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ABSTRACT

Let K  and L be two convex bodies in Rn with non-empty interiors. Define 

the following (multiplicative) distance between them as follows

d(K, L) =  inf { |A| | A € R, K - a  C T(L -  b) C X(K -  a)} ,

where the infimum is taken over all a, b e  Rn and all linear bijections T  from 

Rn into Rn. It was recently proved, using John’s decomposition of the identity 

(In = a,iUi ® Vi), that for any two convex bodies K  and L the distance 

between them d(K , L) < n. It was also observed that if L is a non-degenerate 

simplex and K  is centrally symmetric then we have d(K, L) = n. This gives 

rise to a natural question about the extremal case when d(K, L) = n and 

none of these additional assumptions are made on K  and L. In this thesis we 

investigate this question. We show that Ui,Vi from John’s decomposition can 

be split in two hyperplanes. We also show that if one of the itj’s (or one of 

the Wj’s) is in the convex hull of the others then one can reduce the number of 

elements in John’s decomposition.
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Chapter 1

Introduction

The study of n-dimensional normed spaces and their behavior as the dimension 

n grows to infinity has attracted great interest and has achieved great progress. 

This area, called Asymptotic Theory of finite-dimensional normed spaces, was 

originated in functional analysis and many of its results were later successfully 

used to solve problems in many different branches of mathematics. In convex 
geometry for instance, this area helps in the study of aspects of the convex 
bodies in high dimensional spaces. Indeed, with the one to one correspondence 
between norms on R" and symmetric convex bodies in Rn, the study of these 
two objects can be done as the study of one.

This theory mainly studies numerical invariants on the set of convex bodies. 

Such invariants usually depend on the dimension n. In most of this thesis, our 
attention focuses on the study of one of these invariants: a Banach-Mazur type 

distance. For this kind of distance, a set of natural questions always arises, 
such as: how big can the distance be?, what are the extremal cases? Special 
consideration has also been given to the study of similar questions not for 

convex bodies themselves but for their projections and sections.
Many answers about bounds of distances were found with a celebrated the­

orem by F. John [7], which gives as consequences not only an upper bound of 

y/n for the Banach-Mazur distance between any symmetric convex body and 
the Euclidian ball but also a characterization of the ellipsoid of maximal vol-

1
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ume inside any convex body using the contact points between the boundaries 

of the body and the ellipsoid. As an immediate consequence of this theorem 

we obtain an upper bound of n for the Banach-Mazur distance between any 
two symmetric convex bodies.

Over the years, several extensions of John’s Theorem have been obtained. 

Lewis [9] and Milman (Chapter 14 in [14]) extended it to symmetric convex 
bodies. Years later Giannopoulos-Perissinaki-Tsolomitis in [4] and Bastero- 

Romance in [2] obtained other different extensions.

In this thesis, we use a more general extension of John’s Theorem due to 

Gordon, Litvak, Meyer, and Pajor [6] to explore the scenario where a Banach- 
Mazur-type distance between two convex bodies is maximal. Theorem 3.8 in
[6] extends John’s Theorem to arbitrary convex bodies K  and L in R". It 

shows that if i f  is in a position of maximal volume inside L then (after some 
shift) we have the following decomposition of the identity

m
In — ^  ] CLiUi ® Uj, 

i=l

where a* E R, Ui E dK  fi dL, Vi E dK° fl dL° (i < m) such that

m to
ajttj =  diVi =  0 and (uj, =  1 for every i

i=l i=l

(see Theorem 3.2 below for a more precise formulation). We prove here that if 

the distance between K  and L  is maximal then there exist two hyperplanes Pa 

and PB such that m* E Pa for i E A,Vi E PB for i E B, where A ,B  C {1,..., m}, 
and AU B  =  {1,..., m}. We additionally discuss how to decrease the number of 

summands in John’s decomposition. Namely, in Theorem 3.5 we show that if 
either u3 E Conv(ui)i^j or Vj E Conv(vi)i^j then one can find another John’s 
decomposition of the identity with smaller number of points.

