit utility formation

given by

1 . - Y
u(e, z) = 77 (mf_;”’ +n) L c> oz, (3.23)

with restrictions on parameters

m>2n2=20, v<1 and n >0,

For this case, we calculate explicitly the optimal value function V.

Proposition 3: For the utility Ulc, z) defined in (3.23), under the assumption

x+pz+q > 0. the solution to (3.10) is given by:

where

V(z,z):=Qx+pz+q}, (3.24)

p

v—1
I | e
T y—pB (1=9)*(1-pB) ’
(3.25)

N n
D= mr+ym—yn’

q:="0(1 - pp).

\

Proof. Firstly, we assume that the solution to (3.10), denoted by V, takes the

form of

V(z,z) = Qx+pz+q}. (3.26)
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Then, thanks to (3.14), we calculate ¢* and 7* for this case as follows.

(z+pz+q(b—r)
(y=1o>
-

™(x,z) = —

* e
c*(z, 2) = -

>w<x+pz+q>—m+nz}.

(3.27)

By calculating V,, V., and V,, from (3.26) and inserting them into (3.10)

afterwards, we obtain

1— _
0z +pz+q) = 7<mc -
7 L=y
- Qy(b—r)°
v—1 * A SO
+ Qpr(z+pz+q)" " B(c" — 2) 20— 1)o?

Thus, a combination of (3.27) and (3.28) implies that

n
+ 7]) + Qvy(x +pz+ q)'y’l(rm —c")

(x+pz+q).

(3.28)

Dy (b—r)® [y QpB\TT [-Q(L -
(x+pz+q){5ﬂ+2(7_1>02+< - ) [

=Qryrx + %(—n +py(n —m))z + nh( _;)(1 — pﬁ)'

This is equivalent to

wntmyn—m) (- ph)

Qyr =2 =
p q
Then, we derive that
n n(1—7)
P mr+ym—yn and 4 T ( 2
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(3.30)

(3.31)



In order to get 2, we plug p and ¢ back to (3.29) and obtain

b—r)2 -1
O — m (5 + 2AE(7—1))02 - 7T> m
vy —pp (1 =91 —pB)

(3.32)

This ends the proof of the proposition. O

As a special case, which is frequently investigated, we consider the following

utility function.

_ {c—2}4
1

u(c, 2) c—z>0 and A<1, (3.33)

This case can be obtained from (3.23) by puttingm =n = 1,7 =0and v = A.

The corresponding optimal controls are given by the following proposition.

Proposition 4: For the case of utility formation defined in (3.33), under the

assumption that 6 — Ar + % > 0, the optimal value function V' can be

expressed as

V(x,z) = Qfrae — 234,

where

2 1AL
0—Ar+ 2?,51{:1)272]

(T= A A+

Q:

And the optimal controls are

5-147’-'- A(b—r)2

* =z 240 (s
N (e
(2, 2) = — (re —2)(b—r)

’ (A—1)o2r ~

Another special case of utility formulation is logarithmic utility function,

34



which can be expressed as
u(e,z) =log{c—z}, e¢> =z (3.34)

This case can be obtained from (3.23) by putting m =n =1, n = 0, and let
v goes to 0.

Similarly, we can get the optimal control by the following proposition.

Proposition 5: For the case of utility formation defined in (3.54), the optimal

value function V' is given by
1
V(z,z) = 5 log{rz — z} + M,

where

r+p

1 ) r (b—r)?
M—5<log(—)+g—1—|— 5507 )

Furthermore, the optimal controls are given by

(ra —z)(b—r)

ro?

d(rz — z)
r+5

™ (x, 2) = , C(z,2) =2+
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Chapter 4

The Optimal Portfolio and

Consumption Processes

In chapter 3, we examined several particular cases of habit utility formation.
For each case, we derived explicitly the optimal value function and the optimal
controls in feedback forms. Herein, we continue investigating the optimal con-
sumption. Throughout this chapter, ¢*(¢), 2*(t) and x*(¢) denote the optimal
consumption process, the optimal consumption habit process and the optimal
wealth process respectively. Thanks to the instantaneous optimal portfolio
and consumption obtained in chapter 3, we give the explicit description for

c*(t), z*(t) and z*(t) in this chapter.

4.1 Exponential Habit Utility Function

For the case of exponential utility formation defined in (3.16), the dynamic of

the process c¢* is described in the following.

Theorem 8: The process L; = eP'c*(t) satisfies the following stochastic dif-
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ferential equation
t
dX, = {alXt + 042/ Xsds} dt + dKq,
0

with the initial condition

Y rxo[¢1(r + B) — ¢af] " Boo P 2(r = 8)o? (b_T)
" (r+ B)é1 $i(r+8)"° 20°r¢,
Here
dK; == (7166t + 7220) dt + v dW,
) B ¢o — b o B(p1 + ¢2)
R R
— _¢2 — b3 . 2¢2
Qg 1= S B(r+p8)=-p3 o0
_ 20%(r—0)+(b—r)?
"= 2¢10_2 ;
92— s
V2 = ¢1 (T + 6)7
b=
7 ¢1U.
Proof. Put
& i=eeN(t),  zZi=e"2(t), and I :=e a*(t), t=0.