2
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Chapter 2

Prelim inaries and N otation

In the present section we briefly introduce some notation and recall some 
concepts from functional analysis and convex geometry that will be used in 

the following chapters. For more details we refer to [1], [3], [10], [12], [14], and 
references therein.

Let us consider Rn equipped with the standard inner product (•, •) : Rn x 
I "  - 4 l  and the canonical basis {e i,..., en}. We denote by a, (3, A, and fj, real 
numbers, by x, y, z, w , u. and v vectors in Rn.

We will denote the set of linear bijections from Rn into Rn by GLn. The 
map In € GLn denotes the Identity map on Rn.

For any vectors x =  (aq, ...,xn),y  = (y i, ...,yn) G Rn, x ® y  denotes the 
linear operator in Rn defined by x® y{z) =  (x, z)y for every 2  € Rn. In matrix 
form we can write this operator as

x ® y

i xiyi XnV 1 \

\  X\yn • • • xnyn J

Note that if (x,y) = 1, then

Tr(x  ® y) = 1,

3
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where Tr(x  0  y) denotes the trace of the operator x ® y .
Furthermore, every operator can be presented using such notation. Indeed, 

it is easy to see that T =  We also notice that if T  —
then the trace of the operator T  can be computed as

n

Tr(T) = J2(z«Vi)- (2-1)
1=1

For a set F  C R™, its convex hull can be defined as

{ m m
^  A i X i  | x i G C V l < i < m  and ^  A* =  1, Aj > 0 > .

i=l i=1 J
We call to any convex compact subset of R" with non-empty interior a 

convex body. We will use the letters K, K ' , and L to denote convex bodies 

in the following sections. We say that a convex body is centrally symmetric 

(with respect to the origin) if K  = —K. That is, x G K  implies that —x G K. 
For a convex body K , its polar is defined as the set K° = {x \ (x,y) < 
1 for every y G K}.

A convex body K ' is said to be an affine image of K  if there exist a G R"
and T  G GLn such that K' — T K  +  a.

Along this work we denote volume of a convex body K  by vol(K). We say 

that K  is in a position of maximal volume inside L if K  C L and for every 
affine image K' of K  such that K' C L one has vol(K) > vol(K').

A function || • || : Rn —> [0, oo) is said to be a norm if it satisfies the following 
properties:
(a) ||a:|| > 0 and ||ar|| =  0 iff x = 0,

(b) ||a; +  y || < ||a:|| +  ||y|| for all x, y G X, and

(c) 11 ora? 11 =  |o:| ||rr|| for all a  G R and i G l
We call the pair X  = (Rn, || • ||) a normed space. The unit ball of X  with 

respect to || • || is B x  =  {y \ ||y|| < 1}.
Given a convex body K  we denote its interior by int(K) and its boundary 

by dK.

4
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Let K  be a convex body with 0 6 int(K), the Minkowski functional 

of K  or Gauge of K  is defined as ||x |k  =  inf{A > 0 | x  € \K } .  The 

functional ||-||*- defined in this way is sublinear and positively homogeneous. 

If in addition K  is centrally symmetric then ||x Ik  =  I M k  and, therefore, 

||*Ik defines a norm.
Given a norm on R", for X  — (Rn, ||-||) we note that its unit ball B x  is 

convex, compact, centrally-symmetric, and has non-empty interior. Thus, we 
have the immediate bijection between norms on Rn and the set of centrally 
symmetric convex bodies. To simplify the notation we will use (Rn, B x)  for 

X  = (Rn, ||-||). Furthermore, if X* denotes the dual of X  then X* can be 

identified with (Rn,Bx*), where B x * =  (Bx )°, via f (x)  =  Yl^=ixifi =  (x i f ) i  
for every x  £ X  =  (Rn, B x ) and /  e l *  =  (Rn, Bx*)-

If X  =  (Rn, B x)  and Y  — (Rn, By) are two n-dimensional normed spaces, 
the Banach-Mazur distance between them is defined by

dBM(X, Y ) := inf II T : X - >  y || ■ HT"1 : Y - > X  ||. (2.2)1 fcCri/n

This distance satisfies cLb m (X ,Y )  > 1 with equality if and only if the 
space X  is isometric to Y. If cIb m (K,L) < A then we say that X  and Y  
are A-isomorphic. In geometrical terms it means that there exists a linear 
transformation (j) such that