Then, by using It6’s Formula, (2.6) and (2.7), we derive

dzr = —re "2 (t) + e "2 (t)
= —(r+ B)e "2 (t)dt + Be " (t)dt

—(r+ B)e " zpe Pt + / BePED et (5)ds|dt 4 Be "t () dt.
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Similarly, we use It6’s Formula and (3.6) and get

dF; = —re”"a* (t) + e " da (1)
(4.6)
—rt (b — 7") b— —rt
— e — dt dw;.
e |Co ] a2

Due to (3.21), we have

b —b |

& =0+ 0 255 — — In(biby + by Bbs)e ™
1 le ¢1

b2 ~* gbg —b3 . 20'2(7”—(5) — (b—T’)Z
= t+

(4.7)
b P1 T 2¢10%r

—rt

Then, by differentiating the above equation and inserting (4.5) and (4.6) af-
terwards, we obtain

o b Ga=by 200 =0) = (b-1)
dc; —¢1d . dz; + 2¢102 e "dt
b [ L [(0—1)? b—r
-2 {e { )| e,
¢2

5 { (r+ B)e " z0e Pt + /ﬁe A=t (s)ds]dt + Be "t (¢t )dt]
L 20 =0) = (b= 1)

20107 e "dt
_ |:_ ¢2¢_ b3( + 6) 7‘+ﬂ)t o+ 202(T B 5) + (b _ 7”) —Tt:| dt
1

2@510’2
+ l—— L% } gy — 22— b

t
r+ B)e A (/ (B+r)s ds) dt
ot 5 PUth) :
b
frtth
¢1U
(4.8)
Consider the process
Ly = ePter = Plex(t), t >0, (4.9)
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whose dynamic will be derived below using (4.8).

dL; =(B + r)eP e dt + e P dey

. ¢2 — b3 202(T — 5) + (b — T')Q Bt
-5 e T
by ¢2 — b3 ¢g — b3 K )
_ 2 Jdt — Jds ) d
+[ﬁ+r ¢1+5 7 }L t 5 ﬁ(r+6)(/0L s | dt
b—rﬂt
+%6 th

t
= Lydt + g (/ Lsds) dt + dK;,
0

(4.10)

where K;, a; and s are defined in (4.3). Furthermore, the initial value of the

process L can be calculated as follows.

Lg = C*(O) = %ZL’Q + ¢2¢_ b320 - %ln[blbg + blﬁbg,]
_ r2o[d1(r + B) — 2] X Boo L 2(r —0)o* — (b—r)?
(r+ 8)é1 o1(r + P) 0 202r¢, '
This ends the proof of the theorem. n

Below, we will prove the uniqueness of the solution to the stochastic dif-

ferential equation (4.1)—(4.2).

Proposition 6: The solution to the stochastic differential equation (4.1)-

(4.2), when it exists, is unique.

Proof. Suppose that there are two solutions L' and L? to (4.1)-(4.2), and put
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D, := L} — L?. Thus, we calculate

AD, = ay Dydt + a3 ( fy Dods ) dt,

(4.11)
Do - 0
By putting & = fg D.ds, we obtain
(
P =i+ andy,
¢ -0, (4.12)
& = 0.

Using Theorem 6, we deduce the following cases.
Case 1. If A := o} — 4ay > 0, then & = Cie™t 4 Cye™! where r; and ry
are the distinct real roots to the equation 22 — ayz — ap = 0 and C,, O, are

constants. From the initial conditions, we obtain

Cy+Cy =0,
(4.13)

7“101 + 7"202 =0.

Thus, C; = Cy = 0, which means & =0, t > 0. Hence L' = L2,
Case 2. If A := a?—4ay = 0, then & = (C,+Cyt)e™ where 7y is the unique
real root to the equation 22 — oyz — s = 0, and C; and C, are constants. The

initial conditions lead to

(4.14)
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As a result, we get C; = C5 = 0, or equivalently & = 0.

Case 3. If A := a? — 4ay < 0, then & = [C] cos(vt) + Cysin(vt)|e!, where
pEvi (v > 0) are the distinct complex roots to * —a;z —ag = 0 . The initial
conditions imply C; = C5 = 0, which means & = 0.

In conclusion, in all cases, we obtained L' = L?. This proves the uniqueness

of solution to (4.1)—(4.2). O

Proposition 7: Put I, := fg Lgds. Then, I is a solution to the non-homogeneous

linear differential equation:

[t” - 0611—2 — agly = Gy, (4.15)
with the initial conditions
Iy =0,
. r20[01(r + ) — ¢23] n B2 L 2(r — 6)o? — (b—r)?
’ (r+ B)1 or(r+8)" 20216, '

Here G, 1s the following process

G, = . b3(r+6)20 -
o1

20%(r =)+ (b—7)% 5 D=7 5.
Wi 4.16
2¢102 e+ ¢10 € ty ( )

where W is the white noise.
Proof. Thanks to Theorem 8, I; = fot L(s)ds satisfies

dK,
[2/ - 041[7; - OéQ[t == d_tt = Gt- (417)

41



Finally, we put ¢ = 0 to get the initial conditions

Iy =0, (4.18)
Iy = ¢ (0)
= rao[o1(r + B) — ¢ 8] n B L 2(r —8)o* — (b —r)? (4.19)
(r+ B)én on(r+8)"° 2021, :
This ends the proof of Proposition 7. 0

According to Theorem 6, in order to solve (4.15), we need to discuss its
characteristic equation:
B(¢1 + o)

2 2@:
A -—jg——x+6¢1 0. (4.20)

The discriminant of the above equation is:

o,

A= 0G

)2 > 0. (4.21)

Thus, we obtain two cases whether ¢, # ¢o or ¢; = ¢. These two cases

will be discussed separately in two subsections.

4.1.1 The case of ¢; # ¢

For this case, A2 — a; A — ap = 0 has two solutions given by

1422412 1492 12
1 1 1 1
and \g =

5 5 ) L (4.22)

)\1 =

Theorem 9: Consider \; and )y given in (4.22), and 1, 2 and 73 given in
(4.3). Then, the following assertions hold.
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1. The optimal consumption rate process c*(t) is given by

t t
ct(t) = c*(O)/sl(O,t)—l—/ k1(s,t) (11€” + 7220) dt+’yg/ k1 (s, )P dW,, t >0,
0 0

(4.23)
where k1(s,t) is defined by
K1(s,t) == iﬁt [)\16’\1“_5) — /\26)\2(t_8)] t>s5>0.
Y \/Z Y
2. The optimal consumption habit z*(t) is given by
t
25 (t) =z0e Pt + ¢*(0)k2(0, 1) + / Ka(s,t) (vie”® + v2z0) dt
0 (4.24)

¢
+73/ Ka(s, t)e?dW,, t >0,
0
where Ko(s,t) is defined by

pe

Ko(s,t) := —— [e’\l(t_s) - e)‘Q(t_s)] , t>5>0.

VA

3. The optimal wealth process x*(t) is given by

(b—r)?

rbyo?

b—r

bQO‘

t t
- / K3(s,t) (’Yleﬁs + Y220) dt — ’Ys/ k(s t)eP*dW;.
0 0

r*(t) =e"xg + (e —1)+

t
e”/ e "dWs — ¢*(0)r3(0,t)
0

(4.25)

where Kk3(s,t) is defined by

A e(Al—B)t—)qs . ert—(r—i—ﬁ)s A 6()\2—6)15—)\25 - 67"15—(7‘+B)s
Kg(S,t)IZl[ }— 2[ ],t>s>0.

VA — 71— B) VA, — 71— B)

(4.26)
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Proof. 1) Consider the process

t
L == c*(0)e’'k1(0,1) + eﬁt/ ki(s,t)dK,, t>0.
0

(4.27)

Then, thanks to Theorem 8 and Proposition 7, it is enough to prove L, fulfills

the SDE (4.1)-(4.2). To this end, we write

LM O

Lt:
VA VA
+£ tef\l(t*S)dK _ﬁ tex\z(t*S)dK
VA Jo VA .

Then, the dynamic of dL is given by

dL, — [c*f?)z)\% oMt _ C*\(/O)Z/\% et 1 \;‘% /t M=) K,
0
oot

-2 Ma(t=s)q | } dt + dK,
€ s )
VA Jo !

and f(f L.ds is given by

/t Esds :C*([)) (6)\115 _ 1) _ ®<6)\2t . 1)

Since

()\i / e*i@“)dKu) ds=d ( / e**“)dKu) —dK,, i=1,2,
0 0
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(4.29)

(4.30)

(4.31)



the equation (4.30) becomes

b c*(0) c*(0) I I
Luds = ——ZLeMt — Z et 4~ / MK, — —— / MK,

/0 VA VA VA Jo VA Jo
(4.32)

Then, by combining (4.28), (4.32) and
)\12 :Oél>\2'—|—062, 1= ].,2,

we obtain

(0)A? oMt _ c*(0)A3 Mot 4 A

t *
a Ly + 062/ Lds _¢ eAl(tfs)sz
0

_ )‘_% teka(t*S)dK )
VA Jo

Therefore, by inserting (4.33) in (4.29), we get
p— p— t p—
st = |:OélLt + 062/ L5d8:| dt + th (434)
0

This proves that L is a solution to the SDE (4.1)—(4.2). Since this SDE has a
unique solution (see Proposition 6), and L(t) := e’c*(t) is also a solution to

this SDE, we get

Ly =éePte*(t), t=0.

Thus, we obtain

t

c*(t) = c*(0)k1(0,¢) +/0 ki(s,t)dKs, t >0, (4.35)

The equality (4.23) follows directly from the equation (4.35). This ends the
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proof of the first assertion.

2) By inserting (4.35) into (2.7), we get

t
25 (t) =z —i—/ BP0 (5)ds
0
t

:ZO€—6t+/ oBls—1) |:c*(0)lil(0, s)+/ K1 (u, s)dKu} ds.
0 0

Since
t —pBt *(O) t
PGV (0)k1(0, )ds :L/ AeMs — \oe?2®) ds
/ 010,95 = [ (et <)
:eiﬂtC*(O) (e)\lt . eAQt)
VA
and

t s
/ ePls=t) (/ H1<U,S)dKu) ds
0 0

e Bt [t

= AT — Ner T dE, ) ds
a0

e Bt t t
= ( / MG, — / eWS)dKS),

VA \Jo 0

the next equality (4.39) follows directly from the equation (4.36).

t

2*(t) = 2z + c*(0)k2(0, 1) —I—/ Ka(s,t)dKs, t > 0.
0

(4.36)

(4.37)

(4.38)

(4.39)

Thus, by inserting the expression of di; given in (4.3) into (4.39) and simpli-

fication, we get (4.24), and this ends the proof of the second assertion.

3) Here, we will prove (4.25). By inserting (3.22) and (4.35) into (3.7), we
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get

x*(t) =e"xq +/0 6D (14 (s) (b — 1) — ¢*(s)] ds —I—/O e "D (5)ad W,

rbyo? byo

b— 2 b— t
:ertxo + ( T) (ert o 1) + rert/ efrdes
0

— et /O Cere {C*(O)mo, s) + /0 rn(u, s)dKu} ds.

(4.40)

Now, since 22 < % due to by > 0, by using the notation in (4.26), we calculate

t
e / e "°c*(0)k1(0, s)ds
0

t —Bs
:e”/ e "c* (0 € A eM® — \e*?®] ds
; ( >\/Z [ 1 2 ]

*(0 nt A —r—pB)t A o—r—0_)t
:CE/)ZG [Al—;—ﬁ(e(M 8) _1)_m(€(x At 1)
=c"(0)r3(0,1), (4.41)

and

t s
e”/ ers/ k1 (u, s)dK,ds

_55
= / / )\16)‘1(8_“) — )\26)‘2(5_“)} dK,ds

ot A { /
_ (M —B-r)t —)xlde / —(B+r) SdK :|
\/A { M—B—r 0
Ao { (Ao >t/ Y / —(p+n) } }
—— e\ " e " dK, — e "SAK 4.42
W i i (4.42)

- / ka5, ), (4.43)
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A combination of (4.40)—(4.42) leads to

b—r)? b— t
x*(t) ="z + =r)” 2 r2) (" — 1)+ 2 Te”/ e "dW,
hed 29 Jo (4.44)

— c*(0)r3(0,1) —/O k3(s,t)dKs.