B x  G (j}{By) C d,BM(K,L)Bx-

In light of the bijection between norms in Rn and centrally-symmetric con­

vex bodies, we define an analogous notion of Banach-Mazur distance for convex 
bodies. However, the restriction to centrally symmetric convex bodies is not 
natural within a geometrical context. The following definition generalizes the 
concept of Banach-Mazur distance to arbitrary convex bodies.

For convex bodies K  and L in Rn we define the Banach-Mazur distance

5
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between them as

dBM(K, L) = inf { A  >  0 | K  -  a C T(L -  b) C A(K  -  a)}, (2.3)

where the infimum is taken over all a, b G and all T  G GLn.
This distance satisfies a multiplicative triangle inequality, i.e., for convex 

bodies K ,L ,  and K' in R n , one has cIb m ( K , L )  <  cI b m ( K ,  K')dBM(K' , L). 
It it also clear that the distance is invariant under affine transformations, 

i.e., dBM(K,L) =  L') for any affine images K' and V  of K  and L
respectively.

In most of this work we use another Banach-Mazur type distance suggested 
by Griinbaum [5] in 1963.

d(K, L) =  inf j | A |  | A €  R ,  K  -  a C T(L -  b) C X(K — a)}. (2.4)

This distance also satisfies a multiplicative triangle inequality and is affine 
invariant. Clearly d(K,L) < dBM(K, L).

In the next chapter we discuss how big the last distance can be and what 
the extremal case is.

6
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Chapter 3

Two convex bodies far apart

In this chapter we study the case where the distance defined in (2.4) between

mainly use an extension of John’s Theorem as well as some of its applications 

which we present next.

Proved in 1948, John’s theorem characterizes the unique ellipsoid of maximal 

volume inside a convex body K  using the contact points between the boundary 

of K  and its ellipsoid. This description is best expressed when after an affine 
transformation we take the ellipsoid of maximal volume to be equal to B%. 
We next present John’s Theorem (see e.g. [7], [1]).

Theorem  3.1. Each convex body K  contains a unique ellipsoid of maximal 
volume. This ellipsoid is B% if and only if the following conditions are satisfied: 
B% C K  and for some m  € N there are euclidian unit vectors (Uj)^:1 on the 
boundary of K  and positive numbers (ci)”l 1 satisfying

two convex bodies K, L € Rn is maximal. In order to explore this situation we

3.1 John’s Theorem

TO
(3.1)

i=1

7
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or, equivalently in operator notation,

n

In — Cjttj Hi. (3.3)
i=1

Note that, taking trace of (3.3) using (2.1) and the fact that (ui,Ui) =  1, 
we observe m

^ 2 ci = n.
z=l

For a symmetric convex body K  Theorem 3.1 implies K  c yfnBtf, which 

gives us y/n as an upper bound for the distance between K  and 5 "  •
John’s Theorem has highly influenced the study of convex bodies; many 

of the results known nowadays are due to applications of this theorem. For 
the purpose of what is studied in this chapter we should mention one of the 
results that used John’s Theorem as one of its ingredients. This result, found 

independently by Leichweifl [8] and years later by Palmon [11], states that an 

n-dimensional simplex Sn is the unique convex body (up to affine transforma­

tions) satisfying dBM(Sn, ) =  n.
John’s Theorem was extended independently by Lewis (Theorem 1.3 in [9]) 

and Milman (Theorem 14.5 in [14]) to centrally symmetric convex bodies K  

and L. Later Giannopoulos, Perissinaki and Tsolomitis [4] proved a similar 
result for two smooth enough bodies. Some time later Bastero and Romance
[2] presented another extension of John’s Theorem for a convex body K  and 
a compact connected set L, with vol(L) > 0. However in all these extension 
some information about the origin was missing.

In 2004 Gordon, Litvak, Meyer, and Pajor in [6] extended John’s Theorem 
to the most general case. They proved the following theorem.