By inserting the expression of dK; given in (4.3) into the above equation, we
get (4.25), and this ends the proof of the third assertion. In conclusion, the

proof for the theorem is completed. O]

4.1.2 The case of ¢ = ¢

For this case, the characteristic equation (4.20) has one single root A\; := f.

Hence, the SDE (4.1)-(4.2) becomes

dX, = [26Xt — g2 Xsds] dt + dK,.

(4.45)
rT— 0'2— —T 2
Xo = r—&-ﬁxo + 7“+6 +B0 T 2 52)027“¢(1b =
In this case, dK; is given by
202(r—5)+(b—7‘) b—
dK; == |— dt Pt dW. 4.46
= [+ D SO, (1o

Theorem 10: Consider v, and 3 given in (4.3), for the case of ¢p1 = ¢, the
following properties hold.

1. The optimal consumption rate process c*(t) is given by

’715

c*(t) = *(0)(1+ Bt) + —t* + it — Bzt +/ v3(Bt — Bs+ 1)dW,, t = 0.
0

(4.47)
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2. The optimal consumption habit z*(t) is given by

2*(t) = zo + B (0)t — Bzot + %tz + B3 /t(t —8)dW,, t>0. (4.48)
0

3. The optimal wealth process x*(t) is given by

[ix 6] +27’02(r—§)+(7’+2ﬁ)(b—7’)2

* t — _
7 () =0+ +B T r 2¢10%1r?
t
—|—£’Y1t2+’73/ {ﬁ—l;r —i—é(t—s) dWsg, t>0.
2r 0 r T
(4.49)
Proof. 1) Here, we prove (4.47). Consider the process
_ t
Ly = c*(0)(1 + Bt)e’ + / (Bt — Bs +1)ePdK,, t>0. (4.50)
0

Then, thanks to Theorem 8 and Proposition 7, it is enough to prove that
the process L; satisfies the SDE (4.45)—(4.46). To this end, we calculate the

dynamic of dL as follows.

. (4.51)
—B2ePt / se_BSdKS] dt + dK;.
0

Similarly, the dynamic of fot Lds is derived as

t t s s
/ Lyds = c¢*(0)te® + / {(ﬁs + 1)6’88/ e PUdK, — Beﬁs/ ue’B“dKu] ds.
0 0

(4.52)
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By inserting

<(5s + 1)’ / eB“dKu> ds =d (s / eﬂ<5“>dKu) — sdK,,
0 0
(5655 / ue—ﬂ“dKu> ds =d ( / ueﬁ(s_“)dKu) — sdK,,
0 0

into (4.52), we get

and

t t t
/ Lyds = c*(0)te” —|—t/ P9I, —/ seP=9dK,. (4.53)
0 0 0
Then, by combining (4.50) and (4.53), we obtain

26Ly — (3° /t Lyds =c*(0)(283 + B*t)e’ + (28 + 5%t)e” /t e K,
0 0

. (4.54)
—B%Bt/ se PdK,.
0
Now, we insert (4.54) into (4.51) and get
p— p— t p—
st = |:OélLt + 062/ L5d3:| dt + th (455)
0

This proves that L is a solution to the SDE (4.45)—(4.46). Since this SDE has
a unique solution (see Proposition 6), and L(t) := ec*(t) is already a solution

to this SDE, we deduce that

Ly = ePte*(t), t=0.
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Thus, we get
() = (0)(1+ pt) + /t eiﬁs(ﬁt — Bs+1)dK,, t>0. (4.56)
0

By plugging the expression of dK; given in (4.46) into the above equation, we
obtain (4.47) after simplification. This ends the proof of the first assertion.
2) Here, we will prove the equality (4.48). By inserting (4.56) into (2.7),

we get

t
25 (t) =zpe " +/U BePED e (s)ds
=zpe Pt + /t Bl {c*(O)(l + fBs) + /S e P(Bs — Bu + 1)dK, | ds.

0 0

(4.57)

Since

t
/ BP0 (0)(1 4 Bs)ds = Ber(0)t,
0
and
t s
/ Beﬁ(s_t)/ e PU(Bs — Bu + 1)dK,ds
0 0
t s s
:Be_ﬁt/ {(ﬂs—i—l)eﬂs/ e_BUdKu—BeBS/ ue‘ﬂudKu} ds
0 0 0
t t
=Be Pt [teﬂt/ e_BSsz—eﬁt/ 36_6des}
0

0

=8 /Ot(t — s)e PdK,,

the equation (4.57) becomes
t
25(t) = z0e Pt + B (0)t + ﬁ/ (t — s)e P*dK,, t>0.
0
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By inserting the expression of dK; given in (4.46) into this equation, we get
(4.48) immediately, and this completes the proof of the second assertion.

3) Here, we will prove (4.49). By inserting (3.22) into (3.7), we get

t t
x*(t) =" 2 + / e [ (s) (b — 1) — ¢*(s)] ds + / e () odW,
0 0

bh— 2 b— t t
=e"xy + —( ) (e —1)+ Te’"t/ e " dW, — e”/ e "*c*(s)ds.
0 0

rbyo? e

(4.58)

Here, we denote

B(s, 1) = e {(1 + ﬁ) (et —1) = 2t - sﬂ .

r o r?