Theorem  3.2. Let K  and L be two convex bodies in Rn such that K  is in a 

position of maximal volume in L, and 0 € int(L). Then there exists m €. N,

8
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m < n2 + n, z e  int(K), ui} and Vi for every i < m such that 

m e d(K -  z) n d{L -  z), V ie d{L -  z f  n d{K -  z)° with (uh v{) =  1,

R em ark  1. Taking trace of /„ we obtain ai ~  n■ Indeed, using (2.1) and 

(ui,Vi) =  1 we have

R em ark  2. As we see below, the new information on the center (equality
(3.4)) is crucial for the applications.

In the study of numerical invariants on the set of convex bodies, a set of natural 

questions always emerges. We are usually interested in finding at which bodies 
the invariant attains its extremes. This section is devoted to the study of the 
maximum of one of these invariants: the distance defined in (2.4). We are 
basically interested in finding conditions that bodies at which this distance is 
maximal hold.

Using their extension of John’s Theorem, Theorem 3.2 above, the authors 
of [6] were able to provide an upper bound for distance (2.4). They proved the

and positive Oi, 0 2 ,..., am G R such that

m m

and mm
(3.4)

m m m m
n =  Tr(In) =  Tr  | ^ 2 aiui ® vi '^2,Tr{aiui®vi) =  y ^ j aiTr(ui®Vi) =

i= 1 i= 1 i=1 t=l

3.2 Maximal Distance

9
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following theorem.

Theorem  3.3. Let K  and L be two convex bodies in Mn. Then d(K,L) < n. 
Moreover, if K  is in a position of maximal volume in L then there exist z in 

Rn such that

For the sake of completeness, we present its proof.

Proof. After an affine transformation, we may assume that K is in a position 

of maximal volume in L and that 0 G int(L). We apply Theorem 3.2 , and 

passing to L — z and K  — z, if needed, we assume that z given by this theorem 
is equal to 0. There exist U\ , ..., um, Vi, ..., vm such that

K  — z C  L — z C  —n(K — z).

Ui  G dK  n  dL, Vi G dL° D dK° w ith  (iq , v,) =  1,

and positive a l5 a2, ..., am G R such that

m m

i=1
and TO TO TO

w ith
i=i

Then for every x G L one has

TO
|| -  ^2ai(vi,x)ui\\K 

2=1
m { m \

II -  2 2 ai(Vi’X)Ui +  z 2 aiUi I max^-jX)!!
i=l \ i = l  /  J

|| Y ]  I max(uj,x) -  (vi,x) ) 0^11^

10
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Y '  (max{?,^. x) -  (xt; x}) aj||Ui|t (3.5)

m m
y  max(vj,x)ai — x)
i=1 J i=l

m mm m
max

Hence,

II — x \\k < nmax(vj,x) < nmax||vj||x,o||a;||£, (3.6)

(3.7)
3 3

-  n||:r||L < n.

Thus —x  e  n K  which implies x € —nK. Since x  was chosen arbitrarily, we 
obtain

As the example involving the n-dimensional simplex and B% shows, the 
upper bound n given by Theorem 3.3 can be obtained. The natural question 

that comes up is for which other pairs of bodies the distance is exactly n. The

us note that in [6] (Theorem 5.8) it was proved that d(S, B) =  n, where 5 is a 
simplex and B  is an arbitrary symmetric convex body. We would also like to 

mention that the simplex is an extremal body for many other affine invariants. 

We refer to [13] for a survey in simplices as extremal bodies. In the rest of 
this section we explore the situation where the distance d{K, L) =  n for two 
arbitrary convex bodies K, L 6 R". Although the conjecture has not been 
proved, we find a few conditions that hold when the distance is maximal.

Roughly speaking we show that if A" is in a position of maximal volume 

inside L and the distance between K  and L is exactly n then there exist two 

hyperplanes Pa and PB such that for all the contact points ui,. . ,um between 
the convex bodies K  and L and Vi, ..., vm between K° and L° given by the

L C -n K .