Similar as we did in calculating 2*(t), we obtain that

—ett /Ot e TS |:C*(O)(1 + 58) + /OS e_ﬁu(ﬂs — Bu + 1>dKu:| ds
+

—*(0) {—%(1 —en - B e’"t)} " /Ot e {(%

- s>] K,

T_ﬁz)(er(t—s) o 1)

=c*(0)1(0,t) + /Otw(s,t)sz.

By inserting this equation into (4.58), we derive that

* _rt (b_r)2 rt b—r rt ' —rs
¥ (t) ="z + i (e —1)+ bQUe i e " dW,

) (4.59)
—c*(O)z/)(O,t)—/O b(s, t)dK,, t>0.
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By inserting the expression of dK; given in (4.46) into this equation, we
get (4.49).

This ends the proof of the theorem. O

4.2 General Power Habit Utility Function

For the class of utilities defined in (3.23), we will describe the dynamic of the

process c¢* as follows.

Theorem 11: The process L, := eP'c*(t) satisfies the following stochastic

differential equation

t
dXt = |:(ﬁ + h1>Xt + hQ/B/ XSdS + tho + hgeﬁt:| dt
Y (4.60)
+ [mxt + hsf3 / Xods + hszo + h6eﬁt} dW,,
0

with the initial condition

X() = N1ZTy + Ngzp + N3. (461)
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Here,

(

hi =7r+my(b—1r)—ny + nf,
he = —ng(r +mq(b—7)) 4+ (b — r)many — nof,

hg = —ng(T + ml(b — 7’)) + (b - T)msnlﬁ;

hy = omy,

hs = —onamy + onima,

he = —ongmy 4+ onyms.

\
and

ms = 45,
mg = (gb__;))nga
m = () T
ny = L2(Btwd)ip 4 o
ng = =3 (=l (o,

\

(4.62)

(4.63)

Proof. For the HARA utility defined in (3.23), we use the feedback form of

the optimal controls in (3.27), and conclude that

() = mix*(t) + mez*(t) + mg and c*(t) = nix™(t) + ng2*(t) + n3. (4.64)
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Thus, the dynamic of ¢* follows

dc* (t) =nidx™(t) + nadz™(t)

=ny {[rz*(t) — c*(t) + (b — r)(mix™(t) + me2™(t) + ms)] dt

+(maz™(t) + maz™(t) + m3)odWi} + noS(c*(t) — 2*(t))dt.

Since x*(t) = W, the above equation can be simplified as

dc*(t) = (hac*(t) + hoz™(t) + h3)dt + (hac™(t) + hs2"(t) + he)dWr,
Now we put L; = e’*c*(t), and derive

dL; =BLdt + e'dc*(t)
t
= [(ﬁ + h1) Ly + hzﬁ/ Lyds + hozg + hgeﬁt} dt
0

t
+ {h4Lt + hsf3 / Lyds + hsz + hﬁeﬁt} dW,.
0

This ends the proof of the theorem.
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Chapter 5

Graphs and Financial

Interpretation

In the previous chapters, the optimal consumption and investment strategies
are derived in closed-form expressions. However, since most of the parameters
are general scalars, the inner relationship between those parameters and the
optimal strategies is not obvious enough. In this section, we apply graphing
methods to investigate the properties of a particular case of habit utility.

For the exponential utility function defined in (3.16), there are two param-
eters ¢ and ¢ that we assume to be equal to one. In other words, we consider

the following utility.
u(e, z) = —e “t2, (5.1)

The interpretation of this formation lies in the exponential relationship be-
tween the utility and the value that the consumption rate exceeds the historical
average discounted consumption level.

For this setting, we have A := af —day = 43 — 43 = 0, where a; and ay
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are defined in (4.3). Hence, the parameters become

1 2 2 b— 2 2
bl = — exp(l — 50 + ( r) )7 b2 = " r
T

202y

Q= 267 Qg = _527

. r? I5; 202%(r —8) — (b —r)?
C<O)_T+6x0+r+ﬁzo_ 2ro? ’
20%(r — § b—r)? b—
Ay = |~z + 22T = ) E O ] gy P gy
202 o

In the rest of this chapter, we investigate the expected value of 7*(t), ¢*(¢),

2*(t) and z*(t).

5.1 The Investment Strategy
We recall that the optimal portfolio 7* is given by

_b—r:(r-i-ﬁ)(b—r)' (5.2)

byo? r2o?

™ (t)

We can obtain several conclusions from this expression. Firstly, It is obvi-
ous that the optimal portfolio is a positive constant (i.e. it does not depend
on time nor on randomness). Secondly, since the agent is risk-averse according
to his utility function, a higher stock return b and a lower risk o will lead to
a higher stock investment, and this expression also supports this conclusion.
Moreover, 77* is also constant in x and zy, which indicates a possible situation
that 7*(t) > x*(¢). In that case, the investor will get loan from the bank with

*

interest rate r. Finally, 7* is a linear function of habit factor S with positive

b

ro?*

slope
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5.2 The Expected Consumption Rate

Proposition 8: Under the assumption ¢1 = ¢o = 1, the expected value of the

optimal consumption rate c*(t) can be simplified as

E[c*(t)] = ¢ (0)(1 + Bt) — Bzot + #tg + ast, (5.3)

where ag is defined as

20%(r —6) + (b —r)?
3 = 20_2 .

The expression (5.3) indicates that the curve should be a parabola. Natu-

rally, the optimal consumption rate will start from ¢*(0) = %xo + %ZO —

202 (r—38)—(b—r)?

507 . Under the assumption that as > 0, as t approaches oo, ¢*(t)

also approaches oo.

Then, in order to describe directly the relationship between E[c*(t)] and
the other parameters of the model (i.e. xg, z0,b, 0,4, r, 3), we plot graphs that
explain these relationships. In addition, We also focus on its first derivative
with respect to some of those parameters. This part is necessary since we may

find the numerical foundation of those graphs.

5.2.1 The Effect of Initial Wealth x

The first derivative with respect to xg is

OFE[c*(t)]  r*(1+ pt)
8960 N T+ 5 .

(5.4)
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Figure 5.1: Expected consumption rate for different x,

OE[c* (1)) r2

‘ _ OE[c*(t)]
Oxq t=0 r+8°

At time 0, As t approaches oo, ey 18 positive and

approaches oo as well.
Now we put » = 0.05, § = 0.03, zo = 10, 100, 500, 1000, 2, = 10, b = 0.07,
o =0.01, § = 0.04, the graph of E[c*(t)] is shown in figure 5.1.

5.2.2 The Effect of Initial Consumption Habit z

The first derivative with respect to zg is

ElC(t)] AU —rt)

= . 5.9
8,20 r—4+ ﬁ ( )
At time 0, we have %;O(m‘ — = % Before the moment to = 1, —BE([?C;O(”]
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Figure 5.2: Expected consumption rate for different z,

is positive, and becomes negative after that moment. As ¢ goes to infinity,

OE[c*(¢)]
0z0

lower initial consumption habit decreases the initial consumption level, it will
contribute to a higher consumption rate after time t,.

Now we put 7 = 0.05, 8 = 0.03, o, = 500, 2o = 5,20, 50,100, b = 0.07,

is approaching —oo. This phenomenon shows that, even though a

o =0.01, § = 0.04, the graph of E[c*(t)] is shown in figure 5.2.

5.2.3 The Effect of Stock Return b

The first derivative with respect to b is

OE[c*(t)] b—r [1

= -+ (1+

ob o? |r
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Figure 5.3: Expected consumption rate for different b

OF[c* ()] _ b—r
ob t=0 =~ ro?

OE[c*(1)]

. This expression implies that —

At time 0, we have

is positive, and increases to oo as t goes to co. This can be explained by the fact
that a higher stock return can boost the consumption activity of consumers.
The increase indicates that this effect becomes more significant as time passes.

Now we put r = 0.05, 5 = 0.03, xq = 500, 2o = 10, b = 0.06,0.07, 0.08, 0.09,
o =0.01, § = 0.04, the graph of E[c*(t)] is shown in figure 5.3.

5.2.4 The Effect of Stock Volatility o

The first derivative with respect to o is

OE[c*(t)]  (b—r)*[1 B
do  od ;+(1+?

)t + §t2 . (5.7)
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At time 0, we have w — = —%. If we assume that o is nonnega-
tive, then it is obvious that this derivative is always negative, and approaches
—o00 when ¢ goes to oo. This result shows that higher volatility of the stock
price will push down the consumption level. In economics, this fact means that
people would be cautious in consumption when the potential risk becomes sig-
nificant.

Now we put r = 0.05, 8 = 0.03, o = 500, zo = 10, b = 0.07, 0 =
0.01,0.02,0.03,0.04, § = 0.04, the graph of E[c*(t)] is shown in figure 5.4.
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5.2.5 The Effect of Subjective Discount Rate o

The first derivative with respect to ¢ is

OElc(t)] 1 B
— = —(1 t) — (=t"+1). 5.8
o ~(1+6t) = (St +1) (5.8)
At time 0, we get W‘mo = % Before the moment t; = —% + % +

%\ / f—j + 1, w is positive, and becomes negative after t;. As t goes to oo,

OE[c* ()]
o)

7 approaches —oo. Since ¢ represents the extent of impatience, a higher

0 causes a higher consumption rate at the beginning. However, it has negative
impact on the consumption in the long run. Thus, a more patient investor will
consume more in the long run.

Now we put » = 0.05, = 0.03, zg = 500, 2y = 10, b = 0.07, ¢ = 0.01,
d =0.01,0.1,0.2,0.5, the graph of E[c*(t)] is shown in figure 5.5.

5.2.6 The Effect of Interest Rate r

The first derivative with respect to r is

OE[c*(t)] r—b. [t
—— = ay(l t 1 — +t 5.9
S - a1+ + 1+ 505 o), (59)
7"2 T
where ay = T5Ew0 — s — h — i +
At t = 0, we have w =0 = Qa, and its sign depends on several pa-
rameters. However, this expression indicates that, in the long run, —aE[g;(t)]

approaches oo.
Now we put r = 0.03,0.04,0.05,0.06, 5 = 0.03, o = 500, 2y = 10, b = 0.07,
o = 0.01, § = 0.04, the graph of E[c¢*(t)] is shown in figure 5.6.
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5.2.7 The Effect of Habit Formulation Factor [

The first derivative with respect to 3 is

OE[c*(t
Z2a0) = as(1+ pt) + " (0)t — 2zt + %t2, (5.10)
a3 2
where a5 = %

Obviously, the value of %;(t)] at time 0 coincides with a5, and its sign

depends on the value of (—rzy+ zp). However, %;(t)] goes to oo as t increases
to co. This result indicates that the sensitive agents have a high level of optimal
consumption in the long run.

Now we put » = 0.05, 8 = 0.03,0.05,0.08,0.1, =y = 500, 2y = 10, b = 0.07,

o =0.01, § = 0.04, the graph of E[c*(t)] is shown in figure 5.7.
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5.3 The Expected Consumption Habit

Proposition 9: Under the assumption ¢1 = ¢o = 1, the expected value of the

optimal consumption habit can be expressed as
Q@
E[z*(t)] = 20(1 — Bt) + Bc*(0)t + %t? (5.11)

Since the optimal consumption rate c(t) goes to infinity as t — 0, it is clear
that the consumption habit z(t) approaches the same limit as well.