□

natural conjecture is that, in such a case, one of the bodies is a simplex. Let

11
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Theorem 3.2 the following holds: for every 1 < i < m  either Ui lies in PA 

or Vi lies in Pb ■ Let us emphasize that in the case of the simplex we have 
exactly the same situation: all but one of the vertices of the simplex lie in one 
hyperplane. The existence of these two hyperplanes is a consequence of the 

following theorem.

T heorem  3.4. Let K  C L and assume that

m m
In =  ^ 2  OjUi <g> Vi =  a iVi ®  Ui ( 3 -8 )

i—1 i=1

and m m
y :  aiUi =  ^  aiVi =  0, (3.9)
i= l  i= l

for some m  G N , Ui G d K n dL , Vi G dL°r\dK°, and positive a i ,  02, ..., am G R . 

Assume that for every 0 < e < n one has L — (n — e)K. Then there 

exist x G dL and w G dK° such that for every i <  m either (Ui,w)  =  1 or 

(x,Vi) — 1. Moreover

—x —w
—  G Conv(ui)i£A a n d   G Conv(vi)ieB,n n

where
A  =  {i | (Ui, w) =  1} and B = {i | (Vi, x) — 1}.

R em ark  1. The planes PA and Pb mentioned before are defined by x  and w.
That is,

PA = {u | (ui,w) = 1} and PB = {v \ (vi,x) -  1}.

R em ark  2. By Theorem 3.2, the assumptions 3.8 and 3.9 in Theorem 3.4 are 

satisfied if K  is of maximal volume in L (after some shift).

Proof. The condition for every 0 < e < n one has L ^  — (n — e)K  means 
that the inequalities (3.5), (3.6), and (3.7) are in fact equalities in the proof 
of Theorem 3.3 above.

12
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Thus, we observe

m m

nmax(vj:x) =  nmax ||u.,-||Lo||:r||x,

y^(m ax(vj,x)  -  (vi,x))aiUi\\K =  ^ (m a x (n j, x) -  (vu a;))aj||ui||jf, (3.10)
1 i ^

From (3.11) we have

and
nmax(nj,a:) =  n,

that is,
(vj,x) = 1 for some j.

Taking the inner product of the vector w\ = X^Li(maxj(*b, x ) — {vi, x))a,iUi in 

(3.10) and the functional at which its norm is attained w € dK° (||w||tf° =  1), 

and also using that \\uiWx — 1, we have

Since (Ui,w) < 1, we obtain that for every % either (Ui,w) = 1 or (vi,x) =
m a X j ( v j , x )  —  1 .

Denote B  =  {i € {1,..., m}\(ui, w) =  1} and A  =  {j  € {1,..., m}\(x, Vj) =  1}. 

Now using (3.8) we express w as

m
w — 'ŝ 2 / ai(ui,w)vi — y  ai(uj, w)vj +  ajjuj, w)vj

By (3.9)

13
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Thus
w =  ^Oi[(Ui,lw) -  l]Vi. 

BC

Now,

^CLiKuuw) -  1] =  'Y ^a i{uh w)
B c  B c  B c

m
= ^ a i ( u i , w ) - ' Y ^ a i{ui, w ) - ^ a i .  

i = 1 B  B c

Since m
J ~ ^ a , i ( u i , w ) =  0,
Z=1

we have

m
'Y^ai[(ui,w) -  1] =  -  'Y^ai{ui,w) - ^ a i  -  = -n .
Bc B  B c  i - 1

From above it is clear that

w =  —n SjUj, where Sj > 0, and Sj =  1.
iesc isbc

Using a similar reasoning we can also show that,

x  =  — n tiUi, where U > 0, and £* =  1.
i £ A c  i £ A c

Since A c  C B and B c  C A, completing (if necessary) with tt = 0 for 
i G B \A C and s* =  0 for i G A \B C, we have that

= - n 5 > « ,  and a; =

□

w
i&A i e B
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3.3 Rem oving contact points

In this section we present a proposition that allows us to remove contact

points from the John’s decomposition of the identity given by Theorem 3.2

under special circumstances. Although some conditions on the contact points 

were already given in [6], the following proposition is almost as strong as the 
result in [6], but has a much simpler proof.