Then we consider its first derivative with respect to certain parameter, and
the relationship between E[z*(¢)] and those parameters will be shown in the

forthcoming graphs:

5.3.1 The Effect of Initial Wealth =z

The first derivative with respect to zg is

OE[z*(t)] r2Bt
o =T (5.12)

OE[z*(t

o I = O‘t:O' As t goes to infinity, 9El" ()]

At time 0, we have oz0

is positive
and it approaches infinity as well.
We put » = 0.05, 8 = 0.03, o = 10,100, 500, 1000, z, = 10, b = 0.07,

o =0.01, § = 0.04, the graph of E[z*(¢)] is shown in figure 5.8.
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5.3.2 The Effect of Initial Consumption Habit z

The first derivative with respect to zj is

OE[z*(t)] _1 rBt

=1—-—. 5.13

0z r+p3 ( )

At time 0, we have %:O(m‘t:o =1, and it is positive before a certain mo-
ment ty = T:ﬁﬁ . However, it becomes negative after that point, and approaches

—00 as t goes to oo.
Now, we put r = 0.05, § = 0.03, o = 500, zy = 5,20, 50,100, b = 0.07,
o =0.01, § = 0.04, the graph of E[z*(¢)] is shown in figure 5.9.
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5.3.3 The Effect of Stock Return b

The first derivative with respect to b is

OE[z"(t)] _ Bb—r) I
= t+4+ —=t7 ). .14
ob ro? ( + 2 ) (5.14)
At time 0, we get %’tzo = 0, and it is positive for any ¢t > 0. As t

% becomes infinite as well.

approaches oo,
We put » = 0.05, g = 0.03, g = 500, 2z = 10, b = 0.06,0.07,0.08,0.09,

o =0.01, § = 0.04, the graph of E[z*(¢)] is shown in figure 5.10.
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5.3.4 The Effect of Stock Volatility o

The first derivative with respect to o is

Jo ro3

OE[*(t)] _ Bb—r)? (H th) (5.15)

At time 0, we get W| = 0. For any ¢t € (0,00), it is negative for

t=0
positive o. Moreover, it decreases to —oo as t approaches oc.
Now, we put r = 0.05, § = 0.03, xo = 500, zg = 10, b = 0.07, 0 =

0.01,0.02,0.03,0.04, § = 0.04, the graph of E[z*(¢)] is shown in figure 5.11.
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5.3.5 The Effect of Subjective Discount Rate ¢

The first derivative with respect to ¢ is

OE[z"(t)] _ Bt B,
a5 = §t . (5.16)

OE[z"(t)]

For t = 0, we have —5; ‘t:O

= 0, and it is positive before t3 := %
However, after ¢, w becomes negative, and approaches —oc as t increases
to oco. This result implies that the impatience leads to higher consumption
habit at the beginning and lower consumption preference in the long run.

Now, we put r = 0.05, g = 0.03, ¢ = 500, 2z = 10, b = 0.07, 0 = 0.01,
d =0.01,0.1,0.2,0.5, the graph of E[2*(t)] is shown in figure 5.12.
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5.3.6 The Effect of Interest Rate r

The first derivative with respect to r is

OE[z*(t)] r—b Bt
— —aft+(1 — 5.17
or 0446—1—(4—02)2, (5-17)
7'2 T
where ay = G520 — om0~ — i +
At t = 0, we have % o = 0, and it is strictly positive for any time

t > 0. Then, % goes to oo as time passes. This result implies that the
higher interest rate leads to a higher consumption preference in the long run.
Now we put r = 0.03,0.04, 0.05,0.06, 8 = 0.03, ¢ = 500, 2o = 10, b = 0.07,

o =0.01, § = 0.04, the graph of E[c*(t)] is shown in figure 5.13.
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5.3.7 The Effect of Habit Formulation Rate [

The first derivative with respect to 3 is

OF[z*(t
% = asft — zot + %t? (5.18)
Obviously, the value of 9Bl (] vanishes at time 0, and approaches oco as

op

t increases to co. This result indicates that the sensitive agents have a high
level of optimal consumption habit in the long run.

Now we put » = 0.05, § = 0.03,0.05,0.08,0.1, zog = 500, zy = 10, b = 0.07,
o =0.01, § = 0.04, the graph of E[c*(t)] is shown in figure 5.14.
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5.4 The Expected Wealth Value

Proposition 10: Under the assumption ¢1 = ¢o = 1, the expected value of

the optimal wealth x*(t) can be simplified as

. 8 B, BO—r? 220 —0)+(b—r)
El*(t)] =z0 + (T:_—ﬁ:co— e (T%;‘) L 2% 2202< r) >t
2B02%(r — ) + B(b —1)?
X o 2. (5.19)

In the following, we consider its first derivative with respect to certain pa-

rameters. Then, the relationship between E[x*(f)] and those parameters will

be shown in graphs.
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5.4.1 The Effect of Initial Wealth x

The first derivative with respect to xg is

OFlx~(t)] _ 3
o 1+ mt. (5.20)

OE[z*(1)]

Bz ()] |
Oxg

At time 0, we get 2 550 =1. Ast approaches oo, is approaching

t=0
00, and it is positive. This result indicates that the impact of a small difference
in initial wealth on future wealth will becomes greater as t increases.

Now, we put r = 0.05, § = 0.03, z¢ = 10, 100, 500, 1000, 2z, = 10, b = 0.07,
o =0.01, § = 0.04, the graph of E[z*(¢)] is shown in figure 5.15.
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5.4.2 The Effect of Initial Consumption Habit z,

The first derivative with respect to zj is

OBl _ 4
dzg  r+p8"

(5.21)

OE[z"(1)]

| OE[z*(1)]
0zo t=0

= 0. As time passes, Ja 1S always

At time 0, we have
negative, and it approaches —oo as t goes to co. This result shows that the
optimal wealth value is negatively related to the initial consumption habit for
any t > 0.

Now, we put r = 0.05, 8 = 0.03, ¢, = 500, z, = 5,20,50,100, b = 0.07,
o =0.01, § = 0.04, the graph of E[z*(t)] is shown in figure 5.16.
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5.4.3 The Effect of Stock Return b
The first derivative with respect to b is
Elz*(t 2 b— b—
O () _ (28+1)(b=1), (=1, 52

ob ro? 2rg?

B[z (1)]

At time 0, we have — ’t:()

= 0. Since stock return is always higher

than interest rate, 8E[§Z(t)] is positive as time passes. It is clear that a higher

stock return leads to a higher level of wealth all the time.
Now, we put r = 0.05, 8 = 0.03, g = 500, zg = 10, b = 0.06, 0.07,0.08, 0.09,
o =0.01, § = 0.04, the graph of E[z*(¢)] is shown in figure 5.17.
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5.4.4 The Effect of Stock Volatility o

The first derivative with respect to o is

OE[x*(t)] _  (@B+r)(b—r)*  Blb—r),
el o t— Sy te. (5.23)

OE[z"(t)]

At time 0, we get %| = 0. Ast increases, —;—— is negative and

t=0
approaches —oo. This result proves that higher volatility of stock price has
negative influence on optimal wealth.

Now, we put » = 0.05, § = 0.03, =g = 500, 2o = 10, b = 0.07, ¢ =
0.01,0.02,0.03,0.04, 6 = 0.04, the graph of E[x*(¢)] is shown in figure 5.18.
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5.4.5 The Effect of Subjective Discount Rate ¢

The first derivative with respect to ¢ is

O[] _ 1, B
—a5 — i 5752. (5.24)

z” (t)]

. OE| OE[x* (1)]
At time 0, we get —5-—= —

55 1s negative and ap-

= 0. As t goes to oo,
proaches —oo. This result indicates that the impatient agents have to tolerate
a low level of wealth compared with the patient agents.

Now, we put r = 0.05, 5 = 0.03, o = 500, 2y = 10, b = 0.07, ¢ = 0.01,
d =0.01,0.1,0.2,0.5, the graph of E[z*(t)] is shown in figure 5.19.
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5.4.6 The Effect of Interest Rate r

The first derivative with respect to r is

or r2

(r+p)?2  (r+p)? 302 | p202 g2 2p252 ' 952

+t2(ﬁ—a— By + /B).

22 4r202 | 402

OE[z*(t)] :t( B2 Bzo 280> 2b ) b 1 )

OFE[x*(t

At time 0, we get —5- ) }t:O

= 0. The effect of r on the optimal wealth
can be explained in two aspects. On one hand, higher interest rate causes
a higher return from the bond investment. However, on the other hand, it
may increase the cost the investors pay for the loan. This equality tells us
that the effect of interest rate is very complex since it depends on many other
parameters.

Now we put r = 0.03,0.04, 0.05, 0.06, 8 = 0.03, 25 = 500, 2o = 10, b = 0.07,
o =0.01, § = 0.04, the graph of E[c*(t)] is shown in figure 5.20.

5.4.7 The Effect of Habit Formulation Factor [

The first derivative with respect to 3 is

OFE[z*(t)] r? T (b—r)? 20%(r —0) + (b—r)?* ,
op ((T + 5)? 0 (r+p)? ot rig? ) i 4ro? i

OE[z*(1)]

—oF ‘t:o = 0. Under the assumption that ag > 0,

Similarly, we get
%{;(t)] approaches oo as time goes to oo, which suggests that the sensitive
investors can enjoy a high level of wealth in the long run.

Now we put r = 0.05, 8 = 0.03,0.05,0.08,0.1, =y = 500, 2y = 10, b = 0.07,
o =0.01, § = 0.04, the graph of E[c*(t)] is shown in figure 5.21.
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Chapter 6

Conclusions

In this thesis, we analysed a habit utility optimization problem for a "small"
investor in a complete financial market. Our optimization target consists of
maximizing the expected overall utility of an agent over his consumption and
investment activities. This leads to a stochastic control problem for which we
derived the corresponding Hamilton-Jacobi-Bellman equation (HJB equation).
We focused more on the HARA case and calculated explicitly the optimal value
function that is the solution of the obtained HJB equation.

In addition to the optimal value function, we calculated the optimal con-
trols in feedback forms. Our results at this stage correct a mistake in Sundare-
san’s paper (see [17]). More importantly, for the case of exponential habit, we
obtained a stochastic differential equation (SDE) that the optimal consump-

tion rate process satisfies. This SDE has the form of
t
dXt = lalXt + 062/ Xsd8:| dt + th,
0

where a1, ay are general coefficients, and K, is an 1t6 Process.
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Using the white noise interpretation, we solved explicitly this SDE. Fur-
thermore, we calculated explicitly the optimal consumption /habit process and
the optimal wealth process. All these constitute our major theoretical contri-
bution in this thesis.

Furthermore, we applied graphing method to describe the inner relation-
ships between the optimal strategies and the model’s parameters for an ex-
ample of exponential habit utility (see (5.1)). From the obtained graphs, we
gave financial interpretations to these relationships. Below, we outline some

of these financial /economic conclusions.
e The optimal portfolio is positive and is constant in time and randomness.

e Lower initial consumption habit leads to lower consumption at the be-
ginning. However, after a certain moment that we calculated, the level

of life becomes higher.

e Higher stock volatility has negative influence on both optimal consump-
tion rate and optimal wealth process. This fact indicates that the expo-

nential utility agents are risk-averse.
e Patient consumers can enjoy higher level of life in the long run.

e Sensitive consumers have high level of consumption in the long run.
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