P roposition  3.5. Let K, L be two convex bodies in R". Let m  G N. Assume
a i , ..., am > 0, « i , ..., um G dK  ft dL, v\ , ..., vm G dK° fl dL° be such that

m m
In = '^2,aiui® v i = 'ŝ 2 i aiVi®Ui, (3.12)

2=1 2=1

m m
^  aiUi -  ^  0 ^  =  0, (3.13)
i= l i= 1

and(ui,Vi) =  1, for every i < m. If  for some j  < m either Uj e Conv(u i )  l<i<m 
i^ j

or Vj G Conv(vi) i < i < m , then for every i ^  j  there exist bi >  0 , Wi  E  dK  fl dL, 
and zt G dK° fl dL° such that (wi, zf) =  1,

m
In — y ̂  biWi 0  Zj,,

«=i

and m to
y y  b iW i -  ^ 2  biZ i =  0.
i= 1 t= l

Proof. Without loss of generality, we assume that um G Conv(ui)i<m_i. Then 
there exist Ai,..., Am_i, such that,

TO-1 TO—1
Mm =  ^  XiUi and A* =  1, A{ > 0.

i = 1 i—1
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By (3.12) we have then

to

I n — ^  ' GtjUj ®  Vi — ^  ' OjUj ®  Vj T  CLrti^m ®
i= l  i= l

m—1 m—1
— ^   ̂UjUj &  Vj, T  CLffi ^  ' Ajt/j ^  11^

i= l  i= l
m —1 m—1

=  Ui <g> OiVi +  Ui <g> d m XiVm
i= l  i= l
m—1

— Uj ® {fliVj -|- drn\iVTJi).

m— 1

i= l

Let

bi — (zZj, djVi ~F — Q-i 4 ” ®mAj(Uj, ^m)*

Note that 6j > 0. Indeed, since

m—1 m—1 m—l

1 =  ( u m , tfm ) =   ̂ A jU j ,  Uro) — ^  ] Aj(W j, Um )  ^  ^   ̂ Aj =  1 ,

i= 1 i= l  i= l

we have (it*, um) =  1 for all 1 < z < m. Thus, 6j =  Oj +  amAj > 0. Therefore

m —l m -1  /

=  (aiVi  +  a m ^ iVm) =  2̂ biUi ®  (  ” ,U* 
i= l  i= l  '

Let
dM 4 

=  -------------
bi

This gives us

diV{ 4- dmXiVmZi = --------;---------  and Wi -

m—l
In = ^  b*Wi ® Zi-

i- 1

Since (wi, Zi) =  (uj, Zj) =  bi/bi =  1, all we need to show is that

m—l m—l

Y 2  biWi =  ^ 2  biZi =  °»
i= l  i= l
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and that for every l < i < r a —1, we have

Wi G dK  fl dL and zs G dL° fl dK°.

Since Wi  = Ui G dK  fl dL, we will only check that Z{ G dL° fl dK°. Note that

Q>iVi ~l“ OmXiVm
Zi =

0>i “k dm

This implies Zi G Conv(vi) and, hence, Zi G L°.

Since (u{, Zi) — 1, we have z* G dL° fl dK°. Finally, we only need to show that

m—l m—l
2̂ biWi =  X] biZi = °’

j=l i=l

In order to do this, we observe that

m—l m—l m—l m—l
^   ̂ ^   ̂{oj -k am\i)ui — ^   ̂OiUi -k ^  ' om\iUi
i=1 i=l i=l i=l

m—l
O m O m  T Om  ^  ^ AjUj =  0,m U m  +  d m U m  — 0,

i=l

and

m-l m-1 m-1 m-1
^   ̂biZi — ^  '  {OjVj “k OmXiVm) — ^  '  OjUj "k ^  ] VmOmXi

i=1 i=l
m—l

+  Om Vm  ^   ̂Aj Om Vm  +  Om Vm  =  0.

i=l i=l i=l i=l
m—l

— OmVn. ........
i=l

□
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